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Abstract

Flow and Particle Transport by the Lattice Boltzmann
Method

by

Yiguang Yan

Advisor: Prof. Joel Koplik

Three problems involving lattice Boltzmann computations of confined fluid flow
and particle transport are studied. First, the flow of shear-thinning and shear-
thickening non-Newtonian fluids at finite Reynolds numbers in self-affine fracture
channels is considered. Such flows are relevant to the modeling of hydrocarbon recov-
ery processes in geological fracture networks. Microscopic aspects of the flow fields
and macroscopic properties such as permeability are obtained under a variety of flow
conditions, and the results may be summarized in a number of scaling relationships.
Secondly, we study suspension dynamics and particle deposition due to gravity in
finite Reynolds number channel flows. The local velocity and concentration fields
in the Hele-Shaw case flow domain are found, along with macroscopic characteri-
zations such as fluid flux and particle flux as functions of the control parameters
Reynolds number, buoyancy number and bulk suspension concentration. An initial
study of the surface evolution of self-affine fracture walls is made, which suggests
that height correlations are partially preserved in deposition processes. Lastly, we
investigate two-particle hydrodynamic interactions in confined shear flow with finite
fluid inertia. The particle trajectories are determined as a function of the initial and
flow conditions, and a “phase diagram” of final states is obtained. A variety of fixed
point and open and closed limit cycle behaviors are observed, and the results related

to particle train and cluster formation in shear and Poiseuille suspension flows.
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Chapter 1

Introduction

1.1 Introduction

Fluid flow and solid particle transport occurs in many industrial processes in the
chemical, petroleum, geothermal and environmental processing industries, and so
transport processes involving fluid flow have been investigated by many researchers.
in particular, fluid flow in geologically disordered media such as subsurface porous
reservoirs and fracture channels and networks has attracted a lot of attention due
to current energy-related issues. Much research has been therefore been conducted
on flow and chemical transport in such systems using a variety of theoretical, com-
putational and experimental techniques. Flow and transport problems in geological
disordered media have been addressed mainly in two directions: microscopical mod-
eling and macroscopic correlation. Microscopically, it is of interest to investigate
geometrical effects on fluid and transport of other materials, to analyze the different
mechanisms for fluid and particle transport, and to compute the details of transport
at the constituent level. Macroscopically, the fluid flow rate and pressure values are
closely related to production efficiency in processes such as hydrocarbon recovery,
and especially for secondary oil recovery. In this thesis, we will focus on flow and
other particle transport processes in fractures and in an model systems which are a

reasonable approximation to natural fracture channels.



The presence of fractures in geological disordered media such as porous hydrocar-
bon and water reservoirs, waste repositories, or geothermal sources, has important
consequences for the utilization of our energy resources. The motion of energy, flu-
ids and suspended particles may occur predominantly through fracture networks,
since these can be more permeable than the microscopic pore system within sed-
imentary rocks, providing higher throughput rates over longer distances, and can
be the dominant mechanism for energy and material transport. In contrast to the
relative well-understood case of motion through microscopically porous media, the
problem of understanding transport in fractures has several additional technical dif-
ficulties, related to correlations both between and within individual fractures|7]|. The
key simplifying feature in the first case is that the heterogeneities within the pore
system of a rock usually have only short range correlations, and straightforward
average or mean-field descriptions such as Darcy’s law work very well. Problems
on larger scales, where other types of heterogeneity occur, may then be treated by
using continuum partial differential equation models to consolidate the behavior of
individual statistical homogeneous regions. The exceptions, such as long-time tails
in dispersion, or more generally two-phase flow, involve longer-ranged correlations
in the pore space geometry or the spatial distribution of the fluids. For fractures,
there are again "uncorrelated ” problems which are well understood, such as the
flow of fluids in a single smooth fracture, but for the more challenging questions of
transport, spatial variations and their correlations play a crucial role|26, 27, 28].

Although the surface of a naturally fractured rock appears superficially to have
merely some random roughness, on careful analysis it is actually a self-affine struc-
ture, have a statistical self-similarity extending over decades of distance, character-
ized by a roughness exponent|7][55] [70]. This thesis focuses on an equally challeng-
ing and significant problem at an intermediate scale—the effects of the correlated

heterogeneities present within a single rough fracture. A very crucial issue for fluid



transport in geological fracture systems is the evolution of their geometry due to
the deposition of particles carried by flowing fluids. (There are other mechanisms
acting, such as erosion, but their effects occur over very long time scales.) Fine
particles such as silt can gradually deposit along fractures and narrow the aperture,
and larger particles may deposit and partially block the flow in a fracture or a flow-
ing junction. Such processes may significantly alter the transport properties of a
reservoir over “working” time intervals, and have a major impact on the efficiency
with which hydrocarbon or water may be recovered. In these situations, one would
like to develop diagnostic or predictive tools which allow the effects of fractures to
be quantitatively incorporated in reservoir evaluation and modeling.

The understanding of flow and transport in fractures is a non-trivial problem
due to the irregularity and roughness of the surfaces of a fracture channel. While
this is the major issue we wish to attack, in practice in the petroleum, chemical
and related industries, the liquids flowing in disordered media are very often non-
Newtonian fluids. A further topic to be investigated is then non-Newtonian fluid
flow in geological disordered media, and here we will focus on their flow in self-
affine fracture channels. An additional complication is that mobile solid particles are
present in many geological and chemical processes and understanding their transport
dynamics during processing is important for proper design and prediction. It is thus
of equal interest to address this fluid-solid multiphase flow problem. Moreover,
because many transport processes in natural and industrial contexts involve high
values of fluid flux, the effects of fluid and particle inertia, or even high Reynolds
number turbulent flow, become relevant. This motivates our final topic, particle
interactions including the effects of inertia. Based on these considerations, in this

thesis we address the following transport problems in fractures:

e Investigate non-Newtonian fluid flow in self-affine fractures. Many fluids in

industrial processes are non-Newtonian, that is, the viscosity of the fluid



is dependent on the local shear rate, or in some cases exhibits memory ef-
fects whereby the viscosity depends on the history of the local deformation of
the fluid element. As a starting point, It is appropriate to investigate non-
Newtonian fluid flow in a single fracture channel, as a prelude to future work
on flows in a network of fracture channels or a porous medium. Moreover, a
further motivation for this study is the fact that a fluid containing solid parti-
cles or a polymer solution or melt often has some shear thinning or thickening

rheological behavior even the solvent itself is Newtonian.

e Study the two-particle interaction problem for fluids with finite inertia, in
order to develop some insight into experimental and computational results
on this problem, and also to build a data set to extend particulate modeling
to particle suspensions or other particle transport processes. A substantial
literature exists on the effects of finite fluid inertia on particle trajectories,
which may help explain experimental observations of particle migration and
particle-train formation. Fluid inertia is known to cause particle migration

across streamlines, and hence produce interesting new phenomena.

e Study particle suspension and deposition process in pressure-driven fluid flows
in both flat and rough single fracture channels. In addition to simulations at
the particle level, it is important to investigate the rheology of particulate
suspensions and try to model them as bulk continuous materials. Both the
microscopic description and the macroscopic modeling facilitate our ability
to predict and design industrial process where particulate suspension flow is

involved.

The following sections take up the three topics in turn, and provide a review of
previous literature on the topic, elaborate on the state of current research and the

difficulties present in the subject. The detailed results are given below in separate



chapters for each topic.

The principal computational tool to be employed in this thesis will be the lattice
Boltzmann (LB) method, which is particularly convenient in situations where an
irregular boundary shape changes systematically. The advantage of this method is
that since the solid boundary is a set of nodes where fictitious particles moving on
a lattice bounce back to keep the right boundary conditions, or using more exact
and sophisticated rules. The evolution of the fracture surface simply corresponds
to updating a list of such sites. Recent papers[3][19] [32][33][39] [47][73] have shown
the utility of this technique in a number of related problems such as suspension
dynamics and porous media flow. These numerical results will then be compared
to both the simpler models discussed above, and the results of a purely continuum
description in terms of surface adsorption rates. We will discuss more on lattice

Boltzmann method in next chapter with validations on our computational results.

1.2 Fluid flow in self-affine fracture channels

An understanding of flow and transport processes in geologically disordered media
is necessary for the efficient extraction of fluids from underground hydrocarbon
reservoirs. Situations where flow proceeds through networks of connected fractures
are particularly attractive, because the throughput is generally much higher than
may be achieved through intergranular porosity alone [1, 8, 67, 80]. An important
feature of subsurface fractures, which considerably complicates the problem, is that
the surfaces of naturally fractured rocks are not smooth or even randomly rough,
but rather are highly correlated self-affine fractals [11]. A second complication in
the analysis is that typical reservoir fluids are often complicated mixtures, which
exhibit non-Newtonian flow behaviors such as shear-thinning or shear-thickening.

Yet a third difficulty is that the subsurface fracture flow often involves much higher



velocities than in the intergranular case, and the common simplification of low-
Reynolds number linear flow is inapplicable.

The first ingredient in this study of transport in fractured materials is the char-
acterization of flow heterogeneities in a single fracture with rough walls [44]. In this
case the local aperture varies spatially, so that the velocity field occurring when the
fracture is saturated with fluid is not uniform, and the nature and spatial correla-
tion of the velocity distribution strongly depend on both the shape of the fractured
surface and the relative displacement of the two fracture faces[26][28]|. Once the ve-
locity field is understood, one can proceed to analyze the dependence of dispersion
on the geometrical parameters of the fractures. The importance of passive-tracer
dispersion as a diagnostic tool is that it is a particularly sensitive technique to an-
alyze heterogeneities|27], since measurable transit time distributions obtained with
these techniques depend on the integral of the flow velocity deviations along the full
path of each individual particle. Moreover, understanding this case is a necessary
preliminary to the study of particle suspension and deposition (or active dispersion
processes), where for example advected particles change the flow field as they trans-
port. The latter case, which is of great importance in practice, will be considered
later.

Numerous experiments and calculations have been conducted to elucidate the
combined effects of geometrical complexity, non-Newtonian rheology and finite iner-
tia in fluid flow through a single Hele-Shaw cell, fracture channel or porous medium.
Previous authors have considered subsets of these complications, but not all three
simultaneously. The flow of Newtonian fluids in self-affine fractures at both low
[26]]28] and finite [38] Re has an extensive literature. Some controlled experiments
on shear-thinning fluids in self-affine fractures at low Re have been reported [9].
Lastly, experiments and phenomenological models for non-linear fluid motion in in-

tergranular porous media at various Re are available [21]. We anticipate that flow



in a fracture can be characterized in a manner similar to the latter problem, since
in both cases the key effect is that the random solid boundary of the flow domain
causes streamlines to wind around, roughly following the boundary. One simplifi-
cation which we can exploit, however, is to focus on two-dimensional flows. It is
well known that the flow of a single fluid in a straight channel differs only in detail
between two and three-dimensional cases, and furthermore, in porous media flow in
the analogous intergranular case, one sees the same flow laws for both two and three
dimensional geometries.

The approach taken in the research follows the lines of previous studies of perme-
ability [26] and transport |28] in self-affine fractures based on the lattice-Boltzmann
method, along with a procedure for incorporating power-law viscosity variation sim-
ilar to that developed previously [34]. The discussion of inertial effects is influenced
by previous studies for the case of a Newtonian fluid in intergranular porous media
[38]. The fracture surface is generated numerically by a Fourier transform algorithm
and discretized on the regular lattice used in the flow problem. The upper and
lower fracture surfaces bound the allowed nodes in the flow domain, a bounce-back
condition enforces the no-slip boundary condition, and constant forcing provides a
pressure-driven flow. For power-law fluids, the lattice-Boltzmann relaxation time
is adjusted locally in space and time to provide the desired relation between stress
and strain. The relation between imposed pressure drop and total fluid flux provides
the permeability, and the local flow fields are analyzed to determine the velocity,
pressure and shear stress variations. Some background on the flow geometry and

calculational method is presented in Chapter 3.



1.3 Microscopic analysis of pair particle interaction
at finite Reynolds number

The finite Reynolds number interaction between particles in confined shear flows is
a basic if largely unexplored problem, and a fundamental ingredient in the dynamics
of multi-particle suspensions. A key issue in suspension mechanics is to develop an
understanding of the role of particle-scale forces in determining macroscopic behav-
ior, and the principal difficulty is their long-ranged nature: ~ 1/r for forced and
~ 1/r? for force-free particles in unbounded three dimensional flow. In unbounded
two dimensional Stokes flow, the unforced particle generates a flow which scales as
1/r while a body generating a force results in a flow which scales as Inr and thus
does not exist (Whitehead’s paradox). Aside from the dilute limit, the motion is
therefore intrinsically a difficult many-body problem which numerical calculations
have begun to explore. Most of the available results concern the creeping flow limit,
but finite Reynolds number inertial effects are present in many applications, and
are known to dramatically affect flow behavior even at the single particle level. In
this article, we investigate the pair interactions between two solid particles in an
otherwise simple linear shear flow. For reasons of computational practicality, we
focus on cylindrical particles in flows with only a two-dimensional variation, but
also present some results for spherical particles in three dimensions.

The study of hydrodynamically-interacting systems has largely focused on low-
Reynolds-number flows, meaning vanishing values of Re, = Ua/v, the particle-scale
Reynolds number defined in terms of the particle size, a (e.g., radius if spherical), a
relevant microscale velocity, U, and v, the kinematic velocity of the fluid. This limit
allows one to consider the fluid mechanics as governed by the linear and quasistatic
steady Stokes equations; some, but considerably less, investigation of conditions

for which the unsteady Stokes equations apply has been reported for suspensions.



If inertia is neglected entirely, it is well-known that the motion of the system of
particles (and macroscopic boundaries if these are considered) is entirely dependent
on the configuration and the applied forces at the instant considered. That means
there is no history dependence except in setting the configuration, and viewed as a
dynamical system, the suspension has no momentum degrees of freedom.

While the vast majority of suspension mechanical studies have addressed inertia-
less conditions, there are several studies at finite Re, which we will discuss. Before
turning to these, we note that studies have been made of the role of finite particle
inertia for conditions where the fluid inertia is negligible, conditions which may be
approximately achieved in a particle laden-gas at Re, < 1 if the Stokes number
St, = (pp/pr)Re, = O(1). This requires the ratio of particle to gas density be large
and appears difficult to replicate experimentally in a uniformly dispersed system in
normal gravity. However, it is interesting to note that Subramanian & Brady [84]
analyzed such a system in an unbounded simple shear flow and found that the weak
inertia associated with the particles results in very basic changes in the relative mo-
tion of particle pairs, with the closed pair trajectories present in the St, = Re, =0
limit (Batchelor & Green [4]) lost at finite inertia, and appearance of new attractor
states.

This study of simple shear flow of a pair of particles at finite S, raises the ques-
tion of what is the pair trajectory in unbounded shear flow of two neutrally-buoyant
particles at finite Re, = fa®/v (where 7 is the shear rate)? In fact, the answer is
not known for unbounded flow and only a very unsatisfactory partial answer may be
given for wall-bounded shear flows. While methods have been developed for simula-
tion of the motion of interacting particles at finite inertia, these have yet to address
this basic question. Finite-element methods have been applied to inertial effects for
sedimenting particles (with Re, = Ua/v, U a characteristic settling speed), with

examinations showing the now well-known drafting-kissing-tumbling sequence [30].
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Larger numbers of particles sedimenting at finite inertia have also been considered
by Patankar & Hu [68]. Lattice-Boltzmann techniques have also been applied to
interacting particles in sedimentation at finite Re, by Aidun & Ding [2] and Qi [76].

Shear flow studies of suspended particles at finite Re, are relatively sparse, but
for isolated particles date to the analytical study of Lin, Peery & Schowalter [51]
which examined by matched asymptotics the Newtonian fluid flow around a sphere.
This work showed that the symmetry-breaking by inertia results in a particle contri-
bution to the stress which is non-Newtonian, and includes normal stress differences
of O(Re,), a result which was shown for larger Re, by numerical approaches applied
to a cylinder [69] and sphere [59]. Numerical [46][23| and experimental [71] studies
of shear flow around isolated freely-rotating (torque-free) circular cylinders revealed
that the streamlines undergo a marked change with introduction of inertia, as the
closed streamline region of Stokes flow collapses and a reverse flow zone appears, as
discussed in detail by Mikulencak & Morris [59] for both cylinder and sphere. The
reversal is such that a streamline approaching the particle, taken as centered at the
origin, from the quadrant x < 0,y > 0 in the shear flow U, = *y crosses y = 0 as
it approaches the particle, and recedes into the quadrant x < 0,y < 0, rather than
passing “over” the particle and receding into z < 0,y > 0 as one would observe for
Stokes flow. A recent study by Subramanian and Koch[85] showed that the closed
streamlines around a freely-rotating sphere in Stokes flow give way at any finite Re,
to spiraling streamlines; in the shear plane, these streamlines spiral out away from
the body, and there is an accompanying spiraling in-flow along the vorticity axis.
Considering a second particle rather than fluid moving relative to the particle at
the origin, these flow structures have implications for particle interactions, as noted
below in discussion of recent experiments on tube flow of inertial suspensions. In
fact, in a separate study of three-dimensional pair-sphere trajectories by Kulkarni

and Morris, reversing and spiraling trajectories of one sphere relative to the other
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are seen as well.

Poiseuille flows of many suspended particles at finite Re, have been considered
numerically by Huang and Joseph [41]| and Lin et al. [52] using finite-element meth-
ods, but the issue of pair trajectories remains unresolved. Simulated Couette flow
of pairs of particles by the lattice-Boltzmann technique in wall-bounded channels by
Poesio et al. [72] shows symmetry breaking but is limited in the range of initial rela-
tive positions and Re, considered. We seek to advance the state of understanding of
the hydrodynamic interaction of pairs of particles at finite shear-flow Re, here, also
considering a wall-bounded Couette flow. We note that shear flow with Re, = O(1)
and without boundary effects — i.e. such that it is effectively unbounded — is not
readily physically realized: as the distance to the walls increases the bulk Reynolds
number as the square of [/d where [ is the channel (or tube) dimension across the
flow in the experiment and d = 2a is the particle diameter, so that one is limited in
[/d values one may consider while maintaining stability (Bottin et al. [10] give the
stability of the channel flow as 4{*/v = 1500). However, [/d = O(10) is accessible
for Re, = O(1), although particles alter the stability threshold [56].

It is well-known that inertia influences individual particles in pressure-driven
flows by driving cross-stream migration as shown by Segré & Silberberg [82] and
explored for higher inertia by Matas, Morris and Guazzelli [43|. Particles take up
a preferred radial position with center at approximately r/R = 0.6 for Re. < 1
and moving progressively outward as Re, increases (Re, is the channel or tube scale
Re). Some experimental evidence for hydrodynamic interactions among neutrally-
buoyant particles in these pressure-driven flows is seen in the formation of “trains” of
particles near the wall of the pressure-driven flow, even at conditions of less than 1%
solids by volume. These long-lived linear structures consist of many (up to about
50 having been observed in a single train), uniformly-spaced particles which move

together for large axial distances [42|. The particle separation is found to decrease
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with Re, in a manner which suggests that the train formation is related to the flow
induced by one particle in finite-inertia shear, as a particle causes the noted reversal
of streamline direction, but a second particle following such a streamline is cut off
from receding by the wall — we note that the train formation is observed under
conditions where inertial migration has driven the preferred radial position quite
near the wall. The axial separation of particles within a train having a dependence
on Re, can thus be argued to result from the collapse of the spiraling region around
a particle, which scales roughly as Re;l/2 up to Re, = O(1). Chun and Ladd
[22] have used lattice-Boltzmann techniques to explore this phenomenon and find
certain similar behavior, albeit in a square duct rather than a circular tube. The
evidence for hydrodynamic interactions with clear inertial influence impacting upon
the microstructure at small particle loadings provides the motivation to explore the
pair interaction in inertial shear flow. In the present work, we focus on particles
interacting within a planar Couette flow, where inertia drives an individual particle
to migrate to the centerline of the flow [31].

To attack this problem, the lattice Boltzmann method has been utilized to cal-
culate pair particle interaction in a simple shear flow with finite fluid inertia. We

will give the analysis of pair particle trajectories and their dynamics in Chapter 5.

1.4 Particulate transport and deposition

Fluids flowing through geological media are rarely clean, and often contain solid
particles whose size ranges from colloidal upwards. If these solids remained in the
fluid, one might hope to model transport processes adequately by using effective
suspension properties, but in fact there is substantial particulate exchange between
the fluids and the rock surfaces which bound them. Planar smooth surfaces often

develop roughness or wave-like structures as particle are entrained and deposited,
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while surface roughness could be either smoothed or enhanced, depending on the
relative strengths of adhesion and shear forces, and the effects of collisions. Here
we will focus on the microscopic analysis of the particle suspension and deposition
in a Newtonian fluid media, and also investigate macroscopic properties such as
permeability and evolution of the fractures, asking whether they tend to become
more or less rough, and quantitatively determine the way in which they change
shape as particle-laden fluid flows past them. In the particular case of the self-affine
rock surfaces emphasized here, the fractal correlations originate during the fracture
process itself, and it is natural to study if and how these surface characteristics
evolve.

There are two distinct domains to consider, with different experimental and
theoretical procedures for each, depending on the suspended particle size. Very
small(colloidal) particles in suspension might perhaps be regarded as making up an
effective fluid mixture or slurry, and modeled accordingly, and the complementary
experiments would focus on average properties of the fracture surface and the flow
network as deposition occurs. Large particles, in contrast, would be modeled as
discrete units present in a flowing fluid, and in experiments one would wish to
observe their individual motions as well. We expect that colloidal particles adhere
to the surface locally due to microscopic interaction such as van der Waals force,
whereas larger ones are controlled by geometrical constraints involving the shape
of the surface and the particle size, as affected by gravity and hydrodynamic shear
forces and other long range forces. Most existing work in this area takes a continuum
approach, using reaction terms in an advection-diffusion equation to account for
surface evolution, but we will use a more microscopic, particle-level description.
Similar to some simplified treatment for porous media, we could use connected
Hele-Shaw cells to simulate a porous media or network of fracture channels, so it is

interesting in itself and valuable in modeling to investigate the particle suspension



14

and deposition processes in a single Hele-Shaw cell firstly. Much effort has been put
into this problem, for colloidal and non-colloidal particle transport in a Newtonian
fluid.

For colloidal particles, we would treat the fluid as an effective continuum with
non-Newtonian properties, as in the study of tracer dispersion in shear-thinning fluid
described above, where the properties of the fluid are related to the local particle
concentration. The new feature here is that there is effectively an active tracer—as
the particle deposit on the fracture surface, their concentration changes, and the fluid
properties change in tandem. The mechanism for particle attachment originates in
short-ranged (van der Waals) and longer-ranged (electrostatic) interparticle forces,
and given the small size of the particles, would not have high sensitivity to the details
of the flow field. The modeling assumption controlling surface evolution in this case
would then be that of a constant attachment probability for particles adjacent to
the wall[39].

In the case of larger, non-colloidal, suspended particles, there is no longer a sharp
contrast between the particle size and the length scale associated with the surface
roughness. The continuum approximation may not suffice in narrow fractures, and
furthermore hydrodynamic forces can vary significantly with the local shape of the
fracture surface. It is then more appropriate to compute the detailed flow field
around a particle near the surface, from which realistic hydrodynamic forces may be
obtained. The variation of the local behavior with the detailed shape of the surface
and the position of a nearby particle is then built into the calculation, as required
here. In this situation, we are considering particles large enough that hydrodynamic
and gravity forces are dominant, and furthermore it is known that surface roughness
effects play a significant role in their degree of contact with the fracture walls. In the
numerical calculations, some degree of surface roughness arises from the presence

of a lattice[79], but it is not clear how well realistic physical effects are captured
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in this way. Fortunately, experimental studies of the effects of realistic surface
roughness on particle dynamics in a viscous fluid are available in the literature, so it
is possible to test our numerical procedure and, if they are found to be inadequate,
add appropriate additional force and torque contributions.

The limited computational ability of numerical computations to capture the
deposition process in a complete fracture with self-affine roughness over decades of
surface lengths remains to be seen. Aside from the memory requirements associated
with a large-scale high resolution calculation, the physical time required for thin
liquid films to drain from the gap between approaching solids can be large. An
alternative procedure is to follow the way of investigating the sphere pack filtration
work. We would first perform local calculations at the level of a manageable small
number of roughness elements. These results would provide local trapping rules
to be inserted into a network simulation of the type described above, which could
address the evolution of the change in the shape of the fracture wall, as a function
of time, over length scales approaching the continuum regime.

A lot of efforts have been put into viscous suspension flow falling in the Stokes
regime, where the fluid inertia effect is negligible, for Brownian and non-Brownian
particles suspended in low Reynolds number fluid flows. At low Reynolds number,
particles migrate due to the shear distribution in the flow field. Gadala-Maria and
Acrivos(1980)[35] and Leighton and Acrivos(1987)[50] have shown that the parti-
cles migrate from high shear to low shear regions in a simple shear flow geometry.
After their study, shear induced particle migration has been further investigated
for different flow configurations. Lyon and Leal(1997)[53| have described some ex-
periments on mono-disperse and bi-disperse neutrally buoyant particle suspension
in low Reynolds number flow between two flat plates using modified laser-Doppler
velocimetry (LDV). Their measurements show that for systems with channel width

to particle diameter between 11 to 24 and bulk particle fraction between 0.3 to 0.5,
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particles migrate to the center of the channel,and the migration effect is more ap-
parent for high bulk particle concentration. And in their systems, for bi-disperse
suspension, they found that particles segregate and more larger particles in the cen-
ter of the channel, especially at lower bulk concentration. Hampton et al(1997)[37]
also used nuclear magnetic resonance imaging(NMRI) to measure flow velocity field
and concentration profiles of a pressure driven pipe flow, for different bulk parti-
cle concentration and ratio of particle diameter to pipe diameter. They observed
that for large concentrations, particles migrate to the center of the pipe, and the
concentration profile becomes blunter with increasing bulk concentration. Butler
and Bonnecaze|[14| also show that neutrally-buoyant particles in a pressure driven
tube flow migrate to the low shear center of the tube through electrical impedance
tomography (EIT) in a non-invasive manner.

Apart from these experimental investigations, theoretical and computational
studies have also been set up for particulate pressure driven flow at low Reynolds
number. Stokesian dynamics(SD) has been used to simulate suspension pressure
driven flow by Nott and Brady[12]. They showed that for multiple particle sus-
pension flow, the particle migration is irreversible even without surface roughness.
They also proposed a suspension balance model for pressure driven suspension
flow based on insights from their Stokesian dynamics simulations. Leighton and
Acrivos(1987)[50] also proposed a diffusion flux model, which describes particle mi-
gration as a hydrodynamic diffusion process, while the suspension balance model
is based on particle migration due to normal particle stress. In diffusive model,
two mechanisms count for the particle redistribution, one is particle concentration
gradient, and the other is shear induced particle migration. In suspension balance
model, Nott & Brady[12] and Boulay & Morris[61] set up mass and momentum
balance for bulk material and particle phase, with proposed rheological properties

for particle suspensions. They found good agreement between the results from the
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model and the Stokesian dynamics simulations for monodisperse neutrally buoyant
particle suspension. Miller and Morris|60] developed this suspension balance model
for concentrated suspension pressure driven flow for axial development in a tube.
Recently, neutrally-buoyant particle suspensions in finite Reynolds number flow
with fluid inertia have attracted a lot of attention. For particle suspensions in a pres-
sure driven tube flow at finite Reynolds number, Matas, Morris and Guazzelli[43]
have investigated particle migration and pattern formation, finding that with inertia
particles migrate to somewhere between the center of the tube and the wall. With
higher particle Reynolds number, or larger fluid inertia, they found [43| that the
peak particle concentration position drifts closer to the wall away from the center-
line of the tube. They also found [42] that at finite Reynolds number, particles could
form a train along the main flow stream. The train formation process was simulated
by Chun and Ladd |22] for a pressure-driven particle suspension in a rectangular
prism channel, who found that particle chains form either along the centerline of the
channel, close to the wall surface, or at the corner of two walls, and also observed
that for different channel Reynolds numbers a single particle has different stable
and unstable equilibrium positions. Yan, Morris and Koplik|92] have tried to ex-
plain this particle train formation by investigating pair particle interaction at finite
Reynolds number in a simple shear flow. They found that different pair particle
trajectory patterns form for different particle Reynolds number and different initial
particle configurations. On the other hand, non-colloidal particles heavier than the
continuous fluid phase tend to sediment out of the suspension and to deposit onto
the lower bounding surface. When particles in a pressure-driven suspension flow
settle, those particles are subject to gravity and interact with each other through
hydrodynamic forces. The hydrodynamic force is long-range, decaying asymptoti-
cally as the inverse of the distance between particles, and drives large fluctuations

in the particle velocity and concentration distribution,s and the gravitational force
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suppresses this fluctuation.

Other groups have focused on transport phenomena in non-neutrally buoyant
particle suspensions under different operating conditions, subject to these same two
competing factors. Morris and Brady[62] have investigated pressure-driven flow of
a suspension with buoyancy effects in low Reynolds number flow, for different buoy-
ancy numbers and different flow geometries. Norman, Nayak and Bonnecaze[65]
used electrical impedance tomography to study migration of buoyant particles in
a low Reynolds number pressure driven tube flow. They explained the particle
distribution along the fluid tube in a manner consistent with the experimental mea-
surements. Charru et al[17| investigated erosion and deposition of particles on a
particle bed sheared by a viscous linear shear flow. In their experiments, they found
that there is a critical shear rate and hence a critical Shields number (the ratio
between the viscous lift force and gravitational force) needed for particles to be re-
suspended from the particle bed. The number of moving particles transported along
the particle bed surface depends linearly on the shear rate. Charru and Hinch[15, 16]
also studied ripple formation on a particle bed sheared by steady simple shear and
by oscillating flows using an erosion-deposition model based on the experimentally

displayed relation between the particle transport rate and local shear rate.



Chapter 2

Introduction to lattice Boltzmann

method

In the last twenty years or so, the lattice Boltzmann method(LBM) has been de-
veloped as a and promising numerical technique for flows and other transport phe-
nomena in fluids, providing an alternative to traditional computational fluid dynam-
ics(CFD) methods. Unlike conventional numerical methods based on macroscopic
continuum equations, the lattice Boltzmann method is developed from microscopic

models and mesoscopic kinetic equations|[19][91][77].

2.1 Basic idea

The fact that different microscopic interactions can lead to the same form of macro-
scopic equations is the starting point for the development of lattice gas cellular
automata(LGCA) or LBM. In addition to real gases or real liquids, one may con-
sider artificial micro-worlds of particles “living” on lattices that conserve mass and
momentum. The microdynamics of these particles should contain enough but not

too much information to get the macroscopic equations, in this case, the Navier-

19
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Stokes equations. Furthermore, it should be very simple to run efficiently on a
computer. Consider, for example, a square lattice with four cells at each node such
that one cell is associated with each link to the next neighbor node. These cells
may be empty or occupied by at most one particle with unit mass m = 1. Thus
each cell has only two possible states, this is called a cellular automata. Veloc-
ities and thereby also momentum can be assigned to each particle by the vector
connecting the node to its next neighbor node along the link where the particle is
located. These velocities are called lattice velocities. The microscopic interaction
is strictly confined to local region in that it involves only particles at a single node
or several neighbor nodes. The particles exchange momentum while conserving the
mass and momentum summed up over every node. After this collision each particle
propagates along its associated link to its next neighbor node. The microdynamics
consists of a repetition of collision and propagation steps. Macroscopic values of
mass and momentum density are calculated by coarse graining (calculation of mean
values over large spatial regions with hundreds to thousands of nodes).

Instead of individual particles (that is to say, a Boolean variable associated with
a given velocity at a given time and lattice node) in LGCA, an LBM deals with con-
tinuous distribution functions which interact locally (only distributions at a single
node are involved) and which propagate or stream after collision to the next neighbor
node[18]. in this way, the statistical noise in the LBM can be eliminated. Another
important simplification of the LBM over the LGCA, introduced by Higuera and
Jiménez(1989), is the linearization of the collision operator using a single relaxation
time(BGK scheme), assuming that the distribution is close to the local equilib-
rium state[19]. This gives much more flexibility to LBMs, leads to Galilei invariant

macroscopic equations without scaling of time, and allows the tuning of viscosity.
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2.2 Lattice Boltzmann models

2.2.1 Lattice Boltzmann equations

There are several ways to obtain the lattice Boltzmann equation(LBE) from either
discrete velocity models or the Boltzmann kinetic equation and also several ways to
derive Navier-Stokes equations from the LBE[19][91]|. Here we start with the LBGK

equation which is most commonly used in this literature:

fai(x + eUiAt7t+ At) - fai(xv t) = _% [faz‘(xa t) - faeg(xv t)] ) (2'1)

For simplicity, we will let Az = e,;At,At = 1 be the spacing and time step. f; is
the particle velocity distribution function along the ith direction, x is the coordinates
of the virtual particle residing on the lattice nodes,and e,; are the particle velocities
in different lattice directions

The density p(x) and momentum density pu(x) at node x are defined as particle

velocity moments of the distribution function, f;,

p= Zfiv pu = Zfiei, (2.2)
i i
where 32, = M

If only the physics in the long wave length and low frequency limit are of in-
terest, the lattice spacing Az and the time increment At can be regarded as small
parameters of the same order e(Knudsen number). Performing a Taylor expansion
in time and space, using a Chapman-Enskog expansion technique as done in solving

Boltzmann equation|19][40]:
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and expanding the local equilibrium distribution function f{? as
fi=FTeff = f v e(fY +ef7) + O(P). (2.3)

with the constraints:

)

DI =p Y Sl =pu (2.4)

Z fF=0 Z fre; = 0. (2.5)

for both £ =1 and k = 2. we obtain the following mass and momentum equations:

dp

E—FV'pu—O, (2.6)
Jdpu

— -H: .
5 +V 0, (2.7)

which are accurate to second order in ¢ for eqn.(2.1). Here the momentum flux

tensor II has the form:

floa = Y (edutes 57+ (1- 1)

%

ff”} , (2.8)

and (e;), is the component of the velocity vector e; in the a-coordinate direction.
To specify the detailed form of I3 to get the right Navier-Stokes equations, the
lattice structure and the corresponding equilibrium distribution have to be specified.

Generally, we assume a polynomial form to f57(x,t)":
fol(x,t) = p(x)[Ag + Bo(€qi - 1) + Co(eq; - u)* + Dyu?], (2.9)

In two dimensions, we will use the D2Q9 lattice, and the D3Q19 lattice for

1 This expression is valid only for small Mach number
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three-dimensions. Figure 2.1 shows the lattice structure in two-dimensions.

6 5
3 ° 1
7 8

Figure 2.1: d2q9 LBM particle velocities

The lattice velocities in D2Q)9 are defined as

€01 = (070)7
e; = (cos(5im),sin(5im)) fori=1,---,4

e = V2 (cos(5im +7w/4),sin(Gir + w/4)), fori=1,---,4

while for D3Q19]3]:

Table 2.1: List of 19 velocities of D3Q19 LBM

k o i e, lesi| | ko i ey ==
0 0 1 (0,00) 0

1 1 1 (1,00 1 |10 2 4 (1-1,00 V2
2 1 2 (0,1,0) 1 |11 2 5 (0,1,1) V2
3 1 3 (0,0,1) 1 112 2 6 (0-1-1) V2
4 1 4 (-1,00) 1 |13 2 7 (0,1-1) 2
5 1 5 (0,-1,0) 1 (14 2 8 (0-1,1) 2
6 1 6 (0,0,-1) 1 |15 2 9 (1,01) V2
72 1 (L,Lo) V2|16 2 10 (-1,0-1) V2
8 2 2 (-1-1,0) v2 |17 2 11 (1,0-1) 2
9 2 3 (-1,1,0) V2 |18 2 12 (-1,0,1) V2

Given the constraints for f5{(x,t) in Eqn.(2.4) needed to have the correct stress

tensor, the coefficients in f57(x,t) may be determined. For the D2Q9 lattice struc-
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ture, we have[25]:

Ay =3, By=0, Cy=0, Dy=—3%
A1:%7 BIZ%J Clzév DIZ_%7
— _ 1 — _
AZ__%a BQ_E> 02_%7 DQ__2_14
and for D3Q19:

Ay=3, By=0, Co=0, Dy=—3
1 1 1 1

Av=1 Bi=j CGi=3, Di=—1,

A2:_%7 322%7 02:%7 D2:_2_14

We can recover the Navier-Stokes equations from the LBGK equation with, in both
cases, C?2 = 1/3,P = pC? v = (21 — 1) /6. Here, C, is the speed of sound, P is the

pressure on the lattice node, v is the kinematic viscosity of fluid.

2.3 Lattice Boltzmann model for Particulate sys-
tems

The particle-fluid interaction problem has widely varying applications in the fields
of chemical, aerospace and environmental engineering as well as in geological and
biological sciences. Applications are from geological systems to biological systems
like blood flows in vessels, in all scales.

To model particulate suspension and sedimentation in an incompressible fluids,
with a complicated geometry with moving boundaries, we have two basic formula-
tions here due to Ladd (1994) [47, 48][64][63], and Aidun et al.(1998)[3]|[25]. The
key is to accurately account for the momentum transfer across the solid-fluid bound-

ary while keeping mass conservation. In the first approach, the fluid occupies the
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entire computational domain with the solid particles occupied with “interior” fluid,
eliminating the solid-fluid interface as far as mass conservation is concerned. This
approach gives accurate results as long as the time scale based on the kinematic
viscosity of the interior fluid is sufficiently small and the contribution of the iner-
tia of the interior fluid is accounted for when computing the inertia of the parti-
cle. This formulation can be used only when the solid density is larger then the
fluid density. To extend the formulation to the full range of density ratios between
the solid and fluid, the second approach considers the solid particle without the
interior fluid and, therefore, applies to any density ratio. This LBE based sim-
ulations of suspended particles gives results in good agreement with the finite ele-
ment solutions of the Navier-Stokes equations for low to moderate particle Reynolds
number|73|[75][76][74] [66]. It is also shown that this method, when applied with
care, can produce very accurate particle trajectories over very long time periods,
making it possible to investigate the dynamics and stability of particle motion,
even near bifurcation. By analysis of the appropriate phase-space trajectories near
transition points, the LBE based method has been useful in revealing the type of
bifurcation and the scaling laws governing the particle motion.

The basic idea in both approaches is the same: treat particle motions in fluid
as a moving boundary problem. For particle dynamics, compute forces and torques
on the particles and then use Newtonian dynamics to find the trajectories of parti-
cles. Here we reformulate the LBM using an operator presentation to simplify the
expression of this method. And for particulate suspension and sedimentation, we
mainly use the bulk model by Aidun et al.[3][25] without fluid in the solid particle
region.

For the collision procedure, we can write the post-collision distribution function
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at (x,t) as:

fm-(X, t+) = Cfai<xv t) = foi<xv t) - % [fai(X? t) - f;g(x, t)] ) (2'10)

where dz = 1 and 6t = 1 corresponding to the former formulation, and ¢, is the
time immediately after the collision,or ¢ — ¢, < 1. The operator C is called the

“collision” operator. We denote the propagation step as:

foi(x%,t4) = Pofoi(x,ty) = for (X +e,y,14) . (2.11)

where as before, o7’ is always the link with direction opposite to that of link oi,that
is,e,; = —e,;, and Py is the propagation operator. we could rewrite the Eqn.(2.1)
as:

fm'(X,t + 1) = P()Cfm'(X, t) (212)

and the equilibrium distribution function takes the form:

fod(x,t) = p(x) [As + Bs(€si - 1) + Cy(eyi - u)* + Dyu’] . (2.13)

o1

with the same constraints on different moments of f.:

ZZfﬁ? = P (2.14)
sz;qeai = pu, (2.15)

ZZfﬁ?emem = pC2?1I + puu. (2.16)

Here the C; is the speed of sound and I donates the unit tensor. Then we
get the same equilibrium distribution function as before, for two-dimensional and

three-dimensional systems, respectively.
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Now let us direct attention to the more difficult topic of boundary interaction
between fluid and a moving solid particle. Obviously, this is harder than to deal
with the boundary between fluid and a stationary wall, for the solid particle can
move by translation and also rotation. The boundary condition imposed at the
solid-fluid interface is the no-slip condition, that is, the fluid adjacent to the solid
surface moves at the same velocity as the solid surface. Here, following Aidun et al.
we introduce the same technique for the moving boundaries, but without fluid filled
in the particle volume. So far, the nodes inside the solid boundary are solid nodes,
containing no fluid, and consequently the transfer of momentum is only between the
solid boundary and the adjacent fluid.

The calculation of the boundary node distribution function in the LBM consists

of three operations:

1. collision at the lattice node x:

foi(xa t—i—) = Cfoi<X; t) (217)

2. no-slip rule at the fluid-particle boundary with zero velocity:

7 for (X,t4), if(0i') € BL,
Fri(x,t 4+ 1) = Py (0) fri(x, 1) =
foi/ (X + e, t+), otherwise.

(2.18)

3. modification of the boundary nodes’ distribution function components to main-

tain the no-slip condition at the fluid-particle boundary:

For(x,ty) + 2pBouy - e, if(0i) € BL,

faz” (X +e,, t+), otherwise.
(2.19)

fai(x7 t+1) = Pn—s(ub)fai(X7 t+) =
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where P,,_¢(u;) is propagation operator at a moving boundary with a velocity of
), when u,) = 0, then it realize a no-slip condition for a stationary boundary.
u, is the velocity of the moving boundary, B, is from the equilibrium distribution
function of the model. And it is applied with the following algorithm. First, u,
is obtained from the position vector of the center of mass, X(t), the translational
velocity, U(t), and the angular velocity, €2(¢), of the solid particle, that is:

w, = U(t) + Q(t) x [x+ 2e_; — X(1)]. (2.20)

2701

Secondly, the density at node x in this case could change:

plx,t+1)
p(x,t+1) = (2.21)
1 =23 iepr Botto - €oi
Simply, we can express the above algorithm as:
foi(x, t+1) =P,_(up)Cfoi(x,14) (2.22)

So the impulse force exerted on the particle for any boundary link, or said in
another way, the inverse force produced by the momentum increment at the fluid-

particle boundary, is given by:

FO(x + Le, st + 1) = 2e s [foi(x,t + 1) + p(x,t + 1)Bowy, -e,4],  if (04) € BL,

2 01

(2.23)
(b)

and the torque, T, with respect to the center of mass X, is given by:

T (x+ e, t+ 1) =[x+ Le,s — X(t)] x F¥(x + Le

2o 201 1

st 3). (2.24)

201 )

Now we move to dynamics of particles in fluids. As mentioned above, we cal-
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culate the forces and torque on the particle by fluid, add any external forces and
torques applied to the particles, and then use Newtonian dynamics to capture their
trajectories. When the particle moves, it will cover and uncover some fluid nodes. If
a particle covers some fluid nodes it will assume the momentum of the fluid nodes,
and then an impulse force is applied to the solid particle over a unit time interval

from to — 1 to ty, which is given by:
FO(x,t + 3) =i foi(X,t0)esi, = p(x, to)u(x, to), (2.25)
and the torque on the solid particle is given by:
T (x, o+ 1) = [x — X(to)] x FO(x,t, + 1) (2.26)

If a particle uncovers some fluid nodes while moving, we need to give values to
the macroscopic quantities such as velocities and density on these new generated
nodes, as well as the distribution function on these nodes. In this case, we first
obtain the fluid density at the new node through the average fluid density of its

neighboring nodes:

1
p(x,t) = N > plx+ e, to) (2.27)
Ny

and the velocity of the new fluid node is equal to the solid boundary node at the

time when it is uncovered, that is,
U(X, to) = U(to) + Q(to) X [X — X(to)] (228)

and with this velocity and density, we assign the equilibrium distribution to the
new fluid nodes as their new distribution. In this procedure, the solid particle will

lose momentum to the new generated nodes, and hence the force and torque will be
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given, respectively, by

F(x,to+ 1) = —p(x,to)u(x,to), (2.29)

Tt +4) = [x— X(to)] x F¥(x, 0 + 1), (2.30)

The total hydrodynamic force and torque on the solid particle arises from three
parts: fluid-particle boundary, particle coverage of fluid nodes, and particle uncov-

erage of fluid nodes. We have

t0+ ZZF X+2€m,to+ +ZF(C)(th0+%)—'_ZF(U)(XatO‘f‘%)a
CN UN

FBN o1

(2.31)

T(to+ 1 ZZT(” (x+le s, to+1 +ZT (x, 10 + & +ZT (x,to +
FBN o1

(2.32)

where F'BN stands for the fluid-particle boundary nodes, C'N for the covered fluid
nodes, and UN for uncovered fluid nodes. The total force and torque at time %, are

averaged over those at time o — 1/2 and ¢y + 1/2:

F(to) = [F(to—3)+F(to+3)/2, (2.33)

F(t) = [Tlfo—})+Tlto+))/2 (2:34)

With the net force and torque from the above equations, plus the external force
contribution, the motion of the solid particle from ¢y to tg + 1 is determined by

solving Newton’s equations:

Vel F(to), (2.35)

-2 L Qx[I-Q] = F(t) (2.36)
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where M is the mass of particle, I is the inertial tensor, and €2 is the angular velocity.

As a further refinement of Ladd’s method, Qi(1999)|73] also uses a shell model
for the solid particles with fluid in the interior nodes, but uses a technique very
similar to that of Aidun et al. which can remove the limitation on the density
ratio between solid particles and fluids. All of these methods use the same collision
and propagation rules proposed by Ladd(1994a), but Ladd’s original method only
considers the forces from the interaction between fluid and particles, while in Qi’s
method the forces originate from the coverage and uncoverage of fluid nodes by
moving particles. These parts are essentially the same as those suggested in Aidun
et al.(1998), the difference being that the fluid in the particle region can evolve
according to the corresponding collision and propagation rules, so we do not need
to generate new values on the uncovered new nodes since of these nodes are fluid
nodes in this method.

There are good reason to allow fluid to enter the solid region as Ladd did. First,
the total mass of fluid in the simulation domain is strictly conserved at each time
step. This restriction guarantees recovery of the Navier-Stokes equations from the
LBM. Second, in this shell method, with fluid in solid region, we can ensure that

the Navier-Stokes equations are obeyed in the fluid region.

2.4 Boundary conditions and forcing in lattice Boltz-

mann method

2.4.1 Boundary conditions

The boundary conditions are an important ingredient in any numerical computation
of phenomena governed by partial differential equations. There are various types of

boundary conditions|[20] that one may impose on a flow domain. Typically, one may
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have solid walls (moving with a specific velocity or at rest), flow inlet and outlet
conditions, or free slip conditions on rigid surfaces. Here in our cases, we mainly
treat no-slip boundary conditions on stationary surfaces. As mentioned, in LBM for
a no-slip stationary boundary, we mainly use the bounce-back rule which assumes
that the boundary is located at the mid-point between fluid nodes and boundary
nodes. This bounce-back no-slip boundary condition is easy and convenient to apply
in the LBM, which is a major advantage over other methods when dealing with
flow problems with complicated geometry. The two-dimensional case of Fig.(2.2)
illustrates how the bounce-back rule is implemented: the virtual fluid particle with

its distribution just bounces back along its incoming directions.

fluid nodes

real boundary

boundary nodes

® ™ ® Y outside nodes

Figure 2.2: Bounce-Back boundary condition rules

Other kinds of boundary conditions such as velocity boundary and/or pressure
boundary at the inlet and outlet of flow domain may be needed [54][57][95]. As for
the velocity boundary condition, we use the momentum conservation equation in
eqn.(2.14) to give the unknown distribution in some directions while evolving. For a
pressure boundary, the same methods is used, except that we should take account of
the relation between pressure and density p = pC? in the lattice Boltzmann model.
Alternatively, some workers introduce non-equilibrium extrapolation techniques for
both kinds of boundary conditions. One last point to note is that Ladd’s method

for dealing with velocity boundary conditions is another alternative choice.
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2.4.2 Forcing the flow

External forces, such as gravity, may be represented by adding a fixed amount
of momentum at each node. The general idea is add a specific amount to the
distribution function in evolution, and this will increase the momentum, but not
increase the mass of the fluid nodes, for the added part will produce a net zero mass
increment when summing them up in all directions. For a force f, the modified
equation is[13][77]:

foi(x+ et +1) = fri(x,t) — 7—1_ [foi(x,t) — fol(x,t)] + %f “ €gi- (2.37)

ol

Then, for instance, taking f = —gE,, with g the gravity acceleration, we could obtain
the usual Navier-Stokes equations in a gravity field if follow the same procedure
described above. An applied pressure gradient may also be represented by a constant
forcing. Indeed, adding a constant force in x-direction is equivalent to changing
the pressure difference in this direction by some amount, and this is done in our

simulations with a pressure gradient.
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2.5 Validation of lattice Boltzmann calculations

In this section, we discuss the simulation of certain flow and particle sedimentation
and shear suspension processes, as a validation of our serial and parallel 2D /3D
lattice Boltzmann codes. This will be the basis for the subsequent research for

non-trivial flow and particle suspension problems by this method.

2.5.1 Test problems and validation for pure fluid flow

As a validation of our numerical codes, we use the simplest two-dimensional shear
and Poiseuille flows between two flat plates. Here we compare results with analytic

solutions.

—— analytic solution
—e— LBM results
0.0035 . . . . = = 0:00

0.0030 4 - 0.0030

—s—LBM
— Analytic

Los 00025 4 - 0.0025

Lo 0.0020 | - 0.0020
Loz 0.0015 4 I 0.0015

0.0010 o t 0.0010

ux/u

ux/u
Ux
XN

0.0005 - 0.0005

0.0000 - 0.0000

-0.0005 -| - -0.0005

.10 -0.0010 | I -0.0010

—— T T T T T T T
10 08 -06 -04 -02 00 02 04 06 08 1.0 0 2 4 6 8 10
yiL X

Figure 2.3: 2-D shear and Poiseuille flows between two flat plates

For shear flow, we use the moving boundary condition scheme proposed by
Ladd|47][48] to deal with moving boundary in fluid. In fig.(2.3a), we notice that both
the numerical results and analytic results match very well except at the nodes close
to the boundary. The small discrepancy arises because in this scheme, we actually
assume that the boundary is located half way between a computational boundary
node and its neighboring fluid node|[6][40][54]. However, this kind of bounce-back
boundary condition is very convenient in a complicated geometry, and we will use

it in particulate flow in fractures.
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In fig.(2.3b), the numerical results match the analytic results very well. Also we
see that since the real boundary is located at the mid-point between the actual solid
boundary (set at 0 and 10 in our computations) and its neighboring fluid node,
the fluid velocity goes to 0 at 0.5 and 9.5 respectively. This “problem” could be
ameliorated by introducing other schemes (such as non-equilibrium extrapolation

techniques) to deal with boundary conditions.
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2.5.2 Single particle motion in a linear shear flow

To validate the particle component of the numerical code we consider the motion of
a single particle in shear flow, a problem with an extensive history and a number of

previous results on rotation speed and migration dynamics for comparison.

Uy

W g X centerline

_Uw

Figure 2.4: A particle rotating in the zero-velocity plane in simple shear flow.

At vanishing Reynolds number, the angular velocity of a freely rotating circular
cylinder in a linear shear flow is readily calculated to be w = 4/2. As the parti-
cle Reynolds number increases, a variety of numerical and approximate analytical
calculations [46, 24, 59| and experiments [94] find that the normalized angular ve-
locity €2, = w/4 systematically decreases from 1/2, as shown in Fig. 2.5. This trend
holds for both open and confined shear flows, although the precise numerical value
is sensitive to boundary confinement. We have evaluated the angular velocity of a
cylinder lying on the centerline of a channel for two values of channel width relative
to cylinder radius, W/a = 4 and 8. The simulation box in the two dimensional
calculations ranges in size from 40a — 80a) X (4a — 8a), and in three dimensions
the dimensions are 20a X 12a x 8a. As seen in Fig. 2.5, the results are generally quite
compatible with earlier calculations, and in particular are in good agreement with
those of Ding and Aidun|24] who used the lattice Boltzmann method at somewhat
higher resolution.

The distinction between a cylinder and a sphere in this flow appears more clearly
in the streamline patterns shown in Fig. 2.6. (In the case of a sphere, the stream-

lines are those in a plane through the sphere’s center, perpendicular to the vorticity
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Figure 2.5: Comparison of simulation results for the angular velocity of a circular
cylinder and a sphere in shear flow with previous experimental (Zettner and Yoda)
and numerical results.

axis.) In general there are three types of streamlines present: closed recirculating
streamlines around the cylinder or sphere, streamlines close to the wall which tra-
verse the whole domain, and reversing streamlines which approach the particle and
then reverse direction. In the subsequent discussion of two-particle systems, these
distinct regions will play a critical role in trajectory bifurcation. The variation of
streamline pattern with Re, is rather weak over the range of values considered here.

The detailed geometry of these three flow regions are of course controlled by
many factors including the Reynolds number and the size ratio. The perturbation
to linear shear due to the presence of the cylinder or sphere decays away in the
upstream and downstream directions, and we find that after a distance of 3 or 4
particle diameters in either direction, the velocity field nearly reverts to a linear
profile. In practice, in the two-particle calculations below, we use a somewhat larger
distance, 6d, to separate the initial positions along the longitudinal direction to
study interactions. As shown in Fig. 2.7, at this distance the perturbation in the

linear velocity profile due to the presence of the particle has decayed to the 10~* level
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Figure 2.6: Streamlines for a freely rotating particle in linear shear flow. (A) cir-
cular cylinder at Re, = 1.5; (B) sphere, in the plane through the sphere’s center
perpendicular to the vorticity axis at Re, = 1.0).

(the small asymmetry in the difference is due to particle meshing on the lattice).

2.5.3 Particle sedimentation between two flat plates

As a second test of the lattice Boltzmann code, we have simulated lateral particle
migration in shear flow at Re, = 0.625, the same value used by Feng et al[31] in
a finite element calculation. A neutrally buoyant particle is initially placed off the
channel axis at y = W/4 or y = 3W/4, and allowed to move to its equilibrium
position at the center of the channel. For a particle of diameter d = 20, the trajec-
tories are shown in Fig. 2.8 and compared to the finite element results of [31]. The
agreement is excellent.

In this test, a relatively coarse grid of 20 lattice spacings for the diameter of
particles was sufficient, although in the new results presented below a finer resolution
is used. The initial velocity of the cylinder was chosen as the linear shear velocity at

the cylinder center, and the initial angular velocity was zero. However, we observe
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Figure 2.7: Deviation of the velocity from linear shear at a distance 6d from the
particle center. Red and green points are Au, /U, and Au,/U,, respectively.

very little difference in the trajectories if other initial velocity choices (corresponding
to an initial velocity slip) are used. The same insensitivity to initial conditions is also
found in the two-particle interaction calculations below, and some further discussion

of this issue is given in the Appendix.

2.6 Conclusion

In this chapter, we discussed the lattice Boltzmann method for fluid flow and particle
transport, particularly for flow and suspension problems with a complicated geom-
etry. More generally, extensive validation tests have been performed in the course
of the research to check our lattice Boltzmann codes in both serial and parallel

computing environments.
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Figure 2.8: Migration of a cylinder to the centerline of the channel for two initial
positions; present results (curves) compared to Feng et al. [31] (points).



Chapter 3

Power-law fluid flow in fracture

channels

The two-dimensional pressure driven flow of non-Newtonian power-law fluids in
self-affine fracture channels at finite Reynolds number is calculated. The channels
have constant mean aperture and two values (=0.5 and 0.8 of the Hurst exponent
are considered. The calculation is based on the lattice-Boltzmann method, using
a novel method to obtain a power-law variation in viscosity, and the behavior of
shear-thinning, Newtonian and shear-thickening liquids is compared. Local aspects
of the flow fields, such as maximum velocity and pressure fluctuations, were studied,
and the non-Newtonian fluids were compared to the (previously-studied) Newtonian
case. The permeability results may be collapsed into a master curve of friction factor
vs. Reynolds number using a scaling similar to that employed for porous media
flow, and exhibits a transition from a linear regime to a more rapid variation at Re

mcreases.

41
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3.1 Surface morphology and self-affinity

3.1.1 Self-affine roughness

In this subsection we review the characterization of self-affine fractures and their
numerical implementation. We consider a fracture surface without overhangs, i.e.,
the surface height h(z,y) is a single-valued function of the two coordinates r = (z, y)
lying in the mean plane of the surface. A self-affine fractal surface is one which
displays different scaling along the different spatial directions|29], a statistical self-

similarity under the transformation
z — Az and y — Ay = h(r) — Ah(r) (3.1)

where ( is the Hurst or roughness exponent. Observations of a variety of naturally
fractured rock surfaces in different fracture modes yield just two common values
of ¢, approximately 0.5 and 0.8. We further assume that the surface has spatial
isotropy in its mean plane. The surface is further characterized by the amplitude
of the roughness, or equivalently the prefactor Cy in the height-height correlation

function,

([p(r + A) = h(x)]*) = Co(lAl/0)* (3:2)

where the intrinsic length scale £ might be the grain size in experiment or the lattice
spacing in a calculation. In practice we generate self-affine surfaces using the Fourier
synthesis method [89] as in [26].

A self-affine fracture channel is made of two complementary self-affine surfaces
separated by a gap, and in some cases the surfaces are shifted relative to each
other parallel to the mean plane. The statistical properties of the fracture are
specified by the Hurst exponent, the mean aperture between two surfaces, the shift

distance, if any, and by the amplitude of the roughness. The height fluctuations of
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a single self-affine surface increase with its lateral extent L, so that the difference
between the maximum and minimum heights scales as (L/¢)¢, and we consider the
limit H < R < L, as shown for a typical fracture in Fig. 3.1, and we will use
this self-affine fracture channel realization for microscopic local flow analysis in the
first part for non-Newtonian fluid flow along the fracture channel, for averaged and
statistical properties, we will use more numerical realizations by the method in the

next subsection.

o = I I 1 [ |\|\

0 50 100 150 200 250

Figure 3.1: Geometry of a typical self-affine fracture composed of two complemen-
tary self-affine surfaces with (=0.8.

Note that the effective flow diameter of the fracture varies along its length and
can be much smaller than the mean aperture, due to the tortuosity of the channel.
When a lateral shift is present, the aperture varies locally as well, and furthermore

if H is too small the sides of the fracture may overlap.

3.1.2 Numerical methods to generate self-affine surfaces

Our aim is to study various aspects of flow regimes and particulate suspensions
in fractures which are sensitive to the fracture roughness. The method used for
generation of fracture surface to describe irregularities and correlations consist of
digital filtering of arrays of independent random numbers|90]. Power law filtering

introduces correlations over a wide range of scales. Changing the power law will
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change the spatial correlation, that is, fractal dimension actually. Here we use the
same techniques. The first ingredient is the height function z(z,y), the surface is
generated by a Fourier synthesis method, based on power-law filtering of arrays of
independent random numbers. The random numbers are generated using a Gaussian
distribution, and then modulated by an appropriate power law. If Z (k) is the Fourier
transform of the initial Gaussian random array, then the Fourier transform of the

surface elevation is chosen to be
Z(k) = k=" Z(k). (3.3)

here ¢ = 1/2 is appropriate for the self-affine curve, and ¢ = 1 appropriate for
real rock surface. In our realization of this procedure, with this power law, we
keep the statistically self-affine surface with periodic boundary conditions. This
periodicity is not a physically essential ingredient here, but has some computing
advantages in alleviating finite size effects. For example, to generate a real rock two-
dimensional surface, initially, we generate a L X L matrix of independent random
numbers with Gaussian distribution. Then the Fourier transform of this initial
matrix is modulated by a power law with high wave-numbers filter that introduces
height-to-height correlations. Finally, the whole surface is rescaled in order to get
the desired characteristic length ¢. This numerical method generates homogeneous
and isotropic surfaces, and is preferable instead of other numerical methods such as
the random addition algorithm. The following are some illustrations of the self-affine
curve and surface generated by this method.

In our simulation, we shall model fractures as the gap between a self-affine surface
or curve and its replica, which is translated by a fixed distance h in the direction
normal to the mean plane of the surface or curve|[28]. Furthermore, during the

fracturing process, the opposite matching surfaces or curves might experience a
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Figure 3.2: self-affine curve with Hurst exponent ¢ = 0.8 and ¢ = 6.0

Figure 3.3: self-affine surface with Hurst exponent ¢ = 0.8 and ¢ = 1.0 by normal-
ization

lateral shift, in addition to the vertical displacement over the mean plane.

3.2 The lattice-Boltzmann method for non-Newtonian
Auid

In addition to the introduction of lattice Boltzmann method in the previous chapter,
the basic idea in extending the lattice Boltzmann method to power-law fluids was
presented by Aharonov and Rothman [78], and consists of adjusting the relaxation
time 7 locally so as to achieve the desired ratio of stress to strain rate. Here we
consider power-law fluids using a generalized Newtonian model, as in [34], where the
relation between the stress tensor o, and the strain rate tensor Dog = 1/2((0guq +
Oqug) is similar to that for Newtonian fluids, o,3 = 2uD,g, but the local viscosity

i is a function of the invariants of the strain rate tensor. We consider power-law



46

fluids, p = mA™ !, where the case 0 < n < 1 corresponds to shear-thinning, n > 1
corresponds to shear-thickening, and n = 1 recovers linear Newtonian fluids, where
the local shear rate 7 is related to the second invariant of D;; via ¥ = (2D : D)2,
The procedure in [34] was to obtain the strain rate tensor by numerical differentiation
of the previously calculated velocity field, then determine the appropriate local
viscosity and thence the local relaxation time. Here we adopt a different procedure:

in the lattice Boltzmann method the strain rate tensor is directly related to the

velocity distribution function by [19]

3

“9,r i (fi = fiDeineis; (3.4)

Das =

which should in turn equal o,3/2u, there is a constraint on the f; which is solved
by iteration. From this strain rate tensor, we could get the stress tensor as,
2 1 eq
o=—plI—(1-=)) (fi— f[{Vee:. (3.5)

2T

To validate the formulation of power-law fluids given above, we calculate the ve-
locity profile for pressure-driven flow in a smooth-walled channel of constant aperture
(a Hele-Shaw cell), which may be compared to an analytic solution of the Navier-
Stokes equation. Applying a pressure gradient AP/L = —G in the z-direction, the
velocity for a power-law fluid with rheological parameters m,n > 0 as above in a

channel of width H is

Uell) = n+1\m 2 ’ '

We also record the mean velocity @ and the fluid flux @ (per unit length in the

(n+1)/n H
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passive third direction), which will be useful below:

o n (H?\ (GH\'"
o=tu= [ ai - 5" (5) (50) 5.7)

In the simulation, we begin with zero velocity and integrate the lattice Boltzmann

equation in the previous chapter to steady state, using the convergence criterion

_ N luxt) —u(xt = 1) « 10
e_; Dl <1.0x 1075, (3.8)

For power-law indices n=0.75, 1.0 and 1.25, m=0.01, and pressure gradient
G = 1 x 107% we obtain the profiles shown in Fig. 3.4, which agree with theory.
In practice, as with any numerical method, computational instabilities may occur
for substantially different values of the pressure gradient and fluid index, but the al-
gorithm could be extended there using techniques such as multi-time step relaxation

for the local shear viscosity [87].
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Figure 3.4: Velocity profiles of power-law fluids with m = 0.01,n = 0.75,1.0,1.25 in
a Hele-Shaw cell with pressure gradient G = 1 x 107%. The points are simulation

results while the solid lines are the analytical solution in eq.(3.6). The maximum
velocities for the three fluids are ., = 0.006, 0.048, 0.169, respectively.
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3.3 Local analysis of the flow field

We wish to examine how the local flow behavior varies with the rheology of the
fluid, at different geometrical features of a self-affine channel. We focus on a single
realization of the fracture, shown in Fig. 3.1, and vary the power law index n and
the pressure gradient G. The complete simulation box has length L = 256 in the
flow direction and width W = 80, in terms of the (unit) lattice spacing, and the
(constant) vertical aperture is H = 20. A uniform pressure gradient is applied
everywhere along the channel, and periodic boundary conditions are applied in the
flow direction. The uniform gradient is imposed by a gravity-like constant body
force applied as in Section 2.4.2, but because of the tortuosity of the flow channel
the actual pressure will fluctuate about the nominal value as discussed below. Local
minima in the effective width (normal to the average flow) occur around x=55,
110, and 240 where mass conservation implies the velocity magnitude will be a
maximum, irrespective of the rheology of the fluid. In Fig. 3.5, we show velocity
fields and streamlines for the three fluids along a segment of the fracture channel
20 <z < 100 in Fig. 3.1 which includes a constriction, for applied pressure gradient
G = 1x107% As we see, the streamlines are tortuous and very roughly follow
the channel walls, although recirculating eddies (closed vortices) may occur where
the channel exhibits side branches or dead-end regions. Indeed, at the present flow
rate an eddy appears in the shear-thickening case but not the others, presumably

because the velocities are higher in that case.

3.3.1 Velocity field

First we examine the variation of maximum absolute velocity along the channel,
in order to show how the fluid rheology influences the earlier results of Skjetne et

al. [38] for the Newtonian case. More precisely, for each x along the channel we
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compute the maximum over y of |u(z,y)|, although we would have reached the
same qualitative conclusions had we considered the maximum over y of wu,(x,y).
Calculations were performed for three values of the pressure gradient, G = 1 x 1079,
5 x 107° and 2 x 10™%, which correspond to Reynolds numbers Re = 0.95, 37.0
and 92.7, respectively, for the Newtonian fluid. Since the viscosity varies within the
channel for the shear thinning and thickening fluids, there is no unique definition of
Re in those cases, although a convenient choice will be introduced in Section 3.4 for
scaling purposes.

The resulting plots of maximum velocity are shown in Fig. 3.6, where each ve-
locity is normalized by the average streamwise flow velocity w, (referred to as the
interstitial velocity u* in [38]), which equals the flux divided by the channel width.
Obvious peaks appear at the positions of the visible constrictions in the channel
near z = 55, 110 and 240, reflecting the narrowed aperture there. The normalized
peak heights are fairly insensitive to the Reynolds number, although away from the
peaks the trend is for maximum velocity to increase with Re. Note that for a flat
channel, the normalized maximum absolute velocity would equal 1.5, so the values
of 5 or more seen here are a substantial enhancement. The peaks are not all closely
correlated with channel constrictions, however: near x = 70 and 130 maximum ve-
locity peaks occur, but at these locations the channel is expanding just downstram
of a constriction. It is also possible to calculate a “maximum velocity trajectory”,
following [38], as the set of (x,y) gridpoints which at each = has the y-value corre-
sponding to the position where the maximum velocity occurs. For the most part our
observations concerning the behavior of these trajectories is similar to that reported
in this reference, but we do not observe the line-length of this trajectory decreasing
monotonically with Re.

Comparing the other fluids to the Newtonian case, we see in Fig. 3.6 that the

global maximum absolute velocity always occurs at the narrowest constriction near
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x = 110 and the other primary peaks always occur at the same positions, z =
55 and 240, as well. Furthermore, each peak has roughly the same (normalized)
velocity value. In the shear-thinning case, both the variation in x away from the
peaks/constrictions and the variation with pressure gradient are weaker than in
the other cases, which may be attributed to the fact that typical velocities in the
fracture are smaller in this case, and inertial effects play a weaker role. In the shear-
thickening case, where typical velocities are larger, the maximum velocity values are
larger off the peaks values, and furthermore exhibits rather more variation with x
and Re than the other fluids.

The probablity distribution of velocity magnitudes is also of interest [38], since
the presence of low and high velocity components strongly influences mixing pro-
cesses and transport of passive tracers and suspended particles [36]. Histograms of
the observed absolute value of the velocity for the three fluids at various pressure
gradients are shown in Fig. 3.7. In all cases there is a peak near the origin, which
reflects the numerous low-velocity zones in the crevasses at the fracture walls, along
with a higher-velocity peak resulting from the rapid flow in the channel constric-
tions. The latter moves out to higher values as the pressure gradient increases (note
the normalization by u, in the figure) Once again, the shear-thickening case be-
haves somewhat differently than the other two fluids, showing a less prominent and

broader “constriction peak,” and more variation with G.

3.3.2 Pressure and stress field

The distribution of pressure and stress in the fluid are important for non-Newtonian
rheology, and in considering possible erosive processes on the fracture walls. To
contrast the behavior of the different fluids, Fig. 3.8 shows the pressure “fluctua-
tions” along the channel for the three power-law fluids n = 0.75, 1.0 and 1.25. The

fluctuation p’ is the deviation in pressure from the imposed linear gradient, which
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would vanish identically in a Hele Shaw geometry. In the figure, the fluctuation has
been normalized by the imposed pressure difference, Ap = GL, and averaged over
the channel width. For all three fluids, the pressure fluctuations are most significant
in the vicinity of the main constrictions in the channel where the fluid accelerates,
rising just before each constriction’s location and dropping rapidly as it is traversed.
Some additional structure arises at positions x of bends in the flow path, another
source of fluid acceleration. Again, the shear-thinning and Newtonian fluids behave
somewhat similarly, while the variation is strongest in the shear-thickening case.

The variation in fluctuation with imposed gradient is shown in Fig. 3.9, and
indicates the expected general increase in magnitude with G along the channel.

To assess the effects of the flow on the fracture wall, we first calculate the average

force exerted by the fluid on the wall,

F:%/dfﬁ-a (3.9)

where the integral runs over the fracture surface (a curve in this two-dimensional
calculation), and 1 is the local normal to the wall. The force is then decomposed
into x and y components, representing the average drag and thrust on the wall,
respectively, and then normalized by a typical inertial pressure pu®/2 times the

nominal surface area L X 1, to give drag and thrust coefficients

F F
d= ——— t —. 3.10
Lpu?/2’ Lpu?/2 (3.10)

Note that aside from the (reasonable) use of the inertial pressure, the remainder
of the normalization is somewhat arbitrary but a fixed constant for each fracture,
and mainly serves to provide dimensionless drag and thrust coefficients. The drag

and thrust forces for the lower and upper walls of the channel are similar but not
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identical because of the asymmetry of the fluid-solid boundary, and for definiteness
we present only the forces on the lower wall.

The results of calculating the drag and thrust coefficients is shown in Figs. 3.10
and 3.11 for the three fluids with exponents n = 0.75,1.0,1.25. In all cases, the
coefficients exhibit simple power-law behavior, provided G is not too large, and the
transition to a different behavior at larger G may be associated with the onset of
inertial effects (see the following section). This form of scaling behavior result is
consistent with the experimental results reported in [21], and the values of the slopes
found in the log-log plots in the low-G range, -1.67, -1.02, -0.62 for n = 0.75, 1.0 and
1.25, respectively, for both drag and thrust, may be understood from the following
argument.

If inertial effects are absent, one expects the scaling behavior in a rough channel
to be the same as in a straight channel. In that case, from Eq.(3.6) one has u ~ G/,
and therefore Vu ~ GY" as well, so that p ~ |Vu|*™! ~ G™=Y/" The drag and
thrust forces are proportional to the stress, 0 ~ pVu ~ G=D/7+1/7» G The drag
and thrust coefficients are then d,t ~ F,,/u*> ~ o/u?> ~ G'=%" giving exponents

-5/3, -1 and -3/5, respectively, for the three fluids.
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Figure 3.5: Segment of velocity vector field with streamlines of the flow for power-
law fluid with m = 0.01,n = 0.75(top), 1.0(middle), 1.25(bottom) and the pressure
gradient applied is G = 1 x 107%. The segment extends from x = 20 to x = 100.
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3.4 Permeability

Next we consider global behavior — the permeability of a self-affine fracture channel.
Our discussion is colored by analogies to flow in intergranular porous media, so we
first recall the situation in that system [5]. For Newtonian fluids in the low Reynolds
number limit, the definition of intergranular permeability is given by Darcy’s law,
(u) = —(k/p)Vp, where (u) is the average flow velocity and p the average pressure.
The average in question could be a volume average or an ensemble average, and for a
flow which is macrosopically unidirectional, an operational definition of permeability
is k = pQL/AAp where @ is the flux through a sample of cross-sectional area A
and length L. In a two-dimensional situation, the area is replaced by the width W
and @) is the flow per unit length in the third direction. A definition identical to the
latter case may be used for the permeability of low Reynolds number Newtonian flow
in a fracture. Both finite Reynolds number flow and non-Newtonian fluid rheology
modify this description. We first consider the effects of inertia, and then examine

how permeability relates to the fracture morphology.

3.4.1 Inertial effects

At higher flow rates when inertial effects appear, the relation between pressure

difference and average velocity or flux becomes nonlinear and one may write

Ap = aQ + [ BQ? or 7Q?] (3.11)

where « incorporates the Darcy permeability, and the term in brackets is the inertial
correction, with «, 3 > 0. At high @) the quadratic or “Forchheimer” term applies,
but in the transitional region where the Reynolds number is small but finite, a

cubic dependence is found. This picture is supported by experiments, analytic
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calculations, and numerical simulations [45].

The flow of a Newtonian fluid in a self-affine fracture can be described in identical
terms, as shown by the numerical simulations of Skjetne et al. [38] which exhibit
the same transitions between flow regimes indicated in Eq. (3.11). In extending
the discussion to power-law fluids, the first issue is to choose the appropriate power
of . The exact solutions for Hele-Shaw flow given in Eq. (3.7) have the scaling
behavior G ~ Q™ where G is the applied pressure gradient (the relevant pressure
for macroscopic behavior) and n the power-law index. In a rough fracture, one
would naturally expect an identical relation, albeit with a modified coefficient, at
low G, and then at larger G inertial effects would be expected to produce (positive)
terms involving higher powers of ). To test this idea, note that we are concerned
here with the statistical behavior of self-affine fractures, rather than the details of
flow in one particular geometry which was relevant in the previous section, so an
ensemble average over six realizations of the fracture surface is used. The simulation
results are shown in Fig. 3.12 and indeed show a G ~ Q" scaling behavior at low
G. The Newtonian n=1 plot shows this behavior clearly since G/Q™ is constant at
low @), whereas in the other cases, the expected behavior is present at sufficently
small () as indicated in the alternative plots in the insets of G vs. (). The need
for different plotting variables arises because in the non-Newtonian cases, the flow
rate fluctuates substantially at low G and division by " is numerically unstable.
Beyond the quasi-linear regime, the Newtonian case shows the expected transition
to a Forchheimer flow regime G' ~ @Q? at larger forcing, and the shear-thickening
fluid shows a somewhat analogous behavior G ~ @Q*'. The shear-thinning fluid
is not described by a simple power law at large GG, and we are not aware of any
theoretical treatment of this problem, so we simply report the numerical results.

To understand the numerical coefficient in the flow results, the fracture-modified
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fluid index | kg k

n =0.75 2.99 | 0.373
n=1.0 33.2 | 4.73
n=1.25 142 | 20.6

Table 3.1: Effect of roughness and tortuosity on the low Reynolds number perme-
abilty: ko and k are the permeabilities (defined in Eq. (3.12) for a Hele-Shaw cell
and a self-affine fracture of the same mean aperture, respectively.

Darcy permeability, we again refer to the Hele Shaw case and define

m/"g

(3.12)

Since the roughness and tortuosity of the fracture cause the streamlines to bend and
viscous dissipation to increase, the permeability should be reduced compared to a
smooth and flat Hele Shaw geometry of the same aperture. In Table I, the various
permeabilities are compared, and a reduction by a factor 6-7 is found.

So far, we have expressed the pressure gradient GG in terms of the flux @), because
these quantities are well defined in the present simulations. However, for general
purposes, it is preferable to use a dimensionless quantity such as the Reynolds
number as the independent variable, but the definition of Re for power-law fluids is
not entirely obvious for power-law fluids because the the viscosity varies over the flow
domain. One way to combine the results for different fluids is based on an analogy
to the friction factor scaling laws for flow in pipes originally due to Nikaradze [81],
which can be extended to non-Newtonian fluids as shown by Metzner [58]. Recall
that for unidirectional flow of a Newtonian fluid of viscosity p in a pipe of diameter
D, the mean velocity is u = GD?/32u and the shear stress at the wall is 7,, = GD/4,
so if one defines the conventional friction factor as f = 7,/ipu?, then one finds
f = 16/ Re where Re = puD/u. Experiments follow this scaling law up to a value

of Re that depends on the roughness of the pipe, and at larger values of Re, f levels
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off. An analogous calculation for Hele Shaw flow using the aperture H instead of
the diameter D gives 7, = GH/2 and f = 12/Re. The power-law generalization is
to use the latter form for 7, along with Eq. (3.7) to express the pressure gradient

in terms of the mean velocity, and yields

f= % if Re=6pu’"H"/m/, (3.13)
where m’ = m(2(2n+1)/n)". This choice of variables is not the last word, because in
the analogous interganular porous medium case where a similar approach has been
taken [21], extra constant factors such as functions of the porosity or the “dynamic
specific surface area” are introduced into the friction factor and Reynolds number
definitions to promote data collapse. It is not clear how such ad hoc factors might
be interjected here, so instead we collapse the data using a simple constant factor
which varies from fluid to fluid, and the result is shown in Fig. 3.13. Two different
values of the Hurst exponent are shown, and in both cases we see an f ~ 1/Re
scaling at low Re, a transition at Re ~ 1 — 10 and perhaps a constant friction
factor at larger Re. Unfortunately, the calculations cannot be extended into the

latter regime using the present method (a particular implementation of the lattice

Bolzmann technique) because numerical instabilities arise.
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Relation between imposed pressure gradient and fluid flux for power
law fluids: n = 0.75, 1.0 and 1.25 (top to bottom).
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Figure 3.13: Friction factor of self-affine fracture channels of Hurst exponent ¢ = 0.5
and 0.8 as a function of Reynolds number defined as in eq.3.13 for power-law fluids

with n = 0.75, 1.0, 1.25.
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3.4.2 Morphology effects

We now consider how the geometry of the fracture effects the (low-Reynolds number)
permeability for the various fluids considered. First we investigate the effect of the
Hurst exponent ¢ on the permeability, and to simplify the analysis we consider a
fracture channel with one self-affine wall and one flat wall, as in [26]. For a fixed
presure gradient G, we compute the flux as a function of the channel length L for
the three fluids, and in Fig. 3.14, we first show the flow rate depletion (Qo — Q)/Qo
vs. L for a fracture with ¢ = 0.8. Here () is the flux through a flat-walled channel
fo the same mean aperture. Increasing the length allows for more fluctuation in the
channel width (see Eq. (3.2) which increases the tortuosity and tends to decrease
the flux. If the Hurst exponent of the channel’s rough wall is instead ¢ = 0.5, the
three fluids again behave quite similarly, so it suffices to compare the behavior of
different Hurst exponents for a single case, and in the lower panel of the figure we
plot the flux depletions for the two exponents for the shear-thinning case. The fact
that the flux depletion is greater for the ( = 0.8 channel may be explained by noting
that this exponent value corresponds to more fluctuation as a function of L than
the 0.5 case, and therefore to a more tortuous channel.

To relate the flux to the channel aperture, we imagine dividing the channel into a
sequence of nearly-straight sections, each of length /;, and writing the total pressure
difference as the sum of the pressure drops in each section, using Eq. 3.7 for each.

This reasoning yields

2n+1  _2nta]”
AP:ZAB:Z[Q- ”; b | me 2, (3.14)

i

where the summation is over the sections, and b; is the effective aperture and [; is
the length along the local flow direction in section ¢, and we have noted that @ is a

the same in all sections. If 6; is the angle between the orientation of channel section
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Figure 3.14: Flux variation with length in a channel with one self-affine and one
flat wall for different fluids and Hurst exponents. The maximum aperture of the
channel is Hy., = 64, and the applied pressure gradient is G = 1.0 x 107°. Top:
flux depletion for different fluids confined in a channel with ¢ = 0.8. Right: flux
depletion for a shear-thinning fluid in channels of different .

7 and the mean flow direction, then b; = H cosf; and [; = lll/cos 0;, where H is
the aperture and [/l is the projected length of section 4 in the mean flow direction,

assumed to be the same for all sections. Using these relations in Eq.3.14 we have

2n +1 2nt1 "
AP =2mQll |2 H "% g,)~ (2, 1
mQ [ - } > (cosb;) (3.15)

i

This result generalizes Eq. 26 in [26]| to power-law fluids, and if we proceed as in

that reference to evaluate the average over angles 6; we obtain

Q— Qo ~ H(2¢=2)/¢+(2n+1)/n (3.16)
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where again () is the flux in a flat channel of the same aperture H.

To test the relation 3.16, we calculate the flow for fracture channels of length
L = 256 with varying apertures H = §8,12,16,20,24, for fluid with m = 0.01,
n=0.75, 1.0 and 1.25, all at a pressure gradient AP/L = 1.0e — 6. Figure 3.15
shows the flux depletion (Qp — @) as a function of aperture. The points are the
numerical results and the solid lines are fitted curves, based on the expected power-
law exponents obtained from Eq.3.16, which are 2.83, 2.5, and 2.3 for the three
fluids. We see that the theoretical analysis is in excellent agreement with the data
for the shear-thinning and Newtonian fluids (n—0.75 and 1.0), but the agreement is
less satisfactory for the shear-thickening fluid, whose numerical exponent is closer
to 2.5. A possible interpretation is that in the shear-thickening case, for the same
pressure gradient the average velocity is larger than that for the other fluids, so that

fluid inertia comes into play.
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Figure 3.15: Log-log plot of flow rate variations versus the aperture of self-affine
channel for different fluids with power n = 0.75,1.0 and 1.25.

Finally, we consider an additional effect, a lateral shift between the two sides of
a fracture, which might arise in practice due to geological processes. We begin with
a fracture channel with complementary sides and constant initial aperture H, and
then shift one side along the mean plane by a distance d. The fracture aperture is

now a function of position, H,(z), and effectively a spatial random function. We
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again compute the flux depletion relative to a flat channel having the same initial
aperture, using six realizations of a self-affine fracture wall with Hurst exponent
¢ = 0.8. As shown in Fig. 3.16 the flux decreases somewhat faster than linearly with
shift, by producing narrow gaps when proturbances on the two sides are brought
closer to one another. The shear-thinning and Newtonian fluids have a fairly similar
behavior, while the reduction is twice as large in the shear-thickening case, perhaps
again as a result of inertial effects. As in the previous discussion, using a different

value ¢ = 0.5 for the Hurst exponent gives the same trends.
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Figure 3.16: Flow rate reduction due to lateral shift along the mean plane of fracture
channel for different fluids with power n = 0.75, 1.0 and 1.25, and the Hurst exponent
used here is ¢ = 0.8.

3.5 Conclusion

Using a new implementation of the lattice Boltzmann method for power-law fluids,
we have investigated their flow in two-dimensional self-affine fracture channels as
a function of applied pressure gradient. Generally, fluids with different power-law
index behave in a similar manner when their flow parameters are properly scaled,
using standard results for flow in constant-thickness channels. Many previous results

for Newtonian fluids in self-affince fractures are found to generalize in a straightfor-
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ward manner. However, shear-thickening fluids, which have higher velocities for the
same pressure gradient than Newtonian or shear-thinning counterparts, are more
susceptible to inertial effects.

With regard to the local flow fields, we first considered the maximum absolute
velocity as a function of distance along the mean flow direction, which was found to
fluctuate along the fracture channel due to its tortuosity and the variable effective
aperture along the channel. The local maxima of this maximum absolute velocity
occur at points of narrowing or minimal effective aperture, and the range of maxi-
mum absolute velocity relative to the global mean velocity ranges from about 1.5 to
5.5. With increasing inertia, this normalized maximum absolute velocity increases
for all power-law fluids to different degrees, with shear-thickening fluids having the
largest effect and shear-thinning the least. As the pressure gradient increases, the
normalized maximum velocities near the constrictions are relatively constant but
outside these points velocities tend to increase. The variation in velocity is greatest
for a shear-thickening fluid and least for shear-thinning. Pressure fluctuations along
the channel increase with forcing for all fluids, and for a given pressure gradient
increase with the power-law index n.

The relationship between pressure gradient and flux is found to have the same
functional form as for flow in a flat channel, Ap ~ @™, when inertial effects are
absent. At higher Ap, Newtonian fluids behave in the same way as in inter-
granular porous media, and shear-thinning fluids behave analogously, but the shear-
thickening case does not show simple power-law behavior. It is possible to collapse
all of the data on flux vs. pressure gradient into a universal friction factor curve.
The variation of flux with system length was shown to scale with system length
with an exponent algebraically related to the Hurst exponent, in a manner which
generalizes the Newtonian case.

The most interesting question raised by these results is the form of the flux-
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pressure gradient relationship in the regime of strong inertia in the non-Newtonian
case. In this work, we were limited in the range of accessible pressure gradients by
numerical instabilities, and it is desirable to improve the algorithm so as to consider
higher pressure gradients and further explore the dynamics of the inertial regime.
An extension of these considerations to viscoelastic fluids is likewise highly desirable,

but new ideas beyond the methods used here are needed.



Chapter 4

Suspension and Deposition in

Pressure-driven Flow

The purpose of this chapter is to investigate the flow of a particle suspension flow in
a channel, either Hele-Shaw cell with two flat plates or a self-affine fracture, as driven
by pressure gradient. The particles are non-neutrally buoyant in general, so gravity
plays an important role here in particle transport by causing deposition processes.
In Sec.4.1, we introduce the problem we investigate in this chapter, and also give
a brief introduction to the lattice Boltzmann method we use to simulate particle
suspension flow. Then we analyze our results for bulk flow of particle and fluid
phases, both macroscopically and microscopically in Sec.4.2. After these analysis,

we conclude with our results and give suggestions on future studies in Sec.4.4.

4.1 Problem description and numerical method

The problem we investigate here is pressure-driven particle suspension flow with
deposition process in a Hele-Shaw cell. Because most of mineral particles formed in

the subsurface channels are heavier than the fluid media, here we mainly investigate
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the neutrally buoyant or heavier particle sedimentation process under the pressure
driven flow in the channel. And the continuous fluid media is Newtonia. Initially,
the particles are uniformly distributed across the whole Hele-Shaw cell except for
near wall region because of the wall effect. The suspension is confined by two flat
plates. Fig.4.1 and fig.4.2 demonstrate the particle evolution of the suspension flow
driven by pressure difference with sedimentation process. An initial homogeneous
system evolves to three regions in the field: sedimentation region, suspension region

and clear region.

Figure 4.1: Demonstration of initial particle distribution in a Hele-Shaw cell of
pressure driven suspension flow with sedimentation.
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Figure 4.2: Demonstration of evolution of pressure driven suspension flow with
sedimentation in a Hele-Shaw cell.

As we could see from these three different regions, the whole fluid and parti-
cle transport process is controlled by three non-dimensionalized parameters: par-
ticle Reynolds number, buoyancy number and particle concentration. The particle

Reynolds number, which describes the flow strength to carry individual particles
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with the fluid itself locally, and varies through applied pressure difference. The
buoyancy number is directly related to the Shields number used in other literature.

The geometry of the Hele-Shaw cell is suspension flow confined by two flat plates,
with dimensions in three directions are L, X L, X L, with x is the main flow direction,
y is the vorticity direction and z is the velocity gradient direction. The dimensions
are fixed for this Hele-Shaw cell, and we introduce different numbers of particles
into the flow domain to control the bulk particle concentration ¢,. The particles
in our flow suspension system are monodisperse, and diameter of these particles d
are one tenth of the width or L, of this Hele-Shaw cell, that is d = L./10. We
use periodic boundary conditions along the main flow direction and also along the
vorticity direction. The pressure difference applied along the main flow direction is
represented by a constant body force in our modeling and simulation. The three
dimensionless parameters investigated in our simulation particle Reynolds number,
buoyancy number and particle concentration are varied by different pressure gradient
applied, different density ratio between solid particles and fluid, and also the particle
number in the suspension. Particles are distributed uniformly in the whole Hele-
Shaw fluid cell. The time scales in our flow system are the diffusion time on particle
scale, that ists = dQ/V, or the sedimentation time t, = L, /U, where Uy is the average
or single particle sedimenting velocity, or the convection time scale as t. = L,/U
where U is the averaged bulk velocity in the mean flow direction. For particle
suspension and transport such as deposition, the main time scale is mainly the
particle diffusion time for particle migration due to particle fluid hydrodynamic
interaction. So here in this system, the diffusion time ¢, is used as the unit time
scale for time evolution of the particle suspension and deposition process.

To calculate this particle suspension flow, lattice Boltzmann method is utilized
for the fluid flow and particle-fluid interaction, and Newtonian dynamics for parti-

cle motion. Fluid dynamics is calculated totally from the lattice BGK model, and
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particle dynamics is updated through Newtonian dynamics. The coupling between
the fluid phase and solid particle phase is through the boundary. We update the
distribution function in the lattice BGK model to match the no slip boundary con-
dition at the solid fluid interface, and hence the force and torque are calculated
through definite rules. Through these rules, the fluid field is modified to accommo-
date the local boundary conditions imposed by solid fluid interface. The suspension
flow is driven by different pressure gradient or more specifically in lattice Boltzmann
simulation, by a constant forcing. So the particle Reynolds number and buoyancy
number are functions of this applied pressure gradient. For more details, please refer
to Ladd|88].

Before analysis of the numerical results, it is necessary here to give exact defi-
nitions of two of these three dimensionless parameters: particle Reynolds number
and buoyancy number, based on which we will analyze our results further. The
buoyancy number measures the relative significance of gravitational force on par-
ticles and hydrodynamic viscous force, which, in some sense, determines partially
the particle translation along the main flow stream and deposition to wall surfaces.
We have two alternative choices, one to define the buoyancy number based on the

balance of Stokes drag and gravitational force, which gives,

(pp = pr)gd”

N, —
b 18U

(4.1)

where p, and p; are solid particle and fluid density respectively, g is the acceleration
of gravity, d and U are respectively the particle diameter and the average bulk ve-
locity in main flow direction as in the above definition for particle Reynolds number.
Since the flow is driven by applying different pressure gradients in all our numeri-
cal calculations, the buoyancy number could therefore be defined based on pressure

gradient alternatively, as N, = (p, — pr)g/G, G is the pressure gradient applied, as
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in Norman et al[65]. This definition is convenient in that it is directly related to
our calculation data, but in most literature for particle suspension and transport,
the first definition in eq.4.1 is used, so here we follow the convention to use the first
definition. The particle buoyancy number is mainly controlled by density difference
between solid particles and fluid media. On the other hand, Reynolds number is
used to describe the flow strength and its effect on the motion of particles. Similar
to the buoyancy number definition, according to different length scales and velocity,
several Reynolds number definitions could be proposed. Because particle transport
process is incorporated and is related to particle motion induced by hydrodynamic
forces on it, particle Reynolds number, based on the particle dimension and average
bulk velocity is appropriate in this situation. So this particle Reynolds number is
defined as the following,
_ o

Re , 4.2
P (4.2)

where p is fluid density, U is the average bulk velocity in main flow direction, d is
particle diameter and 7 is the fluid viscosity. Moreover, in all our calculations to
control particle Reynolds number, we change the pressure gradient applied to drive
the suspension. But similar to buoyancy number, the particle Reynolds number Re,
is not only determined by the the applied pressure gradient GG, but by other factors
such as bulk concentration ¢, and density ratio between solid particles and fluid.

We will give more details on this in later sections.
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4.2 Results and discussion

In this section, we discuss the effect of particle Reynolds number Re,, the buoyancy
number N,, and concentration ¢ on the suspension flow along a channel composed
of two flat plates or a Hele-Shaw cell in fully three dimension. Particle Reynolds
number and buoyancy number are both defined in the previous problem specification
section. As in all our calculations, we can only control the pressure difference we
applied at two ends or the pressure gradient in x-direction, with a specific Newtonian
fluid media, so the particle Reynolds number and buoyancy number is indirectly
controlled by this applied pressure gradient as GG in our presentation with the density
ratio and fluid viscosity. The calculation results are analyzed for bulk flow properties
under different flow conditions and also for particle dynamics in the suspension flow

on a microscopic level.

4.2.1 macroscopic fluid flow and particle transport

Macroscopically, with particle suspended in fluid, the fluid flow field will be modified
by the existence of those particles. As a whole, the bulk flow of particle and fluid mix-
ture will be different from the pure fluid flow. In this section, we want to investigate
the effects under different dimensionless parameters, ¢.e., particle Reynolds number,
buoyancy number and particle concentration, on the macroscopic flow properties

such as the bulk flux, fluid flux and particle flux.

Bulk flow and velocity

As in different industrial processes, it is important to check the flow of overall
particulate materials as a bulk under various flow conditions. The results in this
section will focus on the bulk flow properties across the flow channel,under different

particle Reynolds number, buoyancy number and different particle concentration.
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In all cases of our calculations of the particle suspension with neutrally buoyant
particles, three groups of pressure gradient are applied along the flow channel, for
bulk particle concentration 0.13, 0.26, and 0.34. According to the above definitions
of particle Reynolds number, these will give us three groups of particle Reynolds
number corresponding to zero buoyancy number for particle suspension at these

bulk particle concentrations. As in Table.4.2.1, we calculate the particle Reynolds

Cases G U Q Re, Rechannel

»=0.13

1 1x107°% 0.0050 15.37 0.50 5.0

5x 1075 0.0247 75.76 2.47 24.7

3 1x107° 0.0504 154.8 5.04 50.4
»=0.26

1 1x107°% 0.0030 9.15 0.30 3.0

5x107¢ 0.0147 44.95 1.47 14.7

3 1x107° 0.0288 88.43 2.88 28.8
$—0.34

1 1x107% 0.0014 4.29 0.14 1.4

5x107% 0.0085 26.17 0.85 8.5

3 1x107° 0.0178 54.74 1.78 17.8

\]

\]

Table 4.1: Particle Reynolds number at different applied pressure gradient for parti-
cle suspension with neutrally-buoyant particles for three groups of particle concen-
trations.

number according to the bulk mean velocity in the mean flow direction for three
groups of particle concentration. As shown in fig.4.3,with the same applied pressure
gradients, for neutrally-buoyant particle suspension with different concentration, the
bulk mean velocity in the pressure gradient direction decreases with concentration,
for with higher concentration, the dissipation is larger for the flow. And with larger
applied pressure gradient, the bulk velocity is larger.

We have also investigated the bulk velocity field for neutrally-buoyant particle
suspension flow with different particle Reynolds number and particle concentration.

Figure4.4 shows the normalized bulk velocity profile across the flow channel for
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Figure 4.3: Mean bulk velocity of neutrally-buoyant particle suspension flow with
different applied pressure gradients and particle concentrations.
bulk concentration ¢, = 0.13 with different applied pressure gradients G. The
normalization is based on the maximum fluid velocity under the same pressure
gradient for pure fluid flow with the same flow geometry. The normalized velocity
profile is almost the same everywhere except the center region. On the center,
the normalized bulk velocity is a little higher for low pressure gradient applied and
lower for higher gradients applied. This same observation is also true for the velocity
profile with bulk concentration ¢, = 0.26 and 0.34. In fig.4.5, the normalized bulk
velocity profiles are shown for different bulk particle concentrations under the same
applied pressure gradient G = 5 x 107%. The maximum velocity is on the center
plane of flow channel for each bulk particle concentration ¢, and as ¢, increases,
the maximum velocity decreases and the velocity profile becomes more blunt at
the center region, which is also true for concentrated neutrally-buoyant particle
suspensions in low-Reynolds number flow, as shown in experiments [53]. This is
partially true because at high bulk concentration, the particles at the center region
of the flow channel diffuse towards the wall, transfering momentum to the high shear
region and flattening the velocity profile.

With zero buoyancy number, particles are distributed across the full flow domain,

but if the particles are heavier they will settle in the gravitational direction and
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Figure 4.4: Normalized bulk velocity in flow direction for neutrally buoyant particle
suspension at ¢, = 0.13 with different applied pressure gradients.
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Figure 4.5: Bulk velocity in flow direction normalized by the maximum fluid velocity.

hence to that surface of the wall. These will also change the flow rate of fluid and
particle in the main flow direction, and also these will introduce the mechanism to
form the deposition bed with dynamical structure, especially on the surface of these
deposition layers. Figs.4.6,4.7,4.8 shows the bulk velocity across the flow domain for
particle suspensions with different buoyancy number, for suspension with particle
bulk concentration ¢, = 0.13,0.26 and 0.34. As we can see in these figures, at
zero buoyancy number, the velocity profile is close to parabolic. For intermediate
buoyancy number, three regions are formed across the flow channel. Regions close

to the deposition wall, for we do not include any force to stick particles with each
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other, and to conform the no-slip boundary at the deposition wall, there is a shear
layer for particles to move along the deposition wall, with a length of about one
diameter of particles. Close to the other wall, there is a clear fluid region with a
parabolic velocity in that region. Between these two regions, there is a particle
suspension region, bulk velocity increases to the velocity in the fluid region, due to
the shear stress exerted by the fluid region on the surface of this layer. For still
higher buoyancy number, the fluid shear stress can no longer entrain particles along
the channel, and the bulk velocity near the deposition wall becomes negligible due
to the particle contact force. For some intermediate buoyancy number, it could be
seen that some portion of particles are moving with an almost constant velocity in
mean flow direction. This is mainly because we do not incorporate any sticking force
for particles, and the particle deposition bed moves with a uniform velocity.

From the mean bulk velocity, with the buoyancy number definition above, we

calculate the buoyancy number N, for some of our calculations.

$—0.13

pp/,of 1.000 1.002 1.006 1.01 1.02 1.04 1.05 1.1

Ny
G=1x10"% 0.0 0.087 0.279 0.495 1.525 - -
G=5x10"% 0.0 0.018 0.053 0.092 0.199 0.473 0.680 -
G=1x10"" 0.0 0.009 0.026 0.043 0.089 - 0.253 0.675

Re,
G=1x10"% 0.507 0.511 0.477 0.449 0.291 - -
G=5x10"% 2469 2.465 2.523 2428 2.231 1.878 1.635 -
G=1x10"" 5.044 5.069 5.131 5.161 5.011 - 4.394 3.294

Table 4.2: Particle Reynolds number and buoyancy number based on the mean bulk
velocities at different applied pressure gradients for particle concentration ¢ = 0.13,
for different particle to fluid density ratios.
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0=0.26
pp/pf 1.000 1.002 1.006 1.01 1.05 1.1 1.2 1.3
Ny
G=1x10"% 0.0 0.155 0.581 7.215 74.884 126.464 208.702 -
G=5x10"% 0.0 0.031 0.093 0.152 1.383 3.231 6.930 -
G=1x10"" 0.0 0.015> 0.047 0.076 0.491 1.521 - 5.270
Re,
G=1x10"% 0.298 0.288 0.230 0.031 0.015 0.018 0.021 -
G=5x10"% 1465 1.447 1.428 1.459 0.803 0.688 0.641 -
G=1x10"" 2.881 2988 2.837 2931 2.263 1.461 - 1.265

Table 4.3: Particle Reynolds number and buoyancy number based on the mean bulk
velocities at different applied pressure gradients for particle concentration ¢ = 0.26,
for different particle to fluid density ratios.

$=0.34
Pp/Pf 1.000 1.002 1.006 1.01 1.05 1.1 1.2
Ny
G=1x10"° 0.0 0320 1.135 2570 65.161 136.463 -
G=5x10"% 0.0 0.050 0.137 0.217 2450  5.505 -
G=1x10"° 0.0 0.025 0.066 0.111 0.787 2.688 6.010
Re,
G=1x10"° 0.140 0.139 0.118 0.086 0.017  0.016 -
G=5x10"% 0.853 0.882 0.975 1.026 0.454  0.404 -
G=1x10"" 1.783 1.771 2.017 1.997 1.412 0.827  0.740

Table 4.4: Particle Reynolds number and buoyancy number based on the mean bulk
velocities at different applied pressure gradients for particle concentration ¢ = 0.34,
for different particle to fluid density ratios.
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Figure 4.6: Bulk velocity across the flow channel at bulk concentration ¢, = 0.13
and different applied pressure gradients G =1 x 107%,5 x 107% and 1 x 107°.
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Figure 4.7: Bulk velocity across the flow channel at bulk concentration ¢, = 0.26
and applied pressure gradient G' =1 x 1075,
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Figure 4.8: Bulk velocity across the flow channel at bulk concentration ¢, = 0.34
and applied pressure gradient G' =1 x 1075,
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Particle concentration distribution

Because of the hydrodynamics and particle diffusion, solid particles will redistribute
across the flow domain due to shear stress, particle concentration gradient and so
on. Especially, with finite fluid inertia effect, in a pressure driven flow as in our
case a single particle will migrate to 0.6 between the center plane and one of the
two confining walls, which depends on the initial particle position. As the fluid in-
ertia increases, the equilibrium position for this single particle will displace further
to the wall. So this fluid inertia effect will influence the particle distribution, in
some way. On the other hand, the gravitational effect will drag the particle bulk
toward the wall in the direction of the gravity. This gravitational effect induces
large unsymmetrical distribution and suppresses the flow instability induced by flow
inertia. This unsymmetrical particle distribution will modify the dissipation of the
bulk flow, as we could have seen from the mean bulk velocity in the above section.
Because of the finite size of suspended particles in the fluid, the particle concentra-
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Figure 4.9: Time evolution of local particle concentration across the flow channel for
neutrally buoyant(N, = 0) particle suspension with bulk concentration ¢, = 0.34
and particle Reynolds number Re, = 0.85.

tion fluctuates across the flow channel, as shown in fig.4.9. From this figure, it could
be seen that the local particle concentration fluctuates significantly close the wall.

The concentration at the center plane is a little higher. Because of these fluctuations
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in particle distribution, it’s better to smooth the local particle concentration curves
when analyzed. In the following figs.4.11,4.12,4.13, the concentration profiles are all
smoothed across the flow domain by averaging over a running window of five bins.

With zero buoyancy number or neutrally buoyant particle suspension, particles
are distributed across the full flow domain. As shown in fig.4.10,from the particle
concentration profiles in this figure for different bulk concentration ¢, at different
particle Reynolds number, the peak concentration at the center of the flow channel
is much lower with increasing bulk concentration and the particles migrate to the
wall away from the centerline. Hence, the profile gets much flatter for higher bulk
concentration suspensions. The other interesting thing is that there are some small
concentration peaks close the wall, especially for the case ¢, = 0.13 at higher particle
Reynolds number or higher applied pressure gradients. The reason for this is that at
higher particle Reynolds number, the fluid inertia has a larger effect, which induces
larger particle migration across the streamlines. And also because the existence of
the wall, particles in that region tend to be caged along the wall to form clusters,
which gives higher local concentration.

If the particles get heavier, on the other hand, the bulk of particles will migrate
to the gravitational direction and hence to that surface of the wall. This process of
deposition is more prominent for higher buoyancy number. These will also change
the flow rate of fluid and particle in the main flow direction, and also these will
introduce the mechanism to form the deposition bed with dynamical structure,
especially on the surface of these deposition layers. Meanwhile, if the pressure
gradient applied is increased, particle transport and fluid flow field will be enhanced
along with increased fluid inertia. Moreover, particle concentration modifies the
structure of the suspension as well, the fluid flux and particle flux also changes
along different buoyancy number and particle Reynolds number.

As a result of the interplay of gravitational force and the fluid flow, for non-
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neutrally buoyant particle, three regions across the flow domain form. As shown
in the demonstration figure, these three regions are clear fluid region, suspension
region and deposition region. These regions can be seen very clearly from the particle
concentration profiles for different bulk concentrations ¢, = 0.13,0.26 and 0.34, as in
figs.4.11,4.12,4.13. For neutrally-buoyant particle suspension, particles fill the whole
flow domain. As the buoyancy number increases, particles tend to migrate to the
deposition wall, with larger concentration in the half domain close to this deposition
wall. For the intermediate buoyancy number, the particle concentration in the center
region across the flow domain is still larger than other positions. With buoyancy
number increasing further, the particle concentration along the wall gets the largest
and then tends to decrease when approaching the center and clear region. At the
highest buoyancy numbers, all particles in the flow domain settle down the wall and
form a stable deposition structure along the deposition wall. For bulk concentration
¢p = 0.13, the maximum packing is up to about 0.4 of the width of flow channel
L., which gives a packing number of 0.33. For bulk concentration ¢, = 0.26, the
maximum packing is up to about 0.65 of the width of flow channel L., which gives a
packing number of 0.40. For bulk concentration ¢, = 0.34, the maximum packing is
up to about 0.7 of the width of flow channel L., which gives a packing number of 0.49.
The highest packing concentration along the wall for larger buoyancy numbers are

0.3, 0.4 and 0.5 for bulk particle concentrations ¢, = 0.13,0.26 and 0.34 respectively.
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Figure 4.10: Particle concentration across the flow channel for neutrally buoyant
particle suspension flow field at different bulk particle concentrations for different

applied pressure gradients respectively from top to bottom.
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Figure 4.11: Particle concentration across the flow channel for the particle suspen-
sion flow field at bulk particle concentration ¢ = 0.13 for different applied pressure
gradients.
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Figure 4.12: Particle concentration across the flow channel for the particle suspen-
sion flow field at bulk particle concentration ¢ = 0.26 for different applied pressure

gradients.
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Figure 4.13: Particle concentration across the flow channel for the particle suspen-
sion flow field at bulk particle concentration ¢ = 0.34 for different applied pressure

gradients.
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Fluid velocity and flux

For particles with a different density from the fluid, the suspension and deposition
processes affect the fluid flux and therefore the permeability if we look at it as a
dynamic porous media. It is interesting to analyze the effects of flow strength and
the particle density relative to the fluid on the fluid flux and velocity. Firstly, due
to the existence of the particles, the fluid flow will be distorted, and also because of
the dissipation and particle inertia, the fluid velocity will be reduced by dissipation.
In fig.4.14, () is a normalization factor for the fluid flux, it is the effective fluid flux
in the flow channel if we compress particles as part of a stationary solid wall, that

reads,
pGLIL,

Qo= (1~ (bb)Wv (4.3)

where G is the applied pressure gradient.

Relative flow rate for particle suspension flow with bulk concentrations ¢, =
0.13,0.26 and 0.34 are shown in fig.4.14. The relative flow rate for neutrally-buoyant
particle suspension at ¢, = 0.13 is about 0.6 for different applied pressure gradients,
and about 0.35 and 0.2 for bulk concentration ¢, = 0.26 and 0.34 respectively.
At small buoyancy numbers, the relative flow rate goes up a little especially for
higher concentration and larger applied pressure gradient G. Then with increasing
buoyancy number for all bulk concentrations, the relative flow rate decreases. For
¢p = 0.13, the relative flow rate reaches 0.4, while for ¢, = 0.13 and 0.34, the relative
flow rates reach 0.15 and 0.1 respectively. The initial increase of the relative flow
rate could be seen from the fluid velocity profile, as in Fig.4.15 for ¢, = 0.34. As the
buoyancy number increases, the velocity profile becomes distorted and shifts to the
upper wall, and there is somewhat lower concentration or even clear fluid region,
and this lower concentration or clear fluid region contributes less dissipation and

produce even higher maximum velocity. All these factors contribute to the initial
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increase of the relative flow rate at small buoyancy number.

Particle velocity and flux

The time averaged particle velocity after the suspension reaches steady state for
three bulk concentrations ¢, = 0.13,0.26 and 0.34, under different applied pressure
gradients,s shown in Fig.4.16. As we see, the particle velocity increases with the
applied pressure gradient for all bulk concentrations. For a specific bulk concentra-
tion, such as ¢, = 0.26, the particle velocity increases first and then decreases with
the buoyancy number. The initial increasing trend is more prominent for higher
applied pressure gradient G. At larger buoyancy number, the particle velocity goes
to a constant level, so that the particle flux is almost a constant in the main flow
z-direction. The initial increase in particle velocity along with the buoyancy number
has the same mechanism with the similar trend for fluid flux. At the lower end of
the buouancy number range, particles migrate to the main flow stream away from
one wall, and particles in that region catch up with the local fluid velocity, which is
higher away from the wall. And this migration makes the averaged particle velocity

gets larger at small buoyancy number.

4.2.2 Microscopic structure of the particle suspension and
deposition

In this section we will focus on microscopic structure analysis of the particle trans-
port, and its relation to those macroscopic properties of the fluid and particle trans-

port under different operating parameters.
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Clear region formation

At steady state, the shear stress on the interface between the pure fluid region and
the deposition bed determines the erosion and sediment balance due to hydrody-
namic interaction. This balance also determines the range of three different regions,
such as clear region, suspension region and deposition region.

As shown in fig.4.17 for the relative width of the clear region to that of the
whole width of the channel increases with particle buoyancy number for all three
bulk concentrations ¢, = 0.13,0.26, 0.34, meaning that the particles fill in a smaller
region of the flow domain. With larger buoyancy number, for all suspension flow
with three bulk concentrations, the width of clear region goes to a constant, and
hence the particle bed to the deposition wall reaches a relatively stable structure. For
suspension flow with bulk particle concentration ¢, = 0.13, the particle deposition
bed reaches it stable structure at N, = 1 or so. The width of clear region of this
case with full deposition is about 0.38. For suspension flow with ¢, = 0.26, the
particle deposition reaches stable for buoyancy number at about 4.0 and the width
of clear region is about 0.15 for lower applied pressure gradient, and about 0.20
for two other higher applied pressure gradients. For suspension with ¢, = 0.34,
at about N, = 6 the deposition bed reaches a stable layering structure, and the
widths are 0.16,0.18,0.24 respectively for three different applied pressure gradients.
For higher bulk concentrations within the same range of the buoyancy number, the
deposition bed has a more closely packed structure as shown with larger clear fluid
regions. One explanation for this is that for higher bulk concentration, with higher
driving force or pressure gradient, the particles have longer time to flight in main
flow stream and then have longer time to relax to a more closely packing structure

during their deposition onto the wall surface or layers of deposited particles.
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Figure 4.14: Fluid flux along the Hele-Shaw cell for particle suspension flow of dif-
ferent bulk concentrations ¢, = 0.13,0.26 and 0.34 with different particle Reynolds
number or applied pressure gradients.
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Figure 4.15: Fluid velocity profile across the Hele-Shaw cell for particle suspension
flow at different buoyancy number at bulk concentration ¢, = 0.34 and applied
pressure gradient G =1 x 107°.
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Figure 4.16: Averaged particle velocity along the Hele-Shaw cell for particle sus-
pension flow of different bulk concentrations ¢, = 0.13,0.26 and 0.34 with different
particle Reynolds number or applied pressure gradients.
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Particle velocity distribution

For small particle Reynolds number suspension, the particle velocity is almost in
accord with the local fluid velocity, especially for colloidal tracer-like particles. So
particle velocity shows some information for flow microstructure such as particle
distribution. For pure Newtonian fluid flow along the channel, the probability dis-
tribution function(PDF) for the fluid velocity is an increasing function defined on
[0:1.5] if fluid velocity is normalized by the averaged fluid velocity across the chan-
nel, for the exact shape of this PDF function and more details, see Gudmundsson
et al[83]. Fig.4.18 shows the particle velocity distribution function for neutrally-
buoyant particle suspension with ¢, = 0.26 under different applied pressure gradi-
ents or different particle Reynolds numbers. As in this figure and all other figures
in this section for particle velocity distribution function, the magnitude of particle
velocity is normalized by the maximum magnitude. In Fig.4.18, there are several
peaks for the PDF function, which corresponds to high concentration regions with
the effect of finite size particles. To the lower end of particle velocity, PDF function
has a peak for each case, that means some particles are caged by the wall and the
main bulk flow. For other peaks to the higher end of particle velocity, the peaks
are compressed to the lower end with increasing particle Reynolds number. At high
particle Reynolds number, more particles have larger velocities. Moreover, the peaks
of the PDF function follows the trend of the fluid velocity distribution for pure fluid
flow along the channel as in Gudmundsson et al|83], especially for higher particle
Reynolds number. In fig.4.19, we show the particle velocity pdf for different bulk
concentrations, for a neutrally-buoyant particle suspension. Other than the peaks
for higher concentrations, the distribution shifts to lower values, with particles dis-
persing away from the center of the channel. In Fig.4.20, we show a typical pdf for

different buoyancy numbers under the same bulk concentration and pressure gradi-
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ent. We see that, along with increasing buoyancy number, the distribution drifts to
lower particle velocity region, and at the highest buoyancy number in the plot the

particles all settle to the lower wall with very small velocities due to compaction

effects.
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Figure 4.18: Probability distribution of magnitude of particle velocity for neutrally-
buoyant particles at bulk concentration ¢, = 0.26, for particle Reynolds number.
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Figure 4.19: Probability distribution of magnitude of particle velocity for neutrally-
buoyant particles at different bulk concentrations, under the same applied pressure
gradient G =5 x 107°,

Particle diffusion process

The particles migrate across the steamlines, and diffuse due to local particle con-

centration. It is also interesting to check the effect of gravity, particle concentration
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Figure 4.20: Probability distribution of magnitude of particle velocity for neutrally-
buoyant particles at bulk concentration ¢, = 0.26, for different buoyancy number
under the same applied pressure gradient G = 1 x 1075.

and Reynolds number on the particle dispersivity in the z-direction. For all plots
in this section, the time is measured in the particle diffusion time t, = d?/v, where
v is the kinematic fluid viscosity. Fig.4.21 shows mean square displacement in z- or
velocity gradient direction for neutrally buoyant particles at the same bulk concen-
tration for different applied pressure gradient or particle Reynolds number. For a
neutrally buoyant particle suspension, the particle dispersivity is larger for higher
particle Reynolds number, and this figure displays that for larger flow strength, the
particle migration across the streamlines is more prominent due to the effect of fluid
inertia. Under the same applied pressure difference, fig.4.22 shows that the particle
dispersivity in velocity gradient direction is higher for higher bulk concentration. At
higher particle concentration, particle interaction is of much importance for particles
in near contact, and this induces the particle migration. In fig.4.23, we show the
mean square displacement in z-direction for ¢, = 0.26 for different buoyancy num-
ber. As we could see in the figure, the particle dispersivity in z-direction increases
with the buoyancy number at the lower end, and then decreases for higher buoyancy
number. The reason for the initial dispersivity increase is that some portion of the

particles near one wall migrate to lower shear rate region due to the interplay of
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shear induced migration and higher gravity force. At higher buoyancy numbers,
most of the particles deposit to the wall to form an almost immobile particle layer,

and that will reduce the particle migration, and hence the particle dispersivity.
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Figure 4.21: Mean square displacement in z-direction for neutrally-buoyant particles
at bulk concentration ¢, = 0.26, under different applied pressure gradients.
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Figure 4.22: Mean square displacement in z-direction for neutrally-buoyant particles

at different bulk concentrations ¢, = 0.13,0.26 and 0.34, under the same applied
pressure gradient.

4.3 Surface modification by deposition

The gravitational force has the effect to stabilize the particle deposition and make

it flat at large length scales. Based on this observation from our calculations for
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Figure 4.23: Mean square displacement in z-direction for particle suspension at bulk
concentration ¢, = 0.26, under same applied pressure gradient G = 5 x 107% and
different particle buoyancy number.

particle deposition on a planar wall, we are interested in the surface modification due
to particle deposition for self-affine surfaces. Fig.4.24 shows the particle deposition
layers onto an initial self-affine fracture surface. The self-affine surface is modified
to a flatter surface due to deposition under gravity, and in large scale, similar to
the surface formation for planar wall, the deposited surface is more or less flat. The
height correlation function for this surface is shown in fig.4.25. From this log-log
plot, we see that at small length scales up to the order of one particle diameter, the
height follows the self-affinity with exponent 0.77, very close to Hurst exponent 0.8
for self-affine surface. At larger length scale, the gravitational effect will modify the
particle deposition to a more or less flat surface even for initial rough surfaces. We

find the same characterics for other flow conditions.
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Figure 4.24: The deposition layers onto a self-affine surface in a pressure-driven

suspension flow, bulk concentration ¢, = 0.20, pressure gradient applied G = 5 x
107% and buoyancy number is N, = 7.4.
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Figure 4.25: Height-height correlation function for the post-deposition surface in
fig.4.24.
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4.4 Conclusion

In this chapter, we investigate the particle suspension and deposition in different
flow conditions and geometry. Macroscopic and microscopic analysis of the suspen-
sion flow field for different particle Reynolds number, buoyancy number and bulk
concentration. And we also show the surface characterization for deposition bed
onto surfaces. All these results could be used in macroscopic modeling and also
give us details and physical interpretation of different suspension flow and particle

transport.



Chapter 5

Pair particle interaction in shear flow

at finite Reynolds number

We discuss the hydrodynamic interactions of two solid bodies placed in linear shear
flow between parallel plane walls in a periodic geometry at finite Reynolds number.
The computations are based on the lattice Boltzmann method for particulate flow,
validated here by comparison to previous results for a single particle. Most of
our results pertain to cylinders in two dimensions but some examples are given
for spheres in three dimensions. FEither one mobile and one fixed particle or else
two mobile particles are studied. The motion of a mobile particle is qualitatively
similar in both cases at early times, exhibiting either trajectory reversal or bypass,
depending upon the initial vector separation of the pair. At longer times, if a mobile
particle does not approach a periodic image of the second, its trajectory tends to
a stable limit point on the symmetry axis. The effect of interactions with periodic
images is to produce non-constant asymptotic long-time trajectories. For one free
particle interacting with a fixed second particle within the unit cell, the free particle
may either move to a fixed point or take up a limit cycle. Pairs of mobile particles

starting from symmetric initial conditions are shown to asymptotically reach either

107
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fixed points, or mirror image limit cycles within the unit cell, or to bypass one
another (and periodic images) indefinitely on a streamwise periodic trajectory. The
limit cycle possibility requires finite Reynolds number and arises as a consequence

of streamwise periodicity when the system length is sufficiently short.

5.1 Problem formulation and numerical techniques

The calculations in this chapter consider the interaction of two neutrally-buoyant
and equal-sized circular cylinders in a two-dimensional linear shear flow between
plane walls, or occasionally equal sized spheres in a three-dimensional linear shear
flow, with an asymptotic velocity profile u™ = 4yx with shear rate ¥ = 2U,,/W. A
sketch of the system geometry is shown in Fig. 5.1, where the channel width is W,
the cylinder or sphere radius is a (we sometimes refer to the diameter d = 2a), the
wall velocities are +U,,, the fluid viscosity is p, and the common density of fluid
and particles is p. We nondimensionalize length, time, velocity and pressure using
scales W, W/U,, U, and pU, /W, respectively, and the dimensionless form of the

continuity and Navier-Stokes equations are

Vou = 0, (5.1)

Rey (%—ltl +u- Vu) = —Vp+ Vi (5.2)

Here the bulk Reynolds number is Re, = U,W /v (v = p/p is the kinematic vis-
cosity), and the particle Reynolds number based on its radius is Re, = ja?/v =

Rey - (2a?/W?). The particle motion is given by Newtonian dynamics:

M%ﬁt) _F (5.3)
I-%it) L Qx[I-Q0),=T (5.4)
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where M and I are the mass and moment of inertia tensor of the particle, U and 2
are its linear and angular momentum, and F and T are the force and torque acting
on it, respectively. The no-slip boundary condition is applied on the surfaces of the

particles and walls.

W &xcenterline

-U

w

Figure 5.1: A particle rotating in the zero-velocity plane in simple shear flow.

The Navier-Stokes equations for the fluid are solved here by the lattice Boltz-
mann method [77, 86|, from the solution we obtain the force and torque (the linear
and angular momentum transferred across the particle-fluid boundary), and then
Newton’s equations for the particles are integrated. A technical issue arising in the
calculations is that all numerical methods are ineffective in resolving hydrodynamic
interactions when particles are very close to each other. In grid-based methods in
particular, when the gap between particles approaches the grid size there are no
fluid nodes in between to provide the lubrication force, and in fact we have difficul-
ties when the gap between particles is less than one to two grid spacings. To avoid
particle overlap, we therefore include an artificial short-distance lubrication force.
We have explored two methods, due to Nguyen and Ladd [64] and Ding and Aidun
[25], and we find essentially equivalent results with both. Further discussion is given

in the Appendix.
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5.2 Nearby interactions

All of the calculations presented in this chapter use periodic boundary conditions
in the streamwise direction, in order to avoid unwanted edge effects. In this section
we consider particles which start at relatively small separations where the effects of
periodicity should be minimal, and examine larger separations where the effects of
periodicity plays a role in Section 5. The precise distinction discriminating between
the two cases is actually a non-trivial function of the initial x and y separations,
and the Reynolds number as well, and is better represented in a phase diagram. An

example is given in Fig. 5.18 below.

5.2.1 Interaction between a fixed and a mobile particle

We first consider the trajectory of a single mobile particle in the presence of a second
fixed one. The fixed particle is placed at rest on the centerline (2D) or the zero-
velocity plane (3D) of the channel, and the second is released from various initial
positions, usually without an initial slip velocity (i.e., a velocity differing from the
fluid velocity at that point in the absence of the particle). Both particles have the
same diameter d, and we use a channel width W = 4d and length L = 5W. Changing
these parameters, or allowing for a slip velocity, is observed to alter the details of the
trajectories but not the general characteristics of the motion. The calculations use
a resolution of d = 30 lattice spacings in two dimensions, and d = 10 in three. Due
to a finite computational budget, most results pertain to two dimensional problems,
while three dimensional results are used sparingly for purposes of comparison. For
the same reason it is not feasible to examine all possible initial positions for the
mobile particle, and we focus on two representative groups, one on the centerline but
at variable separation from the fixed particle, and the second at a fixed streamwise

separation but with variable lateral (y) position.
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Figure 5.2: Geometry for one fixed and one mobile particle in confined shear flow.

For the case of cylinders originating on the centerline of the channel, the problem
geometry is indicated in Fig. 5.2. The centers of the fixed and mobile particle are
placed at a distance +[,/2 from the origin, respectively, with [, = 0. A represen-
tative sample of the resulting trajectories is illustrated in Fig. 5.3, for Re, = 0.75.
Although the centerline is a stable point for a single mobile particle, the presence of
a nearby fixed particle renders this position unstable. When the mobile particle is
placed too close to the fixed one it displaces downwards into the receding part of the
flow, and eventually finds a new equilibrium position on the centerline at a larger
separation. This behavior is insensitive to small displacements above or below the
centerline in the initial position of the mobile particle, and is also not sensitive to
whether the particle is released in a fully-developed flow or a fluid at rest, where
the wall motion is initiated at the moment of release.

One might be concerned that numerical errors associated with a grid-based
method could introduce artifacts, such as a particle subject to a small force fail-
ing to move because of numerical fluctuations in the force computation associated
with small changes in position. One test of the validity of our results was to vary
the initial particle positions by one lattice spacing; this alters the gird-based fluc-
tuations in the force computation but was found to have no effect on the migration
dynamics. A second test was to vary the particle size slightly, which again yeilded

no significant change in the dynamics.
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Figure 5.3: Trajectories for a mobile particle released on the centerline in the pres-
ence of a fixed particle placed symmetrically with respect to the origin. Cases 1
through 5 refer to initial positions zo/W = -0.375, ..., -0.875.

The minimum separation between the fixed and mobile particles which separates
stable and unstable positions on the centerline varies with Reynolds number, as
shown in Fig. 5.4. The closest stable initial separation of the fixed and moving
particles, L., is found to decrease with Re, over a finite range, but beyond Re, ~ 3.0
the entire centerline is unstable. At its final position, the mobile particle continues
to rotate, with approximately the same angular velocity it would have in isolation. A
typical streamline pattern in the stable case is given in Fig. 5.5. There is a substantial
recirculation region in the central region between the particles, and some differences
in the two streamline patterns around them, reflecting the distinction between a
rotating and a fixed particle in shear flow. The fixed particle region has a structure
similar to that presented in Mikulencak & Morris |59], which is a consequence of
accommodating the no-slip condition on its surface.

In the second group of trajectories we release the moving particle from different
lateral positions along a vertical line as indicated in Fig. 5.2 at [, = 1.5 (a value
below the critical separation distance in the previous case), while the second particle

is fixed on the centerline. As seen in Fig. 5.6, the mobile particle always moves to
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Figure 5.4: Critical separation between stationary and fixed particles for stability
on the centerline, as a function of Re,.
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Figure 5.5: Streamlines of a moving particle (left) in the presence of a fixed particle
(right) in linear shear flow at Re, = 1.5

the right initially, following the unperturbed linear shear velocity, but subsequently
there is a bifurcation in the motion as a function of the initial position. The resulting
motion is that suggested by the streamlines around a single particle on the centerline
in Fig. 5.5. If the initial displacement relative to the centerline [, is not too positive,
the mobile particle moves downward into the y < 0 region of left-moving streamlines,
reverses its direction and migrates back to a stable position on the centerline. In
the other case, when the initial /, is large, the particle moves as suggested by the

upper streamlines in Fig. 5.5 and bypasses the fixed particle, passing above it while
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moving to the right. The two trajectories which approach the fixed particle are
affected by the lubrication force discussed in Section II, and suffer the largest upward
displacement. A calculation at a finer lattice spacing would be needed to verify the

detailed behavior, but we do not expect any qualitative modification.
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Figure 5.6: Trajectories of a moving particle released at various lateral positions
in the presence of another fixed particle in a linear shear flow at Re, = 1.5. The
domain length is L = bW, where W = 4d; = 4d,, and the fixed particle is at
(0.75W,0.0).
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5.2.2 Interaction between two mobile particles

We again consider a two-particle system (of cylinders), but relax the constraints
on the second particle and allow it to translate and rotate freely. The geometry
of the problem is indicated in Fig. 5.7 and we again focus on two groups of initial

conditions.

2 \d,

Figure 5.7: Initial geometry for two mobile particles in a linear shear flow; in practice
we choose ly; = o and dy = dy = d

First, we place both particles on the centerline, at variable initial separations [,
and display some representative particle trajectories in Fig. 5.8. Again, when the
particles are placed too close to each other the configuration is unstable, and the
particles separate. The leftmost particle moves down and is carried downstream by
the lower-region flow, returning to a new stable position on the centerline, while
the rightmost particle is displaced up to be transported to the right to its new
equilibrium position. The two trajectories are displaced mirror images, as expected,
and their shape is quite similar but not identical to that in the case of a single mobile
particle. There is again a critical separation beyond which the particles remain in
place, rotating on the centerline. As a function of Reynolds number, the critical
separation remains at a roughly constant value 6.5d up to Re, = 3.0 and Re, = 192,
and beyond this value the centerline is no longer a stable position.

Next, we release the particle with a fixed streamwise separation [, = 1.5WW but

placed symmetrically off-axis at different values of [,,; = —l,» = [, in the y-direction.
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Figure 5.8: Trajectories of two mobile particles initially on the centerline at
(£1,/2,0), I, = 0.5W ... 2.5W for curves 1,....8, at Re, = 0.75.

As seen in Fig. 5.9, each particle’s behavior resembles that of the single mobile
particle in the previous section. The symmetry in the trajectories is a consequence
of the symmetric shear flow and initial conditions. When the off-axis displacement
is small the particles initially move towards each other (carried by the fluid) but
subsequently repel and reverse direction, moving downwards across the centerline
into fluid moving in the opposite direction, and then move apart before finding
new equilibria on the centerline downstream. At larger values of [,, the initial
motion again follows the underlying shear flow but now the particles avoid each
other by moving towards the channel walls and then over each other, eventually
finding new equilibria in the respective upstream directions. The value [, ~ 0.725d
which distinguishes repelling and bypass trajectories is found to be independent of
Reynolds number, over the range studied.

Lastly, an example of the streamline pattern for this flow is given in Fig. 5.10, for

the cases of two particle motion on and off the axis. In addition to the recirculating
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Figure 5.9: Trajectories of two mobile particles in a linear shear flow at Re, = 0.75
and Re, = 48, exhibiting reversal (numbers 1, 2 and 3) or bypass (4, 5, 6). Initially

l, = £0.75W and [,; =

—ly2 = 0.03W,...0.3W for cases 1 through 6.

region between the particles present when one is fixed in place, further recirculation

zones appear around each particle when both particles are off axis.
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Figure 5.10: Streamlines for two mobile particles in shear flow at Re, = 0.75.
(A) both particles on the centerline; (B) particles displaced below and above the

centerline, respectively.
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5.3 Limit cycle trajectories

As we have seen, in a purely two particle system hydrodynamic interactions tend
to push the particles apart, following which they can relax to stable fixed points on
the channel axis because the interparticle interaction decays with separation. How-
ever, in the presence of streamwise periodicity either particle is effectively always
sandwiched between two others, and if the periodic length is short enough, an in-
terparticle interaction is always present. As we shall see, the result is to destabilize

the centerline in favor of persistent cyclical motion.

5.3.1 A mobile particle in the presence of a fixed one

The simplest situation involves one mobile particle in the presence of a second fixed
one. We consider a system of the same size as above, with aspect ratio L/W =5
containing two particles of diameter d = W/4, at a particle Reynolds number Re, =
0.75, and present results for a representative set of initial conditions. Different
choices are found to change the details of the trajectories but not the qualitative
aspects of the behavior, and generically the moving particle asymptotes to a closed
limit cycle. First, we place the fixed particle at the origin, and the mobile particle
at (—2W,yo) for several different choices of yo; note that the initial separation in z is
larger than in the previous section. As seen in Fig.5.11, if the mobile particle starts
near the centerline it is immediately attracted to a somewhat rectangular limiting
trajectory bounded to either side by the fixed particle and its periodic image. For
larger values of 3y, the mobile particle is initially attracted to the centerline but
is repelled by the fixed particle, and then carried downstream by the shear flow,
whereupon the process repeats due to the presence of the images of the fixed particle.
The particle eventually reaches the centerline after one or more “attempts,” but the

centerline is unstable in the presence of a fixed particle image, and the mobile
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particle eventually settles onto a closed limit cycle. The second part of the figure
illustrates the fact that the various limiting trajectories are in fact identical within
numerical resolution, differing only by a translation in the streamwise direction by
a multiple of the length period. While varying the initial spanwise displacement yq
leads to periodically shifted final states, variation in the streamwise position leads
to the same (unshifted) final state. In Fig. 5.12 we show the result when the initial

position is (zg,0.1W) for various choices of x.
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Figure 5.11: Left: Trajectories and limit cycles for a mobile particle in the presence
of a fixed one at the origin in a linear shear flow with Re, = 0.75. The system length
is L = bW, dy = dy = W/4, and the mobile particle is initially at (—2W,yy) for
spanwise separations yo/W = (1) 0.3, (2) 0.2, (3) 0.1 and (4) -0.2. Right: Overlay of
limit cycles arising from two initial positions 1 and 4, after translation by a multiple
of the streamwise period. The deviation is below the numerical resolution of the
calculation.

Lastly, we consider the effects of moving the fixed particle off the centerline. In
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Figure 5.12: Effects of varying the initial streamwise separation on the trajectory
of a mobile particle in the presence of a fixed one at the origin. The initial position
of the mobile particle is at (—2W, —W) and (=W, —W) for the blue and red curves,
respectively. The final limit cycles are identical within numerical resolution.

this case, the limiting trajectory has a different and asymmetric shape, not surpris-
ingly, but the same generic features are present. In Fig.5.13, different trajectories
for the mobile particle starting from three different initial positions are shown, along
with the superposition of the periodically shifted limit cycles. Thus, the limiting
trajectory shape is sensitive to the location of the fixed particle. We have also ex-
plored variation of the Reynolds number; this also changes the shape of the limit
cycle but not our conclusions, and we do not display the trajectories for other Re,

because they provide no additional insight.
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Figure 5.13: Left: Trajectories of a mobile particle in the presence of a fixed particle
at (0.0,0.1W). The initial position of the mobile particle is (—0.2W,y,) for yo/W
= (1) 0.3, (2) 0.1 and (3) -0.1, respectvely, and other details are as in Fig. 5.11.
Right: Overlay of ultimate limit cycles for cases 1 and 3 after translation by one
streamwise period.
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5.3.2 Two mobile particles

We now consider two mobile particles initially placed farther apart than in Section
4.2, where the motion is now sensitive to the presence of image particles. As in
the previous Subsection, the effect of the interactions is to destabilize the centerline
leading to limit cycle behavior, but now we find open limiting trajectories as well
as closed ones. First we consider initial positions not far from the centerline; in
the notation of Fig. 5.7 we choose l,; = —l,2 = 0.05W, with various values of the
streamwise separation [, larger than those considered in Section 4.2. We again use
the same aspect ratio L = 5W and particle size d = W/4, but for variety choose a
larger particle Reynolds number, Re, = 3.0. As seen in Fig. 5.14, each trajectory
asymptotes to a closed limit cycle, and again if we overlay the latter by a shift by one
period in the streamwise direction the respective limiting trajectories are identical
(figure omitted). The underlying dynamics may be appreciated by labeling positions
at equal times along the respective trajectories, shown in Fig. 5.15. The two particles
approach the centerline from opposite sides but each is driven across the center by
interaction with the other, whereupon they attempt to approach the centerline from
the opposite side of the channel, only to be driven past it again by interaction with
the periodic image of the other.

If we vary the spanwise initial position for fixed streamwise separation, we again
see the two particles asymptoting to pair limit cycle trajectories, provided [, is not
too large: see Fig. 5.16. For each choice of [, the limit cycles for the two particles
are identical after translation by half the length, but the shape of the cycle varies
with initial separation, and also differs from that seen in Fig. 5.14. We thus have
further evidence that the shape of the limit cycle is sensitive to the initial positions.

If we consider initial positions closer to the channel walls, as in Fig. 5.17, we

observe a new type of trajectory which might be thought of as an open limit cycle:
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yW
=
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Figure 5.14: Trajectories of two mobile particles in a linear shear flow with Re, =
3.0. The aspect ratio is L/W = 5, the particle diameters are d; = dy = W/4, and
the initial positions are l,; = —l,» = 0.05WW and [,/WW = 1.5 and 2.5.

Figure 5.15: Final limit cycles in Fig. 5.14 with equal-time points labeled to illustrate
the dynamics.

each particle is prevented from crossing the centerline by its repulsive interaction
with the other (or its periodic images), and each moves up or downstream period-
ically without change. While it is possible that the particles will eventually cross
the centerline and settle onto closed trajectories, we see no evidence. Within the
accuracy of the calculation, and over about 100 periodic traversals of the system
length in some cases, the minimum distance between each particle and the center-
line is constant. The distinction between the various final states — fixed points on

the centerline and closed and open limit cycles depends only on the initial positions
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ywW
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Figure 5.16: Trajectories of two mobile particles in a linear shear flow with Re, =
3.0. The initial positions of the first particle are at xo/W = 1.125 and yo/W
= (1) 0.05, (2) 0.075 and (3) 0.1, respectively, while the other particle starts at
(xo + 2.5W, —yo), and other details are as in Fig. 5.14.

(for a fixed geometry and Reynolds number), and can be summarized in the phase

diagram of Fig. 5.18.
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Figure 5.17: Open limit cycle trajectories for initial position near the wall, with
lyg = —ly = 0.28W and [, = W at Re, = 3.0. The inset shows the motion
across one streamwise period at higher resolution, and the second particle trajectory
mirrors the first at longer times.
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Figure 5.18: Characterization of the final state of two mobile particles interacting in
confined periodic shear flow, for the case Re, = 3.0, L/W =5 and dy = dy = W/4, as
a function of the initial position (z,y) of one particle (the other starts at (—z, —y)).
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5.4 Conclusions

We have investigated the hydrodynamic interactions of two circular particles in two
dimensions in a bounded periodic linear shear flow, in order to identify distinct
regimes of trajectory behavior. The calculations were based on the lattice Boltz-
mann method, which was tested in this situation by comparison to previous results
for rotation speed and migration path for a single particle. The principal new re-
sult is the observation of limit cycle behavior for appropriate initial conditions, a
phenomenon which arises only at non-zero Reynolds number. In most cases, the
behavior of a mobile particle interacting with a fixed particle is qualitatively similar
to its behavior in the presence of a second mobile particle. The initial motion of a
particle in these situations is to either bypass or be repelled by the second particle.
When the particles are initially nearby, i.e., distant from periodic images in the
streamwise direction, a mobile particle will settle on and rotate about a stable fixed
point on the centerline. If the periodicity length is short enough for image inter-
actions to be significant, the centerline is destabilized, and the asymptotic motion
occurs on a limit cycle trajectory. In most cases, the limit cycle is in the form of
a closed curve, but for certain initial conditions takes the form of a periodic open

trajectory which repeatedly traverses the periodic images of the system.
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Appendix: Effects of the interparticle force and the initial
velocity

A recurrent problem in the numerical simulation of rigid particle motion in fluids
is that numerical errors lead to the inadvertent overlap of different particles. For
ideal smooth particles, hydrodynamic lubrication forces should prevent overlap, but
in practice the problem is ubiquitous. Although in principle the overlap problem may
be resolved by improvements in accuracy and, in particular, reducing the time step in
dynamical calculations, frequently the needed refinement is so severe as to hamstring
the calculation. A common device, which we have adopted to prevent overlap, is
the addition of a repulsive short-range force which acts to prevent collisions between
approaching particles. The extra force is intended to overcome the inaccuracy in the
lubrication force in the numerical calculations when there are too few fluid nodes
between the particles, and further general discussion may be found in references
[3, 49].

In this chapter we use the force parametrization due to Nguyen and Ladd [64],
and a representative example of its implementation is shown in Fig. 5.19. A fixed
particle is at the origin, and a mobile particle is released from (—1.5W,0.183W) at
Re, = 3. The form of the force law is [93]

3 a109 3/2 1 1 ®
Fu =5 (ote) (e gs) (e Re)Re 69)

where Uy = Uy — U, is the relative velocity, h = |Rqs| — a; — as is the gap between

the particles’ surfaces, with a;o the two radii, Ry, = Ri2/|R12|, and the critical
parameter is the cutoff distance h. beyond which the force no longer acts. The figure
indicates that the extra lubrication force only weakly affects the trajectory of the
mobile particle after the interaction with the fixed particle. After the interaction,

the basic hydrodynamic characteristic of the trajectory is captured, namely the
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fixed point on the centerline. For two mobile particles, the behavior is similar. As
mentioned above, mobile particles select the bifurcation in their trajectories (the
choice between repulsion and bypass) before this interparticle force takes effect.
Moreover, other forms of the interparticle force law [25] have also been tested in
various configurations arising here, and similar results are obtained without damage

to the hydrodynamic characteristics.
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Figure 5.19: Effect of the lubrication force on mobile particle trajectories. The three
curves refer to cutoff values h, = (1) 0.5, (2) 10. and (3) 1.5, respectively, in the
force law (5.5), and the final state is relatively insensitive to the value. The flow
configuration is described in the text.

A second technical issue concerns the initial conditions on the particle. Physi-
cally, there are two obvious experimental protocols, in which either (1) the particle
and fluid are initially at rest in a Couette cell, and wall motion commences at some
time, or else (2) the fluid is set into motion and after a steady state is reached the
particle is placed at rest in the fluid. From a computational point of view, another
convenient choice might be (3) place the particle in a fully-developed flow field, but
ramp up the force on it from zero to the value given by the fluid flow. In Fig. 5.20 we
compare the trajectories resulting from these three choices, as applied to the same
configuration as just described, except that the initial position is (—2.5W,0.2WW).

In all three cases the same form of inter-particle force is incorporated with the same
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effective force range. The key feature in the result is that the trajectory asymptotes

to the same limit cycle in all cases.
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Figure 5.20: Trajectories of mobile particles in mobile to fixed particle interac-
tion in linear shear flow with the three different initial conditions discussed in the
text. A particle is fixed at the origin, a second mobile particle is released from
(—2.5W,0.2W), and the domain length is L = 5W. Trajectories 1,2 and 3 refer to
the choices of initial conditions described in the text.



Chapter 6

Future work and conclusion

When process design and analysis in industrial applications involves flow and parti-
cle transport, it is preferable to model the suspension at a macroscopic level. There
are two principal issues in this macroscopic modeling. One is the ensemble averaging
of the motion of the suspension materials, which provides the smoothed average be-
havior that a macroscopic model my hope to capture. The second is the rheology of
the suspension, which is necessary in macroscopic modeling to describe the material
response to driving forces and flow kinematics. in addition, for particle transport
processes such as deposition and re-entrainment, the interaction between particles
and the bounding walls is of important for modeling purpose. In this chapter, we

will discuss these issues further.
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6.1 Rheology and modeling of particle suspension

flow

6.1.1 Rheology of particle suspension at finite Reynolds num-

ber

To model particle suspension as a bulk material flow, it is necessary to incorporate
the rheological properties of particle and fluid materials into the suspension model.
The rheology of particle suspensions depends on the local particle fraction, particle
Reynolds number, and properties of fluid media. One interesting problem, both
theoretically and practically, is the bulk shear viscosity at finite Reynolds number
for different particle concentrations in the bulk suspension sample. To this end, we
have studied a particle suspension system in a simple shear flow induced by two
flat plates moving in opposite directions. Figure 6.1 shows the shear viscosity of
the particle suspension for different particle concentrations, and different particle
Reynolds number. In this figure, we see that even at low bulk concentrations up
to 0.1, the relative shear viscosity of particle suspension to pure fluid media is
about 1.5 of the viscosity of fluid media for particle Reynolds number at O(1).
Moreover, for suspension with finite fluid inertia, the relative shear viscosity is close
to the rheological relation in low-Reynolds number flow proposed by Morris and
Boulay[61], and higher than Einstein’s linear relation with bulk concentration for
shear viscosity.

Because this large effect arising from particle concentration and especially from
the finite fluid inertia, it is important to investigate sheared suspension for different
bulk concentration and particle Reynolds number to sample the whole parameter
space, and set up a systematic description of shear viscosity for suspension flow.

This result could be further used in macroscopic modeling for various suspension



133

6 . . . . . .
Re=0.01 ——
1'6 ] ‘ ‘ ‘ ‘ Igpep=0.1
S Re,=0.5 =
S5F 14+t Rep=1.0
M-B
Einstein
4 L o}
=1
3’ -
sl )

Figure 6.1: Shear viscosity of particle suspension at different bulk concentration and
particle Reynolds number.

flow and particle transport processes.

6.1.2 Particle suspension modeling for concentrated particle

flow and transport

For macroscopic particle suspension modeling at low Reynolds number, two mod-
els have been proposed and developed by different groups to date. The first is the
diffusion flux model, initially proposed by Acrivos et al., and the other one is the sus-
pension balance model initially proposed by Nott and Brady and developed further
later on by Morris et al. Generally, the suspension balance model has been shown
to supercede the diffusion flux model, So here we focus mainly the former model. It
is assumed that the rigid particles are non-colloidal, and hydrodynamic interaction
is dominant between those particles at low Reynolds number. The description of a
two-phase suspension flow requires mass and momentum balances of either the bulk
suspension and one of the components, or alternatively, for the continuous media

and dispersed phase, respectively. The suspension balance model adopts the former
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formulation, that is, to consider balance for the mixtures and the particle phase,
with the assumption that the dispersed particle phase could be approximated as
a continuous media in a ensemble average sense. In the Stokes flow regime (with
Re, < 1, omitting unsteady and inertia terms in the Stokes’ equation), for the mass

and momentum balance of suspension mixture we have

V-u=0, (6.1)

V-2+(p)g=0. (6.2)

In the above equations, u is the bulk suspension ensemble-averaged velocity,
Y. is bulk suspension stress tensor, and (p) g is the mean gravity force applied to
the mixture. For neutrally buoyant particles, the gravity term can be reduced to
a isotropic hydrostatic pressure contribution to the bulk suspension stress. The

particle phase mass balance could be represented as

0
2w Vo=V, (6.3)

where j; = ¢(u, — u) is the particle migration flux relative to the bulk motion.
The subscript L is used here to emphasize the cross-stream migration particle flux
part in the total flux, and u,, is the particle phase average velocity. To close the
above basic suspension balance model for concentrated suspension flow, we need a
rheological suspension stress constitutive law. For the suspension continuous phase,
the bulk suspension stress is the superposition of two parts, ¥ = X + X, where ¥
is the fluid contribution and ¥, is the particle contribution. We could incorporate
rheological properties as mentioned in the above section from different experimen-
tal measurements and theoretical analysis into the formulation for suspension stress

terms. With these rheological property input, we could then solve the whole system
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of partial differential equations to get the concentration field and velocity, and other
related flow quantities. If we could exhaust the whole parameter space including the
particle Reynolds number for rheological properties of different suspension material,
we could incorporate these rheological properties into this suspension model to cal-
culate particle suspension for finite fluid inertia suspension system, and to extend

our knowledge to new level for it.

6.2 Particle-surface interaction

Other than macroscopic modeling for particle suspensions, for particle transport
processes such as drug delivery it is also very important to investigate the interaction
between particles and surfaces, especially rough surfaces, at different length and time
scales.

At the molecular level, with electrostatic interaction considered, we address the
Debye length scale and hence double layer effects. In this regime, van der Waals
force and electrostatic force must both be considered. Challa et al. and Vegeles et
al. |] have found the forces and torques on a particle translating toward a solid wall
or rotating in the vicinity of the wall by molecular dynamics simulations. Their
results give us some hints what happen at the molecular scale. In this domain,
even without flow a particle experiences a non-zero solvation force and also at such
a scale, the no-slip boundary condition may break down very close to the wall.
In general, their results match continuum model results well in certain parameter
windows. The electrostatic force between particle and surfaces could be calculated
by molecular dynamics simulation.

On the other hand, hydrodynamic interactions between particle and surfaces are
also important to the boundary conditions in macroscopic suspension flow modeling.

When a particle moves through a viscous Newtonian fluid, it is subject to a drag
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force that resists its motion. In a creeping flow regime, this drag force is proportional
to the spherical particle’s radius a, the fluid viscosity v and the particle’s velocity
U, as Fy = 6mrpuUa. Moreover, similar theoretical result exists for particle rotation
in a fluid at low Reynolds number. Calculations give the following formula for the
torque 7" acting from the fluid on a sphere rotating with an angular velocity (2
T = 87uQa®. However, when the spherical particle moves toward or away from
a solid wall, planar or irregular, the case becomes complicated. If particle moves
toward a planar wall the drag force on it also becomes a function of the gap h between
the spherical particle and wall. Although the drag force recovers to Stokes drag at
h — oo, the drag increases rapidly close to the wall and diverges as 1/h in the limit
of h — 0, and the rotation case displays a similar dynamics, which is inconsistent
with our common sense. This is mostly because the surfaces of particle and wall
in reality are not smooth as in the assumption of theoretical analysis. In reality,
the surfaces of wall and particle are irregular, random or correlated in some way.
Further research is necessary to clarify the microscopic interaction between particle
and surfaces, especially rough surfaces, under different scales, and scale these results
up or down to a unified frame using different multi-scale analysis techniques, from
which we could incorporate more information into our modeling and calculations for

different suspension flow in different configuration and different scales.

6.3 Conclusion

In this thesis, we focused on three different problems. The first one is non-Newtonian
fluid flow along self-affine fracture channels, or more specifically shear thinning and
shear thickening fluids. The microscopic analysis of flow fields and macroscopic
properties such as permeability were presented for numerous flow conditions. The

second topic is two-particle interactions in simple shear flow with finite fluid inertia.
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We found different particle trajectories for different flow configurations, and through
these calculations, we tried to understand particle train and cluster formation in
shear and Poiseuille suspension flow. The third part is on particle suspension and
deposition under gravity in finite Reynolds number fluid flow. We investigate the
velocity field and concentration field in Hele-Shaw geometries, and also presented
macroscopic flow properties such as fluid flux and particle flux as functions of particle
Reynolds number, buoyancy number and bulk concentration of the suspension flow.
With all these and future results on rheological properties of suspension material,
and more on microscopic description for particle wall interaction, it is hoped to
devise a unified framework to describe and solve suspension flow problems in different

processes.
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