
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 
films the text directly from the original cr copy submitted. Thus, some 
thesis and dissertation copies are in typewriter face, while others may 
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

Universi ty  Microfilms In te rna t iona l  
A Bell & Howell Information C o m p a n y  

3 0 0  North  Z e e b  R o a d  A nn  A rbor  Ml 4 8 1 0 6 - 1 3 4 6  USA 
3 1 3  7 6 1 -4 7 0 0  8 0 0  5 2 1 -0 6 0 0





O rder N um ber 9304715

On conjugacies of infinitely renorm alizable m aps

Paluba, Waldemar, Ph.D.

City University of New York, 1992

U M I
300 N. Zeeb Rd.
Ann Arbor, MI 48106





ON CONJUGACIES OF INFINITELY 
RENORMALIZABLE MAPS

In

W A F D K M A K  P A F C B A

A d i s s e r t a t i o n  s u b m i t t e d  t o  t h e  ( i r a d u a t e  F a c u l t y  in M a t h e m a t i c s  in pa r t ia l  

fu l f i l lm en t  o f  t h e  r e q u i r e m e n t s  for t h e  d e g r e e  o f  D o c t o r  o f  P h i l o s o p h y ,  T h e  

C i t y  U n i v e r s i t y  o f  N e w  York.

1992



I'liis m a n u s c r i p t  l i as  b e e n  read  a n d  a c c e p t e d  for t l ie ( I r a d u a t e  F a c u l t y  

M a t h e m a t i c s  in s a t i s f a c i o n  o f  t lx-  d i s s e r t a t i o n  r e q u ir e m e n t  for t h e  d e g r e e  

D o c t o r  o f  P h i l o s o p h y .

C h a i r m a n  o f  t he  E x a m i n i n g  C o m m i t t e e

S u p e r v i s o r y  ( ' o m m i t  tee:

P r o fe s s o r  .Jozef  D o d z i u k  

P r o fe s s o r  R ic h a r d  S a c k s t e d e r  

P r o fe s s o r  D e n n i s  S u l l i v a n

T I I K  C I T Y  U N I V E R S I T Y  O F  N E W  Y O R K



A b s t r a c t

O N  C O N J U G A C I E S  O F  I N F I N I T E L Y  R E N O R M A L I Z A B L E

M A P S

b y

W a l d e m a r  P a l u b a  

A d v i s e r :  P r o f e s s o r  D e n n i s  P .  S u l l i v a n

T h e  p r o p e r t i e s  o f  t l i e  c o n j a g a r i c s  b e t w e e n  in f in i t e ly  r e n o r m a l i z a b l e  m a p s  

o f  an in t e rv a l  are  s t u d i e d  here .  In t h e  m a i n  part o f  t h e  work  w e  d ea l  w i t h  

t h e  r e n o r m a l i z a t i o n  w i t h  u n i f o r m l y  b o u n d e d  re turn  t i m e .  For s u c h  m a p s  

w e  s h o w  t h e  c o n j u g a c i e s ,  th a t  a priori  ar e  a rb i t ra r y  h o m e o m o r p h i s m s ,  t o  be  

q u a s i s y m m e t  ric on  t h e  w h o l e  d o m a i n  in t erva l s .

S u b s e q u e n t l y ,  w e  e x a m i n e  t h e  p r o p e r t i e s  o f  t h e s e  c o n j u g a c i e s  r e d u c e d  to  

s m a l l e r  d o m a i n s ,  n a m e l y  t h e  c l o s u r e s  o f  t h e  or b i t s  o f  c r i t i ca l  p o in t s .  H ere  we  

s h o w  th a t  t h e  c l a s s e s  o f  L ip s r h i t z  c o n t i n u o u s  e q u i v a l e n c e  c o i n c i d e  w i t h  t h e  

c l a s s e s  o f  C 1 —s m o o t h  e q u i v a l e n c e .  T h e  p r o o f  is b as ed  o n  a  m o r e  g e n e r a l  a r g u ­

m e n t  a s s e r t i n g  th a t  b i l i p s c h i t z  cont  i n u o u s  c o n j u g a c i e s  b e t w e e n  t w o  lo — l imi t  

s e t s  c o n t a i n i n g  d e n s e  s u b s e t s  o f  p r e i m a g e s  o f  r e s p e c t i v e  c r i t i ca l  p o i n t s  are  

d i f f e r e n t i a b l e  w i t h  n o n v a n i s h i n g  d e r i v a t i v e  at e i t h e r  o f  t h e  cr i t i c a l  po in t s .



A cknow ledgm ent  

I w o u l d  l ike  to  I ha n k  m y  th e s i s  a d v i s o r .  P ro fe s so r  D e n n i s  P. S u l l i v a n ,  

for d r a w i n g  m y  a t t e n t i o n  to  t h e  s u b j e c t ,  n u m e r o u s  he lp fu l  d i s c u s s i o n s  a nd  

p a t i e n t  g u i d a n c e .



C o n ten ts

1  I n t r o d u c t i o n  1

2  M a r k o v  m a p s  8

3  O n e  p l u s  Z y g m u n d  c l a s s  o f  s m o o t h n e s s  a n d  c o n t r o l  o v e r  s h o r t

i n t e r v a l s  1 5

4  R e n o r i n a l i z a b l e  m a p s .  2 0

5  D y n a m i c a l  p a r t i t i o n  3 0

6  U p g r a d i n g  o f  L i p s c h i t z  c o n t i n u o u s  c o n j u g a c i e s  3 8

7  U p g r a d i n g  o f  L i p s c h i t z  c o n t i n u o u s  c o n j u g a c i e s  -  i n f i n i t e l y

r e n o r m a l i z a b l e  c a s e  4 4

R e f e r e n c e s  52

v



1 In tro d u ctio n

This  work  is d e v o t e d  to  t lie st n d y  o f  t lie proper t  ies o f  e o n j u g a c i e s  o f  in f in i t e ly  

r e n o r m a l i z a b l e  u n i m o d a l  m a p s  o f  an int erval .

I t e r a t e d  m a p s  o f  an int erva l  h a v e  b e e n  a subject ,  o f  v i g o r o u s  re s ear ch  

for q u i t e  a f e w  recen t  y e a r s ,  t h e  u n e x p e c t e d  r i chne s s  o f  t h e  p a t t e r n s  o f  th e i r  

b e h a v i o r  at t r a c t i n g  t he  i n t e r e s t s  o f  p h y s i c i s t s  a s  wel l  a s  pur e  m a t  h e m a t  i c i ans .  

T h e i r  jo int  e f for t s  g a v e  r i se  t o  w h at  is c o m m o n l y  c a l l ed  t h e  n o n l i n e a r  s c i e n c e .  

T h e  t h o r o u g h  s u r v e y  o f  c l a s s i ca l  ( u p  to  1!)S0) r e su l t s  in th i s  f ield is g i v e n  in 

t h e  r e n o w n e d  b o o k  by  C o l l e t  a n d  F c k m a i m  [ 1 ],

H o w e v e r ,  a  grea t  de a l  o f  d e v e l o p m e n t . p r e d i c t a b l y  e n o u g h  c r e a t i n g  a g o o d  

m a n y  o f  n e w  p r o b l e m s ,  h a s  b e e n  d o n e  s i n c e  t h e  b o o k  c a m e  in t o  print  . T h i s  is 

a l s o  t rue  for a p a r t i c u l a r l y  i n t e n s e l y  re se a rc h ed  c l a s s  o f  m a p s  ca l l ed  i n f in i t e l y  

rt n o r m n l i z a b l t .

C o n s i d e r  a c o n t i n u o u s  m a p p i n g  /  o f  an int erva l  /  =  [«,/>] in t o  i t s e l f  tha t  

t a k e s  i ) I  i n t o  i t s e l f  a n d  h a s  e x a c t l y  o n e  t u r n i n g  point  c  in ( a ,  b ), a  m a x i m u m ,  

so  th a t  /  is s t r i c t l y  in c r e a s i n g  on  [« , c ]  an d  s t r i c t l y  d e c r e a s i n g  o n  [ c , />].

O n e  o f  t h e  p o s s i b l e  w a y s  t o  d e s c r i b e  t h e  p r o p e r t y  th a t  /  i s  r t  ■normal izable  

is t o  r e q u e s t  th a t  t h e r e  e x i s t s  a  n e i g h b o r h o o d  o f  c, c o n t a i n e d  w i t h  i t s  c l o s u r e  

in ( t i j > )  s u c h  tha t  s o m e  f in i t e  i t e r a t e  o f  /  t a k e s  t h i s  n e i g h b o r h o o d  b a c k  in t o  

i t s e l f .  For an  /  tha t  h as  t h i s  p r o p e r t y  t h e  t he  r e n o r m a l i z e d  m a p  f t f  is d e f i n e d ,  

u p  t o  an aff it ie c h a n g e  o f  c o o r d i n a t e s ,  by  c h o o s i n g  t h e  m a x i m a l  n e i g h b o r h o o d  

o f  c  a n d  t h e  m i n i m a l  i t e r a t e  o f  / .  W e  u su a l l y  r e sc a l e  t h e  r e n o r m a l i z e d  m a p



b a c k  o n t o  t h e  or ig i n a l  in t erva l  a n d  fix t h e  o r i e n t a t i o n  so  tha t  t h e  n e w  t u r n i n g  

po in t  is a g a i n  a m a x i m u m .  In f in i t e  r e n o r m a l i z a b i l i t y  o f  /  is t a n t a m o u n t  to  

t h e  e x i s t e n c e  o f  an  in f in i t e  n e s t e d  f a m i l y  o f  n e i g h b o r h o o d s  o f  c w i t h  d i a m e t e r  

d e c r e a s i n g  t o  ze r o ,  s u c h  tha t  on  e a c h  o f  t h e m  /  is r e n o r m a l i z a b l e  in t h e  a b o v e  

s e n s e  w i t h  t h e  n u m b e r  o f  i t e r a t e s  g r o w i n g  w i t h  t h e  n e s t in g .

In o u r  w o rk ,  e x c e p t  for t h e  resul t  o f  C h a p t e r  b, w h e r e  w e  w or k  in m o r e  

g e n e r a l  s e t t i n g ,  w e  f o c u s  on  r e n o r m a l i z a t i o n  w i t h  u n i f o r m l y  b o u n d e d  re turn  

t i m e s  ( s e e  C h a p t e r  I for p r e c i s e  d e f i n i t i o n ) .

T h e  m a i n  o b j e c t  i v e  o f  t h e  fo r m e r  a n d  o n g o i n g  re s earch  is t o  c l a s s i f y  t h e se  

o b j e c t s .  F i r s t ,  w e  h a v e  t h e  n o t i o n  o f  t o p o l o g i c a l  c ( p i i v a l e n c e .  H e r e  w e  s a y  tha t  

t w o  m a p s  o f  an  in t er v a l  /  a n d  g  a re  t o p o l o g i c a l l y  i g u t v a l c i i t  ( or  c o n j u g a t f ). if 

t h e r e  e x i s t s  a h o m e o m o r p h i s m  h b e t w e e n  t h e  d o m a i n s  o f  t h e  t w o  m a p s  su c h  

t fiat g  o h =  // o  f .

W e  first  e x a m i n e  t h e  p r o p e r t i e s  o f  t lit' c o n j u g a c i e s  on  t h e  w h o l e  d o m a i n  

in t e r v a l s .  W e  p r o v e  th a t  u n d e r  m i l d  s m o o t h n e s s  r e q u i r e m e n t s  ( d i s c u s s e d  in 

C h a p t e r  J )  c l a s s e s  o f  t o p o l o g i c a l  e q u i v a l e n c e  o f  ou r  m a p s  c o i n c i d e  w i t l i  t h e  

c l a s s e s  o f  q u a s i s y m m e t r i c  e q u i v a l e n c e  (a  h o m e o m o r p h i s m  h is ca l l e d  qu a  

s i s y m m e t r i c  if, for s o m e  f in i t e  M  >  0  it s a t i s f i e s  t h e  c o n d i t i o n

_j_ />(■<• +  / )  -  h(j r)

M  h ( j r )  — h { r  — t )

u n i f o r m l y ,  for al l  t r i p l e s  o f  p o i n t s  {.r — / , . r , x  +  t }  in t h e  d o m a i n ) .

O t h e r  r e s u l t s  o f  th a t  k i nd  i n v o l v e ,  ch r o n o lo g i c a l l y ,  t h o s e  o f  S u l l i v a n  ([6 ], 

C h a p t e r  15) ,  . Jakobson  a n d  S w i a t e k  [2] a n d  J i a n g  [J], T h e i r  p ro o f s  r eq u ir e



s t r o n g e r  h y p o t h e s e s ,  h o w e v e r  w e  n o t e  tha t  t h e  work  o f  J i a n g  is hast 'd on  q u i t e  

a n  a k in  c o n c e p t .  W e  a l s o  w o u l d  l ike  to  e m p h a s i z e  tha t  o u r  p r o o f  a d m i t s  t h e  

s i t u a t i o n  w h e r e  1 he  m a p s  s h o w n  t o  h e  q u a s i s y m m e t  r ical l y  c o n j u g a l e  d o  not  

h a v e  t h e  s a m e  t y p e  o f  s i n g u l a r i t y  at the i r  t u r n i n g  p o in t .  H o u n d e d  re turn  

t i m e  o f  t h e  r e n o r m a l i z a t i o n  is a l m o s t  c e r t a i n l y  e s s e n t i a l  for t h i s  t o  h e  t rue ,  

t h o u g h  it is b e l i e v e d  tha t  th i s  a s s u m p t i o n  m a y  not h e  o f  s i g n i f i c a n c e  for m a p s  

s h a r i n g  t h e  s a m e  t y p e  o f  s i n gu la r i ty .

The  p r e r e q u i s i t e  for o u r  a p p r o a c h  to  t h e  p r o b l e m  o f  q u a s i s y m m e t r i c i t y  o f  

t h e  c o n j u g a c i e s  is T h e o r e m  I o f  C h a p t e r  J o f  [(>], w h ic h  p r o v id e s  t h e  too l  for  

c o n t r o l l i n g  t h e  shape' s  o f  r e n o r m a l i z e d  m a p s .  W e  d e r i v e  o u r  t h e o r e m  ( T h e o ­

r e m  2 ) in t he  c a s e  o f  in f in i t e l y  r e n o r m a l i z a b l e  f o l d in g  m a p s  o f  h o u n d e d  t y p e  

f r o m  an a n a l o g o u s  s t a t e m e n t  for M a r k o v  m a p s  o f  an  in t erva l  ( T h e o r e m  1) 

w h i c h  a re  c o n j u g a t e  by t h e  s a m e  h o m e o m o r p h i s m  a n d  a re  p i e c e w i s e  e x p a n d ­

i n g  in a m e t r i c  ( a l s o  c o n s t r u c t e d  p i e c e w i s e )  w h ic h  is s m o o t h l y  e q u iv a l e n t  

t o  t h e  K u d i d e a n .  T h o s e  M a r k o v  m a p s  are  more* g e n e r a l  o b j e c t s  t h a n  t h e  

i n f i n i t e l y  r e n o r m a l i z a b l e  m a p s  t h e y  ar i s e  f rom a n d  in p a r t i c u la r  th e i r  d i s t i n ­

g u i s h e d  p o in t  ( t h e  o n e  th a t  b e l o n g s  t o  t h e  r an ge s  o f  al l  t h e  b r a n c h e s )  ‘f o r g e t s ’ 

t h e  s i n g u l a r i t y  so  th a t  w e  ca n  c o m p a r e  m a p s  w i t h  d if feren t s i n g u la r i t i e s .

A  k n o w n  i m p o r t a n t  c o n s e q u e n c e  o f  t h e  q u a s i s y m m e t  r i c i ty  o f  t h e  c o n j u ­

g a c i e s  o f  o u r  m a p s  is t h e  u n i q u e n e s s  o f  th e i r  r e p r e s e n t a t i o n  in o n e - p a r a m e t e r  

q u a d r a t i c  f a m i l y  { — wh i c h  in o t h e r  w o rd s  m e a n s  t h a t  t h e  corres ,  

i n g  c o m p o n e n t  in t h e  M a n d e l b r o t  set  a c t u a l l y  r e d u c e s  t o  a  s i n g l e  p o in t .
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H o w e v e r ,  n o  t e c h n i q u e  in k n o w n  so  far l l iat  w o u ld  a l l ow  to  d e r i v e  s u c h  a 

c o n c l u s i o n  in g e n e r a l  for f a m i l i e s  o f  t h e  fo rm  { —|.r|" +  a } w i t h  n  rea l ,  o  >  I.

H a v i n g  dea l t  w i t h  t h e  q u a s i s y m m e t r i c  p r o p e r t i e s  o f  h o n  t h e  w h o l e  d o ­

m a i n  w e  t h e n  tu rn  o u r  fo cus  t o  t h e  m o r e  c h a l l e n g i n g  q u e s t i o n  o f  t h e  p r o p ­

e r t i e s  o f  h o n  t h e  C a n t o r - s e t  c l o s u r e  o f  t h e  post  c r i t i c a l  orh i t .  T h e  s t u n n i n g  

d i s c o v e r y  o f  C o u l e t - T r o s s e r  a n d  F e i g e n b a u m  o f  m i d - 7 0 ' s ,  k n o w n  as  ‘r e n o r ­

m a l i z a t i o n  c o n v e r g e n c e ' ,  in t o d a y ' s  l a n g u a g e  d e s c r i b e s  a s  Ho ld er  c o n t i n u i t y  

o f  t h e  d e r i v a t i v e  o f  h ( f ' l + 'v —s m o o t  h n e s s )  on tha t  C a n t o r  se t .  In tha t  d i ­

r e c t i o n .  apart  f r om  t h e  n u m e r i c a l  c o m p u t e r - g e n e r a t e d  e v i d e n c e ,  first t h e r e  

c a m e  t h e  resu l t  o f  C o l l e t  a n d  H c k m a n n  ( s e e  for e x a m p l e  [I ] ) ,  g i v i n g ,  in c a s e  

o f  a n a l y t i c  m a p s  w i t h  a s i n g u l a r i t y  o f  t h e  t y p e  |.rJ‘' w i t h  o  c l o s e  t o  1 . a l ocal  

v e r s i o n  o f  t h e  d e s i r e d  s t a t e m e n t  for t h e  s i m p l e s t  e x a m p l e  o f  in f i n i t e  r e n o r m a l  

i z a b i l i t y  ( s o - c a l l e d  p e r io d  d o u b l i n g  s i t u a t i o n ) .  M o r e  prec i s e ly ,  t h e y  p ro v ed  

t h e  e x i s t e n c e  o f  a  f i xed  p o in t  o f  t h e  r e n o r m a l i z a t i o n  o p e r a t o r  a n d  tha t  in 

s o m e  v i c i n i t y  o f  th a t  p o i n t  r e n o r m a l i z a t i o n  a c t i n g  on  m a p s  c o n j u g a t e  t o  tha t  

f i x po in t  is a  c o n t r a c t i o n .

In 1982  L a n fo r d  ([■!]) ha s  p e r f o r m e d  a c o m p u t e r - a s s i s t e d  p r o o f  o f  t h e  s i m ­

i lar resu l t  for  m a p s  w i t h  q u a d r a t i c  s i ng u la r i t y .  H o w e v e r  t h e  l o n g  e x p e c t e d  

g lo b a l  r esu l t  ( t h e  e v e n t u a l l y  u n iv e r s a l  s t r u c t u r e  o f  t h e  p o s t - c r i t i c a l  C a n t o r  s e t  

w i t h i n  t h e  c l a s s  o f  t o p o l o g i c a l  e q u i v a l e n c e  o f  in f in i t e ly  r e n o r m a l i z a b l e  m a p s  

s h a r i n g  t h e  s a m e  s i n g u l a r i t y )  h a d  no t  b e e n  p ro v e n  un t i l  t h e  work  o f  Su l l i v a n  

[6 ] t h a t  g i v e s  t h e  ‘p u r e  t h o u g h t '  ins igh t  in t o  t h e  i n d u c i n g  c a u s e  o f  r e n o r ­
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m a l i z a t i o n  c o n v e r g e n c e  t h r o u g h  t h e  t h e o r y  o f  q u a s i c o n f o r m a l  m a p p i n g s  a n d  

t h e  T e i c h m u l l e r  t he or y .  Hi s  a r g u m e n t s  work  for all in f in i t e l y  r e n o r m a l i z a h l e  

r e a l - a n a l y t i c  m a p s  w i t h  u n i v e r s a l l y  h o u n d e d  return  t i m e s ,  but  t h e  ques t  for  

so lu t  ion t o  t l ie c a s e  o f  s i ng u la r i t  ies  r  real ,  r  >  I w h ic h  d o  not  a d m i t  h o l o m o r  

pl i ic  e x t e n s i o n  a b o u t  t h e  d o m a i n  in t erva l  r e m a i n s  o p e n .  H er e  w e  w e r e  a b l e  

t o  m a k e  t h e  f o l l o w i n g  c o n t r i b u t i o n :  w e  c an  p r o v e  ( T h e o r e m  5 a n d  C o r o l l a r y  

.{) th a t  c o n j u g a c i e s  th a t  are  L ip sc h i t z  c o n t i n u o u s  on  t h e  r e s p e c t i v e  C a n t o r  

s e t s  ar e  a u t o m a t i c a l l y  C 1 - s m o o t h .  T h i s  w a y  w e  get  a g l o b a l  r e su l t ,  for all  

s i n g u l a r i t i e s  /• >  1 . at t h e  cost  o f  a m u c h  s t r o n g e r  s t a r t i n g  h y p o t h e s e s .

T h e  t e c h n i q u e s  w e  u se  ar e  p u r e ly  r e a l - v ar ia b l e  an d  a l t h o u g h  t h e  l og i c  o f  

t h e  p ro o f s  m a y  s e e m  a bit i n t r i c a t e  ( or  p e r h a p s  w e i r d ) ,  t h e  a r g u m e n t s  arc  

v e r y  e l e m e n t a r y .

W e  d o  not  wa nt  t o  su gg es t  tha t  c l o s i n g  t h e  g a p  b e t w e e n  q u a s i s y m m e t r i c  

( t h a t  t r a n s l a t e s  in t o  b o u n d e d  g e o m e t r y  in c a s e  o f  C a n t o r  s e t s  w e  ar e  d e a l i n g  

w i t h )  a n d  L i p s c h i t z  is p o s s i b l y  easy .  A c t u a l l y ,  e v e n  an  e x p e c t e d l y  s i m p l e r  

t a s k  o f  g e t t i n g  C 1+'' r a t he r  t h a n  m e r e l y  C  in t h e  a b o v e  s e t t i n g  is not  yet  

a c h i e v e d  a n d  a l m o s t  c e r t a i n l y  requ ire s  a m o r e  s e n s i t i v e  ver s i on  o f  t h e  too l  

u s e d  in C h a p t e r  7.  H o w e v e r ,  a s  far as  w e  k n o w ,  t h e  a r g u m e n t  w e  g i v e  is tin* 

o n l y  k n o w n  s o  far t o  g i v e  e v e n  a pa r t ia l  resul t  t o w a r d  e v e n t u a l  u n i v e r s a l i t y  

o f  t h e  C a n t o r  s e t  th a t  w o rk s  for a l l  s i n g u l a r i t y  ty p e s .

F in a l l y ,  w e  o u t l i n e  t h e  s t r u c t u r e  o f  t h i s  work.

W e  b e g i n  ( C h a p t e r  2 )  b y  f o r m u l a t i n g  t w o  T h e o r e m s .  1 a n d  2 . f i rs t l y  a s ­



so r t i n g  tin* p r o p e r t y  o f  q u a s i s y m m e t r i c i t y  o f  c o n j u g a c i e s  b e t w e e n  Ma rk ov  

m a p s  s u b j e c t  t o  s e ve r a l  c o n d i t i o n s  l i s t ed  a s  t o p o l o g i c a l  ( I l i a)  a n d  a n a l y t ­

ical  ( A l - A l )  ‘a x i o m s '  a b o u t  t h o s e  m a p s ;  s e c o n d l y  s t a t i n g  th a t  t h e  s i t u a t i o n  

o f  in f i n i t e l y  r e n o r m a l i z a b l e  m a p s  o f  b o u n d e d  t y p e  can  b e  r e d u c e d  t o  t h e  

M a r k o v  c a s e .  In t h e  r e m a i n d e r  o f  t his  c h a p t e r  w e  p r o v e  I h e o r e m  1.

C h a p t e r  d is a  s t u d y  o f  s m o o t h n e s s  r equ ired  for t h e  p r o o f  o f  T h e o r e m  2  

t o  b e  ca r r i ed  o u t .  T h e  m a i n  resul t  t h e r e  ( T h e o r e m  d fo l l o w ed  by R e m a r k  I) 

is t h a t  for h o m e o m o r p h i s m s  o f  t h e  in t erva l  in t i n 1 c l a s s  rf ( sr(. ( j ) a |

c h a p t e r  for t h e  d e f i n i t i o n )  t h e  d i s t o r t i o n  o f  t h e  P o i n c a r e  m e t r i c  o n  s u b i n t e r ­

val s  o f  t h e  ( s t a n d a r d )  l e n g t h  I is a  L ip sc h i t z  c o n t i n u o u s  f u n c t i o n  in / .  T h i s  

re su l t  w i l l  f u r t h e r  ( C h a p t e r  5 )  allow' us  to  work  o u t s i d e  t h e  C a n t o r  s et .

In C h a p t e r  4 w e  p r o v i d e  t h e  d e f i n i t i o n s  a n d  bas i c  p r o p e r t i e s  r e l evant  in 

o u r  s i t u a t i o n  a n d  t h e n  e x p l a i n  ( P r o p o s i t i o n  d) w h y  t h e  t i p  o f  a  r e n o r m a l ­

i z a b l e  m a p  c a n n o t  fall t o o  c l o s e  to  t h e  d ia g o n a l  a n d  h o w  ( T h e o r e m  1 ) th i s  

i m p l i e s  ( a f t e r  s u f f i c i e n t l y  m a n y  r e n o r m a l i z a t i o n s )  t h e  d e f i n i t e  r e p e l l in g  o f  

f i xed  p o in t s .

In C h a p t e r  5  w e  co ns t  ruc t  a  s e q u e n c e  o f  d y n a m i c a l  par t i t  i on s  o f  t h e  i n ­

t erv a l  w i t h  g e o m e t r i c a l l y  d e c r e a s i n g  d i a m e t e r .  T h e  f u n d a m e n t a l  a n a l y t i c a l  

s t e p  ( L e m m a  1) in  t h e  p r o o f  o f  T h e o r e m  2 is d o n e  t h e r e .  This  l e m m a  l e t s  u s  

ver i fy  a x i o m  A d  for t h e  g e n e r a t e d  M a r k o v  m a p .

W e  c o n c l u d e  t h i s  c h a p t e r  ( a n d  t h e  first par t  o f  o u r  w o rk )  w i t h  t h e  c o n ­

s t r u c t i o n  o f  t h e  M a r k o v  m a p  r e l a t ed  to  t h e  s t a r t i n g  in f in i t e ly  r e n o r m a l i z a b l e
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m a p  a n d  s a t i s f y i n g  tin* a x i o m s  o f  C h a p t e r  2.  T h i s  w ay  t h e  r e d u c t i o n  o f  

T h e o r e m  2 to  T h e o r e m  1 is c o m p l e t e .

W e  p o i n t  ou t  th a t  tin* p r o o f  o f  T h e o r e m  2  is very  ' in t r in s i c '  in t h e  s e n s e  

tha t  w e  c h e c k  s o m e  p r o p e r t i e s  tha t  a n y  m a p  in o u r  c la s s  m u s t  h a v e  a n d  by  

virt u e  o f  t h o s e  pr oper !  ies  s h a r e d  l>y all ol  t he  m a p s  in t he  c la s s  w e  d e r i v e  t he  

( p i a s i s y m m e t r i c i t y  o f  th e i r  c o n j u g a c i e s .

Q u i t e  a d i f ferent  a p p r o a c h  is e m p l o y e d  in t h e  last t w o  c h a p t e r s  ( C h a p t e r s  

(i a n d  7 ) .  T h e r e  w e  s tart  w i t h  t h e  c o n j u g a c y  b e t w e e n  p o s t - c r i t i c a l  o r b i t s  

o f  t h e  t w o  m a p s  anrl i n t r o d u c e  t h e  n o t i o n  o f  d i s t o r t i o n  o f  t h e  c o n j i i y a c y  

i t s e l f  f r o m  b e i n g  s m o o t h .  T h e  p o w e r  l aw s i n g u l a r i t y  m a k e s  t h i s  d i s t o r t i o n  

d e c r e a s e  e v e r y  t i m e  t h e  i t in er a ry  p a s s e s  t h r o u g h  s m a l l  e n o u g h  v i c i n i t y  o f  

t h e  cr i t i c a l  po in t  e.  For w e  are  c l o s e  t o  c  in f in i t e l y  m a n y  t i m e s  w e  c o n c l u d e  

t h a t ,  in t h e  i n f i n i t e s i m a l l y  s m a l l  s ca l e ,  t h e  d i s t o r t i o n  is n o n - e x i s t e n t  a n d  so  

is t h e  c o n j u g a c y  d i f f e r e n t i a b l e  ( T h e o r e m  5 a n d  C o r o l l a ry  •{). T e c h n i c a l l y  t h e  

a r g u m e n t  t u r n s  ou t  m o r e  c o m p l i c a t e d ,  but t h e  u n d e r l y i n g  i d e a  is e x a c t l y  a s  

t o l d .  W e  e m p h a s i z e  a g a in  tha t  u n l i k e  in t h e  first part  w e  work  w i t h  a p a i r  o f  

m a p s  ( a n d  t hei r  c o n j u g a c y ) all  t h e  w a y  t h r o u g h .  W h i l e  t h e  or i g i n a l  a r g u m e n t  

ca n  b e  ca r r i ed  o u t  a l s o  in t h e  s e t t i n g  o f  H o l d er  b o u n d s ,  t h e  , : 1 ' e m  is tha t  

o n l y  w i t h  L i p s c h i t z  b o u n d s  in place- it is t r u e  tha t  what  w e  get  f r om  th i s  

a r g u m e n t  is more- t h a n  w e  put, in t o  it.

W h y  the- L i p s c h i t z  b o u n d s  s h o u l d  ho ld  for al l  s i n g u la r i t i e s  r  >  1 r e m a i n s  

a m y s t e r y .
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2 M arkov m aps

In t h i s  c h a p t e r  w e  s t a t e  a n d  p ro v e  a t h e o r e m  a b o u t  < p i a s i s y m m e t r i c i t y  o f  

c o n j u g a c i e s  o f  M a r k o v  m a p s  o f  t h e  k ind  tha t  ar i s e s  f ro m in f in i t e ly  r e n o r m a l ­

i z a b l e  u n i m o d a l  m a p s  o f  an  in t erv a l  u n d e r  m i l d  h y p o t h e s i s  ab o u t  s m o o t h n e s s  

d i s c u s s e d  in d e t a i l  in C h a p t e r  d. T h e  benef i t  o f  th i s  a p p r o a c h  o v e r  t h e  d i rec t  

p r o o f  is tw of o ld :  t h e  a r g u m e n t  is c l e a r er  a n d  it frees  us f r o m  t h e  w or r y  a b o u t  

t h e  c o n d i t i o n  th a t  m a k e s  t h e  t w o  b r a n c h e s  o f  t h e  r e c o n s t r u c t e d  u n i m o d a l  

m a p  m e e t  s m o o t h l y  at t h e  cr i t i ca l  p o in t .  M a r k o v  m a p s  l ike  t h o s e  d i s c u s s e d  

h e r e  m a y  p o s s i b l y  fai l  t o  c o r r e s p o n d  t o  . smooth  at t h e  cr i t i ca l  p o i n t  u n i m o d a l  

m a p s ,  a n d  s o  w e  get  a m o r e  g e n e r a l  s t a t e m e n t .  H e r e  w e  g i v e  a t h e o r e m .

T h e o r e m  1  / /  f t a n d  f 2 a n  t w o  t o p o l o g i c a l l y  c o n j u y a t t  m a p s  . sa t i s f y in g  c o n ­

d i t i o n s  ( T I - T 5 )  a n d  (A I - A  \ ) b i l o w ,  t h r u  t in c o n j u g a c y  is  q u a s i s y t i n m  t r i e .  

Tin  q u a s i s y m m t  t r i e  c o n s t a n t  d i p i n d s  o n l y  on  c o n s t a n t s  a n d  b o u n d s  in  t in  

( T ' s )  a n d  (A  's j .

A x i o m s  f o r  t h e  M a r k o v  m a p s  Set  ./„ =  ( 0 , 1 ) .  c  €  ( 0 , 1 )  a n d  let 

{•A, } ^ _ 0  b e  a n e s t e d  f a m i l y  o f  c l o s e d  n e i g h b o r h o o d s  o f  c ,  J , l+i  C  f ) J n+i  C

/ " ' • a , .  r r =o-A, =  {<■}.

L e t /  : (0 ,  1) —► (0.  1) s a t i s f y  t h e  fo l l owing :

T l .  / ( . / „ )  c .A,.
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T 2 .  / ( / / / „ )  C HJ„ .  f ( i U „ )  f

T 3 .  /  is cont inuous on each of  the  intervals //„ const i tut ing ./„ \  

./„+ |,  strictly increasing on one  of them and strictly decreasing on the other.

/ ( / . „ )  D  f ( H n ) D

T 4 .  any two proimages (taking into account both branches) of l n t J n+l  

under f \ j n are either disjoint or coincide. The  union of  the  preimages of  all 

orders (ills in except for a nowhere dense set,

T 5 .  if /  is a mappin g such that f  =  f  on the interior of  each 

and / ( e n d p o i n t  of  Jn+\) — cont inuous  extension of /  in ./„ \  ,/„+ | then one  

of  the  (Midpoints of  J„ + \ is periodic under /  and / ( o n e  (Midpoint of ./I1+| )  =  

/ ( t h e  other  (Midpoint of  ./,i + | ).

N o t e  1 L d  I 1,, hi t in  f a m i l y  o f  pr< u n a y t s  o f  J„ w i th in  J n~\ a n d  l }n — P n \  

{ . / „ } .  I ' lnn  f  is M a r k o r  w i th  n- .sptct  t o  t in  p a r t i t i o n  IJ =  (J l \ , .

A l .  For each n there exis ts  a metric on the set Ln U /f„, smoothly  

equivalent to the  standard Kuclidean metric on that set such that:

1. the bounds  on the  metric equivalence are uniform in n,

2. the  length distortion on the  two preimages of o f  the  first degree  

is bounded,  and uniformly so, in n.

on the rest of  Ln U //„ the  absolute value of  the  derivative of /  with



re spec t  t o  tha t  m e t r i c  is b e t w e e n  t w o  c o n s t a n t s  ( ' i . f ' j .  1 <  (  \ <  ( ' 2  <

d c . T h e  c o n s t a n t s  c an  b e  c h o s e n  i n d e p e n d e n t I v  o f  11.

A 2 .  T h e r e  e x i s t  u n iv e r s a l  o  >  0  a n d  " > . ( ) <  y <  1, s u c h  t f iat  for a n y  

p r e i m a g e  by  /  o f  .// c o n t a i n e d  in , l \t for s o m e  k <  I w o  h a v e

l e n g t h  o f  t h e  p r e i m a g e  (/ 

l e n g t h  o f . /*,. “  ^

A 3 .  The- ra t i o  ^ 7 *^ is ( u n i f o r m l y  in n )  b o u n d e d  a w a y  f r o m  0  an d  1.

A 4 .  I' Except for t h e  c a s e  ( r e la t e d  t o  t h e  p e r io d  d o u b l i n g  d y n a m i c s )  w h e n  

an  e n d p o i n t  o f  ,/„ + | is a f i xed  point  o f  / .  t h e  absolute '  value' o f  t.ho e i g e n v a l u e  o f  

/  a l o n g  t h e  p e r i o d i c  orb i t  o f  an  e n d p o i n t  o f  . /„+) c o i n c i d e s  w i t h  t h e  a b s o l u t e  

value' o f  the 1 e i g e n v a l u e  o f  /  at t h e  fixe'd p o i n t ,  b e i n g  an  e n d p o i n t  o f  . / „+ ] .  In 

the' e x c e p t i o n a l  case- the* forme*r is the- sepiare' root o f  t h e  latte-r.

N o w  c o n s i d e r  an  i n f in i t e ly  re*normal izable  m a p  o f  t h e  in t e rva l .  Whe'i i  we-

s tar t  t o  re'normalize'  s o m e  k ind  o f  ' p a t h o l o g i c a l '  b e h a v i o r  i s  p o s s i b l e  for a 

t i m e ,  f o r  instance* we* m a y  h a v e  t h e  d a n g e r o u s  s i t u a t i o n  o f  ‘r e n o r m a l i z a t i o n  

o f  d e g r e e  T ,  d e s c r i b e d  in t h e  point ,  b )  o f  the- L e m m a  o f  (jl o f  [6 ], n a m e l y  

t h a t  t h e  b as i c  r e n o r m a l i z a t i o n  in t erv a l  is sort  o f  t o o  l arge  a n d  a d m i t s  ‘e x ­

t r a ’ f i x ed  p o i n t s  inside- it ot  lie-r t h a n  the* n a t u r a l  t w o  f i xed  p o i n t s ,  o n e  at  t h e  

b o u n d a r y  a n d  the* o i l i e r  be 'twevn t h e  cr i t i ca l  po in t  a n d  t h e  s e c o n d  b o u n d a r y  

p o i n t .  We1 ca n  have* 110  c o n t r o l  o v e r  t h e  e i g e n v a l u e s  o f  su ch  ‘i n t e r i o r ’ f i xed  

p o i n t s ,  a n d  t h o s e  p o i n t s  c a n  lie*, for instance*,  ne'utral .  T h i s  g i v e s  110  g r o u n d



for t h e  d i s t o r t i o n  e s t i m a t e s  an d  m a p s  vvitli t h e s e  'p a t h o l o g i e s '  ca n  t r u l y  fail 

t o  h e  q u a s i s y m m e t r i c a l l y  c o n j u g a t e  e v e n  if t h e y  h a v e  t h e  s a m e  s e q u e n c e  o f  

a p p e a r a n c e  o f  p a t h o l o g i c a l  f i xed  p o in t s .  T h i s  is o n e  o f  t h e  m a j o r  t e c h n i c a l  

d i f f i c u l t i e s  c o m p a r e d  to  t h e  nega t  i v e - S c h w a r t z i a n  ca se .  H o w e v e r ,  a f t e r  r e n o r ­

m a l i z i n g  s u f f i c i e n t l y  m a n y  t i m e s  all  t h o s e  p a t h o l o g i e s  m u s t  d i s a p p e a r .  T h i s  

wi l l  h e  p r o v e d  l a t e r  in C h a p t e r  1; h ere  w e  f o r m u l a t e  t h e  fo l l o w in g

T h e o r e m  2  S u f j i c n  n t l y  h igh  n  n o r m a l i z a t i o n s  o f  an in j i n i t c l y  n  n o r m a l i z -  

nbU u n i m o d a l  m a p  wi th b o u n d i d  c o m b i n a t o r i c s  o f  t y p i  <  / ’ g< in r a t i . in a 

n a t u r a l  w ag ,  M a r k o n  m a p s  s a t i s f y i n g  ( T I - T 5 )  a n d  ( A l - A j )  w i t h  c o n s t a n t s  

d t p t n d t n g  o n l y  on t in b o u n d  T  on  c o m b i n a t o r i c s  a n d  t in  e r p o n t n t  o f  thi  

p o w i r  l a w  a t  t in  s i n g u l a r i t y .

B y  t h e  a h o v e  t h e o r e m s  w e  sha l l  i m m e d i a t e l y  h a v e

C o r o l l a r y  1 S i i j j i c i t  n t l y  high  n  n o r m a l i z a t i o n s  o f  t w o  in j i n i t c l y  rt n o r m a l ­

i zab le  u n i m o d a l  m a p s  o f  b o u n d e d  typ< w i th  t in  s a m t  k n t a d i n g  s c q u c n c t  a n  

q u a s i s y m m c t r i c a l l y  c o n j u g a t i  w i th  q u a s i s y m m i t r i e  c o n s t a n t s  d e p e n d i n g  o n l y  

on  t in  b o u n d  on c o m b i n a t o r i c s  a n d  t in s i n g u l a r i t y  t y p e s  o f  I h o s t  t w o  m a p s .

W h i l e  t h e  fo l l o w i n g  c h a p t e r s  wi l l  h e  d e v o t e d  t o  r e d u c i n g  T h e o r e m  2 t o  

T h e o r e m  1. w e  n o w  s h o w  h o w  to  p ro v e  T h e o r e m  1 .

P r o o f  o f  T h e o r e m  1 . First  w e  d e s c r i b e  t h e  s t r u c t u r e  o f  t h e  proo f .  

1’h e  g e n e r a l  id e a  is t o  t a k e  an in t erva l  in t h e  d o m a i n  o f  /  ( t h i n k  o f  a short



o n e )  w i t  11 i t s  m i d p o i n t  a n d  iterate- it forward un t i l  s o m e  d y n a m i c a l l y  d e f i n e d  

s t o p p i n g  m o m e n t .  A x i o m s  g u a r a n t e e  tha t  t h e  e p i a s i s y m m e t r i c  d i s t o r t i o n  

on  t h e  w ay  w a s  u n i v e r s a l l y  h o u n d e d  so  t h e  i m a g e  o f  t h e  m i d p o i n t  d i v i d e s  

t h e  i m a g e  o f  t h e  in t erva l  in t o  t w o  quas i  ha lve s .  W i t h i n  e a c h  q u a s i - h a l f  w e  

find a d y n a m i c a l l y  d e f i n e d  su h i n te rv a l  w h o s e  l e n g t h ,  s o l e l y  o n  t h e  g r o u n d s  

o f  t h e  d y n a m i c s  and  the- a x i o m s ,  can  h e  s h o w n  t o  h e  c o m p a r a b l e  t o  t h e  

l e n g t h  o f  t h e  r e s p e c t i v e  q u a s i -h a l f .  W e  g o  to  t h e  c o n j u g a t e  picture- for <) an d  

t h e r e ,  by  t h e  above- ,  the- c o n j u g a t e s  t o  t h e  d y n a m i c a l l y  d e f i n ed  q u a s i - e q u a !  

subinte- rva ls  a r e  q u a s i - e q u a l  and  t he ir  lc-ngt hs arc- compa rab le -  t o  t h e  l e n g t h  o f  

t h e  whole-  con juga t e -  inte-rval .  w h i c h  was  d i v i d e d  in t o  t w o  quas i -ha lve- s .  N o w  

re-call th a t  the* i m a g e  unde-r the- c o n j u g a c y  o f  the* q u a s i - m i d p o i n t  in t h e  first 

picture-  is t r a p p e d  in be-twe-e-n the- image-s o f  those- t w o  d y n a m i c a l l y  define-d  

subinte- rva ls ,  s o  it is b o u n d e d  a w a y  f rom the- e n d p o i n t s .  T h u s  the- i m a g e  

o f  the- q u a s i - m i d p o i n t  in the- first picture- is s t i l l  quas i - cen tere -d  w i t h i n  tlie- 

c o n j u g a t e  inte-rval  in the- o t h e r  pic ture .

A g a i n  we  use- pu l lbac k in t h e  picture- for t), ke-e-ping t h i s  in f o r m a t i o n  (clis- 

torte-d o n l y  b o u n d c -d l y )  un t i l  re-aching the- c o n j u g a t e  o f  t h e  or i g i na l  sh o r t  

inte-rval .  an d  we- get  tfie- elesirc-el s t a t e m e n t .

N o w  we- g o  t o  a more- de-taile-d a c c o u n t .

Fe-t A be- a n  inte-rval c o n t a i n e d  in ./(). First we- g o  a l o n g  t h e  i t in er a ry  o f  A 

unde-r /  so  l o n g  a s  the- image-s  o f  A d o  not  c o n t a i n  a n y  o f  t h e  e n d p o i n t s  o f  t h e  

i n t e r v a l s  o f  the- f a m i l y  My A x i o m  11 pre -images o f  . / / s w i t h i n  . / 0  f o r m .
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w h e n  / r o c s  t o  in f in i ty ,  a n e s t e d  f a m i l y  o f  p a r t i t i o n s  an d  by  A x i o m  A 2 t h e  

d i a m e t e r  o f  t h e  l arges t  e l e m e n t  t e n d s  t o  ze r o  w h e n  / —► o c .  S o .  then*  are- f in i t e  

s m a l l e s t  n o n n e g a t i v e  in t e g e r s  p  a n d  / su ch  th a t  f r ( \ )  i s t e r s e c t s  b o t h  ■ 

a n d  . / /+ | .  In t h e s e  first )> s t e p s  t h e  q u a s i s y m m e t  ric d i s tor t  ion is b o u n d e d  be  

c a u s e  by A x i o m  A1 w e  c a n .  u n i f o r m l y  in i.  e x t e n d  e a c h  o f  t h e  b r a n c h e s  o f  

/  o v e r  a d e f i n i t e  p r o p o r t i o n a l  n e i g h b o r h o o d s  o f  L,  a n d  / / , .  p e r h a p s  s l i g h t l y  

w o r s e n i n g  t h e  b o u n d .  P o i n c a r e  m e t r i c  on su c h  a d e f i n i t e  n e i g h b o r h o o d  o f  /.,  

( or  / / , ) .  r e s t r i c t e d  t o  /,, ( or  H,) ,  is e q u i v a l e n t ,  w i t h  u n i f o r m  b o u n d s ,  t o  t h e  

s t a n d a r d  m e t r i c .  S o  by A x i o m s  A 2 an d  A1 w e  h a v e  t h e  b o u n d  on  t h e  s u m  o f  

t h e  P  — l eng t  hs  o f  t h e  first ( p  -  1) i m a g e s  o f  A.  T h i s ,  g i v e n  su f f i c i e n t  s m o o t h ­

n e s s  ( s e e  ( "  | * t  •{) is e n o u g h  t o  y i e l d  b o u n d e d  q u a s i s y m m e t  ric d i s to r t  ion  

b y  t h e  a r g u m e n t  in [(»].

T h e  m o m e n t  t h e  i m a g e  o f  A c o n t a i n s  a m o n o t o n i c i t y  po in t  w e  c a n  no  

l o n g e r  u s e  t h e  a b o v e  a r g u m e n t ,  but  p e r i o d i c i t y  o f  t h e  e n d p o i n t s  sha l l  p r o v i d e  

for t h e  n e c e s s a r y  r ep lac em ent . .

P e r h a p s  a d d i n g  o n e  m o r e  c ircu i t  w e  m a y  a s s u m e  ( 1 2 )  tha t  w e  hit a  p e ­

r i od i c  p o i n t ,  bet  A/ '  b e  t h e  part  o f  f v { A )  c o n t a i n e d  in .7; \  . / /+] a n d  A '  b e  

tin* part  o f  / ' ’( A )  c o n t a i n e d  in J i + i . W e  sha l l  fu r t h e r  act  in s i d e  .7; ( T l )  by  

/  on  A’' a n d  by  / ' '  on  A / ' ,  w h e r e  q  is t h e  s m a l l e s t  p o s i t i v e  in t e g e r  s u c h  t h a t  

m  7/+ I ) C  f7.7/+ | .  e x c e p t  tha t  in c a s e  w e  go t  q =  1 w e  change'  it  a n d  p u t  

q =  2  ( t h i s  is j u s t i f i e d  d y n a m i c a l l y  in C h a p t e r s  -1 a n d  5  a n d  f i ts  w i t h  a x i o m  

A 4 ) .  My a x i o m s  T o .  A l .  A T  A1 q  is u n i v e r s a l l y  f in i te .  T h e  t w o  b r a n c h e s  o f
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t h i s  p i e c e w i s e  d e f i n e d  m a p  g l u e  t o g e t h e r  in t o  a s m o o t h  e x p a n d i n g  a b o u t  t h e  

p e r i o d i c  e n d p o i n t  o f  . / | +) w i t h  t h e  a b s o l u t e  va lu e  o f  t h e  d e r i v a t i v e  b o u n d e d .  

W e  u s e  t h i s  m a p  u n t i l  t h e  last s t e p  b e f o r e  i m a g e  o f  A '  c o n t a i n s  an e n d p o i n t  

o f  . / / + 2 o r  i m a g e  o f  ; \ / '  c o n t a i n s  an e n d p o i n t  o f  ./j+ | .  In th a t  last s t e p  be fo re  

Ib i s  h a p p e n s ,  t h e  l e n g t h  o f  t h e  i m a g e  o f  t h e  s t a r t i n g  in t erva l  / ' ’( A )  is c o m ­

p a r a b l e  t o  t h e  l e n g t h  o f  b e c a u s e  w e  co u ld  o n l y  g a in  f i n i t e l y  in t h e  last  

s t e p  w o  d r o p p e d  ( a x i o m  A I ). A l s o ,  t h e  q u a s i s y m m e t  ric d is tor t  ion a d d e d  in 

th i s  part  is h o u n d e d ,  by  t h e  a r g u m e n t  a n a l o g o u s  t o  t h e  o n e  u s e d  in t h e  first 

/> i t e r a t e s .  T h e  i m a g e  o f  ( n e  or ig in a l  m i d p o i n t  o f  A is s t i l l  q u a s i - c e n t e r e d ,  

so  b o t h  q u a s i - h a l v e s  h a v e  l e n g t h s  c o m p a r a b l e  to  t h e  l e n g t h  o f  .// a n d  a l s o  

t h e  s u p r e m u m  o f  t h e  d i s t a n c e  f r om  c,  t a k e n  ov e r  t h e  t w o  q u a s i - h a l v e s , ,  is 

c o m p a r a b l e  to  t h e  l e n g t h  o f  T h u s ,  by a x i o m s  I T  A l .  Ail  e a c h  q u a s i - h a l f  

c o n t a i n s  a p r o i m a g o  o f  f in i t e  b o u n d e d  ord er  o f  ./j+ e \  1 , w i t h  /' b o u n d e d

as  we l l .  Moth b o u n d s  a b o v e  are  g i v e n  in t h e  t e r m s  o f  t h e  b o u n d s  in t h e  a n ­

a lyt i c  a x i o m s  A l  A  1. These* p r e i m a g e s  an* t h e  d y n a m i c a l l y  d e f i n e d  in t er va l s  

c o n t a i n e d  in t h e  t w o  q u a s i - h a l v e s  w i t h  t h e  l e n g t h s  c o m p a r a b l e  t o  t h e  l e n g t h  

o f  .//. T h e  s a m e  is t r u e  in t h e  c o n j u g a t e  picture* for </, s o  s u b s t i t u t i n g  the* 

(/—p i c t u r e  for t h e  / - p i c t u r e  at th i s  m o m e n t  p e r t u r b s  t h e  q u a s i c e n t r i e i t y  o f  

the* i m a g e  o f  t h e  o r i g in a l  m i d p o i n t  o n l y  b o u n d e d l y .  It r e m a i n s  t o  pu l l  ba ck  

a l o n g  the* c o n j u g a t e  i t in e r a r y  and w e  are  d o n e .  □
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3 O ne p lus Z ygm und class o f  sm o o th n ess  
and con tro l over short intervals

T h i s  c h a p t e r  is a i m e d  t o  b e  an  a d d e n d u m  to  t h e  work  do in'  in C h a p t e r s  1 

a n d  2  o f  [ti] w h e r e  t lit* f o l l o w i n g  q u e s t i o n  is s t u d ie d :

W h a t  i.s th< o p t i m a l  c l a s s  o f  s m o o t h  m  s s  u n d i r  which  t in  ' n a l  l u x  hi d i s ­

t o r t i o n  a r i / i im i  n t ' f o r  loin/  c o m p o s i t i o n s  o f  d i f f i o m o r p h i s m s  o f  an  i n t i r r a l  

can  Ix c a r r i i d  ou t .

It is f o u n d  t h e r e  th a t  s m o o t h n e s s  C 1 + | )V w h ic h  w e  m e a n  tha t

t h e  l o g a r i t h m  o f  t h e  d e r i v a t i v e  ^  =  l og / ) ' ,  s a t i s f i e s  t h e  Z y g m u n d  c o n d i t i o n

r ’(-r) +  A n )  -  ‘M — 7 ^ )  =  ^ ( k  -  ,'/l)

. is eq u iva l en t ,  t o  d i s t o r t i o n  o f  c r o s s - r a t i o s  for all e q u a l l y  d i s t r i b u t e d  -1 - t u p l e s  

o f  p o i n t s  ( s o - c a l l e d  s t a n d a r d  4 - t u p l e s )  b e i n g  ( ) ( s i : i  o f  t in  f - t u p h ).

T h e n  a t h e o r e m  is p r o v e n  t h e r e  a s s e r t i n g  th a t  s m o o t h n e s s  ( ' l +^u9"'u,‘rl 

g u a r a n t e e s  t h e  a d d i t i v e  c h a n g e  o f  P o i n c a r e  l e n g t h  o f  1- t u p l e s  o f  / ' - l e n g t h  ~  

I c o n t a i n e d  in an  in t erva l  V  t o  b e  o f  t h e  o rd er  0 ( 1 ) .  T h i s  w a y  w e  get  

m u l t i p l i c a t i v e  c o n t r o l  w i t h  t h e  fac t or  o f  t h e  ord er  1 +  0 ( 1 )  o v e r  t h e  d i s t o r t i o n  

o f  al l  s u b i n t e r v a l s  o f  /  o f  a n y  / ' - l e n g t h  >  1 . s i m p l y  by p a r t i t i o n i n g  t h e m  

i n t o  a u n i o n  o f  in t e r v a l s  o f  t h e  / ' - l e n g t h  s ;  1 . C o n tr o l  o ve r  “ P o i n c a r e - l o n g ” 

in t e r v a l s  is e n o u g h  t o  y i e l d  t h e  real  K o e b e  d i s t o r t i o n  p r in c i p l e .

T o  w ork  w i t h  t he  M a r k o v - t y p e  e x p a n s i o n  a r g u m e n t  o f  C h a p t e r  5,  a n d  in 

p a r t i c u l a r  t o  d e r i v e  t h e  p r o p e r t y  s t a t e d  in a x i o m  A 2  o f  t h e  p r e v i o u s  c h a p t e r .
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w e  wi l l  n e e d  t o  got s o m e  sort o f  co n t ro l  ov er  t h e  m u l t i p l i c a t i v e  d i s t o r t i o n  

o f  s m a l l  / ' - l e n g t h s .  H o w e v e r ,  t h e  p r o o f  o f  t h e  t h e o r e m  a b o v e  fai l s  in t h e

W h a t  w e  p r o v e  he r e  is:

T h e o r e m  3  I . i t  h bi a ( + ■> tl iffi  o m o r p h i s m  o f  an  in t i  r r a l  I .  I' =

( a .  (I) hi an  in t i  r r a l  in I .  an i l  M  =  ( b . c )  w h i n  a  <  b <  c  <  il  bi a p r o  p i  r

d i s t o r t i d  bp  h o n l y  bp  a m i i l t i p l i c a t i n  f a r / o r  o f  t in o n h  r  I +  ( ) ( l i  nptl i  o f  I ), 

i . i . in t in n o t a t i o n  tilt n t i f p i n p  an  in t i  r r a l  wi th i t s  s t a n d a r d  l i n p t h  i n  h a r t

n o r m  o / l o g / d .

P r o o f :  S l i p  I. / ' . 's t imuli  o f  t in  c r o s s - r a t i o  d i s t o r t i o n .

Let us set t h e  n o t a t i o n  I — (a . d ).  /. =  (n . b ) .  M  =  ( b . c ) ,  II =  ( c , d ) .  

I '  =  / / ( /  ), / /  =  l i ( L ) .  M '  ~  h ( M ) .  II' =  l i ( l l ) .  The cr o s s - r a t i o  o f  t h e  four  

p o i n t s  a . b n . d .  d e n o t e d  [ a ,h .  c , d ]  is d e f i n e d  by t h e  f o l l o w in g  fo rm ul a :

c a s e  o f  s m a l l  / '  l engt  hs.  T h u s  t h e  quest  ion o f  op t  im a l  c l a s s  o f  s m o o t  h n e s s  t o  

p e r f o r m  t h i s  k in d  o f  a r g u m e n t  ar i s es .  W e  are  a b l e  t o  sh o w  tha t  e x a c t l y  t h e  

s a m e  ( l a s s  o f  s m o o t h n e s s  i .e.  f t + *»»"•«»•< js | | H. ri^ht o n e  for o u r  p u r p o s e s .

s i i b i n t i  r r a l  o f  I . T h i n  t in  li npt l i  o f  M  in 1‘o i n c a n  m i  t r i e  on I ’. l ’r ( M ) .  is

( I  +  0 ( 1 ' ) )  I ’t ( M )  >  I ’h r V ' U )  > ( 1  - 0 ( 7 ' ) ) / V ( A / )

Tin co tJJi cn  nt  in 0 ( 1 )  is c o n t r o l l n l  bp  t in Z .ppmi ind  n o r m  a n d  W l l o l d i r

Hi



B v  t h e  c r o s s - r a t i o  d i s t o r t i o n  u n d e r  /; w e  m e a n

, / , /  [ h a . h b . h c . h d ]
l ) h ( ( l . b . c . d )  =  l o g  ;-----:--------J.-----.

[ < / ,  ( K  c .  ( I \

1 1 k* d i s t o r t i o n  m a y  Ik* r o r n p u t r d  t h r o u g h  an  in t egra l  f or n m la

log
h a . h b . h f . h i l ]  f 1 r h

J l
h'.r h 'u d.r (III

(.'/ -  -r)1[c/, b. r .  d]

w h e r e  \h ' \ru m e a n s  t h e  average* o l  h'  ov er  I lie in t erva l  (./ . / / ) .  T h u s ,  for t h e  

cros s -  r a t i o  d i s t o r t i o n  w o  h a v e

| /)/,((!. b. e. c/)|
I f

(  ' (Mist I f <l.r di)
=  ( ' o u s t  ■ log

( I ,
(/ /  -  •'■)

Tr MM

<

( 1)
fl -  ,r ( / .  +  M ) l + "  ( A /  +  11)" + "

hirs t  w e  n e e d  t o  c h e c k  if  t h e  c r o s s - r a t i o  d i s t o r t i o n  is o f  t h e  ord er  O ( ' l ' ) .  

S i n c e  o u r  f o r m u l a  is s y m m e t r i c  in L a n d  If w e  m a y  assume* tha t  /.  <  If. 

» i n t o  a c c o u n t  I =  I. +  M  +  If w e  o b t a i n

T 1 M

l og

T  ,OK ( A /  +  l f ) " + "  ( / .  +  A!)>■+"

1 I ’1 ( T - L ) l M m

T  ° g  ('/' -  L) > ' ( L  +  U ) ‘ + "  

i _  i .  ( / ' -  /-)'■ U M 

T  ‘>g ( / ,  +  A / ) 7- ' ( L  +  M )

=  7

l og

l ~ T
1

M <

+
i. T  -  I

T 1<le /.  +  M
+

M  , A/

t  l,,e m w

T h e  first t e r m  in (2 )  is c e r t a i n l y  h o u n d e d ,  s i n c e  /. <  If <  T / 2 .  T o  e s t i m a t e  

t h e  s e c o n d  o n e  w o  recal l  th a t  I <  so  it is h o u n d e d  by the* m a x i m a l
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v a lu e  o f  — .r l o g  .r in t l ie i n t e r v a l ( 0 . I ). W e  b o u n d  t lie t bird t e r m  in t l ie s a m e  

w a y  s i n c e  y  <  <  1. I b is  sl iovvs tba t  t b e  cros s  ra t i o  d i s t o r t i o n  a c t u a l l y

is o f  t b e  o r d e r  0 ( 1 )  a s  w e  w a n t e d  i t . T b e  c o n s t a n t  b o u n d i n g  (2 )  is un iv er s a l  

a n d  m a y  b e  c b o s e n  t o  b e  ( l og  2 +  - a n d  t b e  c o n s t a n t  in ( 1 ) d e p e n d s  o n l y  on  

t b e  Z v g m u n d  a n d  y  H o l d e r  n o r m s  o f  l og  h'  by t b e  referred t h e o r e m  fro m [ti] 

I b i s  c o n c l u d e s  s t e p  1 .

S t t p J .  D i s t o r t i o n  o f  th< P o i n t  a n  nit  t r i e .

T h e  l e n g t h  o f  an  in t erv a l  M  C /  w i th  re spec t  t o  t h e  P o i n c a r e  m e t r i c  on  

/  is g i v e n  by  t h e  fo r m u la

/ V ( A / )  =  l » g ( l  +  y ^ - )

a n d  t b e  / ' —m e t r i c  f o r m  on  / ’ by

tit

t ( \ T \ - t )

I'nder a dif feomorphism h t.be e lement  of  tbe  / '  — length transforms as

m  ,,
f , ( t ) ( \ \ T > \ - h ( t ) \ ) ( • 

l b  e s t im a te  this for a ( ’l+/ mi"iun'1 diffeomorphism h we notice that ,  (for M 

very small  relative to  both /. and / /) ,  the- / '  — length, up to tbe  terms of  

higher order, is nothing but our cross-ratio,  so a n ' icative bound on tbe  

cross-ratio distortion bounds the  distortion of  tbe / '  — length e lement  as well. 

T h e  former has been just found to be of tbe order (1 +  0(1')), and so must  

be tbe  latter.
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I n t e g r a t i n g  tin* fo r m  w e  c an  h a v e  t h e  s a m e  e s t i m a t e  for t h e  m u l t  ipl ica-  

t i v e  d i s t o r t i o n  o f  t h e  / ' —le n g t h  o f  a n y  in t erva l  A/ C / .  i n d e p e n d e n t l y  o f  i t s  

/ '  — l engt  h. T h i s  e x t e n d s  t lie s t a t e m e n t  o f  t h e  L e m m a  o f  ( ' h a p t e r  2 in [tij ov er  

t o  all  s u b i n t e r v a l s  o f  / ’, w i t h  finite' / ' —le n g t h ,  n o  m a t t e r  h o w  s m a l l .  □

R e m a r k  1 W e  m a y  v i e w  T h e o r e m  1 a s  s t a l i n g  a k i n d  o f  L ip se h i tx  p r o p e r t y  

for mul t  ip l i ea t  i ve  / '  — l e n g t h  d i s t o r t i o n  c o n s i d e r e d  a s  a real v a r i a b l e  f u n c t i o n .  

D e n o t e

'Ph (u )  d-  s"l> s n p  
|7'| = y M d M ( T )

log
/ ' , .  A/'

/ ' / A / C-D

w h e r e  M ( l ’) is t h e  c o l l e c t i o n  o f  s u b s e t s  A /  C  /  su c h  tha t  I \  M  is 2- 

c o n n e c t e d .  T h e o r e m  1 a s s e r t s  tha t  T>k(n)  is a  L ip s c h i tx  c o n t i n u o u s  f u n c t i o n  

in // w i t h  t h e  L ip s c h i t x  c o n s t a n t  c o n t r o l l e d  bv t h e  Z y g m u n d  a n d  — H o l d e r  

n o r m  o f  h.

1!)



4 R e  n orm alizab le  m aps.

In t l i is c h a p t e r  wi' set  s o m e  not at i on s  a n d  def in i t  i ons  t o  e s t a b l i s h  t he l a n g u a g e  

w e  e o u l d  refer  t o  l a t er  o n .  S i m p l e  p r o p o s i t i o n s  are  n a m e d  f u e l s  l i ere  a n d  

th e i r  v e r i f i c a t i o n  is left t o  t h e  reader .  My T h e o r e m  I w e  sha l l  s e e  th a t  o u r  

d e f i n i t i o n s  fit we l l  w i t h  t h e  in ln ih i ' t  p i d n r t  o f  wh at  t h e  ‘r e n o r m a l i z a t i o n  bo x '  

s h o u l d  be.

D e f i n i t i o n  1  l i t  n o n n a l i z a b l t  m a p .

S u pp o se '  / :  I* —► I ’ is a  c o n t i n u o u s  m a p  o f  an in t erv a l  P  — (0 .  1) in t o  

i t s e l f ,  / ( ( ) )  =  / ( l )  =  0 , /  has  a u n i q u e  t u r n i n g  po in t  r  6  ( 0 . 1 ) a n d  is 

s t r i c t l y  i n c r e a s i n g  o n  (O .r )  a n d  s t r i c t l y  d e c r e a s i n g  on  on  (c.  1). f o r  an i n ­

t e g e r  /  >  1 w e  wi l l  sa y  tha t  /  is / - r e n o r m a l i z a b l e  ( on  t h e  in t erva l  Q )  if 

t h e r e  e x i s t s  a n  in t er va l  Q  C  I ’ such  tha t  c  €  Q , r  € f ‘ ( Q )  C Q  an d  

Q '  , f ( Q ) -  ■■■ f ~ ' ( Q )  ar<’ p a i r w i s e  in t er ior  d i s jo i n t .  W e  sha l l  cal l  /  r en o r ­

m a l i z a b l e  i f  it is / - r e n o r m a l i z a b l e  w i th  s o m e  /  >  1. W e  sa y  /  is p r o p e r ly  

/ - r e n o r m a l i z a b l e  i f  /  is t h e  m i n i m a l  in t e g e r  for w h i c h  /  is / - r e n o r m a l i z a b l e  

[cf. F a c t  2,  R e m a r k  2 at t h e  e n d  o f  th i s  c h a p t e r  a n d  P r o p o s i t i o n  5  in t h e  

n e x t  ch a p te r ] .

D e f i n i t i o n  2  l i t  n o r m a l i z a t i o n  i n l t r r a l .

Let /  b e  / - r e n o r m a l i z a b l e .  T h e  sm a l l e s t  Q  s a t i s f y i n g  D e f in i t i o n  1 wi l l  

b o  c a l l e d  t h e  s m a l l  / - r e n o r m a l i z a t i o n  int erva l :  t h e  l arges t  su ch  Q  wi l l  b e  

ref erred  t o  a s  t h e  l ar ge  / -  r e n o r m a l i z a t i o n  in t e rva l .  For /  m i n i m a l  r e spec t ive '
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i n t e r v a l s  wi l l  s i m p l y  b e  c a l l e d  t h e  s m a l l  r e n o r m a l i z a t i o n  in t erv a l  a n d  t lie l arge  

r e n o r m a l i z a t i o n  in t e rv a l ,  a n d  d e n o t e d  / ( / )  an d  . / ( / )  r e s p e c t iv e l y .

F a c t  1  If /  is / - r e n o r m a l i z a b l e  i t s  l arge  a n d  s m a l l  / - r e n o r m a l i z a t i o n  in t er v a l s  

a re  we l l  d e f i n e d .  T h e  e n d p o i n t s  o f  t h e  s m a l l  / - r e n o r m a l i z a t i o n  in t erv a l  are  

f ' ( c )  a n d  f * ( c ) .  If p  is o n e  o f  t h e  e n d p o i n t s  o f  t h e  l arge  /  r e n o r m a l i z a t i o n  

in t er va l  t h e n  t h e  o t h e r  (Midpoint is t h e  d y n a m i c a l l y  s y m m e t r i c  c o u n t e r p a r t  

o f  p  i . e .  t h e  u n i q u e  po in t  p  su ch  tha t  f ( p )  =  / ( />) •

F a c t  2  If /  is / - r e n o r m a l i z a b l e  a n d  p r o p e r ly  / - r e n o r m a l i z a b l e  t h e n  / / /  is a 

p o s i t i v e  in t eg er .

P r o p o s i t i o n  1 I f  f  i s  l - r t  n o r m a l i z a b l e  t h i n  o m  o f  t in t n d p o i n t s  o f  i t s  lart/ i  

l - r i  n o r m a l i z a t i o n  in t i  m i l ,  s a y ] ) ,  s a t i s j i i s  f lp  =  p.

P r o o f :  S u p p o s e  th a t  ■ f f ( i ) J )  C  i n t  -I. If t h e  i m a g e s  o f . /  / f_1 ( . / )

w e r e  a c t u a l l y  d i s j o i n t ,  i . e .  there' w e r e  s p a c e s  in b e t w e e n  o f  t h e m ,  o n e  m i g h t  

e n l a r g e  . /  by  c o n t i n u i t y .  S o  t h e r e  are  t w o  in t e rv a l s  f l ( J ) ,  f l' ( J )  0  <  

/ < / ' < /  s h a r i n g  a c o m m o n  e n d p o i n t .  Hut  f ‘ ~1' C  i n t . I ,  s o

f > l ( / ; ( '^) )  n , 1 J  7  ̂ w h i c h  c o n t r a d i c t s  int i ' rior  d is jo int  n e s s  o f  t h e  f a m i l y

{ 7 . / ' - ' ( . / ) } .  □
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N o te  2 The o n l y  s i t u a t i o n  w h e n  p  o f  t h e  P r o p o s i t i o n  1 c a n  a l s o  s a t i s f y  

f l p  =  p  w i t h  s o m e  /' <  / is t h e  c a s e  w h e n  s o m e  H k f  is 2 - r e n o r m a l i z a b l e  [cf.  

P r o p o s i t i o n  5 in t h e  nex t  ch a p te r ] .

F a c t 3 c is t h e  u n i q u e  t u r n i n g  | )oint  o f  f f |./ .

D e f in i t io n  3 H( n o r m a l i z a t i o n  op t  ra t  or .

B y  t h e  r e n o r m a l i z a t i o n  o f  /  w e  m e a n  If f  — A  o ^ f ( | . / )  o w h e r e  I is 

m i n i m a l  a n d  A  is t h<‘ af f ine  m a p p i n g  ( p r e s e r v i n g  or  r ev er s i n g  t In* orient  at ion ,  

a s  n e e d e d )  t a k i n g  •/ o n t o  (0 ,  I) in s u c h  a w a y  th a t  t h e  t u r n i n g  point  o f  f  |./ 

b e c o m e s  a m a x i m u m .  W e  w r i t e  /  =  / f ° / ,  f i j  =  a n d .  i n d u c t i v e l y ,  if

l t k f  is furt her  r e n o r m a l i z a b l e  w e  ca n  de f i n e  l i {  H k f )  =  R k+l  f .

W e  sh a l l  c o n t i n u e  t o  d e n o t e  bv c  t h e  t u r n i n g  po in t  o f  t h e  r e n o r m a l i z e d  

m a p  w h e n e v e r  it is not  c o n f u s in g .

D e f in i t io n  4 I n f i n i t e l y  r< n o n n a h z u b h  m a p

W e  sa y  /  is in f in i t e ly  r e n o r m a l i z a b l e  if H k f  is d e f i n ed  for all  n o n n e g ­

a t i v e  i n t e g e r s  k.  If t h e r e  e x i s t s  a  f in i t e  V  su c h  tha t  e a c h  f i k f  is p r o p e r ly  

f - r e n o r m a l i z a b l e  w i t h  s o m e  (  <  / ’ w e  say  /  is in f i n i t e ly  r e n o r m a l i z a b l e  o f  

b o u n d e d  t y p e  7 ’ ( or ,  w i t h  b o u n d e d  c o m b i n a t o r i c s ) .

Let  n o w  /  b e  a p r o p e r ly  f - r e n o r m a l i z a b l e  m a p  an d  . / ' ( / )  b e  t h e  I n r g t s t  

“r e n o r m a l i z a t i o n  in t erv a l  in t h e  p r e i m a g e  s e n s e ” i .e.  t h e  l arges t  in t erv a l  

a b o u t  t h e  c r i t i c a l  po in t  c  s u c h  t h a t  f o l l o w i n g  t h e  cr i t i ca l  orb i t  b a c k w a r d s  o f
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t h e  f a m i l y  j d ' ( f ) . f  1 ( • / ' ( / ) ) .........../  ,+ 1( - / /( / ) ) }  all  t h e  in t er v a l s  a l o n g  t h e

w a y  arc  in t er io r  d i s j o in t  a m i  f ~ '  { ( ■! ' ( ] ) )  =  . / ' ( / )  -

P r o p o s it io n  2 . / ( / )  =  . / '( / ) •

P ro o f :  C l e a r l y  • / ' ( / )  C • / ( / ) .  W e  mus t  ru l e  out  tin* p o s s i b i l i t y  l l iat

t h e  p r e i m a g e s  o f  . / ( / )  f o l l o w i n g  t h e  cr i t i c a l  orl)it  b a c k w a r d s  arc  not in t er ior  

d i s jo in t .  S u p p o s e  n i t  f ~ ‘ ( J  ( f ) )  ft i n t  f ~ J ( • / ( / ) )  ^  0 for s o m e  ( ) < / <  j  <  I. 

T h e n  / , + l ( f ~ J ( . / ( / ) ) )  c o n t a i n s  in t l i e  in t er ior  an  e l e m e n t  o f  t h e  orb i t  o f  I- 

p e r i o d i c  b o u n d a r y  point ,  o f  . / ( / ) .  C o n t r a d i c t i o n .  □

B y  v i r t u e  o f  P r o p o s i t i o n  2 w e  can  n o w  c o p y  t h e  p r o o f  o f  T h e o r e m  1 o f  [fi] 

w i t h  . /  in p l a c e  o f  / ' .  o b t a i n i n g  tha t  s u f f i c i en t l y  h ig h  r e n o r m a l i z a t i o n s  in our  

s e n s e  ar e  o f  t h e  fo rm  Q h  w i t h  t h e  Z y g m u n d  a n d  ^ - H o ld er  n o r m  o f  log/ / '  u n i ­

v e r s a l l y  b o u n d e d  by  a p o s i t i v e  c o n s t a n t  B  a n d  wit  h Q  a q u a d r a t i c  p o l y n o m i a l  

u n i v e r s a l l y  b o u n d e d  a w a y  f ro m z ero  q u a d r a t i c  p o l y n o m i a l ,  p r o v id e d  w e  start  

w i t h  a  m a p  o f  t h e  fo r m  Q h  w i t h  l o g / / '  Z y g m u n d .  H a v i n g  e s t a b l i s h e d  tha t  

w e  m o v e  t o  t h e  nex t

P r o p o s it io n  3 L i t  f  bi  i n f i n i t e l y  r e n o r m a l i z a b l e  o f  t he  f o r m  f  =  Q h .  w h i n  

l o g / / '  b e l o ng s  t o  t i n  Z y g m u n d  c l a s s  a n d  Q  i s a n o n - z e r o  q u a d r a t i c  p o l y n o m i a l .  

T h e r e  <xi s t s  a  u n i v e r s a l  // >  0  s u c h  t h a t  f o r  hi gh e n o u g h  r e n o r m a l i z a t i o n  f  

o f  f  t i n  i n t e r v a l  (O .c )  u n d e r g o e s  def i ni t e  s t r e t c h i n g  u n d e r  f  b y  a f a c t o r  o f  at  

l eas t  ( \  +  / / ) .



P ro o f :  K irst n o t i c e  th a t  t h e  u n iv e r s a l  B  h o m u l  o n  t h e  ^ H o l d e r  n o r m  

o f  log/ ; '  y i e l d s  u n iv e r s a l  u p p e r  a n d  l o w er  h o u n d s  on  /;' s i n c e  t h e  d o m a i n  o f  h 

is a c o m p a c t  in t erv a l  (0 ,  1).  C a l l  t h e m  u ( B )  an d  1 ( B)  r e s p e c t iv e l y .  Q u a d r a t i c  

part  Q  o f  t h e  c o m p o s i t i o n  f  =  Q h  is u n i v e r s a l l y  h o u n d e d  a w a y  f rom ze ro  

q u a d r a t i c  p o l y n o m i a l  ( or  o t h e r w i s e  0 w o u l d  h e  a s ink a t t r a c t i n g  t h e  w h o l e  

in t erv a l  ( 0 .  1) u n d e r  i t e r a t i o n s  o f  / )  a n d  a l s o  h o u n d e d  f rom t h e  a h o v e ,  so

t h e r e  are  u n iv e r s a l  u p p e r  a n d  l ow er  h o u n d s  o n  t h e  s e c o n d  d e r i v a t i v e  o f  Q .

Ca l l  t h e m  u d p ( B )  a n d  l d p ( B )  r e s p e c t iv e l y .  Let 7r h e  t h e  o r i e n t a t i o n  r e v e r s i n g  

f i x e d  po in t  o f  / .

h irs t  w o  c l a i m  tha t  t h e r e  is a u n iv e r s a l  ; 0  su ch  tha t  | / ' ( ; r ) |  >  t .  If

n o t .  for ; s u f f i c i e n t l y  s m a l l  t h e  a b s o l u t e  v a lu e  o f  t h e  d e r i v a t i v e  o f  /  on  t h e  

w h o l e  in t er v a l  ( c ,  7r) is l e s s  t h a n  I b e c a u s e  i f  for sonic* y  €  (c,  7r) w e  h ad

\ Q ' ( f>{ y ) )  ■ h ' ( y )  >  1| t h e n

^  « n _ u  _ Q ' W l l ) )  ■ h ' ( x )
IQ  ( " ( / / ) )  • ft ( f f)  >  ( v n t  . .  .

Q  ( h ( y ) )  ■ h ( I))

a n d

< >  K / ( / ' • (*) )  ■ I i ' ( t t ) | >  \ Q ' ( h ( n ) )  ■ l i ' ( x )| >  ,->~ -

hut  h ' ( i r ) l h ' ( y )  c a n n o t  h e  s m a l l e r  t h a n  c - p . T h u s  c <  g u a r a n t e e s  / ( e )  — 

7r <  7r — c.  S im i l a r ly ,  b e c a u s e  h ( f ( r ) )  — h ( n )  <  u ( B ) ( n  — c)  w e  g e t  for 

y  €  ( t t . / ( c ) )

IQ ' ( h ( y ) )  -  y ' ( / ; ( 7 r ) ) |  <  u ( B ) ( y  -  tt) • u d p ( B )  <  u ( B ) ( n  -  c )  • u d p ( B )
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a n d  sinc<> | ' (// ( 7r)) | >  l ( B ) ( 7 r — c)  ■ l d p ( B )  w e  ha ve

Q M M ? / ) )  ^  , , » ( B )  lu tp tB )  _
Q ' ( h ( n ) )  ~  1(B)  I dp( B)

d im s ,  if  t ( (  o n . s i ( B ) t  ^ ^  a n d  at s o m e  po in t  y  G ( •  /*( c )) tin* a l i s o l n t e

v a lu e  o f  t in'  d e r i v a t i v e  o f  /  w e r e  larger  or eq u a l  t o  1 w o  w o u l d  o b t a i n

(< iin\~B > f > /,,(7r)l -  T'----71W\ >(  o t i s l ( B ) < *  ( t m x t ( B )

( ’o n . s t ( B )  Q' ( l i ( u ) )  h' (u)  / / ' ( / / )

T h i s  c o n t r a d i c t s  t h e  B  b o u n d  o n  H o l d e r  n o r m  o f  h a n d  s o  w e  s e e  th a t  if t 

w e r e  s m a l l e r  t h a n  ( ( ' < m . ' d ( B ) < l* ) ~ i t h e  d e r i v a t i v e  o f  /  w o u l d  h a v e  t o  b e  les s  

t h a n  I o n  t h e  w h o l e  in t erva l  ( r , / ( c ) )  f o rc i n g  t h e  f i xed  po in t  7r t o  a t t r a c t  

t h e  p o s t - c r i t i c a l  o rb i t ,  r i m s  /  c o u l d  not b e  fu r t h er  r e n o r m a l i z a b l e  a n d  t h e  

e x i s t e n c e  o f  u n i v e r s a l  < in q u e s t i o n  is e s t a b l i s h e d  w i t h  ( — ( ( ' wi . s t ( B) <  t* ) ~ l .

F r o m  t h e  a b o v e  w e  e a s i l y  d e r i v e  t h e  e x i s t e n c e  o f  u n iv e r s a l  p  >  0  s u c h  

th a t  / ( c )  — c  >  // .  A c t u a l l y ,  s i n c e  / ' ( c )  =  0  a n d  —f ' ( i r) >  < w e  s e e  tha t  

7i — c >  p. =  ( • u d p ( B ) ~ 1 • u ( B ) ~ 2 b e c a u s e

< <  IQ ' ( h ( 7r ))h'(Tr)\  <  \ Q' ( h( * ) ) \  ■ n ( B )  <

i/ai p ( B ) ( h ( n )  -  h ( c ) ) u ( B )  <  ( it -  c)  • i i dp( B)  • ( u ( B ) )2

a n d  s i n c e  / ( c )  — c >  tt — c  w e  h a v e  ou r  p r o p o s i t i o n  p r o v e n .  □

B e f o r e  w e  c a n  g o  o n  t o  p r o v i n g  t h e  m a i n  resul t  o f  th i s  c h a p t e r  w e  n e e d  o n e  

m o r e  to o l .
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P ro p o s it io n  4 I f  f  is a hi gh rt n o r m a l i z a t i o n  o f f  a n d  f  t a k t s  mi  i n t i  m i l  

M  h o n n  o m o r p l n c a l l y  o n t o  i t s  n n a g t  f M  t h i n  f o r  a n y  I\ C M  i n  c an h a r t  

P j u f K  >  (1 — i ' ) P \ f l \  i r i lh ;/ >  () a r b i t r a r i l y  s m a l l  i f  i n  n n o r i i i a l i : i  d  

s i i j f i c n  a l l y  m a n y  l i n n  s.

P ro o f :  My tlx-  p r o o f  o f  T h e o r e m  1 o f  [(>] carr i ed  out  w i t h  t h e  r e n o r ­

m a l i z a t i o n  in t erv a l  in o u r  s e n s e ,  w h ic h  is p o s s i b l e  d u e  t o  P r o p o s i t i o n  2.  w e  

s e e  tha t  t h e  to t a l  l e n g t h  o f  t h e  orbi t  o f  . / ( / )  g o e s  d o w n  e x p o n e n t i a l l y  fast 

w i t h  t h e  d e p t h  o f  r e n o r m a l i z a t i o n  an d  t h e  p r o p o s i t i o n  fo l l ow s  i m m e d i a t e l y  

f ro m T h e o r e m  d o f  t h e  p r e v i o u s  c 1 , ‘ r b e c a u s e  Q  i n c r e a s e s  /^ - l e ng th s  a n d  

li n e a r ly  d o e s  not  p e r t u r b  t h e m  a l o n g  t h e  o rb i t .  □

W e  ar e  n o w  in a  p o s i t i o n  t o  u se  t h e  d e f i n i t e  s t r e t c h i n g  o f  t h e  in t erva l  (O.r)  

t o  p r o v e

T h e o re m  4 '/'fit rt  e x i s t  n n i n r s a l  c\ >  0 s u c h  t h a t  i f  f  i s  s u f f i c i e n t l y  hi gh  

rt n o r m a l i z a t i o n  o f  f  s a t i s f y i n g  t i n h y p o t h t  s i s  o f  P r o p o s i t i o n  d t i n  n (1 -f c ' )  >  

/ ' ( 0 )  >  (1 + c )  a n d  a l s o  f  h a s  e x a c t l y  o u t  J i x t d  p o i n t  in (0 ,1 ), wi t h n e g a t i m  

s l o p t , u n i v t  r s a l l y  d e f i n i t e l y  rt pe l t i ng.

P ro o f :  D e n o t e  by  /  t h e  “u n r e n o r m a l i z a t i o n  o f  / ” i .e .  f  =  H f .  a n d

let /  b e  p r o p e r l y  / ' - r en o rm a l i za b l e .  Let a  b e  t h e  c r i t i ca l  p o in t  o f  f f c l o s e s t  

t o  t h e  / - p e r i o d i c  e n d p o i n t  p  o f  . / ( / )  l y i n g  o n  t h e  o p p o s i t e  s i d e  o f  p  a s  t h e  

d y n a m i c a l l y  s y m m e t r i c  c o u n t e r p a r t  p  o f  p.  Le t  a <  0 b e  t h e  i m a g e  o f  a  u n d e r
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t h e  s a m e  a f f ine  e h a n g e  o f  c o o r d i n a t e s  tha t  t a k e s  . 1 ( f )  o n t o  (0 .  1) in s u c h  a 

w a y  tha t  p  g o e s  o n t o  0.

f i r s t  n o t i c e  th a t  0  h as  t o  h e  a t o p o l o g i c a l l y  r e p e l l in g  f ixed po in t  o f  / ,  or  

ot h e r w i s e  n w o i d d  h e  ins ide' t  he  has in  o f  at t ract  ion o f  0  w h e r e a s  it is s u p p o s e d  

t o  h e  a p r e i m a g e  o f  t h e  cr i t i c a l  po in t  o f  an  in f in i t e ly  r e n o r m a l i z a h l e  m a p .  S o  

i f  w e  t h i n k  o f  /  a s  o f  a m a p p i n g  d e f i n ed  by  r e sc a l in g  o f  t h e  appropr ia te-  

p i e c e  o f  o f  t h e  g r a p h  o f  f  o n t o  t h e  in t erva l  ( e r . l )  w e  s e e  th a t  f ( o )  < e/. 

My Z ? -h o u n d e d n e s s  o f  /  o n  s o m e  d e f i n i t e  n e i g h b o r h o o d  o f  (0 .  1) <i has  to  he  

d e f i n i t e l y  s m a l l e r  t h a n  0.  i .e.  t h e r e  e x i s t s  a u n iv er s a l  ;/ >  0  such  tha t  —a >  u.  

since- / ' ( ( ) )  >  I a n d  f ' ( o )  — 0.  Hv P r o p o s i t i o n  a n d  a  s t r a i g h t f o r w a r d  

c a l c u l a t i o n  t h i s  y i e l d s  f ' ( U )  >  l + • <>r o t h e r w i s e  t h e  /M e - n g th s  o f  t i n y

i n t e r v a l s  a h o u t  0  w o u ld  unde'rgo  definite-  c o n t r a c t i o n  hy a  f ac t or  o f  at least  

+ v >()la t i o n  Prerpersit iern 1.

Here1 is the- c a l c u l a t i o n .  I n f in i t e s i m a l l y ,  w e  have- ferr t h e  Perincare me-trie 

ferrms

d / U ) (  0 )  =  —  +  -
—a (

f ' 0 < U  d i  \

= V  + V  s / 0 ( -  + ( T ^ j  •
< . r o  f  i l ± ^ r ± ! L )   ^ _

d l \ f a J c ) ( Q )  \ ( «  +  <’)( 1 +  t l ) }  V 0  + / * ) ( !  + " ]

We- have* p r e w e l  t h e  elefinite- r e p e l l in g  erf t h e  f - p e r i o d i c  po in t  o n  the- b o u n d ­

ary  erf . / ( / ) .  w h i c h  gere-s ernter 0  unele-r re-nerrmalizatiern.  T h e  ex i s t e - ne e  erf a



u n i v e r s a l  u p p e r  b o u n d  o n  / ' ( )  f o l l ow s  f rom 5 - b o u n d e d n e s s  o f  / .

If  t h e r e  w e r e  a n o t h e r  f i xed  p o in t  in s id e  ( 0 , c ) .  a ga in  by 5 - b o u n d e d n e s s  o f  

/ .  there'  h as  t o  b e  wel l  d e f i n ed  t he  one1 w h ic h  is c lo se s t  t o  0,  ca l l  it u»\ a n d  u.' 

l i as  t o  a t t r a c t  t o p o l o g i c a l l y  at least  on  i t s  left h a n d  s i d e ,  so  f ' u j  <  1; s i n c e  

f c  — c >  // by  a c a l c u l a t i o n  a l i k e  (2 )  th i s  w o u ld  a l s o  v i o l a t e  P r o p o s i t i o n  1.

O n  t h e  in t erva l  (r .  1} f  is d e c r e a s i n g  so  t h e r e  e x i s t s  e x a c t l y  o n e  f i xed  

p o in t  tt in s id e ,  w i t h  t h e  slope' s t r i c t l y  n e g a t i v e  h o u n d e d  a w a y  f r om  0  by  i h e  

p r o o f  o f  P r o p o s i t i o n  2. T h e  p r o o f  o f  definite'  r e p e l l in g  e>f n  is give-n in the1 

R e m a r k  (> be-low.  W e  are* deine*. □

R e m a rk  2 T h e o r e m  1 sheiws .  in p a r t i c u la r ,  th a t  su f f i c i e n t l y  dee-p in the* 

r e ' n o r m a l i / a t i o n  preue'ss the- large' r e n o r m a l i z a t i o n  int erva l  in the' se-nse* o f  

D e f i n i t i o n  2  coinc ide 's  w i t h  tfie' t h e  ‘b ig g er  r e n o r m a l i z a t i o n  in t e rva l '  eif /  a s  

d e f i n e d  in [(>] i.e-. the' . s t nal l f s l  i n t erva l  / ' ( / )  a b o u t  the1 cr i t i ca l  po in t  o f  /  su ch  

th a t  i t s  inverse1 orb i t  f o l l o w i n g  po s t - c r i t i c a l  orbi t  b a c k w a r d s  is a  c o l l e c t i o n

o f  i n t e r v a l s  | / _ l  / ' ( / ) ,  f ~ 2 l ' ( f ) --------, / ~ ^ ' ( / )  =  / ' ( / ) }  p erm ut e 'd  b y  /  an d

t  is m i n i m a l .  A s  a m a t t e r  o f  fact  by  th i s  we- a l s o  k n o w  th a t  dee*p in t h e  

r e n o r m a l i z a t i o n  t h e  case* d e s c r i b e d  in po in t  b )  o f  t h e  L e m m a  in fjl o f  [(j] 

c a n n o t  a c t u a l l y  h a p p e n ,  i.e-. t h e r e  is no  ‘r e n o r m a l i z a t i o n  o f  d e g r e e  1' p o s s i b l e  

t he're'.

R e m a r k  2 doe's not  m a t t e i  for the* structure* o f  t h e  a t t r a c t i n g  C a n t o r  set
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but is r e l evant  for u n d e r s t a n d i n g  wh at  h a p p e n s  o u t s i d e  t h e  a t t r a c t o r ,  as  we  

are  g o i n g  to  n e e d  in t h e  n ex t  c h a p t e r .

R e m a r k  3  T h e  p r o o f  o f  I h e o r e m  1 g o e s  t h e  s a m e  a l s o  for n o n - q u a d r a t i c  

s i n g u l a r i t i e s  o f  a n y  t y p e  |.r|" w i t h  o  >  I.

R e m a r k  4  D u e  t o  t h e  e x p o n e n t i a l  d e c r e a s e  o f  t h e  d e p e n d e n c e  on h (cf .  t h e  

p ro o f  o f  t h e  T h e o r e m  in 1 o f  [(>]). r e n o r m a l i z i n g  m a n y  t i m e s  w e  c an  m a k e  

c a s  c l o s e  t o  f  a s  w e  w i s h  so  tha t  t h e  in t erva l  (7r, 1) w o u l d  u n d e r g o  d e f i n i t e  

s t r e t c h i n g  u n d e r  f  a n d  r e p e a t i n g  t h e  a r g u m e n t  f ro m t h e  p r o o f  a b o v e  w e  s ee  

tha t  su f f i c i e n t l y  d e e p  in t h e  r e n o r m a l i z a t i o n  | / ' 1 |  >  1 +  t .

R e m a r k  5  C o n s i d e r  t h e  m a p p i n g  f 1 on t h e  in t erva l  (7T,7r) , w h e r e  t h e  ‘b a r ’ 

s t a n d s  for d y n a m i c a l l y  s y m m e t r i c  c o u n t e r p a r t ,  as  u sua l .  H y  t h e  R e m a r k  1 

c is n e a r l y  c e n t e r e d  in (t t ,  tt) for h igh  r e n o r m a l i z a t i o n s  so  w e  s e e  th a t  e i t h e r  

f * c  $  (?r. tt) or  w e  r a n  p r o c e e d  a s  in t h e  p r o o f  o f  P r o p o s i t i o n  3  , in e i t h e r  c a s e  

o b t a i n i n g  tha t  t h e  in t erva l  ( f  *c.  c)  c o m p r i s e s  a  d e f i n i t e  p r o p o r t i o n  o f  ( x . n ) ,  

t h u s  a d e f i n i t e  p r o p o r t i o n  o f  ( 0 .  1).

R e m a r k  6  f r o m  t h e  p r e v i o u s  r e m a r k  it f o l l o ws ,  by c o p y i n g  t h e  p r o o f  o f  

P r o p o s i t i o n  3 a n d  T h e o r e m  1 tha t  t h e  f i xed  po i n t  7r is a c t u a l l y  d e f i n i t e l y  

r e p e l l in g ,  i .e .  by  a f a c t o r  b o u n d e d  a w a y  f ro m 1.



5 D y n am ica l p artition

S o  far w e  h a v e  not a c h i e v e d  tli<* ful l  u n d e r s t a n d i n g  o f  i r r e d u c i b l e  o r b i t s  tha t  

c a n  o c c u r  in t h e  r e n o r m a l i z a t i o n  pr oc e s s .  N e v e r t h e l e s s ,  w e  are  a h l e  t o  carry  

out  a d y n a m i c a l  co n s t  r u c t i o n  l e a d i n g ,  u n d e r  m i l d  a s s u m p t i o n s ,  t o  a p a r t i t i o n  

o f  t h e  in t erv a l  w h ic h  is g e n e r a l  a n d  g o o d  e n o u g h  for m a n a g i n g  an e s t i m a t e  

o f  t h e  d i s t o r t i o n .  1’n f o r t u n a t e l y .  but  at n o  s u r pr i s e ,  w e  c a n n o t  h e lp  r e s t r i c t ­

in g  o u r s e l v e s  at  s o m e  po in t  t o  t h e  t h e  h o u n d e d  c o m b i n a t o r i c s  s i t u a t i o n  in 

t h e  s e n s e  o f  D e f i n i t i o n  1. T h e  c o n s t r u c t i o n  is v e r y  m u c h  l ike  tha t  in o f  

[5] in c a s e  o f  2 - r e n o r m a l i z a b l e  m a p s  a n d  g e n e r a l i z e s  it for o t h e r  in f in i t e l y  

r e n o r m a l i z a b l e  ca se s .

Let /  b e  an  i n f in i t e ly  r e n o r m a l i z a b l e  m a p  o f  ( 0 , 1 )  in t o  i t se l f .  Set  /  =  

/ „  =  11" f .  . /  =  ./„ =  • / ( / „ ) .  a n d  let / „  b e  p r o p e r l y  ( =  ( n — r e n o r m a l i z a b l e .  

Let . / "  =  a n d  . / '  =  b e  t h e  ( f „  — 2 ) - th  a n d  ( f„  — l ) - t h  p r e i m a g e s  o f  ./„ 

f o l l o w i n g  t h e  cr i t i ca l  orb i t  b a c k w a r d s ,  C  . / ' ,  =  / „ 7 ' .

P ro p o s it io n  5 F. i t h t r  . /"  =  . /  o r  a l l  d i s t i n c t  p n  i m a g e s  o f  J  ar t  p a i r w i s t  

d i s j o i n t .

P ro o f :  I f /  =  2 w e  h a v e  / , / '  =  . /" =  . /  a n d  t h e  t h e  right  h a n d  f i xed

po in t  p  has  to  b e  t h e  e n d p o i n t  o f  ./, o t h e r w i s e ,  i .e .  if f 2 ( p , p )  w e r e  n o t  

c o n t a i n e d  in ( p , p ) .  t h e  re tur n  t i m e  o f  t h e  cr i t i ca l  po i n t  c  t o  ( p . />). t h u s  a l s o  

t o  a n y  in t erv a l  c o n t a i n e d  in ( p ,p )  w o u ld  h a v e  t o  b e  l arger  t h a n  2. O n  t h e  

o t h e r  h a n d  ( p , p )  c a n n o t  b e  a  p ro p e r  s u b i n te r v a l  o f  J  b e c a u s e  in t h a t  c a s e  t h e
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i m a g e s  o f  . /  w o u ld  not b e  in t er ior  d i s jo in t .  T i m s  . /  +  (/)./>) a n d  t h e  in t er va l s  

. / . . / '  a b u t  at t In- p o in t  />.

If I >  2  n o  t w o  d i s t in c t  p r e i m a g e s  o f  . /  by  /  a b u t .  T h e  p r o o f  o f  th a t  g o e s  

as  fo l l o ws ,  f  irst n o t i c e  tha t  e v e r y  p r e i m a g e  o f  . /  ( s a v e  for . / ' )  is d i s jo in t  f rom  

. / '  b e c a u s e  t h e  left e n d p o i n t  o f  . / '  is a p e r io d i c  po int  w h ic h  orb i t  c o m p r i s e  

o n e  o f  t h e  t w o  e n d p o i n t s  o f  e a c h  in t erva l  in i h e  fo rw ard  orbi t  o f  . / '  u p  t o  ./: 

p r e i m a g e s  o f  . /  a re  e i t h e r  in t er ior  d is jo int  or c o i n c i d e  ( s e e  P r o p o s i t i o n  2);  if 

t h e r e  is a p r e i m a g e  o f  . /  . s ay  / . ,  o f  t h e  or d er  o f  i a d ja c e n t  t o  . / '  at t h e  right  

h a n d  e n d p o i n t  t h e n  e i t h e r  / <  / — 1 a n d  / ,+ l . / '  is a p r e i m a g e  o f  . /  a t t a c h e d  

t o  t h e  left h a n d  e n d p o i n t  o f  . / '  or

/ >  / -  1

a n d  t h e n  / ' L is a p r e i m a g e  o f  . /  a t t a c h e d  t o  . / '  at i t s  left h a n d  c: / .  At

a n y  ra te ,  if t h ere  is a p r e i m a g e  o f . /  a d ja c en t  t o  o n  e i t h e r  s i d e  t hen* is o n e  

a t t a c h e d  t o  at i t s  left h a n d  e n d p o i n t  a n d  t h e  f - t h  i t e r a t e  o f  /  p r e s e rv es  

o r i e n t a t i o n  in t h e  n e i g h b o r h o o d  o f  tha t  ( f i x ed )  p o in t .  T h u s  t h e  p r e i m a g e  o f  

. /  a d j a c e n t  t o  . / '  at i t s  left h a n d  e n d p o i n t ,  ca l l  it for  t h e  m o m e n t  J'"  if  t h e r e  

e x i s t s  o n e .  a c t u a l l y  ha s  t o  bo  o f  t h e  o rd er  j  <  / — I, for f t J " ' n , J " 1 /  W a n d  . / ' i s  

a p r e i m a g e  o f . /  o f  t h e / — 1—th  order .  S i n c e  w e  h a v e  t o  h a v e  t h e n  / J + l . /"' C J '  

a n d  + C . / ' " w e  ge t  / =  2 ( > - l ) ,  i n t e rv a l s  ( . / ' U . / ' " ) , / ( . / ' U . / ' " ) . . . .  / J ( . / 'U  

. / '") a re  p a i r w i s e  in t er io r  d i s jo in t  a n d  / • '+ , ( . / U /■' . / ' )  C ( . / U so  t h e  m a p

/  >s ( /  +  1 ) - r e n o r m a l i z a b l e  w h ic h  c o n t r a d i c t s  m i n i m a l i t y  o f  (  in t h e  d e f i n i t i o n  

o f  r e n o r m a l i z a t i o n  e x c e p t  for t h e  c a s e  ( — 2  a n d  j  =  0  d i s c u s s e d  be fo re .  N o w
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i f  a n y  t w o  p r e i m a g e s  o f  . / arc  a d j a c e n t . u n d e r  t h e  appropriate* i t e r a t e  o f  /  

I lie o n e  o f  t h e  t h e  s m a l l e r  o r d er  g o e s  1 ‘o m o r p h i r a l l y  o n t o  . /  w h e r e a s  the* 

o t h e r  g o e s  l i o m e o i i i o r p h i e a l l y  o n t o  a p r e i m a g e  o f  . /  a d ja ce n t  t o  . /  w h ic h  a f t e r  

o n e  m o r e  i t e r a t e  g i v e s  t h e  s i t u a t i o n  c o n t r a d i c t i n g  o n r  c o n s i d e r a t i o n  a b o v e .

□

be t  n o w  A  =  A „  d e n o t e s  t h e  in t erva l  s p a n n e d  by  . / ' U . /" a n d  let 7? =  7?„ b e  

a c o l l e c t i o n  r ’ ' 's d e l i n e d  as  fo l lows:

./ ■ =  { /  c  a  | f  "i  =  . / }  an d  u  . r  =  K
, , e«

w h e r e  (~) =  {(), I } if  /  =  2 a n d  (-) =  {(), 1 . 2 . . . . }  if  (  > 2 .

P u t  7?* =  7?* =  { I 6  T\  | I C  s p < m ( . l "  U . / ' ) }  a n d  7? =  7?„ =  7?*; w h e r e

t h e  'bar '  m e a n s  t h e  d y n a m i c  s y m i n e t r i c i t y .  a s  b e fo re .  F i n a l l y  w e  d e f i n e

r  =  v ( f n ) =  v n =  7 J u U r , ft*
i=0

W e  sa y  t hat  a n  e l e m e n t  A o f  ~P is o f  .7-th o rd er  if l \  =  .7. W e  n o w  p r o v e  

a f u n d a m e n t a l

L e m m a  1 I f  f  i s  a suf f i r i t  n t l y  hi gh rt n o r m a l i z a t i o n  o f  a n  m f i n i t d y  r t n o i -  

m a l i z a b l t  m a p  f  =  Q h  o f  bo u n d i d  t y p i  I .  wi t h t i n a s s u m p t i o n s  on  Q  a n d  h 

a s  in t i n  p v t  n o u s  r h a p t i  r, t h r u  f o r  i n  r y  i n t i r r a l  A C  (0 ,  1) . i f

 ̂U  / ' A  j n  . /  = 0  f o r  s o m t  i n l t i p r  j  >  0 .  t h i n

I / . ’ I

<  A r J\ P K \
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in th  c o n s t a n t s  .1 =  ,-1( /  ’) >  0 a n d  *, =  " >( / ) .  ( ) < " < !  which Oip tnO only  

on I .

P r o o f :  I K  T h e o r e m  I. R e m a r k  1 an d  b o u n d e d n e s s  t h e n '  e x i s t s  a u n i ­

ver s a l  x  su ch  tha t  t h e  a b s o l u t e  v a lu e  o f  t h e  d e r i v a t i v e  o f  /  is l arger  t h a n  

1 -f it* (d.  *)  a n d  (1 — s .  I) . T h e r e  a l s o  e x i s t s  a un iver sa l  0  >  0  su c h  tha t  

for e v e r y  p o in t  .r in t h e  in t erva l  ( k . c ) w e  h a v e  f x  >  .r +  0.  b e c a u s e  if  for  

s o u k '  ./■ G ( * . < ’) W(‘ ha d  f x  =  x  +  it w i t h  it v ery  sm a l l  t h e n ,  by  " H o l d e r  

b o u n d e d n e s s .  in s o m e  n e i g h b o r h o o d  o f  x  o f  t h e  ra d iu s  it' t h e r e  w o u ld  ex i s t  

a po in t  x'  s u c h  tha t  f x '  <  1 +  2i t  a n d  f x '  <  I +  it",  w h e r e

i t ' — i t ' ( i t ) ,  i f — > () a n d  0" =  0 " { 0 ) . O' — >0  
!>—•(> 1̂—0

a n d  s i n c e  f c  >  c  +  //  a n d  ./•' is u n iv e r s a l l y  d e f i n i t e l y  h o u n d e d  a w a y  f r om  0,  

t h e  P o i n c a r e  m e t r i c  in a m i n u t e  v i c i n i t y  o f  ./•' w o u l d  h a v e  to  h e  c o n t r a c t e d  hy  

a d e f i n i t e  f a c t o r  d u e  t o  a  c a l c u l a t i o n  a n a l o g o u s  to  in e q u a l i t y  (•{) in t h e  p r o o f  

o f  T h e o r e m  1, t h u s  c o n t r a d i c t i n g  P r o p o s i t i o n  1. Hy t h e  T h e o r e m  in tj-1 o f  

[h] w e  s e e  an  ‘a l m o s t  s y m m e t r i c '  s i t u a t i o n  o n  t h e  d e c r e a s i n g  b r an ch  o f  / ,  s o  

t h e r e  is o n l y  f i n i t e ly  m a n y  p r e i m a g e s  o f  7? o u t s i d e  (0,  a )  U (1 — k ) .  A l s o ,  t h e  

d e r i v a t i v e  o f  /  is h o u n d e d  a w a y  f rom 0  o n  e a c h  o f  t h e s e  p r e i m a g e s  i n c l u d i n g  

7Z i t s e l f ,  d u e  t o  t h e  ‘a l m o s t  s y m m e t r i e i t y ' .  R e m a r k  5 a n d  b o u n d e d n e s s  o f  / .  

'The a b o v e  disc u s s io n  w a s  t h e  p r o o f  th a t  it s u f f i c t s  t o  s h o w  t i n I n u r n a  w l u n  

l \  C  A .

F r o m  n o w  on  w e  s u p p o s e  w e  a re  in tha t  s i t u a t i o n .  If (  =  2  t h e n  / . / '  =  . /



a n d  t h e r e  is n o t h i n g  t o  pro ve .  W e  sha l l  m o w  ho a s s u m i n g  I >  2 .  so  tha t  by  

l ’ r o p o s i t o n  "> wo  h a v o  ga[>s b e t w e e n  t l io  p r o im a g o s  o f . /  a n d  wo  sha l l  ho  u s i n g  

t h e  / ’- h o u n d  o d  ( in an e s s e n t i a l  way.

B y  / - b o u n d e d n e s s  o f  (  a n d  t h e  u p p e r  h o u n d  on  f  t h e r e  is a l ower  h o u n d  

on  t h e  l e n g t h  o f  . /  a n d  s o  a l s o  on t h e  a b s o l u t e  v a l u e  o f  t h e  der ivat ive '  o f  

/ •  l / V I - l / V I <  a * *1"' e n d p o i n t s  o f  ./. T h e r e  is o n l y  h o u n d e d  n u m b e r  o f  o f  

f inal  s t e p s  w h e n '  t h e  i m a g e  o f  A c o u l d  p o s s i b l y  in t er sec t  t h e  forward  orb it  

o f  . / ' ,  s o  w e  m a y  a s s u m e  tha t  the- w h o l e  j - s t e p  l o n g  orbi t  o f  A is d i s jo in t  

w i t h  t h e  orb i t  o f  . / ' ,  i .e.  fal ls  in t o  t h e  g a p s  b e t w e e n  t h e  in t er v a l s  o f  t h e  

orbit,  o f  . / ' .  Let Q ( f ' K )  b e  t h e  g a p  c o n t a i n i n g  f ' l \ .  W e  sha l l  a l s o  d e f i n e  

t h e  n o t i o n  o f  t h e  i n c r e a s e d  g a p .  Re ca l l  I w a s  t h e  s m a l l  r e n o r m a l i z a t i o n  

in t e rv a l  w h i c h ,  by  D e f in i t i o n  2.  w a s  not  a d y n a m i c a l l y  s y m m e t r i c  o b j e c t ,  so  

w e  r a t h e r  c o n s i d e r  t h e  in t erva l  /  U I i n s t e a d ,  a n d  let r.  r  b e  t h e  e n d p o i n t s  

b e s i d e  p  a n d  p  r e s p e c t i v e l y .  In s id e  e a c h  p r e i m a g e  o f  . /  b e l o n g i n g  t o  t h e  

orb i t  o f  . / '  t h e r e  is an a p p r o p r i a t e  p r e i m a g e  o f  I U / ' .  B y  t h e  i n c r e a s e d  g a p  

c o n t a i n i n g  / ‘ A .  0 ' ( f  A  ) w e  u n d e r s t a n d  t h e  g a p  b e t w e e n  t h o s e  p r e i m a g e s  o f  

I U  / '  c o n t a i n e d  in t h e  p r e i m a g e s  o f  . /  d e l i m i t i n g  t h e  ‘regu lar '  g a p  

B y  t h e  '/’- b o u n d e d n e s s  a n d  ‘a l m o s t  s y m m e t  r i c i t y ’ o f  /  t h e  in t er va l s  (p.  r )  

a n d  ( r ,  p)  c o m p r i s e  a d e f i n i t e ,  h o u n d e d  a w a y  f r o m  0 f ra c t ion  o f  . / ,  s o  by  

b o u n d e d  c p i a s i - s y m m e t r i c  d i s t o r t i o n  e a c h  p r e i m a g e ,  up  t o  t h e  ( /  — 1 ) - t h . 

o f  t h e  in t erv a l  ( t . t ) f o l l o w i n g  t h e  cr i t i ca l  orb i t  b a c k w a r d s  h a s  a d e f i n i t e  

s p a c e  on  b o t h  s i d e s  w i t h i n  t h e  a p p r o p r i a t e  p r e i m a g e  o f  . / .  Let k  b e  t h e  first



time* s u c h  tha t  f k£ { l \ )  c o n t a i n s  an  e l e m e n t  o f  t h e  orh i t  o f  ./. W e  m u s t  h a v e  

k  <  / ;  o t h e r w i s e  f ‘Q ( l \ )  w o u ld  not  c o n t a i n  an y  e l e m e n t  o f  t h e  orh it  o f  ./' .  

w h i c h  i m p l i e s  f ' Q (  l\  ) =  ( A ). e n d p o i n t s  o f  Q ( l \ )  are* /  — p e r io d i c  r ep e l l in g

p o i n t s  d u e  t o  T h e o r e m  I a n d  so  t h e r e  e x i s t s  at least o n e  a d d i t i o n a l  / - p e r i o d i c  

p o in t  in s id e  t h e  g a p .  If \  is such an  / - p e r i o d i c  point  c lo se s t  t o .  say .  t h e  left 

e n d p o i n t  o f  t h e  g a p  a n d  th a t  left e n d p o i n t  g o e s  o n t o  t h e  per iodi c  e n d p o i n t  of  

. /  u n d e r ,  say .  m - t h  i t e r a t e - o f  /  th e n  ./ is a p ro p er  su b s e t  o f  ^ / m \ . / ’" \ )  an d  

t h e  l a t t e r  in t erv a l  has  t h e  p r e i m a g e s  fo l l o w in g  t h e  cr i t i ca l  orh i t  b a c k w a r d s  

pairwise* in t er io r  d i s jo in t  un t i l  it f al ls  ha ck  o n t o  i t s e l f ,  t h u s  v i o l a t i n g  the* 

d e f i n i t i o n  o f  t h e  r e n o r m a l i z a t i o n  in t erva l  . / .  f k t a k e s  t h e  in c r e a s e d  g a p  ( / ' ( l \ )  

h o m e o m o r p h i c a l l y  o n t o  i t s  i m a g e  c o n t a i n i n g ,  t h o u g h  m a y b e  l arger  larger  

t h a n  0 ' ( f k l \ ) .  P r o v i d e d  f k l \  r e m a i n s  in a g a p  we* se*e* tha t  f k f\  s t a y s  in a 

<le*finite* dis tance* a w a y  f r om  the* e n d p o i n t s  o f  Q ' ( f k l \ ) .  B y  7 ’-bounde*dne*ss  

the* ele*mc*nt o f  t h e  orbi t  o f c o n t a i n e - d  in f k Q ' ( h )  a n d .  say ,  c lose*st t o  f k I\ 

o n  e*ithe*r side* i f  the*rc* we*re* more* t h a n  one*, c u t s  o f f  a  cle*fiuite* f rac t ion  f rom  

the* in t e rv a l  (0 .  1) a n d  so  f r om  f k& ' ( i \ ) .  B y  P r o p o s i t i o n  1 the* l o s s  o f  the* P  

l emgth o f  l \  in Q ' ( l \ )  a l o n g  the* orb i t  o f  t h e  incre*ase*d g a p  up  t o  f kQ ' ( K )  c an  

be* a r b i t r a r i l y  s m a l l  i f  we* are* de*e*p in the* r e n o r m a l i z a t i o n ;  by the* a r g u m e n t  

above* the* / M e i i g t h  o f  f k l \  in Q ' ( J k l \ )  is b y  a d e f i n i t e  f ac t or  l arger  t h a n  

the* / M e n g t h  o f  f k I\  in f kQ ' ( l \  ) a n d  so  it is a l s o  by  a d e f i n i t e  f a c t o r  l arger  

t h a n  the* /■’- l e n g t h  o f  K  in Q ' ( K ) .  I’h is  definite* increase- f o l l o w s  f rom wh at  

we* alre*ady k n o w  a b o u t  the* Poincare* me-tric f r om  c a l c u l a t i o n  (U) in the* p roo f



o f  I h o o r r m  t: at a n y  po in t  d e f i n i t e l y  h o u n d e d  a w a y  f rom t h e  e n d p o i n t s  o f  

a n  in t e rv a l  c o n t a i n i n g  tha t  po in t  t h e  in f i n i t e s i m a l  / ' - l e-ngth for m is d e f i n i t e l y  

d e c r e a s e d  if  w e  d o  not m o v e  t h e  po in t  a n d  in c r e a s e  t h e  in t erva l  ( o n  e i t h e r  

s i d e )  by  g l u i n g  a p i e c e  w h o s e  l e n g t h  is a d e f i n i t e  f ra c t i on  o f  t h e  in i t i a l  l e n g t h .  

S o  t h e  ot  her  w a y  t he  / M e n g t  h form is d e f i n i t e l y  i n c r e a s e d  if if w e  cut  a d e f i n i t e  

f r a c t i o n  o f  t h e  in t erva l  off.  For t h e r e  is a d e f i n i t e  s p a c e  on  b o t h  s i d e s  o f  t h e  

in t e rv a l  Q(  f k / \  ) e m b e d d e d  in G ' ( f k l \ )  t h e  P o i n c a r e  a n d  s t a n d a r d  m e t r i c s  are  

e q u i v a l e n t  on  Q  ( A  ); I h is  p e r h a p s  g o i n g  t h r o u g h  the' c i rcu i t  o f  the1 / ' - l e n g t h  

increase'  s e v e r a l  m o r e  t i m e s ,  c o n c l u d e s  t h e  p r o o f  o f  t h e  l e m m a .  □

N o w  w e  derive-  an imuie-el iate

C o r o l la r y  2 P  is a p a r t i t i o n  o f  (0. 1).

P ro o f :  1’ re'image's o f  . /  are- in t er i or  d i s jo in t  or coincide*; i f  the-re* we're*

a n  i n t e r v a l  e l isjoint  w i t h  al l  the- pre image- s  by  t h e  first part  o f  t h e  p r o o f  o f  

L e m m a  1 afte-r a f in i t e  t ime'  it w o u ld  have- t o  fall  in t o  o n e  o f  the* g a p s  in A  

anel s t a y  fore*ve*r in t h e  g a p s ,  s o  i t s  l e n g t h  w o u l d  g ro w  t o  in f in i ty .  □

C o n s t r u c t io n  o f  th e  g e n e ra te d  M a rk o v  m a p . A s  e*xpe*cted w e  che>ose 

t h e  conse ' cu t ive '  l a rge  r e n o r m a l i z a t i o n  in t e rv a l s  t o  f o rm  t h e  ne-ste-d f a m i l y  o f  

n e i g h b o r h o o d s  o f  c,  referre-d t o  in t h e  a x i o m s  for t h e  M a r k o v  m a p s  o f  C h a p ­

t e r  2.  The* i te'rate o f  /  th a t  m a k e s  the* m a p  (prope -r ly)  r enor mal i za b l e -  on
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th a t  l ar ge  r e n o r m a l i z a t i o n  i n t e r v a l . a f t e r  r e m o v i n g  t l i e  m i d d l e  part o v e r l a p ­

p i n g  t h e  r e n o r m a l i z a t i o n  in t erv a l  o f  t h e  nex t  o r d e r  g i v e s  t h e  t w o  b r a n c h e s  o f  

tin* g e n e r a t e d  M a r k o v  m a p  at th i s  l eve l .

Top o l og i c a l  a x i o m s  I I -  I d  a n d  I 5 f o l l ow  i m m e d i a t e l y  f r om  t h e  c o n s t r u c ­

t i o n .  A x i o m  I I  c o m e s  f r om  C o r o l l a r y  2 a b o v e .

A n a l y t i c a l  a x i o m s  A l  a m i  A d  resul t  f rom t h e  c o n s t r u c t i o n  ( A d  us e s

b o u n d e d  c o m b i n a t o r i c s ) .  A l  f o l l ow s  f rom T he or e m  1 o f  C h a p t e r  1 a n d  A 2

fr o m  t h e  L e m m a  1 in t h i s  <1 , * t .

This  w a y  t h e  p r o o f  o f  t h e  m a i n  t h e o r e m  ( ' T he or e m  2 o f  C h a p t e r  2 )  is

c o m p l e t e .
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6 U p grad in g  o f  L ip sch itz  con tin u ou s conju ­
g a t e s

In t l i i s  p a r i ,  w r  s l ia l l  b e  c o n c e r n e d  w i l l i  d y n a m i c a l  s y s t e m s  a r i s in g  f rom  

C 1 — s m o o t h  t m i m o d a l  m a p s  o f  t h e  int erva l  I w i t h  t h e  s i n g u la r i t y  at t h e  

c r i t i c a l  po in t  c  w h i c h ,  p e r h a p s  a f t er  s m o o t h  c h a n g e  o f  c o o r d i n a t e s  t a k e  t h e  

f o rm  o f  t h e  p o w e r  l aw  |.r|" in s o m e  o p e n  n e i g h b o r h o o d  I 3  c.  w i t h  o  >  1.

F ix  t h e  p o w e r  o  an d  d e n o t e  hy A  t h e  c la s s  o f  m a p s  f  s a t i s f y i n g  all o f  t h e  

a b o v e  a n d  s u b j e c t  t o  t h e  C o n d i t i o n s  1 a n d  2  be low :

C o n d it io n  1

( 1)

D e n o t e  c l { f n( c ) } ' „ _ t) by  C j .  Phis  is a c l o s ed  m e t r i c  s u b s p a c e  o f  / .  A c t i o n  

o f  /  r e s t r i c t e d  to  C / ,  /  =  f \ c r  m a k e s  t h e  pa ir  { f . C j }  i n t o  a t o p o l o g i c a l  

d y n a m i c a l  s y s t e m .

The  s e c o n d  c o n d i t i o n  wo shal l  b e  a s s u m i n g  a b o u t  { f . C j }  is:

C o n d it io n  2 T h t n  t l i s t s  a th ns t  s u b s t l  o f C j  nint h o f  p r t n n n g t s  o f  c.

N o w  t a k e  a n o t h e r  m a p  in A .  s a y  g.  a n d  s u p p o s e  tha t  t h e  s y s t e m s  { f . C / } .  

{ g X , , }  a r e  t o p o l o g i c a l l y  c o n j u g a t e  by  a  h o m e o m o r p h i s m  h : C j  C g .

F r o m  n o w  o n  w e  wi l l  u s e  t h e  n o t a t i o n

r = /i(.r).

:W



It m a k e s  s e n s e  t o  sa y  tha t  h has  a d e r i v a t i v e  at a point  r in C j  i f  t h e  l imi t

l im  , — -
v—■r..v€t'/ if — r

e x i s t s .  H er e  w e  h a v e  a t h e o r e m .

T h e o r e m  5  I f  li is b i h p s i h i l :  l l u t i  H u n  < n s t  ( n o n - r a n i s l u i u ) )  dt  n r a l i n  s 

h ' ( r )  m u l  ( l r l ) ' (h( , - ) ) .

P r o o f .  Hy  v i r t u e  o f  C o n d i t i o n  2 w e  m a y  a s s u m e ,  w i t h o u t  a n y  l os s  o f  

g e n e r a l i t y ,  th a t  al l  t h e  p o i n t s  in t h e  fo l l o w in g  c o n s i d e r a t i o n  are  a c t u a l l y  

p r e i m a g e s  o f  c.

f o r  all  I €  C j .  w e  wi l l  d e f i n e  t w o  q u a n t i t i e s  w h ic h  are  k ind  o f  l oca l  m e a ­

s u r e  o f  ‘d i s t o r t i o n  f r o m  s m o o t h n e s s ’ ( or  m o r e  pr e c i s e ly  ‘d i s t o r t i o n  f ro m s y m -  

m e t r i c i t y ’, hut  w e  w ork  u n d e r  t h e  h y p o t h e s i s  o f  L ip sc h i t z  c o n d i t i o n ) .  T h e y  

wil l  b e  ref erred t o  a s  B a d n e s s  a n d  b a d n e s s .  H er e  t h e y  are:

l h ( t )  =  1 s u p inf

M * ) =  I s u p inf

b ( t )  =  l i m  s u p / ^ ( f ).
.‘i—O

O f  c o u r s e  w e  a l w a y s  h a v e  j -  >  B  >  h >  1, w h e r e  M  a n d  K  a re  t h e  u p p e r  

a n d  l ow er  L i p s c h i t z  b o u n d s  o n  h r e s p e c t iv e l y .  A l s o  n o t i c e  t h a t  B a d n e s s  ( a n d  

b a d n e s s )  a re  C 1—s m o o t h l y  in va r i an t .
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D i f f e r e n t i a b i l i t y  o f  h at e  is t a n t a m o u n t  to  b( r )  =  1, s i n c e  w e  h a v e  t h e  

L i p s c h i t z  c o n d i t i o n .

W o  a s s u m e  th a t  c  is not  p er i o d i c ;  o t h e r w i s e  t h e  T h e o r e m  h o l d s  t r iv ia l l y .  

S u p p o s e  t h e n  th a t  t h e  d e r i v a t i v e  d o e s  not e x i s t ,  s o  t h e r e  is a p o s i t i v e

£ su c h  th a t  a r b i t r a r i l y  c l o s e  t o  e  o n e  can  f ind a pa ir  o f  p o i n t s  .r . / /  G C-j

sat  i s f y in g

it .r
-  : -  >  1 +  c . ( 5 )
U

S t e p  1 .  I In ‘f o u r  p o i n t s '  nvi j imi i  n l . W e  f ind .r, y  s a t i s f y i n g  ( 5 )  in I . 

O n  t h e  t i n y  n e i g h b o r h o o d s  o f  s  a n d  y  f  a c t s  a l m o s t  l in ea r l y  a s  f ' ( s )  a n d  

/ ' ( ; / )  r e s p e c t i v e l y ,  w i t h  a rb i t ra r i l y  s m a l l  error .  O n  t h e  c o n j u g a t e  p i c t u r e  </ 

a c t s  a l m o s t  l i n e a r ly  in t h e  s m a l l  ( c o n j u g a t e )  n e i g h b o r h o o d s  o f  ,r a n d  ?/, th u s  

w e  h a v e

B ( f ( . r ) )  =  / ] ( , ) <  — < 1 * ^ 1  ((>)
l \

=  H { y )  <  ( ? )
i \

B e c a u s e  o f  ine < |ua l i t y  ( 5 )  w e  h a v e

f ' ( y )  c  /'(•>•) 1

y ' ( y )  "  .</'(•*■) ( i

S o ,  at l e a s t  o n e  o f  t h e  a b s o l u t e  v a lu e s  o f  t h e  l o g a r i t h m s  in (6 )  or  ( 7 ) ,  sa y  t h e  

o n e  in  (t i ) ,  h a s  t o  b e  l arger  t h a n

I«g( 1 +  t ) =;  -  l og  /L
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S a m e  is t r u e  for  ̂— Haclne'ss if  h is s m a l l  e n o u g h .  S o  wo h a v e  fo un d  a p o in t ,  

n a m e l y  ,r, su ch  tha t  in i t s  su f f i c i e n t l y  s m a l l  n e i g h b o r h o o d  t h e  B a d n e s s  d o e s  

not  re aeh  t h e  u p p e r  b o u n d  o f  ^  but  is s m a l l e r  t h a n  ^  by a d e f i n i t e  m ul t i -  

p l i e a t i v e  fac to r  o f  :i <  1.

S te p  2. l i t  c u m  n e t . N o w .  recal l  w e  a s s u m e d  .r w a s  a  p r o i m a g e  o f  c.  

s a y  — c. B y  t h e  s m o o t h  in v a r i a n c e  o f  B a d n e s s ,  I i ( f l ( x ) )  =  / / ( . r ) for

a n y  f i n i t e  / s o  / f ( c )  <  . i j l .  ( B y  t h<' way.  n o t i c e  tha t  by  th i s  r e m a r k  a l s o

my) <
O n  t i n y  n e i g h b o r h o o d s  o f  .r act  ion o f  f "  is v i r t u a l l y  l inear  w i t h  arbi t  rari l y  

s m a l l  e rror ,  s o  w e  a l s o  h a v e  / ^ , ( c )  <  d j l  p r o v i d e d  is su f f i c i e n t ly  s m a l l .

But  f =  V  a n d  let / t bo a s y i m n e t r i c  n e i g h b o r l i o o d  w i t h  d i a m e t e r  e q u a l  t o  

s u c h  a  <*)j . O f  course'  for a n y  po in t  / €  C j  H / j  it is a l s o  true' tha t  H ( l )  <  r f j l ,  

a n d  same'  for  ̂— B a d n e s s  wit  h s u f f i c i e n t l y  s m a l l  b.  Let t  b e  t h e  m o m e n t  o f  

f irst  r e tu r n  o f  t h e  orb i t  o f  r  in t o  I

N o w  c o n s i d e r  a n e w  .r an d  a  n e w  y  ( w e  k ee p  t h e  s a m e  n o t a t i o n ,  h o p e ­

fu l l y  w i t h  no  c o n f u s i o n )  w h i c h  s a t i s f y  (a )  an d  are  b o t h  e x t r e m e l y  c l o s e  t o  c  

c o m  part'd to  t h e  d i a m e t e r  o f  / | .  O n  t h e  n e i g h b o r h o o d s  o f  t h o s e  n e w  .r a n d  

g  w i t h  t h e  d i a m e t e r  m i n u t e  c o m p a r e d  to  mi n ( | . r  — r | ,  | y  — r | )  /  a c t s  a lm o s t  

l i n e a r l y  b y  f . T h e  s a m e  is t r u e  on  t h e  c o n j u g a t e  p i c t u r e  for g.

f f ~ x a l o n g  t h e  o r b i t s  o f  f ( x )  a n d  / ( ? / )  a c t s  a l m o s t  l in ea r ly  011 f  ( m i n u t e  

n e i g h b o r h o o d  o f  x )  a n d  f  ( m i n u t e  n e i g h b o r h o o d  o f  y )  r e s p e c t i v e l y ,  a n d  t h e  

a n a l o g u e  for / / ,  but  t h i s  t i m e  w e  re turn  in t o  l \  w h e r e  w e  k n o w  a  priori  tha t



B a d n e s s  is h o u n d e d  b y  ,1^1,  s o  w e  have- a m o d i f i e d  ver s i on  o f  ((>). ( 7 ) .  n a m e l y

\ l  _ l l n . u' ' T i/ ifU 
H ( f ' ( . r ) )  =  H( . r )  <  I «T<7> |_ ( 8)

h

m f ' ( u ) )  =  m y )  <  1 ^  i'(9oai|_ (())_  ^

N o w  n o t i c e  th a t  c h o o s i n g  t l i e  n e w  .r a n d  // su f f i c i en t l y  c l o s e  t o  r  w e  can  

l i a v e  t h e  d i s t a n c e  | / ( . r )  — / ( ; / ) | ( |c/(,r) — r/(»/)| r e s p e c t i v e l y )  s o  s m a l l  tha t

i-wiK'f''}'' a , , ( l W'H b o t h  a r b i t ra r i l y  c l o s e  t o  1 or in o t h e r

w o r d s  t h e  q u a n t i t i e s

( f ^ ' ] Y ( f ( . r ) )  i f ' - l ) Y ( f i y ) )  

(<){e~ l ) Y{<f ( - r ) ) ' {</{f ~ l ) Y( <i ( y ) )

ca n  b e  m a d e  n e a r ly  i d e n t i c a l  w i t h  a r b i t ra r i l y  s m a l l  error .

T h u s  bv  t h e  a r g u m e n t  a s  in S t e p  1 at l e a s t  o n e  o f  t h e  a b s o l u t e  value's  

o f  t h e  l o g a r i t h m s  in (8 )  or ( 9 )  has  t o  b e  l arger  t h a n  — log  /f. "This t e l l s  tha t  

m  >') [ , t)r e q u i v a l e n t l y  11(1/))  d o e s  not e x c e e d  / f2^ .  N e i t h e r  d o e s  B ( c )

a n d  s o  a l s o  b — B a d n e s s  for su f f i c i en t l y  m i n u t e  b's  o n  a  a p p r o p r i a t e l y  s m a l l  

s y m m e t r i c  n e i g h b o r h o o d  V 2 o f  r.  R e p e a t  t h i s  a r g u m e n t a t i o n  r e c u r r e n t l y  w i t h  

I i J  e . t . c .  [ l og  j j  /  l og  T] +  1 t i m e s  t o  get  H ( c )  <  1, a  c o n t r a d i c t i o n .  

A l o n g  t h e  saint '  l i n e s  w e  p r o v e  t h e  e x i s t e n c e  o f  ( h ~ l ) ' ( h ( c ) ) .  □

R e m a rk  7 N o t i c e  th a t  a l t h o u g h  B a d n e s s  ra th e r  t h a n  b a d n e s s  w a s  ou r  m a i n

^



t o o l  in t h e  p r o o f  w e  c a n n o t  p r o v e  in t h i s  g en er a l  s e t t i n g  th a t  I i { c )  =  1. 

A c t u a l l y  w e  h a v e  o n l y  p ro v ed  th a t  b(c)  =  1.

R e m a r k  8  O f  c o u r s e  for a l l  p o s i t i v e  in t eg er s  i a n d  all  i n v e r s e  b r a n c h e s  s . t .  

f ~ ' ( c )  6  (.’ /  w e  a l s o  h a v e  b ( f ~ ' ( r )  =  I a n d  so  ( l i e  d e r i v a t i v e  o f  h e x i s t s  at all  

t h e  p r e i m a g e s  o f  r. H o w e v e r  in o u r  g en er a l  s e t t i n g  t h e r e  is no  w a y  t o  carry  

t h i s  d i f f e r e n t i a b i l i t y  p r o p e r t y  o v e r  o n t o  t h e  w h o l e  set C f ,  dc  . ; 1 d e n s i t y  o f  

t h e  p r e i m a g e s  o f  c.  C o m p a r e  t h e  ne x t  s e c t i o n .

id
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7 U p grad in g  o f  L ip sch itz  con tin u ou s conju ­
g a t e s  -  in fin ite ly  renorm alizab le case

In t h i s  c h a p t e r  w e  o n c e  ag a in  res t r i ct  on r  a t t e n t i o n  t o  t h e  c a s e  o f  in f in i t e l y  

r e n o r m a l i z a b l e  u n i m o d a l  m a p s  o f  t h e  in t erva l  I o f  h o u n d e d  c o m b i n a t o r i a l  

t y p e .  S i n c e  w e  ar e  g o i n g  to  m a k e  u se  o f  t h e  t h e o r e m s  f ro m t h e  p r e v i o u s  

c h a p t e r s ,  w e  sha l l  a s s u m e  that  th e i r  h y p o t h e s e s  are  satisfic'd in t h e  s e q u e l .

F r o m  n o w  on  w e  c o n s i d e r  a pa ir  o f  c o n j u g a t e  m a p s  /  an d  c/ l ike  a b ov e ;  

w e  wi l l  k e e p  “t h e  p ure '  n o t a t i o n  for o b j e c t s  a r i s in g  in tin* p i c t u r e  for /  a n d  

“t tie b ar '  n o t a t i o n  for t h e  c o n j u g a t e  o b j e c t s  in t h e  p i c t u r e  for <). W e  a s s u m e  

tf iat tin* c o n j u g a t i n g  h o m e o m o r p h i s m  h,  w h ic h  is n o w  de f i n ed  on  t h e  w h o l e  

in t er v a l .  / » : / —►/ ,  w h e n  r e s t r i c t e d  t o  t h e  c l o s u r e  o f  t h e  p o s t - c r i t i c a l  orbi t  

C j  s a t i s f i e s  t h e  b i - b i p s c h i t z  c o n d i t i o n  t h e r e  w i t l i  u p p e r  a n d  l o w er  h o u n d s  M  

a n d  A  r e s p e c t i v e l y .

bet  L n ^  c,  n =  0 ,  1 , 2 , . . .  b e  t h e  b a s i c  s m a l l  r e n o r m a l i z a t i o n  in t erv a l  ( i . e .  

h o u n d e d  by  t h e  a p p r o p r i a t e  p o i n t s  o f  tin* p o s t - c r i t i c a l  o r b i t )  at t h e  d e p t h  n 

in t h e  p r o c e s s  o f  r e n o r m a l i z a t i o n ,  L n =  ( / ( c ) . / '*((' )) .

B y  t h e  d e f i n i t i o n  o f  L n t h e r e  e x i s t s  a  p o s i t i v e  in t e g e r  r  — r ( f , n )  su c h  

th a t  f  L„ — l . n a n d  f t  f J L„ =  0 for 0  <  / <  j  < j\  b e t ' s  d e n o t e  b y  ('„ 

t h e  c o l l e c t i o n  o f  in t e r v a l s  ( ' n =  { f  L n } r,Zo- W  c o u r se

= n u c
ti>0 f€C„

B o u n d e d  c o m b i n a t o r i c s  wi t l i  t h e  h o u n d  I  m e a n s  tha t  at m o s t  i  e l e m e n t s

M



o f  ( '„+ i are  c o n t a i n e d  in L n for all  11 >  0.

N o w  in p la c e  o f  s t a n d a r d  L ip s c h i t z  b o u n d s  l \  a n d  M  on  h \ c f w e  c o n s i d e r  

n e w  b o u n d s  K . .VI r e la t e d  t o  t h e  w a y  t h e  C a n t o r  set C j  is o b t a i n e d  th r o u g h  

t h e  n e s t e d  f a m i l y  o f  c o l l e c t i o n s  o f  in t erv a l s .  Set

. .  . f  \ C \  M  \ c \

K M ’l =  su , )  TF\

a n d

A. =  l im  A „  ,V|  =  l i m  .V f „ .7i —* n—*-x

C l e a r l y  / \  <  A <  h ’( c )  <  .Vf <  M  w h e r e  h ’( c )  is t h e  d e r i v a t i v e  o f  t h e  

c o n j u g a c y  at t h e  c r i t i ca l  po in t  c  in t h e  s e n s e  o f  t h e  p r e v i o u s  c h a p t e r .

A s  a t e c h n i c a l  t o o l  w e  w i l l  i n t r o d u c e  o n e  m o r e  n o t i o n  o f  d i s t o r t i o n .  For  

x  £  C j  let u s  set

R « ' > -  m  M  " 1( i ,  ® ) -  " "\ r c ( j - ^ + » | . £ e U r , ' v  \ t c ( j \‘~\ J

=  l im
6—►()

H en -  w<‘ p r o v e  t h e  fo l l o w i n g  t h e o r e m .

T h e o re m  6 I ' ndi  r  t he  a b o r t  h y p o i h t s t s  o n  f  a n d  g  B { x )  =  1 at  t v e v y  

p o i n t  x  £  Cj .

P r o o f  If t h e r e  e x i s t s  a  po in t  .r £  C j  w i t h  t h e  p r o p e r t y  th a t  B ( . r )  =  y >  1 

t h e n  bv  t h e  a r g u m e n t  th a t  tin* a c t i o n  o f  a  f in i t e  ( t h o u g h  p e r h a p s  ve r y  l o n g )
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c o m  pos i t  ion o f  f ' s  ( or  r/'s. rcsp<'ct i v c l y ) is virt i i a l l y  l inear  on  suf f ic ient  ly s m a l l  

n e i g h b o r h o o d s  o f  .r w e  c o u l d  p u sh  th i s  p r o p e r t y  forward  i n t o  arbit  rari l y s m a l l  

n e i g h b o r h o o d  o f  t h e  cr i t i c a l  po in t  c.  so  it is e n o u g h  to  s h o w  tha t  B ( c )  =  1. 

S u p p o s e  t h e n  tha t  B ( c )  =  >  I . First  w e  po in t  out  t w o  f a d s :

I. F a d  I. H i g r , | I  | d e c r e a s e s  e x p o n e n t i a l l y  in /  for e v e r y  in f in i t e ly  

r e n o r m a l i z a h l e  m a p  (cf .  §d o f  [ti]).

is e x p o n e n t i a l l y  s m a l l  in ( /  -  n )  for in f i n i t e ly  r e n o r m a l i z a b l e  m a | ) s  o f

N o w  c o n s i d e r  an in t erv a l  A €  ( )  ( /  wi l l  var y  in t h e  c o n s i d e r a t i o n s  b e l o w )  

a n d  a n o t h e r  int erva l  12 C A,  12 €  L K ’■ ( w e  th i n k  o f  12 ve r y  short  r e la t i v e  t o  

A or 12 6  0+ ; j<  P »  1)- b<‘t s b e  t h e  first m o m e n t  w h e n  t h e  i t in e r a r y  o f  A 

u n d e r  /  i n t e r s e c t s  L„ ,  / ’ A C a n d  c o n s i d e r  t h e  q u a n t i t y

I i y  F a c t s  1 a n d  2 t h i s  q u a n t i t y  c a n  be  m a d e  a rb i t ra r i l y  c l o s e  t o  1 p r o v id e d  

( / - / / )  i s  l a rg e  e n o u g h .  T h i s  is t r u e  b e c a u s e  in t h e  par t  o f  t h e  i t in e r a r y  th a t  

g o e s  t h r o u g h  V  ( s e e  t h e  n o t a t i o n  at t h e  b e g i n n i n g  o f  t h e  p r e v i o u s  c h a p t e r )  

J '  is L i p s c h i t z .  h o u n d e d  a w a y  f r om  z ero  a n d  w e  ca n  u s e  F a c t  1 th ere .  O n  I \

2.  F a d  J.

h o u n d e d  t y p e  <  / ’, b e c a u s e  o f  ' h o u n d e d  g e o m e t r y  p r o p e r t y '  (cf .  §15  o f



/ '  ca n  bo  s m a l l ,  but  tlit' part o f  t h e  i t in e r a r y  tha t  g o e s  t h r o u g h  I a d d s  to  

t h e  d i s t o r t i o n  o f  t h e  ( p i a n t i t y  ( 1 2 )  f r om  1 o n l y  t h e  ta i l  o f  a g e o m e t r i c  s er i e s ,

by  f a c t  2 .  S o  t h e r e  e x i s t s  n () s u c h  th a t  i f  ( /  — n )  >  ?i() t h e  l o g a r i t h m  o f  t h e

q u a n t i t y  ( 1 2 )  is m u c h  s m a l l e r  t h a n  log") .  W e  ca n  a l s o  c l a i m  t h e  s a m e  for </, 

m a y b e  i n c r e a s i n g  n ().

T h u s .  if w e  h a d  !4! =  t a n d  =  a  w e  st ill can  h a v e
|A| |»|

I . P A 1  , \ .n i \  _  r

1.9" AI ‘ ~  "

w i t h  a r b i t r a r i l y  s m a l l  error .

N o w .  i f  w e  ar e  v e r y  c l o s e  t o  c,  i .e .  n  is v e r y  l arge ,  w e  c a n  h a v e

r ^ r »W A |

a n d  a l s o

d , » t ( c M )  ~  ( )

w i t h  a r b i t r a r i l y  s m a l l  e rror  ( reca l l  w e  a s s u m e d  j^j «  1). In t h e  set C  f  a n d  

(j act  a s  t h e  p o w e r  l aw  s o  a f t er  o n e  m o r e  s t e p  w e  hav(> ( w i t h  a r b i t r ar i l y  

s m a l l  e rror )

L T ' A I  .  I / ’ AI ................ .

i F I i ' 1 ( ”

a n d  i f  i l  w a s  v e r y  s h o r t  c o m p a r e d  t o  d i x l ( c A l )  w e  a l s o  h a v e  ( w i t h  arb i t ra r i l y  

s m a l l  e rror )

| / " + ' A |  | / » + ' 0 |  _  r
| < / * + I A |  ■ .</’ + ' n I  ~  a'
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N o t i c e  tha t  w e  first c h o o s e  a n d  fix n 0 t o  m a k e  t h e  c h a n g e  o f  ^ a l o n g  

t h e  c ircu i t  ‘far f rom t h e  cr i t i ca l  p o i n t '  very  s m a l l  a n d  t h e n  w e  m o v e  tha t  

i n f o r m a t i o n  t o w a r d  t h e  cr i t i ca l  po in t  b y  i n c r e a s in g  n t o  h a v e  t h e  c h a n g e  o f  ^ 

a r b i t r a r i l y  s m a l l  in t h e  s t e p  “d o s e  t o  t h e  cr i t i ca l  p o i n t ’. N o w  w e  g o  t h r o u g h  

t h e  nex t  c i r cu i t  un t i l  t h e  m o m e n t  w h e n  t h e  i m a g e  o f  / ,+ l A fal l s  a ga i n  in t o  

/ . „.  B e c a u s e  t h e  e s t i m a t e  o f  t h e  c h a n g e  in ^ w e  g a v e  a b o v e  by F ac t s  1 a n d  2 

w a s  an  u p p e r  e s t i m a t e  u s i n g  all t h e  in t e rv a l s  o f  ( \  not c o n t a i n e d  in , w e  

o n l y  us ed  a frac t i on  o f  t h o s e  in t h e  first c i rcu i t  a n d  w e  ca n  k e e p  t h e  s a m e  

e s t i m a t e  for t h e  i t in e r a r y  c o n t a i n i n g  i h e  first a n d  s e c o n d  c i r c u i t s .  T h e n  w e  

are  a ga in  inside- l .„ a n d  us e  t h e  a r g u m e n t  a b o u t  | )" for t h e  s e c o n d  t i m e ;  

t h e n  w e  g o  t h r o u g h  t h e  nex t  c i rcu i t  k e e p i n g  t h e  or ig in a l  e s t i m a t e  for t h e  

w h o l e  part  o f  t h e  i t in e r a r y  o u t s i d e  /,„ a n d  s o  for th  t i l l  a f t e r  n o  m o r e  t h a n  

( n , ) ) 1 v i s i t s  in / .„ A fal l s  o n t o  But  i f  11 w a s  l arge  e n o u g h  ( reca l l  a g a in  w e  

c h o o s e  it a f t e r  n () w as  f i xe d ) ,  t h e  c h a n g e  o f  ^ by t h e  ( n o ) 1 o f  ‘M 1*' s t o p s  can  

b e  m a d e  a r b i t r a r i l y  s m a l l .  C o n c l u s i o n  o f  al l  t h e  above-  is t h e  fo l l o w in g

C l a i m  1 lor  any A €  ( ’1, a'ith I laryi tnough, and U C A. il <E ( )+,,■ 

p »  1, if trf hart
m  m  =  r  

I a |  • in i  a

a n d  I is t in s n i a l l i s t  n a mix r such that

r  a  =  l ,

■IS



t hin

I.'/AI ' I.'/'H| ~  "
wi th  a r b i t r a r i l y  s m a l l  i r r o r ,  p r o r i i h i l  I a n d  p  a n  la rip in o i i q h .

□

W e  a rc  n o w  in a p o s i t i o n  to  p r o c e e d  t o w a r d s  t h e  c o m p l e t i o n  o f  t h e  proof .  

L et ' s  p ick  an  in t erv a l  A t  ( s uc h tha t  for th i s  int erva l  t h e  h o u n d  M  is 

a l m o s t  a s s u m e d ,  i .e .  j-̂ j ~  „Cf v i t h  ve ry  s m a l l  e rror  an d  q  is very  l arge  so  

th a t  t h e  c o n s i d e r a t i o n s  a h o v e  a n d  t h e  C l a i m  ho ld .

Set

a =  l i m  in f  L J
t c A . r e U ^ / ' .  |I'|

a n d  let SI C  A.  SI €  LK  '■ h e  an int erva l  tha t  is very  short  w i t l i  respect ,  t o  A 

( i . e .  SI 6  ('</+,,' w i t h  q'  v ery  l arge )  such  th a t  t h e  a  h o u n d  is a l m o s t  a s s u m e d  

on  Ji.  i .e .  Jjij % a .  For su c h  A a n d  $) w e  h a v e  (w i t h  arb i t ra r i l y  s m a l l  e rror )

| a i

IA | ' |H|  ~  a ‘

H y  t h e  C l a i m  a h o v e  t h i s  "almost  e q u a l i t y  is p re se rv ed  a l o n g  t h e  forw ard

i t i n e r a r y  o f  A u n t i l  s o m e  i m a g e  o f  A.  sa y  / ' A ,  fal ls  o n t o  / , ,  for t h e  first t i m e .

Hut  £ 4 1  % h' ( c ) .  s o  Ifl'AI

1«)



a n d  for a n y  I' C  f ' l l .  I t  U , /  ('< w<‘ v«*

(v e r y  sm a l l  e rror ) . ( I I )

N o l i c e  th a t  ^  > - -  y . s i n c e  if ~  w e re  les s  t h a n  y .  so  w o u l d  h e  f i ( < )  

( r ec a l l  t h e  r e m a r k  at t h e  b e g i n n i n g  o f  t h e  p ro o f  ab o ut  p u s h i n g  th a t  p r o p e r t y  

f o rw a rd  i n t o  an a r b i t ra r i l y  s m a l l  n e i g h b o r h o o d  o f  <■).

Put

// =  l im su p
J x i c u , r e | j t>) c,  |l I

Hy  t h e  s a m e  a r g u m e n t  a s  be fo re .  ^ is a b o u t  y or l arger  ( p e r h a p s  w i t h  an

error  mi nu te '  w i t h  re spec t  t o  y ) .  N o w  w i t h i n  / ' J?  t h e r e  e x i s t s  an in t erv a l

f l ' .  i Y  G I K  e  v<>r.v short  r e la t i v e  t o  U  ( or  i Y  G w i th  q"  very  l ar g e )

s u c h  th a t  f=ji % n.lit | 1
W e  n o w  g o  forward  a l o n g  the1 i t in e r a r y  o f  f ' i l  un t i l  i t s  i m a g e ,  sa y  f u( f ' i l )  

h e r o i n e s  for t h e  first t i m e  a bas i c  r e n o r m a l i z a t i o n  in t erv a l  a b o u t  c.  n a m e l y  

T h e n ,  by  t h e  C l a i m ,  t h e  image'  o f  IP sat i s f i e s

A l s o ,  by  the- C l a i m  a n d  i n e q u a l i t y  ( 1 1 ) ,  for a n y  I' C I' e  U , > ,+ ,*+ ,»  r ,

\ qui l ' \  k

be ' cause

^ ± 4  % h'{<-

7p 7 c? h' ( c )  — ( v e r y  s m a l l  e*rror). (15)
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N o w  w o  sot

l im  inf
'  I C / M 2 M  e U i > |  < \

A g a i n .  ^7 is a l )on t  -) ( p e r h a p s  m i n u s  a m i i n i t o  error)  or  l arger .  W i th in  f ul V  

t h e r e  n m s t  l>e an  in l e r v a l  11" t  IJ C ,  sneti  th a t  51" is very  shor t  r e la t i v e  t o  51' 

( i . e .  51" €  w i t h  v e r y  l arge  r/"') an d

|!?"| ~ * '

If r  is t h e  s m a l l e s t  n u m h e r  s u c h  tha t  / ,l + ' 51' =  A,;+v> + 7»> t h e n  o f  c o u r s e

■ ♦ ' " I  _
i l ' |  | L , w w .| 

a n d ,  h v  t h e  ( ' l a im .

*  / / « ■ . :  C

w h i c h  c o n t r a d i c t s  ( 1 5 ) .

T h u s  t h e  a s s u m p t i o n  y >  I l e a ds  to  a c o n t r a d i c t i o n ,  so  B ( c )  — I a n d  tin-  

p r o o f  is c o m p l e t e .  □

C o n s i d e r i n g  t h e  d e r i v a t i v e  l i ' ( . r)  for .r 6  C j  in t h e  s e n s e  o f  t h e  p r e v i o u s  

c h a p t e r  t h e  a b o v e  1 h e o r e m ,  by v i r t u e  o f  t h e  L ip sc h i t z  c o n d i t i o n ,  i m m e d i a t e l y  

y i e l d s

C o r o l la r y  3 l o r  t r a y  ./• G C j  h'(J')  t f i s t s  a n d  t i n d i r i r a t i n  //' is c o n t i n ­

u o u s  in t i n  n u t r i c  o n  C f  i n l n r i t i d  f r o m  I.
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