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1. In troduction

The independent par t ic le  model occup ies  a centra l position  in the 

quantum theory of a tom s, m olecu les  and s o l id s .  The most frequently 

em ployed version  of th is  schem e is the H artree-Fock approximation (1) 

in  w hich  each  e lec tron  is assum ed  to experience a potentia l which is a 

t im e independen t average  of th a t  due to a l l  the o ther par t ic le s  in the 

sy s te m . This model co n ta in s  an  inherent error which comes from its fa ilure  

to  d e sc r ib e  a c c u ra te ly  the  "Coulomb hole" which surrounds each  e lec tron . 

This e x p re ss io n  refers  to the  fa c t  th a t  e lec trons  repel each  o ther e le c tro ­

s ta t i c a l ly  and thus the p robab ili ty  of finding two e lec trons  c lo se  to each  

o ther  should be sm all .  The H artree-Fock wave function, due to its  a n t i ­

symmetric form, d e sc r ib e s  a "Fermi hole" , i . e .  each  e lec tron  with a given 

sp in  is surrounded by a region where the probability  of finding another 

e lec tro n  of the same sp in  is sm all, b u t  it in no way co rre la tes  the motion 

of e lec trons  w ith  oppos ite  s p in s .  This de fec t  in the H artree-Fock model 

h as  been  the su b je c t  of in te n s iv e  investiga tion  for many years  and is 

commonly referred to  a s  the  co rre la tion  problem.

It has  become common p rac t ice  to define the correlation  energy a s s o c ­

ia ted  w ith  a g iven s ta te  and w ith  a spec if ied  Hamiltonian as the d ifference 

be tw een  the ex a c t  e igenva lue  of the Hamiltonian and the expecta tion  value 

of the  energy in the  H artree-Fock  approximation (2). Very accu ra te  numerical 

work has  shown th a t  the H artree-Fock  method is capab le  of y ield ing  to ta l 

e n e rg ie s  of sm all a tom ic and m olecular system s with an  accu racy  of 99 .5% . 

It m ust be borne in mind .though, th a t  in chem istry  and physics  we are  not
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so  much in te re s ted  in to ta l  energ ies  a s  we are in energy d iffe ren ces ,  e . g .  

ion iza tio n  p o te n t ia ls ,  and, g iven the  large magnitude of the  to ta l  energy, 

the  re la t iv e ly  sm all error of 0.5% may turn out to be of the order of magnitude 

of the energy d ifferences  we are  in te re s ted  in . In some c a s e s  th is  turns 

out to be not such  a problem. Thus it  appears  tha t if one forms the  energy 

d ifference  in the H artree-Fock  approximation betw een  two s ta te s  with 

the  same number of doubly occupied  o rb ita ls ,  the corre la tion  errors may 

to a large ex ten t can ce l and the  final r e s u l t  turn out to be quite accu ra te  (3). 

However, if the  two s ta te s  involved have different numbers of doubly 

occup ied  o rb ita ls  one cannot expect th is  type of error c a n c e l la t io n .

In th is  work I w ill p resen t a new formulation of the spin  pro jected  

ex tended  H artree-Fock  method, an  ex ten s io n  of the H artree-Fock scheme 

w hich  a ttem pts  to b e t te r  d esc r ib e  the  correlation  betw een e lec tro n s  of 

o p p o s ite  sp in  (4). The method will then  be applied  to the c a lcu la t io n  of 

the double ion iza tio n  p o ten tia ls  of some c lo sed  sh e ll  m o lecu les .  These 

c a lc u la t io n s  involve the sub trac tion  of to ta l energ ies  of system s w hose 

number of doubly occupied  o rb ita ls  d iffer by one a n d  from the above d i s ­

c u s s io n  we may exp ec t corre la tion  e f fec ts  to be important. In C hapter 2 

we w ill give a brie f survey  of the H artree-Fock schem e, paying particu la r  

a t ten t io n  to the nature of the two e lec tron  pair function which ind ica tes  

p re c ise ly  the type of co rre la tion  ignored by the H artree-Fock wave function. 

In Chapter 3 we w ill p resen t in d e ta il  the sp in  pro jected  extended H artree- 

Fock method and, w ith  the  help  of a se r ie s  of c a lcu la t io n s ,  dem onstrate  

the  improvement it  g ives over the H artree-Fock schem e. Finally , in chap ter
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4 , the method w ill be used  to c a lc u la te  the  f irs t  double ion iza tion

p o ten tia ls  of H O ,  NH and N and the re su l ts  compared to re c e n t ly  
2 3 2

obta ined  experim ental v a lu e s .  Atomic units  are  u sed  throughout.
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2. The H artree-Fock  M ethod

A. Formulation for C lo sed  S he lls

In the H artree-F ock  model o f  a c lo se d  sh e ll  system  contain ing  N=2n 

e lec tro n s ,  one u se s  a s  a t r ia l  w ave function in a varia tiona l c a lcu la t io n  

a s in g le  S la te r  de term inan t of doubly  occupied  orb ita ls

In w hat follows we sh a l l  be  m ostly  concerned  with m olecu les  so we 

introduce here the n o n - re la t iv is t ic  m olecular H am iltonian in the Born- 

Oppenheimer approxim ation

( 1)

where Tq is  a product of one e le c tro n  sp in  functions

10 =  <x ( ' )  • • •  ( n )  j3 ( n t  / )  p  ( n - i  3 )  • • •  f  ( i n j ( 2 )

is a product of one e lec tro n  s p a t ia l  functions

(3)

is the an tisym m etriz ing  operator

(4)



where i and j lab e l  e lec tron  coord ina tes  and a  and (3 lab e l  nuc lear  

c o o rd in a te s .

The H artree-Fock wave function rep re sen ts  a pure s in g le t  s ta te  

and .a lso  s a t i f ie s  the Pauli ex c lu s io n  p r inc ip le .  One may, w ithout any 

lo s s  of genera lity , require  the one e lec tron  o rb ita ls  f .  to  be ortho­

normal and it may be e a s i ly  shown (1 ) th a t  the expec ta tio n  value of the

Hamiltonian ( e q . 5) is  n

E = 2 J  <4 /*>/£•> ■* ^ 7 [i <k 4- Ijli- ̂
> - t  j

( 6 )

<■ 4 : 4; 1 3 1 i  4  > ]

where

U  I '  f  <1. (  r )  k  ( r )  (f), ( r )  / r
: t •

J

 ̂4: his It 4, > ’ j'f4-*('.) </?«;) 3 C,/,) 4>K (•rJ <4 (r.) A
(7)

At th is  point it is  conven ien t to in tro d u ce  a b a s is  s e t  of m (m-^ n)
•**V /

l inearly  independent one e lec tron  functions /} K . The idea is to 

exp ress  the H artree-Fock  o rb ita ls  as  l in ea r  expansions  of th is  s e t

-1  X C;
K-i
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th,w here is an  m x n m atrix the  i column of which rep resen ts  the 

thexpansion  of the i H artree-Fock orb ita l . The n ^  a re  assum ed  to 

be orthonormal. We may now write eq . 6 a s

£-. f r  P (  A *  <t)  ( 9 )

where
r\

It is  obvious from e q s .  9 and 10 th a t  the expec ta tion  value  of the 

H amiltonian obtained from a s ing le  determ inant wave function depends 

on the  o rb ita ls  only through P , the so ca lled  "charge-bond  order" 

matrix, and in some formulations of the H artree-Fock schem e it is th is  

quantity , ra ther  than the o rb ita ls  them se lves ,  which is cons ide red  b a s ic .  

Requiring the  energy to be s ta t io n ary  for an arb itrary  small varia tion  of 

the one e lec tron  orb ita ls  w hich p reserves  th e ir  orthonormality lead s  to 

the w ell known H artree-Fock equations  in matrix form (2)

H  C ~ C £

where

H  A +  &  {]
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In p rac tice  one g u e s se s  a C matrix and sy s tem a tica l ly  modifies it 

until the energy is m inimized.

B. D ensity  M atrix  A nalysis

An in sp ec tio n  of the  various sp in  components of the  second order 

d en s ity  matrix a s s o c ia te d  with the H artree-Fock wave function lead s  

to  a c le a r  understand ing  of the corre la tion  effec ts  it ignores . Given an 

N elec tron  wave function

<13)

thwhere x^ deno tes  both the  space  ( r )  and sp in  ( s ^  coord ina tes  of the i 

e lec tron , the  second  order den s ity  matrix is defined a s  (3)

( * )  fiOr.x. •"*»)« (14)

AsN M

The d iagonal e lem ent of th is  matrix (x ^ x ^ * ,  x  =x2 ') m ultip lied  by the

3 3d ifferen tia l  volume e lem ent d r^ds^d r 2^ S 2 e<3u a l s the number of pairs
3

tim es the probab ility  of finding e lectron  1 in d r^ds^ (cen tered  a t  x^)

3
and, a t  the same time, e lec tron  2 in d r ds  (centered  a t  x ) . For aCi Ci Ci

2
s ta te  which is an  e igenfunction  of S and S th is  quan tity  may be dividedz

into sp in  components ( 4)

+ ^ V / . V ) A v )

(15)
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•/- e +

Here P2a a a a (r i r 2 ' r i r 2  ̂ rePre se n ts  the  probability  of s im ultaneous ly  

finding a sp in  up e lec tron  a t  r and a sp in  up e lec tron  a t  r , while 

P a ^a ^(r r ;r  r ) rep resen ts  the probability  of s im ultaneously  finding 

a sp in  up e lec tron  a t  r^ and a sp in  down elec tron  a t  r .

For a H artree-Fock wave function the above quan ti t ie s  may be w ritten  

in terms of the sp in  components of the f ir s t  order d en s ity  matrix

P i  M i  ( p )  (16)
/  -  I

The diagonal elem ent of f>j a a (r 1 ' r j) rep resen ts  the probab ility  of finding 

a sp in  up e lec tron  a t  r and P ^ ( r  ;r  ) has a s im ilar  in te rp re ta tion . In 

terms of th e se  q u an ti t ie s  we have

«  /  y j  '  \  f t  .

(17)

If we examine the behavior of th e se  functions for r =r , we no tice  tha t
1 La

p a a a a  van^s ji e g i an  example of the "Fermi ho le" , while P a Pa P
L a u

rem ains a sim ple product and fa ils  to d esc rib e  any co rre la tion . From the 

above it  is  c le a r  th a t  the  major error in the H artree-Fock schem e comes 

from the  p resen ce  in the same sp a tia l  o rb ita l of both a sp in  up and spin  

down e lec tro n .
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3. The Spin Projected Extended H artree-Fock Method

A. In troduction

A ce r ta in  vocabu lary  has evolved to d esc r ib e  the various ex tens ions  

of the  H artree-F ock  approxim ation which a ttem pt to trea t  the corre la tion  

problem w hile  re ta in ing  the  idea of one e lec tron  o rb ita ls .  The s tandard  

form of the theory  we have been  d isc u s s in g  which is b ased  on a s ing le  

de term inant of doubly occupied  orb ita ls  is  referred to a s  the  re s tr ic te d  

H artree-F ock  (RHF) method. In the un res tr ic ted  H artree-Fock (UHF) (1) ° r  

"different o rb ita ls  for d ifferen t sp in s"  (DODS) (2) method the idea of 

doubly occup ied  o rb ita ls  is  abandoned and one u s e s  a s  a t r ia l  wave function 

in a v a r ia tio n a l c a lc u la t io n  a s in g le  determ inant in which e lec trons  of 

d ifferen t sp ins  are  a llow ed to occupy d ifferent sp a tia l  o r b i ta l s . This type 

of w ave function  is often  found to be u n s tab le  in the  s e n se  th a t  the optimal 

UHF o rb ita ls  a re  id en tica l  to  the optimal RHF o rb ita ls .  In addition , the 

UHF w ave function  is not an  e igenfunction  of sp in .  This s i tu a t io n  may be 

co rrec ted  by e i th e r  p ro jec ting  out a pure sp in  s ta te  or ann ih ila t ing  the 

major con tam inating  sp in  com ponent. Such p rocedures , carried  out a s  they  

a re  a f te r  a v a r ia tio n a l c a lc u la t io n ,  have the d isad v an tag e  th a t  the orb ita ls  

are  optim ized for a function of the wrong form. An improvement on the UHF 

method w as su g g es ted  by Lttwdin ( 3 ) who proposed tha t the sp a tia l  

o rb ita ls  be optim ized a f te r  sp in  p ro jec tion . This procedure is often 

d esc r ib ed  a s  the  sp in  p ro jec ted  ex tended H artree-Fock  (SEHF) method
II

and a number of vers ions  of it have appeared  in the  l i te ra tu re  s in ce  Lowdin's 

p ro p o sa l .  SEHF c a lc u la t io n s  on f irs t  row atom s have been carried  out by 

Kaldor(4 ), Lunnell( 5.),, and Smeyer and D ores te -S u arez  ( 6 ) .  Goddard ( 7 ),

- 1 6 -



u s ing  group th eo re t ic a l  tech n iq u es ,  has derived the  GF equations  which 

are  equ iva len t to the SEHF method and w ith  co-w orkers  he has done 

ca lc u la t io n s  on a number of atomic and m olecular system s ( g ).

The SEHF wave function  is no longer in the form of a s ing le  determ inant 

and  it may be c la s s i f ie d  a s  a type of m ulti-configura tion  wave function .

The im portant point is  th a t  i t  re ta in s  the simple p h y s ica l  p icture of one 

e lec tron  o rb ita ls  w hich forms the b a s is  of any  independent p artic le  m odel. 

We p resen t below  a new formulation of the SEHF method which attem pts  

to minimize the ca lc u la t io n a l  d iff icu lt ie s  a s  the number of e lec trons  becom es 

la rg e .  One would id ea lly  want a ca lc u la t io n a l  schem e w hich would not 

be s ig n if ican tly  more d iff icu lt  than  the  RHF method for a system  of the 

same s iz e .

B. Formulation for C losed  Shells

Our approach  is m ost c lo se ly  connected  with the formulation given 

by M artino and Ladik (9 ) and genera lized  by M ayer, Ladik and Biczo (10). 

We co n s id e r  a s  a t r ia l  w ave function in a var ia tiona l c a lcu la t io n  the 

sp in  p ro jec tion  of a DODS S la te r  determ inan t. This w ave function has  the 

ad van tage  th a t  w ithout any  lo s s  of var ia tiona l freedom the one e lec tron

with spin up and spin down electrons respectively) can be required to 

sa tis fy  the relations (H »  12)

i * / 8
orb ita ls  0  and <p. (which before p ro jec tion  are  a s so c ia te d

I 1

(18)
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Using the genera lized  Brillouin theorem in con junction  with such  a wave 

function M ayer e t .  a l .  (1 0 ) have derived the SEHF equations  and shown 

th e ir  equ iva lence  to Goddard 's  GF equations  for the s in g le t  c a s e .  The 

SEHF equations  are of an  awkward and unfam iliar form and methods of 

so lu tion  are  not im m ediately obv ious .  Recently  M a y e r  has su cceed ed  

in finding so lu tions  for a four e lec tro n  system  by defin ing a s e t  of e ffec tive  

Ham iltonians and converting the  SEHF equations  to a pseudo  e igenva lue  

form (1 3 ).

In order to produce a c a lcu la t io n a lly  more p rac t icab le  schem e, we sh a ll  

choose  d irec tly  to minimize the value of the energy fu n c tio n a l.  Numerous 

schem es b ased  on th is  philosophy have appeared  in the l i te ra tu re .  McWeeny 

( 1 4 ) dem onstrated  how the c lo se d  sh e ll  and open sh e ll  H artree-Fock  

problems could be so lved  by the method of s te e p e s t  d e s c e n t .  W ith 

M ukherjee (1 5 ) he ex tended the formulation to tre a t  m ulti-configura tion  

s e l f  c o n s is te n t  fie ld  th e o r ie s .  F le tcher ( i£)  showed how more powerful 

m inim ization techn iques  could be applied  to the c lo se d  sh e ll  problem and 

Kari and Sutcliffe  ( 17) have extended his a n a ly s is  to  include open sh e lls  

and m u lt i -co n f ig u ra t io n s . The common component of a l l  th e se  methods is 

a com pact ex p ress io n  for the g rad ien t of the energy with r e sp e c t  to the 

independent param eters of w hich it  is  a function . The methods then  use  

th is  ex p ress io n  in one way or ano ther to vary th e se  param eters  in an 

unconstra ined  manner in order to ach iev e  the m inim ization.

A po ten tia l  d isad v an tag e  of the SEHF method l ie s  in the fac t  th a t  the 

sp in  p ro jec tion  of a DODS S la te r  determ inant y ie ld s  a sp in  function w hich

-1 8 -



is  only one of a number of such  sp in  functions w hich could be u sed  to 

desc rib e  a pure sp in  s ta t e .  As d is c u s s e d  by Pauncz (18) the  con s tru c tio n  

of our sp in  function is equ iva len t to  forming two su b sy s tem s  of maximum 

m ultip lic ity  and then  coupling the  se  toge ther  to form a new system  with 

the des ired  sp in  e ig en v a lu e .  S tudies  have shown th is  sp in  function  to 

be w ell adap ted  for the desc rip tio n  of a l te rn a n t  sy stem s but l e s s  than  

ideal when applied  to atoms and some sim ple m olecu les  (19). Self c o n s is te n t  

procedures in w hich sp in  up and sp in  down e lec tro n s  are  coupled  toge ther  

to form s in g le t  pairs  have appeared  in the  l i te ra tu re  (2 0 ) a long with schem es 

which optim ize both the sp in  coupling  and the s p a t ia l  o rb ita ls  (21). A 

particu la r  d isad v an tag e  of th e se  methods is th a t  the  o rb ita ls  may not be 

required to s a t i s fy  the pairing re la tio n s  ( e q . 18) w ithout imposing add it iona l 

c o n s tra in ts  and thus ra is ing  the energy . As p rev iously  noted the  SEHF 

wave function lo se s  no varia tiona l freedom to th e se  re s t r ic t io n s  and th is  

fac t  leads  to  g reat s im plif ica tions  in the e x p re ss io n s  for the  ex p ec ta tio n  

value of various one and two e lec tron  o p e ra to rs .

The "pairing theorem" (11 ,12 ) s ta te s  th a t  g iven two s e ts  of orthonormal

the number of e lec trons  in the  system ) it is a lw ays  p o s s ib le  to find unitary  

transform ations of the two s e ts  among th em se lv es  such  th a t  the  conditions  

of eq .  18 are  s a t i s f ie d .  These paired  o rb ita ls  may be u sed  in cons truc ting  

a S la ter  determ inant

/  <x ! §
one e lec tron  o rb ita ls  <p; and <p. (i = 1 J •  •  •  9 n where 2n equa ls

(19)
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where TQ is a product of one e lec tron  sp in  functions

Te = « ( , ) « ( * ) ■ ■ ■  « ( » ' )  p ( M l )  )  ■■■ / > ( } » )  (20)

and is a product of one e lec tron  s p a t ia l  functions

/ o f  , ^  S'*- \ (  !  I3  \ f  F  ,  \
(f> (,)<pA ( * . ) - ■■  %  ( n } $  ( n i l )  41 ( n i l )  ■ ^  ( 2 1 )

and is the  antisym m etrizing  operator. The function does not

rep resen t a pure sp in  s ta te  and we therefore co n s id e r  a s  a t r ia l  wave 

function

$  -- 0  £  (2 2 ) 
g

where O is a sp in  pro jection  operator (18).

Expressing  each  one e lec tron  orb ita l a s  a l in ea r  com bination of m ^  2n

b a s is  functions (which we assum e to be orthonormal) 

f  m £

4 >. -- Z  y ) f  C ;  ( * ' - *  ° r  ?  )

the  pairing conditions  become

c V - -  c » c j  - 1

< V  - c V -  A

p th
where C ( ° - 04 or (3 ) is an  m x n matrix the  i column of which

~  A fcon ta ins  the expansion  coeff ic ien ts  for the o rb ita l y- and A  is a
I  .

diagonal m atrix . The re la t iv e ly  large amount of o rthogonality  con ta ined  

in eq . 24 en ab le s  one to write  the  ex p ec ta tio n  value  of the  to ta l  energy 

for the sp in  pro jec ted  DODS determ inant

(23)

(24)
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£ -  <T ' l H 1$  * > /  < 2 ‘( f r s > (25)

in fa ir ly  com pact form (18).

We have found it  conven ien t to work with two equ iva len t ex p ress io n s  

for th is  quan ti ty .  The f irs t  em phasizes  the dependence  of the energy on 

the genera lized  charge-bond  order m atrices

while the second  ex p lic i t ly  dem onstra tes  the dependency  on the elem ents

A (eqs . A 7 and A10).

We now follow M cW eeny (14) and co n s id e r  a s e t  of orthonormal and

paired orb ita ls  a s  defin ing a point on an energy hypersurface  and look

for changes  in th e se  o rb ita ls  ( su b jec t  to orthonormality and pairing

constra in ts)  so  as to d escen d  th is  surface  as  qu ick ly  a s  p o s s ib le .  The
Y f o )

energy depends on the orb ita ls  both through the  q u an ti t ie s  / and  through 

the X .'s  and to f irs t  order we have

( 2 6 )

X̂  of the d iagonal matrix . These  ex p ress io n s  are  given in appendix

l

(27)

where in a Ej the 

the terms involving

S 'Ej the  terms involving Xi remain unchanged and in  £  E
2

remain unchanged. In appendix  B we show tha t

(28)

- 2 1 -



and
* (29)

- -  2 ‘ \
fs/ Uc )  XM)

where / /  is g iven in eq . B3 and a^ in e q .  B7. The q u an ti t ie s  and

/ A ;  are  re la ted  to var ia t ions  in the  o rb ita ls  th e m se lv e s .

In com plete genera li ty  a varia tion  of the one e lec tron  orb ita ls  w hich

p rese rv es  the ir  orthonorm ality but not th e ir  pairing may be w ritten  as

S f  ' S *  , c  \C. — > 6  = V  C ( F = «  6r p )  (30)

<T
where (J is  an  m x m unitary  m atrix . To insure th a t  the new a and (3 

o rb ita ls  are  paired an  add it iona l un itary  transform ation of each  s e t  among 

them se lves  m ust be made (11, 12). Thus a new s e t  of o rb ita ls  which are 

both orthonormal and paired may formally be w ritten  as

■x i  0< Ot

6  — ^  c = U c A

C *  B (31)

i- ^
where A and B are  n x n unitary  m atrices  which d ia g o n a l iz e  0  & and /) 0  

r e sp e c t iv e ly  where

(32)

As is w ell known any  unitary  m atrix may be ex p ressed  a s  the exponentia l 

of an  a n t i  Hermitian m atrix and to f i r s t  order

 ̂ <33>
A  ■ 1  * £  (  5  - -

8 -- 2  4 t  (  t f  -- - l  )
- 2 2 -



The e lem ents  of the m atrices  a and b are found from the condition  th a t  

the  new o rb ita ls  be paired  and sim ple m atrix a lgebra  shows them to be

!H , * a ,  * a y A .<\ ■-  iK
-  A

* A ,

~ : k "

where

To f irs t  order e q .  31 becom es
« I „ rr— *<

c , - ^ c  . . . —  . .
- } •  — S' -  S'  . . .  3 «■

/9 a '  ^  P I

u

(34)

This a n a ly s is  a lso  shows the  change in the pairing param eters to be

<TA; z M  ■; (36)

(37)

and from eq . 26 we find, for exam ple, tha t

P  , - * ■  f  f  ~ P  * P ?— " 3 ^  — - 3 f  — ■ *f /  g f

/ *< <*.<*(;) <* \ 
c P  = (  A P ~  P  A /  -f (38)

-  1 — ■ -  -  s f
" « *  * * \

( S.  <jk —k ! ~  >'f ~~ - d ! ~ “ < i <£ )
K ~ '  r p P * ‘:i ^ ^ r,)

Similar e x p ress io n s  are  ob ta ined  for s p  } t r  and ^

W hen th e se  e x p ress io n s  are  in ser ted  into e q s .  27-29 and u se  is made of
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the invariance  of a trace  to a cy c lic  perm utation the f ir s t  order varia tion  

of the  energy which k eeps  the  o rb ita ls  orthonormal and paired  may be 

w ritten  as
* .— f i  §

S E - -  T r  A  f  I  t  I r  A  2  (39)

where

( * * -  i ! f )  + ( s . - « - f )

_ 2 (40 )
• -i

/

(;) pfics) *(«.■) **c) . JP<;) D^ <;) I

L  d  ^  f P  H  r  + _[_ jj_  J

+ x j ( t L  £  —

p - t o ) H * p i ; ) f n i )  +  p t f r t H ? t ( »  . f * u )



Starting from some in i t ia l  s e t  of orthonormal and paired  o rb ita ls  a

new s e t  of orthonormal and paired  o rb ita ls ,  and a new energy, are
<* fi

com plete ly  determ ined by the a n t i  Herm itian m atrices  A  and  A  

Considering  the e lem ents  of th e se  m atrices  to be independent param eters 

the gradient of the energy is ,  to  f ir s t  order,

i f  - (41)

— J

Thus if the energy is to have a minimum (or a t  l e a s t  s ta tionary) value , 

the conditions w hich m ust be s a t i s f ie d  are

Of

It is  s tra igh tfo rw ard  to dem onstra te  th a t  th e se  cond itions  are  equ iva len t

to  the SEHF equations  of (17). If for a g iven  cho ice  of o rb ita ls  th e se

conditions  are  not s a t is f ie d  any  one of a number of tech n iq u es  can  be used  

*to determ ine A  and A  so  th a t  a f te r  the  next i te ra tio n  they  are

more nearly  s a t i s f ie d .

The s im p les t  of th e se  is the  s te e p e s t  d e s c e n t  procedure f irs t  u sed  in

s e l f  c o n s is te n t  fie ld  c a lc u la t io n s  by M cW eeny (14) . Here we regard the
2

tra c e s  in eq . 3? a s  s c a la r  products  in an  m d im ensional sp ace  and reca l l  

th a t  a s c a la r  product has its  g re a te s t  negative  va lue  when the two "vec to rs"  

are  an ti  p a ra l le l .  Thus by choosing

A * = 2 “

, 4 3 )
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where ^  is  a pos itive  s tep  leng th  chosen  to give a minimum in the

d e sc e n t  d irec tion , we may co n s tru c t  new o rb ita ls  which y ie ld  a lower

energy than  the  orig inal s e t .  This method w as found to work w ell in

t e s t  ap p lica tio n s  on pi e lec tron  sys tem s  d esc rib ed  by model Hamiltonians

but its  performance in a b - in itio  ca lc u la t io n s  le f t  something to be des ired ,

convergence boing very slow in the  region c lo se  to the  minimum. Levy (22)

has d is c u s s e d ,  in a d ifferent con tex t,  the inadequacy  of us ing  a s ing le
* @

s tep  length  and su g g es ts  in s tead  th a t  each  e lem ent of _A and A  be 

ex p ressed  as

A  .. = - 7  •. £ . .
 'j  * 'o — 'j

(44)
A  f t  f i  ^

A  ;■ = “ 7 ; .  2  .
(  J —  ' j

« .  fi
where the q u an ti t ie s  ■ _ and y ,- .  are  approxim ated from a knowledge

of second d e r iv a t iv e s .  A sim plified  form of t h i s  idea d esc rib ed  below was

found to speed  convergence .

In add ition  to the s te e p e s t  d e s c e n t  method, o ther, more powerful,

minim ization algorithm s are a v a i la b le .  Probably the  most su itab le  of th e se

for m olecular  ca lc u la t io n s ,  due to  i ts  low s to rage  requirem ents , is  the

conjugate  gradient techn ique due to F le tcher  and Reeves (23). In th is
Jo )  r  th

method the  value of and ( i> - <* or ) from the i

i te ra tion  are  saved  and for the nex t ite ra tion

±  - - 7 ^
(45)

,r Li  £ . + L ±  J i  lrL? 1
f C J -7



Again /*] is  a s tep  leng th  chosen  to give a minimum in the d e sc e n t  d irec tion .

In the cou rse  of th is  in v es tig a tio n  it w as rea l ized  tha t  ce r ta in  modifi­

ca tio n s  were n e c e s sa ry  to produce an a c c e p ta b le  ra te  of convergence in 

a b - in itio  a p p l ic a t io n s .  The procedure followed w as to f irs t  so lve  the RHF 

equations  in the trad it iona l manner. The tr ia l  SEHF orb ita ls  were then 

ex p an d ed  in terms of the converged RHF orb ita ls  and the core orb ita l of 

the  heavy atom in each  m olecule w as le f t  doubly occup ied . This orbital 

and the  h ig h es t  energy virtual orb ita l were removed from the varia tiona l 

ca lc u la t io n .  This is  equ iva len t to taking s te p  leng ths  of zero in ce r ta in

d ire c t io n s ,  a crude form of eq . 4 y  . a m inim ization procedure w as then  used

-5until the energy  d ec re a se d  by le s s  than  10 h a r tree .  At th is  point the 

two omitted o rb ita ls  were allow ed to en te r  the c a lcu la t io n  and the procedure 

con tinued . It was found, a s  expec ted , th a t  the performance of the F le tcher-  

Reeves techn ique  w as superior to th a t  of the  s te e p e s t  d e sc e n t  method.

Goddard (24) and Gerratt (25) have d e a l t  w ith the symmetry cons ide ra tions  

w hich apply  to SEHF wave func tions .  In the c a s e  of to ta l  wave functions 

w hich belong to a non degenera te  rep re sen ta t io n  of the point group of the 

m olecule  we may, w ith  no lo s s  of genera lity , require the SEHF orb ita ls  to 

be b a s is  functions for the irreducib le  rep resen ta t io n s  of the group. This 

is  the c a s e  w ith a l l  the m olecules  we co n s id e r .  If the point group has a 

halv ing  subgroup, we may require  the SEHF o rb ita ls  to  be b a s is  functions 

for the irreducib le  rep re sen ta tio n s  of th is  halving subgroup with the

property  th a t  the orb ita l  s e ts and are  in terchanged by the

opera tion  w hich tak es  one subgroup into the o ther .
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C .  D ensity  M atrix  A nalysis

One may ob ta in  an  understand ing  of the  type of co rre la tion  d esc rib ed  

by a SEHF w ave function  from a n  in sp ec tio n  of the apa,p  component of the 

second  order d e n s i ty  m atrix . The reader  w ill reca l l  th a t  th is  type of 

a n a ly s is  of the  RHF wave function dem onstrated  the lack  of any  co rre la tion  

be tw een  e lec tro n s  of opposite  s p in s .  To simplify the form of the form of 

the  d e n s ity  m atrix  we co n s id e r  the  c a s e  where the number of e lec trons  goes 

to in fin ity . In th is  s itu a t io n  the ex p ec ta tio n  value of the  to ta l Hamiltonian 

is the  same for the  s in g le t  p ro jec ted  and the unprojected  DODS determ inan ts .  

(26, 27) e The sp in  properties  of the  two s ta te s  are , though, quite  d iffe ren t.

In particu la r,  Adams has shown (2 3 ) th a t  for the s in g le t  p ro jection  of a 

DODS S la te r  determ inan t (for n —>00  )

(47)
' =/ -  1

An ex p ress io n  for f in ite  n would con ta in  s im ilar  information but i ts  form

would be more com plex and its  con ten t not a s  c le a r .

If we exam ine the  behavior of th is  function  for r =r we no tice  th a t1 2



(48)

so  th a t  e lec trons  of oppos ite  sp in  are  to some ex ten t co rre la ted  a t  very 

short d i s ta n c e s .  From the de f in ition  of <r(r,^) i t  is  c le a r  th a t  the  amount 

of co rre la tion  included in the  p ro jec ted  wave function depends d irec tly  

on the d ifference betw een  the  a and (3 o rb i ta ls .  In the r e s t r i c te d  c a s e  

th e se  o rb ita ls  are  iden tica l  and e q . 4 7  reduces  to eq . 17

D. Example: Hubbard Model of Benzene

As a f ir s t  dem onstra tion  of the SEHF method we co n s id e r  a system  

w hich c o n s is t s  of s ix  e lec trons  d is tr ibu ted  among s ix  id en tica l ,  orthogonal 

o rb ita ls  th a t  are regarded a s  lo ca l ized  a t  the  v e r t ic e s  of a regular  s ix  s ided  

polygon. The Ham iltonian to be used  is the Hubbard H am iltonian (29), 

a ra th e r  sim ple H am iltonian with only two terms: a one e lec tron  in terac tion  

be tw een  o rb ita ls  a t  neighboring s i te s  and a two e lec tron  in terac tion  

b e tw een  e lec trons  a t  the same s i t e .  This H am iltonian has been  s tudied  

by numerous au thors  in connection  with the origin of m eta llic  magnetism 

and the m e ta l- in su la to r  t ra n s i t io n ,  and it is  one of the few points of con tac t  

be tw een  quantum chem istry  and the  many body problem in so lid  s ta te  p h y s ic s .  

The model can  be u sed  to c rudely  d esc r ib e  the pi e lec trons  of benzene ( 30, 31) 

and is formally defined  through the m atrix elem ents  of the  one and two 

e lec tro n  energy  operators  be tw een  W annier s ta te s
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Table 1 . Energies for the Hubbard Model of Benzene

t / u RHF SEHF CCI

-0 .0 2 5 1.30000 -0 .0 0 9 9 8 -0 .0 1 0 7 3

-0 .0 5 0 1 . 1 0 0 0 0 -0 .03971 -0 .0 4 2 6 3

-0 .1 5 0 0.30000 -0 .34089 -0 .36221

-0 .3 0 0 - 0 . 9 0 0 0 0 -1 .20229 -1 .2 4 6 7 6

-0 .4 1 6 6 7 -1 .8 3 3 3 3 -2 .0 3 4 4 3 -2 .0 8 0 3 7

- 0 .6 0 0 -3 .3 0 0 0 0 -3 .4 2 9 0 8 -3 .4 6 9 8 5
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lo ‘ '■ j
/ j  n  e  a r e  j J

In w hat follows t Q is  s e t  equa l to  zero s in c e  it only adds an  un in te res ting  

sh if t  to a l l  energy  l e v e l s .

Linderberg and Thulstrup ( 31) have carried  out a com plete configuration 

in te rac tion  c a lc u la t io n  for th is  s ix  e lec tro n  system  and in Table 1 we 

p re sen t  th e ir  r e su l ts  a s  a function  of t in units  of U. Also included  in 

the  tab le  are  the  re s t r ic te d  H artree-Fock  energ ies  (which a re  com plete ly  

determ ined by the symmetry of the system) and the  re su l ts  of a sp in  

p ro jected  ex tended  H artree-Fock  c a lc u la t io n .  Com parison of the  RHF and 

ex a c t  re su l ts  in d ica te s  th a t  a s  t / U  approaches  zero from nega tive  infin ity  

(which c o rre sp o n d s  to moving the  n u c lea r  cen te rs  further apart) the  RHF 

approxim ation b e c o m e s  p ro g ress iv e ly  w o rse .  This behavior is  due to 

ju s t  the lack  of co rre la tion  be tw een  e lec tro n s  of opposite  sp in  d is c u s s e d  

ab o v e . This om iss ion  fo rces  ionic  s ta te s  of high energy to  ap p ear  among 

the d is s o c ia t io n  p ro d u c ts .  From the  tab le  it is  c le a r  th a t  the SEHF wave 

fu n c tio n ,  w hich a llow s e lec tro n s  of d ifferent sp ins  to  lo c a l iz e  on 

different s u b la t t ic e s ,  recovers  a large  percen tage  of the corre la tion  

energy .

E. Example: C y c lic  H1Q

C yclic  arrays  of hydrogen atom s have been  co n s id e red  by various 

au thors  in s tu d ie s  of e lec tro n  co rre la tion  in m olecu les  and s o l i d s . A
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number of th e se  s tu d ie s  have been  b ased  on the  a lte rn an t  m olecular 

o rb ita l  (AMO) m ethod. A sim ple form of AMO u se s  a s in g le  varia tiona l 

param eter and w as  employed by M oskow itz (32) for the ring, by Kwo (33) 

for th e  H ring and by Tredgold (34) and C a la is  (35) for an  infin ite  

ch a in  of hydrogen a to m s . One e x p ec ts  the  many param eter AMO method 

to give a much b e t te r  d e sc r ip t io n  of co rre la ted  system s but, a s  is  w ell known, 

the  u se  of the  many param eter method is p lagued by the d iff icu lty  of 

minimizing the energy  w ith  r e s p e c t  to many non l in e a r  param eters .

Berggren and M artino (36) have app lied  the method to an  infin ite  chain  

of hydrogen a tom s, optim izing  the  many param eters  by solv ing  a "gap 

eq u a tio n " .  Their form ulation is b ased  on a DODS s in g le  determ inant 

w ithout sp in  p ro jec tion  and as  su ch  is un su ited  for f in ite  s y s te m s .  As 

noted prev iously , the  e x p ec ta t io n  va lue  of the to ta l  Ham iltonian is the 

same for the s in g le t  ground s ta te  and the  unpro jected  DODS s ta te  if the 

number of e lec tro n s  goes to in fin ity . Thus the var ia tiona l param eters 

w hich minimize the  energy  for the unpro jected  s ta te  do the same for 

the  p ro jec ted  s ta t e .  This is not true for f in ite  sy s tem s and th is  has 

led  to lim ita tions  in the  a p p lica t io n  of the many param eter AMO method 

to m o le c u le s . The form ulation of the SEHF method ou tlined  above 

overcom es th is  problem . When app lied  to  c y c l ic  sys tem s  such  a s  ^ 

i t  is  e s s e n t ia l ly  the  many param eter AMO method in which the only 

var ia tio n a l param eters  a re ,  due to symmetry c o n s id e ra t io n s ,  the overlaps 

Xj. These may be determ ined by one of the  m inim ization techn iques  

d esc r ib ed  above .
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Table 2. Energy3 per e lec tron  pa ir  for H2 and H1Q

Hio h 2

Rb RHF SEHF RHF SEHF

1 .50 -0 .9 8 3 8 -0 .9 9 3 5 -1 .0 9 1 6 -1 .1 0 8 6

2 .00 -1 .0 5 1 5 -1 .0 6 7 4 - 1 .0 7 5 4 - 1 . 1 0 2 6

2.50 -1 .0 3 0 1 -1 .0 5 7 2 -1 .0 2 8 4 -1 .0 7 1 0

3 .00 -0 .9 8 6 6 -1 .0331 -0 .9 7 7 3 -1 .0 4 1 0

5 .00 -0 .8 2 9 9 -0 .9 9 5 8 -0 .8 2 7 8 -0 .9 9 6 7

a) a l l  energ ies  in hartrees
b) a l l  d is ta n c e s  in atom ic units
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The ca lcu la t io n s  on cy c lic  H1Q were performed w ith  a minimal 

b a s is  s e t  c o n s is t in g  of a s ing le  s type orb ita l cen te red  on each  la t t ic e  

s i t e .  M atthe is  (37) carried out a full configuration in te rac tio n  s tudy  of 

the ring with a s im ilar  b a s is  s e t .  M oskowitz (32), u s ing  the same 

b a s is  a s  M atthe is ,  showed th a t  the one param eter AMO method accoun ted  

for 60% of the energy improvement obtained  (a t the equilibrium in ter  atom ic 

d is tance )  w ith a com plete configuration in te ra c t io n .  Pauncz (18) reports  

th a t  the many param eter AMO method gives 77% of the  improvement. From 

th e se  figures we ex p ec t  the re su l ts  below to  include a su b s ta n t ia l  

amount of the co rre la tion  energy .

The s o rb ita l u sed  w as R eeve 's  (38) th ree  term G au ss ian  expansion  

of the  hydrogen I s  orb ita l

_ . 6 T 7 7  r L -  V. i 3 ? i r

<p v o. to?*/ e + o . i u v e  + O. I S' 7  S' e
IS

Table 2 l i s t s  the to ta l energy per e lec tron  pair a s  a function of in ter

atom ic d is ta n c e  for the s in g le t  ground s ta te s  of and cy c l ic  H Q as

c a lc u la te d  by both the RHF and SEHF m ethods. As expec ted  H is£

more s ta b le  than H q . Also as  expected  the in c lu s io n  of co rre la tion  

e f fec ts  lead s  to a proper desc rip tio n  of the d is s o c ia t io n  p ro c e ss ,  the  lack  

of w hich  is a major fa iling  of the RHF method.

F. Example: The Iso e lec tro n ic  Series  C H ..N H  ,H  O .H F, and Ne4 3 u

To in v es t ig a te  the role th a t  s tructure  p lays in determ ining how w ell 

the SEHF method performs re la tiv e  to the RHF method, c a lc u la t io n s  were
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carried  out on a number of ten  e lec tron  system s of w idely  varying

s tru c tu re .  The c a lcu la t io n s  on CH , N H _ ,H _0 , HF and Ne were performed4 3 2

w ith  a "double ze ta"  b a s is  s e t  of con trac ted  G au ss ian s  w hich is l i s te d  in

Tables 3 -7 .  The re su l ts  are  co l lec ted  in Table 12 where in add ition  to

the RHF and SEHF energ ies  the va lue  of the pairing param eter X̂  and

the symmetry type for each  orb ita l pa ir  are  in d ica ted .  In a l l  c a s e s  the

m inim ization procedure w as term inated  when the  to ta l  energy d e c re a se d  

-5by l e s s  than  10 h a r tree .  Also included in Table 12 are  the  re su l ts  of 

the H q c a lcu la t io n  performed a t  the  near equilibrium sep a ra t io n  of 2 a tomic 

u n i t s .

Examination of Table 12 shows th a t  the  performance of the  SEHF 

method a s  judged by the energy improvement per e lec tro n  re la t iv e  to the 

RHF method varies  from system  to sy s tem . There a re  th ree  im m ediately  

apparen t interre la ted  cons ide ra tions  determ ining the amount of co rre la tion  

energy recoverab le  in any  given ca lc u la t io n .  These  are  the  s i z e  and 

f lex ib i l i ty  of the b a s is  s e t ,  the sp a tia l  s truc ture  and e lec tro n  d e n s ity  of 

the m olecule , and how w ell the SEHF sp in  function d e sc r ib e s  the ac tu a l  

sp in  coupling of the sy s tem . The f irs t  of th e se  co n s id e ra tio n s  may be 

i l lu s t ra te d  by comparing the nature  of the 2p SEHF o rb ita ls  of the Ne atom, 

the 1-tr SEHF orb ita ls  of the HF m olecule , and the lone pa ir  SEHF o rb ita ls  

of the  H.,0 m olecu le . In the c a lcu la t io n s  reported  here each  of th e se  

o rb ita ls  is d esc rib ed  by two b a s is  functions and e ach  " sp l i t s "  by a lm ost 

the  same amount, X=.942 for Ne (2p), .933 for HF (li t) ,  and .930  for 

H O ( l b ) . If the c a lcu la t io n s  had been  performed w ith  a minimal b a s is
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Table 3. Basis s e t  for the  Ne c a lcu la t io n s

Exponents C oeff ic ien ts

7397.6730 0 .02924
2268.7366 0 .12086

463.3183 0 .90532

121.4484 0.15111
49 .8918 0 .24392
20.4890 0.46069

7 .3344 0 .26304

16.4005 - .13261
1 .5042 1 .04748

0.4501 1 . 0 0 0 0 0

56.4511 0 .02088
12.9187 0.13002

3 .8654 0 .39564
1.2029 0.62151

0 .3 4 4 4 1 . 0 0 0 0 0

SI

52

53

54

PI

P2
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Table 4 .  Basis s e t  for HF ca lc u la t io n s

Hydrogen

Exponents

19 .2406
2.89915
0.65341

0.17758

C oeffic ien ts

0 .0328280 
0.2312081 
0 .8172383

1 . 0 0 0 0 0 0 0

SI

S2

Fluorine

Exponents

5851.0350 
1794.4099 

366.4519

96 .0570
39.4609
16.2053

5 .8010

12.9309 
1.1945

0 .3574

44 .3555
10.0820

2.99586
0.93826

C oeff ic ien ts

0 .0291410
0.1213604
0.9049994

0 .1539798 
0 .2460920 
0 .4626529 
0 .2557880

- .1 3 5 4 2 6 0  
1 .0485966

1 . 0 0 0 0 0 0 0

0 .0208678 
0 .1300922  
0 .3962206 
0.6203711

SI

52

53

54

PI

0.27329 1 . 0 0 0 0 0 0 0 P2
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Table 5. Basis  s e t  for H20  c a lcu la t io n s

Hydrogen (se e  Table 4)

Oxygen

Exponents C oeff ic ien ts

7816.5400 0.00203
1175.8200 0 .01544

273.1880 0.07377 SI81 .1696 0.24761
27.1836 0.61183

3 .4136 0.24120

9 .5 3 2 2 1 . 0 0 0 0 0 S2

0 .9398 1 . 0 0 0 0 0 S3

0 .2846 1 . 0 0 0 0 0 S4

35.1832 0 .01958
7 .9040 0 .12419 P I
2.3051 0 .39473 L 1

0.7171 0.62738

0 .2137 1 . 0 0 0 0 0 P2
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Table 6. Basis  s e t  for NH^ c a lcu la t io n s

Hydrogen ( se e  Table 4)

Nitrogen

Exponents C oeff ic ien ts

3489.5253
1070.1762

218.5500

0.0292226
0.1216856
0.9047253

SI

57.2879
23.5342

9 .6648
3 .4597

0.1545241 
0.2450818 
0 .4569305 
0.2632423

S2

7.0699
0 .6 7 8 4

- .1 432535  
1.0524427 S3

0.2079 1 . 0 0 0 0 0 0 0 S4

26.7860 
5 .95635 
1 .70740 
0 .53136

0.0182571 
0.1164081 
0 .3901142 
0 .6372268

PI

0.16537 1 . 0 0 0 0 0 0 0 P2
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Table 7. Basis s e t  for C H . c a lcu la t io n s4

Hydrogen (se e  Table 4)

Carbon

Exponents

2548.7260 
781.6495 
159.6274

C oeffic ien ts

0 .0293140
0.1215990
0.904751

SI

41 .8427  
17 .1893 

7.0591 
2 .5269

4 .9 3 4 4
0 .4735

0 .1480

0.1534800 
0.2433111 
0.4537991 
0.2698321

-.1 4 6 3 0 2 0  
1.0533749

1 . 0 0 0 0 0 0 0

52

53

54

18.1557 
3 .9864  
1 .14293 
0 .35945

0.0185330 
0 .1154400 
0.3861999 
0 .6400798

PI

0 .11460 1 . 0 0 0 0 00 0 P2
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Table 8. Geometry for the HF ca lc u la t io n s

C en ter  X Y Z

HI 0 .00000  0 .00000  1 .73300

FI 0 .00000  0 .00000  0 .00000

Table 9 .  Geometry for the H20  c a lcu la t io n s

C en te r  X Y Z

HI 1 .11178  -1 .4 2 9 6 9  0 .00000

H2 1 .11178  1 .42969 0 .00000

Ol 0 .0 0 0 0 0  0 .0 0 0 0 0  0 .0 0 0 0 0

- 4 1 -



Table 10. Geometry for the NH3 ca lcu la t io n s

C enter X Y Z

HI 1.77600 0.00000 0 .71996

H2 -0 .8 8 8 0 0 1.53800 0 .71996

H3 -0 .8 8 8 0 0 -1 .53800 0 .71996

N1 0.00000 0.00000 0.00000

Table 11. Geometry for the CH^ ca lcu la t io n s

C enter X Y Z

HI 1.19309 1.19309 1.19309

H2 -1 .1 9 3 0 9 1 .19309 - 1 .19309

H3 1.19309 -1 .1 9 3 0 9 - 1 .19309

H4 -1 .1 9 3 0 9 -1 .1 9 3 0 9 1 .19309

C l 0 . 0 0 0 0 0 0 . 0 0 0 0 0 0 . 0 0 0 0 0
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Table 12. Total e n e rg ie s9 and pairing param eters

RHF SEHF RHF-SEHF X.

Ne -1 2 8 .5159 -1 2 8 .5429 0.0270 1 . 000 ( l s )  
0 .9 6 9 (2 s )  
0 . 942( 2p)

HF -1 0 0 .0 1 5 0 -1 0 0 .0 3 5 3 0 .0203 1 .000(/<r) 
0. 978(ao-) 
0 . 9  49(3 >r) 
0.933(/tt>

HzO -7 6 .0 0 9 2  -7 6 .0 5 2 6  0 .0434

NH3 -5 6 .1 7 1 6  -5 6 .2 1 4 6  0 .0430

1 . 000 ( l a  ) 
0.969( 2a}) 
0 .9 3 0 ( 1 ^ )  
0 . 890 (3a ) 
0 . 868 ( 1^ )

1 . 0 00 ( l a  ) 
0 .9 5 8( 2a}) 
0 .905(3a}) 
0 . 885( le)

C H . -4 0 .1 8 2 3  -4 0 .2 2 3 6  0 .04134

H1q -5 .2 5 7 6  -5 .3 3 7 2  0 .0796

1 . 000 ( l a  ) 
0 . 935( 2a}) 
0. 894(1 f p

0 .962
0 .930
0 .716

a) a l l  energ ies  in hartrees
b) R = 2  atom ic un its  ' o
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s e t  symmetry co n s id e ra t io n s  would require  th a t  each  of th e se  o rb ita ls  

be d esc r ib ed  by only one function and thus no sp li t t ing  would have 

been  p o s s ib le .  Inc lusion  of more functions in the expansion  s e t  may 

a llow  the o rb ita ls  to include more co rre la tion  and further improve the 

energy re la t iv e  to the RHF v a lu e .  This has a lready  been  noted by Kaldor ( 4 ) 

in h is  d is c u s s io n  of his  SEHF ca lc u la t io n s  on some f irs t  row a tom s.

One may crudely  ch a ra c te r iz e  the phy s ics  behind the  second con ­

s id e ra tio n  by pointing out th a t  i n  the SEHF method e lec trons  of opposite  

sp in  m ust be ab le  to lower th e ir  energy  by occupying d ifferen t portions 

of sp ace  w hile  a t  the same time rem aining in th o se  regions of the molecule 

providing the lo w es t po ten tia l  energy . From th is  point of view it is 

c le a r  why the energy improvement per e lec tron  in the H Q ring is s ig ­

n if ica n tly  la rg e r  than  in the o ther system s co n s id e red .  Due to the  a l te rn an t 

ch a ra c te r  of the  nu c lea r  framework e lec tro n s  of opposite  sp in  have the 

freedom to lo c a l iz e  on the two sub la t t ic e s  and y e t  rem ain t igh tly  bound 

to  the p ro tons .  That is to s a y  the e lec trons  may low er th e ir  energy by 

co rre la ting  w ithout d is tu rb ing  the  d e l ic a te  ba lan ce  betw een the  k ine tic  

and po ten tia l  energ ies  which g ives  r is e  to b inding .

In turning to polyatomic m olecu les  such  as  w ater, ammonia and m ethane, 

i t  is  c le a r  th a t  the s i tu a t io n  is l e s s  favo rab le .  As an example cons ide r  

the  p lo ts  of the  RHF and SEHF l f^  o rb ita ls  of CH^ shown in Figure 1. This 

p lo t a long the line jo in ing  the  carbon nucleus  to one of the protons 

c le a r ly  i l lu s t ra te s  the  sp li t t in g  of the SEHF orb ita ls  re la tiv e  to the  RHF 

o rb ita l .  The point here is th a t  th is  sp li t t in g  can  only occur by loca liz ing

- 4 4 -



the  a and |3 o rb ita ls  near  d ifferen t cen te rs  and thus d isturb ing  the 

b a lan ce  of k in e tic  and po ten tia l  energ ies  m entioned above . The type 

of co rre la tion  i l lu s tra ted  in Figure 1 may be ch a rac te r ized  a s  "rad ia l"  

in the  s e n se  th a t  the a o rb ita l peaks  around the proton while the (3 

o rb ita l  peaks  c lo se r  to the  carbon n u c le u s . There are  c lea r ly  o ther 

k inds of co rre la tion  a v a i la b le  in methane and to dem onstra te  th is  we 

p lo t in Figure 2 the  RHF and SEHF I f  o rb ita ls  along a line  joining twoCt

of the  p ro tons . Again the  sp li t t in g  is obvious but it is now more "an g u la r"  

in na tu re .

It is the a b se n c e  of th is  second  type of corre la tion  which in part 

d e te rm in e s  the even  sm aller  improvements found in hydrogen fluoride 

and neon . S till  ano ther  reaso n  for the g rea te r  energy improvement in, for 

exam ple, m ethane than  in hydrogen fluoride is the  larger a t tra c t io n  of 

the  fluorine n u c le u s .  The energy gain  obtained  by the sp in  up and sp in  

down e lec tro n s  both be c lo se r  to the fluorine nucleus  outweighs the gain 

in energy  w hich might be obta ined  if the e lec trons  were to co rre la te  in 

a manner s im ilar  to th a t  shown in Figure 1. The re su l ts  for Ne a s  compared 

to th o se  for HF seem  to be a re f lec tion  of the  more d e lo ca lized  nature 

of the 2s o rb ita l in the free atom .

F inally  we point out th a t  d ifferen t sp in  functions allow  for o ther types  

of co rre la tion  w hich may be more favorable  for ce r ta in  m olecu les  than 

th a t  found in the SEHF m ethod. The re su l ts  for w ate r  seem to be typ ica l  

of the polyatom ic m olecu les  co n s id e red . The b a s is  s e t  and geometry used  

were id en tica l  to th o se  employed in the GF c a lcu la t io n  of Guberman and
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Goddard ( 8 ) and in the  configuration  in te rac tio n  treatm ent of H osteney  

e t .  a l .  (39). As expec ted  the SEHF and GF re su l ts  a re  id en tica l  and 

both give abou t 31% of the energy  improvement ob ta ined  from a large 

configuration  in te rac tio n . This performance may be compared w ith  ano ther  

ca lc u la t io n  on H20  by Hunt e t .  al_. (20) us ing  the genera lized  v a lence  

bond method. In th is  c a s e  the  many e lec tron  wave function  is w ritten  in

/ o< J $
terms of sp a t ia l  o rb ita ls  <p, and (p. which d e sc r ib e  sp in  up and 

sp in  down e lec trons  coupled to form s in g le t  p a ir s .  This function  is 

id en tica l  to th a t  u sed  in the G1 method (40) ex cep t  for the fac t  th a t  the 

one e lec tron  o rb ita ls  are  required to s a t is fy  e q .  24 . A  la rger  b a s is  was 

used  in th is  c a lcu la t io n  so an ex a c t  com parison is not p o ss ib le  but 

th e se  au thors  report an  energy improvement over the RHF energy of

0.0741 hartree , or a lm ost tw ice  th a t  ob ta ined  with the  SEHF or GF method.
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4 . M olecu la r  Double Ion iza tion  Po ten tia ls

A. In troduction

The H artree-Fock  model lead s  to a c le a r  p h y s ica l  p icture  of p ro cesses  

w hich involve the removal of e lec tro n s  from a sy s tem . By far the most 

famous exam ple of th is  s ta tem en t is Koopmans' theorem which s ta te s  

th a t  the  e ig en v a lu es  of the  RHF H am iltonian may be a s so c ia te d  with 

the s in g le  ion iza tion  p o ten tia ls  of a c lo se d  sh e ll  atom or m olecule for 

which the  RHF wave function  has  been  ob ta in ed . To be more spec if ic  

we a s su m e  th a t  one has c a lc u la te d  the s e l f  c o n s is te n t  RHF one e lec tron  

o rb ita ls  for a c lo se d  sh e ll  neu tra l sy s tem . If one then  u s e s  th e se  orb ita ls  

to form the  s ing le  determ inant wave function  of the  open sh e ll  s ing ly  

io n iz e d  system , ev a lu a te s  its  energy, and sub trac ts  from the original 

energy, the  re su l t  is  ex ac tly  equal to the  corresponding  e igenvalue  of 

the RHF H am iltonian of the neu tra l sy s tem .

Koopmans' theorem con ta ins  an  inherent error in th a t  the  one e lec tron  

o rb ita ls  u sed  are  determ ined v a r ia t io n a lly  for the ground s ta te  of the 

neu tra l system  and therefore the  energy ev a lua ted  for the  ion is but 

an  upperbound to  the  "b es t"  s ing le  determ inant energy . Put ano ther way 

we might s a y  th a t  the one e lec tron  o rb ita ls  are not a llow ed to  read ju s t  

th em se lv es  to  the  new po ten tia l  produced by the removal of one e lec tro n . 

This lead s  to  the  unbalanced  s i tu a t io n  in w hich the  ion ization  po ten tia l  

is c a lc u la te d  from the  d ifference be tw een  two en erg ies ,  only one of 

w hich is  determ ined v a r ia t io n a lly .  In many c a s e s  th is  error is  ba lanced  

by the  change  in the  co rre la tion  energy w hich accom panies  the ion ization



p ro cess  and Koopmans' theorem g ives  v e r t ica l  ion iza tion  po ten tia ls  

in good agreem ent with experim ent. A more d irec t  approach to the  problem 

is to  perform two sep a ra te  H artree-Fock  ca lcu la t io n s :  one on the  ion 

and one on the  paren t.  W hile such  a procedure is obv iously  more 

tim e consuming one may ob ta in  from it d ire c t  information about the 

re la t iv e  importance of the co rre la tion  error in the ion and the parent 

atom or m olecu le .

To dem onstra te  th is  we reca l l  tha t

Enr ERHF + Ecorr (50)

where E is the ex a c t  energy a s s o c ia te d  w ith  the Hamiltonian given nr

in e q .5 .  The s igns  are  ch o sen  so th a t  Ecofr is  a lw ays n eg a tiv e .  If

the  sm all r e la t iv is t ic  co rrections  to the experim ental ion ization  p o ten tia ls

for the  removal of an  outer sh e ll  e lec tro n  are  n eg lec ted  we have

IP(exp) -  IP(RHF) = Ecorr(ion) -  parent) (51)

where

IP(RHF) = ERRF(ion) -  ERHp(parent) (52)

Thus if IP(RHF)< IP(exp) we know th a t  |Ecorr(i°n)|< jEcQrr(p a re n t) | , w hile

if IP(RHF)> IP(exp) then |Ec o n .(ion)[>|Ecorr(parent) | .

Bagus (1) has carried  out th is  type of procedure for the ion ization  

p o ten tia ls  of neon and argon and some of his  re su l ts  a re  given in Table

13. From the tab le  one f irs t  no tices  the  c le a r  improvement over 

Koopmans ' theorem obta ined  from a d irec t  c a lcu la t io n  for the I s  and 

2s hole s ta te s  of Ne+ . The re su l ts  for the  f ir s t  ion iza tion  po ten tia l  (the 

2p hole s ta te ) ,  though, a re  in b e t te r  agreem ent with experim ent by
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Q
Table 13. S ingle io n iza tio n  p o ten tia ls  (in  eV) of Neon

S tate Koopmans' Theorem RHF Experiment

I s  hole 891 .7 8 6 8 . 6 870 .3

2s hole 5 2 .5 4 9 .3 4 8 .5

2p hole 23.1 1 9 .8 21 . 6

a) from re f .  1

)
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Koopmans' theorem than  by d irec t  ca lc u la t io n .  As pointed out by Bagus, one 

expec ts  r e la t iv is t ic  e ffec ts  to  be sm all for th e se  outer she ll  e lec trons  

and thus corre la tion  e ffec ts  must be re sp o n s ib le  for the dev ia tions  

betw een  d irec t  c a lcu la t io n  and experim ent. C lo se r  inspec tion  of Table 13 

shows th a t  for the 2p hole s ta te  IP(RHF)<'IP(exp), while for the 2s hole 

s ta te  IP(RHF))lP(exp), implying th a t  the  2s hole s ta te  has a larger 

co rre la tion  error than  the neu tra l a tom . M eyer (2) reports  s im ilar  r e su l ts  

for the 2a hole s ta te  of H20 + . Such behavior is in te res ting  b e c a u se  it 

is genera lly  a c cep ted  th a t  the intra pair  corre la tion  is larger than the  

in ter  pair co rre la tio n . That is a s ing ly  occupied  orb ita l should not 

contribute  to the  to ta l  co rre la tion  energy as  heav ily  as  a paired e lec tro n .

If th is  were genera lly  true the co rre la tion  energy of any ionic s ta te  

would be le s s  than  tha t  of its  paren t.  This is not the c a s e  for the 2s 

hole s ta te  of Ne+ and the 2a hole s ta te  of H20 + , both of which have 

la rger  corre la tion  energ ies  than the neu tra l s p e c ie s .  Both Bagus and 

M eyer note th a t  th is  anomolous behavior may be expla ined  by a d e ta iled  

a n a ly s is  of a large  configuration  in te rac tion  wave function.

In th is  con tex t  experim ental information on m olecular double ion ization  

p o ten tia ls  becom es particu la rly  in te re s t in g .  Com parisons of corre la tion  

errors of c lo se d  and open sh e ll  sy s tem s are informative but, due to 

the d ifferent na tu res  of the s ing le  determ inant wave functions, they  do 

l i t t le  to a id  us in understand ing  c le a r ly  the general behavior of the 

co rre la tion  energy in c lo se d  sh e ll  sy s te m s .  Some double ion ization  

p o te n tia ls ,  though, are  re la ted  to  the d ifference  in energy betw een 

two c lo se d  sh e ll  s ta te s  and one hopes a comparison of experim ental
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and d irec tly  c a lc u la te d  double ion iza tion  po ten tia ls  w ill be u se fu l .

In what follows RHF and SEHF c a lcu la t io n s  on NH , N and H O and
j  u  Ct

th e ir  doubly ion ized  c lo se d  sh e l l  ions are  p resen ted  and used  to 

pred ic t m olecular double ion iza tion  p o te n t ia l s . A com parison of the 

re su l ts  to the  experim ental va lues  ind ica tes  th a t  the  corre la tion  error 

a s so c ia te d  w ith  the  RHF model is  very much a function of the s tructure  

and e lec tron  d en s ity  of the system  under cons id e ra tio n .

B. Experimental Results

There is a t  p re sen t  a dearth  of information, both experim ental and 

th eo re t ic a l ,  concerning the  e le c t ro n ic  s ta te s  of doubly ionized m o lecu les .

On the experim ental s ide  th is  is m ostly  due to  the  fac t  tha t  many 

doubly ionized  m olecules  are u n s tab le  w ith r e s p e c t  to  d is so c ia t io n  .and 

therefore do not e x is t  long enough to be s tud ied  by the  trad itional 

techn ique  of m ass sp ec tro sco p y .  In recen t years  Auger e lec tron  spec tro sco p y  

and double charge tran sfe isp ec tro sco p y , ne ither  of w hich depend on 

the  requirem ent th a t  the  ion remain s tab le ,  have been  used  to  m easure 

v e r t ica l  double ion iza tion  po ten tia ls  of a number of m o le c u le s .

In Auger e lec tron  sp ec tro sco p y  a vacancy  in the inner sh e ll  of an 

atom or m olecule is  f il led  by a nonradia tive  tra n s i t io n  in w hich a m o n o -  

energe tic  e lec tron  is e je c te d .  Recently Moddeman e t .  a l . (3 )  have used  

th is  techn ique  to  s tudy a number of d iatom ic and polyatom ic m o le c u le s .

The minimum energy for double e lec tron  removal may be obtained  from the 

re la tio n sh ip
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I++ = E(K) -  Ea  (53)

where E(K) is the  binding energy of the K s h e ll  and E is the  m easuredrl

energy for the  h ig h es t  energy normal Auger l in e .  Their r e su l ts  for the  

f ir s t  double ion iza tion  p o ten tia ls  of N and H O are  l i s te d  in Table 14.£ Cd

Recently Appell and co-w orkers  (4) have m easured  the  double 

ion iza tion  p o ten tia ls  of a large  a sso r tm en t of m olecu les  u s ing  double 

charge tran sfe r  sp e c tro sc o p y .  In th e ir  experim ents  4 keV protons co llide  

w ith neutral m olecu les  and there  are  observed  in the t ra n s la t io n a l  

energy spec tra  of the  H ions produced peaks  a r is in g  from two different 

p ro c e s s e s ,  nam ely the  s in g le  co l l is io n  p ro cess

H+ + M  > H~ + M++ (5 4 )

and the double c o l l is io n  p rocess

H+ + M  > H + M+

H + M ----> h " + M+
(55)

The d ifferences  be tw een  the inc iden t proton energy  and the  H t r a n s ­

la t io n a l energy  for ea c h  of th e se  p ro c e sse s  is

A T ,  = I++ + E(H_) + T
1 m (56)

A T = I+ + I ,+ + E(H~) + T ,
2 mm

where I++ = the  double ion iza tion  po ten tia l  of the  ta rg e t  M w hich is 
in i t ia l ly  in i ts  ground s ta te

I+ , I ,+ = the s in g le  ion iza tio n  p o ten tia ls  of the  ta rg e t  M

E(H ) = -1 4 .3 5  eV, the  energy  of the  H ion in i ts  ground s ta te

T , T = reco il  energ ies  of the ta rg e ts  w hich a re  neg lig ib le  in 
m mm ^ e s e  experim ents  (4)

The m easurem ent of A  T permits the  determ ina tion  of the  energy  lev e ls

of the doubly ion ized  ta rg e t  M++ . These workers note th a t  the p o ten tia ls
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Table 14. F irs t  Double Ion iza tion  Po ten tia ls  of N , NH and H Ob J Cd

M olecule  S ta te  of ion Double Ion iza tion
Potentia l (eV)

N2 ( ^ )  r /  43 .1  + 0 .5 a

4 2 . 9b

NH ^ A j )  l A l 3 5 . 3 + 0 . 7 9

HzO ( 1A1) 1A 1 3 9 . 2b

a) re f .  4
b) re f .  3
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m easured co rresp o n d  to v e r t ic a l  t ra n s i t io n s  and tha t  the procedure 

works even if the  doubly ion ized  s ta te  is u n s tab le  w ith  re sp e c t  to 

d is so c ia t io n .

In Table 14 we l i s t  th e ir  r e su l ts  for the  f irs t  double ion ization

po ten tia ls  of and NH^. In making the symmetry ass ig n m en ts  the

so  ca lled  spin  conse rv a tio n  rule  is  he lp fu l.  This rule s ta te s  th a t  in

the p ro c e sse s  under co n s id e ra t io n  the  doubly charged ion w ill be formed

in the same sp in  s ta te  a s  the neu tra l m o lecu le . Since the  ground s ta te

++ ++of both and NH^ is a s in g le t  we ex p ec t to observe  N 2 and NH3

in the s in g le t  s ta t e .  Below we p resen t  the  re su l ts  of RHF and SEHF

ca lcu la tio n s  on NH , N and H O and th e ir  c lo se d  sh e ll ,  doubly charged
3 2 3

io n s .

C . Numerical Results  and D isc u ss io n

The c a lcu la t io n s  d esc rib ed  below are  of the  same type as  th o se  con ­

s idered  in Section  F of C hap te r  3. A "double ze ta "  b a s is  s e t  of con trac ted  

G au ss ian s  was used  and RHF and SEHF energ ies  of the  c lo se d  sh e ll  neutral 

and doubly ion ized  m olecule  were com puted . It must be kept in mind th a t  

a b a s is  s e t  of the  s iz e  u sed  in th is  s tudy is not cap ab le  of reach ing  the 

H artree-Fock lim it.  Since we w ill be m ostly  concerned  with e n e rg y  

d' ifferences one might hope th a t  any  errors in troduced by the lim ited 

b a s is  s e t  w ill c an c e l  in the  su b trac t io n .  However, due to the fac t  tha t  

we are us ing  the  same b a s is  to  d esc r ib e  a 2n and 2n - 2  e lec tron  system , the 

ca lcu la tio n  on the  system  w ith  the  sm aller  number of e lec tro n s  w ill  be

c lo se r  to the H artree-Fock  lim it than  the c a lc u la t io n  on the  system  with
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the  la rger  number of e le c t r o n s . We w ill re fer  to  th is  fac t  in the  fo llow ­

ing d is c u s s io n .

In i ts  ground s ta te  the ammonia m olecule has the configuration 

1A 1 ( l a i ) 2(2 a 1)2( l e ) 4 (3 a1) 2

and to a f i r s t  approximation the  lo w es t  ly ing s ta te  of NH^++ may be obta ined  

by removing the pair  of 3a e lec trons  lead ing  to  the configuration 

1A l ( l a i )2(2a]L)2( l e ) 4

The c a lcu la t io n s  on the  1A^ ground s ta te s  of NH^ and were performed

w ith  the  b a s is  s e t  given in Table 6 and a t  the  geometry given in Table 10.

The re su l ts  are  l i s te d  in Tables 15-17 . Looking f irs t  a t  the RHF c a lcu la t io n s  

we no tice  th a t  a double ion iza tion  po ten tia l  (DIP) of 1 .2290 a . u .  is p red ic ted . 

If the  b a s is  were made la rger  we expec t the  NH^ energy to  improve more 

th an  the  NH^++ energy, thus giving a la rger  va lue  for the DIP. Just th is  

type  of c a lcu la t io n  is reported  by Appell and H orsley (4). They performed 

RHF ca lc u la t io n s  w ith the  37 S la ter  o rb ita l, near H artree-Fock, b a s is  of 

S tevens  (5) and included an  exponent reop tim ization  for NH3++. This led  to 

a p red ic ted  DIP of 1 .2382  a . u . . Since the  experim ental value  is 1 .2973 a . u .  

we conclude th a t  the neu tra l m olecule  has a la rger  corre la tion  energy than  

the  ground s ta te  of the doubly charged ion.

This is not te rr ib ly  su rp r is in g . The orb ita l from w hich the two e lec trons  

a re  removed to  form the  ion is to a large ex ten t  lo ca l ized  on the  s ide  of the 

n itrogen  atom aw ay from the hydrogen atoms and, a s  can  be se e n  from Table 

1 6 , the  removal of th e se  e lec trons  produces only small changes  in the 

rem aining o rb i ta ls .  It is g e n e ra l ly  ac c e p te d  th a t  the corre la tion  energy for
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c lo se d  sh e ll sy stem s may be w ritten  a s  ( 6 )

=  S -  <57)

where is the contribution  to the co rre la tion  energy from two

elec trons  in the  m olecu lar sp in  o rb ita ls  i and j .  If two e lec trons  are 

removed from the  system  and the  rem aining orb ita ls  are  l i t t le  changed
I

we exp ec t the s ig n if ican t  s  not to vary by much and thus the doubly 

charged  ion should have a sm alle r  co rre la tion  energy .

Appell and H orsley  ( 4 ) have performed large configuration  in te r­

ac t io n  ca lc u la t io n s  w hich support th is  s ta tem en t.  These c a lcu la t io n s  

were done in ano ther  b a s is  of "double ze ta "  qua li ty  and the re su l ts  are 

u sefu l  for com parison  to  th o se  of th is  s tudy . These authors  report RHF 

energ ies  for the m o lecu le  and doubly charged ion of -5 6 .1 6 9 4  a . u .  and 

-5 4 .9 3 9 7  a . u .  r e sp e c t iv e ly .  These may be compared with Cl energ ies  

of -5 6 .  2925 a . u .  and -5 5 .0 2 3 6  a . u . ,  ind ica ting  th a t  a large Cl on the 

neu tra l m olecule  improves the energy by 0.1121 a . u .  w hile  the same 

procedure for the  doubly charged ion improves the energy by 0 .0839 a . u .  .

The Cl ca lc u la t io n  p red ic ts  a DIP of 1 .2689 a . u .  w hich is a lm ost within 

the  error bars of the experim ent. Presum ably the same type of Cl treatm ent 

w ith  a la rger  b a s is  would improve on th is  s itu a t io n .

The SEHF c a lc u la t io n s  p red ic t a DIP of 1 .2380 a . u . ,  in poorer 

agreem ent w ith  experim ent w ith a C l re su l t  with a s im ilar  b a s is  but in 

b e t te r  agreem ent than  the RHF r e s u l t .  From Table 15 we se e  th a t  the SEHF 

c a lc u la t io n  improved upon the RHF energy by 0 .0429 a . u .  for the  m olecule

-6 0 -



Table 15.
a

Double Ion iza tion  Potentia l C a lcu la tio n s  for NH^

NH3 ++ 1 NH3 ( Ax) DIP

Expt. ----- ----- 1.2973+

RHFb -5 6 .1 7 1 6 -5 4 .9 4 2 6 1.2290

SEHFb -5 6 .2 1 4 5 -5 4 .9 7 6 5 1.2380

RHF° -5 6 .2 2 0 8 -5 4 .9 8 2 6 1 .2382

c i d -5 6 .2 9 2 5 -5 5 .0 2 3 6 1.2689

RHF8 -5 6 .1 6 9 4 -5 4 .9 3 9 7 1.2297

a) a l l  energ ies  in hartrees
b) th is  work
c) from re f .  4 ; a near  H artree-Fock  ca lcu la t io n
d) from re f .  4 ; w ith a "double ze ta "  b a s is  se t
e) from re f .  4 ; same b a s is  a s  the  C l ca lcu la t io n
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Table 16. RHF o rb ita ls  for NH3 and NH3++

n h 3 a i a i
a

1
e e

HI -S I 0 .00012 0 .13578 0.05521 0 .00000 0.28610
H1-S2 - .0 0 0 6 4 0.01161 0.01220 0.00000 0.19507
H2-S1 0 .00012 0 .13578 0.05521 0 .24777 - .1 4 3 0 5
H2-S2 - .0 0 0 6 4 0 . 0 1 1 6 1 0.01220 0 .16895 - .0 9 7 5 3
H3-S1 0 .00012 0 .13578 0.05521 - .2 4 7 7 7 - .1 4 3 0 5
H3-S2 - .0 0 0 6 4 0.01161 0.01220 - .1 6 8 9 5 - .0 9 7 5 3
N l - S l 0 .05195 - .0 0 9 8 0 0.00328 0.00000 0.00000
N1-S2 0.97901 - .2 1 2 5 2 0.06816 0.00000 0 .00000
N1-S3 0.00347 0.45872 - .1 8 3 6 0 0.00000 0.00000
N1-S4 0 .00302 0.40282 - .1 6 4 9 5 0 .00000 0.00000
N l-X l 0 .00000 0 .00000 0.00000 0.00000 0.54229
N1-X2 0.00000 0 .00000 0.00000 0.00000 0.15329
N l-Y l 0 .00000 0 .00000 0.00000 0.54229 0.00000
N1-Y2 0.00000 0 .00000 0.00000 0.15329 0 .00000
N l-Z l 0 .00172 0.12096 0.64135 0.00000 0 .00000
N1-Z2 - .0 0 0 2 4 0.03537 0.41549 0.00000 0 .00000

NH3++ a i a i e e

H I - S I 0 .00012 0 .12528 0 .00000 0.25215
H1-S2 - .0 0 0 6 4 - .0 2 9 5 2 0 .00000 0.04049
H2-S1 0 .00012 0 .12528 0. 21836 - .1 2 6 0 7
H2-S2 - .0 0 0 6 4 - .0 2 9 5 2 0 .03508 - .0 2 0 2 5
H3-S1 0 .00012 0 .12528 - .2 1 8 3 6 - .1 2 6 0 7
H3-S2 - .0 0 0 6 4 - .0 2 9 5 2 - .0 3 5 0 8 - .0 2 0 2 5
N l - S l 0 .05195 - .0 1 0 9 2 0 .00000 0.00000
N1-S2 0.97901 - .2 2 9 7 6 0.00000 0 .00000
N1-S3 0 .00347 0 .56704 0 .00000 0.00000
N1-S4 0 .00302 0 .40312 0 .00000 0 .00000
N l-X l 0 .00000 0.00000 0 .00000 0 .70682
N1-X2 0.00000 0.00000 0 .00000 0 .13518
N l-Y l 0 .00000 0.00000 0 .70682 0 .00000
N1-Y2 0.00000 0 .00000 0 .13518 0 .00000
N l-Z l 0 .00172 0 .10744 0.00000 0 .00000
N 1-Z 2 - .0 0 0 2 3 0.03593 0.00000 0.00000
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Table 17. SEHF o rb ita ls  for NH3

n h 3 9 1 a i a i e e

X.1 1.000 0 .960 0 .9 0 6 0 .883 0 .8 8 3

a orb ita ls

HI -SI 0 .00012 - .0 8 4 6 2 0 .21259 0.00000 0.42321
H1-S2 - .0 0 0 6 4 - .0 0 1 4 5 0 .05812 0.00000 0 .28953
H2-S1 0 .00012 - .0 8 4 6 2 0 .21259 0.36651 - .2 1 1 6 0
H2-S2 - .0 0 0 6 4 - .0 0 1 4 5 0 .05812 0.25076 - .1 4 4 7 7
H3-S1 0 .00012 - .0 8 4 6 2 0 .21259 - .36651 - .2 1 1 6 0
H3-S2 - .0 0 0 6 4 - .0 0 1 4 5 0 .05812 - .2 5 0 7 6 - .1 4 4 7 7
N l - S l 0 .05195 0.00776 - .0 0 2 8 3 0 .00000 0 .00000
N1-S2 0.97901 0.17852 - .0 6 8 6 4 0 .00000 0 .00000
N1-S3 0 .00347 - .2 8 6 3 2 0.06373 0 .00000 0 .00000
N1-S4 0.00302 - .5 2 0 3 9 0 .07046 0.00000 0 .00000
N l-X l 0 .00000 0.00000 0.00000 0.00000 0 .29898
N1-X2 0 .00000 0.00000 0 .00000 0.00000 0 .12604
N l-Y l 0 .00000 0.00000 0 .00000 0. 29898 0 .00000
N1-Y2 0.00000 0.00000 0 .00000 0 .12604 0 .00000
N l-Z l 0 .00172 0.27467 0 .35150 0.00000 0 .00000
N1-Z2 - .0 0 0 2 3 0.37689 0 .41593 0 .00000 0.00000

(3 o rb ita ls

H I-S I 0 .00012 - .0 3 6 1 7 0.05425 0.00000 0.13510
H1-S2 - .0 0 0 6 4 0.00095 - .0 1 2 9 3 0.00000 0.10057
H2-S1 0.00012 - .0 3 6 1 7 0 .05425 0 .11700 - .0 6 7 5 4
H2-S2 - .0 0 0 6 4 0.00095 - .0 1 2 9 3 0.08711 - .0 5 0 2 9
H3-S1 0 .00012 - .0 3 6 1 7 0 .05425 - .1 1 7 0 0 - .0 6 7 5 4
H3-S2 - .0 0 0 6 4 0.00095 - .0 1 2 9 3 - .08711 - .0 5 0 2 9
N l- S l 0 .05195 0.01069 - .0 0 5 7 4 0.00000 0 .00000
N1-S2 0.97901 0.21785 - .1 2 0 3 5 0 .00000 0 .00000
N1-S3 0 .00347 - .6 1 4 5 0 0 .29968 0 .00000 0.00000
N1-S4 0 .00302 - .2 8 4 1 9 0 .20502 0 .00000 0 .00000
N l-X l 0 .00000 0 .00000 0.00000 0 .00000 0 .76374
N1-X2 0 .00000 0.00000 0.00000 0 .00000 0 .14634
N l-Y l 0 .00000 0.00000 0.00000 0 .76374 0 .00000
N1-Y2 0 .00000 0.00000 0.00000 0 .14634 0 .00000
N l-Z l 0 .00172 0.42255 0 .71199 0 .00000 0.00000
N1-Z2 - .0 0 0 2 3 0.15176 0 .21029 0 .00000 0 .00000
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Table 18. SEHF o rb ita ls  for NH3++

a i a
1

e e

X.1
1.000 0 .918 0. 890 0. 890

a orb ita ls

H I-S I 0 .00012 0.19512 0.00000 0 .42299
H1-S2 - .0 0 0 6 4 -.0 3 8 0 5 0 .00000 0.05803
H2-S1 0 .00012 0.19512 0.36632 - .2 1 1 4 9
H2-S2 - .0 0 0 6 4 - .0 3 8 0 5 0 .05027 - .0 2 9 0 2
H3-S1 0 .00012 0.19512 - .3 6 6 3 2 - .2 1 1 4 9
H3-S2 - .0 0 0 6 4 -.0 3 8 0 5 - .0 5 0 2 7 - .0 2 9 0 2
N l- S l 0 .05195 - .0 0 8 7 0 0.00000 0 .00000
N1-S2 0.97901 - .1 9 4 1 7 0 .00000 0 .00000
N1-S3 0.00347 0 .36082 0 .00000 0 .00000
N1-S4 0 .00302 0.48035 0 .00000 0 .00000
N l-X l 0 .00000 0 .00000 0 .00000 0 .47334
N1-X2 0.00000 0.00000 0 .00000 0 .17404
N l-Y l 0 .00000 0.00000 0 .47334 0 .00000
N1-Y2 0.00000 0 .00000 0 .17404 0 .00000
N l-Z l 0 .00172 0.18865 0 .00000 0 .00000
N1-Z2 - .0 0 0 2 3 0 .06027 0 .00000 0 .00000

(3 Orbitals

H I-S I 0 .00012 0 .05547 0 .00000 0 .07580
H1-S2 - .0 0 0 6 4 - .0 1 6 6 6 0 .00000 0 .03307
H2-S1 0.00012 0.05547 0 .06564 - .0 3 7 8 9
H2-S2 - .0 0 0 6 4 - . 0 1 6 6 6 0.02864 - .0 1 6 5 3
H3-S1 0.00012 0 .05547 - .0 6 5 6 4 - .0 3 7 8 9
H3-S2 - .0 0 0 6 4 - .0 1 6 6 6 - .0 2 8 6 4 - .0 1 6 5 3
N l- S l 0 .05195 -.0 1 2 6 9 0.00000 0 .00000
N1-S2 0.97901 - .2 5 5 3 0 0 .00000 0 .00000
N1-S3 0.00347 0 .75214 0 .00000 0.00000
N1-S4 0.00302 0.29502 0 .00000 0 .00000
N l-X l 0 .00000 0.00000 0 .00000 0.89813
N1-X2 0.00000 0 .00000 0 .00000 0 .07132
N l-Y l 0 .00000 0 .00000 0.89813 0 .00000
N1-Y2 0.00000 0 .00000 0.07132 0.00000
N l-Z l 0 .00172 0.01167 0 .00000 0 .00000
N1-Z2 - .0 0 0 2 3 0 .01096 0.00000 0 .00000
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and by 0 .0339 a . u .  for the  ion. Both th e se  figures rep resen t  roughly 

40% of the  energy improvement ob ta ined  from the Cl treatm ent w ith  an  

equ iv a len t b a s i s .  If a la rg e r  b a s is  s e t  had been used  we expect the 

p red ic ted  DIP to improve by about 0.01 a . u . ,  a s  in the RHF c a s e ,  but 

th is  would s t i l l  be ou ts ide  the  error bars  of the experim ent.

Taken a l l  toge ther  the r e su l ts  in d ica te  th a t  the RHF model provides 

a b e t te r  desc rip tio n  of NH3++ in its  ground s ta te  than  of NH^ in its  

*A ground s ta te .  The SEHF model re s to res  some b a lan ce , improving 

upon the RHF energy more for the  m olecule  than  for the  doubly charged 

ion, but the c a lcu la t io n s  sh o w  tha t  a large  Cl trea tm ent is n e c e s sa ry  

to get c lo se  agreem ent of the  DIP w ith  experim ent. It is  to be noted, though, 

th a t  the SEHF method changes  the pred ic ted  DIP in the  proper d irec tio n .

We now turn to the  f ir s t  double io n iz a t io n  po ten tia l  of the n itrogen

m olecu le . The ground s ta te  of N is d escribed  by the configuration

The ground s ta te  of N^++ re su l ts  from the removal of the  pa ir  of

3 ^  e lec tro n s  and is d esc rib ed  by the  configuration

The b a s is  s e t  used  i n  the  c a lc u la t io n s  reported  below is l is te d  in Table 

6 and the  geometry is g iven  in Table 19. The re su l ts  a re  c o llec ted  in 

Tables 20- 23. The f irs t  im portant o bserva tion  which should be made



is  th a t  the RHF ca lc u la t io n s  p red ic t  a DIP of 1 .6668 a . u .  which is 

la rg e r  th an  the  experim ental va lue  of 1 .5839 a . u .  . We ex p ec t the in ­

c lu s io n  of more b a s is  functions w ill lower the energy more than  the 

N 2++ energy and thus in c re a se  the d isc rep an cy  be tw een  the  RHF model 

and  experim ent.  As was s ta te d  above , re su l ts  of th is  nature  imply th a t  

the  co rre la tio n  error for the  doubly charged  ion is la rger  than  the corre la tion  

error for the  neu tra l m o lecu le .  This is the  opposite  of what w as en co u n te red  

w ith  ammonia and on the su rface  it  is ra ther  su rp r is ing . If one assu m es  

th a t  the co rre la tion  e n e rg y  may be w ritten  a s  a sum of pair corre la tion  

en erg ies  w hich change l i t t le  upon ion iza tion , one then  exp ec ts  the  ion 

to have le s s  of an  error than  the  neu tra l m o lecu le . This reason ing  worked 

in the c a s e  of ammonia but it b reaks  down for n itrogen . Apparently the 

removal of the  pa ir  of e lec tro n s  from the  nitrogen  m olecule in its  

ground s ta te  le a d s  to a ra ther  large reo rgan iza tion  of the  charge d is tr ib u tio n  

w hich the  RHF wave function canno t d e s c r ib e .  The fac t  tha t  the co rre la tion  

energy  in c re a se s  even while the  number of e lec trons  d e c re a se s  te l l s  us 

th a t  the RHF model works l e s s  w ell for the ion than  for the m o lecu le . The 

SEHF c a lc u la t io n s  d is c u s s e d  below confirm th is  fac t  and give us some phys ica l  

in s ig h t a s  to why the behavior of the  co rre la tion  energy upon double ion­

iz a t io n  d iffers in NH and N .
3 2

The SEHF ca lc u la t io n s  p red ic t a DIP for N^( ^  )   > N2++  ̂ ^

of 1 .4556  a . u .  . As w as the c a s e  w ith  the  RHF pred ic tion , th is  re su l t  is  

o u ts id e  the  error bars of the  experim ent.  It should be noted, though, th a t  

the  SEHF p red ic tion  is on the  oppos ite  s ide  of the experim ental va lue  from
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the  RHF pred ic t ion .  Since we expec t  a larger  b a s i s  to d ec re a se  the

++SEHF energy more for N than  for N , the inc lus ion  of more b a s is2 2

functions  will  bring the predic ted  DIP c lo se r  to the exper imental  va lue .

The SEHF energy for rep resen ts  an  improvement of 0 .0769 a . u .  over

++the  RHF r e s u l t ,  while  the SEHF energy for N rep resen ts  an  improvement 

of  0.2881 a . u . . It is gratifying tha t  the SEHF method provides a larger  

improvement of the RHF energy in the s i tua t ion  which we know to have 

a larger  corre la t ion  error.  An examination of Figures 3 and 4 gives  us 

some ind ica t ion  of why th is  is  so .  In Figure 3 we plot  the  3 ^  RHF 

orbita ls  of both N and N ++ a long the in ter  nuc lea r  a x i s .  They are very 

s imilar  to each  o ther  and the changes  they show are rep resen ta t ive  of a ll  

the  other  o rb i ta ls  which  are occupied  in both s t a t e s .  In Figure 4 we plot 

the  corresponding SEHF a o rb i ta l s .  The s i tua t ion  here is very different  

from tha t  encountered  in Figure 3. The SEHF orb ita ls  undergo

a large change  during the double  ionizat ion .  This change is re f lec ted  in 

the pairing parameter  X^ which goes from X = 0 .989 for to X = 0 .239 in 

N 2++ . It is th is  change  which is the primary c a u s e  for the  re la t ive ly  

large energy improvement in the doubly charged ion.  It would seem that  

the removal of the two 3°^  dec rease d  the sc reen ing  of the nitrogen 

nuc le i  which in turn tended to polar ize the e lec t rons ,  a l lowing them

to corre la te  and a t  the same time remain in the strong nuc lear  f ie ld .  The 

RHF wave function does  not con ta in  this  var ia t ional  freedom and it is

++b e ca u s e  of th is  f ac t  tha t  the RHF model gives  a poorer descr ip t ion  of

than  it  does  for N .
2
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Table 19. Geometry for th e  N„ and N„ c a lcu la t io n s

Center

N1

N2

X

0.00000

0 .00000

Y

0.00000

0.00000

z

-1 .0 3 7 0 5  

1.03705

g
Table 20. Double Ionizat ion Potential  C a lcu la t ions  for N

L*

n 2 <'2 -;> n 2+ + <'2 / >  d i p

Expt.  ----- ----  1 .5839 +

1 .5766d

RHFb -108 .8695  -1 0 7 .2 0 2 7  1.6668

SEHFb -1 0 8 .9 4 6 4  -1 0 7 .4 9 0 8  1.4556

a) a l l  energ ies  in har t rees
b) th is  work
c) re f .  4
d) re f .  3

0 . 0 2 °

-6 8 -



Table 21. RHF o rb ita ls  for N and N„++2 2

N2 /B} / r *T3
N l - S l 0 .03672 0.03675 - .0 0 8 0 0 - .0 0 7 3 9 0.00000 0.00000 - .0 0 2 5 6
N1-S2 0.69211 0.69261 - .1 7 0 5 8 - .1 5 7 6 4 0.00000 0 .00000 - .0 5 8 7 0
N1-S3 0 . 0 0 2 6 6 0.00137 0.38406 0.38301 0.00000 0 .00000 0.10351
N1-S4 0.00094 0.00607 0.15416 0.44288 0.00000 0.00000 0 .31943
N l-X l 0.00000 0.00000 0.00000 0.00000 0.51275 0.00000 0.00000
N1-X2 0.00000 0.00000 0.00000 0.00000 0.16446 0.00000 0.00000
N l-Y l 0.00000 0.00000 0 .00000 0.00000 0.00000 0.51275 0 .00000
N1-Y2 0.00000 0.00000 0.00000 0.00000 0.00000 0.16446 0 .00000
N l - Z l 0 .00222 0.00175 0.25752 - .2 2 7 7 2 0.00000 0.00000 - .5 2 2 7 8
N1-Z2 - .0 0 1 0 4 0.00172 - .0 2 5 8 2 - .0 4 2 4 6 0.00000 0.00000 - .0 9 4 3 5

(the N2 coef f ic ien ts  are  e i ther  + (g) or -  (u) the  N1 coeff ic ien ts  
with the  excep t ion  of the  N2-Z coef f ic ien ts  which are -  (g) or + (u))

V >r3 /
**3 ' K * 1 IT w y

N l - S l 0 .03674 0.03676 - .0 0 8 3 5 - .0 0 8 2 7 0 .00000 0 .00000
N1-S2 0.69235 0.69286 - .1 7 3 6 3 - .1 6 9 5 9 0.00000 0 .00000
N1-S3 0.00174 0.00004 0 .43434 0 .47878 0.00000 0 .00000
N1-S4 0.00099 0 .00643 0 .11766 0 .45652 0.00000 0.00000
N l-X l 0 .00000 0.00000 0.00000 0 .00000 0 .58742 0 .0 0 0 0 0
N1-X2 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0.07895 0 .0 0 0 0 0
N l-Y l 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .58742
N1-Y2 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0 .0 0 0 0 0 0.07895
N l - Z l 0 . 0 0 1 2 6 0.00074 0.24215 - .2 0 5 0 9 0 .0 0 0 0 0 0 .0 0 0 0 0
N1-Z2 - .00031 0.00215 - .0 2 8 2 5 0.03573 0 .0 0 0 0 0 0 .0 0 0 0 0

(the N2 coef f ic ien ts  are  e i ther  + (g) or -  (u) the  N1 coef f ic ien ts  
with  th e  excep t ion  of th e  N2-Z coef f ic ien ts  which are -  (g) or + (u))
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Table 22. SEHF o rb ita ls  for N2

N 2 ITS /

A.1
1.000 1.000 0 .990

a orbita ls

N l - S l 0 .03672 0.03675 0.00419
N1-S2 0.69211 0.69261 0 .0 9 2 7 4
N1-S3 0.00266 0.00137 - .1 8 8 2 7
N1-S4 0 .00094 0.00607 - .4 0 2 6 5
N l -X l 0 .00000 0.00000 0 .00000
N1-X2 0.00000 0.00000 0 .00000
N l -Y l 0 .00000 0.00000 0 .00000
N1-Y2 0.00000 0.00000 0.00000
N l - Z l 0 .00222 0.00175 0.50086
N1-Z2 - .0 0 1 0 4 0.00172 0 .02776
N2-S1 0.03672 - .03675 0 .0 0 3 7 4
N2-S2 0.69211 - .69261 0 .08532
N2-S3 0.00266 - .0 0 1 3 7 - .14761
N2-S4 0 .00094 - .0 0 6 0 7 - .2 9 5 5 9
N2-X1 0.00000 0.00000 0 .00000
N2-X2 0.00000 0.00000 0 .00000
N2-Y1 0.00000 0.00000 0 .00000
N2-Y2 0.00000 0.00000 0.00000
N2-Z1 - .0 0 2 2 2 0.00175 - .41841
N2-Z2 0 .00104 0.00172 - .1 8 2 9 9

a r „ 3 o~ 3 I 1 osj

0 .989 0 .973 0 .7 2 4 0 .7 2 4

- .0 0 7 7 2 - .0 0 8 2 5 0.00000 0.00000
- .1 6 1 1 2 - .1 6 9 5 4 0.00000 0.00000
0 .42600 0 .44870 0.00000 0.00000
0.37379 0.12131 0.00000 0.00000
0.00000 0.00000 0.76376 0.00000
0.00000 0.00000 0.19167 0.00000
0.00000 0.00000 0.00000 0.76376
0.00000 0.00000 0.00000 0.19167
- .2 5 8 5 5 0 .45367 0.00000 0.00000
0 .01006 0.01768 0 .00000 0.00000
0.00690 - .0 0 6 3 7 0.00000 0.00000
0.15131 - .14101 0.00000 0.00000
- .3 2 5 7 5 0.25916 0.00000 0.00000
- .4 9 4 2 5 0 .06273 0.00000 0.00000
0.00000 0.00000 0.20907 0.00000
0.00000 0.00000 0.09157 0.00000
0.00000 0 .00000 0 .00000 0.20907
0 .00000 0 .00000 0 .00000 0.09157
- .1 9 2 8 2 - .2 4 6 0 3 0.00000 0.00000
- .11611 0.03530 0.00000 0.00000

(the p o rb i ta ls  may be obta ined  from th e  a  orbi ta ls  by interchanging 
th e  N1 and N2 coeff ic ien ts  with th e  s ign change appropria te  for 
th e  u or g symmetry)
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Table 23.  SEHF orbita ls  for N2++

2 , r 3 I <r0 !T1„k I a <r0

Xi
1.000 1.000 0 .9 9 4 0 .633 0 .633 0.239

a orb ita ls

N l - S l 0 .03674 0.03676 - .0 0 8 1 9 0.00000 0 .00000 - .0 0 9 2 2
N1-S2 0.69235 0 .69286 - .1 6 8 7 7 0.00000 0 .00000 - .1 8 5 5 3
N1-S3 0 .00174 0 .0 0 0 0 4 0 .43943 0.00000 0 .00000 0 .55485
N1-S4 0.00099 0.00643 0 .10324 0.00000 0.00000 0.39089
N l -X l 0.00000 0 .00000 0.00000 0.86196 0 .00000 0 .00000
N1-X2 0.00000 0 .00000 0.00000 0.10347 0.00000 0 .00000
N l -Y l 0 .00000 0 .00000 0 .00000 0 .00000 0.86196 0 .00000
N1-Y2 0.00000 0.00000 0 .00000 0.00000 0.10347 0 .00000
N l - Z l 0.00126 0 .0 0 0 7 4 0 .36679 0 .00000 0.00000 - .5 6 5 3 8
N1-Z2 - .00031 0.00215 - .0 1 0 4 2 0 .00000 0.00000 0 .01769
N2-S1 0 .03674 - .0 3 6 7 6 - .0 0 7 2 3 0.00000 0.00000 0 .00328
N2-S2 0.69235 - .6 9 2 8 6 - .1 5 4 8 0 0 .00000 0.00000 0 .07152
N2-S3 0 .00174 - .0 0 0 0 4 0.33921 0 .00000 0.00000 - .1 6 0 0 9
N2-S4 0.00099 - .0 0 6 4 3 0.09285 0.00000 0.00000 - .1 9 5 7 8
N2-X1 0.00000 0 .00000 0.00000 0.20853 0.00000 0 .00000
N2-X2 0.00000 0.00000 0.00000 0.02791 0.00000 0.00000
N2-Y1 0.00000 0.00000 0.00000 0.00000 0.20853 0 .00000
N2-Y2 0.00000 0.00000 0 .00000 0.00000 0.02791 0 .00000
N2-Z1 - .0 0 1 2 6 0 .00074 - .2 7 5 7 2 0.00000 0.00000 0 .10519
N2-Z2 0.00031 0.00215 0.04106 0.00000 0.00000 0.01961

(the (3 o rb i ta ls  may be ob ta ined  from th e  a  o rb i ta ls  by in terchanging 
th e  N1 and N2 coef f ic ien ts  with th e  s ign  change appropriate  for 
th e  u or g symmetry)
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Figure 3. The <2 <7̂ RHF orbita ls  of N 2 and N2++ 
a long the in ternuc lear  ax i s :  a) N

V +
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Figure 4 .  The ■? ^  SEHF a o rb i ta ls  of N 2 and N-2 
along the in te rnuc lear  ax is :

a) N 2 b) N z++
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The ground s ta t e  of the  w ate r  molecule is descr ibed  by the  configuration

1A i (1 a x) ̂ ( 2a x) 2( 1 b 2( 3a x) 2( 1 b 2) 2

++and the lo w es t  lying s ta t e  of H^O may be obtained by removing the 

pair  of lb^ e lec t rons  resu l t ing  in the conf iguration 

1A l (1 a j ) 2( 2a 2) 2( 1 b 2) 2( 3a x) 2 

The ca lcu la t io n s  on th e s e  s ta t e s  were performed a t  a s l igh t ly  different  

geometry and with a s l igh t ly  different b a s i s  s e t  than the H^O ca lcu la t ion  

reported in Chapter  3. The geometry is l i s t e d  in Table 24 and the b a s i s  is 

given in Table 25. The re su l t s  are  co l lec ted  in Tables  26-29.

The SEHF method improves upon the  RHF energy by 0.0431 a . u .  for

the molecule  and by 0 .0260  a . u .  for the  c lo sed  she l l  ion.  These figures

are s im i l a r  to those  obta ined from the ammonia ca lcu la t ions  and indicate  

++tha t  the H^O ion has  a smal ler  corre la t ion  energy than  the neutral 

m olecu le .  Again, th is  is not an  unforseen r e su l t .  The lb^ orbital  which 

is not occupied  in the ion has i ts  concen tra t ion  of  charge out of the plane 

of  the molecule  and the removal of the lb^ e lec t rons  leads  to only minor 

changes  in the  remaining o rb i ta l s .  One expec ts  the  pair  correla t ion 

energ ies  a s s o c i a t e d  with th ese  orbi ta ls  to change  l i t t le  and thus the  ion 

should have l e s s  of a corre la t ion  error than  the molecule .

The RHF ca lcu la t ions  predic t  a DIP of 1 .4390 a . u .  and the SEHF 

ca lcu la t io n s  predic t  1.4561 a . u . . Inc lusion  of more b a s i s  functions 

should  lower  both of th e se  f igures .  Moddeman e t .  a l .  (3) l i s t  a DIP of 

1 .4 4  a . u .  . These  au thors  do not include any  error bars but c lo se r  inspec t ion  

of the data  ind ica tes  tha t  the ver t ica l  double  ionizat ion potent ia l  may
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be a s  high a s  1.51 a . u . . This comes from the fact tha t  Moddeman 

e t .  a U u s e  for in eq .  53 not the energy of the fi rs t  normal Auger 

line but ra ther  the energy a t  which the l ine begins to appear .  This 

energy is thought  to corre spond more c lo se ly  to the ver t ica l  ionizat ion 

po ten t ia l .  In the c a s e  of N 2> for which Auger e lectron and double charge 

t ransfe r  spec t ro scopy  y ie lded  re su l t s  in c lo se  agreement with each  other,  

the f i rs t  normal Auger l ine is sharp ly  peaked and the difference in energy 

be tween the l ine and its o n se t  is only 0 .5  eV. The f irs t  normal Auger 

line in the H20  spectrum, though, is broader  and the dif ference in 

energy be tween the l ine and its o n se t  is a lmost  2 .0  eV. Using for E 

in eq .  53 the energy of the line ins tead  of i ts onse t  we obta in  a DIP 

of 1.51 a . u .  . One fee ls  th a t  th is  is c lo s e r  to the true value s ince  the  ion 

seems to have a smal le r  corre la t ion  energy than the neutral  molecule  

and,  a s  s ta ted  above ,  the DIP predic ted  by the RHF method should be 

below the  correc t  v a l u e .



Table 24. Geometry for the H O  and H O  c a lcu la t io n s

Cente r  X Y Z

HI 0 .00000 1 .43046 1.10712

H2 0 .00000 -1 .4 3 0 4 6  1.10712

Ol 0 . 00 0 0 0  0 . 0 0 0 0 0  0 .0 00 00

++Table 25. Basis s e t  for H O  and H O ca lcu la t ions
2 2

Hydrogen ( se e  Table 4)

Oxygen

Exponents Coeff ic ien ts

4643.4485
1424.0643

290.8205

0.0292246
0.1216032
0.9047853

SI

76.2320 
31 .3166 
12.8607 

4 .6037

0.1527631
0.2439912
0.4582404
0.2644382

S 2

9 .7044
0.9311

- .1403140  
1 .0515337 S3

0.2825 1.0000000 S4

35.1832
7.90403
2.30512
0 .71706

0.0195800 
0.1241899 
0 .3947297 
0.6273796

PI

0.21373 1.0000000 P2



Table 26. Double Ion iza t ion  Potential  C a lcu la t ions  for H Oa
2

Expt.

RHFb

SEHF1

-76 .0 0 3 5

-7 6 .0 4 6 6

++ 1 
H2 °  ( V

-74 .5 6 4 5

-74 .5 9 0 5

DIP

1 .4406C 

1.4390 

1.4561

a) a l l  energ ies  in har trees
b) th is  work
c) re f .  3
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Table 27. RHF o rb ita ls  for H20  and H20 ++

h 2° a i a 2 a 3 b 2 b l

H I -S I - .0 0 0 1 0 0.13807 0.13997 0 .25556 0.00000
H1-S2 - .0 0 0 3 5 0.00675 0.06019 0 .13093 0.00000
H2-S1 - .0 0 0 1 0 0.13807 0.13997 - .2 5 5 5 6 0.00000
H2-S2 - .0 0 0 3 5 0.00675 0.06019 - .1 3 0 9 3 0.00000
O l - S l 0 .05112 - .0 1 0 3 3 0.00372 0 .00000 0.00000
0 1 -S 2 0 .97934 - .2 2 7 5 6 0.08108 0 .00000 0.00000
0 1 - S 3 0.00371 0.48875 - .1 9 0 8 4 0 .00000 0.00000
0 1 -S 4 0.00221 0.44405 - .2 6 7 5 0 0 .00000 0 .00000
O l-X l 0 .00000 0 .00000 0.00000 0 .00000 0 .72912
01-X2 0.00000 0.00000 0.00000 0 .00000 0.40853
01 -Y1 0.00000 0.00000 0.00000 0 .57476 0.00000
01-Y2 0.00000 0.00000 0.00000 0.17659 0 .00000
O l - Z l 0 . 0 0 1 6 6 0 .12886 0.62646 0 .00000 0.00000
0 1 -Z 2 - .0 0 0 2 5 0.03241 0.32582 0 .00000 0.00000

++
H2 a i " l " l b 2

H1-S1 0 .00013 0.12440 0.10528 0 .21708
H1-S2 - .0 0 0 3 9 - .0 3 4 1 3 0.00519 0.00639
H2-S1 0 .00013 0 .12440 0.10528 - .2 1 7 0 8
H2-S2 - .0 0 0 3 9 - .0 3 4 1 3 0.00519 0 .00639
O l - S l 0 .05113 - .01121 0.00381 0 .00000
0 1 - S 2 0.97959 - .2 4 0 0 6 0.07906 0 .00000
0 1 -S 3 0 .00297 0.58621 - .2 2 2 7 6 0 .00000
0 1 - S 4 0 .00190 0.40709 - .1 5 0 8 6 0 .00000
O l-X l 0 .00000 0 .00000 0.00000 0 .00000
01-X2 0.00000 0.00000 0.00000 0 .00000
O l-Y l 0 .00000 0 .00000 0.00000 0 .74107
Ol-Y2 0.00000 0.00000 0.00000 0 .13877
O l - Z l 0 .00172 0 .17477 0 .78792 0 .00000
0 1 -Z 2 - .00041 0 .04114 0.19019 0 .00000
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Table 28. SEHF orb ita ls  for H O
u

H O a a. a , b b
2 1 1 1 2 1

\
1.000 0 .970 0.883 0. 868 0 .937

a orbita ls

H I -S I - .0 0 0 1 0 0.03880 0 .30338 0 .38063 0.00000
H1-S2 - .0 0 0 3 5 - .0 3 0 9 5 0 .09578 0.18960 0.00000
H2-S1 - .0 0 0 1 0 0.03880 0.30338 - .3 8 0 6 3 0.00000
H2-S2 - .0 0 0 3 5 - .0 3 0 9 5 0 .09578 - .1 8 9 6 0 0.00000
O l - S l 0 .05112 - .0 0 9 1 0 - .0 0 1 5 4 0 .00000 0.00000
0 1 -S 2 0 .97934 - .2 1 3 4 6 - .0 3 7 9 5 0.00000 0.00000
0 1 -S 3 0.00371 0.33448 0.03193 0.00000 0.00000
0 1 -S 4 0.00221 0.67661 - .0 4 6 3 5 0 .00000 0.00000
O l-X l 0 .00000 0.00000 0.00000 0.00000 0.55241
01-X2 0.00000 0.00000 0.00000 0.00000 0.59965
O l-Y l 0 .00000 0.00000 0.00000 0.32353 0.00000
01-Y2 0.00000 0.00000 0 .00000 0.17985 0.00000
O l - Z l 0 . 0 0 1 6 6 - .1 9 9 4 7 0.36283 0.00000 0.00000
0 1 -Z 2 - .0 0 0 2 5 - .2 2 7 9 0 0.35799 0.00000 0 .00000

(3 orbita ls

HI -SI - .0 0 0 1 0 0 .02864 0.08051 0.11751 0.00000
H1-S2 - .0 0 0 3 5 - .0 2 6 0 7 0.02045 0.07488 0.00000
H2-S1 - .0 0 0 1 0 0.02864 0.08051 - .11751 0.00000
H2-S2 - .0 0 0 3 5 - .0 2 6 0 7 0.02045 - .0 7 4 8 8 0.00000
O l - S l 0 .05112 - .0 1 1 9 4 - .0 0 3 8 7 0 .00000 0.00000
0 1 -S 2 0.97934 - .24941 - .0 8 1 9 5 0.00000 0 .00000
0 1 -S 3 0.00371 0.67446 0 .20666 0 .00000 0.00000
0 1 -S 4 0.00221 0.35612 0 .07977 0 .00000 0.00000
O l-X l 0 .00000 0 .00000 0.00000 0 .00000 0.87441
01-X2 0.00000 0.00000 0 .00000 0.00000 0.21417
O l-Y l 0 .00000 0.00000 0 .00000 0.79776 0.00000
01-Y2 0.00000 0.00000 0.00000 0.13482 0.00000
O l - Z l 0 . 0 0 1 6 6 - .2 9 1 8 4 0.78055 0 .00000 0.00000
0 1 -Z 2 - .0 0 0 2 5 - .0 8 9 5 8 0.18121 0 .00000 0.00000
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Table  29. SEHF orbita ls  for H 0 ++

++
H2 a l a i a i b 2

X1 1.000 0 .985 0.911 0.881

a orbita ls

H I -S I 0 .00013 - .0 0 8 9 4 0.28091 0 .36818
H1-S2 - .0 0 0 3 9 0.03788 - .0 3 3 1 8 - .0 1 8 4 5
H2-S1 0.00013 - .0 0 8 9 4 0.28091 - .3 6 8 1 8
H2-S2 - .0 0 0 3 9 0.03788 - .0 3 3 1 8 0.01845
O l - S l 0 .05113 0 .00978 - .00351 0.00000
0 1 - S 2 0.97959 0. 21718 - .0 8 4 6 5 0.00000
0 1 -S 3 0.00297 - .4 5 6 2 8 0.10517 0 .00000
0 1 - S 4 0.00190 - .5 3 4 4 3 0.21479 0 .00000
O l-X l 0 .00000 0.00000 0.00000 0.00000
01-X2 0.00000 0.00000 0.00000 0.00000
O l-Y l 0 .00000 0.00000 0.00000 0.50353
01-Y2 0.00000 0.00000 0.00000 0 .22416
O l - Z l 0 .00172 0.38345 0.51993 0.00000
0 1 -Z 2 - .00041 0.14556 0.25483 0.00000

(3 orbita ls

H I -S I 0 .00013 - .0 2 1 7 8 0.04541 0.06290
H1-S2 - .0 0 0 3 9 0.01964 0 .00082 0 .04216
H2-S1 0.00013 - .0 2 1 7 8 0.04541 - .0 6 2 9 0
H2-S2 - .0 0 0 3 9 0.01964 0 .00082 - .0 4 2 1 6
O l - S l 0 .05113 0.01161 - .0 0 6 2 8 0 .00000
0 1 - S 2 0.97959 0.23725 - .12811 0 .00000
0 1 -S 3 0.00297 - .6 9 5 7 9 0.37457 0.00000
0 1 - S 4 0.00190 - .2 5 9 4 7 0.10998 0.00000
O l-X l 0.00000 0 .00000 0.00000 0.00000
01-X2 0.00000 0 .00000 0.00000 0.00000
O l-Y l 0 .00000 0.00000 0.00000 0.92879
01-Y2 0.00000 0.00000 0.00000 0 .02858
O l - Z l 0 .00172 0.45226 0.82243 0 .00000
0 1 -Z 2 - .00041 0.05750 0.06187 0 .00000
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5 . C onclusion

To conclude we point out tha t  the SEHF model is only moderately 

su c c e s s fu l  in t reat ing  the f ir s t  double ionizat ion po tent ia ls  of the molecules  

s tud ied .  In s i tua t ions  where experiment  and RHF ca lcu la t ions  sugges t  

tha t  the neutral  molecule  has  a larger  correlat ion energy than the doubly 

charged ion, e . g .  NH^, the SEHF method improves upon the RHF energy 

more for the molecule  than  for the ion.  When experiment  and RHF ca lcu la t ions  

su g g e s t  the  opposite ,  e . g .  N^, the SEHF method improves upon the 

RHF energy more for the ion than  for the molecule .  In the c a s e  of H^O 

the s i tua t ion  is l e s s  c le a r  but,  as  noted above,  the interpreta t ion of 

the experimenta l  r e su l t s  is open to ques t ion .  While the SEHF method

improves on the DIP predic ted  by the RHF method, the ca lcu la t ions

++of Appell and Horsley on NH3 and NH^ seem to indicate  tha t  a large 

Cl t reatment  is n e c e s sa ry  to get good quant i ta t ive  agreement with 

experiment .

This is not an  unexpected  conclus ion ,  a s  i t was never  thought tha t  

the SEHF model was capab le  of recovering all  of the corre la t ion energy 

a s s o c i a t e d  with a given sys tem .  Rather, the hope was tha t  the SEHF 

method would provide a means of recover ing a s ignif icant  percentage 

of the corre la t ion energy for sys tems which are  so large as  to be 

in a c c e s s ib le  to Cl  c a lc u la t io n s .  Researchers  today are routinely performing 

ab  init io  RHF ca lcu la t ions  on larger  and larger  m o le c u le s . Ca lcu la t ions  

which include e lec t ron  corre lation,  though, are  l e s s  routine, e sp e c ia l ly

-8 2 -
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for sys tem s  conta ining a large number of e lec t ro n s .  The formulation 

of the SEHF method outl ined  above seems capab le  of making a con­

tribution to the solu t ion of th is  problem.

It is s t i l l  very much a matter  of intuit ion a s  to which sys tem s  the 

SEHF method may be most  profitably app l ied .  Taken in to ta l  the  resu l ts  

seem to indicate  tha t  sys tem s  with equ iva lent  cen ters  and low e lectron 

d e n s i t i e s ,  e . g .  cyc l ic  H^0 and N^++, are  prime cand ida tes  for SEHF 

c a lc u la t io n s .  There has  been  in te res t  in recen t  years  in invest iga t ing  the 

nature of in termolecular  in te rac t ions  by considering the in teract ing 

molecules  to be a s ingle  sys tem  and performing ab init io RHF ca lcu la t ions  

on the "super  m olecu le" .  Such ca lcu la t ions  general ly  involve large 

b a s i s  s e t s  and a large number of e lec t rons  and for th is  reason  e lectron  

corre la t ion  is not u su a l ly  inc luded.  To a ce r ta in  ex tent  such  systems 

are s imilar  to cyc l ic  H ^ and N^+ + . The molecules  them se lves  play 

the role of equ iva len t  cen te rs  and the to ta l  system wil l  in general have 

a smaller  e lec t ron  dens i ty  than  the individual  m o lecu les .  It seems 

reasonab le  to expec t  the SEHF wave function which d esc r ib es  such a 

system wil l  have a orb i ta ls  which peak on one molecule  and (3 orbita ls  

which peak on another  and one fee ls  tha t  in such  a s i tua t ion  the SEHF 

method is capab le  of recovering a fairly large percentage of the  correlat ion 

energy.
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Appendix A

Presented below are two equ iva len t  exp ress ions  for the  to ta l

energy of a spin  pro jec ted  DODS S la ter  determinant  which is  cons truc ted

from a s e t  of orthonormal and paired orb i ta ls  . We f i r s t  introduce the

one e lec tron  energy matr ix h  and the genera l ized  Coulomb and
W c O  ~ ~  T S C > )

exchange  matr ices  J ~  and K  ( S  = tx, ox p  ).  The one

e lec tron  matr ix has  e lements

h .  j /  -■ <  (Ai)

A

where A is the  one e lec t ron  Hamiltonian for an  e lec t ron  in the  fie ld

of the bare n uc le i .  The genera l ized  Coulomb and exchange  matr ices  are

defined a s
y f / ' l  /M ^  IfV' C / J

J  K-i Jl = i
x fc ; )  *  rf<:) (A2)

J K.-I L-i
p  *■?(')

where t is  def ined in e q .  and

<  ^ k  i f o  -■ j j "^  w  j l  ^ ( f . )

(A3)

It is  a l s o  n e c e s s a r y  to define the  quant i t ies
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A  =  2 < - ' )  s « c  ( s , « )00
k -  o

(A4)
A ' /J K-O

I ; *~i~ \ k*r :j

'
f l - l  * > r  I j t  ,

A  S ' C C S ^ t r )
' K = o

where C(S,k) are  the Sanibel  coe f f ic ien ts  and the  a re  the symmetric

2
sums def ined in terms of the  q u an t i t ie s  x. = X. by

1 1

^  s I

S, . 2  X;
'  " /

51 7 - f . X; X i (A5)' 41 j

and

'r ^  'Cs K -- «*/

A  - 2 1  (A6)
2  X; 2>Xj

;; ft ^
' V -  ■

An express ion  for the  energy which em phas izes  the  role of the 

genera l ized  charge-bond  order  matr ices  (eq .  26 ) is
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Tr t ^ )  * Tr

l t d )

± _  • <A?)

+  T r  L  ^  ) 1

where

A * e

k f “ !\  A; 'A., A (A8)

A . .

*•<:) - i  f  •
& = A„„ j  A., J   ̂ A „ 5 _

+ k  f (  + ^ g)
j  - I

^ f 0 .. ( « < _ > , > ;  (A9) 

<S-r f , )  = A ■ A  ' £  [  (  J * ' e j + i r " ' Q)0 ©
J =/

7  - *  - / f r r s , 7 A , 4



Note th a t  the  £  matr ices  are  funct ions  of a l l  the  J__ matr ices
i'S'fi J  ̂S c

and tha t  both the  ^ and  £  matr ices  have  th e  e f fec ts  of spin  

project ion included in th e i r  def in i t ion .

A s econd  e xp ress ion  for the  energy  is

. 2  /  A „  A ,  i  A „  f t ,  * A; / \„  ’A j
: / \

V' , V 1 ’ j A/  'j , j /7 v/\ v  *
+

j =■/

/  A

where

2  (’ V \ CJ ^  * "A,,  ^  ^  ^ ,2
i

; A J X , ,

A , ~~ T r  L  ( i  * 5 I  /  ^ / r  £  (  X < '

/  a *«f D , W (:> p ^ (,) ^ ( ! ) )
- L T r  (  ? K  + r  K  J

i ^

* 1 Tr P?f,:> r 7 pfQ)-  K f f ° )

; ; f i  Tr p “ e' K” ‘* .  '  Tr r ,fa> j p 0'
°4 Z — ---

u?r,) v ? * ' ' ' '  ) f - T * * rj) T ??( i )  k  P?CJ)5 J  T r  " " - K
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-?
This e x p ress io n  em phas izes  the dependence  of the energy on the pairing 

parameters



Appendix B

We give below a der iva t ion  of eq .  28 and e q .  29 • Considering

f i r s t  $ E , we note th a t

l _ T r (e_ S t  1 f_ S<r_ * P_ £ f  i P  S6- )
' - I  "

(Bl)

= 2. ir{sr (? + sr & + r r  <r + sr t-

XS(0 i f c . )
where rep re sen ts  the f i rs t  order change in due to the

var ia t ion  of the o rb ita ls  them se lves  and rep resen ts  the change
, ^ 6 )  Jria)

in the matrix due to a l l  the  . This equa l i ty  makes it

p o s s i b l e  to write  for f £ t the re la t ive ly  n ea t  exp ress ion

u ,  .  i  7 r ( s r ( n n “ , : ) ,
t z } —

+ c f  H  ̂ S f  H  J
where

, y<r<;)
H  = -t Or

In e>Ex the J_ matr ices  (and thus  the quan t i t ies  a n d lJB^) 

remain co n s ta n t  and we need  only cons ide r  var ia t ions  of the quant i t ies  

defined in eq .  A4. Using the fac ts  tha t

(B2)

( B3)
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s  ( )  -
^ A  r1 __ A ri  A P0

A o 9 . A 0p A co Ai

<r a „  - J Z v a . A ^ , ,
K ~ / '

; « :K
cT A Ar+A+(

AT=;

J ' T U
*• = /

it is e a s i ly  shown tha t

^  n ,
XT-'/

where 4̂ . is a number defined as

« *  - / C  f  A „  f  J  a 3 -  \ K e nr , L
(

2  A A  f ^  ’ A; >,4j
* z  t

n  ̂ / , ’■*■ /1 ' IK / 'j J f.
* K  2 Z  (  J , \ , 6  + A „ (  « , + \  «■ <B7)

• _ • -  , I *2 /
/  -  /  j  -  J

* \ %  * M A J  *  M j  J* ‘)

, i  2  ( V ,  A  rX. (% >\
*  J = >

Kj  k :  , \ )

*  \  A al  r  e, ' /

( B 4 )

( B 5 )

( B 6 )

/
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