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ABSTRACT

I n  1916 Herman Weyl p u b l i s h e d  t h e  p a p e r  [ 5 ] ,  "U ber  d i e  Bestim m ung 

e i n e r  g e s c h l o s s e n  k o n v e x e n  F I a c h e  d u r c h  i h r  L i n i e n e l e m e n t ” i n  w h ic h  

t h e  Weyl p ro b le m  was i n t r o d u c e d  and  p a r t i a l l y  s o l v e d .  T h i s  i s  t h e  

p ro b le m  o f  r e a l i z i n g  an a r b i t r a r i l y  g i v e n  t w o - d i m e n s i o n a l  m e t r i c  o f  

p o s i t i v e  c u r v a t u r e  a s  t h e  b o u n d a ry  o f  a c o n v e x  bo d y .  A s u r v e y  o f  

W e y l 's  p ro b le m  and  w ork  done on  i t  by Lewy, N i r e n b e r g ,  P o r g o r e l o v  and  

A.D. A le x a n d e ro v  i s  g i v e n  i n  t h e  book  [ 2 ] ,  "C onvex  S u r f a c e s "  by 

Buseman. One o f  t h e  c r u c i a l  s t e p s  i n  s o l v i n g  t h e  Weyl p r o b le m  i s  t o  

o b t a i n  an  a  p r i o r i  bound  f o r  t h e  mean c u r v a t u r e .  Weyl d e d u c e s  s u c h  a 

bound f rom  h i s  f o r m u la  ( 3 3 ) ,  w h ic h  f o l l o w i n g  W in t n e r  we w i l l  r e f e r  t o  

a s  W e y l 's  i d e n t i t y .  L a t e r  w r i t e r s  d e r i v e  e s s e n t i a l l y  e q u i v a l e n t  a 

p r i o r i  bounds  w i t h o u t  u s i n g  t h i s  i d e n t i t y .  I n  1956 A u re l  W in tn e r  

p u b l i s h e d  t h e  p a p e r  [ 6 ] ,  "On W e y l ' s  i d e n t i t y  i n  t h e  d i f f e r e n t i a l  

g e o m e try  o f  s u r f a c e s , "  i n  w h ic h  h e  o b s e r v e d  t h a t  i n  a d d i t i o n  t o  W e y l 's  

p u r p o s e ,  t h i s  i d e n t i t y  i s  o f  i n h e r e n t  i n t e r e s t .  I n  a d d i t i o n  t o  show­

in g  some i n t e r e s t i n g  a p p l i c a t i o n s  o f  W e y l ' s  i d e n t i t y ,  W in tn e r  p o i n t e d  

o u t  some d i f f i c u l t i e s  i n  W e y l 's  w ork  due t o  t h e  p o s s i b l e  p r e s e n c e  o f  

u m b i l i c  p o i n t s ,  and  showed how t o  o v e rco m e  them .

A c t u a l l y  Weyl d o es  n o t  i n c l u d e ,  i n  h i s  p a p e r ,  t h e  d e t a i l s  o f  t h e  

c o m p u ta t io n s  w h ic h  l e a d  t o  t h e  Weyl i d e n t i t y .  He d e s c r i b e s  t h e s e  

c o m p u ta t io n s  as  a  " l a n g w e i l i g e  R echnung"  and  s t a t e s  "E s  i s t  w a h r s c h e i n -  

l i c h ,  d a s s  e i n  g e s c h i c k t e r e r  R e c h n e r  d i e  F orm e l (3 3 )  a u f  v i e l  

l e i c h t e r e m  Wege w i r d  e r m i t t e l n  k o n n e n ,  a l s  h i e r  a n g e d u e t e t  w u r d e . "

As f a r  a s  we know e x c e p t  f o r  some r e l a t e d  r e s u l t s  d e r i v e d  by C hern
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i n  [ 3 ] ,  W e y l ' s  r e q u e s t  h a s  t h u s  f a r  b e e n  u n f u l f i l l e d .

I n  a t t e m p t i n g  t o  v e r i f y  W e y l ' s  i d e n t i t y  and  f i n d  a c o n c i s e  

d e r i v a t i o n  o f  i t ,  we d i s c o v e r e d  t h a t  t h e  f o r m u la  was n o t  c o r r e c t .

A c o r r e c t e d  i d e n t i t y  (* )  was f o u n d  w h ic h  l e a v e s  some a p p l i c a t i o n s  

u n a f f e c t e d  b u t  d o e s  show t h a t  some o f  W i n t n e r ' s  f o r m u l a s  a r e  n o t  

c o r r e c t .  I n  p a r t i c u l a r ,  t h e  a p r i o r i  bou n d  f o r  t h e  mean c u r v a t u r e  

i s  c o r r e c t .  The r e l a t e d  r e s u l t s  d e r i v e d  by C h e rn  i n  [ 3 ]  t u r n  o u t  t o  

im p ly  t h e  i d e n t i t y  .(*)  and  n o t  W e y l ' s  i d e n t i t y  a s  was c l a i m e d .  I n  

t h e  c o u r s e  o f  t h i s  w o rk ,  we s h a l l  c o r r e c t  o t h e r  r e s u l t s  i n  W i n t n e r ' s  

p a p e r ,  w h ic h  a r e  n o t  c o n s e q u e n c e s  o f  h i s  w o rk in g  w i t h  t h e  w rong 

i d e n t i t y .

As Weyl p r e d i c t e d ,  a  c o n c i s e  d e r i v a t i o n  o f  t h e  i d e n t i t y  (*) 

h a s  b e e n  f o u n d ,  an d  i s  f o r t h c o m i n g  i n  t h e  d o c t o r a l  t h e s i s  o f  

E l e a n o r  Z e i t l i n  a t  The C i t y  U n i v e r s i t y  o f  New Y ork .
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1 . F o rm u la s  o f  t h e  t h e o r y  o f  s u r f a c e s .

' F o r  t h e  p u r p o s e s  o f  o u r  w ork  we n e e d  t h e  f u n d a m e n ta l  f o r m u l a s  o f  

t h e  t h e o r y  o f  s u r f a c e s .  I n  3 - d i m e n s i o n a l  E u c l i d e a n  s p a c e  l e t  S be

a  ( s u f f i c i e n t l y  s m a l l )  p i e c e  o f  s u r f a c e  w h ic h  i s  o f  c l a s s  C . By 

t h i s  i s  m ean t  t h a t  S p o s s e s s e s  a  ( l o c a l )  o n e - t o - o n e  p a r a m e t r i z a -  

t i o n  o f  t h e  fo rm  S : X ( u ,v )  = ( x ^ ( u , v ) , x 2 ( u , v ) , x g ( u , v ) ) w here  

( u , v )  r a n g e s  o v e r  a ( s u f f i c i e n t l y  s m a l l ,  open )  dom ain  D i n  a

( u , v )  p l a n e ,  t h e  v e c t o r  X ( u ,v )  i s  a  f u n c t i o n  o f  c l a s s  C on  D ,

and  t h e  v e c t o r s ,  Xy and  X^ a r e  l i n e a r l y  i n d e p e n d e n t  a t  e a c h  p o i n t  

o f  D . I n  p a r t i c u l a r  we w i l l  e x p r e s s  t h e  r e l a t i o n s h i p s  of- i n t e r e s t  

u s i n g  a ’’l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s ” p a r a m e t r i z a t i o n .  We c a n  do 

t h i s  b e c a u s e  o f  t h e  t h e o r e m :

1cL e t  P be a p o i n t  on a C s u r f a c e  S w h ic h  i s

n e i t h e r  an u m b i l i c  n o r  a  f l a t  p o i n t .  Then  t h e r e  i s

k —2a n e ig h b o r h o o d  o f  P on t h e  s u r f a c e ,  and  a  C 

p a r a m e t r i z a t i o n  o f  t h a t  n e ig h b o r h o o d  s u c h  t h a t  t h e  

p a r a m e t r i c  c u r v e s  a r e  l i n e s  o f  c u r v a t u r e .

W ith  r e s p e c t  t o  t h i s  p a r a m e t r i z a t i o n ,  t h e  c o e f f i c i e n t s  o f  t h e  f i r s t  

and  s e c o n d  f u n d a m e n ta l  f o r m s ,

(1 )  E ( u , v ) ( d u ) 2 + 2 F ( u ,v )  dudv + G ( u , v ) ( d v ) 2

(2 )  L ( u , v ) ( d u ) 2 + 2M (u ,v )  dudv + N ( u , v ) ( d v ) 2

k - 3  k - 4
a r e  f u n c t i o n s  o f  c l a s s  C and  C r e s p e c t i v e l y .  F u r th e r m o r e  

we h a v e :



( 3 )  P  3  o ,  M =  0 ,  L = k j E ,  N = kgG

w here  k and  k,, a r e  t h e  p r i n c i p a l  c u r v a t u r e s  o f  t h e  s u r f a c e  a t  
1 2

t h e  p o i n t  X (u ,v )  . Hence t h e  G a u s s ia n  c u r v a t u r e

(4) K = LN/EG

and t h e  mean c u r v a t u r e ,

(5) H = £ ( L /E  + N/G) .

k *“4a r e  f u n c t i o n s  o f  c l a s s  C on D .

We now p u t  th e o r e m  e g re g iu m  and t h e  M a i n a r d i - C o d a z z i  e q u a t i o n s

i n  t h e s e  c o o r d i n a t e s .  F i r s t  we o b s e r v e  t h a t  t h e  g e n e r a l  f o r m u l a

rrik = f o r  t h e  C h r i s t o f f e l

1 2
sym bo ls  o f  t h e  s e c o n d  ty p e  w here  u = u ,  u, = v ,  i , j , k = l , 2  (an d

t h e  g . a r e  t h e  c o e f f i c i e n t s  o f  t h e  f i r s t  f u n d a m e n ta l  fo rm  and  t h e
J

i "til
g J a r e  t h e  e n t r i e s  o f  t h e  i n v e r s e  m a t r i x  t o  t h a t  whose i j  e n t r y

i s  •) y i e l d s  i n  o u r  s p e c i f i c  c a s e ,  w h e re ,
**• J

(6) g1]L = E ,  g 12 = g21 = 0 ,  g22 = G ,

(7 )  = - E / 2 G ,  rf2 = Gu/2G, = Eu/ 2 E .  r j 2 = E / 2 E ,  4  = G / 2 G .

2 i
Theorem  e g re g iu m ,  w h ic h  i n  g e n e r a l  i s  K = ^ ( g 2 / ^gl l g22 ~ g 1 2 ^ R112 

w here  = d r ^ / d v  -  d n j ^ / d u  + "  r i 2 Fr l ^  f o r  " l i n e s  o f

c u r v a t u r e  c o o r d i n a t e s "  ( o r  any o r th o g o n a l  c o o r d i n a t e s )  b ecom es  on 

s u b s t i t u t i n g  (6) and  ( 7 ) :

(8) K = -E /2EG -  G /2EG + G2/4 G 2E + E2/ 4 E 2G + E G / 4 E 2G + E G /4 G 2Ev '  vv uu  u  r  u  u  v v

W ith  t h e  c o e f f i c i e n t s  o f  t h e  s e c o n d  f u n d a m e n ta l  fo rm  d e n o t e d  by

(w h ere  f o r  o u r  s p e c i f i c  c a se  o f  " l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s , "

= L ,  L 10 = L0 = 0 ,  L00 = N) . The M a in a r d i - C o d a z z i  e q u a t i o n s  
XX X «  &x.



a r e  0 = d L . , / ^  -  &L. . / d u k + 2  ( r f  L . -  r r  .L ) . F o r  " l i n e s  o f  i k  i j  r  xk r j  i j  r k

c u r v a t u r e  c o o r d i n a t e s "  upon  s u b s t i t u t i n g  f o r  t h e  C h r i s t o f f e l  sy m b o ls  

f ro m  ( 7 ) ,  t h e  M a i n a r d i - C o d a z z i  e q u a t i o n s  become:

(9 )  Lv = (Ev/ 2 ) ( L / E  + N/G) = E^H

N = (Gu/ 2 )  (L /E  + N/G) = G^H .



2. The Beltrami parameters

Referring to our coordinates (u,v) of the surface S as
1 2 1. 2 2 (u ,u ) , l e t  0(u ,u ) be any sc a la r  function  of c la ss  C . We

1 2  1 2  denote the gradient of 0 (u ,u ) by grad 0(u ,u ) , which may be

charac terized  as th a t  vector in  the tangent plane to  S at the 
1 2poin t P = X(u ,u ) , whose inner product with each vector a in

th i s  tangent plane i s  dO-cy . From th is  c h a rac te r iza t io n  i t  follows

th a t  grad 0 = (E 'd0/3uaga^)X, + d0/du3ga2)X„ . Then the squarea . 1  a z .
of the length  of grad 0 equals 2^ g(d0/BuQgCl̂ d0/Bu^) , and i s  denoted

by ^ ( 0 , 0 )  or more b r ie f ly  by 7 /0 . More generally  i f  $ is
2

another sc a la r  function on S , of c lass  C , then grad 0-grad $ ,

which equals S ^ g ^ d O /d u ^  3$/3u^ i s  denoted by . Clearly

t h i s  expression i s  an in v a r ian t  with respect to  allowable t r a n s ­

formations of coordinates. V/ i s  ca lled  the f i r s t  d i f f e r e n t i a l

parameter of Beltrami with respec t to the f i r s t  fundamental form.

Formal su b s t i tu t io n  in the expression fo r  , of the co­

e f f i c ie n t s  of the second fundamental form fo r  those of the f i r s t  

fundamental form y ie ld s  the expression 2^ gL ^d i/du^  S0/du^ , which

we denote by . V7/ i s  c a l le d  the f i r s t  Beltrami parameter
cyBwith respec t to  the second fundamental form. L i s  the cy,p entry  

in the inverse m atrix  of the one whose e n t r i e s  are the c o e f f ic ie n ts  

of the second fundamental form. That we may o r ie n t  our surface so 

th a t  the second fundamental form i s  p o s i t iv e  d e f in i te  and therefore  

may be used as a m etric , follows from our assumption th a t  K >  0 .
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I f  we t a k e  t h e  " d i v e r g e n c e "  o f  g r a d  $ , t h e  c o n t r a c t i o n  o f  t h e

c o v a r i a n . t  d e r i v a t i v e  o f  t h e  c o n t r a v a r i a n t  v e c t o r  f i e l d  g r a d  $ , we

a r r i v e  a t  t h e  e x p r e s s i o n  O-Z'fg) S/du^O/"g d $ /d u ^ )  w here  g

d e n o t e s  t h e  d e t e r m i n a n t  o f  t h e  f i r s t  f u n d a m e n ta l  fo rm . We c a l l  t h i s  

e x p r e s s i o n  an d  r e f e r  t o  A / a s  t h e  s e c o n d  d i f f e r e n t i a l  p a r a ­

m e t e r  o f  B e l t r a m i  w i t h  r e s p e c t  t o  t h e  f i r s t  f u n d a m e n ta l  fo rm . As 

b e f o r e  we a r r i v e  a t  L" , t h e  s e c o n d  d i f f e r e n t i a l  p a r a m e t e r  o f  

B e l t r a m i  w i t h  r e s p e c t  t o  t h e  s e c o n d  f u n d a m e n ta l  fo rm . S p e c i f i c a l l y ;

A/;§ = (D e t  I I )  8 d / d u ^  ( ( D e t  1 1 ) ^  d § /d u ^ )  w here  D et I I  d e n o t e s

t h e  d e t e r m i n a n t  o f  t h e  s e c o n d  f u n d a m e n ta l  fo rm .

I n  o u r  " l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s "  some e x p r e s s i o n s  we w i l l

be c o n c e r n e d  w i t h  a r e :

(1 0 )  A"h = H /L  + H /N  + H N /2NL + H L /2NL -  H L /2 L 2 - H U  /2 N 2
UU VV U U V V U U V V

2 2
(1 1 )  A K = K / E + K  / G + K G  /2EG -  K E /2 E  + K E /2EG - K G  /2G

UU VV U U U U V V V V

(1 2 )  V '(K .J )  = K J /E  + K J /G
'  U  U V V

(13 )  v" (H., J) = Hu Ju/L  + Hv Jv/N

(1 4 )  v"(K,H) = KuHu/L  + KvHv/N  .



3-. A c o u n te r e x a m p le  t o  W ey l ' s  i d e n t i t y

2 2 ‘kS in c e  K ^ H , J  = (H -  K) s  d e f i n e s  a r e a l  v a lu e d  f u n c t i o n

2 iJ ( u ,v )  = ( ( k x/ 2  + kg/ 2 )  -  k j k g ) 8 = ! k .^ 2  -  kg/ 2  | , so  i f  we assume

k > k„ we have  by (3 )  :1 A

(15 )  J  = | ( L / E  -  N/G) .

Thus a t  a n o n -u m b i l ic  p o i n t  ( t h e s e  are t h e  o n ly  p o i n t s  th u s  f a r  c o n ­

s i d e r e d  as we are  u s i n g  " l i n e s  o f  c u r v a tu r e  c o o r d in a te s " )  J i s  

c k -4

W e y l's  i d e n t i t y  r e f e r r e d  t o  in  S e c t i o n ’ 1 i s  th e  f o l l o w i n g  c o n ­

n e c t i o n  betw een  K,H and t h e i r  d i f f e r e n t i a l  p a r a m ete r s:

A"h -  §A'k -  2KJ2 = (2/J^7"(H,«J) -  ( l / J ) V ' ( K , J )

The f o l l o w i n g  b r i e f  argument shows t h a t  t h i s  i s  n o t  a g e n e r a l l y  v a l i d  

i d e n t i t y .  C on s id e r  t h e  on e -p a ra m eter  f a m i ly  o f  s u r f a c e s  

X ^ (u ,v )  = X x(u ,v )  f o r  X € R1 . Then t h e  f i r s t  and se c o n d  fu n d a ­

m en ta l forms o f  the  s u r f a c e  c o r r e s p o n d in g  t o  X are  g iv e n  by 

2
(g .  \  = X g ,  . and (L. \  =  Xl. . w h ich  i m p l i e s  by (4) and (5) t h a ti j  X i j  i j  X i j

o
= (1/X)H and = (1 /X )  K. T h e r e fo r e  u s in g  ( 1 0 ) - ( 1 4 ) -we s e e  t h a t :

AxHx = <i / X ) 2a "h

A 'k  ̂ = ( 1 / X ) V k

VX(KX’J X) = d / X ) 5V'(K. J)

= Cl/X) V ( H , J )

V"(K^,HX) = ( 1 / X ) V ( K , H )  .



On s u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n t o  W e y l ' s  i d e n t i t y  a p p l i e d  t o  t h e  

s u r f a c e  X ^ (u ,v )  , we s e e  t h a t  t h e  t e r m s  a r e  n o t  hom ogeneous  i n  X , 

and a r r a n g i n g  t e r m s  w i t h  r e s p e c t  t o  p o w e rs  o f  X , we g e t  t h e  

e q u a t i o n ,

<1/ X ) 2 (A "h  -  ( 2 / J ) v " ( H , J ) )  = ( 1/ X ) 4 (&A'k + 2KJ2 -  ( 1/ J ) V / ( K , J ) ) .

Thus i f  W e y l ' s  i d e n t i t y  w e re  v a l i d ,  t h e  above e q u a t i o n  w o u ld  h o l d

2 4
f o r  X 4= 0 . A c c o r d i n g l y  t h e  c o e f f i c i e n t s  o f  1 /X  and 1 /X  m u s t

be z e r o .  H ow ever, t h e r e  e x i s t  s u r f a c e s  o n  w hich  t h e  e x p r e s s i o n ,

A^H -  ( 2 / J ) 7 //(H ,J )  i s  n o t  e q u a l  t o  z e r o .  For e x a m p le ,  o n e  can  f i n d

s u r f a c e s  c o n t a i n i n g  p o i n t s  a t  w h ic h  t h e  f i r s t  p a r t i a l  d e r i v a t i v e s  o f

H v a n i s h  b u t  A^H + 0 . At s u c h  p o i n t s  A^H -  ( 2 / J ) 7 /7(H, J )  4= 0 ,

d i s p r o v i n g  W e y l 's  i d e n t i t y .  I n  p a r t i c u l a r  t h e  s u r f a c e  d e f i n e d  by  

2 2
X (x ,y )  = ( x , y , x  + 2y  ) h a s  t h e s e  p r o p e r t i e s  a t  t h e  o r i g i n .  I n  

a d d i t i o n ,  t h e  o r i g i n  i s  n e i t h e r  an  u m b i l i c  n o r  a p o i n t  a t  w h ich  t h e  

G a u s s ia n  c u r v a t u r e  v a n i s h e s ,  m ak ing  t h i s  a  c o u n te r e x a m p le  t o  W e y l ' s  

i d e n t i t y .
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4. C o r r e c t i o n  o f  W e y l1s i d e n t i t y

I n  t h i s  s e c t i o n  we assum e t h a t  t h e  p o i n t  P o f  S i s  n o t  an

u m b i l i c  and  t h a t  P i s  e l l i p t i c ,  t h a t  i s  K >  0 a t  P . We s h a l l

i n v e s t i g a t e  t h e  c a s e s  o f  u m b i l i c s  and  p o i n t s  o f  n e g a t i v e  G a u s s ia n

kc u r v a t u r e  i n  S e c t i o n  6 .  F o r  t h e  p r e s e n t  S w i l l -  be  a C s u r f a c e

w i t h  k  ^  6 . I n  t h i s  c a s e  we o b s e r v e  f ro m  ( 1 0 ) - ( 1 4 )  t h a t  t h e  

B e l t r a m i  p a r a m e t e r s  A^HjA /K ,V 7( K , J ) , V " (H ,J )  and  V"(K,H) e x i s t  

and a r e  c o n t i n u o u s .

We now show t h a t  a t  t h e  p o i n t  P  , t h e  f o l l o w i n g  c o n n e c t i o n  

b e tw e e n  K,H an d  t h e i r  d i f f e r e n t i a l  p a r a m e t e r s  h o l d s :

(*) A "h -  •^K"1A /K -  2 J 2 = ( 2 / J )  v" (H, J )  -  ( 1 /K J )  V 7(K, J )  -  £ k “ V  (K,H)

I n  o r d e r  t o  l o o k  a t  t h e  s e c o n d  o r d e r  t e r m s  o f  A^H , we d i f f e r e n t i ­

a t e  t h e  e x p r e s s i o n ,  2HEG = LG + NE , (w h ic h  comes f rom  ( 5 ) )  t w i c e ,

g i v i n g :

(16) 2(HEG) = L G + 2 L G  + LG + N E + 2 N E  + N E
VV VV V V VV VV >V V VV

(17) 2(HEG) = L G + 2 L G  + L G  + N  E + 2 N E  + NE
U U  UU U  U UU  UU U U UU

F o l lo w in g  W e y l 's  a d v ic e  we now s e e k  t c  r e p l a c e  t h e  s e c o n d  o r d e r  

d e r i v a t i v e s  o f  L and  N by  te r m s  i n v o l v i n g  K ,H ,E ,G  ; t h e i r  s e c o n d  

o r d e r  d e r i v a t i v e s  and t e r m s  i n v o l v i n g  L ,N  and  t h e i r  f i r s t  o r d e r  

d e r i v a t i v e s .  To t h i s  e n d  we d i f f e r e n t i a t e  t h e  M a in a r d i - C o d a z z i  

e q u a t i o n s  ( S ) , a n d  d i f f e r e n t i a t e  t h i s  e x p r e s s i o n  KEG = LN from  (4 )  

t w i c e ,  t o  o b t a i n

(18) L = E H + E H
VV VV V V



(2 1 )  (KEG) = L N + 2L N + LN
V V  VV V V VV

I n  (16) we s u b s t i t u t e  t h e  r i g h t  s i d e  o f  (18)  f o r  Lyv , and  f o r  Nyv 

we u s e ,  N = (1/LX(KEG) -  2L N -  N(E H + E H ) )  w h ic h  comes
» V V  VV V V V V  V V

f ro m  (21) a n d  ( 1 8 ) .  Upon e x p a n d in g  t h e  l e f t  h a n d  s i d e  o f  t h e  

r e s u l t i n g  e x p r e s s i o n ,  s o l v i n g  f o r  Hyv  and d i v i d i n g  by N , we 

o b t a i n :

( 1 6 ') H /N  = E H/2NE + E H /2NE + LG /2NEG + (KEG) /2NGL
V V  VV V V VV V V

-E H/2GL - E H  /2GL -  L N /NGL + N E /NEG
VV V V V V V V

+L G /NEG + E /2EG -  2H (EG) /NEG -  H(EG) /NEG
V V V V  V V  VV

S i m i l a r l y  f ro m  ( 1 7 ) ,  ( 1 9 ) ,  and (20 )  we o b t a i n :

( 1 7 ' )  H / L  = -G H/2NE -  G H /2NE + NE /2LEG + (KEG) /2NELuu uu  u u  uu  uu

+G H/2GL + G H /2GL -  L N /NEL + L G /LEG uu  u  u u u  u  u

+N E /LEG + G /2EG -  2H (EG) /LEG -  H(EG) /LEG u u  uu  u u  uu

I f  we s u b s t i t u t e  ( 1 6 / ) and  ( 1 7 ’) i n t o  t h e  e x p r e s s i o n  ( 1 0 ) ,  upon

e x p a n d in g  an d  r e a r r a n g i n g  te r m s  we o b t a i n :

(2 2 )  A"h = ( a )  + (b )  + (c )  + (d )  , w here

(a )  = K /2KE + K /2KGuu vv

(b) = G /EG + E /EG -  G H/2LG -  E H/2NE -  E H/2GL -  G H/2ENuu vv uu  vv vv  uu

(c )  = E / 2 E 2 + G /2 G 2 + LG /2NEG -  HG /NG + NE /2LEG -  HE /LEuu vv vv vv uu  uu
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(d) = Ku (EG)u /NEL + Ky (EG)^/NGL -  GuHu/2EN + G ^ / B L G

2
-2E H /LE -  2G H /LG + H N /2LN -  H L /2L  u u u u  u  u u  u

-3E H /4GL - E H  /2GL -  2G H /NG + H L /2LN -  H N /2 N 2 v v  v v  v v  v v  v v

-L N /NEL + L G /LEG -  2E C- H/LEG + L G /NEG u u  u u  u u  v v

2 2
-L N /NGL + N E /NEG -  2E G H/NEG + E G / E G + E G  /EG . v v  v v  v v  u u  v v

C o n c e r n in g  t h e  te r m s  o f  ( 2 2 ) :  F o r  l i n e  ( a )  we m ake use  o f

( a ' )  K /2KE + K /2KG = i K " 1^ ' k -  f e _1K G /2EG -  &K_1K G /2 G 2 + E / 2 E 2UU VV U U V V u u

w h ic h  f o l l o w s  f ro m  ( 1 1 ) .  Thus t h e  s e c o n d  o r d e r  d e r i v a t i v e s  o f  K

a r e  r e p l a c e d  by  a  B e l t r a m i  p a r a m e t e r  o f  t h e  s e c o n d  ty p e  an d  te r m s

i n v o l v i n g  t h e  p r o d u c t s  o f  p a i r s  o f  f i r s t  o r d e r  d e r i v a t i v e s  w h ic h  w i l l

u l t i m a t e l y  f i t  i n t o  B e l t r a m i  p a r a m e t e r s  o f  th e  f i r s t  t y p e .

A dding  t h e  c o e f f i c i e n t s  o f  t h e  t e r m s  i n  (b) w i t h  r e s p e c t  t o  Guu

and E , upon  m ak ing  u s e  o f  t h e  d e f i n i t i o n s  o f  H and J  , (5 )  and

(15)  we o b s e r v e  t h a t :

(b) = 2 J 2K_ 1 (-G  /2EG -  E /2EG) .■ uu  vv

S in c e  t h e s e  t e r m s  a r e  t h e  s e c o n d  o r d e r  t e r m s  i n  t h e  r i g h t  s i d e  o f

2
th e o r e m  e g re g iu m  (8) m u l t i p l i e d  by 2JL./K , we em p loy , t h e o r e m  e g re g iu m  

t o  c o n c lu d e :

(b) = 2 J 2 -  ( 2 J 2/K ) (G 2/4 G 2E -  E2/ 4 E 2G + E G / 4 E 2G - E G  /4 G 2E) .U V u U V V

Adding  t h e  c o e f f i c i e n t s  o f  t h e  t e r m s  i n  l i n e  (c )  w i t h  r e s p e c t  t o  E^u

and Gyv , and  a g a in  u s i n g  t h e  d e f i n i t i o n  o f  H , ( 5 ) ;  y i e l d s  t h a t

e a c h  c o e f f i c i e n t  i s  z e r o .  So we h a v e :

( c )  = 0 .
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U sin g  t h e s e  f a c t s  (22) becom es:

A"h  = ■jhc- 1 A / K + 2 j 2 + R

w here  R d e n o t e s  a  sum o f  t e r m s  i n v o l v i n g  p r o d u c t s  o f  f i r s t  o r d e r

d e r i v a t i v e s .

S p e c i f i c a l l y ,  we h a v e :

(23) A"h -  f e f V K  -  2 J 2 = ( e )  + ( f )  + (g) + ( h )  + ( i )  + ( j )  + (k )  ,

w here

(e)  = ( - 2 J 2/K )G ^ /4G 2E -  (2  J 2/K )E  J /4 E 2G -  ( 2 J 2/K )E u Gu/4 E 2G -  ( 2 J 2/K )E vGv/4 G 2E

( f )  = H G (-1/2EN + 1/2LG -  2/LG) + H E ( - 2 /L E )  + H N (1/2LN )'  u  u  u  u  u  u

(g) = HuLu ( - l / 2 L 2) + EvHv (l/2 N E  -  1/2LG -  2/NE) + HvLv ( l /2 L N )

(h) = G H (-2 /N G ) + H N ( - 1 /2 N 2) + K E  (-1/4KEG)\  /  y  f * y, y \  / * y

( i )  = K G (1/4K G2) + K G (3/4NL) + K E (5G/4NEL)
V V u  u  u u

(k) = L G /NEG -  L N /NGL + N E /NEG -  2E G K/NEG + E G /E G 2 + K (EG) /NGL
V '  V V V V V V V V V V V V

I n  t h e  r i g h t  s i d e  o f  ( 2 3 ) ,  we s u b s t i t u t e  f o r  and Hv by  d i f ­

f e r e n t i a t i n g  t h e  d e f i n i t i o n  (5 )  o f  H , an d  t h e n  we use  t h e  M a i n a r d i -  

C o d a z z i  e q u a t i o n s  t o  r e p l a c e  e a c h  b y  EvH a n d  e a ch  N^ by  G H .

A dding  t h e  r e s u l t i n g  t e r m s  w i t h  r e s p e c t  t o  l i k e  p r o d u c t s  o f  d e r i v a ­

t i v e s  and  a g a i n  u t i l i z i n g  t h e  d e f i n i t i o n s  o f  H and  J  y i e l d s :

(24) A"h -  I k ^ A ' k -  2 J 2 = OO + (m) ,

w here

(I ) = LuGu ( -J /L E N  -  JH /2L 2N) + EuGu ( J / E 2N + JH/2LEN) + G2 ( 3 J 2/4LNG) +

+L E ( 1 /2 E 2L) + L2 ( - 1 / 4 L 2E) + E2 ( - 1 / 4 E 3) , u  u u  u  ’
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and  (in) i s  a  sum o f  t e r m s  i n v o l v i n g  d e r i v a t i v e s  w i t h  r e s p e c t  t o  v , 

w h ic h  may be. o b t a i n e d  f ro m  (£ )  by a p p l y i n g  t h e  t r a n s f o r m a t i o n  w h ich  

r e p l a c e s  u , G , L , J , H  by  v , N , E , - J , H  r e s p e c t i v e l y .  I n  o r d e r  t o  

e x p l o i t  t h e  s o r t  o f  sym m etry  i n  c o m p u t in g  B e l t r a m i  p a r a m e t e r s  o f  t h e  

f i r s t  k i n d ,  d e f i n e :

V '( t ,< P )  = t  «p / E  , and u '  ’ ^  'u  u  ’

v " ( t ,c p )  = t  cp / L  . 
u 9 u  u

U s in g  (13) f o r  t h e  B e l t r a m i  p a r a m e t e r ,  ( I I , J )  we g e t

v " ( H , J )  = H J  / L  . u  ’ u  u

Upon d i f f e r e n t i a t i n g  (5 )  and (1 5 )  f o r  and , s u b s t i t u t i n g

t h e r e i n  f o r  L and  N v i a  t h e  M a in a r d i - C o d a z z i  e q u a t i o n s  we s e e :  v u

(25) 2V"(H, J ) / J  = L^(1/2E2LJ) + LuEu ( - l / J E 3) + E2 ( L /2 J E 4) + G2 ( - J /2 L G 2) 

S i m i l a r l y  V ^ (K ,J )  = K ^ J^ /E  y i e l d s :

n  f t

(2 6 )  -V / (K , J ) / JK = G L ( -J /L E N ) + G E ( J /E  N) + G ( J/2NEG) +u  ’ u  u  u  u  u

+ L2 ( - 1 / 2 J L E 2 ) + E2 ( - L / 2 J E 4) + E L ( 1 / J E 3) u  u  u  u

and  v"(K ,H ) = K H /L  y i e l d s :u  * u  u  J

(27 )  -V " (K ,H )/2 K  = G2 ( - J 2/4LNG) + GuEu (J /4 N E 2 + J/4LEG) + L2 ( - 1 / 4 L 2E)

+GuLu (-J /4 L E N  -  J / 4 L 2G) + E2 ( - | ) e “^)/ + LuEu C l/2 E 2 ) . .

A dd ing  t h e  r e s p e c t i v e  s i d e s  o f  ( 2 5 ) ,  ( 2 6 ) ,  and  (27) we g e t ,  u s i n g  

t h e  d e f i n i t i o n s  o f  J  and  H :

2 V " ( H , J ) / J  -  V ^ ( K ,J ) /K J  -  V *(K ,H )/2K  = (£ )  .
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The i d e n t i t y  (* )  now f o l l o w s  f ro m  (2 4 )  s i n c e

-  V .( f ,g )  = 7u ( f , g )  + Vv ( f , g )  .

The p r o o f  o f  t h e  i d e n t i t y  (* )  g i v e n  i n  t h i s  s e c t i o n  i s  f o r

ks u r f a c e s  o f  c l a s s  C w i t h  k  ^  6 . I n  a p p l i c a t i o n s  o f  r e s u l t s  o f

t h i s  t y p e  i t  i s  d e s i r a b l e  t o  r e d u c e  t h e  s m o o th n e s s  r e q u i r e m e n t s  a s

much a s  p o s s i b l e .  S i n c e  t h e  v a r i o u s  t e r m s  i n  t h e  i d e n t i t y  a r e  a l l

km e a n in g f u l  f o r  s u r f a c e s  o f  c l a s s  C w i t h  k ^  4 , we now i n v e s t i -

4
g a t e  (*) f o r  C s u r f a c e s .  P r e v i o u s l y ,  we i n c r e a s e d  k  t o  6 i n

o r d e r  t o  u s e  " l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s . "  A c t u a l l y  t h e  i d e n t i t y

4
h o l d s  f o r  k  ^  4 . One way t o  s e e  t h i s  i s  t o  n o t e  t h a t  g i v e n  any C

s u r f a c e ,  c o r r e s p o n d i n g  t o  e a c h  p o i n t  t h e r e  e x i s t s  a  C00 s u r f a c e

h a v i n g  t h e  same v a l u e s  f o r  a l l  o f  t h e  q u a n t i t i e s  a p p e a r i n g  i n  (*)

a t  t h e  s p e c i f i e d  p o i n t .  To o b t a i n  a C00 s u r f a c e  we u s e  t h e  map

X (u ,v )  e a c h  o f  w hose co m p o n e n ts  i s  t h e  f i r s t  5 t e r m s  o f  t h e  two

4d i m e n s io n a l  T a y l o r  s e r i e s  e x p a n s i o n  o f  t h e  o r i g i n a l  C s u r f a c e  w i t h

3
r e s p e c t  t o  t h e  p o i n t  o f  i n t e r e s t .  F u r th e r m o r e  we c a n  o b t a i n  a C 

i d e n t i t y  by i n t e g r a t i n g  (*) a s  f o l l o w s :

F i r s t  a r r a n g e  t h e  t e r m s  o f  (* )  s o  t h a t  a l l  t h e  B e l t r a m i  

o p e r a t o r s  w i t h  r e s p e c t  t o  t h e  f i r s t  f u n d a m e n ta l  fo rm  a r e  on  t h e  r i g h t  

s i d e  o f  t h e  i d e n t i t y ,  and  t h o s e  w i t h  r e s p e c t  t o  t h e  s e c o n d  f u n d a ­

m e n ta l  fo rm  a p p e a r  on t h e  l e f t  s i d e .  S i n c e  V ( x , y ) / y  = V (x ,  l o g  y) 

we h a v e :

A*H + V " (H ,-2  l o g  J )  + V" (H, ( i b l o g  K) = + v ' ( K , l o g ( l / J 2) )  + 2 J 2 ,

o r

(28 )  A"h + v"(H, l o g ( / K / J 2) )  = •gK_1(A /K + V '(K ,  l o g ( l / J 2) )  + 2 J 2 .
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2 2
B e c a u s e  x g r a d ( l o g  x) = g r a d  x ,  ( / k / J  and  1 / J  a r e  i n t e g r a t i n g  

f a c t o r s  f o r  t h e  l e f t  and  r i g h t  h a n d  s i d e  o f  (2 8 )  r e s p e c t i v e l y .  Then 

m u l t i p l y i n g  b o t h  s i d e s  o f  (2 8 )  by / k / J 2 g i v e s :

(29)  d i v I ] . ( ( / K / J 2 ) ( g r a d I I H)) = ( l / ^ d i V j  ( ( l / J ^ g r a d j K )  + V k - .

Now m u l t i p l y  (29 )  by  / k  an d  i n t e g r a t i n g  w i t h  r e s p e c t  t o  s u r f a c e  

a r e a  g iv e 's : '

d i vn ( ( / k /< J 2) g r a d j  j H) dcr^ = ( ^ ) J  d iV j ( ( l / J 2 ) g r a d J.K) d ^  + J  2Kdo'1

w here  d a  = / k d a  . A p p ly in g  G r e e n ' s  th e o r e m  we g e t :  a  JL

(30)  (i ( / K / J 2 ) g r a d i ;[H^m2 d s 2 = ( l / J 2 ) g r a d I KI\ [ni1 d s 1 + 2J  Kda]L

w h e r e '  m a n d  m„ a r e  t h e  o u tw a r d  u n i t  n o r m a ls  w i t h  r e s p e c t  t o  I  1 2
3

and I I  , r e s p e c t i v e l y .  To s e e  t h a t  t h i s  i d e n t i t y  i s  v a l i d  on C

4s u r f a c e s ,  a s  w e l l  a s  on  C s u r f a c e s ,  w h ic h  we h a v e  j u s t  p r o v e n ,  we
3

n o t e  t h a t  f o r  any C s u r f a c e  X ( u ,v )  on a  c o m p a c t  n e ig h b o r h o o d  o f

t h e  o r i g i n ,  c o r r e s p o n d i n g  t o  e a c h  e t h e r e  e x i s t s  a C00 f u n c t i o n  

X * (u ,v )  s u c h  t h a t  || X* -  x || <  e and t h e  a n a l a g o u s  r e l a t i o n s h i p s  

b e tw e e n  c o r r e s p o n d i n g  d e r i v a t i v e s  up t o  t h e  t h i r d  o r d e r  h o l d .  Then 

X* and  i t s  d e r i v a t i v e s  up t o  t h i r d  o r d e r  u n i f o r m l y  a p p ro x im a te  X 

and  i t s  d e r i v a t i v e s  up t o  t h i r d  o r d e r ,  r e s p e c t i v e l y .  S i n c e  (30)  h o l d s  

f o r  e a c h  X* t a k i n g  l i m i t s  a s  e a p p r o a c h e s  z e r o  shows u s  t h a t  t h e  

i d e n t i t y  (30 )  h o l d s  on  X ( u ,v )  .
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5.  The s i t u a t i o n  f o r  u m b i l i c s  and p o i n t s  a t  w h ic h  K <  0

T hus  f a r  we h a v e  a ssum ed  f o r  (* )  t h a t  K >  0 on  S . W in tn e r

p o i n t s  o u t  f ro m  t h e  n a t u r e  o f  t h e  c o m p u t a t i o n s  w h ic h  Weyl d e s c r i b e d

t h a t  " W e y l 's  I d e n t i t y "  h o l d s  f o r  K <  0 a s  w e l l .  T h i s  r e m a rk  i s

a p p l i c a b l e  t o  t h e  c o m p u t a t i o n s  i n  t h e  d e r i v a t i o n  o f  (* )  . A l th o u g h  
i  £

( d e t  I I )  = (LN) i s  i m a g in a r y  i n  t h i s  c a s e ,

A^H = (LN) ^ ( 9 / 3 u a ( (L N ) sLa ^B H /du^))  i s  r e a l  and  g i v e n  by t h e  r i g h t  

h a n d  s i d e  o f  ( 1 0 ) .  T hus  a t  t h e  v e r y  b e g i n n i n g  o f  o u r  c o m p u t a t i o n s  we 

h a v e  p r e c i s e l y  t h e  a l g e b r a i c  s i t u a t i o n  w h ic h  e x i s t s  i f  d e t  I I  >  0 , 

and  t h e  same c o m p u t a t i o n  c a n  be made.

We now t r y  t o  f i n d  a  r e l a t i o n s h i p  on  s u r f a c e s  w i t h  e i t h e r  K >  0 

o r  K <  0 w h ic h  r e d u c e s  t o  (* )  a t  n o n - u m b i l i c  p o i n t s  and  i s  m ean­

i n g f u l  a t  u m b i l i c s  a s  w e l l .  I f  we m u l t i p l y  b o t h  s i d e s  o f  (* )  by J  

and  t r y  t o  t a k e  l i m i t s ,  t h e  c h a r a c t e r  o f  J  becom es i n v o l v e d ,  and

c o n t r a r y  t o  W i n t n e r ’ s  c l a i m ,  J  i s  n o t  i n  g e n e r a l  . ( T h i s  w i l l

be shown by a  c o u n te r e x a m p le  i n  S e c t i o n  1 0 ) .  I n  r e f e r r i n g  t o  " W e y l1s

i d e n t i t y "  h o w e v e r ,  W in tn e r  p o i n t s  t h e  way t o  a v o i d i n g  t h i s  m a t t e r  by

2
r e w r i t i n g  B e l t r a m i  p a r a m e t e r s  i n v o l v i n g  J  by o n e s  i n v o l v i n g  J  ,

1 2 2w h ic h  o f  c o u r s e  i s  C a s  J  = H -  K . Below we a p p ly  a s i m i l a r

a rg u m e n t  t o  (* )  .

R e p l a c i n g  S j / B u i  by  'jfj.  * B (J 2) / 9 u *  i n  t h e  e x p r e s s i o n s  f o r

V/ ( J ,K )  and  V//( J ,H )  , we g e t

(31)  V ' ( J ,K )  = S J ~ V ( J 2 ,K)

V " (J ,H )  .
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S u b s t i t u t i n g  t h e s e  e x p r e s s i o n s  i n t o  t h e  r i g h t  h a n d  s i d e  o f  (*) 

y i e l d s :

A"h  -  &k “ V ' k -  2 J 2 = V " ( J 2 , H ) / J 2 -  V7( J 2 ,K ) /2 K J 2 -  V "(K ,H )/2K  .

2 2On r e p l a c i n g  J  by H -  K and  u s i n g  t h e  i d e n t i t i e s :

V"(H,H2 -  K) = 2HV"H -  V"(H,K)

V '(K ,H 2 -  K) = 2HV/ (K,H) -  V '(K )

we o b t a i n :

<**) (H2 -  K )(A "h  -  j jpc^A 'K ) = 2(.H2 -  K )2 + '2HV"h -  v " ( H , K )  +

-HV 7 (K, H )/K  + V '( K ) /2 K  +

- (H 2 -  K) V7- (K ,H )/2K  „

We w i l l  now show t h a t  (** )  , w h ic h  i s  e q u i v a l e n t  t o  (* )  when J  =}= 0 , 

i s  v a l i d  a t  u m b i l i c  p o i n t s  a l s o .  C o n s i d e r  t h e  two p o s s i b l e  c a s e s  a t  

an u m b i l i c  p o i n t ,  P  :

(a )  P h a s  a n e ig h b o r h o o d  i n  w h ic h  e a c h  p o i n t  i s  an u m b i l i c  p o i n t ;

(b) t h e r e  e x i s t s  a s e q u e n c e  o f  n o n - u m b i l i c  p o i n t s  c o n v e r g i n g  t o  P .

I n  c a s e  ( a )  i t  i s  w e l l - k n o w n  t h a t  t h e  n e ig h b o r h o o d  i s  p a r t  o f  a 

2
s p h e r e .  H -  K = 0 , and  H and  K a r e  c o n s t a n t  so  t h e  B e l t r a m i

o p e r a t o r s  i n v o l v i n g  them  v a n i s h .  A c c o r d i n g l y  i n  t h i s  c a s e  (* * )  i s

2 1 
t r i v i a l l y  m e a n i n g f u l .  I n  c a s e  (b) s i n c e  J  , H and  K a r e  a l l  C ,

we t a k e  t h e  l i m i t  o f  b o t h  s i d e s  o f  (**) a lo n g  a  s e q u e n c e  o f  n o n -

u m b i l i c s  c o n v e r g i n g  t o  P . The e q u a l i t y  i s  t h e n  c a r r i e d  o v e r  t o  t h e

l i m i t .  T h u s  (* * )  i s  v a l i d  a t  u m b i l i c s .
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A l th o u g h  (**) h a s  an  i n t e g r a t i n g  f a c t o r ,  t h i s  f a c t o r  c o n t a i n s  

a  pow er  o f  J  i n  t h e  d e n o m i n a to r ,  t h u s  i n t e g r a t i n g  (** )  w i l l  n o t  

g e n e r a l i z e  ( 3 0 ) .
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£ .  Some a p p l i c a t i o n s  o f  (* )  and  (**)

A t t h e  e n d  o f  h i s  p a p e r ,  Weyl c o n c lu d e s  f ro m  t h e  i n v a l i d  "Weyl 

i d e n t i t y , "  t h e  i n e q u a l i t y :  ' ' -

(3 2 )  H2 ( u , v) £  max (K -  A 7(K)/4K )
S

f o r  s u r f a c e s '  S , w h ic h  a r e  com pac t  and on  w h ic h  t h e  G a u s s i a n  c u r v a ­

t u r e  i s  p o s i t i v e .  T h i s  i n e q u a l i t y  i s  v a l i d  and  w i l l  b e  d e r i v e d  f ro m  

(* )  b e lo w .

As K >  0 , t h e  p r i n c i p a l  c u r v a t u r e s ,  and  kg a r e  o f  t h e

same s i g n .  We now c h o o s e  o u r  u n i t  n o r m a l s  so  t h a t  b o t h  k^ and  kg 

a r e  p o s i t i v e .  Then H >  0 on S . L e t  PQ be t h e  p o i n t  on S a t  

w h ic h  H a t t a i n s  i t s  maximum.

C ase  ( a )  P^  i s  n o t  an  u m b i l i c  p o i n t .  L e t  t h e  c o o r d i n a t e s  o f  P q

i n  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s  be ( u 0 ,v Q) . As H ( u ,v )  i s  a

maximum a t  ( u „ , v „ ) , H = 0 and  H a a ^  0 a t  P_ . Then  f ro m  0 ’ 0 ’ u i  u-'-u1 0

(13)  and  ( 1 4 ) ,  V^OHjJ) an d  V//(K,H) v a n i s h  a t  P Q . From ( 1 0 ) ,

A^H = (H /L  + H /N ) ^  0 a s  L and  N a r e  p o s i t i v e  due t o  t h e  uu  vv

o r i e n t a t i o n  m e n t io n e d  a b o v e .  Then  a t  ( uq >vq)> becom es :

A"h  -  A '( K ) /2 K  = 2(H2 -  K) + 7 ' ( K ) /2 K ( H 2 -  K)

2
and s i n c e  V^K ^  0 ,  H -  K >  0 ,  A^H ^  0 a t  P^ , t h i s  i m p l i e s  ( 3 0 ) .  

C ase  (b )  P^ i s  an u m b i l i c .  I f  W e y l ' s  i n e q u a l i t y  d o e s  n o t  h o l d

we h a v e :

h2 ( V v0> > max(K -  A/K/4K) ^ K ( u 0 ,v Q) -  (A 7K) (u Q ,v Q) /  4K (uQ , vQ) .
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2
S i n c e  X (u0 ,v Q) = PQ i s  an u m b i l i c ,  H (u 0 ,v Q) = K(u0 , v Q) a n d  we 

h a v e  0 < A / (K )/4K  a t  PQ . B u t  t h i s  c o n t r a d i c t s  t h e  g e n e r a l l y  t r u e  

f a c t  t h a t  i f  H ( u ,v )  a s su m es  i t s  m axim al v a l u e  a t  an u m b i l i c ,  K 

a l s o  a ssum es  i t s  m axim al v a l u e  t h e r e ,  f o r :

K ( u ,v )  ^  H2 ( u , v) ^ H 2 ( u0 , vq ) = K ( u0 , vq) .

A n o th e r  a p p l i c a t i o n  o f  (* )  i s  T heorem  6 o f  C h e r n ’ s  p a p e r  [ 3 ] :  

"A t a  n o n - u m b i l i c a l  p o i n t  o f  a  c o n v e x  s u r f a c e  i t  n e v e r  

o c c u r s  t h a t  t h e  mean c u r v a t u r e  h a s  a r e l a t i v e  maximum and 

t h e  G a u s s i a n  c u r v a t u r e  h a s  a t  t h e  same t im e  a r e l a t i v e  

m in im um ."

To s e e  t h i s  n o t e  t h a t  u n d e r  t h e  h y p o t h e s i s  f i r s t  o r d e r  d e r i v a t i v e s

o f  H an d  K v a n i s h ,  c a u s i n g  (* )  t o  become:

A"h -  fec_1A fK -  2 J 2 = 0 .

F u r t h e r m o r e , i n  t h i s  c a s e  we m ust  h a v e  A^H ^  0 ,  A ^  s  0 and K ^  0 ,

2
s o  t h e  above  e q u a t i o n  i m p l i e s  J  ^  0 . T hus  J  = 0 , w h ich  c o n t r a ­

d i c t s  o u r  h y p o t h e s i s .
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7. A s i m i l a r  i d e n t i t y  and  M i r a n d a 1s i n e q u a l i t y

a. I n  S e c t i o n  6 o f  h i s  p a p e r  W in tn e r  l e t s  t h e  t h i r d  f u n d a m e n ta l  fo rm , 

p l a y  t h e  r o l e  o f  t h e  f i r s t  f u n d a m e n ta l  fo rm  i n  W e y l 's  s u g g e s t e d  p r o o f  

o f  t h e  "Weyl i d e n t i t y "  t o  d e d u c e  a s e c o n d  i n v a l i d  i d e n t i t y .  I f ,  how­

e v e r ,  we l e t  t h e  t h i r d  f u n d a m e n ta l  fo rm  p l a y  t h e  r o l e  o f  t h e  f i r s t  i n  

t h e  p r o o f  o f  t h e  i d e n t i t y  (* )  , we do g e t  a n o t h e r  i d e n t i t y .  F o l lo w ­

i n g  W in tn e r  we s h a l l  t h e n  u s e  t h i s  i d e n t i t y  t o  d e r i v e  M i r a n d a ' s  

i n e q u a l i t y ,  w h ic h  p l a y s  a r o l e  i n  t h e  s o l u t i o n  o f  M in k o w s k i 's  p r o b le m ,  

a n a la g o u s  t o  t h a t  o f  t h e  Weyl i n e q u a l i t y  i n  t h e  Weyl p r o b le m .

We s t i l l  u s e  " l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s "  on  S , so

g l l  = E ’ g22 = G’ gl 2  = S21 = 0 ’ ^ 1 1  = L ' ^ 2 2  = N’ ^ 1 2  = ^ 2 1  =  °

w here  L = k  E and N = k QG . T hen  t h e  t h i r d  f u n d a m e n ta l  fo rm  
1 ^

(w hose  i j t h  e n t r y  i s  Y. . = N . - N . )  i s  s e e n  t o  h a v e  e n t r i e s ,
i j  x  j  .

2
Y u  = P ,  Y22 = R, Y12 = Y21 = 0 . F u r t h e r m o r e ,  P = (k ^ )  E and  

2
R = (k g )  G . T h i s  f o l l o w s  im m e d i a t e l y  f ro m  t h e  R o d r i g u e s  f o r m u l a s ,

N = - k .X  an d  N_ = -k_X0 when t h e  p a r a m e t r i c  c u r v e s  a r e  t h e  l i n e s
X A. 1 £  £*

o f  c u r v a t u r e .

N o t i c e  t h a t  I I I  r e l a t e s  t o  I I  s i m i l a r l y  t o  t h e  way i n  w h ich  

I  r e l a t e s  t o  I I  , t h a t  i s :

L = ( k x)E  = ( 1 / k ^ P

N = ( k 2)G = ( l / k 2)G .

W ith  t h e  aim o f  a d a p t i n g  o u r  p r o o f  o f  t h e  i d e n t i t y  * , we d e f i n e  

q u a n t i t i e s  K* and H* i n  t e r m s  o f  I I I  and  I I  a n a l a g o u s l y  t o  

t h e  way i n  w h ic h  K and  H may be d e f i n e d  f rom  I  and  I I  .



(33 )  K* = D e t  I I / D e t  I  = 1 /K  = LN/PR

(34)  H* = ( 4 ) t r a c e  ( I I - I I I - 1 ) = ( to  ( 1 / ^  + l / k g )  = H/K = 4 ( L /P  + N/G)

Thus i f  i n  t h e  d e f i n i t i o n  o f  K and  H we r e p l a c e  E by P and  G

by R , we a r r i v e  a t  t h e  f o r m u l a s  d e f i n i n g  K* and  H* . W e in g a r t e n

shows i n  [ 6 ,  p p .  2 5 2 -2 6 1 ]  t h a t  t h e  M a i n a r d i - C o d a z z i  e q u a t i o n s  r e m a in  

u n c h a n g e d  ( w i t h  t h e  u n d e r s t a n d i n g  t h a t  t h e  C h r i s t o f f e l  sy m b o ls  w h ic h  

o r i g i n a l l y  r e f e r  t o  I  now r e f e r  t o  I I I )  i f  I  i s  r e p l a c e d  by I I I  . 

T h i s  f a c t  may be  s e e n  d i r e c t l y ,  u s i n g  " l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s "  

a s  f o l l o w s :

2
D i f f e r e n t i a t i n g  t h e  r e l a t i o n  P = (k ^ )  E w i t h  r e s p e c t  t o  v

2
g i v e s  ( a )  : P = 2k , ( k , ) . E ( k , ) E . B u t i f  i n  t h e  M a i n a r d i -  13 v 1 1 v 1 v

C o d a z z i  e q u a t i o n  (b )  : = EvE , L i s  r e p l a c e d  by k^E , we g e t

t h e  e q u i v a l e n t  r e l a t i o n  ( b ' )  : E^ = - ( E / J )  (k ^ )  ^ . S u b s t i t u t i n g  

t h i s  e x p r e s s i o n  f o r  i n t o  ( a )  g i v e s

(c )  : P y = ( ( k 1 ) vE H / J ) ( ( 2 k 1 J  -  ( k x ) 2) /H )

From (b )  and  ( b 1) we s e e  t h a t  = ~ ( E / J ) ( k ^ ) vH so  ( c )  may be 

r e w r i t t e n :

P = L ( ( k , ) 2 -  2k ,  J ) / H  = L K/H = L /H *  .
V V 1  1  V V

(3 5 )  L = P H*
V V

and s i m i l a r l y  we o b t a i n  t h e  a n a lo g u e  o f  = G^H .

(36 )  N = R K* .u  u

N o t i c e  t h a t  t h e  e q u a t i o n s  ( 3 3 ) - ( 3 6 )  a r e  g o t t e n  f ro m  e q u a t i o n s  ( 3 ) - ( 5 )  

upon  r e p l a c i n g :
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: E by p

G by R /

K by K*

H by H*

I n  o u r  p r o o f  o f  (*) i n  S e c t i o n  5 ,  t h e  e q u a t i o n s  ( 3 ) ,  ( 4 ) ,  and  (5)

a r e  f o r m a l l y  m a n i p u l a t e d  t o  g i v e  t h e  e x p r e s s i o n  (22 )  f o r  A^H . So

upon  m ak ing  t h e  above  s u b s t i t u t i o n  (A) , we g e t  a  s i m i l a r  e x p r e s s i o n  

f o r  A"h * . C o n c e r n in g  l i n e  ( a ' )  w h ic h  f o l l o w s  ( 2 2 ) ,  A ' k becom es 

A*K* , w here  A* i s  t h e  s e c o n d  B e l t r a m i  p a r a m e t e r  w i t h  r e s p e c t  t o  

t h e  t h i r d  f u n d a m e n ta l  fo rm . N o te  t h a t  u n d e r  o u r  t r a n s f o r m a t i o n ,  J  

i s  r e p l a c e d  by ( tb  (L /P  -  N/R) w h ic h  we c a l l  - J *  . F o r  l a t e r  u s e  

o b s e r v e  J*  = J /K  . Then  u n d e r  t h e  t r a n s f o r m a t i o n  (A) l i n e  (c )  

i n  t h e  r i g h t  h a n d  s i d e  o f  (22 )  b eco m es :

(C*) = ( 2 ( J * ) 2/ K ) ( - R  /2PR  -  P /2 P R  + R2/4 R 2p  + p 2/ 4 P 2R + R P / 4 P 2R + R P /4 Rv u u  vv u  v u  u  v v

w here  t h e  s e c o n d  b r a c k e t e d  q u a n t i t y  i s  t h e  r i g h t  h a n d  s i d e  o f  t h e o r e m

e g r e g iu m  a p p l i e d  t o  a  s u r f a c e  w hose f i r s t  f u n d a m e n ta l  fo rm  i s  I I I  .

S in c e  t h i s  s u r f a c e  i s  i s o m e t r i c  t o  p a r t  o f  a u n i t  s p h e r e ,  t h e  r e f e r r e d

t o  b r a c k e t e d  q u a n t i t y  m ust  be  e q u a l  t o  o n e .  T h u s  u n l i k e  t h e  p r o o f  o f

(* )  , l i n e  (c * )  = 2 J* /K *  . The r e s t  o f  t h e  e x p r e s s i o n  f o r  A^K* i s

a n a l a g o u s  t o  ( 2 2 ) ,  a n d ,  a s  no f u r t h e r  r e l a t i o n s  a r e  i n t r o d u c e d  i n t o

t h e  p r o o f  o f  (*) , i t  i s  c l e a r  t h a t

(37)  A"h * -  (1/2K*)A*K* -  2 J * 2/K *  = 2V" (H*, J * ) / J *  -  V*(K*, J * ) / K * J * V  (K*,Efl

2 2N o t i n g  t h a t  ( J * )  = (H*) -  K* , t h e  same r e a s o n i n g  t h a t  p e r m i t t e d

u s  t o  e x t e n d  (* )  t o  (**)  y i e l d s :
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(38)  ( ( H * ) 2 -  K *)(A "h * -  A*K*/2K* -  2 ( ( H * ) 2 -  K *)/K *)  =

= V "(H *,H *2 -  K*) -  V*(K*, (H *)2 -K * ) /2 K *  -  ( ( H * ) 2 -  K * )v " (K * ,H * ) /2 K *

w h ic h  i s  v a l i d  f o r  s u r f a c e s  on w h ic h  K >  0 o r  K <  0 and  a t  u m b i l i c  

p o i n t s  a s  w e l l  a s  n o n - u m b i l i c s .

M i r a n d a ' s  i n e q u a l i t y  p l a y s  a  r o l e  i n  t h e  s o l u t i o n  o f  t h e  

M inkow ski p r o b le m ,  a n a l a g o u s  t o  t h a t  o f  W e y l ' s  i n e q u a l i t y  i n  t h e  

s o l u t i o n  o f  t h e  Weyl p r o b le m .  F o r  m ore i n f o r m a t i o n  on t h i s  m a t t e r ,  

t h e  r e a d e r  i s  a g a i n  r e f e r r e d  t o  t h e  book  [ 2 ]  by  Busem an. As an 

a p p l i c a t i o n  o f  (38)  we c a n  d e r i v e  M i r a n d a ' s  i n e q u a l i t y  w i t h o u t  e x c l u d ­

i n g  u m b i l i c s .  T h i s  w i l l  v e r y  c l o s e l y  r e s e m b l e  t h e  d e r i v a t i o n  o f  

W e y l ' s  i n e q u a l i t y  f ro m  (* * )  .

L e t  ( u * ,v * )  be t h e  p o i n t  a t  w h ie  s. H* t a k e s  on i t s  m axim al 

v a l u e .  As b e f o r e  o n l y  t h o s e  c o o r d i n a t e  p a t c h e s  on  w h ic h  H >  0 a r e  

a d m i t t e d .  T hen  H* i s  a  maximum a t  >!u o>vrP i m p l i e s  A^H* ^  0 an d\J U

V "(H * , - )  = 0 t h e r e .  So a t  ( u * ,v * )  (3 8 )  b eco m es :

( (H * )2 -  K*) (-A*K*/2K* -  2 ( ( H * ) 2 -  K *)/K *)  = V*K*/2K* .

As I<* = 1 /K  >  0 , t h e  r i g h t  h a n d  s i d e  o f  t h e  p r e c e d i n g  e q u a t i o n  i s  

n o n - n e g a t i v e .

( a )  (u o>vo^ iS  n o t  an Then  (H * )2 -  K* = ( 1 /R 2) (H2 -  K) > 0 ,

so  -A*K*/2K* -• 2 ( ( H * ) 2 -  K *)/K *  ^  0 and  t h u s

(39)  (H * )2 ^  m a x ( -A * (K * ) /4  + K*)s
2 2 —1

w h ic h  g i v e s  M i r a n d a ' s  i n e q u a l i t y ,  H ^  max(K -  (K /2 )  A*(K ) )  ons
r e p l a c i n g  H* by  H/K and  K* by 1 /K  .
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(b )  I f  (u o>vo^ i s  3X1 we assum e (3 9 )  d o e s  n o t  h o l d  and

a r r i v e  a t  a c o n t r a d i c t i o n  p r e c i s e l y  a s  i n  t h e  c o r r e s p o n d i n g  p a r t  o f  

t h e  p r o o f  o f  W e y l ' s  i n e q u a l i t y .

The m e th o d  u s e d  a t  t h e  e n d  o f  S e c t i o n  5 t o  g e t  an i n t e g r a t e d  

fo rm  o f  t h e  i d e n t i t y  (* )  a l s o  y i e l d s  an  i n t e g r a t e d  fo rm  o f  ( 3 7 ) .

F i r s t  i n t e g r a t i n g  f a c t o r s  a r e  f o u n d  w h i£ h  p e r m i t  u s  t o  r e w r i t e  (37 )  

a s  /K *  d i v n ( ( / K * / 2 j * 2 ) g r a d TIH*) = 1 + d i v m ( ( l / 4 J * 2 ) g r a d X IIX*) 

w h ic h  upon  i n t e g r a t i o n  y i e l d s :

d i v I I ( ( / K * / 2 J * 2 ) g r a d ] [ I H * ) d C T 2  =  J  d c ^  +  J  d i v I I I ( ( l / 4 J * 2 ) g r a d I I I K * ) d c r 2

s i n c e  dcr^ = /k * d O g  = a r e a  e l e m e n t  w i t h  r e s p e c t  t o  I I  . Then on 

a p p l y i n g  G r e e n ' s  t h e o r e m ,  we o b t a i n

’ 2 r r 2
(j) (v /k * /2 J*  ) g r a d  H ^ m g d S g  = J d a g + (j) ( 1 / 4 J *  ) g r a d I I I K*I j.].m3 d s 3 .
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8.  A d d i t i o n a l  a p p l i c a t i o n s  o f  (* )

We now u s e  t h e  i d e n t i t y ,  (* )  t o  d e r i v e  n e c e s s a r y  c o n d i t i o n s  

f o r  t h e  e x i s t e n c e  o f  s u r f a c e s  w i t h  c o n s t a n t  mean c u r v a t u r e ,  an d  f o r  

s u r f a c e s  o f  c o n s t a n t  G a u s s i a n  c u r v a t u r e .

F i r s t  l e t  H ( u ,v )  = c  on  S . T hen  (** )  becom es

(4 0 )  A ' ( K ) / ( c2 -  K )+  V ' ( K ) / ( c2 -  X )2 = “ 4K .

/  2W in t n e r  r e m a r k s  t h a t  t h i s  i s  e q u i v a l e n t  t o  A ( l o g ( c  -  K)) = 4K

w h ic h  i s  e a s i l y  s e e n  upon  w r i t i n g  t h e  l e f t  h a n d  s i d e  a s  
2

d i v  g r a d  l o g ( c  -  K) . T h i s  f o r m u l a  w as fo u n d  by  R a f f y ,  R i c i ,  and  

S a n n so n e  t o  be  s u f f i c i e n t  a s  w e l l  a s  n e c e s s a r y  f o r  S t o  be o f  

c o n s t a n t  m ean c u r v a t u r e .

Now we l e t  K = c  on S . Then  (**) r e d u c e s  t o :

(4 1 )  ( t b ( H 2 -  c)A "h -  HV"H -  (H2 -  c ) 2 = 0 , o r

d i  VI I  ( g r  a d i  j  (H) / (r f2 -  c)) = 2 .

T h i s  e x p r e s s i o n  i s  n o t  e q u i v a l e n t  t o  W in tn e r * s  f o r m u l a  2 5 ,  w h ic h  i s  

n o t  c o r r e c t  due t o  t h e  f a c t  t h a t  W in tn e r  e m p lo y e d  W e y l*s  i d e n t i t y ,  

r a t h e r  t h a n  i t s  c o r r e c t e d  fo rm  (* )  .
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9 . S m o o th n e ss  o f  J

I n  S e c t i o n  2 o f  h i s  p a p e r ,  W in tn e r  c l a i m s  t h a t  J ( u , v )  i s  o f  

c l a s s  Cn  2 w h e n e v e r  S : X = X ( u ,v )  i s  Cn  f o r  n  >  1 . I n  

S e c t i o n  9 ,  W in tn e r  a t t e m p t s  t o  p r o v e  t h i s  s t a t e m e n t ,  b u t  t h e  p r o o f  i s  

n o t  v a l i d  b e c a u s e  t h e  f u n c t i o n s  h e  r e f e r s  t o  a s  " a "  and  "b "  c a n ­

n o t  be d e f i n e d  i n  g e n e r a l  t o  be c o n t i n u o u s .  I n  t h i s  s e c t i o n  we 

p r e s e n t  a  c o u n te r e x a m p le  t o  t h i s  s t a t e m e n t ,  sh o w in g  i n  f a c t  t h a t  t h e r e  

e x i s t  C00 s u r f a c e s  w i t h  K >  0 on w h ic h  J  i s  n o t  e v e ry w h e r e  C4 . 

B e f o r e  d o in g  s o ,  h o w e v e r ,  i t  s h o u l d  be  m e n t io n e d  t h a t  W in tn e r  shows 

how t o  a v o id  u s i n g  ( J ) ' s  C4 c h a r a c t e r  by d e v i s i n g  t h e  m e th o d  we 

e m p lo y e d  i n  S e c t i o n  6 t o  g e t  (* * )  . The c o u n te r e x a m p le  i s  t h e  

s u r f  ace

X ( x ,y )  = ( l / ( x 2 + (y  + l ) 2 + x 2y4 ) ) ( x , y  + l , x y 2 ) .

T h i s  s u r f a c e  i s  t h e  i n v e r s i o n  i n  t h e  u n i t  s p h e r e  o f  t h e  s u r f a c e

2 1 
X ( x ,y )  = ( x , y  + l , x y  ) . F i r s t  we s h a l l  show t h a t  J  i s  n o t  C a t

2
X ( 0 ,0 )  on X ( x ,y )  = ( x , y  + l , x y  ) . The G a u s s i a n  c u r v a t u r e  a t  

X ( 0 ,0 )  o f  t h i s  s u r f a c e  i s  0 . H ow ever ,  i n v e r s i o n  i n  t h e  u n i t  s p h e r e

w i l l  g i v e  a s u r f a c e  X7 su c h  t h a t  J 7 i s  n o t  C4 a t  X7( 0 , 0 )  and

K 7 >  0 t h e r e .

2
The f i r s t  f u n d a m e n ta l  fo rm  f o r  X(x,y.) = ( x , y  + l , x y  ) h a s

4 2 2 3
e n t r i e s :  = 1 + y , g22 = 1 + 4x  y , g l 2  = g21 = 2xy . a n d  i t s

4 2 2d e t e r m i n a n t ,  g  = 1 + y + 4 x y  . The s e c o n d  f u n d a m e n ta l  fo rm  h a s  

e n t r i e s :

*11 =  ° ’ ^12 =  ^21 =  2 y / / g ’ ^22 =  2 x / / "g  •
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i 4  3 / 2
The mean c u r v a t u r e  H = % t r a c e  I  ‘‘' • I I  = (x  -  3xy  ) / g  . The

2 6 2 4 3
G a u s s i a n  c u r v a t u r e  K = D e t ( I I ) / D e t ( I )  = ( - 4 y  -  4y -  16x  y ) / g

So J  = (H2 -  K )^  = ( 1 / g 3^ 2) ( x 2 + 4 y 2 + (9 x 2y 8 + 4y6 + 1 0 x 2y4 ) ) ^  . '

As l / g 3//2 i s  C"*’ , t h a t  J  i s  n o t  C4 f o l l o w s  f rom  t h a t  f a c t  t h a t

,  2 2 ,  2 8 . 6 i n  2 4 , i  . * «1 *(x  + 4y  + (9 x  y + 4 y  + lO x  y ) )  i s  n o t  C a t  t h e  o r i g i n .

T h i s  may q u i c k l y  be c h e c k e d  by  n o t i n g  t h a t

( d / d x ) ( x 2 + 4 y 2 + ( 9 x 2y 8 + 4y6 + 1 0 x 2y 4) ) ^  =

= x ( 2  + 1 8 y 8 + 20y4 ) / 2 ( x 2 + 4 y 2 + ( 9 x 2y 8 + 4 y 6 + 1 0 x 2y 2) ) ^

h a s  a  l i m i t  o f  z e r o  i f  t h e  o r i g i n  i s  a p p r o a c h e d  a lo n g  t h e  y - a x i s  and

a l i m i t  o f  + 1  i f  i t  i s  a p p r o a c h e d  a l o n g  t h e  x - a x i s .  I n  Volume 1

o f  h i s  " D i f f e r e n t i a l  G eom etry  o f  T h re e  D i m e n s i o n s , "  [ 4 ]

C. E . W e a th e rb u r n  c o m p u te s  t h e  r e l a t i o n  o f  J / t o  J  and  K t o  

K , f o r  an. i n v e r s i o n .  T h e s e  r e s u l t s  show t h a t  f o r  an  i n v e r s i o n  i n  

t h e  u n i t  s p h e r e :

( a )  j '  = -  j x | 2J

(b )  k ' = j- x | 4K + 2 | x | 2p j  + 4p2 w here  p = N ( u ,v )  * X (u ,v )  .

From (a )  i t  i s  c l e a r  t h a t  i f  J  i s  n o t  C4 n e i t h e r  i s  J / , a s  t h e  

i n v e r t e d  s u r f a c e  i n h e r i t s  ( J . j ' s  d i s c o n t i n u i t y .  From (b )  we s e e
X

t h a t  k ' ( 0 , 0 )  = 4p2 ( 0 , 0 )  = 4 >  0 .
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A u t o b i o g r a p h i c a l  S t a t e m e n t

M a r t i n  K a tz e n  was b o r n  i n  New York C i t y  on  J a n u a r y  1 0 ,  1939 .

He was g r a d u a t e d  f ro m  E v a n d e r  C h i l d s  H ig h  S c h o o l  i n  1956 and  r e c e i v e d  

a B a c h e l o r  o f  S c i e n c e  d e g r e e  f rom  The C o l l e g e  o f  t h e  C i t y  o f  New Y ork  

i n  1 9 6 0 .  .At t h a t  t im e  he m a r r i e d  t h e  f o r m e r  H e le n e  G r e e n b e r g e r ,  and  

a c c e p t e d  a  t e a c h i n g  p o s i t i o n  i n  t h e  m a th e m a t ic s  d e p a r tm e n t  o f  

C h r i s t o p h e r  Colum bus H igh  S c h o o l  i n  New Y ork  C i t y .  A f t e r  one  and 

o n e - h a l f  y e a r s  he  became a  f u l l - t i m e  s t u d e n t  i n  m a t h e m a t ic s  a t  New 

Y ork  U n i v e r s i t y .  I n  t h e  s p r i n g  o f  1963 he t a u g h t  m a t h e m a t ic s  a t  

B ro n x  V o c a t i o n a l  H ig h  S c h o o l  w h i l e  c o m p l e t i n g  t h e  r e q u i r e m e n t s  f o r  a 

M a s t e r  o f  S c i e n c e  d e g r e e  i n  m a t h e m a t i c s .  I n  t h e  f a l l  o f  1963 he 

becam e an I n s t r u c t o r  o f  M a th e m a t ic s  a t  t h e  N ew ark C o l l e g e  o f  

E n g i n e e r i n g ,  w here  h e  h a s  r e m a in e d  e x c e p t  f o r  a o n e - y e a r  l e a v e  o f  

a b s e n c e  f ro m  1967 t o  1968 . I n  S e p te m b e r ,  1 9 6 6 ,  h e  re su m e d  g r a d u a t e  

s t u d i e s  a t  The C i t y  U n i v e r s i t y  o f  New Y ork  w here  t h e  f o l l o w i n g  y e a r  

he  c o m p le te d  a d i s s e r t a t i o n  w h i l e  he was a  N a t i o n a l  S c i e n c e  F o u n d a t io n  

S c i e n c e  F a c u l t y  F e l lo w .

I n  N ovem ber, 1 9 6 5 ,  h i s  d a u g h t e r ,  J a c q u e l i n e ,  was b o r n .


