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Abstract

ROUGH ISOMETRIES BETWEEN NON-COMPACT RIEMANNIAN
MANIFOLDS
by

Cristina Abreu Suzuki
Adviser: Professor Edgar Feldman

Rough Isometries, in the sense of M. Kanai [16], preserve geometric prop-
erties of Riemannian manifolds such as volume growth rate, isoperimetric
dimensions and Sobolev constants, Liouville property, transience of Brow-
nian motion and Harnack inequalities. In this manuscript we first look at
Asymptotic Ends. We show that in a Riemannian manifold asymptotic ends
are preserved under rough isometries. Secondly, we study Mappings with
Mazimal Rank. Here we use the jargon of fiber bundles. These projection-
types define a decomposition of each tangent space to the domain, into the
orthogonal sum of Horizontal plus Vertical subspaces, where vertical and
horizontal mean tangent to the fibers and orthogonal to the fibers, respec-
tively. Motivated by [25] we investigated the question: when is a Riemannian

manifold roughly isometric to a Riemannian product manifold? Firstly, for
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ABSTRACT v

Riemannian submersions, a concept defined in [25], we show that, if the base
manifold is compact then the fibers can be roughly isometrically immersed
into the domain, and thus the domain is roughly isometric to the product
of any fiber and the base space. Under assumptions on the fibers the Rie-
mannian submersion is a rough isometry, and if a fixed fiber is compact then
the domain is roughly isometric to the product of that fiber and the base
space. For onto maximal rank maps that are not necessarily submersions,
by adding assumptions on the Horizontal Vectors Space we have the same
consequences. We provide Counterezamples to show that if any of the as-
sumptions are removed those results cease to follow. Finally, as an answer to
the question above we provide the main result. We show that for maximal
rank onto mappings between Riemannian manifolds with bounded geome-
try, under assumptions on the fibers and assumptions on the subspaces of
horizontal vectors, the domain of such mapping is roughly isometric to the

product of the base manifold and a fixed fiber of the domain.
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Chapter 1

Introduction

As essential tools in this work we are interested in equivalence relations be-
tween non-compact Riemannian manifolds given by Rough Isometries, a con-
cept first introduced in [16], which we define in Definition 2.1.

When given such an equivalence relation, one can investigate geometric
properties of Riemannian manifolds which are preserved under the equiv-
alence relation. For instance, properties such as upper bounds on volume
growth, isoperimetric dimensions and Sobolev constants, Liouville property,
transience of Brownian motion and Harnack inequalities.

To study geometric properties of Riemannian manifolds, which are invari-
ant under rough isometries, we introduce in Definition 2.2 what is called
in [16], a Net. A net is a discrete or combinatorial structure that provides

approximations of Riemannian manifolds.
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INTRODUCTION 2

In a Riemannian manifold, one of the entities that a rough isometry
preserves is an Asymptotic End. In Definition 2.6 we give the definition
of an asymptotic end, according to [1], and we show in Theorem 3.5 that
asymptotic ends are preserved under rough isometries.

We begin Chapter 4 by introducing key tools along with their prop-
erties that were used in this research. We use the jargon of fiber bundles
throughout. Properties of Fibers of M are described in Chapter 2.

Let M and B be Riemannian manifolds and let 7 : M — B denote a
mapping of M onto B.

To establish some known results in Chapter 4 we utilize a description
of each tangent space to M as a direct sum of two orthogonal spaces, where
the restriction of the derivative map 7, of 7, to one of those spaces, is an iso-
morphism. Maximal rank onto mappings give such decompositions, namely
the subspaces of Horizontal and Vertical vectors (see comments preceding
Definition 2.7 for meaning).

In the remaining part of this work, we initially explore the motivation
behind the main Theorem 4.2.10, before we state and prove this theorem.

B. O’Neill’s article [25] furnished the inspiration for this work. In this

article O’Neill defines Riemannian submersions (see Definition 2.7) and
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INTRODUCTION 3

gives necessary and sufficient conditions for a Riemannian submersion to
differ by an isometry from the simplest type of Riemannian submersions, the
projection of a Riemannian product manifold on one of its factors. In our
research, Theorem 4.2.10 provides an answer to the same kind of question
as above, with maximal rank mapping replacing Riemannian submersion,
and with rough isometry instead of isometry.

In sections 4.1 Riemannian Submersions and 4.2 Non-Submersions
Surjective Maximal Rank Maps we investigate this question: when is a
Riemannian manifold roughly isometric to a Riemannian product manifold?

Qur first response is given by Theorems 4.1.1, 4.1.2 from section 4.1,
which motivated the following two results in section 4.2.

We show in Theorem 4.2.1 that, under certain assumptions, a maximal
rank onto mapping between Riemannian manifolds allows us to roughly iso-
metrically immerse into M, its fibers. In that case, since the base space is
compact the domain is roughly isometric to the product of a fixed fiber and
the base space.

Under some other assumptions we prove in Theorem 4.2.3 that a max-
imal rank onto mapping between Riemannian manifolds provides us with an

equivalence relation between them, given by a rough isometry. In that case,
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INTRODUCTION 4

if a fixed fiber is compact the domain is roughly isometric to the product of
that fiber and the base space.

In Counterexamples 4.2.2, 4.2.4, 4.2.5, 4.2.6 we provide 4 coun-
terexamples showing that if we drop any of the hypothesis in either Theo-~
rem 4.2.1 or Theorem 4.2.3, those results cease to follow.

Finally, we state and prove the main result Theorem 4.2.10, which says
that for maximal rank onto mappings # : M — B between Riemannian
manifolds with bounded geometry (see Section 4.2 for a definition), under
assumptions on the fibers and assumptions on the subspaces of horizontal

vectors, M is roughly isometric to F' x B, where F is a fixed fiber of M.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

Preliminaries

In this section we define some notation, provide some definitions according
to [16], [1] and [25] and state some results without proofs, providing references
whenever necessary.

We will be interested in equivalence relations given by rough isometries,

a concept first introduced in [16].

Definition 2.1 A map ¢ : M — N, between two metric spaces (M, 6) and
(N,d), not necessarily continuous, is called a rough isometry, if it satisfies

the following two azioms:

(RI.1) There are constants A > 1,C > 0, such that,

1
Zé(p17p2) — C < d(p(p), p(p2)) < A8(p1,p2) +C, Vpi,pr € M
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PRELIMINARIES 6

(RL.2) The set Imy := {q = ¢(p),Vp € M} is full in N, i.e.

€>0:N=B.,(Imp) ={q€ N :d(q,Imp) < e}

In this case we say that Imyp is e-full in N.

We will denote by ¢~ : N — M a rough inverse of ¢, defined as follows:
for each g € N, choose p € M so that d(¢(p),q) < €, we point out here that
such a p exists because of the condition (R1.2). ¢~ is a rough isometry such
that both §(¢~ o ¢(p),p) and d(p o ¢~ (g),q) are bounded in p € M and in
g € N, respectively.

To study geometric properties of manifolds, which are invariant under
rough isometries, we next introduce what is called in [16], a net. A net is a
discrete or combinatorial structure that provides approximations of Rieman-

nian manifolds.

Definition 2.2 Let P be a countable set. A family N ={N(p):p € P} is

called a net_structure of P if the following conditions hold for all p,q € P:

(N.1) N(p) is a finite subset of P

(N.2) g€ N(p) iff p€ N(q)
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PRELIMINARIES 7

Let M be a complete Riemannian manifold, and let d be the induced
metric. A subset P of M is said to be e-separated for £ > 0, if d(p,q) > ¢
whenever p and g are distinct points of P, and an e-separated set is called
mazimal if it is maximal with respect to the order relation of inclusion.

We have the following,

Proposition 2.3 If P is a countable mazimal e—separated set in a Rieman-

nian manifold (M, d), then P is e—full in M, where € > 0.
Proof. We want to show that,
d(z,P)<e, Yz eM

Ifz € P,then d(z,P) =0 <e.

If r € M\ P, by the maximality of P, there exists p € P such that
d(z,p) < e, and finally the definition of infimum implies that d(z, P) :=
inf,ep d(z,p) < d(z,p) <e.

m}

Let P be a maximal e-separated subset of M. We define a net structure
N={N():pe P} of Pby N(p) ={q€ P:0<d(p,q) < 2¢}. A maximal
e-separated subset of a complete Riemannian manifold with the net structure

described above will be called an e-net in M.
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PRELIMINARIES 8

For a point p € P, each element of N(p) is called a neighbor of p. A
sequence p = (pg,---,p) of points in P is called a path from p, to p; of
length [ if each py is a neighbor of py_;. A net P is said to be connected if
any two points in P are joined by a path. For points p and ¢ of a connected
net P, d(p,q) denotes the minimum of the lengths of paths from p to ¢.
This § satisfies the axioms of metric and it is called, according to [16], the
combinatorial metric of P.

We observe that an e—net in a complete Riemannian manifold is con-
nected if the manifold is connected (see [16]).

The following Lemma makes it possible to interpret the geometry of a
Riemannian manifold into the combinatorial geometry of an e-net in the

manifold.

Lemma 2.4 Let (M,d) be a complete Riemannian n-manifold whose Ricci
curvature is bounded from below by —(n—1)K? K a positive constant, and P
an e—net in M. Then P with the combinatorial metric § is roughly isometric

to M. In fact we have

1
é‘;d(plaPZ) < 8(p1,p2) < ad(py,p2) +¢, Vp1,p2 €P

where a > 1 and ¢ > 0 are constants depending only on n, K and €, and
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PRELIMINARIES 9

consequently the inclusion of P into M is a rough isometry.

Proof.  For a proof see Lemma (2.5) in [16].
O

In a Riemannian manifold, one of the entities that a rough isometry
preserves is an asymptotic end. In what follows we introduce the definition
of an asymptotic end, according to [1].

Let M be a connected Riemannian n-dimensional manifold, complete,
noncompact, without boundary.

We will denote by X = {zo, 21, 22,23, .-, Zm,--..} any infinite, discrete,
countable set of points in M.

If X satisfies the condition:

For any given compact K C M, there exists n¥ = n¥(K) > 0 such that,

VYm > n¥, the points z,, lie in a single connected component of M \ K

we will refer to such a set of points X, as an admissible sequence in M.

Definition 2.5 Two admissible sequences X and'Y are said to be cofinal if
VK C M, compact, In¥ = nK(K, X,Y) > 0 such that, for all my, my > 1k,
the points £, and Yy, lie in the same connected component of M \ K. In

that case we write X ~ Y.
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PRELIMINARIES . 10

The relation ~ is an equivalence relation. We will denote by [X] the set

{Y : X ~ Y} of all admissible sequences, equivalent to X.

Definition 2.6 An end E of M is defined by E = [X], where X is an

admissible sequence in M.

Let M and B be Riemannian manifolds and let 7 : M — B denote a
mapping of M onto B.

To establish some known results in Chapter 4 we will utilize a description
of each tangent space to M as a direct sum of two orthogonal spaces, where
the restriction of the derivative map =, of 7, to one of those spaces, is an
isomorphism. Maximal rank onto mappings give such decompositions.

As in [25] we will use the language of fiber bundles throughout.

If # : M — B is a maximal rank mapping of M onto B, then for all
b€ B, 7~!(b) is a submanifold of M of dimension dim M- dim B, as it is
proved in Lemma 4.1. For each b € B,n1(b) is called a fiber.

According to [25], a tangent vector on M is said to be vertical if it is
tangent to a fiber, horizontal if it is orthogonal to a fiber. A vector field
on M is vertical if it is always tangent to fibers , horizontal if it is always

orthogonal to fibers.
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PRELIMINARIES 11

We show in Theorem 4.2.3 that, under certain assumptions, a maxi-
mal rank onto mapping between Riemannian manifolds provides us with an
equivalence relation between them, given by a rough isometry, which we de-
fined in Definition 2.1. In that case, if a fixed fiber is compact the domain
is roughly isometric to the product of that fiber and the base space.

Under some other assumptions we prove in Theorem 4.2.1 that a maxi-
mal rank onto mapping between Riemannian manifolds allows us to roughly
isometrically immerse into a manifold M, its fibers. In that case, since the
base space is compact the domain is roughly isometric to the product of a
fixed fiber and the base space.

We also have the same results as above (see Theorems 4.1.2, 4.1.1) for
a more restricted class of maximal rank mappings, Riemannian submersions

in the sense of {25, which we next introduce.

Definition 2.7 A Riemannian submersion n : M — B is an onto mapping

satisfying the following two azioms:

(S.1) 7 has mazimal rank, i.e., the derivative map 7, is surjective;

(8.2) =, preserves lengths of horizontal vectors

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

Chapter 3

Asymptotic Ends

In this chapter we show that a rough isometry takes ends to ends, in other
words, that it preserves the equivalence relation ~ from Definition 2.5.

First we verify that a rough isometry ¢ : M — N induces a well-defined
map @ between the set of equivalence classes M/ = {ends of M} and N/. =
{ends of N}, in the following way:

If E = [X]is an end of M, through ¢ we obtain a new sequence we will
denote by,

po X = {p(z0), p(x1), 9(22), - - -, P(Tm), - - .}

Since ¢ is a rough isometry ¢ o X is also an infinite, discrete, countable set
of points in V.

Next, we show that ¢ o X is still an admissible sequence of points in V.

For, we need the following Lemmas.
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ASYMPTOTIC ENDS 13

Lemma 3.1 Let K C N be any compact set. Then, there ezxists a constant

Nt = n¥t (K, xo, p(20), a, b) > 0 such that, Ymq > 0% = o(zm,) € N\ K.

Proof of Lemma. The definition of an end guarantees that Vr > 0,37 =
#i(r, a, b, 7o) > 0, such that,

Tmy € M\ Birit)a(2o), Ymy > 7

where, B(,5)q(20) denotes a closed ball centered at zo with radius (r-+b)a > 0
with respect to the distance 4.

By RI.1, for any m; > 7 we have,
d(w(xnn)a (,0(.’170)) 2 a‘lé(xm,,xo) -b
> aHr+ba—-b=r (3.1)

Let 7 := d(p(z0), K) + diamK + 1 > 0.

We claim that,

K C Byy(p(x0)) € Bry((z0))

Indeed, since K is compact, 3¢gx € K such that,

d(p(z0), K) = d(¢(%0), 9x)

Therefore, for any given ¢ € K,

d(p(zo), q) < d(p(z0),9r) + d(gk, q) < d(¢(2o), K) +diamK + 1 =1
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ASYMPTOTIC ENDS 14

If we let no! := #j(rg, 2o, a,b) = A(K,zo, (o), a,b) > 0, (3.1) implies
that VYm; > n!

0(Tm;) € N\ Br(p(20)) C N\ K

‘

which is the claim.

Lemma 3.2 Given an arbitrary compact set K, there exists a positive real
number n%? = n¥2(K, o, ¢(20),a,b) such that, whenever my > n%?, it
follows that, ©(Tm,) € N \ Baass+1)(K), where Boarpn)(K) = {g € N :

d(g, K) <2(a+b+1)}.

Proof of Lemma. This is Lemma 3.1, where K is replaced by Bo(ats41) (K)-

O

Lemma 3.3 For any compact set K, there exists Jxz = Jra2(n™?) C NN,

where n¥? is given by Lemma 3.2, such that m € Jx, implies p(zm) €

By, (p(zyx2)) O N \ K, which is entirely contained in a single connected
2

component of N\ K.
Proof of Lemma. Since ¢(xyx2) € N \ Byarp41)(K) € N\ K, we have

drg = d((p(xnk,z),K) >2(a+b+1)>0 (3.2)
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ASYMPTOQTIC ENDS 15

by RI.1,

A(o(Zm, ), P(Tyx2)) < 00 (Tmy, Tyx2) + b (3.3)

Let

Jrz = {m € N : §(zpm, zyx2) < 1}

Since zpx2 € Jg,2, we have Jg,s # 0.
Thus, by (3.3) and (3.2), for any m; € Jk2,
; dx
(<p(:cm1), (P(Q?nK,z)) < ad(xm,,xnx,z) +b<a+b+1< 0
Finally, we conclude that,

o(zm) € Bra = B.z_,_;‘Z (p(@gr2)) NN\ K,Ym € Jk

Since, Bag, (¢(Z4x.2)) is connected and open, it follows that By, is en-
2
tirely contained in a single connected component of N \ K.

O

We denote by ¢ o X, the sequence {(¢(Zm))menm>n} of points in N,

where X is an admissible sequence in M.
Next, we prove the theorem,

Theorem 3.4 If X is an admissible sequence in M, po X is still an admis-

sible sequence of points in N.
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ASYMPTOTIC ENDS 16

Proof. We need to prove that, for any given compact K C N, the sequence
@ 0 X,k is entirely contained in a connected component of N \ K,

which we shall denote by DY, where %2 is as in Lemma 3.2.
First, notice that in the proof of Lemma 3.3, if we replace n¥:? with any

n > %2, there will be a corresponding set
Jpi={m € N : 6(2pn,z,) <1} #0

for which,

o(zy) € Bgﬁzg(cp(mn)) NN\ K,Vm € J,

And so,

poXumaC | | Bd_,gﬁ(cp(a:,,)) NN\K,

n>n¥:?

Since, by construction, |J, 5«2 Bax, (¢(2,)) is a union of open balls and
2

n2n
pathwise connected, it is open and connected itself.
Thus, ¢ o X, is entirely contained in some connected component D¥
of N\ K.
0
In other words, the above Theorem 3.4 says that it makes sense to

consider the equivalence class {p o X] in N/., for any admissible sequence X

in M.
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ASYMPTOTIC ENDS 17

For any E = [X] end of M, consider the following map,

¢: M/. = N/.
[X] — [poX]

Next Theorem 3.5 shows that the definition above is consistent, and so

a rough isometry takes ends to ends.

Theorem 3.5 @ as above is well-defined, i.e., for any two given equivalent

sequences X ~Y in M it follows that po X ~ oY in N.
We will give a proof of this theorem based on the following Lemma,

Lemma 3.6 If K C N is an arbitrary compact set and X and Y are co-
final sequences in M, it follows that the connected components of N \ K,

corresponding to X and Y, as defined in Theorem 3.4, coincide.

Proof of Lemma. Given any compact K C N, by Theorem 3.4,

@Yo anz(,z g Dﬁ, for Z = X, Y (34)

where, D% and D}, are the connected components of N \ K, corresponding
respectively to X and Y, as in the proof of Theorem 3.4, and n§‘2, 775’2 are
as in Lemma 3.2.

We will show that D = DY.
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ASYMPTOTIC ENDS 18

Let

B:=B,p(K)={ge N:d(¢,K) <a+b+1}

which is a compact subset of N.

By Theorem 3.4, 3n§’2 = nﬁ’z(B,xo, ©(xo),a,b) > 0 such that,
i X
Qo XU;B(’2 g DB
and 3775’2 = 775’2(3, Yo, ¥(Y0), @, b) > 0 such that,
Y
@Yo Y;le,z C Dé

where D} and DY, are connected components of N\ B C N\ K.
For each fixed m; > nﬁﬂ, and for every p satisfying 6(zm,,p) < 1, one

has by RI.1,
d(p(Zm,), p(0) < ad(Zm,,p) +b<a+b< a+b+% <a+b+1
which implies that
(D) € Bars(@(Tmy)) € Boiory (9(@m)) S N\ K

Since, Ba+b+%(9"($m1)) N Dg #0

and By 51 (¢(Zm,)) is open and connected, we conclude that

¢(p) € D C A* a connected component of N \ K (3.5)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ASYMPTOTIC ENDS 19

For the same reason, for each fixed my > 7)5’2, if p satisfies §(zpm,,p) < 1,
one has

¢(p) € D} C A" a connected component of N \ K (3.6)

Since B,p1(K) is compact (it is closed and bounded, and N is complete)
and ¢~ is a rough isometry, the set K := ¢~ (B) is compact.
Because X and Y are cofinal sequences, by Definition 2.5, there exists

an integer nk > 0, such that, Ymy,my > ni(
Zpm, and Ym, lie in the same connected component Dz of N\ K (3.7)

Let 7% := max{nff’g,n,}?’Q,nR} and 7% := max{n5? né’Q,nk}. Notice
that the constant 7% > 0 depends only on (K, zq, ¢(z¢),a,b, B, K) and the
constant 73 > 0 depends only on (K, o, ©(¥0), a, b, B, K).

By (3.4), (3.5), (3.6) and (3.7), for each pair (Z,2) € {(X,2),(Y,y)} we

have,

poZyx C D%

PEM:8(zx,p) <1 = ¢(p) € A? (3.8)
Zog & Di

Furthermore, for each pair (Z, z) € {(X, ), (Y,y)} the following condition

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



ASYMPTOTIC ENDS 20

holds,
p(zx) € DENAZ #0
and thus,
A% = DZ
Also,

which implies that,
pEM\K=p(p)e N\BCN\K (3.9)
By the definition of Dg,* there exists a continuous curve
v:[0,1] — Dz C M\ K

joining zzx = v(0) to yzx = (1), entirely contained in Dy.

Let d := §(v([0, 1)), K)(. : d > 0) and 7 := min(%,1)(. : 7 > 0).

By using the fact that ([0, 1]) is compact, it is possible to construct a
finite covering for it, by open balls with fixed radius 7, with the following

properties:

*Since any manifold M is locally path connected-because balls are path connected-for
each open set A C M, the connected components of A are open subsets of M and thus
locally path connected, too. Because, a connected, locally path connected space is path
connected, the connected components of A are path connected.
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There exists a finite sequence of numbers {0 = ) < t; < -+ < tpy <
ty = 1}, for which, the union of the balls of radius 7, centered at «(t,) is
a covering for ([0, 1]), and there exists another finite sequence of numbers
{50 < 81 < 89 < -+ < Sy_9 < S¢g_1} satisfying t, < 5, < t11,2=0,1,...,£-1,

such that,

¥(s,) € Bi(v(t,)) N Bi(y(t41)),2=0,1,...,£ =1 (3.10)
By (3.8), we have for each pair (Z,2) € {(X,z), (Y,v)},
o (Bi(zix))) < DF (311)
Now, for each : = 0,1,..., ¥,

Vp € Bf(')’(tz))
= d(p(p),pov(t)) < ad(p,y(t))+b<af +b<a+b

= ¢(p) € Bays(p 07(t)) € Byypri(p0(t))
Moreover, by (3.9) it follows that
() € M\ K = pov(t) e N\BC N\ K
and by the definition of B, we have

Ba+b+%(90 ov(t)) S N\ K
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Therefore,
¢ (B (7(t))) € Boyppi(pon(t)) SN\ K (3.12)
By (3.10) and (3.12), we conclude that for each ¢+ =0,1,...,£—1,

poq(s) € @{B:(v(t)) N Bs(v(t41))} C

N

¢ {Br(v(t.))} N {Br(7(t41))} €

N

B, ipi1(po7(4)) N Byppii(woy(tin)) € N\ K (3.13)
In particular, for 1+ = 0, it follows from (3.11) and (3.12), that
¢(z4%) = 9 07(0) € Dt N Byyypy1(wo(te)) SN\ K
and from (3.13),
0 07(%0) € Byypy s (9 07(t0)) N Boypp s (0o v(h)) S N\ K
Then, by the definition of a connected component, we must have,
B, 3 (pov(to) UByppyi(poy(t)) S DR SN\ K
To conclude the proof, we will proceed by induction and show that,

Ba+b+§ (po Y(ts1)) U Ba+b+§ (po 7(t1+2)) - D%
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holds, by assuming the induction hypothesis,

B4 1 (9 07(t)) U Boypri (9 0 7(ti1)) € D

where 1 =0,1,...,£— 2.

By (3.13), for every 1 = 0,1,...,¢ — 2, we have,

poy(s41) € Ba+b+-.§- (poy(ty1)) N Ba+b+% (poy(ty2)) EN\K

Thus, by the induction hypothesis and the definition of a connected com-

ponent of N\ K,
B, 41 (90 v(tis2)) C DE
foreach2=0,1,...,£—2.

In particular, when ¢+ = £ — 2,
po(te) € Ba+b+% (poy(te-1)) U Ba+b+§(90 o9(te)) C D%
Since, by the definition of y.x,
po(te) = 7(1) = ysx € Dk

we can conclude, finally, that the two connected components coincide, i.e.,

DX =DY,.
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Proof of Theorem 3.5. Let E = [X] be anend of M and Y € F = [X],
in other words, X and Y are cofinal sequences in M.

Given any compact K C N, by Lemma 3.6, there exists a connected
component Dy¥ := DX = DY, of N\ K, such that,
XY
@po Zﬁg,z CDy ,for Z=X,Y (3.14)
where 75" are defined in Lemma 3.6.

Let us define a new constant, by

0" = max{fiy”, iy}

Notice that the dependence of the new constant n¥ is described by

nK(Ka Zo, Yo, (p(mﬁ)u Qo(yﬁ)’ a, b7 f() > O'T

Therefore, by (3.14), we have,
9o Xyx C DY and poYyx C DY

and, the two admissible sequences ¢ o X and p oY in N, are cofinal.

In other words,
¢([X]) =lpoX]=[poY]=&([Y])

and thus, @ is well-defined.

tsee definition of K in the proof of Lemma 3.6
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Chapter 4

Mappings with Maximal Rank

We begin this Chapter by introducing key tools along with their properties
that were used in this research. We use the jargon of fiber bundles through-
out. Properties of Fibers of M are described in Chapter 2.

Let M and B be Riemannian manifolds with dimensions m and n, re-
spectively, where m > n. Let m : M — B denote a mapping with maximal
rank n from M onto B.

We first show that the fibers at each b € B are submanifols of M of

dimension m — n.

Lemma 4.1 For each b € B, the fiber of b denoted by ©~(b), is a subman-

ifold of M of dimension m — n.

Proof. Let z € n71(b).

Since 7 has maximal rank n, we may choose a direct sum decomposition
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R™" @ R™ = R™, such that, in coordinate systems the restriction of 7, to
R" is an isomorphism.

In that case we may apply the Inverse Function Theorem to find an open
neighborhood Z € IR™ of z in coordinates, such that Z is the graph of a
smooth function g defined in an open neighborhood of projgm-»(z) , which
is the projection of z in coordinates onto R™™".

Therefore, we can define a smooth coordinate map of an open neighbor-
hood of z in 771 (b) into JR™™™", by using the smooth function gs, and thus con-
clude, by the Maximal Rank Theorem, that 7~} (b) is an (m—n)—dimensional

submanifold of M.

As a generalization of Lemma 4.1 we have the following Proposition,

Proposition 4.2 Let v : [t1,t5] — B a smooth embedded closed curve.
Then () == {z € M : n(z) € v ([t1,t2])} is a closed submanifold of M of

dimension (m —n) + 1 = dim (7~1(b)) + 1, for any b € B.

Proof.
Let z € n~!(y) and b = w(x) = 7(f), where ¢ € [t1,12).

That 77 1(v) := {z € M : n(z) € v([t1,12])} is closed it follows from 7
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being continuous and v : [t1, t5] being closed.

To show that 7~!(7) is a submanifold of M of dimension (m —n)+1, we
proceed as in the proof of Lemma 4.1, with the additional remark that v is
an embedding.

In that case, we can define by means of The Inverse Function Theorem,
a smooth function g; defined in an open neighborhood of (projgm-»(z),?) in
IR™ " x IR, which can be used to define a smooth coordinate map of an open
neighborhood of z in 771(y) € M onto R™ ™ x R = RM™-"+1,

Therefore, we conclude by the Maximal Rank Theorem that 7~1(v) is an
((m — n) + 1)-dimensional submanifold of M.

0

Since each derivative map =, of 7 is surjective, we can define the projec-
tions of the tangent space of M onto the subspaces of horizontal and vertical
vectors, and denote them respectively by (VT), and (HT), for each z € M.
In that case, we can decompose each tangent space to M into a direct or-
thogonal sum T,M = (VT), & (HT),, which is justified by Lemma 4.3.

Next, we show that at each z € M the subspace of vertical vectors is the

kernel of the derivative of 7 at z.

Lemma 4.3 (VT), = ker(m,),,Vz € M
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Proof.  First, we will show that
(VT), C ker(m,),, VYzeM (4.1)

Let £ € M,b=rz,v € (VT), = T,w(b), and let ¢: [0,1] = 77 1(b) be
a differentiable curve satisfying c(0) = z and ¢'(0) = v.

Since woc(t) = b, V¢ € [0,1], it follows that (m.). (¢(¢)) = 0. In
particular, v € ker(m,),.

Now, by Lemma 4.1 dimker(7,); = m—n = dim T;x~}(b) = dim(VT),,
which together with (4.1) give us (VT), C ker(m.),.

Notice that (HT), := (VT)E = (ker(m,),)"

Thus, T,M = (ker(m,),) ® (ker(m)g)" = (VT), & (HT),.

O
From the maximality of the rank of the onto mapping # we have the

unique horizontal vector property, as follows.

Lemma 4.4 Letb € B. Given anyw € TyB and x € M satisfying n(z) = b,
there erists a unique horizontal vector v € T, M which is n-related to w, i.e.

satisfying v € (HT), and (m.)z(v) = w.

Proof. Let b,w and x be as above.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MAPPINGS WITH MAXIMAL RANK 29

Since (m.), is onto, there exists v € (VT), and v € (HT), such that
(Ta)z(u +v) = w, where u +v € T,M = (VT), ® (HT),.

By Lemma 4.3, we have w = (m,),(u + v) = (m,);(v), which proves the
existence for the claim.

For the uniqueness, assume there exists o € T, M satisfying 7 € (HT),

S0, (M) (0) = (Ma)e(v) = (7a)(T—v) = 0= 5 —v € ker(m,); = (VT)s,
but # — v € (HT), implies that  — v € (VT), N (HT), = {0}, and thus
=,

O

In particular, under additional assumptions on the space of horizontal
vectors, we can compare lengths of minimal geodesics in M with those in
B, according to the following Lemma, which will be used in several proofs

ahead.

Lemma 4.5 Assume that M and B are both connected and geodesically com-
plete. Let x,2' € M, Tpin C M be a minimal geodesic joining = to z', and
Ymin C B be a minimal geodesic joining m(x) to m(z'). Suppose that for

all b € B and for all x € Fy there exist constants o > 1 and 8 > 0, both
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independent of b and x, such that
1
—{lwllp = B < [Jv||m
«a

for all w € T, B, where v is the unique horizontal lift of w through z that we
assume satisfies |[v||m <1, and || ||m, || || denote the inner product on
TM and T B, respectively.

Then,

dM(.’IC, .’13,) = E(Fmin) >

mn) = 6 = ~da(n(2), 7(=")) = 8

R+

Proof. Firstly, we note that in the assumption, we assumed that the hor-
izontal lift v € (HT), of w satisfies ||v||»s < 1. Otherwise, if ||v||s > 1 we

define 9 := , with the properties

and if we use ”U‘ﬁM and 7 in the assumption, we thus obtain the equivalent

inequality,

1 Jjulls
— B < ol = &
, b= G Tollae

: i
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1
= Hlulis = Bllollu < lollar = ~llwlls < (6+ 1) [olla =

1
- meHB < wllm

for w € T,B, where v is the unique horizontal lift of w through z with
[|v][ar > 1.

For the sake of simplicity, assume that both parametrizations of I',,.;, and
Ymin are defined in the interval [0, 1].

Since, TuM = (VT), & (HT),, we can write the tangent vectors to I'min
in the form I}, (t) =T} (t) @ Ty (), Vt € [0,1].

Notice that by Lemma 4.4, T'y(t) € Tt . ;)M is the unique horizontal
vector which is 7—related to & (7 0 Ty ) (¢), for each ¢ € [0,1]. Assume that
T is p.p.a.l. so that ||T(t)|lx < 1.

We have,

dut(2,2") = £(Tomin) = / 1T (£) @ Tl (8)] et > / IOl S
. 0 0
> 1 / d

I (ﬂ' o I-‘mz'n) (t)l
1 dist. 1

dt
> af(’Ymm) - ,6 = a—dB(ﬂ'(.’E),ﬂ'(l‘l)) - ﬂ

min.geod.

dt = = ~(r o Tia) = f

M

which concludes the Lemma.

O

Let v be a smooth embedded curve in B and [' be any curve in M
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satisfying w o I' = 4. T is called a lift of 4.

Next, Proposition 4.8 proves the uniqueness of a horizontal lift of a
curve in B, through a point z € M.

We will use the following Propositions 4.6, 4.7 in the proof of Propo-

sition 4.8.

Proposition 4.6 (Fundamental Theorem for Systems of Ordinary Differen-
tial Equations). Let f(t,(,€) be a family of n functions defined in | t |< &
and ((,€) = (C1y- -Gy €1y - - - €m) € D, where D is an open set in R™™. If
f(t,¢, &) is continuous int and differentiable of class C* in ¢, then there ezists
a unique family ©(t,n,€) of n functions defined in | t |< &' and (n,€) € D/,

where 0 < §' < & and D' is an open subset of D, such that:

1. o(t,n, &) is differentiable of class C' int and n;

5 dp(t,n, )

5 = f(t, go(t,ﬂa ‘5)75)!

3. ¢(0,n,&) =n.
If f(t,¢, &) is differentiable of class C?,0 < p < w, in t and of class C9,1 <

g < w, in ¢ and &, then ¢(t,n,€) is differentiable of class CP*1, in t and of

class C?, in n and §. If we consider the system of differential equations:

a¢

= G0
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which depend on the parameters £, then ( = @(t,n,&) is called the solution

satisfying the initial condition ( = n when t = 0.

Proof.  (see [20], Appendix 1).

Proposition 4.7 Let X be a vector field on an m-manifold M. For any
point o of M, there is a unique integral curve ['(t) of M, defined for |t |< e

for some € > 0, such that o = ['(0).

Proof.  (see [20], Chapter 1.1) Let (&1,...,&n) be a local coordinate system

in a neighborhood U of 2o and let X = Y, 9@%

curve is a solution of the following system of ordinary differential equations:

in U. Then an integral

dé,

A0 FEES RO

Our assertion follows from Proposition 4.6.

We now state and prove Proposition 4.8.

Proposition 4.8 Given 2o € M and 7 : [t1,t2] — B a smooth embedded
curve starting at b := w(xq), i.e. with y(t;) = 7m(xo) = b, there exists a

unique smooth curve I' : [t1,ts] — M satisfying
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(hl.1) roI' =4,

(hl.2) T'(¢;) = zo, and

(h1.3) T is horizontal, i.e., I'(t) € (HT)r.

T is called the unique horizontal lift of v through z,.

Proof. For a given z € 77 '(y) C M, since v is an embedded curve, there
exists a unique t, € [t1, 2] such that 7(z) = y(t.).

By Lemma 4.4 there exists a unique horizontal vector r-related to ' (¢;),
ie. vy € (HT)y C ToM and (m,)z(vz) = v'(tz), which gives us a vector field

X on 771(y) defined by

iy CM = (HT), CT.M

T - Xe=v, = {(m)e} ! o {7 (1)}

Since 771(y) C M is a closed submanifold, (.) is smooth in z € 771(y),
(m+)z |(aT), is an isomorphism, and 4’ provides a smooth vector field on B,
it follows that the vector field X is smooth in z € 77 (y) C M.

From Proposition 4.7 there exists a unique smooth curve I'(t) entirely
contained in 7 (y) € M such that zo = ['(t1), I'(t) = Xrp) = vrp) €

(HT)r), Vt € [t1,12] and ['([ty,22]) € 77 (), which is the required result.
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We finally notice that according to Proposition 4.6, I' depends smoothly
on the initial condition z,.

O

Let « : [t1,t2) — B denote a smooth embedded curve and let its lift be
denoted by I': [t;,t2] & M.

In the next two Propositions, under certain assumptions on the derivative
of the submersion 7, we have control over the length of the lift of a curve.
For instance, in Proposition 4.9 for a long curve v in B its lift ' in M
cannot be short, and Proposition 4.11 the length of a lift I of a long curve
v is bounded above by the length of ~.

We denote by || ||» and || || the Riemannian norms in TM and TB,

respectively.
Proposition 4.9 Assume there are constants a > 1 and 8 > 0 such that,

l(m)z]lp < elfvlla + B (4.2)

for allz € M, for all v € T,M satisfying ||v||,, < 1.

If v is any smooth long curve in B, then,

() 2 = [£7) = Blta — 1)) > 0

where £(I") and £(vy) denote the lengths of the curves I' and vy, respectively.
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Proof. First, we choose a parametrization proportional to arc length of
T':t e [t,t] = I'(t) € M, an arbitrary lift of ¥ € B. We may assume
w.l.o.g. that ||T'(¢)||,, < 1.

If we use v = I''(t) in (4.2), we obtain

[(mIreT' @] < i@y +8, Vi€ [t

Since 7 o I' = «, we can rewrite the above inequality as
1Yl < @l + 8, VEE [t 1] (4.3)

Finally, if we integrate (4.3), we get

o) = / (81 dt < a[2t|r'(t)i1Mdt+ﬂ/t”dt=

1
= o 4)+ Bt~ t) =
= {T)>2[0(y) - Blta—t)] >0

which proves the proposition.

That the second hand side of the last inequality above is positive follows
from the assumption that + is a long curve. Therefore, as it can be interpreted
from the inequality shown, for a long curve « its lift I' cannot be short.

0O

Now, in the proof of Proposition 4.11 we will need what is stated and
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proved in the following Lemma: for a long curve in B, its lift in M is non-

vertical.

Lemma 4.10 Let v : [ty,t2] = B be a smooth embedded curve in B and let
D : [ty,ta] = M be its lift. If v is a long curve, then, T is non-vertical, i.e.

there erists an interval [t1,t2], such that,
(T'(t)g #0, V€ [t1,1]
where T'(t) = (I'(8))y & (I"(t)) 5 € TryM = (VT )y & (HT)r(y-

Proof. Since v is a smooth, embedded long curve, there exists an interval

let us say [t1,t2], for which,
7'(t) # 0, Vt € [t1,1o]

Moreover, since for all t € [t;, 5] the derivative map (7.)rq) [(#T)r, IS an

isomorphism, we thus obtain

(e ') = (1) {T'@)y © (T'®) g} = (m)re {T'($)} ='(t) #0

2 (1) # 0

for all ¢ € [t1, 2], and thus I is non-vertical.
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Proposition 4.11 Let v : [t;,t3] — B denote a smooth embedded curve and
let T : [t1,ty) — M denote its lift. For horizontal? vectors v € TM only,

assume that there is a universal constant a > 1 such that,

I(m)evllp > = loly, — 8 (44

for allz € M, for allv € T,M\ (VT), = (HT), = [ker(m.)s]".

If v is a long curve then,
(L) < all(y) + Btz — )]
where £(I") and £(7y) denote the lengths of the curves I' and vy, respectively.

Proof. We first notice that because v is a long curve, by Lemma 4.10, T
is non-vertical.

If we use v = I(t) in (4.4), we may write

)
0 7{: ||(7T*)F(t)rl(t)1|3 2 %Hrl(t)“M - 167 Vte [tlatZ]

and using 7 o ' = « in the above inequality, we obtain

0# I @ls 2 3 IVl — 6, Ve€ 6,1

which in turn implies that

IT'Ola < (Y Ollg +8), Vi€ [tr,t]
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Finally, integrating the above inequality gives us

aw = | 100 et <

1

= a/t 2 |17/ (®)] | pdt + ﬂa/t d=a £(y) + Ba(ts — 1) =
= «a [fl(’Y) + B(t2 — t1)] > 0

which proves the proposition.
Therefore, as it can be interpreted from the above inequality, the length
of a lift T" of a long curve % is bounded above by the length of +.
O
Next, for onto smooth mappings with maximal rank, we define special
diffeomorphisms between any two fibers, a useful tool that will feature in
many of our proofs. In Theorem 4.12 we give its definition and state and

prove several of its properties.

Theorem 4.12 Let 7 : M — B be an onto smooth map with mazimal rank,
where B is connected. Let by, by be distinct elements of B and let v+ C B
be a piecewise smooth embedded curve joining by and by and parametrized
proportionally to arc-length (p.p.a.l.), given by v : [t1,t2] — B, where
V(1) = b1, ¥(t2) = ba.

If we denote by (b)) = Fy, and n~'(by) = Fp, their corresponding
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fibers, we thus define the map
Ply) Fy, — F,

by the following rule:

Given x € Fy,, let T, be the unique horizontal lift of v through z, and set
o (x) =Ts(t2) € Fy,
Then, the map ¢,y has the following properties:
1. @y Fyy — Fy, is well-defined;

2. Let vy : [t1,82) — B and 79 : [to, t3) — B be smooth embedded curves
parametrized proportional to arc-length and satisfying v1(t2) = va(t2).
If v5 is the composition of v, and v,, denoted by v3 = ¥, 0 7v;, and

defined as follows:

Y3 : [tl,t3] - B
_f m@), ittt
t—= n) "{ yot), ifte<t<ts

Then () : Fru(n) — Foa(ie) Satisfies P(zs) = Piaa) © Pim)-

3. ¢y Fy, — Fy, is a diffeomorphism;

4. Y(y) depends continuously on v, i.e., for sufficiently small displace-

ments of v within a tubular neighborhood, keeping the endpoints fired,
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their horizontal lifts through x lie entirely within any given small tubu-
lar neighborhood of T'y. Furthermore, since horizontal lifts are, by
definition, curves tangent to (HT) C TM, this fact forces the end-
points of horizontal lifts through x to belong to arbitrary balls around
o) (x) =Tz(t2), as long as those horizontal lifts through x lie entirely

within a sufficiently small tubular neighborhood of T';.

5. A group of diffeomorphisms between fibers is defined as follows.
Let b € B be a fized base point and v : [t1,ts] —> B be a piece-
wise smooth embedded geodesic loop parametrized proportionally to arc-
length, where «(t1) = y(t2) =: b. The properties of p(,) : Fy — F,

imply that the set of mappings Gy given by,
Gy = {p(y) : Fy = Fy, Vv piec. smooth embedded geodesic loop at b}

defines a group of diffeomorphisms of the fiber Fy, which is called the

holonomy group of the assignment,
zt€Mw— (HT), C T, M
with reference to the point b € B.

Proof. We shall proceed proving item by item.
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Proof of 1. ¢(,) is well-defined.
Indeed, since 7 is fixed and for each z € Fy,, I'; is unique, the map ¢,

is well-defined (see Fig. 4.1).

Figure 4.1: The map ).

Proof of 2. Qirs) = Pm) © P(m)-
Let v, : [t,, 1] — B, ¢ = 1,2, as it was introduced in 2. For every

z, € Fy(1,), the following are well-defined:

o) Fuey — Py
z, — F;L(tH_l)

where T, : [t,,%,41] — M is the unique horizontal lift of v, through z,.

Let x € F,,(;,) and define [ by

f : [tl,t3] — M
- r(1), ift; <t <t
We want to show that I'(t) = I'3(t),Vt € [t1, ta], where T2 : [ty,t35] = M

is the unique horizontal lift of 3 = 5 o ; through z.
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Therefore, we must verify properties (hl.1,2,3) of I'> (see Proposi-

tion 4.8) for I".
(hL1) () =Ti(t) =

(hl.2) mol'(t) =

7o [L(2) = (1), ift; <t <ty
= { mol(t:) = mlte) =mnlte) =m0l (k) » =
moTfi,®) = (), ift, <t<ts

= ’)/3(t), Vt:tl Stst_g

d -
hl.3) =TI'(¢) =
(h1.3) 2 ()
_ a—ir‘;(t) € (HT)pé(t) C Tré(t)M, Vit <t <ty
- d
dtr%l(‘l)( ) € (HT)rgl(t NORS Tp; 1) M, Vi:ta <t <13

which are horizontal vectors, for all £ : {; <t <y Via <t <13,

It remains to verify (hl.3) for the case t = ¢, for we will show that

d_, d
dt r:z: (tz) dt FFI 1(t2) (t2)

We have the following

Nitz) = 72(t)

’)’i (t2) - ’72(t2)
@l ~ @)

d
(ma)race) (dt z(lt)) = afn(t), Vit <t <ty
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d d
(W*)F?‘é(%)(t) ('d“t‘r%;(tz)(t)) = ":E")’z(t), Vit t2 S t S t3

T(t2) = Ty, (t2)

L]
dt
Thus, —%f(t) is well-defined and horizontal, for all ¢ : ¢; <t < 3.

which implies by uniqueness of horizontal lifts that %I‘i (t2) = I‘%; (tz)(tg).
After verifying (hL.1,2,3) for I", we conclude, by uniqueness of horizontal
lifts, that T'(t) = T3(t), for all ¢ : t; < ¢ < ts.

Finally, we obtain

o(1s)(z) =T3(ts) = [(ts) = Ty, (ta)
p(r)op(m)(z) = p(1)(Ta(t)) = Thiy,)(ts)

and since z € F.,(;,) is arbitrary, we conclude that ¢(7y3) = ¢(v2) o (1) (see

Fig. 4.2).

QD(%) Q0(’)’2)

P(ye0m)

Figure 4.2: Property ¢(72 0 11) = ¢(72) o ¢(71)-

Proof of 3. ¢(y) : Fy, — Fy, is a diffeomorphism.

We will prove this in 3 steps. In (Step 1.) we exhibit the inverse of ¢(,),
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n (Step 2.) we prove that ¢(,) is smooth and in (Step 3.) we conclude the
argument.

(Step 1.) ¢(q) has an inverse of the same type ¢(s), where 7 is the opposite
curve to 7.

If z € F;,, then Ty, the unique horizontal lift of v through z, satisfies:
(h1.1) T.(t)) = =z
(hl2) 7ol,(t) = (), Vi:t1 <t<t
d
(hl.3) Elzl-‘z(t) € (HT)r,w CTr,oyM, Vt:t1 <t <ty
Let 4 denote the opposite curve to 7, defined over the real line interval

[tg, t2 -+ (tz - tl)] = [tg, 2t2 - t1], by

[tg, 2t2 — tl] — B
U — F(u) = (2t — u)

So, ¥ is an embedded p.p.a.l. smooth curve joining bs and b;.
We denote by I'r, ) : [t2, 2to — t1] — M be the unique horizontal lift of

% through T, (o), i.e.,
(hLI) Tr,,)(t2) = Tu(t2)
(hl.?) mo f‘r‘z(tz)(’u) = ’7(U), Yu: tg S u S 2t2 - tl

(hl 3) Frz t2)( ) (HT)T‘I‘,;(Q)(“) - Tf‘rm(tg)(u)M’ Yu : t <u< 2t2 - tl,

a horizontal vector.
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We claim that
Lr ) () =To(2ts —u), Vu:ity <u< 22—t
In order to prove the claim we must verify that the curve
U € [ty, 2y — t1] > T2ty — u)

satisfies (hl.1), (hl.2), (h1.3), and then from the uniqueness of the horizontal

lift the claim follows.

In verifying those 3 items, we use (hl.1,2,3) for I';:
(hLI) T5(2t; — (=t2)) =Tu(ta) v
(hL2) 7ol (2t —u) =v(2t, —u) =F(u), Yu:ta<u<2b—t1

=~ d
(B1.3) =Tu(2t, —u) =
d
—?d_tF’(t) =2ty € (HT)rp(t)]imaty—u S TTa(®)limaty—u M Yt € [t2, 282 —11],

a horizontal vector. +/

In that case,

P (T) = 9 0 0)() = 9a)(Talte)) = Ty (2t — 1) =

= [ (20— 2ty —t)) =T.(t1) =2

and since z € Fy, is arbitrary, it follows that ¢(yo,) = id |5, i.€. (5 = <p(‘71)
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(Step 2.) ¢y is smooth.

From the last remark in the proof of Proposition 4.8, we have that
' depends smoothly on the initial condition z € Fy,, and since ¢(y)(z) :=
T'z(t2) € Fp,, we conclude that ¢(,) depends smoothly on z € F,.

(Step 3.) ¢(y) is a diffeomorphism.

Since « is arbitrary in (Step 2.) it follows that @) is also smooth, which
implies together with (Step 1.) that ¢(,) is a diffeomorphism.

Proof of 4. ¢(y) depends continuously on .

We firstly remark that since v C B is an embedded curve, there exists
a single coordinate neighborhood in B, which entirely contains the curve 7.
Therefore, in order to prove the Theorem is enough to look at one single
coordinate neighborhood.

Initially, let us introduce some notation.

Assume there exists ), a piecewise smooth p.p.a.l. embedded curve, dis-

tinct from 7, joining b; and by, where

)\Z[tl,tQ] — B

t1 — /\(tl) = b1 = ’)’(t1)

ta /\(tg) = bg = ’)’(tg)
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For each z € Fy,, let (U, ¢) be a coordinate system around z, and (V, )

a coordinate system around by, such that
e 7(U) =V, and
o Ty =tomog!:¢(U)C R™— R" has maximal rank n

We may assume w.l.o.g. that the images of A and v are entirely contained
in the coordinate neighborhood V.

Since, by The Inverse Function Theorem, maximal rank maps behave
locally like projections, w.l.o.g., we may assume that (U, ¢) and (V,¢) are
such that

$(U) C Z and $(V) C W

where Z C R™(=~ RR™ ™ x R") is a neighborhood of ¢(z) = (¢;,(z), and

W C R" is a neighborhood of v(b,), with the following properties:
e X x W is an open neighborhood of (&;,%(h))
e 7 is an open neighborhood of ¢(z)
e h: X xW — Z is the inverse diffeomorphism of

FiZCHU)CR™ —» XxW

(&0 = (& mey(,Q)
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satisfying myy o (&, w) = w,V(§{,w) € X x W.
In particular, 7 o ¢! o h(&;, % 0 y(t)) = 7(t), for all ¢ € [t;,1,) and

bl =mo ¢—1(€ma Cz)

In local coordinates, the unique horizontal lift of -y through z, is given by

F:r(t) = ¢_1 o h(&ma 1/) © V(t))th € [t1, t2]

and similarly, for the unique horizontal lift of A through z,

Am(t) = ¢-1 o h(fxaw o )‘(t))th € [tly t2]

In particular,

Py (@) = Ta(te) = Az(t2) = ()

Finally, by the local forms of ', and A, as above, and since all the maps
considered in these expressions are continuous, we can conclude that:

Given any small tubular neighborhood 71, of I'; in M™,

[e(t1,t2)) € Tr, € M™

there exists a sufficiently small tubular neighborhood 7, of v in B",

[t te) € T, € B
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Figure 4.3: ¢,y depends continuously on +.

such that, for any curve X in B" which lies entirely inside 7, its horizontal
lift A, in M™, lies entirely inside 7r, (see Fig. 4.3).
Consequently, ¢(v) depends continuously on +.
O
In the remaining part of this work, we will initially explore the motivation
behind the main Theorem 4.2.10, before we state and prove it.
B. O’Neill’s article [25] furnished the inspiration for this work. In this
article O'Neill defines Riemannian submersions (see Definition 2.7) and
gives necessary and sufficient conditions for a Riemannian submersion to

differ by an isometry from the simplest type of Riemannian submersions, the
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projection of a Riemannian product manifold on one of its factors. In our
research, Theorem 4.2.10 provides an answer to the same kind of question
as above, with maximal rank mapping replacing Riemannian submersion,
and with rough isometry instead of isometry.

In the next two sections we will investigate this question: when is a

Riemannian manifold roughly isometric to a Riemannian product manifold?

4.1 Riemannian Submersions

Let M and B be Riemannian manifolds, and r : M — B a Riemannian
submersion.

In the next 2 Theorems, we obtain equivalence relations given by rough
isometries. That will allow us to see M, through the eyes of a rough isometry,

as a Riemannian product manifold.

Theorem 4.1.1 Let # : M — B be a Riemannian submersion. Suppose B
is compact and connected, and for each b € B the fiber 71 (b) has the induced
metric from (M,d). Then for each b € B, the inclusion . : n~1(b) — M is a
rough isometry.

In particular, since B is compact, M is roughly isometric to the product

7~1(b) x B.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



RIEMANNIAN SUBMERSIONS 52

Proof. 'We must verify axioms (RI.1) and (RI.2) for ¢, on each fiber.
Let b € B.
We claim that ¢ : 771(b) < M satisfies (RI.1).

In fact, first notice that the induced metric d, on the fiber is defined by

dy(z, y) = d(u(z),(y)) = ’glf U(Vey)s Vz,y € 77H(D)

where, v,, C M is any curve in M joining z and y, and d is the Riemannian
metric on M.

We can rewrite the definition of dj in the form,
1-dp(z,y) = 1 < d(ez),e(y)) < 1-dp(z,9) +1

which is axiom (RI.1) with A=C = 1.

Now, we verify axiom (RI.2) for ¢ : 7~1(b) < M.

We want to show that for some ¢ > 0, M is an e-neighborhood of ¢ (771(b))
viewed as a subset of M, i.e. there exists an € > 0, such that for ally € M
we have d(y,Im(:)) < e.

If M =+ (7"'(b)), then (RI.2) follows for any € > 0.

Otherwise, if y € {M \ n71(b)} # @, since B is compact and connected,

and thus complete, we can consider the minimal geodesic A in B, joining b

and 7(y).
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Notice that in this case 7(y) # b implies that
diam B := sup{d(z,y) : Vz,y € B} >0
and the fact that B is compact gives us,
0 < diam B < o© (4.5)

Let A be the unique horizontal lift, in M, of A through y, in other words

A satisfies,
(hl.1) 7oA =},

(hl.2) A passes through y, connecting y to the fiber #7!(b). In particular,

A intersects 71 (b).

(h1.3) Aishorizontal, i.e., its velocity A’ € (HT), defines a horizontal vector

field on M.

Thus,

S.2
) = [100% [Imonle= [INl=t)  @9)
It follows from ( 4.5) and the fact that ) is a minimal geodesic,

£()\) < diam B :=sup{d(z,y) : Vz,y € B} (4.7)
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Finally,

(h1.2)

d(y, Im(0)) := d(y,u(z)) < eA) &Y e(x)(g) diam B

inf
zen1(b)

and this is axiom (RI.2), with ¢ := diam B > 0.

Theorem 4.1.2 Let  : M — B be a Riemannian submersion, where B is
connected and complete. Suppose that, for some constant m > 0, all fibers

satisfy the universal property:
(UP) diam (7~ '(b)) < m < 00,Vb € B.

Then, m: M — B s a rough isometry.
In particular, if for some by the fiber w1 (bo) is compact, then M is roughly

isometric to the product w=*(bo) x B.

Proof. Let us denote the Riemannian metric spaces by (M, dys) and (B, dg).
We must verify axioms (RI.1) and (RI.2) for 7.
By definition 7 is a surjective map, i.e. Imm = B, which implies that
B = B.(Imn) = {y € B : d(y,Imm) = 0 < ¢} for any choice of ¢ > 0, and

this gives us axiom (RI.2).
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To verify axiom (RI.1) we need to find constants A > 1 and C > 0,

satisfying

'dM(xﬁ y) -C < dB(7r(a:),7r(y)) < A dM(way) +Ca Va:,y eM

| =

Let z,y € M.
Since B is connected and complete, there is a minimal geodesic A in B,

connecting 7(z) and 7(y), with the property,
dg(n(z), 7(y)) = £(}) (4.8)
In M, there exists a unique A, horizontal lift of A, passing through z,
(hl.1) mo Ay = )

(hl.2) A, intersects the fiber passing through y, namely n~!(7(y)), at some

zeM:7(2) =m(y);

(hl.3) A, is horizontal, i.e., its velocity A,’ € (HT),, defines a horizontal

vector field on M.

Thus,

Ay = / | AL 122 / |70 AL 5= / I Nla=£0)  (49)
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Now, we observe that (UP) for 7~ 1(n(y)), means,
diam {77} (7(y))} < m

By using ( 4.8), ( 4.9) and the triangle inequality, we can write,

dM(.’L', y) < dM(.’E, z) + dM(yv z) = 'iynfe(’)’z,z) + dM(ya Z) <

(uP)
£(As) + du(y, 2) < £(Ag) + diam {77 (r(y)} <

IA

2Ag) +m = 200) + m (& dp(n(z), 7 (v)) + m

IA

which can be rewritten as

dp(n(z),7(y)) 2 7 - du(z,y) —m (4.10)

P |t

On the other hand, by ( 4.8) and ( 4.9), we have
ds(r(2), 7)) £ £ £ 4(a) (4.11)

We claim that

A, < ¢a), Ya (4.12)

where a : [t;,%5] = M is any smooth connected curve joining z and y in M.

In fact, if we write

a'(t) = a'H(t) &%) aﬁ,(t) (S Ta(t)M = (HT)a(t) &) (VT)a(t), Vt & [tl,tz]
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and observe that for any orthogonal vectors U and W,
U eW|? = ||U|* + [|W]]* > max{||[U|I*, |W]]*}

then,
t2

2]
Ya) = / 6/ (8) gt > / ot (8)] el
t1 i1
Moreover,

t2 t2
tiroa) = [l iod Ollodt ™2 [l 2

t1 ty

i

[ "ot (8) et

1

and consequently,

€a) 2 [ llay(t) e =m0 0) 2 du(m(@) 7)) 2 4(A)

t1
for all « : [ty,t] — M, a smooth connected curve joining z and y in M,
which is the claim.

Now, by ( 4.12) and the definition of infimum, we can write,
. ( 4.11)
inf £(e) =: du(z,y) 2 £(A;) " =" dp( (), 7(y))
which can be rewritten in the form,

dp(n(z),7(y)) < dm(z,y) < 1-du(z,y) +m (4.13)
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Finally, if we combine ( 4.10) and ( 4.13), we obtain,

% -dum(z,y) —m < dp(n(z),7(y)) < 1-dum(z,y) +m

which is axiom (RI.2) for A=1and C=m >0

4.2 Non-Submersions Surjective Maximal
Rank Maps

Let M and B be Riemannian manifolds, and # : M — B an onto smooth
map with maximal rank.

In this section, we show that for onto smooth maximal rank maps the
same results as in Theorems 4.1.1, 4.1.2 hold, as long as we make extra
assumptions on the subspaces of horizontal vectors.

We also provide in Counterexamples 4.2.2, 4.2.4, 4.2.5, 4.2.6 evi-
dence showing that if we drop any of the hypothesis in either Theorem 4.2.1

or Theorem 4.2.3, those results cease to follow.

Theorem 4.2.1 Let 7 : M — B be an onto smooth map with mazimal rank,
where B is compact. Assume that, for each b € B, the fiber m71(b) = F} is

endowed with the induced metric from (M, d). Suppose there are constants
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a>1 and 8 > 0, such that, for all b € B the following inequality holds:

lvlla < allwljs + 8 (4.14)

for all z € Fy and w € T,B, where v € (HT), C T, M is the horizontal lift
of w through x.
Then, for each b € B, the inclusion map ¢ : Fy — M is a rough isometry.

In particular, since B is compact, M is roughly isometric to the product

7~ 1(b) x B.

Proof. 'We must verify axioms (RI.1) and (RI.2) for ¢, given any b € B.
Let us denote by (M, dys) and (B, dg) the Riemannian metric spaces.
As in the proof of Theorem 4.1.1, if we rewrite the definition of the

induced metric d on the fiber Fj in the form,

1-dy(z,y) — 1 < du(e(2); 1(y)) < 1- do(2,9) +1

this is axiom (RI.1) with A=C = 1.

To verify axiom (RI.2), we need to prove that M is an e-neighborhood
of «(F,) C M, for some € > 0, i.e. we must find a constant ¢ > 0 for which
du(y, L(Fy)) < ¢, for all y € M.

W.l.o.g. we may assume that B is connected, since if that is not the case,
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we can repeat, on each connected component of B, the argument that will
follow.

Now, since B is compact and connected it is also complete.

Thus, for any y € M there exists a minimal geodesic v joining 7(y) to b,
with v : [0,1] — B,~¥(0) = n(y),¥(1) = b.

By Proposition 4.8, 4 has a unique horizontal lift T, : [0,1] — M,

through vy, i.e.,
(hl.1) 7oy =1;

(hl.2) Ty(0) = y and T'y(1) € 7~ {4(1)} = F;. In particular, I'; connects y

to the fiber Fy;
(hl.3) T is horizontal, i.e., T')'(t) € (HT)r,()-
In that case, we can write,
L. ( 4.14)
duly, ) < 4T = [ 1Tyl <
0

1
< a [ Ty @llad+ 5 =
0

1
= o[ IOllade+p=a ) +5  (@15)
0
Now, by the compactness of B,

diam B := sup {dg(b;,bs)} < o0
b1,b2€B
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Moreover, since «y is a minimal geodesic joining 7(y) to b,

{(y) = dp(w(y),b) < diam B < 00 (4.16)

By substituting ( 4.16) in ( 4.15), we obtain,

( 4.15) ( 4.16)
du(y,e(Fy)) < a-€(y)+f < a-(diam B)+p (4.17)

Define ¢ := o - (diam B) + 3, which is a positive constant independent of
y, and in particular, independent of b € B.
For that choice of ¢, since y € M is arbitrary, we see that (4.17) is exactly
axiom (RI.2).
0
In what follows, we provide a Counterexample to illustrate how assump-
tion ( 4.14) is essential in Theorem 4.2.1. We show that if ( 4.14) doesn’t
hold for some b € B, then the inclusion map ¢ : Fy < M ceases to be a rough

isometry.

Counterexample 4.2.2 We will erhibit M, B, satisfying all the condi-
tions in Theorem 4.2.1 with the exception of ( 4.14), which does not hold in
this Counterezample, i.e.,

For any given constants a > 1 and B > 0 there exist b € B, w € TyB and
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z € Fy satisfying:

[v]lar > al|wl|z + 8 [CE.1]

where v is the horizontal lift of w in (HT), C T;M.

In this case, the inclusion map ¢ : Fy, — M is not a rough isometry.

Let M and B be the following Riemannian manifolds,
M = {(z1,29,23) € R®: 22 + 22 = 2} + 1}
and the compact unit circle,
B =8"= {(z1,2,0) € R®: 2 + 12 = 1}

where the metrics on M and B are induced by the Euclidean metric on R3.

Let m: M — B be defined by,

7 (21, T2, T3) ad 22 0
1, T2, T3) =
o Vi +a} /2l +af

The map 7 defined as above (see Fig. 4.4) is the composition of the two

maps,

x x
($1,.’L‘2,I3) = ( . 2 2,.7)3)

N ANCEE:
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‘E

1 T3
(.Z‘],-’la‘2,.'£3) = 2 ) 1 T3
\/zl +z3 \/zf +x3 ]
A

(diffeomorphism) - ~
€1 €2

£s

(a,5,8) ~ (a,5,0)

(projection)

[0
=

Figure 4.4: The map 7 : M — B in Counterexample 4.2.2.

where the first is a diffeomorphism between M and the cylinder described by
{(z1,z2,23) € R3: 22 + 22 = 1,23 € R}, and the second is the projection
onto the first two coordinates, which is an onto smooth maximal rank map.

Consequently, 7 : M — B is an onto smooth maximal rank map.

Notice that for any compact connected smooth curve v in B = §*, which
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minimizes distances between two points in B, its length satisfy £() < 2.
On the other hand, if we denote by I', the horizontal lift of v through

(21, z9,7), where
(z1,Z9,7) € R® : 33 + 23 = 7241, r > 0 constant

the lengths of the horizontal lifts £(T',) grow without any bounds as r — +o00.
Next, we find suitable parametrizations for v and I'; in order to show
that [CE.1] holds.
Let b = (b, b,,0) € B.

Assume that -y passes through b, and let us parametrize vy by,
¥(t) = (1(t),72(t),0) € B, Vte€[0,1]

with b = 7(0) and 2(t) + 42(¢) = 1 where, 0 < ¢t < 1.

A generic element in the fiber F; € M can be described as,

£, = (bl-\/s2+1,b2-\/32+1,s) eM

where s € R is constant.
We claim that the unique horizontal lift T, (see Fig. 4.5) of «y through &,,

where r > 0, can be parametrized by,

T,(t) = (71 (t) - VIZ+ 1, 7(t) - VT2 1,7‘) vt € [0,1] [CE.2]
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Figure 4.5: Curve < and its horizontal lift T',.

First, we show that the Subspace of Vertical Vectors is a 2-dimensional

vector space of the form,

(VT)(m,mz,za) Lo 4 ker(ﬂ'*)(mx,zmza) = {(51 ¢, 77) eR: 22-E—x1-(= 0}

where (24,5, 23) € M.
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The Jacobian of 7 at (z,z9,23) € M is given by,

(Tr*)($1;$2123) ({, 47 77) =

gﬂh 1y 42,43 ng 1y 42,
= lg(xlax%x3) '_’n-z_(mlax27
3:L'1 6$2
L 0 0
i ng —T12o

3/2 3/2
@) @)
= —T1ZT2 xy
3/2 3/2
(22 +39)"* (a2 +23)%
0 0
1 23 — 73111322(
= ————— e | —r126 4+ zi(
3/2
(a2 + 23 0

for any (¢,¢,n) € R3.

Thus, for each (1,22, z3) € M,

(ga C) 77) € ker(ﬂ'*)(ml,zz,za) —

=

&= 0 €-31-¢(=0

.’E%f - 1‘11‘2( =0
—21Zl + 23¢ =0

={

o
z3) 5%(%#2@3) ¢
0 =
z3) éf(ﬂh,wz,m) * g
0
£
o| (| =
n
0 -l
Ty (@ —21() =0 z3tads0
~21 - (22 —2:1() =0
[CE.3]

Notice that, the map () (g, ,0,,25) has rank 1, V(z,, x5, 23) € M, since,

2

Ty —x1T9
(@2 +23)** (@2+2)*? | _
det 2 =0
—T1T2 Ty
3/2 3/2
@2 +22)** (a2 + 1)
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and

2

Ty
(z? +002)‘°’/2 ] #0

.T?
22 + 22 # 0 = either det [ —_— ] 0 or det [
e EE

which implies that,
. Lem 4.3
dim ((VT)(Il,Iz,za) ker(ﬂ'*)(ml,zz,za)) 2

and

dim ((HT)(zl,zz,ma) Lem=4‘3 (ker(ﬂ'*)(ml,zz,xs))l) = 1

In order to prove claim [CE.2], we must verify properties (hl.1,2,3)
according to Proposition 4.8, for I',.

[(hl.1)] 7o T =~

ol (t) = (m) ViT+ L 3(t) - VP Lr) =

( n(t) VPHT (t) - VTFT 0)
VADE+ 1)+ B3O +1) VAEGOE )+ RO+ 1)

('Yl( )’72( )aO) = ’Y(t)7 Vt € [01 1]

where, 71(t) + %3(t) =1, VYt € [0,1].

[(h1.2)] T,(0) = &

L) = = (M) V120 VE+1Lr) =

= (b Vr2+1L,b- Vri+1,7)=¢
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[(hl.3)] T, is horizontal: T'(¢) € (HT)r,q) = (ker(ﬂx*)p,(t))l ,Vt €0,1]

We have, for all ¢ € [0,1],
RO+BB =1 = 1) N +nt) %E=0=
= () e(t)=0
and,
(2(t), =71(2),0) 0 4(t) = (12(t),—(£),0) ® (1:(t), 72(1),0) =
= 1) nE) —n@) 2{) =0
implying in IR? x {0} that,
(12(t), =n(2), 0) @ (1 (2), 72(2),0) # 0
Moreover,
TU) = (@) VEF L% - ViZ+1,0), vee[o,1] [CE.4]

Then, condition [CE.3] determining whether a tangent vector belongs to

the kernel of m,, writes,

(72(1?) T2 + 1) VT +1 -~ (’71(t)\/ 2+ 1) RV +1=
= VP2 +1(n() %) — @) -%@) =
= Vr?+1(%(t), —n(t),0) o (1(2),%2(2),0) # 0
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and consequently, V¢ € {0,1],T'.(¢) is not a vertical vector.
Now, we show that the tangent vector to I',(t) is perpendicular to the
fiber F., for each t € [0,1].

Recall that a generic element in the fiber F.;), can be written as,
& = (’71(t)'\/52+1,’)’2(t)'\/32+1,3> ,SE€ER [CE.5]

Therefore, a tangent vector to the fiber is given by,

d s s
=& = (m()- Y2(t) - —ee=,1),5€ R
3t ("1() e LM~ )s
and thus,
d o
oo Lt) =
T T
= t)- cy (@) VT2 4T+ y(t) - A(t) - VP41 =
m(t) = ) %) T )

= T(7l(t) : 7;(t) + ’72(t) ) 7£(t)) =0, Vie [Oa 1]

So, I'(t) L F(t) for all t € [0,1] and r € R, and we conclude that
IL(t) € (HT)r,.

Next, we show that [CE.1] holds for 7 : M — B.

Let b € B be arbitrary, and any given real numbers & > 1 and 8 > 0.

For the smooth curve = in B, parametrized by,

v:[0,2r] — B
t —  7(t) = (cost,sint,0)
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where,
v 0,27} - B
t — ~'(t) = (—sint,cost,0)
and,
Y@y =1, 0<t<2r [CE.6]

there exists a unique #, € [0,27), such that b = ().

If we choose 7 = y/{(a + B8) + 1}? — 1, which is a number greater than

1, we obtain for v = I'L(t),w = v'(t), z = ['-(¢5) the following,

ol = [Tl B I @)l +1 2 V1 =
= (a+p8)+1 >a+[3=a-1+ﬁ[C£’6]aH'y'(tb)||M+ﬁ=
= ollullp+8
which is [CE.1].
Finally, we show that the inclusion ¢ : F, = M is not a rough isometry.

In that direction, we claim that (RI.2) fails, i.e.
Ve > 0, 3ye = ye(e,b) € M, satisfying dpr(ye, t(Fp)) > €

From [CE.5] the fiber F,, where b = (t;) = (costy,sints,0), can be

described as,

Fy,={& = (Vr2+1-costy, Vr?2 + 1-sinty, r),r € R}
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Figure 4.6: Generic elements &, in the fiber F}, and y, in M \ F,.

So,M\Fb¢0.

Now, any element y, of M \ Fy is of the form,
Yp = (\/7"2 +1-cost,Vr2+1 -sinf,r)

for some 7 € R and £ € [0,27),f # 5, where ¥(t;) = (costy,sinty, 0) = b #

7(y,) = (cost,sint, 0) = ¥(f) (see Fig. 4.6).
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Define t € [0, 27), by,

T ht+m if 0<ty<n (o7 <i<2m)
- ty—m, if w<ty<2r (OSt_<7T)

In particular, £ # ¢, and |t — t;| = .

Moreover,

du(&ry yr) = V(12 + 1) (cos ty — cos )2 + (r2 + 1) (sinty — sin )2 =

= 12 +1+/1—2cost,cost— 2sint,sinf+1 =

V2 +1vV2/1 —cos(ty — 1) = Vr2 + 1V2v2 =2vr2 + 1 [CE.7]
Let € > 0 be arbitrary.

If € < 2, by [CE.7] we have (see Fig. 4.7),

CE.
du(L(Fy)s yo) = dar(§o, o) BTy > ¢

which shows that [RI.2] fails for y. := yo = (cosi,sint,0) € M \ F;.

If € > 2, consider any r € R satisfying

\/62-4_\/6—2\/€+2>

0
2 2

r>

this choice of r being possible, because property [CE.1] holds for this Coun-
terexample.

In that case, we have,

U >VE-—4>0=4r">&-4>0=4(r+1) > =
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[(cos ty, sin ty, 0)} (cost,sint, 0)
N -] A . €

— =]
—

Figure 4.7: Realization of the distance between y, and the fiber Fj.
= 2Vr?+1>e¢ [CE.8]
In what follows we will define (see Fig. 4.7),
Ye = (\/m—l--cosf, r2+1- sinf,rc) € M\ F,
satisfying the 2 conditions,

e 7. > 1; and
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e the unique straight line passing through y. and &, is perpendicular to

Fy at &, thus giving us the realization of the distance das(ye, t(F)) =

dM (y€a£1‘ ) N

We may assume w.l.o.g., for the sake of a much simplified calculation,
that, &, = %ﬁ and t = -g, since M is symmetric with respect to both axis e3
and e, (see Fig. 4.8).

Thus we have, 7(3) = (0,-1,0) = b (%) = (0,1,0), a generic el-
ement & = (0, —+v72+1,7) in the fiber F}, and a generic element y, =
(0,vrZ+1,7) in M, but not in the fiber F}.

In this case, F} is given by zo = —4/z2 + 1, and the perpendicular line

to F, at & has equation,

-1
To+Vr2+1 = -—u—(frs—r)=

Vre 41
= TT+ (zz3—71), Vz3€R [CE.9]

d —2r

here j1 = — — VEZ 1 |yr= —me.

where p1 = — u?+ 1| W

Since y. = (0, V41, re) is on the line [CE.9], we obtain the following
equation,
rZ4+1
ViZ+1l+Vr2+1= (re=7)>0 [CE.10]

which defines r..
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€3
.-M
........................................ Ye(€: b)
(0,—\/72717") ........................... \ ~ (0,+vr? +1,7)
- 7]
(01 -1, 0) gl J D (0,170) €2
Y Y
1 1 ‘

Figure 4.8: Construction of y, = y(¢,b) when t, = 3 and = .

Indeed, equation [CE.10] has only one solution,

VT F 1
2= Tr+ r€—2\/r2+1=\/7"2+1(%—2>=>

2
Sr241=(2+1)(f+4-4") =
€ T2 T

2 1
#r?+1=r?+%+4(r2+1)—4<r+;>r€=>
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1 1
=>—rf-—4(r+;)re+4r2+3=0#

7-2
1
4(r+—>:|:\/z
=T = L
r2
where
1\* 1 1 12
A = 16(r+=] —45(4r*+3)=16(r"+2+ 5| -16—= =
r r2 r2 r2

4 1 1\?
= 167‘2+16+T—2=4(4T2+4+ﬁ)=4(2r+;) =

(res) = (rsd)

which implies that,

= VA

1 2
4(T+F)i<4r+}'> 43 + 3r (solution)
_ o3 3 _ r (solution
T, = 7 = 2r°+2r£(2r +r)—{r(n_otasolution)
T2

Then, the only solution of equation [CE.10] is,
re=4+3r=r(4®+3)>r>0 [CE.11]
Finally, by employing the expressions,

ve=(0,VIZ+1,r) and &=(0,-V/F1,r)

and by using [CE.10] and [CE.11] , we can estimate the distance from y.

to the fiber Fj, only in terms of r,

2
dat (Yer &r) = \/02 + (\/7'? +1+Vr2+ 1) + (re — r)2 OB
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S (G IR (Caola

= \/(_272;1)(,6 — ) (CE.11] \/Q?f+_1)(47,3 +3r~r)=

r2 72

= V(@22 +1)[@dr2+2)=Vor2+1(4r’ +2) =2v2r2 +1(2r* +1) =

(=1

= 2(2r°+1)
which reduces to,

3
2

du (e, &) = 2 (2r2 + 1) [CE.12]

Next, we claim that,
(2P +1)% > ViZ¥1 [CE.13]

In order to prove the claim we define the auxiliary C* function,
f(r) = (2r" + 1)3 —(r*+1), reR

and we prove that f || is strictly increasing.

The first and second derivatives of f,

g (T) = 3(2T2+1)24T—2T=3(47~4+47-2+1)4r_2r=

= 2r (24r* + 24r* +5)

>0

2
—(i—z,f(r) = 240r* +144r°+10 >0
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imply that f |- is strictly decreasing, f has an absolute minimum at
r =0, and f |00 is strictly increasing.

These facts give us the following,
f(r)> f(0), Vr>0=
= @7 +1)° = (P +1) > 0= (202 +1)° = (0*+1), Vr>0=
= 22 +1)°> (PP +1) >0, Vr>0= (@27 +1)? > (P +1)?, ¥r>0
which is claim [CE.13].
Now, if we combine [CE.12], [CE.13] and [CE.8], we get,

dat(Ye, L(F3)) = dp(Ye, &) > 2VT2 +1 > €

which shows that (RI.2) fails for . : F, — M, and consequently, the inclusion
map ¢ is NOT a rough isometry.

This describes the Counterexample.

Next, including a lower bound in assumption ( 4.14), with an extra univer-
sal property of the fibers, we can show that 7 : M — B is a rough isometry,

as follows.

Theorem 4.2.3 Let 7 : M — B be an onto smooth map with mazimal rank,

where B is complete. Assume the following,
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(UP) 3Im > 0, a universal constant, such that diam {r~'(b)} < m < oo,

for allb € B; and
(HLC) Ja > 1 and B > 0 such that, for all b € B the inequality holds:
1
Slwlls = 6 < lvllm < oflwlls + 8

for allz € Fy and w € TyB, where v € (HT), C T,M is the horizontal

lift of w through z and we assume that v satisfies ||v||ar < 1.

Then, m : M — B is a rough isomelry.
In particular, if for some by the fiber n=1(by) is compact, then M is roughly

isometric to the product m='(bo) x B.

Proof. Firstly, note that in (HLC) the horizontal lift v € (HT), of w is

assumed to satisfy ||v||s < 1. Otherwise, if ||v]|ar > 1 we define 7 := TS
M

with the properties

v
¢ U:=—— € (HT),
vl

o |[Ojm=1

w
[1vl]2e

* (m)z() =
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and if we use H_UT]_ and ¢ in (HLC), we thus obtain the equivalent inequality,

M

| -8 <ol < vo=

===l =8|l L

a|[{lvllmllg [vllm]lg

1w

Liwlls g Aolle  lwlls , 5

a [[v]|n llollar = [[o]]n

1
= —llwlls = Bllvlis < llvllar < affwlls + Blv]in =
1
= llwlls < (B+1)llollm A (1= B)lvflm < aflw]ls =
1 o
_— < <L if 1
T vle < Iolbe < 2 gslhuls, £ 67
— < if =1
a(ﬁ+1)||w!|3-||UHM, if B
for w € TyB, where v is the unique horizontal lift of w through z with
||UHM > 1.

We must verify the validity of (RI.1) and (RI.2).

Since 7 is onto,
B =1Imr = {y € B:d(y,Imn) < ¢} = B(Imw), Ve >0

which is (RI.2) for any € > 0.

To verify (RI.1), let =,y € M.

W.lo.g. we may assume that B is connected. Otherwise, we repeat the
argument which will be utilized in this proof, on each connected component
and the result will follow.

B being complete, implies that there exists a minimal geodesic «y joining
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m(z) to m(y), where,

v:[0,1] — B,
20) = 7(z), and £(y) = dp(n(z),7(y))
1) = =(y),

Now, Proposition 4.8 guarantees that v has a unique horizontal lift

T, :[0,1] —» M, through z, satisfying,
(hl.1) 7ol =%y

(hl.2) T,(0) = z and T';(1) € 7 {y(1)} = 77 {7 (y)} = Fr(). In particu-

lar, I'; intersects the fiber Fy(,) containing y;
(h1.3) T'; is horizontal, i.e., Tg'(t) € (HT)r, -

We may assume w.l.o.g. that I, is p.p.a.l. and ||T,'(¢)][sr < 1 for all
teo,1].
Thus we can write,
1 (HLC) 1
() = [ It o [ mnoTiOlsd+ 8=
= o [ INOllsd+ 5=t + L
= a-dp(n(z),7(y)) + 8 (4.18)

By the triangle inequality, by hypothesis and the above, we have,

du(z,y) < du(z,To(1)) + dur(Ta(1),y) <
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(UP) ( 4.18)
Z(Fz) + dM(Fz(l), y) < Z(Fz) +m

IA

< a-dp(r(z),7(y) +B+m=

= dp(r(@), 7)) > 2dula) - EE™ (a19)

Now, we claim that for +, the minimal geodesic joining 7(z) to n(y), its

length £(7y) satisfies,
dp(r(z),m(y)) =£(v) S ) +a- B (4.20)

for any smooth curve ¢ : [0,1] — M, joining z to y.

First, observe that for any orthogonal vectors U and W,
U e W|? =V + W > max{||U]]?, [|W|*}

Now, since each tangent vector is the direct sum of a horizontal and a

vertical vector, we can write,

() = / 160 |aed = / 16ts(8) ® sl (Ol aedt > / e @)llaed (4.21)

where we are assuming here that ¢y is a p.p.a.l. and ||¢k(t)||» < 1,Vt € [0,1].

By Lemma 4.3 we have,

1 1
tmos) = /0 (e’ (0)] |t = /0 Im)asa®lsdt  (4.22)
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From the left-hand side of (HLC),

Rlr

Nmsysu @l — B < [l (E)lar =

= [l(m)ewsa®)ls < o llsg@lla + - B (4.23)

for all ¢ € [0, 1)
If we combine ( 4.21), ( 4.22) and ( 4.23), we get,

( 4.23)

1 1
2 /0 T )esa@lldt < a / e (®)llat + o <

4.21)
< ad(s)+af

4

I

frog)
(

The above together with the fact that « is the minimal geodesic joining

n(z) to m(y) implies that we can finally write,
d(m(z), 7(y)) = £(7) < €(m o) < al(c) + af

for any smooth curve s : [0,1] — M, joining  to y, which is claim ( 4.20).
We recall that by definition of infimum, djs(z,y) is the greatest lower
bound for {¢(c), where s : [0,1] — M is any smooth curve joining z to y},

and since ¢ is arbitrary in ( 4.20), we obtain,

dB("T(x)’ﬂ'(y)) S a-dM(x,y)+a~,3 (424)

LetA::az1andC:=max{BZm,a-ﬂ} > 0.
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If we now, rewrite ( 4.19) and ( 4.24) in terms of A and C, as follows,

1 1 (8 +m) (419
- - < = —_— <
AdM(m,y) C < adM(iE, ) = <

( 4.24)

< dp(m(x),7(y)) < oadu(z,y)+ab < Adu(z,y)+C

we obtain (RI.1) for 7.
]
In the following 3 Counterexamples, we show that if in Theorem 4.2.3
we drop either the universal property of the fibers or the control over the
length of horizontal lifts of tangent vectors, m : M — B ceases to be a rough

isometry.

Counterexample 4.2.4 We will exhibit M, B, 7, where B is connected and
Vb € B the fiber F, is compact, satisfying all conditions in Theorem 4.2.3
with the exzception of (HLC), which does not hold in this Counterezample,
i.e.,

For each given constants & > 1 and 8 > 0, there exist b € B,Z € Fy,w €

T;B such that either one of the following holds:
1
lIollas > allw]ls + 8 or [|5]lar < —ll@lls ~ B [CE.14]

where U s the unique horizontal lift of w through Z.

In this case, the map w: M — B is not a rough isometry.
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Let M = {(z,y,2) € R®: 22 + 2> = 1,y € R} and B = R, a complete

and connected Riemannian manifold (see Fig. 4.9).

O =)

e

(z,y,2) =y
A .

@ \ f\, (v)

Figure 4.9: Manifolds M, B and the map 7 in Counterexample 4.2.4.

]
N

[ )

We first define an auxiliary C'-diffeomorphism f : R — R by,

_Je-1 €[0,0) ify>0
f(y)—{ l—ev €(-00,0] ify<0 [CE.15]

with inverse,

F(2) = { In(z+1) €[0,00) ifz>0 [CE.16]

—In(l—2) €(—00,0] ifz<0

and derivative,

v o ify>0
Flly) = { Z_y ifZ g 0 [CE.17]
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€a (=] €2
& N
€1 €1 1 €1
0 0

Figure 4.10: Graphs of f, f71, f'.

which is never zero.

Let m : M — B be given by 7(z,y,2) := f(y) (see Fig. 4.9). The map
7 is onto and C®, since both the projection (z,y,z) ~ y and f have those
properties.

(Claim 1) The rank of 7 is maximal.

The Jacobian of =, is given by,

('/T*)(a:,y,z) = [ 0 f,(y) 0 ] V(.’E,y, Z) eEM

which has maximal rank 1, since f' never vanishes (see [CE.17]).

Next, we observe that the space of vertical vectors at (z,y, 2) € M is,

(VT)(@':%Z) = ker(ﬂ'*)(z,yaz) =

= {vectors tangent to the parallels y=constant} 2 T'S"
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and the space of horizontal vectors at (z,y,2) € M is,

(HT) (o) = (ker(me) o)™ =

= {vectors tangent to the meridians Z=constantA\z=constant } = IR

In order to describe explicitly the horizontal and vertical vectors, we will

use the following global parametrization of M,
X (u,m) = (cosn, u,sinn), € R,n € [0,27]

Note that 7o X(u,n) = p, Vu€ R,Vne€|0,27].

The parallels are the curves,

RS [0, 2'”] = X(,Uconst.a 77) = (COS 7, Hconst.,Sin 77) eEM

so that the space of vertical vectors is generated by,

0X .
<Xﬂ(ﬂconst.a 77) = '577 (l‘constn "7) = ("' sin7, 0, cos 77)>

The meridians are the curves,

[IRS R~ X(u, nconst.) = (COS Teonst.; U, sin nconst.) eEM

so that the space of horizontal vectors is generated by,

oX
<X#(Nanconst.) = E(/‘a 77const.) = (0, 1, 0)>
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(Claim 2) The fiber F, is compact and diam F, < m,Vb € B, where
m = 3 > 0 is the universal upper bound for the fibers’ diameters.

Each fiber is given by,
szﬂ'-—l(b) ={(x,y,z) GM:f(y)=b}a beB=R

and the fact that,

f(y) =bey= f—-l(b) [C€J=.>16]

& {y=mnb+1),if6>0}v{y=-In(1-1), if b <0}
together with the definition of M, imply that the fibers have either form,

F, = {(z,In(b+1),2) e R®: 2 +22=1},ifb>0 Vv

Fy = {(z,~In(1-b),2) e R*: 2 +22=1},ifb<0

which is a unit circle in the plane y = f~1(b), and therefore a compact subset
of R? with diameter 2 < m = 3.

(Claim 38) Yo > 1,¥8 > 0,3b € B,3% € F;,3w € T;B,30 € T:M :
(m4)z0 = @, such that [CE.14] verifies.

Let @ > 1 and 8 > 0 be any given constants.

Define,
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£ := (1,In(20),0) € F}, since 7z = f(In2a) = e"** -~ 1=2a-1=b
>0 ‘

@ = 2a(f+1)€TB

7 = (0,8+1,0) € Tz M, the unique horizontal lift of @& through z,
since (m.)z0 = f/(In2a)(B+1) =B+ 1) =2a(B+1)=®
Moreover,

lolls =2a(B+ 1), |[0]jar = B+1
implies that,
ol = lills+6 = f+1-2a(B+1)+f=—f~1+F=—1<0
= [lollar < 2llalls - 8
which is [CE.14].

We remark here that there is also a choice for b < 0 an element of B,
as well as for £ € F;,w € T;B,9 € TzM : (m,);0 = W, providing us with
|18l]ar > ||| + B.

(Claim 4) = does not satisfy (RIL.1).

It suffices to verify that (RI.1) fails for , for particular pairs of elements

in M. We will show that VA > 1,YC > 0,3yac € R, a positive number such

that,

dB (TF(ZE, Oa 2), 7['(.’1?, Y, Z)) >A- dM ((.’L‘, 0, 2)) (x’y’ Z)) +C &
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< |fl0)-fly)>A-y+Coe?-1>A4-y+C [CE.18]

for all y > yac, where 2,z € R : 22 + 22 = 1 are arbitrary.
Let A > 1 and C > 0 be any given constants.

We begin by introducing an auxiliary C*-function g,

g:R - R
y = gly)=e'-1-Ay-C

We will guarantee [CE.18], by showing that,
Fyac > 0: Yy > yac = g(y) >0 [CE.19]

In what follows, we study the functional behavior of g through its deriva-

tives, which will enable us to conclude [CE.19].

Ll v Jo=ev-1-Ay-Cldly)=¢-A[ g™y =¢", k22|
0 ~C 1—-A4 1
InA A-lnt-1-C 0 A
+o0 +00 +00 +00
—00 +00 (—A)* 0t

(case A>1) (—00,0) | (0,InA) | (In A, +o00)

!

g - ~ +
g (monotonicity) N N Va
g" + + +
9 (concavity) U U U
[ (case A=1) | (=00,0) | (0,+00)
g - +
¢ (monotonicity) Ny s
g" + +
g (concavity) U U
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The tables above, the facts that ¢ is continuous, g(0) = —-C < 0,
limy_, 10 g(y) = +00 and g |(in4,+o0) is Strictly increasing, allow us to con-
clude that, there exists a real number y4c > 0 for which g(yac) = 0 and
9 lwac,+00)> 0, which is exactly [CE.19].

Therefore, [CE.18] holds and (Claim 4) follows, which shows that 7 is
NOT a rough isometry.

This describes the Counterexample.

Counterexample 4.2.5 We will exhibit M, B, m, where B is connected and
Vb € B the fiber Fy is compact, satisfying all the conditions in Theorem 4.2.3,
with the exception of (UP), which does not hold in this Counterezample, i.e.,

The fibers’ diameters are not uniformly bounded, in other words:
Ym > 0,3b,, € B: diam F,, >m

In this case, the map 7 : M — B is not a rough isometry.

In particular, we note that in this Counterezample (HLC) does not hold
either, i.e.,

For given constants a > 1 and 8 > 0, there exist b € B,z € Fy,w € T;B

such that either one of the following holds:

[ollae > olflls + 8 or llollu < ~llwlls— 6 [CE.20]
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where U is the unique horizontal lift of w through T.

Let 9 = {(z,y,2) € R® : 2 = 0Az = y? + 1} be a curve in JR?, and
let M be the rotation hypersurface of ¥ , around the y-axis, described by
M = {(z,y,2) € R®: 22 + 2% = (y* + 1)?}. Let B = R, a complete and

connected Riemannian manifold (see Fig. 4.11).

Figure 4.11: Manifolds M, B and the map 7 in Counterexample 4.2.5.

Let m : M — B be the projection n(z,y, z) := y, which is onto and C*.

Note that = has maximal rank=1, since the Jacobian of 7, is given by,

(" =[0 1 0 1 Viz,y,2)eM
Each fiber is given by,

Fy, = 7)) ={(z,y,2) e M :y=0b} =
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= {(z,b,2) € R} : 2%+ 2 = (1*+1)%}, be B=R

which is a circle centered at (0,b,0), with radius (% + 1), contained in the
plane y = b. Hence each fiber is a compact subset of R® with diameter
diam Fy = 2(b* + 1), which grows without any bounds as b — +oo and

therefore not uniformly bounded.

Next, we want to justify [CE.20].

The space of vertical vectors at (z,y,2) € M is,

(VT)(x’y,z) = ker(w*)(z,y,z) =

= {vectors tangent to the parallels y=constant} = T'S"

and the space of horizontal vectors at (z,y,2) € M is,

(HD (o35 = (ker(m)eg)) =

= {vectors tangent to the meridians {(z,y,2) € M,z = az:a € R}}

a(y?+1) y y? +1 )}
Vaz+1 7 Vel +1

= {vectors tangent to the curves y € R — (

In order to describe explicitly the horizontal and vertical vectors, we will

use the following global parametrization of M,

X(u,n) = ((4®+1) cosn, p, (> +1)sinn), p€R,n€|0,27]

Note that 7o X (u,n) = 1, VYu € R,Vn € [0,27].
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The parallels are the curves,
ne [0’ 27!'] — X(,uconsm "7) =
= ((ugonst. + 1) COS 7 Heonst. (uzonst. + 1) sin 77) eEM

so that the space of vertical vectors is generated by,

0X \
<X7I(F‘const.a n) = %(/‘consm n) = (plons. + 1) (—sinn, 0, cos n)>

The meridians are the curves,
p€ R~ X(/J', 7konst.) = ((/1'2 + 1) COS Tjconst. s My (/1'2 + 1) sin nconst,) eEM

so that the space of horizontal vectors is generated by,

0X .
<Xu(,u, nconst.) = '5’; (p,, nconst.) = (QN * COS Neonst.» 1 24 - sin 77c0nst.)>

The above determines the general expression of a horizontal lift: for each
be B =R and w € T,B = R, the unique horizontal lift v of w through a

point X (b,7) € F, C M is represented by the vector,
v=w-X,(b7) =w-(2b-cos},1,2b-sin7) € (HT)xp,3 C TxemnM

since (7,) x5 (v) = w - (T4) x(5,5) (20 - cos 7, 1,2b-sin %) =w - 1 = w.
In particular, ||v||y = |w| - V462 + 1 = ||w||p - V4b? + 1, which implies

that,

Va > 1,V8 > 0,3bap > 0, Jwag € Tba,BB =2 R: ”Ua,ﬂHM > o||waegll + B
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where w, g is the unique horizontal lift of v, s through X (bys,7%) € F, C M,
for 7 € [0, 27]. This guarantees [CE.20].

QOur goal here is to show that 7 is not a rough isometry. One can accom-
plish that by verifying the failure of (RI.1) for 7. It suffices to verify that
(RI.1) fails for , for particular pairs of elements in M.

Hence, we will accomplish our goal if we show that VA > 1, VC > 0,

Jyac € R, a positive number such that,

dp (r(0,0,1), 70,497+ 1) < - dar ((0,0,1), 0,9, + 1)) = C &

S 10—yl < du (0,01, 03,8+ 1) ~C, Yy>uc  [CB21]
where, the curve {y € R — 9(y) == (0,y,9*° +1) = X(y,5) € M} isa
meridian of M, and therefore a geodesic.

Observe that one may express distance in terms of 43, since it is a geodesic,

so we may write for all y > 0,

e ((0,0,0), 0,957+ 1) = [ 19Ol lwdy = [ T+ 7dy  (CB22
If we incorporate [CE.22]reformulation of claim [CE.21]
VA > 1,YC > 0,3ysc € R,yac > 0:
ds (7(0,0,1),7(0,y,4* + 1)) < % ~dy ((0,0,1), (0,9, +1)) - C &
©y<—/1¥-/0ym dy—C, Yy > yac >0 [CE.23]
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Let A > 1 and C > 0 be any given constants and define an auxiliary

C*-function A by,

h:R — R

1 Y
y h,(y):=y—z-/0 V1+4y? dy+C

Note that claim [CE.23]
Jyac > 0:Vy > yac = h(y) <0 [CE.24]

In what follows, we will study the functional behavior of A through its
derivatives, which will enable us to conclude [CE.24]

The algebraic expressions of h, h', h" are, respectively,

1 Yy
h(y) = _Z‘/ V1+4y? dy+C
0
K(y) = 1—%-\/1+4y2

_4y

] _
") = AT+ dy?
y h(y) hy) | h"(y) |
1
0 C>0 1- 220 0
VAT =1 VAT~ 1 —o /AT — 1
ye - Yoo - <
5—20h 5 0 o <0
+00 —0Q ) :/—12 <0
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(case A>1) (O,\/A2—1> (\/Az—l,—l—oo)

2 2
13 + -
h (monotonicity) s e
3 _ —
h (concavity) N N

(case A=1) (0, +00) ||
h/
h (monotonicity)
hll
h (concavity)

D

The tables above, plus the facts that A is continuous, h(0) = C > 0,

7.
lim,_, o h(y) = —o0, h has an absolute maximum at — and h re-

VA2 -1

5 , +oo) is strictly decreasing, allow us

stricted to the open interval (
to conclude that, there exists a real number ya¢ > 0 for which A(yac) =0
and h |(y,0,+00)< 0, which is exactly [CE.24]

Therefore, [CE.21] holds and (RI.1) fails for 7, which shows that 7 is
NOT a rough isometry.

This describes the Counterexample.

Counterexample 4.2.6 We will exhibit M, B, 7, where B is connected, sat-
isfying all the conditions from Theorem 4.2.3, with the exception of (UP),

which does not hold in this Counterezample, i.e.,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE MAXIMAL RANK MAPS 98

The fibers’ diameters are not uniformly bounded, in other words:
Vm > 0,3by, € B : diam F,, >m

In this case, the map m: M — B is not a rough isometry.
In particular, we note that for each b € B, the fiber Fy is not compact

and condition (HLC) holds.

Proof. Let M = {(0,y,2) € R*} = {0} x R?> and B = IR, a complete and

connected Riemannian manifold (see Fig. 4.12).

+ (0,0, 2) (0,b,2)] _w
X(um) (0,5,0) >
€1
(z,9,2) ™ y
v

0 b
Figure 4.12: Manifolds M, B and the map 7 in Counterexample 4.2.6.

Let 7 : M — B be the projection n(z,y, 2) := y, which is onto and C*.

Note that 7 has maximal rank=1, since the Jacobian of 7, is given by,

(T )ewn=[0 1 0] V(zy2 €M
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Each fiber is given by,

F, = 7'0)={0,y,2) e M :y=b}={(0,b,2):2€ R}, be B=R

which is a line passing through (0,b,0), determined by the intersection of
M with the plane y = b. Hence each fiber is not compact as a subset of
IR3, they all have infinite diameter, and therefore the fibers’ diameters are

not uniformly bounded.

Next, we want to justify (HLC)

The space of vertical vectors at (z,y,2) € M is,

(VT)(zry’z) = ker(ﬂ.*)(zsyx‘z) =

= {vectors tangent to the vertical lines y=constant} = IR

and the space of horizontal vectors at (z,y,2) € M is,

L
(HT)(z,y,z) = (ker(’ﬂ'*)(z,y,z)) =

= {vectors tangent to the horizontal lines z=constant} 2 R

In order to describe explicitly the horizontal and vertical vectors, we will

use the following global parametrization of M,

X(usm)=0,p,m), pERMNER
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Note that wo X(u,n) =y, Vu€ R,¥n€ R.

The parallels are the curves,

ne R ~— X(/‘const.; 77) = (Ov Hconst. 77) eEM

so that the space of vertical vectors is generated by,

X
<X17(Hconst;.,77) = “a"n“(/‘consm"?) = (ana 1)>

The meridians are the curves,

JIRS R — X(ﬂa nconst.) = (0,/1, nconst.) eEM
so that the space of horizontal vectors is generated by,
0X
<X#(/‘a nconst.) = a_ﬂ'(lla nconst.) = (0, 1’ 0)>

The above determines the general expression of a horizontal lift: for each
b€ B=R and w € T;B & R, the unique horizontal lift v of w through a

point X (b,7) € Fy, C M is represented by the vector,
V=W- Xﬂ(b, 17) =w - (0, 1,0) € (HT)X(I,,,—,) C Tx(b,,-,)M

since (7,)x@m (v) = w - (7) x4 (0,1,0) = w - 1 = w.
In particular, ||v||ar = |w| -1 = ||w||p, which implies that, if « =2 > 1

and 5 =1>0,

1
Slwlls = 8 < [lwlle =[lvllx < allwliz + B
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for all b€ B,w € T,B, x € F, which is HLC.

Our goal here is to show that 7 is not a rough isometry. One can accom-
plish that by verifying the failure of (RI.1) for 7. It suffices to verify that
(RI.1) fails for 7, for particular pairs of elements in M.

Hence, we will accomplish our goal if we show that VA > 1, VC > 0,

Inac € IR, a positive number such that,

ds (m 0 X (,7), 0 X(1,0)) < 5 +dr (X(,7), X (1,0)) = C

1
& |:u_/‘l'| < ’Z dM ((O,H,n),(oaﬂ,o))"c‘@
< 0< % inl = C, ¥n2>nac [CE.25]
Let A > 1,C > 0 be arbitrary.

Finally, if we define the real positive number 70 := AC + 1 > 0, we see

that,
1 1
T]AC=AC+1>AC¢$ZTIAC>C<=>Z77AC“C>0 [CE.26]
and since, for all n > n4¢,
1 1 [CE.2¢]

277—02 ‘A"’?AC“C >0

inequality [CE.25] is verified.
Therefore, [CE.25] holds and (RI.1) fails for 7, which shows that = is

NOT a rough isometry. This describes the Counterexample.
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In what follows, we introduce some notation (see [27], [9], [16] and {8])
and we define a bounded geometry condition for manifolds.

Let (M, g) be a Riemannian manifold with Levi-Civita connection V and
curvature tensor R.

The Ricci curvature tensor of (M,g), at each z € M is a symmetric

bilinear form Ric defined by

Ric: TTMxT,M — R
(& 1) —  Ric(§, p) := trace(¢ — R(§ Qu)

If M is complete, the injectivity radius at x € M is given by
15(M) :=sup{r > 0: exp, |p(, is a diffeomorphism}
and o(M) := inf{1,(M) : z € M} is called the injectivity radius of M.

Definition 4.2.7 Let M be a complete m-dimensional Riemannian mani-

fold. We say that M has bounded geometry if it satisfies:

(BG.R) the Ricci curvature is bounded from below by —(m — 1)k%,, where

kar is a positive constant;
(BG.I) the injectivity radius 1(M) is positive.

We recall that a complete Riemannian manifold satisfying a bounded
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geometry condition has its geometry reflected by that of any net that ap-
proximates the manifold (see Lemma 2.4).

Moreover, if we denote by ¢ : [0,+00) — M the geodesic emanating
from z with the initial direction & € T, M, ||€||ar = 1, the distance to the cut

point of z along ¢ is defined by
c(€) :=sup{t > 0: ¥ |jo,g is minimal, namely, das(z, 7 (t)) = t}

and when c(£) < +oo, we refer to y¢(c(£)) as the cut point of x along ¢, and
we refer to C(z) := expC(z) as the cut locus of z in M, where C(z) is the

tangential cut locus of x in T, M, given by

C(a) = {e(6)E : of€) < +o0, £ € ToM, |l = 1}

furthermore, one knows that C(z) has zero n-dimensional Lebesgue measure
in T, M and its image in M, C(z), also has zero n-dimensional Riemannian
measure in M.

Next, in Theorem 4.2.10 we show that for an onto smooth map with
maximal rank 7 : M — B between manifolds with bounded geometry, under
assumptions on the fibers and assumptions on the subspaces of horizontal
vectors, M is roughly isometric to F' x B, where F is a fixed fiber of M.

In order to prove Theorem 4.2.10 we will need the following technical
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Lemma and Proposition.

Lemma 4.2.8 Let A>1,C>0,a>1, 8> 0, be given constants, and let

€ > 0, eg > 0 be such that,

€ > C- (14 A?) (4.25)
€ > <60—0+[3) ‘o (4.26)
A
The following hold:
ug<“20)>o
@J“;C<@
@J@ﬁg—0>0
e—C ¢—-C
MJOA >°M ~-C

(&)%w—ﬂ>0

mg“;c<@+cyA

(%)2(%20)<(%w+0yA

(8.) 2EB>2<60;C+B)a
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Proof.

(1.) By (4.25),
0 > CQ+4)>C= ©=C)
>1 A
(2.) Since A > 1,

e(l-A)<0<C = E—0(1—A)<%=>

A
<0
€o C €o C
= Z—GO—Z<O=>Z—-Z<€0=>
= 60_C<e
A 0

(3.) By (4.25),

m>cu+ﬁ):-m—c—a¥>o:9iﬁ—c>o

(4.) Since A > 1,

6l -A4)<0<C+CAA-1)=>
<0 >0

= el—A) <C+CA2~CA= ¢ —C—CA* < A—CA=>

EO—C EO—C
- ~C¢<7g

(5.) By (4.26),

€g > (EOZC-%-,B)a: (6020)a+ﬂa>ﬂaé

——— ——’
>0

-+=g l15}3—,3>0
a
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(6.) A>1,C >0 and ¢ > 0 imply that,
60(1 - A)(l +A) <0=
= e(1-A)1+A4)<0<C1+A%)=e(l-A%)<C(1+4%) =

= -Al<C+CA?= ¢ —C <A+ CA’=

CO—G
A

= <(e+C)A
(7.) From A > 1,C > 0 and ¢ > 0 we have,

= 2(1 - A)(14+A4) <0<2C+CA* =

{ 260(1 - A)(l +A) <0
0<C(2+ 4%

= 2(1— A%) < 20 + CA? = 2¢p — 2¢gA? < 2C + CA* =

= 2¢ — 2C < 2¢A? + CA? =

= 2 <€°;C> < (2 +C)A
(8.) By (4.26),

GQ—C 60—C Ba
eB>< A >a+,3a>( y) )a+7=>

% 26B>2(60;C>(1+,501=>

= 2> [2(6020)—%4(3

]

Proposition 4.2.9 Suppose that M™ and B"™ are complete m~dimensional

and n—dimensional Riemannian manifolds, respectively, both having bounded
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geometry (see Definition 4.2.7). Let m : M — B be an onto smooth map with
mazimal rank.
Let by € B be fized. Assume that {¢y : Fy = Fy,toen is a family of

bijective rough isometries satisfying,

vbe B,3A>1,3C >0:Vz,' € F,

%dM(x, -'L'I) -C S dM(¢b(x)’ ‘ﬁb(xl)) S AdM(:Es-'LJ) + C’ [URI]

where A and C are universal constants independent of b.

Then, the following hold:

1. If Py is an eg—separated set and ep—full in Fy,, where we assume that

€0 > C. Then, for all b € B, the set

Py = ¢, (Py)

EO—C
A

1s an é—separated set and é—full in Fy, where € := ( ) > 0 and

€= (A60+C) > 0.

2. For allb € B the corresponding nets Py are uniformly roughly isometric

to Py with respect to the combinatorial metric 4.

Proof.

1. Let b € B be arbitrary.
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We first show that, P, := ¢; ' (P,) is a countable é-separated subset of F,.

The set P, is countable, since F; is countable and ¢; is bijective.

Notice that by Lemma 4.2.8 (1.), ¢ = (EO ;1 C) > 0.

Consider now the options for b € Pg.

If b = by, since Py is ¢g—separated, by Lemma 4.2.8 (2.), we conclude
that P, is é—separated.

If b # by, because ¢ is a bijection, we have,

Vp,g € Py :=¢; (Py):p#q=

= ¢p(p) # d(q) in Py = €0 < dar(ds(p), d5(q)) <

[URI] X
< Adu(p,q)+C = du(p,q) > ¢

and P, is é—separated.

Next, we prove that P, := ¢; ' (Pp) is é—full in F, i.e.
Fy = B:P,:={z € F: dy(z, Py) < €}
We want to show that,
du(z, By) == piéllgo du (2,6, () <& VzeF,

Let x € F}, be arbitrary. Either z € P, or z € F, \ B,.

If z € Py, then dy(z, B) =0 < &
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If z € F, \ Py, let us look at ¢; *(z) € Fp,.

Since P, is g—full in Fj, by the definition of infimum 35, € P, satisfying

du (@3 (2), Bo) < €0

which, in turn together with [URI] implies that

inf. [URI]] 5
du(z, Py) < dur (2, ¢6(B0)) < Adn (657 (), 50) +C < A+ C =: €

and since z is arbitrary in F;, claim 1. is proved.

2. From Lemma 2.4 a complete Riemannian manifold with bounded
geometry is roughly isometric to each of its nets.

This implies that for each b € B,

(Py, 8) =5 (Fy, dar) "8

1 - -
‘éEdM(plap?) < 6(p1,p2) < @dpm(pr,p2) +& Vpi,p2 € By (4.27)
where @ := d(m, Ky, €) > 1,¢ := &(m, Ku, €) > 0, and (F, dpr) indicates
that on each fiber F}, we will use the induced Riemannian metric from M.

Also, by Lemma 2.4 we have,

(Po, o) = (Fo, dyr) "5

1 - -
= Eg;dM(Ps,p:;) < b0(p3, pa) < Godrs(ps, pa) + Co =

1 ¢
6—050(173:174) - &_2 < dar(ps, pa) < 2€060(p3,p1), Vp3,ps € Py (4.28)
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where Gy := Gg(m, Ku, €0) > 1,8 := &(m, K, €0) > 0, and (Fy, dps) indi-
cates that on the fiber Fy the induced Riemannian metric from M is used.

From [URI], we have,
(Fordar) 25 (Fy, dys) &

%dM(%(pl), Pu(p2)) — % < dpr(p1, p2) < Adue(do(p1), do(p2)) + AC (4.29)
for all p1,py € F.

Next, we observe the following diagram for « =1, 2,

B E E P,
p = D ﬁ ¢b(p1.) - ¢b(p1.)

where, p, € Py := qﬁ;lPo = ¢p(n,) € P.
We claim that,
(Py,6) "B (P, 69)
Indeed, let p;,ps € P.

By (4.27), (4.29) and (4.28), we may write,

1 5 3
= -2—E:dM(p1,pz) < 8(p1,p2) < adp(pr,p2) +E=>

29 1 ¢
@2 mdM(¢b(pl): ¢5(p2)) ~ %A < d(pr,p2) =

= 6(p1, p2) < GAdu(de(p1), do(p2)) + GAC 4 ¢ =

(4.28) 1 Co

C
2€Aao5o(¢b(P1),¢b(P2)) T 2iAa, 24 < (p1,p2) =
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= 8(p1, p2) < GoA2¢000(do(p1), do(p2))BAC + €

which can be rewritten in the ,

1
Anet

So(#6(P1)s D5(p2)) — Cret < 6(p1,P2) < Aner0o(D6(p1), d6(p2)) + Chet

where,

Anet = Anet(m, KM,Q),C, A) = 2Amax{€&o,&eo} >1

Cnet = Cnet(m, KM, €0, C, A) := max < aAC -+ 5, ,\1,, g)' + C >0
2€Aa0 Qg

and the Proposition is proved.

Finally, we state and prove the main result.

Theorem 4.2.10 Let M and B be complete Riemannian manifolds, where
dimM = m and dim B = n. Assume that both M and B have bounded
geometry and let m : M — B be an onto smooth map with mazimal rank.

Let by € B be a fized base point.

Choose Pg C B a mazimal eg—separated set with by € Pg, and Py C Fy,
a mazimal €y—separated set, where eg and ¢y are as in Lemma 4.2.8.

For every bi,b; € B, we will denote by 7yjp,p,) a broken geodesic in B
Jjoining by to by. In particular, v, = Yp,b,) will represent a broken geodesic

loop in B at b,.
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Let iy, + Foo — Fy, be the corresponding diffeomorphism 0 pb,),
as in Theorem 4.12.

Assume the following § conditions hold:

(LLL) For any b € Pg and any broken geodesic loop v, the corresponding
diffeomorphism @y, : Fy — Fy is the identity map on F.

(see Fig. 4.13)

Ry
N
N

Plyg) L =T | ®rmmctemm .

Figure 4.13: (LLL).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE MAXIMAL RANK MAPS 113

(RIF) Vb€ Pg, 3A > 1,3C > 0, constants independent of b, such that,

1 , ,
ZdM(xa z ) -C < dM((p(’Y[b,bol)(x)a (P('y[b,bo])(x )) < AdM(x, xl) +C

Vz,z' € Fy, where dy; denotes the Riemannian metric on M.
In this case, since Clrppg) F, — F,, is onto, it is also a Tough
isometry for each b € B, and therefore the fibers are uniformly roughly

isometric. (see Fig. 4.14)

Fy,

P (v.001) " \ ----------------------------
'

P(1ea)” “-

ISt s ""\\
B] — —L
Yib,bo)

Figure 4.14: (RIF).
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(HLC) Vb € B,Vz € Fy,3a > 1,38 > 0, constants independent of b and z,
such that,
~ulls — 8 < Il < allulls + 5
Yw € Ty B, where v is the unique horizontal lift of w through z satisfying
llvllae <1, and || ||um, || ||z denote the inner product on TM and

TB, respectively. (see Fig. 4.15)

7
TN
N

U e SV A,

H

— S|
be W Nb’\ \\\\\\\\\\\

Figure 4.15: (HLC), where w is short and w’ is long.

Then, M 1is roughly isometric to the product Fy, x B.
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Proof. In order to prove the Theorem, by Lemma 2.4, it suffices to
show that an e—net in M is roughly isometric to an ¢ —net in the product
Fy, x B. We remark here that in the proof of Lemma 2.4 the maximal prop-
erty of an e—net is not required, it sufficient that the "net” be a countable,
e—separated and e—full set.

We will proceed with the proof by constructing in 2 steps a rough isometry
¢ between countable, separated full sets in M and in F;, x B.

In Step 1. we combine the diffecomorphisms ¢(y,, ) with two countable
maximal separated sets, Py in the fiber F,;, C M and Pg in B, in a fashion
that will produce a suitable countable separated full set P in M. We also
show that the product Py x Pg is a countable separated full set in F;, x B.

Then, in Step 2. we introduce a bijection ¢ from P to Py x Pg, which
will turn out to be the rough isometry between discrete approximations of
M and F, x B, as mentioned above.

Step 1.

Let ¢g > 0 and ¢ > 0 be, as in Lemma 4.2.8, where,

60>C-(1—|—-A2) and 63><60;10+5).a

We first define two countable sets Py C Fp, C M and Pg C B, with
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by € Py, where P, is a maximal ¢;—separated set,

Vp,q € Po,p# ¢ = du(p,q9) 2 €
and Pp is a maximal eg—separated set,
Vby, by € Pg,by # by = dp(by,b2) > €p

and then we introduce the net structure Ny = {No(p) : p € Py} of P, given
by,

No(p) = {g € By : 0 < dum(p,q) < 2¢}

and Ng = {Npg(b) : b € Pg} the net structure of Pg defined by,
Ng(b) = {b € Pg: 0 < dg(bb) < 25}

Observe that Proposition 2.3 implies P, is e—full in Fy, and Pg is
eg—full in B.

We remark that since the net Pg is a countable subset of B with empty
interior, and the cut-locus, C(b), of any b € B, has n—dimensional Rieman-
nian measure zero in B, we may assume that in the net Pg C B, which
by the way contains by, no two points by, b, belong to the cut locus of each
other, i.e. by € Pg\ C(b) and by € Pg \ C(by). Otherwise, if there exists

b € Pg N C(b), since C(b) has n—dimensional Riemannian measure zero in
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B, we can replace b € Pg with another element in B with the same required
properties that b has as an element of the net Pg, but with the advantage
that the new element is not in the cut locus, C(b), of b.

In that case, for every bi,by € Pp there is a unique minimal geodesic,

Vibrbo)s int B joining by to bs.

-C
We now, construct P a countable (60 ) —separated full set in M.

A
For each b € B, let us look first at (P(_’)'Lb ])(PO) C F,.
20

By Proposition 4.2.9, 1., it follows that,

cp(fy:b‘bol)(Po) is a countable (60 ;1 C) — separated subset of F,  (4.30)

Let (see Fig. 4.16),

— -1
P:= U (’0(’7[5.501) (Fo)
b€ Pp

Since P,, Pp are countable sets and P(s.507) is a bijection for all b € B,

the set P is also countable.

To show that P is (eo ; C) --separated, we proceed as follows.

For any p,q € P such that p # ¢, we have only two possibilities,
(POSSIBILITY 1:) 3b€ Pg:p,q € @(7; bo])(PO).
. €y — C
In that case (4.30) gives us, dp(p,q) > T
(POSSIBILITY 2:) 3b € Pp : p € g (Po) and 3 € Pp :
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' 1 E
- - 1
Do L L E> (p('ﬂb.bo])po
D1 e ¢ QDth,bo])p 1
D2 * * '(p(_'Ytb,bo])p2
D3| ® d 9 (’D(jY:b,bo])p 3
o ° ° .
° ® .
-1
P = < o 0
€ER! € P i€ P epP
1 ] !
@ - B
| « 3l

Figure 4.16: The net P = | Jy.p, <p(—7}b,b0])(Po)-

-1 _ - o
g€ <P(,y[5’b0])(P0), where mp = b # b = nb.
We claim,

1 (4.26) ¢ — C'
du(p,) 2 —e5 =B > °A

We will only verify the first inequality, since the second one is the requirement
(4.26) on ep.
Let ¢ be a general p.p.a.l. curve joining p and ¢ in M, with length £(c).

In this case 7 o ¢ is a curve joining b and b. In addition, we will denote by
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v, the minimal geodesic joining b and b.
For all x € M, we can write v = vy vy € T,M = (VT), @ (HT), in

a unique way, where by Lemma 4.3 vy € (ker(m,),) and vy € (ker(m,)z)*.

Furthermore, |[v||n = [|vv @ va|[m = V/I|wvlis + llvalfis-
By assumption (HLC), the facts that v,; is a minimal geodesic and B is
complete,

() = / 1</ (8)] et = / 55 () @ 64 (8)l | aedlt > /0 ey @lluedt >

S 1 1 'y dt 1€ ) lein.geod.
— — - o _
> 2 [lesyls Yoo
1 omplete 1 >
> Ee(’)’bz)‘ﬁBc et adB(b,b)—-ﬁa Vs

which is a lower bound on the length of any curve ¢ joining p and ¢ in M,
independent of the curve .
Finally, by definition of infimum and from b,b € Pg,

nf 2(c) > 1 dn(b b,i»;PB 1 Lem 4.2.8(5.)
dM(p,CI)-—clélM (C)..'O-l B(b,0) -8 > 563—5 >

and the claim is proved.

A
We introduce the net structure Np = {Np(p) : p € P} of P given by,

So, Pis (60 — O> — separated.

NP(P)={qGP:O<dM(p,q)S2(€0;1C'>}
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Next, we prove that P is [(¢g + C)A + aeg + f]—full in M, i.e.
M= B[(50+C)A+aeg+/3]P = {.’E eEM: dM(IL‘,P) < (60 + C)A + wep + ,3}

We want to show that,

dy(z, P) = Ii)g}f;dM(m,p) <(e+C)A+aeg+f8, VreM

Let z € M. Eitherz ¢ Porz € M\ P.

If z € P, then dp(z, P) =0 < (¢ + C)A + acg + B.

Ifze M\P,letb:=nz € B.

There are two possibilities for b,

(POSSIBILITY 1:) If b € Pg, since z is not in P, P, is maximal, as-

sumption (RIF) holds, and b € Pp implies cp("ytb b0])(190) € P,VYp, € Py, then,

F .
be Pp == Plp.0)) T € Fbo \Pg e dpo€ Py dM(QO(,Y[b,bO]):U,pQ) < €

(RIF) 1 _
= 'ZdM(SC, (,0(,7;‘1)0])(])0)) -C< dM((P(,y[b'bO]).’E,po) < €y =

= dulz,¢p,, () <(@+C)A< (0+C)A+ e+ 8=
? (Vb bg))
EOP T
= infdu(z,p) < du(3, ¢, (P0)) < (0 + O)A + aen + 5

= dM(:L‘,P) < (60+C)A+OZEB+ﬂ
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(POSSIBILITY 2:) If b € B\ Pg, by the maximality of Py there exists

EE Pg: dB(b, B) < €pg.

We wish to obtain p € P satisfying dp(z,p) < (eo+C)A+aep+ S, which
will be accomplished as follows.

Let,

Yes * [t,t2] — B
t1 — yp(t) =0

ty — Yg(ta) =10

be a p.p.a.l. of the unique minimal geodesic joining b and b in B, and let T'y

be its unique horizontal lift through z, i.e.

(hL.1) moTy(t) = v(t), t € [t1, 2o

(hl.2) T'y3(t1) = z, and in particular T'y(t2) € Fj.

(h1.3) T'y is horizontal, i.e. T};(2) € (HT )r,;(), t € [ta, ta]-

We have, by (hl.2), the fact that Py is eg—full in Fj, and the definition

of infimum,

Tip(t2) € F5 = Qi) (Tep(t2)) € Fypp =

Po— full
=L d (G Tisl2) , o) < €0 =
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in fimum
=

dpo € By :du ((P('y[,;_bo]) (Tip(t2)) apo) <€ (4.31)

We claim that the desired 5 € P is exactly <p(”71[5 ) (po).
o

Indeed, b € Pg and go(‘,yis'bo])(po) € (p(—:Y?E,bol)(PO) imply that cp(jrtb’bol)(po) € P.

Furthermore, by the triangle inequality,

du (955, 0 @) < das (5, ) (P0), T(ta)) + e (Tis(t2), z) - (432)

In addition we have,

1 . (RIF)
M (FbE(t2)’(P(7[5‘b0])(p0)) -C < du (<P(m,,,0]) (Tyz(t2)) ,Po) =

= dae (Talta), iy, 0)) < [dne (15, (Cs(t2) 10) +CJ A <

(VB.60}

.3
“ o+ 04 (4.33)

Also,

in fimum

du (Tig(ta), z) = dar (Dy(t2), Tip(t1)) < €Ty) = /0 |15 (8| et
1 1
P / | (m o Ty (O)llsdt + 8 0 a / Ing(®)llsdt + 8 =
0 0

min.geod. T def.b
= allyg) + 8L adp(h,B)+ 8 < oep+f (4.34)
Thus, by combining (4.32), (4.33) and (4.34),

dum ((p(—:Y:B,bo])(pO)’ .’L‘) < (60 + C)A + aep + B
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which in turn implies,

du(, P) = inf du(2,p) < du(z, Cnsay PO) S (60 +C)A+aep + 5
N e’

EP

and we conclude that P is [(¢ + C)A + aep + §]— full in M.
In what follows, we show that P x Pp is countable, (¢ + €5)-separated,
and (Eo + 63)-full in Fbo x B.

In Fy, x B we have the induced product metric from M x B,
dx ((2,8), (3,1)) = du(s,3) + da(b,])

for all z,Z € Fy, and b,b € B.

Py x Pg being countable comes from the fact that both Py and Pp have
that property.

Let (z,b) # (&,b) € Py x Pg. Since Py is ¢y—separated and Pp is

eg—separated,
d ((@,8), (3,5)) = du(2,2) + dp(8,8) 2 €0 + c5

and Py X Pg is (¢y + €p)-separated.

To prove that Py x Pg is (€ + €p)-full in Fy, X B, i.e.,

Fbo x B = {(fL‘,b) S Fbo X B :dy ((.’L',b),P() X PB) < € +€B}
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we need to show that,
dy ((Z,.b),Po X PB) < ¢ + €g, V(.’L‘,b) € Fbo x B

Let (z,b) € Fy, x B.
Since, Py is €p-full in Fp,, there exists pg € Py : dam(po, z) < €. Similarly,
Py being ep-full in B, implies that there exists b € B : d(b, b) < €.

Therefore,

dx (@), Py x Pa) "< dy ((:5), (70,5)) = dae(z,0) + ds(b,B) <

< € +¢€p

and since (z,b) is arbitrary, we conclude that P, x Pg is (¢y + €5)-full in
Fy, x B.

Step 2.

Let us initially define some notation as well as provide a geometric in-
terpretation of a "net”. We will assume that all nets are connected, since
we can repeat the argument on each connected component of the underlying
manifold.

Graphically, we will describe an element of an e—net as the center of a
ball of radius §, which can be visualized as a coin with diameter €. So, the

control of distances between elements in an e—net allows us to describe it as
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a countable set of coins, which can touch boundaries but can never overlap.

We will call such element an e—coin (see Fig. 4.17).

d(Pi-1, ) € [€, 2€]

Figure 4.17: A discrete path (po,p1,...,pe) in an e—net, and its elements
regarded as centers of coins with diameter e.

We define a map ¢ from P C M into Py x Pg C Fy, x B as follows,

d) . P= UbEPB (p(—"/tb,bo])(PO) — PQ X PB
p > ¢p:= (ww,,,,,,o])p, 7rp)

(Claim 1) ¢ is well-defined.

It p € ¢ )(Po) = Po, then mp = b and ¢p = (P, b0) = (p,b0) €
Py X Pg.

If p € cp(‘,;b,bol)(Po), where b € Pg,b # by, then 7p = b and ¢p =
(cp(n,[b,bol)p, b) € P,  Ps.

(Claim 2) ¢ is injective.

Let p, ¢ € P and assume that ¢p = ¢q.
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Thus,

— P Yir , P = Py, , ya _ diffeo.
=00 { TP z :?]q —p TS PP = Ppa) Lop=q

(Claim 3) ¢ is surjective.

Let (pg, b) € Py x Pg and define p € F; by,

e a1 -1
p= SO('Y[b,bO])pO € (p('Y[b.bol)(Po) CH

where, mp = b and p = pg if b = by.

Thus,
¢p = (90(7[,,10‘,,0})]71 wp) = (w(q[,,,,,ol)p, b) = (po, b)

(Claim 4) ¢ satisfies (RI.1).

By (Claim 3), for any given € > 0, we have,

Py x Pp = ¢(P) = Beg (P) = {(po,b) € Po x Pp : dx ((po, ), ¢ (P)) < €}

so, ¢ is e—full in P, x Pg for any € > 0, which is exactly (RI.1) for ¢.
(Claim 5) ¢ satisfies (RI.2).

We want to show that there exist constants a > 1 and ¢ > 0 satisfying,

1
Eép(p, q) — ¢ < 6x(¢p, ¢0q) < adp(p,q) +¢c, YVp,gq€ P
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where §p is the combinatorial metric of P, and dyx is the discrete product

metric of Py X Pg given by,

8x((p,b), (8,b)) = 6p, (1, D) + 65 (b, D)

for all (p, b), (5,b) € Py x Pg.
In terms of §p, and dp,, the condition we want to verify for ¢, translates

into, 3a > 1,3¢ > 0:Vp,q € P,

%613(11, q) —c < dp, (w(q[,,,,bo])p, w(v[,q,,,(,])q) + 0pg (1p, mq) < adp(p,g) + ¢
(4.35)
Indeed, let p,q € P = Ujep, (P(—'Ytb,bol)(Po)‘
Let Ymin be a minimal geodesic joining m, to 7, in B, and let its unique
horizontal lift through ¢ be parametrized by Ty : [t1, 2] — M.
By the triangle inequality, the definition of distance, Proposition 4.11,

assumptions (LLL)and (RIF), we have (see Fig. 4.18)

dar (P, 4) < dus(p, T(t2)) + das (T (t2), @) <

dist.
< du(p, Tylte)) + £(Ty) <

(RIF)
S AdM((p('Y[ﬂp,bo])pi (p('Y[‘;rp,bo])FQ(t2)) + AC + E(I‘q) S

Prop 4.11

AdM((p("/[wp,bo])p’ ‘p(v[np,bo])rq(t2)) + AC + o [€(Ymin) + Btz — tl)]
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pEP

Pirp,p)) P
€ B

(p("r(,rp,bo])rq (t2)
= go('Y[‘rrq,bo])q
€P

1-‘q (t2)

Figure 4.18: An upper bound for the distance du(p,q), via the triangle

inequality.
(LLL)
< AdM((p(’Y[ﬂp,bo])p’ QO(’Y[",,_(,O])Q) + AC + o [E(’Ymin) + ﬁ(t2 - tl)]

dist.
e adp (Wpa WQ) + AdM((P("/[,,,,,bO])p’ 90(’7[,.-‘,_50])(1) + aﬂ(t2 - tl) + AC

which implies that,

du(p; q) < adp(Tp,7q) + AdM{P(rrp 100 P> Plotrase)?) T AC + B(t2 — 1)
(4.36)

Now, by Lemma 2.4 we have for the nets P, Py and Pg, respectively,

<dm(pg) (437

)

1
Ed(m, kIM,é) > 1, Elé(m, kM, é\) >0: a(sp(p, Q) -
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dM(go(’Y{‘np.bo])p’ Qp(')’(wq,bol)q) S 2605P0 ((p('Y[vrp,bO])p’ (p(’Y[wq,bo])q) (438)
dp (ﬂ-pa WQ) < 26361’3 (7rpa WQ) (439)

If we combine (4.37), (4.38), and (4.39) into (4.36), we obtain,

1 & (4.37)
=0p(p,q) — 7 < du(pg) <
a a
(4.36)
< adB(ﬂ'p) WQ) + AdM(‘p(’Y[,rp,bO])pu (p(’Y[ﬂ-q,bo])q) + AC + aIB(tQ - tl)
(4.38)

< adp(mp,mg) + A (2605Po(<P(1[,,,,,,0])P, <P(7[,,q,,,0])Q)) + AC +
+aﬁ(t2 - tl) _<_
(4.39)

< a2epdp,(mp,mq) + A (2606p0(g0(7[ﬂp'b0])p, <p(,y["q‘b0])q)) + AC +

+Ozﬂ(t2 bl t1) =

o

1
= 55P(P, Q) - < 2‘460(5}:'0 (QD(W{,,p,bo])pa 90(1[,,.1,50])61) + 2aEB(SPB (Wpa 7TQ) +
+AC + Ot,B(tz - tl) =

< max {2A¢g, 2aeg} - 6x(¢p, ¢q) + AC + af(ty — )

O

1
= aaP(p, Q) -

! )
- max {2A¢g, 2a¢€p}

- g + AC + af(ty — tl)]

P(pa q) -

=

1

max {2Ae, 205} < ox(dp,0g)  (4.40)

In what follows, we will produce the inequality that completes (4.40) into
the searched condition (4.35).

Let us denote [ := dp(p, q).
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Define (yo, y1,---,%) a discrete path in P of minimum length ! joining p

to ¢. Hence, (Yo, y1,- - ., %) has the following properties,

Yo:=p€P, vy :=q€P
du(¥nyy) 26 43=0,1,...,0 (1#))
du(y-1,9,) <26, 1=1,...,1
= 0p(Y1, %) =1, ¢=1,...,1
de:ft»P'/ryLePB, t=0,1,...,1
= Crmpn¥e € P, ¢=0,1,...,1

L dp(ryny) > s, 63=0,1,...,0 (1#7) (4.41)

Next, we will compare [ with dp, (7p, 7).
Notice that because we are assuming (HLC), by Lemma 4.5 we obtain
for any z,y € M,

dy(z,y) > -:;dg(wx, my) — B (4.42)

Therefore, from (4.41), (4.42) and Lemma 4.2.8 (8.), we get,

_(a41) (4.42) 1
= 2 > dy(Y-1,4) > ada(wykl,wyb)—ﬂﬁ

= «a(28+ p) > dp(my, my,—1) =

Lem 4.2.8(8.) ) (4.41)
= 2ep > a(2¢ + 8) > dp(my,, TY—1) 2> €=

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



NON-SUBMERSIONS SURJECTIVE MAXIMAL RANK MAPS 131

= 263 2 dB(ﬂ'yu 7T?JL—1) > €B, Vi = 15 T al (443)

Since (4.43) holds, we obtain a discrete path (7wyo, 7y1, ..., TYi-1, 7Y;) in
Pg, connecting np to 7g.

Therefore, by the definition of dp,, we conclude that,

op, (0, q) < 1 =6p(p, Q) (4.44)

Now, we will compare [ with dp, ((p(ﬂ,[mbol)p, go(n,[ﬂq,%])q).
By Lemma 2.4, we have for the nets Py, P and Pg, respectively,
Jao(m, knm, €0) > 1, 3co(m, kar,€0) > 0
6p, (P1,12) < ao - dus (P, p2) +Coy  VD1,P2 € Fo (4.45)
dur (p3,ps) < 2é60p (pa,pa), Vp3,pe € P (4.46)
dp(myi1, my) < 2ep8py (TYoe1, ), Va=1,...,1 (4.47)

Initially, for each 1 = 1,...,1, let us look at

6P° ((p('ylw.—vao])y""l’ (p('ylvrm,bo])y’)

which is well defined because of properties (4.41).
For each unique (see remark in the beginning of Step 1.) minimal geodesic
in B joining 7y,_1 to 7y, let its unique horizontal lift through y,—; be denoted

by Fy,_l : {tl,tQ] — M.
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\_M Fbo Fwy, lFﬂ'yz—1 I

TN A
S =
PMrpo)P € Pyl o e
| Ty i (t2)l :
2(7[”9'-‘70])]‘—‘%-1 W= | < @
- (p('y[”l‘a—lubo])y’l'-l oo m Il e N | gt )
______________________________ B *\\\\ e P
PVimyabo)) Y PR "
Plotraoe) € Pof @ | i :
S A — ! g€ P
!] [mimimal geodesic]
/’//”‘—_——_\
. //’ Y(rys ,bo] Y, \J

b b Tp

Figure 4.19: y, 1, the lift T'y,_, (¢2), and their counterparts in the fiber Fy,.

By (LLL), (4.45) and (RIF), we may write (see Fig. 4.19)

Ipy (‘P(‘r{m_x o) Y15 ‘p(‘ﬂw..bol)?ﬁ) <

(LLL)
< dp (‘p(’v(w.,bo))ry:—x(tﬁ)a (P("/[,,y,_(,ol)yz) <

(4.45)
< Gody (99(7[”.,501)111/.—1(@), ()O(V[wy.,bo])yi) +co <

(RIF)
< ag[Ady (Tyor (t2), 1) + C} + ¢ (4.48)

Now, that (4.46), Proposition 4.11 and (4.47) hold, implies

A
dM (Fm-l(tQ)ayz) S dM (Fyl—l(t2)7y1—‘l) + dM (yz—l,yz) <
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(4.43)
(4.46) e, di 8L .
< dm (Fy¢-1 (t2)7 yz—l) + 2€ 5P(y1—1, yz) < E(ry.—x) + 26 <

Propd.11
" [ (Yagrmy) + Blta — 11)] + 26 =

W adp (1, my) + aB(ts — 1) + 26 <

(4.47) X
< o2 8py(TYi-1, TY)] + @Bty — 1) + 26 =
N e’
(4é3)1
) a2ep + Bt — ) + 2 (4.49)

By combining and (4.48) and (4.49), we get

6Po ((p(’Y[wy.,‘_l,bo])y't—la (10("/["1,“50])1/1) S

(4.48)
< a [AdM (Fy‘_1(t2)ayz) + C] +c¢ <

(4.48)
< o [AdM (F‘.‘I:—l(t2)ay¢) + C] + ¢ <

(4.49)
< 24} {A[2a63+a/3(t2—t1)+2€]+C’}—+—co=

=  apAd[2aep + aB(ts — 1) + 2] + apC + ¢o (4.50)
If we sum (4.50) over 2 = 1,...,l, we may write

dp, (‘P(v(w,bo])p’ 90(7[,",,50])‘1) <

l
A
< Z 5P0 ((’p(’V[wm-l»bo])y'_l’ "0(7["14""01)%) s

=1

(4.50)
S l{aoA [2a63+aﬂ(t2—t1)+2€]+aoC’+c0} =

= 0p(p,q) {aoA [2aep + aB(tz — t1) + 2€] + aoC + o}  (4.51)
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Next, by using inequalities (4.44) and (4.51),

(4.44)
dx (6p, ¢g) = 0, (w(n,[,,,,bo])p, <p<7(,,q,,,o])q) +0py(1p,mq) <

(4.51)
< {aoA[2aes + af(ts — t1) + 26} + aoC + o} 6p(p, @) + 0p(p, q) =

= {aoA[2aep + af(tz — t1) + 2¢] + aoC + ¢ + 1} dp(p, 9) (4.52)

Finally, we combine inequalities (4.40) and (4.52), and obtain

1
)
d - max {2Aeq, 2cep}

- §+aﬂ(t2—t1)+AC

P( ’Q)_

! S 5. (6p60) <
max {24€g, 2aep} ~ P04} =

(4.52)
< {apA[20ep + aB(ts — t1) + 28] + aoC + co + 1} 6p(p, q)

which is the required property (4.35) as follows

1
a(gp(p, Q) —-c< 6)( (¢pa d’q) < adp(p, Q) +c

with the universal constants given by

a:= max{aoA[2ceg + af(ty — t1) + 2¢] + aoC + co + 1,

a - max {2A€g, 2cep}} > 1
1

¢
= c to — 1 A > 0
c s+ af(tz - 1) + AC max {2Ae, 205}

and so ¢ satisfies (RI.2).

This concludes the proof of the Theorem.
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