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PREFACE

"Let three polnts be specified on a line, Then one of the
points is in the interior of the line segment joining tﬂg-'
other two, and one of the ﬁoints is exterior to the line seg-
~ment joining the other two." This elementary statement con-
cerning the ordering of three points on a line is capable of
various extensions. Thus, e.g., let n+2 points which are not
all on an n-sphere be specified in E , with some n+l of them
linearly independent. Then one of the points.must be in the
~interior of the n-sphere passing through the other n+l points,
and one of the points must be exterior to the n-~sphere passing
through the other n+l points. Analogous questions may be
posed for non-spherical situations, but this area remains
essentially unexplored.

F. Supnick'bpened this‘rield of research with his Theorem
Concerning Six Points (Proc. Am. Math. Soc. 1960, pp. 498-504),

Cf, H. Simpson's On F. Supnick's Six Conic Theorem in Proc.

Am, Math. Soc. 1961, p.93l. Further, Prof. Seidel of Holland
has informed F. Supnick of a paper he is writing which makes
use of the above-mentioned work.

Another direction of generalizing the three-point state-
ment above was undertaken by F, Supnick. Denoting the points
A, B, C in linear order, he considered this as a decomposition
of the line segment AC into three componenta,'namely, the
stars ofj£he end-points and the point B. F. Supnick general-

ized this tvo the case of the linear graph., By a substar
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(sst(v)) of a star (st(v)) of a vertex of a linear graph,
he means the set consisting of v and open segments of some
edges of st(v) which have v as common end-point, If it is
possible to deéompose a linear graph G into mutually exclu-

sive sets Ta’ Ty Q, such that G = TayTbUQ where
Ty {sst(val),..,sst(vak)} y Ty: {ést(vbl),..,sst(vbk)};

sst(v, ) and sst(vbi) are of the same degree (i = 1,2,..,k),
i
Q is a finite set of points in G (considered as a point set),

and v, ,Vy (L =1,2,..,k) are all distinct vertices of G,
i i .

then he calls G = T vT, vQ a bisection of G. He proved

that any ponsingular linear graph G which contains no

circuit formed by precisely one or two ciosed edges of

G can be bisected.

—

The question now remains of geneéalizing this work to
complexes of higher dimension. The présent paper general-
izes to the case of finite, rectilinear, geometric 2-com-
plexes. The problem of generalizing for arbitrary 2-com-

plexes and for higher dimensions remains to be resolved.
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INTRODUCTION: BISECTING A LINEAR GRAPH

This section consists of an (unpublished) note by
F. Supnick which we now include for introductory reasons: — -
"Consider a nonsingular geometric linear graph G

consisting of a finite set of points (Q-cells, vertiges)

and a finite set of open simple arcs (l-cells, edges) so

that each O-cell is an end-point of (is incident with)
some l-cell and each l-cell has precisely two O-cells
as end-points. By the star of a vertex v (abbr. st(v))

of a linear graph we mean the set consisting of v and

all the l-cells VPyy o - ,vp:j of G which are incident

with v, i.e.,

(1.1) st(v) = {v, (p)s + . ,(vp )3

where ( ) and [ ] will denote that edges are open or

- closed respectively; J is called the degree of the star.

Let g5 « 19y be points on fvPi], . ,[vpj];
then the set

(1-2) {V, (Vql)} . . ’(qu)}
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will be denoted sst(v) and called a gub-star of st(v).
Now, consider a line segment {AB] . In bisecting
[AB] , we may view the bisection process as follows: we
mark a point C on (AB), thus decomposing [AB] into sets
T,, Ty, and Q , where T, consists of sst(A) = {A,(AC)} ,

T consists of sst(B) = {B,(BC)} and Q = {C} . Ve note

(with the purpese of motivating the generalization beléw)
that sst(A) and sst(B) are of the same dégree. We pose

the question: can this bisection decomposition be extended

to a linear graph (or to an n-complex)?

Definition: If it is possible to decompose a linear

graph G into mutually exclusive sets T_, Ty &, such that
(1.3 G= T ,vT v

T, : {sst(va ),..,sst(va )} » Tyt sst(vb )yees8st(vy )}
1 k 1 k
where sst(va_) and sst(vb.) are of the same degree
i i
(i =1,2,..,k), Q is & finite set.of points in G

(considered as a point set), and v, ,v, (i = 1,2,..,k)
i Vi

are all distincet vertices of G, then we shall say that

the decomposition (1.3) is a bisection of G.




Theorem: Any nonsingular linear graph G which
contains no circuit formed by precisely one or two
closed edges of G can be bisected.

Proof: Let v, denote a vertex in G of maximum

degree d, (i.e. st(vo) has maximum degree). Then G

has at least d+1 vertices (since G has no one or two-

edged cireuits). Thus, two vertices of G, say v, and
1

v, must have the same degree. If G contains the 1-cell
1

(v. v.. )}, let P be a point on (v_ v, ). Let us remove
a; by a; By

(va vbl) from G and replace it by (Pval), P, (val),

1

denoting the new graph by GO. If G does not contain

the l-cell (valvbl), let Gy = G, Let Qy denote the set

of isolated points of
(1.4) Gy - gt(val) - st(vbl).

Remove QO from (l.4) and denote the resulting linear
graph by Gl.

This describes a process which may be iterated,

whereby Gl is treated as was G in the above argument,
etc., eventually obtaining Ta’ Tb, and Q = LIQi. It

" must be remembered, however, that the star of a vertex
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of G, (i21) is a sub=-star of G, Thus the theorem is

established.

It might be of interest to ask how far the idea of
bisection might be extended to an n-complex and to study
classes of n-complexes for which bisection is possible
- {(defining bisection of an n-complex as an extension of
that above, but now permitting Q to contain 0,1, . . ,
(n-1)-cells).”

The_present paper constitutes an extension of this
work to finite, rectilinear, nonsingular, geometric

2-complexes.
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A DECOMPOSITION THEOREM FOR A CLASS OF 2-COMPLEXES

The finite geometric complexes K2 congidered in this

section will be composed of vertices, (open) rectilinear
edges, and (open) planar faces which are the interiors of

finite, convex planar polygons in R® (m> 1), where K, is

nonsingular and connected, so that each vertex is an end-
point of some edge, each edge has precisely two vertices
as end—poiﬁts, each edge bounds at least one face, each
face has at least three bounding edges, and any pair of
faces have at most one closed edge or one vertex in common,
By the ggggvgg_gg edge (abbr. st(E)), we mean the set
{E; Fiy For o v s Fj} consisting of E and all open faces

Fs (i = 1,2,..,3) having E as an edge of its bounding
polygon. We shall refer to E as the hub of st(E).

By a sub-star of a gﬁ&@):-{E; Fiy Foy ¢ o Fj}
(abbr. sst(E)), we mean the set {E; Gy G2? . ey Gj}
where GiE{Fi, a2, Fi}, F! being that one of the two (open)
components of Fi formed by a partitioning rectilinear

diagonal (i.e. joining two non-adjacent vertices) which
contains B on its boundary.

Consider, e.g., the star (fig.l) st(E):{AB;Fl,Fg,F3}.



' = 4ABC,

Then sst(E):{AB;G GB}, where G =F,, G,=#, G,=F}

l'lG2’

fig.2

would be a sub-star of st(E).

— . S——————————— ——

(2.1) {E; Gy Ghyy o v s Gj}

(abbr. deg(sst(E))), we mean the number of non-null

V.
Gi s in (2.1).

=



Definition: If it is possible to decompose a

2-complex K2 into mubtually exclusive sets Ta, Tb, Q,

where Ta:.{sst(Eal), SSt(Eag)’ . o sst(Eak)}

Ty: {380(E, )y ss8(B, ), « .« » sst(B, )

'deg(sst(Ea-)) = deg(sst(Eb.)) (i = 1,254.,4,k)
i i

/
Q: a finite set of wvertices, edges, and

partitioning diagonals of K2
E, ,B, (i =1,2,..,k): distinct edges of K,
i i

such that
(2.2) Ky = T v Tv Q (as a point set)

then we say that the decomposition (2.2) is pairwise

homologous. It is to be understood that all decomposi-

tions in this paper are pairwise homologous.

By the degree of an edge E of a complex K, (abbr.
deg(E)), we shall mean the number of faces of K, having

E in their boundaries.

We shall call a complex K2 reducible if some two

of its edges of the same degree either do not lie on the
boundary of the same face, or lie on the boundary of a

common face having at least four bounding edges.



A three-edged face is called a primitive irreducible

if all its edges are of degree 1.

Theorem: If K, is not a single trilangular face,
it is reducible,

If a complex is reducible, we may begin the process
of decomposing, by extracting the stars of two edges of
the same degree if they do not lie on the boundary of
the sdame face, or by introducing a partitioning diagonal
in the common face having at least four bounding edges
and extracting the appropriate sub-stars, and then remov-
ing any isolated edges and possibly a diagonal into the
Q set. If the remaining sub-complex is not a primitive
irreducible, we may iterate the above procedure until we

have completely decomposed K, or are left with a single

triangular face. Note that if the last sub-complex is a
single triangular face, this does not necessarily mean

that K2 cannot be decomposed. Another sequence of choices

of sub-stars may achieve the desired decomposition.

By the degree of a complex K, (abbr. deg(Ka)) we
shall mean the maximum degree of all the edges of KE'

Proof: Let deg(Kg) = n+l, n3 0. Suppose K, has



(2.3) ' ka. = n—(;;—e)-ij

edges of degree n-{j-1) (j=0,1,..,n0~1). Note that:
(2.4) deg(kg) = n+1% lco‘r,l %iosnﬂ. .

All edges of degree r can appear in at most two con-

figurations in an irreducible K2:

(A) Cluster at v (no more than r+l) (B) Triangle

}1,v<}2, . . ,véxwl | A

This is true since K2 cannot have more than r+l1 edges

clustering at v, each of degree r. FYor, if K2 had at

least r+2 edges of degree r clustering at v, any two

v

such edges would have to have a face in common (else re-~
ducible), and so each edge would be of degree at least
r+) - contradiction. Hence in (2.3), id represents the

localized defect, i.e., there exist at most n-(j-2)

edges of degree n-(j-1) in an irreducible X Thus the

2.

actual number of edges of degree n-{j-l) in an irreducible
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K, may be represented as in (2.3), where i..is the
difference between the maximum number of edges of degree
n-(j-1) and the actual number.

ir deg(Kg) = 1, and R2 is not a primitive irre-
-ducible, then K2 has at least four edges of degree 1,
proving reducibility by the discussion in the préceding
paragraph. Hence, we may presume that ﬁal, ijéo (j=0,1,
«syn-1). Otherwise, reducibility follows immediately
by the above remarks.

We shall assume that Ke-is irreducible, but not a

primitive irreducible, and show that this leads to a

contradiction.,.

Case (A): Suppose all edpges of degree n+l clus%er

at_a vertex a. Denote these distinct edges by:

(2.5) ab, aa 885y « + , B2

1? n+l-3

(If nzio—l, ab is the only edge of degree n+l.) Since
deg(ab) = n+l, at least n+2 distinct edges must emanate
from a, denoted by: ab, aa, (i=1,2,..,n+1), and at least
n+2 distinct edges must emanate from b, denoted by: ab,

b (i=1,2,..,n+1). Since K, is irreducible, ab and
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¥ (j=l,2,..,n+l—io) must share a three-edged face,
denoted by Fj’ with edgés: aaj, ab, baj. Let x be a
vertex in K2, and let E(st(x)) denote the set of edges
of st(x). Since deg(aas) = n+l (s=1,2,..,n+1-io), at
least n+2 distinct edges must emanate from a_s At most
one edge from each a; (i=1,2,..,8-1) can termipate at
a_, and only aa_ emanating from a and bas emanating

from b terminate at ag - Hence, at least n+l-s distinct

edges, each of whiaﬁ4gges not belong to
(2_6){E(St(a))UE(st(b))uE(st(al))uE(stfa2))%.%E(st(as_l)}5

emanate from a_. Call these edges asazs(js=l,2,..,n+l—s).

Let ¢(8) denote the number of elements of the set S.
K2 has at least the following distinct edges of depree
less than n+l, each of which belongs to (2.6) for

S = n+2—10:

Wy = {bal N ,ban+l_i0,bbn+2_io, .. ,bbn+l§
1 2 n
W = {a a ,a a L] - [ L] . ,a a
(2.7) 1 171*7171 171
1 2 n-1
w2 = {égaa,aeaa, e o e ,a2a2
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w11+1—i = {én+l-i a;Ll+1--i U R P anil-—i }
0 0 0 0

W

. aa . .88 Y- }
n+2-i { n+2-1 ? n+3-1o’ '+l

O Y

“;(s=0,l,..,n+l—1o) (If 10=O, then wn+l—io=¢

and W a).

n+2—10

Note that:

L —

: ); c(ws) = n+l-s (s=0,l,..,n+l-iO)
208 i

c(wh+2-io) =ig

Adding up (2.8), we find that K2 has at least:

2 .
(2.9) (1) (a42) ~Ly+31,
> 2

distinct edges of degree less than n+l.
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K2 has at most:

n-(j-2) distinct edges of degree n-(j-1)
(2.10) and 3 n " n 1 1

(j:'-l,g, . ,n-l)

by the discussion on p.9, since K, is irreducible.

2

Hence, adding up the values in (2.10), we find that K2

has at most:

(2.11) (n+1) (n+2)
2

distinct edges of degree less than n+l.

Case (Al): i, = 0. By (2.9), K, has at least

0
(n+11§n+2) distinct edges of degree less than n+l. If
K2 has no primitive irreducible, then K2 has at most 2
edges of degree 1, and hence at most (n+11§n+2) - 1

distinct edges of degree less than n+l, contradicting
the irreducibility of K2. if K2 hes a primitive irre-
ducible, say F, then none of the edges of F are in (2.7).

For, all of the 1-cells in (2.7) are edges of faces which
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have another edge of degree n+l, and hence these faces
cannot be primitive irreducibles. If one of the edges
in (2.7) were an edge of F, it would also be an -dge of
another face, not a primitive irreducible, and sc would
be of degree at least 2, contradicting its being an
edge of F., Hence, K2 must have 3 additional edges,
distinet from those in (2.5) and (2.7) and therefore

K2 must have at least (n+12§n+2) + 3 distinct edges of

degfee less than n+l. This contradicts (2.11), and
proves that K2 cannot be irreducible in this case.

Case (Ag): i, = 1 or 2. By (2.9), K2 has at

least (n+li§n+2) + 1 distinct edges of degree less

than n+l. This contradicts (2.11), and establishes
reducibility.,

; Case (A3): 3¢ien+l. By (2.3), XK., has exacbtly:

2

(2.12) n-(,j—E)—i‘j distinct edges of degree n~{(j-l)

(J.=l,2, L) ,io"‘e)
-and by (2.10),K2 has at most:

(2.13) n-(j-2) distinct edges of degree n-(j-1)
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(2.13) and 3 distinct edges of degree 1
(jaio-l, igyese,n-1).
)
Hence, adding the values in (2.12) and (2.13), we find

that K. has at most:

2
10-2
(2.1 (e)me2) | $
k=1

distinct edges of degree less than n+l.

Generation Descendants

The remainder of the proof will make use of the
fact that at least x+1 distinct edges must emanate from
a point which is the vertex of an edge of degree x.
Each of the edges in (2.5) and (2.7) emanates from one

of the n—io+5 distinct vertices:

(2.15) a, b, ai(i=l,2,.-.,n—io+1)
Since, by (2.3), X, has exactly n-—(j—e)—i!j distinct

edges of degree n-(j-1) (j=1,2,..,io-2), K, must have
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at least n----(;j—z)-:i.‘j distinct vertices of edges of

degree n-(j-1). If'n-(j—a)nijs n-i+3, i.e., if

ig¢ ij+j+l (j=1,2,..,i0-2), then we cannot be sure

that the vertices of edges of any particular degree

lie outside the set of vertices (2.15). In this case,
no edges of degree less than n+l which are not already
listed in (2.5) and (2.7) can be shown to exist, and |
hence we speak of the sequence of localized defects

S = (io,il,..,ii _2) as having no descendants.

If, however, n—(j-e)-ijé n-i,+3, i.e., if

iy 1j+g+1 (3=l,2,..,30-l), but n—(30-2)-1jo> n-1,+3,
-2, this means

i.es, 1> 1. +jo+1 for some jo, léjoéi

dg 0
that at least io—ij —jo-l distinct vertices of edges of
0

degree n—(jo-l) lie outside the set of vertices (2.15).

0

Denote these vertices by:

k

(2.16) Vie(§,.-1)
0

(K=1,2,00yig=1; ~dy-1)

-J
Jg 0
K2 nust have at least n-(jo-E) distinct edges emanating

from each of the vertices in (2.16). Even allowing for

all possibilities of edges already listed in (2.5) and
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(2.7) terminating at the vertices in (2.16), and all-
possibilities of these vertices sharing edges among

themselves, we find (see Case (Ag)) that K. must have

2
additional edges, distinct from those already listed,

which emanate from these vertices., We call these edges

first generation, and speak of the sequence of localized

defects S = (d.,i,4500,1. ) as having first generation
071 10-2

descendants.

_(Vjo-l)

first
—(jo—l) generation
descendants

fig.4

Now all the edges.of the first generation are of
degree less than n+l sincé all edges of degree n+l have
already been listed in (2.5), and the first generation
edges were chosen as distinct from fhese. Each of the
edges in (2.5),(2.7), and the first generation emanates

from one of the (n—10+5) + (10-130-30-1) = n-ljo-qo+2
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distinct vertices:

a, b, ai(i=l,2,..,n-i0+1)

vk
n-(jo

(2.17) . . .
_1)(k=1,2,..,10-1jo—aowl) .

If n—(J—E)-ljs-n—ljo-JO+2, i.e., 1jog lj+(J—JO) (J:Jo+l,
+2,..,io—2), then we cannot be sure that the vertices

0
of edges of any particular degree less than n+l lie out-
side the vertices in (2.17). In this case, no edges of
degree less than n+l which are not already listed in

(2.7) and the first generation can be shown to exist,

and hence we speak of the sequence of localized defgfts

S = (io’il""ii _2) as having only one generation. .
0

If, however, n-{(j-2)-i_,¢n-i, -j.+2, i.e.,
J ig O

ljoé 1j+(3—30) (J:JO,JO+1,..,31-1), but n~(Jl—2)—lj >

1
n-1j0—30+2, i.e., le> 1jl+(31—30) for some Jj,, Jn¢d ¢ig-2,
this means that at least i, ~i, +jO~jl distinct vertices

0 *1

of edges of degree n—(jl-l) lie outside the set of ver-

tices (2.17). Denote these vertices by:

' k ‘ C ..
(2.18) vn—(jl-l)(k_l’a""lj i +dg al).

o 91
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K2 must have at least n-(jl-2) distinct edges emanating
from each of the vertices in (2.18). Even allowing for
all possibilities of edges already listed terminating
at these vertices and all possibilities of these ver-
tices sharing edges among themselves, we find (see Case
(Ag)) that K2 must have additional edges, distinct from
those already listed, which emanate from these vertices.

We call these edges second generation, and speak of the

sequence of localized defects 8 = (i.,1i.,..,1, ) as
0’1 1O~2
having second generation descendants.

second
generation
descendants

fig.5

Preserving the consistency of the emerging pattern, we

are led to define the gﬁg generation by the inequalities:.

n-(j-2)-i,¢n-i, -Jj_ ,+2, i.e., i, ¢ 1_.+(3=3_ ,)

J dg_p "8-2 dgp 4 7 "s-2
(J=JS_2sJS_2+41w-,Js_l-l), but n—(Js_l"z)"ljs—i n—-ljc._P
+2, i.e., lj > i, +(Js_l-gs_2) for some j

oy _
8-2 s=2 Js-l

S‘-l y
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35-24 js—lé 10—2. Summarizing and formalizing the above

discussion, we are led to make the following definitions.
The sequence of localized defects S = (i,.,3, 4,1, )
0’71 10—2

is said %o have no descendants if ioé ik+k+l (k=1,2,..,

io—éL S is said to have first generation descendants if

. : . . ¢ = - e s .
iy ljo+ao+l for some oo 1 ¢ 305 i, 2, and if 15¢ 1k+k+l

(k=0,1,..,jo—1). 5 is said to have gﬁg generation

descendants if i, > i, +Jg

G JO
iy¢ lk+k+l (on’l""JOTl)’ and if ij > i
o) P+l
10 9p¢ ap+1$ 12, gnd 1jpg 1k+(k-ap) for
all k, jpg]c<3p+l (p=0,1,..,8-2).

+1 for some jo, 1< joé i -2, if

0
+(jp+l—j )

.

for some
D+

The proof of the theorem (Case (A3)) will proceed

by a consideration of the number of generations of S.

Case (Aé): S has no descendants.

i -2 i0—2 :

_ i -2
0 0
Hence, 1,(i,-2)¢ > __ (i, +k+l) = > _ (kel) + 3 __ i )
00 k=1 k k=1 k=1 k

2 .
e
(2.19) ——9—2—-—9-1> - E i
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S0, by (2.9), the number of distinct edges in K, of

degree less than n+l is at least:

2,51 20
(n+1) (n+2) . ~1o*21g > (n+1)(n+2) . ot?1g
2

> > 5 — 1

which, by (2.19), is greater than or equal to:

10—2
n+l) (n+2 .

which, by (2.14), is a maximum possible number of distinct
edges in K2 of degree less than n+l. This contradiction

establishes the theorem in this case.

Case (Ag): S has only 1 generation. Hence, we are

given that:

1y ijo+jo+l for some dgs 1¢ Jg ¢ 10—2
(2.20) iog ik+k+l (k=1,2,..,joul) (if JO #£ 1)

le$ ik+(k-jo) (k=go,30+1,..,10-2)

K2 must have n—(jo—2) distinct edges emanating from each ‘
vertex in (2.16). 4Any pair of vertices v and
n-(j,-1)

m

v . (k#m) can share at most 1 edge. While K. must
n-(j,-1)

2

have n—(jo-2) distinct edges emanating from vi—(jo—l)’
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K2 must have n—(jo—E)-l distinct edges emanating from

2

vn—(jo—l) since an gdge emanating from vi-(jo—l) may
. 2 . ,
terminate at vn—(jo—l)' K, must have n—(30-2)—2 dis-
5

tinct edges emanating from v

n—(jo—l) since an edge from

oL
n-(3,-1)

3
Vo= (3,-1)°

and an edge from v2 . may terminate at

In general, K

5 MuSt have n—(j0-2)—t distinct

. t+1 . . . .
<t ¢i—1i. =5 -
edges emanating from vn—(jo-l) (0 ¢ by le 3g 2) since

an edge from vk R (k=1,2,..,5) may terminate at

t+1

vn—(jo—l)' In all, then, K, must have:

2

(n—(jo-2)) + (n-(jo-a)-l) e +(n—(jo-2)—(io—ijo-jo—2)) =

2 s . . .2 .2 <
JO+7105?1J —530—10—1JO+210130~6

(2.21) ([{,.-i. =j~1)n + 0
0 Jo 0 , 5

distinct edges emanating from some vertex in (2.16).
. At most one edge from a, ab most one edge from b,

and at most one edge from each vertex as (j=1,2,..,n+lfio)

. k . S
can terminate at each vn—(jo-l) (k=1,2,..,10—1jo—30-1).

Even if all these possibilities occur, this accounts for
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only (n—10+9)(10—1jo-30-1) =

. . . 22 s s s
~81O+61jO+6JO+21O-21OLJO—21030+6

2

" Cs . _
(2.22) (10 ljo Jg 1)n

distinct edges emanating from some vertex in (2.16).

Subtracting (2.22) from (2.21), we find that X, has

2

at least:

1232 4 —i, +3%4+5.-24 3
03 0 T, JoTdo™=*0do

2

(2.23)

distinct edges, each of which does not belong to the set

(2.5) or (2.7). The value in (2.23) is positive, since

. . . < s . 2 .2 .
by (2.20), i,° 1jo+30+1 = 10_30-1>‘1302 c = iO+JO+30>
2. . . . e . s . . .

1jo+1o+21030+(10-30—l) = 1jo+1o+1jo+21030+(10—(1JO+JO+1)),

which, again by (2.20), is greater than i% +1 +1i, +21_ ..
Jo 0 3o 0<0

These edges are all of degree less than n+l since all

edges of degree n+l are listed in (2.5). Denote these

distimet edges byE
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1232 o1 o1 +3S+] —2i
07 Jn ©0° Y0 TT0Y0

> ).

Therefore K. has at least:

2
2 ieui -1 -1, +j +j~ =21.]
(n+1) (n+2) +"lo”5lo+ O g © 739 7070 —070
2 2 2 -
-12 =i +32+j
j j 0 Y0
() (ne2) . Jo 9o
(2.25) 5 + 10(1—30) + >

distinct edges not of degree n+l, 4We note that:

—

) . . iy )
iy? ljo+Jo+l = ig 2 130+JO =

Jo+i. -
20 () (ne) 2
(n+1)(n+2) . n+l)(n+ ,
(2.26) 5 - > i, > 5 -> i
k=l k:l
Now, from (2.20), ig¢ iy +k+l (k=1,2,,,,jo_1)=>

Jo-l J -1 Jo_l

0
i (Gam1) € > (A +k4l) = 2 (k+1) + i, =
070 k=1 k k=1 k=1 ¥
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2 =1
dotdg 0
(2.27) io(l-jo) + 35— -13 - §1 i
k=

Also, from.(2.20), i ¢ 1k+(k-ao) (k=jo’jo+1"’ljo+30)

o _
- Jo+l.o JO+1.O JO+:L.O
1, (3, )¢ > (i, +k-j ) = > (k=3.) + > i
Jo Yo k3. 9 5 O T NGk
0 0 o
12 i Jott;
Jo Jg O
(2.28) — 5 2 - > i .
k=Jg

So, by (2.25), the number of distinct edges in K2

of degree less than n+l is at least:

.2 2.
~1i5 -1, #3543
(n+l) (n+2) b i (1-d j . Jo Jdo 070 3
2 0~"Y0 2
. . -1 =i,
(n+l) (n+2) . . Jotdg Jo YJp
> + 10(1-30) + > -1 + —

which, by (2.27) and (2.28), is greater than or equal to

(n+l)(n+2) .
2 _Zlk



27

which, by (2.26), is greater than or equal to

(n+l)(n+2)

EE::ﬁl

which, by (2.14), is a maximum possible number of dis-

tinct edges in K
diction establishes the

Case (Ag):

5 of degree less than n+l,.

S has only r generations (r >

This contra-
theorem in this case,

2).

We must first establish three lemmas.

(d,=35-1) (3, =3p)

Remark 1: 5

> - 131(32-31) + .+ >

(3

s Ys-1

5 - 130(31"30) +

(Jt_gt—'l—l) (Jt—Jt_:L)

-13(3 -0 1)

dg1 t “t-1

= (JO_Jl)(lj '}'Jo) + .

0

(J Jdg- luas)(l +'js--l)'+
Js-1

2 5

(3yq=3g) (3

i )+ . #
Jgp “T-L

(t = 1,2,-.,5)0

Proof of Remark 1: The proof proceeds by induction.

/

JO(JO~1)

Let s = 1. Then

2

58 (gmiyddg g
Jo , o910 _ do%a
2 2 e

5 J.O(al--ao) =

2 .
Jy7dy

+ l'jo(vjo'_al) + | 2 =
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2 .
Jl-Jl
(Ja=J-2(. +3.) + . We now assume the remark true
0“1 o o 2

for all m¢s-1, and show it true for m = s, Hence,

jo(jo_l)‘ (jl-jo-l)(jl-jo> (je“jl-l)(jgujl)

> + 2 = l30(31“30) * 2

(35-1'35-2‘1)(Js~1"as-2)

=i (J,=dq) +.+ - i, (Go 1=d. o)
31 2“1 2 Jg.n'8 1 “s=-2
(Js_Js-l_l)(Js-Js-l) . . .

+ > - i, (.= ) equals, by the

J s Ys-1
s-1
1ndgct10n hypothesis, (JO—Jl)(le+Jo) + (31—32)(1jl+31) +
.2 .
dJ =d
. . . . s=] Ys5-1
. o+ (Js_z—as_l)(lj +JS_2) T
S-2
2 dgp 8 s5=1
(30"31)(130+30) + (31—32)(1jl+al) e+
. . . .2 . .
(5 s Y(i i ) + Js—l(as-l-as) . Jg-1 _ Jg-1dg N
Jg-27dg-1" "3 Jg-2 2 2 2
s—2
2 .
] (A c) JS JS (n - )(- -)
i, (G =) +—=5 -5 = Jamd-dC(d. +3.) +
Jg_1 8 1l s 2 2 0“1 Jg 0
-(jl-Je)(lj *J) 4 ee * (35-2"33-1)(13 +dg_p) +
1 S=2
2
. N . JgTds
(Js-l_as)(ljs_l+as-l) * T2 ., This concludes the

proof of Remark 1.
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—
—

Remark 2: (n~10+5) + (10-1jo—ao—l) + (130—1jl+ao-al) +

. a+(i. _i. +j —j )+" . +(i- -i-+tj -j) =
Jt Jt-l-l t t+1 JS""l Jd s s-1 5

n - iJ.S- 'jS + Q (t = O,l,..,s—l)o

Proof of Remark 2: The proof proceeds by induction.

Let s = 1. Then, (n-10+3) + (10—130-30—1) + (1j0—1jl+

Ja=d-) =n =31, =~ j. + 2. We now assume the remark true
0“1 31 1

for all m ¢ s-l, and show true for m = s. Hence, by the

induction assumption, (n-i,+3) + (10-13 ~3g-1) +

O
(ijo—ijl+jo—jl) + . . F (ijs_enijs-1+js"?-js'1) +
(ljs_l_ljs+j5'lmas) = (n—ijs_l—js_l+2) + (ijs_l—ids+
js_l—js) =n - iJ.s - js + 2. This concludes the proof
of Remark 2.
Lemma 1: If 8 has r generations (r>*2), then K2 has the

following distinct vertices:

8., b, ai (i = l,2,.-,n+l“io)

vk

(2.29)
) (k = l,a,oa,io-ijo-jo—l)
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k . . . .

vn_(jl_1) (k = 1,2,..,1.0—1jl+30-31)

v (k = 1,2,0.,1, =i, +3, .=J3.)

(2029) - . . .
Vk . (k = 1,2,00,1, o +J -J )
n—(gr 1—1) dp_p dny r-2 “r-1
(t = 1,2,..,0-1) where v . is a vertex
~(3,-1)

of an edge of degree n—(jt-l).

Proof of Lemma l: The proof proceeds by induction on

the number r of generations of 5.

Suppose S has only 2 generations (r = 2), i.e.,

. . . . 5 o4
14> ljo+ao+l fo? some s, 1 ¢dp € 1y 2

1o ¢y
(2-50).

» [} -. L] L + < » —2
ljo> 1jl+(gl 30) for some §i, J, < q1“ ig

#k+l (k= 0,1,0.,§,-1)

-

1304 1k+(k—JO) for all k, j,¢ k< 3,

. B 40N . S.-.
1315 lk+(k ) for all k, Jp¢ k€ 2.
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Because of the first generation in 8, K2 has the dis-

tinct vertices in (2.15) and (2.16) by the argument on

p.17. Since, by (2.3), X, has exactly n—(jl—2)—ij

2 1

edges of &egree n—(jl—l), K

5 must have at least

n—(,jl—-z)nij distinct vertices of edges of degree
1

n—(jl-l). Now, by (2.30), n._,(jl__2)_ij - ((n’io+5)+
1

i =i, ~j=1)) = i, -i,
( 3 "o )) 3

+j.~j. > O.  Hence, at least
0 g o d9p ‘01

i, =i, +j.-J, distinct vertices of edges of degree
J J o "1l
o 91
n—(jl-l) lie outside the set of vertices (2.15) and
(2.16). Denote these vertices by:

(2051) v ) (k = lig!"’ij —i- +tjo°"ljl)1

o Y1

none of which are listed in (2.15) or (2.16).
We now assume the lemma true for all m¢r-l, and
show true for m = r. Hence, we presume that K2 has

the following distinct veritices:

(2.52) a, b, ai (i = 1’2,..’11"'1-10)
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k . . .
k
. k = 1 S i . -1 . j o=
vn—(Jl-l) ( 2, ,lJO 1J1+JO 37
k
. k = 1 ' i . -1 N i -3
Yn-(§,-1) ( 12y ey Oy t-1 Iy
(2‘52) - - L] - »
k
.V.‘._. v - (k= 1,2,..,.'.'}.. -i. +j -—j _ )
n=-(3_,_5-1) dp_z Jdpp ‘T3 -2

(¢ = 1,2,..,0-2) where vi—(jt-l) is a vertex

of an edge of degree n-(;jt-l).

Wé are supposing that S has only r generations, i.e.,

. . ) . Do s
143 l'jO+JO+1 for some Jos lsJo i, 2

2e i, i, +(J -3 for some J i <3 <i -2
(2.33) JP> 3o (Jpe1=dp) dps1r Ip<ipertio

i, ¢ 1 K=-3 for all kX, J ¢ k<]

+].
D P

, . L . <i
ljr_f it (k Jr_l) for all k, Joqf k i 2

(p = 0,1,..,1‘”2).
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Since, by (2.3), K, has exactly n—(jr_l—e)—ij edges

r-1
of degree n—(gr_l-l), K, must have at least n-(gr_l-e)
-i, distinct vertices of edges of degree n—(jr_l—l).
r-1

Now, by Remark 2, (t = 1,2,..,7~2),

n=(j_ .-2)=i. = (=i #3)+(L =i, ~J.~1)+ + . +
r~1 dp_q 0 0 o 0
i, ~-i, +J -J. )+ .« o« +(1, -i, +J -3 =
( Sy i Jpoqdg) ( S N Jpmzdp_p)) |
n-(J -2)-1i - (n-i, ~j _,+2) =
r=1 dpal Jpp T2
i, iy +(,3r o3 l), vhich is greater than O by (2.33).
r-2 r~1
Hence, at least i. -i ) distinct vertices

5. i ominng

=2 r-1

lie outside the set (2.3%32). Denote these vertices by:

(2.34) -

'n_(jr—l-

l) (k = l,2,..,ij -1, +Jr_2

-2 gr—l

)5

Tl

none of which are listed in (2.32). This concludes the
proof of Lemma 1.

Lemma 2: If S has r generations (r3> 2), then K2 has

the following set of distinct edges:
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{ab, aa; (i = 1,2,..,041-1 )} VY

W (s = 0,1,2,..,n+2-io) v

12.52 oi i 45245, -21 5
3 0 i, 0 i, Yot o™ 0%
{7 (5, = 1,2 O 9 v
l l 15900y 2
- -
3. lj‘. lJ UO— lJ Jl+JO+Jl+lj
D 2 (4. = 1.2 O C O C.+
o do 1C g0 ey P

1 1
> 5
(2.35) oot
2 .
, i’ +21 J -2 J
D -1
{an G- Lo Jgup  Jgq.2"@ Jg-n"a
q . q ¥ ? H 2
32 +,jz +1 -1 +J -3 --3':2
Q-2""a-1""3 5 T,y e-2 “a-1 7§
5 +
-2Jq_2aq_l
>} v
i2 +21 J -2i J
{Ear (5 " Jpop  dpp T2 L o Tl
r JI‘ E o dglgeny 2



.2 .2 . . . .
tda_otd .yt -1, dJ “d_"t
r-2 “r-l1 dpep dp_q °F 2 “r~-1 73 -1
-+
2
—23r~23r—1

J
- q
5 )}- (q = 2,3,..7) where Eq

emanates from a vertex in{?fk 3 (k = 1,

-(Jq__l“l

2,0-,1 "i. +j_"’j_)}c
Jg2 dg-1 g-2 “gq-1

Proof of Lemma 2: The proof proceeds by induction on

the number of generations of S.
Suppose S has only 2 generations., By Lemma 1,

K2 has the distinct vertices in (2.17) and (2.18).

Because of the first generation of 5, R? has the distinct
eriges in (2.5), (2.7), and (2.24) emanating from the

vertices in (2.15) and (2.16). K2 must have n-(jl—2)

distinct edges emanating from each vertex in (2.31).

k
B initi . k m) can share
y definition, v _(al_l) and v -(Jl—l) e £ m)

at most one edge. While K2 must have n—(jl—E) distinct

. . 1
edges emanating from Vn~(al—1)’

/

K must have n—(Jl—2) -1

distinct edges emanating from v2 . since -an edge
n—(al—l)
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from vn—(jl-l) may terminate at vn—(jl-l)' K2 must
have n-(j.-2)-2 distinct edges emanating from v5 .
1 nh(Jl—l)

. : 1 P
sinc edge from v . d an ed f .
e an g n—(al—l) an ge from vn-(Jl—l)

~may terminate at vg must have

In general, X

~(3,-1)" 2

n-{j.~2)-t distinct edges emanating from vt+l.

. . . . . k
(0¢t éljo-ljl+ao-31—l) since an edge from vn—(jl-l)

(k = 1,2,..,t) may terminate at yort

then, K2 must have: (n—(jl—2)) + (n—(jlme)ml) + . . +

(n—'(Jlue)_(ijo-ldl+jom‘jl-l)) =

2 e . . . .2
, Jl+5lj 51d +5JO 2d4 13
. . . .. 0 1 )
(2.36) (i, =i, +j.-d.)n + +

J J, 0 "1 2

0 1

. . . O~ . . .2

+2i, i, =2i., j-i7 +2i., j =3
0 0
dJo J1  do dy 73,7070

2

distinct edges emanating from some vertex in (2.31).

At most one edge from a, at most one edge from b,
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at most one edpge from each vertex 2 (§ = 1,2,..,n+1—io),

and at most one edge from each vertex vﬁ 3 (k = 1,

~(JO—1

2y ee,i ~i, -1) can terminate at each vertex in (2.31).

-J
o O

Even if all these possibilities occur, this accounts for

only: ((n-1i,+3) + (10—1jo-ao—l))(130—1jl+ao-al) =

(i - . ) Jg  dg 9 3030—213031
i, =i, +J~Jj-)n - -
JO Jl 0 vl

(2.37)

. 2 A . . . .
"glj JO+2J0"23031"413 -!-"-l-lj —LI-JO+4Jl
1 0 1
2

distinct edges emanating from some vertex in (2.31).

Subtracting (2.37) from (2.36), we find that E, has ot

least:

'? i, jou21. jl+jg+j§+i. -1 . +jo—jl—i? —EJOjl
do Yo Jo Jo J3 Ja
2

(2.28)

"distinct edges, each of which does not belong in the set

of edges (2.5), (2.7), or (2.24). The value in (2.38) is

l?
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positive, since by (2.30), i. % i, +(j,=j.) =
| 3g” Td, 1Yo

i . . 2 . L .2 2 .2
i, =3+ > i, 20 = 1i7 +2i, J.+j+J-> i +23.j.+2i. J..
Jo 1“0 dq do do 0“0 %l Jq o1 Jo 1

. 12 421, §-2i, Jo+3o+died,

do do " 9g 9 3571 70Tl T,
(2-59)__ Eg (32 = 1,2,04, o +

1y tdoTdy Ty —2dgdy
i 1
2 )
Jo

where each E.” emanates from a vertex in (2.31).

2
We now assume the lemma true for all msgr—l and

show it true for m = ». By Lemma 1, K, has the distinct

2

vertices in (2.29). Because of the first r-l1 generations
of S and the induction assumption, K2 has the following

set of distinct edges:

{ab, aa, (i = 1,2,..,n+1-io)} v
(2-40) WS (S = 0,1,2,..,1’1+2—io) v
12042 i i, 4554324 3
0773y 0 i, 070" T0%

J
{Ell (jl = 112a"s < 2 )} v




> >3 v
i i? +21J jq_2~2ij Jq 1
. q-=2 Q=2 -2 17
(2.40) {qu (5. = 1,2,.., 5 .
+J‘?‘ 2+32_1+1. -i. J -2_3 1_12
2 +
_ JC1—2‘jq-1 } U
2
: i% +21 jr-3_2l Jpp
{Ec’r—l (i . -1.p... —x=3  Ipo3 x=3 *
=1 dp—1 T S0 2
+,]2 +3'2 +1 -i +J J -i2
r-3 Yr-2 thj Jpoo r-3 Yr-2 dpon .
2
~2J o zdo. b
= Z = 2)} (q = 2,2,.4,7=1) where qu
emanates from a vertex in vk . (k
n~-(j_ .-1)
g-1
1,2,..,1. —i. +j - ‘—,j - )o

X

2

must have n—(jr_l-E) distinct edges emanating from



40

| k
(2.41) vy (s

(k = L,2,..,1, =i, +j_ =] )

. k n
By definition, v . and v . (k # m) can
n_(Jr—l 1) n_(ar-l"l)
f .
share at most one edge. While K2 must have n-(jrﬁl—Z)

distinct edges emanating from vl . ’
n-(j,_1-1)

K2 must have

. P . 2
n-(ar_l-2)~1 distinct edges emanating from vn_(jr-l_l),

since an edge-from vt
' n-(j =

) may terminate at
il

-2 . .« s
vn_(jr_l_l). K2 must have n—(gr_l—2)~2 distinct edges

emanating from vi_(. -1)° since an edge from v;_(jr_l_l)

Jr—l

may terminate at v5

and an edge from ve . .
n_(Jr—l-l)

n-(3,_4-1)

In general, K, must have n—(jr_1—2)—t distinct edges

2

t+1

emanating from v . (Ot i, =i, . +j_ =j_ -=1)
n—(ar_l-l) : Jpo dpoq T2 “r-1 7

since an edge from vk . (k = 1,2,..,t) may ter-
n-(3__,-1)

t+1 -

minate at vn_(jr_l_l). In all, then, K2 must have:

(n-(3,_;-2)) + (nf(jrnl—E)-l) + (-3 _;-2)-2) + . .
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. .+ (n—(Jr_l—Q)—(1jr_2-1jr-l+jr_2-jr_l—l)

( y e
i -1, +3._5—d,._q + +
pes 9p_y r-2 Yr-1 2
+5Jr 5 5jr_l—1 +21 . i. ~21 Jr_23i%
Jp_2 Jp_p drp.y Jp.2 dp_3
(2.42) 5
2
+21 J -J
Jp_1 r-2 ‘=2
2

distinct edges emanating from some vertex in the set
of vertices (2.41).
At most one edge from a, at most one edge from b,

at most one edge from each 2, (3 = 1,2,..,n+l—io), at

most one edge from each vertex v (k = 1,2,..

..,io-i. —jo-l), and at most one edge from each vertex
do
T € N THNIE - NP JPET- B
dg-1 Jgup dq-1 972 "a

.+,r-1) can terminate at each vertex in the set (2,41).
Even if all these possibilities occur, this accounts for

only the following number of distinct edges emanating
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from some vertex in (2.41): ((n-i +3) + (i ~i., -j.-1) +
0 0 0 0
(i._i. +'j _j)+. o+(i.—i. +J. "'j )+o - +
Jo 93 O 7F g dgyy T TEH

(1 =iy Hpmdp @y -1y +d =3 40

-3 Jpop -2 dp-1

‘(where t = 0,1,2,..,7r~3%), which, by Remark 2, equals:

(n=i. =3 42)(i. =i, 45 =4 .) =
dp-2 r-2 Jr—e Jdp_1 r-2 “r-1
. 21 =23, i,
(i s 5 —3 o - =2 Jr—z Jr-l _
P Y r-2 “r-1 2
+4.3 =21 =23 +2 2
Jr_aar—E jr_ear—l jr_lar—a' dp-2
(2.43) 5 -
-2J J =43 +41 =45 +43 /
r-2r-1 dp_o dp_1 r-2 “r=1
2

Subtracting (2.43 from (2.42), we find that X. has

2
at least:

iy +21,
(2.44) dpp  dp_ o




L

43 -

(2.44) R S S

distinct edges, each of which is not listed in (2.40).

The value in (2.44) is positive, since, by (2.33),

i, i, @ =das) i, =i ti. a1, Y 0O
dpo Jpq r-l “r-2 Jpen °T 1 “r=2 Jpa1
2 . 2 2 2 . :
i, +21 . oot _o*td._q > 1: +23__Ad +21 Jo._
Joo Jpo' T 2 Yr-2 Yr-1 Y r-2¥r~1 Jop' T 1.

Denote these edges by:

. i +21, =21 . 3
Ear (i = 1,2 Jpop  dpp'®=2 —dp 'l .

o Jp T LeSr ey > -

+32 +,j2 +i. -1 +J - —i2

r-2 “r-1 jr—2 jr-l r-2 “r-1 7 1
(2.45) 5 +
—2dp_pdpy
2 )

whe?e each Eir emanates from a vertex in (2.41). This
concludes the proof of Lemma 2.

Lemma 3: If K, has r generations (r»2), then K
in the set of edges (2.35),

5 has,
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(n+l) (n+2) . . . .. . .
> + 1,34 + 5 + (JO~31)(136+JO) +
-if

r—-1
+

r-1

2
dpo17dp-1

2 R

(t = 0,1,2,..,0-2) ,

distinct edges of degree less than n+l.

Proof of Lemma %: The proof proceeds by induction on

the number of generations of S.

Suppose S has only 2 generations. By lemma 2,
K, has, in the set (2.35), the distinct edges listed in
(2.7), (2.24), and (2.39), all of degree less than n+l.

Adding up these edges, we find that the total number is:

(n+1)(n+2)
2

—

+ 10(1-JO) + dg * (JO-Jl)(le+JO) +

~i2 -1 +jg-j
31 Jl 11
2

, which agrees with (2.46) for r = 2.

we now assume the lemma true for all m € r-l, and

show true for m = ». By iemma 2, H2 has the set of
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H

distinct edges (2.35), where each = T emanates from a

vertex in (2.%4). Therefore, deg(E r)( n+l since all

J
T
J
T
edges of degree n+l have bobth their vertices in (2.15;.

Becuuse of the first r»~1 generations of S and the

induction assumption, Kg‘has in the set of edges (2.40):

(n+1)(n+2) . . . . . X
> + 15(1-3g) + dg + (30"31)(1JO+30) *

(2.47) (31-32)(1j +dl) + ..+ (Jt-jt+1)(ij +Jt) + ..+

1 t

L2 L L2 s
J i Tdp-2™d
)iy 4y ) ¢ —ERE—EE
D—%- Y172 J r-3 2

-2
(J

distinct edges of degree less than n+l, (t = 0,1,..,7-3).
Adding the number of edges in (2.45) to the value in

(2.47), we find that the number of distinct edges in

—— —

(2.35) of degree less than n+l is exactly as stated in
(2.46). This concludes the proof of Lemma 3.

Remark 3: io -2 3 i, +jr-l for all > 2.

Proof of Remark 3: The proof proceeds by induction.

Let r = 2. Then, by (2.30), ig? ij +gtl> i 4]

+1,
0 Jy

1
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which establishes the result in this case. We now
assume the remark true for all m¢ r-l, and show true
for m = r. By the induction assumption, io—2 2
i, +J,_oy which, by (2.33), is greater than

Jr—2
i +(ar-l_ar—2) +* dnp = lj +Jp 1 This concludes
-1 -1
the proof of Remark 3.
lj +Jr-l
(n+1){n+2) r-1
Corollary: - :> i 2
2 k
k=1
io-2
(n+1){(n+2) )
225
Y=

Because of the first generation of S, (2.27) holds

] < ;] —. i | ( - w i -
true. By (2.33), 1j £ 1k+(k JP) (x JP1JP+1: ’JP+1 1
P
/
J +l“l
> i, (Jp+l Jp)\ (K JP) =
P k=]
P
. 1
(J 1)(3 i) Ip+l
p+l 'p p+l ‘D . \ _t .
(2.48) o) - lj (Jp+l Jp) - — lk
=JP
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Again by (2.33), we have that:

i 2 1k+(k-ar_l) (k = Jr-l’ar—l+1""ar-l+lj ) =

r-) r-1

Jr-lﬂ'gr_1

i, (i, +1)¢ > (i +k-j_ .) =

J ~ k r-1

r-1 r-1 k—Jr_l

-5 i, Ir-1™5
dpa1  dp-3 5 . .
(2.49) > -2 iy
k=Jr—l

By Lemma 3, the number of distinct edges in K2 of

degree less than n+l is at least:

(n+l)(n+2)

2 + io(l_ljo) + JO + (Jo'Jl)(ljo"'Jo) +_
(31-32)(1jl+jl) + e o4+ (jt"3t+1)(ljt+3t) + .. *
.2 . 2 \
Ly Ty MpaTden
(G amd_ (i, 43 o) & —==b Tr=d >
r-2 “r-1 dpon r-2 2 .
(n+l)(n+2) . . . . . .
5 +1O(1-30) -1+ g+ ( (JO“JI?(130+JO) +
(31—32)(1jl+jl) + o o + (jt~jt+l)(1jt+jt) + o . +
.2 .
3213 i
. . . . r-1 Yp-l r-] “r-1
(Jr—2-Jr—l)(lj *pp) ¥ 2 ) + 2 ,

r-2
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I
¢

which, by Remark 1, is equal to:

2 . o o
@) C0r2) | 5 gy g4 4 4 (20 %, (333027 (3 =do)
2 0~~"Jo 40 2 2
(31-3.) + e Aot L i, (Gomda) + 0 0
5 217% 2 gy 92791 ©

(3y=d_1=1) (Gymdg_q)

-'i. (a' "'J. _ ) + . . -+
2 Jgq t Yt-1
12
(Jr-l-ar—2—1)(ar—1-ar-2) P > ) 4 Jp_3 dp-1
2 - jr_ear -1 2,

which, by (2.27), (2.48), and (2.49), is greater than or

equal to: - i
Jp-1%t

(n+1)(n+2)
2 ->

=1

lk,

k=1
which, by the Corollary to Remark 3, is greater than or

equal to:

(n+l)(n+2) E::: N
k 1

which, by (2.14), is a maximum possible number of dis-
tinct edges in K2 of degree less than n+l. This contra-
diction establishes the theorem in this case,

Case (B): Suppose K2 has only 3 edges of degree n+l

forming a triangular éonfiguration. Denote these distinct
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edges by:

(2.50) ab, aa;, a;b .

Since deg(ab) = deg(aal) = deg(alb) = n+l, the edges in

(2.50) must share a face F, because K, is irreducible.

At least n+2 distinct edges must emanate from a, from b,

and from a,. Hence, K, must have n distinct edges

1 2

emanating from a, from b, and from a,, none of which are

listed in (2.50). Call these edgés:

aai(i = 2,3,..40+1), bbi(i = 2,3,..40+1),
(2.51) dq
a.a (jl = 1,2y00,0) —

n+1
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411 edges in (2.51) are of degree less than n+l
since they sre ull distinct from those in (2.50), the

only edges of degree n+l., IHence, K, has at least:

2

gt ™ ~

(2.52) 3n

distinct edges of degree less than n+l. -

By (2.3), K2 has exactly:

(2.53) n—(j—2)-ij distinct edges of degree n-(j-1)

(§J = 1,2,..,0=2),

and, by (2.10), K2 has at most:

. % distinct edges of degree 2, and
(2.54)
5 1] 1 n n l ,

s

by the discussion on p.9, since K. is irreducible.

2
Hence, by adding the values in (2.5%) and (2.54),

we find that K2 has at most:

n-2
(2.55) ‘ (n+1)2(n+2) -2 i
k=1
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distinct edges of degree less than n+l.

A-Generation Descendants

BEach of the edges in (2.50) and (2.51) emanates from

one of the distinct vertices:

(2.56) a, b, a, .
Since K2 has exactly n—(j—2)-ij distinct edges of degree
n-(j-1) (j = 1,2,..,n=2), K2 must have at least n-(j-2)
_ij distinct vertices of edges of deéree n-(j-1). If
n—(j—2)—ijé 3, i.e., if n¢ ij+j+l for every j, 1 ¢j €n-2,
then we cannot be sure that the vertices of edges of any
particular degree lie outside the set (2.56). In this
case, no edges of degree less then n+l which are not
already listed in (2.51) can be shown to exist, and hence

we speak of the sequence of localized defects & = (io,il,

""in-E) as having no a-descendants. If, however,
n—'(j-2)-ij éE, ioe.’ ns ij+j+l (j = 1,2,..,30“1), but

n—(;jo-2)—ij > 3, 1i.e., n>-ij +jo+l for some jo, 1¢j,¢n-2,
0O 0
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this means that at least :n.—i‘j —jo—l distinct vertices
0

of edges of degree n-(jo-l) lie outside the (2.56).

Denote these vertices by:

k

(2-57) Vn_'('jo

--l) (k = 1’2,0o,n—ijo“jo“l) .

K2 must have at least n-(jo—2) distinct edges emanating
from each of the vertices in (2.57). Even allowing for
all possibilities of edges already listed in (2.51)
terminating at the vertices in'(2.575, and all possi-
bilities of these vertices sharing edges among themselves,

we find {(see Case (Bz)) that X_ must have additional edges,

2

distinct from those already listed, which emanate from

these vertices. We call these edges first A-generation,

and speak of the sequence of localized defects S = (io,

il""in—z) as having first A-generation descendants.

aé— v1 '
1 -(j~1) first
a O .
1 A-generation

1 descendants

fig.?
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Now, each of the edges in (2.50), (2.51), and the

first A-~generation emanates from one of the 3 + n—ij -jo-l
0

= n-i, -j,+2 distinct vertices (2.56) and (2.57). If
0

.. y0-2), then we cannot be sure that the vertices of edges
of any particular degree less than n+l lie outside.thg set
of vertices (2.56) and (2.57). In this case, no edges of
degree less than n+l which are not already listed in (2.51)
and the first a-generation can be shown to exist, and hence

we speak of the sequence of localized defects S = (io’il"'

"in—2) as having only one a-generation.

The remainder of the discussion of a-generation
follows very.closely that of generation on pp.19-20.
Summarizing and formalizing the above, we are léd to
make the following definitions.

The sequence of localigzed defects S = (io’il""in—E)
is said to have no a-generation descendants if nJéik+k+l

for every k, 14 k<n-2, 5 is said to have first a-gener-

ation descendants if n ¢i, +k+l (k = 1,2,..,30-1) but

n>i, +j+1 for some j., L €J:¢n-2. & is said toc have
g 0 0 0
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E;E a~generation descendants if n¢ i +k+1l (k = 1,2,..

k

+1l for some jo, l¢j,4¢n-2, and

o

.,Jo—l), if n> lj +J 0

¢
if iy ¢ 1k+(k—JP) (k = JP,JP+1,..,JP+1—1) and.

i, » i, +(
“p P+l
(p = 0,1,2,..,85~2). The proof of the thedrem (Case (B))

—jp) for some jp+l’ J_ <3 ¢ n-2

Jp+l P p+l -

will proceed by a consideration of the number of a-gener-

ations of 5.

Casc (Bl): Sunpose 3 has no a-weneration descendants,

n-2 C 2 n-2

Hence, n(n-2)% E Giak+l) > - 2= n+2 2 - i, =
k 2 k
k=1 k=1
(n+1){n+2) n2-3n+2 (n+1){n+2) Doz
(2.58) - = 5n 3 - E i
| 2 2 2 £ Tk,

Case (Bi): Suppose K. has a primitive irreducible F,

2

None of the edges in (2.51) can be edges of ¥ since they
are edges of faces, all of which have another edge in the
set (2.50), and hence are not primitive irreducibles.

If one of the edges in (2.51) were an edge of F, it
would also be an edge of another face, not a primitive

irreducible, and so would be of degree at least 2,
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contradicting its being an edée of ¥, Hence, K2 must
have at least 3 additional edges of degree less than
n+l, distinet from the %n in (2.51). 8o, the total
number of distinct edges in K2 of degree less than n+l

is at least: 7 3n+3 > 3n,

which, by (2.58), is greater than or equal to:

-2
(n+1)(n+2) & .
2 - E;; Tk,

which, by (2.55), is a maximum possible number of dis-
tinct edges in K2 of degree less than n+l. This contra-
diction establishes the theorem in this case,

Case (Bi): Suppose K, has no primitive irreducible F.

2

Then K2 can have at most 2 distinct edges of degree 1,

and hence, by (2.55), at most a total of: .

ne2
(n+l)(n+2) - > i, - 1 distinct edges of degree less
2 k=1

than n+l. By (2.52), the number of distinct edges in K2
of degree less than n+l is at least: 3n,

which, by (2.58), is greater than or equal to:

(n+l) (n+2) a-2 .
ek

which is greater than:



56

n42
{(n+1)(n+2) _ E:: i- 1,
2 k=1 k

which is a maximum possible number of distinct edges
in K2 of degree less than n+l. This contradiction estab-

lishes the theorem in this case.

Case (BB): Suppose S has only 1 a-generation, i.e.,

n ¢ i, +k+l (k=l,2,..,jo—l) (if do £ 1)

(2.59) n> ij +Jg*tl for some Jn, 14 ¢ n-2

0
ljoé lk+(k_JO) (k=30130+;$"an_2)

do

K2 must have n—(jO—E) distinct edges emanating from each
vertex in (2.57). By the same argument as in Case (Ag),

K2 must have:

-n2+2ni. +7n—i% 71, +jg—530—6
90 do _do
2

(2.60) n(nuljo-jo-l) +

distinct edges emanating from ‘some vertex in (2.57).

At most one edge from a, at most one edge from b, and

at most one edge from 2y can terminate at each vertex in
(2.57). Even if all these possibilities occur, this
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accounts for only:

(2.61) B(n-ijo-jo—l)

distinct edges emanating from some vertex in (2.57).

Subtracting (2.61) from (2.60), we find that K2 has

at least:

n2-n;2n‘ —i2 -1 +'2+'
Jo™5 735 7d0% o

. 0 °0
(2.62) >

distinct edges, each of which does not belong to the set
of edges (2.50) or (2.51). The value in (2.62) is positive

since by (2.59), n> id +jo+l > n-jy-1>i. > 0 =

-

0 Jo
n2+jg+jo> i? +n+2njo+(n—jo-l) = i? +n+2nj +i. +(n~-(i, +J
dg Jo 0 dg g 0
+1)), which, again by (2.59), is greater than i§0+n+2njo

+ij . These edges are all of degree less than n+l since
0

__(2.50) is a complete list of edges of degree n+l. Denote

these distinct edges by:

n2—n—2ﬁj --i2 -i +32+j
0™y g 00" Y0
= l,2,oog j )o

J
1 ..
¢ 2

(2.63) E (G,

-



Therefore, K, has at least:

2

n2-n-2nj -12 -i +jz+j
0 73 J 0 Y0
O 0
n + 5 =

n2+5n—2nj —12 -] +je+j
0 3 J 0“0

: 0 0
(2.64) >

distinct edges of degree less than n+l. HNote that by

C . . . _ . v
(R.59), n> lj +JO+1 > n-2221. +ig =

0 do
1jO+JO
{n+1)(n+2) . (n+l)(n+2)
(2.85) > - Ek_l ic? E 1y

Jo-l
n(j,-1) > (i, +k+l) =
k=1

-2njo+2n-2+j§+jo o)

(2.66) > 2 - E' ik i

o

Also, from (2.59), 1304 1k+(k-30) (k = JO,JO+1,-.,JO+130)



jo+i
= i, (i, +1) ¢ z (1 +(k—ao)) =>
Jo 9o
Jo
—1° i, do*t;
Jdo  dp | o
(2.67) “-“—Er“—'é -> iy
. k=jo .

n2+5n-2nj -12 -1 +j2+j
0 i i Y00

2
Hence, 20 O = Egi%&ig +
> 1% 4 |
-2njo+2n—2+jo+jo jO jO
5 + 5 by (2.66) and (2.67)

is greater than or eqgual to:

(n+l) (n+2) )
> -2

which, by (2.65), is greater than or equal to:

(n+l)(n+?) 2{::1
k.

lr =

59

50,
n2+5n—2njd—i? -1, +j§+j 5
J d - o=
(2.68) - . 20 0 > (n+1){n+2) _ z:: ik
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Case (B;)r‘Suppose K, has a primitive irreducible F.

None of the edges in (2.51) or (2.63) can be edges of F
since they are edges of faces all of which have another
edge of degree greater than 1 ( n—(jo—l) is at least 3 )
and hence are not primitive irreducibles. If one of the
edges in (2.51) or (2.63) were an edge of F, it would also
be an edge of another face, not a primitive irreducible,
and so would -be of degree at least 2, contradicting—its

being an edge of F. Hence, K. must have at least 3% addi-

2
tional edges of degree less than n+l, distinct from those
in (2.51) and (2.63). So, the total number of distinct
edges in K2 of degree less than n+l is at least:
2 A 2. 2 . L2 . 2.
n +5n-2n,3o—1‘_j _lj +JO+JO n +5n—2n30—1j -:LCj +JO+JO
0 0 + %) 0 0
2 2 ’

which, by (2.68), is greater than or equal to:

(n+1)(n+2) %f% i
2 Y k

L] —

which, by (2.55), is a maximum possible number of dis-

/
tinct edges in K, of degree less than n+l. This contra-

2

diction establishes the theorem in this case.

Case (Bg)@ Suppose K2 has no primitive irreducible F.




6l

Then K2 can have at most 2 distinct edges of degree 1,

and hence, by (2.55), at most a total of:

n-2
(n+11§n+2) - E ik - 1 distinct edges of degree less

k=1

than n+l., By (2.64), the number of distinct edges in K2

of degree less than n+l is at least:

2 . L2 e .
n +5n-2nj -i; ~i. +J~+3J
0] Jo Jo g “0
2 : )

___which, by (2.68), is greater than or equal to:

@) 52 ) e $E
k k ’
k=1

2 k=1 e

g meximum possible number of distinct edges in K2 of

degree less than n+l. This contradiction establishes the

theorem in this case.,.

Case (33): Suppose S has only r a—generations (r > 2).
{
We must first establish three lemmas. By adding jo to

both sides of the equality in Remark 1, we get

Joligri)  (31-35-12(5,-d)
2

Remark 4: > + 5 - ljo(al_ao) +
> iy 927 T

(3y=dp_1=12W-dg 5) . Gii Y . ,
2 §pq 08 Je-10 Tt




62

(Js_as—l—l)(as—as—l) - i (3 =3 Y =
2 js—l Jg7dgu1? T do 7

0 t-1

| 2 . |
+ (G 4~=d 00 +j L) + Ys s (¢t = 1,2 5)
s-1 Ys js-l Jg-1 2 ’ ToTrTarramae

By adding 3 + (n—ljo—jo—l) - ((n—10+5) + (io-ijo-jo-l)).

to both sides of the equality in Remark 2, we get:

Remark 5: 3 + (Il—l'j —Jo—l) + (lj _lj +JO"31) t e e
0 O Y1
+ (i, =i, 43,=d,. ) + . o+ (i, =i, +j__,-3.) =
g  dgs t “t+l Jg_q Jg “s-1 %s
n - ijs - js + 2 3 (t = O,l,o-,s—'l)t

If the word "a-generation" is substitubted for
"generation”, "n" for "io", and "Remark 5" for "Remark 2",
the statements and proofs of Lemmas 1 and 2 hold true for
Case (B) exactly as in Case (A).

Lemma 4: If S has r a-generations (r >2), then K, has

in the set of edges (2+:35):

n+5n . o4 NG .

0
(Jt“3t+1)(i3t+3t) Tt (Jr-E-Jr—l)(ljr_2+jr-2)

(2,69)
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--i2 =i +j2 -J )
dpy 4 r-1i “r-1

: -1
(2-69) + z 2 9 (-t = O,l,..,I‘“g),

diétinct edges of degree less than n+l,

Proof of Lemma 4: In Case (A) by lemma 3, if n = i

O,
K2 has in the set of edges (2.35)
(n+1){(n+2) . - . . .
> + n(1~30) * dp * (Jo—al)(le+JO) +
(31—32)(1jl+31) + o0 . * (Jt_at+l)(ljt+jt) + .
(2'70) _lJ _ij
. . . . r—-1 r—-1
.+ (Jr-2-ar-1)(lj *3. o) * 5 +
r-2
2 .
Jr—l JI'--l

2 9 (t = 0,1,..,1’—2)

distinct edges of degree less than n+l. Since deg(bal) =
n+l in Case (B), there is one more edge of degree less
than n+l in (2.35) Case (&) than in (2.35) Case (B).
Hence, (2.35) Case (B) has exactly one less edge of
degrees 1 through n than thé ¥alue in (2.70), which is
precisely the value in (2.69).

Remark 6: n-2 %1, +J for all r2 2.
—_— Jpo1 r-1
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Proof of Remark 6: By substituting "n" for "i." in

0
Remark 3, we have the proof of Remark 6.
Corollary to Remark 6:
r-1, n-2
(n+1){(n+2) .. (n+l3(n+2) .
2 -2 T ? 2 -2 iy

k=1 k=1 )
Substituting tn" for “io", "a~generation" for “generation®™,
"Lemma 4" for "Lemma 3", "Remark 4" for "Remark 1", and

L]

"Remark 6" for "Remark 3", we use the same argument as

on pp.46-48 to conclude that:

2
n_+5n

5+ Jo(l-n) + (gowal)(ljo+30) + . . +
(2.71) (Jt_at+l)<lj +jt) + . .+ (Jr—E—Jr—l)(lj ,+Jr"2)
t -2
2 i g® ey -
r-g ¥T-17r-l 5 {p+1)(n+2) q-2 )
+ . d - 1
2 2 — Yk .

(t = O,l, L] ,I‘—-E)

has a primitive irreducible F,.

Case (B;): Suppose K2

None of the edges in (2.35) can be edges of F since they
are edges of faces all of which have another edge of degree

greater than 1 (since n—(jk-l)> 1 for all k, O<¢k ¢r-~1),
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and hence are not primitive irreducibles., If one of the
edges in (2.35) were an edge of F, it would also be an
edge of another face, not a primitive irreducible, and
hence would be of degrée at least 2, contradicting its

being an edge of I, Hence, K. must have at least 3

2

additional edges of degree less than n+l, distinct from

those in (2.35). So, by (2.69), the number of distinct

edges in K, of degree less than n+l is at least:

2

2

n +4+51n R . . . . . . .
N ao(lfn) + (;.10—;11)(i'j +JO) + (31'32)(13 +q1) +

0 1

o+ (Gpmdp Uy #d) e e (G omdp g )y i o)

L Jr—2
—12 -i +32 -J
J J r-1 “r-1 2
r—1 r~1 +3 5 n_+5n + 5.(1-n) +
2 2 . 0
(jo—gl)(ljo+30) + (31—32)(1jl+jl) + e . *
(=0 )y 300 + 0 o v (g o= 0y +dp ) +
t - -2
—i2 -1 +J -J
Jr—l Jr-l r-1 “r-1
2 s

which, by (2.71), is greater than or equal to:

(n+1)(n+2) _ nZ‘E’

i
2 k=1

k,

which, by (2.55), is a maximum possible number of edges
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in K2 of degree less thah n+l. This contradiction
establishes the theorem in this case.

Case (Bg): Suppose K2 has no primitive irreducible F.

Then K2 can have at most 2 distinct edges of degree 1,

and hence, by (2.55), at most a total of:

- 1 distinct edges of degree less

(n+1)(n+2) 2=2
2 - E;; Ty

than n+l. By (2.69), the number of distinct edges in

K2 of degree less than n+l is at least:
inig + §a(l-n) + (Jo=3, 00, +3.) + (Jo=3,0(1, +3,) +

2 do Jo7d1 ig Jo J17do iy J1 y
-t (Jt"3t+l)(lj Hg) toe ot (Jr—E_Jr—l)(lj *pp)

_ © r-2

-12 -1 +J -3

dpo1 Jpy r-1l “r-1

. 2 .
which, by (2.71), is greater than or equal to:
(n+1)(n+2) %i% (n+1){n+2) Ei%
2 kel k 2 kel k

which is a maximum number of distinct edges that K, can

2

have of degree less than n+l. This contradiction estab-

lishes the theorem in this case and concludes the proof.
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