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Abstract

On the Poincare-Bertrand Transformation Formula

by

Randi Elizabeth Lerohl 

Advisor: Professor Richard Sacksteder

This paper studies in what sense the Poincare-Bertrand transformation

formula holds for continuous functions which are not Holder continuous. It

is shown that the transformation formula holds, in the almost everywhere

sense, for functions, d>(x,y), which are products of L [-1,+1] functions,

continuous on (-1,+1). We then study the case where d>(x,y) is an infinite
00

sum of such functions, d>(x,y) = ^ a ^ x ^ y ) ,  and certain conditions are
i=l

imposed on d>. These results are generalized to L2[T] functions where T is 

a smooth curve in the plane of class C . By applying the Poincare-Bertrand

formula to the continuous function d>(x,y) = \ 1-y2 f(x), we derive an 

inversion formula for the finite Hilbert transform which can be used to 

solve the Neumann problem for Laplace’s equation in the exterior of [-1,+1] 

in the plane.
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I. Introduction

Singular integral equations with Cauchy type kernels have long been studied 

because of their relevance to problems arising in mathematical physics as well as 

in complex analysis. It is well known, that when working with singular integrals,

one cannot assume in general that two singular integrals commute. For example, if

I ' 1f(x) = 4l-x2 and g(y) =  , then

P fp  f ■?— .^L- dxdy = -n2 for Zq e (-1,+1),
J J (x-y)(y-Zo) 0
- l  - l  

+1 +1
p p f(x)g(v)

whereas P P ---------------- dydx = 0, where P indicates that the integrals
J J (x-y)(y-z0)
- i  - l

are taken in the Cauchy Principal Value sense. (See [14], p. 180.)

However, as was first proved by Poincare [9] and Bertrand [2] under quite 

restrictive hypotheses, we do have the following transformation or commutation 

formula for two singular integrals:

PJ  P J  > dxdy = + p f p J  ( J — , dydx’ zo e r -J, J, (x-y)(y-z0) J, J, (x-y)(y-z0)

In the classical literature on singular integral equations, the Poincare- 

Bertrand formula is stated for functions, <b(x,y), which are Holder continuous on
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r ,  which is assumed to be a simple, smooth arc or contour (see [7] and [8]).

Tricomi proves the Poincard-Bertrand formula for Lp functions, 1 < p < oo, when

r  is the real line (see [14]).

More recently, various generalizations of these classical results have been

proved. One author extends the Poincard-Bertrand formula by relaxing the

smoothness assumptions of the contour of integration (see [6]). Other papers

generalize the domain of integration to product manifolds (see [5] and [13]).

Still other generalizations depend on adopting a modified principal value

convention which can simplify or even eliminate the residual term, -tc d>(z0,z0)

(see [1]). However, in each case, the authors maintain the assumption that the

function, d>(x,y), is Holder continuous on the domain of integration.

In this paper, we generalize the Poincard-Bertrand formula to include

functions which are not necessarily Holder continuous. We first prove that if T

is the unit interval and d>(xsy) is the product of L [-1,+1] functions which are

continuous on (-1,+1), then the Poincard-Bertrand formula holds for almost all

z0 e (-1,+1) We then study the case where <E>(x,y) is an infinite sum of such 
00

functions, d>(x,y) = ^ a i<|)i(x)(()i(y), and it is assumed that d>(x,y) is a symmetric
i=l

kernel of a positive definite integral operator. In chapter III, we generalize 

these results to arcs in the plane which are of class C3.

Note that when T is [-1,+1], the Poincard-Bertrand formula may be viewed as a 

statement about the finite Hilbert transform H. The finite Hilbert transform of a

1 +r <l>(x)
suitable function <}> is defined by H(j)(y) = -  P  dx. In the final

it J x-y
-l

2



chapter, we use the results of Chapter II to establish an inversion formula for 

the finite Hilbert transform. We then show how this inversion formula can be 

applied to solving the Neumann problem for Laplace’s equation in the exterior 

of [-1,+1] in the complex plane.
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II. The PBF for Continuous Functions on [-1,+1] x [-1,+1]

In this chapter we will prove that when T is the unit interval, the Poincare- 

Bertrand formula holds in the almost everywhere sense for certain continuous 

functions, d>, which are not Holder continuous. To see that one cannot hope for 

much more, we first consider the following example.

Construction of an Example.

Let r  be the unit interval [-1,+1] and let

®fc(*,y) = — fk(y)> k = 1,2,3...

r  l i-y2 Unk-i(y)
where fk(y) = [  „   “nd

n ln(n)
n=2

Unk.i(y) is the Chebyshev polynomial defined by

sinfnkcos^y) sin(nkcos1y)
U^Cy) =   ;  —  = ------ — -----  lyl< 1-

sm(cos-fy) J j 2

It is easily seen that d>k(x,y) is continuous on (-1,+1) x (-1,+1). Write

fk(y) as a function of 0:
00

1
Fk(0) = £ ansin(nk0) , 0 = cos^y, a„ = “ ln(n)

n=2

4



00

It is well known that if \  a an+1 and na„ —> 0, then £ a„sin(nk0) converges
n=2

uniformly. (See, for example, [16], p. 182.) Clearly a_ = --------  satisfies
n ln(n)

these conditions so that Fk(0) is continuous on (-1,+1). It follows that

satisfies

d>k(x,y) = ------- fk(y) is continuous on (-1,+1) x (-1,+1).

We will show by direct calculation that the Poincard-Bertrand formula does 

indeed hold for the continuous function d>k(x,y), k = 1,2,3,... except on a set Sk 

of measure zero. For this example, we can explicitly determine which z0 e (-1,+1) 

are contained in Sk, k = 1,2,3 ... We then use this information to construct an 

example of a continuous function 4>(x,y) for which S, the set on which the 

Poincard-Bertrand formula fails to hold, is a countable dense subset of [-1,4-1].

For d>(x,y) = d>k(x,y), we can easily evaluate the singular integrals contained 

in the Poincard-Bertrand formula because the finite Hilbert transform acts in a 

particularly simple way on the Chebyshev polynomials.

We will use the following definitions and identities for the Chebyshev 

polynomials:

(1) Un(y) =
sinCCn+llcos^y)

In particular, U0(y) = 1.
sinCcos^y)

(2) Tn(y) = cosCncos-iy) In particular, Tj(y) = y.

5



i 7  T«<y>
(3) S p J - j =  dy = u ,,(x )

-i 4l-y2 (y-x)

(5) yT„(y) = \  {  T„,(y) + T„.i(y) }

(6) yU„(y) = ^ { U„„(y) + U„.,(y) }

For (3) and (4) see [14], p. 180. (5) and (6) are a consequence of the sum and 

difference formulas for the sine and cosine functions.

Using the above identities we have, for the left hand side of the Poincard- 

Bertrand formula,

<Dk(x,y) +l fk(y)
P P ------------------ dxdy = P --------

jl jl (y-z0)(x-y) J (y-z0)

+i

j x
dx

-l Ti-x2 (x-y)

dy

+i

■  PJ fk(y)

(y-zo)

+i
r T .W

P j  -----------------dx
-1 JTx2 (x-y)

dy by (2),

+i
fk(y)

= 71 P f  -----  dy by (3) and (1),
J (y-Zo)-l

6



+1 00P U^.jCy) 1
= n  P V ------------------------------- dy

J u  n ln(n) yzz-z)
-1 n=2

-Jl2 I  — ——  by (4).
u n ln(n)

n=2

Note that Tnk(z0) = cosCnkcos^Zo) so that

"  T J W  _ “ cos(nkcos-iz0) ^ ”  i
w n In/Vi’l ^  n  In fn \  Lun ln(n) L n ln(n)

n=2 n=2 n=2
n ln(n)

whenever z0 = cos
2m7t

[  2 ] ’ w^ere [  ] means inteSer

Therefore, for each of these |  values of z0 e [-1,+1],

r r *4™ * I  iP P ------------------ dxdy = -n2 ) ----------  diverges.
J J (y-zo)(x-y) L  n ln(n)
1 1 n=2

On the other hand, if z0 * cos
r2mn

, O s m s  [ H the series

" cosOikcos^Zo)
---------------------  converges to a continuous function, call it gk(z0). Write

n ln(n)
n=2

gk(z0) as a function of 0:

7



Gk(9) = V ^ ( 0 )  , a,, = ——— , bn(0) = cos(nkG), 0 = cos-'(z0). 
u n ln(n)

n=2

As n—> oo, the sequence a„ — > 0, the convergence being monotone and independent of
00

0. Furthermore, the partial sums of £ b n(0) are uniformly bounded in every
n=2

interval of the form
2mn „ 2(m+l)jt „ 
—t — + 8 , -----   8 , m =  0 ,1, . . .[ -  j ,  8 > 0, since if

S„(0) = £ cos(nk0), then
n=2

s„(0)
sin f(3/2)ke) - sin [k(n+l/2)e] 

2sin(k0/2)
1

12sin(k0/2) |

Hence, the series ^  anbn(0) satisfies the conditions of Dirichlet’s test for
n=2

uniform convergence in every interval of the form
2nut „ 2(m+l)K „
 + 8,  8 Every

2m7t
fixed 0 * -------, (or equivalentally, every Zq * cos(2m7t/k) ), may be regarded as

k

belonging to an interval of this form, since 8 > 0 is arbitrary. Hence, gk(z0) is

continuous for all z0 * cos(2mn/k).



M
l

Reversing the order of integration and using partial fractions, we have

+1
r r ^k(x,y) r x

P |P  I ------------------ dydx = P I --------
J J (y-z0)(x-y) J | r
r  r  * 0 3 -i Ji-x2

+i

pJ
-i

fk(y)

(y-zo)(x-y)
dy dx

+i
r  X 1p f - - - - - - - -
1 M

+1

• J
-1

fk(y) 4 (y )

(y-x) ( y -V
dy dx

+;  x :  t ^ x )  i -  t^ z o )  +i x i
j t P j ---------Y — T 7T 7------ ^ dx -  n I — rT T  I------------------- dx by (4),

J, o  L n  , n ( n )  L n  l n ( n )  J,

"  W x )  + W * )  1 “  T^Zo)
P f -------  y ------------------------------------ dx -  Ji2 y   by (5),

J r —:  ^ n ln(n) (x-z0) ^ n ln(n)
-1 " ll-X 2 n=2 n=2

00# » :  u ^ z )  + u A_2(z„)
=  —  I  — s - s o o  " I

n=2 n=2
n ln(n)

by (3),

= *2[
n=2

zoUnk-i(zo) 
n ln(n) -  " 2I

n=2

TnkC2*)) 
n ln(n)

by (6),

9



= n2 <D(z0,z0) -  n2 [
n=2

TnkC2^  
n ln(n)

We have shown that, for almost all Zq e (-1,+1),

Ok(x,y) <E)k(x,y)

P W  -(y-Zo)(x-y ) - dXdy =  "  ^  +  P H  (y-Zo)(x-y) dydx-

Specifically, the formula holds for all z0 g Sk,

Sv = ■ 1, cos
2 Jt

, cos
4n

,...cos
2 [k/2] 7C

Now consider the series £ ajd>pj(x,y) where pj is the j* prime. The family of
j=i

continuous functions, {Op.}, is uniformly bounded on [-1+e,1-e], 0 < e < 1:

l<M x,y)l =
ll-x*

Fp.(9)
J 1-x2'

F,(Pj0) s M, where M is a bound

for the continuous function O^x.y) on [-1+e,1-e]. Therefore, if {a j } is any sequence 
00 00

such that £ I aj | converges, then by the Weierstrass M-test, £ aj<I>p.(x,y) converges 

j=i j=i
uniformly to a continuous function d>(x,y) on [-1+e, 1-e] for any e, 0 < e < 1.

1 0



We have seen that for each pj, g p ^ )  =
+i +i ^ 0l(x.y)

- i  - i

(y-z0)(x-y)
dxdy =

°° COS^PjCOS^Zo)
Y  r - — ------ ,  diverges for a finite set of points, S_., in [-1,+1]. Letu nln(n) Pl

n=2

/ \  a  a

pj = sets* ^  disjoint: Zq € Spj & z0 = cos

Pj - 1

r2mn '

I Pj J

1 m £
2m7t 2n7t

, because if pj * pk> then cos * cos , since 1 < m £I  Pj J I  Pk J
P j -  1

Pk - 1 A A
and 1 si n s — —  . Thus we have Spj (1 = (j), j * k.

/ \  A

For each j, let Ij be the union of Ej-neighborhoods of each z0 e Sp. where the 

Ej’s are chosen so that Ij fl ^  j- = <|>, (i.e., choose Ej so that none of the

A
singularities in Sp^ k<j, are contained in the Ej neighborhoods). The Ej’s can be 

chosen to satisfy this condition, Ij fl ^  j- = <j>, because for any fixed j there

only finitely many elements in { a  s 4  -  k  n M  = <j). For example,are

11



if [ z j ,  z ^ , zK, ... z^), n =  ̂ j , denote the elements of §p., one can choose 6j so

that 6: < -  minfd , d„ ... d , d } where d= m in |zi - z |. With this choice of 
1 2  - l “ 1 zoe U SPk 1 0

k < j K

Now let Ij = [-1+e, 1-e]/!., where e > 0 is arbitrarily small. Then gp.(z0) is

uniformly continuous on L, for every j. Let c= = max {1, max |g (z0) | } and let
J J T

1
aj = -----  • Note that with this choice of

z 0 elj

c?"

00 00

|<D(x,y)|s ^aj|d>pj(x,y)| s  MjTa, s  M £ —  =s M,
j=i j=i j=i 2J

so that d>(x,y) is in fact continuous on [-1+e, 1-e].

Again using the identities for the Chebyshev polynomials, we formally have

+1  +1  00 00 /  , \<D(Xv) cos(nPjcos-iz0)

P M  (y-ZoXx-y) dxdy =  * 1 * # *  =  I --------
-1 -1 j=l j=l

12



+1 +1
<D(x,y)

W hUe P J P J  (y-zo^x-y) ^  = + iM X w i) .
-1 -1 j=l

A
However, fix Zq e (-1,+1) and assume that Zq e S^, for some k. We have seen 

00 £lk
that akgpk(zo) = l~ n  — -  - diverges. On the other hand, for j > k, z0 e Ij and

n=2

1 A
I ajgp.Czo) | i  — - . For j < k, z0 « Sp. => | ajgp.Czg) | is finite. Therefore, if

00
A „  

z0 e Sp̂ , the first k-1 terms of the series ^ajgPj(z<)) are finite while
j=i

00 00

[  la,gpW I  = [  —  s  1- Consequently, the divergent term akgp (z0) =
j=k+l j=k+l

ak p
) ----------- , is not offset by the other terms and it is clear that ) ajgD.(z0)
u n ln(n) u J PJ

n=2 j=l

+1 +1
r  r  d>(x,y) A

P P ----------------- dxdy is unbounded if z0 e S_ for any k.
J J (y-z0)(x-y) Pk
-l -l

00
1

We note that if Zq e Q Ij, then T I ajgp.(zo) I -  Y —  -  1- Hence, for z0 e fl Ij,
J L a  J  j  J

n=l j=l z

Y ajgp.(zo) converges, and the Poincard-Bertrand formula holds.
n=l

13



00

To summarize, we constructed a continuous function, <£(x,y) = £ajd>pj(x,y),
j=i

and showed that, regardless of the order of integration, applying two singular 

integrals to this continuous function results in a function which becomes 

unbounded on at least a countable dense subset of (-1,+1) x (-1,+1). This example 

clearly demonstrates that if a function is not Holder continuous, then one cannot 

be certain that the Poincard-Bertrand formula holds for all z0 s T.

PBF for Products of Continuous Functions.

We will now prove that, when L = [-1,+1], the Poincard-Bertrand formula holds 

in the almost everywhere sense if <t>(x,y) = f(x)g(y) where f  and g are L2[-l,+l] 

functions which are continuous in (-1,+1). We begin by showing that

where z = z0 + /e, |z0| < 1, e > 0, so that one of the singularities has been 

removed.

+i  +i +i +i

- l  - l -l -l

Lemma L Let f(x) and g(y) be L2[-l,+l] functions which are continuous on 

(-1,+1). Let <b(x,y) = f(x)g(y) and z = z0 + fe, I Zq | < 1, e > 0. Then

+ i  +i +i  + i

- l  - l - l  - l

14



y=x+8 y=x 

/  /  /  y=x-5

let D be the diagonal strip bounded by y = x + 8 and y = x - 8 as shown in 

the diagram. Let R = [-1,+1] x [-1,+1].

n f(x)g(y) r r f(x)g(y)
 dxdy =  dydx because there are no

K-U (Z' y)(y"X) R.D (Z' y)(y' X)

singularities in this region. We are trying to show that

r r dxdy +  rp r V / y i L  dxdy
J J (z -y )(y -x ) J J (z -y )(y -x )

R-D D

r r « w « w  dydx+ rP r fw s w
J J (z-y)(y-x) J J (z-y)(y-x)
R-D D

Hence, it suffices to show that

f „ r  f(x)g(y) J  ̂ n fn p f(x)g(y)lim  P ---------------dxdy = 0 = lim  P —— —— - dydx.
8—>0 J  ̂ (z-y)(y-x) 6->0 •* J (z-y)(y-x)

D D

15



For the first integral, observe that

M
+1

(z-y)(y-x)
D -1 V(y)

f(x)g(y)
(z-y)(y-x)

dxdy

where v(y) is a horizontal strip in D, y units from the x-axis as shown below.

y = x + 8 y=x

v (y )

- 1+8

y=x-8

f(x)
Note that the value of P dx depends on the position of y.

y-x
V(y)

r f(x>
P | —— dx = 

J y-x
V(y)

y+5 f ,x)
P J  dx i f  -1 =s y  s  -1 + 8

-1
y-x

y+8
P f — dx if -1 + 8 < y < 1 - 8 

J y-x 
y-8

r f(x) „*  dx if 1 - 8 £ y s  1.
J y-x y-8

16



In each of the three cases we will show that
+1

i • fP r f(x>g(y)lim  P ------------------
8—>0 J J (z-y)(y-x) 

-1 V(y)

. . rD r f(x)g(y)dxdy = lim  P —— - — -
5—>0 J J (z-y)(y-x)

D

dxdy = 0.

Case I: -1 + 8 s  y  s 1 - 8.

f(x)
y+8P I dx = P f  - 2 ^ -  dx = P f K°,yJ dx

J y-x J y-x J y-x
V(y) y-S

^  W 10

y-

where F(g y)(x) =
f(x) Ix-y| s 8

0 | x-y | > 8

For a fixed y and 8 > 0 arbitrary, F^g y)(x) e L2[-1,4-1] since

IIF,
(8,y)

+i

I |F (S,y)<x)l
dx

-l

1/2 y+8

J  | f(x) | 2 dx 
y-S

1/2

llfll

Observe that, since the integral J  | f(x) | dx is continuous as a set function
E

o f  E  c  [-1,4-1], £imo llF(6 y)ll2 = 0. Set F(Eg) = llF(6 y ) ll2 =  - J lf(x)|:dx

l ES

1/2

17



where Eg = [y-8,y+8]. Since m(Eg) = 28 —> 0 as 8 —» 0, F(Eg) =

^im^llF^g yJl2 = 0. Furthermore, it is well known that the Hilbert transform is

bounded on Lp for any p such that 1 < p < oo, with llHfllp 2= cpllfllp where cp is a

constant independent of f  e Lp. Therefore, the finite Hilbert transform of

F (S ,y )’ HF(gy), is also in L2[-l,+l] and IlHF^g jll2 =£ c2llF^gy l̂l2 implies that

^im^llHF^g yJI2 = 0 as well.

Now
+1
r g(y> P r
J (z-y)  J
-1 (z -y )

v (y )

f(x)
(y -x )

dx dy

+i

J -
-1

g (y )

(Z-y)
-1

(y -x )
dy

+1

J-1 g (y ) p  J
*' F(8 ,y )(x) 

(y -x )
dx

-1
dy, since I z-y I a e, z = z0 + /e,

-1
g (y ) H F (g  y )(y)

1
dy ,  —  llgll2 HHF(5y)ll2

18



So we have shown that, for the case -1 + 8 s y s 1 ■ 8,

lim  
8—>0

f(*)g(y)
(z-y)(y-x)

dxdy £ Hm \  llgll, llHF(gy)ll2 = 0.
8—>0 e

A similar argument may be used for the other two cases. For 

-1 < y < -1 + 8, let

W x) =

f(x) -1 i  x i  y  + 8

0 y + 8 < x s  1

Again we have ^imMlF^g ^ ll2 = 0.

llF(S,y)ll» -  -I

(y+8 1 1/2
• •

t* 2
| |f ( x ) | dx ► TSZ «

_ 2 
1 1 f(x) | dx

J
-l

• . E 8 ✓

1/2

where Eg = [-1, y+8].

m(Eg) = y+l+S s 28 since -1 s y s -1 + 8, and the argument would carry through 

as before.

Similarly, for the case 1-8 s  y s 1, we can write

r f(x) r to,yi ■
 dx as P --------------dx by settmg

J y-x J y-x
Cv) -i

*- F(S,y)(x)

v(y)

19



F(S.y)(x) =

f(x) y -  8 s x a 1

0 -1 s  x < y -  8

' W *  - J

+1 l/2 «• •

[ |f(x )|2 dx — 1 |f(x)| dx
J

y-8
•  a

J
.  Es

1/2

with m(Eg) = [y-8,1].

mEg = y-1+8 s 28 since 1-8 s y s  1, and ^im IlF̂ g y jl2 = 0 

For the second integral, J p J   ̂ ^(y)
(z-y)(y-x)

dydx, we first use partial fractions

D
to rewrite the integral as

f(x)g(y) , r r f(x)g(y)
(z-x)(z-y)

dydx.

Let |i(x) be the vertical line segment in D x units for the y-axis as shown in 

the diagram.

y=x+S y=x 

y=x-8

li(x)

2 0



Then M ^ ® d y d x  = J p  I
+1

(z-y)(y-x)
D -l Ji(x)

f(x )g (y )

(z-x)(y-x)

+1
a a . r r f(x>g(y) ^
d y d x + j  J i i ^ ) dydx-

-1 |!(X )
(z-x)(z-y)

For the first integral, lim  f P f — ^  dydx can be shown to be zero
8-> 0 J, * { )  ( z ' y ) ( y - x )

r g(y)
by arguing as before but in the y variable: Represent P  dy as the

A  (y-x>H(x)

finite Hilbert transform of an L2 function F(gx)> such that xJI2 = 0.

+ 1
r rFor the second integral, it is obvious that lim   dydx = 0,

S vO  J J (z-xifz-v)
s -* 0 .J, m i) <z' x)(z' y)

smce
+i

J  I -
-i |i(x)

f(x )g (y )

(z-x)(z-y)
dydx * — J  JI f(x)g(y) | dxdy < oo and the area of the 

e2 D

region D goes to zero as 5— > 0. This proves the Lemma.

Theorem I: Let d>(x,y) = f(x)g(x) where f  and g are L2[-l,+l] functions which are 

continuous on (-1,+1). Then for almost all Zq e (-1,+1),

' j p j  <1>(X’y) dxdy = -n24*(z0,z0) + p j p j  ,1>(X’y) dydx. 
J J (x-y)(y-z0) J J (x-y)(y-z0)
-l -l -l -l
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Proof: By Lemma 1, we know that for z = Zq + ie, e > 0,

[ p  f dxdy = fp  r f(x)g(y) dydx or equivalentally,
J J (z-y)(y-x) J J (z-y)(y-x)
-l -l -i -i

dxdy + f P if dydx _ f f  j w g w  d y d x ,  o
J J (z -y )(y -x ) J J (z -x )(x -y ) J J (z -x )(z -y )
-l -l -l -l -i-i

We assume, without loss of generality, that f  and g are real-valued. Hence, 

the Real part of the above equation must be zero, or

+1 +1 f(x)g(y)(z0-y) +i +,1 f(x)g(y)(zo-x)
fp  f  dxdy +  fp  f ------------------------------dydx

i  [(z0-y )2+ e2](y -x ) J J [(zo-x)2+ e2](x -y )

-  f f  dydx + f f _ _ _ _ _ _ _ _ _ dydx,  0

i .i  [(zox)2)+ e2][(zo-y2)+ e2] !.i [(z0-x )2+ e2][(z0-y )2+ e2]

Let I(z0,e), JCzq.e), K(zo,e), and L(z0,e) denote the four above integrals. We 

will show that

+r +r f(x)g(y)(zo-y) +lr *1 f(x)g(y)
(a) lim  I(zo,e) = lim  P I  dxdy = P P ----------------dxdy

'e_>0 ^  e->0 J J [(zo-y)2+e2](y-x) J C^yKy-x)

for almost every Zq e (-1,+1).
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+1 +1 f(x)g(y)(z0-x) +r „ +r f(x)g(y)r  p 'v  p p i ix ig iy  i
(b) lim  J(z0,e) = lim  fP f ---------------------- dydx = P IP I —------— - dydx

£—>0 E—>0 J J [(z0-x)2+e2](x-y) t j (z0-x)(x-y)

for almost every z0 e (-1,+1).

+1 +1 f(x)g(y)(zo-x)(zo-y) f(x)g(y)
(c ) lim  K(z0,e) = lim  fP f dydx = P P       dydx

e_ > 0  e - > 0  J J [(z0-x )2+£2][(z0-y )2+e2] J, J (z0-x )(z0-y)

for almost every z0 e (-1,+1).

+1 +1 e2f(x)g(y)
(d) lim  L(zq,£) = lim  [p  f  dydx = 7t2f(z0)g(z0)

£ e->0 ^ J1[(z0-x)2+e2][(z0-y)2+E2]

for almost every z0 e (-1,+1).

Once we have shown that the above four limits hold, we will have shown that

lim  [I(zo,£) + J(zo,£) + K(zo,e) + L(zo,e)] =
£—>0

J p V _ J W g (y )_  dxdy + 1 J  W  dydx
J J (zo-y)(y-x )  ̂  ̂(zo-x)(x-y)-i -i -l -l

* f p  f dydx + rc^z^gCzo) e 0,
J J (z0-x)(zo-y)
- l  - l
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Rewriting the above equation, we have

-1 -1 -1 -1

for almost every Zq e (-1,+1). This proves the theorem.

In order to prove (a)-(d), we will be using the following results on harmonic 

functions and their conjugates as presented in Introduction to Fourier Analysis on 

Euclidean Spaces by E. Stein and G. Weiss, which we list here for clarity.

(See [12], pp. 47, 186, 218.)

(i) Let P (t) = — e n
t2 + e2 J

be the Poisson kernel for the upper half-plane of

Euclidean space, R2. If f(t) e Lp(-oo,+»), 1 < p < «, then

+ 0 0

u(x,e) = -  f f(t) 
it J

--------------- dt = (P * f)(x)
(x-t)2 + e2

is harmonic in R 2 and 1̂ im u(x,e) = f(x) for almost every x e (-oo,+co).

(ii) Let Q (t) = -  e ji
t2 + e2 J

be the conjugate Poisson kernel. Then for
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f(t) € LP(-oo,+oo), 1 S p < oo,

v(x,e) = -  f f ( t )   dt = (O,* 0(x)
"  L  (x-.)2 + e2 6

is harmonic in R+ and ^lirii v(x,e) exists for almost every x e (-oo,+oo).

1 "̂"C0 f
Furthermore, lim  v(x,e) = -  |  dt for almost all x for which the

e—>0 it J (x-t)
-00

limit exists, (i.e., for almost all x).

+ i  + i + i  +i

(a) lim  I(z0,e) 
e->0

f(x)g(y)r r f(x)g(y)(zo-y) r r
lim  |P  [ -----------------------dxdy = P [P [

e -^0 J J [(z0-y)2+e2](y-x) \  j (zo-y)(y-x)
dxdy

for almost every Zq e (-1,+1).

+i
Proof of £a): 1̂ , 6) = J

-l

g (y )(z0-y)

[(zo-y)2+ e2]

+1
r f(x)P f —— dx 
J y-x

-l

7  G(y)(z„-y)
dy = J  —  dy

-00
[(z0-y)2+e2]

where G(y) =
g(y)Hf(y) lyl s  1 

0 lyl > 1

+i
and Hf(y) = P J-

-l

f(x)
(y -x )

dx.

We have seen that Hf(y) = -  Hf(y) e L [-1,+1], since the finite Hilbert transform
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is a bounded operator on L2[-l,+l], It follows that G(y) e L'(-oo,+co) since 

g(y)Hf(y) e L ^-l.+ l] as the product of two L2 functions. We have written I(z0,e)

as the convolution of an L^-ayi-oo) function with n times the conjugate Poisson 

y
kernel, Q_(y) = ---------- . Applying Result (ii) from above, we have,

e y2 + e2

7  G(y)(zo-y) 7  G(y)
lim  I(z0,e) = lim  f -----------------dy = P [  -----  dy =

e-^0 e—>0 J [(zo-y)2+e2] J (zo-y)

+rg(y)Hf(y) +r +r f(x)g(y)
P -------------dy = P P ----------------dxdy, for almost every z0 e (-1,+1).

J (z0-y) J J (zQ-y)(y-x)
-1 -1 -1

+l f(x)Hg(x)(z0-x)
Proof of £b): A similar argument applied to J(zo,e) = -------------------- dx can

J [(zo-x)2+ e2]

+1 +1
r r  f(x)g(y)

be used to show that lim  J(zo,e) = P P — -------------- dydx for almost every
e—>0 J J (zA-x)(x-y)

-1 -1
Zq e (-1,+1).

Proof of

Let F(x) =
f(x) |x | s  1

0 >  1
and G(y) = g (y ) ly l  «  1

0 lyl > 1
Then
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+fl0+0° F(x)G(y)(zo-x)(zo-y) +‘ +,1 f(x)g(y)
lim  K(zo,e) = lim  f f -------------------------------dydx = P fp  f---- dydx

e->0 e->0 [(zo-x)2+e2][(zo-y)2+e2] \  J (zo-xXzo-y)

*y
for almost every Zq e (-1,+1), since F and G are both in L (-00,+00) and Result (ii) 

applies.

Proof of (d): This is a simple application of Result (i) regarding the Poisson 

kernel. L ^ e )  = [g * pe(zo)] [f * pe(zo)] so that ^l im LCz^e) = Jt2f(z0)g(z0) 

for almost every Zq e (-1,+1).

The PBF for Infinite Sums.

We have shown that the Poincard-Bertrand formula holds for products of 

L [-1,+1] functions which are continuous on (-1,+1), <b(x,y) = f(x)g(y). Clearly
N

then, it also holds for finite sums, 3>(x,y) = ^ a ifi(x)gi(y). We next consider
i=l

00

what restrictions might be placed on an infinite sum, <b(x,y) = ^ajfjfxlgjfy), in
i=l

order for the Poincard-Bertrand formula to hold. We will show that sufficient

" +i  +i atfxjgrfy)
conditions for the lim  ) P IP  -----------------dxdy to exist are provided by the

n — L  J J (x-y)(y-Zo)
i=l -1 -1

hypotheses and conclusion of Mercer’s Theorem which is stated below.
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Theorem (Mercer): Assume that <I>(x,y) is symmetric and continuous on
+1

[-1,+1] x [-1,4-1], and that the integral operator, d>f(x) = Jd>(x,y)f(y)dy,
-l

determined by d>(x,y) is positive, i.e. < d>f,f > a 0 for all f e L2[-l,+l], Then

^ a i(|)i(x)(l)i(y) converges absolutely and uniformly to <b(x,y), where the {^’s]
i=l
are the eigenfunctions of the operator, d>, and the (a/s) are the corresponding 

eigenvalues. (See [10], p. 245.)

We would like to include the case where <b(x,y) is discontinuous at the 

endpoints. To this end, we state a modified version of Mercer’s Theorem:

Modified Version of Mercer’s Theorem: Let d>(x,y) be a symmetric, square-summable
+i

function which is continuous on (-1,+1) x (-1,+1) and satisfies J |d>(x,x)|dx £ M.
-l

+1+1
(By square-summable, we mean J J 14>(x,y) 12dxdy s oo.) If the integral operator

- l - i

00

determined by <b(x,y) is positive, then ^ a i(|)i(x)(j)i(y) converges absolutely and
i=l

uniformly to <b(x,y) on compact subsets of (-1,+1) x (-1,+1).

It is easily verified that the proof of Mercer’s Theorem remains valid under 

these assumptions. Note that since <b(x,y) is a symmetric, square summable kernel,
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+1

the eigenfunctions, a ^ x )  = J4>(x,y)<()i(y)dy are in L2[-l,+l]. The continuity of
-l

<J>(x,y) on (-1,+1) x (-1,+1) guarantees that the eigenfunctions are continuous on

(-1,+1). Let x e (-1,+1) be arbitrary. For every e > 0, there exists a positive
e

8 = 8(x) such that I <b(x,y) - <b(t,y) | < ------- , if | x-t | < 8. Hence,
»<Mi

+i
I <l>i(x) - <t>i(t)l * f l<b(x,y) - <b(t,y) 11 <J)i(y) I dy s — s e, if |x-t| < 8.

Theorem 2: Let <b(x,y) = ^ a i(|)i(x)())i(y) be a real, symmetric, square-summable
i=l

+1

function which is continuous on (-1,+1) x (-1,+1) and satisfies J |<b(x,x)|dx < M.
-l

If the integral operator determined by d>(x,y) is positive definite, then

N +1 +1

Urn 2 [  p f p f  a ^ x ^ y ) - — i ----- - d x d y
n L J J (x-y)(y-Zo)

i=l -1 -1

oo N +1 +1

-7C2 [a^iCzol^iCzo) + lirn^ [  p j p j a ^ x ^ y ) - ------- — — dydx,

i=l i=l -1 -1 °

where both limits exist for almost all z0 e (-1,+1). The {^j’s} are the 

eigenfunctions of the operator, d>, and the (aj’s) are the corresponding 

eigenvalues.
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Proof: It follows from Theorem 1 that, for every N and for almost every z0,

+1 +1 N

p j p j  dxdy =
-1 -1 1=1

N +1 +1N

-7t2 [ a ^ o ^ Z o )  + JpJ  [ a ^ x M y )  (x_y)(y_z ) dydx>
i=l -1 -li=l °

or using partial fractions, that

N +1 +1 N

[  p Jp J ai<t)i(x)<J)i(y)^—— —- dxdy = -n [ a ^ Z o ) ^ )
i=l -1 -1 i=l

N +1 +1 N +1 +1

I  P J P J a '4 ‘(X )1"( y )  (x-Z flX y-Z q) d yd X  - i P j P j ^ W W y )  ( x . ^ ( y . x )  *J*I-
i=l -1 -1 i=l -1 -1

Using the symmetry of <|>i(x)<|)i(y),

+r +r M u M M y )  +r +r ai<t»i(x)<l>i(y)
1 P -----------------  dydx = P P  dxdy.

J J (x -z0)(y -x ) J J (y-Zo)(x-y)
-l -l -l -l

It follows that for every N and almost every Zq,
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N  +1 +1

2 I  P j p j  a ^ x X M y d x d y  =
i=l -1 -1

N N +1 +1 N

- n l a f a f a M M  +  [ P J P J  ( x . g ^ y . z )  d y d x -
i=l i=l -1 -1 i=l °

Hence, lim N—*»
N +1 +1

2 1 P M  (x-yjly-Zp) ^
i=l -1 -1

lim N—
N n  +i +i N ^

-k +  I p [ p J  W *
i=l i=l -1 -1 i=l

for almost all Zq e (-1,+1). We will prove the theorem by showing that

lim N—*»
N +i +i N

-K £  ̂ (zoJ^Z o) + P JP J [  ai<>i(x)<f)i(y) ^  — —  dydx
i=l -1 -1 i=l ° °

exists for almost all Zg.

By Dini’s Theorem we know that, for Zq e (-1,+1),

lim N—*>o
N

i=l

converges uniformly to O(z0,z0). To show that
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lim N—>00
’ +1 +1 N

P J P J  I ai(t)i(x)<t)i(y)-
i

-1 -1 i=l (zo-y)(2o-x)
dydx exists, we observe that

+1 +1 N

SN(z„) = P j p j
1

N

-1 -1 i=l
(z0-y )(zo-x)

dydx = Tt^aijH^Zo)] , where H
i=l

again denotes the finite Hilbert transform. We will show that | s n(zo) |  is  a

monotonic, increasing sequence of positive L*[-l,+l] functions such that
+i
JSN(z0)dzo s A, for every N. Hence, the lim  SN(zo) must be finite for
-l
almost every Zq e (-1,+1).

Each <t>j is in L2[-l,+l], so that H^Czq) e L2[-l,+l] for each i, and 

[H^Zq)]2 e L*[-l,+l]. SN(z0) e L/[-l,+l] as well, as the finite sum of 

L![-l,+l] functions.

Secondly, we know that < dx^,^ > a 0 for all , since d> is positive 

definite by assumption. But < dx])^ > = < a ^ ,^  > = aj because the (^’s are 

orthonormal. Therefore, we have % a 0 for all i and we have shown that 

{Sn (zq )} is a monotonic increasing sequence of positive L ^-l.+ l] functions. 

Furthermore, using the boundedness of the Hilbert transform on L2,

+i +1 N N N N

J sN(zo)dzo = J [^ [H ^ z o )]  dzo ^ a j H M z ^  * c2 [ a ^ Z o ) ^  c2[a j .
-l -l i=i i=l i=l i=l
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N oo +1 oo +1

But c2£aj £ e2£ ai = c2J £aj (^(xjdx = c2Jd>(x,x)dx s 2c2M.
i=l i=l -1 i=l -1

+1

Letting A = 2c2M, we have shown that for each N, Js^z^dzQ 2= A. Therefore,
-1

l im  Sn(zq) must be finite for almost every Z q  e  (-1 ,+1), which was to be proved.
N—>00

Next we will show that if T(x,y) is real, continuous on (-1,1) x (-1,+1), 

and skew-symmetric, i.e., T(x,y) = -T(y,x), then the Poincard-Bertrand formula 

holds for all z0 e (-1,+1). To see this, note that the residual term,

-n2T(z0,z0), is zero because of the skew-symmetry of T. Hence, it suffices to

show that

+i +1 +1 +1
P fp  f — dxdy = P fp  f— r̂ x,y)— dydx, or using partial fractions,

J J (x-y)(y-Zo) * J J (x -y )(y -z0) *
-1 -1 -1 -1

P fp  f— T(x,y) dxdy = P fp  f— T(X,y) dydx + P fp  f T(X,y) dydx.
J J (x-y)(y-Zo) J J (x-Zo)(x-y) J J (x-z0)(y-z0)
-1 -1 -1 -1 -1 -1

By making the change of variables x=y and then using the skew-symmetry o f  

T, we first observe that

fp  f— T(x,y) dxdy = P fp  f— T(y,X) dydx = P fp  f— dydx.
J J (x-y)(y-z0) J J (y-x)(x-zo) J J (x-y)(x-z0)
-1 -1 -1 -1 -1 -1
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r r  ”P(x,y)
It remains to show that P P ---------  dydx = 0. Again making the change of

J J (x-Zo)(y-Zo)

variables x=y and using the skew-symmetry of T,

+1 +1

P J P J-
- l  - l

Therefore, P
r r T(x,y)
P  --------------dydx = 0, which was to be shown.

J J(x-z0)(y-z0)

Note that if d>(x,y) is a Hermitian complex kernel, then the real and 

imaginary parts of <b(x,y) are real symmetric and real skew-symmetric kernels, 

respectively:

<t>(x,y) = Re(d>(x,y)} + ilm(<t>(x,y)) = d>(y,x) = Re{<E»(y,x)} - i{Im d>(y,x)). 

Therefore, Theorem 2 holds if <J>(x,y) is a complex kernel satisfying the hypotheses 

of the modified version of Mercer’s Theorem.

Similarly, if the symmetric part of an arbitrary real continuous kernel, 

d>(x,y), defined on (-1,+1) x (-1,+1), satisfies the hypotheses of the modified 

version of Mercer’s Theorem, then Theorem 2 holds. To see this, write d>(x,y)

T(x,y) = <b(x,y) - <I>(y,x) is skew symmetric. Clearly, if S(x,y) satisfies the 

hypotheses of Theorem 2, then the Poincard-Bertrand formula holds for <J>(x,y), for 

almost all z0 e (-1,+1).

as where S(x,y) = <b(x,y) + d>(y,x) is symmetric and
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III. Generalization to an Arc in the Plane

In this chapter we prove that Theorems 1 and 2 remain valid if we generalize 

to the case where T is a curve in the plane. d>(x,y) becomes a function of

r  r  4>(w,z)
two complex variables w and z. By writing P P ----------------dwdz in terms of

J, J, (w-z)(z-z0)

arclength, we transform the integral into a sum of singular and non-singular 

integrals over the region [-1,+1] x [-1,+1] where we know that the Poincare- 

Bertrand formula holds almost everywhere for products of continuous functions.

a
Theorem 3: Let T be a curve of class C and assume that <b(w,z) =f(w)g(z) is the 

product of two real L (O  functions, continuous on the interior of T. Then for 

almost every Zq e T,

P J  P J"7 ” V^™X dwdz = -Jl20(zO'zo) + P f Pj  - • — dzdw.J, p  (w-z)(z-z0) J, J, (w-z)(z-z0)

Proof: Assume that T is parameterized by arc length, s = t. For w, z e T, 

w = w(s) = x(s) + iy(s), dw = [x(s) + /y(s)]ds, 

z = z(t) = x(t) + iy(t), dz = [x(t) + iy(t)]dt, - l ^ s ,  t s  + 1.

+i
In terms of arc length, p f  dw = P ff(s)g(t)---------- x(s)+ty(s)-----------

S J (w -z) J WKW [x(s)-x(t)] + *’[y(s)-y(t)]
L -l
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r G>(w,z)
so that the real and imaginary parts of P ----------- dw are given by

J (w-z)(w-z)

+1
P Jf(s)g(t)

-1

x(s)[x(s)-x(t)] + y(s)[y(s)-y(t)] 

[x(s)-x(t)]2 + [y(s)-y(t)]2
ds

+1
+ i P J f(s)g (t)

-l

y(s)[x(s)-x(t)] - x(s)[y(s)-y(t)] 

[x(s)-x(t)]2 + Ey(s)-y(t)]2
ds.

In order to reduce Pj- 
L

d>(w,z)
(w-z)

dw to the sum of a singular integral and two ordinary

integrals, we rewrite the above as

+i
P J f(s)g (t)

-l

1 + x(s)[x(s)-x(t)] + y(s)[y(s)-y(t)] _

S_t [x(s)-x(t)]2 + [y(s)-y(t)]2 S' 1
ds

+i

-1

y(s)[x(s)-x(t)] - x(s)[y(s)-y(t)] 

[x(s)-x(t)]2 + [y(s)-y(t)]2
ds.

Let K(s,t) =
x(s)[x(s)-x(t)] + y(s)[y(s)-y(t)] _ 

[x(s)-x(t)]2 + [y(s)-y(t)]2 s_t

and L(s,t) -
y(s)[x(s)-x(t)] - x(s)[y(s)-y(t)] 

[x(s)-x(t)]2 + [y(s)-y(t)]2
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By assumption, x(s) and y(s) are C3 functions. Therefore, we can write

x(s) - x(t) = aj(s-t) + a2(s-t)2 + o[(s-t)2] where a, = x(t), a2 = x(t)/2.

x(s) = aj + 2a2(s-t) + o(s-t),

y(s) - y(t) = bj(s-t) + b2(s-t)2 + o[(s-t)2] where bt = y(t), a2 = y(t)/2.

y(s) = bj + 2b2(s-t) + o(s-t).

Using the fact that at + bt = 1, a ^  + bjbj = 0 and a  ̂ + b2 = k2(t)/4 = c(t) 

where k(t) is the curvature of T at t, we have

v t  a  ~ t a  c(t)(s-t) + o(s-t)K(s,t) = p(s,t) = -------------------------------- and
1 + c(t)(s-t)2 + o[(s-t)2]

T / A / A  ^  + °(S_t) UL(s,t) = q(s,t) = ----------------------------------  where
1 + c(t)(s-t)2 + o[(s-t)]2]

a(t) = 2(ajb2 - a2bi) = x(t)y(t) - x(t)y(t).

Note that p(s,t) and q(s,t) are continuous on [-1,+1] x [-1,4-1], Thus we have 

r d>(w,z)
wntten P ----------- dw as the sum of a singular and two nonsingular integrals:

J (w-z)

P j - ? ^  d w  = P ds +  J f(s)g (t)p (s,t)d s  + i Jf(s)g (t)q (s,t)d s.

r  -i -i -i

Similarly, letting Zq = x(to) + iy(to), Zq a fixed point on T, then
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p h ^ r  = p  + J k ' o * ' +
r  -i -i -i

r r 0 (w,z)
Putting these expressions together we have P P ----------------dwdz =

J, J, (w-z)(z-Zo)

p ]p ] f(s)g(t) dsdt + p f f  dsdt + "r J J W O pW  dsdt
J J (s-t)(t-to) J J (t-to) J J (s-t)
-1 -1 - 1-1  -1 -1

II h  I3

+ 1+1 + 1+1

+

- 1-1 - 1-1

JJf(s)g(t)p(s,t)p(t,to)dsdt -  JJf(s)g(t)q(t,t0)q(s,t)dsdt

+r +p f(s)g(t)q(t,to) *!
j P j  dsdt + j j f(s)g(t)q(t,to)p(s,t)dsdt -
-l -l -l -l

I, I,

pJ J  d s d t  +  J
-i -i -i -i

i 8 19

, +r r f(s)g(t)
By Theorem 1, I. = -Jt f(tn)g(to) + P ------------- dtds since f and g areJ J (s-t)(t-to)

-1 -1
2

L [-!,+!] functions which are continuous on (-!,+!). For the remaining integrals,
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we will show that the order of integration may be reversed without changing the
A

value of the integrals. We first show that I2 = I2 for almost every to e [-1,+1],
A

where Ij is Ij with the order of integration reversed.

Let g„(t) =
g(t) 11—to | a 1/n

0 I t-to I £  1/n

Then gn e L2[-l,+l] for each n and llgn- gll2 —> 0 as n —> oo. We first observe that

+1

w -
-1

g(t)
(t-g

+i

-i

+i
g n (0

Jf(s)p(s,t)ds • dt = limM - Jf(s)p(s,t)ds
-l

+i

-l
■ dt, in the

+i
L2[-l,+l] norm. To see this, note that Pf(t) = Jf(s)p(s,t)ds is continuous and

-l
therefore is in L°°[-l,+l]. Considering {Pf(t)gn(t)} as elements of L [-1,+1],

llPf(t)g(t) - Pf(t)gn(t)ll2 — > 0 as n — > oo. Therefore, by the boundedness of the 

Hilbert transform, llH[Pf(t)g(t)] - H[Pf(t)gn(t)]ll2 — > 0 as n — > oo. Therefore,

+i
i2 -  p j-

-l

g(t)
(t-g

+i +i
J f(s )p (s ,t )d s [  dt = p j - ^ ^  dt = i im re d , =

+i Pf(t)g„(t)

-l (t-g -i (t-g

+i
g n (0

lim  P f—— r ■ ff(s)p(s,t)ds n—>oo J J
-1 -1

- dt, as asserted. Hence, there is a subsequence
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+1

g„k such that I2 =  p J - j r ^ T  - J f(s)p (s ,t)d s

r +t

-i (t-to) -1
• dt =

"k-
+;  «**> lim  P ------

00 J (t-t,
-1 (t-to)

+1

J f(s)p (s ,t)d s dt, for almost every to- By

Fubini’s Theorem, we can reverse the order of integration in this last integral

and lim
f->°° J

-l

g,k« +1

-1

+1 f
J f(s)p (s ,t)d s  ■ dt =  nl im M J f(s )

-l

+1 gnk(t)p(s»t)
I 7 - t—  dtJ (t-

l -l
(t-to)

• ds.

Thus it remains to show that

+i

J f <s>
-i

f+2 gnk(t)P(s,t)
I   dtJ (t-

u (t-to)

+i
ds =■  I f ( s )  • J

-l

+i
g (t)p(s,t) 

(t-to)
dt ■ ds

A
I,

It suffices to show that lim  •nk— >oo

everywhere, or that

+i r +i [g(t)-g„ft)]p(s,t) 1

-l (t-to)
dt ds = 0

lim  -
nk— >oo

+1

f
■ +i  [g(t)-g„k(t)][p(s,t)-p(s,to)]

-1 I -i
(t-g dt

-t-i

• ds +

r+i g(o-g„k(t) i

-i
J f(s)p(s,W 1 1 ( t-g  dt

1.-1
- ds = 0.
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We will show that each integral goes to zero separately. For the first

integral, observe that, as a function of t, p(s,t) =
c(t)(s-t) + o(s-t)

1 + c(t)(s-t)2 + o[(s-t)2]

has bounded derivative in [-1,+1] since 2c(t) = [x(t)]2 + [y(t)]2 and x(t) and

y(t) are assumed to have continuous derivatives. Therefore, 

A a positive constant. Therefore,

p(s,t)-p(s,t0)

t-to
£ A,

+1 c +1. [g(t)-g„k(t)][p(s,t)-p(s,to)]
\ m  - p j  — -------------- *
-i -i (t-to)

-ds
+i+i

s A J J | f(s) 11 g(t)-gnk(t) I dtds
- i - i

Allflljllg-gn^llj —> 0 as nk—> oo.

2
For the second integral, we use the convergence of Hgnfc —> Hg in the L norm.

+i
Jf(s)p(s,to)
-l

■ +i

p f
-i

g(t)-g„(t) 

(t-to)
dt - ds s llfp,oll1|H g (g  - H g „ k( t o ) l  where

p,o= p ( - , t o ) .  Hg - gnkH2 —> 0  =» IlHg - Hgnkll2 -+ 0  as n -+ oo. Since the sequence 

of L2 functions, Hg„k, converges to Hg in the L2 norm, there is a subsequence,

Hg , which converges to Hg almost everywhere, i.e., | H g ( t o )  - H g n (t^) I —» 0 as

oo for almost every ^  e [-1,+1]. Convergence of the subsequence is sufficient 

because the previous limits would hold for any subsequence of the gn’s.
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To summarize, we have shown that, for almost every t0>

+1 +1 \ ,A , A +I +1 f(s)g„.(t)p(s,t)
fp  f g P dsdt = lim  f p f  - dsdt =

J J (t-to) nk: *°° J J (t-to)-1 -1 J -1 -1

f (s> s (t)p(s’t} T r  f(s)g(t)P(s,t)
lim p f f 2 dtds = P | f dtds, so that I2 = I2.

JJ ( t - g  { [  (t-to)

A
One can use a similar argument to show that I8 = I8 for almost every

^  e (-1,+1) because 

t-1,+ 1] X [-1.+ 1].

q(s,t)-q(s,to)

t ^
is bounded and q(s,t) is continuous on

It is well known that under certain conditions, the singular integral 

commutes with the ordinary integral. In particular, if F e Lp[-1,+1],

G e Lq[-1,+1], 1 < p < «,, 1/p + 1/q = 1, then

V f  ^  d sd t.  PT r  M,
J J (s-t) J J (s-t)
-l -l -i -i

(See, for example, [7], p. 59.)

We use this result to show that I3 = I3. Let f(s) = F(s) and 

g(t)p(t,to) = Gt (t). For any fixed to, G, (t) e L2[-i,+l] as a function of t.
A

The hypotheses of the above are satisfied and I3 = I3 for all e (-1,+1).
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Similarly, letting f(s) = F(s) and g(t)q(t,to) = G,o(t), then the hypotheses

of the above are satisfied and I6 = I6 for all ^  e (-1,+1).

The integrand of I4 is the product of continuous functions of s and t. 

Fubini’s Theorem applies and I4 = I4. The same is true for I5, I7, and I9. Thus, 

we have shown that, for almost every ^  e (-1,4-1),

P J  p J l ^ L  d w d z  =  lh  +  ;  I 1) ‘  +  '  K
r  r  j=i j=6 j=i j=6

Going back through the change of variables, z = z(t) = x(t) + iy(t), Zq = z(to) = 

x(to) + iy(to), w = w(s) = x(s) + /y(s), we have for almost all Zq e T,

P f P  f  <t("'’Z) d w fc  =  +  p [ p f  <1’(: ’Z) d zdw .
j, J, (w-z)(z-Zo) J, J, (w -z )(z -z0)

We next prove the corresponding generalization for Theorem 2, which follows 

almost immediately from Theorems 2 and 3.

00

Theorem 4: Let T be a curve of class C3. Let <b(w,z) = ai<f>i(w)<))i(z) be a real,
i=l

symmetric,square-summable kernel on T x T, continuous on the interior of T x T and 

satisfying J | d>(w,w) 11 dw | < M. If the integral operator determined by d> is
r

positive definite, then
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N +1 +1

lim  2 V P fp  f ai<J>i('w)<J)i(z)—---- ----- - dwdz =
N— >oo ^  J J (W -Z)(Z-Z0)

i=l -1 -1

oo N +1 +1

-K + l im . [  p J p J ^ W W 2) „ . l W  dzdw-
i=l 1=1 -1 -1

where both limits exist for almost all Zq e T. The {(jĵ s) are the eigenfunctions

of the operator, d>, and the (a/s) are the corresponding eigenvalues.

Proof: Since <b(w,z) satisfies the Modified Version of Mercer’s Theorem on compact
00

subsets of T x T, we know that d>(w,z) = ^a^w J^Cz), where the {^’s} are the
i=l

eigenfunctions of the integral operator determined by 4>(w,z) and the {a/s} are

the corresponding eigenvalues. Convergence of the series is absolute and uniform

on compact subsets of T x F. Furthermore, we know that the a;’s are positive and 
00

that £a ; converges.
i=l

It follows from Theorem 3, that for any N and for almost every z0 e T,

N1
 ----     dwdz = -Jt2 £ ai<J)i(z0)<(>i(z0) +
(W-ZXZ-Zo)

i=l
N

p j  p j  (W-Z)(Z-Z||) dzdw.
r  f i=i

N

(*) P j  P j  [ a ^ w M z )  
r  r i=i
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Using the arc length change of variables, w = w(s) = x(s) + iy(s), z = z(t) =

x(t) + iy(t) as in Theorem 3, we know that the left hand side of the equation can 
9

be written as £ljN where the integrals, IjN, are defined below:
j=i

N

P f  P f  V a ^ w ^ z ) — l-    dwdz =
J J L (w -z)(z-Zo)
T  T  i=i

+1 +1 N

P j  P J  i > Ws)W,)1 - ^  dsdt

I,

-1 -1 i=l

N

+1 +1 N

P j  J
-1 -1 i=l

P (s ,t )

(t-to)

+1 +1 N
f  r  „  P(t»to)

dsdt + J P J  £ a ^ s ^ ^ t ) —;—— dsdt
-1 -1 i=l

(S-t)

h N

+1 +1 N +1+1 N

J J £ ai<J)i(s)<|)i(t)p(s,t)p(t,t0)dsdt - JJ J]ai<>i(s)<t)i(t)q(s,t)q(t,t0)dsdt
-l -l i=i -l-i i=i

N 3N

+  I

+1 +1 N q(t,to) +1 +1 N

P j  J [ a ^ s ^ t )  ■ dsdt + J J £ai<|>i(s)<|>i(t)p(s,t)q(t,t0)dsdt
-1 -1 i=l -1 -1 i=l

dN 'N

+1 +1 N

- P j  J ^ a ^ s ^ O )  dsdt + J J [ ai<J)i(s)<{)i(t)q(s,t)p(t,t0)dsdt
-1 -1 i=l

+1 +1 N

-1 -1 i=l

°N

45



A
It also follows from Theorem 3 that for each j * 1, L = L , whileJn Jn’

N

IlN = I,N + ^a^^ to )^^), where = IJn with the order of integration
i=l

9 N

reversed. Hence, another way of writing (*) is
j=l i=l

9

Y l  . We will show that, for almost all t, € (-1,+1) and for each j, lim  L
u  JN N—>oo N

j=l

exists. Going back through the arc length change of variables and using the
00

uniform convergence of £ a^Cto)^^). we have
i=l

00  00  

P J  P J  ( w  w  \  d w d z  =  +r r  i=i v*-z)(z-z0)

p j  p j  drfw, or
r f i=i

r r 4>(w,z) r r <t>(w,z)
1 P ----------------dwdz = -tc2<I)(z0 Zq) + P [ P  dzdw, which proves the
J, J, (w-z)(z-z0) ’ J, J, (w-z)(z-z0)

theorem.

The existence of lim  I, follows from Theorem 2. We only need observe that
N—>oo N

the <t>i’s are orthonormal in L2[-l,+l] since
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+1 +1

J 14>i(s>|>j(s> I ds = J  l<t>i(s)<t>j(s)| |x(s) + iy(s) I ds = J  l^ w ^ /w ) !  |dw| = 8 .̂
-i -l r

00 00 

,2
Convergence of £ c2 ][aj < oo in the L [-1,+1] norm follows, which is

i=l i=l
+1 +1 oo

sufficient to show that p j  p j  ^ a i<))i(s)<t)i(t) —- dsdt exists and is
-1 -1 i=l

00 +1 +1 N

equal to -rc2 £ a^ 2̂ )  + p j  p j  [  a ^ s ^ t )  -  —  ̂^  dtds, as in the 
i=l

proof of Theorem 2.

(s-t)(t-to)
i=l -1 -1 i=l

+1 m
To show that lim  I, exists, let G:(to) = P f gi(t) dt where

N—>oo N J  t - ^
-1

+1

gi(t) = J*p(s,t)(J)i(s)ds. Note that since p(s,t) is continuous on [-l,+l]x[-l,+l],
-l

it follows that g4(t) is continuous on [-1,+1], Let (0(8) be the modulus of 

continuity of p(s,t) as a function of t. Then
+i

lgi(0 - giOo)l -  J 1 P(s,t) - p(s,to)| I <|>i(s) | ds s  (o(| t-to I) IKM,
-l

lhn |gi(t) - gi(to) I s  lim ax I t-to I >11̂  II = 0 and g;(t) is continuous on [-1,+1].
t Q-------------------------------t--- >tQ

Furthermore, since the <J)j*s are orthomormal and (o(|t|) is bounded, 

it follows that g4(t) is bounded, independent of i. Consequently,

+1 m
|Gi(t0) | = P f gj(t)—-— dt s  CllH^jllj where C is a bound for g-(t). But we have

J t- tn
-1
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seen that t =s 2c2!l<l)ill2 so that |Gj(to)| s C ,  C = 2c2c. Therefore,

00 00 +1-1-1 00
YaiIGi(to) | s  c [ a J  con verges, and ^lim I2n =  p J J  ^ ^ ( 8 ) ^ ( 0  dsdt

i=I i=l -1-1 i=l °

= ^ajG^to) exists for every to e (-!,+!). A similar argument could be used to
i=i

show that lim  L exists.
N—>oo 'N

To show that lim  I3 exists, we simply use the fact that p(t,to) is
N—>oo N

+ 1 + I N  p ( t , g
continuous and then apply Schwarz’ Inequality: J P {  [ a M s M t)  dsdt

-1 -1 i=l
N +1

= Y,aiGi(to) where G ^ )  = Jp (t,t0)(|)i(t)H(|)i(t)dt. IG ^ )!  s  a iM llfclljM fyil^

i=l -1

= Caj. Therefore, ^  ajG^to) converges absolutely which proves that
i=l

+1 +1 oo
p p _  P(t,to)
J P J ^  ai<J,i(s)(l)i(t) — dsdt exists. A similar argument can be used to show

(s-t)
-l -l i=i
that lim  L , exists.

N—>00 N

The convergence of lim  Ik , j = 4,5,7,9, is an easy consequence of the
N—>oo JN

continuity of the kernels p(s,t) and q(s,t) together with the convergence of
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£aj. For example, |I4nI s

i=l

+1 +1 N

-1 -1 i=l

N N
£ M2 UTa^Hi s 2M2^aj, where M = max|p(s,t)I, -1 < s,t < +1.

i=i i=l

The convergence of £aj guarantees that lim  I4n exists.
j=i
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IV. Applications

We first derive an inversion formula for the finite Hilbert transform by
I-"" ""I

applying the Poincard-Bertrand formula to the function ®(x,y) = Jl-y2 f(x), where 

f(x) is an L [-1,+1] function which is continuous on (-1,+1). <h(x,y) satisfies 

the hypotheses of Theorem 1 and the Poincard-Bertrand formula holds almost 

everywhere:

+11----7

n 2 J y-zo
P ^ d x  

J x-y
, -i

+1

dy = - J  1-Zq2 f(zo) + — P |f(x) ■
K2 “

+1

J (v-
1-y2

-l
(y-Zo)(x-y)

dy - dx,

for almost all Zq e (-1,+1). Note that the left hand side of the equation can be

wntten as
+i

1 f
-  P l71 J

-1

y2 Hf(y)

y-zo
dy where H denotes the finite Hilbert transform.

For the right hand side, using partial fractions we have

J(y-z0)(x-y)
dy . dx = i  P*f—

7t2 J X-Zq

f(x)
+1P r ^  _ ^  dy
J y-x y-z0

• dx.

= i  p f J W
7t J X-Zq

-X  +  Zn

+1

dx = —  Jf(x)dx,
-l
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where we have used the identity, given in Chapter II,

1 *!■ ^  Un.,(y)
-  P ------------------------dy = -T_(x) with n = 1. Combining these results, it
tc J y-x

-l
follows that

+i r —r    +i
1 rJTy* Hf(y)------------- |------   1 r
-  P ----------------- dy = -  \ 1-Zq2 f(z0) ------f(x)dx, or more explicitly,
K J y-Zn 7CJy-zo-1 -1

+1 I 7 +1
1 r Jl-y2 Hf(y) C 1 r

f(zn) =  P [------------------ d y  , where C = -  |f(x)dx.
jr2 J I ' , v I   K J
71 -1 Jl-Z02 (y-Zo) Jl-z02 -1

+1

Assuming that <f,l> = 0 or Jf(x)dx = 0, we have an inversion formula for
-l

L [-1,+1] functions, f, which are continuous on (-1,+1) and orthogonal to 1:

+i
1 r  f(x)

If g(y) = Hf(y) = -  P dx, then
7C J x-y

-l

\ 1 p r J 1_y2 g(y) ^f(z0) = -  -  P I    dy .
n  -i \ i-z02 (y-z0)

Next we apply the inversion formula to solve the Neumann problem for 

Laplace’s equation in the exterior of the interval [-1,+1] in the plane. We will

51



construct a function, u(x,y), is harmonic in C - [-1,+1], such that the limiting
5u

value of the normal derivative of u, lim  —  (x,y) = g(x), where g(x) is a
y— >o dy

prescribed function, continuous on [-1,+1].
+1

Let u(x,y) = Jh(£) ^ - l n J ( t x )2 + (r|-y)2
-l

d t  for (x,y) e  C -  [-1,+1],
rj=o

where h ( t  is differentiable on (-1,+1) and satifies h(-l) = 0 = h(+l). Note that

1 d
u(x,y) is a double layer potential with kernel K(p,q) = —  —  In | p-q |

P = (l-'H). q = (x*y), Ix I -  1-

Differentiating with respect to r| and evaluating at 0, we see that

-y

, where
T|=0

+1

u (x ,y ) =  - i -  fh (£ )—— - -------d^.
J )̂*_v̂ 2±\r2
-127U J ( tx ) 2+y2 

Integrating by parts and using the assumption that h(-l) = 0 = h(l),

1 „u(x,y) = -  —  h ( t  tan 
2n

JL  |h ( 4) t o -1

+i

y . -i

dt
. y .

+1

y J

We assume that h exists and is in L [-1,+1 ].

For | x I < 1 we can compute the normal derivative, uN, of u(x,y) by 

differentiating under the integral sign (See [4], p. 218).
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= ^  ^  I 6© 1*"'1
. y d S - s J i ® ^ T 3 d6-i (l-x) + y

Applying (ii), pp. 24 - 25, it follows that, for almost every x e (-1,+1),

Hm0 uN(x,y) -  . hy, -  JL J jff l  -  .  _ JL J - g >  d?.

+1

We have constructed a function, u(x,y) = —  fh(£) — lnJ(^-x)2 + (rj-y)2
2tu J arj

-i r(=o

harmonic on C - [-1,+1], with l imo uN(x,y) = —  d^, almost everywhere.
-l

+i
Let m  = —  P f7Z J

2  r  -Jl-X 2 g(x)
+1

-i J T i2 (x-S)
dx . Note that J h ( | ) d |  =  0 . Therefore, there is

-l

a continuous functions h(£) such that h (|) = —  h(£) and h(+l) = 0 = h(-l). For

almost every x e (-1,+1), l im0 uN(x,y) = g(x) and u(x,y) solves the stated Neumann

problem.
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