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Preface

This dissertation presents research concerning the derivation of an al-
gorithm for approximating the quotient of two polynomials. In this preface,
we motivate the need for careful study of solutions to the problem of poly-
nomial division {(with a remainder).

Polynomial division is known to play a central role in the area of alge-
braic algorithm design. A subroutine for polynomial division is included in
every library and package of subroutines for algebraic/symbolic computa-
tion. A solution of this problem must be clearly understood by algorithm
designers, as well as researchers in the theory of algebraic computations. It
turns out that full analysis of this elementary operation inevitably includes
rather sophisticated mathematics.

It is known that polynomial division is utilized in the solution of nu-
meric problems, as well as algebraic problems. Yet the requirements of
these areas are quite different. Algorithms which reduce the asymptotic
complexity of an algebraic computation may introduce devastating numer-
ical instability. Some points of this analysis can be rather subtle.

In another direction, the recent advances of parallel computer archi-
tecture require the re-examination of polynomial division from a new point
of view, that is, designing most effective algorithms for parallel implemen-
tation. This problem alsoc turned out to involve some additional advanced
techniques of study.

In order to understand these issues when designing polynomial divi-
sion subroutines for algebraic and numeric computations, it is important to
thoroughly understand the algorithm derivations. We hope that the clari-
fication of the approximation method, introduced by our research, will be
especially useful in all these respects.
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0 Introduction

0.1 Review of polynomial division algorithms

We briefly state the problem of polynomial division with a remainder:
given the coefficients of two polynomials s and t over the field C of complex
numbers, deg s = m and degt = n, compute the coefficients of two polyno-
mials, quotient ¢ and remainder r, degg = m —n = K — 1 and degr < n,
such that

s(z) =¢(z) x t(z) + r(z). (0.0)

Early work in improving on the (well-known) high school polynomial
division algorithm culminated with the work of Sieveking and Kung in
the early '70s. Their algorithms utilized Newton's method {in analogy to
Cook’s earlier integer division algorithm) and the fast Fourier transform,
with total work O(K log K') and O(log® I') parallel time-complexity (we
assume any model of parallel computation that supports computation of
the fast Fourier transform with total work O(A log K') and O(log R') par-
allel time-complexity (see [BiniPan, ch. 4] for an introduction to parallel
algorithms)).

Subsequent work has concentrated primarily on improving the bounds
for parallel time-complexity. The best result achieved so far by modifi-
cation of Newton’s method is due to Bini and Pan (1990), where they
improved the bound on parallel time-complexity to O(log K log® K) (define
log® K = max(?|log'’ K > 0)). Another approach, most closely related to
our research, is due to [Bini] and [Schénhage]. Their algorithm computes an
approximation to the quotient s/t, with O(log ') parallel time-complexity.
By comparison, a variation of the algorithm of Bini and Pan has parallel
titne-complexity O(log iv'), but with total work O{K log K log” K').

We present a brief table to simplify the comparison of the algorithiuns
that we have discussed (see [BiniPan, ch. 6] for a thorough survey of poly-

nomial division algorithms).



polynomial division algorithm summary

method total work || time-complexity
High school O(K min(K,n)) O(K)

Newton

Sieveking, Kung O(K log K) O(log® K)

Bini & Pan O(Klog K) O(log K log" R')

O(K log K log™ K') O{log K')
Approximation
Bini, Schonhage O(RK log K') O(log K)

0.2 Summary of the dissertation

In section 1, we study multipoint evaluation and interpolation of poly-
nomials at roots of 1, our basic algebraic method. The discrete Fourier
transform (dft) is defined as multipoint polynomial evaluation at roots
of 1, hence the inverse dft is seen as a polynomial interpolation formula
([BiniPan] is a good reference for this approach). We illustrate our algo-
rithm derivation method by application to polynomial multiplication and
division (with no remainder).

The core of the dissertation is section 2, where we derive our evaluation-
interpolation algorithm for approximating the quotient of two polynomials,
rlong with an informal correctness proof of the derivation [PanSL].

In section 3, we consider the role of roots of 1 in polynomial computa-
tions, with a discussion of a Toeplitz operator associated with polynomial
multiplication. We then relate our method to the equivalent, linear algebra
algorithm derivation method of [Bini]. We also study the relationship be-
tween complex integrals and Fourier series, to demonstrate the equivalence
of our method to the algorithm derivation method of [Schonhage].

Additional ap:plications of the evaluation-interpolation method are pre-
sented in section 4, before we analyze the computation error in section 5.

We conclude in section 6 by considering a future research direction.



1 Discrete Fourier transform (dft)
and the evaluation-interpolation method

We define dft, discuss an efficient dft computing method (fft), and pro-
vide a motivated derivation of the inverse dft. We also define the evaluation-
interpolation method and the basic polynomial computation of multipli-
cation (convolution), and illustrate the use of evaluation-interpolation in

constructing convolution algorithms.

1.1 Deflnition of dft and derivation of fIt

In {BiniPan, ch. 1}, dft is defined as multipoint polynomial evaluation
at dth roots of 1. If p is a polynomial (degp < d),

d—1
p(z) = ZP(Z',

=0

and if w := exp(2ni/d) is a primitive dth root of 1 {(w? = 1 and w* # 1, for
0 < k < d), then for 0 < k < d, dfty computes [Py := p(w*)]. Note that
some authors (see [Cooley}) use a different primitive root in the definition
of dft, namely w := exp(—2ni/d).

If p! is a polynomial (degpt < 2d),

2d4—1

)= plt,

=0

and if ¢ := exp(ri/d) is a primitive 2dth root of 1, then for 0 < k < 2d,
dft,4 computes [P,! = pY(y*)).

The key step in our fft derivation is an even-odd decomposition of
the powers of ¥, to obtain a relationship between dfty4 and dfty. We use
the notation p! for polynomials of degree less than 2d to help clarify this
relationship.



Define
d-1 d—1
pt(z) = _pfz" =) (P + Phya)7’s
¢=x0 fu0
d-~1 d—~1
P (2) = prz' =D (Pt — Prya)z’s
=0 =0
and
. d~1 __ d—1
P =Y =S vt st
=0 =0
For 0 < k < d,
2d—1 d=—1
p'(qb“) = Z p:w“ — E“’: +p;+,,)w“ = pH(wh)
=0 £=0
2d-1 d-1 o
Pt = ) ppfett =3 v (e - plya)ot’ = pm(Wh).
=0 =0

In other words, we can see that evaluation of a polynomial with 2d coef-
ficients at 2dth roots of 1 can be reduced to evaluation of two polynomials
with d coefficients at dth roots of 1. It follows that ffit computes P;, at
dth roots of 1, with complexity O(dlogd), provided that d is a power of 2.

1.2 Lagrange interpolation formula

Assume, with C the field of complex numbers, that z; are d distinct
points, and f is a function on C with f(zi) = Ax. The elementary Lagrange
interpolation formula provides a polynomial p, with degp < d, that agrees
with f at the specified points z, that is, p(zx) = 4;, 0 <k < d.

Before defining the Lagrange interpolation formula, we define a set of
auxiliary, degree d — 1, polynomials ¢, 0 < k < d, by

d—1

u(z) = [] (2 - 2.
y=0
J#k



The polynomials £; have the property that, for j # k, €i(z;) = 0.
The Lagrange interpolation formula

plz) = Z:Akf e

provides a polynomial of degree less than d satisfying the required condition,
pPlzi) = A, 0< k < d.

1.3 A motivated derivation of inverse dft

We provide a motivated derivation of the inverse dft that dispenses
with any reference to Fourier transforms. This derivation removes the sur-
prise of the inverse dft by starting from the Lagrange interpolation formula,

yielding an clementary algebraic framework for the inverse dft.

Throughout this section, p # 0 will be a complex number. Assume
that z; = pw", for 0 < k < d, where w is a primitive dth root of 1. Note
that these primitive roots are algebraic numbers, computable using iterated
square roots, when d is a power of 2.

For our proof of the inverse dft, we will need the following lemma.
Lemma 1.0:

d—1 . 14—1

e = =3,,~kj.2}
I1(Z-v) = Lo
1=0 J)=0
JRk

Proof: Since, for 0 < j < d, each w/’ is a distinct dth root of 1, we know
that

fG-)- ()~

(_.1_)""(.2._“1),__&2/_#’)_?_-_1:_1_ (/pu*)? -
(z/p)—w*/ 12 \p (z/p) — wt* k "/pw)—l




by =1, Hence, for all z, by the sumn of a geometric series formula,

I (2-w') = LSty

j=0 Jy=a
J#k

Assume there is a function f that has been specified at z; = pw*,

since (w

that is f(pw*) = Ax. We have a theorem giving a simple formula for its
interpolating polynomial coefficients.
Theorem 1.0: (polynomial interpolation at scaled roots of 1)

Given f(pw*) = A, then there is an interpolating polynomial p, with
degp < d, p(pw*) = Ay, and coefficients

— —kt
Pe = m Z Akw .

Proof: Using the Lagrange interpolation formula, with

d-1
z .
€(z) = H P (- -w’) .
j=0 P
ik
and the previous lemnma,
—1

p(z) = EA alz)

€ (pw¥)
Ay -t -
— ZTZP ket
k=0 ftk(l
Z ( Z Ay * ) EAR
=0 knll

Corollary 1.0: (scaled inverse discrete Fourier transform)
Assume [I‘;* := p(pw*)] has been computed, with p # 0 a complex
number, where p is a polynomial (degp < d), with coefficients p,. Then

1 d—1 .
td 2 Pe ™



Corollary 1.1: (inverse discrete Fourier transform)
Assume [P, := p(w*)] has been computed, where p is a polynomial
(deg p < d}, with coefficients p;. Then

ld—l
pe= 5 3" Pkt
k=0
Define the polynomials

d-—1 d—-1
P(z) =Y Biz* and P(z) =) P:*.
k=0

k=0
The conclusions of the previous corollaries can be more concisely expressed
as pe = (1/p'd)P(w™?) and p; = (1/d)P(w™").
We conclude that the coefficients of the solution polynomial provided
by the [Lagrange] interpolation formula coincide with the inverse discrete
Fourier transform formula. Though not a new conclusion, the derivation

provides a simpler way of understanding the inverse dft formula.

1.4 Evaluation-interpolation method

The evaluation-interpolation (e.-1.) method, for polynomial computa-
tion algorithms, is an indirect method. Let

d—1 d—) d—1
u(z) = Emz'. v(z) = Z vez!, and w(z) = Z wez!
=0 =0 =0

be polynomials over C of degree less than d. Assume a binary arithmetic
operation ¢ defined on pairs Uy and Vi of complex numbers, for 0 < £k < d.
The e.-i. method induces a binary operation on pairs of polynomials u and
v over C.

Throughout the dissertation, to simplify matters, we assume d is n
power of 2, and the points r; are dth roots of 1, w*, where w is a primitive
dth root of 1.



Algorithm 1.0: {e.-i. method at dth roots of 1}

{a: evaluate - two dfts}  [Ui := u(w*)]; [Vi := v(w*));

{b: compute - d op’s} [Wy := Ug o Vi];

{c: interpolate - inv. dfty} [we := (1/d)W(w™Y)] &

The complexity of these computations is bounded by O(dlog d).

We will soon illustrate this e.-i. method with two applications, after
discussing polynomial multiplication and convolution.
1.5 Convolution

When two polynomials of degree less than d, u and v, are multiplied,
the resulting polynomial w! will be of degree less than 2d — 1,

2(d—1)
w(z) = E w::'.
=0
For0< ¢ < d,
)
w' = U, ]
t = JVt=j»
i=0
d—1
1 E :
u:‘+‘ = u,-v¢+¢_,-.
Jy=t+1

This coefficient formula, for the product of two polynomials, is called
the convolution of the coefficients of the given polynomials (note that
w;d_, = 0, as expected).

Our discussion of computing convolution begins with a review of the

fft derivation of section 1.1, applied to wh.

d—1 d-1
Define wt(z) = E wizl and w(z) = E wy 2%, where
=0 =0

+ _ ..} )
w, =y, + LU SR

(1.0)

N S
w, —ll?' ll"+d.



Note that the coefficients

[ 4 d-1
w?’ = E U;ve—; + E WiUsgd—;
=0 i=i+1

and
¢ d—-1
w; = Z Uijte—; — Z WiVt d—j
Jj=0 Jumd+1
are called the positive and negative wrapped convolutions of the coefficients
of u and v.

We will find useful a key relationship between the different types of
convolution. For 0 € ¢ « d, solving the equations (1.0) for w} and u':+d

yields

wh = $(wf +up) .
wh, = Hwl —w]) .
t+d = 7\We ¢}

1.6 Polynomial multiplication using e.-i. method
If we were to utilize Algorithm 1.0, with multiplication as the binary
operation, degree of u and v less than d, and 2d evaluation points, we would
obtain a correct polynomial multiplication algorithm. Qur objective is to
use the e.-i. method for polynomial multiplication, utilizing dft and inverse
dft on d points. In order to meet our objective of working with d evaluation
points, we follow the fit derivation of section 1.1, and partition the set of
2dth roots of 1 into even and odd powers of ¥ := exp(ri/d), a primitive
2dth root of 1.
Following the fft derivation, with p? = w!, for 0 < k < d,
wh () = wh(wh),
wh(y? ) = w (W),
By definition of u x v, and since ¥»? = w,
(u x v)($2*) = w(¥?*) x v(¥?*) = u(w*) x v(w*),

(u x o)) = u(y?* ) x o) = Q(wt) x B(wh).
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Since w! = u x v, we conclude

wt(w*) = u(w?) x v(w"),

w(w*) = a(w*) x H(w*).

(1.2)

Hence we obtain the following algorithms, utilizing dft; instead of
dftoq:
Algorithm 1.1: {positive wrapped convolution using the e.-i. method}
{a} [Ui:=u(w*)]; [Vi i= v(w®));
(b} W :=Ux x V)
{e} [wf = (1/dWHw=O))y
Algorithm 1.2: {negative wrapped convolution using the e.-i. method}
{a} (O := a(wh); [V := d(wh));
(b} Wy =T x Tu;
(e} [wi == (/v DW= (™)
The complexity of these algorithms 1s bounded by O{dlog d).
With these two algorithms, the coefficients of w! are computed, using

equation (1.1).
Note that Algorithm 1.2, step (c}, uses Theorem 1.0 with p = .

1.7 Polynomial division with no remainder using e.-i. method

Assume that w and u are polynomials with the property that w is
known to be divisible by u, with quotient v and no remainder. In order
to use the e.-i. method at dth roots of 1 (as described above) for deriving
a polynomial division algorithm, it is necessary that degw < 2d — 1 and
degu < d, to guarantee that deg(w — u) = degv < d, where d is a power
of 2.

We can show that choosing d = 2(1+Ulog; max(deg u.deg v)]) ]| agsure
the applicability of the e.-i. method at dth roots of 1 (as described above)
for polynomial division algorithms.
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We may now derive algorithms for polynomial division with no remain-
der utilizing the e.-i. method. With w! = w, solve equations (1.2}, from the
polynomial multiplication derivation of the previous section, for v and ©.
For 0 < k < d, we obtain

v(w) = w(Wh)/uwh),

B(w*) = w-(w*)/a(w*),

providing two ways to implement our polynomial division algorithm with
no remainder.
Algorithm 1.3:
{polynomial division with no remainder using the e.-i. method}
{a} (W :=wt(Wh)); [Us = w(H));
{b} [Va:=WF U
{e} [ve:=(1/d)V(w™"a
Algorithm 1.4:
{polynomial division with no remainder using the e.-i. method}
{a}) (W7 = w= ()] {0k = d(wh));
{b} [V := Wi /th);
{e} [ve:=(1/y*d)V(w )]y
The complexity of each algorithm is bounded by O(dlogd).
Note that Algorithm 1.4, step (c), uses Theorem 1.0, with p = ¢,
Remark: There will be difficulty with this method if v(w*) = 0 and

#(w*) = 0 (see section 2.2 for a remedy).
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2 Approximating the quotient of two polynomials
using the evaluation-interpolation method

We concentrate on the problem of approximating the quotient of two
polynomials: given the coefficients of two polynomials s and ¢ over the
field C, degs = m and degt = n, with m > nand n > 0,

s(z) = _sez!, Hz)=) tez* (ta=1),
{=0 =0

compute the coefficients of a polynomial ¢*, an approximate quotient,

h-1
()= ¢,

=0

degg* = m —n = K — 1, such that

a(z) = ¢ (z) x t(z).

2.1 The e.-i. algorithm derivation and correctness proof

In [PanSL], we developed an elementary algorithm for approximating
the quotient of two polynomials, equivalent (except for simple power shifts)
to the algorithm of [Bini] and [Schonhage] for approximating the recipro-
cal of a polynomial, with a simpler derivation, based on the evaluation-
interpolation (e.-i.) method of [Toom).

We started with equation (0.0), solved for ¢{z),

d2) =)

(z) tz) (2.0)

q(z) =

We knew that as |[z| — oo, r(2)/t(z) — 0 (since degr < degt), hence

equation (2.0) implies that s(z)/t(z) — ¢g(2). We also knew that a polyno-
mial of degree R — 1 is determined by its values at A distinct points.
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To construct our solution, we interpolated ¢* at Hw*, 0 < k¥ < K
(scaled roots of 1), to s/t. Utilizing Theorem 1.0 (with p = H), we obtained

an approximate quotient ¢*, with coefficients

K-1
o 1 s(Hw¥) 4
% = i go HE Y (2.1)

We will prove this approximate quotient ¢* converges to ¢ in the fol-
lowing lemma. In order to simplify the proof, let H = 2* for h > 0.

Lemma 2.0: |¢; —q¢| =O(1/H?), for0< ¢ < K.

Proof: Using equation (2.0) and Corollary 1.0, with p = H, we have
a formula for g,

1 A (s(HO®)  r(Ho)\ 4y
“=Frg g (t(Hu*) - t(Hu*))“’ ‘

Similarly, using Theorem 1.0, with A, = s(Hw*)/t{ Hw*), we obtain the
approximation formula (2.1) for ¢°.

1 }i_:l r‘(Hwk) —kt
H'K & (H5”

1 Ir(Ho®)| 1
SHE Z HHD)| = H K Z Ir(HW)

1 'y 1 1 AK-1 fn-] 7
H'Kn, Z (Z Iri(Ht )’) = WK 2 (Z I'""HJ)

k=0 y=0

n—1
o ; e H" -1
< } =
-H’T’.ZH Htry, H-1"

3=0

lge — qe| =

IA

We have reduced the proof of this lemma to showing 1/7, = O(1/H").
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Make the additional assumption that

n—1
23 Jt;|H < H™. (2.2)

j=0
For instance, this assumption will be satisfied when H > 3 max |¢t;|'/("~%),

‘ 0<j<n
since when |¢;| S (H/3)" 7, for 0 < j < n, then
n—1I
S ItIH < (1-(1/3)")H" < H™.
i=0
From the definition of t, we know t, = 1. From the triangle inequality and

the assumption (2.2), we have

n—1
{H(Hw*)| 2 H" = 3 |t;|H? > H" /2.

i=0

In other words, min |t(Hw*)| > H"/2. Hence 1/my = O(1/H"). Thus

e H™ 2 20
]

7 - —_ = = 41
ot el < g —TE —mHRm o - C/HT)

Further details, relating ¢ to the polynomial coefficients |s,| and |t|,
are found in {BiniPan86] or [BiniPan, ch. 6.

2.2 The approximation algorithm

Recall Algorithm 1.3 and its complexity estimate (section 1.7), which
was derived using the e.-i. method at dth roots of 1. We extend this algo-
rithm for polynomial division with no remainder, to solve the problem of
approximating the quotient of two polynomials.

Assume d satisfies the condition of section 1.7, with u = t and v = ¢*.
In order to compute s(Hw*) and t(Hw*), 0 < k < d, define polynomials
5% and ¢, with deg 3* < 2d — 1 and degf < d, and with coeflicients

.1 {H‘s:, 0<é<m, N {H't;. 0<f<n,
and tp:

S, = 2.3
‘ 0, m<l<2d-1, (2:3)

0, n<f<d,
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computed by shifts. As in section 1.7, with w = s, we define

d-— d—1
- 2 42 ¢
it(z) = Z §f2t = E(s: + 51, 20
=0 0

We then compute the coefficients §; of the polynomial

d=1
§*(z) = gr=',

=0

where
132 5t (wh)

3 Wtk
=33 Tl Ton (2.4)

k=0

Algorithm 2.0:

{approximating the quotient of two polynomials using e.-i. method}

(a} [5F :=a*(wh); [Th o= #wH);

(b} Qi :=5}/Tu)

{c} [ = (1/d)Q*(w )]

The computational cost of this algorithm is bounded by O(dlogd).

The coeflicients g7, 0 € ¢ < K, of the approximate quotient ¢*, can
be computed by shifts, utilizing the equation derived from Theorem 1.0,

q; = §3/H'. Note that g =0for K <€ < d.

Remark: This approximation algorithm is most effective for m = an,
for a small constant «, in which case d =~ n.

We summarize our analysis with a theorem, originally proved indepen-
dently by [Bini] and [Schonhage):
Theorem 2.0: The approximate quotient of two polynomials can be com-
puted, to an arbitrary accuracy, with the arithmetic computational cost
O(dlog d), utilizing O(1) dfts 3

Note: The parallel implementation of this approximation algorithin
is an improvement over other O(dlog d) algorithms, since no other known
algorithin with total work O(dlog d) has paralle] tiine-complexity O(log d).
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3 Comparison of the e.-i. method with the linear algebra
and complex integration methods

We discuss the relationship of our algorithm derivation method to pre-
vious methods, after introducing the linear algebra and complex integration

methods.

3.1 Definition of the circular shift operator

Assume we are working with C9, the d-dimensional vector space over
C, with basis vectors e; for 0 < k < d. For instance, if the vector space is
interpreted as d-tuples of complex numbers, then

5 1, k=y,
k., = Oy =
I o, k#].

A general vector v can be written as a linear combination of basis vectors

d—1
U= E g€,

k=0

where vy is called the kth coordinate of v with respect to the basis e;.

In our current work, it would be helpful to adopt another interpretation
of C9, as the vector space of polynomials over C of degree less than d.
Instead of defining the basis vectors e in the d-tuple fashion, we simply

interpret €, as z¥, where z is the indeterminate.

Define the circular shift operator T by

d—1

T{v) = Z U(e—1)modd 2’

=0

(for the importance of shift operators in Fourier Analysis, see, for instance,

the introduction of {Wiener)).
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3.2 Eigenvalues of the Toeplitz operator

The key observation is that T satisfies the operator equation 7¢ = [.
Hence T has characteristic polynomial A?—1 = 0, with eigenvalues A\, = w*,
0 < k& < d, where w is a primitive dth root of 1.

k

Corresponding to each eigenvalue w®, we need to determine an eigen-

vector Py, satisfying T(P,) = w* Py, or

d—1 d-1
€ _  k ¢
Z‘P"u-n)moddz = w ZPM .

=0 =0

Equating coordinates, we obtain

k
Pk(‘_ w" Py,.

modd

We can restate the equation slightly, to put it into more familiar re-
currence relation form, by extending the domain of Py,

— gk =
Peppy =w™ Py Py =Py

This equation, when regarded as a first-order, constant coeflicient re-
currence relation in ¢, with boundary condition, has a general solution
Py, = clw™*)L.

Checking the boundary condition, Py, = ¢, and P4, = c(w™*)? = ,

shows that we have determined, up to the usual constant, the eigenvector

d=1
Py =rc E w'“z',
=0

corresponding to the eigenvalue w*.
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The vector Py is also an eigenvector for T/, defined by

d—1
T (v) = Z V(¢—j)modd2 ",

=0

for any integer j, with corresponding eigenvalue w’*.

We now have a lemma concerning eigenvalues of the Toeplitz operator,
U = u(T), associated with the polynomial

d—1 _
u(z) = Zu,z’.
j=0

Lemma 3.0:
Assume U is the Toeplitz operator associated with the polynomial u,

d—1 d—1 d-1
u(z) = Zu,z’, U(v) = Zu,- (Z vu_j)mod‘z‘) .

j=0 =0 =0

Then the vectors Py form an eigenbasis for C9, with corresponding
eigenvalues Ay,

d-1 d—t
Py =c E wk A, = E u,-w"' [
f=0 1=0

This operator U, formally a polynomial in T, is called a Toeplitz opera-
tor because the associated matrix is a circulant matrix, [ue;] = (Y- )modd]-
which is a special case of a Toeplitz matrix (for definitions, see [BiniPan,
ch. 2] or [GohbergO}).

Note that the Toeplitz operator U associated with a polynomial u,
applied to a (vector) polynomial v, results in the (vector) polynomial w,

whose coefficients are given by the positive wrapped convolution of the
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coefficients of u and v,

d—1 d—1 d—1
] ¢
U(v) = E u;T(v) = E u; E V(¢—j)modd?
j=0 j=0  tm=m0
d=1d-—1 d—1
_,E :} : £ __ E : + ¢
= YiUt—j)modd? = W, z .
=0 j=0 £z:0

Historical note: Otto Toeplitz (1881-1940) was a mathematician who
also studied the history of mathematics.
3.3 The Toeplitz operator eigenvector expansion

We express the Toeplitz operator, U = u(T), in terms of its eigenvector

basis.

To determine the coefficients V; in the eigenvector expansion of

d—1
v= Z Vi P,

k=0
we must solve the polynomial equation
d—1 d—1 d—1
Y vt = 3w (3wt
=0 k=0 =0

for ¢Vi, or equivalently, we must solve

d=-1

ve = E cViw ¥

k=0
This can be viewed as an interpolation problem for the polynomial

d-1

V(z) =) cViz*:

k=0

given V(1/w?) = v, compute cV;.
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By Corollary 1.1, we know

Choose ¢ = 1/d, then we can see that the coefficients in the expansion
of an arbitrary polynomial v into eigenvectors of the Toeplitz operator are

obtained by evaluation of v at dth roots of 1.
We summarize our analysis with a lemma.
Lemma 3.1:

Assume that the Toeplitz operator U is expressed with respect to the
eigenvector basis P, 0 € k < d, with ¢ = 1/d in the definition of P;.

Then
d—1
U(v) = Z A Vi P
k=0
d—1 d=-1 d—1
= Z (Z ugw“) z v,-u.r"*" P (]
k=0 =0 J=0

These computations involve two dfts on d points and d multiplications.
With

d-—1
Uv) =w*(z) =Y WP,
k=0
d—1
we will then recover w?’, 0 < ¢ < d, the coefficients of w*(z) = z w?z',
=0

(positive wrapped convolution of u and v), by interpolation (an inverse dft).
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3.4 A variation of the Toeplitz operator

It will be instructive to state a variation of Lemma 3.1. Following
closely the presentation of the previous section, we define the Toeplitz op-
erator U associated with the polynomial 4 by U = u(7T'), and let

o,

il
o [N
] [
(-] [

b

»

N

be a vector (note p = 3 in the definition of & and v).
Lemma 3.2:

Assume that the Toeplitz operator [/ is expressed with respect to the
eigenvector hasis P, 0 < k < d, with ¢ = 1/d in the definition of P;.

Then

k
d— d—1 d-1 .

= (Z ﬁgwkt) Z ﬁjw"-’ Pk [ |
k=0 {=0 )y=0

These computations involve two dfts on d points and d multiplications.
With

d—l ————
U@ =w(z)=Y W[ P,
k=0
d—1
we will then recover w,, 0 < € < d, the coeflicients of w™(z) = Z w(_z’,
=0

(the negative wrapped convolution of u and v), by interpolation (a scaled

inverse dft).
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3.5 Equivalence of e.-i. method with the linear algebra method

Following the pattern of Lemma 3.2, we can prove, assuming (p # 0)
4; = plu;, ¥, = p'v; and tﬁ;-" = p’w: + p’+‘w:+d, that the operator
equation U (9#) = ©+ has a solution

d—1

v(z) = z vez!,

=

with

1 J=0 -2k
by = iy d—1 W '
k=0 Z -~
= u,—w"’
J=0

provided @(w*) # 0 for 0 € k < d. Then Theorem 2.0 is proved as in
section 2.1, since the formula for vy, following the pattern of equation (2.4),
can be related to g7 of Lemma 2.0, following the pattern of equation (2.3).
This is the essence of the linear algebra method of [Bini].

Now that we have demonstrated the equivalence of the e.-i. method
with the linear algebra method, we will discuss the complex integration

method.

3.6 Euler-Fourier coeflicients and complex integration

We state two basic lemmas from the elementary theory of rational
functions of a complex variable (see, for instance [Knopp]), and then prove
a lemma which is a simplified version of the Cauchy integral formula. In
these lemmas, and subsequently, we assume that C, the path of integration
in C, is a circle centered at the origin.
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In order to derive polynomial coefficient formulas, we need to integrate

power functions on circular paths in C.

Lemma 3.3: Let C be a circle, and £ an integer. Then

. 2t €= -1,
f 2'dz = 1
c 0 £# -1
In order to estimate approximation errors, we need an inequality con-
cerning integrals of rational functions on circular paths in C.

Lemma 3.4: Let C be a circle of radius H = 2*, and s and ¢ be polyno-
mials. Assume |s(2)| < o5 and |t(z)| 2 74 for all z of C. Then

c t(z) TA

3(z) z|$21rHa—“ [

We need a formula relating a polynomial and its coefficients using

complex integration.
d—1

Lemma 3.5: Let p be a polynomial, p(z) = Zpgz', and C be any circle.
=0
Then
IRE.0
PC= omi fo 7

Proof: Multiply p(z) by (1/2xi)z~(*+1) 0 < ¢ < d, and integrate:

1 Ay 1 =
= — L J={f+1)
5e7 f e s = 5 Z;p,*: dz
1=

~ P LD g,
i - z Pty

ﬂ-
-t

o

b

by Lemma 3.3 g
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Let C be a circle of radius H. Writing 2 in polar form, we have from

the previous lemma, if

d-1
p(He'®) =Y peH'e™™,
=0
then
1 I p(He®Y . 1 an 9y —ile
pe=5- | m“’“'d":mﬁ[, pUHE™)e 0.

Letting f(8) = p(He'®), if

d—1
F(8) =Y fee'*,

=0
we have deduced a special case of the Euler-Fourier coefficient formula,

1 in

fe=5= [ f(8)e*do.

(i}

3.7 Complex integration and polynomial division

Using the notation of section 3.6, we would like to take a second look
at Lemma 2.0, this time from the point of view of complex integration.

Start with equation (2.0), and then multiply both sides by 1/z*!, for
0 € ¢ < d. Assumne all zeroes of ¢t are within a disc of radius D. Let C be
a circle with radius H > D. Then

q(z) s}(z) r(z)
f.fmmr: = f s - £ v

) 1 si(z) 1 r{z)
Using Lemma 3.5, we have g, = 5mi fc ::“"t(::)dz ~ 5 A :H_lt(:)dz.
We would like to show that as H - oo,

. 1 s(z)
qf - s f;‘ z(.'.lt(z)dz = q¢ (3'0)

by proving the following lemma.
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= O(1/H'H).

1 r(z)
o fc Tt

Proof: Use Lemma 3.4 (1) = uél}i<n2 It(He'?)| and p as in Lemma 2.0):
< "

1 r(z) 1 i0
<
2w fi;- z'“t(z)dz ~ Hir, oéno%wlr(He l

Lemma 3.6: |g; — q¢| =

1 n—1 _ P n—1 '
 — . ) g S J
_ e H"-1
T Hir, H—-1"

From the proof of Lemma 2.0, we can see again that 1/r, = O(1/H"), since

min |t(He*®)] = min |[t(Hw*)|.
0<0<2n o<k<k

Hence |g; — gel = O(1/H**') §
3.8 Equivalence of e.-i. method with complex integration method

The method from [Schonhage] is to estimate ¢,, 0 < ¢ < K, in the
integral formula (3.0), after change of variable in the contour integral, by

numerical integration.

Let z = He', for 0 € 8 < 2r. Then

1 s¥(z) 1 T He®) _ 4
fc dz '/; ——— dé

=5 L. 2 4z) "~ 2xHC t(He'?)

-1 ;
sl He?4/4) p—2mitk/d
t(Hednik/d) ,

-
=~ ¢
dH?* {

=0
for d > R, by standard numerical integration.

Thus we arrive at the same formula (2.1) as the e.-i. algorithm (with
d = K and w = ¢?"'/9), utilizing numerical integration of the Euler-Fourier

coeflicient formula.
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4 Additional applications of the e.-i. method

The previous discussion of the e.-i. method was focused on preparation
for the derivation of Algorithm 2.0. This section will discuss applications of
the e.-i. method that are of independent interest, and will be useful when
we discuss the computation error analysis of that algorithm.

4.1 Correlation
When a polynomial of degree less than d, u, is multiplied by a reciprocal

polynomial of degree less than d, v,

d—1

v(z) = Z v,—z_j,

j=0

the result is the sum of a polynomial and reciprocal polynomial,

d—1
w'(z) = E whz,
t=—(d—1)
For0<{«<d,
d—1—¢
b
We = 2 : Ujtety,
J=0
d—1
wy_y = u; v;
-4 = dj4e—dv;.
j=d—t

This coefficient formula, for the product of a polynomial with a reciprocal
polynomial, is called the correlation of the coefficients of the given polyno-
mials (note that w’ ;, = 0, as expected).

b

The notation w’ is contrasted with w?, since d — 1 of the 2d — 1 coef-

ficients have now shifted below, as opposed to above, the range 0 < ¢ < d.
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Our discussion of computing correlation begins by following our dis-

cussion of convolution from section 1.5.

d—1 d—1
Define wt(z) = Zw}"z' and w™(z) = Zw{z', where
=0 t=Q
+ b b
W, = W, + Wy_gq,
¢ ¢t We g (4.0)

i | b
W, = wp — wy_g.

Note that the coefficients

d=1~¢ d-1
+
we = E L ujpevj + E | Ujpe-dvj,
j=0 j=d—t
d-1-¢ d-1
w,- = E Ujpety — E Ujpe—-dV;,
j=0 j=d—4#

are called the positive and negative wrapped correlations of the coeflicients

of u and v, respectively.

We will find useful a key relationship between the different types of
correlation. For 0 < ¢ < d, solving the equations (4.0) for w} and w)_,

yields

wi = $d 4w, (4.1)
wy_g = Huw} —wp)

4.2 Correlation and polynomial multiplication using e.-i. method

Given a polynomial of degree less than d, v, define the reverse poly-
nomial v™ by v™(z} = z9v(1/z) (see [BiniPan, ch. 1]). It is not difficult
to see that if u, a polynomial of degree less than d, is multiplied by v,
the resulting polynomial will have the same caefficients as the correlation

of the previous section, except for the power shift of 27,
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Hence the discussion of section 1.6, where the e.-i. method is used
to compute positive and negative wrapped convolutions, can be applied
with no essential change to compute the positive and negative wrapped
correlations of the previous section.

When using the e.-i. method at dth roots of 1 to compute correlations,
we see that the power shift z¢ is irrelevant (since w*? = 1). Given a
polynomial v, define the conjugate polynomial ¥ by

d=-1
v(z) = Zﬁjzj.

F=0

We see that v=(w*) = v(1/w*) = T(wk), since B(z) = B(F) = v(?), and
wF = I/wk.

Hence we obtain the following algorithmas:
Algorithm 4.0: {positive wrapped correlation using the e.-i. method}

{a} [Us:= u(w®)]; [Va := B(wt));

{b} (W} :=Usx V)

{c} [w} :=Q/d)W+(w )y

Algorithm 4.1: {negative wrapped correlation using the e.-i. method}
{a} [Tk := a(w®)s [V = B(wh)];
o} Wy =B x )
(e} [wy = /9t W= (w )y

The complexity of these algorithms is bounded by O(dlog d).

With these two algorithms, the coefficients of w® are computed, using
equation (4.1).
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4.3 A Hankel operator eigenvector expansion

Following the discussion of section 3.2, we note that the vector P; from
that section (see lemma below) is also an eigenvector for T/, defined by

d-—1
T~i(u) = Y u(es ymodd?"-
=0
We now have a lemma concerning eigenvalues of the Hankel operator,
V = o(T), associated with the reciprocal polynomial v.
Lemma 4.0:
Assume V is the Hanke] operator associated with the reciprocal poly-

nomial v,
d—1 d—1 d—1
v(z) = Zv,‘z—’, Viu) = Z v; (Z U{t+,‘)modd-"-") .
jm0 j=0 tx=0

Then the vectors P form an eigenbasis for C9, with corresponding

eigenvalues g,

d—1 d—1
Pk =c E w'“z‘, z\g = E v,w_’k |
=0 1=0

This operator V', formally a reciprocal polynomial in T, is called a
Hankel operator {for the German mathematician Hermann Hankel (1839
1873) (see [BiniPan, ch. 2] or [PanSLT] for definitions)). Note that the
Hankel operator V associated with a reciprocal polynomial v, applied to
a polynomial u, results in the polynomial wt, whaose coefficients are given

by the positive wrapped correlation of the coeffcients of u and v,

d—1 d—1  d-1}
-j t
Viu)= o,T/(u) = Z Ui D U(ehj)modd?
Jj=0 J=0 =0
d-1d-1 d-1 '

- . E : +_f
= szju(l-l-j)moddz = w, < .

{0 j=0 =0



30

Similarly, following the discussion of section 3.3, we obtain a lemma
concerning the Hankel operator eigenvector expansion.
Lemma 4.1:

Assume that the Hankel operator V is expressed with respect to the
eigenvector basis Py, 0 € k < d, with ¢ = 1/d in the definition of FP;.

Then

d—1 d-1 d-—1 d—1
V) = 3 AMlP =S (zw-kr) Tt | P) s
k=0 k=0 (4 1] =0

These computations involve two dfts on d points, d multiplications and
2d complex conjugations. With

d-1
Vi) =wt(z) =Y WP,
k=0
d—1
we then recover w:', 0 £ € < d, the coefficients of w¥(z) = Zw}"z‘,
£=0

(positive wrapped correlation of u and v), by interpolation (an inverse dft).

The analogous result for negative wrapped correlation, following the
discussion of section 3.4, is also true.

4.4 Parseval’s theorem and positive wrapped correlation

We establish the basic result that (1 / \/Z) dfty preserves the 2-norm
in C9,

Recall that for a complex number z, we know that its norm |z| has the
property that |z|?> = zZ. For a polynomial p, with degp < d, we define the
2-norm [|p||z to be

lpllz =

We first prove a more general result, which is a discrete version of the
Wiener-Khinchin theorem [Wiener, ch. 4].
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Theorem 4.0: Assume w*(z) = p(z)p(1/z). Then

d-1 d-1

- 1 — ek

w =D _PiPj+Hmodd = y S 1P,
j=0 k=0

Proof: It follows from Lemmas 4.1 that

d—1 d-1
1 -— -— e
w§ =Y PiPij+Omodd = 5 3 p(tp(w k-

J=0 k=0
1 d—1 1 d—1 1 d—1
= 32 P plwhw™®* = 2 3 pw)Pw™* = S IR g
k=0 k=0 k=0

Note: The coefficients w} of p(z)p(1/z) are called the positive wrapped

auto-correlation coefficents of p.
Corollary 4.0: (Parseval) [|Plz = vd|pll.

Proof: The corollary follows from the previous theorem, with £ = 0, since

k=0 J=0 J=0

d=—1 d-1 d-1
I Plla = \}z |Pef? = \Jde,ﬁ, = \]dz lp;1* = Vdilpll2 u

Note that this corollary is called Parseval’s theorem due to its similarity

to the result
o

In
e ML A

j=—o0
for square-summable, 2r-periodic, functions and their Euler-Fourier coef-
ficients (this can easily be proved, along the lines of section 3.6, when
F(8) = p(e'?), for a polynomial p).
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5 Computation error analysis

The proof of Lemma 2.0 showed that the error of approximation, for
a rational function by a polynomial, could be reduced to any required toler-
ance. That proof did not consider the implementation of the computation.

Our goal is to show that the same is true for the computation error,
when multiple precision “floating point” numbers are utilized to represent
the polynomial coeflicients. Basic references for this section are [BiniPan86]
and (BiniPan, ch. 6].

5.1 The triangle inequality and other 2-norm inequalities on C¢

Throughout the e.-i. method computation error analysis, we make fre-
quent use of the triangle inequality and other 2-norm inequalities. Most
proofs of the triangle inequality in the vector space C9 use a complex inner
product. So far, we have discussed only the 2-norm on C9, since we feel this
is a substantially more elementary concept than the complex inner product.
Therefore, we sketch a proof, though similar to the typical proofs, which
utilizes only the 2-norm. We begin with the simplest case.

Recall that ®(z) = 4(2 + Z) satisfies the inequality R(z) < |z|.
Lemma 5.0: (triangle inequality for C) |u + v| < |u| + jv|.

Proof: Take square roots of all expressions:

ju + vlz =(ut+v)(uFv)=(u+v)T+7) = |u)®+ ub+ 0T + [v|?
= |u]® + (uT + u®) + |v]* = |u)® + 2R(uT) + |v|?
< Jul* + 2{ul o] + |o]* = ([u] + [0])* g
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d—1
Lemma 5.1: (similar to Cauchy et al. inequality) Z tuef lve) < Jlully v,
£=0

d-1 2
Proof: Clearly, it suffices to prove  (||u, ||1_:'|[2)2 - (Z Jue| lv(I) >0,
=0

d—1
since this implies  ||ull, Jlvll, ~ D_ |uel |vel 2 0.

=0
d—1 2 d—1 d—1 d—1 :
2 2 2
(lullg flvllz) -—(Zluzllvcl) = 1D (uel® )iyl —(Zluzllvzl)
=0 =0 j=0 =0
d—1d-1
2 2
= (luel® o1 = Tuel feel luy) 1u;1)
=0 j=0
d—-1 d-1
2 2 2 2
=3 3 (luel tos1* — 2 luel lvel lu, lo;) + [l loel*)
=0 j=i+1
d—1 d-1
2
= (luel o] = lu; |oel)’ 2 0 g
=0 j=£+1

Theorem 5.0: (triangle inequality for C)  {lu 4 v||, < Heull, + el

Proof: Take square roots of all expressions:

d-1 d—1
llu+oll; =3 fur+vel® <3 (fuel + Joel)?
=0 =0
d—1 d—1
2 .
= 3= (Iuel* + 2 el lvel + vel*) = llull} + 23 Cuel [ee) + N0l
=0 =0

2 2 2
< Nully + 2ilull; loll; + Hellz = (ull, + llell,)",

where each inequality step was justified by the corresponding previous
lemma g
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Other 2-norm inequalities on C9, for the error analysis of step (b) of
the e.-i. method, will be used to estimate ||U ¢ Vi||,.

Lemma 8.2: (inequalities needed for e.-i. method, step (b) error estimates)

(a) NUValll, < U1 IV,
(b) For a > 0, assume |W;| € a |Us|, with 0 < k < d.
Then ||W|}, < a|U]l,.

Proof: Take square roots of all expressions in both equation sequences.

d—1d-—1
(a) U Valllz = le Val* <3S el v
k=0 k=0 3=0
d-—1 d-1
=3 U YWV =101 VI -
k=0 =0
d—1 d—1
(b) Wi =Y IWal> <> a? Ui =a® |UII; o
k=0 k=0
Note: F ! we have | 2! < a|Usl b
ote; ora—-orgficd |Vk|,We ave Ve < a (Ux|, hence
U
% ] 25, T Wl

5.2 Results used in e.-i. method computation error analysis

Let ¢ be the precision, in binary digits, with which the multiple pre-
cision computations are implemented.
Define 1 := u o v to mean that the computation u o v has been imple-

mented with at least o binary digits precision, with the result assigned to
the variable w.
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To provide examples of the notation used in e.-i. computation error
analysis, we restate Algorithm 1.0, assuming that the computation is im-
plemented with ¢ binary digits precision.

Algorithm 8.0:

{e.-i. method at dth roots of 1, using *floating point” computations}
{a} -ﬁg i u(u*)]; [17‘, 3= v(w")];
{b} Wk > [7;0‘7&};

{e} [Be:= (/W ()]s

Analyzing the complexity of this e.-i. algorithm will now involve con-
sideration of the precision ¢ with which the multiple precision computations

are iinplemented.

We will estimate the computation error || — w||,, utilizing the triangle
inequality, by estimating the error generated at {and propagated from) each

[z

Ug © Vb) wo

step separately:

5(

(n)

lw — w“2 <

2

o3

i

(b)

+
M 2

-

2

(W
(fkoh) "]—w}. ()

N
R

I
- o

'u["J

For the computation error analysis of step (a) and step (c) of the
e.-i. method, we use a proposition estimating the dft and inverse dft com-
putation error bounds (see [BiniPan, ch. 3| for derivation of these bounds
(or [GSande] for similar bounds)).
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Let‘y(d):'w- o.d.
Assume [ﬁ,, o p(w")] and [fe 1 (1/d)P(w™*)].
Proposition 5.0: (dft and inverse dft computation error estimates)
(a) I = Pllz < dy(d)2™*{lpll2,
(b) i — pli2 < Hd)27%||P]2 1
Corollary 5.0: Assume that ¢ > logy(Vdy(d)), then I1Pll2 < 2vV4d|lpll2.

Proof: By Proposition 5.0(a), the triangle inequality and Parseval's The-
orem (Corollary 4.0}, and using the condition on ¢, we have

1Blla < 1Pll2 + dv(@27*lpll; < (VA + dy(d)2™*) lIplla < 2Vdllplla »

In the following inequalities, 8 will depend on the method used to
implement complex multiplication or division (typically, 7 < 4).

Lemma 5.3: (more inequalities for e.-i. method, step (b) error estimate)
Assume that ,Wk - ﬁk o‘?;,l < B32°¢ |ﬁk of;'gl, for0 <k <d.
Then (a) “ [Wg ~Uio ‘7;] “2 < g2-¢¥ || [fjk o f}g] ,L
In addition, assume ¢ > log, 3, as will be done implicitly hereafter.

Then (b) |ﬁ7

<2z,

Proof: (a) Use Lemma 5.2(b), with a = g27%. (b) Use (a), triangle
inequality and condition on ¢

We now state a lemma which analyzes the e.-1. method computation

error by analyzing each step separately, as indicated after Algorithm 5.0,
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Lemma 5.4: (computation error estimates for each e.-i. method step)

@ 3 - S T ]| <ovaree|[@on]..
4 112

k=0

-1
Z (Wk —Ugo Vg) w

o | | <s2-e o],
L k() 413
d—1
(c) ngo (ﬁkOf}k)w—(k] -—w 2 < %“ [[7k°i;k“Uk°Vk”|2-

Proof: (a) Use Prop. 5.0(b) and Lemma 5.3(b). (b) Use Parseval and
Lemma 5.3(a). (¢) Use Parseval g

5.3 Computation error analysis of polynomial multiplication

Proposition 8.1: (e.-i. method computation error analysis illustrated)
Assume ¢ > log, (max (Vay(d), (117(d) + 48) d(1/e) |ull, llvll; ) )
Then |[wt — wt||, <e.

Proof: Begin by using Lemma 5.4:

|5+ - wl, < @vd) + M2 || [ |,
+ 1 (=) o G- ),
(a) < @)+ 2|0 |7
+ 2z (100,17 - v, + v o - v],)
(b) < (2x(d) + £)27% (2V2)" ull, llvl,
+ 7‘5 (2vd + VA) dy(d)27* [lull, lIvl,
= (115(d) + 48) d2* [Jull, [Iv],
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Inequality (a) uses Lemma 5.2(a) three times and the triangle inequality,
and inequality (b) uses Corollary 5.0 three times, Proposition 5.0(a) twice,

and Parseval’s theorem. Then with the assumption on ¢,

~+ _ o+ (114(d) +-48)d _
"w w ”2 = (114(d) + 48)d(1/¢) "u"2 "v"2 "“"2 "0"2 € 1

5.4 Computation error analysis of Algorithm 2.0

Note that throughout this section, H satisfies inequality (2.2), a rela-

tionship to the coeflicients of ¢, from the approximation error analysis.

Lemma 5.5: (estiinates derived from approximation error analysis)

3 1 2
(a) ¢, <3H*, ®) Jpex, LA Ll
1 4
(¢) If ¢ > 6dvy(d), then ma.x N T TR
osk<d | H

Proof: (a) Follows from the proof of Lemma 2.0, by taking square roots
of all expressions:

d—1d—1 2 2

- 3 :

I} = 5l < S5 il il = (1) < (3a)
=0 {=0 §=0 t=0

(b) Proved in Lemma 2.0. (c) Clearly, in general, JPAX |Pe| < }IP),.

Using Proposition 5.0(a), part (2) above, and the assumption on ¢,

—~ _ Pt = _ — -9 -
o?f?é‘d T k| < “T T|| < dvy(d)2 "t”2
d—1
gH" 'dy(d)2™% < H
d-l

From the proof of Lemma 2.0, we know tmn |T;,| >



Thus, from the triangle inequality,

Hé-! 1 4
max

f > or —m ] e
k 4 0<k<d |5 Hi-1 1
| T%|

min
o<k<d

Proposition 5.2: (e.-i. method error analysis for Algorithm 2.0)

Assume ¢ > log, (6dv(d)) and

¢ > log, ((24dv(d) + 20Vdr(d) + 8VAB) HA1(1/e) ||s*],)

Then

Proof: Begin by using Lemma 5.4:

1
*7a

SHT, -
T,, Tth
(29(d) + B)27¥ S"’

2

Hdl

2

K +

T-T
2

4
+~/‘Hdl( H“I

(b) (27(d)+ﬂ)""’2\/— dfj3tl,

Hdl

fHdl
4

\/"Hle‘l

a2 |5,

—7—2vd ”"’+ “2 dy(d)27% ”f”2

)
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(c) < ((167(d) + 88) Vi + 4Vdv(d) + 24d5(d)) H*~'277 ||+,

= (24d2(d) + 20Vdv(d) + 8VdB) H*'27% o7,



40

Inequality (a) uses the triangle inequality, the note after Lemmma 5.2(b)
three times, then Lemma 5.5(c) three times, Lemma 5.5(b) once, and
Lemma 5.2(2) once.

Inequality (b) uses both Propaosition 5.0(a) and Corollary 5.0 twice.

Inequality (¢) uses Lemma 5.2(b) three times (o = H2@-1}) and

Lemma 5.5(a) once.

Then, with the assumption on ¢,

(24d+(d) + 20V/dr(d) + 8VAB) H¥~!
<
* - (24dv(d) + 20Vax(d) + 8VAB) H4-1(1/e) s+,

= £ .

~
]

§*—q lls* 1,

5.5 Boolean complexity estimates

Since our computations are essentially the same as those of [Bini] and
[Schonhage], our algorithm supports the Boolean complexity estimates of
their algorithm. We refer to [BiniPan, ch. 6] or [BiniPan86] (utilizing the

computation error analysis of the previous section), for further details.
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6 A direction for future research and conclusion

We are currently studying an application of the e.-i. method to the
problem of multivariate polynomial division with a remainder. We sketch
this work to show that the methods of this dissertation may help to provide
a direction for future research on multivariate polynomial division.

We first state the problem, which is a slight generalization of the uni-
variate problem. Reasoning by analogy, we generalize several of our meth-
ods to derive a formula for the approximate quotient of two multivariate
polynomials. Though our method is so far only proved to be valid in a spe-
cial case, we sketch that proof, a generalization of Lemma 2.0.

6.1 Multivariate polynomial division with a remainder

Let 2 = (21,...,2z,;) be an element of C" (an n-dimensional vector
over C), and IEtj = (j],...,jn), k = (k],...,k“) and | = (81,...,@,;)
be index vectors.

We briefly state a formulation of the problem of multivariate polyno-
mial division with a remainder, over the field C of complex numbers:

Given the coefficients of two multivariate polynomials s and ¢,

H Hn . " vn |
3(3)=Z---Zsjzf1...z£n and t(z)=Z---ijz-l"...::u,

=0 Jn=0 Jy =0 Jn=0

with total degs = gy + - + up, = M, total degt = v, +-+- + v,, = N, and
H1 2, ¢, a2 Vg, compute the coefficients of the quotient g,

J= A -N

q(z): E qufl...:.:'n‘

=
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with J = j; + +++ + fn, so that the remainder,

J=N—-1 ) ‘
r(z) = Z ryzdt -z,
JlJ=0
defined by the equation
r(z) = 3(z) — q(z) x t(z), (6.0)

satisfies the condition rj = 0 for J > N.

Note that we allow the solution to be a finite power series (some j < 0
are allowed), so that the condition rj = 0, for J > N, may be satisfied.
With the customary definition, where the solution is a polynomial in the
ordered variables, the remainder satisfies a weaker condition (see, for in-
stance, [DST]).

We illustrate the two definitions with an example.

Assume

2

2
8(z,w) = 8932 w? + 82122 w + 8y22w? + 93022 + 81, 2w + sgaw?,

t(z, w) = 2w+ tpz + to1w + tg0.
Then, using our definition, we obtain

g(z,w) = 922200 + (827 — 832t10)2 + (812 — Sz2t0; Jw
+ (820 — 321t40 + 322ff0)zw“
+ (811 — s2:t0; — s12t10 — S22t00 + 2822¢10t01)

2 y_~1
+ (802 — S12t0) + s22t5, )2 "w,
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r(z,w) = —(s20t10 — S21t3g + s32t35)z%w™?

— (s11t10 + 320t01 + s21t00 — 912t3,

— 2821 t10tor — 2322ti0t00 + 38azt01td, )2
— (s11to1 + S0zt1o + s12t00 ~ 3215,

— 2s12t10t01 — 2322t01t00 + 3922t10th) Jw
— (s02tor — 81213, + 82283, )z ' w?
— (820to0 — $21ts0too + S2atiptoo)zw ™!
— (S11to0 — 3z71to1too — S12t10ton — 822t30 + 2922t10%01t00)

— (s02too — S12t10t00 + S22ta too)z " w.

Note that r satisfiea equation (6.0), and that r(;, ;,) = 0 for }; + j2 > 2
(= total degt).

It may be instructive to rewrite this solution in a different form, in

preparation for computation of ¢ in & more general case:

q(1,1) = 9(2,2)»
9(1,0) = 3(2,1) — 9.1t (1,00
200,1) = 3(1,2) — 20, )t0.1)
g(1,-1) = (2,00 — 901,0)¢(1,0)»
9(0,0) = S(1,1) — Go.nt0,0) — 20.0%0.1) — 201,11t (0,0)s

g(~1,1) = $0.7) — 90,1)¢(0.1)-

In contrast, utilizing the customary definition, we obtain

g(z,10) = 8322w + (823 — s22t10)2 + (812 — Sz2t01 )w

+ (811 — 821ty — S12t10 — S22t00 + 2822t 6t01 ),
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"'(zv“r\(z,w)‘= —;(331t,o :8\33’;%0):‘:2 - (s12t01 '—"s‘nf?,,)w’
— (s11t10 + S21te0 — 312t]5 — s21tioter — 2322ti0t00 + 2822t0155)2
~ (s11to1 + s12to0 — 92113; — s12t10t01 — 2923t0rtoo + 232281013, W
— (811200 — 821t01t00 — S12t10t00 — 922t59 + 2922¢10t01%00)-
Note that this remainder does not satisfy the condition that our ex-

ample does (since ryo and ry; are non-zero), because of the restriction to

non-negative exponents in the quotient.

6.2 Multivariate discrete Fourier transforms

Reasoning by analogy from the derivation of section 1.3, we derive
the multivariate inverse discrete Fourier transform from the multivariate
Lagrange interpolation formula.

Assume that we have a function f of n variables that has been specified
at d” particular points. The multivariate Lagrange interpolation formula
provides a polynomial p in n variables that agrees with f at the specified
values.

With f(wh',...,w* )= A for 0 < k; < d,...,0 < k, < d, we obtain

d—1 j d=-1 ;
_ zp —wh Zpn ~ win
=3 5 a1l S I o=
ky=0 ko =0 Fimo in=0
Fyvby Jnphp

satisfying py 1= p(w®',..., W)= Ay for0 < ky < d,...,.0< k, < d.

Following the derivation in section 1.3, for each variable z,,...

-
g X

! -1 d—1)
P(Z) = Z Z Ah ( Z w"'hlnzfl) e ((}j Z w-kn(,,zf‘,,) .
i,=0

k=0 ko =0 &6H=0
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Multiplying out and interchanging summations yields

1
pz) =3 (d—,. ZAw“‘") SRR
1 Kk
for0< k <d,....0<k,<dand0< ¢ <d,...,.0<¢, <d, withk-1

the inner product of the two index vectors.

We conclude, in analogy to section 1.3, that the coefficients of the
solution polynomial provided by the multivariate Lagrange interpolation
formula coincide with the multivariate inverse discrete Fourier transform

formula.

6.3 Approximating the quotient of two multivariate polynomials

We concentrate on the problem of approximating the quotient of two

multivariate polynomials, with certain simplifying assumptions:

Given the coefficients of two multivariate polynomials s and ¢ over the

field C,

a(z) = i: i sjzf‘v--z,{‘,

=0t  jy=m0
L4 v
t(z): E PR E tjz:’..-zi"'
=0 Jn=0

M=ng N =nv, u2vt, ., =1, compute the coefficients of ¢*, an

approximate quoticent,

J=M-N _
q"(z) = Z g2l 2,
J|J=0
so that

s(z) = q*(z) x t(z).
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Reasoning by analogy, we start with equation (6.0), solved for ¢(z),

_ =) (@)
(z) = Hz) ) (6.1)
We know that as |z] — oo, r(2)/t(z) — 0, sincery =0for L > N.
To construct our solution, we interpolate ¢* at (Hw*',..., Huwt"), for

0<k <x«,...,0 <k, <k, with x = — v+ 1. Utilizing our analogy with
Theorem 1.0, proved along the lines of the previous section, we obtain an

approximate quotient ¢*, with coefficients

x—1 x=1 ky kn
q. - 1 Z: z S(Hu.? ,...,Hu )w_""j, (6.2)

for all j satisfying0 < J < M - N.

We will sketch a proof that this approximate quotient ¢* converges to
g in the following lemma. In order to simplify the proof, let H = 2* for
h > 0.
Lemma 6.0: |gf —g| = O(1/H?*1), for all j satisfying 0 < J < M- N.
Proof sketch: Using equation (6.1) and the generalization of Corollary
1.0, we have a formula for ¢,

1 x=1 K= e
Q= :;_I{_j z s Z Q(Hwkl,...,Huk")w k".

k=0 kom0
Similarly, using the analogy of Theorem 1.0, with

A = s(Huw*, ..., Ho*)
T WHO*, .. Hot~)’

we obtain the approximation formula (6.2) for ¢°.
Assume 1) < m&n [t(Hw* ..., Hwo*)|, and

ez ng}%N”JEJ' |"j|v (independent of H).
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Then

. r(Hwk‘,... Huw* ") -
I‘IJ —le HJK“ E Z t(Hw“l,..- HW*")

k=0 k..so

|r(Hw*, ..., Hw*)|
= H-’n“ Z Z H(HF, ... Hor)|

ky=0 kp=0

sH,K,,“Zj ZIr(Hw"‘ . Hot)

ki=0D kn=0

=y 3 (Z lle’“)

< =57
k=0 k=0 I|lL=0
N-—1
< ghm > Hh = g
= H'r, = Hlr, H-1

We have reduced the proof of this lemma to showing 1/74 = O(1/HN).

With Tpr = ) |ti], make the additional assumption that
l|Le=L’

N-1
2 Z T HY < HN. (6.3)
L=(
For instance, this assumption will be satisfied when H > 3uénLa<XN TE/(N_! ),
as we showed with assumption (2.2) of section 2.1. -
From the definition of t, we know ¢ty = 1. From the triangle inequality

and the assumption (6.3), we have

N-1
|(HW* ... Ho*)| > HN =" T HY > HV /2.
L=0
This implies nEn [t(Ho* ..., Hu*)| > HN /2. Hence 1/ry = O(1/HN).

Thus, as in section 2.1,

lgf — gl = O(1/H'H).
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All that remains in the proof of Lemma 6.0 is an elementary proof of
the relationship between the special condition 2, ,) = 1 and the existence
of r(z) satisfying (6.0), with rj = 0 for ; > N. It can be proved in a fairly
straightforward way, using functions of several complex variables (see next
section), but we would like to sketch an algebraic proof.

Assume s and ¢ are defined as in section 6.3, with an additional simpli-
fying assumption that ¢ = 2v, so that M = 2N. For index vectors j and k,
withj; +--+jn=Jand ky + -+ -+ kp, = K, assume

_VSleVs"'s-'ijnsvs WIthOSJgNn
0<ki<v,..., 0<kp,<v, withO< K <N.

Then, we construct a quotient using the recurrence relations:

K=N-1
Y= No,..0)4f ~ Z d(v,...w)+5—k ths (6.4)
k|R=0

obtained by solving the convolution equation

A=N

Z Uo....0)+i-k Lk = S(u,....0)4)
K| h =0

for ¢j, using the assumption ¢, ,) = 1 from section 6.3.

With this quotient ¢, we can show that r, defined as in equation (6.0),
satisfies the remainder condition rj =0 for J > N.

Note that, with n = 2 and v = 1, equations (6.4) reduce to the recur-

rence relations of the example in section 6.1.

For now, we will not complete the algebraic proof, but we can say that
equation (6.4) and the example of section 6.1 will be useful in a formal

induction proof,
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6.4 Complex integration and multivariate polynomial division

We state two basic lemmas concerning rational functions of several
complex variables (see, for instance, [BochnerM]), and then state a lemma
which is a simplified version of the multivariate Cauchy integral formula. In
these lemmas, and subsequently, we assume that for C x- .- x C, the domain
of integration in C™, the path of integration in each complex dimension is
a circle centered at the origin. No proofs are provided, especially due to
the close similarity with the lemnmas of section 3.6.

In order to derive multivariate polynomial coefficient formulas, we need

to integrate multivariate power functions on C x -+ x C in C™.

Lemma 6.1: Let C, be circles, and 1 an index vector. Then

(271)", all & = -1,
f f o dzl cdzp, =
n i 0, some £ # -1.

In order to estimate approximation errors, we need an inequality con-

cerning integrals of rational functions on € x -+ x C in CP,

Lemma 6.2: Let C; be circles of radius H = 2* and s and t be nml-
tivariate polynomials. Assume |s(z2)| < o, and |t{z)| > r; for all 2 on
C, x--xCy,. Then

s(z) .
|fc .i e & e | S CrH) on /T

We need a formula relating a multivariate polynomial and its coeffi-
cients using complex integration.
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Lemma 6.3: Let p be a multivariate polynomial, with total deg = D —1,

and j an index vector,
J=D-1

p(z)= D pzf o2,

HJ=0

with each C¢ in C, x --- x C,, a circle centered at the origin. Then

=] p(z)
pj - (2#3)" C. .fc?l Jl+l . 'J_' 1 dZI dZn.

2] -

As in section 3.6, we may deduce a special case of the multivariate

Euler-Fourier coefficient formula from the previous lemma. If

J=D-1
f@= Y fel®,
j|J=0
then
1 n = —ig-®)
;j=(2x)"/0 - [ e d8, - - - d,.

We would now like to take a second look at Lemma 6.0, this time from
the point of view of complex integration. In analogy with section 3.7, we
wish to show that as H — oo,

- ] s(z)
QJ - (2ﬂi)" -%C., ﬁs 2{14—1 z’"+lt(z)d dz,. — q5,

by proving the following lemma:
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Lemma 6.4:

1 r(z)
. _ = . e odzy
|9j ﬁl (2,"')11 fb" ‘{Ct z{’+l Zf;"“t(z)dzl -4
= O(1/H’'tY).
Proof sketch: Use Lemma 6.2 (7, = ngn |t(He*, ..., He'")| and ¢ as

in Lemma 6.0):

" — 1 I"(Z)
1 9 i0n
< T meax|r(Hc L, He')
1 L=N~]
< L
= H"Th E l?‘|lH
IiL=0
N=1
J
< §om 2 H'=O00/H"™,

as in Lemma 6.0.

Finally, in analogy with Section 3.8, we show that the e.-i. method for
approximating the quotient of two multivariate polynomials is equivalent

to the complex integration method.

Let z = (He'®,..., He'® ), 0 < 8, < 2r. Then

R s(2)
qj B (27ri)n f;‘»‘n f(f‘ Z{I+l e :l.";"+lt(2)d21 dzﬂ

1 Ix 2x S(Hei" . He‘ " )
= ——————— v —'lU ‘)
- (21r)“HJ_[ / t(He'®r, . Hc"n) d6, - -- df,

- S(Hta‘"k'/“,... He 2wakn/x) _(2'"/“)0“”
~ ,anJ Z Z t(Hetriki/n He2suk..jx)

k; =0

which results in the same formula as (6.2), with w = 37/, utilizing nu-
merical integration of the multivariate Euler-Fourier coefficient formula.
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6.5 Conclusion

We feel that our derivation of the Bini-Schonhage algorithm for univari-
ate polynomial division with remainder substantially simplifies the presen-
tation of this algorithm, by relying on the elementary Lagrange interpola-
tion formula. In this way, we avoid both complex integration and complex
inner product (unitary) spaces, requiring substantially more complicated
mathematics.

We also hope that these methods will be useful in further study of
multivariate polynomial division.
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