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ABSTRACT

COHERENT HOMOTOPICAL ALGEBRAS:
"SPECIAL GAMMA-CATEGORIES"

by

Fangjun H. Arroyo

Advisor: Professor Alex Heller

We introduce a theory of coherence for symmetric monoidal
categories in the spirit of Segal and show that it is equivalent, in an
appropriate sense, to MacLane's original notion. More precisely, we
prove that "special I categories", the analogue of special I' spaces,
and coherently symmetric monoidal categories are one and the same.
This is analogous to the situation in topology where special I' spaces
are precisely homotopical commutative monoids. In light of the
obervation that the category of small categories Cat bears a functorial
Quillen model structure with respect the class of categorical
equivalences: in fact, is a homotopy theory in the sense of Alex
Heller, we may reinterpret the theorem as stating that coherently
symmetric monoidal categories are precisely the homotopical

commutative monoids within this new homotopy theory.
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INTRODUCTION

Classically, coherence theorems are theorems which state that a
large class of diagrams ’always commute, or describe conditions
sufficient to insure commutativity. The idea of homotopical
coherence theory on H-spaces is to specify enough higher homotopies
for the tensor product in an H-space Y to ensure that Y is an n-fold
loop space, 1<n<e, It would be an awesome task to specify the
required homotopies explicitly, so one adduces an abstract
framework. There exist two main ways of doing this: either by the
use of contractible parameter spaces for n-fold products (May's
operads [M] or Adams and MacLane's PROP [A] as topologized by
Boardman and Vogt [B]), or by the use of sequences of spaces (Segal's
I' spaces [S]) which look formally and homotopically as if they were
powers of a based space.

The former approach orginated with Stasheff's early work on
infinite loop spaces. Essentially, he proved that an H-space X is a loop
space if and only if it has all possible higher coherence homotopies
for associativity. This was taken up, in the categorical setting, by
MacLane [M1], who in his seminal 1963 paper proved a coherence
theorem for symmetric monoidal categories. (In fact, it implicitly
includes the more elementary cases of semigroupoidal, symmetric
semigroupoidal and monoidal categories.) By analogy to the situation

in spaces, he parametrized the powers of the given monoidal
category by contractible categories W,, where W=[IW,  is the free

n?

monoidal category on one generator [M2]. For the most part, the

subsequent work on categorical coherence (Eilenberg-Kelly [EK], Kelly
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[K], Kelly-Laplaza [KL], Joyal-Street [JS], Lewis [Le], etc.) has followed
and extended MacLane's work.

In the later approach to (homotopical) coherence for H-spaces
due to Segal [S] and Anderson [A] one starts with the category of
simplicial sets K rather than with the internal structure on a space.
More precisely, Segal proves that an H-space -4 is an infinite loop
space iff it has a homotopy inverse and X, =+, where X:T? > K is a
special T space, i.e. a functor which preserves products "up to
equivalence". In Heller's language [H], this says that the homotopical
groups (monoids) in the usual (e.g. simplicial) homotopy theory are
presicely the infinite loop (I') spaces. In this paper, I introduce the
analogous notion for categorical coherence. In particular, I show that
coherent symmetric monoidal categories are precisely I categories,
where categorical equivalence takes the place of nerve equivalence.
Joyal [J&T] has oberved that the category of small categories Cat(E) in
an arbitrary Grothendieck topos bears a Quillen model structure with
respect the class of (internal) categorical equivalences. Letting E be
the topos of sets, we obtain a (functorial) Quillen model structure on
Cat in which the cofibrations are functors injective on objects, the
fibrations are functors satisfying the "isomorphism lifting" property
and weak equivalences are the equivalences of categories. This is in
fact a homotopy theory in the sense of Heller and our theorem may
then be reinterpreted as stating that within this new homotopy
theory coherently symmetric monoidal categories and homotopical
commutative monoids are one and the same. Actually, our theorem
seems to apply to any algebraic theory provided one gives suitable

definitions for the corresponding algebraic categories. In particular,



we may show that the coherent monoidal categories with suitably
defined coherent inverses are precisely the homotopical groups.

In section one, I will recall the definition of an algebraic theory
in the sense of Lawvere and show that the theories of semigroups,
commutative semigroups, monoids and commutative monoids each
has a "mini-theory" imbedded in it.

In section two, we give the definition of symmetric monoidal,
symmetric semigroupoidal, monoidal and semigroupoidal categories,
collectively called homtopical algebraic categories.

In section three, we state our main theorem, namely, that a
functor from the mini-theory of monoids (commutative monoids,
semigroups or commutative semigroups) to the category of small
categories which preserves product up to categorical equivalence
induces, upon choosing inverse equivalence together with units and
counits, a monoidal (symmetric monoidal, semigroupoidal  or
symmetric semigroupoidal) category. Conversely, given a monoidal
(symmetric monoidal, semigroupoidal or symmetric semigroupoidal)
category, we construct a functor from the mini-theory of monoids
(commutative monoids, semigroups or commutative semigroups) to
the category of small categories which preserves product up to
categorical equivalence. In fact, what we have actually constructed is
an equivalence of categories between the homotopy category of
functors from the mini-theory of monoids (commutative monoids,
semigroups or commutative semigroups) to the category of small
categories which preserves product up to categorical equivalence and
the homotopy category of monoidal (symmetric monoidal,

semigroupoidal or symmetric semigroupoidal) categories.
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In section four, we state and prove those lemmas which we
need for the proof of our theorem and its converse. The theorem is

proved in section five, while the converse is proved in section six.



1. Theories.

We recall the definition of an algebraic theory in the sense of

Lawvere and make some elementary observations [H]

Definition. Denote by & the full subcategory of Sets .whose objects
are the natural numbers. An algebraic theory is a category H with
the same objects, containing & as a subcategory in such a way that
the inclusion preserves coproducts, so that m+n is the coproduct in

either category.

Definition. An H-algebra in a category with finite products C is a
product-preserving functor X:H” = C, ie. X,,——‘f-'———”ﬁ”l-»X{' is an
isomorphism for each ne¥H, where (X ,...,Xi,,m)é(p,,'l ,...,p,,',,) and

P

p.in—1,1<i<n, are defined by p;i(1)=1{i}.

FACT. Let Alg(H, Sers)c Sets™ be the full subcategory of #H-algebras

in Sets. Evaluation at 1 yields a faithful functor Alg(H, Sets)— Sets

which has a left adjoint F, the free algebra functor. The category H
is isomorphic to the full subcategory of Alg(H,Sers) containing the

objects FO,F1,F2,...,, the imbedding of ¢ in H being given by the

restriction of F to &®.

In particular, the theory of semigroups SG (commutative semigroups
CSG, monoids M or commutative monoids CM) imbeds onto the
category whose objects are the natural numbers and whose

morphisms from m to n are the homomorphisms from the free
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semigroup (commutative  semigroup, monoid or commutative
monoid) on m elements to the free semigroup (commutative

semigroup, monoid or commutative monoid) on n elements.

Denote by Iy (Tys Tesg, I'sg) the category whose objects are the

natural numbers and whose - arrows are the (order preserving,

surjective, order preserving and surjective) partial maps.

Observe that T'dy (I'y, Iesgs I'sg) is isomorphic to a subcategory of
CM (M, CSG, SG). For example, the embedding of I'Z;, into CM is
given as follows. First observe that I'(;, is the category whose objects
are the same as T.y,'s and whose morphisms from m to n are the
maps O:m-— p(n), where P(n) denotes the subsets of n, such that.

8(#)no(j)=® whenever i#* j. In fact our T, is exactly the T defined

by Segal in [S]. For any morphism m—L—n in %, with

i 8 ={n<<n ), 0<ism-1, k>0,

where S, €P(n) and S,nS,=9,if i+ j, let

(m—L—n)r> (m—L2sn)

where m—%—p in CM is given by ir>n -n,,0<i<m~1, if k >0, and
i1, the unit object of CM, if k, =0. The other embeddings are

constructed in a similar fashion.




2. Homotopical Algebraic Categories

Definition. A semigroupoidal category A=(A,®,a) consists of a
category A, a functor ®:AxA—A (called the tensor product)

together with a natural isomorphism

a=a,,.:(A®B)®@ C— A®(B® ()

(called the associativity) s.t. for all objects A,B,C,DeA, the

following diagram (called the associativity pentagon) commutes.

(A®B)®(C® D)

/ N
(A®B)®C)® D A®(B®(C® D))
a®l 1®a
a
(A®(B®C))® D A®((B® C)® D)

Definition. A monoidal category A=(A,®,1,a,l,r) consists of a
semigroupoid A =(-4,®,a) together with an object IeA (called the

unit object) and two additional natural isomorphisms
I=1:I1®A—— A and r=r:A®I— A

(called the left wunit and right unit , respectively), s.t. for all objects
A €A the following additional diagram (called the triangle for unif)

commutes.




(AD® B ——————— A®(I® B)

Definition. A symmetric semigroupoidal category A=(A,®,a,c)
consists of a semigroupoid category oA =(A,®,a) together with
natural isomorphisms c=c,,;A® B—— B®A st ¢’ =id and for all

objects A,B,CecA, the following diagram (called the symmetry

hexagon) commutes.

c
(A®B)®C ———— C®(A®B)

“/ N

A®(B®C) (C®A)®B

I1®c c®l1

a—l

A®(C®B) —____, (A®C)®B

Definition. We call A=(A,®,I,a,c,1,r) a symmetric monoidal
category if A=(A,®,a,c) is a symmetric semigroupoid category and

=(A,®,l,a,l,r) is a monoidal category.




3. Definitions And Statement Of The Theorem.

Let X:H°?— Cat be a homotopical H -functor, i.e. X:H°*— Cat is a
functor s.t. X,,—‘u)—»X{' is an equivalence of categories (H = SG,
M, CSG or CM), where <X X >é<p,,J ,...,p,,_,,) and p,;:n—1,1<i<n,

P 2700 op,

are defined by p;i(1)={i}. Moreover, we .assume X,=X/ =1. We say

that the functor X:H°? — Car preserves products up to equivalence.

Introduce the following notation: For each pair (i,j) of non-negative
integers, let i+0:i+j—i and O+ j:i+j—j in Ty denote the
projections on the first i and last j components, resp., and let F,; be

a fixed inverse equivalence of (if0,0+j)é(X,.+o,Xo+j):X.+j—» X xX, in

Car .

We define the rensor functor ®:X, — X, by the following composition

where b, is induced by the total map b:2 -1 in T'y.

Let 1——> X, be some inverse equivalence to X,=X"=1, where 1 is

the trivial category. For H =M or CM define the unit object 1 be the

image of the composite functor e:1—— X, —%—X,, where X,—&—X, is

induced by the unique map #:0—1 in I'y.
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The associativity isomorphism a:®(®x1)——e(1x®) is then defined

as the composition of the natural isomorphisms obtained from the

following diagram. (In the sequel, we will denote X xX by X X .)

x3 Fi,y%1 , X2X1 box 1

an” ulF“ V

X12
|-
XX, L, X, el X,
-
X

l 1xb, y j 1+5),
x2 Fll -xz b,
The unit isomorphisms
L®(exl)— P,

r:®(l xe)——P,

are defined to be the natural isomorphisms obtained from the

following two diagrams, respectively:

1X = > XX bl X12 X1 - > X X, L ’Xlz
p,l P,l I Fl and Pll P,l ! Fl

X — X — X, ~— X —> X,
idl idl b, xdl id b,l
X —= X X X, — X, > X

where the functors: i,:X, — X, and i, X — X, are iﬁduced by the
injections in I'y onto the first and second components, §:1—2 and
i2:l—>2," respectively, the functors P,:1X — X, and P;:X X, — X, are the
second coordinate projections and the functors P:X1-—X and

P:XX,— X are the first coordinate projections.
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Observe that P and P, have inverse equivalences (1,4!) and (9!,1),

respectively, where ¢!/:X,— X, is induced by the empty map 1——0.

We define the commutativity isomorphism c:® —— ®(12) to be the

natural isomorphism obtained from the following diagram:

X2 xp

where the functor (12):X> — X’ maps

(AB) (B,4)
lus b len
(A", B) (B,A")

and the functor <12>:X,— X, is induced by the transposition map

2—-2.

Theorem. Let H = SG (resp. M, CSG, CM). If X:H > Cat is a
functor which preserves products up to equivalences, then
X =(X,®,a0 (resp. X =(X,8,l,a,l,r), X =(X,%,a,0),
X =(X,®,1I,a,c,1,r) ), as defined above, is a semigroupoidal (resp.

monoidal, symmetric semigroupoidal, symmetric monoidal) category.
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Conversely, given any semigroupoidal (resp. monoidal, symmetric

semigroupoidal, symmetric monoidal) category -, there exists a
functor X:I'y — Cat such that X =A", for all n.
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4. Cube Lemmas.

Let [d] represent the following cube

b)
Q

ba Qa2

G b4 €2

Qs

Q3

b3

in which the vertices are categories, the edges are functors denoted

by a,,b,,c,, 1<i<4, as above and the faces are natural isomorphisms
denoted ao,a’,B,B’,y and y’ for the back, front, left, right, top and

bottom faces, respectively, as shown below.

ar I

ﬁv' a3

Definition. We say that the cube [d] is a homotopy coherently
commutative cube if the composition of the sequence of six natural
isomorphisms connecting the six composite functors from the initial

to terminal vertex, namely

a;Gb, e% + Cya,b,—= ‘Csbzal_ﬂ"bsc‘zal & »ba,c rh »a,bc,—2—a,c,b,,

equals the identity
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Note. Identifying the domain and codomain of the above

composition results in a hexagon diagram which commutes iff the

cube [d] is homotopy coherently commutative.

Let us say we are provided with two cubes [] and [5].

b by

_ba az c "Lz (799
& 2 >

bs a3 Bs

Ifa=a , as=a, , ¢c,=¢, and ¢;=C,, we can paste the right face of
[6] and the left face of [5] together. We call the resulting cube [5]

below the (lefr-rightycomposition of the two cubes [d] and [5]

bi b
Q)
-~ };bt al E
[5] 1 :
C4 . B‘bg 1 E3

Similarly, we can form their (vertical, front-back) composition if
their bottom and top faces or their front and back faces, resp., are

identical.
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Lemma 1. (The Pasting Lemma) The composition of two
homotopy  coherently  commutative cubes is again a homotopy

coherently commutative cube.

Proof: Let
b, I’l
ay 5.
ba a2 ¢ b Q|
y -3 ~ C
G s g v C3
¢ ) -
C4 ba 3 C4 24 '63
s _

bs 4 T, Gs

1

be two homotopy coherently commutative cubes.

Let o,a',p,p',yandy’ and @,%,B.B',¥and§ represent
seperately the back, front, left, right , top and bottom faces of [®] and
[8], resptively. Assuming @, =@, @ =@,, ¢,=¢,,c,=¢C, and B'=B ", we
can form their left- right horizontal composition.

b b

g C, Cq
0 3
X c4 b4 B‘; Y 3

b3 b, %3

L cwe w ma

We show [5] is homotopy coherently commutative as follows.



Since [d] and [5] are homotopy coherently commutative cubes,

then have

(as )y . )(B,8 X o'a, Ycsv XB'D;) = id.
(@) 1)( 3 )(a 1)(‘73\')( '51)=

d
5=

We wish to show

& = (@ab, )@bo (7 bic By'c B,bB)
(530"“1 Xﬁ' L stb-zy) (&vh )( B B4 )

By the interchange law ([M2], p.42-44), we have
Fact. (X'0,a)Ehv)=(bcy)Tah) and (Zha)7be,)=(V50)(Ba0).

Consequently,

3,3 \¥e,)| ) {B (a0 (v e, )(b,8 Xo'a My}
)7 X5 )|

aX?Z’)]bHE,ﬁb W@z Xzr)5 ) o)

o, Xycl)(b B N@a)c,y Xﬁ b, ]b

/\—'—

{[

o,,'u—q-—n—

L]

n
§

16

weE

Similary, we can prove that the front-back horizontal composition or

the top-bottom vertical composition of two homotopy coherently

commutative cubes is homotopy coherently commutative.

Q.E.D.
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Corollary. If [d] is a homotopy coherently commutative cube, then

[5] is a homotopy coherently commutative cube if and only if [5] is a

homotopy coherently commutative cube.

Lemma 2., (The Cancellation Lemma). If a cube

b,
(/7] >
ba o2
[6] 173 ¢z
Cq ) C3
b
aa hd
b2 a3

is homotopy coherently commutative and b,, i=1,2,3,4, are

homotopy equivalences with inverse equivalences b, units n, and

counits €,,1<i<6, resp., then the cube

b
Qz =
=b2 Q,
[6 ] C2 ¢ G
C3 4
a3 1
CE %

is homotopy coherently commutative.

Preoof By the corollary of Lemma 1, we only need to show that the
left-right horizontal composition [5] is homotopy coherently

commutative, i.e. ® =id. We have
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5 = (a,3b, Y aB,0 )T bic; Y By G XB:bH)
(B, )((TI 24 )(C452V J(c., )(E'Elbl)

The following two commutative diagrams

b,b,a.b, —ErF, b,a,bb, b, —, bll;lbl

- - 1
T £;'a,b, T byan, \ l 15
b,

id
0151 —L Ezaz

and the interchange law, yield

(B,v)(¥B,) = (B,v )(Ba,n;'b, By 'Bib, X&' abp))
=(b,v)(B,a.be, B,y 'Bb, )e;'abb,)
=(b,bae, )(B,vBb, X By "'bih (&5 abb,)
= (b,ba, )(E;'abh,).

Similarly, we have

(s’ Y@'b,) = (Bbcie, (g5 'c.B:b, ),
(v, Xby')= (e,a.b,b, \Bbac;"),
b, ( ) ( «<bb, Xb4b4q£1 )

Hence,

5= (a4s4015,b\ )(a-tEtb«tclsl_ ‘X£3a4l74b4q XEb3a4E; G )(ESbSﬁ)
(Esbsctzezal )(5 2 Chbya, )(C4Eb2a1€1 )(c £7'ah bl)(g'gl bl) .

By the interchange law
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(04.b—2b2a1 & XC4€; ‘abb)=(ce;'e )(C4a1€1 ),
(53b3c482a1 )(83_ ‘chbia)=(g;'ca )(0482‘11
(53a454b4cl)(53b3‘145;1c1 = )(83‘14‘:1 ),

a,GE" @)
£;'ac P

B '(a.cE,)

)=(
)=(
)=(ae
(a.g.6hb ) (a.bbce)=(
(8,68 )(es"c.m) = (
and (c4a1£,)([§-’bbl)

From this it follows that

D = (4,CE; NAE 6 A€ )(E ., ) (Bib,B)
(€5'¢,a,)(C,E,4)(C,€5'a, X c,a€, )B Biby)
= (a,0; WEa,0)(DbP)E; '€, )(catE, (B DD
= (040181-1)(53‘14C1)(53_1‘146'1)56-’(“4‘:151 )
=id.

Q.E.D.

Note. In a similar manner we may define the concept of a homotopy

coherently commutative prism. More precisely, the prism <d>

be
b5 "06 Q¢ bl

C6

Cx - Cy

Qg Qs
bs b

b3

A * c

IRy 03V

S3

in which the vertices are categories, the edges ga,,b,,c,, 1<i<6 are

natural

functors, and the faces «,, 1<i<6, B, and fB, are

isomorphisms, as shown below
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ol
ads J <t 8. 1)
4 =
= o
dol 2
]
§ fets

is homotopy coherently commutative if the composition of the eight

natural isomorphisms

€,0,0 —E55— ¢, c,ab, —2% ¢, a,b B —2%— a, b, b,b —*— a,b b,

b, [ C4C. B
—2% s ,a.h b, — 4 ¢ csa b, — 4L o o0 a —20 60,04,

equals the identity.

Note The prism <d> is homotopy coherently commutative iff the

associated octagon diagram commutes.

Lemma 1'. (@ If we are given two homotopy coherently

commutative prisms (fig. 1.1) with b,=c,, 1<i<6, then the top-
bottom vertical composition <3 (fig. 1.2) of <d> and <b> is again a

homotopy coherently commutative prism.

(b) If instead of b,=c,, 1<i<6 we had @ =a,a=a,, b,=b,, G =c,,
then the front-back horizontal composition 5> of <d> and <&> (fig.
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2.1 & 2.2) is homotopy coherently commutative, i.e. the composition

of the twelve natural isomorphisms.
C,o,0.008 — 2884 v e ab —E28 v r ab b — 25 o Bbb,
— it &0 bbb, b —EEEE 1 BB, bb,b,—— a,b,b,b,bsb,
—Zbbbe 7 71 B.b,bb, —Eb g bbb v 2 a beb,

—Estihi £,0,0,C505h, — B T T C,0i0,0 —PE— BT, 000,

is equal to the identity.

(¢) Given a homotopy coherently commutative polyhedron <3>, as
in part (b), and two homotopy coherently commutative cubes [6,]

and [d,] (fig. 3.1), the composition of [5,], <6> and [8,] (fig. 3.2) (along

their identical faces) is again homotopy coherently commutative.

Proof. The proofs of parts (a) and (b) are straightforward. The

proof of part (c¢) is in the appendix.

Lemma 2’ (Cancellation Lemma). Suppose that the prism

bg
bs ¥y Q¢ Q) b,
Ceé
Cs C)
Q Q
d by bs ¢
by
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is homotopy coherently commutative and a,,15i<6 are homotopy

equivalences with inverse equivalences &, units 1, and counits g,

1<i<6. Then the prism

Ce
Cs { ab a; !

be

- b B b,

a a

& s Ca 2
‘3
9 64 63‘

b3

is also homotopy coherently commutative.

The proof of the cancellation lemma for the prism will be omitted
since it is analogous to the proof of the cancellation lemma for the

cube.
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5. Proof Of The Theorem.

We first show that the associativity pentagon diagram commutes.

The cube
x* &= - X
\4-@ 12@®x|
Ny \+$
Xls 8" R X12 @!,
J \
“® x; 8! - X
& ®
\1-
¢ ®
bg N ¢

is homotopy coherently commutative if and only if the composition
R(® x 1)(® x 1x1)—2e , @1 x @)@ x 1 x |)—4—@(@ x1)1x 1 x ®)
—aie) Lo x @)1 x1x@)—A) |, (1 x @)1 x® x1)

al(1x@x1) (@ x1X1x® x 1)__2(“_-'_"_1)_. (@ x1)®x1x1)

is equal to the identitiy. By the note following the definition of
homotopy coherently commutative cubes, this holds precisely when

the associativity pentagon commutes.
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Replace the cube edges ®,®x1,1x®,®x1x]1,1x®x1 and 1x1x® by
b.F., (b <1 F, x1),(A x5 1x F ), (b x1x1)(F,, x1x1),(1 xb, x1)(1 = F, , x1)
and (1x1xb,)(1x1xF,,), resp.

On the top face of the cube paste the diagram:

&4 Fyxl :szz hxl | X13

11~F,_l y l“F"’ ' lluﬁm

XX, Xy A XX,

llﬂb. B ll!b. 11'17.

On the right, front and bottom faces, paste the defining diagram for

associativity:

XS Fiax1 X2X1 bex 1 X2

1
ll‘Fl.l I lpz,l y lFll

XX, D, X, &2 > X,

)lqzlxb.F“ u: X{(nb);' ; }é

Finally, on the left and back faces, paste the diagrams corresponding
to 1xa and a x1, respectively. The reader may refer to the following

two figures:



=! wa x| 1 Ch*l)px)
R 1 Chrinxt |
u.l \“‘// -t
o x|
- s
\2 A
3/ o1
x‘/ ] +|
A =
Voo el 7
,/ f.| X4
~ vy
x!
3 Fur Y e
4
&
&)/
Z

The subdivision of the back three faces.

7/
Fuixt Y baxt
/
+‘°"
7/
S
£
3
1
d! o
w! \\:/
1
__Fuz _, ..“3.‘:)....11
1
X
3
+1
3
{

The

Replace each F,, by (i+0,0+j) and then extend the subdivision of

the faces into a subdivision of the cube. We then get

as follows (see the next two pages).

L] A
3) ‘l’>

1. 7/
1,

C/V

VAl

)

-

*I

o)

ar

subdivision of the front three faces.

eight subcubes
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The following four subcubes combine to form the top half of the

cube:
4 S0, 041> af 2 2 bax!
X < XX XX hd - X
a\-' p N7
\.o‘c 0)\-’ {A 0‘0‘ ﬂ
+L \a“ 2 +I." A
2 ' 2 A S 2 ' 3
XiX, ettty : X bt , XX, :
F 3 -
P s
15— T x 4 ‘T :
X 2 hd A =
£ ¥ 3
3 - <It0,0+2> x TOPLIN
£ A ! [ .
PXXX — XX, XX, s XX,
N 7 N [
v °u°' .G v .\7
4-"4. 3 ’lmo
X Y &io, 0wz s }; X b+3) = X e
1% 4 4 » 3

_ o’ r ‘ { o
G ¢ / G
3 < 10 bex) 2
X o Sumown XX XX, L X
4 1 4
x A | A
A N 3
3 3 o
2 XX, o X, X, I— X
Y o v
> for P
v A v A x""
\ (¢ (C

&
&
Ky

X1X2 - <1t 043>
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The next four form the bottom half:

<140, 042> x! (b*y x|
‘\1X1X2X1 N XX, X, X, * XX
L@ S .\7 / ;\7
Y/ o = °
> L"’. + ( L'»‘ -
X1X3 - <140, O+ > X4 § X4 b+2)» X »
0 .
— o P~ -~
® ':. + ?
~ - ?: | A 5 s
o ~ X
\i‘- , X? <140, gy X1 :- XzX1 X2X1 brxl |y . X,Z
* o 9 7
L\"o ox‘ o‘\
l + l L’b‘o J L\‘ot
< <o, 0+2 (b+
)(lX 2 X, X‘3 ) Xl
\ X, X, X, X, > X3
)
L\" \‘ .
Y Xw “\
b <
X1X2 <ol o+2 > X_,, Xs (b+1)w *Xg
x ! ¥ ! 4
S
2- X1X2 - Y- X3 X3 It ){2
*
v
+ *
\ ‘o\ v
\ ]
J, é / | /
2 o, b
Xl - <HO, 01> X2 X2 » Xl

Each of the eight subcubes is homotopy coherently commutative
since all of its faces literally commute. Replace each (i+0,0+,) by

F,,. By the cancellation lemma, the resulting subcubes are still

homotopy coherently commutative. Pasting these together giVes us
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back the original cube. But, by the pasting lemma, it must be

homotopy coherently commutative as well.

The prism
Xlg 1% (12) Xlg
ll ‘x(u)
Xlaﬁ——-—- d
& .
e
+ \XZ

—

o\ X

e @1

Xio—Ll X

is homotopy coherently commutative iff the composition

&(1 x ®)(1 x (12))—2), g(1 x ®)—L (@ x 1)—22 1 g(12)(® x 1)

—H L, @(1x @)(12) x 1)(1 x (12))——U20002) |, @ x 1)(12) x 1)(1 x (12))

ofn)i2) | o (1 x (12))—4—&(® x 1)1 x (12))—=L2, g(1x @)(1 x (12))

is equal to the identitiy. This holds precisely when the symmetry

hexagon commutes.
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As in the case of the cube, we replace all occurrences of ® on the

edges of the prism by b,F ;. We then paste the defining diagram for

associativity

X} X, X, — X7

l LxF , I ‘Fz.x U lle

XX,— X, ¢l x,

lnb. ; 1(1+b). lb.

X —e X, —b X

on the right-front, left-front and bottom faces each; the defining

diagram for commutativity

on the front face; the diagrams corresponding to 1xc¢ and c¢x1 on the

right-back and left-back faces, respectively; the following diagram

X} 02 x3
o
x° 1x(12) x?
jid 11-(12)
X - X

on the back face; the following diagram
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x3 —1x(12) XS

id/ id

(12)7 \“,((12) 1) F/ \

X, 3 _x

\ /,2 n\ A

lxb,\ / b,xl

on the top face, where (123) is induced by the 3 cycle 3— 3 in 'y, and

F,,, is some inverse equivalence of (pm, Do ps,s) in Cat; and the

following diagram

X; =X

FIJV \xF
XX, XX,
”'7 N F‘/ \%*
F,\ Am) ﬂ*k /
X,



31

F ,, by (p,_l D32 pm) and extend the subdivision of the faces into

the following subdivision of the prism.

The following four polyhedra combine to form the top half of the

prism:

Lix(13))
X3

Ixc140 v41>

{240 ‘01D

2%

leO'0H)%?
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The next four combine to form the bottom half;

1% (12)
XX

, 1x(12)

3
X

2

X,
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Since all the face of the subcubes literally commute, the subcubes are
homotopy coherently commutative and similarly for the subprisms.
By the cancellation lemmas, replacing the indicated (darkened)
arrows on the subcubes and subprisms 'by their (prechosen) inverse
equivalences preserves the coherency of the subcubes and
subprisms. Pasting these back together yields the original prism. By

the pasting lemma it is then homotopy coherently commutative.

Next we show ¢’ =id. Denote F, by F and let a be the composition

o: 12> F—=82F , £<140,0410<12> F
=F(12)< 1+0,0+1> F—2422" , p12).

Claim: a(12)°<12> a =id.

Applying the intechange law to the following diagram

1t 4
Xlz F_, X2 <122 X2 <1+0, 0+1 ;KQ F 'Xz a2 ’Xz <1+0,0+1> ;Xlz F_, Xz
' 7 '/

{ [

together with the triangular identities

Fn=¢'F and 1<1+0,0+1> = <1+0,0+1> €7,

yields
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a(12)o <122 a = (F(12)n7'(12))(e <12 F(12))
(<12>F(12)n-1 x<12> e1<12> F )
=(FQ2)12)n"jr2n™ <1+0,0+12 <122 F)
(F<1+0,0+12 <122 e?<12>F )(e'<122<K12> F )
(Fn' X A12)n7'<1+0,0+1><12> F)
F(12)<1+0,0+12e™<12>F )e'F)
=(Fn'X F(12)n7'<1+0,0+1> <12> F)

( F(12)n <1+0,0+1><12> F )Fn)
=id.

Similarly, the triangle for unit may be placed on a cube:

&IXl Ix€x) o Xl3
W,
\"Q Pxt +$
A
X12 ' . sz ® 51
J ® r
! x; — - X?
|
/ ‘v @
X’ ® .x

Subdividing yields eight homotopy coherently commutative

subcubes.



X - x
\
’(“X /
A A
P, ¢ : ' 3
Y °
£ 2 S
v O‘ v
A H \
N V]
v - 1
s X X
e \
+
f/ % J
4 '
Tyl 1
XX X
€ -
- X *(l'&,#l) ZX
Ao"b
oy A
8
A
z o Y 2
X% 2| = z
it g - %‘
% J (X
s *
* Tyl ) 1
Q‘ XX ¥eyx} zX
t oY S
v s <
1 L"‘° y &
L\ ]
1 1
X e XXX

$¢

iy - 3 ;X
/ | /

X - T X

“ 4
4 X X
o .\ /

/ | /

X = X

| |
X X

Y ?J /

kOX X “—Tiv Ix w %}

:saqnogns tnoy doj ayL



The bottom four subcubes:

X E . X
/ i 2

X — X,
l !
Xlz / )

X F . X,

36

(PRI
X12 e zx
N
°l
. 7
& (o
L A
. L"'xo v
X2 (4 *')xﬁ X x
v E 1
X2 ® > XZ
P 1 1
0
“ L\Io' '\7
L\’Ol
X - X,
X, - X
X, - X,
J . !
X, - X,
" / J /
X, b X

The rest of the details are like in the previous cases. This concludes

the pfoof of our theorem.

Q.E.D.
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6. Proof of the Converse.

We will prove the converse only for the symmetric monoidal casé,

the proof for the other cases being similar. For a given symmetric

monoidal category oA, we construct a functor X:T¢y — Cat st X =A"

for all n. For simplicity we write I' instead of I'cy .

6.1. Briefly, an operad { (in the category of topological spaces) is a
sequence of spaces ((j) such that [(0)={*}, there is a unit 1€{(1), the

symmetric group X, acts from the right on ((j) and there is a

suitably associative, unital and equivariant family of maps:

Y- C(k) x C(,h)x xC(]k) - C(.]l +eret Jy )

Let Set,,,  be the set of finite linearly ordered sets. We construct an

(categorical) operad [q‘x] Yot as follows.

Set C ,={*} , the trivial category and, for X=#¢ , let C , be the

indiscrete category whose objects are all the associations and

permutations of the ordered set X.

The operation of the operad V:C x* C y *--%xC y = C, yx, where

1skn

X, €Set,,,. and X is a linearly ordered set with n elements, is

defined as follows.

Given (d,cl ,...,c,,)EC,',x C.,x-*xC ., Yy combines (c,,...,c,,)

according to the permutation-association d. It is then
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straightforward to show that y is a functor which satisfies the

appropriate axioms [M].

6.2. From the operad [q'x] , We may construct a groupoid-

XeSety,,,

enriched category C as follows.

The objects of C are to be the natural numbers. Let
Cim,0)=CO,n) ={*} for all natural numbers m and n and for m,n>0

let é(m,n)=¢H nc

mon da LD
inT.

The composite ($;c)o(p;d)2(dop;e) of (d3c)2(dsc,s...rc,) €Clm,n)
and (9:d)2(e;d,,...,d,)eC(I, m) is defined by setting

e= I[n y(c,. ;¢(g=idf)’ where

Y C1 &) x C,cp"(j,) Xeox C C =C

s Lo (ja) LU e )T 1 e )t

and
o7 @) =) < <4}

Then the associativity of composition follows from the definition of

an operad.

6.3 . Suppose that A=(A,®,I,a,c,l,r)‘ is a given symmetric

monoidal category. For any finite set X we have a bifunctor
W,:G x*xAM » A, where |X] is the cardinality of X [Ma)]. We use

these to construct a 2-functor X:C— Car as follows.
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Set X, =-A" for all n. Define X:C(m,n)— Cat(A",A") to be the enriched
adjoint of the functor W, ,:C(mn)xA"— A" which is given on

components ¢ «I'(m,n) by the following composite, where the P, are

projections:

e i mwv"u»
H(Cl.w"(i) . AM)L H(q.tp'l(i) x "a-l‘p ( )I)H—’HA

ien in ien

6.4. In any category we shall say that morphisms u:A— X, p:E— B
are transverse if for any f:A— E, g:X— B such that pf =gu there is
an h:X— E with hu=f,ph=g. If C 1is a finitely complete and
cocomplete category, by a class of weak equivalences in C, we mean
a class € of morphisms closed under retraction (in C~) and under
composition and cancellation. By a closed Quillen model structure in
C, relative to a class € of weak equivalences, we mean a pair of
classes of morphisms, Cof, Fib, whose members are called,
respectively, cofibrations and fibrations, each closed under retraction

in C~, and such that

(Q1) Every cofibration is left transverse to every trivial fibration, i.e.
fibrations which also happen to be weak equivalences. Dually,

every trivial cofibration is left transverse to every fibration.

(Q2) Any morphism in C has a left factorization f'f', with f” € Fib,
f'€Cof nE and a right factorization g"g’ with g”" € Fibn €,
g'€Cof.
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A category C supplied with such a structures is a closed Quillen
model category. In particular, Car is a closed Quillen model category

with

€= [f | f is an equivalence of categories],
Fib={f|f has the isomorphism lifting property} &
Cof = [ f | f is injective on objects].

Moreover, Car satisfies the following property which Baues called
'the axiomof properness’. Given a pushout diagram

A—X

pl lq

AI_____’ Xl

where p€& and @ €cof, then g€€.

To show this we first factor p as follows:

A Fibn € :B CofnE :A'.

We then obtain the following pushout diagrams.

A—SL, Y

we| |

B4,y
Cof N 81 lCofnG
A Cof > X'
We may then assume that peFibNnE. Let F={f€A1|pf=id.l.We have

A,C€TcA and T is a groupoid. In fact, since peFibN€E, I is a
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preordered groupoid, i.e. for any a,b€A,, there exists at most one

arrow in I from a to b. We call such a T' a "web". For any web 6 cC X

define a category X]0 as follows.

(xl6), =m0 ={(al | [al=[a1if 3! f: a—a' inT};
(x16 )tal, 18D = X(a, b).

Note that if [a]=[a'] and [b]=[b], then X(a,b) is canonically
isomorphic to X(a’,b’). The quotient functor X — X|6 is clearly a
trivial fibration. Since ¢ is a cofibration @I isa preordered groupoid,

and hence @TU X, is a web. We therefore have the following pushout:

with ¢ a trivial fibration.

Baues shows that for any Quillen ‘model category with this property

the following "glueing lemma" holds [B].

Consider the following diagram in which the two squares  are

pushouts and the four horizontal arrows are cofibrations.

° Cof ,e

}: R Cof /d

—_— e

If a,p and y are weak equivalences, then so is 0.
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In [H], Alex Heller shows that for any small category C there exists
two model structure on X, where X is the category of simplicial
sets. In fact, his arguments still hold if we replace X by Car. In

particular, letting

€, =|f|f. €€, for all objects cin C},
Fib, =|f| f, € Fib, for all objects ¢ in C} &

Cofs={ f lall g€Fib ,NE, are right transverse to f].

yields a functorial closed Quillen model structure on Cat®, for any

small category C. Define T:Cat® - Cat using  the right factorization of

g—L X into @—L TX—FB08 ¥ in Cat®, where ® is the initial

object.

6.5. The forgetful 2-functor v:C—T, defined by ni>n and (b;c)—d,

induces a 2-functor v’ :Cat’ — Cat“. Since Cat is cocomplete, v has a

left adjoint Lan,, the left Kan extension along v. Moreover it satisfies

the following property.

Prop. For any X in Car®, the unit Ny :TX— v'Lan, TX is in SWQCaté,

A

i.e. for all objects n in C, we have an equivalence of categories
(ﬂ'rx),, :(TX), = (V’LanoTX),,'

Since (TX),=X, is an equivalence of cateories for all n, (LaanX)nzx,, is

also an equivalence of categories for all n.
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Let X24LanTX:T — Cat, where X:C— Cat is the 2-functor we have

previously constructed. By the above proposition, we have that X

satisfies the hypothesis in our theorem, i.e. }'Z,=)A(,,=A", for all objects

ninT.

All that remains to be done is to prove the proposition. We will only

sketch the proof. For more details see [H2].

Define the functor

®.:Cat' " x Cat® - Cat”

by (F®éG)n = Jm F,,.xG,, for all objects n in T'. Similarly, we may
define the functor

Hom :Cat™™ “ x Cat™ - Car®

by Hom (F,G), =J;G,f""" for all m in C. We then have

V'Y=To(lxv)® .Y, YECa';

Lan, X=To(v*1)®; X , X € Cat®.

The Yoneda Lemma applied to TX :C— Cat with C:Cx C— Cat yields
a natural isomorphism Homé(é,TX)E TX. This corresponds via the

adjointness relation

ca’(TX ®,,€,TX)= Car(TX, Hom (€, TX))
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to a natural isomorphism 6‘®C.TX =TX. Since

v"Lan,TX = v*(T o (v x1) ®, TX)
=T o(lxv)®; [T (v x1)®, TX]
2[[e(1x v)®. To(v x1)]®, TX
#lo(vxv)®.TX,

it suffices to show C ®:;TX=To(vxv)®,TX is an equivalence of

categories.. But this is a consequence of the following observation and

lemma.

The morphism C—To(vxv) in Cat®*¢ defined by v is a weak

equivalence, i.e. for any (m,n)eé”‘”?t ¢, C«m,n)—»T(m,n) is an

equivalence of categories in Car.

Lemma. If X is Cat® and f: Y=Y is a weak equivalence in Caté”"é,

then f®.TX is a weak equivalence in Car®.

We adapt Heller's proof of the analogous result with Car replaced by

X [H2] to the present case.

Let J :Ch'o—v(t‘ and X,=9®. Now form the following pushout where

J'® - D, is a weak cofibration in Cat®.

Lan ¢ —% Lan,D,

|

¢——— X,
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Since C, is a discrete category, then, for any X €Car%, (Lan,X), = Ix..

@:d—c
Therefore, the top arrow above is a weak cofibration since it can be
expressed as a coproduct of weak cofibrations. It is also a strong
cofibration because Lan,(Cof,)< Cof;. Therefore, @ — X, is a strong
cofibration in Cat®. Iterating this construction, we then have a

sequence of strong cofibrations in Car®.

¢=Xo :Xl :XZ > e

with TX=colimX, . So f®.TX is the colimit of the following diagram.

Y®,X,—— Y&, X,— -

o4 X,

é f o X

Y®, X,—— Y®,X,— -

It remains to show that all the f® X, are weak equivalences. This
will be done inductively. First of all, f® X, is a weak equivalence
since f is and X,=9®. Assume then that f® X, weak equivalence.

We show that f®.X,, is as well. Consider the following commutative

diagrams.
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Y®, Lan,J' X, » Y®, Lan,J'D,

N /

Y'®é LanJJ'XI"__——’YI®C‘,LanJJ'D"

Y ®,X, Y ®:X,.,

WV I ®¢ X
‘ J

Y®(:‘Xl f Y@(‘;Xnﬂ

in which the top two horizontal arrows are weak and strong

cofibrations and the two squares are pushouts. From the inductive
hypothesis we have that (Jx (:‘) Y®, JX s(Jxé‘) Y'® J'X,. But, for all

Z in Catcw”é, Z®; Lan,A E(Jx CA‘)'Z®Q A. It follows that
Y®; Lan,J'X, €(JxC)Y®, J'X, and Y'®,LanJ'X =(JxC)Y'®, J'X.

Therefore, u is a weak equivalence. Similarly we may show that v is

a weak equivalence. The gluing lemma then implies that f®.X,, is a

weak equivalence and that completes the inductive step.

Q.E.D.
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APPENDIX

Proof of Lemma 1 (¢). Let a,,1<i<10 be the natural
isomorphisms of <®> from the right face to the back face. Let B, and
B, be the natural isomphisms of the top face and bottom face of <d>
and let &,,&,,B, and P, be the natural isomorphisms of the right
back face, the right front face, the top face and bottom face of [3 ]
and let &@,,®,,P,andp, be the natural isomorphisms of the left back

face, the left front face, the top face and the bottom face of [5,]. We

know that

0, = (—;baz)(csaz-l )(as—lbzxaﬁ-nxas;z )((,'352) =id,
5, (B:ba9 )(87(78 )((7758 )(016-1:)(‘1'; lbs)(cﬂ; ! ) =id,

and

8 = (B,a, X 1aCoy0)(CoCrCs 0o o XC o0t oBob 0 )(Co O rDebsb )
(R NANS CHR CRANNNY CLWNN N (AN NN
(eseiesmby )esecscom)

=id .

We want to show 5=id, By using the interchange law and three

identities, we have
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