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Abstract

Modulation Potenial Effects 

on the Quantum Magnetotransport 

in a Two-Dimensional Electron Gas

by

Tae-ik Park 

Advisor : Godfery Gumbs

The quantum magnetotransport (Q M T) coefficients of a two-dimensional 

electron gas (2DEG) in a perpendicular magnetic field for the 2D square array o f 

modulated an ti-do t(A D ) and quantum dot (Q D )-lim it potentials and ID  Quan­

tum  W ire (QW ) are calculated in the low magnetic field region ( < 0.3 T ) using 

the Kubo method. The model potential is modulated by controlling the steep­

ness and its strength. The effect on the band part o f a ll Q M T  coefficients are 

studied. Our analysis is based on how the sub Landau Level states due to new 

magnetic B rillou in  zone (M BZ) affect the Q M T coefficients, how the cyclotron 

orb it and the scattering by the potential contribute to  the Q M T  coefficients, and 

how the states near the Fermi level and below the Fermi level contribute to  the 

Q M T coefficients when the size and the strength o f the modulated potential are 

changed.
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The results for 2D modulation show that

( i)  Oscillations associated w ith  the filling  o f sub Landau levels occur in and

cr|°) for the low modulation case.

( i i )  The effect o f scattering by the AD potential is quite different from  that by

the dot potential

( i i i )  For a strong lateral superlattice AD  potential, the longitudinal resistivity 

p ^ ! has a double peak structure which depends on both the strength of the 

modulation potential as well as its slope.

( iv )  For both the AD  and QD potentials. p^J is quenched and is negative at low 

magnetic fields which depend on the size and the strength o f the modula­

tion.

(v )  For the strong dot potential, there are Aharanov-Bohm oscillations in p ^ ’

and p^J and large plus-to-minus oscillations.

The double peak structure in p ^  and the negative values and quenching 

of the H all effect at low magnetic fields have been observed experimentally for 

AD  in  both the quasiclassical and quantum regimes.

In  ID  modulation, a ll the Q M T  coefficients of a 2DEG in  a perpendicular 

magnetic field for the Short Quantum W ire are calculated in  the low magnetic 

field region (<  0.3 T ) using the Kubo method. The Quantum W ire Channal is

v
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modulated by controlling the steepness and its strength of the potential barrier. 

Our studies show a step-like feature in transverse conduct h i t  ies due to the Lan­

dau Level (LL) crossing for the weak m odulation and low-held giant peaks in 

the transverse resistivities for the strong potential. And also, quenched Hall re­

sistivities at low magnetic fields are presented. In  longitudinal resistivites. some 

threshold peaks are shown. Our interesting feature is the negative Hall resistivi­

ties which are guessed as the result of the boundary back-scattering in the short 

Quantum Wire.
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M BE Molecular Beam Epitaxy
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MOCYD Metal-organic Chemical Vapor Deposition
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Physical Constants

c Speed of light 3.0 x 10bm2/sec

e Electron charge 1.602 x 10-19C

h Planck constant 6.626 x  1 0 jou le  — sec

h h /2~  1.054 x  10~u  joule — sec

m.Q Electron rest mass 9.109 x 10~3lkg

m* Effective electron mass 0.067mo for GaAs/AlGaAs

Q M T Coefficient N otations (MKS Units)

2D Case

u  XX Longitudinal Conductivities in the unit of e2/h

<r<0’_vx Hall Conducti\ities in the unit of e2/h
p(0)rxx Longitudinal Resistivities in the unit o f h/e :
p(°)Hxy Hall Resistivities in the unit of h/e-

LD Case

cr(°)W  XX Transverse Conductivities in the unit o f e2 jh

cr(0)u yx Hall Conductivities in the unit o f e2 jh
a (0)

yy Longitudinal conductivities in the unit o f e2jh

p {0)Pxx Transverse Resistivities in  the unit o f h/e2

p (0)rxy Hall Resistivities in the unit o f h/e2

p (0)H yy Longitudinal Resistivities in  the unit o f h/e2

Here, the superscript (0) o f Q M T  coefficient is used for the band part.
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N o ta tio n s and values u sed  in  th is  thesis

a Lattice constant o f modulation

A  Area of the sample

B  Magnetic field intensity

G Reciprocal lattice vector

H \  Height of the Q \Y

H „  (_n nth order Hermite polynomial

I Mean free path

Ih  Magnetic length

L Integers

L \  Length of the Q \Y

m Substates index by umklapp scattering

n Landau level index

u2d Density of states in 2D

-Y Power of modulation

X x Number of unit cells in i  direction

X y Number of unit cells in y direction

r c Cyclotron radius (y  (n - r  1 ) {h /e B ))

Co m 'V 0a2/ (2 l/2- f i 2)

u.. Grid potential parameter in x  direction

uy Grid potential parameter in y direction

Vq Intensity of modulation

V 0 V0/a 2

VI*! W id th  of the Q W

A 'o  Guiding center o f the o rb it

Po Magnetic flux quantum

$  Ratio o f magnetic flux

u,’c Cyclotron resonant freguence

xv

200nm

< 0.37 (cf Table 1) 

2 -  a

\  h ' 6 B

- - Y y /  2 ...................<(-V y. 2 )  -  1)

0 . ± 1. ± 2. . . .

0 .1 .2 . . . .

1.25 x  I0 13/m 2 

1. 2 . . . .

4.6. S. or 10 

4 .6.8. or 10 

cf. Table 1

±1.235. ±2 . ±3 . ±4. ±10. ±100 

1 is used 

1 is used

0.156 ~  12.7meVm2 

0.156 ~  12.7meV

K l « 2

h/e

B a2/ 0 o(0.3 ~  4.0) 

e B /m '
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1 Introduction

Since 1970 when Esaki and Tsu proposed the fabrciation of an a rtific ia l peri­

odic structure consisting of alternate layers o f two dissim ilar semiconductors w ith  

layer thickness o f the order of nanometers which is called s u p e r la tt ic e  1;. i t  has 

been possible to fabricate the superlattices and many other kinds o f nanometer 

scale semiconductor structures, namely n a n o s tru c tu re s , w ith  the developement 

o f sophisticated growth techniques such as molecular beam epitaxy (M B E ) and 

metal- organic chemical vapor deposition (M O C V D ) etc..;2' One o f these nanos­

tructures is the G aA s/A lI Ga1_r As heterostructure. AlGaAs is very sim ilar in 

many ways to GaAs. but there is one im portant difference. The enegy band gap 

o f A lGaAs is larger than that of GaAs. So. there are very- abrupt discontinu­

ities. known as ba nd  offsets, in their energy bands at the interface. I f  A lG aAs 

which is the material w ith  the larger band gap is doped w ith shallow donors, 

then the Fermi level is shifted from the m iddle o f the band gap o f A lGaAs to  the 

donor level. In  order to  maintain a constant Fermi level or chemical potentia l 

througout the two materials, electrons flow down from  AlGaAs to GaAs. This 

electron transfer raises the Fermi level energy on the GaAs side due to the level 

fillin g  but also raises the electrostatic potential o f the A lGaAs side o f the interface 

region because those electrons leave the numerous ionized donors in  the A lG aAs 

side. Th is causes the band edges to  bend at the interface between A lG aAs and 

GaAs, which is called ba nd  b e n d in g . Therefore, once the electrons have fallen

1
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into the lower energy GaAs states they are unable to gain sufficient to move 

back up to the AlGaAs conduction band. The elctrons axe confined in a narrow 

layer of the GaAs close to the interface w ith  the AlGaAs as 2DEG. These 2DEG 

are physically separated from the ionized impurities in AlGaAs. hence they are 

freely move along a direction parallel to the interface.!4l Th is method is called 

m o d u la tio n  d o p in g  technique which was first proposed by Stormer et a l.T  

Using this modulation doping technique, we can get a very high carrier mobility. 

(10°cm2; ( U s ) for GaAs).

I f  the magnetic field is perpendicularly applied to the plane o f this homogeneus 

2DEG. then electron has closed cyclotron orbit whose eigenvalues axe expressed 

as Landau levels (LLs). Due to this LL  filling, the longitudinal resistance (mag- 

netoresistance) exhibits the Shubnikov-de Haas (SdH) oscillations and the Hall 

resistance exhibhits the quantum H all effect (QHE) at quite high magnetic fields 

(u;ct  >  1) and at quite low temperatures (7Lxc >  ksT).  When observed at very 

high magnetic fields, at very low temperatures (<  100m K )  and in very high- 

p u rity  samples, the SdH effect and the QHE exhibit the very marked departure 

from the usual behaviour, smooth oscillations of the longitud ina l magnetoresis- 

tance and the linear change of the H all voltage w ith  magnetic field. Zeros of 

the longitud ina l resistance are observed, corresponding to the fin ite  w id th  for 

the well-defined plateaus o f the H all resistance. I t  has been known tha t this 

existence o f a fin ite  w id th  for the QHE plateaus and for the zero longitudinal

2
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resistance dips is due to the localized states. I f  there are no states between the 

successive conducting LLs. the Fermi level jumps from the last-occupied LL  to the 

next higher-lying one. the Fermi level never lies in  between conducting LLs as the 

magnetic field is swept and quasi-elastic scattering is always present. In  this case. 

QHE plateaus has no fin ite  w idth. So. to explain the fin ite  w id th  of the QHE 

plateaus, one has to invoke the existence o f lo ca lized  i.e.. non-current-carrying. 

states in the ta ils o f the current-conducting LLs. These localized states are due

to the disordered systems, e.g. randon d istribution of defects, im purities........

So. when varying the magnetic field or the number of charge carriers, the Fermi 

energy w ill either he in delocalized, current-conducting states where quasi-elastic 

scatterings are possible, w ith  pxx #  0. or in localized states, in which case the 

lower-lying current-conducting charges w ill require a fin ite  energy to be scattered 

into an empty conducting states. In such a case. pxx =  0 at low temperatures and 

the Hall resistance pxy retains a constant value un til a ll o f these localized states 

are filled. Remarkable is tha t these features exist over a wide range o f sample 

parameters (electron density, mobility, temperature. . . . )  and are not dependent 

on the exact shape o f the sample. Especially, this QHE has seen an enormous 

developement in  the G aA s/A lxG ai_r As heterostructures. The reason is tha t the 

effective mass is fighter (~  0.067mo) than that o f Si (~  0.19mo), where m 0 is the 

free electron mass. Since u/c =  e B /m 'c , this fighter electron mass increases the 

cycloton frequency for a given magnetic field, rendering the QHE obtainable at

3
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lower magneticfields. O f course, the higher m obility  o f G aA s/A lxGai_r As het­

erostructures lead to the better resolved plateaus. A t low magnetic fields, i t  leads 

to the classical Drude model. When no collisions are present, the Drude model 

shows tha t pxx =  0 and px — B  which is called classical Hall effect.

In addition to this magnetic field, we can impose the modulation potential 

to the heterostructure w ith  2DEG. A  source and a dra in are added at opposite 

ends and a metal gate contact is contacted to the top o f the AlGaAs layer. Then, 

the th in  layer of GaAs at the interface forms the 2D channel for the electrons to 

travel the voltage gate region. By altering the gate voltage applied to the gate, 

the number o f electrons in the channel can be varied. This technique is used as 

the switch on-off device in the u ltra  small microcomputer chips. And also, the 

capability of applying this controllable potential via a patterned gate w ith  a grat­

ing constant o f a few thousand angstroms to this high m ob ility  two-dimensional 

electron gas (2DEG) at the interface o f a G aAs/A lxGa!_xAs heterostructure has 

allowed experimentalists to study the magnetotransport properties over a wide 

range of modulation potentials [5. 6. 7. 8. 9. 10. 11. 12. 13. 14. 15. 16. 17. 18 . 

The modulation potential has been applied in two orthogonal directions or in 

on ly one direction.

2D m odulation In  the presence of a weak periodic one-dimensional (ID ) mod­

ulation, the long itud ina l magnetoresistance, like tha t for a homogeneous 2DEG,

4
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exhibits the usual Shubnikov-de Haas (SdH) oscillations associated w ith  the filling  

o f successive Landau levels. In  addition to the SdH oscillations, there also occurs 

a new kind o f magnetoresistance oscillations (called Weiss oscillations) at mag­

netic fields below the SdH oscillations [5|. These oscillations are well understood 

and are a ttribu ted  to  the commensurability of the two relevant length scales, i.e. 

the period o f the la ttice  and the cyclotron radius of the electrons at the Fermi 

energy;6. 19. 20. 21. 22]. In  th is case, the Landau level degeneracy is pa rtia lly  

lifted by th is ID  periodic potential. The Weiss oscillations have been a ttribu ted  to 

the formation o f a Hofstadter type energy spectrum 23. 24. 25. 26. 27. 28. 29. 30'. 

Historically. Hofstadter's b u tte rfly  was obtained in  the lim its of (1) a strong 2D 

periodic la ttice potentia l confining the electrons and a weak magnetic field in the 

tight-binding approximation (T B A ) '23: and (2) a weak 2D periodic perturbation 

o f a Landau-quantized 2DEG [31 .

The calculated res is tiv ity  as a function o f the magnetic field for a 2DEG sub­

jected to a weak 2D m odulation has also been reported [10. 11]. In  a 2D periodic 

potential, the magnetotransport properties also have some interesting features. 

By varying the strength o f the modulation, one can achieve a trans ition  from 

the weak density variations o f the 2DEG to the extreme lim it where regions are 

devoid of electrons, i.e. an array o f antidots which may also be produced by 

etching [18, 32. 33]. The suppression o f the commensurate Weiss oscillations, 

the pronounced double peak structure in the magnetoresistance, the presence

5
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o f orbits commensurate w ith  the lattice as well as the occurrence of a negative 

and quenched Hall resistiv ity about B  =  0 have been found in  a square array of 

scatterers [18]. The negative Hall resistiv ity and its quenching ’34] as well as the 

negative longitudinal resistivity [69] have also been observed in a quantum-wire 

junction. These are explained theoretically [36. 37] but there are no c o llim ated  

and commensurate orbits as for an array of scatterers. So far. there have been sev­

eral theoretical explanations for the negative and quenching of the Hall resistivity 

observed in the array of scatterers as well as the ir connection to the commensu­

rate peaks in the longitudinal resistiv ity [38. 39. 40. 41. 42. 43. 44. 45. 46. 47’ . 

In  addition to this, the oscillations o f the longitudinal resistivity for the strongly 

modulated potential, were reported *48]. According to Ref. [48]. the longitudi­

nal resistiv ity shows oscillations w ith  a leading period of one flux  quantum per 

un it cell which have the ir origin in  the magnetic band structure. And also it is 

reported tha t they do weakly depend on temperature and electron density. Re­

cently. magnetotransport results not only in the square lattice potentia l but also 

in rectangular AD  superlattices were published [49. 50]. Also, in th is  case, all the 

features seen in  a recent Q M T experiment were reproduced [51]. The quantum 

oscillations are periodic in  magnetic field B for a soft potential w ith  large ADs 

and periodic in  1/B  in  the opposite case. In  the QD and AD  case, detailed results 

at low magnetic fields w ith  controllable potential have not been reported so far 

[52].
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In  this thesis, we w ill show almost all features seen in experiments and go 

further to see how these features depend on the strength and the size of the mod­

ulations. we calculate the energy spectra and the band part o f conduct Kites and 

find the corresponding longitudinal and Hall resistivity for A D  and QD-like po­

tentials over a wide range of modulation strengths and the steepness o f the slope 

of the potential. There have already been calculations of the magnetoresistance 

of a 2DEG subject to a weak lateral 2D superlattice potential [20l and no results 

were presented when the potential is strong. In  a series o f papers. Gumbs and 

Huang 43. 44. 45. 46] calculated the magnetoresistance and Hall resistance in 

a perpendicular magnetic field for an array of ADs and QDs which were simu­

lated by delta function potentials. In  this thesis, we extend those calculations to 

a cosine-potential model which we could use to simulate both weak and strong 

modulation, large and small size o f modulation for ADs and QDs. We exclude 

the effect due to im purities since our previous calculations ]43. 44. 45. 461 reveal 

that the contribution to the magnetoresistance from im purities is not as large as 

the band part. In  2D modulation, we w ill show the oscillations associated w ith 

the filling  o f sub Landau levels in  cr£} and c r^  for low modulation. And at low 

magnetic fields, the longitud ina l resistivities have a double peak structure. It is 

shown how this double peak structure depends on the size o f the scatterers and 

the ir strengths. We also exhib it the dependence o f the negative and quenching of 

the Hall resistance on the modulation and the Aharonov-Bohm type oscillations

7
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36. 53;. We demonstrate Aharanov-Bohm oscillations and large plus-to-minus 

oscillations in for the strong dot potential.

ID  m o d u la tio n  W ith  the success of physics systems and devices based on 

two dimensional(2D) heterostructures, the natura l trend was to reduce the d i­

mensionality o f the m odulation of the system to one dimension (ID ), called QW

or A n tiW ire(A W ). In  an ideal QW  case, the low field conductance was shown

■>

to be quantized w ith  the conductance equal to ^  times the number o f channels 

occupied. (581 However, in  a real QW  case, there are some respects deviated from 

ideality. One o f those is tha t the real QW . as realized in a quantum point contact, 

is not in fin ite ly  long and does not have perfect translational sysmetry. This kind 

o f deviation makes the diffemet regimes of conductance. [59] The regimes depend 

on the the length scales of the sample:the length L \  and w id th  W'L of the QW  

or constriction and the elastic mean free path I. In  the case of L \ >  W\ »  I. 

electrons are localized longitud ina lly and transversely on the length scale I. So. 

in this case, wire modes no longer have meaning. In  other words, the electrons 

no longer see the one-dimensionality o f the wire. Therefore, no states exist that 

extend from one end o f the wire to the other. Th is  regime is sim ilar w ith  the 

weakly localized 2D m odulation case. However, i f  I »  L \  and W x. the situation 

becomes different. In  th is case, the electrons are affected by the boundaries o f the 

wire. And the quantum  states exist tha t extend from  one end of the wire to the 

other. These occupied quantum channels carry the current from one end to the

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



other. The conductance is then determined by the quantum-mechanical transmis­

sion probabo lity  o f the different states between the two ends, due to the chemical 

potential diffemece. I f  the w idth IV'x of the Q W  is small compared w ith  the Fermi 

wavelength or the cyclotron orb it size when the magnetic field is perpendicularly 

applied to  the 2D sheet, then the quantum ba llis tic  transport is concerned. The 

ballistic transport in Q W  has the different features from the classical behaviour, 

since the electrons have the wave-like nature. I t  means that the wires act as 

waveguides fo r the electrons so that the resistance o f a wire loses its local mean­

ing. In  this regime, the boundary conditiones on the contacts become of extreme 

importance and a system of connected wires show a nonlocal behaviour. There­

fore. a current flowing between two contacts m ight influence the voltage betw-een 

two other contacts, even though classically no current should flow between the 

two voltage probes. Accordingly, this regime strongly depends on the sample ge­

ometry. One o f these effects is the well-known quenching effect in  the Hall regim p 

at low magnetic field. Traditionally, th is quenching effect was explained by the 

collimation o f the electrons. In this case, the ra tio  o f the longitudinal momen­

tum to the transverse momentum increase and near zero magnetic field, these 

collimated electrons are preferentially trasm itted  stra ight through the junction , 

and the H all voltage is quenched.[60] Another H a ll effect in the ballistic ware is 

negative H all resistiv ity. The negative Hall res is tiv ity  in  the ballistic ware is ex­

perimentally and theoretica lly measured in  m any papers.[60, 61, 62, 63, 37, 64, 68]

9
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Shown in these papers is that the negative Hall resistivity depends on the sample 

geometry. In  narrow ballistic wires w ith  high-mobility. the predo m in a n t  source of 

scattering is reflection of carriers o ff the con fin ing potential. So. by changing the 

geometry o f the intersection o f the H a ll probes, they showed quenched, enhanced, 

or even negative Hall resistances a t the low magnetic field. And also B u ttike r 

theoretically showed that the negative Hall resistances was the signature o f the 

four-term inal resistance measurements. [37] Another source of the negative Hall 

resistances is shown in the four te rm ina l magnetoresistance of a multichannel 

electron waveguide. [65; In this paper, submicron wire is fabricated in extremely 

high m ob ility  GaAs/AlGaAs heterostructure and only a few transverse, one di­

mensional subbands or channels carry' the current because the w id th  o f the QW  

is comparable to an electron wavelength. In  this wire, the negative H all resis­

tances through the Hall probe at different locations are observed. A ll of these 

depend on the geometry o f sample o r measuring probe. In  addtion to  this, the 

length and term ination of a piece o f wire not conneted to a contact w ill change 

the behaviour of the rest of the s truc tu re .[58] the length L x and the w id th  I I ’j 

o f the wire and the hight H x o f the potentia l barrier are all crucial factors in 

ba llistic Hall resistances. To our knowledge, there has not been yet published 

papers about the ballistic Hall effect due to  th is length or term ination o f a piece 

o f wire. So. in  this paper, we theoretica lly pursue the negative H all resistances 

due to  the term ination of the piece o f the QW , called short QW.

10
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O u tlin e  o f  th is  thes is  The outline of the rest of this thesis is as follows. In 

Sec. 2. we present the model for the square array of scatterers and the general 

theory for the calculation of the energy eigenvalues and eigenfunctions using the 

eigenfunctions of a homogeneous 2DEG as the basis states. Detailed numerical 

results are given for the eigenvalue spectra and the wave vector dispersion, for 

various values of the strength and steepness o f the scattering potential. In Sec. 3. 

the general theory- for the eigensystems w ith  ID  modulation is derived. And then, 

w ith  these eigensystems. we calculate all Q M T coefficients using Kubo formular in 

Sec. 4. The numerical Q M T results for the 2D modulation are discussed in Sec. 5. 

where the dependence of the double peak structures for the long itud ina l resistivity 

p ^  on the strength and the size of the scatterers in strong A D  modulation and 

the quenched Hall effect in the A D  and QD regime axe discussed. A fter this, 

in Sec. 6. the numerical Q M T results for the ID  modulation are discussed. In 

th is section, steplike features due to the LL  crossing in low-field giant peaks 

due to anisotropic momentum space in p j£ \ quenched (at low magnetic fields), 

classical (for the low modulation case), and negative (for the short QW ) Hall 

resistivities p^°) which depend on the geomery o f the sample, and threshold peaks 

in  p_(°) which depend on the height of the Q W  barrier and the w id th  of QW 

channel, axe discussed. Finally, th is  thesis is ended up w ith  the su m m ary of 

the present work and conclusions in  Sec. 7. The eigenstates for the 6 and grid 

poten ita l used in this thesis are included in  Appendix.

11
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2 M odel Ham iltonian and E nergy Eigenstates 

for 2D  M odulation

2.1 M odel H am iltonian and T heory for 2D M odulation

The single-particle Hamiltonian for a 2D square array of scatterers placed in 

the x  — y plane in  a uniform  perpendicular magnetic field B =  Bz is. using mks 

units.

Ho =  ——  — fhV  — e A lr ) '2 -r LL (r ) • ! l )
2m’ '

where m~ is the effective mass of an electron w ith  charge —e. r  is a 2D vector 

in the x — y plane, and A ( r )  =  (0. Bx. 0) is the vector potential in the Landau 

gauge. In Eq. (1). the lattice potential i "L( r j  for the scatterers can be taken as 

having the follow ing form [43. 44. 45. 46]

6*L ( r )  =  - ( 2 )

The approximate form  in  Eq. (2) for sim ulating a lattice potential o f strong 

scatterers should be good as long as the la ttice  potentia l is very steep and the 

lattice constant a  is much larger than the diameter o f the scatterers. Here, 

R j j  =  (ia. j a )  is a la ttice vector. The 6-function in  Eq. (2) is two-dimensional.

A lternative forms o f the 2D lattice potential have been used by other authors.

12
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One o f those is the grid, potential defined in  Eq. (3) for studying the effect o f a 

weak m odulation potential on the magnetotransport o f a 2DEG 10. 20].

L \ ( r )  =  l'o  I ux cos
r

-f- uv cos (3)

where ux and a,, are dimensionless.

Since we are interested in studying the effects o f scattering off the m odulation 

potential for varying degrees o f modulation, we introduce another la ttice potential 

involving only cross-products o f the cosine functions and having the same period 

in both the x and y directions.

for the quantum antidot (or dot ) regime, a is a la ttice constant of the a rtific ia lly  

imposed positive (or negative) periodic m odula tion  potential. .V is the power of 

determ ining the size o f the quantum antidot (or dot) potential. (F igure 1 and 

Figure 2) The reason for taking 2N  as its power is to always get the positive (or

(4)

where 1'0 =  i j / a 2 is taken as a positive (or negative) lattice potential am plitude

negative) potential when V Q is taken as a positive (or negative) value. The value

of N  describes the steepness or degree o f m odulation o f the potential. Equation

(4) has been used to  simulate antidots [38] when N  is large (N  ~  20).

13
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Vo [cos (27rx/a)  cos (27ry/a)\ 2 N

(a) .V =  1 (b ) .V =  3

(c) N  =  5 (d )  N  =  10

Figure 1: A n ti-do t Potential Barriers w ith  N
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  9 /̂V"V q [cos (27rx/a)  cos (27ry/a)]~

(c) N  =  5 (d ) tv  =  10

Figure 2: Quantum-dot Potential Wells w ith  N
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When .V is sufficiently large. the sharp spikes with very small diameter at

the lattice sites make it reasonable to approximate the lattice potentia l by the

simple form  in Eq. (2) which reduces the amount o f computing required in the 

calculations. For our model, which includes the finite-size effects o f the scatter­

ers. the resulting calculations require considerably more computer tim e since the 

potential contribution to the m atrix  elements in Eq. (9) below involve integrals 

which cannot be done analytically. However, one o f the reasons we are interested 

in this potential is tha t we can adjust both the strength o f the potential w ith  1'0 

as well as the steepness of the modulation potential by suitably choosing the 2.V 

power. So. in our calculations, we choose this potential.

In  the absence o f impurities, the single-particle eigenfunctions are determined 

through

1 v r r  (D  ■n.Xo-rmGl^v ’
n .m

where

x
- 1/2^2nn! exp [_ ( r  ~  “  m G ln)2/ U 2K

(6)
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In  Eqs. (5) and (6). n =  0. 1. 2. . . .  is a Landau-level index, m =  

0. ±1 . ±2 . . . .  stands for the umklapp scattering effect and H n( i )  is the 

n th order Herm ite polynomial. Also. G =  2- f a  is a reciprocal la ttice  vector. 

L y =  .V ya is the sample length in the y direction. A 'o =  kyl \  is the guiding

center. Ih =   ̂ f t /eB  is the magnetic length and ky is a wave vector along the y 

d irection. The expansion coefficients Cn_m{j.  A 'o ) in Eq. (5) are determined from 

the following m atrix  equation

£ i

x Cn,m(j.  A 'o ) =  0  .

as well as the orthonorm alitv condition:

(7)

YL^n.mU- A 0 Aq )  -  A'o.A'o ■ 
n.m

From th is calculation, we also obtain the secular equation which determines the 

energy eigenvalues E j ( X q)

D et ( E<!» -  E j ( A 'o ) )  +
Vo

a.2 Iktt1/2 V 2n+n'n\n '\n B Z Z  (A o) =  0 . (8)

Here. £^0) =  (n +  l /2 )hu jc is the energy for the n th  Landau level w ith  eigen­

function o ^ ( r )  in  the absence o f scatterers and the m a trix  element (A 0) 

appearing in  Eqs. (7) and (8) is defined as follows and, for the po ten tia l in  Eq. 

(4), we have

17
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Bn.n' (Ao) — \ 0 n'.Xo-rm'GZ^(r ) l^ L(r )l®l.!>fo-r-mCi^r  ̂

1 / *
— —  I dy exp[i(m  — m')Gy\ cos2N(2~y/ a)

L y  J  —OC

[  dx exp
J  — 3C

roc
X

- oc

(x -  X 0 -  m G ^ )2 +  (x -  Ap -  m ' G l l f ]

2 '2h

tt ( x ~  A'o — m G lr i \  TT ( x  — X q — m !G th \  0V/ ,
v  ^  J V l iJ   j  cos (2" x / a) • f9)

It  is straightforward to verify that the following periodic relations for the energy 

eigenvalues follow from Eq. (9): E3(X q) =  E3( - X 0) =  E j ( X 0 +  a) =  E3(A'0 +- 

Gl^). I f  $  =  p/q. where p. q are positive integers and prime. Eq. (9) is unchanged 

under the simultaneous translations of both m —* m  -+- p and m ’ —> m! -¥■ p. As 

a consequence. Cn.m{j. X q) has the Bloch property and each Landau level w ill 

be split into p subbands. Meanwhile, each subband w ill have a q-fold degeneracy 

in the first B rillou in  zone. This is a result of the commensurability between the 

magnetic zone [—a j2 l \ .  + a /2 /^ ] and the lattice B rillo u in  zone [—tt/a . +~/a].  

Since the coefficient m atrix  in  Eq. (7) is real and symmetric, th is means that 

Cn.mU'- A'o) must be real. The Fermi energy* is determined from

where A  is the sample area. B y using huc as an energy scale, a as a length scale, 

and adopting periodic boundary conditions in  the y d irection so th a t ky =  2-KL/a

18
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where L =  — A y / 2 .  . . .  , ( ( A ry / 2 )  — 1 )  are integers, we obtain the dimensionless 

forms of the eigenfunctions in Eq. (5) as

Vj.l (r)  — ^  Cn.m( j . L )o nj L Xy)_m(

with

„(0) /=1 exp [ - 2 - i  { (L /X y j  -  m) y]
n .(£ ./;V v )—m ( ' =  ----------------------------= f7="---------------------

v

2rr1'/2$  
x V' — — exp 

V 2nn! $

* H n
$

where the expansion coefficients are obtained from

E n +  i  -  E , U ) )  +

xCn.mO- L) =  0  .

and the m atrix  elements are given by

B ™ $ {L )  =  ^  f  ' * c o s - ( 2 ^ )
i * v  J-OC

: [  dx exp
J  — OC

X f l .

: / _  ( L /N y)  +  m '1

v ^ ( x -  W N y) +  m ^ g n , +

X  COS2'/V(2 7 T x )  .

11)

:i2)

( 1 3 )

Here, 6ro =  m 'Vo/V^Trft2. A x is the number o f un it cells in the x  direction, 

x =  x /a . y =  y /a .  The zero determinant o f the coefficient m atrix  in  Eq. (12)

19
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gives the energy eigenvalues E j(L ) .  W ith  these results, the eigenvalue spectra 

and wave-vector dispersion curves are presented.

2.2 N um erical R esults and D iscussion  for Energy E igen­

states; 2D  M odulation

For the homogeneous 2DEG in the perpendicular magnetic field to tha t plane, 

the energy eigenvalues are the well-known Landau levels (LLs). h jjc{n -+- ^ j (from 

a harmonie-oscillator-like potential), where h is Planck's constant divided by 2 

;r. ^-c is the cyclotron frequency given as e B /m '.  and n =  0. 1. 2. • • • is a LL 

index. WTien there is no modulation potentia l in the homogeneous 2DEG. the

eigenvalues (LLs) are flat functions o f the magnetic field in E/h^-c vs. $  =

Ba2/oo graph.where Oq =  hie is the flux quantum. (Figure 3)

3. 5 ........... - ................   -

2.5 -----.....................

1.5i     !i j

! !
0.5 i  - ........... - ........  i

! i

^~0 \ 2 3

Figure 3: Energy Eigenvalues E/hu>c vs. $  =  B a2/<f>o for no modulation.
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This flatness is changed when a modulation potential is introduced to the 

homogeneous 2DEG. When a m odulation potential, in  our case taken as Eq. 

(4). is applied to the 2DEG layer, the LLs scaled by the cyclotron energy are 

not independent o f B any more and are broadened due to the scattering o f the 

imposed potentia l to make a band of LLs.

In  this section, we present the numerical results for the eigenvalues and the 

dispersion curves for the array o f quantum  antidot and dot po ten tia l simulated 

by the Eq. (4).

2.2.1 D epend en ce  o f th e  E ig enva lues  on .V

A n t id o t  re g im e  w ith  .V Shown in  Fig. 4 (a), (b). (c). and (d) is the results 

o f the eigenvalues for the anti-dot potentia l (L'o or V 0 >  0) w ith  .V =  1. 3. 5. 

and 10. respectively. First. Fig. 4 (a), (b). (c). and (d) shows us how the LL 

energy spectra are affected by the magnetic field B (or $ ). In  the whole Fig. 4

(a), (b). (c). and (d). the upward sh ift is more significant in low magnetic field 

region (small <£) than in the high magnetic field region (large <£). When $  <  1. 

the cyclotron o rb it o f the electron is very large so that its o rb it includes many 

anti-dots. (Table 1 Actually, the classical radius r c is given by \J(n  +  Y)(h/eB). 

In  th is large o rb it regime, the p robab ility  o f being scattered by the m odulation 

potential is increased. For this reason, the energy levels at low magnetic fields 

are more shifted up than those at high magnetic fields.
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D ep en d en ce  o f the Eigenvalues on  A
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* " *  *  * * i  i i  i  1 2  H z  * 1 2

•  | a a  i n

0 1 2 3

3.5

2.5

1.5

0.5

! i  i i  l  H  I i i  IXi I S ;

:== != I i i  1 1 | i is  i  h i  i n

*« 51 I IS I I f  |  | 1  * | |  I l f  ! | ;

o  1

(a ) .V =  1 (b ) -V =  3

3.5 ! z -  ■ I ;  i n  11x i  ex i n  i b i 3.5

2.5 ' * * s e e  I * * s i s  •  t f  i l l  H i 2.5

1.5 i Ii i ii i i i  » X >  1 X 2 1.5

0.5 * * x« ■ ■■ | K | || g (| h i  eix 0.5
0  1

(c )  N  =  5 (d ) N  =  10

Figure 4: Energy Eigenvalues E/hu>c vs. $  =  Ba2/0 o w ith  N  for anti-dot regime, 
where N x =  N y =  4, n =  3, Uq =  1.235 for m" =  0.067mo ( mo is the free electron 
mass) and a =  200nm.

22

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Table 1: $ vs .B  and corresponding cyclotron rad ii r c(nm)  for 200nm

$ B (T ) r c(n =  0) rc(n =  1)

c7II£u r c(n =  3)
0.1 0.0104 252 436 563 667
0.2 0.0207 179 310 400 474
0.3 0.0311 146 253 326 386
0.4 0.0414 126 218 282 333
0.5 0.0518 113 196 253 299
0.6 0.0621 103 178 230 273
0.7 0.0725 95 165 212 251
0.8 0.0828 89 154 199 235
0.9 0.0932 84 145 188 222
1.0 0.1035 80 139 179 212
1.1 0.1139 76 132 170 201
1.2 0.1242 73 126 163 193
1.3 0.1346 70 121 157 185
1.4 0.1449 68 118 152 180
1.5 0.1553 65 113 145 172
1.6 0.1656 63 109 141 167
1.7 0.1760 61 106 136 161
1.8 0.1863 60 104 134 159
1.9 0.1967 58 100 130 153
2.0 0.2070 56 97 125 148
2.1 0.2174 55 95 123 146
2.2 0.2277 54 94 121 143
2.3 0.2381 53 92 119 140
2.4 0.2484 52 90 116 138
2.5 0.2588 51 88 114 135
2.6 0.2692 50 87 111 132
2.7 0.2795 49 85 110 130
2.8 0.2899 48 83 107 127
2.9 0.3002 47 81 105 124
3.0 0.3106 46 80 103 122

where. =  Ba2/0o  and r c =  y (n  +  l ) (h /e B )
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When $  is increased, the cyclotron o rb it o f the electron is reduced and thus the 

probab ility  o f being scattered by the m odulation potential is decreased. So the 

shift from LLs at the high magnetic field becomes less than at the low magnetic 

field. Therfore. the shift of the eigenvalues from LLs is reduced as $  is increased 

(i.e. the magnetic field B is increased). Secondly, what the Fig. 4 (a), (b). (c). and 

(d) shows us is how LLs are broadened for the different size of positive potentials 

given by Eq. (4). When .V is increased, the size (or diameter) of the scatterers is 

decreased. (Fig. 1) I f  the size o f the scatterers is decreased, the space between 

the scatterers becomes larger so that the p robab ility  of an electron being scattered 

by the potentia l is decreased and the electron can move more freely between the 

scatterers. For this reason, the shift from the LLs is reduced when .V is increased. 

The th ird  one shown in this Fig. 4 (a), (b). (c). and (d) is the fact that the 

band w id th  o f the modulation-broadened LLs oscillates w ith  the magnetic field 

B or I t  can be thought that when the cyclotron radius is changed (in  other 

words, gradually increased or decreased), the electron is periodically scattered by 

the periodic scatterers. Whenever the electron w ith  the circular motion meets 

the scatterers. the band w idth of the broadened LLs becomes thick. When the 

electron m otion is freely from the scatteres, the band wdth becomes thin. Tha t 

is why the oscillation o f the band w id th  in  the low magnetic field region is more 

than in the h igh magnetic field region. In  our case, the cyclotron diameter is 

compatible w ith  the spacing between scatterers when $  =  1.3. So, the oscillation
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o f the band w id th  is larger in  the region of $  <  1.3 than in the region o f $  >  1.3. 

This kind o f oscillation of the band w id th  w ith  $  is more obviously appeared in 

grid potentia l modulation given by Eq. (3) (ref. Appendix B). (Fig. 5)

3.5

2.5

1.5

0.5

Figure 5: E /'fL jc vs. $  =  B a2/oo for the grid potential given by Eq. (3). Here. 
A'x =  -V y =  10. n =  8. Uq =  1.235 and ux =  uy =  1.

In  this Fig. 5. the eigenvalues are above or below each unperturbed LLs. The 

reason is th a t .as shown in  Eq. (3). the modulation potential is proportional 

to the bare cosine functions w ith  no power which can have positive or negative 

values and thus the to ta l Ham iltonian can have energies above or below each un­

perturbed LLs. These modulation-broadened each LLs have some oscillations as 

$  increases. We used the different k ind o f periodic modulation grid potentia l to 

obtain the eigenvalues, but s till we can observe the oscillatory behaviour o f each
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modulation-broadened LLs w ith  $ . From th is fact, we can know tha t the electron 

is periodically scattered by the periodic modulation potential when the cyclotron 

radius is gradually reduced or increased. However, each broadened LLs have dif­

ferent phases. The second LL has the maxim um  band w id th  around $> =  1 but 

the th ird  one has it around $  =  0.5 and so on. Theses different phases come 

from the fact tha t the cyclotron radius depends on the LL index. As mentioned 

above, the cyclotron radius is proprtional to \Jn -}-1. So. the cyclotron radius is 

changed by the LL index n for fixed <£. These different cyclotron rad ii of each 

broadened LLs for fixed $  make the different scattering effects from  the periodic 

m odulation potential. Therefore, these differnet phases o f each broadened LLs 

reflects tha t the cyclotron radius depends on the LL index. This kind of oscilla­

to ry  phenonmenon for the band w id th  o f the modulation-broadened LLs agrees 

w ith  the other paper's. [21J

Q u a n tu m -d o t reg im e  w ith  N  Showm in Fig. 6(a). (b). (c). and (d) are 

the eigenvalues for the dot potential (Uq or V Q <  0) w ith  N  =  1. 3. 5. and 10. 

respectively. In  this regime, all the eigenvalues are shifted down instead of up 

showm in  the antidot regime. I t  can be shown from Eq. (1) and (4). Because 

V q <  0. the to ta l Ham iltonian would be less than the unperturbed LLs. As in 

the anti-dot regime, the shift-dowm is more in  low magnetic field region (small 4>) 

than in  the high magnetic field region (large <&). I t  can be explained w ith  similar 

reason as mentioned in  the anti-dot regime.
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D ependence o f  th e  E igenva lues on  N  (Q D  reg im e)
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Figure 6: Energy Eigenvalues E /h w c vs. $  =  Ba2/<p0 w ith  N  in  quantum-dot 
regime, where N x =  JVy =  4 ,n  =  3, U0 =  -1.235. Since U0 =  m *F 0a2/(2 1/27rh2). 
V q =  —0.156 m e V  A 2 for m* =  0.067rao and a =  200nm.
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A t low magnetic fields, the cyclotron radius o f the electron is relatively large 

and so the electron can have more possibility to  be trapped in the negative 

potential before the o rb it o f the electron is closed by the magnetic field since it 

includes more negative potential wells. For this reason, at low-magnetic fields, 

the energies are appreciably shifted down from the unperturbed LLs. On the 

other hand, as $  increases, the shift is reduced and the constant band w idth 

is displayed. This is because the cyclotron radius is reduced when $  increases 

and i f  the electron orb it is comparable w ith or less than the space between dots, 

the confinement o f electrons between quantum dots increases and there are more 

possible states in the space between dots in which they are relatively unaffected 

by the negative potential. That is why the eigenvalues in the higher magnetic 

field regime are not much shifted down from the LLs. And also, owing to this 

reason, all the energy eigenstates w ith $  at high magnetic fields have almost the 

same band w idth as the others. As in the anti-dot regime, the shift is reduced 

when -V is increased. This is related to the size o f the confining region. I f  

X  increases, the size o f the potential decreases, and so the space between dots 

becomes relatively large. Thus the electrons have more p robab ility  of being in 

the space between the quantum dots and those electrons are relatively unaffected 

by the negative potentia l and thus the broadening o f LLs at high magnetic fields 

is shrunken. Another size effect is shown in Fig. 6(a). Some states shifted down 

from the lowest LLs in  the low magentic field region are negative and bounded

28

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



in the negative potential.

2.2.2 D ependence o f the Eigenvalues on U q

7 . 5

4 . 5

r ; : i  11 !!3 ;> * ! ; ;  i l l  

— i s i m

0 . 5

- - - - -  15: i «l M s ! II  IS* H i  

I !  i s ;

0 1 2  3
(a ) to  =1.235

7 . 5

4 . 5
_- -  j - *'  " '  -z l ' - Z  11 I l i  fSI

0 . 5

- -■ - -5 ■ ** « H *51 f i t  

------- : : ’ l : | i : ; i : I I S ! ] | (

h i
i

0  1 2  3

(c ) U0 =  3

Figure 7: Energy Eigenvalues E/hu>c vs. $  
where Nx =  N y =  4. n  =  3, and N  =  1.
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B a 2/<po w ith  Uo for anti-dot regime.
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A n t id o t  re g im e  w ith  L'p Dependence o f the eigenvalues on L'o is shown in 

Fig. 7 (a), (b). (c). and (d). As in the previous section, we can also see that 

the upward shift is more significant in  low magnetic field region (small $  ) than 

in the high magnetic field region (large $ ). But. in this section, we w ill see the 

dependence o f the eigenvalues on the m odulation potential strength L’o instead 

of its size .V. As expected, when L'o increases, the LLs are more shifted up at low- 

magnetic fields and more broadened at high magnetic fields. It  can be mathe­

m atically understood in Eq. (4) in which the to ta l Hamiltonian w ill be increased 

when the m odulation potential strength L’o is increased. So. each LL  w ill be more 

shifted and more broadened by the m odulation potential w ith  stroger strength. 

It can be also physically understood: the stronger the potential is. the scattering 

effect is more. So. the band w idth of the braodened LL is increased when the 

potential strength L’o is increased. In this low modulation case, all the eigenval­

ues are above each unperturbed LLs. When the potential strength is increased 

further, the LLs are more broadened and closely go to next LL  and eventually 

overlap each other as can be seen in Fig. 8 (a). In  this strong m odulation case, 

the Landau orb its are mixed each other and th is leads to substantial m odification 

of the group velocities. I f  the strength o f the scatterers is sufficiently strong, then 

the eigenvalues become less than 0.5 which is the lowest LL in the un it o f huc and 

can even be negative as shown in Fig. 8 (b). In  th is extremely strong case, the 

electron starts to behave as i f  i t  is bounded among the extremely strong potentia l
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w alls .

7.5

4.5

0.5
0 1 2  3

(a) L'o =  10

3.5-

2.5-

1.5-

0.5-
0

- 0 .5 -

- 1 .5 -
0 1
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Figure 8: E . fu jc vs. $  =  B ct/Oq for the very strong modulation potential, where
(a) .Vx =  .Vv. =  4. n =  3. and .V =  1 for Eq. (4) and (b) X x =  .Yy =  10. n =  3 for 
Eq. (2).

Q u a n tu m -d o t re g im e  w ith  -U p  Fig. 9 (a), (b). (c). and fd) show how the 

eigenvalues depend on negative L'o- As in the anti-dot case, we can see that the 

shift is more down in low magnetic field region than in the high magnetic field 

region. And also, when L’o is negatively increased, the LLs are more shifted down 

at low magnetic fields and more broadened at high magnetic fields w ith  the same 

reason as in  the anti-dot case. In  Fig. 9 (a), only the electron in  the lowest LL 

is first bounded at low magnetic fields. Then, the electron in  the next lowest LL 

starts to be bounded at low magnetic fields when the potential strength Uq is 

negatively increased as seen in  Fig. 9 (c). In  this case, the reason o f the electron 

being bounded is th a t i t  has large o rb it at low magnetic fields and so i t  has more 

probability o f being bounded by the negative potential.
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Q u a n tu m -d o t reg im e  w ith  — L'0
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(C) Uo =  - 3  (d ) Uq =  - 4

Figure 9: Energy Eigenvalues E/Tiuc vs. $  =  Ba2/<f>0 w ith  —U q for quantum-dot 
regime, where N x =  N y =  4, n =  3, and N  =  1.
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However, there axe two kinds o f phenomena in being bounded. One possible 

phenomenon .as previously mentioned, occurrs when the electron w ith  the large 

orb it so as to have more p robab ility  of being bounded meets w ith  the negative 

potential. This phenomenon is seen at low magnetic fields in Fig. 9 (a), (b). (c). 

and (d). And the other possible one occurs when the electron has smaller o rb it 

than the diameter o f the quantum-dot potential. This electron w ith  the small 

obit ether can be localized in  the region between quantum dots or can be su nk  

into the dot i f  it is small enough. I f  this electron is confined inside the dot. then 

it w ill have the negative eigenvalues. We can see th is phenomenon from Fig. 10.

3.5
2.5
1.5
0.5

- 0.5 
- 1.5

0 1 2  3

Figure 10: Energy Eigenvalues E /h u c vs. $  =  B a 2/<p0 for the negatively strong 
m odulation potential.Here. N x =  N y =  4, n  =  3, U q =  —10. and N  =  1.

Fig. 10, is the results for the negative and strong potential (Uq  =  —10) w ith  

large diameter (TV =  1). In  th is figure, the energy eigenvalues o f the lowest LL  

at the high magnetic fields around $  =  3.0 (which generates the small o rb it) are
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negative. I f  the o rb it is small enough, the negative potential is strong enough, 

and the diameter o f the quantum dot is large enough, then the electron w ill be 

sunk into the quantum  dot and its eigenvalues become negative. Therefore, this 

negative eigenvalues o f the lowest LL  around $  =  3.0 reflect that the electron 

w ith  small o rb it can be confined by the quantum dot. (Table 1)

2.2.3 E n e rg y  D is p e rs io n  C u rve s  fo r  A n t i - d o t

uQ[cos(2roc/a)cos(27ty/a)f u0[cos(27ix/a)cos(27ty/a)]2

8

4

0

-0.5 0.0 0.5

8

u 4
LU

0

-0.5 0.0 0.5
kya/27C kya/2n:

(a ) $  =  0.7 (b )  $  =  1.5

Figure 11: P lots o f the Energy Dispersion E/hu>c as a function o f the wave vector 
k y for a chosen scattering potential given in  Eq. (4) w ith  U q =  1.235 and N  =  1. 
Here, Uo =  m*VQa2/ { 2 1̂ 2ttH2) and two values o f the magnetic flu x  $  are employed. 
For the array size, we chose N x — N y =  8.

A n t id o t  re g im e  Fig. 11 (a) and (b) present the wave-vector (ydirection) 

dispersion o f the energy eigenvalues for the potentia l in  Eq. (4) w ith  N  =  1, U q =

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.235 and for two magnetic fields corresponding to $  =  7/10. 3/2. respectively. 

Our calculations show that each LL  broadens into a band due to the scattering by 

the modulated potential but there is no overlap between different Landau bands 

for either $  =  7/10 or $  =  3/2 since this is the result for the weak modulation. 

However, the energy band w idth for $  =  7/10 axe wider than for $  =  3/2. The 

reason for this is that the Landau o rb it o f an electron for $  =  7/10 is larger than 

for $  =  3 /2  and thus the Landau o rb it for $  =  7/10 has more probability  of 

being scattered by the modulation potential. Another numerical result is that 

the Landau band w id th  oscillates w ith  LL  index. This result is well seen in Fig. 

11 (a). This effect is due to the fact tha t the cyclotron radius is proportional 

to v/2n -+- 1. When n is increased, the cyclotron radius increases. Whenever the 

cyclotron radius is matched w ith  the lattice constant of the periodic potential, 

the LL  of the electron is more broadened by the potentiad. So. the electron w ith  

the radius changed by the LL index is periodically scattered w ith  the period of 

m odulation potential. I f  this radius is large (low magnetic field region, small $ ). 

then it  experiences several m odulation period and i f  it is small (high magnetic 

field region, large <§). then it  is re latively d ifficu lt to experience the modulation 

period. That is why the energy band w id th  for $  =  7/10 more oscillates than 

tha t for <£ =  3/2. This result agrees w ith  other papers on low modulation case. 

[6, 46]
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Fig. 12 (a) and (b) present the wave vector (y direction) dispersion of the 

energy levels for a square array o f 6 potential given in Eq. (2). (cf. Appendix A)

5 POTENTIAL 5 POTENTIAL

LLI

8

4

0

- 0 .5 0.0 0 .5

kya/271

(a) $  =  0.7 (b) $  = 1.5

Figure 12: Plots o f the Energy* Dispersion E / f u :c as a function o f the wave vector 
ky for the 5 potential given in  Eq. (2) w ith  Uq =  1.235. For the array size, we 
chose .Vx =  ,Vv =  10.

In  this anti-dot regime, there is almost m ixing o f the Landau orbits w ith 

different guiding centers by the modulated potential. And. as in  Fig. 11 (a) 

and (b). the bandwidth of LL  oscillates w ith  LL  index in  either Fig. 12 (a) or

(b)since the cyclotron radius is proportional to  y /2 n + T .  Observed in Fig. 12 

(a) and (b) is the d rifting  velocity. The d r if t velocity in  the y-d irection is given 

h~1dE j(X o)/dky. So, the steeper slope means the strong dispersion which leads 

to large d rifting  velocity. In  our case, the dispersion for $  =  7/10 is weaker than
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for $  =  3/2 which means tha t the d rift velocity o f an electron for $  =  7/10 is less 

than tha t for an electron for $  =  3/2. This is because the radius of the Landau 

orb it for $  =  7/10 is larger than that for $  =  3 /2  and thus the probability 

of scattering when $  =  7/10 is larger than tha t when $  =  3/2. This reflects 

that the electron is more affected by the scattering off the potential instead of 

the d rift. For <£ =  3 /2  in Fig. 12 (b). it  is clear th a t the LLs are split into 

p =  3 subbands and there are q =  2 periods in the firs t B rillou in  zone. When 

the magnetic flux  per un it cell of the lattice Bar  is a ra tional multip le of the 

flux quantum Oq =  hcje. one can introduce a new u n it cell called magnetic unit 

cell (M UC). This M UC is used for the invariance o f the system w ith respect to 

the magnetic translations. I f  $  =  Ba2/ Oo =  p /q  w ith  integers p and q. the 

MUC can be spanned by the new basis vectors bx =  (<?<z-0) and b v =  (O.a). So. 

each MUC carries p flux quanta. The equivalent construction in k  space is the 

magnetic B rillo u in  zone (M BZ) which contains a ll k vectors w ith  | kx |<  rr/qa 

and | ky |<  tt /a .  This effective enlargement of the period o f the potential in 

the x-direction induces additional band gaps. Therfore. the Landau bands split 

into p subbands. In  our case, since $  =  3/2, each M U C  (which contains two 

regular la ttice points in  x-direction and one in  y-d irection) carries 3 flux quanta. 

Therefore, we can observe the fact that LLs are sp lit into p =  3 subbands and 

there are q ~  2 periods in  the first B rillou in  zone. [28, 54]
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2.2.4 Energy D ispersion Curves for Q uantum -dot

u0[cos(27tx/a)cos(27ry/a)]2

8

0

- 0 . 5 0.0 0 .5

kya/271

(a) $  = 0.5

uQ[cos(2rcx/a)cos(2TCy/a)f

LLi

8

4

0

- 0 . 5 0.0 0 . 5

Kfa/2K

(b) <& = 1.0

u0[cos(2jtx/a)cos(2ny/a)]2

_o

UJ

8

0

- 0 .5 0.0 0 .5

kya/271

(c) $  =  1.5

Figure 13: P lots o f the Energy Dispersion E / h u c as a function of the wave vector 
ky for a chosen scattering potentia l given in  Eq. (4) w ith  U q =  -1.235 and N  =  1. 
Here. Uq =  m ’ Voa2/ ( 2 1̂ 2Trh2). For the array size, we chose N x =  N y =  8.
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Q u a n tu m -d o t reg im e Shown in  Fig. 13 (a), (b). and (c) are the dispersion 

curves w ith in  the first B rillou in  zone for the potential w ith  -V =  1. U q =  —1.235 

and <£ =  0.5. 1.0.and 1.5 respectively. I t  is shown that the bandw idth o f each 

LL  oscillates w ith  the LL index as in the case o f the antidot potentia l. This 

feature is more obvious for low magnetic fields (<£ =  0.5). This one agrees w ith  

the result for the anti-dot case and is explained w ith  the same reason as in the 

anti-dot case. Next shown in Fig. 13 (a), (b). and (c) is about the dispersion. In 

our numerical calculations, because M  =  (.Yx<£ — 1 )/2  and in each Landau band, 

we have .V, Bloch states in the first magnetic B rillou in  zone, there are :Vx.Yy$  

states in each Landau band. In  other wrords. there are M  =  (.Yx<*> — l ) / 2  states 

per each .Yv Bloch state of each Landau band. Since the Fermi energy is given 

by .Yf  =  .Yx.YvnoDa2/’2. the Fermi energy can be determined by s im ply counting 

the energy levels after ordering a ll the energy levels by magnitude. In  our case, 

the Fermi energy is in the Landau band index n =  5 (for $  =  0.5). n =  3 (for 

=  1.0). and n =  1 (for $  =  1.5). Fig. 13 shows that only the electronic states 

near the LL  n =  5 (a), n =  3 (b). n =  1 (c) have dispersion and a ll the others 

have fla t bands. A ll these fiat bands come from the fact tha t they are bound by 

the negative potential or quantum dot and their wavefuntions in  adjacent dots 

do not overlap. Therefore, the electronic states near the Fermi level have the 

relatively large contribution. (Table 2)
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Table 2: Comparison of LL with Fermi level for $  in 2D QD modulation

$ m 2m 4- 1 no. of states Fermi Level

0
 

ir- 1 0 ai 1 3 21 n =  5

0. t ~  0.8 9 5 35 n =  3

0.9 -  1.1 3 1 49 n =  2

1.2 ~  1.3 4 9 63 n =  1

1.4 -  1.6 5 11 I 1 n =  1

1.7 -  1.8 6 13 91 n =  1

where. $  =  Ba2/Oq. m -- I n t o f ( X x$  — D /2 . No. o f states= (n ~  1 )(2m 4 -1 

Fermi level X f  =  X xX ynooa2/2 =  16 when X x =  X y =  8. n =  6. and n2£>a2

0.5.
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3 Energy E igenstates for the ID  M odulaion (QW )

The single-partiele Hamiltonian for a ID  array o f Q W  in 2DEG placed in 

the x — y plane in a uniform perpendicular magnetic field B  =  Bz  is. using mks 

units.

H o  =  - i - \ - i h V  -i- e A (r) :2 +  U L( r )  . (14)
1m '

where m ' is the effective mass of an electron w ith  charge —e. r  is a 2D vector in the 

x  — y plane, and A ( r )  =  (0. Bx. 0) is the vector potential in the Landau gauge. 

In Eq. (14). the lattice potential LT_ (r ) for the x-directional and y-directional 

modulation can be taken as having the following form, respectively

(x) =  V'q cos
a

'151

. where V0 is taken as a positive potential barrier amplitude for the QW  

regime, a is a periodic distance between the a rtific ia lly  imposed one demensional 

positive periodic potential barriers, and N  is the power o f determining the w id th  

of the Q W  potentia l barrier. As shown in  Figure 14, i f  N  is large (or small), then 

the w id th  of the potentia l barrier becomes smaller (larger) and the QW  channel 

becomes wider (smaller). The reason for talcing 2 N  as its power is to always get 

the positive potentia l barrier when V0 is taken as a positive value. This k ind of 

modulation is suitable for the narrow ballistic QW .
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V q [ c o s  ( 2 t n r / a ) ] 2A

(c) N  =  5 (d ) jV =  10

Figure 14: Quantum W ire  Potential Barriers w ith  N .
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In the absence of impurities, the single-particle eigenfunctions are determined 

through

t j . .Y 0 ( r )  =  E  A o i o ^ j f o f r )  . (16 )

where

jo) _ exp :-i(X 0)p/l^
° n . X  «dr J —  "==-----------

V

« P  -(■ " -  - W /2 IS ;  ( £ 1 ^ £ ) ' 17'

In Eqs. (16) and (17). n =  0. 1. 2. . . .  is a Landau-level index and Hn{x) is 

the n th  order Hermite polynomial. Also. L y =  N ya is the sample length in the 

y direction. A'0 =  kyl \  is the guiding center. IH =   ̂ h /e B  is the magnetic length 

and ky is a wave vector along the y direction.

The expansion coefficients Cn{ j .  X q) in Eq. (16) are determined from the 

following m a trix  equation

( £ 1-  -  £ , < * , »  + C n \ J • Ao) — 0 .

( 18)

as well as the orthonorm ality condition:

Y . c ; u ,  Xo )Cn ( / ,  X I )  =  6 jj .6x . jc i •
n

From this calculation, we also obta in the secular equation which determines the 

energy eigenvalues Ej(X,o)
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D  et ( E f  -  E j ( A 'o ) ) =  0 . (19)

Here. E {n0) =  (n ~r 1 /2 )fLsc is the energy- for the n th  Landau level w ith eigen­

function o /0,(r) in the absence of scatterers and the m atrix  element Sn n-(A'oJ 

appearing in Eqs. (18) and (19) is defined as follows and. for the potential in Eq. 

(15). we have

Bn.n'i A 'o ) =  ( 0 * ' .x 0 (0) (r) i (x) j o \ Xa (U) (r). 2 ( ° > /

/■* J r ( x - A o ) 2] 
7-=cd x e x p L— — \

x -  A'o x -  A'o
H n- ( 2___A1L ) COs2‘v (2xx :a ) (20l

By using as an energy- scale, a as a length scale, and adopting peri­

odic boundary- conditions in the y direction so that ky =  2 ~ L /a  where L =

—A y / 2 ...............( (A 'y /2 )  — 1) are integers, we obtain the dimensionless forms o f the

eigenfunctions in Eq. (16) as

w ith

=  £ C n(j. L Wn.LIN^T)

AO) _  e x P  b 2 ™  ( ^ / A y )  y]
} ~  7 Wy

I 2 tt1/2$
x Vt ^ t 6XP

— 7T$ X —-
$

H n V27r¥ ( x  —.  L Av y
$

(21)
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where the expansion coefficients are obtained from

£ C n ij.  I )  =  0 . (22)

and the m atrix  elements are given by

B n.n>[ L ) =  f  dx exp
J  — ZjC

x  —
$

x H n | y/’2x $  I x  I ^ n' ( x ~  ^  ^  i cosi % (2rrx) (23)

Here. Lq =  m mVQ/ \ j ' 2~h2. X x is the number o f u n it cells in the x  direction, 

x =  x /a . y =  y a. The zero determinant of the coefficient m atrix in Eq. (22) 

gives the energy eigenvalues E j{L ) .  W ith  these results, the eigenvalue spectra 

and wave-vector dispersion curves are presented.
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4 Q uantum  M agnetotransport

4.1 G eneral T heory for the S tatic, N onlocal C on d u ctiv ity

In quantum mechanics, the m atrix elements o f the current-density operator is 

given by

Here. t_'a(r)  is an eigenfunction of the Ham iltonian in  Eq. (1) and a . 3 are 

composite indices o f the quantum numbers. In this notation, we have D r =  

(V  -f ie A ( r ) /h ) .  In the presence o f an external perturbation, the H am iltonian 

changes to % =  Ho — eV(r. t). where t ' ( r - £) =  l " ( r ) cos(Qt) exp(— r]\t\) w ith  

Q 2> tj — 0~. producing a longitudinal current. In  linear response theory, the 

statistical current-density in the static ( f i  =  0) lim it is calculated as [55]

In Eq. (26). E ( r )  =  — W ( r )  is am external perturbation electric field, fo (E  — 

Ep) =  [1 +  exp [(£ ’ — E?)/ kftT\\~l is the Fermi d is tribu tion  function for a system

(24)

where

i fo(E0) -  f 0(Ea) 
7r Eg -  Ea Eg -  E a

1

(26)
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in equilibrium . Ea are the energy eigenvalues. £ y  is the Fermi energy and V  

means that only the principal part is taken. Making use of the nonlocal form of 

Ohm’s law

J i( r )  =  J  d r '  a (r. r ') « E ( r ')  . 

we obtain the electric-field response m atrix

(27)

4 m ’ 2 a . 3

d h ( E J  c  , . i M E s )  -  M E „ )  „
dE   ̂ -  E °> T "  £ , - Eo P E.i — Ea

(28)

which satisfies the Onsager relations [55]. The second term in  Eq. (28) is zero 

when B =  0. but the time-reversal sym m etry is broken when B  *  0. From the 

definition of the single-particle Green’s function and Eq. (25). we rewrite Eq. (28) 

as

<r‘ -j ( r - r<) =  §^ p - T j e  [ ( ~ T r ^ ) G * <r- r ' > G * ( r ' - r)

- M E )  {̂ G e [J e  r,) d I ' d I  C i ( r ' ,  r )  +  C J (r . r ')  5 )  d G i£ . '  f ) )

(29)

where Gg  are the advanced (+ ) and retarded (—) Greens functions, respectively, 

defined bv

G i ( r . r ' ) = y :
& .(r)V £ (r ')  

E  — Ea ±  i 0~
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Here. c a(r) is the electron wave function. The first term  in  Eq. (29) is evaluated 

near the Fermi surface, while the second term includes contributions from all 

occupied states. Since single-particle Green's functions are gauge-independent

i.e. only the magnetic field B  is involved. Eq. (29) is also gauge-independent.

4.2 Averaged C onductivity

By neglecting the small effects from the current and voltage leads connected to 

the array, we may take the external electric field as uniform  over the whole array. 

This is justified since the size of a sample used in  an experiment is very small 

compared w ith  the scale over which the electric fie ld varies. By averaging the 

response m atrix in  Eq. (29) over the whole array, we obtain the averaged static 

conductivity for this system as

^ (n - 0) -  - s £ & i L d t  L iT ' L l d E

r \
(30)X | d T d ’',  A C £ (r'. r) -  AG£(r. r') d J d ,.

where A G  e =  G~£ — G^. The result in Eq. (30) can also be obtained directly 

from Kubo’s formula [56. 57]. We do our calculations in  the zero temperature 

(T  =  0) lim it since we are not interested in  effects arising at fin ite  temperature. 

Furthermore, the experiments o f Weiss, et al. [18] were carried out at very low 

temperature.

Using Eq. (30), we obta in  analytic results for the Q M T  coefficients.
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,„1(0) =  2 « V . V , *6 ti .Vŷ p /-GiH' - dXo / p(~)
mm2A  r—. . /2 a '  j - V 0 : j ' .a 'q  

j. j  H

X  J ™ j£  D , xJ E ) D y . x , ( E )
dfo(E)-i 

dE  !
(31)

-  4eJft3.Vy«> ^  2 d.Vo 1
- ">*2A  f ?  ^ . 2  a [ £ , ( * „ )  -  £ j .|

i zr<3, H 21
| /2  j. .Y c :j'. .Y o  j ' . -V 0:j..Ya ^  j . X . z j ’ ,X 0 r  j '  .X q .j .X q
L4h

■ ( - w *

f ^ d E  DhXa( E ) fQ(E)  . (32)

In Eq. (32). there is a correction to the result n^ce jB  in the absence of 

scatterers. where n2D is the electron density. Furthermore, the band part Hall 

conductivity satisfies <r£-(0) = -<rg>(0). In Eq. (32). the summation w ith  prime 

means that a ll terms w ith  E3(Xq j =  E y (A'0) must be excluded.

< ’ (0) =
2 :re 2ft3 .V v $  ^  [G&. 2  d X 0/ G

■c

 ̂ ( frW \ 2 j__p(3) i /  ir(3)
J_A \  j . X q:j ' .X 0 J ^2  J .A'o:j ' .A'o j , -V Q;j ' ,A'o 1 / j.A'q-J'-Xq

H  H

f X dE D ^ W D f j c ^ E )
J  - o c

dfo(E)
dE

Furthermore, in  Eq. (31) - (33), we have defined

(33)

D i,xa(E)  =  S l E - E i (Xo)} , (34)

as the partia l density-of-states as well as the following structure factors
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2D m odulation

F j!xo :j '.Xo -  F j ' x a:j.x0 =  f A d r  ^ ‘ . V o ( r ) r f 7'. .V o ( r )

= rx ^ 2  (-'n rn(j- X 0) | \ f~n +  1 Cn_ 1-m(_/'. X 0) +  y/nCn- i .m( j \  .V0)l . (35)
V -  n.m  * -I

£•(-)   17(2) f  i , , , 9  . .
j . X a . j ’ . X a  ~  ? . X a ; j , X o  ~  J A  J -V o  j ' - V q  ( r )

= /7j, y^Cn.mO- Xq) [ v7n -f lC R_ I m( j '.  Xq) — \fnC n- i .m( f . .Vo) . (36)
V  —t H n.m  «*

F / x , . j  X ,  =  F y . X , : j . X a  =  ~ l  J A d r  V j . X c ( r ^ V J  - X c , ( r )

=  - G Y m C n.m(j. X 0 )Cn.m( f .  .
n.m.

ID  m o d u la tio n

(3-

F'j'xo-.f.X, =  Fj l.Xn:j.Xo =  J  dv  ^j_V0 (r ) ^  j'-Va (**)

/■q (Fn( j ' *^o) v /n T T C n~ i ( j  . X q) +  y /n C n- i ( j ' . .Vo) . (38)
V  -  -  J

/T'.-1 _  _  pW
j . X q -.j ’ . X q  : ‘ , X q -,j , X o =  ^ * V - ; „ v „ (  0 ^ r , , . v 0(r)

~  ~ Y il ^  (~'n ̂  [ ^ n  +  l^ n -1  ( j \  -Vo) — v ^ C n - i^ '.  .Vo)j . (39)

F i - W , . V 0 =  F j '3X o j,X c  =  ~ l  j A dT ^ L x o (r ) § ^ ^ ' . X 0(r )

X o .
— [2 ° j ’f  ■

4h
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4.3 D im ensionless Forms o f conductivity m atrix  elem ents

Based on Eqs. (11) - (13). we can drive the dimensionless forms o f the matrix 

elements o f the conductivity in  Eqs. (31) - (3*2) in units o f (e2/h )  at zero tem­

perature.

(•Vy / 2 ) - l

r  y j . f  L = ~ S y ,  2 I L ) ~ S j ‘ ( L) =  Sp
(41)

< ( 0) = 

F r-Cil /

*2 I .Vv /  2) — 1

E ' E

(42)

.Vr . \ \ $  —  Ls^ /2 [£j ( L )  -  Er (L ) \ ;

X \ F ^ { L ) F ^ ( L ) ^ 2 ^ F ^ ( L ) F ^ ( L n

In the absence o f scatterers. Eq.(42) reduces to the well-known result <t[0̂  (0) = 

n2De / B .21 where !lY jQ iE p -  — E j(L ) )  =  -Yx$>(2 "I^n2D)-

( r^ (o )  =  — -— y  y>■>'v ’ y  ,y <6 Z-/ Z_L = _ Vv/2

[!^w f
•TT

Here, the pa rtia l density-of-states as well as the structure factors determ in ing; 

the group velocities are given by

7(3), 4tr 7(3) /
I E j ( L ) = E j , { L ) = E f

(43)

D s,l {E ) =
VZ k 'Vo

exp (E  -  E ^ L ) ?  

H
(44)
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2D m odulation

~ E  ri-m(̂ '- L)  x v  n +  l C n_i  m( j ' .  L )  -F  \ / n C n_ i Tn{ j ' . £ )] (45)

E L) X  V ; n  +  lC n_1-m( j '.  L ) — y/nCn- i .m{ j  . L ) j (46)

O 1 ) =  ~  E  ™ C , m( j .  I ) C n.m ( i ' .  L) -  ± r 6y r
n.m  -»y

(47)

^ ( r ) =  E k 'M (i-)|2 !E j; i ,<FF
J . L

(48)

I D  m o d u la tio n

F j j ' iL ) — Y ^ C n (_). Z )  x  v ^ T T C n. l ( / .  L) +  \/~nCn_ i ( j ' . Z ) ]  (4 9 )

F f j't t )  = Y . ° n U -  I )  X Z )  -  v ^ C n . iO " .  £)] (50)

V
(51)

n (r ) — E  l^ j.i-(r )l Iej(l)<£;f
j,L

(52)
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4.4 R esistiv ity  M atrix E lem ents

From the inverse of the conductivity m atrix  in  Eqs. (31) - (32). we 

obtain the elements o f resistivitv m atrix

cr̂ ol(0)
p £ ' ( 0 ) =

trg '(0)«T^(0) +  k ^ ( 0 j ] 2

P'£(0) =  - $ ( 0 )  =  - w -  ^ )(0)
^ • '( 0 )^ ( 0 )  + [o-yx(0)j2

p 0,(0)   - x? i -^yy' ' ioi,m , . i'o).
(Tvy (O)CTxic ( 0 )  - f  [ f ly i  ( 0 ) p
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5 N um erical R esults o f  QM T Coefficients for 

2D  M odulation

In this section, we used the equations for the 2D modulation defined in section 

4.3 to calculate Q M T  coefficients. Since x  and y direction are sym m etry each 

other.

^  (56)

n-(0 > -  _ r r (0 > t ^ ~vx xv \ 1

Accordingly, the resistivity coefficients become

« < 0 )  ^ > ( 0 )  i ! s ’ ( 0 ) P  ■ ( 5 8 )

„g>(0) p£>(0) [<jS,(0)]2T  (̂ )(0)j2 ■ (59)

In our numerical calculations, we take \m\ <  M  and 0 <  n <  iVL, where 

M  =  (.Vx$  — l ) / 2  and N i  =  2Int (Ep/hujc). In  each Landau band, we have Ny 

Bloch states in  the first B rillou in  zone. Therefore, there are N xN y$  states in 

each Landau band. A fte r we order a ll the energy levels by magnitude, the Fermi 

energy' can be determined by simply counting the energy levels, i.e. the jVpth

54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



level is the Fermi energy, where iVp =  _Vx.Vyn2Dfl2/2. From the eigenfunctions in 

Eq. (11). we can calculate the electron density* d istribu tion w ith in  the modulated 

2DEG at T  =  0 K.

5.1 L ongitudinal C onductivities

5.1.1 D ependence  o f  th e  L o n g itu d in a l C o n d u c tiv it ie s  on  .V

A n t i- d o t  re g im e  Fig. 15 (a), (b). and (c) show our numerical results for the 

long itud ina l conductivities ( c ^ )  for the antidot scatterers w ith  various size when 

.V is varied. Fig. 15 (a) is the results for the low modulation case [ U q =  1.235). 

Shown in  this figure is tha t all intensitieis are not appreciably changed by the 

different scatterer size (N ).  From the Eq.(31) and (41). we can see tha t the 

longitud ina l conductivities ( c ^ )  axe contributed by the electron states near the 

Fermi level. In  th is low modulation regime, the Fermi level energy (~  0.259meV’ i 

is higher than the strength of the sctterers (0.156mel').(Table 3)

Table 3: Comparison o f Uq w ith  V Q for a =  20Onm in 2D modulation

UQ V Q(meV)

1.235 0.156
2 0.253
3 0.380
4 0.506
10 1.265
100 12.65

where. V 0 =  (21/ 2-irft2)Uo/mma2.
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L ongitudinal C on d u ctiv ities as a  Function of :V for th e A nti-dot
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Figure 15: Longitudinal conductivities (e2/h )  vs. $  =  B a2/<po for the various 
size of the scatterers. Nx =  N y =  4, n =  3, n2Dffl2 =  0.5. and a =  200nm.
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So. the electron states near the Fermi level can’t see the change o f the scatterer 

size. That is why a ll intensitieis are not appreciably changed by the different 

scatterer size (AT). Shown in this figure (a), secondly, is that there are several 

oscillations as $  increases. These oscillations are related to the density of states 

for the LL  subbands. As mentioned above, since the Fermi energy' is given by 

-VF =  X x.\\.ri2Da2 /-■ the Fermi energy can be determined by counting the ordered 

eigenvalues. In  this figure, the Fermi energy is in the n =  3 band for 0.3 <  $  <  

0.7. n =  1 for 0.8 <  $  <  1.2. and n =  0 for 1.3 <  $  <  3.0.(Table 4.)

Table 4: Comparison o f LL w ith  Fermi level for $  in  2D AD modulation

$ m 2m +  1 no. o f states Fermi Level

0.3 ~  0.7 0 1 4 n =  3

0.8 ~  1.2 1 3 12 n =  1

1.3 ~  1.7 2 5 20 n =  0

1.8 ~  2.2 3 7 28 n =  0

2.3 ~  2.7 4 9 36 n =  0

2.8 ~  3.0 5 11 44 n =  0

where. $  =  B a 2/ 0 o, m =  I n to f ( N x$  — l) /2 ,  No. o f states= (n +  l)(2 m  +- 1). 

Fermi level Np =  N xN yn2Da? / 2  =  4 when N x =  N y =  4. n =  3. and n2£ia2 =  0.5.

As $  is increased, the occupied states are increased by M  =  (iVx$  — 1)/2 . 

For certain values o f $ , M  is not changed u n til i t  gets the next available integer. 

Consider the case when IVX =  Ny =  4 and $  =  0.3. Here, M  — 0 because M  has
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to be an integer. So. each LL per each N y Bloch state has only one state since 

there axe 2.1/ - f 1 states for each LL per each N y Bloch state. Again, consider the 

case when .Vx =  4 and =  0.7. S till M  =  0 and each LL has on ly  one state. So 

i f  n =  3. then there are only four states in  this system because there is a to ta l of 

(n -i- l ) ( 2 . l /  -+-1) states. When -Vy =  4 (for the square lattice), the Fermi energy 

is in the fou rth  energy level for n2oa2 =  0.5. Since, for the range 0.3 <  $  <  0.7. 

there are four states, the Fermi level is in  the n =  3 level. However, since the 

LL is given by (n 4 -1 /2 )h~c. where - jc =  e B /m '.  i f  $  is increased in  this range, 

the energy difference between LLs is increased. Accordingly, the density of states 

per un it energy is decreased. In  addition  to this, the fourth energy state for 

$  =  0.7 is higher them when $  =  0.3 because the energy difference between 

LLs for <£ =  0.7 is larger than for $  =  0.3. I f  the energy is higher, then the 

orb it for the electron is larger, so this larger o rb it is more likely scattered by the 

modulated potential. Therefore, for the range 0.3 <  4> <  0.7 . the magnitude of 

the conductivities is reduced when $  is increased in this range. Next, i f  $  =  0.8. 

then A/ =  1 and there are three states in  each LL  because there are 2M  + 1  states 

in each LL  per each N y Bloch state. For the same size of the sample as above 

(Nx =  4. N y =  4 and n2D<22 =  0.5), the Fermi energy is s till in the fou rth  energy- 

level but the energy- states o f the LLs are changed since each LL  has three states. 

Consequently, fo r $  >  0.8, the Fermi level is located in  the n  =  1 state because 

each LL  has three states, so the n  =  0 and n  =  1 states have three states, etc.,
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respectively. Therefore, the fourth state is to be in the n =  1 state. As a result, 

the Ferm i level is changed from n =  3 to n =  1. The o rb it in the n =  1 state is 

smaller than for n =  3. This smaller o rb it makes the larger intensity of crj£) at 

<£ =  0.8. etc. W ith  this manner. oscillates. Here, the Fermi energy* is at the 

n =  3 level up to <£ =  0.7. the n =  1 level up to $  =  1.2. and the n =  0 level up 

to $  =  3.0: M  is increased by the period of A  <5 =  0.5. Fig. 15 (a) shows that 

the c r^  peaks are at $  =  0.8. 1.3. 1.8. 2.3. respectively. The peak positions 

are exactly matched w ith A<f> =  0.5. Thus we conclude tha t these oscillations 

are related to the density of states. And. in  th is low m odulation case, the effect 

due to the density of states is more dominant than the one due to  the scattering. 

The th ird  one observed in Fig. 15 (a) is the ocsillation am plitude. The oscillation 

am plitude is increased or decreased when -V is increased. A t low magnetic fields 

(<£ <  0.7). the magnitude of c r^  is s lightly decreased as .V is increased. (Fig. 16

(a)) In  the peak at $  =  0.8. the opposite effect occurs, tha t is. the peak of 

is s ligh tly  increased as .V is increased. However in the other peak, the intensity 

o f <7^  is s ligh tly  decreased again as N  is increased. (Fig. 16 (b)) I t  is guessed 

tha t th is  is due to the competition of the o rb it size and the scatterering effect. 

A t low magnetic fields, the radius o f a Landau o rb it fo r an electron w ith  energy- 

near the  Fermi level is relatively large. I f  its diameter is larger than the spacing 

between scatterers, then the orb it is not closed since an electron is more likely to 

be scattered.
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D etailed  L ongitudinal C onductivities w ith  .V for th e  A nti-dot
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Figure 16: Detailed Longitudinal conductivities c f^ / {e 2/h )  vs. $  =  Ba2/<po for 
Uq =  1.235. N x =  N v =  4, n  =  3, n2D<22 =  0.5, and a =  200nm.

60

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



When the magnetic field increases, the Landau o rb it becomes smaller and is 

less likely scattered by the potential. So these electrons are more likely to con­

tribute to <7^ .  On the other hand, the smaller orbits make a smaller contribution 

to <7^ .  Therefore, the size of the orb it and the scatterering effect are compet­

itive. Theses competitions make the different amplitudes when .V is increased 

as shown in Fig. 16 (a) and (b). Fig. 15 (b) is the result for the intermediate 

modulation which is s ligh tly  larger than the Fermi level energy.T’o =  10) In this 

regime, we can s till observe the oscillations due to the density o f states when .V is 

increased. Because the electron can have more space between the scatterers and 

it behaves as i f  it is in  the normal 2DEG. When X  =  1. the intensities are appre­

ciably changed. Because the size of the scatterer is larger than the others and it 

makes the big scattering. This big scattering can make the forward or backward 

scattering. In  our case, at around $  =  2. there is the enhanced forward scat­

tering. So. the intensity is much bigger than th  eothers. This enhanced forward 

scattering is reduced when X  is increased. Anyway, the intensities are apprecia­

bly changed when the scattere size is changed because the electronic states near 

the Fermi level can experience the change o f the scatterer size. However, this 

oscillatory behaviour is completely disappeared in  the strong modulation case. 

Fig. 15 (c) shows the result for the strong m odulation case.(6o =  100) A t low 

magnetic fields, in  th is  figure, the oscillatory behaviour due to the density of 

states is completely replaced by the resonant peaks due to the scattering effect
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w ith  the scatterers. I t  reflects tha t the scattering effect due to the large o rb it 

at the low magnetic fields in the strong m odulation case is dominat rather than 

the oc illa to ry  behaviour due to the density of states. On the other hand, at 

high magnetic fields, the oscillatory' behaviour is s till observed. Because, at high 

magnetice fields, the electron orb it is small and the scattering effect is reduced. 

Therfore we can know, in this strong m odulation case, tha t the scattering effect 

by the scatterers is more dominat than the one due to the density o f states.

Q u a n tu m -d o t re g im e  Fig. 17 (a), (b). and (c) are the numerical results for 

the quantum dot regime with the various size o f the dots when .V is varied. The 

scattering mechanism is basically different from  the one for the anti-dot case. In 

quantum dot case, the main interaction w ith  the dot is the one captured by the 

dot. instead o f scattering off the scatteres in  the anti-dot case. Nevertheless, in 

the low m odulation case (Uq =  —1.235). a ll the features are almost same as the 

ones observed in the anti-dot case. (Fig. 17 (a) and Fig. 15 (a)) In  Fig. 17 (a), all 

the intensities are not sensitive for the change o f the dot size because the Fermi 

level energy, in th is low modulation case, can overcome the capturing strength 

o f the dot. And the oscillatory behaviour due to the density o f states is also 

observed w ith  the same period o f =  0.5 as in the anti-dot case. (Fig. 17

(b) shows the results for the intermediate dot modulation {Uq =  —10). In  th is 

m odulation, the Fermi level energy is compatible w ith  the capturing strength o f 

the dot. The intensities start to be modified by the capturing effect o f the dot.
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L o n g itu d in a l C o n d u c tiv it ie s  as a F u n c tio n  o f  N  fo r  th e  Q u a n tu m -d o t
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Figure 17: Long itud ina l conductivities o -^ / (e 2/h )  vs. $  =  Ba2/(p0 for the various 
size o f the dots. N x =  N y =  4. n =  3, ti^dc2 =  0.5, and a =  200nm.
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When -V is increased, the intensities of some parts are increased and the 

other parts are decreased due to the com petiton between the size of the orb it and 

the capturing effect o f the dot as in the anti-dot case. However, the oscillatorv 

behaviour due to the density of states is s till observed. When n =  1. the capturing 

effect by the dot is dominant and thus the oscillatorv- behaviour is appreciably 

modified. This oscillator}- behaviour is disappeared in the strong dot-modulation. 

Fig. 17 (c) is the results for the strong modulation case (U q =  —100). In this 

case, the oscillations w ith the period o f A4> =  0.5 is completely disappeared 

because the capturing strength(~ 12.TmeV) of the dot potential is much larger 

than the Fermi level energy (~  0.259mel') and so. the capturing effect is much 

more dom inant than the effect due to the density o f states. In  our case, when .V 

is increased, the intensities are increased. This is because the electron has more 

free space between the dots. Another one is that, in the quantum dot regime, 

when the magnetic field becomes large enough, the Landau orb it o f the electron 

becomes very small so that the orb it of the electron is smaller than the the size 

of the dot. In  this case, the electron can be bound w ith in  the dots. Actually 

our numerical calculations show that the range o f the cyclotron radii for large 

magnetic fields vary approximately from 50nm to lOOnm.(Table 1 This range is 

about the experimental quantum dot size. So i t  is possible for the electron to be 

bound to  the dot at high magnetic fields. Th is makes the amplitude of c r^  small.
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5.1 .2  D ependence o f  th e  Longitudinal C on d u ctiv ities on Uq
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Figure 18: Longitudinal conductiv ities a ^ / { e 2/h )  vs. $  =  B c r j o o for the various 
strength o f the scatterers. .Yx =  Ny =  4. n =  3. nova2 — 0.5. and a =  200nm.

A n ti-d o t reg im e  Fig. 18 shows the longitud ina l conductivities w ith  UQ 

fo r the AD  regime. In our case, for a =  200 nm and 6ro =  1.235. 2. 3. 4. 10. Fo =  

0.156. 0.253. 0.3S0. 0.506. and 1.265 meV. respectively and the Fermi level energy 

is ~  0.259rneV. (Table 3) So. the strength of the scatterer is com patible w ith  

the Ferm i level energy. Accordingly, the oscillatory behaviour is s till observed as 

in  F ig. 15 (a). But the intensities are appreciably changed w ith  Uo- In  general, if  

Uq is increased, then the scattering by the scatterer is more and so the electrons 

have less contribution to These phenomena occur a t high magnetic fields 

in  F ig. 18. A t low m agnetic fields, th is  effect is reversed. A t around $  =  0.8,
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the intensities o f cr^) are increased when U q is increased. This is due to  the 

scattering by the electron w ith  the large o rb it at low magnetic fields. In  th is 

case, the forward scattering is enhanced by the scatterers. This phenomenon also 

appears in quantum -dot regime.

4

2
x

e

0
0 2 3

<D=Ba 2/<t>0

Figure 19: Long itud ina l conductivities a !^ / (e 2/h )  vs. $  =  B a2/Oq for the various 
strength o f the dots. :YX =  A'y =  4. n =  3. n2d<z2 =  0.5. and a =  200nm.

Quantum-dot regim e Fig. 19 shows the long itud ina l conductivities cr^1 w ith  

UQ for the quantum -dot regime. The oscilla to ry behaviour is s till observed as 

in  Fig. 17 (a). As in  the anti-dot case, the intensities are appreciably changed 

w ith  U q. I f  U q is negatively increased, then the capturing effect by the dot is 

increased and so the electrons have less con tribu tion  to  a^ . This phenomenon is 

obviously observed at high magnetic fields in  F ig. 19. However, at low magnetic
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fields, th is  effect is reversed. A t around $  =  0.8, the intensities o f cr{£}  are 

increased when Uq is negatively increased. This is due to the interation between 

the quantum -dot and the electron w ith  the large o rb it at low- magnetic fields. 

As seen, in  the Fig. 9. the eigenvalues are negative below $  =  0.8. However, at 

around $  =  0.8. the o rb it size is commensurate w ith  the spacing between the dots 

and these negative eigenvalues are changed in to  positive eigenvalues. D uring  th is 

process, the electron is pushed by the dot and thus the forward scattering occurs. 

So. the intensities o f c r^  are increased when U q is negatively increased. A t very 

low m agnetic fields (below $  =  0.7). the intensities are norm ally decreased when 

C*o is negatively increased. This is beacuse the electron w ith  very large o rb it is 

bounded by the strong negative dot potentia l. In  th is  case, the bounding effect 

by the dot is much dom inant and the electron is more like ly  to  be bounded when 

the dot p o ten tia l is deeper. So. the intensities are decreased when Uq is negatively 

increased. From th is  phenomenon, we can see th a t the bounding effect by the 

dot p o ten ita l is d ifferent from  the scattering effect by the anti-dot scatterers.

5.2 H all C onductiv ities

In  th is  section. H a ll conductiv ity  c r^  w ill be discussed. As seen in  the Eq.(32) and 

(42). i t  is a ll e lectronic eigenstates below the Ferm i level energy tha t con tribu te  

to the H a ll co n du ctiv ity  a ^ .  Therefore, the low -ly ing  eigenstates can see the 

change o f the scatterer or dot size even though they have Fermi level energy
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to  overcome the strength o f the m odulation. So. it  is seen th a t the intensities 

are appreciably changed fo r a ll cases. We w ill consider the effect how the H all 

conductiv ity <r[!  ̂ depends on X  and Uq .

5.2.1 D ependence  o f th e  H a ll C o n d u c tiv itie s  on  .V

A n ti-d o t re g im e  Fig. 20 (a), (b). and (c) show the H all conductivities 

w ith  .V for the an ti-do t regime. Fig. 20 (a) is the result for the low m odulation 

case {Uq =  1.235). F irs t feature shown in th is figure is tha t when .V increases, 

the intensity of is increased. In  th is low m odulation regime, the Fermi level 

energy 0.259m eV)  is higher than the strength of the sctterers (0.156meV').

However, as mentioned above, since the H all conductivities are contributed 

by the a ll eigenstates below the Ferm i level energy, the low -lying states can see 

the change o f the scatterer size. And when X  is increased, the spacing between 

the scatterers is increased. So. the intensities of c r^  are increased. The second 

feature is th a t the ocs illa to ry behaviour due to the DOS is s till observed. This is 

because the Fermi level energy (~  0.259meV') is higher than the strength o f the 

sctterers (0.156meV'). The th ird  feature is tha t in  the low m agnetic fie ld region, 

c r^  is suppressed. Since a ll eigenstates below the Fermi level energy contribute 

to the not on ly  the states near the Ferm i level energy bu t also the low -lying

states below the Ferm i level energy' are to  be considerded.
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H all C on d u ctiv ities as a Function of JV for the A n ti-d ot
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Figure 20: H a ll conductivities a $ / ( e 2/h )  vs. $  =  Ba2/<po fo r the various size of 
the scatterers. N x =  N y =  4, n  =  3, =  0.5, and a =  200nm.
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The low -lying states have lit t le  p robab ility  to overcome the strength o f the 

scatterer and it  is more like ly  to  be scattered from the scatteres. And also, since, 

at low magnetic fields, the o rb it is large, they are affected by the scattering cen­

ters. These scattered electrons have smaller p robab ility  of con tribu ting  to 

For this reason, at low magnetic fields, <x^ is suppressed. Fig. 20 (b) is the 

result for the interm ediate m odulation case ( £ : q  =  10). The trend th a t, when .V 

increases, the intensity- o f is increased is p a rtly  preserved. However, in  th is 

regime, since the poten ita l barrier is high, the anormalous resonant scattering 

effects are shown. And also, the oscilla tory behaviour and the suppression o f the 

H all conductivities at low magnetic fields are observed. Fig. 20 (c) is the 

result for the strong m odulation case (Uq =  100). As in  the previous cases, when 

.V increases, the intensity o f crj°! is increased. And the oscilla tory behaviour and 

the suppression of the H a ll conductivities c r^  at low magnetic fields are observed. 

However, the s trik ing  feature in  th is regime is the negative H all conductivities 

at around $  =  0.8. In  th is  region, the o rb ita l rad ii are commensurate w ith  the 

spacing between scatters. So, the electrons w ith  th is  commensurate o rb it can 

make the backward scattering a fter scattered off the scatterers. Theses backward 

scattering effect makes the negative H a ll conductivities and they make the nega­

tive  H a ll resitiv ities which w ill be shown later. (See Fig. 32) In  th is  case, the net 

scattering force overcomes the Lorentz force, producing a negative H a ll voltage. 

In  our case, these negative H a ll conductivities are negatively increased when Uq
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is increased.
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Figure 21: Negative H a ll conductivities a [^ / (e 2/h )  vs. $  =  Ba2/Oo at low 
magnetic fields .Yx =  ,Vy =  4. n =  3, n^’oa2 =  0.5. and a =  200nm.

When U q =  1.235 (F ig  21 (a )), the negative H a il conductivities axe barely 

seen at low magnetic fields. The reason is th a t, in  th is  low  m odulation case, the 

scattering effect is very weak because the po ten tia l ba rrie r is not high. Accord­

ingly. the backward sca ttering is also weak and the negative H a il conductivities 

are barely seen a t low  magnetic fields. However, when U q =  10 (F ig 21(b)). the 

situation is s lig h tly  d iffe rent. The negative H a il conductiv ities are recognizably 

seen at around $  =  0.8 fo r N  =  1 case. In  th is  interm ediate m odulation case, 

the potentia l barrie r is higher than the case when U q =  1.235. So, the scattering 

effects are more and the backward scattering can be more. In  our case, the pos-
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sible backward scattering occurred fo r large scattere size (.V =  1). The strong 

m odulation case. W hen U q =  100 (F ig  20(c)). the negative H all conductivities are 

remarkable a t aroud $  =  0.8 for the steeper po ten tia l (.V =  10). Fom these facts, 

we can guess th a t these negative H all conductivities come from  the backward 

scattering by the scatterers.

Q u a n tu m -d o t re g im e  Fig. 22 (a), (b). and (c) show the numerical results o f 

the H a ll conductiv ities w ith  .V for the quantum -dot regime. Fig. 22 (a) is for 

the low m odulation case (Uq =  —1.235). A ll the features are same as seen in 

Fig. 20 (a). W hen the dot size is reduced (A ' is increased), the intensities are 

increased because the elcetron can have more space between the dots . And the 

oscilla tory behaviour due to the DOS is obviously observed since the depth o f 

the dot is not deep. And also, the suppression o f the intensities at low magnetic 

fields is observed as in  the anti-dot case. (F ig. 20 (a)) W hen Uq =  —10 (F ig. 20

(b )j. the osc illa to ry behaviour is s till observed for N  =  3.5. and 10. But th is 

oscilla tory behaviour is disappeared for N  =  1. instaead. there are appreciable 

negative H all conductivities as in the an ti-do t case. However, in  th is  case, plus- 

to-m inus oscilla tions which are not observed in  an ti-do t case are observed. These 

plus-to-m inus oscillations are due to the Aharonov-Bohm  oscillations. Due to 

the increase o f U q, the guid ing centers are m ixed and the electron orb its can be 

overlapped each other.
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H all C onductivities as a  Function  o f Ar for the Quantum-Hot.
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Figure 22: H a ll conductivities a ^ / { e 2fh )  vs. $  =  Ba2/<pQ fo r the various size o f 
the dots. Nx =  N y =  4. n =  3, t i2dcl2 =  0.5, and a =  200nm.
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So. th is overlap of the electron orb its due to the m ixing o f guiding centers 

causes more trapping by the quantum  dot and eventually, the net scattering 

force overcomes the Lorentz force, producing a negative H all conductivity. This 

generates the large plus-to-m inus oscillations in p£). These plus-to-m inus oscil­

lations are also observed for the sm all size (.V =  10) o f the dot w ith  Co =  —100 

(F ig. 22 (c )). B ut. in th is small and deep dot case, the negative intensities are 

much more reduced than when Cro =  —10 because the electron is more like ly  to 

be bound w ith in  the dot instead o f generating the backward scattering. Fig. 23 

supports th is bounding effect.

0

N=1
N=3
N=5

6
0 2 3

<0=Ba2/<t»o

Figure 23: H all conductivities a ^ / { e 2/h )  vs. $  =  Ba2/Oq for various size o f the 
dots w ith  Uq =  —100. Nx =  Ny =  4, n =  3. n2D&2 =  0.5. and a =  200nm.

In  Fig. 23, the negative intensities are appreciably reduced when N  is de­

creased. This means tha t, for the larger size o f the dot. the electron is more
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like ly  to be bounded w ith in  the dot. The fact th a t the negative intensities are 

reduced when Co is increased, is contrast w ith  the a n ti-do t case in  which the back­

ward scattering is enhanced and make the negative intensities large w'hen C'o is 

increased. From  these facts, again, we know' th a t the negative H all conductivities 

are generated when the backw'ard scattering is dom inant.

5.2.2 D ependence o f the Hall Conductivities on Co

300

_ _  u.=2 

-  -  u,=3 
  u3=<CM

© 150
»c

o

0 32

<!>=Ba2/<p0

Figure 24: H a ll conductiv ities a ^ / ( e 2/h )  vs. $  =  Be? j o o fo r various strengths 
o f the scatterers w ith  N  =  1. iVx =  N y =  4, n =  3. U2o a 2 =  0.5. and a  =  200nm.
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A n ti-d o t re g im e  Fig. 24 shows the H ail conductivities ( V ^ )  for various strengths 

of l'o  fo r the positive  scatterers. A ll the features are s im ila r w ith  the results for 

the (o -^ ) fo r various sizes o f N  for the positive scatterers (ref.20) because the 

strength o f the scatterer is not much higher than the Ferm i level energy. So. we 

can see the osc illa to ry  behaviour due to  the DOS. And the suppression o f the 

H all conductiv ities is also shown at low- magnetic fields. However, the intensi­

ties of the H a ll conductivities are decreased when U0 is increased as expected. 

Basically, when L'o is increased, the scattering by the po ten tia l is increased and 

the conductiv ities are decreased. So the intensities are decreased when L'o is 

increased.

250

=% 0 »*

~o

-250
0 1 2  3

<!>=Ba2/<t>0

Figure 25: H a ll conductivities cr$ /{e 2/h )  vs. <£ =  B a 2/4>o for various depths of 
the dots w ith  N  =  1. N x =  N y =  4, n  =  3, n ^ a 2 =  0.5, and a =  200nm.
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Q u a n tu m -d o t re g im e  For sm all L ’o ( — 1.235. —2. —3). a ll the features are sim­

ila r w ith  the previous anti-dot case. We can see the oscillatory behaviour due 

to the DOS. And the suppression o f the H all conductivities is also shown a t low 

magnetic fields. In  addition  to  th is, the intensities o f the H all conductivities are 

decreased when Uq is negatively increased because the electron is more trapped 

by the dot potentia l. B ut th is s itua tion  is quite different when L'o =  —4 and —10. 

When L'o =  —4or — 10. c r^  has negative valus(for L'o = —4) or plus-to-m inus 

oscillations (fo r L'o =  —10). W ith  the same reason as in  the quantum -dot case 

in section 5.2.1. when L ’o is negatively strong (L 'o  =  —4or — 10). the overlap 

o f the electron orb its due to the m ixing o f guiding centers causes more trapp ing  

by the negative potentia l and eventually, the net scattering force overcomes the 

Lorentz force, producing a negative H all conductivity. This generates the large 

plus-to-m inus oscillations in  p(°J. These negative values generate the negative 

H all resistivities later.

5.3 Longitudinal R esistiv ities

In  th is section, we present the numerical results fo r the longitud ina l resistiv ities 

(Pxx ) f° r dim ensional square array o f antidot and dot potentials w ith  various 

sizes and strengths according to  the values o f N  and Uq. Because our m odel is 

the square array o f an ti-do t or dot m odulation, x  and y  d irection are sym m etry. 

So the Long itud ina l R esistivities are obtained from  the Eq. (58)
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5.3.1 D ep en d en ce o f  th e  Longitudinal R esistiv ities  on  .V

2

N = 1
 N=3
 N=5
  N=10

XX
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N = 1
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 N=5
  N=10
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0.0
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<t»=Ba2/o0 d>=Ba2/0o

(a ) Co =  1.235 (b ) Cr0 =  100

Figure 26: Long itud ina l R esistivities p ^ / ( h / e 2) vs. $  =  B a 2/ o o for various size 
o f the scatterers : A'x =  N y =  4. n =  3. ti2da2 =  0.5. and a =  200mm.

A n ti-d o t re g im e  P lo tted  in  Fig. 26 (a) and (b) are the long itud ina l resistivi­

ties for the an ti-do t regime (Uq >  0) when N  is varied. Fig. 26 (a) shows

the long itud ina l resistiv ities fo r the low m odulation case. As in  the previous case, 

a ll the curves are not sensitive fo r the variation o f the scatterer size because the 

Fermi level is higher than the strength o f the scatterers. However, one big peak 

is shown at low m agnetic fields. This big peak is not changed appreciably as 

N  is changed. According to  the Eq.(58), the am plitude o f in  the low mag­

netic field lim it depends on since <7^ is suppressed at low  m agnetic fields as 

shown in  F ig. 15 and F ig. 20. Therefore, we can see th a t a t low magnetic
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fields is contribu ted by the electrons neax the Ferm i level energy because 

is contribu ted by those electrons. As we explained, the Ferm i energy, which is 

~  0.259 meV. is higher than the the po ten tia l strength Uq =  1.235 (or Vo =  0.156 

meV). Therefore, considering energies, the electrons w ith  higher Ferm i energy 

than the po ten tia l strength can probably go over the po ten tia l barrier. For th is 

reason, those electrons w ith  higher Fermi energy are not much affected by the 

varia tion  o f the scatterer size. However, it  is guessed tha t th is big peak comes 

from  the ba llis tic  scattering due to the sample boundary. A t low magnetic fields, 

the cyclotron o rb it is very large. In  our case, its  radius is around four times 

bigger than the m odulation la ttice  period. So those large o rb its  o f the electrons 

w ith  the Ferm i level energy which is higher than the starength o f the scatterer 

can touch the sample boundary because our sample has 4x4 square array o f an ti­

dot. I t  behaves like the b a llis tic  scattering. So. we increased the strength o f the 

scatterers to reduce the sample boundary effect. I t  is shown in  Fig. 26 (b). This 

is for Uq =  100 (or Vo =  12.6 meV). In  th is  figure, the big giant peak is much 

reduced and another resonant peaks are shown. So. i t  is guessed th a t th is big 

peak comes from  the b a llis tic  scattering due to the sample boundary. Another 

feature in  Fig. 26 (a) is the scattering effect for the varia tion  o f the scatterer 

size. Even though the intensities are not very sensitive for the va ria tion  o f the 

scatterer size because the Ferm i level energy is higher than the strength o f the 

scatterers. we can see a liit le  change o f the intensities. Fig. 27 (a) and (b) are
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for the detailed Longitudinal R esistivities / (h /e 2) at low and h igh magnetic 

fields, respectively.

1.7

- -  N=3
 N=5
  N = 10

1.1

0.5
0.3 0.4 0.5 0.6 0.7 0.8

3>=Ba /<&„

(a) at low $>

5.0e-4

2.5e*4

o
CL

0.0e+0

2.6 3.01.8 2.21.4

4»=Ba /<pQ

(b) at large <£

Figure 27: D etailed Longitud ina l R esistivities: p ^ / ( h / e 2) vs. <£ =  Bar j o  o for 
L'o =  1-235 -Yx =  .Vy =  4. n =  3. rio^a2 =  0.5. and a =  200nm.

In  Fig. 27 (a), when N  is increased, the amplitudes are s lig h tly  increased. 

However, the opposite behavior to th is occurs in  a ll the other ranges o f <£. (F ig. 27

(b )). Tha t is. when N  is increased, the am plitudes are decreased. So. we can see 

th a t the effect due to  scattering on an open o rb it in  the low magnetic fie ld  region, 

is different from  th a t in  the high magnetic fie ld region. A t low m agnetic fields, the 

cyclotron o rb it includes two to  four scatterers. These large o rb its  are not closed 

as the electrons are scattered. These open orb its depend on the steepness o f the 

potentia l barrie r. In  general, the steeper po ten ita l makes the larger resistiv ities.
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So th e ir contributions to make the amplitudes s lig h tly  larger when JV is 

increased. Another analysis is th a t th is  reflects the forward scattering is enhanced 

by the scatteres when .V is decreased in  th is region. So when JV is decreased, the 

eletrons are pushed forward so th a t the conductivities are increased and thus the 

resistivities are increased. However, at high magnetic fields, p ^  depends more 

on since the H all conductiv ity  has large amplitudes there. Also, the size of 

the o rb it, in th is range o f magnetic fields, is just comparable w ith  or sm aller than 

the la ttice  size. So the electron m otion depends more on the spacing between the 

scatterers than the steepness o f the slope. As N  increases, the s lig h tly  w ider space 

between the scatterers is created and due to those wider spaces, the conductivities 

are increased and the resistivities are decreased as shown m Fig. 27 (b). This 

behavior s im ila rly  occurs fo r the quantum  dot regime bu t a s lig h tly  different 

feature is obtained in  the low magnetic field region.
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L ongitudinal R esistiv ities  as a Function o f  N  for th e Q uantum -dot
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Figure 28: Long itud ina l resistiv ities p£ }/(h /e2) vs. ^  =  Ba2/<pQ fo r the various 
size o f the dots. N x =  N y =  4, n  =  3, n 2Da2 =  0.5, and a =  200nm.
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Q u a n tu m -d o t re g im e  Fig. 28 (a), (b). and (c) gives the num erial results of 

longitud ina l resistiv ities for the Quantum -dot po ten tia l as .V is varied. Fig. 28

(a) is for the low  m odulation case {U q =  —1.235). A ll the features are same as 

in the anti-dot case because the Fermi level energy is higher than the strength 

of the dot. There is a big peak at low magnetic fields, guessed as the ba llis itc  

scattering due to  the sample boundary. And when -V is changed, th is peak is 

not appreciably changed. A lso.at high magnetic fields, when N  is increased, the 

intensities are decreased due to more free space between the dots.(F ig. 29 (b))

<23 
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 N=3
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CL.

Qe+0

1.4 1.8 2.2 2.6 3.0

$=Ba /<t>0

(b ) a t la rg e  $

Figure 29: D etailed Long itud ina l Resistivities; p ^ / { h / e 2) vs. $  =  B a2/®o for 
Uq =  1.235 N x =  N y =  4, n =  3. nm a2 — 0.5, and a =  200nm.

However, at low  magnetic fields, the in tensity  change is s ligh tly  different from  

tha t in  an ti-do t case. Because when N  is increased, the intensities are decreased
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which is contrast w ith  the anti-do t case.(Fig. 29 (a)) In  th is  quantum  dot case, 

the open o rb it at low magnetic fields is captured by the do t. So. if  the dot size is 

bigger, then the p ro ba b ility  o f being captured by the dot is increased. Therefore, 

the intensities o f long itud ina l resistivities are increased when X  is decreased. 

Fig. 28 (b) supports th is fact. Fig. 28 (b) is fo r the negatively stronger dot them 

Fig. 28 (a) case. In  th is  figure, the intensities at low m agnetic fields are drastica lly 

changed even though the ba llis tic  scattering due to the sample boundary is s till 

shown. When X  is increased, the intensities are decreased. This means that 

if  the dot size is shrinked. then the p robab ility  o f electron's being captured is 

decreased and the resistiv ities are decreased. W hen X  =  1 case, there is a big 

change in intensities at low magnetic fields. W hen X  =  1. the dot size is biggest 

in our case and the capturing capab ility  is largest. Therefore, at low magnetic 

fields, capturing  effect is more dom inant than the ba llis tic  scattering due to the 

sample boundary in  th is  stronger m odulation. T ha t is w hy there is a big change 

in intensities a t low magnetic fields. A t high magnetic fields, there are some 

resonant peaks due to  the commensurate o rb it w ith  the spacing between the dots 

at around $  =  2.1 and $  =  2.7. These resonant peaks are very well shown in  the 

strong m odulation case. Fig. 28 (c) is for the strong dot. A t low magnetic fields, 

there are low -fie ld  g iant peaks which are reduced when N  is increased as before. 

And the low fie ld  peak due to  the sample boundary is a lit t le  b it shwon a t around 

$  =  0.7. B u t i t  is alm ost disappeared because th is  case is strong m odulation case.
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So we can see tha t the boundary effect is screened by the capturing effect. In  

the whole range o f <&. there are many resonant peaks due to  the commensurate 

o rb it w ith  the spacing between the dots. These resonant peaks are reduced when 

is increased. This is contrst w ith  the low m odulation case Fig. 28 (a). From 

these facts, in th is strong case, even at high magnetic fields, the capturing effect 

is more dom inat than the co n tribu tio n  due to the free space.

5 .3 .2  D ependence o f th e  L o n g itu d in a l R e s is tiv itie s  o n  U0

A n ti-d o t reg im e  Fig.30 (a) shows the longitudinal resistivities ) fo r the 

an ti-do t regime as L'o is varied. As before, the low field giant peak due to  the bal­

lis tic  scattering by the sample boundary is s till seen at around =  0.7 because, as 

mentioned above, the strength of the scatterer is not much higher than the Fermi 

level energy. A t low magnetic fields, the amplitudes are s ign ificantly changed 

w ith  U q. When Uq is increased from  U q =  1.235 to 3. the am plitudes decrease 

and when Uq =  4. the am plitudes axe abrup tly enhanced and when U q =  10. 

they go back to the lower am plitude than the ones when U q is increased from  

Uq =  1.235 to 3. This reflects th a t when U q is increased, some scattering is in 

the forw ard direction and others are in  the backward because they are random ly 

scattered. I f  the net scattering is forward, then it  increases the conductivities and 

decreases the resistivities and vice versa, i f  i t  is backward. For th is  reason, the 

in tens ity  fo r Uq =  4 is due to  the dom inant backward scattering o ff the an ti-do t
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scatterers and a ll the others are dom inant forward scattering. A t $  > 1 regions, 

there are some resonant scattering effects due to the commensurate o rb it o f the 

electron w ith  the space between the scatterers. When U q =  10. the resonant 

scattering occurs at around $  =  1.1 and when Uq =  4. the resonant scattering 

occurs at around $  =  2 and $  =  2 .3 .
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Figure 30: (a) Long itud ina l Resistivities p ^ / ( h / e 2) vs. $  =  B a r / oq w ith  U q 
fo r .V =  1 (b) Detailed double peak structures w ith  U q where N  =  1 is used 
fo r U q =  1.235 ~  10 and N  =  10 is used for U q =  100: N x =  Ny =  4. n =  3. 
H2d q2 =  0.5. and a — 200nm .

The characteristic feature in  th is resonant scattering is the double peak struc­

ture shown in  U q =  10 case. The firs t peak is not appreciably changed but the 

second peak is d rastica lly  changed when U q is increased, especially fo r Uq =  10. 

The firs t peak is, as mentioned above, considered as a geometric effect such as
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the b a llis tic  scattering. On the other hand, the second peak is due to resonant 

scattering o ff the an tido t potential since the am plitudes are gradually increased 

when Go is increased. These double peak structures are magnified in  Fig. 30 (b) 

to discuss fu rth e r. Fig. 30 (b) is the results fo r the double peak structures mag­

nified from  F ig. 30 fa) and Fig. 26 (b). M agnified from  Fig. 30 fa) is for .V =  1 

and M agnified from  Fig. 26 (b) is fo r N  =  10 to  show the double peak structures 

very well. Except Go =  4 case, the firs t peak is reduced when Uq is increased. 

W hat th is means is th a t the geometric effect is screened by the strong an ti-do t 

potentia l. However, the second peak is gradually increased when G’0 is increased. 

So. th is second peak is considered as the result o f resonant scattering o ff the 

antidot po ten tia l. This double peak structu re  is also shown in  the experiments 

for the strong m odulation.! 18]

Q u a n tu m -d o t re g im e  Fig. 31 shows Long itud ina l Resistivities fo r the 

various depths o f the dots in the quantum -dot regime. A t low magnetic fields, 

the intensities axe gradually increased when Go is negatively increased. Th is is 

contrast w ith  the an ti-do t case.fFig. 31) In  a n ti-d o t case, the forward scattering 

by the scatterers was dom inant at low m agnetic fields bu t. in  th is quantum -dot 

regime, th is  fo rw ard scattering is not occurred by the capturing effect o f the dots. 

So. when Uq is negatively increased, the captu ing capab ility  is increased and the 

resistivities are increased. A t high magnetic fie lds, there are some resonant peaks 

due to the commensurate o rb it w ith  the space between dots as in  the an ti-do t
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Figure 31: Long itud ina l Resistivities p {̂ / { h / e 2) vs. $  =  B a 2/ o 0 w ith  negative 
L q for A =  1. A x — A v =  4. n =  3. /72Dq2 =  0-5. and a =  200nm.

ease.

5.4 H all R esistiv ities

In  th is section, we present the num erical results fo r the Hall resistiv ities (p£y ) f° r 

two dim ensional square array o f antidot and dot potentials w ith  various sizes and 

strengths according to the values o f N  and U q as in  section subsec:2drhoxx0. The 

H a ll R esistiv ities are obtained from  the Eq. (59) In  contrast to  the long itud ina l 

res istiv ities, they more depend on the behavior o f as seen in  Eq. (59). Here, 

the quenchung and the negative H all res istiv ities are discussed. These quenching 

and the negative H a ll resistivities are found in  the other experiments fo r the strong
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m odulation a n ti-d o t.[18. 46] In  th is section, these effects are fu rth e r analyzed by 

varying the size (.V) and the strength (L’o) of the m odulation.

5.4.1 D ep e n d en ce  o f th e  H a ll R e s is tiv itie s  on  JV

A n ti-d o t re g im e  Fig. 32 (a), (b). and (c) are the num erical results for the 

H all resistiv ities ( p ^ )  w ith  different JV for the an ti-do t regime. Fig. 32 (a) is 

fo r the low m odula tion case L’o =  1.235. The oscilla to ry behavior due to the 

DOS. as expalined in  section 5.1 and 5.1. is shown because the m odulation is 

low. When the scatter size is decreased (i.e. .V is increased), the H all resistivities 

are decreased because the electron can have more space between the anti-dots to 

freely move. The characteristic feature is tha t the H all resistiv ities are quenched 

at low magnetic fields. In  our case, th is  quenched H all res istiv ities at low magnetic 

fields are due to  the suppression o f ( o ^ ) -  (Fig. 20) The suppression of ( ^ ° J) 

means tha t the co llim ated electrons which experience the forw ard scattering after 

scatterred by the po ten tia l can have the same energies as the H all voltage and 

there are no net current in H all voltage direction so th a t the H a ll voltage is 

quenched. Therefore, the quenching effect, in  our case, is considered as the 

result due to  the resonant scattering o f the collim ated electrons scatterred by the 

scatterers. These quenching effect is shown in  a ll three figures (a), (b), and (c). 

I f  these co llim ated electrons can have more energies to  overcome the H all voltage, 

then it  can have even the negative H a ll resistivites.
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H all R esistiv ities  as a Function o f  N  for th e  A nti-dot
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Figure 32: H a ll res is tiv ities p ^ / { h / e 2) vs. $  =  Ba2/(f>o fo r the various size o f 
the anti-dots. iVx =  N y =  4, n =  3, n ^ a 2 =  0.5, and a =  200nm.
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I t  is hard to see th is negative H all re s is tiv ity  in  Fig. 32 (a) because it  is 

too sm all. B u t. it  is seen very well in  Fig. 32 (b ). Fig. 32 (b) is for the H a ll 

res istiv ities (p ^ J  o f the interm ediate m odulation Uq =  10 case o f a n ti-do t w ith  

different .V. I t  also shows the quenching effect at low  magnetic fields due to  the 

resonant scattering o f the collim ated electrons. Except fo r N  — 1 case, the H a ll 

resistiv ities are decreased when N  is increased because the electrons can have 

more space between the anti-dots to freely move. However, in  th is figure, the 

s trik in g  feature is the negative H all resisitvities a t around $  =  0.8 in .V =  1 

case due to  the resonant scattering o f the collim ated electrons which have more 

energies to  overcome the Hall voltage. This negative H all resistivites depend on 

the strength  o f the scatterers in our case.
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Figure 33: Negative H all Resistivities p ^ / ( h / e 2) vs. <£ =  Ba2/(bo (a) w ith  U q 
for N  =  1 (b) w ith  N  fo r Uq =  100; Nx =  N y =  4, n  =  3, n2D^ 2 =  0.5, and 
a =  2 0 0nm .
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Fig. 33 (a) shows th is scatterer strength dependent negative H a ll resistivities. 

F ig. 33 (a) is the m agnified result o f Fig. 32 (a), (b). and (c) fo r X  =  1 . When 

L'o =  1.235. the negative H a ll re s is tiv ity  is too sm all to  see the effect. B u t when 

L q is increased from  10 to  100. the negative H all resistiv ities are increased and 

shifted toward the low m agnetic fields due to the w id th  o f the cosine m odulation. 

Because, when the am plitude o f the cosine m odulation is increased, the w id th  is 

also increased as well as its  am plitude. Anyway. I f  the strength  o f the scatterers 

is increased, then the forw ard scattering can be enhanced and it  can have more 

p ro ba b ility  o f overcoming the H a ll voltage so th a t the negative H a ll resistivities 

are increased. So. we can see th a t the negative H all res is tiv ities are due to 

the resonant scattering o ff the barriers. In addition to th is , th is  negative Hall 

re s is tiv ity  also depends on the size o f the scatterers. I t  is shown in  Fig. 33 (b). 

In  our case, when X  is increased, the negative H all res istiv ities are .w ith  the 

exception o f .V =  5 case, decreased because the electron have more space to 

move wfhen X  is increased. From  these facts, we conclude th a t the negative Hall 

resistiv ities are due to  the resonant scattering o f the collim ated electrons to be 

able to  overcome the H a ll voltage and depend on the scatterer sizes as well as 

th e ir strengths.

Q u a n tu m -d o t re g im e  F ig . 34 (a), (b), and (c) are the num erical results for 

the H a ll resistiv ities ( p ^ )  w ith  d ifferent N  for the quantum -dot regime. Fig. 32

(a) is fo r the low  m odula tion case Uq =  —1.235. A ll the features are s im ila r w ith
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the an ti-do t case because the m odulation is low. The oscilla tory behavior due to  

the DOS is shown and when the scatter size is decreased (i.e. .V is increased), 

the H a ll res is tiv ities are decreased because the electrons can have more space 

between the dots to  freely move. And also, the H a ll resistivities are quenched at 

low magnetic fields. B ut the negative H a ll resistiv ities s till are not seen because 

it  is too sm all. Fig. 34 (b) is for the interm ediate m odulation case Uq =  —10. 

S im ilar features are shown as in  the low m odulation case L'o =  -1 .235 except 

when .V =  1 . W hen N  =  1. the negative H all resistiv ities are begun. However, in  

contrast w ith  the an ti-do t case, the negative H all resistiv ities are at high magnetic 

fields ($  >  2 fo r Uq =  —10). In  the anti-dot case, they were at low magnetic fields 

(<£ <  1). In  an ti-do t case, the p robab ility  o f overcoming the H all voltage is more 

at low m agnetic fields than at high magnetic fiels because the scattering depend 

on the o rb it size. B u t. the Quantum -dot case has some different situation. When 

$  is increased, the o rb it size is reduced and i f  its  size is small enough so th a t it  

is trapped w ith in  the dots, the high field electron can be captured by the dots 

at high m agnetic fields. Therefore, if  th is  cap turing  capab ility  is enough so as to 

overcome the H a ll volatge, then the high fie ld  electron can make the negative H all 

resistivities. T h a t is why, in  the quantum -dot case, the negative Hall resistivities 

are at high m agnetic fields. This is supported by F ig. 34 (c). Fig. 34 (c) is for 

the strong m odula tion  case Uq =  —100. Th is figure also shows the negative H all 

resistiv ities at h igh  magnetic fields (in  th is case, $  >  1 ) as before.
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H a ll R e s is tiv itie s  as a F u n c tio n  o f N  fo r  th e  Q u a n tiim -H n t

0.08

N=1 
- -  N=3
 N=5
  N=10

0.00

0 1 2 3

4>=Ba2/0o

(a ) L'0 =  -1.235

0.5

------—  0.0CM

>
~b- -0.5

N=1 
- -  N=3
 N=5
  N=10

- 1.0
0 1 2 3

<l>=Ba2/<t>0 

(b ) Co =  - 1 0

-25"a.

-50
0 2 31

<fc=Ba/0o

(c ) U0 =  -1 0 0

Figure 34: H a ll resistivities p ^ / { h / e 2) vs. $  =  B a2/<t>o fo r the various size o f 
the dots. Nx =  N y =  4. n =  3, ri2Qa2 =  0.5, and a =  200nm.
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However, in  th is figure, the negative H all resistivities are oscilla ting  w ith  

many periods. These oscillations are not due to the DOS. Because the oscillation 

period due to the DOS is A $  =  0.5 bu t. in  th is strong m odulation case, the period 

is A<£ ~  0.2. So. we can see th a t these oscillations are not due to  DOS. These 

oscillations are considered as the Aharonov-Bohm  oscillations. For $  =  0.7 ~  2.0. 

in our case, the LL m ixing occurs or even the LLs at high magnetic fields are 

close to  each other. Therefore, the wavefuntions are overlapped so th a t they 

lead to more tunneling between dots However, when U q =  —100. the overlap 

due to guiding center m ixing causes more trapping by the negative po ten tia l and 

eventually, the net force overcomes the Lorentz force, producing a negative Hall 

resistiv ity. The effect from  magnetic breakdown when the electrons are trapped 

by strong dots, forces the electrons in to  either edge orb its (counterclockwise) 

or closed antidot-like  orb its (clockwise). These two different paths make the 

Aharonov-Bohm  oscillations. The oscillations shown in Fig. 34 (c) are considered 

as th is kind of Aharonov-Bohm  oscillations. The negative H a ll resistiv ities w ith  

th is ocsilla tion  are gradually decreased when $  is increased fo r <5 =  1 ~  2. This 

means th a t the resonant condition is reduced when the o rb it size is reduced. For 

$  >  2. the negative H a ll resis itiv ities are again increased. T h is reflects th a t the 

sm all size o f the o rb it can be captured by the strong dots. I f  these sm all size 

o f o rb its are captured by the strong dots so as to  overcome the H a ll voltage, 

then it  makes the b ig  negative H a ll resistivities. T ha t is w hy the negative H all
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res istiv ities are increased again fo r $  >  2. These H a ll resistivites have the exact 

oscilla tion  period even when the dot size is changed. In  add ition  to  th is. When 

the dot size is reduced, the  negative H all resistiv ities are reduced as expected 

because the capturing capabilities are reduced. O f course, the quenching effect 

is observed at low magnetic fields.

5.4.2 Dependence of th e  H all R esistivities on U q

0. 30

0. 15

0.00

0 2 3

0=8 a /®n

(a) A nti-dot

u„=-' .235

u.=-10

4>=Ba /®0

(b) Quantum-dot

Figure 35: H a ll R esistivities p ^ / ( h / e 2) vs. 0  =  B a2/<Po (a) A n ti-d o t for N  =  1
(b) Q uantum -dot fo r N  =  1; N x =  N y =  4, n =  3, nm a2 =  0.5, and a — 200nm.
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A n ti-d o t re g im e  Fig. 35(a) shows how the H a ll resistiv ities cure affected by 

the varia tion o f L'o for a an ti-do t regime. When Uq is increased, the electrons are 

more scattered by the scatterers. So the H all resistiv ities are increased when U q 

is increased. A ll the other features me same as in section 5.4.1. A t low magnetic 

fields, the H all resistiv ities are quenched and the oscilla to ry behaviour due to the 

DOS are s till observed.

Q u a n tu m -d o t re g im e  Fig. 35(b) shows how the H a ll resistiv ities are affected 

by the varia tion o f U q for a quantum -dot regime. W hen U q is negatively increased, 

electrons are apt to be confined w ith in  dots. So the H a ll resistiv ities are increased 

w ith  !Lo!. W hen U q — —1.235 through —4. the am plitudes are increased but not 

yet plus- to-m inus oscillations. For Uq =  —10. they have large plus-to-m inus 

oscillations. As in  the quantum -dot case in section 5.4.1. these plus-to-m inus 

oscillations are considered as the Aharonov-Bohm oscillations.
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6 N um erical R esults o f QM T Coefficients for 

ID  M odulation

We now present num erical results for the band parts o f a ll Q M T coefficients in  the 

x  d irectional m odulation on QW. We used the equations for the ID  m odulation 

defined in  section 4.3 to calculate Q M T coefficients. Because only the x  d irection 

is modulated, x  and y are not symmetry. Therefore, we compute a ll components: 

Transverse C onductiv ities (along the m odulation d irection) H all C onductiv­

ities <t^ .  Long itud ina l Conductivities (along the QW' ch annel) cr(°L Transverse 

Resistivities (along the m odulation d irection ) . H a ll Resistivities p(x°J. and 

Longitud ina l R esistivities (along the Q W  ch a n n el) p ^ .  where

(60)

p£>(0) =  -$ > (0 )  =
org)(0)<rS)(0) +  [a'PlOp ' (61)

(62)
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6.1 Transverse C onductiv ities
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Figure 36: Transverse (along the m odulation d ire c tio n ) conductiv ities /(e 2/h )  
vs. $  =  B a2/<pQ for the various p o ten tia l barriers in  the one dim ensional mod­
u la tion . N x =  N y =  6, n  =  10, U2do-2 =  0.5, and a =  200nm . (a) Transverse 
conductivities w ith  N  fo r the Q W  po ten tia l in  Eq. (15) w ith  Uq =  1.235 (b) Trans­
verse conductivities w ith  Uq fo r the Q W  potentia l in  Eq. (15) w ith  N  =  1. (c) 
Transverse conductivities w ith  N  fo r the QW  poten tia l in  Eq. (15) w ith  Uq =  100
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Shown in  F igure 36 (a), (b ). and (c) is the num erical results o f transeverse 

(along the m odulation d irection  ) conductivities (c r^ )  in  the x-d irectional mod­

ulation fo r the diverse p o ten tia l barriers. For the weak m odula tion case (F ig. 36

(a). C'o =  1.235. V0 =  0.156 meV ). when $  is increased, the in tensity o f c r^  is 

m onotonically decreased. And a ll the features in  F ig. 36 (a) are not apprecia­

b ly changed by the w id th  o f the potentia l barrier (w ith  .V). According to the 

E q .(A l ). is con tribu ted  on ly  by the electrons near the Ferm i level energy. In 

our case. Vq =  0.156 meV fo r Uq =  1.235 and a =  200 nm. A ll the Fermi level 

energies in  whole range o f $  are 0.203 - 2.03 meV which are above the strength 

o f the po ten tia l. Vq =  0.156 meV. Accordingly, electrons w ith  those Fermi level 

enegies can have more capabilities o f going over the po te n tia l barrier. So the 

electrons in  these electronic states are not much affected by the potentia l barrier 

and thus more depend on the size o f the electronic o rb it. W hen <£ is increased, 

the size o f the o rb it is reduced and these electrons less conribute to  the conduc­

tiv itie s  a And also, these electrons can 't feel the va ria tion  o f the w id th  o f the 

potentia l ba rrie r. The reason is th a t the electrons are in  the Ferm i level energies 

which are above the p o ten tia l barrier. W ith  th is  reason, a ll the features in  Fig. 

36 (a) are not appreciably changed by the w id th  o f the  po ten tia l barrier (w ith  

N ). This phenomenon is also supported by Fig. 36 (b ). In  these figures, it  

is seen how the features axe m odified w ith  the va ria tion  o f the strength o f the 

potentia l Vo. In  F ig. 36 (b ), fo r a =  200 nm and Uq =  1.235, 2, 3, 4, 10, V0 =
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0.156. 0.253. 0.380. 0.506. and 1.265 meV, repectively. On the other hand, the 

Fermi level energies are 0.203-0.676 for $  <  1 and 0.823-2.03 for $  >  1 in the 

un it o f meV. respectively. So. for the range o f $  <  1. the Fermi level energies 

are comparable w ith  the potentia l height and thus there are dram atic changes 

o f intensities o f a!£) in  the low magnetic fie ld regions. These changes are due to  

the potentia l ba rrie r effect. When the Q W  barrie r height is increased, the kinks 

become deeper a t $  =  0.5 and another resonant peak is shown at =  0.8 fo r 

Uq =  10 case. For <£ >  1 region, the features are same as in  Fig. 36 (a). Because 

the Fermi level energies are above the barrier height. However, a ll these features 

are com pletely m odified fo r the case o f Go =  100 (Vo =  12.65meV') as seen in Fig. 

36 (c). In  th is strong m odulation case, the Ferm i level energies are far below the 

Q W  barrier height. So. in  the whole region, the electrons are bounded between 

the QW  barriers and thus they can see the change o f the Q W  w idth. In  the very 

low magnetic fie ld  region, the intensities are increased as iV is increased i.e. QW' 

w id th  is decreased and the slope o f QWs are steeper. This is the evidence tha t 

when the electron scatters w ith  the steeper QW' barrie r, it  more proceeds the 

forward scattering. And also, there are several d iffem et resonant peaks in  the 

whole range as N  varies.
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6.2 Transverse R esistiv ities
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Figure 37: Transeverse resistivities p ^ / ( h / e 2) vs. $  =  5 a 2/<p0; iVx =  iVy =  6, 
n =  10. r i2Da2 =  0.5, and a =  200nm. (a) Transverse resistivities w ith  N  fo r the 
QW  potentia l in  Eq. (15) w ith  U q =  1.235 (b) Transverse resistivities w ith  U q for 
the QW' poten tia l in  Eq. (15) w ith  N  =  1. (c) Transverse resistivities w ith  N  fo r 
the QW  po ten tia l in  Eq. (15) w ith  U q =  100.
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The Transverse R es is tiv ities^*^) are shown in  F ig 37 (a), (b ). and (c) 

for diverse QW  barrier cases. In  F ig  37 (a), the steepness o f the potentia l 

m odulation is varied w ith  the power o f cosine potentia l fo r the low m odulation 

case (Lq =  1.235. Vo =  0.156 meV). A ll the curves are not sensitive fo r the 

change o f the steepness of the potentia l barrier. These can be explained, as in 

the Transverse C onductivities case, by the fact th a t Fermi Level energy is higher 

than the QW  barrie r height. In  the whole range, s lig h tly  increases as $  

increases. The electron .in this low m odulation case, behaves as i f  it  were in the 

norm al homogeneous 2DEG. In  this regime, the smaller o rb it contributes to large 

p(̂ }. That is why increases as $  increases. This normal behaviour is m odified 

when the QW  barrier height is increased. Shown in  F ig 37 (b) is the num erical 

results for the varia tion  of the height o f the Q W  barrie r w ith  the power o f N  =  1. 

W hen Uq varies from  1.235 (Vo =  0.156 meV) to  10 (Vo =  1.265 m eV). in  the 

low magenetic field region, the peaks are m odified and the peaks at $  =  0.5 are 

increased when U q is increased. When U q =  10. the giant magenetoresistance 

is shown there. These low-field giant magnetoresistances are also shown in  the 

strong m odulation case. (F ig 37 (c) This figure is for U q =  100 (V'o =  12.65 meV). 

In  th is  case, the low -fie ld giant peaks are decreased when N  is increased. From 

these facts, we know th a t the low-field giant peaks rea lly depends on the height 

and the w id th  o f the QW  barrier. Experim entally, i t  has been, in  [70], found 

th a t these giant peaks arise from  the result o f anisotropic k-vector space. In  th is
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reference ([70]). the giant peak is very sm all and its  position is sh ifted  from  the 

orig in  when the Fermi level enrgy (9.0 meV) is much higher than the height o f the 

Q W  barrie r (6.7 meV). I f  the Fermi level enrgy (8.1 meV) is com patible w ith  the 

height o f the Q W  barrier (7.8 m eV). then the giant peak becomes very big. In  

other words, when the Fermi level enrgy is much higher than the height o f the QW  

barrier, x  d irectiona l momentum (m odula tion direction) is re la tive ly  increased 

and it increases the conductivities and accordingly, i t  decreases the resistiv ities in 

x-d irection . T ha t is why the giant peak becomes very small. Reversely, when the 

Fermi level enrgy is compatible w ith  the height o f the QW  barrier, x  d irectiona l 

momentum (m odulation direction) is re la tive ly  decreased and it  decreases the 

conductiv ities and increases the resistiv ities in  x-d irection. I t  makes the giant 

peak. So. these anisotropic momenta change the conductivities and these changed 

conductivities make the anormalous g iant peaks because the re s is tiv ity  tensor p 

is inversely proportional to the conductiv ity  tensor a. And also the peak position 

of the g iant peak is shifted from  the o rig in  in  F ig 37 (b) and (c). These are 

agreed w ith  other experimented results. [70. 64]
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6.3 HaU R esistiv ities
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Figure 38: H all resistivities p £ }({h /e 2) vs. 0  =  B a 2/<pQ =  N y =  6 (for a,b. 
and c) n^Tja2 =  0.5 and a  =  200nm. (a) H all resistivities w ith  N  fo r the QW  
po ten tia l in  Eq. (15) w ith  U q =  1.235 (b) H all resistivities U q fo r the Q W  potential 
in  Eq. (15) w ith  IV =  1 (c) H a ll resistivities w ith  N  fo r the Q W  po ten tia l in  Eq.
(15) w ith  U q =  100. (d) H a ll resistivities by sample sizes fo r the Q W  potential 
in  Eq. (15) w ith  N  =  1 and U q =  100
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Fig 38 shows the num erical results o f H a ll R esistivities p(°y) fo r the diverse 

QW barriers as in  the case o f Transverse R esistivities. In  th is  figure, the Hall 

Resistivities have a quenching in  the low magnetic fie ld  region. This quenching of 

the Hall effect in  one-dimensional wire was firs t observed by Roukes et al..[67] In 

the ir paper, quenching was observed for the w ire w id th  which is less than 200 nm 

and at low tem peratures and low magnetic fields in which both kBT  and tu jc are 

less than the energy s p littin g  o f the states created by transeverse confinement. 

In  our case, we used 200 nm scale of the m odulation period. However, our actual 

QW' w idth is quite less than th is  scale because our Q W  barrie r is modeled by the 

cosine potentia l defined in  Eq. (15) w ith  some fin ite  w id th . And also we calcu­

lated at T  =  0. So a ll the conditions o f being done in  ref. [67] are satisfied in our 

case. One of the possible reasons about th is quenching effect, as mentioned in 

the introduction section, is by the collimated electrons. A t low magnetic fields, 

the open-orbit electrons are resonantly scattered o ff the Q W  barrie r and those 

electrons are collim ated. These collim ated electrons make the ra tio  of the lon- 

g itudianal (Q W  d irection) momentum to  the transeverse (m odulation direction) 

momentum increase and preferentia lly transm it through the w ire. I f  th is trans­

m itted  electrons overcome the H a ll voltage, then the H a ll voltage is quenched. [68] 

F ig. 39 well shows th is  ra tio  o f the longitudinal to  the transverse conductivities. 

F ig. 39 (a) shows the transverse conductivities c r^  / ( e 2/ h )  w ith  U q (along the 

m odulation d irection, in  our case x-direction) as a function  o f the magnetic flux
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ra tio  $  =  B o2/ oq . A t low magnetic fields, the intensities are reduced as L'q is 

increased. I t  means tha t the transverse momentum is reduced when the Q W  

barrier height is increased. On the other hand, the long itud ina l conductivities 

(along the Q W  d irection, in  our case y-d irection) is increased at low magnetic 

fields when Uq is increased. (Fig. 39 (b))
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Figure 39: Various C onductivities as a Function o f 3>: .Vx =  .Vy =  6. n =  10. 
n2D0 2 =  0.5. and a =  200nm. (a) Transverse conductivities a ^ / ( e 2/h )  w ith  U q 

fo r the Q W  po ten tia l in  Eq. (15) w ith  N  =  1. (b) Long itud ina l conductivities 
a ^ ) /{e 2/h )  w ith  Uo for the QW potentia l in  Eq. (15) w ith  V  =  1. (c) H a ll 
conductivities c r^ / (e 2/h )  w ith  Uq for the QW  po ten tia l in  Eq. (15) w ith  N  =  1.

So. the long itud ina l momentum is increased when the Q W  barrier height is 

increased. Therefore, the ra tio  of the transeverse momentum to  the long itud ina l 

momentum is increased when the QW  barrie r height is increased. The corelation 

between the transverse and the long itud ina l momentum is also shown in  H all 

conductivities in  Fig. 39 (c). When Uq is increased, H a ll conductivities 

are increased at the low  magnetic fields. This increased log itud ina l momentum
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makes the collim ated electrons and they scatter o ff the Q W  barrie r and quench 

the H a ll resistivities when they have enough energy to overcome the H a ll voltage. 

S cattring  o ff the QW barrie r is more when the barrier is higher and steeper. So. 

we can see. in Fig. 40. tha t the higher and the steeper the Q W  barrie r is. H all 

res is itiv ities are more quenched. This quenching effect in  one dim ensional QW  

has been observed in  many other papers, ( i  68. 35l )

u0[cos(2icx/a)f Uolcos^rac/a)!2*

0 .0 8

u== 1 .235 
- -  u,=2 
-  -  ^=3

CVJ0
S. °-04

CL

0.00

0 .3 0 .4 0 .5 0.6 0 .7

0.010

^  0.005

0.000

0.3 0.4 0.5

4>=Ba2/<p0 <t>=Ba2/o0

Figure 40: Quenched H a ll resistiv ities / ( h / e 2) vs. $  =  B a r  j o  o: N x =  N y  =  6. 
n  =  10. /?2d<22 =  0-5? and a  =  200nm. (a) Quenched H all res istiv ities w ith  U q fo r 
the Q W  po ten tia l in  Eq. (15) w ith  N  =  1. (b) Quenched H a ll resistiv ities w ith  
IV for the Q W  po ten tia l in  Eq. (15) w ith  U q =  100.

Next, what we can see in  F ig 38 (a) is the classical H a ll effect. I f  we take 

the crysta l o f sem iconductor doped w ith  donors in  a magnetic fie ld  perpendicular 

to  the sample (z-d irection) and in  an electric fie ld (x-d irection ), then the free 

electrons move in  horizonta l circular o rb its by the Lorenz force and accumulate
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on one side o f the y-d irection . As the electrons accumulate on one side, a negative 

charge builds up which acts to  repel other electrons from  entering th is  region. A t 

some p o in t, a balance is achieved when the repulsive force is equal to  the magnetic 

force pushing the electrons in to  th is region. This voltage difference in  y-direction 

is called H a ll voltage. W ith  th is  explanation, it  is stra ight forw ard to see how 

the strength o f the magnetic fie ld affects the H all voltage. I f  the magnetic field 

strength is increased, then more electrons can be pushed on to  the side on which 

the electrons accumulate before the balance is reached. Accordingly, the Hall 

voltage is increased. Conversely, decrease in the magnetic fie ld  strength results 

in a reduction in  the H a il voltage. Therefore, the H all voltage increases in direct 

p roportional to the magnetic fie ld strength. This is classical H a ll effect which 

was firs t noticed by E dw in H a ll in  1879. Fig 38 (a) is the case in which the 

classical H a ll effect can be seen. Because the Fermi level (0.2 - 2 meV) is quite 

higher than the Q W  p o ten tia l barrier (0.156 meV). A lm ost a ll o f electrons, in 

th is  regime, behave as i f  they were in  the normal homogeneous 2DEG. So. in  the 

whole range o f $ . H a ll resistiv ities are linearly increased as $  is increased. These 

linear increase o f in  the whole range o f $  is m odified by the stronger potentia l 

barrier. We can see th is  effect in  F ig 38 (b). The linear H a ll effect is appreciably 

m odified when Uo increases. In  th is  case, the Fermi level energy is cm patible 

w ith  the Q W  barrie r height (0.156 ~  1.265meV). W hen Uq is  s trong ly enough 

(F ig  38 (c )), th is linear clssical effect is com pletly disappeared and anomalous
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H all effect due to the anisotropic scattering w ith  Q W  w all comes out. In  th is 

regime, the s trik ing  feature is the negative H all resistiv ities. This negative H all 

resistivities are guessed as due to the sample boudary back scattering o f the 

short QW . As mentioned in  in troduction section, if  the w-ire is in fin ite , then 

there is no smaple boundary back scattering and only the forw ard scattering is 

enhanced in QW  d irection after scattering w ith  the Q W  barrie r. However, if  

the wire is fin ite  and short, then there can be a resonant back scattering o ff the 

sample boundary after scattering w ith  the w ire wall. A t low magnetic fields, 

the forward scattering is enhanced to make quenched H a ll effect. B u t. at high 

magnetic fields (1< $  <2.7). the cyclotron o rb it is com patible w ith  the w id th  

between QW  barriers and resonant back scattering from  the sample boundary 

can be experienced. W hen the w id th  o f the Q W  barrier (i.e .Q W  is w ider) is 

reduced, the negative H a ll resistance is reduced.(Fig 38 (c)) And also, as seen 

in  F ig 38 (d). when the sample is expanded, th is  negative H a ll resistance is 

reduced. W ith  these results, the negative Hall resistivities are guessed as due 

to the sample boundary back scattering o f the edge states w ith  the com patible 

cyclotron o rb it w ith  the w id th  between QW barriers before i t  is closed in  the 

short QW. Beyond th is po in t (<£ =  2.7), i t  behaves as i f  i t  is in  the norm al 2DEG 

and its H a ll resistivities are increased as $  is increased. Th is threshold po in t is 

seen very well in  Fig. 41.
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6.4 Longitudinal R esistiv ities

1
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XZ
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0.8
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< D = B a  /<Dn 4>=Ba /on

(a) (b)

Figure 41: Long itud ina l resistivities p® )/(h /e2) vs. $  =  Bar Jo 0. where .Vx =  
-Vy =  6 n2Da2 =  0.5 and a =  200nm. (a) Long itud ina l resistivities w ith  N  for 
the QW  potentia l in  Eq. (15) w ith  Uq =  100 (b) Long itud ina l resistivities w ith  
U q for the Q W  po ten tia l in  Eq. (15) w ith  N  =  1

Fig. 41 shows the long itud ina l resistivities p£) J{h /e2) as a function o f magnetic 

flu x  ra tio  4> =  B a2 jo o. (along the Q W  direction) F ig. 41 (a) is the results for the 

change o f the Q W  w id th . The threshold po int is around at $  =  2.7. This is the 

coincident point beyond which the H all resistivities behave in  the norm al 2DEG 

as stated in  H all re s is tiv ity  section. This threshold po in t depends on the QW  

w id th  between barriers. In  our case, when N  is increased (i.e. Q W  w id th  between 

barriers is increased), the threshold po int is s ligh tly  changed. Th is comes from  

the resonant scattering effect by the change o f the Q W  w id th . In  add ition  to this,
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Fig. 41 (b) shows tha t when UQ is increased, the threshold peaks are also shifted 

to  the high magnetic fields. So th is  threshold peaks really depend on the height 

o f the Q W  barrie r as well as the Q W  w id th  between barriers. This phenomenon 

very well agrees w ith  other paper. [66]
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7 Sum m ary and Conclusions

In  th is  thesis. I used controllable m odula tion poten ita l to  calculate the eigen­

states and Q M T  coefficients for 2D and ID  m odulation and discussed about 

th e ir num erical results. In  2D eigenstates. I  found tha t the sh ift o f the eigenval­

ues from  LLs is reduced as $  is increased (i.e. the magnetic fie ld B is increased) 

because the LL o rb it becomes sm aller. Secondly when N  is increased, the sh ift 

from  the LLs is reduced because there is more space between the scatterers or 

dots to  freely move. The th ird  one is th a t the band w id th  o f the m odulation- 

broadened LLs oscillates w ith  the magnetic fie ld B or <&. It  reflects th a t when the 

cyclotron radius is changed, the electron is pe riod ica lly scattered by the periodic 

scatterers. The fou rth  one is th a t when the po ten tia l strength U q is increased, 

the band w id th  o f the braodened L L  is increased and there is LL m ixing. In  

2D dispersion curves, we could see from  the 6 po ten tia l tha t LLs are s p lit in to  

p subbands and there are q periods in  the firs t B rillo u in  zone due to  the new 

M BZ. W ith  these eigensystems. we could Q M T coefficients using Kubo method. 

In  long itud ina l conductivities cr{$, there are oscillations related to the DOS for 

the low m odulation case. H a ll conductivities c r^  is contributed by a ll states be­

low  Ferm i level energy. So, the intensities are appreciably changed even for the 

low m odulation case. For quantum -dot, <7^  has the plus-to-m inus oscillations 

and Aharonov-Bohm  oscillations fo r the  strong poten tia l. And also, the negative 

H a ll conductiv ities were shown which la te r, made the negative H all resistivities.
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In  long itud ina l resistivities pj£; . there was a double peak structure  at low mag­

netic fields. This double peak structure depends on the size and the strength 

o f the m odulation. In  H all resistiv ities p*^. at low magnetic fields, there was a 

quenching effect due to the collim ated electrons o f overcoming the H all voltage. 

For strong m odulation, there was the negative H all resistivities. These negative 

resistiv ities also depend on the size and the strength of the m odulation. And also, 

there were Aharonov-Bohm oscillations for the strong dot case. In  ID  modutioan. 

we could find  the step-like features at low magnetic fields due to  the LL crossings 

in  cr^>. In  cr[^ . there were Aharonov-Bohm  oscillations for the strong m odulation 

case. In  transeverse resistivites p ^ .  there was a low-field giant peak due to the 

anisotropic momentum ratio . In  H a ll resistivites p ^ .  the classical H all effect was 

shown fo r the low m odulation case. This was modified when Uq is increased. 

A t low magnetic fields, there was a quenching effect as observed in experiments. 

The special interest in  th is thesis is the negative H all effect fo r the short QW 

which depends on the geometry o f the sample. In  long itud ina l resistivities p^). 

there were threshold peaks which also depend on the size and the strength o f he 

m odulation. As seen from  above facts, in  th is  thesis, I could generate almost a ll 

the features found in  experiments o r in  other papers by using the controllable 

po ten tia l. In  addition  to these, I  could fu rthe r investigate the results which de­

pend on the size and the strength o f the m odulation. U nfortunately, the im pu rity  

scattering effects are not contained in  th is  thesis.
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A ppendix

A . M atrix E lem ents for th e  <5 Potential

In  th is Appendix A. we present the m atrix element B™™'(Xq) defined in  Eq. 

(9) for the 6 po tentia l in  Eq. (2)

(.41)
*•■7

For the potentia l in Eq. (A l) . we have the counterpart o f Eq. (13)

B ^ ’ (L ) =  exp
i = - A r / 2

+  ( / -  

x H n

-7T$

(L /N y) +  m '\ 2 
$  )

{L /N v) +  m ' 
$

X #n '

v S t ( i - m + a

(.42)

Here, L =  —N y/ 2, . . .  , {{N y/ 2) — 1) are integers, u =  m ’ Vo/y/l-xh2, N x is the 

number o f u n it cells in  the x  d irection , x  =  x /a , y =  y /a . The zero determ inant 

o f the coefficient m a trix  in  Eq. (12) gives the energy eigenvalues E j(L ) .
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B . M a trix  E lem ents for th e G rid P o ten tia l

In  th is  Appendix B. we present the m a trix  element q) defined in

Eq. (9) for the grid  potentia l in Eq. (3)

L’L(r) =  V0 ux cos +  Uycos • ( B l)

where ux and uy are dimensionless. For the po ten tia l in  Eq. (B l) . we have the 

counterpart o f Eq. (13)

BZZ {L ) =  a ux bmrn' f  dx exp
J — OC

_  (L /N y) +  m \ ( ( L /N y) +  m'
$

+  (x  -
$

x H „ v 2 -$  (x  —
(L /X y )  +  m '

$ H n>
> \  1

$
cos(2~x)

x f  dx exp 
J —OC

-!T®  | ( ( I -  2 +  ( ( *  -  ^

xFTn # n ' ( (x  —
( L / N y )  +  m /v

$ . (5 2 )

where <Smm/ is a Kronecker delta and H n (x) is a H erm ite polynom ial. The 

notation used here is the same as defined in  the  te x t.
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