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Abstract

STUDIES IN RELATIVISTIC NUCLEAR PHYSICS

by

Avaroth Harindranath 

Advisor: Professor Carl M.Shakin

In the light of recent experimental advances made in the areas of 

nucleon-nucleus interactions and electron-nucleus interactions we 

investigate certain problems which have arisen in these fields.

In recent years various works have convincingly shown that 

nucleus is best treated as a relativistic system . Work in relativistic  

nuclear physics can be broadly divided into two categories.O ne is 

Dirac phenomenology where one uses several adjustable parameters to 

fit experimental data.The Relativistic Brueckner-Hartree-Fock (RBHF) 

approximation belongs to the second category where there are no 

adjustable parameters. When comparison is made between the strength  

of the relativistic potentials obtained in microscopic calculation and 

the (relativistic) phenomenological potentials it is found that the real 

parts of the potentials differ by about tw enty-five percent. Usually, 

the phenomenological potentials are of only two kinds, (Lorentz) 

scalar and vector.S ince for a finite system the self-en ergy  operator



is non-local, it is clear that there are several other terms with 

different (Lorentz) structures that could be present in the general 

form of this operator. (It was shown recently that there are eight 

scalar invariants that determine the scattering of an off-shell nucleon 

from an on-shell spin-zero n u cleus.) In part I of this thesis we 

discuss the calculation of the complete potential . Also we compare 

the microscopic calculation with the phenomenology and show how to 

resolve the apparent disagreement between the theoretical and 

phenomenological potentials.

{ For a historical survey and detailed description of relativistic  

nuclear dynamics we refer to the book :

Relativistic Nuclear Physics : Theories of Structure and Scattering  

by L .S.C elenza and C.M .Shakin, to be published by World Scientific, 

Singapore.)

Recently we have seen some theoretical work which su ggest that 

the properties of the nucleon are modified in the nuclear medium. 

Specifically we are interested in the recently developed model of 

hadron structure (Covariant Soliton Dynamics) which is able to 

provide parameter-free predictions of the modification of nucleon 

properties in nuclei.In part II of this work we investigate the 

predictions of this model in the analysis of (e ,e ')  inclusive 

experiments near the quasi-elastic peak.
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PART I : MICROSCOPIC FOUNDATIONS OF DIRAC PHENOMENOLOGY

In recent years we have w itnessed an ongoing effort to describe 

the nucleus as a relativistic system [ 1.1 ] . Starting from the 

nucleon - nucleon interaction in free space it is now possible to cal­

culate the binding energy and saturation density of nuclear matter, 

the effective force in nuclei and the optical potential for continuum 

nucleons in a parameter-free approach. Much of this work was moti­

vated by the highly successfu l fits to the nucleon - nucleus scatter­

ing data [ 1.2 ] .  These fits were based on the use of Dirac equation 

for the description of nucleon motion.

The potentials which are used in Dirac phenomenology contain 

large ( Lorentz ) scalar and vector fields. Typically the strength of 

the scalar field is about - 400 MeV and the strength of the vector 

field is about + 300 MeV.

The physical origin of these large fields can be understood from a 

parameter-free approach to the nuclear many-body problem : The 

Relativistic Brueckner-Hartree-Fock (RBHF) approximation [ 1 .1 .1  ]. 

The potentials calculated in the RBHF approximation were quite 

strong but were smaller in magnitude when compared to the potentials 

used in Dirac phenomenology.
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A general theory of the relativistic nuclear optical potential mod­

el ( formulated in momentum space ) appropriate for the finite s y s ­

tem was developed in [ 1.3 ] .  Here it was shown that the general 

optical potential in addition to scalar and vector terms contain six  

other terms. In the first part of this work we d iscuss the calcula­

tion of the complete potential. Also we compare the microscopic cal­

culation with the phenomenology and show how to resolve the appar­

ent disagreements.

In section 1 we outline the optical potential formalism. In section  

2 we review the version of the RBHF approach which is appropriate 

for the study of an infinite system . In section 3 we review the re l­

ativistic optical model appropriate for a finite system .In section 4 we 

describe our model used for the calculation of the. complete optical 

potential. Section 5 deals with the comparison with phenomenology 

and contains our conclusions.

Note :

In this work ( both parts I and II ) we use the conventions specified  

in J.D .Bjorken and S .D .D rell, Relativistic Quantum Mechanics 

(McGraw-Hill, New York, 1964).

Thus we have,
r

i 0 0 0

! 0 -1 0 0

11

*>71to* 1 0 0 -1 0
ii
1 0 L_

0 0 - 1^



For any two four vectors and we denote the scalar product by

A.B

. 2

A“V

AVA  .

For the Dirac matrices we used the explicit representation

where

-I

z

-0

and for Z we have,

Here I is 2x2 unit matrix and a is the 2x2 Pauli spin matrices. Thus
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We denote the positive and negative-energy spinor for a Dirac 

particle with mass m and momentum k by u (k ,s )  and v (k ,s )  respec­

t iv e ly . Thus we have,

u ( k , s )  = [ e / ( 2m)]i

v ( £ , s )  = [E/(2m)]i

With t denoting the hermitian conjugate we also have,

u ( k , s )  = [ u ( k , s ) ] f y0 ,

v ( k , s )  = [ v O ^ s ) ] ^ 0 .

Here Xg is the two-component Pauli spinor with spin projection s and

e = (m2 + k2)^ + m .

{o.k/e}x_ s

{o.k/e}xg



SECTION 1 

Introduction to the Optical Potential Formalism :

We are interested in the problem of elastic scattering of a particle 

by a composite target containing many scatterers. Due to the compli­

cated interactions between the projectile and the target particles the 

problem is indeed a difficult one. By introducing an optical potential 

this many- body problem can be converted into a one body problem , 

i . e . ,  the scattering of a particle by a potential [ 1.4 ] .  We illustrate  

th is formalism in this section.

1.1 Optical potential method [ non-relativistic formalism ] :

Consider the Hamiltonian H of a system consisting of a projectile

and a target containing many scatterers,

H = H + V, o ’

H = K + Z. K. + U. 
o P 3 J

( 1)

(2)

Here K is the kinetic energy operator for the projectile, K. is the 
P J

thkinetic energy operator for the j particle of the target and U is the 

interaction between N particles of the target. Further, V is the sum 

of all the interactions between and the projectile and the particles of 

the target.



Let us denote the initial asymptotic state of the target plus 

the incident particle by $. and the corresponding energy by  

i . e . ,

H § = E. o i . 1 1

(3)

We start from the Lippmann- Schwinger equation whose solution is the 

many- body scattering wave function :

= $ + ----- !-------- V y (+)
Y i E.-H +ie v T *l o

(4)

Since our interest is in the description of elastic scattering, we

construct from :el

Y<+) .  n f ( +) 
el o ’

(5)

where

no = |o> <o|.

( 6 )

Here j 0> describes the internal state of the target in its ground state. 

Operating from the left by IIo , we have ,

+ = #. + n V .el l E.-H +ie oi o
(7)

We now introduce an operator F which reconstructs the full many-body 

wave function from its elastic-scattering part :
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y( + ) = p <j.(+) .
el

Then we have

y( + ) = $ +  !------  v  7 ^
1 el i E.-H +is vopt el ' 

1 o

F = 1 * i d n r E ( i -  b0 ) v  f
1 O

Now define the exact two body scattering matrix h by

t. = v. + v. £~"tj x-~ (1  - H ] j j E . - H o +ie o '  j

We can write

f  = i  + ( i - n  ) I.  t. F. ,E.-Ho+ie v o j J J

with

F. = 1 + r  u  El (1-n ) t, F, , j E.-Ho+ie k(£j) v o' k k ’

so that

V F = L t. F., 
3 J J

(8)

(9)

where we have introduced the optical potential :

Vopt = <0 IVFI0> • (10)

To construct V , we must calculate F. opt
F satisfies the following equation :

( 11)

( 12)

(13)

(14)



As it stands the above equation represents an exact result .

Even if we approximate F. by 1 we still have a many-body problem

to solve because of the presence of g  - h '~7 s which contains the
i o

target Hamiltonian.

Remark :

Let us start from

V ; -  <0 | I. t. |0>.  opt 1 j ]
(17)

Written in more detail ,eq.  (17) is

<lcM V | i c> ~ (d Q T r  I. a . ( - k - Q )  ^(-k '-Q )  <k,k-Q |t |  k \k '-Q>}  
o p t  J  J J J

(18)

Neglecting the Q dependence of t , we have

<k'| VQpt |k> -  <k' | t |k> P(q).

(19)

Here p(q) is the Fourier transform of the coordinate-space matter 

density p(r) .

Further

q = k - k ’ .

Assuming that VQp  ̂ is local in coordinate space , we find ,
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Vopt(r) = f dr' p(l>,) * ( “? - ? ' ) •
(20)

If we further assume that

we can approximate t ( ? - " ? ' )  by a contact interaction t , 

i . e . ,

t ( r - r' ) = tQ 5C ? - r' ) ,

we have

Vopt(r) ~  P(r) V
( 21)

The above relation shows that the shape of optical potential is similar 

to the shape of the matter density of the target nucleus in the non- 

relativistic theory. Keeping in mind the approximations we have 

made , th is now brings us to the domain of phenomenology.

1.2. Schrodinger phenomenology :

As long as only elastic scattering can occur ,th e  optical potential 

must be real. If inelastic scattering can occur the optical potential 

must be complex. This follows because the colliding system can leave
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the elastic channel ; no conservation of probability is required in the 

elastic channel. The complex central potential used in conventional 

phenomenology is  written as

U (r) = V fx, (r) + i W f T(r),  c v ' o R v ' o Iv "
(22)

with the Woods- Saxon form factor,

________ I________________
1 + exp{ ( r - R)/a  }

The spin-orbit potential is also complex and is usually written as

Uso<r > = f Vso %  +
(23)

with

g(r) = ^  ( 1 /r )  [ d /dr] f(r) .

(24)

( Here a is the Pauli spin operator, L is the orbital angular momentum 

operator and is the pion Compton w avelength .) These potentials 

together with the Coulomb potential are inserted into Schrodinger 

equation which is then solved for phase sh ifts. Here we have twelve 

parameters and, in addition to the dependence on r , these potentials 

also depend on the energy variable ( 1.5 ] .

1.3. Dirac phenomenology :

In Dirac phenomenology phase sh ifts are calculated by solving the
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Dirac equation :

[ B.p + e { mN + Us (r) } ♦ Uo (r) * Vc (r) ] *(r) = E f ( r )  ,

(2 5 )

where

U„(r) = Vs £ < r )  * i Ws f j (r )

(2 6 )

and

U (r) = V fR (r) + i W f*(r)
o  o o  O O '

(2 7 )

with
1__________________

 ̂ 1 + exp{ ( r - R ) /a  }
(2 8 )

T hus, if we consider this to be a strictly  phenomenological model, we 

have twelve adjustable parameters, the same number as for Schro- 

dinger phenomenology. Also these potentials are energy dependent 

in addition to being dependent on r .

Note that a simple Dirac equation reduced to its Schrodinger 

equivalent form may contain many complicated term s. [ Such a

reduction is presented in appendix 1 ] . The remarkable success of 

Dirac phenomenology in providing excellent fits to the experimental 

obserables with simple potential forms indicates that the equivalent 

Schrodinger potentials are rather complicated.
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1 .4 . Non - rela tivis tic microscopic optical potential model

In this section we review microscopic approaches to the calculation of 

the optical potential. Before proceeding to the Relativistic

Brueckner-Hartree-Fock (RBHF) method let us review the non- 

relativistic method.

Recall the expression for the ground-state energy of a uniform s y s ­

tem of fermions in Hartree-Fock approximation :

E = <1c, s | T | lc ,s>

+ i  Ek k'  ̂^ s i k ' . s '  | v  |k ,s:ic ',s '>  - < k ,s :k ',s ' | v  |k ',s ':  k ’,s> }

(29)

Here T is the kinetic energy operator and v  represents the two body 

interaction. Further the self-consisten t single-particle wave fu nc­

tions are plane w aves. For a system of strongly interacting particles 

such as nucleons we have to replace v by the effective interaction or 

the reaction matrix G.

G obeys the equation :

G = v  + v  Q — G. (30)

Here Q is the Pauli Blocking operator and e is the 'energy denomina­

tor'. Thus for the ground-state energy we have the expression

E = Eg <£| T |lc> +
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(1/2) £ , { <k,k'| G |k ,k '>  - <k ,k'| G |k \£ > ) .

(31)

The optical potential in the Brueckner - Hartree - Fock approximation 

is given by

uBHF = , k' I G 11  , k ’ >A

(32)

Here the symbol A stands for the sum of direct and exchange 

contributions.

For details of Brueckner theory of nuclear matter see [ 1 .6 .1  ] . 

Non-relativistic microscopic optical potential calculations are discussed  

in [ 1 .6 .2  ] and [ 1 .6 .3  ] .
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SECTION 2 

Relativistic Microscopic Optical Potential Model

2 .1 . Self-energy operator for an infinite system :

The first step in formulating a relativistic microscopic optical poten­

tial model is to replace the single- particle wave function which is the 

solution of free Schrodinger equation by its relativistic counterpart , 

i . e . ,  the solution of free Dirac equation . Thus one can introduce 

the 'semi- relativistic ' optical potential as

" 'r d .o p tfc a l*  1 mN/E N ®  1 V j d 3 ’/ ( ( 2 ’r) 3) t ' V EN<® 1

< u (k ,s ) ,u (q ,s ')  | G | u ( i? ,s ) fu (q ,s ')> A 0( k£ - ^ l ) .

(33)

One can formally introduce the 'semi- relativistic ' self-energy  operator 

E ^  at this level :

U'rel.optical = [ mN/E N (^ ) ] J .
(34)

Also

E(1)++(k) = u ^ s )  E(1) u ( lf ,s )

(35)

so that
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Is ,jd q /((2 ir)3) [ m ^ /E ^ q ) ] <k ,u(q , s') |G |k ,u (q ,s ')> A 9( k£ - |q | ) .

(36)

However , the study of the relativistic nuclear many-body problem 

has convincingly shown that [ 1 .1 .1  ] the self-en ergy  operator

appropriate for the study of infinite nuclear matter is  the one given  

by

J.RBHF _

Isjd ? /( (2 u )3) [mN/E N (3)] < k ,f (q ,s ) |G RBHF|k , f ( f , s ) > A 9(kf  - | ? | ) .

(37)

Here f(q , s) is the appropriate single- particle wave function which 

satisfies

[ Y.p - mN - I ( { f (p ,s ) } ,p )  ] f (p ,s )  = 0.

(38)

This equation requires a self-consistent solution.

RBHFIn these calculations G is a solution of the following

equation :

GRBHF = U + U g ++ g r b h f .r
(39)

U is chosen to be one of the many relativistic one-boson-exchange 

potentials developed by the Bonn group [ 1.7 ] .  Further , g +̂  is
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the relativistic propagator for intermediate nucleons and includes 

the Pauli-blocking operator in its definition.

Remark :

In nuclear matter the most general form of self-energy is

2(P) = A(p) + JT° B(p) + T p  C(p) J -
N

(40)

The self-energy is local in momentum space because of translational 

invariance in a uniform medium.

2.2.  Dispersion relation and effective potential :

To solve the Dirac equation containing the self-energy operator we 

write,

f (p ,s )  = a(p) u (p ,s )  + b(p) EgI < s '|a .p |s>  w (p ,s ')

(41)

where

[ a ( ? ) ] 2 + [ b (p ) ]2 = 1

(42)

Here w (p ,s ) = v ( - p ,- s )  of Bjorken and Drell.

Further we introduce the matrix elements of the self-energy  operator 

in full Dirac basis:
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in full Dirac basis:

2gtg(p) = u (p ,s ')  I u (p ,s )  , (43)

2gis(?) = u (p ,s ')  I w (j?,s) , (44)

^s's^P) = ™(P>S') 1 U(P*S) and (45)

V ‘ (?) = w ( ^ s ' )  I w (i?,s) . (46)

Inserting eq .(41 ) into the Dirac equation , we have

[ { E - EN (p) } - y° I ] u (^ ,s )  a(i5) +

.0  r  - n  . - n  ■» W 1 T »  I I " ?  ^  I ^  _ . / - r >  K  1 / “ >V _[ y { E + EN } - I ] Is , < s '|o .p  |s> w (p ,s ')  b(p) = 0.

(47)

We now use

i Y  = . ( - i ) {  ̂ ’ s} z+’s s ss v '

(48)

and take p along the z axis. 

We find

+ +
[ E - EN ] a = { m ^ E jj } [ I a + Z b ]

and

[ E + EN ] b = { mN/EN } [ l ~  b + Z'+ a ] . 

Further, we define

(49)

(50)
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where

a = b /a

= l " V E ,,  ] 1 *  jgj

FI - E + E^ - { m ^/E^ > E .

Using the above value of a , 

we have

E = E^ + E { m^/E^ } + {m-^/Ejj} E E

This is an exact result.

. ++
Putting E « EN + { mN/EN } E in the denominator, 

we have

E = EN + {mN/EN> E + {mN/EN) E E  ^  ,

where

F2 = 2 En  + {mN/EN } [ E++ - l ~  ].

Also defining

E = EN ♦ Uef£(^) ,

We have ,

ueff (?) =

mN/E N} Z++(P) - {mN/E N }2 E+' E_+ ^

(51)

(52)

(53)

Remark
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For future purpose it is useful to define an energy variable 

E(5) = E - mN = t f 2/2  mN } * Ue£f($ ) .

(54)

2 .3 . Comparison of RBHF with Dirac phenom enology:

We consider the comparison of the self- energy in the RBHF model 

with the optical potential of Dirac phenomenology.

We recall that in Dirac phenomenology the potential form is often  

limited to two terms: a (Lorentz) scalar, UQ(r,E ) and time-like com­

ponent of a four-vector, UQ(r ,E ).

To perform the comparison we have to identify the proper energy
A  2variable. The definition e = {5 /(2  m^) + Ug^d?) enables this iden­

tification to be made. Thus e is the energy of the projectile nucleon 

and p is the momentum of the nucleon in nuclear matter, or in the 

nucleus , when the latter is approximated by a uniform system .

Values of A ,B ,C  and are calculated [ 1 .1 .1  ] for a wide

range of p { that is  from p = . 25 fm * to 3.25 fm * }. One may 

choose an incident energy E, and put e = E = p /(2m ^) + ^ eff ’ 

One finds and the corresponding p and then calculates the cor­

responding A ,B and C. Now one can compare A with Ug and B with 

Uq. Such a comparison is made in [ 1.2 ] .
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The theoretical and phenomenological values of Im A and Im B 

agree well over the energy domain for which calculations are availa­

ble, but it is  found that the theoretical values of Re A and Re B are 

only about seventy-five percent of the phenomenological values.Now  

the question arises as to whether this poses a fundamental problem.

The RBHF self-energy for nuclear matter is local in momentum 

space, however a finite nucleus is not a uniform system and hence 

the self-energy  operator must be nonlocal in its most general 

form.That means it is possible that the self-energy  operator for a 

finite system  has additional nonlocal terms that vanish in the 

nuclear-matter limit. On the other hand, phenomenological optical 

potentials usually contain only local (Lorentz) scalar and vector  

term s.Thus it seems that to make a fruitful comparison we must cal­

culate the self-energy in its most general form.
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SECTION 3 

Construction o£ the Self-Energy Operator for Nucleon-Nucleus Scat­

tering

3 .1 . A 'field-theoretic model1 :

Let us consider the Bethe - Salpeter equation for the scattering

of a nucleon from a nucleus. The nucleus is kept in its ground state

so that the potential term in the Bethe - Salpeter equation is the

optical potential. Let us write

M = K + K G_. M F

( 1)

where

M is the generalized relativistic scattering amplitude ,

K is the two-particle kernal , 

and

Gp is the Feynmann propagator for the nucleon and the nucleus

(which is in the ground s ta te ) .

Next we achieve a three dimensional reduction by writing ,

M = I + E g (+) M , o 9

( 2 )

E = K + K ( Gp - g ( + > ) E .

(3)
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Here we have introduced the nucleon self-energy operator I and a

en in appendix 2.

3 .2 . General form of the self-energy  operator:

Consider the form of self-energy operator appropriate for 

nucleon-nucleus scattering in a general frame. In such a frame let 

us denote the initial and final four momenta of the nucleon by p and 

p' respectively . The initial and final four momenta of the nucleus 

are denoted by P and P' respectively . Introduce a set of four v ec ­

tors :

modified propagator g ^  . The corresponding wave equation is  g iv-

W = (p+P) = (p'+P') v ^ ■'y

W' = W /  [ s* ]V I  V 1 1 (5)

(4)

u' = (P + P') /  (2 M .) Vi 'vi A' (6)

(7)

and

(8 )

Here
2 2s = (p+P) = (p'+P1) is the square of the total energy.

( 9)

Further mXT is the nucleon mass and M. is the nuclear mass. N A
In terms of these four vectors we can write



23

(p \P '|Z |p ,P )  = a

+ b y.W1.

+ c y.ir'

+ d i Y.q'

+ e i ovv q' it' y v

+ f i o'" q’ W'M y \>

+ g ovv it' W*& y v

* h i r5 V  r q’ ,• .y v ^ p o
( 10)

Further, define v = W’ .q' .

We have introduced eight scalar functions a ,b ,c ,d ,e , f ,  g and h in our
2expression for I.  These eight scalar functions are functions of s , q , 

W'.ir1 and v.

Let us d iscuss the invariance of I under the parity operation.

3 .3 . Parity invariance :

Parity invariance of 2 implies 

y° ( - ^ , - p ' | i | - p ,-P ) y°

= (p ' , p 'U I p ,P ) .  ( l i )
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Under this parity transformation, v ■* v and each of the eight terms 

transforms into itse lf. Thus we see that the expression for E has 

been chosen so as to be invariant under the parity operation.

Next consider the implication of the hermiticity of V ,where V is the 

optical potential.

3.4.  Implication of the hermiticity of V :

We have

V  =  3 f °  E .

( 12)

where V is the "optical potential".

Now = V implies

y °  (  p ' , p ' | z | p , p  ) f  y °

= (p ',P '|E |p ,P ).

(13)

i . e . ,

y° (p ,P |Ef | p 1, P') z°  = ( p ' ,p ' | z |p ,P ) .  (14)

Under the interchange of initial and final momentum variables, we 

also have,

v -*• - v .

Thus hermiticity of V implies that
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aV ( - v ) = a ( v ) ,

*
b ( - v ) = b ( v ) ,  and so on.

Next let us discuss time reversal invariance.

3 .5 . Time reversal invariance :

Time reversal invariance requires that

ua (p ',s ') Zag(p, ,P '|p ,P ) u&(g ,s )  

u p(-1)',-s') us ,

(15)

where

H and Tigt are phase factors.
1 3Introducing an operator C = i Y Y , we have,

V  u p("P,»“s l) =

u 6(p '.* ’) CT6p !0pB

(16)

and

V * P ' _S) =
v° n* /■-» \
5 aS C  5x V P ’ S) '

(17)
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Substituting eq .(16 ) and eq .(17) in eq. (15) , we have , 

u 5( p \s ' )  Z6x(p ',P ' |p ,? )  u x(p ,s )

(18)

from which it follows that

z6x(p ' ,p 'Ip ,? )  =

C Sp C „ x •

(19)

Under the interchange of momentum variables

v ■* - v.

Thus we arrive at

a ( - v ) = a ( v ),

b ( - v ) = b ( v ) ,

C (  -  V ) = C ( V )  ,

d ( - v )  = - d ( v ) ,

e ( - v ) = e ( v ) ,

f ( - v ) = f ( v ) ,
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g ( " v ) = - g ( v ) and

h ( - v ) = h ( v ) .

Remark : Time reversal invariance together with hermiticity of V

implies that
*

a ( v ) = a ( - v )  => a is real.

ajc

b ( v ) = b ( v )  => b i s  real.

sje

c ( v ) = c ( v ) => c i s  real.

ije

d ( v )  = - d ( v ) = >  d i s  imaginary.

djc

e ( v ) = e ( v )  => e i s  real.

f ‘ ( v ) = f ( v ) => f i s  real.

j|c

g ( v ) = - g ( v ) => g i s  imaginary.

3{C

h ( v ) = h ( v )  => h i s  real.

3. G. The self-energy operator in the nucleon-nucleus center-of - 

momentum frame :
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Now we specialize to the nucleon - nucleus center-of-momentum  

frame.

In this frame

W'V = ( 1,0 ) .

ulV = [ EA (k') ♦ EA (k) , - (k+k') ] /  2 Ma .

q'V = [ EA (k') - EA (k) , k-k' ] /  mN .

Then

y.w' •* r° ,

ir.iT1 -  [ y°{EA (k') + EA (k)> + ? . $ + £ ' ) ] /  2 ma ,

i  y.q' -> i[y°{EA (k') - EA (k)} - ? .(k -k ') ] /m N ,

i  o v v  q' it'  ->

i -e> -9

(20)

( 21)

( 2 2 )

(23)

(24)

(25)

- [ y.k' f E A(k) + r r .k E A(k !) + k .k 1 + f .k ' f .k  ]/M a  mN ,

(26)
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ioyV q' W' -»■^ V v

- ["y.k1 y° + y°7.k ]/m N ,

(27)

iovv n' W' ->• y v

- [ T k 1 3T° - y ° T k  ]/2  Ma ,

(28)

i y5 W' y q' it1 -*■]i V ^  P 0

- i y°Z.(k' X k)/(M AmN).

(29)

Now introduce a set of eight scalar functions A ,B ,C ,D ,E ,F ,G  and H: 

A = a,

(30)

B = b + c [EA (k') + EA (k )]/2  Ma

+ i d [ EA (k') - EA(k) ]/m N ,

(31)

C = [mN/MAJ c,

(32)
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D " d ,

(33)

E = -2f - e [ EA(k') + EA(k) ]/Ma>

(34)

F = [ mN/MA] g - i e [EA(k') - EA(k)]/MA,

(35)

G = [ mN/MA ] e ,

(36)

and

H = [ mN/MA ] h .

(37)

Here EA(k) = (k2 + M*)* .

Now we can write

< p',P'|I(W )|p,P> -*• <k' | I(W) |k> ,

(38)

where

<k'|I(W)|k> = A 

+ y°B

+ y .(  k+k’) C/(2 mN)
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+ i ~Z. (k '-k) D/mN

y° y .(k ' - k) E /(2  mN)

- i y ° T ( k '  + k) F /(2  mN)

I+ i E.(k' X k) G/m

- i y° L (k ' X k) H/m^. (39)

Now hermiticity of V and time reversal invariance imply

that A ,B ,C ,E ,G  and H are real whereas D and F are imaginary. 

Remark :

—*We consider the nuclear matter limit and put k = k so that

v = 0. 

Then

Z = A + y" B + y.k C/mN + i Z° Z. k  F/m^

(40)

or

V = y° A + B +y° y .k  C/mN + i y .k  F/mN .

(41)
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Now

Vf = y° A + B + y ° 1 .k  C/mN + i l . k  F/m^,

= V , if F*(0) = F (0).

(42)

F = m^/mA g , when k = k\ But when k=k', time reversal 

invariance implies that g(0)= - g (-0 ) which means that g=0.

Thus we should put F = 0 in nuclear matter.

In nuclear matter self-energy has the form

I(k ) = A(k) + *° B(k) + "y.k C (k)/m N .

(43)

This form of self- energy has been considered in the study of nuclear 

matter [ 1 . 1 . 1 ]  .
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SECTION 4 

Microscopic Model for the Relativistic Optical Potential

In this section we d iscuss the model used for the calculation of 

the eight scalar invariants.

4 .1 . Direct and exchange terms in the Born approximation :

For the scattering of a spin - half nucleon from a spin - zero 

nucleus the calculation of microscopic optical potential in Born 

Approximation is represented by diagrams 1 and 2.

Here diagram 1 corresponds to the direct term and diagram 2 cor­

responds to the exchange term.

In these diagrams thin solid lines represent a nucleon, wavy lines 

represent an exchanged meson and crosses indicate particles put on 

mass shell.

diagram 1
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rs

J -■"$

T -  Mt

diagram 2

Here

P : Four momentum of the target before scattering.

P': Four momentum of the target after scattering.

Q : Four momentum of the spectator nucleus. 

p ,s , t  : Four momentum , spin projection and isospin projection 

of the incident nucleon. 

p'jS^t' : Four momentum , spin projection and isospin projection 

of the scattered nucleon. 

j,m. , T , Mrp : Angular momentum , angular momentum projection,

isospin and isospin projection quantum 

numbers of the struck nucleon.
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Let us approximate the nucleon-nucleus scattering amplitude by 

the exchange of four meson fields :

1) a meson {scalar , isoscalar ( i . e . ,  spin zero , isospin zero ) },

2) w meson {vector , isoscalar ( i . e . ,  spin one , isospin zero ) },

3) it meson {pseudoscalar ,  isovector (  i . e . ,  spin zero , isospin one)},

and

4) p meson {vector , isovector ( i . e . ,  spin one , isospin one )} .

Let m^ denote the mass of the exchanged meson.

Let denote the appropriate propagator.

A
Let T denote the isospin-independent part of the 

nucleon - meson vertex.

AIntroduce I such that 

AI = 1  for isoscalar exchanges and

AI = x for isovector exchanges.

Introduce the two-component isospinor x , 

the four-component Dirac spinor u,

and the four-component bound state wave function Y. .jm.
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Then the expression corresponding to diagram 1 is given by  

s ' s (p ,p 'Direct

u^i(p')  , rA ( p ' - p )  t u^(5 )s a a a s a

x ++, , IA , x.t y  p p t p

[ V (P ' -< 1 3 >a,,, PA rA(P'-f) ,„a„ f .m_(P-Q,3 )a„ ]
J J J

i t  TA y
xmt  p'" 1 p,M p" XMT p"-

(1)

The expression corresponding to diagram 2 is given by  

^s's^p ’^E xch ange

- " t t f ' V  rA(-P«3 * ? )a,0„

rA(-p*P'-Q)a,„aPA 1 u j ( ? ) a

f  rA
,"V *t p ■

(2)

X « *  h i  I  t t i  X ,
m t  p p p t p
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Note: In nucleon-nucleus center-of-momentum frame 

the argument of is Q - { (A -l)/A  } 1c and
J mi -

the argument of is Q - { ( A -l)/A  } k .
,mj

For the exchange of isoscalar particles we have

 ̂ — X
a(S afSIA 0 = * 0. (3)

We have

t't

Further

•yt tA 
V  p' p'p Xt p

= (4)

zm t  xm t p "' i A p , mp m xm t  p" “ 2>

Then
_ +  + |

s 's 'P'Direct =

**.(? ') rA(p'-p) u*(3)

(5)

2 Ejm_[fd3/{(2ir)3> (P'-Q /3) PA rA(P*-P) >fjm (P-Q,Q) ].
J J  J J

( 6)

Introduce the density matrix of the target. (See appendix 3 .)

Pj ( Q ' , Q " )  =  Em

3 J 3
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(7)

Also define p = I. p. .
J J

Further recall the definition of 2 * ig (p \p ) :

Z g .g (p \p ) = u ^ (p ') Z(p',p)

(8)

Thus for the exchange of an isoscalar meson , for the direct diagram 

I =

rA (p'-p) 2 [jd(?/{(2u)3} Tr { Pj($ ' ,3 " )  f A (P’-? ) > PA ] •

O)

For the exchange diagram we have

X .  t I 8  I I I  X» r  mMt  t' p' p'p" Mrp p'"

x l  tn 6 in x, 
mt p p p t p

6t ' f
(10)

Then

+ +.-»| -* .
s 's 'Exchange
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- uj.(p')„, !Jm.( i  d^/t(2TT)3}

j 3

rA(-p*P'-Q)0tia ug(p)a ] . 

( 11)

Thus for the exchange of an isoscalar meson for the exchange diagram 

I =

-  Zj [ J d Q / { ( 2 T T ) 3 } rA (-P+Q+p')

Pj(Q ' ,Q")  rA (-p+P'-Q)  PA ] .

( 12)

For isovector particle exchange

ZMt  XMt  p’" lA p"' p" XMt  p"

= Xt' t1 Xt ZMX XMt  t1 XMt '
(13)
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= 0 .

(14)

Thus for the exchange of an isovector meson for the direct diagram 

1 = 0 .

(15)

For the exchange diagram

“ t  xt' x xmt  V j, T Xt

= X*. t 1 x1 xt

3 «t ,t .

Thus

, +  + —5>

^ s 's ^  Exchange

(16)

(17)

• 3 ^ , ^ )  j d C ? / { ( 2 u ) 3 }

( rA(-P+Q+p’) Pj(Q’,Q ”) rA(-p+P'-Q) PA Ug(p) J
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(18)

i . e . ,

for the exchange o£ an isovector meson , for the exchange diagram 

I =

-3 I. ^dQ/{(2Ti)3 )

[ rA(-P+Q+p') Pj(Q',Q") rA(-p+P'-Q) PA ] .

(19)
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4 .2 . Relativistic OBEP ( HEA potential}:

The masses , coupling constants etc. of the potential [ 1 .7 .3  ] are 

presented in the following table.

TABLE 1.1

Meson Mass Isospin Spin Coupling f /g  Propagator

Parity constant 

(MeV) T J* g2/4ir PA

a 500.0 0 0+ 4.63 0 (A2-m2 ) _10

w 782.8 0 1 14.0 0 -g
, .2 2 . - 1  

X  (A -m w)

tr 138.5 1 O' 13.0 0 (A2-m2 ) _1TT

p 763.0 1 1 1.50 3 .5 -gr &liV
V ' /■A2 2 s ' 1X (A -m )



In OBEP models form factors are generally introduced to avoid 

ergences. For simplicity the following form factors are used ii 

potential HEA.

For scalar and pseudoscalar mesons use the cut off factor: 

[X2/{X2-A2} ]2 .

For the w meson use the cut off factor :

r, 2  , , , 2  . 2 , , 2  r 2 . . 2 ,  , ,  .2 . . 2 ,[X /{X -A }] [m w+Xy ]/[-A  +Xy ].

For the p meson use the cut off factor:

r, 2 . , , 2  . 2 , , 2  , 2 ,. 2 ,  /r .2 ,. 2 ,[X /{X -A }] [m +Xv ]/[-A  +Xy ] .

2
Here A is the square of the four - momentum transfer.

Further

X = 1950 MeV

and

X = 1250 MeV. v

43

div-

the
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4 .3 . Scalar meson exchange :

For the exchange of a scalar meson we have the following expression  

for the self-energy operator :

< k '  11 | l c >  =

rA { g(J2/ [  q2 - m2o) ] F2o 2 (T r/4}{ jd iif/[ (2tt)3 ] p TA}

( 20)

Here q is the 4-momentum carried by the exchanged meson.

Thus

^ ' I ^ D i r e c t  =

1 ( g 20/ [  q 2 - m2o]} F2o (q2) 2 {Tr/4} jd^/[ (2 iT)3] pi

{ g20/ [ q 2 ' tn2o]} F2o (q2) 2 (dQ/[(2ir)3] Pg

pg is defined in the appendix 3.

(21)

(2 2 )

Taking traces

A aDirect

{ g 2„ / [ q 2~ m20]> F2o 2 j d ^ / [ ( 2 T r ) 3 ] p £

BDirect = 0 ’

(23)

(24)
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and

C° = 0  Direct ’

DDirect = 0 ’

e£ . + = 0 ,Direct

F° = 0  Direct ’

d i r e c t  = 0 '

Hn- + = °- Direct

(25)

(26)

(27)

(28)

(29)

(30)

Next consider the o contribution to exchange diagram.

We have

< k ' | E | ^ > E x c h a n g e  =

“ g20 [ j " ( d i c | / (2u)3} F2o (q2) ( 1 / ( q 2  - m2a)} p

(31)

Here q represents the momentum carried by the meson in the exchange
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diagram.

Taking traces and refering to appendix 3 ,

A°Exchange

S2J [  {d5/(2TT)3} { 1 /(q2 - m2o)} F2a(q2) Pg ] .

Ba =
Exchange

- g 2a [ j{d Q /(2ir)3} ( l / ( q 2 - m2a)} F2Q(q2) p° ] .

With the definitions ,

*1 =

g2o [yCd<^/(2ir)3} { l / ( q 2 - m2a)} F2a(q2) k.p*v  ]

and

(32)

(33)

(34)

T2

g2a [ |{ d ^ /(2 1r)3} ( l / ( q 2 - m2a)> F2o (q2) k'.p’  ] ,

we have ,

C°Exchange =

mN [ l/(k k 's in 2d)] [ (k '-k .k ' k) I + (k -k .k 1 k 1) I2 ]

(35)

and

* ^Exchange
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r t  T , '. l1 ,  1,1 1 ,1  T -  f  1,4.1, l , l>(l/2 )m N [ l / (k k  sin 0)] [ (k'+k.k' k) I± - (k+k.k' k') I2 ] .

(36)

With

I3 =

(*) g2a [r(d^/(2T7)3} { 1 / (q2 - m20)}  F2Q(q2) k ' . ? °  ] ,

(37)

and

I4 =
( i)  g20 [^(dQ/(2tt)3 } ( 1 / (q2 - m2a)}  F2Q(q2) lc^  ] ,

(38)

we have

—
Exchange

mN [l/(k k 's in 2^)] [ -(k '+k .k' k) I4 + (k+k.k' k') I3 ] ,

(39)

* ^Exchange

mN [l/(k k 's in 2tf)] [ (k '-k .k ' k) I4 + (k -k .k ' k') I3 ] ,

(40)

Q°
Exchange

[ 1 /(kk'sin2^ )] g20 ^[{d3/(2ir)3} ( l / ( q 2 - m2o)} F2o(q2) 

(1/2) fT ( k'.Q' k.Q" - k'.Q "k.Q ') ] ,

(41)

and
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H °
Exchange

m l  [ 1 / (kk'sin2^) ] g2„ j[{dQ/(-2ir)3 } { l / ( q 2 - m2d)> F2Q(q2)

(1 /2) fAV( k'.Q' k.Q" - k '.Q !,k.Q ') ] .

(42)

4 .4 . Vector meson exchange: 

First consider the direct diagram.

RwDirect

Since

g 2M{ l / ( q 2 - m2w)> F2u(q 2)[|d 5 /{(2 T t)3 } 2 p°]

dQ = 0,

Cw = 0 Direct '

and

D“ . . = 0 .Direct

(43)

(44)

(45)

(46)

Further

AW = 0  Direct ’
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(47)

^Direct = °»
(48)

FW = 0  Direct '
(49)

d i r e c t  = °  '
(50)

and

Hn- t = 0 •Direct
(51)

Exchange contribution:

ZwExchange

( -1 ) ( - ) g2w^ / ( ( 2 n ) 3} F2w(q2) ( l / ( q 2 - m ^)}

X  r 6[ ps + yupv + ouvpt  + *5*vpaw 1 ^
M v v  y

(52)

Again, by taking traces, we calculate
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A wExchange’

B" , , etc.Exchange ’

4 .5 . Pion exchange :

Since the pion carries isospin , evaluation of the direct diagram in our 

model yields zero. For the exchange diagram we have

exchange

3/4 [ g2^/ m2 ] [{dQ /(2u)3} F2ir(q2) { l / ( q 2 - m2^)}

X ^ P  Y5 ( - ^ ) ]

(53)

Here q^ = P' - q - p . (54)

Again taking traces we calculate 

A*exchange’

B1* , , etc . .exchange’

Note : Here we have used pseudovector coupling for pion.
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4 .6 . Rho exchange:

Again in this case the direct diagram yields zero.

For the exchange diagram we have

•* ' l ;E ̂ e x c h a n g e  =

( - 1) 3 ( - 1) g2p [y d 5 / (2 * > 3> F2p(q2) d / ( q 2 - m2p))

X Jy(p-P'+Q) p Jy(P'-Q-p) ] ,

(55)

where

y q )  = M  i Pp/2 mN g p} 0^  qv ,

(56)

= - a [ x  - j f  ] ,

(57)

and

° = { V  4 mN g P } -
(58)



Again taking traces we calculate 

Apexchange’

Bp , e tc ..exchange
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SECTION 5

Comparison with Dirac Phenomenology:

We perform calculations in the nucleon-nucleus center-of-m ass
40frame. Since a large amount of data is available for proton- Ca

40scattering at low energies we choose Ca as the target nucleus.

By solving the Dirac equation with local (Lorentz) scalar and 

vector potentials we get a set of relativistic wave functions for the 

target nucleus. To be consistent, to get the wave functions to be 

used in this calculation one must solve the Dirac equation containing 

the nonlocal self- energy operator which has eight scalar invariants. 

Instead we have adjusted the parameters of our local scalar and vec­

tor potentials so as to yield the experimental charge radius and sin ­

gle nucleon separation energies.

5 .1  Matrix elements of the self-energy operator in Dirac basis :

Since a direct comparison with phenomenology is not quite mean­

ingful we propose the following method for the detailed comparison. 

First introduce the matrix elements of the self-energy operator I in 

the Dirac basis.

<k', s' | E++ |k , s> = u (k , ,s ')  <k'|Z|k> u (lc ,s) ,

(1)
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< k \ s ' |I + |k ,s>  = u (k ',s ')  < k '|l |k >  w(1c, s) ,

(2)

<k',s'|Z  +|k ,s>  = w (k ',s ')  <k’ 111 k> u (lc ,s) ,

(3)

<k',s'|Z  |k ,s>  = w (k ',s ')  dc'|Z |k> w (ic,s)

(4 )

These are natural extensions of matrix elements defined in the study  

of nuclear matter (RBHF).

+ + + +
Next define 8 amplitudes ,S 2 , etc . by

< k ' , s ' |  Z++|k , s>  = <s' |{ S* + + i o. (k 'x!<)/ (e ,E)S2+ } | s>,

(5)

< k ' , s ' |Z  |k , s>  = <s'|{ + i o . ( k ' x k ) / ( E ,E)S2 ) |s> >

(6)

< k ' , s ' |  Z+~ |k ,s>  = <s ' |{ o. (k /e+k ' /E’) S* '  + o*. (k ' / e ' - k /E )  |s>,

(7)

<k ' , s ’ | E +|k , s>  = <s ' |{  o’. (k /E + k V O  S^+ +o. (k ' / e ' - k /E )  S2+}|s> ,

(8)

Where ,
2 2 i

e = E , t + m , .  = [ m XT + k  1 + m XT.N N 1 N 1 N

. ++
Here is the leading term in the expression for the effective



central potential and Sg is the leading term in the expression  

for the effective spin-orbit potential.

Define N = [ e / ( 2  mN)]*  and N1 = [ s ' / ( 2 mN)]*  .

Now in terms of A , B , C , etc . we have , 

s j +(k ',k ) = N N ' ( A |  ] + B [ 1 + k .k '^ , ]

+ C /(2  mN) [ k ^ / s ’ + ~k2/ s  + k .k 1 ( s + e ' ) / ( e e ' )  ]

+ i D /  (2 mN) [ 1  + k.kV(EE') ] [ EN (k') - EN (k) ]

+ E /  (2 mN) [ k l2/s '  + k2/e  - k .k ' (e + e ' ) / ( e e ' )  ]

+ i F /(2  mN) [ 1 - k .k V (ee ') ] [ E^(k') - EN (k) ]

- G /  ( m2 ) [ k'2 k2 - (k .k ')2 ] /  ( se')

- H /  ( m2 ) [ k'2 k2 - (k .k ')2 ] /  ( e e ' )  >.

(!

By changing the signs of A ,C ,D , and G we obtain from S^+.

S^C k'k  ) = N N ' (  - A + B + C [ ( e + e '  ) /  ( 2 mN) ]
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+ G /  ( m^j) [ e s' + k .k ’]

- H /  (mjj) [ ee1 - k .k ' ] } .

( 10)

By changing signs of A ,C ,D  and G we obtain from S^*.

S * " (k \£ ) = N N' { - A + C - E /  ( 2 mN) [ E ^ k ')  - E ^ k )  ]

- i F /  ( 2 mN) [ EN (k') + EN (k) ]

- G /  ( m2N) [ ee'/2 ] [ ( k ' /E'  - k / e ) 2 ]

- H /  n»N [ s' - e ] } .

(11)

By changing the signs of E ,F  and H we obtain from .

S2_(k',k) = N N' { B + C /  ( 2 mN) [ E ^ k 1) - E ^ k )  ]

+ i D /  ( 2 mN) [ EN (k') + EN (k) ] - E 

+ G /  ( m2 ) [ e e ' / 2  ] [ ( k ' / e ' ) 2 - ( k /e ) 2 ]

+ H /  ( m2,) [ EN (k') EN (k) - * k .k ’ ] } .

(12)
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By changing the signs of B,E and H we obtain S2 from S2 .

4* 4* ?
5 .2 . (k ,k ) etc. from phenomenology :

40We consider p - Ca elastic scattering at = 80 MeV.

[ Tp is the proton laboratory energy. ]

From a phenomenological fit to the data [ 1.8 ] we have

Re U = - 422.04 MeV s
and

volume integral of Re Ug = - 10.13 x  10^ MeV-fm^.

At T = 8 0  MeV , |k | = 1.954 fm"1 .
P

Further ,

m̂ j. = 4.75 fm , e = 9.89 fm 

and

N2 = ( e /  2 mN ) = 1.04 and (k2/e 2) =0.04 .

We have

<k|S*+|I<> =

N2 { [ l - l 2/ e 2] Us + [ 1 + l 2/ s 2] Uy } <k| f |k>.

(13)

Here we have defined <k|U |1c> = U < k |f|k >  e tc ..s s
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Further define

<k|S^+|lc> = S*+ < k |f|k >  e t c . ,

where

<lc|S^+|k> is in units of MeV-fm^,

and

S j+ is in MeV.

Now

S* + = N2 { [ 1 - k2/ e 2] Ug + [ 1 + k2/ s 2] Uv }

= - 68.64 MeV.

(14)

s 2* = N2 { Us ♦ Uv }

= 777 MeV.

(15)

S*' = - N2 U = - 1.04 x  (-1 ) 422.04 1 s '
= 439 MeV.

(16)

S~±+ = s j “ = 439 MeV.

(17)
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S*‘ = N2 U = 1.04 x 325.5 2 v

339 MeV.

S-* = - N2 Uv

= - 339 MeV.

(18)

(19)

S "  = N2 { [ 1 - £ 2/ e2] (-U g) M  1 + k2/e 2] Us } 

= 774 MeV.

( 20)

= 1.04 ( - 422.04 + 325.5 ) 

= - 100 MeV.

( 21)

5 .3 . S++ (k ,k ) etc. from microscopic calculation :

In the following we present the table { taken from 1 .1 .1  } that gives 

the values of Uef£(p ), A(p) , B (p) and C(p) at nuclear matter
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The following table gives values of the real part of the optical poten  

tial for nuclear matter as a function of the quasiparticle energy e .

( All values in MeV u n its .)  The potential is HEA.

{ taken from 1 .1 .1  }

TABLE 1.3

t i

OX -5055 -3850 105X0 -20.75 -1647
sxo -4692 -37X5 110X0 -19X0 -15.69
10X0 -4751 -35X2 115X0 -1148 -1694
15X0 -45.72 -34X1 120X0 -1758 -1421
20X0 -4454 -33.41 125X0 -1651 -1352
25X0 -4259 -3224 130X0 -1528 -12X5
30X0 -41X5 -31X9 135X0 -1421 -1221
35X0 -3954 -29X6 140X0 -1350 -llXt
40X0 -38X5 -28X5 145X0 -1256 -11X3
45X0 -3658 -27.76 150X0 -1L45 -10.48
50X0 -35.13 -26X9 155X0 -1058 -9X7
55X0 -33.70 -25X4 1(0X0 -9.74 -9X9
60X0 -3050 -24X2 165X0 -8X4 -9X4
65X0 -30X2 -23X1 170X0 -117 -163
20.00 -2956 -22X4 175X0 -7.45 -825
75X0 -2123 -21X8 180X0 -676 -7X1
80X0 -26X2 -20.75 185X0 -611 -7X0 •
85X0 -25X3 -19X4 190X0 -550 -753
90X0 -2457 -1196 195X0 -4X3 -7J0
95X0 -2354 -1110 200X0 -4.41 -691
100X0 -21X3 -1727

We will take A, B and C from nuclear matter calculations which include 

correlations.

At Tp = 80 MeV we have to find corresponding p from
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l p  = ( p 2/  2 mN ) * Ue f f ( J )  .

Using table 1.3 , the corresponding.Re U j^Cp) = - 27 MeV.

Using table 1.2 , the corresponding p  = 2.25 fm 1 .

Using table 1.2 for |p | = 2.25 fm * ,

Re A = - 269 MeV ,

Re B = + 192 MeV and

Re C = + 43 MeV.

To obtain estimates of D ,E ,F ,G  and H we rely on the calculation 

for the finite system . Remember that D ,E ,F ,G  and H are in units of
_3

MeV-fm We have to convert them into quantities expressed  

in MeV units.

From fin ite- nucleus calculation 

i D ~  0 ,

E = - 34 MeV fm"3 , 

i F -  0 ,

G ~  0

and H = -11 MeV fm '3 .

From phenomenology we have

Re U = - 422 MeV and s
volume integral of Re Ug = - 10.13 xlO^ MeV-fm 3 .

We write

<k|U |k> = U < k |f |k>1 s' s ' s 1
(22)

< k |fs |k> = <k|U s |k > ^  .
s
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But

< k |U .|k >  = [ 1 / (2tt)3 ] I dr Ug(r)

= - 408.47 MeV-fm3 .

Thus

<Ic|f |k> = 1/1 .03 fm3 . 1 s'

Also

and

Re U = 325.5 MeV v

volume integral of Re Uv = 317.3 MeV-fm3

(23)

(24)

(25)

We write

<k|Uy |k> = Uy < k |fy |k> ,

(26)

with

< k |fv |k> = 1/1.03 fm3 ,

(27)

so we can approximate

< k |f |k> = < k |f |lc>I v' ' s '

= <k f k>.

(28)
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Now write

<k|Dfk> = D' <lc|f|£>  

and similar relations for E ,F,G  and H.

Thus D' = <k|D|lc> < k | f | k > Me^  and so on’

Then

i D1 ~  0,

E' = - 35 MeV , 

i F' ~  0 ,

G' ~  0

and

H' = - 11 MeV.

Next we calculate S^+ etc . ( in MeV) .

S* + = - 52 MeV [ contributions from A,B and C ] .

(29)

S^+ = 700 MeV [ contributions from A jB jC.E' and H' ] .

(30)

S* = 323 MeV [ contributions from A and C ]

S /  = 323 MeV [ contributions from A and C ]

= 232 MeV [ contributions from B,E' and H1 ] .

(31)

(32)

(33)

S£+ = ~ 232 MeV [ contributions from B,E' and H' ] .
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(34)

= 468 MeV [ contributions from A ,B and C ] .

(35)

S2 = - 49 MeV [ contributions from A ,B ,C ,E ' and H' ] .

(36)

Next we compare the values of the effective central potential.

5 .4 . Effective central potential :

We have previously seen that

u eff = [ mN /  En (?) ] Z++(P)

+ [ (mN/  En ( £ ) ) 2] Z+'(p )  Z_+(p)

(37)

where

F(p) = 2 En (?) + [ mN/  EN (?) ] [ E++(P) - Z""(p) ].

(38)

For scattering in the forward direction

z++(p) = s*+ ,

z+_(p) = 2 ^ -p -T(5) c

Z_ + (p) = 2 o . p ; rp) S ' +

(39)

(40)

(41)

and
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Z"'(p) = S "  .

(42)

Using our values

(phenomenology) = - 43 MeV ,

and we find ,

Ue f f (the°ry) = - 40 MeV .

Thus the microscopic calculation agrees quite well with the 

phenomenological value when the relativistic correction is added.

5 .5 . Spin - orbit potential :

We have A = - 268 MeV ,

B = 192 MeV,

U = - 422 MeV and s
U = 325.5 MeV. v

Thus comparing A with Ug and B with Uv is not appropriate.

Further with only A and B,

S*+(theory) = 460 MeV

whereas
. + +S2 (phenomenology) = 777 MeV. 

But with A ,B ,C ,E ' and H1,

S*+(theory) = 700 MeV.
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Thus the coefficient of the leading contribution to the effective spin

- orbit potential is nicely generated in this model. A more meaning­

ful comparison should be made at the level of the effective spin - 

orbit potential appearing in the equivalent Schrodinger equation.But 

this requires a more detailed calculation than the one presented here.

5 .6 Conclusions :

We have seen that the phenomenological potentials are best 

thought of as effective potentials in the sense that their values need 

to be adjusted to compensate for the use of a highly simplified form.

Our results which include the eight terms indicate that the values 

of the phenomenological potentials can be reproduced in a microscopic 

calculation .Thus , for example , if we want to get the correct spin

- orbit potential in a microscopic calculation one must consider the 

optical potential in its most general form.

Further in our calculations the terms C ,D ,E ,F ,G  and H arise 

when we calculate the exchange term s.In general since the relativistic  

density matrix contains scalar , vector (5f°) and tensor terms, A ,B  

and E could have non-zero direct term s. However in the model consid­

ered here the contribution of direct terms to E is zero. As the pro­

jectile energy increases, the exchange terms become progressively
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less important. The success of the parameter-free impulse approxima­

tion calculations [ 1.9 ] for energies greater than about 400 MeV is 

then, in part, due to the relative unimportance of exchange effects 

at higher energies.

The calculation presented here needs further improvements. Here 

the terms D ,E ,F ,G  and H are calculated in Born approximation. One 

must study the effect of correlations in modifying the values of 

D ,E ,F ,G  and H .Specifically the tensor correlations could affect the 

pion exchange terms significantly.

We have seen that there is excellent agreement for the effective  

central potential when a comparison is made between the phenomeno­

logical and theoretical values for this quantity. A similar comparison 

should be made for the effective spin - orbit potential , In order to 

include the contributions of the relativistic corrections to th is poten­

tial we need a more detailed calculation. The general trend for the 

spin - orbit interaction is seen to be given correctly since the theo­

retical values and the phenomenological values of S^+ are in rather 

good agreement.
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PART II

EFFECTS OF MEDIUM-MODIFIED NUCLEON ELECTROMAGNETIC FORM 

FACTORS IN INELASTIC ELECTRON SCATTERING FROM NUCLEI

Inelastic electron scattering from nuclei has been used for studying  

various processes [ II. 1 ] . At low energy and momentum transfer one 

can study low-lying collective states and giant multipole resonances. 

As one goes to higher momentum transfer the main feature in the 

inelastic spectrum is the quasi-elastic peak. The term 'quasi-elastic' 

means that one can describe the inelastic electron-nucleus scattering  

in terms of elastic electron-nucleon scattering whereby, by sufficient 

transfer of energy and momentum, individual nucleons are knocked  

out from the nucleus. Recent experiments [ I I .2 ] which yield sep­

arated longitudinal and tranverse contributions in the cross section  

have created much excitement in this field.

In section 1 we discuss the general structure of electron interac­

tions with the nuclei. In section 2 we present a relativistic finite 

nucleus model devised for the calculation of longitudinal and tran­

sverse response functions. In section 3 we present details of the 

modifications that are needed if we assume that the nucleon electro­

magnetic form factors are modified in the nuclear medium.Details of a 

relativistic Fermi gas model are presented in section 4. In section 5 

we discuss our results and conclusions.



SECTION 1

Electron-Nucleus Interaction : General Considerations 

Consider the electron nucleus interaction in the lowest order in pho­

ton exchange [ II. 3 ].

I f>

e

Figure 1.1

Refering to figure 1.1 we see that an electron with 4-momentum k  ̂

scatters from the nucleus by the exchange of a photon; k 2 is the 

final 4-momentum of the electron.T he 4-momentum transfer is Q;

Q = ( w , q ) , where w is the energy transfer and q is the

3-momentum transfer. ( q is the magnitude of the 3-momentum

transfer). The square of 4-momentum transfer is space-like, i . e . ,
2 2 2 Q = u - q is le ss  than or equal to zero.

We have three electron kinematic variables : Incident energy  E^, 

final electron energy E2 and the scattering angle 8 . A lternatively  

we can choose q , w and 0 as the three independent kinematic vari­

ables .
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The electromagnetic cross section in lowest order can be factor- 

ized in to a electron tensor n , a photon (virtual) propagator ( —■;)
Q

and a hadron tensor .

Thus the differential cross section for electron- nucleus scatter­

ing can be written as

~ v
( i )

(The —j  factor leads to — J_________  behaviour
Q sin ( 0/2 )

of the Mott cross section .)

Let us consider inclusive electron scattering where only the 

electron is detected.

Consider the electron vertex  :

e

Figure 1.2

Using the fact that the electron electromagnetic current operator is a 

polar vector we have

< k*, s* | jv | k ,s  > = u (k !,s ')  TSV u ( k ,s )



Hence

i T  = k j k j  ♦ k“ k j  ♦ q 2/2

N ext consider the hadron vertex :

Figure 1.3

We have three 4-momenta P ,P ' and Q related by P1 = P

we may choose two independent 4 -vectors, P and Q.

Further P'2 = P2 ( = ) + Q2 + 2 P.Q

Hence we have two independent scalars. We can choose 

2lars to be Q and P.Q which in the lab frame is  u . 

ly  we can choose q and « as the two independent scalars 

We have the most general form of the hadron tensor :

WVV = Wx gVV ♦ W2 P* Pv /  ( M* )

+ A Qy QV /  ( )

♦ B [ Py QV ♦ QV Pv ] /  (M2 )

72

(2)

(3)

+ Q. Hence

the two sca- 

Alternative-
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+ C [ Py Qv - Qv Pv ] /  (M2 )

Using current conservation, i . e . ,

Qv wyv = o ,

(4)

we have

Wvv Qv = 0 ,

C = 0 ,

B = - [ P. Q /  Q2 ] W2 ,

A = - [ /  Q2 ] Wx ♦ [ ( P.Q ) 2 /  Q4 ] W2

Thus

WVV =

W, [ g ^  - Qy Qv /  Q2 ]

+ W2 { 1 / M2 } [ Pv - Q.P QV/  Q2 ] [ Pv - Q.P QV /  Q2 ]

(5)

Response functions :

In terms of and W2 the differential cross section can be written as 

[ d2o /  dn2 dE2 I =

[ Z2 /  Ma ] om [ W2 ( q , u ) - 2 Wx ( q , w ) tan2{ 0/2 } ]
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(6)

where ax/r is the Mott differential cross section. M

The longitudinal response function is given by  

SL ( q , u ) = [ Z2 /  ( 4 it) ] [ q2 /  Q2 ]

{ - W1 ( q , « ) + [ q2 /  Q2 ] W2 ( q , W ) }

= [ MA /  4 ir ] RL ( q , « ) .

q i w ) is in units of MeV * .

The transverse response function is given by

8rp( q > w ) -

[ Z2 /  4 tt ] [ - 2 Wj ( q , u ) ]

= [ MA /  4 tt ] Rt  ( q , u )

( q , w ) is in units of MeV ^

In terms of the hadron electromagnetic current matrix elements 

we have

= ( 2 ir )6 { MA /  Z2 }

(7)

(8)
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i P < px i j nv i p >* < px i j n „ i p >
x

64 [ P + Q - Px ] . .

We have
* A

Wyv = W. ( gyv - Qy Qv/Q 2 ) + Py Pv W,2

Here

= r 1 %Py = [ 1/M. ] [ Py - (P.Q) Qy /  Q2 ]

Note that P .P  = 1 - (P .Q )2/  [ M2 Q2 ] so that 

in the target rest frame

P.P = - q2 /  Q2 .

Evaluating in the target rest frame ,

i t  1 r x .0 0  _ , ,11 . I  * • 1W1 = i ( W  - S .  W + Q / q  W }

and

(9)

( 10)

( 11)

( 12)

W2 = i  { 3 [ Q4 /  q4 ] W°° + [ Q2 /  q2 ] [ W°° - X. WU ] }

(13)

Then

SL = [ Z2 /  ( 4 i t)  ] W°°

(14)

and

ST = [ Z2 /  ( 4 ir) ] [ I. W" - ( u2 /  q2 ) W°° ]
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(15)

Since J*1 = 0 ,

o -> w J = - q .J  so that

t2 , 2 . 2 x To _ , - ,2J - ( w / q  ) J  = ( q x  J ) .

Thus

is proportional to the squared matrix element of p

and
•v “>■

Srp is proportional to the squared matrix element of ( q X J ) •
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SECTION 2

Finite- Nucleus Model for Inclusive (e,e*) Reactions

In this section we discuss a fin ite- nucleus model developed for the 

calculation of the response functions [ I I .4 ] .

The basic diagram we evaluate is given in figure 2 .1

Figure 2 .1

Here we have

< ]?N , s : - ^  Hjm | JNy(0) | "P > =

< PN , s | * (0 ) | 0  > I^ Q ) < - fcjm | <K0) | P >
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(1)

Here

y Q )  =

*y F2 ( Q2 ) * i oyv Qv [ 1 /  ( 2 mN ) ] F2 ( Q2 )

( 2 )

Also ,

<  P N  , s | *(0) | O > = [ mM /  EM(pM)] i  ( 2 tt ) ( " 3 / 2 )  u c (  %  )V

and

< -k Jtjm HO) I P > = ( 2 n ) ( "3/2) f £Jni ( 1  ) .

(3)

(4)

The bound state Dirac wave function Y . (r) is given by
Jmj

=  < 1 / r >

Ft j (r) y Jjraj (r)

1 < V j(r > y tjm ,(r )

(5)

Here ygjm is the generalized spherical harmonic defined in part I.

The momentum-space wave function (k) is given by

T ,,„  (?) = i* fdr [ ( 2 1. ) 3/2 1 exp { - i k . r  ) 1 , , „  (?)
timj

i . e . ,
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Y„. (k) =£jnijv '

LEdeJ(k )1 .:k

(6 )

Here

Ru£j(k) =(dr ( 2 /  it )4 r F ^ r )  j^ k r ) ,

(7)

and

R~ (k) = ( - 1 ) (Z' " 1 + 1 ) / 2 (dr ( 2 /  it )* r G .t.(r) j . , (k r ) .

(8 )

Coming back to the response tensor Ŵ v , we can write

Wvv = z w v vw w tj *
where

WU v =

[ MA /  Z2 ] (dk [ mN/  En (£) ] 6 { u ♦ Ma - E„.(k) - EM( ^ XT) }

(9)

Here

T1̂  = Tr {[ yv Fx - i ovp Qp ( 1/ ( 2 mN )) Fg]

[^rN + mN ] [ yy F1 + i avX Qx (1 / ( 2 ^ ) ) ^ ]  Paj(k) >

(10)

The matrix
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V k> = Zm. T£ jm fo

aVk)tV k)' •
( 11)

where

A£j(k) = [ (2j+l)/8ir) ] [ ( RU£j( k ) )2 - ( Rd£.( k ) ) 2 ] /  2

B°£j(k) = '[ (2j+l)/8 ir)] [ ( RU£j( k ) )2 + ( Rd £j(k ) )2 ] /2

B£j(k) = [ (2j + l)/8ir) ] k RU£j(k) Rd £j(k)

The trace is given by

v _

4 mN { [ Fx2 + F22 ( l/(2m N) ) 2 Q2] A£j

+ 2  ( l / ( 2 m N ) )  Fj F2 Q. [ A£. PN/ mN - B £j ]

- [ Fx2 -  F22 ( l / ( 2 m N ) ) 2  Q2 ] pN .B £. /  m N

-  2  F 2 2 ( l / ( 2 m N ) ) 2  pN .Q B£j . Q /  m N  > g y v

+ 4 m N  { [ F j2 ■ F22 ( 1 / ( 2 m N ) ) 2 Q2 ]

I P&/mN %  + B £j PN /  mN 1 >

In this expression we have omitted terms containing Q

( 12)

(13)

(14)

(15)
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and QV anticipating further manipulations.

TV v _

Further define
i

4 { **» T l ♦ ( p“ B »y * P* ) T2 }

To make Wyv gauge invariant , define

v _

*j

where

[ gyX - Qy QX /  Q2 ]

[ T X * ]1 ej J

r /-x 2f /-> V f  r-x 2 1
[ g - Q. Q /  Q ]

4 [ gyv - Qy QV /  Q2 ] T 1

+ 4 I PN B\ j  + PN B\  ] T2

PN = PN ' ( PN- Q) qV/ Q2 •

Now define

(16)

(17)

(18)

(19)

FI = 1 - (P .Q )2/  ( Q Ma  ) 2, 
di

W 1 “

4( T l * T2 { pN .B t . - [ (£n .P ) ( S 8. .P ) / (  FI) },
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(20)

and

Now

w2j = w 2
4{ T2 { 3 (pN .P )(B £j.P)/M2 - pN .B £j FI } / ( F l ) 2 > .

^ 1, 2 = i V  z 2 1

(21)

x|dk/(2 En (Pn )) w ejlj2  6[ » + Ma  - Ea.(k) - En (?n )J

Making use of the energy-conserving delta function ,

(22)

Wfc{ = [ ir/q ] [ Ma  /  Z2 ]

V *
X fk  dk [ q , w , k , cos 0 ] .

kJ (23,

Here

cos 8* = { [ « + Ma  - E£j(k ) ]2 - [ + k2 + q2]} /(2 k q ) ,

Et .(S ) = [ t 2 ♦ M \.  ]4 ,

M*j = MA '  mN * s ij '

Further, e g. is the binding energy of the orbital £j ,

k = a + b, u '

(24)

(25)

(26)

(27)



83

with

a = [ u + Ma  ] / 2

X  [{ 1 - ( + mN) V 2} { 1 - (My - mN) V 2}]*,

( 28)

b = [ q /  2 ] [ 1 + { M2^  - m2 } A'2 ] ,

(29)

and

,2 , A w ,2 2A = ( w + MA ) - q .

The response functions calculated in this model have been com­

pared with the experimental (separated) data of Altemus et al.

[ I I .2.1 ] . While the transverse response function fairly agrees with 

the data , the longitudinal response function is overestimated by a

factor of 2. This conclusion is in agreement with the result of a

relativistic Fermi- gas calculation [ II. 5 ] .

Various suggestions have been put forth to explain the quenching 

of the longitudinal response function. Noble [ I I .6 ] suggested  that 

longitudinal response could be reduced by modification of the nucleon 

properties in the medium . Using a relativistic Fermi-gas model he fit 

the longitudinal response by changing the nucleon electromagnetic 

form factors . The required modifications indicated a larger nucleon
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size in the medium. In [ I I .4 ] it was suggested that an alternative 

mechanism, namely the depletion of shell-model orbitals through vari­

ous short-range correlation effects, could account for the quench­

ing. Susequently it was shown that the later argument is not viable 

[ I I .7 ] .  Further, at higher momentum transfers, i . e . ,  (~ iG eV /c), 

the effective nucleon- nucleon interaction is very  weak. Recently  

there have been calculations of collective modes of nuclear matter 

using realistic forces and the Tamm-Dancoff approximation [ I I .8 ] . 

These calculations show that at such large values of momentum trans­

fer there is virtually no collective response. Thus the modification 

of nucleon properties in the medium appears to be the only possible  

physical mechanism responsible for the quenching of the londitudinal 

response. To avoid ambiguities we would like to investigate this phe­

nomena in a parameter-free approach.



SECTION 3

Finite-Nucleus Model with Medium-Modified Nucleon Electromagnetic 

Form Factors

It is  now a well established fact that the nucleons and mesons are 

made up of quarks. In traditional nuclear physics the relevant 

degrees of freedom are taken to be nucleons and m esons.An in terest­

ing question that can be asked now is how does one modify this p ic­

ture to take into account the substructure of nucleons and mesons.

As we have observed in part I , the dominant fields required in 

the description of the nucleus as a relativistic system  of interacting  

nucleons and mesons are of (Lorentz) scalar and vector character. 

These fields are quite strong in that the strength of the scalar field  

is about - 400 MeV and the strength  of the vector field is about 

+ 300 MeV. It seems quite possible that these fields may modify the 

properties of the nucleon in the nuclear medium. To d iscuss such 

modifications in a parameter-free manner one requires a covariant 

model of nucleon structure. Such a model was developed recently  

[ I I .9 ] .

In the covariant soliton model quarks are coupled to a scalar field 

X which serves to bind the system . Quarks are further coupled to 

the fields of the OBE model of the nucleon-nucleon interaction. 

Resulting nonlinear equations are solved for a self- consistent solu­

tion by iteration. This model reproduces rather well the single
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nucleon properties such as the proton charge radius , magnetic 

moments , axial vector coupling constant etc.

The next step is to consider the nucleon in nuclear matter. (An 

assumption was made that the scalar field x, which serves to bind the

system  of quarks to form the nucleon, does not take part in nucleon-

nucleon interaction). The introduction of strong scalar and vector  

fields amounts to the insertion of a quark self- energy term into the 

field equations. In a uniform system ( nuclear matter ) the scalar 

part of the self energy introduces a shift in the quark mass parame­

ter and the vector part merely shifts the energy scale. Making use 

of a local- density approximation the quark mass parameter becomes a 

linear function of the local density of the nuclear matter.

When the resulting equations were solved it was found that the 

nucleon grew in size as a function of the local density of nuclear 

matter. There was an associated change in the nucleon electromag­

netic form factors. The predicted increase in size is precisely what is 

needed for the explanation of the 'EMC effect1 [ II . 10 ] .

It is quite instructive to look for experimental evidence for the

(predicted) modified nucleon electromagnetic form factors by studying  

those aspects of traditional nuclear physics that involve the nucleon 

form factors in their analysis. Thus naturally we come back to the 

analysis of inclusive ( e , e' ) reactions near the quasi- elastic peak.
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We stress  the fact that at a fundamental level quarks are the e le­

mentary carriers of charge in nuclei. Thus the appropriate current 

operator is

JV(x ) = e q (x) [ 1/6 + t^ /2 ] q (x)

(1)

We are considering only up and down quarks; e is the magnitude of 

the electron charge and is 1 for the up quark and -1 for down 

quark.

R eturning to consideration of the (e ,e ')  reaction cross section we 

now turn our attention to the response tensor. The response tensor  

is proportional to the imaginary part of the forward (virtual) Comp­

ton scattering amplitude, which is the Fourier transform of the 

current-current correlation function [ 11.11 ] .  In figure 3 .1  the 

forward Compton scattering amplitude for virtual photon from a 

nucleus is shown.

Figure 3 .1  

Here light lines represents quarks.
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Now we make use of shell model concepts and assume that quarks 

are found in nucleons. This approximation is represented in figure  

3 . 2 .

Figure 3.2

The modification of quark wave functions in nuclei leads to medium-

modified nucleon electromagnetic form factors. Tables of the ratios

Gg( Q2 , P(r) ) /  Gg( Q2 ) ,

0 P ( Q2 , P(r) ) /  GP< Q2 ) 

and G^( Q2 , p(r) ) /  G *( Q2 ) 

are given in the following pages for three different values of matter 

densities :
-31) nuclear matter density (0.172 fm )

_ 3
2) (2 /3 ) of the nuclear matter density (0.115 fm ) 

and

3) (1 /3) of the nuclear matter density (0.057 fm 2) .

From these tables one can calculate

Fp f ° 2I  ( Q ' , P(r) ) ,

F j ( Q2 , P(r) ) etc .



TABLE 11.1

MEDIUM-MODIFIED NUCLEON ELECTROMAGNETIC FORM FACTORS

Density p = 0.172 fm '3

V

(fm 2)

Gg(q2,p) Gg(q2,p) wjj(q $ P )

Gg(q2.0) Gg(q2,0) Cjl<q2,0)

1.000 0.923 1.105 1.113
2.000 0.851 1.024 1.031
3.000 0.783 0.949 0.956
4.000 0.722 0.882 0.688
5.000 0.668 0.824 0.830
6.000 0.622 0.776 0.781
7.000 0.583 0.736 0.741
8.000 0.551 0.705 0.710
9.000 0.515 0.670 0.674

10.000 0.482 0.638 0.642
11.000 0.452 0.611 0.615
12.000 0.425 0.587 0.591
13.000 0.397 0.563 0.567
14.000 0.370 0.540 0.544
15.000 0.344 0.520 0.524
16.000 0.318 0.502 0.506
17.000 0.292 0.484 0.487
18.000 0.265 0.467 0.470
19.000 0.238 0.452 • 0.454
20.000 0.209 0.437 0.440
21.000 0.178 0.423 0.426
22.000 0.145 0.410 0.412
23.000 0.108 0.397 0.400
24.000 0.066 0.385 0^ 90
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TABLE 19.2 

MEDIUM-MODIFIED NUCLEON ELECTROMAGNETIC FORM FACTORS 

Density p = 0.115 fm"2

-q2 Gg(q2,p) Gg(q2,p) G jj(q2,p)

(fm '2) Gg(q2»o) Gg(q2,0) G jj(q2,0)

1.000 0.958 1.069 1.074
2.000 0.918 1.028 1.032
3.000 0.879 0.989 0.993
4.000 0.842 0.952 0.956
5.000 0.809 0.920 0.939
6.000 0.778 0.890 0.892
7.000 0.751 • 0.865 0.869
8.000 0.726 0.844 0.848
9.000 0.700 0.821 0.825

10.000 0.675 0.800 0.803
11.000 0.651 0.781 0.784
12.000 0.629 0.764 0.767
13.000 0.605 0.746 0.749
14.000 0.582 0.729 0.732
15.000 0.558 0.714 0.717
16.000 0.535 0.700 0.703
17.000 0.511 0.685 0.688
18.000 0.485 0.672 0.675
19.000 0.458 0.659 0.662
20.000 0.430 0.647 0.650
21.000 0.398 0.635 0.638
22.000 0.363 0.623 0.626
23.000 0.324 0.612 0.615
24.000 0.278 0.602 0.610
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Calculation procedure :

Here we discuss the modifications needed in our calculation to 

incorporate the medium-modified form factors.

Since now F ^ Q 2) + F ^  Q2 , Pm( r )  ) etc. ,

we define

and

r V / ? ' q 2  > = Fi ( q 2  ■ pm(r)) n?)'

1 2 
1 Him/ k ’Q > =

ia(d? (  2 tt ) (  3 / 2 ^ exp [ i k .r  ] r l £ j m . C "r.Q2 ) »

9  9

r Hjm/ k 'Q ) =

i£ dr ( 2 -it ) ( -3 /2 ) exp [ i k .r  ] f 2 ^ m  ( r ,Q 2) .

Now

(2)

(3)

(4)

(5)

"m , 1 S ^ 2 > lV - 1 °UP V (2mN ) l 2 1!imj( k - « 2 > >

< y N * mN )

t ^  > ** * 1 <’,,X V  <2V  rV <  k ' Q2 > 1 >
] J

(6)

Define



93

'M  = ? 'q2 > 1iQ2 > •J J J
(7)

We write

1 o
r tjm / k -«  ) =•

E , «Ju <k >

(8 )

Here we have suppressed the Q dependence of the F’s. 

Then

pVj = [ (2j+l ) / ( 8 tt)  ]

i .e .

^ " ( k >  ^ " ( k ,

f \ f m  Fit“ ck)

-  F‘2ju <k >

(9)

[(2j+l)/(8ir)] [ Ax4j( k ,Q 2) + r° B1̂  k ,Q 2) 

- y .B 1̂  k ,Q 2) + y° Z .& J . i  k ,Q 2) ]

( 10)

Taking traces ,we find ,

a 1 h k,Q 2) = i  { * > > pj, 3u (k) - ^ ( k ) F \ f w

Bi*]< k,Q 2) = i  { * > ) > > ) + F \ ? (k )
Fj4jd (k)

(12)
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B^C k ,Q 2) = i  k { F ^ f k )  Fj£d (k) + F ^ k )  Fj£jU(k) }

(13)

k ,Q 2) = i  k { F ^ k )  Fj£d (k) - F \ d (k) Fj£]U(k) }

(14)

T \ J  = [ (2j+l)/(8'tr)j

4{gVV [ ( A1^  k ,Q 2) + Q2/(4m ^) A2£2( k ,Q 2)) mN

- B1^  k ,Q 2) .p N + (l/(4 m 2 ))

( Q2 B2£2( k ,Q 2) .p N - 2 B2£j2( k ,Q 2).Q  pN .Q)

♦ (l/m N) ( A2£f ( k ,Q 2) Q .pN - Q-B2^  k ,Q 2) ♦

(P/MA) .p N C2 £f ( k ,Q 2) .Q - (P/Ma ).Q  C2£j2( k,Q 2) .p N) ]

+ [ B1^  k ,Q 2) - (Q2/(4m 2 )) B2£2( k ,Q 2) +

/t
(l/m N) ( P.Q/Ma  C2£f ( k ,Q 2) - C2J (  k ,Q 2) .Q P/(MA))]p *
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v  v

+ [ B \ | (  k ,Q 2) - (Q2/(4m )) B2 2̂ ( k ,Q 2)

,2 1 , , ~2 . ^2 1 , . ^2 , v+ (l/m N) ( P.Q/Ma  C \ } (  k,Q  ) - C ^ (  k,Q ^).Q  P/(MA))]p £ >

(15)

where again all terms in and Qv are dropped.

Define

(16)

TV£? = [ (2 j+ l)/(8u )] 4

{ T , * ( B \ .  ♦ B ^ . p* ) T2 }

and again introduce .
*-J

The rest of the formalism is the same as before.

In this calculation we have represented the final nucleon by a 

(Dirac) plane wave whereas the initial nucleon is represented by the 

solution of Dirac equation containing a scalar and a vector potential. 

(We should in fact orthogonalize the outgoing wave to the bound 

orbitals. Also we have imposed gauge invariance in a particular 

w ay.)

One should check the model dependence of the resu lts. A rela- 

tivistic Fermi-gas model has the advantage that one can easily incor­

porate the Pauli principle. Also it is easy to maintain gauge invari-
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ance. Hence we discuss the relativistic Fermi-gas model in the next 

section.



SECTION 4
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Relativistic Fermi- gas model

The best feature of a Fermi- gas model [ 11.12 ] is that we can 

arrive at analytic expressions for the response functions. In this 

model the electron scatters elastically from a nucleon in the Fermi 

sea.T o satisfy  the Pauli exclusion principle, the recoiling nucleon 

must occupy a state outside the Fermi sea. Both initial and final 

nucleon are taken to be free. In other words we neglect the in ter­

action effects in the initial and final sta tes. Now thq hadron tensor 

is given by

WUV = [ Ma  /  Z2 ] I Z wVV (p) + N wVV (n) ] ,

( 1)
wW ( p , n ) = v - l j d£  j j { E n(£ } j

X  [ 2 mN f 1 Tyv [ 2 mN ] _1

5[ « + EN (k) - EN (k') ] 0( kp - |k | ) 6(1 k'l - kF ) •

( 2)

The tensor Tyv is given by

Tyv = Tr { [ Fx - i oyp Qp ( 2 mN f 1 F2 ]

X  * mN ] [ yv Fx + i ovX Qx ( 2 mN f 1 F2 ] [ ^  * mN ]

(3)

with
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k' = k+ Q .

Evaluating the traces and doing the integrals we have the following 

analytic expression for the response functions.

Rl ( q , w ) =

3 [( 4 ] {  t 2

[ ( 4  " E3 . ) /3  + mm' <0 ( E2 - E2 . ) /2  + «2(E1J-E . )/4 ]  mm' v F mm' 1

- T i  [ 2 , J ,
q /  Q ] < e f  ■ E . ) } . mm'

3 [ (4 kp q ) 1 ] { T2

[ ( V / q 2) (E^-E=.n ) /3  * » (E | - E ^ / 2

( (Q4) /(4 q 2) * m2 ) ( EE - Emln ) ]

- 2 T . ( E-, " E . ) } 1 v F mm '

Here

Tl  =
Q2/2 { Z [ F j + FP ] 2 + N [ F* + f£  ] 2 >

(4)

(5)

(6)

and
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T = 2

2 { Z [ F j - Q2/(4mJr) f £  ]" + N [ F j  - Q2/(4m ^) F* f  }

(7)

Further

e p = 1 4  * 4 14 ’

E . = [ k2 . + m2 ]*, min L mm N '

and

kmin = " + « /q  mN < q2/( -Q 2) + q2/ (  4 mjjj) }*.

Usually the Fermi gas model has two parameters :the Fermi 

momentum kj, and an energy shift e .In  the case where we incorporate
_  o  „  n

the medium-modified form factors we let F^(Q ) F^(Q , Pmatter ) 

e tc . ,  where Pmatter *s mean density of the appropriate n u cleus.
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The parameters used in our Fermi gas calculations are given in the 

following table :

TABLE II .4

Nucleus kF
(MeV/c)

pmatter
(fm '3)

z

(MeV)

12c 220 0.089 20

O O tu 251 0.102 28

cn X) (D 260 0.117 35
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Section 5

Results and conclusions :

Once again we stress the fact that the longitudinal response 

function in inclusive ( e , e ’ ) reactions on nuclear targets is 

determined by the quark density - density correlation function. How­

ever if the momentum transfer is not too high (£ 1 GeV/c) we can 

make contact with standard nuclear physics models by assuming that 

quarks are located in nucleons. In this approximation we have fu r­

ther included the possiibility that the quark wave functions are modi­

fied in the nuclear medium. This in turn leads to medium-modified 

nucleon electromagnetic form factors. Since the longitudinal response  

function is known to be free ( to a large extent ) from processes like 

delta excitation, m eson-exchange-current contributions e tc .,  we now 

compare the data with our calculation of this function.

Longitudinal response function :

The longitudinal response function is plotted together with the data 

for the nuclei ^ C a  and ^ F e  [ I I .2 .4  ] and the nucleus [ I I .2.3] 

at q = 550 MeV/c in figures 1-6. In these figures the dashed line 

represents the calculation with unmodified nucleon form factors. The 

solid line represents the calculation with medium-modified form fac-
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tors. In the case of the fin ite- nucleus model the theoretical 

curves have been shifted downward in energy by 20 MeV.This shift 

is not fully understood at this time but such a shift may arise from 

mean- field interaction effects. It can be seen that the solid line 

provides a rather good fit to the data.

Next we consider the lower momentum transfer data.In figures 7 - 

10 we show the comparison with the data at q = 410 MeV/c for the 

nuclei ^ C a  and *^Fe. Here the agreement is less  satifactory especial­

ly for the fin ite-nucleus model. The discrepancy may have its origin 

in the presence of residual nucleon - nucleon interaction , Pauli 

blocking, ambiguity in the imposition of gauge invariance, etc. 

Obviously these effects are less and less important as we go to h igh­

er momentum transfers. Clearly the agreement is better with the 

Fermi gas model in the region of the peak. It appears that the 

energy-integrated longitudinal response is given quite well down to 

about 300 MeV/c [ll,16] in the Fermi-gas model with medium-modified 

form factors.

From the comparison of the data with our calculation it appears 

that the quenching of the longitudinal response is a consequence of 

medium- modified nucleon electromagnetic form factors. Larger 

nucleon size also leads to an explanation of the 'EMC effect' [ II . 10}

Further the medium-modified form factors are found to be e ffec ­

tive in resolving some famous problems encountered in relating
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experimental charge distributions to theoretical ones [ 11.13 ] .  Thus 

a coherent picture seems to emerge regarding medium-modified 

nucleon properties.

Since we are discussing modification of nucleon properties in nuc­

lei and since these effects appear to be rather important , we have 

to answer certain theoretical questions.

The first question deals with the shell-model description of nucle­

ar structure. One can rely on a shell-model description if even after 

the nucleons grow in size the system is still dilute.T his in fact turns 

out to be the case. Still there is the possibility that the outer 

regions of nucleons may overlap as they come closer. The question  

of distortion of quark wave functions seems to be an interesting  

problem about which only very  little , if anything, is known at this 

time.

The second question deals with the reliability of the impulse 

approximation in this calculation. To answer this question it is 

instructive to look at the kinematics. Let us introduce the nucleon 

self energy I = A + Z°  B . Typically A " - 400 MeV and B ~  + 300

MeV. Introducing the Dirac mass in = + A , the energy of the
-*2 ~ 2 inucleon is given by e = B + (p + m ) . This shows that even

though the relativistic mass parameter is significantly modified, the 

nucleon inside nucleus is not verjr far off from being on mass 

shell.
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Transverse response function

The transverse response function is plotted together with the 

data in figures 11-16. In these figures we have also shown the d if­

ference between our calculation (which is based on the single-nucleon  

knock-out mechanism) and the experimental data. Here the agree­

ment is less satisfactory .Notice that as we go to higher momentum 

transfers the modified form factors make this disagreement more pro­

nounced .

Thus if the modified magnetic form factors are correct there is a 

large amplitude in the transverse response that is not described by 

the single-nucleon knock-out mechanism. The electroproduction of 

delta isobar is important in transverse response [ 11.14 ] .  One can 

as well expect that the properties of delta will be modified in the 

nuclear medium. Thus the width of delta may be enhanced leading to 

effects at smaller values of energy transfer. In addition meson- 

exchange-current contributions are very important in transverse  

response especially at larger momentum transfer [ 11.15 ] .  The 

understanding of the transverse response appears to be a problem 

worth detailed investigation in the future.



Response functions at higher momentum transfers
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At present the experimental data do not ex ist for momentum 

transfers greater than 600 MeV/c. In figures 17-24 , we present the 

longitudinal and transverse response functions for momentum trans­

fers ranging from 400 MeV/c to 1 GeV/c with free form factors and
56 12with medium modified form factors for the nuclei Fe and C . 

Even though the experiments are very difficult to perform it is of 

extreme interest to see the pronounced quenching of the longitudinal 

response at higher momentum transfers as shown in our figures.

( e ,e ’p) experiments :

In (e ,e 'p ) experiments , a proton is  detected in coincidence with 

the outgoing electron. Since the photon is  coupled to the quark, the 

interpretation of this experiment is affected by the medium modifica­

tion of the quark wave functions of the nucleon. Since in our model 

the medium modification of form factors depends on the local density  

of nuclear matter, we can expect shell e ffects. For example, the 

quenching in s and p shells will have different magnitudes. Detailed 

analysis of (e ,e ') experiments are underway and these will include a 

study of the effects of the medium-modified form factors used in this 

work.
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Complicated Nature of the Effective .Schrfldinger Potentials :

Let us begin by considering the Dirac equation containing a local 

(Lorentz) scalar potential, Ug(r ) , and a local (Lorentz) vector 

potential, Uv (r) :

{ o . p  + P[ mN + Ug(r) + Uuy (r) - t . r  Uxy (r) ]} T(r) = E f ( r )  .

( A l . l )

The wave function Y( t ) ,  in terms of upper and lower components, is 

given by

JO t t O

i'(r) =

t  (r) u v '

V P>J

Substitution in to the Dirac equation yields,

(A1.2)

"o o .p 1 \ ( r ) 1 0

+ IrnN+us (r )]

1 Q
Jr o

1

1—I 
* 

1O
1

[E- U v (r) ]

1 0 V p> 0 o.i*T

0 -1 _Vr> a .r  0

'i (r) u v *

L

Ur (r) v v /

1  (r)1  u v ’

L’ d 'r >

(A1.3)
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i . e . ,  the equations satisfied by upper and lower components are 

given b y

o .p  f d (r) + [ mN + Us (r) ] ^ ( r )

- [ E - U°v (r) ] Yu (r) - o .r  Ury (r) ^ ( r )  = 0

(A1.4)

and

o .p  Yu (r) - [ mN + Ug(r) ] Yd (r)

- [ E - U°y (r) ] Yd (r) - ~a.r Ury (r) Yu (r) = 0 .

(A1.5)

Eliminating the lower component in terms of the upper component , 

we have,

*d(r) = {1/t (E + mN)A(r> l>[o-P ’ O-r uV r) ] V r)’
(A1.6)

where A(r) = [mN + Ug + E - U°v (r) ] / [  E + m^ ] .

(A1.7)

The equation obeyed by ^u (r ) is

[ (E - U°y (r ) ) 2 - (mN ♦ Us (r ) )2 - F(r) ] Yu <r) = 0 ,

(A1.8)

where

F(r) = A(r) [ o . p  - o .r  Ury (r) ] [1 /A (r)] [o .p  - o .r  Ury (r) ]

(A 1.9)

i . e . , F(r) = {- V2 + (i/A r) (3A/8r) (r .p )
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- ( l/A r ) (3A/3r) ^o.L + Urv  - (1/A ) (3A/3r) i Urv +

i (2 /r) Urv - (1 /r ) r .p  Ury + (2 /r ) Ury  r .p  } .

(A1.10)

Now write ̂ ( r )  = K (r) x(r) , ( A l . l l )

where K(r) = A^ expjl[ i dr Ury ] . (A1.12)

Defining

UDarwin = (1/2E) [ '  U / (  ^  A)><8/ 8rH *2 ( 9A/9r)>

+ { 3 /(4  A2} (3A /3r)2} ]

(A1.13)

and

Uso = ( 1/2E ) { - [ 1 / (Ar) ] [ ( 3A/3r) ] > j

(A1.14)

we have the equivalent Schrodinger equation

[ ( E2 - m2 ] x(r) =N
[ - I 2 + 2E ( Ue£f + UsQ o.L  ) ] x(r) .

(A1.15)

Here U „„ = U~ . +eff Darwin

[ 1 / (2E) ] [ 2E U° + 2 mN Ug - (U °)2 + (Ug) 2 ] .

(A1.16)
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APPENDIX 2

Relativistic Scattering Equations:

We start from the equation

M = I + I g*+* M .& o
Here M is the generalized scattering amplitude,

I is the self-en ergy  operator

and is the modified propagator.

T hus, <P3P4 |M |p1P2> = <p3p4 |Z |p lP2> +

(A 2.1)

[ d4p5 d4pg 64 (P-p5-p 6 )

<p3p4 m p 5p6> g (+^(P5,P 6) <p 5p 6 im iPi p 2> ].

(A2.2)

Here P = ?1 + P2 = p3 + P4 = p& + pg .

( See figure A .2.1 ) .

P*

M

i #

Figure A . 2.1

Now introduce p = (p 4-p 2) /2 ,
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p' = ( P 3 - P 4 ) / 2  , and

k" = (p5-p 6)/2  .

Thus,

<p \P |M |p ,P >= <p',P |E |k",P> +

j[ d4k" <p',P |E |k",P> g (+>(k",P) <k",P|M |p,P> ].

(A2.3)

Here g (+*(k",P) =

t - ) 6 t ( iP  - k">2 - M2 } .

(A2.4)

In the center- of- momentum system P = (W ,0), where W is  

the total cm energy.

The equation

<p’|M(W) |p> = <p’ | E(W) |p> +

i/[ (2 n )4] j[ dk" <pMKW)|k">

< - 2̂ 1 ) M  ( iP  - k " )2 - M2 ) <k" | M(W) | p >  ] ,

(A2.5)

upon evaluating the delta-function becomes 

<p’ |M(W)|p> = <p'|^(W) |p> +

[ 1 /(2ir)3] |[  dk" (Z° (iW+k"0)-'y.k"-mN+ie)“1 { l/(2 E A (k " ))}

<k"|M(W)|p> 5(k"°-(W /2-EA(k")) ] ,

(A 2.6)
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with k"° = iW - EA (k").

Also put p° = iW - ®A (p) ,

p '°  = *w - EA t f ' )  .

Introducing the notation k" = [ W - EA(k"),k" ] , 

we have

<p'|M(W)|p> = <p'I E(W) |p> +

[1 /(2 tt)3] [ jdk"  { l/(2 E A (k"))>

<pi mw ) i k ">  y - J  +ie <k"iM(w)ip> ] .
N

(A2.7)

Next introduce ,
i  i

<p'|M'(W)|p> = fl/(2 E  (p ’))J <p*|M(W) (p> [ 1 / (2EA (p ))] _ L  ,
A A (2tt)

(A2.8)

i  i
<p'U ’(W )|p>= [ l/(2 E A(p '» ]  <p'|Z(W )|1> [1/(2E (p ))]  '

A  A  ( 2 tt)

(A2.9)

and

M'(W)|p> u (p ,s )  = S ' ( W ) |^ >  .

(A2.10)

Multiplying (A2.7) by u(p?,s) and using the fact that 

^dp" |p"> <p"| = 1

(A 2 .ll)

and using (A2.8) - (A2.10) we get,
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i  d ? "  < p ' i z ' ( w )  f p " >  < p - i 4 ; > >  i  =

[  d p "  < p ' |  E'(W) | p " >  < p " | p >  u ( p , s )  ] +

Y [ dp" die" <p'|Z'(W)|k">

<k"|E'(W)|p"> <p"|'i,i +)> ]2T.k"-mjg.+iE H p ,s

ie . ,  <P’l'i'^ s> =  5 ( p ’ - p )  u ( p ' , s )

+y  dk" Y.k -mN+ie 

<p' | l'(W) |"k"> < k " |^ ^ >  ]

(A2.12)

(A2.13)

Using (y.p* - mN) 6(p-p') u (p ,s )  = 0 , (A2.14)

we arrive at the Dirac equation :

[y ° { W  -  e a ( p ' ) }  - 1 . p '  -  m N ] < p ' l ^ >  =

[ dk" <p* | E' (W) pk"> <k" | ^ +g> ] •

(A2.15)
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APPENDIX 3 

Decomposition of the Relativistic Density Matrix:

The relativistic density matrix (in momentum space) has the form:

p(Q':Q") = I  V  (Q') V  (Q")

(A3.1)

We start with the expression for momentum-space wave function :

(A3.2)

Hence

<Ljm.Y( . (Q") = [ Ru „.(|Q "I) y #lm (Q") - Ru ffi(lQ "l) y l , m (Q") °.Q"]fcjm.

(A3.3)

and p =

Z..  I l ,  m,

B.u ej( |Q'| > RUej(lQ "l)

4 ,  « ’ >

Rdaj(]Q '!) Ru Jlj( IQ" I)

- Ru £j( |Q '|)  Rd£j(|Q "l)

y «Jm

- Rd£j( |Q '|)  Rd£j(|Q "l) 

i \  „ T  t c \  n>o.Q' y ojm (Q') y75„  (Q") °.Q ' y #. (Q’) y X ,  (Q") o. Q' }tjm. tjm.
(A3.4)
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Now write

p = p  + yv P + ovv + y5 p + y5 yw p (A 3.5)
v y\> • y

By taking traces we get

p s  =  (1 /4) Z£j {  2 RU£j( |Q '|)  RU£j(|Q " |) A £ . P £ ( c o s  0 )

- 2 Rd£j( |Q '|)  R ^ d ^ ' l )

[A^j cos d P£(cos £) + (Bgj/sin d) P£^ (c o s  ■&) sin2\l] } .

(A 3.6)

P ° v  = (1/4)Z£. {  2 RU£.( |Q '|)  RUaj(|Q " |) A£j P £ ( c o s  0 )

+ 2 Rd£j( |3 ' l )  Rd£j( l3 " l)

[A£. c o s  P £ (cos tf) + (B £./s in  $) P ^ ^ c o s  tf) sin2d] > .

(A 3.7)

“pv = (1/2) E£j [[ Q'{ RU£j( |Q '|)  Rdaj(lQ "l)

(B £./s in  ^) P ^ ( c o s  i>)

+ Rd£J( IQ'I) Ru£j(lQ "l)

[A£. P£(cos tf) - (B£./s in  tf) cos P ^ ^ c o s  £ )]}

+Q"{ Ru jlj(lQ 'l) Rdaj(l^ " l)

[A^ P£(cos fl) - (B ^ /s in  ■$) cos O P £^ (c o s  d)]

*Rd£jd 3 ' l )  Rufcjd 3 " l)

( B g j / s i n  * )  p [ 1 ) ( c o s  0 ) } ] ]  .

(A 3.8)

PoiT = (i/4) Z£j[[ Q 'V  RU£j( |Q '|)  Rd£j(lQ "l)

(B £./s in  3) p j ^ c o s  S)

+ Rd (lj(lQ , l) Ru tjd Q nl)

[A£. P£(cos 3) - (B £./s in  d) cos $ P^1 ) (cos # )]}



+Q"i{-RU£.(|Q'|)  R ^ d ^ ' l )

[A£j P2 (cos -3) - (B^j/sin d) cos

+Rd£j(lQ'|)  R ^ d ^ ' l )

(B £./s in  $) P ^ c o s  d )}]] .

= (i/4 ) fTo \  

eijk(Q'xQ")k 

Z£. {Ru£j( |Q' |)  R \ . ( IQ " I )

(B£j/s in  fl) P ^ ( c o s  tf)

-Rd£j( |Q' |)  Rd£j(|Q"|)

[A£j P£(cos tf) - (B£j/s in  d) cos d p£] 

= (i/4 ) e^CQ'xQ'1) 1 f T .

(Q'xQ")  

I £j{ Ru £. ( | Q ' | )  RU£. ( | Q " | )

(B ^ /s in  i3) P ^ ( c o s  d)

+ Rd £j( l Q ’ | )  Rd ej( l Q " l )

fAdj P ii(cos V  '  (B^j/sin  ■&) c o s  P ^  

(i/2 ) (Q'xQ") fav .

P£^ (c o s  -3)]

(A3.9) 

(A3.10)

(cos £ ) ] )  .

(A3.11) 

(A3.12)

(A3.13)

(A3.14)

(cos tf)]} .

(A3.15) 

(A3.16)
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In these expressions we have defined

v = i   ̂  ̂ Y x^ajm. m.m m.m m. am. imJ j U s  a s j a s

Here Y£m is the spherical harmonic function,
a

Xi is the Pauli spinor,2ms

r

Bfcj

( -  1 / 4 tt) for j=a+i,

( + 1 / 4 tt) for j= a-i,

cos 9 = Q'.Q" , (A3.20)

and

p £ ^ (c o s  9) = [ ( l+ l) /( s in  $)] [ cos 9 P£(cos d) - P£+^(cos d )] .

(A3.21)

(A3.17)

A£. = (2 j+ l)/(8n) for j= a+ i (A3.18)

(A3.19)

Here P£(cos 0) is the Legendre polynomial. 

Further we have used the relations for 

j = I * i  :



= [(£ + l)/(4n )] Pft(cos 0) - i o .(  Q' x  Q" ) ^  p j ^ c o s  0)

(A3.22)

and for j = £ - i  :

J J J J

= [ 1 / (4tt)] Pt (cos 0) M a . ( Q ' x  Q" ) ^  p j ^ c o s  0 ) .

(A3.23)
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APPENDIX 4

Free Nucleon Electromagnetic Form. Factors

2 2 2 2 Defining k = - Q  = q - w , we have

G?( k2 ) =
E ( 1 + /  18.234 ) 2

(A4.1)

where

k is in fm ^. Further ,

G"(k2) = 1.91 [ k2 /  ( 4 m2 ) ]
N '  J 2 2( 1 + k /  18.234 ) z

(A4.2)

GP(k2) = 2.793
( 1 + k“ /  18.234 ) ‘

(A4.3)

G£(k2) = - 1.91M / o o >
( 1 + k^ /  18.234 y

(A4.4)

and

gm( k2) = f a ( k2) ♦ f 2( k2)

Ge ( k2) = F2( k2) - [ k2 /  4 m2 ] F2( k2)

(A 4.5)

(A4.6)
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