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Part I: Election Tunneling at Presence of Inelastic Scattering

Section 1: Long Wave Length at Presence of Inelastic Scattering

1.1 Introduction

Since the pioneering work of Esaki and Tsu (1970),1 there has been great 

interest in double-barrier resonant tunneling. It not only provides an exciting prospect in 

electronic device application, but also gives rise to some substantial problems in 

theoretical research. One of the most important problems in the study of these devices 

is the effect of inelastic scattering on the tunneling current. These inelastic scatterings 

are mainly due to electron-phonon scattering and electron-photon scattering. As pointed 

by Gelfand, Schmitt-Rink, and Levi (1989),7 the unitarity condition (ie. the current 

conservation) leads to a feedback mechanism by which inelastic scattering processes 

change the probability of elastic scattering. Since these devices, general speaking, are 

the compositions of barriers and wells or even more complicated, the conventional 

theoretical approach based on homogeneous systems can not be applied to these cases, 

or they can merely give some rough estimate in some aspect. Some tentative research 

has been done in this field that is far from complete.

In this part, we present a theoretical frame to solve the tunneling problem in the 

presence of electron-phonon inelastic scattering. In principle, our method can be 

generalized to the electron-photon inelastic scattering case.

The problem can be well defined in Fig. 1: an electron, injected from region I,
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passes through region n, a so-called interaction region, which contains a lattice potential 

such as a single barrier or a double barrier and electron-phonon interaction. The purpose 

is to determine the tunneling current in region III and the reflected current.

We divide our theoretical frame into two sections. In section I, we deal with 

long wave length electron-phonon interactions. In this case, the electron-phonon 

interaction potential is approximately x  independent in the interaction region. We 

present the first calculation of an optical phonon associated with electron tunneling 

through an actual double barrier. Using a solvable model for the electron-phonon 

interaction we propose an approach to calculate the ID electron tunneling with 

dissipation in an arbitrary barrier, and indicate how the boundary conditions uniquely 

determine the transmitted current and the reflected current of an electron. We find a 

general electron wave function solution in the interaction region. By matching this 

solution with incident wave and out-going wave functions in the other region in each 

energy sideband at boundary, we can uniquely determine the tunneling current. Our 

approach also clearly shows why phonon-assisted resonant tunneling appears when the 

electron injects at sideband E±n(H (E is the energy level of elastic resonant tunneling; 

(0 is the energy of optical phonon) in a double barrier structure. (Units in which H=1 are 

chosen.)

In section II, we remove the above long-wavelength approximation and deal with 

an electron-phonon interaction that is x  dependent via a Green Function method. We 

derive the steady state in the presence of inelastic interaction with a steady incident 

current. Since the situation is non uniform in space, we carefully construct the 

unperturbed Green Function, by which we can calculate the tunneling current.
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1.2 Solution of W ave Function 

An incident electron from the left lead ( in region I, x < 0 ), enters the barrier 

region n  and is scattered by phonons (between x = 0  and x - d ) ,  and arrives at the right 

lead (in region m , x> d). The general Hamiltonian for electron-optical phonon 

interactions has the form :

//!„ ,= [£ , A/(q)eiqR<ric% + H .  C ]0(l)0(d-j:), (1.2.1)

with a a and a t ,  respectively, the phonon annihilation and creation operators, and M(q) 

the electron-phonon scattering matrix, and R is the electron position, @(x) is the 

Heaviside step function. The Heaviside factors confine the interaction region to region

II. In the following we use a model of long wave length approximation that replaces 

e ‘qR by 1 in H mt. This model is similar to the independent boson model4, used to 

describe electron-phonon scattering. Using this model, the Schrodinger equation for a 

one-dimensional electron in a barrier with arbitrary shape, Vo(x), in the region II is 

given by (fi= l)

3 r - T 5  s r f

where

V = I . qM(q)aq Vt = 5 tHf*(q)0J .

Here mix)  is the effective mass o f the electron. In the regions I and m  the electron is in 

free motion. By neglecting the effect of the electron-phonon interaction on the phonon 

system, we assume phonon variables are in free motion and in equilibrium with a heat 

bath. Equation (1.2.2) is separable in space and time. The general solution of Eq.
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(1.2.2) can be written as

y^Qc, 0 = ex p L e - t m - H L e t *
CO CO

b

J rfE'[A£'<j>£'(x)+E£'<|>£'(x)]e iEt, (1.2.3)

where <J>f'(x) and §e '(x ) 816 the two independent eigenfunctions at eigenvalue E '  for the 

equation without phonons. The coefficients A g  and Be> are constants, to be determined 

by the boundary conditions. We assume the electron injects at energy E, with time 

independent amplitude, A"1, (the steady state case). In this case only components of 

Y(x, t) with energy E+nco (n = 0 , ±1, . . . )  exist. In region II,

Vn (*, t) -  X nvI+ncoCOexpH (£+ncD)f ] ,

with

v g + ,< .M = Z Z  (|/^ f  * (- 0VI ;1 7  + B j t f m  , (1.2.4)

where sub-index j  corresponds the energy E+jca  0 = 0 ,  ±1, . . .)_, 0, j - n + k Z . 0.

To obtain Eq. (1.2.4) we have used 

e A + B = e A e B e - l / 2 [ A, B]

for phonon operators. It is easy to see that the magnitudes of A* and B„ have the order 

of I V  I *" L Assuming the electron-phonon interaction is weak, a cutoff o f I it I and 

I m I up to N  will ensure the results for the transmitted and the reflected current with 

accuracy up to 1V l 2̂ . In Eq. (1.2.4) terms for n-th branch should be maintained to 

order I V 17N~ n̂ L For example, for computing the current with accuracy up to 

I V  12, we should keep the following terms:
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Ve+coW“ ~ [ ^ o  <|)oW '^‘®o +[A+i0+i(* )+ &fi $+1 (*)] * (1.2.5a)

yJk*)-
1_ W +

(02
[A?c>gO«:)+^o<>oCx)3+

■^EA?! A « ] - “ [Aj1 4>?i (x) + * ! i ♦?!(*)]. (1.2.5b)
(0 CO

^ hd( * ) - ^ W o<I>o(*)+^o^oW] + W?i «-i C*)+^?i ^ - i (*)] • (1.2.5c)

In the incident channel it is necessary to keep the terms \|r $  ~ IV  12, which is related 

to the coherent double phonons process, since the cross term of | \ | / ^ + \ | / ^  I2 

contributes the lowest order of phonon effect to the current in the incident channel.

In region I and region in, the electron wave function satisfies a free particle 

Schdinger equation:

; V ,ni = 1 9 V m n ,  ~
9r 2mi,ni dx2

The physical requirement is that only the reflected wave exists at region I except for the 

incident wave, so the electron wave function in region I can be written:

V(*» t ) = A mexp(ikoX-iEt)+%nB lnexp[-ik1nx-i(E+n<ii)t] , (1.2.7)

with Bln the amplitude of reflected wave. Also, only the transmitted wave exists in 

region HI, thus the electron wave function in region HI can be written:

Ym (x, f ) = y  APexpIIfcJ1*  - i (E + nco)f] , (1.2.8)n

with A f  the amplitude of the transmitted wave, here ifcj = [2m L(£+/tco-V o)]1/2 and 

/wl is the effective mass of electron in L region, Vq the flat potential level in L region.
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13 Boundary Condition

Using the continuity condition of the wave function and current at x = 0  and 

x= d ,  we have

V!(*=0. t) =  \ |^ (x = 0 ,0

d(a:=()>0

y n (*=<*> t) =  \ifm (x=d, t)

= (1.3.1)

Since the solution of wave function in each region can be expressed in time dependent 

components, each component should satisfy the boundary condition of Eq. (1.3.1). Thus, 

we obtain the following equations:

X f ( J - n ) l A j ^ ( 0 ) + B f ^ m = A ' mSn,0 +B]l ,
J

+ n f t f m  = ( a ^ o  -  b \ )  .

'Z f( j-n)[Aj<bj(d)  + = A ^ c x p( i l f fd ) ,
j

+ . (1.3.2)
m i d )  j JTJ J J m m

with



f V - n ) = 2 kKV/m)k/k\][(-Vi /<oy-n+k/ ( j - n + k ) \ ] ,

where <J>ya  is the derivative of <}>“ , a - a ,  b. Eq. (1.3.2) consists a group of coupled 

equations, through which components of the wave function in different energy channels 

couple with each other through phonon emission and absorption. We can solve Eq.

(1.3.2) to determine the A% and ZfJJ, and then obtain B lnt and A™. By use of a serial 

substitution method to solve these equations, i. e., step by step to obtain \ |/$ \

V^+2to» V$ia>» • • •» witi1 sup-index (n) corresponds the term ~ I V I", the 

order of phonon operators in each term is determined. The transmitted current at energy 

E +no)  is

J ™ = ( t ” /mm)<AjI ,A” > , (1.3.3)

and the reflected current at energy E+nca is

(1.3.4)

where < . . .  > means the average over the phonon assemble (below the bottom of the 

barrier, becomes imaginary, and is zero). Assuming phonons are in

equilibrium at temperature 7^, we have

<Vt V > = £ q l M ( q ) | 2« q , < W f> = 2 ^  lAf<q) P < l + » , ) . (1.3.5)

with the phonon occupation number n q = [exp(co/X:^2jr,)—1 ]—1. Also, we can calculate 

the average value for the assemble of a product of V’s and V^’s. The transmission 

coefficient is given by
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Current conservation is ensured, namely,

•'l" = E „  U T + j f ) -  (1.3.7)

We emphasis that the above boundary conditions uniquely determine the solution 

of an electron tunneling wave function in the case with dissipation as well as in the case 

without dissipation. This key point was not properly considered in some previous works. 

In Ref. 5, for example, the wave function is described by \ |/= e ‘^ 0+,ri\  where sq is the 

action without phonons, s i is the correction due to the phonon effect. In the equation

for s i  authors neglect the terms d2s \ / d x 2 (WKB) and (dsi/dx)2 (~ IV  12), and reduce
✓

the equation for Si to a first order differential equation to x. They then arbitrarily 

impose the left hand boundary condition S i(;t=0, r)=0 . This forces Si to be zero for 

x  <0, so that one finds the incorrect result that there is no phonon correction to the 

reflected current. This correction is needed to obtain the proper physical results on the 

right hand side. By use of the WKB method with the neglect of the (9s i /dx)2 term they 

have lost one of the two solutions, hence can not impose the correct boundary 

conditions at both sides.14 Moreover, (9s j /dx)2 is of order IV 12 and must be kept to 

retain this accuracy in the transmission, as discussed before.

1.4 Results and Discussion 

It is obvious from our approach that a process with emission (or absorption) of n 

phonons must involve the electron eigenfunctions up to the E±n(0  sidebands. 

Therefore, if  a resonant state in a double-barrier structure appears at energy level E in 

the case of elastic tunneling, a phonon-assisted resonant tunneling can appear when 

electron injects at energy E + n(o, since the resonant eigenfunction <|>£ a(x) and <{)£ b(x)



are included in the expression of a wave function for electrons injected at E+nco 

through electron-phonon coupling. We have calculated the transmission of electrons in 

an double barrier structure. Since we are interested in the phonon effect inside the 

double barrier region (as in Ref. 4), electron-phonon scattering is considered only inside 

the double-barrier region (although our approach allows region n  to extend beyond the 

double barrier region). The calculation is made with accuracy up to IV I2 (one 

phonon processes). By neglecting V, V* in Eq. (1.2.5b), we can obtain the elastic 

solution at E channel, substituting into Eqs. (1.2.5a), (1.2.5c), and solving Eq.

(1.3.2) at E±co channels, we obtain the which represent the phonon effect at

inelastic channels. We then go back to Eq. (1.2.5b) to calculate \|/iP (~  I V  I2), which 

represents the feedback effect o f inelastic scattering on the elastic channel. Therefore, 

the transmitted current and the reflected current at each energy channel are obtained, and 

our results indicate that current conservation is exactly satisfied. In Fig. 2, we plot the 

total transmission coefficient of the electron, T aanst in a square double-barrier structure 

as a function of the energy E of the incident electron. The structure parameters are for a 

GaAs well sandwiched between two A ^ G a ^ A s  barriers.13 The optical phonon energy 

(0 is 36.2 meV. For comparison with Ref. 3, the electron-phonon coupling constant is 

taken as g = £ q( lM (q) I /co)2=0.1. At zero temperature, only a phonon assisted

resonant peak appears at E+©, since only emission of phonons is allowed. At 7^ = 300 

K peaks at both E±co appear. The amplitude of the resonant peak at incident energy E 

decreases when electron-phonon scattering is included. The effects of inelastic 

scattering alone at 7 ^ = 0  K are displayed in curve C of Fig. 2, where peaks occur at 

incident energy E+co and E. From Eq. (1.2.5c), it is clear that the inelastic peak can
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occur when either <j>o(x) or <J>_i(x) is an elastic resonant eigenfunction. In Fig. 3, we 

plot the transmission coefficient, T aam, as a function of the potential drop of the applied 

electric field, Vat in the same structure as that for Fig. 2, when incident electron is at 

energy £o=70m eV . We see the phonon assisted resonant peak appears at potential drop 

Va = 108 meV, at which an elastic resonance occurs at energy E 0 -co. The coupling 

constant g  =0.03 is more realistic for a GaAs/AlGaAs structure,3 Fig. 3 shows that the 

peak position at g=0.03 and g =0.1 are the same, but the amplitude of the phonon 

assisted resonant peak decreases with decrease of g.

In conclusion, based on an independent boson model for electron-phonon 

interaction, we have proposed an approach for the study of phonon associated electron 

tunneling through an arbitrary banier. The algebra in this approach is simple and 

straightforward. The correct boundary conditions and current conservation are ensured. 

Our results for double barrier tunneling show the presence at the sidebands of phonon 

assisted resonant tunneling, which has been shown in experiments15. Our model is 

good for phonons with long wavelength, but can only qualitatively describe the 

properties of a realistic device, where the three dimensional electron-phonon interaction, 

statistics and screening effect of electrons should be taken into account
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Section 2: General Case via Green's Function

2.1 General Description of the Method

There are so few systems of physical interest for which exact solution can be 

found that approximation methods play an important part in application of the theory. 

Some models and approximate approaches for quantum mechanical transmission and 

reflection of electron at presence of inelastic scattering. These are: the Feynman path- 

integral method,2 a model of two-state system,3 scattering of electrons into a single 

resonant state,4 WKB approximation,5 a unitary one-phonon approximation,6 a solvable 

model for a thin barrier7 and a model of a time-modulated barrier.8

From previous section9 we show a solvable model if electron-phonon interaction 

is assumed x  independent in the interaction region. In that case, we can find a general 

solution of electron wave function solution with electron-phonon interaction in each 

region. Then we let them match at boundary in a perturbed expansion with incident 

wave and out-going scattering condition. Thus we can determine scattering current in 

each energy branch. Nevertheless, this method can not be applied to the case in which 

the electron-phonon interaction is x  dependent The reson is it is nearly impossible to 

find a exact electron wave function solution in interaction region, since variables x  and t 

can not be separated in solving the Schrddinger equation. No systematic research has 

yet been done in this case to our knowledge. To avoid the long wave-length 

approximation a complete new technique is required.

In this section, we propose a method with Green function theory to calculate the 

electron-phonon inelastic scattering probabilities in one dimension. Since the rest of 

two dimension in most semiconductor devices can be considered as an uniform
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potential, the one-dimensional Green’s function can be easily developed to the three 

dimensional situation. The main difficulties we should overcome in Green’s function 

method are:

1)How to get a steady state via a Green's function formula for inelastic 

scattering.

2)How to construct a unperturbed retarded Green’s function for a non-uniform 

potential.

Mostly, the scattering current can be measured in a steady state if a steady 

incident wave maintains. For the situation of inelastic scattering such as electron- 

opdcal-phonon interaction, the electron current keeps emission and absorption phonons 

in a steady state and leads to multi-channel transmission and reflection. Thus, the steady 

state solution can be expressed in time dependent components

—frEt -~(E±fioo)t ^i.{E±n<o)t 
e n , e , e n .... where Ken is optical phonon energy. We will first

derive the steady state of electron wave function. The way is we write down the

electron wave function defined in whole region from a general Green Function formula.

Then we use iteration method to get electron wave function in a series expansion via the

order of electron-phonon interaction potential, and an unperturbed electron wave

function with certain incident energy from region I. Since electron-phonon interaction is

time t  dependent, so we keep time order in each term. By introducing electron-phonon

interaction from r=-©o we handle all integral over time and derive the electron steady

state in each order of electron-phonon interaction via a unperturbed retarded Green’s

function and incident wave function.

The greatest difficulty in the Green’s function method for tunneling problem is
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how to construct a unperturbed retarded Green's function in a non-uniform potential 

case. For uniform space, since we can choose plane wave as a complete set, it is trivial 

to get retarded Green’s function. For a non-uniform space we choose a complete set 

which is associated with scattering S  matrix of lattice potential, with which we first 

construct unperturbed Green's function outside of interaction region. Then with a 

general solution of Green's function and its boundary conditions at material 

discontinuity, we construct the unperturbed retarded Green’s function in whole region.

With the steady state and the unperturbed retarded Green's function in whole 

region, we can calculate the electron tunneling current and reflected current. Assuming 

optical phonons are in equilibrium at some lattice temperature 7^, we make an average 

over the phonon assemble to the currents and get a numerical result.

In sec.2.2 a Green’s function method is presented and the derivation of steady 

state is given in sec.2.3. In sec.2.4 the characters of scattering S matrix is discussed, the 

complete set associated with S matrixed is given in sec.2.5. In sec.2.6 the technique of 

constructing unperturbed retarded Green’s function is described. The numerical result 

and discussions is presented in sec.2.7.

2.2 Green’s Function Formula

In scattering problems our attention is focused upon wave solutions which 

develop in time from initial conditions imposed in the remote past rather than on 

stationary energy eigenfunctions, that is standing waves. Characteristically given a 

wave packet which in the remote past represents a particle approaching a potential, one 

ask what the wave will look like in the remote future.

We start with the full Schr:*odinger equation
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=  HH'(x,() =  [ H o W + V t e O m i . f ) ,  (2.2.1)

where H 0(x) is a unperturbed Hamiltonian of the particle which in our problem can be 

written

<2-2-2)

V q(x )  is lattice potential which usually is the combination of barriers and wells in our 

problem, m(x)  is the particle effective mass. For inelastic scattering V(x,t) is electron- 

phonon interaction.

Since Eq. (2.21) gives the first time derivative of xF(x,f) in terms 'F(x,f) itself 

and higher time derivatives do not appear in the equation, the value of 'F(x,r) for all x  

and one particular time t  suffice to determine T 'for) for all x  and all t (both earlier and 

later). Also, since the wave equation is linear in vF(;c,0» solutions can be superposed and 

the relation between ¥ (* ,/)  at different times must be linear. We turn to Huygens’s 

principle for a convenient way of viewing this process. If the wave function X¥(xf,tf) is 

known at one particular time f', it may be found at any later time t by considering at 

time t' each point of space jc' as a source of spherical waves which propagate outward 

from x. The strength of the wave amplitude arriving at point x  at time t from point x' 

will be proportional to the original wave amplitude 'F(x/, 0  the total wave arriving at 

the point x  at time t will, by Huygens’ principle, be

m O  =  / J dx'Gixt, x 't 'm x ',  0  (2.2.3)

where the integration is over all space. This equation also serves to define G (xt, x't'), 

which is called the Green’s function that corresponds to the Hamiltonian H(x,t).
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Eq. (2.2.3) does not make a distinction between forward propagation of xP(x,r) in 

time (t > Of and backward propagation ( f < 0  these two case. For forward propagation 

we define the retarded Green's function or propagator:

G +(xt, jcY) =
G(xt, jcY) for t > t'
0 f o r r < / (2.2.4)

We also introduce the unit step function 6(x) defined by

0(x) =  1 for x > 0 0(x) = 0 for x < 0 (2.2.5)

Then the equation

0 (f-O ^ O f,O  =  ijG+Qct, jcY) ¥ (* '/)< & ' (2.2.6)

is the trivial identity 0 = 0  for t < f  and is same as Eq. (2.2.3)

We must still give a complete formal definition of G (xt, x't'). So far we have 

only claimed its existence on the basis of physical arguments. Let us pursue these 

arguments further in order to develop a better understanding of the propagator approach. 

Consider first a solution of H q(x ). Assuming the motion of H q(x ) is completely known,

(we emphasize here H q(x ) is not necessarily limited of free particle) and it should not

come as a surprise that the corresponding H q(x ) Green’s function Go(xt, x 't')  can be 

constructed explicitly. If we now introduce an interaction potential, Go(xf, xY) should 

be modified. Let V (* i , f i )  represent an interaction potential which is "turned on" for a 

very brief interval o f time A*! at t < t \ < f .  For times earlier than t \ ,  the wave function 

will be the solution of H q(x ): 'Fo(x, t), and the corresponding propagator will be 

Go(xt, x ' f ) .  However, V (* i , f i )  acts a source of new waves according to the 

Schrodinger equation
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r n - £ - f i )  ¥ ( * ! ,  t , )  =  V ( x i . ( i ) V ( x i .  t , ) (2.2.7)

The right-hand side differs from zero in the interval Afj. It produces an 

additional change in 'F (x i, f i)  during Afj above that taking place in the absence 

V(jci , r i ). This additional wave AxP(jti, t i )  is found by integrating Eq. (2.2.7) to first 

order in A ^ :

This added wave, by Huygens’ principle and Eq. (2.2.3) leads at a future time t 

to a new contribution to 'P(x, t), which is

Thus the wave 'P(x, t) developing from an arbitrary packet 'Po(x, t) in the 

remote past is:

¥ (* , f) = % (x , f)+  j d x i  Go(xt, X \ t i ) V ( x i ,  t i)^o(pci,  fi)A?i

= / J  d / [ G 0(xt, xY) +  J dxi&iGoixt ,  x i t \ ) V ( t u  f i )Go(*ifi»*Y) ]'!'(*', 0  (2.2.10)

comparing with Eq. (2.2.3) we see that the Green’s function here is given by

G(xtt xrf) = G 0(xt,xff) + j d x i ^ t i G o ( x t , x i t i ) V ( x u t i ) G o ( x i t i t x fO  (2.2.11)

If we turn on another potential V(x2, t 2) for an interval Ar2 at time 

f < / 2 <*i < f t the additional contribution to ¥(*, t) for t > t 2 is, in analogy to Eq .

A 'Ffri, t 0  = f 1) 'F0(xi, t i )  Afi (2.2.8)

A ¥(;c, r ) =  f d f c iG 0( x r , * i r i ) V ( x i , f i ) ' F 0( * i . f i )A r i (2.2.9)

(2.2.9)



A'Ffo t) = jd x 2Go(xt, x 2t2)V(x2, t2y¥(pc2t t2)to2 

-  i jdx'dx2At2G0Oct, x 2tsu2)V(x2, t2)x

[G0(x2t2,x'O  + jd X iA t iG o fa t^ x i t iW ix i ,  f i)G0(xif i,*V)]'Fo(x'i') (2.2.12)

The total wave arriving at (x, t) is then built up by inserting Eq. (2.2.10) for 

¥ (*2 , h )  in the right hand side of Eq. (2.2.12) and adding the resulting A*F to Eq. 

(2.2.10)

W(x, t) = xF0(x, t) + JdxiAr jGofrf, * if 1)'P(xi, t i )  + jd x 2At2G 0(xt, x 2t2)x¥Q{x?f)

+ jdxiA tidx2At2Go(xt, x 2t2)V(x2, t2)Go(x2t2,x i t i )V (x i , t iy ¥ (x i , tO

(2.2.13)

Without further ado, if there are n such time intervals when the potential V is turned on, 

the wave arriving at (x, t) will be

H U  f) =  H U  0  + £ j * r ;A(,Go(«, »1)H'0(*i, /,)
i

+  £  J dXi Ati dxj Atj V(xi, tf)G Q(xith XjtjyVQfxj, tj) 
n>tj

+ X  J dXiAtidXjAtjdXkAtkX
n>tj>tk

Go(xt, Xiti)V(Xi, trfGofaiti, Xjtj)V(Xji tj)GQ(xjtj, x^t^yv(x^, fjk)̂ o(̂ Jk» ?k)   (2.2.14)

By comparison with Eq. (2.2.11) and Eq. (2.2.12) the corresponding expression for the 

Green’s function G(xt, xY) will be
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G(xi, *V) = G„(xt, x'O  +  sJdxiAr.Godi, xY)V(*i, »,)G0(*/l;, Jc'lO ôC*'. <”)
n

+ 2  J dxiAtidXjAtjGoixt, x /f,)V(x/, f/)Go(x,f,-, Xjtj)V(xj, tj)Go(xjtj, xY) + ....... (2.2.15)
ti<tj

We may lift the time ordering restrictions etc if we use unperturbed

retarded Green’s function

Gt(xt,  xY) =  6 ( f - 0 Go(xt, xY) (2.2.16)

Physically this just means that no Huygens wavelets A'P from the /th interaction (at 

time t{) appear until after

In the limit of a continuous interaction the sums over time intervals may be 

replaced by integrals over dt with the result

G +(xf, xY) =  Go(xt, x?f)+\dxid t iGo(xt ,  Xifi)V(xi, f i )Go(xif i ,xY)

+ jdXidt\dX2dt2Go(Xt, Xi t i )V(X\t t i )Go(Xit i ,X2t2W(x 2, ?2)Go(^2^2»^0 + .....

(2.2.17)

This multiple scattering series Eq. (2.2.17) is assumed to converge and may be 

summed formally to yield

G+(xf, xY) = Gt(xt,xY) + \ d x xG$(xt, x t f i ) V ( x lt fO G +fr i f i .xY )  (2.2.18)

Eq. (2.2.17) gives us an interaction procedure for finding G+ in terms of V and 

Go and hence for constructing the wave function ¥ (* ,0  if it is known at an earlier 

time. In particular, to solve the scattering problem, we must know the wave in the 

remote future, given a wave packet 'F o(* ',0  representing a particle in the remote past 

approaching the interaction region. In order to define properly the scattering problem,
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there should be no interaction at this initial time, so that ¥ o  is a solution of the 

Schrodinger equation associated with H o which incorporates the requited initial 

conditions.

A mathematically convenient way of accomplishing this is to localize the 

interaction in time by adiabatically turning off V(x, t) as f—>-oo; the exact solution 

Y fa t)  then approaches ¥ o  in the remote past and there is no scattered wave. In the 

future the wave xP(x,f) is given by

'?(xt) =  lim ifdx'G +(xt, x't')'¥Q(x'tf) (2.2.19)f -*-oo

Expressing G+ in terms of Go by Eq. (2.2.18), we see

>F(x,0 = lim ijdx'iGtOcl. x'O  +  t 1)G*(xIt u x,t’))'¥0(x',Or  >—oo

= ^ o (^ .0 +  j d x iG o ( x t ,X i t i ) V ( x i f tOWixi ,  t i )  (2.2.20)

We have really not solved anything, since the unknown appears under the integral on

the right. However, we do have a formulation which includes the desired boundary

conditions and which affords an immediate approximation procedure if the penurbing 

potential V  is weak. For example, to the second order the wave function 'F can be 

written:

'F foO  = *Fo(**0 + f * dxidtiGoQct, X i t i )V (x \ , t i y ¥ o (x i , t i )—oo

+ f * dx2dt2j t2dxidt iGo(x^X2t 2)y (x2, t2)Go(x2t2, x i t i ) V ( x i ,  t i y ¥ 0(x i t t i )  + .....
—oo —oo

(2 .2 .21)

We can find the equation for G + by operating on Eq. (2.2.6) with i d l d t - l l f i H ,



-20-

where H  is total Hamiltonian defined in Eq. (2.2.5). It is necessary to make use of the 

relation

dx
0(x) = S(x) (2.2.22)

which follows from Eq. (2.2.1). The result is

4 4 "9 1 n (2.2.23)

where use has been made of Eq. (2.2.1). This equation shows that the right side must be 

proportional to 8 (r-r')> so that only vE(jc/,r) can be an arbitrary function of y! at any 

particular time t, the rest o f die integrand of the right side must be proportional to 

8 (x--;c/). We then conclude that

. .9 1 ,v G+(xt, xY) = SCc-/) 8 (r-0 (2.2.24)

The integral and differential equations for the Green’s function, obtained above, can be 

written in a operator form that is instructive. Eq. (2.2.17) may be written:

In similar fashion, we may write Eq. (2.2.18) in the form

G + =  GS + T 1G^VG+

Again, the differential equation Eq. (2.2.24) may be written:

i-jr -  
9 1 n G+ = 1

(2.2.25)

(2.2.26)

(2.2.27)

On omitting the V  term in H, we obtain in place of Eq. (2.2.27)
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l ± - ± Hdt n 0
G t  =  1 (2.2.28)

2 3  Inelastic Steady State via Green’s Function 

In experiment, the tunneling current are usually measured in a steady state, that 

is, when maintaining a steady incident wave we measure the scattering wave which 

brings the information of the interaction inside of structure. For the situation of inelastic 

scattering such as electron-optical-phonon interaction, the carrier current keeps emission 

and absorption of phonons in a steady state, which leads to multi-channel transmission 

and reflection. Thus the steady state solution can be expressed in time dependent 

components

—^r(E±riKto)t
m i )  =  S V .W «  * (2.3.1)

n

where E  is carrier incident energy, (at present we assume a monochromatic incident 

wave, for a wave packet we need a integral over energy E) Eon is optical phonon and 

\j/(x) is only space dependent.

From Green’s function formula given in sec. 2.2, the electron wave function can 

be written in integral form

'FCt,f)='Fo(*,0 + J *  d r J d r 1G S (x t,x 1 r i)F (x 1t 1m x 1t 1) (2.3.1)—oo

where G o ( x t , x i t i )  is the unperturbed retarded Green’s function that vanishes when 

t < f .  Here 'Fo(x,f) is the unperturbed wave function with a steady incident wave from

region I at energy E, 'Fo (x,t)= \|/0 (x )e x p (~ E t) , and V(x,t) is the electron-phonon
n

interaction potential. At present we assume a one dimensional optical deformation
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interaction which can be written as:

V(jt,»)=[VWe-'“ +V(*)V“ ]6U+<i/)e(d,-jt) , I ' d ) (?)<;''«*a, ,

6(x) is defined in Eq. (2.2.5), q is phonon momentum, M (q) is electron-optical-phonon 

interaction matrix and aq is phonon creation operators.

We need to handle the integral over time in Eq. (2.2.21). Since the time 

dependence of interaction potential V and unperturbed electron wave function is clear, 

we only need to find what is time dependence of unperturbed retarded Green’s function 

Go (xt, x ff). Let’s first study a general case. Supposing a complete and orthogonal set of 

eigenfunction associated with a given Hamiltonian H  is known, we can write any state 

as

(2.3.2)

(2.3.3)
n

where <f>„(jt) is the nth eigenfunction of H(x) and An(t) satisfies

An(t) = J <&¥(*,r)<f>n(x) (2.3.4)

We put Eq. (2.3.3) in Schrdinger equation associated with H  and get:

= E„An(t)

which yields

An(t)= A „ (O e

Thus, if xF(x,0 is known at time t= t \  the solution at any time t  is given
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¥(*,») = 2  An( l i4»(«0 = J  ̂  '¥ W ,m n V )  (2-3.5)
n

The wave function at time t can be written

¥ (* ,/)  =  Jdx'12<t.„(x')<t,„(A:)e‘ i£”(,_0' '  W . O  (2.3.6)
n

From Green’s function definition in Eq. (2.2.3), we can figure out

G  (» , xY) =  - i  (2.3.7)

Remember that the summation should be taken over all the eigenstates of H. If we have 

continue states the summation should be changed to integral.

With the help of G(xr, xY) we can write retarded Green’s function:

G +(xt, xY) = QCt-fiGCxt, xY) = - i  0 ( t ~O£ < ! > « ( * ) ( 2 . 3 . 8 )
n

Since the form above for G+(xt, xY) resembles a Fourier expression in the time 

difference t —f ,  the possibility of separating out the time dependence by expression 

0(f-Y) as a Fourier expansion suggests itself. We now show that this has the form

0 (x) = lim - - ^ r  J °° e~im  (2.3.9)
£->0+ 2ni Joo co+te

We know first that the derivative of this with respect to x is 

— f“ e - ^ d a
2it -00

which is equal to 8 (x). This result is independent of whether the denominator of the 

integrand in Eq. (2.3.9) is chosen to be co-H’e or co-ie , that is, whether the pole in the 

integrand is below or above the contour of interaction, which is along the real axis. 

However, the two choices corresponds to a pole at - /e . For x<0, this contour may be
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completed with an infinite semicircle in the positive imaginary half plane, since the 

exponential becomes vanishingly small there and contributes nothing to the integral; 

then 0(t)=O. For T>0, the contour may be completed with an infinite semicircle in the 

negative imaginary half plane, and the integral is equal to -2 n i  times the residue of the 

integrand at the only pole (co=—*ie) that lies within the contour. Then, in the limit 

e—»0+ ,0 (t)= 1 . Substituting Eq. (2.3.9) in Eq. (2.3.8) we can write outgoing Green’s 

function in Fourier integral form as:

i • °° — ®ka(x') ®ka(x)
G j O t r ,* Y ) = ^ - f  dE G i(x ,x ',E )e  * , G S C tX £ )=  lim 2  - - -  J . —  ,

2 tc e-»0+*,a t - t k+ie

(2.3.10)

where d>*a (x) is a complete, orthogonal set of eigenfunction associated with the

Hamiltonian H q(x ) and k= ^2m E k IK, whose value goes from zero to positive infinity, 

m  is the constant electron effective mass in regions I and El, a  indexes the possibly two 

degenerate modes at each eigenvalue Ek, for one dimension case and V q{x )= 0  at 

x  —» +00, this degeneracy is at most two.

Applying the iteration method to Eq. (2.3.1) we can develop the electron wave 

function as a power expansion in the electron-phonon interaction potential:

m O = ¥ o(x,O + 'I'i(;t,O + 'F20c,f)  (2.3.11)

Since that Go(xf, * 1*1) vanishes when t< t\, thus we can let upper limit t  in Eq. (2.3.1) 

go to infinity. The first order electron wave function is then:

——(E+K(0i)t .
'F i(x ,f)= e  * J dx 1 G q(x,x 1 ,E+JT©)V(x 1 )\j/0(x t )
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+ e~ J (E~m ‘j  fa  j G+ (xtX 1 yE -tia )V * (x ! )Vo(x 1) .  (2.3.12)

The first term above stands for the electron absorption of a phonon followed by a jump 

to an upper sideband from the incident energy level, the second term stands for electron 

emission of a phonon followed by drop to a lower sideband from the incident energy 

level. The second order electron wave function can be obtained in the same way as:

'¥2(x,t)= e n(E+2n<a)tj d x 2Go(.x,X2,E+2n(o)V(x2) f  dx \G o(x2fx i,E+/ico)V(xi)\|/0 (x i)

+e n \ d x 2G U x,x2,E)V(x2) f d x l G U x2,X i,E + E (i))v \x l )yo (x l )

__

—-(E-2K(0)t r , - .
+e R J dx2G U x,x2tE - 2n(0)v H x 2) j  d X i G U x i ^ E - n t o w H x ^ o i x i ) .

(2.3.13)

The first term stands for two phonon absorption with a jump to the E+2fio) sideband. 

The second and third terms stand for absorption (emission) a phonon, jumping 

(dropping) to E±fi(ti sideband, then returning to the original state via emission 

(absorption). The last term stands for two phonon emission with a drop to the E-2H(o  

sideband.

2.4 Scattering S  M atrix of Lattice Potential Vo

For the one dimensional scattering problem (elastic scattering), the particle could 

be incident either from the right or from the left. The solution of the Schrodinger 

equation are now oscillatory in both region I and region III; hence to each value of the
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energy correspond two linearly independent, degenerate eigenfunctions. We can write 

the solution in a composition of plane wave in these two regions as:

<!>(*) =  '
A e** + B e 'Uoc i fx £ - d t
F e ‘kx + G e~ikx if x £ d r

where Hk=^2m E, m is electron effective mass in region I and region HI. The four 

coefficients A , B, F  and G are determined by boundary conditions together with 

incident source. An equivalent representation expresses the coefficients B  and F  of the 

outgoing waves in terms of the coefficients A and G of the incoming waves by the S 

matrix relation

[?]-[&&][£! ^
The representation in terms of the scattering S matrix is readily generalized to three- 

dimensional situations, and the symmetry properties are best formulated in terms of the 

S  matrix.

In one-dimensional stationary state the probability current density must be 

independent of x

^ = 0  y w - £ » *  § - £ «  (3.4.3)

where <J> is a stationary solution of Schrdinger equation. Applying expression above to 

Eq. (3.4.1), we obtain:

U  I2 -  IB  | 2 = I f  I2 -  Ig  I2 o r \B  l 2 +  I f  | 2 = U  l 2 +  \ g  I2

(3.4.4)

as expected, since IA 12 and IF  12 measure the probability flow to the right, while
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IB  12 and IG 12 measure the flow in the opposite direction. Using matrix notation, 

we can write this as

(3.4.5)

where S  denotes the transpose matrix of S, and 5* the complex conjugate. It follows 

that S  must obey the condition

5* S = I (3.4.6)

with I  denoting the unit matrix in two dimensions. If the Hermitian conjugate S + of a 

matrix S  is defined by

, ~  ♦
S + = S  = S u  S*n 

$21 $22
(3.4.7)

Eq. (3.4.6) implies the statement that the inverse of S  must be the same as its Hermitian 

conjugate. Such a matrix is said to be unitary.

The elements of the matrix S  are therefore subject to the following constrains:

|S n  I = IS22 I snd IS 12 I = IS21 I

I S i i l 2 +  I 12 12 =  1

(3.4.8)

(3.4.8)

and

S 11S12 + S2 1S22 — 0 (3.4.9)

Since the potential is real, the Schr:odinger equation has the time- reversed

solution
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l7 f a f e z 0  =
dt 2m dx2

Q*(x,-t)+VoQQc,-t) (3.4.10)

The behavior of the wave equation exhibited by Eq. (3.4.10) is called its invariance 

under time reversal, for a stationary wave function, invariance under time reversal 

implies that if (j^x) is a stationary wave function, <t>*(x) is also one. Hence, it follows 

that, if  <J>C0 is a nondegenerate solution, <J>(x) must be real, except for an arbitrary 

constant complex factor.

According to Eq. (3.4.1) we can write its time-revered solution

if* <r-dl
ifx ^ d r (3.4.11)

Comparison of this solution with Eq. (3.4.1) shows that effectively the directions of 

motion have been reversed and the coefficient A has been interchanged with B *, and F 

with G*. Hence, in Eq. (3.4.2) we may make the replacements A<r>B* and F<-»G*, and 

obtain an equally valid equation

(3.4.12)' a *' •Sn 5 12 B *
G* 5 21 5 22 F*

Eq. (3.4.12) and Eq. (3.4.2) can be combined to yield the condition 

5 * 5  =  7 (3.4.13)

This condition in conjunction with the unitarity relation Eq. (3.4.6) implies that the 5 

matrix must be symmetric as a consequence of time reversal symmetry. Since that k 

appears in the Schr:odinger equation only quadratically, with the same method of 

deriving Eq. (3.4.6) we have
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S (k )S (-k )  = I (3.4.14)

If the potential is an even function of jc, another solution is obtained by replacing x  in 

Eq. (3.4.1) by -x . The substitution gives

A e - *** + B e 
F e - ^  + G e

ikx

ikx
iix > d i  
i ix  <—dr (3.4.15)

If Ge*** is the wave incident on the barrier from the left, B e*** is the transmitted and 

Fe“*** the reflected wave in Eq. (3.4.15). Ae-1̂  is incident from the right. Hence, in 

Eq. (3.4.2) we may make the replacements A<r>G and and obtain

[ f l ~
5 it S 12 

^21 522
(3.4.16)

2.5 Complete Set via S m atrix

In order to construct a complete and orthogonal set of H q(x ) via S  matrix, we 

define a new matrix U

S  =  UxU  = U2 = e -2A (2.5.1)

From S  matrix properties in Sec.2.4 we have U  matrix properties: 

U+U = I  U* U = I  U (rk )U (k ) = I (2.5.2)

We construct a complete eigenfunction set of H q(x ) at a given energy Ek, via U  matrix 

elements

-T= *lU ’,a (.k)ei b - U al(k)e-ih‘]
'2jt

Aka §Ek(x ) +Bka§Ek (x )

[U*ra{k)e-ikx- U  M e ikx]

ifx  <r-d[

if -d [ < x < d r (2.5.3) 

if x ^ d r



where ^ ( x ) ,  and § \k(x) are two independent solutions of H 0(x) in -d i< x < d r. Aka

and Bka are two k  (energy) dependent coefficients which are determined by matching 

the wave function at x - d r. At present, we limit ourselves to the absence of a true 

bound state case. Thus, the S  matrix is analytic in the upper k  plane.11 With the help of 

analytic properties of S  matrix, It is easy to show the completeness and orthogonality in 

the form:

V  f °° dk^*ka(xT)^ka(x)=:8(x-xr) , J°° d r O ja'(x)<Djka(x )= 8a'a S(fc/- / : ) . (2.5.5)
~~ 0

The greatest difficulty in Green Function method is how to construct a 

CroCt,x',Eo) with out-going boundary condition, in a non uniform space. For uniform 

space, since we can choose plane wave as our complete set, it is obvious that there are 

two poles in Eq.(2.3.10), one slightly above the real axis near k and the other is a little 

bellow real axis near k. These two singularities are easy to handle by choosing some 

contour path in complex k space. For one dimensional case we can write

the integral path contour above may be completed with an infinite semicircle in the

a

2.6 Unperturbed Retarded Green’s Function

G j (*,*',£*) (2.6.1)

Since

K - k - iz  kf+k+ie
1 1
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positive imaginary half plane if  x  >xf and opposite if x  <xf, which results

G t< *S ,E t ) = e “  l* - * '1 (2.6.2)
t r k

With the same method, the three dimensional retarded Green’s function can be written

m  e ik | R - R ' |

S 5 (R' R'A ) = - ^ 1 F 5 T  (2-6-3>

where R  is three dimensional coordinate.

Dealing with non uniform space requires care for it is not easy to discuss the 

analytic properties in Eq.(2.3.10) before the integral over k  is carried out. Taking the

combination of barriers as an example, we will have some functions like q = ^ E 2- V  

which contributes cut in complex k  plane. For more complicated case, such as with 

applied electric field, the electron wave function should be Arrey function and it is also 

not easy to handle with when we carry out the integral over k  in Eq.(2.3.10). For some 

special potential with only numerical electron wave function solution, it looks nearly 

impossible to discuss the analytic properties of Eq.(2.3.10).

Our method to construct the retarded unperturbed Green’s function in a non

uniform potential is as follow:

We first use the complete set given in Eq. (2.5.3) to construct Go fa x ', E) for

both x  and xf are outside of interaction region. Since the S  matrix is analytic in the

upper half complex k  plane, so we can directly carry out integral over k  in Eq. (2.3.10) 

and get Go (*/»*/,£) and Go fan fa iihE )  in analytic expression. Second, we use two 

independent solution of Hamiltonian H 0(x) at each energy level £* to construct a 

general Green’s function in which there are two coordinate dependent coefficients being 

determined later. Third, we match the general Green’s function expression at the
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boundary with the Green’s function outside of interaction region and fix all coefficients.

Let us first calculate unperturbed retarded Green’s function for both x  and xf at 

region HI. In order to carry out integral in Eq. (2.3.10), we need summation over 

degeneracy a  which yields

E  < » (* ///)¥ * „ (* ///)  =
a

J _  _ s  ,k ) _ s ;  (2 .6.4)
2 tc  ̂ J

then, we analytically expand to - k  space and get:

GS < * „ , M  = (2.6.5,

Using the analytic property of S (k), we can get

G j ( * , „ .* ' , „ .E ) = - J |  (**  1 x m .x 'm Z d , . (2.6.6)

The first term above is the Green’s function expression in uniform space compared with 

that in Eq. (2.6.2). The second term comes from non-uniform potential contribution, 

which is xjii+xfjn dependent With the same method, we can get unperturbed retarded 

Green’s function for both x  and xf at region I

G S ( * ,y , ,E ) = ~ J ^  (e*  U'- y ' 1 -S„(*)<!-*< "« '')] xh xfi<,-di . (2.6.7)

In order to get the unperturbed retarded Green’s function in whole region, we need a 

general expression of Go (x,x?,E). Since Gq (x, x! , E) satisfies:

L (x)G S(* ,x ',E )=80c-;t'), L (x )= E -H 0(x )+ ie , (2 .6 .8)



- 33-

the Green’s function can also be written as:12

f $h(x ) +aE tf)  $e (x ) i fx > x ' 
G S te * ',E )= j  i(x< x ’ (2.6.9)

where <j>g(x) and <t>|(x) arc any two independent solutions of Hamiltonian H q(x ). There 

arc four xf dependent functions a \ OO, tfiCO. b \ t f )  and b\(x*). Two of them are 

determined by the conditions of Green’s function continuity at x  =x' and the appropriate 

derivative discontinuity12 at x= xf, which is shown as follows.

The unperturbed retarded Green’s function itself should be continuity 

everywhere, so we have

lim Go (xf+e,x\E) = lim Go (x/~Eixf,E) 
e—»0+ e-»0+

(2.6.10)

Because of Delta function source at right in Eq. (2.6.8), the unperturbed retarded 

Green’s function also satisfies

r  *2 lim —-
e-»0+ 2

1

m(x) dx
3  a U x . x ’.E )  1

m (x) dx x=xf~£ = 1 (2 .6 .11)

With these two equations we can fix agOO and a |0 O  and get

G j(x ,x ',£ )=

b lE(xT) <>i:(jc)+ b%{x0  <}>j|(x) +  — 1 tyiCxOfeCv)- $i(x04>i(x)]
ngOO

a t c o r i o o + a l o o t f w

ifx > * '
\£x<x'

(2.6.12)

where

n£co=
2m ( /)



- 34 -

<J>g(xO is derivative at xf. The remaining two x? coefficients b l£OO and b\(x!) are

determined by the boundary condition at the points of material discontinuity. Since the 

conjugate Green's function obeys:

we can construct G o(x, xf, E) for x> d r, x f <dr in terms of the conjugate of the 

eigenfunctions in Eq (2.6.13):

Go(*///,x!u ,E ) <J>£*(*//) + / |(x / / /)<(>£ u) *111 >dr, x!\i<dr . (2.6.14)

where /e(*///) a n d / |  (*///) are determined when we match Eq. (2.6.6) and Eq. (2.6.14) at 

x?iu=x']i=dr, in value and mass-normalized derivatives:

L (x * )G ? (x ,x ',E )= 8 (x -x ') , (2.6.13)

Gq (xju,x?u,E ) | = Go (*///,*'iii,E) | x?u[=dt (2.6.15)

tnfyf) hx! ^ l l Ix?n=dj m^xf) d jf Ôiii^ ui>E) Ix7//=4r (2.6.16)

above two equations yields:

Go (*///**'ii>E) = ~ ^ eUain t t f l i ) - ^ E  <i>I* t f i l )  ] . (2.6.17)

where

& = -[e ~ ikdr h - (E )+ e ilcdr /£ (E )S rr(E) ] , / , '( £ ) =
ik$lE(dr)±tylE(dr)

&E

A _  <&(dr) 4 ( d r)
E ~  [  *E(dr) $E(dr) \  ’

mji(dr) . ,
where k - k  and <|>jr(<fr) is derivative at x = d r. Finally we use Eq. (2.6.12) as

m
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Go (xjjtxfu,E) for both jc, xf in region n. By matching Eq. (2.6.12) and Eq. (2.6.17) and 

their mass-normalized derivatives at xji= xm = dr:

Go (xntx?utE ) \xjf=d  ̂ = G0 (xu[,x'II,E) I xnr=dp (2.6.18)

m (x) ~§x ^ ^ *ii=d? = m ix) ~dx X̂lIt,X 11 ^ Q»6.19)

thus, we determine the remaining two j!  dependent functions in Eq. (2.6.12). The final 

result is:

G q (x ii ,x 'u ,E )= '
[G j (drtxfI h E ) [ h l  (E )^ E( x i i h h l  ( E M l M )  x „  >xf„

(2 6 20)
Gq (dr ,x!,h E ) { h l  m t f ’E U u y h l  (E )ttl(x„ )]  + F  * » < * «

m  A£

With the same method, we can construct Go (*/,*//,£). Thus we determine the 

unperturbed retarded Green’s function everywhere. Our present unperturbed retarded 

Green’s function is limited to the situation which there is no true bound state (a true 

bound state requires the presence of one pole on the real axis of k in Eq. (2.3.10). The 

Green’s function would then be summed over those poles).

For the 3D case, since the y - z  plane in many devices can be treated uniformly, 

we can choose a plane wave for the y - z  dependence multipled by Eq. (2.5.3) as a new 

complete set to construct 3D unperturbed retarded Green’s function which involve an 

integral over transverse momentum.6



-36-

2.7 Results and Discussion 

As a first application, we calculate electron tunneling through a double barrier to 

second order in the optical-defoimation potential. The current (including transmitted 

and reflected) is summed over three energy channels: E  and E±E(0  to maintain unitary. 

The incident energy channel E  is modified by the cross term 'Fo ¥ 2 , a feed-back 

mechanism. Assuming optical phonons are in equilibrium at the lattice temperature T i 

with phonon occupation number

N  *  [exp(E(0/kBTL - 1]" 1 . (2.7.1)

We should make an average over the phonon assemble to obtain the current:

> s  c 'F + 'i^  (2.7.2)
2mi

,  d*¥ d V '  
dx dx

So we need calculate from Eq. (2.3.12) and Eq. (2.3.13)

< W )  V(x)> = £  I M (q) 12e ^ x~ ^ N  (2.7.3)

For the optical-deformation potential, we assume M(q) of Eq (2.) is q  independent for 

simplicity. Thus we have

f

it (x-xO2 sin

<V+t f )  V(x)> =  IM  12 N  ± ---------^ -----------  (2.7.4)
2jc x - x

where

L — di + dr

Since the ratio of the length of region II L  and the lattice constant a is large, the 

summation over all phonon modes of can be approximated as a delta function.
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Thus we get:

<V(*l)V+(jt2)> = [ IM  \ 2N(dr+d,)S(.Xi-xi), (2.7.5)

<V*(*i)V(*2)> = [ \M  12(W+l)(d,+d/)]8(*j-jc2). (2.7.6)

There is then only one integral over X\ in calculating the current. Our result for the 

transmission T n^  is shown in Fig. 4: the structure parameters are for a GaAs well 

sandwiched between two Alo.3Gao.7As barriers13, (with well width 4.5 nm, barrier 

thickness 2.8 nm, the lattice constant is 5.65A, and optical phonon energy co is 36.2 

meV.) The electron-optical-deformation coupling constant is taken as 

g ~ { \ M  |/Ho))2 =5.6x10-3. At room temperature, phonon assisted resonant peaks 

appear at Eo±H (0 with an intensity reduced compared to that of the long wave length 

approximation.

In conclusion, by use of the steady state and unperturbed retarded Green’s 

function Go (*,*',£) constructed above, we can calculate electron tunneling in the 

presence of inelastic scattering. We emphasize that our present formula can be applied 

to a real phonon system and generalized to the 3D case.
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Part II: Nonequilibrium transport of an electron-phonon-hole 

system in a semiconductor quantum well

1 INTRODUCTION

There has recently been a great deal of interest in the dynamics of the 

photoexcited electron-hole plasma system in the two-dimensional semiconductor 

quantum well.1 A series of recent experiments2-5 made a good determination of the 

transport of carriers. The experiment3 is performed by injection of minority electrons in 

p-doped GaAs layers by the use of picosecond photoexcitation under an arbitrarily 

applied electric field. They show that the distribution of electrons at high field is found 

to be “ hot”  in contrast to that of holes which remains close to room temperature. The 

energy loss rate of electrons is much larger in the presence of a hole plasma than that of 

a pure electron system. The weak field mobility of electrons is found to be about 

1500 cm2/V  sec. These results provide strong evidence that the electron-hole interaction 

is important in addition to electron-phonon and hole-phonon interactions. The energy 

and momentum relaxation rates would be determined by canier-phonon and electron- 

hole interactions if rapid thermalization of electrons and holes are assumed3 by 

electron-electron and hole-hole collisions. The effects of carrier-phonon interaction 

have been extensively studied, but until now, few theoretical calculations have been 

made for an electron-phonon-hole system in a semiconductor quantum well, a quasi- 

two-dimensional (2D) system.



In this paper, recently developed techniques6,7 for coupling 2D carriers with 

phonons are applied to the system of coexisting electrons and holes in GaAs- 

Gai_xAlxAs heterojunctions. In such a case, carrier-carrier physical interaction is 

influenced by all kinds of carriers; thus the renormalized interaction potentials for 

electron-electron, hole-hole, and electron-hole interaction are derived in the ring diagram 

approximation. The coupled carrier-carrier potential equations are solved. As far as 

electron-lattice interaction is concerned, optical phonons dominate above room 

temperature. The phonons are coupled with quasi-2D electrons via the Frohlich 

electron-optical-phonon interaction. The lattice-hole interaction is a little more 

complicated. This is because of the anisotropy of the valence band structure of GaAs, 

compared with the sphericity of the conduction band structure. The anisotropic band 

structure would make not only the polar optical phonons involved in hole scatterings (s 

wave), but also nonpolar optical phonons would induce the hole collisions (p wave). 

Since both electrons and holes “ screen”  electron-lattice and hole-lattice interactions, we 

derive these two renormalized potentials in the ring diagram approximation. Using the 

Liouville equation for the density matrix, we derive the kinetic equations both for the 

electrons and holes to second order of carrier-carrier and carrier-phonon interactions in 

the presence of an applied electric field. As suggested by experiments,2-5 the electron 

and hole distribution functions are described by the displaced velocity temperature 

model, for frequent electron-electron and hole-hole collisions establish instant 

thermalization, which is expressed as electron and hole temperatures T & and 7V The 

force and energy balance equations are constructed using the kinetic equations of the 

carrier density matrix. The force and energy balance equations are solved 

simultaneously (numerically) in the steady state, which yields Te, Th, ve, and Vh as



-40-

functions of the applied electric field. We found that the drift velocity of elections 

increases almost linearly with field with a low-field mobility of about 1700 cm2/V  sec 

due to the extra momentum relaxation to high-density hole plasma via Coulomb 

scattering. The mobility of holes remains constant at about 250 cm2 /V sec within a 

wide range up to 10 kV/cm. The temperatures T e and 7h, which depend on input 

power, show that the electrons are more heated by the electric field. In contrast, the 

holes seem to stay cool, close to room temperature. These results are in reasonable 

agreement with the experimental measurement.3 At 5 kV/cm or higher, there is a 

quantitative deviation between our result and experimental data, which indicates that the 

single subband calculation would be not available for strong electric field.

In Sec.n all kinds o f interactions in two dimensions, including electron-hole, 

electron-phonon, hole-phonon, and carrier-impurity interactions are given. These 

renormalized potentials are derived by solving the coupled ring diagram approximation 

equations. In Sec.m, force and energy balance equations of electrons and holes are 

obtained by use of the Liouville formula for the density operator. The solution of these 

balance equations is used to evaluate the mobility of carriers and carrier temperature 

dependence on applied electric field. The detailed results with a brief discussion are 

presented in Sec.IV.

2  SCATTERING MECHANISM

Choosing the complete set of wave functions of electron and hole as:

'rSk(R) =  4 = e , t r  ^ < z> • (2 -D
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'J'mpCR) = -7 = c ip [ U ( 0 . (2 .2 )
’A

where >1 is the area of the sample, R s  (r, z) is the 3D coordinate, k  and p are, 

respectively, the momentum of electron and hole in the x-y plane, and ^ (z ) ,  ^ ( z )  are 

envelope wave functions of the electron and hole in the z direction. The bare electron- 

electron, hole-hole, and electron-hole Coulomb interactions in two dimensions can be 

expressed in matrices V,*, and V ^ .  Their elements are given by:

2
( ? )  =  ( ? )  _ (2  3) 

Y^qA

F ^ m'm(q) = / ” * / "  d z ' e l 1 S*.(z&,(z)5*.(z') S,m(z’) , (2.4)

V i S = (2.5)
Ko qA

(9) = J "  dz J"  d z 'e - ’ 1” ' 1 « ’(z)C „(z«.(z') U (z'). (2.6)

V ^ ^ t e )  =  - ^ 4  F * h ‘n m ( q ) , (2.7)

F t f ’-'”' " ( „ ) = / “ * / " d z ' e - * 1 1 « - ( z ) i , ( z ® ( z ')  U ( z ' ) , (2 .8 )-oo —oo

where k& is the static dielectric constant, and Q  = (q, q2) is the 3D momentum 

exchange.

The renormalization interaction potentials should include screening factors 

coming both from electrons and holes. The simple physical picture is that each carrier- 

carrier interaction is influenced by all kinds of carriers for they are all Coulomb in 

nature. Thus the interactions are coupled, which can be seen in Fig. 1 in the random
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phase approximation (RPA).

Using Fig.l, we can write coupled potential matrices as follows:

Vcc = Vcc + VccncVgg + V ehll^Vhe ,

^hh = ^hh + ^hhHhVhh + VhefleVeh ,

(2.9)

(2.10)

Veh =  ^ c h  +  V c e ^ e  Veh +  VehH hVhh . (2.11)

Vhe “  ^he ^hh^h^hc VherieVee » (2.12)

where V,*,, and Veh are renormalized interaction potentials defined in the (q, co) 

representation. Defining:

V = Vee Veh 

Xhc Vhh.
v = Vec Veh 

Vhe Vhh
n = ne o 

o nh

Eqs. (2.9)-(2.12) can be changed to a simple matrix formula:

V = V+VU. V  . (2.13)

Thus the carrier-carrier renormalized potentials are solved:

v  = (i-vn r 1 V . (2.14)

In the case that only lowest subbands are occupied, it can be straightforwardly written:

V = (l""Vhhnh)Vee+V ehl^h V he Veh
Vhe (l-V eelT eJV hh+ V heneV eh

(2.15)

with

A =  (l-V een eX l-V h h r ih ) -  V e h ^ V heIle ,
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where IT*., n h arc the polarizability functions of 2D electron and hole gases.15 In the 

RPA their forms arc given by:

n tm(q,(0) = 2  y  —p  (2 .17)mW. ) 2, m  + Em' ^  _ £mp + .g . U.I n

where /„k and gmp arc electron and hole distribution functions in the states, 

respectively, (n, k) and (m, p), £ rtk = En + H2k 212me, £mp =  Em + H2p 2/2m h, and 

£m stand for the electron and hole subband energy levels associated with the 

confinement potential, ft© is the energy exchange in the corresponding scattering 

process. It is easy to see that if the hole density was zero, interaction potentials would 

revert back to the form for a pure electron system.

So far as carrier-lattice interaction is concerned, the optical phonon (OP) 

dominates at room temperature and above. The electron-OP interaction can only occur 

via polar phonons. Using the Frbhlich continuum model,11 we have the electron-OP 

interaction expression:

Ve-L =  4 -  £  £  £  [fcqSk'.k+qViKq, q2) + b jfS ktk^v£.'L*(q, , (2.18)
M  n',n k'.k Q

with

v £ l  =  W e-L (q , ?z)G j-„(q , Qz) , M e-L (q . 9 z) =  *§■ . (2 .19)

where L represents longitudinal optical phonon, a  is the Frbhlich electron-L coupling 

constant, a  = [2 jce2^T©L(l/K»-l/Kb)]1/2, and
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c;-„(q , q,) = 4 = r  dz • (2 .20 )
V i —

Both polar and nonpolar optical phonons produce hole-latdce interactions for the 

anisotropic valence band structure of GaAs.8 ,12,13 The choice of nonpolar optical 

potential (deformation potential) parameters and their meanings have been discussed in 

detail12,13 and will not be repeated in this paper. Here the hole-L interaction term can 

be written:

Vh-L - - r -  £  £  £  *>\ 4  m ’,m  p',p Q

+ 6q V.P-q̂ L*(q. ?z))dlv̂ P ■ (2-21)

where

t / n  jp\
V C i = Afh-L(q. <7z)0™'m(q. Q z ) , ^h-L(q. f t )  = + ~ ~  A /2 . (2.22)

(2 po«o)l)

with

Gm-m(q. f t )  = ~ T = !  "  • (2.23)
"Vi —

DtK=(-^-)ll2dofao, with do the phenomenological optical deformation potential

constant, a o the lattice constant, po the mass density of the crystal, and Kp the 

correction factor due to p-type wave function for holes and existence of light holes.13 

Coupling between the hole and transverse phonon (T) can only occur via the nonpolar 

optical deformation potential interaction.14 The size of the effects which are observed 

suggests that T and L phonons are of roughly comparable importance13 in p-doped 

GaAs. The hole-T term can be written as:
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Vh-T = - r -  s  S 2 f t )  + f # 8 w « i v £ T * (q . f t H & y i

(2.24)

with

Vh-T =^h-T(q» ^z)Gm'm(q» <7z)» ^ h - T ^  <7z)“ (2.25)(2p0/ra>r)1/2 *

The renonnalized carrier-phonon interaction potentials are coupled with each 

other via the self-consistent carrier-cairier coupling. The ring diagram approximation for 

carrier-lattice interactions is shown in Fig. 2. The potentials can be written:

Inserting the previously evaluated VM, Vj*, Veh, and VhC we get the coupled equations 

(in the lowest subband approximation):

This coupling is to be expected since the carrier-lattice interactions are all basically 

Coulomb interactions.

One more interaction to be included is the elastic scattering by two sets of 

ionized impurities: the remote impurities a distance s into the Gai_xAlxAs barrier with a 

total area density nQ and the background charged impurities existing in the GaAs region 

with a small area density nt . Both electrons and holes would be scattered by impurities. 

The coupled potentials are:

Vq, _  1 + V  ecITc V  ch^h ^  ep
_Vhp. . V heflc 1 +  Vhhf^h. „^P_

(2.26)

K  = j  [(i-v'hhnh)v'cp + vchnhvhp] , (2.27)

=  \  [(i-v,<*nc)vbp + VteHV,,). (2.28)
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^e-imp ”  ^  [(1 ^ h h ^ h )^ e—imp 4* ^ehH iV h-im pl , (2.29)

[(l-'VcerieJVh-imp 4" e-imp] (2.30)

The bare canier-impurity interactions in two dimensions have been previously given.9

3  T W O -D IM E N S IO N A L  B A L A N C E  E Q U A T IO N S

We consider an electron-hole-lattice system in GaAs heterojunctions, which 

consists of N a electrons and holes confined in a quasi-2D plane by a potential 

normal in direction to the interface. Electrons and holes are subject to an applied 

uniform electric field in the plane and are coupled with 3D phonons. The motion of 

electrons and holes can be separated into center-of-mass and relative motions. We define
A A  A  A

center-of-mass momenta P e and Ph and coordinate variables R e and Rh as well as
Â « 1

relative momentums and coordinate variables p w-» Phi» r ei» 311(1 r hi °y:

w Zj'ci »
j=i

(3.1)
i= l

Ph = SPhi . (3.2)
»=i

a '  A

Pei “  Pei “ (3.3)

1 - _  C n
Phi “  Phi ”  *  h » rhi “  rhi * ĥ »

which satisfy the following commutation rules:

(3.4)
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[Re,a» Pc.p] =  *7? 8<x,p » [Rh,o» ^h,p] “  *7* 8a,p , (3.5)

[rei,a» Pej.pl ~  ^a,p trhi,a» Phj.pl m  ^ h i  -
N  h

. (3.6)

The remaining commutators are zero.

The Hamiltonian of the electron-hole-lattice system in an applied field can be 

written as:

H = H 0 + V , (3.7)

A A A
H q = H e + Hh + Hp , (3.8)

A A A A

V = Vce + Vhh + V.PP

A A A+ Vep ^hp ^eh V c-imp +  l^h-imp • (3.9)

Since the applied electric field acts only on the center of mass of electrons and holes,
A A

the expression of H B and H  ̂  can be written:

Pe
H < = w .

A  A f

-  eNeH*Re + H c , (3.10)

- 2P h
=  0 *7 “  +  e^ h E * R h  +  H h , 2Mh

(3.11)

A /  A f

where He and Hh are Hamiltonians describing the relative motions of free electrons and 

holes whose expressions in the occupation number representation are:

H e — 2?rtk Onk ank » 
n, k

(3.12)
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H\i — £  E/np dmpdmp » (3.13)
W.P

A

where spin indices have been omitted. H p is the 3D optical phonon Hamiltonian:

H p =  ]£}(7iC0l b ^b Q  + Heap &q bQ) .  (3.14)
Q

The nonequilibrium state of electron-hole-phonon system is described by the 

density matrix p(f) whose time evolution is governed by the quantum-mechanical 

Liouville equation:

= [W, p m  . (3.15)

Using Bogoliubov’s16,17description of the quantum kinetic equation for the

nonequilibrium state, we introduce a set of kinetic macroscopic observables:

M (0  = {fnk(0 . gmp(0 . vc( r ) , Vh (f)}  , (3.16)

where , gmp(t) are the electron and hole distribution functions in their relative 

coordinates, and ve, vh are drift velocities of electrons and holes, which satisfy:

M (r) =  Tr{Afp(r)}, (3.17)

A

where M (t) are corresponding operators of M (t) such as:

Afc(0 = Tr[alk3„k P ( 0 ] . gmvW = Tr[dlpdmp p ( 0 ] . (3.18)

Their explicit time evolution is governed by:

in — ftp -  = Tr{[W(l), H] p(r)} . (3.19)

To second order in the interaction potential V  we get:
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A A

=  j  T r { [« 0 , M (r)]p0« ) }  +  J  Tr{[V , M(r)]p0(O}

lim f d t  e "  Tr{[V(t), [V, M(!)]]po(!)},
E—>0+

(3.20)

where

V(x) =  exp
iHoX A - iH 0 x

n V  exp n

and po(r) is the quasistationary value of p(r)» chosen to guarantee the irreversible 

character16,17 of time evolution of M(t):

Po(0 =  j  exp - Y P i m t W i (3.21)

Z is a normalization constant and the function £ ; is determined by the requirement:

Mi(t) =  Tr A/,po(f) (3.22)

that the macroscopic variables assume their appropriate values. Equation (3.21)
A

describes a quasiequilibrium state for the operators A/(f); subject to “ slowly varying”  

external forces.

Using Eq. (3.20), we derive the kinetic equation of the electron distribution 

function in a straightforward way:

a/ „ k ( 0
dt

mlm 3/„k(0 X 3/nk(0 3/»k(r)'
St

T
dr

T
dr

T
Steh e-L e-imp

, (3.23)
ec

with
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2k
~  j -  £  £  £  t/n 'k ' 0 - "./nk)(?m'p' (1 —£mp )  “  /n k  ( l ~ ' f n ' k ' ) 8 m p  0""£m 'p')]

ch n  n \ m \ m  k'.p'.p q

I (q) 12x 5 f ,M  V .P«i S(«»1 -+£'m'p '-«» i-£ 'mp-®q (v .-v h) ) . (3.24)

The first term in the square brackets describes a transition from the electron state with 

subband energy level En> and momentum k ' into band level En with momentum k  after 

collision with a hole. The second term describes the opposite transition. The collision 

process is governed by momentum and energy conservation. Since we write the energy 

in the center-of-mass system, ve, Vh will appear in the energy conservation law. The 

scattering by the electron-phonon interaction contains four considerations (emission, 

absoiption, and the reverse transitions):

3/„k«)
dt

8(E „-k '-£ » k -B o > L )-/» k (0  [l-/«vW 1 Sk'.k-q 8 (£ „k- £ „ v - S « ) L)}  [ 1 +nL(rc) ]

+  { /n 'k '(0 [l-/n k (0 ]5 k ',k -q

- /« k ( 0 [ l - A v ( 0 ] ^ .h q  8 (Ertk- £ n'k'+fa>L)} « L(Tc)), (3.25)

where n L(Tc) is the equilibrium occupation number of L-type phonons and Tc is crystal 

temperature. In the present calculation we assume phonons are in equilibrium at lattice 

temperature. The hole equation can be written:
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3 # m p ( 0 d g m p C O 1 d & m p ( 0 mL

•

^ 8 m p  ( 0

dt ~ dtk *
t

he
dt T

h —L
dtk • h-T

d&mp(0
dt h-imp

dgmpCO
dt

(3.26)
hh

The explicit expression of each term in (3.26) can be obtained in the same way as we 

have done for electrons, so they are not repeated here. The terms of electron-electron 

and hole-hole collisions (9/rtk(0^0cc» @£mp(0/90hh are not specified here, since their 

effects are approximately represented by the displaced velocity temperature model.

The equations of motions for the center of mass of the electrons and holes are:

9vc
e 0  ̂ ~ cNe E  + Fg_L + Fejj + Fe_imp , (3.27)

9vh
+ Fh_L + Fh-T + Fhe + Fh-imp (3.28)

where Af0, Afh are total mass of electrons and holes. Fe_L, Fe_h, Fc-imp, and 

corresponding hole terms are the frictional forces due to the carrier-lattice, carrier- 

impurity, and carrier-cairier interactions. Using (3.24) and (3.25) we define:

27C
r.-L  =  ^  S  z  i v T  ( q .« z ) d ( q .* ) y S ( q .® ) [ l+ « L(7-c)] -  I& (< lM n h(Tc)} ,

" n',n qt

(3.29)

r w .  =  f  2  2  v i z *  (q , q j v £ z (q ,? J) { ^ m(q ,(0) [ i+ n L( r (:)] -  ,
to m',m qt

(3.30)
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r h-T = v  2  2  v£ t * (q.?i)vj3r (q.«i)y»?m(q.o>)[i+nT(rc)] -  yy„(q.o»nT(rc) } ,
m',m <7*

(3.31)

with

A
=  7* Z  Z  /n k (0 [l-/n 'k '(0 ]S k ,,k+q 6(£„k -  E„V + £(Dl  + % V e) , (3.32) 

A k' k

=  T  Z  S  ^ m p ( 0 [ l —̂ / n 'p '( 0 ] S p ',p f q  8 ( E m p — E m y  ±  TzCO +  E q * V h ) . ( 3 .3 3 )
P ' P

Then, Fc_l , Fh-L, and Fh_T are expressed as:

f c-L =  ~ Z  ^  r c-L , (3.34)
q

F h-L  =  ~ Z  H  r h -L  * (3.35)
q

F h -T  =  “Z ffq r h -T  • (3.36)
q

F eh» F(x_imp, and F^-imp can be directly obtained from (3 .2 4 ):

F- h  = - T  2  2  2 f fq /n v (i)[ i- /„ k (r)]fe v ( ') [ i-« mpW] I2
n',n,m\m k'.k.p'.p q

xSk'.k-q fy.ptq 8 (EnV+£OTy-E„k-£m p-^q-(Ve-Vh) ) ,

(3.37)

Fe-imp ~  Z  H  Fe-imp » (3.38)
q
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^h-imp “ Z rh-imp *
<1

(3.39)

with

c-imp
2n ~nnZ Z /« v (f)[ l- /„ k (0 ] t/o-unpCq) Sk'.M 8 (£nV-E nk-Hq*ve) , (3.40)

n'.n k'.k

2 tc ~mm^h-imp — Z Z £m 'p'(0[l #mp(0 ]^h-imp (q)^p'.p-q ^ C ^ m ' p ' vh ) » (3.41)
m',m pT.p

where

u tL p ( q )  =  I  dR„ n,(Ra) I v £ mp(q,R„) 12 , 

t>h-S,p(q) =  I  dRa n,(Ra) I V |f> p (q ,R J  I2 •

Here /i,(Ra) is the density of ionized impurities. The energy loss rates of electrons and 

holes in their center of mass system are:

S E U D & O 
Pi

N
-/

•

.1.
b e U o 3 ^ ( 0

1
B E K t )

d t d t
•r

ch
d t

T

e-L
d t

T

e-imp
d t

, (3.42)
ee

dEch (t) dEch{t)
.1.

’aE£<o
dt dt

•r
he

dt h-L

dEch(t)
dt h-T

3 £ h ( 0
dt

h-imp

3£h(0
dt

(3.43)
hh

The explicit form of each energy-loss rate can be obtained as we have done for the 

force term. The results are:
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dEi
dt e—L

"E  “  Hq*Ve)re-L , 
q

(3.44)

dEi
dt -  ~ S  ”  % vh )rh- L .

h-L
(3.45)

dEi
dt = - E  (^°>r -  ^q'vh) r h-T ,

h-T  <1
(3.46)

dEi
dt e-h

= # 2  2  2 (^ i-E »v)/»vW [i-/„kW ]«» ,'p -(0 [i-«mp(0 ]
n',n,m\m k'.k.p'.p q

I i>eh”’m m (q) 12x Sk'.k-q V .PK  W n ’*+Em V-E nk-E mp- n q iv e- v h)) , (3.47)

a g . 2 jc
I  E E  [^k-^'k '-H q-(V e-V h)]

h-c n\n,m\m  k'.k.p'.p q

x /„v (r)D -/„ k(r)]£mV(r)[l-«mp(r)] | i C " “ (q) 12

x  Sk'.k-q ^p'.pfq SiEni/f+Em'p’—Enic—Effip /tq*(vc—'V^)) . (3.48)

Since the impurities are assumed fixed, the elastic collision with carriers in the center of

mass are:

dEi
dt

e-im p
“ Z % ve r’e-imp »

q
(3.49)
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dEt
dt ~  £  ^h-imp •

h-imp ^
(3.50)

At room temperature and above, electrons and holes can be treated as 

nondegenerate gases. The distribution functions of electrons and holes are taken as 

Maxwellian. For the lowest subband Eqs. (3.32) and (3.33) can be reduced to:

1/2

/& (q . o» =
m.Pe

2?t Kq

Tl± =
MePe
2K2q 2

/?G) ± -  Tzqvc . Pe = KbT* ’
(3.51)

CO) =
'"hPh

2ft

1/2
—  e~^~ 
Kq

=
"*hPh

2ft2 q 2

■tj2n 2

m  ±  a J r  ~  *q,Vh
, Ph =

1

KBT h ’
(3.52)

The hole summation part in the electron-hole interaction term can be reduced to:

£  Sop' (l-£0p)Sp\p*<i 8 (^0k '+ ^0p '-^0k-^0p-% (ve-vh)) = A«h 
p'.p

™hPh
2ft

1/2

Kq

(3.53)

where

v _  Ph^h 
2Kl q l

fi2k 'q  . K2q 2 . K2q 2 . , x
+ + + K q ' ( v» - Vh>m,

The electron polarizability function (2.16) can be simplified to:
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Re n§o(q.co)

(j0 lv'  1 dx sgn(v.)e"(v""*2> -  J0 iv+I*  sgn(v+)e-'v2"*2) j , (3.54)

Im Iloo(q,co) =  A ne
7tpcm 0

(3.55)2

where

4 RESULTS AND DISCUSSION

The four equations (3.27), (3.28), (3.42), and (3.43) should be equal to zero 

simultaneously in the steady state. We solve these equations numerically in the presence 

of an applied electric field. The approximations we have made in our calculation are: (i) 

both electron and hole distribution functions are taken as displaced Maxwellian and the 

lattice temperature is set at 300 K; (ii) electrons and holes are assumed to occupy their 

lowest subbands. The solution of the four balance equations in the steady state produce 

the physical quantities T e, 7^, ve, and as functions of electric field E. The 

parameters we have used in calculation are same as in ref 3. The reference sample 

structure is: d \  = 90 A (GaAs ), <*2 = 54 A (Gai_xAlxAs p  doped with Be to 

2 x l0 18cm~3), and d$ = 323 A (undoped Gai_xAlxAs between the two layers).

The drift velocities of electrons (solid curve) and holes (dot-dashed curve) are 

plotted in Fig. 3 as functions of the applied electric field in comparison with 

experimental data. Our calculation shows that the drift velocities of electrons increase
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almost linearly with field with a low-field mobility of about 1700 cm2/V  sec and 

reaches 107 cm/sec near electric field 5 kV/cm. The drift velocity of the hole only 

reaches 1.25xl06 cm/sec and it increases linearly in E  with a constant mobility 

250 cm2/V sec. In the no-hole case, the drift velocity of electrons (dash curve) is 

enhanced much faster with increasing electric field and an electron mobility of about 

5800 cm2/V  sec. This indicates that the presence of a high density hole plasma causes 

strong momentum relaxation by electron-hole Coulomb scattering.

The carrier temperatures as functions of electric field E are plotted in Fig. 4. It 

shows that both electron and hole temperatures are close to the lattice temperature at 

very low field, less than 2 kV/cm. After the electric field reaches 4 kV/cm the minority 

electrons are more heated than holes. The hole temperature is close to the lattice one 

even until the electric field reaches 8 kV/cm. The difference of two temperatures would 

be 300 K more at high field. The reason for this is that hole-lattice scattering occurs in 

a spread region of large q (due to the large effective mass of the heavy hole) and, 

hence, the sum over q in Eqs. (3.45) and (3.46) should be performed in a much larger 

phase space than that of electrons. Also, there is an extra optical deformation potential 

for coupling with holes. These make the relaxation time of holes 1 order of magnitude 

smaller than that of the electrons.18 At high electric fields, there is a quantitative 

discrepancy between our result and experimental data. This is because: (i) the single 

subband calculation would not be enough since both electrons and holes could have 

sufficient kinetic energy gained from the applied electric field to be excited to their 

upper subband level and other valleys; and (ii) hot phonon effects19,20 should be 

considered. These two factors would involve much more complicated calculation and 

will be discussed in our next work.



The net energy loss rate per electron is plotted in Fig. 5. It can be seen that 

besides electron-phonon scattering, the energy transfer between electrons and holes is 

substantial within the temperature range considered in our calculation. The strength of 

electron-hole coupling depends on the distribution of carriers. At room temperature or 

above, both electron and hole plasmas can be treated nondegenerately. Thus a large 

number of electrons and holes contribute to scattering among themselves. The 

experiment5 done by Polland, Riihle, Kuhl, Ploog, Fujiwara, and Nakayama shows that 

electron-hole energy transfer is strongly reduced at low temperature below 40 K due to 

the degeneracy of the electron plasma. In their case, only a small number of electrons 

collide with holes. On the other hand, we should mention that electron-hole energy 

transfer is sensitive to the choice of the bound states of electrons and holes in the z 

direction. Stem9 gave a beautiful method (self-consistent result) of determining the 

wave function and bound energy in GaAs-Gai_xAlxAs heterojunctions for the pure 

electron system. His results show that due to the electrostatic potential and effective 

potential associated with heterojuncdon discontinuity, the electron is roughly confined in 

a small range (less than 50 A) near each barrier at the high electron density (> 

5 x l0 10/cm2). In the case that minority electrons and majority holes coexist, the 

electrons can only be bound by the quantum well structure, whereas the hole is bound 

by self-consistent heterojunction well.19 Using the variational function9 with the 

parameters listed in Ref.3, we estimate that the peak of the lowest band wave function 

(hole) is located at about the middle of the quantum well. Therefore the wave function 

of an infinite square well potential would be a good approximation for holes in this 

case. Under the assumption of infinite square well structure the form factors (2.4), (2.6), 

and (2 .8) have the same structure.



In our calculation we assume the frequencies of longitudinal and transverse 

optical phonons are dispersionless. A detailed calculation using the phonon-plasmon 

coupling mode in an electron gas has been presented by Das Sarma et al.21 Their result 

shows that the coupling effect is significant at low carrier temperatures and densities. 

When electrons and holes coexist, the phonon Green's functions renormalized by the 

electron and hole polarizability functions induce a mixing between longitudinal and 

transverse phonons. This effect has not been considered in this work. Since the 

frequency difference between the “ bare" longitudinal and transverse phonons is small, 

the frequencies o f the new modes mixed then should not change much from their 

“ bare”  values. In this near degenerate case, the total canier-phonon scattering rate will 

be nearly the same whether “ bare" or mixed modes are used, according to the principle 

of spectroscopic stability.22 We conjecture that the phonon mixed modes should not 

qualitatively change our result. However, a quantitative estimate of the importance of 

the mixing effect is reserved for further work.
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Pait HI: Quasianalydcal simulation of idtrafast relaxation 

of photoexcited electrons in a semiconductor

1 INTRODUCTION

The generation of ultrafast pulses has led to laser-probe techniques1-7 in 

studying the relaxation of photoexcited electrons on a subpicosecond time scale. 

Important information about carrier-carrier interaction, canier-phonon interaction, and 

multivalley interaction has been obtained from ultrafast processes. In this time scale the 

distribution function of electrons differs from a thermal distribution described by an 

electron temperature, typically, by peaks appearing at some special energy levels. The 

photoexcited electrons are concentrated in an energy level, which is determined by the 

frequency of laser pumping and the energy gap between conduction and valence bands. 

In the relaxation processes of the excited electrons, it is also possible that other peaks 

appear, for example due to phonon cascade emissions or the existence of subbands. In 

this case the analytical method that uses a simple electron-temperature model is no 

longer valid. Most theoretical analyses of ultrafast processes rely on Monte Carlo 

simulation.8-11

It is desirable to have an approach that fills the gap between the Monte Carlo 

numerical method and the analytic carrier temperature model.12,13 In the case of weak 

laser pumping (excited electrons are a small fraction of background electrons), Esipov 

and Levinson14-16 have used analytical methods to study the effects of the electron-



electron and electron-phonon scattering, mainly, for steady-state processes. In the 

present work, we propose an analytical function approach for the time dependent 

relaxation of a strong laser pumping excited electrons into the semiconductor quantum 

wells. The distribution function is assumed approximately isotropic during the relaxation 

process and consists of two parts: (i) Gauss-type energy functions to simulate the 

nonthermal photoexcited electrons with possible peaks appearing during the relaxation 

process, (ii) A Maxwell-Boltzmann-type function parametrized by an electron 

temperature to describe the background electrons. The two-dimensional electron- 

electron scattering is introduced via a screened Coulomb interaction. At room 

temperature and above, longitudinal-optical (LO) phonons dominate and contribute to 

the relaxation of both the carrier distribution and carrier energy. The amplitudes and 

widths o f the time dependent Gauss-type functions and the “ electron temperature”  are 

deduced using the Boltzmann equation from a certain initial condition. The merits of 

this approach are as follows. (1) Some related integrals in the calculation can be 

analytically worked out or be expressed by a standard integral. Thus only an integral 

over q  in the Boltzmann equation remains to be numerically handled, gready reducing 

the computation time. (2) The evolution of the distribution of electrons is described by 

the evolution of several parameters. It is convenient for analysis of the results, 

especially, because the distribution of electrons approaches that of the temperature 

model after a few picoseconds of laser pumping. (3) This approach may be more 

suitable for including, for example, dynamical screening effect and so on.

We use the above approach for the case of low-energy photoexcited electrons 

(close to the band edge, 20meV). Since the mean energy of these photoexcited 

electrons in the present calculation is less than the longitudinal-opdcal-phonon energy,



the carrier-carrier scattering is the primaiy mechanism in the thermalization processes. 

Because of the large mass of the heavy hole, the main contribution to relaxation of 

electrons is through electron-electron scattering with inelastic electron-hole scattering 

playing a small role, which was pointed out by Goodnick and Lugli.11 If the mass of 

the hole is considered as approximately infinite,10 the electron-hole scattering is elastic. 

The chief effect of such elastic scattering is to relax the nonisotropic portion of the 

distribution. Since we have already imposed an isotropic distribution of the electrons, it 

is appropriate to omit electron-hole scattering in the present paper. This is particularly 

appropriate for comparison with Monte Carlo simulations that use an infinite hole mass. 

For the finite (but large) mass case, small inelastic exchange of energy between 

electrons and holes will have a cumulative effect that will become important at larger 

times than considered here. Therefore, we omit electron-hole interaction for simplicity. 

For low-energy photoexcitation with well length about 100 A, the most electrons occupy 

the lowest subband state. So we did not include multisubband and multivalley scattering 

in the present paper. We find that the peak of photoexcited electrons decreases 

monotonically and the width of the Gauss-type function, which gives the expansion of 

the nonthermal photoexcited electrons in k space, increases. Sixty percent of the 

photoexcited electrons are converted to background electrons within the first 100 fs via 

the strong electron-electron interaction at low-density excitation (2 x l0 10 cm-2) with 

background electron density (6xl010 cm-2). Our estimate for the relaxation of 

photoexcited electrons is qualitatively in agreement with the experiment1 and the result 

of Monte Carlo calculation.10

The paper is organized as follows. In Sec.n, a form of analytic distribution is 

assumed. A set of equations for the evolution of relative parameters is derived from the
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Boltzmann equation for two-dimensional electrons, including electron-electron and 

electron-LO-phonon collisions. The detailed results with a brief discussion are 

presented in Sec.III.

2 APPROACH

Laser-probe techniques can create photoexcited electrons sharply peaked in a 

special energy region within a few femtoseconds. The distribution of electrons can be 

considered approximately isotropic in the two-dimensional momentum space k, if an 

external electric field is not applied. The energy of the electron in an (n,k) state is 

written as — k*/2me +  En with me the effective mass of the electron, and En the

subband energy. We choose Gauss-type functions in energy space to simulate the peaks 

at for / = 0 , 1,2,... of nonthermal electrons in the nth subband:

/n ,k (0 = 2 ^/j,i(0 exP[~^/i,i'(0 (̂ rt,A:“ ^n,i)^] • (2 .1)
i

The peak with subindex /= 0  represents the directly photoexcited electrons at energy 

En, 0 . The peaks with i =  1,2,... represent peaks produced by cascading phonon 

emissions. Here is the energy level of the /th peak in nth subband and 

En,i = £«, 0 -  i/zcolo with ©lo LO-phonon energy; b ^ t )  is the amplitude of the zth 

peak in nth subband; c^,- determines the full width at half height of the peak to be

AE„,i = 2 [(ln2 )/<jrt l-]1/2 , (2.2)

The parameters b^iit)  and 0 ^ , ( 0  are determined by the time-evolution equations. In 

addition to the photoexcited distribution, we include an equilibrium Maxwell-Boltzmann 

background distribution of electrons, which is initially small for undoped devices, but is 

large for n-doped devices. The expression for this part of electron distribution can be
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written as

/ 2 ,k »  = a„(f) expI-p .W fi**], (2.3)

where an(t) determines the density of background electrons in the nth subband and 

Te =  \l(JcB$e) is the “ temperature”  of background electrons. The total distribution is 

normalized to the total electron density:

N' =  2 X  A k ( 0  =  2 2  [ £ k «  +  / i k ( » ]  • (2.4)
n, k n,k

Here we neglect the change of electron density due to electron-hole recombination since 

the typical relaxation time for this process is more than 1 ns.

One of the important scattering mechanisms on the picosecond time scale is 

electron-electron interaction. For simplicity, we use the static screened electron-electron 

Coulomb interaction in a two-dimensional heterojunction, which can be expressed in 

wave-vector space as13

v n'n,m’m( s  f o g 2 pn%m'm(a ) (2 5x
W  Ko(q + qo)A Kq)'

Here the q  is the momentum exchange in the scattering; the form factor Fĝ em m(q) is 

given by

Fe-em'm(<l)= f °°dz dz'e~q 1 z" z' 1—«o

(2.6)

with ^n(z) the envelope function of the electron in the z direction which can be 

generally derived by a variational method.17,18 The subband energy levels Ent for n =  0 

and n =  1, have been given elsewhere18,19 for a GaAs-Al,Gaj_xAs heterojunction. The



two-dimensional Fermi-Thomas dielectric constant q Q -2 e 2me/KoH2 (see Ashcroft and 

Mermin20) and Ko is the static dielectric constant. As far as carrier-lattice interaction is 

concerned, the electron-LO-phonon scattering dominates at room temperature and 

above. The electron-LO-phonon scattering is treated as a Coulomb interaction between 

the electron charge density and the divergence of the polarization associated with a 

polaron. Using the Frohlich continuum model,13 the electron-LO-phonon interaction 

expression is then given by

Vg-uoCQ) = Me_ lo(q,<7z)Gn'n(q><7z)» ĉ-Lo(q*<7z) = ia /Q  » (2.7)

where Q(q,<7z) is the 3D LO-phonon momentum, and a  is the Frohlich electron-LO- 

phonon coupling constant, a  = [27ce2^© Lo(l/K^-l/Kb)]1/2, with k^, the high-frequency 

dielectric constant,

G „-„(q .fc) =  - 4 = J "  dz  $ f< z )  U z )  e ™  . (2 .8)

The time derivative of the electron distribution can be obtained by using the Boltzmann 

equation12,13 with a collision term:

3/nnW 3/„,k«)
dr dt

T*
e-e dt

The first term on the right side due to electron-electron scattering is given by
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- A k  (1 - f n V ) f m V (1 - A .V ) ]  I I 2

xSk'.fc-q V .PK  &(En'X+Em'p'-Enli-Emp) . (2 .10)

The first term in the square brackets describes a transition from the electron state with 

subband energy level En> and momentum k ' into band level En with momentum k after 

collision with another electron. The second term describes the opposite transition. The 

collision process is governed by momentum and energy conservation. We omit the 

effects of exchange in the present study. The second term on the right side of Eq.(2.9), 

due to electron-LO-phonon scattering, is given by

3/nk(0
d t

e-LO

5" - f a i t )  [1 - f a i t )  ] S^.k-q 8+} [ l + ^ ^ i )  ]

+ V n v (0 [l-/nk(0 ]5k',M Sf - /„ k ( 0 [ l - /» v ( 0 ]Sk',k4q 8"} n w (TL)), (2.11)

where

8+ = 8 (£n'k'-fi’nk+^®LO)

and

S~ = 8(En'it'—En]C—fi(D[x)).

Here n 10^ )  is the LO-phonon occupation number and is assumed in equilibrium at
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latdce temperature T^. The hot-phonon effect is neglected here since the nonequilibrium 

phonons are not yet excited on a subpicosecond time scale. The total electron-energy 

loss due to electron-LO-phonon emission can be expressed as

dEe
dt =  fiG>LO re_LO , (2.12)

e-LO *

r .-L o  =  ^  2  2  lv ;? LO( q , * ) l J x{/<t>(q,co)[i+«LOai,)]-/S ;il(q .« i)»U5a i ) } .
n',n

(2.13)

and

/^ (q .o i)  = - J  2  2  /nk(0 [l-/„ v < 0 ] 8(E„k -E„v  ± SOLO), (2.14)
k' k

In the following calculation, the above approach is applied to the case of high 

electron density. Peaks due to cascading phonon emission are then suppressed by the 

strong electron-electron scattering. For simplicity, the electrons are assumed to occupy 

the lowest subband only. With these assumptions our formulas can be simplified. The 

integral over k ' and p  in Eq. (2.10) can be completed or reduced to a known special 

function. Only the final integral over q  requires numerical calculation. By using the 

dimensionless variables

n2k 2 n2a 2 y -  Po ~2m >z -  Po 2m » yo -  Po*o,o,

M )  J s a 0f0(O
PW  = -T i-i  ,KO = - 7 ^ - .  0)o = PoBco, (2.15)

where Po is the scaling factor with dimension of 1 l(kj}T), and defining
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Eq. (2.10) can be reduced to

9 /( y .O 2m e

B t
e—e Ttfi3 i * b j

<  * 4 " d(|>

X [ ̂ o,o ( 0  (2 /y 1/4){ ex p [-Y (r |-y o )2] D ! ( | i _ ) -  exp[^y(y-}>o)2] D  x (p + )} 

+ f lo (0 & o ,o (0 (^ rc /p  {exp[^y(T i-yo)2 - p z2 ] - e x p p y ( y - y 0)2 - p z j ] }  

+ (2 /y 1/4) [ e x p (-p ri)  D  i (p_ ) -  exp(-pY ) D  i (p+) ] )  ] ,

w here

D  i C*) =  4  d r* exP H * + ti2)2] ,

W0 ± Z . n  0
z i  = J ^ m ’ P ± = r  ( z i - ^ o ) .

with

Z + Z q

(2.16)

(2.17)

(2.18)

(Do = y  -  2y 1/2* 1/2cos<J> ,
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T| = y  + x -  2y 1/2x 1/2cos<|>.

The first term in the bold square brackets ([ ]) of Eq. (2.17) represents the contribution 

from electron-electron scattering among photoexcited electrons. The second term in [ ] 

stands for the scattering between photoexcited and background electrons. The scattering 

among background electrons cancels on the whole since these electrons are in 

equilibrium with each other. The electron distribution Eq. (2.11) can be reduced to

x({ /(y +"’,») l i - /  (y,01 [l+n^O i)] - /  Cy.O [ l - /  (y+w.Ol " “ (li)} ®+0mv)

- < /  [1 - /  (y,r)l [l+ n ^ T j.)] - /  (y,t) [1 - / (y-w.r)] nLO(ri )}®-0’,w )) ,  (2.19)

where

0 V2 e±2 -  z 2 V sf + z2 ^ 81 -  z2
(2.20)

with

0 " »  2 1/2 [y(y+w) ]1/4 , w  = M © lo  .

8 f = 2y±w-Qt2  , 8 | = 2y±w+0i2 . (2.21)

The Eq. (2.12) can be simplified to
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’ dEe( 0 ' AHgujo 2me
dt e-LO _ n2

3/2
a  r 00 , — x I dz
2 n Jo

F°e-e(z)
x(AEi + Afi2) , (2 .22 )

where Fe-e(z ) is defined in Eq. (2.16), 

1/2

AEi
ao(t)

exp(-pz+) x{[ l+nw (Ti)) -  n10^ )  exp(pw) } , (2.23)

and

A£2 = - J f T -  {D1 (H-) [l+n“ crz.)] -r> 1 (M+) n1"  (Ti.)} (2.24)

are, respectively, the contributions due to background electron-phonon scattering and 

photoexcited electron-phonon scattering. On the other hand, the time derivatives of 

electron-energy loss and electron distribution as well as of the total electron density can 

be written via the time differential of parameters ao(t), bo,o(0> 7(0, and p(r) as

dE (0 __ dE(0  : . d E (0  ... dE(0  . . dE (0  ,
—T— = ~̂ T----00 ,0  + —=T— Y+—^— p +  —^— a ,dt db 0,0 3p 9a

(2.25)

9 / ( y . 0  _  9 / ( y . O  l  ,  W<y , 0  9 / ( y . O  A  .  9 / ( y . O  •

~ * r - I b ^ - 6°-°+■- * T Y ~ 3 p ~ ' p “° •
(2.26)

dne . 9ne . 9ne . 9ne .
0  = -rr—  b 0 0 + “5“  7 +  “5— p + 7:—  do

9&o,o 9y 9p dao
(2.27)

In our approximation, there are four independent variables which should be determined 

by Eqs. (2.25), (2.26), and (2.27). Here we choose the values of 9 /  (y,f)/9f in Eq. (2.26) 

at two special y  points, which correspond to the peak position and the half-width 

position of a Gauss-type peak in order to obtain information sensitive to the height and 

width parameters, 6  0,0 an(i Y* Thus the change of parameters in each time step can be
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obtained by solving four linear equations with given initial condition.

3 RESULTS AND DISCUSSION

The time interval we choose in solving the difference equations is 0.1 fs. The 

result shows no significant change if an interval less than 0.1 fs is used. The initial 

conditions used in the present calculation are as follows: the temperature of the 

background electrons is set at lattice temperature Te = =  300 K; the peak position of

photoexcited electrons is located at 0.02 eV above the conduction-band edge; the width 

of the peak is chosen as 0.02 eV, which is comparable with that found in the time 

luminescence experiments.1 The amplitude bo,o(0) is chosen such that the density of 

photoexcited electrons is 2x l0 10 cm-2. The effective mass of an electron in GaAs is 

0.067/no, with mo the free mass of an electron. The energy of a LO-phonon, Ticolo, is 

36.8 meV, with ko = 10.91 and = 12.91. On a VAX-780 running Berkeley 4.3 

UNIX, it takes 5 s (CPU) to calculate each time interval o f 0.1 fs. So within 1.4 h we 

can reach 100  fs.

The electron distribution is plotted in Fig. 1 as a function of the energy of the 

electrons at different times. The photoexcited electron density is chosen as 2x l0 10 cm-2  

with a background electron density 6x l010 cm-2. The sharp peak of photoexcited 

electrons decreases and expands monotonically. The amplitude of the Gauss-type 

function decreases to about 40% of its initial value in the first 100 fs and then tends to 

vanish at about 200 fs. After 200 fs a Maxwellian-like shape which can be described by 

a temperature model appears. The result of Bailey et al. 10 Monte Carlo calculation is 

also shown in Fig. 1. Our result is in reasonable agreement with that of the Monte Carlo 

calculation. A detailed comparison indicates that the thermalization process in our
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present model is a  little faster than that of Monte Carlo simulation. In particular, the 

electron occupation with low energy in our result increases faster compared with that of 

the Monte Carlo simulation. The electron distribution with low background density 

(109 cm-2) at the same excitation density is plotted in Fig. 2. The small amount of 

background electrons decreases the thermalization rate. The amplitude of the Gauss-type 

function decreases to about 51% of its initial value in the first 100 fs and then tends to 

vanish at about 280 fs.

The temperature Te of the background electrons as a function of time is plotted 

in Fig. 3 with background density 6x l0 10 cm-2  and excitation density 2 x l0 10 cm-2. It 

is set at 300 K at the initial time and then it increases for the first 30 fs because in this 

period the dominant process is energy transfer from the photoexcited electrons to 

background electrons. At about 40 fs Te arrives at a maximum value, then decreases 

mainly via electron-phonon interaction and approaches the lattice temperature after 350 

fs.

In summary, we have proposed a simplified model to describe the complex 

nonequilibrium relaxation of photo-electrons in a semiconductor quantum well. As a 

first application we have calculated the relaxation of low-energy photoexcited pumping 

by use of an approach including only four parameters. In contrast to the approach by 

Esipov and Levinson,14 our method does not require that the excited electrons be a 

small fraction of the background electrons. Since the electron-electron collisions among 

excited electrons are properly considered, our approach can be used for an arbitrary 

proportion of excited electrons and background electrons. We also use the generally 

available electron-phonon scattering matrix for a quasi-two-dimensional quantum well.



In our present model we use four parameters, which permits a description of the 

chief physical properties of the ultrafast process. In our model, nonphotoexcited 

electrons were assumed to be directly thermalized. As a result the electron occupation 

of low energy in our present model approaches the Maxwell-Boltzmann distribution 

faster than that of Monte-Carlo simulation. We have imposed a Gaussian peak, which 

prevents unsymmetrical decay from occurring. Since energy absorption and emission is 

necessarily nonsymmetric, this must be compensated for by using nonsymmetric basis 

function, or more simply by using more symmetric ones. At present in introducing the 

new technique, we restrict ourselves to try to describe the ultrafast process.

One interesting question is to determine how low the density of excited electrons 

should be for peaks associated with cascade LO-phonon emission to be visible. As 

shown in the formulation of this paper, the cascade problem can be studied by using our 

approach with more parameters. Numerical computation is in progress. Further work 

including dynamical screening is under consideration.



-74-

Pait IV: Resonant level lifetime in GaAs/AlGaAs double-barrier 

structures with consideration of f-X  mixing

1 INTRODUCTION

Recently, there has been considerable interest in Gai_xAlxAs-GaAs-Gai_xAlxAs 

double-barrier structures because of their technological importance to high speed 

devices. These structures exhibit a number of interesting features, some of which are 

concerned with the evidence of T and X transfer in resonant tunneling in single and 

double barriers.1-4 The experiments done by Mendez and his co-workers1 show that the 

existence of confined states in Gai_xAlxAs at the X  point gives a new resonant tunneling 

peak in some structures. Their results were explained by a quasi-bound state associated 

with the X-point band. Osbourn and Smith5 have discussed T-X transmission using the 

empirical tight-binding approximation in 1979. Later, Mailhiot, Smith and McGill6 

studied the efffect of F -L  mixing. Recent discussions of F-X  mixing are referred in Ref 

7-10.

The conduction-band edge profiles for both T and X minima of AlxGai_xAs were 

discussed by Batey and Wright11 and in the review paper12 written by Adachi. Their 

results show that, at some doping, the X-band minimum (conduction) can be lower than 

the F-band minimum (conduction) in Gai_xAlxAs and also lower than the X-band 

minimum in GaAs as shown in Fig. 1. This structure will induce a bound state for X- 

electrons confined in the double-barrier region, while the F-electrons form a quasi­
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bound state and can leak out with some probability, if the GaAs substrate outside the 

double-barrier region is thick enough. General speaking, when electrons are photo­

excited to the T valley conduction band inside a quantum well, the electrons will have a 

certain probability to transfer to X valley conduction band. Since a momentum change 

is required in the F-X  transfer, the intervalley scatterings appear only at the interfaces 

in the intrinsic tunneling case, and can be described by intervalley transfer potentials 

V rx  and Vxr- This F-X  transfers will effect the leakage rate o f electrons out of the 

double-barrier region. In some design devices where the quasi-bound T energy level is 

close to some X energy level, a resonance of F-X  transfers may occur and induce a 

dramatic change of leakage rate of electrons. It is interesting to study the effect on the 

lifetime of electrons due to the F-X  coupling in such a energy level region.

In this paper, we present a quantitative model which gives a quantum mechanical 

calculation of the resonant level lifetime in the presence of T-X coupling. Our results 

show that when the T-like energy level is not degenerate with an X-like energy level, 

the lifetime of T state is exponentially proportional to the thickness of G a ^ A ^ A s. 

This is in agreement with the experiment done by Tsuchiya and his co-workers13 and 

the theoretical calculation of Thomas et a / .14 However, for the case that the T  energy 

levels become degenerate with the X energy levels, the lifetime dramatically changes 

and can be several orders longer than that of a pure T  system.

The paper is organized as follows: in Sec.II a quantum mechanical model is 

described and the matrix is found, the vanishing of whose determinant yields the 

complex eigenvalues. Detailed results and a brief discussion are presented in Sec.m.
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2 MODEL

We employ the following theoretical model which introduces a coupling between 

r  and X  minima within the effective mass envelope function approach: 1) Quasi-bound 

state theory is applied to our problem, so that the eigenvalue of the Hamiltonian 

becomes complex. The real part of the eigenvalue stands for the energy level of the 

state and the imaginary part relates to the lifetime of state. 2) Since the transfer between 

r  and X  is assumed to occur only at a heterointerface, for simplicity, we introduce a 

delta function potential to describe F-X  coupling, as was done by Liu9. 3) A spinor- 

like matrix formula is used with the upper component describing the T wave function, 

while the lower component describes the X  wave function.

The Schrodinger equation can be written as:

e is the energy level of the state and y  is its the reciprocal lifetime, T  is the kinetic 

energy operator, T  can be expressed as:

where m r(z) and my(z) are the effective masses for the T point and X  point,

(2.1)

H  = T  + V (2.2)

where

(2.3)

H2 d i d 0
2  dz  mp(z) dz

7  = n2 d i a (2.4)
o

2  dz mx(z) dz
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respectively. V is the potential energy:

V = V T(z) V/(z) 
Vi(z) Vx (z) (2.5)

the diagonal elements VrOO and Vx (z) represent pure r  and pure X  band profiles, which 

can be written as:

Vr (z) =
0

Pro
0

if / ^  | z I
if  l+b > I z | > / ,
if I z I £  l+b

(2.6)

VX(z) =
Vxo

Vxi
VX0

i f | z  | 
i f /+ 6  > \ z \  >1 
i f | z I £  /+b

(2.7)

The potential heights Vn>> Vxo and Vxi depend on doping as discussed in detail in Ref. 

9 and Ref. 10. The off-diagonal elements stand for the T  and X  interaction potentials:

V/(z) = a  [ 8 ( I z I - / ) + 8 ( I z I -(/+*>))], (2.8)

where a  is a coupling parameter, and 8  is the Dirac-delta function. The off-diagonal 

terms quantify the intervalley transfer potentials. In general, the parameter a  could be a 

complex number, but we use a real one for simplicity. Under this assumption, there is 

only one parameter to be determined by experiment.

'P  is a two-component wave function: .

= (2.9)

Using the Hamiltonian given above, we can write down the quasi-bound state wave 

function in the space z > 0  (even state)
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WOO = '

A cos(gz)

B e glz + C e ~ glz 
D e igz

if 0  £ z < S / 
if I < z<  l+b , 
if  z Z  l+b

(2.10)

with

2wpo£ 1/2

8 1 =
^ n ^ r o  -E ) 1/2

B2 J >
[  &

98 =

where mpo and mpi are, respectively, the electron masses in the GaAs and G a ^ A ^ A s  

T valleys.

Y^(z) = -

A i ( e V  + e - *  ) 

B \ e m z  

D 1 e - v

B x e m z  + C l e~Unz
i f O £ z  £ /  
i f  I <z<  l+b , 
if z I> l+b

(2.11)

where

Q =
2mxo(Vxo ~ E)

B2

1/2

.<7l =
2mx\{E -  Vxi) 1/2

where m xo and mx\  are, respectively, the electron masses in GaAs and Gai_xAlxAs of 

X  valley. The boundary conditions at the interfaces can be written as:

W V r
y x z = /+ W

(2.12)
z = r

V r V r
y x z = /+&+ y x (2.13)

z = l+b~

* « 
B2 1 f y r j.

» « 
B2 1 d y r

2  m n  d*
T

z=/+ 2  /W XT) dz z=/
+«Vx(0=0 (2.14)
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+ ay r(O = 0  (2.15)
: /_

+ avx(/+ ^)= 0  (2.16)
z=l+b~

+ a y r (/+&)=0. (2.17)
z=l+b~

Therefore we have eight homogeneous equations with unknown coefficients A, B, C, D, 

A i ,  B i ,  Ci  and D \.  For obtaining a nontrivial solution we require the determinant of 

the coefficient matrix to be zero and get the complex eigenvalue.

3 RESULTS AND DISCUSSION

Exact solution of the eight complex boundary equations (2.12-2.17) gives the 

complex eigenvalue £  as a functions of GaAs quantum well width and Gai_xAlxAs 

barrier thickness. For the decoupled system, the energy level of the T  state mainly 

depends on the width of the quantum well and is not sensitive to the thickness of 

Gai_xAlxAs except for the case in which the Gai_xAlxAs is very thin (the condition for 

a quasi-bound state is then not valid). In contrast, the X energy level mainly depends on 

the thickness of the Gai_xAlxAs barrier.

Fig. 2 shows the energy levels of ground state as function of b/l, the ratio of 

Gaj_xAlxAs thickness b to GaAs well half width /, in the presence of T-X coupling. 

The results of decoupling are also plotted in the same figure: dotted-line for X  and

dashed-line for I \  The two solutions in the presence of coupling behave differently

around the mixing point (bll  =X =2.022): E \  changes from X-like to T-like after passing 

through mixing point, whereas E 2 changes from T-like to X-like. In the mixing region,

H2 1 d yx
2 mx  1 dz

n2 1 dVr
2 wro dz

n2 1

i=i+

i=l+b+

2 mx  0 dz

n2 1 ay*
2  mxo dz 

n2 1 <fyr
2  mn  dz

n2 1 d yx
2  ntx\ dz
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these two solutions anticross and are neither T-like nor X-like.

The lifetimes Xi, X2 which relate to the imaginary parts of the eigenvalues of 

these two solutions in the presence of coupling are plotted in Fig. 3. The lifetime of a 

pure r  state depends exponentially on the thickness of the Gai-xAlxAs barrier. The 

latter is also shown in Fig. 3 (dashed line) for comparison. The lifetime of a pure X 

state is infinite. It is a true bound state because the potential in the well is below that at 

infinity. Tj changes from X-like to T-like when passing through the mixing point. Near 

the mixing point, %\ changes sharply and can be several orders larger than that of a pure 

r  system. Meanwhile X2 changes smoothly from T-like to X-like. The peak position is 

not sensitive to the value of coupling strength.

To understand the solution with the long life time, the E\,%\ state, we also 

calculated the wave function of that solution. We see that when b l l « % ,  the solution 

can be distinguished as X-like, so the X-component wave function is large and the T- 

component wave function is rather small. On the other hand(b/l » X ) ,  the solution can 

be recognized as T-like, the X-component wave function is rather small and T- 

component wave function is large. Only when b / l - X ,  are both T-component and X- 

component wave functions large. See Fig. 4. In this case the coupling between T- 

component and X component plays an important role, which permits the T-component 

amplitude D in region z£ l+ b (see Eq. (2.10)) to dramatically decrease (see Fig. 5) 

which shows consistency with Fig. 3. Thus, the life time becomes very long because the 

electron wave-function hardly leaks out.

To observe experimentally the effect of F-X  coupling on electron escape time in 

GaAs/AlAs double barrier structure, we plan to use picosecond time-resolved 

photoluminescence experiments on a sample. Since it is not easy to control the barrier
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thickness, we suggest two possible methods: 1) Applying a small electric field to the 

sample whose lowest T energy level and X  energy level are close to each other. 

2)Application of hydrostatic pressure to change the relative positions of T - and X - point 

barrier. 15

The electron-hole recombination time is determined by radiative and non- 

radiative lifetimes. The radiative lifetime is about 100/u for low concentration 

(1016cm“3) at room temperature,16"17 the non-radiative lifetime is sample dependent, 

with a range from 45 to 650/iy.18“19 The sharp life time peak in Fig. 3 should be 

reduced if the recombination time is taken into consideration. Assuming the radiative 

and non-radiative lifetimes are 100/is and approximately independent of barrier 

thickness for simplicity, we calculate by 1/Xi = 1/X i + l/x r where xr is the total 

recombination time and Xi is shown in Fig. 3. We plot X\ in Fig. 6 , which shows a 

large reduction of peak compared to that in Fig. 3, yet a visible peak can still be 

obtained.

In conclusion, we have presented a model to study the effect of the F-X 

intervalley coupling on the lifetime of a quasi-bound state in a GaAlAs-GaAs-GaAlAs 

structure. We find that the lifetime of a photo-excited electron at some quasi-bound state 

in a GaAs well can be several orders longer than that of a pure T  system if the energy 

level o f this state is nearly equal to the energy level o f the X  state.
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