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(iv)

Abstract

THE SINGLET FIELDS METHOD AND THE LARGE-N
EXPANSION OF FIELD THEORIES
by

Walton R. Gutierrez
Adviser: Professor Bunji Sakita

We develop the quadratic singlet fields method to
provide a general proceduge for the large-N expansion of
quantum field theories. The first part consists of the
application of the singlet fields method to Yukawa
interactions. In this case, the singlet field method
provides a thorough picture of the large-N expansion. AsS
an important éxample, the formalism is applied to QCD in
two-dimensions. It is well-known that for two-dimensional
QCD the integral equations of the large-N expansion are
solvable, and that all the physical consequences of the
model can be calculated . The second part focuses on the
extension of the singlet fields method, to treat the
large-N expansion of the fermion sector of field theories
in four dimensions, such as the matrix model and QCD. The
argument is carried out at the formal level of‘the path

integral representation of quantum field theory.
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1. INTRODUCTION AND SUMMARY

Particle physics theories of today are dominated
by quantum gauge theories. The weak and electromagnetic
interactions have been comprehensively formulated by the
SU(2)x U(l) broken local gauge theoryl. So far, all the
experimental tests confirm its predictions, and it is '
presently accepted as the standard model for the unified
description of the electro-weak interactions.

The quantum field theory, widely accepted as a
candidate for a theory of strong interactions, is the
local SU(3) gauge theory also desigqated as Quantum
Chromodynamics (QCD).

The very high-energy, or very short distance,
behavior of non-abelian local gauge theories is
generically described by the property known as asymptotic
freedom. In an asymptotically free theory, the effective
coupling constant, which is the running coupling constant
defined by the renormalization group theory, goes to zero
for large momenta (small distances). Therefore the
strength of the interaction falls off and a perturbative
expansion in the effective small coupling constant is
justified.2

This picture is consistent with the properties of



hadrons in the high-energy region which behave as if made
out of a set of point-like, almost free particles. These
quasi-free particles are the first phenomenological
evidence of the concept of quarks interactin§ through
local gauge fields (gluons) at very short distances.

However, the most common properties of nuclear
matter such as masses, lifetimes, and decay ratios of
hadrons are low-energy phenomena. This low-energy hadron
physics is characterized by a large coupling constant, and
is therefore not accessible to a quéntum field theory
treated with the conventional perturbation theory for
small coupling constants.

New alternative expansions of quantum field
theories have been devised. These new methods, sometimes
designated as non-perturbative methods, are used to study
quantum field theories in regions out of the reach of
small coupling perturbation theory. Some of these new
methods also provide new perturbative expansion schemes.

A general classification of these new methods is
given by the following main lines of research:

a) Lattice field theories.
b) Classical and semi-classical models.

c) The large-N expansion.



It is well-known that these fields of interest
have enridhed each other, and several proposed schemes
have developed non-perturbative approaches by combining
these péints of view. Asvgach of these areas of research
represents a very large body of knowledge, this
introduction is limited to an overview of the relations of
the large-N expansion to lattice field theories and »
semi-classical models. In this thesis, we shall
concentrate on the large-N expansion for guantum field
theories formulated in the continuum.

The large-N expansion arises from the observation
that QCD can be generalized to an arbitrary gauge group
SU(N). The theory then contains two arbitrary parameters,
the coupling constant g and the group integer parameter N.

A new expansion can be formulated in terms of the
parameter N. A way to introduce this expansion is by a
re-arrangement of the small coupling constant perturbation
series. The starting point is to redefine the coupling
constaht 92 as a new parameter given by Ngz. Then it
can be shown that the conventional diagrams can be

1/2 which

re—-arranged according to positive powers of N
appear as overall factors of the diagrams. This is so
because the diagrams contain different group combinatorial

facto;s.



The new coupling constant in terms of which the expansion
is performed is now N-l/z. Each term of this new series
contains a subset of an infinite number of the initial
diagrams. The group combinatorial factors of the
conventional diagrams are directly related to the
topological structure of the diagrams.

The leading term of the re-arranged series is
made out of all the planar diagrams3. This constitutes
the large-N limit of the theory, since all other diagrams

1/2 45 N goes to

are dropped by the powers of N~
infinity. In the large-N limit, 92N is held finite. The
characterization of the large-N limit in terms of planar
diagrams is common to all field theories that admit
generalizétions to large symmetry groups.

From the diagrammatic point of view of the
large-N expansion of QCD, the task of making the required
diagrams summations seems formidable, even for the first
term of £he expansion which is given by the planar
diagrams. Much preliminary work has been necessary to
study the numerous difficulties related to the limit of a
large internal symmetry. The problems arising from the

large~N expansion are directly correlated to the types of

fields and their interactions.



In general, the research has focdsed mainly on
theories containing fields transforming as vectors, and
fields transforming as maﬁrices under the application of
the global or local symmetry group. Regarding the
difficulties encountered in the large-N expansion, two
major types of models can be distinguished:

a) Models containing matter fields that transform as
vectors, and mediating fields that transform as matrices or
vectors. The interactions are restricted to Yukawa
couplings between the matter fields and the mediating
fields._For this class of models, the matrix fields
interactions should not be higher than a quadratic powér.
We shall call these models vector models. On the whole,
the large-~N expansion of vector models has been
understood, although the explicit resolution of the
integral equations that specifically sum the planar
diagrams in four dimensions remains an important obstacle.
b) Models where there are also matrix interactions with
powers equal or higher than cubic. These we shall call
matrix models. It is in this class of models that we find
the four-dimensional QCD. Most of the difficulties lie in

this type of models.



The first model where the large-N limit was
calculated is the two-dimensional QCD4. Remérkably |
enough at the time, this was done by straight analysis of
the small coupling constant diagrams. The key point that
allows such a summation of planar diagrams in
two-dimensional QCD is the application of the light cone
gauge that reduces all interactions to a Yukawa coupling
between the quarks and the gluons. The light cone gauge
also simplifies the equations for the summation of planar
diagrams.

A simple integral equation gives the masses of
quark-antiquark bound states which are the mesons
predicted by the model. Also, the elastic scattering of
mesons is mediated by the interchange of other mesons, ang
not of quarkss.

Subsequently, some vector models were solved in
the large-N limit by the application of various
procedures. A number of two-dimensional models were

6-9. The principal physical motivation to

considered too
study these models in the large-N expansion was to address
the question of dynamical symmetry breaking. The method
here employed consists of the introduction of composite
singlet fields to evaluate, up to 1/N order, the

functional effective potential .



The planar approximation to the matrix model with

quartic interactions is known only in zero dimension and
in one dimension including fermion couplings -° %2,
Unfortunately these are, so far, the only explicit
solutions known for matrix models as examples of continuum
field theory models,

Behind some of the non-perturbative procedures
utilized to derive the planar approximation is the major
idea of performing a suitable change of variables tO0 new
fields that are inva;iant under the application of group
transformations. These new invariant fields have also been
designated as collective fields.

Thé method of the collective fields has been
developed in the hamiltonian formalisml3. In this case,

a general change of variables is possible, and the
formulation of the collective variables in quantum
mechanical models can thus be thoroughly accomplished. The
difficulties of this method lies in its extension to field
theoriesl4. Here the chosen invariant fields are given

by the loop-field variables which are the gauge invariant
path-ordered phase factors., Although the change of field
variables can be déne in the hamiltonian formalism, the

resulting field theory in loop space is not a simple model.



Neither is the treatment of the resulting large-N
functional equations in loop space.15

An interesting correspondence between the large-N
limit and classical models has also been explored.
It was observed that the calculation of certain
group-invariant Green's functions in the large-N limit is
equivalent to solving classical equations of motion with
particular, imposed, boundary conditions 16.

The idea of the master fieldl7configuration
also gave a way of finding the large-N limit. The argument
is the following: the vacuum expectation value of symmetry
invariant operators factorizes in the large-N limit; the
quantum fluctuations that violate the factorization are of
the order of 1/N2; the:efore there must be in the
large-N limit a dominant field configuration that
saturates the functional integral, and which is called the
master field. Investigations of this topic have been
carried out, leading to formulations of equations for the
master field.18

All these methods have had great success in
vectors models, two-dimensional models, and gquantum

mechanical matrix models. Though there have been many

proposals of definite schemes to solve the problems



stemming from the large-N limit of matrix and gauge models
in four-dimensions, the explicit'solution remains unknown.

There is also qualitative evidence that the
large-N expansion of QCD is a good approximation of strong
interaction processes. Many characteristics of éhe
hadronic phenomenology have been found to be
consistent19 with an analysis based on the counting of
N_l/2 powers in the large-N expansion of QCD. Recently
there have been efforts to improve the qualitative nature
of the analysis of plénar diagrams.20

Another line of approach has considered scalar
and fermion models that are locally invariant under
symmetry groups. There were both formal and
phenomenological attempts made to build approximations to
large-N gauge fields theories based on these modelsz.1
The formal approach revealed the gluon fields as the
composite object of scalar fields. From a more
phenomenological point of view, the soliton solutions of
these scalar models havebeen used to derive some physical
properties of mesons and baryons.

A more direct mathematical language for quantum

field theories is found in the generating functional

formalism. After changing field variables in the
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generating functional, it becomes clear that there exists
in vector models an invariant field that can be used to
formulate the whole large-N expansion of the matter fields
Green's functions, This invariant field is simply a
quadratic singlet product of matter fields., The singlet
field is generally a bilocal function of the coordinates.
It is the objective of Chapter 2 to introduce the
general formulation of the quadratic singlet field .
Firstly, all original local fields are replaced by the
singlet field in the generating functional of fermion
Green's functions. The large-N expansion of the fermion
Green's functions can be, in principle, formulated to any
order by means of the singlet field. To actually perform
such expansion, we find that it is necessary to solve two
integral equations. Thgse are the simplified
Dyson-Schwinger equations for the large-N limit. This
approximation has been known in the past as a heuristic
self—cpnsistent approximation, used for example in
dynamical symmetry-breaking problems.22
The first equation is for the summation of planar
diagrams contributing to the self-energy of the fermion
propagator, It is derived from the saddle point equation

for the singlet field. This equation is analogous to the

previously known gap equation.
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The second equation is the inhomogeneous
Bethe-Salpeter equation which represents the summation of
planar diagrams for the four-fermion scattering
amplitudes. The homogeneous part yields the equation for
the fermion-antifermions bound states. These are the
mesons states predicted by the theory.

The presentation is sufficiently general to show
the applicability of the method to many other vectors
models in any dimension. We want to stress that once the
integral equations are solved, the large-N expansion could
be performed to all orders. Unfortunately, little is known
about these equations in four-dimensions. Two-dimensional
QCD is an important special case because these equations
are solvable for this particular model.

Chapter 3 is devoted to the derivation of the
equations that represént the sum of planar diagrams
contributing to the meson states equation of
two~dimensional QCD. This derivation, as originally

23, depended very much on comparisons with the first

done
derivation based on diagram analysis. All derivations
carried out in Chapter 3 are now justified by the
formalism developed in Chapter 2 which provides a more

independent foundation for the singlet field method.
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Also physical processes as meson scattering are described
by the formalism of higher functional derivatives with
respect to the singlet field.

The large-N limit produces a simplification of
the space-time structure of field theories. In fact, the
large-N limit can be found from a reduced model where
there is no explicit space-time dependence. This property
emerged from ideas developed in lattice gauge theories.

During the last decade, lattice gauge
theories24 have played a major role in our understanding
of strong-interaction dynamics. Many of these advances
have been obtained by Monte-Carlo computer simulationszs.
Froﬁ the synthesis of the large-N approach and lattice
formalism 26-30 two notions have played an important
role: the lattice Dyson-Schwinger equations and the
invariant variables.

These procedures, for example, led to the
calculation of the one link integral and to the

31 This original

formulétion of the reduced model.
reduced model turn out to be valid only for large
coupling. The model had to be somewhat modified to make it
applicable to small coupling constant. To evaluate the
momentum dependence of the Green's functions, the

'quenching' procedure was introduced. 32-34
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Chapters 2 and 3 contain a section illustrating
another application of the singlet field method. We show
how to obtain the large-N limit of the fermion Green's

35 This derivation

functions from the reduced model.
addresses the physical implications of the reduced model
which were difficult to eétablish. The application of the
singlet field method to the reduced model yields an
extension of the reduced model that avoids the quenched
momentum prescription33.

There is a possibility of extending the quadratic
singlet field method, or QSF, to the case of QCD. The
first application of the QSF method to the gluon sector of
QCD led to a difficulty'.36 The action could not be
completely reformulated in terms of singlet fields, This
obstacle can be removed if we apply the QSF method to the
quark sector of QCD. This application adds more
significance to the method, since most of the physical
states of QCD are in the quark sector.

The objective of Chapters 4 and 5 is to
demonstrate at the formal level of the path integral
framework that the matrix model and QCD can be
reformulated in terms of the singlet fields if our

attention is focused on the calculation of the fermion

Green's functions.
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The QSF method is used to investigate the large-N
behavior of the quark Green's functions at the general
level of the generating functional formalism.

The purpose of developing the singlet field
method for the matrix model is to make available a simpler
model to illustrate and develop the QSF method. The
solution of one example would have more relevance for this
formulation, since the equations are basically the same in
any number of space-time dimensions. The hope in this case
lies in the possibility of solving exactly in one
dimension the large-N equations generated by the QSF
method, and therefore attain an explicit verification of
the application to matrix models of the singlet fields

method.
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2. THE SINGLET FIELD FORMULATION
I. INTRODUCTION

The large-N approach to field theories has
provided a good deal of information about models analyzed
in less than four dimensions. These models have been used
as training grounds for non-conventional perturbative
methods, and as analogous models of QCD.

The construction of a systematic expansion in
power series of 1/N is known in few cases of field
theories. Examples in this area are some models in one and

9-12, and the O(N) scalar model in four

two dimensions
dimensions with quartic interaction7.

In this chapter we present the generalization of
a path integral change of field variables to the singlet
field that initially was applied some time ago to £ind the

23 of two dimensional QCD.

large-N limit
We apply this technique to a many-component
Yukawa‘interaction model. The model contains a
multicomponent fermion field coupled to a matrix of scalar
fields. The lagrangian is invariant under the global U(N)
group transformations. The model is considered in four

dimensions, though it is clear that the whole procedure is

independent of the number of space-time dimensions.
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The singlet field method applied to the Yukawa
interaction model provides a way to obtain in principle
the complete large-N expansion of the fermion Green's
functions.

The success of the self-energy expansion in
providing the whole large-N expansion for the Yukawa
interaction model is due to the fact that the singlet
field eliminates all the group indices from the action.

The path-integral functional manipulations can be
carried out either in coordinate or momentum space. We

choose the momentum representation,since the integral

!
equations for the summation of planar diagrams are
directly derived in momentum space where they are usually

analyzed.

Section II is devoted to the introduction of the
singlet field method using the proposed many-component
Yukawa interaction model. The generating functional for
the large-N expansion is derived.

The large-N limit of the fermion Green's
functions is shown in Section III. The factorization of
the expectation value of group invariant operators becomes
a simple consequence of the large-N limit in this

formulation.
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The bound states equation and its relation to the
large~N expansion is presented in Section IV.

A reduced model is discussed in Section V. We
show that it provides the correct leading large-N
contribution to the fermion Green's functions. The
N-independent contributions required for the meson states
equation are not correctly predicted by the reduced model.
However, the correct equation can be deduced from the
complete model. The application of the self—enérgy
expansion to the reduced model has also been done for
two-dimensional QCD, where the same conclusions were

reached35

. Additional discussion regarding this point
can be found in the last section of Chapter 3.
Basic definitions and formulas of the path

integral formalism are included in the appendix.
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II. THE SINGLET FIELD ACTION OF THE YUKAWA INTERACTION

The model we are going to consider is given by

the following action

S = if((l/Z)tr(aﬂABP‘A—miAz) + E(ifPdu-my £ +
igfaY%Aabfb )d4x + J(ﬁf + fq)d4x (1)

where A is a NxN hermitian matrix of scalar fields and 7,
7 are sources for the fermion fields f and £ .
Introducing the Fourier transforms of the fields

and sources

A(x)

IeikxA(k)dl;k, £(x) = fequf (@ dlq,

I(Zn)"‘l' e'P*p(pyalp , (2)

7 (X)
we get the following form of the action

s = im0 [(1/2) (Pnd) traon(-k) - (3)
E(k)(1k+m2)f(k) + igff(k)ygA(k-q)f(q)dq)dk + I(ﬁf + Eq)dk.

The generating functional is given by, Z(ﬁ,n) =

JDADEDf exp(S).



The integration of the scalar fields leaves the

action with a non-local four-fermion interaction

s = ie2m*(fe-Fw (rmpfoak +
(gz/z)ffa(qw) YsE, (@) Ep (k) Y5 £ (k+p) V (p) dpdqdk

19

+ I(ﬁf + fn)dk , (4)

where V(p)=l/(pz—m§). We introduce the self-energy

field P to substitute the four-fermion interaction as

g2 . i(z,,)“(j'(-fa(k)(1k+m2)fa(k)dk +
- o
[(E oy e ik, £f(q) akaq + (5)
(1/26%)[2*F (0, k)0 (p~k, kP, )
pf*(p, ,k )dapdkap k) + [( R + En)ak,

where Q is a function such that two functions E and F are
related as follows: given fE(k+q,p+q)V(q)dq = F(p,k),.
then fF(r,s)Q(k—s,p—r)drds = E(k,p). Explicitly in this
case, the function Q is given by Q(k,p) = 8(k-p)(2w)-4
f(e"ixp/v(xndx = §(k-p)Q,(P), where v(x) =
je-iqu(q)dq. some useful properties of Q are: Q(k,p) =

Q(p,k) = Q(-k,-p).
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The function Q has been introduced to build the
quadratic form of the field P. Later on Q disappears,
leaving only the propagator V(q) in the action.

From S(z) we can derive the field equation for P
4 2(,z « P
P'(k,p) = g (£ (k+a)Yg) £ (P+q)V(Q)dq . (6)

Note that P does not have indeces of the symmetry group.
The fermion variables can be integrated from
action S(z). The generating functional will depend only
on the field P, and on the sources of the fermion fields.
Using the following formula for the integration of the

fermion variables

det(IS(x-y)—M(x,y)) = exp(-tr({M(x,x)dx+ (7)
(1/2{[M(x,y)M(y,x)dxdy+(l/3)jM(x-y)M(y—z)M(z—x)dxdydz+...))

we find that the action is given by

s @,n,2) = -1 2m 4R, (k)s, (k.0 (P) Akdp +
(i (2m%/26%) tx [ P(p,k)P(x,5)0(p-5 k-r)dpdkdrds +
-Ntr(IS(k)TSP(k,k)dk + (l/2)jS(k)YgP(k,q)S(q)
Y.,P(q,k)dkdg + ...) = —i(2ﬂ)‘4jﬁqu + NS, (P) (8)
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where S(k)(fk+m2)=I and

Sp(k,p) = S(k) (§(k-p) + YP(k,pP)S(P) +° (9)
Idplep(k'pl)S(Pl)YSP(Pl'p)S(p) S B

The generating functional for the fermion Green's

functions is given by z(y,n) =.fDPexp(S(3)

(3)

).
From the source term of S we can see that
the field P plays the role of the self-energy contribution

to the fermion propagator.
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I1I¥. LARGE-~N LIMIT OF FERMION GREEN'S FUNCTIONS
Any fermion Green's function could be given in

terms of field P only. For example the four fermion

function is

{5, E () (Py)E4(R, 0> = (10)
4,2 DR (S, (P, 1P4)S, (0,0 )8, § 4

(-i2w )
+ Sp(PyrP1)Sp(PyrP3) § 8 ) €2 (NS (P))

and similar expressions can be found for higher fermion
Green's functions. The action S0 does not contain any
other dependence on the group besides the overall factor
N. Therefore the large-N limit of the Green's functions is
given by the solution of the saddle point equation derived
from the action. The equation is given by the condition,

SSO(P)/SP#F(p,q)=O. The first functional derivative is

SSO(P)/SP“p(ql,qZ) = (1(21)4/92N) (11)

' ol
fota,~kra,p) 2P*,k)dpak - (s, (a,,aY .

Therefore the saddle point equation is explicitly

given by

P(q,,9;) = —igOIV(q)sP(q2+q.ql+q)ygdq, (12)



where g, = gzN/(Zq)4.

This last equation can be Simplifiéd if we
introduce the following form for the solution P(k,p) =
R(k) §(k-p). We £ind that S, (k,p) = S_(k)&(k-p)

where

= 2
SR(k) = S(k) (1 + Y%R(k)S(k) + (YBR(k)S(k)) + eee)e

= (fk + my = Y R(K)) T (13)
The equation for R (k) is
R(k) = -igojv(q)SR(Hq) stq- (14)

This last equation represents precisely the

leading large-N contribution for the self-energy of the

23

fermion propagator. The iteration of the integral equation

for R(q) reproduces all the planar graphs that contribute

to the self-energy.

The action could be expanded around the solution

of the saddle point equation. In this way a systematic

expansion for the Green's functions would be generated to

all orders. Perturbations would be calculated around the

quadratic piece of the fluctuations of P around the saddle

point solution.



IV. THE BOUND STATES EQUATION AND THE LARGE-N EXPANSION

To expand the action, it is convenient to

introduce in the action given by (5) the shift of

l/2P'(k,p). The field

g (2)

variables: P({k,p) = R(k)§(k-p) + N
P' represents the new quantum field. Action

acquires the following form

5(2) = i(zn)4(j(-fa(k)(Tk+m2—ng(k))fa(k)dk +
n"H2(E_(k) Y P (k,Q) £ (q)dkdg + (15)
9~2N_1/2trIP'(P'k)R(Q)Q(P-qu“Q)ddedq +

(1/292N)tr.rP'(p,k)P'(r,s)Q(p—s,k-r)dpdkdrds) +

fe + Egax.

Now we integrate the fermion variables. We obtain an

action equivalent to S(3)

s(3) ~i2m 4, (KR, (k,p)n, (D) dkdp +  (16)
(i/zgo)trj P' (p,k)P'(r,s)Q(p~-s,k-r)dpdkdrds +

- (1/2) tr [ Sp (k) YgP* (K, @) Sp (@) T3P (q,k) dkdg + Sp,
where we define an interaction term as

1 = - ‘1/2 ' '
S;(P') = —tr((1/3)N ISRYSP SpYsP'SpYsP

+ (l/4)N_11 +oul).

24
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The linear term in P' has vanished because R (k) satisfies

(3)

eqg. (14). This last form of S could have been also

derived from expression (8). For example,

SP(klp) |P=R +N-l/2P' = RP|(krP) = (17)
Sp (k) (§(k-p) + NV 2Y 2t (k,p)s, (p) +
N—IJAQYSP'(er)SR(q)YsP'(q,p)SR(p) teoo)e

To obtain a systematic expansion using the field
P', the terms higher than quadratic contained in S; are
treated as perturbations., A source term is added to 3(3)
of the following type trfJ(p,k)P'(p,k)dpdk. To invert

the quadratic form of P' we use the field equation for p°

P'(p,k) = igof(J(k+qu+Q) + (18)
Sg (P+Q) Y P ' (P+a,k+q) Sp (k+Q) Y;) V(q) dq.

This last equation can be solved by iteration. The
solution can be represented with a Green's function T

acting upon the source J
P'(p,k) = JT(p.k,P',k')J(p':k')dp'dk'- (19)

The function T is given explicitly by the following series
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‘g %' ¢ !
T*q‘%p,k.p'.k') = -(—igo)V(k-k',p-p')S § - (20)
(_igo) 2IV(k-ker-Pl)V(kl-k' :Pl‘P')
udl ’

(85 1) Yo ** (5 (k)PP ak ap, -
(~i9) > [ V(k=k, ;0P| )V (K =K, /D, ~P,)

- -p! ] ot
V(k,-k',p,=P >.(sR(pl>YgsR(p2>yg>
(Sg(k,)Sp(k ) )FPdk,dp, + ...

where V(k-k',p-p') = V(k-k')§ (k-k'-p+p').

The generating functional of the fermion Green's functions
is given by

(21)
zu’;,n'.J) = exp(—i(2n>'4fﬁa(k>R5/8J(k.p)r;a(p)dkdp +
5 (8/83))exp((1/2)f 3(p,K)T(R/k,p' /K" )T (B, k") dp'AK").

As an important example we can apply this generating
functional to the calculation of the four-fermion function.

The expression we get for this function is

-q « - o of
KE, Topf, 2t Cf, YD
1 —% 2 _Ag defyoly

S, o 8.+ (lHB))expSIexp(l/Z)SJTJ. (22)
433 © 233
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The first contribution given by the last formula
is the disconnected piece proportional to S#SR. The
second contribution, which is N_1 smaller than the
first, contains one insertion of T function, and SI does
not contribute. These two contributions are the whole
ladder approximation with connected and disconnected
graphs, to the four-point function. ’

The function T represents the ladder kernel. Thus
the homogeneous part (J=0) of eq. (18) is the bound state
equation for the fermion-antifermion pairs. Introducing

the following change of variables
SR(P)Y%P'(PIK)SR(k)Y% = w(p,k-p) (23)
in eq. (18) and taking J=0 we obtain
w(p,k-p) = -1gosR(p)ysjdqw(q.k—q)vm-p)sR(k)Ys (24)
which is the usual form of the bound state equation. The
eigenfunctions are represented by w.

Expression (24) is the Bethe-Salpeter equation in

the large-N limit, which is given by the ladder

approximation with corrected fermion propagators.
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This last equation can also be derived from the
action S0 given by (8). Since equation (18)-comes from
the guadratic term in P', the second functional derivative
of S0 with respect to P also produces the operator that
yields the bound state equation. The seconé functional

derivative is

- E X
sto(P)/8P°‘p(ql.q2)5P€¢(q3,q4) = i<3016'9 &+ (25)

. _ _ _ 23 Lol

The homogeneous part of equation (18) is reproduced by the
following equation

(26)

-
sy @1/62™ @, 0185 T(x 50, 27 (x,5)aras = o
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V. REDUCED MODEL FOR THE LARGE-N LIMIT

33 model associated to the

The quenched reduced
theory we have been working with, is given by the

following action

s = 1% 2m i ((1/2) ((Pa_Pb)z—mi)AabAba

- £ (Yp_+m ) E_ + lgfayéAabfb ) (27)

where L has dimensions of coordinates and a,b = 1,2,...N.

This type of reduced model was introduced because
its large-N limit reproduces the large-N limit of the
whole model, represented by action (1l). This property was
originally proven by means of conventional perturbation
theory in the coupling constant g. A correspondence was
established for the planar graphs of the complete theory
with the dominant graphs in the large N limit of the
reduced model. Reduced models were also established for
gauge theories in the lattice and in the continuum
framework33.

The formalism of stochastic quantization provides
a more global view of the large-N limit of the reduced

model33.
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The simplicity of the reduced models has turned
out to be only superficial., Sso far, to find-the equations
for the large-N limit of reduced models seems to be a task
comparable to the same problem formulated in the complete
model.

The self-energy expansion is applied to a new
version of the reduced model and we derive the equations
for the large-N limit which are, for the leading large-N
contribution, only the same as the corresponding equations
of the complete model. We find thét the large-N limit of
the reduced model yields a model slightly over-simplified
with respect to the complete model.

We introduce a new reduced model taking the
large-N limit at the level of the reduced action. We
assign é continuous momentum variable to each color index
variable, according the following rule: Aab'—?
L_4A(pa,pb) : £, — L‘4f(pb) and
(L'4/N)§: - a%p.

a=1
This new reduced model we shall call "continuous

color reduced model" and its action is

s=1 (2m) * (©*8%/2) [ ((p-k) ®-n2)A (p,K)A (k,P) dpdk
-N[E(p) (Yp+m,) £ (p)ap + N2ig[F(p) Y A(P,q) £ (@) dpdq
+ N M) + FPIE @) dp (28)
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where we have added sources ﬁ, n for the fermion
variables. Noﬁe the similarities of the fermion pieces of
the action to the corresponding one component field
theory; however the matrix field becomes bilocal. We shall
show that the continuous color reduced model reproduces
correctly only the leading large-N contribution for the
fermion Green's functions.

The starting point of the self-~energy expansion
method is the integration of the integration of the matrix

field, which yields the following action

s(1) = i2m ¥ —fof'(p) (Yp+m,) £(p)dp +
-(Nzgz/zx,‘*)fvcp—q)E(p>Y5f(Q>f(q>st‘P)dpdq + NJ“ iE + n )dp.

We introduce the self-energy field P to
substitute the four fermion interaction
(2) . 4 -
S = i(2w) (-N)]£(p) (Yp-!-mz—YSP (p))E(p)dp +
(L4/292)JP“P(p)Qo(p-k)Pﬂ"‘(k)dpdk) + Nf(ﬁf + tn)dp

where Q0 has been defined in the paragraph below eq.

(5). The integration of P reproduces the action with the

(1)

four-fermion interaction S . After the integration of

the fermion fields we get the following action



32

g3} _ -i(zn)—4gﬁ(p)sp(p)n(p)dp -

84(0)tr(fs(p)rgP(p)dp + (l/Z)I(S(p)ng(p))zdp +
a/nfe 1%+ - arfen /29 e 100 (p-k) dpak

= -i(2-) " [fs,n + msg
where S, (p) = (Yp+m,- Y2 (p)) .

In this last férm of the action we have to
interpret the momentum delta as 5‘4(0) = nni. Up to
here the value of L has been irrelevant. We require that
NL4 approaches- infinity as N iﬁcreases. Since NL4
becomes infinity the saddle point of the action becomes
important in the large-N limit.

The saddle point equation emerges from the
condition 8SO/SP(q) = 0 and it is explicitly given by
P(p) = —igOIV(p—q)SP(q)Yqu, which is exactly
equation (14) derived previously for the large-N limit of
the self-energy contribution to the fermion propagator.

To investigate the contributions beyond the

leading order, we calculate the second functional

derivative
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(X E cx
825, /85 @68 (k) = =15, (0 15)P (s, (@)™ Sia-k)
«
+(i/9)87¢ 870, (a-K) .

Comparing this last expression with eq. (25) we
find that this second derivative does not have the correct
form in order to obtain the bound state equation. For
further discussion on this problem see last section of

chapter 3.
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3. THE LARGE-N EXPANSION OF THE TWO-DIMENSIONAL U(N) QCD
I. INTRODUCTION

The masses of mesons, which are bound states of 'a
quark with an antiquark, are given in the large-N
expansion of the two-dimensional U(N) QCD by an equatidn
first derived4 by G. 't Hooft.

Since then, different aspects of 't Hooft's
results have been extensively discussed from different
points of view. In this chapter, we present the derivation
of the large-N expansion based on the singlet field
method. We follow closely the presentation given in our
first derivation23. Now all the steps are justified from
the general presentation given in the previous chapter. In
Section II the quark and gluon fields are replaced by the
singlet field in the generating functional. In Section III
we make the derivation of the bound states equation for
the quark-antiquark pairs. In Section IV we show that
cubic and higher terms in the large-N expansion of the
action generate fhe multimeson amplitudes which were first
obtained by C.G. Callan, Jr., N. Coote, and D.J. Gross
with the diagrammatic methods. Section V exibits the

application of the singlet field method to the large-N

reduced model of two-dimensional QCD .
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The original reduced model is considered first.
The correct leading large-N contribution to the fermion
propagator is derived. The first part suggests a new form
of the reduced model which avoids the quenched momentum
integration in the calculation of the fermion Green's
functions. A general rule is given to obtain this new
reduced model35. Finally, we show that the reduced model
does not predict the correct meson bound state equation.
We identify the origin of this problem, and some necessary
modifications are pointed out.

The QCD Lagrangian is given by

L = (1/4)tr (G}‘VG,“V) - a(Y}“D}*+ m)q
(1)

with its various terms defined as

(2a)
_ ab
Dudy =Omdy *+ 9Bu 9y
(2b)

k L k= 1, 2,..., N2 .

(2c)
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AL= A , Tt = ok

(24)
tr (TJTR) = ‘Sjk ’ 'T:STZn B Jrnése

(2e)
where Tb are the generators of U(N) group.

To deal with the QCD theory defined by this
Lagrangian in one space and one time dimensions, it is
advantageous to introduce the light cone coordinates
defined through
xE = 27120 + x9) = Xz

. (3a)

P, = 27Y2(p, + py)
(3b)

A, = 2_1/2(Al + Ag)
(3¢c)

The scalar products of vectors and the properties

of the Y matrices in these coordinates are

xTp” + xp" = x*x7)[o 1][p"

1 0)ip
= (xoxl) -1 0 po
o 1f |pt

(4)



37

—<
+
|

~1/2
+ =2 (Y1 £ Yo |
(5a)

2 _ 2 _ _
Y_“Y+—0 v Y+Y_+Y_¥*_—21
_ (5b)
er(Y,) = to(Y) =0 , tx(Y.Y) =2 .
(5¢)

The above definitions give us an appropriate set
of coordinates to work in the light cone gauge which is

defined by A_ =0 .
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II. THE GENERATING FUNCTIONAL.

In this section we integrate the gluon field
variables of the generating functional which then depends
on the quark field variables only. Later, a bilocal
singlet field is introduced, and through the integration
of the quark field variables we find an action only in
terms of the singlet field.

In the light cone gauge, the pure gauge field

part of the Lagrangian becomes

_ 2
(7)
and using equations (3.2e) and (3.7) we see that (3.1) is

now given as

L = (1/2) (a_AE)2 - G(yo+ m + igY_AiTa)q.

(8)
This form of the Lagrangian is particularly simple because
it allows us to directly eliminate the gauge field
variables from the generating functional as we show in the
next calculation.

The generating functional is defined by
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N b
7 = IDqu]g;DA+ exp (i (3, q, A,) )
(9)

where

S'=‘fL axtax™ .
(10)
In view of the quadratic dependence of the
Lagrangian (8) on the gauge fields, to perform their
integration in the generating functional it is convenient
to use a functional expansion of the action (10) around

(s.p.)

the saddle point solution (A=A ). Therefore we have

IDA+ exp( i S(A.) ) = constant exp(i s(A(s-P-)))'
(11)
After this integration, the generating functional can be

defined as

Z =ID§Dq exp( i s(q,q))
(12)

where S(q,q) is given by

(3@ = S, - (92/4)JV(Y, x) 3% P (x) a®xa%y



and

-~ 2
SO = - qu(Ybi-nnqbd X, b=1,c..,N
7®(x) = Fx) Y- ®q (x) k= 1,...,N2

+ + ] - -
Viy,x) = §ty’ - x )ly - X , .
Finally, using (2e), one finds that

(@@ =Sy + 5y = - [a (yd ma, +

- @?/0{3 WY W 0Y.g, (V7. x)axay.
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(13)

(14)

In order to study the possible bound states of

quarks, it is useful to define a new bilocal singlet

field. The generating functional (12) in terms of our

singlet field is

2 =JD§DqD/] exp( 1(8, +J§r(y)y.)\(y,x)qr(><)d2xd

2 2
- (/9 )szxd yA«ﬂ(y,X)/\Fo((x,y)/V(x,y)) )

Yy

(15)
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The integration of the‘A—field shows immediately that the
above generating functional is the same as shown in (12).

The exact solution of the )-field is
/]“AY'X) = (92/2)V(X.y)&,f(X))’_’o'gqg(y). (16)

At this point, we recall the anticommuting nature
of the quark field variables on the generating functional.
It is now possible to integrate the quark field variables
in expression (15). After this integration, the generating
functional will contain only the )rfield variable, and the
bound state equation will then be derived from the second
functional derivative with respect to the A-field
evaluated at the classical solution.

In order to carry out the integration over the
quark field variables of the generating functional

(3.15) ,the following integral is relevant:

- . 2 .2
FQU = [pang exp isy + [a, AW 0 g, 0a%ka?y)
(17)
The functional (17) contains the quark field variables as

a bilinear form. Thus the result of the integration is

FOY = ( det(§(x-n1 - [s(z-0hv,218%2) )Y aas)
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where
Sp = SgY-
’ o £
(yb +Im;“f’(x) Sf.e(x-Z) =<S 5(x-2)- (19)

The determinant given in (18) can be expanded in terms of

an exponential function according to the formula
det (8 (x=y)I - M(x,y)) = exp( trln(d(x-y)I - M(x,y)) )
= exp( —tr(IM(x,x)dx +(l/2)5;d(x,y)M(y,x)dxdy +toes) ) (20)

From (17), (18), and (20) the generating
functional acquires a form such that only the )—field
remains as an integration variable

., 2 2.2

V/ =jD,\exp( -Ntr (i/g N)Id X%y Ay, x) AX,¥)/V(x,y) +

+ Sg_F(z-x))\(x,z)dZZdzx + 1/2]§F(z-x))(y,z)_s_F(v-y))(x,v)dzdvdxdy T

= fD \exp( ~NS(}) ). (21)
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III. THE EQUATION FOR THE BOUND STATES.

Following Witten's idea, the next task is to
expand the action S(A) defined in (21) around the
classical solution AO of the A—field. As (21) shows, N
appears as an overall factor multiplying the entire
action. As N becomes large, and thinking that N
corresponds to 1/h, we can establish a formal analogy
between the standard semi-classical approximation in field

theory, and the following large-N expansion

NS() = NS() + SN2 = ms()y) + (1/2'>jdxdy—————-\ 52 ()8 (¥)

NS ALY
+ (l/3!Nl/2)dedyd 5)15)?)17)5)5(2) S)(x )5>\(Y)57t(z) Founn (22a)
where
( $8(A)/8Ax) )Rﬂo =0 (22b)

For the purpose of this expansion, it is
necessary to solve equation (22b). The first functional

derivative is given by
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SS())/S)qp(u,v) =(21/92N)Aﬁd(v.u)/V(v,u) + §E,‘6°((v_u) +

+ f(gF(z-U)A(Y.Z)SF(V—y))‘Mdzzdzy +... (23)

It will be shown that the solution Ao of (22b)
is proportional to the sum of the irreducible self-energy
parts of the quark propagator in the limit when N —> 00.
We recall here that in this limit 92N should remain
finite. Indeed, the trace of the Fourier transform of
equation (22b) is the equation for the self-energys. To

show this explicitly, we introduce the following notation:

Av-u) = 1/(2n)szeik(v'“) A (k) dk (24a)
V(v,u) = Se"ik(v'u)V(k)dzk (24b)
Sg(v-u) = 1/(2ﬂ)zj R (V=W 5 (k) ak. (24c)

then, using (23) and (24), the Fourier transform of
equation (22b) is
. 2 2
A®) = 1g’8/2|ViK) (55 (k+R) + g (k+D)) (k+p) Sy (K4p) +...)d%k
= ig%n/2{v(i) s (k+p) (T - Atk+p) 8 (k+p)) "Hak

(25)
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where the propagator SF is given by
Sp(k) = (m - i(k,y_ + k_y, )/(m® + 2k k_ - if ) (26)
and

S8p = Sp(k)Y_ = S(k)M(k)

(27)
where
8(k) = —ik_/( m® +k k_ - if )

(28a)
M(k) = ( (im/K_)Y+ VY- )-

(28b)

In order to solve equation (25), we notice that
it is possible to simplify its matrix form to a non-matrix
equation as follows; note that a basis of 2 x 2 matrices

is the set

Y P Y B

We can therefore establish in general a linear combination

(29)

of the following type
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A= /a2 )Py + 2) Py, APy, e AVY Y,

(30)
Now, substituting (30) into (25), multiplying (25) by some
of the various matrices given in (29), and taking trace of
the resulting equation, we see that/\éz) =>|(()3)
= 0. Inserting (30) in equation (25) and taking i;s trace
gives the following equation forlaé4)
Ak - (492N/2)Jd2kv<k - s/ - st w0 .

(31)

A similar procedure is useful to derive the
(1)

equation for o * This function need not be known to

calculate the dressed propagator which is given by

Rp(k) = Sp(k) (1 + Ag(K)S(k)+ Ag(K)SL (KA (k) S (k) +...)

= stoMk) /(1 - isoA 0 ) = riOMK).
(32)

Hence, to calculate R the relevant part of‘A is

FI

A(4), and the relevant part of S, is S. (See equation

F
(28) ).

If we use the following potential ( see (24) and

(13) )
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vz, 9= |x - y | étxt- yh= Ie'ik‘x‘Y’V(k)dz_k

(33a)
where
_ 2 2
V(k)/2 = (-1/(2¢) ") P(1/K])
p(1/k%)= (1/2) ( (k_ + 16)72 + (k_ - iE)72) .
(33b)
The solution of equation (31) is
A ((,4) (P,/P_)= 9*N/rp_-
(34)

Note that the prescription P(l/kz) as defined
above eliminates the infrared difficulties treated in
references 4, 5.

The final field theory after the expansion of the
bilocal singlet field around its classical solution is
given by expansion (3.22a). For the large~N limit the
quadratic term in the singlet field SA remains. This
quadratic term of the action gives us the corresponding
free field theory for the bilocal singlet field §). By
solving the wave equation for the free field theory we can

obtain the mass spectrum of the mesons (see chapter 2).
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More precisely, the equation for the mass spectrum of the

possible bound states of @ and q is given by

S(azs(A)/s;\‘4’ (w,§ A (a,p) )y _y Viu,m¥u,v) a2ua = o
: 0
(35)
with

s/ §A% w0y =0, j = 1,2,3,4.
0

Equation (35) is the coordinate representation for the
bound state equation given in formula (15) of reference 4.
The unknown function Y¥(u,v) is the eigenfunction. To see
clearly the form of equation (35), it is first necessary
to compute the second functional derivative of the action

S()) with respect to A(4)

(525 (/82 (@, A™) (a,b) )y "y
-(i/2g N)S(v—a)S(b u)/V(v u) - R(v-a)R(b-u)
(36)

and therefore equation (35) becomes

¥(b,a)= iZgzij(b—u)R(v-a)V(u,vY*(u,v)dzudzv.
(37)

By introducing the Fourier transforms(see (24), (32), (33))
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N (b, a) 1/(21r)4f elkb-ira (o 1ya2ka?p

(38a)

R (b-u) 1/(27r)2f elk(b-u) oy q2y,

(38b)

The momentum representation of (37) is

Yikyoky)= 120%NR(k IR [Pl kiko+ KV (K a%k
(39)

- and changing to new variables according to

Yikyiky) = stky, ky = ky)

the equation for $§(p,r) is finally given by

s(p,r)= i29°N R(p-r) R(p)J’s(p+k,r)V(k)d2k.
(40)

which is the equation for the quark—antiquark bound states
written in (15) of reference 4. The solutions of equation

(40) are discussed in references 4 and 5.
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IV. HIGHER DERIVATIVES AND SCATTERING AMPLITUDES OF MESONS.

We now turn to the investigation of the higher
order terms in the large-N expansion given in equation
(4)
0

(22a). Since the relevant part of/\0 is /A (see

(30)), we compute the third functional derivative with

respect to 3(4)

i(§s (/\)/é'/\(4) (a;,vy) A (uyrvy) gAY (ug,v3) )A=>«0

= R(vl—u3)R(v3-u2)R(v2-ul) + R(vl—uz)R(vz-u3)R(v3—ul)
(41)
where R was defined in (32). The cubic term of the action

of the large-N expansion is therefore given by

- (i/3N-l/2)sR(Vl-u2) S)\M) (uy sV, )R(V,y=ug) sA) (u3,v3)
R(v3-u,) §A(4) (v ,9;) '7kT du dv, .

(42)
We may regard SA(4)as the effective field of
the mesons of the theory. We see that equation (42)
describes a disintegration process of a meson into two

mesons. The amplitude for this process in momentum space

is given by
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CN-1/2j‘dkR(k)R(k_r2)R(k-rl)nl(k,rl_k)n.z(k,rz—k)f).3(r2,: ~k)

1
where C is a numerical constant and Jlj are the bound
state wave functions. This agrees with the expression
derived by the diagrammatic method.

All the hiéher derivatives with respect to‘a(4)
can be calculated, and the expressions are analogous to
the third derivative shown in equation (41). The term with
a derivative of order n generates a process with n

external mesons, and is of order (N-l/z)n-2.



V. REDUCED MODEL .

To keep uniformity with previous notations we use
the prescription -idf — Pafa to build the associated
reduced model. The lagrangian to start with is given at
the begining of section II. The reduced actior~133"35 in
this case is

2

. -2
i(27m) SR = -% (P_a'P-c) AacAca -

¥;( (iy pa+m)‘sac+ig)"—p‘ac )fc * ﬁafa * ana
(2)
where A stands for A,-. The quafks variables f,f are
anticonmuting variables as well as the sources n,h .

The generating functional of the reduced model

would be, Z(P,§,n)= fTFdAd'f‘df exp Sp, where P, =
Sabpb'

The goal is to modified the action in such a way
that only the field représenting the self-energy of the
fermion propagator remains as integration variable. For
this purpose we integrate the gluon variables. Thus the

reduced action is given by

i2m~2s{! = wg®v Ty £ EY.f, - Edireeme + je + By ,

(3)

e - 2
where V_, ==1/(P__-P_p)".
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The infrared divergence of the glqon propagator
will be troublesome at the level of the integral equations
governing the self-energy in the large-N limit. However is
already known that a proper definition of the propagator ’
using a small momentum cutoff or a special principal value

prescription defined by
2 . =2 . =2
P(l/k7)=%((k+ie) “+(k-ie) 7), e = 0
removes completely the infrared singularity in the

two-dimensional QCD.

The fermion self-energy variable is introduced as

follows,
i(2m 25 = -E(iyprm)£ + RiE Y E_£_ -
(1/32g )E“"v 1Eﬂd+ nE + fp . (4)

The integration over E would yield exactly the action
given by (3). Before doing the fermion integration we can
make some simplification of the E-variable due to the
lightcone coordinates. We use the following general

decomposition,

Eqp;(E(l)Y_ + E(z)Y+ + E(3)Y_Y+ + EY. Y- )«'e



and replace it in the generating functional ( the
following properties of the Y’matrices are important:

YE=Y3=0; YaY-+Y-Y, =21; try =try =0 ).

We find that E(l) can be integrated, which imply that

g (2) (3)

=0 and E decouples from the action, so just E

is left as integration variable,

i(2m 258> = -Fuypeme + iy y £ E_
) -1 - -
-(1/8g*)E V1B, + §f + I . (5)

The integration over the fermion yields a
determinant which after being exponentiated induces the

following action,

(4) % 2 2
Sgp = = £Zyqln(1-iS(P)E)) + (2m"i( (1/89")

E vt

aabB ~ Ma5pPalM, ) (6)

where

S(p) = -ip_/(m%+2p,p_-ie),

— : R 2
SE(Pa) = S(Pa)(l+ (1/2)EaY;S(pa) + ((1/2)an_s(pa)) +...)
and

S(p) = (m - i(p,y_+P_Y))/m?+ 2pp_ - ie).
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In the source term of action (6) we can identify
the full fermion propagator Sgr E being the self-energy
correction. The saddle point equation for the E variable

is

Ep = (9/m 2V S(p,)/ (1 - i8(PIE) .

(7)
Now we take the large-~N limit of this last equation.-We
iqterpret the sum over P, @s a random evaluation of an
integral with a volume element equal to 1/N. We may choose
the volume of integration as large as we want to
approximate the infinite volume limit. Thus N should be as
large as the number of momentum space points we choose to
approximate the continuous space. Therefore in the large-N

limit equation (7) is given by,

E(p) = -(gZN/nz)fézk S(k)/(p_~k_)2(L - iS(K)E(k))
(8)

which is the equation for the leading large~N contribution
to the quark propagator. Nevertheless, there is a
remaining question, why the saddle point of action (6) is

the good approximation for the large-N limit?. The answer
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lies in the process that changed'the algebraic equation
(7) into the integral equation (8). We apéiy the same
procedure to the original reduced action (2) and a general
rule could be stated to build the new reduced model:
iisntify, Aab - A(pa,pb), fb -—> f(pb) and

= =—» N dp. Applying this rule to eq. (2) we

a=1
obtain

5o = ~ian’n [ -y [e_-k ) ap KAk, pra%
- £@) (iyprm E£(p) - 1oN[E(R)Y_A(R,K) £ (k) a%k

+ R@IE(@ + E@In@ )d’p. (9)
The generating functional is
Z2(9.n) =JDf(p)-Df(k)DA(k,k')expso.

Note that the fields do not have color index and the
generatihg functional does not depend on P. Action (9)
generates the same large-N limit as the original reduced
action (2) for the fermion Green's functions globally
invariant under U(N). These Green's functions are given
directly in momentum space without additional "quenching"

procedures,
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The large-N limit °f<fa(p)fa(q)>whole g’
is given by the large-N limit of <f(p)f(q)>s . In

0
analogy to the derivation of (6) the integration over A in
(9) produces an action with quartic fermion interaction,

which is equivalent to,

s¢?) = -iar’n | ( -E() (iypim-ixy E@IE(E) + (1)
- (1/32g%N) E“Pip) Q(p-k) E@?k)dk + pf + En ya%p ,
1

where Q (p-p') is a function such that if, g(p)=
- [ d®an @/ (_-a_)? then n(p)= [er-wig (@ d%q .
The matrix E“p(p) can be simplify with the same
decomposition used previously, from where only E variable
remains. Therefore, integrating over the fermions we get

the following action,

5§ = nf( ln(l—ig(P)E(p))+(iv2/2§2N)JE(P)Q(P-q)E(Q)dq
- 14r’R(P) S5 o) D) )P , (11)

where it has been taken 82(0)=N. The saddle point

equation for E(p) is exactly the equation given in (8).



Expression (11) is the analog of (6) and we can
see that actually there is an overall factér N which
insures that the saddle point equation with respect to E
is the correct approximation for the leading large-N
contribution. Formally, in (l11) the overall factor N of
the action is already infinite, therefore only the saddle
point of the action is meaningfull within the reduced
model context.

Taking functional derivatives respect to §) and n
we get that the four fermion Green's function is
proportional to SE(p)SE(k) where E is evaluated at
the saddle point solution Ej- This is just the first
term of the ladder approximation which is the second
contribution in the large-N expansion of the four fermion
function. The whole ladder contribution is necessary to
obtain the correct large-~N amplitude for the meson bound
states. If we want to extend the meaning of the reduced
model beyond the leading large-N contribution we have to
keep N large but finite in action (11), though we do not
expect the reduced model would yield the correct
contribution beyond the leading large N term. It has been
shown (see chapter 2) that the second functional
derivative evaluated at saddle point solution produces th
operator to obtain the meson bound state equation of the

model in the large-N expansion. This second derivative is

58
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Sp (P15, (k) 8 (p-k) + 1(g7/g°MQ(p-k)

where, S.(p) = S(p)/(1 - S(p) Ey(P)). This is not the
correct amplitude to obtain the meson bound state
equation. From the complete theory given by eq. (1) we

realize that this amplitud B should be,

B(PyrKyrPyrk,) = SL(Py)S, (k)P ~k,) §(k,=P,)

. 2,2 _
The meson bound state equation is,
- L ' =
[Boy kg /0y 0,08 (k" p,ky) V(K =k, Ak dk D, = O

here V is the gluon propagator (V=-l/q3), s the
eigenfunctions and G is a function such that if
{aax (k+a,p+q)V(a?) = ¥(p,k) then X(k,p) =
{G(x-x',p-p")¥ (p* k") ak'ap’.
A more standard form of the meson bound states

equation is

sk = (@8/n")s, (18, (k)| s (k' k -p) V(K -prak".
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Indeed, the reduced model could not predict the
amplitud B, since the self-energy variable depend only on
one coord;nate E(p), whereas in the whole model (1) it
depends on two coordinates,, E(p,k). However this is not a
serious drawback of the reduced model since the crucial
point is to find the correct leading large-N contribution
to the fermion propagator, which once is known it can be
used directly in the standard form of the meson bound

state equation in the ladder approximation.
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4. THE SINGLET FIELDS METHOD AND THE LARGE-N

EXPANSION OF THE MATRIX MODEL
I. INTRODUCTION

This chapter considers a four-dimensional matrix
model coupled to fermions and proposes an action from
which a systematic large-N expansion can be obtained.

To deal with matrix self-interactions, additional
fields are introduced36. The quartic self—interaétion is
reduced to Yukawa couplings with auxiliary anticonmuting
fields.

The whole model can be reformulated in terms of
singlet combinafions of the fermions and the auxiliary
fields. The resulting action has not any dependence on the
group- indeces, There remains an overall factor N, once the
coupling constants are rescaled by the appropriate N

factors.

The overall N factor and the explicit dependence

on the fermion sources allow a systematic expansion of the

fermion Green's functions in powers of N-l/z.
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This chapter is organized in the following way.
In Section II, the preliminary calculations for the full
four-dimensional case are illustrated by making use of the
~one-dimensional case. Many of the functional manipulations
in the continuum can be more easily understood in the
formulation given by a finite number of variables. In the
one-dimensional version the discrete representation of
path integrals can be readily derived at each step of thé
calculations .

The four-dimensional case is developed in Section
ITI. Here, many formulas are directly analogous to their
one-dimensional counterparts. The goal of this section is
the derivation of the singlet fields action. The last
section describes in general terms how the large-N

expansion would proceed from the singlet fields action.
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II. THE ONE-DIMENSIONAL MODEL

The matrix model in one dimension is a quantum
mechanical analogy of the field theory model. The
interaction between the matrix field and the fermions is
not unique. Here we make a choice that has been already

11,12

considered and has given good results.

The model is defined by the following lagrangian

L = (1/2)tr ( (dA/dt)? - m]2_A2 - (91/2)A4) +
- FR ab_op.p
Fa.f + ng;‘z\ £ (1)
where dt = i(d/dt) - mdé and E = -01. The NxN matrix

A is hermitian and E,f are the fermion variables. The
lagrangian is invariant under global U(N) group
transformations.

The generating functional is given by
Z(ﬁ,q)v= fDADfoexpS( iL + ﬁf + fq ) dt

vhere 3, n are sources for the fermion variables. The
. fermions and their sources are anticonmuting variables in

the path integral formalism.



The discrete definition of the path integral is

given by the following integration measures

n hi N
s ab ab
DA =lim___ ‘l ( de I de ) , (2)

k=1 a/b a/b

where R = Real(A) and G = Imaginary(A). For the fermions

043 N
Df = lim T T agd (3)
n—->ook=l a=1 k »

The integrals of the action are defined by

{arae - 1imn_,oo§flqk/n . (4)

Other related formulas can be found in the
appendix.

The first step is to reduce the quartic
interaction to a cubic interaction with-an auxiliary

matrix field

exp(—(igl/4)[trA4dt) = C(ao)jDP exp(J}i/Z)tr (5)

2 2
((ag/ng)P - agA‘p)dt ).

64



The constant a0 has been introduced to rescale the

coupling constant. The constant factor C(ad) dissapears

once P is integrated.

36

The cubic interaction can be reduced to

Yukawa couplings with auxiliary anticonmuting variables.
The key formulas to reduce higher power interactions are

given by

N
co(nfTT -rrdw'idwiexp(

n
exp( trf M(t)dt)) = lim o L
=1 a

n—o00
n ab b
%(wliwi * 1W'?TjkMk W/m )/n)
= J

= coij'Dwexp(J(w'(t)w(t) + rdsw'(s)T(s,t)M(t)w(t) )ydat ),

and

exp(j‘w'aAabBbcwcdt = IDuDv exp(I(w'Au + v(-u + Bw)dt )

where w', w, u, v are anticonmuting variables and T is a
function such that the above equality is satisfied.
Formulas similar to (6), using conmuting variables, have

already been introduced36

in a preliminary application
of the quadratic singlet field method to QCD without
fermions. The choice of T is not unique. Two simple

elections are
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(6)



T(s,t) = §, ¢ = 8(t-5)/8(0)

T(s,t) = 8 (t-s) . -

66

The function © is defined by x >20,0((kx) =1; xL 0, € (x)

= 0. The formula can be directly derived by integration of

w'and w. Applying this formula to the cubic interaction we

obtain
2

exp(—(aoi/Z)trIAzpdt) = IDw'Dw exp(f( w'w - (aoi/Z)WTA Pwidt )

where we have defined wT(t) = fw'(s)T(s,t)ds .
In this last expression the matrix interactions

can be splitted by the introduction of delta functions

exp(—(aoi/2)tr A2Pdt) = IDw'DwDuDV exp( S')
where
_ aa _ _a.a a,ab b
s' = I( w'w -~ viuy vou, + bAwTA uy +
a.ab b a.ab b
valP u, + bszA w )dt .

In this last formula the constants satisfy the condition

2 - 3
2bAbP.' iag.
The complete action can now be given by
g1 f( (i/2)tr( (aa/at)” - nja® - - (8)

2 2 . = .
(ao/Zgl)P ) + 1ngAEf ydt + s' + SF

(7)
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where S, = S(ifdtf + pf + fn )dt.
In this last form of the action the matrix
variables A, P can be integrated. The result of such
integration is the following action
(2) _ j _ a_a,?2
S = | ( w'w vu + SF + bl(Vluz) )ydt
+ (i/ZX[G(t—s)tr(K(t)K(s))dtds (9)

where we have defined

(dz/dt2 + mi)G(t-s) = é(t—s), (10)
ab _ ab ab a_.b
K 7 (t) = bA(wTul + VoW ) + ng EEf,

) 2
bl = 1ngl/a0 .

Expanding the product tr (KK) we find only singlet
combinations of the auxiliary and fermion variables. The
next step is to substitute these singlet products by
invariant fields. From here on the cases in one and four
dimensions are treated exactly in the same way. To avoid
unneceéary repetitions we leave the present case and

continue in the next section with the matrix model in four

dimensions.
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III. THE SINGLET FIELDS ACTION IN FOUR DIMENSIONS.

The model to be considered here is given by the

action S =98 , where the various

ar ¥ S1a t Spy
pieces of the action are defined as

Spp = ij((1/2)tr(&l; A - m2a? ) + ig,E A £, )ax an
S = if (-9 /4)trA4(x) dx

Ia 1

Spy = ij ( f(in -my)f + nf + fn ) dx

The field A is a scalar hermitian matrix of NxN
size, and ﬁ,q are the sources of the fermion fields f,f .
The action is invariant under global U(N) transformations.
The generating functional is given by
Z(R.n) = IDADfoeS.
The following convention is adopted: given an
action S(j)(F) where F are the fields, then S(k)(F,F')
is an action equivalent to S(i) The functional

integration over the extra fields F' yields back the

initial action, exp(S(j)(F)) =.IDF‘exp( S(k)(F,F')).



The term S,, is given in terms of an auxiliary

matrix field P

sit) = if(l/z)tr(-aoAPA + (ag/Zgl)Pz)dx (12)

The constant a, has been introduced for
rescaling purposes and disappears completely once P is

integrated. By introducing the auxiliary anticonmuting

fields ui, vﬁ, wi ra=l,..N , k=1,2; the interaction of P

and A can be reduced to Yukawa couplings as follows

(2) 5 _ .a.a
( wy (X)w (x) ViU t b, (W Au, 4+
.2 2
b v2Aw2 + b leu2 + (1a0/4gl)trP )dx.

In this last formula we have defined wT(x) =
le(z)T(z,x)dz. Also it is necesary that -iao =
2
ZbAbP.
The field P can be integrated from the action

g(2)
Sia *

(3) _ -
SIA = I( WiV, Vi Uy + gz(wTAul + v2Aw2)
by (v,u,)? )dx (13)

where we have defined bl 191 /a0 . A

choice we can make is bA 92’
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Now we consider the terms §

(3)
ar ¥ S1a

Sypt which can be arranged as follows )

S, . = if£r((1/2)(b ad"a -n%a?%) + AK)dx + s (14)
XF M 1 X

where K, = gZ(Eanb + wiu? +vgwg)‘

_ 2
ana s, =|( wiwy + vu + b (viu)? )ax

We are in position of integrating A from Sypt

Séé) = (i/Z[IG(x—y)tr( K(x)K(y) )dxdy + sx (15)

where ([J + mi)G(x-y) = 8(x—y).

(1)
XF '

Expanding all the terms of S
Sxe V) = (17219, %6 (x-y) (E 0P R by By nmP iy
2(E, ()P R ud () wh () £200 +2(F, CoP P wd () v5 90 £¥ ()
w2l ()b (1l (0 + 20 0w (y) vby)ubix)

+ v3(x)w)(y)vh (¥ wh (x) )dxdy + Sy.
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-

The total action is given by S FN

(1)
SXF .

(1)
XF

conbinations of the fermion fields and the auxiliary

The term S contains only singlet
fields. To substitute this combinations, the follawing set

of singlet fields are introduced through delta functions.

Sp = jhvl(x)(v'l(x) - vl(x)uz(x))dx +

dxdy (V, (x,¥) (V' 5 (x,¥) = vy (x)uy(y)) +
W, (x,y) (W (%,y) = wy(X)uy(y)) +
Wolx,¥) (W' (%x,y) — vy (x)wy(yl) +
W (%0¥) (W' (%,9) = Wy (D)W, (y))  +
FX (x,9) (F' 2 (x,9) -~ (ExMAw, () +
¢ (x,v) @' ¥ (x,y) - E@MTu (1)) +
F¥ (x,9) (8" (x,3) — wy (0)E0)) +

G (x,9) (6" S (x,3) = vy(x)£ly)) +

0% (x,v) @ %P (x,y) - Ecn f ).

In this last formula the sumation over the group indeces

has been ommitted in all the singlet products, for example

= a._a
V2ul Vzl.ll-
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Let us introduce SD in the total action. The

pieces where the singlet fields would be replaced are

contained in Sy *+ SQ;)  therefore

(1) _
Sp + Syp = Sg *+ Syg

where

= (92/2) faxaye -y ( @' §Px, @ By %) + 200 ¥%Ed 4
2P' %G + W W'+ WOWY, 20 V)
+ by [v'2xyax +

dedy ( Q&P(x,y)Q'dp\x,y) + V (x,y)V! 2(xly) +

Sg

d p1& & X & A1 q &
Fl F'l + F2 F'2 + Gl G'l + G2 G'2 +

[ [ ] 1 1
wlwl+w2w2+wow0)+[vlvldx

and

S < J( wlw2 - vkuk - Vlvlu2 ydx
= dxdy( V, (x,7)V, (x)u, (¥) + W, (x,y)w, (x)u, (y) +
Wy (X,¥)V, (X)W, (¥) + Wo(X,¥)wy (X)w, (¥) +
FE (2,9 (EM%w, (v) + 6% (x,9) (EM™u, (v) +
F(x,y)w, (0 E(¥) + 6Xx,p)v, (0 £ly) + Q%P(x,y)(f cor X efyy .
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The whole action is now given by

(2) _
S = Spy * S5 t Syg

The fields u, v and w can be completely

integrated from SXG' The result of integrating u and v

is given by

(l’ = Iw wdx - w 1 (R)T (X, 7IW(x,y)w,(y) dxdy -
j'( Wy (RVE) () + Hy(x)wy(x) )dx — [EMQy + @) (x,¥) £ (y) dxdy.

In the last formula we have defined the following terms
W(x,y) = WotW 5, = Wy(x,y) +le(x,X')Z(X'rY')Wz(Y',Y)dx'dY'

0

IF‘J’f(x,x')f;‘(x' ydx' + jwl(x,r)z(r,s)G;((s,t)fg((t)drdsdt

1y ()

H;(X) fE;(Z)FFz(Z:X)dZ + J}fa(t)r) Gl(t,r)z(r,s)Wz(s,x)drdsdt
Q°l(p(x,y) = ij( (x,r)Z(r.s)GZF(S.y)drds

where 32Z(r,s) = Vl(r)V_l(r,s) and

Iv’l(x,z)( (z-y) - Vé(z,y)Vl(y) ) dz = 5(x-y)
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The result of the integration over w field is

given by the action

(2) _ =
Sgg = Ntrln( §(x-y) - W(x,y) ) - J£(x)Q(x,y) £(y)dxdy.
where Q = Qp * Ql +Q, and

Q,(x,y) = _IFZ(X.X')WT(X',y')Fl(y'.y)dX'dy‘ +
( Fo(x,x")Wn(x',y")W, (y',u")2(u',2")G,(2",y) +
Gl(x,z')z(z',u')Wz(u',x')WT(x',y')Fl(y',y) ydx'dy'du’dz' +

Gl(x,Z')Z(Z'.u')Wz(u',X')WT(X',y')Wl(y',v')Z(v'.w')Gz(W'.y) a@’.

The term W

I is defined by,

wT(x,y) = s(x—y) +.[T(x,z)W(z,y)dz + J&WTW +  tee .

The whole action is now given by

(3) (2)

S %G °

=SFN+SG+S

The fermions fields are contained in the the term

S + Séé) = S _. the integration over the

FN N
fermion fields yields

s{) = ws, - iﬁa(x)sQ(x.ymam dxdy
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where

sp = trin( §(x-y) - Jr(x,2)W(z,y1az ) +
trln( § (x-y) I - {sp(x-2) (-1 Q(z,y)dz )

(1Yd - my)Sp(x-y) = I§(x-y)

and

SQ(x,y) =SF(x-y)+jSF(x,u)(-iP)Q(u,V)SF(V,y)dudv+...

The whole action is given by 8(4) =8g * Sél).

By examining Sg We see that all fields with

prime superscript can be integrated and the result is

given by

- &
s¢t = 1932 [(1/26(x-9)) ( dﬁ%x,y)qﬁ(y.x) + W (X,Y)W, (y,%) +

; 2
WW, + 20V, + 2F,G, + 2F,G, )dxdy - (1/4b)) Vi (x)dx

Finally the action is given by Sél) +

(1) _ g(5)
sy =87,

(5)

s N(SL + SC) - ifﬁa(x)so(x,y)qa(y)dxdy
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(5)

From action § the whole large N expansion of

the fermion Green's functions can be derivéd. From S(S)
we can find the Green's function which are invariant under
the symmetry group as well as the non-invariant Green's
functions. As we can see the non-invariant Green's
functions are always combinations of Kroneker deltas and
invariant Green's functions.

Before qoing into additional details of the iarge
‘N expansion let us consider the important particular case
given by 91y = 0. So far it has been convenient to keep
99y only as a factor of Vl' however ‘as it is there we

can not set Iy = 0. To consider this case we have to

rescale some singlet fields as follows,

-1 -1

AGNV1 ™2 Vir 9182 T3V 9 > Wy

This rescaling changes Z into glNZ' Now we can set 99N
= 0 . As a result we obtain W = Ql = Q2 = 0, and the

only surviving singlet field is Qp-
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IV. LARGE-N EXPANSION.

The basis for the large N expansion is provided
by the large N action derived in the previuos section ,
which is § = N(s; + 8,) - if?)(X)SQ(x,y)r)(y)dxdy-

The explicit dependence on the fermion sources
provides the mechanism to derive any fermion (quark)
Green's function in a power series expansion of N(-l/z).

For exam=le the whole two point fermion Green's

function ( the propagator ) is represented by

(:Fa(x){b(y)> =3abJDF SQ(X’Y)EN(SL(F) + 5. (F)

where all the singlet fields has been represented by F.

In general terms, the orocedure for the large N
expansion is as follows. The first step is to evaluate the
sa&dlo voint equation of the singlet fields. Then the
fields are shifted by a solution of the saddle point
equation and the quadratic piece of the action has to be
calculated. Additional large N corrections are calculated

as perturbations around the quadratic piece.



To illustrate more explicitly how the large-N
expansion would proceed let us take the cas; 9y * o .
In this case the only singlet field is given by Q = QO'
The action is now given by SL + SC = S(QO). The

(-1/2)

power expansion in N is obtained by the

introduction of the shift of wvariables
Q0 = R + N(_l/z)R' in the generating functional. The

action is expanded as follows

NS (Qy) = NS(R + NCY2)gy 2 Ns@R) +
N2 [(85/80 (x,3)) _pR" (x,y)dxdy +

(1/21)j(ész/éQoéQo)Qo=RR'R' + (1/3!N1/2)J(538/5Q ) e

The function R is chosen such that is a solution of the

saddle pbint equation

(és/éQo)Qo=R =0
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This last equation in momentun space is given by

R(p) = -i(2ﬂ)—4g§§‘V(Q)SR(P+Q)Qgt.‘

where the following propagator has been defined
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Sg(k) = S(k) (1 +["R(k)S (k) + (MR(k)S (k)2 + ces)e

The free propagators are given by S(k)(‘Yk + m, ) =1

and V(k) = 1/( k2 - mi ).

the leading large N contribiution to the fermion

The equation for R is

propagator.

The next step is to obtain the quadratic
contribiution of the field R' and treat the higher powers
as perturbations around the quadratic piece.

By looking ét the four point fermion Green's
function it can be shown that the gquadratic contribution
of R' is equivalent to the Bethe-Salpeter kernel in the
first large N connected contribution ( the leading large N
contribution is disconnected ). The large N approximation
of the Bethe-Salpeter kernel is given by the ladder
approximation taking the fermion propagator as Sg*

The equation for the posible bound states is
given by the homogeneous kernel, which can be derived
directly fron the second functional derivative respect to
R'.

As a final remark, it is important to notice that
the procedure used in this paper is more general and our
main motivation has been to prepare the groundwork to be
able to apply it to QCD. The details of the extension of

this method to QCD are presented in Chapter 5.
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5. THE SINGLET FIELDS FORMULATION AND THE LARGE~-N
EXPANSION OF THE QUARK SECTOR OF QCD

I. INTRODUCTION

One of the major aﬁalytical problems in
formulating the large-N expansion has been the treatment
of matrix fields interactions. To deal with matrix
interactions, additional scalar fields were

introduced36

. This initial effort, done to derive a
suitable action for the large-N expansion of the gluon
sector,36 led to difficulties. The resulting action

could not be completely given in terms of singlet fields
combinations. However, if we focus on the fermion sector,
then the QSF method can be successfully used.

The main goal of the present chapter is to show
the application of the QSF method to the quark sector of
QCD. In essence we want to verify that the calculations
performed in chapter 4 for the matrix model are also
extensive to QCD. The argument is presented at the formal
level of the path integral representation of field theory.
From there, the framework to calculate the large-N

expansion of the quark Green's functions is developed in

general terms.



1

The starting point of our derivation is the
reduction of the gluon self-interaction to-Yukawa
couplings with auxiliary anticonmuting fields.

The whole QCD action can be reformulated in terms
of quadratic singlet combinations of the quarks and
auxiliary fields. The resulting action has not any
dependence on the group indeces and there remains an
overall factor N, once the coupling constant is rescaled
from 92 to Ngz. We call this resulting action the QSF
action.

The explicit dependence on the quark sources of
the QSF action makes it possible to apply the conventional
procedure based on functional derivatives to derive a
systematic expansion of the quark Green's functions in
powers of N_l/z.

To actually calculate the large-N limit, the
saddle point equation of the QSF action should be solved.
The saddle point equation is a finite system of integral
equations. These equations determine the leading large-N
contribution to the quark propagator.

To proceed with the large—-N expansion to all
orders we should solve a second system of integral

equations, derived from the second functional derivative

of the QSF action.



g2

These are essentially equations for the connected
leading large-N form of the four-point quagk Green's
function. We are faced with the difficult problem of
solving these large systems of integral equations. It is
out of the scope of this presentation to elaborate on the
solution of these equations. However, we comment on some
possible simplifications of this problem,.

The next section of this chapter is devoted to
the derivation of the QSF action from the conveﬁtional
local field theory formulation of QCD. In the last section
we show in general terms the procedure to derive the

large-N expansion from the QSF action.
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II. THE QSF ACTION.

The action of QCD is considered as follows:

S =85 + SAE + S where the various parts of the

FA EN'
action are given by

Spa = 1 J (co/21er o/ RS - FPY(3ua,-d, Bpmia[A A N1dax (1)
- 3 - 2 . ab z ab

Spg = 1 I( (1/29) tr (?hay) © - 1gaﬁ‘haAp.hb + gE yMaL’E, ) ax

Sgy = 1 j( 'f'(iyb - mE +Mhdh + {E + By ) ax.

The fields h,h are the anticonmuﬁing variables
associated with the relativistic gauge condition and & is
the gauge parameter. The variables ﬁ, n are the sources of
the quark fields £, f£. For simplicity, we consider the
U(N) QCD action wiéhout flavor indeces. The parameter Cg
has been introduced to perform a field rescaling and it
disappears completely from the action once Fuy is
integrated over.

The generating functional of the quarks Green's
functions is given by

Zz(n,n) = fDFDADEDfD'ﬁDh eS, (2)



The notational conventions in this chapter are
the same adopted in chapter 4.
The first step is to reduce the cubic term of

S to Yukawa interactions with auxiliary anticonmuting

FA
fields according to the following formula

exp(~(cy9/2) jtr (FMVEP’Av] )dx) =IDvDqu exp( Sy, +
?J(ngpu{“ + vghwwz + F%M(vfug - V{ug)dx ) (3)
where

SXQ = J}wl(x)wz(x) - vkuk)dx.

To derive equation (3) we have to set Cy =
—292. The auxiliary anticonmuting fields are vi*ﬁ
udFand wi ( k=1,2; a=1,2,...N ).

Substituting equation (3) in the generating
functional, we f£ind that‘QMv can be integrated over. The

new form of Spa is given by

84
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SE('Z];) = if(-(l/4)tr (al).Ay - ayA}‘)z - (Zig/co)yly (a#Ay _ay AA)UZF
+ gj (WTAﬂuf + VgA/*wz)dx * Syp * Syg (4)
where
. 2
SXI = =(2ig /cé{f((vivugﬁ)z - (V§NUZM)2)dx'

The terms Séi) + SAE are more conveniently arranged

. . . (1) -

in the following way: Spa * Spp = Sk t SXI + SXQ'

where

Sp = -i [ tr ((1/2) QuadFaY -3uad¥a® + (1/«) (3"?\,‘)2) + Khay) ax.

In this last equation we have defined

Ki‘f = gi((2/cy) a"w‘l’,,ugp Vllj}xu;v) *

b a b a - +
7 u%pr+ vzﬂyz + (Q#hb)ha + lfan“fa)'

w

The field A can now be integrated over. The result of this

integration is given by
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Sél) = -(i/Z)IG,W(x-y) tr (KM(x) K (v) ) dxdy. (5)
In this last equation we have defined the following free

propagator

_ -4( .4 -ipx 2, . 2, .
Guy (x) = —(2m) fd pe (Guy + (X-1) (PyPy/P +1£))/(£> +1&),
The whole action is now given by

1) _ g
S = Sg + Sy * 844+ S (6)

XQ EN®
Let us consider the part of the action given by

sél) + S,.. Here we find the interacting terms of

XI
all anticonmuting fields. The interactions are quartic
polynomials that are only given by singlet combinations of
the anticonmuting fields. Since these singlet combinations
are always quadratic, we can introduce a set of bilocal
fields to replace them. After this substitution is
performed, it is possible to integrate out all the
anticonmuting fields. The result of this integration is
the QSF action.

The guadratic singlet products are substituted by

the bilocal singlet fields, using delta functions with the

following action



Sp = 'dedy( g 1 ¥) ¢ 9T MY (x,y) —v3M)udY(y) ) +

Viga(%r9) V8 = v ()wgly) )+ (7)

Vi o) (VY () - viMaah (o) )
Vieg o (x09) (VAN 9) = VMo £Xty) )+

Uy %0 9) € U, ) = wl(x)ulMy) ) +

Ul;<x,y)( U (x,9) = b (xuphy) ) o+
Uz"‘kﬂ(X.y)( uhfix,y) - Xy ) o+
Wo(x,9) ( W' (x,y) = wi(x)ws(y) ) +

Wy (Xe¥) (W' (6,¥) = w3(x)h_(¥) ) +
Wy, (X,9) (W', (x,¥) = ho(x)wo(y) ) +
Wl (x,y) (WA xey) - Wi EX(y) )+
W3 ey (W Ay - TNxwdy) )+
Hy(x,¥) ( H'g(x,y) - h_(x)h_(y) ) +
E¥x,9) (B S (x,9) - B0 edy) ) o+
BX(%,¥) ( H'3(x,9) = EJ00B_(y) ) +

of %z, %,y - Bt ) ).

The term Sp is added to the complete action

given by equation (6). The purpose of Sp is to introduce

all the singlet fields in Sél) and in SXI' After

this substitution is performed, the resulting action is
arranged as follows
2

+ 5. =g ST + Sx. (8)

(1)
Sg + SXI + SXQ D

$7
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The terms on the left side of‘equation (8) are

given by: Sy = SXQ + SDX' where SDX are all the

terms of SD that contain the quadratic products of the
anticonmuting fields. Defining SD = SDX + SDL' then

ST = SKD + SDL' where SKD is the result of
substituting the bilocal fields into Sél) + SXI'

Let us consider the part of the action given by

S We notice here that the anticonmuting fields v,u,

Xl
and w can be integrated out. The result of that

integration is given by

- ; o =

s)((l) = '.(dXdY( f:(x)(Qo-l-Ql) P(x,y)fg(y) + h_(x)G(x,y)h_(y) +
- « « ¥ x)6¥ ' |
h_ (x)GT(x,¥) £ (y) + £ (x)GJ(x,¥)h_(y) ) + NS, (9)

where

Sr1 = tr 1ln (‘5(x-y) - f%lx—z)W(z,y)dz ).

To reduce the large form of Sél) we have defined the

following expressions

= -1V
G(x,y) = Hy(x,y) + Idzdu Uljp}X'Z)ij (z,u)Vp, (u,9) + (10)
I dsdt ( le(x,s) +-IdzduUliM

— v .
WT(Srt)( Wll(tIY) +I dZdUUjN(t,Z)thM(Z,u)Vkly (u,y) ).

- vV
(x,2)W5, (2,0 v, (u,8) )
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Gﬂ(x,y) = H“(x,y) +‘]dzduU ,M(x'z) WJEM(Z u)kaV(u,y) +

fasat ( wy,(x,5) + fazduu, F(x,z)W iﬂ(z W)V, ,(u,8) Iy (s,t)

(W (Esy) + fdzduny (e,2)W; Mz vy, iy ) -

o« — ¥
G2(x,y) = Hz(x,y) +IdzduUz°J$

Idsdt( Wz‘é(x,s) + jdzduU )“(x,z)w l’u(z u)vkv(u s) )W (s,t)

— vV
(x,2) Wji’u(z,u)vkly(u,y) +

(W, (t,y) + [ dzduy (t,z)wj,ﬁ”}’z,u)vkl,,(u.y) )

im
and

-1 MV
Q°l‘p(x,y) = fdzduUz"gN(X.z) Wji}u(z,u)vk‘gv(u,y) +

Idsdt( W"‘z(x,s) +fdzduU°‘Iu(x,z)W-lM{z u)Vkv(u yS) )W (s,t)

(whey) + fdzauny (6,20% Mzwv,, @) ).

12 )A.

Let us consider the complete action that is now

. (2) _ -2 (1)
given by S =g ST + Sx + SEN‘ .Here we

notice that the fields t-'n—, h and f-, f can also be integrated
out. The result of this integration is what we call the

QSF action, that is

S = Sg = N( (1/92N)ST + 8, ) - 'dedyia(X)SQ(X.y)qa(y).
(11)



In this last expression we have defined the following

quantities

Q=0+ 9 +0,

where

S, = tr In(§ (x-y) - Idz A(x-2z)6(z,¥) )
Sy = tT In(§ (x-y)I - SszF(x-z)Q(z,x) )
and

Qgﬁ(x,y) = —Idude;(x,u)G(u,z)Glﬂ(z,y).

The singlet fields action given by equation (11)
is dependent on a rather large set of singlet fields. The
singlet fields which are under functional integration are
all the singlet bilocal fields defined in equation (7).
Half of these bilocal fields, which are denoted by a
prime, can be integrated out. The part of the action that

contains them is given by ST.
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To simplify the discussion of the next section we
introduce Q as a field in the generating functional. We
shall refer to Q as the self-energy field. The
introduction of Q as a field can be accomplished by a
delta function.

Once Q has been introduced as a field, then the
field Q0 can be integrated out from the generating
functional. This last step is possible because the action
becomes gaussian in the field'Qo. We do not display the
result of this change of field variables because the
specific details are not rele&ant for the general

presentation of the section that follows.
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III. LARGE-N EXPANSION OF THE SINGLET FIELDS ACTION.

The basis for the large-N expansion is provided
by the Q8F action derived in the previous section and
given by equatioa (l1l1l). The same general type of the
singlet fields action has also been derived for the case
of the matrix model in chapter 4.

The explicit dependence of Sg on the quark
sources makes possible the application of the standard
mechanism based on the functional derivatives to obtain
any quark Green's function in a power series expansion of
N2,

For example, the whole two-point fermion Green's

function ( i.e. the propagator ) is represented by

S

<BEx) 2 () = Sabj DG 8y (x,y)e ®lfm=0 *

(12)

where all the singlet fields and the self-energy field
have been represented by G.

In general terms, the procedure for the large-N
expansion is as follows. The first step is to evaluate
from the action SG‘the saddle point equation of the

singlet fields.
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The next step ié to shift the singlet fields by a
solution of the saddle point equation and then the
quadratic piece of the action has to be calculated.
Finally, additional large-N corrections should be
calculated as perturbations around the quadratic piece.

We now proceed to show how the large-N expansion
of the QSF action is implemented. To emphasize the general
structure we gather here the expression of the various
parts of S, and introduce a new notation to show
explicitly the functional dependence of each term

Sp3 = L(Sp,Q) = tr In (8 (x-y)1 - [dus_ (x-wQ(u,y) ) (13)

L3

SQ(x,-y) = P(55,9) (x,¥) = Sp(x-y) +fdudeF(x—U)Q(u.V)SF(v-y) + ees

2 =
(1/9°N) Sy, + Spp + Sp3 = I(Fy,Q).

L3

From these last definitions the QSF action is given by

Sg = N L(S,,@) + I(F;,0) ) - if axayf® ()2 (5,,Q) (x, 1192 (9) .
(14)

In these last expressions Fj represents the singlet

fields. The generating functional of the quark Green's

functions is now given by
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Se

Z(n.q) = IDFDQ e~ . (15)
In order to expedite the shift of field variables
in the generating functional, it is useful to apply the

following two properties. If we take Q = A + B, then the

functionals L and P satisfy the following relationship

L(S,A + B) L(S,A) + L(P(S,A),B) (16)

P(P(s,A),B).

P(S,A + B)

These properties can be proven by rearranging the series

that define P and L. The following functional derivatives

are also useful
§1.(5,0)/50 (v,x) = - 2P%(5,0) (x,y) (17)
SP“P(x,y)/SQYP(u,v) = P“Y(x,u)PPF(v,y);

We introduce the following shift of wvariables

1/2M, F. = F.. + N 1/2p

@Q=R+N j = Yo 1j

in the QSF action
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-1/2 -1/2... _ -1/2
Sg(Fg + N /7F R + N"/°M) = NSG(F(,R) + NL(B(Sg,R),N /M)
+ Nl/2[(( T(FQ)/ FIF; +  (ST(F,Q)/§0Mpp op + Ty + I3

-ifaxayh () (2 (55,8 N ) (x, 31 (v) - (18)

In this last expression, I2 repéesents the quadratic
piece, and 13 all the higher powers of the functional
series of I. The initial field configuration (FO,R) is
determined by thé saddle point equation of SG' This
equation arises from the condition that the factor
proportional to F, and M vanishes

1

§I(F(,Q)/8Q(y,X)g_p = P(Sp/R) (x,y) = 0 (19)
ST(F,R)/6F|,p =0 .
0

From this last system of equations we see that the
important quantity to be determined is the self-energy
functibn R. The self-energy function R, of the corrected
propagator P(SF,R), is the term needed to evaluate the
large-N limit of the quark Green's functions in terms of
the quark sources ﬁ, n. We shall denote the corrected
propagator by Pp (= P(SF,R) ). The leading large-N

part of the four-point Green's functions is disconnected

and therefore the next contribution is necessary.
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Once the self-energy function R is determined, we

treat M as a new field. With the fields F, and M we can
devise a perturbation expansion to calculate all the
contributions beyond the large-N limit. To obtain this
perturbation expansion, source variables J and Jl have
to be introduced for the M and F1 fields as follows

faxay( g, M,y + I xnF 9 ). (20)

This source term is added to SG and has to be

considered together with the quadratic piece of the action

given by equation (18).
The generating fuctional for the large-N

expansion has the following form

, —i A -1/2
Z(f o 03,3) = e ifaxah (02 (2 N 25 /501 p )

-1/2 '

ef(JTlJ * I T+ ITLT, + T T,d)
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In the last expression we have denoted by 13
all the terms of I involving powers of M equal or higher
than the cubic. The terms T, are the Green's functions
associated with the inversion of the quadratic form of the
fields M and F,.

The problem of inverting the quadratic form of

the fields M and F, induces a system of integral

1
equations. These equations determine the connected leading
large-N contribution to the four-point quark Green's
function. The homogeneous part of this equation is the
bound states equation for the meson states.

The explicit form of the bound states equation is
very large and cumbersome. The analysis of this equation
as well as of equation (19) is out of the scope of this
report. We consider premature to tackle this problem at
this stage of development of the QSF method.

In order to investigate the integral equations,
additional preliminary research has to be done. We have to
gain experience by looking at similar systems of equations
in simpler models, as for example in the matrix model.
Special attention has to be paid to the problem of

regularization and renormalization of these equations,
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It is possible that a substantial_;eduction in
the number of integral equations may occur if the QSF
method is applied to QCD in a non-relativistic and free of
ghost gauge fixing, The elimination of éhe anticonmuting'
fields associated with a gauge fixing condition decreases
the number of singlet fields and the complexity of their
interaction.

A few additional simplifications are attained in
the formal functional manipulations by transforming the
action to the momentum representation. This procedure
would give the integral equations directly in momentum
space, where they are more easily analyzed. Also in this
way, a relationship with the reduced model33 could be

more easily obtained.
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APPENDIX

Here we collect the most common and usefull

formulas and definitions used in path integration.

Gaussian Integrals

Vector Variables

o0 2 2
[ax emt3/2%" 4+ ox 2a/a) /207722, 45

0 . 2 2,,.
Idx o~ (13/2) %% + bx _ (Zn/ia)eb /2ia

J’d xexp( -(l/2)xc ca¥a * bcxc ) =

-1,

(2™ 2exp( (1/2)b_A7lb, ) (deta)™1/2

j i' (dzkdzk/znl)exp( -2 Az + u+z + uz+ ) =
exp( uta” lu ) (detA) -1 : z = x+iy, 2zt = x-iy .

Exponentiation of a Determinant
det( A ) = exp tr 1In ( A )

det( I +B ) = exp tr( B - (1/2)B2 + (1/3)B3 - eee)
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Matrix variables

rdx (&xp( tr(-x2/2 + Rx) ) = 2V/ZNMHLI/4

jLk

exp(

(1/8)tr (R + R> )2 ) ; X = xT .

TTdY eXp( tr( ¥2/2 4 sy) )
JjZk

(1/8)tr( s - S'Il )2 ) s Y = —YT .

2
_{Tul'dx TTdYJkexp( tr(-M%/2 + ma) ) = 2V 2N/ 245

Lk iL
£ trK§/2 )

where X = Real(M) , Y = Imaginary(M) and M is hermitian.

N,n
[Tl‘d xg/2mwexp( x3M x 2 ) = (et m)V2,
a,k B
_ r 11 lN
where det M = det Mjk"'MJk
N1 NN
L] ...M -
Mk Mk
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Path Integral

Given a hamiltonian H = p2/2m + V(q) , the path
integral is defined in terms of the following matrix

element

F(g',t',q,t) =<g'lexp( -i(t'-t)H )|qd
=%fk(q')f+(q)exp( -iE, (E'-t) )

where ka = Ekfk' The path integral is given by

Fla',thq,t) = lim, _, OOJ.

;\qu dp,/2) exp(
12( P (@y=qy_y) -H(P;,qy) (4=

J
3 3-1) )

where q5 = @5 q . = q'; Y, = KkB+t; E = (£'-t)/(n+l).
In the continuous notation

F(q',t',q,t) =SDquexp( ij (pdg/dt - H)dt ).
t
After the momentum integration

P(Q' L' Q) = ling mIquk/(zﬂlg)l/Z exp(

i>. B ((g4=95_,)/8) /2—V(q) ) )
j=1 i-1

tl
=j.DQexp( %[L(q,dq/dt)dt )
t



Anticonmuting Variables

A set of symbols wys Wos eul.W is a set of
anticonmuting variables if the following algebraic rules

are satisfied

and the following formal integration and derivation

operations

du /oWy = &,

(2/aw,) BE(w)/dwy) = -(3/3w,) BE(v) /3w ,)
(dwa)wb + wb(dwa) =0

wa(Bf/awb) + (af/bwa)wb =0

faw_ =0

fwadw(a) =1

f(Bf/awa)dw(é) = 0.

For example, a general function of two anticonmuting

variables is

f(wl,wz) = fo + flwl + f2w2 + f3wlw2

where fk are real constants.
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Gaussian Integrals

Anticonmuting variables

Jj—-dw exp( -(1/2)wAw + uw ) = exp( (l/2)uA_lu )

a=1
(detA)l/2

where n is even and A = —AT .

513.6u dv exp( -uAv + rv + us ) = exp( rA_ls )detA
where u, v, w, r, s are a set of anticonmuting variables.
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