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INTRODUCTION

In 1957, Brown [1] proved that the higher homotopy groups of a 

connected, simply connected, finite simplicial complex are effectively 

computable in the sense that, for each n ^ 2 , there is an effective pro­

cedure for obtaining a finite presentation of trnX'as an abelian group.

Brown's method relies on the fact that if X is simply connected, 

the nth fibration of the Postnikov tower of X is induced from a prin­

cipal fibration over a K(nnX;n+l) with fiber K(irnX;n).

Now let

TjttjjX =  irn x  ^  r 2 7Tnx  ^  . . .  ^  r-[TTn x  ^  . . .

denote the lower central series of the action of ir̂ X on irnX. When X 

is nilpotent, the Postnikov tower of X can be refined in such a way that 

the nth fibration is written as a composition of principal fibrations with 

fibers K(r.jffnX/r.£+-L,TrI1X;n) over the complexes K(riTTnX/r^+^7TnX;n+l). In 

light of this fact, it is natural to ask whether Brown's result can be 

generalized to nilpotent complexes.

In this paper we answer the question affirmatively for connected, 

nilpotent simplicial sets which are finite in each dimension. Precisely, 

we show that the Postnikov tower of X is computable with the groups 

riTTnX/r1+iTTnX given effectively as finitely generated abelian groups, 

and that for n ^ 2 , tTnX can be recursively enumerably presented as an 

abelian group.
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We work, as Brown did, in the category of simplicial sets. 

Familiarity with this category is assumed. Some basic constructions 

and properties are set forth in Chapter I. More complete expositions 

can be found in May [4], or in Gabriel and Zisman [2].

In Chapter II we construct, inductively, the Postnikov tower of 

a connected, nilpotent simplicial set.

We define recursive simplicial sets and maps in Chapter III. We 

then show that the Postnikov tower of a connected, nilpotent simplicial 

set X, which is finite in each dimension, is effectively computable.

That is to say, all complexes and maps are recursive. As a corollary 

we deduce that irnX is finitely generated for n ^ 2.

The crux of the argument involves showing that there is an 

effective way of presenting the groups rjrnX/r£+2 1In^ as finitely 

generated abelian groups. The proof is long and technical and forms 

the body of Chapter IV.

Finally, in Chapter V, we prove the following theorem. Let X be 

a connected, nilpotent simplicial set which is finite in each dimension. 

Then irnX has an r.e. abelian group presentation.



Chapter I 

PRELIMINARIES

Let SS denote the category of simplicial sets and top the category 

of topological spaces.

Definition 1.1. A simplicial set X is a graded set together 

with face operators

di:Xn Xn_1, 0 < i < n

and degeneracy operators

s^rX11 ->• 0 < i < n

which satisfy the commutativity relationships

dj[dj = dj_ldi if i < j »

Si5j = Sj+lSi if i ^ j,

d±Sj = if i < j,

djSj = identity = dj+^sj, 

d^sj = sjd^_^ if i > j + 1 .

We shall often refer to a simplicial set as a complex.

Definition 1.2. A simplicial map f:X->-Y is a map of degree 

zero of graded sets which commutes with face and degeneracy operators.

Definition 1.3. A simplicial set X is called locally finite if

the set of n-simplices Xn is finite for all n > 0.
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A[q] is the simplicial q-simplex. The n-simplices of A[q] are 

sequences of integers (aQ, a-̂ , an) with

0 ^ sq < < ».« ^ an ̂  q ,

di (sq , • . •, â j) = (sq , , • • •» af—1 » ai+l» • • •»

si(a0 ’ •••> an) s (sqs • • •» a^( • • • 9 an^ •

The single nondegenerate q-simplex of A[q]> ( 0 ,  1 ,  2 ,  q), will

be written Aq.

A[1 ] will often be written as 1 .

Let X be a simplicial set. Let Cn(X) be the free abelian group

on the set of n-simplices of X, Xn. Let

3 : Cn (X) -*• Cn_!(X) 

be given by

n
3 (x) = Z (-1 ) ^ ^ .  

i=o

The resulting chain complex is C*(X), whose nth homology group is Hn (X). 

We shall assume that all cochains are normalized, i.e., that they are 

zero on degenerate simplices.

Let be a 0-simplex of X. Then *x generates a subcomplex of 

X whose sole n-simplex is sqSq ... sq(*^), taking the composition of Sq 

n-1 times. By a pointed complex we mean a pair (X,*^) where we abuse 

notation by allowing to refer both to the 0 -simplex and to the sub­

complex it generates. We adopt the convention that the base point of 

A[n] is (0), for all n > 0.
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Let Y be a pointed complex. Horn.(I,Y) is the simplicial function 

complex:

Homt(I,Y)n = {u:lXA[n] Y|u is a pointed simplicial map}.

Let u be an n-simplex of Horn. (I,Y); d-fu is defined to be the composite

1 X <$•£ u
diu:I X A[n - 1] ------ >-I X A[n] — >-Y,

where 6 ^:A[n-l] A[n] is given by

S i C a Q ,  • • •» a ^ )  =  • • •» »

a! = a. if j < i, a! = a-? + 1  if j > i.
J  J  J  J

Similarly, s^u is given by the composite

I X u
Siu:lXA[n+l]------»I X A[n] — »Y,

where c^:A[n+l] ->• A[n], and

ai^ag, • • •, am) - (^q » • • •»

aj = aj if j < 1 , a j = a j - 1 if j > i.

Let t:Hom#(I,Y) -*■ Y be given by the restriction

i#:Hom.(I,Y) -»■ Hom((l),Y),

induced from the inclusion i:(l) I, followed by the natural identi­

fication of Hom((l),Y) with Y.

Let G be an abelian group. The simplicial K(G;n) can be described 

as the complex whose q-simplices are cochains u e Zn(A[q];G), with face 

operator
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and degeneracy operator

K(G;n) is in fact a subcomplex of the complex E(G;n) given by 

E(G;n)q = Cn (A[q];G) and face and degeneracy operators given as above. 

The coboundary operator 6 induces a simplicial map

6 :E(G;n) K(G;n+l).

Proposition 1.4. The complex K(G;n+l) described above is in fact 

an Eilenberg-MacLane complex of type (G;n+1). 6 :E(G;n) -* K(G;n+l) is a

principal fibration with fiber K(G;n).

Proof. See May [4]. □

| |:SS -> Top will denote Milnor’s geometric realization functor.

It is well known that |x| is a CW complex having one n-cell for each 

nondegenerate n-simplex of X.

By nnX we mean Unlxl and by the action of ir̂ X on irnX the action of 

vr j | X | on Trn | X |.

Definition 1.5. The lower central series of the action of irjX 

on irnX,

rjirnX ^ ^iTn^ ^ ••• ^ ^ ...

is defined as follows.

Let r ^ X  = TfnX. Let ri+1 TTnX be the subgroup generated by the 

set {ay - y | a e ttjX, y e riirnX}. We say that tt]X operates nilpotently
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on 7rnX if Tj7rnX = 0 for some j. If c is the largest integer such that 

rcirnX ^ 0 , then we call c the nilpotency class of the action of ujX on 

TTnX.

Definition 1.6. A simplicial set X is said to he nilpotent if ir̂ X 

is a nilpotent group and acts nilpotently on TnX, for all n > 1 .

Examples of nilpotent simplical sets are most easily arrived at 

from examples of nilpotent spaces. For example, any triangulation of 

a nilpotent space gives a CW complex whose CW structure can be obtained 

from the realization of a simplicial set. Since the category of nil- 

potent spaces contains all simple spaces, and in particular all con­

nected topological groups, we can obtain many examples of nilpotent 

simplicial sets from triangulations of such spaces.

Moreover, nilpotent spaces are particularly nice in that they 

respect the function space operation. Given a nilpotent CW complex 

X and a finite CW complex W, it can be shown that the function space 

Xw is a nilpotent CW complex. See, for example, Hilton, Mislin, and 

Roitberg [3].

It then follows that given a nilpotent complex X and a finite 

complex W, that Hom(W,X) Is nilpotent.

Furthermore, if X is also locally finite, it is easy to see that 

Hom(W,X) is also locally finite.

Let f:X Y be a pointed simplicial map. Define, Tf, the mapping 

fiber of f, to be the pullback in SS of the following diagram:

Tf,------- ►Hom.(I,Y)

P

X ----------- *■ Y
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Since SS is complete, Tf is a simplicial set.

Proposition 1.6. Let Y be a Kan complex, f:X -»• Y a pointed map. 

There is a long exact sequence,

f *
• • • -*■ irnTf irnX —— v irnY ->■ •

Proof. In Gabriel and Zisman [2], it is proved that t is a Kan 

fibration. Let S2Y be the fiber of t. t gives rise to the long exact 

sequence,

... irnQY -»• irnHom, (I,Y) 7rnY — ► iTn_iflY -> 0 •+■ ...,

in which irnHom̂  (I,Y) = 0, and irnY is naturally identified with irn_i$2Y.

Quillen [5] has proved that the geometric realization of a Kan 

fibration is a Serre fibration. Since | | is adjoint to the total 

singular complex functor S:Top -v S, it preserves limits.

Therefore,

| Tf | ------- v | Horn. (I,Y) |

bl hi
f

|X| ----------- ^|Y|

is a pullback in Top in which |p| is a Serre fibration induced from 

|t|, and the long exact sequence of the fibration |p| is the desired 

sequence. This completes the proof. D

We define to be unTf. Let cyl|f| be the mapping cylinder

of |f|. By Hn+if we mean Hn+i(cyl|f|,|x|). It is easy to see that 

Hn+if is the (n+l)th homology group of the mapping cone C*f given by 

cn+lf = CnX ©  Cn+1Y and 3 (x,y) = (-3x, fx+3y).
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We are now ready to begin the Postnikov construction.



Chapter II 

THE POSTNIKOV TOWER

§1. The Construction of the Postnikov Tower

Throughout this chapter we assume X to be a connected nilpotent 

simplicial set.

Let c(n), n > 2, be the nilpotency class of the action of ujX 

on TfnX. We construct the Postnikov tower of X by induction of the 

pair n,i (1 < i < c(n) + l). We shall identify n, c(n)+lwith n+1, 1.

For each pair n,i we construct a group a complex Yn^, and

a map fn,i:X Let G^j_ be the trivial group, Y-̂  the trivial

complex *, and ^ i , l  t*ie obvious simplicial map.

Assume Gnj.£, Ynj£, and fnj-[:X -> Yn>i have been defined. If 

Hn+lfn,i = 0 , set n,i = n + 1 , 1 ; fn,i = fn+l,i, and let Gn,i+ 1  =

Gn+1 , 2 = Hn+2 fn+1 , 1 * Let G n,i+l= Hn+lfn,i if Hn+lfn,i °*
Lemma 2.1. Let CAf be a chain complex. Let p 5Zn+^f Hn+^f be

the quotient map. p can be extended to a cocycle E e Z^-^Cf ;Hn^ f ).

Proof. By the Universal Coefficient Theorem, there exists an

epimorphism,

$:Hn+1 (f,Hn+1 f) -* Hom(Hn+if,Hn+if).

p gives rise to the identity homomorphism liHn+^f -*■ H^^f. Let [E] 

be any element of the kernel of <j>. Any representative of [E] extends p.

Now choose any extension of the quotient map Zn+l^n,i Gn>i+i to 

a cocycle Enji+1. Define A^i+i e Zn+1 (Yn>i;Gnji+1) by A ^ ^ C y )  =



En.i+lCO’y)* and Bn ,i+ 1  e cn(x »Gn,i+l> bY Bn,i+l(x) = En,i+l(xJ0 ). 

Then A^i+i and induce explicit maps

V i + l :Yn,i + K(Gn,i+i;n + 1>
and

Bn,i+l:X B(Gn,i+l>n)

as follows. Let y be a q-simplex of Ynji, and let ry.:A[q] -*■ Yn ,i 

defined by ^ y ( A q ) = y. Similarly, given x e we can define rx .

4 i2”+1(Yn,iSGn,i+l> * 2”+1(Mq]iC„,i+l)-
Tbe” An,i+1 W  - ry<Jn.i+l)' Stolilarli. Bn,i+l(!l) ' rx(8n,i+l)'

Lemma 2.2. The square

Bn,i+ 1  
X -------- »-E(Gnji+i;n)

Yn,i"------ K(Gn>i+i;n+l)
^i,i+l

commutes.

Proof. First, observe that

A(fx) = E(0,fx)

= E((3x,0) + (-3x, fx+30)) 

= E((3x,0)+ 3(x,0))

= E(3x,0) + E(3(x,0))

= E(3x,0) + 3E(x,0)

= E(3x,0).

But 3(B(x)) = B(3x) = E(3x,0). D
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Now take to be the pullback

Yn,i+1T------ ►E(Gn>i+i;n)

An ,i+1
Yn,i-------- ^K (Gn}i+1 ;n+l)

and fn to be the map induced from fn>i and Bn>£+2‘ This completes 

the Postnikov construction.

§2. Properties of the Postnikov Construction

Definition 2.3. A simplicial set Y is called n-trivial if, given 

any two q-simplices y and y* of Y, q > n, such that d^y = d-jy’, 0 < i < q, 

then y = y 1.

Remark. If Y is a Kan complex, then Y is n-trivial implies iTqY = 0,

q > n. This is obvious using the usual definition of the homotopy

groups for Kan complexes. See May [4] for details.

Proposition 2.4. Yn ^  is n+l-trivial for all n,i; 1 < i < c(n)+l.

Proof. Y, , is obviously 2-trivial. We claim that E(G;n) is 
1 > 1

n+l-trivial, for all groups G. Let u^ and U£ e ECG.n)*!, and suppose 

for all i, diUj = d.^, i.e.,

Uj
diUj — dj[U2 :CnA[q — 1] ■+■ CjjAfq] * G, j = 1, 2.

Now, as long as q > n + 1, the n simplices of A[q-1] are nondegenerate,

and the set {d-tu.}̂ * completely determines u-j (j=l, 2). Hence, u, = U 2 »J 1=0 J ±

Now suppose Ynj  ̂is n+l-trivial. Two q-simplices of Yn 

(ypUj) and (y2 ,u2) clearly have the property that if
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di(yi>ul) = di(y2 »u2 >̂ o < i < q,

then (y^.up = (y2 »U2 *̂ Thus Yn is n+l-trivial.

Now let i = c(n)+l. Setting Yn>c(n)+i = ^n+l,l* we see that we 

need to show that is n+2-trivial. But Yn+i>i is n+l-trivial,

and n+l-triviality implies n+2-triviality. This completes the induc­

tive step. a

Remark. Since Y^ E(G;n), and K(G;n+l) are Kan complexes, it 

is clear that Yn>^ is a Kan complex for all pairs n,i. Hence, we have 

proved that irqYn>i = 0 , q ^ n + 1 .

Theorem 2.5. The map fn>i is n-connected for all n,i,

0 ^ i < c(n)+ 1 .

We will need the following lemmas.

Lemma 2.6. p:Ynji+i ->■ Yn>  ̂is n-connected.

Proof, p is a Kan fibration induced from the principal fibration

6 . The long exact sequence of p reduces to

P*
Gn, i+ 1  5 * nnYn, i+ 1  * ̂ n , i

and
P*wqYnfi+l ~ T ~  ^ n . i ’ q ^ n. Q 

Lemma 2.7. If fn,i is n-connected, then

(^n,i+l>i)*:i7n+l^n,i ’’’’n+lP

is onto with the same kernel as the relative Hurewicz homomorphism, h. 

Proof. We will show that there exists a commuting diagram,
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^n.i+l’1)*
"n+lfn, i ----------- *• % + l »P

(1) h
i ’

®n+l^n,i

and from this the result if obvious.

First, observe the commuting diagram

(J)
(f n, i»Gn f i+l) Horn (Hn+ifn, i > ̂ n, i+1)

fYn,i;K ^n,i+i;n+D  -1+ Hn+l(Yn>i;Gn>i+1) -^Hom(Hn+1 Yn>i,Gn}i+i)

Notice that Aji i+i:Yn i •> K(Gn>i+i;n+l) is a specific choice of the homo- 

topy class of maps ip-lj^^Cl) = [An>i+i], where 1 is the identity map on Hn+ifnji. 

Let in + 1  denote the fundamental class of Hn+Y(K(7T,n+l) ;tt) ; namely, in + 1  = 

(j>~l(h~'*'), where 11q is the Hurewicz homomorphism. Then the map is defined by

’/'[An ,i+ll = A^,i+lCin+^)»

Now, i+i(l11"*"̂ )) = 3 ^ 1 by commutativity of (A). Equivalently, write

H 4 , i+1in+1))(z) = < < i + i < i n+1;z>

= < l " + l ,A n f i + 1 # 8>

= <Ki»+l)< An>1+1#Z>

= bQ1 (^n,i+l^z'>#

(A)
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Therefore, j^(l)(z) = for all z, I.e.,

^.i+ljjt
Hn+lYn,i ------ vHn+1 (K(Gn,1+ 1 ;n+l))

(3)

commutes.

Now consider

- 1

7rn+l (K(Gn>1+ 1 ;n+l) = Hn+1 fn>

(4)

(^n,i+l’̂ )* ^n,i+l’̂ n, i+1 )*
"n+^n.i ------------h %+lP  ^n+l 5

Hn+lfn,i
^n.i+l*1)#

Hn+lP
^ . i + l ’An.i+l^#

- Hn+1 «

where h is the relative Hurewicz homomorphism, and is the map

^n, i+ 1  • Yn , i+ 1  E ̂ n ,  i+l>n) the pullback diagram by which Yn>i-n 

was defined. It is evident that diagram (4) commutes. 

l.Te claim that the diagram

(^n, i+ 1  >•!■)# (^n, i+l’̂ n, i+l)#Hn+if n, i *■ Hn+iP ► Hti+l<S

(5) j#CD
■̂ n, i+1 #

Hn+lYn,i "*■ Hn+lK (Gn, i+1 ; n+1 )

also commutes, where is obtained from the long exact homology

sequence of the map <5. To see this, observe that from the diagram
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n,l

Yn,i -»■ Y.n, 1 -K(Gn>i+i;n+l)

upon passing to homology we obtain

Hn+l^n, 1 i ^n+1 ^ y ^n+1 ^

•i#

Hn+lYn,i

A#

A + l ^ i
An,i+ 1

-»-Hn+lK(Gn}i+i;n+l)
#

and j# = j" o 1 .

Assembling (3), (4) and (5), we have

(6)

^n.i+l’1)* (^n.i+l’̂ .i+l)*
^n+l^n, i  ̂̂ n+lP ’77n+ 1  ̂

identity

i+lx ('Gn, i+ 1  >n+-*- )

The connectedness of 6 implies that jy’ is an isomorphism.
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Finally, we claim (An>i4 .i;An>i+i)* is an isomorphism. We omit the 

proof, which follows from general facts about maps induced from fibra- 

tions, but refer the reader to Whitehead [6 , p. 191]. With this fact 

we have completed the construction of diagram (1 ), and this completes 

the proof. D

Proof of Theorem 2.5

We prove the theorem by induction on n,i. Because of the conven­

tion that fn,c(n)+l = fn+l,i» t*ie induction step is in two parts: (i)

if fn>i is n-connected, then fn>i+i is n-connected, and (ii) if fn,c(n) 

is n-connected, then fn,c(n)+l = fn+1 , 1  n + 1 -connected.

Since X is pathconnected and Yj_ the trivial complex, clearly,

fj ^ *s 1 -connected.

Proof. Now suppose that fnji is n-connected. We know from Lemma 

2.6 that p:Yn>i+i -> Yn>.£ is n-connected. From the commutative diagram, 

for q < n,

fn,i+l*
*‘TrqYn, i+ 1

P* =

1 *

we see that fn ,i+l*:"qX = TTqYn ,i+l» q < n.

From the long exact sequence

^n.i+l’1)*
0 77 n+ 1  ̂n, i+ 1  "*■ ^n+l^n,! ■^n+lP -*■ ifnfn,i * °»

and the fact that (fn, i+ 1  *s onto, it is clear that
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1Tn+lP = kera w- Trnfnjl+1,

and hence that rnfn>-ppi = This completes (i). For part (ii) we will 

need the following lemma.

Lemma 2.9. TTn+ifnji = rinnX when fnji is n-connected.

Proof. By induction. Since fl,l is 1-connected and ]_ is 

trivial, the long exact sequence of fl?i reduces to

0 tt2^1,1 -»■ 'n'lx -*■ 0*

Hence, TT2fl,l s TiiriX.

Now suppose fn,i is n-connected implies irn+ifn,i Fi^n^* anĉ 

suppose that fnji+l is n-connected. First note that the fact that 

fn,i+l an<* P are n-connected implies that fn>i is, and hence by the 

induction hypothesis that = Ti^n^* BY tbe relati've Hurewicz

theorem, we see that Hn+ifn>i = ri7rnX/ri+lTTnX, and H ^ f ^ *  = Gnjl+i s 

■̂ n+lP = riTTn^^Pi+l^n^* Then the long exact sequence of the triple 

(fn,i+l»fn,i.P) reduces to

^n.i+l’1)*
0 7rn+lfn,i+l1 ,’riirnx ---------- *  FirnX/ri+17rnX + 0.

Lemma 2.7 implies ker (fn,i+l;D* s ri+iirnX; hence, Trn+lfn,i+l = 

r i+lTTn̂ *

Proof of part (ii). Suppose fn>c(n) is n-connected. By (i) we 

know fnjC(n)+i is also n-connected. Therefore, it suffices to show 

that ■n,n+lfn,c(n)+l = But bX tbe preceding lemma, we know that

1Tn+l^n,c(n)+l = Pc(n)+l,,Tnx = □
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Corollary 2.10.

^q^n,! =
TTqX/riTTnX,

0,

Proof. Immediate. □

q < n and 1 < c(n) 

q = n 

q > n.



Chapter III 

RECURSIVE SIMPLICIAL SETS

§1. A Special Case.

When ttjX is a finite nilpotent group, the groups r-LiriX/r̂ +2irl^ 

will also be finite. If, in addition, X is a connected locally finite 

pointed simplicial set, the Postnikov tower may be used to construct, 

effectively, a 1-connected cover of X which is finite in each dimension 

Then Brown's theorem applies, and there is an effective procedure for 

constructing finite abelian group presentations of irnX, n > 2.

Theorem 3.1. Let X be a connected locally finite pointed sim­

plicial set. Suppose additionally that tt̂ X is a finite nilpotent group 

Then irnX is effectively computable, n > 2.

Proof. Observe first that Y^ i must be finite in each dimension. 

This is obvious for an  ̂by induction on i, if Yj is finite

in each dimension, then # 2 ^ 1 i-1 must be finitely generated, since 

0 2 ^  is, and we know = Gisi = r^^UjX/r^ir^X, which is a

finite abelian group. Then, evidently, ECGi^jl) is finite in each 

dimension, and so is the pullback

Yl,i = Yl,i-1 X E(G1>;L;1).
Al,i 6

Let c denote the nilpotency class of njX. We have established 

that YijC-fi is effectively computable and finite in each dimension.

For ease of notation, let f = f-̂ ,c+l:X - Y = Yl,c+1- Construct the
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mapping fiber Tf. Clearly, if Y is finite in each dimension, then, 

since Hom.(I,Y)n is the set of pointed simplicial maps u:I x A[n] Y, 

and the number of nondegenerate simplices of I X A[n] is finite, then 

Horn, (I,Y) is finite in each dimension, and so is Tf. It is easy to see 

that Tf is simply connected with uqTf = itqX, q > 1, An application of 

Brown's theorem to Tf completes the proof. n

§2. Recursive Simplicial Sets.

In general, the groups will not be finite groups, nor will

the complexes Yn>^ be finite in each dimension. In this chapter we 

definite recursive simplicial sets and maps and give some examples.

In the next section we will see that complexes of this type make up the 

Postnikov tower.

Definition 3.2. A simplicial set Y is called recursive if the 

following conditions are met: (i) there is a recursive enumeration,

possibly with repetitions, of Yn, n > 0; (ii) the operators d^ and s^ 

are recursive; and (iii) given n-simplices y^ and y^, there is an ef­

fective procedure for deciding whether or not yi= yj.

Definition 3.3. A simplicial map f:X + Y of recursive simplicial 

sets is called recursive if f:Xn -> Yn is recursive for n ^ 0.

By way of motivation for this definition, observe that given a 

recursive complex Y, there is an effective procedure for constructing, 

for n > 0, a free presentation of CnY as an abelian group, and that 

the boundary operator 9:CnY ■+ Cn_jY is recursive. The generators of 

CnY will be selected from the list of n-simplices of Y, and at each 

step we can check to see whether the next one on the list is equal to
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any of the preceding generators. If so, it can be discarded; otherwise,
n

it can be added to the list of generators. Since 3 = iC-l^dj, and each
i=o

dj[ is recursive, so is 3.

Proposition 3.4. Let CA(K,3) be a chain complex in which CjjK is 

given via a free abelian presentation on a countable set of generators, 

and 3 is recursive. Then the groups HnK have r.e. abelian group presen­

tations.

Proof. Since CnK is countably generated, so is the group ZnK. 

Furthermore, since Cn_iK is freely presented, it has a solvable word 

problem and so ZnK = {c e CnK|3c = 0} is a recursive subset of CnK. Take 

ZnK as the set of generators of HnK. For relators, use the set of 

generators of BnK. We have a recursive homomorphism 3:Cn+lK ■+ CnK, 

whose image is BnK. Using the set of generators of Cn+iK and applying 

3 we obtain an r.e. subset of ZnK which generates BnK. □

2.1. Examples of Recursive Simplicial Sets

Let K be a simplicial set which is derived from a countable 

simplicial complex. It is easy to see that K is recursive.

Proposition 3.5. Let Y be a pointed recursive simplicial set.

Then Horn.(I,Y) is recursive, as is the map tiHom.CljY) -> Y. The 

proof will make use of the following fact.

Lemma 3.6. The simplices of lXA[n] which are neither degenerate 

nor faces of a nondegenerate simplex are the elements of the set AVJ B, 

where

A = {((0, 0, ..., 0) An),(l, 1, ..., 1))}C2(IX A[n])n 

B = { ( a j , S j _ i A n ) Ij^0,n+2}d (IXA[n])n+1
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3j = 9> 1, *> ...» 1) e In+1.
j n + 2 - j

aj can also be written

3j = ••• Sj_2 •••

Proof. For a discussion of the nondegenerate simplices of a 

product, see May [A]. The specific details of this case are then 

obvious. □

Proof of Proposition 3.5. Recall that Hom#(I,Y)n is the set of 

pointed simplicial maps u:lXi[n] ->■ Y. Observe that u is determined 

by its value on the simplices of lXi[n] which are neither degenerate 

nor the faces of a nondegenerate simplex, u is pointed if and only if 

u((0, 0, ..., 0),An) = *y* Thus, u may be uniquely described as an 

ordered n+3-triple,

(y0 , . . . , y n + 2 ) e ^  X Yn+1 X ... X Yn+1 X

where yQ = *y

y^ = u (aj , sj_iAn) e yn+l (1 =/= 0, n + 2 and j = n + 2 - i) ,

Yn+2 = u(a0,An) e Yn .

Conversely, any n+3-triple

(*Y » Yl» •••» yn+2^» Yi e Yn+1, i < i < n  + l, Yn+2 e 

determines an element u of Horn,(I,Y)n . It follows that to enumerate
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all such n+3-triples, and these are enumerable since Y is recursive. 

Given any two elements u^ and Uj in Hom#(I,Y)n , u^= Uj if and only if 

the corresponding n+3-triples are equal, and this is decidable when 

Y is recursive.

We now show that d^ is recursive. Given u e Horn,(I,Y)n, d-ju may 

be viewed as an n+2-triple of *y X Yn+  ̂ X ... X Yn+1 X Yn . d^ is de­

fined by

1 X 6^ u
d^u:I X A[n - 1]----  >■ I X A[n] ->-Y.

Denote the nondegenerate simplices of (lXA[n-l])n which are not faces 

by (ij+l>SjAn), where aj =

aj = (0^..., 0, 1, ..., 1) e In.
j

Then dju = (*Y »y1>y2» •••»yn+l)» where

yk = d^u(aj ,Sj_^An) , j = n + 2 - k .

We wish to compute yk in terms of the n+3-triple

u = (*y,yi,y2. •••» yn+ 2 )•

First note that if i > j + l 9 say9 j+ 1  - i + k, k > 0, so that 

j = i-k-1,

6isjAn+l = fiiSi-k-lAn-1

~ ^i®i—k - 1 » n - l )

= 6j^(0jlj • • • ji-k-1 ji-k-19 • • ■ 9n-1)

= i-k“l y l-k“l y • • • y I™ 2 j 1 j 1*4* !)•••) Xl)
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“ si+k-l(di-lAn>

= Sjdi_iAn

= disjAn ’ 1 > J +

while if i < j + 1, say, j + 1 = i + k, k > 0, so that j = i+ k - 1, we 

have

<$isj n-1 = Sisi+k-lAn-l

= diai+k— i ^  * * * *
= <$i(0,1,...,i+k-1, i+k-1,... ,n-l)

(0,1,,,,, x—1, x+1, « , •, d+ k, ]rt" k,... ,n)

= diSi+kAn 

= disj+lAn -

Suppose i > j + 1. Then,

d.ju(aj+1,SjAn) = u(l X 6ifaj+i,SjAn))

= u(aj+i,6iSjAn)

= u(aj+1,diSjAn)

= uCdiCaj+x.SjAn)) Csince dja-j^ = "aj+i, i > j + 1} 

= dituCaj+x.SjAn)]

= where k = n + 3- (j + 1).

Now suppose i < j+1. Then

diu(aj+^,SjAn) = u C3j+l»5£SjAn)

= u (aj+1,diSj+1An)

= u(di(aj+2,Sj+1An) Csince diaj+2 = aj+ls 1 ^ j + 0  

= d^yk» where k = n+ 3- (j + 2).
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This gives yj in terms of yk, j < n+1. The case j = n + 1  is handled

similarly, and so is the proof for the operator s^.

Regarding u e Hom#(I,Y)n as u = (*Y »y1»..•,yn+ 2 )» where

Yn+2 = u((l),An) e Yn ,

it is clear that t(u) = yn+2 is a projection onto the last factor, and 

therefore t is a recursive map. Q

Proposition 3.7. Let G be a group with an r.e. presentation as 

an abelian group, G = <X;R>ab. Suppose, in addition, that the word 

problem is solvable for the given presentation. Then E(G,n) is recursive, 

for n > 0.

Proof. ECGjn)^ = Cn (A[q];G). If q < n, then E(G,n)*l = 0, since

we assume all cochains are zero on degenerate simplices.

Let q = n. Cn (A[q]»G) s G is enumerable, since G is countably 

generated. For q > n, observe, that Cn (A[q];G) may be identified with 

C ^ - t u p l e s  of G X ... X G, where Ca+iJ :*'s t*ie numt>er of nondegenerate 

n-simplices of A[q]. An enumeration of E(G,n)^ is thus equivalent to 

an enumeration of elements of G X • • • X G (C^]0 factors). Two elements 

u^ and Uj are equal if and only if the (^j^)-tuples are equal, and this 

is decidable when G has a solvable word problem.

That the face and degenerating operators are recursive follows 

almost immediately from the definitions, d^u(aj) = u(<5^aj). We need 

only observe that if aj is nondegenerate, so is , and that 6^ is

clearly recursive, s^ may be seen to be recursive in the same way, 

since s-ju(aj) = uCa^aj). Here, however, Ojaj may be degenerate, in 

which case u(o-^aj) = 0, since we assume the cochains are normalized.
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Corollary 3.8. Let G be as above. Then for n > 0, K(G,n) is a 

recursive complex, and 6:E(G,n-l) •+ K(G,n) is a recursive map, for all 

n > 1.

Proof. <Su = u 8 i(-l)*d.», where dj is recursive. Hence, 6 is-----  i_o i j-
recursive, and KCGjn)^ must be a recursive subset of E(G,n)^, since G 

has a solvable word problem. The rest is obvious. n 

Proposition 3.9. Let

f
A -----

be a diagram in which A, B, and C are recursive complexes, and f and g 

are recursive maps. Then the pullback

A X C
f 8

is recursive.

Proof. An X Cn is obviously enumerable. We claim

^  X Cn An X Cn

is a recursive subset.

(a,c) e An X Cn 
f g

if fa = gc in Bn , and this is clearly decidable. Then

An X Cn 
f g
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is enumerable. The rest of the conditions are easily seen to be satis­

fied. p

§3. The Computability of the Postnikov Tower

This section is devoted to the proof of the following theorem. 

Theorem 3.10. Let X be a connected nilpotent locally finite 

simplicial set. Then the Postnikov tower of X is effectively comput­

able in the following sense. For each n,i: (i) is a recursive

complex; (ii) Gn>  ̂has an r.e. abelian group presentation with solvable 

word problem; and (iii) fnji Is recursive.

The proof will require the following lemmas.

Lemma 3.11. Let X and Y be recursive simplicial sets. Let 

f:X ■> Y be a recursive map. Let p:Znf — *Hnf be the natural quotient 

map. Then an extension of p to a cocycle E e Zn (f;Hnf) can be con­

structed effectively.

Proof. Since X, Y, and f are recursive, the chain groups

Cnf = Cn_iX ©  CnY

can be effectively presented freely on countable sets of generators, 

with recursive'boundary operator. Let cj,C2 »C2 ,... be an enumeration 

of the generators of Cnf. There is a short exact sequence,

Znf     Cnf — ^  Bn_if,

in which has solvable word problem which we claim splits

effectively. For
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generates Bn_if. Let s:Bn_^f -+• Cnf be defined by 

sOcj) = c1

s(9cj) = sOc^) where i is the least integer less
than j such that c^ = cj if such 
an i exists

cj otherwise.

Clearly, 5«s = 1.

Every element of Cnf can then be written uniquely as c=z + s9c, 

where z = c - s9c.

Define E(c) = p[z]. Since 5E(c) = E(9c) = p(9c) = 0, it is evi­

dent that E is a cocycle. □

From now on, our choice of cocycle E ^ ^  e Zn+-*-(fn ,i>En+lfn,i) in

the Postnikov construction will be assumed to be this one.

Corollary 3.12. Let X be a connected nilpotent locally finite 

simplicial set. Let fnj^:X Yn>  ̂be the (n,i)th map in the Postnikov

tower of X. Suppose Y . and f . are recursive. Then the mapsn,i n ,l

An,i+i:Yn,± " K(Hn+lfn,iin+1>
and

Bn,i+l:X - ECHn+lfn.iS^

are recursive maps.

Proof. This is immediate on recollection of the definitions of 

An,i+i and Bn>i+]—  namely, that A ^ ^ C y )  = En>i+1(0,y) and Bn>±+1(x)

= En , i + 1 • □
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Lemma 3.13. Let X be connected nilpotent locally finite complex. 

Suppose theorem 3.10 holds for all pairs p,q < n,i, i.e., for p < n 

and 1 < q < c(n) or p = n and i < q < i < c(n). Then there is an 

effective procedure for modifying the given r.e. presentation of Gn,i 

to obtain a finite presentation of Gx^i as an abelian group.

Remark. Observe that lemma 3.13 implies the decidability of the 

question "Hn+ifn,i-l = as weH  as the solvability of the word 

problem for Gn,i»

Proof of Theorem 3.10. The proof is by induction on n,i. The 

theorem is obvious for the case n,i = 1,1.

Suppose is recursive, -*■ is recursive,

and that Gn has an r.e. abelian group presentation with solvable 

word problem. We claim that Gn  ̂= Hn+2 fn has an r.e. presentation 

as an abelian group with a solvable word problem. The induction 

hypothesis implies that C*fn>;j_ 2  is recursive and hence that

2 _i has an r.e. presentation. Then lemma 3.13 states the 

existence of an algorithm for reducing the r.e. presentation to a 

finite presentation, thereby providing a solution for the word prob­

lem. It is then apparent that

6:E(Gn>i;n)' + K(Gnji;n+l)

is a recursive map of the recursive complexes, and we have shown that 

the maps An>i and Bnji are also recursive. Then the pullback diagram 

below
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'n, i
n,i

n»l
n,i-l

ln,i

Is a diagram in the category of recursive simplicial sets.

To complete the proof, recall that in the induction process, when 

Hn+lfn,i-l = 0 we set Yn ,i = Yn+l,l, fn,i = fn+1,1 and Gn+i,l = 

Hn+2fn,i-l« Lemma 3.13 establishes the decidability of whether 

Hn+lfn,i-l= 0» and this completes the proof.

Corollary 3.14. Let X be a connected nilpotent locally finite 

complex. Then i;nx is 3 finitely generated abelian group, n > 1.

Proof. We have shown that the groups Gn,i are finitely generated 

abelian groups, for all n,i, so that riT7nx/ri+lirnx is abelian.

Let i = c, where c is the nilpotency class of the action of ir̂ X or imx * 

Then rc+i7rnX = 0 and rCTrnX is f.g. abelian.

ro^nx> *- rc_iTTnx  W- rc_iirnx/rciTnX is a short exact sequence,

and the class of f.g. abelian groups is closed with respect to exten­

sions, so we see that rc_i7rnX is an f.g. abelian group.

Then an easy induction argument shows that

r27Ini 5"rnx  ►HrnX/r2iTnx

is an extension of one f.g. abelian group by another, and the result follows. □ 

Note, however, that we have not shown that these extensions are 

computable.



Chapter IV 

A LOCALLY FINITE SUBTOWER

§1. q-Deformation Retracts

The objective of Chapter IV is to show that the groups Gn ,i»

defined via the Postnikov tower, have a solvable word problem. This

will complete the proof of the effective computability of the Postnikov 

tower. The method of the proof is to give an effective procedure for 

extracting from the given r.e. presentation of Gnj ,̂ a finite presenta­

tion. The set of generators of the new presentation will be a finite 

subset of the original generating set.

To do this we show that for each complex Yn^  in the Postnikov 

tower, and for each q ^ n + 1, there exists a subcomplex Yn>j^qCZ.Yn>i, 

which is locally finite, and for which

Hk^n,i,q s ^kYn,i» k < q.

These subcomplexes are called q-deformation retracts of the complex 

Yn ,i. The definition is due to Brown [1], and proofs of all the pro­

perties of q-deformation retracts which we cite in this section will 

be found in his paper.

Definition 4.1. Let G be an abelian group. Let S be a subset 

of G. E(G,S;n) denotes the subcomplex of E(G;n) whose q-simplices n 

are cochains which take the generator of Cn (A[q]) to elements of S.

Observe that if S is a finite subset of G, then E(G,S;n) is 

locally finite.
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Definition 4.2. Let M be a subcomplex of a complex N. M is 

called a q-deformation retract of N if and only if: (i) and

(ii) given a simplicial pair (K,L) such that dimK < q and dimL < q, and 

a simplicial map fi(K,L) -*■ (N,M), then there exists a pair (K’,L’)CI. (K,L) 

and a map f’:(K',L*) (N,M) extending f, such that dimK* < q + 1 and

dlmL* < q, and the pairs (K*,K) and (K',L') are acyclic.

Brown [1] has proved that q-deformation retracts have the 

following properties.

Proposition 4.3. (Transitivity.) Let P be a q-deformation retract 

of m, and M is a q-deformation retract of N. Then P is a q-deformation 

retract of N.

Proposition 4.4. Let M be a q-deformation retract of N; let 

i:M + N be the inclusion. Let N(q) be the subcomplex of N generated by 

nondegenerate simplices of dimension less than or equal to q. Then there 

exists a chain map,

a:C*(N(q)) C*(n)

and a chain homctopy

D:C* (N) -* C*(N)

such that

ai#:Cp (N) ■* Cp (M), p < q, 

is the identity map, and

3D(x) + D(3x) = x-i^a(x)
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for x e CpN, p < q. Hence, HfcM s H^N, k ^ q.

Proposition 4.5. Let M be a q-deformation retract of N. A:N 

K(G,n). Then the pullback

M X E(G;n-l) 
i#A 6

is a q-deformation retract of the pullback

N X E(G;n-l).
A 6

Definition 4.6. Let G be an f.g. abelian group, say, 

r
G s ©  Z± © T ,  

i=l

where Zj_ is infinite cyclic and T a finite group. For 1 = 1, ..., r, let 

pj[:G Z± = Z be the projection onto the ith factor followed by an iso­

morphism of Z-̂  with Z. Then P = {pi> is called a projective decomposition 

of the infinite part of G.

Definition 4.7. Let V e Cn (X;Z). |v| = max{|V(x) 
if no maximum exists.

x e X} or oo

Let A:Y -»■ K(G,n), where G is an f.g. abelian group with a pro- 

jective decomposition P = {Pi^-i infinite part of G. For each

j, 1 ^ j ^ r, choose aj > (q + 1)]PjA J +1.

Let A — { , a2 ,..., }.

Let S = S(P,a) = {g e G ]pjg| < a.j, 1 < j < r}.

We are now in a position to state the most important proposition

concerning'q-deformation retracts.
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Proposition 4.8. Let 6g = 6 restricted to E(G,S;n-l). With S 

defined as above, the pullback

Y X E(G,S;n-l)
A 6g

is a q-deformation retract of the pullback

Y X E(G;n-l).
A 6

§2. q-Subtowers.

We now construct, inductively, for q > n+1, a finite tower of 

subcomplexes Yn>isq, where Y^i^q is a q-deformation retract of Ynj£ 

which is locally finite, and of maps fn,i,qSX Yn ,i,q.

As before, we identify n, c(n)+l, q = n + l, 1, q, where c(n) is the 

nilpotency class of the action of ttjX on irnX. However, here we stop 

when, upon setting n, c(n)+l, q = n+l, 1, q, we find that n + 1  = q.

Let X be a connected nilpotent locally finite complex.

Define

Y, , = Y, , = * (where * = the trivial complex)1.1,q 1,1
G- 1 = G1 - = 0,1.1,q 1,1

fl,l,q = fl,l‘

Now assume that for suitably large q we have defined Yn>i>q, fn ,i,q,

and Gnjijq in such a way that Yn>ijq is a locally finite q-deformation

retract of Yn 4, and if i:Y„ . „ -> Y„ . is the inclusion map, then “»•*-* n,l,q n,i

i 0 fn,i,q = ^n,i*
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If Hn+lfn,i,q = °» set n, i, q = n+1, 1, q, and Gn+lj2 = ^+2^+1,1,q•

Otherwise, Gn>;[+2,q = **n+lfn,i,q‘ Obsexrve that the local finiteness

conditions on X and Yn,i, q imply that Hn+ifji.ijq is given effectively

as a finitely generated abelian group.

Lemma 4.9. H_̂ -, f _ _ = H_ , f„ .---------  n+1 n,i,q n+1 n,i
Proof. Yn ,i,qC^Yn,i *s a q-deformation retract. Thus, the inclu­

sion map i induces an isomorphism i#:H jYn,i,q s HjYn,i» j < q» by 4.4.

From the long exact homology sequences of the maps fn,i,q and fn,i we 

obtain the following commutative diagram:

— ^n+lx — ^n+l^n, i,q— ^n+lfn, i,q— ► Hnx — »- HnYn, i,q— ►

S hi In+l
1#B

in

— > Hn+iX— >Hn+iYn>i — ► Hn+ifn ,i —  HnX — ► HnYn ,i — *

in which, for n + 1 < q, i-n+i and in are isomorphisms. The Five Lemma 

implies (l,i)# is an isomorphism as well. In fact, since

(1 >I)y/:Zn+lfn,i,q *  Zn+lfn,i

is inclusion, it is clear that it induces the identity of Gnji. From 

now on we consider G ^ ^ q  as equal to Gnji. Observe that given any 

word in the generators of Gnjĵ, i.e.,

z = (Enjxj>Emjyj) G Zn+lfn,i,q

that z = 0 in if and only if (l,i)*^(EnjXjjEm^y^) = 0 in

Hn+ign ,i,q> the finite presentation of Gn^. But (l,i)^ may be 

described as the map that takes
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j(x,y) if y e Yn>i>q,
(x,y) )--- ► j

[(x,0) if y 4 Yn>i>q.

Since Yn>£jq is finite in each dimension, Yn>i>q is a recursive subset 

of Y ^ i  for all k > 0. This is an effective procedure yielding a finite 

presentation of the abelian group Gn>i.

We now continue the construction. Since in our inductive hypothesis 

we assumed Yn>^ to be recursive, recall that we have an effective construc­

tion of the cocycle e Zn+1(fn>i;Gnji+i) from which the maps

An,i+l:Yn,i -*■ K (Gn,i+i;n+l) and Bn>i+i:X E(Gn9i+i;n) are defined.

An application of the cochain map

(l,i) :C (fn}i;Gnji4-i) ->• C*(fnjijq;GI1}i+i)

to En>i+i defines En#i+1>q E Zn+1(fn,i,q;Gn,i+l). Then let

An ,i+l,q(y) = E^i+l.qCO.y)

and

®n,i+l,q(x) = ^n,i+l,q(X >G)•

An,i+i,q defines a map

^n,i+l,q:̂ n,i,q ^ K (Gn,i+i;n+1) 

and £n,i+l,q defines

®n,i+l,q:-̂ E(Gn,i+l»n)'

Let Q be the pullback



38

<S

^n,i+l,q̂ K(Gnji+i;n+l)

Since Ynj.ĵ q is a q-deformation retract of Yn>i, Q is a q-deformation 

retract of Yn^ +  ̂by 4.6.

Now has been given effectively as an f.g. abelian group.

Choose a projective decomposition P of the infinite part of Gn> +̂ .̂

By property 4.7 of q-deformation retracts, is a q-deformation

retract of Q, and hence, by trasitivity, of Yn>£+ .̂ Since S is finite, 

^n,i+l,q -*-s l°caH y  finite.

It remains to define fn,i+l,q* But B ^as been chosen large enough 

to ensure that Bn>1+i>q:X E(Gnji+isS;n), and therefore a map is in­

duced by fn ,i,q and Bnji+l,q. Let (fn,i,q>Bn,i+l,q) = fn,i+l,q* We 

now have commuting

Observe that since Ynj^}q is finite in each dimension that IPj^n.ijql < °°» 

for all j. Then we may choose

A = {als ..., ar aj = (g + 1) |pjAn>i+i>q| + 2}.

Letting S = S(P,A), we define Yn>£+ijq to be the pullback

* E (Gn,i+i»s;n>

^.i+i.q
K (Gn,i+l5n+1)



nclusion

n , i+1
X n,i+l

n,i,q An,i+1,q

identity

ln , i+1

i+l;n)

i+i;n+l)

(jOVO
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Finally, to complete the induction step, we need to show that Yn>i+l,q 

is recursive. But by Proposition 3.9, Yn i+i^q is recursive if Gn ,i+1 

has a solvable word problem. This completes the proof. Q



Chapter V 

COMPUTABILITY OF iTn X

We have now established the computability of the Potnikov tower of 

a connected nilpotent locally finite simplicial set X. However, we still 

need a presentation of 7rnX, n > 1.

Theorem 5.1. Let X be a pointed connected nilpotent locally finite 

simplicial set. Then there is an r.e. abelian group presentation of vnX, 

n > 1.

Proof. fn>^:X -v Ynjj is a pointed recursive map with recursive 

source and target. The the mapping fiber Tf = Tfn>i is also recursive, 

and hence H^Tf has an r.e. abelian group presentation, for all k ^ 0.

Consider the long exact sequence of the fibration p:Tf -»■ X. It is 

clear that

TTfcTf = u^X, k ^ n,

and that

u^Tf =0, k < n.

Then Tf is n-1 connected, and the Hurewicz homomorphism h:7rnTf + HjjTf 

is an isomorphism.

Since TrnX s irnTf = HnTf, this completes the proof. □
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