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Abstract
CONTRIBUTIONS TO THE THEORY OF MACHINE DYNAMICS
By
Tao Xu

Adviser: Professor Gerard G. Lowen

Certain contributions to the theory of machine dynamics, which were inspired by a
previous investigation into the dynamic behavior of a press feed mechanism, were made:

(1) A new, simplified, mathematical model of the complete multi-regime per cycle
machine was developed. The ability to obtain a fully analytical solution allowed the
exploration of the all-important transient components of the responses during the feeding
stroke. Further, the solution clarified the relationship between the resulting system fre-
quencies and the individual stand-alone frequencies of the elastic components of the
mechanism.

(2) Based on an energy dissipation study as well as comparison with experimentally
obtained responses of the sprag clutch of the mechanism, it was shown that a non-linear
damping force, which is a function of both velocity and displacement, is superior to a linear
one when dealing with non-linear stiffness systems.

(3) A new and complete mathematical model for a sprag clutch was devised. By
postulating a two point Hertzian contact at each sprag-race interface, the experimentally
obtained torque-displacement relationship could be theoretically duplicated.

(4) A practical analytical approach for the determination of the transient responses in
elastic mechanisms was given. Based on mathematical work by E.T. Whittaker, they were
obtained by the determination of the characteristic exponent in the stable regions of the
Floquet solution to the Hill’s equations involved. Several sample computations showed that

the transient responses may very from near-periodic to totally aperiodic.
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GENERAL INTRODUCTION

The present dissertation provides answers to certain questions that arose as a conse-
quence of a previous investigation of the dynamic behavior of a press feed mechanism
(Chassapis and Lowen, 1990). That work provided both a non-linear mathematical model
as the basis for a numerical simulation of the machine and an experimental confirmation.

Figures 1 and 4 show the lever type roll feed mechanism to consist of a RSSR spatial
linkage with a bent coupler, ah indexing sprag clutch, a disk type friction brake and a set of
feed and pressure rollers, which advance strip stock under a power press. One cycle of the
mechanism contains four distinct regimes. During the forward stroke of the rocker link, the
clutch is first wound up against the constant torque brake which assure that the strip does
not overshoot. Subsequently, the stock is moved forward while the clutch oscillates between
its input and output (windup angle). At the beginning of the return motion of the rocker one
finds that the clutch must unwind before the over-running regime begins (for detail see also
sections 2 and 3 of Part I).

The following briefly describes the nature of these questions and the manner in which

they were resolved by the four parts of this work.

(1) A Simplified Mathematical Model for a Press Feed Mechanism

The previous work on the press feed mechanism could not explain the observation
that the primarily transient responses of both the coupler strain and the clutch windup angle,
regardless of the loading conditions of the mechanism, always oscillated close to the
component frequency of the free standing clutch-strip system during the feeding stroke.

Further, clarification was needed concerning the composition of these transient responses
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and the contribution of the forced ones. Finally, it is of interest to determine the circumstances
under which the component frequency of the free standing coupler plays a larger role in the
responses_,' both in terms of frequency and amplitude. ‘

To be able to answer the above questions, an analytical solution, which can separate
the transient responses from the steady state ones and give the system natural frequencies
became essential. This led to the development of a simplified two-degree of freedom model
of the mechanism, in which an "inverted cantilever" type space function was used to
approximate the shape of the coupler deflection and the non-linear sprag clutch replaced by
a linear torsional spring. Further, the time dependent coefficients were averaged.

Hamilton’s Integral serves for the derivation of the system equations of motion and
classical methods were employed to obtain the analytical solutions both for the coupler
strain as well as the clutch windup angle. Experiments, which utilized newly developed
PC-based algorithms for obtaining the windup angle, showed that this simplified model
provides a good approximation of the dynamic behavior of the multi-regime per cycle
mechanism’

The analytical results for the all-important feeding stroke clearly showed that the
principal parts of the responses are transient in nature and contain two system frequencies
(natural frequencies of the mechanism system). It was further found that the lower system
frequency of the transient response is always near to and smaller than the lower of the two
component frequencies, while the higher system frequency is always near to and larger than
the higher component frequency. Specifically, for the standard configuration of the mech-
anism, where the component frequency of the clutch is considerably lower than the com-

ponent frequency of the coupler, the lower system frequency is near that of the clutch, while

1 A multi-regime per cycle machine is defined as one, where due to the abrupt applica-
tion and removal of the work load during each revolution, the governing equations
change accordingly.
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higher system frequency is near that of the coupler. When the coupler component frequency
was made lower than that of the clutch, the lower system frequency was nearer to that of
the coupler. ‘

While no general rule concerning the amplitudes associated with the two transient
system frequencies could be discerned, it was found in the analysis of the standard con-
figuration, that the amplitude associated with the lower system frequency was always
_c__qnsiderably greater, both for the coupler strain and the clutch windup angle, than that
associated with the higher system frequency. Since all the cases considered by Chassapis
and Lowen (1990) dealt with the standard configuration of the mechanism, their observation
of the predominance of the component frequency of the clutch in the coupler strain and the
clutch windup angle is not surprising.

When the coupler component frequency was made lower than the clutch component
frequency, the amplitude associated with the lower system frequency (i.e. near that of the
coupler component frequency) lost some of its importance. While for the strain response
the higher frequéncy amplitude was approximately one third of that of the lower frequency
one, it became somewhat larger than the latter for the windup angle response.

Finally, the parametric study demonstrated that the maximum deflections of the coupler
and the clutch windup angle are essentially independent of each other over a wide range of
parameters at a speed of 200 RPM, and that reductions of these deflections may be achieved

by a modest increase of the coupler stiffness and the clutch spring constant, respectively.

(2) A New Damping Model For Non-Linear Stiffness System with Variable Preload

Displacements and Constant Amplitude Decay Ratio®

2 The relevant part of the dissertation has been published verbatim in Proceedings of
1992 ASME Mechanisms Conference, DE-Vol.46, pp.27-33. Also accepted for publica-
tion in Trans. ASME, Journal of Mechanical Design.
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This part of the investigation was stimulated by the observation of the special nature
of the vibrations of the non-linear sprag clutch (Chassapis and Lowen, 1990). These
oscillations of the clutch windup angle are always about a preload displécement and never
in the direction of unloading. In addition, it was found experimentally that the amplitude
decay ratio is essentially constant, regardless of the level of the preload. This led to the
question of the influence of such preloads on the energy dissipation in non-linear stiffness
systems and with that to the question of what represents the best damping model for such
systems, including the sprag clutch.

In order to clarify the approach taken by the author in the determination of an
appropriate damping model for a non-linear stiffness system with a preload, a linear
mass-spring system is first considered. By introducing the conéept of interchangeable
potential energy, it could be shown that the energy loss per cycle of such systems is inde-
pendent of the preload displacement and therefore a linear (viscous) damping model is
adequate for them.

The extension of these ideas to a non-linear stiffness system has shown that the energy
dissipation per cycle and the damping coefficient associated with a linear damping model
depend very much on the momentary preload displacement. Thus, such a linear damping
model cannot satisfy all preloading conditions.

To solve this problem, a new non-linear damping model, which takes displacement in
addition to velocity into account, is introduced. Such a model has the desired generality,
since the influence of the preload displacement on the associated damping coefficient can
be minimized. Subsequently, this new damping model was incorporated into the "non-linear
lumped spring-mass" mathematical description of the sprag clutch. Very good agreement

between computed and experimental results was found.
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(3) A Mathematical Model of a Over-Running Sprag Clutch’

The previous work by Chassapis and Lowen (1990) used a "lumped” spring-mass
model for an over-running sprag clutch, in which the presence of the sprﬁgs is disregarded.
The torque of the clutch was experimentally found to be proportional to the 3/2 power of
the windup angle.

To be able to understand the influence of the sprags and explain the non-linear nature
of the clutch stiffness, a complete mathematical model for such a sprag clutch was developed.
It considers the Hertzian contact forces between the sprags and the races, the inertias of the
sprags and the output race, and the newly developed non-linear damping model shown in
Part II. The work of Stoelzle and Hart (1961) is adapted to relate the Hertzian contact
deformations to the windup angle. .

Comparison with experiment showed that a line contact assumption between the races
and the sprags, which one would normally postulate, is not valid and thata two point contact
assumption gives a better description of the existing Hertzian contact.

The resulting clutch model showed that the influence of the sprags cannot be neglected
when the moment of inertia of the clutch output side is relatively small. The earlier developed
"lumped" model of the clutch yields satisfactory results for the feed mechanism, because

of the presence of very large referred moment of inertia due to the roller shaft and feed strip.

(4) A Practical Analytical Approach for the Determination of the Transient Response

in Elastic Mechanisms*

3 The relevant part of the dissertation has been accepted verbatim for publication in
Mechanism and Machine Theory.

4 The relevant part of the dissertation has been published verbatim in Proceedings of
1992 ASME Mechanisms Conference, DE-Vo0l.47, pp.347-352. Also accepted for publi-
cation in Trans. ASME, Journal of Mechanical Design.

—
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Previous work on multi-regime percycle machinery containing elastic links (Chassapis
and Lowen, 1990) has made it clear that the contribution of the transient response of the
link deflections cannot be neglected. This pointed out the need to develop an analytical
solutioﬁ for the response of Hill’s equation in the stable regions, where such mechanisms
operate.

Based on mathematical work by Whittaker (1944), this dissertation shows a practical
analytical approach for obtaining such transient responses by way of the determination of
the characteristic exponent in the stable regions of the Floquet solution to Hill’s equation.
This technique, together with the known analytical solution of the steady state response,
due to Kotowski (1943) and applied to mechanism by Jandrasits and Lowen (1979), makes
it possible to get a complete analytical solution for forced Hill-type differential equations.

An application to a specific slider- crank mechanism with an elastic connecting rod
using only a first mode description has shown that the nature of the transient response
depends on the location of the stable region, which is a function of the mechanism speed,
the mechanism parameters and the loading conditions of the slider. It may vary from being
almost periodic, with a frequency near the natural one of the lateral deflection of the con-
necting rod, to being fully non-periodic with vastly changing amplitudes. Thus, it should

not be surprising when a non-periodic response trace appears on an oscilloscope.
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PART 1

A SIMPLIFIED MATHEMATICAL MODEL
FOR A PRESS FEED MECHANISM
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1. INTRODUCTION

Previous numerical and experimental work on the press feed mechanism system left
some unresolved questions. To begin with, it was not clear to what extent the transient
portions of the coupler strain and the clutch windup angle responses were dominant during
the forward stroke of the mechanism. Secondly, an explanation was needed for the obser-
vation that the aforementioned responses had, for all loading conditions of the standard
configuration, the approximate the component frequency of the clutch-strip system.

To be able to explain the question of the transients and to obtain some general con-
clusions concerning the relationship between the frequencies of the transient system
responses and of the component frequencies of the coupler and the clutch-strip system, it
was decided to develop a simplified model of the mechanism, which is amenable to an
analytic solution that approximates the dynamic behavior of the mechanism.

The following reports on the development of such a linearized two degree of freedom
system where the time dependent coefficients have been averaged and where the non-linear
sprag clutch has been replaced by a linear torsional spring. To account for the coupler
deflection an "inverted cantilever type" space function is introduced. Hamilton’s Integral
serves for the derivation of the system equations for the forward stroke of this multi-regime
per cycle machine. The windup, release and return portions of the complete cycle represent
reduced cases of this motion regime. Classical methods are used to obtain both transient
and steady state solutions, which are subsequently shown to agree well with experimental
results. The newly developed PC-based algorithms made it possible to automate the pro-
cessingof the angular encoder data. A number of parametric investigations provided valuable
insight concerning the role of the transients and the relationship between component and

system frequencies.
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While the literature search on linkage elasticity, associated with this research and given
in Appendix O, furnished much valuable background material, it revealed no specific work
that considered multi-regime per cycle machinery. ‘

To set the stage for this new investigation, which begins with the introduction of the
"inverted cantilever" type space function of the coupler, certain needed background, given

previously by Chassapis and Lowen (1990), is repeated in sections 2 and 3.
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2. DESCRIPTION OF MECHANISM

The lever-type roll feed mechanism, as shown in Figure 1, is com})osed of an RSSR
spatial linkage, an indexing sprag clutch, a disk-type adjustable friction brake and a set of
feed and pressure rollers.

The input shaft of the spatial linkage is directly connected to the crank shaft of the
power press and drives the throw block whose angular relationship with respect to the press
crank shaft may be varied to adjust the feed cycle with respect to the press cycle. The distance
between the centers of the throw block and the sliding block forms the input crank of the
linkage, whose length is adjustable to obtain different feed lengths for the stock. The spatial
coupler, which is bent in order to clear the feed roller shaft suppoﬁ assembly as well as the
OSHA-mandated safety cover, connects the sliding block and the rocker by way of two ball
joints. The shaft of the rocker is attached to the outer race of the sprag clutch. This sprag
clutch, which only transfers the motion in one direction, drives the feed roller shaft and with
that moves the strip forward when the sprags are engaged. Once the rocker is in its return
motion, the sprags are unlocked and no motion is conveyed to the feed roller shaft. To
prevent the over-shooting of the strip at the end of feeding, a friction brake is attached to
the feed roller shaft. Possible slip between the feed rollers and the strip is minimized with

the help of a set of spring activated pressure rollers.
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Figure 1 Schematic Drawing of Feed Mechanism with Replacement Linkage
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3. FORMULATION OF MATHEMATICAL MODEL

a. Replacement Mechanism

In order to avoid the extra variable which is needed to express the free, though limited,
rotation of the coupler about the axis connecting its two ball joints, as well as to obtain a
fully defined reference plane for the elastic deflection of the coupler, it is assumed, for
purposes of kinematics only, that the RSSR linkage is replaced by an equivalent RRRSR
one, which has the same basic dimensions. This is accomplished by substituting the cross
link and coupler clevis for the upper ball joint A. This replacement does not change the

motion of the pivot-to-pivot line AC of the coupler.

b. Coordinate Systems and Angles

The X, axis of the space fixed O X,Y,Z, coordinate system coincides with the axis of

rotation of the input crank. The length O,A = a, of this crank lies in the Y,Z, plane and forms
the angle ¢, with respect to Y, axis. The rocker of length a, is pivoted at point O,, which lies
on an axis parallel to the Y, axis and is located by the ground dimensions S, S, and S;. The
rocker position is defined by angle ¢, with respect to the Z, axis in the X,Z; plane. Link 2 is
the cross link connecting the revolutes of links 1 and 3, with axes 12 and 23 normal to each
other and intersecting at point A. Its position is defined by angle ¢, with the help of unit
vector n,, which is normal to axis 23 and lies in the YoZ, plane. Link 3 of length AC = a,
represents the bent spatial coupler with its reference plane defined by points A, B and C.

Three body-fixed coordinate systems xyz, x,y,2; and x,y,2,, as shown in Figure 2, are
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attached to the coupler. To define the relative position of the coupler with respect to link 2,
the angle ¢, between the X, and x, axes is introduced. Link 5 is a rigid body consisting of
the inner race of the clutch, the feed roller shaft, the feed rollers and paﬁ of disk brake. Its

position is measured by angle ¢5 which has the same reference position as angle ¢,.
¢. Treatment of the Sprag Clutch

To simplify matters, the clutch elasticity, caused by the Hertzian deformation at the
contact interfaces of races and sprags, is represented by way of a massless torsional spring.
This spring, which is assumed to connect the inner and outer races of the clutch, has a
non-linear character as shown experimentally by Chassapis and Lowen (1990). When this
non-linearity is expressed in terms of the relationship between the relative rotation of the

races and the torque T being transferred, one obtains:

T =K, (05— )" (1)
d. Rigid and Elastic Links

Because of their massive construction, the input crank assembly, the rocker and clutch
input assembly, the clutch output and feed roller shaft assembly as well as the frame of the
machine are assumed to be rigid. The bent spatial coupler is considered to be an elastic

member.

e. Damping and Friction
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Both the elastic coupler and the torsional clutch spring are assumed to be subject to
linear velocity dependent damping. The frictional effects in the various bearings as well as
in the clutch are neglected. The friction torque from the brake and the friction force from
the sliding of the metal strips over the feed table are combined in the resisting torque 7},

exerted on the feed roller shaft.
f. Description of Motion Regimes

Because of the discontinuous nature of the clutch operation, it is necessary to define
the motion of the feed mechanism in terms of the following four regimes:
Regime No.1, Clutch Windup: The initial forward motion of the .rocker winds the clutch
spring while the feed roller shaft is held stationary by the resisting torque. This phase ends
when the torque transmitted by the clutch is equal to the resisting torque.
Regime No.2, Forward Motion of Strip: The rocker drives the feed roller shaft and with that
the metal strip by way of the clutch. This phase ends when the rocker reaches its final extreme
position.
Regime No.3, Unwinding of the Clutch: The clutch spring unwinds during the initial return
motion of the rocker until the clutch is completely disengaged.
Regime No.4, Return Motion: The return motion of the rocker continues, while the clutch

undergoes its overrunning mode, until the initial extreme position of the rocker is reached.
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4. INVERTED CANTILEVER MODEL OF COUPLER

Figures 2a and 2b show the coupler in its reference plane under ’tension as well as
compression. It represents a simply supported beam that is fixed at point A and free to move
at point C along the original line AC, which defines the x axis. The x,y, and x,y, coordinate
systems are defined by the undeformed positions of sections 1 and 2, respectively.

The overall boundary conditions are maintained if one assumes that each individual
section of the coupler moves like an inverted cantilever beam as shown in Figure 3. Thus,
when a general load is applied, point B, a common point in the rigidly connected sections,
moves to point B', in the direction of the y, axis only. This neglects axial foreshortening

due to bending as well as due to tension or compression. Therefore,

BB’ =q(1)], (2)
The elastic deflections v, and v, of arbitrary points on beam sections 1 and 2,

respectively, are expressed with respect to the reference lines x,’ and x,’, which are at all

times parallel to the original body fixed x, and x, axes. It is now further assumed that the

first mode deflections of both inverted cantilever beams can be expressed in terms of

quarter-wave harmonics. Then, for section 1:

—_ . <

v, = —q(t)(l —smix,);l (3)
Similarly, for section 2:

v, =—q(1) (1 - cosz—:rz-xz)f2 (4)
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a. Tension
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Y1

b. Compression

Figure 2 Coupler Coordinates and Deflections
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The resulting displacements d, and d, of arbitrary points on sections 1 and 2 with

respect to coordinates x,y, and x,y, are given by:
d,=BB' +v, = q(t)V,(x,)],

where

, T
Vix,) = sin_-x,

and
d,=BB' +7,= q(1)sin20d, + g(1)V,(x)],
where

k14

=cos 20 —
V,(x;) = cos2a -1 + cos T

The elongation of the coupler is now obtained from inspection of Figure 2:

CC' = AAC = 2gsina

which is positive when the coupler is in tension.

®

(6)

Q)

(8)

€
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5. DERIVATION OF EQUATIONS OF MOTION FOR REGIME NO.2

Since the physical conditions of all other regimes represent reduced cases of Regime
No.2, only the derivation of the latter will presently be discussed. The generalized coordi-
nates are the time function g(¢) of the elastic deflection of the coupler in its reference plane
(see equation (3)), as well as the clutch output rotation ¢s(¢). The equations of motion for
Regimes 1, 3 and 4, which are needed for the determination of the initial conditions of

Regime No.2, are given in Appendixes D, E and F, respectively.
a. Hamilton’s Integral

Hamilton’s principle states that the variation of the integral of the sum of the kinetic
and the potential energies as well as the work done by non-conservative forces in a system

between two instants ¢, and ¢, must vanish, i.e.:
h

af (T-V+W)dt =0 (10)
‘o

The substitution of the variations of the integrals of T, V and W, according to equations

(B.2), (B.5) and (B.7) of Appendix B, into the above leads to the following;:
4 - _ . L _ _ L ‘ _
Josbae "0y +T 505 8¢s+ | pAr, -or, dx,+ | pAr, -or, dx| +
o 0 1 1 0 2 2
EI'(m\*
[z; (E) qéq + K:p(¢5 - ¢4¢)3ab¢5 - Ksp(¢5 - ¢4¢)3r26¢4¢] +

{ [(3—%)Lcwq'bq—T,,6¢5+c,,,(d>s-é¢,)6<¢s-¢k)] } & - 0 (1)
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The kinetic energy terms consider the contributions of the coupler link, the rocker-
clutch assembly and the clutch-feed roller shaft assembly. It must be noted that these kinetic
energies are not only functions of the total motions of the rigid body and the local deflection
of the coupler but also of the elastic rotation due to the length change of the coupler. The
potential energy terms deal with the strain energy due to the coupler deflection, as well as
the torsional spring energy of the clutch. The remaining terms account for the work done
by the non-conservative friction and damping forces, which include the constant dry friction
of the brake and the sliding of the strip over the feeding table, as well as the viscous type

of damping in both the coupler and the clutch. (For details see Appendix B.)
b. Equations of Motion for Regime No.2

Appendix B gives detailed derivations of all substitutions into equation (11) and the
subsequent operations. When the non-linear terms in g and its derivatives are neglected
because of the small deflection assumption, one obtains the system equations of motion
(B.15) and (B.16) in terms of the generalized coordinates g(t) and ¢s(z). If these resulting
differential equations are expressed in terms of input angle ¢,, i.e. g(¢,) and ¢s(¢,), and all

terms are divided by ¢?, they take the following form:

2

PAL(Vy + Vo sin’2a)L + Py(4)] 2L 4 —[045LC +pAP(0)] ST dq 1[(%) g+

déi 'H
F(¢, ) 1 w, 1 f& d? Pue
+pAPy(¢,)] 9 = pA —— e (-ﬁKsp(‘# - bs) (d¢ de, )=Jos d¢? — JF(¢,) (12)
and
d2¢5 1 ds  dgs s w_
s d¢1 ¢ C ( d¢ d¢ 2 :p(¢ ¢4¢) ¢1 (13)
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where the elastic angle ¢, may be expressed, with the help of equations (9), (A.7) and (A.13)
of Appendix A, as a function of ¢:

Gae = b4 + Dby = b, + Fy($1)q ) (14)
The expressions of the input angle dependent functions Py(¢,), Px(¢,), Px(¢;), Fi(¢,) and
F(¢,)as well as V,,, and V,,, in the above equations of motion are listed in detail in Appendix
B.

It is useful at this point to consider the nature of some of the input angle dependent
functions in the equations of motion. Both functions P;(¢,) and P(¢,) originate from the
consideration of the additional component of the rotation of the coupler caused by the change
of length of AC . The function P;(¢,) is due to the inclusion of both the inertia force introduced

by the elastic deformation of the coupler and the aforementioned additional rotation.

c. Reduction of Equations of Motion to Linear Form with Constant Coefficients

Since the purpose of this investigation is to find an analytical solution of the equations
of motion, it is necessary to obtain a linearized system of differential equations with constant
coefficients.

An analysis of the coefficient terms in Section b of Appendix C, which uses the general
geometric dimensions of this feed mechanism, has shown the following:

(1) The maximum values of the functions P,(¢,) and Ps(¢,) are both very small when
compared with the terms of 0.45LC,./(pA) and (EIn*)/(2'L*pA), respectively. Thus, they
may be neglected.

(2) The function P,(¢,), which is part of the equivalent mass of the coupler, varies little
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during Regime No.2 and therefore can be treated as a constant, i.e. P =2.65.
(3) The coupling function F,(¢,), which changes its value very little during Regime No.2,
is also assumed to be constant with a value of 0.098. ‘

Equation (C.5) of Appendix C gives the result of the linearization of the non-linear

clutch spring for Regime No.2, i.e.:

T =K (95~ 0..)" = Kiy(s~ 9..) - T,/2 (15)
where the linearized spring constant Kj, at an arbitrary load point T}, according to equation
(C.3), has the form:

3

Kn"z

K2T,? (16)

Further, the term C,(és - ¢,.) in equation (12) is neglected since it is small when

compared to the term K,,(s — d4)**, which is in the same bracket.
With a)l the above, one can now write the linearized equations of motion in the fol-

lowing matrix form:

1 0](q” 280, 0 q’] P‘fo +KFN, -KFM\.|(q R,(¢: %))
+ + -
0 1 4’5” - zcwkfz ngk,p ¢5’I l - )\;FZ A.; ¢S R2(¢p ¢1)
(17)
where
weo .
A,= N frequency ratio for coupler (18.a)
1
wsp .
A, = 3 frequency ratio for clutch (18.0)
1
w,=VK/M, componentfrequency of coupler (18.c)
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@, = VvK.,[J,s component frequency of clutch-strip system (18.d)
e 0.45SLC,, damoi tio & | (18¢)
,=————— damping ratio for coupler . e

WK, ping P
g, Cor damping ratio for clutch (18.f)
- amping ratio for clutc! .
i ZVKIJaS
K, =K, /K, ratio of the stiffness (18.g)

Both the equivalent mass and stiffness of the coupler M, and K, are defined by

M, = pA[(Vy,, + Vyyp +sin’2a)L + P] +J,F; (19)
(22

The forcing terms on the right hand side of the system equation are found to be:

o pA Fild) Jos d7u(91) 2 F,T,
Ri(¢1,9) = M, @ -F, M, e ZK’)“"%@‘)-_%%M, (21)
and
. 1.5T, de,,
R2(¢l’ ¢1) - }—5—¢§ + 2§:p)":p¢d;;;¢l-) + A'.3p¢4r(¢l) (22)
o5¥1

The initial conditions for angle ¢ and its derivative ¢, for this regime are:

¢5 - ¢4¢ max and ¢5, -0 (23)

(4 max the starting position of the rocker for the forward motion),

while the starting values of g and g’ depend on their end values of Regime No.1.
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6. SOLUTION OF LINEARIZED SYSTEM EQUATIONS FOR REGIME NO.2

The analytical solutions of the linearized system equations with cohstant coefficients
can be obtained by the sum of their homogeneous as well as their particular solutions, as
described in the following.

a. System Characteristic Equation

With the form of the homogeneous solution given by:

A9,

q= Ch’e (l - la 2) 3) 4) (24)
and
s = Cre™™™  (1=1,2,3,4) (25)

one arrives at the following expression by substitution into equation (17):

(Si/,) + 2 A (S:/b,) + (1 + KF)AL -KF ), Cy;
-0 (26)
- 28,0 FoSi/b,) - FN., (S/6,) + 26,A,,(S:/8,) + AL | (Ca

To obtain a non-trivial solution for C,; and C,; the above determinant must vanish.
This leads to the following characteristic equation:
Si‘ + (chpw:p + zcc:la("‘)co)si3 + [wfp + (1 + KFF 22)0')30 + 4t-*co§:pwcowxp]si2 + (zccowcowfp

+28,,0,,0,)S; + ww), =0 (27)

.rpwco
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The four complex roots of the above have the from:

Si=-o,+jo;, S,=-0,-jw,

. . . (28)
Sym-—tjw,, Si=-0,-jw,

where o, and a, are damping related constants, and w, and w, are the two natural frequencies

of the system.

b. Solution of the Homogeneous System of Equations

With the four roots S;, the solution of the homogeneous system of equations becomes:

(= + jo, /4 (~a, - jw, 3,/ ( jo, /4 (~ay - jur by /é
q_cne Gy 0 9 ‘+Cue -, = jw, Wy ’+Cl3e Oy +J W, x+cue‘°2 T2, /ey (29)
and

( juo W,/ (—a; - jw /b, ( jo )b (~oy- ju, b /4
¢S'C2le T + W 8 |+C22e'°1 Jo ey ‘+C23€ Gy +) W28, 1+C2‘e‘°¢ J009,/0y (30)

The relationships between the above constant coefficients C,; and C;, respectively, are
obtained from either of the two expressions in equation (26) and with the help of equation

(18a), i.e.:

CZi = ;{%[Slz + zgcowcosi + (1 + Kfzz)wcz:alch (31)

2%%o

With the above and expressing the solutions in terms of trigonometric fuctions, one
obtains:
- L, os¢ ¢,+lesm ] e ™ ‘[L,scos¢ ¢,+L,4sm¢ ¢, (32)
1

and
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Y -e-ﬁ“/“[Lu("x cos— ¢ ¢1 m‘Sin‘;l ¢) +Lu(m,cos ¢ ¢, +n,sin :1 ¢ )] +
+ e-a".’“l[Lls(nz cos— ¢1 szlnwz‘b ) '*‘Lu(mz COS%¢1 +n,sin— ¢ )] (33)
¢ $, ' ¢1

where the L’s are arbitrary constants and

n, = XF, w[a, ol - 2%, 0, a,+(1+KFHol] (34)

m 2 —(Cep 0,0 = 0, 00;) (35)
1™ K er co 0 co "1 171

m e o [0 - @} - 28, 0,05+ (1 + K F)ol] (36)

m2 K er w?, (ccowcow2 020.)2) (37)

c. Approximation of Particular Solutions of the System Equations

To obtain the particular solutions of the system equations, it is necessary to express
the forcing terms R, (¢, ¢,) and R(¢;, ¢,) of equations (21) and (22) in terms of Fourier series.

If only the constant and first harmonic terms are kept, the forcing terms are approximated

by®:
R1(¢v$x) =A+A, cos¢, + B, sing, (38)
Ry(¢,, ¢1) =A,,+A, cos¢, + B, sing, (39)

5 The numerical computations for the coefficients, associated with the standard feed
mechanism, have shown that the magnitudes of the coefficients of the higher terms
decrease rapldly
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The expressions for the above coefficients are given by equations (C.17) and (C.22) in

Appendix C.

Thus, the particular solutions of the system equation are obtained by assuming that

q=C,+C,,;sin¢, +C_ cos¢,
and

¢s=D,y+ D, sin¢, + D, cos¢,

(40)

(41)

Substituting the above into the system equation (17) and equating like terms furnishes

all constants. Thus,

Ay A
Co=— +1<,,F2)\'—2
P

=2
Kca

Ay
2 +F. 2C0
P

D,=

and C,,, C,,, D,, and D,, are obtained from:

(1+KFN, -1 -2,  -KFA,
28 M, (1+KFN, -1 0
-F\, 28,A,F A, -1

- zcsp)"s 2 - F ZA'zp ztrpx'sp

d. Complete Solutions of System Equations

(42)
(43)

0 Csl Bn
"Ker}":a Ccl - An (44)

=280, | [Pa]  |Ba
)»fp -1 [ (Pa Ay

By combining the respective homogeneous and particular solutions, the complete

solutions of the system equations for Regime No.2 become:
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q ..e-a“‘/“[Lucos ¢1+Lusm¢ ¢,] ‘/"[anos ¢,+L“sm::¢] +

) ¢
+C,+C,,sing, + C ,cos¢, ‘ (45)
LA . W wy
&5 - [Lu(n, oS+ Y ¢1 m,sm;‘(b,) +L (m, cos— Y ¢, +n,sin— Y ) )] +
+ e-"’l"/“[Lls(n2 cos— ¢, m,sin(f)z(f) ~1~Lu(mzcosmz¢l + nzsmmz:t )] +
¢ ¢ ¢ 4
+Dy+ D, sin¢, + D, cos¢, (46)

where the four unknown coefficients L,,, L,,, L,, and L,, must be determined with the help
of the initial conditions of Regime No.2.

For the convenience of later analysis, all harmonic terms with identical frequencies
in the above solutions are now transformed into sine functions, together with their associated

phase angles. Thus,

a6/, . (W /4, . [ @2
=€ V(L +L12)Sm(f¢1 + Yn) +e V(L "’Lu)sm(('Td’l + Yz) +
1 1

+Cy+C,sin(¢, + a,) 47)

“/h
$s - (L +L) (] ""ml)sm( ¢:¢1+Y1 +el) +

s M TETID) (,,;mg)sm(%
1

+ Dy + D, sin(¢, + a,) (48)

¢1+Y2+62) +

where the amplitudes and the phase angles are determined by

y, = tan(L,,/L,,) (49)

y, =tan"(L,,/L,,) (50)
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(Ca+CL) (51)
(D.vl + Dcl)
8, = tan™'(m,/n,) (52)
0, = tan'l(mz/nz)
a, =tan”(C,,/C,,) (53)

('ld - tan-l(D‘_.l/D_")

e. Clutch Windup Angle ¢,

The dynamic behavior of the sprag clutch is best described by the relative rotation
between its inner and its outer race, i.e. the windup angle ¢s,, = ¢5s — ¢, . To this end, sub-

stitution of equations (14), (47) and (48) into the latter expression furnishes:

G5 = s = by = &5 — (Frq +¢,,)

w
- My sin(fdh +Y + wl) ve Mhy, . Sin(%‘h +Y+ ‘Pz) +
1 1

+X; - sin(¢, +¢;) + (Tb/K:p)m (54)

where the amplitudes are given by:

X, =LY +LE\/n?+m?+ F: - 2Fz/nf + micos8, (55)
X, =VLL+ L Vn? +m} + F} = 2Fp/n; + m; cos®, (56)

X '[(Dl2 + aazl + b321 "’Fzzcxz) - 2D,V a3 + by, cos(a, — ay) -

-2D,C,F,cos(a, - a )+ 2F,C,y/ a}, + b;", cos(a,, - ac)]”2 (57)

and the phase angles by:
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¥, = tan? ( Vni+ m? +sin0,
l -
\\/n,’+m,’-cosﬁl—Fz

( \/ng +m? -sin6,
\\/nf +m2-cos8,-F,

D, sina, -Va3, + b sina,, - F,C,sina,

Y, =tan”

P, = tan™

D, cosay -vVai + bl cosa,, - F,.C,cosa,

b31

-1 3
Qs = tan (031)

30

(58)

(59)

(60)

(61)

This regime terminates when the rocker angle reaches its upper most extreme position

and the velocity of the rocker must be zero, i.e.:

$'4e(d) = 9" (4)) +Fq'($) 20

(62)
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7. COMPARISON BETWEEN COMPUTED AND EXPERIMENTAL RESULTS

In order to verify the mathematical solutions obtained from the linearized and sim-
plified system equations for the feed mechanism, it is necessary that they are compared with
experimental results. To this end, as in the non-linear numerical solution by Chassapis and

Lowen (1991), the coupler strain and the clutch windup angle are used as comparison criteria.

a. Method of Computation

To start with, g(¢,) and ¢s,,(¢,) are obtained for a complete cycle of the feed mechanism

operation with the help of equations (47), (55), (D.8), (E.8) and (F.6). The computation
begins with Regime No.1 and continues with Regimes 2, 3 and 4. The end values for each
regime serve as the initial conditions for the following one.

Since the true initial conditions for Regime No.1 are impossible to know before the
end conditions for Regime No.4 are obtained, one assumes, for a start-up cycle, that both
q($,) and g'(¢,) are equal to zero, and that the angles ¢, and ¢;, associated with the initial
extreme position of ¢,, are found from rigid body kinematics. Once the start-up cycle is
completed, the initial conditions for Regime No.1 are changed to the end conditions of
Regime No.4.

An example of a complete computation for Run No.1 (as defined below) is given in
Appendix H. It shows the computations for two complete mechanism cycles, starting from
stand-still. Experience has indicated that the second cycle sets the standard for all variables

in subsequent cycles.
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b. Determination of coupler strain

The deflections of individual points on the two coupler sections may be obtained with

the help of equations (3), (4) and (47). Since strain at the outer fibers of the coupler sections

is given by,
D, d%; .
E-—Z—‘;‘? (i=1,2) (63)
one finds
D,(n\* (=
e=q(t) —2—('27) sm(-ix,.) (64)

c. Experimental Setup

Figure 4 shows the experimental setup, which is essentially that described earlier by
Chassapis and Lowen (1990).

A schematic of the instrumentation is presented in Figure 5. The dynamic behavior of
the bent coupler is monitored with the help of a strain gage located in the coupler bending
plane ABC and atx, = 11 in.

The angular motions of the crank (input) shaft, the rocker shaft and the feed roller
(output) shaft are obtained by way of three angular encoders, which are able to furnish pulses
for every 0.036 degree of angular motion. A data acquisition system is used to store and

subsequently transmit to a PC the following data for a complete mechanism cycle:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

Lumped Mass

Figure 4 Experimental Setup of the Feed Mechanism with

Lumped Mass Attached to Coupler
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(1) The time associated with each 0.036 degree rotation of the mechanism input angle ¢,

with zero time corresponding to ¢, = 0°. )
(2) The time associated with each 0.036 degree of forward rotation of the rocker link (clutch
input) angle ¢,.
(3) The time associated with each 0.036 degree of forward rotation of the feed roller (clutch
output) angle ¢s.

A newly written algorithm, given in Appendix I, makes it possible for the afore-
mentioned PC to establish the windup angle ¢, as a function of the mechanism input angle

¢, for the forward stroke with the help of the angles ¢,, ¢, and ¢s, which correspond to a

given time in the cycle.

d. Physical Parameters

Unless otherwise defined, the physical parameters used in the computations are those
of the standard experimental setup and are listed in Table 1. Note that the density p of the
coupler, which used in connection with the kinetic energy of the coupler in Appendix B,
represents a uniform link approximation of the actual coupler.

The values of the damping constants C,, and C,,

which account for the energy dis-
sipation of the coupler and the clutch, respectively, were selected such that the best fit with
the experimental results for Run No.1 was obtained. (It must be remembered that there are
a number of not readily quantifiable causes of energy dissipation, such as material damping,

viscous and Coulomb damping in the bearings, as well as bearing impacts, in this type of

machinery.)
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Linkage Dimensions

a, = 0.965(in) a = 32.523(in) a, = 4.500(in)

Coupler Parameters

L =16.625(in) a=12.0(degree) D, = 1.00(in)
D; = 0.75(in) I =3.35x10%(in*) E = 30 x 10°(Ib/in?)
p = 7.3x 107*(Ib-in"*-sec?) C., = 0.06(Ib-in" -sec)

Clutch Parameters

K,, = 2 x10°(Ib-in-rad?) C,, = 11.0(Ib-in-sec)

Other Parameters

Rocker and clutch input shaf* assembly moment of inertia:
J,¢ = 0.1286(Ib-in-sec?)
Clutch output shaft assembly and strip moment of inertia:

J

s = 0.114 + referred strip inertia(Ib-in-sec?)
Total resisting torque on clutch output shaft:

T, = variable(lb-in)

Table 1 Parameters of the Standard Feed Mechanism
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e. Model Verification

For purposes of model verification by comparison of computed and experimental
results, three runs with different operating conditions were made. While Figure 6 gives an
oscilloscope trace of the coupler strain for Run No.1, the associated figures 7, 8 and 9 show
both computed and experimental coupler strains in part (a) and clutch windup angles® in
part (b), respectively. (R.1, etc. refers to regimes)

Although only the responses of the coupler and the clutch during regime No.2 are of
real importance for this work, the coupler strain histories are shown for all regimes, while
the clutch windup angle traces are only given for the first two regimes (Since they vanish
after that.)

The coupler parameters of runs No.1 and No.2 are the standard ones given in Table
1. Inorder to show the influence of a lower than standard coupler natural frequency, a lumped
mass has been added to the coupler at poiat B for run No.3. Appendix G shows how this
reflects itself both in the experiment as well as in the model.

(1) The parameters associated with Run No.1 are:

Input speed ¢, = 200 (RPM)

Resisting Torque T, = 160 (Ib-in)
Steel feed strip = 4.0 x 0.125 x 130.0 (in)
(Referred moment of inertia = 0.298)

Coupler = Standard

6 To follow the experimentally influenced convention of Chassapis and Lowen, where
$s4 = —(9s — ¢,), the various plots of equation (55) will have reversed signs in this work.
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Figure 6 Run No.1: Oscillogram of Coupler Strain
Horizontal Scale: .1 sec/div
Vertical Scale: 40 microstrain/div
Input Speed: 200 RPM
Strip Size: 4.0x.125x130.0 in
Brake Torque: 160 Ib-in
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a. Coupler Strain vs. Input Angle
Figure 7 Comparison between Computed and Experimental Results for Run No.1

Input Speed: 200 RPM, Strip Size: 4.0x.125x130.0 in

Brake Torque: 160 Ib-in, Coupler: Standard (without lumped mass)
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Figure 7 Comparison between Computed and Experimental Results for Run No.1
Input Speed: 200 RPM, Strip Size: 4.0x.125x130.0 in

Brake Torque: 160 1b-in, Coupler: Standard (without lumped mass)
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Input Speed: 200 RPM, Strip Size: 4.0x.125x130.0 in
Brake Torque: 260 1b-in, Coupler: Modified (with lumped mass)
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Coupler natural frequency w,, = (VK,/M,)/(2x) = 73.1 (Hz)

(evaluated according to equations (19) and (20))
Clutch natural frequency w,, = (VK 4,5)/(2x) = 41.5 (Hz)
(evaluated according to equation (C.3))
(2) The parameters associated with Run No.2 are:

Input speed ¢, = 300 (RPM)

Resisting Torque T}, = 300 (Ib-in)
Steel feed strip = 4.0 x 0.25 x 153.5 (in)
(Referred moment of inertia = 0.703)
Coupler = Standard
Coupler natural frequency w,, = (VK,/M,)/(2x) = 73.1 (Hz)
(evaluated according to equations (19) and (20))
Clutch natural frequency o,, = (VK,J,s)/(2x) = 36.7 (Hz)
(evaluated according to equation (C.3))

(3) The parameters associated with Run No.3 are:
Input speed ¢, = 200 (RPM)

Resisting Torque T, = 260 (Ib-in)
Steel feed strip = 4.0 x 0.125 x 130.0 (in)
(Referred moment of inertia = 0.298)
Coupler = Modified (See Appendix G)
Coupler natural frequency w,, = (VK./M,)/(2%) = 32.5 (Hz)
(evaluated according to equations (19) and (20))

Clutch natural frequency w,, = (VK;,J,5)/(2n) = 45.0 (Hz)
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(evaluated according to equation (C.3))

Considering the many simplifications in this linearized model of the mechanism, there .
is generally reasonable agreement in terms of amplitude and phase angle for the coupler
strain. This also holds true for the clutch windup angle for Runs No.1 and No.2. For Run
No.3, the clutch windup angle trace is lacking in agreement, but makes it amply clear that
the second system frequency plays a considerable part in addition to the first one. This point
will be discussed in detail in the next section.

Thus, one may conclude that the new linearized mathematical model with its closed
solution can be used to obtain a better qualitative understanding of the interrelationship
between the various parameters and system frequencies of the mechanism. Further, the strain

histories of the coupler justify the assumed approximation of the coupler shape function.
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8. INSIGHTS TO BE GAINED FROM NEW ANALYTICAL SOLUTION

a. Responses During Forward Motion

Figures 10, 11 and 12 show plots of each of the four components of the coupler strain
and the clutch windup angle (see footnote 6) during forward motion for runs 1, 2 and 3,
respectively, with the help of equations (47) and (54). In each case, there are two transient
oscillations of the first and second system (natural) frequencies, respectively, as well as two
forced responses. One of the latter is constant and due to the resisting torque. The other is
caused by the input speed dependent inertia of the system. It is important to note the large
role played by the transient responses in this type of multi-regime per cycle machinery.

Further, with the exception of the clutch windup angle in Run 3, the amplitudes of the
first system frequencies are generally much larger than those of the second for the given set
of parameters. This explains the essentially identical frequency characteristics of the strain
and the clutch windup angle shown for regime No.2 in Figures 7 and 8. The fact that the
clutch windup angle response in Figure 9 shows a different frequency characteristic than
thatof the strain is due to the more pronounced amplitude of the higher frequency oscillation.
In all cases, the forced responses only influence the mean position of the transient oscilla-

tions.

b. Relationship between Component Frequencies and System Frequencies

Chassapis and Lowen (1990) observed that the frequency responses of the coupler

strain and the clutch windup angle in regime No.2 of the standard mechanism, were not only
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identical, as discussed above, but also were very close to the linearized clutch natural
frequency of a particular run. Figures 13 and 14 shed light on the relationship between the
two transient system frequencies and the component frequencies of the ‘clutch system and
the coupler as functions of the coupler diameter and its density (by use of equations (27)
and (28)).

Figure 13 shows that for D, = 1.000 inch, i.e. the standard configuration, the system

frequencies w, and w, are close to the component frequencies w, and w,,, respectively. This

phenomenon becomes more pronounced as D, increases, i.e. the coupler becomes stiffer.

As D, is decreased, however, the system and component frequencies deviate more and

more from their original association until it is reversed. Thus, one may state that the lower
system frequency is always near to and smaller than the lower component frequency, while
the higher system frequency is always near to and larger than the higher component fre-
quency.

Figure 14 shows the identical frequency association reversal as the coupler frequency
is lowered by increasing the coupler density. Note that again for Run No.1 the first system
frequency is close to that of the clutch, while it is close to that of the coupler for Run No.3,
where the equivalent density has been increased.

Presently, there is no information on what exactly influences the relative size of the
amplitudes associated with each of the system frequencies, other than the observation that

the lower system frequency usually has the larger amplitude.
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¢. Maximum Coupler and Clutch Deflections

Figure 15 shows plots of the maximum computed deflections of tfhe coupler, which
occurs at point B, as functions of the coupler stiffness, i.e. D,, for four combinations of
clutch output moment of inertia J 5, coupler density p and clutch stiffness X,,. Clearly, the
smaller D, the greater the deflection. This is especially pronounced for the larger strip size
as well as for a coupler with increased density. As might be expected, the spring constant
of the clutch has no influence on the coupler deflection at the low speeds considered.

Figure 16 deals with the influence of the clutch stiffness on the maximum value of the
clutch windup angle for four combinations of coupler stiffness, cpupler density and strip
size. Naturally, the softer the clutch spring the larger the windup angle for any of the
combinations. Since J,s represents the principal load, the deflection increases with an
increase of this value. It is of interest to note that the influence of the coupler density is
minimal. For a very soft coupler, i.e. with a small D,, the clutch windup angle is shown to
be somewhat smaller that for a stiffer one. This might be explained by the fact that in the

dynamic situation the coupler stretches and causes a slight increase in rocker angle ¢,,
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9. ESTIMATE OF MINIMUM BRAKE TORQUE

Chassapis and Lowen (1990) have shown that in order to have normal operation of
the clutch during the forward stroke and to avoid overshooting of the stock at the end of the
forward stroke, the clutch must never disengage. This means that the negative clutch windup

angle must never become positive (see footnote 2), i.e.:
~(¢s-¢s),, < O (65)

during regimes No.1 and No.2.
To attain this goal conservatively, one assumes a worst condition in which the three
maximum oscillatory amplitudes X in the direction of unwinding of the clutch, as shown

in Figure 10b, are added. This modification of equation (55) takes the form:

Ps/4(min) = (Tb/Ksp)m - (21 ‘*‘iz "'X;s) >0 (66)
The estimated minimum brake torque then becomes:

Tiiny = K, (X, + Xy + X)" (67)
It is to be noted that table friction has also been conservatively disregarded.

Figure 17 represents a graph of T\, vs machine speed for various strip sizes and the

standard configuration according to equation (67). It shows that the necessary minimum

brake torque increases as the machine speed increases and the feeding stock becomes heavier.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



61

1000 : T : _— —_ —
800 | J05=.200 (strip size:1X.125X145in) /
~~~~~~~ Jo5=.410 (strip size:4X.125X130in) T
— — Jo5=.815 (strip size:4X.25X1 53.59 ]
< 600 | -
; /
£ s J/ . |
£ a0} / ot ]
- B
200
o A 1 A 1 2 1 e
100 225 350 475 600

Input Speed (RPM)

Figure 17 Estimated Minimum Brake Torque Requirement as a Function of

Input Speed for Various Strip Sizes

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



62

10. CONCLUSIONS

(1) A new linearized, constant coefficient, two degree of freedom model! of the feed
mechanism has been developed. It uses a predetermined "invertéd cantilever” type space
function for the coupler and a lumped spring representation for the sprag clutch.

(2) This simplified model allows a closed solution which approximates the dynamic
behavior of the clutch as well as the coupler during all four regimes of the mechanism cycle.

(3) The computed results of coupler strain and clutch windup angle for a number of
runs with different parameters agreed reasonably well with experimentation. The exper-
imental work associated with the clutch windup angle was greatly facilitated by the
development of PC-based algorithms for the processing of the angular encoder data.

(4) The analytical solution for the all-important regime No.2 of the forward stroke of
the mechanism clearly showed that the principal parts of the coupler strain and the clutch
windup angle responses are transient in nature and contain the two system frequencies.

(5) It was found that the lower system frequency of the transient response is always
near to and smaller than the lower of the two component frequencies, while the higher system
frequency is always near to and larger than the higher component frequency. Specifically,
for the standard configuration, where the component frequency of the clutch is considerably
lower than the component frequency of the coupler, the lower system frequency is near that
of the clutch, while higher system frequency is near that of the coupler. When the coupler
component frequency was made lower than that of the clutch, the lower system frequency
was nearer to that of the coupler.

(6) While no general rule concerning the amplitudes associated with the two transient
system frequencies could be discerned, it was found in the analysis of the standard con-

figuraticn, that the amplitude associated with the lower system frequency was always
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considerably greater, both for the coupler strain and the clutch windup angle, than that
associated with the higher system frequency. Since all the cases considered by Chassapis
and Lowen (1990) dealt with the standard configuration, their observation of the predom-
inance of the component frequency of the clutch in the coupler strain and the clutch windup
angle is not surprising.

When the coupler component frequency was made lower than the clutch component
frequency, the amplitude associated with the lower system frequency (i.e. near that of the
coupler component frequency) lost some of its importance. While for the strain response
the higher frequency amplitude was approximately one third of the that of the lower fre-
quency one, it became larger than the latter for the windup angle response.

(7) It was found that the maximum deflections of the coupler and the clutch windup
angle are essentially independent of each other over a wide range of parameters at speed of
200 RPM. Thus, each of these deflections may be minimized without much consideration
for the other. The coupler deflection may be reduced dramatically by a modest increase of
the coupler stiffness. As might be expected, the windup angle becomes smaller with a higher

spring constant of the clutch.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



64

PART II

A NEW DAMPING MODEL FOR NON-LINEAR
STIFFNESS SYSTEMS
WITH
VARIABLE PRELOAD DISPLACEMENTS
AND CONSTANT AMPLITUDE DECAY RATIO
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1. INTRODUCTION

This part of the investigation was stimulated by the observation of the special nature
of the vibrations of an overrunning sprag clutch which has non-linear spring characteristics
and is part of a press feed mechanism (Chassapis and Lowen, 1990). These oscillations
between the output and input sides of the clutch, during the forward stroke, are always about
an already attained preload displacement and never in the direction of unloading because
of the presence of a constant brake torque. In addition, it was found experimentally that the
amplitude decay ratio is essentially constant, regardless of the level of the preload. This led
to the question of the influence of such preloads on the energy dissipation in non-linear
stiffness systems and with that to the question of what represents the best damping model
for such systems, including the sprag clutch.

A thorough literature search showed no previous investigations in this direction. The
work of Hunt and Crossley (1975), which postulates a non-linear damping model in the
analysis of impact energy dissipation and which was later used by Yang and Lin (1987) in
connection with the dynamics of spur gears, deals with a different phenomenon.

The aforementioned experimental observation of the constant amplitude decay ratio,
which forms the pre-condition of this paper, may be explained to some degree by the work
of Lazan and Goodman (1961). These investigators determined that, in any cycle of
vibrations of a steel specimen without a preload, the ratio of the energy loss with respect to
the maximum strain energy, is constant as long as the pattern of stress distribution is not
changed. They further indicated that under this condition the amplitude decay ratio also
stays constant. Similar results were found in the experimental work of Johnson (1985) with
respect to the contact vibrations of two steel spheres, where the preload displacement was

not zero.
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In order to clarify the approach taken by the author in the determination of an
appropriate damping model for a non-linear stiffness system with a preload, a linear
mass-spring system is first considered. By introducing the concept of interchangeable
potential energy, it could be shown that the energy loss per cycle of such system and with
that the damping coefficient of a linear damping model is independent of the preload dis-
placement.

The extension of these ideas to a non-linear stiffness system showed that the damping
coefficient associated with a linear damping model depends very much on the momentary
preload displacement and therefore such a model cannot satisfy all preloading conditions.

Subsequently, a new non-linear damping model, which takes displacement in addition
to velocity into account, is introduced. Such a model has the desired generality, since the
influence of the preload displacement on the associated damping coefficient can be mini-
mized.

Finally, this new damping model is incorporated into the mathematical description of
the sprag clutch. Very good agreement between computed and experimental results was

found when the experimentally obtained damping ratio was used.
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2. LINEAR DAMPING MODEL FOR SYSTEMS WITH LINEAR SPRINGS

As stated in the introduction, the following will demonstrate the approach taken in
this paper and show that in a linear stiffness system, with a linear (viscous) damping force,
the damping coefficient is independent of the preload displacement.

If the mass spring system shown in Figure 18 has a constant force F applied on the

mass, any possible oscillations of the mass will be about the preload displacement (static
equilibrium position) x = & = F/K, where K is the spring constant.
The potential energy, which is added to the system during the travel of the mass from

the preload displacement x = & to the maximum position x = 8 + X is given by:

3+X 1 2 1 2
E, - j Kxdx = >K(8+X)' - 2Kb (68)
3
or
1., 1.,
Ey=KX*+ K8 = KX+ FX (69)

Since the potential energy component FX will always be removed from the system as

negative work done by the force F when the mass moves from x = d + X back to x =9, it
cannot make any contribution to the kinetic energy and any possible energy dissipation.

Thus, only
E -Ex—FX-%KXZ (70)

is available for this purpose.

The above potential energy E, which causes the subsequent free vibration will be

called "interchangeable potential energy". The value of this energy is reduced a certain
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Figure 18 Damped Spring-Mass System Oscillating about Non-Zero

Preload Displacement 6
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amount after each cycle in the presence of damping. This energy loss per cycle AE may be

found from:

AE =E(X)-E(X,, )= -;-xx,?-%xxf,l -%KX,?(I R (71)
where

A,iol
R = X (72)

is defined as the amplitude decay ratio, which is constant in the present investigation. X;
and X; , , represent two successive oscillation peak amplitudes. Equation (71) shows that the
energy loss per cycle of a system with a linear spring is independent of the preload dis-
placement & of the mass.

The following demonstrates the same independence of d for the damping coefficient
C, when linear damping is assumed. The usual way (Thomson, 1981) of expressing the
work W, done by a viscous damping force in one cycle of a system, oscillating near its
natural frequency, also holds in the presence of a preload, i.e.:
W, = CX:VKIM (73)
where, X,, = (X; + X;, ,)/2, the average amplitude of two successive oscillations.

The damping coefficient C is then obtained after setting equations (71) and (73) equal

to each other:

o -ZVKM

(74)

With R known, equation (74) may be used in place of the logarithmic decrement for the

determination of the damping ratio.
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3. POSSIBLE DAMPING MODELS FOR SYSTEMS WITH NON-LINEAR
SPRINGS

It will now be shown that in the presence of a non-linear spring, the energy loss per
cycle depends on the preload displacement & of the oscillating mass. Further, it will be
explored to what extent the damping coefficients in possible linear and non-linear damping

models are functions of d.

Assuming that the spring force F, of such a system is given by

F,=Kx* (B=1) (75)

Then, the expression comparable to equation (68) becomes
d+X K
E = f KxPdy = ——[(6+X)P*' - 88"} (76)
3 B+1

To find the associated "interchangeable potential energy”, the work of the constant

force F must again be subtracted. Then,

E=E,-FX 7
If one now expresses

F =Ko (78)

and substitutes it together with equation (76) into equation (77), one obtains

_K_ Bel_ sfeh B
E-B+1[(6+X) 1 -Kofx (79)

Finally, the energy loss per cycle, parallel to equation (71), becomes:
AE =E(X)-E(X,,,) = KA(®) (80)

where,
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1

A(a)-ﬁ+l

[0+ X" - (3 +RX)*"] - 8¥(X; - RX)) (81)

Clearly, AE is influenced by the preload displacement d.
It remains now to see how the damping coefficients are related to the displacement 6

when either a linear or a non-linear damping model is postulated. In either case, it is assumed
that the systems are lightly damped and not highly non-linear, so that near-harmonic

oscillations result and the motion may be approximated by: (see also figure 18)

x=d+X_ sinwt (82)

where, w = \[d(F,)/dx]/M =V BK&B' '/M is the local linearized natural frequency evaluated

at the preload displacement 8.
a. Linear (Viscous) Damping Model

The damping force F, for a linear (viscous) damping model is described by:

F,=Cg (83)
where, C, serves as the damping coefficient.

The work done by this damping force during a cycle of vibrations is expressed with

the help of equation (82), i.e.:
2x/w 2
W, - dedx - J’ C,(X,, ) cosi(wt )dt
0

= CnX2 6% V(BK)M (84)

Since the energy loss per cycle AE of equation (80) must be equal to the above W,, the

damping coefficient C, becomes:
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The above expression indicates that the linear damping coefficient is very much
dependent on & when the spring is non-linear. (Note that for f = 1, the expression reduces
to equation (74).) Therefore, it is desirable to develop a damping model which produces a
damping coefficient that is either not at all, or only minimally, influenced by the preload

displacement 3.
b. Non-linear Damping Model

Equation (80), for the energy loss per cycle AE, is some exponential function of 3. In

order to make the damping coefficient independent of 9, it is necessary that the work of the
damping force is also an exponential function of d, so that a certain proportionality between
AE and W, can be obtained.

To achieve this, the following non-linear damping force, which depends on the dis-

placement in addition to the velocity, is assumed:

F,=Cx"% (86)
where, the unknown exponent n of the displacement is introduced for the manipulative
opportunity of maximizing the proportionality between AE and W, and with that of mini-

mizing the influence of the preload displacement & on the damping coefficient C,;. With

this damping force and equation (82), the work done per cycle becomes:
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2x/w
W, = f Fdx = f C,(X,,sinwt + )" (X, )’ cos’(wt)dt
0

= C X28" ¢ (BKYM J; h(%sin'w 1). cos’wdv (87)

After equating the energy loss per cycle of equation (80) with this new W,, the damping

coefficient takes the form:

- (4YMKBYIX!(1+R))
J;u(XT"sinu- 1)" cos’wdt

o (-84 () (88)

al

It will now be shown that, since X;/d <1’ in the general case of free vibrations of

preloaded systems, it is always possible, regardless of the value of B, to make C,, essentially

independent of §, if n is chosen appropriately.
As a first step A (3) is approximated by a single exponential function of 8 with the help

of a power series expansion in X;/d, where terms of order higher than 2 are eventually
neglected. Appendix J proves that such an approximation furnishes with only small errors:
A(d) = gx,?(l -RY)$*! (89)
If the above is substituted into equation (88), one obtains

2VMKB 1-R o B-m

C
1+R

™
L 2"[(X‘,‘jcﬁ) sint+ 1]" cos’wdt

(90)

7 See experimentation below for typical values of X,/d
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With small values of X;/d and n, the integral in the above denominator has a value

close to & (see footnote 4). Finally, one notes that C,, becomes a constant if the exponent

of d is made zero, i.e.
n=PB-1)2 (91)

The next section applies this new damping model to a sprag clutch.
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4. APPLICATION OF THE NON-LINEAR DAMPING MODEL TO A SPRAG
CLUTCH

a. System Description

To facilitate the understanding of the following analytical and experimental aspects
of this investigation of the energy dissipation in a sprag clutch, the construction and function
of the associated modified press feed mechanism is first briefly described. (For a description
of the original mechanism, see Chassapis and Lowen, 1990.)

Figure 19 shows that the input side of the sprag clutch is driven by a spatial RSSR
linkage with a straight coupler, while its output side drives the feed rollers which advance
the strip stock into a power press. The action of the clutch must be such that it advances the
stock during the forward stroke of the mechanism and that it stands still, i.e. over-runs,
during the return stroke. In order to prevent the overshooting of the stock during the forward
stroke, the feed roller shaft rotation is opposed at all times by the indicated constant torque
brake. The mathematical mode! of the clutch makes use of the following nomenclature:

(1) The input side, as represented by the outer race, experiences the known angular
displacement ¢,, which is a function of the input angle ¢, of the rigid body RSSR linkage.
b4z represents the rocker/outer race angle at the beginning of the forward stroke.

(2) The angle ¢ is associated with the output side, which is represented by the inner

race and the feed roller shaft.
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Figure 19 Schematic Diagram of Feed Mechanism with Sprag Clutch
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(3) The clutch elasticity, which is due to the sprags, is expressed with the help of the
spring torque (as shown by Chassapis and Lowen, 1990) as:
T = K(9s- 9.
Note that this expression represents the torsional form of equation (75), adapted to the
relative motion of the clutch, with § = 3/2.

(4) T, represents the combined brake and referred table friction torques. The latter is

due to the sliding of the stock over the feed table in the experiment.

b. Mathematical Model of Sprag Clutch with Non-linear Damping

Considering the clutch-brake system of Figure 19 with the assumption of non-linear
damping between the driving outer and the driven inner race and neglecting the small bearing
friction, one obtains the following differential equation for the motion of the feed roller shaft

during the forward stroke:
T b5+ Couds~ 4. (b5 - bo) + K(9s - ,)" = T, (92)
where J is the combined moment of inertia of all components on the clutch output side. It

includes the inner race of the clutch, the feed and pressure rollers and their associated shafts,

the moving parts of the brake as well as the referred moment of inertia of the strip stock.

The time ¢, of the start of motion of the output side occurs when the damping and the

spring torques have overcome the retarding action of the combined resisting torque. This
condition is represented by the following modification of equation (92), with ¢, = ¢,,,., and

its derivatives set equal to zero:

Coi( B4 mar = D4(10)) $ulte) = K(@gmas = 04(1))2 + T, = 0 (93)
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The dynamic behavior of the clutch is best described as a function of the wind-up
angle ¢s,, which represents the relative motion between the two unidirectional rotations ¢s

and ¢, i.e.:

Gsa = b5~ b, (94)
To this end, one now subtracts J ¢, from both sides of equation (92). This leads to:

T s+ Culdubsi + Kbgie = ~J 4, + T, (95)

The associated initial conditions become:

¢514(to) - ¢4 max ¢4(‘o) (96)
and
bs/alto) = ~b4(to) (97)

c. Determination of Damping Parameters

To determine the damping parameters C,; and n for the clutch, equation (90) must be

first changed to reflect the nomenclature of the clutch. Thus, M becomes the moment of
inertia J, and X; and X,, become ®;,;, and ®s,,,,, respectively, where Ps,y;, represents the

oscillation amplitude of the windup angle about its local preload displacement §. In addition,

q) i+
R = _SMien)
Dy
Then,
2VJIKP 1-R (
C, = -n+(B-1V2
y TR ° (98)

- 21
Jo [(Ps/ganyd) sint + 1]" cos’ wdt
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With B = 3/2, as indicated earlier in section 4(a), equation (91) gives:

nel
4

Further®,

2x, Q v4
I (%sint + 1) cos’tdimnt (99)
0

Finally, equation (98) for the damping coefficient becomes:

1 (1-R)
Cu=> V&K 2R (100)

The value of the amplitude decay ratio R must now be determined by experiment.
d. Experimental Setup

The experimental setup is essentially that described earlier in section 7c of Part I. For
present purposes, only the angularencoders and the dataevaluation system are of importance.

Each of the three angular encoders, which are attached to the mechanisms input shaft,
the rocker shaft and the feed roller shaft, respectively, are able to furnish pulses for every
0.036 degree of angular motion. In addition the input shaft encoder provides a signal when
¢, =0°.

The angular encoder data acquisition system has a sampling rate of one micro-second
for each of the channels. It is capable of storing and subsequently transmitting to a PC the
following data for a complete mechanism cycle:

(1) The time associated with each 0.036 degree rotation of the mechanism input angle ¢,,

8 For 0 s ®,,/d < 1, the integral has values between &t and 3.04.
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with zero time corresponding to ¢, = 0°.
(2) The time associated with each 0.036 degree of forward rotation of the rocker link (clutch
input) angle ¢,.
(3) The time associated with each 0.036 degree of forward rotation of the feed roller (clutch
output) angle ¢s.

An appropriate algorithm (see Appendix I) makes it possible for the PC to establish
the windup angle ¢, as a function of the mechanism input angle ¢, for the forward stroke
of the machine by way of obtaining the angles ¢,, ¢, and ¢ which correspond to a given

time in the cycle.

e. Experimental Determination of Amplitude Decay Ratio

Figure 20 shows three typical experimentally obtained plots of the windup angle ¢,

vs. the input angle ¢, during the forward stroke of the mechanism. In order to highlight the
physical lag of ¢s with respect to ¢,, the sign of the windup angle is changed in all figures.
Note the typical local preload displacement & of the uppermost curve and that the ratio
D;,4;y/0 is smaller than unity.

In each of these runs a 0.635 cmx10.15 cm (0.25 inx4.00 in) steel strip of
3.9 m (12.8 ft) length was used at a speed of 72 RPM. The approximate resisting torque
was varied from T, =9.0 N-m (80 Ib-in), to 28.2 N-m (250 Ib-in) and
41.8 N-m (370 Ib-in) (see below). This was done to show that the amplitude decay ratio is
essentially constant and not influenced by the value of the preload displacement &, which

is mainly a function of the combined resisting torque.
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Figure 20 Typical Experimental Curves of Windup Angle vs. Input Crank Angle
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In order to determine the overall average amplitude decay ratio, five separate runs
were made for each of the brake settings and the average amplitude decay ratios ®g;y5y/Ps/4(2
D144 Psa3) and D5/ P54y Were obtained by the procedure described in Appendix K. The
first amplitude ®s,,, was not used, since it was found to be too much influenced by the

overall elastic deflection of the mechanism. Table 2 shows the results of three tests.

Decay Ratio T,=9.0 N-m T, =282 N-m T,=41.8 N-m
(80 Ib-in) (250 Ib-in) (370 Ib-in)
(Psa0Y Ps/42) g 0.681 0.657 0.701
(Qs,«‘/d)s,«,))m 0.661 0.672 0.671
(Pssasy Psra0)) g 0.656 0.667 0.647
Overall Average Amplitude Decay Ratio R= 0.669

Table 2 Determination of Amplitude Decay Ratio
Clearly, the amplitude decay ratios are fairly constant within the test range and one

may use the overall average value for

R = (DS/l(ioly/q)s/«,') = (.669.
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f. Determination of Damping Constant

According to equation (100), the value of the damping constant becomes, with

R = 0.669:

C, =0.155VKJ (101)
The moment of inertia of the clutch output side, including the referred inertia of the strip
has been calculated to be:

J =0.092 N-m-sec?-rad™ (0.815 Ib-in-sec’-rad™*)

Further, according to previous experimentation on the torque curve of the clutch (Chassapis

and Lowen, 1990) and recent dynamical refinements involving the local linearized natural

frequencies, the approximate value of the stiffness constant is found to be:
K = 22580 N-m-rad™? (200,000 Ib-in-rad™?)
Then, equation (101) gives:

C,; = 7.065 N-m-sec-rad™™"* (62.6 Ib-in-sec-rad™")

g. Comparison between Computed and Experimental Results

In order to obtain the numerical results of equation (95) as functions of the input crank
angle ¢, for comparison with experimental results, the following modifications of this

expression must be made:

d2¢5/4
d¢i

d¢5/4

12
J ¢ 19,

+Coub by — +Kbye= T4, +T, (102)

Similarly, the initial conditions given by equations (96) and (97) are modified:
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G5 9:(2)] = b4 — DL1(5)] (103)
and
¢59:(5)] = —4[0,(1)] (104)

Because of the previously noted mechanism deflections at the beginning of motion
the above initial conditions are taken from the experimental data. Once the motion of ¢
starts, the rocker angular acceleration @, is determined as a function of the crank input angle
according to the work of R.S. Hartenberg and J. Denavit (1964), using the dimensions of

the RSSR mechanism given in Table 3.

a, a, as 5 S S3

2.477cm 81.478 cm 11.43cm 5.715cm 0.00cm 79.566 cm

(0.975in) | (32.078in) | (4.5in) | (225in) | (0.0in) | (31.325in)

Table 3 RSSR Linkage Dimensions

Due to the difficulty of experimentally measuring the resisting torque accurately for
a given run, it was decided to determine this quantity by varying it in the computations until
the computed preload windup angles matched with the experimental ones.

Figure 21 shows four comparisons between experimental and computed results. In
eachcase the mechanism speed was 72 RPM and the matching values of the resisting torques,
used in the computations, were found to be 5.9, 28.2, 41.8 and 53.1 N - m (52, 250, 370
and 470 lb-in).
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Figure 21 Comparison between Experimental and Computed Results of
Windup Angle vs. Input Crank Angle at 72 RPM
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Figure 22 Comparison between Experimental and Computed Results of

Windup Angle vs. Input Crank Angle at 197 RPM
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Figure 22 shows similar comparisons at 197 RPM and matching resisting torques at
9.6, 41.8 and 67.7 N —m (85, 370 and 600 1b-in).

It is interesting to note that in Figure 21, where the speed is low and with that the
inertia contribution to the resisting torque stays small, the associated preload displacement
o is fairly constant in the individual runs. This is not the case in Figure 22, where the upward
slope of the preload displacement is due to the substantial, but diminishing inertia torque
as the forward stroke proceeds.

Clearly, the graphs in both figures show very good agreement in amplitude and fre-
quency after the first half cycle. This lack of agreement during the first half cycle is again

due to the previously discussed mechanism deflections.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



88

5. LACK OF GENERALITY OF LINEAR DAMPING MODEL FOR SPRAG
CLUTCH

The following demonstrates, by way of a relationship between C, and C,,, that the

linear damping model is less general since it requires the knowledge of the preload dis-
placement d.

As the energy dissipation must be the same, one can find the above relationship, for
the present non-linear system, by equating the work W, done by the linear damping force

of equation (84) with that done by the non-linear one, according to equation (87). Thus,

1| r X "
C,-;U- (lsin-n 1) cosztdt]é"C,,, (105)
o \ O

With n = 1/4, the integral can be approximated by =, as stated earlier, and one obtains
C,=d"C, (106)
Clearly, C, is not a "damping constant", but depends on 8, while C,, has been shown

to be constant. If one still wishes to use the linear damping model, one must be aware of

the fact that C,; changes with 9.
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6. CONCLUSIONS

This investigation, which concerned itself with the influence of preloads on the energy
dissipation in non-linear stiffness systems and with that the determination of the best
damping model for such systems, allows the following conclusions:

(1) Based on the concept of interchangeable potential energy it has been shown that
for non-linear stiffness system the energy dissipation per cycle is not independent of the
preload displacement. This dependence on preload was not found for linear stiffness systems
and therefore a viscous damping model is adequate for them.

(2) If such a viscous damping model is applied to a non-linear stiffness system, the
work of the damping force per cycle depends on the preload displacement in a different
manner than the corresponding energy dissipation. This leads to an undesirable variable
damping coefficient, which is a function of the preload displacement.

(3) To minimize this dependence of the damping coefficient on the preload dis-
placement, a new damping model, which is a function of displacement and velocity, has
been introduced. Its work per cycle is related to the preload displacement in approximately
the same manner as the comresponding energy dissipation. This approach may be used
regardless of the value of the exponent f§ as long as X/0 < 1.

(4) When this new damping force, with its constant damping coefficient, was incor-
porated into a sprag clutch model, it was found that the resulting computational results for
the windup angle agreed well with experimentally obtained ones.

(5) In conjunction with this sprag clutch investigation, the pre-condition of a constant
amplitude decay ratio for different preload displacements could also be experimentally

verified.
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1. INTRODUCTION

a. Background and Outline of Present Work

The work by Chassapis and Lowen (1990) used a "lumped" spring-mass model of a
over-running sprag clutch’, in which the presence of the sprags is disregarded, in their
mathematical simulation of a press-feed mechanism. The torque of the clutch was exper-
imentally found to be proportional to the 3/2 power of the windup angle (the difference
between input and output rotations) and its energy dissipation was described by a linear
damping model. A subsequent effort by Xu and Lowen (1992) showed that a non-linear
damping model, together with the "lumped" spring-mass description of the clutch gave better
agreement with experimental results.

The present paper represents, to the best knowledge of the authors, the first attempt
ata complete mathematical model for an over-running sprag clutch. It considers the inertias
of the sprags and the output race, the Hertzian contact forces between the sprags and the
races and the previously developed non-linear damping model.

In order to express the Hertzian contact forces in terms of the windup angle, the work
of Stoelzle and Hart (1961) is adapted. It assumes that the motion of all clutch components
can be expressed by way of an epicyclic train model in which an imaginary arm rolls the
planet wheel (sprag) between a sun wheel (inner race) and a ring wheel (outer race), as the
local deformations due to the contact forces between sprags and races provide the needed

"clearance" for motion.

9 Throughout this work a Formsprag Indexing Clutch, Model HPI-500, is involved.
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The resulting differential equations allow both the determination of the clutch output

rotation and of the windup angle histories for a given input motion.

b. Previous Work

Previous work has dealt essentially with geometric and static properties of these
mechanisms, which are used in the transmissions of automobiles, aircraft, helicopters and
pump power trains, as well as in power press feed mechanisms. The only known dynamic
analysis deals with the critical driving acceleration of the clutch at the start of the forward
motion (Williams et al, 1973).

Along these lines, R.L. Daniels (1957), in his first paper, discussed the basic geometry
of the sprags and defined locking and over-running conditions. He pointed out that, in order
to get safe locking the strut angles (see angles a and f in Figure 24) should be small, while
for maximum torque transmission they should be as large as possible. In addition, this author
showed that for the circular arc type sprag the strut angle increases as locking proceeds.
Finally, he reported that experimentation has shown the need for a sprag cage to assure
simultaneous engagement of all sprags. In a later paper (1967), the same author describes
various applications of sprag clutches.

F.A. Ferris (1973) gave much useful information on sprag geometry, material selection
and clutch lubrication, as well as the design of energizing springs. He also stressed the need
for a sprag cage.

V.A. Novikov (1973) showed how to determine sprag radii as well as the associated
eccentricities which will keep the increase in the strut angle at a minimum as the sprags
rotate into locking. In a later paper (1977), together with A.K. Radzhapov, the same author

extended the above optimization to sprags with logarithmic spiral and involute type profiles.
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The book by K. Stoelzle and S. Hart (1961) deals in general with all types of over-
running clutches and provides a good deal of information on their design and operation. As
stated earlier, the present investigation uses their work concerning the dependence of the
windup angle on the contact deformations at the sprag-race interfaces.

In the first of the only set of papers which deal with the dynamics of the sprag clutch,
F.C. Williams, D. Tipping and T.A. Henry (1973) showed, with a simplified model, that
whenever the acceleration of the driving race, just after motion reversal of the clutch, is
greater than that which the friction driven sprag contact point can reach, the clutch may
become unstable. In a second paper (1975), the same authors demonstrated that the
occurrence of this instability, may be avoided by the introduction of a sprag retainer cage

which rotates with the velocity of the driving race.
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2. CLUTCH DESCRIPTION

Figure 23 shows a manufacturers cut-out view of a complete sprag clutch, while Figure
24a gives a simplified schematic of its basic components. Such a clutch allows motion to
be transmitted in the "forward" direction, while it over-runs in the other. It consists of an
outer race of contact radius R,, a full complement of sprags, as well as an inner race of radius
R;. Its one-way action ideally occurs as the outer race causes the variable diameter sprags
to roll into a wedging position between it and the inner race and when the driving torque on
the outer race is sufficient to overcome the resisting torque T on the inner one. When the
clutch is in the overrunning mode, the outer race reverses motion and rolls the sprags out
of engagement. Subsequently the sprags slide over the inner race without transmitting any
motion.

The angular displacements of the outer and inner races are described by the angles ¢,

and ¢s, respectively. As Figure 24b indicates, at the beginning of the forward motion both
angles coincide at the arbitrary position ¢,,. Because of the resisting torque T on the inner
race, ¢, will be "ahead" of ¢ at all times during normal forward operation. This makes the
windup angle ¢, = ¢s — ¢, a positive quantity at all times.

The centers of sprag curvature C, and C; are offset from each other to assure the needed
variable sprag diameter. The associated strut angles o and p are expressed with respect to

a line connecting the inner and outer contact points I and O, respectively. It is assumed that

the center of mass C, of the sprag lies at the center of this line.
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Figure 23 Formsprag Indexing Clutch Model HPI-500
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Figure 24 Schematic of Sprag Clutch (All Forces Shown to Act on Sprag)
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In the assembled clutch, a retainer cage spaces the sprags and a garter spring pushes
them outward. Because of the eccentricity h of the spring force F,, the individual sprag is
rotated such that it makes contact with both races and is in the appropriate position when

the "forward" motion starts.
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3. DETERMINATION OF NORMAL CONTACT FORCES

Before the differential equation of motion of the mechanism can be derived, it is
necessary to determine the normal contact forces N; and N,, shown in figures 24 and 25.

The contribution of the spring force F, to the normal contact forces is disregarded,

since it is very small when compared to the Hertzian forces, which are a consequence of the
winding up of the clutch.
Each of the contact forces has the following two components:

(1) N, and N, which are due to the Hertzian contact deformations after the clutch

engages. Both of these forces may be assumed to be equal since the contribution of the sprag
related radial D’Alembert force is small when compared to that causing the local defor-
mation. Thus, N, = N, = N,.

(2) N, and N, are contact damping forces which account for the energy dissipation

during the Hertzian deformations.

Each of these component forces will now be discussed in some detail.

a. Hertzian Contact Force N,

In order to express the contact force N, in terms of the windup angle ¢s,,, the work of

Stoelzle and Hart (1961) is adapted. It assumes that the motions of all clutch components
can be expressed by way of an epicyclic train model in which an imaginary arm rolls the
planet (sprag) between a sun (inner race) and a ring (outer race), as the local deformations

0, and d, at the inner and outer interfaces, respectively, provide the "clearance” for motion.
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Figure 25 Free Body Diagrams of Sprag and Inner Race in Locking Mode
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Appendix L shows that in this way the windup angle becomes proportional to these
deformations, i.e.

R, +R;
R.R;

where D, and D; are clutch geometry dependent constants.

¢5 - ¢4 - Rs(Dobo +Di6i) (107)

Since the extruded steel sprags are not further machined after heat treating and since
one cannot assume perfect assembly of the clutch, it is impossible to state with certainty
what the real nature of the contact mode between the sprags and the races is.

Fortunately, the results of previous clutch experimentation (Chassapis and Lowen,
1990), which shows that the torque transmitted is nearly proportional to the 3/2 power of
the windup angle, suggest an approach for overcoming this difficulty. Appendix M compares
torque curves based on assumptions of line, single point and two point contact between
sprags and races with the experimental torque curve. It could be shown that while neither
line nor single point contact assumptions agree with experimental results, a two point contact
postulation, which furnishes a 3/2 power relationship, is most desirable for this purpose.
(The torque curves for line and single point contacts are either much stiffer or softer,
respectively, than the experimental one.)

Appendix M shows that, for the two point contact assumption, the Hertzian contact

force may be expressed in the following form:
N, = G(¢s- 4" (108)

where G is a stiffness related constant, given by equation (M.14) in Appendix M.

b. Contact Damping Forces N, and N,
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As indicated earlier, the present author and G. Lowen (1992) have shown that, when
dealing with non-linear spring-mass systems which oscillate about variable preload
positions, as occurs in the clutch due to load changes, the energy dissipation per cycle
depends on these preload displacements. It was further found that if a linear damping model
is used in such cases, the damping coefficient becomes a function of the preload
displacement. To eliminate this dependency, it was demonstrated that the damping force F,
is best expressed as a function of the displacement x as well as the velocity X of the mass,
i.e.:

F,=C,x"x (109)
where C,, is the damping constant for this non-linear model and n an exponent which depends
on the exponent of the non-linear spring force of the form Kxt.

When this formulation was applied (Xu and Lowen, 1992) to the "lumped" sprag clutch
model with p = 3/2, n was found to be 1/4 and the damping torque T, could be expressed

as:

T, = Co(9s—00)" (b5~ ) (110)
The energy dissipation due to damping in the present "distributed" system, where it is
assumed to take place at the contact interfaces between the sprags and the races, must be
the same as that in the earlier "lumped" one. Therefore an expression for the contact damping
forces N, and N, at each sprag may be obtained by dividing equation (110) by the number
of sprags Z and one of the race radii, together with its associated strut angle, i.e.:

N N d Td Cnl
@47 ZRa ZR,B ZRa

(¢5 - ¢4)m (¢5 -‘bd) (111)
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4. EQUATION OF MOTION
a. Derivation of Equation of Motion

This section gives a derivation of the equation of motion of the inner race of the clutch
when the input motion of the outer race is a known angular displacement in the direction of
locking and the inner race motion is opposed by a resisting torque T. It is assumed that the
sprags roll on both races from the inception of motion and that the rolling resistance is small
and may be neglected.

The torque equation for the inner race, according to the free body diagrams of Figure
25, is given as follows:

T -ZRF; =J.é, (112)
In order to obtain an expression for the friction force F;, it is best to write a torque

equation for the forces acting on the sprag with respect to the accelerated point O on the
sprag. Since there is rolling at this point its absolute tangential acceleration equals R,¢,.

Then, according to Becker (1954), one obtains:

(Ro - Ri)z] 1 1

—Fi(Ra_Ri)+Ni(Ro-Ri)a- [J,"’m; 4 ¢;—_2.ms(Ro_Ri)Ro$4 (113)

where ¢,, the absolute angular acceleration of the sprag, is defined with the help of the
epicyclic train model as:

1
R,-R;

$, = [R,$.- R (114)

Equation (113), together with equation (114), furnishes the desired expression for F;:
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J: . . m; . - m, -
F.‘ - ‘m(Ro% 'Ri%) - T(Ro¢4 - R.'¢s) + ?Ro¢4 + “Ni (115)

The above is now substituted into equation (112), i.e.:

. s

- .. omg . -
Jigs=T-ZR, 'm(Ro¢4‘Ri¢s)+'I(Ro¢4+Ri¢s)+aN; (116)
According to equations (108) and (111), the resultant normal force N; is given by:

N;=N,+Ny= G(¢s"¢4)m+

C, .
ZRoq (s 40" @s-4) (117)

Substitution of this expression into equation (116) leads to the final differential equation

for the inner race motion:

A s +C (s~ 4" (5 - 9,) + AR ZG (s - 9,)" = T + A9, (118)
where

2 2
A, =J, ~m (119)

] +—
" R,-Ry° 4 7
and

ZR} ZR,
= 0 J’ - rRo m’ (120)
- (Ro _R£)2 4

This differential equation becomes active only after the driving torque has overcome
the resisting torque, acting on the output shaft. The associated starting time ¢, can be obtained
from equation (118) by setting ¢ equal to ¢,,, the angle of ¢, at 7 = 0 (see Figure 24b), and
letting ¢ and ¢5 be equal to zero. This furnishes:

“Cul[¢‘40 - ¢4(’;)]m‘$4(’:) + OR"ZD [¢Ao - ¢4(’;)]m -T “Az‘i’a(t,) =0 (121 )

Then the initial conditions for equation (118) become:
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95(1) = ¢y (122)
and
bs(t,) =0 (123)

To obtain the differential equation for the windup angle ¢, = (¢5 - 9,), whose time

history has been found to be most useful for comparison with experimental results, the term
A, ¢, is subtracted from both sides of equation (118). This leads to:

Adsa+ Cubsabs + ARZD5, = T +(A;, - A4, (124)
The starting time ¢z, is again found with the help of equation (121) and the now applicable

initial conditions are given by:

PDsia(t,) = oo — 94(1,) (125)
and
4’5/4(’;) - -4, (126)

b. Influence of Sprags in Differential Equations

To obtain insight concerning the importance of the sprag parameters contained in the
coefficients A, and A,, it is best to consider the magnitudes of the various parameters in
equation (124). Table 4 makes this possible.

Table 5 lists the component magnitudes of the coefficients A, and A, as well as the

resulting magnitude of (A, -A,). It is to be noted that the value of J; only represents the

moment of inertiz of the inner race assembly of the clutch (see below).
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Clutch Parameters Sprag parameters Material Properties
R, =1.349in R, =0.1878in E;=E,=E =30x10° psi
R; =0.9735in a = 0.0224in v,=v,=v,=0.3
Z=24 L, = 0.864in
a=0.07rad L, =1.087in
B = 0.05rad m, = 5.67 x 107 1b-sec?/in
J, =8.71 x 107 Ib-sec’/in

Table 4 Clutch Data for Formsprag Indexing Clutch Model HPI-500

7 ZR‘? ZR,-z
i +—J, +——m,
Al - (Ro —Ri) 4
34.7x 107 1.405x10™* 3.224x 107
ZRR, ZRR,
+——ZJ, - m,
AZ - (Ro _Ri)
1.947x10™* ~-4.4677x 107
A -4, -J;-7.15x10™

Table 5 Component Magnitudes of Coefficients
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Accordingly, the sprag contribution to A, is 13 percent, while (4, - A,) is 20 percent

larger in absolute value than the given value of J;. Normally, the value of J; is considerably
larger due to the referred moment of inertia of the parts driven by the clutch output. For
example, when then clutch was used in a press feed mechanism to advance a 12 foot long
steel strip of 0.125 by 1.000 inch cross-section, the total value of J; was equal to
1907 x 10™*Ib-sec? /in. Clearly, under those circumstances the influence of the sprag mass
can be neglected and one may use the "lumped" form of the windup angle equation, given

in Xu and Lowen (1992) i.e.:

T+ Cosiidsa+ K= T -J b, (127)
The above spring constant K is obtained with the help of the expression

K =aRZG =pR,ZG

of equation (124) and equation (M.14) of Appendix M.
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5. CONCLUSIONS

(1) A complete mathematical model for a sprag clutch has been developed. It includes
the sprag and inner race inertias, the Hertzian contact forces and the previously determined
non-linear damping model.

(2) Comparison with experiment has shown that a line contact model between the
races and the sprags, which one would normally assume, is not valid and that a two point
contact assumption gives a better description of the existing Hertzian contact mode.

(3) Whenever the total referred moment of inertia of the inner race is much larger
than that of the sprags, the earlier developed "lumped" model of the clutch yields satisfactory
results.

(4) The two point contact model makes it possible to rationally estimate the spring
constant K for the "lumped" model. The associated analytical expression indicates the

influence of the various clutch parameters on the clutch stiffness.
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PARTIV

A PRACTICAL ANALYTICAL APPROACH
FOR THE DETERMINATION OF THE TRANSIENT
RESPONSE IN ELASTIC MECHANISMS
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1. INTRODUCTION

Work on multi-regime per cycle machinery containing elastic links has made it clear
that in this type of systems the contribution of the transient response of the link deflections
cannot be neglected (Chassapis and Lowen, 1990).

This represents a new departure in machine science, since most previously considered
elastic mechanisms (Erdman and Sandor, 1972, Lowen and Jandrasits, 1972, Lowen and
Chassapis, 1986, Thompson and Sung, 1986) were assumed to run without any sudden
changes in the loading conditions or mechanism configuration. Transient responses occurred
only during the starting of the machine and since they disappeared after a few rotations of
the input link, they were not considered to be of great importance.

Based on mathematical work by Whittaker (1944), this paper shows a practical analytic
approach for obtaining such transient responses by way of the determination of the char-
acteristic exponent in the stable regions'® of the Floguet solution to Hill’s equation, which
arises from elastic mechanism problems.

This technique, together with the known analytical solution of the steady state response,
due to Kotowski (1943) and applied to mechanism by Jandrasits and Lowen (1979), makes
it possible to get a complete analytical solution for forced Hill-type differential equation. It
further allows the separation of the response components after the constants of integration
have been evaluated and with that one may investigate the influence of the various mech-
anism parameters on the shape of the transient response alone. This separation is not possible

by strictly numerical integration of the differential equation.

10 Industrial machinery is confined to operate in stable regions.
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To start with, this paper gives a brief review of the results of Floquet theory, pertaining
to Hill’s equation. This includes the form of the general solution, the various possibilities
for the characteristic exponent, as well as the determination of the 25t and 4n periodic
instability boundaries by way of Hill’s determinant.

Subsequently, the new technique of obtaining the characteristic exponent in the stable
regions is presented.

Finally, an application to a specific mechanism problem, introduced by Badlani and
Midha (1983), is given. In it the time portion of the product solution for the deflection of
an elastic connecting rod takes the form of a Mathieu equation. Using dimensions similar
to those used by Thompson and Sung (1984), complete calculations for a number of sample

responses are carried out.
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2. BACKGROUND

The solution to the partial differential equations for the lateral deflections of elastic
mechanism links is usually obtained by way of a product solution method, such as that of
Kantorovich (Jandrasits and Lowen, 1979). By assuming shape functions, the resulting
expressions for the time functions are governed by a set of damped, forced and coupled
Hill-type differential equations.

When only the fundamental mode of the shape functions needs to be considered and
damping is neglected"!, the homogeneous portion of the resulting equation becomes a

standard Hill’s equation:

-

y
d¢2+[7~ +p(¢)y =0 (128)

In the above, the unknown y is a time function associated with the link deflection and

the independent variable ¢ represents the mechanism inputangle. The coefficient A is usually
expressed by the ratio w%/§?, with w the first natural frequency of the link and ¢ the input
speed of the mechanism. The time dependent coefficient p(¢), which is a function of the
loading conditions, the mechanism geometry and the shape function associated with the link

deflection, is 2 periodic.

11 A damped Hill’s equation can be easily transformed into a standard one (Magnus and
Winkler, 1966).
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Floquet theory (Strutt, 1932, Klotter, 1941, Whittaker and Watson, 1944, Bolotin,
1964, Magnus and Winkler, 1966) shows that for stable as well as unstable regions the

general solution of Hill’s differential equation has the form:

y() = Be™p,(4) + Ce™py(9) , (129)

where B and C are constants of integration and p,(¢) and p,(¢) are 2z periodic functions.

The exponent p is known as the characteristic exponent, which is generally of the form

a +ib. This gives rise to the following well known possibilities:
(1) If a is not equal to zero and b has the value k/2, where k = 0,1,2,3, ..., the solution lies
in an unstable region.
(2) If a is equal to zero and b has the value k/2, where k = 0,2,4,6, ... even, the solution
lies on the 2x periodic boundaries of an associated 2 periodic region of instability. (Recall
that for large values of A, the two boundaries may be interpreted as coincident.)
(3) If a is equal to zero and b has the value k/2, where k = 1,3,5, ... odd, the solution lies
on the 4x periodic boundaries of an associated 4x periodic instability region. (Again if A is
large, the two boundaries coincide.)
(4) If @ is equal to zero and b has values other than k/2, where k = 0, 1,2, 3, ..., the solution
lies within one of the stable regions.

In order to obtain the complete solution to Hill’s equation as well as the above stability

boundaries, the function p(¢) is first expanded into a complex Fourier series:

p@)= 3 g™, (130
where

1 2x .
d= gz [, PTG (m=021,22,23,..) asn
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Note that the g, are equal to the conjugates of the g__.

If one now expresses the solution functions p,(¢) and p,(¢) as complex Fourier series,

ie.:
P®) = :2: ce™ (132)
and

Pi®)= 3 b, (133)

the general solution of Hill’s equation (128), together with equation (129), will have the

following form:

y(¢) = Be** § ce™+Ce™ § be™* (134)

Substitution of equation (134), together with equation (130), into Hill’s equation (128)
leads to the following two systems of simultaneous equations in terms of the c, and b,,

respectively:

[(p.+in)2+)\]c,,+ > a,.,..=0 (n=..-3-2-1,0123,..) (135)
and
[w-inY+Nb,+ S ab, =0 (n=...,-3,-2,-1,0,1,2,3,...) (136)

Since only the stable solution, for which p must be imaginary, is considered here, one

can show that equation (136) is equivalent to:

[u+iny+Nb,+ 3 @b =0 (n=...=3,-2,-1,0,1,2,3,..) (137)

”m -

where b_, is the conjugate of b_.
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Comparison of equations (135) and (137) indicates that only one of these equations

needs to be solved, if one defines the relationship of the solution coefficients as:

c,=b, or b_=c, (138)

-

Equation (135) is now written in matrix form:

(TR Ty P § a, a, a, a, a ag Ale,
a, M-2Y+a,¢r a, a, a, a, a 1l
a, a, W-iYea,+h a, a, a, a, Ales
a, e, e, wleage h -, a, a, Jl{w]=0
a, a, a, a, ®+ifsay+er a, a, Jl e
a, a, ay a, a, (M+2) +ageh a, €
a, ay a, a, a, a, W+3if+a,4r . S

(139)

Recall that the above infinite coefficient determinant is known as Hill’s determinant
and that its value must be equal to zero for the non-trivial solution of the c,. Further, if the
value of p is known, the coefficients c, of the series solution may be readily determined in
terms of ¢, as well as the cofactor of the determinant.

The stability boundaries for a given system result from the eigenvalue solution of the
coefficient determinant for A with p=i(k/2) (k =0,1,2,3,...). Since the use of various
values of odd or even k’s only implies a shift of the center of the infinite determinant, it is
practical to solve for the 2t periodic boundaries by letting p = {0. Similarly the 4z periodic
boundaries are obtained with p = i/2 (Jandrasits and Lowen, 1979).

Figure 26 shows a typical "stability line" which relates the stability boundaries as well
as stable and unstable regions, associated with ascending numbers of k, to the value of A,

i.e. the mechanism speed.
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----- Rt e B e B e B : z
k: 01 1 2 2 3 3 4 4 5 6

solid line - stable region, dashed line - unstable region: vertical lines - stability boundaries

(k=even: 2n periodic boundaries, k=odd: 4n periodic boundaries)

Figure 26 Typical Stability Line
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3. DETERMINATION OF CHARACTERISTIC EXPONENT IN STABLE
REGIONS

After dividing the typical row of the zero valued Hill’s determinant of equation (139)
by (ao+A- n?) to secure convergence, one obtains the following Hill’s determinantal

equation, which allows the computation of p when A and a,, are known from the physical

problem:
(u=-3if+a+ A a, a. ay a, a a,
ag+A-32 ag+A-3 o+ A=-32 Gy +A-3 aeeA-3? ay+A-3 g4+ A-3
a, (B=2 +ap+ A a, a, a.y a a.s
g+ h=2? ag+A-2 g+ A=-2 Gy +A=22  gy+A-2} ag+A-2% Gg+A-22
a; a, (M-if+ay+d a., a.; a.y a.
ag+A-13 g+ A-13 g+ A-1? G +A=12  ag+A-1? a+A-13 g+ A-1
A=l a, a, a, Weag+ A a, a_; a -0
ay+ A Qg+ A Qg+ A Qg+ A ag+ A Gy + A Go+ A
a, ay a, a, (B+if+ap+ A a, a.,
g+ A~13 Go+A-1? G+ A= 1? G +Ah=-1  gger-1? Gg+A-12 ag+A-1?
as a, a, a, a, (+2+g.4 A a,
2+ A=-22 ag+A-2} g+ A2 ay+A-2% gy +h=2° ay+A-22 ag+A=-2
a, ag a, a, a, a, (M+3ifsag+r
ag+A-3° ag+A-3? Gy+ A-3° Gy+A=-3 ag+h-3° Go+A-3% ag+ A-%
(140)

Whittaker (1944) has shown mathematically that the above determinant A(u),

regardless of the value of p, can be expressed by way of the following formulation:

A(u) = A(0) - sin’(sui p) cosec’(my/A + a,) | (141)
where A(0) is the value of this determinant for p = 0 and known values for A and a,,. This
determinant A(0) will yield a real value since its conjugate TO) is identical to A(0). For
equation (141) to hold, the coefficient sum ) a,, associated with function p(¢) must be

absolutely convergent, which is always the case in elastic linkages.
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The present work shows for the first time, to the best knowledge of the author, how
this relationship may be applied for the determination of the characteristic exponent u in
the stable regions.

Since A(n) must vanish according to (140), equation (141) becomes:

sin(mip) = +VA(0) sin(mv/A + a) (142)
This furnishes sets of positive and negative p's of the same absolute value. Since the use of
either of these p’s yields the same solution from equation (134), only the positive p will be
considered in the following.

It is further to be noted that the value of p changes in all stable regions from i(k/2) at
the left boundary to i(k + 1)/2 at the right one. Therefore, for a practical application, it is

useful to define
. (k . . .
U=bi= 5+A i (see case 4 of section 2 in Part IV), (143)

where A is considered positive and represents the change of the value of p from that at the
left boundary to that at any point in the given stable region.
When expression (143) is substituted into equation (142) with the intention of obtaining a

positive A, one finds that:

sin(nd ) = VA(0) | sin(nmy/A +a,) |  (k=even) (144)
and
cos(n4 ) = VA(O) | sin(nyA +ap) |  (k=odd) (145)

As the restoring force during the elastic bending deformation of a link is always
opposite to the displacement, the value of A must be positive and larger than| g, |. In addition,

to obtain a real non-zero value of A, which assures a stable solution of Hill’s equation, the
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value of A(0) must be greater than zero and the absolute value of [\/A(0) sin(wy/A + ag)) MUSt
be smaller than unity. With the above, equation (144) furnishes for A:

A= %sin"[\/A(Oi | sin(mv'A +ay) [] (k=even) (146)
while equation (145) leads to
A= %cos'l[\/A(O) | sin(mv/A + ap) [1 (k=odd) (147)

Thus, for the determination of u within any of the stable regions, the following steps
should be taken:
(1) After finding both the 2x and the 4zt periodic instability boundaries in terms of A, draw
a "stability line" of the type shown in Figure 23.
(2) Determine the value of k of the left instability boundary of the stable region under
investigation with the help of the "stability line".
(3)If k = 0,2,4,... even, use equation (146) with the given value of A to determine A.
(4)Ifk =1,3,5,... odd, use equation (147) with the given value of A to determine A.
(5) The value of p can then be obtained by substituting the values of k and A, of parts (3)
or (4) above, respectively, into equation (143).

Finally, since only the solution in the stable region is considered, where p is always

imaginary, the complex series solution form (134) is best converted, according to Euler’s

identity, into the real form:

y@) =D, 3 [o,cos(| | +n) - B,sin( u | +n)4] +

+D; 3 [a,sin u] +n)+ B, cos(| | +n 4] (148)

where a, and B, are the real and imaginary parts of the complex solution coefficients c,,
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respectively.
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4. APPLICATION TO MECHANISM EXAMPLE

The method of the previous section is now applied to the determination of the transient
part of the deflection of the elastic connecting rod of the slider-crank mechanism shown in
Figure 27. It must be understood that by omitting the forced part of the response and with
thatthe true constants of integration, one can only determine the general shape of the transient
contribution.

Badlani and Midha (1983) derived the first mode governing equation for the time
portion of the product solution for the connecting rod. When their damping and forcing
terms are omitted for present purposes, and the expression is put into the notation of this
paper, one obtains the following Mathieu equation, which is the simplest form of the

homogeneous Hill’s equation:

2

d’y i
re +(A+ycosd)y =0 (149)

Again,

M=o’y

with

o =V'EN(pSLY) ,

the first natural frequency of the coupler.
Further,

°RM

Y="cr 2z

pSL*’
where, R and L are crank and connecting rod lengths, respectively. p stands for the mass

density of the connecting rod, S the cross-sectional area of the connecting rod and M the
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Figure 27 Slider-Crank Mechanism
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mass of piston.

Note that in terms of equation (128):

p(¢)=ycos¢ (150)
With the exception of
a,=a_ =vy72, (151)

all the coefficients of equation (130) vanish and the system of equations (139) reduces to

the following form:

m=3iF+A Y2 0 0 0 0 0 [

Y2 (n=-2i+2 Y2 0 0 0 0 .,

0 73 m=-i+r Y2 0 0 0 <,
0 0 Y2 Ty Y2 0 0 Col =0

0 0 0 2 (u+il+r Y2 0 Jla

0 0 0 0 Y2 m+2i)+n "2 e

0 0 0 0 0 Y2 m+3)*+n |6
(152)

The specific example computations for the slider-crank mechanism are based on

dimensions similar to those used by Thompson and Sung (1984), i.e.

R =50.8 mm (2.000in), L =304.8 mm (12.000in), h = 1.4 mm (0.055 in),
b =19.05mm (0.750 in), p = 7867 kg/m’® (7.3243x10™* Ib-sec’/in*),

M = 0.45 kg (0.002588 Ib-sec’/in), E = 206.8 Mpa (30x10° psi).
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With the above,

o =220.24 rad/sec and y=11.742.

This value of y is now substituted into the coefficient matrix of equation (152), first together
with p= 0i and then with p = 0.5{, in order to obtain the 2x and 4xn periodic instability
boundaries, respectively, by way of the associated eigenvalue problems.

Table 6 lists a part of the results of these computations, indicating the values of A at

both types of boundaries, together with the corresponding mechanism speeds. (A 71 x 71
matrix was used.)

Note that the operation of the mechanism is essentially stable up to 507 RPM, with
only coinciding boundaries below that speed. Further stable regions are located between
508-561, 570-610, 653-672 and 791-796 RPM. There is a small stable region between 1131
and 1132 RPM.

Figure 28 gives the associated "stability line", which now represents a horizontal line
in a Strutt Chart (Strutt, 1932).

As the first case, let it be required to find the value of p corresponding to 590 RPM at
A=12.7066 in the stable region between 570 RPM and 610 RPM, (i.e.
13.60742 > A > 11.87115), according to the previously given procedure:

(1) From the "stability line" of Figure 28, one notes that k = 6 at the left boundary of the

region involved.
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k 2n Boundary speeds k 4n Boundary i speeds
(even) \) (RPM) (odd) \) (RPM)

0 -9.3832° 1 -9.3832"

2 -4.8023° 1 -4.8023"

2 -0.5103° 3 -0.5098"

4 3.4583 1131 3 3.4496 1132

4 6.9764 796 5 7.0701 791

6 10.3737 653 5 9.8015 672

6 11.8711 610 7 13.6074 570

8 17.1193 508 7 14.0697 561

8 17.1945 507 9 21.1353 457
10 25.7098 415 9 21.1432 457
10 25.7104 415 11 30.8319 379
12 36.4864 348 11 30.8320 379
12 36.4864 348 13 42.6630 322
14 49.3552 299 13 42.6630 322
14 49.3552 299 15 56.5589 279
16 64.2711 262 15 56.5589 279
16 64.2711 262 17 72.4899 247
18 81.2138 233 17 72.4899 247
18 81.2138 233 19 90.4418 221
20 100.1730 210 19 90.4418 221
20 100.1730 210 21 110.4068 200
22 121.1428 191 21 110.4068 200

Table 6 Instability Boundaries of Mechanism Example

124

(‘These six boundaries have no physical meaning for the present example, but are needed

for the counting of the k’s.)
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(k=even: 2n periodic boundaries, k=odd: 4n periodic boundaries)

Figure 28 Stability Line of Mechanism Example
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(2) Since k is even, equation (146) becomes applicable for the determination of A. With
A(0) = 0.65251, as obtained with the help of a 71 x 71 determinant in the evaluation of
equation (140), one obtains A = 0.29054 (Appendix N shows the prog'ram for the deter-
mination of A(0)).
(3) Finally, according to equation (143):
1 = (0.29054 + 3)i = 3.29054i

To determine the general shape of the transient solution with the above parameters,
one needs also to find the series coefficients ¢, according to the simultaneous equation (152).

Table 7 gives the first sixteen coefficients of this solution series in terms of ¢, equal

to unity. (Again, a 71 x 71 matrix is utilized.)

n 1 2 3 4 5 6 7 8

c, |1.81620]0.76396]0.17252| 0.02543| 0.00269 | 0.00022 | 0.00001 | 0.00000

¢, |-2.13750|1.71603 |-1.08969] 0.62671 |-0.21297]-0.27179| 0.46135 | 0.35458
n 9 10 11 12 13 14 15 16
c 0.00000| 0.00000 | 0.00000| 0.00000] 0.00000] 0.00000 | 0.00000| 0.00000

c, |0.11073]0.02060} 0.00262} 0.00025} 0.00002 | 0.00000| 0.00000| 0.00000

Table 7 Coefficients of Solution Series
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After substitution of these coefficients which are all real in this example into equation
(148), and assuming the initial conditions as y(0) = 1.0 and y(0) = 1.0, the constants of
integration are found to be: (see discussion at the beginning of this section)

D, =0.29745 and D,=0.10097

With the above, the expression for the solution series (148) becomes:
y(¢) =0.3[cos(3.3¢) + 1.82cos(4.3¢) - 2.14 cos(2.39) +
+0.76 cos(5.3¢) + 1.72cos(1.3¢) + ...] +
+0.1[sin(3.3¢) + 1.825sin(4.3¢) — 2.14sin(2.3¢) +
+0.76sin(5.3¢) + 1.72sin(1.3¢) + ...] (153)

Figure 29 shows a plot of this transient response at a machine speed of 590 RPM for
two machine cycles. (For multi-regime per cycle machinery only a portion of a cycle would
be involved.) Clearly, this response is non-periodic with varying amplitudes.

Figure 30 gives such a response for the same initial conditions, when the mechanism
speed is decreased to 430 RPM, corresponding to A = 23.9219 in the stable region, where
k =9 on the left boundary. It is less non-periodic than before, with smaller changes in the
amplitude. Its oscillation frequency is close to the fundamental one of 220.24 rad/sec.

Finally, Figure 31 represents a similarly obtained response at 205 RPM, corresponding
to A = 105.25 in the stable region, with k = 20 at the left boundary. Here the oscillation is

close to harmonic motion at the fundamental frequency.
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Figure 29 Homogeneous Solution with A = 12.7066 (590 RPM) and y = 11.742
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Figure 30 Homogeneous Solution with A = 23.9219 (430 RPM) and y = 11.742
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Figure 31 Homogeneous Solution with A = 105.2507 (205 RPM) and y = 11.742
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5. DISCUSSION AND CONCLUSIONS

(1) Based on E.T. Whittaker’s mathematical work, a practical'approach for the

- determination of the value of the characteristic exponent in the stable regions of the Floquet

solution of Hill’s equation has been developed. This allows for the first time to obtain an

analytical expression for the transient response of the lateral deflection of links in an elastic

mechanism. It is of special importance for multi-regime per cycle machinery, where such
transient responses have been found to occur and never disappear.

(2) An application of this solution approach to a mechanism problem, where the first
mode transient time response is governed by a Mathieu equation, has shown that the nature
of the responses depends on the location of the stable region, which is a function of the
mechanism speed, the mechanism parameters and the loading conditions. It may vary from
being almost periodic, with a frequency near the first natural one of the lateral deflection,
to fully non-periodic with vastly changing amplitudes.

(3) Figure 32 indicates the manner in which the numerical value of the characteristic
exponent changes between the boundaries of the stable region of the first case. It is noted
that the increase of the value of p between the boundaries, which in each case equals 0.5,
is very smooth. Thus a straight line approximation might be used, whenever the region is
not too narrow (i.e. when the machine speed is relatively low).

(4) While all computations employed 71 x 71 matrices, to allow an accurate com-

parison with a paralle] numerical integration of the example differential equation, much

smaller matrices will furnish reasonable results.
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(5) Fast convergence of the series solution, i.e. equation (148), is assured when the
value of W is relatively large. This is the case in the regions where most industrial machinery

operates.
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APPENDIX A. KINEMATICS OF THE LINKAGE

a. Elastic Constraint Equations and Various Angles

In order to obtain the elastic kinematics of the feed mechanism, one first writes the

elastic loop equation of the replacement RRRSR mechanism as follows (see Figure 1):

OA +AC'+C0,+0,0,=0 (A.1)
The substitution of the appropriate expressions of the vectors 0,4,AC’,CO,and 0,0 "

in terms of #, j, and k,, leads to the following three elastic constraint equations:

5, +AC’cosacos¢,, —a,sing,, =0 A.2)
a,cos¢, +AC’(sinasing,, — cosacos ¢, sing;,,)+5, =0 (A.3)
a,sin¢, -AC'(sinacos¢,, + cosasing,,sing,, )~ a,cos¢,, + 5, =0 A.4)

where each of the elastic angles ¢,, is composed of the rigid body component ¢,, and the
additional rotational component A¢;. The latter is due solely to the elastic change of length

AAC of the coupler. Then,

¢ = ¢, +A¢,  (rotations about an axis parallel to i) (A.5)
¢35 = 35, +Ads,  (rotations parallel to axis J,) (A4.6)
¢4 = ¢, +Ad,  (rotations about an axis parallel to  j,) 4.7
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In the above, the rigid body angles as functions of input angle ¢, can be found according

to Hartenberg and Denavit (1964) as:

1| A +VA5+85—C5'
=2tan”’ A.8
¢4r [ B+C ( )

where

A =2sa, (A.9a)
B =2a(s;+a,sin¢,) (A.9b)
C =al+sl+s]+sl+a}-a}+2as,cos9, +2s,a,sind, (A.9¢c)
b2 'Cos-l(ﬁts&?é%‘s’;—&) (A.10)
¢z,-7-tan"[A‘_ VA +B_-C \ (A.11)

B +C

and where

A" =5,+a,cos9, (A.12a)
B =-s,-a,sin¢, +a,cos¢, (A.12b)
C’ =-a,sina (A.12¢c)

The velocities and the accelerations of these rigid body angles can be readily obtained
by taking the derivatives of equations (A.8), (A.10) and (A.11) with respect to time,

respectively.

b. Additional Component of Rotation and Virtual Rotation of the Elastic Angles
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The elastic components Ad,, A, and A, of the elastic angles, which are due to the

change of the length AAC of the coupler, are solved for by substituting equations (A.S) to
(A.7)as wellasAC' = a, + 2q(t)sin a (see equation (9)), into equations (A.2) to (A.4). Since

these elastic components and AAC are small, one finds after simultaneous solution:

A, = [2n(¢,)sinclq (4.13)
Ads; = [2n;,(9,)sinalg (A.14)
and

A, = [2ny(¢)sinalq (4.15)
where

~2a,

M) = oo Bsingy) (A.16)
and

(b)) = [cOS .08 ¢y, (@5 COS b3, M3z + SiN§3y,) — SiDASING,,) 4.15)

a;(sinacos ¢,, + cos asing,, sinds,,)
To obtain the virtual rotations ¢, and 6¢,,, one needs to take variations of the angles

A¢,, and Ag,, only, since there are no variations of the rigid body components:
5&3: - 652; + 6332: - 6(A¢2)?o + 5(A¢32)f 1 = 2sin c'~("lz;o + 7\3; 1%q (A.19)

After appropriate transformation of the coordinates, one finds 8¢, in the body fixed

system:
66& = 2sina[n,(¢,) cos ¢32,’71 + ﬂ32(¢1)f1 +n,(¢,)sin ¢3z}1]6q (A.20)

Similarly,
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89.. = 8(Ad.)jo = [n(,)2sinajléq (4.21)
The development of the expression for the angular velocity assoc'i.ated with A¢; , the
additional component of the rotation of the coupler, is parallel to equations (A.19) and
(A.20):
B8, = 2 (80 )T+ 2 (80,1,
= 25in0fN;(4,) 0S4y d; + N9}y + Ny(4y)sings K lg (4.22)
The angular acceleration of this elastic component, with ¢, fixed, can be obtained by

further differentiation:

B3, = 2 (8F,) = 25inofn,(8,)cos o, + 100V, + (0,)sin b, B4 (4.23

c. Elastic Angular Velocity and Acceleration of the Coupler

The total elastic angular velocity and acceleration of the coupler are represented by
the respective sums of the rigid and elastic body components involved. Thus,
9 = &, + By (4.24)
where Kd—>3 is given by equation (A.22) and the rigid body angular velocity may be expressed

in either of the two body fixed coordinate systems:

33, - (d’z,;o + (.bszj )= Glfx + G?f 1 Gszx =H, 1‘72 + HJ 2+ Hszz (A.25)
where

G,(9,) = §,,COS §s,, H(¢,) = b,,cO52aCOS §yy, + §5,, Sin 20X

Gy(¢)) = ¢35, Hy(¢,) = -¢,,sin2acos¢,,, + ‘i’sz; cos2a (A.26)
Gs(9,) = ¢,,5ins,, Hy(,) = ¢,,sin¢,,,
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The derivative of equation (A.24) gives the elastic angular acceleration of the coupler,
i.e.
$s. = s, + AG, | (4.27)
with A, given by equation (A.23). The rigid body angular acceleration of the coupler may

again be expressed in two ways:

$3, - %(53’) - 61‘71 + G?fx "’(;3;1 "'Hx-{z +H2fz"'”37‘-z (A.28)
where

G 1($) = $2r COS ¢y, — &b&‘.&b singy,, H:(‘h) =G ($,)cos2a+ Gz(¢x)5in 2a

Gz(¢1) - 637; H2(¢1) --G 1(9,)sin2a + Gz(¢1)c°5 2a (A.29)

Gy, = ¢y, Sinds,, + d’zrd’szr oS ¢, Hy(¢,) = G(9,)
d. Kinematics of Points on Elastic Coupler

The following furnishes expressions for the position, the velocity and the acceleration
vectors of arbitrary points P, and P, on sections 1 and 2 of the coupler, respectively. These
vectors are composed of both rigid body and elastic components and are given in inertial

terms.
(1) Position vectors

The position vector of point P, with respect to origin O, is given by:
Tp=Ta +x,0,+d, (A.30)
For d, see equation (6), while

r, = a,(cosé,j,+sin¢k,) (A.31)
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Similarly, the position vector of point p, with respect to O, is given by:

Tp=Ta+Li,+x;0,+d, ‘ (A.32)

For d, see equation .

(2) Velocity vectors

The derivatives of the position vectors r,, and 7,2 with respect to time furnish the

following velocity vectors:

T =Ta+dy+by, x(x)f, +d,) (A.33)
and
Tp=Tatdy+ ¢, x(Li +x0,+d,) (A.34)

(3) Acceleration vectors

The differentiation of the velocity vectors 7 ,, and 7 ,, with respect to time furnishes

the following acceleration vectors:

Fp, -7y +El +$3¢ x (xf, +d,) +$3¢ x [$3¢ x (%0, +d,)] + 2’$3e le (A.35)
and
P = Tatdy+ b3 x (LT; + X0, +d5) + &, X [0, X (LT, +x0, + )] + 29, xd, (A.36)

After substituting the various terms, expressed in appropriate body fixed coordinate

systems, into the above two equations, computing the cross products and neglecting the
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non-linear terms involving various product combinations of g and its derivatives, one obtains

the following expressions for the acceleration vectors:
Fpy ={[2,6} oS, - 41,)510 4, = %,(G3 + G2 + [Vi(G G, - G,)lq - [2x:sina(Gyny +
+G,singy,,) + 2V,Glg} i, + {[a,43sin(d, - ¢,,) + X,(G,G, + G,)] - [Vy(G] +
+G2)]q + 2x,5in (G, M5, + G,M, C05 $3, )14 + [V, + 2x,m,sinasindy,, 14} 7, +
+ {[-a,$}cos(¢, — ¢,,)cOS sy, +X,(G,G, -~ G,)] +[Vi(G,G; + G ))lq +[2V,G, +
+2x, 5ina(G M, Sin¢yy, + G 1,08, )14 — [2X,M5,sin ) g}k, (A.37)
and
7p, ={[a,$]sin2asin(¢, - ¢,,) + a,¢] cos 2asin s, cos(¢, - ¢,,) + ({3~ HH,)L sin20 -
- (H2 + H})(L cos2a +x,)] + [(H,H, - H,)V, - (H; + H)sin20c]q - [2V,H; -
- 4x,H,m,sinasin2a.cos §,,, + 2H,M3,sina(l + 2x,cos 2a) + 4H;n,sinasing,,,
*(L cos2a +x,) + 2sina(LH, sin2a + LH, cos 2a) (13, cos 2a ~ 1, sin 2a cos ¢,,,)]4 +
+[sin2a(1 + 2Lm,sinasiné,,, 1§} i, + {[a,4cos 2asin($, - ¢,,) - a,¢7sin 2cx -
- 5ind,,, COS(¢, — ¢,,) + (H, + H,H,) (L cos 20 +x,) + (H} + H})L sin2a] + [(H +
+ H,H,)sin2a - (H + H})V,lq + [2H,sin2a + 2Hn,,sina(L +x,cos 2a) - 2Hn,
- x,sin asin 2a cos ¢s,, + 4LH,n,sin asin2asing;,,, + 2sina(n,cos 2acos ¢;,, +
+M3,sin2a)(LH,sin2a + LH, cos 2a + x,H,)]g + [V, + 2n,sinasin ¢,,,(L cos 2a +
+x,)14} J, + {[-a,¢3 cos ¢,,, cos(d, - &,,) - (H,H,+ H )L sin2a + (H,H, - H,)"
- (L cos2a +x,)] +[(H,H, - H,)sin2a + (H,H, + H,)V,lq +[2H,V, - 2H,sin2a +
+2n,sinasing,, (LH, cos2a + Hx, - LH,sin 2a) + 2H,sina(n,cos 2acos ¢,,, +
+ M3, sin2a) (L cos2a +x,) + 2LH, sinasin 2a(n,sin 2a cos ¢,,, - N5, cos 2a)lg -

- [2sina(Ln,, + X,1,,€08 2 — X,1,8in 2acos §,,, )]G} &, (A.38)
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e. Virtual Displacement of Points on Elastic Coupler

The virtual displacements of points P, and P, can be obtained by ta'king the variations

of position vectors 7, and 7, of equations (A.30) and (A.31):

oF, = 0d, + 84, x (x,d, +d,) (A.39)
and
oF, = 8d,+ 04, x (LI, +X,i,+d,) (A.40)

The substitution of equation (5) for d, , equation (7) for d, and equation (A.20) for
8¢;. into equations (A.39) and (A.40) as needed, together with the appropriate coordinate
transformations, leads to the following expressions:
or, =[-(2gm,V, sinasingy, )i, + (2xm,sinasing, + V,)j, +

+(2gM,V,sinacos ¢,,, — 2x,1,,sina)k,]dg (A.41)
and
or, ={[sin2a(1 + 2Ln,sinasings,,) - 2qn,V,sinasing,, )i, + [V, +

+2n,sinasiné,,, (L cos2a +X,) + 2qn,sinasin 2asiné,,]j, +

+ [2x,sina(n, sin2a cos ¢,,, - M,;,cos 2a) -~ 2Ln,,sina + 2g sina -

* (1,V, €05 20,08 ¢, + 15,V,5in 2a + 1),5in’ 2a.COS ¢y, —

-1y, sin2acos2a)lk,} dq (A.42)
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APPENDIX B. DERIVATION OF EQUATIONS OF MOTION FOR REGIMENO.2

a. Kinetic Energy of System and Its Variation

The kinetic energy T of the system is the sum of all the kinetic energies of the rigid

and elastic links, the clutch assembly and the material being fed. Since motion of the input
link is prescribed, its kinetic energy has zero variation. Thus, the kinetic energy of the

remaining system has the form:
! o) ® 1 “G.F dx ‘.7 B
TS Vo@u + 1,001 + 304 [ G, T+ [ G, 7 ), 2V

where
J,, = the combined moment of inertia of the rocker and the outer race of the clutch with
respect to their axis of rotation.

J

o

s= the combined moment of inertia of the inner race of the clutch, the output shaft assembly
and the referred moment of inertia of the material strip with respect to axis of rotation of
the output shaft.

The variation of the integral of this kinetic energy gives the following:

h

bflet-—J
% &

[Jod¢4e - 6¢4¢ +Jo$¢5 : MS + Io pArPx ) 6"I’xdxl + J:) pAer ) brhdxz] dl

(B.2)

b. Potential Energy of System and Its Variation
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The potential energy V of the system consists of the strain energy of the elastic coupler

and the potential energy associated with the spring of the sprag clutch (see equation (1)).

Thus,

2,, \2 Ll W
'"E’U ) f(%) drz]*L Ky(ds- " d (65— ) ®.3

ax,

where EI is the product of the modulus of elasticity of the coupler and the area moment of
inertia with respect to any centroidal axis of the tubular cross section of the coupler. K, is

the stiffness constant of the non-linear spring of the sprag clutch.

After substituting the deflections v, and v, , according equations (3) and (4), into the

above equation, the potential energy becomes:

4
Ve i(3) 0+ 2K - 007 (5.4

Taking variation of the integral of this potential energy, one obtains:

o[ var- | [f’ ( )qaq K, (s - 2)00s ~ K, (05 - 0..)00,.|d (B.5)

¢. Virtual Work Done by Non-Conservative Forces

The non-conservative forces in the system are the assumed viscous damping forces in
both the coupler and the sprag clutch as well as the combined resisting friction force due to

the brake and feeding table. The integral of the virtual work of these forces is found as:

6 f Wdt = J' [ I cw bvdx f C., ’évzdxz+T,,6¢5—C,,,(fbs—4'u,)6(¢s—¢4,) dt

(B.6)
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where C,, and C,, are the coefficients of damping for the coupler and the sprag clutch,
respectively. T, is the total resisting torque exerted on the clutch output shaft. With the

. . . .
expressions of coupler deflections v, and v, , the above expression becomes:

o [ Wit = [ (3~ BILC..000 + T,00 - C,y(ds = du)0(0s - ol (8.7)

d. Working Form of Hamilton’s Integral

The working form of Hamilton’s integral is obtained by the substitution of the
accelerations 7, and r , of points on the coupler, given by equations (A.36) and (A.37), and
the virtual displacements &r, and dr ,, of points on the coupler, given by equations (A.40)
and (A.41), together with 8¢,, of equation (A.21), into Hamilton’s integral of equation (11).

After the dot products are computed, one obtains:

4

)

EIn*
L32*

{ [oshs + Copls - bu) + Kb - 00) = T,)0¢5 +  {[0.45LC)g +[ 55719 -

-2n,5in oK, (05 - 6,.) + C,,(ds - b ) - T 0} 09 + pA j: [ {[a,93cos(¢, - )
-$in Gy, = X,(G2 + G2)) + [Vi(G,G, - G ,)lq - [4x,sina(G s, + Gyn,sin sy, ) + 2V,GJl4G} -
(-2qm,V;sinasing,,) + {[adisin(¢, - ¢,)+x,(G,G,+ G, - [Vi(G+ Glg +

+[2x, sin a(Gn;, + Gn, €083, )]G + [V, + 2xm,sinasin ¢35, )G} (2xn,sinasing,,, +

+V) +  {[-a,8]cos(9, - §,)c0s by, +X,(G,Gy - G))] +[Vi(G,G5 + G))lg + [2V,G, +
+2x,5in0 a(GM,Sin by, + G, 008 93,)}q - [2xMypsinalg }(2gn,V, sin acos ¢, -

L * - . e -
-2xny,sina dqdx, + pA IO [ {[ax‘t’fsm asin(¢, - ¢,,) + an‘ﬁcos asing;,,

(continue)
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-cos(9, - ¢,,) + (H - HH,)Lsin2a - (HZ + HZ)(L cos 2a +x,)] + [(H,H,~ H,)V, - (H; +
+H?)sin 2a]q - [2V,H, + 4cH,n,sin asin 2a cos ¢,,, +2H,n,sina(L + 2x,c0s2a) +
+4H,m,sin asin ¢,,,(Lcos2a +x,) + 2sin a(L H, sin 2a + LH, cos 2a.) ('r.|32 cos2a -

-1,5in 2acos ¢,, )1 + [sin 2a(1 + 2Ln,sinasin ¢,, 14} [sin 2a(1 + 2Ln,sinasin ¢,,,) -
-2qn,V,sinasingy,] + {[a,6>cos2asin(¢, - ¢, ) - a,¢>sin 2asin d,, cos(9, - ¢,,) +
+(H, + HH) (L cos 2a +x,) + (H2 + H)L sin 2q] + [(H, + H,H,)sin2a - (H? + H})V,]q +
+2H,sin 2a + 2Hnj,sina(l +x,cos 2a) - 2H n,x,sinasin 2a.cos ¢,,, + 4LH, -

-1),5in asin 2asin ¢,,, + 2sin a(n, cos 2a cos ¢,,, +15,5in 2a) (LH, sin 2 + LH,cos 2a +
+x,H,)1G + [V, + 2n,sinasin ¢,,,(Lcos2a + x,)]§} [V, + 2n,sin asin §,,,(L cos 2a +x,) +
+2qn,sinasin2asing,] + {[-a,4°cos¢,, cos(9, - ¢,,) - (H,H; + H,)L sin2c +
+(H,H, - H,)(L cos2a+x,)) +[(H,H, - H,)sin2a + (H,H;+ H )V,Jq +[2H,V, -
-2H,sin 2a + 2n,sin a + 2n,sinasin ¢,,,(LH, cos 2a + H\x, - LH, sin 2a) + 2H,sina -
*(n, €08 2a.€0S ¢5,, + N3, 5in 2a) (L cos 2a +x,) + 2LH,sin asin 2a(n,sin 2a.cos ¢,,, -
-1;,¢08 2a)}g - [2sin a(L 1, + X;1;, €08 2a - x,1,8in 2a cos ¢;,,)14} [2x,sin a(n,sin2a -

*COS §3,, — 13, C0s 2a) - 2L 15, sin a + 2g sin a(n,V,cos 2acos ¢,,, + N3,V,sin2a +
+1,5in? 20 €0S 5, — 113,510 20 COS 21)] ] dqdx, } d = 0 (B.8)

In order for the above integral to vanish, the coefficients of 6¢s and 8q must be equal

to zero, respectively. This furnishes two equations, one of which contains integrals in terms

of x, and x, .

e. Final Form of Equations of Motion for Regime No.2
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In order to obtain the final form of the equations of motion of Regime No.2, the

following integrations of the functions V, and V,, associated with the deflected coupler

shape and given by equations (6) and (8), must be performed:

1t
V=1 L Vdx, = 2/n (B.9)
1 L
V,z-zf V,dx, = cos2a-1+2/n (B.10)
0
1L,
V,_,,-ZJ; Vidy, = 112 (B.11)
L
Vo, = I% f Vidx, = cos’ 2a - (2 - 4/m)cos 2a + (3/2 - 4/n) (B.12)
0
1t )
Vo= 75 L x,V,dx, = (2/n) (8.13)
1t .
V,,_,-;J x,V,dx, = 1/2(cos2a~ 1) - 4/n" + 2/n (B.14)
0

Only keeping the linear terms in g and its derivatives because of the assumption of

smmall deflections, one obtains the following two equations of motion for the feed mechanism:

PA[(Vyy, + Vi #5in*20)L + P($,)] ¢ + [0.45LC,, + pAPA$)] ¢ + [(VEIN2LY)+

+pAP(9,)] g = pAF,(9,) +[K,(§s = 04)" + C,,(ds - bu) =T, buJFo($,) (B.15)
and
Jos‘i’s + C:p(d’s = ¢4¢) + K;p(¢s - ¢‘¢)3/2 =T, (B.16)

where the input angle dependent functions are defined by:
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Py(¢,) =[4L?sin asin¢,,,(V,,, + V,,, +sin’2a + V,,cos 2a)]n,(¢,) + [L*(2sin asin ¢,,, )’
(573 + cos 20)In3(#,) + [(2sina)’L(4/3 + cos 2a + 1/3cos’ 2a)] 'q'z,z(cpl) +
+[-sinasin2acos ¢;, L (1 + 2/3 cos 2a)]n,($, Ms(,) (B.17)
P(¢,) =L 2sinacos ¢y, V,,,G, + 2sinasin 2a(H,V,,, - 1/2H,sin 2a)cos ¢,,, +
+2sina[H, sin2acos ¢,,, (sin’2a + V,, cos 2a) + H,cos ¢,,, (sin’ 2a cos 2a +
+1/2sin’ 2a + V,,cos’2a + V,,, cos 2a)[In,(¢,) + L22sin a[H,sin 2a(1 +
+1/2cos2a) - H(V,, + V,,, cos2a) - G,V,, + H, sin’ 2a(V,, - cos 2a) +
+H,sin2a(V,,, + V,,cos 2a - cos’ 2a - 1/2 cos 2a)]n;,(9,) + 4L>sin” a cos ¢, *
-[1/3G,sin¢,,, + H, sin2asin ¢,,, + H,sin¢,,(1/2cos’ 2a + 4/3cos 20 +
+1/2) + Hysin 2a.cos ¢y,,(1/2 + 1/3cos 2a)In(¢,) + L[-4/3G,sin* acos ¢s,, +
+2sincfH, sinasin ¢, sin’ 2a + H,sin asin 2asin ¢,,,(cos 2a + 2/3) -
— 2H,Sin ccos ¢y, (2/3 + 2/3cos? 2a + cos 20)1In, (¢ )M5(9,) + L [-4sin’a -

- sin 2aH,(1/2 + 1/3 cos 2a)In(¢,) (B.18)
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Py(,) =L[~(G} + G)V,,, + 2H,H,V,,sin 20 - HV,,, - HZsin’ 2a - Hi(sin’2a + V,,)] +
+L[-2a,§’V, sinacos(@, - §,,) + 2LV,,,(GZ - G))sinasinéy, + 2LV,,(G,G, -
- G,)sinacos ¢,,, + 2a,¢3sin(¢, - ¢,,) sinasin 2asin ¢,, (cos2a - V,;) - 2a,4% -
- sin acos(¢, ~ ¢,,) (V,;cos 2a +sin’ 2a) + 2L (H,H, + H,)sin asin 2asin,,, -
- (2cos2a +1) +4LV,,(H,H, - H,)sinasin2asin ¢,,, + 2L(H; - H?) (sin’a -
-V, cos2a - V,, )sinasin,, + 2L(HH, + H,)(V,,, - V,,co0s 2a - sin’* 2a)sina -
- sin2acos ¢y, + 2L(H,H, - H,)(V,,cos’ 2a + V,,, cos 2a + sin’ a + cos asin’ 2a) -
-sin aco§¢3z,]n2(¢l) +L[-2LV, (G, +G,G,)sina + 2a,¢} cos(9, - ¢,,)sina -
+5in 2a.COS ¢,,,(cos 2a - V,,) + 2L sina(H,H, + H,) (cos 2asin’ 2a - V,,sin’ 2a -
-V,-V,, cos2a)+2L sinasin2a(H,H, - H,)(V,,cos 2a + V,,, ~ cos’2a -

—cos2a~1)]ny(¢,) (B.19)
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F\(9)) =~ {L[a$V,,sin(9, - ¢,) + LV, (G, + G,G,) + adisin(, - ¢2,)*
- (sin’ 2a + V,,cos 2a) + a,¢? cos(¢, — ¢,,) (cos 2a - V,;)sin2a sih' sy, +
+L sin’2a(H; - H,H,) + L(H; + H,H,) (V,,cos 2a + V,,,) + L sin 2a(H; + H3)-
- (V,, - cos 2a - 1/2)] + LY{a,¢?sin(¢, - ¢,,)sinasind,,, + 2/3L(G, +
+G,G,)sinasin¢,,, + 2a,¢3sin(¢, - ¢,,) (1 + 1/2cosa)sinasin¢,,, -
- a,$%cos(¢, - ¢,,)sinasin2a + 2L sinasin’ 2asin ¢, (H, - H,H,) +
+ 2L sinasiné,,(H, + H,H,)(cos’ 2a + cos 2a + 1/3) +
+ 2L sinasin 2asin ¢y, (cos 2a + 1/2) (H? - HY) - L sinasin® 2acos ¢y, -
- (H,H,+ H,) + L sinasin2a cos ¢y, (H,H, - H,) (cos 2a + 2/3)]n,(¢,) +
+L{a,$? cos(d, - ¢,,)sinacosy,, + 2/3L sina(G, - G,G;) +
+a,$> cos(¢, — §,,) (2 + cos 2a)sinacos ¢y, + L sinasin2a -
-(H,H,+H,)(2 + cos 2a) - L sina(H,H, - H,) (cos’2a +

+ 8/3cos2a + 1)]n3,(¢,)} (B.20)

Fy(¢,) = (2sina)n(¢,) (B.21)
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APPENDIX C. SIMPLIFICATION OF EQUATIONS OF MOTION

a. Linearization of the Clutch Spring For Various Regimes

(1) Operation in Regime No.2

In order to linearize the non-linear (3/2 power) torque-windup angle relationship of
the clutch, when it operates in Regime No.2, i.e. "well up the curve", a tangential straight
line approximation is assumed. To this end, a tangent is drawn to the curve at a given load
point T = T, as shown in Figure C-1. Its slope, which represents the linearized stiffness of
the clutch, can be found from:
K;z - [ d ¢5/‘ :p¢5/4) ‘o - ﬂ;ﬁ(b) (C -1)

Since the windup angle corresponding to T, has the form:

by = (7, b/Ksp)m (C.2)
the linearized stiffness K;, of equation (C.1) becomes:

3
Kp=2KS'T" (C.3)

With the above, any transmitted torque T near 7, is approximated by (see Figure C-1):
T =T, + Ki(su = bssav)) (C.4)

Substitution of equations (C.2) and (C.3) into equation (C.4) furnishes the following linear

torque-windup angle relationship:

T= K12¢5/4 - bfz (C-S)
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Torque

Tb b

0 -

Windup Angle

Psia

¢5/4(b)

Figure C-1 Linearization of the Clutch Spring for Regimes No.1 and No.2
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(2) Operation in Regime No.1

In order to linearize the clutch spring during the windup of Regin'le No.1, when the
torque transmitted by the clutch increases from zero to the load point T = T, the straight
line OB is assumed to replace the original curve (See Figure C-1). Then the torque transmitted
at any angle in this regime becomes:

T =K, b5, (c.6)
where the stiffness is given by

K,=T, b/¢5/4(b) (c.7)
or with the help of equation (C.2):

K,=K;'T," (C.8)

(3) Operation in Regime No.3
In order to linearize the clutch spring for Regime No.3, when the transmitted torque
goes to zero from its final value T}, on the torque line of Regime No.2, one assumes the new

straight line relationship

T= K13¢5/4 (C-9)
where
Kzs - T/z/¢s/4uz) - K;pﬂfm) (C.10)

To this end, it is necessary to know ¢, from the computations of Regime No.2.

b. Simplification of Functions P, , P,, P, and F, (See equations (B.18), (19), (20) and
(22))
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The simplifications of the subject functions are based on the physical parameters of
the standard mechanism as given in table 1.

Figure C-2 shows the magnitudes of these functions, with P, and'P3 normalized by

way of tbl and ¢f, respectively, during the forward stroke, i.e. for 250 =< ¢, < 450.

(1) Function P,(¢,)
The function P,(¢,), which is independent of input speed, varies little when compared

to its average value of 2.65. Therefore, it will be assumed to have this constant value

throughout the forward stroke.

(2) Function P,(¢,)

Since every term of P,(¢,) is proportional to the input speed, the comparison with its

associated term in equation (12) is made by way of Py(¢,)/$,. The resulting maximum value
of P,(¢,)/9, is very small (0.0055) when compared with the term (0.45LC.,)/(¢,pA ), which
has a magnitude greater than 10 for input speeds below 1000 RPM. Thus, P,(¢,) may be

neglected.

(3) Function Py(¢,)

Since every term of P,(¢,) is proportional to ¢Z, the comparison with its associated
term in equation (12) is made by way of P;(¢,)/¢>. Py(¢,)/¢? has a maximum absolute value
of 0.078. This is very small when compared to the term (E/x*)/(2'¢7L>pA ), which has a

magnitude greater than 400 for input speeds below 1000 RPM. Therefore, P,(¢,) may also
be disregarded.
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Figure C-2 Magnitudes of Functions P,, P,, P, and F, vs. Input Angle ¢,
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(4) Function Fy(¢,)

The coupling function F(¢,) changes very little during Regime No.2 and therefore

may be treated as a constant with a value of 0.098.
c. Fourier Series Representation of Forcing terms R, and R,

The following gives the Fourier series expressions for the forcing terms R, and R, in

equation (19):

(1) Forcing term Rl(¢ls$l)

According to equation (21), the term R,(¢,, ¢,) has the form:

. pA Fi(4,) Joud? (1) 2 F,T,
Rl(¢l’ ¢1) M, 6% _FZM, d¢§ -FZKrl'co¢4r(¢l) - %%M, (C'll)

Using a Fourier series expansion to represent all the input angle dependent functions,

one obtains
. F.T, ® .
R\(¢,¢,) =~ 2‘-:%]‘;‘ + :2 apt .21(0" cosng, + blnS'n”¢1)] -
-L‘[a20+ > (a,,cosné, +b,, sinn¢,)] -
e n=]
= ZKrk:o[aM+ i(aaa cosné, +b,, Sin"¢1)] (C.12)
nel

where the coefficients of the series are found from:
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oo L ()

2k & |
a, =~ fo ‘:f‘)cosmp,cml ’ (C.13)
b =1 [ sinnaa,
ez R

&

a,, -% Lhrzd 4;;(:") cosnd,dg, (C.14)
b =2 ("F, d—‘f;;(";) nédd,
and
aom g . bul6do,
a2 [ butbcosnade, (.15

1% .
b= [ eute)sinnede,

If one combines like terms in equation (C.12), the forcing term R,(¢,, é,) becomes

R($,,9,)=A 0+ ix(A"’ cosne, +B,, sinng,) (C.16)

The new resulting coefficients then become:

pA Jo‘ FZTb
AlO'E“:()‘Eam‘FzKr)‘:o 30~ VM.
pA Jo‘
Alu - AT‘abl —Eah —FZKrktztoaBA (C.17)

I,
Bln = S;{ibln - A7‘b2n - FZKrkiobSA
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(2) Forcing term R,(¢,, ¢,)
According to equation (22), R,(¢,,$,) has the form:

1.57, dé,,
Z(¢U¢ )= s¢: 2§op P ¢d‘;¢l) 3p¢4r(¢l) (C.18)

With a Fourier series replacement of the functions d¢,,/d¢, and ¢,, in the above, one

obtains:

Ry, $,) = s¢ + 2E,M, [aw + ix(a‘" cosné, +b,, Sin"¢1)] +

+ xfp[aso + il(asn cosn¢, +b,, Sin"d’x)] (C.19)
where
a d¢4r(¢l) ¢
©= 27': o dé, !
hd r( l)
a, = ;J; 4:;4: cosn¢,de, (C.20)
¢4r(¢l)
b4,. - ;J’o d¢1 d)ld(bl

When one combines the like terms, equation (C.19) may be rewritten as:
Ry(0,,,) = A, + 2‘(442,. cosn¢, +B,, sinn¢,) (c.21)

The above coefficients are defined as:

AL 15T, 2 g 422
— 0+ ot a
J05¢1 0

o2 k0 + g, (€C.22)

Zn = 2§sp)"spb4n + )":prn
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APPENDIX D. SOLUTION FOR REGIME NO.1

a. Equation of Motion

During this initial forward motion of the rocker, the outer race of the clutch winds up
against its inner race, which is held stationary by the resisting torque T}, until the latter is
overcome. The linearized clutch spring constant K, of equation (C.8) becomes applicable
in equations (18b), (18d) and (18e).

With the clutch output shaft stationary and with that the angle ¢ constant at ¢, ...,
the first expression of equation (17) for g(¢,) becomes:
9"+ 20 00q" + (1 +KFN,G = Ry (91, 81) D.1)
where the forcing function is given by:

. Joi,
Rm)(¢1v ¢1) - KrFZ)"Zo¢4¢ oax T %Fl(¢l) _F21\7¢" (¢x) —FzKJ»i%(%) (D.2)

The second expression of equation (17), with the derivatives of ¢ set equal to zero,

furnishes the condition for the end of the regime:
Kll(¢5—¢4r_F2q)—C:p(F2ql +¢4r')él 2 Tb (D'3)
The above indicates that the spring torque has overcome the resisting torque on the clutch

output shaft.

b. Complete Solution of Equation of Motion
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According to equations (C.13), (C.14) and (C.15), the input angle dependent forcing

function of equation (D.2) is expressed in terms of a Fourier series, i.e.;

Ry(9y é) = Ay + .EI(AM(,)cosm#, +B,,,sinn¢,) (D.4)

where

J
Aoy = K F. z;\':o‘k ot %“w ‘ﬁam -F ZKr)":aaSO

J,
ALy = %}au ‘jah —FZKrkioaSu (D.5)

Jo4

Bln(l) - %bh _ﬁ-bh - ZKrA':obSJ

When only the constant and the first harmonic terms of the series are kept, the complete

solution of differential equation (D.1) has the following form:

q(9,) =e " ME, sinly T+ K.F, - T A,9) + E;coslV T+ KF, — TLA0) +

Ay + [(1 +KF )N, - 1By + ztm)\'wA"(l)sincj) +
A+ KFDL T [(1+KF)M — 11 4 (26h)? ’

+ [(1+K.F 2))"30 - 1]Au(1) - 2§co)\can(1)c
[(1 + KrFZ)}‘tzro - 1]2 + (2§co}"co)2

0s ¢, (D.6)

where the constants E, and E, are to be determined by the initial conditions of ¢ and q’,

which are equal to their end values of Regime No.4.
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APPENDIX E. SOLUTION FOR REGIME NO.3

a. Equation of Motion

During this initial return motion of the rocker, the outer race of the clutch unwinds the
sprags out of engagement while the inner race of the clutch is held stationary by the resisting
torque. The linearized clutch spring constant K}, given by equation (C.10), is now used in
equations (18b), (18d) and (18e).

With the clutch output angle ¢ remaining constant at its end value ¢, of Regime

No.2, the first expression of equation (17) for g(¢,) becomes:

q"+26 A q'+(1 +Ker) oq 'Rx(s)(‘bvq"l) (E.1)

where the forcing function is given by:

P4

Ry b1) = K F b+ 3 ~Fi(®)-Faypt ‘¢.,"<¢1> ~FKM20,,(4,) (E.2)

The regime will end when the clutch is completely disengaged, i.e.:

bsa(P)) = D5~ [6.,(,) + Fq($,)] <O (E.3)
b. Complete Solution of Equation of Motion

Similar to Appendix D, the input angle dependent forcing function in equation (E.2)

is now expressed in terms of a Fourier series, i.e.:

Ry5($s 9,) = Az + ..Zx(A‘"(” cosn¢, + By, sinng,) (E.4)

where
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Jo
Asoy = KF M b5+ %am - 17:“20 - FK\.,a5

E.5
Au(s) 'Ax.(l) . ( )

B¢ = By

If one only considers the constant and the first harmonic terms of the series, the

complete solution of differential equation (E.1) has the following form:

q(4,) =e ™" ME,sinly T+ K F, - A 9) + Evcosly T+ K I~ T A 9) +

Ajop) . [(1 + K, F)N., - 1]Byy) + 2§ca7~cof4u(3)si
(1 +KrF2)}"§o [(1 +KrF2))‘34 - l]2 + (2§co}":o)2

+ [1+K.F 2)130 - 11A11(3) - ZoncoBu(s)co
[(1+ KN, - 117 + (28.0)

né, +

S ¢, (E.6)

where the constants E; and E, are to be determined with the initial conditions of g and gq’,

which are equal to their end values of Regime No.2.
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APPENDIX F. SOLUTION FOR REGIME NO.4

a. Equation of Motion

During the continued return motion of the rocker, the outer race of the clutch overruns
the inner one. Thus, there is no clutch action on the coupler and any terms associated with
K; in the first expression of equation (17) vanish. This leads to the following equation of

motion:

q"+2L 9"+ 7‘50‘1 =R, (%1 ¢1) (F.1)

where the forcing function is given by:
. Jos .
Rl ) = SR 0) - Fioid, (@) (F.2)

The regime will end when the rocker reaches its maximum angular position ¢, ,,.and

its angular velocity becomes negative, i.e.:

¢'4¢(¢1) - ¢’4(¢1) +qu'(¢1) <0 (F3)
b. Complete Solution of Equation of Motion

To obtain an analytical solution, the input angle dependent forcing function in equation

(F.2) must be first expressed in terms of a Fourier series, i.e.:

Ry4(1 é,) = A+ nzl(Auwcos né, + By, sinng¢,) (F.4)

where
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Jou
A= F“m ‘1‘7“20

Apw= %“u M. % ‘ (F.5)

Jo
Blll@) - &b 4

M, 2y O

If one only considers the constant and the first harmonic terms of the series, the

complete solution of differential equation (F.1) can be found to be:

VT Au
900) me T MEsinlVT-TLN0) + EocoslVT-T A ) + 53+

()\‘zm = 1)811(4) + ZCW)‘COAHM) . ()\fo = 1)411(4) - 2txo)‘-mBu(4)
+ 2 sing, + 2 c
(Mo = 1)+ (28 A ) (Moo= 1)+ (2Lh)

where the constants E and E are to be determined with the initial conditions of g and q’,

os ¢, (F.6)

which are equal to their end values of Regime No.3.
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APPENDIX G. EFFECT OF ADDITION OF MASS TO COUPLER AT POINT B

In order to be able to study the influence on the strain and the windup angle responses
in the presence of a coupler with a lower than standard component natural frequency, a mass

was added to the standard coupler at point B.
a. Experimental Setup

Figure G-1 shows how this addition was accomplished in the experimental setup, by
clamping two equal cylindrical masses, weighing a total of approximately 9.1 Ibs (together

with bolts, washers and nuts) to the coupler.
b. Derivation of Equation of Motion

For purposes of analysis one must assume that a concentrated mass M is located at
point B. This means that the shape function for the coupler is the same as before and that
this mass only influences the kinetic energy of the link.

The additional kinetic energy term which is to be added to Hamiltons integral, i.e.

equation (10) has the form:
1., - -
TM-EM(r,,-rB) (G.1)

where the velocity
-;B - ;1(x1 =L) (G.2)

is evaluated according to equation (A.33)
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Coupler

[ om om J
=" j -
g - = - -

| i

Figure G-1 Addition of Masses to the Coupler at Point B
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After the substitution of equation (G.1), as an additional term, into equation (10) and

proceeding in the same manner as for equation (11), equation (12) is modified in the fol-

lowing manner:

[PA(Vyyy + Vi, +5in?2a)L + pAP,(8,) + M + MO,($,)] ‘12 + —[o 45LC, +

l

dq , 1 (m)'EI
+pAP,(9,) + MQ,($,)] de, + ¢}[(2) L3+PAP3(¢1)+MQ:5(¢1)]q
1 3 dgs doe, Fi(¢)
= [EKJP( q’u)ﬂ T »\dg, d¢ Jos d¢2 ]F2(¢1) pA ¢1 +MFy(¢,) (G.3)

where the newly added input angle dependent functions are given by:
\(¢)) =(4L sinasingy, Iy(¢,) + 4L *sinasings, Y nz(¢,) +

4L%(sina)n?, (G.4)
Q(¢,) =2L sin acos ¢5,,GM,(9,) — 2L sinaGn3(¢,) +

+4L’sin’ a cos ¢,,, 5in ¢, Gn(¢,) -

- 4L7sin’ a cos by, GyM,($ )N 52($,) (G.5)
0.(¢,) = - (G + G2) - [2a,¢sinacos(d, - b,,) + 2L(G} - GZ)sinasin¢,,, +

+2L(G, - G,G,)sinacos ¢,,In,(9,) - 2L(G, + G,G,)sin an,,(¢,) (G .6)
Fi$,) = - {a,§>sin(¢, - ¢,,) + L(G , + G,G,) +[2La,$}sin(¢, - ¢,,)sin asin ¢,,, +

+2L%G, + G,G,)sinasin, In,(¢,) + [2La, ¢} cos(¢, - ¢,,)sinacos¢,,, +

+2L%G, - G,G,)sinaln,(é,)} (G.7)

It is to be noted that the form of equation (13) is not influenced by the addition of mass M.
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The evaluation of the new functions shows that the maximum values of MQ,(¢,) and

MQy(¢,) are very small (4.7 x 107 and 9.4 x 10°°, respectively) when ‘compared to terms
(.45LC.,)/é, and (EIn*)/(2'$IL>) (see Appendix C). Therefore, they are neglected

Further, it is found that the values of the ratio of 1/(Va,; + Vs, + sin* 2a)L, O,(¢,)/Py(¢,)

and Fi(¢,)/F,(¢,) are fairly constant near 0.005. Thus, a new equivalent "density" of the
coupler, which accounts for the addition of the mass M, can be introduced:

P.=P+ Py (G.8)
where the density increment is defined by

py =005-M/A (G.9)

With the above, equation (G.3) can be rewritten as

[PA(Vay, + Vo, +5in’ 2a)L +PAP1(¢1)] d¢ + '_1[0 A4SLC,, + pAPy($, )]

1

dos do. d*9u

1
v (3 B AP0+ 4 = Km0 0 G- G -0 SR )+
Fi(@)
G.10
- (©.10

Note that the coefficients of Py(¢,) and Py(¢,) contain the original density p of the coupler.
With the reasoning of section 5c P,(¢,) and Py(¢,) are now also set equal to zero and the
linearized form of equation (17) becomes applicable, with the replacement of p by p, in

equations (19) and (21).
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APPENDIX H. SAMPLE COMPUTATIONS FOR RUN NO.1

The following describes the computations for two complete mechanism cycles
(start-up and normal), where each contains the four operating regimes. The start-up cycle
begins with Regime No.1. Here, certain assumptions concerning the initial mechanism
angles and the initial conditions for the coupler deflection are made (See Part I, section 7a).
Subsequently, the final conditions for the mechanism angles and the coupler deflection of
any regime become the initial conditions for the following one. Experience has shown that

the various values obtained in the second or normal cycle repeat reliably in all further ones.

a. Constants Common to All Regimes

Based on the mechanism parameters listed in Table 1 and the operating parameters of
RunNo.1 (See section 7e of PartI), Table H-1 lists the values of the commonly used constants
of all regimes, according to equations (18), (19) and (20).

Further, according to equations (C.13) to (C.15) and (C.20), the first three coefficients
of the Fourier expansions in equations (C.12) and (C.19), which are functions of mechanism

geometry, are found to be:

ayo = -0.03798 , a,, =7.2439 , b, =~12.2350
azo - —0.0002 Py 021 - 0.0055 y bzl - -0.0208
a3y =1.5431, ay =-0.0563, b, =-0.2132

G =0.0000 , a,=-0.2132, b, =0.0563
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Run No.1:

.

é, = 200 (RPM), T, = 160 (Ib-in), Steel Strip Size =4.0x.125x130.0 (in)

Jos Clutch Output Shaft and Strip 0.41 (Ib-in-sec?)
Moment of Inertia

M, Equivalent Mass of Coupler 0.00632 (Ib-sec?/in)

K, Equivalent Stiffness of Coupler 1333.78 (Ib/in)

W, Component Frequency of 73.1 (Hz)

Coupler
A Frequency Ratio for Coupler 21.934
[ Damping Ratio for Coupler 0.0773

F,=0.098, P, =2.65

Table H-1. Constants Common to All Regimes

b. Computations for Cycle No.1 (Start-up)

(1) Computatiops for Regime No.1 of Start-up Cycle

According to equations (C.8) and (18.g), the linearized clutch stiffness K, and the

associated stiffness ratio K, are found to be:

K, =18566.36, K =1.364

r
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The values of the first three coefficients of equation (D.4) are obtained by way of
equation (D.5):
Alql) - -1012.746 ’ All(l) - 37.126 9 Bll(l) - 139-016

Table H-2 shows the assumed initial values, for the start-up computation, of the angles
¢, &, and ¢s, as well as the coupler deflection variables g and ¢'. The angles are obtained

from rigid body kinematics.

¢, = 255.645° ¢, = ¢ = 101.07° q=0 q'=0

Table H-2. Initial Conditions for Regime No.1 of Start-up Cycle

After solving for the constants E, and E, with the above initial conditions, equation
(D.6) takes the following form:

q(6,) = ™[1.2065in(23.2924,) + 3.258 cos(23.292¢,)] +

+0.266 + 0.256 sin(¢,) + 0.067 cos(¢,)

The regime ends when the inequality (D.3) is no longer satisfied. This furnishes the

end values for the input angle and the coupler deflection as given in Table H-3.

¢, = 271.114° és = 101.07° q = 0.0105 g’ =0.710

Table H-3. End Values of Regime No.1 of Start-up Cycle
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(2) Computations for Regime No.2 of Start-up Cycle

Table H-4 lists the remaining basic constants for Regime No.2 with the help of equation
(18). According to equations (16) the linearized clutch stiffness is:
K, =27849.5 (lb-in/rad)

The two natural frequencies of the system as well as the damping related constants
are found by solving the roots of equation (27):
o, =36.765Hz , ®,=82.166Hz and «,=12.245 , a,=36.681

Subsequently, the values of the coefficients of equations (38) and (39), which represent
the forcing functions, are obtained by means of equations (C.17) and (C.22):

A,,=-1521.948, A, =55.600, B, =208.978

Ay =240.287, A, =-8.991, B, =-32.942

With the above, the constants involved in the solution equations (47) and (48) are now
calculated according to equations (34)-(37), (42)-(44) and (51)-(53). They are listed in Table
H-5.

Using the end values of Regime No.1 as given in Table H-3 as the initial conditions

for Regime No.2, the four constants of equation (45) and (46) are found to be:

L,=-0130, L,,=-0.152, L,;=-3.967, L, =7.590
Substitution of the above into equations (47) and (54) furnishes:

g(6,) = *%0.2005sin(11.0300, + 3.848) + ¢~ "8.565sin(24.6509, — 0.482) +

+0.012 + 0.005sin(¢, + 3.211)

and
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K, Ratio of the Stiffness 2.046

w,, Component Frequency of 41.5 (H'z)
Clutch-Strip System

A, Frequency Ratio for 12.444
Clutch-Strip System

G Damping Ratio for 0.0515
Clutch-Strip System

Table H-4. Basic Constants for Regime No.2 of Start-up and Normal Cycles

n, = 0.461 Dy =1.553
m, = 0.025 D, = ~0.215
n, = -0.033 D,, = -0.057

m, = -0.003 8, = 0.054
C,=0.012 0, = 3.225

C,, = -0.005 a, = 3211

C., = -0.000 a,=3.399

Table H-5. Solution Related Constants for Regime No.2 of

Start-up and Normal Cycles
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Os(dy) = > "0.0735in(11.030, + 3.916) + e *1.1265in(24.650¢, - 0.461) +

+0.382sin(¢, + 0.783) + 0.0086

The regime ends when equation (62) is no longer satisfied. Table H-6 gives the end

values of Regime No.2 of the start-up cycle.

¢, =434.694° | ¢5=76.203° | q=0.00608 | g'=0.02323 | ¢s,=0.0069

Table H-6. End Values of Regime No.2 for Start-up Cycle

(3) Computations for Regime No.3 of Start-up Cycle

With ¢y = 0.0069 (see Table H-6), the linearized clutch stiffness Kj; and the

associated stiffness ratio K, become, according to equations (C.10) and (18.g):

K;;=16579.91, K =1.218

The values of the first three coefficients of equation (E.4) are obtained with the help
of equation (E.5):
A =-904.390, A =33.172, B, ;=124.045

With the end values of Table H-6 as the initial conditions, the constants E, and E, of

equation (E.6) may be obtained and the resulting solution has the form:

q(¢,) =e~ “**[414.5315in(23.144¢,) - 238.928 cos(23.1449,)] -

-0.232 + 0.231sin(¢,) + 0.060cos(¢,)

The regime ends when the inequality (E.3) is no longer satisfied. Table H-7 gives the

end values of Regime No.3
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¢, = 90.450° + 360° q =-0.00172 q' = -0.0483

Table H-7. End Values of Regime No.3 for Start-up Cycle

(4) Computations for Regime No.4 of Start-up Cycle

The values of the first three coefficients of equation (F.4) are obtained by using equation
(F.5):
Aygy=0.003, A,,=0176, B, =-0.909

Using the end values of Table H-7 for Regime No.3 as the initial conditions for this
regime, one can solve for the constants E and E; of equation (F.6). The resulting solution

has the form:
q(6,) =e " “™[907.4435in(21.8684,) + 996.400cos(21.8684,)] +
+0.000 - 0.002sin(¢,) + 0.000cos(¢,)

The regime ends when the inequality (F.3) is no longer satisfied. Table H-8 gives the

end values for Regime No.4.

b, = 255.642° +360°| ¢, = b5 = 101.057° g = 0.00174 q' =0.00048

Table H-8. End Values of Regime No.4 for Start-up Cycle

¢. Computations for Cycle No.2 (Normal)
All the constants of the start-up cycle, which do not depend on initial conditions, are

also applicable for the normal cycle.
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(1) Computations for Regime No.1 of Normal Cycle

The end values of Regime No.4 of the start-up cycle, which are listed in Table H-8,
are now used as the initial values for this regime. This furnishes the constants E, and E, of

equation (D.6). The resulting solution of equation (D.6) then has the form:
~0.2484, .
q(¢,) =e [1.2065in(23.292¢,) - 0.889 cos(23.292¢,)] +
+0.266 + 0.256sin(¢,) + 0.067 cos(¢,)

As before, the inequality (D.3) gives the end value for this regime, as listed in Table
H-9.

¢, = 271.687° s = 101.062° q =0.0122 q'=0.721

Table H-9. End Values of Regime No.1 of Normal Cycle

(2) Computatjons for Regime No.2 of Normal Cycle

The various basic constants given for Regime No.2 of the start-up cycle are still
applicable. Using the end values for Regime No.1 of Table H-9 as the present initial con-
ditions, the constants of equations (45) and (46) become:

L,=-0122, L,=-0.163, L,;=-9.727, L, =3.808
Substitution of the above into equations (47) and (54) furnishes:

q(d,) =e " %0.2045in(11.030¢, + 3.785) +e " "10.4465in(24.6509, — 1.198) +

+0.012 + 0.005sin(¢, + 3.211)

and
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D@y me " "0.0745in(11.030¢, +3.853) +e " "1.3735in(24.650¢, — 1.177) +

+0.382sin(¢, + 0.783) + 0.0086

L

This regime ends when equation (62) is no longer satisfied. Table H-10 gives the

associated end values.

¢, = 434.694° | ¢5=76.203° | g=0.00593 | gq'=0.02276 | ¢s,=0.0068

Table H-10. End Values of Regime No.2 for Normal Cycle
(3) Computations for Regime No.3 of Normal Cycle

With ¢54) = 0.0068 (see Table H-10), the linearized clutch stiffness K;; and the

associated stiffness ratio K, become, according to equation (C.10):

K,,=16510.01, K, =1.213

The values of the first three coefficients of equation (E.4) are obtained with the help
of equation (E.5):
Ags=-900.577 , A,;=33.033, B,;=123518

With the end values of Table H-10 as the initial conditions, the constants E, and E, of

equation (E.6) may be obtained and the resulting solution has the form:

q(6,) =e " “™[421.117sin(23.1409,) - 239.282 cos(23.140¢,)] -

-0.231 + 0.230sin(¢,) + 0.060cos(¢,)

The regime ends when the inequality (E.3) is no longer satisfied. Table H-11 gives

the associated end values.
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¢, = 90.450° + 360°

q =-0.00172 q' =-0.0483

Table H-11. End Values of Regime No.3 for Normal Cycle

(4) Computations for Regime No.4 of Normal Cycle

177

Using the end values of Table H-11 for Regime No.3 as the initial conditions for the

present regime, one can solve the constants Es and E, of equation (F.6). The solution form

of the regime then becomes:

q(6,) =e " “™[9953.6465in(21.8684,) + 949.178 c0s(21.8684,)] +

+ 0.000 - 0.002sin(¢,) + 0.000cos(¢,)

The regime ends when the inequality (F.3) is no longer satisfied. Table H-12 gives the

associated end values. Note that the end values of Tables H-8 and H-12 are the same and

one may safely assume that equilibrium of operation has been reached after two cycles.

b, = 255.642° + 360°| &, = ¢ = 101.057° q = 0.00174

q' = 0.00048

Table H-12. End Values of Regime No.4 for Start-up Cycle
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APPENDIX 1. COMPUTER ALGORITHMS FOR THE DETERMINATION OF
THE WINDUP ANGLE AND SAMPLE OUTPUT

*

a. Data Transfer from the Data Acquisition System to the Computer

The angular motion data of the mechanism input shaft, the rocker shaft and the feed
roller shaft are obtained by way of three angular encoders, which are able to furnish pulses
for every 0.036 degree of angular rotation. The times associated with these pulses are stored
by the data acquisition system. A typical print-out was shown by Chassapis (1988).

In order to automate the analysis of the vast number of associated data, they needed
to be first transferred to the computer. This was achieved with the help of a PIO-12 24-bit
Parallel Digital I/0 Interface Board. The BASIC programs, which were written for this

purpose, are now listed in the following:
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BAREEREERXEXBERSERE LR SR X R R EEE NSRS SRR SRR SRR R KRR R EE

(1) PROGRAM FOR TRANSFER OF INPUT SHAFT ENCODER
DATA (CH7) FROM DATA ACQUISITION SYSTEM TO PC

L3 22 2333 2222333233222 3222222322222 32322 2222 8 0

X--READ IN DATA FROM DATA ACQUISITION

A-~-WRITE OUT DATA TO PC

I--COUNTER

REEEEEEREE R R R R RS RE R R R R R R R KR K Rk ok ko kR kR

20 DIM A(10010)

40 OPEN "O", #1, "A:CH7.TIM"

60 OUT 771, 180

100 FORI=1TO 10010

120 AQ)=0:C=0

140 X = INP(768)

160 IF (X = 32 OR X = 13) GOTO 220

170 IF (X > 57 OR X < 48) GOTO 340

180 X =X- 48

200 A(I) = 10 * A(l) + X: GOTO 140

220 C=C+1

240 IF C = 2 GOTO 420

260 GOTO 140

300 X = INP(768)

320 IF (X = 32 OR X = 13) GOTO 360

340 A(l) = 0: GOTO 300

360 C=C+1

380 IF C = 2 GOTO 480

400 GOTO 300

420 IF (I = 1 OR I = 2) GOTO 480

440 TF (A(I) = 0) THEN A(D) = A(I - 1): A1) = 0

480 NEXTI

600 FOR J = 1 TO 1001

610 I=2+(J-1)*10

620 PRINT #1, A(l)

640 NEXTJ

660 CLOSE #1

680 END
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EEEERREEA AR EREEE R R R SRR ERE R RSN AR R R R R R R R R R E R KRR KRR R R X%

(2) PROGRAM FOR TRANSFER OF ROCKER SHAFT ENCODER
DATA DURING FORWARD MOTION (CH2) FROM DATA
ACQUISITION SYSTEM TO PC

E2 2 TR P R RS RIS E SRR S22 SRS 2222222222 2 2 % 3 3

X--READ IN DATA FROM DATA ACQUISITION

A--WRITE OUT DATA TO PC

I--COUNTER

EERBRREE R R R LB E X RS RE B E B R AR B RS R SRS R R &

20 DIM A(2500)

40 OPEN "O", #1, "A:CH2.TIM"

60 OUT 771, 180

100 FOR I = 1 TO 2500

120 AQ)=0:C=0

140 X = INP(768)

160 IF (X = 32 OR X = 13) GOTO 220

170 IF (X > 57 OR X < 48) GOTO 300

180 X=X-48

200 A(I) = 10 * A(I) + X: GOTO 140

220 C=C+1

240 IF C = 2 GOTO 420

260 GOTO 140

300 X = INP(768)

320 IF(X =320RX=13)THENC=C+1

380 IF C =2 GOTO 410

400 GOTO 300

410 A(I) = 0: GOTO 480

420 IF (1 = 1 ORI = 2) GOTO 480

440 TF (A(I) = 0) THEN A(Q) = A( - 1): AG - 1) = 0

480 NEXT

600 FOR I =1 TO 2500

620 PRINT #1, A(l)

640 NEXT

660 CLOSE #1

680 END
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AR R 2RI SR S 2 22222222222 22222 2222222222232 23 22 2 2 2 2 0

(3) PROGRAM FOR TRANSFER OF ROCKER SHAFT ENCODER |
DATA DURING RETURN MOTION (CH3) FROM DATA
ACQUISITION SYSTEM TO PC

XXRREEEEEEEEEEXEL S S EBEEEE B R R R R R AL R R R E LR B ERE R R R KX

X--READ IN DATA FROM DATA ACQUISITION

A-~-WRITE OUT DATA TO PC

I--COUNTER

RXERRERABR XX AR REEEEE R R LR SRS R R R R R EE R R R R R R R R R

20 DIM A(2500)

40 OPEN "O", #1, "A:CH3.TIM"

60 OUT 771, 180

100 FOR I =1 TO 2500

120 AQ)=0:C=0

140 X = INP(768)

160 IF (X = 32 OR X = 13) GOTO 220

170 IF (X > 57 OR X < 48) GOTO 300

180 X=X-48

200 A(l) = 10 * A(I) + X: GOTO 140

220 C=C+1

240 IF C = 2 GOTO 420

260 GOTO 140

300 X = INP(768)

320 IF(X=320RX=13)THENC=C+1

380 IF C =2 GOTO 410

400 GOTO 300

410 A(T) = 0: GOTO 480

420 IF (I =1 ORI = 2) GOTO 480

440 TF (A(I) = 0) THEN A(I) = A0 - 1): A0 - 1) = 0

480 NEXT

600 FORI=1TO 2500

620 PRINT #1, A(l)

640 NEXT

660 CLOSE #1

680 END

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



AXRREEREXEXREEEEXEEXE R B R X R R R B R B R KB EERE XX KRR R R KRR KKK

(4) PROGRAM FOR TRANSFER OF FEED ROLLER SHAFT ENCODER
DATA DURING FORWARD MOTION (CH4) FROM DATA
ACQUISITION SYSTEM TO PC® ‘

RERKRRRERRARAREX LA REE XX B R ERE R R SRR XX KB EREE R KRR EER KKK KKK KK

X--READ IN DATA FROM DATA ACQUISITION

A--WRITE OUT DATA TO PC

I--COUNTER

AKX ERKEEBREREER B AR EEREEEERERE AR R R EEEREE R R KRR EEER R KK

20 DIM A(2500)

40 OPEN "O", #1, "A:CH4.TIM"

60 OUT 771, 180

100 FORI =1 TO 2500

120 AQ)=0:C=0

140 X = INP(768)

160 IF (X = 32 OR X = 13) GOTO 220

170 IF (X > 57 OR X < 48) GOTO 300

180 X=X- 48

200 A(I) = 10 * A(l) + X: GOTO 140

220 C=C+1

240 IF C = 2 GOTO 420

260 GOTO 140

300 X = INP(768)

320 IF(X=320RX=13)THENC=C+1

340 IF C = 2 GOTO 410

400 GOTO 300

410 A(l) = 0: GOTO 480

420 IF (I = 1 ORI = 2) GOTO 480

440 IF (A(I) =0) THEN A() = A0 - 1): A0 -1) =0

480 NEXT

600 FOR I =1TO 2500

620 PRINT #1, A(I)

640 NEXT

660 CLOSE #1

680 END

12 The return motion channel of the feed roller shaft encoder never indicated any such
motion
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The following gives printouts of various angular encoder data of a normal cycle of
Run No.1, which were transferred from the data acquisition system to the hard disc of the
computer. They will subsequently be used for the determination of the clutch windup angle
as a function of the mechanism input angle.

All time counts are in microsecond and are relative to zero time which corresponds to
the zero degree position of the input crank. Note that all zeros, but the first of CH7.TIM,
represent bad data which are eventually replaced by interpolation and that data are to be

read column by column.
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(a) Times (usec) associated with the angular position of the input crank

CH7.TIM (Only one of every ten data are recorded here.)

0

303
606
913
1219
1521
1823
0
2434
2737
0
3344
3648
3953
4254
4558
0
5165
5466
5769
6072
6373
6673
6976
7278
7579
7878
8180
8482
8784
0
9386
9686
9984
10281
10580
10881
11180
11478
11778
12078
12377
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12674
12971
13270
13568
13864
14163
14461
14759
15054
15351
15649
15947
16243
16540
16838
17136
17430
17726
18021
18317
18612
18908
19206
0

19799
20095
20393
20689
20983
21279
21575
21872
22167
22463
22760
23057
23352
0

23946
24243
24538
24834

25133
25431
25726
26022
26321
26620
26917
27214
27513
27812
28107
28403
28703
29002
29298
29595
29895
30195
0

30790
31090
31391
31689
31986
32286
32588
32888
33185
33485
33788
34088
0

34686
34988
35289
35588
35888
36190
36492
36791
37091
37394

37696
37996
38296
38599
38902
39203
39503
39806
40109
40411
40712
41015
41319
41622
41923
42226
42530
42833
43135
43438
43778
44046
44348
44652
44957
45262
45564
45868
46173
46478
46780
47083
47389
47696
47997
48300
48608
48915
49216
49519
49827
0

50434
50738
51048
51357
51656
51958
52266
52575
52876
0

53485
53793
54094
54396
54703
55013
55315
55615
55919
56227
56530
56829
57131
57437
57740
58041
58346
58654
0

59254
59555
59860
60162
60460
60760
61066
61368
0

61968
62273
62575
62873

63171
63474
63775
64072
64368
64672
64975
65272
65568
65871
66175
66474
66771
67070
67369
67668
67966
68267
68567
68865
69163
69463
69764
70064
70361
70661
70961
71260
71557
71857
72157
72457
72755
73055
73355
73656
73954
74253
74553
74854
75153
0

75752
76054
76353
76652
76952
77253
77553
77852
78152
78454
78755
79055
79354
79657
79959
80259
80558
80860
81162
81462
81761
82062
82364
82665
82964
83266
83569
83871
84171
84473
84775
85078
0

85679
85982
86285
86585
86887
87189
87493
87793
88095

88397
88701
89002
89303
89605
89910
90212
90513
90815
91119
91422
91724
92026
92330
92633
92935
93237
93541
93844
94147
94451
94756
95058
95360
95664
95969
96271
96573
96876
97181
0

97788
98091
98396
98700
99004
99307
99612
99917

101134
101472
101743
102048
102353
102658
102963
103268
103573
103879
104185
104491
104795
105101
105406
0

106017
106322
106627
106934
107239
107545
107851
108158
108464
108769
109076
109383
109688
109994
110300
110607
110913
111219
111525
111833
112138
112444
112749

100222 0
100525 113364
100830 113670

184

113974
114283
114592
0

115202
115511
115819
116125
116429
116737
117045
117350
117653
117961
118269
118574
118910
119188
119497
119801
120106
120416
120725
121029
121331
121639
121947
122251
122554
122861
123170
123475
123779
124087
124395
124700
125001
125306
125612
125916
126221
126528
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126834
127139
127441
127747
128054
128358
128659
0

129269
129573
129875
130180
130487
130792
131093
131396
131701
132005
132337
132608
132912
133217
133519
133821
134125
134429
134731
135034
135337
135641
135942
136244
136546
136851
137153
137454
137755
138059
138362
138663
138963
0

139568
139869
140169
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140472
140774
141076
141376
141678
141981
142282
142580
142882
143186
143489
143788
144088
144391
144692
144989
145289
145593
145896
146193
146494
146799
147103
147400
147699
148002
148305
148601
148899
149203
149507
149805
150105
150409
150713
151012
151310
151612
151917
152215
152513
152815
153120
153420
153717

154019
154323
154623
154922
155224
155529
155828
156127
156429
156734
157035
157333
157635
157940
158240
158538
158841
159146
159448
159748
160048
160353
160654
160953
161254
161559
0

162159
162460
162766
163069
163368
163669
163974
164276
164575
164876
165180
165482
165782
166084
166389
166691
166991
167292

167597
167899
168199
168500
168805
169108
169408
169709
170014
170316
170616
170919
171225
171527
171828
172131
172437
172738
173039
173343
173648
173950
174250
174554
174858
175160
175462
175766
176070
176373
176675
176980
177284
177586
177889
178193
178497
178800
179102
179407
179712
180015
180317
180622
180927

0

181533
181838
0

182446
182749
183053
183358
183662
183964
184269
184575
184879
185182
185487
185792
186096
186400
186704
187010
187345
187619
187924
188230
188534
188838
189143
189449
189753
190058
190363
190669
190974
191279
191585
191891
192196
192501
0

193114
193419
193725
194031
194337
194642

194947
195254
195561
195866
196171
196479
196787
197091
197395
197702
198011
198315
198620
0

199234
199540
199846
200153
200461
0

201072
201378
201684
201990
202297
202603
202908
203214
203521
203829
204134
204440
204779
205053
205358
205665
205972
206276
206580
206886
207194
207499
207804
208110
208419

208724
209026
209330
209637
209940
210242
210549
210857
211160
211496
211772
212080
212379
212678
212983
213288
213588
213890
214197
214503
214804
215106
215412
215715
216013
216313
216618
216920
217218
217522
217828
218130
218428
218731
219036
219336
219633
219935
220240
220538
220834
0

221442
0

222037

222339
222643
222942
223238
223573
223844
0

224438
224739
225043
225341
225637
225939
226243
226542
226838
227140
227442
227741
228037
228338
228641
0

229237
229540
229843
230142
230441
230743
231045
231343
231641
231944
232245
232544
232845
233149
233450
233749
234049
234353
234655
234955
235256
235559

235861
236162
236464
236767
237069
237371
237674
237976
238279
238582
238885
239188
239490
239793
240096
240399
240702
0

241309
241612
241915
242220
242524
242825
243128
243433
243738
244040
244342
244649
244953
245254
245558
245866
246171
246473
246777
247082
247386
247689
247993
248299
248603
248905
249209

185

249515
249819
250123
250428
250735
251038
251339
0

251947
252250
252552
252858
253164
253468
253772
0

254385
254685
254986
255291
255596
255897
256200
256506
256809
0

257414
257721
258025
258326
258627
258930
259233
259533
259836
260141
260444
260746
261050
261355
261658
261959
262261
262565
262866
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263166
263469
263773
264075
264377
264680
264984
265288
265590
265893
266195
0

266798
267101
267405
267708
268010
268315
268619
268922
269225
269529
269833
270136
270437
270740
271045
271349
271651
271955
272260
0

272868
273207
273476
273779
274082
274386
274690
274994
275297
275602
0

276209
276512

276817
277121
277422
277724
278028
278332
278634
278937
279242
279546
279846
280149
280454
280757
281058
281361
281666
281967
282267
282605
282874
283174
283473
283776
284082
284383
284683
284985
0

285589
285888
286191
286495
286796
287096
287398
287702
288002
288301
288604
288908
289208
289507
289809
290113

290414
290714
291017
291322
291623
291923
292227
292531
292831
293132
293435
293739
294040
294341
294681
294950
295250
295551
295856
296160
296460
296762
297067
0

297670
297972
298278
298582
298883
299185
299491
299797
300098
300400
300704
301007
301307
301609
301913
302216

186
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(b) Times (usec) associated with the angular position of the rocker during forward motion

CH2.TIM
6 5821
166 6003
279 6102
449 6275
542 6396
703 6580
817 6679
989 6854
1081 6976
1245 7162
1358 7263
1531 7439
1625 7563
1789 7751
1904 7853
2078 8031
2172 0
2338 8347
2453 8451
2629 8632
0 8759
2890 8952
3006 9057
3183 9241
3278 9370
3445 9565
3562 9672
0 9857
3836 9988
4004 10186
4122 10294
4300 10481
4397 10614
4566 10814
4685 10923
4864 11114
4962 11249
5132 11452
5251 11563
5432 11757
5529 11894
5701 O
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12215
12411
12551
12761
12876
13076
13217
13431
13548
13750
13894
14111
14229
14434
14580
14799
14920
15127
15275
15498
15620
15830
15980
16203
16326
16538
16688
16913
17037
17250
17401
17627
17751
17964
18115
18340
18464
18677
18828
19052
19176
19388

19539
19764
19888
20100
20252
20477
20602
20815
20967
21194
21319

21684
21911
22036
22250

22631
22757
22972
23126
23356
23483
23699
23854
24085
24213
24432
24589
24823
24953
25174
25333

25701
25925
26086
26326
26459
26686
26849
27092

27227
27457
27623
27870
28007
28241
28410
28661
28801
29040
29212
29467
29609
29853
30028
30288
30434
30682
30861
31127
31276
31530
31713
31987
32141
32402
32592
32874
33033
33303
33500
33794
33959
34243
34449
34758
34933
35232
35450
35779
35965
36286

36521
36876
37078
37425
37680
38065
38286
38664
38941
39362
39603
40016
40321
40782
41046

41834
42336
42622
43109
43471
44015
44327
44856

45826
46157
46718
47132
47751
48106
48714

49854
50253
50943
51464
52252
52708
53485
54063
54937

55444
56324
57012
58119
58816
60229
61777
219330
221197
221939
223137
223834
0

0
226250
226799
227683
0
228919
229442
230298
230720
231501
232004
232804
233186
233867
234290
234933
235234
235762
236089
236591
236828
237248
237510
237920
238116
238472
238697
239054
239226

239541
239742
240062
240219
240507
240692
240989
241135
241404
241577
241858
241996
242252
242418
242687
242820
243066
243226
243485
243613
243851
244006
244257
244382
244613
244764
245009
245131
245355
245505
245745
245864
246088
246233
246470
246588
246809
246953
247189
247306
247527
247671

247908
248026
248248
248391
248625
248741
248958
249100
249331
249447
249665
0

250041
250158
250377
250520
250752
250868
251086
251229
251464
251581
251801
251946
252182
252300
252520
252665
252901
253019
253239
253386
253624
253744
253968
254115
254356
254476
254702
254851
255095
255217

255445
255596
255841
255964
256192
256343
256588
256711
256941
257093
257339
257462
257691
257842
258086
258209
258436
258586
258829
258952
259178
259328
259568
259689
259912
260060
260297
260416
260637
260782
0

261134
261351
261495
261725
261841
262056
262197
262424
262539
262750
262889
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263113
263226
263434
263571
263791
263902
264108
264243
264460
264569
264771
264905
265118
265226
265424
265556
265766
265872
266068
266197
0

266509
266701
266829
267033
267136
267326
267451
267651
267753
267939
268062
268258
268358
268541
268662
268854
268952
269131
269250
269439
269535
269712
269828
270014

270109
270282
270396
270579
270672
270842
270955
271134
271225
271392
271503
271679
271769
271933
272042
272216
272304
272466
272574
272745
272832
272993
273099
273269
273355
273514
273620
273788
273874
274032
274138
274306
0

274549
274654
274822
274908
275065
275170
275338
275424
275581
275687
275854
275941

276099
276205
276373
276460
276618
276725
276894
276981
0

277141
277418
277506
277666
277774
277945
278033
278195
278303
278475
278564
278725
278834
279007
279096
279258
279368
279541
279631
279794
279905
280079
280169
280333
280444
280619
280710
280876
280987
281163
281255
281421
281533
281710
281802
281969

282082
282261
282353
282521
282635
282814
282907
283076
283191
283370
283464
283634
283749
283929
284024
284194
284310
284491
284586
284756
284873
285055
285150
285322
285439
285621
285717
285890
286008
286191
286287
286459
286578
286761
286858
287031
287150
287334
287432
287606
287726
287911
288009
288184
288305

288491
288589
288765
288886
289073
289172
289349
289471
289658
0

289935
290057
290246
290346
290523
0

290835
290935
291113
291235
291424
291524
291701
291824
292013
292112
292290
292412
292600
292699
292876
292998
293184
293283
293459
293580
293765
293863
294037
294157
294340
294438
294610
294729
294911

295008
295178
295296
295476
295571
295740
295857
296035
296129
296296
296412
296587
296681
296846
296961
297135
297228
297391
297504
297677
297768
297930
298043
298213
298304
298464
298575
298744
298835
298993
299104
299272
299361
299519
299629
299796
0

300043
300153
300320
300409
300567
300677
300844
300934

301091
301202
301369
301460
301618
301729
0

301989
0

302260
302430

90°position
during forward
motion

188
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(c) Times (usec) associated with the angular position of the rocker during return motion

CH3.TIM

65882
67408
68579
69546
70637
71625
72500
73255
74097
74870
75551
76131
76774
77357
77869
78305
78795
79251
79663
80024
80438
80831
81190
81508
81880
82237
82569
82865
83211
83546
83858
84137
84464
84780
85074
85337
85645
85943
86221
86471
86765
87051

87321
87563
87849
88129
88393
88631
88913
89189
89449
89682
89959
90229
90484
90713
90985
91250
91500
91725
91992
92252
92497
92717
92979
93234
93474
93691
93948
94199
94435
94648
94901
95147
95380
95589
95836
96078
96305
96509
96751
96987
0

97406

97641

97870

98084

98277

98504

98726

98935

99122

99343

99559

99762

99945

100161
100372
100570
100749
100960
101167
101361
101535
101741
101943
102133
102304
102506
102704
102891
103058
103257
103452
103635
103800
103996
104188
104369
104532
104725
104915
105093
105254
105445
105633

105809
105968
106157
106342
106518
106676
106864
107048
107223
107380
107568
107752
107926
108083
108270
108454
108628
108785
108972
109155
109330
109486
109674
109857
110032
110188
110375
110559
110733
110889
111075
111258
0

111586
111771
111953
112125
112280
112464
112644
112815
112968

113149
113327
113494
113645
113823
113998
114163
114312
114489
114663
114825
114972
115147
115318
115479
115624
115797
115965
116124
116267
116436
116602
116759
116899
117066
117230
117384
117523
117688
117849
118001
118138
118300
118460
118610
118745
118905
119063
119211
119345
119503
119659

119806
119938
120095
120249
120396
120526
120683
120836
120981
121111
121267
121419
121564
121693
121848
122000
122143
122272
122427
122578
122721

122850 .

123004
123155
123298
123426
123580
123730
123873
124001
124155
124305
124448
124576
124729
124879
125022
125150
125304
125454
125597
125725

* 90° position during return motion.

131886
132011
132162
132309
132450
132574
132725
132870
133010
133134
133284
133429
133569
133692
133841
133986
134125
0

134248
134541
134680
125879
126029
126172
126299
126453
126603
126746
126873
127027
127177
127320
127448
127602
127752
127895
128022
128176
128325
128469
128596
128750

128899
129042
129169
129323
129472
129615
129742
129895
130043
130186

130312 139077

130464
130612
130754
130880
131032
131180
131321
131447
131598
131745
134803
134951
135095
135234
135356
135504
135648
135786
135907
136056
136199
136337
136458
136606
136748
136886
137007
137154
137297
137434
137555

137702
137844
137982
138102
138250
138392
138529
138650
138798
138940

139198
139347
139487
139624
139745
139892
140034
140171
140292
140439
140581
140718
140838
140986
141128
141265
141385
141533
141675
141812
141932
142080
142222
142359
142479
142627
142769
142907
143020
0

143317

143455
143576
143725
143867
144005
144126
144275
144418
144556
144678
144827
144971
145110
145232
145382
145526
145666
145788
145939
146083
146224
146346
146498
146643
146783
146906
147058
147203
147344
147467
147620
147765
147906
148029
148182
148327
148469
148593
148746
148891
0

149033
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149310
149455
149597
149721
149874
150020
150162
150286
150440
150585
150728
150852
151006
151152
151295
151420
151575
151721
151865
151989
152145
152291
152436
152561
152717
152863
153008
153133
0

153437
153581
153707
153864
154011
154156
154281
154438
154585
154730
0

155012
155160
155305
155430
155587

155734
155880
156006
156163
156310
156456
156582
156740
156887
157034
157160
157319
157467
157615
157741
157901
158050
158199
158326
158487
158636
158786
158914
159075
159226
159376
159504
159667
159818
159970
160099
160263
160415
160568
160698
160863
161017
161171
161302
161469
161623
161778
161910
162077
162233

162388
162521
162689
162846
163002
163136
163306
163463
163621
163756
163928
164087
164247
164383
164556
164717
164879
165017
165192
165355
165517
165656
165833
165997
166161
166302
166480
166646
166811
166953
167133
167300
0

167610
167791
167960
168128
168271
168454
168622
168791
168935
169118
169288
169457

169602
169786
169957
170128
170273
170459
170631
170803
170950
171137
171311
171484
171632
171821
171996
172172
172321
172513
172690
172867
173019
173213
173393
173572
173726
173923
174104
174286
0

174640
174823
175007
175164
175365
175550
175735
175894
176097
176285
176473
176633
176839
177029
177220
177383

177592
177784
177978
178144
178356
178552
178749
178917
179133
179332
179534
179705
179927
180130
180336
180512
180739
180947
181158
181338
181570
181784
182001
182185
182423
182643
182865
183054
183298
183523
183751
183945
184197
184427
184661
184860
185118
185354
185594
185798
186062
186305
186552
186762
187035

187286
187540
187756
188038
188296
188560
188783
189074
189341
189613
189844
190145
190421
190702
190941
191252
191538
0

192076
192400
192697
193002
193263
193606
193924
194250
194528
194894
195233
195584
195887
196288
196659
197042
197370
197804
198207
198625
198984
199463
199907
200368
200769
201308
201815

0

202812
203441
204040
204673
205233
206005
206767
207614
208420
209668
211205
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(d) Times (usec) associated with the angular position of the roller shaft during forward

motion
CH4.TIM
6 4946
107 5095
258 5206
363 5374
498 5490
599 5641
750 5754
854 5925
990 6043
1092 6196
1244 6311
1349 6485
1485 6606
1586 6762
1739 6879
1844 7057
1982 7180
2084 7340
2239 7460
2346 7641
2484 7768
2588 7932
2744 8054
2851 8239
2992 8369
3097 8537
3256 8662
3365 8852
3507 8985
3613 9157
3773 9284
3884 0
4028 9614
4136 9790
4299 9922
4411 10122
4557 10261
4667 10442
4832 10576
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10781
10925
11110
11247
11457
11603
11792
11932

12296
12488
12631
12850
13003
13201
13346
13570
13725
13926
14075
14304
14463
14668
14819
15053
15216
15425
15578
15815
15979
16191
16347
16587
16752
16965
17121
17362
17527
17739

17895
18134
18298
18509
18664
18901
19064
19273
19427
19662
19823
20031
20183
20414
20572
20777
20927
21156
21311
21514
21662
21887
22041
22241
22387
22610
22761
22958
23103
23322
23470
23665
23807
24022

24360
24501
24713
24857

25047
25187
25398
25541
25731
25870
26080
26223
26413
26553
26763
26907
27097
27238
27451
27596
27789
27932
28148
28295
28492
28637
28856
29007
29206
29354

29732
29936
30087
30316
30474
30684

31075
31237
31453
31614
31858

32027

32417
32673
32850
33085
33262
33532
33720
33971
34161
34450
34652
34923
35127
35440
35657

36170
36510
36747
37066
37309
37683
37944
38298
38567
38986
39283
39689
40000
40498
40851
41340

42315
42742
43323
43767

44469
44961
45629
46130
46910
47437
48124
48621
0
49852
50477
50924
51600
52053
52642
53072
53739
54196
54803
55255
55963
56451
57111
57615
58446
59062
59980
60790
62533
232492
233393
234412
234930
235532
235917
236468
236798
237202
237488

237900
238158
238484
238715
239056
239274
239551
239751
240048
240240
240486
240665
240934
241109
241333
241498
241746
241908
242117
24227
242504
242658
242856
243003
243225
0

0

243564
243921
244064
244250
244387
244596
244736
244918
245052
245256
245392
245570

245701
245902
246036
246211
246340
246537
246669
246841
246969
247163
247294
247464
247590
247784
247914
248084
248210
248404
248534
248705
248832
249027
249158
249330
249457
249653
249785
249959
250088
250288
250422
250599
250730
250933
251070
251251
251384
251590
251729

251914
0

252261
252403
252592
252731
0

253092
253283
246211
246340
246537
246669
246841
246969
247163
247294
247464
247590
247784
247914
248084
248210
248404
248534
248705
248832
249027
249158
249330
249457
249653
249785
249959
250088
250288
250422
250599
250730
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250933
251070
251251
251384
251590
251729
251914
0

252261
252403
252592
252731
0

253092
253285
253427
253648
253797
253996
254142
254368
254521
254726
254876
255110
255268
255479
255634
255876
256040
256259
256419
256669
256838
257065
257229
257485
257658
257890
258058
258319
258494
258729
258898
259162

259339
259575
259745
260010
260187
260422
260591
260854
261029
261263
261430
261689
261861
262091
262255
262507
262675
262898
263057
263302
263463
0

263829
264064
264218
264423
264569
264793
264941
265137
265277
265492
265633
265821
265955
266161
266296
266476
266605
266802
266932
267105
267229
267420
267545

267713
267833
268018
268140
268303
268421
268601
268720
268878
268993
269168
269284
269438
269550
269721
269834
269985
270094
270262
270372
270519
270626
270791
270899
271044
271150
271311
271418
271560
271664
271823
271928
272069
27217
272328
272432
27257
272671
272826
272929
273067
273167
273320
273422
273558

273657
273809
273910
274046
274144
274295
274396
274531
274628
274778
274878
275013
275110
275259
275360
275494
275591
275740
275840
275974
276070
276219
276319
276453
276550
276698
276798
276932
277029
2771177
277278
277412
277509
277658
277759
277894
277991
278140
278241
278378
278475
278626
278728
278865
278964

279116
279219
279358
279458
279612
279717
279857
279958
280114
280220
280363
280466
0

280731
280876
280980
281140
281250
281397
281503
281667
281778
281928
282036
282203
282316
282469
282579
282749
282865
283021
283134
283307
283424
283583
283698
283875
283995
284156
284274
284454
284576
284741
284862
285046

285171
285338
285461
285650
285778
285949
286075
286267
286398
286572
286700
286896
287029
287206
287336
287534
287669
0

287980
288181
288317
288498
288631
288832
288969
289150
289284
289485
289621
289801
289934
290135
290271
290450
290581
290779
290912
291089
291219
291414
291547
291721
291849
292041
292172

292344
292470
292659
292788
292957
293081
293266
293393
293560
293681
293863
293988
294152
294271
294450
294572
294733
294858
295024
295145
295302
295417
295588
295706
295861
295972
296140
296257
296408
296518
296683
296797
296946
297054
297216
297330
297477
297584
297744
297856
298001
298107
298265
298377
298520

298625
298781
298891
299033
299136
299292
299400
299541
299644
299798
0

300044
300146
300299
300406
300545
300646
300798
300904
301042
301143
301294
301400
301537
301638
301789
301894
302030
302130
302281
302382
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To compute the clutch windup angle it is necessary to further know the following:

(e) The times associated with the 90° reference positions of the rocker, which are given in

the output of CH2.TIM and CH3.TIM (actually obtained by a different channel of the

identical encoder).

During return motion: 139077 psec

During forward motion: 290346 usec

Both are indicated in applicable printouts
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(f) The time interval between the end of the first part of the forward motion of the rocker
and the beginning of the second part. (They are interrupted by the return stroke.) According
to the bold-italic numbers of CH2.TIM, this interval is given by:

219330-61777=157553 pnsec

(g) The time interval between the end of the first part of the forward motion of the feed
roller shaft and the beginning of the second part. (They are interrupted by the return stroke.)

According to the bold-italic numbers of CH4.TIM, this interval is given by:

232492-62533=169959 psec
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b. Determination of Windup Angle ¢,

(1) Program
Using the above data, the rocker angle ¢,, the roller shaft angle ¢5 and the windup

angle ¢, may be obtained, as a function of the input crank position, with the help of the

following FORTRAN program:

RMEKEREEKEEEK R R R ERE KRR R R E R R AR KRR R R KRR R R R RE R R R R K

THE FOLLOWING PROGRAM IS WRITTEN FOR DETERMINING THE ROCKER
ANGULAR POSITIONS PHI4 AND ROLLER SHAFT ANGLE PHISF IN TERMS
OF THE INPUT CRANK ANGLE PHI1.
REREEEEEEREEREE XL R REEEE AR AR AR AR R BN R E R R R KRR R R R R R R R R R R E R R R E
PHI4F-ABS ROCKER ANGLE AS FUNCTION OF TIME (FORWARD STROKE)
PHI4R-ABS ROCKER ANGLE AS FUNCTION OF TIME (RETURN STROKE)
PHISF-REL ROLLER ANGLE AS FUNCTION OF TIME (FORWARD STROKE)
PHI4A-ABS ROCKER ANGLE AS FUNCTION OF PHI1 (ONE COMPLETE CYCLE)
PHI4RF-REL ROCKER ANGLE AS FUNCTION OF PHI1 (FORWARD STROKE)
PHISRF-REL ROLLER SHAFT ANGLE AS FUNCTION OF PHI1
MEEREKRRRKRK R KRR R R KB ER R R RN R KRR KRR KRR R R KRR KRR KK
REAL PHI1(1000),PHI4F(2300),PHI4R(2300),PHISF(2300)
REAL PHI4A(1000),PHI4RF(1000),PHISRF(1000)
REAL T4MAX, T4MIN,PHI1IMAX,PHIIMIN,PHI4MAX,PHI4MIN
INTEGER 1,J,D4,D5,A,1L,N,M, T1(1000),T4F(2300),T4R(2300),T5F(2300)
INTEGER T42,T44,T45,T46,T47,T48,T52,T56,T58, TR4,TR7
* READ TIME T1 FROM DATA FILE "CH7.TIM" *
OPEN (UNIT=1,FILE="A:CH7.TIM")
1=0
10 READ (1,20,END=30) A
20 FORMAT (17)
I=1+1
Ti1()=A
GOTO 10
* FIX ZEROES AND BAD DATA IN THE DATA Ti(]) *
30 DO 401=2,1000
IF (T1(I) .EQ. 0) T1(I)=T1(1-2)+(T1(1-2)-T1(1-4))
IF ((T1(I-1) .LE. T1(I-2)) .OR. (T1(I-1) .GE. T1(1))) THEN
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T1(I-1)=(T1(1-2)-T1(-4))+T1(-3)
END IF
40 CONTINUE
* DETERMINE ANGULAR POSITIONS PHI1 & GIVE ZEROS TO PHI4 & PHIS *
DO 60 1=1,1000
PHI1(I)=(I-1)*0.36
PHI41F(1)=0.0
PHIS1F(1)=0.0
60 CONTINUE
* READ 90 DEGREE REFERENCE DATA AND DWELL TIME *
OPEN (UNIT=2,FILE="A:CH1.TIM")
READ (2,90) TR7,TR4,D4,DS
90 FORMAT (17)
* READ TIME T4F FROM DATA FILE "CH2.TIM"*
OPEN (UNIT=3,FILE="A:CH2.TIM")
1=0
110 READ (3,120,END=100) A
120 FORMAT (17)
I=I+1
T4F(I)=A
GOTO 110
100 T48=I
* FIX ZEROES & BAD DATA IN THE DATA T4F(I) & OBTAIN T42,T46,T47 *
DO 140 1=2,T48
IF (T4F(1) .EQ. 0) T4F(1)=T4F(I-2)+(T4F(I-2)-T4F(-4))
IF ((T4F(I-1) .LE. T4F(-2)) .OR. (T4F(I-1) .GE. TAF(l))) THEN
T4F(1-1)=TA4F(I-2)-T4F(I-4)+T4F(-3)
END IF
IF ((T4F(1)-T4F(I-1)) .EQ. D4) THEN
T42=1-1
T46=1
END IF
IF (T4F(1) .EQ. TR7) T47=I
140 CONTINUE
* DETERMINATION OF ANGULAR POSITIONS PHI4F *
DO 150 1=T47,T42
PHI4F(1)=90+(T47-1)*0.036
150 CONTINUE
DO 160 1=T47,1,-1
PHI4F(1)=90+(T47-1)*0.036
160 CONTINUE
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DO 170 1=T48,T46,-1
PHI4F(1)=PHI4F(1)+(T48+1-1)*0.036

170 CONTINUE

* READ TIME T4R FROM DATA FILE "CH3.TIM" *
1=0
OPEN (UNIT=4,FILE="A:CH3.TIM’)

510 READ (4,520,END=530) A

520 FORMAT (17)
I=I+1
T4R(I)=A
GOTO 510

530 T45=1

* FIX ZEROES & BAD DATA IN THE DATA T4R(I) & OBTAIN T44 *
DO 540 1=1,T45
IF (T4R(1) .EQ. 0) T4R(I)=T4R(I-2)+(T4R(I-2)-T4R(I-4))
IF ((T4R(I-1) .LE. T4R(I-2)) .OR. (T4R(I-1) .GE. T4R(I))) THEN
T4R(1-1)=T4R(I-2)-T4R(I-4)+T4R(I-3)
END IF
IF (T4R(I) .EQ. TR4) T44=l

540 CONTINUE

* DETERMINATION OF ANGULAR POSITIONS PHI4R *
DO 550 1=T44,1,-1
PHI4R(1)=90-(T44-1)*0.036

550 CONTINUE
DO 560 1=T44,T45
PHI4R(1)=90+(1-T44)*0.036

560 CONTINUE

* FIND THE MAX AND MIN PHI4 AS WELL AS ASSOCIATED TIME *

- PHI4MAX=PHI4F(T46)+0.018

PHI4AMIN=PHI4F(T42)-0.018
T4AMAX=(T4R(T45)+T4F(T46))/2
T4MIN=(T4F(T42)+T4R(1))/2

* READ TIME TS5F FROM DATA FILE "CH4.TIM" *
OPEN (UNIT=6,FILE="A:CH4.TIM")
I1=0

180 READ (6,190, END=200) A

190 FORMAT (17)
I=1+1
TSF(I)=A
GOTO 180

200 T58=1

* FIX ZEROES IN THE DATA T5F AND OBTAIN T52 AND T56 *
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DO 2401=2,T58
IF (T5F(I) .EQ. 0) TSF(1)=T5F(I-2)+(TSF(I-2)-T5F(1-4))
IF ((T5F(I-1) .LE. TSF(I-2)) .OR. (T5F(I-1) .GE. T5F(1))) THEN
T5F(1-1)=T5F(I-2)-TSF(1-4)+T5F(1-3)
END IF
IF ((TSF(1)-TSF(I-1)) .EQ. DS) THEN
T52=1-1
T56=1
END IF
240 CONTINUE v
* DETERMINATION OF ANGULAR POSITIONS PHISF *
DO 250 I=T56,T58
PHISF(1)=0.018+(1-T56)*0.036
250 CONTINUE
DO 260 1=1,T52
PHISF(I)=PHISF(T58)+1*0.036
260 CONTINUE
* DETERMINATION OF ROCKER ANGLES PHI4 IN TERMS OF PHI1 *
N=1
M=1
L=T46
DO 3001=2,1000
IF ((T1(I) .GT. T4F(T42)) .AND. (T1(I) .LT. T4R(1))) GOTO 380
IF ((T1(I) .GE. T4R(1)) .AND. (T1(I) .LE. T4R(T45))) GOTO 360
IF ((T1(I) .GT. T4R(T45)) .AND. (T1(I) .LT. T4F(T46))) GOTO 380
IF (T1(I) .GE. T4F(T46)) GOTO 340
* FIND PHI4A & PHI4RF WHEN T1(I) IS BETWEEN T4F(T41) & T4F(T42) *
DO 320 J=N,(T42-1)
IF ((T1(I) .GE. T4F(J)) .AND. (T1(1) .LE. T4F(J+1))) THEN
PHI4A(I)=(PHI4F(J)+(T1(I)-T4F(J))*(PHI4F(J+1)-PHI4F(J))
1/(T4F(J+1)-T4F(J)))
PHI4RF(I)=PHI4MAX-PHI4A(I)
N=J
GOTO 300
END IF
320 CONTINUE
* DETERMINE PHI4A BETWEEN TIME T4R(T43) TO T4R(T45) *
360 DO 370 J=M,(T45-1)
IF ((T1(I) .GE. TAR(J)) .AND. (T1(I) .LE. T4R(J+1))) THEN
PHI4A(I)=PHI4R(7)+(T1(I)-T4R(J))*(PHI4R(J+1)-PHI4R(J))
1/(T4R(J+1)-T4R(J))
M=]
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GOTO 300
END IF
370 CONTINUE
* FIND PHI4A & PHI4RF WHEN T1(I) IS BETWEEN T4F(T46) AND T4F(T48) *
340 DO 330 J=L,(T48-1)
IF ((T1(I) .GE. T4F(3)) .AND. (T1(I) .LE. TAF(J+1))) THEN
PHI4A(l)=PHI4F(J)+(T1(1)-T4F())*(PHI4F(J+1)-PHI4F(J))
1/(T4F(J+1)-T4F(J))
PHI4RF(I)=PHI4AMAX-PHI4A(T)
L=J
GOTO 300
END IF
330 CONTINUE
* FIND PHI4A & PHI4RF WHEN T1(I) IS LARGER THAN T4F(T48) *
PHI4A(I)=2*PHI4A(I-1)-PHI4A(I-2)
PHI4RF(I)=PHI4MAX-PHI4A(T)
GOTO 300
* DETERMINE ANGLES OF PHI1 ASSOCIATED WITH PHI4MAX & PHI4MIN *
380 PHI4A(I)=0
IF ((T1(I) .LE. T4MIN) .AND. (T1(1+1) .GE. TAMIN)) THEN
PHI1MIN=PHI1(I)+(T4MIN-T1(1))*(PHI1(I1+1)-PHI1(I))/
1(T1(+1)-T1(I))
END IF
IF ((T1(1) .LE. TAMAX) .AND. (T1(I+1) .GE. TAMAX)) THEN
PHIIMAX=PHI1(I)+(TAMAX-T1(I))*(PHI1(I+1)-PHI1(1))/
1(T1(1+1)-T1(1))
END IF
300 CONTINUE
* DETERMINE PHI4A & PHI4RF AT TIME T1(1)=0 *
PHI4A(1)=(PHI4A(2)+PHI4A(1000))/2
PHI4RF(1)=PHI4AMAX-PHI4A(1)
* DETERMINATION RELATIVE ROLLER ANGLES PHISRF IN TERMS OF PHI1 *
N=1
M=T56
DO 400 I=1,1000
IF (T1(I) .EQ. 0) GOTO 400
IF ((T1(I) .GT. TSF(T52)) .AND. (T1(I) .LT. TSF(T56))) GOTO 400
IF (T1(1) .GE. TSF(T56)) GOTO 440
* FIND PHISRF WHEN TI1(I) IS BETWEEN T5F(T51) AND TSF(T52) *
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DO 420 J=N,(T52-1)
IF ((T1(I) .GE. T5F(J)) .AND. (T1(l) .LE. TSF(J+1))) THEN
PHISRF(I)=PHISF(J)+(T1(I)-TSF(QJ))*(PHISF(J+1)-PHISF(J))
1/(TSF(J+1)-T5F(J))
N=J
GOTO 400
END IF
420 CONTINUE
* FIND PHISRF WHEN T1(I) IS BETWEEN T5F(T56) AND T5F(TS8) *
440 DO 430J=M,(T58-1) :
IF ((T1(I) .GE. TSF(J)) .AND. (T1(I) .LE. T5F(J+1))) THEN
PHISRF(I)=PHISFQ)+(T1(I)-TSF(J))*(PHISF(J+1)-PHI5F(J))
1/(T5F(J+1)-T5F())
M=]
GOTO 400
END IF
430 CONTINUE
* FIND THE PHISRF WHEN T1i(I) IS LARGER THAN T5F(T58) *
PHISRF(I)=2*PHISRF(I-1)-PHISRF(I-2)
400 CONTINUE
* DETERMINE PHI5SRF AT TIME T1(1)=0 *
PHISRF(1)=(PHISRF(2)+PHI5SRF(1000))/2
* OUTPUT THE RESULTS TOGETHER WITH THE INPUT DATA *
OPEN (UNIT=7,FILE="A:PHI541.DAT")
WRITE (7,460) PHIIMAX,PHI4MAX,PHI1MIN,PHI4MIN
WRITE (7,470)
WRITE (7,450) (PHI1(I),PHI4A(T),PHI4RF(I),PHISRF(I),
1(PHI4RF(I)-PHISRF(1)),I=1,1000)
450 FORMAT (16,2X,F7.3,2X,F7.3,2X,F7.3,2X F7.3,F7.3)
460 FORMAT (AT PHI1="F10.3,2X,"PHI4MAX="F10.3,2X,’AT PHI1=",F10.3,
12X,’PHI4MIN=",F10.3)
470 FORMAT (6X,’PHI1’,5X,’PHI4A’,5X,’PHI4R’4X,’PHI5R’,
13X,"PHI5/4%)
STOP
END
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(2) Qutput of the Angles for Run No.1 (Normal)

The output shown below lists the following angles as functions of the input shaft angle
PHI1 (These are the data for Figure 7b):
PHI4A = absolute rocker angle, which extends from its maximum value

PHI4MAX=102.76 degree, at the beginning of the forward stroke, to its
minimum value PHI4MIN=77.55 degree, at the end of the forward stroke.

PHI4R = relative rocker angle, which is defined as PHI4MAX-PHI4A, during forward

stroke.

PHISR = relative roller shaft angle with respect to PHI4MAX during forward stroke.

PHI5/4 = PHI4R-PHISR
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PHI1 PHI4A PHI4R PHISR PHIS/4
.000 86.835 15.927 15.426 .501  <- beginning
.360 86.755 16.007 15.513 494  of second part
.720 86.674 16.088 15.608 481  of forward
1.080 86.596 16.166 15.694 472  motion
1.440 86.514 16.248 15.780 .468
1.800 86.438 16.324 15.871 453
2.160 86.353 16.409 15.959 450
2.520 86.272 16.490 16.048 441
2.880 86.190 16.572 16.133 439
3.240 86.111 16.651 16.216 434
3.600 86.032 16.730 16.308 422
3.960 85.954 16.808 16.391 417
4.320 85.875 16.887 16.478 .409
4.680 85.799 16.963 16.559 404
5.040 85.725 17.037 16.640 397
5.400 85.646 17.116 16.722 394
5.760 85.573 17.189 16.803 .386
6.120 85.490 17.272 16.889 .383
6.480 85.415 17.347 16.967 .380
6.840 85.336 17.426 17.049 377
7.200 85.259 17.503 17.125 378
7.560 85.183 17.579 17.203 376
7.920 85.106 17.656 17.277 378
8.280 85.032 17.730 17.354 376
8.640 84.957 17.805 17.428 377
9.000 84.885 17.877 17.502 375
9.360 84.811 17.951 17.574 377
9.720 84.737 18.025 17.647 378
10.080 84.666 18.096 17.718 378
10.440 84.595 18.167 17.789 378
10.800 84.522 18.240 17.859 381
11.160 84.453 18.309 17.931 378
11.520 84.381 18.381 17.997 384
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11.880 84.313 18.449 18.065 384
12.240 84.244 18.518 18.130 .388
12.600 84.177 18.585 18.199 .386
12.960 84.110 18.652 18.259 393
13.320 84.042 18.720 18.324 .395
13.680 83.980 18.782 18.383 399
14.040 83.910 18.852 18.447 404
14.400 83.840 18.922 18.513 .409
14.760 83.778 18.984 18.573 411
15.120 83.715 19.047 18.637 410
15.480 83.647 19.115 18.694 421
15.840 83.583 19.179 18.755 424
16.200 83.516 19.246 18.810 436
16.560 83.456 19.307 18.871 .436
16.920 83.396 19.366 18.932 434
17.280 83.333 19.429 18.990 439
17.640 83.275 19.487 19.048 .440
18.000 83.209 19.553 19.098 455
18.360 83.148 19.614 19.157 457
18.720 83.083 19.679 19.217 462
19.080 83.024 19.738 19.271 467
19.440 82.968 19.794 19.326 .468
19.800 82.908 19.854 19.379 476
20.160 82.848 19.914 19.437 477
20.520 82.783 19.979 19.496 .482
20.880 82.723 20.039 19.545 494
21.240 82.663 20.099 19.600 499
21.600 82.606 20.156 19.657 499
21.960 82.552 20.210 19.713 497
22.320 82.487 20.275 19.770 505
22.680 82.427 20.335 19.820 515
23.040 82.363 20.399 19.878 521
23.400 82.306 20.456 19.937 519
23.760 82.250 20.512 19.993 .520
24.120 82.189 20.573 20.049 524
24.480 82.129 20.633 20.103 .530
24.840 82.065 20.697 20.163 534
25.200 82.005 20.757 20.223 534
25.560 81.948 20.814 20.279 536
25.920 81.899 20.863 20.337 526

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



204

PHI1 PHI4A PHI4R PHISR PHI5/4
26.280 81.834 20.928 20.392 .536
26.640 81.770 20.992 20.453 .539
27.000 81.709 21.053 20.514 539
27.360 81.647 21.115 20.574 541
27.720 81.592 21.170 20.635 535
28.080 81.541 21.221 20.689 532
28.440 81.476 21.286 20.751 535
28.800 81.418 21.344 20.813 531
29.160 81.355 21.407 20.878 528
29.520 81.300 21.462 20.940 S22
29.880 81.249 21.513 21.000 513
30.240 81.187 21.575 21.064 S11
30.600 81.126 21.636 21.122 514
30.960 81.068 21.694 21.185 .509
31.320 81.014 21.748 21.248 .500
31.680 80.965 21.797 21.313 485
32.040 80.902 21.860 21.377 482
32.400 80.846 21.916 21.440 .476
32.760 80.787 21.975 21.504 471
33.120 80.736 22.026 21.561 465
33.480 80.684 22.078 21.624 454
33.840 80.625 22,137 21.683 454
34.200 80.569 22,193 21.746 447
34.560 80.521 22.241 21.809 432
34.920 80.466 22.296 21.869 427
35.280 80.412 22.350 21.928 422
35.640 80.356 22.406 21.986 420
36.000 80.307 22.455 22.043 412
36.360 80.257 22.505 22.103 402
36.720 80.200 22.562 22.161 401
37.080 80.150 22.612 22.216 .396
37.440 80.105 22.657 22.269 .388
37.800 80.048 22.714 22.328 .387
38.160 79.997 22.765 22.385 .380
38.520 79.956 22.806 22.437 .369
38.880 79.900 22.862 22.487 375
39.240 79.849 22.913 22.542 371
39.600 79.809 22.953 22.596 357
39.960 79.756 23.006 22.646 .360
40.320 79.707 23.055 22.692 364
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40.680 79.669 23.093 22.744 .350
41.040 79.616 23.146 22.792 .354
41.400 79.570 23.192 22.835 357
41.760 79.532 23.230 22.883 347
42.120 79.481 23.281 22.925 .355
42.480 79.443 23.319 22.969 .351
42.840 79.401 23.361 23.011 .351
43.200 79.359 23.403 23.050 353
43.560 79.319 23.443 23.096 .347
43.920 79.276 23.486 23.128 357
44.280 79.245 23.517 2317 346
44.640 79.199 23.563 23.206 358
45.000 79.167 23.595 23.246 .349
45.360 79.127 23.635 23.276 .360
45.720 79.098 23.664 23.315 .348
46.080 79.055 23.707 23.346 .361
46.440 79.026 23.736 23.385 351
46.800 78.989 23.773 23.411 .362
47.160 78.962 23.800 23.444 .356
47.520 78.927 23.835 23.474 362
47.880 78.894 23.868 23.504 .364
48.240 78.865 23.897 23.534 .363
48.600 78.833 23.929 23.556 373
48.960 78.809 23.953 23.584 .369
49.320 78.772 23.990 23.610 .380
49.680 78.748 24.014 23.632 381
50.040 78.723 24.039 23.662 377
50.400 78.690 24.072 23.683 .389
50.760 78.668 24.094 23.701 .393
51.120 78.636 24.126 23.724 402
51.480 78.608 24.154 23.748 .406
51.840 78.585 24.177 23.766 410
52.200 78.555 24.207 23.787 419
52.560 78.532 24.230 23.815 416
52.920 78.512 24.250 23.828 421
53.280 78.479 24.283 23.844 .440
53.640 78.458 24.304 23.863 441
54.000 78.433 24.329 23.886 .443
54.360 78.404 24.358 23.902 .456
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54.720 78.387 24.375 23.918 457
55.080 78.367 24.395 23.939 455
55.440 78.335 24.427 23.960 467
55.800 78.315 24.447 23.974 473
56.160 78.295 24.467 23.988 479
56.520 78.268 24.494 24.006 .488
56.880 78.249 24.513 24.027 .486
57.240 78.231 24.531 24.044 487
57.600 78.203 24.559 24.059 .500
57.960 78.181 24.581 24.079 .503
58.320 78.162 24.600 24.101 499
58.680 78.136 24.626 24.117 .509
59.040 78.114 24.648 24.132 516
59.400 78.100 24.662 24.151 512
59.760 78.085 24.677 24.172 .504
60.120 78.060 24.702 24.190 513
60.480 78.039 24.723 24.208 516
60.840 78.023 24.739 24.231 .508
61.200 78.005 24.757 24.253 .505
61.560 77.983 24.779 24.269 .510
61.920 77.967 24.795 24.286 .508
62.280 77.953 24.809 24.310 .498
62.640 77.939 24.823 24.331 492
63.000 77.915 24.848 24.350 .498
63.360 77.896 24.866 24.374 492
63.720 77.882 24.880 24.396 484
64.080 77.868 24.894 24.412 482
64.440 77.849 24.913 24.430 483
64.800 77.831 24.931 24.454 477
65.160 77.818 24.944 24.474 470
65.520 77.806 24.956 24.492 464
65.880 77.791 24.971 24.515 457
66.240 77.769 24.993 24.537 456
66.600 77.753 25.009 24.552 457
66.960 77.741 25.021 24.568 454
67.320 77.728 25.034 24.589 .445
67.680 77.713 25.049 24.610 438
68.040 77.698 25.064 24.627 438
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68.400 77.684 25.078 24.643 434

68.760 77.674 25.088 24.665 423

69.120 77.664 25.098 24.683 414

69.480 77.655 25.107 24.696 411

69.840 77.640 25.122 24.710 412

70.200 77.624 25.138 24.726 411

70.560 77.613 25.149 24.744 .406

70.920 77.605 25.157 24.758 .400

71.280 77.597 25.165 24.769 .396

71.640 77.589 25.173 24.781 .391

72.000 77.582 25.180 24.794 .386

72.360 77.575 25.187 24.807 .380

72.720 77.568 25.194 24.821 374

73.080 77.561 25.201 24.828 374

73.440 77.554 25.208 24.834 375

73.800 77.546 25.216 24.840 375 <-end of
74.160 - - 24.846 - second part
74.520 - - 24.853 - of forward
74.880 - - - - motion
75.240 - - - -

75.600 - - - -

75.960 - - - -

76.320 - - - -

76.680 - - - -

77.040 - - - -

77.400 - - - -

77.760 - - - -

78.120 - - - -

78.480 - - - -

78.840 - - - -

79.200 77.551 - - - <- beginning
79.560 77.558 - - - of return
79.920 77.565 - - - motion

80.280 77.572 - - -
80.640 77.579 - - -
81.000 77.588 - - -
81.360 77.597 - - -
81.720 77.606 - - .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



208

PHI1 PHI4A PHI4R PHISR PHI5/4
82.080 77.616 - - .
82.440 77.627 - - .
82.800 77.638 - - -
83.160 77.649 - - .
83.520 77.659 . - -
83.880 77.669 - - .
84.240 77.679 . - -
84.600 77.689 . . -
84.960 77.700 - - -
85.320 77.711 . - -
85.680 77.722 . - -
86.040 77.734 - - -
86.400 77.746 - . -
86.760 77.758 - . -
87.120 77.772 - . -
87.480 77.786 . . .
87.840 77.800 . . -
88.200 77.813 - . -
88.560 77.826 - . -
88.920 77.839 . - -
89.280 77.853 - . -
89.640 77.867 - . -
90.000 77.883 - - .
90.360 77.899 - - -
90.720 77.916 - - .
91.080 77.935 - - -
91.440 77.952 - . -
91.800 77.969 - - -
92.160 77.987 - . -
92.520 78.006 - . -
92.880 78.026 - - -
93.240 78.047 - - .
93.600 78.071 - - .
93.960 78.095 - - -
94.320 78.117 - . .
94.680 78.141 - . -
95.040 78.165 - - , -
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95.400 78.191 - - -
95.760 78.222 - - -
96.120 78.248 - - -
96.480 78.275 - - -
96.840 78.303 - - -
97.200 78.333 - - -
97.560 78.367 - - -
97.920 78.396 _— - -
98.280 78.426 - - -
98.640 78.458 - - -
99.000 78.492 - - -
99.360 78.526 - - -
99.720 78.558 - - -
100.080 78.591 - - -
100.440 78.626 - - -
100.800 78.664 - - -
101.160 78.697 - - -
101.520 78.731 - - -
101.880 78.769 - - -
102.240 78.809 - - -
102.600 78.844 - - -
102.960 78.881 - - -
103.320 78.921 - - -
103.680 78.962 - - -
104.040 78.999 - - -
104.400 79.038 - - -
104.760 79.082 - - -
105.120 79.121 - - -
105.480 79.160 - - -
105.840 79.201 - - -
106.200 79.245 - - -
106.560 79.284 - - -
106.920 79.324 - - -
107.280 79.368 - - -
107.640 79.410 - - -
108.000 79.450 - - -
108.360 79.493 - - -
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108.720 79.537 - - -
109.080 79.578 - - -
109.440 79.621 - - -
109.800 79.668 - - -
110.160 79.709 - - -
110.520 79.751 - - -
110.880 79.798 - - -
111.240 79.842 - - -
111.600 79.884 Co- - -
111.960 79.931 - - -
112.320 79.977 - - -
112.680 80.021 - - -
113.040 80.067 - - -
113.400 80.115 - - -
113.760 80.159 - - -
114.120 80.205 - - -
114.480 80.255 - - -
114.840 80.300 - - .
115.200 80.347 - - -
115.560 80.398 - - -
115.920 80.443 - - -
116.280 80.493 - - -
116.640 80.543 - - -
117.000 80.591 - - -
117.360 80.641 - - -
117.720 80.695 - - -
118.080 80.744 - - -
118.440 80.797 - - -
118.800 80.850 - - -
119.160 80.901 - - -
119.520 80.958 - - -
119.880 81.010 - - -
120.240 81.064 - - -
120.600 81.122 - - -
120.960 81.174 - - -
121.320 81.239 - - -
121.680 81.288 - - -
122.040 81.344 - - -
122.400 81.405 - - -
122.760 81.460 - - -
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123.120 81.520 - - -
123.480 81.578 - - -
123.840 81.636 - - -
124.200 81.699 - - -
124.560 81.755 - - -
124.920 81.819 - - -
125.280 81.877 - - -
125.640 81.938 - - -
126.000 82.001 - - -
126.360 82.060 - - -
126.720 82.125 - - -
127.080 82.184 - - -
127.440 82.249 - - -
127.800 82.310 - - -
128.160 82.372 - - -
128.520 82.436 - - -
128.880 82.496 - - -
129.240 82.562 - - -
129.600 82.622 - - -
129.960 82.688 - - -
130.320 82.748 - - -
130.680 82.812 - - -
131.040 82.875 - - -
131.400 82.936 - - -
131.760 83.002 - - -
132.120 83.062 - - -
132.480 83.129 - - -
132.840 83.188 - - -
133.200 83.255 - - -
133.560 83.316 - - -
133.920 83.379 - - -
134.280 83.444 - - -
134.640 83.506 - - -
135.000 83.573 - - -
135.360 83.636 - - -
135.720 83.705 - - -
136.080 83.767 - - -
136.440 83.837 - - -
136.800 83.901 - - -
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137.160 83.969 - - -
137.520 84.036 - - -
137.880 84.104 - - -
138.240 84.173 - - -
138.600 84.240 - - -
138.960 84.311 - - -
139.320 84.379 - - -
139.680 84.451 R - -
140.040 84.520 - - -
140.400 84.592 - - -
140.760 84.663 - - -
141.120 84.737 - - -
141.480 84.807 - - -
141.840 84.889 - - -
142.200 84.954 - - -
142.560 85.031 - - -
142.920 85.103 - - -
143.280 85.179 - - -
143.640 85.254 - - -
144.000 85.330 - - -
144.360 85.405 - - -
144.720 85.479 - - -
145.080 85.557 - - -
145.440 85.631 - - -
145.800 85.710 - - -
146.160 85.782 - - -
146.520 85.863 - - -
146.880 85.936 - - -
147.240 86.015 - - -
147.600 86.088 - - -
147.960 86.168 - - -
148.320 86.243 - - -
148.680 86.321 - - -
149.040 86.395 - - -
149.400 86.472 - - -
149.760 86.548 - - -
150.120 86.625 - - -
150.480 86.702 - - -
150.840 86.778 - - -
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151.200 86.857 - - -
151.560 86.931 - - -
151.920 87.010 - - -
152.280 87.083 - - -
152.640 87.163 - - -
153.000 87.236 - - -
153.360 87.315 - - -
153.720 87.390 . - -
154.080 87.467 - - -
154.440 87.541 - - -
154.800 87.619 - - -
155.160 87.694 - - -
155.520 87.774 - - -
155.880 87.851 - - -
156.240 87.927 - - -
156.600 88.005 - - -
156.960 88.081 - - -
157.320 88.162 - - -
157.680 88.243 - - -
158.040 88.316 - - -
158.400 88.391 - - -
158.760 88.472 - - -
159.120 88.547 - - -
159.480 88.627 - - -
159.840 88.704 - - -
160.200 88.781 - - -
160.560 88.863 - - -
160.920 88.941 - - -
161.280 89.022 - - -
161.640 89.098 - - -
162.000 89.180 - - -
162.360 89.256 - - -
162.720 89.337 - - -
163.080 89.415 - - -
163.440 89.496 - - -
163.800 89.574 - - -
164.160 89.653 - - -
164.520 89.735 - - -
164.880 89.812 - - -
165.240 89.895 - - -
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165.600 89.970 - . .
165.960 90.053 . . -
166.320 90.129 - - -
166.680 90.210 . . ;
167.040 90.287 . ; ]
167.400 90.368 - ; ]
167.760 90.449 - . )
168.120 90.527 - - .
168.480 90.609 . . .
168.840 90.685 . . i
169.200 90.768 - ] ]
169.560 90.844 . ; ]
169.920 90.925 . ; ]
170.280 91.001 - . 3
170.640 91.080 . ; ]
171.000 91.162 - ; ]
171.360 91.240 - ; ;
171.720 91.321 - ; 3
172.080 91.397 - - -
172.440 91.479 - . ]
172.800 91.553 - . ;
173.160 91.634 - . .
173.520 91.709 . ; ]
173.880 91.790 - ; ;
174.240 91.864 - . ]
174.600 91.943 - . ]
174.960 92.021 - ; ]
175.320 92.099 - ; ]
175.680 92.176 - . ;
176.040 92.252 - . .
176.400 92.332 - . ]
176.760 92.407 . . -
177.120 92.486 - ; ]
177.480 92.558 . ; ]
177.840 92.650 - ; ]
178.200 92.713 - . .
178.560 92.792 - . )
178.920 92.866 . . i
179.280 92.945 - ; ]
179.640 93.020 . . 3
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180.000 93.097 . - -
180.360 93.172 - - -
180.720 93.249 - - -
181.080 93.327 - - -
181.440 93.401 - - -
181.800 93.478 - - .
182.160 93.552 - - -
182.520 93.632 - - -
182.880 93.704 - - -
183.240 93.782 - - -
183.600 93.854 - - .
183.960 93.934 - - -
184.320 94.005 . - -
184.680 94.078 - - -
185.040 94.156 - - -
185.400 94.235 - - .
185.760 94.307 - - .
186.120 94.384 - - -
186.480 94.457 - . .
186.840 94.535 - - -
187.200 94.608 - - .
187.560 94.683 - - -
187.920 94.758 - - -
188.280 94.833 - - -
188.640 94.908 - - -
189.000 94.980 - - -
189.360 95.055 - - .
189.720 95.129 - - -
190.080 95.204 - - .
190.440 95.275 - - -
190.800 95.350 - - -
191.160 95.421 - - -
191.520 95.496 - - -
191.880 95.565 - - -
192.240 95.639 - - -
192.600 95.709 - - .
192.960 95.781 - - -
193.320 95.851 - - -
193.680 95.923 - - -
194.040 95.994 . - .
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194.400 96.066 - - -
194.760 96.134 - - -
195.120 96.205 - - -
195.480 96.274 - - -
195.840 96.344 - - -
196.200 96.412 - - -
196.560 96.479 - - -
196.920 96.550 .- - -
197.280 96.616 - - -
197.640 96.686 - - -
198.000 96.751 - - -
198.360 96.822 - - -
198.720 96.886 - - -
199.080 96.956 - - -
199.440 97.018 - - -
199.800 97.089 - - -
200.160 97.151 - - -
200.520 97.218 - - -
200.880 97.282 - - -
201.240 97.348 - - -
201.600 97.414 - - -
201.960 97.478 - - -
202.320 97.545 - - -
202.680 97.608 - - -
203.040 97.676 - - -
203.400 97.737 - - -
203.760 97.804 - - -
204.120 97.866 - - .
204.480 97.930 - - -
204.840 97.993 - - -
205.200 98.056 - - -
205.560 98.122 - - -
205.920 98.182 - - -
206.280 98.248 - - -
206.640 98.306 - - -
207.000 98.370 - - -
207.360 98.429 - - -
207.720 98.489 - - -
208.080 98.548 - - -
208.440 98.611 - - -
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208.800
209.160
209.520
209.880
210.240
210.600
210.960
211.320
211.680
212.040
212.400
212.760
213.120
213.480
213.840
214.200
214.560
214.920
215.280
215.640
216.000
216.360
216.720
217.080
217.440
217.800
218.160
218.520
218.880
219.240
219.600
219.960
220.320
220.680
221.040
221.400
221.760
222.120
222.480
222.840

PHI4A

98.675
98.731
98.791
98.851
98.909
98.971
99.027
99.086
99.143
99.199
99.260
99.314
99.371
99.427
99.481
99.541
99.592
99.645
99.701
99.753
99.806
99.858
99.909
99.963
100.012
100.061
100.116
100.162
100.210
100.263
100.307
100.355
100.407
100.450
100.496
100.547
100.589
100.634
100.682
100.725

PHI4R

PHISR

PHIS/4
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223.200
223.560
223.920
224.280
224.640
225.000
225.360
225.720
226.080
226.440
226.800
227.160
227.520
227.880
228.240
228.600
228.960
229.320
229.680
230.040
230.400
230.760
231.120
231.480
231.840
232,200
232.560
232.920
233.280
233.640
234.000
234.360
234.720
235.080
235.440
235.800
236.160
236.520
236.880
237.240

PHI4A

100.772
100.813
100.857
100.899
100.940
100.987
101.025
101.066
101.110
101.150
101.188
101.228
101.272
101.307
101.346
101.388
101.425
101.460
101.497
101.535
101.572
101.605
101.640
101.675
101.711
101.742
101.774
101.806
101.842
101.869
101.899
101.928
101.957
101.990
102.016
102.042
102.069
102.096
102.126
102.151

PHI4R

PHISR

PHIS/4
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237.600
237.960
238.320
238.680
239.040
239.400
239.760
240.120
240.480
240.840
241.200
241.560
241.920
242.280
242.640
243.000
243.360
243.720
244.080
244.440
244.800
245.160
245.520
245.880
246.240
246.600
246.960
247.320
247.680
248.040
248.400
248.760
249.120
249.480
249.840
250.200
250.560
250.920
251.280
251.640

PHI4A

102.174
102.199
102.223
102.248
102.276
102.296
102.317
102.339
102.363
102.387
102.407
102.425
102.443
102.461
102.479
102.497
102.515
102.535
102.552
102.570
102.584
102.598
102.613
102.627
102.641
102.654
102.667
102.680
102.694
102.708
102.717
102.725
102.734
102.743
102.750
102.757
102.765
102.772
102.779

PHI4R

PHI5SR

PHIS5/4

<-end of
return
motion
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252.000
252.360
252.720
253.080
253.440
253.800
254.160
254.520
254.880
255.240
255.600
255.960
256.320
256.680
257.040
257.400
257.760
258.120
258.480
258.840
259.200
259.560
259.920
260.280
260.640
261.000
261.360
261.720
262.080
262.440
262.800
263.160
263.520
263.880
264.240
264.600
264.960
265.320
265.680
266.040

PHI4A

102.744
102.738
102.732
102.726
102.721
102.715
102.709
102.696
102.681
102.669
102.660
102.651
102.642
102.631
102.613

PHI4R

PHISR

PHIS/4

.018
024
.030
.036
.041
.047
.053
.066
.081
.093
102
111
.120
131
.149
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<- beginning
of first part
of forward
motion
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266.400
266.760
267.120
267.480
267.840
268.200
268.560
268.920
269.280
269.640
270.000
270.360
270.720
271.080
271.440
271.800
272.160
272.520
272.880
273.240
273.600
273.960
274.320
274.680
275.040
275.400
275.760
276.120
276.480
276.840
277.200
277.560
277.920
278.280
278.640
279.000
279.360
279.720
280.080
280.440

PHI4A

102.600
102.589
102.583
102.574
102.565
102.549
102.533
102.513
102.492
102.473
102.454
102.442
102.430
102.409
102.378
102.368
102.358
102.347
102.326
102.308
102.295
102.283
102.264
102.239
102.225
102.211
102.194
102.172
102.157
102.144
102.128
102.099
102.082
102.066
102.045
102.020
102.004
101.985
101.950
101.930

PHI4R

.162
173
179
.188
197
213
229
.249
.270
.289
.308
.320
332
353
.384
.394
404
415
436
454
467
479
.498
.523
537
551
.568
.590
.605
.618
.634
.663
.680
.696
17
742
758
77
812
.832

PHISR

PHIS/4

.162
173
179
.188
197
213
229
.249
.270
.289
.308
.320
332
353
384
394
.404
415
.436
454
.467
479
.498
523
537
551
.568
.590
.605
598
.602
.618
.624
.629
.640
.654
.652
.649
.666
.668
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<- beginning
of motion
of the roller
shaft
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280.800
281.160
281.520
281.880
282.240
282.600
282.960
283.320
283.680
284.040
284.400
284.760
285.120
285.480
285.840
286.200
286.560
286.920
287.280
287.640
288.000
288.360
288.720
289.080
289.440
289.800
290.160
290.520
290.880
291.240
291.600
291.960
292.320
292.680
293.040
293.400
293.760
294.120
294.480
294.840

PHI4A

101.905
101.875
101.853
101.817
101.787
101.755
101.722
101.690
101.648
101.610
101.573
101.528
101.490
101.442
101.404
101.354
101.303
101.264
101.209
101.156
101.109
101.057
101.002
100.943
100.894
100.843
100.781
100.723
100.668
100.611
100.556
100.492
100.432
100.368
100.311
100.259
100.193
100.132
100.067
100.005

PHI4R

857

.887

909

945

975
1.007
1.040
1.072
1.114
1.152
1.189
1.234
1.272
1.320
1.358
1.409
1.459
1.498
1.553
1.606
1.653
1.705
1.760
1.819
1.868
1.919
1.981
2.039
2.094
2.151
2.206
2.270
2.330
2.394
2.451
2.503
2.569
2.630
2.695
2.757

PHISR

193
214
234
267
294
327
.358
.389
427
465
504
544
586
.635
675
725
779
.825
.878
935
991
1.050
1.103
1.164
1.226
1.292
1.357
1.416
1.482
1.544
1.611
1.674
1.744
1.812
1.882
1.950
2.021
2.091
2.161
2.232

PHIS5/4

.664
673
675
678
681
.680
682
.684
687
.686
.685
.690
.686
685
683
.683
.680
673

675
672
662
.655
.658
654
642
627
624
623
612
.607
594
.596
.586
.583
569
553
.548
539
534
524
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PHI1 PHI4A PHI4R PHISR PHI5/4
295.200 99.946 2.816 2.303 513
295.560 99.887 2.875 2375 .500
295.920 99.831 2931 2.445 486
296.280 99.765 2997 2.515 482
296.640 99.703 3.059 2.585 474
297.000 99.637 3.125 2.657 469
297.360 99.572 3.190 2.725 465
297.720 99.515 3.247 2.796 451
298.080 99.455 3.307 2.863 444
298.440 99.399 3.363 2.935 428
298.800 99.332 3.430 2.998 432
299.160 99.271 3.491 3.066 425
299.520 99.205 3.557 3.129 428
299.880 99.144 3.618 3.193 425
300.240 99.087 3.675 3.256 419
300.600 99.028 3.734 3.322 412
300.960 98.971 3.791 3.390 .402
301.320 98.904 3.858 3.451 406
301.680 98.844 3918 3.517 402
302.040 98.779 3.983 3.576 407
302.400 98.721 4.041 3.638 .403
302.760 98.667 4.095 3.694 401
303.120 98.607 4.155 3.755 400
303.480 98.548 4.214 3.815 399
303.840 98.484 4.278 3.874 404
304.200 98.424 4.338 3.933 405
304.560 98.372 4.390 3.983 408
304.920 98.314 4.448 4.040 .408
305.280 98.256 4.506 4.099 407
305.640 98.193 4.569 4.152 418
306.000 98.133 4.629 4.205 424
306.360 98.078 4.684 4.256 428
306.720 98.021 4.741 4.312 429
307.080 97.965 4.797 4.367 .430
307.440 97.901 4.861 4.411 .449
307.800 97.842 4.920 4.466 .454
308.160 97.782 4.980 4.522 .457
308.520 97.727 5.035 4.568 .467
308.880 97.673 5.089 4.620 469
309.240 97.608 5.154 4.674 479
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PHI1 PHI4A PHI4R PHISR PHIS5/4
309.600 97.548 5.214 4.725 .490
309.960 97.483 5.279 4.775 504
310.320 97.425 5.337 4.827 510
310.680 97.363 5.399 4.881 518
311.040 97.307 5.455 4.934 521
311.400 97.246 5.516 4.982 534
311.760 97.180 5.582 5.037 544
312.120 97.118 5.644 5.095 .549
312.480 97.052 5.710 5.142 .568
312.840 96.990 5.772 5.197 575
313.200 96.931 5.831 5.254 577
313.560 96.867 5.895 5.311 .584
313.920 96.807 5.955 5.366 .589
314.280 96.738 6.024 5.421 .604
314.640 96.674 6.088 5.482 .606
315.000 96.604 6.158 5.544 .614
315.360 96.539 6.223 5.606 .617
315.720 96.469 6.293 5.672 .621
316.080 96.402 6.360 5.731 .629
316.440 96.332 6.430 5.797 .633
316.800 96.265 6.497 5.859 .638
317.160 96.195 6.567 5.928 .639
317.520 96.129 6.633 5.993 .640
317.880 96.060 6.702 6.065 .637
318.240 95.989 6.773 6.135 .638
318.600 95.920 6.842 6.209 .633
318.960 95.847 6.915 6.280 .634
319.320 95.775 6.987 6.358 .629
319.680 95.701 7.061 6.431 .630
320.040 95.627 7.135 6.512 .623
320.400 95.552 7.210 6.588 .623
320.760 95.474 7.288 6.671 617
321.120 95.399 7.363 6.750 613
321.480 95.322 7.440 6.831 .609
321.840 95.248 7.514 6.910 .604
322.200 95.170 7.592 6.991 .602
322.560 95.094 7.668 7.074 594
322.920 95.013 7.749 7.159 .590
323.280 94.938 7.824 7.249 575
323.640 94.853 7.909 7.333 576
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PHI1 PHI4A PHI4R PHISR PHIS5/4
324.000 94.770 7.992 7.418 574
324.360 94.684 8.078 7.503 574
324.720 94.600 8.162 7.593 569
325.080 94.513 8.249 7.695 553
325.440 94.437 8.325 7.772 553
325.800 94.358 8.404 7.859 545
326.160 94.267 8.495 7.951 544
326.520 94.182 8.580 8.042 .538
326.880 94.096 8.666 8.133 533
327.240 94.012 8.750 8.221 529
327.600 93.933 8.829 8.312 518
327.960 93.845 8.917 8.409 508
328.320 93.759 9.003 8.495 507
328.680 93.671 9.091 8.584 .507
329.040 93.588 9.174 8.680 .494
329.400 93.508 9.254 8.771 .482
329.760 93.426 9.336 8.860 475
330.120 93.346 9.416 8.950 .466
330.480 93.257 9.505 9.042 .464
330.840 93.170 9.592 9.135 .457
331.200 93.090 9.672 9.222 .450
331.560 93.008 9.754 9.309 .445
331.920 92.931 9.831 9.404 427
332.280 92.848 9.914 9.492 422
332.640 92.770 9.992 9.579 413
333.000 92.683 10.079 9.663 416
333.360 92.600 10.162 9.750 412
333.720 92.518 10.244 9.842 .402
334.080 92.438 10.324 9.924 .400
334.440 92.361 10.401 10.008 .393
334.800 92.281 10.481 10.089 392
335.160 92.205 10.557 10.170 .387
335.520 92.124 10.638 10.255 .383
335.880 92.050 10.712 10.334 378
336.240 91.953 10.809 10.428 .381
336.600 91.885 10.877 10.496 381
336.960 91.805 10.957 10.574 382
337.320 91.726 11.036 10.649 .387
337.680 91.651 11.111 10.726 .386
338.040 91.572 11.190 10.801 .389
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PHI1 PHI4A PHI4R PHISR PHIS5/4
338.400 91.497 11.265 10.876 .389
338.760 91.419 11.343 10.949 .393
339.120 91.346 11.416 11.022 .394
339.480 91.268 11.494 11.094 400
339.840 91.194 11.568 11.166 401
340.200 91.116 11.646 11.237 .408
340.560 91.044 11.718 11.308 .410
340.920 90.961 11.801 11.378 423
341.280 90.887 11.875 11.448 427
341.640 90.808 11.954 11.516 .438
342.000 90.732 12.030 11.585 444
342.360 90.655 12.107 11.652 .455
342.720 90.579 12.183 11.722 .461
343.080 90.505 12.257 11.786 471
343.440 90.429 12.333 11.855 .478
343.800 90.356 12.406 11.918 .488
344.160 90.281 12.481 11.986 .496
344.520 90.209 12.553 12.048 505
344.880 90.135 12.627 12.116 510
345.240 90.061 12.701 12.182 519
345.600 89.986 12.776 12.251 525
345.960 89.914 12.848 12.318 530
346.320 89.839 12.923 12.387 535
346.680 89.767 12.995 12.457 .538
347.040 89.692 13.070 12.526 544
347.400 89.621 13.141 12.596 545
347.760 89.545 13.217 12.666 552
348.120 89.473 13.289 12.738 551
348.480 89.397 13.365 12.807 558
348.840 89.326 13.436 12.880 .556
349.200 89.249 13.513 12.951 .562
349.560 89.177 13.585 13.025 .559
349.920 89.099 13.663 13.097 .565
350.280 89.028 13.734 13.172 .562
350.640 88.935 13.827 13.254 573
351.000 88.870 13.892 13.322 571
351.360 88.790 13.972 13.398 .574
351.720 88.712 14.050 13.474 576
352.080 88.632 14.130 13.553 577
352.440 38.553 14.209 13.632 577
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PHI1 PHI4A PHI4R PHISR PHI5/4

352.800 88.478 14.284 . 13.715 569

353.160 88.398 14.364 13.795 569

353.520 88.322 14.440 13.881 559

353.880 88.242 14.520 13.958 562

354.240 88.165 14.597 14.041 555

354.600 88.079 14.683 14.123 .561

354.960 87.994 14.768 14.206 562

355.320 87.911 14.851 14.295 556

355.680 87.829 14,933 14.379 554

356.040 87.751 15.011 14.465 546

356.400 87.666 15.096 14.549 546

356.760 87.588 15.174 14.634 541

357.120 87.498 15.264 14.725 539

357.480 87.412 15.350 14.812 538

357.840 87.330 15.432 14.900 532

358.200 87.247 15.515 14.985 530

358.560 87.169 15.593 15.070 522

358.920 87.086 15.676 15.164 512

359.280 86.998 15.764 15.251 513

359.640 86.915 15.847 15.339 .508 <- end of first
part of
forward
motion
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APPENDIX J. APPROXIMATION OF FUNCTION A(9)

This appendix shows how equation (89), the approximate form of equation (81) is
obtained.

Factoring 6 from the first term of equation (81) leads to:

1 eaff X\ X\ g
A®) =57 [(1+E) -(1+R3) ]-NX.--RX.-) @.1)

With a Maclaurin series expansions of the terms (1 +X;/0)?** and (1 + RX;/0)?**, the

above becomes:

A(®) -——1——6"*‘[1 +(B+l)(‘£) +(B+.1)B(§)z+ ] -

B+1 1t |5 20 |8
2
—ﬁ;bﬁ”[l+%R(§)+(ﬁ—;:)ﬁR{§) +...]—6”(X,-—RX;) J.2)

Because the ratio X/d < 1, the terms of order higher than 2 may be neglected and the function

A(6) can be approximated by:

A®) e = 2x20 - R 03

This approximation is best for small values of the ratio X;/0 and always underestimates the
value of A(d) to some degree.

To get an idea of the relative magnitude of the error with § = 3/2, for example, one

divides equation (J.3) by equation (J.1). Thus:

4 (G a-7

apprax

A0 (4r3)]-(-R3)

J.4)
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Figure J-1 shows curves for this error ratio for 0 < X;/6 < 1 when the amplitude decay ratio
is between 0.2 and 0.9. They indicate that A, is very good for realistically small values
of X;/b over a representative range of amplitude decay ratios (See experimental results in

section 4 of Part II).
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Figure J-1 Error Ratio A,,,./A
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APPENDIX K. PROCEDURE FOR OBTAINING THE AMPLITUDE DECAY
RATIO

Because of the difficulty of determining the exact position of the preload displacement
b during each cycle and with that the accurate value of the individual amplitude ®s,;, the
following procedure for finding the amplitude decay ratio was used. (See the uppermost
graph in Figure 20).

The computer output of the experiment easily furnishes the maximum and minimum
values §s/u2) Psuzy Pssasp €tC., rEspectively. Because of this, rather than evaluate the usual

form of the amplitude decay ratio, i.e. for example

D
R = M) , (K.1)
D)

the following type of form has been used:

Re Psia3) = Psia) (K.2)
¢5/4<2) - ¢5/4(2')

This is justified by rewriting the above:

¢5/4(3) - ¢5/4(3‘) (DSIC(B) + q)5/4(3') ¢5/4(3)(1 + <I)5/4(3')/(1)5/4(3))

- (K.3)

¢S/4(2) e ¢5/4(2') (DS/‘(Z) + QS/Q(Z') (p5/4(2)(1 + q)5/4(2')/q)5/4(2))
Further, with the overall assumption of this work
03] L T

S43) _ Ts43) , (K.4)
(DSM(Z) (DS/J(Z')
it is also true that
Dsy DPsiar

5/43°) - S5/4(2') (K.S)

(DS/C(S) <p5/4(2)

This allows the cancelling of the terms in parenthesis of the last expression in equation (K.3)
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and it proves that equation (K.1) may be replaced by equation (K.2).
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APPENDIX L. DETERMINATION OF RELATIVE ROTATION ¢5, DUE TO

CONTACT DEFORMATIONS

The following adaptation of the work of Stoelzle and Hart (1961) shows how one may
relate the windup angle to the two local contact deformations of the races and the sprag at
the inner and outer interfaces, respectively.

To this end, the above authors first assume that the motion of all components may be
approximated by an epicyclic train model where the imaginary epicyclic arm has the length
of the distance from the center of the assembly to the center of the sprag, i.e. approximately
(R,-R,).

The simultaneous motions of the outer and inner races as well as the associated rolling
of the sprags at the two interfaces are divided into two phases. For the first phase it is assumed
that the inner race is stationary and that motion is made possible only by the combined local
increase of the radius of the outer race and the associated compression of the sprag at the
outer interface. This is the distance 6, shown in Figure L-1a. For the second phase it is
assumed that the outer race is stationary and that motion is due only to the combined local
decrease of the radius of the inner race and the associated compression of the sprag at the
inner interface. This is the distance 6; shown in Figure L-1b. In both figures the solid outlines
represent the initial positions of the sprag, while the broken ones the final positions. The
small circles on these outlines indicate the respective initial and final contact points.

Each of the aforementioned simultaneous motion phases has one part of the total

windup angle associated with it, so that

b5 =| Psia0) [+] Psiaiy | (L.1)
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Figure L-1 Determination of Relative Rotation due to Contact Deformation
a. Deformation at Outer Interface with Inner Race Stationary

b. Deformation at Inner Interface with Outer Race Stationary
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where
$s:40) = the windup angle due to 6, with the inner race stationary,

b5 = the windup angle due to §; with the outer race stationary.

a. Windup Angle Due to §,

Using the epicyclic train model, the angle ¢5,,) becomes:

Psia0) = -(1+ Ri/Ro»c(o) > (L.2)
where ¢, represents the absolute rotation of the imagined epicyclic arm. To obtain an
expression for ¢.,), it is first necessary to define the associated relative rotation Ay, of the
sprag with respect to the epicyclic arm.

Accordingto Figure L-1a, the initial angle of the sprag Ay, with respect to the epicyclic

arm is defined by the triangle C - C,, - C;;, where the line C - C; is assumed to represent

the epicyclic arm. Thus,

-1 az + (Rn +R.r)2 - (Ro -R:)z

- L3
Kot = €OS 2a(R,+R.) (&-3)

wherea =C,C,.
The final angle of the sprag Ay, with respect to the arm indicates the change of position of
the line C;; - C,, due to 6, with respect to line C - C;, which still represents the epicyclic

arm. Therefore,

~1 az + (Rx +R;)2 - (Ro + 60 _R:)2

= COS L.4
Yo 2a(R;+R)) L4
The rotation of the sprag with respect to the arm then becomes:

AXo = Xo2 = Yot (L.5)
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With the epicyclic model, the angle of rotation of the epicyclic arm ¢, is related to

the relative rotation Ay, by way of:

R,

¢c(o) - ;{;AXo (L '6)

Finally, equation (L.2) becomes:

R, +R;
bs/ac0) = -R,—HAL @.mn

b. Windup Angle Due to §;

Again, using the epicyclic train model, the angle ¢, can be found by:

b5y = (1 +R,/R ).y » (L.8)
where ¢, represents the absolute rotation of the imagined epicyclic arm due to the rolling

of the sprag on the now fixed outer race. To obtain an expression for ¢, ;), it is first necessary

to define the associated relative rotation Ay; of the sprag with respect to the epicyclic arm.

According to Figure L-1b, the initial angle of the sprag %, with respect to the arm is

defined by the triangle C - C,, - C;; and now the line C - C, represent the epicyclic arm.
Then,

2 2 2
a’+(R,-RY-(R,+R,) ] (L.9)

-1
;) = COS
X [ 2(R,-R,)
The final angle x;, with respect to the arm indicates the change of position of the line C;, - C,,,,
now due to §;, with respect to line C - C,. Therefore,

-l[az + (Ro ‘R:)z - (Rn - bi +R:)2]
X2 = COS

2'a(Ra _R.r) ]

(L.10)
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So that

Ax; =iz — X €.11)
With the epicyclic model, the angle ¢, is related to the relative rotation Ay; by way of:
b= I%AXJ (L12)
Finally, equation (L.8) becomes:

R +R;
b5y =R, R.R, —— % (L.13)

¢. Total Windup Angle due to , and §;

The total windup angle between the outer and inner race, as given by equation (L.1),
becomes with equations (L.7) and (L.13):

R+

R, RER (| A, |+ | Ax: ) (L.14)

¢5/4

With the assumption that 8, and ; are very small, the expressions for Ay, and Ay;, of

equations (L..5) and (L.11), respectively, may be simplified by way of a Maclaurin series

expansion of the following form:

f' (0)

J(8) = f(0) +=+~ (L.15)
Then, by neglecting all higher order terms:

Ay, =D, (L.16)
and

Ax; =Do, , (L.17)
where,
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Z(Ro - .v)
D, = (L.18)
V[za (Ru +R,)]2 - [a2 + (Rl +R.r)2 - (Ro _R:)zlz
D;- 2848 (L.19)
V[za (Ro - R.t)]z - [az + (Ro - R:)z - (Rl + R’)le
Finally, equation (L.14) becomes:
R, +R;
$su=bs=¢,=R,———(D,8, +D;5) (L.20)

R.R;
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APPENDIX M. DETERMINATION OF REALISTIC CONTACT MODE
BETWEEN SPRAGS AND RACES

The following first shows the relationship between the Hertzian contact force N, and

the local deformations ; and , for line, single point and two point contact modes between
the sprags and the races, with the help of the appropriate formulas given by Roark and Young
(1982).

Subsequently, the resulting torque curve associated with each of these cases is com-
pared to the experimentally obtained one. The decision as to the governing contact mode is

based on the best fit with the experiment.

a. Line Contact

With the assumption of a line contact mode, as shown in Figure M-1a, one obtains the

following relationship between o, §, and N, according to Table 33-2b and 2c of Roark and

Young (1982):

éi-é:%(g-rln%ﬂn‘ib—lj’) (M.1)
5, = RLE%(% ln4:, *+ 1n4£’) M.2)
where

E- (‘ ;.-v'? s 1;—”2)1 4.3

and the widths of the respective contact areas are given by:
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Figure M-1 Examination of Contact Modes at Sprag/Race Interfaces

a. Line Contact b. Single Point Contact c. Two Point Contact
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NII RrR: 1 "
b, = 2.263[ T (R;TR,) EJ (M.4)
and

N.( R 12
b, = 2.263[;"—(1%;}-) ;] (M.5)
b. Single Point Contact

The single point contact mode is based on the assumption that the contact at the two
interfaces is equivalent to one where a sphere of radius R, replaces the sprag while contact
with the cylindrical races is made (see Figure M-1b). The associated relationship between

9, 8, and N,, is given in Table 33-4 of Roarke and Young (1982) as:

5o 2R, +R\"’(N\?® M6
i= "(1.5R,R,.) (5_) (M.6)
and

5 a2 Re NLAN M.7
°oF "(I.SR,R,) (E) (M.7)

where the constants A; and A, may be obtained from the same table, with the help of:

RR; 1
cosf; = ( R+ R,) R (M .8)
and

RR, \1
COos 60 - (m) R, (M9)

¢. Two Point Contact
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Figure M-1c shows how in the two point contact mode, the sprag is replaced by 2
spheres of radius R,. This leads to a halving of the Hertzian contact force at the individual

contact point. The substitution of N,/2 for the contact force in equations (M.6) and (M.7)

furnishes:
2R, +R\¥’( N, \*
5, =4 1.5R R, 2E (M.10)
and
2R, -R\"’( N, \?
6°"‘°(15R,R) (EE"—) (M.11)

where A; and A, are obtained in the same manner as for the single point contact mode above.

d. Comparison of Torque Curves

To be able to obtain the torque vs windup angle curves associated with the three
theoretical contact modes for comparison with the experimental one, the following steps

are taken:
(1) For a given value of the transmitted torque T, determine the Hertzian contact force
N, =N,; =N,, by way of
N,oRZ =N,BR,Z=T M.12)
where a and P are the inner and outer strut angles and Z is the number of sprags in the clutch.
(2) With N, known, one obtains the d, and 9, for the various contact modes.

(3) The windup angle ¢s,, associated with a given torque and contact mode, is then

found with the help of equation (L.20).
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Figure M-2 gives a comparison of the three theoretical torque curves with the
experimentally obtained one, using the data shown in Table 4.

The line contact mode gives a near linear torque curve and has a much higher stiffness
than the experimental one. Therefore, it cannot possibly represent the actual contact mode.
While both single and two point contact modes yield a 3/2 power torque curve, only the
latter fits the experimental data. Thus, the two point contact mode gives the best description.

Finally, the Hertzian contact force of the two point mode can be expressed in terms

of the windup angle, by substituting equations (M.10) and (M.11) into equation (L.20), i.e.:

N, =G (¢s-¢,)** (M.13)
where

Eo R,R‘ n
G =245 RT[(R., +R)DAZ-R/R)" + D2 +R,/R.~)"’]} (M:14)
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Figure M-2 Comparison of Theoretical Torque Curves with Experimental One

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



245

APPENDIX N. FORTRAN PROGRAM FOR THE DETERMINATION OF A(0)

FRAKXBEEX XA EEEREREEEE R R AKX R E R R R R R RN R R R KRR KRR R KRR R R R R KRR R KRRk

THE FOLLOWING PROGRAM IS USED TO FIND THE CHARACTERISTIC
EXPONENT (U) OF THE SOLUTIONS OF THE MATHIEU EQUATION
WITHIN STABLE OR UNSTABLE REGIONS FOR GIVEN (LA) & (GA)

ERREXSBEREEEREREER R B EEE SRR SRR EE R R R SRR XS R R R R E R B R R R R AR R R RS R R R R K

XEEXEREREREERRER KRR KK MA]N PROGRAM REEERERXER AKX R KRR KX EXERX KRR KK K K%K

IMPLICIT REAL*8(A-Z)

INTEGER LILJ,K,N.M,X,Y,MP1,NP1,MPN1,IPVT(71)
INTEGER KM1,NM1,1P1,STEP

DIMENSION AP(71), AN(71), MXB(71,71),FAC(71,71)
COMMON/INTG/N,M

P1=3.141592654D0

N=35

M=35

MPN1=M+N+1

LA=12.706577320D0

GA=11.742D0

SET ZEROS FOR THE ELEMENTS OF THE DETERMINANT
(FOR MATHIEU’S ONLY)

AO=0.0D0
DO 10 J=1,MPN1
AP(J)=0.0D0
AN(7)=0.0D0

10  CONTINUE
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GIVE THE VALUES TO THE ELEMENTS OF THE DETERMINANT
(MATHIEU’EQU)

AP(1)=0.5D0
AN(1)=0.5D0
CALL MATRIX(LA,GA,AO,AP,AN,MXB)

EVALUATION OF ZERO HILL’S DETERMINANT = DETER(0)
NOTE THAT "DLFTRG" AND "DLFDRG" ARE THE
SUBROUTINES FROM MISL.

CALL DLFTRG(MPN1,MXB,MPN1,FAC,MPN1,IPVT)
CALL DLFDRG(MPN1,FAC,MPN1,IPVT,D1,D2)
DETER=D1*10.0**D2
WRITE (6,20) LA,GA, DETER
20 FORMAT (3X,’LA=",F16.8,1X,"GA=",F5.2,3X,
1 ’DETER(0)=’, F20.8)

DETERMINE THE VALUE OF CHARACTERISTIC EXPONENT
U IN STABLE REGION AS WELL AS IN UNSTABLE REGIONS

IF(LA.LT.0) GO TO 30
IF(DETER.LT.0) GO TO 50
RIGHT=DABS(DSQRT(DETER)*DSIN(PI*DSQRT(LA)))
WRITE(6,40) RIGHT

40  FORMAT(3X,RIGHT=",F16.8))
IF(RIGHT.GT.1) GO TO 55
AS=DASIN(RIGHT)/PI
AC=DACOS(RIGHT)/PI
WRITE(6,60) AS,AC

60  FORMAT(3X,’AS=+-,F16.8,2X,"AC=+-",F16.8/)
GO TO 70
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AE=1.0/PI*DASINH(DSQRT(DABS(DETER))*DSIN(PI*DSQRT(LA)))
WRITE(6,65) AE

FORMAT(3X,” AE=+-",F16.8,2X,’AE IS A REAL NUMBER.’)

GOTO 70
AO=1.0/PI*DACOSH(DABS(DSQRT(DETER)*DSIN(PI*DSQRT(LA))))
WRITE(6,75) AO

FORMAT(3X,’AO=+-",F16.8,2X,’A0 IS A REAL NUMBER.")

GOTO 70

IF (DETER.GT.0) GO TO 80
RIGHT=DABS(DSQRT(DABS(DETER))*DSINH(PI*DSQRT(DABS(LA))))
IF(RIGHT.GT.1) GO TO 90

AS=DASIN(RIGHT)/PI

AC=DACOS(RIGHT)/PI

WRITE(6,100) AS,AC

FORMAT(3X,”AS=",F16.8,2X,"AC=",F16.8)

GOTO 70

AO=DACOSH(RIGHT)/PI

WRITE (6,95) AO

FORMAT (2X,’AO=",F16.8,’A0 IS A REAL NUMBER, N=ODD")
GOTO 70
RIGHT=DABS(DSQRT(DETER)*DSINH(PI*DSQRT(DABS(LA))))
AE=DASINH(RIGHT)/PI

WRITE (6,85) AE

FORMAT (2X,’AE=",F16.8,’AE IS A REAL NUMBER, N=EVEN")
STOP

END

EERXKRREKRKEER R KK SUBPROGRAM XXX ERE R R R KRR KRR KRR KRR KKK R &

THIS SUBROUTINE IS USED TO GIVE THE VALUE TO EACH
ELEMENT OF THE COEFFICIENT DETERMINANT WITH U=0

REXEXUXXES X RS REBRE XA ERERRA R R XX R R KRR R R KRR R KB R KRR AR R R R R R R KRR KRRk

SUBROUTINE MATRIX(LA,GA,AO,AP,AN,MXB)
IMPLICIT REAL*8(A-Z)

INTEGER J,K,N,M,X,Y,MP1,NP1,LII

DIMENSION AP(71), AN(71), MXB(71,71)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



201

101

301

401

501

248

COMMON/INTG/N.M

MP1=M+1

DO 701 X=1,MP1

K=X-1

NP1=N+1

DO 601 Y=1,NP1

J=Y-1

IF (J.NE.0) GO TO 101

IF (K.NE.0) GO TO 201

MXB((M+1),(N+1))=1.0D0

GO TO 601
MXB((M+1-K),(N+1))=GA*AN(K)/(AO+LA-K**2)
MXB((M+1+K),(N+1))=GA*AP(K)/(AO+LA-K**2)

GO TO 601

IF (K.NE.0O) GO TO 301
MXB((M+1),(N+1-1))=GA*AP(J)/(AO+LA)
MXB((M+1),(N+1+]))=GA*AN(J)/(AO+LA)

GO TO 601

IF(J.NE.K) GO TO 401

MXB((M+1-K),(N+1-J))=1.0D0
MXB((M+1+K),(N+1-1))=GA*AP(J+K)/(AO+LA-K**2)
MXB((M+1-K),(N+1+J))=GA*AN(J+K)/(AO+LA-K**2)
MXB((M+1+K),(N+1+]))=1.0D0

GO TO 601

IF(J.LT.K) GO TO 501
MXB((M+1-K),(N+1-J))=GA*AP(J-K)/(AO+LA-K**2)
MXB((M+1-K),(N+1+J))=GA*AN(J+K)/(AO+LA-K**2)
MXB((M+1+K),(N+1-J))=GA*AP(J+K)/(AO+LA-K**2)
MXB((M+1+K),(N+1+4J))=GA*AN(J-K)/(AO+LA-K**2)
GO TO 601
MXB((M+1-K),(N+1-1))=GA*AN(K-J)/(AO+LA-K**2)
MXB((M+1-K),(N+1+J))=GA*AN(K+J)/(AO+LA-K**2)
MXB((M+1+K),(N+1-J))=GA*AP(K+J)/(AO+LA-K**2)
MXB((M+1+K),(N+1+J))=GA*AP(K-J)/(AO+LA-K**2)
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601 CONTINUE

701 CONTINUE
RETURN
END
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APPENDIX O. REVIEW OF REFERENCES ON LINKAGE ELASTICITY

A considerable amount of excellent work has been done in the field of linkage elasticity
during the past 30 years by many investigators. Different aspects of this literature, which
appeared roughly between 1972 and 1984, have been reviewed by B.S. Thompson and C.K.
Sung as well as by G.G. Lowen and C. Chassapis. The period up to approximately 1972
was covered separately by A.G. Erdman and G.N. Sandor and by G.G. Lowen and W.G.
Jandrasits. The following briefly describes those publication which appeared since
approximately 1984 (hopefully without too many inadvertent omissions). Work on link
deflection and stability are grouped separately.

(a) Link deflection

A, Balasubramonian and E. Raghavacharyulu (1987) used Hamilton’s principle to
derive the equation of motion for the elastic coupler of a four-bar linkage, which was treated
as a continuous mass model. The resulting Hill-type equations were solved numerically by
a Runge-Kutta-Merson method.

A. Garcia-Reynoso and W.P. Seering (1984) presented a mathematical model of the
linearized vibrations of a four-bar linkage with a flexible rocker and torsional spring-type
input and output shafts. Both a mode model and a continuous parameter model of the rocker
were used in the determination of the system eigenvalues. A non-dimensional analysis of
the vibration response forms the basis for their concept of similar dynamic behavior of
families of mechanisms

D.R. Flugrad, Jr. (1986) considered the motion of a disk, attached to the crankshaft of
a massless slider-crank mechanism whose slider is driven by a cam. The connecting rod is

only axially deformable and the crankshaft is considered to be a torsional spring. A procedure
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for cam profile synthesis for a desired output motion was presented. The resulting equation
of motion of the output link is a forced Hill type one, which was subsequently solved
numerically.

F.W. Liou, A.G. Erdman and K.A. Stelson (1988) developed some useful general
design rules for high-speed flexible mechanisms, starting from the concept of an instanta-
neous structure which has equivalent mass and stiffness at associated mechanism positions.
The rules were demonstrated by way of a number of examples.

V. Masurekar and K.N. Gupta (1989) used a continuous parameter approach, based
on element equilibrium, to find the equation of motion of the coupler of a four-bar linkage.
The linearization of this formulation led to a Hill-type equation, which was solved
numerically. A spectrum analysis, based on a Fourier series steady state solution, is given.
Finally, experimental results compared favorably with the numerical ones.

G.N. Sandor and X. Zhuang (1985) applied the central finite difference method to the
solution of a linearized lumped-mass model of an elastic four-bar linkage. The results showed
that the error due to linearization is small when compared with the nonlinear model presented
earlier by J.P. Sadler and the first author (ref.9 in Sandor 1985). The effects of the rotary
inertia of the elements and the end masses of the moving links were found to be considerable.

The following group of papers dealing with the analysis of link deflection employ
finite element methods.

D.F. Bartolone and A. Shabana (1989) developed a finite element model, through a
Lagrangian formulation, to study the effect of link initial curvature on the dynamics of
flexible mechanisms. The mass and stiffness matrices of the governing equations were found
to be significantly affected by such initial curvature. Applications to both slider-crank and

six-bar mechanisms, with one initially curved link, are shown.
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E.Bayoand M.A. Serna (1988) presented a number of penalty methods for the dynamic
analysis of flexible mechanisms. Starting with a finite element description of the system,
the equations of motion are derived by means of Lagrange’s formulation. Subsequently, the
penalty constraints, dealing with stiffness, damping and inertia, are inserted into them in
the manner of Lagrange Multipliers. The same authors showed an application of their method
to the connecting rod of a slider-crank mechanism and a robot arm in Serna (1988).

W.L. Cleghorn, R.G. Fenton and B. Tabarrok (1984) developed a steady state solution
procedure for the governing finite element equations of flexible mechanisms by using
truncated Fourier series to represent the time dependent components of the equations. The
results of the associated system of linear equations showed good agreement with the
experimental data of R.M. Alexander (ref.10 in Cleghorn, 1984).

W.L. Cleghorn and K.C. Chao (1988) investigated the steady state response of an
undamped flexible four-bar linkage, containing non-uniform cross-section links, by way of
a finite element method using tapered elements. The resulting link deflections were com-
pared with ones stemming from an analysis of the same mechanism which used uniform
beam elements of the same mass as the tapered ones.

M. Dedo and A.H. Soni (1987) presented a analysis procedure to obtain the link dis-
placements as well as the internal forces of elastic linkages by way of a finite line element
method.

S. Dubowsky, J.F. Deck and H. Costello (1987) extended an existing finite element
method for modeling flexible spatial mechanisms, developed by W. Sunada and the first
author, to include the effects of clearances in the joints. A procedure of replacing the
kinematic constraints imposed at the ideal joint connections with force constraints is
described. Finally, an impact beam model and a planar slider-crank mechanism with

clearances were used as the examples to show the impact response.
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Starting with a finite element formulation, X. Gao, Z. King and Q. Zhang (1988)
derived a closed-form linear multi-step algorithm to obtain the steady state response of
flexible mechanisms. These authors showed that the computational results were more
accurate and more efficiently obtained than by way of the Fourier series method, developed
by P.K. Nath (ref.3 in Gao, 1988) and W.L. Cleghorn (ref.4 in Gao, 1988).

A.G. Jablokow, S. Nagarajan and D.A. Turcic (1988) developed a finite element
solution technique for the matrix equations of motion of elastic mechanism, which include
coupling terms and general damping. The application of the method to a four-bar linkage
showed the significance of the coupling terms and their effects on the natural frequency
variation, as well as on the response of the elastic links at high speeds.

Y.A. Khulief (1988) worked out a finite element formulation with a mixed set of
reference and local elastic generalized coordinates. A dynamic simulation of an elastic
four-bar linkage was performed. It utilized both physical and modal coordinates and showed
how the response varied, depending on types of coordinates used.

J.P. Sadler, Z. Yang and K.E. Rouch (1988) applied the ANSYS general-purpose finite
element program to an elastic four-bar linkage. Both transient and steady state bending
responses, as well as the variations of the natural frequencies, were obtained.

A. Shabana (1986) showed the effect of temperature on the dynamic response of the
connecting rod of a slider-crank mechanism. Assuming a Kelvin-Voight viscoelastic model,
the governing equations of motion were derived with the help of a Lagrangian formulation
and solved by way of a finite element technique.

A.Shabana and B. Thomas (1987) used a finite element model, which was given earlier
by the first author and R.A. Wehage (ref.24 in Shabana, 1987), to investigate the vibrations
of the cantilevered toolbit as well as the deflections of the flexible connecting rod of a crank

shaper mechanism.
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C.K. Sung, B.S. Thompson and J.J. McGrath (1984) utilized a variational principle to
develop the equations of motion which govern the response of planar elastic mechanisms
subjected to both mechanical and thermal loading. A slider-crank mechanism with a flexible
connecting rod was used to illustrate this approach. In another paper (1986), the same authors,
extended this method to a hygrothermal loading.

M.AK Zobairi, S.S. Rao and B. Sahay (1986) investigated the contribution of
kineto-elastodynamic inertia forces to the shaking forces and moments of a mechanism. To
this end, a finite element approach, given by Nath and Ghosh (ref.24 in Zobairi, 1986), was
adapted for the determination of the acceleration field due to the local deflections of the
links. A design optimization, which takes the dimensions and dynamic stresses of the
mechanism into account, is extended so that optimum balancing characteristics can be
achieved. In a companion paper (1986), the same authors considered the inclusion of
counterweights. They concluded that a complete force/moment balance by way of the
redistribution of link masses is not possible for flexible mechanisms.

W.S. Yoo and E.J. Haug (1986) presented a finite element based method, which
employs both vibration normal modes and static correction modes to define the deformation
fields of elastic components, for the simulation of flexible mechanical systems. A spatial
four-bar linkage, as well as a windshield wiper mechanism were used as illustrations. The
resultsshowed that an appropriate combination of vibration andstatic correction deformation
modes does not only reduce the computing time significantly, when compared with the use
of pure vibration modes, but also furnishes accurate deformation information for the elastic
links.

The remaining efforts, involving link deflections or their effects, are of an experimental

nature.
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A. Balasubramonian and E. Raghu (1988) showed the details of an experimental setup
for the determination of the ground bearing forces of a four-bar linkage with a flexible
coupler. The instrumentation of these bearings, by way of piezoelectric load cells, is of
special interest.

F.W. Liou and A.G. Erdman (1989) devised a new experimental approach, which uses
a high speed camera and digital imaging techniques, to determine the paths of specific points
on the links of a flexible mechanism. This method also allows the sequential image freezing
of instantaneous configurations of the total mechanism.

D.X. Liao, C.K. Sung, B.S. Thompson and K. Soong (1986) presented experimentally
obtained midspan strain/vibration traces of both the coupler and the rocker of a flexible
four-bar linkage at various speeds. The authors associated these responses with quasi static
and dynamic regimes, as well as resonance conditions. They state that their results should
provide the impetus for further theoretical investigations.

(b) Stability

M.L. Badlani (1988) studied the effects of rotatory inertia and shear deformation on
the parametric stability of an undamped <lastic connecting rod of a slider-crank mechanism.
It was shown that, when the results are compared with those due to Euler-Bernoulli beam
theory, there is an increase in the width of parametric instability region as well as a shift to
a lower corresponding critical frequency.

D.R.Flugrad, Jr. and H.-T.J. Liu (1988) showed a stability analysis of a Hill’s equation
by using a novel perturbation technique. The periodic coefficient of the expression is first
replaced by a Fourier series. Subsequently, the Fourier coefficients serve for the construction
of a small parameter. The method is used to find the stability boundaries of a Mathieu
equation as well as a Hill’s equation stemming from the mechanism described earlier in

Flugrad (1986).
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V. Masurekar and K.N. Gupta (1988) showed a stability analysis of the coupler of a
four-bar linkage, both with and without damping. The initial partial differential equation is
linearized and Galerkin’s method, using a half-sine space function, is applied to obtain a
Hill type equation. The assumption of a periodic response at the stability boundaries fur-
nished the basis for the determination of their locations. Several examples of numerically
obtained responses in stable and unstable regions are presented.

S. Nagarajan and D.A. Turcic (1990) compared two different approaches for the
determination of the stability of a four-bar linkage with three elastic members. To this end,
they make use of the finite element based set of equations, originally derived by D.A. Turcic
and A. Midha (ref.14 in Turcic, 1990). First, they showed a Fourier series approach to obtain
the critical speeds for all modes of vibration simultaneously by solving the general eigen-
value problem. The second approach extends the procedure of finding Floquet’s multipliers
given by Zadoka (1987) to multi-mode systems. In order to accomplish this the system
equations must be first decoupled by modal analysis techniques. The practical limitations
of both methods were discussed.

I.G. Tadjbakhsh and C.J. Younis (1986) focused on the stability of the flexible con-
necting rod of a slider-crank mechanism with an external piston load. The equation of motion
was derived by way of element equilibrium. The application of Galerkin’s product formula
led to a system of Hill type equations. Stability boundaries were obtained according to
Floquet theory and plotted for the first three modes with speeds and input torques as variables.

R.1. Zadoks and A. Midha (1987) investigated the stability of a two-degree-of-freedom
torsional vibration system. While the constant inertia input disc is driven by a constant
moment, the output disc, which is connected by a flexible shaft, experiences a position
dependent resisting moment and also exhibits position dependent inertia. The equations of

motion were derived with Lagrange’s formulation and linearized about the steady state
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rigid-body response. A procedure for determining Floquet’s multipliers, which are used to
judge system stability, is developed. In the companion paper, two types of stability charts

are presented.
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