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Abstract
ON CONJUGACIES OF INFINITELY RENORMALIZABLE
MAPS

by
Waldemar Paluba

Adviser: Professor Dennis P. Sullivan

The properties of the conjugacies between infinitely renormalizable maps
of an interval are studied here. In the main part of the work we deal with
the renormalization with uniformly bounded return time. For such maps
we show the conjugacies, that a priori are arbitrary homeomorphisms, to be
quasisvmmetric on the whole domain intervals.

Subsequently, we examine the properties of these conjugacies reduced to
smaller domains, namely the closures of the orbits of critical points. Here we
show that the classes of Lipschitz continuous equivalence coincide with the
classes of ("' —smooth equivalence. The proof is based on a more general argu-
ment asserting that bilipschitz continuous conjugacies between two w—limit
sets containing dense subsets of preimages of respective critical points are

differentiable with nonvanishing derivative at cither of the critical points.
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1 Introduction

This work is devoted to the study of the properties of conjugacies of infinitely
renormalizable unimodal maps of an interval.

Iterated maps of an interval have been a subject of vigorous research
for quite a few recent years. the nnexpected richness of the patterns of their
behavior attracting the interests of physicists as well as pure mathematicians.
Their joint efforts gave rise to what is commonly called the nonlinear seience.
The thorough survey of classical (up to 1980) results in this field is given in
the renowned book by Collet and Eckmann {1].

However, a great deal of development  predictably enough creating a good
many of new problems, has been done since the book came into print. This is
also true for a particularly intensely rescarched class of maps called infinitely
renormalizable.

Consider a continnons mapping f of an interval [ = [a. ] into itself that
takes 91 imo itself and has exactly one turning point ¢ in («a, b), a maximum,
so that fis strictly increasing on [a. ] and strictly decreasing on [e, ).

One of the possible ways to describe the property that fis renormalizable
is to request that there exists a neighborhood of ¢, contained with its closure
in (¢, b) such that some finite iterate of f takes this neighborhood back into
itself. For an f that has this property the the renormalized map R is defined,
up to an affine change of coordinates, by choosing the maximal neighborhood

of ¢ and the minimal iterate of f. We usually rescale the renormalized map



back onto the original interval and fix the orientation so that the new turning
point is again a maximum. Infinite renormalizability of [ is tantamount to
the existence of an infinite nested family of neighborhoods of ¢ with diameter
decreasing to zero, such that on each of them [ is renormalizable in the above
sense with the number of iterates growing with the nesting.

In our work, except for the result of Chapter 6, where we work in more
general setting, we focus on renormalization with uniformly bounded return
times (see Chapter 4 for precise definition).

The main objective of the former and ongoing research is to classifyv these
objects. First, we have the notion of topological equivalence. Here we say that
two maps of an interval f and g are fopologically cquivalent (or conjugatc). if
there exists a homeomorphism h between the domains of the two maps such
that goh = ho f.

We first examine the properties of the conjugacies on the whole domain
intervals. We prove that under mild smoothness requirements (discussed in
Chapter 3) classes of topological equivalence of our maps coincide with the
classes of quasisymmetric equivalence (a homeomorphism b s called qua-
sisymmetric if, for some finite Al > 0 it satisfies the condition

] h(or 4+ 1) = h(r)
M < hir) — h(r —1t) <M

uniformly, for all triples of points {r — t,r.r + t} in the domain).
Other results of that kind involve, chronologically, those of Sullivan ([6].

Chapter 15), Jakobson and Swiatek [2] and Jiang [3]. Their proofs require



stronger hypotheses, however we note that the work of Jiang is based on quite
an akin concept. We also would like to emphasize that our proof admits the
situation where the maps shown to be guasisvimmetrically conjugate do not
have the same type of singularity at their turning point. Bounded return
time of the renormalization is almost certainly essential for this to be true,
though it is believed that this assumption may not be of significance for maps
sharing the same type of singularity.

The prerequisite for our approach to the problem of quasisymmetricity of
the conjugacies is Theorem 1 of Chapter 3 of [6]. which provides the tool for
controlling the shapes of renormalized maps. We derive our theorem (Theo-
rem 2) in the case of infinitely renormalizable folding maps of bounded type
from an analogous statement for Markov maps of an interval (Theorem 1)
which are conjugate by the same homeomorphism and are piccewise expand-
ing in a metric (also constructed piecewise) which is smoothly equivalent
to the Euclidean. Those Markov maps are more general objects than the
infinitely renormalizable maps they arise from and in particular their distin-
guished point (the one that belongs to the ranges of all the branches) forgets’
the singularity so that we can compare maps with different singularities.

A known important consequence of the quasisymmetricity of the conju-
gacies of our maps is the uniqueness of their representation in one-parameter
quadratic family {—r?+a}, which in other words means that the correspond-

ing component in the Mandelbrot set actually reduces to a single point.



However. no technique in known so far that would allow to derive such a
conclusion in general for families of the form {—|r|" +a} with a real. o > |

Having dealt with the quasisvmmetric properties of h on the whole do-
main we then turn our focus to the more challenging question of the prop-
erties of b on the Cantor-set closure of the post-critical orbit. The stunning
discovery of Coulet-Tresser and Feigenbamm of mid-70's, known as ‘renor-
malization convergence’. in today's language describes as Holder continuity
of the derivative of h (C'—smoothness) on that Cantor set. In that di-
rection, apart from the numerical computer-generated evidence, first there
came the result of Collet and Eckmann (see for example [1]). giving, in case
of analytic maps with a singularity of the type |r]” with a close to 1, a local
version of the desired statement for the simplest example of infinite renormal-
izability (so-called period doubling situation). More precisely, they proved
the existence of a fixed point of the renormalization operator and that in
some vicinity of that point renormalization acting on maps conjugate to that
fixpoint i1s a contraction.

In 19832 Lanford ([4]) has performed a computer-assisted proof of the sim-
ilar result for maps with quadratic singularity. However the long expected
global result (the eventually universal structure of the post-critical Cantor set
within the class of topological equivalence of infinitely renormalizable maps
sharing the same singularity) had not been proven until the work of Sullivan

[6] that gives the *pure thought® insight into the inducing cause of renor-



malization convergence through the theory of quasiconformal mappings and
the Teichmuller theory, His arguments work for all infinitely renormalizable
real-analytic maps with universally bounded return times. but the guest for
solution to the case of singularities r real. r > 1 which do not admit holomor-
phic extension about the domain interval remains open. Here we were able
to make the following contribution: we can prove (Theorem 5 and Corollary
3) that conjugacies that are Lipschitz continnous on the respective Cantor
sets are antomatically ("'=smooth. This way we get a global result, for all
singnlarities # > 1, at the cost of a much stronger starting hypotheses,

The techniques we use are purely real-variable and although the logic of
the proofs may seem a bit intricate (or perhaps weird), the arguments are
very elementary.

We do not want to suggest that closing the gap between quasisymmetric
(that translates into bounded geometry in case of Cantor sets we are dealing
with) and Lipschitz is possibly casy. Actually, even an expectedly simpler
task of getting (''*” rather than merely ("' in the above setting is not yet
achieved and almost certainly requires a more sensitive version of the tool
used in Chapter 7. However, as far as we know, the argument we give is the
only known so far to give even a partial result toward eventual universality
of the Cantor set that works for all singularity types.

Finally, we outline the structure of this work.

We begin (Chapter 2) by formulating two Theorems. 1 and 2, firstly as-

by |



serting the property of quasisymmetricity of conjugacies between Markov
maps subject to several conditions listed as topological (T1-T5) and analyt-
ical (A1-A4) *axioms™ about those maps: secondly stating that the situation
of infinitely renormalizable maps of bounded type can be reduced to the
Markov case. In the remainder of this chapter we prove Theorem 1.

Chapter 3 is a study of smoothness required for the proof of Theorem 2
to be carried out. The main result there (Theorem 3 followed by Remark 1)
is that for homeomorphisms of the interval in the class ("1H7vamund (oo that
chapter for the definition) the distortion of the Poincare metric on subinter-
vals of the (standard) length 1 is a Lipschitz continuous function in t. This
result will further (Chapter 5) allow us to work outside the Cantor set.

In Chapter 4 we provide the definitions and basic properties relevant in
our situation and then explain (Proposition 3) why the tip of a renormal-
izable map cannot fall too close to the diagonal and how (Theorem 4) this
impiies (after sufficiently many renormalizations) the definite repelling of
fixed points.

In Chapter 5 we construct a sequence of dynamical partitions of the in-
terval with geometrically decreasing diameter. The fundamental analytical
step (Lemma 1) in the proof of Theorem 2 is done there. This lemima lets us
verify axiom A3 for the generated Markov map.

We conclude this chapter (and the first part of our work) with the con-

struction of the Markov map related to the starting infinitely renormalizable
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map and satisfving the axioms of Chapter 2. This way the reduction of
Theorem 2 to Theorem 1 is complete,

We point out that the proof of Theorem 2 is very intrinsic” in the sense
that we check some properties that any map in our class must have and by
virtue of those properties shared by all of the maps in the class we derive the
quasisymmnetricity of their conjugacies.

Quite a different approach is employed in the last two chapters (Chapters
6 and 7). There we start with the conjugacy between post-critical orbits
of the two maps and introduce the notion of distortion of the conjugacy
itself from being smooth. The power-law singularity makes this distortion
decrease every time the itinerary passes through small enough vicinity of
the critical point ¢. For we are close to ¢ infinitely many times we conclude
that. in the infinitestmally small scale. the distortion is non-existent and so
is the conjugacy differentiable (‘Theorem 5 and Corollary 3). Technically the
argument turns out more complicated, but the underlying idea is exactly as
told. We emphasize again that unlike in the first part we work with a pair of
maps (and their conjugacy) all the way through. While the original argument
can be carried out also in the setting of Holder bounds, the problem is that
only with Lipschitz bounds in place it is true that what we get from this
arguinent is more than we put into it.

Why the Lipschitz bounds should hold for all singularities » > | remains

a mystery.
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2 Markov maps

In this chapter we state and prove a theorem about quasisymmetricity of
conjugacies of Markov maps of the kind that arises from infinitely renormal-
izable unimodal maps of an interval under mild hypothesis about smoothness
discussed in detail in Chapter 3. The benefit of this approach over the direct
proof is twofold: the argument is clearer and it frees us from the worry about
the condition that makes the two branches of the reconstructed unimodal
map meet smoothly at the critical point. Markov maps like those discussed
here may possibly fail to correspond to smooth at the critical point unimodal

maps, and so we get a more general statement. Here we give a theorem.

Theorem 1 [If f, and f; are two topologically conjugate maps satisfying con-
ditions (T1-T5) and (A1-A)) bclow. then the conjugacy is quasisymmetrice,
The quasisymmetric constant depends only on constants and bounds in the

(Ts) and (A's).

Axioms for the Markov maps Sct Jy = (0,1). ¢ € (0,1) and let
{J.}so be anested family of closed neighborhoods of ¢, J, 4y C Ju, gy C

Intd,. Ny = {c}.

Letf: (0,1) — (0.1) satisfy the following:

T1. f(J.) C J..



T2. f(0J.) C Dl (D)) £ ).

T3. [ is continuous on each of the intervals L,,. K, constituting .J, \
Joers strictly increasing on one of them and strictly decreasing on the other.

f(l,,) D ‘In+l- f( Rn) D) 'In+l~

T4. any two preimages (taking into account both branches) of Int.J, 4,

4, are either disjoint or coineide. The union of the preimages of all

under f

orders Hills in J, . except for a nowhere dense set,

T5. if [ is a mapping such that [ = [ on the interior of cach L, R,
and f(vn(lp()int of J,.41) = continuous extension of [ in .J, \ J.41 then one

of the endpoints of J, 4y is periodic under f and f(one endpoint of J,4;) =

Sf(the other endpoint of J,41).

Note 1 Let P, be the family of preimages of J, within J,_y and P, = P, \

{J.}. Then [ s Markov with respeet to the partition P = P,.

Al. For cach n there exists a metric on the set L, U R, smoothly

equivalent to the standard Fuclidean metric on that set such that:
1. the bounds on the metric equivalence are uniform in n,

2. the length distortion on the two preimages of J,4; of the first degree

is bounded, and uniformly so, in n,

3. on the rest of L, U R, the absolute value of the derivative of f with

9



respect to that metric is between two constants (., | < ('} < (') <

ac. The constants can be chosen independently of n.

A2. There exist universal @ > 0 and 5. 0 < 5 < 1, such that for any
preimage by [ of J; contained i Ji for some b < I we have

length of the preimage <

< n'y“_").

length of Ji

o N . .
A3. The ratio thTlJ is (uniformly in n) bounded away from 0 and 1.

A4. Except for the case ( related to the period doubling dynamices) when
an endpoint of J, 4 s a fixed point of f. the absolute value of the eigenvalue of
[ along the periodic orbit of an endpoint of J,. 4, coincides with the absolute

value of the eigenvalue of f at the fixed point, being an endpoint of J,4;. In

the exceptional case the former s the square root of the latter.

Now consider an infinitely renormalizable map of the interval. When we
start to renormalize some kind of *pathological’ behavior is possible for a
time. For instance we may have the dangerous situation of ‘renormalization
of degree 17, described in the point b) of the Lemma of §1 of [6]. namely
that the basic renormalization interval is sort of too large and admits *ex-
tra’ fixed points inside it other than the natural two fixed points, one at the
boundary and the other between the critical point and the second boundary
point. We can have no control over the eigenvalues of such ‘interior’ fixed

points, and those points can be, for instance. neutral. This gives no ground

10



for the distortion estimates and maps with these “pathologies’ can truly fail
to be quasisymmetrically conjugate even if they have the same sequence of
appearance of pathological fixed points. This is one of the major technical
difficulties compared to the negative-Schwartzian case. However., after renor-
malizing sufficiently many times all those pathologies must disappear. This

will be proved later in Chapter 1; here we formulate the following

Theorem 2 Sufliciently high renormalizations of an infinitely renormaliz-
able unimodal map with bounded combinatorics of type < T generate, in a
natural way, Markov maps satisfying (T1-T5) and (A1-A4) with constants
depending only on the bound T on combinatorics and the erponent of the

power law at the singularity.
By the above theorems we shall immediately have

Corollary 1 Sufficicntly high renormalizations of two infinitely renormal-
izable unimodal maps of bounded type with the same kneading sequence are
quasisymmetrically conjugate with quasisymmetric constants depending only

on the bound on combinatorics and the singularity types of those two maps.
While the following chapters will be devoted to reducing Theorem 2 to
Theorem 1. we now show how to prove Theorem 1.
Proof of Theorem 1. First we describe the structure of the proof.

The general idea is to take an interval in the domain of f (think of a short

11



one) with its midpoint and iterate it forward until some dynamically defined
stopping moment.  Axioms guarantee that the quasisymmetric distortion
on the way was unmversally bounded so the 1mage of the midpoint divides
the image of the interval into two quasi-halves. Within each quasi-half we
find a dynamically defined subinterval whose length. solely on the grounds
of the dynamies and the axioms. can be shown to be comparable 1o the
length of the respective quasi-half. We go to the conjugate picture for ¢ and
there, by the above, the conjugates to the dyvnamically defined quasi-equal
subintervals are gquasi-equal and their lengths are comparable to the length of
the whole conjugate interval, which was divided into two quasi-halves. Now
recall that the image under the conjugacy of the quasi-midpoint in the first
picture is trapped in between the images of those two dynamically defined
subintervals, so it is bounded away from the endpoints. Thus the image
of the quasi-midpoint in the first picture is still quasi-centered within the
conjugate interval in the other picture.

Again we use pullback in the picture for g, keeping this information (dis-
torted only boundedly) until reaching the conjugate of the original short

interval. and we get the desired statement.

Now we go to a more detailed account.
Let A be an interval contained in Jy. First we go along the itinerary of A
under f so long as the images of A do not contain any of the endpoints of the

intervals of the family {J, }. By Axiom T4 preimages of J/s within J, form,

12



when [ goes to infinity, a nested family of partitions and by Axiom A2 the
diameter of the largest element tends to zero when { — oc. So, there are finite
smallest nonnegative integers p and [such that fY(A) istersects both Ji\ Jiyy
and Jyy . In these first p steps the quasisvmmetric distortion is bounded be-
cause by Axiom Al we can, uniformly in 7. extend each of the branches of
[ over a definite proportional neighborhoods of I, and R,. perhaps slightly
worsening the bound. Poincare metric on such a definite neighborhood of L,
{or R,). restricted to L, (or RK,), is equivalent, with uniform bounds, to the
standard metric. So by Axtoms A2 and Al we have the bound on the sum of
the P—lengths of the first (p— 1) images of A. This, given suflicient smooth-
ness (see Chapter 3) is enough to yield bounded quasisymmetric distortion
by the argument in [6).

The moment the image of A contains a monotonicity point we can no
longer use the above argument, but periodicity of the endpoints shall provide
for the necessary replacement.

Perhaps adding one more circuit we may assume ('12) that we hit a pe-
riodie point. Let M be the part of fP(A) comtained in J;\ Jiy, and N’ be
the part of fP(A) contained in Jiyy. We shall further act inside J; ('T1) by
S on N and by f% on M', where ¢ is the smallest positive integer such that
fUDI41) C Ddiyy. except that in case we got ¢ = | we change it and put
g = 2 (this s justiied dynamically in Chapters 4 and 5 and fits with axiom

A4). By axioms TH. A4, A3, Al ¢ is universally finite. The two branches of

13



this piccewise defined map glue together into a smooth expanding about the
periodic endpoint of Ji,, with the absolute value of the derivative bounded.
We nse this map until the last step before image of V' contains an endpoint
of Jiy 2 or image of M’ contains an endpoint of Ji4 . In that last step before
this happens, the length of the image of the starting interval fP(A) is com-
parable to the length of J;. because we could only gain finitely in the last
step we dropped (axiom Al). Also. the quasisymmetrie distortion added in
this part is bounded, by the argument analogous to the one used in the first
p iterates. The image of tne original midpoint of A is still quasi-centered,
so both quasi-halves have lengths comparable to the length of J; and also
the supremum of the distance from ¢, taken over the two quasi-halves,. is
comparable to the length of J;. Thus, by axioms T3, Al, A3 each quasi-half
contains a preimage of finite bounded order of Jigp \ Ji4 40, with I bounded
as well. Both bounds above are given in the terms of the bounds in the an-
alvtic axioms A1-Ad. These preimages are the dynamically defined intervals
contained in the two quasi-halves with the lengths comparable to the length
of Ji. The same is true in the conjugaie picture for g, so substituting the
g—picture for the f—pictore at this moment perturbs the quasicentricity of
the image of the original midpoint only boundedly. It remains to pull back

along the conjugate itinerary and we are done. O
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3 One plus Zygmund class of smoothness
and control over short intervals

This chapter is aimed to be an addendum to the work done in Chapters 1
and 2 of [6] where the following question is studied:

What is the oplimal class of smoothness under which the ‘real Koche dis-
tortion arqument” for long compositions of diffcomorphisms of an intcreal
can be carried out.

It is found there that smoothness ("'+vmend v which we mean that

the logarithm of the derivative ¢ = log ', satisfies the Zygmund condition

r+y

Pr) 4+ ey) = 2p(—=) = O(lr — y])

. is equivalent to distortion of cross-ratios for all equally distributed 1-tuples
of points (so-called standard 4-tuples) being Ofsize of the §-tuple).

Then a theorem is proven there asserting that smoothness (71+2vgmund
guarantees the additive change of Poincare length of 1-tuples of P-length =
I contained in an interval T to be of the order O(T'). This way we get
multiplicative control with the factor of the order 14+ 0O(T') over the distortion
of all subintervals of T" of any P-length > 1. simply by partitioning them
into a union of intervals of the P-length = 1. Control over “Poincare-long”
intervals is enough to yield the real Koebe distortion principle.

To work with the Markov-type expansion argument of Chapter 5, and in

particular to derive the property stated in axiom A2 of the previous chapter,



we will need to get some sort of control over the multiplicative distortion
of small P-lengths. However, the proof of the theorem above fails in the
case of small P-lengths. Thus the question of optimal class of smoothness to
perform this kind of argument arises. We are able to show that exactly the

( A4 Lygmund

same class of smoothness 1.e. is the right one for our purposes.

What we prove here is:

Theorem 3 Let h be a (2%t diffcomorphisim of an interval 1, T =
(a.d) be an ntereval in I.oand M = (b.¢) where a < b < ¢ < d be a proper
subinterval of T, Then the length of M oin Poincare metric on T, Pr(M),

distorted by h only by a multiplicative factor of the order 1+ O(length of T).

i.0. in the notation identifying an interval with its standard length we have
(1 +0O(T)) Pr(M) =2 Pup(hM) > (1 = O(T)) Pr(M)

The cocfficient in O(T) is controlled by the Zygmund norm and %-H(’)’ld( r

norm of log '

Proof: Step 1. Fstimate of the cross-ratio distortion.
Let us set the notation T = (a.d). L = (a.b). M = (b.c), R = (c.d).
T = h(T), L' = h(L). M = WA, B = I(IR). The cross-ratio of the four

points a.b.e.d. denoted [a, b, e d] is defined by the following formula:

b

dr (ll/
a (y — r)‘

—logla.b.e.d] = J /

16



By the cross-ratio distortion under b we mean

tha hb. he. hd)

de f
Inla boeod) = log ——r—m—
Dy(a.b.c.d) 08 [”,h.('. (/]

The distortion may be computed through an integral formula

[ha.hb. he. hd] /" rh [ hao b 1/] drdy

Ok~ [a.b. e (/]— - [h1)? ] (=)t

where [I'],, means the average of A over the interval (o y). Thus, for the

cross- ratio distortion we have

b _
[ Di{acboe d)| = \/ / o |’ yl) drdy| <

(y-a)?
4 rodrdy Const -1 MM |
(Tonst - / /‘ v« = Const-log —— (L + MYEAM (Af 4 RYM+R (h)

First we need to check if the cross-ratio distortion is of the order O(T').
Since our formula is symmetric in L and B we may assume that L < R.

Taking into account T'= L + M + It we obtain

X A
T (M 3 R)MR (g apytest| =
- ntmv
= log =
T ([ . I) (I, + A\,)L+M
| 1 (- L) MM
0g 1 — ,T l og( I+ ”)1, (I + ;‘\[)M
) L 2
gy + |7 Lo I+M Y

The first term in (2) is certainly bounded, since I < R < T'/2. To estimate

the second one we recall that 1 < ; ;‘, < ’7 so it i1s bounded by the maximal

17



value of —rlog.r in the interval(0.1). We bound the third term in the same
way since ¥ < % < |. This shows that the cross-ratio distortion actually
is of the order O(T) as we wanted it The constant bounding (2) is universal
and may be chosen to be (log2 + ¢ and the constant in (1) depends only on
the Zygmund and 3-Holder norms of log &’ by the referred theorem from [6]
This concludes step 1.

Step 2. Distortion of the Poincare metrie.

The length of an interval M C T with respeet to the Poincare metrie on

T is given by the formula

MT
(M) = log o
Pr(M) "””('* I,I{)

and the P—metric form on T by

di
1(ri -1
Under a diffcomorphism I the element of the P—length transforms as

Wt
RO = h(1)]

dl.
)

To estimate this for a ("' H7vmund diffeomorphism h we notice that. (for M
very small relative to both L and R), the P—length. up to the terms of
higher order, is nothing but our cross-ratio, so a multiplicative bound on the
cross-ratio distortion bounds the distortion of the P—length element as well.
The former has been just found to be of the order (1 + O(T')). and so must

be the latter.
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Integrating the form we can have the same estimate for the multiplica-
tive distortion of the P—length of any interval M C T, independently of its
P—length. This extends the statement of the Lemma of Chapter 2 in [6] over

to all subintervals of T, with finite P—length. no matter how small. O

Remark 1 We may view Theorem | as stating a kind of Lipschitz property
for multiplicative £7—length distortion considered as a real variable function.

Denote

Dh(y)d(:f sup  sup (log (2)

[T]=y MeM(T) PrM

ProM’ '

where M(T') is the collection of subsets M C T such that T\ M is 2-
connected. Theorem 1 asserts that Dy(y) is a Lipschitz continuous function
in y with the Lipschitz constant controlled by the Zygmund and %Jl(")ldvr

norm of h.
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4 Renormalizable maps.

In this chapter we set some notations and definitions to establish the language
we could refer to later on. Simple propositions are named facts here and
their verification is left to the reader. By Theorem 4 we shall see that our
definitions fit well with the intuitive picture of what the ‘renormalization box’

should be.

Definition 1 Kenormalizable map.

Suppose f: P — P is a continuous map of an interval P = (0.1) into
itself, f(0) = f(1) = 0. f has a unique turning point ¢ € (0.1) and is
strictly increasing on (0.¢) and strictly decreasing on on (e, 1). For an in-
teger £ > 1 we will say that [ is (-renormalizable (on the interval Q) if
there exists an interval Q@ C P such that ¢ € @, ¢ € f(Q) C Q and
Q. f(Q). ... [f7HQ) are pairwise interior disjoint. We shall call f renor-
malizable if it is {-renormalizable with some € > . We say [ is properly
(-renormalizable if € is the minimal integer for which f is frenormalizable

"

[¢f. Fact 2, Remark 2 at the end of this chapter and Proposition 5 in the

next chapter).

Definition 2 lenormalization intcreal.
Let f be é-renormalizable. The smallest () satisfying Definition | will
be called the small ¢-renormalization interval: the largest such Q will be

referred to as the large ¢- renormalization interval. For ¢ minimal respective
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intervals will simply be called the small renormalization interval and the large

renormalization interval, and denoted 1(f) and J(f) respectively.

Fact 1 If [ is {-renormalizable its large and small f-renormalization intervals
are well defined. The endpoints of the small {-renormalization interval are
() and f*(e). I pis one of the endpoints of the large (-renormalization
interval then the other endpoint is the dynamically svimmetric counterpart

of pi.e. the unique point p such that f(p) = f(p).

Fact 2 If f is [-renormalizable and properly (-renormalizable then 1/( s a

positive integer.

Proposition 1 If [ is l-renormalizable then one of the endpoints of its large

l-renormalization interval, say p, satisfics f'p = p.

Proof: Suppose that f/(9J) C int J. If theimagesof J J. f(J).... [/~ (J)
were actually disjoint, i.e. there were spaces in between of them. one might
enlarge J by continuity.  So there are two intervals f'(J). f'(J) 0 <
[ < I' < ( sharing a common endpoint. But f=" (_[‘I(J)) C mtJ. so
" (fl(l)> NaintJ # @, which contradicts interior disjointness of the family

{J.00).... 1"} o




Note 2 The only situation when p of the Proposition 1 can also satisfy
fU'p = p with some I < Lis the case when some 15 f is 2-renormalizable [ef.

Proposition 5 in the next chapter].
Fact 3 ¢ is the unique turning point of /|, .

Definition 3 Recnormalization operator.

By the renormalization of f we mean Bf = Ao (_[f |,) oA where £ is
minimal and A is the afline mapping (preserving or reversing the orientation.
as needed) taking J onto (0, 1) in such a way that the turning point of f* |,
becomes a maximum. We write [ = RUf, Bf = R'(f) and. inductively, if

It* f is further renormalizable we can define R(R* f) = %' f.

We shall continue to denote by ¢ the turning point of the renormalized

map whenever it is not confusing.

Definition 4 Infinitely renormalizable map

We say [ is infinitely renormalizable if R* [ is defined for all nonneg-
ative integers k. If there exists a finite T' such that cach R* f is properly
f-renormalizable with some ¢ < T we say f is infinitely renormalizable of

bounded type T (or, with bounded combinatorics).

Let now f be a properly f-renormalizable map and J'(f) be the largest
“renormalization interval in the preimage sense” i.e. the largest interval

about the critical point ¢ such that following the critical orbit backwards of

(S
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the family {J'(f).f" (J'(fN.... .f"“(.l'(f))} all the intervals along the

way are interior disjoint and f=((.J'(f)) = J'(f).

Proposition 2 J(f) = J'(f).

Proof: Clearly J'(f) C J(f). We must rule out the possibility that
the preimages of J(f) following the critical orbit backwards are not interior
disjoint. Suppose nt f~ (J(f))Nint [77(J(f)) # B for some 0 <1< j <.
Then 7YY (f77 (J(f))) contains in the interior an element of the orbit of (-

periodic boundary point of J(f). Contradiction. O

By virtue of Proposition 2 we can now copy the proof of Theorem 1 of [6]
with .J in place of I’ obtaining that sufliciently high renormalizations in our
sense are of the form Qh with the Zygmund and %-H(")ld('r norm of logh’ um-
versally bounded by a positive constant B and with () a quadratic polynomial
universally bounded away from zero quadratic polynomial, provided we start
with a map of the form Qh with log b’ Zygmund. Having established that

we move to the next

Proposition 3 Let f be infinitely renormalizable of the form f = Qh. whcre
log h' belongs to the Zygmund class and Q) is a non-zero quadratic polynomial.
There crists a universal g > 0 such that for high enough renormalization f
of f the interval (0,¢) undergocs definite stretching under f by a factor of at

least (1 4+ p).
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Proof: First notice that the universal B bound on the I-Holder norm
of logh’ vields universal upper and lower bounds on A since the domain of A
is a compact interval (0,1). Call them u(B) and {(B) respectively. Quadratic
part Q of the composition [ = @Qh is universally bounded away from zero
quadratic polynomial (or otherwise (0 would be a sink attracting the whole
interval (0. 1) under iterations of f) and also bounded from the above, so
there are universal upper and lower bounds on the second derivative of Q.
Call them udp(B) and ldp(B) respectively. Let © be the orientation reversing
fixed point of f.

First we claim that there is a universal ¢ > 0 such that |f'(7)] > ¢. If
not, for ¢ sufficiently small the absolute value of the derivative of f on the
whole interval (e, 7) is less than 1 because if for some y € (¢, 7) we had
|Q'(h(y)) - W (y) > 1] then

Q' (h(y)) - h'(x)

I(J (h(.'/)) h (7r)| > Q' (h(y)) - h(y)

and

/
> Q' (h(m)) - K(x)] > [Q (h(y)) - H(x)] > —
h'(y)

but A'(7)/h’'(y) cannot be smaller than « ¥, Thus ¢ < « =¥ guarantees f(c) —
m < © — ¢. Similarly, because h(f(c)) — h(7) < u(B)(r — ¢) we get for

y € (m, fle))

Q" (h(y)) = Q" (h(m))| < u(B)(y — ) udp(B) < u(B)(r — ) udp(B)



and since [Q'(h(7))| > I(B)(7 ~ ¢) - ldp(B) we have
@ (hiy) _ |, u(B) udplB)

Oty SV UB) 1) )

Thus. if ¢ < (Const(B)e?)™" and at some point y € (7. f(¢)) the absolute

value of the derivative of f were larger or equal to 1 we would obtain

|
- . > ’ , ll > s ’ , ,I >
Consi(B) &~ 7 Q" (h{m)) h(m)| > Conei(B) Q" (h(y)) H'(m)| >
I Q' (hiy)) h'(m) N h(x)
Const(B) Q' (My)) W(y) ~ M(y)
This contradicts the B bound on Holder norm of h and so we see that if ¢

were smaller than (Const(B)c®)=" the derivative of f would have to be less
than 1 on the whole interval (e, f(¢)) forcing the fixed point 7 to attract
the post-critical orbit. Thus f could not be further renormalizable and the
existence of universal ¢ in question is established with « = (Const(B)e?)~!.

From the above we easily derive the existence of universal ¢ > 0 such
that f(¢) — ¢ > p. Actually, since f'(¢) = 0 and —f'(7) > ¢ we see that

T—c>p=c udp(B)" - u(B)? because

¢ <|Q'(h(m))h'(m)| < 1Q"(h(m))| - u(B) <

udp(BY(h(w) — h(e))u(B) < (7 — ¢) - udp{B) - (u(B))?

and since f(¢) = ¢ > m — ¢ we have our proposition proven. O

Before we can go on to proving the main result of this chapter we need one

more tool.



Proposition 4 If [ s a high renormalization of f and [ takes an interval
M homeomorphically onto its image fM then for any K C M we can have
PrafRK > (1 = )Py with v > 0 arbitrarily small f we renormalized

sufficiently many times.

Proof: By the proof of Theorem 1 of [6] carried out with the renor-
malization interval in our sense. which is possible due to Proposition 2. we
see that the total length of the orbit of J(f) goes down exponentially fast
with the depth of renormalization and the proposition follows immediately
from Theorem 3 of the previous chapter because @ increases P-lengths and

h nearly does not perturb them along the orbit. O

We are now in a position to use the definite stretching of the interval (0.¢)

to prove

Theorem 4 There exrist universal 2" > 0 such that if [ is sufficiently high
renormalization ()ff satisfying the hypothesis of Proposition 3 then (14+') >
J0) > (1 + 2) and also [ has cxactly one fired point in (0, 1), with negative

slope, universally definitely repelling.

Proof: Denote by f the “unrenormalization of 7 ie. [ = RS, and
let f be properly f-renormalizable. Let @ be the critical point of f* closest

to the é-periodic endpoint p of J(f) lying on the opposite side of p as the

dynamically symmetric counterpart p of p. Let @ < 0 be the image of @ under
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the same affine change of coordinates that takes J(f) onto (0.1) in such a
way that p goes onto ().

First notice that 0 has to be a topologically repelling fixed point of f, or
otherwise a would be inside the basin of attraction of 0 whereas it is supposed
to be a preimage of the eritical point of an infinitely renormalizable map. So
if we think of [ as of a mapping defined by rescaling of the appropriate
picce of of the graph of f onto the interval (a.1) we see that f(a) < a.
By B-boundedness of f on some definite neighborhood of (0.1) « has to be
definitely smaller than 0, i.e. there exists a universal v > 0 such that —a > v,
since f/(0) > | and f'{a) = 0. By Proposition 3 and a straightforward
calculation this vields f(0) > %‘iﬂ— or otherwise the P-lengths of tiny
intervals about 0 would undergo definite contraction by a factor of at least

1+u+v+ ?—;w . . . Vi
Z aal > 08 .
Troiae; i violation of Proposition .

Here is the calculation. Infinitesimally, we have for the Poincare metric

forms

1t
dl)(u.r)(()) = d_’ + (_

—a C
0dt - f'odl
flodt f'0e Sf,o((l_I di ) Cw

.+_
—fa fe —a + (1 4+ p)e

dP,.4(0) < ( (1 +p)e+a ) , ( jv ) ‘
M) g (Utmeta pgfy o mw )
Py = P\ ev e a) <\ awoass) W

We have proved the definite repelling of the ¢-periodic point on the hound-

(II)U,,J(‘)(O) =

ary of J(f). which goes onto O under renormalization. The existence of a

(8%
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universal upper bound on f'0 follows from B-boundedness of f.

If there were another fixed point inside (0. ¢). again by B-boundedness of
f. there has to be well defined the one which is closest to 0, call it w, and w
has to attract topologically at least on its left hand side, so f'w < I since
fe — ¢ > p by a calculation alike (3) this would also violate Proposition 1.

On the interval (e 1) [ is decreasing so there exists exactly one fixed
point 7 inside. with the slope strictly negative bounded away from 0 by the
proof of Proposition 3. The proof of definite repelling of 7 is given in the

Remark 6 below. We are done. O

Remark 2 Theorem 1 shows, in particular, that sufficiently deep in the
renormalization process the large renormalization interval in the sense of
Definition 2 coincides with the the *bigger renormalization interval’ of [ as
defined in [6] i.e. the smallest interval I'(f) about the critical point of f such
that its inverse orbit following post-critical orbit backwards is a collection
of intervals {f" l'(f),f'zl'(_f). ... .,f“'l'(f) = l'(f)} permuted by f and
f is minimal. As a matter of fact by this we also know that deep in the
renormalization the case described in point b) of the Lemma in §1 of [6]
cannot actually happen, i.e. there is no ‘renormalization of degree 1” possible

there.

Remark 2 does not matter for the structure of the attracting Cantor set
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but is relevant for understanding what happens outside the attractor. as we

are going to need in the next chapter.

Remark 3 The proof of Theorem 1 goes the same also for non-quadratic

singularities of any type Lr|” with a > 1.

Remark 4 Due to the exponential decrease of the dependence on b (of. the
proof of the Theorem in 81 of [6]). renormalizing many times we can make
¢ as close to § as we wish so that the interval (7. 1) would undergo definite
stretching under f and repeating the argument from the proof above we see

that sufficiently deep in the renormalization [f'1] > 1 4+ ¢.

Remark 5 Consider the mapping f on the interval (x, ) . where the “bar’
stands for dynamically symmetric counterpart. as usual. By the Remark 1
¢ 1s nearly centered in (x. 7)) for high renormalizations so we see that either
f2c ¢ (m.7) or we can proceed as in the proof of Proposition 3 | in either case
obtaining that the interval (f%c.¢) comprises a definite proportion of (r. 7).

thus a definite proportion of (0.1).

Remark 6 From the previous remark it follows, by copying the proof of
Proposition 3 and Theorem 4 that the fixed point 7 is actually definitely

repelling, i.e. by a factor bounded away from 1.
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5 Dynamical partition

So far we have not achieved the full understanding of irreducible orbits that
can occur in the renormalization process. Nevertheless, we are able to carry
ont a dynamical construction leading, under mild assumptions, to a partition
of the interval which 1s general and good enough for managing an estimate
of the distortion. Unfortunately, but at no surprise. we cannot help restrict-
ing ourselves at some point to the the bounded combinatories situation in
the sense of Definition 4. The construction is very much like that in §3 of
[5] in case of 2-renormalizable maps and generalizes it for other infinitely
renormalizable cases.

Let f be an infinitely renormalizable map of (0,1) into itself. Set [ =
f = If"f. J = J, = J(f,). aud let f, be properly { = €, —renormalizable.
Let J" = J! and J' = J! be the (€, — 2)-th and (¢, — 1)-th preimages of J,

following the critical orbit backwards, fi='J) = J,, fud. C J.. J! = f.J!.

Proposition 5 FEither J" = J or all distinet preimages of J are pairwise

disjoint.

Proof: If { = 2 we have fJ' = J” = J and the the right hand fixed
point p has to be the endpoint of J, otherwise, i.e. if f%(p,p) were not
contained in (p, p). the return time of the critical point ¢ to (p.p). thus also
to any interval contained in (p,p) would have to be larger than 2. On the

other hand (p. p) cannot be a proper subinterval of .J because in that case the
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images of J would not be interior disjoint. Thus J + (p.p) and the intervals
J.J" abut at the point p.

I { > 2 no two distinet pretmages of J by f abut. The proof of that goes
as follows. First notice that every preimage of J (save for J') is disjoint from
J" because the left endpoint of J' is a periodic point which orbit comprise
one of the two endpoints of each interval in the forward orbit of J up to J:
preimages of J are either interior disjoint or coincide (see Proposition 2); if
there is a preimage of J say L, of the order of 7 adjacent to J" at the right
hand endpoint then either i < [ — 1 and f**1.J" is a preimage of J attached

to the left hand endpoint of J' or
P> -1

and then f'L is a preimage of J attached 1o J' at its left hand endpoint. At
any rate, if there is a preimage of J adjacent 1o J’ on either side there is one
attached to J' at its left hand endpoint and the ¢-th iterate of f preserves
orientation in the neighborhood of that (fixed) point. Thus the preimage of
J adjacent to J" at its left hand endpoint, call it for the moment J if there
exists one, actually has to be of the order j < (=1, for ffJ"NJ" # @ and J'is
a preimage of J of the I =1 —th order. Since we have to have then f74' )" c J/
and f7¥L) C J" we get = 2(j—1), intervals (J'UJ™), f(J'UI"). ... f2(J'U
J") are pairwise interior disjoint and f/*'(Ju f2J') C (JU f7J’). so the map
[ is (J + )-renormalizable which contradicts minimality of € in the definition

of renormalization except for the case £ = 2 and j = 0 discussed before. Now
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if any two preimages of J are adjacent. under the appropriate iterate of f
the one of the the smatler order goes homeomorphically onto J whereas the
other goes homeomorphically onto a preimage of J adjacent to J which after
one more iterate gives the sitnation contradicting our consideration above.

a

Let now A = A\, denotes the interval spanned by J'UJ" and let R = R, be
a collection of intervals defined as follows:

Jr={lcA|fl=J} ad [JJ'=R

a €L
where @ = {001} if £ =2and @ = {0, 1.2....}if € > 2.
Put R =R ={l€R|ICspan(J"UJ)} and R =R, = R:: where
the *bar’ means the dynamic symmetricity, as before. Finally we define

P=P(f.)=P,.=RU O ['R.

1=0
We say that an element K of P is of 3-th order if f*K = J. We now prove
a fundamental
Lemma 1 If [ is a sufficiently high renormalization of an infinitcly renor-

malizable map f = Qh of bounded type T, with the assumptions on Q) and h

as in the provious chapter, then for cocry interval K- C (0,1) | if

J
(U f l\’) NJ =0 for some integer j >0, then

1=0

K| .
< Ay
T
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with constants A = A(T) > 0 and 5 = (). 0 < 5 < | which depend only

on T

Proof: By Theorem 1. Remark 1 and boundedness there exists a uni-
versal & such that the absolute value of the derivative of f is larger than
I+ 5 in (0.x) and (I — w.1) . There also exists a universal @ > 0 such that
for every point rin the interval (k. e) we have fo > o+ 0. because if for
some 1 € (n.¢) we had fr = ¢+ with ¥ very small then, by 3 —Holder

B-boundedness. in some neighborhood of # of the radius ¥ there would exist
g

a point o' such that fr' <1+ 2v and f'r" <1 + ", where

J =y, — 0  and " =d"W). — 0
1 —(} v—0

and since fe > ¢ + g oand o is universally definitely bounded away from 0,
the Poincare metric in a minute vicinity of " would have to be contracted by
a definite factor due to a caleulation analogous to inequality (3) in the proof
of Theorem 4, thus contradicting Proposition 4. By the Theorem in §4 of
[6] we see an almost svinmetric’ situation on the decreasing branch of f, so
there is only finitely many preimages of R outside (0,#) U (I — ). Also. the
derivative of fis bounded away from 0 on each of these preimages including
R itself, due to the “almost symmetricity’. Remark 5 and boundedness of I
The above discussion was the proof that it suffices to show the lemma when
K CA.

From now on we suppose we are in that situation. If £ = 2 then fJ' = .J
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and there is nothing to prove. We shall now be assuming ¢ > 2, so that by
Propositon 5 we have gaps between the preimages of J and we shall be using
the T-bound od € in an essential way.

By T-boundeduness of € and the upper bound on f' there is a lower bound
on the length of J and so also on the absolute value of the derivative of
T pl 1S pl. at the endpoints of J. There is only bounded number of of
final steps where the image of A could possibly interseet the forward orbit
of J'. so we may assume that the whole j-step long orbit of K is disjoint
with the orbit of J'. 1.e. falls into the gaps between the intervals of the
orbit of J'. Let G(f'K) be the gap containing f*A. We shall also define
the notion of the increased gap. Recall T was the small renormalization
interval which, by Definition 2. was not a dynamically symmetric object, so
we rather consider the interval 1 U I instead. and let 7. 7 be the endpoints
beside poand p respectively.  Inside each preimage of J belonging to the
orbit of J' there is an appropriate preimage of 1 U I'. By the increased gap
containing f'K. G'(f' K') we understand the gap between those preimages of
1V I' contained in the preimages of J delimiting the ‘regular’ gap G(f'K).
By the T-boundedness and ‘almost symmetricity” of f the intervals (p,7)
and (r.p) comprise a definite, bounded away from 0 fraction of J, so by
bounded quasi-symmetric distortion each preimage. up to the (¢ — 1)-th,
of the interval (r.7) following the critical orbit backwards has a definite

space on both sides within the appropriate preimage of J. Let k be the first
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time such that f*G(K) contains an element of the orbit of .JJ. We must have
k< {; otherwise ['G(R) would not contain any element of the orbit of J'.
which implies f'G(K) = G(N). endpoints of G(K') are (= periodic repelling
points due to Theorem 1 and so there exists at least one additional (-periodic
point inside the gap. If \ is such an {-periodic point closest to, say, the left
endpoint of the gap and that left endpoint goes onto the periodic endpoint of
J under, say. m-th iterate of [ then J s a proper subset of <:f"—'\.f’”\> and
the latter interval has the preimages following the critical orbit backwards
pairwise interior disjoint until it falls back onto itself, thus violating the
definition of the renormalization interval J. f* takes the increased gap G'(K)
homeomorphically onto its image containing, though maybe larger larger
than G'(f*K). Provided f*K remains in a gap we see that f*R stays in a
definite distance away from the endpoints of G'(f¥K). By T-boundedness
the element of the orbit of J’ contained in f*G'(K') and. say, closest to f*K
on ecither side if there were more than one, cuts off a definite fraction from
the interval (0.1) and so from f*G'(K). By Proposition 4 the loss of the P-
length of K in G'(K) along the orbit of the increased gap up to f*G'(K') can
be arbitrarily small if we are deep in the renormalization; by the argument
above the P-length of fXR in G'(f*K) is by a definite Tactor larger than
the P-length of fXK in f*G'(K) and so it is also by a definite factor larger
than the P-length of K in G'(K). This definite increase follows from what

we already know about the Poincare metric from calculation (3) in the proof
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of Theorem 1: at any point definitely bounded away from the endpoints of
an interval containing that point the infinitesimal P-length form is definitely
decreased if we do not move the point and increase the interval (on either
side) by gluing a piece whose length is a definite fraction of the initial length.
So the other way the P-length formiis definitely increased if if we cut a definite
fraction of the interval off. For there is a definite space on both sides of the
interval G(f* ') embedded in G'( f* K') the Poincare and standard metrics are
equivalent on G(HK'): this perhaps going through the circuit of the P-length
increase several more times, concludes the proof of the lemma. O

Now we derive an immediate

Corollary 2 P is a partition of (0.1).

Proof: Preimages of J are interior disjoint or coincide; if there were
an interval disjoint with all the preimages by the first part of the proof of
Lemma 1 after a finite time it would have to fall into one of the gaps in A

and stay forever in the gaps, so its length would grow to infinity, O

Construction of the generated Markov map. Asexpected we choose
the consecutive large renormalization intervals to form the nested family of
neighborhoods of ¢, referred to in the axioms for the Markov maps of Chap-

ter 2. 'The iterate of f that makes the map (properly) renormalizable on
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that large renormalization intervalafter removing the middle part overlap-
ping the renormalization interval of the next order gives the two branches of
the generated Markov map at this level.

Topological axioms T1-T3 and TH follow immediately from the construc-
tion. Axiom T4 comes from Corollary 2 above,

Analyvtical axioms A1 and A3 result from the construction (A3 uses
bounded combinatorics). Al follows from Theorem 1 of Chapter § and A2
from the Lemma 1 in this chapter.

This way the proof of the main theorem (Theorem 2 of Chapter 2) is

('()mplvi(‘.



6 Upgrading of Lipschitz continuous conju-
gacies

In this part. we shall be concerned with dynamical systems arising from
("' —smooth umimodal maps of the interval I with the singularity at the
critical point ¢ which, perhaps after smooth change of coordinates take the
form of the power law |r|” in some open neighborhood 173 ¢, with o > 1.
Fix the power o and denote by A the class of maps [ satisfving all of the

above and subject to the Conditions I and 2 helow:

Condition 1

cedif (e, (1)

Denote el{f*(e)}_, by Cs. This is a closed metric subspace of 1. Action
of f restricted to Cy. [ = fle,. makes the pair {/.C;} into a topological
dynamical system.

The second condition we shall be assuming about {f.C;} is:
Condition 2 There erists a dense subsct of C; made of preimages of e

Now take another map in A. say ¢. and suppose that the systems {fo}
{9.C,} are topologically conjugate by a homeomorphism h : Cy — C,.

From now on we will use the notation

P h{r).
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It makes sense to say that h has a derivative at a point ¢ in Cy if the limit

y—r

lim
y—r.y€Cy y —

exists. Here we have a theorem.

Theorem 5 If h s bilipschilz then there crist (non-vanishing) derivatives

W () and (=Y (h(c)).

Proof. By virtue of Condition 2 we may assume, without any loss of
generality, that all the points in the following consideration are actually
preimages of ¢.

For all 1 € Cy. we will define two quantities which are kind of local mea-
sure of *distortion from smoothness’ (or more precisely *distortion from sym-
metricity’, but we work under the hypothesis of Lipschitz condition). They

will be referred to as Badness and badness. Here they are:

By(t) = ( sup Ll

he] ,ZzG(I—ﬁ,J‘-fb)r‘Cl

).

1 — 22

hAENNLLY | I inf
1 — 22 T €(r=dr+6)NCy
bo(t) = ( sup

t—z . | —
E——— inf —
€(r=b146)0Cy =z s€(r-brda)Cy [ — 2

b(t) = limsup by(1).
&—0
Of course we always have % > B >b>1, where M and K are the upper

and lower Lipschitz bounds on h respectively. Also notice that Badness (and

badness) are ("' —smoothly invariant.
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Differentiability of & at ¢ is tantamount to b(c) = 1, since we have the
Lipschitz condition.

We assume that e is not periodic; otherwise the Theorem holds trivially.

Suppose then that the derivative does not exist. so there is a positive

¢ such that arbitrarily close to ¢ one can find a pair of points r.y € Cy

satisfying

=
]
ot

Step 1. The four points” argument. We find r, y satisfying (5) in [
On the tiny neighborhoods of r and y f acts almost linearly as f'(r) and
['(y) respectively, with arbitrarily small error. On the conjugate picture ¢'
acts almost linearly in the small (conjugate) neighborhoods of r and y, thus

we have

B(f(r)) = B(r )s,—\ “Jr 1 (6)
BU () = Bly) < l' i) (7)

Because of inequality (5) we have
i y

fly) ') 1
9'(y) b g'(r) (1 4e)-t"

So. at least one of the absolute values of the logarithms in (6) or (7). say the

one in (6), has to be larger than

a—1

log(l + ¢) o log /3.

_
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Same is true for 6—Badness if & is small enough. So we have found a point.
namely r, such that in its sufliciently small neighborhood the Badness does

. M han X by . e ;
not reach the upper bound of 3= but is smaller than 3= by a definite malti-

plicative factor of 3 < I.

Step 2. [Recurrenee. Now, recall we assumed ¢ was a preimage of e,
say f"(r) = . By the smooth invariance of Badness. B(f'(r)) = B(r) for
any finite [ so B(¢) < 1-’,“—’ (By the way, notice that by this remark also
Bly) < 33

m

On tiny neighborhoods of & action of f™ is virtually linear with arbitrarily
small error, so we also have B, (¢) < J‘:\—.' provided 8, is sufliciently small.
Put {7y = 1" and let U/} be a symmetric neighborhood with diameter equal to
such a 8;. Of course for any point £ € C; Ny it is also true that B(t) < gM
and same for é —Badness with sufficiently small 8. Let € be the moment, of
first return of the orbit of ¢ into 7).

Now consider a new o and a new y (we keep the same notation, hope-
fully with no confusion) which satisfy (5) and are both extremely close to ¢
compared to the diameter of ;. On the neighborhoods of those new r and
y with the diameter minute compared to min(|r — ¢}, Jy — ¢|) f acts alimost
linearly by f’. The same is true on the conjugate picture for g.

/7" along the orbits of f(r) and f(y) acts almost linearly on f(minute
neighborhood of r) and f(minute neighborhood of y) respectively, and the

analogue for ¢, but this time we return into {7/} where we know a priori that

11



Badness is bounded by .‘f‘,“—.’. so we have a modified version of (6). (7). namely

I [ /(l—”ilfx)
I;(f’(l')) = I)’(I’) S JA;’{ "I“g%.‘w“_”b’(;ﬁn .

= (8)
1

“ e "V’. /”—”” (
BU' ) = Bl < 350 e ] (9)
\

Now notice that choosing the new o« and y sufliciently close to ¢ we can

have the distance |f(e) — f(y)]  (lg(xr) — g(y)| respectively) so small that

g U)o WY GE) . b v close i N
) and T o)) will be both arbitrarily close to | or in other

words the quantities

(S (fe)y (SIS ()
(g"=")(g(xr)) " (g""D)(g(y))

(10)

can be made nearly identical with arbitrarily small error.

Thus by the argument as in Step 1 at least one of the absolute values
of the logarithms in (8) or (9) has to be larger than —log /3. This tells that
B(r) (and/or equivalently B(y)) does not exceed ;’V%. Neither does B(¢)
and so also é—Badness for sufficiently minute 8’s on a appropriately small
symmetric neighborhood 7, of ¢. Repeat this argumentation recurrently with
U, 15, ete. [l()g AL,/ log ;f] + | times to get B(c) < 1, a contradiction.

Along the same lines we prove the existence of (A=) (h(c)). O

Remark 7 Notice that although Badness rather than badness was our main



tool in the proof we cannot prove in this general setting that B{e¢) = 1.

Actually we have only proved that b(c) = 1.

Remark 8 Of course for all positive integers 7 and all inverse branches s.t.
[7'(¢) € Cy we also have b( f7'(¢) = 1 and so the derivative of h exists at all
the preimages of ¢. However in our general setting there is no way to carry
this differentiability property over onto the whole set Cy. despite density of

the preimages of . Compare the next section.
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7 Upgrading of Lipschitz continuous conju-
gacies — infinitely renormalizable case

In this chapter we once again restrict our attention to the case of infinitely
renormalizable unimodal maps of the interval [ of bounded combinatorial
type. Since we are going to make use of the theorems from the previous
chapters. we shall assume that their hypotheses are satisfied in the sequel.

From now on we consider a pair of conjugate maps [ and ¢ like above:
we will keep “the pure’ notation for objects arising in the picture for [ and
‘the bar® notation for the conjugate objects in the picture for g. We assume
that the conjugating homeomorphism h. which is now defined on the whole
interval. A o 1 — I, when restricted to the closure of the post-critical orbit
C; satisfies the bi-Lipschitz condition there with upper and lower bounds M
and N respectively.

let L, 3¢, n=0,1.2,... be the basic small renormalization interval (i.ce.
bounded by the appropriate points of the post-critical orbit) at the depth n
in the process of renormalization, Ly = (f(¢). [*(¢)).

By the definition of L, there exists a positive integer r = r(f.n) such
that 7L, =1L, and 1L, 0 f/L, =0 for 0 <i < j<r Let's denote by (7,
the collection of intervals (', = {f*L,}/Z4. Of course

=N U«
n>0 LeCy,

Bounded combinatorics with the bound 7 means that at most T elements

14



of (', are contained in L, for all n > 0.

Now in place of standard Lipschitz bounds K and M on hl¢, we consider
new bounds K. M related 1o the way the Cantor set Cy is obtained through
the nested family of collections of intervals, Set

I£| L]

= mf = M,= sup =

cell, . IC] el L]

n

and

K = limA, M= limM,,.

n—nc n—ex

Clearly W < K < W(e) € M < M where B'(c) is the derivative of the
conjugacy at the critical point ¢ in the sense of the previous chapter.

As a technical tool we will introduce one more notion of distortion. lor

r € Cy let ns set

£ ( : lﬂ)
B = 5 = : mf = ]. (11
v (CC(I-A,:::)).CEU('. 4 ccr-eartorcelJo L] !

B(r) = !illlBh(J').

—0

Here we prove the following theorem.
Theorem 6 [/nder the above hypotheses on [ and g B(r) = 1 al cvery

point r € Cy.

Proof Ifthere exists a point r € Cy with the property that B(r) =~ > 1

then by the argument that the action of a finite (though perhaps very long)



composition of f's (or ¢'s. respectively) is virtually linear on sufficiently small
neighborhoods of & we could push this property forward into arbitrarily small
neighborhood of the eritical point ¢, so it is enough to show that B(e) = 1.

Suppose then that B(e) = 5 > 1. First we point out two facts:

Lo Fact 1. 3yec, T decreases exponentially in 1 for every infinitely
renormalizable map (cf. 83 of [6]).
2. Fael 2

Zl.clnl\l‘n{»] I‘E('[ ““
'I‘H+||

is exponentially small in (I — n) for infinitely renormalizable maps of

bounded type < T because of *hounded geometry property” (¢f. §15 of
(6]).

Now consider an interval A € (' (I will vary in the considerations below)
and another interval Q@ C A, Q € U, (we think of Q very short relative to
Nor Q€ Cype p>> 1) Let s be the first moment when the itinerary of A

under [ intersects L,,. f*A C L, and consider the quantity

ep { flog (AL, 9 .
(xp{ l()g<|f""\| : |f’Q|)l} (12)

By Facts | and 2 this quantity can be made arbitrarily close to 1 provided

({ = n)is large enough. This is true because in the part of the itinerary that
goes through V' (see the notation at the beginning of the previous chapter)

J"is Lipschitz, bounded away from zero and we can use Fact | there. On [,

16



" can be small, but the part of the itinerary that goes through {7 adds to
the distortion of the quantity (12) from 1 only the tail of a geometric series,
bv Fact 2. So there exists ng such that if (I — 1) > ny, the logarithm of the
quantity (12) is much smaller than log 9. We can also claim the same for ¢,
mavbe increasing ny.

- ) A Q .
I'hus. if we had H =7 and %ﬁll = o we still can have

SR

with arbitrarily <mall error.

Now. if we are very close to ¢, i.e. mis very large, we can have

[f*Al
lg* Al

= h'(c)
and also

dist(@,

dist(e, Q) ,
— =
) 1(c)

with arbitrarily small error (recall we assumed l'% << 1). In the set [ f and

¢ act as the power law |r

@, 50 after one more step we have (with arbitrarily

small error)

/AL 1AL
¢ HAl gt

a-(h(e) ™!

and if Q was very short compared to dist(c. Q) we also have (with arbitrarily

small error)

AL

gt 1Al gt T o
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Notice that we first choose and fix ny to make the change of = along
the circuit “far from the eritical point™ very small and then we move that
information toward the critical point by increasing 1 to have the change of -
arbitrarily small in the step “close to the eritical point’. Now we go through
the next circuit until the moment when the image of f**'A falls again into
L.... Because the estimate of the change in = we gave above by Facts 1 and 2
was an upper estimate using all the intervals of (') not contained in L, we
only used a fraction of those in the first circuit and we can keep the same
estimate for the itinerary contaiming the first and second cirenits. Then we
are again inside L, and use the argument about |#]" for the second time;
then we go through the next circuit keeping the original estimate for the
whole part of the itinerary outside L, and so forth till after no more than
(no)? visits in L, A falls onto L. But if n was large enough (recall again we
choose n after ny was fixed), the change of I by the (n(,)T of *|r|"" steps can

be made arbitrarily small. Conclusion of all the above is the following

Claim 1 Forany \ € O with I large cnough, and Q@ C A, Q € (',

p>> 1, if we have
Al 19

AL o

and t 1s the smallest number such that

fA=1,

18



then

with arbitrarily small crror, provided U and p are large enough.

a

We are now in a position to proceed towards the completion of the proof.
Let's pick an interval A € () such that for this interval the bound M is

. A . .
almost assumed, 1.c. Al ~ M vith very small error and ¢ is very large so
T . / )

that the considerations above and the Claim hold.
Set

I
k= lim inf I:—'
J=rcareld,, [T

and let 2 C AL Q € U, be an interval that is very short with respect to A
(i.e. Q€ Cupp with ¢’ very large) such that the x bound is almost assumed

2l 2 . For such A and Q2 we have (with arbitrarily small error)

on . i.c. s

AL o] M

AL w0

By the Claim above this ‘almost equality” is preserved along the forward

itinerary of A until some image of A, sav f'A. falls onto L, for the first time.

But U;All = h'(c). so

lg*A

ERLN h'(¢): M (13)




and for any I' C Q. 1€ U,

g0 (0 We have

'«:’ > h(e): M = {very small error). (14

I
N N

Notice that —,\4 >= 5, since if % were less than 4. so would be B(o)

(recall the remark at the beginning of the proof about pushing that property
forward into an arbitrarily small neighborhood of ¢).
Put
: It
po= lim sup —.
T rcarel,,, o T
By the same argument as before, £ is about 4 or larger (perhaps with an
error minute with respect to 5). Now within f/§) there exists an interval
. e U, very short relative to Q (or ' € Cypppqr with ¢" very large)
such that Bl ~ /.
)
We now go forward along the itinerary of f'Q until its image, say f*(f'Q)
becomes for the first time a basic renormalization interval about ¢, namely

Lyyq- Then by the Claim, the image of € satisfies

because

Also. by the Claim and inequality (14), for any I'C f*QV, I' € Uisgsgrter Ch

I
T, > h'(c) — (very small error). (15)

A

50



Now we set
b : [

= him inf =

s=xacgarel,, ol

Again, £ is about 5 (perhaps minus a minute error) or larger. Within f*€

there must be aninterval Q97 € YO, such that Q7 is very short relative to
(i.e. Q7 €y with very large ¢”) and

LS
— N .
12|

If ¢ 1s the smallest number suel that f**7Q" = [, 0 then of course

I.[“+,‘”" _ “‘q+r1’+'l”

— = =~ b ()
lgu+g II"1+'1’+11”
and, by the Claim,
l'gl”
YT ey s 2
lg §2"| N

which contradicts (15).
Thus the assumption 5 > 1 leads to a contradiction, so B(¢) = | and the

proof is complete. O

Considering the derivative h'(r) for «+ € Cy in the sense of the previous
chapter the above theorem, by virtue of the Lipschitz condition. immediately

vields

Corollary 3 For coery r € Cy W'(x) erists and the derivative b is contin-

wous in the metvie on Cyp inherited from 1.
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