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ABSTRACT

In 1916 Herman Weyl published the paper [5], "Uber die Bestimmung
einer geschlossen konvexen Flache durch ihr Linienelement' in which
the Weyl problem was introduced and partially solved. This is the
problem of realizing an arbitrarily given two-dimensional metric of
positive curvature as the boundary of a convex boqy. A survey of
Weyl's problem and work done on it by Lewy, Nirenberg, Porgorelov and
A.D. Alexanderov is given in the book [2], "Coﬁvex Surfaces' by
Buseman. One of the crucial steps in solving the Weyl problem is to
obtain an a priori bound for the mean curvature. Weyl deduqes such a
Sound from hisvformula (33), which following Wintner we’will refer to
as Weyl}s idenfify, Later writers derive essentially equivalent a
priori bounds without using this ident;ty. In 1956 Aurel Winﬁner
published the paper [6], "On Weyl's identity in the differential
geometry of surfaces,'" in which he observed that in addition to Weyl's
purpose, this identity is of inherent interest. In addition to show-
ing some interesting applications ;; Weyl's identity, Wintner pointed
out some difficulties in Weyl's work due to the possible presence of
umbilic points, and showed how to overcome themn.

Actually Weyl does not include, in his paper, the details of the
computations which lead to the Weyl identity. He describes these
computations as a "langweilige Rechnung" and states "Es ist wahrschein-
lich, dass ein geschickterer Rechner die Formel (33) auf viel
leichterem Wege wird ermitteln konnen, als hier angeduetet wurde."

As far as we know except for some related results derived by Chern
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in [3], Weyl's request has thus far been unfulfilled,

In attempting_to verify Weyl's identity and find a concise
derivation of it, we discovered that the formula was not correct.
A corrected identity (*) wasvfound which leaves some applications
unaffected but does show that some of Wintner's formulas are not
correct. In particular, the a priori bound for the mean curvature
is correct. The related results derived by Chern in [3] turn out to
imply the identity .(*) and not Weyl's identity as was claimed. In
the course of this work, we shall correct other results in Wintner's
paper, which are not consequences of his working with the wrong
identity.

As Weyl predicted, a concise derivation of the identity (%)
has been found, and is forthcoming in the doctoral thesis of

Eleanor Zeitlin at The City University of New York.
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1. Formulas of the theory of surfaces.

For the purposes of our work we need the fundamental formulas of
the theory of surfaces. 1In 3-dimensional Euclidean space let S be
a (sufficiently small) piece of surface which is of class Ck . By
this is meant that S possesses a (local) one-to-one parametriza-
tiog of the form S : X(u,v) = (xl(u,v),x (u,v),x3(u,v)) where
(u,v) ranges over a (sufficiently small, open) domain D in a
(u,v) plane, the vector X(u,v) is a function of class Ck on D,
and the vectors, .Xu and Xv are linearly independent at each point
of D . 1In particular we will express the relationships of interest
using a "lines of curvature coordinates’ parametrization. We can do

this because of the theorem:

Let P be a point on a Ck surface S which is
neither an umbilic nor a flat point. Then there is
a neighborhood of P on the surface, and a Ck—2

parametrization of that neighborhood such that the

parametric curves are lines of curvature.

With respect to this parametrization, the coefficients of the first

and second fundamental forms,

2 2
(1) E(u,v)(du)” + 2F(u,v) dudv + G(u,v) (dv)
2 2
(2) L(u,v)(du)” + 2M(u,v) dudv + N(u,v) (dv)
k-3 k-4 . .
are functions of class C and C respectively. Furthermore

we have:



(3) FEO0O,ME0,L = klE’ N = sz

where kl and k2 are the principal curvatures of the surface at
the point X(u,v) . Hence the Gaussian curvature

4 K = LN/EG

and the mean curvature,

(5) BE = B/E +N/G).

are functions of class &% on .

We now put theorem egregium and the Mainardi-Codazzi equations

in these coordinates. First we observe that the general formula
oy K AN i
Fr = E r& a -— ’_ 1 v .
ik & r’&g (ag&i/ u agik/agu + Bng/au ) for the Christoffel
2

symbols of the second type where u1 =u, u =v, i,j,k =1,2 (and
the gij are the coef{;cients of the first fundamental form and the

giJ are the entries of the inverse matrix to that whose ijth entry

is gij) yields in our specific case, where,

(6) By =E, By =8y =0, 8y, =C 3
2 2 1 1 2
(7 7, = -E /26, [T, = G/26, ), =E /2E, T, =E /2E, T, = G /2G.

| . -2 o]
= Z -
Theorem egregium, which in general is K j(gzj/(gllgzz glz))R112

— J - J r o-J - rrJ , 1
where = BFll/av arlz/au + Er(T r ;. I'') for "lines of

R‘j
112 11" r2 12 rl

curvature coordinates' (or any orthogonal coordinates) becomes on

substituting (6) and (7):
(8) K =-E /2EG - G__/2EG GZ/4G2E E2/4E2G E G /4E2G E G /4G2E
- Ty uu * Yy + By + B0y + Byly )

With the coefficients of the second fundamental form denoted by

1

L., . (where for our specific case of "lines of curvature coordinates,"

L, =L, L,=L,_ =0, L

92 = N) . The Mainardi-Codazzi equations



- J .3 3 4 = (rF _rt "o s
are 0 = BLik/au Lij/ u o+ r(rikLrj Fierk) . For "lines of

curvature coordinates' upon substituting for the Christoffel symbols

from (7), the Mainardi-Cocdazzi equations become:

EH
v

I

(9) LV

il

(Ev/ 2) (L/E + N/G)

N
u

(Gu/Z)(L/E + N/G) GuH .



2. The Beltrami parameters

Referring to our coordinates (u,v) of the surface S as
1 2 1 2 . 2
(u,u”) , let O(u,u”) be any scalar function of class C . We
, 1 2 1 2 .
denote the gradient of 6(u ,u”) by grad 6(u ,u”) , which may be
characterized as that vector in the tangent plane to S at the
) 2
point P = X(ul,u ) , whose inner product with each vector « in
this tangent plane is df.« . From this characterization it follows
that grad 8 = (Eéae/auagal)xl + (Eaae/auagaz)xz . Then the square
9 S (38 /0u% %P B i
of the length of grad equals 2, B(B /du'g "08/0u”) , and is denoted
H
by V'(9,9) ~or more briefly by V'0 . More generally if & is
2
another scalar function on S , of class C  , then grad O-grad 3 ,
, , sz OB o B /
which equals ng 96/0u” 9%/0u” is denoted by V' (6,3) . Clearly
this expression is an invariant with respect to allowable trans-
formations of coordinates. V' is called the first differential
parameter of Beltrami with respect to the first fundamental form.
Formal substituticn in the expression for V'(G,Q) , of the co-
efficients of the second fundamental form for those of the first
y . @Byg @ B .
fundamental form yields the expression Z& BL 08/3u” 38/3u” , which
’
we denote by v'(8,8) . V' is called the first Beltrami parameter

op

with respect to the second fundamental form. L is the o,B entry
in the inverse matrix of the one whose entries are the coefficients
of the second fundamental form. That we may orient our surface so

that the second fundamental form is positive definite and therefore

may be used as a metric, follows from our assumption that K > 0 .



If we take the "divergence'" of grad § , the contraction of the
covariant derivative of the contravariant vector field grad & , we

B

arrive at the expression (1A/g) B/BuaG/é ga’B 9%/0u”) where g
denotes the determinaﬁt of the first fundamental form. We call this
expression A’® and refer to A’ as the second differential para-
meter of Beltrami with respect to the first fundamental form. As
before we arrive at A’ , the second differential parameter of
Beltrami with respect to the second fundamental form. Specifically,

B

A" —% o % oB
§ = (Det II) © 3/0u ((Det II)* L =~ 08%/0u’) where Det II denotes

the determinant of the second fundamental form.
In our "lines of curvature coordinates' some expressions we will

be concerned with are:

2

4

. e 2
(10). AH=H /L +H /N+HN/2NL +HL/2NL - H L /2L° - HN /2N

(11) A’k 2

2
Kuu/E + KVV/G + KuGu/ZEG - KuEu/2E + KVEV/ZEG - KVGV/ZG

N 4
(12 VK, =K J/E +KJ/G

/4 .
(13) vV @, = HuJu/L + HVJV/N

1

/"
(14) VI(®,H =KH/ +KH/N,



3. A counterexample to Weyl's identity
Since K = Hz, J = (H2 ~ K)% defines a real valued function
2 3 .
J(u,v) = ((kl/2 + k2/2) - klkz) = | k1/2 k2/2| , so if we assume

> .
kl kz we have by (3):

(15) I = 3(L/E - N/G)

Thus at a non-umbilic point (these are the only points thus far con-
sidered as we are using ."lines of curvature coordirates') J is
ckt

Weyl's identity referred to in Section 1 is the following con-

nection between K,H and their differential parameters:
2 s , —
A" - K - 2837 = (/DY @D - /DY E,D

The following brief argument shows that this is not a generally valid
identity. Consider the one-parameter family of surfaces
X3 (u,v) = AX(u,v) for A€ RY . Then the first and second funda-
mental forms of the surface corresponding to A are given by
2
= A d = A i i i 4
<gij)l gij an (Lij)k Lij which implies by (4) and (5) that

HX = (1/NH and Ky = (1/A)ZK. Therefore using (10)-(14)-we see that:

AKEA = (1/A)ZA"H
AI 4.-' ¥

Vi(KA,JK) = @/ & 9

Vi, 3 = /0% @,

Vi, H) = (/0% )



On substituting these expressions into Weyl's identity applied to the
surface Xh(u,v) , we see that the terms are not homogeneous in A,
and arranging terms with respect to powers of A\ , we get the

equation,
W/M3"H - @/ E,D) = WNTERE + %7 - QDY E,D) .

Thus if Weyl's identity were valid, the above equation would hold
for A F* 0 . Accordingly the coefficients of 1/k2 and 1/)\4 must
be' zero. However, there exist surfaces on which the expression,

A"H - (2/J)V”(H,J) is not equal to zero. For example, one can find
surfaces containing points at which the first partial derivatives of
H vanish but A“H # 0 . At such points A"H - (2/HV'H,T *0 ,
disproving Weyl's identity. In particular the surface defined by
X(x,y) = (x,y,x2 + 2y2) has these properties at the origin. In
addition, the origin is neither an umbilic nor a point at which the
Gaussian curvature vanishes, making this a counterexample to Weyl's

identity.



4, Correction of Weyl's identity

In this section we assume that the point P of S is not an
umbilic and that P is elliptic, that is K >0 at P . We shall
investigate the cases of umbilics and points of negative Gaussian
curvature in Section 6. For the present S will-be a Ck surface
with k 26 . In this case we observe from (10)-(14) that the
Beltrami parameters A“H,A'K,V'(X,J),V'(H,J) and V'(K,H) exist
and are continuous.

We now show that at the point P , the following connection

between K,H and their differential parameters holds:
- 2 -1
() AH - AR - 202 = @/HV @D - (L/EDVK,D - BV (K,H)

In order to look at the second order terms cf A"H , we differenti-
ate the expression, 2HEG = LG + NE , (which comes from (5)) twice,

giving:

il

2 L
(16) (HEG)vv vaG + 2 vGV + LGVv + vaE + ZNVEV + NEv

v

7 2 (HE 1 N
an (HDG)uu LuuG + 2LuGu + hGuu + Nqu + 2N E + NE

uu uu
Following Weyl's advice we now seek tc replace the second order
derivatives of L and N by terms involving KiH,E,G ; their second
order derivatives and terms involving L,N and their first order
derivatives., To this end we differentiate the Mainardi-Codazzi
equations (2), and differentiate this expression KEG = LN from (4)

twice{ to obtain

(18) L =E H+EH
vV vV vy



(19) Nuu = GuuH + GuHu

(20) (XEG) an = LuuN 4 ZLuNu o+ LNuu

(21) (KEG) =L N +2LUN + LN
vv vV v Vv vv

In (16) we substitute the right side of (18) for va , and for va
we use, va = (l/LX(KEG)vv - 2Lva - N(Eva + EVHV)) which comes
from (21) and (18). Upon expanding the left hand side of the
resulting expression, solving for HVV and dividing by N , we

obtain:
‘ = / 2
(16" HVV/N ’EVVH,ZNE + EVHV/2NE + LGVV/ZNEG + (KEG)VV/ NGL
-E H/2GL - E H /2GL - L, N /NGL + N E /NEG
vv vV Vv v Vv v Vv
+LVGV/NEG + EVV/ZEG - ZHV(EG)V/NEG - H(EG)VV/NEG
Similarly from (17), (19), and (20) we obtain:’
/ ’ -
(177) Huu/L = -GuuH/ZNE GuHu/ZNE + NEuu/ZLEG + (KEG)uu/zNEL
+GuuH/ZGL + GuHu/ZGL - LuNu/NEL + LuGu/LEG
+NuEu/LEG + Guu/ZEG - 2Hu(EG)u/LEG - H(EG)uu/LEG

If we substitute (16') and (17') into the expression (10), upon

expanding and rearranging terms we obtain:

(22) A“H = (a) + (b) + (c) + (d) , where
(2) = K_/PKE +K_/?KG
(b) = G_/EG + E_/EG - G_H/2LG - E_W/?NE - E_JH/2GL - G_H/2EN
(c) =E_ /28 + va/sz + LG, /2NEG - HG, /NG 4 NE_ /2LEG - HE_ /LE
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(d) = Ku(EG)u/NEL + KV(EG)V/NGL - GuHu/ZEN +-GuHu/2LG
2
—ZEuHu/LE - 2GuHu/LG + HuNu/2LN - HuLu/ZL
2
—3EVHV/4GL - EVHV/ZGL - 2GVHV/NG + HVLV/ZLN - HVNv/ZN

-LuNu/NEL + LuGu/LEG - 2EuGuH/LEG + Lva/NEG

2 o2
-LVNV/NGL + NVEV/NEG - ZEVGVH/NEG + EuGu/E G + EVGV/EG .

Concerning the terms of (22): For line (a) we make use of
’ -1, -1 -1 2 -1 2
(a') K_ /2KE + K /2KG = B AR - BK K G, /%8G - £K K G /26" + BK K E /2B

which follows from (11). Thus the second order derivatives of K
are replaced by a Beltrami parameter of the second type and terms
involving the products of pairs of first order derivatives which will
ultimately fit into Beltrami parameters of the first type.

Adding the coefficiegts of the terms in (b) with respect to Guu
and EVV , upon making usé of the definitions of H and J , (8) and
(15) we observe that:

o 2 -1
=2 - -
(b) IK (-G, /?EG - E__/2EG)

Since these terms are the second order terms in the right side of
theorem egregium (8) multiplied by Zlg/K , we employ. theorem egregium
to conclude:

2 2

2 2 2 2 2 2
=2 - - -
(b) J 27 /K)(Gu/4G E Ev/4E G + Equ/4E G EVGV/4G E) .
Adding the coefficients of the terms in line (c¢) with respect to E
and va , and again using the definition of H , (5); yields that

each coefficient is zero. So we have:

(C) =0 .
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Using these facts (22) becomes:
" -1, 2
A"H = AR + 23° + R
where R denotes a sum of terms invelving products of first order

derivatives.

Specifically, we have:

(23) 2 - BRTNR - 207 2 (@) 4 () + (@) + () 4 () + () + (W),

where

(@ = (-2°/K)6%/46° - (207/RYE/4w°G - (25°/D)E 6 /w76 - <2J2/K>EVGV/4G2E
() = HuGuc—l/ZFN + 1/2L.G - 2/LG) + HuEu(—Z/LE) + HuNu(l/ZLN)

() = HuLu(—l/sz) +EH_(1/2NE - 1/2LG - 2/NE) + H L (1/2LN)

(h) = GVHV(—Z/NG) + HVNV(—I/ZNZ) + KVEV(—1/4KEG)

(1) =K G, (1/4KG") + K G (3/4NL) + K E_(5G/4NEL)

(ki = LVGV/NEG_— LVNV/NGL + NVEV/NEG - 2EVGVH/NEG + EVGV/EG2 + KV(EG)V/NGL

In the right side of (23), we substitute for Hu and Hv by dif-
ferentiating the definition (5) of H , and then we use the Mainardi-
Codazzi equations to replace each Lv by EvH and each Nu by GuH.
Adding the resulting terms with respect to like products of deriva-

tives and again utilizing the definitions of H and J yields:
" 2,1, 2
(24) A"H - 2K A'K - 23 = (£) + (m) ,
where
2. 2 2 2
‘) = LuGu(—J/LEN -~ JAi/2L'N) + EuGu(J/E N + JH/2LEN) + Gu(SJ /4LNG) +

+LuEu(l/2E2L) N Li(—l/4L2E) N Ei(—l/4E3) ,
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and (m) is a sum of terms involving derivatives with respect to v ,
which may be obtained from ({) by aPplying the transformation which
replaces u,G,L,J,H by vV,N,E,-J,H respectively. In order to
exploit the sort of symmetry in computing Beltrami parémeters of the

first kind, define:

/
v, ® = ¢ @ /E , and
Vu(ql,CP) = wuq)u/L .

Using (13) for the Beltrami parameter, V”(H,J) we get
v @#|,)) =HJ/L
u? ~ uu :

Upon differentiating (5) and (15) for Hu and Ju , substituting

therein for Lv and Nu via the Mainardi-Codazzi equations we see:

(25)  2V'(H,D/3 Lﬁ(l/ggzu) + LE (-1/J8) + EL(W/20EY + 62(-3/216)

Il

c i ’ . .
Similarly Vu(K,J) KuJu/E yields:
2 2
2 -’ =G L (- ) .
(26) u(K,J)/JK Gqu( J/LEN) + GuEu(J/E NY + Gu(J/ZNEG) +
2 . 2 2 4 3
f Lu(-l/ZJLE )+ Eu(—L/ZJE ) + EuLu(l/JE )
V4 .
and Vu(K,H) = KuHu/L yields:
7" : 2 2 2 2 2

27) —Vu(K,H)/ZK = Gu(-J /4LNG) + GuEu(J/4NE + J/4LEG) + Lu(—1/4L,E)

2 2,0 1 /982
+GuLu(—J/4LEN - J/4L G) + Eu(—eE ?»+ LdEu(l/ZE,)..

Adding the respective sides of (25), (26), and (27) we get, using

the definitions of J and H :

) r i
2V (H,3)/J - V. (K,3)/KJ - V (K,H)/2K = )
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The identity (%) now follows from (24) since
V(f,g) =V (£,8) +V (f,8) .

The proof of the identity (%) given in this section is for
surfaces of class Ck with k 2 6 . 1In applications of results of
this type it is desirable to reduce the smoothness requirements as
much as possible. Since the various terms in the identity aré all
meaningful for surfaces of class Ck with %k 2 4 , we now investi-
gate (%) for C% surfaces. Previously, we increased k to 6 in
order to use 'lines of curvature coordinates." Actually the identity
holds for k 2 4 ., One way to see this is to note that given any C4
surface, corresponding to each point there exists a C® surface
having the same values for all of the quantities appearing.;n (%)
at the specified point. To obtain a C® surface we use the map
X(u,v) each of whose components is the first 5 terms of the two
dimensional Taylor series expansion of the original C4 surface with
respect to the point of interest. Furthermore we can obtain a C3
identity by integrating (%) as follows:

First arrange the terms of (%) so that all the Beltrami
operators with respect to the first fundamental form are on the right
side of the identity, and those with respect to the second funda-
mental form appear on the left side, Since V(x,y)/y = V(x, log y)

we have:
CA"H 4 V'(H,-2 log J) + V' (H,(®)log K) = éKTI(A/K + V' (K,loe(1/3D)) + 237,
or

(28)  A"H + V' (H, 1og(/k/3)) = K + VI (K, log(l/dD)) + 25° .
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2 2 .
Because x grad(log x) = grad x, VK/J and 1/J are integrating
factors for the left and right hand side of (28) respectively. Then

multiplying both sides of (28) by fx/J2 gives:
(29) divII(G/k/JZ)(gradIIH)) = (1/zAbdivI((1/J2)gradiK) ; ka:.

Now multiply (29) by /K and integrating with respect to surface

area gives:

j divII«/k/Jz)gradIIH) dcz = (%)J divI((l/Jz)gradIK) ddl + J 2Kd0'l

where do, = /kdol . Applying Green's theorem we get:

2 ' 2
(30) § G/k/J )gradHHimst2 = %I /3 )gradIKfImldsl + ZJ chl

where’ ml and m, are the outward unit normals with respect to I
and II , respectively. To see that this identity is valid on C3
surfaces, as well as on C4 surfaces, which we have just proven, we
note that for any 03 surface X(u,v) on a compact neighborhooc of
the origin, corresponding to each € there exists a C® function
Xt(u,v) suéh that ” Xﬁ - X“ < € and the analagous relationships
between corresponding derivatives up to the third order hold. Then
VXE and its derivatives up to third order uniformly approximate X

and its derivatives up to third order, respectively. Since (30) holds

for each X: taking limits as € approaches zero shows us that the

identity ¢(30) holds on X(u,v) .
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5. The situation for umbilics and points at which X <0

Thus far we have assumed for (%) +that K >0 on S . Wintner
points out from the nature of the computations which Weyl described
that "Weyl's Identity" holds for K <0 as well. This remark is
applicable to the computations in the derivation of (%) . Although

% H

(det II)° = (LN) is imaginary in this case,

1
A"H = (LN)—%(B/Bua((LN)ELQBBH/BuB)) is real and given by the right
hand side of (10). Thus at the very beginning of our computations we
have precisely the algebraic situation which exists if det II > 0 ,
and the same computation can be made.

We now tr& to find a relationship on surfaces with either K > 0
or K <90 which reduces to (%) at non-umbilic points and is mean-
ingful at umbilics as well. If we multiply both sides of (%) by J
and try to take limits, the Cl'character of J becomes involved, and °
contrary to Wintner's claim, J is not in general C1 . (This will
be shown by a counterexample in Section 10). In referring to "Weyl's
identity" however, Wintner points the way to avoiding this matter by
rewriting Beltrami parameters involving J by ones involving J2 ’
which of course is C1 as J2 =,H2 - K , Below we apply a similar
argument to (%) .

Replacing 0J/3u’ by %J._lB(JZ)/Bu1 in the expressions for

V'(J,K) and V”(J,H) , we get

(31) v, =237V %K)

v (I,H) = %J-;?”(JZ,H) .
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Substituting these expressions into the right hand side of (%)

yields:
1. . 2 2
A'E - 3Nk - 257 = V2,0 /57 - V(P ,R) /2K - V' (R,H) /2K .

On replacing 7 by 52 - K and using the identities:

]

v (1,5° - K) = 2HV'H - V' (H,K)

v/ (kB2 - K) = 20V (K,H) - V'(K)

I

we obtain:

2

G (0 - QH - 3R = 2 - B

il

R 'ZHV”H _ V// (H,K) +
-HY (K, H) /K + V' (K)/2K +

2 V7
-(H" - BV (K,H)/2%K ,

We will now show that (#%) , which is equivalent to. €S whéﬁ J*0,
is valid at umbiliic points also. Consider the two possible cases at

an umbilic point, P :

(a) P has a neighborhood in which each point is an umbilic point;
(b) there exists a sequence of non-umbilic points converging to P .
In case (a) it is well-known that the neighborhood is part of a
sphere, Hz -~-K=0, and H and‘JK are constant so the Beltrami
operators involving them vanish. Accordingly in this case (&%) is
trivially meaningful. 1In case (b) since Jz, H and K are all Cl,
we take the limit of both sides of (k%) algng'a sequence of non-

umbilices converging to P . The equality is then carried over to the

limit. Thus (%%) is valid at umbilics.
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Although (%%) has an integrating factor, this factor contains
a power of J in the denominator, thus integrating (%%) will not

generalize (30).
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6. Some applications of (%) and (&%)

At the end of his paper, Weyl concludes from the invalid "Weyl

identity," the inequality: o -
2
(32) H (u,v) <max (K - A’ (K) /4K)

for surfaces” S , which are compact and on which the Gaussian curva-
ture is positive. This inequality is valid and will be derived from
(%) below.

As X > 0 , the principal curvatures, kl and k2 are of the

same sign. We now chocse our unit normals so that both kl and k2
are positive, Themn H >0 on S . Let PO be the point on S at
which H attains its maximum.

Case (a) P is not an umbilic point. Let the coordinates of P

0 0

in lines of curvature coordinates be (uo,vo) . As H(u,v) 1is a

maximum at (uo,vo), Hui =0 and Huiui <0 at PO . Then from

(13) and (14), V'(H,J) and V' (X,H) vanish at P, - From (10),
A'H = (H, /L +H /N) S0 as L and N are positive due to the

orientation mentioned above. Then at (uo,vo)y (k%) becomes:
" / 2 ’ 2
A'H - A'(R)/2K = 2(H -K) + V' (K)/2k(H™ - X)

2 p
and since V'K 20, H -K >0, A“H <0 at P, , this implies (30).

0
Case (Db) PO is an umbilic., If Weyl's inequality does not hold
we have:

2 .
H (uo,vo) > mgx(K - A'g/ar) = K(u,,vy) - (@ %) (uy V) /4ECuy,vy)
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. . . 2
Since X(uo,vo) =P is an umbilic, H (uo,vo) = K(uo,vo) and we.

0
have 0 <1A'(K)/4K at PO . But this contradicts the generally true

fact that if H({u,v) assumes its maximal value at an umbilic, X

also assumes its maximal value there, for:
=< 2 < 2
K(u,v) H (u,v) H (uo,vo) = K(uo,vo) .

Another application of (%) 1is Theorem é of Chern's paper [3]:
"At a non-umbilical point of a convex surface it never
occurs that the mean curvature has a relative maximum and
the Gaussian curvature has at the same time a relative
minimum. "

To see this note that under the hypothesis first order derivatives

of H and K vanish, causing (%) to become:
" -1,7 2
AH - gx"AR - 257 =0 .
Furthermore, in this case we must have A“H <0, A’k 20 and K 20 ,

se the above equation implies J2 =0 . Thus J =0 , which contra-

dicts our hypothesis.
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7. A similar identity and Miranda's inequality

«In.Section 6 of his paper Wintner lets the third fundamental form,
play the role of the first fundamental form in Weyl's suggested proof
of the "Weyl identity" to deduce a second invalid identity. If, how-
ever, we let the third fundamental form play the role of the first in
the prdgf of the identity (%) , we do get another identity. Follow-
ing Wintner we shall then use this identity to derive Miranda’s
inequality, which plays a role in the solution of Minkowski's problem,
analagous to that of the Weyl inequality in the Weyl problem.

We still use "lines of curvature coordinates" on S , so

=0 ; 4 =L,&22=N,'&12=/&21=0

=E - }—4
811 =585 Bgg =G, 815 = 89 11

where L = klE and N = sz . Then the third fundamental form

{whose ijth entry is Y.

Ni.Nj) is seen to have entries,

ij
' 2
Yll = P, Y22 =R, le = YZl =0 . Furthermore, P = (kl) E and
2
R = (kz) G . This follows immediately from the Rodrigues formulas,
s s _ . -
hl = lel and Nz = kzxz when the parametric curves are the lines

of curvature.
Notice that 1III relates to II similarly to the way in which

I relates to 1II , that is:

L

]
[}

(kl)E (l/kl)P

N

I
]

(kz)G (l/kz)G .

With the aim of adapting our proof of the identity =% , we define

quantities K* and H* in terms of III and II analagously to

the &ay in which K and H may be defined from I and II .



21

]

(33) K* = Det II/Det I = 1/K = LN/PR

1y

(34) H* = (®)trace (II.II1 ) = (é)(l/kl.+ 1/k,) = H/K = 2(L/P + N/G)

1]

Thus if in the definition of K and H we replace E by P and G
by R , we arrive at the formulas defining K* aﬁd H* ., Weingarten
shows in [6, pp. 252-261] that the Mainardi-Codazzi equations remain
unchanged (with the understanding that the Christoffel symbols which
originally refer to I now refer to III) if I is replaced by III.
This fact may be seen directly, using "lines of curvature coordinates"
as folliows:

Differentiating the relation P = (kl)zE with respect to v
gives (a) : Pv = 2k1(kl)vE'¥ (kl)zEv .  But if in the Mainardi-~
Codazzi equation (b) : LV = EVH, L is replaced by klE , we get

the equivalent relation (b') : EV = —(E/J)(kl)V . Substituting

this expression for EV into (a) gives

2
(e) : P = (Cls) BB/ ((Zk) T = (k) )/H)

il

From () and (b') we see that LV —(E/J)(kl)vH so (¢) may be

rewritten:

]

2
P = LV((kl) - Zli)/H

- #*
v LVK/H = LV/H .

_ *

(35) Lv = PVH

and similarly we cbtain the analogue of N = GuH .
- *

(36) Nu = RuH .

Notice that the equations (33)-(36) are gotten from equations (3)-(5)

upon replacing:
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() : E by P

G by R ’
K by x*
H by H*

in our proof of (%) in Section 5, the equations (3), (4), and (5)
are formally manipulated to give the expression (22) for A"H . So
vpon making the above substitution (A) ,'we get a similar expression
for A“H* . Concerning line (a') which follows (22), A'K becomes
A*gR¥* | where A* is the second Beltrami.parameter with respect to
the third fundamental form. Note that under our transformation, J
is replaced by (%D(L/P -~ N/R) which we call ~J* , For later use
ébéerve J¥ = J/K . Then under the transformation (A) 1line (c)

in the right hand side of (22) becomes:
c* = (2(J*)2/K)(~R /ZPR.— P /2PR + R2/4R2P + P2/4P2R +RP /4P2R +RP /4R:
uu vv u v uu VV

where the second bracketed quantity is the right hand side of theorem
egregium applied to a surface whose first fundamental form is III ,
Since this surface is isometric to part cf a unit sphere, the referred
to bracketed quantity must be equal to one. Thus unlike the proof of
(*#) , line (c%) = 2J%/K* . The rest of the expression for A”H* is
analagous to (22), and, as no further relations are introduced into

the proof of (%) , it is clear that
(37)  A"H¥ - (L/2KM)AFKF - 20%0 K% = 27 (H¥, J¥) /0% - VERE, 5F) /R*I*-V" (K*,HY

2
Noting that (J%)° = (H*)2 ~ X* , the same reasoning that permitted

us to extend (%) to (%) yields:
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(38) (@M - g% (B"HF - pRRF/2K* - 2(@H 2 - KR /KD =
= V' *, i¥e - k%) - vR(Rk, (19 2 - ohy/2k% - (B2 - k¥)VY (k% HY) /2K

which is valid for surfaces on which K >0 or K <0 and at umbilic
points as well as non-umbilics.

Miranda's inequality plays a role in the solution of the
Minkowski problem, analagous to that of Weyl's inequality in the
solution of the Weyl problem. For more information on this matter,
the reader is again referred to the book [2] by Buseman. As an
application of (38) we can derive Miranda's inequality without exclud-
ing umbilics. This will very closely resemble the derivation of
Weyl's inequality from (%) .

Let (ug,vg) be the point at whic.. H* takes on its maximal
value., As before only those coordinate patches on which H > 0 are
admitted. Then H¥ is a maximum at (ug,vg) implies A“H* <0 and

V' (H*,~) =0 there. BSo at (ug,vg) (38) bhecomes:

2 , o 2
("7~ %) (-A*KH/2K* - 2((HF) T - K¥)/K*) = VHRR¥/2K*
As K* = 1/K > 0 , the right hand side of the preceding equation is
non-negative.
( , ' . w2 o 2, ,.2 >
a) (uo,vo) is not an umbilic. Then (H™) - K* = (L/K)H - K) g,
w2 , y ' -
so -AFRE/2K* - 2@ - k*¥)/K* 20 and thus
2
(39) (H*y " < mgx(—A*(K*) /4 + K¥)
. . . o . 2 . 2 %L
which gives Miranda's inequality, H <= mgx(K - (K/2) A*(X 7)) on

replacing H* by H/K and X* by 1/K .
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(by If (ug,vg) is an umbilic, we assume (39) dogs not hoid and
arrive at a contradiction precisely as in the corresponding part of
the proof of Weyl's inequality.

The method used at the end of Section 5 to get an integrated
form of the identity (%) also yields an integrated form of (37).

First integrating factors are found whi%h permit us to rewrite (37)

- 2 2 '
* . sk > 3 sk — 1 * *
as VX dleI(Q/K /25%Ygrad, H¥) =1 + div, . ((1/45%)grad X )

which upon integration yields:

Ll

2 2
3 % 79 7k *y qo =j J 4 * wk
j dleI(G/k /2T )gradIIH ) d 2 dcé + dleII((l/4J )gradIIIK )dqs

since dGé =\/k*d03 = area element with respect to 1II . Then on
applying Green's theorem, we obtain
2 2 '
* /9 7%°Y oy * =j o Sﬁ * *
gg_(/x /25* ) grad H¥:m,ds, Aoy + Q (1/45%)grad;  K¥ 4 madsy .
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loo

Additional applications of (%)

We now use the identity, (%) to derive necessary conditicns
for the existence of surfaces with constant mean curvature, and for
surfaces of constant Gaussian curvature.

First let H(u,v) =c¢c on S . Then (%*x) becomes
(40) A ONE - K+ VR /(2 - )F = 4K .

Wintner remarks that this is equivalent to A'(log(c2 - K)) = 4K
which is easily seen upon writing the left hand side as
div grad 1og(c2 - ¥K) . This formula was found by Raffy, Rici, and
Sannsone to be sufficient as well as necessary for S +to be of
constant mean curvature,

Now we let K =c¢c on S . Then (%) reduces to:

(@) &H@®-ors -mv's - @ -2 =0, or

diVII(gradII(H)/GP -c) =2 .

This expression is not equivalent to Wintner's formula 25, which is
not correct due to the fact that Wintner employed Weyl's identity,

rather than its corrected form (%) .
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q. Smoothness of J

In Section 2 of his paper, Wintner claims that J(u,v) is of
class Cn—2 whenever 8 : X = X(u,v) is Cn for n>1. 1In
Section 9, Wintner attempts to prove this statement, but the prcof is
not valid because the functions he refers to as "a" and "b" can-
not be defined in general to be continuous. 1In this section we
present a counterexample to this statement, showing in fact that there
exist C® surfaces with K > 0 on which J is not everywhere C1 .
Before doing so, however, it should be mentioned that Wintner shows
how to avoid using (J)'s Cl character by devising the method we

employed in Section 6 to get (*%) . The counterexample is the

surface
X(x,y) = (/2 + (v + 12 + 2y G,y + 1,550 .

This surface is the inversion in the unit sphere of the surface

X(x,y) = (x,y + 1,xy2) . First we shall show that J 1s not C1 at
X(0,0) on X(x,y) = (x,y + 1,xy2) . The Gaussian curvature at

X(0,0) of this surface is 0 . However, inversion in the unit sphere
will give a surface x’ suéh that J’ is not Cl at X'(0,0) and
K’ >0 there. |

2
The first fundamental form for X(x,y) = (x,y + l,xy ) has

.

. 4 2 2 3 .
entries: g, = 1 +y7, 8oy = 1 +4xy , 81 = 8y = 2xy .and its
determinant, g = 1 + y4 + 4x2y2 . The second fundamental form has
entries:

{411 = 0, '(112 =&21 = Zy/fg, 'flzz = 2x/fg .
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(x ~ 3xy4)/g3/2 . The

-

% trace I ~-1I

n

The mean curvature H

1]

2 6 24,3
(-4y -~ 4y -16xy’)/g .

Gaussian curvature K = Det(3I)/Det(l) =
2 3/2 2 2 2 8 6 2 4
So J=H - K)é = (1/g / Y(x + 4y + (9xy 4+ 4y +10xy )" .
3/2 1 . R .
As 1l/z is C° , that J is not C  follows from that fact that

%

Pz 2 2
(xa + 4y? + (9x2y8 + 4y6 + 10x y4)) is not Cl at the origin.

This may quickly be checked by noting that

%

2 2
(9/0x) (x  + 4y2 + (9x2y8 + 4y6 + 10x y4)) =

%

2 2 2 8 6 2 2
=x(2 + 18y8 + 20y4)/2(x + 4y + (9xy + 4y +10xy))

has a limit of zero if the origin is approached along the y-axis and
a limit of + 1 if it is approached along the x-axis. In Volume 1

of his "Differential Geometry of Three Dimensions," [4]

" ——

C. E. Weatherburn computes the relation of J to J and K’ to
X , for an inversion. These results show that for an inversion in

the unit sphere:

(a) 3= -l x|

/

(b) K

it

4 2
} X1 K + 2| Xlsz + 4p where p = N(u,v) -X(u,v)

From (a) it is clear that if J is not Cl neither is J’ , as the
inverted surface inherits (Jk)'s discontinuity. From (b) we see

that K'(0,0) = 4p2(0,0) =4>0 .
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