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‘" H o w  lo n g  d o  you l i v e ? '  s a id  th e  S t r la n .

'O h , a v e ry  sh o r t  t im e , ' r e p l ie d  th e  l i t t l e  m an o f  S a tu rn .

'T h a t  Is j u s t  a s  w i th  u s ,  ' s a id  th e  S t r la n ,  'w e  a lw a y s  c o m p la in  
how s h o r t .  T ha t  m u s t  b e  a u n iv e r s a l  law  of n a t u r e . '

'A la s ’. 1 s a id  th e  S a tu m ia n ,  'w e  l iv e  for o n ly  f iv e  h u n d red  g re a t  
r e v o lu t io n s  o f th e  s u n . '  (T hat c o m e s  to  f i f te e n  th o u s a n d  y e a r s  or 
th e r e a b o u t s ,  c o u n t in g  In o u r  w a y . )  'You c a n  r e a d i ly  s e e  t h a t  th a t  Is 
dy in g  a lm o s t  a t  th e  m om en t w e a r e  born; o u r  e x i s t e n c e  Is a p o in t ,  
ou r  d u ra t io n  a n  I n s ta n t ,  o u r  g lo b e  a n  a t o m . ' .  . . "

Volta ire
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In t ro d u c t io n

The c h a n n e l in g  of h e a v y  Ions  In s in g le  th in  c r y s t a l s  h a s  r e c e iv e d  

m uch  a t t e n t io n  In r e c e n t  y e a r s .  T h is  e f f e c t  d e a l s  w ith  t h e  p e n e t r a t io n  

o f  e n e r g e t ic  p a r t i c l e s  a lo n g  low  In d ex  d i r e c t i o n s .  F u r th e r ,  i t  m a n i f e s ts  

I t s e l f  in  th e  a t t e n u a t io n  o f p r o c e s s e s  s t ro n g ly  d e p e n d e n t  upon  th e  Im p ac t  

p a ra m e te r  o f th e  In c id e n t  io n  r e l a t i v e  to  th e  a to m s  (c o re s )  o f th e  s o l id .

T h is  la c k  o f  ha rd  c o l l i s i o n s  Is  c h a r a c t e r i s t i c  o f  c h a n n e l in g  p a r t i c l e s .

This s h o u ld  b e  c o n t r a s t e d  w i th  p e n e t r a t io n s  in  random  d i r e c t i o n s .  The 

c h a r a c t e r i s t i c s  o f th e  p r o c e s s e s  a re  q u i te  d i f fe re n t  In th e  tw o  c a s e s .

For e x a m p le ,  th e  t r a n s m i t te d  e n e rg y  s p e c t r a  for c h a n n e le d  p a r t i c l e s  h a s  

a s h o u ld e r  a t  th e  h ig h  e n e rg y  end  r a th e r  th a n  b e in g  G a u s s i a n  a s  it is  for 

th e  random  (norm al) c a s e .

In t h i s  t h e s i s ,  w e a re  i n t e r e s t e d  In s tu d y in g  th e  in te rn a l  s t a t e s  of 

c h a n n e l in g  a to m s .  S in c e  c h a n n e l in g  Im p lie s  d im ln u a tio n  o f  ha rd  c o l l i s i o n s  

w e  m igh t e x p e c t  th e  c h a r g e  of th e  a tom  to  be  lo w e r  th a n  n o rm a l .  In p a r ­

t i c u l a r ,  c o n s id e r  a n  e le c t r o n  p ro to n  p a ir  c h a n n e l in g  th ro u g h  a s in g le  c r y s t a l .  

Im ag in e  th a t  th e  e l e c t r o n i c  d e n s i t y  for an  In te rn a l  s t a t e  o f  th e  p a ir  d e c a y s  

a s  th e  p a i r  p e n e t r a t e s  in to  th e  c r y s t a l .  W e c a n  th e n  a t t e m p t  to  c a l c u l a t e  

th e  l i f e t im e  o f s t a t e s  th a t  l i v e  l o n g e s t .  S u ch  a program  w h ic h  Is  a t t e m p te d  

in  th i s  t h e s i s  is  d e s c r ib e d  b r ie f ly  b e lo w .  W e m u s t  rem ark , h o w e v e r ,  t h a t  

th e  s p i r i t  o f  th i s  w ork Is  o n e  o f an  e x p lo ra to ry  s tu d y .  T h is  m e a n s  th a t  w e  

h a v e  b e e n  m o s t  I n te r e s t e d  In s t a t i n g  th e  p rob lem , c h a r a c te r i z in g  th e  Im por­

t a n t  p r o c e s s e s  a n d  o b ta in in g  n u m e r ic a l  r e s u l t s  for s im p le  m o d e ls .
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C h a p te r  1 d i s c u s s e s  th e  m a tn  c h a r a c t e r i s t i c s  o f  c h a n n e l in g  fo r  h e a v y  

i o n s .  Some e x p e r im e n ta l  r e s u l t s  a r e  d i s c u s s e d  a n d  th e  im p o rtan t  c o n c e p t  

o f a s t r in g  p o te n t i a l  Is In t ro d u c e d .

C h a p te r  2 c o n ta in s  a  d e r iv a t io n  o f  th e  e q u a t io n  o f m o tio n  fo r  th e  I n ­

te rn a l  s t a t e  o f a n  e le c t r o n  p ro ton  p a i r .  T h is  e s s e n t i a l l y  e n t a i l s  s tu d y in g  

th e  p ro p a g a t io n  of a n  a rb i t r a ry  s t a t e  in  a su b  s p a c e  of th e  H ilb e r t  s p a c e  of 

th e  s o l id  s t a t e s .  The a m p l i tu d e  for th e  e le c t r o n  In th i s  c h a n n e l in g  s p a c e  

Is a n  a v e r a g e  o v e r  a  d e n s e  s e t  o f  a m p l i tu d e s  fo r th i s  s u b s p a c e .  The J u s t i ­

f i c a t io n  for th i s  a v e ra g in g  is  d i s c u s s e d  a t  som e  le n g th .  S u ff ic e  it to  s a y  

ou r  a v e ra g e  a m p l i tu d e  i s  sh o w n  to  p ro p a g a te  a c c o rd in g  to  a one body  

S c h ro e d ln g e r  e q u a t io n  w ith  a c o m p lex  p o te n t i a l  ( o p t ic a l  p o t e n t i a l ) .  I t  is  

fu r th e r  show n  th a t  In an  a p p ro p r ia te  a p p ro x im a t io n  s t a t e s  o f maximum l i f e ­

tim e  s a t i s f y  th e  e q u a t io n .

C h a p te r  3 d i s c u s s e s  in  d e ta i l  th e  v a r io u s  p o te n t i a l  e n e rg y  te rm s  c o n ­

ta in e d  in  th e  o n e  b ody  S c h ro e d ln g e r  e q u a t io n .  This e n t a i l s ,  in p a r t ,  a 

s tu d y  o f th e  s in g le  p a r t i c l e  e x c i ta t io n  (of th e  so l id )  c o n tr ib u t io n s  to  th e  

p o t e n t i a l .  F u r th e r  c o l l e c t iv e  e f f e c t s  a re  d i s c u s s e d  a n d  th e  p o la r iz a t io n  

p o te n t i a l  for a n  e le c t r o n  g a s  Is c o n s id e r e d .  L a s t ly ,  th e  r a t e  o f io n iz a t io n  

o f  th e  in c id e n t  p a i r  Is d e r iv e d  in  an  Im p u lse  a p p ro x im a t io n .  T h is  r a te  Is 

in te rp re te d  a s  b e in g  p ro p o r t io n a l  to  th e  im a g in a ry  p a r t  o f th e  o p t ic a l  

p o t e n t i a l .

C h a p te r  4 d i s c u s s e s  th e  e x p l i c i t  d e t a i l e d  s o lu t io n  to  th e  a b o v e  d i s ­

c u s s e d  S c h ro e d ln g e r  e q u a t io n  in  a  h y d ro g en  b a s i s  for th e  c h a n n e l in g  of 

a n  e le c t r o n  an d  p ro to n  in  so d iu m . F urthe r ,  th e  c o n c e p t  o f  s t r in g  p o te n t i a l
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Is  a p p l i e d .  A s e l f  c o n s i s t e n t  p ro c e d u re  i s  o u t l in e d  fo r  th i s  s o lu t io n .  The 

c a l c u l a t i o n  In v o lv e s  n u m e r ic a l  d o u b le  In te g ra t io n  fo r  th e  m a tr ix  e le m e n ts  

o f  th e  p o te n t i a l s  an d  th e n  n u m e r ic a l  d t a g n o l l z a t lo n  o f  th e  H a m il to n ia n  o f  

th e  S c h ro e d ln g e r  e q u a t io n  Is e f f e c t e d .  At th i s  p o in t  e n e rg y  l e v e l s  a n d  

io n iz a t io n  r a t e s  h a v e  b e e n  o b ta in e d  for lo n g  l iv e d  c h a n n e l in g  h y d ro g e n .

To o b ta in  th e  l i f e t im e s  o f the  in te rn a l  s t a t e s  w e a l s o  n e e d  c a p tu re  r a t e s .

C h a p te r  5 d i s c u s s e s  th e  form al th e o ry  o f c a p tu re  o f a n  e le c t r o n  by  a 

p ro to n  from a s e a  o f  e l e c t r o n s .  Some In te r e s t in g  form al r e s u l t s  a re  o b ta in e d .  

The prob lem  o f  c a p tu re  from v a le n c e  b a n d s  in  a m e ta l  is  th e n  d i s c u s s e d .  

F in a l ly ,  th e  c a p tu re  o f e l e c t r o n s  from th e  sod ium  c o re s  is  d e r iv e d  in  a n  

im p a c t  p a ra m e te r  t r e a tm e n t .

C h a p te r  6 c o n c lu d e s  th e  t h e s i s . The w ork of th e  p re v io u s  c h a p te r s  

is  b ro u g h t  to g e th e r  and  th e  n u m e r ic a l  r e s u l t s  a re  d i s c u s s e d .  The p a r t i c u ­

l a r  c o m p u ta t io n  t e c h n iq u e s  a re  b r ie f ly  d e s c r i b e d .  F in a l ly ,  p o s s ib l e  fu r th e r  

t h e o r e t i c a l  work is  p ro p o se d  a s  w e l l  a s  p o s s ib l e  e x p e r im e n ts .

A w ord a b o u t  n o ta t io n  is  in  o rd e r  h e re .  All e q u a t io n s  a re  num bered  

a n e w  in e a c h  s e c t io n  o r  s u b s e c t io n  by w h ic h  th e  c h a p te r s  a re  d iv id e d .  

H o w ev er , f ig u re s  an d  a n  o c c a s i o n a l  t a b le  is  num bered  c o n s e c u t iv e ly  

th ro u g h  t h e  t h e s i s .  E q u a t io n s  in  th e  sa m e  s e c t i o n  a s  th e  t e x t  a re  re fe rred  

to  by  num ber, for ex am p le  e q u a t io n  6 . E q u a t io n s  In s e c t i o n s  o u t s id e  th e  

im m e d ia te  t e x t  a r e  r e fe r re d  to  by s e c t io n  fo l lo w ed  by  e q u a t io n  num ber In 

p a r e n t h e s i s .  So e q u a t io n  6 In s e c t i o n  3 . 2 . 1  is  w r i t te n  th u s  3 . 2 .1 ( 6 ) .
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S ta n d a rd  D irac  b r a - k e t  n o ta t io n  is  u s e d  in te r c h a n g e a b ly  w ith  a m p l i tu d e  

n o ta t io n ,  fo r e x a m p le ,  l n >  a n d  t n(x ) .  The c o n s t a n t h  is  a lm o s t  In v a r ia b ly  

t a k e n  to  be  on e  a l th o u g h  w h e th e r  a to m ic  u n i ts *  a r e  u s e d  d e p e n d s  upo n  the  

c o n te x t .

h  = e  = m = 1



11

C h a p te r  1

Channeling Effect In Single Thin Crystals 

1.1 Introduction

T h e o r e t ic a l  a n d  e x p e r im e n ta l  w ork  on  th e  m o tio n  o f  e n e r g e t i c  c h a rg e d  

p a r t i c l e s  in  m a t te r  h a s  a lo n g  a n d  d i s t in g u i s h e d  h i s to r y .  The e a r ly  w ork  

w h ic h  b e g a n  w ith  N . Bohr In 1912 an d  c o n t in u e s  w ith  B ethe , Ferm i, Lamb 

an d  W lg n e r ,  to  m en t io n  a  few  r e s e a r c h e r s ,  c o n c e n t r a t e s  on  m otion  in  r a n ­

dom m e d ia .  For e x a m p le ,  th e  s lo w in g  dow n ( s to p p in g )  o f  f i s s i o n  f ra g m e n ts ,  

an d  th e  r e l a te d  q u e s t io n  o f  c a p tu r e  an d  l o s s  o f  e le c t r o n s  by io n s ,  Is a 

prob lem  th a t  r e c e i v e s  c o n s id e r a b le  a t t e n t io n  In th e  1 9 4 0 's .  H ow ever, 

w h e th e r  th e  m edium  th ro u g h  w h ic h  th e  p a r t i c l e  p e n e t r a t e s  i s  g a s e o u s  or 

c r y s t a l l i n e ,  th e  c a l c u l a t i o n s  t h e m s e lv e s  a re  In d e p e n d e n t  o f t h i s  d i f f e re n c e  

e x c e p t  for p o la r iz a t io n  e f f e c t s  In c o n d e n s e d  m e d i a .+ T hat i s ,  th e  m edium  

Is t r e a te d  a s  ran d o m ly  d i s t r ib u te d  w i th  r e s p e c t  to  th e  In c id e n t  b e a m . To 

p u t  It m ore p r e c i s e ly ,  th e re  Is no  c o r r e la t io n  b e tw e e n  th e  s c a t t e r i n g s  a 

p a r t i c l e  s u f fe r s  In i t s  m o tio n  th ro u g h  a g a s  o r  e v e n  a s o l id  In so fa r  a s  th e  

a b o v e  c a l c u l a t i o n s  a r e  c o n c e r n e d .  The to ta l  c r o s s  s e c t i o n  Is  th e  sum  o f  

c ro s s  s e c t i o n s  for th e  s c a t t e r in g  from e a c h  a to m ic  s i t e  In th e  m edium  

e a c h  of w h ic h  Is  t r e a te d  a s  If th e  o th e r  c e n t e r s  d id  no t e x i s t .

E xcep t for th e  p a p e r s  o f  S ta r k 1 ’ th e  f a c t  t h a t  p a r t i c l e  m o tio n  In 

c r y s t a l s  c a n  r e v e a l  a n i s o t r o p i c  e f f e c t s  Is n o t  d i s c o v e r e d  u n t i l  1963 by
3

R o b in so n  an d  O en  In a  c o m p u te r  e x p e r im e n t .  T hey  sh o w  t h a t  c h a rg e d

^A ctua lly  for a  b eam  p e n e t r a t in g  a  c r y s t a l  In a  random  d i r e c t io n  th e  
s t r u c tu r e  w ou ld  r e v e a l  i t s e l f  in  f lu c tu a t io n s  a b o u t  an  a v e r a g e  r e s u l t .
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p a r t i c l e s  c a n  b e  g u id e d  a lo n g  low  In d e x  d i r e c t i o n s  w i th  lo w  e n e rg y  l o s s e s  

a n d  lo n g  p e n e t r a t io n s  r e l a t i v e  to  p e n e t r a t io n s  In random  d i r e c t i o n s .  T his

w ork h a s  b e e n  fo l lo w ed  b y  m uch e x p e r im e n ta l  and  som e  t h e o r e t i c a l  w o rk .

4
In th i s  re g a rd ,  th e  t h e o r e t i c a l  w ork  of L lndhard  sh o u ld  b e  m e n t io n e d .  It 

Is  not o u r  w is h  h e re  to  d i s c u s s  t h i s  r e c e n t  h i s to ry  o r  go In to  th e  m any  

in t e r e s t i n g  r a m i f ic a t io n s .  The r e a d e r  sh o u ld  c o n s u l t  r e f e r e n c e s  4, 5 a n d  6 

for th e  p e r t in e n t  d i s c u s s i o n s  and  c o m p le te  b ib l io g r a p h ie s .  W h a t  w e w a n t  

to  m ake c l e a r  is  th a t  a c r y s t a l  u n d e r  c e r t a in  c o n d i t io n s  d o e s  no t b e h a v e  

a s  a g a s  w ith  r e s p e c t  to  th e  s c a t t e r in g  o f e n e rg e t ic  p a r t i c l e s .  F u rth e r ,  

t h i s  r e a l i z a t io n  m ark s  a s h i f t  in  b o th  e x p e r im e n t  a n d  th e o ry .

In t h i s  c h a p te r ,  w e  w is h  to  d e s c r ib e  b r ie f ly  (an d  w ith  a n  e y e  to w a rd s  

our o w n  work) th e  b a s i c  p ro p e r t i e s  o f ton  c h a n n e l in g .  The r e a d e r  sh o u ld  n o t  

be  m is le d  by  th e  b r e v i ty  o f th e  p r e s e n t a t i o n  in to  b e l i e v in g  th a t  th e  s u b j e c t  

is  b a r r e n .  On th e  c o n tra ry ,  It r e v e a l s  a r i c h n e s s  o f  p hen o m en a  t h a t  Is 

r a th e r  s t a r t l i n g .

1. 2 Some E x p er im en ta l  R e s u l ts
3

R o b in so n  a n d  O en  a t  th e  O ak  Ridge N a t io n a l  L a b o ra to r ie s  p rogram m ed 

b in a ry  e n c o u n te r  t r a j e c t o r i e s  fo r a to m s  m oving In s o l id s  a lo n g  low  in d e x  

d i r e c t i o n s .  Show n In F ig u re s  1 a r e  th e  p r o je c t io n s  o f th e  m o tion  o f  c o p p e r  

a to m s  in  c o p p e r  fo r  tw o In c id e n t  d i r e c t i o n s .  The f ig u re s  r e v e a l  o n e  of th e  

m a jo r  c h a r a c t e r i s t i c s  o f c h a n n e l in g ;  t h a t  th e  p e n e t r a t in g  p a r t i c l e  m o v es  In 

r e g io n s  of low  e le c t r o n ic  d e n s i t y .  In F igu re  l a ,  th e  p a r t i c l e  Is  fu r th e r  

c o n f in e d  In re m a in in g  a lo n g  o n e  a x i s .  The m ore g e n e r a l  c a s e  Is  sh o w n  

In F igu re  l b  w h e re  t r a n s v e r s e  m o tio n  (w a n d er in g )  b e tw e e n  c h a n n e ls  Is
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p o s s i b l e .  I t  sh o u ld  b e  n o ted  th a t  p a r t i c l e s  c a n  a l s o  b e  c o n f in e d  to  m ove 

a lo n g  low  in d e x  p l a n e s . The l a t t e r  m o tion  Is c a l l e d  p la n a r  c h a n n e l in g  

to  d i s t i n g u i s h  i t  from a x ia l  p ro p e r  c h a n n e l in g  In F igu re  l a  a n d  a x ia l  

c h a n n e l in g  sh o w n  In F igu re  l b .
7

In F igu re  2 th e  t r a n s m i t te d  e n e rg y  s p e c t r a  for 9 MeV p ro to n s  p e n e ­

t r a t in g  in  random  and  a x i a l  d i r e c t io n s  i s  sh o w n . I t  is  c l e a r  t h a t  a la rg e  

f r a c t io n  (In  f a c t  a p p ro x im a te ly  80 p e rc e n t)  o f  th e  p ro to n s  t r a n s m i t te d  a lo n g

a n  a x ia l  d i r e c t io n  h av e  a  s m a l l e r  th a n  no rm al (random ) e n e rg y  l o s s .  This

7
is  sh o w n  a g a in  in  F ig u re  3a for p la n a r  c h a n n e l in g .  The c u rv e s  m arked  

I a n d  II a re  o b ta in e d  by  s u b t r a c t in g  ou t  th e  n o n - c h a n n e le d  c o u n ts  s in c e  

th e  beam  t r a n s m i t te d  a lo n g  th e  f l , 1, 1} p la n e s  c o n ta in s  b o th  g ro u p s .  

C u rv e  I c o r r e s p o n d s  to  th o s e  c h a n n e l in g  p a r t i c l e s  w ith  h ig h e r  th a n  norm al
7

e n e rg y  lo s s  a n d  C u rv e  II fo r lo w e r  th a n  n o rm al.  In F igure  4 s u b s e t s  I 

an d  II o f  th e  s e t  o f c h a n n e le d  p a r t i c l e s  a r e  sh o w n  l a b e le d  a p p ro p r ia te ly  

h ig h  l o s s  an d  low  l o s s  c o m p o n e n ts  r e s p e c t i v e l y .  T h is  f ig u re  sh o w s  th e  

t r a n s m i t te d  e n e rg y  d i s t r ib u t io n s  for th e  lo w  an d  h ig h  l o s s  c o m p o n e n ts  a s  

a fu n c t io n  o f  th e  a n g le  o f in c id e n c e  of th e  beam  r e l a t i v e  to  th e  p la n e s  

m e n t io n e d .  F igu re  3b a l s o  sh o w s  v a r i a t io n s  w ith  in c id e n c e  a n g le .  W e 

s h a l l  d i s c u s s  t h e s e  c u rv e s  m ore fu l ly  in  th e  n e x t  s e c t i o n .  F in a l ly ,  w e 

m ig h t  p o in t  o u t  t h a t  in F ig u re s  2 , 3 ,  an d  4 c h a n n e l in g  c h a r a c t e r i s t i c s  a re  

d i s p l a y e d  th ro u g h  t r a n s m is s io n  e x p e r im e n t s .  E q u a lly  c o m p e l l in g  a re  

e x p e r im e n ts  w h ic h  r e v e a l  a n is o t r o p y  in  s a y  Rutherford  b a c k  s c a t t e r in g ,  

n u c le a r  r e a c t io n  y i e l d s ,  b lo c k in g  e t c .  The r e a d e r  sh o u ld  c o n s u l t  5 a n d  

6 for t h e s e  d e t a i l s  .
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1 .3  S tr in g  E ffec t

In th e  n e x t  few  s e c t i o n s  w e s h a l l  a t te m p t  to  c h a r a c t e r i z e  fu r th e r

p a r t i c l e  c h a n n e l in g  w i th o u t  g iv in g  a p r e c i s e  d e f in i t io n .  The u s e  o f th e

term  s t r in g  e f f e c t  to  d e n o te  c h a n n e l in g  w il l  b e co m e  c l e a r  a s  w e p r o c e e d .

F u rthe r ,  w e  s h a l l  a s s u m e  t h a t  c l a s s i c a l  m e c h a n ic s  a p p l i e s  to  th e  m o tio n

of th e  p e n e t r a t in g  p a r t i c l e .  W e s h a l l  r e tu rn  to  i t s  j u s t i f i c a t io n  l a t e r .  If

w e  a t t e m p t  to  u n d e rs ta n d  th e  m otion  sh o w n  In s a y  F igu re  1 w e m igh t

c o n je c tu r e  th a t  th e  e x p la n a t io n  of c h a n n e l in g  Is a  g e o m e tr ic a l  o n e .  T h is ,

h o w ev er ,  is  n o t  c o r r e c t .  The a n g le  o f a c c e p t a n c e  for m o tion  th ro u g h  a n

-5o p e n  c h a n n e l  i s  a p p ro x im a te ly  10 r a d ia n s  (for a th in  c ry s ta l )  w h ic h  is  

o f th e  o rd e r  o f  th e  In c id e n t  beam  d iv e r g e n c e .  P a r t i c le s  In th e  beam  w ou ld  

th e n  be  s c a t t e r e d  ou t o f th e  c h a n n e l  in  t h i s  b i l l i a r d  b a l l  m o d e l .  T his  Is 

p a r t i c u la r ly  c o n v in c in g  In p la y in g  a gam e of s n o o k e r .  R ather, th e  e x p la ­

n a t io n  l i e s  In th e  s te e r in g  o f th e  p a r t i c l e s  b y  th e  a to m ic  row s of th e  s o l id .

1 . 3 . 1  S te e r in g  an d  C o r r e la t io n

In F igu re  5, th e  m o tio n  o f  a c h a n n e le d  p a r t i c l e  is  sh o w n . For s im p l i ­

c i ty  w e c a n  a s s u m e  th a t  th e  p la n e  o f  th e  f ig u re  i s  a  sym m etry  p la n e  o f  th e  

s o l id  and  th a t  th e  p a r t i c l e s  v e lo c i ty  v e c to r  l i e s  e n t i r e ly  In t h i s  p la n e .

T h en  th e  two d im e n s io n a l  m o tion  show n  w ou ld  in  f a c t  be  c o r r e c t .  The 

p a r t i c l e  sh o w n  is  b e in g  g e n t ly  g u id e d  a lo n g  a  low  in d e x  d i r e c t io n  th ro u g h  

in te r a c t io n  w ith  th e  a to m ic  ro w s .  T h e ir  c o re  d e n s i ty  Is  sh ow n  by  th e  c r o s s  

h a tc h e d  c i r c l e s .  In th e  f ig u re ,  f  ts  th e  a n g le  b e tw e e n  th e  a x i s  a n d  th e  

m om entum  v e c to r  o f  th e  p a r t i c l e ,  w h en  th e  p a r t i c l e  Is fa r  from th e  a to m ic  

s i t e s .  Is th e  d i s t a n c e  of c l o s e s t  a p p ro a c h .  From th e  f ig u re  i t  Is
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c l e a r  th a t  c o r r e l a t e d  m o tion  fa v o rs  la rg e r  Im pac t p a ra m e te r s  th a n  random  

m o tio n  w o u ld .  T h u s ,  th e  e n e rg y  l o s s  s h o u ld  be  l e s s  for g o v e rn e d  m otion  

s in c e  Io n iz a t io n  r a t e s  a re  s t ro n g ly  im p a c t  p a ra m e te r  d e p e n d e n t .  The 

h ig h e r  e n e r g ie s  o f th e  e m e rg in g  p a r t i c l e s  In c h a n n e l in g  a r e  sh o w n  in  F ig ­

u re s  2 an d  3. W e m u s t  p o in t  o u t  th a t  F igure  5 i s  m is le a d in g  in  a  few  

r e s p e c t s .  F i r s t ,  th e  m otion  Is o f te n  n o t  a lo n g  a s in g le  a x is  bu t w a n d e r in g  

o c c u r s  a ro u n d  th e  a to m ic  s i t e s  a s  is  sh o w n  In F ig u re  l b .  S e c o n d ,  a s in g le  

p e rio d  In th e  c h a n n e l  is  o f  th e  o rd e r  o f a few h undred  l a t t i c e  s p a c in g  a n d  

so  a p p e a r s  a s  in  F igure  6, C urve  II .

1 . 3 . 2  C r i t i c a l  A ngle

It  i s  c l e a r  th a t  th e  m o tio n  ty p i f ie d  by C urve  III in  F igure  6 e n s u e s

w ith  I n c r e a s in g  a n g le  t  b e tw e e n  th e  m om entum  v e c to r  an d  c r y s t a l  a x i s .

4 tLind hard  sh o w s  th a t  for h igh  e n e r g ie s  c h a n n e l in g  e x i s t s  if  th e  fo l lo w in g

In e q u a l i ty  h o ld s .

</. <  c  f i  =  c  i / ^ 7 F  ;  < o

H ere  E i s  th e  p a r t i c l e ' s  e n e rg y ,  Z a n d  Z th e  p a r t i c l e  a n d  s o l i d ' s  a to m ic
X w

nu m b ers  r e s p e c t iv e ly ,  d  th e  l a t t i c e  s p a c in g  an d  C is  a c o n s t a n t  c l o s e  to

u n i ty .  T h is  c r i t e r ia  e x p r e s s e s  th e  n o t io n  th a t  fo r s t a b le  c h a n n e l in g  to

2 t to c c u r  th e  t r a n s v e r s e  e n e rg y  of m o tio n  E + m u s t  be  l e s s  th a n  th e
2

p o te n t i a l  b a r r ie r  th a t  c o n f in e s  th e  p a r t i c l e  (Z Z_e ) / ( d / 2 ) .
X u

J^E nerg ies  la rg e  r e l a t i v e  to  E^ . 
t  is  a t  m o s t  a  few  d e g r e e s .
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p o te n t i a l  l 'j V ( £ - ^ )  a n d  th e  a v e ra g in g  p r e s c r ip t io n  w o u ld  be

£  VCc- i O  j r  V ( E -  £  )  s  V
1 -  «o

w h e re  Z is  th e  lo n g i tu d in a l  co m p o n e n t  o f  R, I . e .  a lo n g  th e  s t r in g  a n d

V e x p r e s s e s  th e  a v e r a g e  n a tu re  o f th e  p o te n t i a l .  In f a c t ,  t h i s  a v e ra g e  

p o te n t i a l  a p p e a r s  q u i te  n a tu r a l ly  in  th e  Im p u lse  a p p ro x im a t io n  for th e  

s c a t t e r in g  In th e  c o l l i s i o n  o f a p a r t i c l e  w ith  m omentum  M v w ith  a 

p o te n t i a l  V.

-  W )
H ) / *  W

The c o n d i t io n  for th e  a v e ra g in g  p ro c e d u re  Is  th a t  th e  lo n g i tu d in a l  

f r e q u e n c y  o f m otion  p a ra l le l  to  a s t r in g  be  la rg e  r e l a t i v e  to  th e  t r a n s v e r s e  

f r e q u e n c y  o f o s c i l l a t i o n  of th e  p a r t i c l e .  T h a t I s ,  th e  p a r t i c l e  sh o u ld  

s a m p le  m any a to m ic  s i t e s  w i th o u t  a p p re c ia b le  c h a n g e  in  t r a n s v e r s e  p o s i t io n .  

A c ru te  e s t im a t e  fo l lo w s  w hen  w e  w r i te

U { _  => V / J  ( 4 )

w h e re  v = v c o s  + Is th e  lo n g i tu d in a l  v e lo c i ty  an d  d is  th e  l a t t i c e  s p a c i n g .

If w e  m ake  an  h a rm o n ic  a p p ro x im a t io n  to  th e  t r a n s v e r s e  m o tio n , th e n  th e
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e f f e c t i v e  s p r in g  c o n s t a n t  fo l lo w s  from

- U

d

from w h ic h  w e o b ta in  th e  t r a n s v e r s e  f r e q u e n c y .

s l f r ’- L * ' 1 ' .  ( £ )  C «

w h e re  M is  th e  p a r t i c l e ' s  m a s s .  Then

U 4 < E

E q u a tio n  5 sh o w s  t h a t  u> is  v e ry  m uch  s m a l le r  th a n  uuT fo r  h igh  e n e rg yA i*

e n c o u n t e r s .  For e x a m p le ,  fo r a n  MeV p ro to n  c h a n n e l in g  in  sod ium  w e 

find

* 2 1  ~  j o 1 to

T h is  c l e a r l y  Im p lie s  t h a t  th e  p a r t i c l e  s a m p le s  m any  row s (o f  th e  o rd e r  o f

a few  hundred) b e fo re  a n y  a p p re c ia b le  c h a n g e  in  d i r e c t io n  e n s u e s .  L ind - 

4
ha rd  o b ta in s  a s im i la r  r e s u l t  a n d  n o te s  th a t  th e  c r i t e r i a  Is in d e p e n d e n t  

o f  th e  m a s s  of th e  c h a n n e l in g  p a r t i c l e  d e p e n d in g  o n ly  on  th e  e n e rg y  a n d  

c h a rg e  p e r  u n i t  l e n g th  ( Z ^ e j /d  o f th e  s o l i d .  In  f a c t ,  Lind hard  sh o w s  

fu r th e r  t h a t  we c a n  m ake t h e  a p p ro x im a t io n  o f a v e r a g in g  th e  p o te n t i a l  w hen  

+ < w h e re  ^  i s  g iv e n  by  1 . 3 .  2(1), t h a t  is  c h a n n e l in g  an d  th e  a v e r a g e  

p o te n t i a l  a re  n o t  in d e p e n d e n t  c o n c e p t s .

1 . 3 . 4  O th e r  Im po rtan t  P a ra m e te rs

In F igu re  7, w e  sh o w  th e  r e s u l t s  o f  a c o m p u te r  s im u la t io n  quo ted
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g
by  G ib so n  for th e  p e n e t r a t io n  o f  5 MeV p ro to n s  in  s i l i c o n  a lo n g  

( 1 , 1 , 0 )  r o w s .  W h a t  c o n c e rn s  u s  m o s t  in  t h i s  f ig u re  i s  th e  p e r io d  for 

lo n g i tu d in a l  m o tio n  a n d  th e  d i s t a n c e  o f  c l o s e s t  a p p ro a c h .  W e s e e  th a t  

th e  p ro ton  c a n  m a in ta in ,  fo r  sm a ll  a n g le s  r e l a t i v e  to  th e  a x i s ,  a  d i s t a n c e  

of c l o s e s t  a p p ro a c h  of th e  o rd e r  of a Bohr r a d i u s .  F u rthe r ,  w e  s e e  th a t  

It s a m p le s  a few  hun dred  a to m s  in o n e  t r a n s v e r s e  o s c i l l a t i o n .  W e s h a l l  

re tu rn  to  t h e s e  r e s u l t s  d i r e c t ly  in th e  fo l lo w in g  c h a p te r .

1 . 3 . 5  C l a s s i c a l  o r  Q uan tum  D e s c r ip t io n ?

E ar l ie r  w e m en tio n ed  th a t  w e w ou ld  a s s u m e  th a t  th e  t r a je c to ry  o f th e  

in c id e n t  c h a rg e d  p a r t i c l e  w ou ld  be  d e s c r ib e d  c o r r e c t ly  by  N e w to n ian  

m e c h a n ic s .  To J u s t i fy  th i s  w e p o in t  o u t  t h a t  a n e c e s s a r y  c o n d i t io n  for 

c l a s s i c a l  m e c h a n ic s  to  a p p ly  is  th a t  the  p o te n t ia l  e x p e r ie n c e d  by  th e  

p a r t i c l e  v a ry  s lo w ly  o v e r  th e  w a v e  p a c k e t  c h a r a c t e r i z in g  th e  p a r t i c l e .

If  t h i s  w e re  no t t ru e ,  th e  c o n c e p t  o f c l a s s i c a l  p a r t i c l e  w ou ld  h a v e  no 

m e a n in g .  For h e a v y  p a r t i c l e  c h a n n e l in g  th i s  c o n d i t io n  is  a lw a y s  m et, 

a l th o u g h  fo r  e l e c t r o n s  in  th e  KeV ra n g e  q uan tum  c o n s id e r a t io n s  b e g in  to 

ta k e  a n  im p o r ta n c e .  This i s  so  s tn c e  the  e le c t r o n s  w a v e le n g th  b e c o m e s  

of th e  o rd e r  of th e  ra n g e  o f th e  p o t e n t i a l s .  R e fe ren c e  4 sh o w s  a l s o  th a t  

th e  a b o v e  c o n s id e r a t io n s  a re  s u f f i c i e n t  for c l a s s i c a l  m e c h a n ic s  to  h o ld .  

So th e  c h a n n e l in g  of a n  MeV p ro to n  is  s t r i c t l y  a c l a s s i c a l  ph en o m en o n  

an d  quan tum  c a l c u l a t i o n s  a re  u n n e c e s s a r y .
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F ig .  l a

P ro je c t io n  o f  som e  (O O l)  c h a n n e l  t r a j e c t o r i e s  o n to  t h e  (001) 

s u r f a c e  o f  f . c . c .  C u  1-keV C u s lo w in g  d o w n . 1

[•00)

F ig .  lb

P ro je c t io n  o f  som e  ( 0 0 1 )  c h a n n e l  t r a j e c t o r i e s  o n to  t h e  (O il) 

s u r f a c e  o f  f . c . c .  C u .  1 -keV  Cu s lo w in g  d o w n . 1
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• NOftMAL

•  (llO ) PLANT

•  ( i l l )  PLA NT

-*10

PHOTON INTACT (KlpV")

F ig .  2

T ra n sm it te d  e n e rg y  s p e c t r a  fo r 9 . 0  MeV p ro to n s  in c id e n t  

p a r a l l e l  to  [111*1 , { 1 10*| p l a n e s  a n d  In a  no rm al d i r e c t io n
7

o f  a  25p th ic k  g e rm an iu m  c r y s t a l .
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F ig .  3

E nergy s p e c t r a  fo r  7 .0  MeV p ro to n s  t r a n s m i t te d

(a) p a r a l l e l  to  { 11 I f  p l a n e s  a n d ,

(b) 0 . 1 4 °  to  t h e  ( 1 1 1 }  p l a n e s  o f  a  33p t h ic k
7

s i l i c o n  c r y s t a l .
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F ig . 4

F ra c t io n  o f  h ig h  l o s s  a n d  lo w  l o s s  p a r t i c l e s  In th e  

t r a n s m i t te d  e n e rg y  d i s t r ib u t io n s  a s  a  fu n c t io n  o f  th e  

In c id e n c e  a n g le  fo r 2 . 8  MeV p ro to n s  r e l a t i v e  to  

{ i l l } ,  { 1 1 0 } ,  a n d  { 1 0 0 }  p l a n e s  o f  a  3 3p t h ic k
7

s i l i c o n  c r y s t a l .
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F ig .  5

C h a n n e l in g  In  a  Sym m etry P lane
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F- -te>'

F ig .  6

T ra je c to r ie s  for V arious L o s s  C o m p o u n d s  o f  F ig s .  2 a n d  4
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F ig .  7

C o m p u te r  s im u la te d  t r a j e c t o r i e s  o f  5 .0  MeV p ro to n s
g

in c id e n t  on  s t a t i c  ( 1 1 0 )  ro w s  o f  s i l i c o n .
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C h a p te r  2 

E qua tio n  o f  M o tio n  fo r  a P a ir

2 .1  In t ro d u c t io n

In th e  f i r s t  c h a p t e r  w e sh o w e d  th a t  a p ro ton  in  c h a n n e l in g  th ro u g h  

a s in g le  th in  c r y s t a l  m a in ta in e d  a c o r r e la te d  m otion  w ith  c o n s e q u e n t ly  

l a rg e r  th a n  norm al Im p ac t  p a ra m e te r s  w i th  th e  a to m s  o f th e  s o l i d .  T h is  

in  tu rn  led  to  a s h a rp  a t t e n u a t io n  o f  p r o c e s s e s  d e p e n d e n t  on s t r in g  c o l l i ­

s io n s  . So a c h a n n e le d  p ro ton  w i l l  sh o w  a n  a n o n y m o u s ly  lo n g  ra n g e  a n d  

low  e n e rg y  l o s s . *  T h e re fo re ,  w e  a s k  th e  fo l lo w in g  q u e s t io n .  W il l  th e  

m o tion  o f an  e le c t r o n  r e l a t i v e  to  a p ro to n  in  th e  c h a n n e l in g  o f a  p a ir  

sh o w  a n y  c o r r e la t io n  a s  r e g a rd s  t h e i r  r e l a t i v e  p o s i t i o n s ?  To p u t  i t  m ore 

g e n e ra l ly :  w il l  c h a n n e l in g  a to m s  o r  io n s  r e a c h  c h a rg e  e q u il ib r iu m  m ore 

s lo w ly  th a n  random  p e n e t r a t in g  o n e s ,  an d  m oreov er  m igh t th e y  n o t  sh ow  

s m a l le r  a v e r a g e  c h a rg e  s t a t e s  .

In th i s  t h e s i s ,  w e In tend  to  i n v e s t i g a t e  th i s  s i t u a t io n .  W e sh o u ld  

p o in t  o u t  h e re  th a t  a l th o u g h  m uch o f  th e  fo rm alism  th a t  fo llo w s  is  q u i te  

g e n e ra l  w e s h a l l  g e n e r a l ly  r e fe r  to  the  in c id e n t  a tom  a s  an  'fe lectron- 

p ro to n  p a i r " ,  o r  " p a i r " ,  o r  a to m . T h is  c h o ic e  of d i s c u s s i n g  th e  c h a n n e l in g  

of h y d ro g en  Is no t  o n ly  c o n v e n ie n t  fo r c o n c e p tu a l  p u rp o s e s  b u t  i s  a l s o  

c o n v e n ie n t  for l a t e r  c o m p u ta t io n s .  The e m p h a s is  o n  h y d ro g en  c le a r ly  

rem o v e s  from c o n s id e r a t io n  more d i f f ic u l t  in te rn a l  s t r u c tu r e  p ro b lem s for 

th e  in c id e n t  a to m .  C le a r ly ,  s u c h  p ro b lem s w ou ld  n o t  e lu c id a t e  th e

* A gain , r e l a t i v e  to  random  i n c id e n c e .
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b a s i c  a s p e c t s  of a to m ic  c h a n n e l in g .  W e sh o u ld  a l s o  lo o k  a t  th i s  c h o ic e  

o f  h y d ro g en  an d  th e  a p p ro x im a t io n s  d i s c u s s e d  in  th e  n e x t  s e c t io n s  a s  a 

f i r s t  a p p ro x im a t io n .  T his p o in t  o f v iew  Is  s im i la r  to  th e  o n e  w h ic h  c o n ­

s id e r s  th e  s t a t i c  s t r in g  m o d e l a s  b e in g  a  f i r s t  a p p ro x im a t io n  to  th e  c h a n n e l in g  

o f  a  p ro to n , o r  th e  e le c t r o n  g a s  a s  b e in g  a f i r s t  a p p ro x im a t io n  for th e  

m o tio n s  o f th e  e l e c t r o n s  in  a s o l id .  W e th e re fo re  s h a l l  t ry ,  in  th i s  

e x p lo ra to ry  in v e s t ig a t io n ,  to  e m p h a s iz e  o n ly  t h o s e  p ro p e r t ie s  o r a t t r ib u t e s  

w h ic h  w e c o n s id e r  o f p r im ary  Im p o rtan ce  to  th e  phen o m en a  u n d e r  d i s c u s s i o n .  

F u r th e r ,  w e  s h a l l  n o t  h e s i t a t e  a t  t im e s  to  s im p li fy  or bu ild  m o d e ls ,  so  

long  a s  t h o s e  m o d e ls  b r ing  in to  sh a rp  r e l i e f  th e  b a s i c  q u a l i t i e s  of p a i r  

c h a n n e l in g .  At a l l  t im e s ,  th e  n o t io n  th a t  th i s  t h e s i s  Is  m e a n t  a s  a n  

e x p lo ra to ry  i n v e s t i g a t i o n  o f  th e  n a tu re  o f a to m ic  c h a n n e l in g  sh o u ld  b e  k e p t  

in  m ind .

In th i s  c h a p te r ,  we a re  p r im a r ily  c o n c e rn e d  w ith  d e r iv in g  a n  e q u a t io n  

o f m o tio n  for th e  c h a n n e l in g  of a n  e le c t r o n - p r o to n  p a i r .  In s e c t io n  Z ,  we 

s t a t e  th e  a p p ro x im a t io n s  w e  s h a l l  u s e  s u b s e q u e n t ly .  In s e c t io n  3, w e 

d i s c u s s  th e  c o n c e p t  o f a  c h a n n e l in g  s u b s p a c e  of H ilb e r t  s p a c e .  C o n c o m i­

t a n t  w ith  t h i s ,  w e  d i s c u s s  th e  u s e  o f a p p ro p r ia te  p ro je c t io n  o p e ra to r s  a n d  

th e  s u p e r p o s i t io n  of q u a s i  c o h e re n t  qu an tum  m e c h a n ic a l  a m p l i tu d e s .

In s e c t io n  4, w e d e r iv e  a g e n e ra l  e q u a t io n  for th e  p ro p a g a t io n  o f  a p a i r .

In s e c t io n  5, w e  d e r iv e  a  s p e c i f i c  e q u a t io n  for th e  p rob lem  a t  h a n d .

W h a t  w e u l t im a te ly  o b ta in  is  a p s e u d o  S c h ro e d in g e r  e q u a t io n  fo r  th e  t im e  

d e v e lo p m e n t  o f th e  In te rn a l  s t a t e s  o f  th i s  p a i r .  In s e c t io n  6 , w e  s e a r c h
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for t h o s e  s t a t e s  w h ic h  h a v e  maximum l i f e t i m e s .  A v a r i a t i o n a l  p r in c ip a l  

for m axim um  p ro b a b i l i ty  Is  s t a t e d  w h o s e  s o lu t io n s  a re  show n  to  b e ,  to  an  

a p p ro p r ia te  o rd e r  In p e r tu rb a t io n  th e o ry ,  n o th in g  o th e r  th a n  s o lu t io n s  to  

th e  p s e u d o  S c h ro e d in g e r  e q u a t io n  p re v io u s ly  d e r iv e d .  An a p p e n d ix  on 

b io r th o n o rm al s e t s  is  In c lu d e d  fo r  c o m p le t e n e s s .

2 . 2 A pp ro x im ation s

In th e  l a s t  c h a p te r  w e o b s e rv e d  th a t  a x ia l  c h a n n e l in g  h a s  tw o com ­

p o n e n ts ;  o ne  c a l l e d  s im p ly  th e  c h a n n e le d  to n s  an d  th e  s e c o n d  c a l le d  th e  

p ro p e r  c h a n n e le d  Io n s .  T h e s e  a re  sh o w n  r e s p e c t iv e ly  in F igures l b  a n d  

l a  In C h a p te r  1 . For th e  p ro p e r  c h a n n e le d  g roup , l a ,  we s e e  a g a in  th a t  

th e  p e n e t r a t in g  Ion re m a in s  c o n f in e d  to  o n e  a x i s  o f th e  c r y s t a l .  W e s h a l l  

c o n c e n t r a te  on th i s  group b e c a u s e  o f th e  s im p l ic i ty  e v e n  th o u g h  th e y  a re  

a sm a ll  p o r t io n  of th e  to ta l  c h a n n e l in g  p o p u la t io n .  W e c h o s e  th i s  g roup 

s in c e  h e re  th e  m o tion  in  th e  t r a n s v e r s e  p la n e  re m a in s  p a r t i c u la r ly  o rd e re d .  

For th e  n o n -p ro p e r  c h a n n e le d  g roup  the  o v e r la p  b e tw e e n  th e  c h a n n e l in g  

p a i r s  c h a rg e  d i s t r ib u t io n  a n d  th a t  o f  th e  a to m s  of th e  s o l id  w ould  a p p ro a c h  

random  b e h a v io r ,  In so fa r  a s  t r a n s v e r s e  m otion  Is c o n c e rn e d .  W e c la im  

t h a t  for n o n -p ro p e r  c h a n n e le d  p a i r s  the  c o r r e la t io n  in th e i r  r e s p e c t iv e  

m o tio n s  w o u ld  a p p ro a c h  th a t  o f  a p a ir  for random  in c id e n c e .  T hat i s ,  we 

e x p e c t  th a t  th e  Io n iz a t io n  r a te  w o u ld  a p p ro a c h  th a t  for random  p e n e t r a t i o n s .

Our s e c o n d  a p p ro x im a t io n  e n ta i l s  r e p la c in g  th e  p ro to n s  d y n a m ic a l  

m o tion  w ith  a p r e s c r ib e d  o n e .  In f a c t ,  w e  s h a l l  a s s u m e  th a t  th e  p ro ton  

m o v es  in a s t r a tg h t  l in e  dow n th e  c e n t e r  o f a c h a n n e l  a s  a f i r s t  s t e p  in 

th e  s o lu t io n  o f th e  p ro b lem . W e sa w  in  th e  l a s t  c h a p te r  th a t  a  p ro to n 's
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m otion  Is  c h a r a c te r i z e d  by v e ry  g ra d u a l  t r a n s v e r s e  m o tion , th e  lo n g i tu d i ­

na l  p e r io d  b e in g  m any h u n d re d s  o f  l a t t i c e  s p a c i n g s .  I t  i s  c l e a r  th a t  a n  

a d ia b a t i c  a p p ro x im a t io n  i s  q u i te  v a l id  h e re  s in c e  th e  t r a n s v e r s e  f re q u e n c y  

of m o tion  o f th e  p ro ton  is  o f th e  o rd e r

c ( t -

H ere  M is  the  p ro ton  m a s s ,  Z th e  p ro ton  c h a rg e ,  Z th e  c o re  c h a rg e  a n d1 £»

d th e  l a t t i c e  s p a c i n g .  The e l e c t r o n 's  m otion  ab o u t  the  n u c le u s  is  o f o rder

co =  i f - .  ( z ,

w h e re  a Q is  th e  ra d iu s  o f th e  f i r s t  Bohr o r b i t .  For a p ro to n - e le c t r o n  p a i r  

th e  r a t io  b e c o m e s

a n d  so  uj , T h e re fo re ,  w e c a n  p r e s c r ib e  th e  p r o to n 's  m o tio n , so lv e

for th e  e le c t r o n ic  m otion  g iv e n  th i s  n u c le a r  p o s i t io n ,  c h o o s e  a n o th e r  

n u c le a r  p o s i t io n ,  s o lv e  for th e  e le c t r o n ic  m o tio n s  a n d  so  fo r th .  The 

d i f fe re n t  m o tio ns  a re  th e n  t ie d  to g e th e r  a d i a b a t i c a l l y . C le a r ly ,  s u c h  a n  

u n d e r ta k in g  is  r a th e r  fo rm id a b le .  R ather, w e c o n s id e r ,  e x c e p t  fo r a b r ie f  

d i s c u s s i o n  l a t e r ,  o n ly  th e  s t r a ig h t  l in e  m o tio n  c a s e .  W e a re  fu r th e r
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a s s u r e d  th a t  s u c h  a c h o ic e  Is  r e a s o n a b le  by  th e  f a c t  th a t  th e  p ro ton  c a n  

m a in ta in  In som e c a s e s ,  a d i s t a n c e  o f c l o s e s t  a p p ro a c h  of o n e  a to m ic  

r a d i u s .  T h is  w a s  p r e s e n te d  In th e  l a s t  c h a p te r  In F ig u re  7 .

Our th ird  a p p ro x im a t io n  Is th a t  th e  l a t t i c e  i s  r ig id .  T h is  is  r e a l ly  

a m inor p rob lem  a n d  is  m e n t io n e d  m ore for c o m p le te n e s s  th a n  a n y  o th e r  

r e a s o n .  The m o tion  o f th e  l a t t i c e  c le a r ly  w i l l  h a v e  a n  e f f e c t  on th e  

c o u p lin g  of th e  p a i r .  H o w ev er ,  phon on  e n e r g ie s  a r e  o f th e  o rd e r  o f a 

f r a c t io n  of a  v o l t .  T h e re fo re ,  In s in g le  c o l l i s i o n s  w e d o  no t e x p e c t  them  

to  e x c i te  In te rn a l  s t a t e s .  P h e n o m e n o lo g tc a l ly , the  m o tion  o f  th e  l a t t i c e  

w i l l  be e x p r e s s e d  by  th e  s i z e  o f the  a to m ic  co re s ,  o r  b e t t e r ,  by th e  ra n g e  

o f  th e  p o te n t ia l  s e t  up by  th e m . Further , th e  m ean  sq u a re  f lu c tu a t io n s  

( a t  STP) of th e  l a t t i c e  w o u ld  be  a  sm a ll  f r a c t io n  of th e  T h o m a s-F erm i 

s c r e e n in g  ra d iu s  o f th e  a to m s  of the  s o l id .  F in a l ly ,  t h i s  sm e a r in g  o u t  o f  

th e  c o re s  b e c a u s e  o f  f in i te  te m p e ra tu re  e f f e c t s  c a n  e a s i l y  be  in c o rp o ra te d  

in to  our w ork if d e s i r e d .  W e s h a l l  no t  c o n c e rn  o u r s e lv e s  w i th  th i s  p o in t  

a n y  fu r th e r .

In a l a t e r  ch ap te r ,  a  fou rth  a p p ro x im a t io n  w il l  be  m ade  of a v e ra g in g  

th e  p o te n t i a l ,  s e t  up by th e  a to m s  o f th e  s o l id ,  a lo n g  th e  lo n g i tu d in a l  

d i r e c t io n .  S u ch  a n  a v e ra g e  s h a l l  a g a in  be  c a l l e d  a s t r in g  p o t e n t i a l .  W e 

sh o w e d  e a r l i e r  t h a t  th e  lo n g i tu d in a l  f re q u e n c y  of l a t t i c e  s i t e s  e x p e r ie n c e d  

by  th e  in c id e n t  p a ir  is  o f  th e  o rd e r ,

( 4 )
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w h e re  E Is th e  e n e rg y  o f th e  p a ir ,  w h i le  th e  e l e c t r o n 's  In te rn a l  f r e q u e n c y  

o f m o tion  a b o u t  th e  n u c le u s  i s  g iv e n  b y  e q u a t io n  3. T h e ir  r a t io  i s  th e n

for a n  MeV p a i r .  T h is  im p l ie s  th a t  w e  c a n  m ake  a s t r in g  p o te n t i a l  a p p ro x i ­

m a t io n .  The r e a s o n  for t h i s  is  t h a t  on  a n  a to m ic  s c a l e  th e  p o te n t ia l  h a s  a 

h ig h  f re q u e n c y  co m p o n en t  d u e  to  t h i s  lo n g i tu d in a l  m o tio n .  T hus, th e  

e le c t r o n  in a  r e v o lu t io n  s a m p le s  o n ly  th e  a v e r a g e  v a l u e .  This i s  no t  th e  

sam e  a p p ro x im a tio n  t h a t  w a s  m ade  in  the  l a s t  c h a p te r .  T here , i t  w a s  

sh o w n  th a t  th e  s t r in g  p o te n t i a l  is  a n  a c c e p t a b l e  a p p ro x im a t io n  in  d e s c r ib in g  

th e  t r a n s la t i o n a l  m otion  of a n  io n .  H ere  it  Is show n  th a t  th i s  a p p ro x im a t io n  

is  v a l id  for a d e s c r ip t io n  o f th e  in te rn a l  s t a t e s  o f m o tion  a l s o .

In th e  d e r iv a t io n s  in th e  fo l lo w in g  s e c t io n s  we s h a l l  m ake a p p ro x im a ­

t io n s  2 an d  4 a t  a p p ro p r ia te  p l a c e s .  T hat i s ,  w e s h a l l  e x p l i c i t ly  s t a t e  

w hen  t h e s e  a re  m ade  so  th a t  th e  d e r iv a t io n s  c a n  be e x p r e s s e d  in  th e i r  

m o s t  g e n e ra l  form u n t i l  th e n .

2 . 2 . 1  D e s c r ip t io n  of C h a n n e l in g  S p a c e

W e w is h  to  s o lv e  th e  e q u a t io n

4
1 0

lo o k in g  for c o r r e la t io n  o f th e  e le c t r o n  an d  p ro to n .  A bove, A and  S re fe r  

to  th e  in c id e n t  e le c t ro n  a n d  s o l id  c o o r d in a te s  r e s p e c t i v e l y .  H(A^S) is
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th e  fu l l  H a m il to n ia n  c o n s i s t i n g  o f  e le c t r o n ,  s o l id  a n d  th e i r  I n te r a c t io n .

In  o rd e r  to  m ake  s u c h  a s e a r c h  fo r  c o r r e l a t io n  p o s s ib l e  w e  look  for a  

p ro je c t io n  o p e ra to r  w h ic h  p r o je c t s  th e  s t a t e  t  (A ,S ,t) In to  s u c h  a  s u b s p a c e  

o f H ilb e r t  s p a c e .  T h is  s u b s p a c e  o f c o r r e l a t e d  m o tion  o f th e  p a ir  s h a l l  be  

re fe r re d  to  a s  " c h a n n e l in g  s p a c e .  " T h is  u s e  o f th e  w o rd s  c h a n n e l in g  

s p a c e  sh o u ld  c a u s e  no c o n fu s io n  if  w e rem em ber th a t  s p a c e  h e re  d o e s  

no t r e f e r  to  E u c l id ia n  th re e  s p a c e .  O nce  w e h av e  found  s u c h  a n  o p e ra to r  

w e  c a n  o b ta in  a n  e q u a t io n  for th e  p a r t  o f  th e  w a v e  fu n c t io n  in  th i s  c h a n n e l in g  

s p a c e .  To be  m ore p r e c i s e ,  w e  w r i te

P h 0  * 1 (1)

w h e re  P Is a p ro je c t io n  o p e ra to r  w h ich  p r o je c ts  the  fu ll  w a v e  fu n c t io n  

o n to  th a t  p a r t  o f H ilb e r t  s p a c e  su c h  th a t  th e  p a i r  is  n o t  d e c o u p le d .  That 

i s ,  th e re  w il l  be  e x c i t a t i o n s  o f  th e  so l id  for w h ic h  th e  e le c t r o n  w i l l  re m a in  

In a q u a s i - s t a t i o n a r y  In te rn a l  s t a t e  a s  the  p a ir  c h a n n e l s  th rou gh  th e  s o l id .  

T h e s e  s t a t e s  of th e  s o l id  w i l l  b e  In P s p a c e .  F u rth e rm o re , i t  is  c l e a r  th a t  

P m u s t  be  d e f in e d  s e l f - c o n s l s t e n t l y . The c h o ic e  of P w i l l  a f f e c t  th e  

l i f e t im e s  o f th e  In te rn a l  s t a t e s  and  th e  l i f e t im e s  a re  u s e d  to  s e l e c t  P .

For e x a m p le ,  e x c i t a t io n s  w ith  m om entum  t r a n s f e r  l e s s  th a n  th e  momentum  

o f  th e  e le c t r o n  In th e  f i r s t  Bohr o rb i t  w i l l  be  c o n ta in e d  In P s p a c e .  So w e 

e x p e c t  th a t  th e  p r o je c t io n  o p e ra to r  a n d  th u s  the  p o te n t i a l s  w i l l  d e p e n d  

upon  s u c h  a p a ra m e te r .

E x ac tly :  P Is d e f in e d  a s  p ro je c t in g  o n to  t h a t  p a r t  o f  H i lb e r t  s p a c e  

o f  th e  s o l id  In w h ic h  th e  p a i r  re m a in  in  a qua  s i - s t a t i o n a r y  s t a t e  o f lo n g
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l i f e t im e .  T h ese  s t a t e s  of long  l ife tim e  a re  a m p li tu d e s  in P s p a c e .

2 . 3 . 2  C h o ic e  of P ro je c t io n  O p era to r

Although we s h a l l  no t  n e e d  a n  e x p l ic i t  form for P a t  th e  m om ent, It 

w il l  lend  som e c o n c r e te n e s s  to  th e  fu ture  d i s c u s s io n s  If we d i s p la y  P 

and  g iv e  som e of Its  p ro p e r t ie s  now .

W hat w e  a re ,  in fa c t ,  in te r e s te d  In is  P ^ s in c e  th is  Is th e  w ave  

fu n c tion  In c h a n n e lin g  s p a c e .  This h a s  the  form

? l £  =  Z t  %  ( $ )  C n
n e c

w here  Is a so l id  s t a te  s t a t e  s a t i s f y in g  th e  e q u a tio n

H(S) U (S) = v U (S) n n n

and  H(S) is  the  n o n - in te r a c t io n  so l id  H am ilton ian  and  vn the e n e rg y  of

s ta te  n^. * a re  e x p a n s io n  c o e f f ic ie n t s  and C is  a  d e n s e  s e t  of e x c i t a -n

t lo n s  of the  so l id  w h ich  c o m p r ise s  c h a n n e l in g  s p a c e .  The r e a s o n  the  

s e t  of e x c i ta t io n s  Is d e n s e  i s  not hard to u n d e rs ta n d .  Each atom  of the  

c ry s ta l  h a s  a con tinuum  of e x c i ta t io n s  to  c o n tr ib u te  to  c h a n n e l in g  s p a c e  

and th e y  c a n  be ta k e n  In a l l  p o s s ib le  c o m b in a t io n s .  P h y s ic a l ly ,  C c o n ­

ta in s  sm a ll  e n e rg y  and  momentum t ra n s fe r s  b e tw e e n  th e  p a ir  and  th e  s o l id .  

We m ust po in t o u t  th a t  a so l id  s t a t e  of sm all  en erg y  an d  momentum t r a n s ­

fer need  no t  be In c h a n n e l in g  s p a c e .  The r e a s o n  for th is  Is th a t  m u lt ip le  

c o l l i s io n s  c a n  le a d  to  d e c o u p l in g  of th e  p a ir  e a c h  c o l l i s io n  co m pris in g

V e  m ight c o n s id e r  th e  so l id  a t  a b s o lu te  zero  to s ta r t  w i th .  Then a n y  
e x c i ta t io n  is  th en  a r e s u l t  o f  a c o l l i s io n .
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s m a ll  e x c h a n g e s .  I t  Is e v e n  p o s s ib l e  for d e c o u p l in g  to  o c c u r  In m u lt ip le  

c o l l i s i o n s  w ith  th e  t o ta l  e x c h a n g e s  s m a l l .  On th e  o th e r  h a n d ,  we e x p e c t  

th e  p rim ary  Io n iz a t io n  p r o c e s s  to  be  hard  s in g le  c o l l i s i o n s .  T h e s e  c o l l i ­

s io n s  w i l l  d e f in i t e ly  b e  c o n ta in e d  in  Q s p a c e .  In f a c t ,  w e  s h a l l  s e e  th a t  

t h e  m u lt ip le  so f t  c o l l i s i o n s  w i l l  a f f e c t  th e  form o f  th e  In te rn a l  s t a t e s  o f th e  

c h a n n e l in g  p a i r .  T ha t i s ,  th e y  w i l l  be  c o n ta in e d  w i th in  a s t r in g  p o te n t ia l  

e x p e r ie n c e d  by th e  p a i r .  S in c e  o u r  s e t  of e x c i t a t io n s  Is  d e n s e  w e m ake  

th e  fo l lo w in g  A n sa tz :

W e h ave  a s s u m e d  t h a t  th e  $n(A ,t)  a r e  e s s e n t i a l l y  In d e p e n d e n t  o f n and  

h a v e  ta k e n  them  o u t  o f th e  su m . W e a re  c la im in g  th a t  w e n e e d  m ake no 

d i s t i n c t io n  b e tw e e n  th e  m any  e x c i t a t io n s  in  th i s  s p a c e  and  c a n  r e p la c e  

th e  v a r io u s  a m p l i tu d e s  by an  a v e ra g e  o n e .  T h a t t (A , t )  is  a n  a v e ra g e  

s t a t e  c a n  b e  s e e n  by  e q u a t in g  Z  an d  3 an d  p ro je c t in g  o n to  a l l  o f  P s p a c e .  

W e  g e t

T f  ^  € c a ,  i )  1 1 u „ f s )

w h e re  N is  th e  num ber o f e x c i t a t i o n s  in  P s p a c e .

O ur p r o je c t io n  o p e ra to r  now  fo l lo w s  s im p ly  by I n s p e c t io n .
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T hen w e  s e e  th a t

f u r  =  - l  z ;  %  z ;
N  H*c *M4C

w h e re b y  ( ) w e m ean  th e  c o o rd in a te  A Is n o t  In te g ra te d  o v e r .
f t

Id e n t i fy in g  (U , * ) .  w ith  ir (A ,t)  w e  s e e  t h a t  6 b e c o m e s  I d e n t ic a l  w ith  3. m A m

F u rth e r ,  o u r  o p e ra to r  P i s  a  p ro je c t io n  o p e ra to r  s in c e

2 . 3 . 3  A dd ition  o f A m plitu des

In th e  l a s t  s e c t i o n  w e r e p la c e d  th e  m an y  a m p l i tu d e s  In c h a n n e l in g  

s p a c e  by  a n  a v e r a g e  a m p l i tu d e  g iv e n  e x p l i c i t ly  by  e q u a t io n  2 . 3 .  2 (4). 

W hat w e a re  d o in g  i s  n e g le c t in g  f l u c tu a t io n s  w h ic h  w e a rg u e  sh o u ld  be 

n e g l ig ib le  h e re .
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This a p p ro a c h  i s  s im i la r  to  th e  on e  u s e d  to  d e s c r ib e  n u c le a r  r e s o n a n c e  

s c a t t e r i n g * .  T here , in s t e a d  o f a d e n s e  s e t  o f  e x c i t a t i o n s  th e re  e x i s t s  a 

s e t  o f o v e r la p p in g  r e s o n a n c e s .  The p r e s c r ip t io n  a d o p te d  is  to  r e p la c e  th e  

s c a t t e r i n g  a m p l i tu d e  by a n  a v e ra g e  a m p l i tu d e

ie  S'fCE>dE 03

w h e re  A E Is a na rrow  e n e rg y  ra n g e  c o v e r in g  m any  r e s o n a n c e s . The d i f f e re n c e  

th e n  b e tw e e n  th e  a v e r a g e  c r o s s  s e c t i o n  an d  th e  o n e  p re d ic te d  by  e q u a t io n

1 u  [ < f - > 3 z  C 2 >

a n d  th i s  sh o u ld  be sm a l l  if th e  f lu c tu a t io n s  a r e  s m a l l .

W e a rg u e  th a t ,  In ou r  c a s e ,  su c h  a n  a d d i t io n  in  a m p l i tu d e s  is  not 

e n t i r e ly  i n c o r r e c t .  W e fo llow  re f e r e n c e  2 in  s t a t in g  th a t  q u a s i - e l a s t l c  

s c a t t e r i n g  of th e  p a i r  is  no t n e c e s s a r i l y  in c o h e re n t  w tth  the  in c id e n t  

w a v e ,  an d  th e n  a m p l i tu d e s  m ay  be  a d d e d .  S u p p o s e  th a t  our in c id e n t  

e le c t r o n  s u f fe r s  a c o l l i s i o n  w ith  e n e rg y  c h a n g e  A t  and  th e n  su f fe r s  a 

s e c o n d  c o l l i s i o n  in  tim e  d /V , w h e re  a g a in  d is  th e  l a t t i c e  s p a c in g  and  

V Is  th e  in c id e n t  p a i r ' s  v e lo c i ty .  If  th e  c o n d i t io n

A £ <  k y

c l

Is  s a t i s f i e d  th e n  th e  e n e rg y  u n c e r ta in ty  of th e  s c a t t e r e d  w a v e  e n c o m p a s s e s  

th e  ra n g e  o f In c o h e re n c e  m  and  a m p l i tu d e s  for p r o c e s s e s  in  th i s  ran g e  c a n  

b e  a d d e d .  F u rthe r , th i s  in e q u a l i ty  is  e x a c t ly  th e  one  d e r iv e d  for th e  u s e
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o f  a n  a v e r a g e  p o t e n t i a l .

So o u r  a d d i t io n  o f  a m p l i tu d e s  Is  c o n s i s t e n t  w i th  o u r  d e s c r ib in g  

c h a n n e l in g  in  th e  s ta n d a rd  w a y .  W h a t  w e a re  d o in g  is  sm e a r in g  ou t  

th e  f lu c tu a t io n s  in  bo th  th e  m edium  (a s  e x p e r ie n c e d  b y  th e  pa ir)  In th e  

lo n g i tu d in a l  d i r e c t io n  an d  c o n c u r re n t ly  th e  f l u c tu a t io n s  In th e  a m p l i tu d e s  

o f  th e  a to m . W e m ight s a y  th a t  o u r  e le c t r o n  Is b e in g  s c a t t e r e d  a n d  

r e s c a t t e r e d  bu t th a t  If o u r  p a ir  Is in  c h a n n e l in g  s p a c e  w e a s s o c i a t e  a l l  

t h e s e  w a v e s  w i th  th e  sa m e  s t a t e  of th e  atom *.

W h at w e  a re  u l t im a te ly  I n te r e s te d  in is  th e  a v e r a g e  c h a rg e  a t  som e 

p o in t  In the  c h a n n e l

< ”f > -  Z l  I 2-
N  wee

In te g ra te d  o v e r  a n  a p p ro p r ia te  p o r t io n  of p h a s e  s p a c e .  W h a t  w e s h a l l  

o b ta in  from o u r  a v e r a g e  s t a t e  Is th e  d i s t r ib u t io n

f  = -e Hctjt) I2-

T h e s e  d i f fe r  by th e  am oun t

P- <re>= I { 4 / 1 ,
N  v \

w h e re  th e  sum Is r e s t r i c t e d  to  c h a n n e l in g  s p a c e .  For rand om ly  v a ry in g

p h a s e s  and  la rg e  N w e c la im  th a t  th i s  term  c a n  be  d ro p p e d .  The c l o s e r

I*!® *EVe c o h e re n c e _ t  h e_sm a]ler_ th ts_ te irn  w l 11 bjs. _______

Of c o u r s e ,  t h i s  a tom  m igh t h a v e  a fu r th e r  s e t  o f  q u a n t iz e d  in te rn a l  s t a t e s .
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In o rder for the  am p litu d es  we a re  add ing  to be in co h e ren t  we m ust,

in  p r in c ip a l ,  be a b le  to m easu re  ( i . e .  d i s t in g u is h  betw een) e i th e r  the

s t a t e s  of e x c i ta t io n  o f the so lid  or o f  the  p a ir .  New p a ir  e x c i ta t io n s  of 

2 .
th e  o rder  of me / n  a re  not d i s t in g u is h a b le .  They are  c o n ta in ed  w ith in  

u n c e r ta in t ie s  in the  In te rna l s t a te s  of the  p a ir .  For the  so l id  th e  c o n s e ­

quen t e x c i ta t io n s  w ill  g e n e ra l ly  be lo c a l  in na tu re  w ith  sho rt  l ife tim es  

and  there fo re  la rge  energy  u n c e r ta in t ie s .

3 .4  Equation o f M otion

To find th e  motion of the  p a ir  we w an t to  p ro jec t  the  S chroed inger 

e q u a tio n  onto ch an ne ling  s p a c e .  To do th is  we beg in  w ith  the  full many 

body problem with H am iltonian

H = H(A) + H(S) + V(A, S) (1)

w here  a g a in  the  free  atom, free  so lid  and atom so lid  in te rac t io n  a p p ea r  

r e s p e c t iv e ly .

We now le t  P be a p ro jec tio n  on to  c h an n e lin g  sp a ce  and  Q i ts  o r tho- 
t

gona l com plem ent . We look for an  equ a tion  for P*(A ,S ,t) where ^ (A ,S ,t)  

s a t i s f i e s

~  H  )  G e n i i ' )  = o  ( * ,

+ In th is  s e c t io n  we d o n ’t u se  the  e x p l ic i t  r e p re se n ta t io n  of P.
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W e c a n  re w r i te  t h i s  a s

G £ -H X?+a ) -i = o (*)

an d  p r o je c t  o n to  P to  g e t

W e u s e  th e  f a c t  t h a t  P Is  tim e  in d e p e n d e n t  to  w r i te  th e  a b o v e  e q u a t io n  a s

) & p  =  W pa i s

w ith  th e  o b v io u s  d e f in i t io n s

* =  P*P -

H =  PHQ 
PQ

S im ila r ly ,  i f  w e p r o je c t  e q u a t io n  3 o n to  Q s p a c e  w e g e t

( )  ‘S a t  -  ^ 5

W e w a n t  to  s o lv e  th e  c o u p le d  e q u a t io n s  4 a n d  5 for th e  tim e  d e v e lo p m e n t

of + u n d e r  th e  in i t i a l  c o n d i t io n s  
P

♦ p = * Q  = °

y°> - *0 

V°>= 0
W e d e f in e  th e  L a p la c e  t ran s fo rm  ( o n e - s id e d  F o u r ie r  transfo rm )
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oo

t f £ E ) »  Xt'i)  «  J-  J e i E ^  < 5 i t ) d i  ( * >
r f i r  

6

w ith  th e  In v e rs io n

f & ) =  f  d E  c - l E i  o T C l )

w h e re  f Is  a c o n to u r  a b o v e  a l l  th e  p o le s  o f wt {^> in th e  c o m p le x  E p la n e  

a s  Is show n  In F igu re  8 . Now w e c a n  L a p la c e  t ran s fo rm  e q u a t io n s  4 a n d  

5 u s in g  th e  fo l lo w in g  r e s u l t

{)’ i ft,El
° o

^ ^ 5  4  E f t s )

lEtw h e re  th e  c o n d i t io n  th a t  e  t( t)-»  0 a s  t -* »  w a s  u s e d .  So w e o b ta in  fo r  

th e  L a p la c e  t r a n s fo rm s  of 4
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0 =  -  4  p p  ]  ^  c e ) =  ^ j _ £ o

a n d  5

r E - « ( S f i l 1I (nCEL) =  H f f p S p C E " )

w h e re  th e  In i t i a l  c o n d i t io n s  o n  * a n d  h a v e  b e e n  u s e d .  W e  c a n  now
P Q

In v er t  th e  l a t t e r  e q u a t io n

V E ) '  5 ^ 0 V E)

and  s u b s t i t u t e  in to  th e  fo rm er to  o b ta in  

w h e re

If we s o lv e  8 for if a n d  s u b s t i t u t e  in to  7 w e h a v e  s o lv e d  o u r  p rob lem
P

fo rm a l ly .  In 7 th e  c o n to u r  5 c a n  be d i s to r te d  so  th a t  i t  l i e s  Ju s t  a b o v e

th e  r e a l  a x i s  o f E s p a c e .  T h at i s ,  t h e  r e p la c e m e n t ,

E  —> E-t i j  (Uk* yf -9o  )

is  v a l id  w ith  th e  new  E b e in g  r e a l .  To p rove  th is  w e s h a l l  sh o w  th a t  if

th e  im a g in a ry  p a r t  o f E is  g r e a te r  th a n  z e ro  th e n  th e  p o le s  o f +p (E) l ie  

b e lo w  th e  r e a l  E a x is  and  if th e  im a g in a ry  p a r t  o f  E is  g r e a te r  th a n  z e ro  

th e  p o le s  of ^ ( E )  l i e  a b o v e  th e  r e a l  a x i s .  But th e  p o le s  o f t p (E) m u s t
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l i e  b e lo w  th e  c o n to u r  ? an d  th i s  w i l l  be  s a t i s f i e d  for th e  c o n to u r  d i s to r te d

d o w n  o n to  th e  r e a l  E a x i s  from a b o v e .

To p rov e  th e  c o n te n t io n  w e  m u st  show  th a t  1 ( E )  h a s  o p p o s i t e  s ig nm m

to  I (E), w h e re  1 ( E )  m e a n s  th e  Im ag inary  p a r t  o f E w h ic h  is  a p o le  of m m m  m

* (E) an d  s a t i s f i e s  
P

-  ■ f t L E ' ) ]  C « o

In th i s  e q u a t io n  V Is th e  H a m il to n ia n  o f e q u a t io n  9 and  Is  n o n - h e r m i t la n .  

T his s ta te m e n t  s h a l l  be  p rov ed  l a t e r .  W e w a n t  to  p o in t  o u t  th a t  th e  

s o lu t io n s  of 10  and

[  £ * -  +  -  o  O o o

form a  b lo r thon o rm al s e t  o f s t a t e s .  W e re v ie w  th e i r  p r o p e r t ie s  In A ppend ix  

A of th i s  c h a p te r .  W e s h a l l  n e e d  th e  p ro p e r t ie s

1= z; i O ^ i  = £  i

U sing  th e  o r th o n o rm a l s e t  uo , a so lu t io n  ofs

{ f s  -  W a  =  ©

in e q u a t io n  10  w e  g e t
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(  E m -  H ? p  -  £  H aP  ( e )  .  o

s  B - e ,

W e th e n  m u lt ip ly  k y ^ d  A d  S(pm (E) to  g e t

E ,,, <x l  . k a s -  7 . '  ^  **W =  Q (m j

*  £ - 4

S in c e

, W p« < r p < t , ,  H s o ) t >

=  < ^ O s j  W p ? H > ’'

U f a ,  O g  >  -  ,  U f a  ( p ^  >  ( i i n j

^  ,  « * >  =  J 4 3 4  J j j  ( t e t )

W e o b ta in  o n  u s in g  12a in 11 a n d  th en  s u b t r a c t in g  th e  c o m p le x  c o n ju g a te  

e q u a t io n

( 5h-£^)^i‘o =  z:i <<,nm %>i* I £_St j

s  K f c ® - 4 > + l i f e ) J
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W ith  e q u a t io n  12b w e c o n c lu d e  from th e  a b o v e  th a t  1 ( E )  h a s  o p p o s i t em m

s ig n  o f  Im(E). T h ere fo re  8 an d  9 a re  w r i t te n  w ith  E r e p la c e d  by  E + l 7!.

( . £  =  i .  ( ? )
1 2 r

( V )

T his  H a m il to n ia n  b re a k s  n a tu r a l ly  in to  P a n d  Q s p a c e  p a r t s . The f i r s t

term  in  9 ' r e p r e s e n t s  a n  a v e ra g e  s t a t i c  H a m il to n ia n  d e s c r ib in g  p r o c e s s e s

in P s p a c e  o n ly .  The s e c o n d  term r e p r e s e n t s  t r a n s i t i o n s  from P s p a c e

in to  Q s p a c e ,  p ro p a g a t io n  In Q s p a c e  and  th e n  t r a n s i t i o n  b a c k  in to  P

s p a c e .  T h is  te rm  is  n o n - lo c a l  in s p a c e  a n d  is  a l s o  c o m p le x ,  i t s  Im ag in a ry

p a r t  d e s c r ib in g  l o s s  o f f lux  from P s p a c e .  The l o s s  o f f lu x  from P s p a c e

is  r e l a te d  to  th e  f a c t  t h a t  the  im ag in a ry  p a r t  o f th e  H a m il to n ia n  Is n e g a t iv e  

t
d e f in i te  . From th e  D irac  r e l a t io n

—  =  —  7  i  IT S C x  )
X ±l'€r #

w e o b ta in  from 9 ‘

X * - f t =  - I T  W ps S c e -Hq a )  Uq p

T his  r e l a t i o n s h ip  Is sh o w n  e x p l i c i t ly  l a t e r .
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If w e t a k e  th e  e x p e c ta t i o n  v a lu e  in  a n y  s t a t e  x(A  ,S) w e g e t

H y  -  —7T 2.\ <?%) UpQty >  H&p 0<> $(£-£%')% s 
“  - 7 T  2 | '  I <^Wp>f3<0g > | *  S(B-Si )  ± O

S

The l o s s  o f f lu x  i s  in te rp re te d  a s  th e  d e c a y  o f th e  In te rn a l  s t a t e  of th e  

p a ir  in  go in g  d o w n  a c h a n n e l .

2 . 5 E q u a tio n  of M otion  for th e  A verage  A m plitude

It  Is c l e a r  t h a t  th e  e q u a t io n s  d e r iv e d  in  the  l a s t  s e c t io n  a re  in d e p e n ­

d e n t  o f  th e  form of th e  p ro je c t io n  o p e ra to r .  W e now  w a n t  to  u s e  t h e s e  

e q u a t io n s  to  o b ta in  an  e q u a t io n  o f  m otion  for th e  a v e r a g e  a m p l i tu d e  and  

th e re fo re  rem o ve  th e  s o l id  c o o rd in a te s  from th e  e q u a t io n .  S p e c i f i c a l ly .

Z  l£(4>S,i)=
*1

a n d  s o  i t  fo l lo w s  from 2 .4 (6 )  th a t  th e  L a p la c e  t ran s fo rm  b e c o m e s

2  $ C 4 j t ) Z t U * l s . )  ( '>
h

W e a l s o  n e e d  th e  r e s u l t
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F tra t  w e re w r i te  2 .4 ( 8 ')  a s

2 ( e -H-U - 2 — ^  (*>
E

1 r '  +
T hen w e p r o je c t  o n to  P s p a c e ,  — ; U (S) , In e q u a t io n  3 u s in g  1 an d  2N L* m

. „ . m«cto  o b ta in

^  N *>**c E -tfa a  j  7 -^rr

w h e re
<fe

5 ^ 6 4 ; e )  =  ^  J 'o i - t  e l E  ' J M y O  
0

1 ( 4 , 0 =  J  e ‘ , E ^  f e t )

If  w e w r i te  a s  b e fo re

H = H(A) + H(S) + VtAjS)

H(S)U (S) = v U (S) n  n n

e q u a t io n  4 b e c o m e s
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F i r s t  n o te  th a t  t h i s  e q u a t io n  o n ly  c o n ta in s  th e  a to m ic  c o o rd in a te s  

th e  s o l id s  h a v in g  b e e n  p ro je c te d  o u t .  The f i r s t  te rm  on th e  l e f t  h an d  

s id e  o f  th i s  e q u a t io n  is  th e  e n e rg y  o f  th e  p a ir  In c h a n n e l in g  s p a c e ;  th e  

to ta l  e n e rg y  l e s s  th e  a v e r a g e  e n e rg y  o f e x c i t a t io n s  in  c h a n n e l in g  s p a c e .  

The s e c o n d  term  is  s im p ly  th e  f re e  s p a c e  H a m il to n ia n .  The th ird  term  is  

th e  a v e r a g e  s t a t i c  I n te r a c t io n  in P s p a c e .  This term  In e f f e c t  r e p r e s e n t s  

th e  s o l id  f ro z e n  in  o ne  of i t s  P s t a t e  e x c i t a t io n s  a n d  th e n  a v e ra g e d  o v e r  

a l l  o f  P s p a c e .  The a tom  in te r a c t s  w i th  th e  s o l id  th ro u g h  t h i s  term a s  if  

th e  s o l id  w e re  in c a p a b le  o f d y n a m ic a l  r e s p o n s e .  If  t h i s  w e re  a l l  th e r e  

w ere  m any  b o d y  problem  w ould  be  s im p le .  The rub  is  in th e  l a s t  te rm .

It c o n ta in s  m o s t  o f th e  d y n a m ic s  of th e  problem  by d e s c r ib in g  th e  c o u p l in g  

b e tw e e n  c h a n n e l in g  an d  n o n - c h a n n e l in g  s p a c e .  The c o u p l in g  i s  a c c o m p ­

l i s h e d  th ro u g h  th e  i n te r a c t io n  V(A,S) in  th e  fourth  term  of e q u a t io n  6 . The 

o p e ra to r  is  sh ow n  e x p l i c i t ly  in  i t s  n o n - lo c a l  form . It a v e r a g e s  a l l  t r a n s i ­

t io n ,  b o th  r e a l  a n d  v i r tu a l ,  o u t  o f c h a n n e l in g  s p a c e ,  i ts  im ag in a ry  p a rt  

r e p r e s e n t in g  r e a l  t r a n s i t i o n s .

W e s h a l l  g e n e r a l ly  w r i te  ( 6 ) in th e  form

w ith

and  w e h a v e  m ade  th e  r e p la c e m e n t
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2 . 6  S t a t e s  o f M axim um  L ife tim e

In  t h e s e  s e c t i o n s  w e find  a n  e q u a t io n  for th e  s t a t e  th a t  l i v e s  

l o n g e s t .

2 . 6 . 1  V a r ia t io n a l  P r in c ip le

F i r s t  w e  lo o k  a t  th e  e v o lu t io n  o f  a n  a rb i t r a r y  s t a t e  by in v e r t in g  

e q u a t io n  2 . 5( 7a)

E -M -

a n d  th e n  u s e  th e  b lo r th o n o rm a l s e t  &  ofm

to  w r i te

f t ,

S u b s t i tu t in g  t h i s  in to  2 .5 (5 a )  w e find
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j d E  e ‘ i E ^
—(snj ^  E-E^-fCi^j

S i A t ) =  Z !
Ki

CO

^ i a  > P >

In th e  s e c o n d  l in e  w e  c lo s e d  th e  c o n to u r  In th e  lo w e r  h a lf  o f  th e  E p la n e .

W e a s s u m e d  th a t  th e  in te g ra n d  fe l l  o f f  p ro p e r ly  a t  in f in i ty  an d  h a s  no

s i n g u l a r i t i e s  In the  lo w e r  h a lf  p l a n e .  If  It h a s  s in g u la r i t i e s  th e  a rg u m en t

th a t  fo l lo w s  is  n o t  e s s e n t i a l l y  c h a n g e d .

W e now  a s k  th e  fo l lo w in g  q u e s t io n :  O ut o f a l l  s t a t e s  th a t  w e

c o u ld  p re p a re  a t  t  = 0 , w h ic h  o n e  w ou ld  su rv iv e  l o n g e s t ?  W e w a n t  to

know  w h a t  Is  th e  s e t  o f  a  w h ic h  m a x im iz e s  th e  p ro b a b i l i ty  a t  t im e  t .m

T h e s e  s e t s  c o r r e s p o n d  to  h ig h ly  c o r r e l a t e d  p a ir s  a n d  p o s s ib l y  b in d in g  

o f  th e  e le c t r o n  In th e  f i e ld  o f th e  p ro to n .  The tim e  t  h e re  is  c o n s id e r e d  

a p a ra m e te r ,  th e  t r a n s i t  t im e , an d  Is f ix e d  for a p a r t i c u la r  c r y s t a l  b e in g  

L / V  th e  ra t io  o f th e  c h a n n e l  le n g th  to  a tom  v e lo c i t y .  W e s h a l l  find th a t  

s t a t e s  o f m axim um  l i f e t im e  w i l l  s a t i s f y  a  S c h ro e d ln g e r  e q u a t io n  w h ic h  

d e p e n d s  upon th i s  p a ra m e te r .  The e i g e n s t a t e s  o f  t h i s  e q u a t io n  th e re fo re  

w i l l  a l s o  d e p e n d  upon  th i s  p a ra m e te r .  H ow ever, e x c e p t  for v e ry  lo n g
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t im e s ,  o u r  s t a t e s  o f  maximum l i f e t im e  a re  in d e p e n d e n t  o f  th i s  p a ra m e te r .  

T his i s  sho w n  e x p l i c i t ly  In th e  n e x t  s e c t i o n .

To m ax im iz e  th e  p ro b a b i l i ty  w e  w r i te

£ =  J d M  f f W )  $ A , t )  / Jc f i4  $ < { A , o ) & C A i O )

> f i «> ' m  ( "

' d } A  < f * .  &Wt'

n  =  2 !  C  tfw,

In g o in g  from th e  f i r s t  to  s e c o n d  l in e  e q u a t io n  1 w a s  u s e d .  W e now  va ry

e q u a t io n  Z  w ith  r e s p e c t  to  a . S in c e  th e  r e a l  a n d  Im ag in ary  p a r t s  o f am m

a re  in d e p e n d e n t  w e c a n  vary  them  s e p a r a t e l y .  As is  u s u a l  w e  p re fe r  to 
*

t r e a t  a  an d  a a s  in d e p e n d e n t  q u a n t i t i e s  an d  s o  w e  find m m
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S e t t in g  th i s  e q u a l  to  z e ro  w h ic h  m ak e s  p s t a t i o n a r y  w e o b ta in  th e  e q u a t io n

S ta te s  o f maximum p ro b a b i l i ty  ( l ife t im e)  a re  e i g e n s t a t e s  o f th e  p ro b a b i l i ty

of s t a t e s .  The c o m p le te n e s s  fo l lo w s  from t h a t  f a c t  th a t  th e  e ig e n v a lu e s  

o f p  a r e  b o u n d e d .  The sp e c tru m  is  c o n ta in e d  b e tw e e n  z e ro  an d  u n i ty .  W e 

e x p e c t  th a t  th e  sp e c t ru m  sh o u ld  look  l ik e  F igure  9 .  The s o lu t io n  o f e q u a t io n  

5 p r e s e n t s  d i f f ic u l t  m a th e m a t ic a l  p ro b le m s .  S in c e  w e  c o n s id e r  th i s  

e q u a t io n  in t r a c ta b le  In I ts  p r e s e n t  form w e s h a l l  s im p l i fy  th i s  e q u a t io n  

by sh o w in g  th a t  to  a n  a p p ro p r ia te  o rd e r  In a p e r tu b a t lv e  e x p a n s io n  ou r  

s o lu t io n s  s a t i s f y

2 . 6 . 2  P e r tu rb a t io n  T heory

W e s h a l l  a t te m p t  to  s o lv e  th e  e q u a t io n  for th e  p ro b a b i l i ty  p  In p o w e rs  

o f th e  In te r a c t io n s  a n d  th e  in te r a c t io n  t im e s  th e  t r a n s i t  t im e .  T h is  e q u a ­

t io n  In te rm s  o f th e  e i g e n s t a t e s  o f  V w a s  w r i t te n  In  th e  l a s t  s e c t io n  a s

or in  a b s t r a c t  v e c to r  s p a c e  s i n c e  H /  H+

o p e ra to r  e lH +t - lH t w h ic h  Is a n  h e rm lt ia n  o p e ra to r  w i th  a c o m p le te  s e te

e _t
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fo r  th e  a m p l i tu d e  a  . w i thm

=  < ' « ’* ' / >  * 6 - 3

It m igh t seem  a t  f i r s t  t h a t  s u c h  a p e r tu rb a t io n  e x p a n s io n  Is  In c o r re c t  h e re ,  

It  m igh t be  a rg u e d  th a t  th e  In te rn a l  e n e r g ie s  a re  o f the  o rd e r  o f  th e  In te r ­

a c t io n  a t  b e s t  ( p o s s ib ly  m uch  sm a lle r )  a n d  so  p e r tu rb a t io n  th e o ry  b r e a k s  

d o w n . T h is  w ou ld  be  t ru e  for random  p e n e t r a t i o n s .  In th e  c h a n n e l ,  how ­

e v e r ,  th e  e le c t r o n  so l id  in te r a c t io n  c a n  b e  a sm a ll  f r a c t io n  o f  i t s  b in d in g  

e n e rg y .  W e s h a l l  s e e  th i s  e x p l i c i t ly  In th e  n u m e r ic a l  r e s u l t s  In c h a p te r s  

5 and  6.

W e w r i te  2 .6 .1 ( 7 a )  in  th e  form

r
- 1 1 - 1 1 9 -

Then the  e i g e n s t a t e s  t h a t  d l a g n o l l z e  th e  o p e ra to r  V to  f i r s t  o rd e r  a re  

w ith  e ig e n v a lu e

1  *  « . «

The In d ex  1 s p e c i f i e s  th e  c o r re s p o n d e n c e  b e tw e e n  <p an d  th e  u n p e r tu rb e d
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s o lu t io n  X, w h ic h  s a t i s f i e s.6

H(A) X 4 * W AX 4

an d  r e p r e s e n t s  f r e e ly  m ov ing  h y d ro g e n .  In  1 V Is th e  m a tr ix  e le m e n tm i

b e tw e e n  f ree  h y d ro g e n  s t a t e s ,  a n d  th e  sum In 2 Is  t a k e n  o v e r  a l l  s t a t e s  

no t  e q u a l  to  th e  o n e  o f I n t e r e s t .  In th e  e v e n t  o f  d e g e n e r a c y  w e n e e d  no t  

r e w r i te  e q u a t io n s  1 an d  2 b u t  w e  c a n  m e re ly  in te rp re t  them  more g e n e r a l ly .  

In th i s  c a s e  th e  In d ex  t  Is  In te rp re te d  no t a s  s p e c i fy in g  a  s t a t e  b u t  r a th e r  

a s u b s p a c e  o f e n e rg y  W  . Then X is  th e  w a v e  fu n c t io n  in  th i s  s u b s p a c e
X X

b e in g  th e  c o r r e c t  l i n e a r  c o m b in a t io n  t h a t  d i a g n o l l z e s  V. The sum  i s  o v e r  

a l l  s u b s p a c e s  w i th  e n e rg y  d i f f e re n t  th a n  W  .
X

W ith  t h i s  u n d e rs ta n d in g  w e s u b s t i t u t e  1 in to  2 . 6 . 2(3) to  g e t

[
* 1 - * -  K/ut-IVm

MM

S in c e  V = U-iV w e g e t  on s u b s t i t u t in g  th i s  in to  4
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The o p e ra to r  p Is h e rm lt ia n  s in c e

a *  =  ( ? <  tg? ) =

U sin g  3 ,4  and  5 In 2 .  6 .  2(4) w e  o b ta in  th e  e q u a t io n  for th e  a m p l i tu d e  

m of m axim um  l i f e t im e

( e ' ^ - i r )  =  2 1  c H /J»M Q r e ^ O + W r 1)  & >W H

In w h ic h  w e d e f in e d  (rem em b erin g  th a t  ou r  e ig e n v a lu e s  E a re  com p lex )

-  I Kt /z_

W e now  m ake  a p e r tu rb a t lv e  e x p a n s io n  for th e  l e v e l  A in  p o w e rs  o f  ^

+. £„('>+ . .

a n d  s u b s t i t u t e  t h e s e  e x p r e s s io n s  in  6 . W e th e n  e q u a te  e q u a l  p o w e rs  of 

V to  o b ta in  th e  fo l lo w in g :

Zero O rder s o lu t io n s

( t

s o  for m = A

t t =  e - W



55

F i r s t  O rder  S o lu t io n s

H?) *<** )  -  27 a* h, tf» e w )
*1

for m=Jt w e  g e t

f e - ;

U sin g  th e  f a c t  th a t  p is  o n ly  off d l a g n a l .

For I  w e g e t

C  =  (S * «  ( f o < * -e - ' X W )

( * ? * -  ^

S e c o n d  O rder S o lu t io n s

+ i i S i ^  4 „ h ^ e t " +  ^ wi

For m = i

r =  2 ; ^  ( * / i  c - ' 4 -  9  e - ^ ;
M

W e h av e  on  s u b s t i t u t in g  9 in to  th is

* . (0'

To w r i te  o u r  r e s u l t s  o u t  in  fu l l  w e  rem em b er  th a t  t h e  c o e f f i c i e n t s  a n
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a p p e a re d  In th e  e x p a n s io n  of ♦ in
x>

W e c h o o s e  a ^  so  th a t  ♦ is  n o rm a l iz e d  to  u n i ty  to  o rd e r  V. T h is  i s
X  JCr

s a t i s f i e d  by  s e t t i n g  = 0 . U s in g  1 in th e  a b o v e  w ith  9 w e  findJv

*  H i - w .  - ^ r ~ ^ r  * * -*  ■ ( l o a )

And u s in g  7 , 8 ,  and  9 w e  find

fc  = tit  + 4  ' 3 ^ 2 I W- e-1*'1 12
* » «  i t - f a "

m

tit' - £ <i i o

T h e s e  s o lu t io n s  h a v e  th e  fo l lo w in g  a s y m p to t ic  p ro p e rty

“S * - ?  ( f ^ e , )
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The l a s t  r e s u l t  fo l lo w s  from r  h O a s  V-*0 a n d  Is  p ro ved  b e lo w .
+

IH t  - i H tSo th e  e q u a t io n  e  e  t  = P t  w h ic h  m a k e s  th e  p r o b a b i l i ty  an  

ex trenu m  y ie ld s  w a v e  fu n c t io n s  an d  p ro b a b i l i t i e s  w h ic h  h a v e  th e  p ro p e r ty  

t h a t  If  th e  Im ag in ary  p a r t  o f  th e  p o te n t i a l  g o e s  to  z e ro  th e  u s u a l  p e r tu rb e d  

s t a t i o n a r y  s t a t e s  a r e  o b ta in e d .  T h e se  s t a t e s  h a v e  in f in i te  l i f e t im e s  s i n c e  

p^  = 1. H o w ev e r , i f  th e  im a g in a ry  p a r t  o f  th e  p e r tu rb a t io n  d o e s  n o t v a n is h  

th e n  th e  s t a t e  d e c a y s  a t  a r a t e  g iv e n  b y  th e  t im e  d e r iv a t iv e  o f  1 l b .  If w e  

p re p a re  a  s t a t e  g iv e n  by 11a i t  w il l  l iv e  lo n g e r  th a n  o th e r  s t a t e s  bu t  w il l  

u l t im a te ly  d e c a y  If th e  t r a n s i t  t im e  Is  m ade lo n g  e n o u g h .  W e n o t ic e  t h a t  

t h e s e  s t a t e s  o f m axim um  l i f e t im e  s a t i s f y ,  to  lo w e s t  o rd e r ,  th e  e q u a t io n

' S e .  C a  >

So s t a t e s  o f m axim um  l i f e t im e  s a t i s f y  a p s e u d o -S c h ro e d ln g e r  e q u a t io n

w ith  c o m p le x  p o t e n t i a l .  A lthough  th i s  Is not r e a l ly  a S c h ro e d in g e r

e q u a t io n  w e s h a l l  s o lv e  It to  o b ta in  o u r  s t a t e s  o f maximum l i f e t im e .

O ur c o n te n t io n  th a t  th e  z e ro  o rd e r  d e c a y  r a t e  g o e s  to  ze ro  w i th  th e

im a g in a ry  p a r t  o f  th e  p o te n t i a l  fo l lo w s  d i r e c t ly  from 1 2 by f i r s t  p ro je c t in g  
A

o n to  *P to  g e t  m

^  )  M -  ^  m

a n d  th e n  p ro je c t in g  th e  a d jo in t  o f  1 2 o n to m
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a n d  s u b t r a c t in g  to  g e t

)  — 5 » * i  )

U s in g  H = H(A) + U - iV  a n d  s e t t in g  m=n w e  find

-  ( - i  t t „ H )  =  “  ' ^

and  so  r - * 0  a s  V ^ O .

At th t s  p o in t  i t  w ou ld  be  w o rth  our w h t le  to  re v ie w  w h a t  we h a v e  

sh o w n . F i r s t  w e h a v e  found th a t  th e  p a i r  p ro p a g a te s  in th e  c h a n n e l  

a c c o rd in g  to

'i =  z ;  <e
>t

< V  C V *  ) % >

a n d  is  an  i n i t i a l l y  p re p a re d  s t a t e  in  th e  c h a n n e l .  The cr>n s a t i s f y

(E -  V) tfl = 0  '  n ' n

w h e re  V i s  a c o m p le x  n o n - lo c a l  H a m il to n ia n .  W e now  look  for w h ic h

w il l  g iv e  maximum p ro b a b i l i ty  a t  th e  end  o f th e  t r a n s i t .  T h is  i s  show n 

to  be  none  o th e r  th a n  if  w e  o n ly  look a t  s o lu t io n s  to  o rd e r  V, T hen
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• 3 U ) -  e ~ i e *  ^

o r our s t a t e s  o f  maximum l ife t im e  s a t i s f y

( i ■H)-£=o 02)

W e s h a l l  c o n c e n t r a te  in  th e  n e x t  few  c h a p te r s  on  th e  e x p l i c i t  s o lu t io n  of

th i s  e q u a t i o n .
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A ppend ix  A 

B io rthonorm al S e ts  

C o n s id e r  a n  e ig e n v a lu e  p rob lem  for th e  n o n -h e rm l t la n  o p e ra to r  £  

and  i t s  a d jo in t

i  A ,  4  o >

✓A *
f

w h e re  ts  d e f in e d  by

)){
W e p rove  f i r s t  t h a t  in  2 p.=A . Expand i t  , t t  in  a c o m p le te  s e t  o f  s t a t e s  

y  o f  a n y  h e rm it la n  o p e ra to r

r i  . < £ >  t Y S 4 % ,

<?+ =  1 1  < t r >  f g *  I
w

t s

Then th e  a d jo in t  o f 1 a n d  e q u a t io n  2 beco m e  r e s p e c t iv e ly

£ i  I t *  )  < * » 4 >  =  o
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S in c e  th e  e ig e n v a lu e s  fo llo w  from

If,? in \- o

d e t  \ / * 8 t t - / s r  l * °
* *

w e  c o n c lu d e  \  =^x. T h is  d o e s  n o t  n e c e s s a r i l y  im ply  that<p = <p .
A

A lthough  th e  fu n c t io n s  tn  do  no t form an  o rthono rm al s e t ,  <0 an d  <p 

do  form a  b to r th o n o rm al s e t

< " 4  ;  « h  >  -  & . « .  r 3 J

The p roo f fo l lo w s  from

-  o f  =  O

A
b y  p ro je c t in g  th e  f i r s t  e q u a t io n  o n to  <p , the  c o m p lex  c o n ju g a te  of them

*
s e c o n d  o n to  <P an d  s u b t r a c t in g  n

W h-  )  <* <&, ;  <P„ >  -  o

So by p ro p e r  c h o ic e  o f th e  c o e f f i c i e n t s  of <pn an d  <pn w e c a n  fu r th e r  s e t  

th e  n o rm a l iz a t io n  to  o n e .

W e a s s u m e  w i th o u t  p roo f th a t  our e i g e n s t a t e s  a re  c o m p le te .  T h is  is  

e x p r e s s e d  by

d= H  l<i> «Pr l= Z\ l«V> I
h  b
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T h e s e  s e t s  a p p e a r  n o t  o n ly  tn  th e  s o lu t io n  of n o n -h e rm i t la n  e i g e n ­

v a lu e  p ro b lem s  bu t a l s o  In th e  s o lu t io n  o f g e n e r a l i z e d  e ig e n v a lu e  p ro b lem s

A* * AB*

a n d  a p p e a r  tn  d e s c r ib in g  n o n -o r th o g o n a l  c o o rd in a te  s y s t e m s .  For e x a m p le ,  

th e  p r im it iv e  v e c to r s  d e f in in g  a c r y s t a l  l a t t i c e  an d  the  r e c ip r o c a l  l a t t i c e  

o f w a v e  n um ber  s p a c e  form a b to r th o n o rm al s e t  o f  v e c t o r s .  T h is  m igh t be  

m ore fa m il ia r  to  th e  r e a d e r  u n d e r  th e  h e a d in g  c o n t r a v a r l a n t  an d  c o v a r ta n t  

c o m p o n e n ts  o f a v e c to r .
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F ig .  8

C o n to u r  fo r  L a p la c e  In v e r s io n
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F ig .  9

Spec trum  o f  P ro b a b i l i ty  O p e ra to r
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C h a p te r  3

P o te n t ia l s

3 .1  In t ro d u c t io n

In th e  l a s t  c h a p te r ,  w e  d e r iv e d  o u r  b a s i c  p s e u d o - S c h r o e d ln g e r  e q u a t io n  

2 .6 ,2 ( 1 2 )  w ith  H a m il to n ia n  g iv e n  b y  e q u a t io n  2 .6 . 2 ( 1 2 a ) .  S in c e  th e  p ro to n 's  

m o tion  Is  f ix e d  th a t  H a m il to n ia n  c a n  b e  w r i t te n

w h e re  R(t)  Is th e  s p e c i f i e d  m otion  o f  th e  p ro to n .  The f i r s t  term  is  th e  

f ree  s p a c e  H a m il to n ia n

for a n  e le c t r o n  in  th e  f ie ld  o f a m oving  p ro to n .  The s e c o n d  term  tn  e q u a ­

t io n  1 is  th e  in te r a c t io n  of th e  e le c t r o n  w ith  th e  s o l id ,  a v e r a g e d  o v e r  th e  

e x c i t a t i o n s  of c h a n n e l in g  s p a c e .  T h is  is  th e  s o - c a l l e d  s t a t e  in te r a c t io n  

a n d  is  c l e a r l y  h e rm lt la n  an d  lo c a l  in  c o n f ig u ra t io n  s p a c e .  In s e c t i o n  3 .2  

w e d i s c u s s  t h i s  p o te n t ia l  a v e r a g e d  o v e r  f ree  s in g le  p a r t i c l e  e x c i t a t io n s  of 

th e  s o l i d .  In s e c t i o n  3 .3  w e e v a lu a t e  th i s  p o te n t i a l  for c o l l e c t iv e  e x c i t a ­

t i o n s .  The l a s t  term  in  1 is  a n o n - l o c a l  p o te n t i a l  w h ic h  is  n o n -h e rm l t la n ,  

and  is  in te r p r e te d  a s  a n  io n iz a t io n  p o te n t i a l .  In m ak ing  t h i s  id e n t i f i c a t io n  

w e a p p ro x im a te  th i s  p o te n t i a l  by a lo c a l  Im ag in a ry  o n e .  T h a t  I s ,  w e  a s s u m e

th e  r e a l  p a r t  h a s  b e e n  a b s o r b e d  In to  th e  s t a t i c  p o t e n t i a l .  T he  Im ag in a ry  

p a r t  r e p r e s e n t in g  r e a l  d e c o u p l in g  is  c a l c u l a t e d  for a s im p le  m odel In s e c t i o n  

3 . 4 .  The s e t  o f  p o te n t i a l s  In 1 Is so m e tim e s  re fe r re d  to  a s  th e  o p t ic a l  p o te n t i a l

C*-)
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3 .2  S ta t i c  P o te n t ia l  (S in g le  P a r t ic le  E x c i ta t io n s )

In th e  f i r s t  p a r t  o f t h i s  s e c t i o n  w e  c a l c u l a t e  th e  a v e r a g e  s t a t i c  

p o te n t i a l  o v e r  s t a t e s  o f f ree  p a r t i c l e  e x c i t a t i o n s .  W e sh o w  th a t  bo th  th e  

d ia g n o l  an d  o f f - d la g n o l  te rm s  a re  z e r o .  In th e  s e c o n d  p a r t  w e sh o w  th a t  

th e  p o te n t i a l  e x i s t s  for a n o n -u n ifo rm  d i s t r ib u t io n  o f  c h a rg e  In th e  c h a n n e l ,  

and  a  p h e n o m e n o lo g ic a l  m odel for It Is p ro p o s e d .

3 . 2 . 1  F re e  E le c tro n  A pprox im ation  

W e w a n t  to  e v a lu a t e

w h ere  V„ s t a n d s  for th e  s t a t i c  p o t e n t i a l  a n d  V , is  th e  in c id e n t  e le c t r o n  S m m

s o l id  I n te r a c t io n  ta k e n  b e tw e e n  s t a t e s  of e x c i t a t io n  o f th e  s o l id  w h ic h  a re

r e p r e s e n t s  th e  I n te r a c t io n  b e tw e e n  th e  In c id e n t  e le c t r o n  a t  r an d  th e

a c t io n  b e tw e e n  th e  In c id e n t  e le c t r o n  a n d  a uniform  b a c k g ro u n d  o f c h a r g e .  

N r e p r e s e n t s  th e  num ber o f  e l e c t r o n s  an d  /l th e  vo lum e o f  th e  s o l i d .  W e

As i s  s t a n d a r d  w a v e  o p e ra to r s  a re  in t ro d u c e d  a n d  th e y  a r e  c o n v e n ie n t ly

Cl 3

c o n ta in e d  in  P s p a c e .  Is th e  num ber o f  e x c i t a t i o n s  tn  P s p a c e .  In th e

f re e  e le c t r o n  a p p ro x im a t io n

e le c t r o n s  o f th e  s o l id  lo c a te d  a t  r  ̂ . The l a s t  term  r e p r e s e n t s  th e  ln te r -

s h a l l  e v a lu a t e  1 b y  e x p r e s s in g  V In s e c o n d  q u a n t i z e d  fo rm *^.
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e x p e n d e d  in  a  c o m p le te  s e t  o f  s t a t e s

•Sfx;, c;
i

2 1 < 9 * t o )  C f

w h e re  th e  w a v e  o p e ra to r s  s a t i s f y  th e  a n t i - c o m m u ta t io n  r e l a t i o n s  for form 

fe rm ions

" l e x )  2 4 f t ) +  'S + O O 'i U % )  =  S c * - * 1 }

The a m p l i tu d e s  C^, C* a re  o p e ra to r s  w h ic h  a n n ih i l a t e  an d  c r e a t e  p a r t i c l e s  

in  th e  s t a t e  r e s p e c t i v e l y .  F u rthe r , w e d e f in e  th e  s t a t e s  so  th a t  th e y  

form a c o m p le te  o r th o n o rm a l s e t .  T hen  th e  a b o v e  a n t i - c o m m u ta t io n  ru le  

y ie ld s  fo r th e  a n n ih i la t io n  an d  c re a t io n  o p e ra to r s ,

C; £j++ Cj+ Cj; = Sij C*)

a l l  o th e r  p a i r s  a n t i - c o m m u t in g .  F in a l ly ,  th e  fo l lo w in g  p r e s c r ip t io n  is  

u s e d  for g o in g  from a d i s c r e t e  sum  o v e r  N p a r t i c l e s  to  a  c o n t in u o u s  

In teg ra  1

pSrKcfci *
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In o u r  f ree  p a r t i c l e  c a s e  i t  Is c le a r ly  a d v a n ta g e o u s  to  t a k e  th e  s t a t e s  

<p̂  a s  f ree  p a r t i c l e  o ne  an d  so

H e— *
f,<r V S  '

w h e re  <r a n d  S t a k e  o n  th e  " v a lu e s "  up an d  dow n for th e  s p in  quan tum  num ­

b e r  and  c o o rd in a te  r e s p e c t iv e ly .  T hen

i: -  z;

w h e re

7 d ? ) =
-G . ^

t c_l^ _  4/re
Of K*j 2 .

T hen w e c a n  w r i te  th e  p o te n t i a l  a s

✓=2 ; e-(^^vc?)C + p -hi u, ^

W e re c o g n iz e  th a t  th i s  e x p r e s s io n  c o n ta in s  th e  w a v e  d e n s i t y  o p e ra to r ,

~  C i * e , < r
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t h a t  I s ,  t h i s  o p e ra to r  c r e a t e s  d e n s i ty  f lu c tu a t io n s  w ith  m om entum  )?. To 

s e e  th i s  w e n o te  th a t  t h i s  o p e ra to r  Is th e  F o u r ie r  t ra n s fo rm  o f  th e  s p a c e  

d e n s i t y

f t ? ) -

For on  ta k in g  th e  tran s fo rm  of

2 :

— o ------------

w e  g e t

r j ? =  I '1

th e re fo re

=  <°iT =

W e th e n  w r i te  4 in  te rm s  o f th i s  d e n s i t y  f lu c tu a t io n  o p e ra to r

21 eH - n Wo) (5)
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F u rth e r ,  we d iv id e  th e  a v e ra g e  p o te n t i a l  In to  d la g n o l  a n d  n o n -d la g n o l  

p a r ts

-L 2 ) + 3 -L 2,
* * (= c

W e now p ro c e e d  to  c a l c u l a t e  t h e s e  s e p a r a t e  p a r t s  tn  6 u s in g  5 .

D lag no l E le m e n t: W e now u s e  th e  r e p r e s e n ta t io n  5 In th e  f i r s t  p a r t  of 

e q u a t io n  6 to  o b ta in

= i t  i f  e "' *Z?K ^ I f t+ I n >  -K f.v fe )2 ,V m i.>  J
" c  K k*cc *nec J

The o n ly  term  In th e  f! sum  to su rv iv e  Is K=0.  This Is so  s in c e  momentum  

m ust be  c o n s e rv e d  b e tw e e n  th e  e le c t r o n  g a s  an d  th e  In c id e n t  e le c t r o n .  

T h e re fo re ,

T**  4  j ̂ b̂ <rN if’“+ik,> ~h?{d) ££ 1 1

Now

£Jcr

=  M
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w h ic h  fo l lo w s  from

<^H * G ? r  )*“  ^  ^  lf  ff OCCUpled

=  ® if  jc, <x n o t  o c c u p ie d

th e re  b e in g  N su c h  o c c u p ie d  s in g le  p a r t i c l e  s t a t e s  for e a c h  s t a t e  of 

e x c i t a t io n  m . T h ere fo re ,

= Jj { 7(0) }=  o

N o n -d la g n o l  E le m e n t: H ere  w e s h a l l  e v a l u a t e  th e  c o u p l in g  b e tw e e n  th e

ground  s t a t e  I 0 )  an d  e x c i t a t io n s  of the  form p *  1 o ) . The ground  s t a t e  i s ,
P

of c o u r s e ,  tw o  f i l le d  ferm i s p h e r e s  o f ra d i i  k ^ .  The e x c i te d  s t a t e s  a re  

c o h e re n t  s u p e r p o s i t io n s  o f  e le c t r o n  h o le  p a i r s  w ith  d e f in i t e  m om entum .

The s t a t e  p̂ * I 0 )  r e p r e s e n t s  a m om entum  t r a n s f e r  o f ?  to  th e  e le c t r o n  g a s  

by  th e  In c id e n t  e l e c t r o n .  C h a n n e l in g  s p a c e  c o n s i s t s  o n ly  o f t r a n s f e r s  of 

momentum  l e s s  th a n  som e maximum m om entum , o th e rw is e  th e  e le c t r o n  is  

io n iz e d .  T h is  maximum m omentum  is  o f  th e  o rd e r  o f th e  in v e r s e  f i r s t  Bohr 

r a d i u s .  O ur c h o ic e  of th e  a b o v e  c o h e re n t  s u p e r p o s i t io n  is  c o n s i s t e n t  w ith  

o u r  a d d i t io n  o f  a m p l i tu d e s  in  c h a n n e l in g  s p a c e .

U s in g  th e  r e p r e s e n ta t io n  5 in  th e  n o n -d la g n o l  p a r t  o f  6 a n d  a p p ly in g  

th e  a b o v e  re m a rk s  w e  find

) /  * * » _  i  i i  < & ! < ) - ( o >

-  N Vio) <?o\0> j  C** }
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For K=0 th e  m a tr ix  e le m e n t  In 1 b e c o m e s

But

£ + U> -  2 ,  Cjgg. Cjr>r  io> * 2 i l o > - Nioj> 
l?,(T f?,(T

w h e re  n, r e p r e s e n t s  th e  d i s t r ib u t io n  o f  m om enta  a n d  s p in s  In th e  ground  
k a

s t a t e .  So w e s e e

ME?= 0 = S o\ toC<l-H) / o > =  0

In f a c t ,  >̂0 + 1o> Is th e  ground  s t a t e  a g a in  and  t h i s  Is no t p a r t  o f  th e  sum 

in 1 . W e c a n  now w ri te  1 In th e  fo l lo w in g  form

2 , ' r ' ^  d i  ,0>  < * ,

»fc P t f *  £

By c o n s e r v a t io n  o f m om entum  ?  In e q u a t io n  2 a n d  so

C  -  4  ^ e” rP4 e; io>



74

But

i — I
<•• ' f  f  tf k » -  $  $  " I  4 ,  < **„  c„„  /•>  *>

C le a r ly  w e s e e  In 4 th a t  k=k'  an d  cr =tr' so

* 1  V P  f /  l o > -  2 - ^ g v  0 -  <F 5

w h e re  a t  z e ro  te m p e ra tu re

< >  » !? ,» - )=  a c k z - h ? )

w h ere

4 Cx) «  1  X>o (<;,
=  o  * < 0

W e show  in  A ppend ix  3A th a t  th e  sum in  e q u a t io n  5 b e c o m e s

F̂ )= £ V Cl~ W ) tc. % )  ^  cm
=  N  0 ° * ^  ^
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Then 5 becom es

v M »  i  I I  r % F i p )
t

If P > 2k then use of 7a In 8 y ie lds M F

t V 4i*Ji4flk£W
s tr h I5 ^  ^ i?fJ/

If P . /  2k_ use of 7b In 8 yields M F

f W  (H)

(h)

Since the  In tegrals In equa tions 9a and 7b a re  fin ite  we find tha t

k J i i 0 c
(lo)

This follow s from the fac t th a t N * a  but N^,“ a  . N otice a lso  th a t the 

In tegrals  In 9a and 9b are fin ite  for h O  and H * , Therefore 10 holds

for a ll v alues of r,

3 ,2 ,2  Screened Field

An Im portant point to no tice Is tha t the  vanish ing  of the non-dlagnol 

part of the  p o ten tia l is  Independent of th e  approxim ations made In the 

la s t  sec tio n . So we need only  conside r the dlagnol term , This should not 

be too su rprising  s ince  the non-dlagnol term In the s ta tic  po ten tia l rep re­

sen ts  fluc tuations about the ave rage ,

In a so lid  th e  e lec trons and background d ev ia te  from the  uniform 

average d is tribu tion  of a free electron  g a s . In such  a c a se  our one electron  

w ave functions w ill take the  form

where y ^ (x ) Is a so -c a lle d  Bloch function and Is an e ig en s ta te  of a one 

electron  H am iltonian, and rep resen ts  the motion of th is  e lectron  In a 

fixed la tt ic e . W ith th is  cho ice

/J

j > ] l  t f r  V ? *

then
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w h e re  r e p r e s e n t s  the  p o s i t io n  o f  th e  l a t t i c e  s i t e s  w ith  c h a rg e  Z ^ e  

If w e  n e g le c t  th e  sm a l l  d i f f e r e n c e s  in  the  sum o v e r  e x c i t a t i o n s ,  i . e .

1 , ^ * 1  C ^i& Cp,F ^  <-cl CfapCrf lo>

=  ^feo- >f i < =  o  5

* 0  t (  l< ' * 0  ( 4 W

U sin g  4 an d  2 in  e q u a t io n  3 w e g e t

^ M 6 y  d l *  V ? )  +  j ;  ^  ( 5  4 )

^  I F - 7 I  ?  I * P « I

V > =  ¥  i !  i a r * 1 ? )
J Z .

H ere  n ^  r e p r e s e n t s  th e  lo c a l  d e n s i ty  d i s t r ib u t io n  o f e l e c t r i c  c h a r g e .  The 

d e r iv a t io n  of 5 is  m ea n t  in  a p u re ly  h e u r i s t i c  w a y .  T hat i s ,  w e o n ly  m ean  

to  p o in t  o u t  t h a t  th e  s t a t i c  p o te n t ia l  i s  b a s i c a l l y  th e  f ie ld  s e t  up b y  a 

c h a rg e  d e n s i t y  o f th e  s o l id ,  t h a t  d e n s i ty  b e in g  a n  a v e r a g e  o n e .  At th i s  

p o in t ,  w e  a re  n o t  I n te r e s t e d  in  c o n t in u in g  th e  c a l c u l a t i o n  o f th e  p o te n t i a l .
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In  f a c t ,  I t s  fu r th e r  d e v e lo p m e n t  from f i r s t  p r in c ip le s  Is I n t r a c ta b le .  A lso  

th e  ra n g e  o f  a c c u r a c y  a im ed  a t  In t h i s  w ork d o e s  n o t  n e c e s s i t a t e  a  f i r s t  

p r in c ip le s  c a l c u l a t i o n .  In f a c t ,  s in c e  o u r  p o te n t i a l  5a lo o k s  r a th e r  h a rm ­

l e s s  and  sh o w s  no u n u s u a l  c h a r a c t e r i s t i c s ,  w e s h a l l  r e p la c e  It by on e  of 

th e  s ta n d a rd  In te ra to m ic  p o t e n t i a l s .

V& =  2 l  g - ' l l r ’- P . t l

e  i p - s i

T his  th e n  r e p r e s e n t s  th e  a v e r a g e  s t a t i c  I n te r a c t io n  b e tw e e n  th e  e le c t ro n  

an d  s o l id .

T his lo o k s  v e ry  m uch l ik e  a Bohr p o t e n t i a l ^ .  H ow ever, w e a re

l e a v in g  th e  s c r e e n in g  le n g th  X a s  a free  p a ra m e te r .  For a Bohr p o te n t ia l

< 2 /3  '
X w ould  b e  c h o s e n  to  b e  l + ( Z ^ )  In a to m ic  u n i t s .  There  a re  m any  

p h e n o m e n o lo g ic a l  p o t e n t i a l s  to  c h o o s e  from and  th e y  a re  d i s c u s s e d  a t  

l e n g th  In r e f e r e n c e  1 . W e h a v e  c h o s e n  t h i s  p a r t i c u la r  on e  for b o th  c o n ­

c e p tu a l  r e a s o n s  a n d  c o m p u ta t io n a l  c o n v e n ie n c e .

T h is  c h o ic e  of p o te n t i a l  m ight be  c la im e d  to  b e  p o o r  in  tw o  r e s p e c t s .  

F i r s t  o n e  m igh t a rg u e  r ig h t ly  t h a t  a Bohr p o te n t i a l  f a l l s  off to o  r a p i d l y ^ .  

W e h ave  c h o s e n  X a s  a  v a r i a b le  p a ra m e te r  b e c a u s e  o f th i s  d i f f ic u l ty .  

S e c o n d ly ,  o ne  m ight a l s o  a rg u e  th a t  p s e u d o  p o te n t i a l  c a l c u l a t i o n s  im ply  

th a t  th e  f i e ld  a t  th e  o r ig in  Is  m uch w e a k e r  th a n  e q u a t io n  6 p r e d i c t s .  T h is  

w ou ld  be  t ru e  if  w e  w e re  lo o k in g  a t  th e  In te ra c t io n  b e tw e e n  a  v a le n c e  

e le c t r o n  a n d  a  c o re  o f  th e  s o l i d .  In th a t  c a s e  th e  p s e u d o  p o te n t ia l  is  

a t t e n u a t e d  a t  th e  o r ig in  du e  to  th e  n e g le c t  o f  e x c h a n g e  f o r c e s .  T hat i s .
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th e  P au li  p r in c ip le  k e e p s  th e  v a le n c e  e le c t r o n  In q u e s t io n  a w a y  from th e  

e l e c t r o n s  su r ro u n d in g  th e  n u c l e u s .  If e x c h a n g e  Is n e g le c te d  in  th e  c o n ­

s t r u c t io n  o f  a p o te n t ia l  e x p e r ie n c e d  by t h a t  e le c t r o n  o n e  sh o u ld  th e n  

w e a k e n  th e  s t r e n g th  of th a t  p o te n t i a l  a t  th e  n u c le u s  to  a c c o m o d a te  th i s  

e f f e c t .  In ou r  c a s e ,  th e  in c id e n t  e le c t ro n  h a s  m uch h ig h e r  e n e rg y  th a n  

th e  v a le n c e  e l e c t r o n s .  T h ere fo re ,  e x c h a n g e  e f f e c t s  a r e  n e g l ig ib le  and  

on e  n e ed  no t  a t t e n u a t e  th e  p o te n t i a l  a t  th e  o r ig in .

W e sh o u ld  a l s o  p o in t  o u t  th a t  th e  s c r e e n in g  of th e  Yukawa form In 

e q u a t io n  6 fo l lo w s  from th e  s c r e e n in g  o f th e  c o re s  by th e  v a le n c e  e l e c t r o n s .  

T hat is, th e  g a s  o f  v a le n c e  e l e c t r o n s  In a t te m p t in g  to  n e u t r a l i z e  lo c a l  

c h a rg e  Im b a la n c e s  w il l  s c r e e n  o u t  the  f ie ld s  o f th e  c o re s  on a n  a to m ic  

s c a l e  o f l e n g th .

W e h a v e  o n ly  a t te m p te d  to  m ake  th e  t r a n s i t i o n  from 5 to  6 p l a u s i b l e .

It Is  by no  m e a n s  n e c e s s a r y  th a t  6 be  u s e d  b u t r a th e r  It Is  c o n s i s t e n t  w i th  

o u r  p ic tu re  o f th e  in te r a c t io n s  In c h a n n e l in g .

3 . 3 . 1  E le c tro n  G a s

In th e  l a s t  s e c t io n  w e found  th e  a v e r a g e  p o te n t i a l  e n e rg y  e x p e r ie n c e d  

by th e  in c id e n t  e le c t r o n  for s in g le  p a r t i c l e  e x c i t a t i o n s  o f th e  s o l i d .  H ow ­

e v e r ,  th e re  is  a l s o  a c o l l e c t iv e  r e s p o n s e  w h ic h  is  m a n i f e s te d  In p la sm a  

o s c i l l a t i o n s  o f  th e  e le c t r o n  g a s  o f th e  s o l i d .  W e a re  in te r e s te d  in  t h e s e  

s e c t i o n s  in  c a l c u l a t i n g  th i s  e f f e c t  o n  th e  p o te n t i a l  e n e rg y .

At f i r s t ,  w e m ight a rg u e  th e  e le c t r o n  g a s  c o m p le te ly  s c r e e n s  o u t  th e  

f ie ld  o f th e  p ro ton  a n d  s o  th e  in c id e n t  e le c t r o n  c a n n o t  in a n y  r e a l  s e n s e  

be  bound  to  th e  p ro to n .  T h is  a rg u m e n t  is  b a s e d  upon th e  f a c t  t h a t  if
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a p ro to n  Is  p la c e d  a t  r e s t  a t  som e  p o in t  In th e  s o l id  th e  p o te n t ia l  f ie ld ,  

i p  , a ro u n d  It Is n o t  c o u lo m b ic  b u t  r a th e r ,

<?(*•)=  ? t l z  e.~  * T f , r
V-

w h ere  Is a  c o n s t a n t  o f  o rd e r  u n i ty  In a to m ic  u n i ts  an d  th e  c h a rg e  

o f th e  " p ro to n .  " T h is  r e s u l t  w a s  m e n t io n e d  In th e  l a s t  s e c t i o n  In r e f e re n c e  

to  th e  s c r e e n in g  o f th e  c o re s  by th e  v a le n c e  e le c t r o n s  a n d  w il l  be  d e r iv e d  

l a t e r  In th i s  s e c t i o n .  S u f f ic e  It to  s a y ,  t h a t  1 Im p lie s  th a t  th e  f ie ld  is  

s c r e e n e d  o u t  a t  a d i s t a n c e  o f  th e  o rd e r  o f a Bohr r a d i u s .

H o w ev er , In d e r iv in g  e q u a t io n  1, th e  p ro to n  is  c o n s id e r e d  a t  r e s t .  

W h ile  t h i s  is  t ru e  fo r th e  c o r e s  o f th e  s o l id  I t  Is n o t  t ru e  for o u r  in c id e n t  

p ro to n .  In f a c t ,  th e  v e lo c i ty  o f th e  p ro to n  b e c o m e s  Im po rtan t  w h en  c o n ­

s id e r in g  th e  e f f e c t  o f th e  s c r e e n in g  by  th e  e le c t r o n  g a s .  On In tu i t iv e  

g ro u n d s  w e e x p e c t  th a t  if

—  »  ^ j >
*>r

th e n  s c r e e n in g  Is no t  Im p o r ta n t .  H ere  V is  th e  v e lo c i ty  o f  th e  p ro ton , 

ujp th e  s o - c a l l e d  p la s m a  f re q u e n c y  is  a num ber th a t  c h a r a c t e r i z e s  th e  

r e l a x a t io n  ra te  (of o rd e r  one) an d  th e  D e b y e  le n g th ,  a num ber c h a r a c ­

t e r i z in g  th e  w a v e le n g th  o f a n  o s c i l l a t i o n  (o f  o rd e r  o n e ) .  E qu a tio n  2 

e x p r e s s e s  the  f a c t  th a t  d u r in g  th e  t im e  o f o n e  o s c i l l a t i o n  th e  p ro ton  

c o v e r s  m any  w a v e le n g th s  In i t s  m o tio n .  T h at i s ,  th e  p la sm a  o s c i l l a t i o n s  

a re  s lo w  on  the  s c a l e  o f  l in e a r  m o tion  an d  so  th e  o s c i l l a t i o n s  a re
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e s s e n t i a l l y  f ro z e n .  But It Is t h e s e  o s c i l l a t i o n s  w h ic h  l e a d  to  p o la r i z a t io n  

p h enom en a  an d  s c r e e n i n g .  In  f a c t ,  w e s h a l l  sh o w  th a t  th e  p o te n t ia l  

f ie ld  d u e  to  t h e s e  o s c i l l a t i o n s  g o e s  In v e r s e ly  w ith  V. F in a l ly ,  w e rem ark  

th a t  e q u a t io n  2 im p l ie s  V >> V^ w h e re  V is  th e  Ferm i v e lo c i t y .

In o u r  c a s e

£  v £  i o ^  (3 ^

w h ile

%  ^  ±

an d  so  1 is  s a t i s f i e d  for MeV c h a n n e l in g .

3 . 3 . 2  M a x w e ll  L o ren tz  E q u a t io n s

W e c o n s id e r  th e  s o l id  in  th e  fo l lo w in g  l im i t .  I t  c o n s i s t s  o f  f ixed  

c o re s  a t  t h e i r  e q u il ib r iu m  p o s i t io n s  p lu s  e s s e n t i a l l y  f r e e  v a le n c e  e l e c t r o n s .  

F u r th e r ,  we s m e a r  th e  p o s i t iv e  c h a rg e d  b a ck g ro u n d  so  i t  i s  rem o v ed  from 

th e  problem  e x c e p t  in s o f a r  a s  p ro v id in g  e l e c t r i c a l  n e u t r a l i t y .  T his  

a p p ro x im a t io n  is  b a s e d  upon  tw o  n o t io n s ;  f i r s t ,  t h a t  th e  d i s t r ib u t io n  of 

v a le n c e  c h a rg e  in  a m etal, say, is  e s s e n t i a l l y  uniform  and  s e c o n d ,  th a t  

th e  n u c le a r  m o tio n  Is s lo w  on  th e  s c a l e  of e le c t r o n ic  m o tio n .  T h is  

m odel Is  c a l l e d  a n  e le c t r o n  g a s  an d  w e now  w is h  to  d e s c r i b e  th i s  s y s te m  

s u b je c t  to  a sm a ll  d i s t u r b a n c e .  W e m u st  p o in t  o u t  th e  d i s c u s s i o n s  In th e  

r e s t  of th i s  s e c t io n  a re  n o t  n e w . T hey  a re  r a th e r  in c lu d e d  fo r  c o m p l e t e n e s s .  

R e fe re n c e s  3 th ro u g h  7 I n c lu s iv e  s h o u ld  be  c o n s u l te d  fo r  m ore d e t a i l s .
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W e b e g in  o u r  s tu d y  by  talcing th e  L oren tz  p o in t  o f v ie w  in  t h a t  w e  

w r i te  dow n s e p a r a t e l y  M a x w e l l 's  e q u a t io n s  in  vacuu m  a n d  th e  e q u a t io n s  

o f m o tion  o f th e  c h a r g e s  p r e s e n t .  M a x w e l l 's  e q u a t io n s  a re

7 X E =  - -L  t 'Wc H

V . g  =  o  o o

C • J C

H ere  I? and  3  a re  th e  e l e c t r i c  an d  m a g n e tic  f i e ld s  an d  j *0  an d  JQ a re  th e  

e x te rn a l  c h a rg e  and  c u r re n t  d e n s i t i e s .  The c h a r g e s  and  c u r r e n ts  o f m a t te r  

£  and  J* a re  t a k e n  to  s a t i s f y  th e  V lasov  e q u a t io n

I j U  =

w h e re  f(r  , v, t) d 3r d 3v i s  th e  p r o b a b i l i ty  th a t  an  e le c t r o n  o f th e  g a s  is  b e tw e e n  

s p a t i a l  p o s i t io n s  r  an d  r + d r  an d  v e lo c i ty  p o s i t io n s  v and  v + d v  a t  t im e  t .  

F u r th e r ,  v is  th e  c o l l i s i o n  o p e ra to r  a n d  th e  c h a r g e s  an d  c u r r e n ts  a re  r e ­

la t e d  to  f th ro u g h
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m  -vit J  $(•?, Vs, t )  cPv

Scf*,t> - ne J ZCF.f.i) -iPAlv

w h e re  n ts  th e  a v e ra g e  num ber o f  e l e c t r o n s  p e r  u n i t  vo lu m e  and  th e  

sm e a re d  p o s i t iv e  b a c k g ro u n d  Is  c o n ta in e d  in  th e  term  ne  I n ^ " ? ,  t ) . L a s t ly ,  

th e  c o u p l in g  b e tw e e n  th e  c h a r g e s  o f m a t te r  an d  th e i r  f i e ld s  E an d  B a re  

c o n ta in e d  In th e  a c c e l e r a t i o n  term  o f  e q u a t io n  2 by th e  r e l a t io n

k c  C 7

W e h a v e  c h o s e d  to  d e s c r ib e  th e  m o tion  o f th e  e le c t r o n  g a s  in  a s e m i-

4
c l a s s i c a l  w a y  by u s in g  e q u a t io n  2 to  d e s c r i b e  th e  e le c t r o n ic  m o tio n  .

W e s a y  s e m l - c l a s s l c a l  s i n c e  w e s h a l l  t a k e  th e  e q u il ib r iu m  d i s t r ib u t io n  

a s  b e in g  a F e rm l-D lra c  o n e .  For o u r  p u rp o s e s  t h i s  Is s u f f i c i e n t  s in c e  

w e w i l l  be  c o n c e rn e d  w ith  th e  p la sm a  o s c i l l a t i o n s .  T hey  c o n tr ib u te  

un d am p ed  m o tio n  for w a v e le n g th  la rg e r  th a n  th e  D eb y e  w a v e le n g th .  

H o w ev e r , qu an tu m  m e c h a n ic a l  c o n s id e r a t io n s  b e co m e  Im p o rtan t  a t  sm a ll  

w a v e l e n g t h s .

3 . 3 . 3  D ie le c t r i c  F o rm u la tio n  (L in e a r  Theory)

To o b ta in  th e  e q u a t io n s  o f  f i e ld s  fo r  m a t te r  w e  d e f in e  th e  d i e l e c t r i c  

t e n s o r  t  from

A i - i > )  Ey
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w h e re  D ( r , t )  i s  d e f in e d  by

.■i

ixr,D-  Ecp,t) -» *ir J t')°lt'

W e s e e  t h a t  th e  a u x i l i a r y  f i e ld  Is r e l a t e d  to  th e  e l e c t r i c  f ie ld  Ê  by  

th e  n o n - lo c a l  { s p a c e  an d  tim e) l in e a r  o p e ra to r  • . To u n d e rs ta n d  th i s

r e l a t i o n s h ip  im ag in e  an  e l e c t r i c  f ie ld  in c id e n t  on  a n  a to m . If In e r t ia l  

e f f e c t s  a re  Im portan t  in th e  r e s p o n s e  o f  th e  a tom  th e n  D d o e s  n o t  fo l lo w  

E bu t l a g s  an d  • b e c o m e s  n o n - lo c a l  in  t im e ( t im e  d i s p e r s i o n ) .  A lso  

s u p p o s e  t h a t  in  c a l c u l a t i n g  th e  r e s p o n s e  o f  th e  a tom  th e  d ip o le  a p p ro x i ­

m a tio n  d o e s  no t ho ld  th e n  « b e c o m e s  n o n - lo c a l  in  s p a c e  ( s p a t i a l  d i s ­

p e r s i o n ) , U s in g  th e  r e l a t io n s  b e tw e e n  D and  j th e  M a x w e ll  e q u a t io n s  

becom e

r i\7* 3> -  4 t t  J ,7. f  cr, to 41', m( frf0)

7 x ^ =  - J -
c  H
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By c h a rg e  c o n s e r v a t io n  th e  f i r s t  e q u a t io n  a b o v e  b e c o m e s

7'f> - 4rr
3 t >

W e a s s u m e  th e  c o n d i t io n

t =  -  *>) =  0

w h ic h  s t a t e s  th a t  th e re  Is no  n e t  c h a rg e  b e fo re  the  a c t io n  o f  d i s t u r b a n c e s .  

T h is  c a n  a l s o  be  s e e n  by  a s s u m in g

£ c? , Vj i=-*o) = /0rv)

T his  c o n d i t io n  th e n  a l lo w s  u s  to  w r i te  th e  M ax w e ll  e q u a t io n s  In th e  form

4 n  f t ,  (?«o

f w

c c H

C 7 , g  =  0

7 * g = - ± 2 %  ( i 4 )

c  H
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In th e s e  e q u a t io n s  a l l  th e  p o la r iz a t io n  e f f e c ts  a re  c o n ta in e d  in  th e  v e c to r  

D { m ag n e tic  p o la r iz a t io n  a l s o ) .  W e now  a s s u m e  h o m o g e n le ty  o f  s p a c e .  

T h is  is  a c tu a l ly  tru e  fo r o u r  e le c t ro n  g a s  b u t c le a r ly  a n  a p p ro x im a tio n  if  

th e  c r y s ta l  l a t t i c e  b ack g ro u n d  is  r e s to r e d .  T hus « is  d e f in e d  by

^  O'* * )-  / <W U h ' 6 fj  (F-r'j i-i') E, CF'/tOpll1

w ith  th e  r e la t io n s h ip  b e tw e e n  D an d  E g iv e n  by

T h ese  r e la t io n s h ip s  a re  now  F o u rie r a n a ly z e d  by  e x p a n d in g  a l l  fu n c tio n s  a s

4  c p , t )  =  J w f e . o )  j i k j u

^  f r r d t  U , i )

T hen th e  a b o v e  r e la t io n s  beco m e

C P , G > ) = € c j  Of/CO")

I O  — E (’ (%*,tS) + J £

E lim in a tin g  th e  a u x i l ia ry  fu n c tio n  D w e g e t

Oc M -  f c j « * )  - S i j )  E j  f y f r q  E y
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w h e re  Is th e  c o n d u c t iv i ty  te n s o r .

Now fo r  a n  I s o tro p ic  s y s te m , w h ic h  w e a s s u m e , w e m ay w rite

€ i j  O f c ) .  W j , - )  - k i ' € ■ ( & , » )

T hat I s ,  o n ly  tw o  c o n s ta n ts  a re  n e e d e d  to  s p e c ify  th e  te n s o r  a t  )c, j f  

w e had  u s e d  th e  c o n v e n tio n a l  fo rm u la tio n  of M a x w e ll 's  e q u a t io n s ,  th e n  

th e  d ie le c t r ic  te n s o r  w ou ld  h a v e  b e e n  a  s c a la r  c a l le d  fo r e x a m p le , • (£ ,  <u). 

But th e re  w ou ld  a ls o  be a n o th e r  s c a la r  c a l le d ,  s a y ,  re la t in g  B an d

a new  v e c to r  H . For a  fu r th e r  d i s c u s s io n  o f th i s  p o in t s e e  re fe re n c e  5 and  

fo r th e  u s e  o f th e  l a t t e r  fo rm u la tio n  s e e  re fe re n c e  6 . In  e i th e r  c a s e ,  if o n e  

g iv e s  tw o  fu n c tio n s  o f  k  an d  re la t in g  th e  a p p ro p r ia te  f ie ld s  an d  o n e  a l s o  

g iv e s  th e  e x te rn a l  s o u rc e s  th e n  th e  m otion  o f  th e  sy s te m  c a n  b e  s o lv e d .

In o u r c a s e ,  th e  In fo rm atio n  o n  c w ill  b e  p ro v id ed  by th e  V laso v  e q u a t io n .

3 . 3 . 4  S o lu tio n  o f th e  V la so v  E quation

In o rd e r  to  o b ta in  a c lo s e d  e x p re s s io n  fo r th e  d ie le c t r ic  te n s o r ,  w e 

n e e d  th e  In d u ced  c u r re n t .  If  w e tu rn  to  th e  V la so v  e q u a tio n  to  su p p ly  

th e  a n s w e r  w e find  th a t  w e n e ed  th e  e le c t r i c  an d  m a g n e tic  f i e l d s , But to  

find  th e s e  w e n e e d  to  s o lv e  th e  M ax w e ll e q u a t io n s  an d  s o  n e ed  th e  in ­

d u c e d  c u r r e n ts .  So w e a re  fa c e d  w ith  a s e l f - c o n s i s t e n t  p ro b le m . If w e 

l in e a r iz e  th e  V la so v  e q u a tio n  an d  s o lv e  It s e l f - c o n s i s t e n t ly  w ith  th e  

M a x w e ll e q u a t io n s ,  w e s h a l l  f in d  th e  d ie le c t r ic  te n s o r  in  te rm s o f th e  

sy s te m  p ro p e r t ie s  o n ly . T hat i s ,  It w il l  b e  in d e p e n d e n t o f  th e  e x te rn a l  

s o u r c e s .  W hat fo llo w s  w ill  be  v a lid  o n ly  In th is  l in e a r  r e s p o n s e  l im it .
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4
O ur d i s c u s s io n  h e re  fo llo w s  L lndhard  .

W e w rite

£cv)+<jcplv,,t')

an d  a s s u m e  g is  sm a ll r e la t iv e  to  th e  e q u ilib riu m  d is t r ib u t io n  f . W eo

a ls o  a s s u m e  a r e la x a t io n  tim e  a p p ro x im a tio n  , th a t  is  v  Is a sm a ll  c o n s ta n t  

c o l l i s io n  f re q u e n c y -  W e f in a l ly  l in e a r iz e  th e  V la so v  e q u a tio n  an d  find  

fo r g

■+ J- '£  CB+f£) - U  -y j . Co

W e h a v e  r e ta in e d  v to  p ro v id e  th e  p ro p er b o u n d a ry  c o n d it io n s , th a t  is  

th a t  w e o b ta in  r e ta rd e d  s o lu t io n s .  In  f a c t ,  th e  c o n s ta n t  v  p ro v id e s  th e  

fo llo w in g  p ro p e r t ie s  fo r th e  sy s te m : U ltim a te  re tu rn  to  e q u ilib riu m  (e n tro p y  

In c r e a s e ) ,  c a u s a l i ty  an d  e n e rg y  d i s s ip a t io n .

W e F o u rie r  a n a ly z e  e q u a t io n  1 to  o b ta in

+  - y j

w h e re  th e  term  p ro p o r tio n a l to  B in  e q u a tio n  1 h a s  b e e n  d ro p p ed  s in c e  it 

v a n is h e s  for an  in i t i a l  d is t r ib u t io n  th a t  is  I so tro p ic  in  th e  v e lo c i ty .  The 

a b o v e  e q u a tio n  b e co m es  on  s o lv in g  fo r g
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Now

/mt)= A/e - titJ&(V)cPv-UeJ%.<Pv= y v

3V,0» -A/ej,|fr'/ î)-i5,</itr

s in c e

J J ’o f t O ^ 3 ’ I

J ° ^ 3V '=  O

So on F o u rie r  a n a ly s i s  p an d  j b ecom e

fflt,<o)”  -Me f ̂ iT,iJ2r ) d*I?

fC&iiS)~ -iJe§ ĉiS'.ia,!?) tfdiyr

U sin g  2 in  th e  a b o v e  w e find
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U sin g  3 . 3 . 3(1) in  e q u a t io n  3 w e g e t  

6 t j  V i  2>j-

T h is r e s u l t  Is tru e  fo r a l in e a r  th e o ry  w ith  s p a c e  a n d  tim e  h o m o g e n e ity .

If fu r th e r  w e  s u b s t i tu te  3 . 3 . 2(2) in to  e q u a tio n  4 an d  le f t  m u ltip ly  th e
k k 

1 1r e s u l ta n t  e q u a t io n  by — ^  w e  o b ta in
k

£1 )= kii’SiS - 4ffC?W f CvfrJ vcqd*v Cm)
h . 2-  J  k ?

k ik Jand  by ( & -  — t ~ )  w e o b ta in
ij ^

* * *  _ ytftj f(£ §t)(^  -yA m  Cst;
fc1 '  ‘•wo J  J

w h ere  w e  h a v e  u s e d

M i  € y  =  - e 4  

Je»

C ~  k f e i )  & j  =  .? ^

F in a lly , w e w rite  u s in g  4 a n d  5a an d  5b
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w ith  th e  p la sm a  f re q u e n c y  d e f in e d  by

47TKJei

3 .3 .5  E v a lu a tio n  o f th e  D ie le c tr ic  C o n s ta n ts  f s e m i- c la s s ic a l lv )

To e v a lu a te  th e  d ie le c t r ic  c o n s ta n t s  w e n e e d  th e  e q u ilib riu m  d i s t r i ­

b u tio n  w h ic h  w e a s su m e  i s  a F e rm i-D ira c  d is t r ib u t io n  in  th e  z e ro  te m p e ra tu re  

l im i t .  T h at is

^  4 C ^ F - v )

w h e re  is  th e  Ferm i v e lo c i ty  a c o n s ta n t  w h ich  d e p e n d s  u p o n  th e  m a ss  

d e n s i ty  o f th e  g a s  .and is  e q u a l to  th e  v e lo c i ty  o f th e  m o s t e n e rg e t ic  

e le c t r o n .  A gain , a is  a s te p  fu n c tio n  w h ic h  v a n is h e s  for n e g a t iv e  a rg u ­

m en ts  an d  Is  u n ity  fo r p o s i t iv e  o n e s .  The c o n s ta n t  m u ltip ly in g  a is  c h o s e n  

s o  th a t  th e  d is t r ib u t io n  Is n o rm a liz e d  to  o n e .  S in c e

th e  lo n g itu d in a l  c o n s ta n t  b e c o m e s



where ? = c o s ( k - v )  and k is  the z a x i s  of £ s p a c e .  Simplify ing w e

€ t c e , i s ) ’  H T  C k V j . , 0 -) £«.>
2 o

(**»;>

S im ila r ly

/+  J ( h f  C ic o
4 ( 0

J i V fy <o) -  J j j *

- i  V
-  (a J o

3 . 3 . 6  E le c tro n  P ro ton  P a ir  In  M edium

In th is  s e c t io n  w e w a n t to  o b ta in  a g e n e ra l  e x p re s s io n  fo r th e  

p o te n t ia l  e n e rg y  o f  an  e le c t ro n  in  th e  f ie ld  o f a p ro to n  e m b ed d ed  in  

m ed ium . W e b e g in  w ith  th e  M a x w e ll e q u a t io n s
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vT X> = 4Tt fo

v V b *
C c

\ 7 8 = o

7 x e =  - J _ 2 £  
C  <?£

The h o m o g en eo u s e q u a t io n s  a llo w  th e  In tro d u c tio n  o f  th e  p o te n t ia l s  A and  

<P by 7 x 4
p V  - \7 < P -  1

The f ie ld s  B a n d  E a re  in v a r ia n t  u n d e r th e  g a u g e  tra n s fo rm a tio n

X  - » A ' - t  v a

J F

w h e re  A Is a rb i t r a ry .  T his in v a r ia n c e  a l lo w s  u s to  c h o o s e  th e  g a u g e

V 7 C = o

W e now F o u rie r  a n a ly z e  th e  n o n -h o m o g e n e o u s  M a x w e ll e q u a t io n s  and  

p o te n t ia l s  to  g e t  in  k,u> c o o rd in a te s
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w ith

jsT =  i  -JTm *

£?=• - i

and  th e  C ou lom b g a u g e  c o n d it io n

£  A *  = •  0

U sin g  th e  f a c t  th a t

£ * E * - f  e L E L

th e  n o n -h o m o g e n e o u s  e q u a t io n s  becom e

£ - < £ C € <  £ < + € * £ * )

In tro d u c in g  th e  p o te n t ia ls  A a n d  <p in tro d u c e d  b e fo re  w e g e t

i - f c e e  ( ~ i k < e )  ~  4 i r f 0  <?»

w h e re  w e u s e d

£ x £ * - + £ ■ *
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w ith  lo n g itu d in a l  a n d  t r a n s v e r s e  4 g n lfy ln g  p a ra l le l  a n d  p e rp e n d ic u la r  

to  k r e s p e c t iv e ly .  S in c e  c h a rg e  c o n s e rv a t io n  In R, cu s p a c e  is

w e find

w h ic h  fo rc e s  th e  l a s t  tw o  te rm s In e q u a t io n  2 to  v a n is h .  T hen e q u a tio n s  

1 an d  2 beco m e  w ith  th e  In tro d u c tio n  o f  th e  C ou lom b g a u g e  c o n d itio n

£  i f f ,  < o ) o )  =  4 1 r j g  £  £ ,  

T % £ u )  G l o
c*

W e now w an t to  so lv e  th e  s e t  3 fo r a n  e le c tro n  p ro to n  p a ir  p e n e tra t in g

th e  e le c tro n  g a s  w h o se  p ro p e r t ie s  a re  now  c o n ta in e d  In th e  tw o  c o n s ta n ts  

L tr< an d  c . S in c e  th e  e le c t r o n 's  In te rn a l m o tion  Is  s lo w  r e la t iv e  to  I ts  l in e a r  

m o tio n  fo r a n  MeV p a ir  w e c o n s id e r  th e  c a s e  of a f ix e d  d ip o le  m ov ing  w ith  

v e lo c i ty  V w ith  c o o rd in a te s  sh o w n  In F ig u re  10 . For th i s  c a s e  th e  d e n s i t i e s

£ c t) - e [g, j & i  7  0  s  £.yt ) 3

ev [% ifcps-70-S (?-n-cC j]
y ie ld  F o u rie r  a m p litu d e s
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foOt,c o )-  J -  

^ c l ? (u > ) = v ’ g ) a ; M))

To o b ta in  th e  p o te n t ia ls  w e in v e r t  e q u a t io n s  3 . 3 . 5(3) to  g e t

£ & » >  4IT  £  ,  - t e )  _  ^  ,

®0 *~"'fc 
C * e

w h ere

V & «  V - K y F

f e i

By F o u r i e r 's  th eo rem  v re  o b ta in  for th e  s p a t ia l  p o te n t ia ls

<ecp,0=£ fcPJi (Zr^O jt(f-7i)
* ? • >  ^ r n i : » c

X G ] i ) =  . 1  t o f e  )  c % P 7 1 )

~n r
C*

W e now  e v a lu a te  th e  f ie ld s  a t  th e  p o s i t io n  o f  th e  e le c t r o n .  W e a l s o  

s u b tr a c t  a w a y  th e  s e l f  f i e ld .  A c h e c k  on ou r p ro c e d u re  is  th a t  th e  p o te n ­

t i a l s  sh o u ld  re d u c e  to  th e  w e ll-k n o w n  r e s u l t s  fo r th e  fre e  s p a c e  l im its
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£ tr .
c -* 1, c -* 1. Since A Is of order V/C relative to <p we shall only consider

th e  p o te n t ia l  p o la r iz a t io n  f ie ld  in  th e  fo llo w in g  s e c t i o n s .  The p o te n t ia l  

a t  th e  e le c t ro n s  is

A dding a n d  s u b tra c t in g  th e  f i r s t  term  w ith  c =1 u n it  y ie ld s  from e q u a tio n  3

w h e re  th e  f i r s t  term  in te g r a te s  to  Z ^ e / a  a n d  th e  l a s t  term  r e p r e s e n ts  

c o r r e c t io n s  d u e  to  th e  p r e s e n c e  o f m a t te r .  T his term  v a n is h e s  In th e

th e  n e x t s e c t io n s  w e f in d  a p p ro x im a te  v a lu e s  fo r th e  p ro to n  f ie ld  in  m a tte r  

in  th e  l im it  o f h igh  an d  low  v e lo c i ty  o f t r a n s la t io n .

In th e  n e x t c h a p te r  w e s h a l l  e v a lu a te  th e  p o te n t ia l  d u e  to  m a tte r , th a t  

is  th e  s e c o n d  term  in  e q u a t io n  4 ,  fo r th e  p la sm a  o s c i l l a t io n  c o n tr ib u tio n . 

T his i s  c e r ta in ly  a P s p a c e  c o n tr ib u tio n , s in c e  i t  c a n  a c t  to  d is to r t  th e  

in te rn a l  s t a te  o f th e  e le c t ro n  p ro to n  p a ir .  To a m p lify  th is  p o in t w e f i r s t  

n o te  th a t  th e  d ie le c t r ic  c o n s ta n t  c o n ta in s  c o n tr ib u tio n s  fo r an<*

*C < kD ‘ w ^ e re  = 2-ir/Ajy For e x c i ta t io n s  w ith  k > k ^  th e  sy s te m  w il l  

n o t su p p o rt p la sm a  o s c i l l a t io n s  s in c e  th e y  w ill  d e c a y  in to  s in g le  p a r t ic le  

e x c i ta t io n s .  T h ese  s in g le  p a r t ic le  e x c i ta t io n s  a re  Q s p a c e  c o n tr ib u tio n s  

to  th e  p o te n t ia l  an d  r e p re s e n t  io n iz a t io n s .  T hey a re  ta k e n  up a t  th e  end  

o f th is  c h a p te r .  H ow ever, s in c e  th e y  a re  s in g le  p a r t ic le  e f f e c ts  th e y  a re  

t r e a te d  a s  su c h  r a th e r  th a n  in  th e  d ie le c t r ic  fo rm u la tio n . For k< k D th e re

^  ( a t  e le c tro n )

lim it an d  so  e q u a t io n  4 r e d u c e s  to  th e  c o rre c t  v a lu e  fo r v acu u m . In
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a re  b o th  s in g le  p a r t ic le  e x c i ta t io n s  a n d  p la sm a  o s c i l l a t i o n s .  T h e se  a re  

th e  P s p a c e  c o n tr ib u tio n s  s in c e  th e y  d i s to r t  th e  In te rn a l s t a te  o f th e  p a ir  

r a th e r  th a n  d e c o u p le  i t .  The s in g le  p a r t ic le  a s p e c t  o f th is  h a s  a lr e a d y  

b e e n  t r e a te d  an d  so  we a re  in te r e s te d  o n ly  In th e  p la sm a  c o n tr ib u tio n  to  

th e  s e c o n d  term  In e q u a tio n  4 .

3 .3 .7  S c re e n in g

S in c e  w e a re  no  lo n g e r  in te r e s te d  In th e  t r a n s v e r s e  r e s p o n s e  o f  th e  

sy s te m  d u e  to  I ts  V /C  d e p e n d e n c e  w e d ro p  th e  s u p e r s c r ip t  1 on  th e  d le le c  

t r ie  c o n s ta n t .  U s in g  3 . 3 .6( 2a)and(2b) w e find  on  In te g ra tin g

If w e le f t

* -  ifl.

and

€  ~  +  |l
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w e g e t

I + J e

k 2 -

( k , ? ) u
k 2

|+  X J L ( ± 1 )
2 1 l+ x /

l-» * l . ( i = S )
2  x m J

K* nr I <  4 .
0  I *  i >  l

l * l < i

rt i> i

@ < o

F ir s t  w e  c o n s id e r  th e  c a s e  o f a s ta t io n a ry  p ro to n  In a n  e le c tro n  g a s .

By 3 . 3 .6 (3 )  th e  p o te n t ia l  f ie ld  Is g iv e n  by

£  t o

w  J k* ece, SW

S in c e  th e  c h a rg e  is  s ta t io n a ry  w e n e e d  to  s u b s t i tu te  in  th e  a b o v e  e x p re s s io n  

fo r <p

€  (fe,o)=  I-+ krf-

T h is  y ie ld s

< ? c r >  - 2 .  (W 3 £  £ _  =  e  e ~ J r n = r

^ J  k '+ J tTv  ^

w h ic h  Is  a r e s u l t  re fe r re d  to  e a r l ie r .
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W e now  w a n t to  show  th a t  th e  f ie ld  a b o u t a f a s t  m oving  p ro to n  (V>V^) 

Is  n o t s h ie ld e d  a s  a b o v e . To c o n s id e r  th e  e f f e c t  o f th e  p la sm a  m ode 

on  th e  In c id e n t p ro to n  w e n o te  th a t  th e  e le c t ro n  g a s  c a n  su p p o r t f re e  

o s c i l l a t io n s  (p la sm a  o s c i l l a t io n s )  w hen

T h is  fo llo w s  from th e  M ax w e ll e q u a tio n  fo r th e  p o te n t ia l  <p w ith  no e x te rn a l  

s o u rc e s

T h is  a d m its  th e  tw o  s o lu t io n s

th e  se c o n d  s o lu t io n  b e in g  th e  so u rc e  o f d e n s i ty  o s c i l l a t i o n s .  W e a l s o  

rem ark  th a t  If k <  k ^  = th e n  th e s e  o s c i l l a t io n s  a re  undam ped  a s

c a n  be s e e n  from 3b w ith  th e  k n o w le d g e  th a t  w 'v' u,p* S in ce  th e  m odes 

g iv e n  by 4 c a n  b e  e x c i te d  by th e  In c id e n t p ro to n , th e s e  m o d es  w ill  be 

th e  p la sm a  c o n tr ib u tio n  to  th e  p o te n t ia l  f i e ld .  U s in g  3 in  4 w e  o b ta in  

an  a p p ro x im a te  e x p re s s io n  fo r th e  p la sm a  c o n tr ib u tio n  to  th e  d ie le c t r ic  

c o n s ta n t



101

I -  ^
C Q l  (

4 k2 < V >  ^
< r v * >  =  |  ^

If w e s u b s t i tu te  5a in to

W )'  ,W J| t ' l' r r ( « W )  j r - m

fo r  th e  p ro to n 's  f ie ld  a n d  u s e

c f i k =  d f d k g f k i c t k ^  

A3= i ^ V

w ith  $  a s  th e  Z a x is  w e g e t

W ) .  S '  p k k  n a v u )

F or b o th  a > 0  and  a < 0 th e re  is  a c o n tr ib u tio n  from th e  p o le s  
z  z

( 6 )
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to  th e  In te g ra l  In  6 . T h e se  g iv e  fo r a ^ > 0

k &0»4t3 e-fe<3? ^  s. i a .^
n  T  z i k v t f y c k v )

and  fo r a^<  0

A>

^ 5 ! > =  t *  J ^ f e  ^  < S t e C > a .  c  . c u ^

T  o - Z i k v G C o , - , - ^  01

T he p la sm a  m ode c o n tr ib u te s  to  6 u s in g  5 

< & ? ) = :  O  > 0

% a ? ) 2 r e j /  ^  % < a

and  c lo s in g  th e  c o n to u r  In th e  lo w e r  h a lf  uj p la n e

< & £ ) «  I W p  t i p  \  £ * 1 * 1  < ^ < 0

v o C^JSfc*- V J

t r ) =  *?<o

T his r e s u l t  w a s  f i r s t  o b ta in e d  by  R itc h ie ^ . The fa c t  th a t  th e  p o te n t ia l  

b lo w s up  a t  a ^=0  I s  th e  r e s u l t  o f  in c lu d in g  o s c i l l a t io n s  w ith  k g re a te r  

th a n  k ^  In  th e  l a s t  in te g r a l .  A lso  th e  dam p in g  7j h a s  b e e n  r e ta in e d  s in c e  

a l l  r e a l  s y s te m s  h a v e  som e d a m p in g . W e d e r iv e d  th is  to  show  th e
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a p p ro x im a te  n a tu re  o f  th e  p o te n t ia l  an d  I ts  d e p e n d e n c e  o n  V, I t  Is  c le a r  

th a t  fo r s u f f ic ie n t ly  la rg e  V a s  th is  c o n tr ib u tio n  v a n is h e s  w e  a re  le f t  w ith  

a C ou lom b  f i e l d . W e n o te  th a t  i f  w e had  c a lc u la te d  th e  in d u c e d  c h a rg e  

d e n s i ty  by  a s im ila r  te c h n iq u e  w e w ou ld  h a v e  found  th a t  th is  c h a rg e  is  

c o n fin e d  to  a c o n e  b e h in d  th e  m oving  p a r t ic le  o f h a lf  a n g le  *

S e e  re fe re n c e  7 fo r d e t a i l s .  A ga in  a s  V I n c r e a s e s  th e  c o n e  n a rro w s a s  th e  

p ro to n  o u t r a c e s  th e  In d u c e d  p la sm a  o s c i l l a t i o n s .

3 .4  Io n iz a tio n  P o te n tia l

In  th i s  l a s t  s e c t io n  w e  d e r iv e  an  e x p re s s io n  fo r th e  r a te  o f  io n iz a t io n  

o f th e  in c id e n t  a to m . T h is r a te  Is  th e n  r e la te d  to  th e  im a g in a ry  p a r t  o f th e  

o p t ic a l  p o te n t ia l .

The io n iz a t io n  a r i s e s  from a  s tro n g  c o l l i s io n  b e tw e e n  th e  in c id e n t  

e le c t r o n  a n d  a n  e le c t ro n  o f th e  s o l i d . T h is c o l l i s io n  i s  t r e a te d  h e re  in  a n  

im p u lse  a p p ro x im a tio n . By th i s  w e m ean  th a t  b o th  th e  in c id e n t  a n d  c o re  

e le c t r o n s  w a v e  fu n c tio n s  a re  e x p a n d e d  in  a  F o u rie r s e r i e s . T hus a  f re e  

e le c t r o n  f re e  e le c t ro n  c o l l i s io n  i s  c o n s id e re d  fo r e a c h  o f th e  r e s p e c t iv e  

F o u rie r c o m p o n e n ts . A d if f e r e n t ia l  c r o s s  s e c t io n  i s  th e n  o b ta in e d  an d  

th e n  a v e ra g e d  o v e r  th e  r e s p e c t iv e  m om entum  d is t r ib u t io n s  g iv e n  b y  th e  

p re v io u s  F o u rie r e x p a n s io n s .  For a  c o m p le te  d i s c u s s io n  s e e  fo r e x a m p le  

re fe re n c e  8 . The io n iz a t io n  c r o s s  s e c t io n  i s  ta k e n  a s  th e  sum  o f  a l l  c ro s s  

s e c t io n s  for m om entum  t r a n s f e r s  g r e a te r  th a n  som e m inim um  n e c e s s a r y  fo r 

io n iz a t io n  to  o c c u r  (se e  b e lo w ) .

F ir s t  w e  c o n s id e r  th e  s c a t te r in g  o f tw o  f re e  p a r t i c le s  o f  m a s s e s ,  

n i j ,  m2 a n d  v e lo c i t i e s  a n d "v ^ . The s u b s c r ip t  o n e  r e f e r s  to  th e  e le c tro n
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o f  th e  In c id e n t  p a ir  a n d  th e  s u b s c r ip t  tw o  r e f  curs to  th e  e le c t ro n  o f  th e  

s o l id .  C o n s e rv a tio n  o f  m om entum  s t a t e s

%  =  M ^  -  %  i j j '+  '  (1 )

w ith

(2 )
■4

T he p rim e s  re fe r  to  a f te r  th e  c o l l i s io n  and  Vg i s  th e  v e lo c i ty  o f  th e  c e n te r  

o f  m a s s .  W e le t

(3)

Y r y . ' - ' t / o '
(4)

th e n  th e  m om entum  tr a n s fe r r e d  to  th e  In c id e n t  e le c t ro n  i s

—o , —->

U sin g  3 an d  1 and  th e n  4 an d  1 w e g e t

so

T * -  / K  f  V - V  )

H

(5a)

(5b)



S in c e  th e  s c a t te r in g  i s  e l a s t i c ,  b o th  p a r t i c l e s  b e in g  f r e e ,  th e  v e c to r  V
-f

i s  s im p ly  ro ta te d  to  V* th ro u g h  a n  a n g le  G  w ith  no  c h a n g e  In le n g th .  

W e a rg u e  th a t  i f

w ith  I th e  e n e rg y  n e c e s s a r y  to  io n iz e  th e  In c id e n t  a to m  ( io n iz a tio n  p o ­

te n t ia l )  .

W e n e e d  th e  c r o s s  s e c t io n  fo r a p a r t ic u la r  m om entum  t r a n s f e r .  The 

d if f e r e n t ia l  c ro s s  s e c t io n  for a  s c a t te r in g  th ro u g h  th e  a n g le  © in  th e
g

c e n te r  o f  m a s s  fram e fo r a  p a r t ic le  o f m a s s  u an d  v e lo c i ty  V i s  g iv e n  by

th e n  th e  in c id e n t  e le c t r o n  i s  io n iz e d .  The c o n s ta n t  i s  g iv e n  by

(7)

T h is c a n  b e  r e la te d  to  P s in c e  on  u s in g  e q u a tio n  5 w e g e t

? 2 =  C o$>  < 9

p  C \ r ( 0 £ B )

$  u .  &  <4 ®

M ^ V 2 - (8)

w ith
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P £  Z f A V  

In u s in g  8 in  7 w e  g e t

(7(6i) =(2/>.tiY  j- -  crc?)

T hen

so

C a » N  =  2 i r  C a w * ) 7-  p  J>
O v ) 2

<rjw = 5 t  n̂r Y z I

Ufl y  2. t  -* £  J

£  3  5 u i ( Vm3^  y 2-
n  — ________ '___ 4

H 7 -

T h is  p ro c e d u re  m igh t se em  c ru d e  b u t i t  i s  w e ll  know n* * to  g iv e  r e ­

s u l t s  a s  g o o d  o r b e t te r  th a n  m uch m ore e la b o r a te  c a l c u l a t i o n s .  At th is  p o in t  

w e  sh o u ld  in te g ra te  9a  o v e r  th e  v e lo c i ty  d is t r ib u t io n s  v^ a n d  c o n ta in e d

in  th ro u g h  th e  r e la t iv e  v e lo c i ty  V . T h is w o u ld  b e  in  k e e p in g  w ithION

th e  im p u lse  a p p ro x im a tio n . H ow ever w e  a s s u m e  th a t  th e  t r a n s la t io n a l  

e n e rg y  fa r  e x c e e d s  th e  b in d in g  e n e rg ie s  in v o lv e d . T hen  th e  tw o  e le c t r o n s
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c a n  b e  t r e a te d  a s  t ru ly  f r e e .  T he In c id e n t  e le c t ro n s  v e lo c i ty  Is  ta k e n  a s  

Vj = V I . e .  o n ly  I t s  t r a n s la t io n a l  p a r t .  The s o l id  e le c t ro n  i s  ta k e n  a t  r e s t

= 0 .  T h is  r e s u l t  i s  r ig o ro u s  e x c e p t  fo r th e  in n e r  e le c t ro n  in  th e  c o re  o f
9

th e  s o l i d .  The r e s u l t  9 i s  th e  T hom pson  c r o s s  s e c t io n .  S in c e  th e  io n i­

z a t io n  d f /d t  i s  r e la te d  to  th e  io n iz a t io n  c ro s s  s e c t io n  b y

w h ere  n e  i s  th e  e le c t r o n ic  d e n s i ty  o f th e  s c a t t e r e r s ,  w e find

d i  y i

T h is io n iz a t io n  r a te  c a n  b e  r e la te d  to  th e  im a g in a ry  p a r t  o f  th e  o p t ic a l  p o ­

t e n t i a l  u ^ . The S c h ro e d in g e r  e q u a t io n  w e d e r iv e d  fo r th e  m o tion  o f  th e  in ­

c id e n t  e le c t ro n  in  P s p a c e  is

|  ^  l © (11>

w h e re  th e  im a g in a ry  p a r t  o f  th e  o p t ic a l  p o te n t ia l  I s  now  In te rp re te d  a s  

th e  io n iz a t io n  p o te n t i a l . If w e  m u ltip ly  11 b y  ¥ * a n d  s u b tr a c t  th e  c o m p lex  

c o n ju g a te  e q u a t io n  a f te r  m u ltip ly in g  i t  b y  r  w e g e t

2  1 4  p  -  - S i  vx q

d t

If  w e  th e n  in te g ra te  t h i s  o v e ra l l  s p a c e  w e  g e t

j i  K D l V r .  „ a

i - k i (1 0 )
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T he le f t  h a n d  s id e  i s  th e  r a te  o f  c h a n g e  o f p ro b a b il i ty  w h ic h  i s  r e la te d  to

th e  Io n iz a tio n  r a t e  b y

j r  f r W r  =  ~ 4 id t  0  d t (13)

T hen

s i ,
d i (14)

W e s h a l l  r e tu rn  to  t h e s e  fo rm u la s  a f te r  w e  h a v e  e v a lu a te d  th e  io n iz a t io n  

p o te n t ia l  I for c h a n n e lin g  p a i r s .
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A ppend ix  3A

In t h i s  a p p e n d ix  w e w a n t to  c a lc u la te

w ith  a(x ) d e f in e d  b y  3 . 2 . 1  (8 ).

The in te g ra l  a b o v e  i s  th e  s h a d e d  a re a  in  F igu re  A1

FIGURE A1

S u p p o se  p ^  2 k „  th e n  th e  s p h e re s  in  A1 o v e r la p .  The s e c o n d  s t e p  fu n c tio nF
2 2a (  (p+k) - k p ) d e m a n d s  th a t  a  lo w e r l im it  on

A  A

V *■

b e  g iv e n  b y

fe2+ p z-*

or

= k p
T h is  c a n  b e  u n d e rs to o d  w ith  th e  a id  o f  F igu re  A 2. For g iv e n  k th e  v a r ia b le  

6 m u s t b e  su c h  th a t  th e  t ip  o f  th e  v e c to r  k  l i e s  o n ly  in  th e  s h a d e d  p o r t io n .  

T h e re fo re  i t  c a n  o n ly  sw e e p  th ro u g h  th e  a n g le  0^ in  F ig u re  A2(b)
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(a)
FIGURE A2

(b) 
so  w e  g e t

9  ^  V  a a t - * )  f * "

If P <  kp th e n  th e  In te g ra tio n  over k h a s  th e  l im its  k ^ -p  to  k p .  If 

2kp a  p i  kp  th e n  th e  in te g ra l  o v e r k h a s  th e  l im its  P~kp to  k p . W e c a n  

now  e a s i ly  In te g ra te  th e  a b o v e  e q u a tio n  and  a f te r  som e s tr a ig h t  fo rw ard  

a lg e b ra

O .F t j , ) .  « :  b / ' f e | - J L  . l )
¥  g i r ) 1- F  12. ( 1)

For p 2 2kp th e  tw o  s p h e re s  s e p a ra te  in  F igure A1 an d  so

( - i  t t L 4 ) (2 )

S in ce  N /2  e le c t r o n s ,  w ith  s p in  up  s a y ,  s a t is f y

H i  -  &  
a  fc'*- a i r ) '3

(3 )



I l l

U sin g  3 In  1 a n d  2 w e  fin d

f ( p y .  n  f |  £  - i  i *  )

=  ^  z f c F
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F ig . 10

C o o rd in a te s  o f  E lec tro n  a n d  P ro ton
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C h a r te r  4 

S o lu tio n s  o f  th e  E q u a tio n s  o f  M o tion

4 .1  In tro d u c tio n

In t h i s  c h a p te r  w e a re  c o n c e rn e d  w ith  th e  e x p l ic i t  s o lu t io n  

o f  th e  e q u a t io n  o f m o tion  fo r th e  e le c t r o n .  O ur a p p ro a c h  w ill  be  

to  d ia g n o liz e  th e  H a m ilto n ia n  o f  t h i s  e q u a t io n  w ith  r e s p e c t  to  a  

b a s i s  o f  s t a t e s  o f a  h y d ro g e n ic  a to m  in  f re e  s p a c e .

F irs t  In  s e c t io n  2 w e  tra n s fo rm  th e  e q u a tio n  o f m otion  to  

a  fram e  o f  r e fe re n c e  a t  r e s t  w ith  r e s p e c t  to  th e  t r a n s la t in g  p ro to n . 

T hen  w e d i s c u s s  in  so m e  d e ta i l  o u r  m ethod  o f s o lu t io n .  S e c tio n  

3 c o n ta in s  a n  e v a lu a t io n  o f th e  m a trix  e le m e n ts  o f th e  s t a t i c  

p o te n t ia l .  F in a lly  s e c t io n  4 c o n s id e r  th e  m a tr ix  e le m e n ts  o f th e  

p o la r iz a t io n  p o te n t ia l .

W e s h a l l  s e e  th a t  n u m e ric a l te c h n iq u e s  a re  n e c e s s a r y  

fo r th e  d ia g n o l iz a tio n  a n d  in  o b ta in in g  th e  m atrix  e le m e n ts  o f 

th e  s t a t i c  p o te n t ia l .  A d is c u s s io n  o f th e  d e ta i l s  o f th e  p a r t ic u la r  

n u m e ric a l te c h n iq u e s  u s e d  a n d  th e  s o lu t io n s  th e m s e lv e s  a re  d e fe r re d  

u n t i l  C h a p te r  6 w h e re  th e  r e s u l t s  o f  C h a r te r s  2 th ro u g h  5 a re  

b rough t to g e th e r .

4 .2  E q u atio n  o f  M o tion  in  th e  P ro to n s  Fram e o f  R e fe ren c e

Our b a s ic  e q u a t io n  o f  m otion  fo r  th e  e le c t ro n  h a s  b e e n  

d e r iv e d  p re v io u s ly  in  a  fram e a t  r e s t  w ith  r e s p e c t  to  th e  s o l id .  In 

t h a t  fram e w e  fo u n d  th a t  th e  e le c tro n  s a t i s f i e d
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w ith

h _  - a . ^ ^  -  1 1  e - A  r - * <
• W  * »  \ r - & a )  |  r  f r f £  |

+ W c ^ ) ) - ^ » ; / x ^ )
o t o

The Bohr r e p r e s e n ta t io n  fo r  th e  e le c tro n  c o re  in te r a c t io n  h a s

b e en  w r it te n  dow n e x p l ic i t ly  in  th e  th ird  te rm  o f  e q u a t io n  l b .  The

fo u rth  te rm  is  th e  io n iz a t io n  p o te n t ia l  a n d  th e  f i f th  th e  p o la r iz a t io n

p o te n t ia l .  The v e c to r  l a b e ls  th e  p o s i t io n s  o f  th e  c o re s  a n d
Jt

a g a in  R (t) i s  th e  s p e c i f i e d  m otion  o f th e  p ro to n .

W e sh o w e d  in  C h a p te r  2 th a t  th e  c o n c e p t o f  a v e ra g e  

s tr in g  p o te n t ia l  sh o u ld  b e  u s e d  to  d e s c r ib e  th e  in te ra c t io n  

b e tw e e n  th e  e le c t ro n  a n d  l a t t i c e .  W e s a y  s h o u ld  r a th e r  th a n  m ight 

In th e  l a s t  s e n te n c e  s in c e  t h i s  c o n c e p t  s e e m s  v e ry  d e e p ly  in te r tw in e d  

w ith  c h a n n e lin g  I t s e l f .  P e rh a p s  t h i s  r  em ark  i s  so m ew h a t e x tre m e , 

w h a te v e r  th e  c a s e  m ight be  w e  s h a l l  u s e  th e  s t r in g  p o te n t ia l .

T hen  th e  sum  o v e r  l a t t i c e  p o in ts  in  l b  i s  r e p la c e d  by

2 : 1 :  1  a

r  s w "

w h e re  Z i s  th e  c o o rd in a te  o f  H in  th e  d ire c tio n  o f  $  a n d  D i s  th e
it

l a t t i c e  s p a c in g  in  th a t  d i r e c t io n .  W h en ev er a n  I  sum  a p p e a rs  h e re  

it s h a l l  m ean  th e  a v e ra g in g  a n d  sum  o v e r  s t r in g s  in d ic a te d  a b o v e .

W ith  t h i s  in  m ind  w e  perform  a  G a l l i le a n  tra n s fo rm a tio n  

to  a  r e fe re n c e  s y s te m  m oving w ith  th e  p ro to n . W e d e fin e  th e  

e le c t r o n s  c o o rd in a te s  in  th a t  fram e by"ri t '  w h ic h  a re  r e la te d  to  th e
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c o o rd in a te s " r ,  t  in  th e  r e s t  fram e  by

F * ''—  T -  f f i t )  >

C * l o

F u rth e r  w e w rite  e q u a t io n  1 in  a  m ore c o m p a c t form  by  

c o m b in in g  p o te n t ia l s  o f  s im ila r  a rg u m e n ts , th u s

i ^ V{ (F-W& ) }  +  ZJ V2(

To tra n s fo rm  e q u a t io n  3 w e  f i r s t  n o te  th a t  by  u s in g  e q u a tio n s  

2a a n d  2 b  w e c a n  w r ite

2 .  =  2 -  ^ )

,  t f h )
V =  7  '

F u rth e r  i f  ^  ’ ( r ’. t ’) is  th e  w a v e  fu n c tio n  in  th e  m oving s y s te m  th e n  

s in c e  p ro b a b il i ty  a n d  vo lu m e a re  c o n s e rv e d  in  a  G a l l i le a n  t r a n s ­

fo rm a tio n  w e  h a v e
/

4 < v ; £ o r =  I ' f c f ' U J l 2-

w h ic h  im p lie s  t y i r ,  t)  = ^ ' (r*, t ’) g ^ P ^ a s e )^  ^  i s  c le a r  th a t  t h i s  c a n

b e  w r i t te n

w h e re  a n d  a n d  e a re  a rb i t r a ry .
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T hen  u s in g  4a , 4 b  a n d  5 In  3 w e  f in d

fisT" wft+ffcmiuo-Z)]*1
-  h  f c * .  ^ U f l  t &  1 ' ) V  ( 6 )

If w e  m ake th e  c h o ic e s

! = * ,  C™:>

P a m '  t f e )

th e n  e q u a tio n  6 b e co m es

I !  vs ( K  j ^ =

w h ic h  b e c o m e s  on d ropp ing  p r im e s

{“i , x ;  )j
T he th ird  te rm  o n  th e  le f t  h a n d  s id e  o f  th e  a b o v e  e q u a tio n  i s  c a l l e d  

th e  s h a k e o f f  p o te n t ia l  a n d  i s  d u e  e x c lu s iv e ly  to  th e  a c c e le r a t io n  

o f th e  p ro to n . A ccord ing  to  o u r a p p ro x im a tio n  R = \H s o  fo r th e  p ro to n s  

m o tion  t h i s  te rm  v a n i s h e s . F u rth e r  th e  l a s t  te rm  in  th e  a b o v e  e q u a tio n  

c a n  be  w r i t te n

£ (J f lK tw M jO -z  JfflS-1‘, vt-zf)
=  £ '  J

S i n x g S  Z *  t >  ^

=  g ^ c r - V
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w h ic h  s a y s  s im p ly  th a t  a  s tr in g  i s  in v a r ia n t  u n d e r  l in e a r  t r a n s ­

fo rm a tio n  a lo n g  I t s  le n g th .  So w e  o b ta in  in  a  s y s te m  a t  r e s t  

w ith  r e s p e c t  t o  th e  p ro to n  th e  fo llo w in g  e q u a tio n

2; i
V  d k

w h ic h  b e c o m e s  u n d e r  th e  s u b s t i tu t io n

I  - V ^ t r )  +  I , 1 } W )  =

w h e re  E i s  c o m p lex  a n d  a to m ic  (R ydberg) u n i ts  a re  u s e d

A d ire c t  s o lu t io n  o f  th e  p a r t ia l  d i f f e r e n t ia l  e q u a t io n  8 

s e e m s  u n te n a b le  b e c a u s e  o f  th e  sym m etry  o f  th e  p ro b le m . R ather 

w e s h a l l  a tte m p t t o  s o lv e  t h i s  in  a  h y d ro g e n ic  b a s i s . T h is  in  

f a c t  s e e m s  to  be  a  lo g ic a l  p ro c e d u re  s in c e  fo r  la rg e  Z j a n d  

h ig h  in c id e n t  v e lo c i ty  V o u r s o lu t io n  w o u ld  a p p ro a c h  th a t  o f a  

h y d ro g e n ic  a to m . T h a t t h i s  i s  a  r e a s o n a b le  c h o ic e  i s  no t 

d if f ic u lt  to  u n d e rs ta n d  s in c e  fo r  h ig h  Z j th e re  w ill  be  n e g lig ib le  

o v e r la p  b e tw e e n  th e  e le c t ro n ic  d e n s i ty  o f  th e  in c id e n t  a tom  a n d  

th e  c o re s  o f  th e  s o l id  w h ic h  a c t  t o  d is to r t  a n d  io n iz e  th e  a to m . 

F u rth e r  w e  h a v e  a lr e a d y  p o in te d  o u t th a t  th e  p o la r iz a t io n  p o te n t ia l  

I t s e l f  d e c r e a s e s  a s  V in c r e a s e s  a s  d o e s  th e  io n iz a t io n  p o te n t ia l .

In s e c t io n  4 w e  s h a l l  s e e  t h i s  e v e n  m ore c le a r ly  fo r th e  p o la r iz a t io n
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e f f e c t .  So in  t h i s  l im it  o f  h ig h  t r a n s l a t i o n a l  v e lo c ity  a n d  h ig h  Z j 

w e  h a v e  a  t ig h t ly  bound  h y d ro g e n l c  a to m  In th e  g ro u n d  s t a t e .

S in c e  t h i s  i s  th e  c a s e  w e  s h o u ld  e x p e c t  th a t  a s  w e  r e la x  th e  

s e v e r i ty  o f  th e  c o n d it io n s  som e m ix ing  o f h ig h e r  s t a t e s  w il l  e n s u e .  

S p e c if ic a l ly  w e  w r ite

4 c r ) =  2 i  c r )
A

e x p e c tin g  th a t  o n ly  a fe w  te rm s  m ake la rg e  c o n tr ib u tio n s  w h e re  

th e  s t a t e s  0  s a t i s f y

( - * - &  )  - iL f  

/ ( =  f a  )

On s u b s t i tu t in g  9 in  8 w e  g e t

w h e re  V i s  th e  m a tr ix  e le m e n t
M- v

v = ■ < % « < >
SrlHjf 1 K  I

N ow  d la g n o l lz a t io n  o f 10a l e a d s  to  o u r s o lu t io n .  H o w ev er th e r e

a re  som e p o in ts  to  b e  c le a r e d  u p . F irs t  th e  m a trix  e le m e n ts

o f th e  s t a t i c  p o te n t ia l  ( th e  s e c o n d  te rm  in  10b) a re  by no m ean s

t r iv i a l  t o  e v a lu a te  a n d  in  f a c t  e n ta i l  n u m e r ic a l in te g r a t io n .  S e c o n d ly

th e  d ia g n o l iz a t lo n  i t s e l f  m u st be  done n u m e ric a lly  i f  a n y  re a s o n a b ly
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s i z e d  b a s i s  i s  c h o s e n  in  9 a .  W e s h o u ld  a l s o  p o in t o u t a g a in  

th a t  th e  H a m e lto n la n  in  10a i s  n o n  h e rm ltia n  due  to  th e  io n iz a t io n  

p o te n t ia l .  H o w ev er t h i s  c o m p lic a te s  o u r s o lu t io n  o n ly  in  

d e t a i l 1 . T he l a s t  p o in t i s  th a t  w e  do  n o t know  th e  io n iz a t io n  

p o te n t ia l  s in c e  i t  i s  I t s e l f  r e l a te d  to  th e  w a v e  fu n c tio n  w e  a re  

s e e k in g .  T h is  w a s  sh o w n  e x p l ic i t ly  in  s e c t io n  3 .4  w h e re  w e  

fo u n d  th a t  i t  w a s  r e la te d  to  th e  io n iz a t io n  ra te  ^ V d t  th ro u g h

*  f t

W e c o u ld  th e n  a tte m p t a  s e l f  c o n s i s ta n t  s o lu t io n .  T h is  

w o u ld  c o m p rise  a  g u e s s  o f th e  w a v e  fu n c tio n  a n d  th e n  in v e rs io n  

o f th e  a b o v e  r e la t io n s h ip  to  o b ta in  V j. T h is  w o u ld  th e n  be 

s u b s t i tu te d  in  10a w h ic h  w o u ld  th e n  b e  d la g n o l iz e d  .

T he c o n s is ta n c y  o f th e  s o lu t io n  to  e q u a t io n  10a w ith  th e

in i t i a l  g u e s s  i s  th e n  th e  c r i te r io n  fo r  te rm in a t io n  o f th e  p r o c e s s .

H ow ever, w e w o u ld  r a th e r  t r e a t  th e  io n iz a t io n  p o te n t ia l  a s  a

p e r tu rb a tio n . As a  f i r s t  s o lu t io n  t h i s  se e m s th e  m ost d ire c t

a p p ro a c h  s in c e  i t  i s  c o n s i s t a n t  w ith  o u r a s s u m p tio n  th a t  th e

a tom  i s  lo n g  l iv e d .  For e x am p le  s u p p o s e  V = 50 th e n  t h i s  w o u ld

le a d  to  a  d e c a y  ra te  u s in g  3 .4  (13) o f o rd e r  .1 (R ydberg u n i t s ) .  T h is

w o u ld  c o rre s p o n d  to  a  l ife tim e  o f  o rd e r  10 . But fo r th in

c r y s ta l s ,  in  su c h  a  t im e  th e  a to m  c a n  a lre a d y  h a v e  t r a v e r s e d  th e  s o l id .
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T h is  Im p lie s  th a t  th e  io n iz a t io n  p o te n t ia l  h a s  a sm a ll  e f f e c t  on  

th e  e ig e n v a lu e s .  In o u r p e r tu rb a tio n  tr e a tm e n t  w e  w il l  In  f a c t  

be n e g le c t in g  th e  a f f e c t  o f  th e  io n iz a t io n  p o te n t ia l  on th e  

s t a t e s  th e m s e lv e s .  W e s h a l l  on ly  lo o k  a t  th e  io n iz a t io n  

p o te n t ia l s  p e r tu rb a tio n  o f th e  e ig e n v a lu e .

So ou r s o lu t io n  t a k e s  th e  fo llo w in g  fo rm . W e s o lv e  

th e  e ig e n v a lu e  10a w ith  th e  io n iz a t io n  p o te n t ia l  a b s e n t .

T h is  s o lu t io n  y ie ld s  a  s e t  o f s t a t e s  a n d  th e i r  e ig e n v a lu e s .  

T h e se  e ig e n v a lu e s  r e p r e s e n t  th e  b in d in g  e n e rg y  o f th e  s t a t e s  

r e la t iv e  to  th e  p ro to n  a n d  s t r i n g s . W e th e n  f in d  am ong t h i s  s e t  

th e  s t a t e  o f  t i g h t e s t  b in d in g  r e la t iv e  to  th e  p ro to n . T h is  s ta te  

c a l le d  th e  g ro u n d  s t a te  h a s  i t s  b in d in g  to  th e  p ro to n  g iv e n

by

£ *  = < %  [ - 7 Z-  i l l \ 4 o >  (">
r

T hen  from  th e  r e la t io n  d e r iv e d  in  C h a p te r  3

w h e re  th e  in c id e n t  e n e rg y  a n d  Iq th e  io n iz a t io n  p o te n t ia l ,  

w e o b ta in  on  w ritin g

E= e- i
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a n d  u s in g  1 1 a  v a lu e  fo r r  a t  t  = 0 .

& . C E i , - £ B>  r  c « j

W e now  tu rn  t o  th e  e v a lu a t io n  o f  th e  p o t e n t i a l s .

4 .3  S ta t ic  P o te n t ia l

W e w a n t to  e v a lu a te  th e  m a tr ix  e le m e n ts  o f th e  p o te n t ia l

ys = z ; - _ 5 i i  ( 1 ,

r  ( p - ^ i

in  a  h y d ro g e n ic  b a s i s .  In t h i s  p o te n t ia l  X  i s  le f t  a t  o u r 

d i s p o s a l .  T h is  p o te n t ia l  m ust o f  c o u rs e  b e  a v e ra g e d  o v e r  

th e  d ire c tio n  o f  m o tion  o f th e  p ro to n . S u p p o se  fo r  s im p lic i ty  

th a t  w e  w ere  c o n s id e r in g  c h a n n e lin g  in  a  s im p le  c u b ic  c r y s t a l .

T hen  th e  s i tu a t io n  w o u ld  a p p e a r  a s  in  f ig u re  11# w h e re  o n ly  th e  

fo u r n e a r e s t  n e ig h b o rs  a r e  sh o w n . The d ire c tio n  o f  m o tio n  of 

th e  p ro to n  i s  o u t o f th e  p a p e r .  The s tr in g  n u m b ere d  1 w o u ld  a p p e a r  

a s  in  f ig u re  12 w h e re  th e  c o o rd in a te s  o f  th e  v e c to r  R a re  sh o w n . 

T he  e le c t r o n s  c o o rd in a te s  a re  (r , f t .0 )  . Before do ing  th e  n e c e s s a r y  

in te g r a l s  to  e v a lu a te  th e  m a tr ix  e le m e n ts  w e c a n  ta k e  a d v a n ta g e  

o f  som e sy m m etry  p r o p e r t i e s .

F irs t w e  e x p a n d  Vg(r) in  s p h e r ic a l  h a rm o n ic s

Vs £ j  Vuf  i

W e s e e  from  f ig u re  11 th a t  V m u st s a t i s f y

VĈ 9j4>)̂  VCr,Oj<i>+»!r)
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w ith  "H a n  in te g e r .  T h is  im p lie s  o n  u s in g  2 t h a t

e i K ¥  = i

or

Ji-M- 4 C inkier)

From th i s  w e c o n c lu d e  th a t

Vs = o  m la s  ± + } ± g y .

W e a ls o  s e e  th a t  a  m a trix  e le m e n t o f  e q u a t io n  2 in  a h y d ro g e n ic  

b a s i s  r e a d s

* * * * - >  f a  < $ & > * &  J S w w i s / v ;

w h e re  w e  h a v e  w r i t te n

lw>*>£ 4,(tCF)= <Zw(r)Y{kt(9tlt’) (4)

The a n g u la r  in te g ra l  i s  in v a r ia n t  u n d e r  th e  tra n s fo rm a tio n

c e , 4 o - >  C r r - d j ^ + n )  ^

but

V ” ^ i r _ e ) f + u  )  - 1 ' /  ' I j f L e d )  ( s l o )

T h ere fo re  w e c o n c lu d e  th a t  th e  o n ly  te rm s  to  su rv iv e  in  th e  

sum  o v e r  L a b o v e  a re  th  o s e  fo r  w h ic h

«  ±
o r

f t f ' - t l .  “  evfen
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F in a lly  w e  w r i te  o u r m a tr ix  e le m e n t in  th e  form

w h ere  th e  sum  I s  o v e r  th e  s t r in g s  n u m b ere d  o n e  th ro u g h  fo u r 

w h ic h  a re  sh o w n  in  f ig u re  11 . The tra n s fo rm a tio n  R -  R t a k e s  

u s  from  s tr in g  n u m b er o n e  to  s tr in g  th r e e  a n d  from  s tr in g  num ber 

tw o  to  s tr in g  fo u r . T h e re fo re  th e  sum  o v e r  s t r in g s  in  7a  a b o v e  i s  

in v a r ia n t  u n d e r  t h i s  t ra n s fo rm a tio n  a n d  w e g e t

T hen w e  c a n  m ake th e  tra n s fo rm a tio n  r  -* -  r  in  th e  In te g ra l  

In  7b a b o v e . U s in g  5a a n d  5b w e th e n  f in d

^ %  I f  1
from  w h ic h  w e c o n c lu d e  th a t  th e  m a trix  e le m e n t v a n is h e s  u n le s s  

I  + i  ' I s  e v e n .  C om bin ing  t h i s  r e s u l t  w ith  (6) w e  h a v e

a re  non  z e r o .

W e h a v e  p ro v ed  th e  c o n d it io n s  3 a n d  7 fo r  a  s e t  o f  fo u r 

l a t t i c e  s t r i n g s . But In  r e a l i ty  fo r a  c u b ic  l a t t i c e  w e  h a v e  a s e t  

o f l a t t i c e  p o in ts  in  th e  t r a n s f e r s e  p la n e  g iv e n  by

*•= e v e n

a n d  In th e  L sum  in  e q u a t io n  2 o n ly  th e  te rm s

L =  e ^ e v i
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w h e re  p i s  a  tw o  d im e n s io n a l  v e c to r  from  th e  in c id e n t  p ro to n  to

a  l a t t i c e  p o in t in  th e  t r a n s v e r s e  p la n e .  T h e s e  l a t t i c e  p o in ts  a re

sh o w n  in  F ig u re  13 w h e re  th e y  a re  g ro u p e d  in  s e t s  o f fo u r . For

e x a m p le  th e  f i r s t  s e t  h a s  th e  l a t t i c e  n u m b ers  n = ± 1, n  = ± 1 .x  y

F u r th e r  fo r t h i s  s e t  w e s e e  th a t

3 -  t> /&
W e n o te  th a t  a l l  t h e s e  s e t s  a re  s q u a re s  a n d  s o  ou r r e la t io n s  3 a n d  

7 s t i l l  h o ld .  W e m ere ly  a d d  s t r in g s  in  g ro u p s  o f  fo u r . U s in g  th e  

num bering  o f th e  f ig u re  w e o b ta in  th e  im p o rtan t p a ra m e te rs  g iv e n  

in  ta b le  I .  The a n g le  |  i s  ta k e n  w ith  r e s p e c t  to  a  c o n v e n ie n t 

a x is  s a y  x •

In o u r  n u m e ric a l c a lc u la t io n  w e  s h a l l  u s e  so d iu m  fo r th e

c r y s t a l .  T h is  i s  a  s im p le  m e ta l w ith  a body  c e n te r e d  c u b ic

la t t i c e  r a th e r  th a n  b e in g  s im p le  c u b ic .  H o w ev e r i f  w e  c o n s id e r

c h a n n e lin g  a lo n g  < 0 ,0 , 1) th e n  th e  l a t t i c e  w o u ld  a p p e a r  in  th e

t r a n s v e r s e  p la n e  a s  in  F ig u re  1 4 . T h e re fo re  w e  w o u ld  h a v e  th e

sa m e  sym m etry  in  th e  t r a n s v e r s e  p la n e .  H o w ev e r th e  l a t t i c e

p a ra m e te r  in  t a b le  I w o u ld  be  g iv e n  by D= a / / 2  w h ile  th e  l a t t i c e

s p a c in g  a lo n g  th e  d ir e c t io n  o f  m o tion  w o u ld  b e  D = a . For s o -

( 2 )dlum  th e  l a t t i c e  p a ra m e te r  i s  a  = 4 .2 2 5  a n g s tro m s .

W e f in a l ly  p o in t o u t th a t  fo r  o th e r  c r y s t a l s  a n d  d if fe re n t 

d ir e c t io n s  o f In c id e n c e  w o u ld  in  g e n e ra l  no  lo n g e r  h a v e  a  s q u a re  

l a t t i c e  in  th e  t r a n s v e r s e  p la n e .  H o w ev er t h i s  w o u ld  a f fe c t  th e



126

c a lc u la t io n s  th a t  fo llo w  In c o m p u ta tio n a l d e ta i l s  o n ly .
/ 3)

I t  c a n  b e  sh o w n  th a t  '

=  r !  a  >La v A ( ^ ) Y Li  i  t )  W ? )
p - i ?  i *•*

w h ere  S (S > Is th e  l e s s e r  (g re a te r )  o f  r  a n d  R. The fu n c tio n s  I*, and  
< > L

k ^  a re  s p h e r ic a l  B e s se l fu n c tio n s  of an  Im ag in a ry  a rg u m e n t. T hey  a re  

s im p le  t r a n s c e n d e n ta l  fu n c t io n s , fo r ex am p le

io ( ^ =  i i i i b *

and

%  t  - *

T h e ir  p ro p e r t ie s  c a n  be  found In re fe re n c e  3 If w e w r ite  them  In th e  

form

U sin g  th e  a b o v e  e x p a n s io n s  o f th e  Bohr p o te n t ia l  w e g e t fo r th e  m a tr ix  

e le m e n t o f  th e  s t a t i c  p o te n t ia l

C>,4 , v l * . =  z !n - i  • » ( * * *  s - b n j s  v

\ ts > )  tnCfi) C«

If w e w rite  th e  h y d ro g e n lc  w a v e  fu n c tio n s  e x p l ic i t ly  a s

4 ^ = ^ ) ^  (G) ^
' i z T
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w h e re  R ^ r )  Is  a  r a d ia l  h y d ro g e n lc  fu n c tio n  a n d  P ^ {  0 ) i s  p ro p o r­

t io n a l  to  a n  a s s o c i a t e d  L eg en d re  p o ly n o m ia l. In  s u b s t i tu t in g  th is  

w e find  th a t  e q u a t io n  8 b eco m es

21 CCUt1***&*) Z/J7rt)
w h ere

CC^hi1 lU ) - J  , £G.) ^  j  -G c- ^
The sum  o v e r  s t r in g s  is  w r it te n  a s  a sum  o v e r  s e t s  o f s t r i n g s .  T h at is  

g r e p r e s e n ts  a s e t  w h ich  c o n ta in s  fo u r s t r in g s  a s  in  F ig u re  13 an d  

T ab le  I . If  w e u s e  f ig u re  12 an d  th e  r e p re s e n ta t io n

X *  fit* CccSQ.) C~'HH
M T t t

\ J 2 f r

w e find  th a t  J (g) in  9 c a n  be  w r it te nL
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The b ra c k e t  in  11 a c o n ta in s  th e  sum  o v e r  th e  fo u r s t r in g s  In th e  

s e t  g .  U s in g  3 w e  find  th a t  1 1 a  b e co m es

Q Z )

V27T

Now w e c a n  re w rite  11 (b) o n  u s in g  th e  f a c t  th a t  th e  in te g ra n d s  a re  

e v e n  In z .  T h is fo llo w s  from e q u a tio n  5 b a n d  th e  e x p l ic i t  d e p e n d e n c e  

sh o w n  in  11 b . So w e g e t  ,—

s p t  H h  1 ^ = ^ )  W  <Kf V  0 *  h

z pw(jpZv) vw f*1)  S (n)

The s e c o n d  term  in  1 3 ts In te g ra te d  in  th e  r , z  p la n e  a s  sh o w n  In F ig u re  

15 a .  T h at Is z i s  h e ld  f ix e d , r  Is In te g ra te d  In s id e  th e  p a ra b o la  

a n d  th e n  z Is  In te g ra te d  o v e r  th e  h a lf  p la n e .  If  we r e v e r s e  th e  p ro ­

c e d u re  th e  s e c o n d  term  In 1 3 c a n  be  w r it te n , w h e re  th e  o rd e r  o f in te ­

g ra tio n  ___

W

>  * v  < v - ’ u  ^ )

i s  sh o w n  In F ig u re  15 b . S u b s t itu t in g  th is  in  e q u a tio n  13 an d  th e n  

in to  12 w e  g e t  a f te r  some o h v io u s  c h a n g e  o f v a r ia b le s

V2TT
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*  -  $2 fa C'«w
0 VIlC p

a* V ^ l

J * *  Pu ,  ( ■ ^ k ^ ' f r t l )  < * >

T h is  m u s t th e n  be co m b in ed  In e q u a tio n  9 to  g iv e

0 0 . * =  --?2, £* Z\C (htl« U « ) I / C d ? V f t i * S )
I> IX % 9

The e v a lu a t io n  o f th e  In te g ra l o v e r  th e  th re e  s p h e r ic a l  h a rm o n ie s  

C(L,Jt*m ', An) Is  s ta n d a r d .  T h ere fo re  a  b r ie f  d e s c r ip t io n  is  r e le g a te d  

to  a p p e n d ix  A.

W e sh o u ld  p o in t  o u t th a t  th e  r e s u l t  14 d e n ta i l s  e x te n s iv e  n u m eri­

c a l  w o rk . W e d e fe r  u n til  C h a p te r  6 a  d i s c u s s io n  o f  th e  n u m erica l 

te c h n iq u e s  u s e d  in  th e  e v a lu a t io n  o f  th e  s e t  o f e q u a t io n s  14 a n d  e q u a ­

t io n  A 8 .

4 .4  P o la r iz a t io n  P o te n tia l

In  C h a p te r  3 w e  d e r iv e d  th e  r e s u l t

fo r th e  p o te n t ia l  in  m a tte r  a t  th e  p o s i t io n  o f th e  e le c t ro n  in  a  fram e 

a t  r e s t  w ith  r e s p e c t  to  th e  p ro to n . T h is p o te n t ia l  Is  d u e  e n t i r e ly  to  

th e  p r e s e n c e  o f m a tte r  v a n is h in g  In f re e  s p a c e  w h e re  e * t .  W e now
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w a n t to  e v a lu a te  th is  in  a h y d ro g en  b a s i s  ta k in g  in to  a c c o u n t  th e  

p la sm a  c o n tr ib u tio n  to  1 .

S in c e  r w ill  be  o f  o rd e r  u n i ty  w h en  e v a lu a te d  b e tw e e n  low  ly in g  

s t a t e s  o f a  h y d ro g e n lc  a tom  an d  fu r th e r , s in c e  th e  p la sm a  c o n tr ib u ­

t io n s  o c c u r  o n ly  fo r k < k ^  w e m ake th e  d ip o le  e x p a n s io n  fo r th e  

e x p o n e n tia l  in  e q u a t io n  1. T h is  e x p a n s io n  sh o u ld  n o t be  ta k e n  to o  

s e r io u s ly  fo r c o u p lin g  to  h ig h e r  s t a t e s . The c o n tr ib u tio n s  to  th e  k 

In te g ra l ( s e e  e q u a t io n  3) com e from th e  re g io n  k ~  , S in c e  w e

s h a l l  be  in te r e s te d  In Z j = 1 ( s e e  C h a p te r  6) w e o b ta in

Z T |i
S in c e

G C k j  )  -  £  (  ;  f y )

is  e v e n  In k an d  k w e g e t x  y

If w e m ake th e  s u b s t i tu t io n s

U s b 3 V

d < 0 =
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In to  e q u a tio n  2 w e o b ta in
k_ k v

C-W). = c^-r  f ** <ofk -')
v * }  k  j  W * i > J

0

w h e re  th e  f a c t  th a t  p la sm a  o s c i l l a t io n s  e x i s t  o n ly  fo r k < k ^  is  show n  

e x p l ic i t ly  in  th e  u p p e r  l im it  o n  th e  k in te g r a l .  I t sh o u ld  be c le a r  th a t  

h ig h e r  p o w e rs  In th e  e x p a n s io n  o f  th e  e x p o n e n tia l  in  1 w ou ld  b rin g  

h ig h e r  p o w e rs  o f  V in to  th e  d e n o m in a to r  o f e q u a t io n  3 . To c o n tin u e , 

w e n o te  from s e c t io n  3 .3 ?  th a t

IH c O

J i m 1,1 ^

w h e re  Re. im m ean  re a l  p a r t  o f a n d  im a g in a ry  p a r t  o f r e s p e c t iv e ly .  In 

f a c t  th is  r e s u l t  i s  m ore g e n e ra l  th a n  o u r  d e r iv a t io n  in  th a t  s e c t io n .  The 

re a d e r  i s  re fe r re d  to  P in e s , 4 fo r th e  d e t a i l s .  W ith  th e s e  p ro p e r t ie s  

w e g e t fo r 3

" i n  * ’

If w e u s e  th e  r e p r e s e n ta t io n  fo r th e  p la sm a  c o n tr ib u tio n  to  th e  

d ie le c t r ic  c o n s ta n t  g iv e n  by  e q u a tio n  3 .3 ?  (5 a) w e h a v e
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x  _  _ f£ --------------
£ p (h , o )

w h e re  Is th e  f re q u e n c y  o f o s c i l l a t io n  o f  th e  p la sm a  m o d e . E qua­

tio n  5 y ie ld s

l l r t  ( i p c 4 , o > ) =  • ) ]

and  In f a c t  is  odd  In tu a s  s t a t e d .  If  w e  m ak e  th e  a p p ro x im a tio n  

^  a n d  s u b s t i tu te  e q u a t io n  6 In to  e q u a t io n  4 w e g e t

w h e re  w e u s e d  th e  r e la t io n s h ip

t O p  *  k j>  V p

I t  is  I n te r e s t in g  to  n o te  th a t  e q u a t io n  4 {or 7) is  p ro p o rtio n a l to  

th e  s to p p in g  p o w er o f a n  e le c t r o n  g a s .  For a p ro to n  t r a n s v e r s in g  a 

s o l id  th e  e n e rg y  lo s t  p e r  u n it  p a th  le n g th  ( s to p p in g  pow er) Is

d w _  c t w . ± „  S .  g - V l a s j .
T t  ~  7 T  \ Z I
4 +  d i r  v  V  o f  pnrhH

T h at Is th e  f ie ld  s e t  up in  m ed ia  by  th e  p ro to n  a c t s  to  s lo w  It do w n .

In f a c t  th e  p o te n t ia l  a t  th e  f ie ld  p o in t r  a t  tim e  t  s e t  u p  b y  th e  m oving

"*Thls c a u s e s  n e g lig ib le  e rro r  in  th e  l im it  V »  p . S e e  P in e s  in  

r e fe re n c e  5 fo r th e  d e ta i l s  o f  th is  p o in t
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p ro to n  w a s  sh o w n  in  C h a p te r  3 to  b e

4cm- e‘

- r -  ? * =  p -e fc  i t r  c £ i ^ I 0
* *  e c k . b v y

P H

T hen  m ak ing  th e  s u b s t i tu t io n s  fo llo w in g  e q u a tio n  2 in to  8 a n d  u s in g  9 

w e  g e t  ^

4 H  ^  C  X T  f a k  t j a c o l t o f - L  \

T h ere fo re  a c c o rd in g  to  e q u a t io n  4

T h ere fo re  k n o w le d g e  o f  th e  e n e rg y  lo s s  g iv e s  no In fo rm a tio n  a b o u t 

th e  p o la r iz a t io n  p o te n t ia l .  T h is  sh o u ld  n o t b e  s u rp r is in g  s in c e  in  

m ak ing  a d ip o le  a p p ro x im a tio n  e a r l i e r  w e w e re  e v a lu a t in g  th e  f ie ld s  

a t  th e  p ro to n  a s  in  e q u a t io n  8 .

W e a l s o  n o te  th a t  th a t  f a c to r  m u ltip ly in g  2- ■ In e q u a t io n  7
O  v

i s  o f o rd e r  .01  in  o u r c a s e .  The fa c to r  $  ,  i s  o b ta in e d  by  a  s t a n -
a V

d ard  c a lc u la t io n .  B rie fly , w ith  ^  “ r  c o s  ®

C H y -  ' Or) Ont ^ . o O C e r t e  'iu'CO .) (lo)
0
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U sin g  a p p e n d ix  A o r  m ore s im p ly  ^

V/27T

& . t « s e =  J  ^  J £ j « i  ( f  r ,0

v (?<+s>C?-<+0 p i -h M - i)  * ■ '> * '

w e fin d  th a t  ?L , v a n is h e s  u n le s s

^ - i ' =  ± i

c .  o

S p e c if ic a l ly  10 b e c o m e s  on  u s in g  11

, /  ( £ , 'f+l ( f t « j
0  V & t e X H - r i )  %

V ^ - 0  »«

n* / 'w h e re  R /" r e p r e s e n ts  th e  r a d ia l  In te g ra l In e q u a t io n  1 0 . The

s q u a re s  o f th e  e le m e n ts  R . a re  ta b u la te d  In r e fe re n c e  6 . Thefix

s ig n s  g iv e n  b e lo w  h a v e  b e e n  o b ta in e d  by  In s p e c t io n .  W e l i s t  th o s e  

n o n -v a n is h in g  m a tr ix  e le m e n ts  o f  I n te r e s t  to  u s .  (In  a to m ic  u n its )
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^ISl J l  2 p fo ^ — ■+ '
<'tsJ gl 3 ?«•» = 4 ‘3i 
■ C i S l g  I -  -  3 " ? 0

< ? s  IS I » !> » > --  + 1' 8,3,

^!)lg l?ciC -0>=  ■? ,,+  

< 2 } ko) I 2 !  3 s ^  ■= , S o

^ •T P W lfc l 3cte>)>- 

< & P < -O l f r l  5dO )^>=

<r3s | J I si»)>= ■•?s- *
<3J*c-0| £ I 6 7
<%&;! ?,l 3c/to)>= -3-^2.

^ 3 - p c O l y l  l d c o > =  ~ 4 ' G 7

So w e s e e  t h a t  th e  lo w  ly in g  s t a t e s  o f h y d ro g en  c o n tr ib u te  

a c c o rd in g  to  7 a n  o rd e r  o f  m a g n itu d e  v a lu e  o f  • 1 R ydbergs fo r  th e  

p o la r iz a t io n  p o te n t ia l .  T h is  i s  in  k e e p in g  w ith  o u r re m a rk s  a b o u t 

th e  s m a l ln e s s  o f  t h i s  p o te n t ia l  fo r h ig h  in c id e n t  v e lo c i t i e s .

At t h i s  p o in t  w e h a v e  a l l  th a t  Is  n e c e s s a r y  to  f in d  th e  g ro u n d  

s t a t e  an d  i t s  l i f e t im e  fo r  a  p a ir  c h a n n e lin g  in  a  so d iu m  c r y s t a l .  S in c e  

c a p tu re  Is  p o s s ib le  If  th e  a to m  I o n iz e s ,  w e  s h a l l  f i r s t  c o n s id e r  som e 

c a p tu re  p ro b lem s in  C h a p te r  5 b e fo re  re tu rn in g  to  th e  n u m e ric a l 

s o lu t io n  o f  4 .2  (10  a ) .



A p p en d ix  A
7

W e fo llo w  M e s s ia h  in  w ritin g  a  s o lu t io n  fo r th e  In te g ra l

In  th e  formth e  form

The te rm s  on  th e  r ig h t  o f th e  sq u a re  ro o t in  2 a re  3j sy m b o ls  w h ic h  

a re  p ro p o r tio n a l to  C ld b sc h -G o rd o n  c o e f f i c i e n t s .  T h e ir  a p p e a ra n c e  

in  2 is  q u i te  n a tu ra l  s in c e  w e  c a n  re d u c e  1 to  th e  a d d it io n  o f  a n g u la r  

m om en tum . The f i r s t  te rm  a p p e a rs  d u e  to  th e  f a c t  th a t  th e  c o o rd in a te s  

a re  th e  sa m e  fo r  th e  a n g u la r  m om entum  s t a t e s  a n d  s p e c i f i c a l ly  h a s  

th e  p ro p e r t ie s  a n d  v a lu e s

< = ? ? $  + L

4 f t (2  L)= ( f a - t j - L j K - b - H - t , ) !  ( L + e , - i t ) l

C f i + 4 + u  O  !

(  0  o  0  ) =  f c - 0 P n / ^ 4 / . )
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And__________________________________ ________________ ____________________

A  f-f, 4  L ) \/ < W ! 4 r * 0 ! i ' 1* ) 1 <̂ : ^ )  '■

» X  i t O ^ j ” i !  ( L - l j i h * ) ) !  ( tr ^ } ~ L 'l) >’ ^ '* 3  ) ' J  (

w h e re

C l - \ « )  =  £> : f  M *  V * "  9 ( 0

a n d  th e  sum  in  8 is  o n ly  o v e r  th o s e  te rm s fo r  w h ich  a n g u la r  m om entum  

i s  c o n s e rv e d

i *  l *  $ , + / * . )  e u
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3. t "

Flg. 11

Configuration of Strings in Transverse Plane
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F ig . 12 

C o o rd in a te s  o f  a  S tring
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O s -Sefcl. 

^  1 

A  -  s e t  4

F ig . 13

C o n fig u ra tio n  o f  FIRST FOUR S e ts  o f  S trin g s
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<L> —H

F ig . 14

B. C . C . L a t t ic e  A long ( 0 , 0 , 1 )
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F ig . 15 

O rd e r o f  D o u b le  In te g ra tio n
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T ab le  I

T ab le  o f  Sodium  P a ra m e te rs  T ak en  From F ig u re  13
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Chapter 5 

C harge Capture

5.1 Introduction

In or der to  obtain the number of channeling pairs we 

need to  consider capture ra tes by the stripped proton. That is ,

If an ionization occurs the beam can replenish its  supply of hydrogen 

by having the protons capture e lec trons. Although for MeV energies 

of translation  the capture rate is  negllbible relative to  the 

ionization rate, the capture process can become important as  the 

energy is lowered. Therefore we shall consider in th is chapter the 

formal theory of capture and some of its  consequences for capture 

in a so lid . In particular we shall consider capture from a sea of 

electrons in a Bom approximation wave treatment and also capture 

from the cores in a Bom approximation Impact parameter treatm ent.

The reader might wonder why the capture process has 

not been Included previously in the imaginary part of the optical 

potential. That is , if ionization implies a lo ss  of electron flux and 

a negative definite imaginary potential, does not capture imply 

an increase of flux and so a positive definite imaginary potential ? 

This is  not correct since capture is  not a coherent or quasi-coherent 

p ro cess . For an MeV proton an exchange of energy of the order 

of a few Kev is  necessary  to  ra ise  a valence electron into a bound 

sta te  of the moving proton. Further for the capture from localized
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cores the  energy necessary is even higher. Such processes are 

truely incoherent and so cannot be contained in channeling space. 

This Implies further that a capture potential could net exist otherwise 

we would be adding amplitudes for capture p ro cesses . The absence 

of a capture potential is  reflected in equation 2 .4  (13).

5 .2 Formal Theory

by a proton passing through a so lid . The solid consists  of N 

electrons which of course obey the Pauli princip le. In describing 

th is  process of capture we shall explicitly take into account an ti- 

sym metrization. Although the resu lts we obtain could be termed 

intuitively obvious their derivation requires enough complexity to 

warrant a full trdatment here .

where Pj is  the relative momentum of the two system s with separation

1,2, • *N signify the space and spin coordinates of electrons 1, 2 through

subspace to tally  antisymmetric in electronic coordinates. We are following

We wish to  calculate the rate of capture of an electron

We describe the reaction in the center of mass frame for 

a proton of charge Z^e, mass M and velocity $ incident on a solid 

which is  at re s t. This in itia l sta te  is

& from the center of mass of the solid  to the proton. The numbers

N the subscript notation ^(i) means the projection of a s ta te  i onto the
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reference 1 In the notation for Identical p a rtic le . n  is  the 

quantization volume. Finally we point out that we are neglecting 

the Pauli principle for the heavier protons, which Is valid for these  

energ ies. Our Initial s ta te  sa tisfies

where

% * + H f C ' / h - - * )  O k - )

A j represents the Hamiltonian before interaction between the proton 

and so lid . The In teraction  in th is  in itial channel+ of the reaction is 

defined by = H-Hj with H the full Ham iltonian.

H_ above is  the solid Hamiltonian.O

In orbital form we can write

f e ( o w  - r N ( « )  ( ? >

where P is one of the N p e rm ita t lo n s  of the coordinates and the 

s ta tes  are e igensta tes of a one-electron Hamiltonian used  to  describe 

the motion of an electron in the so lid . The subscript In the s ta te  yi

+ ~The” use of the term refers to  the a asymptotic configurations JLn a 

reaction. It has nothing to  do with channeling*.
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represents quantum numbers, say spin and wave number. The sta te  

given by equation 2 is  normalized to  unity as can easily  be shown.

For the final channel we suppose an electron is  captured 

from the sta te  and attaches itse lf  to  the  proton in a bound s ta te  

0 , moving with momentum P_. So
D I

' r  1P

jfr i«o&,
d5 s i n

i W

V iz

The term In brackets represents the final sta te  with electron number 

one captured. Then a ll permutations Q of the N electronic coordinates 

are taken . The coordinates are shown in figure 16.

Since

?r= &
Jl g *  *  r—>

we can write

V-Q-
Further note that

and that the rest of the s ta tes  are assum ed to  be unperturbed by the 

change in the sssym ptotlc Hamiltonian of the solid due to  the capture. 

Since N is  large ( ChTs^  th is  is  a good approximation. Our s ta te  

X does not satisfy  a reaction channel equation as ^ ^  did
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(equation la ), but each of its  separate permutations satisfy

electron system is  not in interaction with the so lid . If we 

consider final s ta te s  in which the proton is in the solid  then the 

coulomb potential in 5c and 5e is  supplemented by our optical 

po ten tia l. In either case  the interaction in the final channel Is 

obtained by

. a

C z

H, is the Hamiltonian for the final channel in which thB proton

f C ' i
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then  the normalization of ^  to  unity implies that the  constant C in 

6 b be chosen so that

example Xj  ̂ would place electron 2 in the outgoing proton and electron 

1 in the sta te  y2 ■ u  sing the orthonormality of the se t we find that 

equation 7 becomes

The approximately equal sign above follows from the fact that the 

overlap between the outgoing electron bound to the  proton and 

a solid sta te  is  vanishingly small for large separation although not 

stric tly  so . The fact that these  s ta tes  are not stric tly  orthogonal 

follows from the fact that they are eigenstates of different Ham iltonians. 

So our final s ta te  in th is  approximation can be written

on

where dtj e tc . are generalized spln~space volume elements and 

is  an operator which exchanges coordinates 1 and J . For

The scattering which grows out of the State y is denoted

by >j£ ^  and sa tisfies  the Lippman Schwinger equation*1 *
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where the limit T] -* 0  is  taken  after a ll transition  ra tes are calculated . 

We write

% o -  &  ±  I 1 t 0 % o  f 0 )v?7? p  V n : *

(where again ^  Is the unsymmetrized In itial s ta te  and ^ p is  the  P 

permutation of the coordinates of that s ta te ) . Further from

E i ' % i

we obtain on multiplying by P

Up(i) %Ki)=r BiXpcf)

Now ^

< f y a »  E t  ^ w P a ) ]  ^ p t o
e c ^ - H

=  i 1+
Substituting th is  into 10 we find

4 p V  0 +  ) ^ >  ( H t )

So we find that each permuted s ta te  sa tis fie s  i ts  own Llppman 

Schwlnger equation and the to ta l amplitude equation 11 a is the
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sum  o f  th e  a m p litu d e  fo r  e a c h  p e rm u ta tio n  w ith  th e  p h a s e  s p e c i f i e d  

by  th e  P a u li  p r in c ip le .

W e now  tra n s fo rm  e q u a t io n  11 s o  th a t  w e  c a n  o b ta in  a  

re a r ra n g e m e n t a m p li tu d e . To do t h i s  w e  f i r s t  u s e  th e  id e n t i ty  

fo r  tw o  o p e ra to r s  A a n d  B

i- L _ i -  = -L (R -A -)  J L  =  i  
A B A L '  G  A

to  o b ta in

-L ^  -L  
* 1 * 1 - H m )

w h e re  w e  u s e d

T hen  e q u a tio n  l i b  b e c o m e s

^paj- J- u ?̂Cl)Xp(i)+ -L W)

f t  L =  i l  ^

U sin g  e q u a t io n  12 in  11 w e  o b ta in

±  Z ' W f p -  v b v V f - W f c v

By p u ttin g  11 In t h i s  form  i t  i s  c l e a r  th a t  w e  c a n  o b ta in  th e  a m p litu d e  

fo r  a  t r a n s i t io n  to  a  p a r t ic u la r  e ig e n s ta t e  c o n ta in e d  In  th e  c h a n n e l
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Q (f) . T h a t I s  th e  p ro p a g a to r  (G re e n 's  fu n c tio n )  fo r  t h i s  c h a n n e l

w a s  e x p l ic i t ly  e x t r a c te d .  In e q u a t io n  13 w e  h a v e  tu rn e d  th e  p o te n t ia l  

on  a d ia b a t lc a l ly  s o  th e r e  I s  no  . s c a t t e r e d  w a v e  a s  t  -> -  • .  W e 

a re  u s in g  t h i s  dam ping  d e v ic e  o n ly  fo r c o n v e n ie n c e .  Both 

a  w a v e  p a c k e t  t r e a tm e n t  a n d  th e  m eth o d  o f  G e llm a n  a n d  G o ld b e rg e r  I s  

g iv e n  In r e fe re n c e  1 fo r  o b ta in in g  th e  t r a n s i t io n  r a t e s  o r c r o s s  

s e c t i o n s . A t im e  in d e p e n d e n t t r e a tm e n t  i s  g iv e n  by  2 .  The 

t r a n s i t io n  p ro b a b il i ty  g iv e n  b y  13 i s

It l a y  tv J  % u > ( { > > l 2  

s in c e  our s t a t e s  w e n o rm a liz e d  to  u n i ty .  W e th e n  f in d

P M  =

w h e re  * i s  th e  s e c o n d  te rm  in  1 3 . T he f i r s t  v a n is h e s  in  th e
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l im it  f - O i f <  l s  Tlll s  la  c l e a r  o n  p h y s ic a l

g ro u n d s  i f  w e s u p p o s e  t h e s e  s t a t e s  a re  r e a l ly  w a v e  p a c k e ts  a n d  w e ll  

s e p a r a te d .  A m a th e m a tic a l  p ro o f I s  d i s c u s s e d  In r e f e re n c e  2 . The 

t r a n s i t io n  r a te  is

U s in g  e q u a tio n  13 w e g e t

So

p .  = u_ -?=- I Tf L- I"2-
n f  i f  V o  V

U sin g

=. 2TT £6<)
■)J^0 **4 ^1

w e find

fif  =  i w l T f L p S a ? ^ )

w h e re

jL ,  2 1 J X 1

T fi =  ^  i ;  *  0 - '  p t f  >
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L et Q _1 P -  R th e n

Tf  i  *  f a  ^  t ! % u )  > £ / 3 

Tft = 2; e)P ^  /, %.} > ( K )

T h is Is  th e  p o s t  form  fo r  th e  s c a t te r in g  a m p li tu d e . I t  s a y s  p ro p a ­

g a te  th e  P ^ -  p e rm u ta tio n  o f  th e  in i t ia l  s t a t e . T hen  th e  a m p litu d e  

Is  g o v e rn e d  by  th e  f in a l  s t a t e  In te r a c t io n .  A ll th e  p e rm u ta tio n s  on  

th e  In i t ia l  s t a t e  a re  ta k e n  an d  th e  a m p litu d e s  sum m ed c o h e re n tly  

w ith  p ro p e r  p h a s e s .

W e s h a l l  s p a re  th e  r e a d e r  fu r th e r  ted iu m  a n d  s im p ly  n o te  th a t  

th e  p r io r  form  o f  th e  t r a n s i t io n  m a tr ix  c a n  b e  sh o w n  to  be   ̂ ^

T =  2 , ' t V « £ >  j  V L /X L >  ( i fc)

U n d er th e  c o n d it io n  th a t  (E^ * E^) a n d ,

f  *  %  '  V

W e a re  now  in  a  p o s i t io n  to  o b ta in  th e  B om  a p p ro x im a tio n  fo r c a p tu r e .  

H o w ev e r, th e re  Is  o n e  Im p o rtan t s te p  w e m u s t t a k e .

O ne o f th e  c l a s s i c  d i f f ic u l t i e s  w ith  th e  c a p tu re  p rob lem  i s  th e  

fo llo w in g . C o n s id e r  fo r  c o n c r e te n e s s  p ro to n s  o r  h y d ro g e n . T hen  w e 

f in d  th a t  fo rm a lly  th e  p ro to n -p ro to n  In te ra c t io n  c o n tr ib u te s  to  th e
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c a p tu re  r a t e .  T h is  o c c u rs  b e c a u s e  o f  th e  non  o r th o g ln a ll ty  b e tw e e n  

th e  I n i t i a l  a n d  f in a l  s t a t e s .  T h is i s  r a th e r  s u rp r is in g  s in c e  th e  p ro ­

to n  p ro to n  In te ra c t io n  e x e r t s  a  fo rc e  on  th e  e le c t ro n  o n ly  in d ir e c t ly

(3)th ro u g h  r e c o i l .  In  f a c t  Brink in a n  a n d  K ram ers n e g le c te d  i t  on

p h y s ic a l  In  th e i r  c a lc u la t io n  o f  c a p tu re  from  H ydrogen  in  th e  Bern 

a p p ro x im a tio n . H o w ev er, J a c k s o n  a n d  S c h l f f ^  sh o w ed  th a t  th e y  

c o u ld  lo w e r  th e  c ro s s  s e c t io n  c lo s e r  to  th e  e x p e r im e n ta l r e s u l t  by  

in c lu d in g  th e  p ro to n -p ro to n  in te r a c t io n .  T h is a p p a re n t  c o n tra d ic t io n  

h a s  b e e n  a n s w e re d  by  m any  w o rk e rs  in  a to m ic  p h y s ic s  in c lu d in g  

B u te s , G u e rjo y  a n d  M it tle m a n . W h a t w e  d o  e s s e n t i a l l y  i s  rem ove
(3)

e l a s t i c  s c a t te r in g  f i r s t .  W e s h a l l  fo llo w  M ittle m a n  in  w ritin g

5  TTC

w h e re  ■■ Is a  p ro je c tio n  o p e ra to r  o n to  th e  e l a s t i c  c h a n n e l .  From

w e g e t

But ^  by  d e f in i t io n  i s  th e  e l a s t i c  s c a t te r in g  s t a t e  s o  i t  sh o u ld  

s a t i s f y

c , r ;
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w h e re  Ls a n  a p p ro p r ia te  o p t ic a l  p o te n t ia l  w h ic h  p ro d u c e s  th is  

e l a s t i c  s c a t t e r in g .  From 17 a n d  18 w e g e t

T<i V; \ += l> i- f  t  0 , 5
^ L

But If w e c o n s id e r  th e  s c a t te r in g  in  th e  tw o  p o te n t ia l s  U an d  

Vi -  U w e flnd^ ^

Tf i  =  T fc * ^  <  >  <?•>

dlo s t l can d  th is  i s  e q u iv a le n t  to  th e  s c a t te r in g  In V . S in c e  Is

z e ro  fo r c a p tu re  w e  find  on  u s in g  ’ 9 In 20

Tfi = 1 \& *  ^  , I% f t  ]  ' ->

w h e re  [A, B] -  AB-BA a n d  w e  g e t  fu r th e r

Tft= X!c-<̂ *4<r5/ K;irtl Kt > <?*>
<JL

In o u r c a s e  Vi ls  th e  In te ra c t io n  o f th e  p ro to n  w ith  th e  N e le c tro n

s o lid  an d

W e n o te  th a t  th e  te rm s  in  th e  p o te n t ia l  Vi w h ic h  do  no t c o n ta in  

e le c t r o n  c o o rd in a te s  com m ute  w ith  a n d  th e re fo re  do  no t c o n tr ib u te  

to  th e  T m a tr ix . So fo r  V w e n a a d  c o n s id e r  o n ly
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I ' ,  .5 1 *
> i  I f f - rj* I

in  e v a lu ta t ln g  e q u a t io n  22.

W e c o n s id e r  f i r s t

Z / c - 0  [ | f ^ 1 ; ' T . ] * < : >

The d i r e c t  term  o f e q u a tio n  23 re a d s

£ i , K >  n \ ( v >

w h e re  th e  sp in  in n e r  p ro d u c t h a s  b e e n  ta k e n  a n d  fo r ex am p le

a n d  In e q u a t io n  24 th e  In te g ra tio n  Is o v e r  R a n d  r . The o n ly  o th e r  

te rm s th a t  c a n  c o n tr ib u te  to  23 a re  th e  e x c h a n g e  te rm s

F u rth e r  If w e c o n s id e r  a n y  o f th e  o th e r  p o te n t ia ls  fo r e x am p le

i S - Z  )

I . e .  th e  o n e s  th a t  c o n ta in  c o o rd in a te s  o th e r  th a n  r^ . w e find  th a t  

th e  d i r e c t  term  o f  e q u a t io n  23 re a d s
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T his i s  th e  d if fe re n c e  o f  tw o  Id e n tic a l  te rm s a n d  s o  v a n i s h e s . The 

e x c h a n g e  te rm  w ou ld  re a d

< 1 ^ 1  r u *  -> \ ( y V <

a n d  v a n is h e s  s in c e  th e  o rb i ta ls  y  a re  o r th o g in a l .  So  fo r a l l  p o te n t ia ls  

o th e r  th a n  th e  In te ra c t io n  b e tw e e n  th e  p ro to n  a n d  e le c t ro n  1 th e  

t r a n s i t io n  m a tr ix  v a n is h e s .  T h is  sh o u ld  n o t b e  s u rp r is in g  s in c e  p o ­

t e n t i a l s  th a t  d o  n o t c o n ta in  th e  c o o rd in a te  r^ c a n n o t  e x e r t  fo rc e s  on  

e le c t ro n  o n e .

P u ttin g  th e  a b o v e  to g e th e r  w e  g e t  fo r  th e  Boro a p p ro x im a tio n  to  

th e  t r a n s i t io n  m a tr ix

) $ U >

*  *  I W I

- i ;
jU s  ' * j ~

The f i r s t  tw o  te rm s  a re  th e  d i r e c t  r e a c t io n s ,  th e  l a s t  term  is  th e  e x ­

c h a n g e  r e a c t io n .  O n ly  o n e  term  o f  th e  e x c h a n g e  re a c t io n  su rv iv e d  

s in c e  th e  s e c o n d  term  o f  th e  c o m m u ta to r in  23 v a n is h e s  fo r  th e  e x -
Q

c h a n g e  te rm . In  th e  a b o v e  r e s u l t  fo r  T ^  th e  s e c o n d  term  c o rre sp o n d s
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to the interproton poten tial.

It is advantageous to write above in a more condensed no­

tation,

- ^ 4 1 < V ? v y V l > ! ? : > }

w h e re  V is  th e  p o te n t ia l  b e tw e e n  e le c t ro n  a n d  p ro to n  w h ic h  in

2  a ^
s p a t ia l  c o o rd in a te s  -Z , e  / I  r-R I, is  th e  f in a l e le c tro n  boundl **

s t a t e  b o o s te d  by  i t s  t r a n s la t io n a l  v e lo c i ty  w h ic h  in  s p a t ia l  c o o rd ln -  
lT* . m "*

a t e s  is  e  * m+M ^  ( r  -R ). The b ra c k e t  < , ) m ea n s  th e
D 1 R

in n e r  p ro d u c t w h ic h  is  a n  In te g ra l  o v e r  r  s t i l l  d e p e n d s  u p o n  R an d  

th e  o u te r  b ra c k e t  is  th e  F o u rie r  tran sfo rm

j ’-f3* ’ }  > g

W e n o te  th a t  th e  l a s t  tw o  te rm s  in  e q u a t io n  25 c a n  b e  w r it te n

From th e  re s o lu tio n  o f  th e  id e n t l t iy



w h e re  Is  a  v e c to r  to  th e  Ferm i s u r f a c e ,  w e find  fo r th e  l a s t  tw o 

te rm s tn  25

A dding  th is  to  th e  f i r s t  te rm  In e q u a t io n  25 w e  g e t

1 , K >

o r

TU  *  ^  w  I <% 0-Po)V ftl I pc >  *o

E x p re ss io n  26 a s a y s  th a t  a n  e le c tro n  in  th e  o rb i ta l  s t a te

(B lock S ta te )  k^ i s  s c a t t e r e d  o u t o f th e  Ferm i s e a  in to  a n o th e r

B lock S ta te  by  i t s  in te r a c t io n  w ith  th e  p ro to n . The o v e r la p  o f  th is

l a t t e r  s t a te  w ith  th e  f in a l bound  s t a te  o f  in te r e s t  is  th e  a m p litu d e

Mfo r th e  p ro c e s s  in  P - ------- r z — -  P. s p a c e .  The e x p re s s io n  26 bi  m + l

s a y s  th a t  th e  p o te n t ia l  k ic k s  a n  e le c tro n  in to  a  f in a l bound  s t a te

Mw h ic h  is  o rth o g o n a l to  a l l  th e  I n i t ia l  f i l le d  s t a t e s .  The i P , -------—v  t m + pi

tra n s fo rm  is  th e n  ta k e n .  The o r th o g o n a lity  m ore c le a r ly  e x p re s s e d  

by  26 b  h a s  b e e n  b u i l t  In to  th e  th e o ry  b y  th e  u s e  o f  th e  c o m m u ta to rs  

a b o v e .  T h ese  r e s u l t s ,  26 (a) an d  26 (b) w h ile  in k il t lv e ly  s a t i s f y -
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tn g , fo llo w  from th e  u s e  o f  b o th  th e  an t lsy m m e tr l r a t io n  o f  th e  

s c a t te r in g  s t a t e  a n d  th e  co m m u ta to r  fo rm alism  o f  M ittle m a n . I t  

w a s  fo r  th is  r e a s o n  th a t  w e  la b o r io u s ly  d e r iv e d  th e  s c a t t e r in g  am ­

p litu d e  ta k in g  in to  a c c o u n t  a u tls y m m e tr lz a t lo n .

In th e  c a lc u la t io n s  th a t  fo llo w  w e s h a l l  d ro p  th e  term  P .o

The e rro r  w e  In tro d u c e  l s  o f  o rd e r

)  k i p

T his m a tr ix  e le m e n t m ea su re s  th e  o v e r la p  b e tw e e n  th e  f in a l  s t a te  

b o o s te d  b y  th e  e l e c t r o n ^  t r a n s i t io n a l  m om entum  In th a t  s t a t e  a n d  a  

f re e  s t a t e  o f  th e  o rd e r  o f  a  Ferm i m om entum . If o u r  f in a l p a ir  h a s  a n  

e n e rg y  o f  th e  o rd e r  o f a n  MeV w e  e x p e c t  t h i s  o v e r la p  to  b e  s m a ll .  

S p e c if ic a l ly
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* +N ow  <0 . g o e s  to  z e ro  fo r b

I J k f  - t e  I »  o '
m+m

an d  s o  th is  m a tr ix  e le m e n t y  i s  n e g lig ib le  for

^  >  /0 3 ^ f

But fo r a n  MeV p ro to n

P f  ~  JD ( ID3 k p  ~)

an d  s o  th is  Is  s a t i s f ie d  In o u r  c a s e .  So w e s h a l l  d ro p  th e  s e c o n d  

term  In 26  b  a n d  o u r  B orn-B rtnkm an-K ram ers a m p litu d e  b e c o m e s

W e now  c h a n g  to  f  a n d  r^' a s  th e  In d e p e n d e n t v a r ia b le  r a th e r  th a n  

r j , Ft. W ith  th e  s u b s t i tu t io n

w e g e t

O n ly  c a p tu re  w ith  IS o r  2S w ill be  n e c e s s a r y .



D e fin in g
—*̂  ft

^Cp> J  «< V <?h (r)) &7 k>

w e o b ta in  fo r th e  c a p tu re  from th e  s t a t e  k

i i j ?  / * =  i  i
a y -

W e w ill  th e n  u s e  th is  w ith

In

f f £ = s n  Ilf* l * S ( Z f - E C')

to  o b ta in  th e  r a te

2 1 £>*;> 

5
s in c e  th e  s p in  a v e ra g e  Is  u n i ty .
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5 .3  C a p tu re  o f  a  V a le n c e  E le c tro n

In t h i s  s e c t io n  w e  c o n s id e r  th e  c a p tu re  o f  v a le n c e  e le c t ro n s  b y  th e  

s t r ip p e d  a to m . T hat i s  w e  a re  I n te r e s te d  in  th e  r a t e  o f  in c r e a s e  o f  e l e c ­

t ro n ic  d e n s i ty  b o u n d  to  th e  in c id e n t  p ro to n . At f i r s t  w e  m igh t try  a  f re e  

e le c t r o n  m o d el fo r th e  v a le n c e  e l e c t r o n s . T h is  w il l  n o t w ork  s in c e  a  p ro ­

to n  c a n n o t c a p tu re  a  f re e  e le c t r o n .  C a p tu re  l s  p o s s ib le  o n ly  i f  th e r e  i s  a 

d e v ia t io n  from p la n e  w a v e  m o tion  for th e  e le c t r o n .  T h is d e v ia tio n  w il l  b e  

s u p p lie d  b y  th e  l a t t i c e  in te r a c t io n  w ith  th e  e le c t r o n .  S in c e  w e  a re  in ­

t e r e s te d  in  a n  o rd e r o f  m a g n itu d e  fo r th is  r a te  w e  s h a l l  u s e  th e  s im p le s t  

a p p ro a c h  p o s s ib le  by  u s in g  a n  e f f e c t iv e  m a s s  a p p ro x im a tio n  to  a c c o u n t  

for th e  l a t t i c e .

F irs t w e c o n v in c e  o u r s e lv e s  th a t  a  f re e  e le c tro n  c a n n o t  b e  c a p tu re d  

by  a p ro to n . W e lo o k  a t  th e  t r a n s i t io n  r a te  d e r iv e d  in  s e c t io n  5 .2 ,

w h e re  fl i s  th e  v o lu m e  o f  th e  s o l id  a n d  i s  a  f re e  e le c t r o n  o r in  th e  

g e n e ra l  c a s e  a  B lock S ta te .  If w e  w rite

(2 )

v * .

w e fin d  th a t

(3)
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so  th a t  th e  a rg u m e n t o f  th e  d e l ta  fu n c tio n s  In e q u a t io n  1

m u st b e  e v a lu a te d  a t  k = p ^ -p ^ , so  

T h ere fo re  th e  r a te  b e c o m e s

M  0

w h e re

(Sa)

(Sb)

S in c e  W  > 0 fo r a n y  b o u n d  s t a t e + w e  s e e  th a t  th e  d e l ta  fu n c tio n s  In 4 c a n  

n e v e r  b e  s a t i s f ie d  a n d  so  P v a n i s h e s . T h is  r e s u l t  c o m e s  from th e  fa c t  

th a t  e n e rg y  a n d  m om entum  c a n n o t  b e  c o n s e rv e d  s im u lta n e o u s ly  fo r t h i s  

c a p tu re  o f  a  free  e le c t r o n .  T h is c a n  b e  s e e n  in  e v e n  a m ore c o m p e llin g  

w a y  b e  v ie w in g  th e  c o l l i s io n  o f  a  f re e  e le c t ro n  a n d  p ro to n  in  t h e i r  c e n te r  

o f  m a s s  f ra m e . T hen  th e  to ta l  In i t ia l  m om entum  in  th a t  fram e l s  z e ro  b y  

d e f in i t io n  a n d  th e  to ta l  e n e rg y  i s  g r e a te r  th a n  z e r o .  A fter th e  p a ir  s t i c k s

+S in c e  -W  l s  th e  io n iz a t io n  e n e rg y .
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to g e th e r  t h e i r  c e n te r s  o f  m a s s  m u st re m a in  a t  r e s t  to  c o n s e rv e  m om entum  

a n d  th e re fo re  th e  p a ir  h a s  no  t r a n s la t io n a l  e n e rg y .  But to  b e  In  a  b o u n d  

s t a t e  t h e i r  r e la t iv e  e n e rg y  m u s t b e  l e s s  th a n  z e ro  a n d  so  e n e rg y  c a n n o t  b e  

c o n s e r v e d ,

W e w o u ld  l ik e  to  o b ta in  in  t h i s  s e c t io n  a n  e s t im a te  o f  th e  m ag n itu d e  

o f  th e  c a p tu re  r a te  from  th e  v a le n c e  b a n d .  W e s h a l l  a s s u m e  w e  h a v e  a  

s im p le  m e ta l a t  a b s o lu te  z e ro  w ith  a  n a rro w  b a n d  s u c h  a s  o n e  o f  th e  a lk a l i  

m e ta l s . T h ere fo re  w e  s h a l l  r e p r e s e n t  th e  e le c t ro n  in  th e  s t a t e  k  b y  th e  

e n e rg y  r e la t io n

in  a  l a t t i c e  c a n  b e  r e p r e s e n te d  by  a  s in g le  n u m b er, m , o r  in  m ore com ­

p l ic a te d  c a s e s  b y  a  t e n s o r ,  i s  a  w e ll  know n  s o l id  s t a t e  a p p ro x im a tio n .

The r e a d e r  w il l  f in d  a  d i s c u s s io n  o f  t h i s  a p p ro x im a tio n  in  r e f e r e n c e  6 w h e re  

i t  i s  fu r th e r  sh o w n  th a t  th e  r e p r e s e n ta t io n  in  e q u a t io n  3 i s  a p t .  T h is  fo l­

lo w s  b o th  from th e  f e a tu r e s  o f  th e  e n e rg y  b a n d s  a n d  th e  f a c t  t h a t  th e  Ferm i 

s u r fa c e  l s  n e a r ly  s p h e r i c a l .  T h is  a p p ro x im a tio n  n e e d  n o t b e  p u s h e d  to o  

f a r .  It w il l  h o w e v e r g iv e  u s  a n  o rd e r  o f  m a g n itu d e  for th e  c a p tu re  r a t e .

For m ore co m p lex  m e ta ls  o r m ore e x a c t  s o lu t io n s  w e  m ig h t tu rn  to  a  p e r tu r ­

b a tio n  t r e a tm e n t  fo r  th e  s t a t e  o f  th e  v a le n c e  e le c t r o n . H ove v e r , th e  r a te  

i s  th e n  a  s e c o n d  o rd e r  p r o c e s s  a n d  d o e s  n o t le a d  to  a  s im p le  t r e a tm e n t .

The r e la t io n s h ip  3 fo llo w s  from th e  o n e - e le c t r o n  S c h ro e d in g e r

(6 )

★
w h e re  m i s  c a l le d  th e  e f f e c t iv e  m a s s .  T hat th e  d y n a m ic s  o f  a n  e le c tro n

*
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e q u a t io n

• f M

w h e re  th e  c o n s ta n t  b a c k g ro u n d  p o te n t ia l  h a s  b e e n  s e t  to  ze ro *  T hen

( ■ e ?
X k c ? )  = c

so

(7)

The a rg u m e n t o f  th e  d e l ta  fu n c tio n  In e q u a t io n  1 th e n  b e c o m e s

W e sh o u ld  n o te  th a t  th e  f in a l e n e rg y  d o e s  n o t c o n ta in  th e  e f f e c t iv e  m a s s  
*

m b u t r a th e r  th e  b a s e  m a s s  m . W e u n d e rs ta n d  th a t  a f te r  b e in g  c a p tu re d  

th e  a c t iv e  e le c t r o n s  r e s p o n s e  to  th e  l a t t i c e  h a s  c h a n g e d  r a d ic a l ly .  The 

d y n a m ic s  o f  t h i s  in te r a c t io n  i s  now  c o n ta in e d  In th e  num ber W  c h a r a c te r ­

iz in g  th e  e ig e n v a lu e  o f  th e  b o u n d  s t a t e . O b ta in in g  t h i s  num ber h a s  b e e n  

o n e  o f  th e  p rim ary  r e s u l t s  o f t h i s  I n v e s t ig a t io n .  W e s h a l l  r e tu rn  to  i t  in  

th e  n e x t  c h a p te r ,  h o w e v e r , i t  sh o u ld  b e  a b u n d a n tly  c le a r  a l r e a d y  th a t  th e  

in te r a c t io n  o f  th e  e le c tro n  w ith  th e  l a t t i c e  in  t h i s  f in a l  s t a te  i s  c o n ta in e d  

in  W . W e n o w , b e in g  g u id e d  b y  th e  r e s u l t s  o f  th e  f re e  e le c t ro n  c a s e ,  

from th e  v e c to r

( r i i r  j p .

0 )
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w here

A *  (>0)

S u b s titu t in g  9 in to  8 a n d  th e n  8 a n d  7 In to  1 , w e  g e t  fo r  >  k p

“  0  (11a)

a n d  for k F

Q H - & >  0

w h e re

f i t  *  " * * *  C * i t M )  /  p f  _ A _  _  yy/ )  (12)
o v - 4 ;  '  -? a w m )  '

W e a s s u m e  th a t  th e  re p la c e m e n t

I £ [ & ) ¥ - ?  ) £ 0 < ? D  P ~  <l 3 >

c a n  b e  m a d e . For s  s t a t e s  t h i s  l s  c le a r ly  t ru e  a s  c a n  b e  s e e n  by  lo o k in g  

a t  e q u a t io n  5 .2  (2 7 b ). For n o n - s  s t a t e s  w e  t a k e  a  sum  o v e r  f in a l  a z m u th a l 

qu an tu m  n u m b e r. It l s  th e n  n o t h a rd  to  p ro v e  th a t  th e  re p la c e m e n t  in  13 

h o ld s  fo r th e  sum  o v e r a z m u th a l q u an tu m  n u m b e rs . W ith  th e  u n d e rs ta n d in g
•y

t h a t  fo r n o n -  s s t a t e s  1 * I i s  a  sum  o v e r  a z m u th a l  qu an tu m  n u m b ers 

e q u a t io n  11 b e c o m e s
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w h e re  w e  u s e d

=* )  4  ^  $  ( * * C  )d C X - C  )  ^ j c ,  2 \ C )

a n d

C o S < * ~  $ C  P-f

(15)

2
W e n o te  th a t  a c c o rd in g  to  12 th e  r a te  n e e d  no t v a n is h  s in c e  Pq c a n  b e  

g r e a te r  th a n  z e r o .  W e f i r s t  a s s u m e  th a t  t h i s  I s  s o .  T hen  th e  r a t e s  i s  

g iv e n  b y  14 w ith  th e  a n g le  a  In te g ra te d  o v e r  th e  re g io n  sh o w n  in  f ig u re  17, 

T h is  c o n s t r a in t  on  a  fo llo w s  from  th e  d e f in i t io n  9 a n d  th e  c o n d it io n  fo r 

e q u a t io n  l l a . + From f ig u re  17 w e  d e d u c e  th e  l im i ts  fo r th e  a  in te g r a l ,

C ° S * K * X  =  “  1

<*4O K I  ~  4 *  *=■ k f :

w h e re

T hen  w e  f in d  for th e  t r a n s i t io n  r a te

4  M-a  cs’irj1 '

+ W e a re  a s s u m in g  th e  Ferm i s u r f a c e  i s  o n  a  s p h e r e .
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^ -fac/SK J k ? - p o -  t L * P l ) 1  
0*0 '

•F &  1

k f > \ » A  P , ' ■ f A , ,

(16b)

w ith  th e  fu r th e r  u n d e rs ta n d in g  th a t  th e  r a te  v a n is h e s  fo r I > anc*

p 2 < 0 .  The f i r s t  c o n d it io n  in  16b c o m e s a b o u t from th e  s e p a ra t io n  o f
*

th e  s p h e re s  in  f ig u re  1 7 . The v a lu e  1( i  P - f l n ) \ th u s  c o r re s p o n d sM—A 1 U

to  th e  m inim um  o r  th e  m inim um  e le c t r o n ic  d e n s i ty  fo r w h ic h  th e  s o l id  

c a n  su p p o r t c a p tu r e .

S in c e  th e  to ta l  c a p tu re  c r o s s  s e c t io n  i s  g iv e n  b y  th e  c a p tu re  r a te  

d iv id e d  b y  th e  in c id e n t  f lu x  w e  find

O j- =  f  _

V /& .

w h e re  a g a in  V i s  th e  v e lo c i ty  o f  th e  in c id e n t  p ro to n . U s in g  16a w e fin d

&J- <*u Q__

so  th e  c r o s s  s e c t io n  p e r  p a r t i c le  in  th e  s o l id  b e co m es

r -  x  (1 7 )
N  f

w h e re  p  - N /Q  , N b e in g  th e  num ber o f  e l e c t r o n s . W e p o in te d  o u t th a t  

th e  r a te  v a n is h e s  fo r a l l  p  b e lo w  som e m inim um  d e n s i ty  a n d  so  th e  c ro s s  

s e c t io n  17 i s  f in i te  a s  th e  d e n s i ty  g o e s  to  z e ro  (in f a c t  I t  v a n i s h e s ) . The
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f a c t  th a t  th e  c r o s s  s e c t io n  v a n is h e s  fo llo w s  from  th e  s e p a ra t io n  o f  th e  tw o  

c i r c le s  in  f ig u re  17 w h en  p a n d  th e re fo re  b e c o m e s  sm a ll  e n o u g h . How­

e v e r  w e m igh t w o n d e r a b o u t th e  f in i te  te m p e ra tu re  c a s e .  For th e re  th e  

Ferm i s u r fa c e  d o e s  n o t c u t  o ff  sh a rp ly  a n d  s o  th e  tw o  c i r c le s  n e v e r  r e a l ly  

s e p a r a t e .  It m igh t th e n  se em  th a t  th e  r a te  w il l  n o t  v a n is h  a n d  s o  e q u a t io n  

17 w ou ld  im ply  th a t  th e  c r o s s  s e c t io n  b lo w s  up  a s  th e  d e n s i ty  v a n i s h e s .

T h is  i s  c e r ta in ly  n o t th e  c a s e  a n d  i t  c a n  b e  sh o w n  th a t  e q u a t io n  17 r e ­

m a in s  f in i te  a s  th e  d e n s i ty  g o e s  to  z e ro  in  th e  f in i te  te m p e ra tu re  c a s e .  W e 

rem ark  th a t  th e  s o lu t io n  l i e s  in  th e  f a c t  th a t  a s  th e  d e n s i ty  g o e s  to  z e ro  s o  

d o e s  th e  te m p e ra tu re .  The e x a c t  d e ta i l s  w il l  n o t b e  g o n e  in to  h e r e .

W e c o n c lu d e  th i s  s e c t io n  w ith  a  d i s c u s s io n  o f  th e  o rd e r  o f m ag n itu d e  

o f  th e  t r a n s i t io n  r a t e .  F ir s t  w e  c o n s id e r  th e  o rd e r  o f m ag n itu d e  o f  A n e c e s -  

s a ry  for th e  c a p tu re  p r o c e s s  to  g o .  W e n o te  th e  c o n d it io n  >  0 im p lie s

th a t

-  y J  £  o

or
3 H C H - A )

a  z  J W  a .  x  w v y

The a p p ro x im a te ly  e q u a ls  s ig n  in  18 h o ld s  w h e n

. 2.

(18)

Pi £  » W /

w h ic h  is  e a s i l y  s a t i s f i e d  in  a l l  c a s e s  o f  in te r e s t  to  u s .  For a n  MeV p a ir  

th e  In e q u a lity  18 im p lie s  th a t  A  m u st b e  g r e a te r  th a n  10 2 . T h ere fo re  w e  

c o n c lu d e  th a t  A  m u st b e  p o s i t iv e  a n d  m u st d if fe r  a p p re c ia b ly  from z e r o .
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W e n o te  th a t  A  c a n  b e  n e g a t iv e .  In f a c t ,  F .S .  Ham in  r e f e re n c e  7 c a l c u l a t e s  
★ .

th e  r a t io s  m /m  fo r th e  a lk a l i  m e ta l s .  T h is  tu rn s  o u t a t  k=0 to  b e  l e s s  th a n

o n e  fo r th e  a lk a l i e s  b e g in n in g  w ith  so d iu m .

U nder th e  c o n d it io n  th a t  A Is  p o s i t iv e  a t  som e k w e  n o te  th a t  16b

im p lie s  t h a t  fo r th e  r e a c t io n  to  go  w e  a l s o  n e e d

~  p (-

T h is  b e c o m e s  fo r a n  MeV p a ir  a n d  A ^ M <<:i

0 > o  ^  1 O  Rydberg u n its

From th e  d e f in i t io n  12 o f  w e s e e  th a t  t h i s  i s  s a t i s f i e d  fo r A  1 . T h is

*  ym ean s  th a t  m /m  ~ 2  w h ic h  i s  n o t e a s i l y  s a t i s f ie d  fo r th e  a lk a l i  m e ta l s .  

H ow ever e v e n  u n d e r th e  c ir c u m s ta n c e s  th a t  ~  10 h o ld s  w e s e e  th a t  th e  

c a p tu re  r a te  b e c o m e s

ic r fe

In th e  n e x t c h a p te r  w e  s h a l l  s e e  th a t  th e  io n iz a t io n  r a te  ls  o f  o rd e r  10 1 
- 2

to  10 . S o  w e n e e d  n o t c o n s id e r  t h i s  r a te  a t  th e  v e lo c i t i e s  o f  I n te r e s t  to  

u s .

5 .4  C a p tu re  from  th e  C o re s

As th e  p ro to n  c h a n n e ls  i t  i n te r a c t s  w ith  th e  a to m s  in  i t s  im m e d ia te  

n e ig h b o rh o o d  a n d  c a n  c a p tu re  e le c t r o n s  from  th e s e  a to m s . For e x a m p le  

in  i t s  m o tio n  a lo n g  < 0 ,0 ,1  > in  so d iu m  th e  s i tu a t io n  w o u ld  lo o k  l ik e  

f ig u re  1 3 . The p ro to n  o f  c h a rg e  Z j m a in ta in s  a  f ix e d  im p a c t p a ra m e te r  b  

w ith  a l l  th e  c o re s  s h o w n . A i s  th e  l a t t i c e  c o n s ta n t .  The c o re s  th e m s e lv e s
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fo r th e  c a s e  o f  so d iu m  s a y  c o n s i s t  o f  a  n u c le u s  o f  c h a r g e  e le v e n  u n i ts

su rro u n d e d  b y  e le c t r o n s  In o r b i t a l s . T he o r b i ta ls  e x c e p t  fo r th e  v a le n c e
g

b a n d  a r e  t r e a te d  a s  i f  th e  sod ium  a to m  w e re  In f re e  s p a c e .  S la te r  p o in ts  

o u t th a t  t h i s  i s  a n  e x tre m e ly  g o o d  a p p ro x im a tio n  fo r th e  In n e r  o r b i t a l s .

T hey  c o n s i s t  o f  tw o  I s  e l e c t r o n s ,  tw o  2 s  e le c t r o n s  a n d  s ix  2p e le c t r o n s .  

W e s h o u ld  p o in t  o u t th a t  th e  c a p tu re  r a te  d ie s  o ff e x p o n e n t ia l ly  w ith  b  a n d  

so  w e  a re  J u s t i f ie d  In n e g le c t in g  a l l  b u t th e  f i r s t  s e t  o f  c o re s  o f  th e  s o l i d . 

W e s h a l l  sh o w  th e  e x a c t  d e p e n d e n c e  l a t e r .  W e a re  in te r e s te d  in  c a p tu re  

in to  th e  lo n g e s t  l iv e d  s t a t e s  w h ic h  tu rn  o u t e s s e n t i a l l y  to  b e  a  c o m b in a tio n  

o f  I s  a n d  2 s  s t a t e s .  T h is  c o m b in a tio n  a l s o  d e p e n d s  s tro n g ly  on  Z j a s  i s  

sh o w n  in  C h a p te r  6 .

It i s  c le a r  th a t  th e  c a p tu re  r a te  i s  b e s t  a p p ro a c h e d  u s in g  a n  im p a c t 

p a ra m e te r  fo rm alism  s in c e  |b  1 i s  f ix e d .  In t h i s  a p p ro x im a tio n  th e  p ro ­

to n s  m o tio n  i s  f ix ed  a n d  o n ly  th e  a c t iv e  e le c t r o n s  d y n a m ic s  i s  c o n s id e r e d .  

W e h a v e  g o n e  th ro u g h  g re a t  d e ta i l  in  s e c t io n  5 .1  to  o b ta in  th e  s c a t te r in g  

a m p litu d e  in  th e  w a v e  t r e a tm e n t  ta k in g  a c c o u n t  o f  a l l  fo rm al p r o p e r t i e s .

W e sh o w e d  th a t  in  th e  Bom a p p ro x im a tio n  th e  c a p tu re  p ro c e e d s  a s  i f  th e  

o th e r  e le c t r o n s  w e re  n o t p re s e n t  w h e n  th e  v e lo c i ty  i s  h ig h  e n o u g h . T h is 

e n ta i le d  n e g le c t in g  th e  s e c o n d  te rm  in  th e  co m m u ta to r in  e q u a t io n  5 .2  (22). 

Now th e  im p a c t p a ra m e te r  Bom  a p p ro x im a tio n  y ie ld s  th e  sa m e  c r o s s  s e c ­

t io n  a s  th e  w a v e  t r e a tm e n t  in  th e  l im it m /M  “* 0 .  T h ere fo re  w e  n e e d  no t 

g o  th ro u g h  th e  g o ry  d e t a i l s  a g a in  w h ic h  p l e a s e s  th e  w r i te r  p ro b a b ly  m ore 

th a n  th e  r e a d e r .  For a d e ta i l e d  t r e a tm e n t  o f  th e  Im p ac t p a ra m e te r ,  s e e  

M ittle m a n .'*  W e s h a l l  t r e a t  th e  c a p tu re  a s  a o n e  e le c t r o n  p ro b le m .
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W e s h a l l  n o t g o  In to  g re a t  d e ta i l  fo r t h i s  p rob lem  s in c e  t h i s  w ork  c a n  

b e  found  in  o th e r  p l a c e s . The o n ly  d if fe re n c e  i s  th a t  in  o u r c a lc u la t io n  w e 

m u st k e e p  th e  im p a c t p a ra m e te r  f ix e d  r a th e r  th a n  in te g ra te  o v e r  i t .  H o w ev e r, 

t h i s  c h a n g e s  th e  c a lc u la t io n s  v e ry  l i t t l e .  A ccord ing  to  M lttle m a n 5 th e  

Bom  a p p ro x im a tio n  fo r  c a p tu re  i s

C ce)- -i J  )% (* ) e " e ‘  * V  <»
— ^

w h e re  th e  c o o rd in a te s  X i s  from th e  so d iu m  c o re  to  th e  e le c t ro n  a n d  r i s  

from th e  m oving p ro to n  to  th e  e le c t r o n ,  jrf a n d  fS ^  a re  th e  i n i t i a l  a n d  f in a l  

s t a t e s  an d

<2 >

t a k e s  a c c o u n t  o f th e  l in e a r  m o tio n  o f  th e  e le c t ro n  a t  v e lo c i ty  V in  th e  f in a l  

c a p tu r e s  s t a te  (se e  s e c t io n  5 .2 ) .  If w e  d e f in e

$ 1 0 0 *  e ' ^ ' ?  (3a)

0 e >  J > r
(3b)

th e n  u s in g  2 a n d  3 in  1 w e  g e t

c (£ >  f e * ^  $  ^  4d^ f)  <4>
V  J a n r -  v
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w h e re  w e  h a v e  u s e d
—*  A

W ith  4 I t  i s  s t r a ig h t  fo rw ard  to  c a lc u la te  a l l  th e  a m p litu d e s  o f  i n t e r e s t .  

For e x a m p le , w e w i l l  d e s c r ib e  th e  o rb i ta ls  o f  so d iu m  b y  u s in g  a  d e v ic e
9

d u e  to  S la te r .  A ccord ing  to  t h i s  p re c lp tio n  th e  so d iu m  r a d ia l  o r b i ta ls  a re  

d e s c r ib e d  b y

*£■-= Ate>c~i« r  «s»>

R .£ = A te)re  =  J&p
"  r  (5b)

9
w h e re  th e  v a lu e s  o f  th e  e f f e c t iv e  c h a n g e  i s  g iv e n  b y  " S la te r ’s r u le s "

JO* 7

The n o rm a liz a tio n  c o n s ta n t s  a re

ACiS>= 2CiiS 

A  ( z ^ ) ~

W e s h a l l  c o n s id e r  tw o  c a p tu re  r a te s ;  from  I s  to  I s  a n d  th e n  2P ± 1 t o  I s  

The o th e r  r a t e s  in v o lv e  Ju s t  a  b i t  m ore w ork  b u t a re  no  d if fe re n t  in  k in d .  

For s s t a t e s  th e  F o u rie r a m p litu d e s  a re  in v a r ia n t  u n d e r  ro ta t io n  in



177

kx  s p a c e  an d  s o  4 b e c o m e s

a t )  -  ' s± c »>

The F o u rie r tran sfo rm s In  6 fo r  th e  I s  o rb i ta l  o f  h y d ro g en  Is  

a n d  fo r I s  o rb i ta l  o f  so d iu m  m u ltip lie d  b y  l /X  Is

$ I S C k ) = A f i » ) J W {

U sin g  th i s  6 b e c o m e s  w h e n  £  < <  V2/ 4

r _ 14 o s )  ? 7 , s ^ ( - A
‘Sj 1 5 =  ~TJ-  i e l \

w h e re

15 =  )*-

U sin g  th e  d e f in it io n * ^  o f  th e  B e s s e l  fu n c tio n  o f  im a g in a ry  a rg u m en t

I  J o C < Z i )

i * - i  I 3
w e g e t

q ^ , s =  - d i c r ) I  «“ >
jjr '*=2

w h e re
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A ll o th e r  t r a n s i t io n  a re  o f  th e  form 8a a n d  8b e x c e p t  d if f e re n t  K fu n c t io n s  ap ' 

p e a r  a s  w e l l  a s  m ore d e r iv a t iv e s .  W e n o te  th e  e x p o n e n t ia l  d e c r e a s e  o f  8a 

w ith  th e  Im p ac t p a ra m e te r  a s  w a s  s t a te d  e a r l i e r .

T here  I s  o n e  c a p tu re  r a te  h e re  th a t  v a n is h e s  d u e  to  sy m m e try . The 

c a p tu re  from 2p m = ± l In to  a n  s  s t a te  c a n n o t  g o  d u e  to  c a n c e l la t io n  o f  am ­

p l i tu d e s  . To s e e  t h i s  w e  fin d  th a t  th e  F o u rie r tra n s fo rm  3a

$ i  c e >  h  (kj ekl

i s  p ro p o r tio n a l to  T hen w e w ou ld  h a v e  th e  c a p tu re  a m p litu d e  p ro p o r­

t io n a l  to

J a f r  p  1£  a
0  - ? T

a s  c a n  b e  s e e n  from  4 .  ^ . i s  th e  a z m u th a l  lo c a t io n  o f  th e  p r o je c t i le  r e l a -b

t iv e  to  a n  a rb i tra ry  a x is  (se e  f ig u re  13 ). S u b s t itu t in g  <p^ -  a b o v e

w e f in d  th a t  th e  c a p tu re  a m p litu d e  i s  p ro p o r tio n a l to

But If w e ad d  th e  a m p litu d e s  for th e  c a p tu re  from e a c h  o f  th e  fo u r s i t e s  in  

f ig u re  1 3 , fo r t h i s  p a r t ic u la r  o rb i ta l  o f  s o d iu m , w e  f in d  th e  to ta l  a m p litu d e  

i s  p ro p o r tio n a l to

T h ere fo re  w e  s e e  th a t  th e  t o ta l  a m p litu d e  v a n is h e s  d u e  to  sy m m e try .

W e p o in t o u t th a t  th e  c a p tu re  c r o s s  s e c t io n  go  l ik e  E ^ w h e re  E i s  

th e  e n e rg y  o f  th e  p ro to n . T h is i s  n e g lig ib le  in  c o m p a r is o n  to  th e  io n iz a t io n  

r a t e  a s  w e  s h a l l  s e e .
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P rio r C o o rd in a te s  In  C a p tu re
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T

' P J

F ig . 17

In te g ra tio n  L im its  fo r C a p tu re
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C h a p te r  6 

N u m e ric a l  R e s u lts

6.1 introduction

In  th is  s e c t i o n  w e  d i s c u s s  so m e  nune r l c a l  c o m p u ta tio n s  fo r th e  

s t a t e s  o f  c h a n n e l in g  h y d ro g e n . In th e  s e c o n d  s e c t io n  w e  d i s c u s s  

b r ie f ly  th e  c o m p u ta t io n a l  te c h n iq u e s  u s e d .  In  th e  th ird  s e c t i o n  w e  

d i s c u s s  th e  n u m e r ic a l  r e s u l t s  fo r  th e  c h a n n e l in g  o f  h y d o rg e n  In  a  

so d iu m  c r y s t a l  a s  a  s p e c i f i c  e x a m p le .  In p a r t i c u la r  th e  p e n e t r a t io n  

d e p th  a s  a  fu n c t io n  o f th e  c h a rg e  o n  th e  p ro to n , th e  s c r e e n in g  p a r a ­

m e te r  fo r  th e  s o l id  a n d  th e  v e lo c i ty  o f  th e  p a i r  is  p r e s e n te d .  W e 

s h a l l  r e f e r  to  th e  s c r e e n in g  p a ra m e te r  o f te n  in  th is  c h a p te r .  I t i s  th e  

q u a n t i ty  th a tq p p e a rs  in  th e  e x p o n e n t ia l  fo r th e  Bohr ty p e  p o te n t i a l .

T he v a lu e  o f  X g iv e n  by th e  e x p re s s io n  Is  c a l le d

th e  Bohr s c r e e n in g  p a ra m e te r  X^. I t i s  a p p ro x im a te ly  2 . fo r so d iu m , 

O fte n  th e  s c r e e n in g  le n g th  X^ w h ic h  i s  th e  in v e r s e  o f  ^  i s  u s e d  in  

l i t e r a t u r e .

6 .2  N u m e ric a l R e su lts

In  c h a p te r  4  w e d e r iv e d  th e  m a tr ix  e le m e n ts  fo r b o th  th e  s t a t i c  

p o te n t i a l  a n d  th e  p o la r iz a t io n  p o te n t ia l  In  a  h y d ro g e n lc  b a s i s  s e t .  In  

p a r t i c u l a r  th e  s t a t i c  p o te n t i a l  w a s  l e f t  in  th e  form  o f  a  s e r i e s  g iv e n  by 

e q u a t io n  4 . 4  (14d). T he te rm s  in  th e  s e r i e s  c o n ta in e d  tw o  d o u b le  

t  In in v e r s e  Bohr r a d i i
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The term s In th e  s e r ie s  co n ta in e d  two doub le  in te g ra ls  d en o ted  by Jj, 

e q u a tio n  4 .4 (14b) and J^, eq u a tio n  4 .4 (1 4 C ). For co n v en ien c e  w e w rite  

1 a g a in

*o i * i i

The doub le  In te g ra l of eq u a tio n  1 c an n o t be done a n a ly t ic a l ly .  T here­

fore, w e m ust re s o r t  to  num erica l te c h n iq u e s . T hese  tec h n iq u e s  

in c lu d e  the  fo llow ing: th e  o u te r  q u ad ra tu re  is  a cco m p lish ed  by u sin g  

10 po in t G a u s s ia n - la g u e r re  in te g ra tio n . The sam p le  p o in ts  o f th e  

in teg ran d  a re  no t uniform ly s p a c e d . Rather th ey  a re  c h o se n  to  th a t  

th e  in te g ra l w ill y ie ld  a c o rre c t re s u l t  for a polynom ial up to  d eg ree  

n i n e t e e n . ^  At e a c h  sam p le  po in t th e  In teg rand  m ust be e v a lu a te d .

Thus a t  e a c h  sam p le  po in t th e  in n e r in te g ra tio n  is  done using  a 10-poin t 

G a u ss ia n  q u ad ra tu re  sc h e m e . This tech n iq u e  is  a ls o  u sed  for th e  

In teg ra l J2 a lth o u g h  s in c e  the  lim its  o f the  o u te r in te g ra l a re  not (0, 

th e  G a u ss ia n -L a g u e rre  te c h n iq u e  can n o t be u s e d . In s tead  two 10-poin t 

G a u ss ia n  q u a d ra tu re s  a re  u s e d .  The p a rtic u la r  com puter c o d e s  for 

th e s e  In te g ra ls  w ere ta k e n  from re fe ren c e  1 a lth o u g h  c le a r ly  ch an g e s  

w ere  m ade to  ad o p t them  for th is  doub le  in te g ra tio n . The a c c u ra c y  of 

th e  in te g ra ls  w ere c o n s id e re d  in  th e  fo llow ing  w a y . The m atrix  

e lem en t for th e  s ta t ic  p o te n tia l  in  th e  ground s ta te ,  < ? t s j  [ S ^  

w as e v a lu a te d  u s in g  24 p o in t double p re c is io n  G a u ss ia n  g u ad ra tu re .
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u s in g  th e  a b o v e  10 p o in t in te g ra t io n s  w h ic h  a re  s in g le  p re c is io n  and  

f in a l ly  b y  a n a ly t ic  e v a lu a t io n .  The a n a ly t ic  In te g ra tio n  i s  

a c c o m p lis h e d  b y  u s in g  a  F o u rie r  in te g r a l  r e p r e s e n ta t io n  fo r th e  s t a t i c  

p o te n t i a l .  E a r lie r  w e  u s e d  a n  e x p a n s io n  in  s p h e r ic a l  h a rm o n ics  w h ic h  

le d  to  th e  in te g ra ls  a n d  . T h is F o u rie r  a n a ly s i s  m ethod  b e co m es  

p ro h ib it iv e ly  d i f f ic u l t  fo r th e  m a trix  e le m e n ts  for h ig h e r  s t a t e s ,  p a r t i ­

c u la r ly  o ff d ia g n o l  o n e s . F u rth e r, i t s  form m ade n u m e ric a l a n a ly s i s  

m ore d i f f ic u l t  th a n  e x p re s s io n s  an d  J2 . The r e s u l t s  w ith  th e  s c re e n in g  

p a ra m e te r  c h o s e n  a s  o n e  a re

= .2  59516 fo r 10 p o in t s in g le  p re c is io n

= .2  59169 fo r 24  p o in t d o u b le  p re c is io n

= .2  59819 fo r a n a ly t ic

From th is  w e s h a l l  in fe r  th a t  a  m axim um  o f th re e  p la c e  a c c u ra c y  h o ld s  

fo r 10 p o in t s in g le  p r e c is io n  w o rk . W e h a v e  u se d  s in g le  p re c is io n  

th ro u g h o u t o u r n u m e ric a l c o m p u ta tio n s  b e c a u s e  th e  a c c u ra c y  is  

a c c e p ta b le  a n d  th e  c o m p u ta tio n  tim e s  a re  th e n  w ith in  r e a s o n .  The 

g e n e ra t io n  o f  th e  fu n c t io n s  n e e d e d  in  th e  in te g r a ls  i s  s tra ig h tfo rw a rd  

a n d  w e  w il l  n o t d i s c u s s  i t  a n y  fu r th e r .  L a s tly , th e  term  C(L, 1̂ » m^, 12 , m ^ ) 

in  4 .4 (1 4 d )  w h ic h  is  p ro p o r tio n a l to  a  C le b s c h -G o rd o n  c o e f f ic ie n t  is  

e v a lu a te d  by  th e  su m m atio n  g iv e n  in  e q u a t io n s  2 th ro u g h  9 in  

A p p en d ix  4A.
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O n ce  th e  m a trix  e le m e n ts  a re  found w e c a n  th e n  d ia g n o l lz e  th e  

H a m ilto n ia n  4 .4  (10a). The n u m e ric a l te c h n iq u e s  u s e d  w e re  b a s ic a l ly  

J a c o b i 's  m ethod  w h ic h  s e a r c h e s  th e  m a trix  fo r  th o s e  e le m e n ts  la rg e r  

th a n  so m e  m inim um  v a lu e  an d  a n n ih i la te s  them  by o r th o g o n a l t r a n s ­

fo rm a tio n . T his m ethod  a l th o u g h  n o t p a r t ic u la r ly  f a s t  i s  v e ry  s t a b l e .  

F u rth e r , th e  H a m ilto n ia n  m a trix  tu rn s  o u t to  b e  r a th e r  s p a r s e  a n d  s o  

th e  d la g n o l iz a t lo n  tim e  i s  a  m inor f r a c t io n  o f th e  to ta l  c o m p u ta tio n  

t im e .  The c o d e  u s e d  for th e  d la g n o l iz a t lo n  w a s  a g a in  ta k e n  from re fe r ­

e n c e  1. The fu ll  s e t  o f e ig e n  v a lu e s  an d  e ig e n  v e c to r s  a re  o b ta in e d  

u s in g  th is  c o d e .

6 .3  N u m e ric a l R e su lts

The p rog ram s w e re  run  fo r  Z^= Z  and  Z^= 1 w h e re  a g a in  Z^ is  th e  

nu m b er o f  u n i ts  o f  c h a rg e  o f  th e  in c id e n t  p ro to n . For e a c h  o f th e s e  

v a r io u s  v a lu e s  o f th e  sc re e n in g  p a ra m e te r  w e re  c o m p u te d . T h ese  w ere  

run  w ith o u t th e  p o la r iz a tio n  p o te n t i a l .  The s t a t e  o f lo w e s t  f in d in g  

r e la t iv e  to  th e  p ro to n  is  th e  s u b je c t  o f  ta b le  11. W6 s h a l l  re fe r  to  th is  

q u a n ti ty  a s  th e  b in d in g  e n e rg y , rem em b erin g  th a t  i t  i s  th e  e x p e c ta t io n  

v a lu e  o f  th e  vacuum  h y d ro g en  H a m ilto n ia n  ta k e n  b e tw e e n  th e  g round  

s t a t e  fo r  h y d ro g en  In th e  s o l id .  In ta b le  II w e a l s o  g iv e  th e  IS an d  2S 

a m p li tu d e s  fo r th is  g round  s t a t e  a s  w e l l  a s  th e  b in d in g  e n e rg y  fo r 

v a r io u s  v a lu e s  o f  Z^ a n d  \ . The num ber o f s t a t e s  u s e d  in  th e  b a s i s  is  

a l s o  g iv e n .  The c o m p u ta tio n s  w ere  run  on a n  IBM 3 6 0 /5 0  an d  th e  

ru n n in g  tim e s  w e re  four m in u te s  fo r a  14x14 m atrix  a n d  f i f te e n  m in u te s
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fo ra  3 0 x 3 0 m at r ix , m o st o f w h ic h  w e re  c o n su m ed  in  e v a lu a t in g  th e  

m a tr ix  e le m e n t s . The l a s t  tw o  l in e s  in  ta b le  n  a r e  th e  r e s u l t s  o f  th e  

d la g n o l iz a t lo n  o f  th e  H a m ilto n ia n  w ith  th e  p o la r iz a t io n  p o te n t ia l  p re s e n t .

W e f i r s t  n o te  th a t  th e  c a s e  Z^= 2 i s  o f l i t t l e  i n te r e s t  s in c e  fo r th e  

ra n g e  o f  s c re e n in g  sh o w r^ th e  p a ir  s e e s  l i t t l e  o f  th e  l a t t i c e .  N ex t w e 

n o te  th a t  o u r rem ark s a b o u t th e  im p o rta n c e  o f th e  p o la r iz a t io n  p o te n t ia l  

a re  b o rn e  o u t .  For th e  c a s e  o f V=20 (Rydberg u n i t s )  th e  e le c tro n  g a s  is  

no  lo n g e r  e f f e c t iv e  in  d e te rm in in g  th e  b in d in g  o f  th e  p a ir .  At V=10 th e  

s t a t e  o f lo w e s t  e n e rg y  r a th e r  th a n  b e in g  a d ls tru b e d  S s t a t e  s e e m s  to  

h a v e  d e v e lo p e d  o u t o f a  3dQ s t a t e .  T his d o e s  n o t fo llo w  from ta b le  II bu t 

r a th e r  from th e  d e ta i l s  o f  th e  n u m e ric a l c o m p u ta tio n . The im p o rta n c e  o f 

s t a t e s  r ic h  in  p  an d  d c h a r a c te r  i s  th u s  r e f le c te d  in  th e  s t a t e  o f lo w e s t  

b in d in g . B e c a u se  o f th e  a sy m m etry  o f th e  p o la r iz a t io n  p o te n t ia l  in  th e  

lo n g ltu d n a l  d i r e c t io n ,  th e s e  s t a t e s  b eco m e  im p o rta n t a n d  th u s  th e  

p o te n t ia l  te n d s  to  e lo n g a te  th e  a tom  in  th is  d i r e c t io n .  The fa c t  th a t  th e  

b in d in g  to  th e  p ro to n  is  la rg e r  th a n  th e  v a lu e  w ith o u t th e  p o la r iz a t io n  

p o te n t ia l  r e f le c t in g  th e  o s c i l l a t in g  c h a r a c te r  o f  th e  p o te n t i a l .  H ow ever, 

th i s  s h o u ld  be  a  c lu e  t h a t  w e  s h o u ld  n o t ta k e  th e  r e s u l t s  to o  s e r io u s ly ,  

fo r th e  p o la r iz a t io n  p o te n t ia l  in  the d ip o le  a p p r o x ln a tlo n , is  sa m p lin g  

th e  a tom  in  re g io n s  l e s s  th a n  a  Bohr r a d i u s . But in  s u c h  a  re g io n  th e  

g ra n u la r  s t r u c tu r e  o f th e  e le c t ro n  g a s  b e c o m e s  e v id e n t .  Thus p la sm a  

w a v e s  fo r w a v e le n g th s  l e s s  th a n  a  Bohr ra d iu s  c a re  n o t w e l l - d e f in e d .
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W e h a v e  r e a l ly  p u s c h e d  th e  c a lc u la t io n  b ey o n d  i t s  ra n g e  o f  v a l id i ty .

In re tu rn in g  to  th e  s t a t i c  p o te n t ia l ,  w e n o te  th a t  th e  m a trix  e le m e n ts  

a r e  in d e p e n d e n t o f e n e rg y . F u rth e r, i f  w e look  a t  th e  b in d in g  e n e rg y  

v e r s u s  th e  s c r e e n in g  p a ra m e te r , w e  s e e  th a t  th e  b in d in g  d e c r e a s e s  

sm o o th ly  fo r th e  in te rv a l  fo r X from o n e  to  o n e - th i r d .  T hat i s ,  up  to  

a s c r e e n in g  le n g th  o f , th e  b in d in g  e n e rg y  i s  r e la t iv e ly  I n s e n s i t iv e  

to  th e  s c re e n in g  p a ra m e te r  X. A fte r th is  fo r s m a lle r  v a lu e s  o f X th e  

b in d in g  e n e rg y  b e g in s  to  o s c i l l a t e ,  sh o w in g  a  s tro n g  d e p e n d e n c e  on  

s c re e n in g  p a ra m e te r .

As w e  c o n tin u e  to  m ake  X e v e n  sm a lle r , th e  s t a t e s  b e g in  to  ta k e  

o n  th e  c h a r a c te r  o f th e  s t a t e s  w e  o b ta in e d  fo r X e q u a l  to  o n e . This 

i s  sh o w n  c le a r ly  on  th e  g rap h  o f b in d in g  e n e rg y  v e rs u s  s c re e n in g  p a ra ­

m ete r, g rap h  I .

W e s h a l l  try  to  e x p la in  th e  ph eo n o m en a  sh o w n  on  g rap h  I w h ic h  

a t  f i r s t  s e e m s  so m e w h a t b iz a r re . ' P a r t ic u la r ly  th e  r e s u l t  th a t  a  X 

b e c o m e s  th a n  1 /6  th e  l a t t i c e  s e e m s  to  w ip e  i t s e l f  o u t .  The s y s te m  

se e m s  to  u n d e rg o  th e  fo llo w in g  b e h a v io r .  The l a t t i c e  i s  g ra d u a lly  

b ro u g h t in to  th e  p rob lem  by  r e la x a t io n  o f  th e  s i z e  o f X b e lo w  u n i ty .

S ta te  2S , 3S a n d  3 d Q a re  m ixed  in  g ra d u a lly  a s  w e  s e e  in  ta b le  II  an d  

g ra p h  I I .  T hen fo r X o f  th e  o rd e r  o f 1 /3 , th e  b in d in g  e n e rg y  b e g in s  to
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o s c i l l a t e .  T h is o s c i l l a t io n  fo r  th e  m o st p a r t  c a n  be c o r re la te d  w ith  

t a b le  I a n d  g ra p h  I I . For e x am p le  th e  lo c a l  p e a k  In  th e  b lndl ng e n e rg y  

a t  3 /12  c a n  b e  u n d e rs to o d  a s  b e in g  c a u s e d  by th e  p r e s e n c e  o f  l e s s  

2 s  an d  c o n s e q u e n t ly  m ore IS a m p litu d e  r e la t iv e  to  th e  su rro u n d in g  

a p l i t u d e s .  A fte r th e s e  o s c i l l a t io n s  th e  s y s te m  re tu rn s  to  a lm o s t 

to ta l ly  IS c h a r a c te r  a s  th e  l a t t i c e  p a ra m e te r  Is  lo w e re d  b e lo w  1 /6 .

The fa c t  th a t  th e  s y s te m  re tu rn s  to  IS c h a r a c te r  c a n  b e  u n d e rs to o d  

in  th e  fo llo w in g  w a y . The o v e r la p  b e tw e e n  a n y  tw o  d if fe re n t  hyd ro g en  

s t a t e s  v a n is h e s  o f th e  p o te n t ia l  Is c o n s t a n t .  W e s h a l l  sh o w  th a t  fo r 

A = 1/12 o r A= 1 /2 4  th a t  th e  p o te n t ia l  Is  c o n s t a n t .  If w e w r ite  th e  

s t a t i c  p o te n t ia l  a s

(2 )

w h ere

th e n  on  perfo rm ing  th e  in te g ra t io n  in  2 w e find

(2)w h e re  Kq i s  a  B e s s e l  fu n c tio n  o f  im a g in a ry  a rg u m e n t . A cco rd ing
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(2 )
to  W a tso n  w e  c a n  w r ite

H t~ o

w h ic h  h o ld s  fo r r,< R .  1 a n d  K a re  B e s s e l  fu n c tio n s  o f im a g in a ryJ- 1  m m
1 2 )  J.a rg u m en t a n d  in te g e r  o rd e r  . J *  i s  th e  a n g le  b e tw e e n  th e  tw o  v e c to rs  

in  th e  a rg u m en t o f Kq . In o u r c o m p u ta tio n  o f  th e  m a trix  fo r Vg w e 

u s e d  a b a s i s  s e t  up  th ro u g h  n=3 a n d  n=4 w h e re  n Is th e  p r in c ip le  

q u an tu m  num ber o f h y d ro g e n . For th e s e  s e t s  I t  i s  c le a r  th a t  th e  o n ly  

te rm s In 3 th a t  c a n  c o u p le  th e  IS s t a t e  o f  a n y  o th e r  in  th e  s e t  is

•? K ,  M>

W e n o te  th a t  for s m a ll  th a t  i s  ,  th is  p o te n t ia l  v a r ie s  s lo w ly

o v e r th e  d im e n s io n s  o f  th e  h y d ro g en  a to m . In f a c t  s u p p o s e  X =  1 /2 4

a n d  le t  u s  c a lc u la t e  th e  r a t io  o f  th e  IS, 2S c o u p lin g  o f  th e  p o te n t ia l  to  

I ts  IS e x p e c ta t io n  v a lu e ,  w h ic h  Is

< 2S I V >S>  _  r t s j f i /  1S>  (5)

< 13  l v  | IS >

(2 )
w h e re  w e  u se d  th e  e x p a n s io n  o f I fo r s m a ll  a rg u m e n ts

1 2
I  ( x )  = 1+ 2  X + . . .  ( 6 )o *

P u ttin g  6 in  5 a n d  u s in g

1  - r
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w e g e t

i G o ) 2 ^  f /s 
6

/lOr . Jf xitr'2-

T h ere fo re , w e  c o n c lu d e  th a t  th e re  Is  n e g lig ib le  c o u p lin g  b e tw e e n  th e  

IS a n d  2S s t a t e s . C le a r ly  I f  w e  lo o k  a t  h ig h e r  c o u p lin g s  th e  a b o v e  

e x p a n s io n  o f  I w il l  n o  lo n g e r  h o ld .  In  f a c t  fo r  h ig h  n  s t a t e s  th e  

e x p a n s io n  (3 ) n o  lo n g e r  h o ld s  . H ow ever, fo r  h ig h  n s t a t e s  th e  c o u p lin g  

d e c r e a s e s  d u e  to  th e  e x p o n e n tia l  d e c r e a s e  o f th e  g round  s t a t e .  T his 

i s  am p ly  r e f le c te d  in  th e  n e g lig ib le  c h a n g e  in  th e  b in d in g  e n e rg y  a s  w e 

in c r e a s e  th e  b a s i s  s i z e  ( s e e  ta b le  I I ) .  Thus w e c o n c lu d e  th a t  a s  X 

g o e s  to  z e ro  th e  b in d in g  a p p ro a c h s  th e  vacuum  v a lu e  o f  h y d o rg e n . W hat 

w e  h a v e  sh o w n  Is  th a t  I Is r e la t iv e ly  f la t  fo r v e ry  s m a ll  v a lu e s  o f Its  

a rg u m e n t. The re g io n  o f  v e ry  s m a ll  v a lu e s  o f th e  s c re e n in g  p a ra m e te r  

i s  n o t m uch  p h y s ic a l  I n te r e s t  h o w ev er s in c e  o u r u n d e rs ta n d in g  o f  th e  

l a t t i c e  p re c lu d e s  s u c h  h ig h ly  c h a rg e d  b a re  c o re s  . F u rth e r  th e  Bohr 

p o te n t ia l  i s  n o t w e l l - d e f in e d  for t h e s e  v a l u e s . If w e w a n t to  u s e  la rg e  

v a lu e s  fo r  th e  s c r e e n in g  p a ra m e te r , w e  m u st th e n  re p la c e  th e  Bohr 

p o te n t ia l  by a  sum  o f  Yukow a l ik e  p o t e n t i a l s .  For e x a m p le  w e  c o u ld  h a v e  

a  s e p a r a te  te rm  fo r e a c h  s h e l l  o f  th e  c o r e .

W e w o u ld  a l s o  l ik e  to  c o n s id e r  th e  l ife tim e  o r  p e n e tr a t io n  d e p th  

o f  a  c h a n n e lin g  p a i r .  T h is p e n e tr a t io n  d e p th  D i s  r e la te d  to  th e  l ife t im e
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T by the re la tion

D = V .T . (8)

The l ife t im e  T is  r e la te d  to  th e  In v e rs e  Io n iz a t io n  r a te  b y  e q u a t io n

4 ,2  (12), To find  D w e  b e g in  w ith  th e  e q u a t io n  fo r th e  io n iz a t io n  ra te

3 . 4  (10)

41 =  » f e v  _ i l e +  i ]  <7 >

^  V2-  ̂ l o  J

w h e re

Eo = ^ mv 2

a n d  Iq is  th e  io n iz a t io n  p o te n t ia l  (n e g a tiv e  b in d in g  e n e r g y ) o f

th e  p a i r .  If w e a s s u m e  th a t  I a r i s e s  from c lo s e  c o l l lo n s ,  th e n  th e  r a te

i s  p ro p o r tio n a l to  th e  lo c a l  d e n s i ty  n  w h ic h  w e  ta k e  a s6

"e- y -- - - - - - - - - - - - - -

w h e re  'i -  i s  th e  g round  s t a t e  o f th e  p a ir  a n d  Is  th e  d e n s i ty  o f 
I N G u

so d iu m  lo c a te d  a t  th e  s i t e  R . The m a jo r c o n tr ib u tio n  to  th is  w il l  com e

from  th e  a v e ra g e  term  in  th e  so d iu m  d e n s i ty  w h en  th e  p a ir  i s  lo c a te d  a t

m id - c h a n n e l .  T his a v e ra g e  term  is  j u s t  th e  v a le n c e  e le c tro n  d e n s i ty ,

a n d  w e  s h a l l  c o n s id e r  N to  b e  t h i s .e
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From th e  e x p re s s io n  d e riv e d  In s e c t io n  4 .2  e q u a tio n  12

4 t =  1  a  P
d t  T

U sin g  7 an d  9 an d  th e  c o n d itio n  w e  find

1 -— ■ - * - o
n e  3/re*-

and  u s in g  8 we g e t

7^ -L _L /'M

(9)

) 3 )  (10>

If w e c o n s id e r  D a s  a  fu n c tio n  of X th e n  w e m u st h av e

I -*1 as X oo o

so

X K P O )  ^  | 0 2.

i f  we c o n s id e r  a n  MeV p a ir .  T herefo re , w e c a n  w rite

^  =  T a « , )

an d  th e  p e n e tra t io n  d e p th  i s  p ro p o rtio n a l to  th e  io n iz a tio n  p o te n t ia l ,

To a tte m p t to  m easu re  D o r th e  form of th e  s t a te  o f g r e a te s t  b ind ing  

d o e s  n o t seem  p o s s ib le ,  a t  l e a s t  d i r e c t ly .  If w e co u ld  do th is ,  w e 

m ight th e n  u s e  th e  r e s u l ts  to  o b ta in  X .  The re a s o n  th a t  s t a te s  c a n n o t
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be  o b se rv e d  d ire c tly  Is  th a t  w h en  th e  atom  e m e rg es  from th e  c ry s ta l  

s u r fa c e , e f fe c ts  m ay w a sh  o u t any  bu lk  e f fe c ts  an d  m ake m easu rem en t 

Im p o s s ib le . W hen  th e  s u r fa c e  e f fe c ts  a re  c a lc u la te d ,  th e n  w e c o u ld  

b e  a b le  to  o b ta in  in fo rm a tio n  a b o u t th e  in te rn a l  s t a t e s ,  b u t su r fa c e  

c a lc u la t io n s  a re  by  no m eans e a s y .  A d i r e c t  p robe  o f th e  in te r io r  m ight 

b e  a tte m p te d , bu t w e n o tic e  im m ed ia te ly  th a t  p ro c e s s e s  su c h  a s  

ra d ia tiv e  t r a n s it io n s  w> u ld  n o t be o b se rv a b le  s in c e  th e  l ife tim e s  o f 

th e  s t a te s  a re  to o  s m a l l .  P lac in g  th e  s o l id  in  a  m ag n e tic  f ie ld  w ould  

a t te n u a te  th e  n e u tra l  com ponen t d u e  to  L oren tz  io n iz a tio n  

an d  th e  fo rc in g  of th e  e le c tro n  in fo  reg io n  o f h igh  s o l id  d e n s i ty .  

H ow ever, w e a g a in  do  no t know  w h e th e r th e  s u r fa c e  w il l  m ask  th e ir  

e f f e c t s .

The c a lc u la t io n s  t  h a t m ight be perform ed n ex t fo llo w  ra th e r  

d ire c tly  from th e  w ork  d is c u s s e d  h e re . The p a th  o f th e  p ro ton  c o u ld  

b e  deform ed and th e  c a l  d i la t io n s  r e d o n e . T hat is  w e w ou ld  b e  ta k in g  

in to  a c c o u n t th e  s lo w  o s c i l la t io n  of th e  p ro to n . A lso  th e  v e lo c ity  c a n  

b e  lo w ered  to  in c re a s e  th e  im p o rtan ce  o f b o th  c o l le c t iv e  e f fe c ts  and  

c a p tu re  r a t e s . T his w ould  n e c e s s i t a t e  a  m ore c a re fu l  e x am in a tio n  o f th e  

p o la r iz a tio n  p o te n t ia l .  Two o th e r  a re a s  c a n  be  s tu d ie d .  F irs t , th e  

In c lu s io n  of a  tru ly  s e l f - c o n s l s t a n t  c a lc u la t io n ;  an d , s e c o n d , a  s tu d y  

o f th e  o s c i l la t in g  c h a ra c te r  o f th e  b in d in g  e n e rg y  w ith  s c re e n in g  

p a ra m e te r . The f i r s t  c o u rs e  of s tu d y  w ould  a llo w  d ire c t  lo s s  o f flux  

s in c e  w e co u ld  be d e a lin g  w ith  a  n o n -h e rm itia n  p o te n t ia l .  Thus th e
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s ta te  v e c to r  len g th s  w ould be s tre tc h e d  or co m p ressed  during 

d la g n o liz a tlo n . This m ight e n ta i l  la rg e  com pu tation  t im e s . The 

se c o n d  c o u rse  of s tu d y  m ight g ive  u s m oe in fo rm a tio n  on  th e  n a tu re  o f the  

In te rn a l s t a t e s  o f th e  p a ir .
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Graph I

The Negative of the Binding Energy in Rydbergs

vs.

The Screening Parameter in Units of Xg =|[i+z22^ 3.
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Graph II
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Amplitude of State 3d v s . Screening Parameter In Units of

Xb ■ J  I * * * 1.

% Phase taken relative to Is
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