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Preface

This dissertation presents research concerning the derivation of an al­
gorithm for approximating the quotient of two polynomials. In this preface, 
we motivate the need for careful study of solutions to  the problem of poly­
nomial division (with a remainder).

Polynomial division is known to  play a  central role in the area of alge­
braic algorithm design. A subroutine for polynomial division is included in 
every library and package of subroutines for algebraic /symbolic com puta­
tion. A solution of this problem must be clearly understood by algorithm 
designers, as well as researchers in the theory of algebraic computations. It 
turns out that full analysis of this elementary operation inevitably includes 
rather sophisticated mathematics.

It is known th a t polynomial division is utilized in the solution of nu­
meric problems, as well as algebraic problems. Yet the requirements of 
these areas are quite different. Algorithms which reduce the asymptotic 
complexity of an algebraic computation may introduce devastating numer­
ical instability. Some points of this analysis can be rather subtle.

In another direction, the recent advances of parallel computer archi­
tecture require the re-examination of polynomial division from a new point 
of view, that is, designing most effective algorithms for parallel implemen­
tation. This problem also turned out to involve some additional advanced 
techniques of study.

In order to understand these issues when designing polynomial divi­
sion subroutines for algebraic and numeric computations, it is im portant to 
thoroughly understand the algorithm derivations. We hope th a t the clari­
fication of the approximation method, introduced by our research, will be 
especially useful in all these respects.
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0 In trod uction  

0.1 R eview  o f  polynom ial d iv ision  a lgorithm s

We briefly state  the problem of polynomial division with a  remainder: 
given the coefficients of two polynomials s and t over the field C  of complex 
numbers, deg s =  m  and deg t = n, compute the coefficients of two polyno­
mials, quotient q and remainder r , degqr — m — n = K  — 1 and deg r  <  n, 
such that

*(*) =  9(2) x *(*) +  r(x) .  (0.0)

Early work in improving on the (well-known) high school polynomial 
division algorithm culminated with the work of Sieveking and Kung in 
the early ’70s. Their algorithms utilized Newton’s m ethod (in analogy to 
Cook’s earlier integer division algorithm) and the fast Fourier transform, 
with to tal work O ( K l o g K )  and O(\og2 A ) parallel time-complexity (we 
assume any model of parallel computation tha t supports computation of 
the fast Fourier transform with total work 0 (  K  log K ) and 0 ( log K ) par­
allel time-complexity (see [BiniPan, ch. 4] for an introduction to parallel 
algorithms)).

Subsequent work has concentrated primarily on improving the bounds 
for parallel time-complexity. The best result achieved so far by modifi­
cation of Newton’s method is due to Bini and Pan (1990), where they 
improved the bound on parallel time-complexity to ()(log A' log* A') (define 
log* A' = m ax(f| logtr* A' > 0)). Another approach, most closely related to 
our research, is due to [Bini] and [Schonhage]. Their algorithm computes an 
approximation to  the quotient s / t , with O(log A') parallel time-complexity. 
By comparison, a variation of the algorithm of Bini and Pan has parallel 
time-complexity O(logA'), but with total work 0{ I\ log A' log* A*).

We present a brief table to simplify the comparison of the algorithms 
th a t we have discussed (see [BiniPan, ch. G] for a thorough survey of poly­
nomial division algorithms).
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p olyn om ia l d iv ision  a lgorith m  sum m ary  
m eth od  to ta l w ork || tim e-co m p lex ity

High school  0 (A m in (A ',n ))  O (K )
Newton

Sieveking, Kung G{ K  log K )  O(log2 A')
Bint & Pan 0 ( K  log K )  O(log A'log* A')

0 ( K  log A' log* A') O(log A')
Approximation

Bini, Schonhage 0 { K  log K ) O (logA ')

0 .2  S u m m ary  o f  th e  d isserta tion

In section 1, we study m ultipoint evaluation and interpolation of poly­
nomials at roots of 1, our basic algebraic method. The discrete Fourier 
transform  (dft) is defined as m ultipoint polynomial evaluation at roots 
of 1, hence the inverse dft is seen as a polynomial interpolation formula 
((BiniPan] is a good reference for this approach). We illustrate our algo­
rithm  derivation m ethod by application to polynomial m ultiplication and 
division (with no remainder).

The core of the dissertation is section 2, where we derive our evaluation- 
interpolation algorithm  for approxim ating the quotient of two polynomials, 
along w ith an informal correctness proof of the derivation [PanSL].

In section 3, we consider the role of roots of 1 in polynomial com puta­
tions, with a  discussion of a Toeplitz operator associated with polynomial 
multiplication. We then relate our m ethod to the equivalent, linear algebra 
algorithm  derivation m ethod of [Bini]. We also study the relationship be­
tween complex integrals and Fourier series, to dem onstrate the equivalence 
of our m ethod to the algorithm derivation m ethod of [Schonhage].

Additional applications of the evaluation-interpolation m ethod are pre­
sented in section 4, before we analyze the com putation error in section 5. 
We conclude in section 6 by considering a future research direction.
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X D iscrete  Fourier transform  (d ft)  
and the evaluation-in terpolation  m ethod

We define dft, discuss an efficient dft computing m ethod (fft), and pro­
vide a motivated derivation of the inverse dft. We also define the evaluation- 
interpolation method and the basic polynomial computation of multipli­
cation (convolution), and illustrate the use of evaluation-interpolation in 
constructing convolution algorithms.

1.1 D efin ition  o f  dft and derivation  o f fft

In [BiniPan, ch. 1], dft is defined as multipoint polynomial evaluation 
at dth roots of 1. If p is a polynomial (degp < d),

d -  1

p u )  =  y .ptz*,  
t - 0

and if lj :=  exp(2rrt/d) is a primitive dth root of 1 (u?J =  1 and u:k ^  1, for 
0 < k < d), then for 0 < k < d, d ftj computes [P* := pfu/*)]. Note that 
some authors (see [Cooley]) use a different primitive root in the definition 
of dft, namely u; := exp( —2 7 r t /d ) .

If p* is a polynomial (degp* < 2d),

2 d -  1

p*(z) =  pjr',
/=o

and if V := exp(7rt/d) is a primitive 2dth root of 1, then for 0 < k < 2d, 
dft2rf computes [PjJ := p*(V’*)]*

The key step in our fft derivation is an even-odd decomposition of 
the powers of Vn to obtain a relationship between dft2<( and d ftj. We use 
the notation p* for polynomials of degree lesB than 2d to  help clarify this 
relationship.
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Define
d-l d-l

P+ (*) =  ] £ p * z* =  5^(P* +  P*+d)^>
#*0 /* 0

p “ (*) =  H p <” * ' =  5 Z (p* ”  P*+d>2' ’
f=0 f=0

and

P “ (*) -  “  5 Z  ^ tpt
<=o f=0

For 0 < k < d,

2d—1 d-l
p *(02*) =  ^2 p 'u,*f =  J ^ tp f+ p { + d )wfcf = p +(w*)

t = 0  ( = 0

p ’ ( V > “ + l )  =  £  p } ^ * '  =  £ > ' ( p } - p J + w ) w m  =  ? ( “ > * ) ■

/a=0 f=0

In other words, we can see that evaluation of a  polynomial with 2d coef­
ficients at 2dth roots of 1 can be reduced to evaluation of two polynomials 
with d  coefficients at dth roots of 1. It follows that fft computes P*, at 
dth  roots of 1, with complexity O (dlogd), provided that d is a  power of 2.

1.2 Lagrange in terpolation  form ula

Assume, with C the field of complex numbers, that z* are d distinct 
points, and /  is a  function on C with f ( zk )  =  A*. The elementary Lagrange 
interpolation formula provides a polynomial p, with degp <  d, that agrees 
with /  at the specified points c*, that is, p(rfc) = .4*, 0 <  k < d.

Before defining the Lagrange interpolation formula, we define a set of 
auxiliary, degree d — 1, polynomials 0 < k < d, by

d - i

*k{z) =  J J ( r  “  *>)■
}=o
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The polynomials f* have the property tha t, for j  ^  k, (k(zj ) =  0. 

The Lagrange interpolation formula

<w«>

provides a polynomial of degree less than d satisfying the required condition, 
p{zk) =  At , 0 <  k < d.

1.3 A m otivated  derivation o f  inverse dft

We provide a motivated derivation of the inverse dft that dispenses 
with any reference to  Fourier transforms. ThiB derivation removes the sur­
prise of the inverse dft by starting from the Lagrange interpolation formula, 
yielding an elementary algebraic framework for the inverse dft.

Throughout this section, p ^  0 will be a complex number. Assume 
that Zk = pufk, for 0 <  k < d, where w is a primitive dth root of 1. Note 
that these primitive roots are algebraic numbers, computable using iterated 
square roots, when d is a power of 2.

For our proof of the inverse dft, we will need the following lemma. 
Lem m a 1.0:

Proof: Since, for 0 < j  < d, each is a distinct dth root of 1, we know 
that

d-l

r i e - " 0 - G ) -

fp)  — u;k u}k ( z / p u k) — I



since (w ) =  1. Hence, for all 2, by the sum of a geometric series formula,
d-l  , x , d-l

j= 0 '  }=Q
>**

Assume there is a function /  th a t has been specified at 2* =  pu>*, 
th a t is f (pojk ) = A if. We have a  theorem giving a  simple formula for its 
interpolating polynomial coefficients.
T h eo rem  1.0: (polynomial interpolation at scaled roots of 1)

Given f{puik) — A t ,  then there is an interpolating polynomial p, with 
degp < d, p(pt j lc) =  A*, and coefficients

r  *=0

P roof: Using the Lagrange interpolation formula, with
d-l

and the previous lemma,
d-l

d-l . d -l 

*=0 t«o

- l l  ( 7 3  ■
#=0 V  *=0 /

C orollary  1.0: (scaled inverse discrete Fourier transform )
Assume [/** := p(pu>fc)] has been computed, with p ^  0 a complex 

num ber, where p is a polynomial (degp < rf), w ith coefficients pt.  Then
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C orollary 1.1: (inverse discrete Fourier transform)
Assume [P* := p(w*)] has been computed, where p is a  polynomial 

(degp <  d), with coefficients p#. Then

P t  ~  ^  £  P ^ ~ kt  ■
*=o

Define the polynomials

d - i  d - i

P ( 2) =  £ f t 2‘ and P (2) =  £ p , 2‘ .
k=0 k—O

The conclusions of the previous corollaries can be more concisely expressed 
as pt  — ( l /p*d)P(u/~t ) and pt  =  (1 /d )P (w - f ).

We conclude that the coefficients of the solution polynomial provided 
by the [Lagrange] interpolation formula coincide with the inverse discrete 
Fourier transform formula. Though not a new conclusion, the derivation 
provides a simpler way of understanding the inverse dft formula.

1.4 E valuation-ln terp olation  m ethod

The evaluation-interpolation (e.-i.) method, for polynomial com puta­
tion algorithms, is an indirect method. Let

d - l  d - l  d - l

u{z) = »'(~) ~  ^  ' , and w(c) =  W(Z*
i — 0  tt= o r=o

be polynomials over C  of degree less than d. Assume a binary arithmetic 
operation o defined on pairs Uk and V* of complex numbers, for 0 < k < d. 
The e.-i, method induces a binary operation on pairs of polynomials u and 
e over C.

Throughout the dissertation, to simplify m atters, we assume d is a 
power of 2, and the points x k are dth roots of 1, u.1*, where u? is a primitive 
dth root of 1.



A lg o r ith m  1.0: {e.-i. m ethod at dth  roots of 1}

{a: evaluate - two dft<f} [Uk u(u;*)]; [Vj :=  u(w*)];
{b: compute - d  op’s} [W* := Uk o V*];
{c: interpolate - inv. dft^} [te# := ( l /d )W (u ;- / )] |

The complexity of these com putations is bounded by 0 ( d log d).

We will soon illustrate this e.-i. m ethod w ith two applications, after 
discussing polynomial m ultiplication and convolution.

1.5 C on vo lu tion

W hen two polynomials of degree less than  d, u and e, are multiplied, 
the resulting polynomial u>* will be of degree less than  2d — 1,

«’*(-) = 5Z w*zt-
t =  0

For 0 < £  < d,
t

ic{ =
>=o

d - i

wWd =  51 u,v t+d-} .
j - t + i

This coefficient formula, for the product of two polynomials, is called 
the convolution of the coefficients of the given polynomials (note tha t 

=  0, as expected).

Our discussion of computing convolution begins w ith a review of the 
fft derivation of section 1.1, applied to iid.

d - l  d - l
Define u)+ (z) — w f  z* and wj~(z) =  ^  * w j z (, where
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Note th a t the coefficients
e d - i

WT =  $ Z uj v*-j +  JZ u i vt+*-i
> = o j = t + i

and
t  d - l

wt -  $Z U>u ,-J _  1Z ujvt+d-j
J=0 J3s/-fl

are called the positive and negative wrapped convolutions of the coefficients 
of u and v.

We will find useful a key relationship between the different types of 
convolution. For 0 <  £ < d, Botving the equations (1.0) for rcj and U'{+<( 
yields

w I _= -  w~  ).
( 1 -1 )

' t + d  -  2 '

1.0 P o ly n o m ia l m ultip lica tion  using e .-i. m eth od

If we were to utilize Algorithm 1.0, with m ultiplication as the binary 
operation, degree of u and v less than d, and 2d  evaluation points, we would 
obtain  a  correct polynomial m ultiplication algorithm. Our objective is to 
use the  e.-i. m ethod for polynomial multiplication, utilizing dft and inverse 
dft on d points. In order to meet our objective of working w ith d evaluation 
points, we follow the fft derivation of section 1.1, and partition the set of 
2dth roots of 1 into even and odd powers of exp(jrt/d), a primitive
2dth root of 1.

Following the fft derivation, with p* =  te*, for 0 < k < d,

«.I (0 2fc+ 1) -  t^ (w * ).

By definition of u x u, and since t/’2 =  u \

( ij x e ) (^ 3fc) =  u{02*) x u(V’2*) =  u(wA) x r(u>k),

(u x i.)(0**+ l ) =  u(V’2t+1) x r ( 0 2*+1) =  u(u)‘ ) x v ( ^ k ).
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Since u>* =  u x t>, we conclude

tu+(u»fc) =  u(wfc) x v(u;*),
A  (1.2) 
w~{u)k ) ~  u(cl>*) x t}(u>fc).

Hence we obtain  the following algorithms, utilizing dft^ instead of 
dft 2(/:

A lgor ith m  1.1: {positive wrapped convolution using the e.-i. method}

{a} |l/» :=u(u> *)];[V , :-»< «* )];
{b} [W+ :=  V k x n i l
{c} [w+ :=  ( l/r f ) iy + (u < - ')] |

A lg o r ith m  1.2: {negative wrapped convolution using the e.-i. method}

{a} [ tV = « i(w * ) ] ; [n := e (w * ) ] ;
{b} [HV := Uk x Vk]^
{c} [wj  \=

The complexity of these algorithms is bounded by O (dlogd).
W ith these two algorithms, the coefficients of u>* are com puted, using 

equation (1.1).
Note tha t Algorithm 1.2, step (c), uses Theorem 1.0 with p =  V’-

1.7 P o lyn om ia l d iv ision  w ith  no rem ainder using  e .- i. m eth od

Assume th a t u* and u are polynomials with the property tha t w is 
known to be divisible by u, with quotient r  and no remainder. In order 
to use the e.-i. m ethod at dth roots of 1 (as described above) for deriving 
a polynomial division algorithm , it is necessary tha t deg u» <  2d — 1 and 
deg u < d, to guarantee that deg(u> — u) =  deg i* < d, where d is a power 
of 2.

We can show tha t choosing d =  2*I+ t.deg n)j) ASRliro
the applicability of the e.-i. m ethod at dth roots of 1 (as described above) 
for polynomial division algorithms.
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We may now derive algorithms for polynomial division with no remain­
der utilizing the e.-i. method. W ith te* =  u>, solve equations (1.2), from the 
polynomial multiplication derivation of the previous section, for v and r. 
For 0 <  k <  dy we obtain

v(uik) = w+ (u>k)/u(u>k), 

v(u>k) — w~(u>k)/u(ujk ),

providing two ways to implement our polynomial division algorithm with 
no remainder.

A lgorith m  1.3:
{polynomial division with no remainder using the e.-i. method}

{a} [W ^ := u » +(u;fc)];[irt : = U(u;‘ )];
{bj i n  == W+tVu]\
{c} [ty :=  (l/rf)F (u>-f )] |

A lgorith m  1.4:
{polynomial division with no remainder using the e.-i. method}

{a} [IV’jf :=  y - ( w fc)]; [Uk :=  u(wfc)];
{b} [Vk : = W i / U kJ;
{c} [ty :=  ( l / 0 fd )fr(w_ ,) ] |

The complexity of each algorithm is bounded by O (dlogd).
Note tha t Algorithm 1.4, step (c), uses Theorem 1.0, with p = V’. 
Remark: There will be difficulty with this method if r(u>*) =  0 and 

rfu * ) =  0 (sec section 2.2 for a remedy).
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2 A p p rox im atin g  th e  q u otien t o f  tw o p o lyn om ia ls  
using th e  eva lu a tion -in terp o la tion  m eth od

We concentrate on the problem of approxim ating the quotient of two 
polynomials: given the coefficients of two polynomials s and t over the 
field C , degs =  m  and deg t =  n, with m  > n and rt >  0,

m n
s i z ) = = ( t n = i) ,

/=0 t=0

compute the  coefficients of a polynomial an approxim ate quotient,

K -1
9'(*> -  E  »'*'■

deg q* =  m — n =  A' — 1, such th a t

a (r) as q9(z)  x t(z).

2.1 T h e e .-i. a lgorith m  d erivation  and correctn ess p ro o f

In [PanSL], we developed an elementary algorithm  for approxim ating 
the quotient of two polynomials, equivalent (except for simple power shifts) 
to the algorithm  of [Bini] and [Schonhage] for approxim ating the recipro­
cal of a polynomial, w ith a simpler derivation, based on the evaluation- 
interpolation (e.-i.) m ethod of [Toom].

We sta rted  with equation (0.0), solved for <j(c),

,(*> = ,2.0,
' /(::) t (z)  y '

We knew tha t as \z\ —» oo, r ( z ) / t ( z )  —* 0 (since d e g r < degf), hence 
equation (2.0) implies tha t a(z) / t {z)  —* q(z).  We also knew th a t a polyno­
mial of degree K  — 1 is determined by its values at K  distinct points.
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To construct our solution, we interpolated q* at Hu>k, 0 < h < K  
(scaled roots of 1), to s / t .  Utilizing Theorem 1.0 (with p = H ) y we obtained 
an approximate quotient q*, with coefficients

K-1
o *  =  1  V ' *  3 ( H u j k )  , - k t  i n  !  x

q* H*K ^  t(Hu>k ) ( 1*=o v 7

We will prove this approximate quotient q* converges to q in the fol­
lowing lemma. In order to simplify the proof, let H  =  2fc for h > 0.

Lem m a 2,0: \qf -  qt \ = 0 ( l / H e+l), for 0 < f < K.

Proof: Using equation (2.0) and Corollary 1.0, with p = H,  we have
a formula for qt,

1 $ = . ' / , { H u k) _ M
H *K  V ( ^ fc) t(Hutk) J

Similarly, using Theorem 1.0, with A* =  s ( H u k)/ t (Hujk ), we obtain the
approximation formula (2 .1) for qm.

Assume r* <  min j#(/fw*)| and o > max |r>| (independent of H).  
o  < k < K '  —  0 < > < n

Then

\<l*t ~  9 /1  =
 K~ ' r(gu»*)
H ‘K  t ( H ^ )

. n — l

^ E UJ
t i  H u i *  1fcsO

I / TT k \ I , K~ 1

-  H ‘ K  E  _  H ' K r h E  >1fc=0 1 * = 0

-  H t K

1 ^  ~ 1 / n ~  I \  .  / i ' - l  / n —l \

n  — l
* - »  Y / , , -  e  K - - 1
"  / 7 ' r ‘  «  ~  l '

We have reduced the proof of this lemma to showing 1/r* = 0 ( 1 / H ”).
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Moke the additional assum ption that
n  — l

(2 .2 )
>=o

For instance, this assum ption will be satisfied when H  > 3^max 

since when |<j| < ( i f /3 ) " - -', for 0 <  j  <  n, then
n — 1

2 5 Z ^  ~  (V S )") H n <  H " .
j = o

FVom the definition of t, we know t„ =  1 , FVom the triangle inequality and 
the  assum ption (2 .2 ), we have

n — l

|/(tfu;*)| > # ” - £  > f fn / 2 -
j =o

In other words, ^m in^ \t{Ht*tk )\ > H n/ 2. Hence 1/r*  =  0 ( 1 / H n ). Thus

\<tt ~ 9/1 C -jp  H _  j  Hn =  _  j )  =  ° ( l / H +1 ) I

Furtlier details, relating g to the polynomial coefficients |s#| and |t / |,  
are found in [DiniPan86] or [BiniPan, ch. 6 ].

2 .2  T h e  a p p ro x im a tio n  a lg o r i th m

Recall Algorithm 1.3 and its complexity estim ate (section 1.7), which 
was derived using the e.-i. m ethod at d th  roots of 1. We extend this algo­
rithm  for polynomial division with no rem ainder, to solve the problem of 
approxim ating the quotient of two polynomials.

Assume d satisfies the condition of section 1.7, w ith u = t and v = </*. 
In order to com pute a( #<*>*) and t( Hu>k), ( ) < ! ■ <  d, define polynomials 
i* and f, with deg i 1 < 2d — 1 and deg i  <  d, and with coefficients

t (  H*s/ ,  0 <  f  <  m , . ( H*t t . 0 <  f < n,
*5 =  < and #/ — < (2.3)

[ 0 , m <  £ < 2d -  1, ( 0 , n < £ < d,
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computed by shifts. As in section 1.7, with w = s, we define

* + ( * )  =  * * * * =  + * " + * ) * * •  
t m  0  t e O

We then compute the coefficients qf of the polynomial

o
where

A lg o rith m  2.0;
{approximating the quotient of two polynomials using e.-i. method} 

{a} [Sf :=i+(u>*)]; [ft :=«(«*)];
(b ) [ 0 1 := 5 ,+ / n ] ;
M [«; := (l/<f)Q*(ur')],
The computational cost of this algorithm is bounded by O(d\ogd).  
The coefficients qf, 0 <  i  < A', of the approximate quotient q*, can 

be computed by shifts, utilizing the equation derived from Theorem 1.0, 
qf = qgfH*.  Note that q% — 0 for K  < t  < d.

Remark: This approximation algorithm is most effective for m f to r t ,  
for a  small constant a,  in which case d  as n.

We summarize our analysis with a theorem, originally proved indepen­
dently by [Bini] and [Schonhage]:

T h e o re m  2.0: The approximate quotient of two polynomials can be com­
puted, to an arbitrary accuracy, with the arithmetic computational cost 
O(dlogd),  utilizing 0 (1 ) dfts |

Note: The parallel implementation of this approximation algorithm 
is an improvement over other O (dlogd) algorithms, since no other known 
algorithm with total work O (dlogd) has parallel time-complexity O(logd).



16

3 C om parison o f  th e  e .-l. m eth od  w ith  th e  linear algebra  
and com plex integration  m ethods

We discuss the relationship of our algorithm derivation m ethod to pre­
vious methods, after introducing the linear algebra and complex integration 
methods.

3.1 D efin ition  o f  th e  circular sh ift operator

Assume we are working with C d , the d-dimensional vector space over 
C , with basis vectors e* for 0 < k < d. For instance, if the vector space is 
interpreted as d-tuples of complex numbers, then

d - l
v -

0

where t>* is called the fcth coordinate of t> with respect to the basis e*.

In our current work, it would be helpful to adopt another interpretation

A general vector v can be written as a linear combination of basis vectors

of C d , as the vector space of polynomials over C  of degree less than d. 
Instead of defining the basis vectors c* in the d-tuple fashion, we simply 
interpret e* as z k , where z is the indeterminate.

Define the circular shift operator T  by

d-i
•^(W I Imodrf-

(for the importance of shift operators in Fourier Analysis, see, for instance, 
the introduction of [Wiener]).
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3.2 E igenvalues o f  th e  T oep litz  operator

The key observation is tha t T  satisfies the operator equation T d = I. 
Hence T  has characteristic polynomial Arf —1 = 0 ,  with eigenvalues A* =  w*, 
0 < k < d, where a; is a  primitive d th  root of 1.

Corresponding to  each eigenvalue u>fc, we need to determine an eigen­
vector Pk, satisfying T(Pk)  =  u>kPt ,  or

d— 1 4-1
S  ^ k(# - l )m o d r f2 = w  '
foO /=0

Equating coordinates, we obtain

We can restate the equation slightly, to  put it into more familiar re­
currence relation form, by extending the domain of Pk,

■Pkf+ , =  <*> Pkt t Pkd — Pk o*

This equation, when regarded as a first-order, constant coefficient re­
currence relation in (, with boundary condition, has a general solution

Pt ,  =  C (ur‘ ) '.

Checking the boundary condition, P*0 =  c, and =  c{u/_k)d =  r, 
shows that we have determined, up to the usual constant, the eigenvector

= c ; r > - * v ,
t = 0

corresponding to  the eigenvalue u>k.
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The vector Pk is also an eigenvector for T }, defined by

d - \

#=0

for any integer j , with corresponding eigenvalue u>}k.

We now have a  lemma concerning eigenvalues of the Toeplitz operator, 
U =  «(T ), associated with the polynomial

d ~  1

«(*) =
y* o

L em m a 3.0:
Assume U is the Toeplitz operator associated w ith the polynomial u, 

d - 1  d - 1  / d - 1

; s 0 >=0 \ < s O

Then the vectors P* form an eigenbasiB for C d , with corresponding 
eigenvalues A*,

P * = c ^ w “ * V , A * - ^ U j u ; j t  b
faO J = 0

This operator U,  formally a polynomial in T,  is called a  Toeplitz opera­
tor because the associated m atrix is a circulant m atrix, [«/>] =  [u(/-j)modrf]' 
which is a  special case of a Toeplitz m atrix (for definitions, see [BiniPan, 
ch. 2] or [GohbergO]).

Note th a t the Toeplitz operator U associated with a polynomial u, 
applied to a (vector) polynomial t \  results in the (vector) polynomial u»+ , 
whose coefficients are given by the positive wrapped convolution of the
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coefficients of u and v,

d - 1  d - 1  d - 1

>« 0 >»0 /»0

rf-1  < t - l (f-I
=  E E  u j v { t —j ) m o d d s  —  ^  ]  w t  z  •

/=0 j * 0

Historical note: O tto  Toeplitz (1881-1940) was a  m athem atician who 
also studied the  history of m athem atics.

3 .3  T h e T oep litz  op era tor  e igen vector  exp an sion

We express the Toeplitz operator, U =  u(T ), in term s of its eigenvector 
basis.

To determ ine the coefficients V* in the eigenvector expansion of

for cVk, or equivalently, we must solve

=  J 2 cV^ ~ kt
t =0

This can be viewed as an interpolation problem for the polynomial

<t-i

d - 1

we m ust solve the polynomial equation

V(z)  = Y , e V kz k :

given V f l /w ')  =  17, compute cV*.
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By Corollary 1.1, we know

j - i
kt

d   ̂ r;fUJ
/=o

Choose c — 1/d , then we can see tha t the coefficients in the expansion 
of an arb itrary  polynomial v in to  eigenvectors of the Toeplitz operator are 
obtained by evaluation of v a t dth  roots of 1.

We summarize our analysis with a lemma.

L em m a 3.1:

Assume th a t the Toeplitz operator U is expressed w ith respect to the 
eigenvector basis P*, 0 <  k < d, with c = 1/d  in the definition of P*.

Then

d - 1

■  s  ( ( § ■ • ” " )  d H B )  ■

These com putations involve two dfts on d  points and d  multiplications.
w ith

d - 1
U{v) = W + ( z ) ^  £ > ’+P*,

4=0

d - 1
we will then recover w f , 0 < (  < d, the coefficients of ie+ (s) =  ^   ̂w f  z f ,

t= o
(positive wrapped convolution of u and t*), by interpolation (an inverse dft).
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3 .4  A  variation  o f  th e  T oep litz  operator

It will be instructive to  s ta te  a  variation of Lemma 3.1. Following 
closely the  presentation of the previous section, we define the  Toeplitz op- 
erator U  associated w ith the polynomial u by U = u (T ), and let

d - l

be a  vector (note p = t/> in the definition of ti and t)).

L em m a 3.2:

Assume th a t the Toeplitz operator U is expressed with respect to the 
eigenvector basis P*, 0 < k < d, with c — 1/d  in the definition of P*.

Then

U(v) = 53 XtVkP„

*=0 \ \ / = 0  /  \>=0  /  t

These com putations involve two dfts on d points and d  multiplications. 
W ith

d - l  ____

U(v) = w - ( z )  = ^ 2 W i T P k,
A= 0

we will then recover te^T, 0 < £ < d, the coefficients of u> (z)  =  wt z f ,
t=o

(the negative wrapped convolution of u and e), by interpolation (a scaled 
inverse dft).
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3.5 E quivalence o f  e .-i. m eth od  w ith  th e  linear algebra m ethod

Following the pattern  of Lemma 3.2, we can prove, assuming {p ^  0 ) 
Uj =  Vj =  p*Vj and =  p*tw* +  p^+rfu;!J+ j, that the operator

a
equation £/(£) =  u>+ has a  solution

d - l

v(z ) =  S  VtZ*'
f-o

with

d - l

• * - 7 2 ?r  *-0

/ d - l
-+

>=o
d - i

]C
V i - o  /

U>-/fc

provided u(w*) ^  0 for 0 < Jfc <  d. Then Theorem 2.0 is proved as in 
section 2.1, since the formula for *7 , following the pattern  of equation (2.4), 
can be related to qf  of Lemma 2.0, following the pattern  of equation (2.3). 
This is the essence of the linear algebra method of [Bini].

Now that we have demonstrated the equivalence of the e.-i. m ethod 
with the linear algebra method, we will discuss the complex integration 
method.

3.0 Euler-Fourier coefficients and com plex in tegration

We state two basic lemmas from the elementary theory of rational 
functions of a complex variable (see, for instance [Knopp]), and then prove 
a  lemma which is a simplified version of the Cauchy integral formula. In 
these lemmas, and subsequently, we assume that C, the path  of integration 
in C , is a circle centered at the origin.
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In order to derive polynomial coefficient formulas, we need to integrate 
power functions on circular paths in C.

Lem m a 3.3: Let C  be a circle, and I  an integer. Then

£ z‘dz =  {
2ni e = - l f 

0 t ± - 1 *

In order to estimate approximation errors, we need an inequality con­
cerning integrals of rational functions on circular paths in C.

Lem m a 3.4: Let C be a  circle of radius H  = 2*, and s and t be polyno­
mials. Assume |s (r) | < <7* and |t( r ) | > t* for all z of C. Then

I
I T c <(*)

< 2 i rH—  |

We need a formula relating a polynomial and its coefficients using 
complex integration.

d-i
Lem m a 3.5: Let p  be a  polynomial, p(z)  =  'Sj ^ p t z t'♦ *wd C  be any circle.

o
Then

Proof: Multiply p(z)  by ( l /2 f f t) r -(,+  ,) , 0 < t  < d, and integrate:

......... ) *

>=o

by Lemma 3.3 g
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Let C  be a circle of radius H.  Writing z in polar form, we have from 
the previous lemma, if

d - i  

/* 0
then

... 1 f 2w P ( H e%a) iHr'*AR 1 f 2W n(
P t ~ 2 r i j 0 H * +  d $ ~ 2 i r H t J 0 P ( }

Letting f ( 6 )  = p{Hc,9)> if

/=0

we have deduced a special case of the Euler-Fourier coefficient formula,
r2*

*‘ - h
3.7 C om p lex  in tegration  and polynom ial d ivision

Using the notation of section 3.6, we would like to  take a  second look 
at Lemma 2.0, this time from the point of view of complex integration.

Start with equation (2.0), and then multiply both sides by l / c ,+ 1, for 
0 < t  < d. Assume all zeroes of ( are within a disc of radius D.  Let C be 
a circle with radius H  > D.  Then

7c ̂  fc T̂ KT)d! ~ 17>+Ti(T)
Ueing Lemma 3.5, we have „  =  JL £  ±
We would like to show that as H  —* oo,

1 1  « '(*) ,

by proving the following lemma.
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L e m m a  3.6: \qj -  qf \ =  ^  J + . =  0 ( l / H t+ l ).

P roof: Use Lemma 3.4 (r* =  min |( ( ife ,#)| and o as in Lemma 2.0):
v 0<«<2ir 7

|_ L  I  r ( 
[2*: / C *'+> t (z)

< 777— max |r(/Te'*)|H t Tt, 0<0<2w
n—1 n—1

j =0 " j = 0
Q H n ~  1

-  1 *

FVom the proof of Lemma 2.0, we can see again th a t 1/r*  =  0 ( l / / f " ) ,  since

min |t ( / f e ,#)| =  min o<s<2» o<*<a

Hence |q} -  qt \ =  0 ( 1 / H i+1) |

3 .8  E quivalence o f  e .-i. m eth od  w ith  com p lex  in tegra tion  m eth od

The m ethod from [Schonhage] is to estim ate qt, 0 <  £ < A', in the 
integral formula (3.0), after change of variable in the  contour integral, by 
numerical integration.

Let z =  He*#, for 0 <  6 < 2if. Then

„• = _L /  •'(») ■ ___!_  /*'
2>ri J c z > + ' t U )  2 x H '  I  t ( H e ' * )

d-l

for d >  A’, by standard numerical integration.

Thus we arrive at the same formula (2,1) as the e.-i. algorithm  (with 
d — K  and u» =  e2nit d), utilizing numerical integration of the Euler-Fourier 
coefficient formula.
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4 A d d itio n a l ap p lica tion s o f  th e  e .-i. m eth o d

The previous discussion of the e.-i. m ethod w&s focused on preparation 
for the derivation of Algorithm 2.0, This section will discuss applications of 
the e.-i. m ethod th a t are of independent interest, and  will be useful when 
we discuss the com putation error analysis of th a t algorithm.

4.1 C orrelation

W hen a polynomial of degree less than  d, u, is multiplied by a  reciprocal 
polynomial of degree less than  d, v,

d - l

v( z ) =
j=o

the result is the sum of a polynomial and reciprocal polynomial,

d -i

~  dC  w***’
/ = - < d - l )

For 0 <  { < d,

d - i - /
w) =  ^  uJ + 'tb ’

>»o
d - i

W t - d  =  " j + t - J V j -
J  =  d - f

This coefficient formula, for the product of a polynomial with a reciprocal 
polynomial, is called the correlation of the coefficients of the given polyno­
mials (note that =  0 , as expected).

The notation is contrasted w ith u>*, since d — 1 of the 2d — 1 coef­
ficients have now shifted below, as opposed to above, the range 0 < f  <  d.
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Our discussion of computing correlation begins by following our dis­
cussion of convolution from section 1.5.

d-i <1-1

Define u>+ (z) =  ^  z l  and w~(z)  = ^  z* , where
/■ 0

tu t  = tef +
(4.0)

Wt = w( -  u>f _d.

Note that the coefficients

d - i - /  d -i
w t  =  51 + ^ 2  u >+f- * vJ>

j=0 — t
d - \ - t  d- 1

w 7  = ^ 2  ui+*vi ~ £  U j + t - d V j ,
>-0 >=d-/

are called the positive and negative wrapped correlations of the coefficients 
of u and t \  respectively.

We will find useful a key relationship between the different types of 
correlation. For 0 < t  < d, solving the equations (4.0) for u>J and 
yields

«’/ =  J (« ’/+ +  «»r)'

/-d  “  i(«’? “ «’/”)•
(4.1)

4.2 C orrelation and polynom ial m ultip lication  using e .-i. m ethod

Given a polynomial of degree less than d, t>, define the reverse poly­
nomial e ”  by e*~(c) — zdv ( \ ( z )  (see [BiniPan, ch. 1]). It is not difficult 
to see that if u, a  polynomial of degree less than d, is multiplied by if" , 
the resulting polynomial will have the same coefficients as the correlation 
of the previous section, except for the power shift of zd.
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Hence the discussion of section 1.6, where the e.-i. method is used 
to compute positive and negative wrapped convolutions, can be applied 
with no essential change to  compute the positive and negative wrapped 
correlations of the previous section.

W hen using the e.-i. m ethod at dth  roots of 1 to compute correlations, 
we see tha t the power shift z d is irrelevant (since u k4 _  i )  Given a
polynomial v, define the conjugate polynomial F by

d - l

F(r) =  }z }.
o

We see tha t =  t>(l/u>*) =  F(u>*), since v(z) = *(T) =  v(J), and
u>* =  l/oi*.

Hence we obtain the following algorithms:

A lg o rith m  4.0: {positive wrapped correlation using the e.-i. method)

{a) 5 (^ )1 ;

{b} [IV+ :=  Uk x V*];

{ c }  [ u - +  : =  ( l / d ) W + ( w - , ) ] |

A lg o rith m  4.1: {negative wrapped correlation using the e.-i. m ethod) 

{a} \Vk := «(u:*)]; [ n : = ^ w * ) ] ;

{b} [H 7  := Uk x Vk);

{ c }  ( u » ^  : =

The complexity of these algorithms is bounded by O (dlogd).

W ith these two algorithms, the coefficients of u>̂  are computed, using 
equation (4.1).
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4.3  A H ankel op era to r  e ig en vector  exp an sion

Following the discussion of section 3.2, we note th a t the vector Pk from 
th a t section (see lemma below) is also an eigenvector for T ~ }, defined by

d - i

T  ^ ( t l )  =  ^  u ( / + j ) m o d d 2 •

0

We now have a lemma concerning eigenvalues of the Hankel operator, 
V =  u(T ), associated with the reciprocal polynomial t1.
L em m a 4.0:

Assume V  is the Hankel operator associated w ith the reciprocal poly­
nomial u,

d - i  d - i  / d - i  \

"t2) =  ^ 2  ^(*0 =  X ]  Vi ( “<#+»modd2f ) •

j -0  >«0 0 /

Then the vectors Pk form an eigenbasis for C 1*, with corresponding 
eigenvalues A*,

P . =  C^ U 1 - * V ,  \k =  ,
/=0 )=0

This operator V, formally a  reciprocal polynomial in T , is called a 
Hankel operator (for the German m athem atician Hermann Hankel (1839 
1873) (see [BiniPan, ch. 2] or [PanSLT] for definitions)). Note th a t the 
Hankel operator V  associated w ith a reciprocal polynomial t \  applied to 
a polynomial u, results in the polynomial u>+ , whose coefficients are given 
by the  positive wrapped correlation of the coefFcients of u and v,

d - l  d - l  d - l

V W  = ^ 2  viT ~J(u ) =  ^ 2 vJ ^ 2  “ ('+»modd2'
> = 0  > = 0  t= 0

d - l d - l  d - l

=  £ £  v j u ( t + j ) m o d d z  —  3 *  u > / ~ 2  ■

t* c0 )  = o  t =  0
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Similarly, following the discussion of section 3.3, we obtain  a  lemma 
concerning the  Hankel operator eigenvector expansion.

L em m a 4.1:
Assume th a t the  Hankel operator V  is expressed with respect to  the 

eigenvector basis Pjtt 0 < k < d, with c =  1/d  in the definition of Pk .
Then

d - l  d - \  /  / d - i  \  / d - i  \  \

vM = £ \tu„Pi, = y , (E v̂ 'k‘) (E ■
*ss0 k=0 y \ # » 0  /  \>=0 /  /

These com putations involve two dfts on d points, d multiplications and 
2d complex corrugations. W ith

d - i

V(u)  — w +{z) =  ^ 2  W k 
*=o

d - l

we then recover 0 < £ < d, the coefficients of w+(*) = J 2 w* z t '
taeO

(positive wrapped correlation of u and e), by interpolation (an inverse dft).

The analogous result for negative wrapped correlation, following the 
discussion of section 3.4, is also true.

4.4  Paraeval’s th eo rem  and p ositive  w rapped  correla tion
We establish the basic result tha t ^1 (y/d^  dft^ preserves the 2-norm 

in C d .
Recall tha t for a complex number s, we know tha t its norm \z\ has the 

property tha t \z\7 =  rT. For a  polynomial p , with degp <  d , we define the 
2-norm ||p ||2 to be

IIp IU = Z > i'-tsO
We first prove a  more general result, which is a discrete version of the 

W icner-Khinchin theorem [Wiener, ch. 4],
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T h eorem  4.0: Assume w*(z) =  p ( r )p ( l / r ) .  Then

w e =  ^ P i P u + O n o d d  =  ■/ S  lp * l2 ‘*'” " -
J=0 fc=0

Proof: It follows from Lemma 4.1 that

d - i  d - i

*>t =  £]p>P<j+<>modd = “ 5 Z p ( ^ k)p(u;“ k) ^ “ aw.
j=0 

d - l
*s= 0

= 2  Ĵ p(u?fc)p(wk)u; tk =  2 ^ 2  Ip(̂ *)I2w <k =  2 Y I  ljP*l2w~#fc a
fc=0 fc = 0 icO

Note: The coefficients w f  of p ( r )p ( l /s )  are called the positive wrapped 
auto-correlation coefficents of p.

C orollary  4.0 : (Parseval) ||P ||j  — v/d||p||2-

P roof: The corollary follows from the previous theorem, with £ = 0, since

HPIIa = \
d - l

E  -fcsQ N

d-i
d Y i p & i  =

0 \
d - l

d 5 I l P j l 2 =  v^IIpII* I
j *0

Note tha t this corollary is called Parseval’s theorem due to  its similarity 
to the result

± f '  £  \S lw
>=—ao

for square-summable, 2 jr-periodic, functions and their Euler-Fourier coef­
ficients (this can easily be proved, along the lines of section 3.6, when 
f {$)  =  p(e'®), for a polynomial p).
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5 C om p utation  error analysis

The proof of Lemma 2.0 showed tha t the error of approximation, for 
a  rational function by a polynomial, could be reduced to any required toler­
ance. That proof did not consider the implementation of the computation.

Our goal is to show tha t the same is true for the computation error, 
when multiple precision “floating point1’ numbers are utilized to represent 
the polynomial coefficients. Basic references for this section are [BiniPan86] 
and [BiniPan, ch. 6].

5.1 T h e  triangle inequality and other 2-norm  inequalities on  Cd

Throughout the e.-i. method computation error analysis, we make fre­
quent use of the triangle inequality and other 2-norm inequalities. Most 
proofs of the triangle inequality in the vector space C d use a  complex inner 
product. So far, we have discussed only the 2-norm on C d , since we feel this 
is a  substantially more elementary concept than the complex inner product. 
Therefore, we sketch a  proof, though similar to the typical proofs, which 
utilizes only the 2-norm. We begin with the simplest case.

Recall that 3f(r) = z + J )  satisfies the inequality &(r) < \z\. 

Lem m a 5.0: (triangle inequality for C ) |u + i;| < |u| +  |w|.

P ro o f: Take square roots of all expressions:

|u +  t>|2 =  (u +  r ) ( t m ? )  =  (u +  v)(u  +  t>) =  |u |2 +  utf +  vu +  |r |2 

=  |u |2 +  (uu +  uF) +  |r |2 =  |u |2 +  2&(uF) +  M 2 

<  |u |2 +  2 |u| |v| +  |t’j2 =  ( |« |  +  |t>|)2 |
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d-i
L em m a  5.1i (similar to  Cauchy et al. inequality) |tif( |u/| < ||u ||2 ||t*||2.

/* o

P ro o f: Clearly, it suffices to prove ( ||« ||2 |MI2)3 — ^ E

d-l
since this implies ||uj|3 ||w||3 — |u i| |v/j > 0.

tm 0

2

(ll«ll2 \ M 2f (d-l \ 2 /d - l  d-l \  /d - l
E m \ v,\) = E !“<i2 E w* - (£ m w ) 
<-0 /  \ 1=0 >*0 /  \ 1=0 /

d - ld - l

= E E 0u,i2 ~ iu<i ii7i iu'i iuji)
e=o j =o

=  E E  ( M 2 |v>|2 - 2 |u f | | t v |  |ujj |e ,| +  |u j |2 |t>/|2)
1*0  j s * l + l  

d-l d-l
=  £  E  (l«l| M  -  |u>! |u/ | ) 3 > 0 I  

1=0 >=/+!

T h e o re m  5.0: (triangle inequality for C d ) ll« + v \\? < N l 2 +  IlfIl2. 
P ro o f: Take square roots of all expressions:

d - l  d - l

iiu + v \ \ l  ~  E iû+v,f2 - E (iu,i+ i,,#i)2
1*0 t m  0
d - l  d - l

=  £  (i"»i2 + * i m  m  +  m 2)  =  i m i 2 + 2 £ < m  | t.,D +  ih>n; 
1 = 0  1 = 0

<  M il  +  2 w ,  IMI, +  M l? =  ( ||u ||.2 +  ||„ ||2)J ,

where each inequality step was justified by the corresponding previous 
lemma |
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Other 2-norm inequalities on C d , for the error analysis of step (b) of 
the e.-i. method, will be used to estim ate |]Lf* o VJt ||2.

L em m a  5.2: (inequalities needed for e.-i. method, step (b) error estimates)

(a) | | [ ^ n ] | | 3 < | | l / j |3 ||V t|a.

(b) For a  > 0, assume \Wk \ < o  |£/*|, with 0 <  k < d.
Then ||1V||3 < o | | t / | | 2.

P ro o f: Take square roots of all expressions in both equation sequences.

d - l  d - l  d - l

(a)

(b)

l lP t n in ;  =  E  i^ . i2 m l*  < E E  M l*
*=0 *=0;=0

=  E i ^ i ' E W  =  <̂ 115 ■
icO J=0

iiw-n* =  e \w - ?  i E » ’ i^*ij  - “ * ii^ii? «
*-o **0

Note; For a  =  max 777-7 , we have o<*<d )V*|
U±
n < o  | Uit |, hence

U k

Vk

5.2 R esu lts  used in e.-i. m ethod com p utation  error analysis

Let ip be the precision, in binary digits, with which the multiple pre­
cision computations are implemented.

Define i7> := u o v to mean that the computation ti o v has been imple 
merited with at least <p binary digits precision, with the result assigned to 
the variable w.
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To provide examples of the notation used in e,-i. com putation error 
analysis, we restate Algorithm 1.0, assuming tha t the com putation is im­
plemented w ith v5 binary digits precision.

A lgorith m  5.0:

{e.-i. m ethod a t dth  roots of 1, using “floating point” com putations) 

{a} \ p k u(w *)]; [v* r(u ;fc) ] ;

{b} [Wk :=* Uk o V k];

{c} [.5,:Sf(l/#(U-')]|

Analyzing the complexity of this e.-i. algorithm  will now involve con­
sideration of the precision with which the m ultiple precision com putations 
are implemented.

We will estim ate the com putation error ||u> — u’||2, utilizing the triangle 
inequality, by estim ating the error generated a t (and propagated from) each 
step separately:

|tD -  u>|l3 ^ u* —
r j- i
52 Wku>-'h
fc=o 

d - i  _

52 -  U t  o n)«
fc=0

] T ( f i< > V i )

- I k

lAs O
— I V

(a)
(b) 

(<*)

For the com putation error analysis of step (a) and step (c) of the 
e.-i. m ethod, we use a proposition estim ating the dft and inverse dft com­
putation  error bounds (see [BiniPan, ch. 3] for derivation of these bounds 
(or [GSande] for similar bounds)).
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Let 7 (d) = ''s  ' .  d.

Assume [Pk :Sp(w *)j and \pt (l/d)P(u>- / )].

P ro p o s it io n  5.0: (dft and inverse dft computation error estimates)

(a) \ \ P ~ P h  < < W ) 2 -* ||p |h ,
(b) | |p - p |h < 7 ( d ) 2 - * [ |P ]|2 |

C o ro lla ry  5.0: Assume tha t > log2( \ /d 7 (d)), then ||P ||a  < 2 \/d ||p ||2.

P ro o f: By Proposition 5.0(a), the triangle inequality and Parseval’s The­
orem (Corollary 4.0), and using the condition on <p, we have

IPIU <  ||J»||, +  d - , ( d ) 2 - * M 3 < ( / d  + i l i d ) ! - * )  HpII, < 2 v ^ M 2 I

W k - u k oV* | | |2 < ^ 2 - ^  ||jI7fco n

In the following inequalities, li will depend on the m ethod used to 
implement complex multiplication or division (typically, /3 < 4).

L em m a  5.3: (more inequalities for e.-i. method, step (b) error estim ate)

Assume that |IV* — Uk o V*| < /£?2_v o l \ | ,  for 0 < Jfc < d.

Then (a)

In addition, assume y? > log2 /J, as will be done implicitly hereafter.

Then (b) ||W' ||3 < 2 || [t/* o Vt ] ||2.

P ro o f: (a) Use Lemma 5.2(b), with o  = (b) Use (a), triangle
inequality and condition on <p |

We now state  a lemma which analyzes the e.-i. m ethod computation 
error by analyzing each step separately, as indicated after Algorithm 5.0.
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L em m a 5.4: (com putation error estimates for each e.-i. m ethod step)

(a)

<b)

(c)

u> —
d - i __

.lt=0
d-i
^ ( W k - U k  o r* )u ;
*»o

E  (A
*=o

— w

< 02

y/3

Uk o V k

Uk o V k - U k o V k

P ro o f: (a) Use Prop. 5.0(b) and Lemma 5.3(b). (b) Use Parseval and 
Lemma 5.3(a). (c) Use Parseval |

5 .3  C o m p u ta tio n  e r ro r  an a ly sis  o f  p o ly n o m ia l m u ltip lic a tio n  

P ro p o s it io n  5.1: (e.-i. method computation error analysis illustrated)

Assume p  > ]og2 (m ax (117(d) + 4/?)c/( 1/er) ||u ||2 |MI3) ) -

Then | | u j +  —  i e + | | 2  <  e .

P ro o f: Begin by using Lemma 5.4:

II, <  (27 (d) + 0) 2 \UkVk

(a)

(b)

< (27 (d) + /* )2 -* ’ p | | 2 ||V ||a

+ 7 3 O T . l ^ - v i , + ' v "'ll‘?- i , )
< (27 (</) + 3 ) 2 - '  ( 2 v ^ ) J Hull, M |,

+ 7 3  (2y/S + dl(d)2~ "  H“H» H>’Na
=  ( l l 7 (rf) +  4 « r f2 - ' ' |H |2 N i l -
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Inequality (a) uses Lemma 5.2(a) three times and the triangle inequality, 
and inequality (b) uses Corollary 5.0 three times, Proposition 5.0(a) twice, 
and Parseval’s theorem. Then w ith the assum ption on

|u>+ -  u>+ ll_ < ( l l 7 (d) +  4fl) d
'* ^  ( l l 7 ( < 0  +  ^ ) r f ( l / O I I « l a l H U

5.4 C o m p u ta t io n  e r r o r  a n a ly s is  o f  A lg o r i th m  2.0

Note th a t throughout this section, H  satisfies inequality (2.2), a rela­
tionship to  the coefficients of t, from the approxim ation error analysis.

L e m m a  5.5: (estim ates derived from approxim ation error analysis)

2 "  '  7 o<k<d jXfcj( a ) IKIla <  2 H  ^  <

(c) If tp > 6d7 (d), then m a x <
0<fc<4 IT* |

f f j - i  ■

P ro o f : (a) Follows from the proof of Lemma 2.0, by taking square roots 
of all expressions:

d-i d-i d-t /d - i  \ 2 /  v 2

M l l - S N  s E E N K i l -  E l ' - I  < ( ! * ' ' " )  •
f=0 /=0>=0 \/* o  /  v /

(b) Proved in Lemma 2.0. (c) Clearly, in general, max I/5*! < [ |P ||2.0|Ci<d
Using Proposition 5.0(a), part (a) above, and the assum ption on

max0<fc<rf T k - T * T - T < dy(d)2~'fi ||t

  H d- I
<  - t f - , d 7 ( d ) 2 - ^  <  4

FVom the proof of Lemma 2.0, we know min 7*
0<k<dI

H d-1



Thus, from the triangle inequality,

minOCftCrf T k
H d - \ 1

——  or max - w  < 777—7 4 o<t<d | |^ |  H *~l

P rop osition  5,2: (e.-i. method error analysis for Algorithm 2.0)

Assume ip > log2 (6d7 (rf)) and

If > log , ( (2 4 rf-rfd) +  20Vdy(d)  +  8 V d » )  | | ,+  | | , )  .

Then \\q* — < e.

Proof: Begin by using Lemma 5.4:

(a)

( b )

(c)

* * - « •  <  (27 ( d ) + 0 ) 2 “ * I ta
Tk

v/d
s t - J l  , g f ( f i - f t )

T„

< j ^ r r  (2 7 (d )+  0 )2 -*

7*7*

5+

y/dH7=1 ( | *  - 5 + + H*-* 5+ T - T ,)

4
\ZdHd~l 

4 2

07 (d)2“ * | | i +

< ( ( 167(d) +  80) v ^ d + 4 v ^ 7 (d) + 24d7(d)) ||

=  (24d7(d) + 20Vd7(d) +  8 ^ 0 )  H d~l2~* ||s+ ||2
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Inequality (a) uses the triangle inequality, the note after Lemma 5.2(b) 
three times, then Lemma 5.5(c) three times, Lemma 5.5(b) once, and 
Lemma 5.2(a) once.

Inequality (b) uses both Proposition 5.0(a) and Corollary 5.0 twice.

Inequality (c) uses Lemma 5.2(b) three times (a  =
Lemma 5.5(a) once.

Then, with the assumption on ip.

(24d7(d) + 20v^7(^) +  H d~1
9* -  9*| C 7 ------ ---------------------------------c------ ----------------

(24dry(d) +  20v/37(rf) +  8 v ^ /? )  ||s+ ||

=  £ |

5.5 B oolean  com p lexity  estim ates

Since our computations are essentially the same as those of [Bini] and 
[Schonhage], our algorithm supports the Boolean complexity estim ates of 
their algorithm. We refer to [BiniPan, ch. 6] or [BiniPan86] (utilizing the 
computation error analysis of the previous section), for further details.
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0 A d irection  for future research and conclusion

We are currently studying an application of the e.-i. m ethod to  the 
problem of multivariate polynomial division with a remainder. We sketch 
this work to  show that the methods of this dissertation may help to  provide 
a  direction for future research on multivariate polynomial division.

We first sta te  the problem, which is a slight generalization of the uni­
variate problem. Reasoning by analogy, we generalize several of our m eth­
ods to derive a formula for the approximate quotient of two multivariate 
polynomials. Though our method is so far only proved to be valid in a spe­
cial case, we sketch that proof, a  generalization of Lemma 2.0.

6.1 M ultivariate polynom ial d ivision w ith  a rem ainder

Let z =  , zn ) be an element of C n (an n-dimensiona] vector
over C ), and let j  =  ( j i , . . .  k =  (fc| , . . . , fcR) and 1 =  
be index vectors.

We briefly state  a formulation of the problem of multivariate polyno­
mial division with a remainder, over the field C of complex numbers:

Given the coefficients of two multivariate polynomials a and f,

1*1 t*n Vl Vn

* < * ) = £ ‘*‘ 5 1  aJ*i ’ and t ( z ) =  ] C  "  £ fj*i '
Jl=(J Jn=0 >1*0 >„*0

with total deg a =  fi\ +  ■ ■ • + =  M, total deg t = v\ +  * * - + v n =  N, and
> t'l >' * * i > t'm compute the coefficients of the quotient q,

J * M - N

*(*)= 5Z <li£X
jjy=o
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w ith J  =  j i  +  * • * +  j n » so th a t the remainder,

J « J V - 1

*■(*) =  E  n * \ x •••*£".
J|J-0

defined by the equation

r(z )  =  s(z) -  g(z) x #(»), (6.0)

satisfies the condition rj =  0 for J  >  N.

Note that we allow the solution to  be a  finite power series (some j  < 0 
are allowed), so tha t the condition rj =  0, for J  > N ,  may be satisfied. 
W ith the customary definition, where the solution is a polynomial in the 
ordered variables, the rem ainder satisfies a weaker condition (see, for in­
stance, [DST]).

We illustrate the two definitions w ith an example.

Assume

s ( z ,  U>) =  S232 2 UJ2 +  S j i  Z 2 w  +  Sjj2U>2 +  S j Q ? 2 +  S u Z W  +  S02t^2 , 

t(z, U>) =  Z W  +  tl0Z +  t0lU) +  #00*

Then, using our definition, we obtain

9(*t W) =  S22^W +  (s3| — S22tlo)z +  (s j j  — S33#01 )u?

+  («20 — -921*10 +  J*22^|o)cu' -1

+  (J ll — >*21 0̂1 — *12*10 — *22*00 +  2s32*10*O1 )

+  (*02 — *12*0] +  *22*oi )r ~ lu,t
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r(z,w)  =  -(320*10 -  321 *10 +  «22<?o)*2u' 1

— ( 3 11*10  +  320*01 +  321*00  — 3 i2 * ? o

— 2 3 2 1 * 1 0 * 0 1  — 2 3 2 2 * 1 0 * 0 0  +  3 3 2 2 * 0 1 * 1 0 ) z

— (3 n *01 +  302*10 +  312*00 321*01

— 2312*1 0 * 0 1  — 2 3 2 2 * 0 1 * 0 0  +  3 3 2 2 * 1 0 * 0 1 ) w  

- ( 3 0 2 * 0 1  -  3 i 2 * o i  +  322*01

— (3 2 0 * 0 0  “  321*10*00 +  322*10*O o ) * « j *

— ( 3 n * 0 0  “  321*01*00 — 312*10*00 ~  322*00  +  2322*10*01  *00)

— (3 0 2 * 0 0  — 312*10*00 +  3 2 2 * o i * 0 o ) ^  * W-

Note th a t r  satisfies equation (6.0), and th a t =  0 for j  1 +  j 2  2
to tal deg*).

It may be instructive to  rewrite th is solution in a  different form, in
preparation for com putation of q in a more general case:

9(1.1) =  3(2,2) i

9(1 ,0 )  =  3 (2 ,1 )  -  9 (1 .1)*(1 ,0> .

9 (0 ,1 )  =  3 (1 ,2 )  — 9 ( i , i ) * ( o , i > i

9 ( 1 , - 1 )  — 3 (2 ,0 )  — 9(1 ,0)*(1 ,0)1

9 (0 ,0 )  =  3 (1 ,1 )  -  9 (0 ,1 )* (1 ,0 )  — 9 (1 ,0 )* (0 .1 )  -  9 (1 ,1 )* (0 ,0 )1  

9( — 1,1 ) =  3 (0 ,2 )  — 9 (0 ,1 )* (0 ,1 ) -

In contrast, utilizing the customary definition, we obtain 

9 (  **’ ) =  & 2 2 z t t )  +  ( 321 — 3 2 2 * 1 0  ) z  +  ( 3  ] 2 — 3 2 2 * 0 1  )u>

+  ( 3 l l  — 32 1 * 0 1  — 3 ) 2 * 1 0  — 3 2 2 * 0 0  +  2 3 2 2 * 1 0 * 0 1  ) ,
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r(z,u>) =  -(*21*10 -  *22*io) * 3 -  (*12*01 ~  *22*oi) « '3

— (-*11*10 +  -*21*00 — -*12*10 —-*2 1 *10*01 — 2 *22*10*00 +  2 * 22*0 1 * i d )*

— ( * 11*01 +  * 12*00 “  *21*01 — * 12*10*01 — 2 ^22*01*00 +  2^ 22*10*01 ) u ' 

— (*11*00 ~  *21*01*00 ~  *12*10*00 — *22*00 +  2*22*10*01*Oo)-

Note th a t this remainder does not satisfy the condition tha t our ex­
ample does (since r 2o and r 02 are non-zero), because of the restriction to 
non-negative exponents in the quotient.

0.2 M ultivariate d iscrete  Fourier transform s

Reasoning by analogy from the derivation of Bection 1.3, we derive 
the multivariate inverse discrete Fourier transform from the m ultivariate 
Lagrange interpolation formula.

Assume tha t we have a function /  of n variables tha t has been specified 
at dn particular points. The multivariate Lagrange interpolation formula 
provides a  polynomial p in n variables tha t agrees with /  at the specified 
values.

W ith /(<*/* ',..., ) =  Ak for 0 < ki < d , . . . ,  0 < k n < d, we obtain

satisfying pk := p ( , . . . ,  utkn) = Au for 0 < ht < d  0 < k n < d.

Following the derivation in section 1.3, for each variable z \  z„.

d- 1n d-1
n

fc,=0 k„ =0 >1-0
>l **l
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Multiplying out and interchanging summations yields

for 0 <  ki <  <f,, . . ,  0 < kn < d and 0 < 11 <  d , . . .  ,0 < f  „ < <f, with k ■ I 
the inner product of the two index vectors.

We conclude, in analogy to section 1.3, that the coefficients of the 
solution polynomial provided by the multivariate Lagrange interpolation 
formula coincide with the multivariate inverse discrete Fourier transform 
formula.

6 .3  A p p ro x im a tin g  th e  q u o tie n t o f  tw o m u ltiv a r ia te  p o ly n o m ia ls

We concentrate on the problem of approximating the quotient of two 
m ultivariate polynomials, with certain simplifying assumptions:

Given the coefficients of two multivariate polynomials s and t over the 
field C ,

>1-0 >B-0

t(z)  =  •• ' j r  t j z i1
>1=0 > n = 0

M  =  r if i , N  =  n v ,  fi > l>, f(„t =  1, compute the coefficients of q ”, an 
approximate quotient,

J = M - N

«•<*> =
J|7«0

S O  that

a(z) as q*(z) x f(z).
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Reasoning by analogy, we start with equation (6.0), solved for ?(z),

, ( I )  =  “ T o o *  ( e ,1 )

We know tha t as |zj —» oo, r (z ) /t(z )  —* 0, since rj =  0 for L > N.
To construct our solution, we interpolate g* at (Jfwkt, . . . ,  Hutk" ), for 

0 < ki < #c,. . . ,  0 < kn < k, with k =  ft — v  +  1. Utilizing our analogy with 
Theorem 1.0, proved along the lines of the previous section, we obtain an 
approximate quotient q*, with coefficients

qi H jk” A * . '"   J /w *-)  ’ * *■ n *0* , « 0

for all j  satisfying 0 < J  <  A/ — N .
We will sketch a proof that this approximate quotient q* converges to 

q in the following lemma. In order to simplify the proof, let H  = 2h for 
ft >  0.

L em m a 6.0: [?j — $j| =  0 ( 1 / H J+1), for all j  satisfying 0 < J  < M  — JV.
P ro o f sketch: Using equation (6.1) and the generalization of Corollary
1.0 , we have a formula for

K-l K -  1

*  =  I F i P  £  ........*,« 0 *„-0

Similarly, using the analogy of Theorem 1.0 , with

j(/fu>*‘ Hu>k”)Ah =
 t f u ; * " ) ’

we obtain the approximation formula (6 .2 ) for 9*.
Assume r* < min |f(/fw *‘  H u k* )|, andk

g >  max ^  |rj|, (independent of H).



47

Then

l?j -  ffll =
J it — 1 K — 1

I f 7** ^   H u k» ) W*1*0 *„«0 v '

^ 1 ^  ^  \r(Hu>k‘ ............H u,* '
~ f f J Kn 2 ^  ' 2 ^  h(H w *i.......... tfu/*"*1*0 *„.0 ' v

r(//w * 1.........Hu>k-)\
)l

*-1 K- 1
.........

* 1 = 0  * n  =0 
.  K— 1 ( I -  I  /  t = N - l  \

k ? E - E  E  w » ‘
*,=0 *„=0 \  | | i= 0  /-  H J

N~l

£=o H Jrh H -  1 '

We have reduced the proof of this lemma to  showing 1 /ta  =  0 (  1 f  H N ).
W ith Tl> — ^  |*i |, make the additional assum ption th a t

l| L=L'

N -1
2 ^ 2  t l H l < H n . ( 6 . 3 )

L-0

For instance, th is assum ption will be satisfied when H  > 3 maxo<L<N ^
as we showed with assum ption (2.2) of section 2.1.

FYom the definition of t, we know f^r =  1. FYom the triangle inequality 
and the assum ption (6.3), we have

V-l
\t(Hu>kx, . . . ,  Hu)kn )| > H n -  Y i  t ^ h L  > /2-

/.=o

This implies nun \t(Hu>k i , . . . ,  Hu)k” )| > H N f 2. Hence 1/r* =  0 { \ j H N ). 
Thus, as in section 2.1,

Itf -  <ul =  0 (1 / # J+l )•
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All tha t remains in the proof of Lemma 6.0 is an elementary proof of 
the relationship between the special condition f ( =  1 and the existence 
of r(z ) satisfying (6.0), w ith rj =  0 for j  >  N . It can be proved in a fairly 
straightforward way, using functions of several complex variables (see next 
section), but we would like to sketch an algebraic proof.

Assume 3 and t are defined as in section 6.3, with an additional simpli­
fying assumption that p =  2>/, so that M  =  2N.  For index vectors j  and k, 
with j t  + ■ • • + j n = J  and Jtj +  * • * +  Jt„ =  A', assume

—v < j | < */, . . . , —*/< j n < t', with 0 < J  < N t 

0 < ki < u, . . . ,  0 < fcrt < v, with 0 <  A' < N.

Then, we construct a quotient using the recurrence relations:

 v)+i ~  ^  )+j—U (6.4)
k|h=o

obtained by solving the convolution equation

h ^N
T  <H* *0+j-k*k =   *0+j

k|fi*M>

for <2), using the assumption „) =  1 from section 6.3.

W ith this quotient q, we can show that r, defined as in equation (C.0), 
satisfies the remainder condition rj =  0 for J  > N .

Note tha t, with n =  2 and v — 1, equations (6.4) reduce to  the recur­
rence relations of the example in section 6.1.

For now, we will not complete the algebraic proof, but we can say that 
equation (6.4) and the example of section 6.1 will be useful in a formal 
induction proof.
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6 .4  C om p lex  in tegration  and  m u ltivariate  p o lyn om ia l d iv ision

We sta te  two basic lemmas concerning rational functions of several 
complex variables (see, for instance, [BochnerM]), and then s ta te  a lemma 
which is a simplified version of the m ultivariate Cauchy integral formula. In 
these lemmas, and subsequently, we assume tha t for C  x • • x C\ the  domain 
of integration in C n , the path  of integration in each complex dimension is 
a  circle centered a t the  origin. No proofs are provided, especially due to 
the  close similarity with the lemmas of section 3.6.

In order to  derive m ultivariate polynomial coefficient formulas, we need 
to integrate m ultivariate power functions on C  x ■ • • x C  in C n .

L em m a 6 .I t  Let C j  be circles, and 1 an index vector. Then

i  -  i  . f . . . . * * . . . . * . - / ™ * -
J c n Jci \  0,

(  (2jrt)n , all f  — - 1 ,

some (  ^  —1.

In order to estim ate approxim ation errors, we need an inequality con 
corning integrals of rational functions on C  x • • ■ x C  in C n .

L em m a 6.2; Let C j  be circles of radius H — 2fc, and s and t be mul­
tivariate polynomials. Assume |s(z)| < and |/(z)| > r* for all z on
Ci x • • • x C„. Then

\ L ' L w ) d i ' ' d z "
<< 2 n H ) n0h/Th.

We need a formula relating a  m ultivariate polynomial and its coeffi­
cients using complex integration.
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L em m a  6.3: Let p be a multivariate polynomial, with total deg =  D — 1, 
and j  an index vector,

J = D - 1

p (*) =  X ]  P-iZ>‘
j\J=Q

with each C/ in Ci x • • • x Cn a circle centered at the origin. Then

B  ’  (5 S F  I ,  "‘ £  ,{ '+,P(I)4 - + 1  "" <fa"

As in section 3.6, we may deduce a  special case of the multivariate 
Euler-Fourier coefficient formula from the previous lemma. If

J | J = 0

then

We would now like to take a second look at Lemma 6.0, this time from 
the point of view of complex integration. In analogy with section 3.7, we 
wish to show that as H  —► oo,

-  ( 2 « ) -  £  ' £  -  a -

by proving the following lemma:
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L e m m a  6.4;

k j - d  =
1 I  I  r (« )

(2* i ) * f c n " J c t *{l41

P r o o f  sk e tc h : Use Lemma 6.2 (r* =  min | t(/fe'**, . . . ,  H e n )| and q as©
in Lemma 6.0):

kj* -  a  I = r{ '+’
r (z)

(2»ri)» / Cn / Cl 

< j^TT" " g *  lr ( # c '*1. • • ■ * H e '9n )l

dz\ d zn

1
“  H Jrk 

e

L = N - 1
E  M » ‘

1|L=0
T V - l

L-0
as in Lemma 6.0.

Finally, in analogy with Section 3.8, we show th a t the  e.-i. m ethod for 
approxim ating the  quotient of two m ultivariate polynomials is equivalent 
to the complex integration method.

Let z =  (He**'........H e **"), 0 <  Bt < 2tt. Then

9j* “  (27ri)" f c n f Ci W,+1 ■■*ri"+ ,f(*)d*1 ^

=  1 r . .  r *{ H e i 9 '  M(2k )”H j j 0 J0 t(He**> He**n)e d6\ ■ ■ ■ dBn

sb 1 ^ T  . . .  V  *  , . .  ,r te _I - d m /
KnH J ^  t (H e 2wik' f K, . . . ,  / f e 2* '* " /" )lc,*=0 k„ =*0 v '

which results in the same formula as (6.2), with w — e2**/*, utilizing nu­
merical integration of the m ultivariate Euler-Fourier coefficient formula.
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6.5 C o n c lu sio n

We feel that our derivation of the Bini-Schonhage algorithm for univari­
ate polynomial division with remainder substantially simplifies the presen­
tation of this algorithm, by relying on the elementary Lagrange interpola­
tion formula. In this way, we avoid both complex integration and complex 
inner product (unitary) spaces, requiring substantially more complicated 
mathematics.

We also hope tha t these methods will be useful in further study of 
multivariate polynomial division.
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