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INTRODUCTION

In 1957, Brown [l] proved that the higher homotopy groups of a
connected, simply connected, finite simplicial complex are effectively
- computable in the sense that, for each n 2 2, there is an effective pro-
cedure for obtaining a finite presentation of mpX-as an abelian group.
Brown's method relies on the fact that if X is simply connected,
the nth fibration of the Postnikov tower of X is induced from a prin-
cipal fibration over a K(mpX;n+l) with fiber K(mpX;n).

Now let
TympX = 71X 2 TompX 2 .00 2 TympX 2 ...

denote the lower central series of the action of wIX on ThX. When X
is nilpotent, the Postnikov tower of X can be refined in such a way that
the nth fibration is written as a composition of principal fibrations with
fibers K(I'ym,X/Tj41mnX;3n) over the complexes K(I'ymnX/Tij41mpXsn+l). In
light of this fact, it is nétural to ask whether Brown's result can be
generalized to nilpotent complexes.

In this paper we answer the question affirmatively for connected,
nilpotent simplicial sets which are finite in each dimension. Precisely,
we show that the Postnikov tower of X is computable with the groups
PiwnX/Pi+1nnX given effectively as finitely generated abelian groups,
and that for n 2 2, wpX can be recursively enumerably presented as an

abelian group.



We work, as Brown did, in the category of simplicial sets,
Familiarity with this category is assumed. Some basic constructions
and propertiles are set forth in Chapter I. More complete expositions
can be found in May [4], or in Gabriel and Zisman [2].

In Chapter II we construct, inductively, the Postnikov tower of
a connected, nilpotent simplicial set.

We define recursive simplicial sets and maps in Chapter III. Wev
then show that the Postnikov tower of a comnected, nilpotent simplicial
set X, which is finite in each dimension, i1s effectively computable.
That is to say, all complexes and maps are recursive., As a corollary
we deduce that mpX is finitely generated for n 2 2.

The crux of the argument involves showing that thexe is an
effective way of presenting the groups rinnx/ri+1wnx as finitely
generated abelian groups. ”The proof is long and technical and forms
the body of Chapter IV.

Finally, in Chapter V, we prove the following theorem. Let X be
a connected, nilpotent simplicial set which is finite in each dimensionm.

Then mpX has an r.e. abelian group presentation.



Chapter I

PRELIMINARIES

Let SS denote the category of simplicilal sets and top the category

of topological spaces.,

Definition 1.1, A simplicial set X is a graded set together

with face operators

di:x® > x™1, 0<i<n
and degeneracy operators

s:Xt 5zl 0<ign

which satisfy the commutativity relationships

djdy = dj—ldi if 1 < j,
sisy = 834184 1f 1 < §,
disj = Sj—ldi if i < j,
dij = identity = dj+lsj’

diSj = dei_l if i > j+1.

We shall often refer to a simplicial set as a complex.

Definition 1.2. A simplicial map f:X-+Y is a map of degree

zero of graded sets which commutes with face and degeneracy operators.

Definition 1.3. A simplicial set X is called locally finite if

the set of n-simplices X is finite for all n > 0,



plq] is the simplicial g-simplex. The n-simplices of A[q] are

sequences of integers (ao, 215 eves ay) with

di(aog *0 0y an) = (ao, al’ 2o 0y ai_l, ai+1, LY a-n)

Si(ao, es vy an) = (aog -o-,ai’ ai, -oos‘afn)o

The single nondegenerate q-simplex of Alql, (0,1,2,...,q), will
be written Aq.

A[1] will often be written as I.

Let X be a simplicial set, Let C,(X) be the free abelian group

on the set of n-simplices of X, X". Let
3:Cn(X) + Cpoq(X)
be given by

3 (x) =-_; (-1)1a,x.
i=o0
The resulting chain complex is C4(X), whose nth homology group is Hp(X).
We shall assume that all cochains are normalized, i.e., that they are
zero on degenerate simplices,
Let *gx bé a O-simplex of X. Then #*y generates a subcomplex of
X whose sole n-simplex is sgps «e. 5g(*y), taking the composition of s
n-1 times, By a pointed complex we mean a pair (X,*y) where we abuse
not;£ion by allowing *y to refer both to the O-simplex and to the sub-
complex it generates. We adopt the convention that the base point of

A[n] is (0), for all n = O.



Let Y be a pointed complex. Hom, (I,Y) is the simplicial function

complex:
Hom (I,Y)™ = {u:IXA[n] + Y|u is a pointed simplicial map}.
Let u be an n-simplex of Hom, (I,Y); dqu is defined to be the composite

1X64 u
dju:IXA[n-1] ——I X A[n] —Y,

where §4:A[n-1] » A[n] is given by

5'1(30, ceey a.m) = (a('); sees axa)’

L . | .
aj—aj if j < 1, aj—a3+1 if j 2 1.

Similarly, s{u is given by the composite

IXO’i u
syutIXAn+1] ———— 1 X A[n] — Y,

where ci:A[n4-1] -+ A[n], and

Oi(aog see s am) = (369 "'; a‘[;l)

| I s £ =7. — . .
aj aJifJ\l,a aJlifJ>l.

!

J

Let t:Hom (I,Y) > Y be given by the restriction
i#:Hom.(I,Y) - Hom((1),Y),

induced from the inclusion 1:(1l) > I, followed by the natural identi-

fication of Hom((1l),Y) with Y.

Let G be an abelian group. The simplicial K(Gjn) can be described
as the complex whose gq-simplices are cochains u € Zn(A[ql;G), with face

operator



i

di=6i

and degeneracy operator

_ #

8f = 0

K(G;n) is in fact a subcomplex of the complex E(Gsn) given by
E(G;n)9 = C"(Alq];G) and face and degeneracy operators given as above.

The coboundary operator § induces a simplicial map
§:E(G3n) - K(G;n+l).

Proposition 1.4. The complex K(G;n+l) described above is in fact

an Eilenberg-MacLane complex of type (Gi;nt+l). &:E(Gjn) - K(Gin+l) is a
principal fibration with fiber K(G;n).

Proof. See May [4]. g

| ]:58 + Top will denote Milnor's geometric realization functor.
It is well known that |X| is a CW complex having one n-cell for each
nondegenerate n-simplex of X.

By m,X we mean mn|X| and by the action of 71X on 7w X the action of

wIIXI on mq,|X

Definition 1.5. The lower central series of the action of mX

on ﬂnx,
I‘l'"nx > I'21TnX > es e > riﬂnx > XX

is defined as follows.
Let TymyX = wpX. Let Ty qmpX be the subgroup generated by the

set {ay-—yla e mX, Y € I'ympX}. We say that mjX operates nilpotently



on mpX if TympX = 0 for some j. If ¢ is the largest integer such that
IemnX # 0, then we call c the nilpotency class of the action of 71X on

'n'nX .

Definition 1.6. A simplicial set X is said to be nilpotent if X

is a nilpotent group and acts nilpotently on X, for all n > 1.

Examples of nilpotent simplical sets are most easily arrived aé
from examples of nilpotént spaces. For example, any triangulation of
a nilpotent space gives a CW complex whose CW structure can be obtained
from the realization of a simplicial set. Since the category of nil-
potent spaces contains all simple spaces, and in particular all con-
nected topological groups, we can obtain many examples of nilpotent
simplicial sets from triangulations of such spaces,

Moreover, nilpotent spaces are particularly nice in that they
respect the function space operation. Given a nilpotent CW complex
X and a finite CW complex W, it can be shown that the function space
X% is a nilpotent CW complex. See, for example, Hilton, Mislin, and
Roitberg [3].

It then follows that given a nilpotent complex X and a finite
complex W, that Hom(W,X) is nilpotent.

Furthermore, if X is also locally finite, it is easy to see that
Hom(W,X) is also locally finite.

Let £:X -+ Y be a pointed simplicial map. Define, Tf, the mapping

fiber of £, to be the pullback in SS of the following diagram:

Tf ————— Hom, (1,Y)



Since SS is complete, Tf is a simplicial set,

Proposition 1.6. Let Y be a Kan complex, f:X - Y a pointed map.

There is a long exact sequence,
*
vee + TuTE » g X ——r 7Y > -nn_le F aes

Proof. In Gabriel and Zisman [2], it is proved that t is a Kan
fibration., Let QY be the fiber of t. t gives rise to the long exact

sequence,

~

cee > 'anY -+ mpHom, (1,Y) » Y = Tp-10Y -~ 0 =+ ...,

in which nnHom.(I,Y)==0, and mpY is naturally identified with m,_;QY.

Quillen [5] has proved that the geometric realizatiom of a Kan
fibration is a Serre fibration. Since | | is adjoint to the total
singular complex functor S;Top + S, it preserves limits.

Therefore,

| T£] ————————»IHom_(I,Y)[
| 1ol BiE
€|

%] ———— Y|
is a pullback in Top in which [pl is a Serre fibration induced from
]tl, and the long exact sequence of the fibration |p|is the desired
sequence. This completes the proof. 4

We define n,1f to be myTf. Let cyl|f| be the mapping cylinder

of |£]|. By Hp41f we mean Hp41(cyl|f],|X|). It is easy to see that

Hp+3f is the (n+1)th homology group of the mapping cone C.f given by

Cot1f =CrX @ Cp41Y and 3(x,y) = (-3x, fx+3y).



We are now ready to begin the Postnikov construction.



Chapter II

THE POSTNIKOV TOWER

§1. The Construction of the Postnikov Tower

Throughout this chapter we assume X to be a connected nilpotent
simplicial set.

Let c(n), n 2 2, be the nilpotency class of the action of m1X
on 1pX. We construct the Postnikov tower of X by induction of the
pair n,i (1 € i € e(n)+1). We shall identify n, c(n) +1with n+1, 1,

For each pair n,i we construct a group Gn,i’ a complex Yn,i’ and
a map fp, X » Yn,i- Let Gl,l be the trivial group, Yl,l the trivial
complex *, and fl,l the obvious simplicial map.

Assume G, 4s Yp, i, and fj :X > Y, 4 have been defined. If
Bpn+1fn,i = 0, set n,i = n+1, 1; fn,1 = fn+l,i, and let Gp,it+l =
Gnt1,2 = Hpsofnt1,1+ Lt 6 59= Hppafy g 1 Hopgfy 4 # 0.

Lemma 2.1. Let C,f be a chain complex. Let p:Z 41f > Hpyf be
the quotient map. p can be extended to a cocycle E g Zn+1(f;Hn+1f).

Proof. By the Universal Coefficient Theorem, there exists an

epimorphism,
¢:Hn+1(f,Hn+1f) -+ Hom(Hp41f sHp+1£) o

p gives rise to the identity homomorphism 1:H 4 f -+ H 44f. Let [E]
be any element of the kernel of ¢. Any representative of [E] extends p. o
Now choose any extension of the quotient map Zn+lfn,i + Gp,i+1 to

fma 4 + . A =
a cocycle E jy41. Define A 449 e Z0 l(Yn,i’Gn,i+l) by Ay 1+1(¥) =
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En,141(05y)5 and By 341 € CB(X,Gp,141) by By, 441 (%) = Ep, 143 (x,0).

Then An,i+1 and gn,i+1 induce explicit maps

An,i+l:Yn,i - K(Gn,i+l;n+1)
" and

Bn,i+13X * E(Gq,i+1350)

as follows, Let y be a q-simplex of Yn,i, and let ry:A[q] + Yn,i be

defined by ry(Aq) = y. Similarly, given x ¢ X9 we can define rx.
#, n+l . n+l . :
A A N FE DR S CIC R SN DR

Then Ag 441(y) = r;f(ﬁn,iﬂ)- Sinilarly, By 54100 = Th(By 449

Lemma 2.2. The square

Bn,i+1

fn,i 8

Yn,i‘““‘—‘"K(Gn,i+l3n+1)
An, i+l

commutes.,

Proof. First, observe that

A(fx) = E(0,£fx)

]

E((3x,0) + (-0x, £x+30))

E((9x,0) +23(x,0))

E(3x,0) + E(3(x,0))

E(3x,0) + 3E(x,0)

E(3x,0).

But 3(B(x)) = B(dx) = E(8x%,0). p
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Now take Yj, j4+1 to be the pullback

Yo, i+l T——E(Gp,i+1;0) "

An,i+l
Yn’ i ———— K(Gn’ i+1 ;n+l)

and £h,1+1 tO be the map induced from f; j and By i41. This completes

the Postnikov construction.

§2. Properties of the Postnikov Construction

Definition 2.3, A simplicial set Y is called n-trivial if, given

any two g-simplices y and y' of Y, q > n, such that dyjy = d4y', 0< i <q,
then y=y'.
Remark. If Y is a Kan complex, then Y is n-trivial implies qu==O,
q 2 n. This is obvious using the usual definition of the homotopy
groups for Kan complexes. See May [4] for detaills,

Propositioﬁ 2.4, Yn,i is ntl-trivial for all n,i; 1 € i < e¢(n) +1.

Proof. is obviously 2-trivial. We claim that E(G;n) is

1,1
n+l-trivial, for all groups G. Let u; and uy ¢ E(G,n)9, and suppose
for all i, diu1 = diuz’ i.e.,
Y3
djuy = djuyiCpalg=1] - Cualg]— G, j=1, 2,
Now, as long as q 2 n+1, the n simplices of A[q~1] are nondegenerate,
and the set {diuj}g=o completely determines uy (j=1,2). Hence, u; =ug.
Now suppose Yp ; is ntl-trivial. Two gq-simplices of Y, j41,

(yl,ul) and (yp,u,) clearly have the property that if
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di(}’l’ul) = di(y2’u2)’ 0< 1< gq,

then (yl,ul) = (yz,uz). Thus Yn,i+1 is nt+l-trivial.

Now let i = c(n) +1. Setting Yn,c(n)+1 = Yn+1’1, we see that we
need to show that Yn+1,1 is n+2-trivial. But Yn43,1 is ntl-trivial,
and nt+l-triviality implies nt+2-triviality., This completes the induc-
tive step. g

Remark. Since Yl,l’ E(Gin), and K(G;nt+l) are Kan complexes, it
is clear that Y, ; i1s a Kan complex for all pairs n,1. Hence, we have
proved that Fan,i =0, gz n+l.

Theorem 2.5. The map £, ; is n-connected for all n,i,

0 i< cn)+1l.

We will need the following lemmas.

Lemma 2.6. p:Y, 41 + Yn,i 1s n-connected.

Proof. p is a Kan fibration induced from the principal fibration
8. The long exact sequence of p reduces to

. Px
G, i+1 > "n¥n,i+41 — Tn¥n,i
and

Px
mq¥n,1+1 —¢— "q¥p,i» A S M. g

Lemma 2.7. If f,, 4 is n-connected, then
(Fn,i+1s)%3mn41fn,5 > Tne1p

is onto with the same kernel as the relative Hurewicz homomorphism, h.

Proof., We will show that there exists a commuting diagram,
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(fn,1+15D) 4
Tat1fn, 1 ———— T 415P

(1) h

W

Hyp1fn,1

and from this the result if obvious.

First, observe the commuting diagram

' b
B (£, 536, 141) — Hom(Hpt1f5, 43560, 141)

2 i (4) 1 5t

[Yy, 13K (G, g+150+1) — HPFL(Y, 4564 141) 5 Hom(Hyt1¥n, 1,6n, 141)

Notice that An,i+1:Yn,i > K(Gn,i+1;n+l) is a specific choice of the homo-
topy class of maps Y13 #da—l(l) =[Ap,i+1], wherel is the identity map on Hpy3fy 5.
Let 1™ denote the fundamental class of Hn'*'l(K(n,n-i-l) ;) ; namely, o+l =

¢—1 (hal) » where h0 is the Hurewicz homomorphism. Then the map ¥ 1s defined by
s . n+l
V[An,i+1] = A'n,i+1(1 ).

Now, MAﬁ i+1(1n+1)) = j#l by commutativity of (A). Equivalently, write
>

pah ™ () = <l gy P>
= <ntl sAn s i+l#z>
= 0™ (A, 141 42>

-1
ho (An, i+1#z>'



Therefore, j#(l)(z) = hal(An’i+l#z) for all z, i.e.,

An,i+l#
Hpyi¥n, 3 —>H 4 (K(Gy, 14130+1))
-1
h
(3) it 0
T+l (K (Gn s 1+1 jndl) = Hn+1 fn, i
= Gn,i+1
commutes,
Now consider
(fn,44121)4 (&5, 14140, 1+1) 4
Tn+1fn,1 * Tp41P > T418
(4) h l h h
Bpt1fn,1 > Hp41P ~H_ 418
(£, 141214 Ry, 14104, 1+1) ¢

where h is the relative Hurewilcz homomorphism, and An,i+l is the map
An,i+1:Yn,i+l - E(Gn,i+1;n) in the pullback diagram by which Y, 447
was defined. It is evident that diagram (4) commutes.

T2 claim that the diagram

(fn,1+1: D¢ (An, 1+1sAn, 1+1) ¢
Hpt1fn,1 >Hp 4P »H 416
. 1
(5) it p
An,i+1#
Hpt1¥n,1 > Bn+1K(Gn, 141 ;1+1)

also commutes, where j} is obtained from the long exact homology
#

sequence of the map 6. To see this, observe that from the diagram

15
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Yn,1 »Yn, i >K(Gn,i+1;n+l)

upon passing to homology we obtain

(En, 14104 (An, 141280, 1414
Hpt1fn,1 »H 41P +H,416
- y
’ g
1
Hp41¥n,1 Hy41¥n,1 Hp+1K (G, 141 30+1)
An 'y i"l'l#

and 35 = %o 1.

Assembling (3), (4) and (5), we have

(£, 141 1) % (A, 141580, 1+1)
Tot1fn, 1 > T 1 P—— rT 410
h h h
identity | 4
6) Hot1fn,d *Hp+1P +Hp+18
. T "
. .
I Jp =
An, i+1y
Hn41¥n,1 —Hp 11K (Gp,i+157+1)

Tn+1K (G, 441 50+1)

The connectedness of § implies that ji} is an isomorphism.
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Finally, we claim (Kn,i+l;An,i+1)* is an isomorphism. ﬁe omit the
proof, which follows from general facts about maps induced from fibra-
tions, but refer the reader to Whitehead [6, p. 191]. With this fact
we have completed the construction of diagram (1), and this completes
the proof

‘0

Proof of Theorem 2.5

We prove the theorem by induction on n,i. Because of the conven-
tion that £ (n)41 = fne1,4» the induction step is in two parts: (i)
if f;,i is n-connected, then fp, 441 1s n-connected, and (i1) if f5,c(n)
is n-connected, then fn,c(n)+1 = fn+1,1 is n+l-connected.

Since X is pathconnected and Yl,l is the trivial complex, clearly,
fl,l is l-connected.

Proof. Now suppose that fn,i is n—connected. We know from Lemma
2.6 that p:Y, 341 » Yp,i is n-connected. From the commutative diagram,

for q < n,

1x

TTan’i —"___')‘g quYn,i

we see that fp j47,:7qX & 7 Yq j+1s q < 1.

q

From the long exact sequence

(£, 141> D% 3
0 > mpy1fn,i41 > Tnlfn,d - Tn+1P * Tpfp,i * 05

and the fact that <fn,i+l’1)* is onto, it is clear that
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Tp+lP = ker 0 ——» mufy 441,

and hence that ann,i+1 = 0. This completes (i). For part (ii) we will

need the following lemma.

n

Lemma 2.9. mp41fn,i = T'impX when £, ; is n—connected.
Proof. By induction. Since f1,]1 is l-connected and ¥y,1 1s
trivial, the long exact sequence of fl,l reduces to

0+ mof1,1 >~ mX » 0,

Hence, wpf1,1 = TymX.

Now suppose f;, i is n-connected implies wp43fp,q - I'impX, and
suppose that fj {41 is n—connected. First note that the fact that
fn,i+1 and p are n-connected implies that f, ; is, and hence by the
induction hypothesis that “n+1fn,i g Tyn,X. By the relative Hurewicz
theorem, we see that ﬁn+1fn,i 2 TimnX/Ti+1mnX, and Hpg3fn 4 = Cp,i+1 =
Ta+lP = TympX/Ti417pX. Then the long exact sequence of the triple
(£n,i+1sfn,i>p) reduces to

(fn,i+1’1)*
0 + mpy1fn, 441 > Ty X w3 TymX/Ty qm X > O,

mn

Lemma 2.7 implies ker (f5, i+13;1), = Ti41mnX; hence, wn+1fn,i+l

Ti+1mnX.

Proof of part (ii). Suppose f; .(p) is n-connected. By (1) we

know fn,c(n)+l is also n-—connected. Therefore, it suffices to show

that “n+1fn,c(n)+l = 0. But by the preceding lemma, we kmow that

Tn+lfn, c(n)+1 % To(n)+1™nX = 0. g



Corollary 2.10.

Tq¥n,i ¥ TgXs

0,

Proof. Immediate. g

q

q

q

<n and i € c(n)
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Chapter III

RECURSIVE SIMPLICIAL SETS

§1. A Special Case.

When mX is a finite nilpotent group, the groups PiwIX/Ti+1w1X
will also be finite, If, In addition, X is a connected locally finite
pointed simplicial set, the Postnikov tower may be used to construct,
effectively, a l-connected cover of X which is finite in each dimension.
Then Brown's theorem applies, and there is an effective procedure for
constructing finite abelian group presentations of wpX, n 2 2,

Theorem 3,1, Let X be a connected locally finite pointed sim-
plicial set. Suppose additionally that 71X is a finite nilpotent group.
Then npX 1s effectively computable, n 2 2,

Proof. Observe first tha£ Yl,i must be finite in each dimension.
This is obvious for Yq,10 and by induction on 1, if Yl,i-l is finite

in each dimension, then Hzfl,i—l must be finitely generated, since

11

CZfl,i—l is, and we know Hzfl,i-l = Gl,i ri_lnlx/riﬂlx, which is a
finite abelian group. Then, evidently, E(Gl’i;l) is finite in each

dimension, and so is the pullback

Y1,4 = ¥3,41 X E(Gp 4551).
Al,i é
Let ¢ denote the nilpotency class of mjX. We have established
that Y7 41 is effectively computable and finite in each dimension.

For ease of notation, let £f=f; 13X > Y =7Y; .4q. Construct the
’



mapping fiber Tf. Clearly, if Y is finite in each dimension, then,
since Hom_(I,Y)n is the set of pointed simplicial maps u:Il ¥ A[n] + ¥,

and the number of nondegenerate simplices of I X A[n] is finite, then

21

Hom, (I,Y) is finite in each dimension, and so is Tf. It is easy to see

that Tf is simply connected with nqTf = nqx, q > 1, An application of

Brown's theorem to Tf completes the proof.

§2. Recursive Simplicial Sets.

In general, the groups Gn,i will not be finite groups, nor will
the complexes Y, 4 be finite in each dimension. In this chapter we

definite recursive simplicial sets and maps and give some examples.

In the next section we will see that complexes of this type make up the

Postnikov tower.

Definition 3.2. A simplicial set Y is called recursive if the

following conditions are met: (i) there is a recursive enumeration,
possibly with repetitions, of ¥, n 2 0; (ii) the operators d; and sy
are recursive; and (iii) given n-simplices y4 and yj’ there is an ef-
foctive procedure for deciding whether or not Yi=Yye

pefinition 3.3. A simplicial map f:X + Y of recursive simplicial

sets is called recursive if f:XU » YB is recursive for n 2> O.

By way of motivation for this definition, observe that given a
recursive complex Y, there is an effective procedure for constructing,
for n > 0, a free presentation of C,Y as an abelian group, and that
the boundary operator 3:CnY =+ C,_1Y is recursive. The generators of
C,Y will be selected from the list of n-simplices of Y, and at each

step we can check to see whether the next one on the list is equal to
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any of the preceding generators. If so, it can be discarded; otherwise,
n

it can be added to the list of generators. Since 3 =iZ(-1)idi, and each
=0

d4 is recursive, so is 3.

Proposition 3.4. Let C,(K,3) be a chain complex in which C.K is

given via a free abelian presentation on a countable set of generators,
and 3 is recursive. Then the groups HK have r.e. abelian group presen-
tations.

Proof. Since CpK is countably generated, so is the group Z K.
Furthermore, since Cn_1K is freely presented, it has a solvable word
problem and so ZpK = {c ¢ CnK|3c==0} is a recursive subset of C,K. Take
ZpK as the set of generators of HpK. For relators, use the set of
generators of BpK. We have a recursive homomorphism 3:Cp+1K - CK,
whose image is BpK. Using the set of generators of Cp4iK and applying

3 we obtain an r.e. subset of Z,K which generates BhK. g

2,1. Examples of Recursive Simplicial Sets

Let K be a simplicial set which is derived from a countable.
simplicial complex. It is easy to see that K is recursive.

Proposition 3.5. Let Y be a pointed recursive simplicial set.

Then Hom, (I,Y) is recursive, as is the map t:Hom_ (I;Y) -+ Y. The
proof will maké use of the following fact,

Lemma 3.6. The simplices of IX A[n] which are neither degenerate
nor faces of a nondegenerate simplex are the elements of the set A\J B,

where

{0, 0, «evs 0)45),(1, 1, euus INIS(IXA[R])"

[
]

B = {(aj,54-18p) |J#0,n+2} & (I X A[n])n+l



as = (0’0’ 00.30’1,1’ oo',l) € In+lo
J N e ———’

h| n+2-j

ay can also be written

aj = Snsn_l see gj_l sae 50(0,1).

Proof. TFor a discussion of the nondegenerate simplices of a
product, see May [4]. The specific details of thls case are then

obvious.

Proof of Proposition 3.5. Recall that Hom_(I,Y)™ is the set of

pointed simplicial maps u:lI XA[n] » Y. Observe that u is determined

by its value on the simplices of IXA[n] which are neither degenerate

nor the faces of a nondegenerate simplex. u is pointed if and only if

u((0,0, vo.5 0),An) = *y. Thus, u may be uniquely described as an

ordered n+3-triple,
(¥gs voes Ypt2) e YO X YOHL x .0 x yoHl y yn,
where Yo =%y
vi = u(aj,sy-18p) € Y2*l  (i#0,n+2 and j=n+2-1i),

Yp+2 = ulag,dy) € YO

Conversely, any n+3-triple
(%gs Y19 eees Int+2)s  ¥i € yotl, i <i<n+l, yp4pe¥D

determines an element u of Hom (I,Y)". It follows that to enumerate
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all such nt+3-triples, and these are enumerable since Y is recursive.
Given any two elements uj and ug in Hom.(I,Y)n, uj =uy if and only if
the corresponding n+3-triples are equal, and this is decidable when
Y is recursive.

We now show that ai is recursive. Given u ¢ Hom, (I,Y)®, dju may
be viewed as an n+2-triple of *y X yotrl x ., x yotl x yn, di is de-

fined by
lX Gi u
dju:IXA[n-1] =————sI X Aln] —>7Y.

Denote the nondegenerate simplicesof (I X A[n-1])" which are not faces

by (Ej+1,sjAn), where 'Ej =

Ej = (0’ 0.090’1’ ""1) € In'
.
J

Then diu = (*Y’?l ’.}72’ '."S;n'*'l)’ Where
Vi = diu(aj,sj_lb.n), j=n+2-k.

We wish to compute y, in terms of the n+3-triple
u = (*Y’YIsyz’ sesy yn+2)-

First note that if 1 > j+1, say, j+1 = i+%k, k > 0, so that

j=1-%k-1,

81858n+1 = 8iSi-k-14n-1

= Gisi—k—l(osls L) ,n-l)

61(0,1,.00,imk-1,i-k=1,.00,0-1)

(0,1,000yi-k-1,i-k-1,.,,,1i~2,i,i4+1,...,n) =

24
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= Si4k-1(d3_185)
= s3d4-14p

= diSjAn’ i>4i+1,

while if 1 € j+1, say, j+1 = i+k, k 2 0, so that j=1+k-1, we

have

6iSj n-1 = 8iSi+k-16n-1
= 6183+k-1(0s1ss005n-1)
= §31(0,1,.,.,i+k~-1,i+k~1,.,.,0~1)
= (0y1ye0eyi-l,i+l,e..,dtk,i+k,y00e.,n)
= djSi+kdn

= disj+lAn'
Suppose i > j+1. Then,

diu@j+1,SjAn) = u(1X81(Fj41s5j4n))
= u(@5+1,61554n)
= u(aj41,d3854,)
= u(di(aj+l,SjAn)) (since diaj+1 = 'a-j_,_l, i> j+1)

= di[U(aj+1,SjAn)]

d vy where k=n+3-(j+1).
Now suppose i € j+1. Then

diu(_a-j-{-ls Sj An) = u(zj-l-l > Sisj An)

u(@5495d585410,)

u(di(aj+2,sj+1An) (since diaj+2 = Ej"l‘l’ i< j+1)

= d4yy, where k=n+3- (i +2).
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This gives §5 in terms of yy, j < n+1. The case j = n+1 is handled
similarly, and so is the proof for the operator sj.

Regarding u ¢ Hom, (I,Y)" as u = (*Y,yl,...,yn+2), where
yn+2 = u((l),An) [ Yns

it is clear that t(u) = yp4+2 is a projection onto the last factor, and
therefore t is a recursive map.

Proposition 3.7. Let G be a group with an r.e. presentation as

an abelian group, G = <X;R>zh. Suppose, in addition, that the word
problem is solvable for the given presentation. Then E(G,n) is recursive,
for n 2 0. g

Proof. E(G,n)9 = C™(alq];G). If q < n, then E(G,n)? = 0, since
we assume all cochains are zero on degenerate simplices,

Let g = n. Cn(A[q],G5 £ G is enumerable, since G is countably
generated. For q > n, observe. that CR(Alq];G) may be identified with
(gii)-tuples of G X... X G, where Cg:i) is the number of nondegenerate
n-simplices of A[q]. An enumeration of E(G,n)9 is thus equivalent to
an enumeration of elements of G X «oo X G ( nii) factors). Two elements
u; and uy are equal if and only if the (g:i)-tuples are equal, and this
is decidable when G has a solvable word problem.

That the face and degenerating operators are recursive follows
almost immediately from the definitions. diu(aj) = u(aiaj). We need
only observe that if aj is nondegenerate, so is 8434 and that §§ is
clearly recursive. s; may be seen to be recursive in the same way,
since siu(aj) = u(oiaj). Here, however, Ciaj may be degenerate, in

which case u(oiaj) = 0, since we assume the cochains are normalized.
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Corollary 3.8. Let G be as above. Then for n 2 0, K(G,n) is a

recursive complex, and 6:E(G,n-1) -+ K(G,n) is a recursive map, for all
n>1.
de_ 1y
Proof, ‘8u = u-° i);(()—1) dy, where dy is recursive. Hence, ¢§ is
recursive, and K(G,n)d must be a recursive subset of E(G,n)4, since G
has a solvable word problem. The rest is obvious.

Proposition 3.9. Let

Q

£
A ———m—y B

be a diagram in which A, B, and C are recursive complexes, and f and g

are recursive maps. Then the pullback

A X C
fg

is recursive.

Proof. A" X C” is obviously enumerable. We claim

AN X ¢t A X cn
fg

is a recursive subset.

(a,c) & A X ¢
fg

if fa = gc in B", and this is clearly decidable. Then

A X cn
fg
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is enumerable. The rest of the conditions are easily seen to be satis-

fied. o

§3. The Computability of the Postnikov Tower

This section is devoted to the proof of the following theorem.
Theorem 3.10. Let X be a connected nilpotent locally finite
simplicial set. Then the Postnikov tower of X is effectively comput-
able in the following sense. For each n,i: (1) Yn,i is a recursive
complex; (ii) Gp,i has an r.e. abelian group presentation with solvable

word problem; and (ﬁii) fn,i 1s recursive.

The proof will require the following lemmas.

Lemma 3.11. Let X and Y be recursive simplicial sets. Let
f:X - Y be a recursive map. Let p:Z,f —#H,f be the natural quotient
map. Then an extension of p to a cocycle E e ZN(f3H,f) can be con-
struéted effectively.

Proof. Since X, Y, and f are recursive, the chain groups
Cpf = Cu1X @ CpY

can be effectively presented freely on countable sets of generators,
with recursive boundary operator. Let cj,Cy,C3,... be an enumeration

of the generators of Chf. There is a short exact sequence,
3
Zyf>—C, f —» By 1f,

in which B_;f has solvable word problem which we claim splits

effectively. For
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{aci}i=o

generates Bp.1f. Let s:B, 1f + C,f be defined by

s(acl) ¢y

n

s(3cy) s(3c3;) where i is the least integer less

than j such that cg = cj if such

an i exists

c; otherwise.

J

Clearly, d3os = 1.

Every element of Cpf can then be written.uniquely as c=z+s3c,
where z = c—S0C.

Define E(c) = p[z]. Since 8E(c) = E(dc) = p(dc) = 0, it is evi-~
dent that E is a cocycle, g

From now on, our choice of cocycle Ej 4 ¢ Zn+1(fn’i;Hn+1fn’i) in
the Postnikov construction will be assumed to be this one.

Corollary 3.12. Let X be a connected nilpotent locally finite

simplicial set. Let fn’i:X > Yn,i be the (n,1i)th map in the Postnikov

tower of X. Suppose Yn 1 and fn ; are recursive. Then the maps
5 »

An,i+l :Yn,i > K(Hn+lfn,i;n+l)

and

Bn,i+1:X > E(Hyq £y 430)

are recursive maps.

Proof. This is immediate on recollection of the definitions of
An,i+1 and Bn,i+1——namely, that An,i+1(y) = En,i+1(0’y) and Bn,i+l(x)

= Eq, 141050+ o
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Lemma 3.13. Let X be connected nilpotent locally finite complex.
Suppose theorem 3.10 holds for all pairs p,q < n,i, i.e., fpr P <n
and 1 £q<c(n) or p=nand 1 £ q<1i<c(n). Then there is an
effective procedure for modifying the given r.e. presentation of Gp,1
to obtain a finite presentation of Gp,j as an abelian group.

Remark. Observe that lemma 3.13 implies the decidability of the
question "Hpy1fy 4.3 = 0?" as well as the solvability of the word
problem for Gp,i.

Proof of Theorem 3.10. The proof is by induction on n,i. The

theorem is obvious for the case n,i = 1,1.
Suppose Yn,i—l is recursive, fn,i—l’X > Yn,i—l is recursive,

and that G has an r.e. abelian group presentation with solvable

n,i-1

word problem. We claim that Gn,i = Hn+1f has an r.e. presentation

n,i-1
as an abelian group with a solvable word problem. The induction
hypothesis implies that C*fn,i—l is recursiﬁe and hence that

Hn+1fn,i-1 has an r.e. presentation. Then lemma 3.13 states the
existence of an algorithm for reducing the r.e. presentation to a

finite presentation, thereby providing a solution for the word prob-

lem. It is then apparent that
§:E(Gp,13n) + K(Gp,30+l)

is a recursive map of the recursive complexes, and we have shown that
the maps Ap,i and B, j are also recursive. Then the pullback diagram

below
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X

Yn,1 E(Gp,13m)

fn,i—l

An,i
Yn,i—l“—“‘+K(Gn,i3“+1)

1s a diagram in the category of recursive simplicial sets.

To complete the proof, recall that in the induction process, when
Hp+1fn,i-1 = 0 we set Yn,i = Yn+1,1, fn,i = fn+l,1 and Gn+1,1 =
Hn+2fn,i—lo Lemma 3.13 establishes the decidability of whether
Hp+1fn,i-1=0, and this completes the proof.

Corollary 3.14. Let X be a connected nilpotent locally finite

complex. Then mpX is a finitely generated abelian group, n > 1.

Proof. We have shown that the groups Gp,i are finitely generated
abelian groups, for all n,i, so that I'ymnX/Ti+1mnX is f.g. abelian.
Let i=c, where ¢ is the nilpotency class of the action of 71X or mpX.
Then To41mpX=0 and TenpX is f.g. abelian.

rompX —— Po—1mpX == Te1mpX/TempX is a short exact sequence,
and the class of f.g. abelian groups is closed with reépect to exten-
sions, so we see that I,_jmyX is an f.g. abelian group.

Then an easy induction argument shows that

Pzﬂn7 ‘an “unX/I‘z'rrnX

is an extension of one f.g. abelian group by another, and the result follows. D
Note, however, that we have not shown that these extensions are

computable.



Chapter IV

A LOCALLY FINITE SUBTOWER

§1. g-Deformation Retracts

Thé objective of Chapter IV is to show that the groups Gp,i»
defined via the Postnikov tower, have a solvable word problem., This
will complete the proof of the effective computability of the Postnikov
tower. The method of the proof is to give an effective procedure for
extracting from the given r.e. presentation of Gp,1> a finite presenta-
tion. The set of generators of the new presentation will be a finite
subset of the original generating set.

To do this we show that for each complex Yn,i in the Postnikov
tower, and for each q 2 n+1, there exists a subcomplex Yn,i,qC:-Yn,i’

which is locally finite, and for which

HkYn:i:q s HkYn,i’ k < q.

These subcomplexes are called gq-deformation retracts of the complex
Yn,i. The definition is due to Brown [1], and proofs of all the pro-
perties of q~deformation retracts which we cite in this section will

be found in his paper.

Definition 4.1. Let G be an abelian group. Let S be a subset

of G. E(G,S;n) denotes the subcomplex of E(G;n) whose g-simplices n
are cochains which take the generator of Cn(A[ql]) to elements of S.
Observe that if S is a finite subset of G, then E(G,S3n) is

locally finite.



33

Definition 4.2. Let M be a subcomplex of a complex N, M is

called a g~deformation retract of N if and only if: (i) NOC:Ih and
(ii) given a simplicial pair (K,L) such that dimK € q and dimL < q, and
a simplicial map £ (X,L) =+ (N,M), then there exists apair (K',L")C (K,L)
and a map f':(X',L') » (N,M) extending £, such that dimK' < q+1 and
dimL' € q, and the pairs (X',K) and (K',L') are acyclic.

Brown [1] has proved that g-deformation retracts have the
following properties.

Proposition 4.3. (Transitivity.) Let P be a g-deformation retract

of m, and M is a q~deformation retract of N. Then P is a g~-deformation

retract of N.

Proposition 4.4. Let M be a gq~deformation retract of N; let

i:M -+ N be the inclusion. Let N(q) be the subcomplex of N generated by
nondegenerate simplices of dimension less than or equal to q. Then there

exists a chain map,
a:Cx(N(q)) »> Cx(n)
and a chain homctopy
D:Cx(N) » Cp(N)
such that
oLi#:Cp(N) > Cp(M), P<Qq,
is the identity map, and

aD(x) + D(3%x) = x~- i#oa(x)
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for x ¢ CpN, p < q. Hence, HgM = HyN, k < q.

Proposition 4.5. Let M be a g-deformation retract of N, A:N »

K(G,n). Then the pullback

M X E(G;n-1)
iffa &

is a g~deformation retract of the pullback

N X E(G;n-1).
AS

Definition 4.6. Let G be an f.g; abelian group, say,

r
i=1

where Z4 is infinite cyclic and T a finite group. For i=1, ..., %, let
pi:G »~ Z; ¢ Z be the projection onto the ith factor followed by an iso-
morphism of Z; with Z, Then P={pj} is called a projective decomposition
of the infinite part of G.

Definition 4.7. Let V ¢ C?(X;2). |V| = max{|V(x)||x ¢ X} or =

if no maximum exists.,

Let A:Y + K(G,n), where G is an f.g. abelian group with a éro—
jective decomposition P = {pi}§=1 of the infinite part of G, For each
js» 1€ j < r, choose aj > (qg+1)|p;A| +1.

Let A = {al,az,...,ar}.

]

Let § = 5(P,a) = {g ¢ G||pjg] < a5, 1<j<r).
We are now in a position to state the most important proposition

concerning g-deformation retracts.



Proposition 4.8. Let §g = § restricted to E(G,S;n-1). With S
defined as above, the pullback
Y X E(G,S;n-1)
A 8g
is a gq~deformation retract of the pullback

Y X E(Gin-1).
AS

§2. g-Subtowers.

We now construct, inductively, for q > n+1l, a finite tower of
subcomplexes Yn,i,q’ where Yh,1,q is a gq-deformation retract of Yn,i
which is locally finite, and of maps fp,i,q:X + Yn,i,q-

As before, we identify n, ¢(n)+l,g=n+1, 1, q, where c(n) is the
nilpotency class of the action of m1X on mpX. However, here we stop
when, upon setting n, c(n)+l, q=n+l, 1, q, we find that n+1 = q,.

Let X be a connected nilpotent locally finite complex.

Define
= = % X = i
Yl,l,q Yl,l (where the trivial complex)
61,1, = %,1°

£1,1,q = f1,1°

Now assume that for suitably large q we have defined Yn,i,q» fn,i,qs
and Gn,i,q in such a way that Y, j,q is a locally finite g-deformation

retract of Yn,i» and if i:Yn,i > Yn,i is the inclusion map, then

sq

i [ fn’i’q = fn’io

35



36

If Hp41fn,i,q = 0, set n,i,q = ntl, 1, q, and Gp+1,2 = Hnyofn41,1,q°
Otherwise, Gn,i+1,q = Hn+1fn,i,q' Observe that the local finiteness
conditions on X and Yn,i,q imply that Hn+1fn,i,q is given effectively
as a finitely generated abelian group.

Lemma 4.9. Hn+1fn,i,q = Hn+1fn,i'

Proof. Yn,iﬂiC:Yn,i is a q-deformation retract. Thus, the inclu-
sion map i induces an isomorphism iy:Hj¥n,i,q = HjYn,i»> J < g, by 4.4.

From the long exact homology sequences of the maps fn,i,q and fn,i we

obtain the following commutative diagram:

~> Hp41X —=Hp41¥n,i,q —> Hn+1fn,1,q — HpX — Hp¥n,i,q —

Jl# lin'l'l J(lgi)# ll# = Jin

= Hp41X = Hp4+1¥n,i -— Hp+1fn,i = HpX — Hp¥n,i —

0

in which, for n+1 < q, ij4] and i, are isomorphisms. The Five Lemma

Implies (1,1)# is an isomorphism as well., In fact, since

(1’i)#:zn+lfn,i,q > Zop1fa, 4

is inclusion, it is clear that it induces the identity of Gj j. From
now on we consider Gn,i,q as equal to Gn,i’ Observe that given any

word in the generators of Gn,i= i.e.,
2 = (Engx5.Emgyy) € Znaafn, g,

=1 s
that z = 0 in Hpy1f, 4 if and only if (1,1)*~(znjxj,ijyj) =0 in
Hp4+18n,i,q» the finite presentation of Gy 4. But (l,i);;1 may be

described as the map that takes
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(x,y) if y e Yn,1,q5
(X’Y) p—
(X,O) if y d Yn’i,qn

Since Yp, j,q is finite in each dimension, Yg’i,q is a recursive subset
of Y%,i for all k > 0. This is an effective procedure yielding a finite
presentation of the abelian group Gn,1i-

We now continue the construction. Since in our inductive hypothesis
we assumed Yn,i to be recursive, recall that we have an effective construc-
tiop of the cocycle En,i+l € zn+1(fn,i;Gn,i+1) from which the maps
An,i+1:¥n,i + K(Gp,i+1;n+l) and By, i41:X » E(Gp,i+15n) are defined.

An application of the cochain map
, %
(1,1)#=C (fn,136n,i+1) ~ C*(fn,i,q;Gn,i+1)

to Ep,i+] defines E; j47,q € Zn+1(fn,i,q;cn,i+1). Then let

ﬁn,i+1,q(y) = Ey,1+41,q(05¥)

and

ﬁn,i+1,q(x) = Ep,4+1,q(x,0).
An,i+1,q defines a map

An,i+1,qi¥n,1,q > K(Gp,14130+1)
and ﬁn,i+1,q defines

Bh,i+1,q:¥ > E(Gy 44150).

Let Q be the pullback



0 » E(Gp, 14151)
8
An,i41
Yo, 1,q — 25 K (G, 141 37+1)

Since Yn,i,q is a g-deformation retract of Y, i, Q is a q-deformation
retract of Yn,i+l by 4.6.

Now Gp,j+1 has been given effectively as an f.g. abelian group.
Choose a projective decomposition P of the infinite part of Gn,i+1'
Observe that since Y, j ¢ is finite in each dimension that leAn,i,ql < 2y

for all j. Then we may choose

1t

A= {a),.e0sapfay = (gi-l)lijn,i+1,q|4-2}.

[

Letting S = S(P,A), we define Y, j41 g to be the pullback

Yn,itl,qT— E(Gp, 1415 S:m)

§g
An,:i.+1,q

Y K(Gn,i+1;n+l)

n,i,q

By property 4.7 of g-deformation retracts, Yn,i+1,q is a g~deformation
retract of Q, and hence, by trasitivity, of Yn,i+1' Since S is finite
Yn,i+1,q is locally finite.

It remains to define f, j41,q. But S has been chosen large enoug
to ensure that By j43,q'¥X ~ E(Gy,i+1,S3n), and therefore a map is in-
duced by fp, i,q and By,i+l,q. Let (fy,1,q>Bn,itl,q) = fn,i+l,q- We

now have commuting
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Yi,i+l,q

* Yo, i+l

>E(Gp, i+1>S3n)

nclusion
8g
*EGp, 14150
-> K(Gn’ i+1 ;n+1)
An,i+l,q
identity S
An,i—!—l Y

- K(Gn, i+1 sntl)

6¢



Finally, to complete the induction step, we need to show that Yp,i+l,q
is recursive. But by Proposition 3.9, Y, i41,q is recursive if Gp,i+l

has a solvable word problem. This completes the proof. g
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Chapter V

COMPUTABILITY OF mpX

We have nowrestablished the computability of the Potnikov tower of
a connected nilpotent locally finite simplicial set X. However, we still
need a presentation of maX, n > 1,

Theorem 5.1, Let X be a pointed connected nilpotent locally finite
simplicial set. Then there is an r.e. abelian group presentation of mpX,
n > 1, .

Proof. fj,1:X + Yy, 1 is a pointed recursive map with recursive
source and target. The the mapping fiber Tf = Tfn,l is also recursive,
and hence HyTf has an r.e. abelian group presentation, for all k = O,

Consider the long exact sequence of the fibration p:Tf - X, It is

clear that

T Tf = mX, k 2 n,
and that

mTE = 0, k < n,

Then Tf is n-1 conmnected, and the Hurewicz homomorphism hi:wyTf -+ H,Tf
is an isomorphism.

Since X = mpTf = HLTf, this completes the proof. g
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