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IV

Abstract

ROUGH ISOMETRIES BETWEEN NON-COMPACT RIEMANNIAN

MANIFOLDS

by

Cristina Abreu Suzuki 

Adviser: Professor Edgar Feldman

Rough Isometries, in the sense of M. Kanai [16], preserve geometric prop­

erties of Riemannian manifolds such as volume growth rate, isoperimetric 

dimensions and Sobolev constants, Liouville property, transience of Brow­

nian motion and Harnack inequalities. In this manuscript we first look at 

Asymptotic Ends. We show that in a Riemannian manifold asymptotic ends 

are preserved under rough isometries. Secondly, we study Mappings with 

Maximal Rank. Here we use the jargon of fiber bundles. These projection- 

types define a decomposition of each tangent space to the domain, into the 

orthogonal sum of Horizontal plus Vertical subspaces, where vertical and 

horizontal mean tangent to the fibers and orthogonal to the fibers, respec­

tively. Motivated by [25] we investigated the question: when is a Riemannian 

manifold roughly isometric to a Riemannian product manifold? Firstly, for
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ABSTRACT

Riemannian submersions, a concept defined in [25], we show that, i f  the base 

manifold is compact then the fibers can be roughly isometrically immersed 

into the domain, and thus the domain is roughly isometric to the product 

of any fiber and the base space. Under assumptions on the fibers the Rie­

mannian submersion is a rough isometry, and if  a fixed fiber is compact then 

the domain is roughly isometric to the product of that fiber and the base 

space. For onto maximal rank maps that are not necessarily submersions, 

by adding assumptions on the Horizontal Vectors Space we have the same 

consequences. We provide Counterexamples to show that if  any of the as­

sumptions are removed those results cease to follow. Finally, as an answer to 

the question above we provide the main result. We show that for maximal 

rank onto mappings between Riemannian manifolds with bounded geome­

try, under assumptions on the fibers and assumptions on the subspaces of 

horizontal vectors, the domain of such mapping is roughly isometric to the 

product of the base manifold and a fixed fiber of the domain.
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Chapter 1 

Introduction

As essential tools in this work we are interested in equivalence relations be­

tween non-compact Riemannian manifolds given by Rough Isometries, a con­

cept first introduced in [16], which we define in D e fin it io n  2.1.

When given such an equivalence relation, one can investigate geometric 

properties of Riemannian manifolds which are preserved under the equiv­

alence relation. For instance, properties such as upper bounds on volume 

growth, isoperimetric dimensions and Sobolev constants, Liouville property, 

transience of Brownian motion and Harnack inequalities.

To study geometric properties of Riemannian manifolds, which are invari­

ant under rough isometries, we introduce in D e fin it io n  2.2 what is called 

in [16], a Net. A net is a discrete or combinatorial structure that provides 

approximations of Riemannian manifolds.
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In a Riemannian manifold, one of the entities that a rough isometry 

preserves is an Asymptotic End. In D e fin itio n  2.6 we give the definition 

of an asymptotic end, according to [1], and we show in Theorem  3.5 that 

asymptotic ends are preserved under rough isometries.

We begin C hapter 4 by introducing key tools along w ith their prop­

erties that were used in this research. We use the jargon of fiber bundles 

throughout. Properties of Fibers of M  are described in C hapter 2.

Let M  and B  be Riemannian manifolds and let tt : M  B  denote a 

mapping of M  onto B.

To establish some known results in C hapter 4 we utilize a description 

of each tangent space to M  as a direct sum of two orthogonal spaces, where 

the restriction of the derivative map t t ,  of t t ,  to one of those spaces, is an iso­

morphism. Maximal rank onto mappings give such decompositions, namely 

the subspaces of Horizontal and Vertical vectors (see comments preceding 

D e fin itio n  2.7 for meaning).

In the remaining part of this work, we in itia lly  explore the motivation 

behind the main Theorem  4.2.10, before we state and prove this theorem.

B. O ’NeiWs article [25] furnished the inspiration for this work. In this 

article O’Neill defines Riemannian submersions (see D e fin itio n  2.7) and
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gives necessary and sufBcient conditions for a Riemannian submersion to 

differ by an isometry from the simplest type of Riemannian submersions, the 

projection of a Riemannian product manifold on one of its factors. In our 

research, Theorem  4.2.10 provides an answer to the same kind of question 

as above, w ith maximal rank mapping replacing Riemannian submersion, 

and with rough isometry instead of isometry.

In sections 4.1 R iem annian Submersions and 4.2 Non-Subm ersions 

Surjective M a x im a l R ank Maps we investigate this question: when is a 

Riemannian manifold roughly isometric to a Riemannian product manifold?

Our first response is given by Theorems 4.1.1, 4.1.2 from section 4.1, 

which motivated the following two results in section 4.2.

We show in Theorem  4.2.1 that, under certain assumptions, a maximal 

rank onto mapping between Riemannian manifolds allows us to roughly iso­

metrically immerse into M , its fibers. In that case, since the base space is 

compact the domain is roughly isometric to the product of a fixed fiber and 

the base space.

Under some other assumptions we prove in Theorem  4.2.3 that a max­

imal rank onto mapping between Riemannian manifolds provides us w ith an 

equivalence relation between them, given by a rough isometry. In that case,
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i f  a fixed fiber is compact the domain is roughly isometric to the product of 

that fiber and the base space.

In Counterexam ples 4.2.2, 4.2.4, 4.2.5, 4.2.6 we provide 4 coun­

terexamples showing that i f  we drop any of the hypothesis in either Theo­

rem  4.2.1 or Theorem  4.2.3, those results cease to follow.

Finally, we state and prove the main result Theorem  4.2.10, which says 

that for maximal rank onto mappings tt : M  B  between Riemannian 

manifolds w ith bounded geometry (see Section 4.2 for a definition), under 

assumptions on the fibers and assumptions on the subspaces of horizontal 

vectors, M  is roughly isometric to F  x B, where F  is a fixed fiber of M .
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Chapter 2 

Preliminaries

In this section we define some notation, provide some definitions according 

to [16], [1] and [25] and state some results without proofs, providing references 

whenever necessary.

We w ill be interested in equivalence relations given by rough isometries, 

a concept first introduced in [16].

D e fin itio n  2.1 A map (p : M  N , between two metric spaces {M ,6) and 

{N, d), not necessarily continuous, is called a rough isometry, i f  it  satisfies 

the following two axioms:

( R I . l )  There are constants .A >  1, C > 0, such that.

^^(P i,P 2) -  C < dicp(pi),ip{p2)) < A6{pi,p2) +  C, Vpi,P2 e M
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(RI.2) The set Irrvp ;=  {q =  Vp € M } is fu ll in N , i.e.

e >  0 : N  =  B^{Im(p) =  {q £ N  : d{q, Irrvp) <  e}

In  this case we say that Im(p is e-full in N.

We will denote hy (p~ : N  M  a rough inverse of ip, defined as follows: 

for each q £ N , choose p £ M  so that d{(p{p),q) < e, we point out here that 

such a p exists because of the condition (RI.2). cp~ is a rough isometry such 

that both 6{(p~' o p{p),p) and d{(p o p~{q),q) are bounded in p € M  and in 

q £ N , respectively.

To study geometric properties of manifolds, which are invariant under 

rough isometries, we next introduce what is called in [16], a net. A net is a 

discrete or combinatorial structure that provides approximations of Rieman­

nian manifolds.

Definition 2.2 Let P  be a countable set. A family N  =  {N {p) : p £ P } is 

called a net structure of P  i f  the following conditions hold fo r all p,q £ P :

( N . l)  N{p) is a finite subset of P  

(N .2) q £ N {p )  i f fp £ N {q )
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Let M  be a complete Riemannian manifold, and let d be the induced 

metric. A  subset P  of M  is said to be e-separated for e > 0, i f  d{p, q) >  e 

whenever p and q are distinct points of P, and an e-separated set is called 

maximal i f  i t  is maximal with respect to the order relation of inclusion.

We have the following,

Proposition 2.3 I f  P  is a countable maximal s—separated set in a Rieman­

nian manifold (M, d), then P  is e—fu ll in M , where e > 0.

Proof. We want to show that,

d{x, P) < e, Vx € M

I f  X € P, then d(x, P) =  0 < e.

I f  X € M  \  P, by the maximality of P, there exists p £ P  such that 

d{x,p) <  e, and finally the definition of infimum implies that d(x,P ) :=  

infpgp d(x,p) <  d{x,p) <  e.

□

Let P  be a maximal e-separated subset of M . We define a net structure 

N  =  {N (p) : p € P } of P  by N(p) =  {q € P  : 0 <  d(p, q) <  2e}. A maximal 

e-separated subset of a complete Riemannian manifold with the net structure 

described above w ill be called an e-net in M .
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For a point p E P, each element of N(p) is called a neighbor of p. A 

sequence p =  {po,---,Pi) of points in P  is called a path from po to pi of 

length I i f  each Pk is a neighbor of Pk-i- A net P  is said to be connected if  

any two points in P  are joined by a path. For points p and g of a connected 

net P, 5{p,q) denotes the minimum of the lengths of paths from p to q. 

This 5 satisfies the axioms of metric and it  is called, according to [16], the 

combinatorial metric of P.

We observe that an e—net in a complete Riemannian manifold is con­

nected i f  the manifold is connected (see [16]).

The following Lemma makes it  possible to interpret the geometry of a 

Riemannian manifold into the combinatorial geometry of an e-net in the 

manifold.

Lem m a 2.4 Let (M, d) be a complete Riemannian n-manifold whose Ricci 

curvature is bounded from below by —{n — l)K '^ ,K  a positive constant, and P 

an e—net in M . Then P  with the combinatorial metric 6  is roughly isometric 

to M . In  fact we have

^ d (p i,P 2) < S{pi,p2 ) <  ad{pi,p 2 ) +  c, Vpi,p2 € P  

where a > 1 and c > 0 are constants depending only on n, K  and e, and
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consequently the inclusion of P  into M  is a rough isometry.

Proof. For a proof see Lemma (2.5) in [16].

□

In a Riemannian manifold, one of the entities that a rough isometry 

preserves is an asymptotic end. In what follows we introduce the definition 

of an asymptotic end, according to [Ij.

Let M  be a connected Riemannian n-dimensional manifold, complete, 

noncompact, without boundary.

We w ill denote by X  =  {xq, x s , . . . ,  Xm, • • •} any infinite, discrete, 

countable set of points in M .

I f  X  satisfies the condition:

For any given compact K  C M , there exists t]^  =  r j^ {K ) >  0 such that, 

Vm >  the points Xm He in a single connected component of M \ K

we w ill refer to such a set of points X , as an admissible sequence in M.

D e fin itio n  2.5 Two admissible sequences X  and Y  are said to be cofinal i f  

\/K  C M , compact, 3r]^ =  r ]^ {K ,X ,Y )  >  0 such that, fo r all m i, m2 >  

the points Xm, and in the same connected component of M  \  K . In

that case we write X  .
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The relation ~  is an equivalence relation. We w ill denote by [X] the set 

{ y  : X  ~  F }  of all admissible sequences, equivalent to X .

D e fin it io n  2.6 An end E  of M  is defined by E  :=  [X], where X  is an 

admissible sequence in M .

Let M  and B  be Riemannian manifolds and let it : M  B  denote a 

mapping of M  onto B.

To establish some known results in C hapter 4 we w ill utilize a description 

of each tangent space to M  as a direct sum of two orthogonal spaces, where 

the restriction of the derivative map t t *  of t t ,  to one of those spaces, is an 

isomorphism. Maximal rank onto mappings give such decompositions.

As in [25] we w ill use the language of fiber bundles throughout.

I f  7T : M  —> B is a maximal rank mapping of M  onto B, then for all 

b e B, 7r” ^(6) is a submanifold of M  of dimension dim M - dim B, as it  is 

proved in Lem m a 4.1. For each b € B,TT~^{b) is called a fiber.

According to [25], a tangent vector on M  is said to be vertical i f  it  is 

tangent to a fiber, horizontal if  it  is orthogonal to a fiber. A vector field 

on M  is vertical i f  it  is always tangent to fibers , horizontal i f  it  is always 

orthogonal to fibers.
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We show in Theorem  4.2.3 that, under certain assumptions, a maxi­

mal rank onto mapping between Riemannian manifolds provides us with an 

equivalence relation between them, given by a rough isometry, which we de­

fined in D e fin itio n  2.1. In that case, i f  a fixed fiber is compact the domain 

is roughly isometric to the product of that fiber and the base space.

Under some other assumptions we prove in Theorem  4.2.1 that a maxi­

mal rank onto mapping between Riemannian manifolds allows us to roughly 

isometrically immerse into a manifold M , its fibers. In that case, since the 

base space is compact the domain is roughly isometric to the product of a 

fixed fiber and the base space.

We also have the same results as above (see Theorems 4.1.2, 4.1.1) for 

a more restricted class of maximal rank mappings, Riemannian submersions 

in the sense of [25], which we next introduce.

D e fin it io n  2.7 A Riemannian submersion tt : M  B  is an onto mapping 

satisfying the following two axioms:

(5.1) 7T has maximal rank, i.e., the derivative map t t *  is surjective;

(5.2) TT, preserves lengths of horizontal vectors
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Chapter 3 

Asymptotic Ends

In this chapter we show that a rough isometry takes ends to ends, in other 

words, that it  preserves the equivalence relation ~  from Definition 2.5.

First we verify that a rough isometry cp : M  N  induces a well-defined 

map ip between the set of equivalence classes M /^  =  {ends of M }  and =  

{ends of N },  in the following way:

I f  E  =  [A] is an end of M , through (p we obtain a new sequence we w ill 

denote by,

( p o X  : =  {<p(Xo), ¥>(a:i), P>{X2) , (p{Xm), ■ ■ •}

Since </? is a rough isometry y? o A  is also an infinite, discrete, countable set 

of points in N.

Next, we show that </? o A  is still an admissible sequence of points in N.

For, we need the following Lemmas.
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Lemma 3.1 Let K  C N  be any compact set. Then, there exists a constant 

^if,i _  (p{xo), a,b) >  0 such that, Vmi > r)^’  ̂=» (p{Xmi) € N \  K .

Proof of Lemma. The definition of an end guarantees that Vr > 0,3?) =  

fj[r, a, b, xo) >  0, such that,

Xmi e M \  B(r+b)a{xo),'imi >  fj

where, B(r+i)a(a:o) denotes a closed ball centered at x q  with radius { r + b ) a  >  0 

with respect to the distance S.

By R I . l ,  for any m i >  ?) we have,

d { ( p { X m J : ( p { x o ) )  >  a ~ ^ 6 { X m , , X o ) - b

>  a ~ ^ { r  +  b ) a  — b =  r  (3.1)

Let ro ~  d{(p{xo), K ) +  diam/ir +  1 > 0.

We claim that.

Indeed, since K  is compact, € K  such that, 

d{(p{xo),K) =  d{(p{xo),qK)

Therefore, for any given q E K ,

d{(fi{xo), q) <  d{^p{xQ),qK) +  d{qK, q) < d[(p{xa), K )  +  di&mK +  1 =  ro
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I f  we let r]^ ’  ̂ :=  7)(ro, xq, a, 6) =  fj{K,xo,(p{xo),a,b) >  0, (3.1) implies 

that Vmi >  T]^’^

(p{Xm,) e iV \  B r { i p { x o ) )  C N \ K

which is the claim.

□

Lem m a 3.2 Given an arbitrary compact set K , there exists a positive real 

number Tj '̂^ =  (/j(xo), a, 6) such that, whenever m\ >  it

follows that, (fixm,) € N  \  B 2 {a+b+i){K), where B 2 {a+b+i){K) =  {q € N  : 

d{q, K )  ^  2(a +  6 +  1)}.

Proof of Lemma. This is Lem m a 3.1, where K  is replaced by B 2 {a+b+i){K).

□

Lem m a 3.3 For any compact set K , there exists Jk ,2 =  C iV,

where 77̂ ’  ̂ is given by Lem m a 3.2, such that m G Jk ,2 implies q>{xm.) € 

Bdj^{cp{x^K,2 )) 0  N  \  K , which is entirely contained in a single connected 

component of N \ K .

Proof of Lemma. Since (p{x^K,2 ) G N  \  .62(0+6+1) (■^) € N \ K ,  we have

dir,2 d{}p{x.qK,2 ), K )  >  2(a +  & +  1) > 0  (3-2)
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by R I . l ,

)) — j ) +  b (^'3)

Let

Jk ,2 : = { m e  N  ■. S{xm,Xj,K,2) < 1}

Since a;̂ K-,2 e Jk^, we have Jk ,2  #  0- 

Thus, by (3.3) and (3.2), for any m i € Jk,2 ,

d(̂ (p(̂ Xfm)5^(^7̂^'^)) — (^TMi) ,2)"H 6 <CcI"I” 6~1“ 1 ^  ^ ,

Finally, we conclude that,

ip{Xm) e BjKfl ■■= BdK.2 i<p{Xr,K,2 )) H \  it', Vm € Jk ,2  
2

Since, B ^ { ip {x jjK , 2 )) is connected and open, it  follows that Bk ,2  is en- 

tirely contained in a single connected component of N  \ K .

□

We denote by ip o Xj, the sequence {{p{xm))m^N,m>ri\ of points in N, 

where X  is an admissible sequence in M .

Next, we prove the theorem.

Theorem 3.4 I f  X  is an admissible sequence in M , (poX is still an admis­

sible sequence of points in N.
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Proof. We need to prove that, for any given compact K  C N, the sequence

(fi o XfiK.2 is entirely contained in a connected component of N \ K ,

which we shall denote by D^ ,  where 77̂ ’  ̂ is as in Lemma 3.2.

First, notice that in the proof of Lemma 3.3, i f  we replace 77̂ ’̂  with any 

77 > 77̂ ’ ,̂ there w ill be a corresponding set

J r , : = { m £  N  : 5 { X m , X r , )  < 1} 0

for which,

(p{xm) € B d j ^ n N \ K , V m  e Jr,
2

And so.

<P O X j j K , 2  C n N \ K ,B dji 2 {^{Xrfj)

Since, by construction, Ur)>7)'̂ .2 Bdj^{ip{xjff) is a union of open balls and 

pathwise connected, it  is open and connected itself.

Thus, (f o XjjK,2 is entirely contained in some connected component D§  

of N \ K .

□

In other words, the above Theorem 3.4 says that it  makes sense to 

consider the equivalence class \({>oX] in N/r.^ for any admissible sequence X  

in M.
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For any E — [X] end of M , consider the following map,

M /^  N /^
[X] ^  [v^oX]

Next Theorem  3.5 shows that the definition above is consistent, and so 

a rough isometry takes ends to ends.

Theorem  3.5 (p as above is well-defined, i.e., fo r any two given equivalent 

sequences X  ~  V  in M  it follows that p o X  p o Y  in N.

We w ill give a proof of this theorem based on the following Lemma,

Lem m a 3.6 I f  K  C N  is an arbitrary compact set and X  and Y  are co­

final sequences in M , it  follows that the connected components of N  \  K , 

corresponding to X  and Y, as defined in  Theorem  3.4, coincide.

Proof of Lemma. Given any compact K  C N , h y  Theorem  3.4,

p o Z^K.2 C for Z  =  X ,Y  (3.4)

where, and are the connected components o l N  \ K ,  corresponding 

respectively to X  and Y,  as in the proof of Theorem  3.4, and are

as in Lem m a 3.2.

We w ill show that =  D](.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A SY M PTO TIC  ENDS 18

Let

B  := B,+t+x{K) =  { q € N :  d(q, K ) < a  +  b + l }

which is a compact subset of N.

By Theorem  3.4, =  r]^'^{B,xo,ip{xo),a,b) > 0 such that,

(f o C L ) |

and 3?7y ’  ̂=  ?7y ’^(-S, yo, <p{yo), a,b) >  0  such that,

o y  fl,2 C D l

where Dg and are connected components of N \ B C N \ K .

For each fixed m i > and for every p satisfying 6 {xm^,p) <  1, one 

has by R I . l ,

d{(p{xmi),<p{p)) <  a6 {xmi,p) +  b < a  +  b < a  +  b +  ^ < a  +  b +  l  

which implies that

cp(p) e Ba+bip(Xrm)) C B^^t+iiV>(Xrm)) Q N \ K  

Since, B ^ ^ ^ ^ i { ( p { x m i ) )  n L>| ^  0

and Bĝ _̂ _|J_̂ .̂ {(p{xml)) is open and connected, we conclude that

(p{p) € D g  C a connected component of N \ K  (3.5)
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For the same reason, for each fixed m2 > riy^, Up  satisfies 6 {xm2 iP) <  1) 

one has

(p{p) € Dg C a connected component o i N \ K  (3.6)

Since Ba+b+i (K ) is compact (it is closed and bounded, and N  is complete)

and (f~ is a rough isometry, the set K  :=  is compact.

Because X  and Y  are cofinal sequences, by D e fin itio n  2.5, there exists 

an integer rj^  >  0, such that, Vmi, m2 >

XrriT̂ ym2 f^e Same connected component D g  of iV \  .^  (3.7)

Let Px :=  max{p’̂ '^ ,p p ^ ,p ^ }  and Py :=  m ax{py'^,py'^,p^}. Notice 

that the constant Px >  0 depends only on (K,xo,(p{xo),a,b, B, K )  and the 

constant py > 0 depends only on (K , yo, (p{yo), a, b, B, K ).

By (3.4), (3.5), (3.6) and (3.7), for each pair {Z,z) 6 { (X ,  a;), (V, y )} we 

have,

(poZf^K C D f  

p e  M  : S{zf.K,p) <  1 <p{p) € (3.8)

Zf,K C D g

Furthermore, for each pair (Z, z) € {(X ,  x), CF, y)} the following condition
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holds,

and thus,

A^ =  D K̂

Also,

(f{p) €: B => p £  <P~{B) C  K  p £  K  

which implies that,

p £ M \ K  ^  p{p) £ N \ B  C  N \ K  (3.9)

By the definition of Dj^,* there exists a continuous curve

7 : [ 0 , 1 ] - a D ^ C M \ A

joining =  7 (0) to y^K =  7 (1), entirely contained in Dj(.

Let d :=  <5(7([0,1]), .A)(. : d >  0) and f  m in (|, 1)(. ; f  >  0).

By using the fact that 7 ([0, 1]) is compact, i t  is possible to construct a 

finite covering for it, by open balls w ith fixed radius f ,  w ith the following 

properties:

* Since any manifold M  is locally path connected-because balls are path connected-for 
each open set A C M ,  the connected components of A are open subsets of M  and thus 
locally path connected, too. Because, a connected, locally path connected space is path 
connected, the connected components of A are path connected.
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There exists a finite sequence of numbers {0 =  to < < • • ■ < t«-i <

t i  =  1}, for which, the union of the balls of radius f ,  centered at 7 (t,) is 

a covering for 7([0, 1]), and there exists another finite sequence of numbers 

{sq <  Si < S2 < • • • <  s^-2 < 5^-1} satisfying t, <  s, <  t,+i, * =  0 ,1 ,.. . ,  £ -1 , 

such that,

7 (s,) € B f(7 ( t , ) )n B j: ( 7 (t,+ i)),z  =  0, 1 (3.10)

By (3.8), we have for each pair {Z,z)  € { ( X , x ) ,  (Y,y)} ,

ip C (3.11)

Now, for each  ̂=  0 ,1 , . . . ,  £,

Vp e Bfinf{tt))

= »  d{(p{p), (f  o  7 ( t , ) )  <  aS{p, 7 ( t , ) )  +  b < a f  +  b < a  +  b

=> i f i p )  €  Ba+b{p> O 7(i,)) c (<p O 7(tJ)

Moreover, by (3.9) it follows that

7 (t,) e M \ k = > ( p o  7(t,) e N \ B  C N \ K  

and by the definition of B, we have

B„+t+i(y5 0 7(t,)) C N \ K
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Therefore,

C C N \ K  (3.12)

By (3.10) and (3.12), we conclude that for each i  =  0 ,1 ,... , i  — 1,

° 7(s«) € ip {Bf{'y{U)) n B ,-(7(t,+i))} C

C if {Br(7 (t,))} n ip {J5f(7(t,+i))} C 

c  {ip o 7(^0) n fia+6+i o 7(^j+i)) Q N \ K  (3.13)

In particular, for « =  0, it  follows from (3.11) and (3.12), that

=  V °7 (0 ) € D ^nB „+ j+ i(^o7(to )) C N \ K

and from (3.13),

ipopf{so) e 5„+fc+i(y3 0  7 (to))nB<,+6+ i ( ¥ ) 0  7 (ti)) C N \ K  

Then, by the definition of a connected component, we must have, 

5„+6+i(^o7(io))UB„+i,+ i(v?o7(ii)) C D ^ C N \ K  

To conclude the proof, we w ill proceed by induction and show that, 

S„+6+i(^0 7(i,+i)) uB„+6+i(v?0 7(t,+2)) C
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holds, by assuming the induction hypothesis,

o 7 (^t)) U o 7(4+1)) C

where * =  0, 1, 2.

By (3.13), for every 2 =  0,1, — 2, we have,

^  ° 7(s*+i) e {(p O 7 (4+1)) n fifl+a+i {(p o 7 (4+2)) Q N \ K

Thus, by the induction hypothesis and the definition of a connected com­

ponent of \  ii ',

5a+6+i(v?°7(i«+2)) C 

for each 2 =  0, 1, . . . ,  ^ — 2.

In particular, when 2 =  £ — 2,

V> o 7 (4 )  €  ((^ o 7 (4 -1 ))  U 5 „+6+ i(¥ ’ o 7 (4 ))  C

Since, by the definition of y^K,

^ 0 7 ( 4 )  =  7 ( 1 )  =  €  D l

we can conclude, finally, that the two connected components coincide, i.e., 

D l  =  D l .

□
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Proof of Theorem 3.5. Let E  =  [X] be an end of M  and Y  e E  =  [X], 

in other words, X  and Y  are cofinal sequences in M .

Given any compact AT C TV, by Lem m a 3.6, there exists a connected 

component :=  D § =  of TV \  iV, such that,

(f o Z^K.2 C D ^ ’^, for Z  =  X ,Y  (3.14)

where are defined in Lem m a 3.6.

Let us define a new constant, by

Notice that the dependence of the new constant r]^ is described by 

ri^{K,xo,yo,(p{xo),(p{yo),a,b,k) >  O.t 

Therefore, by (3.14), we have,

i f  o X.^K C and o C

and, the two admissible sequences (po X  and </? o y  in TV, are cofinal.

In other words,

<^(W) =  [ p o X ]  =  [ p o Y ] ^  (^([F]) 

and thus, <p is well-defined.

□
tsee definition of K  in the proof of Lemma 3.6
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Chapter 4 

Mappings with Maximal Rank

We begin this Chapter by introducing key tools along with their properties 

that were used in this research. We use the jargon of fiber bundles through­

out. Properties of Fibers of M  are described in C hapter 2.

Let M  and B  be Riemannian manifolds with dimensions m  and n, re­

spectively, where m > n. Let tt : M  -> 5  denote a mapping w ith maximal 

rank n from M  onto B.

We first show that the fibers at each b € B  axe submanifols of M  of 

dimension m — n.

Lem m a 4.1 For each b G B, the fiber ofb denoted by Tr~^{b), is a subman­

ifold of M  of dimension m — n.

Proof. Let x €

Since tt has maximal rank n, we may choose a direct sum decomposition
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R^~n  0  j jn  _  in coordinate systems the restriction of t t ,  to

J?" is an isomorphism.

In that case we may apply the Inverse Function Theorem to find an open 

neighborhood Z  € of x in coordinates, such that Z  is the graph of a 

smooth function gf, defined in an open neighborhood of proj[{m-n{x) , which 

is the projection of x in coordinates onto IE”*"".

Therefore, we can define a smooth coordinate map of an open neighbor­

hood of X in 7t"^ (6) into iR” *"", by using the smooth function 54, and thus con­

clude, by the Maximal Rank Theorem, that 7t " ^ ( 6 )  is an (m—n )—dimensional 

submanifold of M .

□

As a generalization of Lemma 4.1 we have the following Proposition,

P ropos ition  4.2 Let 7 : [ t i , t 2] — > B a smooth embedded closed curve. 

r/ien 7T"^(7) := {x  e M  : t;{x ) € 7 ([ti,E2])} ^  a closed submanifold of M  of 

dimension (m — n) -I-1 =  dim (7r"^(6)) -I-1, fo r any b € B.

Proof

Let X € ■7r"^(7) and b =  ^{x)  — j{ t ) ,  where i  € [^1,^2]'

That 7T~^(7 ) :=  {x  e M  : t t ( x )  € 7 ([Ei,t2])} is closed it  follows from t t
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being continuous and 7 : [ t i , t 2 ] being closed.

To show that 7r“ ^(7) is a submanifold of M  of dimension (m — n) + 1 , we 

proceed as in the proof of Lem m a 4.1, with the additional remark that 7 is 

an embedding.

In that case, we can define by means of The Inverse Function Theorem, 

a smooth function defined in an open neighborhood of {projp^-n.{x),t) in 

jfjm-n X which can be used to define a smooth coordinate map of an open 

neighborhood of x in 7t~^(7) C M  onto x JR =

Therefore, we conclude by the Maximal Rank Theorem that 7t~^(7) is an 

((m — n) +  l)-dimensional submanifold of M .

□

Since each derivative map t t .  of t t  is surjective, we can define the projec­

tions of the tangent space of M  onto the subspaces of horizontal and vertical 

vectors, and denote them respectively by (FT)j, and {HT)x  for each x G M . 

In that case, we can decompose each tangent space to M  into a direct or­

thogonal sum TxM  =  iy T )x  © {HT)x, which is justified by Lem m a 4.3.

Next, we show that at each x € M  the subspace of vertical vectors is the 

kernel of the derivative of t t  at x.

Lem m a 4.3 {yT )^  =  ker(7r,)a;, Vx G M
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Proof. First, we w ill show that

{VT)^ C ker(7r*)c,, Vrr € M  (4.1)

Let X e M ,b =  nx,v e {VT)x =  Tx7r“ ^(6), and let c : [0,1] -> 7t“ ^(6) be 

a differentiable curve satisfying c(0) =  x  and c'(0) =  v.

Since tt o  c{t) = 6, Vt € [0,1], i t  follows that (c'(t)) =  0. In

particular, v € ker(7r*)a;.

Now, by Lemma 4.1 dimker(7r„)j; =  m —n — d im T i7r~^(6) =  d im (yT)j;, 

w’hich together with (4.1) give us (FT)j, C ker(7r,)a;.

Notice that {HT)x :=  (F T )^  =  (ker(7r*)x)^-

Thus, TxM =  (ker(7r*)x) 0  (ker(7r*)x)'^ =  (VT)x © {HT)^.

□

From the maximality of the rank of the onto mapping tt we have the 

unique horizontal vector property, as follows.

Lemma 4.4 Let b e B. Given any w € TbB and x e M  satisfying ir{x) =  b, 

there exists a unique horizontal vector v € T^M which is ir-related to w, i.e. 

satisfying v € {HT)x and (7r,)i(u ) =  w.

Proof. Let b, w and x be as above.
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Since (7r*)a; is onto, there exists u € {VT)x and v € {HT)x  such that 

(7T*)i(u +  v) =  w, where u +  v €. T^M =  {VT)x 0  {HT)x.

By Lemma 4.3, we have w =  {n*)x{u +  u) =  which proves the

existence for the claim.

For the uniqueness, assume there exists v € TxM  satisfying v € {HT)x  

and {tt*)x{v) =  w-

So, (7r*)a,(u) =  (7T*)x(u) => (7T.)x(u - u )  =  0 = M ; - u e  ker(7T*)x =  (VT)x, 

but V — V E {HT)x  implies that v — v E (VT)x f l [HT)x  =  {0}, and thus

V =  V.

□

In particular, under additional assumptions on the space of horizontal 

vectors, we can compare lengths of minimal geodesics in M  w ith those in 

B, according to the following Lemma, which w ill be used in several proofs 

ahead.

Lem m a 4.5 Assume that M  and B  are both connected and geodesically com­

plete. Let X, x ' E M , Vmin C M  be a minimal geodesic joining x to x', and 

7mm C B be a minimal geodesic joining 7r(x) to n{x'). Suppose that for 

all b E B  and fo r all x E Fb there exist constants a > 1 and /3 > 0, both
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independent of b and x, such that

- | | l ( ^ l | s  -  P  <  \ \ v \ \ m
a

fo r all w € T^B, where v is the unique horizontal lift of w through x that we 

assume satisfies ||v||m <  1, and || ||m, || I Is denote the inner product on

T M  andTB , respectively.

Then,

dM {x,x') =  >  -% m m ) ~ P =  -dB{Tr{x),Tr{x')) -  /3
a  a

Proof. Firstly, we note that in the assumption, we assumed that the hor­

izontal lif t  V € {HT)x of w  satisfies ||u|1m < 1. Otherwise, i f  ||u||m > 1 we

V
define v :=  rp-r— , with the properties

Ip !Im

•  M \ m  =  1

M A v ) =

and i f  we use and v in  the  assum ption, we thus o b ta in  the  equ iva lent 

ine qu a lity .

w

p  |m B

q ^  Mr,II ^  1 l l ^ l l s  q ^II II p ^ i i  II
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- | | u ; | | b  -  P \ \ v \ \ m  <  I k l i M  - | k | | s  <  ( /5 +  1 )  | | w | | m  a a

 ̂ 'h l ls  <  Il’yllM
a { P  +  l )

for w G T(,j5, where v is the unique horizontal lift of w through x with 

>  1-

For the sake of simplicity, assume that both parametrizations of Fmin and 

7mm are defined in the interval [0, 1].

Since, TxM  =  (VT)x © (HT)x, we can write the tangent vectors to r^m  

in the form =  r;^ (i) © r '^ (t), Vt G [0, 1],

Notice that by Lem m a 4.4, F'^(t) G is the unique horizontal

vector which is t t — related to ( t t  o (t), for each t G [0,1]. Assume that

r  is p.p.a.i. so that ||rB (t)||M  < 1- 

We have.

(1m{x,x') =  £{Tmin) =  [  lir'v(<) ® r'„(t)H M dt > f  l|rB (t)l|M dt 
Jo Jo

> -  n\^A^°'^min){t)
Of J Q 11 dt

hyp.
>

1 min.geod.
d t - 13 = - i i n o T m i n ) - P  >

M  ^

>  -  P  ‘̂ =' - d s ( 7r(a ;),7r(a:')) -  Pa a

which concludes the Lemma.

□

Let 7 be a smooth embedded curve in B  and F be any curve in M
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satisfying t t  o  F  =  7 .  F  is called a lift of 7 .

Next, Proposition 4.8 proves the uniqueness of a horizontal lif t  of a 

curve in B, through a point x E M .

We w ill use the following Propositions 4.6, 4.7 in the proof of Propo­

sition 4.8.

Proposition 4.6 (Fundamental Theorem fo r Systems of Ordinary Differen­

tial Equations). Let f{t,C ,,0  family of n functions defined in \ t \< 6  

and ((, =  (Cl,. . . ,  Cnj • • • 1 Cm) € where V  is an open set in  I?"'*'"*. I f

f ( t ,  C) C) continuous in t and differentiable of class in  C, then there exists

a unique family 77, C) of n functions defined in | t  |< 5' and (77, C) € V ,

where 0 <  5' < 5 and V  is an open subset of D, such that:

1 . <fi{t,T],^) is differentiable of class in t  and ri;

3- </̂ (0,T7,C) =  V-

I f  /(t,C)C) *-5 differentiable of class C^,0 <  p < u, in t  and of class C‘‘ , 1 < 

q < uj, in C, and C, then q>{t,ri,^) is differentiable of class in t  and of 

class C ,̂ in 77 and I f  we consider the system of differential equations:

I =
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which depend on the parameters then C =  called the solution

satisfying the in itia l condition C =  P when t =  0 .

Proof. (see [20], Appendix 1).

Proposition 4.7 Let X  be a vector field on an m-manifold M . For any 

point Xo of M , there is a unique integral curve r ( t )  of M , defined fo r | t |< e 

fo r some e > 0, such that Xq =  r(0).

Proof (see [20], Chapter I . l)  Let ((^i,. . . ,  be a local coordinate system

d
in a neighborhood U of xq and let X  =  integral

curve is a solution of the following system of ordinary differential equations:

Our assertion follows from Proposition 4.6.

□

We now state and prove Proposition 4.8.

P ropo s ition  4.8 Given Xq E M  and 7 : [ t i , t 2] B a smooth embedded 

curve starting at b :=  tc{xq), i.e. with 7 (^1) =  7r(xo) =  b, there exists a 

unique smooth curve F : [^1,^2] —t M  satisfying

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



M APPING S W IT H  M A X IM A L RANK__________________________________________ M

( h l . l )  7T O r  =  7 ,

( h l . 2 )  r ( t i )  =  Xo, and

( h i . 3 )  r  is horizontal, i.e., T '{t) € ( i y T ) r ( t ) .

r  is called the unique horizontal lift of ̂  through xq.

Proof. For a given x € 7r~^('y) C M , since 7 is an embedded curve, there 

exists a unique t^ € [ti^t^] such that t t { x )  =  7 (tx)-

By Lemma 4.4 there exists a unique horizontal vector ?r-related to 'y'{tx),

i.e. Vx € {HT)x Q TxM  and (7t*)j;(vj;) =  j'{ tx ) ,  which gives us a vector field 

X  on 7t“ ^ (7 )  defined by

7 t- '(7 )C M  -> [ H T ) x C T x M

X X x ~ V x  =  O { V ( t i ) }

Since 7r“ ^(7) C  M  is a closed submanifold, ( t t . )  is smooth in a: €  7r“ ^(7), 

(7T»)i l(HT)a, is an isomorphism, and 7' provides a smooth vector field on B, 

i t  follows that the vector field X  is smooth in a: €  Tr“ ^(7) C  M .

From Proposition 4.7 there exists a unique smooth curve P(t) entirely 

contained in 7t “ ^(7) C M  such that xq =  F (ti), T'{t) =  Xp(t) =  ur(t) € 

(ifT )r(f), Vt € [ t i , t 2 \ and F ( [t i, t2]) C 7r~^(7), which is the required result.
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We finally notice that according to P ropos ition  4.6, F depends smoothly 

on the in itia l condition Xq.

□

Let 7 : [^1,^2] —> B  denote a smooth embedded curve and let its lif t  be 

denoted by F : [ t i , t 2]

In the next two Propositions, under certain assumptions on the derivative 

of the submersion t t ,  we have control over the length of the lift  of a curve. 

For instance, in P ropo s ition  4.9 for a long curve 7 in B its li f t  F in M  

cannot be short, and P ropo s ition  4.11 the length of a lift F of a long curve 

7 is bounded above by the length of 7 .

We denote by || \\m  and |1 ||b the Riemannian norms in T M  and TB , 

respectively.

P ropos ition  4.9 Assume there are constants a >  1 and P > 0 such that,

\ \ M^ v \ \ g < a \ \ v \ \ i ^  +  P (4.2)

fo r  all X £ M , fo r  all v G T^M  satisfying ||u ||^  <  1.

7 /7  is any smooth long curve in B, then,

a

where 7(F) and 7(7) denote the lengths of the curves F and 7 , respectively.
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Proof. First, we choose a parametrization proportional to arc length of

F : t G - t  F(t) € M , an arbitrary lif t  of 7 C B. We may assume

w.l.o.g. that ||r'(t)||^ < 1.

I f  we use V =  F '(t) in (4.2), we obtain

||(7r»)r(t)r'(i)||g < a ||r'(t)||;i^ +  ^, Vi € [ i i , i 2]

Since t t  o F =  7 , we can rewrite the above inequality as

| |y ( i) | |B < a | | r '( i) i lM  +  ^, V i € [ i i , i 2] (4.3)

Finally, i f  we integrate (4.3), we get

^(7) =  r  \ \ i { t ) \ \ ^ d t < a  r  \ \ T ' m ^ d t + p  T d t =
j  t\ j  t\ j  t\

OL • ^(F) +  P{t2 — t \ )  =>•

^  m > ^ [ £ i ' y ) - m 2 - h ) ] > o

which proves the proposition.

That the second hand side of the last inequality above is positive follows 

from the assumption that 7 is a long curve. Therefore, as it  can be interpreted 

from the inequality shown, for a long curve 7 its lift  F cannot be short.

□

Now, in the proof of P ropos ition  4.11 we w ill need what is stated and
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proved in the following Lemma: for a long curve in B, its lif t  in M  is non­

vertical.

Lem m a 4.10  Let 7 : [ti,t2] B be a smooth embedded curve in B  and let 

r  : [^1,^2] M  be its lift. I f ' f  is a long curve, then, F is non-vertical, i.e. 

there exists an interval [ti,t2], such that,

{T '{t))„:ftO , y t e [ t u t 2 ]

W h e r e  T ' { t )  =  i T ' { t ) ) y  © i T ' i t ) ) ^  € Tp(t)M =  ( V T f t w  ® [ H T ) r ( t ) .

Proof. Since 7 is a smooth, embedded long curve, there exists an interval 

let us say for which,

j ' { t ) ^ 0 ,  V t€ [ t i , t2 ]

Moreover, since for all t € [^1,^2] the derivative map (7r.)r(t) |(HT)r(«) is an 

isomorphism, we thus obtain

(7T*)r(o (P'(t))H =  (^*)rw  {(F'(t))v. © (F '( t))^ } =  (7r»)r(t) {F '( t)}  =  7'(t) #  0

(F '(t))^  /  0 

for all t € [^1,^2], and thus F is non-vertical.

□
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P ropos ition  4.11 Let 7 : —>■ B denote a smooth embedded curve and

let r  : [^1,^2] -A M  denote its lift. For horizontaP'̂ vectors v € T M  only, 

assume that there is a universal constant a > 1 such that,

\\{'^*)xv\\b > ^ M \ m - I ^  (4-4)

fo r all x € M ,  for  all v £ T , M \  (V T ), =  {H T ), =  [ker(7r,)x]^- 

I f is a long curve then,

e { r ) < a [ i { j )  +  p { t , - t , ) ]

where ^(F) and ^(7) denote the lengths of the curves F and 7, respectively.

Proof. We first notice that because 7 is a long curve, by Lemma 4 .10, F 

is non-vertical.

I f  we use v =  F'(t) in (4.4), we may write

0 # llWrwr'Wllj > i | | r ' ( ( ) | |„ - f t  Vi€ [ti.i,]

and using t t  o F =  7 in the above inequality, we obtain

0 5^li7'WI!i,>i||r'(()jii,-A v i 6 | i„«2]

which in turn implies that

||F'(t)||Af <  a (||7 '(t) ||B  - f ^ ) ,  Vt e [tut2]
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Finally, integrating the above inequality gives us

^(F) =  r \ \ r { t ) \ \ M d t <
Jtl  ̂ ^

< 0 !^  \\'y'{t)\\Bdt +  P a J  dt =  a  • i{'y) +  Pa{t-2 — ti) =

=  a[£{'y) + P { t 2 - t i ) ] > 0

which proves the proposition.

Therefore, as it  can be interpreted from the above inequality, the length 

of a li f t  F of a long curve 7 is bounded above by the length of 7.

□

Next, for onto smooth mappings with maximal rank, we define special 

diffeomorphisms between any two fibers, a useful tool that w ill feature in 

many of our proofs. In Theorem  4.12 we give its definition and state and 

prove several of its properties.

Theorem  4.12 Let tt : M  ^  B  be an onto smooth map with maximal rank, 

where B  is connected. Let bi, 62 be distinct elements of B  and let C B  

be a piecewise smooth embedded curve joining hi and 62 O'Tid parametrized 

proportionally to arc-length (p.p.a.i.), given by 7 : [^1,^2] — > B, where 

7 ( t l )  =  & l , 7 ( t 2 )  =  f>2-

I f  we denote by 7t~^(6i) =  Ft,, and 7r“ ^(62) =  Fb̂  their corresponding
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fibers, we thus define the map

<P(-y) ■ F f, , ^

by the following rule:

Given x e Ft,, let be the unique horizontal lift of 7 through x, and set

•“  ra;(f2) € Ft2

Then, the map has the following properties:

1. : Ft, — > Ft2 is well-defined;

2. Let 7i : [ t i , t f \  — >■ B and 72 : [̂ 21̂ 3] — > B be smooth embedded curves 

parametrized proportional to arc-length and satisfying 71(^2) =  72(^2)- 

I f  73 is the composition of 71 and 72, denoted by 73 =  72 ° 71, and 

defined as follows:

73: [tuts,] —  ̂ B
i  ^  r,  ( f \  —  j  Ti i t ),  i f t i  < t < t 2

t  72W, i f t 2 < t < t 3

Then • -̂ 71(41)  ̂ -̂ 72(t3) satisfies (̂r/3) =  ¥̂ (72) ° T{-n)-

3. : Ft, —  ̂Ft2 is a diffeomorphism;

4- (p(j) depends continuously on 7, i.e., fo r sufficiently small displace­

ments of 7 within a tubular neighborhood, keeping the endpoints fixed.
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their horizontal lifts through x lie entirely within any given small tubu­

lar neighborhood of Furthermore, since horizontal lifts are, by 

definition, curves tangent to {HT)  C T M ,  this fact forces the end­

points of horizontal lifts through x to belong to arbitrary balls around 

(P(-,){x) =  Px(t2), 05 long as those horizontal lifts through x lie entirely 

within a sufficiently small tubular neighborhood of .

5. A group of diffeomorphisms between fibers is defined as follows.

Let b € B  be a fixed base point and 7 : {ti,t2\ — > B  be a piece-

wise smooth embedded geodesic loop parametrized proportionally to arc- 

length, where 'y{ti) =  7(^2) =: b- The properties of cp(̂ .y) : Fb — > Fb, 

imply that the set of mappings Gb given by,

Ob :=  ; Fb —> Fb, V7 piec. smooth embedded geodesic loop at 6}

defines a group of diffeomorphisms of the fiber Fb, which is called the 

ho lonom y group of the assignment,

x € M ^  {H T )„  C % M

with reference to the point b £ B.

Proof. We shall proceed proving item by item.
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Proof of 1. (p(̂ ) is well-defined.

Indeed, since 7 is fixed and for each a: € Ff,,, F i is unique, the map 

is well-defined (see Fig. 4.1).

Figure 4.1: The map

Proof of 2. (p(̂ 3) =  o

Let 7t : — > S, r =  1, 2, as it  was introduced in 2. For every

Xt G Fy,(t,)i the following are well-defined:

■ Ki U)
h'x, (ti+ l)

where F‘  ̂ : [t ,̂ ft+ j] -> M  is the unique horizontal l i f t  of 7,, through x .̂

Let X  €  F y i ( t i )  and define f  by 

f  : [ti.ts ] — > M

I n r i( i. ) )W ’ ‘f < 2 < i < < 3

We want to show that f ( t )  =  F^(t),Vt G [tijta ], where F^ : [ti,t3] —> M  

is the unique horizontal lift  of 73 =  72 o 71 through x.
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Therefore, we must verify properties (h l.1,2 ,3 ) of (see Proposi­

t io n  4 .8) for f .

( h i . i )  r { h )  =  T i i h ) : = x

(h l.2) 7T 0 f  (t) =

7Tori ( t )  =  71 (t),
Tr o r l l u )  =  7i(^2) =  72(^2) =  ^ =

=  72(i), i f t 2 < i < t 3

= 73(̂ ), yt  - ti  < t  < h

(h i.3 ) - m  =

f I n

d
dt

r;(() e ( / f r ) r . ( „  C rr j(,)M , V t : t ,  < i < t .

which are horizontal vectors, for a lH  : t i  <  t < t2 V t2 < i  <  3̂-

I t  remains to verify (h l.3) for the case t =  t^, for we w ill show that 

We have the following

71(^2)

7i(*2)
Il7 l ( i2)||

=  ±

72(^2)

7^^2)
1172(^2)11

—71(f), y t : t i < t < t 2 
dt
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r p i - .

n i h )  =  rl,^d,){t2 )

which implies by uniqueness of horizontal lifts that )(h)-
dt dt

d .

Thus, —f ( t )  is well-defined and horizontal, for all t : t i  <  t < 3̂. 
dt

After verifying (hl.1,2,3) for F, we conclude, by uniqueness of horizontal 

lifts, that f ( t )  =  F^(f), for a lH  : f j  <  t <  t^.

Finally, we obtain

¥^(73)(^) = T l { t , )  =  r { t s ) ^
^ ( 1 2 ) ° =  ^(72)(Fi(t2)) =

and since x 6 is arbitrary, we conclude that < (̂73) =  <^(72)0<^(71) (see 

Fig. 4.2).

Figure 4.2: Property (p{j2 ° 7 i)  =  < (̂72) ° ¥>(71).

Proof of 3. — > Fb̂  is a diffeomorphism.

We w ill prove this in 3 steps. In (Step 1.) we exhibit the inverse of
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in {Step 2.) we prove that ip(̂ ) is smooth and in {Step 3.) we conclude the 

argument.

{Step 1.) (p(ry) has an inverse of the same type where 7 is the opposite 

curve to 7.

I f  a: € F ij, then Fj,, the unique horizontal lift  of 7  through x, satisfies:

(hl.l) Fx(ti) =  X
(hl.2) 7T o Fa;(t) =  7 (t), \tt : t \  < t  < t 2

(hl-3) ^  ^  Tr^(t)M, V t : t i  <  t  <  2̂

Let 7 denote the opposite curve to 7, defined over the real line interval

[t2 , t 2 +  {t2 — t i) ] =  [izi 2t2 — ti], by

7 :  [ t2 ,2t2- t i ]  — > B
u I— > 7 (u) =  7 (2 ^ 2  -  u)

So, 7 is an embedded p.p.a.i. smooth curve joining 62 and b\.

We denote by fr^(tj) : [^2,2^2 -  t i]  — > M  be the unique horizontal lif t  of 

7 through Fx(t2), i.e.,

(h l. l)  fr^ ( t2)(i2) =  Lx(t2)

(h l.2) 7T o Fr^(tj)(u) =  7 (ii), Mu ■. t 2 < u  < 2 t 2 ~  t i

(^^ •̂3) ^ ^ r „ ( t 2)(«) e C M u : t 2 < u < 2 t 2 ~  t i,

a horizontal vector.
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We claim that

- u ) ,  \ f u : t 2 < u <  2h -  t\

In order to prove the claim we must verify that the curve

G [t2 , 2 t 2 ~  t l] rx (2i 2 —

satisfies (h l.l), (hl.2), (hl.3), and then from the uniqueness of the horizontal

lif t  the claim follows.

In verifying those 3 items, we use (hl.1,2,3) for Fa,:

(h l.l) Tx{2t2 — (—̂2)) =  rx(^2) V

(hl.2) 7T o Fx(2f2 — u) =  7 (2t2 — u) =  7 (u), 'iu  : t 2 <  u < 2 t 2  — h

(hl.3) :^Fx(2t2 -  n) =  
au

- ^ r x ( t )  |<=2t2-uG ^

a horizontal vector.

In that case,

</5(7°7)(^ )  =  </?(7) ° ‘/̂ (7)(^ ) = ‘. (̂7) ( r x ( i2)) :=  f r , ( t 2) (2i 2 - i i )  =

=  T^{2 t 2 - { 2 t2 - t i ) )  =  T ^ { t i ) ^ x  

and since x € Fj, is arbitrary, it  follows that ¥>(707) =  id If,,,, i-e.
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{Step 2.) is smooth.

Prom the last remark in the proof of P ropo s ition  4 .8 , we have that 

r  depends smoothly on the in itia l condition x G F j,, and since (̂ (7) (a:) := 

r i( t2 )  € F(,2, we conclude that (p(j) depends smoothly on x G Ffc,.

(Step 3.) ^(7) is a diffeomorphism.

Since 7 is arbitrary in (Step 2.) it  follows that is also smooth, which 

implies together with (Step 1.) that is a diffeomorphism.

Proof of 4- ip(-f) depends continuously on 7.

We firstly remark that since 7 C B  is an embedded curve, there exists 

a single coordinate neighborhood in B, which entirely contmns the curve 7. 

Therefore, in order to prove the Theorem is enough to look at one single 

coordinate neighborhood.

Initially, let us introduce some notation.

Assume there exists A, a piecewise smooth p.p.a.l. embedded curve, dis­

tinct from 7, joining b\ and 62, where

A : [ti, ta] —> B

t\ ^  A(ti) := 61 =  7 ( ii)

2̂ A(t2) “  2̂ =  7 (^2)
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For each x € Fb ,̂ let {U, (j>) be a coordinate system around x, and (V,'0 ) 

a coordinate system around 61, such that

•  7r(t/) =  V, and

•  — Ip OTT o (p~̂  : 4>{U) C JRF —> if?" has maximal rank n

We may assume w.l.o.g. that the images of A and 7 are entirely contained 

in the coordinate neighborhood V.

Since, by The Inverse Function Theorem, maximal rank maps behave 

locally like projections, w.l.o.g., we may assume that (f/, </») and {y,ip) are 

such that

<p{U) C Z  and i) {y )  C W

where Z  C !? '" ( «  x  i? ") is a neighborhood of (p{x) —

W  C i? " is a neighborhood of tpibi), w ith the following properties:

•  X  X W  is an open neighborhood of (^x,'0 (6i))

•  Z  is an open neighborhood of (p{x)

•  h :  X  x W  Z  is the inverse diffeomorphism of

f : Z C  <p{U) C R ^  -> X  x W  

( ^ ,0  >->
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satisfying o h{^,w)  =  w, V(^, to) € X  x W.

In particular, tt o  cj)~^ o h { ^ x , ' i p  ° 7 (i)) =  ' y { t ) ,  for all t  €  [ti,ta] and 

h  =7T0(/»-l(^^,Ca:).

In local coordinates, the unique horizontal lif t  of 7 through x, is given by 

r i ( t )  =  (f>~̂  o h{^x,'ipo'y{t)),Vt € [ t i , t2] 

and similarly, for the unique horizontal lift of A through x,

A i(t)  =  (j)~̂  o /i(^x ,^o  A(t)),V i € [ti,t2]

In particular,

=  Txih)  =  Ax{h)  =  V{x)ix)

Finally, by the local forms of Fj, and Â , as above, and since all the maps 

considered in these expressions are continuous, we can conclude that:

Given any small tubular neighborhood Tr^ of Fj, in M"*,

r . ( [ t i , t 2] ) c T r ,  C M "* 

there exists a sufficiently small tubular neighborhood 7^ of 7 in B ",

7( [t : , t2] ) c r ^ C B "
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V tub. neigh. 7r.

3 tub. neigh. 7^

Figure 4.3: depends continuously on 7 .

such that, for any curve A in which lies entirely inside 7^, its horizontal 

lif t  Ax in M*", lies entirely inside 7r^ (see Fig. 4.3).

Consequently, (^(7) depends continuously on 7 .

□

In the remaining part of this work, we w ill in itia lly  explore the motivation 

behind the main Theorem  4.2.10, before we state and prove it.

B. O’Neill's article [25] furnished the inspiration for this work. In this 

article O’Neill defines Riemannian submersions (see D e fin itio n  2.7) and 

gives necessary and sufficient conditions for a Riemannian submersion to 

differ by an isometry from the simplest type of Riemannian submersions, the
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projection of a Riemannian product manifold on one of its factors. In our 

research, Theorem  4.2.10 provides an answer to the same kind of question 

as above, with maximal rank mapping replacing Riemannian submersion, 

and with rough isometry instead of isometry.

In the next two sections we w ill investigate this question: when is a 

Riemannian manifold roughly isometric to a Riemannian product manifold?

4.1 R iem annian Subm ersions

Let M  and B  be Riemannian manifolds, and n : M  B  a Riemannian 

submersion.

In the next 2 Theorems, we obtain equivalence relations given by rough 

isoraetries. That w ill allow us to see M , through the eyes of a rough isometry, 

as a Riemannian product manifold.

Theorem  4.1.1 Let tt : M  B be a Riemannian submersion. Suppose B  

is compact and connected, and fo r  each b € B  the fiber Tt~ {̂b) has the induced 

metric from (M, d). Then for each b e B, the inclusion t : 7r~^(b) M  is a 

rough isometry.

In particular, since B  is compact, M  is roughly isometric to the product 

7t “ ^ ( 6 )  X  B.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



R IEM A N N IA N  SUBMERSIONS________________________________________________ ^

Proof. We must verify axioms ( R I . l )  and (R I.2 ) for t, on each fiber.

Let b € B.

We claim that i : Tr~^{b) M  satisfies (R I . l ) .

In fact, first notice that the induced metric db on the fiber is defined by 

db(x, y) := d{L{x), i{y)) =  in f £(71,y), Vx, y € 7r"^(6)
0'®,v

where, ')x,y Q M  is any curve in M  joining x and y, and d is the Riemannian 

metric on M.

We can rewrite the definition of db in the form,

1 • db(x, y ) - l <  d(i(x), t(y)) <  1 • db{x, y) +  l

which is axiom ( R I . l )  with j4 =  C =  1.

Now, we verify axiom (R I.2 ) for i : 7r“ ^(6) M.

We want to show that for some e > 0, M  is an e-neighborhood of l (7t~^(6)) 

viewed as a subset of M , i.e. there exists an e >  0, such that for all y G M  

we have d(y,Im (t)) <  e.

I f  M  =  i ( 7T” ^(6)), then (R I.2 ) follows for any c > 0.

Otherwise, if  y G { M  \  7r“ ' ( 6)} 0, since B  is compact and connected,

and thus complete, we can consider the minimal geodesic A in B, joining b 

and 7 r(y ) .
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Notice that in this case n{y) ^  b implies that

diam B := sup{d(a;, y) : Vx, y € B }  > 0

and the fact that B  is compact gives us,

0 < diam B  < oo (4.5)

Let A be the unique horizontal lift, in M ,  of A through y, in other words

A satisfies,

(h l.l) 7T o A =  A,

(hl.2) A passes through y, connecting y to the fiber Tt~^{b). In particular, 

A intersects 7t “ ^(5).

(hl.3) A is horizontal, i.e., its velocity A' € {H T ) \  defines a horizontal vector 

field on M.

Thus,

£(A) =  I \ A ' U  =  ̂  I \ n , o A ' \ B =  I \ X ' \ B = i W  (4.6)

I t  follows from ( 4.5) and the fact that A is a minimal geodesic,

^(A) < diam B  := sup{d(x, y) : Vx, y G B }  (4.7)
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Finally,

(W -2) ( 4.61 { 4.7)
d{y, Im(t)) :=  in f d{y, i(x)) <  £(A) =  £(A) < diam B

xeir~̂ (b)

and this is axiom (RI.2), with c :=  diam B > 0.

□

Theorem 4.1.2 Let tt : M  B  be a Riemannian submersion, where B is 

connected and complete. Suppose that, fo r some constant m > 0, all fibers 

satisfy the universal property:

(U P ) diam (7t “ ^(6)) <  m < o o , V6 € B.

Then, it : M  B  is a rough isometry.

In particular, i f  fo r some 6q fiber (bo) is compact, then M  is roughly

isometric to the product 7t“ ^(6o) x B.

Proof Let us denote the Riemannian metric spaces by (M, cIm) and {B, ds)- 

We must verify axioms (R I.l) and (RI.2) for tt.

By definition tt is a surjective map, i.e. ImTr =  B, which implies that 

B  =  Bt(limr) =  {y  e B  : d(y,ln i7r) =  0 < e} for any choice of e >  0, and 

this gives us axiom (RI.2).
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To verify axiom ( R I . l )  we need to find constants A > 1 and C > 0, 

satisfying

^  ■ dM{x, y) -  C <  dB{‘n{x),ir{y)) <  A ■ dn ix , y) +  C, \/x,y e M

Let x ,y  € M.

Since B  is connected and complete, there is a minimal geodesic A in B, 

connecting n{x) and 7r(y), with the property,

dB{n{x),n{y)) =  i { \ )  (4.8)

In M , there exists a unique A^, horizontal lif t  of A, passing through x,

( h l. l)  TT o Ax =  A;

(h l.2) Ax intersects the fiber passing through y, namely 7r“ ^(7r(y)), at some 

z £ M  •. 7r{z) =  7r(y);

(h l.3) Ax is horizontal, i.e., its velocity AJ € (H T )a  ̂ defines a horizontal 

vector field on M .

Thus,

£(Ax) -  y I a ;  J i t t .  o a ;  |b= j  I A' |b= ^(A) (4.9)
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Now, we observe that (UP) for 7r~̂ (7r(j/)), means, 

diam { 7r“ ^(7r(y))} < m 

By using ( 4.8), ( 4.9) and the triangle inequality, we can write,

dM{x, y) <  dM{x, z) +  duiv, z) =  in f ̂ (7 ,̂^) +  dM{y, z) <
'ix.t

(UP)
< i{h^)  +  dM{y, z) <  i{A^) +  diam { t t  ^ 7r(j/))} <

<  i { A x )  +  m   ̂ =  ^= e { \ )  +  =  d B ( 7 r ( a : ) , 7 r ( y ) )  +  m

which can be rewritten as

dB(7r(a;), 7r(y)) > ^  • dM{x, y) -  m  (4.10)

On the other hand, by ( 4.8) and ( 4.9), we have

dB{n{x), 7r(y))  ̂ e{\)  ̂=   ̂^(Ax) (4.11)

We claim that

i {A , )< e {a ) ,  Va (4.12)

where a : [ t i , t 2] —> M  is any smooth connected curve joining x and y in M. 

In fact, i f  we write

a ' i t )  =  a ' j j { t )  © a ' y { t )  € T„(qM  =  { H T ) a ( t )  © (UT)a(q, Vt G [*1, 12]
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and observe that for any orthogonal vectors U and W,

\\U®W\\^ =  ||C/|p +  ||W||^ > max{||^/||^

then,

i { a )  =  [  \ \ a ' i t ) \ \ M d t >  f  \ \ a ' f j { t ) \ \ M d t

Jti Ju

ft2 rt2

\ \ a ' { t ) \ \ M d t >  I

it i Jti

Moreover,

^ ( T T o a )  =  f  | | ( 7 r » )a ( t )Q : '( t ) | |B o it^ ® = ^ '®  /  \\{n,)a{t)a'ij{t)\\Bdt^^=
J t\ J tl

=  f  \WHi't)\\Mdt
Jti

and consequently,

£{a) >  f  \\a'fj{t)\\Mdt =  £{7t oa) >  d,B{'7r{x), 7r{y))^ i{A^)
Jti

for all a : [ t i , t2] —t M , a smooth connected curve joining x and y in M, 

which is the claim.

Now, by ( 4.12) and the definition of infimum, we can write,

in f^(a) = : dM{x,y) >  £ {K )   ̂ dB{'x{x),'K{y))
a

which can be rewritten in the form,

d s ( 7 r ( a : ) ,  7 r ( y ) )  < dM{x, y) <  1 • dM{x, y) +  m  (4.13)
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Finally, i f  we combine ( 4.10) and ( 4.13), we obtain,

Y  • d M (a :,  y )  -  m  <  dB{Tr{x), 7 r ( y ) )  < 1 • dM{x, y) +  m

which is axiom (R I.2) for ^  =  1 and C =  m > 0

□

4.2 N on-Subm ersions Surjective M axim al
Rank M aps

Let M  and B  be Riemannian manifolds, and tt : M  ^  B  &n onto smooth 

map with maximal rank.

In this section, we show that for onto smooth maximal rank maps the 

same results as in Theorems 4.1.1, 4.1,2 hold, as long as we make extra 

assumptions on the subspaces of horizontal vectors.

We also provide in Counterexam ples 4.2.2, 4.2.4, 4.2.5, 4.2.6 evi­

dence showing that if  we drop any of the hypothesis in either Theorem  4.2.1 

or Theorem  4.2.3, those results cease to follow.

Theorem  4.2.1 Let n : M  —>■ B be an onto smooth map with maximal rank, 

where B  is compact. Assume that, fo r  each b € B, the fiber 7t “ ^(6) =  Ft is 

endowed with the induced metric from {M,d). Suppose there are constants
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O' >  1 and P > 0, such that, fo r all b e B  the following inequality holds:

Ik liM  < o ;|k liB  +  ^  (4 -14)

for all X € Fb and w € TbB, where v e {HT)x  C TxM is the horizontal lift 

of w through x.

Then, fo r  each b E B, the inclusion map t : M  is a rough isometry.

In  particular, since B  is compact, M  is roughly isometric to the product 

7r-i(6) X B.

Proof. We must verify axioms ( R I . l )  and (R I.2 ) for t, given any b £ B. 

Let us denote by [M,dM) and {B,dB) the Riemannian metric spaces.

As in the proof of Theorem  4.1.1, i f  we rewrite the definition of the 

induced metric db on the fiber Fb in the form,

1 • db{x, y ) - l <  dM{i{x), t{y)) <  1 • db{x, y) +  1

this is axiom ( R I . l )  with A — C =  1.

To verify axiom (R I.2 ), we need to prove that M  is an e-neighborhood 

of t(Fft) C M , for some e > 0, i.e. we must find a constant e > 0 for which 

djvr(?/, i(F i))  <  e, for all y £ M.

W.l.o.g. we may assume that B  is connected, since if  that is not the case.
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we can repeat, on each connected component of 5 , the argument that w ill 

follow.

Now, since B  is compact and connected it  is also complete.

Thus, for any y € M  there exists a minimal geodesic 7 joining 7r{y) to b, 

w ith 7 : [0, 1] -> jB, 7 (0) =  ir{y), 7 (1) =  b.

By P ropos ition  4.8, 7 has a unique horizontal lift  Fj, : [0,1] -7 M, 

through y, i.e.,

(h l.l)  7roPj, = 7;

(hl.2) Fj,(0) =  y and Fj,(l) G 7r“ H 7 ( l) }  =  ^b- In particular, Fj, connects y 

to the fiber Ft;

(hl.3) Fy is horizontal, i.e., Ty'{t) € {HT)ry(t)- 

In that case, we can write,

F  ( 4.14)
dM{y,b(F,)) < i { T y ) ~  /  IIF^IUdt <

Jo

<  a f  ||(7r,)r„(t)F^(t)||Bdt +/? =
Jo

=  a f  \\'y’ {t)\\Bdt + P  =  a-£{'y) + 0 (4.15)
Jo

Now, by the compactness of B,

diam JB :=  sup {ds(6i , 62)} < 00
bi,b2 EB
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Moreover, since 7 is a minimal geodesic joining n{y) to b,

^(7) =  ds(7r(y), b) <  diam B < 0 0  (4-16)

By substituting ( 4.16) in ( 4.15), we obtain,

( 4.15) ( 4.16)
duiy,  i(-Pi)) <  a • ^(7) +  P <  O' ■ (diam B) +  P (4.17)

Define e := a • (diam B) +  /9, which is a positive constant independent of 

y, and in particular, independent oi b € B.

For that choice of e, since y € M  is arbitrary, we see that ( 4.17) is exactly 

axiom (R I.2).

□

In what follows, we provide a Counterexample to illustrate how assump­

tion ( 4.14) is essential in Theorem  4.2.1. We show that if  ( 4.14) doesn’t  

hold for some b £ B, then the inclusion map l : F i , ^  M  ceases to be a rough 

isometry.

Counterexam ple 4.2.2 We will exhibit M, B, tt satisfying all the condi­

tions in Theorem 4.2.1 with the exception of (  4.14), which does not hold in 

this Counterexample, i.e.,

For any given constants a >  1 and /3 >  0 there exist b £ B, w £ T^B and
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X € Ft, satisfying:

\ \ v \ \ m  >  a \ \ w \ \ B  +  P  [CE.l]

where v is the horizontal lift of w in {HT)x C T^M.

In this case, the inclusion map i :  Ft, ^  M  is not a rough isometry.

Let M  and B  be the following Riemannian manifolds,

M  =  {{xi,x- 2 ,X3 ) e : x l  +  x l  =  x l  + 1}

and the compact unit circle,

B  — =  { {x\ ,X2, Q) ^  R? x\  + x \  — 1}

where the metrics on M  and B  are induced by the Euclidean metric on R^. 

Let 7T : M  —>■ J5 be defined by,

n(XuX2,X3)=  f 
\ sJx{ - \ -x^ sJx\ - \ -xi  j

The map t t  defined as above (see Fig. 4.4) is the composition of the two 

maps,

{X^,X2,X3) ^
\ y / x \ + x l  y j x \ ^ - x i  J 

(a, 6, c) (a, b, 0)
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TT

(a, b, c) t-A (a, 6, 0)

(projection)

b

X I X 2

(dilfeomorphism)

Figure 4.4: The map t t  : M  —> J5 in Counterexam ple 4.2.2.

where the first is a diffeomorphism between M  and the cylinder described by 

a:2, xa) € =  l;a ;3 € M } ,  and the second is the projection

onto the first two coordinates, which is an onto smooth maximal rank map. 

Consequently, t t  : M  —> B is an onto smooth maximal rank map.

Notice that for any compact connected smooth curve j  in B  =  S^, which
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minimizes distances between two points in B,  its length satisfy £(7 ) <  2tt. 

On the other hand, if we denote by the horizontal lift of 7  through

( x i , X 2 , r ) ,  where

( x i , X 2 , r )  e  : x l  +  x l  =  +  1, r  >  0 constant

the lengths of the horizontal lifts ^(rr) grow without any bounds as r -> + 0 0 .

Next, we find suitable parametrizations for 7  and in order to show 

that [C E .l] holds.

Let b — (61, 62,0) G B.

Assume that 7  passes through b, and let us parametrize 7  by,

7 ( 0  =  (71 (i), 72(i), 0) G B, Vt G [0,1]

with b =  7 (0 ) and 7 i(t)  -I- 7 |( t )  =  1 where, 0 <  t <  1.

A generic element in the fiber F* C M  can be described as,

:= (bi  ■ \/s^ +  1,62 • +  1, €  M

where s € R is  constant.

We claim that the unique horizontal lift Pr (see Fig. 4.5) of 7  through 

where r >  0 , can be parametrized by,

r r (t )  =  (7 1  ( )̂ • %/r  ̂+  l , 72 (t) • V r ^ ~ + l , r ^  Vt G [0,1] [CE.2]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE M A X IM A L RANK MAPS 65

^ r

V

Figure 4.5: Curve 7  and its horizontal lift F .̂

First, we show that the Subspace of Vertical Vectors is a 2-dimensional 

vector space of the form,

ker(7r*)(,.,,„,3) =  { (^ ,Cr^) ^  JR̂  : X2 ■ ^ -  Xr ■ (  =  0}

where ( x i , X 2 ,X 3 ) € M .
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The Jacobian of tt at { x \ , X 2 .,X3 ) € M  is given by,

('^*)(n,i2,a:3)(^i Cl ~

57T2 . \ 9tT2, \ 9tT2, .{Xi,X2,X3) — {XuX2,X3)  —  (Xi, Xa, X3)
dxi

0
dX2

0
a:S

{x\ +  xlf^'^  
—X1 X2

0

0

-X \X 2

{x l +

{x\ +  x lf '"^
0 0

x \^  -  X 1X 2 C 

-X iX 2 i  +  X\C 
0(x? +  x l f ^  

for any ( ,̂C,??) € E?.

Thus, for each { x \ ,X 2 i X 3 ) G M ,

0

c
»7

T
• C

. ^ .

( ^ ,C , r? )  G ke r(7 r,)(^ „,,2 ,a :3 )

r x l^  -  XiOJzC =  0 
\  -X iX 2 ^ +  xlC =  0

f  3:2 • (3:2̂  -  a:iC) =  0 x j+ ^ o  
\  - x i  • (a;2̂  -  XiC) =  0

X2 - ^ - X i - C  =  0 [CE,3]

Notice that, the map {'^*){xux2 ,x3 ) has rank 1, y { x i , X 2 ,X 3 ) G M , since,

—X1X2

d e t

X2

{x\ +  x l f ^  (xf +  xlf^"^ 
—X1X2 r 2X\

.2 ',3/2

=  0
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and

xf X2  ^  0  either det

which implies that,

x l
0 or det

dim =  2

and

dim ((i?T )(^„^2,̂ 3) (ker(7T,)(^,,^3,̂ 3))^ )  =  1

In order to prove claim [CE.2], we must verify properties (h i.1,2,3) 

according to P ropo s ition  4.8, for Fr- 

[ (h l. l) ]  TToPr =  7

7T o  Fr(t) =  TT ^ 7 i ( t )  • l , 7 2 ( t ) ' V t ^  +  l , r ^  =

7 i( t)  • \/r2  +  1 72(t) • V r ^ + T

\V '7 i( i ) (^ ^  +  1) +  72(^)(^^ +  1 )’ V '7 i(t)(r2  -h 1) 7 |(t)(r2  -f 1)

= (7i(i),72(i),0) = 7(t), Vt€[0,l]

,0

where, j^ { t )  +  72(^) =  l i  € [0, 1].

[(h l.2)] F ,(0) =  er

Fr(0 ) =  =  (̂ 7 i ( 0 ) • -v/r̂  +  1 , 72 (0 ) • \Zr^ -f l ,r^  =

=  (61 • vV ^+T , 62 • V r^ + A ,  r)  =  Cr
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[(h l.3 )] is horizontal: rj.(t) € {HT)rr{t) =  (ker(7r*)r,(t))'^, Vf € [0,1] 

We have, for all t € [0,1],

7 ? W + 7 l W  =  l  7 i W - 7 i W + 7 2 W - 7 2 W  =  0 =J>

=» 7 (t) •  7'(t) =  0

and,

( 7 2 W , - 7 i W , 0 ) « 7 ( i )  =  (72 ( i ) , - 7 i W , 0 ) * ( 7 i W ,  7 2 ^ , 0 )  =

=  72(i) ■ 7i(^) -  7 i(i)  • l 2 {t) =  0

implying in x { 0}  that,

( 7 2 ( i ) , - 7 i ( i ) , 0 )  •  ( 7 U ^ ) > 7 2 ( ^ ) i O) 0

Moreover,

K i t )  =  ( 7] it) ■ ^ M + i ,  7^(i) • 0) ,  w e  [o, i]  [ce .4 ]

Then, condition [CE.3] determining whether a tangent vector belongs to 

the kernel of t t * ,  writes,

(^'y2it)\/r^ +  i j  • 7 ( ( t )V r2 " + T - ^7 i(t)\/r2  +  •72(*)v^^^ +  1 =

=  \/r2 T T (7 2 (i)  • 7 ( ( t ) - 7 i ( i ) - 7 2 ( < ) )  =

=  \ /r2 -h l(7 2 ( i) ,-7 i( t) ,0 )  •  (7[(*),72(*)>0) 0
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and consequently, Vt G [0, l],rj.(t) is not a vertical vector.

Now, we show that the tangent vector to r r ( t)  is perpendicular to the 

fiber ^ 7(4), for each t € [0, 1].

Recall that a generic element in the fiber can be written as,

6  ~  (71 (i) ■ -t-1,72(t) • ,s e M  [CE.5]

Therefore, a tangent vector to the fiber is given by,

■ T T O ’ ' ) ^  ^

and thus,

| : 6 . r ; w  =

^  ■ T T T T  ■ +   ̂+  '̂ 2(f) • - 7 = f  ' +  1 =y/r^ +  1 +  1

= ̂ (7iW-7iW + 72W-TaW) = 0, Vi € [0,1]

So, rj.(i) ±  F ‘y{t) for all t € [0,1] and r  G M, and we conclude that

K i t )  G (HT)r.(q.

Next, we show that [C E .l] holds for t t  : M  B.

Let b e B he arbitrary, and any given real numbers a >  1 and /? > 0.

For the smooth curve 7 in B, parametrized by,

7 : [0, 2tt] —> B
t !->■ 7 (i) =  (cos i, sin t, 0)
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where,

7' : [0, 27t] B
t 7'( i)  =  (—sinf, cosi, 0)

and,

||7 'W IIm  =  1, 0 < t < 2 n [CE.6]

there exists a unique /<, G [0, 27t), such that b =  'Y{tb).

I f  we choose r  =  \ / { { ol +  /3) +  1}^ -  1, which is a number greater than 

1, we obtain for v =  rj.(t6),ro =  'f'{tb),x =  Trih )  the following,

=  ||rj.(t6 )|lM   ̂  ̂ 1|7^(^6)IImV'^^ + 1  ̂  ̂ V r'^  + 1 =

=  ( o ! - f / 3) - l - l > Q ! - l - / 3  =  Q ! - l - f - / 3  Q ! | | 7 ' ( * 6 ) | |m  +  /5 =

=  a\\w\\B +  ^

which is [C E .l].

Finally, we show that the inclusion l : Ft, M  is not a rough isometry. 

In that direction, we claim that (R I.2 ) fails, i.e.

Ve >  0, 3y^ =  ye{e, b) € M, satisfying duiye-, >  e

From [CE.5] the fiber Ft, where b =  7 (^6) =  (costj,sintft, 0), can be 

described as.

:= (VrM -T-costfi, V r M ^ -s in t i ,  r ) , r  G
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Figure 4.6: Generic elements in the fiber Fj, and in M  \  Ff,. 

So, M \ F b ^ $ .

Now, any element yr oi  M \  Fb is of the form.

V r =  +  1 • cos t, -f 1 • sin t, r  j

for some r  £ R  and t G [0,27r),t tb, where 7 (4 ) =  (cos4 , s i n 0) =  b ^  

7r(?/r) =  (cosf,sin t, 0) =  7 (t) (see Fig. 4.6).
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Define t € [0, 27t), by,

j  ( tb +  TT, i f  0 <  ift <  TT {: .TT < i  <  2it)
I  — 7T, i f  TT <  6̂ <  27T (: .0 <  f < tt)

In particular, i ^ t b  and |t — =  tt.

Moreover,

d u i i r ,  Vr) =  -I-1) (cos tb -  cos t)^ +  (r^ +  1) (sin tb -  sin =

=  -f l \ / l  — 2costftCosf — 2sint6sint +  1 =

=  \/r^ +  l - \ /2 \ / l  — cos(4  — i)  =  Vr2"+TV2V2 =  2\/r^~+ l [CE.7]

Let € > 0 be arbitrary.

I f  e < 2, by [CE.7] we have (see Fig. 4.7),

d M { i ' { F ' b ) , y o )  =  dMi Co^ Vo)   ̂  ̂2 >  e

which shows that [R I.2] fails for :=  yo =  (cost,sini, 0) € M  \  Fj.

I f  e >  2, consider any r  € Ft satisfying

r  > 0
2 2

this choice of r  being possible, because property [CE.l] holds for this Coun­

terexample.

In that case, we have,

2r > Ve'  ̂— 4 > 0 = >  4r^ > -  4 > 0 4(r^ -I-1) >  = >
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(cos tb, sin tb, 0)

7(i) m

Figure 4.7: Realization of the distance between and the fiber Fb.

= >  2Vr2 +  l  >  c [CE.8]

In what follows we w ill define (see Fig. 4.7),

2/e =  +  1 • cos i, A / r f T T  • sin t, r } j  e M \  Fb

satisfying the 2 conditions,

•  Te> r\ and
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•  the unique straight line passing through and is perpendicular to 

Fb at ^r, thus giving us the realization of the distance duiVe-, i îFb)) =  

dM[ye,^r)-

We may assume w.l.o.g., for the sake of a much simplified calculation, 

that, ^  and t since M  is symmetric w ith respect to both axis 63 

and 62 (see Fig. 4.8).

Thus we have, 7 ( ^ )  =  (0 ,-1 ,0) =  ^>7 ( 2) “  (0)li0)> u generic el­

ement =  (0, +  1) f') in the fiber Fb, and a generic element yr =

(0, \Zr^ -I-1, r)  in M , but not in the fiber Fj.

In this case, F j is given by X2 =  +  1, and the perpendicular line

to Fb at ^r has equation,

X2 +  \ / r 2 -t- 1 =  - i ( a : 3 - r )  =

- - - - — (3:3 - r ) ,  ^ X s G R  [CE.9]

where =  -y—  +  A |tj=r=
du 2 V r F + i

Since ŷ  =  ^0, +  1, is on the line [CE.9], we obtain the following

equation.

■vAfTT +  -  r) >  0 [CE.IO]

which defines r,.
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(0, - l , 0) (0,1,0)

7T

Figure 4.8: Construction of =  ^^(e, 6) when h  =  y  ^̂ nd t  =  f

Indeed, equation [CE.IO] has only one solution,

\ / r f + T  =  ^Tf -  2\Zr^ -f 1 =  V rM -T  — 2^

^ r j  +  l  =  (r" +  l )  ( ^ i + 4 - 4 ^ )  =4

r1 +  1 =  r1 +  ^ +  4(r^ -4-1) — 4 ^r- -I- =»
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=> -  4 f r  -f i  ) Ff -f 4r^ +  3 =  0 ^

4 ( r  +  ^ )  ±

where

A  =  l 6 ( . +  i y _ 4 i ( 4 r ^  +  3 ) = 1 6 ( r ^  + 2 +  i ) - 1 6 - ^  =

=  16r^ +  16 - I - ^  =  4 ^47-^+ 4 + =  4 ^ 2 r - f  

V A  =  2 ^2r -I- =  ^4r +

which implies that,

4 ( r  +  - )  ±  (4 r  +  - )
=  \ .... V d  =  2r^ + 2r ± ( 2r^ +  r)  =  |  ^ +  f

^  r  (not a solution)
^2

Then, the only solution of equation [CE.IO] is,

r ,  =  4®-f 3r- =  r(4^ +  3) > r  > 0  [C E . l l ]

Finally, by employing the expressions,

Ve =  (o, V r fT T ,  and =  (0, -Vr"^ +  1, r)

and by using [CE.IO] and [C E . l l ]  , we can estimate the distance from t/e 

to the fiber Fj, only in terms of r,

10]
d u i V e , =  y O ^ +  ^ V r f T T  +  Vr'^ +  l )  +  {r^ -  r)^
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=  ] j  (’■> “  '■)" +  - ’■)=' =  y  + 1)  (’■, -  r)" =

=  \ / ^ ( ^ .  -  ‘” =  “  =

=  V(2r-2 +  1) (4r-2 +  2) =  y/2r^ +  1 (4r^ +  2) =  2^/2r^ +  1 (2r^ +  l )

=  2 (2r -^ - f l ) ^  

which reduces to,

dM{ye,Cr) =  2{2r^ +  l)'^ [CE.12]

Next, we claim that.

(2 r' +  l) ^  > V r^ T T  [CE.13]

In order to prove the claim we define the auxiliary C°° function,

/ ( r )  := (2r^ -f l )^  — (r^ - t - 1) , r  € M

and we prove that /  |[o,oo] is strictly increasing.

The first and second derivatives of / ,

^ / ( r )  =  3 (2r^ + l)^  4r -  2r =  3 {Ar^ +  4r^ +  l)  4r -  2r = 

=  2r (24r^-h 24r^ +  5)
V---------------------------------------- ,

> 0

(P
/ ( r )  =  240r^ -H I44r^ -MO > 0

ctr^
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imply that /  |[-oo,o] is strictly decreasing, /  has an absolute minimum at 

r  =  0, and /  |[o,oo] is strictly increasing.

These facts give us the following,

f ( r )  >  /(O), Vr > 0

=> (2r^ -h l )^ -  (r^ +  l )  > 0 =  (2(0)^ +  l)^  -  ( o V  l ) , Vr > 0

=> (2r^ +  l)^  > (r^ +  l )  >  0, Vr > 0 (2r^ -t-1)  ̂ >  (r^ 1)  ̂ , Vr >  0

which is claim [CE.13].

Now, if  we combine [CE.12], [CE.13] and [C E .8], we get.

d u i y e , / - ( F b ) )  =  d M ( y e , & )  >  2\/r2 -I-1 > e

which shows that (R I.2 ) fails for t : Fb M , and consequently, the inclusion 

map I is NOT a rough isometry.

This describes the Counterexample.

Next, including a lower bound in assumption ( 4.14), with an extra univer­

sal property of the fibers, we can show that t t  : M  -> R is a rough isometry, 

as follows.

Theorem  4.2.3 Let t t  : M  B be an onto smooth map with maximal rank, 

where B  is complete. Assume the following,
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(U P ) 3m > 0 , a universal constant, such that diam { 7r“ ^(6)} <  m < oo, 

fo r  all b € B ; and

(H LC ) 3a >  1 and /3 >  0 such that, fo r all b € B  the inequality holds:

- \ \ w \ \ b -  p <  \ \ v \ \ m  <  a\ \ w\ \ B +  P  a

fo r all X € Fb and w € TjJS, where v £ {HT)x  C T^M is the horizontal 

l ift of w through x and we assume that v satisfies | | w | | m  <  1-

Then, tt : M  B  is a rough isometry.

In particular, i f  fo r some bo the fiber tt̂ ^ (bo) is compact, then M  is roughly 

isometric to the product 7t“ ^(6o) x B.

Proof. Firstly, note that in (H L C ) the horizontal lif t  v £ [HT)x  of w is

V
assumed to satisfy | | u | | m  <  1- Otherwise, if  \ \ v \ \ m  > 1 we define v  : =  , ,  ,

Ip IIm

with the properties

•  ^ € (HT)a

(Tr.)x('f^) =
I^Hm
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w
and i f  we use 77—n— and v in (H LC ), we thus obtain the equivalent inequality,

ik llM

W

i I H I b

Oi ||u||m

• ^  <  Oi
w

m iM  
II^IU  /  „ I1'*b||b , a

<  a - r r - r ,  r  P  =

- \ \ w \\b -  ^\\v \\m  <  | | u | | m  <  a l h l l f i  +  P | | w | Ua

- I k l l e  <  (/? +  1 ) \\v \\m  a  (1  -  P )  | | u | | m  <  a l k l l sa

a W + i)

a (/S +  1)

for w E T(,B, where v is the unique horizontal li f t  of w through x with

||u||m  >  1.

We must verify the validity of ( R I . l )  and (R I.2 ).

Since t t  is onto.

B  =  ImTT =  {y  E B ■. d{y, ImTr) <  e} =  ^^(ImTr), Ve > 0

which is (R I.2 ) for any e > 0.

To verify ( R I . l ) ,  let x ,y  E M.

W.l.o.g. we may assume that B  is connected. Otherwise, we repeat the 

argument which w ill be utilized in this proof, on each connected component 

and the result w ill follow.

B  being complete, implies that there exists a minimal geodesic 7 joining
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'k { x ) to 7r(j/), where,

7 : [0) 1]
7(0) := 7 r ( x ) ,  and ^{'y) =  dB{n{x),Tr{y))
7(1) := TT{y),

Now, P ropos ition  4.8 guarantees that 7 has a unique horizontal lift  

Fa; : [0, 1] —>• M , through x, satisfying,

(h l.l) TT O Fa; =  7;

(h l.2) F i(0) =  X and Fa,(l) € 7t “ ^{7 (1)} =  7r~^{7r(y)} =  F7r(y)- In particu­

lar, Fa; intersects the fiber containing y;

(h l.3) F i is horizontal, i.e., Fa;'(t) € (FfT)r^(q.

We may assume w.l.o.g. that F i is p.p.a.l. and ||Fa;'(t)||M <  1 for all

te [o ,  1].

Thus we can write,

F  (H LC )  r i

^(ra;) =  /  \\T'J\Mdt <  a  |l(7r*)ri{t)F j(t)l|Bdt + /5 =
Jo Jo

=  a f  \\i{t) \\B d t + P  =  a - i{ 'y )  +
Jo

=  a - dB in{x),‘n{y)) +  P (4.18)

By the triangle inequality, by hypothesis and the above, we have, 

dM{x,y) <  dM(a:,Fa;(l))+ dM(Fa;(l),2/) <
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(U P ) ( 4.18)
<  ^ (F a :)  - f  d M ( r a : ( l ) ,  y )  <  £ { T x )  +  171 <

< a ■ dB{'ii'{x),Tr{y)) +  P +  m

dB{n{x),7r{y)) >  -dM{x,y)  -  (4.19)
a a

Now, we claim that for 7 , the minimal geodesic joining n(x) to 7r(y), its 

length ^(7) satisfies,

dB(7r(x), 7r ( y ) )  =  ^ ( 7 )  <  a ■ £(<;) +  a  ■ /3 ( 4 . 2 0 )

for any smooth curve ; [0,1] —> M , joining x to y.

First, observe that for any orthogonal vectors U and W,

||C7© =  \ \U f  +  lllF iP  > m a x { \\U \ \ \ \ \W f}

Now, since each tangent vector is the direct sum of a horizontal and a 

vertical vector, we can write,

% )  =  [  \ W { t ) \ \ M d t =  [  \ W H { t ) ® < ; v i t ) \ \ M d t >  f  \ W H { t ) \ \ M d t  (4.21) 
Jo Jo Jo

where we are assuming here that c//is a p.p.a.l. and ||?ff(t)||M <  I j Vt € [0, 1]. 

By Lem m a 4.3 we have.

e{Troq)= f  | | ( 7 r * ) , ( ( ) ? ' ( t ) | | s d t  =  /  l l ( 7 r * ) c ( t ) ^ f f ( t ) l | B d t  
Jo Jo

(4.22)
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Prom the left-hand side of (H L C ),

1
a

\\{T^*Ut)^Hii)\\B <a-\ \<;Hi t ) \ \M +  a - 13 (4.23)

for a ll t  € [0,1].

I f  we combine ( 4.21), ( 4.22) and ( 4.23), we get.

^ (7 ro < ^ )  f  \\{Tr»],(t)<i'n{t)\\Bdt  ̂ f  \\(;'fjit)\\M +  aP
Jo Jo

<

( 4.21)
<  ai{(;) +  a/3

The above together with the fact that 7 is the minimal geodesic joining 

'n{x) to 7 r ( y )  implies that we can finally write,

ds(7r(a;), ?r(j/)) =  .̂ (7) <  £{tt o<;) <  a£{q) +  a/3

for any smooth curve : [0,1] —>• M , joining x to y, which is claim ( 4.20).

We recall that by definition of infimum, du ix^y) is the greatest lower 

bound for {^(?), where <; : [0, 1] -> M  is any smooth curve joining a: to y}, 

and since <; is arbitrary in ( 4.20), we obtain,

dB(7r(x), 7r(y)) < a • cIm(x, y) +  a ■ ^  (4.24)

Let A a > 1  and C := max i  , a ■ > 0 .
I  O' J
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I f  we now, rewrite ( 4.19) and ( 4.24) in terms of A  and C, as follows,

1  .  .  N ^  ^  1 . .  .  X ( / 3  +  m )—d M [ x , y ) - C  <  - d M { x , y ) -------------------<
A a a

{ 4.24)
<  dB{Tr{x),n{y)) < adm ix,y) +  aP < AdM{x,y) +  C

we obtain ( R I . l )  for ?r.

□

In the following 3 Counterexamples, we show that if  in Theorem  4.2.3 

we drop either the universal property of the fibers or the control over the 

length of horizontal lifts of tangent vectors, ■n : M  -A B  ceases to be a rough 

isometry.

Counterexam ple 4.2.4 We w ill exhibit M , B, n, where B  is connected and 

yb & B  the fiber Fb is compact, satisfying all conditions in Theorem 4.2.3 

with the exception of (H L C ), which does not hold in this Counterexample,

i.e.,

For each given constants a > 1 and fi >  0, there exist b € B ,x  € F i,w  € 

TbB such that either one of the following holds:

\ \ v \ \ m  > o t \ \ w \ \ B  + P  or 1|u||m <  ^ ) | t D | | s  ~ / 3  [CE.14]

where v is the unique horizontal lift of w through x.

In  this case, the map ir \ M  B is not a rough isometry.
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Let M  =  {{x ,y , z) G =  l , y  e M }  and B = JR, & complete

and connected Riemannian manifold (see Fig. 4.9).

M
r\

Vi

f ’

7 \

ii
X{fx,  r])

63

A A(x,y, z)

U

62

) J
X ei

7T y;

{ x , y , z )  y

\ m ----------  •----

Figure 4.9: Manifolds M , B and the map tt in Counterexam ple 4.2,4. 

We first define an auxiliary CLdiffeomorphism /  : 1? -> 12 by,

[CE.15]
i  — L- ^  \ uj i i  y u

with inverse,

=  G [0,oo) i f y > 0
\  1 — € (—00, 0] if  y <  0

V f ln(z-h 1) G [0, 00) i f  z >  0f (") =  { - I n ( l - . )  € ( - c o , 0| i f ^ i o [CE.16]

and derivative,

n v )  -  { f - .
i f  y > 0 
i f  y <  0

[CE.17]
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Figure 4.10; Graphs of / ,  /  \  / ' .

which is never zero.

Let 7T : M  -> 5  be given by n{x,y,z) :=  f {y)  (see Fig. 4.9). The map 

7T is onto and since both the projection {x, y,z) y and /  have those 

properties.

(Claim 1) The rank of tt is maximal.

The Jacobian of tt,  is given by,

(T^*){x,y,z) =  [ 0  f ' i y )  o] \ / { x , y , z ) e M

which has maximal rank 1, since / '  never vanishes (see [CE.17]).

Next, we observe that the space of vertical vectors at (x, y,z) € M  is,

{VT)(^x,y,z) — ker(7r»)(a;,j,,2) =

=  {vectors tangent to the parallels y=constant} = T S ^
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and the space of horizontal vectors at (x, y,z) € M  is,

{ H T ) ( ^ x , y , z )  —  =

=  {vectors tangent to the meridians a;=constantA2:=constant} =  M

In order to describe explicitly the horizontal and vertical vectors, we will 

use the following global parametrization of M,

X  {jj,, 7]) =  (cos T}, iJ,, sin T}), y e  R , y e  [0, 27t]

Note that n o X{y, r] )  =  y, My e R , My e [0, 27t].

The parallels are the curves,

y e [0,27t] I-)- X(/iconst.,??) =  (cos77,/iconst.,sinr?) € M

so that the space of vertical vectors is generated by,

(x„{ycor^st.,y) := ^(jWconst.,^?) =  (~  sin 7/, 0, COS T?) ̂

The meridians are the curves,

y e R  X{y,yconsi.) =  (cos77const.,M,sinr7const.) € M

SO that the space of horizontal vectors is generated by,

dX
% onst.) (M) T7const.) =  ( 0 ) 1 ) 0 )
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(Claim 2) The fiber Fb is compact and diam Fb <  m,\/b € B, where 

m =  3 > 0 is the universal upper bound for the fibers’ diameters.

Each fiber is given by,

Fb -  =  { (x,y,z)  € M  : f {y)  =  6}, b e B  =  R

and the fact that,

f { y )  =  b ^ y  =  / - ^ ( 6)

{y  =  ln{b +  1), i f  6 > 0} V {y  =  — ln ( l — b), i f  6 < 0}

together with the definition of M , imply that the fibers have either form,

Fb =  {(x , ln (6 +  1), 2) G +  2  ̂=  1}, i f  6 > 0 V

Fb =  {(x , — ln ( l — b), 2) G 1?® : +  2  ̂ =  1}, i f  6 < 0

which is a unit circle in the plane y — f~^{b), and therefore a compact subset 

of R? with diameter 2 <  m =  3.

(Claim 3) Va > l,V/3 >  0,36 G 5 , 3x G Fb,3w G T iB ,3v  G T^M : 

(7T»)jU =  w, such that [CE.14] verifies.

Let a > 1 and /3 > 0 be any given constants.

Define,

>0

6 := ^ a ^ G B
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X :=  (1, ln(2o!), 0) € Fi, since irx =  /( In  2 a) =  e'"^“  — 1 =  2a — 1 =  6 
>0

id  :=  2a(/3 +  1) € T jf i

V :=  (0, /? -f 1, 0) € T jM , the unique horizontal li f t  of w through x, 

since (Tr*)^!; =  / ' ( ln 2a)(/? +  1) =  +  1) =  ‘2 a{P -I-1) =  ti)

Moreover,

||u)||b =  2a(/3 -f 1), IIu IIa/  =  ^  4-1

implies that,

 I!'*^||b "h +  1 -------2a(/3 -1-1) -j- ,5 =  — \  +  P =  —1 <  0
a a

=> < - | | u |̂|b -a

which is [CE.14],

We remark here that there is also a choice for 6 < 0 an element of B, 

as well as for i  6 F i,w  6 T iB ,v  € T jM  : (7T*)j{; =  w, providing us with

\\v \ \m  >  a\\w\\B +  13.

(Claim 4) does not satisfy (R I . l) ,

I t  suffices to verify that ( R I . l )  fails for tt, for particular pairs of elements 

in M . We w ill show that Vj4 > 1, VC > 0, BijAc € iR, a positive number such 

that,

da {7r{x, 0, z), tt(x, y, z ) ) >  A-  d,M ((a:, 0, z), {x, y, z)) -t- C 44
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^  \ f { 0 ) - f ( y ) \ > A - y  +  C ^ e y - l > A - y  +  C [CE.18]

for all y > yAc-, where z, z G J2 : =  1 are arbitrary.

Let >1 > 1 and C > 0 be any given constants.

We begin by introducing an auxiliary C°°-function g,

g ; ]R —̂ R
y ^  g iy )  := - l -  A y - C

We w ill guarantee [CE.18], by showing that,

^yAC > 0 : Vy > yAc g (y )  >  0 [CE.19]

In what follows, we study the functional behavior of g through its deriva­

tives, which w ill enable us to conclude [CE.19].

y g{y) =  ey - l - A y - C g' {y )  =  -  A g('^Hy) =  e y , K > 2

0 - c l - A 1
In ^ A A n ^ - I - C 0 A
- t -0 0 -foo - t - 0 0 -1-00

— 0 0 -foo ( - ^ ) + 0+

(case A >  \) (-00,0) (0, In j4) (InFl, -Foo)

g' - - +
g (monotonicity) \ \

g" -F -F -F
g (concavity) U U U

(case A =  IJ (-0 0 ,0 ) (0, -Foo)

g' - -F
g (monotonicity) \

g" -F +
g (concavity) U U
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The tables above, the facts that g is continuous, ^(0) =  —C <  0, 

Iimy^+oo5(y) =  +00 and g |(inyi,-i-oo) is strictly increasing, allow us to con­

clude that, there exists a real number yAc >  0 for which g{yAc) =  0 and 

g |(j/^c,+oo)> 0, which is exactly [CE.19].

Therefore, [CE.18] holds and (Claim 4) follows, which shows that tt is 

NOT a rough isometry.

This describes the Counterexample.

Counterexam ple 4.2.5 We w ill exhibit M , B, n, where B is connected and 

'ib € B  the fiber Ft, is compact, satisfying all the conditions in Theorem 4.2.3, 

with the exception o /(U P ), which does not hold in this Counterexample, i.e..

The fibers’ diameters are not uniformly bounded, in other words:

Vm >  0 ,3bjn € B  : diam >  m

In  this case, the map rr •. M  B is not a rough isometry.

In  particular, we note that in this Counterexample (H LC ) does not hold 

either, i.e..

For given constants a >  1  and >  0, there exist b e B ,x  £ F i,w  € T iB  

such that either one of the following holds:

||u | | m  >  o i \\w \ \ b  +  or ||u | | m  <  ^ | | u ) | | b  -  [CE.20]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE M A X IM A L RANK MAPS 92

where v is the unique horizontal lift of w through x.

Let =  {{x^y,z) £ : x =  0 A z =  +  1} he & curve in Ef ,  and

let M  be the rotation hypersurface of , around the y-axis, described by 

M  =  {(a;, y, z) e =  (y^ +  1)^}. Let B =  R,  & complete and

connected Riemannian manifold (see Fig. 4.11).

(0, 0, 1)

- b

b- b 0

Figure 4.11: Manifolds M, B and the map tt in Counterexam ple 4.2.5.

Let 7T : M  -> jB be the projection 7r(x,y, z) :=  y, which is onto and 

Note that tt has maximal rank= l.  since the Jacobian of tt,  is given by,

{T̂ *)(x,y,z) =  [ 0 1 0 ] V (x,y,z) e M

Each fiber is given by,

Fb =  7t"^ (6) =  {(x ,y ,z ) € M  : y =  6}
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=  { i x , b , z ) € M ^ : x ‘̂  +  z'̂  =  ib'̂  +  l f } ,  b € B  =  R

which is a circle centered at (0, 6, 0), with radius (6̂  + 1), contained in the 

plane y =  b. Hence each fiber is a compact subset of with diameter

diam Ff, =  2(6̂  +  1), which grows without any bounds as 6 -> ±oo and

therefore not uniformly bounded.

Next, we want to justify [CE.20].

The space of vertical vectors at {x, y,z) G M  is,

{ V T ) { ^ x , y , z )  —  k 6 r ( 7 r * ) ( x , j , , a )  =

=  {vectors tangent to the parallels y=constant} =  TS^

and the space of horizontal vectors at (x, y,z) € M  is,

{ H T ) ( x , y , z )  =  ( k G r (7 T * ) (a : , j / ,z ) )  =

=  {vectors tangent to the meridians {(a:, y, z) € M , x  =  az : a € JR}}

f m, f  ̂  2/̂  +  1 A 1=  < vectors tangent to the curves y G \ — . , y, 1 >

In order to describe explicitly the horizontal and vertical vectors, we w ill 

use the following global parametrization of M ,

X(/i,r?) =  ((/i^ +  l )  cos7?,/i, [y? -f l )  s in77) ,  y .GR, r j  G [0,27r]

Note that tt o X{f i ,r]) =  //, V/i G 1?, V77 € [0,27rj.
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The parallels are the curves,

77 € [0, 27t] I  ̂X  (Mconst.) ~

=  ((AtLst. +  1) cosr?,/Xconst., (mLsi. +  1) sinrj) € M  

so that the space of vertical vectors is generated by,

(^^riif^coast.iV ) •“  (M c o n s t.i^ )  ~  (/^const. T  l )  ( s in  0 ,  COS

The meridians are the curves,

X{fi,riconst.) =  ((m^ +  1) COS7?const.,M, +  l)  sin7?const.) € M  

so that the space of horizontal vectors is generated by,

^const.) (/^) ^const.) ~  (2 /^  ‘ COS 77const.) 1) 2 / i  ' S in  7 /const.)^

The above determines the general expression of a horizontal lift: for each 

b G B =  M  and w € T),B =  M, the unique horizontal lift  u of te through a 

point X  (6,7/) € Fft C  M  is represented by the vector,

V =  w- Xf,{b, fj) =  w - {2b- COST), 1 ,2b ■ sinf}) € {HT)x(b,rj) C Tx(b,f))M

since (7r,);f(j,^) {v) =  w  {'K*)x{b,fO (2 >̂ • cos^, 1,26 • sin^) =  lo • 1 =  w.

In particular, ||t;||m  =  • x/4P"+T =  l|7n||B • V462"+7, which implies

that,

Va > I,V/3 >  0,36a,/3 > € Tb^^gB ^  R  : ||7;a, |̂iM > OL\\wa,0 \\B +  P
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where Wa,fi is the unique horizontal lif t  of Va,̂  through X{ba,^, fj) € Ft, C M , 

for ?7 € [0, 27t]. This guarantees [CE.20].

Our goal here is to show that t t  is not a rough isometry. One can accom­

plish that by verifying the failure of ( R I . l )  for t t .  I t  suffices to verify that 

( R I . l )  fails for tt, for particular pairs of elements in M.

Hence, we w ill accomplish our goal i f  we show that Vv4 >  1, VC > 0, 

3yAc € M, a positive number such that,

dB (7r(0,0,1), 7t(0, y, +  1)) < ^  • dn  ((0,0,1), (0, y, y'̂  +  1)) -  C 

^ \ 0 - y \ < j - d M  ((0,0,1), (0, y, y^ +  1)) -  C, Vy > yAc [CE.21]

where, the curve {y € M  := (0, y, -I- 1) =  X (y , | )  G M }  is a

meridian of M , and therefore a geodesic.

Observe that one may express distance in terms of d, since it  is a geodesic, 

so we may write for all y > 0 ,

dAf((0,0, l),(0 ,2 /,y^ -f 1)) =  /  \ \ ' d ' { y ) \ \ M d y  =  f  ^ / l  +  A y H y  [CE.22]
J q J o

I f  we incorporate [CE.22]reformulation of claim [CE.21] 

yA  >  1, VC > 0 ,3yAc € M, yAc >  0 :

dB (7t (0 , 0,1), 7t (0 , y, 2/̂  +  1)) < ^  • du  ((0,0,1), (0, y, y'̂  +  l ) ) - C

^  y ^  \  ' J  dy -  > yAc >  o [CE.23]
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Let A >  I  and C > 0 be any given constants and define an auxiliary 

C°°-function h by,

I  fV ______
y i-> h { y ) : = y -  — - J  y ' l  +  Ay'̂  dy +  C 

Note that claim [CE.23]

^yAC >  0 : Vy > H y) <  0 [CE.24]

In what follows, we w ill study the functional behavior of h through its 

derivatives, which w ill enable us to conclude [CE.24]

The algebraic expressions of /i, h \ h" are, respectively,

Hv)

h'(y )

h"{y)

= y -  J  \ / l  +  4y  ̂ dy +  C

1 -  i  ■ V 'l +  4y2 

-4 y
A y / r + 4 ^

y h{y) h ’ {y) h"{y)

0 C > 0 0

0 -2VA^  - 1 ^ 0
2 H  2 1 4̂2

4 -0 0 — 0 0 —oo
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(case A >  \ ) ( . . " - ' I
h! + -

h (monotonicity) \
h" — -

h (concavity) n n

(case A =  l ) (0, -Foo)
h' —

h (monotonicity) \
h" -

h (concavity) n

The tables above, plus the facts that h is continuous, h{0) =  C > 0,
\/^2  _  I

lim^_++oo h{y) =  —oo, h has an absolute mciximum at -----   and h re-
/  \/yi2 _  I  \

stricted to the open interval ( ---------  , -l-oo j  is strictly decreasing, allow us

to conclude that, there exists a real number yAc >  0 for which h{yAc) =  0 

and h |(j/^c.-i-oo)< 0, which is exactly [CE.24]

Therefore, [CE.21] holds and ( R I . l )  fails for tt, which shows that tt is 

NOT a rough isometry.

This describes the Counterexample.

Counterexam ple 4.2.6 We w ill exhibit M, B, t t , where B is connected, sat­

isfying all the conditions from Theorem 4.2.3, with the exception of (U P ), 

which does not hold in  this Counterexample, i.e..
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The fibers’ diameters are not uniformly bounded, in other words:

Vm > 0 ,3bm € B : diam Ft,^ > m

In  this case, the map i r : M  B is not a rough isometry.

In  particular, we note that fo r each b € B, the fiber Fb is not compact 

and condition (H L C ) holds.

Proof. Let M  =  {(0, y, z) € JR®} =  {0 } x JR̂  and B =  M, a, complete and 

connected Riemannian manifold (see Fig. 4.12).

(0,0, z) (0, b, z)

(0, 6, 0)

b0

Figure 4.12: Manifolds M , B  and the map tt in Counterexam ple 4.2.6.

Let 7T : M  —)• J5 be the projection 7r(a:, y, z) :=  y, which is onto and C°°. 

Note that tt has maximal rank= l.  since the Jacobian of tt,  is given by,

(7T*)(a:,j/,̂ ) =  [ 0 1 O ] V { x , y , z ) e M
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Each fiber is given by,

F b  =  =  {{0,y,z) e  M  : y  =  b} =  {{0,b,z) : z € R } ,  b e B  =  R

which is a line passing through (0,6,0), determined by the intersection of 

M  w ith the plane y =  b. Hence each fiber is not compact as a subset of 

1?®, they all have infinite diameter, and therefore the fibers’ diameters are 

not uniformly bounded.

Next, we want to justify (H LC )

The space of vertical vectors at (a;, y,z) € M  is,

( V ' ^ ) { x , y , z )  —  k 6 r (7 r* ) (a ,^ j,^ 2 )  =

=  {vectors tangent to the vertical lines i/=constant} ^  R

and the space of horizontal vectors at (x, y,z) e M  is,

=  {vectors tangent to the horizontal lines 2:=constant} =  R

In order to describe explicitly the horizontal and vertical vectors, we w ill 

use the following global parametrization of M,

X (/i,T?) =  (0 ,/x ,r? ), n e R , r ] e R
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Note that tt o X{ij , ,r}) =  fi, V// e  e  R .

The parallels are the curves,

T} ^  R  >—>■ -̂ (/̂ const.) “  (0) Mconst.) ^ ^

SO that the space of vertical vectors is generated by,

( ^ ^ r i i f ^ c o n s t . iV )  (/̂ const.î ) ~  (Oj^, 1)^

The meridians are the curves,

jjy ^  R  !—>■ -^(/^, ĉonst.) ~  (0) ĉonst.) € ^

so that the space of horizontal vectors is generated by,

ĉonst.) (/̂ ) ĉonst.) ~

The above determines the general expression of a horizontal lift: for each 

b € B  =  R  and w G TbB =  R ,  the unique horizontal lift  u of u; through a 

point X  {b, 7?) € Fft C M  is represented by the vector,

V =  w ■ Xf i {b, f j )  =  w • (0 ,1 ,0)  G (HT)x(b,rf) C Tx(b,rj)M

since (7T̂ )x(b,fj) (v) =  w ■ {7T,)x{b,fi] (0,1,0) =  in • 1 =  w.

In particular, ||i»||Af =  |in| • 1 =  ||u;||b , which implies that, i f  a =  2 > 1 

and ,0 =  1 > 0,

- \ \ w \ \b -  P  <  Ik i ls  =  ||n||M <  a\ \w\ \B +  P  a
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for all 6 G B, € TbB, x G Fb, which is H LC .

Our goal here is to show that tt is not a rough isometry. One can accom­

plish that by verifying the failure of (RI.l) for tt. I t  suffices to verify that 

(RI.l) fails for tt, for particular pairs of elements in M.

Hence, we w ill accomplish our goal i f  we show that >  1, VC > 0, 

^TjAc € M, a, positive number such that,

d,B (7roX (/i,r?),7roX (/i,0 )) <  ^  • ĉ m {X{n,r] ) ,X{^l ,  0)) -  C <=>

^  <  ^•dM ((0 ,M ,T ? ),(0 ,/x ,0 ))-C < ^

^  0 < i - H - C ,  yv>VAC  [CE.25]

Let >  1, C > 0 be arbitrary.

Finally, i f  we define the real positive number r]Ac ■= ^ C  -|-1 > 0, we see 

that,

riAc =  AC  -t-1 > AC  >  C ~^^ac — C > 0 [CE.26]

and since, for all r\ >  rjAc-,

1 1 [CE.26]
- ^ n - c > j 7 ) A c - c '  >  'o

inequality [CE.25] is verified.

Therefore, [CE.25] holds and (RI.l) fails for tt, which shows that tt is 

NOT a rough isometry. This describes the Counterexample.
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In what follows, we introduce some notation (see [27], [9], [16] and [8]) 

and we define a bounded geometry condition for manifolds.

Let ( M ,  g) be a Riemannian manifold with Levi-Civita connection V  and 

curvature tensor R.

The Ricci curvature tensor of [M,g),  at each x G M  is & symmetric 

bilinear form Ric defined by

Ric : T^M  x T^M  — > R
{C, IJ,) I—  ̂ Ric{^, /i) :=  trace{C R{^, C)m)

I f  M  is complete, the injectivity radius at x € M  is given by

Zx{M) := sup{r >  0 : exp^ |s(i,r) is a diffeomorphism} 

and i {M)  :=  inf{?x(M) : x € M }  is called the injectivity radius of M .

D e fin it io n  4.2.7 Let M  be a complete m-dimensional Riemannian mani­

fold. We say that M  has bounded geometry i f  it  satisfies:

(BG.R) the Ricci curvature is bounded from below by —{m — where

Lm  is a positive constant;

(BG.I) the injectivity radius t {M) is positive.

We recall that a complete Riemannian manifold satisfying a bounded
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geometry condition has its geometry reflected by that of any net that ap­

proximates the manifold (see Lem m a 2.4).

Moreover, i f  we denote by 7  ̂ : [0, -hoc) —̂ M  the geodesic emanating 

from X w ith the in itia l direction ^ G T^M, ||^||m =  the distance to the cut 

point of X along 74 is deflned by

c(^) :=  sup{t > 0 : 74 |[o,t] is minimal, namely, dM{x,'y^{t)) =  t }

and when c(^) <  -l-oo, we refer to 7^(c(^)) as the cut point of x along 75, and 

we refer to C{x) :=  expC(a;) as the cut locus of x in M , where C{x) is the 

tangential cut locus of x in T^M, given by

C{x) := { c m  ■ ciO < +oo,e € T ,M , H^Hm =  1}

furthermore, one knows that C{x) has zero n-dimensional Lebesgue measure 

in TxM and its image in M , C{x),  also has zero n-dimensional Riemannian 

measure in M.

Next, in Theorem  4.2.10 we show that for an onto smooth map with 

maximal rank it : M  ^  B  between manifolds with bounded geometry, under 

assumptions on the fibers and assumptions on the subspaces of horizontal 

vectors, M  is roughly isometric to F  x B,  where F  is a fixed fiber of M.

In order to prove Theorem  4.2.10 we w ill need the following technical
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Lemma and Proposition.

Lem m a 4.2.8 Let A >  1, C > 0, a > 1, /3 > 0, be given constants, and let 

Co > 0 , €b >  0  be such that,

eo >  C  • (1  - f  A ' ^ )  ( 4 . 2 5 )

e s  > ( +  13] -a  ( 4 . 2 6 )

The following hold:

( X . )  ( ^ ^ ) > 0  

(2.) < e.

(3.) 5 ^ - 0 0

 ̂ A A^

(5.) - e B - / 3 > 0  
a

(6.) : ! ^ < ( e „  +  C ) . A  

( 7 . )  2 ( 2 . ^ )  < ( 2 e o  +  C ) . A  

(8 .) 2efl >  2 ( —  ------1- / j )  a
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Proof.

(1 .) By (4.25),

eo > C ( l ^ ^ )  > C = >  °
>1 ^ ^

(2.) Since A >  1 ,

e o ( l ^ < 0 < C  ^  5 ( 1 - A ) < ^ = ! .
<0

eo C  6o C
] 4 - ^ o - ^ < 0 : ^ ^ - ^ < e o = ^

^  — <^0

(3.) By (4.25),

e o > C ( l  +  ^ 2 )  ^ ^ _ c - C A ^  > 0 ^ ^ ^ ^ - C > 0

(4.) Since A > 1 ,

< 0 < C +  C A {A _ ^ )  =J>
<0 >0 

=4> eo(l - A ) < C  +  C A ' ^ - C A = ^ e o - C - C A ' ^ <  cqA - C A = ^

e g - C  eo -  C
A^ A

(5.) By (4.26),

es > ( " ^ " 2 ^  +  /^) “  =  a + P a  > j3a

> 0

^  — €b  — /? >  0  
a
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(6.) >  1, C > 0 and eo > 0 imply that,

eo(l — ■^)(1 "I" -^) 0

eo(l -  ^)(1  +  .4) <  0 < C(1 +  ^  eo(l -  A^) < C {\ +  A^)

=» eo -  eo^^ < C  +  CA^ => eo -  C <  eo^^ +  CA^

e o - C
A

<  (eo +  C)A

(7.) Prom >1 > 1, C > 0 and eo > 0 we have,

{ o'< C ( 2 + ^ 2 e o ( l  -  A)(l + A) < 0 < 2C + CÂ  =!■

2eo(l -  A^) < 2 C  +  CA^ 2eo -  2eoA  ̂ < 2C +  CA^

2eo - 2 C <  2 eoA  ̂+  CA^ 

' e o - C '
A

< (2eo +  C)A

(8.) By (4.26),

^  2efl >  2 ^  a +  /3o!

' e o - C
2es > +  /3

□

P ropos ition  4.2.9 Suppose that M"* and B ”  are complete m —dimensional 

and n— dimensional Riemannian manifolds, respectively, both having bounded
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geometry (see Definition 4.2.7). Let tt : M  B be an onto smooth map with 

maximal rank.

Let bo e B  be fixed. Assume that {<pb ■ B'b -ffcolies is a family of 

bijective rough isometries satisfying,

V6 € S, 3^ > 1 ,3C >  0 : Vx,x' € Fb

x ' ) - C  <  dM{<i)b{x), <j)b{x')) < A du ix , x') +  C, [U R I]

where A and C are universal constants independent of b.

Then, the following hold:

1 . I f  Po is an cq—separated set and eo—fu ll in Fbo, where we assume that

cq >  C. Then, fo r all b E B, the set

Pb-.= 4>b\Pc)

is an e—separated set and e—fu ll in Fb, where i  := ^ ^  > 0 and

e (j4co C") ^  O'

2. For al lb € B  the corresponding nets Fb are uniformly roughly isometric 

to Pq with respect to the combinatorial metric 6 .

Proof.

1 . Let b G B  be arbitrary.
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We first show that, Pj :=  0^^(Po) is a countable e-separated subset of Pj. 

The set P(, is countable, since Pq is countable and (j)b is bijective.

Notice that by Lem m a 4.2.8 (i.), e =

Consider now the options for b e  P b -

I f  b =  bo, since Pq is cq—separated, by Lem m a 4.2.8 (2.), we conclude 

that Pb is e—separated.

I f  6 7̂  6qi because (/»{, is a bijection, we have,

Vp, 9 € Pfc := (I>;HPo) - p¥^q=^

^  M p ) M q )  in -Pq => eo < dM{(l>b(p), M q ) )  <

[U R I]
< Ad,M{p, q) +  C dMip, q ) > e

and Pb is e—separated.

Next, we prove that Pb := (^^^(Po) is e—fu ll in Fb, i.e.

Fb =  BePb := {x  e Fb: dmix, Pb) <  e)

We want to show that.

dM{x, Pb) := in f diw {x, 4>b ^(p)) <  e, Vx G Fbp€Po

Let a: € Pf, be arbitrary. Either x €. Pb or x £ Fb\  Pb- 

I f  a: G Pb, then dM{x, Pb) =  0 < e.
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I f  X 6 Ffc \  Pj, let US look at ^b^(x) e Fbo.

Since Pq is Co—full in Pj^, by the definition of infimum 3po € Pq satisfying

d,M {(l>;\x),po) <  eo 

which, in turn together with [U R I] implies that

inf. _  [URI]
dM{x, Pb) <  d,M {x, <Pb{Po)) <  AdM {(j)b {x),po) +  C < Aeo +  C = :e

and since x is arbitrary in Fb, claim 1 . is proved.

2. Prom Lem m a 2.4 a complete Riemannian manifold with bounded 

geometry is roughly isometric to each of its nets.

This implies that for each b € B,

{ Pb , S ) ^ {F b , d M)

^dM(Pi,P2) < ^(pi,P2) <  ddM{p\,Pi) +  C, Vpi,p2 e Pb (4.27)

where a :=  a{m,KM, t )  >  l , c  :=  c{m,KM,(^) >  0, and (Fb,dM) indicates 

that on each fiber Fb we w ill use the induced Riemannian metric from M . 

Also, by Lem m a 2.4 we have,

{Po,6 o ) ^ { F o , d M )

=4> - ; ^ d M ( p 3 , P i )  <  S o { p 3 , P 4 )  <  d o d M { p 3 , P i )  +  Co 

1 Cq

— (Jo(p3,P4) -  — < d M { p 3 , P i )  <  2eo^o(P3,P4), Vp3,P4 € Pq (4.28) 
do do
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where So := a o ( m , e o )  > 1,cq :=  Co{m,KM,^o) >  0, and (FojAIm) indi­

cates that on the fiber Fq the induced Riemannian metric from M  is used. 

Prom [URI], we have,

(TP A  ̂ / jp 1 \ [URI][■Tb-idM) ----^

1 c
-^d,M{<i>b{Pl)̂ (l>b{P2 )) — ^  < dM{Pl,P2 ) <  ■AdM{<f>b{Pl), <i>b{P2 )) +  (4.29)

for all Pi,P2 ^  Fb-

Next, we observe the following diagram for l =  1,2,

Pb Fb Fo Pq

Pi ^  Pl ^  <t>b(Pi) ^  4>b{Pi) 

where, p, € A  :=  (pt^Po =» M P l) e Pq.

We claim that,

{Pb,6 ) (Po,^o)

Indeed, let pi,P 2 G Pb-

By (4.27), (4.29) and (4.28), we may write,

(4 27) 1
-^dM{Pl,P 2 ) <  5{Pi,P2) < ddM{Pl,P2 ) +C=>

^ d M iM P i ) ,  M p^)) ~  ^  ^  d{pi,p2 ) =

=  d{PuP2 ) <  dA dM ih iP i), <Pb{p2 )) +  dAC  - f c =»
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=  5{p u P2) <  aQA2eQ5a{^b{jpi),(i>b{p2))aAC +  c 

which can be rewritten in the ,

W b { p i ) ,  M P 2 )) -  Cnet <  S{puP2) <  ^neA{(l>b{Pl), (f>b{p2)) + C'„ef
■̂ net

where,

Anet ■ - Anetim , K m , cq) C, A ) := 2A max{eao) aeo} > 1

1

2ej4flo V ®o
Cnet ~  Cnet{m,KM,eo,C,A) ■ - xn&xi^aAC+ +  C ]  \ >  0

and the Proposition is proved.

□

Finally, we state and prove the main result.

Theorem  4.2.10 Let M  and B  be complete Riemannian manifolds, where 

d im M  =  m and d im B  =  n. Assume that both M  and B  have bounded 

geometry and let n : M  ^  B  be an onto smooth map with maximal rank.

Let bo € B  be a fixed base point.

Choose P b  C  B  a maximal Cb—separated set with bo €. P b ,  o,nd P q  C Fbo 

a maximal cq—separated set, where cb and cq are as in  Lemma 4.2.8.

For every 61,62 € B, we will denote by 7(6162] a broken geodesic in B  

jo ining  61 to 62. In  particular, 76, := 7[6i6j] will represent a broken geodesic 

loop in  B  at bi.
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Let : Fb̂  —> Fb̂  be the corresponding diffeomorphism to 7(6162],

as in Theorem 4.12.

Assume the following 3 conditions hold:

(L L L ) For any b € Pb and any broken geodesic loop jb, ttie corresponding 

diffeomorphism <̂ (7̂ ) : Fb — > Fb is the identity map on Fb.

(see Fig. 4.13)

TTZ

Figure 4.13: (L L L ).
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(R IF ) V6 € Pb , >  1,3C >  0, constants independent ofb, such that, 

jd M {x , x ' ) - C <  V̂(7[6,toi)(^')) ^  ^dM {x, x ') +  C

Vx,x' € Fb, where dM denotes the Riemannian metric on M .

In  this case, since '■ Ft — >• is onto, it  is also a rough

isometry fo r each b € B, and therefore the fibers are uniformly roughly 

isometric, (see Fig. 4-H)

Figure 4.14: (R IF ).
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(H L C ) V6 E B y X  E Fb,3a  > 1, 3P >  0, constants independent ofb and x, 

such that,

^ \ \ w \ \ b -  p  <  | | « | | m  < a\\w\\B +  P  

'iw  E TbB, where v is the unique horizontal lift o fw  through x satisfying 

II^IIm <  1) cind II \\m, II ||b denote the inner product on T M  and 

TB , respectively, (see Fig. 4-i5)

Figure 4.15: (H LC ), where w is short and w' is long. 

Then, M  is roughly isometric to the product Fb̂  x B.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE M A X IM A L  RANK MAPS_________________

Proof. In order to prove the Theorem, by Lem m a 2.4, i t  suffices to 

show that an e—net in M  is roughly isometric to an e'—net in the product

X B. We remark here that in the proof of Lem m a 2.4 the maximal prop­

erty of an e—net is not required, it  sufficient that the ’’net” be a countable, 

e-separated and e—full set.

We w ill proceed with the proof by constructing in 2 steps a rough isometry 

4> between countable, separated full sets in M  and in x  B.

In Step 1. we combine the diffeomorphisms with two countable

maximal separated sets, Pq in the fiber C M  and Pb in 5 ,  in a fashion 

that w ill produce a suitable countable separated full set P  in M . We also 

show that the product Pq x Pb is a countable separated full set in x B .

Then, in Step 2. we introduce a bijection (j) from P to P q  x P b ,  which 

w ill turn out to be the rough isometry between discrete approximations of 

M  and Pjo x B, as mentioned above.

Step 1.

Let eo > 0 and Cb >  0 be, as in Lem m a 4.2.8, where.

eo >  C • (1 -f A"̂ ) and es > ( ^  ^  -f /? ) • a

We firs t define two countable sets Pq C c  M  and Pb Q B, w ith
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bo € P b ,  where P q  is a maximal Cq—separated set,

\ f p , q e  P o , P T ^ q  d M i p , q )  >  eo

and P b  is a maximal es—separated set,

V6i, 6 2  G  P b ,  fci 7^  6 2  = >  d B { b i , b 2 )  >  c b

and then we introduce the net structure Nq =  {No(p) : p G Po} of Po given 

by,

N o { p )  =  { q €  P o : 0  <  d u i p ,  q)  <  2eo} 

and Nb =  {-/Vb(̂ >) : b G Pb} the net structure of Pb defined by,

A^B(6) =  { 6 € P B : 0 < d B ( ^ S ) < 2eB}

Observe that P ro p o s itio n  2.3 implies Pq is eo—full in Pjo and Pb is 

cb—full in B.

We remark that since the net Pb is a countable subset of B  w ith empty 

interior, and the cut-locus, C (6), of any b £ B, has n—dimensional Rieman- 

nian measure zero in B, we may assume that in the net Pb C P, which 

by the way contains bo, no two points 61,62 belong to the cut locus of each 

other, i.e. 61 € Pb \  C{b2 ) and 62 G Pb \  ^^(61). Otherwise, i f  there exists 

b G Pb n C{b), since (7(6) has n —dimensional Riemannian measure zero in
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B, we can replace b £ Pb with another element in B  w ith the same required 

properties that b has as an element of the net Pb , but w ith the advantage 

that the new element is not in the cut locus, C{b), of b.

In that case, for every 6i , 62 € Pb there is a unique minimal geodesic, 

in B  joining bi to 62- 

We now, construct P  a countable ^  —separated fu ll set in M. 

For each b £ B, let us look first at (p7̂  1 {■?()) Q -Pi- 

By P ropo s ition  4.2.9, 1., it  follows that,

^ countable ~  separated subset of Fb (4.30)

Let (see Fig. 4.16),

p -  U <„)(a)
b€PB

Since Pq,P b are countable sets and ¥’(7̂ ^]) is a bijection for all b € B, 

the set P  is also countable.

To show that P  is -separated, we proceed as follows.

For any p,q €. P  such that q, we have only two possibilities, 

(POSSIBILITY 1:) 3 b e P B :p ,q e

€q — C
In that case (4.30) gives us, d,M{p,q) >

A
-1(POSSIBILITY 2:) 36 6 Pb : P € 36 G Pb :
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M
Po

Pi

P2

P3

€ P

Figure 4.16: The net P =  V?(4,„])(^o)-

■)(Fo), where 7rp =  6 6 =  7r6.
*■ 'tl’.Sol''

We claim,

dM{p, q) > - ^ B  -  P >  —^—

We w ill only verify the first inequality, since the second one is the requirement 

(4.26) on es-

Let <; be a general p.p.a.i. curve joining p and q in M , with length £(?). 

In this case tt o g is a curve joining b and b. In addition, we w ill denote by
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the minimal geodesic joining b  and b.

For all X € M , we can write v =  Vy ® vh € T^M =  {VT)x © {HT)x  in 

a unique way, where by Lem m a 4.3 vy € (ker(7r,)3;) and vh € (ker(7r*)a;)-‘'.

lif-Furthermore, ||u1|m =  ||^^v © =  \ / \ \ v v \\m  +  W' ĥ WI

By assumption (H LC ), the facts that 7j,j is a minimal geodesic and B  is 

complete.

^ ( 0  =  /  \ W i t ) \ \ M d t =  [  \ \ < ; H { t ) ® < ; y i t ) \ \ M d t >  [  \ \ q ' H { t ) \ \ M d t
Jo Jo Jo

(H L C )
>

1 c l 1 min.geod.
> -  | | ( 7 r o c ) ' ( t ) | M t - ^  =  - ^ ( 7 r o ^ ) - / 3  >

a Jo oi

which is a lower bound on the length of any curve ? joining p  and q in M ,

independent of the curve <j.

Finally, by definition of infimum and from b,b € Pb ,

1 ~ bjbePa 1 Lem  4.2.8(5.)
dM{p,Q) ■= i'Lii i{q) > -dB{b,b) -  P > -€ b  -  P >  0

(CM a a

and the claim is proved.

So, P  is ~  separated.

We introduce the net structure Np =  {Np{p) : p e P } of P  given by, 

^P{P) =  |g  6 P  : 0 <  duip, q) < 2  ^  |
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Next, we prove that P  is [(eo +  C)A +  aeg +  /?]—full in M , i.e.

^  ~  B[{eo+C)A+aeB+0 ]P  =  {x  € M  : (1m {x, P) <  (cq -|- C)A  -|- aCB +  /?}

We want to show that,

dM{x, P) :=  in f dM(x,p) <  (eo +  C)A +  a^B +  0, Vx G M
p € P

Let X  e M . Either x € P  or x £ M  \  P.

I f  X € P, then dM{x, P) =  0 < (eo -t- C)A  -f acB +  0- 

I f  X  G M  \  P, let 6  : =  t tx  £  B .

There are two possibilities for b,

(POSSIBILITY 1:) I f  6 G Pb, since x is not in P, Pq is maximal, as­

sumption (RIF) holds, and b e Pb implies j)(Po) G P,Vpo € Po, then,

beP B  <^(,,,.,^,)XGP6o\Po'’̂ " '3po€P o :dM (¥^(,,,„^^^^

^ c / m ( x , ( P o ) )  - C  <  d M (¥ ’(7 [t,,„])a;,Po) <  eo 

dM{x,  ̂ j^(po)) < (eo +  C)A <  (eo +  C)A +  acB +  0  =>

=̂> in f dM(a:,p) <  dM{x, ¥>( |̂j(, ]̂)(Po)) < (eo +  C)A  -I- aes +  0

=> dM{x, P) < (eo +  C)A  -t- (X€b +  0
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(POSSIBILITY 2:) I f  6 € B  \  Pb , by the maximality of Pb there exists 

b E Pb ■ d,B{b, b) < cb-

We wish to obta inp€ P  satisfying (a:, p) <  (eo +  C')yl +  aeB +  /5, which 

w ill be accomplished as follows.

Let,

766:[^i,^2] —  ̂ B

h  '— t 7t5(ti) :=  b 

h  I—  ̂ I b l i h )  :=  b

be a p.p.a.l. of the unique minimal geodesic joining b and b in B, and let F jj 

be its unique horizontal lif t  through x, i.e.

( h l. l)  TT0 T^l{t) =  % l( t ) , tE [ t i , t 2 ]

(h i.2) ri,5(ti)  =  X ,  and in particular r j j ( t 2) € Pj.

(h l.3 ) Tfti is horizontal, i.e. E (BT)r^j(t), i  €

We have, by (h i.2), the fact that Pq is cq—fu ll in and the definition 

of infimum,

^ 65(^2) € Pj (rj6(t2)) € Pfco

d M  ( T b l i h ) ) , Po) <  eo ^
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infimum
3po € P o - d M  ( r 6fc(̂ 2)) ,Po) <  eo (4-31)

We claim that the desired p € P  is exactly j)(Po)-

Indeed, b e Pb and e Aw,..,) ( ' ’»> ^

Furthermore, by the triangle inequality,

dM i^bbih) ,  x )  (4.32)

In addition we have,

1 / \ (MF) / s
-^du  (̂ rfc6(i2), ^  dM (̂ P(7[ii,6ol) (^6fc(̂ 2)) ,Poj =>

^  dM ( j 'bbih) ,  Pc7[B,bo])^^°^) -  ( ^ “ (*2)) ,Po) +  c j  A  <

^ ( e o  +  C)A  (4.33)

Also,

infimum
d M  { ^ b b { h ) j ^ )  =  dM { ^ b b { h ) j ^ b b i ^ l ) )  — ~ /  \ \ ^bbi^) \ \M^^

Jo

a / '  11 (7T o  r , i ) '  { t ) \ \Bdt  -P 13  ̂ a  f  H b i m B d t  +  p  =
Jo Jo

=  a£{%b) +  adB{b,b) +  p < acB + P (4-34)

Thus, by combining (4.32), (4.33) and (4.34),

dM ^^j)(po), 2:) < (eo -(- C)A +  aeB + P
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which in turn implies,

d,M{x, P) =  M d M {x ,p ) < du ix , ^  (̂ o +  C)A +  aes +  P

' 7p '

and we conclude that P  is [(cq +  C)A  +  (x̂ b +  P]~ full in M .

In what follows, we show that Pq x  P b  is countable, (eo +  es)-separated, 

and (eo 4- es)-full in Fbg x B.

In Fftg X B  we have the induced product metric from M  x B,

dy (^{x,b),{x,b jj := dM[x,x) +  dB{b,b)

for all x ,x  € Fbo and b,b € B.

Pq X P b  being countable comes from the fact tha t both Pq and P b  have 

that property.

Let (x,6) {x,b) € Po X Pb- Since Po is eo-separated and Pb is

e^—separated,

dy (j^x, b), {x, b )j =  du ix , x) +  ds(6,6) >  eo +  cb

and Pq x  Pb is (eo +  ea)-separated.

To prove that Pq x  Pb is (eo +  es)-full in Pj^ x B, i.e.,

Pfio X  P  =  { ( x ,  6 )  €  P io  X  P  : dy ((x, b), Pq x  P b )  <  eo +  e s }
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we need to show that

dx Pq X Pb) < cq +  ^b, V(a;, b) € Fbo x B  

Let (x, b) E Fbg X  B.

Since, Po is eo-full in Fbg, there exists po E Pq : dM(po,x) <  eg. Similarly, 

Pg being ee-full in B, implies that there exists b E B  : dB{b,b) < €g.

Therefore,

inf. _
dy,{{x,b),PQX. Pg) < d.>,[{x,b),{jpQ,b)) =  dM{x,pQ) +  dB{b,b) <

<  €0 +  ^5

and since {x, b) is arbitrary, we conclude that P q  x  Pg is (cq -t- cr 1-full in 

Fbg X  B .

Step 2.

Let us in itia lly  define some notation as well as provide a geometric in­

terpretation of a ’’net” . We w ill assume that all nets are connected, since 

we can repeat the argument on each connected component of the underlying 

manifold.

Graphically, we w ill describe an element of an e—net as the center of a 

ball of radius | ,  which can be visualized as a coin w ith diameter e. So, the 

control of distances between elements in an e—net allows us to describe it as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE M A X IM A L RANK MAPS 125

a countable set of coins, which can touch boundaries but can never overlap. 

We w ill call such element an e -co in  (see Fig. 4.17).

Figure 4.17: A discrete path {po,Pi, ■ ■ ■ ,Pe) in an e—net, and its elements 
regarded as centers of coins with diameter e.

We define a map (f> from P  C  M  into Pq y- P b  C  Fbo y  B  as follows, 

(C la im  1)  (f) is well-defined.

I f  p e then 7rp =  bo and #  =  &o) =  (p,&o) e

Po X  Pb .

I f  p € P(^[n^])(-Po), where b € Ps,b #  bo, then -np =  b and #  =  

( (̂7[6,6oi)P’ € Po X Pb.

(Claim 2) 4> is injective.

Let p ,q  €  P  and assume that 4>p =  <f>q.
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Thus,

¥’(7,moi)p= p = 9

(Claim 3) (j) is surjective.

Let (po, h) € Po X Pb and define p & Ft, by,

where, np =  b and p =  po i f  6 =  6q.

Thus,

(¥’(7t,p,6ol)P’ ^p) =  ( ‘̂ (7[0,6o])P’ 0
(Claim 4) 4> satisfies (RI.l).

By (Claim 3), for any given e > 0, we have,

P o x P B  =  <t> (P) =  B 4  (P) =  {(po, 6) €  P q  X Pb : dx ((Po, «>), 4> {P)) <  e}

so, 4> is e—full in Pq x  Pb for any e > 0, which is exactly (RI.l) for (j). 

(Claim 5) (j) satisfies (RI.2).

We want to show that there exist constants a > 1 and c >  0 satisfying.

^ 6 p{p,q) - c <  6 y{(t)p,(j)q) <  adp{p,q) +  c, 'ip ,q e  F
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where 5p is the combinatorial metric of P, and 5x is the discrete product 

metric o f Pq x  P b  given by,

^x ((p , b), (p ,6 )) :=  5pa(p,p) +  5p^{h~h)

for a ll (p, b), {p, 6) € Po X P b .

In terms of 6 pg and 6 pg, the condition we want to verify for translates 

into, 3a >  1,3c > 0 : Vp, q- € P,

^ 6 p{p,q) -  c <  ¥’(7m,6o])9) +  Spgi^p,Trq) < a5p{p,q) -b c

(4.35)

Indeed, let p,g € P  =  (J6ePfl

Let 7min be a minimal geodesic joining 7Tp to tt, in B, and let its unique 

horizontal lif t  through q be parametrized by F, : [ t i , t 2] — > M.

By the triangle inequality, the definition of distance. P ropo s ition  4.11, 

assumptions (LLL)and (R IF ), we have (see Fig. 4.18)

A

djw(p, q) < duip, r,(t2)) + dM(r,(t2), O') <
dist.
<  c!m (p , r ,(t2)) +  ^(F,) <

(RIF)
<  <<̂ {7l:rp,6ol)̂ 9(̂ 2)) + A C  +  i{Tg) <

Pr op  4.11

<  yldM(iP(7[,p,i,gj)P, ‘̂ (7[,p,6o])^9^^2)) +  AC  +  a  [^(7rain) +  P { t 2  ~  ^l)]
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p e P

Figure 4.18; An upper bound for the distance d,M{p,q), via the triangle 
inequality.

(LLL )

<  </̂ (7[,p,4o])«) + A C  +  a  [^(7min) +  ^ { h  -  t l) ]

''=  ■ adeiirp, 7rg) +  ¥’(7[,,,i.oi)9) +  “ ^(*2 -  t i)  +  AC

which implies that,

dM(p, q) <  adeiTrp, nq) +  AdM(</>(7[„p,, ]̂)P, ¥’(7[,,,6oi)^) +  AC +  aP{t2  -  U)

(4.36)

Now, by Lem m a 2.4 we have for the nets P, Pq and Pg, respectively,

1 c
3a{m, kM, e) >  1, 3c(m, Am, e) >  0 : 9) -  t  <  dMip, q) (4.37)
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dfi (ttp, irq) <  2€b Sps (vrp, irq) (4.39)

I f  we combine (4.37), (4.38), and (4.39) into (4.36), we obtain,

1 c (4-37)
t ^ p ( p , 9 ) - t  <  dM {p,q)<  a a
(4.36)

<  adeiT^p, nq) -h <^(7[,,,to i)7) +  +  a ^ {h  ~  U)

 ̂ ' adsiTrp, nq) +  A (2eoSp,{(p(j^^ ,̂,^ )̂P, ^(7[„.6„]}9)) +  AC +

+ a ^ { h - t i )  <

(4.39)
< a2eB6p^ [np, nq) +  A (̂ 2eo6p„ , ,̂)p, <P(7[„,,6o,)9)) +  AC +

-{-<yj8 (t2 — t i)

1 c
t 5 p ( p ,  l ) - r <  2 ^ e o (5 p o (7 ’ (7 [.p,6o])^’ > 7^(7 [,,,6 o ))9 ) +  ( t t p ,  t t ^ )  4 -

+ylC  +  Q!/3(t2 ~ ^l) ^

T c
r<5p(P) ?) -  T < max {2Aco, 2acB} • {(l>p, H )  +  AC  +  a ^ { t 2 -  h )
a a

 ̂ -Sp(p, q) -
a ■ max{2>leo, 2acB}

— X + -4C-f-Q!/3(t2 ~  ^i) ------ 77^— 7̂ ------7 dx{^P,<l>q) (4.40)
a . max { 2^ 6012a£B}

In what follows, we w ill produce the inequality that completes (4.40) into 

the searched condition (4.35).

Let us denote I := 6 p{p, q).
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Define {yo,yiT ■ ■ iVi) a discrete path in P  of minimum length I joining p 

to q. Hence, (yo, j / i , . . . ,  y ; )  has the following properties,

y a := p &  P, y r.=  q €  P,

dM(yt—1; yt) ^  2e, L —

=> 5 p (y t_ i,y J  =  1, i =

^ ^ ^ - K y . e P B ,  i  =  0 , l , . . . , Z

^  ^0, A =  0 ,1 , . . . , /

c/B(7ryi,7ryj) > Cb, a, j  =  0 ,1 , . . . ,  / { t ^ j )  (4.41)

Next, we w ill compare I w ith 6 pg (irp.Trq).

Notice that because we are assuming (H LC ), by Lem m a 4.5 we obtain 

for any x ,y  e  M ,

dM{x, y) >  -d s ii^x , T ry )  -  /3 (4.42)
a

Therefore, from (4.41), (4.42) and Lem m a 4.2.8 ( 8 .), we get,

(4.41) (4.42) I
=> 2i  >  dM{y,- i ,y, )  >  -c /s (7 ry t_ i,7 ry j- /3  =>

a

a { 2 e +  /?) > dB(7ryi, Try^-i)

L e m  4 .2 .8 (« .) (4.41)
2€b >  a (2 e - f /?) >  t/B(7ry^,7ryt_i) >  c b  ^

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE M A X IM A L RANK MAPS_________________ ^

2cb > dB(m,7T2/t-i) > Cb , =  (4.43)

Since (4.43) holds, we obtain a discrete path (TryojTryi,. . .  ,Tryi-i,7ryi) in 

P b ,  connecting irp to irq.

Therefore, by the definition of Spg, we conclude that,

Spg ( t t p ,  irq) < 1  =  6 p{p, q )  (4.44)

Now, we w ill compare / w ith 5p̂  (<̂ (7[.p,6oi)P, •

By Lem m a 2.4, we have for the nets P q , P  and P b ,  respectively,

Eao(m, kM, co) >  1 ,3co(m, kM, eo) >  0 ;

SpoiPi,P2 )< a o -d M {p i,P 2 ) +  Co, Vpi ,p2€Po (4.45)

dM (P3,P4) < 2i6p (P3,P4) , Vp3,P4 € P (4.46)

dB{iryt-i,iryt) <2eBSpg{iry,^i,iry,), Vz =  l , . . . , f  (4.47)

Initially, for each * =  1 , . . . , / ,  let us look at

(¥^(7[,rj,,_i,6ol)y*-l’ V̂ (7(,rp,,6ol)̂ »)

which is well defined because of properties (4.41).

For each unique (see remark in the beginning of Step 1.) minimal geodesic 

in B  joining iry^-x to Try,, let its unique horizontal l if t  through y,_i be denoted 

by : [ t i , t 2 ] —  ̂M .
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* p € P

e P c

q £  P

fmijnimal geodesic

Figure 4.19: the lif t  and their counterparts in the fiber

By (LLL ), (4.45) and (R IF ), we may write (see Fig. 4.19)

(L L L ) /  X

(4.45) /  \
< 0 -odM (^(7[,v,,6o1) !̂/>-i (^2)5 < (̂7[„j,,6(,])yiJ +  Co <

(RIF)
< flo (Fĵ ,_, ( 2̂), 2/1) +  C] 4- Co 

Now, that (4.46), P ropo s ition  4.11 and (4.47) hold, implies

A

d-M <  djvf (Fj,,_,(t2),yt-i) +  dM iyi-i,yt) <

(4.48)
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(4̂ 3)
(4.46) /»■  s dist.

<  dw ( r j , , _ i ( ^ 2 ) , ? / , - i ) + 2 e ^ p ( ? / , _ i , y , )  <  £{Ty^_,) +  2e<

P ropi . l l
< o l \ 1  +  ^(<2 — t i) ]  +  2e =

■ Q;£iB(7ry*-i, Try,) -f a ^ {t 2 - t i )  +  2 e <

(4.47)
< a[2ee Spg{7ryt-i,Try,)] +  a/3{£2 - t i )  +  2e =

(4̂ 3)̂

=  ^ a 2 ( . B  - f -  a f i ( t 2  ~  t \ )  - | -  2 e  ( 4 . 4 9 )

By combining and (4.48) and (4.49), we get

P̂o (*l (̂7[:rv,_i,4o])l/«-l> V̂ (7[xv„6o])y») —
(4.48)

<  Oo [.4 d iv f {£2), y,) +  C ]  -I- Co <

(4.48)
<  Oq [Ad,M (^2)1 y i) 4- C?] +  cq <

(4.49)
< oq { a  [2o;eB -|- a j 3 { t 2  — i i )  +  2e] -I- (7} - i -  cq =

=  ciqA  [2o:eB +  oil3{t2 ~ t i)  -t- 2e] -|- cioC' +  cq (4.50)

I f  we sum (4.50) over z =  1 , we may write

P̂o (v̂ (7[,rp,6ol)̂ ’ ^0[:r<),6o])̂ ) —

4=1

(4.50)
<  I {tio-4 [2o;eB -|- a^(t2  — ^ i) 3- 2e] - f  cioC -I- Cq} =

=  <3p(p, q) {ctoA [2aes +  a ^ {t 2 — t\)  -f- 2e] +  OoC +  Cq} (4.51)
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Next, by using inequalities (4.44) and (4.51),

/  \  (4-44)
Sx H )  =  Spo )  +  ^Pb (ttp, Trq) <

(4.51)
< { a o A  [2aes -I- a 0 { h  -  h )  +  2e] +  a o C  +  cq} 6 p { p ,  q )  +  6 p { p ,  q )  =

= {cto.4 [2Q!eB -|- a P { t 2 ~ ti) + 2e] -|- clqC -I- Co -I-1} &p(p, q) (4.52)

Finally, we combine inequalities (4.40) and (4.52), and obtain

-Sp(p, q) -
a • max{2>leo, 20:65}

X -f 0/0 (̂ 2 ~  ^l) d" AC
max{2Aeoj 2oes}

(4.40)

< ^x{<f>p,<i>q) <

(4.52)
<  {aoj4 [ 2 o e s  -I- Oi^{t2 — t\)  -H 2 e ]  -|- oqC -I- cq +  1} Sp{p, q)

which is the required property (4.35) as follows

- 6 p{p, q ) - c < 6  ̂(0p, (j)q) <  a6 p{p, q) +  c 
a

with the universal constants given by

a :=  max {aoA [2oes +  o/3(t2 — t i)  +  2e] 4- oqC -I- Cq -f 1, 
a • max {2^eo, 2aes}} >  1

c — -j- O/0(t2 ~ t i)  +  AC  
a max {2yleo, 2 0 6 5 }

> 0

and so (j) satisfies (R I.2 ).

This concludes the proof of the Theorem.

□
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