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A b s tra c t

MOLECULAR, IONIC AND ELECTRONIC TRANSPORT 

IN SOLID OXIDE MEMBRANES AND FUEL CELLS

b y

H uim ing Deng 

A d v ise r : Dr. Benjam in A beles

W e solve the transport equations for d iffusion-reaction  in  solid  

ox ide  m em branes and fuel cells w hich have a basic s truc tu re  that 

consists o f a m ixed ionic electronic conductor (M IEC) porous anode 

and cathode separated  by a thin dense layer. The large surface area 

o f the  p o ro u s  e lec tro d e s  en h an ces  the  ch em ica l re a c tio n  and 

correspondingly  gives rise to an enhanced ionic current. The purpose 

o f the  dense layer is to block the d irect passage o f gas m olecules 

betw een the electrodes. In the case o f a fuel cell this dense layer is 

an io n ic  conducto r w hich allow s only  the passage o f oxygen ions 

w hile  in the case o f a m em brane the dense layer is a m ixed ionic 

e lectronic conductor (M IEC) which allow s the passage of electrons as 

well as ions. In an oxygen m em brane w ith electrodes having surface 

area 1 0 0  m ^ /g m , an ion current o f over tw o orders o f  m agnitude 

over tha t o f  m em brane w ithou t porous e lec trodes, is th eo re tica lly  

achievable. In the case o f the fuel cell the corresponding increase in 

the short c ircu it current is a factor o f 30.
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IV

W e synthesize  thin dense blocking layers, in  the range 0.05-1 

p m , and nano-scale partic les 50-100 A fo r the porous electrodes, by 

p u lsed  la se r d ep o sitio n  o f  the  ionic co n d u cto r y ttrium  s tab ilized  

z irc o n ia  and the M IEC  S rC o o .sF e o .2 0 3 -5 . X -ray , SEM  and TEM 

m ic ro s c o p y , e le c tr ic a l  c o n d u c tiv ity  a n d  o p tic a l  tra n sm is s io n  

m easu rem en ts  w ere  used to ch arac te rize  the  m a te ria ls . T he YSZ 

e lec tro d e  in te rfac ia l im pedance has the co n stan t phase  angle form . 

T he  co n d u ctiv ity  o f  S rC oo .8 F e o . 2 O 3 . 5 , is in te rp re ted  by a charge 

tran sfe r conduction  p rocess and i t  has an activation  energy o f 0.17 

eV . The optical absorption spectrum  o f SrC oo.sFeo.2 0 3 - 5  is interpreted 

in term s o f  an effective  one-e lec tron  band structu re  diagram .
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1

In tr o d u c t io n

Oxygen perm eating  m em branes m ade o f m ixed ionic electronic 

conducting  ox ides (M IEC) are o f considerable techno log ica l in terest 

in  m em b ran es  fo r o x y g en  sep a ra tio n , fo r c a ta ly tic  m em b ran e

p rocesses and fo r fuel cells  [1,2]. O xygen perm eation  in vo lves a

com plex  in te rp lay  betw een  oxygen gas activation  a t the gas-so lid  

in te rface  and bu lk  tran sp o rt o f  oxygen ions and e lec tro n s . The

physica l and e lec trochem ical m echanism  underly ing  the perm eation  

p ro cess  are in  general not w ell understood. F igure  1 dep ic ts  the

basic m echanism s involved in the perm eation process for the case of 

a dense M IEC m em brane. O xygen m olecules are e lec troca ta ly tica lly  

ac tiv a ted  and ion ized  a t the high p ressu re  side o f  the gas-so lid  

in terface to doubly charged negative O 2- io n s :

- 0 n + 2 e < ^ 0 2 ~ .
2 2

In the process tw o electrons are extracted from  the conduction  band 

p roducing  two positive  holes, w hich together w ith the  ion form  a

neu tra l am b ip o la r pair. The am bipo lar pairs, hopp ing  v ia  oxygen

vacancies, d iffuse  to the low pressure side o f  the m em brane. There

the reverse process takes place, tw o electrons are re leased  fo r each 

ion and tw o oxygen atom s recom bine at the interface to form  a 0 2  

m o lecu le .
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2

In the application o f m em branes [3] as chem ical reactors or for 

separa tion  o f  gases, a c ritica l question  is the upper lim it o f ion 

cu rren t that can be achieved  for a given p ressu re  drop across the 

m em brane. The ion cu rren t in a dense m em brane can be increased  

by reducing  the thickness o f the m em brane until its thickness is less 

than Ld, w here:

D a is the coeffic ien t for bulk am bipolar d iffusion o f oxygen anions

and holes [4] and K is the coefficient fo r surface reaction o f oxygen 

gas [5], The length scale L j  determ ines the transition  from  diffusion 

lim ited  ( L » L cj) to surface reaction rate lim ited ( L « L ^ )  transport of

o x y g en  io n s , w h ere  L is the  th ic k n e ss  o f  th e  m em b ran e . 

E xperim en ta l resu lts  on M IEC m aterials suggest that Ld be in the 

range 50-1000 pm  [5,6]. M aking the m em brane th inner than Ld can

increase  the flux only if  the reaction  rate can be increased  at the

same tim e. O ne way the reaction rate can be increased is by adding 

regions o f h ighly  porous catalytic m aterials on both sides o f the thin, 

dense m em brane. T hese porous reg ions p rov ide  a la rge  e ffec tiv e  

area fo r reaction . T his is illu stra ted  in F ig .2a fo r the case o f an

oxygen separation  m em brane w here the three reg ions are shown. On 

the le ft is a porous, oxygen-activation region that converts gas phase 

oxygen in to  so lid -s ta te  oxygen anions, in the m idd le  is a dense

region that transports  the oxygen anions, but b locks gas m olecules, 

and on the righ t hand side is another porous reg ion  in w hich oxygen 

anions recom bine to oxygen m olecules. In the case o f a fuel cell or a
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m em brane reactor a chem ical reaction  occurs, such as oxidation  of 

m e th an e , or o f  h y d ro g en . F ig u re  2b show s sch e m a tic a lly  the 

d iffu sion -reac tion  process in pores.

The fuel cell in F ig .3 differs from  the m em brane in F ig .2 in 

that the dense layer, w hile still being  a good ionic conductor, m ust 

be an electronic  insu lato r to b lock the passage o f electrons. E lectric 

leads a ttached  to e lec trodes are used to  return  e lectrons from  the 

anode to the cathode, producing e lec tric  pow er in  an ex ternal load. 

The o th e r consid era tio n s  enum erated  in  the above p arag rap h  fo r 

m em branes apply equally  to fuel cells.

As m en tio n ed  above, to fa b ric a te  m em branes w ith  h igh

th ro u g h p u t requ ires  th in  dense M IEC  blocking  layer and  M IEC

porous electrodes w ith  large surface area. M IEC are m ateria ls w hich 

have both  ionic and elec tron ic  conductiv ity . C om m only the  M IEC

have a p e ro v sk ite - lik e  s tru c tu re . T he m a te ria ls  can be p ro to n

co n d u cto rs  or o x y g en  ion  co n d u c to rs . The oxygen co n d u c tiv ity  

results from  hopping o f an oxygen ion from an occupied site  to a 

n e ig h b o rin g  o x y g en  vacan cy . A p a rt from  th e ir  a p p lic a tio n  in  

m em branes and fuel cells, som e o f  the M IEC perovskites can also 

exh ib it h igh  tem peratu re  superconductiv ity . Thus the fie ld  o f  M IEC 

perovskite  is o f  considerable technical and scientific in terest.

The in terest o f  M IEC in th in  film  forms com es from  the fact 

tha t they  have unique properties w ith scien tific  as well as practical 

app lications w hich cannot be realized  in  conventional bu lk  sin tered  

m ateria ls. The re la tive ly  low tem peratu res used in vapor deposition  

o f thin film s, i.e. w ith substrates at or below 800 °C , m ay open up 

new  chem ical reaction  pathw ays not accessible  at high tem peratu res
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(1200 °C ) used in conventional solid state chem istry  reactions. The 

high  c ry s ta llin e  q u a lity  o f  th in  film s m akes them  an a ttrac tiv e  

veh ic le  fo r fundam ental characterization  stud ies. On the  p rac tica l 

side, th in  film s are ideal for m em branes because o f their very high 

p e rm e a b il i t ie s .

O ur w ork is d iv ided  in to  two parts. In C hapter 1, w e use 

m odels o f varying degrees o f com plexity to describe the d iffusion- 

reaction  processes in porous M IEC electrodes in oxygen m em branes 

and fuel cells. A naly tical solutions for oxygen flux in  m em branes 

and electric  pow er output in fuel cells are given for the case when 

the chem ical potential drop on a m embrane is sm all com pared to RT. 

N um erical so lutions and scaling relations are obtained for the m ore 

general cases. In C hap ter 2, w e develop experim en tal techn iques 

tow ards m aking  th in  film  m em branes and fuel cells. Thin film  

b lock ing  layers are m ade by pulsed laser deposition  o f the M IEC 

S rC o o .8 FeO .2 0 3 - 5  and  the ionic conductor yttrium  stabilized z irconia 

(Z rC > 2  at 5.7 and 9.5 mol% of Y2 O 3 ). Porous electrodes are m ade by 

v a p o r c o n d e n sa tio n  o f  n a n o -sca le  p a r tic le s  w h ich  are then  

consolidated  into porous continuous netw ork.
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C hapter 1

D iffusion-R eaction in Solid Oxide M em branes and Fuel Cells

1. In tro d u c tio n

P rev ious w ork on porous gas e lec trodes has been  p rim arily

confined  to the so called  flooded electrodes [7,8]. In th is case the 

pores o f  the e lec tro d e  are partia lly  filled  w ith liqu id  e lec tro ly te , 

w ith  gas m o lecu les  d isso lv ed  in the e lec tro ly te . G as m olecu les 

diffuse to pore w alls w here the electrocataly tic  reaction  occurs. The 

rate lim iting step is the supply of the reactan t since the d iffusion  

coefficien t o f  gas m olecules is much sm aller than that o f ions. In the 

case o f porous M IEC  electrodes the situation  is norm ally  reversed,

the d iffusion  coeffic ien t for ions in the M IEC is orders o f  m agnitude 

sm aller than that o f the gas in pores. A nother im portan t distinction 

from  the e lectro ly tes in  the previous w ork is that transport in M IEC 

is am bipo lar en ta iling  both ions and e lectrons. O ur ob jective is to

d e riv e  genera l re la tio n s  be tw een  the ion  c u rren t and  the pore 

s tru c tu re , based  on leng th  scales tha t govern  d iffu sio n -reac tio n  in 

p o ro u s  m e m b ra n es . W e assum e an o x y g e n  io n  c o n d u c tin g  

m em brane. T he m odel applies equally  well to proton m em branes by 

re p la c in g  the  n e g a tiv e ly  ch arged  d iv a le n t oxygen  ion  w ith  a 

positiv e ly  charged  m onovalen t proton ion. The perform ance o f the 

m em brane, i.e. the m agnitude o f the oxygen flux is fully  determ ined 

by specifying the partia l oxygen pressures p ’>p" at the high pressure
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and low  p ressu re  sides o f  the m em brane. In th is way the m odel can 

describe  both oxygen m em branes as well as chem ical reactors, in so 

m uch that chem ical reactions are re la ted  to specific  oxygen partia l 

p re s s u re s .

There are tw o im p o rtan t basic  concep ts in  the trea tm en t o f 

d iffu sion -reac tion  in m ixed  ion ic  e lec tron ic  conducto rs. One is the 

concept o f am bipo lar transport o f ion-hole pairs in the bulk, w hich is 

treated in Section  2. The other is the chem ical reaction at the solid- 

gas in terface, d iscussed  in  Section 3. In Section 4, we treat the case 

of a dense M IEC  m em brane. In Section 5, we in troduce the general 

concep ts  o f  p o re  s tru c tu re  in po rous m a te ria ls  and apply  them  

specifically  to a m odel o f  sim ple cubic array o f  spherical grains. W e 

then extend  the trea tm en t to m em branes w ith porous e lec trodes in 

Section 6. We first treat the case w here the chem ical po tential drop 

on the  m em brane  is sm all com pared  to RT and derive  e x p lic it 

ex p ress io n s fo r  the ion cu rren t and the w id th  o f  the  chem ical 

re a c tio n  re g io n . N ex t w e so lve  th e  d iffu s io n -re a c tio n  eq u atio n s  

num erically  fo r the case w here the chem ical p o ten tia l drop across 

the m em brane can be large and finally  w e derive  scaling re la tions 

for the  ion cu rren t and the  w idth of the chem ical reaction  zone. In 

Section 7, we solve d iffusion-reaction  equations, for the special case 

o f sm all chem ical p o ten tia l drop across the m em brane and constant 

gas p re ssu re  in  po rous e lec tro d es , fo r both  ions and  e lec tro n s  

w ithou t invoking  the assum ption  of space charge n eu tra lity  in the 

m em brane. W e p ro v id e  p ro o f  that the am b ip o la r co ncep t is an 

e x c e lle n t a p p ro x im a tio n  fo r the case  o f  p u re  m em brane. The
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am bipolar approxim ation does not w ork fo r fuel cells because space 

charge neutrality  is no longer preserved in that case.

2. A m bipolar diffusion

The ion and e lec tron  current densities Ij and Ie in the M IEC 

m em brane shown in F ig .l are given by:

w here Dj and De are the diffusion coefficients, cf and ne are the ionic 

and elec tron ic  concen tra tions, p i and p e are the chem ical potentials 

o f ions and electrons, E is the electric  field  and F is the Faraday 

constant. E lim inating E betw een Eqs. (1) and (2) we obtain:

( 1)

Ie
D n djl

RT dx
+ FE) , ( 2)

1 dpi
(3 )

D.c. D n RT dxi i  e e

From  considerations o f charge conservation we require  that:

21 .+ I  =0  .i e (4 )

From  Eqs. (3) and (4) we have:
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(5 )
RT dx

w ith D = ---------£--------,
a l + a . / c

D.i ( 6 )

a n d (7)e ’

w here Da is defined as the am bipolar diffusion coefficien t, p. is the 

chem ical po ten tia l o f am bipolar pairs, a j  and a e are the ionic and

e lec tro n ic  co n d u ctiv itie s  and we have m ade use o f  the N ernst- 

E instein relations D jC i=aiR T /4F^ and Den e = a eR T/F2.

F o r the  case  o f  a  dense m em brane Ii is  c o n s ta n t and

integration o f Eq. (5) results in:

w here p ' and g" are the chem ical potentials at the in terfaces o f the 

m em brane and L is the thickness o f the m embrane.

3. Chem ical reaction current

The chem ical reaction  at the e lectrode-gas in te rfaces fo r O 2 

m olecules is given by:

- 0 n + 2 e & 0 2 ~ . 
2 2 (9)
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From  Eq. (9) it follow s that at thermal equilibrium :

( 1 0 )

w here p .g = R T ln (p /p o )  is the chemical potential o f  the gas, p is the 

p ressu re  o f  the  gas, po is the s tan d ard  p re ssu re . T he  chem ical 

reaction  a t the in terface gives rise to an exchange curren t iin f r o m  

the gas phase to the solid and i0u t from the solid to the gas:

w here eg o  is the gas concentration at standard  pressure , n is the 

o rd e r o f  reac tio n , Ko  is th e  fo rw ard  su rface  ch em ica l re ac tio n  

co effic ien t assum ed to be independent o f  p ressu re , and, K is  the 

surface chem ical reaction  coefficient. T he reaction  coeffic ien ts have 

the d im ension  o f  ve locity . Equation (12) is the  usual fo rm  [6] 

assum ed fo r the reverse  current. A t therm al equilibrium :

At p=po it follows from  Eqs. (11)-(13) that:

njj. /  RT
( 1 1 )

( 1 2 )

c K  = c .  K  go g 10 o » (14)
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w here the subscrip ts  "o" re fe r to quan tities at p=po- A t therm al 

equilibrium , using Eqs. (10)-(14), we can express i0 u t in the form:

„  2nfi I RT= c . K e . (1 5 )m  n v 'I , —
OUt 10 O

Now assum e that the chem ical potential o f the gas is ra ised  to 

a value p g ' while the chem ical potential o f the solid is kept at p . The 

resu lting  chem ical poten tia l drop across the in terface w ill then give 

rise  to a net chem ical reaction current i= iin - io u t:

nil I RT
i ' i  8 2«p / RT, / 1

l = ciKo^e e ) • U 6 )

W e have m ade the approxim ation c i0 = c i based on the fact that in  the 

p ractical oxygen pressu re  range ci varies little w ith oxygen pressure 

in m ost M IEC m aterials.

4. D ense m em brane

W e n ex t c o n s id e r  a dense  m em b ran e  w ith  a p re s su re  

d ifferen tia l across it. In general there w ill be a chem ical po ten tia l 

d rop  acro ss  g a s-so lid  in te rfa c e s  and  acro ss  the  b u lk  o f  the 

m em brane as show n schem atically  in F ig .l . The chem ical po ten tia l 

drop across the in te rface  w ill resu lt in a net chem ical reac tio n  

current given by Eq. (16):
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where the indices (') and (") refer to inle t and ou tle t gas-solid  

in te r fa c e s .

The chemical potential drop across the bulk o f  the membrane 

gives rise to the diffusion current Ij given by Eq. (8).

From  the requirement o f  continuity of current it follows that:

E lim ina ting  g ' and p" between Eqs. (8) and ( 17)-( 19) w e obtain the 

re la t io n :

There are two limiting cases. For L » L d  transport is diffusion 

limited and Eq. (20) reduces to:

n\L /  RT
, &

( 2 0 )

W / L ’
( 2 1 )
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w hile  for L « L d  transport is surface reaction limited and Eq. (20) 

b e c o m e s :

/. =(c.Ko I2)[(p / PQf  ~ ( p ' / p 0 f ) ]  • (2 2 )

Figure 4 shows the plot o f  Ii normalized by Eq. (22) versus L/Ld for 

the case o f  n = l /2  and p '= l atm and p"=0 atm.

T he value o f  n = l /2  is consistent w ith the model o f  surface 

exchange reaction given by:

02 + 2Vs ^ 2 0 s (2 3 )

° s  + 2e* Vo ^ ° o  <24)

w h e re  V s is a vacant surface adsorption site, Os is an oxygen atom in

a surface adsorption site, Vo is a bulk  oxygen vacancy, and, Oo is an

o xygen  ion in an oxygen lattice site. The fo rw ard  and reverse

exchange  currents are determined by Eq. (24). If  the rate  limiting 
step is Eq. (23) then ^  ^  U nder m ost cond itions  Vs is a

slowly varying function of oxygen pressure and O s < < V s . Thus, to a 
good  approx im ation  Os <^^jO^. Since then in that case n= l/2 .

5. Transport in porous media

Porous e lec trodes  can have d ifferen t m icro  s truc tures  and 

morphologies. There are basically two types of pore systems [9]. One 

is that o f  straight pores running from one side o f  the electrode to the
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other side and with constant pore diam eter or with conical pores. 

Straight pore geometry with large internal surface area is difficult to 

achieve  in practice. The other consists o f  a percolation system  of

pores with a more or less regular shape or with a spongy structure, 

which results from packing o f particles. The percolation system can 

have large internal surface area and porosity. The pore structure is 

characterized by the volume fraction of the pore <>, pore wall surface 

area p e r  unit volume S or pore wall surface area per unit weight S/p

(p is the density  of porous m aterial), and tortuosities o f  the solid

phase xs and the pore space x.

W e m odel porous e lec trodes  by a s im ple cubic array  o f

consolidated spherical grains of radius r, with length of 2(r-5) for the 

unit cell, as illustrated in Fig.5.

From simple geometrical considerations, the volume fraction of 

the solid phase is given by:

, An r3 / 3 - 6 n 8 2 { r - 8 l 3 )
1 0 — Q , ( /  ̂  )

8  ( r - S ) 3

and the surface area per unit volume S is given by:

An r2 -  \2 k  r8S = — 3----- — 3 - ,  (2 6 )
8 r*(l - 8 / r y

where we use the fact that the volume and area o f  the truncated 

caps o f  the sphere are 7t 5 2 ( r - 5 / 3 ) and 2%r5 respec tive ly . From  Eq. 

(25) we have:
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where the ratio 8 /r=q  charac terizes the degree o f  conso lida tion  of 

g ra in s .

W e write S in the form:

S = 3b(l — (f))/ r . (2 8 )

From Eqs. (26) and (28) we have the coefficient b:

(2 9 )

T he  to r tu o s i ty  x s is de r ived  from  the  d e f in i t io n  o f  the 

fo rm ation  factor:

w here  a e f f  is the  e ffec t ive  m edium  conductiv ity  and a  is the 

conductiv ity  o f  the solid  phase. The factor (1 -<f>)/xs in Eq. (30) is 

analogous to the fo rm ation  fac tor used for e lectrical conductiv ity  

and flow o f fluid in pores [10,11].

a e f f  is re la ted  to the res istance  R o f the truncated sphere

measured along the z axis:

(3 0 )
s

( 31)
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and R  is approximately given by:

o r-<5 ,

where s(z) is the area o f  the cross section of  the truncated sphere. In 

the  in teg ra t io n  w e neg lec ted  to  d iscard  the  four trunca ted  caps 

whose axes are normal to z.

From  Eqs. (30), (31) and (32) we have the result for xs :

t  = - ( } - m - q ) l n ( - - D  • (3 3 )
s  71 q

S in c e  the c o n d u c t iv i ty  is p ro p o r t io n a l  to  the d if fu s io n  

coefficient we also have:

De f f - ^ =r L D  <3 4 >
s

where D e f f  and D  are the diffusion coefficients of effective medium 

and solid  phase respectively .

F o r  d iffusion coeffic ien t o f  the gas in pores Dg we use the 

re la t io n :

v f v  • <35>
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derived  from k ine tic  theory o f gases, w here vth is the therm al 

velocity o f  molecules and X is the mean free path. When the thermal 

mean free pa th  ?ith is much larger than a charac te ris t ic  pore 

d im ension ?ip, then Eq. (35) reduces to Knudsen equation with X=?ip. 

In the case of large pores, A,p>>?ith, then k=X.th- In the transition 

region we use the approximation:

. (3 6 )
1  \ h  Xp

W e take A.p to be the diameter o f  a sphere whose volume is 

equal to that o f  the pore space in the unit cell. For the case o f  

S/r=0.1 it follows that ?ip=1.5r.

A ssu m in g  5/r=0.1, which corresponds to a well consolidated  

grain structure, the simple cubic model yields S=2.2(l-cj))/r, l-<j>=0.69, 

Xs=1.16. The above form for S is expected to applicable to a more 

genera l a rray  o f  non-spherical grains i f  d is tr ibu tion  o f  s izes is 

narrow , w here r is then defined as the average effec tive  grain  

r a d iu s .

The tortuosity o f  the solid phase on the other hand, is a very 

s e n s i t iv e  fu n c t io n  o f  8 / r  since it depends  c r i t ic a l ly  on the 

connectiv ity  of grains. As S->0, t s d iverges logarithm ica lly . Real 

g ran u la r  s truc tu res  have a d is tribu tion  in 8 that gives rise to a 

percolation conductivity, which is taken into account by x s . For the

pu rp o se  o f  the p resen t calcu la tion  we assum e the s im ple  cubic 

model with S /r= 0 .1 .
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6. M em brane with porous electrodes in ambipolar approximation

W e use the following assumptions to model the membrane:

1) The m em brane consists o f  a porous M IEC cathode and 

anode, separa ted  by a thin dense MIEC layer whose th ickness is 

small enough so that the drop in chemical potential across it can be 

n e g le c te d .

2) As a result o f  the chemical reaction given by Eq. (9) the 

surface reaction current o f  ions, i. at the gas-pore wall interface is 

given by Eq. (16):

nfi / RT
v  ( 8 2nfi /  RT, f'>n\i = c.Ko (e 6 - e  ) ,  (3 7 )

w here we denote p g '  as p g .  The corresponding chem ical reaction  

current o f  electrons is -2i.

3) The pore structure is characterized by the volume fraction 

of the solid, (l-<j>), pore wall surface area per unit volume, S, and 

tortuosity o f  the solid phase, xs , as we discussed in Section 5.

4) Pore dimensions are much smaller than the thickness L of 

the  m em brane. This allows us to treat the porous membrane as an 

e ffective  m edium  and to neglect variations in chemical potential in 

the  p lane  o f  the m em brane. T ransport equations are then one ­

d im ensional w ith gas molecule, ion and electron currents flow ing 

para lle l  to the d irec tion  o f  the pressure  gradient. The ion and 

e lec tron  current densities Ij and Ie can then be expressed as:
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(3 8 )

(3 9 )

The spatial dependence o f Ii and Ie is assum ed to determ ined 

by the surface reaction current i according to:

In Eqs. (40) and (41) it is im plicitly  assum ed tha t charge 

conserva tion  is m ain ta ined  because the in jec tion  o f  an 0^~  i o n ,  

accom panied  by the ex traction  o f  two electrons (injection o f  two 

ho les) ,  re su l ts  in in c rease s  in io n ic  and e lec tro n ic  cu rren ts .  

Accordingly the ion and two holes diffuse together as an am bipolar 

p a i r  [12] and space charge neutrality is preserved on a m icroscopic 

scale.

Similar to the derivation of Eq. (5) in Section 2, from Eqs. (38)-

(41) we obtain the ion current in porous electrodes:

(4 0 )

dl

dx
(4 1 )

/  1 -<PDaCi dV-
i t  RT HrT RT dx s

(4 2 )
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A. M em brane with small chemical potential drop

In the case  when the chem ical p o ten tia l  drop across the 

m em brane is small compared to RT, we can neglect the variation of 

m a te r ia l  p a ra m e te rs  w ith  chem ica l p o ten t ia l  and  l in ea r ize  the 

surface exchange current, We write Eq. (37) in the form:

For n ( 2 p - p g ) « R T  the exponential term in bracket can be linearized 

and we have:

nfi /  RT
where K = KQe s  and we took n = l/2  (see Section 4).

Substituting Eqs. (42) and (44) in Eq. (40), and neglecting the 

second order term (d u /d x )(d c i/d x )  (see Appendix B), yields a linear 

second order differential equation for p.:

where the length scale Lp is given by:

njl I RT n (2 f l - f l  ) / RT
i = c.K e ^  (l — e ^  ) .i o (4 3 )

i -  K c .{ -u  -iT ) l  RT , 
1 2 8

(4 4 )

(46)
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T he variation in the chemical potential o f  the gas in pores is 

determ ined  by the gas diffusion equation:

, D c da
I  = _0 ._JL2L— £  C47)
8 i  RT dx ’ { }

dI  l
i t - ? 3 ' ( 4 8 >

where x is the tortuosity  o f  the pore space. W e note that the right 

hand side o f  Eq. (48) is multiplied by -1/2. The negative sign results 

from the fact that molecules are consumed at the high pressure side 

(and genera ted  at the low pressure side). The factor 1/2 is due to 

the fact that there are two atoms for each molecule. Equations (47) 

and (48) result in:

A D c d 2a  ,

i ' " R T " " , 2 = - 2 i S ' ( 4 9 )*  RT dxz  2

we have again neglected the second order term. Substituting Eq. (44) 

in Eq. (49) and rearranging we have:

d 2/i ,
— #  = — t CA* - 2 a0 ,  (5 0 )

d x z  L  z  8  
g

where the length scale Lo is given by:
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z  j  D c 
L = 2 L ----- (51)

8 P \  t  1 - 6  D  c.V T n j

Equations (45) and (50) represent sim ultaneous linear second 

o rder d ifferen tia l equations. The general solu tions in  the region 

0 < x< L /2 , o b ta in e d  by d iagonaliz ing  the above eq u a tio n s ,  (see 

Appendix A), are given by:

where go  is the value o f  g at x=0, A g g = (g g '-g g ") /4  and gg ' and gg" are  

chemical potentials o f  the gas on the high (x=-L/2) and low pressure 

s ide (x=L/2) of the  m em brane respec tive ly , L m is given by the 

re la t io n :

' E l l .  ^ 1 2 ,  ^ 2 1  and ^ 2 2  are components o f  the eigenvectors ensuing 

from the diagonalization o f  Eqs. (45) and (50). g l i ,  g i 2 ,  g21. g22 are 

in tegration  constants  determ ined by applying boundary conditions:

- x l L
+ s \2e m ^ 2 1 +(-g21x + g22‘)lf':

m (53 )22 22  ’

x=0 (55)o ’
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(5 6 )
T RT dxs

x=0 (5 7 )

x = L /2 (5 8 )

Equation (56) equates the ion current Ii to the chem ical reaction 

c u rren t i a t the x=L/2 e lec trode -gas  in te rface . E qua tion  (57) 

expresses  the condition  that the dense layer at cen te r  o f  the 

mem brane blocks the gas flow. As a consequence of the symmetry 

o f  the membrane, the solution in the range -L/2<x<0 is given by: ji(- 

x)-JJ.0 =-{J-(x)+jio and |ig(-x)- |igo=-M .g(x)+ |igo, where |igo=((i.g '+Hg")/2. 

The eigenvectors and the coefficients in Eqs. (52) and (53) are listed 

in Appendix A.

To calcu la te  the enhancem en t o f  the ion cu rren t in the 

m em brane  with porous electrodes we norm alize Eq. (42) by the 

m axim um  achievable  ion curren t in a m em brane w ithout porous 

electrodes, I i ( s), where:

(5 9 )

_ i -<t> Ld d/i (6 0 )
/(•*) T Afi dxi s g
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In the case where L g / L p » l  the chemical potential of the gas in 

pores  is nearly constant and the linear term in Eq. (52) becom es 

negligible as long as L is not much larger than 3Lp.

By solving Eq. (45) with boundary conditions (55) and (56), we 

have  results for the constant chemical potential of the gas in pores:

{ L - x ) / L  x l L  
P _  P

TTL
ae P +1

CL - x ) / L  x / L

l^=Aitg( -  L/ [ +e------—-1 )  , ( 6 2 )

ae P +1

is)

w h e r e

| t ( 1 - 0 )  It ( 1 - 0 )
a=(  1 + J - Z -  ) / ( l - J - 1 - ------ )

SL SL
(6 3 )

B. M embrane with arbitrary chemical potential drop

In Section 6A we neglected second order term in derivation of 

Eqs. (45) and (50) that govern the chemical potentials o f  am bipolar 

p a irs  in solid  and gas in pores. W e also linearized  the surface 

exchange current at solid-gas interface. In this section we treat the 

case  without the restriction on drop o f the chemical potential o f  the 

gas across the m embrane by solving Eqs. (40), (42), (47) and (48) 

with boundary conditions the same as that in Section 5B. We use the 

non linear surface exchange current Eq. (37) with n = l/2 .  Since the
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transport equations do not have analy tical solutions, we solve them 

n u m e rica l ly  by f i t t in g  boundary  c o n d i t io n s  E qs . (55 )-(58). The 

results o f  this section are discussed in Section 8.

C. Scaling relations

W e now  derive on the basis o f  a simple physica l a rgum ent 

scaling re la tions for the ion current and the width of the chem ical 

reac tio n  reg ion , valid  fo r  the case w h e re  the p ressu re  drop  on 

porous electrodes is small, i.e., most o f  the pressure  drop is across 

the dense layer.

Consider the membrane in Fig.2a. There  are two limiting cases: 

W hen L is very  small, the chem ical potentia l drop due to d iffusion 

can be neglected, transport is surface reaction  limited and the ionic 

current is given by Eq. (22):

c.K SL it
Ii = - L~e— [(P / p Qf ~ ( p  / PQf )] (6 4 )

where we have multiplied Eq. (22) by the factor SL/2 to take into 

accoun t the increase  in  surface area  due  to e lec trodes . As L is 

increased  and approaches the width o f the chem ical reaction region 

L p  the ch em ica l  p o ten tia l  drop  due to d if fu s io n  becom es o f 

im portance  and the currents  com puted  from  Eqs. (64) and (21) w ill 

be o f  the same magnitude. Equating Eqs. (64) and (21) we obtain the 

r e la t io n :
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2 T RTL
s I

a
W  (6 5 )

P

where we have multiplied Eq. (21) by the factor (l-<j>)/xs . From  Eq. 

(65) we obtain the width of the reaction region Lp:

In the limit of low gas pressure drop, i.e. A p .g « R T , the width of

the re a c t io n  reg ion  o f  Eq. (66) and the cu rren t en h an cem en t 
ca lcu la ted  from  Eqs. (22) and (67) reduce to 2 ^ L ^ ( l - 0 ) /  St  ̂ and

^ L j S (  1 - 0 ) /  respectively.

7. M em branes and fuel cells with space charge distribution

In Section 6A we solved diffusion-reaction equations for MIEC 

m e m b ra n es  in  am b ip o la r  app ro x im a tio n  in w h ich  the  e lec tr ic  

po ten tia l is e lim inated and space charge neutrality  is assum ed. In 

this sec tion  w e solve d iffusion-reac tion  equations  for ions and 

e lec tro n s  separa te ly  w ithou t invok ing  the assu m p tio n  o f  space

( 6 6 )

and the enhanced current is given by:

(6 7 )
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ch a rg e  n e u tra l i ty  in the m em brane . The e lec tr ic  p o ten tia l  is 

governed by Poisson equation.

We use the model defined in Section 6. The fuel cells differs 

from the m em brane in that the dense layer, while being a good ionic 

conductor, m ust be an electronic insulator to block the passage of 

electrons. The electric leads attached to electrodes are used to return 

electrons from the anode to the cathode, producing electric power in 

an external load. For simplicity we assume the chemical potential of 

the gas in  pores o f  electrodes is constant. This assumption, which 

follows from the fact that the diffusion coefficient for gas molecules 

in pores is many orders o f  magnitude larger than that for the ions in 

the solid, is valid as long as the gas pressure is not too low (see 

Section 6A).

The ion, e lec tron  current densities Iji Ie and the interface 

reaction current i are given by the same equations as in Section 5, 

Eqs. (38), (39) and (44). The electric potential V satisfies the one 

dim ensional Poisson  equation:

d2 V 4 jz

dx2
=  p . (6 8 )

W here the charge density p = -e [2 (c i -c io )+ (n e -neo)] and the subscripts 

"o" refer to quantities at p=po- W e use the relations:

d(lnc.)
a  = RT—-—— , (6 9 )

dH i
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d{lnn )
P =  RT- e . ( 7 0 )

e

The quantity  a -1 is referred to in the literature as therm odynam ic 

factor [13]. Substituting Eqs. (69) and (70) in Eq. (68) yields:

d2 V 4 Tie

2 eRT i
) + n - / l l  )] , ( 7 1 )i w  r io  e e ^ e o  v 'dx

w here  j i i 0 and | i e o are the reference values of g i  and |o.e at x=0. 

Substituting Eqs. (71), (38) and (39) in Eqs. (40) and (41) results:

d2ji. __ __
— J-  = G/i .+Hfi  + M  , ( 7 2 )
dx2 1 e

d2f l  _______
= + M ,  ( 7 3 )

<bC 1 e

w here =(Hi-M-io)/RT, ^ = ( n e -H e o V R T  and

2
167re «c. S t  x

G = ---------------L + - S - ± -  , (74a )
eRT 1 -<j> D.r  i

87ze  Bn 2 S t  x
H = -------------S---------- , (7 4 b )

eRT l - t p  D.r i

_  %7ie2ac. 2 S t  x  c -
G = ---------- l- --------(7 4 c )

eRT 1 - 0  D nr  e e
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H  =
4k  e Bn 4 S t  v  c.  _____ e !  s J± i_

ERT 1 -<t> D n r  e e
(74d)

Sr k  A/t 
M  = — -  A 8

\-<b D. RT  ’ r  r
(74e)

  2 5 t  k  c. A//T7 c A rM  = - g
1 -<j) D n RT  r e e

(7 4 f)

The general solutions to Eqs. (72) and (73) are:

  —x / L .  x  / L. —x/L~  x  / Ln
^i = (g u<? + <?!2e ^ l l + ^ 2 1 e ^22e ) *F12 +  ;f/l ’

  —x / L .  x / L .  —x / L n x  / L,
=  + ^ 12e ^ 2 1  + ^*21e + ^22e ^ 2 2  + H2 ’ ^7 6 ^

w here  L{ = \ I ^ ( G  + H ) I 2  + 4{G + H)2 /  4 - { G H - H G )  ~ LD /  ̂ 2 a + / 2c. is

the length  scale which characterizes the electric  charge distribution 

in the M IEC membranes and L ^  = J eR T /S K e 2c. is the Debye length.

L, = l / ^ ( G  + H ) / 2 - ^ ( G  + H )2 / 4 - ( G H - H G )  = L is the leng th  scale  z p

which characterizes the distribution o f  the chemical potential of ions

in the solid. The components o f  the eigenvectors ¥ n , ¥ i 2 ,  ^ 2 1  and

¥ 2 2 ,  the coefficients g n ,  g i 2 ,  g21 and g22, constants L I ,  L2, H I and

H 2 in Eqs. (75) and (76) are listed in Appendix C.
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A. M em branes

In the case o f  M IEC membrane coefficients g n ,  g i 2 ,  g21 and 

g 2 2  in Eqs. (75) and (76) are determined by boundary conditions:

/z.(0 ) = f i i o t  x=0 (7 7 )

1 -d )  dji. Kc. i „
 Z-D.c.— L = ( l - 0 ) — l- ( n . - 2 f i  - - i i  ) , x= L /2 . (79 )

T * * <£t RT 1 * 2 8 K '

]— ^ - D n ‘̂ -  = - 2 X— $ -D .c .<̂ L . x = L /2  (8 0 )
f  e e  dx x  i 1 d x  y Js  s

Equation  (79) equates  the ion current Ii to the chem ical reaction 

current i at the x=L/2 electrode-gas interface and Eq. (80) expresses 

th a t  one ion re leases  tw o e lec trons  at the x=L /2  e lec trode-gas  

in te r fa c e .

B. Fuel cells

The so lid  o x ide  fuel cell is  a high tem pera tu re , ceram ic, 

e lec trochem ical reac to r  that converts  d irectly  chem ical energy into 

electrical energy [14,15]. The basic unit o f  the fuel cell consists of 

two porous e lectrodes separated by a dense oxygen ion conducting 

electrolyte  and electrical contacts  attached to the porous electrodes 

to allow electrons flow  from anode to cathode through an external
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load. The dense layer in the fuel cells blocks the direct passage of 

gas molecules as well as electrons between the electrodes.

The genera l so lu tions  to chem ica l po ten tia ls  o f  ions  and 

electrons are given by sam e set o f  equations as in the m embrane 

case, i.e. Eqs. (75) and (76). The solution to the electric potential is:

where  L i ,  L2 , VT 11, ¥  12, ^ 2 1 ,  ^ 2 2 ,  H i  and H 2, are given by Eqs. 

(5C), (6C) and (9Cc). Coefficients g l  1, gl2> § 2 1 ’ §22 and constants Vj 

and Vq are determ ined by boundary conditions:

x=0 (8 2 )

V = 0 , x=0 (8 3 )

x=0 (8 4 )

/ .  =  (1 -  0 ) /  , x = L /2 (8 5 )

V(—L /  2) — V(L / 2) = 2el.(0)r , ( 8 6 )

/e (L /2 ) = 2 [ / . ( 0 ) - / . ( L /2 ) ] , ( 8 7 )
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where r is the external load resistor. Equation (82) expresses the 

condition that the dense layer at the center o f  the m embrane blocks 

the flow of electronic current. Equations (83) and (84) express that 

both electric potential and chemical potential o f  ions are continuous 

at the cen ter  o f  the m em brane. Equation (85) equates  the ion 

current Ii to the chemical reaction current i at the x=L/2 electrode- 

gas interface and Eq. (86) is the consequence o f ohm's law. Equation 

(87) expresses the continuity of current.

We first use boundary condition (82) to determ ine constant 

V i . For Ie=0 at x=0, this means:

df** F dV— —— — —— = o . (8 8 )
dx RT dx

Substituting Eq. (76) and (81) in Eq. (88) we have:

w h e r e

^1 ^ ^ 1 1  gl2^ + A2^82l g22^  f  ’

«P2] 4 k F2L,
- ^ 3  , (90a)

¥* 4 t t  F2L„
A , = -----4 2 +  2.A. , (90b)
^  L„ eRT 4

A3 =2c.oc'F11+neP'F21 , (90c)
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A4 = 2c.alf'i2+n ?/?*f'22 > (90d)

f ' , ,  8 k F2L,

a5 = ^ - ^ r " 3 ’ (90e>

*F10 8 ttF2L0
Af,= r  T^r~AA • (90f)6 l2 sRT 4

V o is determined by boundary condition (83):

Vo = ~tA3Ll2<'gl l  + g 12', + A4 L22 ĝ21 + 822^  ' ^  1 ^

Substitu ting Eqs. (75), (76) and (81) in boundary conditions (84)- 

(87) yields four linear equations for the four integration constants:

'Fn 8l l  +  'Fn 8l 2 +  'Fl 2 s 2 l + 'Fl 2 82 2 = ~ Hl ’ ( 9 2 )

^1^11 + ^2^12 + ^3^21 + ̂ 4^22 = 9 ’ (' 9 3 ')

K 5gl l + K 68 l2  + K782 l  +  K%82 2 = 0  '

^ 1 1  +  ^ 10^12 +  ^ 11^21 +  ^ 12^22 = °  ’

where constants  K ] - K l 2  and coefficients g n ,  g i 2 ,  g21 , g22  in Eqs. 

(92)-(95) are listed in Appendix C.

W hen the load resistor r approaches infinity:
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A V = V ( - U 2 ) - V ( L I 2 ) ~  e 24 c a  , (9 6 )
1+ —

n B

A t open c ircu it condition , that is at thermal equilibrium , Eq. (10) 

holds. By d ifferen tia ting  Eq. (10) and A ssum ing | ig  is constant we 

h a v e :

2dHe =  d{i. . (9 7 )

From  Eqs. (69) and (70):

dc. /  c. = ad/i .  /  RT ,

dn /  n = Bdjl /  RT  , e e ^

and the charge conservation condition:

2\dc.\=\dne \ , (9 8 )

Equations (69), (70), (97) and (98) result in:

Ac.a
- V  = 1 - (9 9 )
nJ

Substituting Eq. (99) in (96) we have:
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jj. - n
AV= V ( - L / 2 ) -  V(L/ 2) « ~ 8 - 8- = VN  , (100)

w here Vn  is the Nernst open circuit voltage.

8. Discussion

A. M em branes

By specifying the material parameters o f  the bulk M IEC, Ld, 

and D a, and the param eters characterizing the porous structure, D g ? 

S, x, Ts and <}>, and the gas pressure p, we can evaluate numerically 

the chem ica l po ten tia ls  and ion current derived in the  prev ious

sec tio n s .

For a wide variety o f  M IEC perovskites in the tem perature  

range  700-900 ° C ,  L d  lies in the range 50 to 1000 p m . In the

following we use a representative value L d = 1 0 0  pm . For Da we use

the v a lu e  5 x 1 0 “ 7 c m ^ /se c  w hich is the upper bound for the

observed  oxygen diffusion  coefficients in perovskites and we take 

c i = 5 x l 0 2 2  c m - 3.  A t 10^ K we have v th  = 8 . 1 x l C > 4  c m / s e c ,

C g = 7 .3 x l0 l8 p /p 0 cm '3 ,  and A,th=0.24Po/P  pm  where P o = l  atm. For 

D g  we use Eq. (35) and take x=1.93 [10].

W e first discuss the linear solutions in section 6A, i.e., the

chem ical potential drop across the m embrane is small com pared to 

RT. In  F ig .6 we p lo t  the spatia l dependence o f  the chem ical

p o ten tia ls  o f  am b ipo la r  pairs  p  and of gas p g  fo r  d iffe ren t  gas 

p r e s s u r e s  calculated from Eqs. (52) and (53) for a mem brane with
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L=4 pm , S=10^ c m ' l .  W e note the striking effect the ratio L p /L g  has 

on the behavior of p and pg. When P=1 atm and L g / L p » l  most of 

the drop in p g  is across the dense layer. We note that since the total 

ion current is proportional to the area between jig and p  most o f  the 

contribution to the ion flux comes from the region 3Lp at the center 

o f  the  m em brane. This is well demonstrated in F ig .7 which shows 

the norm alized  ion curren t I i ( x ) / I i ( s ), given by Eq. (60), peaking 

near the center of the membrane. On the other hand for P=0.01 and 

0.001 atm, L g / L p < l ,  there is an appreciable drop in p g  over the 

porous electrodes and m ost of the contribution to the ion flux comes 

from regions Lm w id e  near the outer interfaces o f  the electrodes. 

F igure  7 show s that fo r  these values o f  P the ion curren t rises 

steeply near the boundaries ±L/2 and is flat in the central region of 

the m em brane .

The total norm alized ion current through the membrane, given 

by I i ( 0 ) / I i ( s ), is plotted in Fig.8 as a function o f  membrane thickness 

L for different values of S and P. The current peaks as a function of 

L because at small L the effective surface area o f  the electrodes is 

small, while at large values of L, the loss in chemical potential due to 

pressure  drop in the electrodes becomes significant. The current is 

m axim um  at a thickness L=3Lna- For a given value o f S the current 

is reduced  as the pressure  P is decreased because the gas pressure 

drop in  the electrodes becomes more significant, as can be seen in 

Fig.6. For very thick films, L » L m >  the current can actually decrease 

with increasing  S. This is because the increase in current due to 

increased surface area o f  the catalyst is more than com pensated by
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the decrease  in cu rren t due to the large p re ssu re  d rop  in the 

electrodes resulting from the decrease in pore size.

In Fig.9 we plot the peak values of I i ( 0 ) / I i ( s ) from F ig .8 as a 

function of S for different values of P. We note that at high pressure 

(P = l  a tm ) I i ( 0 ) / I i ( s ) increases as Vs w hile  at low p ressu re  it 

saturates rapidly with increasing S. In Fig. 10 we p lo t Ii(0)/IiCs) f o r  

L = 3 L m  as a function o f  Ld for different values o f  L g /L p  with S= 1 0 6  

c m ' l .  For over most o f  the range of Ld and L g / L p  we note  that

Now  w e turn  to the m em brane w ith  arb itra ry  gas p ressure  

drop  ca lcu la ted  in sec tion  6B. In Fig. 11 we p lo t  the spa tia l  

dependence o f  the chemical potentials o f  am bipolar pa irs  p  and  o f  

gas p g  for inlet pressure p '= l  atm and different outle t pressures p" 

ca lcu la ted  for a m em brane with n = l/2 ,  L=4 p m  and surface area 

S = 1 0 6  c m ' l .  W e note that the spatial dependence of p  is practically  

in d e p e n d e n t  o f  o u tle t  p re ssu re  w hile  P g  in  the low  p re s su re  

e lec tro d e  exh ib its  a s trong  dependence  on o u tle t  p ressure . The 

spatial dependence of the curren t Ii(x) is shown in Fig. 12 and in 

Fig. 13 we show the dependence o f  li(0), which is equal to the total 

f lux  th rough  the m em brane, on outlet p ressu re  p " .  I i(0) re a ch e s  

sa tu ra t io n  at low values  o f  p " .  F igure  14 show s the c u rren t  

enhancem ent given by the ratio o f li(0) to the current for the dense 

m e m b ran e  g iven  by Eq. (22). The e n h an c e m en t  only  w eak ly  

depends on p" and for the given set o f  parameters its value is about 

80.

W hen the outlet pressure  p" is close to inle t pressure p ', the 

ch em ica l po ten tia ls  of am bipo lar  pairs  p  and o f gas p g  are anti
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sym m etric  as tha t  in  the linear case (F ig .6a). W hen  the outlet 

pressure p" is low the chemical potential of the gas, with p '= l atm on 

the left side o f  the membrane, is a combination o f  that o f  the linear 

cases: on inlet high pressure  side it behaves the linear case for the 

high gas pressure  situation (Fig.6a) and on outlet side there is an 

ap p rec iab le  d rop  in p g  near the outer in te rface  o f  the porous 

electrode (Fig.6c). We note that the concepts developed for the linear 

transport equations  in Section 6A provided guidance  fo r the more 

com plex  case o f  the m em brane with arbitrary gas pressure  drop in 

Section 6B.

By using scaling relation o f  Eqs. (66) and (67) in the limit of 

A p g « R T ,  we p lo t in Fig.8a the current enhancem ent at L=Lp. The 

results (circles) o f  the scaling relations fit well to that o f  the detailed 

ca lcu la tion .

To calculate the chemical potentials o f  am bipolar pairs and the 

flux enhancem ent for the m embrane with space charge distribution 

in  S e c t io n  7A , we re q u ire  a d d i t io n a l  m a te r ia l  p a ra m e te rs  

characterizing the bulk M IEC. These are a ,  (3, e, a i /c te ,  and ne- We 

assum e a i /a e = 0 .0 1  [16] and a= 0 .01  [17] w hich are  representa tive  

values for M IEC, and £=10 a typical value for oxide of heavy metals. 

Since a i / < J e « l ,  we have good approximation D i = D a and we take 

D a = 1 0 - 7 cm ^/sec. M oreover, D e=4ciD iG e/(necri)  which follows from 

the Nernst-Einstein relations. To calculate (3 from Eq. (70) we assume 

that the  chem ical po ten tia l o f  e lectrons p e  is given by the mean 

fermi energy o f  the free electron gas model:
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3/,2 3/j 0 , -j
V e = JZ—  (— ) , (101)e 40/w it e

where h is Plank constant and m e is the mass of the electron. 

From Eqs. (70) and (101) we obtain:

5  Anm  RT  3  , , 0  _
j B = -  ( - ) 1/3/2 ~213 .

«  •  (102)

F or the given set o f  param eters, Equations (99) and (102) yielded 

n e = 4 .2 x l 0 2 2  cm- 3 and P=0.048 at 1000 K.

U sin g  the ab o v e  p a ram ete rs ,  we c a lc u la te  the chem ica l 

po ten tia l of am bipo lar  pairs and the enhancem ent o f  ion current. 

C om paring  the resu lts  of this calculation  w ith that o f  am bipolar 

approxim ation given by Eqs. (61) and (62) o f  Section 5A, see Fig. 15 

fo r  chem ica l po ten tia l  and Fig. 16 for enhancem en t, we find  the 

agreem ent is excellent. W e also varied a i / a e  in the range o f 10 '2  to 

l O ^  in  the c a lc u la t io n  o f  the c h em ica l  p o te n t ia l  and  the 

enhancem ent,  the am bipo la r  approx im ation  gives the same results 

as that o f  the m em brane  with space charge  d is tr ibu tion  fo r  the 

given set of param eters.

B. Fuel cells

W e use the same set o f  parameters as in the m embrane with 

space charge distribution to calculate the output voltage and current 

for the fuel cell.
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In Fig. 17 we p lo t the spatial dependence o f  the ion current 

Ii(x) and electronic current Ie (x) calculated from Eqs. (38) and (39) 

for a membrane with L=iO pm, r= l Q , S = l( )6  c m_l ,  Ld=100 pm . The 

ion current peaks near the center o f  the m em brane while electronic 

current is zero at the center and reaches maxim um  at outer surfaces 

o f  the membrane. The maximum of the electron flux is twice that of 

the  ion flux, th is  re flec ts  the fac t  o f  the charge  conserva tion  

condition  in the system . The spatial dependence  o f  the chem ical 

potentials o f  ions and electrons are plotted in Fig. 18, we note that 

the chem ical po ten tia l  o f  ions is con tinuous w hile  there  is a 

d iscon tinu ity  fo r  the chem ical po ten tia l o f  e lec trons  s ince the 

blocking layer at the center of the membrane is transparent to ions 

and it blocks electrons.

Figure 19 shows the voltage distribution in  the m em brane and 

F ig .20 is the norm alized charge distribution p /c i .  N egative  oxygen 

ions accum ulate  at h igh  oxygen pressure  (left) s ide because  the 

oxygen m olecules which take e lectrons from m eta l contact diffuse 

into the left surface o f  the membrane, at the low oxygen pressure

(right) side oxygen ions go out o f  the m em b ran e  and  re lease

electrons to the m etal contact leaving behind the positive  charged

area. Near the center o f  the membrane oxygen ions diffuse from the

left to the right side o f  the m em brane m aking  left s ide positive  

charged while the right side negative charged.

There are two leng th  scales tha t charac te rize  the fuel cell. 

Li ®=Ld that governs the physical process at the m etal-electrode and 

e lectrode-blocking layer interfaces, L 2 =;Lp that governs the physical 

process inside porous e lectrodes. The e lec trochem ical po ten tia l  o f
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io n s  77i = j i i - 2 eV is c o n tin u o u s  in the  m em b ran e  w h ile  the 

e lec trochem ical potential o f  electrons 77e=M-e-eV is only continuous 

i in  the e lec trodes, see F ig .21 and F ig .22. The derivatives o f  the

I e lectrochem ical potentials are proportional to the driving forces, so

I th a t  the driv ing  forces o f the ions and electrons are continuous

I ins ide  porous electrodes.

F igure  23 shows the output voltage versus the curren t for 

different values o f  S. For a given S the voltage decreases linearly as 

the  curren t increases because o f  internal energy d issipation . The 

short circuit current increases as square root of the surface area S.

S u m m a r y

The goal o f  chap te r  1 was to de term ine  the m ax im um  

theo re tica lly  achievable  ion flux in an e lec trocata ly tic  m em brane

and a fuel cell. For this purpose we have kept the model as simple as 

possible. In practice we need to take into account several possible

additional factors. Electrodes might not be symmetrical, the blocking

layer might not be sufficiently thin to neglect the drop in chemical 

potential, and there can be an activation energy for the ion-hole pair 

to transfer from the electrode to the blocking layer. To take these 

fac to rs  in to  account requ ires  additional boundary  cond itions  and 

correspondingly  more complexity in the solution, although its basic 

fo rm  rem ains essentially the same as that given by Eqs. (52) and

(53). The condition for the blocking layer of thickness Lb to have 

negligible effect is L b « L m .
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D iffu s io n -R eac tio n  transpo rt  equa tions  in M IEC m em branes

were solved by using the concept o f  am bipolar ion-hole pairs. The

surface exchange  cu rren t  depends on the oxygen pressure at the

gas-so lid  in te rface . B ased  on an e ffec t ive  m edium  model o f  an

oxygen  m em brane , c o n s is t in g  o f  tw o  po rous  M IEC e lec tro d es

separated by a thin dense M IEC, the transport equations for the gas

m olecules in the pores, and for the ion-hole pairs in the solid, are 
characterized  by the length  scales L = 2L  l[rs<p / t(1 -  (j>)][D c /  D ^c .]

reaction  coeffic ien t, D a and Da are the diffusion coefficients of the 

ion-hole pairs in the solid and o f  the molecules in the pores, ci a n d  

eg are the concentrations o f  ions in the solid and molecules in pores, 

S the pore surface area per unit volume, $ the porosity and xs and x 

the to rtuosities  o f  the  solid  and pore phases respectively. In the 

linear solution case when L g > L p  the chemically active region of the 

electrodes is near the center of the m em brane = 3 L p  w ide , which is 

also  c lose  to the  op tim um  th ickness o f  the m em brane. The gas 

p ressu res  in the two elec trodes  are then essentia lly  constan t and 

equal to the  in le t  and  o u t le t  p re s su re s  re sp ec t iv e ly  and  the

en h an cem en t in  the  io n ic  cu rren t,  o v e r  the m em brane  w ithou t 
porous e lectrodes, is g iven  by ^L^S (1 - 0 ) / xs + <p. With Ld=100 p m ,

w hich is a represen ta tive  value for perovskites  in the tem perature 

range 700-900 °C , and a surface area o f  S=10^ c m - *, the ion current 

increases by 77 over that o f  the dense membrane, and Lp= 0.77 p m . 

W hen L g = L p ,  then the chem ically  active regions, = L m wide, are 

both  a t the cen ter  and  at the outer in terfaces o f  the m em brane, 

where the length scale L m - 2 = L g ‘ 2 + L p -2 .  Finally when L g « L p  the

respectively, where L d = D a /K, K is the surface
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chem ically  active regions, = L g  wide, move out almost entirely to the 

ou te r  in te rfaces  o f  electrodes, and the theoretical enhancem en t is 

su b s ta n t ia l ly  red u ced  because  o f  m ass  transpo rt  l im ita t io n s  in 

porous e lectrodes.

In the case o f  m em branes with arbitrary  gas pressure  drop, 

when the outlet pressure p" is close to inlet pressure p', the chemical 

p o ten tia ls  o f  the am b ipo la r  p a irs  p and of the gas p g are  anti 

symmetric as that o f  linear case. W hen the outlet pressure p" is  low, 

the chem ical potential of the gas, with p '= l  atm on the inlet side of 

the m em brane, is a com bination o f  that o f  the linear cases: on  the 

inlet h igh pressure side it behaves the linear case fo r the h igh  gas 

pressure situation (Fig.6 a) and on outlet side there is an appreciable 

drop in p g  on the outer interface o f  the porous electrode (Fig.6 c). The 

en h an cem en t only  w eakly  depends  on ou tle t p ressu re  p" and  its 

value is about 80 for a m em brane  with in le t p ressure  p '= l  atm, 

n = l/2 ,  L=4 p m  and surface area S=l()6 c m ' l .

T h e  l in e a r iz e d  tra n sp o r t  e q u a t io n s  fo r o x ygen  ions and 

electrons in a fuel cell, consis ting  o f  tw o porous M IEC electrodes 

separated by a thin dense ionic conductor, are solved. The electric  

potentia l satisfies Poisson equation . The spatial d is tribu tion  o f  the 

electric  potentia l, norm alized charge density , the chem ical po tentia ls  

o f  ions and electrons changes abrup tly  at the m eta l-e lec trode  and 

e lec tro d e -b lo ck in g  lay er  in te rfaces ,  tha t is ch a rac te r ized  by the  

length  scale  L l ~ L p  /  ̂ J2a+j3ne / 2 c . , w here = -yaR7 7 8 7 T£?2 c. is the

D ebye length . The spatial d is tr ibu tion  o f  the  ionic and e lec tron ic  
fluxes is characterized by the length scale L ^ ~ L ^  = ^ L ^ ( l - p ) / Srs . For

a g iven surface area S the voltage decreases linearly as the current
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in c reases  b ecause  o f  the in te rna l energy d issipation . T he  short 

circuit current increases as square root of the surface area S.
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Chapter 2

Solid oxide thin films and nano-scale particles 

of ionic and MIEC materials

In  Chapter 1 we determ ined the optimal dim ensions required 

to achieve large enhancem ent in oxygen flux in thin film membranes 

and fuel cells. The requirem ents are two fold: high surface area 

electrodes to enhance  the chemical reactions at the electrodes and a 

thin dense layer to block the molecules while enabling the passage 

of ions without significant loss in chemical potential. In this chapter 

we desc ribe  exper im en ta l techniques we developed  for fabrication 

of dense  thin solid oxide films in the thickness range 0.05-1 pm  and 

porous electrodes consisting o f  oxide particles as small as 50-100 A 

hav ing  surface areas  20 m ^/gm . The thin f ilm s and nano-scale  

partic les  were prepared  by laser ablation of appropriate solid oxide 

targets. X-ray, SEM and TEM microscopy, electrical conductivity and 

op tica l  transm ission  m easurem ents  were used to charac terize  the 

m a te r ia ls .  W e fo cu s  on the  ionic  co nducto r  y ttr ium  stab il ized  

zirconia (YSZ) and the MIEC SrCoo.8Feo.203-5.

Y ttrium  stab ilized  cubic ZrC>2 of fluorite crystal structure is an 

oxygen ion conductor with important uses as an electrolyte in solid 

oxide fuel cell or oxygen sensor, Fig.24 shows the unit cell o f  cubic 

ZrC>2 . The oxygen ions hop via oxygen vacancies. Vacancy generation 

is due to  replacem ent of the host (Z r^+ ) lattice point by alliovalent
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Y 3 +  doping. Since an oxide vacancy has an effective charge o f  +2, so 

two Y :>+ ions produce one oxygen ion vacancy.

T he A B O 3  perovskites, with the structure shown in F ig .25, 

exh ib it  a variety  o f  in teresting  properties such as ferrom agnetism , 

fe rroe lec tr ic ity ,  pyro and p iezoe lec tr ic ity , superconduc tiv ity , large 

thermal conductivity, fluorescence and catalytic activity. The A site 

is a large cation, usually a rare earth, and B site is a small cation, 

usually a transition metal. Oxygen ion deficiency can be achieved by 

alliovalent doping, which can result in a large ionic and electronic 

conductiv ities. Such materials, referred to as m ixed ionic e lectronic 

conductors, are used as active elements in membranes and fuel cells. 

T he  p e ro v sk i te  S r C o o . 8 F e o . 2 0 3 - 5  has received  a great deal o f

a t te n t io n  [18,19] because of its high oxygen ion diffusion coefficient. 

H ow ever  detailed  know ledge  and unders tand ing  o f the t ran sp o rt  

and  op tica l properties  o f  these  m ateria ls  is very  l im ited . For 

fun d am en ta l  unders tand ing  as well as dev ice  ap p lica t io n  it is 

desirable to study this material in thin film form. Thin films can be 

p repared  w ith  near ideal density , h ighly  o rien ted  and  w ith  high 

c rys ta ll ine  perfec t ion  and they are well suited for spec troscop ic  

s tu d ie s .

1. Pulsed laser deposition o f  thin films and nano-scale particles

Pulsed laser deposition (PLD) is a deposition  technique  that 

has been used in growth thin films o f a wide variety o f  com pounds 

such  as sem iconductor, insu la to rs , m etals  and alloys  [20 ,21]. It 

enables  rapid fabrication o f  m aterials with high crysta lline  quality
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over a wide range o f  composition. An important attribute o f PLD  is 

that the s to ichiom etry  o f  the target is maintained in the deposited  

film and the deposition rates are high. Film growth can be carried 

ou t in  a reactive  env ironm ent contain ing  any k ind o f  gas. This 

a ttribute is particularly  important fo r the case of the complex M IEC 

oxides where m ain tain ing  stoichiom etry can be problem such as in 

the case o f  sputtering or conventional evaporation.

The lase r- target in teraction  [21] is a very com plex  physica l 

p h en o m en o n . W hen  the laser rad ia tion  is absorbed  by a so lid  

surface, e lec trom agnetic  energy is converted into thermal, chem ical, 

and  e v en  m e c h a n ic a l  en erg y  to  cause  e v ap o ra t io n ,  a b la t io n ,  

excitation, p lasm a formation and exfoliation.

The experim ental setup o f  PLD system is depicted in F ig.26. 

W e use a 246 nm excimer laser, Lambda Physics LPX300i. The laser 

beam, focused by a quartz lens, is incident on the target through a 

quartz w indow at a 4 5 °  angle o f  incidence. The laser pow er density  

incident on the target was around 1 to 3 J/cm ^ over an area o f  2x6 

m m 2, the pulse width was 30 ns and repetition rate was from 1 to 

50 Hz. The target holder was rotated at 2 rev/sec and the substrate 

holder can be heated up to 900 ° C .  Silica or single crystal M gO  

substrates  were cem ented with silver paste on the substrate  ho lder 

which was 3.5 inch from the target surface.

The M IEC laser targets, 1 inch in diameter and 1/4 inch thick, 

w ere  m ad e  by s in te r ing  S r C o O . 8 F e o . 2 0 3 - 8  p o w d e r  [22]. T w o

d ifferen t targets were made: target 1 was heated at 1 ° C /m in  to 

1100 ° C ,  held there for 12 hours and cooled at 1 °C /m in ;  ta rge t 2 

was heated at 1 °C /m in  to 1160 ° C ,  held there for 60 hours and
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cooled at 1 °C /m in .  The targets were mounted in a vacuum  system 

w ith  base p ressu re  1 0 ” 6  torr. The pressure  during deposition  was 

m aintained a t 70 m torr o f  oxygen. The films were deposited at 600 

° C  in the thickness range 0.05-1 pm . The deposition rates depended 

on the  s in te r in g  co n d itio n s  of the targets. T arge t 1 y ie lded  a 

deposition  ra te  of 0 .06 A/pulse w hile  target 2  yielded a deposition 

ra te , under the  same deposition  conditions, o f  0 . 0 2  A /pulse. This 

difference  in deposition rates between the two targets is likely due 

to a  higher density  o f  the target 2 .

The ( Z r 0 2 ) l - x ( Y 2 0 3 ) x  laser targets, two sintered pellets with 

x= 0 .057  and 0.095 and one single crystal disc with x=0.095, were 

p rovided  by Cerac Company. The films were deposited as a function 

o f  substra te  tem p era tu re ,  22-800  ° C ,  laser energy  and  am bien t 

oxygen  pressure . F igure 27 shows the deposition rates versus laser 

energy  and d is tance  betw een the target and substrate. For d ifferent 

d is tances  be tw een  the target and the substrate, the deposition rates 

increase  linearly  as the laser energy increases.

A simple technique o f fabrication o f nano-scale particles is by 

evaporating  the  source m ateria l in He or other gas at pressures of 

severa l  torr o r  higher. As a resu lt o f  the rap id  cooling by the 

a m b ie n t  gas a tm osphere , the  vapor near the  evapora tion  source 

b e co m e s  su p ersa tu ra ted  and condenses  in to  sm all pa rtic les .  The 

partic les  are then  collected on a cold surface. The final size o f  the 

p a r t ic le s  depends  on the  w idth  o f  the fo rm ation  zone  near the 

evaporation  source. A t h igh  gas pressure  and fast evaporation rate 

the partic les  becom e larger. So fa r  in the lite ra ture  [23,24] only 

elem ental metals and the simple oxides, such as SiC>2 and TiC>2 , have

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4 8

been reported. W e have now extended the technique to the more 

complex oxides YSZ (yttrium stabilized zirconia, Z r0 2  with 9.5 mol% 

o f Y 2 O 3 ) and S rC o o .8 F eo .2 0 3 -§ .  YSZ is an ionic conductor used as the 

electrolyte in solid oxide fuel cells and S rC o o .sF eo .2 0 3 -§ belongs to a 

class o f  mixed ionic electronic conductors (MIEC) that are used as the 

dense layer as well as the catalyst electrodes in m em brane reactors. 

Figure 28 shows the schem atic  diagram of our experim ental setup 

for making nano-scale particles. The ambient gas was mixture o f  4:1 

o f  He and O 2  at the pressure of 350 torr. The cold surface on which 

the particles were collected  was a copper disc 3 inch in  d iam eter 

positioned 2 inch above the target and m aintained at 100 K. The 

partic les  w ere rem oved  from  the co llector disc by d ispers ing  in 

w ater or m ethanol. The liquid  was subsequently evaporated  and the 

particles consolidated into a porous network by annealing.

2. E lectrical conductiv ity  m easurem ent

Im pedance  m easu rem en ts  were m ade in air am b ien t in the 

tem pera tu re  range  22-800  ° C  by using a dynam ic s ignal analyzer 

Hewlett-Packard 3562A in the frequency range 0.1 Hz to  100 kHz. 

The output signal o f  50 mV was applied to the sample in series with 

a standard resistor Rs- The voltage V j was across the sample Z and 

R s ,  the voltage V 2  across Rs- The sample im pedance w as derived  

f ro m  the  r a t io  V 1 / V 2  m e a s u r e d  w i th  th e  a n a ly z e r :  

V l / V 2 = (R s+ Z )/R s .

For thin film, m easurem ents  were made in the p lane  o f  the 

sam ples. P la tinum  or gold curren t electrodes, separated by a gap
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100-1000 jj.m, were deposited  on the films by RF sputtering  or 

evaporation. The sample was heated up to 800 ° C  at a rate o f  6  

° C /m in  and held at that temperature for 30 m inutes before taking 

the data. Then it was cooled at the rate of 6  ° C /m in  to the  next 

lower temperature, and data was taken after waiting for 30 minutes 

for equilibrium .

M easurem ents were also m ade on YSZ single crystal disc to 

compare with thin films deposited by PLD. Current contacts to the 

Y SZ single  c rysta l disc were m ade by R F spu tte ring  p la tinum  

electrodes on both sides of the disc. Platinum electrical leads were 

cemented to the electrodes with silver paste.

3. Structure and electrical conductivity of YSZ

The impedance spectrum shown in Fig.29 is typical o f  an ionic 

conductor sandwiched between two blocking electrodes. The s a m p le  

o f  ( Z r 0 2 )  1 - x ( Y 2 O 3 ) x used in our experim ent was 1 / 2  inch in 

diameter, 1/64 inch th ick  and with 9.5 mol% Of Y 2 O 3 . 1000 A 
platinum electrodes was sputtered on the disc.

The observed  im pedance  is represented by two term s: the 

im pedance  Z\  is due to the electrode-electrolyte interfaces and Zb is 

due to the bulk impedance, Z = Z i+ Z b- The interface term Z\  has the 

constant phase angle (CPA) form [25]:
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where A  and n are constants, 0 < n < l,  j= ( - 1 ) 1 / 2  ancj cD=27tf, f  is the 

frequency o f  the applied voltage. The bulk impedance is given by:

(104)
-  +  JCQC 
r

w here r  is the res is tance  o f  the sample and C is the frequency 

d ependen t capac itance . r= l/o s ,  where o  is the ionic conductivity, 1 is 

the sample thickness and s is the area o f the electrodes. C=s£ 0 e/1, 

where £o is the vacuum  permittivity and £=£'_je" is the permittivity 

o f  the solid. We use Cole-Cole function [26] for £ in Zb:

(e - £  )
J d 0 5 )

1 +  ( j m ) 1 - a  '

In Fig.30 we plot the negative imaginary part versus real part of the

im pedance , i.e. the  C o le -C o le  plot, where  open circ les  are the

m easurem ents  and the solid line is the result o f  our fit ting . The 
va lu es  o f  A = 5 .8 5 x l0 4 ,  n= 0 .92 , r= 6 .0 8 x l0 5  £2, £ ^ = 2 4 .8  ( h i g h -

frequency  d ie lec tr ic  constan t),  £ S= 1 15 (static  d ie lec tr ic  constan t), 

t= 2 x 10"4 sec (relaxation time) and oc=0.5 were determ ined by fitting 

Z = Z i+ Z b  to the observed impedance spectrum at 250 ° C .

Figure 31 shows the Cole-Cole plots measured at 400 ° C  and 

800 ° C  on a 1 p m  th ic k  Y SZ  film . The C o le -C o le  p lo ts  o f  

polycrystalline  materials  are interpreted in the sim plest form on the 

b as is  o f  th e  g ra in -b o u n d a ry  m odel d ep ic ted  in  F ig .32 . The 

equivalent circuit for this model is shown in (b), where Rj in parallel
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w i th  C ; represents  the im pedance o f  the grain in te r io r  and Rb i n 

parallel with Cb represents the im pedance o f  the grain  boundary  and 

the CPA impedance represents the blocking contacts o f  the film. The 

Cole-Cole plot in (c), computed for typical values o f  the equivalen t 

c ircuit param eters given in the figure, shows a high frequency  arc 

c o r re s p o n d in g  to th e  g ra in  in te r io r ,  a low  f r e q u e n c y  arc  

corresponding  to the g ra in  boundaries and a low frequency  "spur" 

corresponding to the CPA. The experimental data does not reproduce 

all the features o f  the model. This is in part due to the fact that the 

very low (<0.1 Hz) and very high (>100 KHz) frequency regions o f  

the Cole-Cole p lo t are outside the frequency range o f  our analyzer 

and also in part due to the fact that the model in  F ig .32 m ay be 

oversim plified. This introduces an uncertainty in  extracting the bu lk  

conductiv ity  from  the data. W e have chosen as a rep resen ta t iv e  

value for the res is tance  o f  the film the in tercept o f  the large arc 

w ith  the x -ax is  as in d ica ted  by the a rrow s in  Fig. 31 . T he  

conductiv ity  de te rm ined  in  this w ay for severa l f ilm s dep o sited  

from d ifferen t targets are com pared with the conductiv ity  o f  the 

single crystal disc in Fig 33. We note that the thin film  conductivities 

exh ib it  the sam e activa tion  energy as the s ingle  crysta l bu t the 

values are an order of magnitude lower. This is probably  due to the 

res is tance  o f  g ra in -boundaries .
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4. SrCo0.8Feo.2C>3-8

A. Structure of S rCoo.8 F eo .2 O 3 - . 5

The composition o f the SrCo0 .8 Fe().2 0 3 - 5  films determ ined by 

energy dispersive X-ray (EDX) was found to be unchanged from that 

o f  the target. In Fig.34, SEM shows that the average grain size is 700 

A in a 500 A thick film (top) and increases to about 1500 A fo r  films 

3000 A th ick  (bottom ). The X-ray diffraction spectrum  in F ig .35 

shows tha t the films are highly oriented. The h ighest peak  is in 

(110) o r ien ta t io n .  The la ttice  constan t derived  from  the X-ray 

d iff rac tio n  spec trum  is 3.9 A. No difference  was found in the 

structure o f  films made from targets 1 and 2 .

B. Electrical conductivity of SrCo0 .8 F eo .2 0 3 -5

The tem perature  dependence of o of two films 3000 A thick, 

on MgO substrates, deposited from targets 1 and 2, is shown in 

F ig .36. The conductivities of the two films do not differ significantly 

f rom  one  ano ther .  O ver the en tire  tem pera tu re  ran g e  the  ac 

c o n d u c t iv i ty  w as f requency  indep en d en t and  equal to the  dc 

conductiv ity , indicating that the conductivity is prim arily  electronic. 

T he  m e a s u r e d  c o n d u c t iv i ty  is  th e rm a l ly  a c t iv a te d  in  the 

tem perature  range 22-500 °C , with an activation energy o f 0.17 eV 

and f ro m  5 0 0 -8 0 0  ° C  it b e co m e s  e s s e n t ia l ly  t e m p e ra tu re  

i n d e p e n d e n t .
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W e firs t  d iscuss the  m echan ism  for e lec tron ic  and ionic 

transpo rt  in perovskites . In general the cations can appear in the 

valence states A 1 + b 5 + 0 3 , A 2 + B 4 + 0 3  and a3+b3+C >3. Defects can be 

in troduced  by alliovalent doping. By substituting on the A site the 

d ivalen t Sr, oxygen vacancies are created simultaneously for charge 

com pensation so that a fraction of the B ions, cobalt this case, are in 

the tetravalent states i.e. S r 2 + C o 3 + ( C o 4 + )0 3 -§ .  This results in  p - ty p e

electronic  conductivity, while the oxide ion conduction is via oxygen 

vacancies. The larger the 8 , the larger the ionic conductivity will be. 

A small amount o f  Fe is added to SrCo 0 3 -§ in order to stabilize the 

cubic structure [27]. The Fe3+ ion stabilizes the lattice because it has 

a larger ionic radius than Co3 +  . The ionization energy to produce 

F e4 +  is 3.5 eV larger than that for Co4+ [28] so Fe ions are mainly in 

their F e^+  valence states.

Because the electrical conductivity of SrCoo.8 F e O.2 0 3 - 8  is
the rm ally  activated, it falls into  the category o f  charge transfer 

perovskites [29]. The holes are localized on the B4+ sites and hop via 

oxygen 2 p states to the neighboring B3+:

b 4 + _  q 2 + _ b 3+ (106)

In order to satisfy the charge neutrality condition when there 

are 8  oxygen vacancies per unit cell, there must be (28) B3+ ions and 

(1 -2 8 )  B 4 +  ions. In the limit o f  small vacancy concentration (8 < < 3 ) ,  

the conductiv ity  a  is proportional to the product of the probabilities 

of the valences B4+ and B3+ and the concentration of 0 2 - :
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- E  JKT
c = C ( X - 2 S ) 0 - S ) 2 S e  a (107)

w here Ea is the activation energy for the transfer process and C is a 

c o n s ta n t .

W e associate the observed activation energy in Fig .36 with the 

h o p p in g  p rocess  g iven  by Eq. (106). W e fit  Eq. (107) to 

m easurements, by using experim ental values 5 [16,22], with Ea= 0 .1 7  

eV and C=673 (Q c m )_l as best fit parameters.

C. Optical properties of SrCoo.8 F eo .2 0 3 -8

Optical transm iss ion  m easu rem en ts  w ere  m ade  on a C ary  

spectrophotometer in the range 0.5 eV to 6.5 eV. In F ig .37 we show 

the op tica l d ens ity  for three  film s w ith  d if fe ren t  th ic k n esses  

deposited on silica, all made with target 2. All three films exhibit 

similar features, a steep rise between 2-3 eV, a shoulder between 3- 

4 eV and a peak near 6  eV. The optical absorption coeff ic ien t p lo tted  

in Fig.38 was derived from the difference in the optical densities OD 

o f the 1400 A and the 1 0 0 0  A films:

cc = (ODl -O D 2) I A  , (108)

w here A is the difference in the thickness o f  the two films. This 

p ro ced u re  e lim ina tes ,  to a good  app rox im ation , th e  e ffec t  o f  

reflection from the air-film and film -substrate  interfaces.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i

5 5

In o rder to in te rp re t  qua lita t ive ly  the op tica l spec tra  we 

consider the band structure o f  S rC o o .8 F e o .2 0 3 -5 .  The 3d electrons of

the tran s i t io n  m eta ls, w hich are in oc tahedra l coord ina tion , are 

strongly  localized and form narrow bands. Because of the crystalline 

field o f  the oxygen ion octahedron, the 3d states split into two levels. 

A high energy band eg corresponding to dz 2, dx 2 -y 2  electron orbits 

and low energy band t2 g corresponding to dXy , dx z , d y Z. Outer s and 

p e lec trons  form extended bands and can be treated by means o f  

o n e -e lec tro n  theory .

An effective one-electron density o f  state diagram is show in 

Fig.39. The partially filled 3 d^ band corresponds to t2 g- The empty 

3 d ^ *  band is due to the eg states and the m ultip le t splitting  of  d 

levels. The 2p electrons o f  the oxygen form an extended filled band 

and the 4s electrons o f  the transition-metal form an extended empty 

b a n d .

W e associate the steep rise in the absorption in the range 2-3 

eV w ith  the strong allowed electric dipole transition from the filled 

2p band to the empty 3 d^* band. The rise in absorption between 4- 

6  eV we associate with the transition 2p-4s and 3d^-4s . The later 

t ran s it io n  may be suppressed  som ew hat because  o f  the forb idden 

na tu re  o f  3d-4s electric  dipole  transition, but covalence o f the s 

e lec trons  with the anion 2 p wave function overcom es the selection 

rule to a large extent [30]. The 3 d ^ -3 d 5 *  and 2p-3d^ transitions are 

expected to be weak. In Fig.38 we show schematically the different 

contributions to the absorption. The absorption at low energy is due 

to the w ater absorption peak centered at 0.4 eV [31].
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5. N ano-scale  partic les

A. YSZ

The TEM in Fig.40 shows that the particles are in the range 30-
o

100 A  and that they  exhib it facets and im ages o f  la ttice planes, 

ind ica ting  that they are crystalline. The low er magnification TEM in 

Fig.41 shows tha t the partic les  aggregate  in c lusters  o f  d ifferen t 

sizes. The X-ray diffraction  pattern in Fig .42 agrees well w ith the 

standard powder pa ttern  o f YSZ. The broadening o f  the peaks (top) 

is consistent with the small size of the particles. On annealing at 800 

° C  for 24 hours the peaks (bottom) narrow appreciably.

B. SrCoo.8Feo.2 0 3 -S

T h e  TEM  in Fig.43 shows that the particles are in the range 

100-250 A. The X -ray  d iffraction  pa tte rn  in  F ig .44  shows peaks 

other than  the s tandard  pow der pattern  o f  S r C o o .8 F e O .2 0 3 - 5 -  On 

annealing at 700 ° C  for 7 hours the cubic S rC o o .8 F e o . 2 0 3 - 5  p e a k s  

increase  appreciably, but there still rem ains some other peaks. This 

problem  needs yet to be solved.

C. M em brane  fabrication

In  order to  fab rica te  the m em brane  show n in F ig .2a  it is 

necessa ry  to conso lida te  the partic les  in to  a porous m echanica lly  

stable film . P re lim inary  experim ents indicate that annealing a t 800
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° C  for 24 hours forms a rigid film that adheres well to the substrate. 

To form  the left porous e lec trode  in  F ig .2a  the p a r t ic le s  are

p re c ip ita ted  from  solu tion  on the porous a lu m in a  substra te  and

conso lidated  by annealing. A thin dense film is then deposited  on 

top o f  the electrode to form the blocking layer and finally a second 

porous e lec trode  is form ed on right o f  the dense film. Annealing 

cond itions  for optim um  consolidation, i.e. h igh  porosity  com bined 

w ith  su ff ic ien t  m echan ical  s treng th  and  good  adherence  to  the

underlying surface, need yet to be determined.

S u m m a r y

W e d esc r ib e  e x p e r im en ta l  te ch n iq u es  w e d e v e lo p e d  for 

fabrica tion  o f  dense thin solid oxide films in the thickness range 

0.05-1 p m  and porous electrodes consis ting o f  oxide partic les  as 

small as 50-100 A having surface areas 2 0  m ^ /gm . Thin films and 

n an o -sca le  pa r tic le s  o f  com plex oxides Y SZ  (y ttr ium  s tab ilized  

zirconia, Z r 0 2  at 5.7 and 9.5 mol% of Y 2 O 3 ) and S rC oo.8 Feo.2 C>3 - 5  w ere  

fabrica ted  by pulsed laser deposition (PLD). X-ray, SEM and TEM 

m ic ro s c o p y ,  e le c t r i c a l  c o n d u c t iv i ty  and  o p t ic a l  t r a n s m is s io n  

m easu rem en ts  w ere  used to charac terize  the m ateria ls . The YSZ 

e lec trode  in terfac ia l im pedance has the constan t phase angle  form. 

The c o n d u c tiv i ty  o f  S rC oo .8 F e o . 2 O 3 . 5 , which is due to a charge 

t r a n s fe r  c o n d u c t io n  p rocess ,  is tem p era tu re  a c t iv a ted  w ith  an 

ac tiva tion  energy  o f  0.17 eV. The optical abso rp tion  spec tra  of 

S rC o o . 8 F eo .2 0 3 -s are interpreted in terms o f  an effective one-electron 

band s truc ture  theory.
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For nano-scale materials of SrCoo.8 Feo.2 O 3 . 5 , the conditions of 

making the pure cubic structure and having high porosity combined 

w ith su ff ic ien t  m echanical s trength  and good adherence  to the 

underlying surface need yet to be determined.
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A ppendix  A

It is conven ien t to express  Eqs. (45) and (50) in vec to r  

n o ta t io n :

= , (1A )
dx

where the m atrix  M  and the vector p  are defined by:

M =

1

Lp* 2 Lp1
1

L f  Lg<

M = V-8 j

To solve Eq. (1A) we perform the transformation:

j i = ' ¥ v + h  , (2A )

w h e r e

v =
'v j M ' '

vv2W ,
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h  =

r 2 \  

2 8

S s j

and the  e lem en ts  o f  the  m atrix  *F a re  c o m p o n e n ts  o f  the
eigenvectors  *F. defined by:

M  *F. = A ./ ,i i (3 A)

7 is the unit matrix and Xj are the e igenvalues  determ ined from the 

secu la r equation :

\ M  —A./l= 0 .i (4A )

The two roots of Eq. (4A) are:

A2 = 0 ,  (5Ab)

and the norm alized  eigenvectors *F. and the matrix *F are given by:

•F, = 1 / 1  + 4
1

-2L 2 / L 2 
P 8  j

(6Aa)

\
(6Ab)
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«p =

1 /

L 2

L 
8

1 + 4-

1 + 4-

1 /a/5 

2/V5

(6Ac)

Substitution o f  Eq. (2A) in Eq. (1A) results:

d \  (x)

dx
2------A1v1(x) = 0 (7Aa)

d \ ( x )
— V - = ° -dx1

(7Ab)

The solutions to Eqs. (7A) are:

- x l L
v{(x) = gl l e +8n e

v2 (x) = g2 lx+g22

x l  Lm (8Aa)

(8Ab)

w here g n , g i 2 > g 2 l  and g 2 2  are in tegra tion  constants.

Substituting Eqs. (8A) into Eq. (2A) yields the general solution 

given by Eqs. (52) and (53).

Substitu ting Eqs. (52) and (53) in Eqs. (55)-(58) y ields four 

linear equations for the four integration constants:

^ 11* 1 1 +  ^ 11*12 +  ^ 12*22 ~  Â g ’ (9A )
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Y u  - L / ( 2 L )  «F L/ ( 2L  )
7 ^  irsLm ,Ld ~ 1)sn + ~^~e

m rn

+  l F \ 2 ^ T s L / ( -2 L d ^  +  l ^8 2 l  +  l F l 2 ^ s /  L d ^ 8 2 2 ~ °  ’ ^10A^

us m
21 „ 21

L 8\ \ + L 8\ 2 + W2282l  _ 0  ’ ( 11A)
m m

- L / ( 2 L  ) L/ ( 2 L  )

^21e m ^l l  + ,f21e ^  •?12+ ^ 2 2 L /2 ^21  + ^22^22 = 0 ‘

(12A)

The solutions to the Eqs. (9A)-(12A) are:

1 L p  m  g  d  d
1 + 4

8

n 2 -  H  . 4 - L ( ( - .  + t  i t + r
12 5 7 T  L s L ,  s L,  L 2 l  2

n  m  d  d  a  9

11 + 4 ^  ^ ^

(13Ab)
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4 — o
Le2 1 L m  V  L / ( 2 L  ) —£/ (2L )o  --------* .  tM.  —  sT „.m P , ™ 4- p m \

g2l  5 L  4 L  2 s L ,  L 2 }
l + 4 «  d S

L 4

L  LI(2L  ) L  ~ L / ( 2 L  )
[(l + T -M.)e m + ( - l  + T -2L)e m \ \ ! A ,

‘ Ld Ld

4 _ £ _  9
^  L;?2  1 L / ( 2 L  ) ~ £ / ( 2 L  ) /  V

je«« =--- ---------— —Me m +e  m  Hfl +  r  ——
22 5 C V  ) [ (  • '2 i . ) i 2

l + 4 _ £ _  w d  g

- L / ( 2 L  ) L L LI ( 2L  )
-<? /n (-1 + T —~ ) ]  +  [(1 +  t  m

S  T Ly S T
d  Ld

L - L / ( 2 L  ) t  - L / ( 2 L  )
+ ( - l  +  T _J2L)e +  e ™ ) } M ,

*  L .  2 Ld m

w h e r e

4 I r L K 2 L  ) —L / ( 2 L  ) L}  ,

A= i - r * - {ie +e m)T2[(l"sjnm g a1 + 4

Lm L «  - I « / ( 2 L  ) LI(2L ) L
+ T  — — (—1 +  T -* » ) < ?  " * ) ]  +  [*  m  ( l + T  - 2 L ) + e

5 L ,  s i  s L J
d d d

(13Ac)

(13A d)

L / ( 2 L  ) m
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T - L I ( 2 L  ) L L  - L / (2 L  )
(— +  2e m ) +2(1 + r  ------ ) + 2 (1 -  r  - ^ ) e  m ]}
L s 2 L ,  S L ,m a a

(14A)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6 5

Appendix B

The ion  and e le c tro n  cu rren t  den s it ie s  Ij and Ie can be 

expressed as Eqs. (38) and (39). Assuming Di and De do not depend 

on concentrations o f  Cj and ne . Substituting Eqs. (38) and (39) in Eqs. 

(40) and (41) results:

2
1 d a .  1 dll. n fj T ,-c

 ±  + a  7T{— l )2 + 2 — {FE) = ---------—  ( IB)
RT dx2 (r t )2 dx dx 1 - 0  D.c. ’

- ^ + l 3 - ^ T ^ ) 2 + - ( F E )  = d ^ J ! S _  (2B)
RT dx2 (RT)2 dx dx 1 - 0  £ > ^ ’

where we have used Eqs. (69) and (70).

E lim inating  d (F E )/d x  in Eqs. ( I B)  and (2B), and assum ing 

charge conservation condition  dne= -2dc j,  we have:

o
d a .  A du.  0 i
— ^ + ^ - ( — Lr  = - V ( / t . - / t .  +AJU / £ ) ,  (3B)
dx RT dx L 2 1 10 8p

w here the coeffic ient o f  second order term (d p i /d x )^  is:

4c. 4 a c .
A = « ( ! + — L) / d  + -x-- )  , (4B)n n fin

a n d
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4 ac.
« = (1 + ̂ ) .  (5B)

Let £ = — ( u . - u  + 4 / i  / £ ) ,  Eq. (3B) can be rewritten in the form:
K l  i t o  g

d 2ii , M a _  H
7 ?  ■ ( 6 B )

W e can expand jl in term of Xn , which is a small p a ram ete r  o f  

around 10-2:

Equation (6B) is then separated into a set o f  equations:

d 2fi(0) - (0)

dx2
~ o ' , for o(A.n°) (8B)
L ^

, for o a „ ' )  (9B)
z dx L Ldx P

the boundary  conditions are separated as:
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dx = ~ L

Ld

6 7

x = L /2 (1 IB)

dfi (1)
■ =  0 .

x=0 (12B)

x = L / 2 (13B)

The solution of  Eq. (8B) is:

- x / L  x / L
ft = Ae p  + Be p  - (14B)

where A and B are determined by boundary conditions Eqs. (10B) 

and (1 IB):

L / L  
A pg ae p

A ~ C L / L  ’ ( 15B )
P■ae

i
B = ~ f  T T T -  ( ‘6B>

1 + ae P

Substituting Eq. (14B) in Eq. (9B), we have:

A (1) u(1) 1 o ~ 2 x l L n  n  X / L n
— ^  --------- T (A2e P + B 2e p - 2AB)  . (17B)

dx1 L 1 L 1
P P

The solution of Eq. (17B) is:
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p (X> = P Q + P]e
- 2 x t  L 2x!  L - x / L x / L

+ p 2e + p3e + P4e (18B)

w h e r e

P0 = -2A B  , Pj = —A* / 3 p2 = —B / 3

P 3  and P4  are determ ined by boundary conditions Eqs. (12B) and 

(13B):

- L / 2 L  - 3 L / 2 L
Pn + P A \ - 2 e  p ) + P A \  + 2e p )

P3 = - 2 — !- - - - - - - - - - - - - T T T T - - - - - - - - - - - - - - - - - - p 0 ~ p r p2 ■ <19B>
1 + e P

- L / 2 L  - 2 L I 2 L
Pn + P A l - 2 e  P ) + P~( l +  2e p )

P4  = - - 2 — !--------------------Tj T T -------------------------■ (20B>
1 +  e P

For the case o f  L » L p:

dp

1

0

+ X A
. ►—*

1

dx jc=0 dx n dx
*  =  0

A 2. A
: _ J L ( 1  S _

L 3 
P

) (21B)

w h ere  A /L p is the linear contribution to the flux and (A/Lp)(A,nA / 3 ) 

is tha t o f  ( ? in / R T ) ( d j i i / d x ) 2  term:
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So that the contribution o f second order term  (A,n /R T ) ( d j i i /d x ) 2 to 

the flux is negligible.
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A ppendix  C

W e express Eqs. (72) and (73) in vector notation:

d^pi —  —
- % -  = Mn + m ,  (1C)
d x

w here the m atrix  M,  vectors fi and m are defined by:

M =
r G H '  
yG H j

S e J

m =
'M \
m ) ■

To solve Eq. (1C) we perform  the transform ation:

w h e r e

] l = ' ? V + h , (2C)

v =

'H .  ^
h  = H,2 )
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and the  e lem en ts  o f  the m a trix  *F a re  c o m p o n en ts  o f  the 
e ig en v ec to rs  *F. defined by:

= (3C)

w here I is the unit m atrix  and X\ are the  e igenvalues determ ined  

from  the secu lar equation:

\M -A . I \= 0  . (4C)

The two roots o f  Eq. (4C) are:

• (5C a)

• (5Cb>

and the norm alized  e igenvectors *F. and the matrix *F are given by:

Wn  = H / ^ H 2 + ( \ - G ) 2 , (6Ca)

f ' 12= a 1- G ) / ^ H 2 + a l - G)2 , (6cb)

W2 l = H / ^ H 2 +(X2 - G ) 2 , (6Cc)
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^ 2 2 =(k2 ~ G ) l ^  + ^ ~ G)2 ’ (6Cd)

W =
XV  XT,

M l M2
X V  XV

21 227
(7C)

Substitution o f Eq. (2C) in Eq. (1C) results:

d 2v. (x)
— ~2 A1v1(x) = 0 ,

dx
(8Ca)

d v9(x)
 4 ------ A9 v? (a:) = 0 ,

dx2 2 2
(8Cb)

M /z - m  = 0 . (8Cc)

The solutions to Eqs. (8C) are:

- x / L  x / L  
v1W  =  g11£ ‘ + g l2e (9Ca)

x / L
~ S'} (9Cb)

'V
v * 2 ,

1
(.H G - G H ) G M -G M  ;

(9Cc)

w here g n ,g i2 > g 2 l  and g 2 2  are  in teg ra tion  constan ts.

Substitu ting  Eqs. (9C) in Eq. (2C) yields the general so lu tion  

given by Eqs. (75) and (76).
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Substitu ting  Eqs. (75) and (76) in Eqs. (77)-(80) y ie lds four 

linear equations for the four in tegration constants:

'i>n 8n  + Xi>n gi2 + Xi>\282 \ Jr^ \ 2 s2 2 ~ ~ H\ ’ U °C )

'i '2\8\ \  + '*'2\8\2 + 'F2282 \ +}i'2282 2 = ~H2 ’ (H C )

1̂<?11 + 2 + 1 + K4&22 = ® ’ 0  2C)

^ 1 1 + 'S'6g12+ ^7^21+ ^ 2 2  = 0  ’ (13C)

w h e r e

—L / ( 2 L . )
K , = e  1 ( D . * F . . / L . - K Y .  , + 2 K ' F ~ . )1 i 11 1 11 21

L / ( 2 L . )
K 2 = e  1 ( - D . V n I L r K V u + 2K<r2 { l

- L / ( 2 L n )
K ^ e  2 (D.Vl 2 IL 2 - K ' F l 2 + 2 K r 22) ,

L / ( 2 L 0 )

K4 = e

- L I (2 L ,)
K - = e  1 (D.c. 'F, ,  + D  n «F01 / 2 ) / L ,5 i i  11 e e 21 1

L I  (2L . )
K , = - e  ^  ( D . c . ' F „ + D  n 'F0 . / 2 ) / L .6 i i 11 e e 21 1
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-L / (2 L 0 ) 
Kl = ‘ 2

L/ (2L„)
K& = - ‘  2 <~Df i ' 1' u  + Dene'l ' 2 l l V l h -

The solutions to the Eqs. (10C)-(13C) are:

*11 = H * 4 - * 3 )[(*22*6 -  * 2 1 * 7 ^ 1  + ( *11*7 "  *12*6>H2 ]

+<*8 ~ * 7 )[( *22*2 '  *21*3>*1 + ( **11*3 "  * 1 2 * 2 ^ 2

+ { 'Fl l 'F2 2 - ' F12'F21)H3] } / A  ’ (15Ca)

g12 = « k 4 - k 3 ) [ ( -  * 22k 5 )H i + ( ^ ^ i K 7 )h 2 ]

« K s - K 7 M ' r 2 lK3 - ' F 22Kl )Hl H ' r i2K1- ' F n K3)H2 

- ^ U ll,2 2 - V 2 l ^ / A  ’ ^15Cb)

+(K6 - K 5)[{ V a -  + ( V l  -  ^ n KA)H2

- ( ^ n ^ 2 2 - lf/n tf,2 l )H3]}/A ’ <15Cc)

£22 = H K 2 - K l M'T22K5 -  ^ 2 f y ) H x -  r l2K5)H2 ]
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+(* 6 -  V 2 lK3)Hx H ^ u K3 -  ^ 2K{)H2

w h e re

A = ( V l  1 - ^ 1 1  r 22)KK2 -  K jX K g  -  K7 ) - ( K 4 -  K3 )(K6 -  k 5 )]

The constants K 1 -K 1 2  in Eqs. (93)-(95) are:

- L / ( 2 L . )  ‘F l1 8 7tF2L,
K ^ e  I m v u - 2 ’r 21) - D i (i n - - - S E r l A 3)] -2D iAl

L I ( 2 L . )  ¥'11 8 jcF 2 L,
K „ = e  1 [ K W . - 2  ) +  £>.(—;lJ----------------l~A~)] + 2 D.A,2 11 2 V  i K L eRT y *  1 *1 •

-L /(2 L 0) W,, Zx F 2L„
K ~ = e  2 [£(«p - 2  ¥* ) -£ > . (— U -------------2-A, ) ] -2D. An3 12 22 F 1  eRT 4 n i 2

LI(2L„) *F, , 8x F 2Ln
KA = e 2 + _ 2 A4)]+ 2DA  ,

47TFL, —L/ {2L. )  L RT
K5 =  — L ^ d - g  1 ) _ Jpr( i _ 0 )Z).c .(2A1+A5) - - — Aj

4 xFL?- L / (2L . )  L RT
K6 = ---------------------------- “  ) + Fr(l-<P)D.c.(2A1+A5 ) + - — Al ,

£ Z i
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2 -LI{£L^)
) - F r (  1 -  «£ )ic.(2A2 Aj

4 jr fX ,-  „  - L / ( 2 L , )  l r t
Kn — Aa( 1 — e } — £vn — rh^nn ( 0 a j- a ^---------

1 £ 4

AizFL -̂ L/(2Lj) LRT
*7 = -----^ ~ A4 (1~ e 2 )FFr(l-<l,)D.ci (2A2 + A6) + ̂ A 2 ,

-L / ( 2 L . )
f r < % V 2W - '  >■

L/(2L .)
i:io = - < £lA V 2W < 1- e * > •

—LI  (2L-)
^ 1 1 =(£,A ^ 2 " 2Z)/Ĉ 6 )(1“ e } ’

L / (2L0)
*12 = - {DeneA2 - 2DicA ){l- e > '

The solutions o f the coefficients g n ,  g i2 , g21> g22 to the Eqs. (92)-(95) 

a re : 

^11 = H\ ̂ K1 ~ ^ 8 ^ 1 0 ^ 3  ~ ^1 lKl  ̂ + ̂ 1 1  ~ K\ 2 ^ K2K1 ~ K3K6 ̂

+(K3 - K 4 )(Kn K6 - K 7KlQ)] /A  , (17Ca)

gn = Hl [< X g  -  K7 )(K9K3 - K n Kl ) + {Kn - K n  X K f a  -  )

+{K4 - K 3){KU K5 - K 1K9)} /A  , (17Cb)

*21 = Hl [(K9 ~ K10)(K4K5 ~ KiKS~) + (Ki ~ K2 * K9K8 ~ Kl2K5>
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+{K5- K 6){KlKn - K4K9)}/A , 

g22 = HX[{KX0 -  K9 )(K3K5 -  + -  Kx)(K9K7 -  K{ f c )

+(k 6 - k 5)(k 1k u - k 3k 9 ) ] / a  ,

w h e r e

4  = [(^10 -  ^9  )(^8 ~ ^ 7 } -  (^12 ~  ̂ 11 )(^6  ~ ̂ 5 )](^11^3 "  ^12^1} 

+[(K2 - K lXKl 2 - K n ) - ( K 4 -  K3)(Kiq -  K9 ) ] ( {K7 -  Wn K5)

+ [(K4 -  K3 )(K6 - K 5)-(K2 -  Kx)(K8 -  K7)](‘f'j {KX j -  ^ 2 * 9 )  .

77
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■■â a/aBaa«,a."a«"â â â , ,̂ <̂laSaSa%aSaSa%a%aSaVaVa%a,^yyyy.*^yyyy*^^'ja%aSa%a%a\ aVa%aSa%a%a%al
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