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In tr o d u c tio n

T h is  p a p e r  i s  d iv id e d  in to  th re e  main p a r t s .  In  P a r t  I  we ta k e

s p e c ia l  l i n e a r  com b ina tions o f  g e n e ra liz e d  E is e n s te in  s e r i e s  o f  l e v e l

N, and o b ta in  a f i n i t e  d im ensional v e c to r  space  o f  a b e l ia n  d i f f e r e n t i a l s

o f  t h i r d  k in d  on th e  c o m p a c tif ie d  Riemann s u rfa c e  S„ = H /r(N ) , whereN

M i s  th e  u p p e r h a l f  p la n e  and T(N) i s  th e  p r in c ip a l  congruence sub­

group o f l e v e l  N in  th e  inhomogeneous m odular group T . We e x h ib i t  

a group r e p r e s e n ta t io n  o f  r/T(N) a c t in g  on t h i s  space o f d i f f e r e n t i a l s ,  

and f o r  N a p rim e, we f in d  th e  m u l t i p l i c i t i e s  o f  th e  i r r e d u c ib le  com­

p onen ts  o f  th e  r e p r e s e n ta t io n .

In  P a r t  I I  we ta k e  a p a r t i c u l a r  s e t  o f  th e s e  d i f f e r e n t i a l s  from 

P a r t  I  and show a new d e r iv a t io n  f o r  o b ta in in g  th e  p e r io d s  o f  th e s e

d i f f e r e n t i a l s  on S„ .N
In  P a r t  I I I  we c o n s id e r  th e  c l a s s i c a l  P o in c a re  s e r i e s  cp ( z ,k )  o f

g
in te g e r  w eigh t k  s  2 . We g e n e ra l iz e  to  a s e r i e s  P ( z , s ,g )  o f complex 

dim ension - s  , and show th a t  a lth o u g h  th e  s e r i e s  does n o t converge 

a b s o lu te ly  f o r  R e(s) ^  2 , i t  h as  an a n a ly t ic  c o n tin u a tio n  to  R e(s) > 

7 /4  . T h is  a n a ly t ic  c o n tin u a tio n  i s  g iv en  by a convergen t F o u r ie r  

s e r i e s  in  powers o f  exp(2TTiz) .



PART I

§0. I n tro d u c tio n

L e t M be th e  upper h a l f  p la n e . L e t T be th e  inhomogeneous 

m odular g roup , and T(N) i t s  p r in c ip a l  congruence subgroup . In  t h i s  

p a r t  o f  th e  p a p e r , u s in g  r e s u l t s  o f  Hecke [ 6 ] and L e w itte s  [10] on 

g e n e ra liz e d  E is e n s te in  s e r i e s ,  we c o n s tr u c t  a space o f  d i f f e r e n t i a l s  

o f  t h i r d  k ind  on th e  Riemann s u r fa c e  = (Jf/r (N)) ,  where th e  b a r  de­

n o te s  c o m p a c tif ic a tio n  by a d d i t io n  o f  c u sp s . Our d i f f e r e n t i a l s  form  a 

f i n i t e  d im ensiona l complex v e c to r  sp a c e , H^, and we d e f in e  a f a i t h f u l  

group r e p r e s e n ta t io n ,  L , o f  T/r(N) a c t in g  on . From F roben ius 

[ 4 ] ,  we know th e  i r r e d u c ib le  r e p r e s e n ta t io n s  o f T /r (q ) ,  f o r  q prim e ^3 , 

and t h e i r  c h a r a c te r s .

The m ain r e s u l t  o f  t h i s  p a r t  o f my p a p e r  is  t h a t  th e  decom position  

o f  L in to  i r r e d u c ib le  components has th e  form , f o r  q prim e s  3 :

§1 . P re l im in a r ie s

d ,R ,Q ,Z  w i l l  s ta n d  fo r  th e  s e t s  o f  complex num bers, r e a l s ,  r a t i o n a l s ,  

and in te g e r s  r e s p e c t iv e ly .

= {z € C |lm (z) > 0 } = upper h a l f  p lan e  .

T = inhomogeneous m odular group , nam ely, th e  group o f  f r a c t i o n a l  

l i n e a r  tra n s fo rm a tio n s  z -* ^ + d  '  w^e re  a > b ,c ,d  € Z, ad - be = 1 .

SL(2,Z) = homogeneous m odular g roup , nam ely, th e  group o f  2X2 

i n te g e r  m a tr ic e s  o f  d e te rm in a n t one.

L

i f  q = 3 (4 )

where L d en o te s  an  i r r e d u c ib le  r e p r e s e n ta t io n  o f d im ension  n .n



-2 -

Note :  T S S L ( 2 ,Z ) / {  +  (J J ) } .

We w i l l  use  {c ,d }  to  d eno te  an o rd ered  p a i r ,  so  as  n o t to  confuse  

t h i s  w ith  th e  g r e a t e s t  common d iv is o r  o f  two in te g e r s ,  deno ted  by ( c ,d ) .

I f  V € T , we can w r i te  V(z) = (az+ b )/ (cz+d) where a ,b , c ,d  6 Z, 

ad -  be = 1 , and e i t h e r  c > 0 , o r  {c ,d }  = £0 ,1 3 . Then we d e f in e :

(0) V ^  ^  where a ,b , c ,d  s a t i s f y  th e  above c o n d it io n s .

L e t T(N) = th e  p r in c ip a l  congruence subgroup o f  l e v e l  N in  F , namely

th e  group o f  e lem en ts V € T such  t h a t ,  com ponentwise, we have 

V = 1  (q (mod N ). T(N) a c ts  a s  a d isc o n tin u o u s  group o f  conform al

homeomorphisms o f  W o n to  i t s e l f .  Thus, we can  form th e  q u o t ie n t  space 

U/T (N), com pactify  i t  by add ing  00 and o th e r  r a t i o n a l  c u sp s , and g ive  

i t  a Riemann s u r fa c e  s t r u c tu r e  ( se e , f o r  exam ple, A h lfo rs  and S a r io , 

Riemann S u r fa c e s . Ch. I I .  4 p . 119-124).

L e t:

= M /r(N) d eno te  th e  compact Riemann s u rfa c e  thus  o b ta in e d . 

By an  a b e l ia n  d i f f e r e n t i a l  on a  Riemann s u r fa c e  we w i l l  mean a  d i f f e r e n ­

t i a l  form  which i s  e x p re s s ib le  lo c a l ly  as f ( t ) d t ,  where f  i s  a mero- 

m orphic fu n c t io n  o f  th e  lo c a l  c o o rd in a te  t .  We w i l l  say  th e  a b e l ia n  

d i f f e r e n t i a l  i s  o f  t h i r d  k ind  i f  a t  some p o in t  on th e  Riemann s u rfa c e  

th e  lo c a l  e x p re s s io n  f ( t )  has a  po le  w ith  n o n -ze ro  r e s id u e . N ote, 

th e  Riemann s u rfa c e  i s  com pact, and thus  by g e n e ra l th eo ry  we know

th a t  fo r  an  a b e l ia n  d i f f e r e n t i a l  on S„ , th e  sum o f  th e  re s id u e s  i sN

z e ro .

In  th e  n e x t s e c t io n  we c o n s tru c t  a  f i n i t e  fam ily  o f a n a ly t ic  fun ­

c t io n s  on M w hich s a t i s f y :



where j  depends on k and V , and 

j  = k « V  € T(N) .

Thus we g e t:

(2) hk (V (z))dV  = hk (z )d z  f o r  V 6 T(N) .

The fu n c t io n s  h (z )  a re  a n a ly t ic  a t  z = i »  , and th e r e f o r e  a t  a l l
XV

r a t i o n a l  cu sps by fo rm ula  ( 1 ) .  Thus we u se  fo rm ula (2 ) to  d e f in e  

h fc(z )d z  a s  a b e lia n  d i f f e r e n t i a l s  on . These d i f f e r e n t i a l s  w i l l  

be o f  t h i r d  k in d .
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§ 2 . C o n s tru c tio n  o f a Space o f A b e lia n  D i f f e r e n t i a l s  o f  T h ird  Kind on S^.

In  [ lO ], L e w itte s  d e f in e s  th e  g e n e ra liz e d  E is e n s te in  s e r ie s  

G ( z , s , r ^ , r 2) f o r  z € Jt, s € (E, r^  and r 2 € R as  fo llo w s : For

R e(s) >  2:

(3) G ^ s , ^ , ^ )  = 2 '  ( (n rt-r^z  + n + r 2) ” s
m,n

where {m,n} runs th rough  a l l  in te g e r  p a i r s  ex cep t { - r ^ , - ^ }  i f

{ r ^ , r 2 } £ Z . The complex power i s  made unambiguous by a g re e in g  th a t

f o r  any w 6 C, w i* 0 , we d e fin e  Arg(w) a s  t h a t  v a lu e  o f  th e  argum ent

such  th a t  - T t  £ Arg(w) < t t ,  and th e n  l e t t i n g

ws _ es ( t n |w | + i  Arg(w )) 

d e f

As i s  p o in te d  o u t in  [1 0 ], th e  s e r i e s  in  (3) d e f in e s  a  fu n c t io n  w hich i s  

a n a ly t ic  in  z and s f o r  Im(z) > 0 , R e(s) > 2 .

I t  i s  f u r th e r  shown th a t  G ( z , s , r ^ , r 2) has an  everyw here f i n i t e  

a n a ly t ic  c o n tin u a tio n  to  { z ,s }  € H X (E , g iv en  by:

(4) G ( z , s , r 1 }r 2) = ( s , r 2) + e17163 C ( s , - r 2)}

S oo
+  ' 2  2  k S _ 1  e x p (2 T T ik r 9 )  e x p ( 2 T r ik ( n r f - r - ) z )

1 '•s ;  ni>-r k=l Z 1

3 oo
+ e771̂  ^Z^17̂ —  2 2 ks * e x p (-2n ik r  )e x p (2Trik(m-r1)z )  

r ( s )  m>r k= l 2 1
1

where T (s )  i s  th e  u su a l gamma fu n c t io n ,

* < « > -  £  i£  t € z 4 .
10 i f  t i i z ;

a  g
and f o r  R e(s) > 1 , C ( s , r 2> = (n+r2)

For our pu rposes we a re  only  i n te r e s t e d  in  th e  ca se  s = 2 ,
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= a^ /N , = a^/N  , as t h i s  w i l l  le a d  us t o  a b e l ia n  d i f f e r e n t i a l s

on SN . p o r  t h i s  c a se , (4 ) becomes:

G (z ,2 ,a  /N ,a  /N) = x ^ / N )  i f  (n+a^H ) “2
n

-4TI2 E E k exp(2TTika /N) exp(2TTik(mfa /N )z)
m>-a. /N k=l 2

00

-4TT2 E E k exp(-2TTika /N) exp(2TTik(m-a /N )z)
mi>a^/N k=l

= X ^ / N )  • N2 E7 (Nirt-a2) " 2 
n

CO

-4TT2 E E k exp (2Trika„/N) exp(2TTik(Nmfa )z/N )
N m ta^O k=l

00

-4 tt2 E E k exp(-2TTika„/N) exp(2TTik(Nra-a )z/N )
Nm-a,X) k=l

Thus

G (z ,2 ,a  /N .a  /N ) = x ( a 1/N)-N2 E 1 /d 2 
1 2 1 d=a2 (N)

CO

-4tt2 £  E k exp(2Ttika„/N) exp (2TTikja/N)
j >0 k=l
j=a^(N)

CO
. -4TT2 E E k exp(-2Trika /N) exp(2Tfikjz/N) .

jX ) k= l
j= - a x (N)

F in a l ly ,  w r i t in g  n fo r  k j  in  th e  double sums, and c o l l e c t in g  term s 

we have th e  F o u r ie r  exp an sio n :

CO

(5) G (z ,2 ,a 1/N ,a 2/N) = E o ^ a ^ a ^ N )  exp(2TTinz/N)
n=0

where
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a 0 (a i , a 2 ,N) = N2x ( a i /N) £ 1/d 2
d=a2 (N)

and f o r  n  s  1

a ^ C a ^ a ^ N )  = -4 tt2-  ̂ £  k exp(2TTia2k/N) + £ k exp(-2TTia k /N )l .
k in  k in

^ ( N )  k S -a l(N>
k>0 k>0

To c o n s tru c t  our d i f f e r e n t i a l s  we w i l l  a ls o  make use o f th e  t r a n s ­

fo rm a tio n  form ula in  [10] (p . 4 8 6 ,(4 9 ))  f o r  G ( z ,2 , r ^ , r 2) , nam ely: i f

V € r , w ith  V = ^) as  in  (0 ) ,  th en

G (V (z ) ,2 ,r  r  )

( C M ) 2 '  G(Z>2 ’R1 ’E2) -  ^ 5 5

where [ r ^ R ^  = [ r ^ r ^ - V  = { a ^  + c r ^ . b ^  + d r 2 } .

Note 1 : In  t h i s  c a se , where s = 2 , th e re  i s  no need to  s p e c ify  c > 0

o r  [c  = 0 , d = 1}, a s  i s  needed in  th e  g e n e ra l ca se  fo r  s 6 (E. For

suppose c < 0 o r  {c = 0 , d = —13 , th e n  by (1) we have

- ■ C c  :5 )

and (6) becom es:

6 0 ^ , 2 , ^ , ^ )  _ 2TTj(-c)
(7) 2 "  G(z>2 ’ Rl»  2 - c z -d

(-c z -d )

where [ r^ ,R 2 3 = [a r^  + c r 2 ,b r^  + d r 2 } . But u s in g  s = 2 in  (4) i t  i s  

easy  to  se e  th a t

(8) G (z ,2 ,-R 1>-R2) = G (z ,2 ,R 1 ,R2) .

Thus (7) can be w r i t t e n  as
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G (V (z ) ,2 ,r  , r  )
--------------- r i - 2 -  = G (z ,2 ,R  R ) -

(cz+d) 1 2 cz+d

w here [ R ^ R ^  = f r 1»r 2 i * ^  ^  = ^a r l  + ° r 2 ’b r l  + d r 2  ̂ W ith c < 0 

o r {c = 0 , d = - l } .  But t h i s  i s  th e  same form ula as  (6) ,  so we see

t h a t  we can use (6) w ith  no r e s t r i c t i o n  on c o r  d , excep t 

(* b ) 6 SL(2,Z) .

Note 2 : As is  p o in te d  ou r in  [1 0 ], th e  fu n c t io n  G (z ,2 ,a ^ /N ,a 2/N) i s

c lo s e ly  r e l a te d  to  th e  fu n c t io n

1(9) G „(z ;a , ,a „ ,N ) = lim  E2 V r l ’ “ 2’ '  d e f  ~T+ _ , «2s - 0+ mjL= a i (N) (n^z+m p In^z+n^ | 5

d e fin e d  by Hecke [ 6 J . In  f a c t  by comparing the  F o u r ie r  s e r i e s  o f  th e  

two fu n c tio n s  i t  i s  shown th a t

o —9TTi
(10) NZG2 ( z ; a i , a 2>N) = + G (z ,2 ,a 1/N ,a 2/N) .

z -z

-2TTi
Thus, G0 has th e  n o n -a n a ly tic  term  —r  . However,

2 N2 (z -z )

-2TTi 1 -2Tti . 2Ttic —  .  -  =    +   ,
V (z)-V (z) (cz+d) z -z  cz+d

and so by (10) and (6) we g e t th e  fo rm u la :

/ i i \  (V (z ) ;a 1 ,a_ ,N )
( I D  _2------------L _ 2 -----  = G (a;A  A n)

(cz+d) 2 2 L 2

where { A ^ A ^  = { a ^ a ^ V  .

I t  i s  easy  to  see  e i t h e r  by a n a ly t ic  c o n tin u a tio n  from  (3) o r by 

u s in g  (4) t h a t :

(12) G ( z ,2 ,r 1+ h , r 2+k) = G ( z ,2 ,r 1 , r 2) i f  {h ,k}  5 Z .
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F u rth e rm o re , from  (4) we have:

(13) G( z , 2 , - T l t v 2) = G ( z ,2 ,r l 5r 2) .

Thus we can w r i te :

(14) G (z ;2 ,a i /N ,a 2/N) = G U ^ .b ^ N .b ^ N )  i f  { a ^ }  s  + { b ^ b ^ C N ) , 

o r ,  by (10),  i n  te rm s o f  Gg :

(15) G2 ( z ; a lS a 2 ,N) = G ^ z jb ^ b ^ N )

i f  {al 9a 2 } = + {b1 ,b 2 }(N) .

Now c o n s id e r  th e  fo llo w in g  fu n c tio n s  d e fin e d  by Hecke [ 6 j :

(16) G *(z ;a1 , a 2 ,N) E c fc • G ^ z j t a ^ t a ^ N )
tmodN
(t,N )= l

where (a ,a  ,N) = 1 ,  and c = E u (n) , |x b e in g  th e  Moebius
1 1  C n>0 2

tn= l(N ) n

fu n c t io n  o f  number th e o ry . By (15) we have:

(17) G *(z ;a1 , a 2 ,N) = G ^ z jb ^ b ^ N )

i f  i a v a2 } = + {b1 ,b 2 3(N) .

F urtherm ore  by (16) and our p rev io u s  r e s u l t s  on th e  fu n c t io n  G2 

we have th e  tra n s fo rm a tio n  fo rm ula :

G * (V (z ;a .,a  ,N) *
(18) — -----------------  = G2 (z;A 1 ,A2 ,N)

(cz+d)

fo r  V 6 T , V = (* *j), and {A^,A2 3 = { a ^ ,a 2 ) • V . We a ls o  g e t  th e  

F o u r ie r  ex pansion :

•k -2TTi
(19) G ( z ;a  ,a  ,N) = — ------ — E c

* 1 N (z -z )  tmodN
(t,N )= l

GO

+ . E E c • o; ( ta 1 ,ta .,N )exp(2T T inz/N )
N2 n=0 tmodN c n 1 L

(t> N )= l
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where <* i s  g iv en  in  form ula (5 ) .

(20) D e f in i t io n  A: We say  th a t  G2 ( z ; a ^ ,a 2 ,N) v a n ish e s  (o r d o e s n 't

v a n ish )  a t  a  cusp - d / c ,  (c ,d )  = 1 , a c c o rd in g  as th e  c o n s ta n t  term  o f
2 *th e  ex p an sio n  o f  (cz+d) G2 ( z ; a ^ ,a 2 ,N) in  powers o f

t  = exp{2Tri(az+b)/(cz+d)N } v a n ish e s  (o r d o e s n 't  v a n is h ) .

But (cz+d) 2 G j( z ;a i ,a 2 ,N) = G*(V(z) j B ^ . N )  where V € T,  V = (® b ) .

{ b ^ ^ }  = [ a ^ ,a 2 } * Y 1 ~ " ca2»~b a l  +  a a 2  ̂ ‘ By tb e  c o n s ta n t

term  o f  th e  expansion  o f  G2 OKZ) j B ^ ^ j N )  , in  powers o f  t  = exp(2TTiV(z)/N),

i s
1
N2 ’ aw Ct “o(tBl ’tB2,N)N tmodN 

( t ,N )= l

where r e c a l l ,

a  (a ,a  ,N) = N2x (a j /N )  S 1 /d 2 .
d=a2 (N)

I t  i s  shown in  [6  ] ,  (see  a ls o  append ix  1 h e re )  t h a t

,1  i f  [ x ,y } = + { 0 , l}  (N) ,

(21) Saw Ct  a 0 (tX ’ t y >N) = lO  o th erw ise .tmodN
( t,N )= l

Thus

(22)
f l  i f  { c ,d }  = + [a  ,a  }(N) 

E Ct  a ( / tBi> tB2 »N) tO o th e rw is e .tmodN 
( t ,N )= l

where {bi ,B2 3 = [d a j  - ca2 , - b a 1 + a a 2 ) .

Thus in  th e  sen se  o f  D e f in i t io n  A, th e  fu n c t io n

G2 ( z ; a 1 , a 2 ,N) v a n ish e s  a t  a l l  cusps - d / c ,  (c ,d )  = 1 , ex cep t th o se  fo r

w hich {c ,d3  s  + {a1 , a 2 3(N) . These l a t t e r  cusps d e te rm in e  one cusp on

S„ as  fo llo w s : N
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Given an o rd ered  p a i r  { a ^ ,a 2 3 w ith  ( a ^ a ^ N )  = 1 , th e re  e x is t s  

an  in te g e r  such  t h a t  ( a ^ ,a 2+kgN) = 1. F u rtherm ore , i f  (c^ ,d ^ )  =

^C2 ,(*2  ̂ = tb e n  id e n t i f i e d  w ith  ~^2^C2 by

r(N) « {c1,d13 s + {c2,d23(N) .

Thus,

(23) g iven  an  o rd ered  p a i r  { a ^ ,a 2 3 w ith  ( a ^ ,a 2 ,N) = 1 , l e t

YN^a l , a 2^ = t *18 CUSP on r e Pr e s e n te ^ by 

z = -  (a2+kQN) /  a1 where ( a ^ a ^ k g N )  = 1 .

We o b v io u sly  g e t a l l  th e  cusps o f from  (23) s in c e  any cusp i s

re p re s e n te d  by z = - d / c ,  where (c ,d )  = 1 , and + 1 /0  05 . F u r th e r ­

m ore, i t  i s  easy  to  v e r i f y  t h a t :

(24) YN^a l» a 2  ̂ = YN^bl ,b 2^ °  ^a l 1&2^ S -  t b i> b2 ^  *

L e t

PM = th e  s e t  o f  o rd e red  p a i r s  o f  in te g e r s  {a , a } mod N
IN 1 a

such  th a t  ( a ^ ,a 2 ,N) = 1 .

L e t {a19a 2 3 ~  [ b ^ b ^  mean { a ^ a ^  = + [ b ^ b ^ Q O .  Then th e re  i s  a 

o n e -to -o n e  co rrespondence  betw een th e  s e t  P jj/~  and the  s e t  o f cusps

° f  SN

I f  X(N) = c a r d in a l i ty  o f P^  th e n  i t  can  be shown (see  Gunning

[ 5  ] ,  p . 9 ) ,  t h a t
,1 f o r  N = 1 ,

MN) = { ,  x
V  H (1 -  ~  ) f o r  N £ 2 

p |n  p
p prim e

I f  ct(N) = c a r d i n a l i t y  o f  > th e n  i t  fo llo w s th a t

(25) I 1 N = X .
a(N ) = V 3 f o r  N = 2 ,

f  X  ( 1 '  ?  f o r  "  * 3
P prim e
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By (17) and (24) we see  t h a t  each  cusp YN( a ^ ,a 2) can  be a s s o c ia te d
*

u n iq u e ly  to  th e  fu n c t io n  G2 ( z ; a ^ ,a 2 ,N) . F u rth e rm o re , i f  

F (z) = E C(a ,a  ) G, ( z ; a - , a  ,N)
u ^ i a y -  1 2 2  1 2

where some C (x ,y) £ 0 , th e n  we know t h a t  in  th e  sense  o f  (2 0 ), th e  

fu n c t io n  F (z ) does n o t v a n is h  a t  th e  cusp Y jj(x ,y) and so F (z) i s
^  I

n o t i d e n t i c a l ly  z e ro . Thus th e  s e t  (G2 ( z ; a ^ ,a 2 ,N ) |{ a ^ ,a 2 } 6 PN/~3 i s  

l in e a r l y  independen t over (E. T h e r e f o r e , i f

(26) = th e  complex v e c to r  space  spanned by th e  fu n c tio n s
k

G2 ( z ; a 1 , a 2 ,N ),

th en

(27) dim Ŵ  = ct(N) , <7(N) g iv en  by (2 5 ).

As we s h a l l  see  in  th e  p ro o f o f Theorem 1 , we canno t d e f in e
k

G2 ( z ; a ^ ,a 2 ,N )dz as an  a b e l ia n  d i f f e r e n t i a l  on S^, s in c e  th en  in  th e

lo c a l  c o o rd in a te  a t  a cusp  o f  we would have an  a b e l ia n  d i f f e r e n t i a l

w ith  e x a c t ly  one p o le  o f  n o n -ze ro  r e s id u e .  T his would c o n tr a d ic t  th e

f a c t  t h a t  on a compact Riemann s u r f a c e ,  th e  sum o f  th e  re s id u e s  o f  an

a b e l ia n  d i f f e r e n t i a l  m ust be z e ro . [This a ls o  shows th a t  E c 4 0 ,
tmodN
(t,N )= l

k
fo r  o th e rw ise  we cou ld  use  (18) and (19) to  d e f in e  G2 (z ;a ^ ,a 2»N)dz as 

an  a b e l ia n  d i f f e r e n t i a l  on S ^ .]  Thus we d e f in e  f o r  ( a ^ ,a 2 >N) = 1 :

(28) h ( z ; a 1}a 2 ,N) = G * (z ;a ^ ,a 2 ,N) -  G2 ( z ;0 , l ,N )  .

_ 2 TTiNote th a t  th e  n o n -a n a ly tic  term  —5----- —  E c in  (19) i s  c a n c e lle d  o u t .
N (z -z )

We have th e  fo llo w in g  f a c t s  abou t th e  fu n c tio n s  h :

(29) h ( z ;0 , l ,N )  = 0 , V z 6 « .
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(30) I f  [a^, a^]  # + to ,l} (N )  th e n , in  th e  sen se  o f  (2 0 ), h ( z ;a ^ ,a 2 ,N)

v a n ish e s  a t  a l l  r a t i o n a l  cusps ex c ep t 00 and - d / c ,  (c ,d )  = 1 ,

{ c ,d }  s  +  {a;L, a 2 }(N) .

[We know 3 such  an  o rd ered  p a i r  {c ,d3  s in c e  (a j,,a 2 ,N) = 1 .J  F u r th e r ­

m ore, h ( z ; a ^ ,a 2 ,N) i s  a n a ly t ic  f o r  z € M, and s a t i s f i e s :

h (V (z ) ;a  ,a  ,N)
(31) -------------- -----------  = h(z;A  A N) -  h (z ;c ,d ,N )

(cz+ d )Z 1 1

f o r  V 6 T , V = (* ^) , {Ax ,A2 } = { a ^ ,a 2 } • V . In  p a r t i c u l a r  i f  V 6 T (N ),

we have:

{A1 ,A2 } h + {a1}a 2 3(N)

{c ,d }  = + { 0 ,l} (N )

and thus
h (V (z ;a  a  ,N)

(32)----------  “ -----  = h ( z ;a  ,a  ,N) f o r  V 6 T(N) .
(cz+d) 1 L

Theorem 1 : On , th e  d i f f e r e n t i a l  h ( z ; a ^ ,a 2 ,N )dz has a sim ple  p o le

o f  r e s id u e  a t  00 , a sim ple  p o le  o f re s id u e  a t  - d / c ,  (c ,d )  = 1 ,

{c ,d }  = + {a1 , a 2 } (N ),({ a , a^} £ + { o , l} (N )) , and i s  a n a ly t ic  a t  a l l  o th e r  

p o in ts  o f  .

P ro o f : At a  r e g u la r  p o in t  o f  SN , th a t  i s ,  a p o in t  which has a r e p r e ­

s e n ta t iv e  Zq 6 H , we can  use t ^  = z -  Zq as  a  lo c a l  pa ram ete r in  a 

d i s c  ab o u t Zq. S ince  h i s  a n a ly t ic  th e r e ,  i t  has a convergen t 

T ay lo r s e r i e s  in  t^  .

A t 00 we use  th e  lo c a l  c o o rd in a te  t  = exp(2Tfiz/N) in  a v e r t i c a l

s t r i p  o f  w id th  N in  Ji .

By (25) and (22) we have:
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(33) h ( z ; a 1 , a 2 ,N) = E P ( a ^ a ^ N )  exp (2TTinz/N)
n=0

where

Pn (a r a  N) = E c • {or ( t a  , t a  N) -  a  (0 ,t ,N )}  , 
tmodN 
( tjN )= l

b e in g  d e fin e d  in  form ula (5 ) .

S ince  { a ^ ,a 2 3 ^  + { 0 ,l} (N ) we know by (21) t h a t :

t L „  ° ‘  V ' V ' V »  ■ °
( t ,N )= l

and

E c a  (0 ,t ,N )  = 1 .
tmodN n u 
( t ,N )= l

Thus we have:

(34) P0 (a i , a 2 ,N) = -1  .

I n  a neighborhood o f  00 (a v e r t i c a l  s t r i p  o f w id th  N) we have two 

lo c a l  e x p re s s io n s  cp (t)d t and h ( z ; a ^ ,a 2 ,N)dz where t  = exp(2TTiz/N) 

i s  a lo c a l  c o o rd in a te  a t  “  . S ince  th e  two e x p re ss io n s  must a g ree  a t  

a  r e g u la r  p o in t  in  t h i s  ne ighborhood , we s e t :

h ( z ; a . , a  ,N)
(35) cp(t) =  J t -2-

dz

E Pn (W N )tnn=0
2TTit/N

Thus cp(t) has a  s im ple  p o le  w ith  re s id u e  -N /2tri a t  th e  cusp 00 . At 

a  r a t i o n a l  cusp - d /c  , ( c ,d )  = 1 , {c ,d}  # {0,l3(m od N) we have:

(36) (cz+d) 2 h ( z ; a 1}a2 ,N) = M ^ f-^ d a j^  - c a2>-b a 1+aa2 ,N) - h ( ^ j j | , - c , a , N )



-14 -

-  2 6n (a i» a 2>N; a ,b ,c ,d )  exp(2TTin(az+b)/N (cz+d)) 
n=0

where

6 (a  , a ,N ;a ,b ,c ,d )  = £ c {o' (da -c a „ ,-b a ..+ a a  ,N)-af ( - c ,a ,N ) } .
tmodN n 1 Z L 1 n
( t ,N )= l

A gain  by (21) and (2 2 ) ,we have s in c e  { -c ,a }  # { 0 ,l} (N ) :

f 1 i f  { c ,d  } = + {a ,a_}(N )
(37) 60 (a 1 , a 2 ,N ;a ,b ,c ,d )  = |  .

0 o th e rw ise

In  a cusp neighborhood o f z = - d /c  we have th e  two lo c a l  e x p re ss io n s  

\|/(t)d t and h ( z ;a ^ ,a 2 ,N )dz , where t  = exp{2Tri(az+b)/N (cz+d) }, a  lo c a l  

c o o rd in a te  a t  z = - d /c  . S ince  th e  two e x p re s s io n s  must ag ree  a t  a 

r e g u la r  p o in t  in  t h i s  neighborhood , we g e t:  

h ( z ; a 1 , a 2 ,N)

"H"
dz

K t )  -  d t

h ( z ; a 1 , a 2 ,N) 

t  . 2TTi 1

N (cz+d) 2 

w hich by (31) g iv e s :

n lo  V W ^ a . b . c . d H 11
t ( t )  = ---------------

t  ‘ ~

Thus by (3 2 ), ( t )  has a s im ple  p o le  a t  t  = 0 , (z = - d /c )  i f  

Cc,d} = + { a ^ ,a 2 3(N) and i s  a n a ly t ic  a t  t  = 0 o th e rw is e . T h is con­

c lu d e s  th e  p ro o f o f  Theorem 1.

To sum m arize, we have shown t h a t  fo r  { a ^ ,a 2 } such th a t  ( a ^ ,a 2 ,N) = 1 

and { a ^ ,a 2 J # + { 0 ,l} (N ) , th e  fu n c tio n s  h ( z ; a ^ ,a 2 ,N) can  be used to  

d e f in e  a b e l ia n  d i f f e r e n t i a l s  o f  t h i r d  k ind  on = (W/r(N)).
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The d i f f e r e n t i a l  h ( z ; a ^ ,a 2 »N)dz i s  a n a ly t ic  a t  a l l  p o in ts  o f 

e x c ep t a t  th e  cusp “  where i t  has a  s im p le  p o le  o f  r e s id u e  -N /2T T i,  

and a t  th e  cusp - d / c ,  ( c ,d )  = 1 , {c ,d}  = +  { a ^ ^ K N ) ,  where i t  has a 

sim ple  p o le  o f  r e s id u e  N/2TTi . L e t :

(38) = th e  v e c to r  space  o f  a b e l ia n  d i f f e r e n t i a l s  on

g e n e ra te d  by th e  d i f f e r e n t i a l s  h ( z ; a ^ ,a 2 ,N )dz .

By (26- 28) we se e  th a t

(39) dira^H^ = a(N) - 1 where ct(N) i s  g iv en  in  (2 5 ).
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§3. A F a i th f u l  F in i t e  D im ensional Group R e p re se n ta tio n  o f  r/r(N)

In  t h i s  s e c t io n  we d e f in e  th e  group r e p r e s e n ta t io n  L : T/r(N) GL(H^) 

where GL(H^) i s  th e  group o f  1-1 l in e a r 't r a n s f o r m a t io n s ,  o f 

on to  i t s e l f .  For N = q , a prim e ^  3, we f in d  th e  m u l t i p l i c i t i e s  o f  the  

i r r e d u c ib le  components o f L .

From th e  p rev io u s  s e c t io n  we have th e  v e c to r  space  o f a b e l ia n

d i f f e r e n t i a l  on S^, g e n e ra te d  by { h ( z ;a ^ ,a 2SN)dz} . We saw th a t :

dim^ ^  = a(N) -  1

where

a(N) =

n n

f o r  N = 1 

fo r  N = 2

(1 -  ■—) f o r  N ^  3 .

p prim e

Kor ease  o f  n o ta t io n  we w i l l  w r i te  f o r  f ix e d  N :

(40) h = th e  d i f f e r e n t i a l  on S d e f in e d  by h ( z ;a  ,a „ ,N )d z
a i , a 2

For an  a n a ly t ic  fu n c t io n  f : M it we d e f in e :

(41) f ( z > l v d S f  f ( v w )
dV
dz fo r  V 6 T .

For th e  c o rre sp o n d in g  d i f f e r e n t i a l  f ( z ) d z  we d e f in e :

(42) ( f ( z ) d z ) |v  = f ( z ) | y  dz = f(V (z ))d V (z )  .

By (29) we have fo r  f ( z )  = h ( z ; a ^ ,a 2 ,N) :

(43) h ( z ; a 1, a 2 ,N ) |v = h (z ;A 1 ,A2 ,N) -  h (z ;c ,d ,N )  and 

th u s  fo r  ou r d i f f e r e n t i a l s  we have:

(44) h
a l - a 2 hV A2 '  h c ’ d
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where V 6 T , V = (® ^ ) , = t a 1>a 2 } • V .

In  p a r t i c u l a r ,  i f  V € r (N) ,  th en  by (30) we have:

(45) h | = h f o r  V f  T(N) .
1* 2 iV 1 * 2

By th e  c h a in  r u le  fo r  d e r iv a t iv e s  i t  fo llo w s t h a t :

(46) h |  -  ( h |  ) |  .
1 2  1 2

Furtherm ore  by our d e f in i t i o n s ,  we have f o r  a  and (3 6 <E, f  and g € H^:

(47) (o f  + pg) |y = a ( f j y) + p (g |v ) .

Thus any V € T d e f in e s  a  l i n e a r  map L(V) o f  in to  i t s e l f  v ia :

(48) h ^  W >  h | . [We use  V ^ so t h a t  we w i l l  have
v

L(VX • V2) = L(VX) • L(V2) ] .

(49) Claim ( 1 ) : L(V) i s  on to  .

V e r i f i c a t io n : By (46) we see  t h a t  g iv en  h 6 we have:

( h L ) ! ,  = h |  = h[  = h .
V w

Q.E.D. c la im  ( 1 ) .

S ince  i s  f i n i t e  d im e n s io n a l, L(V) i s  a ls o  1-1 and th u s

L(V) 6 GL(H^), th e  1-1 l i n e a r  maps o f  on to  i t s e l f .

(50) Claim  ( 2 ) : L(V) depends on ly  on th e  c o s e t  o f  V ( l e f t  o r  r ig h t )

mod T (N) .

V e r i f i c a t io n : Suppose V,W € T , K € T (N ), V = KW .

Then fo r  h 6 we have:

h | -i = h | = (h i  , ) |  , = h |  .
V W K W K W

I f  V = WK f o r  K 6 T(N) a  s im i la r  argum ent w orks.
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N ote: The l a t t e r  ca se  a ls o  fo llo w s from th e  f i r s t  c a se  s in c e  T(N)

i s  norm al in  T .
Q.E.D. Claim  ( 2 ) .

We now d e f in e  th e  mapping L: T/r(N) — GL(W^) by

(51) LCTOO-V) = L(V) .

(52) Lemma 1 : L i s  a group r e p r e s e n ta t io n .

P ro o f : L i s  a  homomorphism s in c e

h l • _ i  =  h |  _ 1  = ( h i  _ j ) |

and thus

(V °V ) V °V V V' ' l  2 2 1 2 1

L (VX«V2) = L(V1)°L(V2) .
Q.E.D. Lemma 1 .

(53) Lemma 2 : L i s  a f a i t h f u l  r e p r e s e n ta t io n ,  t h a t  i s ,  1-1 .
a  b

P ro o f : L e t V 6 T , w ith  V = (c ^) , and l e t  I  = i d e n t i t y  map on .

Suppose L(V) = I  . Then h |, = h  f o r  a l l  b a s is  v e c to rs
a l >a2 V a l , a 2

h a 1 , a 2  * B U t  hai> a 2 V̂ "  hAi ’A2 ”  h c ,d  ”  h t a a 1+ca2 >bai +da2  ̂ "  h c >d *  T h U S

{
[aa^ + ca^ba^^ + da2 ) = + Ca^a^OO  

and

[c ,d }  = + { 0 ,lJ (N ) .

[ ( 1) s in c e  th e  h 's  a r e  l in e a r l y  indep en d en t]

=> [aa.1,b a 1 + a 2 J = + { a ^ a ^ N )  ,

=* Ca,b3 = +  £ 1 , 0 3(N) .

Thus V = + (J  J)(N ) , i . e . ,  V 6 T(N) .

N o te : V §* + ( J  J )  (N) s in c e  th e n  Vj ET i f  N ^  3 .

Q.E.D. Lemma 2 .

To sum m arize, we have shown t h a t  L: T /r(N ) GL(H^) i s  a f a i t h f u l  

group r e p r e s e n ta t io n .  The number o f  d i f f e r e n t  p o s s ib le  i r r e d u c ib le
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r e p r e s e n ta t io n s  o f  r/T(q) f o r  q a prim e ^  3 , was c a lc u la te d  by 

F roben iu s [ 4  ] .  I f  we l e t
szl 

e = ( - 1) 2

and Lr s ta n d  fo r  an  i r r e d u c ib le  r e p r e s e n ta t io n  o f  d im ension  n , th en  

we have th e  fo llo w in g  l i s t :

B esides th e  id e n t i t y  r e p r e s e n ta t io n  we have:

1 r e p r e s e n ta t io n

2 r e p r e s e n ta t io n s

2
(54)

a -e  ( i )-  1 r e p r e s e n ta t io n s

-  % r e p r e s e n ta t io n s

In  our c a se  we w i l l  show th a t  th e  i d e n t i t y  r e p r e s e n ta t io n  does n o t occur 

a s  a  component, so  our r e p r e s e n ta t io n  L has th e  fo llo w in g  decom position :

(55) L = xL + y , L ^  + y .L ^  + Z u , - L ^  + L v •L( i ^
v q i  2 4 1 q+1 4 i  q_1

2 2 1

where x ,y ^ ,u ^ ,v ^  a re  th e  m u l t i p l i c i t i e s  o f  th e  i r r e d u c ib le  com ponents, 

and thus n o n -n eg a tiv e  in te g e r s .

In  o rd e r  to  show th a t  th e  i d e n t i t y  r e p r e s e n ta t io n  does n o t occur as 

a  component o f  L , we need a  f u n c t io n  th e o r e t i c  r e s u l t  o f  L e w itte s  [8  J , 

—and some p re lim in a ry  n o ta t io n .

S ince  T(N) i s  normal i n  T , T a c ts  in  a n a tu r a l  way on 

= M/r(N); nam ely, fo r  V € T and [zq] 6 we d e f in e

(56) V ([z ]) = [V(zQ)J  .

and L (2)
q + 6

2

( i  = " 1)

( j  = - jg)



T his i s  w e ll  d e f in e d , s in c e  i f  Czq3 = t z^J th en  z^ = M(zq) f o r  some 

M € T (N) and so  V(z^) = V°M(Zq) . But V°M = K°V f o r  some K £ T(N) 

s in c e  T(N) i s  normal in  T . Thus V(z^) = K°V(z^) and so

[V (z p ]  = tV(zQ) ]

as needed . By a s im i la r  argum ent we can d e f in e  T /r(N ) a c t in g  on 

SN by

(57) ( r ( tO -V )( [z 0 J) -  [V(z0) J  6 SN .

In  t h i s  way T (N)*V i s  a conform al homeomorphism o f  o n to  i t s e l f ,

a ls o  c a l le d  an  autom orphism  o f  , Hence TIT (N) i s  a group o f a u to ­

morphisms o f . Thus i f  we l e t

(58) to(N) = r/r (N) ,

we can  d e f in e  th e  s u rfa c e

(59) s N = sN/tn (N) .

S ince  in  w hat fo llo w s , th e  r e s u l t s  depend on ly  on th e  c o s e t  o f  an elem ent 

in  T mod T(N) , we w i l l  l e t  V d eno te  b o th  th e  e lem ent o f  T and i t s  

c o s e t  in  F IT (N ).

(60) Lemma_3: There i s  no non -ze ro  v e c to r  in  which i s  l e f t  f ix e d

by L (V) fo r  a l l  V £ r /T  (N) .

P ro o f : By [8  ] ,  a d i f f e r e n t i a l  on w hich i s  l e f t  f ix e d  under th e

a c t io n  o f  L(V) fo r  every  V £ r / r ( N ) ,  d e te rm in es  a  d i f f e r e n t i a l  on

and c o n v e rs e ly . In  f a c t  on page 738-9 o f  [ 8 ] ,  th e re  a re  fo rm ulas f o r  

go ing  from  a  T ay lo r s e r i e s  o f  one to  a  T ay lo r s e r i e s  o f  th e  o th e r .

Now suppose we have a  n o n -ze ro  d i f f e r e n t i a l  0 € w hich i s  l e f t

f ix e d  by L(V) fo r  a l l  V £ T /r(N ) . Then 0 i s  a  l i n e a r  com bination  

o f  th e  d i f f e r e n t i a l s  h  and so must have sim ple  p o le s  a t3. f 3-
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two o r  more cusps and be a n a ly t ic  e lse w h e re . L e t Pq be any p o in t  on 

. An in v a r ia n t  d i f f e r e n t i a l  0 has th e  expansion  in  lo c a l  c o o rd in a te  

t  a t  Pq g iven  by:

n  U(P ) - l  (n +k)ll(P  ) - l
(61) 9 = (an n (p  j t  + . . . +  a  + k )n (p  t  °  + . . . ) d t

O O '  O '  '  o

w here i s  an in te g e r  to  be de te rm ined  and M P q) i s  th e  o rd e r  o f  th e

s t a b i l i t y  subgroup o f  Pq , t h a t  i s ,  th e  subgroup o f  Tft(N) le a v in g  Pq

f ix e d .  Then by [ 8  ] ,  th e  co rre sp o n d in g  0 on S has th e  ex pansion :

~  1 - 1) _
(62) 0 = i ^ p - y  (an n (P )_ !  t  + . . . + ) d t  ,

'  o o '  o

n (p )
where t  = t  i s  a lo c a l  c o o rd in a te  on S„ a t  P . But in  our c a se ,N o

s„ - sN/m(t0

= (w/r(N))/cr/r(N))

conform al Q J/r)

con¥orm al = Riemann sphere

At a  cusp where 0 has a  sim ple  p o le , th e  o rd e r  o f  0 in  lo c a l  co­

o rd in a te  t  must be -1 and s in c e  >  Oj i fc fo llo w s th a t  n^ = 0 .

On S a l l  th e  cusps a re  i d e n t i f i e d  to  one p o in t ,  say  f®]. But 0 a t  

f“ ] ,  in  lo c a l  c o o rd in a te  t  , th en  has o rd e r  -1  s in c e  = 0 . On 

th e  o th e r  hand, a t  a  p o in t  Pq where 0 has no sim p le  p o le , 0 i s  

a n a ly t ic  and so in  (61) we have nQ s  1 . Then by (6 2 ), 0 i s  a n a ly t ic  

a t  th e  c o rre sp o n d in g  Pq .

Thus 0 i s  a d i f f e r e n t i a l  on th e  Riemann sp h e re  w ith  one sim ple  

p o le  and o th e rw ise  a n a ly t i c .  T his i s  im p o ss ib le , s in c e  fo r  a  one-
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d i f f e r e n t i a l  on a compact Riemann s u rfa c e  we know t h a t  th e  sum o f  th e  

r e s id u e s  must be z e ro . Thus 0 would have to  have a t  l e a s t  one o th e r  

p o le  on Sq . Thus th e r e  cannot e x i s t  such a 0 as  we a r r iv e d  a t ,  

and th e r e f o r e  no such  in v a r ia n t  0 .

Q.E.D. Lemma 3 .

Thus we have shown th a t  in  th e  r e p r e s e n ta t io n  L : T /T (N) -* GL(H^), th e  

m u l t i p l i c i t y  o f  th e  i d e n t i t y  r e p r e s e n ta t io n  i s  z e ro , which j u s t i f i e s  

i t s  om ission  in  th e  decom position  (5 5 ).

F ro b en iu s  [ 5 ] c a lc u la te d  th e  c h a ra c te r s  o f  th e  e lem ents o f  T/r(q)  

w ith  r e s p e c t  to  th e  i r r e d u c ib le  r e p r e s e n ta t io n s .  In  p a r t i c u l a r ,  i f

T (z) = z + 1

and R i s  any elem en t o f  TI F  (q) o f  o rd e r  th e n  we have th e  f o l ­

low ing t a b l e :

Lq q+e q+1 q-1

dim q
q+e

2 q+1 q-1

X(T) 0 e + -s/eq
2

1 -1

x(Ra) 1 ( - I ) 3 p“ + p ;a  0

where i s  such th a t
a i l

P i 2 - 1 ,  p £ + 1 , and a  runs th rough  th e

re s id u e  c la s s e s  mod ex cep t 0 .

N ote: R e c ip ro c a l ro o ts P£ and Pj* o b v io u sly  d e f in e  the same c h a ra c te r

in  th e l a s t  l i n e .
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Now, w r i t in g  as th e  d i r e c t  sum o f  i t s  in v a r ia n t  subspaces we

g e t  th e  fo llo w in g  e q u a tio n  from  (5 5 ):

^  - i
(64) X<V) -  *-Xq (V) +  y i  X 0 >  (V) + y2 X̂ > ( V )  +  £  ^  X£ > (V)

s±s. %

+  £  V1 Xq - l <V)

where xOO i s  th e  c h a ra c te r  o f  V w ith  r e s p e c t  to  th e  r e p r e s e n ta t io n

L and Xn 0 0  i s  th e  c h a ra c te r  o f  V w ith  r e s p e c t  to  th e  i r r e d u c ib le  

r e p r e s e n ta t io n  . F u rtherm ore ,

o2-3(65) dim^, H = cx(q) -  1 = ■a- y  .

Thus by add ing  th e  dim ensions o f  th e  in v a r i a n t  subspaces w ith  t h e i r  ap­

p r o p r ia te  m u l t i p l i c i t i e s  we have:
_i 3±1 .  k

2 4 4 *
(66) = x*q + (y ,+ y9) + (q + l)  2 u + (q -1) £  v .

i. i  z i= l  1 i= l  1

N o te : (66) can be o b ta in e d  from  (64) by u s in g  V = i d e n t i t y  € T/r(q) .

As a  b a s is  f o r  H we have th e  d i f f e r e n t i a l s  h s u b je c t  to
q a 1»a 2

th e  r e s t r i c t i o n s  g iv en  e a r l i e r ,  namely:

(67) (a ^ ja ^ jq )  = 1 [which f o r  q prim e means { a ^ ^ }  # { 0 ,0 } (q )]  , 

and by (15) and d e f in i t i o n s  ( 1 6 ) ,( 2 3 ) ,  and (35) we have:

(68) \ , a 2 * \ , b 2 °  *  t  •

T hus, i f  we d e f in e :

(69) Aq = { { 0 ,2 } ,{ 0 ,3 } , . . . , [ 0 , a | i } , { l , 0 } , { l , l } , . . . , { l , q - l } , . . . ,

{ ^ , 0 }, 1 3 , . .  • , { - ^ j q - l }}
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th e n  th e  o rd ered  s e t  B = {h 3r i s  a  b a s is  fo r  H ,q a i , a 2 l a 1 , a 2 J6Aq q

where th e  o rd e r in g  in  B co rresp o n d s to  th e  o rd e r in g  in  A .
q q

U sing t h i s  b a s is  fo r  H , l e t  us c a lc u la te  x C f ) , where T (z) = z+1 .
q

P r o p o s it io n  1 ;

(70 ) X (T) = ^  » T (z) = z + !*

P ro o f ; T" 1 = (J  - J )  .

By (44) we have: L (T )(h  ) =
I 1 ' 2

h , = h -h rt . = h  s in c e  h_ , = 0 .
a l , a 2 T a l , a 2_al  * a l ,a 2_al  »

I f  we w r i te  th e  l i n e a r  map L(T) as a m a tr ix  w ith  r e s p e c t  to  th e  b a s is

i K  .  i f .  « -ip. we w i l l  g e t a c o n tr ib u t io n  to  th e  d ia g o n a l «  h
a l , a 2 l ’a 2 q a l , a 2- a l

+ h . But h i s  a b a s is  v e c to r  i t s e l f  and so i t  cou ld  n o t
-  a i , a 2 a l ’ a 2“a l

e q u a l . Now, ‘  °  ( W a l J ‘  i  •

But {a1 , a 2- a 1 3 = { a ^ a ^ C q )  «  a1 = 0 (q ) . S im ila r ly  { a ^ a ^ a ^  = 

- { a 1 , a 2 J(q ) => â  ̂ = - a ^ q )  w hich => ax = 0 (q ) s in c e  q i s  odd. But 

a l  = 0 (q ) =» a2 = - a 2 (q) w hich => a 2 = 0 (q ) . Thus { a ^ a ^ a ^ }  = 

~{a1 , a 2 3(q) =» { a ^ a  } = [ 0 , 0 }(q) w hich i s  im p o ss ib le  s in c e  ( a ^ a ^ q )  = 1 . 

Thus we have:

(? D  ha  a  - a  = ha a  *  a  1 H °  <q) *1 * 2  1 1* 2

Thus fo r  th e  m a tr ix  o f  L(T) we g e t  +1 on th e  d iag o n a l from  each  o f

th e  fo llo w in g  (q -3 ) /2  e q u a tio n s :

h{ 0 ,2 3 ^ - 1  = h {0 , 2 3.......... h {0 , ( q - l ) / 2 } 'T- l  = h {0 , ( q - l ) / 2 } J

and we g e t  a  z e ro  c o n tr ib u t io n  to  th e  d ia g o n a l from  th e  tra n s fo rm a tio n
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o f  th e  o th e r  b a s is  v e c to r s .  Thus we have:

X(T) = where T (z) = z + 1 .

T h is  r e s u l t  i s  o f  co u rse  independen t o f th e  b a s is  chosen f o r  H s in c e
q

any b a s is  would g iv e  th e  same t r a c e  in  th e  m a tr ix  o f  L (V ), V 6 T .

Q.E.D. P ro p o s it io n  1 .

P r o p o s it io n  2 : For q = 3 (4 ) we have in  e q u a tio n  (5 5 ):

ail
4 4

(72) L = L + £ u L V , w ith  E u = ^ 7“ .
q i= l  1 (1+1 i= l  1 2

P ro o f : We lo o k  a t  th e  c h a ra c te r s  o f  T r e l a t i v e  to  th e  i r r e d u c ib le

r e p r e s e n ta t io n s  L , u s in g  ta b le  (6 3 ),
n a i l

2
e = ( - 1) = -1  ,

and we g e t  from  our t a b le :

(73) Xq (T) = 0 .

( 74) x£ > ( t >  -  , x e ) ( I )  .  .

2 2

(75) Xq+1 (T) = 1 » 1 = *

(76) x £ J ( I )  = -1 , i  = l , . . . , - 3^  .

Thus u s in g  ( 7 0 ) ,  and ( 7 3 - 7 6 ) ,  e q u a tio n  (64)  becomes f o r  V = T :
ail ail

(77) * *  -  y ,  ( ^ )  + y2 +  S  u t  -  ' i  v ,i  ‘i= l  i= l

From (77) we im m ediately  deduce:

(78) y^ = y  ̂ ( c a l l  t h e i r  common v a lu e  y ) , f o r  o th e rw ise  th e re

would be an  im aginary  p a r t  on th e  r i g h t  hand s id e  o f  (77) and none on 

th e  l e f t  hand s id e .  Thus (77) can  be w r i t t e n :



-26-

(79) ^  = -y  +  I  Uj -  Z ,
i  i

and so we g e t w ith  U = L u ,
i  i

(80) -3^1 ^  u  .

On th e  o th e r  hand (66) g iv e s :

2
(81) 3- ~ -  ^  (q+l)U  .

1  2 2 
I f  U ^  th en  (81) would g iv e  ^  , a  c o n tr a d ic t io n .

Thus we have

U < , o r  e q u iv a le n t ly ,

(82) q -3U ^  s in c e  U i s  an  i n te g e r .

Thus (80) and (82) g ive  u s :

<1̂ 3
4 a 1

(83) S u » U = a - *  .
i= l  1 z

I f  we now l e t  V = £ v , th en  (66) becomes:
i= l  1

^  = x -q  + y ( q - 1) + (q + l) ( i

w hich upon s im p lify in g  g iv es  th e  D iophan tine  e q u a tio n :

(85) q = x -q  +  y ( q - l )  + (q - l) -V

where x ,y ,  and V a re  re q u ire d  to  be in te g e r s  ^  0 . One s o lu t io n  i s

(86) x = l ,  y = 0 ,  V = 0 .

C e r ta in ly  x ^  1 , so  i f  x  ^ 1 , th e n  x = 0 , and th e n  (85) becomes:

(84) 3~ Y '  = x -q  + y (q -1 ) + ( q + l^ c i l i )  +  (q - l) -V

(87) = y + V an  in te g e r

w hich f o r  q ^  3 i s  im p o ss ib le . Thus (86) g ives  th e  on ly  s o lu t io n  and
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so  ou r decom position  o f  L , (see  (55 )) becomes:

3=1
L = L + 2 u , i A '

q 1=1 “ i  V I  ’

w ith 4

£ » i - fi= l

Q.E.D. P ro p o s it io n  2 ,

I f  q = 3 , th en  u^ = 0 V i  and we have th a t  ou r r e p r e s e n ta t io n  

i s  i r r e d u c ib le :

(88) L = l 3 , (q = 3) .

[ i t  w i l l  be shown l a t e r  t h a t  f o r  q = 3 (4 ) ,  q s  7 ,(q  p rim e),w e have 

u^ = 2 f o r  a l l  i  . ]

P ro p o s i t io n  3 : I f  q = 1 ( 4 ) ,  th e n  ou r decom position  in  (55) i s :

(89) I  = Lq + y ( l £ >  +  l £ > )  + j  Uj L ( i )

2 2

w ith  q-5

y + 2 u = ^  .
i= l  Z ,

a z i
P ro o f : S ince  i s  even , e = (-1 )  3 = + 1 , and thus from  ta b le  (58)

we have:

(90) X (T) = 0 .
q

(91) X « ( T )  = , x £ > f f>  -  ^  •
2 2

(92) Xq i l (T) "  1 ,

(93) XqfJ (T) = -1  , i  = l , . . . , ^  .
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Thus e q u a tio n  (64) becomes:

(94) -  yx^ )  + y2 ( l f £ )  + S -  S

szl m l
4 4

v i
1=1 * 1=1 1

From (94) we deduce:

(95) ^1 = ^2 ’ ^°r  o t ^er wis e th e  r i g h t  hand s id e  would have an  

i r r a t i o n a l  p a r t  w h ile  th e  l e f t  hand s id e  would n o t .  Secondly:

(96) ^  y + U where y = y^ = y^ and U = 2 u^ .

But e q u a tio n  (66) g iv e s :

2 <*
(97) “  * (q+1) (y+U) •

Thus i f  in  (96) we had < y +  U , w hich means ^  y  + U , the

(97) would g iv e :

2_3 2_x
1 s  , a  c o n tr a d ic t io n .

Thus from (96) we m ust have:

(98) 2=2  = y + U .

S u b s t i tu t in g  in to  e q u a tio n  (66) w ith  e = l , V  = Z v .  ,w e  have
i  *

2

w hich s im p l i f ie s  to :

(99) q = q*x + (q -1 ) V .

C le a r ly  x = l , V = 0  i s  th e  on ly  n o n -n eg a tiv e  in te g e r  s o lu t io n  and thus  

ou r decom position  (55) becomes:

(100) L = Lq + y ( l / »  +  L ® )  + £ ^  L « >

2 2 1

w ith
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X r  S=2y + £ u, = 9 •
i= l  1 z

Q.E.D. Proposition 3.

For q = 5 , th e  unique s o lu t io n  i s  y = 1 , u^ = 0 . Thus f o r  q = 5 

our decom position  (55) becomes:

(101) L = L5 + L*1* + L<2) , (q = 5) .

N o te : S ince  (88) and (101) ta k e  c a re  o f  th e  c a se s  q = 3 , q = 5 , l e t

us assume from  now on t h a t  q ^  7 .

In  ta b le  (63) R s ta n d s  f o r  a  map in  T/r(q) o f  o rd e r  ^  3 .

T aking a  r e s u l t  from  [3  ] we know th a t  f o r  such  a  map we can  ta k e :

(102) R = ST01 ST^ ST“

where S (z) = ■—  , T (z) = z + 1 , ot i s  a  p r im it iv e  ro o t  mod q and

Q(p = 1 (mod q ) . T his y ie ld s

R * t <o °> (R) >
SO Q -1

I f  V = - R_1 th e n , d e f

(103) V = (R- 1 ) = +  (R) " 1 s  + p) (q) , 

and

(104) ( r  = + v x = + (“  °x) (q )-  

Thus we have:

h  I •» = h y -  h   ̂ = h   ̂ \ “ h y .
X’y R {x ,y  3v 0 , PX * * \ y pX 0 ,p X

(105) P ro p o s it io n  4 : For X ^  0 (R j^) we have

X(RX) = -1 •
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[Note: I f  X = 0 (^T p), th en  = I  6 T/T  (N) and x ( I )  = dim o f  r e p ­

r e s e n t a t io n ] .

P ro o f : To g e t any c o n tr ib u t io n s  to  th e  d iag o n a l o f  th e  m a tr ix  o f  L(R*)

w ith  r e s p e c t  to  b a s is  {h^ y 3j x y]gA. we m ust 8e t  them s e p a r a te ly  from

h •. -v and h s in c e  th e  d i f f e r e n t i a l s  h a re  l in e a r l y  in d e-
O . ^  x ’y

p en d en t. To g e t  a  c o n tr ib u t io n  from  h ^ X we m ust îave:
xor ,yP

(106) { x a^ y P ^ }  = + {x ,y}  (q) .

But s in c e  {x ,y} # {0 ,0}  (q) th e n  we must have e i t h e r

= + 1 (q) o r  P^ = + 1 (q)

X 2 \Assume a  = + 1 ( q ) . Then a  = 1 (q) and so  2X = 0 (q -1 ) s in c e  c

is  a  p r im it iv e  ro o t  mod q . T h is  g iv es  X = 0 which c o n tr a d ic ts

th e  h y p o th e s is  o f  our lemma. Thus ot  ̂ # + 1 (q) and s im i la r ly  P^ ^  +

Thus th e re  can be no c o n tr ib u t io n  to  th e  d iag o n a l o f  L(R^) from  th e

term  h ^ ^ .
xa ,yp

To g e t  a c o n tr ib u t io n  from  th e  term  -h  ^ we must have:
0 ,P

(107) Cx,y) = + t 0 ,P^} (q) .

N o te : p^ ^  + 1 (q) s in c e  X ^  0 (^"p) and th e r e fo r e  h , ^ 0 .
2 o ,p A

Now (107) does r e s u l t  in  a  c o n tr ib u t io n  to  th e  d iag o n a l b u t on ly  one 

c o n t r ib u t io n ,  s in c e  h , = h ■* . We know
< > y  o , y

h„ y i . y  '  V * '  h< , y  •

Thus we g e t  a  c o n tr ib u t io n  o f  -1  to  th e  d iag o n a l o f  L(R*) from

l(q) •
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h \ I \ 9 and a l l  o th e r  c o n tr ib u t io n s  a re  z e ro . T h e re fo re  i f
o, p x |r- x

1 ^ 0  ( ^ ^ )  we have

(108) X(RX) = -  1 .

Q .E.D. P ro p o s it io n  4 . 

From our t a b le  (6 3 ), we have f o r  X ^  0 :

(109) X (R*) = 1 .
q

( n o )  (rX) = ( ^ ) ( - D X , k = 1 ,2  .
2

(111) Xq+1 ^  = pk + Pk ^  » k = “ 1

where p^q-1^ 2 = 1 , pk 4- + 1 .

For d e f i n i t e n e s s ,  l e t  us d e f in e :

(112) p d=f  exp{4TTi/ (q -1 ) } , i  = ,

and

(113) pk d=f  pk = e x p { 4 n k i/(q -1 )} .

We w i l l  u se  (1 0 8 )-(1 1 1 ) to  f in d  th e  m u l t i p l i c i t i e s  u^ in  (7 2 ) , and 

y and u^ in  (8 9 ) . F i r s t ,  we need th e  fo llo w in g  two lemmas:

Lemma 1 : Suppose m i s  odd, m s  3 , p i s  a  p r im it iv e  mtk  ro o t  o f  1 ,

and X i s  an  i n te g e r ,  X # 0 (m) . Then, 

m-1

(114) \  (pkX + p 'k S  = -1 .
k= l

P ro o f : By h y p o th e s is  pk ^ 1 and p^m = 1 . Thus pk i s  a  ro o t  o f

th e  polynom ial xm -  1 = (x -1) (xm ^ +  xm 2 + . . . +  x + 1) b u t s in c e  

pk -  1 £ 0 , i t  fo llo w s  th a t  pk i s  a  ro o t  o f xm * + xm 2 + . . . +  x + 1 . 

Thus we have:



F urtherm ore , s in c e  p = 1 we can w r i te

-Xk -Xk Xm X(m-k)
P = P • P = P •

Thus we have:

m-1 m-1

v - k. ^ , Xk X(m-k). m„̂  Xk .E (p +p ) = £ (p +p ' )  = £  p = -1
k=l k=l k=l

by (115).

Q.E.D. Lemma 1 . 

thLemma 2 : Suppose m i s  even , m s  4 , p i s  a p r im it iv e  m ro o t  o f

and X i s  an  in te g e r ,  X ^ 0 (m) ,  Then,

f"1 x _x 0 if X is odd,
(116) E (p Ak+p Ak) =

k=l -2 i f  X i s  even.

P ro o f : As in  th e  p ro o f o f  (114) we have:

m-1 .
(117) E pAk = -1  .

k=l

F urtherm ore ,

V  (p Xk+ P_Xk) = C i  pXk)  -  (pm/2) x = - i  -  (pm/2) x .
k=l k=l

S ince  p i s  a  p r im it iv e  mtk  ro o t  o f  1 , m even , m s  4 , we have:

m/2  .p = -1 .

Thus m_x

2e  ( p ^ + p - ^ )  = - i  -  ( - D X • 
k=l

Q.E.D. Lemma 2 .

We a re  now ready  to  prove th e  fo llo w in g  p ro p o s i t io n s  abou t th e  m u lt i-
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p l i c i t i e s  in  (72) and (8 9 ) , and thus th e  decom position  o f ou r r e p re s e n ta ­

t io n  L in to  i r r e d u c ib le  components .

P r o p o s it io n  5 : In  (7 2 ) , we have u^ = 2 V k . T hat i s ,  f o r  q = 3(4) we

h av e : _
.2^3

(118) L = L + 2 2 * L ^  where L and a re  i r r e d u c ib le ,
q k=1 q+1 q q+i

P ro o f : U sing (7 2 ), (1 0 8 ), (1 0 9 ), and (111) we can w r i te  a  system  o f

e q u a tio n s  from  th e  c h a ra c te r s  o f  R^- , X 0 ( ^ ^ ) j  namely:

£=2
4 X V

(119) - 1 = 1 +  2 uk (pk + p"*)
k=l

o r  e q u iv a le n t ly :  q ^

4 kX . -kX.
(120) - 2 = 2  + P  ̂ w here, r e c a l l  p = e x p { 4 n i/ (q -1 )}.

k=l

For X̂  = + X2 ( ^ ^ )  we have:

kX̂  ̂ -kX^  ̂ kX2 -kX2 
p + p = p + p , s in c e  p = 1 .

Thus from  (120) f o r  X = 1 , 2 , . . . ,  ^  , we g e t e q u a tio n s  in  th e

unknowns u .4 i
By Lemma 1 (1 1 4 ), w ith  m = ( q - l ) / 2  we see  t h a t  one s o lu t io n  to

(120) i s

(121) uk  = 2 V k .

The m a tr ix  o f c o e f f ic i e n t s  where a^^ = p*^ + p has a  non­

z e ro  d e te rm in a n t (see  P ro p o s it io n  7 ) .  Thus our s o lu t io n  (121) i s  u n ique .

Q.E.D. P ro p o s it io n  5 .

P ro p o s it io n  6 : In  (89) we have y = l ,  = 2 T k . Thus fo r  q = 1(4)

we have:
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s r i

(122) L = L + + E 2 L (k} •q fl± l ^±1 q+1
2 2 k 1

P ro o f : Using (89) and (108 )-(1 1 1 ) we can w r i te  a  system  o f  e q u a tio n s

from  th e  c h a ra c te r s  o f  RX , X # 0 ( ^ ^ ) ;  nam ely:

-1  = 1 + y { ( - l ) X + ( - 1 ) X} + E u. (p1̂  + p"kX)
k=l k

where p = exp {4 T ri/(q -1 )3 • F u rtherm ore from  (89) we know th a t

sri
o 4

=  y  +  L  u k  •
2 k= l ^

Thus we have th e  system  o f  e q u a tio n s :

Sri
-2  = 2 y ( - l ) X + E u (pkX + p~kX) , X = l , 2 , . . . , - a^

k= l K ■ «

<123) ^

2=- = y + S u^ .
1 k=l “

T h is  i s  a  system  o f  e q u a tio n s  in  th e  unknowns y , , ug_^ .

4

Lemma 2 , (1 1 6 ), w ith  m = , we see  t h a t  one s o lu t io n  to  (123) i s :By

(124) y = 1 , uk = 2 V k .

But th e  m a tr ix  o f  c o e f f i c i e n t s  has non -ze ro  d e te rm in a n t (see  P ro p o s it io n  8) ,

Thus our s o lu t io n  (124) i s  u n iq u e .

Q.E.D. P ro p o s it io n  6 .

We combine P ro p o s it io n s  5 and 6 in to  th e  fo llo w in g  theorem .

Theorem 2 : For q a  prim e £ 3 , th e  r e p r e s e n ta t io n  L : T / r ( q )  ”* GL(H^)

has th e  decom position  in to  i r r e d u c ib le s  g iv en  by:
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£ = 1  

4 (k)
L = Lq + kf x 2 * V i  f ° r  q "  3(4)

(125)

L = L + L (*} + L (2} + 2 2  fo r  q = 1(4)
q a ± I  a+L q+i

2 2 K_1

P ro o f : We need on ly  prove P ro p o s it io n s  7 and 8 which were r e f e r r e d  to

in  P ro p o s it io n s  5 and 6 .

P r o p o s it io n  7 : Suppose m i s  an  odd in te g e r ,  and p i s  a  p r im it iv e

m*"*1 ro o t  o f  1 . Then, d e t(p * ^  + p £ 0 where 1 ^ i ,  j  ^  .

In  f a c t ,  we w i l l  f in d :

( d e t ( p ^  + p i ^ ) ) 2 = m 2 .

P ro o f : L e t th e  m a tr ix :

(126) (o r^ ) = ( ( p i j  + p" ^ ) ) 2 .

Then m-1

.  1  t PkCi+J> + p- k ( 1+J> + Pk (1 - «  + p -k (1 ' « ) .
J k=l

Now p*+  ̂ i s  an  m*"*1 r o o t  o f  1 , and p*+  ̂ £ 1 , s in c e  2 2 i  + j  ^  m-1 

F u rth e rm o re , p*  ̂ i s  an  m*"*1 r o o t  o f  1 , and

p1_j = 1  «  i  = j  .

T hus, by Lemma 1, (1 1 4 ), we have: 

m-1

1  ( pk(1+«  + P- k(1+« )  = - i ,
k=l

and m-1

2 ( k ( i - j )  - k ( i - j ) *  = j  _1 i f  1 * j
, - (P + P '  I  m-1  i f  i  = j  .k=l
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T h e re fo re :

(127) a
i j

r -2  i f  i  t* j  .

^  m-2  i f  i  = j

m i s  f ix e d  th ro u g h o u t ( r e c a l l  m i s  odd, m £ 3 ) .  

For k  ^  2 l e t :

(128)

Thus,

A, = d e t  k

(m-2)

-2

-2  . .

(m-2) -2 . .

-2 ... -2 . .

d et f r y )  .  A .

-2

-2

-2
(m-2)

(kXk)

In  we can s u b t r a c t  th e  second column from  th e  f i r s t  and we g e t

f o r  k ^  3

(129) A = d e t  k

m

■m

0

-2

(m-2)

-2

-2

-2

■2 ... -2

-2

-2

V •
-2

(m-2]

Thus fo r  k  ^  3:

(130) 

where f o r  k  ^  2 :

Ak = m' Ak - l  + ^ k - l  ’
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(131) Bk = d e t

-2

-2

■2 - 2  . .

(m-2) -2  . . . -2

-2 . * . -2  (m-2)

(kXk)

In  we can s u b t r a c t  th e  second column from  th e  f i r s t  and g e t  fo r

k ^  3:

(132) Bk = mBk_1 .

Using th e  r e c u r s iv e  form ulas (130)and (132) we g e t :

(133) Ak = mk“2{A2 + (k-2)B 2 3 = mK“Z{mZ -  4m + ( k - 2 ) ( - 2m )} .k - 2 r  2

Now i f  we tak e  k = we Se t

A , = mm-1

m-3
2

Q.E.D. P ro p o s it io n  7 .

P ro p o s it io n  8 : Suppose m i s  an  even in te g e r ,  m s  4 , and p i s  a

t ilp r im it iv e  m ro o t  o f  1 .

L e t (a . .) be th e  ^  X 77 m a tr ix  d e fin e d  by:i j  2 2

i j  - i j  
P + P

(134)
Si j  "

m .
2 I  " 1Then ( d e t ( a ^ ) )  = m

for 1 ̂ i ^ ® -  1 and

1 * j  ,

for i  = f  , 1 *  j  == f

P ro o f : I f  we have th e  m a tr ix  e q u a tio n :
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(135)

(136)

( P ^ )  = ( a ^ )  th en

f- - 1
{ \  (pk <l+ j> + p -k <1+ J> + Pk « - J )  + p - k W - J J ,)  + 2 ( . l ) t

k= l

a _i 
•2

{ •s  (pk j + p 'k j )}  + 1

m

k=l

i f  U i s S - l

l * J * f  .
i C  • m

i f  1 = 2 •

m

For 1 ^  i  ^  — - 1 we see  t h a t

i+ j thi s  an  mu“ ro o t  o f 1 , and p*+  ̂ t  1

p* ^ i s  an mtk  ro o t  o f  1 , and 

pi_ j  = 1  »  i  = j  .

Thus by Lemma 2 , (1 1 6 ), we have fo r  i  ^ j- ,

f  2 ( - l ) i i f i  + j i s  odd,

pi i  =
J -4  + 2 ( - l ) i i f i  + j even , i  ^ j  >

(  m -  4 + 2 ( - l ) i i f i  + j even , i  = j  •

On th e  o th e r  hand, i f  i  = — , th en

f i  i f  j
Pm . = {  . .

o»J “1 i f  J

1 i f  j  i s  odd, 

i s  even .

We w i l l  now c o n s id e r  two c a se s :

Case 1 : ^  odd. Then
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( 137 )

< V  =

(m-6 - 2 -6 -2 -6 -2
2 (m-2) 2 -2 2 . . .  "2

-6 - 2 (m-6 ) -2 - 6 . . .  **2
2 -2 2 (m-2) 2 . . .  —2

-6
.

-2

.
-6
•

-2
.

.

.
.
.

.

.
.
.

•
•

.
- 2

2 - 2 2 -2 . . .  2 (m-2 )

1 -1 1 -1 ... 1 -1

in mT h is  i s  an  ~  X -? m a tr ix .
«  0

N ote; m i s  f ix e d  th ro u g h o u t a s  above. 

F o r k  odd, k ^  3, l e t ;

-6
2

-6
2

-6
2
1

(138) ^ i j ^ k  = th e  kXk m a tr ix  h av ing  th e  form  g iv en  i n  (1 3 7 ). 

The l a s t  row o f  i s  th e  k - tu p le  ( 1 , - 1 , 1 , - 1 , . . . , 1 , - 1 , 1 ) ,  and

“  < V  •

L et

(139)

S u b tra c t in g  th e  l a s t  column from  th e  f i r s t  in  (1 3 7 ), we g e t  f o r

k £ 5
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(140)

D = m k

(m-2)

-2

-2

•2
•2
■1

2

(m-6)

2

•6
2

1

-2 . 
-2 .

(m-2) .

- 2 :

-2

-1

. 2

. -6

. 2

. (m- 6) 

2 

1

-2

-2

-2

-2

(m-2)

-1

Now s u b tr a c t in g  tw ice  th e  l a s t  row from th e  f i r s t  we g e t  fo r  

k  s  5 ;

(141) D = m k k-2

Using (141) r e c u r s iv e ly  we g e t:

(142) D = m k
k-3

Using k = ® in  (142) we have:

m -3
D = m m m i - 1m

T his shows P ro p o s it io n  (8) f o r  th e  ca se  — odd.

Case 2 : ^

(143)

even . In  t h i s  ca se  we have:

■

(m-6) -2 -6  . . -2 -6 -2
2 (m-2) 2 . . -2 2 -2

-6
•

-2
•

(m-6) . 
•

. . -2 
•

-6
•

-2
•

•

2
•

-2
•

2 . .
•

. (m-2)

•

2
•

-2
-6 -2 -6 . . -2 (m-6) -2

1 -1 1 .  . .  -1 1 -1

T his i s  an  ^  X ^  m a tr ix .
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For k even , k s  2 , l e t :

(144) ^ i j ^ k  = m a tr ix  hav ing  th e  form o f  (143 ).

Thus ( P ^ ^  = (Pt j ) . L e t

(145) Ek = d e t(P t j ) k .

S u b tra c t in g  th e  l a s t  column from  th e  second , f o u r th ,  s i x t h , . . . , (k-2) th

colum ns, and expanding , we g e t :

(m-6) -6  -6
(146) -6  (m-6) -6

-6  -6  (m-6)

p _ J ( k - 2)E fc -m

•  •  •  

•  •  •

-6  -6  -6
+1 +1 +1

( |  + 1) X ( |  + 1)

-6

-6

-6

. (m-6) 

. +1

-2

-2

-2

+1

S u b tra c t in g  3 tim es th e  l a s t  column from  a l l  o th e r  columns we g e t:

(147)

where f o r  p, s  2 :

(148)

G = 
V>

_ | - 1
Ek = m ^  k | + 1

m 0 0

0 m 0

0 0 m

• • •

0

0

4

0

0

4

0
0

4

0
0
0

m

0

4

0
0

0

0
m

4

(m-xh)
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Expanding by th e  f i r s t  colum n, we g e t  f o r  (i ^  3 :

(149) 6 = mG + 4 ( - l )M'+1 • { ( -2 ) ( - 1 ) ^  n f “2}= mG -  8 (-1 ) 2,4+1 • nP-2 .p p " l
—-1 —_1

Thus (147) becomes f o r  k  ^  4 : = m2 t 111̂  “ 8 ( - l ) k+^ • m2 } .

T hat i s ,  2
k

(150) E^ = m2 G^ + 8mk 2 s in c e  k i s  even ,

2
But by (147) .

2 -  2
Ek-2  = “  Gk *

2

Thus (150) can be w r i t t e n  a s :

(151) Ek = m2 Ek_2 + 8mk"2 .

k-2 k-2 k-2
Using t h i s  form ula r e c u r s iv e ly  we g e t :  Ek = m ^2 + 2~

That i s ,

(152) Eĵ  -  mk"2 {E2 +  4 (k -2 )}  .

Using k = we g e t ,  s in c e  E2 = 8 -  m :

2 - 1(153) E = mm
2

T his com pletes th e  p ro o f o f  c a se  (2) and thus o f  P ro p o s it io n  8 .

Q.E.D. P ro p o s it io n  8 .

T h is  a ls o  com pletes th e  p ro o f o f  Theorem 2 .
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APPENDIX TO PART I

In  P a r t  I ,  fo rm ula (2 1 ) , we cla im ed th e  fo llo w in g  ( a c tu a l ly  j u s t  

fo r  N ^  3 , t h e r e ) :

P r o p o s i t io n : For a ^ ,a 2 ,N in te g e r s ,  N ^  f such th a t  ( a ^ ,a 2 ,N) = 1 ,

we d e f in e :

(D  V al> a2} = ^ 2  ,  *  Ct  V ta l ’ ta 2»N)N tmodN 
( t ,N )= l

where

«  ( a  a  N ) -  1 ^ X 0  J  >
n=a2 (N) n

and

t  2 't  k>0 k 
tk= l(N )

Then,
r  1 i f  {al j a 2 3 = + Co,l3(N) , N £ 3 ,

(2) W a2> = < 2 i f  U 1 ,a 2 3 = + £0 ,l3 (N ) , N = 1 o r  2 ,

^  0 o th e rw ise .

P ro o f : (N ote: t h i s  p ro o f , w ith o u t many d e t a i l s ,  i s  g iven  in  [6  3, P«

4 6 6 -7 ).

For ( t,N ) = 1 , we have

, t a

Thus,

(3) a  ( ta  , t a  ,N) = N2X( ! l )  E “  .
0 1 2  H r  n = ta2 (N) n

Thus we have

(4) v (a i ,a 2) £  {  2 £  •
N 1 2 tmodN KX) ™ /  n= ta -(N ) t T

( t ,N ) = l  tk?=l(N)
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I f  we l e t  t  d eno te  an in v e rs e  o f  t  mod N, and a g re e in g  th a t  a l l  

congruences w i l l  be mod N, we can  w r i te  (4) a s :

(5) v <a a 2) -  x ( £ )  Z Z . Z ^
N tmodN k= t n = ta  (kn)

( t ,N )= l  K>0 1

Thus

V W  * x ( s 1 ) , 2, f ,  ¥ ^ 2  ‘ A s 1)
H»(k)

k= l n=ka„ (kn)^  " k= l kn=a (kn) 2
(k ,N )= l 2 (k ,N )= l 2

- * & )  *  -  * *J  2 ’k=l j= a  ( j ) 2
(k ,N )= l k | j 2

and th u s ,

< »  V * i ' V  -  x ( r )  , ?  - r  J ,  i * «
j =ao j  k | j

k>0
(k ,N )= l

where we have in te rch a n g e d  th e  o rd e r  o f  summation by a b s o lu te  convergence 

o f  th e  s e r i e s .

I f  N K a ^  th en  = 0 and so v ^ a ^ a ^  = 0 .

I f  N |a^ , th en  s in c e  (a ^ ,a 2 >N) = 1 , we m ust have (a 2> ^  = 

and th u s  th e  c o n d it io n  (k,N ) = 1  in  (6) i s  red u n d a n t. T h e re fo re  (6) 

can  be w r i t t e n :

<7> W V  -  * £ )  . ?  - 7  ±  " o o  •
J=a ,  j  k | j

Z kX)

But J  u w - i i
k  | j  
k>0

Thus i f  = l(mod N) th en  we g e t a  f a c to r  o f  1 from  th e  j  = 1 term , 

a l l  o th e r  term s in  th e  doub le  sum g iv in g  z e ro .  S im i la r ly ,  i f  a„ = -1 (N ),
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th e  j  = -1  term  g iv es  th e  on ly  c o n tr ib u t io n  to  th e  double  sum, I f  

N = 1 o r  2 th e n  a 2 = 1(N) »  = -1(N ) , and so we g e t  c o n tr ib u t io n s

from  b o th  th e  j  = 1 .and j  = -1  te rm s . Thus we have:

(8)

But
1 i f

X ( t)  =
o th e rw ise

i f  a 2 s  + 1 (N) , N > 2 ,

i f  a 2 s  + l(N ) , N = 1 o r  2 , 

o th e rw is e .

T h e re fo re ,

vN(a i , a 2) =

i f  {ax , a 2 } = + {0,1}(N ) , N > 2 , 

i f  £a1 , a 2 J s  + { 0 ,l) (N )  , N = 1 o r  2 , 

o th e rw ise .

O.E.D.
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PART I I

§ 0 . In tro d u c tio n

In  P a r t  I  we d isc u sse d  th e  fu n c tio n s  G ( z , s , r ^ , r 2) o f  L e w itte s

[1 0 ] and G  ̂( z ; a ^ ,a 2 ,N) o f  Hecke [ 6] ,  As was m entioned in  P a r t  I ,  

G (z ,2 ,a 1/N ,a 2/N) = 2TTi/(z-z)+N2G2 ( z ;a 1#a 2 ,N ) . In  [6] Hecke d e fin e d  the  

fu n c tio n s

a.,b - a  b
(1) § ( z ;b 1 ,b 2 ,N) = £  CN {G2 ( z ; a 1#a 2 ,N) -  G2 (z ;0 ,0 ,N )}

a l *a2 
mod N

where

CN = exp(2Tri/N) .

S ince ( z ; a ^ ,a 2 ,N) -  G2 (z ;0 ,0 ,N ) i s  an  a b e l ia n  d i f f e r e n t i a l  fo r

r ( N ) ,  so i s  § ( z ;b ^ ,b 2 ,N) . Furtherm ore  i t  i s  shown in  [ l l ]  t h a t

(2) $ (V (z ) ;b l 9b2 ,N) H  = $ (z ;B 1,B2 ,N) f o r  V € T ,  where

{bi ,B2 3 = [b ^ ,b 2 }v a s  in  P a r t  I .  S ince  f o r  £b^ ,b2 3 -  { 0 ,o 3 ( N )  we
2

have § (z ,0 ,0 ,N )  = N G2 (z ,0 ,0 ,N )  -  £  G (z ,a ^ a 2 ,N) = 0 ,  we w i l l  assume

a l ’a2 
mod N

u n le s s  o th e rw ise  s ta t e d  t h a t  {b^ ,b2 J # {0,o3(N ) . The F o u r ie r  s e r i e s  o f 

$ ( z ;b ^ ,b 2 ,N) w i l l  show th a t  in  lo c a l  c o o rd in a te s  on S^ ,  th e  d i f f e r e n t i a l  

$ (z ;b ^ ,b 2 ,N )dz has s im p le  p o le s  a t  th e  cusps o f  S .̂ .

In  §1 we n o te  t h a t :

2 bl bl b9
(3) $ ( z ;b 1 >b2 ,N) = 2 t /  P2 0  + 2 r r i H '( z ,0 , ^ ,  ,

where H ( z , s , r ^ , r 2) i s  d e f in e d  in  [ l 0] ,  th e  prim e in  (3) d e n o tin g  ^  . 

S ince  anc* (z »0>r i » r 2) a re  d e fin e d  f o r  v i »v 2 any r e a * num bers,

we d e f in e :



-4 7 -

(4) «pCz,r1 , r 2) = 2tt2P2 ( r^ )  + 2111̂ ( 2; , { ^ . r ^  £ Z2 ,

so t h a t  cp(zJb^ /N ,b2/N) = § (z ;b ^ ,b 2 ,N ), and (2) becomes by a  c o n tin u i ty  

argum en t:

(5) c p (V (z ) ,r^ ,r2)^ — = c p C z ,^ ,^ } * V )  f o r  V S T ,  r j[ r e a l .

N o te : s in c e  S C z jb ^ b ^ N )  = § ( z j - b ^ - b p . N ) , and c p C z ,^ ,^ )  = c p C z , - ^ , - ^ )

we can  use -V r a th e r  th a n  V in  fo rm ulas (2) and (5 ) .  For ea se  o f 

n o ta t io n  th e n , l e t  V deno te  a  map in  T as w e ll  as  e i t h e r  o f  i t s  

m a tr ix  r e p r e s e n ta t iv e  in  S L (2 ,Z ).

I f  we d e f in e :

(6) = n iz P 2 ( r 1) - H (z ,0, r 1}r 2) , t h a t  i s :

K z j r ^ r p  = ( i / 2rr)J’ c p C z jr^ r ^ d z  ,  th e n , 

b l  b2 i(7) H z , ^ - , ^ - )  = ^  Y (z ;b 1 ,b 2 ,N) where

Y (z ;b ^ ,b 2 ,N) = J  § ( z ;b ^ ,b 2 >N)dz as in  [ 6 ] ,  By fo rm ula (5) we g e t t h a t  

th e  fo llo w in g  numbers a re  independen t o f  z :

(8) Q C V .r ^ r p  = i | r ( V ( z ) ^ . r ^  -  K z , ! ^ , ^ )  fo r  V I T ,

{ , R2 } = { r ^ r ^ 'V  . For r  = a ^ N  , th e  numbers Q(V,a1/N ,a 2/N)

were c a lc u la te d  by Schoeneberg [ l l j  u s in g  m ethods o f R iem ann,D edekind,and

Hecke, in v o lv in g  a sy m p to tic  expansions o f  th e ta  fu n c t io n s .  [N ote: In
2

[1 1 ], Schoeneberg uses $ (z ,0 ,0 ,N )  = N G2 ( z ,0 ,0 ,N ) ,  w h ile  h e re  we use 

§ (z ;0 ,0 ,N )  = 0 , th u s  our form ulas d i f f e r  fo r  th e  case  { r ^ , ^ }  6 Z2 ] .

In  §2 , u s in g  form ula (6) and th e  tra n s fo rm a tio n  form ula f o r  th e  

fu n c t io n  H , we g e t a  new d e r iv a t io n  o f  th e  form ulas fo r  th e  numbers 

Q (V ,r^ ,f2) ,  r i »r 2 r e a l> which a g ree  w ith  th o se  o f  [ l l j  f o r  r ^»r 2 r a t i o n a l ,

f r i a r 2 } 4 z2 .
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§ 1 . The A b e lia n  D i f f e r e n t ia l  § (z :b ^ .b ^ .N ) and i t s  G e n e ra liz a tio n  cp fz .r^ .r^ V

C onsider th e  fu n c tio n s  d e fin e d  by form ula ( 1 ) .  S ince fo r  

{ b . ,b „ 3 # {0 , 0 }(N) we have:

a l b2' a 2bl  E C /  1 = 0
V a2
(N)

we can w r i te ,  f o r  {b^ ,b2 } # {0,0}(N ) :

(9) S C z jb ^ b  ,N) = E ^  6 ( z ja  , a 2 ,N) .

a l , a 2
(N)

W hile f o r  {b^jb^} = {0,0}(N ) we have:

(10) ^ ( z jb j^ b ^ N )  = 0 V z ,

2
s in c e  N G ^ z jO ^ jN )  = £  ( z ,a ^ ,a 2 ,N) as  can  be seen  from th e  d e f-

a l >a2
(N)

i n i t i o n  o f  Ĝ  . S ince th e  n o n -a n a ly tic  term  o f  G ^ z ja ^ j a ^ N ) ,  nam ely,

2 ■■2TTi/N ( z - z ) ,  i s  independen t o f  [ a ^ ,a 2 3 we see  t h a t  § ( z ,b ^ ,b 2 ,N) i s  

an  a n a ly t ic  fu n c t io n  of z 6 H .

As i s  p o in te d  o u t in  [ l l j ,  th e  fu n c tio n s  $ s a t i s f y  th e  r e l a t i o n :

(11) $ (V (z ) ,b 1 ,b 2 ,N) ^  = § (z ;B 1 ,B2 ,N) f o r  V 6 T , [ B ^ B ^  =

[b 13b2 ) • V .

T h is fo llo w s s in c e  th e  fu n c tio n s  G2 s a t i s f y  (1 1 ), and s in c e  

A^B2 -  A2B^ = a^b2 -  a 2b^ , and {A^,A2 3 runs  once th rough  a l l  p a ir s

mod N as [ a ^ ,a 2 3 d o es . In  p a r t i c u l a r ,  o f  c o u rs e , f o r  V 6 T(N) we

have [b i ,B2 ) = + [b ^ ,b 2 3(N) and thus $ ( z ,b ^ ,b 2 ,N) tra n sfo rm s  l ik e  a 

d i f f e r e n t i a l  f o r  T(N) .
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N ote: S ince § (z ,0 ,0 ,N )  = 0 , we w i l l  assume from now on th a t  {b^,b  } ^

{0,0}(N ) ,  and i r v r 2 ) £ Z2 .

Now, u s in g  th e  F o u r ie r  expansions o f  ( z j a ^ ^ j N )  from  [6  ] ,  o r  

o f  G (z ,2 ,a ^ /N ,a 2/N) from  P a r t  I ,  fo rm ula (5 ) , we g e t  as in  [6  ] :

b. , 2  m_ b_ ,2Trimm.z.
02) ifeiviyii) - 2a  0  - v  = w Q

m*m^>0 

mFb^ (N)

2 1where P» (x) = <x> -  <x> + — , <x> = x -  [x] = f r a c t i o n a l  p a r t  o f  x  .
2. D

Note t h a t  th e  ro o ts  o f  PgGO a re  i r r a t i o n a l  so  t h a t  § ( z ;b ^ ,b 2 ,N) 

does n o t  v a n ish  a t  00 , and th u s  i n  lo c a l  c o o rd in a te s  on , th e  d i f ­

f e r e n t i a l  $ ( z ;b ^ ,b 2 »N)dz has a sim ple  p o le  a t  “  , as w e ll  a s  th e  o th e r  

cusps by form ula (11) .

I f  we now lo o k  a t  [1 0 ], form ula (1 7 ), nam ely:

CO

(13) A ( z , s , r 1 , r 2) = £ £  ks_1 exp(2Trir2) expfc2TTik(nH-r1)z3
m>-r^ k=l

we see that:
m .  y  I I , ml b2 , ^ V \  , /  - h  ■

( W  N •’ CN N /  \  ’ ’N *H /  \  ’ N ’m»m^>0
mFb^ (N)

where th e  prim e on A d en o te s  d i f f e r e n t i a t i o n  w ith  r e s p e c t  to  z .

U sing , as  in  [ lO ],

(15) H ( z , s , r 1 , r 2) = A ( z , s , r 1>r 2) + ex p (T T is )A (z ,s ,-r1 , - r 2) ,

we g e t  from  (12) and (14 ):

(16) * ( z ,b 1 ,b 2 ,N) = 2tt2P2( ^ )  + 2 i4 H '( z ,0 ,  ^  , $  .
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The r i g h t  hand s id e  o f  (16) i s  s t i l l  d e fin e d  i f  we r e p la c e  b^/N , b2 /N 

by v i »v 2 r e s p e c t iv e ly ,  where r ^  a re  any r e a l  num bers. Thus i f  we 

d e f in e :

2tt2P ( r  ) + 2TTiH/ ( z ,0 , r .  , r  ) i f  [ t . , r  ] f£ Z2 ,

(17) cp(z,r , r  ) = -I r \  2
1 2  '  0 i f  {r i , r 2 } 6 Z2 .

We have
b, b .

(18) cp(z, = § (z ;b 1 ,b 2 ,N) .

P2 (r^ )  i s  co n tin u o u s  fo r  r^  (S Z ,  and H* ( z , 0 , r ^ , r 2) i s  con tinuous 

as  a  fu n c t io n  o f  th e  two v a r ia b le s  [ r ^ , r 2 ] f o r  r^  jJ Z , a s  can  be seen  

in  th e  d e f in i t i o n s  (1 2 ) , (13) and (1 5 ). Thus form ula (11) g iv es  by a 

c o n t in u i ty  argum ent:

(19) cp (V (z),r1 , r 2) = c p ^ R ^ R ,,)  , r £ r e a l ,  V 6 T ,

{ ,  R2 } = [ r ^ r ^ V  .

Note t h a t  by c o n t in u i ty  we have a ls o :

(20) c p (z ,-r1 , - r 2) = ^ ( z , ^ , ^ )  , r ^ ^ r e a l .

In  [ 6  J and [1 1 ], th e  F o u r ie r  s e r i e s  (12) i s  in te g r a te d  term  by 

term  and th e re  i s  o b ta in e d  ( a f t e r  m u lt ip ly in g  by i/2T T  as i n  [ l l ] )  ;

b .  rn-a 2TTizmmlN

si) g-x .ib j.b  E TSTT cn ^ - 5 — J-
m*m^>0 I  

m=b^ (N)

In  th e  n o ta t io n  o f  [ 10] t h i s  would be:

i  b l  b l  b2(22) 2ii-¥ (z ;b 1 ,b 2 ,N) = " iz P 2 ( ^ )  -  H (z ,0 , — • , ~ )  .

In  g e n e ra l we ta k e  f o r  r ^ , r 2 r e a l :
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(23) K z > r1 , r 2) = T T izP ^ rj)  -  H C z .O ,^ ,^ )  ,  

so  t h a t ,

(24) = - | ^  ^ ( z , ^ , ^ )  .

C onsider th e  num bers:

(25) ( K V , ^ , ^ )  = ^ (V(z) . r ^ r ^  -  K z ,* ^ , ! ^ )

where V 6 T , {R^jR^} = { r ^ , r 2 J • V . By d i f f e r e n t i a t i n g  th e  r i g h t  

hand s id e  o f  (25) w ith  r e s p e c t  to  z and u s in g  (1 9 ), we see  th a t  

Q (V ,r^ ,r2) i s  independen t o f  z .

I f  V € T (N), and r^  = a^/N , th e n  R̂ , = a^/N  (mod Z ), and th e  

numbers Q (V ,a^/N ,a2/N) have a  geom etric  s ig n i f ic a n c e .  Namely, fo r  

V € T(N) we hav e :

&  B l  £L &  Bl f l

(26) Q(V, Y  » = V W *  / ’ N ^  ■ * (z » N1 * *

But s in c e  ^ ' ( z , ^ , ^ )  = ~  < p (z ,r^ ,r2) we know th a t

. z
(27) t ( z , r 1 , r  ) j f  cP(T» r1» r2>dT +

z0

where z^ 6 H i s  a r b i t r a r y ,  a s  i s  th e  p a th  o f  i n te g r a t io n  in  H . Then, 

a ,  a„ V(z) a . a„ z a . a
% - * < * > / . / > ‘ f  *«r. j l .  J ) d t  - J  r t r . g l . J ) *

zo zo

and f i n a l l y ,
a . a .  V(z) a . a

(28) 2 1  Q(V, n1 ,  / )  = J «P(T, ip )d T  .
z

T h is  i s  th e  i n te g r a l  around a  c lo se d  loop  on W/r(N) a t  z . Note 

th a t  th e  i n te g r a l  depends on V ,a^/N , a2/N , b u t n o t on z . Q (V ,a^/N ,a2/N)

i s  a  p e r io d  o f  th e  a b e l ia n  i n te g r a l  V (z ,a ^ /N ,a 2/N) on U/T (N) .
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§ 2 . A New C a lc u la tio n  o f  th e  Numbers Q (V ,a^/N ,a2/N) and t h e i r  G eneral­

i z a t i o n  Q (V ,rl s r 2) .

R e c a l l ,  we assume ^ r ^ , r 2 3 £ Z . By (25) and (23) we have f o r

V € r  :

(29) Q(V,r i , r 2) = TTiV(z)P2 (r i ) -  H (V (z), 0 , ^ , ^ )

-  {rrizP2 (R1) -  H (z ,0 ,R 1 ,R2)}  .

We now use. th e  t ra n s fo rm a tio n  form ula fo r  H ( z , s , r ^ , r 2) g iv en  in

[1 0 ], (5 1 ) , o r  a c tu a l ly  th e  s im p l if ie d  v e rs io n  fo r  H ( z ,0 , r ^ , r 2) g iven  

in  [ 1 ] ,  (22) . Namely:

Case ( 1 ) : c = 0 .

Then V(z) = z +  b , V = (J  ^) and

(30) H (z + b ,0 ,r1 , r 2) -  H ( z ,0 ,r 1 , b r 1+ r2) = 0 .

Case ( 2 ) : c >  0 .

I h e „  V(z) -  . V -  <« J )  and

(31) H (V (z ) ,0 ,r1 , r 2) -  H (z ,0 ,R 1,R2) =

-P  (p) (cz+d)P (R ) j-R  a. J -R ^ Y l

-  2™ i  i f e a ,  — ^  ^  ^

+ X (r1)Logf2sin(TK r2>) 3 -  X (Rj)Log{2sin(TT<R2>) 3 ,

2 1where P2 (x) = <x> -  <x> + -  ,  <x> = x -  [x] , [x] = g r e a te s t  in te g e r

^ x , p = <R2>c -  <Rj>d, and
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r
< (*)) = <

<x> -  |  i f  x  g Z , 

i f  x  6 Z .

Log den o tes  th e  b ranch  u s in g  - t t  £  a rg  <  t t  . Thus (29) g iv e s :  

Case ( 1 ) : For V(z) = z + b , and V = (J  we have:

(32) Q(Vj r i , r 2) = TTibP2 (r i ) .

Case ( 2 ) : For V(z) = ,  c >  0 we have

(33) Q(V,r i , r 2) = n i{ v (z )P 2 (R1) -  z P ^ ) }

, P ( p )  (cz+d)P (R ) j-R

■2I,n  - f c s )  s H "  + 2 „ 1“  T 1  *  kM i Tjmodc

-  X (r1)Log{2sin(TK r2>) 3 + X (R1)L og{2sin(rK R 2>) ) .

Thus f o r  c > 0 :

v _ 11 az+b\_  . . P2 <̂R2>C~<Rl >d^l TTid .
l , r 2 licz+ d / 2 c(cz+d) j  c 2 (V

d (j-R ^ )  \

-  2 n l  2 . U — 1 T ~  +jmodc

+ x ( r 1)Log{2s in (n < r2>) } + x(R 1)bogC2sin(TT<Jl2>) } .

But s in c e  Q (V ,r^ ,r2) i s  independen t o f  z ,  i t  m ust be th a t

c (az+ b )P 2 ( r 1 )+P2<R2>c i  <R1>d) 

c (cz+d)

i s  independen t o f  z . In  f a c t ,  s in c e  P2 (x+k) = P2 (x) fo r  k  € Z

have:

P2 (<R2>C " <Rl >d) = P2 (R2C ‘  Rl d) *

9 ) }

we



/
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But R2c -  R^d = -r^  , u s in g  ad -  be = 1 . Thus P2 (<R2>c -  <R^>d) = 

1*2 (_ r i )  = P2 r̂ l^  * ^ so  ky ad -  be = 1 ,  we have

c(az+ b) + 1 _ a
c(cz+ d) c

Thus

c(az+ b)P  ( r . )  + P (<R >c -  <R.>d)--------------2 _ 1 -------- 2-----2------------1-----  = a  p , .
c (cz+d) c 2 1

and so  we g e t f o r  c >  0 ,

(34) Q O '. f j . r j )  -  n i- jf  P jC r j)  + j  P .,(R j)}

I  S ( ( ^ . g x ^ ) )
jmodc

-  P O ^ r p  + P ( r1 , r 2)

w here,

(35) P ( r ^ , r 2) = x ( r ]L)Log{2sin(TT<r > )}  .
d e f

a |j
The annoying p a r t  ab o u t th e  form ula i s  t h a t  we i n s i s t  t h a t  be

th e  r e p r e s e n ta t iv e  V , where c >  0 . Suppose we w r i te  V(z) = 

w ith  c < 0 , th e  ca se  c = 0 b e in g  o m itted  te m p o ra r ily . Then 

V = (_® "£) and by ou r co n v en tio n  { r ^ R ^  = { r p ^ l 'V  = ^r i> r 2 ^ - c  -d^ *

L e t {R^jR^) = ^r l» r 2 ^ c  d^ = ^-Ri> -R2  ̂ * Formula (34) g iv e s :

-aP  ( r  ) -dP ( - rJ ) .  / r d ( j+ R j)  , w , j + R' ,
Q(V,r i , r 2) = th {— ^  + - ^ - 4  -  2* i  ( (  — ^  -  RQ ) { ^ ) )

-  P ( r i a r 2) + P ( -R j, -R ')  .

I t  i s  e a s i ly  v e r i f i e d  in  th e  d e f i n i t i o n  (35) t h a t

P (x ,y )  = P ( -x ,- y )  .

A lso  we know: = P2^"X  ̂ aS Can v e r ^^1-e(  ̂ i n  *t s  d e f i n i t i o n  in

(3 1 ) .
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Thus

Q C V .r j . tp  = P j f r j )  + f  P2 f f ; ) }

( ( ^  -  $ ) « £ - ) )-  2TTi E
jmodc

- 0 ( r i s r 2) + P ( r ' , r ' )  .

Now in  th e  sum, use k = - j  and th e  f a c t  t h a t  ( ( - x ) )  = - ( ( x ) )  as can 

be v e r i f i e d  in  i t s  d e f i n i t i o n  in  (3 1 ). We g e t ,

( ( ^  -  - J ) ) ( ( ^  

$)(&)) ■

jmodc

= -E  
kmodc

and thus

Q t V . r ^ )  -  P2 ( r t ) +  £  P . , ^ ) }

+ * *  = _ ( ( ^  + $ ) ( & ) )
jmodc

-  P (r i , r 2) + P f t ' . R ')

where c <  0 and [ r ' j R*} = { r ^ r ^  . Comparing t h i s  w ith  (34)

we see  t h a t  i f  c 4- 0 we alw ays have th e  fo rm ula :

(36) Q f f . r j . r j )  = P ^ )  + £  P . , ^ ) }

, 2 n i s g n c  s  +  

jmodc

- P ( r x , r 2 , )  + P(R1,R2) 

where {R ^R g) = f r i » r 2 ^ c  d^ » = cz+d and P x̂ »y  ̂ i s  S^ven in  (35).
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Thus we need n o t s p e c ify  which r e p r e s e n ta t iv e  m a tr ix  we a re  u s in g  to  

g e t Now, i f  c = 0 , th en  we p re v io u s ly  took  V = (^

to  g e t  fo rm ula (32) nam ely,

= TTibP2 ( r 1) .

Had we used { r ' , r ' }  = { r ^ ^ K g 1 _£) to  g e t Q C V ,^ ,^ )  = f  ( V ( z ) ,r l 3r 2)

K z j R p R p  we would s t i l l  have o b ta in e d  Q C F ,^ ,^ )  = T T ib P ^ r^  where 

b would be th e  upper r i g h t  hand e n try  in  V = (J  J )  •

Thus, i f  we want to  avo id  hav ing  to  say  from which r e p r e s e n ta t iv e  

b comes, we can  w r i te :

(37) Q(V,r i , r 2) = rri |  p2 ( r x) i f  c = 0 .

We now w ish  to  compare our fo rm ulas (36) and (37) w ith  S choeneberg 's  [1 1 ],

(3 9 ) . F i r s t  o f  a l l ,  com paring our d e f in i t i o n s  w ith  [ 1 1 ] ,we see t h a t  fo r  

{a 1 ,a 2 3 ^  {0,0}(N ) we have:

Q(V,a i /N , a2/N) + P (a i /N , a2/N) -  P (a '/N , a '/N )  = +a  ( t ' )  - *a J >a'C T> 

where ^  & i s  d e fin e d  in  [1 1 ] w ith  [ a ^ ,a 2 3 = [ a ^ ,a 2 )*V ,  V(z) = ,

For c ^ 0 ,  we see  t h a t  Schoeneberg h a s :

/
/ a .

2 agn c  E + J ) ) ( ( J |  + § 1 ) )  .
jmodc

Comparing t h i s  w ith  (36) we see  th a t  where we have:

d ( j - a ' / N )  a 2\ \ / / j - a ? /N\ \
(38) -2TTi a p c Z  ( ( - T —  *  T ) ) i h r ~ ) j  5

jmodc

Schoeneberg h a s :
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(39) -21.1 .p .  c Z ( ( ^  + + S i) )  .
jmodc

The two sums, (38) and (3 9 ), can be shown equal w ith  th e  a id  o f  a  lemma 

o f  independen t i n t e r e s t .

Lemma:

(40) Q<V2°Vl> r l ’ r 2) = Q(V2»r l» r 2) + Q ( V £ r i> r 2 3* V  *

P ro o f : By (25) we have:

Q(v2?Vi J r i J r 2) = 1, (V2OVi ( z ) j r i 2r 2  ̂ " K z , l r 1, r 2 ]*V2*V1) 

fo r  any z €  Jt . Thus,

Q(V2°Vl ’ r l , r 2) = t(V2®V1 ( z ) , r 1 , r 2) -  *(V1 ( z ) , ( r 1, r 2 }-V2)

+ ♦(V1(z),Cr1,r2).V2) - Kz,Cr1,r2}.V2.V1)

= Q(V2 , r i , r 2) + Q(V1 , { r 1, r 2 }-V2) .

Q.E.D. Lemma.

R e c a l l ,  we in te n d  to  show th a t  (38) and (39) a r e  e q u a l. I f  I ( z )  = z 

fo r  z € If , th en :

0 = Q ( I , r i , r 2) = (K V V "1 , ^ , ^ )

= Q (V ,rx , r 2) + Q(v"1 , { r 1 , r 2 3»V) by (4 0 ).

Thus,

(41) Q(V,r i , r 2) = -Q(V“1 ,R1 ,R2) where { r ^ }  = ( r ^ r ^ - V  .

But f o r  c > 0 :

Q(V,r i ,r2) -  n i f f  P2 (r i ) + f  P2<R1)J

-  *jmodc

- P O ^ , ^ )  + P(R1 ,R2) ;
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QCV"1 , ^ , ^ )  = TTi{—̂  P ^ )  +  P2 (Ri>}

-  .= 4 ♦  0 X & ) )jmodc

-3 (rx, r2) + P(r" ,r")

where {r" ,r''} = C R ^ i r *  _*) = J> <“£ -a> " *ri» r2 *<"o

{- r l » " r 2 } • Thus,

Q (V '1 ,R1 ,R2) = -TTi£-J P2 ( - r 1) + |  P2 (R1) J

-  *  d ( ( ^  -jmodc

-P(R1SR2) + P(-rl f -r2) .

But ^2 (x ) = I*2 (“x ) and P (x ,y ) = 0 ( - x ,- y )  . T aking th e  n e g a tiv e  o f  

b o th  s id e s  we g e t

-Q(V‘ 1 ,R1 ,R2) = TTi{f P2 ( r x) + f  P2 (R1) 3

+ 2 n l 2  ( ( ^ a > .
jmodc

+ P(R1SR2) -  P ( r l s r 2) .

Comparing t h i s  w ith  Q (V ,r^ ,r2) we see  th a t

-  *  d *  « M ^ ) )jmodc jmodc

and u s in g  ( ( - x ) )  = - ( ( x ) )  we g e t :

< « >  .*  d  + h)X&)) -  , s  d  + ' J X & 9 )jmodc jmodc



- 59-

To g e t  th e  r i g h t  hand s id e  o f  (42) to  look  l i k e  th e  stun in  (39) we f i r s t

u se  th e  f a c t  t h a t  = a r^  + c r^  to  ge t

*  d •jmodc

a l  a 2 &1 a2Now p lu g g in g  in  , r 2 = — , = a ^  + c r 2 = — , + c r 2 = — ,

in to  b o th  s id e s  o f  (42) we see  t h a t  (38) and (39) a re  e q u a l.

A s im i la r  argum ent works w ith  c < 0 .
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PART I I I

§ 0 . I n t r o d u c t io n : The C la s s ic a l  P o in c are  S e r i e s .

We w i l l  u se  C,R, and Z to  s ta n d  fo r  th e  complex num bers, r e a l  

num bers, and in te g e r s  r e s p e c t iv e ly .  F u rth e rm o re , we w i l l  u se  th e  f o l ­

low ing n o ta t io n s :

(1) s = a  + i t  , o € R , t  € R

(2) z = x + i y ,  x € R , y € R

(3) tt = {z |y >  0}

(4) Ka = {s |a  >  a}  .

I f  w € C , w ^ 0 we make th e  d e f i n i t i o n s :

(5) Arg(w) i s  th a t  v a lu e  o f  th e  argum ent such  th a t  - t t  £ Arg(w) < t t ,

(6) Log (w) = In  |w | + i  A rg(w ), 

and ,

(7) f o r  s 6 C , wS = e S k°g(w) _ eXp (s Log(w)) .

(8) T w i l l  deno te  th e  inhomogeneous m odular g roup , namely th e

group o f  tra n s fo rm a tio n s  z cz+d , a ,b , c ,d  6 Z , ad -  be = 1 .

(9) SL(2,Z) w i l l  d en o te  th e  homogeneous m odular g roup . namely

t  d>c a
£L bth e  group o f  in te g e r  m a tr ic e s  ( ,) o f  d e te rm in a n t 1 .

N o te : T = SL( 2 ,Z)/ ( +  I )  where I  = ( J  J )  .

m and n w i l l  alw ays deno te  in te g e r s ,  (m,n) w i l l  deno te  th e  

g r e a te s t  common d iv is o r  o f  m and n , and ( x ,y )  w i l l  d eno te  an  

o rd ered  p a i r .

For (m,n) = 1 , we d e f in e :

(10) V (z) = , where ( J  “ ) € SL(2,Z) .s m ,n mz+n * m n
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Vm n (z) i s  w e ll  d e fin e d  on ly  up to  an  a d d i t iv e  in te g e r  c o n s ta n t ,  as
* .M* N #

fo llo w s : i f  C  ) € SL(2,Z) , th enm n

Mz+N M/ z+N/
mz+n mz+n + k , k € Z

T h is am bigu ity  in  th e  d e f i n i t i o n  o f  V does n o t concern  us however,m,n

s in c e  we on ly  use  V (z) in  th e  e x p re s s io n  exp(2TTigV (z ) )  wherem ,n m,n
g £ Z .

I f  (m,n) = d , th en  we d e f in e

(11) V (z) = V (z) .m ,n m n
d d

We th e n  d e f in e  f o r  m ,n ,g  6 Z , and z , s  6 C :

(12) f  ( z , s ,g )  = (mz+n)” S exp(2TTigV (z ) )  .m ,n m,n

F u rth e rm o re , when s and g a re  f ix e d , we su p p ress  th e  dependence on 

s and g and w r i te :

(13) f (m ,n ,z )  = f m n ( z , s ,g )  .

N o te : When we choose th e  map Vm n as  d e fin e d  in  (1 0 ) , we a re  choosing

a  c o s e t  r e p r e s e n ta t iv e  f o r  T/Tq where Tq = group o f  t r a n s la t io n s  in  T. 

L e t R be a s e t  o f  c o s e t  r e p r e s e n ta t iv e s  fo r  T/Tq , nam ely:

R = {V (z ) |(m ,n )  = 1 , m > o} U {v_ - ( z ) }m, n u j x

where each  o rd ered  p a i r  {m ,n) i s  used  on ly  on ce .

The c l a s s i c a l  P o in car^  s e r i e s  a r e  d e f in e d  as fo llo w s : f o r  z  £ H, 

g € Z, g ^ 0 , k 6 Z, k £ 2 we d e f in e :
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(14) cp (z ,k )  = E (mz+n) ^  exp(2TrigV (z ) )
S v  Gi m»nm ,n

= f 0 ^ (z .Z k jg )  + 1* f  ( z ,2k ,g )
U ,i (m ,n)= l m’n

nv>0

= exp(2TTigz) + E f  ( z ,2 k ,g )  .
(m ,n)= l m’n 
m>0

I t  i s  known th a t  t h i s  s e r i e s  converges a b s o lu te ly  so  th a t  no o rd e r  o f

summation need be g iv e n . (For p ro o fs  o f  t h i s  and th e  fo llo w in g  f a c t s ,

in  a s l i g h t l y  more g e n e ra l s e t t i n g ,  see  [ 5 J , p . 2 8 -3 4 ). The s e r i e s  converges

u n ifo rm ly  a b s o lu te ly  in  [ z  € i i |lm (z )  ^  y^} f o r  each  y^ > 0 . Thus

(14) d e f in e s  an a n a ly t ic  fu n c t io n  o f  z f o r  z £ W . I t  i s  a ls o  shown

th a t :

( i s )  cp ( v ( z ) , k ) ( ^ ) k = cp (z ,k )  f o r  v e r ,
g UZ g

and t h a t :

(16) lim  cp (z ,k )  = ■[ * ^  8 ^
Im (z)~ “  8 L 0 i f  g s  i

Thus 9 ( z ,k )  i s  a  m odular form  o f  w eigh t k f o r  th e  m odular group T ,
S

and f o r  g ^  1 in  f a c t  a  cusp form , t h a t  i s ,  v a n ish in g  a t  th e  cusp o f

a/r .

N o te : In  th e  o ld e r  l i t e r a t u r e  th e  term ino logy  "dim ension  -2k" i s  used

r a t h e r  th an  "w eight k " .

The case  g = 0 g iv es  th e  E is e n s te in  s e r i e s  cp^(z ,k ). In  [ 9 ] ,& [1 0 ],

L e w itte s  d e fin e d  a g e n e r a l iz a t io n  o f  cp^(z ,k ), namely G (z ,s )  =

{ l + exp(TTis) }C (s)  'Cpg(z, ^ )  where £ i s  complex w ith  R e(s) > 2 ,

z € It . He o b ta in e d  a f i n i t e  a n a ly t ic  c o n tin u a tio n  o f  G (z ,s )  to

{ z , s } 6 J t X Q I .  In  t h i s  paper we d e f in e  a  g e n e ra l iz a t io n  o f  cp (z ,k )8
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f o r  g s  t  , namely

P ( z ,s ,g )  = cp (z , ■!) f o r  R e(s) > 2 , Im(z) > 0 , and o b ta in  
S "

a  f i n i t e  a n a ly t ic  c o n tin u a tio n  o f

P ( z ,s ,g )  to  { z ,s }  6 }t X K? , = { s |R e (s )  > -|} .

4 4

§ ! •  P o in ca re  S e r ie s  o f  Complex W eight (o r  D im en sion ).

For Im(z) > 0 , R e(s) >  2 , and g € Z , g s 0 , w e  d e f in e :

(17) P ( z ,s ,g )  = exp(2TTigz) + £ f  ( z ,s ,g )  ,
(m ,n)= l m' n 
m>0

where f  i s  as in  (1 2 ). Thus f o r  s = 2k , k  an in te g e r  ^  2 , wem,n

have:

(18) P (z ,2 k ,g )  = cp (z ,k )  = th e  c l a s s i c a l  P o in care  s e r i e s  o f  w eigh t
S

k f o r  L.he f u l l  m odular g roup , d e fin e d  in  §0 , (14 ).

In s te a d  o f (17) we could  have d e fin e d

(19) R ( z j j ,g )  = l /  f  ( z ,s ,g )  where th e  prim e deno tes  th e  termm. n m,n 9

{m,n} = {0 , 0 } i s  o m itte d .

As w i l l  be shown l a t e r ,  in  P ro p o s it io n  1 , we have th e  r e l a t i o n :

(20) R ( z ,s ,g )  = { l + e x p (n is )3 C (s )  P ( z ,s ,g )  .

We f i r s t  prove th e  fo llo w in g  theorem .

Theorem 1 : R ( z ,s ,g )  , d e fin e d  by (1 9 ), converges un ifo rm ly  a b s o lu te ly  on

compact s u b se ts  o f Ji X , and th u s  d e f in e s  an  a n a ly t ic  fu n c t io n  o f 

{ z ,s }  6 H X K2 , K2 = l s |R e ( s )  > 2 ) .

P ro o f : W ith s = a  + i t  , a  and t  r e a l  we have:

(21) |R (z ,s ,g ) | ^  e x p ( r r |t |)  2 /  |mz+n| °  exp(-2TTg.]jn(Vm n ( z ) ) )  •
m,n *
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I f  Im(z) > 0 , th en  Im(V (z ) )>  0 and thus from (20) we have:m,n

(22) |R ( z ,s ,g )  | ^  exp ( tt  11 1) S ' |mz+n| CT .
m,n

I t  i s  w e ll  known th a t  th e  s e r i e s  in  (22) converges un ifo rm ly  fo r  { z ,s }  

in  any compact s u b s e t  o f  U X .

T his proves our convergence c la im s fo r  R ( z ,s ,g ) ,  and th e  same 

e s tim a te s  work f o r  P ( z ,s ,g )  w hich i s  a s u b s e r ie s  o f  R ( z , s ,g ) .  S ince 

th e  term s o f  th e  s e r i e s  a re  a n a ly t ic  in  M X , we have R ( z ,s ,g )  and 

P ( z ,s ,g )  a n a ly t ic  a s  fu n c tio n s  o f  { z ,s }  6 M X .

Q.E.D. Theorem 1 .

We now in tro d u c e  some u s e fu l  lemmas.

SL bLemma 1 : I f  ( ^) € S L (2 ,Z ), th e n  up to  an  a d d it iv e  in te g e r  c o n s ta n t

we have:

(23) V ( ~ t) -  V . (z) jm .n cz+d r \ , a  b.[m ,n}(c d)

where V i s  g iven  in  (10) and (1 1 ). m,n

P ro o f: J u s t  u se  d i r e c t  s u b s t i t u t i o n  in to  th e  d e f i n i t i o n  (11) and thus

in to  (10) .

Q.E.D. Lemma 1 .

As s p e c ia l  c a se s  o f  Lemma 1 we n o te :

< 2 4 >  V m  n ( z )  =  V n ,  =  V - m  - n ( z )m,n iq  ̂n i  n

<2 5 ) Vn, Jih  = Vn m(z )  5m9n z n ,-m

(26) V (z+b) = V (z) .v '  m ,n ' '  m,mb+n
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Lemma 2 : L e t A,B,C,D be r e a l  num bers, A,B n o t b o th  z e ro , and C

p o s i t i v e .  Then f o r  z € Jf we have:

(27) A rBc | g | )  = Arg(Az+B) -  Arg(Cz+D) + 2TTk

where k = ^  i f  A *= 0 , AD -  BC > 0 ,
0 o th e rw ise .

P ro o f: S tra ig h tfo rw a rd  (see  [ lO ], P . 470).

Q.E.D. Lemma 2 .

S p e c ia l c a se s  used f re q u e n tly  a r e :

(28) I f  z ^ 0 , u > 0 , th en  A rg(uz) = A rg (z ) , and thus

(u z )S = uSz S by (7 ) .

(29) I f  z € M (o r z > 0 ) ,  and u > 0 , th e n  A rg (-u z ) = Arg(z)-TT,

and thus by (7) ( -u z ) S = e TÎ S uSzS .

P ro p o s it io n  1 : For { z ,s }  6 U X we have th e  e q u a tio n  in  (2 0 ), nam ely:

R ( z ,s ,g )  = (1 + e x p (T T is ))* C (s) .P (z ,s ,g )  .

P ro o f : By a b s o lu te  convergence we can  w r i te  (19) a s :

00

(30) R ( z ,s ,g )  = E E f  ( z , s ,g )  .
d=l m,n m,n

(m,n)=d

By (28) we have:

fm ,n (z ,S ,g )  = d ' S ( i r  + I > '8 ex p (2TTigVm}n(z ) )  .

Thus i f  (m,n) = d , we have:

<31> -  d' 8 < f  + f > 'S » p ( 2n igvs  s ( z »  -  d - S£fi n ( z >S>g) .
d ’d d ’ d

For ea se  o f  n o ta t io n ,  and f o r  f ix e d  s and g we can  use (1 3 ), nam ely: 

f (m ,n ,z )  = f  ( z , s , g ) .m p u



-6 6 -

Thus (30) becomes:

(32) R ( z ,s ,g )  = E d ' s E »
d= l (m,n)=d a a

o r  r e w r i t in g ,  we g e t :

(33) R ( z ,s ,g )  = C ( s )  E f O n ^ n ^ z )  .

(ml ,n l ) =l

F u rth e rm o re ,
CO CO -2. co

(34) E f (m ,n ,z )  = ( E + E E + E £  l f ( m ,n ,z )  .
(m ,n)= l m=0 1 m=l n=-°° m=-® n=-co

n = l , - l  (m ,n)= l (m ,n)= l

By (24) and (29) we have:

V (z) = V (z) and (-m z-n) 8 = eTT̂ 'S (mz+n) S . -m ,-n  m,n

I t  th u s  fo llo w s th a t :
tris

(35) f ( - m ,- n ,z )  = e f (m ,n ,z )  .

T h e re fo re , (34) can be w r i t t e n  a s :

(36) E f (m ,n ,z )  = (l+e™18) { f ( 0 ,1 ,z) + E E f (m ,n ,z )}
(m ,n)= l m=l n=-co

(m ,n)= l

= ( l+ e TTi8) P ( z , s ,g )  .

Q .E.D. P ro p o s it io n  1 .
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§ 2 . A n a ly tic  C o n tin u a tio n  o f  P ( z . s . g ) .

Theorem 2 : P ( z , s ,g ) ,  g £ 1 , has an  a n a ly t ic  c o n tin u a tio n  f o r  z and s

to  { z ,s}  6 H X j, g iv en  e x p l i c i t l y  by th e  F o u r ie r  s e r i e s :

00 00

(37) P ( z ,s ,g )  = exp(2TTigz) + £  -̂  £  m“ S S (p ,g ,m )I(2T T p,-^1s)j-exp(2TTipz)
P = 1 m=l m

where

(38) S (p ,g ,m ) = £ exp-^-jjp (p r+ g r)j-, [a K loosterm an sum],
rmodm
(r,m )= l

and fo r  R e(s) >  1 , A and B r e a l :

(39) I (A ,B ,s )  = J  z 8 ex p (-iA z  -  " ^ )d z  , [a B e s s e ll  f u n c t io n ] .

y=y0
f o r  any y^ >  0 .

P ro o f o f  Theorem 2 : L e t

Q (z ,s ,g )  = P ( z ,s ,g )  -  ex p (2 n ig z) £  f  ( z , s ,g )  .
(m ,n)= l m’n 
m>0

Thus>
(40) Q (z ,s ,g )  = £ £ f  ( z , s ,g )

m= l n=-“  m,n
(m ,n)= l

by a b s o lu te  convergence.

We can s im p lify  th e  in n e r  sum o f  (40) by l e t t i n g  n ru n  th rough

congruence c la s s e s  mod m and th en  summing over a reduced  re s id u e  system

mod m . Namely,
00 00

(41) Q ( z ,s ,g )  = £ £  £  f  (m ,n ,z)
m=l l^r^m  n=-°°

(r ,m )= l n=r(m)

where we a re  su p p re ss in g  th e  dependence o f  f  on s and g fo r  ea se  

o f  n o ta t io n .  E q u iv a le n tly  we have
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Q ( z ,s ,g )  = £  £ £  f  (m,r+km,z)
m=l l^r^m  k=-°°

(r,m )= l

But Vm = Vm r (z+k) by (2 6 ), and so  f(m ,r+ km ,z) = f (m ,r ,z + k )

by d i r e c t  s u b s t i tu t io n .  Thus we have:

(42)

w here,

Q ( z ,s ,g )  = £ £ F ( z , s ,g )  ,
m=l l ^ m  m ,r 

(r ,m )= l

(43) F ( z , s , g) = £ f (m ,r ,z + k )  .m ,r , „» k=-°°

C le a r ly ,

(44) F ( z + l ,s ,g )  = F ( z , s ,g )  .111} 1 lUj 1

F u rth e rm o re ,
CO

F ( z , s ,g )  = £ f(m ,r+km ,z) ,
m ,r k=-»

and so F^ r ( z , s ,g )  i s  a  s u b s e r ie s  o f  R ( z ,s ,g )  fo r  R e(s) > 2 . Thus 

by Theorem 1 , F ( z , s ,g )  d e f in e s  an  a n a ly t ic  fu n c t io n  o f  { z ,s}  6 B X K (nijT 2

S ince  F s a t i s f i e s  (44 ), i t  has a  F o u r ie r  s e r i e s :  m ,r
CO

(45) Fm r ( z , s ,g )  = £ a“ , r ( s ,g )  exp(2TTipz)
* p=-CD *

w here,

(46) a“ , r ( s ,g )  = J  F ( z , s ,g )  e x p ( -2Tripz)dz .
r  T )

L1

b e in g  any l i n e  segment in  li o f  le n g th  one, p a r a l l e l  to  th e  x - a x i s ,  

and o r ie n te d  from  l e f t  to  r i g h t .  (43) can now be w r i t t e n  a s :

CO
(47) Q (z ,s ,g )  = £ £ £ a“ , r ( s ,g )  exp(2TTipz) .

m=l l^r^m  p=-a>
(r ,m )= l
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N ote: For b r e v i ty  we w i l l  su p p ress  th e  dependence o f  a™, r  on s and

g , s in c e  s and g a re  f ix e d  in  th e  fo llo w in g  d is c u s s io n .

Choose a  number y^ > 0 , and l e t  L (k ,k+ 1) be th e  l in e  segment 

from k + iy ^  to  k + 1 + iy^  o r ie n te d  from l e f t  to  r i g h t .  Then by

(46) and (43) we have:

a p >r = J* f(m ,r ,z + k )  e x p (-2Triz)dz
L(0,1)

o r in te rc h a n g in g  o rd e r  o f  sum and i n t e g r a l ,  s in c e  th e  sum converges

u n ifo rm ly  a b s o lu te ly  , we h a v e :
0 0

a m , r  = E J  f (m ,r ,z + k )  e x p (-2n iz )d z
P 1,—_ C 0

k L (0 ,1 )

2  J  f ( m ,r ,z )  e x p (-2T ii(z -k ))d (z -k )

k L (k ,k + l)

= £  J* f ( m ,r ,z )  e x p (-2Tiipz)dz

k="“  L (k ,k + l)

Thus

(48) am ,r = J  f ( m ,r ,z )  e x p (-2TTipz)dz

L

where L i s  th e  l i n e  Im(z) = y^ o r ie n te d  from  l e f t  to  r i g h t ,  fo r  any

y0 > 0

We w i l l  now show th a t  a p , r ( s ,g )  i s  a n a ly t ic  a s  a  fu n c t io n  o f  s 

P u tt in g  in :

f ( m ,r ,z )  = f  ( z , s , g )  = (mz+n) 8 e x p ( 2 T t i g )  V (z ))m ,r in**.

, v Mz+R where ^ ( z )  —  , we g e t :

a p*r  = J* (m z+ r)  S exp{2TTi{g(^^k ) -  pz}} dz .
L
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Now, to  s im p lify  th e  i n t e g r a l ,  we l e t  z = z # -  — , and o b ta in :m

a p , r  = 3 exp£2TTi£s(~  “ — > -  pz +
m z

Xj

( a f t e r  c a l l in g  z * ,z  a g a in ) .  Thus, s in c e  Mr -  Rm = 1 , and u s in g  (28) 

we g e t :

am ,r = m 8 f z S exp[2TTi ( ^ ~ P r  -  •£—  - pz) }dz p « m z
L m Z

and f i n a l l y :

(49) am ,r ( s ,g )  = m 3 exp{2n i ( ^ ^ ^ r-) 3 J* z S exp{2Tri(—|  pz) }dz

P L m 2

where L i s  th e  l in e  Im(z) = y ^ , y^ >  0 , o r ie n te d  from  l e f t  to  r i g h t .  

For R e(s) > 1 ,  A and B r e a l ,  l e t

(50) I(A ,B ,s )  = J  z S exp (-iA z  -  " ~ )d z  ,

L

f o r  L as above, so th a t  (49) becomes:

(51) a” , r ( s ,g )  = m"S ex p (2TTi(s^~E- ) )  I ( 2r r p , - ^  , s )  .
” m

Using s = cj + i t  , we have by e lem en ta ry  e s tim a te s  t h a t :
• CO

(52) |l(A ,B ,S )  | ^  e x p (n |t |+ A )  J  |x+ iyQ| °  e x p (-B x /|x + iy Q|2)dx
x=-°°

w hich converges un ifo rm ly  f o r  {A ,B ,s) i s  any compact s u b s e t  o f 

R X R X K^, = [ s | a  >  1} , and thus I  i s  con tinuous a s  a  fu n c tio n  o f

A 6 R , con tinuous a s  a  fu n c t io n  o f  B 6 R, and a n a ly t ic  a s  a  fu n c tio n  

o f  s in  .

Lemma 3 : Case ( 1 ) : I f  A ^  0 , th en

(53) I (A ,B ,s )  = 0 .

Case ( 2 ) : I f  A > 0 , th en  f o r  any 6 >  0 ,
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CO

(54) I(A ,B ,s )  = i{ e x p (~3p~-") -  e x p (^ ■ )  } J  y~s  exp(-Ay+ ^ )d y
z  z  6 y

P ro o f : For d e f in i te n e s s  in  (50) l e t  us ta k e  y^ = 1 , t h a t  i s ,  L i s

th e  l i n e  Ira(z) = 1 o r ie n te d  from l e f t  to  r i g h t .

Case 1 : A ^ 0 .

C onsider th e  c lo se d  c o n to u r shown below made up o f th e  fo llo w in g  

two c u rv e s , o r ie n te d  as shown:

-  <j> <z S> exp(-iA z -  — )&z

where th e  c lo se d  co n to u r i n te g r a l  on | z |  = 6 i s  taken  c o u n te rc lo c k w ise ,

and
I f  ^  A rg (z) < t t ,  

i f  -tr £ A rg(z) <  ~  .

CR = {z: |z  | = R, orR ^  Arg z ^  n  -  ffR}

where aR = A rcs in  ( | ) , 0 <  °?R < ^  ;

L „/ = {z: Im(z) = 1 , and |R e (z ) | ^  R*}K

where

C c  {z: | z |  = R]

-R 0 R

F ig u re  1
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a 3 iB
Then, s in c e  ou r in te g ra n d  in  (5 0 ) , namely h (z ,s ,A ,B )  = z exp(-iA z  -  ~ ) ,  

i s  a n a ly t ic  in  th e  upper h a l f  p la n e , we have by C auchy 's theorem  th a t

J* h (z ,s ,A ,B )d z  = -  J  h (z ,s ,A ,B )d z  

LR/ CR

But

J*h(z ,s,A ,B )dz  = lim  J* h (z ,s ,A ,B )d z  = -  lim  J  h (z ,s ,A ,B )d z  ,
R '-co R—♦ oo

L V  cr

where r e c a l l

R = J  (R#) 2 + 1 .

On C we have z = Re*0 = R(cos 0 + i  s in  0 ) ,  dz = i  Re*0d0 . Thus K
v-o/R

J  h (z ,s ,A ,B )d z  = J* (Re*0 ) °  ^ ex p t-iA R fco sB + is in O ) -  ^ ( c o s 0 - i s i n 0 )  ]iRe*0d0 .

CR 9=aR

T h e re fo re ,

IJ h (z ,s ,A ,B )d z  | s  J  R* °  • e0 t exp{.(AR -  —)sin0}d0  

CR 0=“ R

™ R
r 1 - g  •  J  e x p ( - ^ ) d 0

0=OfR

s in c e  A ^  0 and 0 ^  s in  0 ^  1 f o r  0 ^ 0  ^ tt . Thus
Ib I

|J  h (z ,s ,A ,B )d z  | ^  R* °  • e™ ^  ̂ • e ^  • (n  -  2of^) .

CR

But Of *■* 0 a s  R 00 . T h e re fo re , f o r  o > 1 and A ^  0 we see  th a t  R

lim  J* h (z ,s ,A ,B )d z  = 0 ,
R -»

R

th a t  i s ,  I (A ,B ,s )  = 0 . By (51) t h i s  g iv es  = 0 f o r  p <; 0 in  (4 7 ).

Q .E .D . Case 1.
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Case 2 : A > 0 .

In  t h i s  c a se , jj* | would go to  m as R -* 00 . Thus we go below 

CR

th e  l in e  L ^/ f o r  our c o n to u r . F u rtherm ore , i f  s i s  n o t an  in te g e r ,

th e n  our in te g ra n d  i s  d isc o n tin u o u s  on th e  n e g a tiv e  r e a l  a x is  {z | y = 0 , 

x ^  O}, and so  to  use C auchy's theorem  we would have to  avoid  t h i s  l i n e .
■» o

I t  tu rn s  o u t to  be u s e fu l  fo r  l a t e r  e s tim a te s  to  use a  b ranch  o f  z ,
a .  g

c a l le d  he re  <z > , which a g re e s  w ith  ou r o r ig in a l  b ranch  on th e  p a th  

o f i n te g r a t io n  L , b u t has i t s  d i s c o n t in u i ty  on th e  n e g a tiv e  im aginary  

a x is  { z : x = 0 ,  y ^ o } .  R e c a ll ,

z S = exp{ ( - s )  (In  |z  |+ i  A rg (z ))}  w ith  -TT £ A rg(z) < TT .

We d e f in e :  r

_ j z~S i f  —  ^  A rg(z) < tt  ;
(55) <z >  = <  2

1 exp(-2TTis)z S , i f  - tt  ^  A rg(z) <  —j  .

T hus, i f  we d e f in e :

(56) g (z ,s ,A ,B )  = <z S> exp(-iA z  -  — ) ,

th e n  (50) becomes ( r e c a l l  L i s  any l i n e  Im(z) = y^ >  0 o r ie n te d

l e f t  to  r i g h t ) :

(57) I (A ,B ,s )  = J  g (z ,s ,A ,B )d z  = J* g fo r  b r e v i ty .
L L

Our new in te g ra n d , g , i s  a n a ly t ic  in  th e  p lane  s l i t  a lo n g  the  n e g a tiv e  

im aginary  a x i s ,  and thus we can  app ly  C auchy's theorem  to  th e  co n to u r 

shown below in  F ig u re  2 . •



z =6

z =R

F ig u re  2 .

L e t L „ / be th e  o r ie n te d  l in e  segment from  R# + i  to  -R# + i  and K
l e t  y  be th e  r e s t  o f  th e  o r ie n te d  co n to u r shown in  F ig u re  2 . Thus 

R

we have:
J* g = - l im  J* g 

R ,V
and by C auchy 's theorem :

- J 8 = J S

l r '  yr

T h e re fo re

(58) J* g = l i *  J  g .
R - o o

L YR



L e t C deno te  th e  p a r t  o f  y  which belongs to  | z |  = R . On CR

we have z = Re16 f o r  0 € [ t t  -  a R ,  U . Thus

3TT a R
J  g = J ^ r -C8 "1 )  e - i 0 ( s - 1 ) k ( e ) d e  +  J* r ~ ( s _ 1 ) e - i 0 ( s - i )
c 0 = T T - Q '  0  =

R R 2

k (0 )d0
-T T

where k (0 ) = exp{-iA R (cos 0 + i  s in  0) -  ^  (cos 0 -  i  s in  0 )}  .K

T h ere fo re
—  “ r

1J g | ^ J  2 R1_CT e"6 t  h(0)d0  + J  R1_G e '9 t  h(0)d0 ,
CR 0 = ™ r 0 = ^

where h (0 ) = exp(A Rsin 0 -  ^  s in  0 ) . But f o r  0 € [TV^j] U [-  ^>0]

we have -1  ^  s in  0 ^ 0 ,  and s in c e  A > 0 , we have |h (0 ) | ^ exp(-%^-).

For 0 6 [ t t  -  U [ 0 , Q f R ] ,  we have 0 ^ s in  0 ^  y  as  can be seen

from  th e  d iagram  o f  th e  c o n to u r , F ig u re  2 , so  t h a t  |h (0 ) | ^  exp(A + -^yj) .
R

Thus fo r  R > 1 , and s in c e  A > 0 :
a  —  0

IJ gl £ R1~gexp^3^]" ^ |exp(A+ -^ J ) (  J* ld6 + J  Id©) + exp^y^J* 2 ld0 + Jld0yj-
C R 0 -TT

R T

= R1-G exp^3--j t -̂ 2gR exp^A + - ^ )  + ttR— exp{ R

But 2a ^  t t ,  and so  f o r  a  > 1 we have
£v

(59) lim  J  g = 0 .
R"*“ r

R

Thus i f  we l e t  (shown below in  F ig u re  3) deno te  th e  p a r t  o f  Y^

n o t in c lu d in g  CR , th e n  we have
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- *  «“ 0e -  ^

iR

F ig u re  3 .

On th e  l e f t  s t r a i g h t  edge o f  we have z = - i y ,  y >  0 , and
Q  v  C  a  3TTiS

<z > = y exp(— -— ) ,  w h ile  on th e  r i g h t  s t r a i g h t  edge we have z = - i y ,
_ Q  a C  XT ifi

y >  0 and <z > = y exp(—— ) . Taking in to  acco u n t th e  o r ie n ta t io n
6 « 

o f  and d e n o tin g  by J \ |_g th e  i n te g r a l  over th e  c i r c l e  in  the

co u n te rc lo c k w ise  d i r e c t i o n ,  we g e t :

l im  J  <z S> exp(-lA z -  ~ ) d z  = -i-|exp(^ y SexP (“Ay+ “ ) dy

- J  <z S> exp(-iA z  -  “ “ )dz

| z |=6

= I(A ,B ,s )

by (6 0 ).

T h is  shows (5 4 ).
Q .E .D . Lemma 3 .
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The r ig h t  hand s id e  o f  (54) i s  th e  d i f f e r e n c e  o f  two e n t i r e  func­

t io n s  in  s .  Thus (53) and (54) g iv e  th e  a n a ly t ic  c o n tin u a tio n  o f  

I(A ,B ,s )  to  s 6 (E .

S u b s t i tu t in g  (51) in to  (47) we now have:

(61)
00 00

Q (z> s,g ) = s  £ £ m S exp{“ “  ( gMt-pr) } i f 2TTp, , s )  exp(2TTipz)
m=l l^r^m p=l m

(r ,m )= l

( r e c a l l  a™, r ( s ,g )  = 0  i f  p ^  0)

GO 00

y -S= m 2 2  exp‘| ^ :(gWH-pr)j-I^2TTp, , s j  exp(2TTipz)
m=l p=l l^r^m m

(r ,m )= l

R e c a ll  Mr -  mR = 1 , and th u s  Mr = 1 (mod m). In  th e  in te g e r s  mod m 

l e t  r  = th e  m u l t ip l ic a t iv e  in v e rs e  o f  r  mod m and so  M = r  (mod m). 

L e t ,

(62) S (p ,g ;m ) = £ e x p - v ^ ^ p r  + g r ) |  where r r  = 1 (m) .
rmodm U m J

(r ,m )= l

T his fu n c t io n  i s  known as a K loosterm an sum. Thus,

0 0  CO

(63) Q ( z ,s ,g )  = £  n f S E S(p,g;m )l(2TTp, s )e x p (2 n ip z )  .
m=l p=l m

By Esterm ann [2  ] ,  (p . 8 2 ) , we have:

(64) |s ( p ,g ;m ) | ^  d4 ^ - ^ ^ m 4 (g,m ) 4

where d (n ) = th e  number o f  d iv is o r s  o f n . I t  i s  easy  to  see  (see  fo r  

example Landau, Z a h le n th e o r ie . V ol. I ,  P a r t  V I, p . 250-251) th a t  

V n  ^  1 and V e > 0 we have:

(65) d (n) ^  Ce n®
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mwhere C depends on ly  on e . T h e re fo re  ta k in g  n  =  r  in  (6 5 ).
6 (g>m7

(64) g iv e s :
3 3 J.

i i '  m* * fe»m)
( 6 6 )  | s ( p , g ; m ) | ^   -g ---

(g»m)

,  _ f  f+ e  . . | - $ e£ C4 • m4 • (g,m) 4 *

5 Ke (g) • >

where

Ke (g) = C4 g4 w ith  g *  1 .

So V e > 0 we have from  (63 ):

00 t 3t CO

( 6 7 )  |Q ( z , s ,g ) |  ^  Ke (g) 2 m"CT+V,"e 2 | l ( 2 T T p , - ^ | , s )  |ex p (-2 T T y p ) .
m=l p=l m

We can see  th e  b eh av io r o f  |l(2 T T p , ^ , s )  | as m -* 00 , as fo llo w s :
m

I(A ,B ,s )  i s  co n tin u o u s a s  a  fu n c t io n  o f B €IR , and so a t  B = 0 we 

have:

(68) lira  I(A ,B ,s )  = I (A ,0 ,s )  = J* z S ex p (-iA z)d z
B-0 L

where L i s  any l i n e  Im(z) = y^ > 0 o r ie n te d  l e f t  to  r i g h t .  Using

A = 2Tip, B = we have:
m

( 6 9 )  l i m  I(2TTp} ~ ~ 2 >s )  =  J  z  S e x p ( - 2 T T ip z ) d z  .
n r* 00 m

T his i n te g r a l  has been c a lc u la te d  in  [ l o ] ,  P* 4 7 3  fo rm ulas ( 1 1 )  and ( 1 2 ) ,  

namely

J  z  S e x p ( - 2 T T ip z ) d z  = (-2 T T i)s  p S ^ / r ( s ) ,  f o r  p  >  0 ,  cr > 1 .

L

Thus on th e  r i g h t  hand s id e  o f  ( 6 7 )  we have:

( 7 0 )  l i m  | l(2TTP , ^ | , s )  | =  | ( - 2 t r i ) s  p S"1 / r ( s )  |
nr*“  m



w hich i s  some non -zero  number depending on p . Thus on th e  r i g h t  hand

s id e  o f  (6 7 ) , our only  hope fo r  convergence i s  fo r  o > — .

In  f a c t ,  th e  fo llo w in g  lemma w i l l  show un ifo rm  convergence in  (67)

f o r  { z ,s }  in  compact s u b s e ts  o f  M X .

4
Lemma 4 :

(71) Z | l ( 2TTP, ^ £ s ) |e " 2TTyp
p=l m

converges u n ifo rm ly  fo r  y ^  y^ > 0 and s in  a  compact s u b s e t  o f

{R e(s) >  o} . F u rth e rm o re , the  sum o f t h i s  s e r i e s ,  as  a fu n c t io n  o f  m, 

i s  bounded.

P ro o f o f  Lemma 4 : I f  we t r y  to  use  (52) we g e t :

(72) U (2T T p ,-^ |,s) | ^  e 2TTp K (s,g ,m ) where
m

K (s,g ,m ) = e ™ ^  f  |x + i | ’ a  exp^1^ — ^ ) d x  .
m |x + i |

K (s,g ,m ) ^ e71^  J  |sc+i | °  dx

Thus,

and so  we have

(73) |l(2 T T p ,-^ |,s )  | £ e 277p K (s) ,  where2Jm

K(s) = e 77^ ^  J  |**"il CT dx .

T h is  e s tim a te  would show convergence in  (71) fo r  y > 1 , >  1 ,  and

unifo rm  convergence f o r  { y ,s}  in  {y s  y^ > l }  X K where K i s  any 

compact s u b se t  o f  [ s  |<J > l}  . To low er the r e s t r i c t i o n  on y to  

y ^  y^ >  0 ,  we need to  lo o k  a t  (54) s as  fo llo w s .
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in te g r a l  o f  (5 4 ) , (54) g iv es  V 6 > 0 :
CO

(74) |l (A ,B ,s )  | ^  {exp(3T r|t |/2 )  + exp(rr | t  | / 2 )  } f* y~°  exp(-A y +
- 6

3 tt

+ J 2 |S 'S • e _ i6 s  • h (5 ,0 )  • 5 ie i e |d0
-TT

2

where

h (6 ,0 )  = exp{-iA 6 (cos 0 + i  s in  0 ) -  ^ r ( c o s  0 -  i  s i n  0 )3  . 

S im p lify in g  we g e t :

(75) |l (A ,B ,s )  | ^  2exp(3TT(t |/2 )  . ^  + 61_CT . 1  ̂ where
CO

1 = /  y "CT exp (-Ay + ~ )dy
1 6 y

and 3TT

I 2 = J  2 e x p { sin  0 (A6 -  - |)  }d0 .
-TT

2

Now f o r  a  > 0 ( r e c a l l  A > 0) we have:

exp ( -^ 0  “  exp (■^t^) Y hk\
(76) I  ^     r e x p (-A y )d y --------- -------- • >■

0 0 0

e x p ( - ^ -  -  A6)

6°A

F u rth e rm o re , we have:

—

(77) I 2 s  J* 2 exp(A6 + -^-^)d0 = 2 tt exp(A6 + “ gO  .
-TT

2

Thus f o r  a  >  0 we have in  (7 5 ):

i k a . b . . )  i s  -  a 6 > « * ■ ■ ¥ ■ + a6>
<78) 6aA . < «

Ml 
>*
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Now p u tt in g  in  A = 2TTp > 0 and B = > 0 ,  we g e t :2m

(79)

|I(2 rrp j——̂  , s ) | e x p ^ ^ |  -  2trp6^ e x p ^ 2 + 2rrp6)

2TTexp

m ______  m 6 ____ m 6

6°2TTp 6°"**

S ince  (79) i s  t r u e  fo r  a l l  5 >  0 ,  l e t  us ta k e  f o r  any g iv en  p , 

—̂  , where p s  1 . Thus (79) g iv e s :6 = 1
P

| l ( 2 T T p ,^ |,s )  I exp^2- - |E—  -  2TTp2)  exp( 2Tfjp  +  2np^)
(80)    m <  m__________   m

2-o  + l - o
2T.exp( - 3 ^ J )  p T -  , T

S ince  th e  second term  on th e  r i g h t  hand s id e  o f  (80) i s  l a r g e r  th an  th e  

f i r s t  we have:

l l ( 2TTP, ^ 3s) | 2exP( ^ S E L  + 21* * )  2exp(2TTgpS + 2TTp*) 
( 8 ! )  m " m   --------------------------

  (  3 t t  t  \2Trexp^— l -L j  „ 2 2
P

s in c e  m ^  1 . Thus f i n a l l y ,  we have f o r  o  >  0 :

(82) | l ( 2 T T p ,^ ,3) |  s  4"  «q»(3n| t|/2)exp(4HB>») _

T
P

T h e re fo re  (71) c e r t a in ly  converges fo r  o >  0 ,  and u n ifo rm ly  f o r  { y ,s}  

in  {y ^  y^ > 0} X K where K i s  any compact s u b s e t  o f  £s | cr > 03 - 

F u rth e rm o re , s in c e  th e  e s tim a te  (82) i s  independen t o f  m, th e  v a lu e  o f 

(71) as  a fu n c t io n  o f m i s  bounded.

Q.E.D. Lemma 4 .

Now, going  back to  (67) we see  t h a t  th e  r i g h t  hand s id e  converges fo r



y > 0 , C T > - j r ,  and converges u n ifo rm ly  f o r  { z ,s }  € {z: y  s  y^ > 0} X K,

where K i s  any compact s u b s e t  o f  {s | cr >  ^ }  = . Thus (61) g iv es

4
Q ( z ,s ,g )  as an  a n a ly t ic  f u n c t io n  o f  { z ,s }  € Jf X and l ik e w is e  fo r

4
P ( z ,s ,g )  = e x p (2 n ig z ) + Q ( z ,s ,g )  .

T h is  com pletes th e  p ro o f o f  Theorem 2 w ith  w hich  we b e g a n .th is  

s e c t io n .

N o te : S ince R ( z ,s ,g )  = £ ( s ) { l  + exp(TTis) } P ( z ,s ,g ) , R ( z ,s ,g )  a ls o  has

an a n a ly t ic  c o n tin u a t io n  to  { z ,s }  6 M X , where R ( z ,s ,g )  g iv en
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