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"‘How ilong do you live?' sald the Sirian.
'‘Oh, a very short time, ' replied the little man of Saturn.

'That is just as with us, ' sald the Sirlan, 'we always complain
how short. That must be a universal law of nature.'

‘Alas’ ' sald the Saturnian, 'we live for only five hundred great
revolutions of the sun.' (That comes to fifteen thousand years or
thereabouts, counting in our way.) 'You can readlly see that that is
dying almost at the moment we are born; our existence is a point,
our duration an instant, our globe an atom.'..."

Voltaire
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Introduction

The channeling of heavy ions in single thin crystals has received
much attention in recent years. This effect deals with the penetration
of energetic particles along low index directions. Further, it manifests
itself in the attenuation of processes strongly dependent upon the impact
parameter of the incident ion relative to the atoms (cores) of the solid.
This lack of hard collisions is characteristic of channeling particles.

This should be contrasted with penetrations in random directions. The
characteristics of the processes are quite different in the two cases.
For example, the transmitted energy spectra for channeled particles has
a shoulder at the high energy end rather than being Gaussian as it is for
the random (normal) case.

In this thesis, we are interested in studying the internal states of
channeling atoms. Since channeling implies diminuation of hard collisions
we might expect the charge of the atom to be lower than normal. In par-
ticular, consider an electron proton pair channeling through a single crystal.
Imagine that the electronic density for an internal state of the pair decays
as the pair penetrates into the crystal. We can then attempt to calculate
the lifetime of states that live longest. Such a program which 15 attempted
in this thesis is described briefly below. We must remark, however, that
the spirit of this work is one of an exploratory study. This means that we
have been most interested in stating the problem, characterizing the impor-

tant processes and obtaining numerical results for simple models.



Chapter 1 discusses the main characteristics of channeling for heavy
ions. Some experimental results are discussed and the important concept
of a string potential is introduced.

Chapter 2 contains a derivation of the equation of motion for the 1 n-
ternal state of an electron proton pair. This essentially entails studying
the propagation of an arbitrary state in a subspace of the Hilbert space of
the solid states. The amplitude for the electron in this channeling space
is an average over a dense set of amplitudes for this subspace. The justi-
fication for this averaging is discussed at some length. Suffice it to say'
our average amplitude is shown to propagate according to a one body
Schroedinger equation with a complex potential (optical potential). It is
further shown that in an appropriate approximation states of maximum life-
time satisfy the equation.

Chapter 3 discusses in detall the various potential energy terms con-
tained in the one body Schroedinger equation. This entails, in part, a
study of the single particle excitation (of the solid) contributions to the
potential. Further collective effects are discussed and the polarization
potential for an electron gas is considered. Lastly, the rate of {ionization
of the incident pair is derived in an impulse approximation. This rate is
interpreted as being proportional to the imaginary part of the optical
potential.

Chapter 4 discusses the explicit detailed solution to the above dis-
cussed Schroedinger equation in a hydrogen basis for the channeling of

an electron and proton in sodium. Further, the concept of string potential



is applied. A self consistent procedure is outlined for this solution. The
calculation involves numerical double integration for the matrix elements
of the potentials and then numerical diagnolization of the Hamiltonian of
the Schroedinger equation i{s effected. At this point energy levels and
fonization rates have been obtained for long lived channeling hydrogen.
To obtain the lifetimes of the internal states we also need capture rates.

Chapter 5 discusses the formal theory of capture of an electron by a
proton from a sea of electrons. Some interesting formal results are obtained.
The problem of capture from valence bands in a metal is then discussed.
Finally, the capture of electrons from the sodium cores is derived in an
impact parameter treatment.

Chapter 6 concludes the thesis. The work of the previous chapters
is brought together and the numerical results are discussed. The particu-
lar computation techniques are briefly described. Finally, possible further
theoretical work is proposed as well as possible experiments.

A word about notation is tn order here. All equations are numbered
anew {n each section or subsection by which the chapters are divided.
However, figures and an occasional table is numbered consecutively
through the thesis. Equations in the same section as the text are referred
to by number, for example equation 6. Equations in sections outside the
immediate text are referred to by section followed by equation number in

parenthesis. So equation 6 in section 3.2.1 is written thus 3.2.1(6).
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Standard Dirac bra-ket notation {s used interchangeably with amplitude
notation, for example, |n> and tn(x). The constanth {s almost invariably

taken to be one although whether atomic unlts* are used depends upon the

context.
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Chapter 1
11 £f i le_Th

1.1 Introduction

Theoretical and experimental work on the motion of energetic charged
particles in matter has a long and distinguished history. The early work
which began with N. Bohr in 1912 and continues with Bethe, Fermi, Lamb
and Wigner, to mention a few researchers, concentrates on motion in ran-
dom media. For example, the slowing down (stopping) of fission fragments,
and the related question of capture and loss of electrons by lons, 1s a
problem that receives considerable attention in the 1940's. However,
whether the medium through which the particle penetrates i{s gaseous or
crystalline, the calculations themselves are independent of this difference
except for polarization effects in condensed meclla.‘r That is, the medium
is treated as randomly distributed with respect to the incident beam. To
put it more precisely, there is no correlation between the scatterings a
particle suffers in its motion through a gas or even a solid insofar as the
above calculations are concerned. The total cross section ts the sum of
cross sections for the scattering from each atomic site in the medium
each of which i{s treated as if the other centers did not exist.

2, the fact that particle motion in

Except for the papers of Starkl’
crystals can reveal anisotropic effects is not discovered until 1963 by

Robinson and Oen3 in a computer experiment. They show that charged

fActually for a beam penetrating a crystal in a random direction the
structure would reveal ttself in fluctuations about an average result.



12

particles can be guided along low index directions with low energy losses
and long penetrations relative to penetrations in random directions. This
work has been followed by much experimental and some theoretical work.
In this regard, the thecretical work of Llndhard4r should be mentioned. It
is not our wish here to discuss this recent history or go tnto the many
interesting ramifications. The reader should consult references 4,5 and 6
for the pertinent discussions and complete bibliographies. What we want
to make clear is that a crystal under certain conditions does not behave
as a gas with respect to the scattering of energetic particles. Further,
this reallzation marks a shift in both experiment and theory.

In this chapter, we wish to describe briefly (and with an eye towards
our own work) the basic properties of ion channeling. The reader should not
be mtisled by the brevity of the presentation into believing that the subject
is barren. On the contrary, it reveals a richness of phenomena that is
rather startling.

1.2 Some Experimental Results

Robinson and Oen3 at the Oak Ridge National Laboratories programmed
binary encounter trajectories for atoms moving in solids along low index
directions. Shown in Figures 1 are the projections of the motion of copper
atoms in copper for two incident directions. The figures reveal one of the
ma jor characteristics of channeling; that the penetrating particle moves in
regions of low electronic density. In Figure la, the particle 1s further
confined in remaining along one axis. The more general case is shown

in Figure 1b where transverse motion {wandering) between channels is
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possible. It should be noted that particles can also be confined to move
along low index planes. The latter motion is called planar channeling
to distinguish it from axial proper channeling in Figure la and axial
channaling shown in Flgure 1b.

In Figure 27 the transmitted energy spectra for 9 MeV protons pene-
trating in random and axial directions i{s shown. It is clear that a large
fraction (in fact approximately 80 percent) of the protons transmitted along
an axlal direction have a smaller than normal (random) energy loss. This
is shown again in Figure 337 for planar channeling. The curves marked
I and II are obtalned by subtracting out the non-channeled counts since
the beam transmitted along the 1,1, 1} planes contains both groups.
Curve ] corresponds to those channeling particles with higher than normal
energy loss and Curve II for lower than normal. In Figure 47 subsets [
and II of the set of channeled particles are shown labeled appropriately
high loss and low loss components respectively. This figure shows the
transmitted energy distributions for the low and high loss components as
a function of the angle of incidence of the beam relative to the planes
mentioned. Figure 3b also shows variations with inctdence angle. We
shall discuss these curves .nore fully in the next section. Finally, we
might point out that in Figures 2, 3, and 4 channeling characteristics are
displayed through transmission experiments. Equally compelling are
experiments which reveal anisotropy in say Rutherford back scattering,
nuclear reaction yields, blocking etc. The reader should consult 5 and

6 for these detalls.
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1.3 String Effect

In the next few sections we shall attempt to characterize further
particle channeling without giving a precise definition. The use of the
term string effect to denote channeling will become clear as we proceed,
Further, we shall assume that classical mechanics applies to the motion
of the penetrating particle. We shall return to its justification later. If
we attempt to understand the motion shown in say Figure 1 we might
conjecture that the explanation of channeling is a geometrical one. This,
however, i3 not correct. The angle of acceptance for motion through an
open channel is approximately 10_5 radians (for a thin crystal) which is
of the order of the incident beam divergence. Particles in the beam would
then be scattered out of the channel in this billiard ball model. This is
particularly convincing in playing a game of snooker. Rather, the expla-
nation lies in the steering of the particles by the atomic rows of the solid.
1.3.1 Steering and Correlation

In Figure 5, the motion of a channeled particle is shown. For simpli-
city we can assume that the plane of the figure is a symmetry plane of the
solid and that the particles velocity vector lies entirely in this plane.
Then the two dimensional motion shown would in fact be correct. The
particle shown is being gently guided along a low index direction through
interaction with the atomic rows. Their core density is shown by the cross
hatched circles. In the figure, y is the angle between the axis and the
momentum vector of the particle, when the particle is far from the atomic

sites. .f’ is the distance of closest approach. From the figure it ts
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clear that cormrelated motion favors larger impact parameters than random
motion would. Thus, the energy loss should be less for governed motion
since ifonization rates are strongly impact parameter dependent. The
higher energies of the emerging particles in channeling are shown in Fig-
ures 2 and 3. We must point out that Figure 5 is misleading in a few
respects. First, the motion is often not along a single axis but wandering
occurs around the atomic sites as is shown in Figure 1b. Second, a single
period in the channel {s of the order of a few hundred lattice spacing and
so appears as in Figure 6, Curve II.

1.3.2 Critical Angle

It is clear that the motion typified by Curve III in Figure 6 ensues
with increasing angle § between the momentum vector and crystal axis.
I..indh«:-:rd4 shows that for high energies* channeling exists if the following

inequality holds.

Here E is the particle's energy, Z1 and ZZ the particle and solid's atomic

numbers respectively, d the lattice spacing and C is a constant close to

unity. This criteria expresses the notion that for stable channeling to
+t

occur the transverse energy of motion E ¥ 2 must be less than the

potential barrier that confines the particle (lezez)/(d/Z) .

I,'Bnergies large relative to El .
v 1s at most a few degrees.
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potential .1‘:'1 V(I'Bl) and the averaging prescription would be
1% .
%’;V(r- () — j— JAB V(x-R)="V
-

where Z is the longitudinal component of R, i.e. along the string and
G expresses the average nature of the potential. In fact, this average
potential appears quite naturally in the impulse approximation for the
scattering ( in the colliston of a particle with momentum Mv with a

potential V.

4%
®= s 33 JdE V(W)

. -d 2 s
My: op V)

The condition for the averaging procedure is that the longitudinal
frequency of motion parallel to a string be large relative to the transverse
frequency of oscillation of the particle. That is, the particle should
sample many atomic sites without appreciable change in transverse position.
A crute estimate follows when we write

ol = v/ @
where v = v cos ¢ is the longitudinal velocity and d is the lattice spacing.

If we make an harmonic approximation to the transverse motion, then the
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effective spring constant follows from

Loy S =2zt ®

from which we obtain the transverse frequency.

Gpe da/ne [FEET.(2) @

where M is the particle's mass. Then
Wr oo oa.RéAet &
QO d.E

Equation 5 shows that w

is very much smaller than w_ for high energy

L

encounters. For example, for an MeV proton channeling in sodium we

T

find

6_‘3_1-4' lol *—O lbz
WL

This clearly implies that the particle samples many rows (of the order of

a few hundred) before any appreclable change in direction ensues. Lind-
hard4 obtains a stmilar result and notes that the criteria is independent

of the mass of the channeling particle depending only on the energy and
charge per unit length (Zle)/d of the solid. In fact, Ltndtw.u‘cl4 shows
further that we can make the approximation of averaging the potential when
¥ < ¢1 where *l is given by 1.3.2(1), that is channeling and the average
potential are not independent concepts.

1.3.4 Qther Important Parameters

In Figure 7, we show the results of a computer simulation quoted
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by (iiibsc:m8 for the penetration of 5 MeV protons in silicon along

(1,1,0) rows. What concerns us most in this figure is the period for
longitudinal motion and the distance of closest approach. We see that
the proton can maintain, for small angles relative to the axis, a distance
of closest approach of the order of a Bohr radius. Further, we see that
it samples a few hundred atoms in one transverse oscillation. We shall
return to these results directly (n the following chapter.

1.3.5 Classical or Quantum Description?

Earlier we mentioned that we would assume that the trajectory of the
incident charged particle would be described correctly by Newtonian
mechanics. To justify this we point out that a necessary condition for
classical mechanics to apply is that the potential experienced by the
particle vary slowly over the wave packet characterizing the particle.

If this were not true, the concept of classical particle would have no
meaning. For heavy particle channeling this condition is always met,
although for electrons in the KeV range quantum considerations begin to
take an importance. This Is so since the electron's wavelength becomes
of the order of the range of the potentials. Reference 4 shows also that
the above considerations are sufficient for classical mechanics to hold.
So the channeling of an MeV proton is strictly a classical phenomenon

and quantum calculations are unnecessary.



Fig. la
Projection of some {001) channel trajectoriss onto the (001)

surface of f,c.c. Cu l-keV Cu slowing dc:w\m.1

Fig. 1b

Projection of some {001) channel trajectories onto the (011)

surface of f.c.c. Cu, 1-keV Cu slowing dcwn.l

19



]

* NORMAL
a (un} PLANE
s {in} PLANE

as . e rY) “s MY} [T a9 )
proton ENErcy (MeV)

Fig. 2
Transmitted energy spectra for 9,0 MeV protons incident
parallel to {1113, {110% planes and in a normal direction

of a 25u thick germanium crystal. 7

20



¥ L

BEAM INCIDEMT PAaLLEL TO fird PLANE

I

MROTON EHERCY (V)

(a)

Fig. 3

21

MLAM u;ocm o T 1) FLaNE

ar -
PROTON ENEAGY (Me¥)

(v)

Energy spectra for 7.0 MeV protons transmitted

(a) parallel to {111} planes and,

) 0.14° to the [ 111} planes of a 33u thick

silicon crystal, 7



o
s

{im} PLANE

£
T

.o} PLANE

-
-

LOW LOSS -~ .-
COMPONENTS ~~_

o
N
T

FRACTION OF COUNTS IN ANOMALOUS COMPONENT
£
1
L]

-08 04 -0.2 0 02 cA o8 o8 W

ANGLE OF INCIDENCE TO PLANES (CEGREES)

Fig. 4
Fraction of high loss and low loss particles in the
transmitted energy distributions as a function of the
incidence angle for 2.8 MeV protons relative to

{111}, {1107, and {100} planes of a 33u thick

silicon crystal. 7

22



23

Plg. 5

Channeling in a Symmetry Plane

/‘*";‘\ N |
Fig. 6

Trajectories for Various Loss Compounds of Figs. 2 and 4



NCIOENT
BEAM
——r———
i ATOMS
T a3 W0 Mo a0 20 a0 %0 oo
—_— 'E'_'--.--..____ Py e 0.1* T e, N
e v Wl 4 ey RS
0.5° e, --._{-7"""}.-:" :_‘,; ------ i
Ve s rERIOD | (vi/vg,
(DEGREES) | (ANGSTROMS) | (ATOMS) |(PERCENT)
03 - - -
0.4 0.008 ar 087
03 0.037 30 0.8
02 0128 4T0 o.1e
0) 0 420 800 0.7
Fig. 7

Computer simulated trajectories of 5.0 MeV protons

incident on static {110) rows of silicon.

24



25

References

1. J. Stark, Phys. Z., 13, 973 (1912).

2., ]. Stark and G. Wendt, Ann. Phys. 38, 921 (1912).

3. M. T. Robinson and O. S. Oen, "Computer Studies of the Slowing
Down of Energetic Atoms in Crystals." Phys. Rev., 132, 2385 (1963).

4. J. Lindhard, "Influence of Crystal Lattice on Motion of Energetic
Charged Particles." Mat. Fys. Medd. Dan. Vid. Selsk. 34, No. 14
(1965).

5. W. M. Gibson, "Particle Channeling Using Small Accelerators."
Proceedings of the Conference on the Use of Small Accelerators for
Teaching and Research, Oak Ridge (1968),

6. §5. Datz, C. Erginsoy, G. Liebfried, and H. D. Lutz, "Motion of
Energetic Particles in Crystals." Ann. Rev. of Nuclear Science 17,
129 (1967).

7. B. R. Appleton, C. Erginsoy, and W. M. Gibson, "Channeling Effects
in the Energy Loss of 3-11 MeV Protons in Silicon and Germanium
Crystals." Phys. Rev. 161, 330 (1967).

8. W. M. Gibson in "Interaction of Energetic Charged Particles with Solids."

N.A.T.O. Advanced Study Institute Brookhaven Nat. Lab., 331 (1973).



26

Chapter 2

Equation of Motion for a Pair

2.1 Introduction

In the first chapter we showed that a proton in channeling through
a single thin crystal maintained a correlated motion with consequently
larger than normal impact parameters with the atoms of the solid. This
in turn led to a sharp attenuation of processes dependent on string colli~
slons. So a channeled proton will show an anonymously long range and
low energy loss .t Therefore, we ask the following question. Will the
motion of an electron relative to a proton in the channeling of a pair
show any correlation as regards their relative positions? To put it more
generally: wtll channeling atoms or ions reach charge equilibrium more
slowly than random penetrating ones, and moreover might they not show
smaller average charge states.

In this thesis, we intend to investigate this situation. We should
point out here that although much of the formalism that follows is quite
general we shall generally refer to the incident atom as an ‘tlectron-
proton pair", or "pair”, or atom. This choice of discussing the channeling
of hydrogen is not only conventient for conceptual purposes but is also
convenient for later computations. The emphasis on hydrogen clearly
removes from consideration more difficult internal structure problems for

the incident atom. Clearly, such problems would not elucidate the

— -—— - M ok B mw o e e A A M CEE o i O B TR R D S e mm o Ak R el i e e W T e e

t Again, relative to random incidence.
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basic aspects of atomic channeling. We should also look at this choice

of hydrogen and the approximations discussed in the next sections as a

first approximation. This point of view i3 similar to the one which con-
siders the static string model as being a first approximation to the channeling
of a proton, or the electron gas as being a first approximation for the
motions of the electrons in a solid. We therefore shall try, in this
exploratory investigation, to emphasize only those properties or attributes
which we consider of primary importance to the phenomena under discussion.
Further, we shall not hesitate at times to simplify or build models, so

long as those models bring into sharp relief the basic qualities of pair
channeling. At all times, the notion that this thesls is meant as an
exploratory investigation of the nature of atomic channeling should be kept
in mind.

In this chapter, we are primarily concerned with deriving an equation
of motion for the channeling of an electron-proton pair. In section 2, we
state the approximations we shall use subsequently. In section 3, we
discuss the concept of a channeling subspace of Hilbert space. Concomi-
tant with this, we discuss the use of appropriate projection operators and
the superposttion of quasi coherent quantum mechanical amplitudes.

In section 4, we derive a general equation for the propagation of a pair.
In sectlon 5, we derive a specific equation for the problem at hand.
What we ultimately obtatin is a pseudo Schroedinger equation for the time

development of the internal states of this pair. In section 6, we search
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for those states which have maximum lifetimes. A variational principal
for maximum probability is stated whose solutions are shown to be, to an
appropriate order in perturbation theory, nothing other than solutions to
the pseudo Schroedinger equation previously derived. An appendix on
blorthonormal sets is included for completeness.

2.2 Approximations

In the last chapter we observed that axial channeling has two com-
ponents; one called simply the channeled tons and the second called the
proper channeled {ons. These are shown respectively in Flgures 1b and
la In Chapter 1. For the proper channeled group, la, we see agaln that
the penetrating ion remalns confined to one axis of the crystal. We shall
concentrate on this group because of the stmplicity even though they are
a small portion of the total channeling population. We chose this group
since here the motion in the transverse plane remains particularly ordered.
For the non-proper channeled group the overlap between the channeling
pairs charge distribution and that of the atoms of the solid would approach
random behavior, insofar as transverse motion is concerned. We claim
that for non-proper channeled pairs the correlation in their respective
motions would approach that of a pair for random incidence. That is, we
expect that the ionization rate would approach that for random penetrations.

Our second approximation entalls replacing the protons dynamical
motion with a prescribed one. In fact, we shall assume that the proton
moves in a stratght line down the center of a channel as a first step in

the solution of the problem. We saw in the last chapter that a proton's
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motion {s characterized by very gradual transverse motion, the longitudi-
nal period being many hundreds of lattice spacings. It is clear that an
adlabatic approximation is quite valid here since the transverse frequency

of motion of the proton ts of the order

_ (2, 7%’ (1)
©r = \/H ot

Here M is the proton mass, Z, the proton charge, Z2 the core charge and

1

d the lattice spacing. The electron's motion about the nuclieus 1is of order

r 4

W = Z]z-__e__ @)
25k

where ao i1s the radius of the first Bohr orbit. For a proton-electron palir

the ratio becomes

%r ~ 4 \/zz(%gf \/’%_ (3)

and so mT<( w,. Therefore, we can prescribe the proton's motion, soive
for the electronic motion given this nuclear position, choose another
nuclear position, solve for the electronic motions and so forth, The
different motions are then tied together adiabatically. Clearly, such an

undertaking is rather formtdable. Rather, we consider, except for a brief

discusston later, only the straight line motion case. We are further
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assured that such a choice is reasonable by the fact that the proton can
maintain in some cases, a distance of closest approach of one atomic
radius. This was presented in the last chapter in Figure 7.

Our third approximation is that the lattice is rigid. This is really
a minor problem and is mentioned more for completeness than any other
reason. The motion of the lattice clearly will have an effect on the
coupling of the pair. However, phonon energles are of the order of a
fraction of a volt, Therefore, in single collisions we do not expect them
to excite internal states. Phenomenologically, the motion of the lattice
will be expressed by the size of the atomic cores, or better, by the range
of the potential set up by them. Further, the mean square fluctuations
(at STP) of the lattice would be a small fraction of the Thomas-Fermi
screening radius of the atoms of the solid. Finally, this smearing out of
the cores because of finite temperature effects can easily be incorporated
into our work if desired. We shall not concern ourselves with this point
any further.

In a later chapter, a fourth approximation will be made of averaging
the potenttial, set up by the atoms of the solid, along the longitudinal
direction. Such an average shall again be called a string potential. We
showed earlier that the longitudinal frequency of lattice sites experienced

by the incident pair is of the order,

C‘)L-‘: ZE (4>
Ml
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where E is the energy of the palr, while the electron's internal frequency

of motion about the nucleus is given by equation 3. Their ratio is then

4.)(. Qo R
-~ (a_ ) ‘/%(E/a}d,) ~ {0 &>

for an MeV pair., This implies that we can make a string potential approxi-
mation. The reason for this is that on an atomic scale the potential has a
high frequency component due to this longitudinal motion. Thus, the
electron tn a revolution samples only the average value. This is not the
same approximation that was made in the itast chapter. There, it was

shown that the string potential is an acceptable approximation in describing
the translational motion of an ion. Here it is shown that this approximation
is valid for a description of the internal states of motion also.

In the derivations in the following sections we shall make approxima-
tions 2 and 4 at appropriate places. That is, we shall explicitly state
when these are made so that the derivations can be expressed in their
most general form until then.

2.2.1 Description of Channeling Space

We wish to solve the equation

Jo2 -hus) fEuyt)=o

looking for correlation of the electron and proton. Above, A and S refer

to the incident electron and solid coordinates respectively. H(AIS) is
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the full Hamiltonian consisting of electron, solid and their interaction.

In order to make such a search for correlation possible we look for a
projection operator which projects the state ¢ (A,S,t) into such a subspace

of Hilbert space. This subspace of correlated motion of the pair shall be
referred to as '"channeling space.” This use of the words channeling

space should cause no confusion if we remember that space here does

not refer to Euclidian three space. Once we have found such an operator

we can obtain an equation for the part of the wave function in this channeling

space. To be more precise, we write

P+ Q=1 (1)

where P 1s a projection operator which projects the full wave function
onto that part of Hilbert space such that the pair is not decoupled. That
is, there will be excitations of the solid for which the electron will remain
in a quasi-stationary internal state as the pair channels through the solid.
These states of the solid will be in P space. Furthermore, it is clear that
P must be defined self-consistently. The choice of P will affect the
lifetimes of the internal states and the lifetimes are used to select P.
For example, excitations with momentum transfer less than the momentum
of the electron in the first Bohr orbit will be contained in P space. So we
expect that the projection operator and thus the potentials will depend
upon such a parameter.

Exactly: P is defined as projecting onto that part of Hilbert space

of the solid in which the pair remain in a quasi-stationary state of long
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lifetime. These states of long lifetime are amplitudes in P space.
2.3.2 Choice of Projection Operator

Although we shall not need an explicit form for P at the moment, it
will lend some concreteness to the future discussions if we display P
and give some of (ts properties now.

What we are, in fact, interested in is P 4 since this is the wave
function in channeling space. This has the form

PE = 1% 40T, (s) &

ne &

where Un ls a solid state state satisfying the equation

H(S) U (8) = v_U _(S)

and H(S) is the non-interaction solid Hamiltonian and Vo the energy of
state nT. *n are expansion coefficlents and C is a dense set of excita-
tions of the solid which comprises channeling space. The reason the

set of excitations is dense is not hard to understand. Each atom of the
crystal has a continuum of excitations to contribute to channeling space
and they can be taken in all possible combinations. Physically, C con-
tains small energy and momentum transfers between the pair and the solid.
We must point out that a solid state of small energy and momentum trans-
fer need not be in channeling space. The reason for this is that multiple
collistons can lead to decoupling of the pair each collision comprising

?We might consider the solid at absolute zero to start with. Then any
excitation is then a result of a collision.
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small exchanges. It is even possible for decoupling to occur in multiple
collisions with the total exchanges small. On the other hand, we expect
the primary lonization process to be hard single collisions. These colli-
sions will definitely be contained in Q space. In fact, we shall see that
the multiple soft collisions will affect the form of the internal states of the
channeling pair. That is, they will be contained within a string potential
experienced by the pair. Since our set of excitations is dense we make

the following Ansatz:

PE ~ FUt) 2 Vycs)
X nec

We have assumed that the tn(A,t) are essentlally independent of n and
have taken them out of the sum. Wae are claiming that we need make no
distinction between the many excitations in this space and can replace
the various amplitudes by an average one. That ¥(A,t) is an average
state can be seen by equating 2 and 3 and projecting onto all of P space.

We get

@A) = # 21 4, (At)
NeC

where N is the number of excitations in P space.

Qur projection operator now follows simply by inspection.

P- L L L) 10, )<V |

e mec
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Then we see that

P = ﬁ 2, U, E,‘ (U, & ),

Hee €C

whereby { )}, we mean the coordinate A is not integrated over.

A

Identifying (Um. ¥v), with tm(A,t) we see that 6 becomes identical with 3.

A

Further, our operator P is a projection operator since

.E+= L7, IUM><UH’= i
N hw

P L 21 2 1U,> <Dy, Unt? <Vl
NZ. hn! e’

= e (L5 10w><uul ) 23

b= ’b 20 Z|| D> <Uul= B

HGC. mec

2.3.3 Addition of Amplitudes

In the last section we replaced the many amplitudes in channeling
space by an average amplitude given explicitly by equation 2.3. 2(4).
What we are doing is neglecting fluctuations which we argue should be

negligible here.
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This approach is similar to the one used to describe nuclear resonance
scatteringl . There, instead of a dense set of excitations there exists a
set of overlapping resonances. The prescription adopted is to replace the

scattering amplitude by an average amplitude

<F>= A_LE §¥CE)dE (o

where AE {s a narrow energy range covering many resonances. The difference
then between the average cross section and the one predicted by equation

1l 1is

<$2>— [kF0)F (2)

and this should be small if the fluctuations are small.

We argue that, in our case, such an addition in amplitudes is not
entirely incorrect. We follow reference 2 in stating that quasi-elastic
scattering of the pair is not necessarlly incoherent with the incident
wave, and then amplitudes may be added. Suppose that our incident
electron suffers a collision with energy change ae and then suffers a
second collision in time d/V, where again d is the lattice spacing and

V 1s the incident pair's velocity. If the condition

aec hv
cl

is satisfied then the energy uncertainty of the scattered wave encompasses
the range of incoherence A¢ and amplitudes for processes in this range can

be added. Further, this inequality is exactly the one derived for the use
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of an average potential.

So our addition of amplitudes is consistent with our describing
channeling in the standard way. What we are doing is smearing out
the fluctuations in both the medium (as experienced by the patr) in the
longitudinal direction and concurrently the fluctuations in the amplitudes
of the atom. We might say that our electron is belng scattered and
rescattered but that if our pair is in channeling space we associate all
these waves with the same state of the atom*.

What we are ultimately interested in is the average charge at some
point in the channel

<p>= Zi 1@t | @)

heC

integrated over an appropriate portion of phase space. What we shall

obtain from our average state is the distribution

Y= -elfu) | (5>

These differ by the amount

P-ce>= -£ 2\ 4[',,,* 4.
N ntwy

where the sum is restricted to channeling space. For randomly varying

phases and large N we claim that this term can be dropped. The closer

——— —— " W e e — —— — " — "

irOf course, this atom might have a further set of quantized internal states.
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In order for the amplitudes we are adding to be incoherent we must,
in principal, be able to measure (1.e. distinguish between) either the
states of excitation of the solid or of the palr. New palr excitations of
the order of mez/h are not distinguishable. They are contained within
uncertainties in the internal states of the pair. For the solid the conse-
quent excitations will generally be local in nature with short lifetimes

and therefore large energy uncertainties.

3.4 Equation of Motion

To find the motion of the pair we want to project the Schroedinger
equation onto channeling space. To do this we begin with the full many

body problem with Hamiltonian

H = H(A) + H(S) + V(A,S) (1)

where again the {ree atom, free solid and atom solid interaction appear

respectively.

We now let P be a projection onto channeling space and Q its ortho-
gonal complement*. We look for an equation for P¥(A,S,t) where ¥(A,S,t)

satisfles

("J% - H ) 4 (45t) =0 (2)

* In this section we don't use the explicit representation of P,
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We can rewrite this as

(e -# NP+a) E=o (3

and project onto P to get
. —
@ _ = PHQE
PLg-H)PE = PHQ

We use the fact that P is time independent to write the above equation as
(¢ 2 _y )&y = Hog € @)
It PP P a xXgQ

with the obvious definitions

Similarly, if we project equation 3 onto Q space we get
9 €
("5@”“&6\ )/EQ = ”Q'p Erp

We want to solve the coupled equations 4 and 5 for the time development

of + p under the initial conditions

¥ (0 = ¥g

tQ(O) =0
We define the Laplace transform (one-sided Fourier transform)



Te)= X(E) = jc'-“@a)dt (@>

with the inversion

FH= L’dE e~IEt fiz)

where £ 1s a contour above all the poles of £ () in the complex E plane
as 1s shown in Figure 8. Now we can Laplace transform equations 4 and

5 using the following result

2ig®)= f Jeist 220 o
L CEt * ) oLE
= 2'"; {% (e ?Ilt)]-ta%e *-’Et&)j&ff
=L " ikt
=t 4+ & ;YE e 5 gyt

») o
J(L%‘I)- ﬁ%) +E flg)

where the condition that etEt ¥ (t)+ 0 as t+e was used. So we obtain for

the Laplace transforms of 4
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L€ -Hpp 1% ()= Hpq gQCE)+2%_sIo

and 5

(E-Uaq 1 4 (E)= Hgp Ep(E)

where the initial conditions on tp and ¥ have been used. We can now

Q

invert the latter equation

H
. Top
(E) = = ¥ _(E)
E-Hhg P

o

and substitute into the former to obtain

lE-H S H@= £ &, @
where
U= Moy + e 2l @
E-Haa

If we solve 8 for tp and substitute {nto 7 we have solved our problem
formally. In 7 the contour £ can be distorted so that it lies just above

the real axis of E space. That is, the replacement,

E — E+€7 (ln >0 )
is valid with the new E being real. To prove this we shall show that if
the imaginary part of E is greater than zero then the poles of tp(E) lie
below the real E axis and if the imaginary part of E is greater than zero

the poles of tp(E) lie above the real axis. But the poles of #p(E) must
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lie below the contour £ and this will be satisfied for the contour distorted
down onto the real E axis from above.

To prove the contention we must show that Im( Bm) has opposite sign
to Im( E), where Im(Bm) means the imaginary part of Em which is a pole of

ip( E) and satisfies

{E“‘l“ 4},((_5)} Gt CE)=0 (o>

In this equation ¥ is the Hamiltonlan of equation 9 and is non-hermitian.
This statement shall be proved later., We want to point out that the

solutions of 10 and

{E:_'j.{_"'}é’;'—:o (10a)

form a biorthonormal set of states, We review their properties in Appendix
A of this chapter. We shall need the properties

A

(Q”)Ceyu):(cpﬂgé;)'_'&lh

1= 2/ (6. D<@, | = 5.‘1@»(@ |
m

Using the orthonormal set ws. a solution of

(& - Haa )We=o0

in equation 10 we get
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( Ey - H?? ”‘P&"‘é}fg] Hap )@h (E) = o

a*
We then multiply by jd3A d3Scp {E) to get

B ()02 - <R, yHpp @) - ZI o Hpg s > <5, Hap B =0 (1)

E-&
Since
C@u,Hpg s D= <P&,HRWsD>
= @‘OSJHPQH>*
<) Hpa Wg > = <Oy, Haw @, > (iza>

O > = [Padiy jo, Pap (20

We obtain on using 12a in 11 and then subtracting the complex conjugate

equation

(BB ) &= Zil Oyl a>F § 85 g o

:cL(E.)Q,@..»Z.'I@..,unapll{(-_%&{:f_ﬁ) }
$ Be(E) -5 )+ TgCe)



With equation 12b we conclude from the above that Im( Em) has opposite

sign of Im( E). Therefore 8 and 9 are written with E replaced by E +1T,

E - if) = b !
(& -A)%Ep (E+iv) zr![" (4

A= H?-p + Hyq 4 Hap q'
E‘h')’__HQQ

This Hamiltonian breaks naturally into P and Q space parts. The first

term in 9' represents an average static Hamiltonian describing processes
in P space only. The second term represents transitions from P space

into Q space, propagation in Q space and then transition back tnto P
space. This term Is non-local in space and is also complex, its imaginary
part describing loss of flux from P space. The loss of flux from P space

is related to the fact that the imaginary part of the Hamiltonian is negative

deﬁnlte‘r. From the Dirac relation

\ P :
—_— — ——— e lTl'S(x
Xti& x 1 )

we obtain from 9'

Tw H= -T Hpg S(E-Han) Hap

e W R e R S W M W MR W e e e e —————— -

T'l‘hts relationship 1s shown explicitly later.
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If we take the expectation value in any state %(A ,S) we get

D Hy = —T f" <K, Hpg s > <, Hap x> 8(E-£)

= "'Tr%; l(“)HPQ‘og >IZ Q(E-fs)_‘.: O

The loss of flux is interpreted as the decay of the internal state of the
pair in going down a channel.

2.5 Equation of Motion for the Average Amplitude

It 1s clear that the equations derived in the last section are indepen-
dent of the form of the projection operator. We now want to use these
equations to obtain an equation of motion for the average amplitude and

therefore remove the solid coordinates from the equation. Specifically,

P East)= ). );'.' Un(5)

and so it follows from 2.4(6) that the Laplace transform becomes

Pemser= E4E) 2! Ous)

We also need the result

< 4 E" Unts), Zi Ups) 2 = 1 (2)
N mec nec



First we rewrite 2.4(8') as

X ) 3
E-H-4 X H)PFE)=L (3>
R(E-H-H o #) =%
Then we project onto P space, -I:IE.. U (S) . in equation 3 using 1 and 2
to obtain mul:
{E-i 2/, WL - {LICBHE Hm>}s£a,s.) Ldw
nec E-Haa
where
o (EE
S?CA)E)=;'" jo& e TA,t) Ga>
o
T )= fng e &% gu,E) G b

If we write as before
H = H(A) + H(S) + V(AIS)
H(S)Un(S) = Vn Un(S)
equation 4 becomes

gCE- 2 vy )-Ha) - L ﬁfm“m“‘)} T@, E )

hec

N Niuec

_ 17 fcﬁA’ (U,.v--%\; 0. ’EEWE)= L 3?(.4) (G)
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First note that this equation only contains the atomic coordinates
the solids having been projected out. The first term on the left hand
side of this equation is the energy of the pair in channeling space; the
total energy less the average energy of excitations in channeling space.
The second term is simply the free space Hamiltonian. The third term is
the average static interaction in P space. This term in effect represents
the solid frozen in one of its P state excitations and then averaged over
all of P space. The atom interacts with the solid through this term as if
the solld were incapable of dynamical response. If this were all there
were many body problem would be simple. The rub is in the last term.
It contains most of the dynamics of the problem by describing the coupling
between channeling and non-channeling space. The coupling is accomp-
lished through the interaction V(A,S) in the fourth term of equation 6. The
operator is shown explicitly in its non-local form. It averages all transi-
tion, both real and virtual, out of channeling space, its imaginary part
representing real transitions.

We shall generally write (6) in the form

(E- 418 =G ™

with
! Jd? 4 vy
e -3 ) ZFAUEL (30

and we have made the replacement



!
E-#évp‘-—) E

2.6 States of Maximum Lifetime

In these sections we find an equation for the state to that lives

longest.

2.6.1 Variational Principle

First we look at the evolution of an arbitrary state *o by inverting
equation 2.5(7a)
A
( Zﬂ_) Ho
E -

4 (4, Etiy) =

and then use the blorthonormal set m of

ZEM”'H-} &, =0
{Euf -4{"’3‘?& =0

T(Ec ) = Z,’(%n) dp&q;ﬁo) (&l
1 " __E—E“- —
1

Substituting this into 2. 5(5a) we find
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?ICM) j';E Q-‘E'b Z (%ﬂ) (@*}%>%
E-E.‘-u:b]

!‘E(Aﬁ;)_—: %: e-l‘Emtaquaq Q>

Qn& ((é\m)i_o> )

In the second line we closed the contour in the lower half of the E plane.
We assumed that the integrand fell off properly at infinity and has no
singularities in the lower half plane. If it has singularities the argument
that follows is not essentially changed.

We now ask the following question: Qut of all states *o that we
could prepare at t = 0, which one would survive longest? We want to
know what is the set of am which maximizes the probability at time t.
These sets correspond to highly correlated pairs and possibly binding
of the electron in the field of the proton. The time t here ts considered
a parameter, the transit time, and is fixed for a particular crystal being
L/V the ratio of the channel length to atom velocity. We shall find that
states of maximum lifetime will satisfy a Schroedinger equation which
depends upon this parameter. The eigenstates of this equation therefore

will also depend upon this parameter. However, except for very long
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times, our states of maximum lifetime are independent of this parameter.
This is shown explicitly in the next section.

To maximize the probability we write

b= Boltt)= J’d’% ) Efa.t)/ Je2a gHm oy @a0)

1 -~ - *,
b= IS g g

M'ec

a(m'm = jdzﬁ @:r @H«

N = 2,l mef gu. q/m'm
e

In going from the first to second line equation 1 was used. We now vary
equation 2 with respect to a - Since the real and ilmaginary parts of a_
are independent we can vary them separately. As is usual we prefer to

*
treat a and a as independent quantities and so we find

) . )= v '
28 L N2l BRI Np 218t |

Ba{/ N* n
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Setting this equal to zero which makes p stationary we obtain the equation
. *
b - (F“'-E :)i‘ )
2y e . =

or in abstract vector space since H# H+
(4t i Ht
et oMb gy g, ®

States of maximum probabllity (lifetime) are elgenstates of the probability
iH't -1Ht

operator e e which is an hermitian operator with a complete set

of states. The completeness follows from that fact that the elgenvalues

of p are bounded. The spectrum is contained between zero and unity. We

expect that the spectrum should look like Figure 9. The solution of equation

5 presents difficult mathematical problems. Since we consider this

equation intractable in its present form we shall simplify this equation

by showing that to an appropriate order in a pertubative expansion our

solutions satisfy

C-in A= e—f Et L

2.6.2 Perturbation Theory

We shall attempt to solve the equation for the probability p in powers
of the Interactions and the interaction times the transit time. This equa-

tion in terms of the eigenstates of ¥ was written in the last section as

' o B -E2H '
2 Cw R G = b 2 Quayy,, 264
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for the amplitude am, with
dmlmz 4@..")‘?.‘ > '?“'3

It might seem at first that such a perturbation expansion is incorrect here.
It might be argued that the internal energles are of the order of the inter-
action at best (possibly much smaller) and so perturbation theory breaks
down. This would be true for random penetrations. In the channel, how-
ever, the electron solid interaction can be a small fraction of its binding
energy. We shall see this explicitly in the numerical results in chapters
5 and 6.

We write 2.6.1(7a) in the form

H=U(A)+ VYV
Y.: '2{—f79"

Then the elgenstates that dlagnolize the operator ¥ to first order are

Y=t i Ywe g ®
w #f W) Wiy

with eigenvalue

= ! “.Clu.' (2)
) = W +Y + 21
¢ “-t""l‘u

The index 1 specifies the correspondence between ¢ and the unperturbed
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solution X, which satigfies

¢

H{A) X£= szz

and represents freely moving hydrogen. In 1 sz is the matrix element
between free hydrogen states, and the sum in 2 is taken over all states
not equal to the one of interest. In the event of degeneracy we need not
rewrite equations 1 and 2 but we can merely interpret them more generally.
In this case the index £ is interpreted not as specifying a state but rather
a subspace of energy Wl. Then Xl 1s the wave function in this subspace
being the correct linear combination that diagnolizes V. The sum 1s over

all subspaces with energy different than WL .

with this understanding we substitute 1 into 2. 6. 2(3) to get

d oy = <0, ) @ > = S, +(S..... + O(v?) (2

@\q = .1‘1‘."_‘. e (Vm.-, )+ o @)
i T w2 J4

QHH = i' gu‘h

Stnce V = U-i¥ we get on substituting this into 4

(ﬁl.m:.- R (—9“9,,,,,) (5>
Wi - Wiy
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The operator g is hermitian since

ﬁ:n = Wme —h_ (20 ?ﬂ"' )= @""' (-?LLE..)=65M

Using 3,4 and 5 in 2. 6. 2(4) we obtatn the equation for the amplitude

m of maximum lifetime

- -~
Lo (%) = 316, o G @) 00 )
in which we defined (remembering that our eigenvalues E are complex)

Epn=&y-ilhfe
‘Qmu"-' En"'Ebf

We now make a perturbative expansion for the level £ In powers of ¥

— 79 ()
an.-—d.’ +d.1 — ... == gb’c.'_a”(u_“__

3’ = d’cm“' ?-c(“ +

and substitute these expressions in 6. We then equate equal powers of

¥ to obtain the following:
Zero QOrder solutions
- ¢
gm.e (e ~ "‘*C")"-‘O

so form = 1

ﬁ’ea = 6'[!!{‘-
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First Order Solutions

Swe (‘hm) +02 (42- ) Zl Sre Bun (#(n E-IQ-...{)

for m=1 we get
a;e(l): ® &)

Using the fact that g is only off diagnal.

For m# £ we get

ai:) - (‘,’HQ (#{@J_ e-t‘ﬂeu. {’) ™)
( dpmco)_ d’em\

Second Order Solutions

Q@) (f“'(ﬁ)_ (o:) a (“ (U 9‘“4 37{(7)___. G(”ﬁn(é{: e—l.Quhl.f)

4 ): 1Sne bun o+ Z:Sne [avl,, %" -lﬂnui)

For m=14

- 4oL ”2: a’.f"(fh (42 o i) _[O(Vz)lc(ﬁ@ e 31(2“4)

We have on substituting 9 into this

ﬂ,e(zg__ Z:lﬁeu R ,(fh‘”— C""Quf)}z Co)
e #- 4.

To write our results out in full we remember that the coefficients an
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appeared in the expansion of ¥ P in

"I( = %I’On @,

T- 1070+ 2100 @, +
u#L

(1)

We choose a, so that *L is normalized to unity to order V. This is

(D _ o,

satisfied by setting aL Using 1 in the above with 9 we find

k3 /JQJ,"Z‘&(U: ‘&M)% + 21 "2 % (g C'“"zﬂf)
(' hi¢ —)‘" d,m &(o;

(IOa)

And using 7,8, and 9 we find

Q=424 2)4 1Yl [t 2y,
mee Moy 2 e 40 '

%" = e-Tyt Qe

These solutions have the following asymptotic property
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The last result follows from I"z %0 as ¥=0 and is proved below.

tH't _-1Ht
S0 the equation e e ¥ = p¥ which makes the probability an
extrenum yields wave functions and probabilities which have the property
that if the tmaginary part of the potential goes to zero the usual perturbed
stationary states are obtained. These states have infinite lifetimes since
p‘t = 1. However, if the imaginary part of the perturbation does not vanish
then the state decays at a rate given by the time derivative of 11b. If we
prepare a state given by lla it will live longer than other states but will
ultimately decay if the transit time {s made long enough, We notice that

these states of maximum lifetime satisfy, to lowest order, the equation

%%2 E‘Q @Q_ G2)
U= Hia)+ Y

So states of maximum lifetime satisfy a pseudo-Schroedinger equation
with complex potential. Although this ts not really a Schroedinger
equation we shall solve it to obtain our states of maximum lifetime.

Our contention that the zero order decay rate goes to zero with the
imaginary part of the potential follows directly from 12 by first projecting

A
onto @ to get
m

<) Qo D= Ey Sun

and then projecting the adjoint of 12 onto O

(@M)'}’L.*Cév):En* Smw
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and subtracting to get

Hiwn- At ) 1 Sww (En-EX)

Using H = H(A) + U-1¥ and setting m=n we find

-1 Vum) = (-iVan) =-1 1T

r:l"‘?vnn = .‘?((9:)()-@">

and so =0 as =0,

At thts point it would be worth our while to review what we have
shown. First we have found that the pair propagates tn the channel

according to

q = %; e-l‘E”'f; 01.1 ‘?.,

Qu= <@y )% >

and *o is an initially prepared state in the channel. The o, satisfy
(E,- Mo =0
where ¥ is a complex non-local Hamiltonian. We now look for which

to will give maximum probability at the end of the transit. This is shown

to be none other than ‘Dn if we only look at solutions to order V. Then
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Fliy= e~ EC 4,

or our states of maximum lifetime satisfy

(ﬁg-t- MH)€E =0 (12)

- 3 - ' - ‘
Ha He) L2} Vo, #ﬂetfdaqv_@_ By, G

We shall concentrate in the next few chapters on the explicit solution of

this equation.
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Appendix A
iortho a t

Consider an etgenvalue problem for the non-hermitian operator o

and its adjoint -£+

z ¢-.= /?, 4 (l)
;42::/4. $ ()
where |C+ ts defined by

LY, > = U, 32>

H
We prove first that in 2 p=A . Expand « 2% ina complete set of states

y of any hermitian operator

L= Zk:s; IJ;_> jrsds‘

oIt = L‘ &y fg:: ds |
s

(x)") Xs D> = S‘r-s

Then the adjoint of 1 and equation 2 become respectively
!
/%> (4 -A* 8= 0
! 2
Zi (MG~ A8 ) <%, dd=0
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Since the eigenvalues follow from

det | ot 'Jl"srs’*'o
det }ﬂgrs—fsf- )=0

* L
we conclude A =p. This does not necessarily imply that ¢=¢ .

A
Although the functions » do not form an orthonormal set, ¢ and @

do form a biorthonormal set
A (3
\/@n p) ?M > = SH"K. )

The proof follows from
(’{/n - x )(Pn =0
( /l': - 14) 6.., =0

A
by projecting the first equation onto tpm, the complex conjugate of the

second onto (P: and subtracting
(An- A=) <4 0. >0

So by proper choice of the coefficients of © and ©, we can further set
the normalization to one.

We assume without proof that our elgenstates are complete. This is

expressed by

A ”
4= {:’ 12> <@ )= 21 14,5 <@, |
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These sets appear not only in the solution of non-hermitian eigen-

value problems but also in the solution of generalized eigenvalue problems

A¥y = ABY

and appear tn describing non-orthogonal coordinate systems. For example,
the primitive vectors defining a crystal lattice and the reciprocal lattice

of wave number space form a biorthonormal set of vectors. This might be
more familiar to the reader under the heading contravariant and covartiant

components of a vector.
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Fig. 8

Contour for Laplace Inversion
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Spectrum of Probablility Operator
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Chapter 3
Potentials

3.1 Introduction

In the last chapter, we derived our basic pseudo-Schroedinger equation
2.6.2(12) with Hamlltonian given by equation 2.6.2(12a). Since the proton's
motion i3 fixed that Hamiltonian can be written

-3 i I
A U Rw) -1 2 V) L I B <iv@ v e
N nuec g c E-Hag f
-5
where R(t) (s the specified motion of the proton. The first term is the
free space Hamliltonian
2]
Hery Bi))= -4 7+ _ z2e2 C2)
vy =
|P-24) |

for an electron in the fleld of a moving proton. The second term in equa-

tion 1 is the interaction of the electron with the solid, averaged over the
excitations of channeling space. This Is the so-called state {nteraction
and is clearly hermitian and local in configuration space. In section 3.2
we discuss this potential averaged over free single particle excitations of
the solid. In section 3.3 we evaluate this potential for collective excita-
tions. The last term in 1 is a non-local potential which is non-hermitian,
and is interpreted as an ionization potential. In making this identification
we approximate this potential by a local imaginary one. That is, we assume
the real part has been absorbed into the static potential. The 1maglna::y

part representing real decoupling is calculated for a simple model in section

3.4. The set of potentials in 1 is sometimes referred to as the optical potential
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3.2 Static Potential (S§ingle Particle Excitations)

In the first part of this section we calculate the average static
potential over states of free particle excitations. We show that both the
ditagnol and off-diagnol terms are zero. In the second part we show that
the potential exists for a non-uniform distribution of charge in the channel,
and a phenomenclogical model for it its proposed.

3.2.1 Free Electron Approximation

We want to evaluate

]
o=k 21 Vau (7) “
AE min'ed
where VS stands for the static potential and Vm'm is the incident electron

solid interaction taken between states of excitation of the solid which are

contained in P space. NC is the number of excitations in P space. In the

free electron approximaticn

V= 2'!,' €z _ J (NeYe) dsr
J= | F-Fy | 121N

represents the interaction between the incident electron at ?and the

electrons of the solid located at ?j . The last term represents the inter-

action between the incident electron and a uniform background of charge.

N represents the number of electrons and »n the volume of the solid. We

10

shall evaluate 1 by expressing V in second quantized form

As is standard wave operators are introduced and they are conveniently
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expended in a complete set of states Q
":I—(K)-g- Zl' @(('X) (.'.,'
[

FHix)= ZL" @Hx) ¢t

where the wave operators satisfy the anti-commutation relations for form

fermions

Ty Hx)+ FHOTR)= Slx-xD

The amplitudes Ct' CI are operators which annihilate and create particles
in the state o, respectively. Further, we define the states t.ol so that they
form a complete orthonormal set. Then the above anti-commutation rule

yields for the annihilation and creation operators,

G CJ'*-I- Cf G = & (2)

all other pairs anti-commuting. Finally, the following prescription is
used for going from a discrete sum over N particles to a continuous

integral

I, F (havhike) —> jdx EHx)fox) A (x)
Parheles
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In our free particle case it is clearly advantageous to take the states

@, as free particle one and so

E(R)= Z e ” Xid &-“)(,
3o Ya

J

where ¢ and S take on the "values" up and down for the spin quantum num-

ber and coordinate respectively. Then

ZN - 3 e RP &) Gy Ce
= Py € b 0 VRe

where

V@)= €* jdla c-"ﬁ‘-"g"_ 41e >
& % K2p

Then we can write the potential as

BEe D e N V) @

We recognize that this expression contains the wave density operator,

—Z:C

CI'

Kek)o CE’)u‘
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that is, this operator creates density fluctuations with momentum 2 To
see this we note that this operator is the Fourler transform of the space

density

PR~ BROEX)

For on taking the transform of

4E(’£‘I’ )X

L

Ce2)= Z?'ﬂ CRior Cryor

we get

-I‘E"-’ = I
FIZ --.jd‘“ ¢ X F(?) élh'cn Ci}r& #hl

- +
‘DK_ %: CE:IZO'C?W

therefore
¥ =2, eg,
=Ch=2c
-E iK'= <1 LR ,..Cb,r
e <0
We then write 4 in terms of this density fluctuation operator

%1 e~ V) Bp N Vo)  ©)
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Further, we divide the average potential into diagnol and non-diagnol

parts

=4 31 2L 2 Y
Ys "hmlcmm+ N;gf»uh

We now proceed to calculate these separate parts in 6 using 5.
Diagnol Element: We now use the representation 5 in the first part of
equation 6 to obtain
DiAG ' o=l P ~ 1 ~ )
\é = L g' € vaR) J)<mlt} w D -N V), uiw)
Ne hcC neC
The only term in the 2 sum to survive s K=0., This is so since momentum

must be conserved between the electron gas and the incident electron.

Therefore,

WAG
\é = ;i {%O)Z: <M|Q‘*|H)-N‘V(o) Z,’-i }
ec Mee,

Now

<m [P D = Ega{ <l G (golm >

I

=N
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which follows from

-d
(Mlq':r Ci’r D = 4 if k, ¢ occupied

_ -+
= 0 if k, o not occupied

there being N such occupied single particle states for each state of

excitation m. Therefore,
(2L W S Y —

Non-diagnol Element: Here we shall evaluate the coupling between the

ground state | 0) and excitations of the form p-}; [0} . The ground state is,
of course, two filled fermi spheres of radii kP. The excited states are
coherent superposttions of electron hole pairs with definite momentum.
The state p-; |0} represents a momentum transfer of 3 to the electron gas
by the incident electron. Channeling space consists only of transfers of
momentum less than some maximum momentum, otherwise the electron is
fonized. This maximum momentum is of the order of the inverse first Bohr
radius. ©Qur choice of the above coherent superposition is consistent with
our addition of amplitudes in channeling space,

Using the representation 5 in the non-dlagnol part of 6 and applying

the above remarks we find

y

SUD:: 2 I: ‘;.zl'e-l.ZWV’EK) (Olf,z ﬂg' lo>

N pep, ®
~ N V(o) <o[o> } Cp



73

For K=0 the matrix element in 1 becomes

Mp., = <ol %, (8+-N) lo>

But

Bt o> = Z.' Cp} Cg;,. lo> =Z,' i 102 = N 10>

P:U' ?10"

where nko represents the distribution of momenta and spins in the ground

state. S0 we see

ME7=O= < of Po('l"'N) o> = o

In fact, Fot 10 ts the ground state agatn and this is not part of the sum

inl. We can now write 1 in the following form

AL

A gi 2/ eTRY Yy orel £3 10> 2

b
By conservation of momentum K = i’g in equation 2 and so

J. e-tPr V(P)<O]f; AFDYCE
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But

<oled filoy=J/ 5’; | e Gy G G 07 €0

Clearly we see in 4 that k=k' and o =¢' so

(OI P + + I - Zl ) -
L G lo2 E,'ﬁnko‘ (1 bﬂ'—r’}’ﬁ‘) &)
where at zero temperature

Nge = a(b;-hz)
(eng )= GCR*-RE )

where

QCX)H i X20 (Q')

= o X< o

We show in Appendix 3A that the sum in eguation 5 becomes

Fr)= Zf e (=W, ) = N(if L u) baky
= N o2k (M)
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Then 5 becomes

M= 2 2 6 vy

&
k
2 208 by ) S
K §PP) < ()]

It PM> sz then use of 7a In § ylelds

Stnce the fntegrals fn equations 9a and 9b are finite we find that

{
Vup-b._-%: 40 wLI% (19

This follows from the fact that N~a but NC~ nz. Notice also that the

integrals {n 9a and 9b are flnite for 140 and r4e. Therefore 10 holds

for all values of 1.

(l

5,02 Soand Fld

An important point to notice is that the vanishing of the non-dlagnel
part of the potential {s independent of the approximations made in the
last section, So we need only conslder the dlagnol tarm, This should not
be too surprising since the non-diagnol term in the static potenttal repre-
sents fluctuatlons about the average,

In a solid the electrons and background deviate from the uniform
average distribution of 3 free electron gas, In such a case our one electron

wave functions will take the form

e Bl

4
where yw(x) Is a so~called Bloch function and {s an eigenstate of a one
electron Hamlltontan, and represents the motion of this electron fn a

fixed lattice. With this chotce

N, i 2- 4 o
Dol g g ®
V(‘)P-\i\ . ( 42;

then

2L
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DM r v -y =Y } ] 4
L L 2 V(PRL) Juicd Cor o >t 21 BE
% NPRe | e W e ? ALAA

where ﬁt represents the position of the lattice sites with charge Zze.

I1f we neglect the small differences in the sum over excitations, i.e.

Lo <l G o o > N, <01 G 10, 10>

mel )
= N o o K=o ga )
=0 if K #o (4

Using 4 and 2 in equation 3 we get

Y I TR T
T2 R A A

”p(z’)= £ | 8 (2) )2 (55
L2 Pep,

Here n_ represents the local density distribution of electric charge. The
derivation of 5 is meant in a purely heuristic way. That is, we only mean
to point out that the static potential is basically the field set up by a
charge density of the solid, that density being an average one. At this

point, we are not interested in continuing the calculation of the potential.
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In fact, its further development from first principles is intractable. Also
the range of accuracy aimed at in this work does not necessitate a first

principles calculation. In fact, since our potential 5a looks rather harm-
less and shows no unusual characteristics, we shall replace it by one of

the standard interatomic potentials.

2 et p-AIV-R|

P IP-i]
This then represents the average static interaction between the electron
and solid.

This looks very much like a Bohr potential(”. However, we are
leaving the screening length X as a free parameter. For a Bohr potential
A would be chosen to be J1+(Z ) 273 in atomic units. There are many
phenomenological potentials to choose from and they are discussed at
length in reference 1. We have chosen this particular one for both con-
ceptual reasons and computational convenlience.

This choice of potential might be claimed to be poor in two respects.
First. one might argue rightly that a Bohr potential falis off too raptdly“) .
We have chosen A as a variable parameter because of this difficulty.
Secondly, one mtight also argue that pseudo potential calculations tmply
that the field at the origin is much weaker than equation 6 predicts. This
would be true if we were looking at the interaction between a valence

electron and a core of the solid. In that case the pseudo potential is

attenuated at the origin due to the neglect of exchange forces. That is,
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the Pauli principle keeps the valence electron in question away from the
electrons surrounding the nucleus. If exchange is neglected in the con-
struction of a potential experienced by that electron one should then
weaken the strength of that potential at the nucleus to accomodate this
effect. In our case, the incident electron has much higher energy than
the valence electrons. Therefore, exchange effects are negligible and
one need not attenuate the potential at the origin.

We should also point out that the screening of the Yukawa form in
equation 6 follows from the screening of the cores by the valence electrons.
That is, the gas of valence electrons in attempting to neutralize local
charge imbalances will screen out the fields of the cores on an atomtc
scale of length.

We have only attempted to make the transition from 5 to 6 plausible.
It is by no means necessary that 6 be used but rather it i{s consistent with
our picture of the interactions in channeling.

3.3.1 Electron Gas

In the last section we found the average potential energy experienced
by the incident electron for single particle excitations of the solid. How-
ever, there is also a collective regsponse which is manifested in plasma
oscillations of the electron gas of the solid. We are interested in these
sections in calculating this effect on the potential energy.

At first, we might argue the electron gas completely screens out the
field of the proton and so the incident electron cannot {n any real sense

be bound to the proton. This argument is based upon the fact that if
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a proton 18 placed at rest at some point in the solid the potential fileld,

¢ , around it is not coulombic but rather,
Q)= BiE2 o- ke ¥ 0’
b

where kTF is a constant of order unity in atomic units and Zl the charge
of the “proton.” This result was mentioned in the last section in reference
to the screening of the cores by the valence electrons and will be derived
later in this section. Suffice it to say. that 1 implies that the fleld is
screened out at a distance of the order of a Bohr radius.

However, in deriving equation 1, the proton is considered at rest.
While this is true for the cores of the solid it is not true for our incident
proton. In fact, the velocity of the proton becomes important when con-

sidering the effect of the screening by the electron gas. On intuttive

grounds we expect that if
\'4

—_— > l‘b_-b
then screening is not important. Here V is the velocity of the proton,
w_ the so-called plasma frequency is a number that characterizes the
relaxattion rate (of order one) and lD' the Debye length, a number charac-
tertzing the wavelength of an oscillation {(of order one). Equation 2
expresses the fact that during the time of one oscillation the proton
covers many wavelengths in its motion. That is, the plasma oscillations

are slow on the scale of linear motion and so the oscillations are
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essentially frozen. But it is these oscillations which lead to polarization
phenomena and screening. In fact, we shall show that the potential
field due to these oscillations goes inversely with V. Finally, we remark

that equation 2 implies V> >VF where 7, is the Fermi velocity.

F

In our case
< VE 10T (3>

while
4>
’U'F ~v o4
and so | Is satisfied for MeV channeling.

3.3.2 Maxwell Lorentz Equations

We consider the solid in the following limit. It consists of fixed
cores at their equilibrium positions plus essentlally free valence electrons.
Further, we smear the positive charged background so it is removed from
the problem except insofar as providing electrical neutrality. This
approximation i{s based upon two notions; first, that the distribution of
valence charge in a metal say, is essentially uniform and second, that
the nuclear motion i{s slowon the scale of electronic motion. This
model 1s called an electron gas and we now wish to describe this system
subject to a small disturbance. We must point out the discussions in the
rest of this section are not new. They are rather included for completeness.

References 3 through 7 inclusive should be consulted for more detalils.
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We begin our study by taking the Lorentz point of view in that we
write down separately Maxwell's equations in vacuum and the equations

of motion of the charges present. Maxwell's equations are

V.E=4ne +¢) ta)
7xE= -L 28 (>
C 2

VE= o (ted

VxE = 4 (31 T)+L9E (te>

Here E and 3 are the electric and magnetic flelds and fo and jo are the
external charge and current densities. The charges and currents of matter

-l
f and 1 are taken to satisfy the Vlasov equation

dosatangar o

where f(?.?. t) d3rd3v is the probability that an electron of the gas is between
-3 -

spatial positions .r. andr +d? and velocity positions v and 3+d3 at time t.

Further, v is the collision operator and the charges and currents are re-

lated to f through
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Jieyene —ne [ F07 70 L

Tert)= -ne [ $@w) # v

where n ts the average number of electrons per unit volume and the
smeared positive background is contatned in the term ne in f(-:*, t}. Lastly,
the coupling between the charges of matter and their fields E and B are

contained in the acceleration term of equation 2 by the relation
rd ="
X=-£ (E+ UxB )
2V C

We have chosed to describe the motion of the electron gas in a semi-
classical way by using equation 2 to describe the electronic motlo::m4
We say semi-classical since we shall take the equilibrium distribution
as betng a Fermi-Dirac one. For our purposes this is sufficient since
we will be concerned with the plasma oscillations. They contribute
undamped motion for wavelength larger than the Debye wavelength,
However, quantum mechanical considerations become important at small
wavelengths.

3.3.3 Dielectric Formulation (Linear Theory}

To obtain the equations of fields for matter we define the dielectric

tensor ¢, , from

14 _ 'L'
j)b (Fit)= J ‘wﬁgw GCJ' rr, t-4) EJ' (F, i)

-
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where D(?, t) is defined by
Derd)= Ecrp)+an [ T e)de
—%

We see that the auxiliary fleld D1 is related to the electric field Ej by

the non-local (space and time) linear operator e To understand this

i)°
relationship imagine an electric fleld incident on an atom. If tnertial
effects are important in the response of the atom then D does not follow
E but lags and GU becomes non-local in time (time dispersion). Also
suppose that in calculating the response of the atom the dipole approxi-
mation does not hold then |” becomes non-local in space (spatial dis-
persion), Using the relations between D and } the Maxwell equations

become
= t >
V. T~ am [ 7. 7o) di= e BL
-4
VXB = 4 L2 _4ry
‘gg{f")"*c ot _cIj

V-B=o0
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By charge conservation the first equation above becomes

5 - an J* 2P0 wrunipg )
- Jt'

We assume the condition

PP, t=-w) =0

which states that there is no net charge before the action of disturbances.

This can also be seen by assuming
JGCF’, ??) t=-o) = fo('v')

This condition then allows us to write the Maxwell equations in the form

VB 4n €, @)

OE - 4T Jo+L 9B (b
C ¢ It

\7:‘@'—"-0 (lc'>

VAE= -1 7 ()



86

In these equations all the polarization effects are contained in the vector
D {magnetic polarization also). We now assume homogeniety of space.
This is actually true for our electron gas but clearly an approximation if

the crystal lattice background is restored. Thus ¢ is defined by
:p,: ("'": )= fd&’ Jd?or’ é;;J (F"_?f) i--&’) EJ. (;:u}t:)a{y
-y

with the relationship between D and E given by

obi _ O
T

These relationships are now Fourler analyzed by expanding all functions as

’ﬁcpff): J\hd;';o) et '?"‘ot) d3kd(a

BG )= gy JBr At e BF-0t) £y

+4" ,j(,

Then the above relations become

D, (Rw) = € CIY) EJ' (R w)

“(0 PiRw) = -i @ E;(F,w) + 4“1 5 (Bw)

Eliminating the auxiliary function D we get

Ji (R2)= -2 (64 (@) - 85 E; (&)= 05 E;
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where ¢,, 1s the conductivity tensor.

1}
Now for an {sotropic system, which we assume, we may write

e CE’, = Sﬂ'-bl. ] /3 W '&' =24 W
€y (Riw) (8&; -k_'g)é (w)+ -tk-fuefe,)

That i{s, only two constants are needed to specify the tensor at '12 w, If

we had used the conventional formulation of Maxwell's equations, then
the dielectric tensor would have been a scalar called for example, .('12, w) .
But there would also be another scalar called, say, p(-l:. @) relating B and
a new vector H. For a further discussion of this point see reference 5 and
for the use of the latter formulation see reference 6. In either case, if one
gives two functions of k and w relating the appropriate flelds and one also
gives the external sources then the motion of the system can be solved.

In our case, the information on ¢,, will be provided by the Vlasov equation.

i)
3.3.4 Solution of the Vlasov Equation

In order to obtaln a closed expression for the dielectric tensor, we
need the induced current. If we turn to the Vlasov equation to supply
the answer we find that we need the electric and magnetic fields. But to
find these we need to solve the Maxwell equations and so need the in-
duced currents. So we are faced with a self-consistent problem. If we
linearize the Vlasov equation and solve it self-consistently with the
Maxwell equations, we shall find the dielectric tensor in terms of the
system properties only. That is, it will be independent of the external

sources. What follows will be valid only in this linear response limit,
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Our discussion here follows Lindhard4.

We write

.70(7",17){)-‘: J;Cv)+gc|.‘:’,v",t)

and assume g 13 small relative to the equilibrium distribution fo. We
also assume a relaxation time approximation, that is v is a small constant
collision frequency. We finally linearize the Vlasov equation and find

for g

O — - -
3—? '+U'Vr3-"-s~ CE'#‘Z'_T,(B)-ZJ.FO =-.)!J’ o

We have retained v to provide the proper boundary conditions, that is

that we obtain retarded solutions. In fact, the constant v provides the
following properties for the system: Ultimate return to equilibrium (entropy
increase), causality and energy dissipation.

We Fourler analyze equation 1 to obtain
-0 8060) +( R Py - B.g fy= -7
a 0 ¢

where the term proportional to B in equation 1 has been dropped since it
vanishes for an initial distribution that is isotropic in the velocity. The

above equation becomes on solving for g

80;,3,;;) = ~ie E Riw) Vy fpv)
“ B2V
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170~ Ne - N fo) v -Ne (4430 = -Ne {377ty

Tw@it)= -Ne [4.67 7,0) Ty

since

JJ)o('D') d3Y = |
I-g(v) rddy=0

So on Fourier analysis p and j become

$w )= -NejgfngJ d3
TR~ ~Ne[ 3(Buw,*) ¥ d¥v

Using 2 in the above we find

J[E’@)a be“'NJ' -"’dgu_
ﬁ’v-co-«v

or

\ . 1 (2
i CE',M)- E.%.'.‘ j (3& ) V; UJCﬁU' - EJ‘ (3D

E‘U‘- -V

89
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Using 3.3.3(1) in equation 3 we get

G,;J fEQ)::&j- ?ﬂ' (ie N(J‘%- %) 'D-‘. -DJ. (4)

R-to-i v

This resulit is true for a linear theory with space and time homogeneity.

If further we substitute 3. 3. 2(2) into equation 4 and left multiply the
k.k
resultant equation by —-1—‘1- we obtain

QKE«:)—-’?: dij c?Nij ) g}:ozrv 4 (sa)
it RN

and by ( gu - sz-) we obtain
k

Q€% B0y = =(3y- kbd & - zmcz JG: ?ﬁ’)(&d-ﬁ) U (s

v <~V

where we have used

E‘_.'_L_d‘ Gf-j = ¢4
1
(85— kiki) gj= o™

Finally, we write using 4 and 5a and 5b
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@< B (BRIE Sy (o
W Br-osy R

] < C%
etCE,co)= = @2. ) f'i?’b Qv)‘]&u @)
Fv-co—.v

with the plasma frequency defined by

2_ 4TNez
of = AN

3.3.5 Evaluation of the Dielectric Constants (semi-classically)

To evaluate the dielectric constants we need the equilibrium distri-
bution which we assume is a Fermi-Dirac distribution in the zero temperature
limtt. That is

far= 2 A% -v)
4o
where 'VF is the Fermi velocity a constant which depends upon the mass
density of the gas and is equal to the velocity of the most energetic
electron. Again, a is a step function which vanishes for negative argu-
ments and is unity for positive ones. The constant multiplying a is chosen

s0 that the distribution is normalized to cne. Since

o

3, = 4tr0,§ SCv-v% )

the longitudinal constant becomes
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By = “_Jg am jdv »? j" 5( ) "W:Pj_ ‘v;;

where € = cos(k-v)} and k is the z axis of £ space. Simplifying we get

€4R,w) = I+ _L T (& Vp0) @a)
T (o, 0= [dg _S° )
- ROE§~o-i Y
Similarly
E® (By)y = 1t ‘_‘iﬁ'zJ(k, Up ) Qs
W

{
J-(b,U'F,LO) = .'_f.!_g_._ ~ T (e, uw) (3b)
il | ﬁUp{-tJ—:v

3.3.6 Electron Proton Pair ip Medium

In this secticn we want to obtain a general expression for the
potential energy of an electron in the field of a proton embedded in a

medium. We begin with the Maxwell equations
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The homogeneous equations allow the introduction of the potentials A and

‘Pby —

Be VXA
—’

—;=-"‘ —-LQA'
E= Ve C 5t

The fields B and E are invariant under the gauge transformation
- -
Ao A4 TA

—> = -1 N
P> e e-p o

where A is arbitrary. This invariance allows us to choose the gauge
>
V- A =o
We now Fourier analyze the non-homogeneous Maxwell equations and

-
potentials to get in k, w coordinates

(* & E=ap
L Rx B = _jlw &
E-aqg- 2 EE
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with S —»
W= | BXA
- ke +wz

c

and the Coulomb gauge condition
? —»
ﬁ A =0
Using the fact that

& F=¢chEh+elEL

the non-homogeneous equations become

LExE = %;_%a(efg{_teﬁgt)

Introducing the potentials A and ¢ introduced before we get

i ke (-ikk) - arp @

ikx (1EXK) =4p k. (@(127) + q4"~Retlike) @

where we used

YL -
o= bt + 42
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with longitudinal and transverse sdgnifying parallel and perpendicular
to '12 respectively. Since charge conservation in 'l: w space is
iR -iof=o
we find
1
g"7{foe = wfy
which forces the last two terms in equation 2 to vanish. Then equations

1 and 2 become with the introduction of the Coulomb gauge condition

€K L2 @Ew) = 41 £ (B, ) Ga)

We now want to solve the set 3 for an electron proton pair penetrating
the electron gas whose properties are now contained in the two constants
cL and ctr‘ Since the electron's internal motion is slow relative to its linear
motion for an MeV pair we consider the case of a fixed dipole moving with

velocity V with coordinates shown in Figure 10. For this case the densities

E(@t)=e[z scrye) (7 vi-a)]
L(Fit)= eV [ 82 Ph) -5 (P-vt-a" )]

yield Fourier amplitudes
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h@a= & [2,50-B7) -~ T8 0k 77)]
d: CQ:CD)‘: V % G:w)

To obtain the potentials we invert equations 3.3.5(3) to get

Uy =4ne Leo-kV) (zl_e-:":&").__ @ (F0)+ (5o

13 €t iz
A&)= 4Ir ©
)=4r @ szs't:E"J - %) =22 G B (50
C_z

where

- ~
Va= V- &V 2
X2
By Fourier 's theorem we obtain for the spatial potentials

CF= 8 foath G-e kD) i PGvt)
ol ke €40k . v)

AGiuy= L (o Vo @ei®a) o chiEve)
= b ot ce @ RY)

We now evaluate the fields at the position of the electron. We also
subtract away the self field. A check on our procedure is that the poten-

tials should reduce to the well-known results for the free space limits
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‘z_. I, ‘tr_. 1. Since A i1s of order V/C relative to ¢ we shall only consider

the potential polarization field {n the following sections. The potential
at the electrons is
-
- =~ g
-—— — ‘ N
Ar= véd)-ﬁjpk Ze ka ~e J;f;g (- @
<1 ee mMWk: ‘€
Adding and subtracting the first term with ¢ . =1 unit yields from equation 3

@ (at electron) = e g Blrz t._ 1
:n-'.’cjzlab_'}?-_ +-?%ﬂf%(ae ')(ef") “

where the first term integrates to zle/a and the last term represents
corrections due to the presence of matter. This term vanishes in the
limit e L 1 and so equation 4 reduces to the correct value for vacuum. In
the next sections we find approximate values for the proton field in matter
in the limit of high and low velocity of translation.

In the next chapter we shall evaluate the potential due to matter, that
is the second term in equation 4, for the plasma oscillation contribution.
This 1s certainly a P space contribution, since it can act to distort the
internal state of the electron proton pair. To amplify this point we first
note that the dielectric constant contatns contributions for k>kD and

the system will

k<k where k. = Zw/)LD. For excitations with k>k

D’ D D
not support plasma oscillations since they will decay into single particle
excitations. These single particle excitations are Q space contributtons
to the potential and represent ionizations. They are taken up at the end

of this chapter. However, since they are single particle effects they are

treated as such rather than in the dielectric formulation. For k<kD there
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are both single particle excitatlions and plasma oscillations. These are
the P space contributions since they distort the internal state of the palr
rather than decouple it. The single particle aspect of this has already
been treated and so we are interested only in the plasma contribution to

the second term in equation 4.

3.3.7 Screening

Since we are no longer interested in the transverse response of the
system due to its V/C dependence we drop the superscript £ on the dielec-

tric constant. Using 3.3.6{2a)and (2 we find on integrating

60"'0):H%)z‘[1+§ il*&(%%:fj)mr@*)} WI<RE  a)

If we left
K= %F
rd
= 3
and

€=él+|‘€z_
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we get
L4 (2)  |a
61(b|¢)= HEE . (I-Hr. Bad
k2 [+ 1 -1
L ﬂ) (> )

A
€2lk2)= _‘er_ grr« <4
x| >4

k2
First we consider the case of a stationary proton in an electron gas.
By 3.3.6(3) the potential field ts given by
ifer
e(p)- g J’atek ¢
k* ek k)

Since the charge is stationary we need to substitute in the above expression

for ¢

€lko)= |+ kir
bz

This vlelds

Q)= € (3k e"“ i
2nz hq'k-rp r

which 1s a result referred to earlier.
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We now want to show that the field about a fast moving proton (V>?F)
ts not shielded as above. To consider the effect of the plasma mode
on the incident proton we note that the electron gas can support free
osclllations {(plasma oscillations) when
€(k, Wp)=0 (4>
This follows from the Maxwell equation for the potential ¢ with no external

sources

k2€ (Rw) @lej0)=0

This admits the two solutions
@=o E+0

the second solution being the source of density oscillations. We also
remark that if k< kD = mp/\lF then these oscillations are undamped as
can be seen from 3b with the knowledge that w ~wp. Since the modes
given by 4 can be excited by the incident proton, these modes will be
the plasma contribution to the potential field. Using 3 in 4 we obtain
an approximate expression for the plasma contribution to the dielectric

constant
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Ea

éP'ﬂS-M”' I~ 9‘22_40
i

W = Op +k* <v2> (56
2y - 3
cui> 3 U-Fz

If we substitute 5a into

= azz cfa L 2 o
for the proton's field and use

A= dpdk, by d,

W= bé\/
E'C_‘f= -E_L'az"" ‘?Eagc

with V as the Z axis we get

ec QQ}
Ceﬁ )"’ EV Sa”'ak J;(k@.) j kzyz

€ (Viutw), )

For both az>0 and az< 0 there is a contribution from the poles

(&)
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to the integral in 6, These give for az>0

0@y = e_jauz & JBolkd) g-kz o g jacd
5 zrbve(o,c.kv)

d fo <0
an raz

%
@ = E_l’.fdk % Jolbd) ol AR Ay
T3 ~2i kv €(0,<kv) x

The plasma mode contributes to 6 using 5

@C@:‘: O az >0

NCYERA] IQ£J&QD]’¢5L \*az't—q‘i ol G <o
LLE: eV @-q,wp(w-&ur-n-t)

and closlng the contour in the lower half @ plane

e@y= 26wp |dk k LGad o Wi
vV r (“2)*4ie S @P 4)¢ Geo

)= f_%‘_‘?? K—,(%E qo gw(_‘vﬁ @2) Yz bz <0

This result was first obtained by Rttchle7. The fact that the potential

blows up at a1=0 is the result of including oscillations with k greater

than kD in the last integral. Also the damping T} has been retained since

all real systems have some damping. We derived this to show the
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approximate nature of the potential and its dependence on V. It is clear
that for sufficiently large V as this contribution vanishes we are left with
a Coulomb field. We note that if we had calculated the induced charge
density by a similar fechnique we would have found that this charge is
confined to a cone behind the moving particle of half angle {?;;V-‘ .

See reference 7 for details. Again as V increases the cone narrows as the

proton outraces the induced plasma osclillations.

3.4 JIonization Potential

In this last section we derive an expression for the rate of lonization
of the incident atom. This rate is then related to the imaginary part of the
optical potential.

The ionization arises from a strong collision between the incident
electron and an electron of the solid. This collision is treated here in an
impulse approximation. By this we mean that both the incident and core
electrons wave functions are expanded in a Fourler series. Thus a free
electron free electron collision is considered for each of the respective
Fourier components. A differential cross section is then obtained and
then averaged over the respective momentum distributions given by the
previous Fourier expansions. For a complete discussion see for example
reference 8. The ionization cross section is taken as the sum of all cross
sections for momentum transfers greater than some minimum necessary for
fonization to occur (see below).

First we consider the scattering of two free particles of masses,

— -
and velocities v. and v_.. The subscript one refers to the electron

m,.m, 1 2
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of the incident pair and the subscript two refers to the electron of the

solid., Conservation of momentum states

-—p — =y - —r
MO+ W = Mg = U e T ¢
with
H'-" w’r"“‘?_
(2)
-

The primes refer to after the collision and Vg is the velocity of the center

of mass. We let

-3 —2 —
V= V) - 7{'27 3)
—3/ —n
= U -0y
then the momentum transferred to the incident electron is
= — —p
= m (N - )
Using 3 and 1 and then 4 and 1 we get
— - -
U= \/ﬂ + My
.—’ iy
U= i+ w2y
1™ =
80
- —y -
_F=/~¢(V""V ) (5a)
/L{ = MM

_Vl (5b)
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-5
Since the scattering is elastic, both particles being free, the vector V
-
is simply rotated to V' through an angle © with no change in length.

We argue that if
P> Pr

then the incident electron is fonized. The constant PI is given by

Pr_z
with Io the energy necessary to ionize the incident atom (lonization po-
tential}.

We need the cross section for a particular momentum transfer. The
differential cross section for a scattering through the angle © 1in the

center of mass frame for a particle of mass u and velocity V 1s given by8

e&

- 2
(&)= uv? ) S4Q ) @

This can be related to P since on using equation 5 we get
Pos ptVE WO 2u vy Cos @
P 2= 2 u2v* (s o)

M2V (8)

with
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0« P& 2MV

In using 8 in 7 we get

06) = buer)> 5}4 = 0(P)

Then
Oin= |99 [z S 6 T(6)d8
RangE
2 ue)z Hv
Caon= 2T SLAED* 74 p
Cuv)z vp 7 “pu
22y S+ _ 4L 5
Ty = 2T (0 J 2 4 B
Orony = 2met Lo L %
N v 2 I & (9a)
_ 2,2
EO = 52“4[ Hll2 V (9b)

M'?.
This procedure might seem crude but it is well lnmown11 to give re-
sults as good or better than much more elaborate calculations, At this point

we should integrate 9a over the velocity distributions v, and v, contained

in oI N through the relative velocity V. This would be in keeping with

(@]
the impulse approximation. However we assume that the translational

energy far exceeds the binding energies involved. Then the two electrons



107

can be treated as truly free. The incident electrons velocity is taken as

1 V i.e. only its translational part. The solid electron {s taken at rest

<4 <
"

0. This result is rigorous except for the inner electroti‘ in the core of

1]

2
the solid. The result 9 is the Thompson cross section.g Since the ioni-

zation d1/dt is related to the ionization cross section by

X
A1 e 10N

where ne is the electronic density of the scatterers, we find

d.;_rz ﬂtv 2”64 -L-_L i (10)
dt My V2 I, B

This ionization rate can be related to the imaginary part of the optical po-

tential u_, The Schroedinger equation we derived for the motion of the in-

I

cident electron in P space is
Jiff-Ha-Vs~i Vr [4FH) = an

where VI the imaginary part of the optical potential 18 now interpreted as
the lonization potential. If we multiply 11 by ¥ * and subtract the complex

conjugate equation after multiplying it by ¥ we get

(,%mr*waw* ¢

If we then integrate this overall space we get

j‘i} [’Lva),t)lzoPr‘: —2I'J’"P" g_-(r)”'f’dsr (12)
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The left hand side is the rate of change of probability which is related to

the ionization rate by

d 2@y = -dI
e SKH By pra (13)

Then

‘;%T_QLJ’&}*(F}’{) \JL_(V)"HF";I‘) (14)

We shall return to these formulas after we have evaluated the ionization

potential Io for channeling pairs.
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Appendix 3A

In this appendix we want to calculate

F(P = Z:‘ n - 2 - L 1
) 2 e (Frgr) (:;:L“c})3 fd’k Qhg-k2) QTR )E k2 )

with a(x) defined by 3.2.1 (8).

The integral above is the shaded area in Figure Al

MR
\\\\‘\

FIGURE Al

Suppose p < ka then the spheres in Al overlap. The second step function

al (p+k)2-kF2) demands that a lower limit on

Fat A
Coso= V= RP

be given by

‘BZ’: Riypty 24k Y,
VL=‘ b; - kZ-Pl
2kP

This can be understood with the aid of Figure A2, For given k the variable

8 must be such that the tip of the vector k lies only in the shaded portion.

Therefore it can only sweep through the angle BL in Figure A2 (b)
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(a)

so we get
L
Fe)= 2 gy
20 |~ kE - k’-P‘) E-kt
- @n-)'l. jdk ..gl.[ -—'—2-'-;;— Qtp )

Ifp<s kF then the integration over k has the limits kF—p to kF' If
ZkF 2p = kP then the integral over k has the limits p-kF to kP. We can
now easily integrate the above equation and after some straight forward

algebra

el
Fp)e Gy PORE- 1 72) &)

For p 2 2k_. the two spheres separate in Figure Al and so

F

Hp)= 22 (4716s (2)
Q@r)3 ($7&)

Since N/2 electrons, with spin up say, satisfy

_N_:- Z'i = .g' - < 3
F
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Using 3 in 1 and 2 we find

F=n (FE-E L ) peal

= N ézlb’:
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4

&

&e)

7t

Fig. 10

Coordinates of Electron and Proton



10.

11,

113

References Chapter 3

I.M. Tortrens, "Interatomic Potentials"”, Academic Press, New York

- (972).

W_.A. Harrison, "Pseudopotentials in the Theory of Metals",
Benjamin, New York (1966).

D. Pines, "Elementary Excitations in Solids", Benjamin, New York
(1964).

J. Lindhard, Dan. Mat. Fys. Medd. 28, No. 8 {1954),.

A.A. Rukhadze and V,P, Silin, Soviet Phys. Usp. 4, 459 (1961).
L.D. Landau and E.M, Lifshitz, "Electrodynamics of Continuous
Media", Addigson-Wesley, Massachusetts (1360).

J. Neufeld and R,H. Ritchie, Phys, Rev, 398, 1632 (1955).

M.L. Goldberger and K,M, Watson, "Collision Theory", John
Wiley and Sons, (1964).

J.J. Thompson, Phil. Mag. 23, 449 (1912).

L.I. Schiff, "Quantum Mechanics", McGraw Hill Book Co., New

York (1368).

M. Gruyzinski, Phys. Rev. 115, 374 (1959),




114

Chapter 4
Solutions of the Equations of Motion

4.1 Introduction

In this chapter we are concemed with the explicit asolution
of the equation of motion for the electron. Our approach will be
to diagnolize the Hamiltonian of this equation with respect to a
basisg of gstates of a hydrogenic atom in free space.

First in section 2 we transform the equation of motion to
a frame of reference at rest with respect to th.e translating proton.
Then we discuss in some detall our method of golution. Section
3 contains an evaluation of the matrix elements of the static
potential. Finally section 4 consider the matrix elements of the
polarization potential.

We shall see that numerical techniques are necessary
for the diagnolization and in obtaining the matrix elements of
the static potential. A discussion of the details of the particular
numerical technigques used and the solutions themselves are deferred
until Chapter 6 where the results of Chapters 2 through 5 are
brought together.

4.2 Equation of Motion in the Protons Frame of Reference

Qur basic equation of motion for the electron has been
derived previously in a frame at rest with respect to the solid. In

that frame we found that the electron satisfied

( ia%-u“’“" AP t)=o0 (423
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with

= -LyE &et 3| &e? e"“:ﬁ
Moo= PRt | {"w:pgl

1%y
iy, (F-RU)) - £ 0V (77, ) (

The Bohr representation for the electron core interaction has
been written down explicitly in the third term of equation 1b. The
fourth term is the ionization potential and the fifth the polarization
potential. The vector R’ 1 labels the positions of the cores and
again _li (t) is the specified motion of the proton.

We showed in Chapter 2 that the concept of average
string potential should be used to describe the interaction
between the electron and lattice. We say should rather than might
in the last sentence since this concept seems very deeply intertwined
with channeling itself. Perhaps this r emark 18 somewhat extreme,
whatever the case might be we shall use the string potential.
Then the sum over lattice points in 1b is replaced by

2 : -2 Z I’ J’ -4-.—2

7 S‘hﬂwas D
where Z 13 the coordinate of R . in the direction of ¥ and D is the
lattice spacing in that direction. Whenever an 1 sum appears here
it shall mean the averaging and sum over strings indicated above.

With this in mind we perform a Gallilean transformation
to a reference system moving with the proton. We define the

electrons coordinates in that frame by?; t' which are related to the
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coordinates T, t in the rest frame by

r—Rit) @a )

=1 (@b)

= 7.

Further we write equation 1 in a more compact form by

combining potentials of similar arguments, thus

';Q_J}: § V4V (P Ra)) + 2% RE) 4G

To transform equation 3 we first note that by using equations

2a and 2b we can write

f}t %( ﬁ\? (4‘1)
7= 7! (4h)

Further if ' {r',t') is the wave function in the moving system then
since probability and volume are conserved in a Gallilean trans-

formation we have
[ Hrye) 2= [ (ROI

i(phase)

which implies \Ir('t", t) = ¢'(r',t') e It is clear that this can

be written . g =
Y= YFse)e a7 B-eten]

where and and ¢ are arbitrary.
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Then using 4a, 4b and 5 in 3 we find

i 20 LR by’
f_;?_;') - L_‘% i&’*V—HI;-_:‘é'; v4(r1)+g;'5 (F"ﬁ?&)"@)]‘w

— O ' 2 o 6)
= 5% + (‘d?'-ﬁ'-& &+ qR%- 12 \7')’4" (
If we make the choices

A=m (el
- + h
EH*) = *_gb_j é’z(&’)dt/ W)

then equation 6 becomes

g VLY, (F)+ Zr Vo (74 E&%@)}'P— cf)_'(f mi B !

which becomes on dropping primes

VDR B TG (mRl- )] Y= EHTD
{ ET ] -+ 4 V(FuRL) a)j A2l vi
The third term on the left hand side of the above equation is called
the shakeoff potential and is due exclusively to the acceleration
of the proton., According to our approximation _ﬁ =Vt so for the protons

motion this term vanishes. Further the last term in the above equation

can be written

2= 2 T i g vz

Zf..,s fdz L(IRgrz?])

= %,l\é,(F’—-?t)



which says simply that a string is invariant under linear trans-~
formation along its length. So we obtain in a system at rest
with respect to the proton the following equation

—L 72,5 2 (PR ) $UR )= 1 QHFID

which becomes under the substitution

¥rp= D e-iEL
Z —V2+V4_('r‘) + %:' SCI’_"—PZ) }WF’) = E4r) &)

where E i8 complex and atomic¢ (Rydberg) units are used

A direct solution of the partial differential equation 8
seems untenable because of the symmetry of the problem. Rather
we shall attempt to solve this in a hydrogenic basis. This in
fact seems to be a logical procedure since for large Zl and
high incident velocity V our solution would approach that of a
hydrogenic atom. That this is a reasonable choice is not
difficult to understand since for high Z1 there will be negligible
overlap between the electronic density of the incident atom and
the cores of the solid which act to distort and ionize the atom.

Further we have already pointed out that the polarization potential

itself decreases as V increases as does the ionization potential.

In section 4 we shall see this even more clearly for the polarization

118
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effect. So in this limit of high translational velocity and high 2 1
we have a tightly bound hydrogeni c atom in the ground state.
Since this is the case we should expect that as we relax the
severity of the conditions some mixing of higher states will ensue.

Specifically we write
4er) = Z: I B (r) 2y

expecting that only a few terms make large contributions where

the states 4 satisfy
-7 . 2 - -
( v *8—5:’ ) ¢ne,..,[':) - —27?'—1-2_ ‘?é,af 7= Nalds) Bra T

M= (”'!3"’ )

On substituting 9 in 8 we get

gﬁf(s—wn @) )5y = Vav 1 Gy =0. (loa y

where Vp is the matrix elament
“

Vo= b v>+2’j dzgﬂ /UV-P' i ﬁn)}ﬁ,) tok

Now diagnolization of lOa leads to our solution. Howewver there

are some points to be cleared up. First the matrix elements

of the static potential (the second term in 10b) are by no means
trivial to evaluate and in fact entail numerical integration. Secondly

the diagnolization itself must be done numerically if any reasonably
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sized basis is chosen in 9a. We should als¢o point out again
that the Hameltonian in 10a is non hermitian due to the ionization
potential. However this complicates our solution only in

detail1 . The last point is that we do not know the ionization
potential since it is itself related to the wave function we are
seeking. This was shown explicitly in sec.tion 3.4 where we

found that it was related to the ionization rate dI/ dt through
d - -
35 = [H O wE ey

We could then attempt a self consistant solution. This

would comprise a guess of the wave function and then inversion
of the above relationship to obtain VI. This would then be
substituted in 10a which would then be diagnolized .

The consistancy of the solution to equation 10a with the

initial guess is then the criterion for termination of the process.
However, we would rather treat the ionization potential as a
perturbation. As a first solution this seems the most direct
approach since it 1s consistant with ocur assumption that the
atom is long lived. For example; suppose V = 50 then this would
lead to a decay rate using 3.4 (13) of order .1 (Rydberg units). This
would correspond to a lifetime of order 10, But for thin

crystals, in such a time the atom can already have traversed the solid.



This implies that the ionization potential has a small effect on
the eigenvalues. In our perturbation treatment we will in fact
be neglecting the affect of the ionization potential on the
states themselves. We shall only look at the ionization
potentials perturbation of the eigenvalue.

So our solution takes the following form. We solve
the eigenvalue 10a with the ionization potential absent.
This solution yields a set of states and their eigenvalues.
These elgenvalues represent the binding energy of the states
relative to the proton and strings. We then find among this set
the state of tightest binding relative to the proton. This state
\;«O called the ground state has its binding to the proton given

by

f'B:-.. (%l-?z- _‘?_{l,’t{'o> (1)
r

Then from the relation derived in Chapter 3
dr (E: = d 24y {2

where E L the incident energy and Io the ionization potential,

we cobtain on writing

E= €-il

121
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andusing 11 avalueforrT att =0,

‘% (E;,-£B)= T (12>

We now tumn to the evaluation of the potentials.

4.3 Static Potential

We want to evaluate the matrix elements of the potential

o = 3 ~22  p-AIRE | 4
' = lF’-f?j_lC 4>

in a hydrogenic basis. In this potential A is left at our
disposal. This potential must of course be averaged over
the direction of motion of the proton. Suppose for simplicity
that we were considering channeling in a simple cubic crystal.
Then the situation would appear as in figure 11, where only the
four nearest nejghbors are shown. The direction of motion of
the proton is out of the paper. The string numbered 1 would appear
as in figure 12 where the coordinates of the vector R are shown.
The electrons coordinates are (r, 5. #) . Before doing the necessary
integrals to evaluate the matrix elements we can take advantage
of some symmetry properties.

First we expand Vs(r) in spherical harmonics

V(@)= &1 Yim (&) Vi (B)r)

We see from figure 11 that V must satisfy

V(Ye,d)= V(v 0,P+ ugzL_r)
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with T an integer. This implies on using 2 that

eiﬂgﬂ =4

or

NM= 4(1’»%@«*)

From this we conclude that

Ve=0 onkss M=0 14,18,
We also see that a matrix element of equation 2 in a hydrogenic

basis reads
0
44'*6'!«',\/07")]*1{"-4?‘2;59"!" fa,my. . desceYt
G5 Gl ™ o [0S0 ) gy

where we have written

ewd = B, (F)= Ene() Y, (6,2) @)
The angular integral is invariant under the transformation
©¢D — (-6, F+TT ) G
but
L Gr-ey gan) = 0% Y (0,9) &b)

Therefore we conclude that the only terms to survive in the
sum over L above are th ose for which

(- D(+£‘+L -4

{+e/4L = even



Finally we write our matrix element in the form
+%0
YV, = ZEa)4Z (p, PF ~UP-R
. )6 O,
%ﬂ‘ib J H XA c’h ")

where the sum is over the strings numbered one through four
which are shown in figure 11, The transformation R— - R takes
us from string number one to string three and from string number
two to string four. Therefore the sum over strings in 7a above is

invariant under this transformation and we get

\{u' =Z;fGﬂ?ZL)f€t_§ \Sd’r ¢ £ EF'UF:‘EI¢ () (1b)
2 Sngs D M gl
9 — [+

Then we can make the transformationr— - r in the integral

in 7b above. Using 5a and 5b we then find

_ et ! fdE 0 ARl oo
Ve €P T T forgte) 208 9)

from which we conclude that the matrix element vanishes unless

L+ 4 1s even. Combining this result with (6) we have

\Q_’)ﬁ 0 onless  C+e'= even

and in the L sum in equ’-?nftss _e”'ﬁf: even
L=evey
are non zero.
We have proved the conditions 3 and 7 for a set of four
lattice strings. But in reality for a cubic lattice we have a set

of lattice points in the transferse plane given by

F= i)t -7
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where ;ls a two dimensional vector from the incidemt proton to
a lattice point in the transverse plane. These lattice points are
shown in Figure 13 where they are grouped in sets of four. For
example the first set has the lattice numbers n_ =+l, n =41,
Further for this set we see that

S= DNF
We note that all these sets are squares and so our relations 3 and
7 still hold. We merely add strings in groups of four. Using the
numbering of the figure we obtain the important parameters given
in table I. The angle § 1s taken with respect to a convenient
axis say y.

In our numerical calculation we shall use sodium for the
crystal. This is a simple metal with a body centered cubic
lattice rather than being simple cubic. However if we consider
channeling along (0, 0, 1} then the lattice would appear in the
trangverse plane as in Figure 14. Therefore we would have the
same symmetry in the transverse plane. However the lattice
parameter in table I would be given by D= a//2 while the lattico
spacing along the direction of motion would be D= a. For so-

(2) a=4,225 angstroms,

dium the lattice parameter is
We finally point out that for other crystals and different
directions of incidence would in general no longer have a aquare

lattice in the transverse plane. However this would affect the
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calculations that follow in computational details only.

It can be shown that( 3)

MR 7184, (A B ASIYE (R) Luch)
|P-Z LM

where S((S; {s the lesser (greater) of r and R. The functions 1.L and
kL are spherical Bessel functions of an imaginary argument. They are

simple transcendental functions, for example

Swhx
x

ey %) = % ~X

Thelir properties can be found in reference 3 if we write them in the

iL _ E IL+§_ f’K)
ga } = Vix Kiag %)

Using the above expansions of the Bohr potential we get for the matrix

‘:o (x)=

and

form

element of the static potential

P 8,1 t * 43 ] "
VS nl.gt...'lnbtr -g#'mgs “ D _LdZYLM (ﬁ) J rct‘l'h(' )(#)thr)

46 B(s) Yue?) (D
If we write the hydrogenic wave functions explicitly as

ﬁemﬂ:’) = Knetr) B, (©) E.E:”L
V2T
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where R lu(r) 18 a radial hydrogenic function and an(e } is propor-
tional to an associated Legendre polynomial. In substituting this

we find that equation 8 becomes
Vo), = -2% g 2} Cetytim om) %,’J‘Lfa)
where

C(L,e'\u'éu):; jd—QYt, ('Q-) YLH('Q) Y(,M(-a—) j-Q‘-‘(Q)¢)

The sum over strings is written as a sum over sets of strings. That is
g represents a set which contains four strings as in Figure 13 and

Table I. 1If we use figure 12 and the representation

Y;_Z (§3)= Fon (wsea) f_i‘_f_f_é&
Vo

) My
vea‘wzz VZiT

.

we find that I (g) In 9 can be written

J"_(g) %-llﬂld’} 6-4'4@34-"/5) _.H(d"m) ,Hﬁq-:@)}f’(‘,) Uta,)

- & .
U= Jag EEMLETD Fe e 95,0050
0

-0

1-&1; (@: >b)_['{.\[t75;;gz)cfdr R Ry By i) (1b)

Yeriz



128

The bracket in 11 a contains the sum over the four strings in the

set g. Using 3 we find that 11 a becomes

J;_la):: Qﬂ‘ba‘ ‘S.L‘?-) (2>
Varr

Now we can rewrite 11 (b) on using the fact that the integrands are
even in z. This follows from equation 5 b and the explicit dependence

shown in 11 b. So we get —

VANE

‘gl.{ﬂ)" 2?2 Pu.{ [ )%_{,lmz dr@,w Bpo Yy (AP ¥

)
"'-?JJZ f ( :43;) 'ld'\@-'l'?") SJY w'gr Gnp ‘1!4") *
ﬁa—;gz

The second term in 13 isintegrated inthe r, z plane as shown in Figure
15 a. That is z is held fixed, r is integrated inside the parabola

and then z is integrated over the half plane. If we reverse the pro-
cedure the second term in 13 can be written, where the order of inte-

gration

‘[I"-PJ
J’dl’ re@ e @ t(r) '&_(,{ v) jdz 7

= )4 bz

e

is shown in Figure 15 b. Substituting this in equation 13 and then

into 12 we get after some obvious change of variables

- LK
JL)= 86_{;{_} : %“(Ii+3;,) G4a)
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vzt
J = SJE P (’—Zﬂiv) ‘LL(){G{H._ZODXC‘Y r2 d;'fCGr)g‘(%r) Ll_d;%r) (4L)

o0 Yre
:l},.—.:lhr 2Ry G0 @mfl:jr)‘g_{/iﬁr) ;dz A ("v%‘p) 5 e V) (O

This must then be combined in equation 9 to give

b ! H
Vs ), =~ %»_1 ‘—Z’;C(l.,emlu) %" ff% 4’@4(@@)

The evaluation of the integral over the three spherical harmonies
C(L.2'm’', #m) is standard. Therefore a brief description is relegated
to appendix A.

We should point out that the result 14 d entails extensive numeri-
cal work, We defer unttl Chapter 6 a discussion of the numerical
techniques used in the evaluation of the set of equations 14 and equa-
tion A 8.

4.4 Polarization Potential

In Chapter 3 we derived the result

(= [Bh(yeik?
i B G (mgy ) @

for the potential in matter at the position of the electron in a frame
at rest with respect to the proton. This potential is due entirely to

the presence of matter vanishing in free space where €=1., We now
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want to evaluate this in a hydrogen basis taking into account the
plasma contribution to 1.

Since? will be of order unity when evaluated between low lying
states of a hydrogenic atom and further, since the plasma contribu-

tions occur only for k< k_ we make the dipole expansion for the

D
exponential in equation 1. This expansion should not be taken too
seriously for coupling to higher states. The contributions to the k

integral (see equation 3) come from the region k ~wp/v. Since we

shall be interested in Zl = 1 (see Chapter 6) we obtain

n2

Since

€l V) = € (VREittE ) kyv)

is even ink and k we get
X b4

y ' 3 A -1
(‘[Pd{_za‘: ‘_C_Z_%M,u €f%e é&(é(b,{,v) ) @>
2n*
If we make the substitutions

'é‘sV: b.v:: ‘g V/U-

w=b3 vV

5[60..‘: R Vof/u,
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into equation 2 we obtain

by, 44

(Y, ), = LCS/-«A@'?TF Al dw f L - @D
PO ™ ve s ke €@w)

where the fact that plasma oscillations exist only for k < kD is shown

explicitly in the upper limit on the k integral. It should be clear that

higher powers in the expansion of the exponential in 1 would bring

higher powers of V into the denominator of equation 3. To continue,

we note from secttion 3. 37 that

evey In <O

6(?&,0)”') =

A — |;,‘
IM (é(bo) ) = OC{af &

where Re, Im mean real part of and tmaginary part of respectively. In
fact this result is more general than our derivation in that section., The
reader ts referred to Pines, 4 for the details. With these properties

we get for 3

O Y= ~Blin € f”ak @
T -{fwemw

If we use the representation for the plasma contribution to the

dielectric constant given by equation 3.37 (5a) we have



132

b2
1 w &)

é’P(b,u)= (w-aJk4a7 h) (U-ﬂ.)k-ﬂ'.'z)

where N {s the frequency of oscillation of the plasma mode. Equa-

tion 5 ylelds

IM ( éLpUu;o)>= —1_7;_&)_’-?’ [g (14}-&);)— 3(04.“}&')]

and in fact is odd in w as stated. If we make the approximation

+
G ¥ wp and substitute equation 6 into equation 4 we get

Vans Blew € @%P)ZA () ("

where we used the relationship

Wp = kp Vg
It is interesting to note that equation 4 (or 7) is proportional to

the stopping power of an electron gas. For a proton transversing a

solid the energy lost per unit path length (stopping power) is

dW_ dW. L o £ BT o (&)
B W= § BT e

That 1s the field set up in media by the proton acts to slow it down.

-

In fact the potential at the field point r at time t set up by the moving

+’1‘hls causes negligible error in the limit V = P See Pines in

reference 5 for the detalls of this point



proton was shown in Chapter 3 to be

R P L) etk'[?f-?f)
#i";f) (,YQZ. -———__é(b)z?)

€k, b €k, &.v)

Then making the substitutions following equation 2 into 8 and using 9

we get

jg_\/_: C?rrj dk _‘fvdwa)l“(é(bkrvﬂ

Therefore according to equation 4

" W
oL. EEA;M éz)

Therefore knowledge of the energy loss gives no information about
the polarization potential, This should not be surprising since in
making a dipole approximation earlier we were evaluating the fields
at the proton as in equation 8.

We also note that that factor multiplying 3.“,'“ in equation 7
is of order .01 in our case, The factor3 is obtained by a stan-

AA'
dard calculation. Briefly, with 5, =rcos 8
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CB%;f ;[:'f P Byigr () Byg (r) [ Y. @080 Y, (2)  (lo)
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Using appendix A or more simply é

Y!uﬁ O?tm ai—i¢
var

Gutoso= )| Galw G P >
@3)(4) 2oty T OlinGe) ™

we find that 5. , vanishes unless
p'p

£-0'= %)
m’-ht:-o

Specifically 10 becomes on using 11

NP m | G Il > = /‘L”)L""l CPWIM

- . !
V Ote3 X2tr) (2>
<n' (- Ine _ 2 I_g-
)4 hm L Mtim > \/{ 2 @nll @b
e{flﬁ{q) ne
where Rn.tl

nt represents the radial integral in equation 10. The

squares of the elements R':l: are tabulated in reference 6, The

signs given below have been obtained by inspection. We list those

non-vanishing matrix elements of interest to us. (in atomic units)}



<18)31 2poy= .75
<slgl3po> = + 32

<2slz | 2pE> = = 330

s 3 13pa>= t1E>
awnlgizdeo>= 2
Opey (3l 3syp = °°

i) 1| 3doy> = 448
Gpud| 3| sdod>= 214
&3s |31 3= 3%

<Bpedl g | dey =~ 4067
-5 42

<Bpwj 3| 3do)>=

<3P 3] 3wy =467

So we see that the low lying states of hydrogen contribute

according to 7 an order of magnitude value of *1 Rydbergs for the

polarization potential,

the smallness of this potential for high incident velocities.
At this point we have all that 1s necessary to find the ground
state and its lifetime for a pair channeling in a sodium crystal,

capture 18 possible {f the atom ionizes, we shall first consider some

capture problems in Chapter 5 before returning to the numerical

solution of 4.2 (10 a).

This is in keeping with our remarks about

135

Since
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Appendix A
We follow Messiah7 in writing a solution for the integral

CCy g )z [doy DYy @ Yo O

in the form

CCL,QQW Lim Ve (_.D-?[Qfﬂl)@ﬂzﬂ)éuojZﬂl&L (in.ﬂ) (2)

The terms on the right of the square root in 2 are 3j symbols which
are proportional to Clebsch-Gordon coefficients. Their appearance

in 2 is quite natural since we can reduce 1 to the addition of angular
momentum, The first term appears due to the fact that the coordinates
are the same for the angular momentum states and specifically has

the properties and values

-9! 'ez )__. l'f-g,-i-fz-ﬂ_:gda] (3)

OOO

{’.fz L

J
(o7 0)— EMNVTTIS

3-4)'9-4,)' G- ).

@)

£|+£2 'H_

A& D)= Gt ! (pL-0)! (L+h- 8] (1)
@;+€2+L+t) '
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!
:re: ) el) A @HL) J({rml ) Q,-u,)!tl:-ua)!a,-n).' L4 ).

_”’

»: [ T (g roa)! () o)) b G- ! ]

where
?, ¢
(4L,

and the sum in 8 is only over those terms for which angular momentum

=0 if M+ T Ga)

is conserved

-, | £Le @+8) b )
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Fig. 11

Configuration of Strings in Transverse Plane
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Fig. 12

Coordinates of a String
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Configuration of FIRST FOUR Sets of Strings
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Fig. 14

B.C.C. Lattice Along €0,0,1?
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Table I

Table of Sodium Parameters Taken From Pigure 13
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Chapter 5
Charge Capture

5.1 Introduction

In order to obtain the number of channeling pairs we
need to consider capture rates by the stripped proton. That is,
if an ionization occurs the beam can replenish its supply of hydrogen
by having the protons capture electrons. Although for MeV energies
of translation the capture rate is neglibible relative to the
ionization rate, the capture process can become important as the
energy is lowered. Therefore we shall consider in this chapter the
formal theory of capture and some of its consequences for capture
in a solid. In particular we shall consider capture from a gsea of
electrons in a Born approximation wave treatment and also capture
from the cores in a Born apyroximation impact parameter treatment.

The reader might wonder why the capture process has
not been included previously in the imaginary part of the optical
potential. That is, if ionization implies a loss of electron flux and
a negative definite imaginary potential, does not capture imply
an increase of flux and so a positive definite imaginary potential ?
This is not correct since capture is not a cocherent or quasi-coherent
process. For an MeV proton an exchange of energy of the order
of a few Kev 18 necessary to raise a valence electron into a bound

state of the moving proton. Further for the capture from localized
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cores the energy necessary i8 even higher. Such processes are
truely incoherent and so cannot be contained in channeling space.
This implies further that a capture potential could not exist otherwise
we would be adding amplitudes for capture processes. The absence
of a capture poctential is reflected in equation 2.4 (13).
5.2 Formal Theory

We wish to calculate the rate of capture of an electron
by a proton passing through a solid. The solid consists of N
electrons which of course obey the Paull principle. In describing
this process of capture we shall explicitly take into account anti-
symmetrization. Although the results we obtain could be termed
intuitively obvious their derivation requires enough complexity to
warrant a full trdatment here.

We describe the reaction in the center of mass frame for
a proton of charge Zle, mass M and velocity ¥ incident on a solid

which is at rest. This initial state is
EE
L2

where P, is the relative momentum of the two systems with separation

1
'ﬁ from the center of mass of the solid to the proton. The numbers

I, 2, *+N signify the space and spin coordinates of electrons 1, 2 through
N the subscript notation gti) means the projection of a state 1 onto the

subspace totally antisymmetric in electronic coordinates. We are following
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reference 1 in the notation for identical particle. ) is the
quantization volume. Finally we point out that we are neglecting
the Pauli principle for the heavier protons, which is valid for these

energies. Our initial state satisfies

(Eo~Hi ) X;’rc)'—"- O Cla)
where 5
Hi= —_,j;, i t Ho(h2)--N) (1h )

Hs (1'2""~)3£¢z)= ”fi?ru')

Ei = P, + 7Y

A

A M
A i represents the Hamiltonjan before interaction between the proton
and solid. The interaction in this initial channel+ of the reaction is

defined by Vi = I-I--H.,t with H the full Hamiltonian.

HS above is the solid Hamiltonian.

In orbital form we can write

95&.)’ ,{% %_!'HDDP()‘:(:L)@Q)...XN(M) @7

where P is one of the N. permitations of the coordinates and the
states y, are aelgenstates of a one-electron Hamiltonian used to describe

the motion of an electron in the solid. The subscript in the state Y}

reaction. It has nothing to do with channeling’
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represents quantum numbers, say spin and wave number. The state
given by equation 2 is normalized to unity as can easily be shown.

For the final channel we suppose an electron is captured
from the state y, and attaches itself to the proton in a bound state

ﬂ'b moving with momentum P,. So

f
.P' ?
- C / el"'eﬂ. ,
o= i Zevtal T g o) |

The term in brackets represents the final state with electron number
one captured. Then all permutations Q of the N electronic coordinates

are taken. The coordinates are shown in figure 16.

Since
A
Bie B gam i
wmiM Main
we can write
'y ” - L.ln F’F
L — £ o8& — iy
/)(;,[;) - € Ehm < 2 (G @?C 1 %(’96(2)“4/“)] #a)
o N &

Ve
Further note that

K1)= @ (Z-F) (spin )
and that the rest of the states are assumed to be unperturbed by the
change in the assymptotic Hamiltonian of the solid due to the capture.

Since N is large ( A ‘JZO“-; this is a good approximation. Our state

X ) does not satisfy a reaction channel equation as y ) did
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(equation la), but each of its separate permutations satisfy

{Ef“ @l ! } a/&(‘-}) =0 )

(FHE m
X@G)"-‘ Q{C f}"H"B E"CTH & %(1’)3:79)--@0!)] €

=1l V5.1 72 zee
H; -’(mm)zi 2u ‘ZF' "L,:f; 4”5(3%”}'0 6>
Eo= ED
= == =W+
57 s ¥
- 4 2
(2,.4, Vit = 8% ) (2)= ~-W, d12) £es
and
we M
M= e +M

Hf is the Hamiltonian for the final channel in which the proton-
electron system is not in interaction with the solid. If we
consider final states in which the proton is in the solid then the
coulomb potential in 5¢ and 5e is supplemented by our optical

potential. [n either case the interaction in the final channel is

obtained by
Vo= H-Hg
uwewnt;gm: GLE; : 3 -
s 54)
343)= %s %‘U)Q fq,(l‘ (?---b',u(n)z ©Gb)

G.u0= et 2l BT 400 e
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then the normalization of y £ to unity implies that the constant C in
6b be chosen so that

sty Jeen > = 1

et ”L
1= C lut - de,, (-2 Y@Fmrxy 5w )&% 5uw) (o

where cl:l etc. are generalized spin-space volume elements and
Xl 3 is an operator which exchanges coordinates 1 and j. For

example X would place electron 2 in the outgoing proton and electron

12
1 in the state y,. Using the orthonormality of the set v, we find that

equation 7 becomes
N
- | Fr. |2 <
1= & (-3 [Ja gty ) g

The approximately equal sign above follows from the fact that the
overlap between the outgoing electron bound to the proton and

a solid state is vanishingly small for large separation although not
strictly so. The fact that these states are not strictly orthogonal
follows from the fact that they are eigenstates of different Hamiltonians.

So our final state in this approximation can be written

ey
,}‘ZCF) :\fNL'.' {éw&a{ %P,'r‘ IR TPY Je5) -a',q(n)’f ®)

The scattering which grows out of the State Xg (1) is denoted

1
by \p: (1) and satisfies the Lippman Schwinger equation{ )
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where the limit 1+0 is taken after all transition rates are calculated.
We write

- L PP L Denfa (o>

{(where again X; is the unsymmetrized initial gstate and X p ) is the P

permutation of the coordinates of that state). Further from

HiXi= E; a;

we obtain on multiplying by P

uPa,) Apciy = Ec X
Hpgy= PH P!

Now |
/) Apciy > [‘7-f E  —Hpy ] AP
Ep+iy- 4 Er+ i1-H
AR - E-HtV, .
Baoqu T per ) Xpeoy
4
= {1+ = VYpay[Xp
{ EULs]-H ’ )} Pec)
Substituting this into 10 we find
4;?0.: \-fLi-'* %;(—:)p#';a) f1)
N (T CD L (b

B+o-H
So we find that each permuted state satisfies its own Lippman

Schwinger equation and the total amplitude equation 11a is the



sum of the amplitude for each permutation with the phase specified
by the Pauli principle.

We now transform equation 11 so that we can obtain a
rearrangement amplitude. To do this we first use the identity

for two operators A and B

L_L =1 (gpaydt = 1At

to obtain
R - L Vag) -
'E'L-th[— H E£+£1 -HQ{;) E[+il[-da4:) Et‘.ﬂﬂ -4

where we used

He Hp ¥y = QU € +01 @'= Hert o)

Then equation 11b becomes

Q}Pa Koy + — VPa) XPa)Jr L Vey) [an) t)]
EL+U'—- HQ(-) E(ﬁ,’_ &¢)
WA Ve P (2
Ot . (9
o = rc *p mepc T Ereiy-Hag)

Using equation 12 in 11 we obtain
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Et &
v‘— f “i
“¢ = 1 Z,c...]) i “PCt)t + 1 \/Qf H'Z) 7}(8}

) Y; P rf':), Ha¢), El‘fil{—l-}aq)

By putting 11 in this form it is clear that we can obtain the amplitude

for a transition to a particular eigenstate contained in the channel
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Q(f). That is the propagator (Green's function) for this channel
{

Eg<n-Hat)

was explicitly extracted. In equation 13 we have turned the potential
on adiabatically so there i8 no . scattered wave ast +» - », We

are using this damping device only for convenience. Both

a wave packet treatment and the method of Gellman and Goldberger is
given in reference 1 for obtaining the transition rates or cross
sections, A time independent treatment is given by 2. The

transition probability given by 13 1is

Plisf)= < Ay (0, Gy @17

since our states we normalized to unity. We then find

Plad) = e T e, ©, ’f,f;::f &%

att

where S¢ i8 the gsecond term in 13, The firgt vanishes in the
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Hmit ‘{ 01t ( 4 ) is finite. This is clear on physical

of)’ xC(i)
grounds if we suppose these states are really wave packets and well
separated. A mathematical proof is discussed in reference 2, The

transition rate is

dp(i=4) _ At e ! > |2
b3y 1€ / % )q'_tggcz) |

Using equation 13 we get

ey ) 7étsc) >= i gat-l)m » . (% Yoot >

E:!;-m’ E,
S0
X - C‘Pl.'-r - Lt -—L 'Tfl. "2_
Pt{ A7 Ll CEDY 72'
Using
Ly 2 - 2m §6)
LEY 7"““"]"
we find
Pp= amlmyc P $& £,
where

T A< Kz, Vepr Wy >

=

Z
Py
g.‘ DM Corig ;¢ P D

Te: = L
fi N
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Let Q 'P = R then

+
Ti= 5 %’&')P(’X;)V; YR >£',1

b= %" P <%, ¥ ’%ti) > (s>

This is the post form for the scattering amplitude. It says propa-
gate the Pt—h- permutation of the initial state. Then the amplitude
is governed by the final state interaction, All the permutations on
the initial state are taken and the amplitudes summed coherently
with proper phases,

We shall spare the reader further tedium and simply note that

the prior form of the transition matrix can be shown to be ()

L= 'C') agy )V %> (0

Under the condition that (E £" E 1) and,

We are now in a position to obtain the Bom approximation for capture.
However, there 1s one important step we must take.
One of the classic difficulties with the capture problem is the

following. Jonsider for concreteness protons or hydrogen. Then we

find that formally the proton-proton interaction contributes to the



capture rate. This occurs because of the non orthoginality between
the initial and final states. This is rather surprising since the pro-
ton proton interaction exerts a force on the electron only indirectly

through recoil. In fact Brinkinan and Kmmers(”

neglected it on
physical in their calculation of capture from Hydrogen in the Bern
approximation. However, Jackson and Schlff“’ showed that they
could lower the cross section closer to the experimental result by
including the proton-proton interaction. This apparent contradiction
has been answered by many workers in atomic physics including
Butes, Guerjoy and Mittleman. What we do essentially is remove

(3)

elastic scattering first. We shall follow Mittleman in writing

’?c: = 1, qﬁ’(’”

where " is a projection operator onto the elastic channel. From

(AN - /4 A

E‘: '{")’ -H t
we get

+ . L TV 4. (11)

But t’ by definition is the elastic scattering state so it should

satisfy

L A
”’7‘“ LOL t‘ ie)
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where Ui is an appropriate optical potential which produces this

elastic scattering. From 17 and 18 we get
AR : (1a)
HL Y‘ 4(; —3 Ul /;CT

But if we consider the scattering in the two potentials Ut and
{1}
V, = U, we find

i i
_ elashe
Tei=Tp 4 g.’e')‘i’%’,)(\é--vn %iS @

Since Telastic is

and this is equivalent to the scattering in V £l

{

zero for capture we find on using '9 in 20
X
Tre= g:f") (#Q(c; )Mfrb':, 4 ) (205

where [A, B] = AB-BA and we get further

BorN

Tﬁ: gk_,)ﬁ (r(w) J 1V, T ] 19 D Qo

In our case Vi is the interaction of the proton with the N electron

solid and

M= 1gox ;) - Bumod<aw |

We note that the terms in the potential Vi which do not contain

electron coordinates commute with ™ and therefore do not contribute

to the T matrix. So for ‘h.o'1 we need consider only
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N
5 ae
J=1 /ﬁ-fj‘,

in evalutating equation 22.

We constder first

leyy @ Z.e? . .
é.c) Xag, [m,_m)m]/)rt> £3)

The direct term of equation 23 reads

(Pf: @' [{?? N A A A (F")>

where the spin inner product has been taken and for example
q
L ¢ _H ﬁ"B -

-

and in equation 24 the integration is over'ﬁ andr. The only other

terms that can contribute to 23 are the exchange terms

Na
2B AQGRY (%) [ 2E  Tyon) Ry B b 02))

-2
Further {f we consider any of the other potentials for example

|1%-% |
i.e. the ones that contain coordinates other than r, . we find that

!

the direct term of equation 23 reads

<h M & :
B o GO Ryt [tgn’ (3 SRRV
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This is the difference of two identical terms and so vanishes. The

exchange term would read
;,(‘S-ﬁ)d;z“i) ) 51 Th(m) TRy

and vanishes since the orbitals \y are orthoginal. So for all potentials
other than the interaction between the proton and electron 1 the
transition matrix vanishes. This should not be surprising since po-
tentials that do not contain the coordinate ?l cannot exert forces on

electron one.

Putting the above together we get for the Born approximation to

the transition matrlx ’E - -
_ L - Ty S (R-R

b= ppudy ¢ AT g ae Vel
firl / Y@ ™

I 7R

= C@’(r.,‘é)df,(?’ )d;(,. )( 4: ) Jo %>

The first two terms are the direct reactions, the last term is the ex-
change reaction. Only one term of the exchange reaction survived
since the second term of the commutator in 23 vanishes for the ex-

change term. In the above result for TB the second term corresponds

fi
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to the interproton potential.

It is advantagecous to write T];t above in a more condensed no-

‘“;‘:;‘;,,B - LRL |RViD T - i i |

f' B | Uk <% vy, >I T > f e

J:n w I - ) I(Jf "\1 lU'lfl "k r

where V is the potential between electron and proton which {n

gpattial coordinates -z1 ez/l r—RI. @‘_ is the final electron bound

state boosted by its translational velocity which in spatial coordin-

-

i
ates i e R

inner product which {8 an integral over r still depends upon R and

m
Ps - miM ' (Pb(rl =R). The bracket {, )_ means the

the outer bracket is the Fourier transform
~ —= =Fr )t ?
jdgf e (% et ) < , 77
We note that the last two terms in equation 25 can be written
NA
- M ) ~N —ir
B | 214087 gy 5, > 1R
From the resolution of the identitiy

ke k?
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where EF is a vector to the Fermi surface, we find for the last two

terms in 25

—~— L ) -
<P ...%1 ((‘Pb)(l*ékibeﬁ | Vife, 3 | P2
Adding this to the firat term {n equation 25 we get
BE- TG (B Loy g 17> @

or

o= <BH | < 0ROV e P> (260D

_ J
o= %:.kFI o< |

Expression 26 a says that an electron in the orbital state

—

(Block State) kI is scattered out of the Fermi sea into another
Block State by its tnteraction with the proton. The overlap of this

latter state with the final bound state of interest is the amplitude

M
for the process in F'f m+ M Pi space. The expression 26 b

says that the potential kicks an electron into a final bound state
M
f m+M i

transform is then taken, The orthogonality more clearly expressed

which 1s orthogonal to all the initial filled states. The KP

by 26 b has been built into the theory by the use of the commutators

above. These results, 26 (a) and 26 (b) while intuitively satisfy~-



ing, follow from the use of both the antisymmetrization of the
scattering state and the commutator formalism of Mittleman. It
was for this reason that we laboriously derived the scattering am-
plitude taking into account autisymmetrization,.

In the calculations that follow we shall drop the term Po.

The error we introduce is of order
T Pm R
<Y d= G R i T s ke

This matrix element measures the overlap between the final state
boosted by the electron's transitional momentum in that state and a
free state of the order of a Fermi momentum. If our final pair has an
energy of the order of an MeV we expect this overlap to be small.

Specifically
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A

Now © b goes to zero for

= —
| Fee g | 2> -
™M ©
and so this matrix element ((% yb) is negligible for
B > i0lkr
But for an MeV proton

Pp ~ 10 (10%ke D

and so this is satisfied in our case. So we shall drop the second

term in 26 b and our Bom-Brinkman-Kramers amplitude becomes
@ﬁ P )fe’ E} (e?
3 L J ¥t )
T ﬂjaﬂrd pe A CEIRNEACD

‘We now chang to !’I and ;1' as the independent vartable rather than

'EI, R. With the substitution
-
R= m-1

we get

1&__5043,, ~G-POF r"(r»’) (icjdar' )(H.*(V’))

S il N W el W NN M el SR s v W RS S S W A R D M AND T S SEp S e wl ——y  w—

+Only capture with 1S or 28 will be necessary.



Defining

Spcrr= Jor et " 5 @72

Sy [ e P2 q0m) 7

we obtain for the capture from the state -l:
U p-7) )2 0%
We will then use this with
Ec¢;= o |17 RE&g-EoD

in

%": (Z; EF') eof
‘;;fks : mapiu

to obtain the rate

- J) f?i @
P= B P O d

since the spin average is unity,
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5.3 Capture of a Valence Electron

In this section we consider the capture of valence elactrons by the
stripped atom. That is we are interested in the rate of increase of elec-
tronic density bound to the incident proton, At first we might try a free
slectron model for the valence electrons. This will not work since a pro-
ton cannot capture a free electron. Capture is possible only if there is a
deviation from plane wave motion for the electron. This deviation will be
supplied by the lattice interaction with the electron. Since we are in-
terested in an order of magnitude for this rate we shall use the simplest
approach possible by using an effective mass approximation to account
for the lattice.

First we convince ourselves that a free electron cannot be captured

by a proton. We look at the transition rate derived in section 5.2,
2zl PP }7 .
dP . o 43?# Z; lagcw I [B(&HF ) bgE) W
at Q @r P
where (1 is the volume of the solid and Y lsa free electron or in the

general case a Block State. If we write

k2
Xk(?) = ¢ " (2)

Al

we find that

5% Pr) =\ SkB-F 3)
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so that the argument of the delta functions in equation 1
2 Z
E-E =< 4 _J?'_ ~(Pf
3= om — =W
(i)

- s =

must be evaluated at k = pf p ., S0

- -MiH 57 .,. Im(mtM) w
Fiys .?G.)LH-H) J(FimillF; A ]

Therefore the rate becomes

ST Wi e B E)[Feg) @

where

- =’ —
= P.-— wM o
§ = Ef M PL (5a)

2: < h (“l‘l“”)
ﬁ M 44 (Sb)

Since W > 0 for any bound state+ we see that the delta functions in 4 can
never be satisfied and so P vanishes. This result comes from the fact
that energy and momentum cannot be conserved simultaneously for this
capture of a free electron. This can be seen in even a more compelling
way be viewing the collision of a free electron and proton in their center
of mass frame. Then the total initial momentum in that frame 18 zerc by
definition and the total energy is greater than zero, After the pair sticks

+Since -W is the ionization energy.
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together their centers of mass must remain at rest to conserve momentum
and therefore the pair has no translational energy. But to be in a bound
state their relative energy must be less than zero and so energy cannot be
conserved,

We would like to obtain in this section an estimate of the magnitude
of the capture rate from the valence band. We shall assume we have a
simple metal at absolute zero with a narrow band such as one of the alkali

metals. Therefore we shall represent the electron in the state k by the

energy relation

L k2
éC?J:Qh* k "

where mﬂr is called the effective mass. That the dynamics of an electron
in a lattice can be represented by a single number, m*, or in more com-
plicated cases by a tensor, is a well known solid state approximation.
The reader will find a discussion of this approximation in reference 6 where
it is further shown that the representation in equation 3 is apt. This fol-
lows both from the features of the energy bands and the fact that the Fermi
surface 1s nearly spherical. This approximation need not be pushed too
far, It will however give us an order of magnitude for the capture rate.
For more complex metals or more exact solutions we might turn to a pertur-
bation treatment for the state of the valence electron. Howe ver, the rate
is then a second order process and does not lead to a simple treatment.

The relationghip 3 follows from the one-electron Schroedinger
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equation

-v?* fed)= €Ck) 4,(7)
St

where the constant background potential has been set to zerc, Then

;f}-
8, (7)) =

80

EB=- Vg Y- -

The argument of the delta function in equation ! then becomes
E; & P‘ Tl L G?p )"J
o - W (8)

We should note that the final energy does not contain the effective mass
m* but rather the base mass m. We understand that after being captured
the active electrons response to the lattice has changed radically. The
dynamics of this interaction is now contained in the number W character-
izing the eigenvalue of the bound state, Obtaining this number has been
one of the primary results of this investigation. We shall return to it in
the next chapter, however, it should be abundently clear already that the
interaction of the electron with the lattice in this final state i{s contained
in W. We now, being guided by the results of the free electron case,

from the vector

M
(hﬁ o



where

A= m¥,
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(10)

Substituting 9 into 8 and then 8 and 7 into 1, we get for |;l -l?f| > kP

.-'
and for |P1-l;; | < kp

j_f_ 2 AT lntM j{é' Ji(ﬂ;{ﬁ) fgféz-@f)

M-
where
@02" = 2“"* (‘"‘}'“) _é_ W
M-4 ) 2 H(m) )

We assume that the replacement

\ &2 |E187) *F

(11a)

(11b)

(12}

(13)

can be made. For s states this is clearly true as can be seen by looking

at equation 5.2 (27b). For non-s states we take a sum over final azmuthal

quantum number. It is then not hard to prove that the replacement in 13

holds for the sum over azmuthal quantum numbers. With the understanding

that for non-s states |i |Z is a sum over azmuthal quantum numbers

equation 11 becomes

olP .. Dw# (M) Bo / ‘50) jdco.w

dt M-4 .

(14}
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where we used

S(x3-c2) = -?—IJZI §&-c) +2T‘El § (x+c)

and

A
COSQ"-‘-‘ ﬁ(,' Rf
(15)

We note that according to 12 the rate need not vanish since BOZ can be
greater than zero. We first assume that this is so. Then the rates is
given by 14 with the angle a integrated over the region shown in figure 17.

This constraint on a follows from the definition 9 and the condition for

equation 11.=.|.+ From figure 17 we deduce the limits for the a integral,

oSy = fmm= - |
ra
©S dhy = Muax= ke

where
= @S

Then we find for the transition rate

C__if= A (miM) 3, H ¢ Lactor a
a7 Ty @%Jé mw{@’)/l(ﬁ*** foctor ) (16a)

. —— i —— T — " e S T g — i — o — ————— gt W — ———— i i — i — . ——— . i w—— e

+ We are assuming the Fermi surface i8 on a sphere.
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° o k< | 2 ps
‘P:::.c, = k,? ﬁ%ﬁf“)lbf’# P~ le# 4,'_"__".' Fe4po)

Z (o w2 P ot e

< for kg >L-;3_’—§ Pr+0s | (160)

-+
with the further understanding that the rate vanishes for P -P.|> k_and
poz < 0. The first condition in 16b comes about from the separation of

*
m
the spheres in figure 17. The value |( -3 PP ) | thus corresponds
to the minimum kF or the minimum electronic density for which the solid
can support capture.

Since the total capture cross secticon is given by the capture rate

divided by the incident flux we find

o= _F_
V/Q.

where again V is the velocity of the incident proton. Using l16a we find
0;- ~_Q

80 the cross section per particle in the solid becomes

U= O\N-L' (17)
N £

where p = N/ , N being the number of electrons. We pointed out that

the rate vanishes for all p below some minimum density and so the cross

section 17 is finite as the density goes to zero (in fact it vanishes). The
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fact that the cross section vanishes follows from the separation of the two
circles in figure 17 when @ and therefore kF becomes small enough. How-
ever we might wonder about the finite temperature case. For there the
Fermi surface does not cut off sharply and so the two circles never really
separate, It might then seem that the rate will not vanish and so equation
17 would imply that the cross section blows up as the density vanishes.
This is certainly not the case and it can be shown that equation 17 re-
mains finite as the density goes to zero in the finite temperature case. We
remark that the solution lies in the fact that as the density goes to zero so
does the temperature. The exact details will not be gone into here.

We conclude this section with a discussion of the order of magnitude

of the transition rate. First we consider the order of magnitude of 4 neces-

sary for the capture process to go. We note the condition [302 2 0 implies

that
A
PO W o
< M(H-8)
or
Az MW ) ouw (18)

PUMw < E

The approximately equals sign in 18 holds when

e
.._B.-zl E>)N

<M

which is easily satisfied in all cases of interest to us. For an MeV pair
-2
the inequality 18 implies that A must be greater than 10 ~. Therefore we

conclude that & must be positive and must differ appreclably from zero.
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We note that A can be negative. In fact, F.S. Ham in reference 7 calculates
the ratios m" /m for the alkali metals. This turns out at k=0 to be less than
one for the alkalies beginning with sodium.

Under the condition that A is positive at some k we note that 16b
implies that for the reaction to go we also need

m_"_"_'.'.' P;
Po i |

This becomes for an MeV pair and A /M <<l

[50 ~ D Rydberg units

From the definition 12 of [30 we see that this is satisfied for 4 ~ 1, This
*
means that m /m ~2 which is not easily satisfied for the alkali metals.
However even under the circumstances that ﬁo ~ 10 holds we see that the
capture rate becomes
¢ ]

P~ 107¢
In the next chapter we shall see that the lonization rate is of order 10“1
to 10_2 . So we need not consider this rate at the velocities of interest to

us.

5.4 Capture from the Cores

As the proton channels it interacts with the atoms in its immediate
neighborhood and can capture electrons from these atoms. For example
in its motion along €0,0,1) in sodium the situation would look like
figure 13, The proton of charge Z1 maintains a fixed impact parameter ;

with all the cores shown. A is the lattice constant. 7The cores themselves
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for the case of sodium say consist of a nucleus of charge eleven units
swrrounded by electrons in orbitals. The orbitals except for the valence
band are treated as if the sodium atom were in free space. Slateu'B points
out that this is an extremely good approximation for the inner orbitals,
They consist of two 1s electrons, two 28 electrons and six 2p electrons.
We should peint out that the capture rate dies off exponentially with b and
so we are justified in neglecting all but the first set of cores of the solid.
We shall show the exact dependence later. We are interested in capture
into the longest lived states which turn out essentially to be a combination
of 1s and 28 states. This combination also depends strongly on Zl as is
shown in Chapter 6.

It is clear that the capture rate is best approached using an impact
parameter formalism since |b | is fixed. In this approximation the pro-
tons motion is fixed and only the active electrons dynamics is considered.
We have gone through great detail in section 5.1 to obtain the scattering
amplitude in the wave treatment taking account of all formal properties.
We showed that in the Born approximation the capture proceeds as if the
other electrons were not present when the velocity is high enough. This
entalled neglecting the second term in the commutator in equation 5.2 (22).
Now the impact parameter Born approximation yields the same cross sec-
tion as the wave treatment in the limit m/M ™~ 0. Therefore we need not
go through the gory details agajin which pleases the writer probably more
than the reader. For a detatled treatment of the impact parameter, see

Mittclelrnan.5 We shall treat the capture as a one electron problem,
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We shall not go into great detail for this problem since this work can
be found in other places. The only difference is that in our calculation we
must keep the impact parameter fixed rather than integrate over it. However,
this changes the calculations very little, According to Ml‘l:t.lemau'n5 the

Born approximation for capture is

%0 _ .
C(B)= i |dt j‘é;"‘ﬁ‘)e“” c28) e Ve @

where the coordinates X 1s from the sodium core to the electron andr is
from the moving proton to the electron. dl and df are the initial and final

states and

b5 = (¢ -Qh_){}){; @)

takes account of the linear motion of the electron at velocity V in the final

captures state (see section 5.2). If we define

& (R)- jd?}- e-i B _‘é’(t-'_f_%) (3a)

% 0?):.-— str E-I‘E?Cﬁa >

(3b)

then using 2 and 3 in ! we get

c(E)- -3? g—;rifi e,;é-e f‘ (8, d%z)éi(b)d_ig@> @)
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where we have used

inzﬂ-%{;

With 4 it is straight forward to calculate all the amplitudes of interest.
For example, we will describe the orbitals of sodium by using a device
due to Slater.g According to this preciption the sodium radial orbitals are

described by

g?: ACI'S) C— b ¥ (5a)

RZ’:'.: A(zs)i’f-’- %Srfé- = EBP

(5b)

where the values of the effective change is given by "Slater's rules"9

Zis= 16:7
ng, C'KS'

The normalization constants are

AGs)= 22 )%'

A (28)= 2*;%_(63 ) Yo

We shall consider two capture rates; from 1s to 1s and then 2P+ 1to 1 s,

The other rates involve just a bit more work but are no different in kind.

For s states the Fourier amplitudes are invariant under rotation in
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k,; space and 80 4 becomes
9 A .
- Q2 U dk{ ¥ A-_!'_% - {l A*_Vt‘" =¢(6) (6)
(- "4 uf@%as)ﬁ(h)v )Z; (2% )

The Fourier transforms in 6 for the 1s orbital of hydrogen is
T 7 Sk a
C}IS (k,) @l) EIT kt,*az. X_z,

and for 1s orbital of sodium multiplied by 1/X is

| A
f;sfb)z Als) JW/( b24+@E, s )1)
Using this 6 becomes when A << V2/4

¢ Lﬁ(:.s)gzs/z(_r))})'dbf%[eg)gJ_ - L i
3

!S} IS -

% L +hs Yy

where
B=¥~(&s )"

Using the deﬁnitlonlo of the Bessel function of imaginary argument

KC:(Q'?): Pé’ %J;Cat)

4 22
_ LT Ads) Sh (8a)
CES-'PIS = —~ Z; ¢ -}%I@"))J:zl
where
I(y)= b 2 (8b)
gy %)1["0( VG ) - WP |
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All other transition are of the form 8a and 8b except different K functions ap~
pear ag well as more derivatives. We note the exponential decrease of 8a
with the impact parameter as was stated earlier.

There is one capture rate here that vanishes due to symmetry. The
capture from 2p m=%1 into an s state cannot go due to cancellation of am-

plitudes., To see this we find that the Fourier transform 3a
Qi (R)= é,{, (‘5) O G )

i
is proportional to e “k. Then we would have the capture amplitude propor-

tional to
iT .
Jm 1% prlbos(4-¢> o' %
6 <

as can be seen from 4. ‘(’b is the azmuthal location of the projectile rela-
tive to an arbitrary axis (see figure 13), Substituting Op ~ @, @ above

we find that the capture amplitude is proportional to

e %

But if we add the amplitudes for the capture from each of the four sites in
figure 13, for this particular orbital of sodium, we find the total amplitude

is proportional to

Soo_inr
Z, <
Rz
Therefore we see that the total amplitude vanishes due to symmetry.
We point out that the capture cross section go like E-6 where E 18

the energy of the proton. This is negligible in comparison to the ionization

rate as we shall see.
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Chapter 6
Numerjcal] Resylts

6.1 Introduction

In this section we discuss some nunme rical computations for the
states of channeling hydrogen. In the second section we discuss
briefly the computational techniques used. In the third section we
discuss the numerical results for the channeling of hyd?(_.rgen in a
sodium crystal as a specific example. In particular the penetration
depth as a function of the charge on the proton, the screening para-
meter for the solid and the velocity of the pair is presented. We
shall refer to the screening parameter often in this chapter. It is the

quantity thatapears in the exponential for the Bohr type potential,

The value of X given by the expression \ |+ 32943 is called
the Bohr screening parameter )Lb It is approximately 2.5t for sodium.
Often the screening length ).b which is the inverse of )‘b is used in

literature,

6.2 N rical Results

In chapter 4 we derived the matrix elements for both the static
potential and the polarization potential in a hydrogenic basis set. In
particular the static potential was left in the form of a series given by

equation 4.4 (14d). The terms in the series contained two double

4+ In inverse Bohr radii
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The terms in the series contained two double integrals denoted by ]l'
equation 4.4(l4b)and J_, equation 4.4(14C), For convenience we write

Il again

Yhez

fo
T Fe T ) g e (8 68 g

1)

The double integral of equation 1 cannot be done analytically. There-
fore, we must resort to numerical technigques. These techniques
include the following: the outer Quadrature is accomplished by using
10 point Gaussian-laguerre integration. The sample points nf the
integrand are not uniformly spaced. Rather they are chosen to that

the integral will yield a correct result for a polynomial up to degree
nineteen.m At each sample point the integrand must be evaluated.
Thus at each sample point the inner integration is done using a 10~point
Gaussian quadrature scheme. This technique is also used for the
integral Iz although since the limits of the outer integral are not (0, %)
the Gaussian-~laguerre technique cannot be used. Instead two 10-point
Gaussian quadratures are used. The particular computer codes for
these integrals were taken from reference ] although clearly changes
were made to adopt them for this double integration., The accuracy of
the integrals were consjdered in the following way. The matrix
element for the static potential in the ground state, <{S) lg[ [S>

was evaluated using 24 point doubk precision Gaussian guadrature,
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using the above 10 point integrations which are single precision and
finally by analytic evaluation. The analytic integration is

accomplished by using a Fourier integral representation for the static
potential. Earlier we used an expansion in spherical harmonics which
led to the integrals ]1 and Iz . This Fourier analysis method beccmes
prohibitively difficult for the matrix elements for higher states, parti-
cularly off diagnol ones, Further, its form made numerical analysis
more difficult than expressions ]1 and IZ . The results with the screening

parameter chosen as one are

.259516 for 10 point single precision

.259169 for 24 point double precision

.259819 for analytic

From this we shall infer that a maximum of three place accuracy holds

for 10 point single precision work. We have used single precision
throughout our numerical computations because the accuracy is
acceptable and the computation times are then within reason., The
generation of the functions needed in the integrals is straightforward

and we wiil not discuss it any further. Lastly, the term C(L, 11. ml. 12, mz)
in 4.4(14d) which i8 proportional to a Clebsch-Gordon coefficient is
evaluated by the summation given in equations 2 through 9 in

Appendix 4A,
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Once the matrix elements are found we can then diagnolize the
Hamiltonian 4.4 (10a). The numerical techniques used were basically
Jacobi's method which searches the matrix for those elements larger
than some minimum value and annihilates them by orthogonal trans-
formation. This method although not particularly fast is very stable.
Further, the Hamiltonian matrix turns out to be rather sparse and so
the diagnolization time i8 a minor fraction of the total computation
time. The code used for the diagnolization was again taken from refer-
ence 1. The full set of eigen values and eigen vectors are obtained

using this code.

6.3 Numerical Results

The programs were run for Zl= 2 and Zl= 1 where again Zl is the
number of units of charge of the incident proton. For each of these
various values of the screening parameter were computed. These were
run without the polarization potential. The state of lowest finding
relative to the proton is the subject of table 1I. W shall refer to this
quantity as the binding energy, remembering that it is the expectation
value of the vacuum hydrogen Hamiltonian taken between the ground
state for hydrogen in the solid. In table II we also give the IS and 2S
amplitudes for this ground state as well as the binding energy for
various values of Zl and A, The number of states used in the basis is

also given. The computations were run on an IBM 360/50 and the

running times were four minutes for a 14x14 matrix and fifteen minutes
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fora 30x30mat rix, most of which were consumed in evaluating the
matrix elements. The last two lines in table II are the results of the

diagnolization of the Hamiltonian with the polarization potential present.

We first note that the case Zl= 2 {s of little interest since for the
range of screening shown the pair sees little of the lattice. Next we
note that our remarks about the importance of the polarization potential
are borne out. For the case of V=20 (Rydberg units) the electron gas is
no longer effective in determining the binding of the pair. At V=10 the
state of lowest energy rather than being a distrubed S state seems to
have developed out of a 3do state. This does not follow from table II but
rather from the details of the numerical computation. The importance of
states rich in p and d character is thus reflected in the state of lowest
binding. Because of the asymmetry of the polarization potential in the
longitudnal direction, these states become important and thus the
potential tends to elongate the atom in this direction. The fact that the
binding to the proton is larger than the value without the polarization
potential reflecting the oscillating character of the potential. However,
this should be a clue that we should not take the results too seriously,
for the polarization potential in the dipole appr ocximation, is sampling
the atom in regions less than a Bohr radius, But in such a region the

granular structure of the electron gas becomes evident, Thus plasma

waves for wavelengths less than a Bohr radius care not well-defined.
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We have really pusched the calculation beyond its range of validity.

In returning to the static potential, we note that the matrix elements
are independent of energy. Further, if we lock at the binding energy
versus the screening parameter, we see that the binding decreases
smoothly for the interval for A from one to one-third., That is, up to
a screening length of 3A.b ,» the binding energy {8 relatively insensitive
to the screening parameter A . After this for smaller values of A the
bindi ng energy begins to oscillate, showing a strong dependence on

screening parameter,

As we continue to make A even smaller, the states begin to take
on the character of the states we obtained for A equal to one, This
is shown clearly onthe graph of binding energy versus screening para-

meter, graph I,

We shall try to explain the pheonomena shown on graph I which
at first seems somewhat bizarre. Particularly the result that a )
becomes than 1/6 the lattice seems to wipe itself out. The system
seams to undergo the following behavior. The lattice is gradually
brought into the problem by relaxation of the size of A below unity.
State 25, 35 and 3d0 are mixed in gradually as we gee in table II and

graph II. Then for x of the order of 1/3, the binding energy begins to
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oscillate, This oscillation for the most part can be correlated with
table I and graph II. For example the local peak in the bind ng energy
at A= 3/12 can be understood as being caused by the presence of less
2s and consequently more 1S amplitude relative to the surrounding
aplitudes, After these oscillations the system returns to almost

totally 1S character as the lattice parameter is lowered below 1/6.

The fact that the system returns to IS character can be understood
in the following way. The overlap between any two different hydrogen
states vanishes of the potential is constant. We shall show that for
A= 1/12 or A= 1/24 that the potential is constant. If we write the
static potential as

c_,tlw-zl
7.z a2 &7
S‘qu AT

where
Y-(r,%)
E—"-‘ (E;.l Z))
then on performing the integration in 2 we find
i — '
2 K (A7 )

where Ko is a Bessel function of imaginary argument(z ). According
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2)

to Watson we can write

Ko (A ”’I'-@..LD = ;’E]I km@' P.L) Liy(Av)e (ud (3>

it

which holds for rg¢ Pl . Iln and Km are Bessel functions of imaginary
argument and integer order(z ) . % is the angle between the two vectors
in the argument of Ko . In our computation of the matrix for Vs we
used a basis set up through n=3 and n=4 where n is the principle
quantum number of hydrogen. For these sets it is clear that the only

terms in 3 that can couple the 1S state of any other in the set is

Ko AR Ty(AT) (4)

We note that for small A, that is ’?’Rl< | . this potential varies slowly
over the dimensions of the hydrogen atom. In fact suppose A= 1/24
and let us calculate the ratio of the 1S, 28 coupling of the potentia]l to
its IS expectation value, which is

R= <zs |V D - AF ces)prlisD (5)
<1siv|is>

where we used the expansion of Io for small arguments ()

1.2
Ix) = I+ Z2x7 + .., (6)

Putting 6 in 5 and using

i =rcso
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we get

&

g~ i'(/io)"j Ros Bis rtdr
.}

R2. g xi0-2

Therefore, we conclude that there is negligible coupling between the

1S and 28 states. Clearly if we look at higher c@uplings the above
expansion of Io will no longer hold. In fact for high n states the
expansion (3 ) no longer holds. However, for high n states the coupling
decreases due to the exponential decrease of the ground state. This

is amply reflected in the negligible change in the binding energy as we
increase the basis size (see table II}). Thus we conclude that as A

goes to zero the binding approachs the vacuum value of hydorgen. What
we have shown is that Io is relatively flat for very small values of its
argument. The region of very small values of the screening parameter

is not much physical interest however since our understanding of the
lattice precludes such highly charged bare cores. Further the Bohr
potential is not well-defined for these values. If we want to use large
values for the screening parameter, we must then replace the Bohr
potential by a sum of Yukowa like potentjals. For example we could have

a separate term for each shell of the core,

We would also like to consider the lifetime or penetration depth

of a channeling pair. This penetration depth D is related to the lifetime
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T by the relation

D=V.T. (8)

The lifetime T i8 related to the inverse ionization rate by equation

4,2 (12). To find D we begin with the equation for the ionization rate

3.4 (10)
4T - ey 2¢* f£.11 @
At W ye I, E,

where

Eo =%‘mV2

and Io is the ionization potential (negative binding energy) of
the pair. If we assume that f arises from close collions, then the rate

is proportional to the local density n, which we take as

JEr fom b £, ()
Jdrrind |+

- 2
Ve 5

where ’f— is the ground state of the pair and J:u' is the density of
sodium located at the site R. The major contribution to this will come
from the average term in the sodium density when the pair is located at

mid-channe]l. This average term i8 just the valence electron density,

and we shall consider Ne to be this.



From the expression derived in section 4.2 equation 12

dL_  1.-n

dt T
Using 7 and 9 and the condition & >>I_ we find

T:. M \'4 IO
et

and using 8 we get
- 4 1w
D= e, ¥ i Gt ) (ot F"/’ﬂﬁ )

If we consider D as a function of A then we must have
Io »1 as A = oo

80
Do) & 0%
if we consider an MeV pair, Therefore, we can write

DAy

o)

= vaL)
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(9}

(10)

and the penetration depth is proportional to the jonization potential.

To attempt to measure D or the form of the state of greatest binding

does not seem possible, at least directly. If we could do this, we

might then use the results to obtain Ax. The reason that states cannot



193

be observed directly is that when the atom emerges from the crystal
surface, effects may wash out any bulk effects and make measurement
impossible. When the surface effects are calculated, then we could
be able to obtain information about the internal states, but surface
calculations are by no means easy. A direct probe of the interior might
be attempted, but we notice immediately that processes such as
radiative transitions w uld not be observable since the lifetimes of
the states are too small. Placing the solid in a magnetic field would
attenuate the neutral component due to Lorentz jonization

and the forcing of the electron into region of high solid density.
However, we again do not know whether the surface will mask their

effects .

The calculations t hat might be performed next follow rather
directly from the work discussed here. The path of the proton could
be deformed and the cal gulations redone. That is we would be taking
into account the slow oscillation of the proton. Also the velocity can
be lowered to increase the importance of both collective effects and
capture rates. This would necessjitate a more careful examination of the
polarization potential. Two other areas can be studied. First, the
inclusion of a truly self-consistant calculation; and, second, a study
of the oscillating character of the binding energy with screening
parameter. The first course of study would allow direct loss of flux

since we could be dealing with a non-hermitian potential. Thus the
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state vector lengths would be stretched or compressed during
diagnolization. This might entail large computation times, The

gsecond course of study might give us moe i nformation on the nature of the

internal states of the pair.
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Table 11
CHANNELED STATES. (a,, and a,_ are the amplitudes of 1s

and 2s in the state of lowest binding with binding energy given

B

A= 142
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Graph I
The Negative of the Binding Energy in Rydbergs
vs.

. I —
The Screening Parameter in Units of )'B =J1 +ZZZ/ 3.
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Amplitude of State 3do vs, Screening Parameter in Units of
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+ Phase taken relative to 1s.
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