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ABSTRACT

MODULAR FORMS FOR ^ ( p )  

by

WALTER F . MODRYS, S .tt .

A d v i s e r : P r o f e s s o r  J o se p h  L e w i t t e s

co
_  2TTinTFrom t h e  t h e t a  s e r i e s ,  f u n c t i o n s  o f  t h e  form = «  P (n j f ) e

n= 0

a r e  o b ta in e d ,  w here f  i s  a b in a r y  q u a d r a t i c  form o f  d i s c r i m i n a n t  - p  

and p ( n , f )  i s  t h e  number o f  t im e s  t h e  form f  r e p r e s e n t s  n .  The 

p ro d u c t  o f  any two such  f u n c t i o n s  i s  an  e n t i r e  m odu lar  form o f  dimen­

s io n  - 2  f o r  Fq ( p ) w here  p = 3 (mod 4) and p >  3 . E s t im a te s  a r e  

made on t h e  d im en s io n  o f  t h e  sp ace  spanned by such  p r o d u c t s .  The f u n c t io n  

E (t ) i n  t h e  sp ace  spanned  by t h e  E i s e n s t e i n  S e r i e s  o f  d im ension  - 2  i s  

a l s o  an  e n t i r e  m odu la r  form f o r  I^ C p ) .  When p = 19 (mod 2 4 ) ,  E i s  n o t  

i n  t h e  space  spanned by t h e  p r o d u c ts  o f  t h e  f u n c t i o n s .  When

p = 23(mod 24) and p >  311, i 00 i s  a  W e ie r s t r a s s  p o in t  o f  r Q(p )  = 

r 0 (p) U r0 (p)R, w here R ( t )  = . When p = 3(mod 8 ) ,  h ( - p )  p o i n t s ,

n o n - e q u iv a le n t  u n d e r  r Q( p ) ,  a r e  found  f o r  w hich tyf (T) = 0 f o r  ev e ry  

fonri f  .
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INTRODUCTION

By means o f  s p e c i a l i z e d  forms o f  th e  0 f u n c t i o n ,  one i s  a b l e  to  

c o n s t r u c t  e n t i r e  m odular forms o f  d im en s io n  - 2  f o r  F q ( p ) 9 when p 

i s  a prim e c o n g ru e n t  to  3 modulo 4 .  These f u n c t io n s  do n o t  in  g e n e r a l  

sp an  V, th e  sp ace  o f  e n t i r e  m odular forms o f  d im en s io n  -2 f o r  T q ( p ) .  

The q u e s t i o n  t h e r e f o r e  em erges c o n c e rn in g  th e  d im en s io n  o f  t h e  sub sp ace  

o f  V spanned by th e s e  0 f u n c t i o n s .

In  p a r t i c u l a r ,  S e c t io n  2 c o n s id e r s  f u n c t io n s  o f  th e  form 

* 0 r ) .  £  . W 1 T H M / L

where A i s  an  i d e a l  i n  th e  r i n g  o f  a l g e b r a i c  i n t e g e r s  o f  Q(\Z-p),

L i s  t h e  norm o f  A, and t  i s  a v a r i a b l e  w i th  v a lu e s  in  t h e  u p p e r  h a l f ­

p l a n e .  Such f u n c t io n s  may a l s o  be e x p re s s e d  as
00

I * >. „  f  2 TTinT
if ( t )  = I  p ( n , f )  e

n = 0

where f  i s  a b in a r y  q u a d r a t i c  form o f  d i s c r i m i n a n t  - p  c o r r e s p o n d in g  

to  th e  i d e a l  A and p ( n , f )  i s  th e  number o f  t im es  th e  form f  r e p ­

r e s e n t s  n .  The p ro d u c t  o f  any two su ch  f u n c t io n s  d e te rm in e s  an  e n t i r e

m odular form o f  d im en s io n  - 2 .  We d e n o te  th e  s e t  o f  th e s e  p ro d u c ts  by

and th e  sp ace  th ey  sp an  o v e r  ffi by <W > .

In  S e c t io n  3 we in t r o d u c e  th e  t r a n s f o r m a t i o n  R: T -  —  and

c o n s t r u c t  a  su b sp a c e ,  V , o f  V w hich  c o n ta in s  each  e lem en t o f  .

V i s  th e  sp ace  o f  m odu lar  forms w i th  e ig e n v a lu e  -1  under  th e  t r a n s ­

fo r m a t io n  R. The d im en s io n  o f  V_ i s  known.

S in ce  p r o p e r ly  e q u i v a l e n t  q u a d r a t i c  forms and tn e  c o r re sp o n d in g  

o p p o s i t e  forms d e te rm in e  tn e  same f u n c t i o n ,  we o b ta in  H (-p) d i s t i n c t
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f u n c t io n s  w hich  a r e  a l s o  l i n e a r l y  in d e p e n d e n t ,  where 2H(-p) + 1 =

h ( - p )  i s  th e  c l a s s  number o f  Q(<\/-p). The t o t a l  number o f  f u n c t io n s  in  

th e  s e t  YY i s  t h e r e f o r e   ̂ ^he  d im en s io n  o f  <YY> i s  th u s

bounded above by t h i s  v a lu e  and by dim V

From th e  sp ac e  o f  E i s e n s t e i n  S e r i e s  o f  d im en s io n  - 2 ,  we o b t a in  

(up to  a m u l t i p l i c a t i v e  c o n s t a n t )  e x a c t l y  one e n t i r e  m odular form o f  

d im en s io n  -2  f o r  F q ( p ) .  T h is  f u n c t i o n ,  d en o ted  by E ( t ) ,  i s  a l s o  

c o n ta in e d  in  V

In  S e c t io n  4 i t  i s  snown t h a t  E fl <YY> when p i s  c o n g ru e n t  t o  3.9 

modulo 24 But t h e r e  e x i s t  p rim es c o n g ru e n t  t o  7 modulo 8  f o r  w hich 

E € <YY> and o t h e r  su ch  p rim es f o r  w hich  E ^ <YY> . E x p l i c i t  p rim es 

a r e  produced  f o r  w hich  th e  f u n c t io n s  in  YY n e i t h e r  span  V_ n o r  a r e  

l i n e a r l y  in d e p e n d e n t .  Such d i s c u s s i o n  in v o lv e s  th e  o r d e r  o f  m agn itude  

o f  h ( - p )  when v a r io u s  c o n d i t i o n s  a r e  imposed on p .

T ab le s  l i s t i n g  th e  d im en s io n  o f  th e  sp ac e  <YY> a r e  p r e s e n te d  f o r  

v a r io u s  p rim es c o n g ru e n t  to  3 modulo 4 and l e s s  th a n  1000. These 

t a b l e s  r e v e a l  t h a t  f o r  su ch  prim es th e  d im en s io n  o f  <YY> a c t u a l l y  

e q u a ls  th e  upper bound d e s c r ib e d  above .

I t  i s  shown t h a t ,  e x c e p t  f o r  th e  f i r s t  few p r im e s ,  i 00 i s  a 

W e ie r s t r a s s  p o in t  f o r  T^Cp), th e  group g e n e r a te d  by T q(p ) and R, 

when p i s  c o n g ru e n t  to  23 modulo 24.

F i n a l l y ,  when p i s  c o n g ru e n t  t o  3 modulo 8 , we a r e  a b le  to  w r i t e

down e x p l i c i t l y  h ( - p )  p o in t s  i n  th e  upper  h a l f - p l a n e  t h a t  a r e  non­

e q u i v a l e n t  under  Tq (p ) and f o r  w hich  each  ^  i s  z e ro  a t  th e  p o i n t .
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SECTION 1: PRELIMINARY REMARKS ON MODULAR FORMS, BINARY QUADRATIC

FORMS AND IDEALS

(a)  M odular Form s:

In  t h i s  s u b s e c t io n  we w i l l  summarize some r e s u l t s  o f  th e  g e n e r a l  

th e o ry  o f  m odu lar  forms a s  expounded by Bruno Schoeneberg  [1 0 ] .  For 

p u rp o se s  o f  n o t a t i o n ,  we a d o p t  th e  c o n v e n t io n  t h a t  7L i s  th e  s e t  o f  

r a t i o n a l  i n t e g e r s  and N th e  p o s i t i v e  i n t e g e r s .  Q i s  th e  s e t  of 

r a t i o n a l  num bers, IR th e  r e a l  numbers and (C th e  complex numbers.

Jf i s  th e  upper  h a l f - p l a n e ;  i . e . ,  W = { t  € (E: I m T > o 3 ,  and ft i s  

H w i th  th e  p o i n t  i 00 and th e  s e t  Q a d jo in e d .  I f  a  and b a r e  

i n  2 ., t h e n  d = ( a ,b )  means t h a t  d i s  th e  g r e a t e s t  common d i v i s o r  

o f  a  and b .

The ( f u l l )  m odu lar  g ro u p , T 1 , i s  th e  s e t  o f  tw o-by-tw o m a t r i c e s  

w i th  d e te r m in a n t  1 and i n t e g e r  e n t r i e s .  T 1 i s  g e n e ra te d  by

S = , 0  " lv\ and T = 1 1) .
\+ l  0 / \0  V

In  th e  s e q u e l ,  S and T w i l l  a lw ays d e n o te  t h e s e  m a t r i c e s  (o r  t h e i r  

c o r r e s p o n d in g  Mobius t r a n s f o r m a t i o n s ) .  T 1 i s  homomorphic t o  T , th e  

group o f  Mobius t r a n s f o r m a t i o n s . The homomorphism i s  s im ply

cp: r 1 r

A a bx aT+b
cT+d'  ( c  d, 1 "  C(A: T

and has k e r n e l  + I  , where I  i s  th e  i d e n t i t y  in  T 1 . To s im p l i f y  

n o t a t i o n ,  when A = ^  i s  in  T 1 , we w i l l  f r e q u e n t l y  w r i t e  A ( t )

f o r  th e  t r a n s f o r m a t i o n  cpA.: T -* .

Some o f  t h e  subgroups o f  T ' p la y  le a d i n g  r o l e s  i n  th e  th e o ry  o f  

m odular  fo rm s . For N ^  2 ,  N 6  N , we have th e  p r i n c i p a l  congruence



subgroup  o f  l e v e l  N. d e n o ted  i n  t h i s  p a p e r  by T^(N) . I t  i s  composed

a b\o f  th o s e  e lem en ts  o f  T 1 o f  th e  form where a  = d = l(mod N)

and c = b = O(mod N) . A congruence  subgroup  o f  l e v e l  N i s  a  su b ­

group o f  f  w hich  c o n ta i n s  r | (N )  .  These te rm s a r e  a l s o  a p p l i e d  to

th e  c o r re sp o n d in g  subg roups  i n  F , In  p a r t i c u l a r ,  we have th e  congruence

a b \subgroup  Fq (N), composed o f  th o s e  m a t r i c e s  o f  th e  form  ^ where

c = 0(mod N ) . We l e t  Tq (N) be th e  group o f  c o r r e s p o n d in g  Mobius t r a n s ­

fo r m a t io n s ;  i . e . ,  th e  image o f  Tq (N) under  cp , The in d ex  o f  F q (N)

i n  T 1 i s  N II (1 + —) o In  p a r t i c u l a r ,  f o r  p a p r im e ,  F ' ( p )  
q |N  q 0
q prim e

has in d ex  p + 1 i n  T 1 .

A fundam en ta l  domain o f  Tq (p ) may be chosen  in  su ch  a  way t h a t

t h e r e  i s  one cusp  a t  i 00 o f  w id th  1 and a n o th e r  cusp a t  0  o f  w id th  p ,

*and no o th e r  c u s p s .  Under t h e  u s u a l  i d e n t i f i c a t i o n s ,  W /T q (p ) forms a

compact Riemann s u r f a c e .  The l o c a l  c o o r d in a te  a t  i 03 i s  s im ply

2TTiT , , „  (2 r r i /p )  S ( t )
t -* e , and t h a t  a t  0 i s  T -* e . The gen u s ,  g, o f

th e  s u r f a c e  i s  g iv e n  by:

P -  7

{g =
. g -  , i f  p = 7 (mod 1 2 ) ,  and

'̂ ~T 2 ~ ’ i f  P -  1 1  (mod 1 2 ) .

L e t G be a  subgroup  o f  T o f  f i n i t e  in d e x .  A p o i n t  6  W i s

c a l l e d  an  e l l i p t i c  p o in t  o f  G i f  i t  i s  f i x e d  by a t r a n s f o r m a t io n  i n  G 

t h a t  i s  n o t  t h e  i d e n t i t y .  Such a t r a n s f o r m a t i o n  i s  n e c e s s a r i l y  o f  o r d e r  

2 o r  3 and i s  c a l l e d  an  e l l i p t i c  t r a n s f o r m a t i o n . I f  t h i s  o r d e r  i s  

2, th e n  i s  F - e q u iv a l e n t  to  i ;  and i f  t h e  o r d e r  i s  3, th e n  i s

F - e q u iv a le n t  t o  p = q2171^3 m We i e t  e± and be th e  number o f



e l l i p t i c  p o i n t s  o f  G i n  a fu n d am en ta l  domain o f  G t h a t  a r e  T- 

e q u i v a l e n t  t o  i  o r  p , r e s p e c t iv e ly , ,  In  p a r t i c u l a r ,  i t  can  be  shown 

t h a t  f o r  rQ(p) w ith  p a p rim e g r e a t e r  t h a n  3 we have

e. = 1  +

and

6 = 1  + 
P (1) -

w here t h e  p a r e n th e s e s  d e n o te  t h e  Legendre  sym bol.

I f  f  i s  a f u n c t io n  on 34 and k € Z , we ad o p t t h e  n o t a t i o n

f |  ( T )  = ---- 1------g  f ( D ( T ) )

k ' o  <cT+d>

/Q- T h
w here  U = d J € SL(2,]R) and U(t ) = .

The d e f i n i t i o n  o f  a  m odula r form a p p e a r s  w i th  some m ino r v a r i a ­

t i o n s  i n  t h e  l i t e r a t u r e .  To a v o id  c o n fu s io n ,  we s t a t e

D e f i n i t i o n ; L e t G be a  subgroup  o f  f  o f  f i n i t e  in d e x .  The func­

t i o n  f  from 34 i n t o  t h e  e x ten d e d  complex p la n e  i s  c a l l e d  a  m odular 

form f o r  G o f  d im ension  - k i f

( i )  f  i s  meromorphic on 34 ;

( i i )  f |  (T) = f ( t )  f o r  a l l  U 6  G ;

k ,  U

( i i i )  L e t w be th e  w id th  o f  t h e  cu sp  o f  G a t  i<» , so t h a t

2TTi
wT -* x = e
♦

i s  t h e  l o c a l  c o o r d in a te  o f  34 /G a t  i«> .

Then t h e r e  e x i s t s  an e x p an s io n  o f  th e  form f ( T)  = 2  a  x11 f o r  Im t
nSN.
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s u f f i c i e n t l y  l a r g e .

( i v ) L e t  w be t h e  w id th  o f  t h e  cusp  o f  G a t  y  -------€ Q , soc
t h a t

where A = *  »r '  i s  t h e  l o c a l  c o o r d in a te  o f  ft /G  a t  y .

Then t h e r e  e x i s t s  an  e x p an s io n  o f  t h e  form

<cT+d)k f (T )  = S a x 
n

n

f o r  Im A ( t) s u f f i c i e n t l y  l a r g e .

In  t h e  l i g h t  o f  t h i s  d e f i n i t i o n ,  N. i s  c a l l e d  t h e  o r d e r  o f  f

a t  ioo w i th  r e s p e c t  t o  ( w . r . t )  t h e  l o c a l  c o o r d i n a t e ,  and i s  t h e

o r d e r  o f  f  a t  y w . r . t .  t h e  l o c a l  c o o r d i n a t e ,  i®  o r  y i s  a p o le  

o f  f  i f  N. < 0  o r  N < 0  , r e s p e c t i v e l y .

o r d e r  j ,  th e n  j  t im e s  t h e  o r d e r  o f  f  ( w . r . t .  t h e  l o c a l  c o o r d in a te )  

e q u a l s  t h e  o r d e r  d e te rm in e d  by t h e  L a u re n t  s e r i e s  o f  f .  I t  can  be 

shown t h a t  t h e  o r d e r s  o f  f  a t  G -e q u iv a le n t  p o i n t s  a r e  t h e  same.

These  f a c t s  a r e  u sed  t o  p rove  t h e  r e s u l t  t h a t  i n  a  fu n d am en ta l  domain 

f o r  G, t h e  number o f  z e r o s  o f  f  minus t h e  number o f  p o le s  ( w . r . t .  

t h e  l o c a l  c o o r d in a t e s )  must e q u a l  , where jj, i s  th e  in d e x  o f

I C O Y
I t  can  be  shown t h a t  f o r  any tq € W t h e r e  e x i s t s  an  e x p an s io n  o f

M  Jj
( t- t ) f ( t) i n  te rm s  o f  t h e  l o c a l  c o o r d in a te  a t  . U sing  t h i s

e x p a n s io n ,  we d e f i n e  t h e  o r d e r  o f  f  a t  w . r . t .  t h e  l o c a l  c o o r d in a te  

i n  th e  o b v io u s  m anner. I f  tq i s  a r e g u l a r  ( n o n - e l l i p t i c )  p o i n t ,  t h i s  

o r d e r  c o in c i d e s  w i th  t h e  o r d e r  o f  f  a t  tq d e te rm in e d  by i t s  L a u re n t  

s e r i e s .  I f  tq i s  e l l i p t i c  and f i x e d  by a t r a n s f o r m a t i o n  i n  G o f

G U ( - I ) G  i n  T’
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The m odu lar  form f  i s  c a l l e d  e n t i r e  i f  i t  has  no p o l e s .  A pply­

in g  t h i s  th e o r y  t o  F^Cp) w here p i s  p r im e ,  we see  t h a t  an e n t i r e
. I

m odu la r  form o f  d im ens ion  - 2  f o r  T ' ( p )  h a s  z e r o s  i n  a  f u n d a -
0 6

m e n ta l  dom ain, s in c e  p+ 1  i s  t h e  in d e x .

The e n t i r e  m odu la r  forms f o r  G o f  d im en s io n  -k  span  a  v e c t o r  

sp a c e ,  V, o v e r  (C. I f  k ^ 2 , t h e  Riemann-Roch Theorem can  be  u sed  t o  

o b t a i n  i t s  d im ens ion :

dim V = (k -1 )  (g -1 )  + £ j | e_. + J j |

♦
where g i s  t h e  genus o f  W /G , and cr i s  t h e  number o f  cu sp s  i n  a

fun d am en ta l  domain f o r  G. TL’
4

ki s  th e  l a r g e s t  i n t e g e r  i n  — , and

r-fc-i
s i m i l a r l y  f o r  Ĵ—j  . In  p a r t i c u l a r ,  when k = 2 , dim V = g + -  1 .

We see  t h a t  f o r  F^Cp) and k = 2 , dim V = g+-l, s in c e  r Q(p) h a s  two 

c u sp s .

The im p o r tan ce  o f  m odu lar  forms o f  d im en s io n  -k  l i e s  i n  t h e  f a c t  

t h a t  th e y  d e te rm in e  d i f f e r e n t i a l s  on th e  s u r f a c e ,  a t  l e a s t  when k i s  

ev en .  In  p a r t i c u l a r ,  an e n t i r e  m odular form , f ,  o f  d im en s io n  -2  d e ­

te r m in e s  a d i f f e r e n t i a l  u> = f (T )d T  t h a t  i s  a n a l y t i c  everyw here  e x c e p t  

p o s s i b l y  a t  t h e  c u s p s .  Using t h e  n o t a t i o n  in  o u r  p r e v io u s  d e f i n i t i o n ,

/• -k w m n - 1cu(x) = 7—r  S a xv 2 m  nn 2 N.l 00
a / 0

Nico

i s  t h e  e x p an s io n  o f  (jo = f ( r ) d T  a t  i ra . T hus, cu i s  a n a l y t i c  a t  i r o

wi f  N .^  >  0 , and u> h a s  a s im p le  p o le  a t  i°° w i th  r e s i d u e  q q r  aQ

i f  N = 0 . S i m i l a r l y  f o r  t h e  f i n i t e  c u s p s .  We s e e  th e n  t h a t  i f  f

i s  a cusp  form o f  d im ension  - 2 , t h a t  i s ,  i f  f  i s  e n t i r e  and has  a

z e r o  a t  each  c u sp ,  th e n  th e  c o r re s p o n d in g  d i f f e r e n t i a l  u> = f ( T ) d T



- 8 -

s ti s  o f  t h e  1 k in d .  I f  f  i s  e n t i r e  b u t  n o t  a cusp  form , th e n

r<J
cjd = f ( t) dT i s  o f  t h e  3 k in d .

I n  l a t e r  s e c io n s  we w i l l  c o n s t r u c t  e x p l i c i t l y  e n t i r e  m odu la r  

form s o f  d im en s io n  -2  f o r  ^ ( p )  when p = 3 (mod 4 ) .  We w i l l  th e n  

examine t h e  d im ens ion  o f  t h e  su b sp ace  o f  V spanned by t h e s e  m odula r  

fo rm s .  The c a l c u l a t i o n  o f  t h i s  d im ens ion  w i l l  in v o lv e  some f a c t s  con­

c e r n in g  t h e  r e p r e s e n t a t i o n  o f  numbers by b in a r y  q u a d r a t i c  fo rm s , t o  

w hich  we now t u r n  o u r  a t t e n t i o n .

(b) B in a ry  Q u a d ra t ic  Forms

In  t h i s  s u b s e c t i o n ,  t h e  word "form " g e n e r a l l y  w i l l  r e f e r  t o  a

b in a r y  q u a d r a t i c  form . Throughout t h i s  p a p e r ,  i n  o r d e r  t o  a v o id  con­

f u s i o n ,  a  m odula r  form i s  n e v e r  r e f e r r e d  t o  s im p ly  a s  a  " fo rm " .  The

r e s u l t s  l i s t e d  i n  t h i s  s u b s e c t io n  can  be  found i n  D ickson  [ 3 ] ,

A b in a r y  q u a d r a t i c  form i s  an e x p r e s s io n  o f  t h e  form

2 2f ( x , y )  = ax  + bxy + cy , where a , b , c  € % . The form i s  p r i m i t i v e

r 2i f  g . c . d .  t a , b , c j  = 1 . The d i s c r i m i n a n t , D ( f ) , o f  f  i s  b -  4 a c .

2 2Two fo rm s, f  (x ,y )  = a1x + bj_xy + c1y ( a b b r e v ia te d  a s  f  = [ a ^ , b ^ , c ^ ] )

and f „  = r a „ , b „ , c „ ]  a r e  c a l l e d  p r o p e r ly  e q u iv a l e n t  i f  t h e r e  e x i s t s
2  2  2  2

some e lem en t V = [ € T' such  t h a t
YY d /

f  (ox + j3y, yx  + 6y) = f 2 (x ,y )  .

F o r  c o n v en ie n c e ,  we w i l l  w r i t e  t h i s  r e l a t i o n  i n  t h e  form f^  =

^ ( y )  * The :f‘orm °P P °s : i te  t o  f  = Ca >k,c] i s  f '  = [ a , - b , c j .  The 

form f  i s  p o s i t i v e - d e f i n i t e  i f  f ( x , y )  i s  p o s i t i v e  e x c e p t  when 

x = y= 0 . T h is  i s  e q u i v a l e n t  t o  D (f)  < 0 and a  > 0 . I t  can  be 

shown t h a t  e v e ry  p r i m i t i v e ,  p o s i t i v e - d e f i n i t e  form o f  g iv e n  d i s c r im in a n t
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i s  p r o p e r ly  e q u i v a l e n t  to  p r e c i s e l y  one red u ced  form o f  t h a t  d i s c r i m i n a n t .  

A form  f  = [ a , b , c ]  i s  red u ced  i f  - a  < b < a ,  c ^ a ,  and b ^  0 when­

e v e r  c = a .  I f  p i s  a prim e and p = 3(mod 4 ) ,  p >  3 , th e n  

fg  = [ 1 , 1 , i s  c a l l e d  th e  p r i n c i p a l  form  o f  d i s c r i m i n a n t  -p  and 

i s  re d u c e d .  F u r th e rm o re ,  a l l  o t h e r  red u ced  forms o f  d i s c r i m i n a n t  -p  

a r e  o f  th e  form f  = [ a , b , c ]  w i th  1 ^  b < a < c ,  and th e  o p p o s i t e  fo rm s, 

V  = [ a , - b , c ] .

From now on , p w i l l  a lw ays d e n o te  a  prim e g r e a t e r  th a n  3 su ch  

t h a t  p = 3 (mod 4 ) .

I f  f  = [ a , b , c ]  i s  red u ced  w i th  D (f)  = - p ,  th e n  1 ^  a  < Vp/3  ,
. ry 9 9

| y p /3  < c ,  and a -  b + c > V p /3 . F o r ,  4a < 4ac = b  + p ^  a + P ,  

w hich  im p l ie s  3a^ < p . Hence, c = > b ^  ^  % l i E — _ , |  l i £  ^ p / 3

9 4a 4 m  v
> \  m  o F u r th e rm o re ,

a -b+ c  = ~ [ 4 a 2 -4ab+ 4ac] = ~ [  (2 a -b )^ + p ]  ^  •|^-[a2+p] = ^ [ a +  > V p/3 .

T h is  im p l ie s  in  p a r t i c u l a r  t h a t  th e  t o t a l  number o f  red u ced  forms i s  

f i n i t e .  T hus, a  com ple te  s e t  o f  n o n - e q u iv a le n t  red u ced  forms o f  d i s ­

c r im in a n t  -p  i s  g iv e n  by :

f 0  *

f x = [ a ^ b ^ c ^  and f f = [ a ^ - b ^ C j J

f H "  â H, b H,C Ĥ  f H *-a H»“bH,CH^

where 1 ^  b .  < a .  < c .  f o r  U  j  ^ H . We l e t  h ( - p )  d e n o te  th e
J J J

number o f  forms in  t h i s  com ple te  s e t ,  so t h a t  h ( - p )  = 2H+T . T h is

n o t a t i o n  w i l l  be used  f r e q u e n t l y  i n  t h e  s e q u e l .

Of c o u r s e ,  h ( - p )  i s  th e  c l a s s  number o f  th e  f i e l d  K = Q0\/-p)»
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T his  n o t io n  w i l l  be  d i s c u s s e d  i n  th e  fo l lo w in g  s u b se c t io n , ,  For now, we 

m e n tio n  o n ly  t h a t  h ( - p )  i s  f i n i t e  and an  odd i n t e g e r .  A ls o ,  as  a 

f u n c t i o n  o f  p ,  h ( - p )  v a r i e s  w i th  a  h ig h  d e g re e  o f  i r r e g u l a r i t y .  How­

e v e r ,  D i r i c h l e t  p roved  th e  famous r e s u l t  t h a t

We w i l l  be  i n t e r e s t e d  i n  th e  number o f  t im es  a g iv e n  number i s  

r e p r e s e n t e d  by a g iv e n  form ; t h a t  i s ,  i n  th e  number, p ( n , f ) ,  o f  i n t e g r a l  

s o l u t i o n s  x ,y  o f  f ( x , y )  = n  . S in ce  a l l  forms in  our d i s c u s s i o n  a r e  

p o s i t i v e - d e f i n i t e ,  p ( n , f )  = 0  i f  n < 0 and p ( 0 , f )  = 1 . C l e a r l y ,  

p r o p e r ly  e q u i v a l e n t  forms r e p r e s e n t  th e  same num bers, e ach  th e  same 

number o f  t im e s .  The same h o ld s  f o r  any form  and i t s  o p p o s i t e .  We l e t  

p ( n ,p )  be th e  t o t a l  number o f  r e p r e s e n t a t i o n s  o f  n  by a  maximal s e t  

o f  n o n - e q u iv a l e n t  forms o f  d i s c r i m i n a n t  -p  . We w i l l  make f r e q u e n t  

u se  o f  t h e  s t a n d a r d  r e s u l t s  c o n c e rn in g  th e  r e p r e s e n t a b i l i t y  o f  numbers 

by fo rm s .  For c o n v e n ie n c e ,  we l i s t  some o f  t h e s e  r e s u l t s .  A l l  forms 

a r e  assumed to  be p o s i t i v e - d e f i n i t e  o f  d i s c r i m i n a n t  -p  where 

p = 3 (mod 4) and p >  3 .

P r o p o s i t i o n  1 : I f  m € N and (m,p) = 1 , l e t

be th e  prim e f a c t o r i z a t i o n  o f  m . T hat i s ,  v (m) i s  th e  ex p o n en t  t o  

w hich  th e  prim e q e n t e r s  in  m . I f

(  -E li
2
E

r = l
i f  p = 7 (mod 8 )

p = 3 (mod 8 ) ,  p > 3 .

q
v (m)

q
q lm
q prim e



•11-

(m) v (m)
. = n n+m = n q q and m = II q q

th e n

q lm q |m

( I ) -  ( l >  -

f 2D(m+) , i f  m i s  a  p e r f e c t  s q u a r e ,  and
p(m ,p)

D(m ) i s  th e  number o f  p o s i t i v e  d i v i s o r s  o f  m .T “T

0  , o th e rw is e

:s o f  m+ .

The p ro o f  fo l lo w s  from  th e  r e s u l t  t h a t  p(m ,p) = 2  2  I-t -)
d> 0  
d [m

( [ 3 ] ,  pg . 7 8 .)

On th e  o t h e r  h and , i f  m = np^ € N where ( n ,p )  = 1 , th e n  we have 

pOn»p) = p ( n ,p )  . T h is  w e ll-know n  r e s u l t  w i l l  fo l lo w  e a s i l y  from  th e  

r e s u l t s  o f  S e c t io n  2 .

The fo l lo w in g  p r o p o s i t i o n  i s  h e l p f u l  f o r  l a t e r  c a l c u l a t i o n s :

2
= t  ( a - b + c ) , i f  x = - y ;  and 

o th e rw is e  .

P r o p o s i t i o n  2 : L e t  f  = [ a , b , c ] ,  b >  0 , be r e d u c e d .  Then:

r= t ^ ( a - b + c ) ,
( i )  I f  t  = min{ | x | ,  |y | }, th e n  f ( x , y )  ^  t 2 (a -b + c ^

( i i )  I f  f  i s  n o n - p r i n c i p a l  and m € N, th e n  0  < m ^ max{c,Vp/3}
2

im p l ie s  , 2 , i f  m = ax o r  m = c ;  and
p(ro9 f )  v»0, o th e r w is e .

( i i i )  I f  f  i s  p r i n c i p a l  and m € N, th e n  0 < m ^ im p l ie s

f  / £ ± i4 ,  i f  m = ■*—-

p(m, f )  = ■“(  2 , i f  m = x , and

0 , o th e r w is e ,  v. *

I t  i s  a l s o  t r u e  t h a t  i f  f  = [ a , b , c ]  i s  red u ced  and a 1 >  0 d i v id e s  

a ,  th e n  t h e r e  e x i s t s  some form  [ a ' j b ' j C 1] t h a t  i s  a l s o  re d u c e d .
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(c )  I d e a l s

The r e s u l t s  o f  t h i s  s u b s e c t i o n  can  be found in  [1] and [ 2] ,

We assume t h a t  p i s  a p r im e , p > 3 , and p = 3(mod 4 ) .  I f

f  = [ a , b , c ]  i s  a  p o s i t i v e - d e f i n i t e  b in a r y  q u a d r a t i c  form o f  d i s c r i m i n a n t

2 2-p  , th e n  by f a c t o r i n g  ax  + bxy + cy we can  o b t a in

,-b + l  v 2 
|a x  + ( 2  -  at) y [

f ( x , y )  =------ -----------------------------------
a

,  , r ~
w here (« = '" 2  • T h is  f a c t  l e a d s  to  th e  c o r re sp o n d e n c e  be tw een  forms

and i d e a l s .

In  g e n e r a l ,  th e  q u a d r a t i c  f i e l d  K = Q(a/ - p ) has  I v f o r  i t s  r i
K.

m g

o f  a l g e b r a i c  i n t e g e r s ,  w here I = Z  + Z u) and co = ( s in c e  we
K 2.

have p = 3 (mod 4)). An a d d i t i v e  subgroup  o f  I „  i s  c a l l e d  a  m odule,K ——

and th e  module i s  f u l l  i f  i t  i s  g e n e ra te d  by two l i n e a r l y  in d ep en d en t  

e le m e n ts ,  A f u l l  module M i s  t h e r e f o r e  g e n e ra te d  by two l i n e a r l y  

in d e p en d e n t  e le m e n ts ,  Qf and 3 , and we w r i t e  M = [of,(3] =

{xa + yj3: x ,y  € z }  . The b a s i s  i s  s a id  to  be o rd e re d  i f

- =  d e t  I J  >  0  , 
f j-p  01 p

where 01 and 3 d e n o te  th e  complex c o n ju g a te s  o f  o; and (3 , r e s p e c t i v e l y .

I f  M = [ a , 3] and i s  n o t  o r d e r e d ,  th e n  c l e a r l y  M = [3,o?] i s  an

o rd e re d  b a s i s .  A f u l l  module M may a l s o  be an  i d e a l  in  1^ . T h is

means t h a t  VM s  M f o r  a l l  Y ^ I ^  •K

The open ing  rem arks o f  t h i s  s u b s e c t io n  show t h a t  we may a s s o c i a t e

b+ 1t h e  form f  = [ a , b , c ]  w i th  th e  f u l l  module M = [ a ,——  -  w] where th e  

norm o f  M, N(M), e q u a ls  a .  In  f a c t ,  M i s  a l s o  an  i d e a l  o f  1 .̂ .
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|2A d o p tin g  th e  u s u a l  n o t a t i o n ,  N (z) = | z |  , we can  w r i t e

n (a x  + ( i t i  .  u )  y )
£ ( x ,y )

N(M)

b+ 1where M = [a ,  ——  -  uo] i s  an  i d e a l  i n  I „  w i th  th e  o rd e re d  b a s i s  Z K.
r b+ 1  ->La, — -----10J .

C o n v e rse ly ,  any i d e a l  M t h a t  h a s ,  a s  a  m odule, th e  o rd e re d  b a s i s  

[ce,f3] d e te rm in e s  th e  p o s i t i v e - d e f i n i t e  form f  o f  d i s c r i m i n a n t  -p  g iv en

by

(*) f ( x , y )  = — -Z&l = a x 2 + bxy + c y 2 #

1161:6 6  = f(M ) » b = I ( m P ' » and C = N(M) ° T r ( z )  iS t h 6  ° f  2

and e q u a ls  z + z „

We se e  from  (*) t h a t  when th e  form  f  c o r re sp o n d s  to  th e  i d e a l  M,

we th e n  have

p ( n , f )  = |{p, € M: | ^ -  = n } |  ,

w here  j  | d e n o te s  th e  c a r d i n a l  number o f  th e  s e t .

We n o te  t h a t  s i n c e  f  = [ a , b , c ]  c o r re sp o n d s  t o  t h e  i d e a l  

b+ 1M = [a ,  ——  -  co] , th e  o p p o s i t e  form f '  -  [ a , - b , c ]  m ust c o r re sp o n d  to

“ b+ 1  —t h e  c o n ju g a te  i d e a l  M w i th  o rd e re d  b a s i s  [ - a ,  — “  -<o] . A lso ,

th e  p r i n c i p a l  form c o r re sp o n d s  to  I  = £ 1 , a>J .is.

We have a l r e a d y  d e f in e d  th e  r e l a t i o n  o f  p ro p e r  e q u iv a le n c e  betw een

fo rm s. T h is  r e l a t i o n  i s  o f  c o u rs e  an  e q u iv a le n c e  r e l a t i o n .  We a l s o

d e f i n e  an  e q u iv a le n c e  r e l a t i o n  on th e  s e t  o f  n o n -z e ro  i d e a l s  o f  1 ^  .

The n o n -z e ro  i d e a l s  M- and M„ o f  I  a r e  s a i d  to  be s i m i l a r  i f1 Z K

oM- = f o r  some n o n -z e ro  € I v  . W ith t h i s  d e f i n i t i o n ,  one can
1 2  is-

d e f in e  a  o n e - to -o n e  c o r re sp o n d e n c e  b e tw een  th e  e q u iv a le n c e  c l a s s e s  o f
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i d e a l s  in  1 ^  and th e  e q u iv a le n c e  c l a s s e s  o f  p o s i t i v e - d e f i n i t e  forms o f

d i s c r i m i n a n t  -p  » In  p a r t i c u l a r ,  one can  show t h a t  each  e q u iv a le n c e

c l a s s  o f  i d e a l s  c o n ta in s  e x a c t l y  one i d e a l  w i th  th e  o rd e re d  b a s i s  

b"t~X[ a ,  ——  -  u)] c o r r e s p o n d in g  to  th e  red u ced  form f  = [ a , b , c ] .

The e q u iv a le n c e  c l a s s e s  o f  i d e a l s  i n  1^ a r e  c a l l e d  th e  c l a s s e s  

o f  K. The number o f  c l a s s e s  i s  c a l l e d  th e  c l a s s  number o f  K and 

d en o ted  by h ( - p ) .  The c l a s s e s  form a  f i n i t e  group o f  o r d e r  h ( - p ) .

The i d e n t i t y  e lem en t o f  t h e  group i s  t h e  c l a s s  d e te rm in e d  by th e  p r i n c i ­

p a l  i d e a l s .

An i d e a l  P in  I R i s  c a l l e d  a p rim e i d e a l  i f  w henever M̂, and 

M2  a r e  i d e a l s  in  I R w i th  ^ ^ 2  £  P , th e n  e i t h e r  £ P o r  M2  £ P.

An im p o r ta n t  f a c t  o f  th e  th e o ry  o f  i d e a l s  i s  t h a t  e v e ry  i d e a l  can  be

u n iq u e ly  e x p re s s e d  a s  th e  p ro d u c t  o f  prim e i d e a l s .
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SECTION 2 .  MODULAR FORMS FOR r ^ ( p )

Our main r e f e r e n c e  in  t h i s  s e c t i o n  i s  th e  L e w i t t e s 1 p a p e r  [ 8 ] .

T ha t p a p e r  i n v e s t i g a t e s  how th e  0 f u n c t i o n  o f  s e v e r a l  v a r i a b l e s  t r a n s ­

forms u n d er  a g e n e r a l  e lem en t o f  th e  n odu la r  g ro u p . In  t h i s  s e c t i o n  we 

w i l l  a p p ly  th e s e  r e s u l t s  i n  o r d e r  to  o b t a i n  m odular forms f o r  ]7q ( p ) .

The s p e c i a l  t h e t a  f u n c t io n s  we s tu d y  have been  chosen  n o t  o n ly  w i th  t h i s  

p u rp o se  i n  m ind, b u t  a l s o  t o  f a c i l i t a t e  by means o f  q u a d r a t i c  forms th e  

c a l c u l a t i o n  o f  th e  d im en s io n  o f  th e  sp ace  spanned by such  f u n c t i o n s .

L e t  K = QCv/d) be an  im ag ina ry  q u a d r a t i c  f i e l d  w i th  A a  module i n  

K o f  norm N(A) = L„ For x , y , z  € ffi and T € W ,  we d e f in e  th e  t h e t a

s e r i e s

( 1 > 9 A[ y > > T> =
2TTi T r (o4-x) (z+y) + 2 iriT N  (cH-x)

2_i 6

Here T r ( z )  i s  th e  t r a c e  z+z ; and N(z) i s  th e  norm zz s where z 

i s  th e  complex c o n ju g a te  o f  z .  x and y a r e  c a l l e d  th e  c h a r a c t e r i s t i c s , 

The s e r i e s  in  ( 1 ) i s  a b s o l u t e l y  and u n ifo rm ly  c o n v e rg en t  i n  th e  v a r i a b l e s

z  and t on compact s u b s e t s  o f  ffi X W . For c o n v e n ie n c e ,  we s e t
pX^ r x-,

0ALyj(O9T) = 6 ^  y j ( t ) 0 L a t e r  fo rm u las  w i l l  s im p l i f y  i f  i n s t e a d  o f  0^  

we c o n s id e r

<» h L >  ■ ' E M  -  j .  *2W I r ( 0 * x )y  + 2 W  “  .n€A

We f i r s t  n o te  t h a t  th e  f u n c t io n s  d e f in e d  w i th  r e s p e c t  to  s i m i l a r  

modules d i f f e r  m ere ly  i n  th e  c h a r a c t e r i s t i c s .  T h a t  i s ,  i f  0 6  K , th e n

V
r P  XT

LyJ<T> = *aL e> y j  (T>



■16-

F u r th e rm o re ,

(4)
(T)

*a[ ; ]

To d e r iv e  m odular forms f o r  r ^ ( p )  from  th e  f u n c t io n s  d e f in e d  by

( 2 ) ,  i t  i s  h e l p f u l  to  impose th e  fo l lo w in g  c o n d i t io n s *  F i r s t s we ta k e

K t o  be th e  q u a d r a t i c  f i e l d  K = Q(<\/-p), w here  a s  a lw ays  p d e n o te s

a prim e g r e a t e r  th a n  3 and p = 3(mod 4 ) .  S e c o n d ly ,  we assume t h a t

1th e  upper c h a r a c t e r i s t i c  i s  i n
aA >

A , where A i s  assumed to  be a

f u l l  module i n  I T7 and a l s o  an  i d e a l  o f  I -
is. K

F i n a l l y  we s e t  th e  

low er c h a r a c t e r i s t i c  e q u a l  t o  0 .  Under t h e s e  c o n d i t i o n s ,  th e  most 

im p o r ta n t  t r a n s f o r m a t i o n  fo rm u la  f o r  o u r  p u rp o se s  s i m p l i f i e s  t o ;

(5)
/a  ^

M = I J % T q (p )  and x € A im p l ie s
Y

xA/^p

l o J

( T )  = e
2TTi ~  N (x /V ^ p )  c.

\~p) *A

ax 1CO

1 , M

where d e n o te s  th e  L egendre  sym bol.

On th e  o th e r  hand , i f  M = ^ € T 1 -  r ^ ( p )  ,  i t  i s  shown im

[8 ] t h a t  f o r  x 6  A , 

x /y ^ p
(6) TA

0

■2 n i
( t )  = e

N (x /y ^ p  )

1,M
2triY*6 k2 L /p

Z e
k(mod p)

(ax+kL) jJ -p

-  Px /lV -p
( T )

k k
where Y s a t i s f i e s  YY = l(mod p)

From (5) we see  t h a t  s e t t i n g  x e q u a l  to  0 y i e l d s  a m odular



- 1 7 -

form o f  d im en s io n  -1  w i th  a m u l t i p l i e r , ,  We w i l l  l a t e r  show t h a t  th e  

s q u a re  o f  such  a f u n c t io n  i s  i n  f a c t  a  m odu lar  form f o r  Tq ( p ) ° f  

d im en s io n  -2„ But f i r s t  we examine th e  e x p a n s io n  o f  th e  f u n c t i o n

♦A [ X//^ ] c t > u s in g  ( 2 ) .

Because o f  (3) and (4) we l o s e  no g e n e r a l i t y  in  assum ing  t h a t  th e

±1 
2module A has th e  b a s i s  [ a ,  — — u)} where a = N(A) = L ,  b £ N,

and m , T hus, as  i n  S e c t io n  1 ( c ) ,  A c o r re sp o n d s  to  th e

red u ced  form f  = [ a , b , c ]  o f  d i s c r i m i n a n t  -p„ The e x p a n s io n  o f  
r o

^aLoJ th e n  becomes by (2 ) :

♦ 4 [ “ I  (T)  .  E e 2TT1T .
0  c iA

t)4"lBut i f  a = n^a +  th e n  N(o;) = a f ( n ^ sn2) w here a = L,

S°  i r ° l  tt .  I CT) ~ ^  e °
A L 0  n lS n2€Z

L e t t i n g  p ( n , f )  be th e  number o f  t im es  th e  form f  r e p r e s e n t s  n , 

we o b t a i n
_  00

2ninT
(7) [ q ]  CO = 2  p ( n , f )  e J

n= 0

We n e x t  s e e k  to  o b t a i n  a  s i m i l a r  e x p a n s io n  f o r

when x € A b u t  x ^ 0 .  From (2) we have
2TTiT N (oh- (x A /-p ) ) 2rrj T N (oy^p+x)

( 8 1  t A[ x/vC^ ] ( T )  = 2 e L = E e P L
0  a£A a€A

In  o r d e r  to  in t r o d u c e  th e  b in a r y  form  f  c o r r e s p o n d in g  t o  A i n t o

t h i s  e x p a n s io n ,  we employ th e  f a c t  t h a t  t - A/A i s  a c y c l i c  group
<\Pp /
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o f  o r d e r  p g e n e r a te d  by A + L /V -p . T ha t i s

—  A = U ( a + — )  ,
/ / - p t(mod p) /y/—p

so  t h a t  A = U (Av^-p + L t )  . T h is  f a c t  i s  p roved  i n  [8 ] ,  L e t t i n g
t(mod p)

x e q u a l  L j w here j  i s  f i x e d  and ( j , p )  = 1 w i l l  in t r o d u c e  th e  form

f  i n t o  th e  e x p a n s io n  b eca u se  o f  th e  f o l l o w in g  lemma„

The symbol |{ } | d e n o te s  th e  c a r d i n a l  number o f  th e  s e t .

Lemmas For j  f  0(mod p) and n  ^ 0 ,

.2

| | a  6  A: S 6 £ k ± u l .  n} | „ (
% p (n , f ) ,  i f  n = Lj (mod p) 

o th e rw is es

P ro o fs  L e t  |3 be an  e lem en t i n  A = U (A\/-p + L t ) . Then f o r
t(m od p)

some n ^ ,n 2  € TL and f o r  some t ^  € [ 0 , 1 , . . „ , p - l },

P = [ n xL + -  uo) j  p + L t Q .

Hence,

^  = p f ( n l 9 n 2 ) + n 2 t Qp + L t^  .

;—  N(P) 2I f  P € Av~p + L j so  t h a t  t ^  e q u a ls  j ,  th e n  c l e a r l y  -£ ' • -  L j (mod p ) .

N (B)  2 2 2C o n v e r se ly ,  i f  ^  s  ^ j  (mod p ) ,  th e n  t ^  = j  (mod p ) , so  t h a t

p 6  (A*/-p + L j )  U (A\/-p -  L j ) .  T h e r e f o r e ,  i f  n = Lj (mod p ) ,  we have

| | f )  6  A . m  = n }  I -  «  k R  +  L j :  M i  = n}  | +  | { e  «  . L J . m  .  . }  [

.  \{a  g A . H s E L t M  ,  nj |  + g = „ ]  |

= 2 |{ c  € A :  5 < 5 E L t M  = „ } |  .
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But s in c e  l { e € A : ^ a  = n } |  i s  s im p ly  p (n s f ) ,  th e  Lemma fo l lo w s ,  

R e tu rn in g  to  ( 8 ) s we s e t  x e q u a l  t o  Lj w here j  # 0(mod p) „ 

U sing th e  Lemmas we a rg u e  a s  i n  th e  d e r i v a t i o n  o f  (7) and o b ta i n ;

r-LjA/^p -i ®
(9) t* J  (T) -  % S

L 0  n= 0

2TTi
nT

P ( n , f )  e

n=Lj (mod p) 

To s i m p l i f y  n o ta t io n . ,  we now d e f i n e ;

where A c o r re sp o n d s  t o  f  = [a 9 b , c ] ,  a  red u ced  form  o f  d i s c r i m i n a n t  - p .

The two f u n c t io n s  . ( t )  and i|r . ( t )  a r e  i d e n t i c a l  i f  j  = j  (mod p ) .
t , J a i  ^

We a l s o  w r i t e  f o r  ^  q CO •

The t r a n s f o r m a t i o n  fo rm u las  (5) and ( 6 ) may now be r e - w r i t t e n .  With 

t h e  s u b s t i t u t i o n  o f  Lj f o r  x ,  where j  € [0 a l 9 „ . o9 p - l } 9 we have ;

i H i  aP L j2

( 1 0 ) M = 6J  im p l ie s  i|rf ( T )  = e
$ W T)

1,M

*
S i m i l a r l y s ( 6 ) y i e l d s ;  M = . ^) i  T 1 -  F q (p )  and YY = l(mod p)

im p l ie s

L jA /= ? j
TA [

- ^ P L j 2 N

J  ( T )  =  S ( ? / -

2 2 i / 6Lk2
2  e 

,p / - p  k(modp) A

(a j+ k )L A /-p

-0 jA /“P
(T) .

1 ,M

However, 

*A

so t h a t

(cvj+k) LA /-p ^ “2 L(3 j  (orj+k)
(T) = e P 1>A

L (cfj+k) A/"P

A
0

«■» 40

CO ,
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L j/V ^F

0

—  ,
(T)  =  e  P < * '  1

$ J - p
1 ,M

2 tt;

S e 
k(mod p) A

Lk/V-p

0
CO

F i n a l l y ,  we have

i
( 1 1 ) t f i j  ( t )  = e P

V -p

1,M

S e 
k(mod p)

- L ( k - a j )  [ 7  6 (k -o ;j)+ 2 0 j ]

+f , k (T) •

Of s p e c i a l  im p o r tan ce  f o r  th e  c o n s t r u c t i o n  o f  m odular forms f o r
0 -1

F q (p ) i s  e q u a t io n  (11) when S = ^  i s  s u b s t i t u t e d  f o r  M. For

l a t e r  r e f e r e n c e ,  we have:

1(12) (T)  =
/J-p k(mod p)

“ p  <-2Ljk)

* f , k  <T)  *

1 ,S

In  p a r t i c u l a r ,  f o r  j  = 0(mod p ) ,  we o b t a i n :

1 , ■ T
(13) ♦ f  (T) = —  t £ ^

v -p
1 ,S

T h is  l a s t  fo rm u la  i s  d e r iv e d  m ere ly  by ex p an d in g  th e  summation i n  (12)

and r e c a l l i n g  t h a t  A = U (v/^p A + L t ) .  We add th e  rem ark  t h a t
t  (mod p)

from ( 1 2 ) and (13) e a s i l y  fo l lo w s  th e  w ell-know n f a c t  t h a t  f o r  j  € 25̂  

P ( j P j f )  = p ( j j f ) «  To see  t h i s ,  we have from (1 2 ) ,
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00 2 rri 2 rri

1 "■ t lT  00 ■ ■ n T

* * |  < T ) = ^ {  n= 0  ^ » f>  ”  + . S ,  P (n > f )e  '
 ̂ *s n=0 (mpd p) n ^ 0 (mod p)

On th e  o t h e r  h and , from (1 3 ) ,
2TTi

oo --------  n T

^ . CO = - —I  2  p (n ,  f )  e P
r I V-p n=0
l s S

T hus , n = O(mod p) im p l ie s  , f ) = p ( n , f )  .

For th e  co n v en ien ce  o f  th e  r e a d e r  we l i s t  th e  main fo rm u las  th u s

f a r  i n  o u r  d i s c u s s i o n .  The numbers in  p a r e n th e s e s  a r e  th o s e  p r e v io u s ly

a s s ig n e d  to  th e  r e s p e c t i v e  fo rm u las  i n  th e  t e x t .

I .  A a module i n  K = Q(Vci) o f  norm L; x ,y  6  (E •

. . .  . f x ' i .  . v 2 n i  Tr(a+x)y+2TTiT N
(2) J O O  = S e L

ALyJ a€A

I I .  A a f u l l  module i n  I K,  K = Q ( / / -p ) ,  and an  i d e a l  i n  I R; N(A) = L

A c o r re sp o n d s  to  f  = [ a , b , c ] ;  a  = L

Q 2TTiT ^  2TTinT

(7) +f (T) = j (t ) = S e = 2 p (n ,  f ) e
r  AL0 aiA  n=0

(9 ) j  # 0(mod p 2vir N Coy ^ L J l 2TH

♦ f  . ( O  = ♦*[ l(T) = £ e P L = % S  p ( n , f ) e  P
L 0  a 6A n=0 2

n=Lj (mod p)

^ i °'pLj 2 6'
(10) #  = {y 6J t r ' ( p )  im p lie s  i|rf  ( t )  = e P ( t )

1,M
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(11) M = ^  € r 1 -  r ^ ( p )  ,  Y Y = 1 (mod p) im p l ie s

■ ^ P L j 2  , “ “ L (k-arj ) fY* 6  (k -cv j)+ 23 j]
O  , ,  (T)  -  e  P 0  - =  2 e P ♦ (T) ,

f ’ J | W  v^P k(mod p) f »k
1 ,M

2TTi OT M  • 2Ljk
(12) + . ( T ) = - z i  2 e P * (T)

* I V-P k(mod p) »
1 ,S

(13) t f | (T )  * £ $

1,S

We a r e  now i n  a p o s i t i o n  t o  p rove  th e  p r i n c i p a l  r e s u l t  o f  thi^, 

s e c t i o n .  T h a t i s ,  we can  w r i t e  down e x p l i c i t l y  f u n c t io n s  w hich  a r e  

e n t i r e  m odular forms o f  d im ens ion  - 2  f o r  ^ ( p )  .

P r o p o s i t i o n : I f  f^  and f^  a r e  red u ced  forms o f  d i s c r i m i n a n t  - p ,

th e n  th e  p ro d u c t  i|i i s  an e n t i r e  m odular form f o r  T ' ( p )  o f
1 2

d im en s io n  - 2  w i th  th e  ex p an s io n s

00 n n
♦ f  ( I )  = 2 ^ 2  p (n - k af ^ )  p ( k , f 2 )^ e 711117 a t  i°°

1 2 n- 0  k= 0

co n  n S ( T )
O  ( O  = - “  2 ( 2  p ( n - k , f  ) p ( k , f  ) )  e P a t  0  .

r l  2  P n= 0  k= 0

We rem ark  t h a t  th e  n o t a t i o n  f^  and f 2 above i s  used  to  i n d i c a t e  

b in a r y  q u a d r a t i c  fo rm s, so  t h a t  CO means o ^ "  ^1 ant* ^2

a r e  n o t  n e c e s s a r i l y  d i s t i n c t .

P r o o f : By (1 0 ) ,  t h e  p ro d u c t  ijif  s a t i s f i e s  th e  r e q u i r e d  t r a n s -
1 2

fo r m a t io n  e q u a t i o n .  The e x p a n s io n  a t  i «  fo l lo w s  from  e q u a t io n  ( 7 ) .
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F or th e  e x p a n s io n  a t  0 ,  th e  l o c a l  c o o r d in a t e  a t  0 i s  e ^ where 

z = S ( t )  0 We o b t a i n  from (1 3 ) :

(z )  = i|f

T h a t  i s .

2 ,S

L1 

1 ,S

(z )  • 1
'2 

1 ,S

(z )  -  ^  I Z
A t )

1 2

^  V f )

So

n  2

and th e  p ro o f  i s  com ple te

-  -  \  ■

I t  i s  c l e a r  from (10) t h a t  each  tli_ . ( t )  i s  an  e n t i r e  m odular
f j J

form  o f  d im en s io n  - 2  f o r  T ^ (p ) ,  where T ^ (p )  i s  th e  p r i n c i p a l  con­

g ruence  subgroup  o f  l e v e l  p a s  d e f in e d  i n  S e c t io n  1„ T h is  s u g g e s ts  

t h a t  we can  form a sum o f  p ro d u c ts  o f  th e  i|r f u n c t io n s  ov e r  a s e t  o f  

c o s e t s  o f  r | ( p )  and g e n e r a te  a d d i t i o n a l  m odular forms o f  d im en s io n  

-2  f o r  F q ( p ) .  T h a t i s ,  l e t t i n g

P ( p - l )

r o (p) -  „u , r + (p)Akk=l

w here each  A. i s  o f  th e  form k
*

, g - * ,  aa  - 1  j a  + i *p /La + —

f o r  1 ^  a ,  a  ^  P~l» aa  = l(mod p ) ,  and 0 ^  -t ^ p-1 ,  we form

p ( p - l )
V j , : f , J 2 t r 0 <p>(,r) = (T) .

1 A 1,A

T h is  f u n c t i o n  i s  th e n  an  e n t i r e  m odular form  o f  d im en s io n  -2  f o r  r ^ ( p ) ,

However, i t  i-s i d e n t i c a l l y  z e r o ,  e x c e p t  f o r  = j  s  O(mod p ) ,
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i n  w hich  c a se  we m ere ly  o b ta in  p .( p - l ) ^ f  ^  . T h e re fo re ,  f o r  th e  r e s t
1 2

o f  o u r d i s c u s s io n ,  we w i l l  c o n f in e  o u r a t t e n t i o n  to  i|f fu n c t io n s  w ith  

0 ,0  c h a r a c t e r i s t i c s „ Hence, th e  in d ex  j  in  f  w i l l  in  th e  s e q u e l
j

a lw ays r e f e r  to  th e  q u a d r a t ic  form  f ^ ,  and n o t  to  th e  c h a r a c t e r i s t i c s  

o f  th e  fu n c tio n ,,

E i s e n s t e in  S e r ie s  o f  d im en sio n  -2  w ere o r i g i n a l l y  in tro d u c e d  by

H ecke. When th e  above argum ent i s  employed w ith  th e  E i s e n s t e in  S e r ie s

o f  d im en sio n  - 2  and l e v e l  p in  p la c e  o f  th e  i|f f u n c t io n s ,  we ob-
|

t a i n  a  n o n -z e ro  m odu lar form  o f  d im en sio n  -2  f o r  r ^ ( p ) .  F u r th e rm o re , 

s in c e  F ^ (p ) has e x a c t ly  two c u s p s , th e r e  i s  (up to  a  m u l t i p l i c a t i v e  

c o n s ta n t )  e x a c t ly  one e n t i r e  m odu lar form  o f  d im en sio n  - 2  i n  th e  

sp ace  spanned by th e  E i s e n s t e in  S e r ie s  o f  d im en sio n  -2  and l e v e l  p 

( [ 1 0 ] ,  p . 1 7 3 )o We a l t e r  S c h o e n e b e rg 's  n o t a t i o n  s l i g h t l y  and w r i t e  such  

a f u n c t io n  as

(14) ECO -  E ( T , p )  = | i 1 + S ') e2,TinT .
n= l d> 0  

d [n
(P ,d )= l

We have

(15) M € r ^ ( p )  im p lie s  E | ( t )  = E ( t )

2,M

and

(16) S = i l  ~q)  imPl i e s  E | = “ p Ei,p) •
2 ,S

(16) can  be shown by w r i t i n g  E ( t )  a s  a  l i n e a r  c o m b in a tio n  o f  E ise n ­

s t e i n  S e r ie s  and a p p ly in g  th e  t r a n s f o r m a t io n  S to  each  te rm  in  th e  

sum.
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SECTION 3s THE SUBSPACE V_

In  S e c t io n  2 we have w r i t t e n  down e x p l i c i t l y  f u n c t io n s  w hich  a re  

e n t i r e  m odu lar form s f o r  F^Cp) . On th e  one h an d , we have se e n  th a t  

th e  red u ced  b in a ry  q u a d r a t ic  form s f^  and f^  (n o t n e c e s s a r i l y

d i s t i n c t )  o f  d is c r im in a n t  -p  d e te rm in e  th e  m odu lar form  i|i_ '|J ( t )  .
1 2

On th e  o th e r  hand , we know th a t  E ( t )  in  th e  sp ace  o f  E i s e n s t e in  

s e r i e s  o f  d im en sio n  - 2  i s  a l s o  a  m odular form  f o r  F q (p ) .

For c o n v e n ie n c e , we in tro d u c e  th e  fo l lo w in g  n o t a t i o n .  L e t 

^ = {^ £ CT) 2 f  = [ a , b , c ]  re d u c e d , b > 0 , D (f) = - p l  . We l e t  <Y> be 

th e  v e c to r  sp ace  o v e r (C spanned  by th e  fu n c t io n s  in  th e  s e t  Y .

YY i s  th e  s e t  o f  fu n c t io n s  form ed by th e  p ro d u c ts  o f  any two fu n c t io n s

in  Y o T h e re  a r e  H+-1 fu n c t io n s  in  Y w here 2H+1 = h ( - p )  i s  th e

c l a s s  number o f  Q (\/-p) o H ence, th e  number o f  fu n c t io n s  in  YY i s  

Qj t l .). „ <^Y> d e n o te s  th e  sp ace  spanned by th e  fu n c t io n s  in  YY, 

and <YY,E> i s  th e  sp ace  spanned by th e  fu n c t io n s  in  YY U { e } .

The r e s u l t s  o f  S e c tio n  2 im ply th a t  <YY> and <YY,E> a r e  su b ­

sp a c e s  o f  V, w here a g a in  V i s  th e  sp ace  o f  e n t i r e  m odu lar form s 

f o r  Tq Cp ) o f  d im en sio n  -2„ F or w hat v a lu e s  o f  p does <YY> e q u a l

<YY,E> ? When a r e  th e r e  l i n e a r  r e l a t i o n s  betw een  th e  f u n c t io n s  in

YY ? What i s  th e  d im en sio n  o f  <YY> ?

In  [5] Hecke w r i t e s  down th e  e x p l i c i t  l i n e a r  r e l a t i o n s  betw een  th e  

fu n c t io n s  in  YY and E f o r  th e  p rim es 2 3 , 31 , and 4 7 . For 23 and 

31 th e r e  a r e  o n ly  th r e e  fu n c t io n s  in  YY, and f o r  47 th e r e  a r e  o n ly  

s i x  f u n c t io n s ,  so t h a t  th e  c a l c u l a t i o n s  a re  r e l a t i v e l y  e a s y . B ut f o r  

p = 719, we a lr e a d y  have 136 f u n c t io n s  in  YY, so  t h a t  a s t r a i g h t ­

fo rw ard  c a l c u l a t i o n  o f  th e  d e s i r e d  r e l a t i o n s  i s  q u i t e  d i f f i c u l t .
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Hecke does n o t a d d re s s  th e  g e n e ra l  p rob lem .

In  t h i s  s e c t i o n ,  we w i l l  b e g in  to  p ro v id e  a t  l e a s t  a  p a r t i a l  

answ er to  some o f  th e  above q u e s t io n s .  Our s t a r t i n g  p o in t  i s  th e  

d e f i n i t i o n  o f  a  su b sp a c e , V ,  o f  V w here V w i l l  c o n ta in  <¥Y,E>. 

S in c e  th e  d im en sio n  o f  V i s  known, we th e r e f o r e  o b ta in  an  upper 

l i m i t  f o r  dinr=^¥,E> ,  and so  a l s o  f o r  dim<¥Y> „ In  l a t e r  s e c t i o n s ,  

th e s e  c o n s id e r a t io n s  w i l l  in v o lv e  e s t im a te s  on h ( - p ) .

We c o n s id e r  th e  m a tr ix  R = I ^ 1A /p ) £n  SL (2^R ). R^ = - I
J p  0

k
and R d eterm in e s  th e  t r a n s fo r m a t io n  T -* -  1/pT t a k in g  W on to  

i t s e l f .  R i s  i n  th e  n o r m a liz e r  ( w . r . t .  SL(2^R)) o f  F q ( p ) .  I f  

T q (p ) = < T q(p ),R >  ,  th e  subgroup o f  S L (2 ,IR ) g e n e r a te d  by T q(p)

and R, th e n  c l e a r l y  F q (p ) = T ^ (p ) U r^ ( p )R  » The t r a n s f o r m a t io n  R

*  *a l s o  d e t e r m i n e s  t h e  a n a l y t i c  i n v o l u t i o n  R o n  »  / T q ( p )  t a k i n g  

< T >  i n t o  < R ( t ) >  .

The t r a n s f o r m a t io n  fo rm u las  f o r  R a r e :

(1 7 )  * f (t )  = -  ii|f (T )  f o r  i|f €  Y

1,R

(18) E j (T )  =  -  E (T )

2 ,R

(17) fo llo w s  from  th e  f a c t  t h a t

(T )  = - ~~J = Jp i|rf , (pT) = -  i ^ ( T )  by ( 1 3 ) .

1 SR 1 ,S

(18) fo llo w s  i n  a  s im i l a r  f a s h io n  from  (1 6 ) . A ls o , (17) im p lie s



F or f  6  V, th e  map f  —* f  j i s  a  n o n - s in g u la r  l i n e a r  t r a n s -

2,R

fo rm a tio n  o f  V in to  V w ith  e ig e n v a lu e s  +1 and - 1 .  Hence

V = V+ © V w here V+ = { f  € V: f |  = f } and V = [ f  € V: f j  = - f} „

2 ,R  2 ,R

From (18) and (1 9 ) , we se e  t h a t  <FY,E> i s  a  su b sp ace  o f  V .

S in ce  V = V+ © V and dim  V = g + 1 , w here g i s  th e  genus

o f  §■ = 31 / r Q(p) ,  we have

(20) dim V = g + 1 -  dim V+

By i d e n t i f y i n g  p o in ts  in  31 u n d e r T ^ (p ) , we o b ta in  a  Riemann
it it it it it

s u r f a c e  ® = 31 /F q (p ) o f  genus g = g ( p ) « g i s  e q u a l to  th e
it

d im en sio n  o f  th e  sp ace  spanned  by th e  a b e l i a n  d i f f e r e n t i a l s  on S 

o f  th e  l S t k in d  ( [ 1 2 ] ,  p . 253)» S in ce  S i s  §/<R> , th e  q u o t ie n t
k

sp ac e  o f  th e  s u r f a c e  §  =31 / r Q(p) u n d er th e  group o f  autom orphism s

s tg e n e ra te d  by R, we know t h a t  th e  a b e l i a n  d i f f e r e n t i a l s  o f  1 k in d

k S t
f o r  §  a r e  p r e c i s e ly  th e  a b e l i a n  d i f f e r e n t i a l s  o f  1  k in d  f o r  §

t h a t  a r e  a l s o  i n v a r i a n t  u n d e r R. T h a t i s ,  i f  ud = f(T )dT  d e te rm in e s

s t  *an  a b e l i a n  d i f f e r e n t i a l  o f  1 k in d  f o r  S , th e n  by S e c tio n  1 (a )

we m ust have f  € and a ls o  f  € V+ , w here i s  th e  sp ace  o f  cusp
k

form s in  V . T h e re fo re , g = dim(V+ fl V^) „

F u r th e rm o re , V+ e  Vq . To se e  t h i s ,  l e t  f  i  V+ . Then we a l s o  

have f  € V . As in  S e c t io n  1 ( a ) ,  we may w r i te  th e  e x p a n s io n s :
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00 l U i  S ( t )
t f (T )  = E b x ?  , x~ = e ^ , a t  0 „„ n  0  ’ 0  3n= 0

The a b e l i a n  d i f f e r e n t i a l  on & /r^ C p ) g iv e n  by a) = f(T )dT  i s  a n a ly t i c  

in  M and has ( a t  m ost) s im p le  p o le s  a t  i “  and 0  w ith  r e s id u e s  

1  1■ ^ r  a^  a t  i “  and p b^ a t  0 . B ut on a  com pact Riemann

s u r f a c e  th e  sum o f  th e  r e s id u e s  o f  an  a b e l i a n  d i f f e r e n t i a l  i s  z e r o .

T h e re fo re ,  a^  + pb^ = 0 and a^  = -p b ^  a

On th e  o th e r  h an d , s in c e  f  € V+ , we a l s o  have f |  (t ) = f (T )  ,

2 ,R
2

so  t h a t  f ( z )  = pT f ( t ) w here z = R(t ) „ H ence, u s in g  th e  above

e x p a n s io n s , f o r  Im z s u f f i c i e n t l y  l a r g e ,  so  t h a t  Im S (t ) i s  a l s o

l a r g e ,  we h av e :
2 TTi • v

,  Z 2TTinz "  2TTl n ( -  1 /p T ) ;  T "  (T)f  (z) = 2  a e = 2 a e r  '  = E a  e r  ,
n= 0  n n= 0  n  n= 0  n

a t l d  2 T T i  c  ( rr  \oo  nS (T )
p T f ( T )  = p E b e ^  .

_ n  nn= 0

2
Now f ( z )  = pT f ( t ) im p lie s  a ^  = pbn , so  in  p a r t i c u l a r  a^  = pb^ . 

T hus, a^  = pbQ = -p b Q , so  b^ = a^  = 0 and f  i s  a  cusp  form . I . e . ,

£ S vo .
it

S in ce  V, £  V , we have g ~ dim(V H V ) = dim V . T h is*T U *T U “r

r e s u l t  a lo n g  w ith  ( 2 0 ) now y ie ld s

(21) dim  V = g + 1 -  g
it it

The g e n u s, g , o f  S has b een  c a lc u la te d  by F r ic k e  and i s  g iv e n  

in  [7] by :

g (p ) -  2g* (p ) = -  1 + % 6ph ( -4 p )  ,
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w here

I t  i s  known th a t

h ( -4 p )  = |

We th e r e f o r e  o b ta in :

2 ,  i f  p = 7 (mod 8 )

Tj-, i f  p s  3 (mod 8 )

1 ,  o th e rw is e .

h ( - p ) ,  i f  P = 7 (mod 8 )

(22)
*  *

8  = 8  (p) =

3 h ( - p ) ,  i f  p = 3 (mod 8 ) .

r 2^  " i f  p s  7 (mod 24)

2 4^~~ " i f  P = 11 (mod 24)

-  h ( - p ) ,  i f  p s  19 (mod 24)

- % h (-p ), i f  p s  2 3 (mod 2 4 ) .  

U sing (21) and (22) and th e  n o t a t i o n  h ( - p )  = 2H+-1, we o b ta in :

f  2 z l

(23) dim V =

24 + ffl-1, i f  p s  7 (mod 24)

P + 1 3
24 + 2HH-1, i f  p = 11 (mod 24)

+ 2 H f l ,  i f  p = 19 (mod 24)

V  + HH-1, i f  p s  23 (mod 24) .

From (18) and (19) we have E € V and < Y Y >  a su b sp ace  o f  V 

T hus, d im < Y Y ,E >  ^ dim V . F u r th e rm o re , d im < Y Y >  ^  (2 £ l2 i2 £ 2 )^  t he t o t a l  

number o f  f u n c t io n s  in  Y Y . T h e re fo re

(24) d im < Y Y >  < m in ^ (5 J ± H 2 £ 2 l  s dim v_ j  .

We w i l l  show th a t  2H+-1 i s  a low er bound f o r  dim<YY> . U n fo rtu ­

n a t e l y ,  t h i s  low er bound i s  to o  sm a ll to  be o f  much s e r v ic e  in  th e
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a c tu a l  c a l c u l a t i o n  o f  dim <¥¥> f o r  p a r t i c u l a r  v a lu e s  o f  p ,  e x c e p t 

f o r  some t r i v i a l  c a s e s .  In  any e v e n t ,  th e  r e s u l t  fo llo w s  from  

P r o p o s i t i o n : dim<¥> = H+l . T h a t i s ,  th e  fu n c t io n s  ^  € Y a re

l i n e a r l y  in d e p e n d e n t .

P r o o f : The p ro o f  p ro c e e d s  in  two s t e p s .  F i r s t ,  we show t h a t  each

form r e p r e s e n t s  a p r im e . The e le m e n ts  o f  th e  argum ent can  be found 

in  [ 2 ] .  S eco n d ly , we show t h a t  t h i s  im p lie s  th e  l i n e a r  in d ep en d en ce  

o f  th e  f u n c t io n s  in  ¥ .

In  S e c tio n  2 , we have  shown t h a t  f o r  any red u ced  form f ,  n  = 0(mod p) 

im p lie s  p(2., f )  = p ( n , f )  . When f  = f Q , th e  p r i n c i p a l  form , we 

l e t  n = p and o b ta in

p ( p , f 0 ) = p<^, f Q) = p ( l , f 0 ) = 2  .

In  p a r t i c u l a r ,  we have f ^ ( - l , 2 )  = f ^ ( l , - 2 )  = p .

To show t h a t  e v e ry  p o s i t i v e - d e f i n i t e  form  o f  d is c r im in a n t  -p

r e p r e s e n ts  some p rim e q , we r e q u i r e  more g e n e r a l  c o n s id e r a t io n s

c o n c e rn in g  th e  i d e a l s  o f  I  , th e  r in g  o f  a lg e b r a ic  i n t e g e r s  o fK.

K = Q(v/-p) .

Choose a form  f .  Then th e  e q u iv a le n c e  c l a s s  o f  form s d e te rm in e d

by f  c o rre sp o n d s  t o  some id e a l  c l a s s  G in  I . By a  theo remK

o r i g i n a l l y  p ro v ed  by W eber, e ach  c l a s s  c o n ta in s  an i n f i n i t e  number 

o f  p rim e i d e a l s .  We l e t  P be a  p rim e id e a l  in  G , w here P 

c o rre sp o n d s  t o  th e  form  g , a form  p ro p e r ly  e q u iv a le n t  t o  f .  f  and 

g th u s  r e p r e s e n t  th e  same num bers. By th e  g e n e r a l  th e o r y ,  P con­

t a i n s  a r a t i o n a l  p rim e q . We l e t  (q) d e n o te  th e  I d e a l  o f  I K
2g e n e ra te d  by q . I f  q = p , th e n  (p ) = P and N(P) = p . S ince  

p € P , g (x ,y )  = = p f o r  some x ,y  6  K and g i s  n e c e s s a r i l y
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p ro p e r ly  e q u iv a le n t  t o  th e  p r i n c i p a l  fo rm . I f  = - 1 ,  w here

—) i s  th e  L egendre  sym bol, th e n  (q) = P , so  t h a t  P i s  s i m i l a r

t o  th e  i d e a l  (1) = I , w hich im p lie s  t h a t  th e  form  g i s  p ro p e r ly  

e q u iv a le n t  t o  th e  p r i n c i p a l  fo rm . T h e re fo re  g , and so  a l s o  f ,  r e ­

p r e s e n t s  th e  p rim e p . On th e  o th e r  han d , i f  = 1 , th e n

(q ) = PP w here P i s  th e  i d e a l  c o n ju g a te  t o  P , and N(P) = q . We

l e t  P = [ a ,  3] so  t h a t  t h e r e  e x i s t  x ,y  € 2S such  t h a t  xo? + y(3 = q .

Then

_ N (xa + , 6 ) _ K£a) _
g l , y >  N(P) q q

T h e re fo re  g , and so  a l s o  f ,  r e p r e s e n t s  th e  p rim e q .

F o r th e  second  p a r t  o f  th e  p r o o f ,  l e t  { £ „ » £ ,» •••» £ „ }  £>e th e  s e t
0  1  ii

o f  red u ced  form s w hich d e te rm in e  th e  e le m e n ts  f „ € Y w here f  i sf  0

th e  p r i n c i p a l  fo rm . Say f . ,  j  s i ,  r e p r e s e n t s  th e  p rim e q .  . By
J J

S e c t io n  1 ( b ) , q . i s  r e p r e s e n te d  tw ic e  by f  . and tw ic e  by th e  o p -  
3 3

p o s i t e  form  f* , and by no o th e r  fo rm . Then 
j  H H »

F ( t) = S A. t  ( t) = 2  A. 2 p ( n , f . ) x
3 = 0  3 j  j = 0  J n= 0  3

00 r H •> OTTiT
= 2  1 2  A . p ( n , f .)  fxn , w here x  = e

n= 0  j = 0  J 3

T h e re fo re ,  th e  c o e f f i c i e n t  o f  th e  q ^  te rm  o f  F i s  2A. f o r
3 3

1 ^ j  ^  H . F u r th e rm o re , s in c e  f Q r e p r e s e n t s  p , th e  c o e f f i c i e n t

o f  th e  p t h  te rm  o f  F i s  2AQ . T hu s, F i s  i d e n t i c a l l y  z e ro  i f ,

and o n ly  i f ,  e ach  A . = 0 f o r  0 ^ j  s: H . So th e  f u n c t io n s  i|f ,
1 f .J 3

0  ^  j  ,  a r e  l i n e a r l y  in d e p e n d e n t.

In  g e n e r a l ,  g iv e n  any f i n i t e  s e t  Y = {i|r , . . . ,  tg}  ° £  c o n v e rg e n t-

pow er s e r i e s  in  x , by fo rm ing  l i n e a r  c o m b in a tio n s  we may form  a b a s i s

{cp , f o r  th e  sp ace  <Y> spanned by th e  s e t  Y so  t h a t  N. i s
1 J  3
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th e  o r d e r  o f  cp. and N_ < N_ <  . . .  <  N„ . The s e t  o f  N . 's  so
1 2  J  j

o b ta in e d  i s  u n iq u e  and may be d e n o te d  ORD<^> . C le a r ly ,  |0RD<!1;> | ,

th e  c a r d in a l  num ber o f  ORD<Y> , e q u a ls  dim<^> . The sp ace  <?FY>

g e n e ra te d  by th e  p ro d u c ts  o f  any two e le m e n ts  o f  Y c o n ta in s  a

f u n c t io n  whose o r d e r  i s  g iv e n  by N. + N» . We d e f in e  d<W > to
J 'b

be  th e  s e t  o f  i n t e g e r s  form ed by th e  e le m e n ts  o f  ORD<Y> added two

a t  a  t im e . S in c e  N2+N3. <  Nl +N2 < • • •  <  ^ i +Nj  <  N2+NJ  <  * * * ^ J +NJ  ’ 

we se e  t h a t  d<FY> h a s  a t  l e a s t  2 J -1  d i s t i n c t  e le m e n ts .  F u r th e r -  

m ore, d<̂ 'lr> i s  a s u b s e t  o f  ORD<W> . T h e re fo re ,

2 J -1  £  |d< W > | <: |oR D <W >|.

T hus, 2dim<¥> -  1 <, dim<fY> .

We now a p p ly  th e s e  g e n e r a l  n o t io n s  to  th e  fu n c t io n s

CO

lL C O  = 1 + S P ( n , f ) x n 
n= 0

2TTiTw here x  = e . B y  th e  p re v io u s  p r o p o s i t io n ,  d im < i>  = H +l, so 

t h a t  2H+1 = 2dim<¥> -  1 <, dim<W > . The m ain r e s u l t  o f  t h i s  s e c t io n  

i s  e x p re s s e d  i n  th e  fo l lo w in g

Theorem ; 2H+1 ^  dim<FY> s  m in | ̂ +1 -̂ffi* 2  ̂ , dim V_ j-

w here h ( - p )  = 2H+1 and  dim V i s  g iv e n  by (2 3 ) .

The g e n e r a l  n o t io n s  advanced  above a ls o  f r e q u e n t ly  f a c i l i t a t e

th e  a c tu a l  c o m p u ta tio n  o f  dim<Hf> . F o r exam ple, when p = 239, we

have th e  re d u c ed  fo rm s (w ith  b > 0 ) ;

f Q = [ 1 ,1 ,6 0 ]  f 4 = [ 5 , 1 , 1 2 ']

f 1 = [ 2 ,1 ,3 0 ]  f 5  = [ 6 ,1 ,1 0 ]

f 2  = [ 3 ,1 ,2 0 ]  f g = [ 6 ,5 ,1 1 ]

f 3  = [ 4 ,1 ,1 5 ]  f ?  = [ 8 ,7 ,9 ]
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L e tt in g  <p (t ) = if ( T )  and { p . ( T )  = * ( T )  -  * (t ) , 0 sS j  £  6 ,
7  J j  3 + 1

we o b ta in  ORD<Y> = { 0 , 1 , 2 , 3 , 4 , 5 , 6 , 1 0 }  . For d<YY> we have

{0 , 1 ,  # . . ,  1 6 ,2 0 }  „ Then 18 = |d<YY>j < dim<YY> dim V = 18, so

th a t dim<YY> = 18 .

I t  i s  tru e  th a t  each N € 0RD<Y> has N ^ . For, i f

F (t ) = E A. t|r. ( t) = L a  x11 , ^ 0, x  = e 2TTiT , then F2 ( t ) i s
j = 0 '  j  n » n  ^

t 2 2 2jif
an e n t ir e  modular form o f  dim - 2  fo r  ^ ( p )  . F ( t ) = ajj x + • • •

i s  th e  e x p an s io n  a t  ico and 2*ni
2 2 1 f 2 2N 1 T

t  F ( T )  = -  -  | a N x + . . .  j  , x = e
S ( t )

i s  t h e  e x p an s io n  a t  0 . T h e re fo re ,  2N + 2N ^  , th e  t o t a l  number
2  *  r u - l

o f  z e ro s  o f  F in  M /T 0 (p )  . T h a t i s ,  N ^  .

The q u e s t io n s  posed  a t  th e  b e g in n in g  o f  t h i s  s e c t io n  can  now be

a d d re s s e d  i n  th e  l i g h t  o f  th e  above th eo rem . F o r exam ple, i f  f o r  a
/ tt , n \ /w. o \

p a r t i c u l a r  v a lu e  o f p , we have —------ ----------  >  dim V , th e n  th e

f u n c t io n s  in  YY c an n o t be l i n e a r l y  in d e p e n d e n t .  On th e  o th e r  hand , 

i f  <  dim v  , th e n  th e  f u n c t io n s  i n  YY do n o t span  V

T hese  c o n s id e r a t io n s  le a d  to  i n v e s t i g a t i o n s  o f  th e  o r d e r  o f  m agn itude  

o f  h ( - p ) .

An e x a m in a tio n  o f  th e  c a s e  f o r  some p rim es  l e s s  th a n  1000 le a d s  

t o  th e  c o n je c tu r e  t h a t  dim<YY> = m in , dim V_j‘ . I s  t h i s

t r u e  i n  g e n e ra l?  The n e x t s e c t io n  w i l l  c o n s id e r  t h i s  q u e s t io n .

S in c e  th e  fo rm u la  (23 ) f o r  dim V v a r i e s  a c c o rd in g  to  th e  

r e s id u e  c l a s s  o f  p modulo 24, i t  i s  c o n v e n ie n t to  c o n s id e r  s e p a r a te ly  

th e  c a s e s  f o r  p(mod 2 4 ) . S in ce  we a lw ays have assum ed p = 3(mod 4) 

and p > 3, we have  p = 7, 11, 19, o r  23(mod 2 4 ) . F o r l a t e r  r e f e r e n c e ,  

we l i s t :
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p = 7 (mod 24) im p lie s  

p = 1 1 (mod 24) im p lie s  

p = 1 9 (mod 24) im p lie s  

p = 2 3 (mod 24) im p lie s
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SECTION 4: DIMENSION OF <lfY>, WEIERgTRASS POINTS AND ZEROS

( a )  dim<W > and dim<l,Y,E> .

F re q u e n t r e f e r e n c e  i s  made in  t h i s  s u b s e c t io n  t o  th e  t a b l e  [9 ]  

w hich  was o b ta in e d  from  th e  U n p u b lish ed  M athem atics  T a b le  F i l e  o f  

th e  A m erican M ath em atica l S o c ie ty .  T h is  t a b l e  was c o n s t r u c te d  by 

Edward T . Ordman and l i s t s  h ( - p )  f o r  a l l  p rim es p c o n g ru e n t to  

3 modulo 4 up to  102059. A rev iew  o f  t h i s  and o f  more e x te n s iv e  

t a b l e s  i s  a v a i l a b l e  i n  £ l l ] .

T a b le s  2, 3 , 4, and 5 have b een  c o n s t r u c te d  by th e  a u th o r .

T aken to g e th e r ,  t a b l e s  2 and 3 l i s t  th e  d im en s io n s  o f  <W > , <¥Y,E>
/TT , -IN (U jl .2 )

and V and th e  v a lu e  o f  ™ f o r  p rim es  c o n g ru e n t t o  3 modulo
“  A

8  betw een  11 and 1000. T a b le  4 c o n c e rn s  th e  c o rre sp o n d in g  v a lu e s  

f o r  p rim es  c o n g ru e n t to  23 modulo 24 up to  719, T a b le  5 p rim es

a r e th o s e  c o n g ru e n t to  7 m odulo 24 up to  367 .

The g o a l o f  t h i s  s u b s e c t io n  i s t o  t r e a t  th e  fo l lo w in g f o u r

q u e s t io n s :

# 1 . F o r w hat v a lu e s  o f  p i s  E an e lem en t o f  <Y¥> ? I . e . ,  when

does dim <W ,E> = dim<W > h o ld ?

# 2 . When d oes <W > e q u a l V ?

# 3 .

does

When a r e  th e  f u n c t io n s  in  W  

dim<FY> -  (Hj^0 0 l+2 ) h o ld ?
A

l i n e a r l y  in d e p en d e n t? I . e . ,  when

# 4 . F o r w hat p rim es  do we hav e:

dim<Y¥> <  m in{(H+1 ^ (.H-t ^ ) , dim V_J ?

Q u e s tio n  #1 and #2 a r e  r e l a t e d .  I f  E £  <¥Y> , th e n  

dim <W > <  dim<¥Y,E> ^  dim V , so <^Y> ^  V_ . The d i f f i c u l t y  we 

w i l l  f in d  i s  t h a t  c o n s id e r in g  p modulo 24 w i l l  n o t a lw ays e n a b le
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u s  t o  g iv e  a  p r e c i s e  re sp o n se  to  #1 -  # 4 . The fo l lo w in g  rem arks w i l l  

i n d i c a t e  t h a t  th e  s i t u a t i o n  i s  r a t h e r  c o m p lic a te d , so  t h a t  more r e s t r i c ­

t i v e  c o n d i t io n s  m ust be p la c e d  on p to  f u l l y  d e s c r ib e  #1 -  # 4 .

( i )  I n  a r t i c l e  ( i )  a l l  p rim es  a r e  ta k e n  to  be co n g ru e n t t o  11 modulo 24.

# 1  i s  p a r t i a l l y  answ ered  by

P r o p o s i t io n :  I f  p = 11 (mod 24) and ^--0 = - 1 ,  th e n  E € <W > .

P ro o f :  The red u ced  form s f . , 0 ^  j  ^  H, w ith  D (f^ )  = - p  a r e
' 3 3

f a . , b  ,c  ] w here a .  ^  a .  , . I f  E ( t )  € <W > , th e n  th e r e  e x i s t  con-
L j j J J J+ l
s t a n t s  A ., su ch  th a t  

Jk

<*> f r  + = , {  = d)  x“  -  o s  J L / j A  V T)= = ,  cn •n= l d> 0  (Kj^k^H j  k n= 0
d |n  

( d ,p ) = l

(f) - -
H

S in c e  [ -  ) = - 1 ,  we o b ta in  C = 4A0Q + 2 g  AQk , C2  = 4AQ0 , and
k = l 

H
C. = 4A + 4A + 2 S A . Com paring w ith  th e  l e f t - h a n d  s id e  o f  (* ) ,

4  UU u 1 _ _ UKk = l

3 3we o b ta in  A__ = — and A... = 75 .00 4 0 1  2
(5  \  15I f  J = - 1 ,  then  15 = Cg = 4Aq0 > so th a t AQ0 = —  , a con tra ­

d ic t io n .  I f  (— J = 1, th en  8  = C_ = 4A_, , so  th a t  A_n = 2, a co n tra -
\p  /  7  01  0 1

d i c t i o n .  H ence, E £  <¥Y> .

The p r o p o s i t io n  im p lie s  a l s o  t h a t  <W > ^ V f o r  = - 1 ,  so

# 1  and #2  a r e  p a r t i a l l y  an sw ered .

When p = 11 (mod 2 4 ) , we know from  (2 3 ) t h a t  dim V_ = + 2H + 1.

An e x a m in a tio n  o f  th e  Ordman t a b l e  y i e ld s :  > dim V_ f o r  th e

p rim es l i s t e d  on T a b le  1 . H ence, f o r  a t  l e a s t  th e s e  p rim e s , th e  f u n c t io n s  

i n  W  a re  n o t l i n e a r l y  in d e p e n d e n t. On th e  o th e r  hand , f o r  th e  p rim es

on T a b le  2, th e s e  f u n c t io n s  a r e  l i n e a r l y  in d e p e n d e n t. So b o th  c a s e s  a r e

p o s s ib le  i n  # 3 .
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R eg ard in g  # 4 , th e  p rim es  on T a b le  2 s a t i s f y

dim<W >  = m in { iS l i2 ^ ± £ 2 ,  dim  V_} .

To f in d  a  c o u n te r -e x a m p le , we need  o n ly  d e te rm in e  a  p rim e p such  t h a t

= -1  and dim V ^  (H +l)(H +2)  ̂ T h is  i s  e q u iv a le n t  t o  = -1

and h (~ p ) ^  2  + Such a  p d o es  n o t  a p p e a r  on th e  Ordman t a b l e .

However, assum ing  th e  e x is t e n c e  o f  such  a  p rim e , we o b ta in  th e  d e s i r e d  

c o u n te r -e x a m p le .

( i i )  We n e x t t r e a t  #1 -  #4 f o r  th e  c a s e  p = 1 9 (mod 2 4 ) .

R eg a rd in g  #1 , we have E £  <FY> . To s e e  t h i s ,  we p ro c e ed  a s  i n

( i )  and o b ta in  from  (* ) th e  c o n t r a d i c t i o n  = 0 , s in c e  now b o th

and e q u a l - 1 .  T h is  im p l ie s  o f  c o u rs e , t h a t  < W >  does n o t e q u a l

V . So #1 and #2 a r e  an sw ered .

T a b le  3 shows t h a t  dim<FY> = f o r  p rim es  (c o n g ru e n t to
a

19 modulo 24) up to  907 . On th e  o t h e r  han d , i f  t h e r e  i s  a  prim e such

t h a t  dim  V_ a  - 2 L S 2 S t2 )  , th e n  dlm< „ >  <  min{ iS ± iH H l2 ) , dim V j - and

no p r e c i s e  s ta te m e n t can  be made re g a rd in g  #3 o r  # 4 . When p = 19(mod 2 4 ) ,

dim V = •2^5 + 2H + 1 by (2 3 ) ; so t h a t  dim V ^  ft1*-1.) i s  e q u i-
p - 4

v a le n t  to  h ( h - 4 )  ^  -i-—  w here h = h ( - p )  = 2H + 1. By th e  Ordman t a b l e s
u

i t  can  be see n  t h a t  t h e r e  i s  no prim e (c o n g ru e n t to  19 modulo 24) up to

102043 f o r  w hich  t h i s  i s  t r u e .  However, a  v e ry  l a r g e  prim e (w ith  30

d i g i t s ,  say ) c o u ld  be d e te rm in e d  f o r  w hich  th e  i n e q u a l i t y  i s  v a l i d .

T h is  f a c t  was com m unicated to  th e  a u th o r  i n  a p r i v a t e  com m unication  

w ith  D a n ie l Shanks. Such a  p w ould r e q u i r e  ( ^ ) = f o r  a 1 1  Prim es 

q g o in g  f a r  beyond 157.
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( i i i )  We now c o n s id e r  th e  c a s e  when p = 2 3 (mod 2 4 ) .

The Ordman t a b l e  r e v e a l s  t h a t  dim V <  ^ +~ * ~ ^ f o r
£t

23 <  p <  2927 . (dim  V_ = + H + 1 ) .  S in c e  h ( - 2 3 )  = 3 and

h (-2 9 2 7 )  = 31 , we have

(2 5 ) dim  V. *

f o r  p = 23 and  p = 2927.

R eg a rd in g  #1 , T a b le  4 shows t h a t  E € <W > f o r  p ^  719 . On

th e  o t h e r  hand , we w i l l  show below  t h a t  f o r  p = 2927 , E ,£ <Hr> . H ence,

no co m p le te  s ta te m e n t can  be made f o r  #1 when p = 2 3 (mod 24) .

We now p ro v e  t h a t  E £  < ^ >  f o r  p = 2927 .
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The red u ced  form s [ a , b , c ]  w i th  b >  0 o f  d i s c r im in a n t  -2927

a r e :

f Q = [ 1 ,1 ,7 3 2 ] f g = [ 1 2 ,1 ,6 1 ]

= [ 2 ,1 ,3 6 6 ] f g  = [ 1 2 ,7 ,6 2 ]

f 2  = [ 3 ,1 ,2 4 4 ] f 1 0  = 1 1 6 ,9 ,4 7 ]

f g  = [4 ,1 ,1 8 3 ] f l ; l  = [ 1 8 ,5 ,4 1 ]

f 4  = [ 6 , 1 , 1 2 2 ] f 1 2  = [1 8 ,1 3 ,4 3 ]

f 5  = [6 ,5 ,1 2 3 ] f 1 3  = [ 2 4 ,7 ,3 1 ]

f g = [ 8 ,7 ,9 3 ] f 1 4  = [2 4 ,2 3 ,3 6 ]

f 7  = [ 9 ,5 ,8 2 ] f 1 5  = [ 2 7 ,2 3 ,3 2 ]

We se e  t h a t  f o r  p = 2927, = - 1  when q = 5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,  o r

23. By th e  fo l lo w in g  p r o p o s i t io n ,  t h i s  im p lie s  t h a t  E £  <¥Y> .

P ro p o s i t i o n : I f  p = 3(mod 4 ) ,  p > 2 3 ,  and i f  ^ = - 1  f o r

q = 5 ,7 ,1 1 ,1 7 ,1 9 ,  and 23, th e n  E £ <W > .

N ote t h a t  we p la c e  no c o n d i t io n s  on p m odulo 24, and we do n o t

r e q u i r e  13 t o  be a  q u a d r a t ic  n o n - r e s id u e  modulo p .

rdP ro o f :  F o r th e  red u ced  fo rm s f . , f , , th e  c o e f f i c i e n t  o f  th e  23 
 —  23 J k
te rm  o f  i s  E p (2 3 --t, f  . ) p ( /t ,  f  ) . However, by th e  con-

Y  k ^ = 0  3

d i t i o n s  on p , i f  n and  n  a r e  n o n -n e g a tiv e  i n t e g e r s  whose sum
JL a

i s  23, th e n  a t  l e a s t  one o f  them  i s  r e p r e s e n te d  by no form. F o r 

exam ple, 15 + 8  = 23 . But by th e  th e o ry  o f  r e p r e s e n ta t i o n s  o f  num bers 

by q u a d r a t ic  form s o u t l in e d  i n  S e c t io n  1 (b ) ,  p (n ,p )  = 0  i f  n_ i s  

n o t a  s q u a re . F o r n = 15, n i s  5 o r  15. Thus p (1 5 ,p )  = 0  so 

t h a t  p (1 5 ,f _ .)p (8 ,fk ) = 0 no m a t te r  w hich  red u ced  fo rm s f ^ , f ^  

a r e  c h o sen . T h is  argum ent h o ld s  f o r  each  p a i r  n ^ , n g w ith  n 1 + n 2  = 23* 

But
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.  v  P“ 1 !  /  t i  .  ^ 2ninTE ( t )  -  + 2 ( S d J e
n= l d> 0

d jn
( d ,p ) = l

rdh a s  24 f o r  th e  c o e f f i c i e n t  o f  i t s  23 te rm . T hus, no l i n e a r

c o m b in a tio n  o f  th e  ^  fu n c t io n s  can  e q u a l E ( t )  , and th e
j  k

p r o p o s i t io n  i s  p ro v e d .

The p r o p o s i t io n  im p lie s  t h a t  t h e r e  a r e  i n f i n i t e l y  many p rim es 

p w ith  p = 23 (mod 24) and  E £  <YY> . F o r each  o f  th e s e  p r im e s ,

t h e r e f o r e ,  <YY> ^ V By T a b le  4 we know t h i s  i s  n o t t r u e  f o r  a l l

p rim es  t h a t  a r e  c o n g ru e n t to  23 m odulo 2 4 . Thus #2 a d m its  no g e n e r a l  

s o lu t io n .

The d is c u s s io n  a t  th e  b e g in n in g  o f  ( i i i )  im p lie s  t h a t

dim<YY> <  f o r  p rim es  p su ch  t h a t  23 <  p <  2927 . On

th e  o th e r  hand , f o r  p = 23 we have dim<W > = . T hus,J

r e g a rd in g  #3 , i t  i s  n o t d e te rm in e d  w h e th e r  t h e r e  e x i s t s  a- n o n - t r i v i a l  

p rim e f o r  w hich  th e  fu n c t io n s  in  YY a r e  l i n e a r l y  in d e p e n d e n t.

F o r #4 , we assum e th e  e x is t e n c e  o f  a  p rim e su ch  t h a t  = -1  w here  

q = 5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,  o r  23 and dim V_ ^  (H+U ( H+2) . Then E g  <qnj> 

so  t h a t  dim < m in |iS ± i l |S ± £ 2  , dim V_j- .

( iv )  The s i t u a t i o n  f o r  p rim es  p , p = 7(mod 24) le a d s  a g a in  to  i n d e f i n i t e

re sp o n se s  to  # l - # 4 .  T a b le  5 shows t h a t  b o th  E £  <YY> and E € <YY>

a re  p o s s ib l e .  F o r p = 7 (mod 2 4 ) , th e  p re v io u s  p r o p o s i t io n  can  be 

s t r e n g th e n e d .
P r o p o s i t i o n : I f  p = 7(mod 2 4 ), p > 7, and = - 1 ,  th e n

E £  <YY> .

P r o o f : We have ( - )  = 1 and (-J = - 1 ,  s in c e  p = 7(mod 2 4 ) .
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F o r  n - ,n _  € N w ith  n + n  = 7 ,  a t  l e a s t  one o f  n and n
x. 2t 1 ^ 1  ^

i s  n o t r e p r e s e n te d  by any form  w ith  d is c r im in a n t  - p .  T h is  fo l lo w s  

from  an  argum ent s i m i l a r  to  t h a t  i n  th e  p re v io u s  p r o p o s i t io n .  H ence,

E £  <W > .

P rim es  a r e  r e a d i ly  a v a i l a b l e  from  T a b le  5 to  d e m o n s tra te  b o th  

p o s s i b i l i t i e s  i n  #2 and # 3 . F o r  #4 , i f  p i s  such  t h a t  = - 1

and dim V <  Q L tilijS ifP  , th e n  E £  <YY> so t h a t

dim<YY> <  m in |^ -+1| ~ ^ , dim V j- . However, t h e r e  i s  no su ch  p rim e 

c o n g ru e n t to  7 modulo 24 t h a t  a p p e a rs  on th e  Ordman t a b l e ,  th o u g h  

one s u s p e c ts  t h a t  such  a p rim e w ould  a p p e a r  on a  more e x te n d e d  t a b l e .

In  summary, th e n , when p = 7(mod 8 ) ,  i . e . ,  p = 7 o r  23(mod 2 4 ) , 

we c an  s t a t e  t h a t  t h e r e  a r e  i n f i n i t e l y  many p rim es  f o r  w hich  E j£ <YY> 

and t h e r e  e x i s t  a t  l e a s t  f i n i t e l y  many p rim es w ith  E € <YY> .

Q u e s tio n s  r e g a rd in g  th e  l i n e a r  in d ep en d en ce  o f  th e  f u n c t io n s  i n  YY 

o r  w h e th e r  th e y  span  V c a n n o t be answ ered  i n  g e n e r a l  te rm s  m ere ly  

by c o n s id e r in g  th e  co n g ru en ce  c l a s s  o f  p modulo 24 ,

»{? if,
(b> W e ie r s t r a s s  p o in t s  o f  & /T  (p )  when p = 23(mod 24) .

We r e c a l l  o u r  p re v io u s  n o ta t io n  from  S e c t io n  3 . *q (p ) =

T q(p) U r ^( p) R w here R = and ^  iS  th e  Riemann

s u r f a c e  34 / r  (p )  . §  h a s  e x a c t ly  one cu sp  ( a t  i » ,  s a y )  and

gen u s g* , w here g* = -  H by (2 2 ) .  F o r each  ijr € Y, tyj ( T )  =

1, R

- i f ( T )  .
<P,(T)

I f  we l e t  F ( T )  = , w here ^ > ^ 2  ^ <^> and non“ z e r o ,

th e n  c l e a r l y  F i s  m erom orphic on §  . M oreover, i f  cp̂  h a s  no

z e r o s  i n  34, th e n  F i s  a n a l y t i c  everyw here  on S e x c e p t p o s s ib ly
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a t  i “  . T h is  s u g g e s ts  a  c o n s id e r a t io n  o f  th e  W e ie r s t r a s s  p o in t s  

o f  th e  s u r f a c e .

L e t & be a  com pact Riemann s u r f a c e  o f  genus g  S 2 , L e t P

be a p o in t  o f  ft .  I f  N S 2g, N € N, th e n  th e r e  e x i s t s  a  m erom orphic

f u n c t io n  on ft w ith  N p o le s  a t  P and no o th e r  p o le s  on ft .

n  € { l , 2 , . . ,  , 2 g} i s  c a l l e d  a  gap  i f  t h e r e  e x i s t s  no m erom orphic

f u n c t io n  on ft w i th  e x a c t ly  n p o le s  a t  P and no o t h e r  p o le s

on ft , In  t h e  s e t  { l , 2 , . » . , 2g}, e x a c t ly  g num bers a r e  g a p s .

P i s  an  o r d in a r y  p o in t  i f  th e  s e t  o f  g aps i s  { l , 2 , . . . , g }  .  Othei*-

w is e , P i s  a  W e ie r s t r a s s  p o in t ; i . e . ,  some n  ^  g  i s  a  n o n -g a p .

We w ish  t o  f in d ,  th e r e f o r e ,  a  f u n c t io n  cp € t h a t  i s  non-
2

z e r o  i n  W . From S e c tio n  2, we know t h a t  cp i s  an  e n t i r e  m o d u la r
f 2  p.o

form  o f  d im en sio n  - 2  f o r  r ^ ( p ) ,  so  t h a t  cp h a s  — z e r o s

( w . r . t .  th e  l o c a l  c o o r d in a te )  i n  Jt / ^ ( p )  . But i f  cp i s  n e v e r

z e ro  i n  W, th e s e  z e r o s  m ust be a t  th e  two c u sp s  0  and i “  o f

M / r Q(p )  . T h a t i s ,  we m ust h av e ;

p+ 1
o T o -  2 rriT

cp (T ) = a Q x + . . .  , x = e  , and a Q ^  0 , a t  i »

P + i — SfT)
2  2  . 1 1 2  p } a t  0  .T cp ( t )   a  x + . . . ,  x = ep (J

The f u n c t io n  cp m ust th e n  have  th e  e x p a n s io n
P+1

,  . . 24 2rriT , . _cp(T) = hQ x + . . .  , x = e  , bQ ^ 0 .

Of c o u r s e ,  m ust be an  i n t e g e r  s in c e  cp € <F> , so t h a t  we m ust

have  p = 23(mod 2 4 ) .  In  t h i s  c a s e ,  ^  = 1 6 , 1 ,-S ii]  and ±2 = + l]

a r e  re d u c ed  form s o f  d is c r im in a n t  ~p a s  lo n g  a s  we a l s o  h ave

p >  108 . T h is  i s  due to  th e  f a c t  t h a t  = 1  so  t h a t  6  i s

r e p r e s e n te d  a  t o t a l  o f  8  t im e s .  By P r o p o s i t io n  2 i n  S e c t io n  1 ( b ) ,
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we can  w r i t e :
2 £±±

♦ .  (T) = 1 + 2 S x6 t + 2x 24 * . . .  , x = e 2niT

1 6 t 2< £ S24

2 £ ± 1 + 1
♦ (T) = 1 + 2 S x 6 t  + 2x 24  + . . .

2  «+2< P+ 1
6 t < 2 r

/  p+ i \  p+ i
N ote t h a t  P \ 2 4 ’ f 2 /  = s in c e  o th e rw is e  w ould h ave  t o  be o f

2th e  form  6 t  , w hich  i s  im p o s s ib le  s in c e  p i s  p r im e . H ence,

p+ 1

-  f*  = 2x 24 + . . .  .
1  2

In  p a r t i c u l a r ,  £±1 € OKD<¥> . We l e t  <44

FfTN _ «P(T)
F ( T )  -  f ,  f T > - *  ’(T )

f l  2

w here cp € , so  t h a t  F i s  a n a l y t i c  ev eryw here  on g  e x c e p t

p o s s ib ly  a t  i°° .  As we saw i n  S e c tio n  3 , s in c e  o rd ioocp € ORD<^> ,
p+ 1

0 ^  tp ^  u n le s s  cp i s  i d e n t i c a l l y  z e r o .  T hus, a t  ioo th e

num ber o f  p o le s  o f  F i s

P+1 .
"  o r d i00 9  *

p+ 1w hich  i s  a  n o n -n e g a t iv e  i n t e g e r  n o t g r e a t e r  th a n  7—— . T h is  d i s -  

c u s s io n  le a d s  t o  th e  fo l lo w in g  r e s u l t .
He _

P r o p o s i t i o n : i “  i s  a  W e ie r s t r a s s  p o in t  o f  ^ ( p ) ,  p  = 23 (mod 2 4 ) ,

e x c e p t f o r  p € { 2 3 ,4 7 ,7 1 ,1 6 7 ,1 9 1 ,2 3 9 ,3 1 1 } , in  w hich  c a s e s  i 00 i s  

o r d in a r y .

P r o o f : I f  0 <  £±± -  v ^  g* = £±± -  H f o r  some v € ORD<f> , th e n

p + 1  * v i s  a  n o n -g ap , w hich  im p l ie s  t h a t  some gap i s  l a r g e r  th a n  g ,

so  t h a t  ioo  i s  a  W e ie r s t r a s s  p o in t .  H ence, we m ust show:
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H ^ v < f o r  some v € ORD<¥> „ We l e t  ORD<¥> = {vq, v^ , . . „ , v^}

w here 0 = v_. < v- < . . .  < v „  = ■ r̂ -̂ . T h e r e f o r e ,  i f  v u  , ^  H, i 00 i s  a0 1 H 24 H -l 3

W e ie r s t r a s s  p o in t .  We c la im ;

( i )  p > 71 im p lie s  g = -  H ^ 2 , and

( i i )  v „  i > H -l e x c e p t f o r  p 6  { 2 3 ,4 7 ,7 1 ,1 6 7 ,1 9 1 ,2 3 9 ,3 1 1 }  . Ari-1

few s im p le  c a l c u l a t i o n s  ( c f .  T ab le  4) show th a t  ( i )  and ( i i )  h o ld  up 

to  p = 9 8 3 . T hus, assum e p > 983.

I t  i s  known ( [ 6 ] ,  p g . 196) t h a t  h ( - p )  = ^  K (-p ) ,  w here
CO

K (-p) = 2  • U sing th e  f a c t  ( c i t e d  in  [ 7 ] ,  p g . 367) t h a t
n= l

K("P ) -  21og 4 p , we have h ( - p )  ^  lo g  4 p . But p >40691 im p lie s

lo g  4p ^ + 2 , so  h ( - p )  ^ + 2 .  I t  i s  e a sy  to  ch eck  from

th e  Ordman t a b l e  t h a t  t h i s  l a s t  i n e q u a l i ty  h o ld s  f o r  a l l  p rim es up to

and in c lu d in g  40691 t h a t  a r e  c o n g ru e n t to  23 m odulo 24. T h e r e f o r e ,  we

have H -l < .48
/ 2X 3\S in c e  p > 983 and = 1 , th e  th e o ry  o f  r e p r e s e n ta t io n s

by q u a d r a t ic  form s im p lie s  t h a t  p (1 2 ,p )  = 1 2 .  H ence, e i t h e r

l.12>l> t r j  and [12>7>4li + 1j or [12>5> ^  and [12>u » + 2J
a re  re d u c e d . T hus, e i t h e r  ^ 7 7  o r  ^1"?" i s  an  e lem en t o f  0RD<Y> „3 48 48

We h a v e , th e n ,  H -l < ~ v h 1 anc* fo l lo w s .

F or ( i ) ,  p > 983 im p lie s  3 ^  H . T h is  to g e th e r  w i th  H -l <

y ie ld s  2 ^  H -l s  ^ 2 4  “ ^  = 8
*

(c ) Z eros o f  ^ ( t ) i n  H

In  th e  p re v io u s  s u b s e c t io n  we e x h ib i te d  a f u n c t io n  cp € <¥> w hich  

i s  n e v e r  z e ro  in  M „ T here  th e  sp ac e  <¥> c o rre sp o n d e d  to  a  prim e 

p w ith  p = 23(mod 2 4 ) .  I f  p = 3(mod 8 ) ,  on th e  o th e r  han d , we
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w i l l  show t h a t  no su ch  f u n c t io n  cp e x i s t s  in  th e  sp ace  <Y> . In  f a c t ,  

we w i l l  w r i t e  down e x p l i c i t l y  a s e t  o f  h ( - p )  p o in ts  in  31 t h a t  a re  

n o n -e q u iv a le n t  u n d e r Tq (p ) and a t  w h ich  each  f u n c t io n  i|i € Y i s  z e r o .

The b a s ic  argum ent u n d e r ly in g  th e  p ro o f  i s  due to  F r ic k e .

We r e c a l l  t h a t  f o r  p = 3(mod 4 ) ,  p > 3 , th e  t r a n s f o r m a t io n

- 1  *
R ; T —  d e te rm in e s  th e  a n a l y t i c  in v o lu t io n  R ; < T >  -» <RT> 1 on

pT

31 /F 0 (p ) o The f ix e d  p o in ts  o f  R a r e  p r e c i s e ly  th o s e  p o in ts  < t>

w here T = 7  H —  € 31 . F o r .  < T >  = <R T> i f  and o n ly  i f .  t  = VRt

d ^

f o r  some V = ^  ^  € r ^ ( p )  . But r ^ ( p ) R  has o rd e r  2 in  F q (p ) / F q (p )

so  t h a t  (VR)^ € T q (p ) . S in c e  (VR)^ f ix e s  T € 31 , (VR)^ i s  e l ­

l i p t i c  o r  th e  i d e n t i t y .  As an  e lem en t o f  T 1 a

<ra>2 -  & :  l y  :  a l )  •
2

I f  (VR) a s  an  e lem en t o f  T h as o rd e r  2 , th e n  by th e  g e n e ra l  th e o ry

2 2o f  e l l i p t i c  t r a n s f o r m a t io n s  we m ust have ( b p -  ad ) +  (c p -  ad ) = 0 ,
2

w hich  i s  im p o s s ib le .  S im i la r ly ,  i f  (VR) as  an  e lem en t o f  T has

2  2o rd e r  3 , th e n  ( b p -  ad ) + (c  p -  ad) = e w here e = +1 o r  - 1 .  But

ad = bcp + 1 , so p m ust d iv id e  e + 2 , w hich  i s  im p o s s ib le .  T h e re fo re ,
2

(VR) = e l  w here a g a in  e = +1 o r  - 1 .  I t  fo llo w s  t h a t  b = c ,  so

v = VbP 5) •

A s im p le  c a l c u l a t i o n  now shows th a t  T m ust e q u a l ~  H --- . We
<Vp

th u s  o b ta in  a  o n e - to -o n e  c o rre sp o n d e n c e

T = 7  +  ——  < ------>  V = if* j )  £  r'(p) w i t h  d >  0 .
d dTF ^  ^  o
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Fur th e rm o re , V d e te rm in e s  f  = [e a , 2ebp , ®dp] 3 w here

_ % , i f  a = d = 0 (mod 2 ) 
e -  [

1 3 o th e rw is e .

Then f  i s  a p r im i t i v e ,  p o s i t i v e - d e f i n i t e  form  and

f-p  , i f  a  = d = 0 (mod 2 ) ,  and 
D(f  ) = {

-4 p , o th e rw is e .

T h is  c o rre sp o n d e n c e  g e n e ra te s  a  1-1  c o rre sp o n d e n c e  betw een  e q u iv a le n t  

p o in ts  and p ro p e r ly  e q u iv a le n t  form s as  th e  fo llo w in g  p r o p o s i t io n  shows.

it
P r o p o s i t io n  1 : L e t F be th e  s e t  o f  p o in ts  o f  M /T q (p) t h a t  a re

*
f ix e d  by R . L e t 3  be th e  s e t  o f  e q u iv a le n c e  c la s s e s  o f  form s 

d e te rm in e d  by th e  form s f  w hich  s a t i s f y ;

(*) f  = [A, Bp, Dp] i s  p r im i t i v e ,  p o s i t i v e - d e f i n i t e ,  and

-p  , i f  B odd
D (f) = |

-4p  , i f  B even

Then

( i )  Every p r im i t i v e ,  p o s i t i v e - d e f i n i t e  form  o f  d is c r im in a n t  -p  o r

-4p  i s  e q u iv a le n t  to  a  form  s a t i s f y i n g  ( * ) .

( i i )  I f  f^  and f^  a r e  p ro p e r ly  e q u iv a le n t  and s a t i s f y  ( * ) ,  th e n

f j u  = f 2  f o r  some U € F q (p ) 3 w here ^ U i s  th e  tr a n s p o s e  o f  U .

( i i i )  F and 3  a r e  in  1-1  c o rre sp o n d e n c e .

P ro o f :  ( i )  I f  f  does n o t  s a t i s f y  (*) and f  = [A ,B,C] i s  p r im i t iv e

and p o s i t i v e - d e f i n i t e  w ith  D (f) = - p ,  th e n  f o r  some

x n -2C
m = ( 1 ) i r 1 ,

x 3  B

fM = [ f ( x 1 , x 3) ,  “X^p, Gp] 

s a t i s f i e s  (* ) .  S im i la r ly ,  i f  f  does n o t s a t i s f y  (*) and D (f) = -4 p ,
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th e n  f o r  some

x^ -C

M = (  )  € 1"  ,
X3 2

fM = [ f ( x l 9x 3> , -2 x 1 p ,C p]

s a t i s f i e s  ( * ) .

( i i )  L e t f 1 = [A1 ,B ;Lp ,C 1 p ] and f 2  = [A2 ,B 2 p 9 C2 p ] „ Say f ^ U  = f 2

w here U = ^  € T ' . Then = ^2 ^ )  im p lie s

A^ 2 H-pB^S +  CjpS2 = C2p .

But (A ^,p) = 1 , so  p d iv id e s  Y and U € Tq (p ) »

( i i i )  I f  < T >  € F , th e n

T b + i  ■ ~  • •  b '

i s  a  1 - 1  c o rre sp o n d e n c e  be tw een  f ix e d  p o in ts  in  & and e lem en ts  o f  ^ q (p )  

o f  th e  form  ^  j^), d > 0„ As rem arked  a b o v e , e ach  su ch  V d e te rm in e s

f  = [ e a ,  2 eb p , e d p ] , w hich  s a t i s f i e s  ( * ) .  I f  U € T q (p ) an<3 = U t,
- 1 - 1  tth e n  t d e te rm in e s  V- = UVRU R ,w h ich  c o rre sp o n d s  to  f  = f  U .

1 1 V

The above maps a r e  r e v e r s i b l e ,  so  t h a t  3* and F a r e  in  1 -1  c o r re s p o n ­

d e n c e . Hence ( i i i )  i s  p ro v e d .

C le a r ly ,  i f  d e te rm in e s  a  p o in t  o f  M /F q (p ) t h a t  i s  f ix e d

-  1  j  ifr ( t q) = 0  w here T 0  = d + ~^ r  and ^ ^ ^ *
dyp

F o r ,  Tq i s  f ix e d  by VR = d^R» so fcha t

* | < V  “  r *<VBTo) “ 1 * (T0) ”
1,VR * ^ 0  ‘  ^

by d e f i n i t i o n  o f  th e  " s t r o k e "  o p e r a t io n .  On th e  o th e r  han d , by (10) and

(17),

•k
by R , th e n
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+ | (V = -1 \|)*(V •
1 , VR

d
” ■'"J * (V  = ® i n s u re  t h a t  t ( TQ) = 0  , we r e q u i r e

th e  c o n d i t io n s  u n d e r w hich  ^ = - 1  0

Letnma: I f  p = 3 (mod 4 ) ,  p > 3S V = ^  € r ^ ( p )  w ith  d > 0 , th e n

= -1  i f ,  and o n ly  i f ,  d = 2 (mod 4) and p = 3 (mod 8 ) „

P r o o f :

N e c e s s i ty :  C le a r ly  d ^ 1 . F u r th e rm o re , d m ust be  e v en , s in c e  = 1

when d i s  odd . F o r , l e t  d = q .q „  . . .  q .  , w here each  q . i s  a prim e1 L 3 J

and th e  q .  a r e  n o t n e c e s s a r i l y  d i s t i n c t ,  e ach  q .  > 2 and r e l a t i v e l y  
J J

2  _ 2  
prim e to  p B Then ad -  b p = 1 im p lie s  -4 p  = (2bp) (mod d ) , so

= 1 • On th e  o th e r  han d ,

- n  0  ' n ^  ' n ^  • n 2 2 = ©3 J 3 3 3 3 3
s in c e  p = 3 (mod 4 ) .  T hus, = 1 i f  d i s  odd.

kT h e re fo re ,  we may assum e t h a t  d i s  e v en . L e t d = 2 D, k ^ 1,

k 2w here D i s  odd. S in ce  2 aD -  b p = 1 , th e  above argum ent a p p l ie d  

to  D in  p la c e  o f  d shows t h a t  = 1 . Then

2  i
k k k  ■

' l  “  $  ~ V?) ©  * < | )  ‘  (_1> 8 > 30  th a t  p s  3<m° ‘1 8 ) -

F i n a l l y ,  we show t h a t  4 does n o t d iv id e  d .  S in ce  c l e a r l y  = - 1 ,

th e  above p a ra g ra p h  shows t h a t  a  i s  a l s o  ev en . C o n se q u e n tly , i f  4

2  2  2w ere to  d iv id e  d , th e n  1 = ad - b p = -b  p = -3b (mod 8 ) would im ply 

2t h a t  b = 5(mod 8 ) ,  a  c o n t r a d i c t i o n .  H ence, d = 2 (mod 4) and n e c e s s i t y  

i s  p ro v e d .
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2

S u f f i c i e n c y ; L e t d = 2D w here D i s  odd . Then 1 = 2aD - b p  and 

th e  f i r s t  p a ra g ra p h  o f  th e  p ro o f  im ply  t h a t  1 = . S in ce

p = 3 (mod 8 ) ,  = = “ •*•> an<* t îe  Pr o °£ c o m p le te .

The above lemma a llo w s  us to  s t a t e ;

P r o p o s i t io n  2 ; I f  p = 3 (mod 8 ) and f  = [A ,Bp, Dp] i s  p r im i t iv e  and

B i  \p o s i t i v e - d e f i n i t e  w ith  d is c r im in a n t  - p ,  th e n ------------H----------) = 0  .
V2D 2lVp

*
P r o o f ; By th e  c o rre sp o n d e n c e  be tw een  p o in ts  f ix e d  u n d er R and fo rm s, 

we have
2A B-,

f = [A,Bp,Dp] - V - U  -  \  ‘ W  + —VBp 21V o 2ft/?

r  2 d  •
T hus, " l j  ^ (t q) = 0 . F u r th e rm o re , D i s  odd . O th e rw ise ,

1 = 4AD - B^p = -B^p = -3B^(mod 8 ) im p lie s  B^ = 5 (mod 8 ) ,  w hich  i s
2 d

im p o s s ib le .  H ence, by th e  lemma, = "1* so  ^ (T(p = ® *

But we have se e n  t h a t  e v e ry  p o s i t i v e - d e f i n i t e  form  o f  d is c r im in a n t  

-p  i s  p ro p e r ly  e q u iv a le n t  to  a  form  f  su ch  a s  in  th e  p re v io u s  p r o p o s i ­

t i o n ,  and n o n -e q u iv a le n t  form s c o rre sp o n d  to  n o n -e q u iv a le n t  p o i n t s .  We 

sum m arize o u r r e s u l t s :

Theorem : I f  p = 3 (mod 8 ) ,  p > 3 , th e n  each  € Y has a t  l e a s t  h ( - p )

n o n -e q u iv a le n t  p o in ts  f o r  w h ich  t  ( t q )  = 0* These a re  d e te rm in e d

B iby p r e c i s e ly  th o s e  p o in ts  t =  € B w here [A,Bp, Dp] i s  a
U 2 Dy/p

p o s i t i v e - d e f i n i t e  form  w ith  d is c r im in a n t  -p  .
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SECTION 5: TABLES

TABLE 1

p = 11 (mod 2 4 ) , 11 £ p ^  102 , 059; > dim V = + 2H+1

p H h (H +l)(H +2) 
2

dim V

28019 49 99 1275 1267

48179 64 129 2145 2137

58211 71 143 2628 2569

58379 71 143 2628 2576

63131 74 149 2850 2780

59219 76 153 3003 2621

70979 79 159 3240 3117

66491 82 165 3486 2936

78179 83 167 3570 3425

77171 84 169 3655 3385

84059 85 171 3741 3674

74051 87 175 3916 3261

85931 87 175 3916 3756

95651 90 181 4186 4167

97499 92 185 4371 4248

94331 93 187 4465 4118

96851 95 191 4656 4227

100019 96 193 4753 4361
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TABLE 2

p = 

p

1 1 (mod 

H

2 4 );

h

1 1  £  p  £ 971

dim<n> d im < n ',E > (H +l) (H+2) 
2

dim

1 1 0 1 1 2 1 2

59 1 3 3 4 3 6

83 1 3 3 4 3 7

107 1 3 3 4 3 8

131 2 5 6 7 6 1 1

179 2 5 6 7 6 13

227 2 5 6 7 6 15

251 3 7 1 0 1 1 1 0 18

347 2 5 6 7 6 2 0

419 4 9 15 16 15 27

443 2 5 6 7 6 24

467 3 7 1 0 1 1 1 0 27

491 4 9 15 16 15 30

563 4 9 15 16 15 33

587 3 7 1 0 1 1 1 0 32

659 5 1 1 2 1 2 2 2 1 39

683 2 5 6 7 6 34

827 3 7 1 0 1 1 1 0 42

947 2 5 6 7 6 45

971 7 15 36 36 56



TABLE 3

p s  1 9 (mod 2 4 ); 19 ^  p ^  907

p H h dim<¥¥> d im < n ^ E > (H +l)(H +2) 
2

dim 1

19 0 1 1 2 1 2

43 0 1 1 2 1 3

67 0 1 1 2 1 4

139 1 3 3 4 3 9

163 0 1 1 2 1 8

2 1 1 1 3 3 4 3 1 2

283 1 3 3 4 3 15

307 1 3 3 4 3 16

331 1 3 3 4 3 17

379 1 3 3 4 3 19

499 1 3 3 4 3 24

523 2 5 6 7 6 27

547 1 3 3 4 3 26

571 2 5 6 7 6 29

619 2 5 6 7 6 31

643 1 3 3 4 3 30

691 2 5 6 7 6 34

739 2 5 6 7 6 36

787 2 5 6 7 6 38

811 3 7 1 0 1 1 1 0 41

859 3 7 1 0 1 1 1 0 43

883 1 3 3 4 3 40

907 1 3 3 4 3 41



TA
BL

E 
4

p 3 23 (mod 2 4 ); 23 ^  p 719 

p H h dim <W > dim<KY,E>

* 23 1 3 3 3

* 47 2 5 5 5

* 71 3 7 7 7

*167 5 1 1 13 13

*191 6 13 15 15

*239 7 15 18 18

263 6 13 18 18

*311 9 19 23 23

359 9 19 25 25

383 8 17 25 25

431 1 0 2 1 29 29

479 1 2 25 33 33

503 1 0 2 1 32 32

599 1 2 25 38 38

647 1 1 23 39 39

719 15 31 46 46

N ote: i<» n o t a  W e ie r s tr a s s  p o in t

(H+l) (H+2) „  _* ____dim V g gaps
A " ___ _____ ____________

3 3 0 ------ —

6 5 0

1 0 7 0

2 1 13 2 1 , 2

28 15 2 1 , 2

36 18 3 1 ,2 ,3

28 18 5 1 , 2 , 3 , 4 , 6

55 23 4 1 , 2 ,3 ,4

55 25 6 1 , 2 , 3 , 4 , 5 , 8

45 25 8 1 , 2 , .» « ,7 ,11

6 6 29 8 1 , 2 , . . . , 6 , 8 ,;

91 33 8 1 , 2 , . . . , 7 , 9

6 6 32 1 1 1 , 2 , . . . , 9 , 1 1

91 38 13 1 , 2 , . . . , 9 , 1 1

78 39 16 1 , . . . , 1 2 , 1 4 ,

136 46 15 1 , . . . , 1 1 ,1 3 ,



- 5 4 -

p = 

p

7 (mod 2 4 ); 

H

ftVI

XABJUU

£ 367 

dim<yy>

o

dim<¥Y,E> (H +l) (H+2) 
2

dim

7 0 1 1 1 1 1

31 1 3 3 3 3 3

79 2 5 6 6 6 6

103 2 5 6 7 6 7

127 2 5 6 7 6 8

151 3 7 1 0 1 0 1 0 1 0

199 4 9 13 13 15 13

223 3 7 1 0 1 1 1 0 13

271 5 1 1 17 17 2 1 17

367 4 9 15 16 15 2 0
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