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Introduction

This paper is divided into three main parts. In Part I we take
special linear combinations of generalized Eisenstein series of level
N, and obtain a finite dimensional vector space of abelian differentials
of third kind on the compactified Riemann surface SN ='37P?ﬁ7 , Where
Y is the upper half plane and I'(N) is the principal congruence sub-
group of level N in the inhomogeneous modular group I' . We exhibit
a group representation of I'/I'(N) acting on this space of differentials,
and for N a prime, we find the multiplicities of the irreducible com-
ponents of the representation.

In Part IT we take a particular set of these differentials from
Part I and show a new derivation for obtaining the periods of these
differentials on SN .

In Part III we consider the classical Poincaré series ¢g(z,k) of
integer weight k =2 2 . We generalize to a series P(z,s,g) of complex
dimension -s , and show that although the series does not converge
absolutely for Re(s) < 2, it has an analytic continuation to Re(g) >

7/4 . This analytic continuation is given by a convergent Fourier

series in powers of exp(2miz) .



PART I

§0. Introduction

Let H be the upper half plane. Let [' be the inhomogeneous
modular group, and I'(N) its principal congruence subgroup. In this
part of the paper, using results of Hecke [ 6] and Lewittes [10] on
generalized Eisenstein series, we construct a space of differentials
of third kind on the Riemann surface SN = Cﬁ7f?ﬁ$), where the bar de-
notes compactification by addition of cusps. Our differentials form a
finite dimensional complex vector space, HN’ and we define a faithful
group representation, L, of T'/T(N) acting on Hy . From Frobenius
[ 4], we know the irreducible representations of TI'/T'(q), for q prime =3,
and their characters.

The main result of this part of my paper is that the decomposition

of L into irreducible components has the form, for q prime 2 3 :

gq-3
4
L +2 Z L(i) if q = 3(4)
._a qtl
i=1
L = -5
4
1) (2) (1) =
Lq+L+1+L+1+2 1Lq+1 if q = 1(4)

2 2

where Ln denotes an irreducible representation of dimension n .

§l. Preliminaries

C¢,R,Q,Z will stand for the sets of complex numbers, reals, rationals,
and integers respectively.
H=1{z€ ClIm(z) > 0} = upper half plane .

I' = inhomogeneous modular group, namely, the group of fractional

., aztb

linear transformations =z s W
cz+d

here a,b,c,d € Z, ad - bc = 1.
SL(2,Z) = homogeneous modular group, namely, the group of 2X2

integer matrices of determinant one,
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Note: I' = sL(2,2)/{ + (é g)} .

We will use {c,d} to denote an ordered pair, so as not to confuse
this with the greatest common divisor of two integers, denoted by (c,d).
If V€T, we can write V(z) = (azt+b)/(cz+d) where a,b,c,d € Z,

ad - bc = 1, and either c¢ > 0, or {c,d} = {0,1}. Then we define:

(0) v aof '(2 2) where a,b,c,d satisfy the above conditions.

Let T'(N) = the principal congruence subgroup of level N in I, namely

the group of elements V € ' such that, componentwise, we have

V= T (é g) (mod N), T'(N) acts as a discontinuous group of conformal

homeomorphisms of 3 onto itself. Thus, we can form the quotient space
H/T(N), compactify it by adding <« and other rational cusps, and give
it a Riemann surface structure (see, for example, Ahlfors and Sario,

Riemann Surfaces, Ch. II. 4 p. 119-124).

Let:

SN = #/T'(N) denote the compact Riemann surface thus obtained.

By an abelian differential on a Riemann surface we will mean a differen-

tial form which is expressible locally as £(t)dt, where £ 1is a mero-
morphic function of the local coordinate t. We will say the abelian
differential is of third kind if at some point on the Riemann surface
the local expression £(t) has a pole with non-zero residue. Note,
the Riemann surface SN is compact, and thus by general theory we know
that for an abelian differential on SN , the sum of the residues is
zero,

In the next section we construct a finite family of analytic fun-

ctions hk(z) on H which satisfy:
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1 vV on £ €T
(1) h (V(2)) q; = hy(2) for V ,

where j depends on k ‘and V , and

j=keverm .

Thus we get:

(2) hk(V(z))dV = hk(z)dz for VvETM™) .

The functions hk(z) are analytic at z = 1o |, and therefore at all
rational cusps by formula (1). Thus we use formula (2) to define

hk(z)dz ags abelian differentials on S

N These differentials will

be of third kind.
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§2. Construction of a Space of Abelian Differentials of Third Kind on SN'

In [10], Lewittes defines the generalized Eisenstein series

G(z,s,rl,rz) for z€H, s €@, T, and r, € R as follows: For
Re(s) > 2:

et -3
(3) G(z,s,rl,rz) = X ((m+r1)z +n + r2)

m,n

where {m,n} runs through all integer pairs except {-rl,-rz} if
{rl,rz} € 22 . The complex power is made unambiguous by agreeing that
for any w € C, w # 0, we define Arg(w) as that value of the argument
such that -7 = Arg(w) < 7, and then letting

s _ es(o{’,nlwl + i Arg(w))
def

w

As is pointed out in [10], the series in (3) defines a function which is
analytic in z and s for Im(z) >0, Re(s) > 2 .
It is further shown that G(z,s,rl,rz) has an everywhere finite

analytic continuation to {z,s} €H X &, given by:

@) G(z,5,7,,r,) = X(r)){C(s,x,) + e ° C(s,-1,) )

(=]

. - S -
+ (c2mi) z I 1 exp(2ﬂikr2) exp(2TTik(nri-r1)z)

'(s) w-r k=1
1

s [o-]
+emis £2M) " 5 5 S7l o omike Yexp (2Tik(m-t. ) z)
1

where I'(s) is .the usual gamma function,

X (t) = {; if t€2z]
if t gz

-8
and for Re(s) > 1 , C(s,rz) = 2n>_r2(n+r2) .
For our purposes we are only interested in the case s =2,
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r, = al/N, r, = a2/N » as this will lead us to abelian differentials

2

on SN . For this case, (4) becomes:

G(z,2,a,/N,a,/N) = x(a,/N) T° (n+a2/n)'2

n
[=e]
-4ﬂ2 z Z k exp(Zﬁikaz/N) exp(2ﬂik(m+aI/N)z)
m>-a1/N k=1
w
-4ﬂ2 z Xk exp(-2ﬂika2/N) exp(2ﬂik(m-a1/N)z)
m>al/N k=1
= x(a;/N) - N = (Nn-*-az)-z
n
(o]
-4ﬂ2 z Z k exp(2ﬂika2/N) exp(2ﬂik(Nm+a1)z/N)
Nm+a1>0 k=1
-4ﬂ2 = Z  k exp(-2mika,/N) exp(2Tik(Nm-a_)z/N)
2 1
Nm-a1>0 k=1
Thus
G(z,2,2 /N,a /M) = x(a,/M-N &  1/&
1 —
d=a2(N)
2 o]
=4 z L k exp(2ﬂika2/N) exp (2mik ja/N)
>0 k=1
j=a, M)
o
.-4ﬂ2 z Z k exp(-2ﬂika2/N) exp 2Tikjz/N) .
>0 k=1 '
j=-a; (M)

Finally, writing n for kj in the double sums, and collecting terms

we have the Fourier expansion:

=]

(5) G(z,2,aI/N,a2/N) = nfo dn(al,az,N) exp (2Tinz/N)

where
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) . 2
ao(al,aZ,N) =N x(allN) z 1/d

=a, (N)
and for n =21

2§ , .
an(al,az,N) = =47 { kE k exp(2ﬂlazk/N) + B k exp(-2ﬂ1a2k/N)} .

In I

s =
=]

n =
i 2
150

=-a, (V)

vﬁ‘

To construct our differentials we will also make use of the trans-

formation formula in [10] (p. 486, (49)) for G(z,2,r1,r2), namely: if

VET, with V= (2 2) as in (0), then
G(V(z),z’rlsrz) 2Tfic
(6) 2 = G<z’2’R1’R2) - cZ+d
(cz+d)
where {RI,RZ} = {rl,rz}-y = {ar1 + crz,br1 + drz} .

Note 1: 1In this case, where s = 2, there is no need to specify c¢c >0
or {c = 0, d = 1}, as is needed in the general case for s € €. For

suppose ¢ < 0 or f{c = 0, d = -1}, then by (1) we have

v (200

and (6) becomes:

G(V(Z),Z,r »T ) -
@ L = el2,,ry) - BRG
(~-cz-d)

br, + dr,} . But using s =2 in (4) it is

where {Rl,Rz} = {ar1 + er,,br,y 2

easy to see that

(8) G(2,2,-R ,-R,) = G(z,2,R,R,) .

Thus (7) can be written as
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G(V(z) :z’rlsrz)

(cz+d)2

2Tic

= G(Z’Z’RI’RZ) T cztd

b
= . = <
where {Rl,Rz} {rl,rz} (c d) {ar1 + crz,br1 + drz} with ¢ <0

or {c= 0, d = -1}. But this is the same formula as (6), so we see
that we can use (6) with no restriction on ¢ or d, except

(a b

c d) € SL(2,Z) .

Note 2: As is pointed our in [10], the function G(z,2,a1/N,a2/N) is

closely related to the function

1
(€)) G,(z;a,,a, ,N) .=_. lim 5
2 1772 def s—ot miEai(N) (mlz+m2)2|mlz+m2‘S

defined by Hecke [ 6 ]. In fact by comparing the Fourier series of the

two functions it is shown that

-2771
(10) N2G2(z;a1,az,N) = —2:5 + G(z,Z,al/N,aZ/N) .
z-z
=211
Thus, G, has the non-analytic term . However,
2 2, =
N™ (z-2)
-2mi i __-2mi 2Tic
e — . 5 = - + ,
V(z)-V(z) (cz+d) z-z cz+d

and so by (10) and (6) we get the formula:

(11) G2 (V(Z) ;a]_’az’N)

= G, (a3A A :N)
(cztd)? 27 r1m2
where {Al,Az} = {al’aZ}Y .
It is easy to see either by analytic continuation from (3) or by
using (4) that:

(12) 6(z,2,r+h,r,+k) = 6(z,2,r,,r,) if {h,k} € 22 .

1
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Furthermore, from (4) we have:

(13) G(z,2,-r1,r2) = G(z,2,r1,r2) .

Thus we can write:

(14) 6(z;2,a,/N,a,/N) = G(z;2,b1/N,b2/N) if {al,az = 4+ {bl,bz} ),
or, by (10), in terms of G2 :

(15) Gz(z;al’az’N) = Gz(z;bl,bziN)

if {al,az} =+ {bl,bz}(N) .

Now consider the following functions defined by Hecke [6 ]:

*
(16) G,(z;a . ,a,,N) = I c, » G (z;ta ,ta_,N)
2 1°7°2 tmodN t 2 1 2
(t,N)=1
where (al,az,N) =1, and c, = z p(n) , p being the Moebius
>0 n2
tn=1 (N)

function of number theory. By (15) we have:
* *
a7n Gz(z;al,az,N) = G2(z;b1,b2,N)

if {al,az} = 4 {bl,bz}(N) .
Furthermore by (16) and our previous results on the function G2

we have the transformation formula:

*
GZ(V(Z;al’aZ’N>

*
(18) = G, (z3A,,A,,N)
(cz+d)> A )

a b

for VET , V= (c d), and {AI,AZ} = {al,aZ] -V . We also get the

Fourier expansion:

* AL
(19) GZ(Z;al’aZ’N) = ._2—_..— z ct
N°(z-z) tmodN
(t,N)=1
1 oo
+ —-Z Z ¢, - a (ta,,ta,,N)exp(2minz/N)
N2 n=0 tmody ¢ B V72 -

(t,N)=1
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where an is given in formula (5).

*
(20) Definition A: We say that GZ(Z;al’aZ’N) vanishes (or doesn't

vanish) at a cusp -d/c, (c,d) = 1, according as the constant term of

*
the expansion of (cz+d)2 G2(z;a1,a2,N) in powers of

t = expl2mi(az+b)/(cz+d)N} vanishes (or doesn't vanish).

* *
But (cz+d)> Gy (z32),8,,) = G, (V(z);B,B,,N) where VET,V=C Db,

1°89»
{Bl,BZ} = {al,az} . Y_l = [da1 - ca2,~ba1 + aaz} . By (19) the constant

S %
term of the expansion of GZ(V(Z)’Bl’BZ’N)’ in powers of t = exp(2TiV(z)/N),

is
. z c, o (tB,,tB, ,N)
P ’ ’
N tmodN 0" 1 2
(_t:N)':'l
where recafl,
@ (a,a.,N) = Nx(a,/N) %  1/d°
01272 1 *

dEaz(N)

It is shown in [6 ], (see also appendix 1 here) that

1 if {x,y} =+ {0,1}m) ,

(21) E e 9tnty,N) = {5 Giherwise.
tmodN
(t,N)=1
Thus
1 if {c,d} =+ {al,az}(N)
(22) z “t olo(tl?’l’tBZ’N) "0 otherwise. !
: tmodN
(t,N)=1

where {BI’BZ} = {da1 - caz,-ba1 + aaz} .
Thus in the sense of Definition A, the function
*
Gz(z;al,az,N) vanishes at all cusps -d/c, (c,d) = 1, except those for
which {c,d} = + {al,az}(N) . These latter cusps determine one cusp on

SN as follows:
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Given an ordered pair {al,az} with (al,az,N) = 1, there exists
an integer ko such that (al,a2+k0N) = 1, Furthermore, if (cl’dl) =

(cz,dz) = 1, then -dllc1 is identified with -d2/c2 by

Thus,
(23) given an ordered pair {al,az} with (al,az,N) = 1, let

YN(al,az) = the cusp on S_ represented by

N
z = -(a2+k0N)/al where (al,a2+koN) =1,

We obviously get all the cusps of SN from (23) since any cusp is
represented by z = -d/c, where (c,d) =1, and + 1/0 e - Further-
more, it is easy to verify that:
(24) Yy(ay53,) = Yy(by,b,) @ {ay,a,) =+ {b,b J0) .
Let

' PN = the set of ordered pairs of integers {al,az} mod N

such that (al,az,N) =1,

Let {al,az}'~ [bl,bz} mean {al,az} =+ {bl’bz}(N)' Then there is a
one-to-one correspondence between the set PNﬁ‘ and the set of cusps
of SN .

If A(N) = cardinality of PN then it can be shown (see Gunning

[5], p. 9), that
1 for N

]
bt
-

a - -1—2-) for N2 2
PlN 2

If o(N) = cardinality of PNﬁv , then it follows that

N =
(25) 1 for 1,
o) = 3 for N=2,
2
N a-1 for N =
2 tﬂN o2 3

P Prime
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By (17) and (24) we see that each cusp YN(al,az) can be associated
uniquely to the function G;(z;al,az,N) . PFurthermere, if
F(z) = T C(a,,a,) G*(z;a a,,N)
{a.,a. )P/~ 12727 72 12722

1°72° 7N
where some C(x,y) # 0, then we know that in the sense of (20), the
function F(z) does not vanish at the cusp YN(x,y) and so F(z) 1is
not identically zero. Thus the set {G;(z;al,az,N)l{al,az} € PNﬁV] is

linearly independent over &. Therefore,if

(26) WN = the complex vector space spanned by the functions
*
G2 (Z;al’aZ ’N) ’

then

(27) dim WN =a(N) , o(N) given by (25).

As we shall see in the proof of Theorem 1, we cannot define

%
G2(z;al,a N)dz as an abelian differential on SN’ since then in the

2’
local coordinate at a cusp of SN we would have an abelian differential

with exactly one pole of non-zero residue. This would contradict the
fact that on a compact Riemann surface, the sum of the residues of an

abelian differential must be zero. [This also shows that T cy # 0,
tmodN
(t,N)=1

*
for otherwise we could use (18) and (19) to define G2(z;a ,az,N)dz as

1
an abelian differential on SN'] Thus we define for (al,az,N) =1 :

* *
(28) h(z;al,az,N) = G2(z;a1,a2,N) - G2(z;0,1,N) .
Note that the non-analytic term :%EL——— z c, in (19) is cancelled out.

N (z-2)
We have the following facts about the functions h :

(29) h(z;0,1,N) =0 , Vz €X.
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(30) If {al,az} #F+ {0,1}(N) then, in the sense of (20), h(z;a N)

1’82’
vanishes at all rational cusps except ® and -d/c, (c,d) =1,

{C,d} =+ {al,az}(N) .

[We know & such an ordered pair {c,d} since (al,az,N) =1 .] Further-
more, h(z;al,az,N) is analytic for 2z € H, and satisfies:

h(V(Z) ;al’az’N)

(31) ( 2 = h(z;A;,A,N) - h(z;c,d,N)

cz+d
for VET , V= (2 2) , {Al,Az} = {al,az} *+ V. In particular if V € I'(N),
we have:

{c,a} =+ {01}
and thus
h(V(z;al,az,N)

(32) 5 = h(z;al,az,N) for VETW) .

(cztd)
Theorem 1: On Sy , the differential h(z;al,aZ,N)dz has a simple pole
of residue é%i at © , a simple pole of residue E%I at -d/c, (c,d) =1,

{c,a} = + {al,aZ}(N),({al,az} # 4 {0,1}(N)),and is analytic at all other

points of SN .

Proof: At a regular point of § that is, a point which has a repre-

N 3

sentative z. € H , we can use t0 =z-2, asa local parameter in a

0

disc about =z Since h is analytic there, it has a convergent

0.
Taylor series in to .
At © we use the local coordinate t = exp(27iz/N) in a vertical

strip of width N in ¥ .

By (25) and (22) we have:
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[}
(33) h(z;al,az,N) = nfo Bn(al,az,N) exp (2minz/N)
where
Bn(al,az,N) = I c, {an(tal,taz,N) - an(O,t,N)} ,
tmodN
(t,N)=1

o being defined in formula (5).

Since {al,az} 7+ {O,l}(N) we know by (21) that:

z
tmodN
(t,N)=1

c, ao(tal,taz,N) =0
and
= c_ o (0,t,N) =1 .
tmodN O 0
(t,N)=1

Thus we have:

(34) BO(al’aZ’N) = -1 .

In a neighborhood of « (a vertical strip of width N) we have two
local expressions (t)dt and h(z;al,az,N)dz where t = exp(2miz/N)
is a local coordinate at «® , Since the two expressions must agree at

a regular point in this neighborhood, we set:
h(z;al,az,N)
(35) o(t) —4a

dz

© n
5 Bn(al,az,N)t
n=0

2mit/N *

Thus @(t) has a simple pole with residue -N/2Ti at the cusp « , At

a rational cusp -d/c , (c,d) =1, {c,d} # {0,1}(mod N) we have:

az+b az+b
cz+d’dal - caz,-bal+aa2,N) h(cz+d

(36) (cz+d)? h(z;a,,a.,N) = h(

128>

»=C,a,N)
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o]
= ZO an(algang;ayb)c’d) exp(2ﬂin(az+b)/N(cz+d))
n=
where
6 (a,,a,,N;a,b,e,d) = X o (da,- - - (-
n( 1725 ) o ct{ n( a,-ca,, ba1+aa2,N) an( c,a,N) }.
(t,N)=1

Again by (21) and (22),we have since {-c,a} # {o,1}a0) :

5 1 if {e,d} =+ {a),a,}W
(37) 84(a;,a,,N;a,b,c,d) = { _
0 otherwise

In a cusp neighborhood of z = -d/c we hgve the two local expressions
{(t)dt and h(z;al,az,N)dz , where ¢t = exp{Zﬂi(az+b)/N(cz+d)}, a local
coordinate at 2z = -d/c . Since the two expressions must agree at a
regular point in this neighborhood, we get:

h(z;alaazsN)

dt
dz

¥(t)

h(z;al,azsN)

2mi 1

t .
N (cz+d)2
which by (31) gives:
bt n
_ n§0 6n(a1:a2’N;a)b’c’?)t

N

Thus by (32), ¥(t) has a simple pole at t =0, (z = -d/c) if
fc,d} =+ {al,az}(N) and is analytic at t = 0 otherwise. This con-
cludes the proof of Theorem 1.

To summarize, we have shown that for {al,az} such that (al,az,N) =1
and {al,az} #+ {0,1}(N), the functions h(z;al,az,N) can be used to

define abelian differentials of third kind on SN = (H/T(N)).
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The differential h(z;al,az,N)dz is apalytic at all points of SN
except at the cusp ® where it has a simple pole of residue -N/27i,

and at the cusp -d/e, (c,d) =1, {¢,d} = + {al,az}(N), where it has a

simple pole of residue WN/2mi . Let:

(38) Hﬁ = the vector space of abelian differentials on SN

generated by the differentials h(z;al,aZ,N)dz .

By (26- 28) we see that

(39) dimmHN =0o(N) -1 where o(¥) is given in (25).
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§3. A Faithful Finite Dimensional Group Representation of T /T'(N) .

In this section we define the group representation L: I'/T(N) - GL(HN)
where GL(HN) is the ' group of 1-1 1inear'transformations.of~IHN ’
onto itself, For N = q, a prime & 3, we find the multiplicities of the
irreducible components of L .

From the previous section we have the vector space HN of abelian

differential on SN’ generated by {h(z;al,az,N)dz} « We saw that:

dimm HN =0(N) -1

where
1 for N=1
a(N) = 3 for N =2
¥ I Q- for N23 .
2 pln P
P prime

Por ease of notation we will write for fixed N :

defined by h(z;al,az,N)dz .

(40) h = the differential on S
a. ,a ] N

1°72

For an analytic function f: H = H we define:
(41) £y, = EOVE) Y for VET
V def dz ‘

For the corresponding differential £(z)dz we define:
(42) (f(z)dz)lv = f(z)lv dz = £(V(z))dv(z) .
By (29) we have for f£f(z) = h(z;al,az,N) :
(43) h(z;al,az,N)lv = h(z;Al,Az,N) - h(z;c,d,N) and

thus for our differentials we have:

(44) h = h -h
812% v Ayahy  eud
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a b
where VET, V= ( ), {Al,Az} = {al,az} - V.
In particular, if V € I'(N), then by (30) we have:

(45) h | =nh for VET@) .

81581y 3128

By the chain rule for derivatives it follows that:

(46) Y = al ), .
V1Y iV
Furthermore by our definitions,we have for « and P E€ &, f and g € HN:

47) @+ B |y, = acel) +BGly -

Thus any V € I' defines a linear map L(V) of HN into itself via:
(48) h RAUN h| 1 [We use vl so that we will have
\'4

L(v1 ° Vz) = L(Vl) ° L(VZ)].

(49) Claim (1): L(V) is onto HN .

Verification: By (46) we see that given h € HN we have:
mll ;= nl ;= nl, = n .
Vv v 1 vV 1 id

Q.E.D. claim (1).

Since HN is finite dimensional, L(V) 1is also 1-1 and thus

L(V) € GL(HN), the 1-1 linear maps of Hg onto itself,

(50) Claim (2): L(V) depends only on the coset of V (left or right)
mod ' (N) .

Verification: Suppose V,WE&€T , KEI(N), V=KW .

Then for h € Hy we have:

hlv_1 = nl (hlw_1> lK_1 = hlw_1 :

wlgt

If V=WK for KE€T(N) a similar argument works.
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Note: The latter case also follows from the first case since I'(N)

is normal in T ,
Q.E.D. Claim (2).

We now define the mapping L: I'/T(N) - GL(WN) by
(51) LE@M)-V) = L(V) .
(52) Lemma 1: L 1is a group representation.
Proof: L 1s a homomorphism since

h| = h| =l
-1 -1 vl l -1

: 1
(V;°Vy) Vool 2 V1
and thus

L(V1°V2) = L(V1)°L(V2) .
Q.E.D. Lemma 1.
+(53) Lemma 2: L is a faithful representation, that is, 1-1 .

Proof: Let V€T , with V= (i Z) , and let I = identity map on He .

Suppose L(V) = I . Then ha ,a ‘V = ha ,a for all basis vectors
1°72 1272
h . But h |, =h -h ,=h -h .. Thus
a,,a, ay,3, v Al’AZ c,d {aa1+ca2,ba1+daz} c,d
{aa1 + caz,ba1 + daz} =+ {al,az}(N)
h

. = n 5 and
s v a,, 1)
a;),a, } 2 {e,d} =+ {0,1}a0) .

[(1) since the h's are linearly independent]
= [aal,bal + az} =+ {allyaz} ) ,
= {a,b} = + {1,0} .

Thus V = + (é g)(N) , dee., VETQ@) .

1

Note: V # + (0

D@ since then VET 1f N=3,

Q.E.D. Lemma 2,

To summarize, we have shown that L: I'/T(N) - GL(HN) is a faithful

group representation. The number of different possible irreducible
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representations of I'/T(q) for q a prime 2 3 , was calculated by

Frobenius [4]. If we let
a-1

e = (-1) 2 ,

and Ln stand for an irreducible representation of dimension n , then

we have the following list:

Besides the identity representation we have:

1 representation L

1
2 representations L te
2
(54)
q-€ _ (1)
A 1 representations Lq+1
QEE - B representations Léfi

(2)
and I@ttﬁ
2
(i = 1,-..,5-2;_3 - 1)

@G = 1:-",SEE = %9

In our case we will show that the identity representation does not occur

as a component, so our representation L has the following decomposition:

- (1) (2) @) s L g @)
(55) L= qu + ylPQiE + yzLﬂiE + Z uy Lq+1 + i A Lq-l
2 2

where X,¥ 35UV,

and thus non-negative integers.

are the multiplicities of the irreducible components,

In order to show that the identity representation does not occur as

a component of L, we need a function theoretic result of Lewittes [81],

--and some preliminary notation.

Since I'(N) is normal in T,

' acts in a natural way on

SN = H/T(N); namely, for V €T and [zo] € SN we define

(56) Wz = el -
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This is well defined, since if [zO] = [zl] then z, = M(zo) for some
MEIM) and so V(zl) = V°M(zo) . But VeM = KeV for some K € I'(N)

since T'(N) is normal in ' ., Thus V(zl) = K°V(zl) and so

[(V(z)]1 = [V(zp) ]
as needed. By a similar argument we can define I'/T(N) acting on

b
SN y

G WUz = V] € 5 -

In this way T'(N)-V is a conformal homeomorphism of S, onto itself,

N

also called an automorphism of S Hence T/T'(N) 1is a group of auto-

N k4

morphisms of S Thus 1if we let

0
(58) M) = T/T(N) ,

we can define the surface

~

(59) SN = SN/m N) .

Since in what follows, the results depend only on the coset of an element
in T mod T(N) , we will let V denote both the element of I' and its

coset in T/T(N).

(60) Lemma 3: There is no non-zero vector in HN which is left fixed

by L(V) for all VET/T(N) .

Proof: By [8 ], a differential on Sy which is left fixed under the

action of L(V) for every V € I'/T(N), determines a differential on '§N
and conversely. In fact on page 738-9 of [ 8], there are formulas for
going from a Taylor series of one to a Taylor series of the other.

Now suppose we have a non-zero differential © € HN which is left
fixed by L(V) for all VETI/T(N) . Then 6 is a linear combination

of the differentials ha a and so must have simple poles at
1’72
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two or more cusps and be analytic elsewhere. Let Po be any point on
SN . An invariant differential © has the expansion in local coordinate

t at Po given by:
noh(Po)-l (nd+k)h(Po)-1

(61) 6 = t Fooot a(n_°+k)h(Po)-1 t +...)dt

(a
noh(Po)-l

where n is an integer to be determined and h(Po) is the order of the
stability subgroup of Po , that is, the subgroup of M) leaving Po

fixed. Then by [ 8], the corresponding ® on S has the expansion:

-1 @ -1) .
(62) 06 = ﬁ?i-j (a.n ne )-1 t +...H)dt ,
o o o
where t =t is a local coordinate on SN at Po . But in our case,
Sy = SN/m(N)
= @/TW)/T/T())
conformal @/
conformal S, = Riemann sphere .

0
At a cusp where © has a simple pole, the order of 6 in local co-
ordinate t must be -1 and since h(Po) > 0, it follows that no = 0.
On S all the cusps are identified to one point, say E;]. But 8 at
E;], in local coordinate t , then has order -1 since o= 0. On
the other hand, at a point Po where © has no simple pole, 6 is
analytic and so in (61) we have n 2 1, Then by (62), ® is analytic
at the correspondiﬁg ’Fo .

Thus 8 is a differential on the Riemann sphere with one simple

pole and otherwise analytic, This is impossible,since for a one-.



-22-

differential on a compact Riemann sufface we know that the sum of the

residues must be zero. Thus § would have to have at léast'one other

~

pole on SO". Thus there cannot exist such a 0 as we érfived at,

and therefore no such invariant © .

Q.E.D, Lemma 3.

Thus we have shown that in the representation L: I'/T(N) - GL(HN), the
multiplicity of the identity representation is zero, which justifies

its omission in the decomposition (55).

Frobenius [ 5] calculated the characters of the elements of I'/T'(q)
with respect to the irreducible representations. In particular, if
T(z) =z + 1
q-1
and R 1is any eclement of [I'/T'(q) of order then we have the fol-

2
lowing table:

(1) (1) (1)
Lq Lsis Lq+1 Lq-l
‘ 2
dim q 9%2 qt+l q-1
x (T) 0 €+eq 1 -1
2
a 1tey ., .42 a -a
x®) 1 (5 e» o + 0] 0
q-1
where p, is such that p, 2 =1,0p; #+1, and a runs through the

residue classes mod Sél except O .

Note: Reciprocal roots Py and pzl obviously define the same character

in the last line,
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Now, writing Hq as the direct sum of its invariant subspaces we

get the following equation from (55):

=1
6) X =xx M +y, D @ +y, xEw + Iy X< )
2 2
T (1)
i
+ El vy xq_l(V)

where X (V) 1is the character of V with respect to the representation
L and xn(V) is the character of V with respect to the irreducible
representation Ln « Furthermore,

2

- .1 -9-=3
(65) dimg B = 0(9) - 1 ==

Thus by adding the dimensions of the invariant subspaces with their ap-

propriate multiplicities we have:

, L= -1 L2y
(66) g_%g = xeq + (y1+y2)-ﬂ§E +(q+l) Z u, + (g-1) % Vo
i=1 i=1

Note: (66) can be obtained from (64) by using V = identity € T'/T'(q) .

As a basis for H we have the differentials h subject to
q a;,8,

the restrictions given earlier, namely:

(67)  (a;,8,,9) =1 [which for q prime means {al,az} # {0,0}¢q)] ,

and by (15) and definitions (16),(23), and (35) we have:

(68) h =
al,a2 hbl,b2

{81,82} = f {bl’bZ}(q) .
Thus, if we define:
(69) A, = {{0,21,{0,3},...,00,%%},{1,0},{1,1},...,{1,a-1},...,

(£1,03,(84,1),..., (5 g1 1)
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then the ordered set 8 = {h . }
q a .8, {al,a2}€Aq

is a basis for Hq ’
where the ordering in ﬁq corresponds to the ordering in Aq .

Using this basis for Hq’ let us calculate ¥ (T), where T(z) = z+l,

Proposgition 1:

(70) , x@ =L, 1) =2+ 1.
-1 1 -1
Proof: T = (0 1) .
By (44) we have: L(T)(h ) =
8)123g
h l = h -h = h since h = 6 .
a;,a, T-l a;,3,-3; 0,1 a1,8,-8) 0,1

If we write the linear map L(T) as a matrix with respect to the basis

{nh } we will get a contribution to the diagonal © h =
a)»a, {al,aZ]EAq a;,a3,-3,
+ h . But h is a basis vector itself and so it could not
- ‘a,,a a.,a,~a
1’72 1°72 71
equal -ha . Now, h =h @ {al,az-al} =+ {al,az}(q) .

1°%2 310878 2%
But {al,az-al} = {al,az}(q) ®a = 0(q) . Similarly {al,az-al} =

-{al,az}(q) = a, = -al(q) which = a, = 0(q) since 'q is odd. But

=0(q) = a -az(q) which = a, = 0(q) . Thus {al,az-al} =

! 2
-{al,az}(q) = {al,az} = {0,0}(q) which is impossible since (al,az,q) =1,
Thus we have:

(71) h - = h ® a. = 0 (q) .
a;,a,"8; a;,a, 1

Thus for the matrix of L(T) we get +1 on the diagonal from each of

the following (q-3)/2 equations:

h[O,Z]‘T-l = h{o,z}""’h{o,(q-1)/2}|T-1 = Do, (¢-1)/2} °

and we get a zero contribution to the diagonal from the transformation
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of the other basis vectors. Thus we have:

X(T = géé where T(z) =z +1 .

This result is of course independent of the basis chosen for Hq since
any basis would give the same trace in the matrix of L(V), VET .

Q.E.D,. Proposition 1.

]

Proposition 2: For q = 3(4) we have in equation (55):

(72) L=L+Z‘.uL(1) with = u, = L3 |
q i=1 qtl i=1 i 2

Proof: We look at the characters of T relative to the irreducible

representations L , using table (63),

q-1
2
= ("1) = -1 >
and we get from our table:
(73) x (IT) = 0.
q
(1) - Zlh/- 2) - Zlw/-
(74) m = L x B e
2 2
-3
(75) x(ii(T) =1 ,1i=1,..,%2 ,
(76) (i)(T) =-1, i=1,...,%52,
Thus using (70), and (73-76), equation (64) becomes for V =T :
q-3 g3
4 ~4
q-3 ﬁ{ a -1:1-5
an 2=y1( +2(2),+B“1 Z v, .
i=l i=1
From (77) we immediately deduce:
(78) ¥y =Yy (call their common value y), for otherwise there

‘would be an imaginary part on the right hand side of (77) and none on

the left hand side. Thus (77) can be written:




(79) q-3

[}
)
]
+
™
[
1
™
<

and so we get with U=2Xu, ,
i

(80) -‘L;—3su.

On the other hand (66) gives:
2-3
(81) 9—2- 2z (qtl)U .

2 2
If U= 92—1 then (8l) would give _g_;i}_ 2 '9?1 » a contradiction.

Thus we have

U <

o

s or equivalently,
(82) ‘s
U = 92— since U 1s an integer.

Thus (80) and (82) give us:

q-3
4 -3
(83) Zou o= U = 9-2— .
i=1
-3
If we now let V= X Vs then (66) becomes:
i=1
25
(84) 32 = xqty@D + (q+1)(g;_3.) + (g-1)-V

which upon simplifying gives the Diophantine equation:

(85) q = x°q + y(q-1) + (q-1)-V

where x,y, and V are required to be integers = 0 . One solution is
(86) x=1,y=0,V=0,

Certainly x <1, so if x # 1, then x = 0, and then (85) becomes:
87 i = y + ¥V an integer

q-1
which for q 2 3 1is impossible. Thus (86) gives the only solution and
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so our decomposition of L, (see (55)) becomes:

q-3
: (1)
L =L + X u,l s
q =1 i Tqtl
with gié
z u, = 35—3 .
i=1

Q.E.D., Proposition 2.

If q=3, then u, = 0 Y i and we have that our representation

i
is irreducible:

(88) L=1,, (q=23) .

[It will be shown later that for q = 3(4), q 2 7,(q prime),we have
ug = 2 for all 1 .]

Proposition 3: If q = 1(4), then our decomposition in (55) is:

gq-3
4
- 1) (2) (1)
(89) L-Lq+y(LgL1+Lgﬂ)+i§1u Loyl
2 2
with q-5
4 -3
y+ L u, = o=,
_ i 2
i=1
a-1
Proof: Since g%l is even, € = (-1) 2 = +1, and thus from table (58)
we have:
(90) Xq(T) = 0.
2
(91) X @ = g ¢ S - ol
2 2
i =5
(92) ¢§+3(T) =1, 1=1,...,-"—;.
(93) (1) (M) = -1, 1 =1,...,25%,

4
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Thus equation (64) becomes:

Sié a-1
G0 e y(BY 4y (B - = u - E
2\ 2 T, 1 i
i=1 i=1
From (94) we deduce:
(95) Y1 =Y, 5 for otherwise the right hand side would have an

irrational part while the left hand side would not. Secondly:

(96) =3 < vy + U where y=y

> 1°Y, and U = f u, .

But equation (66) gives:
2.3
(97) 55 2 @DoH) .

Thus 1f in (96) we had 43 <y + U, which means —‘%1- <y+ U, then
(97) would give:

2
q2-3 > 9 -1

2 2

Thus from (96) we must have:

» a contradiction.

(98) 23 ay4u.
Substituting into equation (66) with € =1, V=21 v, o, we have

i

2.3 q-3
3-2— = q-'x + (q+1)\‘92—) + (q-1).V ,

which simplifies to:
(99) q = qx + (q-1) V.

Clearly x =1, V=0 1is the only non-negative integer solution and thus

our decomposition (55) becomes: -5
4

- (1) (2)) (1)

a0 L=L + y(L 3 +L ) ¢ B oulg)

with
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q-3
3 9-3
y + 51 uo o= 5T .
Q.E.D, Proposition 3.

For q = 5, the unique solution is y =1, u, = 0. Thus for q =5
our decomposition (55) becomes:

(
(101) L=L_+ L‘l) + L(z) > @=79) .

5 3 3

Note: Since (88) and (101) take care of the cases q = 3, q = 5, let
us assume from now on that q =7 .

In table (63) R stands for a map in I'/I'(q) of order 9;—1 =3,

Taking a result from [ 3 ] we know that for such a map we can take:

B

(102) R = s1¥ sTF sT®

[y

where S(z) = » T(z) = z+ 1, ¢ is a primitive root mod q and

wl

af = 1(mod q). This yields

_. B O
80 q-1
RZ =+ CF %D @ .

w3 v=@h-:r®=:+§ P @,

and
A
-A A
s @)Y =+V=+@ 0 @
Thus we have:
bl ., = n - h = h , -h 5 .
Xy R A {X:Y}Y)\ O:B)\ xo ,YB)\ 0,

(105) Proposition 4: For A # 0 (ﬂ:z'-]*) we have

x@®Y = -1 .
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[Note: If A =0 (g%l), then RX = I E€T/T(N) and X(I) = dim of rep-
resentation].

Proof: To get any contributions to the diagonal of the matrix of L(RA)

with respect to basi h t get th tely £
espect to basis { x,y}{x,y}EAq we must ge em separately from

h R and h A since the differentials h are linearly inde-
xa ,yB 0,8 X,y

pendent. To get a contribution from h A ) Ve must have:
xo ,yB

(106) {xa®,y8} = + {x,y} @ .

But since {x,y} # {0,0} (q) then we must have either

ax = +1(q) or BA = +1 () .

2M 0 (q-1) since «

m
H

Assume dk =+ 1 (q). Then « 1 (@) and so 2\
=0 @&}

is a primitive root mod q. This gives A = 0 ( 2 which contradicts

the hypothesis of our lemma. Thus ak #+ 1 (q) and similarly BX £+ 1(q).

Thus there can be no contribution to the diagonal of L(RA) from the

term h A .
x ,yB

To get a contribution from the term -h ) We must have:
0,B

(107) {x,y} = + 10,8") (@ .

Note: Bh #+ 1 (q) since AM# 0 (ﬂ%l) and therefore h # 0.
M 0,8

Now (107) does result in a contribution to the diagonal but only one

contribution, since h A= h A ¢ - We know
O,B OQ-B

- h .

h A _}\ = h

0,8MR 0,p2" 0,8"

Thus we get a contribution of -1 to the diagonal of L(RA) from
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h .) » and all other contributions are zero. Therefore if

A
0,B
AE O (ﬂ%l) we have

(108) x®Y = -1.

Q.E.D. Proposition 4.

From our table (63), we have for A # 0 Gggl) :

(109) X B = 1.
(110) x& @h = E)ent , k-2,

=

() - o _ -e
(111) X +1(R) = o tep k=1, -1
where plgq'l)/z =1,p #+1.

For definiteness, let us define:

(112) P age explémi/ (@D}, 1 =41,
and
(113) P ot pk = exp{4Tki/(q-1) 1} .

We will use (108)-(111l) to find the multiplicities wu, in (72), and

i

y and u, in (89). First, we need the folldwing two lemmas:

i
Lemma 1: Suppose m 1s odd, m 2 3 , p is a primitive mth root of 1,

and A is an integer, A # 0 (m) . Then,
m~1

2
(114) PRl G B
=1

Proof: By hypothesis ph #1 and p)\m =1 ., Thus pk is a root of

the polynomial xm -1 = (x"l) (Xm-l m=-2

pk - 1# 0, it follows that pk is a root of ™14+ ™2 4 4 x+1.

+...+ x + 1) but since

Thus we have:
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m-1

(115) £ oM o o1,
k=1

\
Furthermore, since pkm =1 we can write

-Ak -k A (m-k
p7k o g7 gl M)

Thus we have:

m-1 m-1
2 2 m-1
M, - Ak, A(m- X
= (M 8y = 2 (Mt Ry L M
k=1 k=1 k=1
by (115).

Q.E.D. Eemma 1.

Lemma 2: Suppose m 1is even, m = 4 , p is a primitive mth root of

and A 1is an integer, A # 0 (m) , Then,

o1
2 0 if A 1is odd
M. -A ?
(116) Z(p k+p Ky =
k=1 -2 if A 1is even.

Proof: As in the proof of (114) we have:

m-1
(117) £ ¥ = 1,

k=1

Furthermore,
m

-1 m-1 \

Ak - A A
22 G k+p Ak) - ( T o E) . (pm/Z)h = -1 - (pm/Z) ]
k=1 - k=1

Since p 1is a primitive mth root of 1, m even, m = 4, we have:

Thus m
2! Ak
L (pHp
=1

Ak) - -1 - (_l)k ]

Q.E.D. Lemma 2.

We are now ready to prove the following propositions about the multi-

1,
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plicities in (72) and (89), and thus the decomposition of our representa-

tion L into irreducible components Ln .

Proposition 5: In (72), we have u, = 2 V k. That is, for q = 3(4) we

k
have:
q-3
A
(118) L=1L + Z 2-Léki where Lq and Léﬁ; are irreducible.
k=1

Proof: Using (72), (108), (109), and (111) we can write a system of

equations from the characters of Rh , A# chil); namely:

q-3
4
A -
(119) -1 =1+ Z uk(gk + pkx)
k=1
or equivalently: q-3
4 KA | -KkA
(120) -2 = I uk(p + p ) where, recall p = exp{4ﬂi/(q-1)}.
k=1

= gq-1 .
For Al = + hz ( > ) we have:

T 951
p +p = p + p , since p " =1 .

Thus from (120) for A =1,2,..., Eiﬁ , we get ﬂiﬁ equations in the
q-3
= unknowns ui

By Lemma 1 (114), with m = (q-1)/2 we see that one solution to
(120) is
(121) w = 2Vk,

The matrix of coefficients (aij) where aij = piJ + p-ij has a non-
zero determinant (see Proposition 7). Thus our solution (121) is unique.

Q.E.D, Proposition 5.

Proposition 6: In (89) we have y =1, w = 2 Vk. Thus for q = 1(4)

we have:
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ga=3
4
= ¢5) (2) (%)
(122) L Lq+L_l_1+L+1+kflqu+1 .

2 2

Proof: Using (89) and (108)-(111l) we can write a system of equations

from the characters of Rh s ME# Oégél); namely:

q-3

4
=14y (EDM DM 2w M e
k=1

where p = exp{4ﬂi/(q-1)} . Furthermore from (89) we know that

q-=3
gq-3 :
= y+ I .
2 o1 Uk

Thus we have the system of equations:

q-5
4
A kA -k\ -
-2 = 2}’(-1) + z uk(p + p ) ’ h = 1,2,..."322
k=1
(123) -5
q-3 :
= y+ Z .
2 o1 k

of

This is a system of el equations in the

Z unknowns vy ., ul""?g;i .

4

By Lemma 2, (116), with m = ﬂél , We see that one solution to (123) is:

(124) y =1, u, = 2V k.

But the matrix of coefficients has non-zero determinant (see Proposition 8).

Thus our solution (124) is unique.

Q.E.D, Proposition 6.

We combine Propositions 5 and 6 into the following theorem.
Theorem 2: For q a prime 2 3, the representation L: I'/T(q) ~ GL(Hq)

has the decomposition into irreducibles given by:
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q-3
4
L=Lq+k212-L;l_:i for q = 3(4)
(125) _s
4
1) ) (k) -
L=1L +L'’ +1% 4+ = 21 for q = 1(4) .
LI I e e

Proof: We need only prove Propositions 7 and 8 which were referred to

in Propositions 5 and 6.

Proposition 7: Suppose m is an odd integer, and p is a primitive

mth root of 1 . Then, det(pij + p-ij) #0 where 1=<1i, j =< E%l .
In fact, we will find: o3
(et (11 + p7Hyy? - n? .
Proof: Let the matrix:
(126) @) = (4 g7ihy?
Then m-1
0y - él{pk(iﬂ') o RO | kG- | k(D))

Now pi+j is an mth root of 1, and pi+j #1

, 8ince 2 s 1+ jsSml.
Furthermore, pi-j is an mth root of 1, and

pi-j =1 @« i=1j,

Thus, by Lemma 1, (114), we have:

m-1
5 (REFD | k(D)
k=l

and m-1 )
e gren, (3, 0D

k=1



Therefore:

(127) o

ij
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(=2 if

m-2 if

ii‘]} )

1=3j

m is fixed throughout (recall m is odd, m 2 3).

For k22 let:

where for k 2 2:

—

—
(m-2) -2 P 4
-2 (m-2) -2 . . -2
(128) Ak = det ; - - )
. N -2
"2 . "2 e e @ (m-z)
- —
Thus,
detG!ij) = éﬂ:l .
2
- In Ak we can subtract the second column from the
for k=3 :
m -2 "2 e e o -ﬂ
-m (m-2) -2 e e . =2
~ ~N
(129) A, =det| 0 -2 Y S .
. . - . ~ \ L 3
. . e ) [N -2
A Y N j
0 “2 ... =2 (m-2
L —
Thus for k 2 3:
(130) Ak = m°Ak_1 + mBk_1 R

(kXk)

first and we get
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-2 "2 "2 * @ 'ﬂ
-2 (m-2) -2 . .., =2
. "2 ) N ) * .
(131) Bk = det ) R ) (kxk) .
AN N N i
. . \ “ .
N » -2
-2 e o s =2 (m-2)
o -
In Bk we can subtract the second column from the first and get for
k 2 3:
(132) Bk = mBk__1 .

Using the recursive formulas (130)and (132) we get:

(133) A =m0 A, + (e2B,) = o al - 4m+ (-2 (20 ) .
Now if we take k = E%l we get
m-3
2
AE:l = m .
2

Q.E.D. Proposition 7.

Proposition 8: Suppose m is an even integer, m 2 4, and p 1is a

primitive mth root of 1.

m,_ m .
Let (aij) be the 2 X ) matrix defined by:

pij + p-ij for 1 si=s % -1 and
<j<E
(134) 8= 1=3=73,
, . m
1 for 1i= % s, 15 3= 2 -
7-1

Then (det(aij))z =m

Proof: If we have the matrix equation:
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2
(135) (Bij) = (aij) then
m
2 -1
- k(i+j -k i ~ 5 - -9).
(136) { % ( (i+3) +p (i+3) + pk(i i) +p k(i j))} + 2(_1)1
k=1
B: = if 151S§‘-1
ij o
1sjs 3
2.3
2 kj -kj m
{2z 9+p™hH} +1 if 1=2
k=1
s i<B
1 j 5
For 1 =1i=< ? - 1 we see that
pi+j is an m " root of 1, and pi+j #1

pi-J is an mth root of 1, and

pi-j =1 ® i=3j.

Thus by Lemma 2, (116), we have for i # z.

' 2(-1)i if

_ i
Bij = -4 + 2(-1) if
m -4+ 2017 if

On the other hand, if 1 == , then

E’

-1 if j 1is odd,
B, = 1
B -1 if

j 1is even.

We will now consider two cases:

Case 1: % odd. Then

i+ j 1is odd,
i+ j even, 1 # 3,

i+ j even, 1 =3 .
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(137)
™ (m-6 -2 -6 -2 -6 ... =2 -6 |
2 (- 2) 2 -2 2 ... =2
-6 -2 (m-6) -2 -6 ... -2 -6
2 -2 2 (- 2) 2 ... =2
-6 -2 -6 -2 .
(Sij) = . . . . .
. . . . -2 "'6
2 -2 2 -2 ... 2 (m-2)
-1 1 -1 ... -1
This is an -'g X-g matrix.

Note: m 1s fixed throughout as above.

For k odd, k2 3, let:
(138) (Bij)k = the kXk matrix having the form given in (137).

The last row of (Bij)k is the k-tuple (1,-1,1,-1,...,1,-1,1), and

Byy = By

z
2

Let

(139) Dk = det(BiJ)k .

Subtracting the last column from the first in (137), we get for

k235 :
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(140)

(m-2) 2 =2 ... 2 -2 2
-2 (m-6) “2 .. .=6 -2 -6
-2 2 (m"2) s o o 2 -2 2
Dk = M e . . . . . .
-2 -6 =2: . . .(m-6) -2 -6

-2 2 -2 .. 2 (m-2)

-1 -1 ... 1 -1

Now subtracting twice the last row from the first we get for
k25:

(141) D =m” . D .

(142) D =m « D .

Using k ='§ in (142) we have:
m m
— _3 -
D = m2 . m2 = m2
m
2

This shows Proposition (8) for the case % odd.

Case 2: % even. In this case we have:

[(m-6) -2 6 ... =2 6 -7

(143) 2 (@2) 2 ... =2 2 -2
-6 2 (@6) . . . -2 % -2

®p= | : : : .

2 -2 2. .. (@2) 2 -2

-6 2 6 ... -2 (m6) -2

1 1 1... -1 1 -1

This is an %’x

i
§
3
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For k even, k = 2, let:

(144) (Bij)k = kXk matrix having the form of (143).
Thus (Bij)g = (Bij) . Let

2
(145) E = det(Bij)k .

Subtracting the last column from the second, fourth, sixth,...,(k-z)th

colunns, and expanding, we get:

(m-6) -6 -6 ... =6 -2

(146) -6 (m-6) -6 ..., =6 -2
-6 "6 (m-6) o« o o . .

1 0 . . . .

Ek = m.g(k-Z)l . . . e s o '6 '2

- 6 "6 "6 o« o o (m- 6) -2

+1 +1 +1 ... +1 +1

(% + 1) X (% + 1) determinant.

Subtracting 3 times the last column from all other columns we get:
k

- g -1
(147) Ek = o 9& .1 s
2
where for p 22 :
m o o o o o o -2
(148) 0 m P ¢ 0 -2
0 0 m ¢ e o 0 0 "2
G = . . . . . L] (p‘x“‘)
[V

s ©O O
S~ O O
H& O O
L]
~ o B
> B o©
U
N
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Expanding by the first column, we get for u 2 3 :

(149) ¢ =gy + 4D L {2 DY Y= nG, - 8GDH L2

n
k k
27! K3 271
Thus (147) becomes for k = 4 : Ek = m {mGk - 8(-1) em- 1.
That is, 2
k
(150) Ek = m? Gk + 8mk-2 since k 1is even,
2
But by (147) k
2.2
2
Ek-2 = m 9& .
2
Thus (150) can be written as:
2 k-2
(151) Ek = m Ek-2 + 8m .
Using this formula recursively we get: Ek = mk-2 E2 + 8(k%g)mk-2 .
That 1is,
k-2
(152) E, = m = {E, +4(k-2)}.
Using k = % we get, silnce E2 =8 -m:
21
(153) gg = m .
2

This completes the proof of case (2) and thus of PropositionIS.

Q.E.D. Proposition 8.

This also completes the proof of Theorem 2.
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APPENDIX TO PART I

In Part I, formula (21), we claimed the following (actually just

for N 2 3, there):

Proposition: For al,az,N integers, N 2 1 , such that (al,az,N) =1,

we define:

1
(1) v, (a a,) =~ z c, @ (ta. ,ta ,N)
1272 N2 tmodN t O 1°772
(t,N)=1
where
2. 21 1
o (a;,a,,N) = NxE) Z -
0172 N - 2
n—aZ(N) n
and
¢, = z Ei%l .
k>0 k
tk=1 (N)
Then,
1 if {aj,a )=+ {01} ,N23,
(2) Vﬁ(al,az) = 2 if {al,aZ} =+ {o,1}J@¢) , N =1 or 2,

0 otherwise.

Proof: (Note: this proof, without many details, is given in [6 ], p.
466-7) .

For (t,N) = 1, we have

_X\N>

2
3 o, (ta. ,ta,,N) = Nx(_1 z
@ 012 %2 (ﬁ_) nEtaZ(N) n

1
2 L]

Thus we have

= k) 1 1
@ N @) - tmEdN { > E‘zl {? ) ’ta N) né} )
(t,N)=1 tk-l )



bl
If we let t denote an inverse of t mod N, and agreeing that all

congruences will be mod N, we can write (4) as:

a..
(5) VN(al’aZ) = x(ﬁ%) z T =z 31512
tmodN k=t Eta2 (kn)
(t,M)=1 10
Thus
4y ° K S A K
woeps =x(@) T B Bl @) =z el
k=1 n=ka (kn) k=1 kn=a (kn)

2

(k,N)=1 (k,N)=1

1 =, @)
(ksM)=1 klj
and thus,
-a
1 1
(6) vy(a,a,) =x(=2) £ —= = b (k)
N*1272 (N ) anz j2 Elg
(k,N)=1

where we have interchanged the order of summation by absolute convergence
of the series.
a
1) _ =
If N X a, then X(N ) = 0 and so ﬁN(al,az) =0 .
If Nla1 , then since (al,az,N) = 1, we must have (az,N) =1,
and thus the condition (k,N) =1 in (6) is redundant, Therefore (6)

can be written:

a
\ 1
) w@pa) =xg) o5 T ok .
Fa, 17 Kkl
k>0
1 if j=+1,
But k?j Wk = {D otherwise.
k>0

Thus if a, = 1(mod N) then we get a factor of 1 from the j =1 term,

all other terms in the double sum giving zero. Similarly, if a, = -1(N),
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the j = -1 term gives the only contribution to the double sum, If
N =1or 2 then a, = 1(N) & a, = -1(N) , and so we get contributions

from both the j =1 .and j = -1 terms. Thus we have:

/7,
X(ﬁ‘) if a2'='1-1(N),N>2,
€)) v (a.,a,) = -
N2 x(5H) if a,=+1() ,N=1or2,
0 : otherwise.
But
1 if t€2zZ,
x(t) = {
0 otherwise.
Therefore,
1 if {al,az} =+ {o,1}) , N>2,
VN(al,az) = 2 if {al,az} =+ {0,1}@) ,N=1o0r2,

0 otherwise.

.E.D.
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PART II

§0. Introduction

In Part I we discussed the functions G(z,s,rl,rz) of Lewittes
[10] and Gz(z;al,az,N) of Hecke [6]., As was mentioned in Part I,

G(z,Z,al/N,az/N) = 2ﬂil(z—§)+N2G2(z;al,az,N). In [6] Hecke defined the

functions
a.b_-a_b
1
M #zsbbyM = = ¢ b2 2 e (e 8;28,50) - G, (2;0,0,1))
8108
mod N
where

Cy = exp(2mi/N) .

Since G2(z;al,a SN - G2(z;0,0,N) is an abelian differential for

T'(N), so is &(z; bl’ 2,N) Furthermore it is shown in [11] that

@) 8(V(2)3by5b),N) gg = 8(238),B,,N) for VET , where

{BI’BZ} = {bl,bz]Y as in Part I, Since for {b ,bz] = {0,0}(N) we

have &(z,0,0,N) = N2G2(z,0,0,N) -z G (z, 281855 N) = 0 , we will assume
a,,a
1272
mod N
unless otherwise stated that {bl,bz} # {0,0}(N) . The Fourier series of

3 (z;b N) will show that in local coordinates on SN s the differential

13b2’

N)dz has simple poles at the cusps of §

3(z;b -

1sb2:
In §1 we note that:
b b1 b2
(3) & (z; bls 292 N) = 2“ P (__) + 2"1H (z OaN N =) ?
where H(z,s,rl,r ) is defined in [10], the prime in (3) denoting g; .

Since P (rl) and H’ (z,0, ’TysT, ) are defined for ry,T, any real numbers,

.we define:
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2 ' . 2
(4) ‘P(Z,rl’rz) - 2“ PZ(rl) + 2TT1H (_Z,O,rlnl‘z); {?1:1‘2} E Z, ’

so that w(z,bl/N,bz/N) = @(z;bl,bz,N), and (2) becomes by a continuity

argument:

(3) o(V(z),r, ,r )QK = @(z,{r,,r }v) for VET , r, real
3712727dz L R S | :

Note: since @(z;bl,bz,N) = @(z;-bl,-bz),N), and w(z,rl,rz) = w(z,-rl,-rz)
we can use -V rather than V in formulas (2) and (5). For ease of
notation then, let V denote a map in I' as well as either of its

matrix representative in SL(2,2Z).

If we define:

(6) ¢(z,r1,r2) = ﬂisz(rl) - H(z,O,rl,rz) , that is:

W(z,rl,rz) =(i/2ﬂ)f w(z,rl,rz)dz » then,

by by
@ W(zaﬁ—,-ﬁ_) =on Y(z ;bl’bZ’N) where

Y(z;bl,bz,N) = I Q(z;bl,bz,N)dz as in [ 6]. By formula (5) we get that

the following numbers are independent of =z :
(8) Q(V,rl,rz) = W(V(z),rl,rz) - ¢(z,R1,R2) for VET,

{Rl,Rz} = {rl,rz}-v . For r, = ai/N , the numbers Q(V,al/N,aZ/N)
were calculated by Schoeneberg [11] using methods of Riemann,Dedekind, and
Hecke, involving asymptotic expansions of theta functions. [Note: In
[11], Schoeneberg uses & (z,0,0,N) = NZGZ(z,O,O,N), while here we use
$(z;0,0,N) = 0 , thus our formulas differ for the case {rl,rz} € 22].

In §2, using formula (6) and the transformation formula for the

function H , we get a new derivation of the formulas for the numbers

Q(V,rl,fz), r)sT, real, which agree with those of [11] for Tyt rational,

{rl,rz} ﬁ 22 .
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§1. The Abelian Differential & (z;b

1,b2,N) and its Generalization w(z,rl,rz).

Consider the functions defined by formula (1). Since for

{bl’bz} # {0,0}(®) we have:

a.b.-a.b
T 172 271 =0
a,,a N
1272
()

we can write, for {bl,bz} # {0,0}) :

Ca1b2'a2b1

z
a;»a,

)
While for {bl,bz} = {0,0}(W) we have:

9 @(z;bl,bz,N) Gz(z;al,az,N) .

(10) 3(z;b N)=0 V 2z,

1’b2’

since NZGZ(Z;O,O,N) = X Gz(z,al,az,N) as can be seen from the def-

8128y
N)

inition of G2 . Since the non-analytic term of Gz(z;al,az,N), namely,

2ﬂi/N2(z-§), is independent of {al,az} we see that &(z,b N) is

13b23
an analytic function of z € ¥ .,

Ags is pointed out in [11], the functions ¢ satisfy the relation:

dv
(11) @ (V(z),b;,b,,N) o7 = @(2;B;,B,,N) for VET, {31,32} =

{bspd - v
This follows since the functions G2 satisfy (11), and since
- = - ' |
A1B2 A2B1 a1b2 a2b1 , and {Al,Az} runs once through all pairs

mod N as {al,az} does. In particular, of course, for V €T'(N) we

N) transforms like a

have {31,32} =+ {bl,bz}(N) and thus &(z,b,,b,,

differential for I'(N) .
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Note: Since &(z,0,0,N) = 0, we will assume from now on that {bl,bz} #
(0,0} , and {r,r,} £ 2% .

Now, using the Fourier expansions of G2(z;a ,az,N) from (6 ], or

1
of G(z,2,al/N,a2/N) from Part I, formula (5), we get as in [6 ]:

b 2 b .21 2.
. _o2p oLy 4T ™72 1
12) 8 (25by,b,,N) = 2T R, () - Ty I Y Cx \ =
momf>0
w=b, ()
2 1

where Pz(x) = <" - <+ =, <x>=1x - [x] = fractional part of x . '

6 H
Note that the roots of PZ(X) are irrational so that @(z;bl,bz,N)

does not vanish at @« , and thus in local coordinates on SN , the dif-

ferential 3(z;b N)dz has a simple pole at « , as well as the other

1’b23
cusps by formula (11).

If we now look at [10], formula (17), namely:

=]
(13) A(z,s,rltrz) = X z ks-1 exp(2ﬂir2) exp{Zﬂik(m+r1)z}
mw>-r k=1
1
we see that:
b 2ﬂimm]z y b b ~b
(14) % z lm| c;l 2 exp( N ) =A ( O’FI"’NZ) +A ( ’ 2)
m-m1>0
msbl(N)

where the prime on A denotes differentiation with respect to 2z .

Using, as in [10],

(15) H(z,s,rl,rz) = A(z,s,rl,rz) + exp(ﬂis)A(z,s,-rl,-rz) R

we get from (12) and (14):

b b b
1 1 2
(16) 2(z,by,by,N) = 2"2P2(N_> + -"-T.'iH'(z’Oa ¥ ¥ -
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The right hand side of (16) is still defined if we replace bI/N’ b2/N

by T sT, respectively, where r, are any real numbers. Thus if we

i
define:

aP_(z.) + 2mil’ (2,07, ,r.) if [r..r.} € 22

2(fy 30,757, 1252 >
¢¥)) p(z,r,,1,) =
‘ 1772 o if {r;,r e 7 .
2
We have
b, b,

(18) cp(z‘, T ﬁ—) = 3 (z; bl’ 2,N) .

P2(r1) is continuous for 1 € Z, and H'(z,O,rl,rz) is continuous
as a function of the two variables {rl,rz} for r, € Z , as can be seen
in the definitioms (12), (13) and (15). Thus formula (11) gives by a

continuity argument:

(19) o) ,r ,r) ¥ = @@,R,,R) , r, real, V€T
’1’2 dz 31’2 H i 3> 3

{R,R,) = {r},z, )y

Note that by continuity we have also:

(20) w(z,-rl,-rz) = w(z,rl,rz) > Ty1Tg real.

In [ 6] and [11], the Fourier series (12) is integrated term by

term and there is obtained (after multiplying by i/2m as in [11]) ;

b a 2Tiz
i 1 b ) i
(21) 5= *¥(z;b,,b,,N) = mizP, (F7) - Cy exp R
PRSI FLS) 2P, § m.m1>0 1"'[ v/
w=by )

In the notation of [10] this would be:

b b

b
(22)  3¥ (zsby,by,M) = Tz L) - H(z,0, 7 5 7D -

In general we take for 5T, real:
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(23) W(z,rl,rz) = ﬂisz(rl) - H(z,O,rl,rz) s
so that,
(24) ¥ (2,r)5r,) = === @(z,r,,1,) .

Consider the numbers:
(25) Q(V’rl’rz) = \l’(v(z)srlsrz) - W(zaRlaRz)

where V €T , {RI’RZ} = {rl,rz} « V ., By differentiating the right
hand side of (25) with respect to z and using (19), we see that
Q(V,rl,rz) is independent of =z .

If VET(), and r, = ai/N , then R, = ai/N (mod Z), and the

i
numbers Q(V,aI/N,aZ/N) have a geometric significance, Namely, for

VET(N) we have:

e i 1 5
(26) QW 5~ o § 0 = ¥(V@), 5§ - ¥ o §) -

i
But since ¢'(z,r1,r2) = E; ¢(z,r1,r2) we know that

Z
(27) q‘(zarISrz) =_;—Tl' fz (‘P(Tarlirz)d'r + *(zolrlﬁrz)
0

where 2 € # 1is arbitrary, as is the path of integration in H . Then,

a, a V(z) a, a z a. a
2n 2 1 "2 1 2
-5 e, ﬁl, X) < S e, 5 T - [ e, 5 g
z z

0 o

and finally,

a, a v(z) a, a
@) ZTow, P =) e, g, P,
Z

This is the integral around a closed loop on H/I'(N) at z ., Note
that the integral depends on V,al/N, aZ/N , but not on z . Q(V,allN,aZ/N)

is a period of the abelian integral v(z,allN,ale) on H/T(M) .
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§2. A New Calculation of the Numbers Q(V,al/N,aZ/N) and their General-

ization Q(V,rl,rz).
Recall, we assume {rl,rz} ¢ 22 . By (25) and (23) we have for
Ver :
(29) Q(V,rl_,rz) = TTiV(z)Pz(rl) - H(V(z),O,rl,rz)
- {mizp, R)) - H(z,O,Rl,RZ)} .
We now use the transformation formula for H(z,s,rl,rz) given in

(10], (51), or actually the simplified version for H(z,O,rl,rz) given

in [1], (22). Namely:

Case (1): c=0,

Then V(z) =z+b, V=(; 3) and
(30) H(z+b,0,r1,r2) - H(z,O,rl,br1+r2) =0,
Case (2): c>0.,
_ aztb _.a b
Then V(z) = ard V= (c d) and
(31) H(V(z),O,rl,rZ) - H'(z,O,Rl,Rz) =
-P_(p) (cz+d)P, (R.) j=R . j-R )}
_ 2 ) 2™ | 1
= 2mi 2c(cz+d) 2c + k KK c + RZ))\& c )

jmodc

+ x(rl)Log{'2sin(Tr<r2>)} - x(Rl)Log{Zsin(ﬂ<R2>)} s

where Pz(x) = <x>2 - <x> +-16 s <*> = x - [x] , [x] = greatest integer

< X, p = <R2>C - <R1>d, and



<> - 3 if x€2,
((x)) =
0 if x€z,

Log denotes the branch using -7 < arg < 7™ , Thus (29) gives:

Case (1): For V(z)

z+ b, and V= ((1) 11)) we have:

(32) Q(V,ry,1,) = bR, (r)) .
Case (2): For V(z) = -3—::—: > ¢ >0 we have
(33) QV,r,,1,) = ﬂi{V(z)Pz(Rl) - zpz(rl)}
(P (P) (CZ'*'d)PZ(Rl) -R,
-2T714L 20(cz+d) 2c ( c ))}

j odc

- x(rl)Log{Zsin (Tf<r2>) } + X (Rl)Log{Zsin (Tf<R2>) }.

Thus for ¢ > 0 :

P_(<R_>c=<R,>d)
_ az+b 2 2 1 ﬂid
Q(V’rl’rZ) B ﬂit\cz+d)P2 (rl) t c(cz+d) } P (R )

d(R)

s ()T

jmode

+ x(rl)Log{Zsin(ﬁ<r2>)} + x(Rl)Log{Zsin(TKB2>)} .
But since Q(V,rl,rz) is independent of 2z, it must be that

c (az+b)P2 (1:1 )'+_1_>2<Rz>c - ,.<R1>d)
c(cz+d)

is independent of 2z . In fact, since P2(x+k) = Pz(x) for Kk € Z we
have:

P,(R,>c - <R;>d) = P,(Ryc - Rid) .
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But R2c - R1d ==r; , using ad - be =1 ., Thus P2(<R2>c - <R1>d) =

Pz(-rl) = P2(r1) . Also by ad - be = 1 , we have

c(aztb) + 1 _ =2
c

c(cztd) ¢

Thus

c(az+b222(r1) + ?g(<Ré>c - <Ri>d) _a, )

c(cztd) =T 2'n
and so we get for ¢ > 0 ,
GO aWr,r) = mE e e + S @)}
d(3-R;) iRy
-m 2 (R ))(F)

jmodc

- B(rl’rZ) + B(RI’RZ)
where,

(35) B(ry,r,) x(rl)Log{Zsin(ﬂ<r£>)} .

def
The annoying part about the formula is that we insist that (2 3) be

az+b

the representative V , where ¢ > 0 . Suppose we write V(z) = cztd

with ¢ < 0, the case ¢ =0 being omitted temporarily. Then

V= (:: :3) and by our convention {RI’RZ} = {rl,rz]'y = {rl,rzl(:: :s).

b
Let {R{,Ré} = {rl,rz}(z d) = {-Rl,-RZ} . Formula (34) gives:

-aP_(r,) =-dP_(-R)) -d (3+R7) j+R?
Q(v’rl’IZ) - ﬂi{ : Ecrl + gc - } - 2m jiod(-c) (( —_:f_l- B Ré))(( -cl))

'} '}
- B(rl,rz) + B(-Rl, -RZ) .

It is easily verified in the definition (35) that
B(x’y) = B("x,'}’) .
Also we know: P2(x) = P2(-x) as can be verified in its definition in

(31).
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Thus

W,z ,z,) = ni{% B, () + % ?, (R{)}

ez (R (D)

jm

- B(rysr,) + BR[LR,) .

Now in the sum, use k = -j and the fact that ((-x)) = -((x)) as can

be verified in its definition in (3l). We get,

J+R

d(j+R)
imod ((
jmodc

-2 (=

=)
DIEY) .

d(kR)

and thus

QV,r,r,) = mif2 B, (ey) +2r &N}

)

+ 2mi Z ((d(J = )
jmodc

- Blry,r,) + BR{,R)

where ¢ < 0 and {R{,Ré} = {rl,rZ] (2 g) . Comparing this with (34)

we see that if ¢ # 0 we always have the formula:

(36) QUV,r;,t,) = 111{-% P,(r) + e, (Rl)}

ez (5 DE)

- B(rl’rza) + B(Rl’Rz)

where {Rl,RZ] = {rl,rz}(: 3) s V( ) = z+g and B(x,y) is given in (35).
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Thus we need not specify which representative matrix we are using to

get {R1’R2}' Now, if ¢ = 0 , then we previously took V = (é ?)
to get formula (32) namely,
Q(V,rl,rz) = ﬂibPZ(rl) .
’ -1 -b
Had we used {Rl’Rél = {rl,rz}(o _1) to get Q(V,rl,rz) = ¢(V(z),r1,r2) -

W(z,R{,Ré) we would still have obtained Q(V,rl,rz) = ﬂibPz(rl) where
b would be the upper right hand entry in V = (é ?) .
Thus, if we want to avoid having to say from which representative

b comes, we can write:
I ] =
(37) Q(V,rl,rz) = i d_Pz(Rl) if e=0.,
We now wish to compare our formulas (36) and (37) with Schoeneberg's [11],

(39). First of all, comparing our definitions with [11],we see that for

{al,az} # {0,0}(N) we have:

Q(V,a, /N, a,/N) + B(a,/N, a,/N) - B(a]/N, aj/N) = q;al 2(7 ) - ¥ {’a,('r)

aztb

¢ ey _ ]
where ¢a a is defined in [11] with {al,az} {al,az} V., V(z) = wotd *

1272

For c # 0 , we see that Schoeneberg has:

b, . (T ) - ¥y ’(T)} =c Pz(nl) te Pz(Nl)

reme s ()G 8))

Comparing this with (36) we see that where we have:

Al

d(j- ay /N) al

)

(38) -27i sgn ¢ jﬁodc ((

Schoeneberg has:
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on e s (@@ ).

The two sums, (38) and (39), can be shown equal with the aid of a lemma
of independent interest.
Lemma $
(40) Q(vzovl’rlsrz) = Q(V23r13r2) + Q(vlsirlirz}.vz) .
Proof: By (25) we have:
QV, oV, 1,1, = $(V,0V, (2),1p,1,) - *#(z,[rl,rz}-Vz-Vl)
for any z € # . Thus,
Q(Vzovl’rl’rz) = ¢(v2°V1(Z)’r1’r2) - q’(vl(z)’{rl’rz}.vz)
+ ¢(vl(z),{r1,r2}-v2) - w(z,{rl,rz}-vz-vl)
= Q(Vz,rl,rz) + Q(Vl,{rl,r2}°V2) .
Q.E.D. Lemma.
Recall, we intend to show that (38) and (39) are equal. If I(z) =
for z € H , then:
-1
0= Q(I,rl,rz) = Q(VeV ,rl,rz)
-1
= QUV,r ,r,) + QO {r 1, }eV) by (40).

Thus,

(41) QV,r,,1,) = -Q(V-l R ,R) where (R ,R}={r,r,}-v .

But for ¢ > 0

QW,r;,r,) = M2 2 e) + S 2 @)

-2mi z ((

'B(rl’rz) + B(RI’RZ) ;

d(j-R; )

=)
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1

- = mi{=d 2 p (g
Q(V ",R ,R,) = m{=2 P (R)) + ¢ B, (R))]

c 271

s (CER ) ()

jmodce
-B(R},R,) + B(R']I_,Rg)

where (K1, ) = {8,810 ) = Ly} (G L) = Lepumy 3o 2 =

{-rl,-rz} « Thus,

-1

QR R = -mif2 By () + S, @®)))

a2 (ETE - )ED)

'B(Rl:Rz) + B(-rl’-rz) .

But P2(x) = P2(-x) and B(x,y) = B(-x,~y) . Taking the negative of
both sides we get

-Q(v'l,Rl,Rz) = ni{% P, (r;) + % PZ(RI)}

am s (B ))(E)
jmodc

+ B(Rl’RZ) - B(rl,rz) .

Comparing this with Q(V,rl,rz) we see that

¢ 2 EE ) - 2 (T -)ER)

and using ((-x)) = -((x)) we get:

@z (TR )E) - 2 (T NG

jmodc
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To get the right hand side of (42) to look like the sum in (39) we first

use the fact that R, = ar, + cr, to get

1 1 2
aj+R

: (CERNEY) -

jmode '

a a, a{
=N>:T, T[> R1 = ary + er, = N ° R2 = br1 + er, =

into both sides of (42) we see that (38) and (39) are equal.

Now plugging in ry

A similar argument works with ¢ <0 .,

zl o
N «
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PART III

§ 0. Introduction: The Classical Poincaré Series.

We will use C,R, and Z to stand for the complex numbers, real

numbers, and integers respectively.

lowing notations:

(¢)) s=0+it, OER, t€R
(2) z=x+1y, x€R,y€ER
(3) # = {zly > o}

) %, ={slo>a} .

If w€C,w#0 we make the definitions:

Furthermore, we will use the fol-

(5) Arg(w) is that value of the argument such that -7 < Arg(w) < 1,
(6) Log(w) = 1nlwl + 1 Arg(w),

and,

@) for s €C , w = e® Log(w) _ exp(s Log(w)) .

(8) I' will denote the inhomogeneous modular group, namely the

group of transformations 2z -~ %ff% , a,b,c,d €2, ad ~bec =1,

9 SL(2,Z) will denote the homogeneous modular group, namely

the group of integer matrices (: 2) of determinant 1 .

Note: I' = SL(2,2)/(+ I) where I

(

1 0
01

) .

m and n will always denote integers, (m,n) will denote the

greatest common divisor of m and n , and {x,y} will denote an

ordered pair.
For (m,n) =1 , we define:

- MztN

(10) Vm (z) otn ? where dz g) € SL(2,2) .

It
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Vm n(z) is well defined only up to an additive integer constant, as
H

. 2 Nl
follows: if (l;f ) € 5L(2,2) , then

MzAN _ M/z4N’ .
mztn  mzt+n ko, k€z .

This ambiguity in the definition of Vm n does not concern us however,
3

since we only use V_ (z) in the expression exp(2TigV (z)) where
m,n m,n

g€z,

If (m,n) =d , then we define

(11) Vm’n(Z)de vV (2) .

ol
N .}

We then define for myn,g € Z , and z,8 € C :
(12) £, n(2:8:8) = (mzén) ™ exp(2migy  (2)) .

Furthermore, when s and g are fixed, we suppress the dependence on

s and g and write:
(13) f(m,n,z) = fm,n(z,s,g) .

Note: When we choose the map Vm o a8 defined in (10), we are choosing
3
a coset representative for F/Fo where FO = group of translations in T.

Let R be a set of coset representatives for T/FO , namely:
R = {Vm’n(z)l(m,n) =1, m> o} u {VO,I(Z)}
where each ordered pair {m,n] is used only once.

The classical Poincard series are defined as follows: for 2z € M,

g€2,g20, k€2, k22 we define:
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(14) ACCENE €R(uw.+n)'2k exp(2nigV ()

m,n

= fo’l(z,Zk,g) + fm n(z,2k,g)

(m,n)=1
m>0
= exp(2Tigz) + I f n(z,2k,g) .
(m,n)=1 b
>0

It is known that this series converges absolutely so that no order of
sumpation need be given. (For proofs of this and‘the following facts,

in a slightly more general setting, see [ 5], p. 28-34). The seriesconverges
uniformly absolutely in {z € ﬂlIm(z) 2 yo} for each Yo >0 . Thus

(14) defines an analytic function of z for z € ¥ . It is also shown

that:
dv, k
(15) <Pg(V(Z),k) (d—z) = <pg(z,k) for VET ,
and that:
(16) lim ¢ (z,k) = {1 if g=0
Im(z)~® & 0 if g=1

Thus Qg(z,k) is a modular form of weight k for the modular group T,
and for g =1 in fact a cusp form, that is, vanishing at the cusp of
H/ro.
Note: 1In the older literature the terminology 'dimension -2k" is used
rather than "weight k".
The case g = 0 gives the Eisenstein series ¢0(Zak)- In [9],& [10],
Lewittes defined a generalization of ¢b(z,k), namely G(z,s) =
{1+ exp(ﬂis)}C(s)-qb(z, %) where ¢ s complex with Re(s) > 2 ,
z €4 . He obtained a finite analytic continuation of G(z,s) to

{z,s} €4 x € . In this paper we define a generalization of ¢g(z,k)
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for g2 1 , namely

P(z,8,g) = ¢g(z, %) for Re(s) > 2 , Im(z) > 0 , and obtain
a finite analytic continuation of

P(z,s,g)’ to {z,s} €H x Koo X, = {s|Re(s) >-%} .

4 4

7 .
§1. pPoincare Series of Complex Weight (or Dimension).

For Im(z) >0 , Re(s) >2 , and g€ 2, g 20, we define:

Q7)) P(z,s,g) = exp(2migz) + I fm n(z,s,g) s
(m,n)=1 2
m>0
where fm 0 is as in (12). Thus for s = 2k , k an integer 2 2 , we
3
have:
(18) P(z,2k,g) = wg(z,k) = the classical Poincaré series of weight
k for rne full modular group, defined in §0, (14).

Instead of (17) we could have defined

(19) R(z.s,g) = %/ fm n(z,s,g) where the prime denotes the term
m,n

{m,n] = {0,0} is omitted,

As will be shown later, in Proposition 1, we have the relation:

(20) R(z,s,8) = {1 + exp(mis) } (s) P(z,s,8) .

We first prove the following theorem.

Theorem 1: R(z,s,g) , defined by (19), converges uniformly absolutely on
compact subsets of H X RZ , and thus defines an analytic function of

{z,s} €4 x ¥ “2 = {ise(s) >2}).

2 2

Proof: With s =0+ it , 0 and t real we have:

(21) R(z,5,8)| < exp(nlt]) = luzin|™ exp(-2mgeIm(V, (=))) .
m,n ’
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If Im(z) > 0 , then Im(Vm n(z))> 0 and thus from (20) we have:
>

(22) [R(z,s,8) | < exp(nle]) =’ |m'z+n|'Cr .
m,n

It is well known that the series in (22) converges uniformly for {z,s}
in any compact subset of H X }Cz .

This proves our convergence claims for R(z,s,g), and the same
estimates work for P(z,s,g) which is a subseries of R(z,s,g). Since
the terms of the series are analytic in H X MZ , we have R(z,s,g) and

P(z,s,g) analytic as functions of {z,s} € ¥ x }(2 .

Q.E.D. Theorem 1.

We now introduce some useful lemmas.

Lemma 1: If (2 3) € SL(2,2), then up to an additive integer constant
we have:
aztb,
(23) Vm,n(cz+d) - V{m n}@ ‘b) (=)
e d

where Vm n is given in (10) and (11).

3
Proof: Just use direct substitution into the definition (11) and thus

into (10).

Q.E.D., Lemma 1.

As special cases of Lemma 1 we note:

(24) Voa® =V 1CD =V @) s

-1
(25) Vm,n(z_) = Vn,_m(Z) ;

(26) Vm,n(z+b) = Vm,mb-i-n(z) .
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Lemma 2: Let A,B,C,D be real numbers, A,B not both zero, and C
positive. Then for z € ¥ we have:

27) Arg(gzig) = Arg(Az+B) - Arg(Cz+D) + 27k

where k={1 if A<0,AD-B>0,

0 otherwise.

Proof: Straightforward (see [10], p. 470).

Q.E.D., Lemma 2.

Special cases used frequently are:

(28) If z#0, u>0, then Arg(uz) = Arg(z), and thus

(uz)S = u°2° by (7).

(29) If z€H (or z>0), and u> 0 , then Arg(-uz) = Arg(z)-T,
and thus by (7) (-uzz)S = e"Tris u®2°

Proposition 1: For {z,s} € ¥ X HZ we have the equation in (20), namely:

R(z,s,g) = (1 + eXP(“iS))'C(S)'P(Z,Ssg) .

Proof: By absolute convergence we can write (19) as:

@

(30) R(z,s,g) = £ I £ a(2:8:8) .
d=l m,n }
(m,n)=d

By (28) we have:

_ q~SMz . n.-8
fm’n(z,s,g) =d "G+ exp(Zﬂing’n(Z))

Thus if (m,n) = d , we have:

-5
d fm (z,s,8) .
'a':

(31) £y, n(728:8) = a7 PG+ P° exp2nigl_ (2))

~|B
als
s

For ease of notation, and for fixed s and g we can use (13), namely:

f(m,n,z) = fm’n(z,s,g) .



Thus (30) becomes:

I
™8

(32) R(z,s,g) = a® =z f(%l,-:-;-,z) s
d=1 (m,n)=d
or rewriting, we get:
(33)  R(z,s,8) =((s) £(my ymy52) -
(@, ,n,)=1 !
Mt
Furthermore,
- © -} -1 ©
(34) . f@mz=( 2 + I = + 2 = )f(m,n,z) )
(m’n)=1 . m=0. ! m=1 == m==® p==0
n=1,-1 (myn)=1 (m,n)=1

By (24) and (29) we have:

m _n(z) = Vm n(z) and (-mz-n)-s = en‘is (mz+n)-.s .
> H

It €hus follows that:

0
(35) f(-m,-n,z) = e isf(m,n,z) .
Therefore, (34) can be written as:

0 [=<]

(36) z f(m,n,z) = (1+enis){f(0,1,z) + Z z f(m,n,z)}
(m,n)=1 m=1 n=-®
(m,n)=1

(1+e VP (z,5,8) .

Q.E.D. Proposition 1.
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§ 2. Analytic Continuation of P(z,s,g).

Theorem 2: P(z,s,g), g = 1, has an analytic continuation for z and s

to {z,s} €¥ x }67 s given explicitly by the Fourier series:

4
- - .
(37) P(z,5,8) = exp(2migz) + £ { I m” s<p,g,m>1<znp,2—;‘s>}exp<2nipz>
=1 " m=l m
where
(38) S(p,g,m) = I exp _2%1; (pr+g§)}, [a Kloosterman sum],
rmodm
(r,m)=1

and for Re(s) > 1, A and B real:

(39) I1(A,B,s) =J' 7 ° exp(~iAz - -:-E)dz , [a Bessell function].
Y=¥o

for any Yo > 0.

Proof of Theorem 2: Let

Q(z,s,g) = P(z,s,g) - exp(2migz) = I £ (z,8,8) .
(m,n)=1 ™"
>0
Thus, o o
(40) Q(z,s,g) = X Z £ (Z’S’g)
=l n=-® i
(m,n)=1

by absolute convergence.
We can simplify the inner sum of (40) by letting n run through
congruence classes mod m and then summing over a reduced residue system

mod m . Namely,

(41) Q(z,s,g8) = I z z f (m,n,z)
m=l 1<r=p ==00

(r,m)=1 n=r(m)
where we are suppressing the dependence of f on s and g for ease

of notation. Equivalently we have
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=] w
Q(z,s,8) = & z L f(m,rtkm,z) .
m=1l 1=<rsm k==
(r,m)=1
But Vm,r+km(z) = Vm’r(z+k) by (26), and so f£(m,r+km,z) = f(m,r,z+k)

by direct substitution. Thus we have:

©
(42) Q(z,s,g) = L z Fm r(zassg) s
m=l 1Srsm ?
(r,m)=1
where,
. (=]
(43) Fm’r(z,s,g) = ¥ f(m,r,zt+k) .
=0
Clearly,
(44) Fm’r(z+1’s’g) = Fm,r(z’s’g) .
Furthermore,
[+

Fm’r(z,s,g) = ¥ f(m,rt+km,z) ,

=00
and so F_ r(z,s,g) is a subseries of R(z,s,g) for Re(s) > 2 . Thus
?
by Theorem 1, Fm r(z,S,g) defines an analytic function of {z,s} € ¥ Xx Hz .
H]

Since F__  satisfies (44), it has a Fourier series:
3

o
(45) F (z.8,8) = % a;”r(s,g) exp (2mipz)
] p:—.-m
where,
(46) a';’r(S,g) =f F . (2,8,8) exp(-2mipz)dz .
L 2
1

L1 being any line segment in H of length one, parallel to the x-axis,

and oriented from left to right. (43) can now be written as:

(47) Q(z,s,g) = % z T a™T%(s,g) exp(2mipz) .
m=l 1SrSm  p=-o P
(r,m)=1
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Note: For brevity we will suppress the dependence of a™@% on s and

g, Since s and g are fixed in the following discussion,

Choose a number Yo >0, and let L(k,k+l) be the liné segment
from k + iyo to k+ 1+ iyo oriented from left to right. Then by
(46) and (43) we have:

ag’r = I f(m,r,z+k) exp(-2Tiz)dz
L(0,1)

or interchanging order of sum and integral, since the sum converges

uniformly absolutely , we have:

=]
a?’r = X I f(m,r,z+k) exp(-2miz)dz
k=2 10,1
[+
= X I f(m,r,z) exp(-27i(z-k))d(z-k)
k== 1 (k, k1)
[+
= X I f(m,r,z) exp(-2mipz)dz .
k== 1 (k,kH1)
Thus
(48) a:l’r =,f f(m,r,z) exp(-2Tipz)dz

L

where L is the line Im(z) = y, oriented from left to right, for any

0
>
Yo 0.
We will now show that a?’r(s,g) is analytic as a function of s .

Putting in:

-8
f(m,r,z) = fm,r(z,s,g) = (mz+n) = exp(2Tig) Vm’r(Z))
_ Mz4R .
where Vm’r(z) = orr * Ve get:

a‘;’r = [ (mztr)™® exp{2ﬂi{g(:::1:) - pzll dz .
L



~70-

Now, to simplify the integral, we let z = z! -

B I

, and obtain:

a™t = J‘(mz)-'S exp{Zﬂi{gé% - Mr;Rm) - pz + P} 14,
P n“z m
L
(after calling z’,z again). Thus, since Mr - Rm = 1, and using (28)

we get:
a:’r =n > I z 8 exp{Zﬂi(gmigz -'BE- - pz)}dz
L m z
and finally:
(49) a:’r(s,g) =m° exp{ZHiCEMEBE)} f z S exp{2ﬂi(:§~ - pz) }dz
L m"z

where L is the line Im(z) = Yor Yo > 0 , oriented from left to right.

For Re(s) > 1, A and B real, let

(50) I8,8,8) = [ 2° exp(-ihz - Bz ,
L

for L as above, so that (49) becomes:

G dT,e) = w° expri@ED) 1emp, A sy
m

Using s = 0 + it , we have by elementary estimates that:
' ©

(52) lza,8,8) | = exp(mt|+a) ,f |X+iy0

K==®

-0

‘ exp(-Bx/|x+iyol2)dx
which converges uniformly for {A,B,s} is any compact subset of
RXRX Rl, Ml = {slc > 1}, and thus I is continuous as a function of
A €R , continuous as a function of B € R, and analytic as a function

of s in Ml .

Lemma 3: Case (1): If A =<0, then
(53) 1(A,B,s) =0 .

Case (2): If A >0, then for any 6 >0,
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(54) I(A,B,B) = i{exp(-BTzTiS) - exp(-ﬂ;'—s)} J‘é y-s exp(-Ay+ f)dy

- § <z 5> exp (-iAz - %E)dz

|z |=8
where the closed contour integral on lzl = 0 1is taken counterclockwise,
and
z ° if %ﬂ < Arg(z) < m,
<z'S> = -
def exp(-2mig)z"° 1f - < Arg(z) <5 .

Proof: For definiteness in (50) let us take Yo = 1, that is, L 1is
the line Im(z) = 1 oriented from left to right,
Case 1: A=0.

Consider the closed contour shown below made up of the following

two curves, oriented as shown:

Cp = {z: |z] = &, @ SArgz ST - aR} s
where «_ = Arcsin (L) 0<a, <3
R R7? R 2°

Ls = {z: Im(z) = 1, and |Re(z)l <R’} ,

Rl

where R’ = R2 -1 .

-R +1

]
\
\
o
R
\

\'4

Figure 1



-72~
Then, since our integrand in (50), namely h(z,s,A,B) = z Jexp(-iAz - izﬁ)’
is analytic in the upper half plane, we have by Cauchy's theorem that

[ h(z,s,4,B)dz = - [ h(z,s,A,B)dz .
| C

R R
But
[h(z,s,4,B)dz = 1lim [ h(z,s,A,B)dz = - lim [ h(z,s,A,B)dz ,
R’-—om R— o
L LRI CR
where recall
R = A/.(R')2 + 1.,
i0 16
On Cy we have z =Re  =R(cos 8 + i sin8), dz =1 Re- d ., Thus
-
‘r h(z,s,A,B)dz =J' (Reie)-G-itexp{-iAR(cose+isin9) - %(cose-isine)hReiede.
CR 6=ozR
Therefore, -a
R
U h(z,s,A,B)dz‘ < f Rl-o . eetexp{‘(AR - %:')sine Jae
CR 6=aR

M-ot
R
<0 . eﬂltl I exp(-lg—]')de

6=ozR

since A=<Q0 and 0ssin® =1 for 0=<6 suw . Thus

e]
Lr h(z,s,A,B)dz‘ < Rl-0 . eﬂ‘tl . e R (m - ZOIR) .

%

But o -0 as R~ , Therefore, for 0 >1 and A =0 we see that

lim [ h(z,s,A,B)dz = 0 ,
R @

%R

that is, I(A,B,s) = 0 . By (51) this gives a;l’r =0 for p <0 in (47).

QOE.D. Case 1.
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Case 2: A>0,

In this case, lf l would go to ® as R — ® , Thus we go below
c
R
the line LR' for our contour. Furthermore, if s is not an integer,

then our integrand is discontinuous on the negative real axis {z ‘y =0,

x S 0}, and so to use Cauchy's theorem we would have to avoid this line.

-8

It turns out to be useful for later estimates to use a branch of z ~ ,

called here <z-s>, which agrees with our original branch on the path
of integration L, but has its discontinuity on the negative imaginary

axis {z: x = 0, y < 0}. Recall,
z % = exp{(-s)(1n|z|+i Arg(Z))] with -7 < Arg(z) < w ,

We define:

2 & ig 2

2 < Arg(z) < 1

H

(55) <z-8> =
EXP(-Z'lTiS)z-S ,If -7 = Arg(z) < --121 .

Thus, if we define:

(56) g(z,5,4,B) = <z~ °> exp(-iAz - —if') s

then (50) becomes (recall L is any line Im(z) = Yo > 0 oriented
left to right):

(57) I(A,B,s8) = I g(z,8,A,B)dz = f g for brevity.

L L
Our new integrand, g, is analytic in the plane slit along the negative
imaginary axis, and thus we can apply Cauchy's theorem to the contour

shown below in Figure 2. -



¢
-R + i

N

v

Figure 2.

Let LR' be the oriented line segment from R +1i to -R' +1 and

let YR be the rest of the oriented contour shown in Figure 2. Thus

we have:

and by Cauchy's theorem:

Joe=f 6 -

R YR
Therefore
(58) Je=1m [g .
L R—om

YR
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Let CR denote the part of Yr which belongs to Izl =R . On CR

i6 3. -7
we have z = Re for © € [m - o, -:2—) U [—Z-,Q/R] . Thus

3n o
R
[e= [Tr6D fBG6D gy, [ g 6D 806D g
: = el
Cq e-ﬂ-ozR : 9—2

where k() = exp{-iAR(cos © + 1 sin 6) - % (cos 8 - i sin 6)} .

Therefore 3n ' o
Fels [2 & n@yae + [ " Rl ot h(®)do
CR e=1'r-ozR 6%‘
where h(®) = exp(ARsin 6 - % sin ) . But for 0 € [ﬂ,é—;] U [- 12-1,0]

we have -1 S sin © < 0, and since A > 0, we have lh(e)l < exp(-l%l).
For © € [m - CYR,TT] U [O,Q’R], we have O S sin 6 S% as can be seen

from the diagram of the contour, Figure 2, so that Ih(e)l < exp(A + _l.]_3_2|.) .
R

Thus for R > 1, and since A > 0 :

- o 3n 0
I &l = R1'°exp"3—r'-zl£l){exp(A+ -llzl)(j 16 + [ Rlde) + exp(J%%j“ 210 + [108)}
c RT ™% o " -n

R 2

= Rl-c exp(glélEl){ZaR exp(A + -I-ZJ2> + T exp(“%l)} .

But ZO'R < 1, and so for 0 > 1 we have

(59) lim [g=0.

R
R
Thus if we let K; (shown below in Figure 3) denote the part of YR

not including CR s then we have

(60) I(A,B,s)=1imj g(z,s,A,B)dz .
6

R



/
3m -1
- =" °
Y
iR
Figure 3.

On the left straight edge of K; we have z = -iy, y > 0, and

<z-s> - y-s exp(-Bgis

), while on the right straight edge we have z = -iy,

y >0 and <z % = y-'s exp(E%Q) . Taking into account the orientation
6 :

of KR and denoting by I|z|=6 the integral over the circle in the

counterclockwise direction, we get:

+6
3mis) ﬂis}} -8 B
> } exp&-i— I y exp (-Ay+ y)dy

lim I <z-s>exp(—iAz - ig)dz = -i{Pxpk-
)
40

R—O [-<

- I <z %> exp(-iAz - %?)dz

by (60).

This shows (54).
Q.E.D. Lemma 3.
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The right hand side of (54) is the difference of two entire func-
tions in s. Thus (53) and (54) give the analytic continuation of
I(A,B,s) to s €.

Substituting (51) into (47) we now have:

(61)
z . 2111 2T

Q(z,s,g) = I Tm® exp{—;(gMFpr)}I(Zﬂp, —g ,s) exp (2m1ipz)
m=1 1srsm p=1 m

(r,m)=1

(recall a;l’r(s,g) =0 if p s 0)

©

[==3 B
=2 m° & =z exp"ﬂ(gmpr)}l@ﬂp, 21z ,S> exp (2Tipz)
m 2
=1 p=1 1=r=m m

(r,m)=1

Recall Mr - mR = 1, and thus Mr = 1 (mod m). In the integers mod m

let r = the multiplicative inverse of r mod m and so M= r (mod m).
Let,
. 211 - - _
(62) S(p,g;m) = I expi—(pr + gr)} where rr =1 (m) .
rmodm »
(r,m)=1
This function is known as a Kloosterman sum. Thus,
63 Qzs,0) =Ew® = se,emI(zmp, ZE,s)exp2mip) .
m=1 p=1 m

By Estermann [2 ], (p. 82), we have:

S 8 1
(60 lstigsm | s a* (B nt(e,m*

where d(n) = the number of divisors of n. It is easy to see (see for

example Landau, Zahlentheorie, Vol, I, Part VI, p. 250-251) that

VYn2l1l and V € >0 we have:

(65) d(n) < ¢, n°
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where C_ depends only on € , Therefore taking n = 22— in (65),
€ (g:m)

(64) gives: .
€n9% - uf - (g

2e
a€

(66) |s¢p,gsm) | =
(gam)

S+e

)i"%e

‘™ it

=C

* (g,m

< Ke(g) * m%'-e s

where
i

3
R (g) = cg g* with g=21.,
So V €>0 we have from (63):

3
(67) la(z,s,8) | s & < (8) Z "Otete E |I(21Tp,2 2,8) lexp(-2myp) .

m=1 p=1

We can see the behavior of lI(Zﬂp, E%,s)l as m=— « ; as follows:
m

I(A,B,s) is continuous as a function of B €IR, and so at B =0 we
have:

(68) lim I(A,B,s) = I(A,0,s) =J‘ z ° exp(-iAz)dz
B-0

where L is any line Im(z) = > 0 oriented left to right. Using

Yo
A = 2mp, B = 2rg we have:

2
m

(69) lim I(211p, 2,5) Iz exp(-2Tipz)dz .
m < m

This integral has been calculated in [10], p. 473 formulas (11) and (12),
namely

[ 27° exp(-2mipz)dz = (-2m)° p°" /T (s), for p>0,0>1 .
L

Thus on the right hand side of (67) we have:

(70) lin |1(2rip,3 2,s)l |¢-2m1)® p*"L/r () |
ur-’m
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which is some non-zero number depending on p., Thus on the right hand

side of (67), our only hope for convergence is for o > 1

4 3
In fact, the following lemma will show uniform convergence in (67)

for {z,s} in compact subsets of ¥ X H7 .

4
Lemma 4:
o
(71) = |1cenp, 2T, 5) |72V

p=1 m
convergeé uniformly for y 2 yo >0 and 8 1in a compact subset of
{Re(s) > 0} . Furthermore, the sum of this series, as a function of m,
is bounded,

Proof of Lemma 4: If we try to use (52) we get:

(72) lI(Zﬂp,zﬂg,s)l < e2TTp K(s,gsm) where
m
nle] (7
K(s,g,m) = e t f |x+i|-o exp(:%IEL——- dx .
- m |x+i|
Thus, o
K(s,g,m) < eﬂltl f |x+i.|mCI dx
-0

and so we have

(73) |I(2ﬂp,2E§,s)| < 2P K(s) , where
m

K(s) = enltl j |x+i‘-c dx .

This estimate would show convergence in (71) for y > 1, 0 > 1 , and
uniform convergence for {y,s} in {y = Yo > 1} X ¥ where X is any
compact subset of {s |o > 1} . To lower the restriction on y to
y 2 Yo > 0 , we need to look at (54), as follows.

i 3n

-T
For A > 0, and using z = be~ |, - <6 < 5 in the second
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integral of (54), (54) gives V 6 >0 :
=2}
(74)  [168,8,9) | < {exp(3nlt|/2) + exp(mlel/2)} [ v exp(-ay + %)dy
.

3m
# [ 167 . e L ns,0) - 61e a0

-TT

2
where

h(6,8) = exp{-iAb(cos 6 + i sin 8) - 'i'%(cos 9 - 1isin®9)}.
Simplifying we get:

75 11,8, | < 2exp@anelry - 1+ 819 . I, where

[eo]
-0 B
I = xp(-Ay + 2)d
1 fay exp (-Ay y)y

and 3

2 , B
12 = f exp{sin 6 (AS - 3-) Jao .

n
2
Now for 0 > 0 (recall A > 0) we have:

_oxp (J%l) ® exp ('l%l)
o

: _ exp é-A&)
exp (-llg-l- - AbB)
6%A )
Furthermore, we have:
3n
7) 12 sz exp(AS + -l%-l)de = 21 exp(Ab + -I%l) .
gl
2

Thus for 0 > 0 we have in (75):

ICA.B.s exp( 5 " Ab) exp( 5 T Ad)
(78) 3mit = o + o-1 °
2 (:)lﬂ) 8% 5

Tlexp 2
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Now putting in A =2Tp >0 and B = 2E§ >0, we get:

m
|I(2ﬂp,E§ ») | exp(% - 2ﬂp5> exp(z—;Tg + 21195)
(79) = < nS + o .
211exp<3n2t 8" 2mp 6

Since (79) is true for all & > 0 , let us take for any given p ,

6 = 'lE , where p 21 , Thus (79) gives:
P

% L % 1
|I(2ﬂp,H§,S)| exv@%z— - 2ﬂp‘°‘) exp(ﬂgL + 2ﬂp§>
(80) m m + m
3mle 2-0 1-o *

Since the second term on the right hand side of (80) is larger than the

first we have:

1
oM : <2nggz %> 1 T
II(Z“P,"gaS)I Zexp\=—5— + 2Tp 2exp (2Tigp® + 2Tp<)
(81) 2 = <

<
1g i-0 ’
(2142 z

p P 2

since- m 2 1 ., Thus finally, we have for ¢ > 0 :

1-0 ¢

1

2

(82) lx(znp,zﬂg,s)| < 4m_exp(3nlt|/2)exp (4mgp?)
m

2
P

Therefore (71) certainly converges for O > 0 , and uniformly for {y,s]}
in {y 2 Yo > 0} X ¥ where X is any compact subset of {s ‘0 >0} .
Furthermore, since the estimate (82) is independent of m, the value of

(71) as a function of m is bounded.

Q.E.D., Lemma 4.

Now, going back to (67) we see that the right hand side converges for
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y>0,0 >'% » and converges uniformly for {;,s} € {z:y2 Yo > 0} x X,

where ¥ 1s any compact subset of {sl o) >-%} =X, . Thus (61) gives

&Ny

SN

Q(z,s,g) as an analytic function of {z,s} € ¥ X and likewise for

P(z,s,g) = exp(2migz) + Q(z,s,8) .
This completes the proof of Theorem 2 with which we began. this

section,

Note: Since R(z,s,g) = {(s){1 + exp(is) JP(z,s,8), R(z,s,g) also has

an analytic continuation to {z,s} € ¥ X M7 , where R(z,s,g) given

in (19). 4
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