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Part I: Electron Tunneling at Presence of Inelastic Scattering

Section 1: Long Wave Length at Presence of Inelastic Scattering

1.1 Introduction

Since the pioneering work of Esaki and Tsu (1970),! there has been great
interest in double-barrier resonant tunneling. It not only provides an exciting prospect in
electronic device application, but also gives rise to some substantial problems in
theoretical research. One of the most important problems in the study of these devices
is the effect of inelastic scattering on the tunneling current. These inelastic scatterings
are mainly due to electron-phonon scattering and electron-photon scattering. As pointed
by Gelfand, Schmitt-Rink, and Levi (1989),7 the unitarity condition (ie. the current
conservation) leads to a feedback mechanism by which inelastic scattering processes
change the probability of elastic scattering. Since these devices, general speaking, are
the compositions of barriers and wells or even more complicated, the conventional
theoretical approach based on homogeneous systems can not be applied to these cases,
or they can merely give some rough estimate in some aspect. Some tentative research
‘has been done in this field that is far from complete.

In this part, we present a theoretical frame to solve the tunneling problem in the
presence of electron-phonon inelastic scattering. In principle, our method can be
generalized to the electron-photon inelastic scattering case.

The problem can be well defined in Fig. 1: an electron, injected from region I,
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passes through region II, a so-called interaction region, which contains a lattice potential
such as a single barrier or a double barrier and electron-phonon interaction. The purpose
is to determine the tunneling current in region III and the reflected current.

We divide our theoretical frame into two sections. In section I, we deal with
long wave length electron-phonon interactions. In this case, the electron-phonon
interaction potential is approximately x independent in the interaction region. We
present the first calculation of an optical phonon associated with electron tunneling
through an actual double barrier. Using a solvable model for the electron-phonon
interaction we propose an approach to calculate the 1D electron tunneling with
dissipation in an arbitrary barrier, and indicate how the boundary conditions uniquely
determine the transmitted current and the reflected current of an electron. We find a
general electron wave function solution in the interaction region. By matching this
solution with incident wave and out-going wave functions in the other region in each
energy sideband at boundary, we can uniquely determine the tunneling current. Our
approach also clearly shows why phonon-assisted resonant tunneling appears when the
electron injects at sideband E +nw (E is the energy level of elastic resonant tunneling;
o is the energy of optical phonon) in a double barrier structure. (Units in which %=1 are
.chosen.)

In section II, we remove the above long-wavelength approximation and deal with
an electron-phonon interaction that is x dependent via a Green Function method. We
derive the steady state in the presence of inelastic interaction with a steady incident
current, Since the situation is non uniform in space, we carefully construct the

unperturbed Green Function, by which we can calculate the tunneling current.
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1.2 Solution of Wave Function
An incident electron from the left lead ( in region I, x <0), enters the barrier
region II and is scattered by phonons (between x=0 and x=d), and arrives at the right

lead (in region I, x>d). The general Hamiltonian for electron-optical phonon

interactions has the form :
Hin=[E, M(@e'"eaq +H.CIO(X)8d ~1), 1.2.1)

with a4 and az, respectively, the phonon annihilation and creation operators, and M(q)
the electron-phonon scattering matrix, and R is the electron position, ©(x) is the
Heaviside step function. The Heaviside factors confine the interaction region to region
II. In the following we use a model of long wave length approximation that replaces
e’ by 1 in Hy,. This model is similar to the independent boson model?, used to
describe electron-phonon scattering. Using this model, the Schrédinger equation for a
one-dimensional electron in a barrier with arbitrary shape, Vg(x), in the region II is

given by (=1)

oyt 19| 1 oyt —iaw , yt i
=2 % | ) ox +[Vo(x)+Ve ™ +yTeioyl | (1.2.2)

where
V=3 M@z, V'=F M*@a; .

Here m(x) is the effective mass of the electron. In the regions I and III the electron is in
free motion. By neglecting the effect of the electron-phonon interaction on the phonon
system, we assume phonon variables are in free motion and in equilibrium with a heat

bath. Equation (1.2.2) is separable in space and time. The general solution of Eq.



(1.2.2) can be written as

. LI -~
yi(x, r)=exp [—z’;e-'m‘-%e'“] [ dE"[Ag 08 (x)+ B0 ()] (1.2.3)
where ¢& (x) and ¢f’;r(x) are the two independent eigenfunctions at eigenvalue E’ for the
equation without phonons. The coefficients Az and Bg- are constants, to be determined
by the boundary conditions. We assume the electron injects at energy E, with time

independent amplitude, A™, (the steady state case). In this case only components of

y(x, t) with energy E+nw (n=0, +1, . . .) exist. In region II,
VI, 0 = 3 Whima()expl—i(E+no)] ,
with

Viey Vit g,
wE+nm(x)=§§‘ 1) ‘U_fj_’k)! (aTe3 () + BROLCO (1.2.4)

where sub-index j corresponds the energy E+jo (j=0,#1, ...), k20, j—n+k20.

To obtain Eq. (1.2.4) we have used

A+B_ ,A B ,-1/2[A, B]

e =e e ¢

for phonon operators. It is easy to see that the magnitudes of A},I and BT have the order
of |v]Inl Assuming the electron-phonon interaction is weak, a cutoff of |n | and
Im | up to N will ensure the results for the transmitted and the reflected current with
accuracy up to |V |, In Eq. (1.2.4) terms for n-th branch should be maintained to
order |V |- In 1. For example, for computing the current with accuracy up to

| v |2, we should keep the following terms:
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VB0 @ = 4805+ BY obo + 1A%, 001 0+ BT 01 011 (1.2.50)
t
VE®)= [1—-‘1:2—] A8 96(0) +BF 90+

1.
T (A1 4, )+ B, 61 001 - 14T 081 )+ BT 01 01, (1.2.5b)

t ,
Wh_o(X) = :w"—[Ao%g(x) +BI o501+ A4S 0% (x)+BY 62, ()] . (1.2.5¢)

In the incident channel it is necessary to keep the terms \|IS;2) ~ |V 12, which is related
to the coherent double phonons process, since the cross term of |\|lL9)+1|!S;2) |2
contributes the lowest order of phonon effect to the current in the incident channel.

In region I and region III, the electron wave function satisfies a free parﬁcle

Schdinger equation:

it
i T _ 1 Py . (1.2.6)

ot 2mym  ox?

The physical requirement is that only the reflected wave exists at region I except for the

incident wave, so the electron wave function in region I can be written:
Yl(x, 1)=A"exp(ikhx ~iEt) + an},exp[—ik},x-i(E+nm)t] , (1.2.7)

with B}, the amplitude of reflected wave. Also, only the transmitted wave exists in
region III, thus the electron wave function in region III can be written:
y(x, t)=ZnA,I,nexp[ik,I,nx-i(E+nm)t] : (1.2.8)

with AI! the amplitude of the transmitted wave, here k% = [2m(E +no~V§)]1"? and

my, is the effective mass of electron in L region, V(l)‘ the flat potential level in L region.
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1.3 Boundary Condition
Using the continuity condition of the wave function and current at x=0 and

x=d, we have

Wix=0, £) = y(x=0, 1)

1

w‘( =0,1) = (0) w“(x=o 7
yi(x=d, t) = yT(x=d, 1)
IR - I | P _1__3_
@ ¥ EN = ¥ (x=d, 1) (1.3.1)

Since the solution of wave function in each region can be expressed in time dependent
components, each component should satisfy the boundary condition of Eq. (1.3.1). Thus,

we obtain the following equations:

Z‘f G-mIAYe2(0) + B162(0)] = A8, o + B},

M,/a Wb l-IAinsn _Bly,
- (O)Zf(l n)[A;¢;%(0) + Bj¢;°(0)] = Ilk,,( .0 )

3f (i -m)ATo?(d) + Bl (d)] = Allexp(iky'd) ,
j

- (d)zfo -n)[A]6j°) + B]¢}"@) = zkmAmCXP(lkmd) , (13.2)

with
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fG=-m)=3,[VIe kYT 10y 4/ (j-n+i)1]

where ¢;* is the derivative of ¢, a=a, b. Eq. (1.3.2) consists a group of coupled
equations, through which components of the wave function in different energy channels
couple with each other through phonon emission and absorption. We can solve Eq.

(1.3.2) to determine the Ag and B,I,I, and then obtain B},, and A,IP. By use of a serial

substitution method to solve these equations, i. e., step by step to obtain wf?’. Wg_zm.

\yg), \vggzm, wﬁ?m, wf?), . . ., with sup-index (n) corresponds the term ~ |V |*, the
order of phonon operators in each term is determined. The transmitted current at energy
E+nowis

72 = <A AT, (133)
and the reflected current at energy E +no is

Jf = &L imp)<BY BL> (13.4)
where <...> means the average over the phonon assemble (below the bottom of the

barrier, k= becomes imaginary, and J™D js zero). Assuming phonons are in

equilibrium at temperature Ty, we have

V=g M@ I%g,  <WV>=3 M@ |*1+ng), (1.35)

with the phonon occupation number nq=[exp(o)/kBTL)-l]“l. Also, we can calculate
the average value for the assemble of a product of V’s and v1's. The transmission

coefficient is given by

> " S
=— in._— |gin ]2, 1.3.6
T =13 J - |Am | (1.3.6)




Current conservation is ensured, namely,

Jn=y (J5m+Iph) . (1.3.7)

We emphasis that the above boundary conditions uniquely determine the solution
of an electron tunneling wave function in the case with dissipation as well as in the case
without dissipation. This key point was not properly considered in some pfevious works.
In Ref. 5, for example, the wave function is described by y=e'“0**1) where s is the
action without phonons, §; is the correction due to the phonon effect. In the equation
for s, authors neglect the terms 92s, /9x2 (WKB) and (9s;/9x)? (~ |V |2), and reduce
the equation for s; to a first order differential equation to x. They then arbitrarily
impose the left hand boundary condition s4(x =0, t)=0. This forces s; tc be zero for
x <0, so that one finds the incorrect result that there is no phonon correction to the
reflected current. This correction is needed to obtain the proper physical results on the
right hand side. By use of the WKB method with the neglect of the (9s;/9x)? term they
have lost one of the two solutions, hence can not impose the correct boundary
conditions at both sides.!* Moreover, (9s,/9x)? is of order |V |2 and must be kept to

retain this accuracy in the transmission, as discussed before.

1.4 Results and Discussion
It is obvious from our approach that a process with emission (or absorption) of n
phonons must involve the electron eigenfunctions up to the E +nw sidebands.
Therefore, if a resonant state in a double-barrier structure appears at energy level E in
‘the case of elastic tunneling, a phonon-assisted resonant tunneling can appear when

electron injects at energy E +no, since the resonant eigenfunction ¢z %(x) and ¢g b(x)
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are included in the expression of a wave function for electrons injected at E+nw
through electron-phonon coupling. We have calculated the transmission of electrons in
an double barrier structure. Since we are interested in the phonon effect inside the
double barrier region (as in Ref. 4), electron-phonon scattering is considered only inside
the double-barrier region (although our approach allows region II to extend beyond the
double barrier region). The calculation is made with accuracy up to v |2 (one
phonon processes). By neglecting V, vl in Eq. (1.2.5b), we can obtain the elastic
solution \yﬁ» at E channel. substituting \pg’) into Eqs. (1.2.5a), (1.2.5¢c), and solving Eq.
(1.3.2) at E + @ channels, we obtain the J5@D  which represent the phonon effect at
inelastic channels. We then go back to Eq. (1.2.5b) to calculate W (~ |V [2), which
represents the feedback effect of inelastic scattering on the elastic channel. Therefore,
the transmitted current and the reflected current at each energy channel are obtained, and
our results indicate that current conservation is exactly satisfied. In Fig. 2, we plot the
total transmission coefficient of the electron, Tyqng, in @ square double-barrier structure
as a function of the energy E of the incident electron. The structure parameters are for a
GaAs well sandwiched between two Alg3Gag7As barriers.!® The optical phonon energy
o is 36.2 meV. For comparison with Ref. 3, the electron-phonon coupling constant is

taken as 8=Zq( |M(q) [ /@)2=0.1. At zero temperature, only a phonon assisted

resonant peak appears at E +w, since only emission of phonons is allowed. At T, =300
K peaks at both Exw appear. The amplitude of the resonant peak at incident energy E
decreases when electron-phonon scattering is included. The effects of inelastic
scattering alone at Ty, =0 K are displayed in curve_C of Fig. 2, where peaks occur at

incident energy E+® and E. From Eq. (1.2.5¢), it is clear that the inelastic peak can
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occur when either ¢o(x) or ¢_;(x) is an elastic fesonant eigenfunction. In Fig. 3, we
plot the transmission coefficient, T'yan, as a function of the potential drop of the applied
electric field, V,, in the same structure as that for Fig. 2, when incident electron is at
energy Eo=70meV. We see the phonon assisted resonant peak appears at potential drop
V,=108 meV, at which an elastic resonance occurs at energy Eg—. The coupling
constant g =0.03 is more realistic for a GaAs/AlGaAs structure,> Fig. 3 shows that the
peak position at g=0.03 and g =0.1 are the same, but the amplitude of the phonon
assisted resonant peak decreases with decrease of g.

In conclusion, based on an independent boson model for electron-phonon
interaction, we have proposed an approach for the study of phonon associated electron
tunneling through an arbitrary barrier. The algebra in this approach is simple and
straightforward. The correct boundary conditions and current conservation are ensured.
Our results for double barrier tunneling show the presence at the sidebands of phonon
assisted resonant tunneling, which has been shown in experiments‘s. Our model is
good for phonons with long wavelength, but can only qualitatively describe the
properties of a realistic device, where the three dimensional electron-phonon interaction,

statistics and screening effect of electrons should be taken into account.
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Section 2: General Case via Green’s Function

2.1 General Description of the Method
There are so few systems of physical interest for which exact solution can be
found that approximation methods play an important part in application of the theory.
Some models and approximate approaches for quantum mechanical transmission and
reflection of electron at presence of inelastic scattering. These are: the Feynman path-
integral method,2 a model of two-state system,3 scattering of electrons into a single

6

resonant state, WKB approximation,® a unitary one-phonon approximation,® a solvable

model for a thin barrier’ and a model of a time-modulated barrier.8

% we show a solvable model if electron-phonon interaction

" From previous section
is assumed x independent in the interaction region. In that case, we can find a general
solution of electron wave function solution with electron-phonon interaction in each
region. Then we let them match at boundary in a perturbed expansion with incident
wave and out-going scattering condition. Thus we can determine scattering current in
each energy branch. Nevertheless, this method can not be applied to the case in which
the electron-phonon interaction is x dependent. The reson is it is nearly impossible to
find a exact electron wave function solution in interaction region, since variables x and ¢
can not be separated in solving the Schrodinger equation. No systematic research has
yet been done in this case to our knowledge. To avoid the long wave-leng&
approximation a complete new technique is required.

In this section, we propose a method with Green function theory to calculate the

electron-phonon inelastic scattering probabilities in one dimension. Since the rest of

two dimension in most semiconductor devices can be considered as an uniform



-12 -

potential, the one-dimensional Green’s function can be easily developed to the three
dimensional situation. The main difficulties we should overcome in Green’s function
method are:

I)How to get a steady state via a Green’s function formula for inelastic
scattering.

2)How to construct a unperturbed retarded Green’s function for a non-uniform
potential.

Mostly, the scattering current can be measured in a steady state if a steady
incident wave maintains. For the situation of inelastic scattering such as electron-
optical-phonon interactioﬁ, the electron current keeps emission and absorption phonons
in a steady state and leads to multi-channel transmission and reflection. Thus, the steady
state  solution can be expressed in time dependent components

L —LEmoy ZEmop
el ,ef¥ ,eh .... where fi® is optical phonon energy. We will first

derive the steady state of electron wave function. The way is we write down the
electron wave function defined in whole region from a general Green Function formula.
Then we use iteration method to get electron wave function in a series expansion via the
order of electron-phonon interaction potential, and an unperturbed electron wave
function with certain incident energy from region L Sincé electron-phonon interaction is
time ¢ dependent, so we keep time order in each term. By introducing electron-phonon
interaction from ¢ =-v we handle all integral over time and derive the electron steady
state in each order of electron-phonon interaction via a unperturbed retarded Green’s
function and incident wave function.

The greatest difficulty in the Green’s function method for tunneling problem is
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how to construct a unperturbed retarded Green’s function in a non-uniform potential
case. For uniform space, since we can choose plane wave as a complete set, it is trivial
to get retarded Green’s function. For a non-uniform space we choose a complete set
which is associated with scattering S matrix of lattice potential, with which we first
construct unperturbed Green's function outside of interaction region. Then with a
general solution of Green’s function and its boundary conditions at material
discontinuity, we construct the unperturbed retarded Green’s function in whole region.

With the steady state and the unperturbed retarded Green's function in whole
region, we can calculate the electron tunneling current and reflected current. Assuming
optical phonons are in equilibrium at some lattice temperature Ty, we make an average
over the phonon assemble to the currents and get a numerical result.

In sec.2.2 a Green’s function method is presented and the derivation of steady
state is given in sec.2.3. In sec.2.4 the characters of scattering S matrix is discussed, the
complete set associated with S matrixed is given in sec.2.5. In sec.2.6 the technique of
constructing unperturbed retarded Green’s function is described. The numerical result

and discussions is presented in sec.2.7.

2.2 Green’s Function Formula
In scattering problems our attention is focused upon wave solutions which
develop in time from initial conditions imposed in the remote past rather than on
stationary energy eigenfunctioné, that is standing waves. Characteristically given a
wave packet which in the remote past represents a particle approaching a potential, one
ask what the wave will look like in the remote future.

We start with the full Schr:*odinger equation
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ih‘—aa-i- Y(x,t) = HY¥Y(x,t) = [Ho(x)+V(x,0)1¥(x,¢1), (2.2.1)

where Ho(x) is a unperturbed Hamiltonian of the particle which in our problem can be

written

2
B 2 4vow), (222)

_ a1
Holx) = 2 dx m(x) d

d
x

Vo(x) is lattice potential which usually is the combination of barriers and wells in our
problem, m(x) is the particle effective mass. For inelastic scattering V(x,t) is electron-
phonon interaction.

Since Eq. (2.21) gives the first time derivative of W(x,?) in terms W(x,#) itself
and higher time derivatives do not appear in the equation, the value of ¥(x,?) for all x
and one particular time ¢ suffice to determine ¥(x,¢) for all x and all ¢ (both earlier and
later). Also, since the wave equation is linear in W(x,t), solutions can be superposed and
the relation between W(x,r) at different times must be linear. We turn to Huygens’s
principle for a convenient way of viewing this process. If the wave function ¥(x’,’) is
known at one particular time ¢, it may be found at any later time ¢ by considering at
time ¢’ each point of space x” as a source of spherical waves which propagate outward
from x. The strength of the wave amplitude arriving at point x at time ¢ from point x’
will be proportional to the original wave amplitude W(x’,f') the total wave arriving at

the point x at time ¢ will, by Huygens’ principle, be
Y(x,t) = i [ d¥ G(xt, X1)¥(X, 1) (2.2.3)

where the integration is over all space. This equation also serves to define G (xt, xt’),

which is called the Green’s function that corresponds to the Hamiltonian H (x,?).
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Eq. (2.2.3) does not make a distinction between forward propagation of W(x,t) in
time (¢>¢), and backward propagation (¢ <t’) these two case. For forward propagation

we define the retarded Green’s function or propagator:

. G(xt, X't) for >t
Gt (xt, Xt) = 0 for t <’ 2.2.4)

We also introduce the unit step function 6(t) defined by

0(v)=1 fort>0 6(t)=0 fort<0 (2.2.5)
Then the equation
8 —7)F(x,0) = i [ GHxt, XY P, ) dY (2.2.6)

is the trivial identity 0=0 for ¢ <t and is same as Eq. (2.2.3)

We must still give a complete formal definition of G (xt, x''). So far we have
only claimed its existence on the basis of physical arguments. Let us pursue these
arguments further in order to develop a better understanding of the propagator approach.
Consider first a solution of Hg(x). Assuming the motion of Hy(x) is completely known,
(we emphasize here Ho(x) is not necessarily limited of free particle) and it should not
come as a surprise that the corresponding Hy(x) Green’s function Gg(xt, x't’) can be
constructed explicitly. If we now introduce an interaction potential, Go(xt, xX't") should
be modified. Let V(x,, £1) represent an interaction potential which is "turned on" for a
very brief interval of time Ar; at <ty <?. For times earlier than 7, the wave function
will be the solution of Hg(x): Wo(x, t), and the corresponding propagator will be
Go(xt, XU). However, V(x;,11) acts a source of new waves according to the

Schrodinger equation
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[ma—?l— — Hy(x,, tl)] ¥(xy,11) =V (x1, 1) ¥Pxq, 1) (2.2.7)

The right-hand side differs from zero in the interval Ar;. It produces an
additional change in W¥(x;,#;) during Ar; above that taking place in the absence
V(x1, t1). This additional wave A¥(x,, ) is found by integrating Eq. (2.2.7) to first

order in Atq:
A¥(xy, 1) ==iV(x1, 1) Polx1, 11) Aty (2.2.8)

This added wa\}e, by Huygens’ principle and Eq. (2.2.3) leads at a future time ¢

to a new contribution to W(x, t), which is
A¥(x, £) = [dxy Golxt, x121) V(xy, 11) Wolry, 11)Aty 2.29)

Thus the wave ¥(x,t) developing from an arbitrary packet ¥y(x, #) in the

remote past is:

W(x, 1) = Wo(x, )+ [ dxy Golxt, x181) V(xy, 1) Wolx1, 1) Aty

= if &[Gotxt, X7) + [ dx1 At Go(xt, X181V (xy, £1)G o1t 1, XO) ¥, ) (2.2.10)
comparing with Eq. (2.2.3) we see that the Green’s function here is given by
G(xt, X7) = Goxt, X1) + [dx; At Go(xt, X181V (x1, £1)Go(x e, XY)  (22.11)

If we turn on another potential V(x,,f;) for an interval Ar, at time
t<ty <ty <t, the additional contribution to ¥(x, t) for t>1, is, in analogy to Eq .

2.2.9)
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MY, 1) = [dxaGolxt, x9t2)V (X, £2)¥(x2, 12)A85
=i [dx’de,At2Go(xt, Xatsu2)V (xg, £2)X

[Golxata, X7) + [dr1A81Go(xaty, X181V (1, 11)Go(x1 11, X7) [F(X ) (2.2.12)

The total wave arriving at (x, r) is then built up by inserting Eq. (2.2.10) for
W(xz, t2) in the right hand side of Eq. (2.2.12) and adding the resulting A¥ to Eq.

(2.2.10)

¥(x, 1) = Polx, ) + IdxlNlGo(xt. x18)¥(xq, 81) + Idszszo(xt, x2t2)¥o(x'?)

+ [dx At dxaAtaGo(xt, x282)V (x2, £2)Go(ata, X121V (1, £1)¥(x1, £1)
' (2.2.13)

Without further ado, if there are # such time intervals when the potential V is turned on,

the wave arriving at (x, ) will be

Y(x, t) =¥(x, 1) + Z,[ dx; AL G o (xt, x;8)V (x;, 1) Wo(x;, £)

+ Z fdx,-At,-dxjAth(x,-,t,-)Go(x,-t,-, xjtj)‘I’o(xj, t)

4>t

+ ¥ fdx;AtidxjAtjdxkAth

1i>tj>tg

Go(xt, x;8)V(x;, )G o(xiti, xjt;)V (xj, £)G o(Xjtj, Xete)V (xis 8)Fo X, th) + ... (2.2.19)

By comparison with Eq. (2.2.11) and Eq. (2.2.12) the corresponding expression for the

Green’s function G(xt, xr’) will be
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Gxt, Xt) = Go(xt, X1) + ZI dx;AL;Go(xt, XYW (x;, 8)Golxit;, XY o', 1)
ti

+ 3 Idx,-At,-dxjAtjGo(xt. X1V x;, ;)G o(x;1;, xjtj)V(xj, tj)Go(xjtj, X)) + ... (2.2.15)

ti<tj

We may lift the time ordering restrictions #;>t;, etc if we use unperturbed

retarded Green’s function
G (xt, X0) = 0(t —1)Go(xt, x'Y) (2.2.16)

Physically this just means that no Huygens wavelets A¥ from the ith interaction (at
time #;) appear until after ¢;.
In the limit of a continuous interaction the sums over time intervals may be

replaced by integrals over dr with the result

G*(xt, X¥) = G§ (xt, XO)+ [ dxydt, G (xt, x181)V (x 1, £1)GE (2111, X7)

+ Idxldfldxzdfzaﬁ(ﬂ» x181)V(xy, £1)GE (11, Xat2)V (X2, 12)GG (X212, X7) + ......
(2.2.17)
This multiple scattering series Eq. (2.2.17) is assumed to converge and may be

summed formally to yield
G*(xt, X¥) = G§ (xt,x0) + [ dx G (xt, x101) V(xy, £1)G* (x1 81, X7) (2.2.18)

Eq. (2.2.17) gives us an interaction procedure for ﬁnding G? in terms of V and
G¢ and hence for constructing the wave function W(x,t) if it is known at an earlier
time. In particular, to solve the scattering problem, we must know the wave in the
remote future, given a wave packet Wo(x’,’) representing a particle in the remote past

approaching the interaction region. In order to define properly the scattering problem,
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there should be no interaction at this initial time, so that ¥y is a solution of the
Schrodinger equation associated with Hg which incorporates the required initial
conditions.

A mathematically convenient way of accomplishing this is to localize the
interaction in time by adiabatically turning off V(x, t) as t—-co; the exact solution
¥(x,t) then approaches ¥y in the remote past and there is no scattered wave. In the

future the wave W(x,?) is given by

W) = Jim i [d/G* G, X0 ¥ol'D) | - 2.2.19)

Expressing G* in terms of G by Eq. (2.2.18), we see

‘I’(x,t)={§’r2° ifdx'[Ga(xh xt) + Idlea(XI.xxtl)V(xl. t1)G* (111, X)X, 1)

= \PO(xot) + Idle?)- (-xt’ xltl)v(xh tl)\p(xl, tl) (2.2.20)

We have really not solved anything, since the unknown ¥ appears under the integral on
the right. However, we do have a formulation which includes the desired boundary
conditions and which affords an immediate approximation procedure if the perturbing
potential V is weak. For example, to the second order the wave function ¥ can be

written:

t
W) = Wole,) + | dxydty GG, X181)V (x1,01)¥0(x1,11)

+ _ft dxzdtzftzdxxdthB' (xt,x282)V (X2, 12)GY (X282, X121V (xy, 81)¥0(x 1, £1) + ...,
(2.2.21)

We can find the equation for G* by operating on Eq. (2.2.6) with id/ot—1/%i H,
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where H is total Hamiltonian defined in Eq. (2.2.5). It is necessary to make use of the

relation
4 o(r) = 8(v) 2.2.22)
dt -

which follows from Eq. (2.2.1). The result is

i8¢-0)¥(x, 1) =i [i%-— %H] G*(xt, Y1) ¥, !) dX’ (2.2.23)

where use has been made of Eq. (2.2.1). This equation shows that the right side must be
proportional to 8(¢—t), so that only W(x/,ty can be an arbitrary function of x” at any
particular time ¢, the rest of the integrand of the right side must be proportional to

d(x—x’). We then conclude that

['i a% - %H (x,2) ] G*(xt, X'r) = 8(x—x) 8(t-1') (2.2.24)

The integral and differential equations for the Green’s function, obtained above, can be

written in a operator form that is instructive. Eq. (2.2.17) may be written:

G* = G} + L\ GYVGE + i 2GEVGEVGE +.... (2.2.25)
In similar fashion, we may write Eq. (2.2.18) in the form

G* =G} + ilG{VG* (2.2.26)

Again, the differential equation Eq. (2.2.24) may be written:

[ia% - %H] Gtr=1 2.2.27)

On omitting the V term in H, we obtain in place of Eq. (2.2.27)
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[i-‘l - -I-H(,] G =1 2.2.28)

2.3 Inelastic Steady State via Greén’s Function
In experiment, the tunneling current are usually measured in a steady state, that
is, when maintaining a steady incident wave we measure the scattering wave which
brings the information of the interaction inside of structure. For the situation of inelastic
scattering such as electron-optical-phonon interaction, the carrier current keeps emission
and absorption of phonons in a steady state, which leads to multi-channel transmission
and reflection. Thus the steady state solution can be expressed in time dependent

components

-i(E:nh'a))t
¥ =Y Yax)e ® (2.3.1)
n

where E is carrier incident energy, (at present we assume a monochromatic incident
wave, for a wave packet we need a integral over energy E) fim is optical phonon and
Y(x) is only space dependent.

From Green’s function formula given in sec. 2.2, the electron wave function can

be written in integral form

Vo) =P+ [_doy [ G, 21 1)V erae) W) @3

where G{(xt, x; t;) is the unperturbed retarded Green’s function that vanishes when
t<t’. Here Wy(x,t) is the unperturbed wave function with a steady incident wave from

region I at energy E, ‘I’o(x,t)=\|lo(x)exp(—-%Et), and V(x,t) is the electron-phonon

interaction potential. At present we assume a one dimensional optical deformation
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interaction which can be written as:

Ve =[V@e ™ +v)tel™ 100 +d)0d, —x) , V=S M@)e®a, ,
' q
(2.3.2)

O(x) is defined in Eq. (2.2.5), ¢ is phonon momentum, M (q) is electron-optical-phonon
interaction matrix and g, is phonon creation operators.

We need to handle the integral over time in Eq. (2.2.21). Since the time
dependence of interaction potential V and unperturbed electron wave function is clear,
we only need to find what is tin%e dependence of unperturbed retarded Green’s function
G (xt, X'?). Let’s first study a general case. Supposing a complete and orthogonal set of
eigenfunction associated with a given Hamiltonian H is known, we can write any state

as

Wx,0) = 3 An(t) 9n(x) 2.3.3)

where ¢,(x) is the nth eigenfunction of H(x) and A, (¢) satisfies

An() = [ dx¥(x,) gu(x) ' (2.3.4)
We put Eq. (2.3.3) in Schrdinger equation associated with H and get:

ih'%A,,(t) = E, A1)
which yields

An(t) = An(¢) e o0 =ONT

Thus, if W(x,?) is known at time £=¢’, the solution at any time ¢ is given
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Yt =5 4u@e 0,000 An) = [y W&, 0)0a0) 23.5)

The wave function at time ¢ can be written

Ynt) = [d¢ [ S0 W0u0)e " 10,0 (23.6)

From Green’s function definition in Eq. (2.2.3), we can figure out
G (xt, X7) = —i T on(¥) p(x)e " En=VE 2.3.7)

Remember that the summation should be taken over all the eigenstates of H. If we have
continue states the summation should be changed to integral.

With the help of G(xt, x't’) we can write retarded Green’s function:

G*(xt, X¥) = 8(1t~1) G(xt, X7) = 1 0(t—1) T O (¥) b (x) e EnC VA 2.3.8)

Since the form above for G*(xt, X') resembles a Fourier expression in the time
difference ¢—7, the possibility of separating out the time dependence by expression

8(t—r") as a Fourier expansion suggests itself. We now show that this has the form
8(t) = lim —-2-1-7 [©emion 4O 2.3.9)
€

We know first that the derivative of this with respect to T is

511-‘— j_: e~ do

which is equal to &(t). This result is independent of whether the denominator of the
integrand in Eq. (2.3.9) is chosen to be w+i€ or w—ig, that is, whether the pole in the
integrand is below or above the contour of interaction, which is along the real axis.

However, the two choices corresponds to a pole at —ie. For ©<0, this contour may be
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completed with an infinite semicircle in the positive imaginary half plane, since the
exponential becomes vanishingly small there and contributes nothing to the integral;
then 6(t)=0. For ©>0, the contour may be completed with an infinite semicircle in the
negative imaginary half plane, and the integral is equal to —2mi times the residue of the
integrand at the only pole (o)=-ie)‘ that lies within the contour. Then, in the limit
e—0" ,0(t)=1. Substituting Eq. (2.3.9) in Eq. (2.3.8) we can write outgoing Green’s

function in Fourier integral form as:

i *
+ 1 ¢ + - E-r) + _ Do () Dpor (x)
Gyt X 1)= | dEGE X, E)e , Gy@x\E)= lim, k% EEric

(2.3.10)

where @;4(x) is a complete, orthogonal set of eigenfunction associated with the

Hamiltonian Hy(x) and k=\/-2m—E:/7i, whose value goes from zero to- positive infinity,
m is the constant electron effective mass in regions I and III, o indexes the possibly two
degenerate modes at each eigenvalue E;, for one dimension case and V(x)=0 at
X — oo, this degeneracy is at most two.

Applying the iteration method to Eq. (2.3.1) we can develop the electron wave

function as a power expansion in the electron-phonon interaction potential:
W(x,t)=Wo(x, )+ (x,0) + V2 (x,0)..... (2.3.11)

Since that G¢ (xt, x1¢;) vanishes when t<t,, thus we can let upper limit ¢ in Eq. (2.3.1)

go to infinity, The first order electron wave function is then:

—4(E+moyp
¥ (xt)=e ¥ [ dx1G§ (,x 1, E+ROIV(x 1 )Wo(x1)
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-T';_-(E-h‘m)t . R
+e [ dx1G§ (x,x1, E-o)V T (1 )wo(x) (2.3.12)

The first term above stands for the electron absorption of a phonon followed by a jump
to an upper sideband from the incident energy level, the second term stands for electron
emission of a phonon followed by drop to a lower sideband from the incident energy

level. The second order electron wave function can be obtained in the same way as:

-4 (Bi2moy .
Wl r)=e * [ dx2GY(x,x2, E+2R@)V(x2) [ dxy G (v2,x1,E+HO)V (x1)Wo(x1)

__i_E; ‘ +
+e T [deyGE(xa, EW () dx1Gh (o, x1, E+H0)V T (x1)yo(x1)

g
+e T [ dxaGhx, EWT(x2)[ dey G (xa,%1, E-RO)V (X )Wo(x1)

i
5 (E-2FKoo)

+e Idsz?)L (x,xz,E—Zh‘co)V*(xz)f dx G (x2,%1, E-F)V (x1)wo(x1) .

(2.3.13)
The first term stands for two phonon absorption with a jump to the E +2/® sideband.
The second and third terms stand for absorption (emission) a phonon, jumping
(dropping) to E +7i® sideband, then returning to the original state via emission
(absorption). The last term stands for two phonon emission with a drop to the E —2iw

sideband.

2.4 Scattering S Matrix of Lattice Potential V
For the one dimensional scattering problem (elastic scattering), the particle could
be incident either from the right or from the left. The solution of the Schrodinger

equation are now oscillatory in both region I and region III; hence to each value of the
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energy correspond two linearly independent, degenerate eigenfunctions. We can write

the solution in a composition of plane wave in these two regions as:

Ae™ 4+ Be & ifx <—dy
00) = poik 4 g ik ifx2d (3.4.1)

where k= VY2mE, m is electron effective mass in region I and region II. The four
coefficients A, B, F and G are determined by boundary cohditions together with
incident source. An equivalent representation expresses the coefficients B and F of the
outgoing waves in terms of the coefficients A and G of the incoming waves by the S

matrix relation

(8-~ 5 52 14 s

The representation in terms of the scattering S matrix is readily generalized to three-
dimensional situations, and the symmetry properties are best formulated in terms of the
S matrix.

In one-dimensional stationary state the probability current density must be

independent of x

Aj(x) _ oy K edd  do’
“ax =0 Jj(x) = i [¢ I dr ¢] (3.4.3)

where ¢ is a stationary solution of Schrdinger equation. Applying expression above to

Eq. (3.4.1), we obtain:

lA12-[B12=|F|2- |G 12 orlB |2+ |F|2= 1412+ |G |2
' (3.4.4)

as expected, since [A |2 and |F |2 measure the probability flow to the right, while
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B |2 and |G |? measure the flow in the opposite direction. Using matrix notation,

we can write this as
[B* F*] [§]=[A‘ G'15’s [é]=[A'_G'] [é] (3.4.5)

where § denotes the transpose matrix of S, and S° the complex conjugate. It follows

that § must obey the condition

§'s=1 (3.4.6)

with I denoting the unit matrix in two dimensions. If the Hermitian conjugate S* of a

matrix S is defined by
* *
+_3*_ | Su Si2 3.4.7
§7=5 = [351 552] G.47)

Eg. (3.4.6) implies the statement that the inverse of S must be the same as its Hermitian
conjugate. Such a matrix is said to be unitary.

The elements of the matrix S are therefore subject to the following constrains:

ISu | = ISzzI and ISlz | = |Szl I (3.4.8)

IS 12+ 1812 12=1 (3.4.8)
and
Sy 812 + 821522 =0 (3.4.9)

Since the potential is real, the Schr:odinger equation has the time- reversed

solution
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maqf(x,-:) __B” &
ot 2m ox2

6" (x, =) +Vod(x, —t) (3.4.10)

The behévior of the wave equation exhibited by Eq. (3.4.10) is called its invariance
und;ar time reversal. for a stationary wave function, invariance under time reversal
implies that if ¢(x) is a stationary wave function, ¢’ (x) is also one. Hence, it follows
that, if ¢(x) is a nondegenerate solution, ¢(x) must be real, except for an arbitrary
constant complex factor.

According to Eq. (3.4.1) we can write its time-ljevered solution
Ate i 4 gt oik if x <~d;

0 (x)= { F*emilx | G* plx ifx>d, (3.4.11)
Comparison of this solution with Eq. (3.4.1) shows that effectively the directions of
motion have been reversed and the coefficient A has been interchanged with B*, and F
with G*. Hence, in Eq. (3.4.2) we may make the replacements A~B* and F&G*, and

obtain an equally valid equation

. Su S .
[g.] - [ P S;;] [‘I’;.] . (3.4.12)

Eq. (3.4.12) and Eq. (3.4.2) can be combined to yield the condition
S*S=1I (3.4.13)

This condition in conjunction with the unitarity relation Eq. (3.4.6) implies that the S
matrix must be symmetric as a consequence of time reversal symmetry. Since that &
appears in the Schr:odinger equation only quadratically, with the same method of

deriving Eq. (3.4.6) we have
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SK)S(k)=1 (3.4.14)

If the potential is an even function of x, another solution is obtained by replacing x in
Eq. (3.4.1) by —x. The substitution gives

Ae i 4 B otk ifx >d;
%20x) = Fe & 4 Gelk ifx <—d, (3.4.15)

If Ge®™ is the wave incident on the barrier from the left, Be®™ is the transmitted and
Fe * the reflected wave in Eq. (3.4.15). Ae""“ is incident from the right. Hence, in

Eq. (3.4.2) we may make the replacements A&G and B &F, and obtain
Fl_ [Sn S [G]
[B] —_[Szl Szz] A (3.4.16)

2.5 Complete Set via S matrix
In order to construct a complete and orthogonal set of Hy(x) via S matrix, we

define a new matrix U

S=UXU=U?=e2 (2.5.1)
From § matrix properties in Sec.2.4 we have U matrix properties:

Utu=1 U'U=I1 UE)UK=I (2.5.2)

We construct a complete eigenfunction set of Hy(x) at a given energy Eg, via U matrix

elements
i
Veulx) = | Ara 01, (5)+Brodh, ) if-d <x<d,  (253)
T;—; [Urg (K)e™ ¥ —U o, (k)e ™) ifx2d,
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rr

_ | Un Up
U= [U,z U } , (2.5.4)

where ¢§k(x), and ¢%~,‘(x) are two independent solutions of Hg(x) in ~dj<x <d,. Ay
and B, are two k (energy) dependent coefficients which are determined by matching
the wave function at x=d,. At present, we limit ourselves to the absence of a true
bound state case. Thus, the S matrix is analytic in the upper k plane.!! With the help of
analytic properties of S matrix, It is easy to show the completeness and orthogonality in

the form:

%[ Ol D=8, [ dr O 0P (0) =o' H) . (25.5)
o

2.6 Unperturbed Retarded Green’s Function
The greatest difficulty in Green Function method is how to construct a
G§ (x,.x',Ep) with out-going boundary condition, in a non uniform spz;ce. For uniform
space, since we can choose plane wave as our complete set, it is obvious that there are
two poles in Eq.(2.3.10), one slightly above the real axis near £k and the other is a little
bellow real axis near k. These two singularities are easy to handle by choosing some

contour path in complex k& space. For one dimensional case we can write

+ _ 1 2m (= _e¥e 6.1
Go (., Ey) = o2 K2 "~ k2-K%+ie 26.1
Since
eik'(x-J()

o0 _ 1 =, ika-x) 1 _ 1
L,,dk’ k2-k2+ie 2k Lodk’e [k’—k—ie K+k+ie

the integral path contour above may be completed with an infinite semicircle in the
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positive imaginary half plane if x >x” and opposite if x <x’, which results

G (X ,Ey) = --’::12"-1; elk 122 | 2.62)

With the same method, the three dimensional retarded Green’s function can be written

m ek IR-R’|
o2 |IR-R’|

G{(R,R,Ey) = (2.6.3)

where R is three dimensional coordinate.
Dealing with non uniform space requires care for it is not easy to discuss the

analytic properties in Eq.(2.3.10) before the integral over k is carried out. Taking the

combination of barriers as an example, we will have some functions like q=‘lz'?—;
which contributes cut in complex k plane. For more complicated case, such as with
applied electric field, the electron wave function should be Arrey function and it is also
not easy to handle with when we carry out the integral over k in Eq.(2.3.10). For some
special potential with only numerical electron wave function solution, it looks nearly
impossible to discuss the analytic properties of Eq.(2.3.10).

Our method to construct the retarded unperturbed Green’s function in a non
uniform potential is as follow:

We first use the complete set given in Eq. (2.5.3) to construct G§(x,x’,E) for
both x and X’ are outside of interaction region. Since the S matrix is analytic in the
upper half complex k plane, so we can directly carry out integral over k in Eq. (2.3.10)
and get G{ (x1,x'1,E) and G§ (e, X'pr,E) in analytic expression. Second, we use two
independent solution of Hamiltonian Hg(x) at each energy level E; to construct a
general Green's function in which there are two coordinate dependent coefficients being

determined later. Third, we match the general Green's function expression at the
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boundary with the Green’s function outside of interaction region and fix all coefficients.
Let us first calculate unperturbed retarded Green’s function for both x and x’ at
region III. In order to carry out integral in Eq. (2.3.10), we need summation over

degeneracy o which yields

3 Wi Ktir) Yo ) =
o

511_5_ [ e~ G=X ) | o kCar~rm) _ S, (k) I _g* () e-ik(xlll+x’lll)] 2.6.4)

then, we analytically expand to —k space and get:

o ¥ Gt 1r) o Sp(k)e* T
+ =L ¢ - T 2.6
Go X' E) = o .L,dk’ E-Ep+ie  2m L,,dk’ E-Eyp+ic 2.6
Using the analytic property of S (k), we can get
Go X 111,E)=-;% [e”‘ Vs~ | — Sy (k) ™ )] XXy 2d, . (2.6.6)

The first term above is the Green’s function expression in uniform space compared with
that in Eq. (2.6.2). The second term comes from non-uniform potential contribution,
which is xyy+xy;; dependent. With the same method, we can get unperturbed retarded

Green’s function for both x and x” at region I

GK(x,,x’,,E):—-;z_'Z’—k [e"" lxy-2r | -s,,(k)e""‘""*’“"] xp, X1 <—dj . (2.6.7)

In order to get the unperturbed retarded Green’s function in whole region, we need a

general expression of G§ (x,x’,E). Since G{ (x, X', E) satisfies:

Lx)GE (X E)=8(x—x), L(x)=E-Hg(x)+ie, (2.6.8)
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the Green’s function can also be written as:12

ak(@) oh ) +at () 0E(x)  ifx>x’

G.(.).(x,x" E)={ bé(l)) (p};(x)-i-b%(x') ¢%(X) ifx <x’ (2.6.9)

where ¢};(x) and q)%-(x) are any two independent solutions of Hamiltonian Hy(x). There
are four ¥ dependent functions aL(¥), az(¥), bp(x) and b}(x). Two of them are
determined by the conditions of Green’s function continuity at x =x" and the appropriate
derivative discontinuity'? at x=x’, which is shown as follows.

The unperturbed retarded Green’s function itself should be continuity

everywhere, so we have

lim G§ (v'+€,¥,E) = Jim G5 (X-£.7,E) (2.6.10)

0%

Because of Delta function source at right in Eq. (2.6.8), the unperturbed retarded

Green’s function also satisfies

1 —a—Go(x,x’ E) lyeve|l=1 (26.11)

m(x) ox

Bl 1 9
im — | —— -—G x,x,E) |
e._)0+ 2 m() 0( ) x=d+£

With these two equations we can fix aj(x) and a%(x’) and get

bR 0 (6) + 5B 030+ s [03@)020) - OB IOE (0]

ifx>x'
FEEXEI=1 bhee) phtw) + 53D 0B00) ifx <x
(2.6.12)
where
2 [obwy ¢%<f)]
0= Sy [cﬁm 020 |
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oL(r) is derivative at X, The remaining two ¥’ coefficients bL(¥) and bZ(X) are
determined by the boundary condition at the points of material discontinuity. Since the

conjugate. Green’s function obeys:
L ) GE (xx',E)=8(~) , 2.6.13)

we can construct Gg(x,x, E) for x>d,, xX’<d, in terms of the conjugate of the

eigenfunctions in Eq (2.6.13):
G Oy, X1t E)=fh0u) 08 i)+ 20 08 W) xp>d,, Xp<d, . (2.6.14)

where fE(x;) and f,zg(xm) are determined when we match Eq. (2.6.6) and Eq. (2.6.14) at

X =x'j1=d,, in value and mass-normalized derivatives:

G it X 1sE) | gy=az = G Gty X' s E) | wppp=at (2.6.15)
12 = G§ Cur X1,E) | sz = ———a—Ga(x,,,,x',,,,E) | vpeat  (2.6.16)
me) oxX ’ = = m ) ox m=er

above two equations yields:

Go (e X' 1n,E) = ;_Z;C e™ M £ oF i) ~EL 0F W], ' (2.6.17)

where

ikt (d,) + 05,y
Ap

tEs—[e™™ p* (E)+e™r hE (E)S,,(E)], HKi(E)=

ape | O ¢E<d,>]
0k@d,) 03|’

11( )

where k=k and ¢%(d,) is derivative at x=d,. Finally we use Eq. (2.6.12) as
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G4 G X'11,E) for both x, ¥’ in region II. By matching Eq. (2.6.12) and Eq. (2.6.17) and

their mass-normalized derivatives at x;;=xy;=d,:

G i XE) | y=gz = G GunsXE) | sypmat (2.6.18)
1 —a— G§ i, X1, E) l a Go Gurx'mnE) 'x (2.6.19)
m(x) o 0 DA T xi=dy m(x) ox 1i=dy

thus, we determine the remaining two x” dependent functions in Eq. (2.6.12). The final

result is:

G} (d, X1, E)H2 (E)OLCar)-hL (EYORCu)]  xu>Xy

2.6.20
GG ”'EF{GB i B B -HL W +F s <X 620

my(d,) Zlk

F= [¢E @ oL C-0EmOE () ]

With the same method, we can construct G§(x,,x;,E). Thus we determine the
unperturbed retarded Green’s function everywhere. Our present unperturbed retarded
Green’s function is limited to the situation which there is no true bound state (a true
bound state requires the presence of one pole on the real axis of k in Eq. (2.3.10). The
Green’s function would then be summed over those poles).

For the 3D case, since the y—z plane in many devices can be treated uniformly,
we can choose a plane wave for the y—z dependence multipled by Eq. (2.5.3) as a new
complete set to construct 3D unperturbed retarded Green’s function which involve an

integral over transverse momentum.®
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2.7 Results and Discussion
As a first application, we calculate electron tunneling through a double barrier to
second order in the optical-deformation potential. The current (including transmitted
and reflected) is summed 'over three energy channels: E and E + 7o to maintain unitary.
The incident energy channel E is modified by the cross term ¥, ¥, a feed-back
mechanism, Assuming optical phonons are in equilibrium at the lattice temperature 7},

with phonon occupation number
N =[exp(fio/kgTy, - 117" . (2.7.1)

We should make an average over the phonon assemble to obtain the current:

. _ h? «d¥ d¥* _
<j>= Y- <[‘P T dx lI’]>~<‘I’*‘I’> 2.7.2)

So we need calculate from Eq. (2.3.12) and Eq. (2.3.13)

V*X)V)> =Y [IM(g) |24 N 2.7.3)
q

For the optical-deformation potential, we assume M(q) of Eq (2.) is ¢ independent for

simplicity. Thus we have

2sin [—————“(x =X) ]
V)V = |M 12N L 2 (2.7.4)
2n x~-x o
where
L =d; +d,

Since the ratio of the length of region II L and the lattice constant a is large, the

summation over all phonon modes of ¢4*~*) can be approximated as a delta function.
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Thus we get:
<V )V @)>=[ |M |2N(d,+d)) 8(x1—x2), 2.1.5)
<V )Vee)>=[ IM [2N+1)(d,+d))] 8(x 1=x2). (2.7.6)

There is then only one integral over x; in calculating the current. Our result for the
transmission Tygns is shown in Fig. 4: the structure parameters are for a GaAs well
sandwiched between two Alg3GagsAs barriers', (with well width 4.5nm, barrier
thickness 2.8nm, the lattice constant is 5.65A, and optical phonon energy ® is 36.2
meV.) The electron-optical-deformation coupling constant is taken as
g=(IM | /%0y =5.6x103. At room temperature, phonon assisted resonant peaks
appear at Eq + 7o with an intensity reduced compared to that of the long wave length
approximation.

In conclusion, by use of the steady state and unperturbed retarded Green’s
function G§(x,x’,E) constructed above, we can calculate electron tunneling in the
presence of inelastic scattering. We emphasize that our present formula can be applied

to a real phonon system and generalized to the 3D case.
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Part II: Nonequilibrium transport of an electron—phonon-hole

system in a semiconductor quantum weli

1 INTRODUCTION
There has recently been a great deal of interest in the dynamics of the
photoexcited electron-hole plasma system in the two-dimensional semiconductor

25 made a good determination of the

quantum well.! A series of recent experiments
transport of carriers. The experiment® is performed by injection of minority electrons in
p-doped GaAs layers by the use of picosecond photoexcitation under an arbitrarily
applied electric field. They show that the distribution of electrons at high field is found
to be ‘‘hot’’ in contrast to that of holes which remains close to room temperature. The
energy loss rate of electrons is much larger in the presence of a hole plasma than that of
a pure electron system. The weak field mobility of electrons is found to be about
1500 cm?/V sec. These results provide strong evidence that the electron-hole interaction
is important in addition to electron-phonon and hole-phonon interactions. The energy
and momentum relaxation rates would be determined by carrier-phonon and electron-
hole interactions if rapid thermalization of electrons and holes are assumed® by
electron-electron and hole-hole collisions. The effects of carrier-phonon interaction
have been extensively studied, but until now, few theoretical calculations have been

made for an electron-phonon-hole system in a semiconductor quantum well, a quasi-

two-dimensional (2D) system.
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In this paper, recently dcilcloped techniques®’ for coupling 2D carriers with
phonons are applied to the system of coexisting electrons and holes in GaAs-
Ga;_,Al,As heterojunctions. In such a case, carrier-carrier physical interaction is
influenced by all kinds of carriers; thus the renormalized interaction potentials for
electron-electron, hole-hole, and electron-hole interaction are derived in the ring diagram
approximation. The coupled carrier-carrier potential equations are solved. As far as
electron-lattice interaction is concerned, optical phonons dominate above room
temperature. The phonons are coupled with quasi-2D electrons via the Frohlich
electron—optical-phonon interaction. The lattice-hole interaction is a little more
complicated. This is because of the anisotropy of the valence band structure of GaAs,
comﬁared with the sphericity of the conduction band structure. The anisotropic band
structure would make not only the polar optical phonons involved in hole scatterings (s
wave), but also nonpolar optical phonons would induce the hole collisions (p wave).
Since both electrons and holes ““screen’’ electron-lattice and hole-lattice interactions, we
derive these two renormalized potentials in the ring diagram approximation. Using the
Liouville equation for the density matrix, we derive the kinetic equations both for the
electrons and holes to second order of carrier-carrier and carrier-phonon interactions in

2-5 the electron

the presence of an applied electric field. As suggested by experiments,
and hole distribution functions are described by the displaced velocity temperature
model, for frequent electron-electron and hole-hole collisions establish instant
thermalization, which is expressed as electron and hole temperatures T, and T},. The
force and energy balance equations are constructed using the kinetic equations of the

carrier density matrix,. The force and energy balance equations are solved

simultaneously (numerically) in the steady state, which yields T, T}, Ve, and v, as
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functions of the applied electric field. We found that the drift velocity of electrons
increases almost linearly with field with a low-field mobility of about 1700 cm?/V sec
due to the extra momentum relaxation to high-density hole plasma via Coulomb
scattering. The mobility of holes remains constant at about 250 cm?/Vsec within a
wide range up to 10 kV/cm. The temperatures T, and T}, which depend on input
power, show that the electrons are more heated by the electric field. In contrast, the
holes seem to stay cool, close to room temperature. These results are in reasonable
agreement with the experimental measurement At 5 kV/cm or higher, there is a
quantitative deviation between our result and experimental data, which indicates that the
single subband calculation would be not available for strong electric field.

In Sec.II all kinds of interactions in two dimensions, including electron-hole,
electron-phonon, hole-phonon, and carrier-impurity interactions are given. These
renormalized potentials are derived by solving the coupled ring diagram approximation
equations. In Sec.IIl, force and energy balance equations of electrons and holes are
obtained by use of the Liouville formula for the density operator. The solution of these
balance equations is used to evaluate the mobility of carriers and carrier iemperature
dependence on applied electric field. The detailed results with a brief discussion are

presented in Sec.IV.

2 SCATTERING MECHANISM

Choosing the complete set of wave functions of electron and hole as:

Yoc(R) = —\/lA=e“‘" €.(2) , .1)
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wh o R) = —eT £,,(2) , 22)
P Va©

where A is the area of the sample, R= (r, z) is the 3D coordinate, k and p are,
respectively, the momentum of electron and hole in the x-y plane, and &,(z), {,(z) are
envelope wave functions of the electron and hole in the z direction. The bare electron-
electron, hole-hole, and electron-hole Coulomb interactions in two dimensions can be

expressed in matrices Vo, Vi, and V. Their elements are given by:

n'mm'm .\ — _ZKZ_ Fnmm'm | 23
Vee™" " (q) oA [ @), 2.3)
Frmmgy= [ dz [ de’ e 1) B @B ER () 8n@) 24)
Vn ‘n,m’m - Fn ‘nm’'m , 2.5

(@)= Koq A @) 2.5)
Fimmm (g) = | " dz Jm dz’ e 177 | La ), @) En@) (2.6)
n’n.m'm _ 2158 n’n,m’m
Ven'™™(q) = XodA Fammm(q), @.7)
Frmmmgy= [ do [ det et 1) ER@E@LE) ta@), @8)

where Ky is the static dielectric constant, and Q= (q, ¢;) is the 3D momentum
exchange.

The renormalization interaction potentials should include screening factors
coming both from electrons and holes. The simple physical picture is that each carrier-
carrier interaction is influenced by all kinds of carriers for they are all Coulomb in

nature. Thus the interactions are coupled, which can be seen in Fig. 1 in the random



-42-

phase approximation (RPA).

Using Fig.1, we can write coupled potential matrices as follows:

Vee = Ve + VeolleVeo + Venlln Ve 2.9)
Vin = Vip + VipIli Vi, + Vi IV | (2.10)
Ve =V + VealleVey + Ve Tly Vi | 2.11)
Vhe = Vie + VinIIy Vi + Vie Il Ve ‘ (2.12)

where ‘7&,, ‘7hh, and 17eh are renormalized interaction potentials defined in the (q, w)

representation. Defining:

e vl
Egs. (2.9)-(2.12) can be changed to a simple matrix formula:

V=v+Vv, (2.13)
Thus the carrier-carrier renormalized potentials are solved:

V=(-vi)ylv. (2?14)

In the case that only lowest subbands are occupied, it can be straightforwardly written:

7=l A-ViII)VeetVenllnVie Ven (2.15)
A Vhe (I—Veene)vhh+vheneveh ’ .

with

A = (1-VeeIle)(1-VinIly) = VenIIpVieIle
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where I, I, are the polarizability functions of 2D electron and hole gases.!® In the

RPA their forms are given by:
fn’k—q — fak
e —
Mpa(qo) =2 %: 70+ Eypq — B + 15 (2.16)
h, - 8m’p-q — 8mp :
pm(q,0) =2 % r— 2.17)

Em’p_q - Emp + is ’

where fux and g,,p are electron and hole distribution functions in the states,
respectively, (#, k) and (m, p), Enx = Ey + B2k2/2me, Epp = Ep, + K2p?/2my, and E,,
E, stand for the electron and hole subband energy levels associated with the
confinement potential. 7w is the energy exchange in the corresponding scattering
process. It is easy to see that if the hole density was zero, interaction potentials would
revert back to the form for a pure electron system.

So far as carrier-lattice interaction is concerned, the optical phonon (OP)
dominates at room temperature and above. The electron-OP interaction can only occur

via polar phonons. Using the Frohlich continuum model,!' we have the electron-OP

interaction expression:

a al, ’ ’ AT FS
Vel = Ti_; pIED % [bQBH,k-{-q eL(Q g;) + bIQ‘TBk'k—qu—’i.* (@ g)an0nx » (2.18)

n'n k'k
with

io
s

Vi’ll. =MeL(@ 2:)Grn(Q 42)» MorL(q, q;) = 0 (2.19)

where L represents longitudinal optical phonon, o is the Frohlich electron-L coupling

constant, o, = [21e 2fio (1/x,,~1/%g)]'*2, and
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Grn(@ @) = —«I%I-: dz 5:'(2)§n(2)e“'" . (2.20)

Both polar and nonpolar optical phonons produce hole-lattice interactions for the
anisotropic valence band structure of GaAs®!%13 The choice of nonpolar optical
potential (deformation potential) parameters and their meanings have been discussed in
detail’>!3 and will not be repeated in this paper. Here the hole-L interaction term can

be written:

VL = —\;7 D> )g,[BZ Sy.praVI1" @, )

’ ’

m.,mp,p
ALt Im* ~t "

+ bQ 8p'.p—qu-l. (q, qz)]dm'p'dmp ’ (2.21)

where
‘) h — sl O h_(DrK)

Vi =MhL@ 4:)Cmm(@ @) > Myr@ 4:) =—iKp" 5 + oo (2.22)
with

Ghim(@ 42) = 71__] T Al @ (2.23)

L -—00

D,K=(-%-)l’ 2dglag, with dg the phenomenological optical deformation potential

constant, ap the lattice constant, pp the mass density of the crystal, and K, the
correction factor due to p-type wave function fér holes and existence of light holes.!?
Coupling between the hole and transverse phonon (T) can only occur via the nonpolar
optical deformation potential interaction.* The size of the effects which are observed
suggests that T and L phonons are of roughly comparable importance'® in p-doped

GaAs. The hole-T term can be written as:
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AT ’ ’ ~t A
Vit = ‘.—1,-=-" > XXl Qsp',-p-l—qvgi-?(q{ qz) + bgsp,p—qvﬁl-?* (8 ‘Iz)]dm'p'dmp ’
Ver=——= 3% Y. 3% bq rprq VT (@ @2) + by 8ppqVirT* (Q, ‘Iz)]dm'p'dmp '
ﬂ— m'mp’,p Q
(2.24)
with
‘m h r(D,K)
Vg—'l‘ =Muy1(q, ¢:)Grm(@s 42)» Mi1(q, q;)= (2.25)

@pofior)!/?

The renormalized carrier-phonon interaction potentials are coupled with each
other via the self-consistent carrier-carrier coupling. The ring diagram approximation for

carrier-lattice interactions is shown in Fig. 2. The potentials can be written:

i;ep 1+ f’wl'le ﬁehﬂh ch
~ —4 ~ ~ V . (2‘26)
Inserting the previously evaluated f;w 17;,1,, ﬁeh, and ‘7;“, we get the coupled equations

(in the lowest subband approximation):

-~ 1
ch = X [(l—thHh)ch + Vehl'Ithp] » (2.27)

Vip = o [1-Veall)WVip + VieTLeVeg] (2.28)

This coupling is to be expected since the carrier-lattice interactions are all basically
Coulomb interactions.

One more interaction to be included is the elastic scattering by two sets of
ionized impurities: the remote impurities a distance s into the Ga;_,Al,As barrier with a
total area density n, and the background charged impurities existing in the GaAs region
with a small area density ;. Both electrons and holes would be scattered by impurities.

The coupled potentials are:
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-~ 1
Veimp = K[(I-thﬂh)"wnp + VerllnVieimpl » (2.29)

~ 1
Vh—-imp = K[(l"vcene)vh-imp + V'heneve-imp] . (2.30)

The bare carrier-impurity interactions in two dimensions have been previously given.?

3 TWO-DIMENSIONAL BALANCE EQUATIONS
We consider an electron-hole-lattice system in GaAs heterojunctions, which
consists of N, electrons and Ny holes confined in a quasi-2D plane by a potential -
normal in direction to the interface. Electrons and holes are subject to an applied
uniform electric field in the plane and are coupled with 3D phonons. The motion of
electrons and holes can be separated into center-of-mass and relative motions. We define
center-of-mass momenta ﬁe and l‘;h and coordinate variables ﬁe and ﬁh as well as

a? al a’ a’ .
relative momentums and coordinate variables pe;» Phi» Teis and ry; by:

-~ NGA P 1 n

Pe = Y Pei » R, = ALK (3.1)
i=1 e j=1

-~ Nh“ oy 1 Nha

Pp= YPhi, Ry = Ne S Thi » (3.2)
i=1 h =1

Poi = Pei — Wle"i;e , Ty =Tei — Re , (3.3)

a? a~ l kot a’ ~ kg

phi=Phi"N_hPho Th =Thi — Ry, (3.4

which satisfy the following commutation rules:
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[Reqs Pepl = iff 8p, [Rpa, Pypl =i 80p , (3.5)
a7 a? R 1 a? a? —_ 1
[Feiar Pejpl = i 8ap [Sz.f - Tv:] v [Phias Pnjpl =17 Bap [5:"; - 7\,;] - (3.6)

The remaining commutators are zero.

The Hamiltonian of the electron-hole-lattice system in an applied field can be

written as:
H=Hy+V, | EY))
Ho=H.+Hy +H,, (3.8)

+{} +‘7 +{}eh+"}e-im +i>h-im . 3.9
ep hp P P

Since the applied electric field acts only on the center of mass of electrons and holes,

the expression of H, and Hy, can be written:

~

a P ~ ~/
H, = 2A;e —eN.ER, +H, , (3.10)
a2
A= 2h LN ER, + A (3.11)
h - 2Mh h h h ? .

where i}; and fl;, are Hamiltonians describing the relative motions of free electrons and

holes whose expressions in the occupation number representation are:

Ag ' 51. ~
He = Z Enk ankank ’ (3.12)
nk
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A At A
np

where spin indices have been omitted. H p is the 3D optical phonon Hamiltonian:
~ Lt AL ATt AT
Hy = ¥ (Foy, bg bg + et bg bg) . (3.19)
Q
The nonequilibrium state of electron-hole-phonon system is described by the

density matrix p(t) whose time evolution is governed by the quantum-mechanical

Liouville equation:
mgg—(t‘l = [, p)] . (3.15)

Using Bogoliubov’s!%17description of the quantum kinetic equation for the

nonequilibrium state, we introduce a set of kinetic macroscopic observables:

M) = {fax (1) » gmp®) » Ve () , VH(D)} , (3.16)

where fox(f) , gmp(t) are the electron and hole distribution functions in their relative

coordinates, and v,, vy, are drift velocities of electrons and holes, which satisfy:

M(t) = Te{Mp()} , (3.17)
where M (¢) are corresponding operators of M(¢) such as:

Fok®) = Trlanidnk POV Smp() = Teldmpilmp PO (.18)

Their explicit time evolution is governed by:
i;ﬂ;—fi)- = Te{[M (), H1 (O} . (3.19)

To second order in the interaction potential V we get:
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MO = £ 1eqity , enpo®} + L TV, B}
] 2 0 'S A A
+ [-‘—] im [ dte™ THIV®), [V, MO}, (3:20)
h £—0t o
where

~ il} 't ~ —iﬁ T
V(’l:)=exp[ ;]Vexp[ h‘o ],

and po(r) is the quasistationary value of p(f), chosen to guarantee the irreversible

character'®17 of time evolution of M(?):

~ 1
po(®) = 7 €XP

—zB.-(M(r»n“f.-] : (3.21)

Z is a normalization constant and the function B; is determined by the requirement:
M;(2) = Tr M;po(r) (3.22)

that the macroscopic variables assume their appropriate values. Equation (3.21)
describes a quasiequilibrium state for the operators M (¢); subject to ‘‘slowly varying’’
external forces.

Using Eq. (3.20)', we derive the kinetic equation of the electron distribution

function in a straightforward way:

Ofx(t) | Ofux(t) Afnx(f) -Ofpx(f) Ofnk(f)
ot _[ ot ] +[ ot ]e_ +[ ot ]e_imp"'[ ot L,(g,z3)

with
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f k(¢
[ f; ( )] -5 2, X e Q~fa)8my (1=gmp ) = Jax (1Fu)8mp (1=8mp)]
t ch h n’,m'm X,p'p q

l ~n'n,m’'m

Ve (@ X8 xq 8y.piq SEni+Emy~Enk—Emp—hiq-(ve=vp)) . (3.24)

The first term in the square brackets describes a transition from the electron state with
subband energy level E,» and momentum k’ into band level E,, with momentum k after
collision with a hole. The second term describes the opposite transition. The collision
process is governed by momentum and energy conservation. Since we write the energy
in the center-of-mass system, v, v, will appear in the energy conservation law. The
scattering by the electron-phonon interaction contains four considerations (emission,

absorption, and the reverse transitions):

A 55 3 TG @IVt @ @ e ON~F)0e xq
q

S(Enie~Epnx—ROL )~k (8) [1-fe (1) 1 8, 1-q S(Erx—Ene—R0 )} [ 1+05(T,) ]
+ e OO~ (01 kg SEni—Eni L)

~FaOU~fww OBy 14q SEpx—Enre i)} n™(T2)),  (3.25)

where n'“(T,) is the equilibrium occupation number of L-type phonons and T, is crystal
temperature. In the present calculation we assume phonons are in equilibrium at lattice

temperature. The hole equation can be written:
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mp®) _ [agmp(r)] . [agm,(:)] . [agmp(r)]
ot o | o ) o J o

+ [ agmp(t) ]

a + [ agmp(‘ ) ] . (3.26)
d hh

The explicit expression of each term in (3.26) can be obtained in the same way as we
have done for electrons, so they are not repeated here. The terms of electron-electron
and hole-hole collisions (3fk(t)/0¢)ce, (98mp(t)/0t)y are not specified here, since their
effects are approximately represented by the displaced velocity temperature model.

The equations of motions for the center of mass of the electrons and holes are:

ov

M, a: = — eNE + Fop, + Fe, + Foimp , (3.27)
th

M hT =eNLhE + Fp | + Fpr + Fje + Fh-imp ’ (3.28)

where M., M, are total mass of electrons and holes. F. ., Fep, Fe-imp, and
corresponding hole terms are the frictional forces due to the carrier-lattice, carrier-

impurity, and carrier-carrier interactions. Using (3.24) and (3.25) we define:

= 2_;_‘. T 3 Vet @@)Ver @a QO+ LT - G @on T}

n’,n q

(3.29)

Ty = -27" >3 T ™ (@) Vir, @ @I Pn(@ O+ (T)] = TSm0, (T}
m.,m qy

(3.30)
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o

Ter= 2 3 3Vt @a)Vat Qe U@+ T)] - JS@on T},

m'\m q,
(3.31)
with
Paw=2 % X S @OU~fure Oy kiq 8(Enic = Epy & T, 3 Figve) , (3:32)

’

I m(@,0) = % p! % Emp()1=8m'p ()18y,p1q 8(Emp — By + K@ 3 Fiqvy) . (3.33)
)

Then, Fe,, F-L, and F;_r are expressed as:

For=-)#uql, (3.34)
q

FpL=-Y gy, | (3.35)
q

Fpr=-Y fiq It . (3.36)
q

Fehs Fe-imp, and Fy,_imp can be directly obtained from (3.24) :

For=C T % 3qfe®l-fu@lgnyOl-em®l | Vo™ @ |2

n’,nm’,m K,kp'\p q

X3y k—q 8p'.m S(Enw +Em'p'_Enk—Emp—h-Q' (Ve=vn)),

(3.37)

Fe-imp =Y, iq T e—imp » (3.38)
q
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Fpoimp = Y, #q I'himp » (3.39)
q
with
Toimp = 22 3 3. fe O] O o @ S xq SEw—Enc—Fiqve),  (3.40)
n',n X,k
Crimp =57 % 3 ey OUL=Emp T v @By, p-q 3BV s (341)
where

l}:—’:mp(q) = I dRg n;i(Ry) |V¢Hmp(QvRa) 12,

~m'm

Upeimp @ = [ dRy m®R,) | VPR @Ry |2

Here n;(R,) is the density of ionized impurities. The energy loss rates of electrons and

holes in their center of mass system are:

o) _ [aei) | [amEw BEe(t)) éEe(t)] B
ot [ J, | o je‘L ot oimp o J.
aEE®  [oEsm) | [eEE®)]

= +
ot § ot J he L ot Jh-L

c c ¢

CL2AG] [aE;(t)] N EE;(‘)] , (3.43)

% Jyx £ ) *

The explicit form of each energy-loss rate can be obtained as we have done for the

force term. The results are:



OE: |
= =3, (A, = FiqVe)le-L , (3.44)
| ot oL 9
ER
L ==% oy - Figvp)Th-L , (3.45)
| ot Jh-L q
aEC W
F) Ll =-% (Hor - figvy)ir , (3.46)
L ¢ Jh-T q
JEE
5| =% Z >: 5 EEr e O Oy O1-p(0)
d e-h n'\nm’um K Kp',
|Va™™ (@) |2 By xqBp.prq SEne+Emy—Enk—Emp—FQ(Ve=Vp)) , (3.47)
oEf 2
| =% Z 3 ZExEac-hiaew)
h—e n’,nm'm K kp,p q

nn.mm

Xfuie O~k ()18 Ol=8mp®)] [ Ve, (@) |2

X 8L’.k—q 8p'.p+q 8(En'k""Em'p"" nk—Emp=hq'(Ve—vy)) . (3.48)

Since the impurities are assumed fixed, the elastic collision with carriers in the center of

mass are:
OES
a; =Y 7iq'Ve Tesimp » | (3.49)
e-imp 9
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oEf,
3 = z hq'wy, I‘h_imp . (3.50)
h-imp 4

At room temperature and above, electrons and holes can be treated as
nondegenerate gases. The distribution functions of electrons and holes are taken as

Maxwellian. For the lowest subband Egs. (3.32) and (3.33) can be reduced to:

1/2
+ _ meBe Re
1% @q, @)= [ - ] 72 S
mefe h—2q2 2 1
. = + - hq' ’ = , .
1/2
. myPn Rh
J 9 m = ?
@, o [ > e
my B i2q? 2 1
= ho + - hq , = . 3.52

The hole summation part in the electron-hole interaction term can be reduced to:

P\p 2n fiqg ’
(3.53)

)12
m

where

_ mah h’zk"q h-2q2 h—2q2

2
Xo= 27i2q2 P + 2m, + 2y +7iQ'(V°—Vh)] .

The electron polarizability function (2.16) can be simplified to:
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Re Igo(q, )

172 - 2.2 v | 2.2
= An, ZBeme) [folv | e sgn(v_ye 3D - I, ™ dx sgn(vy)e v ’] , (3.54)

hq
1/2
T vl _u2
Im T1§,(q,®) = An, Borm 1 e -e"), (3.55)
2 hiq
where
1172
che h-2q2
= [2,1-2q2 ] [Kﬁ) h-q Ve t 2me .

4 RESULTS AND DISCUSSION

The four equations (3.27), (3.28), (3.42), and (3.43) should be equal to zero
simultaneously in the steady state. We solve these equations numerically in the presence
of an applied electric field. The approximations we have made in our calculation are: (i)
both electron and hole distribution functions are taken as displaced Maxwellian and the
lattice temperature is set at 300 K; (ii) electrons and holes are assumed to occupy their
lowest subbands. The solution of the four balance equations in the steady state produce
the physical quantities T., Ty, Ve, and v, as functions of electric field E. The
parameters we have used in calculation are same as in ref 3. The reference sample
structure is: dy =90 A (GaAs ), d2=54A (GajAl,Asp doped with Be to
2x10'¥cm™3), and d3 = 323 A (undoped Ga;_,Al,As between the two layers).

The drift velocities of electrons (solid curve) and holes (dot-dashed curve) are
plotted in Fig. 3 as functions of the applied electric field in comparison with

experimental data. Our calculation shows that the drift velocities of electrons increase
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almost linearly with field with a low-field mobility of about 1700 cm?/Vsec and
reaches 107 cm/sec near electric field 5 kV/cm. The drift velocity of .the hole only
reaches 1.25x10% cm/sec and it increases linearly in E with a constant mobility
250 cm2/Vsec. In the no-hole case, the drift velocity of electrons (dash curve) is
enhanced much faster with increasing electric field and an electron mobility of about
5800 cm?/V sec. This indicates that the presence of a high density hole plasma causes
strong momentum relaxation by electron-hole Coulomb scattering.

The carrier temperatures as functions of electric field E are plotted in Fig. 4. It
shows that both electron and hole temperatures are close to the lattice temperature at
very low field, less than 2 kV/cm. After the electric field reaches 4 kV/cm the minority
electrons are more heated than holes. The hole temperature is close to the lattice one
even until the electric field reaches 8 kV/cm. The difference of two temperatures would
be 300 K more at high field. The reason for this is that hole-lattice scattering occurs in
a spread region of large q (due to the large effective mass of the heavy hole) and,
hence, the sum over q in Eqgs. (3.45) and (3.46) should be performed in a much larger
phase space than that of electrons. Also, there is an extra optical deformation potential
for coupling with holes. These make the relaxation time of holes 1 order of magnitude
smaller than that of the electrons.’® At high electric ﬁ_elds, there is a quantitative
discrepancy between our result and experimental data. This is because: (i) the single
subband calculation would not be enough since boﬁ electrons and holes could have
sufficient kinetic energy gained from the applied electric field to be excited to their
upper subband level and other valleys; and (ii) hot phonon effects!®2? should be
considered. These two factors would involve much more complicated calculation and

will be discussed in our next work.
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The net energy loss rate per electron is plotted in Fig. 5. It can be seen that
besides electron-phonon scattering, the energy transfer between electrons and holes is
substantial within the temperature range considered in our calculation. The strength of
electron-hole coupling depends on the distribution of carriers. At room temperature or
above, both electron and hole plasmas can be treated nondegenerately. Thus a large
number of electrons and holes contribute to scattering among themselves. The
experiment5 done by Polland, Riihle, Kuhl, Ploog, Fujiwara, and Nakayama shows that
electron-hole energy transfer is strongly reduced at low temperature below 40 K due to
the degeneracy of the electron plasma. In their case, only a small number of electrons
collide with holes. On the other hand, we should mention that electron-hole energy
transfer is sensitive to the choice of the bound states of electrons and holes in the 2z
direction. Stern’ gave a beautiful method (self-consistent result) of determining the
wave function and bound energy in GaAs-Ga;.,Al;As heterojunctions for the pure
electron system. His results show that due to the electrostatic potential and effective
potential associated with heterojunction discontinuity, the electron is roughly confined in
a small range (less than 50 .7\) near each barrier at the high electron density (>
5%10'°/cm?). In the case that minority electrons and majority holes coexist, the
electrons can only be bound by the quantum well structure, whereas the hole is bound
by self-consistent heterojunction well.!® Using the variational function? with the
parameters listed in Ref.3, we estimate that the peak of the lowest band wave function
(hole) is located at about the middle of the quantum well. Therefore the wave function
of an infinite square well potential would be a good approximation for holes in this
case. Under the assumption of infinite square well structure the form factors (2.4), (2.6),

and (2.8) have the same structure,



-59.-

In our calculation we assume the frequencies of longitudinal and transverse
optical phonons are dispersionless. A detailed calculation using the phonon-plasmon
coupling mode in an electron gas has been presented by Das Sarma et al.2! Their result
shows that the coupling effect is significant at low carrier temperatures and densities.
When electrons and hole; coexist, the phonon Green’s functions renormalized by the
electron and hole polarizability functions induce a mixing between longitudinal and
transverse phonons. This effect has not been considered in this work. Since the
frequency difference between the “‘bare’” longitudinal and transverse phonons is small,
the frequencies of the new modes mixed then should not change much from their
‘‘bare’’ values. In this near degenerate case, the total carrier-phonon scattering rate will
be nearly the same whcther ‘“‘bare’’ or mixed modes are used, according to the principle
of spectroscopic stability.22 We conjecture that the phonon mixed modes should not
qualitatively change our result. However, a quantitative estimate of the importance of

the mixing effect is reserved for further work.
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Part III: Quasianalytical simulation of ultrafast relaxation

of photoexcited electrons in a semiconductor

1 INTRODUCTION

The generation of ultrafast pulses haé led to laser-probe techniques!™ in
studying the relaxation of photoexcited electrons on a subpicosecond time scale.
Important information about carrier-carrier interaction, carrier-phonon interaction, and
multivalley interaction has been obtained from ultrafast processes. In this time scale the
distribution function of electrons differs from a thermal distribution described by an
electron temperature, typically, by peaks appearing at some special energy levels. The
photoexcited electrons are concentrated in an energy level, which is determined by the
frequency of laser pumping and the energy gap between conduction and valence bands.
In the relaxation processes of the excited electrons, it is also possible that other peaks
appear, for example due to phonon cascade emissions or the existence of subbands. In
this case the analytical method that uses a simple electron-temperature model is no
longer valid. Most theoretical analyses of ultrafast processes rely on Monte Carlo
simulation,3-1!

It is desirable to have an approach that fills the gap between the Monte Carlo
numerical method and the analytic carrier temperature model.!>!3 In the case of weak

laser pumping (excited electrons are a small fraction of background electrons), Esipov

and Levinson'*8 have used analytical methods to study the effects of the electron-
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electron and electron-phonon scattering, mainly, for steady-state processes. In the
present work, we propose an analytical function approach for the time dependent
relaxation of a strong laser pumping excited electrons into the semiconductor quantum
wells. The distribution function is assumed approximately isotropic during the relaxation
process and consists of two parts: (i) Gauss-type energy functions to simulate the
nonthermal photoexcited electrons with pdssible peaks appearing during the relaxation
process. (ii) A Maxwell-Boltzmann-type function parametrized by an electron
temperature to describe the background electrons. The two-dimensional electron-
electron scattering is introduced via a screened Coulomb interaction. At room
temperature and above, longitudinal-optical (LO) phonons dominate and contribute to
the relaxation of both the carrier distribution and carrier energy. The amplitudes and
widths of the time dependent Gauss-type functions and the ‘‘electron temperature’ are
deduced using the Boltzmann equation from a certain initial condition. The merits of
this approach are as follows. (1) Some related integrals in the calculation can be
analytically worked out or be expressed by a standard integral. Thus only an integral
over q in the Boltzmann equation remains to be numerically handled, greatly reducing
the computation time. (2) The evolution of the distribution of ;:lecu'ons is described by
the evolution of several parameters. It is convenient for analysis of the results,
especially, because the distribution of electrons approaches that of the temperature
model after a few picoseconds of laser pumping. (3) This approach may be more
suitable for including, for example, dynamical screening effect and so on.

We use the above approach for the case of low-energy photoexcited electrons
(close to the band edge, 20 meV). Since the mean energy of these photoexcited

electrons in the present calculation is less than the longitudinal-optical-phonon energy,
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the carrier-carrier scattering is the primary mechanism in the thermalization processes.
Because of the large mass of the heavy hole, the main contribution to relaxation of
electrons is through electron-electron scattering with inelastic electron-hole scattering
playing a small role, which was pointed out by Goodnick and Lugli.!' If the mass of
the hole is considered as approximately infinite,!? the electron-hole scattering is elastic.
The chief effect of such elastic scattering is to relax the nonisotropic portion of the
distribution. Since we have already imposed an isotropic distribution of the electrons, it
is appropriate to omit electron-hole scattering in the present paper. This is particularly
appropriate for coﬁaparison with Monte Carlo simulations that use an infinite hole mass.
For the finite (but large) mass case, small inelastic exchange of energy between
electrons and holes will have a cumulative effect that will become important at larger
times than considered here. Therefore, we omit electron-hole interaction for simplicity.
For low-energy photoexcitation with well length about 100 A, the most electrons occupy
the lowest subband state. So we did not include multisubband and multivalley scattering
in the present paper. We find that the peak of photoexcited electrons decreases
monotonically and the width of the Gauss-type function, which gives the expansion of
the nonthermal photoexcited electrons in k space, increases. Sixty percent of the
photoexcited electrons are converted to background electrons within the first 100 fs via
the strong electron-electron interaction at low-density excitation (2x10'° cm™2) with
background electron density (6x10'° cm™2). Our estimate for the relaxation of
photoexcited electrons is qualitatively in agreement with the experiment! and the result
of Monte Carlo calculation,!

The paper is organized as follows. In Sec.Il, a form of analytic distribution is

assumed. A set of equations for the evolution of relative parameters is derived from the
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Boltzmann equation for two-dimensional electrons, including electron-electron and
electron-LO-phonon collisions. The detailed results with a brief discussion are

presented in Sec.III.

2 APPROACH
Laser-probe techniques can create photoexcited electrons sharply peaked in a
special energy region within a few femtoseconds. The distribution of electrons can be
considered approximately isotropic in the two-dimensional momentum space k, if an
external electric field is not applied. The energy of the electron in an (n,k) state is
written as E, ; = x2/2m, + E,, with m, the efféctive mass of the electron, and E, the
subband energy. We choose Gauss-type functions in energy space to simulate the peaks

at E, ; for i=0,1,2,... of nonthermal electrons in the nth subband:

P @)= by, i (0) expl=0p i ())Ep k= En, )] @.1)

The peak with subindex i=0 represents the directly photoexcited electrons at energy
E, 0. The peaks with i=1,2,.. represent peaks produced by cascading phonon
emissions. Here E,; is the energy level of the ith peak in nth subband and
E,;=E, ¢ — ihoo with @ o the LO-phonon energy; b, ;(¢) is the amplitude of the ith

peak in nth subband; G, ; determines the full width at half height of the peak to be
AE,; = 2 [(in2)/c,;]"? , 2.2)

The parameters b, ;(t) and o, ;(t) are determined by the time-evolution equations. In
addition to the photoexcited distribution, we include an equilibrium Maxwell-Boltzmann
background distribution of electrons, which is initially small for undoped devices, but is

large for n-doped devices. The expression for this part of electron distribution can be



written as
L4 () = a,(t) exp[—B.()En 4] 2.3)

where a,(t) determines the density of background electrons in the nth subband and
T, = 1/(kpB,) is the ‘‘temperature’’ of background electrons. The total distribution is

normalized to the total electron density:

N.=23 fox®=23 [0 ®+ frx(®)]. (2.4)
nk nk

Here we neglect the change of electron density due to electron-hole recombination since
the typical relaxation time for this process is more than 1 ns.

One of the important scattering mechanisms on the picosecond time scale is
electron-electron interaction. For simplicity, we use the static screened electron-electron
Coulomb interaction in a two-dimensional heterojunction, which can be expressed in

wave-vector space as!

vimmin) = — e prinineg). 25)
e Ko(q +qo)A ~ °°

Here the q is the momentum exchange in the scattering; the form factor F2A™™(q) is

given by
P gy= [ dz dena 1+

XEx (2)En(2) EMr(2) En(2), (2.6)

with &,(z) the envelope function of the electron in the z direction which can be
generally derived by a variational method.'”!® The subband energy levels E,, for n =0

and n = 1, have been given elsewhere!®!? for a GaAs—Al,Ga,_,As heterojunction. The
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two-dimensional Fermi-Thomas dielectric constant qq=2e2m,/xgh? (see Ashcroft and
Mermin?) and x is the static dielectric constant. As far as carrier-lattice interaction is
concerned, the electron—LO-phonon scattering dominates at room temperature and
above. The electron—-LO-phonon scattering is treated as a Coulomb interaction between
the electron charge density and the divergence of the polarization associated with a
polaron. Using the Frohlich continnum model,!® the electron-LO-phonon interaction

expression is then given by

Ve-10(Q) = M, 10(2,4:)Gn'n(q,9;) » M, 10(q,9;) = io/Q , (2.7)

where Q(q,q;) is the 3D LO-phonon momentum, and o is the Frohlich electron—~LO-
phonon coupling constant, o, = [2re 2%y o(1/x..~1/%)1}/2, with x, the high-frequency

dielectric constant,

Gpn(Q,q;) = —_\llz—"‘l_: dz EX(2) En(z) eiq,z . (2.8)

The time derivative of the electron distribution can be obtained by using the Boltzmann

equation'>!3 with a collision term:

afn.k(t)_ afn,k(t) afn.k(t)
ot —[ ot ]H"'[ ot ]e-LO. @9

The first term on the right side due to electron-electron scattering is given by

Z Z z[fn’k' (l-fnk)fm'p’(l-fmp)

ki n',m' mk',p’,pq

Ofux(?) _2n
o e-¢ )
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= Jfox (l"'fn'k’)fmp (l—fm'p')] |V2'—"é'""”(<1) l2

Xsk'.k—q 6p'.p+q 8(En’k’ +Em'p'-Enk—Emp) . (2.10)

The first term in the square brackets describes a transition from the electron state with
subband energy level E,» and momentum k’ into band level E,, with momentum k after
collision with another electron. The second term de'scribes the opposite transition. The
collision process is governed by momentum and energy conservation. We omit the
effects of exchange in the present study. The second term on the right side of Eq.(2.9),

due to electron~LO-phonon scattering, is given by

af,.k(r)] 4 , )
=—Y viio@, ¢.) |
[ a | o HAY {}:‘g“, Lo

X({ e O~Fux (I8 kvq 8 =k (@) [1~Fe (1) 180,1q 87} [ 14010(T) ]

+ e OU~Fc (018y,1-08" = e O 1= ()18 xaq 873 n1OTLY), 2.11)

where

8" = S(Epw—Enxt+hioro)
and

0~ = O(E, v—En—hwpp).

Here nw(TL) is the LO-phonon occupation number and is assumed in equilibrium at
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lattice temperature Ty,. The hot-phonon effect is neglected here since the nonequilibrium
phonons are not yet excited on a subpicosecond time scale. The total electron-energy

loss due to electron-L.O-phonon emission can be expressed as

dE,
[ de ] ==X oo Te-10 2.12)
e-L0 q
Teo == z 3 V26 (a.9:) |2 x{ 1$)(q,0) [1+n 0 (T 150 (q. ) n 1P (TL) }
n',n qz
(2.13)
and
@O = 5 33 SO N-foe O xbe poq 8Erk~Er £ o) 2.14)

In the following calculation, the above approach is applied to the case of high
electron density. Peaks due to cascading phonon emission are then suppressed by the
strong electron-electron scattering. For simplicity, the electrons are assumed to occupy
the lowest subband only. With these assumptions our formulas can be simplified. The
integral over k” and p in Eq. (2.10) can be completed or reduced to a known special
function. Only the final integral over q requires numerical calculation. By using the

dimensionless variables

21,2 2 2
y= Boﬁke ,Z—ﬁo’;m » Yo =PBoEo,o0,
p(r)--%;(—')- ,w)-—‘%‘;ﬂ, oo = Bofio, 2.15)
0

where By is the scaling factor with dimension of 1/(kT), and defining
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fn,k(t) = sn, Of ()’J), Fgo-'eoo(q) = Fg-—e(z)’

Eq. (2.10) can be reduced to

ron)| _ 2m [e2]
ot T B

242

- Fo_.@) |
y Io i J,ou " [ (z)]

x [ B30 (1) 1Y) {expl~y(M~y0)*1 D 1 (u_)-expl—y —0)21 D1 (114) }

+a0()bo,o() (V/p {expl—yM~y0)? - p221-expl—y & ~yo)2 ~pz21}

+Q/4) Lexp(—pm) Dy () ~exp(—py) D1 (L)1) 1,

where

D1 =[” dn expl-Gx+1%)?1,
and

Wp 2z
221/2 ’ u’_’!' ='Yl/2 (2_3_ —yO) ’

zZ, =
with

@ =y — 2yM2x 12050 |

(2.16)

(2.17)

(2.18)
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The first term in the bold square brackets ([ ]) of Eq. (2.17) represents the contribution
from electron-electron scattering among photoexcited electrons. The second term in [ ]
stands for the scattering between photoexcited and background electrons. The scattering
among background electrons cancels on the whole since these electrons are in

equilibrium with each other. The electron distribution Eq. (2.11) can be reduced to

af (1) _ o2 172
130]_- o

X({f @+w,1) [1=f 0.0 [+ T - f 0,0 [1=F G+w, 1)) 0O (TL)} @ (y,w)

—{f 0-w0) [1=f 0.0 (14 P T F 3.0 [1-f G-w,0)] nLO(T)}0" (W) , (2.19)

where
0 + 2 0 + 2
e* dz Fe-e(al +2z%) Fe—e(si -2%)
>*(y,w) = X + . (2.20)
Io Vogt? — 52 Y 1+ 22 ‘165—22
with
0* = 21,2[)’()’1’%’)]1,4 , W= BOh-wLO ,
8 = 2y+w—-0*2 | &} = 2y+w+0*2 . (2.21)

The Eq. (2.12) can be simplified to
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dE(1) Ahiwy | 2m, 312 ol FO_,(2)
[ dt ] w= 2[3(‘,’21:2[ ] XI dz Z X(AEy + AEp),  (2.22)

where F_,(z) is defined in Eq. (2.16),

1/2
AE, =a02(t) [-:-)‘-] exp(—pz2) x{[ 1+n'P(Ty)] - n'O(T1) exp(pw) } , (2.23)
and
bo,o(?) LO LO
AE,= A7 D1 ) 1+n™(TL))-D (1) n =" (TL) } (2.24)

are, respectively, the contributions due to background electron-phonon scattering and
photoexcited electron-phonon scattering. On the other hand, the time derivatives of
electron-energy loss and electron distribution as well as of the total electron density can

be written via the time differential of parameters ag(t), bo,0(?), ¥(t), and p(z) as

dE(t) _9E(W) : . 9E(t) .. OE(t) . K OE(1) .
At = Sbog boo+ =5, T+ 5 prra, (2.25)
ofp.t) _ 9f0.1) ; of (o t) + o (y,t) A CE I
&~ dboo J00FT oy 3 da, 20" (2:26)
0= on, ; on, . on, . on, . 227
“ oo T T op PV Bap 20 @27

In our approximation, there are four independent variables which should be determined
by Eqgs. (2.25), (2.26), and (2.27). Here we choose the values of df (3,¢)/9¢t in Eq. (2.26)
at two special y points, which correspond to the peak position and the half-width
position of a Gauss-type peak in order to obtain information sensitive to the height and

width parameters, bgo and y. Thus the change of parameters in each time step can be
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obtained by solving four linear equations with given initial condition.

3 RESULTS AND DISCUSSION

The time interval we choose in solving the difference equations is 0.1 fs. The
result shows no significant change if an interval less than 0.1 fs is used. The initial
conditions used in the present calculation are as follows: the temperature of the
background electrons is set at lattice temperature T, = Ty, = 300 K; the peak position of
photoexcited electrons is located at 0.02 eV above the conduction-band edge; the width
of the peak is chosen as 0.02 eV, which is comparable with that found in the time
luminescence experiments.! The amplitude bo,0(0) is chosen such that the density of
photoexcited electrons is 2x10'® cm™. The effective mass of an electron in GaAs is
0.067mg, with mg the free mass of an electron. The energy of a LO-phonon, i g, is
36.8 meV, with xp = 1091 and x, =1291. On a VAX-780 running Berkeley 4.3
UNIX, it takes 5 s (CPU) to calculate each time interval of 0.1 fs. So within 1.4 h we
can reach 100 fs.

The electron distribution is plotted in Fig. 1 as a function of the energy of the

electrons at different times. The photoexcited electron density is chosen as 2x10'° cm™2

with a background electron density 6x10'® cm™

. The sharp peak of photoexcited
electrons decreases and expands monotonically. The amplitude of the Gauss-type
function decreases to about 40% of its initial value in the first 100 fs and then tends to
vanish at about 200 fs. After 200 fs a Maxwellian-like shape which can be described by
a temperature model appears. The result of Bailey et al. 10 Monte Carlo calculation is

also shown in Fig. 1. Our result is in reasonable agreement with that of the Monte Carlo

calculation. A detailed comparison indicates that the thermalization process in our
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present model is a little faster than that of Monte Carlo simulation. In particular, the
electron occupation with low energy in our result increases faster compared with that of
the Monte Carlo simulation. The electron distribution with low background density
(10° cm™2) at the same excitation density is plotted in Fig. 2. The small amount of
background electrons decreases the thermalization rate. The amplitude of the Gauss-type
function decreases to about 51% of its initial value in the first 100 fs and then tends to
vanish at about 280 fs.

The temperature T, of the background electrons as a function of time is plotted
in Fig. 3 with background density 6x10'® cm™2 and excitation density 2x10'® cm™2. It
is set at 300 K at the initial time and then it increases for the first 30 fs because in this
period the dominaﬁt process is energy transfer from the photoexcited electrons to
background electrons. At about 40 fs T, arrives at a maximum value, then decreases
mainly via electron-phonon interaction and approaches the lattice temperature after 350
fs.

In summary, we have proposed a simplified model to describe the complex
nonequilibrium relaxation of photo-electrons in a semiconductor quantum well. As a
first application we have calculated the relaxation of low-energy photoexcited pumping
by use of an approach including only four parameters. In contrast to the approach by

14 our method does not require that the excited electrons be a

Esipov and Levinson,
small fraction of the background electrons. Since the electron-electron collisions among
excited electrons are properly considered, our approach can be used for an arbitrary

proportion of excited electrons and background electrons. We also use the generally

available electron-phonon scattering matrix for a quasi-two-dimensional quantum well.
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In our present model we use four parameters, which permits a descﬁpﬁon of the
chief physical properties of the ultrafast process. In our model, nonphotoexcited
electrons were assumed to be directly thermalized. As a result the electron occupation
of low energy in our present model approaches the Maxwell-Boltzmann distribution
faster than that of Monte-Carlo simulation. We have imposed a Gaussian peak, which
prevents unsymmetrical decay from occurring. Since energy absorption and emission is
necessarily nonsymmetric, this must be compensated for by using nonsymmetric basis
function, or more simply by using more symmetric ones. At present in introducing the
new technique, we restrict ourselves to try to describe the ultrafast process.

One interesting question is to determine how low the density of excited electrons
should be for peaks associated with cascade LO-phonon emission to be visible. As
shown in the formulation of this paper, the cascade problem can be studied by using our
approach with more parameters. Numerical computation is in progress. Further work

including dynamical screening is under consideration.
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Part IV: Resonant level lifetime in GaAs/AlGaAs double—barrier

structures with consideration of I'-X mixing

1 INTRODUCTION

Recently, there has been considerable interest in Ga)_,Al,As—-GaAs~Ga;_,Al,As
double-barrier structures because of their technological importance to high speed
devices. These structures exhibit a number of interesting features, some of which are
concerned with the evidence of I' and X transfer in resonant tunneling in single and
double barriers.!™ The experiments done by Mendez and his co-workers! show that the
existence of confined states in Ga;.,Al,As at the X point gives a new resonant tunneling
peak in some structures. Their results were explained by a quasi-bound state associated
with the X-point band. Osbourn and Smith® have discussed I'=X transmission using the
empirical tight-binding approximation in 1979. Later, Mailhiot, Smith and McGill®
studied the efffect of I'-L mixing. Recent discussions of I'-X mixing are referred in Ref
7-10.

The conduction-band edge profiles for both I" and X minima of Al,Ga;_;As were
discussed by Batey and Wright!! and in the review paper'? written by Adachi. Their
results show that, at some doping, the X-band minimum (conduction) can be lower than
the I'-band minimum (conduction) in Ga;_Al,As and also lower than the X-band
minimum in GaAs as shown in Fig. 1. This structure will induce a bound state for X-

electrons confined in the double-barrier region, while the I'electrons form a quasi-
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bound state and can leak out with some probability, if the GaAs substrate outside the
double-barrier region is thick enough. General speaking, when electrons are photo-
excited to the I' valley conduction band inside a quantum well, the electrons will have a
certain probability to transfer to X valley conduction band. Since a momentum change
is required in the I'-X transfer, the intervalley scatterings appear only at the interfaces
in the intrinsic tunneling case, and can be described by intervalley transfer potentials
Vrx and Vxr. This I'-X transfers will effect the leakage rate of electrons out of the
double-barrier region. In some design devices where the quasi-bound I" energy level is
close to some X energy level, a resonance of I'-X transfers may occur and induce a
dramatic change of leakage rate of electrons. It is interesting to study the effect on the
lifetime of electrons due to the I'~X coupling in such a energy level region.

In this paper, we present a quantitative model which gives a quantum mechanical
calculation of the resonant level lifetime in the presence of I'-X coupling. Our results
show that when the I'-like energy level is not degenerate with an X-like energy level,
the lifetime of I' state is exponentially proportional to the thickness of Gaj_ Al As.
This is in agreement with the experiment done by Tsuchiya and his co-workers!® and
the theoretical calculation of Thomas et al.! However, for the case that the I" energy
levels become degenerate with the X energy levels, the lifetime dramatically changes
and can be several orders longer than that of a pure I" system.

The paper is organized as follows: in Sec.ll a quantum mechanical model is
described and the matrix is found, the vanishing of whose determinant yields the

complex eigenvalues. Detailed results and a brief discussion are presented in Sec.IIl.
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2 MODEL

We employ the following theoretical model which introduces a coupling between
I" and X minima within the effective mass envelope function approach: 1) Quasi-bound
state theory is applied to our problem, so that the eigenvalue of the Hamiltonian
becomes complex. The real part of the eigenvalue stands for the energy level of the
state and the imaginary part relates to the lifetime of state. 2) Since the transfér between
I"' and X is assumed to occur only at a heterointerface, for simplicity, we introduce a
delta function potential to describe I'-X coupling, as was done by Liv’. 3) A spinor-
like matrix formula is used with the upper component describing the I wave function,
while the lower component describes the X wave function.

The Schrodinger equation can be written as:

HY =EY¥Y, | 2.1)

H=T+V, (2.2)
where

Foe-ilL, | 23

e is the energy level of the state and v is its the reciprocal lifetime, T is the kinetic

energy operator, T can be expressed as:

(29 1 9

2 0z my(z) 9z 0

1 9 (24)

my(z) 0z

K 9
0 2 9z

where mr(z) and my(z) are the effective masses for the I' point and X point,
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respectively. V is the potential energy:

(2.5)

ve|Vr@® Vi@
T Vi) Vx(2)|®

the diagonal elements V(z) and Vx(z) represent pure I" and pure X band profiles, which

can be written as:

0 ifl12 |z |

V@) =1 Vro ifl+b> |z | >1, (2.6)
0 if |z |21+4b
Vxo ifl2 |z |

V@) =19 Vi ifl+b> |z | >1. (2.7)
Vo if 1z | 214b

The potential heights Vy, Vxo and Vx; depend on doping as discussed in detail in Ref.

9 and Ref. 10. The off-diagonal elements stand for the I" and X interaction potentials:
Vie)=ald(lz | -D+8(|z | -q+b)], , 2.8)

where a is a coupling parameter, and  is the Dirac-delta function. The off-diagonal
terms quantify the intervalley transfer potentials. In general, the parameter o could be a
complex number, but we use a real one for simplicity. Under this assumption, there is
only one parameter to be determined by experiment.

¥ is a two-component wave function: .

_ | vyr|
Y= [‘Vx] . _ 2.9)
Using the Hamiltonian  given above, we can write down the quasi-bound state wave

function in the space z > 0 (even state)
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A cos(gz) if0szs!
yr(z) =1 B ef1? 4+ C 78" ifl <z<l+b, (2.10)
D e’ if z 2 I+b
with
[ 2mpoE 1/2 | 2mpyvro -B) 1/2
g - h‘2 s gl - h_z ’

where mpy and myp; are, respectively, the electron masses in the GaAs and Ga;_ Al As

I valleys.
Ar(e® +e™) if0<z<!
vx(z) =y B, e'7'* +C,e7V* ifl <z<l+b, (2.11)
Dy e® ' ifz21+b
where

2myo(Vxo - E) |2 2my1 (E — Vyy) | M2
q= q1 = 72 ’

where myo and my, are, respectively, the electron masses in GaAs and Ga;_ Al As of

X valley. The boundary conditions at the interfaces can be written as:

yr — [‘Vr] 2.12)
[\I’x_z=l+ \I’x“l_

Wr- _ [‘I’r] 2.13)
[ \I’x_z =l+b* Vx z2=14b"

_h‘zla\I’r] L1 dvr
1+

2 2mm 0z

7 mp 9z ]z=r+a\|lx(l)=0 (2.14)
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(2 1 Oy | B2 1 oyx _
T ++[ T 5| tevr®=0 (2.15)
z=] z=1l
r [N r [N
2 2
_ ’i__l__iaé"’_" + E——l—a;"" + oYy (I+b)=0 2.16)
L 2 mro 0z Jz=l+b* L 2 mn oz Jz=l4b
[ 52 ] (2 ’
_| A1 9% b 2L 9% +oyr(i+h)=0. 2.17)
| 2 mxo Oz Jompipr 2 myy oz Jz=14b"

Therefore we have eight homogeneous equations with unknown coefficients A, B, C, D,
Ay, By, Cy and D,. For obtaining a nontrivial solution we require the determinant of

the coefficient matrix to be zero and get the complex eigenvalue.

3 RESULTS AND DISCUSSION

Exact solution of the eight complex boundary equations (2.12-2.17) gives the
complex eigenvalue E as a functions of GaAs quantum well width and Ga;_ Al As
barrier thickness. For the decoupled system, the energy level of the I' state mainly
depends on the width of the quantum well and is not sensitive to the thickness of
Ga;_,Al, As except for the case in which the Gal_,AixAs is very thin (the condition for
a quasi-bound state is then not valid). In contrast, the X energy level mainly depends on
the thickness of the Ga;_,Al, As barrier.

Fig. 2 shows the energy levels of ground state as function of b/, the ratio of
Ga;xAl As thickness b to GaAs well half width /, in the presence of I'-X coupling.
The results of decoupling are also plotted in the same figure: dotted-line for X and
dashed-line for I'. The two solutions in the presence of coupling behave differently
around the mixing point (b/l =A=2.022): E; changes from X-like to I'-like after passing

through mixing point, whereas E, changes from I'-like to X-like. In the mixing region,



-80 -

these two solutions anticross and are neither I'-like nor X-like.

The lifetimes T;, T, which relate to the imaginary parts of the eigenvalues of
these two solutions in the presence of coupling are plotted in Fig. 3. The lifetime of a
pure I' state depends exponentially on the thickness of the Ga;.xAl,As barrier. The
latter is also shown in Fig. 3 (dashed line) for comparison. The lifetime of a pure X
state is infinite. It is a true bound state because the potential in the well is below that at
infinity. T changes from X-like to I'-like when passing through the mixing point. Near
the mixing point, T; changes sharply and can be several orders larger than that of a pure
I" system. Meanwhile T, changes smoothly from I-like to X-like. The peak position is
not sensitive to the value of coupling strength.

To understand the solution with the long life time, the E;,T; state, we also
calculated the wave function of that solution. We see that when b/l <<}, the solution
can be distinguished as X-like, so the X-component wave function is large and the I'-
component wave function is rather small. On the other hand(b/l >> ), the solution can
be recognized as I-like, the X-component wave function is rather small and I-
component wave function is large. Only when b/l =A, are both I'-component and X-
component wave functions large. See Fig. 4. In this case the coupling between I'-
component and X component plays an important role, which permits the I-component
amplitude D in region z2/+b(see Eq. (2.10)) to dramatically decrease (see Fig. 5)
which shows consistency with Fig. 3. Thus, the life time becomes very long because the
electron wave-function hardly leaks out.

To observe experimentally the effect of I'=X coupling on electron escape time in
GaAs/AlAs double barrier structure, we plan to use picosecond time-resolved

photoluminescence experiments on a sample. Since it is not easy to control the barrier
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thickness, we suggest two possible methods: 1) Applying a small electric field to the
sample whose lowest I" energy level and X energy level are close to each other.
2)Application of hydrostatic pressure to change the relative positions of I'" - and X- point
barrier.!>

The electron-hole recombination time is determined by radiative and non-
radiative lifetimes. The radiative lifetime is about 100ns for low concentration
(10'°cm™3) at room tempc;‘.rature,l"s'17 the non-radiative lifetime is sample dependent,
with a range from 45 to 650ns.1%-1° The sharp life time peak in Fig. 3 should be
reduced if the recombination time is taken into consideration. Assuming the radiative
and non-radiative lifetimes are 100ns and approximately independent of barrier
thickness for simplicity, we calculate T; by 1/7;=1/t1;+1/7, where T, is the total
recombination time and T; is shown in Fig. 3. We plot %; in Fig. 6, which shows a
large reduction of peak compared to that in Fig. 3, yet a visible peak can still be
obtained.

In conclusion, we have presented a model to study the effect of the I'-X
intervalley coupling on the lifetime of a quasi-bound state in a GaAlAs-GaAs-GaAlAs
structure. We find that the lifetime of a photo-excited electron at some quasi-bound state
in a GaAs well can be several orders longer than that of a pure I'" system if the energy

level of this state is nearly equal to the energy level of the X state.
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