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A BSTR A CT

COHERENT HOMOTOPICAL ALGEBRAS:

"SPECIAL GAM M A-CATEGORIES"

b y

Fangjun H. Arroyo 

A dvisor: P ro fesso r Alex H elle r

We introduce a theory of coherence for symmetric monoidal

categories in the spirit o f Segal and show that it is equivalent, in an

appropriate sense, to MacLane's original notion. More precisely, w e

prove that "special F  categories", the analogue of special F  spaces,

and coherently symmetric monoidal categories are one and the same. 

This is analogous to the situation in topology where special T  spaces 

are precisely homotopical commutative monoids. In light of the

obervation that the category of small categories Cat bears a fu n c to ria l 

Quillen model structure with respect the class o f categorical

equivalences: in fact, is a homotopy theory in the sense of Alex 

Heller, we may reinterpret the theorem as stating that coherently

symmetric monoidal categories are precisely the homotopical

commutative monoids within this new homotopy theory.

i i i
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INTRODUCTION

Classically, coherence theorems are theorems which state that a 

large class of diagrams always commute, or describe co n d itio n s 

sufficient to insure commutativity. The idea of homotopical 

coherence theory on H-spaces is to specify enough higher hom otopies

for the tensor product in an H-space Y to ensure that Y is an n-fold

loop space, 1< «< °°. It would be an awesome task to specify the

required homotopies explicitly, so one adduces an abstract 

framework. There exist two main ways of doing this: either by the 

use of contractible parameter spaces for n-fold products (May's 

operads [M] or Adams and MacLane's PROP [A] as topologized by 

Boardman and Vogt [B]), or by the use of sequences of spaces (Segal's 

T spaces [S]) which look formally and homotopically as if they w e re  

powers of a based space.

The former approach orginated with Stasheffs early work o n

infinite loop spaces. Essentially, he proved that an H-space X is a loop

space if and only if  it has all possible higher coherence homotopies

for associativity. This was taken up, in the categorical setting, by

MacLane [M l], who in his seminal 1963 paper proved a coherence

theorem for symmetric monoidal categories. (In fact, it implicitly

includes the more elementary cases of sem igroupoidal, sym m etric

semigroupoidal and monoidal categories.) By analogy to the situation

in spaces, he parametrized the powers of the given monoidal
category by contractible categories Wn, where W = U  Wn is the free

n

monoidal category on one generator [M2]. For the most part, the

subsequent work on categorical coherence (Eilenberg-Kelly [EK], Kelly
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[K], Kelly-Laplaza [KL], Joyal-Street [JS], Lewis [Le], etc.) has followed 

and extended MacLane’s work.

In the later approach to (homotopical) coherence for H-spaces 

due to Segal [S] and Anderson [A] one starts with the category of 

simplicial sets K  rather than with the internal structure on a space. 

More precisely, Segal proves that an H-space A  is an infinite loop 

space iff it has a homotopy inverse and X ^ = A ,  where X :T op-* K  is a 

special T space, i.e. a functor which preserves products "up to 

equivalence". In Heller's language [H], this says that the hom otop ica l 

groups (monoids) in the usual (e.g. simplicial) homoitopy theory are 

presicely the infinite loop (T) spaces. In this paper, I introduce the 

analogous notion for categorical coherence. In particular, I show that 

coherent symmetric monoidal categories are precisely T ca teg o ries , 

where categorical equivalence takes the place of nerve equivalence. 

Joyal [J&T] has oberved that the category of small categories Cat(£) in  

an arbitrary Grothendieck topos bears a Quillen model structure with 

respect the class of (internal) categorical equivalences. Letting £  be 

the topos of sets, we obtain a (functorial) Quillen model structure on 

Cat in which the cofibrations are functors injective on objects, the 

fibrations are functors satisfying the "isomorphism lifting" property 

and weak equivalences are the equivalences o f categories. This is in 

fact a homotopy theory in the sense of Heller and our theorem  may 

then be reinterpreted as stating that within this new homotopy 

theory coherently symmetric monoidal categories and hom otop ica l 

commutative monoids are one and the same. Actually, our theorem 

seems to apply to any algebraic theory provided one gives suitable 

definitions for the corresponding algebraic categories. In particular,
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we may show that the coherent monoidal categories with suitably 

defined coherent inverses are precisely the homotopical groups.

In section one, I will recall the definition of an algebraic theory 

in the sense of Lawvere and show that the theories of semigroups, 

com m utative semigroups, monoids and commutative monoids each 

has a "mini-theory" imbedded in it.

In section two, we give the definition of symmetric monoidal, 

symmetric semigroupoidal, monoidal and semigroupoidal ca teg o ries , 

collectively called homtopical algebraic categories.

In section three, we state our main theorem, namely, that a

functor from the mini-theory of monoids (com m utative monoids, 

semigroups or commutative semigroups) to the category of small 

categories which preserves product up to categorical e q u iv a le n c e  

induces, upon choosing inverse equivalence together with units and

counits, a monoidal (symmetric monoidal, semigroupoidal or 

symmetric semigroupoidal) category. Conversely, given a monoidal 

(symmetric monoidal, semigroupoidal or symmetric semigroupoidal) 

category, we construct a functor from the mini-theory of monoids 

(commutative monoids, semigroups or commutative semigroups) to

the category of small categories which preserves product up to

categorical equivalence. In fact, what we have actually constructed is 

an equivalence of categories between the homotopy category of 

functors from the mini-theory of monoids (commutative monoids, 

semigroups or commutative semigroups) to the category of small 

categories which preserves product up to categorical equivalence and 

the homotopy category o f  monoidal (sym m etric monoidal, 

semigroupoidal or symmetric semigroupoidal) categories.
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In section four, we state and prove those lemmas which we 

need for the proof of our theorem and its converse. The theorem is 

proved in section five, while the converse is proved in section six.
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1. T heories.

We recall the definition of an algebraic theory in the sense of 

Lawvere and make some elementary observations [H] .

D e f in i t io n .  Denote by the full subcategory of Sets whose objects 

are the natural numbers. An algebraic theory is a category K  with 

the same objects, containing d> as a subcategory in such a way that 

the inclusion preserves coproducts, so that m + n is the coproduct in 

either category.

D e f in i t io n .  An H -a lg eb ra  in a category with finite products C is a 

product-preserving functor X : H ^ C ,  i.e. X^—fei-.-.&y? »x? is an 

isomorphism for each n e H , where ( x ^  , . . . ,X ^ = { p nl , . . . ,p nn) a n d

pn i: n -* 1,1 <i <n,  are defined by /£ j(l) = {/}.

FA C T. Let Alg(J€, Sers)c Sets*1"* be the full subcategory of 3 i- a lg e b r a s  

in Sets. Evaluation at 1 yields a faithful functor Alg(3i, Sets) -*■ Sets

which has a left adjoint F , the free  algebra functor. The category 

is isomorphic to the full subcategory of A lg(H, Sets) containing the

objects F 0 ,F 1 ,F 2 ,. . . , ,  the imbedding of 4> in f i  being given by the

restriction of F  to <b.

In particular, the theory of semigroups SG (commutative semigroups 

CSG, monoids M or commutative monoids CM) imbeds onto the 

category whose objects are the natural numbers and whose

morphisms from m to n are the homomorphisms from the free
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semigroup (commutative semigroup, monoid or commutative 

monoid) on m elements to the free semigroup (commutative

semigroup, monoid or commutative monoid) on n elements.

Denote by r CM ( r M, r CSG, r SG) the category whose objects are the 

natural numbers and whose arrows are the (order preserving,

surjective, order preserving and surjective) partial maps.

Observe that ( r ^ ,  V°CPSG, r ^ )  is isomorphic to a subcategory of

CM (M , CSG, SG). For example, the embedding of TGm into CM is 

given as follows. First observe that r G„  is the category whose objects 

are the same as r cM's and whose morphisms from m to n are the 

maps Q: m- *p( n) ,  where P(n) denotes the subsets of n,  such th a t.

0(0 n 0 (/) “ 0 whenever i *  j .  In fact our T°GM is exactly the T defined

by Segal in [S], For any morphism m —f—+n in r Ĝ  with

St = {«!<•••<«*,}, 0 < i < m - l ,  kt >0,

where Si €P(ri) and St n Sj -  0 , if i * j ,  let

(im— *-+n) h-» (m— >w)

where m — n in CM is given by ii-»nx ••• nK, 0 < / < m -1 , if k, > 0 , and 

i t-* / ,  the unit object of CM, if ^ = 0 .  The other em beddings are 

constructed in a similar fashion.
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D efin ition . A sem igroupoidal category  s3. = (s3.,® ,a) consists o f a

category A ,  a functor ®: A * A  -*• A  (called the tensor product)

together with a natural isomorphism

c = a^RC: (A ® B) ® C——* A®( B® C)

(called the asso c ia tiv ity )  s.t. for all objects A , B , C ,  D t A ,  the

following diagram (called the associativity pentagon) commutes.

( A®B) ®( C®D)

A ® ( B ® ( C ® D ))

( A ® ( B ® C ) ) ® D ---------* A ® ((5® C )® D )

D efin ition . A monoidal category A  = ( A , ®  ,1 , a , l  ,r) consists of a 

semigroupoid A  = ( A , ® , a) together with an object I t  A  (called the 

unit object) and two additional natural isomorphisms

I =lA: I® A — A a n d  r -  rA: A® I  — A

(called the left unit and right unit , respectively), s.t. for all objects 

A t  A  the following additional diagram (called the triangle fo r  unit) 

co m m u tes.



8

a
(A ® /)® B A®(7® B)

1® /

A® B

D efin ition . A symm etric semigroupoidal category = (o4 ,<8>, a ,c) 

consists of a semigroupoid category tA -  (oA, ® ,a ) together w ith

natural isomorphisms c =cAB: A® B- B®A s.t. c = id and for all

objects A , B , C s.<A, the following diagram (called the s y m m e t r y  

h exa g o n ) commutes.

(A ® B) ® C

a

C®(A® B)

A ® (B ® C) (C ® A) ® B

1® c

A® (C® B)
a

c® 1

(A ® C) ® B

D efin ition . We call <A = (sfl.,® , I , a , c ,  I, r) a sym m etric m onoidal 

c a te g o ry  if <A = (<A,® ,a ,c )  is a symmetric semigroupoid category a n d  

= ,1 , a , l , r )  is a monoidal category.
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3. Definitions And Statem ent O f The Theorem.

Let X :H op-> Cat b e  a homotopical H-functor, i.e. X :H op-*' Cat is a 

fu n c to r s.t. X„— js an equivalence of categories (H = SG, 

M , CSG or CM), where ( x ^  and pn .: n -* 1,1 < / <>n,

are defined by Moreover, we assume XJ) -X{, = 1 . We say

that the functor X: IIop -* Cat preserves products up to equivalence.

Introduce the following notation: For each pair ( i , j )  o f non-negative

integers, let i + 0 : i  + j -> i  and 0 + j : i + j  -*■j  in TH denote the

projections on the first i and last j  components, resp., and let Fitj be

a fixed inverse equivalence of (f + 0 ,0 + j ) - { x i+0 ,X 0+y):X;+j,-*■ X; * xy in

Cat.

We define the tensor func to r  ® : Xf -*■ Xx by the following composition

X ~ - ^ X 2- ^ X i , 

where b. is induced by the total map b: 2 - * l  in TH.

Let 1 — »XJ, be some inverse equivalence to X^-X° = l ,  where 1 is

the trivial category. For H  = M or CM  define the unit object I be the

image of the composite functor e : l — Xq  >Xl , where X^—— »Xt is

induced by the unique map 0 : 0 —1 in FH.



The associa tiv ity  isom orphism  a:<8>(®*l)——*•0(1 x®) is then d e fin e d  

as the composition of the natural isomorphisms obtained from the 

following diagram. (In the sequel, we will denote Xm * Xn by XmX„ .)

fi.i" x

1 » F,1 .1
*1*2 
| 1«6. #
X? A l-

+ x2x l - * *
I |  F, . *

' 3

A?

I'"*
V  (fr+D. . V5 ^ ““ T

|  (1 + b), |  b.

*2 *

The unit isomorphisms

/ :® ( f ? * l ) - ^ -P 2 

r:®(l *e)—'—*P1

are defined to be the natural isomorphisms obtained from the 

fo llow ing  two diagrams, respectively:

IX 1 >X0Xi - J ^ L Xll - ^ X lX0 %
a n d  />, i'

id X, X,
id |  id |  *♦ |

X1 —^  X, — x l

x , a; x 2 ,
id |  w |  *. |

x, — x, —^  a;

where the functors ili,:Xl -^X 2 and i2.:X1->X2 are induced by the

injections in TH onto the first and second components, \ : 1 -*■ 2 and

i2 :1 — 2, respectively, the functors P2:lX i ->X1 and /?:X„Xi -* Xt are the

second coordinate projections and the functors P{:X^.-* Xi and

/?: X]X0 -*• Xj are the first coordinate projections.
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Observe that Pl and P2 have inverse equivalences (l,4>„') and (<J>',l), 

respectively, where <J>':  X j-* Xq is induced by the empty map 1——»0 .

We define the com m uta tiv ity  isom orphism  c :® —1- *•©(12) to be the 

natural isomorphism obtained from the following diagram:

X ^ - ^ X ,
J*. J . .

where the functor (12): X\ — X \ maps

(A,B) (B,A.)

|  (/,«) |  (*./>

(A',Bf) (B,A')

and the functor <12> :X 2 — X2 is induced by the transposition map

2 - 2 .

T h e o r e m .  Let H = SG (resp. M , CSG, CM). If X :H op — Cat is a 

functor which preserves products up to equivalences, then 

X ,= (X; ,® ,a )  (resp. X, =(X; ,® , / , a , / , r ) ,  X, =(XJ ,<8> , a , c ) ,  

Xj = (X;,® , I , a , c ,  l , r )  ), as defined above ,  is a semigroupoidal (resp. 

monoidal, symmetric semigroupoidal, symmetric monoidal) category.
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Conversely, given any semigroupoidal (resp. monoidal, sy m m et r i c  

semigroupoidal, symmetric monoidal) category there exists a

functor X : r H-+ Cat such that for all n.
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4. Cube Lem m as.

Let [5] represent the following cube

bi

a4.
a 3

in which the vertices are categories, the edges are functors denoted

by at ,bi ,c i , 1 < / < 4 ,  as above and the faces are natural i s o m o r p h i s m s

denoted a  , a ' ,  0 , p ' ,  y a n d  y ' for the back, front, left, right, top and

bottom faces, respectively, as shown below.

bi

D e f i n i t i o n .  We say that the cube [5] is a hom otopy coherently  

com m utative cube if the composition of the sequence of six natural 

isomorphisms connecting the six composite functors from the initial 

to terminal vertex, namely

03^1 sg -tg & fl!.... a!a- »h e f t — .

equals the identity .
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N o t e .  Identifying the domain and codomain of the above

composition results in a hexagon diagram which commutes iff the 

cube [5] is homotopy coherently commutative.

Let us say we are provided with two cubes [5] and [b].

b a .
\

*

C,

Im . '
\
H

o y

/ -

I f  a2 =al , «3 = a4 , c2s=c1 a n d  c3 = c4, we can paste the right face o f  

[5] and the left face of [b] together. We call the resulting cube [b]

below the (left-right)com position o f  the two c u b e s  [6] and [b].

Similarly, we can form their (vertica l, front-back) c o m p o sitio n  if 

their bottom and top faces or their front and back faces, resp., are 

iden tica l.
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Lem m a 1 .  (The P asting  Lem ma) The composition o f  two 

homotopy coherently commutative cubes is again a homotopy 

coherently commutative cube.

P r o o f :  Let

bi bi

be two homotopy coherently commutative cubes.

Let a , a ' , P , p ' , Y  a n d  y'  and a  , a ' , p  , p ' , y  a n d  y'  r e p r e s e n t  

seperately the back, front, left, right , top and bottom faces of l&] and 

[^ ], resptively. Assuming a  ̂ = a , , ^  = a4 , c2 = cx, c3 = c4 and P' = P , w e

can form their left- right horizontal composition.

5

We show 5 is homotopy coherently commutative as follows.
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Since [5] and [b ] are homotopy coherently commutative cubes, we 

then have
5 = (a}a )(y 5:, ){bfi \ a \  \c ,y  XP %) = id.

B = (^ a  )(7^  )(£3P ) ( )(?3 Y)(P # ,) = id.

We wish to show

B = (â ab, )(a&a ) ( f  X^Y '<\ X W )

( ^ c c ' a ,  \a 'b ^  \c ^ 2y){c,V\ ) ( P M  )  =  « * •

By the interchange law ([M2], p.42-44), we have

F a c t ,  ( a V J ( cA y) = f e v ) ( a '« A )  and (fl3ft4a ) ( f V , )  = (y^ A X ^ cx).

Consequent ly ,

B  =  j [ ( ^ a  X T ' ,  )]bx |  { ^ 3 [ ( « 3 «  ) ( Y  'c ,  ) f e P  X « A  ) ( c 3Y  ) ] |

{ [ ( a  ^  ) ( c 3 y  X P ~ '^ i  ) ] ^ i  }

=  j [ ( ^ a  X ^ ) ] * i l  W h } { [ ( «  %X ^ s y X P  $ ) ] * )

=  [ ( a , a  X y ^ P  X a ^ X c j Y  X P  % ) \ > x

-  bbx 
= id.

Similary, we can prove that the front-back horizontal composition or 

the top-bottom vertical composition of two homotopy coherently 

commutative cubes is homotopy coherently commutative.

Q.E.D.
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C o r o l l a r y .  I f  [5] is a homotopy coherently commutative cube, then 

[S] is a homotopy coherently commutative cube i f  and only i f  [5 ] is a

homotopy coherently commutative cube.

Lem m a 2. (The C ance lla tion  L em m a). I f  a cube

*»•

C+
c,

l»4-
-C3

is homotopy coherently commutative and bn  i = 1 , 2 , 3 , 4 ,  are 

homotopy equivalences with inverse equivalences bt, units r|; a n d  

counits , 1 < / < 6, resp., then the cube

[6]

3a

C3 C4

j*3

is homotopy coherently commutative.

P r o o f .  By the corollary o f Lemma 1, we only need to show that the 
left-right horizontal composition |h | is homotopy c o he r en t l y

commutative, i.e. 5 = id . We have



5  =  {a.ab, \ a f 4 a  )(y & 4q  X ^ Y  ' q  X  W )  

{B3a ) ( a  '* 2 ̂  ) ( c / 2y  ) ( c 4y&, ) (P  M )

The following two commutative diagrams

B2b2a f  >B2a2bfil bl ---^ ->bfifi1

and the interchange law, yield

& y ) ( y »  = {b2y j & W ' A  \ b 2y ^ a f i f i , )

= (^2v 1)(% Y -is; ̂  X£2‘« M )

= (b2b2alEl}(b1yblbl \ b 2y ~%l\ \ e 2x affix)

= (b2b2aiEl)(E-iafifil ).

Similarly, we have

(F ja '^ a  % )= i f f i i C ^ ^ E ' f f h ) ,  

( V b M r h  (^ a f i4b4Jb3b3a4E'4l),

( a b f b .a ) = (e4c M  lb 4b4qE~l).

H ence,

B = (a4e4c1F1̂ X aA V ie r 1X£3fl4 ^ 4 aiX ^ ^ a4E41q )(^ ^ P )  

{jbfi$c4E2a f E 2 c4b2b2a ^ c f 2b2a f . f c 4E2 a f b f f i

By the interchange law
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{c4b2b2a1el )(c4e2 a1blbl) = (c4e2 ) >

(Z>3ft3C4£2fli)(£3 C$'P tP^) ~ (E3 ^4°l )(C4E2fll)»

(fi3fl4F4 = («4E41c1 )(e3«4  ̂) .

(fl.E .q^X fl.FA dE r1) = ( w f 1 ) ( W i ) .

( W X e '̂qo ,) = (e; 1̂  )p 

a n d  ( c ^ E ^ P '^ )  = F  W i Ei)-

From this it follows that

5 = (fl4c1E 'I)(a4E4q )(fl4E4_1q ){e4a4cx){bp$)  

(e;1c4al)(cie 2a1)(cÂ a l)(c4ale1)(^'Bib1)

= (a ^ e  i"1 )(e3a4c1 )(F3ft3p )(e3_1c4 «! )(c 4̂ e  t)(p 'bpx)

~ (a4c1£i XEj^CjXEj o4c1 )PP (fl4c^£j)
= /</.

Q.E.D.

N o t e .  In a similar manner we may define the concept of a h o m o t o p y  

coherently commutative prism. More precisely, the prism <§>

in which the vertices are categories, the edges ai f bi t cn  l < i < 6  are 

functors, and the faces a , , 1 < i < 6 , 0, a n d 06 are natural 

isomorphisms, as shown below
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<=*

is homotopy coherently c o m m u t a t i v e  if the composition of the eight 

natural isom orphism s

c,c2cA  - a * * -  c^ b ,  - a a S -  c , a M  ajb,6,*, « ,» M

— a a A - >  c . q a A  ^ ■ ■ ■>c „ c s c 6  a ,  — I! * —  C j c 2q  a ;

equals the identity.

N o t e .  The prism <5> is homotopy coherently commutative iff  the 

associated octagon diagram commutes.

Lem m a 1 '. (a) I f  we are given two homotopy coherently  

commutative prism s (fig. 1.1) with bi = c , , l <i < 6, then the top-

bottom vertical composition <5 > (fig. 1.2) o f  <5 > and <5 > is again a 

homotopy coherently commutative prism.

( b )  I f  instead o f  bt = ct , 1 < / < 6 we had dx= a, , a6 =aA, b6 =b3, c6 -  c3, 

then the front-back horizontal composition <5> o f  <8> and <5 > (fig.
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2.1 & 2.2) is homotopy coherently commutative, i.e. the composition 

o f  the twelve natural isomorphisms.

V s W M a  -9®** tr& Vfrafo - & &&- +  .s g a f t-> i

—5a &A-> v $ j $ f i 2bx - & - +  aAb,b5b,b5b6

— v j& b 4b5b6 ■ > ̂ A h h  w / i l  >

- ^ ^ U 4u5c,c5a6b6 ■ - ^ ^ -> r4c5c4e5c6fl, 

is egaa/ lo the identity.

( c )  Given a homotopy coherently commutative polyhedron <5>,  as 

in part ( b ) ,  and two homotopy coherently commutative cubes [5;] 

am/ [5r ] (/zg. 5.77, r/ze composition o f  [5,], <8> and [5r ] (/zg. 5.27 (along

their identical faces) is again homotopy coherently commutative.

P r o o f .  The proofs of parts ( a )  and ( b )  are straightforward. The 

proof of part (c )  is in the appendix.

Lem m a 2 ' (C ancellation Lem m a). Suppose that the prism

*>6

C 6

Cl
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is homotopy coherently commutative and at , l < i < 6  are homotopy 

equivalences with inverse equivalences aif units r|f and counits £., 

1 < / <6. Then the prism

ce

is also homotopy coherently commutative.

The proof of the cancellation lemma for the prism will be omitted 

since it is analogous to the proof of the cancellation lemma for the 

cube.



5. P roof Of The Theorem .

We first show that the associativity pentagon diagram commutes. 

The cube

® «i

&  * i

0

is homotopy coherently commutative if  and only if  the composition

<8>(® * 1)(<8> x l x  1)— “(s-ir.Q -t ®(1 x ® ) ( ® x l  x 1) id >® ( ® x l ) ( l x l  x ®)

g 0 ,,»,,«)  ->® ( l x  ®) (1  X l x  > ®(1  X ®) (1  X ®  x l )

° - 0 “« - » U ® ( ®  X 1X1 X ®  X 1)—i t? /-1-.-1) > ® (®  X 1X<8> X 1 X 1)

is equal to the identitiy. By the note following the definition o f

homotopy coherently commutative cubes, this holds precisely when 

the associativity pentagon commutes.



Replace the cube edges ® ,® * 1 ,1 * ® ,® * 1 * 1 ,1 * ® * 1  and 1*1*®  b y  

btFu l , (b. * l)(Fltl * l ) , (l * b.)( lx Fu ) , (Z>. * 1 * l)(Fu  * 1 * l ) , (l * ft. * l)(l * FM * l)

and (l * 1 * Z>J(l * 1 * Fj 4), resp.

On the top face of

On the right, front 

a sso c ia tiv ity :

the cube paste the diagram:

v4 *1 . y  y2 &»*! . \r3^
Jl-F, . ,  I J l . F , ,  I J l . F , ,

v 2  y  *̂1.1* ̂  \r2 1 y  yAj A2 -̂ 2 "1̂ *2
11*b. « 11»*. |  i «*.

A? > X2Xx — ^ >1- > A?

and bottom faces, paste the defining diagram for

1 « F,I .1

F\

X2Xx
F.

b.* 1

I
XxX2

|  1 » 6 .  I) |  (1 + *). |  b.

A? *»■»■■■> X2 — xx

X?

h ‘
*2

Finally, on the left and back faces, paste the diagrams corresponding 

to 1 * a  and a  * 1, respectively. The reader may refer to the following 

two figures:
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V'/

The subdivision of the back three faces.

_Fi, '  _ b‘_*L

•SI

The subdivision of the front three faces.

Replace each FtJ by (/ + 0 ,0  + j )  and then extend the subdivision of 

the faces into a subdivision of the cube. We then get eight subcubes 

as follows (see the next two pages).
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The following four subcubes combine to form the top half of the 

cube:

<•+•,0*l> af

< !•>», a + i >a<

<1*0, 0+2> XI
N
V

XtX? b» * l x?

a

V

+  V

x?x2 A

o♦
V

XA

AjA2 --- Aj

x &

X,Xx y* X?

X1



The next four form the bottom half:

<»+0,0+»>

< 1+0 . 0+3 >

c

<t*o. o + z>

<b+a;»t X  U

*,2

*2

Each of the eight subcubes is homotopy coherently  com m utative 

since all of its faces literally commute. Replace each (i + 0 ,0  + y) by 

Ff j. By the cancellation lemma, the resulting subcubes are still

homotopy coherently commutative. Pasting these together gives us
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back the original cube. But, by the pasting lemma, it must b e 

homotopy coherently commutative as well.

The prism

is homotopy coherently commutative iff the composition

®(1 x ®)(l * (12))— ®(1 x ®) ■*? >®(® x 1) >®(12)(® x l)

- * U ® ( 1  x ® X ( 1 2 )  x l) ( l  x ( i 2 ) ) - ^ ^ l l ^ .a i ^ U ® ( g ,  x i X ( 1 2 )  x l ) ( l  x ( 1 2 ) )

 8(C~M)(1,,(12)) ((gl(0  x  1)(1 X (12))—^ ® ( ®  X 1X1 x  (12)) fl(ll<(12)) >®(1 X ®)(1 X (12))

is equal to the identitiy. This holds precisely when the symmetry 

hexagon commutes.
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As in the case of the cube, we replace all occurrences of <8> on th e  

edges of the prism by b,Fu l. We then paste the defining diagram fo r

a sso c ia tiv ity

y3 F t.lw 1 . y  y  b.» 1 y  2

|  1 “ ^ * J F2,. » Jf,..
V  V  ^1.2 - y  (6+lX > ya \a 2 ^3 -̂ 2
1 1 «*. ii |  a +«. |  *.

a? fi-» ■ » x2 x,

on the right-front, left-front and bottom faces each; the defining 

diagram for comm utativity

J *i.i

|  b. |  b .

X , ^ - X x

on the front face; the diagrams corresponding to 1 * c and c * 1 on the 

right-back and left-back faces, respectively; the following diagram

j 1** (12) y3

\ u r
l*(l 2) Y3

\ ld
K '- H -  A?

on the back face; the following diagram



on the top face, where (123) is induced by the 3 cycle 3 -* 3 in r H, and 

Fj i j is some inverse equivalence of in Cat', and the

following diagram

x l + ^ - x 1

on the bottom face. Next we replace each Fi S by (i + 0 ,0  + j )  and each



by ( a , i  ,P3,2 >P3 ,3) and extend the subdivision of

the following subdivision of the prism.

The following four polyhedra combine to form the top 

p rism :
«» V I */

'3 1*0*2

the faces into 

half of the



The next four combine to form the bottom half:

<  I X (

( l + V *



Since all the face of the subcubes literally commute, the subcubes are 

homotopy coherently commutative and similarly for the subprisms. 

By the cancellation lemmas, replacing the indicated (darkened) 

arrows on the subcubes and subprisms by their (prechosen) in v e rs e  

equivalences preserves the coherency of the subcubes and 

subprisms. Pasting these back together yields the original prism. By 

the pasting lemma it is then homotopy coherently commutative.

Next we show c2 = id. Denote Fu  by F  and let a  be the composition

a : <12> F  E"<12>f > F < l + 0 , 0 + l >  <12> F
-  F(12) < 1 + 0 , 0  + 1 > F  - f<12),]" >F( 12).

C l a im :  a(12)°<12> a  = id .

Applying the intechange law to the following diagram

<1 + 0. 0+1 > X2 E -  X,

together with the triangular identities

Fq = e"1F  a n d  q < l + 0 , 0 + l >  = < l  + 0 , 0  + l>  e -1,

y i e lds



a ( 1 2 ) o  <12 > a  = (F(12)ti"1(12))(e'1<12> F (1 2 ))

= (F(12)(12)n"1)^l(12)n"1 < l + 0 ,0  + l > < 1 2 > F  )

( F < l  + 0 , 0  + l > < 1 2 > e ' 1< 12 > F  ) (e"1 <12> <12> F  ) 

= (Fti_1X F(12)ti"1< l + 0 ,0  + l X l 2 > F )

(F (12)< l + 0 ,0  + l > £ _1< 1 2 > F  )(e_1F)

= (Fx]'1Y F(12)n_1< l+ 0 ,0  + l X l 2 > F )

( F(i2)n  < i + o , o + i > < i 2 > f  X^n)

Similarly, the triangle for unit may be placed on a cube:

(<12>F(12)n_1 )(<12> e "1< 12> F  )

= id.

Subdividing yields eight homotopy coherently commutative 

subcubes .



zx *x

A

o
*
V

X

lx

lx

&

X X

*x

lx

X

X

0=1

I * «

lx

lx

rsaqnoqns inoj doj aqx

£ €
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The bottom four subcubes:

X?

X?

Xf

X,2

Xf
» I X2%

X2 ti  +v*

X,

I

X,

X?

X2

X*

The rest of the details are like in the previous cases. This concludes 

the proof of our theorem.

Q.E.D.

fx



6. Proof  of the Converse.

We will prove the converse only for the symmetric monoidal case, 

the proof for the other cases being similar. For a given symmetric 

monoidal category we construct a functor X : T CM -+ Cat s.t. Xn ^-A!1

for all n. For simplicity we write T instead of r cM .

6.1. Briefly, an operad £ (in the category of topological spaces) is a

sequence of spaces ^(y) such that C(0)={*}, there is a unit l e£ ( l ) ,  the 

symmetric group £ , acts from the right on £(j) and there is a

suitably associative, unital and equivariant family o f maps:

Let S e t f lo be the set of finite linearly ordered sets. We construct an

(categorical) operad {Q as follows.
1 * 1 A€Setfil<0i

Set <̂  0 = 1*} , the trivial category and, for X * 0 , let Q x be th e

indiscrete category whose objects are all the associations and

permutations of the ordered set X .

The operation of the o p e r a d  Y-’C,,X* * ••• x Q Xn -* o where

XAe S e t fJ.0> a n d  X  is a linearly ordered set with n elements, is

defined as follows.

Given (d ,c { , . . . , c„)€Clti * CUxi *•••* CUxn, y combines (cj 

according to the permutation-association d . It is then
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straightforward to show that y is a functor which satisfies the

appropriate axioms [M].

6.2. From the operad iCi , we may construct a groupoid-* * iX€Setf|(0>
A

enriched category C as follows.

A

The objects of C are to be the natural numbers. Let

C(m,0)  = C(0,n) = {*} for all natural numbers m and n and for m , n > 0
let £ (« ,« )  = 1 1  J IC  , .

q>:m-*n ta t  A’CP
irtT.

The composite (<j) ; c) ° ( cp;d) - (<j)°cp ;e) of (<J);c) — (<J> eC(m,n)

and (cp ;</)4 (cp ,...,</m)eC(/ , ro)  is defined by setting

c = j a v ( e‘ : j . , ‘0 ’ wh e r e

y :C i *-«(o * c \,v-'(h) x x

a n d

<l>"1(0 = U  < •••<;„)•

Then the associativity of composition follows from the definition of 

an operad.

6 .3  . Suppose that , <S>, 1, a , c , / ,  r) is a given symmetric

monoidal category. For any finite set X  we have a bifunctor 

W x : Q x x<A,x|-* A ,  where |X| is the cardinality o f X  [Ma]. We use
A A

these to construct a 2-functor X :C -* C a t  as follows.
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Set Xn =<An for all n. Define X: Cfm,n) -*■ Cat(Am,A.n) to be the enriched

components cper(m,n) by the following composite, where the are

p ro jec tions:

6.4. In any category we shall say that morphisms u: A~* X , p : E -* B 

are t r a n s v e r s e  if for any f \ A - * E , g : X - * B  such that p f  = gu there is 

an h:X~* E with hu = f ,  ph=g .  If C is a finitely complete and 

cocomplete category, by a class o f  weak equivalences in C, we mean 

a class 6  of morphisms closed under retraction (in C ") and under 

composition and cancellation. By a closed Quillen model structure in 

C, relative to a class 6  o f weak equivalences, we mean a pair of 

classes of morphisms, Cof, Fib, whose members are called, 

respectively, c o fib ra tio n s  and fib r a tio n s ,  each closed under retraction 

in C~\ and such that

(Q l) Every cofibration is left transverse to every trivial fibration, i.e. 

fibrations which also happen to be weak equivalences. Dually, 

every trivial cofibration is left transverse to every fibration.

(Q2) Any morphism in C has a left factorization  with / "  € Fib,

f ' z C o f n E  and a r igh t  fa c to r iza tio n  g"g' with g" e Fib r \E ,

adjoint of the functor Wm „: C(m,n) * <Am -*■ <An which is given on

g ' t C q f .



A category C supplied with such a structures is a closed Quillen 

m o d e l  ca tegory . In particular, Cat is a closed Quillen model ca t ego ry  

w i t h

C = {y | y* is an equivalence of categories},

Fib = { / 1 /  has the isomorphism lifting property} &

O f - 1 /1 /  is injective on objects}.

Moreover, Cat satisfies the following property which Baues called

'the axiom o f  properness'. Given a pushout diagram

A *

• I

+ X

I *
A'-----+ X'

where p € 6  and cp tc o f ,  then q e 5 .

To show this we first factor p  as follows:

^  Fib l~l £   ̂ ^  Co/TlE  ̂^  $

We then obtain the following pushout diagrams.

A - Cof >X
i

fib n  e | 1
B - Cof

► Y
Cof n e | I Cof n e

A'- Cof . r

We may then assume that p  e Fib n £ .  Let T = { /€Aj  j p f  = «/.}. We have 

^ c f c A  and T is a groupoid. In fact, since p  € Fib D 6 ,  T is a



preordered groupoid, i.e. for any a,b^.A^, there exists at most one

arrow in T from a to b. We call such a r  a "web". For any web 0 c  x

define a category X|0 as follows.

(*|6 ),-jr09 -lta] | [ a ] - l < n r 3 !/: a - a ' i n T \ ;

(X|6 )([a],[*>])= X(a,i>).

Note that if [«] = [«'] and [£] = [£'], then X(a ,b ) is canonically

isomorphic to X(a' ,b' ) .  The quotient functor X - * X | 0  is clearly a

trivial fibration. Since cp is a cofibration cpT is a preordered groupoid,

and hence cpTUXJ, is a web. We therefore have the following pushout:

A ---- 2— >X

p \  1 9
a 1— ►xlKcpruXo)

with q a trivial fibration.

Baues shows that for any Quillen model category with this property

the following "glueing lemma" holds [B].

Consider the following diagram in which the two squares are

pushouts and the four horizontal arrows are cofibrations.

• _______ Col_____►.

V Cof , /*

: c o f

X .y•  i Cof

If  a , (3 and y are weak equivalences, then so is 5 .
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In [H], Alex Heller shows that for any small category C there exists 

two model structure on JCc , where JC is the category of simplicial 

sets. In fact, his arguments still hold if we replace K  by Cat. In 

particular, letting

= \ f \ f c  for objects c in C),

Fibw = { f \ f c £Fib, for all objects c in c} &

are right transverse to / j .

yields a functorial closed Quillen model structure on Catc , for any 

small category C. Define T :Catc -*■ Cat0 using the right factorization of

0 — ~—* X  into 0  —  > TX Fib"-~  >X  in Catd, where 0 is the initial

ob ject.

6.5. The forgetful 2-functor u : C - » r ,  defined by ni->n and (4>;c)t—><t>, 

induces a 2-functor u* :Catr -+ Catc . Since Cat is cocomplete, u* has a 

left adjoint Lanv, the left Kan extension along u . Moreover it satisfies

the following property.

P rop . For any X in Catc , the unit :TX-+ v*LanvTX  is in £ wQCat^,
A

i.e. for all objects n in C, we have an equivalence of categories

(nTJ „ : ( T n ,  = (v 'A "!L, T 4 .

Since (TX)„=^, is an equivalence of cateories for all n, (LanvTx)^ is 

also an equivalence of categories for all n.



4 3

Let X - L a n vTX:  T -*■ Cat, where X: C- *C a t  is the 2-functor we have 

previously constructed. By the above proposition, we have that X
_ _  A

satisfies the hypothesis in our theorem, i.e. Xn - X n = <An, for all ob jec ts  

n in T.

All that remains to be done is to prove the proposition. We will only 

sketch the proof. For more details see [H2].

Define the functor

® c ' C a r ' d°P* Catt  ^ C a t v

by (f ®c G)„ = J mFnm*G!m, for all objects n in T. Similarly, we may 

define the functor

Homr : CatT"P" * * CatT ^ C a t  'c 

by Homr(F,G)m =J'nG^nm for all m in C. We then have

u*y=ro(ixx5)(8>r y  , YeCatT;

Lan^X = To(v x 1 ) X , X e C a t d.

The Yoneda Lemma applied to TX :C -* C a t  with C : C op* C-* Cat yields 

a natural isomorphism Homd{ c , l x } e TX. This corresponds via the

adjointness relation

Catd(TX ®dop C , Tx) * Catd(TX , Homd( c , Tx))
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A

to a natural isomorphism C®(=.TXS TX. Since 

v 'L a n J X  = u *(r o (u * 1) ®e Tx)

= r °(i xV)®r[ro(u x i)®̂ tx] 
s[ro(ix v)®r r°(u xi)]®tTx
s  r « ( v  x  v)®e TX,

A

it suffices to show C ®^TX-  T °(v x v)®^TX is an equivalence of

categories.. But this is a consequence of the following observation a n d  

l emma .

The morphism C - * r ° ( u x u )  in Catc°P' c defined by v is a weak 

equivalence, i.e. for any (m,n) eC°p * C, C(m, n )-* T(m, n) is an

equivalence of categories in Cat.

L e m m a .  If X is Catc and f : Y ~ *  Y' is a weak equivalence in Catc°P' c , 

then /® £,TX  is a weak equivalence in Cat0.

We adapt Heller's proof o f the analogous result with Cat replaced by 

3C [H2] to the present case.

A A

Let J : Q - * C  and Xo = 0 .  Now form the following pushout w h e r e  

J* 0 —*■ D0 is a weak cofibration in Catc°.

LarijJ*0 00/5 > LarijD0

0
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Since C0 is a discrete category, then, for any X  e Cat**, (LarijX)c = I I * ,
<p c

Therefore, the top arrow above is a weak cofibration since it can be

expressed as a coproduct of weak cofibrations. It is also a s t rong  

cofibration because Lanj(Cofw)^ C o fs . Therefore, 0  Xj is a s t rong

cofibration in Catc . Iterating this construction, we then have a 

sequence of strong cofibrations in Catc .

0 = X O ------>X:2

with TX = c o l imXn. So /<8>aTX is the colimit of the following diagram.

Y ® . X 0 >Y9t Xl -

J
y ® . x q— — ► ...

It remains to show that all the are weak equivalences. This

will be done inductively. First of all, / ® ^ X 0 is a weak equivalence 

since /  is and Xq = 0 .  Assume then that f  Xn weak equivalence. 

We show that /® ^ X „ tl is as well. Consider the following commutative

di agrams .
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Y <8>d Lan]T X n --------------------------------------------► Y ® t  LarijJ*Dn

, Lan,J*D„

71+1
/

in which the top two horizontal arrows are weak and s t rong

cofibrations and the two squares are pushouts. From the inductive 

hypothesis we have that * c )  Y<8>̂  fX ^  * Cj J*X„. But, for all

Z in C a t^ " 0, Z<8>d LatijA c j  Z® ^ A. It follows t h a t

7 ®e LanjfXn C ) * Y J ' X „  and Y' ®-c Lan}f X n * (J * C)* Y' <8  ̂J*Xn.

Therefore, u is a weak equivalence. Similarly we may show that v is 

a weak equivalence. The gluing lemma then implies that f ® t XnH is a

weak equivalence and that completes the inductive step.

Q.E.D.
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7. List O f Figures.
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AP PEN DIX

P roof of Lem m a 1' (c). Let a, , l £ i £ 1 0  be the natural

isomorphisms of <5> from the right face to the back face. Let (3, and 

be the natural isomphisms of the top face and bottom face of <6> 

and let a 2, a 3,fJ„ and |3rfc be the natural isomorphisms of the right 

back face, the right front face, the top face and bottom face of [5r ] 

and let a g , a 7 ,f3/f a n d  $ lb be the natural isomorphisms of the left back 

face, the left front face, the top face and the bottom face of [6,]. We

know that

= (K J h fa a *  \ a ; lb2\ a f i n \ a 3F2)(r3a 2) = id ,

= (P//>̂ 9)(̂ 7®8 )(a 7̂ 8 )(fl7Pft)(a 7 ' ) = ^  ’

a n d

5 = {^X c^iC sC 9a 10)(c6c7c%a9b10X c ^ ^ 9bl0){c6a 7b,p9bl0) 

(a6b7b,b9bl0Xafit )(a5 W 2Z>1)(c5a 4ft3ft2̂ 1)(c5c4a 3̂ 1)

(csQ C ja^X csC ^c^)
= id .

We want to show 5 = id. By using the interchange law and three 

identities, we have
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