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Abstract

The transient response of a rectangular window pane exposed to
a far-field sonic boom disturbance is studied with the help of both the
linear and nonlinear theories. The =snnic boom disturbance causes a
lateral disturbance in the form of an N-shaped pressure pulse and an
inplane disturbance in the {orm of a sinusoidal pulse.

In the linear theory, the imposition of lateral and inplane pulses
may he simultaneous or separated by a brief time-delay. In addition
there may be a static inplane load. Due to the inplane sinusoidal pulse
load, the equation of motion is of the Mathieu type. An improved pro-
cedure in solving Mathieu's equation is presented. The effects of the
inplane static and dynamic loads, the pulse durations, and the time-lag
are studied.

In the nonlinear theory, in addition to the usual simply supported
boundary conditions, two sets of inplane boundary conditions are speci-
fied: movable vertical sides and immovable vertical sides. For both
sets of inplane boundary conditions, the longitudinal inertia of the plate
is either neglected or considered by assuming that the longitudinal mass
is concentrated at the top of the plate. The equations of motion are
reduced to a set of ordinary nonlinear coupled differential equations by

using the Galerkin method. These equations are solved numerically by



Hamming's modified predictor-corrector integration method. The

effects of the dynamic inplane load, the lateral overpressure, and the

movable and immovable vertical sides are studied. A comparison of

the results obtained by the linea: and nenlivrea:r theories is made.
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INTRODUCTION

The effects of somic boom disturbances on structural elemenis have
been extensively studied in recent years [1]. The disturbance wae ideal-
17ed as an N shaped pres: - vave moving either parallel or normal
the =urface af the structural elemnent (2], The load is therefore laterally
applied., One of the most vulnerable structural elements is known to be
the plate glass window | 3). Due to a certain unfavorable rombination of
circumstances, a window pane rmay be subjected to inplane as well as
lateral disturbances. It is conceivable that much higher stress ampli-
tudes may result due to the presence of the additional inplane disturbance.

A rectanpgular plate subjected to an inplane static load tends to
become more flexible if the load is compressive and more rigid if it is
tensile. The vibration problems of a rectangular plate with constant
inplane static loads and various boundary conditions have been studied
rather extensively [4]. The dynamic response of a plate subjected to a
steady-state periodic inplane disturbance has also been extensively
treated [5][6]. However, the dynamic behavior of a plate subjected to
both lateral and inplane disturbances has not appeared in the literature.

When a flat plate is subjected to a steady-state periodic inplane
digsturbance, the plate may exhibit lateral oscillations. Thia type of

oscillation is induced by what 18 known as a pararerrie excitation,
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Linear theories can be used Lu predict tne frequieacy zounes for which a
lateral parametric excitation may exist. However, nonlinear effects
must be included to determine the amplitude of these oecillations,

Using a nonlinear theory, Roalotin [5] presented a one mode
solution for the amplitude nf *he lateral parametric vibrations of a
sumply supported plate, it was assumed that the longitudinal ma-~s of
the plate was small and, therefore, the distributed longitudinal inertia
of the plate was neglected. The periodic inplane disturbance was
transmitted to the plate by a rigid bar. The problem was solved for
a rigid bar that was massless and for a rigid bar which had a distri-
huted mass along it. The principal instability zone was determined as
well as the amplitude of the lateral vibrations.

Somerset and Evan-Iwanowski [6], using a large deflection
theory, analyzed the same problem using a four mode expansion for
the amplitude of the lateral parametric vibrations. There was a dis-
tributed mass along the rigid ba1 un the top and the effects of the dis-
tributed longitudinal inertia of the plate were included in the analysis,
It was shown that the inplane distributed inertia influences the fre-
quencies associated with the principal instability zone. Further, it
was shown that when the mass on the top becomes very large, the solu-

tion reduces to that given by Bolotin [5].



It is ¢lear that the primary aim of ‘I..: above investigations [5]
[6] was to study the dynamnic stability of the structure under the para-
metric excitation, The phenomenon of instability is associated with
large tine, On the other hand the nrescot investigation deals with the
dynamic resnnnse of a re« ‘anuular plate subjected to both inplane and
lateral listirl auces which are essentially transient ir nasir -,

The rectangular plate under consideration is simply supported
along all edges, It is subjected to a lateral disturbance in the form of
an N-shaped pressure pulse, and to a dynarmic inplane disturbance in
the form of a sine pulse (Fig. l). The impousition of the lateral and
inplane disturbances may be simultaneous or separated by a brief
time-delay. In addition, there may bhe a atatic inplane load (or pre-
stress) in the vertical (y)direction. However, the loading condition at
the top of the plate is such that it is incapable of transmitting a tensile
load. In other words, the combination of the prestress and the dynam-
ic inplane load can never be i1n tension and, if the prestress is absent,
the sinusoidal inplane pulse has onlv a compression phase.

The problem is studied first by a arnall deflection or linear
theory., Due to the presence of the inplane dynamic load in the form
of a sine pulse, the equations of motion are of the Mathieu type [7].
For the present problem, only the stable zolution is of interest, The
homogeneous equations are sulved by a nr s edure a1t sc suggested by

Floquet [8]. Following MclLachlar |J], the soiutiun 18 obtained in



terms of Mathieu functions of fractional ord... llowever, it is dis-
covered that the procedure outlined by McLachlan does not always insure
an accurate determination of the coefficients in the series solution. An
improvea procedure is presented in haoee - 2 which removes this draw-
back. Once the solution to the homeogeneacns equation 18 obtained, the
it Cules solution is determined by the method of voriation of para-
meoters,

It may be anticipated that the lateral deflection of the plate may
reach such a magnitude as to render the results of the linear theory
invalid. In that case, the nonlinear plate equations known as the Von
Karman [10] equation must be used to take into account the stretching
of the mid-surface of the plate. For this dynamic problem, the equa-
tions of motion and the associated boundary conditions can be derived
by Hamilton's Principle [11]. The derivation is carried out in the
Appendix,

In Chapter 3, the problem is posed tor two different inplane
boundary conditionsa: novable vertical sides and immovable vertical
sides. Along the top edge of the plate., where the dynamic inplane load
is transmitted to the plate, two sets of conditions are specified. One
has the longitudinal mass of the plate lumped along a rigid bar and the
other a rigid bar with no mass. Al! the sides of the plate are con-

strained to remain straight. A three mouc cxpans.oa for the lateral



deflection is pruposed. I'he inplane aispiacemenis are determined in
terms of tfe laterci deftection By using the Galerkin Method [17], the
equations of motion governing the lateral deflections are reduced to a
sct of ordiary differential eqaat.on <0 These equeinns are coupled
and nonhinear, and are soi ¢ rumernicady using ia.nming's Modified
£ood o . t1-ctor Integration Technique [13].

i Chapter 4, the solutions based on the linear and nonlinear
theories are applied to a square elass plate with the ratio of sides, a,
to thickness, h, of 240. The severity of the dynamic response of the
late to the dynamic loadimegs s studied with the Lelp of a dimension-
less quantity known as the dynamic amplification factor for stress
{(ITAF)Y., The DAL 15 defined as the ratio of the maximum dynamic
stress to the maximum static stress. The maximum static stress is
ob:tained on the basis of the sinall deflection theory when the plate is
subjected to the peak pressure of the N-shaped pressure pulse uni-
formly applied over the plaite. 11 1s scven that 1l the DAY 18 known for
a given plate subjected to the given disturbances, the maximum stress
can be easily obtained.

Using the linear theory. the cas« with no time-lag is con-
siderod first, followed by the case with cither a positive or a negative
time-lag. A positive time-lag means th.t the lateral disturbance

leads the inplane disterbance hy 3 « -~ *7 e Tha pffecte of the



inplane loads (both static and dynamiac), the duration of the inplane
dynamic load, and the time-delay between the inplane and lateral dis-
turbances are studied.

To simplify the amount of computations in the nonlinear model,
the duration of the inplane and lateral disturbances are made the same
and the time-lag is not considered. In the case of the movable sides,
it 13 shown that if the prestress is absent the effect of the longitudinal
inertia is negligible for the problem studied, The effecta of the
dynamic inplane load, the overpressure of the N-shaped disturbance,
and the movable and irmovable vertical sides are studied.

A comparison of the linear and nonlinear theories is made to
delineate the validity of the linear theory. For amall overpressure,
P, less than 2ps® the deflections obtained by the linear theory are

only 10% greater than those of the nonlinear theory. for the plate con-

sidered.
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Chapter 2 Response of Rectangular Plates Based on Small Deflecticn
Theory

a) Fourmulation of the Problem

Consider a simply supported rectangular plate, of sides a and b,
and of uniform thickness h, which is subjected to an inplane as well as
a lateral disturbance. The lateral disturbance is characterized by an
N-shaped pressure pulse followed with a time delay, to’ by the inplane
disturbance characterized by a single sine pulse. In addition, there is
an inplane prestress in the vertical direction, Ny' The plate and the
disturbances are illustrated in Fig. 1.

The equation of motion of the plate [14] is:
DY T w + [Qq 5indT (£-£) H(E-t,) H=Toty-t) +NIwiyy

+ W = po(2-2¢/T ) HIT 1) (2. 1)

in which comma represents derivative with respect to space and dot,
derivative with respect to time. w is the lateral deflection of the plate,

and H is the Heaviside function, Defining:

w-w .t ot T-L . 5
h (2P T4 Ly, (2.2)
where T 11 is the fundamental period of the plate corresponding to

m - n = 1 in the following period equation:

—

= 2 T [\ 7\2 2
Lmn’ﬁj% “‘;) *(’5) ] ) (2. 3)



(2.1) may be written as:

_ 2 2
":‘3 wl gty 54._[ch,n—-zt FIHETIH*T 1, - 1)
ol £ 2 ok
M M r (2. 4)
b
+~,]'w,~,-,= Caape (1- 2812 HE-E) .
h
The boundary conditions for the plate are:
W ;:—xx 0 atx 0 and x  =a,
(2.5)
w w_';y -0 aty - 0O and y - b
Letting
+ T 5 4 NI RIS
- - . T
wWix,y,t) n%.i r%.:i Tonlt)sintg sin =g (2. 6)

and expanding the right side of (2. 4) in a double sine series, one gets

for any {m, n) the following differential equation:

2 r
" ' Tr [ (2” '511) -{znT )‘ Ni }
(4] inn ““"‘"“”‘——'-_Crnr‘ r'l,:_

- enm) %0 sin &7 (-t H(E—ia‘le«i*io-i)} (2. 7)

c =

2 - - - -
- 6P b (3 2BITIH(T-E)
mnTl”U"c_H'

in which the time derivative is taken with respect to t and



NC = h Te
2 2 2
Te = mAE —E (h) [_b__/ﬁ'{_iﬁJ (2. 8)
302-22) 2
(2.7} may be written 1n a simpler forin
Tore = T [ B 25+ S EEIHIETo) HELT oE-F )]
(2.9)
- f, H(Z-T)
with
2[ /23, 4 N 2]
i 1 ron
nn (e} /th) Ne
25, = tanm)” Yo
(2. 10)
2 o
Smaz Stfo (5) (1-28/7)
mnT*de \h
Usiny the following transformation
T (E-to) - I
S °) T 4 (2.11)
(2.9) becomes:
d* Tmn ¢ . TR z
31 4 'l')’fiAmn-z-b”cos 2y H[“-;—TI('V;J]h[dr--— (n+rg )]}T )
- - 7z (2.12)
=hmpt) HL T 2o - 1“:(1* ‘) ,
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with

. T Ny 2
Amn = 4{*:)2[ 11 . ¥, ]
mn (zmn) N
Q (2. 13)
= 2(nat)® Ro
U .
2 -2 -
. L3fPob (AT J2k ey LTy 2ty | (2. 14)
Pma® mna, k& (112) “4-F Ax 7

It is assumed that the support at the top of the plate is such that no

tensile inplane load is transmitted to the plate. Hence the fo .wing

condition is specified:

NY+Q0 Cos zv} =0 . (£.15)

Three cases for the time-lag are considered: ?o< 0 .

t, 0 , and t_o > 0 . In the time interval where the inplane pulse
1a off the plate, (2. 12) becomes an ordinary differential equation with
constant coefficients, and with proper initial conditions, the solution
is easily obtainable. In the time interval where there 18 an inplane
pulse but no lateral load, (2. 12} becomes an equation of the Mathieu
type. If there is an inplane pulse as well as a lateral load, (2.12) is
an inhomogeneous Mathieu equation. The procedure is to solve the

Mathieu equation supplemented Ly the particular solution which may be

obtained by the standard method of variation of parameters.
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b} Solution to Mathieu's Equation

The following equations are the typical ones that require solution:

:7.'0}) +CA-21 cos zn)‘l’(q,) = h(’b) (2. 16)

:’;(1) + (A - 29 coszn) T“l): o (2.17)

where T (n,) represents the second derivative of T with respect to n
A and q are given as specified in (2. 13). The initial conditions may he

speuitied as follows:

at fL-’vl*f T(’a")'-'-' Dj_

T('LL) - DZ

where I)I and D, are prescribed or predetermined.
e
The solution to (2. 17) may be written as [8][9]:

© ' .dn D 254
T= K, ﬁdms?-_fzse”%* K, e mé_nczs e 1 5 (2.18)

where K1 and K, are to be determined by the initial conditions and d

2
is a number, depending on A and q, still to be determined. For the
values of A and q chosen in this investigation, the solution, (2.18),
would always be stable at large v, Therefore d can be repre-

sented by i( § + m), where {§ is a real fraction and m is an integer.

Then for m odd and even (2. 18) takes the following forms reapectively:
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0 oo )
T= Ky r?-mczru Coscar+a+ gy + "223_%”1“”‘"*”*3’& (2. 19a)
o0 o0 .
T- K, E-mc-" Cosc2rtg)n *”23.,524" Sin(2refdn (2. 19b)

Substituting either term of (2. 19a) into (2. 17) and setting the coeffi-
cient of (.'os(zr.fjfg,)rl or sin{2r+1+§) n to zero for rz-wo tp oo

one obtains the recurrence relation

[A-Gr+s+g)]C

2r4a %(Czng‘“czr.-i)-‘-o- (2. 20a)

Similarly, using (2. 19b) one gets:

[A-Car +8)°1 C, - 9(C,p,,+Chr;)=0. (2. 20b)

Allowing r to take both positive and negative integer values as
well as zero, a number of simultaneous equations in the same number
of unknown coefficients are obtained by truncating (2. 20) from both
ends. It was found that by truncating the series atlir/ > rp = VA/2 +N
where N 2 5, the terms of the series neglected are very small due to
the rapid convergence of the series. S5Since there are n simultaneous
homogeneous equations in n unknown coefficients, the value of & may

be determined as an eigenvalue by setting the determinant equal to zero.
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This procedure, however, is not suitabie because i1n most cases (except
when A 18 very small) it is very difficult to find & accurately. A
more accurate method of obtaining & must be used. This method is
discussed in the next sectiomn.

The $ , evaluated By the method outlined in the next section,
is substituted into {2.20), and the coefficients may be determined, An
accurate evaluation of the C's depends on the correctness of @ used
and the procedure by which the (s are determined., If the Cs so deter-
mined yield a check & which is the same as the original § used, it
is an assurance that all the Cs are cuorrect., Otherwise, the results
are in doubt, Assuming that an accurate & has been obtained, the
proper procedure is to set aside the equation having the smallest factor

(absolute value)} for C in (2, 20a) (or for C in (2. 20b)). Each

2r+l 2r
coefficient in the remaining equations is then normalized with respect
to one of the coefficients, and the equations solved for the normalized
coefficients., By using the equauion which was singled out at the start,
the accuracy of the C's is checked by recovering § and comparing
it with the initial value of & . In the present work, the recovered #
usually agree with the initial ones to several significant figures,

It is noted that the ahove procedure is different from that of

Mclachlan [9] who always sets aside the equation for r = 0 in (2. 20) for

recovering § . When Mcl.achlan's procedure is followed, Table 1
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indicates that the check §& is far from confirming the fact that the
initial & used and therefore the coefficients C determined are
correct. It should be pointed out that the initial & listed in Table 1
are obtained by an improved formula supplemented by an iteration pro-
cedure They are believed to be more accurate than those obtained by
the existing method [9]). This is confirmed by the fact that by adopting
the new procedure outlined above, all the initial B"S are confirmed to
be almost exact,

Table 1. Comparison of Initial and Check §

A q Initial § Check §
4. 465 0. 744 0. 0893 0. 0570
17.28 2. 88 0. 1251 0. 1803
58. 94 0.028 0. 2379 6. 2250
38. 88 6 48 0.18957 0.12413
41. 827 211 0.4674 0. 582
69. 12 11 525 0.2535 0. 371
84,27 14. 045 0.11349 0. 0572
108, 00 18. 00 0. 31739 1.4828
125. 14 15. 68 0.155 -0. 681
144. 00 18. 00 0. 952 0.679
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For modes higher than the fundamental, Ais usually very large, and
much bigger than q. Then another procedure, namely perturbation, is
more efficient for obtaining the solution [9]. Rewrite {2.17) in the foll-
owing form:

T+AL = (29 coszr})T {2.21)

First neglect the v . h, 5. the solution ther cangiarg af con ﬂlz and Binﬂ'vz,

Now substitute cos{A n for U onthe v, h. s, of (2,.21), there results

T + AT’%[Cos(mfz')vL+cos(ﬁ-2)rL]) (2.22)

for which the particular solution can be obtained, Substituting the latter
for T in (2.21) on the r.h. 8., another particular solution may be obtained,
By repeating this procedure, and also using sin{A rl , the solution

takes the form of an infinite series;

rd oo
T=H, ‘zj_ CrcostA-ariy +K, :;.:-,- siffA-2r)y (2.23)

with the recurrence relation as follows:

4rdA-r)C. - 9(C  +C,, )70

If r << A, the recurrence relation may be simplified to yieid:
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+C =0 (2. 24)

i
(Coy #re)

4rC, - -

which is identical to the recurrence relation for the J-Bessel function

provided that

. d-(el2{A) . (2.25)

When q/2 /A <« r , T may be represeniel by the first term

of its expansion, or

-
Cr = (g/47&) /1! (2. 26)

giving
Cr/cr-1: %/4”’— .
Hence the coefficients decrease very rapidly as r increases (2.23)

may be expressed as:

Mo ro
T=K 2 J(2/2{A) costVA-2rin+K, 2 J',-(zlzm)sin(ﬂ-zr)g (2.27)
r:'ro

r=lo
where r represents the largest r at which the series may be trun-
o]

cated.
Once the solution to {2.17) is available, the solution of (2. 16)
is obtained by the standard method of variation of parameters taking

into consideration the proper initial conditions.
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c) Determination of §

Alternatively the solution of (2. 17) may be written after McLachlan

[9] as:

T= N Ced (n,q) + H.Se (n 2, (2.28)

ethie poo 70 am it X are constants to be determined by the initial conditions

ird wneve

= [ AP
Ce = Cos en + ':z:i v Cr“lf"J) (2. 29a)
S ' 5 r}' (2. 29b)
e s”')dllf-ziz ,.(lz,ol) .

which are known as Mathieu functions of fractional order. The functions,

Er,(rl,d) and ?r(VL,d) are still to be determined. d is a number

which may be represented by d "m + g with m an integer and 0<g < 1.
It is8 noted from (2, 17) that A and g must be reclated so that when

q vanishes A reduces to d? and the solution degenerates to the firat

terms of (2. 2%a) and (2. 29b). Letting

Arol 4-"2«\,.% (2. 30)

and substituting Ce and Se as T together with (2. 30) into (2.17)

d d

and collecting coefficients of like prwer~ of q, ‘hrreo reasults an infinite
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o o~
number of ordinary differential equationa in Cr and Sr which can be

solved in sequence. By requiring periodic solutions for 'ér and ‘gr ,
the Er' gr and o, can be determined. McLachlan [9] has given
the o up to =, . It was found that it does not always yield a suffi-
ciently accurate value of # . and hence the term % g is hereby pre
sented. '+ o ar he shown that the o . with odd indices vanish and those
with even indices are-

dz: --~—~—-—‘-—i 2
2(cl4-1)

dgz Sdit7?
32(ol?-1)7(d > %)

w - 9d +58d#29
A (d2-1)% (d*-4) (d%-9)

- m._'id'o.a amda_-_:_-roasi‘+ c-n.zad*e §295¢5d 2+ 274748

“g C4(420)(ol2-1) 7 (d*-4)3 (ei2-9) (% /() ’ (2. 31)
It is seen from (2. 30} if o, 12 << rJz , and the series is rapidly
convergent, as a first approximation d* = A . Inserting A for d? in X, .

and omitting terms of powers of q larger than the second in (2. 30}, as

a second approximation:

2
2 _ 4 % 2.32
%= A - 3571 - (@38
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Substituting (2. 22) for % in 5, and retaining d° - A for the other o
r

of (2. 31), (2. 30) becomes:

- : 4
2. 22 A . Al)q . {s5A+£T7) 9
A imr @) [ 21A-1) - 5% SZA 1)3(A-T)

-

A cRA *2_9_2_1._5 .
(4 1A T}T’—g—_‘f‘)(ﬁ'?)

£4(128)(A-1)7714 (A 9 (A 10) - ]_(z.n)

5 .t )
(19604 1 LAY 14035 A 4 (w2284 1 iy LA r."?f'??'c?)zg

Now {F may be computed by the following procedure: sub-
stituting (2. 33) into {2. 31) to evaluate the o's which in turn are sub-
stituted into (2. 30) to compute a new d. The value of d is substituted
into (2. 31) to determine the newo('s which in turn are substituted into
(2. 30) to compute another d. This procedure is repeated until no
substantial change takes place between two iterations. Once d is

obtained & can be extracted,
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Chapter ¢+ Response of Rectangular Plates Based on Nonlinear Theory

a) Formulation of Problem

In Chapter 2, the linear helavior of a reciangular plate subjected

tr the simultaneous applicat:s  of th disturbances shown in Fig. 1 is
Qoarine - ae.or, if the lateral deflection is not small as comyp red
13 U . ness o7 the plate, the linear theory <. 'n Chanter 2 may
not give  an accurate Jescocptor s e rue bebavior of the plate. In

essence, the terms that repvese-r the stretching of the middle surface
of the plate must be retained resulting 1in a set of r nnlinear equations
of motion. The static equivalent is known as the Von Karman equa-
tion |1 0].

In this chapter, the nonlinear equations of motion will be used
to stndy the same problem dealt with in the previous chapter. The
equations and the associated hboundary conditions will be derived
through the use of Hamilton's Pr...ciple in the Appendix. These equa-

tions are:

(3. 1a)

bpo (1-2E/TIH(T-E) +/'_-b_14.:£_3)( I Wk e +£W,9v,££)
£ 15, b

A



- ) . = .. w2 G-
o 2 b 2 ﬂvb E 7:11
b v IV I - - - - .= s - -
+h (_y_)x_w’g(_gf + Ei_u_) Wiz W + _C1+l{) W _f.’ﬁ.?’) = O
a3 2 ab? ° a t?
K . T v - = - f 4 ’2) \ - -
' C e :-ﬁ) h Vigx + L:"_'ffyﬁ_ u’xy “ v $t
7 ( Wy Mhy/ s {_:_ ”J \ ‘_f‘_.g‘t"_");(_x +_':_f ¥ w’i_wa * ~;) = 0
* b3 2 reh 2 a*h
where w wo, nu u . x x :._ j oandt 1
h h b "

In addition,

XX

Y

ol §

h a)“ + .
_Q.. h

T, 2
.2-2(“'1;)

P b

the middle surface stresses and strains are;

21

(3. 1b}

{3.1c)

{3.2a)

(3. 2b)

(3. 2¢)

{3, 3a)

(3. 3b)
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Nx_{ = Eh__ E;ry {3. 3¢)
2(3+43)

The plate is simply supported in the lateral direction., In the
plane of the plate the edge v O is res'rained from motion and the
vertical sdpes ire either . llowed to move or be restricted from
codier o ALl the edges arce restricted to remain straight. At the top
"\; phooare arrasg o edae candition dig mairte e oy Taving a rigid
har. Tbe rigid bar rmmay he massaless or mAay have a distributed mass.
Yhererore the boundary conditiong can be statea as:

w o w, —— -0 at x 0 and x 1

X X
w oow, —— =0 at;-O and;--l (3.4a)

YY
u tx - 0
u ¥ x(f;) at x
u .- ]:— at x =
u {x( ) x = 1
; =0 at ;«: = )

v P () aty = 1
Y
(3.4b}
N - — - e
xy =0 atx -0, x =1, yv -0, and y i
(3.4c)

It is noted that when the vertica! sides are reatrained from

motion, ?x({-) is zeroat x O and s 1.
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b) Solution for a Rectangular Plate with Movable Vertical Sides

I.et the solution (or w be:

Wi(x, y, t) = A(t) sin 7 x sinTy + B(t) sinT x sin 37y

¢ C{t) sin 37 x sinTy (3.5

where Alt), }S{F} and C(t) are functions of time. Substituting into

{3.1b) and (3. 1¢) and retaining the products of A%, AB and AC, the

two coupled partial differential equations become:

— .. — - ‘ - - -
h gz, 4wy hGugy (140 h Vigg . -y Ugieg z o
a8 2 2 2 abh ETdy {3.6)

pea-w b T ek ALt1-y2I Vg oy §,%0©

h h
b 2 a? z ob = T4y

<\
-
i

(3.7)

where

§,(%,7,8) = ‘_?‘;'g_if g AL (- b+ va’ 7 5in 27X +Cb2+a;‘)5:r:‘ric.os:'ﬂ?]
b FABL (- 202+ (-248))sin 21X cosamy
+{2b + (E-2)ar) sinaTT% C.oS‘!ﬂ7]
FACL(-eh“2.0a%)sin2mx ~(-12b% +40a®)s n 4T X
H(6b% 22%)sin2TmR Cosany

+i2b% 4a?) 5,0 4Tx cesany ) }

and
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g A T (-a2sub2)5,02m7 +(a? +8*)sinam i cos 3]
+A3[('6q,z-2y};,2)5u)2n'f f-(-l?a,z,.‘!ybz)smfﬂ?
+{6aq2-2b7)sin2my ros aTTX

t (1202 +9b2%) i 04T 7 cosm ]

+ACL(-2a?  -2¢80) 7 )sinam; rOSITTR

tl2a? +(8-223b%)simimy C0€4rr;—.'}

Solutivmstior u {x., y, i:l___ez!‘l}”_“' (%, y. 1)
l.et

ux, y, t) WKLy, ) ra, by t) (3. 8a)
and

where Gl (;, ;, t)

(3. 8b)

and ;;l;',{ , ;_ t) satisfy the homogeneous differ-

ential equations ( &4 = §, =¢C) with the inhomogeneous boundary

conditions (i. e., (3.4b) and (3. 4c)) and GZ(;' ;_ _t_) and ;2 (x, y, t)

satisfy equations (3. 6) and (3. 7) with homogeneous boundary conditions

(i.e., (3.4b) and (3. 4c) with ¢ _: ¢ = O).
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uz(;, ; ?l anf_i_\-'zi X, y t)
Let
- - - 2654 . 2iNA _ -
Ua(_ft,?,t) = SHiy VN X t ot Sinadnx CosaMny
_22-45 - - -2 A ' - -
+ U 3. 2NXUSAM Y + U 1 gsm:nrx cos4mY
- 20CA " - _ALAC .
+ ”2 sl 2T X + u“"'r Sin4 «
— 2/"- - - - y c L -
+u2 ub:’:;zﬁxt sx @b _l_-iaA St 4Ny COS2TY (3. 9a)
and
- . . T._ —02AA ' - L2l A - -
VZ(X3~;,t)- N4 sty 1T v COS2T X 34l Y
- - - A . -
+ Vo&"x& Sany + VU+ 3;::‘:41‘?7
_ - . -~ ~24A8 - -
+ vnAB CosaMx sinany + V CosaTx sin4Ty
- 1A'C _ - -'42AF - -
+ V2 Cous3MX SNty « Vv cosenx sinany .

The superscripts

terms.

(3. 9b}

of y and v are used for easy identification of the

The analysis is greatly simplified if the longitudinal inertia

terms in (3. 6) and (3. 7) are neglected.

To compensate for the effect

of longitudinal inertia, it is assurne:d that all the masa of the plate is

concentrated at the top of the plate along a rigid bar,
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Substituting (3. 9a) and (3. 9b} into {3. 6) and (3. 7) and comparing
the ceoefficients of each ¢;n X cosnmry (Equation (3. 6)) and cOspﬂ;?:,'nr”?
{Equation (3. 7)), the unknown coefficients in (3. 9a) and (3. 9b) can be
determined in termas of the unknown time functions of the lateral dis-

placements. This results in the foilowing expressions for -62 and ;ZT

J, (2,7, E) = 7”;{ A? [(_ﬁ_lg%_ﬁat_?_)si‘nk‘ﬁ; 4 TN R X '29527?77]
16 a. b® tea

+AR [( alh%(-2+43)-b%-52%) sinoirx cosomy
Salaltb?)?

+ (a2 b8 -v) th?+20a%)sinani cos+7!'f]
8o (talrb?)*

tAC [ (-¢h2-2w a2 )sinsTix 4 (-12h%r4002) 51n 4mrx
16 a b2 (qab?

s (a2 b2(+ ) +386%-0%) sinax cosamy
Ro (a?rpd)?

4 (a2bh? (6-)+126%a%) sineT% c:o.sm;j}

do. (a2 +4h%)2
(3. 10a)

and
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vy tx,¥,3) = Th i Al [(-of«wa_) $5iN Wy + 1 tosami sin3my
X bat 165

+AB [(-Go-‘—2yb’) sinamy +(-12a2+10b%) sintTy
/6 bat 64 ba?

(22 h2 et +3at-6%) cosamisinany
ebtat+b?)2

Fealhite-v) v 12a%4 L") cosamiiain 1)‘7;]
1bh (4o’ + 671

rAC [ (a2b2(-219¥) -at -sb%) cos2nxsinawy
8bla?rp?)?

4-(0.1[)2 (g-vo+ats )'o_bj_)ao.séﬂi’ s/03MY
8b (0244 4%)2

(3. 10b)
Displacements «Il (x, y, t) m.ch1 (X, y, t)
Letting
:1 (x, y, t) = (1 - 2x) \p‘("t_) (3. 11a)
v,y 8 = oy ‘f’y(t_) : (3.11b)

it is seen that the boundary conditions and the homogeneous equations
of motion are identically satisfied. The functions ?x (¢) and ‘nyt)
are obviously related, and may be determined by the equilibrium con-

ditions along the boundaries,
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First consider the dynamic equilibrium of the rigid loading bar:

1 -
, 2ME = 3
LNY“,:J%)&, 2 - (Ny+Qy sin 2 HE E) - Myh o'ty ). (3.12)

Using (3.2) and (3. 3), (3.12) kacomes:

P, -2 2
RS e &Y “"’o"lf 4'?2/_1"_ f;) = E.u. (Nrr':'fh sin - *i'”fdz t)

o’ o Hi )
I qwe TP h At (141 1) (3. 12a)
b8
2
where Wwe = E h _ and Mb is the mass per
Mbbfi';‘_)

unit length of the rigid bar. Since the vertical sides are movable,
the stress resultants along the boundaries x =0 and x = 1 should
vanish, which gives:

-

(1): Tbh ACa - w P, tE : 3.13
2£f*)5%§ +u:.2) w £, 1E) (3.13)

Substituting (3. 13) into (3. 12) yields:

d’ d e, . (T, we)la- ¥2)f, = Z‘,;(N,+Q sm-—z—_ I -£))
/% Figh

r(t,luo)}"ﬂ'jb_d (1-.%) (3.14)
b 8



29

Lateral Displacement _

Substituting (3. 10} and (4. 11) 1tuto {4, B) to getl-i_ and \-T, and in
turn G v and h\;* (3. ), mmto 3.0, < 3) and (3, 1a), the last equation,
(3. 1a), governing the latcrat g« 000 ot an be reduced to three

ordinary nonlincar coupled o i v o tiat Cpations by using the Galerkin

methon 10 These cgquations are:

VN A P O B N I T 2E/F)HCT-E)

AFT e N AR
5 .
_ thr,"“'zii : A5 I.fr P I o :‘)'_ 3A26 - 3_&3;
1 ae } (1-v* )l Wt A A Pt Py rnt
A i " PO " 3\
f(-_ If?'f\/p f‘ y T . s _)I \g (3.15)
'T“hfi y‘) e’h 17/ A

B T ru( N ?J‘ Lo fu 1 28 /E)HCE-E)
ot «ﬂf‘ﬂ"

At? At

5}3771?-"“ {’52_5 fe=qp® | o .-f'e’,‘__’_ff} A 48
Jept (1-32)0 oA Mt 2 (422062 (3.16)

IGAZC N KA 1B
(a?462)2 7 @7 T T WP

vi, 9N 2¢ v '
I ct:”l L:’)J ’(15 n,bz)J}
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==+ 7" "1 ; 16 %safe (1-28/F)H(T-F)
ot o a? b e b7
CERTALY (A 7i7 00, sel | @--«_ﬁ)_ AP Ac
16 A% L2 g ath” b 19 @i+ 46%)" (3.17)
LA e A8 e upf(_"?_y ) ,2€, (9 ) 1
nrinit wren®)s bl aa o "t
To siniplify the piresert analysis 5 sqaare plate is8 now considered.
Eliminating t{?_x froees [+ L2, 0o Le gy ana (017, une gets:

—diAz + 1A =
o

192 ottty 14 (-

SEITYHCTE)

t rie .
) (3.18)
(3T -0 [ 44% 3ATB-3A*C _16A¢, o_._'l
4 2 h
:%32 + 1002 B !-"ff*ii y’)[“; (1- .t/ yHLE-L)
(3.19)}
37%1-0%) A"u(af+ 1A%, 4ace :41@5::']
4 s ¥ i h
d
:—LL%- +ioom*( - ‘12’:‘1 »? ’("’ (1-281T)H(T-T)
m h
(3. 20)
37 »=)[A C(:“h.t) A 1atn A c._,}
4 T h
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2 ] ; . e
o lfx "?._ﬁ_fl.‘{f.”;) v, - A« ( N‘i r %o osin :_(_‘T;- H ot f'zJ)

+ ‘ .
oA E* T he R Ak NN N
(3.21)
fa 202 AT
2 h.4
¢ — ML, ! on s NL oz 4?_7;_‘[) R
L . a4
s nntoad bhad st o, e P oo vl Sty spner ey the boundary
vy 1 '~ vorsidered jnstead ol oa togid toadhiap Lo wirth distributed mass,

an explicl expression hetweoeen coct A can he fourd immediately

from 4. 210);

2t | N "*(_, .;TTE - l ; <
(1-03)¢ J—- Ny + - ;fn—',H("A'E'f)PTT"!Jé ¢31-»3) , (3.22)
T 3a, [Ne g AT o 8

It is believed that the efteet of the longitudinal inertia should be
bounded hy the (ollowiry two (ases, one with the masa of the plate

concentrated 1n a rigid har and the Gihier with the mass neglected. It

N
_¥ - 0 | the response

N(‘
of the plate 18 approxitiatoly the satne tor both cases,

will be shown in the next chapter that with
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¢} Solution for a Rectangular Plate witis linitnovable Vertical Sides
If the vertical sides of the plate are immovably constrained
at x - 0 and x = 1 fl; S 0), the displaccirent Jl = 0 will satisfy the

homogeneous part of {3 b1 and 1., /1 i the boundary conditions,

Then Wlth ‘f’x; O}[% 1‘1] T T O T T

2 ~ . . Eﬂ'f =
d / {0y f" : Zj {N R | Sin— g Hrs 7 -‘))
aid Tl Rr g SN e M |
ta “ ‘o .42 . 3.14
(T )T ;;_g ri,,:::) (3. 14a)
The equations governing the fateret o tloation((3, 15), (3.16), and (3.17))
become:
? D'Trqu i [ X4 l{:,‘ : ; - - 7
A 11( )A = 0t (- 2V EIHE L)
dE? Al IS A
2 . .
_enrty, {-_ﬁf_ owt Ay, a0t 348 A
16 1-v2 N gt efbt ? b4
(3. 15a)
J1eAty (e 4 ))L
Trh-»3) \a3b  b?
2 42_2
d8 o7 :_1(-.‘ )b = /6 Ln/’r (1- 28/ EINE-E)
d{g A ~ & /.t,}.
P
_enr? Taf K8 (11, 20w 07 A A’
7y 1-y2\ a4 tb? kY s ("ia.'fb’)‘a
(3. 16a)

‘_N..a’c_ . AR KB, 2o 9)}
@‘3'bl)a ca'a bl)2 ﬂ"hfl 3) q,'b 53



2 444 W
d°C, oL/ 1_) £ 18T fe 4. 2F/F)HE-T)
3us b2

- ——

NI ars {ﬁ_’é 20905, aov et a>, A%
{ =

!g/w e * a’h” {9 19 (“2,.”’2)2
, e h’n *:m_r el e, 7 )}
la ' b 414 (nz_fleA "‘hrjy“ "'fa ;3
Foe A square Jrieves o s A A V3, :.l.' become:

, oo .
j_fi . 4724 - ff;gf::f_?,é’lv“;'/ ol 2t/E)R(E-L)
]

2 3
C3TEISAT (e st s 0P8 sate L Ay t)
1 -2 Nece-u3)A

4 4 - 2
d B +looT P é'ffo(})) )fg. (1 - ?:f'f)H(i't)" s (1-3?)

Ji? 74 [.h)' o 4

g 2(53+£oy 1320, (4a+ 1 0, ) EAPR7 W4 '/('q‘f};t’b(?&y)l
L8y

25 N23-07)h
2 4 . . - Q4.
q*c + IogTAC = §tpel Vi . f-r:z’t;m'r-:)-m €¢4-%)
2 7 E thi/ 4

A‘j , 4A% -.‘GC?za,Hyﬂ)
Traia-,3)0A

AZC 130t E 2yt
i_j__;’ (33+ 200 -13p 4(*435)(1 v )_;
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(3. 17a)

(3. 18Ba)

{3.19a)

{3. 20a)
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d"?y’ L r.],‘ b 4(1,{'. ™o ) x ¢ 4}‘?: TV .c‘; ;

—_ +~ - _I.___j_ v T - B | F r . 1 . T LU L )

A F3 ke LN N of '
fader) 47 (3. 21a)
2 F Hk

Neglecting 1the mnertia of thve rigad bar, (3, 21a) becomes:
flr' ’i‘ J,’

RTRE

-

7 >
I, r Sl S kAT )

it A RN B ,'-'fr,.;,-‘.'_'_,| *+

tr r - AT K “ h

T

(3,22a)

d) Numerical Procedure

The system of nonlinear ordinary difterential equations ((3. 18} -
(3 21) andt 18a) - (3 2la)) was solved on the IBM 3160-50 computer at
The City College of New York using Hamnnng's modified predictor-cor-
rector integration scheme [15]. It involves computations of certain
iterms as given below,

Predictor. Fror = 1 A vt ot (z‘/,', Ay 1 + ?7n—2)
b

Modifier: .

g - F-nJ td-op “n)

vz

Mipsg 2 # 0t g, met)
Corrector: . '
%[9‘[11 "\In—z f‘j}\rf“in,“lfl'f..'\]n-ij]
bt

i

Cnoj

- ~
- co *c’ I ‘l‘-':,,.fjj

Final Value:
by 1.
121

'f.-nj
This scheme 15 a stable fourth-order integration procedure that
requires the evaluation of the right hand si1de of a system of differential
equations of the form v'. f(t, y) only two tinies per step. It also has the
advantage of being able to estimate the local truncation error at each
step and thus the prucedure 1s able 1o chouse and change the step size

without a significant amount ot cormputation time,
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Since this scheme in not sC1f seadticg, o itunga-Kutta method,
which ornly requires the initial conditions to begio the solution, is used
to start the solution. Since the Kurpa Kitra 1nethod is used only for
gtarting the solution, niatter s sk cs sttty and minimization of
roundoft errors arve not 1o .. b, e 1y L Uleron ol significance
P s e aihen of the frucation corar, According to Ralaten 7570

Troe: Rung Rty b erne owhiieh bas the v n tatves awe - beand of the

truncation €51 Ise

o740 Ry .55',“;,:,.;.4‘{ #1 2.5635 7 46? +.171184978 Je.,

Ynpg = Tn
where
“.1 . dt” _j'(t!}; \/"-)

/;‘2: Af'-‘l ¥(f11 f"f‘d!'.ilj ot "-4(1/
}(3 - Qtn ;(fn* 1y U3 . S 6T, Ay b kY ’i]'ﬁj 14 -1537574"‘*2)

Ry = oatp FCigratey, v 2700040 ky "5 3500k, +3.83286470h3).
Since it is very naoportarr b thy se sfarting values be aas
accurate as possible, thon 5o et d 0y o0 aleration step using the
following fourth-order 1nterpolation torada:

TG Yo *t ":\..tn“q'iol* 1 "‘i' v "sz !IS)
24

Yyt odg b ATl 41 vl )

~2
LW
(1]
~t
[w]
»~
LY Y]
o
ey
=
™
i
[~ B
-
"N
e,
[
—y
whe
i
-
-
i
f—
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Chapter 4. Dynamic Response of a Square Plate

The soclutions presented in Chapter 2 based on the linear theory
and in Chapter 3 based on the nonlinear theory are now applied to a
square plate. After the time functions are determined, the bending
stresses and the membrane stresses can be determined. Since one is
concerned with the maximum etress, the severity of the dynamic
response of the plate to the dynamic loadings can be conveniently dis-
played by a dimensionless quantity known as the dynamic amplification
factor for stress (hereafter DAF). In what follows, the DAF will be
first defined and then followed by a presentation of the results obtained
by the linear and nonlinear theories. A comparison of the results will
be made which serves to delineate the limit of validity of the linear
model.
a) Dynamic Amplification Factor

The DAF is defined as the ratio of the maximum dynamic stress

to the maximum static stress or

DAF‘-‘(G"J +G".,)/0'3 (4. 1)

where 04 is the dynamic bending stress at the center of the plate
given by [14]
(4. 2)

G'd - 4D (ﬁngf’-f v'-r,";)

L



37

and J , the inplane stress which is the sum of the inplane prestress,
ﬁy/h , and the dynamic inplane stress, Qc /h , which occurs at

the same time as the dynamic bending stress, T4 The static streass,
Tg , ie the bending stress at the center of a square plate of sides, a,

and thickness, h, subjected to a uniform pressure P, It ia noted that
. is a fictitious stress used for convenience Assun.ing i/ to be

0.231 [17] ¢ can be computed by:

05z 0.271 4, cathy (4. 3)

If the DAF is known for a given plate subjected to a given dis-
turbance, the maximum dynamic stress can be easily obtained, Further
when one compares the DAF's obtained from the linear and nonlinear
models, one is essentially comparing the maximum stress amplitudes

evaluated by the respective models.
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b) Response of Plate Based on Linear Theory

The dynamic response of the plate subjected to a simultaneous
lateral N-shaped pressure pulse and a sinusoidal inplane pulse is now
considered using the linear theory. The case with no time-lag is con-
sidered first, followed by the case with either a positive or negative
taime-lag. A positive time-lag means that the latera! dis*:r»nance leads
the inplane disturbance by a certain time and a aegative time-lag, the
inplane disturbance leads the lateral disturbance by a certain time,

Due to the large number of parameters involved, it would be
impractical to try to locate the abscolute maximum DAF by varying all
the parameters. On the other hand, it is now possible to investigate
a few typical cases so as to learn the trend and the order of magnitude
by which the interaction of the various parameters can be better under-
stood. In all cases the ratio, a/h, was taken to be 240{17) which corre-
sponds to what is being used for relatively large glass panes installed
commercially.

In evaluating the time functions, the first nine symmetric modes
are computed and the contribution of higher modes are neglected. Due
to the rapid convergence of the series solution, reliable results can be
obtained by considering just the firast three mndes as demonstrated in

Table 2 for a typical case,



39

Table 2. Comparison of Maximmum Response - ihree Versus Nine Modes

Py = 2 ﬁy/ch 0 Q /N_ - 1/4

Three Modes Nine Modes

R w DAF w DAF
. 60 0.4221 2 190 N, oa241 02 270
. RO 0.5%9] 2. 821 0.560 | 2. 881
.95 0.581( 2. 830 0.581 |2 8k«
1.20 0.512} 2.565 n.a|f§ Loned
1. 40 0.453 2. 548 0. 454 | .63
1. 60 0.438} 2. 763 0.440 [ > 831
1. 80 0.452 ] 2. 882 0.454 | 2. 967
1. 97 0.518 2.940 0.517 [ 3.015
2.20 0.504 2,983 0.505 {3,073
2. 40 | 0.47572.999 : 0. 477 E%.OSR
2. 60 0.479 | 3. 000 ’ 0.480 | 3.053
2. 80 0.482|2.999 |  0.483 |3.091
3. 00 | 0. 485 | 2. 999 f 0. 486 |3, 082

l

Before presenting results for specific casesn, it is helpful to
recognize certain peculiar effects brought about by the presence of the
inplane load. It is clear that since U'd and J s are proportional
to Py while T v is independent of Py the DAF is not linearls nropor-
tional to P, In fact, as P, increases the DAF decreases although the
maximum stress increases, Further, the DAT ia different from zero

at R = 7 = 0 for which the dynamic effect would ordinarily be zero if

there were no inplane loads.
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i) No Time-lag

The envelopes of the DAF as a function of R are given in Fig, 2
for QO/NC = 1/4 and O to illustrate the effect of the dynamic inplane load.
The overpressure, P, ig taken to be | ns® and th e fduration of the inplane
dvnamic load is the same as the lateral N-shaped pulse < =~ 1). It i
cbszrved that the DAF is always higher when th-- "~ . ", 12 aie inplane
load.

In Fig. 3 the critical time, 't_(‘, for the maxinmm DAF corre -
sponding to Fig. 2 is plotted as a function of R. Tt is scen that the
presence of the dynamic inplane load tends to shift the time at which the
maximum stregs occurs from the free phase to the forced phase of the
motion. When R is slightly above 1, the critical time, at which the
maximum stress occurs, is always found to be in the compression phase
of the N-shaped pulse. The practical implication is that except for a
very flexible plate, the maximum stress always occurs at the beginning
of the N-shaped disturbance due to the presence of the inplane disturbance,

The effect of a static inplane comipressive load or prestress

(Nnyc = 1/4) may be seen in Fig. 4 where the envelopes of NDAF versus R
are plotted, The maximum DAF is 5. 7 for Qo/Nc =1/4 and 4, 7 for
QOINC = 0, Comparing Fig. 4 with Fig. 2. the increase in the
maximum DAF due to the presence of the prestress is about 2.0 for R

above 1.4. As in the previous casc whern tlie ;| © ‘- ¢4 is absent, the
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DAY is always higher when there 18 a dynanic inplane load.

In Fig. 5, the critical time, EC, for the maximum DAF corre-
sponding to Fig. 4 is plotted as a function of R. A similar trend is
found as in Fig. 3, i.e,, the critical time rendg to be shifted to the
forced phase,

In Fig. 6, the effects of 1ncreasing the duratior »f the dynamic
inplane load iy seen. It is okascr-- 1 b0 oy wal, the Jonger duration
(® = 2) gives smaller DAF's, hente .n leas vratical,
i1} With Time-lag

That the simultanecus applivation of jateral and inplane dis-
turbances without a time-lag may not be the most likely case is obvi-
ous. Furthermore, it may not be the most critical case, Hence a
time-lag is introduced into the linear provlem to study the possible
effects. It is decided to choose a relatively large value of R (R = 3)
because it was discovered from the previous results that the DAF usually
is stabilized at such a value of R.  i.. v+ . yitsare presented in Table 3.
It is clear that with a proper titne-leoy (positive or negative) the abso-
lute maximum DAF is always larger in every case than the correspond-
ing value for no time-lag. Corresponding to QOINC - 1/4 , the
maximum DAF could be larger than 6 wher, -;:ly/Nc = 1/4 and larger than
4 when ?\’lnyc =0 . These DAF's aic signilicantly larger than the

corresponding DAF's, 4. 04 and 2. 6% whean the dynainic inplane load is

absent.
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Table 3a. Maximum DAF ard t_cr Correspounding to Negative Time-lag.

p 1 Q /N =1/4 a/h - 240
O Q C
T/E-0 t /T--0 10 t /t- -0.25
R o] (o] (o]
Loading — — —
ICondition DAF t NAT t DAF t
| Lkr L L N S cr
N /N -0 3. 50 .180 | 3.97 | .168 | 3.25 . 170
y C
]
'nymc 1/4 | 5 66 220 D602 L s g _ 180
N /N_ -0 2. 91 160 | 3.33 ] 162 3.85 . 165
y
o = 2 }
'Ely/NC S 1/4 | 4 92 180 ) 5 a1} 180 | 6.00 . 200

Table 3b. Maximum DAF ard .{cr Corresponding to Positive Time-lag.

p -1 Q /N -1/4 a/h =240
%) O C
1t /T .0 t /T -0.10 t /T- 0.25
Loading ° .y 1 °
Condition DAF t DAF | ¢t DAF t
cr cCr cr
NnyC -0 3.50 180 | 2.72 1 .170 | 2. 67 500
o = ]
'f:sy/Nc L1/4 | 5. 66 220 4. 64 ' 170 | 4. 00 175
ﬁy/Nc S0 2.91] 160 1 310 1 . 7an |3 14 . 684
o = 2 | ’
NnyC -1/4 | 4.92 180 | 5. 36 | nia | 5 02 . 850
{ _
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¢} Response of Plate Based on Nonlinear Tueory

The nonlinear model is constructed to include ithe mmid-surface
stretching of the plate. At the boundary of the plate. it is no longer
sufficient to prescribe conditions govermny the lateral displacement only.
The inplane displacements (. iraciions}) rnust also be prescribed. Jn
the previous chapter, two different boundary conditic .« v she0tied:

ble vertical sides and immmovahle vertical - ocs i1 hoth cases,

the sides are to remain straight. Along the edge where the dynamic
inplane load is transmitted, two sets of conditions are specified. One
has the mass of the plate lumped along a rigicd bar at the top of the
plate (k = 1} and the other a rigid bar with nc mass (k - 0). To simplify
the problem for the nonlinear case, the latera)l antd inplane pulses are to
have the same duration (< - 1) and there is no timc-lag.

In evaluating the time functions, the first three symmetric modes
are computed and the contribution of higher modes are neglected. The
membrane stress in the plate corrcspnnding 19 the hanndaries with

movable sides becomes:

v, - Em? { A2(l-cos2mrs) + 2ACICOSMR -Cosep®)

EYTY/SL
-2AB CosdMx (cosinyg - 1 tos4ny)
75

SETENCE SENEARE SRR

-2AC (cwsalftx - 4
25 (4. 4)

- ;
AR
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and the membrane siress corresponding { the innovable vertical sides
becomes:
Gy - cr? y Ad. - Al oA CAC Ly LA —c0547r)'<')
gralh)? | 1-32
S 2AF ooy taren s X tesaTy)
S5
S2AC (Cos2iWx - 4 cousalTX ) A T
A5
- Ba (4. 5)
T h(1-y

The dynamid« bending stress is ev.loat i Ho th v o Lation, (4.2), as

in the linear model,

The problem with the movabie vertival «i-!rs was solved numeri-
cally for k = 0 (no mass on top) and k - 1 (with tmass on top) when the
prestress was absent. The maximum deflections and stresses obtained

were found to be almost identical.

If {3.21), for the movable vaertical sidee  is linearized, the solu-

tion for quiescent initial conditions is;

0y . 212 Ny (1. cos 2070t
T 12lmaeet) N, A A
4o l(AL) Qo[ﬂ'nzﬂ‘? 2010 7) s freg-y at
y - = : STOITITL LT === - 4. 6
N c *e l'!r:_j,-u_?) fi /k ﬂ ( )

izalll-y?) _(2?3’ )"‘ N

TT:"BQ'A "F h T}
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With a/h - 240, 3/ :0.231, k - 1, - 1, and i" greater than 0.1, (4. 6)

is approximately equal to

2 Y - - -
4T [ y N ST 4 ! -
e e | D A ey T : SH}BO?Tt)

T 2alth(1-u?) Ne ( St a0 . (4. 6a)
" ahie rues tia oi the loading, bar (s neg v dd, the solution to the
tinvartvest fo: ., of {(3,.21) 1s

= ﬂ.g__.._h---- I'ET_Y i “?_U <7t
12¢ath)a-»*) | N, . ] (4.7}
1f'N /N _ - 0, the two solutivns are approxime's ) - rqual provided 1
voe 10 R

is much less than unity., This is triie except for very small R. There-
fore it seems that the longitudinal inertia can be neglected if R is not
too small and there is no prestress, In the subsequent discussion both
the longitudinal inertia and the prestress will not be considered.

The maximum DAF for the movable vertical sides as a function
of R is given in Fig. 7 for P, - 1 and sn Mg, 8 for P, 2. Comparing
Fig. 7 with Fig. 8, the effect of the inplane dynamic load on the maxi-
mum DAF is seen to be less for b, -~ Z when R is greater than 1, 2,

The maximum DAF as a function of R s plntted for the immov-
able and movable boundaries in Fig. Y for u“;'N{: - 0 and P, ~ 2,

Fig. 9 shows that the maximum DAF is always larger for the movable

boundaries than for the immouvabhic "¢ 000 7 " . ia not surprising
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since the lateral dcflection of a plate expoccd to a lateral load only should
be larger when the buundaries are ailowed to move. However in Fig. 10,
where all the conditions on the plate are the same as in Fig. 9 except
QD;‘NC = 1/4, it is scen that the D~ . "l boundaries may be,

depending on R, Jarger oy winaller thar the DAL for the immovable

boundaries. [t is noted that for the entire ran. ! whohier there is
an inplane dynainiic puaisc o ot ~ v '~ ference between
the maximum DAF s for the niovable ard o vable houndary conditions,
d) Comparison of llincar and Nontinear Theaoies

The dynamic berding stress. o i no longer proportional to P,

o’
in the nonlinear model as it was in the hinear model, Furthermore, there
is a membrane stress due to the mid-surface stietching, As a result,
the stress distributions through the thickness of the plate are different
for the two models. [However, if one is irnterested in the maximum stress
which always occurs on the surface of the plate. some meaningful com-
parison can be imade of the two models In ovder (o niake the comparison,
the contribution of the first three modes is used for both models. The
decrease in the nuniber of modes used does not significantly change the
results of the linear nodel as was demonsirated in Table 2,

If the equativns (3.18-3.20, 3..22) which are for the movable
boundaries with the inertia of the rigid har neglected are linearized, the
resulting equations (2. 9) are those s boarnet bo- the linear theory. There-

fore, for the purpose of comparisnn, the rurves nresented for the nonlinear

model are for the niovable boundar jes,
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The envelopes ol w as a function of p, #re givenin Fig. 11 for
R -1 QOIN( is taken to be 0 and 1/4. It 18 seen that at a value of w
approxnuatuly equal to 0. 5, the linear and nont.neir deflections differ
only by about 10%. Of course, the difference becomes magnified as w
‘ncreascs It is also noted that the effect of the inplane pulse on the
deflections is more or less constant for the nonlinear model at large w.

If the curves for the maximum DAF in Fig. 7 are now compared
to those of Fig. 2, obtained by the linear theory, one sees that they are
almost identical. This is not surprising sirce the deflection in this case
is always less than 0 3 This indicates that 1l.e results of the linear
theory are still accurate.

In Fig. 12, the envelopes of the defles tion versus R with
Qof'\ic - 1/4 and P, - Z are shown. It is seen that the deflections {the
maximum of which is about 0. 6) for the linear model are about 10%
larger than the deflections for the nonlinear model. Therefore, one
would expect that the streases predicted by the linear model may be
more than 10% higher than what is predicted by the nonlinear model.
This 18 verified in Fig 13 where the envelopes of the DAF are plotted.
If a 10% error is tolerated, it seems that the validity of the linear

theory should be confined to a value of w less than onc-half.
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It is noted from Fig. 1% that {or R less than 1.2, the DAF of
the nonlinear model 1s larger than the DAY of the linear model  This
is due to the fact that whea R 18 less than 1 2, the critical tirmne occurs
after the dynamic 1npiane pulse is off the plate. Apparently the mem-
hrane stress in the nonlinear model more than offsets the Jdifference
in the bending stress which as the deflection. is largcer in the linear
model.

In Fig. 14 the envelopes of the deflection versu:s K are shown
for P, * 10 for the same plate. Unlike the results shown in Fig. 12,
the deflection of the linear model 15 much larger than the deflection
of the nonlinear model. Obvicusly. one would not expuct the stresses
predicted by the linear theory to be acceptabhle. However, even the
Von Kdarman's nonlinear theory precicts the maximum detlection on
the order of one and a haif to twice the plate thickness. 'I'he question
naturally arises as to whether the results of the nonlinear model are

valid. A higher order nonlinear theory may be necessary.
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Chapter 5. Summary and Conclusions

The transient response of a simply supported rectangular plate
subjected to a dynamic inplane load in the form of a sine pulse and to a
lateral N-shaped pressure pulse is exarn neo. Ine imposition of the
laicral and iuplane disturvances may Le simultaneous or separated by
a brief time-delay. In addition, there may be ¢ air¢ rr.piene com-
pressive load. ‘The support «f .k« .. - « iy thet o tensile inplane
load s transmitted to the plate. “The problem simulates a window pane
exposed to the effects of a far-ficid sonic bhoony disturbance with the
inplane load transmitted from the roof structure.

The problem is studied first by a small deflection or linear
theory. The governing partial differential equation of motion is reduced
to a set of ordinary differential equations by assuming mode shapes that
satisfy the boundary conditicns. Due to the presence of the inplane
dynamic load in the form of 2 «ire pulse, the equations of rmotion are of
the Mathieu type, Following McLachlan, the solution is obtained in
terms of Mathieu functions of fractional order, However, the existing
method does not always insure an accurate determinatinr 3" 1-: noeffi-
cients in the series sclution as can be secn in Table 1, An improved
procedure is presented by which for all the cases encountered, the

coefficients in the series solution are always correctly determined.
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The convergence of the linear solutl..as 18 demonstrated by
using a three mode and a nine mode expansion. It is seen in Table 2
that reliable results can be obtained by considering just the first
three modes. As expected, the inplans dyvramic load induces sub-
stantially higher stress in the plate (see iy, 2 and Fig. 4). In
addition, Table 3 shows that the time-delay can cantse 1 pubrstantial
increase in the dynamic amplification facte - v vt atress.

Since the lateral defiection o thie Dlate Can resch such a mag-
nitude as to render the resaults of the linear throry in doubt, a nonlinear
theory, which takes into account the stretching ot the mid-surface of
the plate, is used. The equations of motion and the associated bound-
ary conditions are derived in the Appendix using llamilton's principle,

In the nonlinear theory, in addition to the usual simply sup-
ported boundary conditions, the problem is posed for two different
inplane boundary conditions: movable vertical sides and immovable
vertical sides. For both sets of inplane boundary conditions, the
longitudinal inertia of the plate is either neglected or considered by
assuming that all the longitudinal mass 18 concentrated at the top of
the plate. A three mode expansion for the lateral deflection is proposed
and the inplane displacements are determined in terms of the lateral
deflection. The equation of motion is redu-ed to a aysiem of ordinary

nonlinear coupled differential equations oy bt Cwaverkin inethod, Theae
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equations are then solved numerically using Hamming's modified
predictor-corrector integration method. 1t is found that if the static
inplane load is absent, the solutions are almost identical whether the
longitudinal mass i8 neglected or w:h: . . 2« 1:ned to be concen-
trated at the top. The eff <t of the two diiferent inplane boundary con-
ditions namely, movable and immovable vertic~' .5, s shown in
Fig. 9 for Qo/Nc - 0and in Fap. . i ..‘;“ HEUR 't is seen that
the maximum stresses at the center f the plate are approximately the
same for either boundary condition,

When the equations of motion corresponding to the case of mov-
able vertical sides and no longitudinal inertia are linearized, the result-
ing equations are exactly those of the linear theory. Therefore for the
purpose of comparison, the results for the movable vertical sides are
used. It is found that for P, = 1 psf, the results of the linear and non-
linear theories are almost identical. This is not surprising since the
lateral deflection in this case is always less than 0, 3 of the thickness
of the plate. For P, = 2 paf, however, it is found that the deflections
obtained by the linear theory can be more than 10% larger than those
obtained by the nonlinear theory. Therefore the stresses predicted by
thelinear theory can be more than 10% off thar that predicted by the
nonlinear theory. One may conclude, therefore, that if a 10% error is
tolerated, the linear theory gives :icce piabic o snlts if the lateral

deflection is confined to be less than one-half the thickness of the plate.
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Appendix Derivation of Nonlinear Equations of Motion and Boundary

Conditions Using Hamilton's Principle

In addition to the usual assumptione for a thin elastic plate, it is
assumed that
a) the magnitude of the lateral deflection, w, is of the same ord2. of

magnitude as the thickness of the plate;

b) the tangential displacements « .. . infiniteeimal so that the
only significant nonlinear terins in the sirain-.Jisplacement equations
are w, and w.

x ;

Then the middle surface straine are given by:
a . i
xxo = Yy + _;_{w,,,)

E‘YTD = V}T + %(w,\()?

Ex20 % £y20° £220%0 (A.1)

and the strains at any point are given by:

2 - 2w

xx = Exxo Py X

19 - £ = Z Wy
Ty Y 'Y (A. 2)

E)(Yo -22 W)x7

Eyz:E27=0

Exy

Ex2
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Furthermore, it will be assumed that the strains are amall so that Hooke'n
Law applics

7, = £ (Efo-VE,Y)

X X 1-p2
£ (A. 3)
U-YY - 1.—-;-5 (ETT + Vv E.x’)
E
Txy * o Exy
Hamilton's principle states:
t2
J] (T-U+W)dt =0,
¢ (A. 4)

which means that the integral of the lagrangian function {L=U-T-W) over

a time interval t, to t, is an extremum for the actual motion with respect

1 2
to all admissible virtual displacements., These virtual displacements
vanish at the 1nitial and final configurations. It is noted that T is the
kinetic energy of the body, U is the total strain energy of the body; and

W is the work done by the external forces. For a linearly elastic

material

Vgl ey @ 5)
Y



Substituting (A, ., A2 a0 s o anto (AL 5) and integrating

through the thickness vict-::
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1 .
U-' E[_NX iy, e oo . fv,x)
l-}(Nx W,‘?A f :-‘.'_,./ W) e W,Y)
+D§_(WJ;¢* i . ,f{:r;/w“x)w,‘fy
e (A. 6)
where
Nx = lE:::Q (Exxo + A f.;.-_;-:,
Eh |
Ny-i_yz(E\YTO + . 7
. Eh €. 0
SEAPT7YSY It
3
- Eh (A*- 7)

1201-»2)
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If the plate is loaded by a diatributed lateral load, q(x,y, t);
norma' and tangential inplane !oads, Nn and Nt’ bending and twisting
moments, Mn and Mnt; and a transverse shearing force, Qn; (an
shown in Fig. 15) the external work done by these forces is:

W =
|

+L Q, wolte +jc Ny lucoservsine) de

q W of,S' -fcMn w)n olc -I M“chdc
e

+ [ Ny(vcose ~usmne)dc. (A. 8)
C

The kinetic energy of the plate is given by:

T = "2—"'Lr;.:‘+vz+w’)d,s'. (A. 9)

Substituting {(A.6), (A, 7), (A. 8) and (A.9) into (A. 4) and inte-

grating by parts yields:

(*2 ‘( [Canw - DPhw ¢ Nuwice 2Ny wixy # Ny Wiy
RO +Wix (N u t Ny v ) + wiy (Nxyy e # Ny, ) + 9 ) 0w
Ny, #Nxy,y =g U)du +(Ney, Ny, y v)ev] ds
‘ ‘ﬂ %[’Dt:-v)(w,” o5 @ + 2w,y ysIN0Cos® + Wiyy Sin’e)

“Dv aw - Mn] d (dw)
In
+['D(J’v) Q {(WUIX"W: fy)smacosﬁ4%.,7(;,“39-.:0?9)3
JC

+ DAwW,ycos5@ + AW,y SIne)
“(Nop Win +Nenwic) *Qn~Mpgye] Sw (A.10)
+ N, +Ny)on +(-Ng,tNVdt Y de }dt zC.
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Since all of the virtual displacements are arbitrary, from the

i+ =, ¢ of the integrands in

fundamental theorem of calculas oof vy
This yields the following

equation (A !0) must vanish separately,

differential equations:

s . o
bV w = s+ 9 0 Ny Wisw e 200y mox g *Nywigy

+ WJK{NX’K' -+ NK\{J r) + WJY :N’(‘/JX ¥ N\,,._/)

Nyw t Nuyyy - peu =0 (A.11)
N"hx r N‘ny "MV 20O
and the boundary conditions on the boundary «:
. . 2
D[(J"U) (WJxx 60529 + 2 WJXYSJGO Los & + W;nylﬂ 0)+ UAW‘]
+My=0 or S(w,n) =0 |
D[(i-u) @ (f“’:xx Wy ) Sinecose + W,x\,(smle—cos’tl))
-2 (Aw) €use - @ (AwW)Sind)
IX oY
+(Ny cos’e + INx,sin@cose +Nysinte) Wy,
F(Nxsin® cose + Nxy (€05’ -510'@) 4 Nysinocos@) W,
Q@+ 9Mpr =0 o7 dw:zO
C
Nx c0s’@ + 2Nxy3in@cCos0 + Nysiiu 'y .~ dnzo
ordt 0O,

(-Nysinecose foY(Cos’o-sin’eﬁ ¢ N, < Bc..m)- N

These results were first obtained by Tic:r san 18],
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