INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

University Microfilms International
A Bell & Howell Information Company

300 North Zeeb Road. Ann Arbor, Ml 48106-1346 USA
313/761-4700 800/521-0600






Order Number 9405545

On the Poincaré-Bertrand transformation formula

Lerohl, Randi Elizabeth, Ph.D.

City University of New York, 1993

Copyright ©19938 by Lerohl, Randi Elizabeth. All rights reserved.

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






On the Poincaré-Bertrand Transformation Formula
by

Randi Elizabeth Lerohl

A dissertation submitted to the Graduate Faculty in Mathematics in partial
fulfillment of the requirements for the degree of Doctor of Philosophy, The
City University of New York

1993



© 1993

Randi Elizabeth Lerohl

All Rights Reserved

ii



This manuscript has been read and accepted for the Graduate Faculty in
Mathematics in satisfaction of the dissertation requirement for the degree
of Doctor of Philosophy.

Nure /6, 1973 /ZZ/ Satdd

Dgte Chair of Examining Committee
Ll
6/15/73 ] e
Date }éﬁecutive Officer \\

Frederick Gardiner, Brooklyn College

Stanley Kaplan, City College

Burton Randol, Graduate Center

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK

i



Abstract

On the Poincaré-Bertrand Transformation Formula
by
Randi Elizabeth Lerohl

Advisor: Professor Richard Sacksteder

This paper studies in what sense the Poincaré-Bertrand transformation
formula holds for continuous functions which are not Holder continuous. It
is shown that the transformation formula holds, in the almost everywhere
sense, for functions, ®(x,y), which are products of LZ[-1,+1] functions,

continuous on (-1,+1). We then study the case where ®(x,y) is an infinite
[+ ]

sum of such functions, ®(x,y) = Zaicbi(x)q)i(y), and certain conditions are
i=1

imposed on ®. These results are generalized to LZ[I“] functions where T is
a smooth curve in the plane of class c’. By applying the Poincaré-Bertrand
formula to the continuous function ®(x,y) = W f(x), we derive an
inversion formula for the finite Hilbert transform which can be used to
solve the Neumann problem for Laplace’s equation in the exterior of [-1,+1]

in the plane.
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I. Introduction

Singular integral equations with Cauchy type kernels have long been studied
because of their relevance to problems arising in mathematical physics as well as
in complex analysis. It is well known, that when working with singular integrals,

one cannot assume in general that two singular integrals commute. For example, if

f(x) = Jl~x2 and g(y) = , then
1-y?
" 0e)
_ 2
I I 20 dxdy = -n° for z; e (-1,+1),

gy

1
whereas PIPI dydx = 0, where P indicates that the integrals
(x-y)(y-20)

are taken in the Cauchy Principal Value sense. (See [14], p. 180.)
However, as was first proved by Poincaré [9] and Bertrand [2] under quite
restrictive hypotheses, we do have the following transformation or commutation

formula for two singular integrals:

PI j ( PEY)  gxdy = - Blzgzg) + PJ' PI (X__Yl- dydx, z, e T.

X-y)(y-Zo) Y)(y-2o)

In the classical literature on singular integral equations, the Poincaré-

Bertrand formula is stated for functions, @(x,y), which are Holder continuous on



I', which is assumed to be a simple, smooth arc or contour (see [7] and [8]).
Tricomi proves the Poincaré-Bertrand formula for LP functions, 1 < p < », when
I" is the real line (see [14]).

More recently, various generalizations of these classical results have been
proved. One author extends the Poincaré-Bertrand formula by relaxing the
smoothness assumptions of the contour of integration (see [6]). Other papers
generalize the domain of integration to product manifolds (see [5] and [13]).
Still other generalizations depend on adopting a modified principal value
convention which can simplify or even eliminate the residual term, -n2¢(zo,zo)
(see [1]). However, in each case, the authors maintain the assumption that the
function, ®(x,y), is Holder continuous on the domain of integration.

In this paper, we generalize the Poincaré-Bertrand formula to include
functions which are not necessarily Holder continuous. We first prove that if I"
is the unit interval and ®(x,y) is the product of L2[-1,+1] functions which are
continuous on (-1,+1), then the Poincaré-Bertrand formula holds for almost all

zy € (-1,+41) We then study the case where ®(x,y) is an infinite sum of such
. 0

functions, ®(x,y) = Zaiq)i(x)(bi(y), and it is assumed that ®(x,y) is a symmetric
i=1

kernel of a positive definite integral operator. In chapter III, we generalize
these results to arcs in the plane which are of class c’.
Note that when I" is [-1,+1], the Poincaré-Bertrand formula may be viewed as a

statement about the finite Hilbert transform H. The finite Hilbert transform of a

suitable function ¢ is defined by H{(y) = - P J' ¢x) dx. In the final



chapter, we use the results of Chapter II to establish an inversion formula for
the finite Hilbert transform. We then show how this inversion formula can be
applied to solving the Neumann problem for Laplace’s equation in the exterior

of [-1,+1] in the complex plane.



II. The PBF for Continuous Functions on [-1,+1] x [-1,+1]

In this chapter we will prove that when I" is the unit interval, the Poincaré-
Bertrand formula holds in the almost everywhere sense for certain continuous
functions, @, which are not Hoélder continuous. To see that one cannot hope for

much more, we first consider the following example.

Construction of an Example.

Let I" be the unit interval [-1,+1] and let

®, (x,y) = £(y), k=123,.
1-x%
> 1-y2 Uy (y)
where f(y) = z and

n=

U .1(y) is the Chebyshev polynomial defined by

sin(nkcosly) sin(nkcos-ly)
Ui (y) = = lyl< L.

sin(cos'ly) 1-y?

It is easily seen that @ (x,y) is continuous on (-1,+1) x (-1,+1). Write

fi(y) as a function of 0:
F0) = Zansin(nke) , 0 =cosly, a =

n=2

1
n In(n)




o0
It is well known that if a, = a;,, and na, — O, then Zansin(nkf)) converges

n=2

uniformly. (See, for example, [16], p. 182.) Clearly a, = satisfies

n In(n)
these conditions so that F(8) is continuous on (-1,+1). It follows that

D (xy) = £, (y) is continuous on (-1,+1) x (-1,+1).

1-x2

We will show by direct calculation that the Poincaré-Bertrand formula does
indeed hold for the continuous function ®,(x,y), k = 1,2,3,... except on a set S,
of measure zero. For this example, we can explicitly determine which z; € (-1,+1)
are contained in S, k = 1,2,3 ... We then use this information to construct an
example of a continuous function ®(x,y) for which S, the set on which the
Poincaré-Bertrand formula fails to hold, is a countable dense subset of [-1,+1].

For ®(x,y) = ®,(x,y), we can easily evaluate the singular integrals contained
in the Poincaré-Bertrand formula because the finite Hilbert transform acts in a
particularly simple way on the Chebyshev polynomials.

We will use the following definitions and identities for the Chebyshev

polynomials:
in((n+1)cos-!
1) Uy = Sn@tlcosTy) In particular, Uy(y) = 1.
sin(cos-ly)
(2) T, (y) = cos(ncos’ly) In particular, T,(y) = y.



3

C)

&)

(6)

- ]-' R ®

o Yy = UpX
"o iy g

1 P * 1 y2 n-l(Y) dv = T

- jl o y = = Ty®)

1
YT = 5 { Tan®) + T }

1
YU = 5 { Vet + Una®) }

For (3) and (4) see [14], p. 180. (5) and (6) are a consequence of the sum and

difference formulas for the sine and cosine functions.

Bertrand formula,

q)k(x’Y) -

P = P
J f Gty Y I
ey | T T
P| ——— dx|dy
1 (¥-20) 1 m (x-y)
f(y)

by (3) and (1),

" P_J: (y-2p) &

£(y)
(y-zp)

Using the above identities we have, for the left hand side of the Poincaré-

+1
X

1 1x2 &)

dx|dy

by (2),



]
a
a~]
—
=]
5
Py
=
N’
<
N
N
&

i

Note that T, (z,) = cos(nkcoslz;) so that

® Tz ® cos(nkcoszy) *
;2 nlnm) ;2 n In(n) - z_:n In(n)

I

2mn
whenever z; = cos[ - ], O=ms [ ], where [ ] means integer part.

k+2
Therefore, for each of these [ = ] values of z; € [-1,+1],

q)k(x’)')

P |P| ————— dxdy = -12
IH Gy “Ez

TG diverges.

. 2mn k .
On the other hand, if z; # cos — I’ O=ms= [-2- ], the series
®  cos(nkcos 'zp)

In() converges to a continuous function, call it g (z;). Write
n In(n

n=2
g,(zo) as a function of 0:



o0

G(8) = } aby(0) , a, =

n=2

n I b,(8) = cos(nkB), O = cos’l(zy).

As n— o, the sequence a, —> 0, the convergence being monotone and independent of

[+4]
0. Furthermore, the partial sums of an(e) are uniformly bounded in every
n=2

2 2(m+1 k
m7x (m+ )n_a]’ m=0,1,...[-2-],8>0, since if

interval of the form + 9,
k k

S.(0) = ) cos(nk®), then

n=2

sin ((3/2)ke] - sin [k(n+1/2)e] .
5.0)| = . s
2sin(k0/2) 125in(k0/2) |

0
Hence, the series [a,,b,,(e) satisfies the conditions of Dirichlet’s test for

n=2

. . . 2mn 2(m+1)r
uniform convergence in every interval of the form 5 + §, — 8|. Every

2mn
fixed O = Lr;(-— , (or equivalentally, every z, # cos(2mm/k) ), may be regarded as

belonging to an interval of this form, since 8 > O is arbitrary. Hence, g.(z,) is

continuous for all z, # cos2mr/k).



Reversing the order of integration and using partial fractions, we have

D (x,y) * X f(y)
” e | f Gy |
Y-Zo)(X-Y 3 m Y-Zo)(X-y

RY) £y)
- dx
) (v-z)

PI X 1
3 -ll-xz (zg-x)

b f - T,,k(x) 1o “E Tz ¢ x ax by (&
' In(n) (x-zp) ~n In(n) ) y
n P“ 1 2 Tgn® + Tya(® 1 ] o Tulz) .
2 I n In(n) zg) ) nin@ ©
-1 1-x2 n=2 n=2

2 > Uyl + Upi2(20) ) > Tok(zo)

2 - n In(n) - é n In(n) by (3),
> 2gUpei(2o) 2 Tuzo)
"L " "L amw YO



X Tu(ze)
= T B(Zpzg) - nzz nn;n(ﬂ) |
n=2

We have shown that, for almost all z; € (-1,+1),

q)k(x’)')

—_———— dydx.
(y-2p)(x-y)

Dy (x,y)
PI[PI£ e dxdy = -m2 D(zg,zy) + PIJ:P I{

Specifically, the formula holds for all z, ¢ S,

S R O L el

k k

00
Now consider the series Zajd)l,j(x,y) where p; is the j" prime. The family of
=
continuous functions, {(I)pj], is uniformly bounded on [-1+g,1-€], 0 < € < 1:

X X

=< M, where M is a bound

LNCHINE F, (©) Fy(p;0)

1-x2 1-x2

for the continuous function ®,(x,y) on [-1+€,1-€]. Therefore, if {a} is any sequence
00 o0

such that Zlajl converges, then by the Weierstrass M-test, Zaj<1>pj(x,y) converges
j=1 =1

uniformly to a continuous function ®(x,y) on [-1+€,1-€] for any €, 0 < € < 1.

10



+1 +1 ¢p(X,y)

We have seen that for each p;, gpj(zo) = PIPI J
-1

—_— dxdy =
G2y i

> cos(npjcoszy)
nin(n)

, diverges for a finite set of points, SPj’ in [-1,+1]. Let

n=

B = Opj {+1,-1}. The sets, | p;)» are pairwise disjoint: zo € S, & 7y = cos T, ,

p-1 ] 2mn 2nw | | p- 1
1smS—Z,becauselfpjaepk,thencos— # cos|— |, since 1 = m =
P;

Py -1

A A .
and 1 =n = Thus we have 5, N5, = ¢, j = k.
For each j, let II\j be the union of €-neighborhoods of each z, e /S\Pj where the
g’s are chosen so that /I\j n { kl<Jj ng } = ¢, (i.e., choose g so that none of the

singularities in §pk, k<j, are contained in the €; neighborhoods). The €;’s can be

chosen to satisfy this condition, /I\J- N { kgj st } = ¢, because for any fixed j there

are only finitely many elements in {U § lana § n{U § | = ¢. For example
y y many k<j Pk b k< [ T ple,

11



if (2, 2, 2

. pj
.z, . Z'),n = | — |, denote the elements of 8 » one can choose & so
1" 2 3 n 2 pj J

1
that €; < 3 min{dl, d2 dn_l, dn} where di— min IzJ - 2, | With this choice of

zye U S,
A
& LN {kljjé } $-

k<j

Now let Ij = [-1+€, 1-8]//I\j, where € > 0 is arbitrarily small. Then gpj(zo) is

uniformly continuous on L, for every j. Let ¢; = max (1, max Igp (zp)!) and let
ZoEI

1
a; = — . Note that with this choice of a,
Cj2J

|(I>(x,y)|_ ZaJ|(D xy)| = MZaj = MZ—— =

=1 =t 1

so that ®(x,y) is in fact continuous on [-1+€, 1-€].

Again using the identities for the Chebyshev polynomials, we formally have

+1 +1

D(x,y) _
J I Gty T "‘zz By (0> By(20) =

% cos(npcosizy)

nin(n)

=1

12



+1 +1 0

. O(x.y)
while P J P[m dydx = -nzzajg pj(zo) + 12d(z,2,).

=1

However, fix z;, € (-1,+1) and assume that z, € §Pk’ for some k. We have seen

2]

that akgpk(zo) = Z
n=2

a
Ry diverges. On the other hand, for j > k, z; € I; and

1 . A N .
lajgpj(zo)| = ; . Forj<k, z¢ Spj » Iajgpj(zo)l is finite. Therefore, if
[+ 4]

Zy € §Pk’ the first k-1 terms of the series Zajgpj(zo) are finite while

=1
o o

1
Z Iajgpj(zo)l = Z —J = 1. Consequently, the divergent term akgpk(zo) =

j=k+1 =kl

00 [o0]
ay
z T is not offset by the other terms and it is clear that Zajgpj(zo) =
n=2 =t
+1 +1

PI J bx.y) dxdy is unbounded if z, € §Pk for any k.
(y-z)(x-y)

. 1
We note that if z; I;] L;, then Z Iajgpj(zo)l = X—; = 1. Hence, for z; I;] L,

n=1

Zajgpj(zo) converges, and the Poincaré-Bertrand formula holds.

13



[+ ]
To summarize, we constructed a continuous function, ®(x,y) = Zaj(I)Pj(x,y),
j=1
and showed that, regardless of the order of integration, applying two singular

integrals to this continuous function results in a function which becomes
unbounded on at least a countable dense subset of (-1,+1) x (-1,+1). This example
clearly demonstrates that if a function is not Holder continuous, then one cannot

be certain that the Poincaré-Bertrand formula holds for all z, € T'.

PBF for Products of Continuous Functions.
We will now prove that, when L = [-1,+1], the Poincaré-Bertrand formula holds
in the almost everywhere sense if ®(x,y) = f(x)g(y) where f and g are L2[-1,+1]

functions which are continuous in (-1,+1). We begin by showing that

+1 + +1 41
I I D(x,y) I J’ D(x,y)
(Z-y)(y-X) (Z-Y)(Y-X)
where z = z; + i€, |1z)| < 1, € > 0, so that one of the singularities has been

removed.

Lemma 1: Let f(x) and g(y) be LZ[-1,+1] functions which are continuous on

(-1,+1). Let ®(x,y) = f(x)g(y) and z = z5 + i€, 1z5] < 1, € > 0. Then

+1 +1 +1 +1

D(x,y) D(x,y)
I I (Z-y)(y-X) I P ‘[ (z-y)(y-X)

14



y=x+8 y=x

- +|y=x-8

N
W

+1

A 4

let D be the diagonal strip bounded by y = x + 8 and y = x - & as shown in
the diagram. Let R = [-1,+1] x [-1,+1].

dydx because there are no

f(X)g(y) f(x)ely)
I I (Z-y)(y-x) J I (Z-y)(y-x)

smgulantles in this region. We are trying to show that

I J‘ f(x)g(y) f J' f(x )g(Y)

(Z-y)(y-X) (z -y)(y-X)
J- ,[ f(x)g()') ,[P I f(x )g()’)
(z-y)(y-X) (z-y)(y-X)

Hence, it suffices to show that

. f(x)g(y) f(x )g(y)

1 Pl ——— dxdy =0 = 1 P
Lim [Pl e o I | v ¢

D

15



For the first integral, observe that
J- .[ (X)g(y) I I f(X)g(.v)
(z-y)(y- X) (Z-y)(y-X)

where v(y) is a horizontal strip in D, y units from the x-axis as shown below.

”<

y=x+8 y=x
18

y v(y) | ~=~%

N
A 4

-1+3

y=x-8

N

dx depends on the position of y.

Note that the value of P I
V(y)

if-1=y=-1+08

fx 8 e
PI_de= < PI dx if-1+8<y<1-8
y-x y-x
Vo)
fi
PJ' @ 4x  if1-5=ys=1.

16



In each of the three cases we will show that

f(x )g(y) i f(x)g(y)
1i 1 P| —————— dxdy = 0.
S I f @G ° 5‘_‘30[ J @Nyx
D

Case I: -1+8=sy=1-8.

' Fep®

PI ;(z) dx = PJS f® 4x = p

y-X
V@)

f(x) Ix-yl =39
where F(S,y)(x) =

0 Ix-y| > &

For a fixed y and & > O arbitrary, F(S y)(x) e L’[-1,+1] since

+1 ) 12 y+8 ) 12
IF gl =1{ [IFg ldx b = .glf(x)l dx } o= lfll
‘l y.

2
Observe that, since the integral Ilf(x)l dx is continuous as a set function

E
12

of E s [1+1], Lim IF5 I, = 0. Set F(Eg) = IF5 I, = f 1601 °dx
E
5

17



where E8 = [y-8,y+8]. Since m(ES) =20 »>0asd — 0, im0 F(ES) =

éE?o"F(S y) ll, = 0. Furthermore, it is well known that the Hilbert transform is

bounded on LP for any p such that 1 < p < o, with IHfll, = ¢ lIfll, where c, is a
constant independent of f € LP. Therefore, the finite Hilbert transform of

i 1 2 < . .
F(S,y)’ HF(S,y)’ is also in L°[-1,+1] and "HF(S,y)"2 = czllF(S,y)II2 implies that

ngHHF(&y)HZ = 0 as well.

+1

Now I &) P ‘[ fx) dx| dy
(z-y) (y-x)
-1 v(y)
+1 +1 F x)
g(y) (3.y)
= P|—————— dx| d
_J; (z-y) I (y-x) Y
+1 +1 F (X)
1 S, . _
= 3 J gy) P f—%— dx | dy, since |z-y| = €, z = z; + i€,

1
g(y) HF(S,y)(y) dy = - ||g||2 "HF(S,y)" , -

A
[
l%

-

18



So we have shown that, for the case -1 + § sy =1 -9,

Lim Ij (f(x)g(y) xdy| = lim L gl WHF, .0 =0,

Z-Y)(y-%) 50 & Bl ey

A similar argument may be used for the other two cases. For

-l=sy=-1+39,let

f(x) -1=sx=y+39d

F x) =
) 0 y+8<xs=s1

Again we have lim "F(S )"2 = 0.

y+8 s 12 , 12
"F(S,y)"2 = Ilf(x)l dx } = I If(x)]” dx } where Eg = [-1, y+3].

Eg

m(Eg) = y+1+8 = 28 since -1 s y = -1 + §, and the argument would carry through
as before.

Similarly, for the case 1-8 = y = 1, we can write

+1 F (x)
P9 g o O

dx by setting

19



f(x) y-86=sxs=s1

F (x) =
@) 0 -l=sx<y-398

12 12
Ilf(x)lz axbo=1 151 °dx | with m(Eg) = [y-8,1].

Es

IF .5y =

mES = y-14+8 = 28 since 1-8 =y = 1, and éi_n)mollF(s,y)ll2 = 0.

f
For the second integral, IPI —Z—(x—;%;y—)) dydx, we first use partial fractions
z-y)(y-x
D
to rewrite the integral as
J‘ I f(x)g()’) J‘ _[ f(x)g(}’)
(Z-X)(y-X) (Z-X)(z-y)

Let p(x) be the vertical line segment in D x units for the y-axis as shown in

the diagram.

y=x+8 y=x

=x-0

~

N

+1

20



F0)E(y) 1 fwel) fx)g(y)
Then I Pf s I = _I,P | ot +f I ey

fi
For the first integral, lim I P I __(x_)gﬂ dydx can be shown to be zero
50 ) (z-y)(y-x)
, . . g(y)
by arguing as before but in the y variable: Represent P ) dy as the
y-

H(x)

finite Hilbert transform of an L? function F(S, x) such that imOHF(S,x)"2 = 0.

f(X)g(y)

=0,
Z-X)(Z-y)

For the second integral, it is obvious that 11m I I (

since ‘[ I f(x)g(y) dx| = ——}—— I Ilf(X)g(Y)ldxdy < o and the area of the
(Z-X)(Z-y) e p

region D goes to zero as 8— 0. This proves the Lemma.

Theorem 1: Let ®(x,y) = f(x)g(x) where f and g are L2[-1,+1] functions which are

continuous on (-1,+1). Then for almost all z, € (-1,+1),

+1 +1 +1 41

d(x,y) d(x,y)
dxdy = 2d)(z,, PiP|——— dydx.
f J GGz W = T2z + I I L= yex

21



Proof: By Lemma 1, we know that for z = z, + ig, € > 0,

+1 +1 +1

f(X)g(y) _fx)e(y) :
:[PJ (z-y)(y-x) IP (z-y)(y-x) dydx or equivalentally,
+1 41 +1
f(X)g(y) ey f(X)g(y)
P =0
I I (Z-Y)(y-X) I “(zx)(x-y) y) .[ .[ (Z-X)(Z-y)

We assume, without loss of generality, that f and g are real-valued. Hence,

the Real part of the above equation must be zero, or

1O )y (zey) o x)ey)(zex)
IPJ dxdy + J-PI
G zoy)+ey-x) G [@x)Pe)(x-y)

+1+1 +1+1

f(x)g(y)(z-x)(zo-y) ef(x)g(y)
JI dydx + f I
[(zex)»)+€2][(z5-yH)+€2] [(zy-x)?+€2][(2y-y)?+€?]

dydx = 0.

Let 1(zy,€), J(zp.€), K(zy,€), and L(zy,€) denote the four above integrals. We

will show that

+1 +1 f | _ +1 41
@ lim 1) = lim I f ()g(y)zo-y) dxdy = f(x)g(y)
[(zo-y)*+€21(y-x)

-1

for almost every z, € (-1,+1).

22



© T f0g0)Eex) i

(b) lim J(zpe) = 1i P dydx = P|P
g0 E——)r(l)1 »[ ;[ [(zg-x)2+€2](X-Y) yex ,[ )

f(x)g(y)

dyd
) ey yex

for almost every z; € (-1,+1).

+1 +1

(c) llm K(zy.8) = 118 I I

f(x)g(y)(Zo-X)(24-Y) ' E0ey)
dx = P f PI
- [Ze-x)2+€21[(zo- y)2+£2] (ZO-X)(Zo y)

for almost every z, € (-1,+1).

+1 +1

; e4(x)g(y)
(d)el_%l L(zp,€) = 11,(,5l P I ()g(y

 (zo-x)+€2][(zg-y)?+€7]

dydx = n2f(zo)g(zo)

for almost every z, e (-1,+1).

Once we have shown that the above four limits hold, we will have shown that

el.?(’)‘ (1(zp,€) + J(z.€) + K(zp,€) + L(zp,€)] =

+1 +l + +l
f(x)g(y) f(x)g(y)
dxdy + P[P [ ——2_ dyd
I I o o R Il ey
+1 +1
f(x)g(y) _
PI j ) dydx + m2f(z)g(zy) = O,
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Rewriting the above equation, we have

+1 +1 +1 +1

P J' f (:_’;’)‘g?x) dxdy = -m®(zezgp + P:[P-

D(x,y)

— _dvd
) e yex

for almost every z, € (-1,+1). This proves the theorem.

In order to prove (a)-(d), we will be using the following results on harmonic
functions and their conjugates as presented in Introduction to Fourier Analysis on
Euclidean Spaces by E. Stein and G. Weiss, which we list here for clarity.

(See [12], pp. 47, 186, 218.)

1 €
(i) Let Pe(t) = E[_—z be the Poisson kernel for the upper half-plane of

?+¢

Euclidean space, R2. If f(t) € L’(-»,+x), 1 = p < w, then

+o00
1 €
uxe) == [f(t) ——— dt = (P_* HX)
n ‘[, (x-1) + € €

is harmonic in R and lim u(x,e) = f(x) for almost every x € (-wo,+x).
+ e—0

[ t
2+ e

be the conjugate Poisson kernel. Then for

(i) Let Qg (1) =

b= R

24



f(t) € LP(-wtw), 1 = p < m,

“+00 (x-1)

1
vixg) = = [f) ———— dt = Qg N

A ¢ ) L
is harmonic in R? and lilbl v(x,€) exists for almost every x € (-w,+w).
+ £—

400

1 f(t
Furthermore, 1lim v(x,g) = - I ®© dt for almost all x for which the
e—0 T (x-t)

=00

limit exists, (i.e., for almost all x).

+1 +1 f ~
(a) 11m I(zy,€) = llm I J‘ ((X)g)Z)’)(Z]Z(: Y)) xdy = P I I (z( y))g((yy:( :
[(zy-y)?+€2](y-x 0~ -

for almost every z; € (-1,+1).

+1

- +l w0 i
Proof of @ 1z08) = | —n {p [ dx} = [ 20D
NI o Wzoy)+el]

g(Hi(y) Iyl =1 (X)

where G(y) = 0 yl > 1

and Hf(y) = PJ‘

We have seen that Hf(y) = - Hf(y) € Lz[-1,+1], since the finite Hilbert transform
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is a bounded operator on L2[-1,+1]. It follows that G(y) e Ll(-oo,+oo) since

g(YHI(y) e Ll[-1,+1] as the product of two L’ functions. We have written 1(zy,€)
as the convolution of an Ll(-oo,+eo) function with ® times the conjugate Poisson

kernel, Qe(y) = Applying Result (ii) from above, we have,

, 7 Gy)(zy) T Gy)
lim Kze€) = lim [—— " dy =P
£e—0

dy =
60 7 [(zpy)+e?] o @)

P Ig(y)Hf(y) .[ I (f( 8(y) dxdy, for almost every z, € (-1,+1).

(zo-y) Zy-y)(y-X)

o _ *! f(x)Hg(x)(z-X)
Proof of (b): A similar argument applied to J(zy,€) = I dx can
G [(zex)+e?]

+1 +1

be used to show that lim J(z,€) = P I P __f;(zc_)g__(yl_ dydx for almost every
£—-0 (zg-x)(x-y)
zy € (-1,+41).
Proof of (c):
f(x) ixl =1 gly) lyl =1
Let F(x) = d G@y) = . Th
(x) 0 Ixi>1 an ) 0 |yl >1 o
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+00400

Jim K(zo€) = lim ”

F(x)G _ _ +1 +1
(X)G(yXzy-x)(zo-y) i = P J.P I f(x)e(y)
[(zo-x)2+€2][(z4-y )2+e2] (2g-x)(z¢- y)

for almost every z, € (-1,+1), since F and G are both in L2(-oo,+oo) and Result (ii)

applies.

Proof of (d): This is a simple application of Result (i) regarding the Poisson
kernel. L(zy€) = [g * Pe(zo)] [f * Pe(zo)] so that lim L(z€) = 2f(z0)e(z,)

for almost every z, € (-1,+1).

The PBF for Infinite Sums.

We have shown that the Poincaré-Bertrand formula holds for products of

L2[-1,+1] functions which are continuous on (-1,+1), ®(x,y) = f(x)g(y). Clearly
N
then, it also holds for finite sums, ®(x,y) = Zaifi(x)gi(y). We next consider

i=1
[+]

what restrictions might be placed on an infinite sum, ®(x,y) = Zaifi(x)gi(y), in
i=1
order for the Poincaré-Bertrand formula to hold. We will show that sufficient

+1 +1

- . afi(x)g(y) _ .
conditions for the lim Z PI I dxdy to exist are provided by the
Now 2 (x-y)(y-zp)

hypotheses and conclusion of Mercer’s Theorem which is stated below.

27



Theorem (Mercer): Assume that ®(x,y) is symmetric and continuous on

+1
[-1,+1] x [-1,+1], and that the integral operator, ®f(x) = |®(x,y)f(y)dy,

-1
determined by ®(x,y) is positive, i.e. < ®ff > = 0 for all f e L*[-1,41]. Then
0
Zai¢i(x)m converges absolutely and uniformly to ®(x,y), where the (¢,’s}
i=1

are the eigenfunctions of the operator, ®, and the (a,’s) are the corresponding

eigenvalues. (See [10], p. 245.)

We would like to include the case where ®(x,y) is discontinuous at the

endpoints. To this end, we state a modified version of Mercer’s Theorem:

+1
function which is continuous on (-1,+1) x (-1,+1) and satisfies J.ICIJ(x,x)Idx =M.

-1
+1+1

(By square-summable, we mean JI|¢(x,y)|2dxdy = w.) If the integral operator

-1-1
©

determined by d(x,y) is positive, then zai {(x)0;(y) converges absolutely and
i=1

uniformly to ®(x,y) on compact subsets of (-1,+1) x (-1,+1).

It is easily verified that the proof of Mercer’s Theorem remains valid under

these assumptions. Note that since ®(x,y) is a symmetric, square summable kernel,
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+1

the eigenfunctions, a}p,(x) = I¢(x,y)¢i(y)dy are in L2[-1,+1]. The continuity of
-1

d(x,y) on (-1,+1) x (-1,+1) guarantees that the eigenfunctions are continuous on

(-1,+1). Let x € (-1,+1) be arbitrary. For every € > 0, there exists a positive

8 = 8(x) such that |d(x,y) - ®(t,y)l < T , if 1x-t] < 8. Hence,
i l

+1

10(x) - (DI = f |D(x,y) - Dty)l [dy)Idy = ¢| N, = g, if |x-t| < 8.
itl

2]
Theorem 2: Let ®(x,y) = Zaitbi(x)q)i(y) be a real, symmetric, square-summable

i=1
+1

function which is continuous on (-1,+1) x (-1,+1) and satisfies II@(x,x)ldx < M.
-1
If the integral operator determined by ®(x,y) is positive definite, then

N +1 +1
L) PIle OO — dndy =
N +1 +1 )
-7 Zalq)x(zo)q)l(zO) + llm z PIPIaI¢1(x)¢ (y)___;m dydx,

i=1 i=1 -1 -1

where both limits exist for almost all z, € (-1,+1). The (¢,’s} are the
eigenfunctions of the operator, ®, and the (a,’s} are the corresponding

eigenvalues.
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Proof: It follows from Theorem 1 that, for every N and for almost every z,,

+1 +1 N

P[P[ Ta000)-

1
—  dxdy =
;L Gz

+1 +IN

1
& Za,¢,(zo)¢ (@) + [P[ Ladt)— s dydx

i=1 -1 -li=l

or using partial fractions, that

N P+1P+1 iy = ) N
L I j A ( o Gy =7 iEaiqn(zo)cpi(zo) +
N +1 + N + +1
PIPI ,¢,<x>¢,(y)——T(y—) dydx - ZPJPIa@ (")""(”_o”)(—y'?) dyd.

i=1 -1 i=l -1 -1

Using the symmetry of ¢j(x)0i(y),

O aidi(x)0iy) H al¢1(x)¢l(y)
I J oz I I Gz ©

It follows that for every N and almost every z,,
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N +1 +1

1
2) PP —  dxdy =
Zl [ ja,¢ s dxdy
N + + N
- P[p -
n ‘§a,¢,(%)¢.<%) + zl jl j“_zlam,(xm.(y) ) ok
N +1 +1
Hence, lim N—a |2 PIPI a0, (O0(y)———— dxdy| =
’ L0 ey -z0)
N + #1 N 1
lim N—o |- Za.¢ (2020 + TP[P[ Laty D) v

i=1 i=1 -1 -1 i=l
for almost all z, € (-1,+1). We will prove the theorem by showing that

+ +1 N
lim Now |-% Za, (20)0i(zp) + PIPJ zalq’l(x)(b,(y)

i=1 -1 -1 =l

—————— dyd
o)(Y‘Zo) yex

exists for almost all z,.

By Dini’s Theorem we know that, for z;, € (-1,+1),

N
lim N— -1:2 Zaitl)i(zo)q)i(zo) converges uniformly to ®(z,z,). To show that

i=1
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+1 +1 N

lim N—o PIPI Za@i(x)(bi(y)m dydx| exists, we observe that

-1 -1 =1

+1 +1 N N

1 2
Sn(zo) = PIP J’ Zaiq)i(x)q)i(y)_@__; dydx = 72} ,[Hoy(z)| , where H

NZo-X)

-1 -1 i=1 i=1

again denotes the finite Hilbert transform. We will show that {SN(ZO)} is a

monotonic, increasing sequence of positive L'[-1,4+1] functions such that

+1

ISN(zo)dzo = A, for every N. Hence, the 1im Sy(z,) must be finite for
N—>o00

-1

almost every z; e (-1,+1).

Each ¢, is in L’[-1,+1], so that Ho,(zy) € L*[-1,+1] for each i, and
[Ho(zp)]? € L'[-1,41]. Sy(zp) € L'[-1,+1] as well, as the finite sum of
Ll[-1,+1] functions.

Secondly, we know that < ®¢,0, > = O for all ¢, , since @ is positive
definite by assumption. But < ®¢,,0, > = < ad,,9; > = a, because the ¢;’s are
orthonormal. Therefore, we have a, = 0 for all i and we have shown that
{Sn(zp)) is a monotonic increasing sequence of positive Ll[-1,+1] functions.

Furthermore, using the boundedness of the Hilbert transform on L2,

+1 N

+1 2 N 2 N 2 N
[Sntzo)dzg = [ Ta[Hoz)] dzo =T a|Hoo)|, = & T as|0zo) = 2 L -

-1 i=1 i=1 i=1 i=1
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N o0 +1 o +1

Bute,Ja = &% = of Ta 0:00dx & [®(x)dx = 20M.

i=1 i=1 -1 i=1

+
Letting A = 2c,M, we have shown that for each N, JSN(ZO)dZO = A. Therefore,
-1
I!‘im Sn(zp) must be finite for almost every z; € (-1,+1), which was to be proved.
—> 00

Next we will show that if T(x,y) is real, continuous on (-1,1) x (-1,+1),
and skew-symmetric, i.e., T(x,y) = -T(y,x), then the Poincaré-Bertrand formula
holds for all z, € (-1,+1). To see this, note that the residual term,

-n2T(zy,2y), is zero because of the skew-symmetry of T. Hence, it suffices to

show that
o Teoy) L T(xy)
’ X, . - .
,[ I (x- y)(y—zo) I I (x-y)(y-2) dydx, or using partial fractions,
o T +1 +1 T +1 +1 T
f J‘ (6. 8%) J'P ,[ (%) dydx + P JP J- (x,y) dydx
Vo (x-2g)(x-Y) I 2520

By making the change of variables x=y and then using the skew-symmetry of

T, we first observe that

+1 +1 +1 +1 +1 +1

s TG.x) T(xy)
J J (x- y))z;:zo) _ PIPI (y-x)):- Z0) PIPI—&T):S(—:’:EO—) dydx.
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+1 +1

T(x,
It remains to show that PIPI ( (x.y)
X

dydx = 0. Again making the change of
~Z)(¥-2o)

variables x=y and using the skew-symmetry of T,

+1 +1 +1 +1 +1 +1

T(x,y) T(y,x) T(x,y)
=P|P P
-[ I (x- zo)(y-zo) I I (y-zo)(X-zo) I J (x zo)(y-zo)
+1 +1 T(xy)
Therefore, PIP Y dydx = 0, which was to be shown.

1 _l(X-zo)(y-zo)

Note that if ®(x,y) is a Hermitian complex kernel, then the real and
imaginary parts of ®(x,y) are real symmetric and real skew-symmetric kernels,
respectively:

®(x,y) = Re(D(xy)) + {Im(D(x,y)} = B(y,x) = Re[P(y,x)} - i(Im D(y,0)).

Therefore, Theorem 2 holds if ®(x,y) is a complex kernel satisfying the hypotheses
of the modified version of Mercer’s Theorem.

Similarly, if the symmetric part of an arbitrary real continuous kernel,
®(x,y), defined on (-1,+1) x (-1,+1), satisfies the hypotheses of the modified

version of Mercer’s Theorem, then Theorem 2 holds. To see this, write D(x,y)

as % {S(x,y) + T(x,y)} where S(x,y) = ®(x,y) + P(y,x) is symmetric and

T(x,y) = ®(x,y) - O(y,x) is skew symmetric. Clearly, if S(x,y) satisfies the
hypotheses of Theorem 2, then the Poincaré-Bertrand formula holds for ®(x,y), for

almost all z, € (-1,+1).
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III. Generalization to an Arc in the Plane

In this chapter we prove that Theorems 1 and 2 remain valid if we generalize

to the case where I'" is a curve in the plane. ®(x,y) becomes a function of

w, )
two complex variables w and z. By writing PJ PI((— dwdz in terms of
W=

z)(z-z;)
arclength, we transform the integral into a sum of singular and non-singular
integrals over the region [-1,+1] x [-1,+1] where we know that the Poincaré-

Bertrand formula holds almost everywhere for products of continuous functions.

Theorem 3: Let I" be a curve of class C? and assume that d(w,z) =f(w)g(z) is the
product of two real Lz(l") functions, continuous on the interior of I. Then for

almost every z; € T,

O(w,z) .2 O(w,z)
PI I e dwdz = -n°®(zg,zg) + Pi[ Pj‘m dzdw.

Proof: Assume that I' is parameterized by arc length, s =t. For w, z e T,
w = w(s) = x(s) + iy(s), dw = [x(s) + iy(s)lds,
z = z(t) = x(t) + iy(t), dz = [X(t) + iy®)Idt, -1 =5, t = +1.

x(s)+iy(s)
[x(8)-x()] + i[y(s)-y(1)]

+1
O(w,
In terms of arc length, P ((w :) dw =P [0 ,
W-Z
-1
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®(w,z)

dw are given by
i (w-2)

so that the real and imaginary parts of P

X(S)[x(s)-x(V] + Y()[y(s)-y(®)]
[x(s)-x(®] + [y(s)-y(®)]

ds

+1
P [t
-1

Y(S)X()-x(®)] - x(8)[y(s)-y(®]
[x(s)-x()F + [y(s)-y(®))

ds.

+1
+iP If(s)g(t)
-1

d(w,z)

i dw to the sum of a singular integral and two ordinary
w-Z

In order to reduce PI
L

integrals, we rewrite the above as

+1 . .
=P | f(S)g(t)[ 1, XOXEXO] + yOEyOl 1 ],
-1

K&xOF + eyor

Y(S)X()-x(®)] - x(S)y(s)-y(9]
[x(s)-x(01 + [y(s)-y(®I

ds.

+1
+i P If(s)g(t)
-1

Let K(s,t) = X()x(s)-x®] + y()yGs)-yml 1

x©xOF + Oyor

Y(S)X(s)-x(W)] - x(9)[y(s)-y(®)] .

and L(s,t) =
[x(s)-x()]* + [y(s)-y®)I
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By assumption, x(s) and y(s) are C* functions. Therefore, we can write
x(s) - x(t) = a,(s-t) + a,(s-t)® + o[(s-1)?] where a, = x(t), a, = X(1)/2.
x(s) = a, + 2a,(s-t) + o(s-1),
¥(8) - y()) = by(s-1) + by(s-t)® + ol(s-t)’] where b, = y(1), a, = J(t)/2.

y(s) = by + 2by(s-t) + ofs-1).

Using the fact that a% + b3 = 1, aja, + b,b, = 0 and a2 + b2 = KX(1)/4 =
where k(t) is the curvature of I" at t, we have

K(st) = p(s) = c(t)(s-t) + o(s-1) and

1+ c(t)(s-t)® + o[(s-1)?]

L(s,t) = q(s.t) = an) + olsy where

1+ e(®)(s-t)? + o[(s-1))*]

a(t) = 2(ajb, - azb;) = x(DF(V) - X(VY().

Note that p(s,t) and q(s,t) are continuous on [-1,+1] x [-1,+1]. Thus we have

z)

written P dw as the sum of a singular and two nonsingular integrals:

+1

ds + If(s)g(t)p(s t)ds + i If(s)g(t)q(s £)ds.

PJ- Pw.2) o = I()g()

(w-2)
-1

Similarly, letting z, = x(ty) + iy(ty), z, a fixed point on T, then
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+1 +1

dz

PII e P fp(t,to)dt +i fq(t,to)dt
. . D(w,2z)
Putting these expressions together we have PI PJ————— dwdz =
i (w-z)(z-2y)
+ +1 +1
(s )g(t) f(s)g(t)p(s t) f(s)g(t)p(t, t0)
i o IR0 SO
I, I I
+1+1 +1+1

+ JIf(s)g(t)p(s,t)p(t,to)dsdt - J‘If(s)g(t)q(t,to)q(s,t)dsdt
o1-1 -1-1

I I,
+1 f +1 +1
sttty dsdt + I £(s)g()q(t,t)p(s,Hdsdt
s . S, -
f [ - J [l g(a(t.tp
I, I,

+1 +1

J- J' f(s)g(t)q(s t) sdt + J' If(s)g(t)p(t,to)q(s,t)det .
1 -l

I, I

T e

By Theorem 1, I, = -nzf(to)g(to) + IPI (S-t)(t—to) dtds since f and g are
a4 -

L2[-1,+1] functions which are continuous on (-1,+1). For the remaining integrals,
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we will show that the order of integration may be reversed without changing the
value of the integrals. We first show that I, = /I\z for almost every t; € [-1,+1],

A
where I; is I; with the order of integration reversed.

gty |ttty = 1/n

Let g (t) =
(0 0 [t-tyl = 1/m .

Then g, € L*[-1,+1] for each n and llg,- gll, — 0 as n — =. We first observe that

+1 +1
t &x(t)
I = J: (i( tz) { :[f(S)P(s,t)ds } dt = ling e { [fopisnas } dt, in the

+1

L2[-1,+1] norm. To see this, note that Pf(t) = I f(s)p(s,t)ds is continuous and
-1

therefore is in L”[-1,+1]. Considering {(Pf(t)g,(t)} as elements of Lz[-l,+1],

IPf(gt) - Pf(t)g, (), — 0 as n — w. Therefore, by the boundedness of the
Hilbert transform, IH[Pf(t)g()] - H[Pf(t)g,(t)lll, — 0 as n — ». Therefore,

il

. ! PR(Dg,(t
I, = pj (f_() { If(s)p(s t)dS} dt = PI (t)g(t) = lim, PI ::ti)() &
-1 !

1

g® [° .

ll}i_r_r)xo0 PI (tlito) { If(s)p(s,t)ds } dt, as asserted. Hence, there is a subsequence
1
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+
g, such that I, = PI (g_( )) { If(s)p(s,t)ds} dt =
-1

+1 gn (t)
lim I
n—>® (t-

{ If(s)p(s,t)ds } dt, for almost every t;. By

Fubini’s Theorem, we can reverse the order of integration in this last integral

g0 a1 g, (OB
and limg, J ff(s)p(s,t)ds di = limp, If(s) j ERm dt} ds.

-1

Thus it remains to show that

+ 1 g (Dp(s,t)
: Mk gMp(s.b) A
Jdirg, J.f(s) {j dt} ds = jf( 5) {J' 0 } ds = I,
1

* 1 [8(1)-£,, (D1p(s:)
It suffices to show that lim J.f(s) I dt} ds} = 0 almost
nk-—>0°

(t-tp)

-1 -1

everywhere, or that

+ {“ [8()-8, OP(s.)-P(sito)] )

jf(s) I o dt | ds +

J

+fl ’*I‘ g(1)-g,, (1) }
f(s)p(s,ty) 4 | ———— dt} ds = 0.
S ()

\-1
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We will show that each integral goes to zero separately. For the first

c(t)(s-t) + o(s-t)
1+ c)(s-1)? + o[(s-)]

integral, observe that, as a function of t, p(s,t) =

has bounded derivative in [-1,+1] since 2c(t) = [x(1)]* + [¥(©)]* and X(t) and
P(s,t)-p(s;to)
-t

§(t) are assumed to have continuous derivatives. Therefore,

A a positive constant. Therefore,

*1 [g(1)-g,, (D1p(s,1)-p(s.to)] 141
J ©1F () di pds| = AI j () 118(t)-gu() 1dtds
l -

s ANfilig-g, Il; — 0 as m— @

For the second integral, we use the convergence of Hgnk —> Hg in the L? norm.

g(v)- gn(t)
If(s)p(s,to) PI dtt ds| = ufp,_ i, 1Hg(ty - He, (t)| where

p=P(-tp). lg - g, ll, > 0= IHg - Heg, ll, - 0 as n — . Since the sequence
of L? functions, Hgnk, converges to Hg in the L? norm, there is a subsequence,

Hg, , which converges to Hg almost everywhere, i.e., |Hg(ty) -Hg, (t))1— O as

g l

> o for almost every t, € [-1,+1]. Convergence of the subsequence is sufficient

because the previous limits would hold for any subsequence of the g.’s.

41



To summarize, we have shown that, for almost every t;

+1 +1 f(s)gnk_(t)p(s,t)

J
sdt = lim [P dsdt =
..kjl'l’m .[ fl (tty)

,[ J‘ f(S)i(_t)P(S,t) d

+1+1 f(s)g, (O)p(s.t) +1+1
L dids = P“‘M dids, so that I, = 1,.

A
One can use a similar argument to show that Iy = I for almost every

q(s,0-q(s.tp)

to € (-1,+1) because is bounded and q(s,t) is continuous on

[-1,+1] x [-1,+1].

It is well known that under certain conditions, the singular integral
commutes with the ordinary integral. In particular, if F € LP[-1,+1],
GelLY-1,+1}, 1<p <o, 1/p + 1/q = 1, then

IPI COFS) ysdt = Pﬁ G((ts)_l:)(s) did
-1-1

(s-t)

(See, for example, [7], p. 59.)

We use this result to show that I; = 13 Let f(s) = F(s) and
g(Hp(tty) = G, (1). For any fixed t, G, (1) € L’[-1,+1] as a function of t.
The hypotheses of the above are satisfied and I; = /1\3 for all t; e (-1,+1).
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Similarly, letting f(s) = F(s) and g(t)q(t,ty) = G,o(t), then the hypotheses
of the above are satisfied and I, = I for all t, € (-1,+1).

The integrand of 1, is the product of continuous functions of s and t.
Fubini’s Theorem applies and I, = /1\4. The same is true for I, I;, and I,. Thus,

we have shown that, for almost every t;, € (-1,+1),
5 9 5 9

P
Pf f ( S awdz = TL+ i [ - wtogato +[, + 1 T,

w-z)(z-2;) _ _ _ '
=1 =6 =1 =6

Going back through the change of variables, z = z(t) = x(t) + iy(t), zy = z(tp) =
x(tg) + iy(ty), w = w(s) = x(s) + iy(s), we have for almost all z, € T,

D(w.z) _ 2 d(w,z)
J f D7) dwdz = -T'D(zy,2g) + Plpjm dzdw.

We next prove the corresponding generalization for Theorem 2, which follows
almost immediately from Theorems 2 and 3.
[0
Theorem 4: Let I" be a curve of class C’. Let P(w,z) = Zaiq)i(w)(bi(z) be a real,
i=1
symmetric,square-summable kernel on I' x I", continuous on the interior of I" x I" and

satisfying I |®(w,w)| |ldw| < M. If the integral operator determined by ® is

positive definite, then
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N +1 +1

lim 2] P I PI a,¢,(w)¢,(z) )( )dwdz =
i=1 -1 -1
N +1 +1 1
& Za,¢,(zo>¢ (z0) + lim '} Pija,q».(wm,( s A

i=1 i=1

where both limits exist for almost all z, e I'. The (¢,’s} are the eigenfunctions

of the operator, @, and the (a,’s} are the corresponding eigenvalues.

Proof: Since ®(w,z) satisfies the Modified Version of Mercer’s Theorem on compact

[+2]

subsets of I' x I', we know that ®(w,z) = Zaiq)i(w)tbi(z), where the {0,’s} are the
i=1

eigenfunctions of the integral operator determined by d(w,z) and the (a;’s} are

the corresponding eigenvalues. Convergence of the series is absolute and uniform

on compact subsets of I' x I. Furthermore, we know that the a;’s are positive and

0
that Zai converges.
i=1

It follows from Theorem 3, that for any N and for almost every z; € T,

N
1
(*) "I{ p[ Ea@,(wm,( D ey V2 " -nzzam(zom(zo) +

1
P|P Za,q) (W)d(z )_—_—_ dzdw.
IJ: I o z)(z-zy)



Using the arc length change of variables, w = w(s) = x(s) + iy(s), z = z(t) =

x(t) + iy(t) as in Theorem 3, we know that the left hand side of the equation can
9
be written as ZIJ- N where the integrals, IJ'N’ are defined below:
j_
+1 41 N

PI PI za,q;,(w)q),( )_(-_m dwdz = [P[ P Tad( 0

I' =1 -1 -1 =l

dsdt
)(t-to)

IlN

+1 +1 N +1 +1 N ( to)
+ P (S (t) dsdt + |P {(8)P,(t)——— dsdt
[ Emono 25 s Jf B
Ly Ly
41 41 N +141 N

+ [ [ Lato0mpeopttodsdt - [ [ Tap@o0asatipdsdt
-1 -1 i=l -1-1 i=l

I, I

N N

+1 +1 N +1 +1 N

. o)
+i| P Za,¢,(s)¢,(t) —p dsdt+ [ ] Lationopsnatiodsdt

-1 -1 i=l -1 -1 =1

Is

N I

N

+1 +1 N +1 +1 N

'PIIPMWW dw+jfpmmmwmmmm

-1 -1 =1 -1 -1 =l

19N
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It also follows from Theorem 3 that for each j # 1, IJN /I\jN’ while

N
Ly = /I\lN + zaiq)i(to)q)i(to), where /ij = Ly with the order of integration

i=1
9 N

reversed. Hence, another way of writing (%) is ZIjN = Zaiq)i(to)q)i(to) +
=1 i=1

z We will show that, for almost all t; € (-1,+1) and for each j, lim I
N—® N

J_
exists. Going back through the arc length change of variables and using the

0

uniform convergence of Zaiq)i(to)(bi(to), we have

i=1
©

Pf Pf za,¢,(w)¢,< 2) dwdz = - L a(zo)bz0) +

)( Zp)
[ =1 i=l
1
PI PI zamq)n(w)q)l( )—_5;(2—25 dZdW, or
V)
I' =1
I I (W-Z)(z-zo) wdz = -TU (zo,zo) + i[ Im Zaw, wiicii proves the

theorem.

The existence of 1lim Ly follows from Theorem 2. We only need observe that
N—®

the ¢;’s are orthonormal in L2[-l,+1] since
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+1 +1

[104009)1ds = [10&0O115(6) + §(1ds = [ 19mpw)1 1dw] = 8,
1 -1 r

o0 0
2
Convergence of YalHo,l;, = ¢2 Ta, <  in the L*[-1,+1] norm follows, which is
ilz = € )

i=1 i=1

+1 +1
1
fficient to show that P| P 0:(8)d,(t)—————— dsdt exists and i
sufficient to show tha J; { Zla,q),(s)q),() ZEVCEN exists and is
+41 41 N
equal to -7 Za,«p (1) + PI PJ Y 20800 ——— G t)( . dids, as in the
i=1 -1 -1 i=l
proof of Theorem 2.
To show that lim 12 exists, let Gy(t)) = PI gi(t); dt where
N—ow t-t,

+1
g = Ip(s,t)(bi(s)ds. Note that since p(s,t) is continuous on [-1,+1]x[-1,+1],
-1
it follows that g(t) is continuous on [-1,+1]. Let ®(8) be the modulus of

continuity of p(s,t) as a function of t. Then

I8 - g0l = [1p6) - Pt 109)1ds = aIt)gy,
1

}igltolgi(t) - gty = }i_r)nto(x)(lt-tol)llq)ill = 0 and g,(t) is continuous on [-1,+1].
Furthermore, since the ¢,’s are orthornormal and @(|t|) is bounded,

it follows that g(t) is bounded, independent of i. Consequently,

+1

o1
1G(t)| = PI gi(t)—t—_t—o dt = CIH¢,!l, where C is a bound for g(t). But we have
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seen that IH¢;ll, = 2c,ll¢,ll, so that |Gty)| = ¢ ¢ = 2c,c. Therefore,

(2] 0 +1+41 ®

ZaﬂGi(to)l = é[a, converges, and llm L, = PII z a,0,(s )¢1(t)

i=1 i=1 -1-1 i=1

ddt

>}
= ZaiGi(to) exists for every t; € (-1,+1). A similar argument could be used to

i=1

show that lim Ig  exists.
N—®

To show that 1lim I, exists, we simply use the fact that p(t.to) is
N—>

+41 +1 N

p(t to)
continuous and then apply Schwarz’ Inequality: J‘P‘[ Za,tj),(s)q),(t) dsdt

-1 -1 =1
N +1

T aGy(to) where Gitg) = fp(t,to)¢,(t)n¢,(t)dt 1G(to)] = oM, 1HO;1;

i=1

00

Ca, ’I‘herefore,ZaiGi(to) converges absolutely which proves that

i=1
+1 +1 ©

[p] Tationo—

-1 -1 i=t

dsdt exists. A similar argument can be used to show

(

that lim I  exists.
N—ow

The convergence of lim I , j = 4,5,7,9, is an easy consequence of the
N—w N

continuity of the kernels p(s,t) and q(s,t) together with the convergence of
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0 +1 +1 N

Ya. For example, IL | = j J’ T ad(&)00p(s.Op(ttpdsde | =

i=1 -1 -1 =l
N N
= M? Zaillq)illf = 2M22ai, where M = max|p(s,t)[, -1 < s;t < +1.
i=1 i=1
00
The convergence of Zai guarantees that lim I, exists.
N—o N

i=1
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1V. Applications

We first derive an inversion formula for the finite Hilbert transform by
applying the Poincaré-Bertrand formula to the function ®(x,y) = »Il-yz f(x), where
f(x) is an Lz[-1,+1] function which is continuous on (-1,+1). P(x,y) satisfies

the hypotheses of Theorem 1 and the Poincaré-Bertrand formula holds almost

everywhere:
+1 +1
2 f(x) 1 »ll-y2
—P — dx} d —.|1-2f()+—P f(x) {P|-———— dy} dx,
" J S [ Il G206y

for almost all z, € (-1,+1). Note that the left hand side of the equation can be

142 HiGy)

written as — PI
Y-zy

dy where H denotes the finite Hilbert transform.

For the right hand side, using partial fractions we have

+1 +1
_P_[f() I(_Jz;)dy dx ——P- - (0 j

dx.

}"X Y'Zo

+1

1 o f 1
== P @ | ez bax = [fxyax,
A ) T
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where we have used the identity, given in Chapter II,

'l-l'—y2 Un—l(Y)

+

1

- P I dy = -T,(x) with n = 1. Combining these results, it

i y-X
-1

follows that

+1 +
1 Jl- 2 Hf 1
- PJ‘_y)_,.;O_(_)_'_)__ dy = - |1_202 f(zy) - ;t-I f(x)dx, or more explicitly,

-1 -1

+1 +1
1 Jl- 2 Hf C 1
f(zg) =-—P y ) dy - ———, where C = = If(x)dx.
2
™4 .I 1-z42 (y-zp) 1-z2 -1

+1
Assuming that <f,1> = 0 or I f(x)dx = 0, we have an inversion formula for
-1
L2[-1,+1] functions, f, which are continuous on (-1,+1) and orthogonal to 1:

f(x)
X-y

+1
1
If g(y) = Hi(y) = - PI dx, then
-1

Next we apply the inversion formula to solve the Neumann problem for

Laplace’s equation in the exterior of the interval [-1,+1] in the plane. We will
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construct a function, u(x,y), is harmonic in € - [-1,+1], such that the limiting
du
value of the normal derivative of u, lim — (x,y) = g(x), where g(x) is a
y—0 8y

prescribed function, continuous on [-1,+1].

+1

1 ]
Let u(xy) = — [1®) ngan(é-xﬂ + M)
-1

dg’ for (X,Y) e C - ['19+1],
N=0
where h(€) is differentiable on (-1,+1) and satifies h(-1) = O = h(+1). Note that

, Where
N=0

1
u(x,y) is a double layer potential with kemel K(p,q) = — Eﬁ-mlp ql

p=GEn) q=&y), Ixl= 1

Differentiating with respect to M and evaluating at 0, we see that

u(xy) = o— j (&)(g o

Integrating by parts and using the assumption that h(-1) = 0 = h(1),

_ 1 4 &_x +1 1 +l. B &-x ]
u(x,y) = - z—n‘h@) tan [—)',-] . *on J;h(&) tan [—y dg
+1
1 * _1 g'x

We assume that h exists and is in Lz[-1,+l].
For |x] < 1 we can compute the normal derivative, uy, of u(x,y) by

differentiating under the integral sign (See [4], p. 218).
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uN(x,y>=-—u( a)-———fh@)tan[é ] &———j(&) S 3

2rn 3 Y (- )%+ y2

Applying (ii), pp. 24 - 25, it follows that, for almost every x e (-1,+1),

+1 41 e
| Lt €W 1 hE
gy i) = fimy - g [ g [
{ +1 5 .
We have constructed a function, u(x,y) = — Ih(&) —Ind (&-x)2 + (M-y)? dg,
2n : an =0

“h
harmonic on C - [-1,+1], with 11m un(xy) = - — J. © d€, almost everywhere.

+1
I 8™ iy . Note that Jﬁ(g)dg = 0. Therefore, there is

Let h(E) = — P J‘ T s

: d
a continuous functions h(€) such that h(§) = E h(€) and h(+1) = 0 = h(-1). For

almost every x e (-1,+1), ;i_r)no up(x,y) = g(x) and u(x,y) solves the stated Neumann

problem.
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