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PREFACE

"Let three points be specified on a line. Then one of the 
points is in the interior of the line segment joining the 
other two, and one of the points is exterior to the line seg­
ment joining the other two." This elementary statement con­
cerning the ordering of three points on a line is capable of 
various extensions. Thus, e.g., let n+2 points which are not 
all on an n-sphere be specified in En , with some n+1 of them 
linearly independent. Then one of the points must be in the 
interior of the n-sphere passing through the other n+1 points, 
and one of the points must be exterior to the n-sphere passing 
through the other n+1 points. Analogous questions may be 
posed for non-spherical situations, but this area remains 
essentially unexplored.

P. Supnick opened this field of research with his Theorem 
Concerning Six Points (Proc. Am. Math. Soc. I960, pp. 4-98-504-). 
Cf. H. Simpson's On P. Supnick1s Six Conic Theorem in Proc.
Am. Math. Soc. 1961, p.931* Further, Prof. Seidel of Holland 
has informed P. Supnick of a paper he is writing which makes 
use of the above-mentioned work.

Another direction of generalizing the three-point state­
ment above was undertaken by P. Supnick. Denoting the points 
A, B, C in linear order, he considered this as a decomposition
of the line segment AC into three components, namely, the

/

stars of the end-points and the point B. P. Supnick general­
ized this to the case of the linear graph. By a substar



(sst(v)) of a star (st(v)) of a vertex of a linear graph, 
he means the set consisting of v and open segments of some 
edges of st(v) which have v as- common end-point. If it is 
possible to decompose a linear graph G into mutually exclu­
sive sets T&, T-̂ * Q, such that G = wtLere

sst(v_ ) and sstCv-u ) are of the same degree (i = l,2,.,,k), 
ai i

Q is a finite set of points in G (considered as a point set), 
and v„ ,v, (i = l,2,..,k) are all distinct vertices of G,

oL * D *1 1

then he calls G = a bisection of G. He proved

that any nonsingular linear graph G which contains no 
circuit formed by precisely one or two closed edges of 
G can be bisected.

The question now remains of generalizing this work to 
complexes of higher dimension. The present paper general­
izes to the case of finite, rectilinear, geometric 2-com- 
pl.exes. The problem of generalizing for arbitrary 2-com­
plexes and for higher dimensions remains to be resolved.



FLOW CHART OF FKCOF

K is reducible if some 2 edges 
of the same degree either do not 
lie on the boundary of the same 
face or lie on the boundary of a 
common face having at least 4 
bounding edges.

A 3-edged face is called a primi­
tive irreducible if all its edges
are of degree 1.

Thru If * 
irreducible,

is not a î rimitive 
it is reducible.

If. Assume is irreducible but 
not primitive, and show that 
has at least 1 more edge of degree! 
less than n+1 than possible, lead-] 
ing to a contradiction.

Suppose has exactly: 
n-(j-2)-i. edges of degree n-(j-l) 
(j = 0,l,?..,n-l)

^Case (A): Suppose all 
|edges of degree n+1 
cluster at a vertex a.

CL

Case (Â ): 1q=0

•T*+j

Case (A^): ■̂o
1 or 2

Case (A_J: 3 -  ̂n+lo u
The sequence of numbers S = (i^i^,.. ,î  _^) 
has 0 generation if 0
in 4i +k+l (k=l ,2,.. ,in-2) ; 1 generation if

and i0> i ^ d 0+l 
for some j , l+a *i -2 ; WC
s generations if i^a i^+k+1 (k=l,2,..,Jq-1)»

O' 14^0~^O- 2 ’
and

i-> i .+j~+l for some d 
0 0i, i i, +(k-o ) for all k,D k up

T V i^ p for some V i  (w v 2)
p P+1 (p-l,2,..,s-2)

up up+lJ

Case (A ): S 
has 0 genera­
tion.

Case (A ):S 
has only 1 
generation

Case (Ap :
S has only 
r generations

Case (B): Suppose has 
only 3 edges of degree 
n+1 forming a triangular 
c onf i gurat i on.

t

The sequence (i^i^,.,! ^
is said to have Q ̂ -genera­
tion if n^i +k+l (k=l,..,n-2); 
1 a -gen, if n+i^+k+l (k=l,2,, 
Oq-1) and n>i ,+j^+l for some

,1-
—^Case(B^):S 
has 0 a -gens

(B ): p.i.
(B.,):no p.i. 
1->Case (B^) : S : P*-*-*

'0 “ has lASen. ^(B^):no p.i.j , lfc,in^n-2;s A-gens. : same as d
generations with n substituted->(-'ase ):o__>(b ); p.i.has TA-gens}-̂ . 3
for ^  . 1 :n° P'1'
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(A): Cluster

Def: reducible / 
prim.irred.(p.i/)

Thm. I'lethod,

(B) Triangle

: V : ^ 0

►(A2): iQ = 1 or 2

l(A_) ' 3 f iQ i n+1 
Def. generation

(A ): 0 generation

(A?): 1 generation D

(A:;): r generations
(r>, 2)

a-(3 ): E0 has p.i.
/ 1 2(B^): 0 A-generation'
\ b^): K2 has no p.i,

(B2): IC2 has p.i.
1 « r s  /Def.4-generation : 1 A-generation

A ^(B2) : K2 has no p.i,

(B ): K has p.i.f 3 c:
(B ): r A-generations

(r * 2)
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INTRODUCTION; BISECTING A LINEAR GRAPH

This'section consists of an (unpublished) note by

F. Supnick which we now include for introductory reasons: — - -

"Consider a nonsingular geometric linear graph G

consisting of a finite set of points (O-cells. vertices)

and a finite set of open simple arcs (1-cells, edges) so

that each O-cell is an end-point of (iŝ  incident with)

some 1-cell and each 1-cell has precisely two O-cells

as end-points. By the star of a vertex v (abbr. st(v))

of a linear graph we mean the set consisting of v and

all the 1-cells vp, . . . ,vp . of G which are incident1 3
with v , i.e.,

where L I  and U L  will denote that edges are open or 

closed respectively*, j is called the degree of the star. 

Let q, , . . ,q. be points on [vpj , . . , [vp ] ;X  ̂ U
then the set

d.i)

(1.2)



will be denoted sst(v) and called a sub-star of st(v).
Now, consider a line segment [AB] . In bisecting 

[AB] , we may view the bisection process as follows: we
mark a point C on (AB), thus decomposing [AB] into sets 
T , T^, and Q , where Ta consists of sst(A) = -^A,(AC)} ,

consists of sst(B) = { b ,(b c )} and Q =■£(/}■ . We note

(with the purpose of motivating the generalization below) 
that sst(A) and sst(B) are of the same degree. We pose 
the question: can this bisection decomposition be extended 
to a linear graph (or to an n-complex)?

Definition: If it is possible to decompose a linear
graph G into mutually exclusive sets T^, Q, such that

(1.5) G = Ta v/ Q

Ta: -fsst(va ),..,sst(va )} , Tb i £est(vb ),.,,sst(vb )} 
l k  l k

where sst(v ) and sst(v- ) are of the same degree 
i i

(i = l,2,..,k), Q is a finite set of points in G
(considered as- a point set), and vQ ,vK (i = l,2,..,k)

i i
are all distinct vertices of G, then we shall say that 
the decomposition (1.5) is a bisection of G.



Theorem: Any nonsingular linear graph G which
contains no circuit formed by precisely one or two 
closed edges of G can be bisected.

Proof: Let Vq denote a vertex in G of maximum
degree d, (i.e. st(vQ) has maximum degree). Then G

has at least d+1 vertices (since G has no one or two-
edged circuits). Thus, two vertices of G, say v_ and

al
v-̂  must have the same degree. If G contains the 1-cell

(v v. ), let P be a point on (v_ vK ). Let us remove 
1 D1 al D1

(v_ v-l ) from G and replace it by (Pv_ ), P, (Pvv ), 
al D1 al D1

denoting the new graph by GQ. If G does not contain 

the 1-cell (va v^ ), let Gq = G. Let Qq denote the set

of isolated points of

(1.4) Gq - st(v& )̂ - st(v-b_̂ ).

Remove Qq from (1.4) and denote the resulting linear 

graph by G-^

This describes a process which may be iterated, 
whereby G^ is treated as was G in the above argument,

etc., eventually obtaining T&, T^, and Q = U  It

must be remembered, however, that the star of a vertex
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of G^ (i -5 1) is a sub-star of G. Thus the theorem is 

established.
It might be of interest to ask how far the idea of 

bisection might be extended to an n-complex and to study 
classes of n-complexes for which bisection is possible 
(defining bisection of an n-complex as an extension of 
that above, but now permitting Q to contain 0,1, . . , 
(n-l)-cells)."

The present paper constitutes an extension of this 
work to finite, rectilinear, nonsingular, geometric 
2-complexes.

i
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A DECOMPOSITION THEOREM FOR A GLASS OF 2-COMPLEXES

The finite geometric complexes ^  considered in this

section will he composed of vertices, (open) rectilinear 
edges, and (open) planar faces which are the interiors of 
finite, convex planar polygons in Km (m> l), where is

nonsingular and connected, so that each vertex is an end­
point of some edge, each edge has precisely two vertices 
as end-points, each edge bounds at least one face, each 
face has at least three hounding edges, and any pair of 
faces have at most one closed edge or one vertex in common.

By the star of an edge (ahhr. st(E)), we mean the set 
^ E; F^, F2 , . . , F..} consisting of E and all open faces

(i - l,2,..,j) having E as an edge of its hounding

polygon. We shall refer to E as the huh of st(E).
By a sub-star of a st(E): ^E; F^, Fg, . . , F..}

(ahhr. sst(E)), we mean the set -̂ E; G^, G^, . . ,

where 0, Fj} , F| being that one of the two (open)

components of F^ formed by a partitioning rectilinear

diagonal (i.e. joining two non-adjacent vertices) which 
contains E on its boundary.

Consider, e.g., the star (fig.l) st(E): {ABjF^F-^F^} .
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B

fig.l

fig-2

would he a sub-star of st(E).

By the degree of a sub-star of a st(E):

(2.1) { E ;  Gv  G2 , . . , G }

(abbr. deg(sst(E)))« we mean the number of non-null 

G^'s in (2.1).

D

MBC,
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Definition: If it is possible to decompose a
2-complex Kg into mutually exclusive sets Ta, Q?b , Q,

where Ta: ^sst(Ea ), sst(Ea ), . . , sst(Ea )}
1 2  K

Tb : ^sstCEh ), sstCEh ), . . , s s t ^  ) }
1 2 k

deg(sst(E )) = degCsstCEj^ )) (i = 1,2,.,,k) 
i i

/
Q: a finite set of vertices, edges, and 

partitioning diagonals of Kg

Ea ^  = distinct edges of Kgi i
such that

(2.2) Kg = T& u Q (as a point set)

then we say that the decomposition (2.2) is pairwise 
homologous. It is to be understood that all decomposi­
tions in this paper are pairwise homologous.

By the degree of an edge E of a complex Kg (abbr.

deg(E)). we shall mean the number of faces of Kg having

E in their boundaries.
We shall call a complex Kg reducible if some two

of its edges of the same degree either do not lie on the 
boundary of the same face, or lie on the boundary of a 
common face having at least four bounding edges.
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A three-edged face is called a -primitive irreducible 
if all its edges are of degree 1.

Theorem: If Kg is not a single triangular face,
it is reducible.

If a complex is reducible, we may begin the process 
of decomposing, by extracting the stars of two edges of 
the same degree if they do not lie on the boundary of 
the same face, or by introducing a partitioning diagonal 
in the common face having at least four bounding edges 
and extracting the appropriate sub-stars, and then remov­
ing any isolated edges and possibly a diagonal into the 
Q set. If the remaining sub-complex is not a primitive 
irreducible, we may iterate the above procedure until we 
have completely decomposed K2 or are left with a single

triangular face. Note that if the last sub-complex is a 
single triangular face, this does not necessarily mean 
that Kg cannot be decomposed. Another sequence of choices

of sub-stars may achieve the desired decomposition.
By the degree of a complex Kg (afrfcr* deg(Kg)) we

shall mean the maximum degree of all the edges of Kg.

Proof: Let deg(Kg) * n+1, nlO. Suppose Kg has



(2.3) k = n-(c-2)-iJ u

edges of degree n-(j-l) (j=0,l,..,n-l). Note that:

(2.4) deg(K2) = n+1 kQ>,l =^i0<n+l .

All edges of degree r can appear in at most two con­

figurations in an irreducible K^:

(A) Cluster at v (no more than r+1) (B) Triangle

v•---- j-l,v<^2, . . ,v*^p*?-\r+l

This is true since cannot have more than r+1 edges 

clustering at v, each of degree r. For, if had at 

least r+2 edges of degree r clustering at v, any two 

such edges would have to have a face in common (else re­

ducible) , and so each edge vrould be of degree at least 

r+1 - contradiction. Hence in (2.3)» i- represents the 

localized defect, i.e., there exist at most n-(j-2) 

edges of degree n-(j-l) in an irreducible K . Thus the 

actual number of edges of degree n-(j-l) in an irreducible



Kp may be represented as in (2.3)» where i. is the 

difference between the maximum number of edges of degree 

n-(j-l) and the actual number.

If degCK^) = 1) send. is not a primitive irre­

ducible, then £>2 has at least four edges of degree 1, 

proving reducibility by the discussion in the preceding 

paragraph. Hence, we may presume that nil, i.^0 (j=0,l, 

..,n-l). Otherwise, reducibility follows immediately 

by the above remarks.

We shall assume that is irreducible, but not a 

primitive irreducible, and show that this leads to a 

contradiction.

Case (A): Suppose all edges of degree n+1 cluster 

at a vertex a. Denote these distinct edges by:

(2-5) ab, aa^, aa2, . . , aan+1_± .

(If n=iQ-l, ab is the only edge of degree n+1.) Since 

deg(ab) = n+1, at least n+2 distinct edges must emanate 

from a, denoted by: ab, aa^ (i=l,2,..,n+l), and at least 

n+2 distinct edges must emanate from b, denoted by: ab, 

bb^ (i=l, 2 , ,n+l). Since is irreducible, ab and
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aa . (j=l,2,..jH+1-Iq ) must share a three-edged, face,

denoted by F., with edges: aa., ab, ba.. Let x be a 0 0 0
vertex in and let E(st(x)) denote the set of edges

of st(x). Since deg(aas) = n+1 (s=l,2,..,n+l-iQ), at

least n+2 distinct edges must emanate from a . At mosts
one edge from each a^ (i=l,2,..,s-l) can terminate at 

a , and only aa emanating from a and ba emanatingS S 3
from b terminate at a . Hence, at least n+l-s distincts ’
edges, each of which does not belong to

(2.6){k(st(a))uE(st(b))‘'E(st(a1))yE(stCa2))fci .w.E(st(ag_1)

0S
emanate from a . Call these edges a a (j =1,2,..,n+l-s).3 S 5 S

Let c(S) denote the number of elements of the set S. 

K2 has at least the following distinct edges of degree 

less than n+1, each of which belongs to (2.6) for 

s = n+2-iQ:

w0 = {ba1,ba2,..,ban+1_io,bbn+2_io,..,bbn+1}

/ 1 2 „ 11 1 
(2 1 " lalal,alal1 * * ' * * lal *

ii r 1 2 n-1 ?
" 2  =  l a 2 a 2 , a 2 a 2 1 • • * t & 2 a 2  -f



i—I OJ
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'n+l-i
n+1

n+l-s n+l-i
n+l-i

n+1 n+2-i
s-1

s-1
n+1n+

a n+2
‘s-1

s-1

,-r

n+1
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ws r 1 2  n + l - s  "I- * \ S I E  *518. « • f f B. rU s  s ’ s  s ’ * S S J
(2.7)  

if / 1 2 lo+1 zW # = . 3. ..a * a . * • # ,a .sl , rn-xo 1 n"xo n~V n- lo n~xo n"xo J
Wn + l - i Q -  "{a n + l - i Q a n + l - i0’ ‘ * , a n + l - i 0a n + l - i Ql  

> - i rt = { a a n + 2- i  ’ a a n + 3- i  ’ * * , a a n + l ^n+2-^o ^0

..,.(s=0,l,.. ,n+l-iQ) (If 1q=0, then Wn+i-i =0

and Wn+2-io=0)*

Note that:

, c(W ) = n+l-s (s=0,1,..,n+l-i )
(2.8) S °

c(W _ . ) = i„ . n+2-o.q 0

Adding up (2.8), we find that has at least

.2 .
(2.9) (n+1) (n+2) "10 ° 10

2 + 2

distinct edges of degree less than n+1



Kg has at most:

n-(j-2) distinct edges of degree n-(j-l)

(2.10) and 3 " " " " 1

(d=l»2,..,n-l)

by the discussion on p.9, since K_ is irreducible.2 t
Hence, adding up the values in (2.10), we find that Kg 

has at most:

(2.11) (n+1)(n+2)
2

distinct edges of degree less than n+1.

Case (A^): iQ = 0. By (2.9), Kg has at least

(n+1 ){n+2) distinct edges of degree less than n+1. If 

Kg has no primitive irreducible, then Kg has at most 2 

edges of degree 1, and hence at most _ i

distinct edges of degree less than n+1, contradicting 

the irreducibility of Kg. If Kg has a primitive irre­

ducible, say F, then none of the edges of F are in (2.7). 

For, all of the '^-cells in (2.7) are edges of faces which



have another edge of degree n+1 , and hence these faces 

cannot be primitive irreducibles. If one of the edges 

in (2.7) were an edge of F, it would also be an -dge of 

another face, not a primitive irreducible, and sc would 

be of degree at least 2 , contradicting its being an 

edge of F. Hence, K2 must have 3 additional edges, 

distinct from those in (2.5) and (2 .7) &nd therefore 

must have at least n̂+^ ^ n+^ - + 3 distinct edges of 

degree less than n+1. This contradicts (2.11), and 

proves that cannot be irreducible in this case.

Case (A^): i^ = 1 or 2. By (2.9), Kg has at

least + 1 distinct edges of degree less

than n+1. This contradicts (2.11), and establishes 

reducibility.

f Case (A^): 3*iQ«n+l. By (2.3), K2 has exactly:

(2 .12) n-(j-2)-i , distinct edges of degree n-(«j-l)

(3=1 ,2 ,..,iQ-2)

and by (2 .10),K2 has at most:

(2 .13) n-(j“2) distinct edges of degree n-(j-l)



16
(2.13) and 5 distinct edges of degree 1

(j=iQ-l, iQ,...,n-l).

/
Hence, adding the values in (2.12) and (2.13), we find 

that has at most:

i0-2(2.14) .(n+1) (n+2). _ y — .
2 k=l *

distinct edges of degree less than n+1.

Generation Descendants

The remainder of the proof will make use of the 

fact that at least x+1 distinct edges must emanate from 

a point which is the vertex of an edge of degree x.

Each of the edges in (2.5) and (2.7) emanates from one 

of the n-i^+3 distinct vertices:

(2 .15) a, b, a^(i=l,2,...,n-i0+l)

Since, by (2.3), has exactly n-(;j-2)-i . distinct 

edges of degree n-(j-l) (J=1,2,..,i^-2), must have
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that the vertices of edges of any particular degree 

lie outside the set of vertices (2 .15). In this case, 

no edges of degree less than n+1 which are not already 

listed in (2 *5) and (2 .7) can be shown to exist, and 

hence we speak of the sequence of localized defects

that at least i^-i . -n -1 distinct vertices of edges of
0 a0 0

degree n-(oQ-l) lie outside the set of vertices (2 .15). 

Denote these vertices by;

s = (in»iO'1!’ *'*1i0-2) as having no descendants.

U i ,o 0
i.e., i_ > i .

(2.16)

must have at least n-(<jQ-2) distinct edges emanating 

from each of the vertices in (2.16). Even allowing for 

all possibilities of edges already listed in (2 .5) and
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(2 .7) terminating at the vertices in (2.16), and all'

possibilities of these vertices sharing edges among
2themselves, we find (see Case (A )) that must have

additional edges, distinct from those already listed,

which emanate from these vertices. We call these edges

first generation, and speak of the sequence of localized

defects S = (in,i ,..,i. ?) as having first generation
10

descendants.
n+l-i

___________ / first
.-(dQ“l) / generation 

/ descendants

Now all the edges of the first generation are of

degree less than n+1 since all edges of degree n+1 have

already been listed in (2 .5), and the first generation

edges were chosen as distinct from these. Each of the

edges in (2 .5),(2 .7), and the first generation emanates

from one of the (n-i +3) + (i -i . -1) « n-i -0n+2
u a0 D0 ■



distinct vertices:

a, b, a (i=l,2,..,n-in+l)
(2.17) t 1 °

vn-(30-l) (k=1 •2 ’ * • ’ ̂ O-1 j0_;iO-15 ‘

If n-(j-2)-i < n-i -jn+2» i-e-* $ i,+(d“dn) (d=dn+I,
d  J q  u  d  q  d  u  w

Oq+2 ,..,iQ-2), then we cannot be sure that the vertices 

of edges of any particular degree less than n+1 lie out­

side the vertices in (2.17)* In this case, no edges of 

degree less than n+1 which are not already listed in

(2 .7) SLnd the first generation can be shown to exist, 

and hence we speak of the sequence of localized defects

S = (i ,i ,..,i. _) as having only one generation,u 1
If, however, n-(j-2)-i . $ n-i. -jn+2, i.e.,

0 d0
id 4 + (d = d0 ,d0+1, • • , ^ “1)* but n - ^ ^ - i . .  >
n-i.. -d0+2 , i.e., i^ > +(d1-d0) for some dx» d0<d1^i0“2 ,

this means that at least i . -i , +d^“d-. distinct vertices
0 1

of edges of degree n-(d^~l) H e outside the set of ver­

tices (2.17). Denote these vertices by:
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must have at least n-(o^-2) distinct edges emanating 

from each of the vertices in (2.18). Even allowing for 

all possibilities of edges already listed terminating 

at these vertices and all possibilities of these ver­

tices sharing edges among themselves, we find (see Case 

(A:;)) that K,. must have additional edges, distinct from 

those already listed, which emanate from these vertices. 

We call these edges second generation, and speak of the 

sequence of localised defects S = (iQ,i^,,.,i^ as

having second p,‘eneration descendants.

n+l-i

second
generation

descendants

fig.5

Preserving the consistency of the emerging pattern, we 

are led to define the s—  generation by the inequalities:

n-(j-2)-i  ̂n-i. 0+2, i.e., i. £ i -+C d“d_ O
s—2 s—2 '

^ as‘*s-2 ,̂ s-2+1’ * * ’̂ s-l"1  ̂’ but I n“1«i
> i .i.e., i_.

s-2

°s-l °s-2 
3 £or some da-l,S™ JL



0 o < 0 t ̂  in- *̂ Summarizing and formalizing the aboveS**u S™ J. u
discussion, we are led to make the following definitions.

The sequence of localized defects S = (i^,!^,.,^ 

is said to have no descendants if i^ 4 i^+k+1 (k=l,2 ,.., 

ip-̂ ). S is said to have first generation descendants if

iQ > 1 . +G0+1 for some aQ, 1 £ iQ-2 , and if ±Qi ik+k+l
0 th(k=0 ,l,..,Jq“1 )» s is said to have s—  generation

descendants if iQ > i.. +jQ+l for some 1 * iQ-2, if

i0 6 ik+k+1 k̂=0’1’ ’ * ̂ q ”1  ̂* 311(1 if jLi > 1n +(̂ p+l-^rPJp p+1
for some jp+1» dp < ^p+i* io"2* ^  ^  * V ^ ^ p ^  f0V 
all k, y  k<jp+1 (p=0,l,.,,s-2).

The proof of the theorem (Case (A )) will proceedp
by a consideration of the number of generations of S.

Case (A^): S has no descendants.
P

^(T2 ^0~2 ^0~2
Hence, in(i -2)£ !> (i +k+l) = > I (k+l) + )>' _ i. ^

k=l k=l k=l
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Go, by (2.9), the number of distinct edges in of

degree less than n+1 is at least:
. 2 .2 

(n+l) (n+2) N (n+l)(n+2) "1Q+^:lQ
2 + 2 ' 2 + 2 ” ’

which, by (2 .19), is greater than or equal to:

V 2(n+1) (n+2) -v  .
? “   k *2 k=l *

which, by (2.14-), is a maximum possible number of distinct 

edges in of degree less than n+1. This contradiction 

establishes the theorem in this case.
pCase (A^): S has only 1 generation. Hence, we are 

given that:

iQ > i^ +30+l for some jQ, H  iQ“2

(2 .20) iQ £ ik+k+l (k=l,2 ,..,dQ"l) (if J0 ^ 1)

(k“do’̂ 0+1* * * ’V ”2^

must have n-(jQ-2) distinct edges emanating from each
kvertex in (2.16). Any pair of vertices an(̂

vm / . ,n (k^m) can share at most 1 edge. While K_ must n-(j0-l) 2

have n-(j0-2) distinct edges emanating from -l)’
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Kg must have n-(jQ-2)-l distinct edges emanating from
2 Xvn ( . ^  since an edge emanating from vn ^  -jj may

2terminate at v /. , E„ must have n-(:i‘ -2)-2 dis-n-Ca0-l) 2
3tinct edges emanating from v^ ^  ^  since an edge from

1 2 v f iv and an edge from v , . _\ may terminate atn - U 0-l) ° n-(a0-l)
3v /. nN. In general. K„ must have n-(j^-2)-t distinctn-(o0-l) 63 ’ 2 u0

edges emanating from •]_) (0 { t n< ”Iq"2) since

1can edge from vn (j (k=l,2 ,..,t) may terminate at

t+1v ,. ... In all, then, K_ must have:n-(j -1 ) ' 2

(n-(j'0-2)) + (n-(o0-2)-l) + . . +(n-(d0-2)-(i0-i^ -oQ-2))

l o + W o -7 1 .  - 5d0 - i o - i ?  +2 i  i  -G(2.21) (ln- i . -dn-l)n + J0 0 J0 ° J0
u J0 2

distinct edges emanating from some vertex in (2.16).

At most one edge from a, at most one edge from b,

and at most one edge from each vertex a. (j=l,2,..,n+l-in)

can terminate at each v^ (k=l,2,.*.i„-i . -n„-l).n-(j0-l) ’ 0 o0 O

Even if all these possibilities occur, this accounts for



distinct edges emanating from some vertex in (2;16). 

Subtracting (2.22) from (2.21), we find that K2 has

at least:

1o“1dn 1 0 ^ O ^ C T ^ O ^ O
(2.23)  2------§------------

distinct edges, each of which does not belong to the set 

(2.5) or (2.7). The value in (2.23) is positive, since

by (2 .20), i0 > i -j +0o+1 ^ ^T^O-1 > iJC)i ° ^  ±0+;j0+^0 >

i^+i0+2i0d0+(i0-a0-i) = 1d0+;Lo+:Ld0+2;Lo;3o+(‘:Lo_('1j0+̂ o+1))’
2which, again by (2 .20), is greater than i. +i +i +2in<j .
°0 G0

These edges are all of degree less than n+1 since all 

edges of degree n+1 are listed in (2.5)* Denote these 

distinct edges by:
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(2.24) E. ( d-, — l)2 j.

Therefore has at least:

2 2 2 .2 i„-i . -i^-i . +<ĵ +0^“2 î dr,
(n+1) (n+2) - y ^ O  0 J0 0 30 J0 JQ QJ0

2 + 2 + 2

.2 . .2 . 
-ii -I.: +a0+Jo( a .2 5 )  -f a t .i K n .t 2 i  +  , o ( 1 _ . o )  +  — i!°— £ o - - - - -

distinct edges not of degree n+1 . We note that:

1o > \ + *o+1 ^  y 2 * 1d0+^o ^

(2.26) i. > _ J H  ±
d k=l k=l

Now, from (2.20), iQ< i^+k+1 (k=l,2,..,Oq-1) =&

Jq-1 ^o_1 ^o”1
ln(dn-l) « Z Z  (V k + 1) = Z Z  (k+1) + Z Z  ik =»
0 0  k=l k=l k=l
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.2 .

(2.27) V 1" ^  + ~ 2 ^ ” 1 y'
do-1

- 2
k=l

Also, from (2.20), i..  ̂ik+(k-dQ) (k= dQ, JQ+1,. ,î. +dQ)

do+1d0 *o+\

-T—  (V k-a0) = 2 Z Z  Ck-10 ) - Z =  iko u0 k=o0 k=o0 k=o0

.2 . d/̂ +i ■
J0

(2.28)  ^ ^  - >  ifc
k=dQ

So, by (2.25), the number of distinct edges in 

of degree less than n+1 is at least:

.2 . .2 
+10+d0(n+l)(n+g) + ( , +-^ 0 _ J 2 ------ >

2 i2' i
(n+1)(n+2) , , V ^ O  _ , . J0 JQ

2 0U  J0; 2 2 ,
which, by (2 .27) and- (2.28), is greater than or equal to

(n+1)(n+2) _ ^
J° +%

2 •



which, "by (2.26), is greater than or equal to

(n+1)(n+2) _ V̂ 2
k=l

which, hy (2.14), is a maximum possible number of dis­

tinct edges in of degree less than n+1 . This contra­

diction establishes the theorem in this case.

Case (4.̂ ): S has only r generations (r^2).

We must first establish three lemmas.

fiemark 1 :      +     - l.. (^-Jq) +

( d 2 “ d i “ 1 K d 2 " d i )  ( d t - d t - 1 - i )  ( d t - d t _ 1 )
 2  -  +  * +   2 ~

( d q - d q _ - , - D ( d  “ d „  n )
* /  « ,  \  O  w  J ,  b  o  «L * f  « *

Zd+ i ^t_^t—1 + * + 2 1G (js-js-l0—X S —X

■ + • + 1+dt-l) + • +u "C*"X
.2_ .

^ s - l - V ^ d  1+4 - l ) + “V s (t = l,2 ,..,s).s-1

Proof of Remark 1: The proof proceeds by induction.
/

dr\Cdf\“ -̂)  ̂d -| ”~dp|—^C —dn̂
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.2 .

- V  + — 2—  * We n°W assume 'fclie remark true 

for all m £ s-1 , and show it true for m = s. Hence,

C^-dQ-DC^-Jo) _ /  ̂ Cd2“j1“i)Cd2"d1)
_  +  2 "  ^ ^ l ^ c P  +  2

* f • • > ^B-l^S-a"1  ̂̂ S~I~~^S-2  ̂ , . .
_IL̂ J2”al̂  +*+ 2 “ ^ ^ s - l  ^s-2

^ s _Js-l"1)(‘Js"^s-l)+ ---------g---------- - i . Co —j equals, by the
s—1

induction hypothesis, (d0“ +10) + Cd1“d2 )(i^ +0-̂  +
0 .2 1

• • + (3s-2-jS-l)(ij +SS-2* + - - i 13'1 +
S- 2

^ s _^s-l-1  ̂̂ s~*^s-l^ . . s
 2  "  =

(i0'*di)(ijo+do-) + ^ l “;j2 '>̂ :Ld;l+ l̂', + ■ • +

■f- \r- 'I 3‘s-l^s_i~ds) 3 s—1 3s-lJs
*3e-2* + 2 + 2 2 +ws-2
.2

1d ^s-i"^s^ + T  " T  = +s—1 0

+ •• - D+;iS- 2 ) +X S*~£i
.2 .
Js-Js

^ s - l ^ s ^ j  *3s-l^ + 2 . This concludes thes—1

proof of Remark 1.



Proof of Remark 2 : The proof proceeds by induction.

Let s = l .  Then, (n-i +3) + (in-i. + (i.. -i• +
0 0 J>0 0 Jo J1

) = n - i .  - jn +2. We now assume the remark true0 U1 3  ̂ U1

for all m < s-1, and show true for m = s. Hence, by the 

induction assumption, (n-in+3 ) + (in-i. -Jn-l) +U U u

+ • • + +

(i -i +j ,-j ) = (n-i. ,+2) + (i -i +
s—1 Js 1 S s—1 s—1 °s

j _—3 ) = n - i . — j +2, This concludes the proofs—l s s

of Remark 2.

Lemma 1: If S has r generations (r>2), then has the

following distinct vertices:



V

3°

n-C^-l) (k = 1 ’2 ,,**1j0“1o1+dcr,ji)

vn-(at-i) (k 1,2» *'

(2.29) • •

’n - C ^ - l )  (k ' 1 ’2 l" ’idr_2-idr.1+;ir-2^r-l)

k(t = 1 ,2 ,..,r-l) where v , . ,s is a vertex * ’ * n-(jt-l)

of an edge of degree n-(j -1 ).t

Proof of Lemma 1: The proof proceeds by induction on

the number r of generations of S.

Suppose S has only 2 generations (r = 2), i.e.,

i > i +d0+l for some j , 1 i -2

(2.30)
iQ ̂  ik+k+l (k = 0 ,l,..,dQ-l)

ij > ij +(J1-dQ) for some dQ < ^  iQ-2

£ ik+(k-dQ) for all k, d0* k < ^

i . < i. +(k-d-) for all k, j $ k < i„-2 .<] "* k -L J- u
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Because of the first generation in S, has the dis­

tinct vertices in (2 *15) and (2.16) by the argument on

p.17. Since, by (2*5), K has exactly n-(j -2)-i.
*

edges of de-gree n-(j^-l), K^ must have at least 

n-( j..-2)-i . distinct vertices of edges of degree-L 0 -ĵ

n-C^-l). How, by (2.30), n-*(a1-2)-ij - ((n-iQ+3)+

(in-i . -jn-l)) = i. -i . +an“j1 > 0. • Hence, at least Jq « 2.

i . -i . +jn-j distinct vertices of edges of degree

n-(j^-l) lie outside the set of vertices (2 .15) and 

(2.16). Denote these vertices by:

none of which are listed in (2 .15) on (2.16).

We now assume the lemma true for all m£r-l, and 

show true for m = r. Hence, we presume that has 

the following distinct vertices:

(2.32) a, b, a± (i = 1 ,2 ,..,n+l-iQ)
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Tn-(d0- D  (k ' 1 ’2 -” 'i0-id0^ 0-1) 

’S-td.-D (k = 1 ’2’-->id0'id1+;io-'ii)

(2.32)

Vn-(dr_2-l) (k = 1 ,2 ’" ’1ar.5'idr_2+di'-3 dr-2}

(t = l,2 ,..,r-2 ) where ^  is a vertex
t

of an edge of degree n-Cj^-l).

We are supposing that S has only r generations, i.e.,

i0 > + V 1 f O T some a'o’ 1 4 **0 * i 0 ~ 2
iQ i ik+k+l (k = 1,2,..,j0-1) (if jQ / 1)

(2.33) id > ij +<dp+1-dp> tor some jp+1, Jp<dp+1« V 2

i £ i +(k-j ) for all k, j i k < j
p

i £ ik+ (k“0’r-1) for a11 k* ks<iQ-2
Jr-1

(p — 0 ,1 .,r~2).
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Since, by (2.5), has exactly n-(j -2)-i . edges** i"l ^ur-l

of degree n-(j i”-1-)* K 2 mnsi:' liave a  ̂leasD n-(j ^-2)

-i . distinct vertices of edges of degree n-(j n-l). 
Jr-1

Now, by Remark 2, (t = l,2,..,r-2),

n-(o -2)-i - ((n-i +3)+(in-i. -dn-l)+ . . +tJr_l ^ u Jq u

(i, -i, +dt_1-dt)+ • • +(ii +^r-^^r-2^ =Jt-1 Jt t 1 11 Jr-3 Jn-2 r 5 r d

n - U  -2)-i - (n-i -0r_2^2) =
°r-l ur-2

i. -i . +(d _n~j -1 ) » which is greater than 0 by (2 .33)
Jr-2 °r-l r

Hence, at least i. -i , +(d „-d ) distinct vertices
Jr-2 3r-l r~2 r-X

lie outside the set (2.32). Denote these vertices by:

(2-3^) \ L ( i  ,5 (k = - i ,  +dr_2n r-1 ±J r-2 Vr-1

*‘3r-l') ’

none of which are listed in (2.32). This concludes the 

proof of Lemma 1.

Lemma 2: If S has r generations (r^2), then ^as

the following set of distinct edges:
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{ab, aa± (i = 1 ,2 ,..,n+l-iQ)} u

Ws (s = 0 ,1 ,2 ,..,n+2-i0) w

d 1o-1d0" V 1d0+'io+;,cr2lo;lo
{E 1 (J = 2 -------------------)}w

f 3 2 ,

{ \  id2 = 1 ,2 , .

2 2 2 i. +2i . ^ - 2 1 .a0 a0 o oQJi Jo l a0

-i .dg-d^i2 -2d0di
X X \ C \J

(2.35) ♦ • • •

i2 +2i . o 0-2i . j ., 
f *̂a Ja-2 ^q-2  ̂ ĉi-2{ e ^  (3q = 1 ,2 ,..,— a-s----- a_g_------ 2^ ---  +

.2 .2 .2+d„ 0+n T+i. -i. +n 0-n ,-1 .q-2 q-1 Ja_2 Jg_1 q 2 q 1 Jg_x

^ d ^ d q . i
)} -

{ = 1,2,..,*
.2l .3r-2

+21 . 1 o-2i ■ 0 n
Jr-2 r"2 *r-?r~l



~2 t̂-2Jr-l d
)J (q = 2,3,..r) where E ^q

emanates from a vertex in-fv^ , . (k = 1 ,I n-(j ^ - 1)

2’"  ,idq-2”:1'iq-l+iiq-2-ii9-1̂  ’

Proof of Lemma 2: The proof proceeds by induction on

the number of generations of S.

Suppose 8 has only 2 generations. By Lemma 1,Si

K has the distinct vertices in (2 .17) and (2.18).
/

Because of the first generation of 3, K has the distinct 

edges in (2.5)» (2.7), and (2.24-) emanating from the 

vertices in (2 .15) *uid (2.16). must have n-^^-B)

distinct edges emanating from each vertex in (2 .51).
k. mBy definition, v ✓ . ., ■> and v , , (k / m) can shareJ * n-(j1-l) n-C^-l)

at most one edge. While must have n-(J^-2) distinct

edges emanating from v^ ^  K2 rauŝ  liave n-(J^-2)-l
/ ^

2distinct edges emanating from v  ̂ ^  since -an edge
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1 2from v / . , may terminate at v , . \» K„ mustn-(a1-l) J n-C^-l) 2

3have n-(j^-2)-2 distinct edges emanating from v^ ^  ^

1 2 since an edge from v , .  ̂̂ and an edge from v , . ~\n -(j1-l) & n-(j -1)

3may terminate at v^ ^  In general, must have

£ +n-(j^-2)-t distinct edges emanating from vn_ ^  _]_)

(o n  ̂  i . -i, +j -J.-l) since an edge from v , ,

(k = l,2 ,..,t) may terminate at • -q* all,
1

•  * +then, must have: (n-C^-2)) + (n-(j^-2 )-!) +

(n-(o1“2 )-(i -i +j -j -1)) =
0 1

j?+5ij -51, +5jn-5d,
(2.36) (i. -i. n-dn)n +  5------------ +

0 1

distinct edges emanating from some vertex in (2 .31)*

At most one edge from a, at most one edge from b,
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at most one edge from each vertex a. (j = 1 ,2 ,..,n+l-in),

1cand at most one edge from each vertex v , . - v (k' = 1 ,n“ >> Oq )

2 ,..,i_-i. -j^-l) can terminate at each vertex in (2 .31).0 Jq 0

Even if all these possibilities occur, this accounts for 

only: ((n-i +3) + (in“iH -jn- D K i .  -i* +Jn-d,) =u ^ u q  ^ Jq  J^ ^ ^

(2.37) (i . -i . +dn-Jn)n 
J0 J1

+2i^ -2i . i . +4i . j •-2i . a,
Jo J1 V °  V 1

~2ij]V 2V 2Jo V 4% +* h :f * iio+4'ii

distinct edges emanating from some vertex in (2 .31)* 

Subtracting (2.37) from (2.36), we find that has o.t 

least:

(2 .58) — ---     ;r— 1----i--------- ±-----

distinct edges, each of which does not belong in the set 

of edges (2.3), (2.7)» or (2.24). The value in (2.38) is



38
positive, since by (2 .30), i. > i +(j ) =>

0 X

-a1+Jn > i .  ̂0 i*? +2i J* +2J j +2i j
J q  j -  ^  (J ^  J q  J q  w  U  J.  u  -L J q  ±

Denote these distinct edges by:

i^ +2i . j* ■-2i . j.+o^+o^+i.
0P On Jn 0n 1 0 1 On(2.39) Eg (d2 = 1,2,.., ----^ 1 2 +

-±3/do-ai-1? -2d0Ji
X X \O ' 1

^2where each E^ emanates from a vertex in (2 .3 1).

We now assume the lemma true for all m 4 r-1 and 

show it true for m = r. By Lemma 1, has the distinct 

vertices in (2.29). Because of the first r-1 generations 

of S and the induction assumption, has the following 

set of distinct edges:

-fab, aa^ (i = 1 ,2 ,.. ,n+l-iQ)} w

(2.40) W (s = 0,1,2,..,n+2-i) vS v

io_if " V ij„+do+;icr21o:io
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, iz % +2V ° " 2id0Ji+3°+Ji+id0{e22 Cd2 = 1 ,2 ,..,- o o o  o

— ^ ^ ------)} *
• • • ■  • * • * * * ^

i2 +2i . d o“2i. j n
r ^a-2 ‘■'a—2 9 a-2(2.40) {Eqq (dq = 1,2,..,— ^ ----9- ^ “2------^ ---  +

.2 .2 . .2+ 0 i+1- -;L • +0 o“J i”1 *
a-2 V 1 ^q-2 Ja-1 q~ 2 ^  Ja—1 '

2 +

~2jQ-2jq-l 1 y
2 -5

• • • • • •  # * • •

r 0^  idr_,+21dr_,^-3'2idr_5;ir-2
iE/-i <ip-x ■------------  E-2"i------^ -----+

2jr (q = 2 ,5 ,..,r-l) where E^9
1cemanates from a vertex in v , . -, \ (k =
n_(V i  > 

1 ,2 ,” ’iJq-2_\ - l +dl-2"d4_l)‘

K.̂  must have n-(dr distinct edges emanating from
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(2.4!) - •L,2 ’" ’1dr_2 i3r_1+i,r-2“;)r-l)

lc mBy definition, v , . and v , . _ ̂ (k ^ m) can
r-1- “-^r-l-15

share at most^ one edge. While K_ must have n-(n -,-2)d r—1

distinct edges emanating from v"*- , .  ̂, K must have
n “ v.0r _ ^ - -L^

2n-(j ^-2)-! distinct edges emanating from v , . v,r—j. n— ̂ Jp 1—

since an edge from v^ , . may terminate at

2
Vn-( ’ -1)* K2 must liave n“(dr_2_2)-2 distinct edges

r-1
3 1emanating from v , . _ \ , since an edge from v , . , s
n-(jr-l-1) n-(0r_1"1)

2 3and an edge from v , . may terminate at r  .
n - ^r-l

In general, must have n-(j^ ̂-2)-t distinct edges

emanating from v s (0 U   ̂i . -i, -j n_1)
N 0 _ -i t)_ t),- t I* X.r-1 r—2 r-1

1csince an edge from vn (j -jj ( k = l , 2 ,..,t) may ter- 

*fc ■t'Xminate at v , . -s.. In all, then, K„ must have:n-Co^-l) ’ 2

(n-Cj^- 2)) + ( n - C ^ - 2)-!) + + . .
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^ r - l +5ii “5ii . °r-2 Jr-1
4 - 2  4-i °r -2' Jr-1 ---------2— :—

^ r - 2 ~ ^ . i <  -+2ij_ .U r 2±dr 24 - 2 <  ,
(2.42)  -E=2 S--3 ■ ■£■■!----£=2------2S=I +

+21 j 4-2~4-2ur-l

distinct edges emanating from some vertex in the set 

of vertices (2.41).

At most one edge from a, at most one edge from b, 

at most one edge from each a. (j = 1 ,2 ,..,n+l-i~), at

most one edge from each vertex v , . ^  (k = 1 ,2 ...° n-(o0-l)

..,i -i . -l), and at most one edge from each vertex
0 J0

T“-(Vi-i> <k = 1 ,2 ," ,i4 _ 2"i4 _ i +;i9-2'4-i!q = 2’5’-

..,r-l) can terminate at each vertex in the set (2.41). 

Even if all these possibilities occur, this accounts for 

only the following number of distinct edges emanating



from some vertex in (2.4-1): ((n-i +3) + (i -i . -j -l)

(i -i +an-D-,) + . . + (i. -i, + . . +
J0 J1 Jt Jt +1 * t+1

(idr-3 vr-2  ̂ ur-2 ur-l

(where t = 0,1,2,..,r-3), which, by Remark 2, equals:

(n-id "Jr-2+2KlJ _ij +Jr-2_ijr-i:> =Jr-2 °r-2 ar-l

2i2 -2i. i .
f Jr-2 Jr-2 °r-l

3r - 2’1 ;ir- l +;,r- 2’ 0r_:L " 2

+4id dr-2"2id dr-l_2ij Jr-2+2iir-2 
(2.4-3)  — ---------------- — -------------  -

”2^r-2^r-l™^‘Lj , 4dr-2+^r-l°r-2 °r-l

Subtracting (2.4-3 from (2.4-2), we find that has 

at least:
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.2

-1j .+;ir-2_3r-l“:Lo " '* r -2 i*r-X
(2.44) „ r-X . .......

distinct edges, each of which is not listed in (2.40). 

The value in (2.4-4) is positive, since, by (2.33)*

ijr_2> 13r_1+(4-l-;ir-2) ^  idr.2"4-l+;ir-2 > idr_1>' ° ^

Denote these edges by:

i^ +2i . j 0-2i . jn 0 n 0 r-2 j 0ur-l r r . _ r-2 r—2_______  r-2____(j^-1,2,.., ^ +

2 2 2 -,+0 -i+i- -i • +3dr-2 °r-l o 2 o - ur-2 dr-l j
(2.45)  —  •   —  +

^r-2^r-l
0 •

°rwhere each E emanates from a vertex in (2.41). This 

concludes the proof of Lemma 2.

Lemma 5: If Kg has r generations (r i 2), then has,

in the set of edges (2.35)»



^ ^ + 1 o ^1 + + +

Cdi-d2)Ci^+d1) + . . + (dt-dt+1X i ^ + J t) + . 
.2

(2 .4 6 ) “ ^ - L  ^  x
• * + (^r-2^ r - l )(i,i + W  + ' "I— "  +Jr-2
.2 _ .

+Jr-1 *?r-l
, (t = 0,1,2,.. ,r-2) ,

distinct edges of degree less than n+1.

Proof of Lemma 3‘ The proof proceeds "by induction on 

the number of generations of S.

Suppose S has only 2 generations. By Lemma 2, 

has, in the set (2.35), the distinct edges listed in 

(2.7), (2.24), and (2.39)) all of degree less than n+1. 

Adding up these edges, we find that the total number is

(n+i.Kqt-il + i n.j ) + j + (j -j )(i +j ) +-0^  o0/ u0 - vo0 2̂.'̂  u0'

.2 . .2 .

~ x h ~ x h +Dl Jl-------r------ , which agrees with (2.46) for r = 2.

We now assume the lemma true for all air-1, and 

show true for m = r. By lemma 2, has the set of



distinct edges (2.35)1 where each E^r emanates from a

vertex in (2.34). Therefore, deg(J5^ ) < n+1 since all 

edges of degree n+1 have both theii* vertices in (2 ,13). 

Because of the first r-1 generations of S and the 

induction assumption, has in the set of edges (2,40):

distinct edges of degree less than n+1, (t = 0,1,..,r-3)

Adding the number of edges in (2.45) to the value in

(2,47), we find that the number of distinct edges in

(2.35) of degree less than n+1 is exactly as stated in

(2.46). This concludes the proof of Lemma 3*

Remark 3: i„ - 2 i. +,i , for all r ̂  2.-------^ 0 I t n-1ur-l

Proof of Remark 5: The proof proceeds by induction.

Let r = 2. Then, by (2.30), iQ > i. +d0+l> +^i+1’

(n+1)(n+2) 
2

2



which establishes the result in this case. We now 

assume the remark true for all m^r-1, and show true 

for m = r. By the induction assumption, }

i- +0^ pi which, by (2.33), is greater than
T~d

i j + ^ r - l “ ^r-2 ') + ^r-2 = ^ r - l *  This concludes1 J.

the proof of Remark 3*

+^r-lJr-1
Corollary: ~  i ^

i -i kk=l

(n+1)(n+2) -y1o“2
2 f-r~ ^k=l

Because of the first generation of S, (2.27) holds
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Again by (2.33), we have that:

1k+(k“'ir-l) (k " ^

^r”1+i^r 1
i (i +1) $ >  '(ik+k~dr-l) ^
r-1 Jr-1 k=^r-l

.2 . j +i .
1 * Jr-1

C2*4-9)   g  ̂ “ >  ifc
k^r-l

By Lemma 3» the number of distinct edges in of 

degree less than n+1 is at least:

(n+1)(n+2) . f .v
2 ^  a(P + °0 + ^J0 Ji ^ 1d0+l)o^ +

Cdi-d2)(idi+di> + . . + + . . +

.2 . .2
~1;jr-l~ljr-l Jr-1"Jr“1

r-2"’̂ r-l^'L j +^r-2^ + 2r-2

(a+1Kn+2) _ x + + ( (j0-J1)(i +oQ) +
; Jo

(di-d2 (̂:Lj +di) + • • + (dt-dt+1)(i.j +dt) + *
? _ - 2 _•• • 3. £  ̂l |

• N/. \ °r-l~Jr-l v , Jr-1 J;r-1
^r-2~^r-l j D+Jr-2 2  ̂ 2°r-2
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t

which, by Remark 1, is equal to:

(n+1) (n+2) . . ,k . , 0̂ “ ^0 ( ^ “00-1 )
 o  + 1o ^0 - 1 + 30 + C ~ ~ 2 ~  + ---   -̂-------

(dp-d-i-DCdp-d-,)
"1j0^ i -do) + 2 “ 1j1^2";iî  + * ’

G“V  <dt " Wt-1

D +1 ■
r "1 4 - 1

-i2 -i
(4-l"4-2_1^ 4-l-4-2^ . , . . , ,, 4-1 4-1
------------2-----------:" t j ^ r - r W  5 +  i— ;

which, by (2.27)-, (2.48), and (2.49), is greater than or 

equal to:

(n+1)(n+2) _
o   v2 k=l * *

which, by the Corollary to Remark 3, is greater than or

equal to:
i0"2 i.(n+1) (n+2) _ ^--

2 £---- -Lic
2  ■ k * l  K  »

which, by (2.14), is a maximum possible number of dis­

tinct edges in °^ degree less than n+1. This contra­

diction establishes the theorem in this case.

Case (B): Suppose has only 3 edges of degree n+1

forming a triangular configuration. Denote these distinct
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edges by:

(2 .50) ab, aa^, a-̂ b .

Since deg(ab) = deg(aa^) = deg(a^b) = n+1, the edges in

(2 .50) must share a face F because is irreducible.

At least n+2 distinct edges must emanate from a, from b, 

and from a^. Hence, must have n distinct edges

emanating from a, from b, and from a^, none of which are 

listed in (2.50)* Call these edges:

aa^i = 2,5,..,n+1), bbj'i = 2,3,..,n+1),
(2.51) 61

a^a^ =. 1 12,... ,n) -

n+1n+

n+

n-1

n+1

fig.6



)
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All edges in (2.51) are of degree less than n+1

since they are all distinct from those in (2 .50), the

only edges of degree n+1. Hence, has at least:

(2.52) 3n

distinct edges of degree less than n+1.

By (2.3)» K has exactly:

(2.53) n-(j-2)-i. distinct edges of degree n-(j-l)1
(j — 1,2,..,n-2),

and, by (2.10), has at most:

3* distinct edges of degree 2, and
(2.54) J II II II II

by the discussion on p.9j since is irreducible.

Hence, by adding the values in (2.53) and (2.54), 

we find that has at most:
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distinct edges of degree less than n+1.

A-Generation .Descendants

Each of the edges in (2.50) and- (2.51) emanates from 

one of the distinct vertices:

(2.56) a, h, ,

Since K has exactly n-(j-2)-i. distinct edges of degreeJ
n-(j-l) (3 = 1,2,..,n-2), must have at least n-(j-2)

-i. distinct vertices of edges of degree n-(j-l). If 

n-(J-2)-i . i i.e., if nsi,+j+l for every j, 1 £ j £n-2, 

then we cannot be sure that the vertices of edges of any 

particular degree lie outside the set (2.56). In this 

case, no edges of degree less than n+1 which are not 

already listed in (2 .51) can be shown to exist., and hence 

we speak of the sequence of localized defects £ = (i^,i^, 

...,in £,) as having no a-descendants. If, however,

n-(j-2)-i 45, i.e., n £ i .+3+1 (j = 1,2,..,3 -1), butd o  ^
n-(jn-2)-i. > 3, i.e., n>i. +dn+l for some j , 1 £ 3 £ n-2,

u  J q  J q  ' d  U  U
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this means that at least n - i . -n -1 distinct verticesj0 do
of edges of degree n-(j^-l) lie outside the (2.56)*

Denote these vertices by:

(2.57) , v (k = l,2,..,n-i. -dn-l) •

must have at least n-(j^-2) distinct edges emanating 

from each of the vertices in (2.57)* Even allov;ing for 

all possibilities of edges already listed in (2.51) 
terminating at the vertices in (2.57)) and all possi­

bilities of these vertices sharing edges among themselves, 

we find (see Case (B^)) that must have additional edges, 

distinct from those already listed, which emanate from 

these vertices. We call these edges first ^-generation, 

and speak of the sequence of localized defects S = (1q» 

i^,..,!^ ^) as having first a -generation descendants.

-(jj0-l)/ first
sA-generation 
I descendants
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Now* each of the edges in (2.50), (2.51), and the

first a-generation emanates from one of the 3 + n-i. -jn-lJ0
= n-i. “0n+2 distinct vertices (2.56) and (2.57). If 

J0
n-(j-2)-i < n-i. -j +2, i.e., i £i.+(d-Jn), (j = jn+l,

d  J q  ^  J q  J  U  U

..,n-2), then we cannot be sure that the vertices of edges 

of any particular degree less than n+1 lie outside, the set
t

of vertices (2.56) and (2.57). In this case, no edges of

degree less than n+1 which are not already listed in (2 .51)

and the first a -generation can be shown to exist, and hence

we speak of the sequence of localized defects S = (i^,!^,..

•>̂ n_2  ̂ as having only one a-generation.

The remainder of the discussion of a -generation

follows very closely that of generation on pp.19-2 0.

Summarizing and formalizing the above, we are led to

make the following definitions.

The seauence of localized defects S = (i_,i,,..,i0 1 n-2
is said to have no ^-generation descendants if n a i +k+lK
for every k, l£ n-2, £ is said to have first ^-gener­

ation descendants if n A i +k+l (k = 1,2,..,jn-l) but1C L/
n > i . +Jn+1 f°r some j , 1 ~ n-2. S is said to have3q u
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"fctls—  A-generation descendants if n £ i^+k+1 (k = 1,2,.. 
.»a0-l), if n > i^ +10+1 for some li ̂ in-2, and

if ij 6 V ^ V  (k ■ J p > v i," ,V x -1) 3111

ii > for some jp+i’ dP 4 V i 411-2
(p = 0,1,2,..,s-2). The jiroof of the thedrem (Case (13)) 

will proceed by a consideration of the number of a -gener­

ations of S.

Case (Bj): Suppose o .has no a -generation descendants.

n-2 • 2 , _ n-2
Hence, n(n-2)£ ]> £±r+k+l) => - -—  ̂- !> i. ^

k=l K d k=l k

(2.58) - s!r2S±2 = ?n j _ | f  ,
k=l

]_Case (B^): Suppose has a primitive irreducible F.

None of the edges in (2.51) can be edges of F since they 
are edges of faces, all of which have another edge in the 
set (2.50), and hence are not primitive irreducibles.
If one of the edges in (2.51) were an edge of F, it 
would also be an edge of another face, not a primitive 
irreducible, and so would be of degree at least 2,
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contradicting its being an edge of F, Hence, must 

have at least 3 additional edges of degree less than 

n+1, distinct from the 3n in (2.51)• So, the total 

number of distinct edges in of degree less than n+1 

is at least: 3n+3 > 3n,

which, by (2.58)i is greater than or equal to:

(n+1) (n+2)
P —  Vk=l ’

which, by (2.55)> is a maximum possible number of dis­

tinct edges in K^ of degree less than n+1. This contra­

diction establishes the theorem in this case,
2Case (B^): Suppose has no primitive irreducible F,

Then can have at most 2 distinct edges of degree 1, 

and hence, by (2.55) i at most a total ofj.... 

n-2
(n+1)(n+2) - V  i, - 1 distinct edges of degree less 

2 k=l

than n+1. By (2.52), the number of distinct edges in 

of degree less than n+1 is at least: 3n,

which, by (2.58), is greater than or equal to:

(n+1) (n+2) _
2 t i  k ’

which is greater than:
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(n+1) (n+2) _ y^= . _o Z  -Lv x 1
d k=l *

which is a maximum possible number of distinct edges 

in of degree less than n+1. This contradiction estab­

lishes the theorem in this case.

Case (B ): Suppose S has only 1 a -generation, i.e.,

n ̂ ik+k+l (k=l,2,..,jQ-l) (if ^ 1)

(2.59) n>i. +30+l for some j , li n-2
0

ij i ik+(k-oQ) (k=j0,J0+l,..,n-2)

must have n - ( ^ - 2 )  distinct edges emanating from each
2

Vertex in (2,57)* By the same argument as in Case (A^), 

must have:

-n2+2ni. +7n-i? -71., +0?-5jn-6
(2.60) n(n-i -jn“l) + --------------- p--------------

J0

distinct edges emanating from'some vertex in (2.57)*

At most one edge from a, at most one edge from b, and 

at most one edge from a^ can terminate at each vertex in

(2.57)* Even if all these possibilities occur, this



accounts for only:

(2.61) 5(n-i, -dn-1)
a0

distinct edges emanating from some vertex in (2.57)' 

Subtracting (2.61) from (2.60), we find that has 

at least:

n2-n-2nj -i2 -i +do+dn 
jO '■'O(2.62)  “  -------

distinct edges, each of which does not belong to the set 

of edges (2 .50) or (2.51). The value in (2.62) is positive 

since by (2.59), n> i -fdn+l => ““jfT1 >  ̂0 ^

n2+j^+dn > i2 +n+2nj +(n-jn-l) = i2 +n+2nj +i +(n~(i +a
u u aQ u u Jq d0 d0

2+1)), which, again by (2.59), is greater than i. +n+2nan
30

+i. . These edges are all of degree less than n+1 since 
J0

JC2 .5O) is a complete list of edges of degree n+1. Denote

these distinct edges by:
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Therefore, has at least:

n2-n-2nd0- % - i . o+;j2+a0
3n + -----------o-----------

2 2 2 n +5n-2nj -i -i +jn+dn
. <Jn

(2.64)---------------------o 2------ -

distinct edges of degree less than n+1. Note that by

(2.59), n>i +jn+l =» n-2 i i . +j =£►
J0

3 j
(2.65) i > (a+Djn+S? . g  ife

k=l k=l
(

Now, from_X2*59), n ii +k+l (k = l,2,..,dp-l) =5>

jo"1
n(dn“l) ' ^ (i,+k+l) =>

k=l

-2nd0+2n-2+d2+j0 ^
(2 .66) 5 £ ~ 2.__ 1

k=l k

Also, from (2.59), £ ik+(k-dQ) (k = jQ,jQ+l,..,d0+i^ )
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J0+1d
i. (i, +1) * ]E

0
’0 G0 k=j

(ik+(k-jQ))
0

.2 . o^+i.-i . -l . °0 n~
^0 ^0 ^ —(2.67)  ~ > - > JL

k- ik-o0

n2+5n-2nj -i2 -i +j?+Gn P
J0 J0 n +3n+2Hence,  ^------------ =  2-- +

2 i2 ’-2nJ +2n-2+d +d0 2---  +  2— 2 by (2.66) and (2.6?)

is greater than or equal to:

^0+ij
(n+1)(n+2)    .

2 ~ <=-----  kk=l ’

which, by (2.65), is greater than or equal to:

(n+1) (n+2) .O “   T̂-
k=l *

So,

n2+5n-2nj0- k  - i  +j2+3o
(2.68)   0-» ik

k=l



(
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Case (B^) Suppose has a primitive irreducible F.

None of the edges in (2.51) or (2.65) can be edges of F 

since they are edges of faces all of which have another 

edge of degree greater than 1 ( n-Q^-l) is at least 5 ) 

and hence are not primitive irreducibles. If one of the 

edges in (2 .51) or (2.65) were an edge of P, it would also 

be an edge of another face, not a primitive irreducible, 

and so would -be of degree at least 2, contradicting-its 

being an edge of F. Hence, must have at least 3 addi­

tional edges of degree less than n+1, distinct from those 

in (2 .51) and (2.63). Bo, the total number of distinct 

edges in of degree less than n+1 is at least:

2 2 2 2 2 2 n +5n-2no -i -i +an+dn n +5n-2nj -i -i +dn+Jn
u , d0 d0 

 — ------------+ 3 > -------------1----------- ,

which, by (2.68), is greater than or equal to:

(n+l)(n+2) _ .
2 tl k '

which, by (2.55)» is a maximum possible number of dis-
/tinct edges in of degree less than n+1. This contra­

diction establishes the theorem in this case.

Case (B̂ )̂ : Suppose has no primitive irreducible F.
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Then can have at most 2 distinct edges of degree 1, 

and hence, by (2.55), at most a total of:

LstAK4+2)- „ y i _ i distinct edges of degree less 
k=l

than n+1. By (2.64), the number of distinct edges in

of degree less than n+1 is at least:
2 2 2n +5n-2nj -i -i +Gn+0n

  ^0
2

jwhich, by (2.68), is greater than or equal to:

(n+l)(n+2) #=2 > (n+1)(n+2) ± _
2 f c l  *  2 fel k

a maximum possible number of distinct edges in K2 of

degree less than n+1. This contradiction establishes the

theorem in this case.

Case (B ): Suppose S has only r a-generations (r» 2). 5
(Ve must first establish three lemmas. By adding j to 

both sides of the equality in Remark 1, we get

Remark 4 : ----^  — - x.. +

- C Gg-jq) . , . . .
2 “  1j1(‘J2"^l) +  *

^t^^t-l™1  ̂̂ t ”^t-l^ . r . . X
--------------------------2-----------------------  "  Jtrat-1 +  • *



By. adding 3 + (n-i -dn-l) - ((n-i +3) + (î -i., “3n~D)
d0 u u u Jo

to both sides of the equality in Remark 2, we get:

Remark 5: 3 + (n-i -dn-l) + (i^ +dn-an) + • *
Jq J1

+ (V % +i+J*"'t+l) + • • + <ios_1-id3+Js-i^s> -
n - i .  - j + 2 , (t = 0,1,..,8-1).as s

If the word "^-generation" is substituted for 

"generation", "n" for "Iq "» an̂ - "Remark 5" for "Remark 2", 

the statements and proofs of Lemmas 1 and 2 hold true for 

Case (B) exactly as in Case (A).

Lemma 4 : If S has r A-generations (r >,2), then 11313

in the set of edges (2.-3'5);



distinct edges of degree less than n+1.

Proof of ienuna 4-: In Case (A) by Lerama 3, if n = i^,

has in the set of edges (2.35)

distinct edges of degree less than n+1. Since deg(ba^) 

n+1 in Case (B), there is one more edge of degree less 

than n+1 in (2,35) Case (A) than in (2.35) Case (B). 

Hence, (2.35) Case (B) has exactly one less edge of
V

degrees 1 through n than the value in (2 .70), which is 

precisely the value in (2.69).

(n+1)(n+2) 
2

(2 .70)

.2
^r-1 dr-1

2 (t = 0,1,..,r-2)

Remark 6: n-2 >/ i . +j for all r i 2
°r-l r X
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Proof of Remark 6 : By substituting "n" for "Iq " in

Remark 3, we have the proof of Remark 6,

Corollary to Remark 6 :

0 n +i ■r-1 j _ _
(n+l)(n+2) -y (n+1) (n+2)

2 ? 2 ‘ f-r- 1k .k=l k=l

Substitutxifg l'n" fox' "j-Q1'> "4 -generation" for "generation", 

"Lemma 4" for "Lemma 3", "Remai'k 4" for "Remark 1", and
s

"Remark 6" for "Remark 3"» we use the same argument as 

on pp.46-48 to conclude that:

2
—  2 + d0(l-n) + + * * +

(2 .71) )(ij +d^) + . . + (d- o-d„ 0)t t+1 n. t r-2 r-1 j „ r—2r-2

4-1 3r-l Jr~1 jr~1 , (n+1)(n+2)
2 - 2

(t = 0,1,..,r-2)

Case (B^): Suppose K„ has a primitive irreducible P. 2___________________________________

Rone of the edges in (2.35) can be edges of F since they

are edges of faces all of which have another edge of degree

greater than 1 (since n-(j^-l) > 1 for. all k, 0^k«r-l),



and hence are not primitive irreducibles. If one of the 

edges in (2.35) were an edge of F, it would also be an 

edge of another face, not a primitive irreducible, and 

hence would be of degree at least 2, contradicting its 

being an edge of E. Hence, must have at least 3 

additional edges of degree less than n+1, distinct from 

those in (2.35)* So, by (2.69), the number of distinct 

edges in of degree less than n+1 is at least:

which, by (2.55), is a maximum possible number of edges

.2

2 + 3 >

.2l . -i .
Gr-1 °r-l

.2

2
which, b y  (2.71), is greater than or equal to:

(n+1) (n+2)
2 r -r k
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In Kg of degree less than n+1. This contradict;-!on

establishes the theorem in this case.
2Case (B^): Suppose Kg has no primitive irreducible K.

Then Kg can have at most 2 distinct edges of degree 1, 

and hence, by (2.55)* at most a total of:

ln*i) (n+2)_ _ y i - 1 distinct edges of degree less 
k=l

than n+1. By (2.69), the number of distinct edges in 

Kg of degree less than n+1 is at least:

2 + p  + d0(l-n) + + (d1-d2)(i;ii+d1) + . .

* + ^ t ^ t + l ^ o . + * * + <'t'jr-2"^r-l^1a *^r-2^ +t r-2
2 2 -i. -l. +n ,-rj
Jr-1 Jr-1 ^  r-X

2
which, by (2 .71)* is greater than or equal to:

(n+1) (n+2). . (n+1) (n+2)
P " —  v P “ ^—  v- ” »d k=l k=l

which is a maximum number of distinct edges that Kg can 

have of degree less than n+1. This contradiction estab­

lishes the theorem in this case and concludes the proof.
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