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Abstract

Geometric Characterization and Dynamics of Holomorphic Maps
by

Tao Chen

Advisors: Yunping Jiang and Linda Keen

We prove the existence of the canonical Thurston obstruction for sub-hyperbolic
semi-rational branched coverings when they are obstructed. Then we geometrically
characterize meromorphic maps with exactly two asymptotic values and no critical
values. We finish with the proof of non-existence of the invariant line fields for the

family e 4 ye 2.
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Chapter 1

Introduction

In this thesis, I will present three theorems from my work. Each is part of a collabo-
ration. The first theorem describes the relation between Thurston obstructions and
the canonical obstruction for a sub-hyperbolic semi-rational branched covering. The
second theorem is a characterization of meromorphic functions with two asymptotic
values. The third is a theorem about the non-existence of an invariant line field for
a family of entire functions with exactly two critical values that includes the sine
family.

In order to state the results of the thesis, we recall some basic notations and give
some context and definitions.

Recall that a surface is a connected Hausdorff topological manifold of dimension

2 with countable bases.

Definition 1.1. An orientation-preserving continuous map f : X — Y between
surfaces is called a branched covering if for any y € Y, there is a neighborhood

V(y), such that for each component U(z) of f~*(V(y)), there are homeomorphisms
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¢:U(x) > Dandp: V(y) — D, with ¢(x) = (y) = 0 such that Yo fop~1(z) = 2F,

i.e. the following diagram commutes

Ulx) > V(y).
oo
D—22-p

The number k = k(x) is called the local degree of f at the point x. In particular if

k=1 for every x € X, the map f is called a covering.

If f: X — Y is a branched covering. The point € X such that k = k(z) > 1is
called a critical point of f and the set C(f), which consists of all the critical points
of f, is called the critical set of f. The image of a critical point is called a critical
value of f.

We are most interested in the branched coverings f : X — Y for which X is
simply connected and Y = S? or S? minus finitely many points, and subject the

additional condition:

fX\f1A) —S*\ 4

is a covering, where A consists of finitely many points. Fix an open disk D C S?
that contains only one point a in the set A. If V is a component of f~'(D \ {a}),
then f:V — D\ {a} is a covering of a ring, and its degree k is independent of the

choice of D. The following are possible.

1, If £k = oo, then V is simply connected and its boundary consists of a single
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simple curve in X tending to infinity in both directions. In this case, V' defines
a logarithmic singularity over a, called an asymptotic tract of a and the point

a is called an asymptotic value of f.

If 1 < k < oo and there exists a point # € X, such that V = V U {z} is an
open topological disk. Then f : V — D is a branched covering and has local

degree of k at x, that is, x is a critical point of f.

3, If 1 < k < oo but there is no point € X, such that V = V U {z} is an
open topological disk. Then we can add to X an ideal point z and define
the topology on X=XU {z} so that it remains a surface. In this way X is
homeomorphic to S?, Y = S? and f can be extended to be a branched covering
betweens 52, still denoted as f. Then the cardinality of f~!(y) is a constant

number for each y € S?, say d, and d is called the degree of f.

The set of critical values and asymptotic values is called the singular set of f and
is denoted by S(f).

Rational maps, entire functions and meromorphic functions are holomorphic
branched coverings, and the theory of holomorphic dynamics studies the iteration
of rational functions, entire function and meromorphic functions.

Any rational map has the form P(z)/Q(z), where P(z) = a,2" 4+ -+ a1z + ag
and Q(2) = b, 2™ + -+ - + b1z + by, neither a, nor b, is zero, and P(z) and Q(z) are

relatively prime, that is, (P,Q) = 1. Then d = max{m,n} is the degree of R(z).
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Since for A € C,

it follows that any rational map of degree d corresponds to a point
[ad7 ccc, Qo, bd7 e ,bo] - C]:P)zd+1.

For any two polynomials P(z) = azz%+---4ag and Q(z) = bgz?+- - -+ by, where
both ag and by are not zero, the resultant of P(z) and Q(z), denoted by Res(P,Q),

is defined by the determinant

Qq - - Qg
aq -+ Qo

ad ...a/o
by -+ by
by -+ by

by -+ by

The following theorem is in Appendix in [Mil].

Theorem 1.1. Res(P,Q)=0 iff either (1) P(z) and Q(z) share a common root or

(2) both P(z) and Q(z) have degree less than d.

Let V = {[ay, - ,@qs1, Gaya, - a2a00] € CP*2 | Res(P,Q) = 0}, where
P(z) = a1z + -+ + agp1 and Q(2) = agi02? + -++ + agayo. Then V is closed
subset in CP?*™! | usually called a Zariski closed subset. By Theorem 1.1, the set of
rational maps of degree d is embedded into the finite dimensional space CP?**? and

it is in one-to-one correspondence with the set CP?42\ V.
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A rational map f of degree d > 1 is a regular covering at every point except
its critical values. The covering property of f forces it to be globally expanding,
whereas the presence of the critical points, where the derivative vanishes, makes it
locally strongly contracting. The overall behavior of f depends therefore very much
on the interplay of these two opposite forces and the orbits of the critical points play
an important role in dynamics.

The iteration of a rational map f decomposes C naturally into the Fatou set (the
stable locus) and the Julia set (the chaotic locus). Roughly speaking, the Fatou set
is the set where the iterative behavior is relatively tame in the sense that points
close to each other behave similarly, while the Julia set is the set where chaotic
phenomena take place. By definition, the Fatou set is the set of all points z € C
such that there is a neighborhood U about z such that { f"|U}°, is a normal family;
that is, every sequence in this family has a convergent subsequence. It is clear that
F' is an open subset. The complement of the Fatou set F' is called the Julia set .J;

that is, J = C \ F. Since F'is open, J is compact.

Definition 1.2. Two maps f and g are said to be topologically equivalent if there

1s a pair of homeomorphisms ¢ and 1) such that pog =1 o f.

Definition 1.3. A conjugacy ¢ : S? — S? between two maps f and g is a bijection

such that ¢ o f = go ¢.

An equivalence and conjugacy can be topological, quasiconformal or conformal

depending on the quality of ¢. It is easy to see that two maps are topologically
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equivalent if they are conjugate.
Recall that for a branched covering f of the S?, the critical set C'(f) of f consists
of the points z where the local degree of f is greater than 1. The post-critical set,

denoted by P, is the closure of the set U,~of"(Cy), i.e.
Pr = Upso fm(Cy).

If #P; < oo, then f is called post-critically finite. If #P; = oo but #P} < 00, then
[ is called geometrically finite. In the latter case, P} consists of a finite number of

periodic cycles (see Proposition 2.1).

Definition 1.4 (Combinatorial Equivalence). Suppose f and g are two branched
coverings. Then f and g are said to be combinatorially equivalent if there ewist

homeomorphisms ¢, : S? — S? such that

(i) the diagram

commutes and

(1t) ¢ is isotopic to ¢ rel Py. That is, there is a continuous map H(t,x) : [0,1] X

S? — S? satisfying

1) For every 0 <t <1, H(t,-): S? — S? is a homeomorphism;
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2) Forall0 <t<1andz e Py, H(t,x) = ¢(z) = Y(x);

3) H(0,z) = ¢(x) and H(1,z) = ¢(x) for all v € S*.

Definition 1.5. A rational map f of degree two or more is double covered by an
integral torus endomorphism if there is a linear map L(z) = nz + b, where n is an
integer, and a holomorphic map © : T — C of degree 2, where T is a torus, such

that the following diagram commutes

L

—_—

S}

A

<9
ﬁ)?%

The following theorem is in [McM2].

Theorem 1.2. Let f be a rational map of degree greater than one. Then the fol-

lowing conditions are equivalent.

1, The post-critical set Py is disjoint from the Julia set.

2, There is an integer n > 0, such that f" strictly expands the spherical metric

on the Julia set.

3, The orbit of any the critical point tends to an attractive or super-attractive

cycles (see Definition 2.2).

Definition 1.6. The map f is hyperbolic if any of the equivalent conditions above

are satisfied. A hyperbolic map is also sometimes said to be expanding.
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Conjecture 1.1 (Density of Hyperbolicity). The set of hyperbolic rational maps is

an open and dense set in the space of Raty of all rational maps of degree d.

An important aim in holomorphic dynamics is to characterize holomorphic maps
among all topological maps with similar dynamical behaviors. In particular, one
wants to know if there can be only one such holomorphic map up to conformal
conjugation. That is, one asks whether, if two holomorphic maps are topologically
conjugate, then the conjugacy is conformal? If they are, the map is called rigid.
Rigidity also comes up in trying to solve conjecture 1.1. In particular it would be
good to know that all non-hyperbolic maps are rigid.

In [T], Thurston gave the first topological characterization of post-critically finite
rational maps by using a combinatorial condition called a Thurston obstruction (see
Definition 2.5). A complete and comprehensive proof of Thurston’s Theorem is pre-
sented in Douady-Hubbard’s work [DH]. Roughly speaking, the set of post-critically
finite rational maps (except the rational maps double covered by an integral torus
endormorphisms) is in one-to-one correspondence with those homotopy classes of
post-critically finite branched self-coverings of two sphere with no Thurston obstruc-
tions. This characterization implies that whenever two post-critically finite rational
maps are combinatorially equivalent, then they are conformally equivalent. Among
all Thurston obstructions that may exist for a branched covering, the canonical
Thurston obstruction, which is defined in term of the shortest curves in S?\ Py, is

the most interesting. In Pilgrim’s work [Pi], the existence of any Thurston obstruc-
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tion is shown to be equivalent to the existence of the canonical Thurston obstruction.

Thurston’s theorem can not be naturally extended to a map with infinite post-
critically set or a map with infinite degree because the proof of Thurston’s Theorem
depends on the finiteness of both the degree and the post-critical set in a crucial
way. In Cui-Jiang’s work [CJ] (see also [CJS]), a counterexample of a geometrically
finite branched covering is found which shows that Thurston’s theorem can not hold
for the maps with infinite post-critical set. Based on this counterexample, the au-
thors define the concepts of semi-rational branched coverings and sub-hyperbolic
semi-rational branched coverings (see Definition 2.2). They prove that a semi-
rational branched covering is always combinatorially equivalent to a sub-hyperbolic
semi-rational branched covering. This means the characterization of geometrically
finite rational maps is reduced to the characterization of the sub-hyperbolic semi-
rational maps. To this end in the same paper, they define the CLH-equivalence
(combinatorial and locally holomorphic equivalence, see Definition 2.3) among all
sub-hyperbolic semi-rational branched coverings. In their work [CJS], they prove
a Thurston type rigidity theorem about CLH-equivalence for sub-hyperbolic semi-
rational branched coverings. The paper [CJS| was rewritten as [CT]| where more ex-
planation was given. A completely different proof of Cui-Jiang-Sullivan’s Theorem
is given in Jiang-Zhang’s work [JZ]. Jiang-Zhang’s work provides a new approach
to characterize geometrically finite rational maps by following the original idea of

Thurston in his work on the characterization of post-critically finite rational maps.
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The main idea in Jiang-Zhang’s work is summarized as an intermediate step called
bounded geometry (see Definition 3.3) in the framework given in the survey paper of
Jiang [J]. The bounded geometry condition is an analytic condition but is connected
with the topological condition, Thurston obstructions, and with the geometric con-
dition, the canonical Thurston obstruction. In the first two parts of this thesis, we
will follow this framework to characterize Thurston rigidity in two different families
of holomorphic maps.

In the first part of this thesis, Chapter 2, we present our work which originally
appeared in [ChJil] about the existence of the canonical Thurston obstruction for
a sub-hyperbolic semi-rational branched covering in the case it has a Thurston ob-

struction.

Theorem 1.3 (Existence of Canonical Thurston Obstruction). Suppose f is a sub-
hyperbolic semi-rational branched covering. Let T'. denote the set of all homotopy
classes of non-peripheral curves v in C\ Q (for Q see 2.8) such that I(v,z,) — 0

as n — oo for any initial xg € Ty (see Definition 2.8 ). Then we have that either
(a) T. =10, and f is CLH-equivalent to a sub-hyperbolic rational map, or

(b) T # 0 is a Thurston obstruction for f and f is not CLH-equivalent to a

rational map. In this case, we call I'. the canonical Thurston obstruction for
f.
The main idea of the proof of the theorem above is that we associate each f with

a Teichmiiller space of a Riemann surface of finite type but not analytic finite type
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and a Teichmiiller space of an analytically finite Riemann surface. We show that
the short geodesics on both surfaces are comparable. This implies the existence of
the canonical Thurston obstruction.

Entire or meromorphic functions with finitely many singular values are the nat-
ural extension of rational maps, since, like rational maps, they have a natural em-
bedding into finitely dimensional spaces. In the Chapters 3 and 4, we investigate
two families of entire or meromorphic functions with exactly 2 singular values. One
is a family of meromorphic maps with 2 asymptotic values but no critical values and
the other one is a family of entire maps with 2 critical values and no asymptotic
values.

In the second part of this thesis, Chapter 3, we present our work that originally
appeared in [CJK] about the geometric characterization of post-singularly meromor-
phic functions with two asymptotic values.

Recall that a point v is called an asymptotic value of a branched covering f if
there is neighborhood V' of v, such that there is a simply connected component U
of [V \{v})and f:U — V \ {v} is a universal covering. Before we present our

theorem, we give some examples and definitions.

Example 1.1. Let g(z) = e*. The range of g is the whole sphere except {0, 00}.

We can check that g~ (D*) = LH and g~'(C\ D) = C\ LH, where

D*={2+#0]|2| <1} and LH = {2z € C | R(2) < 0},
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and g : LH — D* and g : C\ LH — C\ D are holomorphic universal coverings.
Therefore 0 and oo are asymptotic values of g. In fact, all the maps which have

exactly two omitted asymptotic values are in the form

ae™ +b
ceM +d’

where a,b,c,d € C,ad —bc =1 and A € C*. Thus the family of tangent functions

: : i 2iz i
,GZZ + efzz _2>\'€ + Vi
Atanz = Ai— ‘ ='1Z 4 17’
etz — o~z 6212 _

vV —=2X\i vV —=2X\i

also has two asymptotic values.

Definition 1.7. For any map [ with two omitted asymptotic values {a, b}, the

post-singular set is defined as

PSy =U,>of"({a,b}) U {oo}.

If #PSy < oo, then f is called post-singularly finite. The set of the meromorphic

functions with two asymptotic values is denoted by M.

In Definition 3.1, we define the space AV2 of topological meromorphic maps with

two asymptotic values and prove the following theorem.

Theorem 1.4 (Geometric Property of Ms). A mapping f € AV2 is, up to affine
conjugation, combinatorially equivalent to a unique meromorphic map in My if and

only if f has bounded geometry.

The sketch of the proof is that: Following Thurston, each map f is associated
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with a Teichmiiller space Ty and a self-map oy of Ty which is contracting. The
map f is combinatorially equivalent to a map in My if and only if the self-map o
has a unique fixed point. In order to prove the existence of the unique fixed point,
we choose any point 79 € T, and consider 7,, = a?(TO), the orbit of 7. Each 7,
determines a meromorphic map g, topologically equivalent to f. The topological
equivalence defines a topological constraint for all g,. Using this topological con-
straint and the bounded geometry hypothesis, we show the set {7,} is in a compact
set of T, which in turn implies the existence of the unique fixed point of o in T%.

Finally, in the third part of this thesis, Chapter 4, we present our work that
originally appeared in [CJZ] about the non-existence of an invariant line field for
a family of entire functions with two critical values but no asymptotic values; this
family includes the sine family. Before we present our theorem, we first introduce
some results and definitions.

An approach to the hyperbolic density conjecture is developed in [MSS] and
[McS] , using the quasiconformal map. This approach has the advantage of shifting
the focus from a family of maps to the dynamics of a single map, and leads to the
No Invariant Line Fields conjecture which implies the density of hyperbolic maps

conjecture. In order to state the conjecture, we need to the following definition.

Definition 1.8. Let f be a holomorphic function and B C C be a set. A (non-

trivial) f-invariant line field supported on B is a measurable Beltrami differential

H= M(Z)E



CHAPTER 1. INTRODUCTION 14

where p(z) is a measurable complez function such that

1) for almost every z € C, |u(z)| =1 or 0 and

2) the support supp(p) ={z | |u(2)| = 1} C B has positive Lebesgue measure.

3) f*u=p a.e., that is,

if f'(2) # 0.

Conjecture 1.2 (No Invariant Line Fields). A rational map f carries no invari-
ant line field on its Julia set, except when f is double covered by an integral torus

endomorphism.

In the setting of transcendental functions, the situation is less clear. Indeed, it
is known [EL1] that there exists ”pathological” entire transcendental functions that
support invariant line fields on their Julia sets. So it makes sense to try to find a
family of entire functions for which the conjecture holds.

Recall that for an entire function or meromorphic function f, the singular set
S(f) is the set of critical values and asymptotic values. The Eremenko-Lyubich class

B consists of the set of all entire functions f such that S(f) N C is bounded.

Definition 1.9. Let f be an entire function. The escaping set I of f is
I={2cC|f*z) — 00 as k — oo}

For any map f € B, we know that I C J by Theorem 1 in [EL2].
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We consider the family F) , of functions of the form
fan(2) = Ae” +ye7, A,y eC.
It contains the sine family
falz) = Asinz, A e C™.

By Theorem A.1 in [McM3], we know that the family F) ., contains all maps quasi-
conformally conjugate to fy. For any A, -, the set of critical points of f) ., which

we denote by C', consists of all points 2z such that

A=y
Ay

tanz =1
Let ¢y be the point in the strip {z € C*,0 < Rz < 7} N C. Then
C={co+nm|nei}
While fy , has infinitely many critical points, it has exactly two critical values

4\ 4\ 1
+ 7 coscy = £ 7 yyerent
A+ Aty 1-(52)

Moreover, fy, has no finite asymptotic values. So we conclude that f), is in the

Eremenko-Lyubich class B and so I C J. In the case of the sine family f), = Asin z,
McMullen proved in [McM1] that I has positive Lebesgue measure, which implies
that the Julia set J has positive Lebesgue measure.

Our third result is a partially answer to the comment ” If one was able to furnish
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the proof by a direct proof ....” of the following theorem in [R]: Any function f € B
supports no invariant line field on I. We give an explicit and dynamical proof of
the absence of line fields on the escaping set for f = f\, by using the expansion of

f on the escaping set I. Our result is

Theorem 1.5 (No Invariant Line Fields). For any A\, € C*, the escaping set I

supports no fx-invariant line fields.



Chapter 2

Canonical Thurston Obstruction

2.1 Branched Coverings

Recall that a branched covering f : S? — S? of degree more than 1 is called
geometrically finite if # Py = oo and #PJL < 00, where PJ'C is the set of accumulation

points of P.

Definition 2.1. A point p such that f"(p) = p for somen > 1 is a periodic point for
f- The least such n is the period of p. If p is not a periodic point, and f(p) = fI(p)

for some i > j >0, then p is said to be eventually periodic.

Proposition 2.1. Let f be a geometrically finite map. Then every point in PJ’c 18

pertodic.

Proof. Given any p € P}, there is a subsequence {g,}7>; of distinct points in P

such that
lim ¢, = p.
n—oo
Since the local degree, 1 < deg, f < d, {f(g.)}52; is also a subsequence of infinitely

17
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many distinct points in Py. Since f is continuous,
lim f(gn) = f(p) € P}.
This implies that
f(P}) C P;.

Since P} contains only finitely many points, every point in P is periodic or eventu-
ally periodic, that is, for every p € Pj’c, there are minimal integers [ > 0 and k£ > 1

such that
i) = ().
If [ = 0, then p is periodic. So we need to prove that [ = 0 for every p € P;.
Suppose there is a p € P} such that [ > 0. Assume p; = fp), 1 <i<Il+k.
Then O = {pi41, -+, P4k} is a periodic cycle with k distinct points.

Suppose d,(+, -) is the spherical distance on S?. Let
B (z) ={y € S* | dy(x,y) < €}

be the disk of radius € > 0 centered at z. Then we have a small number € > 0 such
that

B(x)NB(y) =0, Vor#yeckP;

and

f(B(x)) N B(y) =0, VreO,yeP\O.

Now let ¢ € Qf be a critical point such that the subsequence {g, = ™ (c)}
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tends to p = p; as n goes to co. Then

lim f™ () =p;, 1+1<i<I+k.

n—oo

From this and the fact that
f(B(z)) N Be(y) =0, VxeO,yecP\O,

we conclude that
{fz(c) z‘OiN - UZGOBE(x)

for some large N. (Otherwise, there would be infinitely many points of {f*(c)}2,
outside U,¢ P, Bc(x). This would give an extra accumulation point other than those

in P]’c) This contradicts our choice of ¢ which has the property that

lim f™"(c) = p.

n—0o0

The contradiction comes from our assumption that [ > 0. Therefore, [ = 0 for all

p € P;. This completes the proof. H

Definition 2.2. Suppose f : C—>Cisa geometrically finite branched covering of
degree d > 2. We say f is a semi-rational branched covering if f is holomorphic
in a neighborhood of P;. Moreover a semi-rational branched covering is said to
be sub-hyperbolic semi-rational if each cycle < pg,--- ,pr_1 > of period k > 1 in

Py is either attractive, that is, 0 < |( %) (po)| < 1, or super-attractive, that is,

(f*)(po) = 0.
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Definition 2.3. Suppose f and g are two sub-hyperbolic semi-rational branched
coverings. We say that they are CLH-equivalent if there exists a pair of homeomor-

phisms ¢, C — C such that
1. ¢ 1is isotopic to ¢ rel Py,

2. 9o f=gop, and
3. ¢|Us = p|Uy is holomorphic on some open set Uy D P;.

Definition 2.4. A function f is called K-quasireqular in a plane domain G if it

admits a representation
f=¢ow,

where w : G — G’ is a K-quasiconformal homeomorphism and ¢ is non-constant
analytic function in G. A function is quasireqular if it is K-quasireqular for some
K. Moreover a function f is quasireqular on C if f = gow, where g is rational map

and w is a quasiconformal homeomorphism of C.

In order to prove that for any branched covering, there is a quasiregular map in
its CLH-equivalent class, we need some preparations.

A quasicircle in the Riemann sphere is the image of the unit circle under a
quasiconformal map of the plane. An orientation preserving homeomorphism f of
the unit circle S' = {e} is called to be quasisymmetric if there exists a constant

M, such that

1
M

f(ei(m—i-t)) _ f(ezm)
flet) — f(elte=")

<| | <M
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for all x and all || < 7. It is easy to see that the composition of two quasisymmetric
maps is still quasisymmetric, and any real analytic map on S* is also quasisymmetric.

By Beurling-Ahlofors Extension Theorem in [BA] or [Leh], we know that for any
quasisymmetric map h, there exists a quasiconformal self-mapping f of the disk
which has boundary values h. Moreover the map f can be chosen to be diffeomor-

phic, or even real analytic.

Lemma 2.1. Let h : S* — St be an orientation preserving homeomorphism of the
unit circle. Assume that h can be extended to a quasiconformal map f on an inner
neighborhood B of S* (i.e. {z | 1—¢€ < |z| < 1} C B for some € > 0). Then h is

quasisymmetric.

Proof. Denote by p the Beltrami coefficient of f. Denote by D the unit disk. Let
v =pon Band v =0 on D\ B. Then there is a quasiconformal map g of D
whose Beltrami differential is ». On the other hand, f o ¢! is holomorphic on
g(B). Therefore fog~! isreal analytic on S*, and in particular quasisymmetric. So
h=(fog™)og|s is also quasisymmetric.

]

Lemma 2.2. Let h : v, — 7 be a homeomorphism between two quasicircles v,
and vy 1n C. If h can be extended to a quasiconformal map on a one side of a
netghborhood of v1, then h can be extended to a global quasiconformal map of C.

Moreover, the extension can be chosen to be a diffeomorphism from C \ m onto

@\’YQ
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Proof. Fix 1 = 1,2. By the definition of quasicircles, there is a quasiconformal map
¢; of C such that di(y;) = S'. Furthermore, ¢; can be chosen to be a diffeomorphism
on C \ v; as follows: Set A = ¢; (D). Let v : A — D be a conformal map. Then
¢i0tp~! : D — Dis a quasiconformal map. Thus its boundary map is quasisymmetric.
By the result of Beurling-Ahlfors, ¢; 01! restricted on S* admits a diffeomorphism
n on D. Now 1 o1)|a is again a diffeomorphism, whose boundary map is ¢;|s:.

Set hiy = ¢ 0 ho¢;'. Then hy is quasisymmetric by Lemma 2.1 and thus
has a quasiconformal extension to C. Moreover its extension can be chosen to be
a diffeomorphism outside S'. Thus h = gb;l o hy o ¢1 can be extended to be a

quasiconformal map of C and a diffeomorphism outside ;. n

Lemma 2.3. Let U; C C (i=1,2) be a pair of domains such that each U;, (i=1,2)
consists of p > 0 disjoint quasicircles. Let P C Uy be a finite (or empty) set. Let
f Uy — Us be an orientation preserving homeomorphism. If f|ay, can be extended
to a quasiconformal map on a one sided neighborhood of each curve of OUy, then

there is a quasiconformal map in the isotopy class of f rel OU; U P.

Proof. By Lemma 2.2, f|sy, can be extended to a quasiconformal map g on a small
neighborhood W of dU; such that g is differentiable on W\ oU;. Let V; C U; be a
domain such that the boundary consists of disjoints quasicircles in W and Uy \ V; C

W. Then g|sy, is a diffeomorphism and can be extended to a diffeomorphism isotopic

to f rel OU; U P. H

Lemma 2.4. Let f be a sub-hyperbolic semi-rational branched covering with P} # 0;
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then f is a CLH-equivalent to a quasireqular semi-rational map.

Proof. Consider f as a branched covering from C onto C. There is a unique complex
structure y on C such that f (((Af, X) — C is holomorphic. The uniformization
theorem provides a conformal homeomorphism ¢ : (@, X) — C. Set R := fo&t.
Then R : C — C is holomorphic with respect to the standard complex structure,
and therefore is a rational map.

Let U C C be a finite union of quasidisks with pairwisely disjoint closures, such
that Py C U, U C f~Y(U), 0U does not contain the critical points of f, and f is
holomorphic in a neighborhood of U. Since f = Ro &, one sees that the homeomor-
phism £ is holomorphic in a neighborhood of QU with respect the standard complex
structure. It follows that £(OU) consists of infinitely many pairwisely disjoint qua-
sicircles.

Set L = C \ U. Then by Lemma 2.3 there is a quasiconformal homeomorphism
n: L — n(L) such that n = £ on ILU(PrN L) and 7 is isotopic to & rel OLU(PyNL).
Set ( =n~'of on L and ¢ = id on U. Then ( is isotopic to the identity rel U U Py, so
fo(~tis CLH-equivalent to f. But fo(~! = Ronon L, with n quasiconformal and R
holomorphic. One sees that fo(~! is quasiregular in L. Moreover on U = C \ L, the
map fo(~!is equal to f and therefore is holomorphic. Thus fo (™! is quasiregular

on the entire sphere. O

Suppose f is a sub-hyperbolic semi-rational branched covering. Recall that P, =

{a;} is the set of accumulation points of P;. Then every q; is periodic by Proposition
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2.1. There exists a collection of a finite number of open disks
A ={D;} (2.1)

centered at {a;} and a collection of a finite number of annuli {A;} (we call them the

shielding rings) such that

(ii) A; N D; =0, but one of the components of 9A; is the boundary of D;;

(iv) f is holomorphic on D; U A;; and

(v) every f(D; U A;) is contained in D;;; for 1 < i < k—1 and f(D U 4y) is

contained in D; where k is the period of a;.

Set D =U,;D; and

P =P\ D. (2.2)

Since the a; are accumulation points of P, it follows that §/; is finite. Without loss

of generality, we assume that 0, 1, and co belong to P;. Define

Q=P UD and X =0Q = P, UdD. (2.3)
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2.2 Thurston obstructions

Suppose f is a sub-hyperbolic semi-rational branched covering. Let () be the set we
defined in (2.3). Then

fC\Nf@ —C\Q
is a covering map of finite degree. If 7 is a simple closed curve in C \ @, then all the
components of f~1(7) are simple closed curves in C\ f~1(Q), which is a subset of
C \ Q. Thus all the components of f~!(v) are simple closed curves in C \ Q.

A simple closed curve 7 is said to be non-peripheral if each component of C \ v

contains at least two points of ). A multi-curve

T={v, - W} (2.4)

is a set of finitely many pairwise disjoint, non-homotopic, and non-peripheral curves

in C\ Q. For each multi-curve T in (2.4), let
R =< 9y, 0 >

be the real vector space of dimension n with a basis I'. We define a linear transfor-

mation

fr: R - RF

as follows: For each ; € T, let 7; ;,, denote the components of f~!(v;) homotopic



CHAPTER 2. CANONICAL THURSTON OBSTRUCTION 26

to y; in C \ @ and let d; ; , be the degree of f

Y Yiga 7 Ve Define

Yije

fr(y) =% <EaL>%-

dija

Let Ar be the corresponding matrix, that is
frv=Arv, veR

Since the matrix Ar is non-negative, by the Perron-Frobenius Theorem, there exists
a maximal non-negative eigenvalue A(Ar) which is the spectral radius of Ar.
A multi-curve I' is said to be f-stable if for any v € I', every non-peripheral

component of f~1(v) is homotopic to an element of T rel Q.

Definition 2.5. A stable multi-curve I' is called a Thurston obstruction for f if

AArp) > 1.
2.3 Non-negative matrices

Since a Thurston obstruction is determined by a non-negative matrix, we give a
brief review of some results in the theory of non-negative matrices. We use [Gan] as
a reference.

A non-negative n X n matrix A is called irreducible, if no permutation of the
indices places the matrix in a block lower-triangular form. More precisely, there is

no permutation matrix P, which is a matrix consisting of 0’s and 1’s such that each
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row or each column contains one and only one 1, and such that

A 0
PAPT' = (1 )
(A21 A )’

where Ay, and Ayy are square matrices. An equivalent definition of irreducibility is
that for any 1 < ¢, j < n, there exists a 0 < ¢ = ¢(i,7) < n such that the ij-th
entry of A? is positive.

For the n-dimensional vector space V, we will use the norm

IVl = max vil, v = (v, vn) €V (2.5)

For any linear map L : V — V), let A be the corresponding matrix for L, and
define

[A]l = sup [[Av]].

l[vll=1

The spectral radius A(A) of A can be calculated as

A(A) = lim /]|A"|| > 0.

If A is non-negative, the Perron-Frobenius Theorem implies that A(A) is an
eigenvalue of A. Thus it is a maximal eigenvalue of A. If A is irreducible, A(A) is
a simple, positive, maximal eigenvalue with a positive eigenvector v = (vy,- -+ ,v,),
i.e, v; > 0 for all 1 < i < n. However, there may exist another eigenvalue pu # A(A)

with || = A(A). For example, consider

A:<(1)é>
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It is an irreducible matrix. The spectral radius is 1; it is a simple, positive, maximal
eigenvalue with an eigenvector v; = (1,1). However, —1 is also an eigenvalue with
an eigenvector v = (1, —1). But if A is positive, that is, every entry is a positive
number, the Perron-Frobenius theorem states that A(A) is a unique, simple, positive,
maximal eigenvalue with a positive eigenvector v = (vy,--- ,v,), i.e, v; > 0 for all

1 <i < n. Here the term “unique” means that all other eigenvalues p of A satisfy

|1l < ACA).

Definition 2.6. We say that a multi-curve T is irreducible if the corresponding

matriz Ar of the linear map fr : RY — RY is irreducible.

For any non-negative matrix A, we can rearrange the order of the basis such that

A 0 - 0
e (2.6
Asl As? te Ass

and all the blocks A;; on the diagonal are either irreducible or 0 matrices. It is not
hard to calculate that

)\(A) = man)\(Ajj).

Now we consider A = Ar as the corresponding matrix of the linear map fr :
R — RY for an f-stable multi-curve I' = {71, -+ ,7,}. We assume that A is in the

form of (2.6). Then we can use I'; to denote the subset of curves in I' corresponding
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to the j-th block in A. That is, A;; = Ar,. It is clear that

We call {I';} the irreducible decompositions of I". Note that I'; may not be f-stable.
Denote

Loy = YT

where the union runs over all j such that A(A;;) > 1. We have the following

definition to relate every element in I' to I'g, whenever it is not empty.

Definition 2.7. Suppose I' is an f-stable multi-curve. For every v € I', if there
exists a Yo € Loy and an integer k > 0 such that v is homotopic to a component
F7%(Vob), then we define the depth of v with respect to T' to be the least such integer
k. Otherwise, we define the depth as oo. The set of all elements in I' with finite

depth 1s denoted by I'y. The set of all elements with infinite depth is denoted by I'.

Then

'=Tyuly.

It is clear that if I" is a Thurston obstruction, then I'y is non-empty. Moreover, we

have

Lemma 2.5. IfT" is a Thurston obstruction, then Iy is also a Thurston obstruction.

In particular, under a permutation of the basis, we can write

_(Ar, O
= (% ) (2.7)
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where A(Ar) < 1 and AM(Ar) = AM(Ar,) > 1.

Proof. First, for every curve v € Iy, there exists an integer £ > 0 and an element
Yob € Top such that + is homotopic to a component of f~*(7,). It follows that any
non-peripheral component 75 of f~!(7) is homotopic to a component of f~*+1) ().
Since I' is f-stable, then there exists an element +; € I' which is homotopic to
7. Therefore, any non-peripheral component of f~1(v) is homotopic to an element
v; € I' whose depth is at most k + 1. This implies that v € I'g. Thus I'y is f-stable.

Let us write I'oo = {71, -+ ,7s}. Then 'y = {Vs41, -+, Y }. Since [y is f-stable,

Ar must be of the form of (2.7). Furthermore, since ', C I'y, we have that

)\(AFOO) <1 and /\<A1"0) = /\(AF> > 1.

For each disk D; in A, we take a point b; on the boundary 9D;. Set

Let p = f§F. It is obvious that every multi-curve I' in C \ @ is a multi-curve in
C \ E. It follows that there are only a finite number of possible matrices for all
linear transformations fr (refer to [DH, Lemma 1.2]). (There are infinitely many

possible multi-curves I'.) Therefore, we have

Proposition 2.2. There is a number 0 < 8 < 1 depending only on the degree d

of f and the cardinality p of E such that for any irreducible multi-curve I' in C \ @
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(not necessarily f-stable) with N(Ar) > 1, if v is the unique positive eigenvector of
Ar corresponding to A\(Ar) > 1 with ||v|| = 1, then the smallest coordinate of v is

bounded below by (.

Proof. Since there are only finitely many possible matrices for all irreducible multi-
curves, there are finitely many simple, positive, maximal eigenvalues. Thus there are

finitely many positive eigenvectors v with ||v|| = 1. This proves the proposition. [

Proposition 2.3. There exists a positive integer m such that for any non-empty

f-stable multi-curve ', if it 1s a Thurston obstruction,
AP [ < 1/2.

Proof. Since there are only finitely many matrices Ar corresponding to all I'’s, there
are only finitely many Ar_’s. For each Ar_, AM(Ar.) < 1. So there is an integer
m > 0 such that

AL < 1/2.

Every multi-curve I' can contain at most p — 3 curves, so we have that

Proposition 2.4. There is a positive integer M depending on p such that for any
f-stable multi-curve I" in C \ Q, the depth of every v € T'y is less than or equal to

M.
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2.4 Teichmiiller space and short geodesics.

Suppose f is a sub-hyperbolic semi-rational branched covering. Recall () and P, as
defined in (2.2) and (2.3) and the assumption that 0, 1, co € P;. Let M(C) be the
unit ball of the space L>°(C). That is, it is the set of all measurable functions ;1 on
C such that the essential supremum norm |||l < 1. Each element p € M(C) is
called a Beltrami coefficient since the measurable Riemann mapping theorem [AB|

says that the Beltrami equation
¢E = M¢Z (29)

has a unique quasiconformal self-map ¢ of C fixing 0, 1, and oo as a solution
and depends holomorphically on p € M(C). The map ¢* is called the normalized

solution of the equation 2.9.

Definition 2.8. The Teichmiiller space T is the equivalence class [u] for p € M(C)
satisfying u|Q = 0 a.e., where py and o are equivalent if and only if ¢** is isotopic
to oM rel Q. Furthermore, we can define the Teichmauller distance between two
points x = [p] and y = [v] in Ty as

1

dr(z,y) = éminﬁe[p],'ﬁe[u] log K[¢" o (¢") "]

where K[@] is the mazimal dilation of the quasiconformal map ¢.

From [Li] (or [JZ]), we know that T is the Teichmiiller space of Riemann surfaces
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C \ @ with boundary 9Q. It is a complex Banach manifold and the projective map
D : M(C) — Tf

is a holomorphic split submersion.
Moreover, since f is a quasiregular map, it induces a self-linear map f* on M (C)

by @ — f*u by the formula,

) E)EE)
V) = G e)ec)

Y

where

0(z) = Iz and pg(z) = %

Since f(Q) C @, it follows that if [p] = [pe] in T}, then [f*(u1)] = [f*(pe)] in TF.
In this way f* induces a well-defined map oy : Ty — T5.
Since

op=®o0 fod!
where ®~! means a local holomorphic section of @, it follows that
of: Tf — Tf

is a holomorphic map.
Let H(ID,Ty) be the collection of all holomorphic maps from the unit disk D to

Ty, and pp(z, w) be the hyperbolic distance of any two points z,w in D.

Definition 2.9. The Kobayashi’s pseudo-metric dgx on T is defined to be the largest
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pseudo-metric on Ty such that

dK(f(Z)7f(w)) < pD(z,w)
for any two points z,w € D and any f € H(D,T})

The Kobasyshi pseudo-metric on Ty is the same as the Teichmiiller metric (see
in [GL]). From the definition of Kobayashi pseudo-metric, it follows that any holo-
morphic self-map of T} is a contraction on the Kobayashi pseudo-metric. Since o

is holomorphic, we have that

dT(O-f(x>70-f(y)) < dT(I7y)7 Va,y € Tf'

From [JZ], we also know that

dr(o5(2),05(y)) < dr(z,y), Va,y € Ty, (2.10)

We need more definitions and lemmas from [JZ] as follows.

Let Z be a subset of ) with §(Z) > 4. Let v = [u] € Ty and let v € C \ Z be
a simple closed and non-peripheral curve. We use lz(, x) to denote the hyperbolic
length of the unique simple closed geodesic which is homotopic to ¢*(y) in the
hyperbolic Riemann surface C \ ¢*(Z). We say v is a (u, Z)-simple closed geodesic

if ¢(7) is a simple closed geodesic in C \ ¢(Z).

Remark 2.1. From the definition of the Teichmiiller space Ty, we know that the

definition of lz(~y, x) is independent of the choice of u in x.
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For xg € Ty, let x, = 0} (x9),n =1, - be a sequence in Ty. Recall our definition

of £ in (2.8).

Lemma 2.6. If there is a real number a > 0 such that there is a point xy € Ty and
every (z,, E)-simple closed geodesic vy C C \ @ has hyperbolic length greater than or
equal to a, then the sequence {x,}° is convergent in Ty and the limiting point is

the unique fized point of o in T}.

Remark 2.2. This lemma implies that if there exists an xo € Ty such that the length
of the shortest geodesics on all the x, have a uniform lower bound, then f has no

Thurston obstructions.

Lemma 2.7. There exists an n > 0 such that for any point v = [u| € Ty with
w(z) =0 on U;A; and for any (z, E)-simple geodesic vy C C \ E with lg(y,z) <,

we have v C C \ Q. Moreover, for any € > 0, there exists a § > 0 such that

lE(/%x) > (1 - E)ZQ(’)/,J])
whenever lg(vy,z) < 9.

Remark 2.3. The above lemma implies that for any x = [u] € Ty with u(z) =0
for all z € U;A;, all sufficiently short geodesics in C \ ¢"(E) are homotopic to the
sufficiently short geodesics in C \ ¢"(Q). More precisely, we can find a constant

0o > 0 such that

1
ElQ(’y,JJ) <lg(y,z) <lg(y,z) whenever lg(y,z) < d.
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Suppose z = [u] € Ty and Z C Q. Define

wZ(’Ya LL') == IOg lZ(’% l’)

Consider the set

Ly, = {wz(v,z)}

where v ranges over all the non-peripheral simple closed curves in C \ Q. Define

wz(x) = supfwz (7, 2)}

and

wyz (T, x) = max,crwz(7y, x).

The following lemma is a general result for hyperbolic Riemann surfaces (refer

to [DH, JZ]). We just state it in our case.

Lemma 2.8. Let Z C @ be a finite subset with §Z > 4 and v C C \ @ be a

non-peripheral simple closed curve. Then the function
r—=wz(y,z): Ty =R

18 Lipschitz with Lipschitz constant 2.

Let

A = max{—loglog(2v2 + 3), — log 6y}

where dg is the number in Remark 2.3. From Keen’s Collar Lemma in [Keen], we

know that log(2v/2 4 3) is the magic number in the theory of hyperbolic Riemann
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surfaces such that for any hyperbolic Riemann surface S, any two simple closed
geodesics v and 4/ in S are disjoint whenever the hyperbolic lengths of v and +" are
less than log(2y/2 + 3). This implies that for any point # € T}, there are at most
p — 3 curves  with Ig(y,z) < log(2v/2 + 3).

For any J > 0, let (a,b) be the lowest interval in R\ Lg, such that a > A and

b—a=J. For any z = [v] € T}, define
I'y. ={7 |~ is asimple closed geodesic on R, and wg(y,z) > b}.

Then I';, is a multi-curve consisting of the geodesics which are sufficiently short on
C\ ¢*(E). This is equivalent saying that T' 7. contains all the simple closed curves
in C \ ¢*(Q) which are homotopic to sufficiently short simply closed geodesics on
C \ ¢*(Q). There are at most p — 3 elements in I';, for any = and they are pairwise
disjoint.

For any = € Ty, let D = dp(z,0¢(x)).
Lemma 2.9. IfJ >logd+2D+1 andTj, # 0, thenT ;. is an f-stable multi-curve.

See Lemma 7.3 in [JZ].

2.5 Upper bound for ',

We keep the notation of the previous sections. Suppose xy € Ty and z,, = 0'?(1'0)
for all n > 1. Then we have a sequence {x,}7, in T}.

For all n > 0 and all z € U; A;, since f(U;A;) C U;D;, where A; are the shielding
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rings we constructed, we have p,(z) = 0, where [u,] = x,.
Recall the definition of £ = P; U U;{a;,b;} in (2.8) and m in Proposition 2.3.

Let

Py =EU f"(E) U (Uigjznf’ () C Q.
The following lemma is also from [JZ].
Lemma 2.10. There ezists an ey > 0, such that for any x = [u] € T¢ with p(z) = 0,

for all z € U; A;, and for any (u, Py)-simple closed geodesic 7', if lp, (7, x) < €, then

there is a (u, E')-simple closed geodesic y such that ~' is homotopic to 7 in C \ P.

The following lemma is also a general result in the theory of hyperbolic Riemann

surfaces and the reader can find a proof in [DH].

Lemma 2.11. Let X be a hyperbolic Riemann surface, P C X is a finite subset,
and P < p. Let X' = X \ P and L < log(3 + 2v/2). Let v be a simple closed
geodesic on X, and let vy,--- ,7v. be all the geodesics on X' homotopic to v in X

whose hyperbolic length on X' is less than L. Set | =lx(v) and l; = lx:/(v}). Then:
(1) k<p+1;

(2) for alli, I, >1;

(3) § -2 - <YL g <+ 2

™

The next proposition is essential for our proof of Theorem 1.3.
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Proposition 2.5. Let m be the constant in Proposition 2.3. Let xo € Ty and
T, = of(xg) for n > 0. There exists a constant C(J) > 0 depending on p, d,
€0, D = dr(zo,z1) and J > m(logd + 2D + 1) such that if wg(xy) > C(J), then

' =T,., # 0 is a stable multi-curve. Moreover, if T'o, # 0, then
WE(Lso, Tm) < wg (Lo, o).

Proof. If wg(xy) > A+ (p — 3)J, then ', is non-empty, since R,, has at most
(p — 3) simple closed geodesics with hyperbolic length less than e~ (they are not
homotopic to each other). From Lemma 2.9, I' =1T",,, is also f-stable.

Suppose I'y, # () and Ap is in the form of (2.7). From Proposition 2.3, ||Af_|| <
1/2.

For each v; € T'j,,, let 4; ;0 be any component of f~™(v;) homotopic to v; in
C \ @. Then v, ; , is also homotopic to ~; in C \ E. Let g = ¢* o f™o(¢”)"!, where

(] = o and [v] = x,,. Then g is a rational map and
g:C\@" (/7" () = C\ ¢"(Py)
is a holomorphic covering map. Therefore
Lp=m(p) (Vijar @m) = dijalp, (75, %0),

where d; ;o is the degree of f™ : 7, ;. — v;. We get

Zlf <Zd ) = by 1‘

’Y’L]Oﬂxm 1., ng /YJ"Z‘O) lPQ(’Yj):BO)’
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where b;; is the ¢j-entry of AP

Since ' C P,, the inclusion
L @ \ P2 — @ \ FE

decreases the hyperbolic distances. So we have that Ip,(7y;, zo) > lg(7;, o) for any

7;- It follows that
1 1
< bjj—/——m—.
za: Lp=m(py) Viguar Tm) (5, o)

From the definitions of P, and E, we know that £ C f~™(P). Let C =

C(d,m,p) =t(f~™(FP) \ E), where p = {F.
We claim that for any (v, f~™(F2))-simple closed geodesic vy which is homotopic

to ~; in C \ E, either v is homotopic to some 7; ;, in C \ f[7™(P) or

Li=m(py) (7, Tm) > min{e” D e},

where ¢ is the constant in Lemma 2.10.

We prove the claim. In fact, if v is not homotopic in C \ f7"(P) to some 7 j.as
then f™(y) is a (i, I%)-simple closed geodesic which is not homotopic to any 7; in
C\ P,. Then there are two cases: either (1) f™(7) is homotopic in C \ Py to some

(i, E')-simple closed geodesic £ which does not belong to I';,,, and we have

e, (f(7), o) > Le(f™(7), o) = le(§, 20) > e > e 4TI

or (2) f™(v) is not homotopic in C \ P, to any (i, E)-simple closed geodesic, and
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by Lemma 2.10, we have

Lp,(f™(7), %0) > €o.

Thus we have

Li-mpy) (Vs Tm) > Lpy (f™(7), w0) > min{e” AT ¢},

This proves the claim.
From the left hand of the inequality given by (3) in Lemma 2.11, for each ; € I,

we have

1 1 C+1
lE(’Yl; xm) s min{ei(A+PJ)a EO} Z lf m(Pz)(W/z 7,0y ajm ; 7]7 513'0)

Suppose I'so = {71, -+, 75} C I'. Then for each v; € 'y, from the form (2.7) of

AFJ

S

1 1 1 C+1
L N S .
lE(’yzafL‘m) - ]ZI le(’}/j,[E()) + ™ + min{e—(AJrPJ),eo}

Let
1 1
lg(y1,2m) lg(71,%0)
vy = : and v = :
1 1
lE('YSaIm) lE('YSvTO)

Since [|AZ]| < 1/2,

1 1 C+1
< = - :
vl 2||V|| Tt min{e—A+P7) e}

Define

1 C+1
- At (p—3)Jb.
o {ewm)’eo}), + (p 3)J}

C(J) = maX{Q(
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If wg(T's, o) > C(J), then we have
WE(Too, Tm) < We(Ts, o).
[

Lemma 2.12. Let J > m(logd + 2D + 1). Suppose wg(xy) < C(J) and suppose

I'=Ty,, #0 for some k >0. Let E(J) = C(J)+2mD. If T, # 0, then for all n,
wg(loo, zn) < E(J).

Moreover, if wg(vy,xr) > E(J), then v € Ty.

Proof. We prove the first inequality by contradiction. Suppose there is an n > 0
such that wg(le,x,) > C(J) + 2mD. Suppose ng is the first integer having this
property. Then we have wg(T'ao, png—m) > C(J). Now by Proposition 2.5 and the

fact that ng is the first integer such that wg(I'w, Zn,) > C(J) + 2mD, we have
WE(Toos Tny) < WE (Lo, Tng—m) < C(J) + 2mD.

This is a contradiction.
If we(y,z) > E(J) > C(J) > A+ (p—3)J, then v € I'j,, =T since there are
at most p — 3 simple closed curves in R,, such that wg(y,zr) > A. But v ¢ 'y

because of the first conclusion and the assumption. Therefore, v € I'y. O
2.6 Lower bound for I,

In order to get the lower bound for I'y, we need the following definition.
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Definition 2.10. Let k be a real number. A sequence {a,}5, of real numbers is
called k-quasi-nondecreasing if for all ny < ny we have ay,, —a,, > k. A sequence is

called quasi-nondecreasing if it is k-quasi-nondecreasing for some k.
It is easy to check that the following two properties are true.

Property 2.1. Suppose {a,}>2, and {b,}>, are two sequences. If {a,}3, is
k-quasi-nondecreasing and if |a, — b,| < v for all n, then {b,} is (kK — 2r)-quasi-

nondecreasing.

Property 2.2. Suppose {a,} is quasi-nondecreasing and unbounded. Then a, —

+00 as n — +o0.

Recall that any = = [u] € T represents a complex structure on C \ @, which
makes C \ @ a hyperbolic Riemann surface R,. For any simple closed geodesic ~y
on Ry, let A(y,x) be the Riemann surface, conformally isomorphic to an annulus,
obtained by taking the unit disk ID modulo a Z-subgroup of the fundamental group
of R, generated by v. It is a covering space of R,. The core curve of A(~,z) is a

geodesic of length (v, z) and

mod(A(7, 7)) =

o 2) (2.11)

where mod(A) means the modulus of an annulus A.
If v is a simple closed geodesic of hyperbolic length [ on the Riemann surface

R, then there is an embedding annulus a(y, ) of modulus m(l) which is continuous
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and decreasing and satisfies

Thus for all z € T}, we have

mod(A(y,x)) — 1 < mod(a(,z)) < mod(A(y,x)). (2.12)

We need the following technical lemma:
Lemma 2.13. [ft > 1, thenlog(t+ 1) — 1 < logt.
Proof. Fort > 1,
t+1
log(t+1) —logt = log(T) <log2 < 1.
O

If wo(y,z) > log2 = —0.451582705- - -, then we have mod(A(vy,z)) —1 > 1.
By taking logarithms on all terms of Inequality (2.12) and by applying Lemma 2.13

and Equation (2.11), we have
logm — 1+ wg(v,x) < logmod(a(y,z)) < logm + wg(7, x).
It follows that, if wq(y,z) > log %, then

|log mod(a(vy,x)) — wg(y,x)| < log. (2.13)
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Given a multi-curve I', we denote vectors of moduli
(mod(A(y,))) and (mod(a(, z)))
by mod(A(T', z)) and mod(a(T", z)) respectively. Define
mod(A(I', x)) = min,er{mod(A(v, z))}

and

mod(a(I', z)) = min,er{mod(a(y, x))}.

Lemma 2.14. Let 8 be the constant in Proposition 2.2. Let I' be an irreducible
multi-curve. Suppose the leading eigenvalue of the matriz Ar is greater than or equal

to 1. Then for any xo € Ty and x, = 0% (7o), n > 0,
(1) mod(A(T'z,)) > Smod(a(T’ z0)) and
(2) M(Q(F,l'n)) > BM(Q(F7$O)) - L

Proof. Since for any n, f" : C — C is a branched covering, we can similarly define
the linear map f# : RY — R'. Let B be the corresponding matrix for the linear
map ff* with the basis I'. It is easy to see that B > A}.

Let v be the unique positive eigenvector of Ar with ||v|| = 1. Let 1 denote the

vector whose coordinates are all equal to 1. Then
mod(a(I", zg)) > mod(a(T', 29)1 > mod(a(T", zg))v.

For any n > 1, let ~;'; , be the components of f ~"(y;) homotopic to ~;, and a'. , be

Z7j7a
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the components of f~"(a(v;, o)) homotopic to ;. Then

mod(af;,) = mod(a(7;, zo))/d

i7j7a )

where djf; , = deg fn"ﬂfj,a' Since a7, , are disjoint annuli homotopic to the curve ~;,

we have

Z mod(a;; ,) < mod(A(vi, ,)).

a7j

(One can obtain this inequality by lifting them to the covering space A(v;,x,) of

R,, and then by using Grotzsch’s inequality.) Consequently we get

mod(A(T", z,,)) > mod(a(T',z,)) > B mod(a(I, o))
> Af mod(a(T', zg)) > A} mod(a(T', zp))v

> mod(a(T, z9))v > § mod(a(T’, z9))1

Hence for all v € I', we have mod(A(v,z,)) >  mod(a(I', z¢)). The second conclu-

sion follows form the first one and Inequality (2.12). O
Lemma 2.15. Ifa, b>0, 3>0, and e* > 3e® — 1, then a — b > log 5 — 1.

Proof. If fexpb— 1> 1, then by Lemma 2.13, we have
log(Bexpb — 1) > log(Be”) — 1 >log B+ b — 1.

Hence by the assumption, we have a — b > log § — 1.

If Bexpb—1 < 1, then b < log2 — log 5. Since a > 0,

a—b>0—b=—-b>logp —log2>logps—1.
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For any « € Tt and any multi-curve I', define
w(l, z) = min,crwg(y, ).

Lemma 2.16. Suppose T' is an irreducible multi-curve and suppose the leading
etgenvalue of the matriz Ar is greater than or equal to 1. For any xo € Ty, if
w(l',wg) > log(3/8) +log, then the sequence {w(T', z,)}7%,, where x, = o’} (x), is

(log p — 1 — 2log 7)-quasi-nondecreasing.
Proof. For w(l', zo) > log(3/3) + logm > log %, by Inequality (2.13), we have
3
log mod(a(T', zg)) > log(g).

That is, mod(a(I", zo)) > 3/8. So pfmod(a(I",zo)) —1 > 2. By Lemma 2.14, we have
that for all n > 0,

mod(a(T, z,)) > 2. (2.14)

Now consider the sequence y,, = log mod(a(I", z,,)). Choose arbitrarily ny > ny > 0,
and let a = y,,, b = y,, and n = ny — n;. By Lemma 2.14, we have e* > e’ — 1.
Applying Lemma 2.15, we have a—b > log f—1, so the sequence {y, } is a (log 5 —1)-
quasi-nondecreasing.

By Inequalities (2.12) and (2.14), we have mod(A(T', x)) > 2. This implies that

logm + w(I',z,) > log2. That is, w(l',z,) > log(2/7). Since mod(a(vy,z,)) is
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continuous and decreasing with (7, z,,), we obtain
mod(a(I', z,)) = mod(a(y,z)) and  w(l', zn) = wq(7,2n)
for the same « € I'. This further implies that
|y, — w(l', z,,)| < log .

From Property 2.1, we finally have that w(T',z,) is (log8 — 1 — 2logn)-quasi-

nondecreasing. O]

Lemma 2.17. Let k > 1 be an integer. For any xo € Ty, let x, = o%(xo) for
n > 0. Let D = dr(xo,x1). If 71,72 are non-peripheral curves in C \ @ such that

some component of f~*(y1) is homotopic to ~y,, then
wo (Y2, To) > wo(m,xo) — k(logd + 2D).

Proof. Let Y = f7%(R,,). Then Y C R,, is a Riemann surface and f*:Y — R,

is a holomorphic covering map of degree d*. Then
by (72) < d*lo(m, o).
Since the inclusion map ¢ : Y — R,, decreases the hyperbolic lengths,

lQ(V?a xk) < dle(’Yl, .ﬁEo).

It follows that

wQ(V2, 21) > wo(1, 20) — klogd.
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Since o decreases the Teichmiiller distance dr,
dr(xi, ziy1) < dp(zg,21) = D.

The map v — wq(7, x) for any x € T} is a Lipschitz function with Lipschitz constant

2 (see Lemma 2.8), so we have
wo (72, To) > wo (Y2, xk) — 2kD > wg(71,x0) — k(2D + log d).

]

Lemma 2.18. Suppose I' is an irreducible multi-curve. Then for all ;, v; € I' and

all x € Ty,

[wa (i, #) — woly;, )| < (p = 3)(logd +2D).

Proof. Since I' is irreducible, there is an integer ¢ < §I' < p — 3 such that ~; is
homotopic to a preimage of f9(7;). By Lemma 2.17, we see that wq(y;,x) >

wo(vj,2) — (p —3)(logd + 2D). By exchanging ¢ and j, we complete the proof. [

Proposition 2.6. Suppose I is an f-stable multi-curve satisfying I' = T'y. Let
zg € Ty and x, = 0}(x9), n > 0. Let D = dr(wg,z1). Suppose min,wq(y, o) >
log(3/B)+log, where § is the number in Proposition 2.2. Write T' = I"UT", where
I = Doy is the union of the irreducible component I'; of I' for which A(Ar,) > 1.

Then

(1) for ally € I", {wq (v, Tn) fn>o s k-quasi-nondecreasing, where k= logf —1 —

2logm — 2(p — 3)(logd + 2D);
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(2) for all v € I and alln >0,
wo(Y, #n) = minyer{wg(y, xn)} — M(logd + 2D),
where M 1s the constant in Proposition 2.4.
(3) Suppose minyerwg(7y,xo) > Ja — 1, where
Ja = mazx{log(3/8) + logm, A} + k + M(logd + 2D) + 1.
Then for all v € ' and for all n > 0, we have

U)Q(’Y, xn) > A

Proof. Let I'; be an irreducible component of I'" for which A(I';) > 1. By the
assumption that w(I', o) > log(3/3)+log 7, we have {w(I';, x,,)} is log f—1—2log -
quasi-nondecreasing.

Since I'; is an irreducible multi-curve, by Lemma 2.17 and Property 2.1, we have
for each v € T';, the sequence {wq (v, zx)}2, is a k = logf — 1 — 2logm — 2(p —
3)(log d + 2D)-quasi-nondecreasing. This completes (1).

By Lemma 2.16 and (1), we have for all v € I' and all n > 0,
wo (7, ©y) > mingep{wo (v, x,)} — M(logd + 2D).

This is (2).

(3) follows from (1) and (2) immediately. O
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Proposition 2.7. Suppose I' is an f-stable multi-curve satisfying I’ = T'y. Let xq €
Ty and x, = o%(x), n > 0, and D = dr(wg,x1). Suppose min,erwg(7y, o) > Ja.
Write T' = I UT", where I” = Doy, is the union of the irreducible component I'; of

I for which A\(Ar,) > 1. Then
1) Forally € T, wg(y,z,) > A for any n > 0.
2) For ally € TV, {wg(v, zn) }nso s (k — 2)-quasi-nondecreasing.
3) For all vy € I and alln >0,

we(y,xn) > minger{we(y,2,)} —2 — M(logd + 2D).

Proof. From Lemma 2.7, we have, for any x € T},

if wg(y,xz) > A. If min,wg(y,z9) > Ja, then min,wg(y,z9) > Ja — 1, and by
Proposition 2.6, for any n > 0 and v € I', wg (7, z,) > A. Consequently, wg(y, z,) >
A, which gives us 1).

From 1), we have |wg(v, z,,) —wg(7, ,)| < 1 for alln > 0. Then by Property 2.1

and Proposition 2.6, we have 2) and 3). O

2.7 Existence of the canonical Thurston obstruc-
tion

This section is devoted to proving Theorem 1.3.
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For any choice zy € Ty, we can find a J > Jy4 such that wg(x¢) < C(J). Without
loss of generality, we assume that J = J4. Since C'(J) is an increasing function of J,
we have wg (7o) < C(J) for all J > J4. Let v, = 0} (w0), n > 0, and D = dr(zo, 71).

Suppose that f is not equivalent to a rational map. By Lemma 2.6, the sequence
{wg(z,) }n>0 is unbounded. Thus there exists v, and z,, with wg(yg, z,,) — 00, as
k — oo.

Fix J > Jy = Ja + |A|. Then wg(yk,xn,) > E(J) = C(J) + 2mD for some k.
So by Lemma 2.12, the set of finite depth curves in I T, s denoted by I" Jn, 05 18
nonempty.

Moreover, if for some ng, v € L' j0.0, We(Y, Tny) > a+J > Jya, then wg(y, x,) >
A for all n > ny by Proposition 2.7. This implies that I'y = U,I';,, 0 and G =
Uys 'y are multi-curves, since v € I'; satisfies wg(7y,x,) > A for all n sufficiently
large.

Since wg (Y, Tn,) — 00, as k — oo, given any fixed J > Jy, wg(Vk, Tn,) > E(J)
for infinitely many k. Hence v, € I'; C G infinitely often. Since G is finite, for some

v € G, we have v, = v for infinitely many k. Hence the set
L'y = {7 | {we(v,z,)}n>o is unbounded}

is nonempty.

Proposition 2.8. I'y, = N>, 1.

Proof. The inclusion Ny~ 'y C I', is clear. To see the other inclusion, let v € T',,.
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Given J, there exists some n such that w(v, z,) > E(J). By Lemma2.12,y € ', o.

Thus Ny, I'; D I'y. This proves the proposition. O
Proposition 2.9. I'y, =1, for some J. > Ja.

Proof. The proof is by contradiction. Since I', = Ny> 'y, forall J > Jy, if '), # 'y,
then there exists a curve -y, such that v; € I'y C G but v; ¢ I',,. Since G is finite,
this implies that there is some v € G such that v = v, € I'; for infinitely many
J, but also v ¢ TI',. This is a contradiction, since v € I'; for infinitely many .J
implies that the sequence {wg(7,z,)} is unbounded. The contradiction proves the

proposition. O

Now consider I'y, =T";, = U,.I'j, 2, 0-

For each k such that I' = T';_,, o is nonempty, applying Proposition 2.7, we
know that if v/ € I", then the sequence {wg(v', z,)}n>0 is both unbounded and
quasi-nondecreasing, so wg(v', x,) — 00, as n — oco. 3) of Proposition 2.7 implies

that wg(vy, z,) — oo, as n — oo, for all v € I'”. Hence

Ly ={y| we(y,z,) = 00 asn — oo}.

Proposition 2.10. I'y =TIy .. o for some n = n,.

Tnc,

Proof. Since I', = U,I';_ 4, 0, the inclusion I'j_, o C I'y, C G holds for all n.
Since there are finitely many elements in G, there exists an n. such that for all
v €Ty,

we(y, h,) > E(J.).
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By Lemma 2.12, we have vy € 'y ., 0. Thus I'y = 'j_,,. 0. O

From Proposition 2.10, I',, is a Thurston obstruction. Furthermore, I';, depends
only on f and is independent of the initial point zy, since for any =, the map
x — wg(y,x) is a Lipschitz map with Lipschitz constant 2 (see Lemma 2.8) and
since oy decreases the Teichmiiller distance dr.

Finally, since

wg(v,x) < wg(y,z) <14+ wg(y,x),

if wg(vy,2) > A (see Remark 4.3), we have that

Fe ={y [ wo(y,2n) = 00 as n — oo}

= {7 | weg(y,x,) > 00casn— oo} =T,

Therefore, I'. is a Thurston obstruction. This completes the proof of Theorem 1.3.



Chapter 3

Geometric Characterization of
Topological Functions with Two
Asymptotic Values

3.1 The space AV2

Recall that the any meromorphic map in M is a holomorphic map with exactly two
asymptotic values and no singular values. We now want to consider the topological
structure of functions in My and define AV2 to be the set of maps with the same

topology.

Definition 3.1. For any two distinct points (a,b) € S?, let fo.p be a universal
covering map fop: X — S*\ {a,b}. Any such map is called a 2-asymptotic value

or 2AV map and the space of these maps is denoted by AV2.

The relation between the spaces My and AV2 is summarized as the following

theorem.

Theorem 3.1. If g(z) € My then g(z) € AV2 and, conversely, if g € AV2 is
meromorphic then g € Ms.

25
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Proof. Any g(z) € My is a universal cover of C so belongs to AV2. Conversely, if
g € AV2 is meromorphic, it has two asymptotic values and no other singular values

so by definition it is in M. ]

If f e AV2, its set of singular values Sy = {a,b} from the fact that f is a
universal covering. We define the post-singular set just as we did for functions in

M in Definition 1.7.

Definition 3.2. For f = f,, € AV2, the post-singular set PS; is defined by

PSy = | Unsof(x) U {20}

x€Sy

Note that by our notation, S? \ X is the point at infinity and it has no forward
orbit although it may be an asymptotic value. We therefore include it in PS5.

Post-composition of f,; with an affine transformation 7" results in another map
in AV2. In what follows, therefore, we will always assume a = 0 and the second
asymptotic value, A is determined by the condition f(0) = 1.

We will be concerned only with functions in AV2 such that PSy is finite. Such

functions are called post-singularly finite.
3.2 A Topological Constraint

Suppose f € AV2 is post-singularly finite. By our normalization, one asymptotic
value is 0 with f(0) = 1 and the other asymptotic value is A # 0. We will define a

topological invariant for f that is based on a choice of a path from 0 to f(1) that
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passes through 1. This choice gives us a partial marking of the space (R? U {oo}) \
PS;.

We assume we have a standard complex structure on R? and denote it by C.
Let v be the straight line segment in C connecting 0 and 1. We assume it doesn’t
pass through any other points of PS;. If it does, we modify it slightly to avoid
such points. There are finitely many of them at most. Now consider the image f(7)
which is a curve in C connecting 1 to f(1). It spirals around 0 and is closed only
in the special case that f(1) = 1. By construction, it avoids any points of Py. If it
is closed, it has a winding number with respect to 0, and denote o = f(v). If not,
follow f(7) by the straight line segment o in C joining f(1) to 1 to obtain a closed
curve o0 = f(v)Uog. This closed curve has a winding number about 0. Again, If the
line segment goes through a point of PS¢, modify it slightly to avoid such points.
That is, close f(7) in the simplest way to determine the number of times o spirals
around 0.

We use 77 to denote the winding number of o with respect to 0 on S? \ {A}.

Since the winding number is topological invariant. we have the following lemma:

Lemma 3.1. Suppose f is another post-singularly finite map in AV2 and 1, ¢ :

52 5 S2 are homeomorphisms fizing 0,1, 00 such that ¢o f = foih. Then ny = ns-

For the post-singularly finite maps in AV2, we can define combinatorially equiv-
alent equivalence class in the same way as Definition 1.4 for the post-critically

branched coverings.
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3.3 Teichmiller space 7.

For each f € AV2, we associate a Teichmiiller space T in the same way as Definition

2.8 by replacing @) by PSy. That is
Ty = M(C)/ ~,

where pq ~ py if ¢H* is isotopic to ¢#? rel. PS;. In fact, the space T} is the
Teichmiiller space modeled on (S? PS;); that is, it may be identified with the
Teichmiiller space of the sphere with p punctures, Ty ,, where p = #PS;.

Since f(PSf) C PSy, it follows that f, like branched coverings, induces a holo-

morphic map oy on T, which contracts the Teichmiiller metric on T%; that is

Lemma 3.2. For any two points T and 7" in T},

dr <0f(7), Jf(T')> <dr(r,7).

Lemma 3.3. A post-singularly finite f in AV2 is combinatorially equivalent to a

meromorphic map in My if and only if oy has a fized point in T}.

Proof. If f is equivalent to a map g € My, there exist ¢, ¢ : (5%, PSy) — (@, P,)

isotopic rel PSy and such that the diagram

X2
J/f \LQGMZ
§2—">¢

commutes. This means that if 7 is the represented by ¢, then o;(7) is represented
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by ¢'. Since ¢ and ¢ are isotopic rel PSy, it follows that os(7) = 7.

Suppose o has a fixed point 7 = [¢]. Consider commutative the diagram

x Y-
J{f J{ge/\/h
52—~

where [¢)] = o/(7). Since 1) represents the same point of T} as ¢, there exists an
isomorphism A : C—C fixing oo such that ¢ o h = ¢ on PS; and they are isotopic
rel PS¢. Then goh is a meromorphic map equivalent to f, as we see by considering

the following diagram

]

Remark 3.1. If #PS; = 3, then T} consists of only one points, so it is the fived
point. By the lemma above, f is combinatorially equivalent to a map Msy. So we

assume #PSy > 4 in the rest of this chapter.
3.4 Bounded geometry.

From Lemma 3.3, Theorem 1.4 is proved if we can find a fixed point of o in T%.
Since the map f is of infinite degree, the preimage of any simple closed curve is either
an open curve homeomorphic to R or a union of infinitely many simple closed curves.

Thurston obstructions do not make sense. Therefore, we use an analytic condition
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called bounded geometry, which is equivalent to the non-existence of Thurston ob-
structions for the case of maps with finite degree, to obtain the existence of a fixed
point. In order to give the definition of bounded geometry, we need some context.

Let the base point of Tt be the hyperbolic Riemann surface R = (@\PS + equipped
with the standard complex structure [0] € Ty. For 7 in T}, denote by R, the
hyperbolic Riemann surface R equipped with the complex structure 7.

Recall that a simple closed curve v C R is called non-peripheral if each compo-
nent of C \ 7 contains at least two points of PS;. Let v be a non-peripheral simple
closed curve in R. For any 7 € T¥%, let [,(7) be the hyperbolic length of the unique
closed geodesic homotopic to v in R, .

For any 79 € T}, let 7, = 0} (70), n > 1.

Definition 3.3. [Hyperbolic version] We say f has bounded geometry if there is
a constant a > 0 and a point 79 € Ty such that I, (v) > a for alln > 0 and all

non-peripheral simple closed curves v in R.

The iteration sequence 7, = 037y = [¢,] determines a sequence of subsets of C
P, = ¢,(PSf), n=0,1,2,---.

From definition of T, the sets P, do not depend on the choice of ¢,, in the equivalent

class. Moreover, since all the maps ¢,, fix 0, 1, oo, it follows that 0,1,00 € P,.

Definition 3.4 (Spherical Version). We say f has bounded geometry if there is a
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constant b > 0 and a point 79 € Ty such that

dsp(pna QH) 2 b

for alln >0 and py, g, € P, ,, where

[z = 7]

N NG

dsp(2,2")

18 the spherical distance on C.

Note that dg,(z,00) = le = Away from infinity the spherical metric and
Euclidean metrics are equivalent. Precisely, in any bounded K C C, there is a

constant C' > 0 which depends only on K such that
Cldgy(z,y) < |z —y| < Cdgy(z,y) Va,y € K.

The following simple lemma justifies using the term “bounded geometry” in both

of the definitions above.

Lemma 3.4. Consider the hyperbolic Riemann surface C \ S equipped with the
standard complex structure where X s a finite subset such that 0,1,00 € S. Let
a > 0 be a constant. If every simple closed geodesic in C \ S has hyperbolic length
greater than a, then the spherical distance between any two distinct points in S is

bounded below by a bound b which depends only on a and m = #(S).

Proof. If m = 3 there are no non-peripheral simple closed curves so in the following

argument we always assume that m > 4. Let X = {zy, -+ , 21,2, = 00} and let
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| - | denote the Euclidean metric on C.

Suppose 0 = |z1| < -+ <|2p-1|. Let M = |zp,—1]. Then |xo| <1, and we have

H |Zi41] _ |Zm—1] > M.

2<i<m—2 [ 2]

Hence

Let

Ai={zeC ‘ 25| < 2 < Jzis |}

and let mod (4;) = 5-log % be its modulus. Then for some integer 2 < ¢y <
mo — 2 it follows that

mod (A;,) > M.
27(m — 3)

Denote the extremal length of the core curve 7;, in A;; € C\ X by ||v,|l. By
properties of extremal length ||, || < —mod (- Since extremal length is defined by
20

taking a supremum over all metrics and the area of C\ X = 27 (m — 2) for every

hyperbolic metric,

l2 2
bl > =) 5 o
27(m —2) — 2w(m —2)

On the other hand

1 2m(m — 3)
H%o” = . < .
mod (A;,) log M
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Combining these two inequalities, we have

4w (m—2)(m—3)

MSM():@ a?

Thus the spherical distance between oo and any finite point in X has a positive
lower bound b which depends only on a and m.

Next we show that the spherical distance between any two finite points in X
has a positive lower bound depending only on a’ and m. By the equivalence of the
spherical and Euclidean metrics in a bounded set in the plane, it suffices to prove
that |z — y| is greater than a constant b for any two finite points in X.

First consider the map a(z) = 1/z which is a hyperbolic isometry from X to
a(X). It preserves the set {0, 1,00} so that 0,1,00 € a(X). For any 2 <i <m —1,
the above argument implies that 1/|z;| < My and hence |z;| > 1/M,. Similarly, for
any z; € X, 2 <i<m—1, consider the map f(z) = z/(z — x;). It maps {0, co, z;}
to {0,1,00} so that (X) contains {0, 1,00} and it is also a hyperbolic isometry.
For any 2 <1i < m — 1, the above argument implies that |z;|/|z; — z;| < My which

in turn implies that |z; — ;| > 1/MZ proving the lemma. O
3.5 (Geometric characterization of M,

This section is devoted to proving Theorem 1.4
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3.5.1 Necessity

The proof of necessity is straightforward and we give it here. The proof of sufficiency

needs preliminary material and we defer it to the next section.

Proof of necessity. If f is combinatorially equivalent to a map g(z) € My with
homeomorphisms ¢,1, which are isotopic to each other rel PS, implying that
[¢] = [¢]. Since g is holomorphic, it follows that [¢)] = o;([¢]). Suppose 75 = [¢],
then 7y is a (unique) fixed point of o;. Using the hyperbolic metric on C \ PS;
induced by 7y, the non-peripheral curves have definite lengths. Since 7y is fixed
under Thurston iteration, these lengths are fixed and f satisfies the hyperbolic

definition of bounded geometry. O

3.5.2 Sufficiency

Suppose f is a post-singularly finite map in AV2. For any 7 = [u] € T}, let T}T be
the cotangent spaces of Ty at 7 and ¢* be a representative normalized quasiconformal
map fixing 0,1, 00. By Proposition 3.1 in [DH], we have 7T coincides with the
space Q,, the space of holomorphic quadratic differentials on C \ ¢"(PSy) with
at most simple poles on ¢*(PSy). Since all the possible poles are simple, so the

quadratic differentials in Q,, are integrable. The norm on the space Q,, is defined as

|l = / 16(2)|dzdz

for any ¢ € Q.

For any 7 € T}, set 7 = o4(7) = [fi] and denote by ¢* and ¢ the normalized
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quasiconformal maps with Beltrami coefficients p and ji, respectively. By definition

of o¢, we have the following commutative diagram:

x - ¢

lf lg=gu,g€Mz
PN

S? C

where 1 = f*pu.
For each g, ;, we define a push-forward operator (gmﬁ)* 0 Qp — 9, between

cotangent spaces: for any ¢ = ¢(w)dw? € Qp, a co-tangent vector in T#T}, define

(3.1)

where £ is the standard transfer operator and ¢ is the coefficient of §.
Let (doy), : T#Ty — T}Ty be the co-tangent map of oy. Then by Proposition
3.2 in [DH], we have that the map (doy), coincides with the map (g,.7)« : Qu — Qz;

that is [|(o).[| = lldo|l = [lg:l-
Lemma 3.5. The map (g,,z5)« is contracting; that is
lall < 1]l

Proof. Let g = g, ;. Suppose there is a ¢ such that ||g]| = ||g||, where ¢ = g.(¢) and

let Z be the set of poles of ¢. Then, since g has no critical points, the poles of ¢
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must be contained in ¢g(Z). Formula (3.1) together with the equalities

_ - _ ow) | o
|p(2)|dz dz = / |o(w)| dwdw = / dzdz
/. A !
imply that at every point the argument (g(’;((lf;)? is the same; that is,
é(w) b(uw')

and therefore
97 (9(2)) c ZUS(f).

But this is a contradiction because g~'(g(Z)) is an infinite set and Z U S(f) is a

finite set. O
As an immediate corollary we have
Corollary 3.1. For any two points T and 7" in 1Y,
dr (Uf(T), O'f(T/)) < dp(r, 7).
Furthermore,

Lemma 3.6. If oy has a fized point in Ty, then this fixed point must be unique. This
1s equivalent to saying that if a post-singularly finite f in AV2 is combinatorially

equivalent to a normalized meromorphic map g(z) € My then g(z) is unique.
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We can now finish the proof of the sufficiency of the main theorem by using

bounded geometry.

Proof of sufficiency. By Theorem 3.1,
Gn = ¢ 0 fo(ghm)7! (3.2)

is in M.

By our normalization of f we have S(f) = {0, A}, f(0) = 1 so that {0,1, A\, 00} C
PSy. Recall that P, = ¢ (PSy) for n = 0,1,.... Since ¢~ fixes {0, 1,00} for all
n >0, {0,1,00} C P,. Furthermore, from equation (3.2), g, is normalized so that

gn(0) =1 and

1 1 -
= -)efn® + o=

gn(z> = (

If we set A, = ¢**(A) then 0 and A, are omitted points for g,,. Thus

Again, from equation (3.2),

gn(1) = ¢ (f(1)) =

Therefore, we see that

{07 17 )‘na gn(l); OO} - Pn

We assume that #PS; > 4 for the rest of the discussion. Recall that f has
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bounded geometry means that there is a constant b > 0 such that

dsp(Pn,Gn) > b, Yn >0, Vp,,q, € P,.

Lemma 3.7. If f has bounded geometry with base point 1o and bound b, then {g,}5°,

lies in a compact subset K, 1, of Ms.

Proof. Since A\, # 0,1,00 € P, ,,, there are constants 0 < ¢ < C' < oo depending on
7o and b such that

Similarly since g, (1) # 1, there is a positive constant, which we again denote by

¢, and again depending on 7y and b such that

1Bn| > c.

Let 5, = x, + yni. Because g,(1) # 0, A, € P,, there is another constant which
we again denote by C' such that

lz,| < C.

Now set g, = ¢+ (o). Then the winding number 7, of the closed curve g,(o,) is
determined by y,,. By lemma 3.1, 7,, = 1 is constant, so there is another constant

which we again denote by C' such that

ly.| < C.

Therefore, taking ¢,C' with 0 < ¢ < C' < o0, respectively small and big enough
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depending on 7y and b, we see that
c<|Bul <O, Vn>0.

Finally we conclude that {g,}>°, lies in a compact subset of M. ]

Any integrable quadratic differential g,,+1 € T}, Ty has, at worst, simple poles
at P,y = o'+ (PSy). Since 17 Ty is a finite dimensional linear space, we have a

quadratic differential gy, mae € T5, Ty with |¢n,maz|| = 1 such that

0<ap,= sup [[(gn)sGnll = H(gn)*qn,maxu < L.

llgn|l=1

Moreover, by the bounded geometry condition, the potential simple poles of

{Qn,maz }Zozl

lie in a compact set and hence these quadratic differentials lie in a compact subset of
the space of quadratic differentials on C with, at worst, simple poles at m = #(P)
points.

Let

A7y = SUP Qp,.
n>0

Let {n;} be a sequence of integers such that the subsequence a,, — a,, as i —
oo. By compactness, {g,, }2, has a convergent subsequence, (for which we use the
same notation) that converges to a meromorphic map h € My. Taking a further

subsequence if necessary, we obtain a convergent sequence of sets P,, = ¢! (Fy)
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with limit set X. By bounded geometry, #(X) = #(Ps) and ds,(p,q) > b for any
p,q € X. Thus we can find a subsequence {gy, mar} converging to an integrable
quadratic differential ¢ of norm 1 whose only poles lie in X and are simple. Now by
lemma 3.5, we have

try = |[Pag]] < 1.

Thus we have proved that there is an 0 < a,, < 1, depending only on b and f,
such that
l(op)-ll < lldop)ll < ar.
Let [y be a curve connecting 79 and 7y in Ty and set [,, = O’?(lo) for n > 1. Then
[ = U9 l, is a curve in Ty connecting all the points {7, }22 . For each point 7y € lo,
we have az, < 1. Taking the maximum gives a uniform a < 1 for all points in /.

Since o is holomorphic, a is an upper bound for all points in [. Therefore,

dT(Tn—i-la Tn) S a dT(Tna 7—n—l)

for all n > 1. Hence, {7,}5°, is a convergent sequence with a unique limit point 7,

in Ty and 7 is a fixed point of o. n
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No Invariant Line Fields on
Escaping sets of Some Entire
Functions

This chapter is devoted to proving Theorem 1.5.
Notations: The following notations will be used in the rest of this thesis. For

any wg = a + ib, we use
B(wg) ={w € C | |w—wp| <1}
to denote the disk of radius » > 0 centered at wy, and use
Sp(wo) ={w =&+ ||E—a| <r, |[9—=0<r}

where r > 0, to denote the square centered at wy and with side length 2r > 0. For
any point z € C, we use R(z) and J(z) to denote the real and imaginary part of z.
For any measurable set X C C, let m(X) denote the Lebesgue measure of X.

Theorem 1.5 is proved by contradiction. Suppose there exists A,y € C* such

71
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that the escaping set I = I, , of f = f\,, supports an f-invariant line field ;. Note

that f is a periodic function of period 27 and p is f-invariant, so we have
Lemma 4.1. p(z) = pu(z + 27) for almost every z € C.

Proof. 1f z is not a critical point, then

f'(z+2m)
filz+2m)

pu(z +2m) = p(f(z + 2m))
Then the lemma follows. OJ

The backward orbits of the critical points

A= "o

k>0
where C' is the critical set of f, is a countable set and thus has zero Lebesgue

measure. Since p(z) is measurable and

supp(p) = {z | [u(z)| =1}y C 1

has positive Lebesgue measure, by the Lebesgue Density Theorem, we can find a

point zg € I\ A such that

i) lp(zo)| =1,

ii) for any 0 < €, < 1, there is a § > 0 such that for any 0 < r < §, one has

m({z € By(zo) | 1u() — plz0)] > )
(B, (o)) < (1)

(refer to Corollary 2.15 on page 20 of [McM2].)
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For such a point zp, let 2 = f*(29) for k > 0. Then we have
Lemma 4.2. |3(z)| — oo and |f'(zx)| — oo, as k — 0.

Proof. Let A = r1e® and v = ree’. For any z = = + iy, we have

f(2) = Xe”® +ye "
= rie” Y cos(z + a) + roe? cos(z — ) + i(rie ¥ sin(z + ) — r2€? sin(z — 0)).
It follows that
[f(2)]* = [he™™ + e ?
2

=(rie7Y cos(z + a) + rae? cos(x — 6))* + (rie Ysin(z + a) — ree sin(x — 6))
=rfe % + rie® + 2r ry cos(a + 0).
So from this equation, we have that
e 4 ve | < eV 4 roe¥ < (ry + 1) elS@ (4.2)
This implies that
21| < (1 + 7o)l S,

Since zg € I, |zp41| = | f(2x)| — 00 as k — oo. Thus, |3(z)| — 0o as k — oo. Since
f'(z) = Nie®® — ~yie 2,

[f'(2)] = [Ae' + (=7)e™™]
Then we have that

|[f'(2)]* = | ()" — 4rirz cos(a + 6).

This implies the second assertion. The proof of Lemma 4.2 is completed. O
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We fix a point 29 € I \ A satisfying i), ii) and let 2, = f*(20), k > 0.

Lemma 4.3. There is a sequence of positive numbers L — oo such that the pull
back of By, (z) along the orbit zi, zi—1, - - - , 2o is univalent; that is, there is a simply
connected domain U, containing zo, such that f* : U, — By, (zk) is a holomorphic

1somorphism.

Proof. By Lemma 4.2, there exists a positive integer N such that
1
S(2k) — 510g|%| | > 2

and |f'(zx)| > 4 for k > N. Take such an N and let it be fixed in the following.
Now let us prove that f is univalent on S;(zx) for all k > N. To see this, let us first

factorize f into

f(z) = Jo Ao E(z)

where
E(z)=¢% Az) = z\/é, and  J(z2) = \/yA(z 4+ 271).

For k > N and z, w € Sy(z), E(z) is univalent on the square S;(z;). It maps
Sx(zx) into either the disk of DM(O) or the outside of the disk of D\/m(()).
Then A(z) maps E(S;(z)) either into the unit disk D;(0) or the outside of the the
unit disk D;(0). Since J(z) is y/yA times Joukowski transformation z — z + 271,
J(2) is an univalent function on the unit disk and on the outside of the unit disk.

This implies that f is univalent on Sy (z).

For zg ¢ A, there is a 0 < 6 < m/2, such that the pull back of Bs(zy), along the
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orbit of zy, -+, zp, is univalent. For 0 < k < N, let C} denote the component of
f~O=R)(Bs(zy)) containing zj, and Ly be the largest number such that By, (z;) C
Cy for k=0,---  N.

Now we define Ly = |f'(zx-1)|0/4 for k > N. We have the following claim:

Claim. f is univalent in Bs(z;) and

Bs(z41) C Br,,, (z141) C f(Bs(z1))

for all £k > N.
Proof of the claim. Since 0 < § < m/2 and f is univalent on S;(z;) for k& > N,
we know that for £ > N, when restricted on Bs(z;), f is univalent. By the Koebe
1/4-theorem (refer to Theorem 1.3 on page 2 of [CG]) and the definition of Ly,
f(Bs(z)) contains the disk By, (zx41) for all K > N. Since |f'(z;)| > 4 for k > N
, the disk By, ., (2x41) contains Bjs(zp41) and thus f(Bs(2x)) contains Bg(zp41) for
all £ > N. The claim has been proved.

Now for all k, let Uy, be the component of f~*(By, (z)) containing 2. From the
definition of Ly, it follows that f*: U, — B L. (2k) is univalent for every k.

Note that Ly — oo because |f'(z;)| — oo as k — oo. This completes the proof

of the lemma. O

Let Ny be a large integer, and By = Ban,(2r). By Lemma 4.3, we have By, C
Br, (2x), when k is large enough. Let Vi C Uy be the domain such that f*(V;) = Bj.

Let Ry = max.cov, |2—2o| and ry, = min,esy, |2—20|. Since Ny/ Ly — 0, by the Koebe
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Distortion Theorem (refer to Theorem 1.6 on page 3 of [CG]), when restricted on
Vi, the map f* behaves more and more like the linear map z — z - (f*)'(20). Thus

we have

Lemma 4.4.

e
(£ (z0)

Ry — 0, T—k—>1 and sup
Rk z€Vi

’ — 0.
as k — 0.
Since 11/ Ry, — 1, by the Lebesgue Density Theorem, we have

Lemma 4.5. For any e > 0 and 0 < n < 1, there is an N > 0 such that for all

k>N,
m({z € Vi | |u(2) — p(z0)| > €})
m(Vi) =
Proof. Let
Py =A{2 € Vi | [u(2) — p(z0)| > €}
and

Qr = {2 € Bp,(20) | |1(2) — p(20)| > €}
For B, (20) C Vi C Bpg,(20), by Lemma 4.4, it follows that P, C Q) and

o T(B ()

lim =S <L (4.3)

Then we have
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m(F)

m(Q) m(Qx)  m(Br,(20))
m(Vi) '

= Vo) ~ m(Br, () m(V)

From the inequality (4.1) and the equation (4.3), we have

m(Py)

li =0.
o vy Y
Then the lemma follows. O
For k£ > 0, let

It is clear that T} is well contained in By = Ban,(z;) for all £ > 0.

Now for z € Vj, let ¢ = f*(z). Since u is f-invariant, we have

() = ()G
u(€) = u(f*(2)) = u( )—(fk),(z)
and
2) = (o)) = () L)
p(ze) = p(f*(20)) = p( )<fk),(20)

Since m(T},)/m(By) is a positive number independent of k, by Lemmas 4.4, 4.5 and
the Koebe Distortion Theorem (refer to Theorem 1.6 on page 3 of [CG])), we have

that

Lemma 4.6. For any e > 0 and 0 < n < 1, there is an N > 0 such that for all
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k>N

Y

m({¢ € Ty | [1(¢) — p(zk)| > €})
T

m(Ty <,
Since f(z) = Xe®® + ve~** is dominated by Ae** when Sz tends to —oo, and by

ve~™* when 3z tends to oo. Without loss of generality, suppose $(z;) < 0 in the

following, then f(z) is dominated by Ae”. (If 3(z) > 0, we just consider ye ).

Let

A ={z|ar < |z| < by},

with

ar = |Ne 3G and by, = [A|e” ST

Since f(z) is dominated by the Ae®*, it follows that the domain f(7T}) looks
very nearly like the slitted annulus A, with the slit connecting the two boundary

components of A,. More precisely, as k — 0o, we have

m(f(Tx))

———2 31 and m

So by Lemma 4.6, the lines associated to the u(z) for z € T, are almost parallel
(here the line at each point z is given by the longest axis of the infinitesimal ellipse
represented by p(z)). The action of f on these lines is the rotation given by the
argument of f'(z). When |J(z)| is large, the argument of f(2) is almost —R(z) +
arg(A). Since Ty is a square with side length 27, as z moves from the left side of T}
to the right side of Ty, the argument of f’(z) takes almost each angle between 0 and

27 evenly. Note that f(Ty) is like the ring Ay. It follows that on each radial line



CHAPTER 4. NO INVARIANT LINE FIELDS 79

segment which is contained in f(7}), the lines associated to p are almost parallel,
and when z runs through the concentric circles in f(7}), the direction of the lines

associated to p variously continuously and take all the angles between 0 and 27

evenly.
Let
Gr={z| z=w — 2w, for some w € Tj}.
Then
—m(Gk N7 — 1 as k — oo.
m(T})

By Lemma 4.1, the line field is 27 period. This is impossible because a radial line can
not be invariant under horizontal shifting. Therefore the proof of the No Invariant

Line Field theorem is completed.
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