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Abstract

PROPERTIES OF LIGHT MESONS CALCULATED IN A 

RELATIVISTIC RANDOM-PHASE APPROXIMATION

By

HUANGSHENG WANG

Advisor: Distinguished Professor Carl M. Shakin

In this work we report upon a large number o f calculations made using a 

generalized Nambu -  Jona-Lasinio (NJL) model that has been extended to include a 

covariant model o f confinement. We discuss the properties o f light mesons calculated 

in a covariant random-phase approximation (RPA). We describe the a0, f 0, t , K , t), 

and i}' mesons and their radial excitations. For the pseudoscalar mesons we include 

pseudoscalar-axial-vector coupling and report upon calculations o f meson decay 

constants for all the meson states that we consider. In the case o f the scalar mesons, 

the identification o f the experimentally observed states w ith the states o f our model is 

made complex due to the presence o f "dynamically-generated" states such as the 

f Q (400-1200) and the k (700-900). In this work we provide a precise definition o f 

"intrinsic" and "dynamically-generated" states and present our suggestions for the 

distribution o f scalar, vector and pseudoscalar states into nonets.
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Chapter 1 

Introduction

In a series o f papers, calculations o f the properties o f a very large number of 

states o f light mesons have been reported. These works made use o f a Nambu -Jona- 

Lasinio (NJL) model that has been generalized to include a covariant model of 

confinement. The previous work, did not take fu ll advantage o f the symmetries o f the 

formalism and made a few approximations that obscured the relation o f the model to 

many-body calculations made in the random-phase-approximation (RPA). We remedy 

that defect in this thesis and show that our calculations may be understood as being 

covariant RPA calculations o f the properties o f qq mesons. The introduction of 

confinement has been made in such a fashion as to allow for a simple presentation of 

results o f Tamm-Dancoff Approximation (TDA) calculations and RPA calculations for 

the properties o f mesons other than the pion and the kaon. (Proper calculations of 

Goldstone boson properties may only be made in the RPA.) In Chapter 2 we study the 

a0(980) and its radial excitations. The parameters o f the model are known, so that the 

calculation o f the properties o f the a0 mesons are parameter-free. We find, in one 

example, that the a0(980) mass is 1075 MeV in the TDA and 991 MeV in the 

RPA.(Addtional dispersive effects move the RPA result for the mass to 949 MeV.) 

This result strongly suggests that the a0(980) is mainly a 1 3P0 rm state which is
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coupled to the in] and KK  continuum channels. We also discuss the results o f the 

model for the f 0 mesons. In that case, we find that the use o f the RPA rather than the 

TDA places the ̂ (980) at 980 MeV. That again suggests that, in a first approximation, 

the f 0(980) is the 1 3P0 rm state. Since the / 0(980) resonance is rather distant in energy 

from the scalar glueball, which is expected to be in the range o f 1500-1700 MeV, we 

do not believe that quarkonium-glueball mixing w ill be an important effect for the 

f 0(9SO) resonance. However, we are not able to assess the importance o f mixing with 

qqqq states at this stage in the development o f the model.

In Chapter 3 we consider pseudoscalar mesons and derive the equations o f a 

relativistic random-phase approximation (RPA) for a study o f the wave functions of 

the isovector pseudoscalar mesons. The inclusion of pseudoscalar-axial-vector 

coupling leads to doublets o f states bound in the confining field. When the 

Nambu — Jona-Lasinio interaction is included, one member o f each doublet moves 

down in energy, with the low-lying nodeless state representing the 7t(138). The states 

affected in this manner may be termed "pionlike", while the other states, whose vertex 

structure is dominated by the 7075 terms, may be designated as "mixed" states. Our 

formalism allows us to calculate the decay constants o f the pionlike and mixed states. 

In the case o f the pion we sum a series o f vacuum-polarization diagrams which lead 

to a value o f 0.769 for the axial charge o f the pion. With that value we obtain a pion 

decay constant o f Fr =  134 MeV which may be compared to the experimental value 

o f 92.4 MeV. (We have not performed a parameter search to improve upon our result, 

but have used parameters that we have previously used in our study o f light mesons.
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A modest change in the regulator parameter from the value used previously reduces Fr 

to 124 MeV.) We find excited pionlike states at 1391, 1717 and 1960 MeV with decay 

constants o f 30.5, 27.7 and 27.5 MeV, respectively. We find mixed states at 1325, 

1652, 1890 and 2080 MeV with decay constants o f 55.1, 49.0, 42.2 and 30.4 MeV, 

respectively. We also exhibit the wave functions for a number o f pionlike and mixed 

states and compare the pion wave function obtained in our model with and without our 

covariant model o f confinement.

The RPA provides wave functions whose structure is readily apparent, even in 

the case o f the rj mesons, where the RPA wave functions are expressed in terms o f 

eight amplitudes. In Chapter 4 we describe the spectrum of the T = 0 J PC = O'* mesons 

up to 2.6 GeV. (However, we have not as yet studied 77-glueball mixing.) We calculate 

the singlet and octet decay constants for the twenty-eight states we study and also 

present wave functions for the six states o f lowest energy. For the 7/(547) we find F„<0) 

=  50.8 MeV and F,® =  118 MeV. For the t/'(958) we find F®  =  109 MeV and 

F®  =  69.5 MeV. It is found that the 7/(1295) and 7/(1440) are almost entirely o f rih 

character. The 7/(1440) is a 2 3S0 rin state with a very small y0y5 vertex component, 

while the y0y5 vertex is dominant in the 7/(1295) wave function.

In Chapter 5 we present RPA wave functions for the 7r (138), AT(495), a0(980), 

«0(1450) and (1430) mesons. For the a0 and AT0* mesons we calculate the decay 

constants using the definitions introduced by Maltman. We find that the use o f the RPA 

rather than the TDA leads to a modest enhancement o f the decay constants o f the a0 

mesons and a small decrease in the case o f the mesons. On the whole, our values
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are in reasonable agreement with those obtained by Maltman using QCD sum rules and 

other techniques in his analysis. One possible interpretation o f our results is that the 

a0(980) wave function has an important KK component, since we overestimate the 

decay constant by about a factor o f 2. Our results also suggest that the a0(980) and 

(1430) should be placed in the same nonet o f scalar states.

It is well known that the RPA equations yield wave functions that are naturally 

separated into "large” and "small" components. These components are similar in 

magnitude for the pion, while the small components become progressively smaller as 

we consider mesons o f increasing mass. However, even for the more massive mesons 

considered, the small components make non-negligible contributions when calculating 

decay constants. (We suspect that they w ill also be o f significance in the calculation of 

other transition rates.)

Recent work by Maltman has given us confidence that our assignment o f scalar 

meson states to various nonets based upon the generalized Nambu -  Jona-Lasinio model 

is correct. (For example, in our model the a0(980) and the / 0(980) are in the same 

nonet as the (1430)). In Chapter 6 we make use o f the model to provide a precise 

definition o f "preexisting" resonances and "dynamically-generated" resonances when 

considering various scalar mesons. (This distinction has been noted by Meissner in his 

characterization o f the / 0(400-1200) as non-preexisting.) We define preexisting (or 

intrinsic) resonances as those that appear as singularities o f the qq T  matrix and are 

in correspondence with qq states bound in the confining field. (Additional singularities 

may be found when studying the T  matrices describing tc- tt or x -K  scattering, for
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example. Such features may be seen to arise, in part, from t -channel and a-channel 

p exchange in the case o f t  - t  scattering, leading to the introduction o f the <7(500- 

600). In addition, threshold effects in the qq T matrix can give rise to significant broad 

cross section enhancements. The latter is, in part, responsible for the introduction of 

the k(900) in a study o f t t-K  scattering, for example.) We suggest that it is only the 

intrinsic resonances which correspond to qq quark-model states, and it is only the 

intrinsic states that are to be used to form quark-model qq nonets o f states. (While the 

k(900) and <r (500-600) could be placed in a nonet o f dynamically-generated states, it 

is unclear whether there is evidence that requires the introduction o f other members of 

such a nonet.) In this work we show how the phenomena related to the introduction of 

the cr(500-600) and the k(900) are generated in studies o f x - 7t and ir -K  scattering, 

making use o f our generalized Nambu -  Jona-Lasinio model.
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Chapter 2

Covariant RPA Calculations o f the Properties 

o f Light Mesons

2.1 Introduction

In a series o f works we have studied the properties o f light mesons, making use 

o f our generalized Nambu -  Jona-Lasinio (NJL) model [Ce99a, CeOO]. In reference 

[Ce99a] we studied the pseudoscalar, vector, scalar and axial-vector nonets, while 

Ref. [CeOO] was mainly concerned with the properties o f the f 0 mesons. References 

[Ce99b] and [Ce99c] were devoted to a study o f the a0(980) and AT(495) mesons and 

their radial excitations, respectively.

The Lagrangian o f our model is

X  = q (id -m °)q+ -J -'l£ r [(q X q )2 + (q iy 5\ ‘ q ) 2]
“  i'=0

• y E  t (qVKq)2 + (q f I s )21 (2 ! J)

+ { d e t[^ (l +7s)^ ]  + d e t[^ ( l - y 5)q ] }

+  tensor +  ^ c o n f '

Here, the fourth term is th e ’t Hooft interaction, X,mnr denotes interactions added to7 7 tensor

study tensor mesons, while X ^  denotes our model o f Lorentz-vector confinement. In
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Eq.(2.1.1) m° is the current quark mass matrix m° = diag(m°, rnd, rns), the 

Xy (i = 1, ...8) are the Gell-Mann matrices, and Xq = y/2/3 I ,  with I  being the unit 

matrix in flavor space.

2.2 Confinement Potential and Vertex Functions

Our model o f confinement is based upon the coordinate-space potential 

V(r) = #crexp[-jnr], where pi is a small parameter introduced to facilitate our 

momentum-space calculations. Note that we do not have absolute confinement in our 

model. However, the qq states in the confining field are readily separated into states 

inside the potential barrier and scattering states that show little  barrier penetration. We 

have = a lfie , which for k  =  0.055 GeV2 and fi =  0.010 GeV, yields VJ^ = 

2.023 GeV. Thus, we can find bound states in the interior region o f the potential up 

to = ma+m-b +2.023GeV. For constituent masses mu= md =  0.364 GeV and ms 

=  0.565 GeV, =  2.751 GeV, i f  we study rm systems, and E ^  =  2.952 GeV 

for ris systems. Smaller values o f n may be used i f  we wish to increase the value of 

E ^ .  For n =  0.010 GeV, we can find from 8 to 10 states bound in the confining 

field when we study scalar mesons, for example. (Barrier penetration is o f no 

importance in this model.)

The Fourier transform o f V(r) is

Vc( k - k ')  = -8  TTK 1 4fi2

[ ( t - l V v f  [u - fc V + n 2]3.

The model is made covariant through the use o f the four-vectors

(2.2.1)
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r  = *»*- (kP)Pp (2.2.2)

and

(2.2.3)

since in the meson rest frame ( P =  0) k!1 -k "1 = [o, k - k '] .  Thus, we may write

Vc(k -k f) = - 87nc 4/x2 (2.2.4)

We use the confining interaction to construct equations for various vertex 

functions [Ce99a, CeOO]. Let us consider the case o f the scalar vertex for equal mass 

quarks. In the meson rest frame we may write

f s(P,k) = 1 - i  f d-.--\yS {P I2  + k ') fs(P,k')S(-PI2 +Jk0rj Vc(k -lc '),
J ( 2t )4 l  j

(2.2.5)

[See Fig.2.1.] Here, Ts(P,k) has a matrix structure. The Dirac matrices yp and yp 

appear in Eq.(2.2.5) because we are using Lorentz-vector confinement. It is useful to 

introduce functions T *' and [Ce99a, CeOO]. First, we define the projection 

operators

A <♦>(*) = k + m
2m

(2.2.6)

and
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A>->(-!) = kE  , (2-2.7)
2m

with k* = [£(£), ~k\ and P  =[-E (k), lc\. Then, we write (for P =  0)

A ^ (k )f ,s(P,k)A(-)(-'k) = r s-(P,k)A^(k)A<-)(-lc) , (2-2-8)

and

A(')(-X )rs(P,k) Aw(I)  = 17  (P,fc)A(->(-I)A(+)(I)  . (2-2-9)

In our work we obtained the following equations for T*/(P,k) and T's*(P,k) in the 

frame where P =  0,

r s'(P°,k) = 1 + - J -  f k/1dk'\lk /1k2vS(k,kr) +m2kk'Vf(k,k')}
w, (2.2.10)

1 rr(P°̂ 0
¥ F ( F )  P ° -2 E (k )  ’

and

r^ (P °,it) = 1 - _ J _  f k/zdk'\2k/1k2v£(k,kf) +m2kk'Vf(k,k/)]
(2 2 11)

v 1 rr^ ^ O  ( }
k2E2(k )  P °+ 2 E (k ) ’

Here k = | &| and k' = |"F |. With x  = cos#, we have

i
Vi{k,k0 = 1  fticF;(x)Vc{k -lc )  , <2-2-12>

2 -i

where P;(.x) is a Legendre polynomial. This formalism may be used to obtain covariant 

expressions for the vertex [Ce99a, CeOO]. We write
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f s(P,k) = a i(P,k)+ka2(P,k) , (2.2.13)

where i f  was defined previously in Eq.(2.2.2). We have

1 7 (P,k) = afP ,k) + mqa2{P,k) , (2-2.14)

T's*(P,k) = a}( P ,k ) - l - a 2(P,k) . (2.2.15)
m9

Note that we can write a ,(P,k) = a ,(P2, \ j - i f ) and a2(P,k) -  a2(P2,\j -ic2 ). The 

Lorentz invariants a, and a2 may be determined by relating them to the rest -  frame 

values o f Tj'CP0, |T |) and iyC P °,|T |) [Ce99a, CeOO]. (The case where the quark 

masses are different is discussed in great detail in [Ce99a].) Using this formalism, 

vacuum polarization diagrams and meson decay amplitudes may be calculated in any 

Lorentz frame and we have made a number o f such calculations.

2.3 Vacuum Polarization Functions and Quark T  Matrices

The vacuum polarization function seen in Fig.2.2a is given by the integral

- iJ s(P2) = -2 nc |  ^ J r[iS(P/2 + k ) fs(P,k)iS(-P/2  +£)] , (2.3.1)

where the factor 2 arises from the flavor trace. In Eq.(2.3.1) S(P/2+k) and 

S( -P I 2 + k) are propagators for constituent quarks o f mass m, Sip) = \p-m +ir)] (The 

case o f unequal mass values for the quarks is discussed in [Ce99a] and [CeOO].) We 

have
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(2.3.2)
r s-(P°,\k\) I7 (-P °,|*|)

A . — —.

P °-2E (k) P° + 2E(k)

In Eq.(2.3.2) we have included a Gaussian regulator, expf-TVo2] , which can be

[CeOO,Ce99b,Ce99c] we have used a = 0.605 GeV.)

It is important for this work to note that from Eqs.(2.2.10) and (2.2.11), we

have

In some o f our calculations we have kept only the first term in the bracket o f 

Eq.(2.3.4). That procedure defines the TDA, while the complete expression defines 

the RPA. [See Fig.2.3.]

We now turn to a definition o f qq T matrices [Ce99a, CeOO]. We may write, 

for a single-channel problem,

written in a covariant form using the four-vector o f Eq.(2.2.2). (In our earlier work

r r ( - P ° , | * | )  = r r ( P ° , | * | ) , (2.3.3)

so that Eq.(2.3.2) becomes

(2.3.4)
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r TDA( / >2) =  _ ---------------   (2  3 5 )

1 - G J ^ iP 2)

and

r RPA(p 2 ) = _--------^ -------  (2.3.6)
1 - G 4 rA(P2)

We may find the meson mass values by solving the equation

G 1 _ys(p2) = o  ̂ (2.3.7)

for J S(P2) equal to J [PA (P2) or Jjda (P2) - More generally, we may include K S(P2) of 

Fig.2.2b and write

t(P2) =  -------  ~ ------------  (2.3.8)
1 - G [ /S(P2)+/<:S(P2)]

. (2.3.9)
G-\-[jS (p2 )+ReK s(P2) } - i lm K s(P2)

(Note that J S(P2) is o f order nc and K S(P2) is o f order 1.)

We may then solve

G-1 _[ys(p2) +ReK s(P2)] = 0 (2.3.10)

to obtain the mass values. The extension o f this formalism to include singlet-octet 

coupling, as is appropriate in the study o f the / 0 mesons, is given in [CeOO]. In that 

case, the coupling constants Gw  and G^ appear. These may be related to the 

values o f Gs, GD and the matrix elements defining the vacuum condensates 

, (idd) and (ss) [CeOO]. We remark that the complete qq T  matrix, which
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is defined in Ref.[Ce99d], is shown there to be represented by only qq bound-state 

wave functions in the case we have absolute confinement.

We use the notation rm = [uu +dd]/\fl . In  Fig.2.4 we show values o f J^(P2) 

in both the TDA [dotted line] and the RPA [solid line]. Here mu = md =  0.364 GeV, 

k  = 0.055 GeV2 and a = 0.605 GeV. In Fig.2.5 we show values o f 7 |(P 2) for the 

value ms =  0.565 GeV and the same value of a . It is seen that the effects due to the 

use o f the RPA rather than the TDA become relatively less important with increasing 

P1. That may also be seen in Figs.2.6 and 2.7, where we compare the two 

approximations, TDA and RPA, for J^(P2) and 7j(P2) in the range 0 <  P2 < 5 

GeV2.

2.4 Choice o f Parameters and the Properties o f the a0 Mesons

In order to determine the coupling constant for octet states, G88, we consider 

the £(495) meson using the formalism o f [Ce99c]. (See Appendix A .) In Ref.[Ce99c] 

we include pseudoscalar-axial-vector mixing for the kaon and its radial excitations. 

With a Gaussian regulator parameter o f a = 0.605 GeV, we found the £(495) at 495 

MeV, i f  G8g =  13.10 GeV-2 and Gv =  12.46 GeV'2 [Ce99c]. In the absence o f such 

mixing we may solve

G £ - J „ ( p * ) = 0 ,  (2-4 -1)

where J pp(P2) was defined in [Ce99c] and in Appendix A. The solution o f Eq.(2.4.1) 

yields G88 =  12.77 GeV'2, which is quite close to the value 13.10 GeV'2 quoted 

above. In our earlier work we found that G ^ -G ^  — 2.00 GeV'2 gave satisfactory 

results, so when we consider the f 0 mesons, we w ill use G88 =  13.10 GeV'2 and G^
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=  11.10 GeV'2.

As in some o f our previous studies, we w ill neglect Gog, which is quite small. 

(The difference between Ggj and Gm arises from the ’t Hooft interaction.) At this point 

we wish to present the results o f our calculations in such a way as to make the relation 

to RPA calculations o f particle-hole dynamics in nuclear physics [Fe71, Ro70] more 

transparent. For example, in Fig.2.8 we show J^(P°) calculated in the RPA. (The 

symmetry between positive and negative values o f the energy is characteristic o f the 

RPA [Fe71, Ro70].) We also show a dotted line which represents the value Css1 = 

0.07634 GeV2, corresponding to the value G^  =  13.10 GeV'2 given above. In this 

manner we obtain the results given in Table I. It is seen there that the use o f the RPA 

rather than the TDA improves upon the TDA results presented in [Ce99b] and brings 

the a0(980) mass to within 7 MeV o f the experimental value.

Inclusion o f ReK s(P2) leads to a value o f 949 MeV for the mass o f the 

a0(980). [See Table 2.1.] The values o f K S(P2) used for this calculation are shown in 

Fig.2.9. The values for the individual channels, irr}, KK  and ittj7 are given in 

Ref.[Ce99b]. For the present work we have divided ReK(P2) and ImAT(P2), calculated 

for the KK  channel, by 4, since the values given in Ref.[Ce99b] for these functions 

represent a significant overestimate. Note that K(P2) for KK  intermediate states 

depends upon where gKqq is the kaon-quark coupling constant.

2.5 Properties o f the f0 Mesons

In [CeOO] we presented the results o f an extensive study o f the / 0 mesons made 

in the TDA. As may be seen from Fig. 11 o f [CeOO], the state we identified as the
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f 0(980) resonance was found at about 1120 MeV. It was necessary to appeal to various 

dispersive effects to bring the energy o f the state down to 980 MeV. To obtain this 

downward energy shift, we added a parameter to the model. We w ill now see that, just 

as in the case o f the a0(980), a parameter-free RPA calculation provides the necessary 

downward shift in the mass o f the ^(980) without the need o f additional parameters.

In F ig.2.10 we show the result o f our calculation with Ggg =  13.10 GeV'2 and 

Gqq =  11.10 GeV'2 o f the absolute square o f the t t  scattering matrix \Ttt(E)\2 

[CeOO]. The solid line has its peak value at E =  980 MeV. (Note that at that energy | TTr(E) |2 

=  1.0.) The dotted curve is the result obtained when we put ReKTT(P2) and 

R eA ^(P 2) equal to zero. The peak o f the dotted curve is at E  =  1060 MeV. Thus, 

we see that ReK(P2) induces a downward shift in energy o f approximately 80 MeV. 

Combined with the use o f the RPA rather than the TDA, we find satisfactory 

agreement with the experimental value o f the mass o f the / 0(980).

In F ig.2.11 we show the absolute square o f the T matrix describing KK 

scattering 1 7 ^ (£ )|2 [CeOO]. We find the 1 3P0 s i  state at 1445 MeV in the RPA. In 

a first approximation, that neglects quarkonium-glueball mixing, we identify that state 

with the / 0(1370), whose mass is not well determined. In F ig.2.12 we show | T^(E) \2 

in more detail in the region where we find the 1 3P0 s i state. There, we see that the 

width o f the state is about 40 MeV in the RPA. The dotted curve in the figure shows 

the result obtained when R&K{P2) =  0. The dotted curve has a peak at 1469 MeV 

indicating that inclusion o f R eK ^ iP 2) and ReK™(P2) results in a downward shift o f 

only 24 MeV in this case.
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In F ig.2.13 we show various results obtained in our study o f the f 0 mesons. 

Column a) shows the energies o f the rm states bound in the confining field, while 

column c) shows the ss bound-state energies. Inclusion o f the short-range NJL 

interaction and ReKs(P2) yields the values in column b). Since we have approximate 

ideal mixing, we indicate the states o f mainly ss character by dotted lines. In column 

d) we show some o f the states found in experiment. There is definitely a state at 1770 

MeV, while the state at 1710 MeV may have J  =  0 or J  =  2 [BuOO].

The scalar glueball is thought to be in the region o f 1.5-1.7 GeV before 

quarkonium-glueball mixing. Mixing o f the glueball with the qq states is probably an 

essential feature o f scalar meson dynamics in the region above 1 GeV. For example, 

the ss state that we found at 1445 MeV w ill probably mix significantly with the 

glueball and with the 2 3P0 rm state that we find at 1550 MeV. Such mixing is 

necessary to account for the fact that the / 0(1370) decays mainly to the 47T continuum. 

It is not clear at this time whether th e /0(1500), / y(1710) or the / 0(1770) resonance has 

the main glueball component after quarkonium-glueball mixing is taken into account.

2.6 Discussion

The organization o f scalar qq states into nonets is a subject o f some 

controversy. For example, i f  the a0(980) and / o(980) are taken to be KK  "molecules" 

[Ja95], one might chose the / 0(1370) as mainly the 1 3P0 rm state, with the / 0(1500) 

as mainly the 1 3P0 ss state. Then, the / 0(1710) would have a large glueball 

component. Alternatively, the / 0(1500) may be taken to have the major glueball 

component with the / 0(1710) having a large ss component. One or the other o f these
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choices are considered in [C100] or in [Le99, LeOO].

Other assignments o f scalar states to various nonets are suggested in the 

literature. For example, Schechter and collaborators [Sa95, B198, B199, B100] place the 

0(500-600), ao(980), / 0(980) and k(700-900) in the same nonet. Then the a0(1450) 

is in the same nonet as the (1430). These assignments lead to various problems with 

the energetics as described in [B100]. For example, one does not see the expected 

increase in energy when a w o rd  quark is replaced by a s quark in the passage from 

the a0(1450) to the AT0* (1430). These and other problems are discussed in Ref.[B100] 

and a model involving configuration mixing of the a0(980) and AT0* (1430) with two 

other states, possibly o f qqqq character, is introduced in an attempt to overcome the 

problems raised by the above mentioned assignment o f configurations. (In our analysis 

the 0(500-600) and k (700-900) are "dynamically generated" states [ShOO], which 

appear as poles in the ttt and ttK  T  matrices, but which do not correspond to qq 

states.)

We find that the ao(980), <  (1430), / 0(980) and / 0(1370) should be placed in 

the same 1 3P0 nonet o f states before quarkonium-glueball mixing modifies the 

properties o f the /0(1370). Supporting arguments for placing the a0(980) and (1430) 

in the same nonet have recently been presented by Maltman [Ma99, MaOO], He 

calculated the scalar decay constants o f the a0(980) and (1430) using QCD sum rule 

techniques and other methods. He found similar values o f the decay constants, 

suggesting that these resonances belong in the same nonet. In Chapter 5, we present 

the results o f our calculation o f these decay constants using our generalized NJL model.
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We obtained values similar to those o f Maltman, lending further support to our 

assignments o f configurations o f the qq states. It should be apparent that a study o f 

quarkonium-glueball mixing would be most useful in increasing our understanding o f 

the properties o f the f 0 resonances.
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Chapter 3

Wave Functions o f the Radial Excitations o f the Pion

3.1 Introduction

In Chapter 2 we found that our calculation o f the wave functions o f light 

mesons could be put into a form that is quite analogous to calculations made in the 

random-phase approximation (RPA) for particle-hole excitations in nuclei. The resulting 

wave functions provide a quite clear picture o f how one passes from a highly 

relativistic system to more nonrelativistic system as the mass o f the meson increases. 

(For the more massive meson states, the Tamm-Dancoff approximation may be used.)

In this chapter we wish to apply our formalism to the calculation of the wave 

functions o f the isovector pseudoscalar mesons. As an application, we w ill calculate the 

decay constants o f various states, taking into account pseudoscalar-axial-vector 

mixing. We obtain the wave functions and energies o f the various radial excitations of 

the pion. We also find an additional set o f states whose vertex is dominated by the 

Dirac matrix y0y5 rather than the matrix iy5 that dominates the vertex o f the pionlike 

states. It is only the latter states that exhibit collective behavior, with the pion as the 

Goldstone boson. The pion is best studied in a Euclidean-space formulation, where we 

may maintain chiral symmetry in our calculation. However, our Minkowski-space study 

of the pion is o f some interest and we present results for the pion wave function and
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decay constant calculated in our Minkowski-space formalism. [ In our Euclidean-space 

calculation, we could solve the one-body (Hartree) aspect o f the problem at the same 

time as the two-body aspect (Bethe-Salpeter equation) and demonstrate that our model 

exhibits chiral symmetry. A t present, we do not know how to make a corresponding 

calculation in Minkowski space.]

It is useful to obtain the wave functions o f various mesons by first calculating 

vertex functions. It is possible to define several vertex functions in the study of 

pseudoscalar mesons. We may define functions that correspond to the use o f only the 

confining interaction, as in Fig.2. la  and 2. lb . Here the vertex functions were denoted 

as f 5(P,k) and r£(P ,£), where the latter function was needed when we studied 

pseudoscalar -  axial-vector mixing [Ce99c]. Note that, when we wish to construct wave 

functions, we solve the homogeneous equation o f Fig.2. lb  rather than the 

inhomogeneous equation o f Fig.2. la . In the present work we w ill solve the 

homogeneous equation that is given in a schematic representation in Fig.2. lc . In this 

case we include the NJL interaction, or the NJL interaction plus the confining 

interaction. The resulting vertex functions w ill be denoted as Tp(P,k) and T^(P,k). 

(The bar over the vertex function is a reminder that these functions have a Dirac matrix 

structure.) These various vertex functions may be used to define a number o f vacuum 

polarization integrals, as seen in Fig.3.1. Once these polarization integrals have been 

defined, it is a relatively simple matter to obtain equations for the vertex functions 

f p(P,k) and r A(P,k).
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3.2 Vertex Functions for the Confining Interaction

In this Section we review various relations that serve to define the vertex 

functions that satisfy an equation o f the form given in Fig.2. la. We define a 

pseudoscalar vertex matrix [Ce99c]

.r  dPk'
* )  = T, - ; j  - i y  YS„(/V2 ♦ *  * 0 7 , ]  *  -  * ' ) ,

{ } (3.2.1)

where Sa(P/2 +k) = [(P /2 + t)  -m a + it ]  ] " ',  etc. We define functions and TJ*: 

A a \ ^ ) T ^ ^ ( P , k )  = r ; ; ^ ( P , k ) A ^ ( k ) y 5A{b- \ - l )  , ( 3 - 2 . 2 )

and

A i ' ’ ( - X ) f i ^ ( i > , ( : ) A i * >( I ) = r !- ^ ( / > , J : ) A i - , ( - T ) v 3A l,*1( I )  , <3 -2 -3 )

where

A i* >  ( T )  =  ,  ( 3 . 2 . 4 )
2 mQ

and

, (3.2.5)
2mb

Here, K  = [ £ , ( * ) ,  T ]  and kTb = [ - £ , ( * ) ,  ~k] .

We also define a longitudinal matrix vertex [Ce99c]
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V . J P ,  * )  = - i  J  y  Sa(Pf2  +k') r L ab(P, k') Sb( -PI2  +k ') lp  Vc( k -  k')
(2 x )' (3.2.6)

and introduce the function (/*,&):

A”  ( k)  r '  * ,(p , k ) Al,-’( - * )  = k ) f £ \ k )  -  k ) .

(3.2.7)

There is a corresponding equation defining T ^ ^ P ,  k ) . It is useful to write

rL » < P .* )  = - £ = r t M (p ,k )  , (3.2.8)

so that Eq.(3.2.7) becomes

^ a ) ( k )T L>ab(P ,k )A i- )( - k ) = r L:ab( P , k ) ^ ; \ k ) y 5A(; \ - k )  , (3-2.9)

etc. We find that

r 2;a6(P ,^ ) =
mbEa(k )+ m aEb(k )

m a m b +  £ a ( ^ >  £ » (  * )  +

Vc( *  -  /:')_ r aj K'

J O r ?  4Ea(k ')E b( T )  mamb + Ea(k )E b(k )  + T 2
(3.2.10)

x  C(k, k’ )
T Z A P ik ' )

P ° - E ( k , ) - E b( k ' ) ,

with
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C ( * , X )  =
2. 2

x  { ml ( Ea(k)E a(k ')  -  X X ) + ml (Eb(k )  Eb(k ')  -  X X ) 

+ 2m .m J -E a(k )E b(k )  - I 2 - £ , ( X ) E * ( X ) - X 2 

+ 1  £a(X) £ , ( X ) + X X ' + i £ a(X ) Eb(k )  ]

(3.2.11)

- 2 {E a{k )E A k )  +T ) ( E a{k ')E A k !)  + T )  - I m l m l } .

We also have

^L.ab(E i k) -  ~
mbEa{k )  +maEb(k )a b '

mamb + Ea (k ) Eb<<k > +

r d?k'
J (2 i) :

(mamb)2 Vc( k -  k')

(2 t )3 4Ea(k ')E A k ')  m m b + E ( k ) E A k )  + k

X C U , X )
r z ^ p , * ')

P ° + £ ( X ) + E ( X )

(3.2.12)

( In Eqs.(3.2.10) and (3.2.12) we have corrected a misprint that appeared in [Ce99c].) 

We note the relation T l^ i - P 0, | & | ) = -T l '^ iP 0, | £ |) • The functions ^ "^ (P ,k) and 

TllabiP^k) satisfy equations similar to Eqs.(3.2.10)-(3.2.12), except that the 

inhomogeneous terms are both equal to unity [Ce99c]. Therefore, we have

rilab(-P°, I X ) = r ; f*(P °, |X |).

These vertex functions may be used to define vacuum polarization functions that 

are free o f the singularities that would appear in a theory without confinement when 

the quark and antiquark go on mass shell. [See Fig.3.1] We describe various 

polarization functions in the next section.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 2 4 -

3.3 Vacuum Polarization Functions

We start with a definition o f the polarization functions in the absence o f 

confinement [Ce99c]

= ( - l)2 n eTr f ^ [ a 5iS „(P /2+* )i7 JiSs(-/> /2+*)],
J (2tr)

(3.3.1)

= (- l)2 « eT r |  [iS,(PI2+k)iysiSt t,-PI2 +* )7„7S] .

(3.3.2)

= < -l ) 2« J r  j ^ [ / S „ ( / > / 2 +t)7 ,7 siS4( - M ^ ) i7 5] .

(3.3.3)

and

|  J ? L  {iSt (P/2 +k)yliysiSb(-Pl2 *k )y ,y5] .

<3.3.4)

We also define [Ce99c]

C »<p > = ‘ -7"<p2> -F =  • ( 3 3 '5>
f t *

and

, (3 3 6)
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(3.3.7)

with f  „  = - P P J P 2. Note also that 7 ^(P 2) = - J PA(P2) and P J "  = g "P ,= 0 .

We now include the confinement vertex in the definitions o f the polarization 

integrals. We define

= (-l)2n^ J ^ l T r [ i Y 5iSa(/>/2 + * ) iF s „ ( /> ,*)/S,(-/>/2+*)].(3.3.8)

We find, w ith /> =  0,

•C (P 2) = -2 n ,J d3jfc [£ « (* )£ * ( * )  + *  +mam j 

(2tr)3 Ea(k ) E b(k )
(3.3.9)

P ° - E ( k )  - E J k )  P°+E (k) +EAk)

which may be written as

d3k [Ea(k )E b(k )  + k +mamb]

E A k )E A k )
(3.3.10)

P ° - E ( k ) - E b( k )  P° + E (k )  +Eh(k)

We now define

- u rJ ( P * )  - ( - i) 2 b „  [ 4 2 jT r [ is . ( m +i ) / r 5(P .* ) is t ( - m +* ) W j l (3 -3 .ii)
J (2x)

and
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~ iJZ „(P 2) = ( - l ) 2 n c^ ^ j T [ i S a(P/2+k ) iT LJ P ,k ) iS b( -P /2 +k)iy5\ (3.3.12)

We use Eqs.(3.2.8) and (3.2.9) to find

d*k [maEb(k )+ m bEa(k)] 

(2x)3 Ea(k )E b(k )
(3.3.13)

x
l » - E < k ) - E A k ) P °+ E tk )+ E b(k)

Using the relation T l ^ i - P 0, \ k \ ) = T ^ i P 0, | k \ ) , the last relation may be written

jPa , p2 \ _ r d3k [mb(k )E a( k ) + maEb(k)] 
Jab{ f  ) - - l n c j  — —3-----------------------------------

(2x)3 Ea{k )E b(k )
(3.3.14)

x r 5:ab(P ° , \k
P°-Ea( k )  - E b{ k) P°+Ea(k )+Eb(k)

We note that J™ (0) = 0.

In a similar fashion, we find

ap ■> r dPk [ mnmh + k +EAk)Eh{k)\
; ^ ( P 2) = 2 « c f

(2x)3 

x r 2;fl„ ( Jp ° .|T |)

Ea(k )E b(k )
(3.3.15)

1 1
P ° - E ( k ) - E b( k ) P°+E (k) +Eh(k)

and
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•C (P 2)= 2 n c j
d3k [m bEa(k )+ m aEb(k)] 

(2 ^ f Ea(k )E b(k )
(3.3.16)

1 1
P°-Ea(k )  - E b(k )  P° +Ea(k)+Eb(k)

where we have used the relation Tl*(-P°, | £ |) = | & |). Relations such as

those given in Eqs.(3.3.5)-(3.3.7) may also be written for the functions

3.4 Vertex Functions for the Sum o f the NJL and the Confining Interaction

We now include the NJL interaction in addition to the confining interaction in 

the equation for the vertex functions, as in Fig.3.2. We define a new set o f polarization 

intergrals by replacing T ^ P 0, | k \ ) by Tp'^iP0, | £ |) and T l '^ iP 0, | k \ ) by 

rX *(P °, \ k \ )  etc., in the expressions given in Section 3.3. W ith this procedure we 

obtain the vacuum polarization functions appearing in Fig.3.1c. We denote these new 

polarization functions as 3 PP, J PA, J M etc. Thus,

J PA(P), J A/ ( P )  and

/ " C P 2 ) = - 2 n c J
d3k [Ea(k )E b(k )  + k 2 +mamb] 

(2 tt)3 Ea(k )E b(k )
(3.4.1)

x r ; ;a6(P ° ,|* |) i i

P°-E a( k ) - E b(k )  P°+Ea(k )+Eb(k)
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where we have defined

= -2#z c | d3k [E a( ky* Eb(k ) + k * +mambl
(2 ir)3 Ea(k )E b(k )

x [^ ;(p ° , | I | ) + 0 ;(P°, |X |) ] ,

r^ (P °>  | * | )
P °-E a(lc)-Eb(k)

(3.4.2)

(3.4.3)

and

r ^ - P 0, ! * ! )

P°+Ea(k )+Eb(k)

n ^ p 0, ^ )
P°+Ea(k)+Eb(k)

(3.4.4)

Since we w ill be dealing with bound-state wave functions, we w ill write <f>p(P°, \ k \ ) 

as <}>pj(k) and 4>p(Pf, |T |) as <j>Pi(k), where k =ffc|.

Similarly, we define J™(P2) by the replacement o f ^ ’̂ (P 0, \ k \ )  by 

r ;^ (P ° , |T |) ,  etc. Thus,

(3.4.5)
(2 x)3 E(k)EAk)

We also have
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d?k \mamb + k +Ea(k)Eb(k)
(2tt)3 Ea(k)Eb(k)

$ ,< * > -£ # > ] . (3-4-6)

where

and

r X a t iP l lk l )  

Pf~E.(k) -E b(k)
(3.4.7)

=
!? « ( - # .  1*1) 

/? + £ „(*)+ £ *(*)

_  i i i )

P f+Ea(k )+Eb(k)

(3.4.8)

With these definitions we may write

JAA 
J  ab { /« )  =.2nc |

d?k [mbEa( k ) +maEb(k ) ]

(2 t ) ! E .(k )E „(k )

1
(3.4.9)

P °-E a( k ) - E b( k ) P° +Ea(k)+Eb(k)

f . (3.4.10)
CJ (2 tt)j  £ . ( * ) £ , ( * )  l  ,M J

3.5 Coupled Equations for the Wave Function Amplitudes d>Uk), <bl(k). <fc(fc) and

With the array o f definitions made in the previous sections, we may easily
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obtain the coupled equations relating <f>p, <frp, 4>A and 4>A. The equation for the vertex 

functions in the presence o f both the NJL interaction and the confining interaction is 

indicated in a schematic fashion in Figs.3.2 and 3.3. For the moment, let us only 

consider the NJL interaction and Fig.3.2. In general, we may write T = . Taking

matrix elements o f between the projectors a£°(£) and A ^ i - k )  and canceling a 

common factor o f Ai*)(k)y5Ai' )( -k ) ,  we obtain an equation that couples T*P'(P°,k) to

rA-(P°,k)

Tp~(P°,k) = e-*l2tfJ {P^G.88
(3.5.1)

-  2ncG88e-k l l2 c r | d}kr F i k ^ e - ^
(2tr)3 Ea{kr)Eb(kt)

P ° -E (k f) - E b(kf) P°+E (kr)+EAkr)

- In  G e-k'<™ I * k ’
c 88 1 (2tt)3 Ea{kt)Eb{kt)

t !/2cr |

X
P ° -E (k ' ) -E h{k/) P °+E (k ‘)+EAk’)

(3.5.2)

Since the NJL interaction requires regulation, we have replaced the coupling constant 

G88 by exp[-k2/2a2] Gggexp[-k/2/2a2].  This replacement corresponds to the 

regularization procedure we have used in our earlier work [Ce99a, Ce99c, Ce99e, 

CeOO]. Here, G88 is the interaction in octet states and is a linear combination o f Gs 

and Gd o f Eq.(2.1.1). In Eq.(3.5.1) we have introduced the function
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F(k) = [Ea(k)Eb(k) + T + m am^ . (3.5.3)

We also define

G(k) = maEb(k) +mbEa(k) . (3-5-4)

It is useful to introduce a degree o f symmetry in the interaction we w ill derive by 

defining

and

fcAk) = k^ W - . - - 4>:Xk), (3.5.6)
f t  Ea(k)Eb(k)

with similar definitions for <f>A(k) and <j>A(k).

Thus, Eq.(3.5.2) may be rewritten, with k = [X| and k ' = |F |, as

\ 0 . J . / )

+H?(k,k')<t>-Pj(k') +HPNA{k,kt)<t>:J{kt)-H™(k,k')<l>-Aj(k') }.

Here, HN {Kk') is a symmetric function

pp ,  nc Gggkk'ylF(k)F(kf) <r*:/2oV ';/:/2“i 
H ^ iK k ' )  = — \  88 1 -1 7 -----  , (3.5.8)

T f t a{k)Eb{k)Ea{k')Eb{kt)

while
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f l ------------ ------------------------  h.j/. f „ - k 1l2c?p -k ,1l2 d t

H% (k,k/) = — £ G jF (k )F (k ')  KKe , (3.5.9)
^Ea{k)Eb{k)Ea{k')Eb{kf)

and

H AP{k,k 0 =
7T

F(k) G(ft/)& :/e-*w g-*'V2ai (3.5.10)

jE ,(k)E l,(k)E'(k')El (k')

We also obtain

m  ( 3 5  n )

F M  jE '(k )E t (k)El,(k')El (k')

In these equations the exponential factors are the Gaussian regulators. In the past we 

have used a =  0.605 GeV, and we w ill continue to use that value here.

We may obtain another equation by writting

r ;-(P°,k) = - [p ° +Ea( l ) +Eb(k)\<t>KP°,k) , (3-5-12)

on the left-hand side o f Eq.(3.5.2).

We may also use the relation [See Fig.3.4]

f A(P,k) = -e -*17*  1PA (P2) Gvy0y5 + J M(P2) Gvy0ys <3-5-13) 

and form the matrix element between A(* \k )  and A ^ \ - k ) .  Thus,

r*A~(P°,k) = - e * ' 2*  3 PA{P2)Gy+e-*12*  J ^ iP ^ G y  . (3.5.14)

Here J PP(P2), J FA(P2) and J M (P2) differ from the functions defined in Section 3.4, 

since they include the regulator e x p [-^2/2a2] in the integral defining these functions.
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I f  we put r A~(P°,k) = [p ° - Ea( I)  - Eb( I) ] <f>*(P°,k), or

r A-(P°,k) = - [/* + £ „ ( * )+ £ ,( * ) ]& ( /» * )  , (3.5.15)

we obtain a total o f four equations relating <f>p, <ffP, <f>A and <j>A.

Before writting these equations, we consider the confining interaction. Our 

treatment o f the confinement is such that we neglect pair production by the confining 

field in the meson rest frame so that, i f  we construct a matrix o f the interaction terms, 

the confining interaction appears only in the diagonal elements. We may identify the 

contribution o f the confining interaction by using the equations satisfied by IT (P , k) 

and IT  (P, k) given previously. To that end, it is useful to write

C(k,~k) = C0(k,k') +T-TC, (£,*0 (3-5-16)

and define

V f (*,*0  = \  \  dxPiix) Vc( k -  k') (3.5.17)

where P,(x) is a Legendre function. We find the symmetric interaction

1 <.m jnykk'{C0( m v Z ( k , k y k k i q ( m v f ( W }  ( 3 5 I 8 )

47r'~ V T O W  jE a(k)Eb(k)ESk')Et (.k’)

Note that the confining interaction does not require regularization.

We may then write the four coupled equations for <f>p, <j>~P, <j>A and <j>A as
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| d k '{ [(E a(k') +Eb(k'))d(k-k') +H” (k,k') +Hc(k,kf)) 0 ; , ( ^

+HPN?(k,kf) <j>Pj(k') +H PN\ k , k  0 <f>:j (kf) (3‘5’ 19>

| ^ { - / / 7 ( u o 0 ; , ( ^ o

- [ ( E . ( k o + ^ o )« ( * - * o + / t f f (fc ^ )+ ffc (* .*o ]^ w (fc/) ( 3 - 5 - 2 0 )

- H p\ k , k w : JM +H pA(k,k)<j>-AJ(k')} = t o ,

|  d k ' iH f ik W & j ik ) -H f (k ,k ')< j> h (k ')

+ [(Ea(k^+Eb(k^)d (k-k^+H ^ (k ,k ^ +Hc(k,k^]<j>Xi(k') <3-5-21>

+H t i {k,k')<t>-AJ(k')} = r f t i u W ,

and

J (3.5.22)

-[(E a(*0 +£,(*0) 5 (*-*0  +H£i(k,kf) +Hc(k,k')] 0 ;# O  } = J’t a # ) .

Note that, for any solution with P,° >  0 there is another solution with the energy

-P f. I f  the first solution has a wave function characterized by <j>P, <f>~P, <f>A and <f>A, the

second solution is obtained by the transformation 4 >P - + < j > P ,  0 p-»0 p, 4 > a ~ * ~ 4 > a

and P f^ -P f.

3.6 Calculation o f Normalized Wave Functions and the Pion Decay Constant

We may define normalized wave functions by multiplying4>P(k), <j>P(k) , <t>*A(k) 

and <f)A(k) by a normalization factor \jNi , where
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1 _ 1 2nc 
N. 2 M, ir2

(3.6.1)

and Mi is the mass o f the meson. Here we have considered the case in which <j>A(k) 

and <b~A{k) are small. (The minus sign that appears in Eq.(3.6.1) is a characteristic of 

calculations made in the RPA.)

In the case that 4>\(k) and 4>A(k) are significant, the appropriate normalization 

factor is

where

= CEa(k)+ma)(Eb(k)+mb) - l ? 

06 ’  {E0(k)+ma){Eb{k)+m J+l?
(3.6.3)

When ma =mb = m, fi^ ik) = mIE(k). We may define

(3.6.4)

and

4>P.N(k) -  \]N; $P,i(k) ,
(3.6.5)

etc.

A calculation o f the meson decay constant yields
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p = nc r

jE a(k)Eb(k)F(k)

x / aT { [ ^ W - ^ w J + ^ W + ^ liW ] }  •

(3.6.6)

Note that in the chiral lim it (M.-* 0) the bracketed term also vanishes, such that f r 

remains finite. Further, in the case ma-m b=m, we have the simple form

since Fiky+lEP-ik) when the quark masses are equal.

The calculation o f f T for the 7r(138) using Eqs.(6 .6) or (6.7) yields large values 

o f about 170 MeV. This problem is partially resolved by introducing the axial charge 

o f the quarks. That is, we sum a series o f vacuum polarization diagrams that connect 

the pion to the axial current. Thus, we calculate the pion decay constant to be

where (P2) was defined earlier in this work. We define the quark axial charge to

and write Eq.(3.6.8) as FT=gAf T. We w ill also evaluate Eqs.(3.6.8) and (3.6.9) using 

J AA{P2). I f  we neglect confinement, we have C?88 =  Gv =  11.76 GeV'2 and (ml) 

=  -0.02416 GeV2, so that gA =  0.778. Since we find f T =  178 MeV in this case, we 

obtain Fr =  138 MeV. I f  we include confinement, we use Gg8 =  13.49 GeV'2 and Gv

be

(3.6.9)
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=  12.46 GeV'2 and also obtain J?*(ml) =  -0.02914 GeV2. Thus, in this case, f T = 

180 MeV, gA =  0.745 and Fr =  134 MeV. [See Table 3.1 and Appendix B.] In this 

work we have not attempted to calculate gA for other than the tt(138), since more 

complex techniques are needed to calculate gA for the more massive states.

3.7 Results o f Numerical Computation: Wave Functions and Mass Values

Diagonalization o f the interaction matrix yields the energies shown in Fig.3.4 

and Table 3.1. The figure shows the energies o f the doublets in the confining field on 

the left-hand side. The result o f including the NJL interaction produces the mass values 

shown in the right-hand side o f the figure. In Figs. 3.5-3.10 we exhibit the wave 

functions o f the 7r(138), 7r(1325), ir(1391), ir(1652), t t (1717) and x(1890). The 

second, fourth and sixth o f these states are "mixed" states, while the tr(138), 7r (1391) 

and 7t(1717) are "pionlike", It may be seen that <f>A(k) and <j>A(k) are small in those 

states we have termed "pionlike".

In Table 3.1 we also give the values o f / T, and Fx, with and without 

confinement, for the 7T(138). We note that the values o f a = 0.605 GeV and mu =md 

=  0.364 GeV were used. When we include confinement we used Gv =  12.46 GeV'2, 

and k  =  0.055 GeV2. The value o f Ggg =  13.49 GeV'2 was adjusted to yield 138 MeV 

for the mass o f the pion. (The pion mass is very sensitive to variations o f Ggg.) When 

we neglected confinement, we used G88 =  11.76 GeV2 and GV=G88. [See Table 3.1.]

3.8 Discussion

It may be seen from our presentation that, in the absence o f a confining 

interaction, the NJL model does not allow for a description o f radially-excited states.
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The model leads to a separable interaction in each channel such that the vertex function 

is proportional to the regulator. [See Eqs.(3.5.1) and (3.5.12).] To deal with this 

problem, Volkov and collaborators have introduced additional separable interactions 

in each channel. These new terms allow for a description o f radially-excited states 

[Vo98, Vo99, VoOO]. More closely related to our work is described in [RiOO, KoOO, 

Me96, Mu94]. In [RiOO, KoOO] the authors include a confinement model that has 

scalar, pseudoscalar and vector confining interactions. They solve the Bethe-Salpeter 

equation and describe a large number of light meson states. However, they do not 

include pseudoscalar-axial-vector coupling in their formalism. Other work related to 

ours may be found in [L100], where meson spectra are calculated using many-body 

techniques based upon the RPA. That work is part o f a comprehensive program to 

investigate hadron structure using an effective Lagrangian obtained from QCD [CoOO].

In the present work we have shown how to derive relativistic RPA equations 

that my be used to calculate the properties o f radially-excited states o f pseudoscalar 

mesons. We found that the calculated states fa ll into two groups. One group is 

composed o f "pionlike" states and the other is composed o f "mixed" states. The NJL 

interaction is strongly attractive for the pionlike states such that the state in the 

confining field at 1210 MeV becomes the tt(138) when the NJL interaction is included. 

[See Fig.3.4.] It is o f interest to note that our calculations are quite similar to the RPA 

calculations made many years ago in the study o f particle-hole excitations in nuclei 

[Fe71, Fe70].

We have noted earlier that the pion is best treated in Euclidean space, where
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one may maintain chiral symmetry in the description o f the pion [Ce97]. In our work, 

with the exception o f [Ce97], we have used constant values for the quark masses, a 

feature which introduces some violation o f chiral symmetry when we include the 

confining interaction. The effect o f confinement in modifying the pion wave function 

is small, however, as may be seen in Fig.3.11. One might choose to neglect 

confinement for the pion and include confinement for all the other isovector 

pseudoscalar states such as those that appear in Fig.3.4. It would, o f course, be 

desirable to produce a Minkowski-space model in which we could maintain chiral 

symmetry for the pion and still calculate the various radial excitations.

Our work may also be o f some interest in estimating the size o f the 

"continuum" contribution when the Borel transformation is used in the application o f 

QCD sum rules for the calculation o f the correlator o f the axial-vector hadronic current 

[Na89].
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Chapter 4

Properties o f the 77 and 77'  Mesons and their Radial Excitations

4.1 Introduction

When we consider the 77 mesons, the wave function amplitudes, before 

diagonalization, could be o f singlet or octet character. Therefore, for our study o f the 

77, 77' mesons and their radial excitations, we need to determine eight components for 

the wave function o f each meson. We may also transform from the singlet-octet 

representation to a tin and ss basis. We w ill use both representations in this work.

4.2 Vacuum Polarization Functions in the Presence of a Confining Interaction

As stated in the last section, in order to derive the equations o f the RPA, it is 

useful to first obtain expressions for the vacuum polarization functions o f the NJL 

model. We review the expressions obtained for these functions in this section. Here we 

present the results in a nn, ss, ris, or sn basis. (For our study o f the 77 mesons we 

w ill only need the results in the mi-s's basis.) In the following, the subscripts refer 

to either u, d or s quarks and antiquarks.

We now make reference to Eqs.(3.3.1)-(3.3.16). For our study we now need 

to construct J % ( P \  J ^ iP 1), /,? (P 2), i£ ( /> 2) and /,? (P 2) .In  Fig.4.1 and

4.2 we present values o f (P2) and (P2) . The singularities seen there reflect

those o f the confinement vertex functions V*5'^(P°,k) and Tysl(P°,k), respectively. The
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functions j j£ (P 2) and J ^ (P 2) have singularities at the same energies as Ty„^(P2) , etc. 

The positions o f the singularities provide us with the energies o f the bound states in the 

confining field. (See the first and second column o f levels shown in Fig.4.3) These are 

the energies at which the homogeneous equations o f Fig.2. lb  have solutions.

To make use o f the equations depicted in Figs.3.2 and 3.3, it is useful to define 

the vertex functions that are the solutions o f these equations and then to define 

polarization functions, J PP(P2), J PA(P2) and JAA{P2), which have the confinement 

vertex functions T ^ i P 0,®  and T ^ i P 0,®  replaced by T ^ i P 0,®  and r^ O P 0,* ). 

For the study o f the t\ mesons we w ill need Yp'n7t(P°,k) , Tp'^(P°,k), YA'„^(P°,k) and 

YA~s-s(P°,k). We w ill also introduce the singlet and octet versions o f these functions, 

T*P'0(P°,k), Tp's(P°,k), r A:0(P°,k) and H'gCP0,*:). The passage between these two 

representations w ill be considered in the next section.

4.3 Wave Functions for Pseudoscalar Mesons with Singlet-Octet Mixing

In this section we w ill pass between a singlet-octet representation and a m , s i 

representation. We may use a matrix, M, to connect these representations

(4.3.1)

Here

(4.3.2)

so that
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&  $

We may write a vertex for the rj mesons o f the form.

f , ( * )  = n :n n (k ) j5\ - ^ r P:s-s(k )ys\ -  

+TXnn(k)yQy5\ n-+TZs-s(k)y0y5\ 1 ,

and also define a series o f wave functions

k r p-„-„(k)
* ;.« (* )  = P°-2Eu(k)

kTpn-n(k)
« .« (* )  = - P° + 2E(k)

kV;~sl(k)
& A k )  = •

P°-2Es(k)

kV;-sl(k)
&.,?(*) = - P° + 2E (k)

'  P ° -2£u(*) ’

(4.3.3)

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9) 

(4.3.10)
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k) = _ k^A.nnik) (4.3.11)
^ nn( P°+2E(k) ’

« , ; ( * )  = * r r “ (*> . <4'3-12) P °-2E s(k)

and

. (4.3.13)
f °  + 2E,(*)

Once we have defined these functions, we may introduce <j>A.o(k),

^ ( * ) ,  < t > A . o ( k ) ,  < t > A , s ( k ) ,  < t > A , o ( k )  and & .8(fc). We choose to solve for the

[■— 2 211/2
functions in the singlet-octet representation. To that end, we write £u(/c) = I k +muJ , 

Es{k) = [7  +mj] , and define

=  4= 1̂ .  *  + £ > ® ] '  <4 -3 - 1 4 >

£K<*> = 4 = [£.W  +2£.® ]. (4-3.15)
J*

and

£ „(* )  = ^ [£ , ( A : ) - £ ,» ] ,  <4-316>

with Em{k) =Em(k).

We then need to solve the following eight equations, with the functions 

( * ,* ') ,  H?A(k ,k ') ,H f(k ,k %  H ^ (k ,k ') , H ^ Q{k,k') and (* ,* ')  defined in
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Appendix B. (Here, i  and j  are each either 0 or 8.) The equations are

|  dk'{ [E^ik) 5 (k -&0 +G00/ / (£f(k.k^) +H ^iC)(k,k/)] </>p,o(^0 

+[E0S(k) 8 {k-k ')+GoaH ” (k,k')) 4>;A{k')+GV)H ^ (K k r)4>P^k') 

+g oo/ / ^ , * 0 ^ . 8(^0 -g Oo ^ ^ ^ /)^ ,o (* 0 -G o o ^ ^ ^ /) ^ #  

+GO0H£(k,k')<f>-A'0(k') + G ^ i K k ^ o i k ) }  =P°<f>;,o(k),

|  dk'{ GssH^P(k,kf)(j>;,0(k') + [E88(*)5 (*-* ') +GSSH PSP {U ')  

+H l^ Q(k,kr)\ <fc.8(*0+G88/C (*,*0 1  4>-pfi(k) +GSX * P (*.*0<fc.8(* 

- G ^ H ^ k ' )  <j>A'0(kf)-G ssHg(k,k')<}>A,&(k') +GssH ^(k ,k f)<j>l0(k 

+G88t f8? ( U /)<M * 0 }  =P°&, s(k),

+G00Hw(k,kf) +H ^ iQ(k,k')] <fc.o(*0 -[£«*(*) S (*-*0 + 

GwHm (Kk')] 4>Pfi(k/)+G00H^(kJc')4>AO(kf)+G00H ^(k ,k f) <t>A,s(k‘

|  dfc'{ -GgsHw (k,kf)<l>pfi(kf) -  Ggg//^*(k,kr)<f>pS(kf)

- GssH£(k,k')(f>-pfi(k') - [E88(*)5(*-*0 + Gk H& (k,k^)+ 

H g i°(k,k')]<t>-P'8(kf) +GssH£(k,k')4>;.o(kf) + G88//5 4(U 0 ^ .8 (^  

-G 88/ / ^ ( U /)^ .o (* /)-G 88//5 4( U /) ^ . 8(*0 } = % ( * )  ,

- 4 4 -

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)
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J dk'{ -G vH g  {k,kt)<t>P'o{kr) - G vH £ {k ,k r)<\>;.s(k') +

GyHm (MO&.otfO + G y H g { K k ^ i k ^ ^ m - k )  +GvH g(k,k/) ^

+ H ^ Q(k,k')] <l>A.o(kr) +[EJLk) 5(k-k0 +GvHg(k,k  0 ]& .8 (*0 

+ GvH£(k*')<t>~A.o(k') + GvH£(k,k')<l>-A.s(k')} = ^ . o «  ,

|  d ft'{ -G yH g ikJcW nik*) -G vlig (k ,k /)<f>pS(k/)

+ G ^ ( * ,A :O ^ O + G X ,(*.*O 0w (*O+[£8o«(*-*O+ 3

Gv/ /^ ( * ^ 0 ]^ # 0 + [£ 88W5(*-A:0+GvH8t 4(/:,fc0 + < <Q( * ^ /)]

x ^ . # o+c?i^ » ( m o ^ o(*o+g ^ ( ^ o^ # o} = / ,o0 ;j.w ,

I  <ft'{ GvH g ( k , k ^ o ( k f) + GvHg(k,k')<(,;s (k')

(4.3.23)

x ^ # ') - [ £ 'otw 3 (* -* ') -c ^ ( t,A :') i< # ) ;.! (<:')}

and

J dfc'{ GvH g  (k,k')4>p0(k') + G y H g iU W rz ik )

-G vHg{k,kW rskk') -  GvHg(k,k')<f>-p,s(kf) -  GyHg{k,kf) ^ { k r) 3

-[E w(*)8 (*-*0  + GvH g(k,k  0 + * C Q(*,* /) ]& .8(* /) } = J * W * ) .

The singlet and octet coupling constants depend upon the values o f Gs, GD and 

the <74 vacuum condensates [CeOO]. For this analysis we use the values k =  0.055 

GeV2, Ggg = 12.46 GeV*2, G^ =  9.10 GeV’2, G^ =  0, Gv =  12.46 GeV2, =
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0.364 GeV and ms =  0.565 GeV. These are the same parameters that were used in our 

earlier work, except for the fact that has been reduced somewhat from the value 

of 10.46 GeV'2 used previously [Ce99a]. We use a Gaussian regulator which is defined 

in Appendix B. The Gaussian parameter a  was equal to 0.605 GeV in our earlier work 

and we also use that value here. (In some of our earlier calculations we used a sharp 

cutoff o f |T | < A 3 w ith A3 =  0.622 GeV. However, the Gaussian cutoff is preferred.)

4.4 Energy Levels and Wave Functions

The energies o f states bound in the confining field are shown in Fig.4.3. The 

first column gives the energies o f the rm states (1.216, 1.550, 1.811, 2.015, 2.200, 

2.359, 2.489, 2.610 and 2.712 GeV), while the third column gives the energies o f the 

ss states (1.559, 1.838, 2.072, 2.258, 2.423, 2.573 and 2.698 GeV). The two cross- 

hatched regions indicate the continuum of the model for the rm and ss states, 

respectively. (For example, for the rm states, the continuum threshold is 

E ^m =2mu+K/ne =  2.751 GeV.) Each o f the states in columns one and three is 

doubly degenerated with a wave function associated with either a y5 or a y 0y5 vertex 

in the meson rest frame.

The second column shows the results obtained upon the diagonalization of the 

RPA Hamiltonian. (Here we only show the positive-energy states.) The arrows give 

some indication o f how various states are distributed into the levels o f column two. 

(See Table 4.1] The 1 3S0 rm state bound in the confining field that has a y5 vertex 

is found with 75% probability in the lowest state o f column two and with about 25% 

probability in the next excitation. The two lowest energy states in column two represent
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the 7? (547) and i j '(958). The distribution o f the 1 3S0 s i  state has 21% probability in 

the 77(547) and 79% in the 7/(958). The rm and ss 1 3S0 states bound in the confining 

field that have the y 0y 5 vertex are highly fragmented over many o f the states in column 

two. The wave functions, ^ ( 1 )  ... etc., for the 7 7(547) are shown

in Fig.4.4. Here, f o ^ k )  [N2] and 4>Ps-s(k) [S2] are rather large in a state with a 

relatively small mass such as the 7/(547). The wave function o f the 7/(547) has 

dominant components f e ^ k )  [N l] and 4>*P̂ (k) [S I].

In Fig.4.5 we show the wave function o f the t/'(958) which we find at 893 

MeV. Here <j>*P̂ (k )  [S I] and <fP̂ {k )  [N l] are the dominant components. In Figs.4.4 

and 4.5 we also see a small amplitude for the 1 3S0 <t>A.s-s(k) [N3] component, which we 

stated had a rather fragmented distribution. In Fig.4.6 we show the 77(1295), which we 

find at 1318 MeV. [See Table 4.1]. This state is dominated by the 2 3S0 rm state, with 

the component <f>A,m(k) [N3] larger than <f>*P̂ (k )  [N l]. We see that the "small 

components" are indeed small for the more massive mesons.

In Fig.4.7 we show the wave function o f the 7/(1440), which we find at 1409 

MeV. [See Table 4.1.] Here the state is almost entirely the 2 3S0 rm state that has the 

y5 vertex [N l]. In Fig.4.8 we show the wave function o f the state at 1652 MeV. Here 

the tin components account for 96% of the norm, with <t>*Â (k )  [N3] larger than 

4>P̂ {k )  [N l]. These components arise from the 3 350 rm state bound in the confining 

field, as indicated in Fig.4.3. In Fig.4.9 we show the wave functions o f the state found 

at 1659 MeV. Here the 2 3S0 ss states play an important role, with <t>*Aj-s{k) [N3] being 

the dominant component. [See Fig.4.3.]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-48 -

On the right-hand side o f Fig.4.3 and in Table 4.1 we show the experimentally 

observed states: 77(547), 77'(958), 7j(1295) and 77(1440). These are in good 

correspondence w ith the four lowest-energy states o f our model.

4.5 Normalization o f Wave Functions and Calculation of Decay Constants 

We may define a normalization factor for each state o f mass

1 nc r  it/ a* m,

-  (« ,» (*) + * m .d k )  <4 1 »
£„(*>

t s[jc) E'S\K)

where the various wave functions are those for the state i.

We calculate the singlet and octet decay constants in terms o f the divergence of 

the currents

/*? (*) = 4(*)7„75x8?(*) (4-5‘2)

and

4®(x) = q(x)yiiy5\°q (x). (4-5-3>

We find

AS) __ 
Jyj

(4.5.4)

m.
-& ,;( * ) ] - ( ^ r k )  \& d k )  - f c ( * )  *<K dk) }Es(k)
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and

f<°) _
-  1  5 - Q - f

3 ^  M, I E„(k) (4 5 5)

+ f e i W ] ^  +(-F^W) [ f e W  - f e W  + fe W  + fe W l } 'E M )

For the 7? (547) and i7/(958) it is useful to improve upon the results o f 

Eqs.(4.5.4) and (4.5.5) by introducing axial charge parameters. These arise from 

interposing a string o f vacuum polarization diagrams between the rj or rj' wave 

functions and the axial current. We define

* -  =  k — r  • (4 5-6)1 - G ^ O k,2)

-  ' <4-5-7>

 k ~ r  • <4-5-8>

and

S i =  k ~ r  ■ (4.5.9)
l - G r / i ‘ (raJ)

Thus for the 77(547), we define
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+  < t> A .n * m  - g U - ^ r r )  [< & *(*) - f c W  + 6 U (* )  + f e ( * ) ] t /2 }

and

F?> = . 
> (4.5.11)

l/2 * S l( - f i r r )  [ f c W  ' f c W  + & « (*) + f c ( « ] } •EAk)

with similar definitions o f and F ^  for the 7/(958). We do not calculate values of 

the axial charge for the more highly excited states, since more complex techniques than 

those used here would be needed for those states. In Table 4.1 we present the values 

obtained for / , (0) and / , (8) for the twenty-eight wave functions calculated in this work, 

as well as values o f F f ) , F<°), and F^ ] .

4.6 Discussion

In this chapter we have used parameters from our earlier studies: G88 = 12.46

ms =  0.565 GeV. The value o f G^, which was 10.46 GeV'2 in previous work, was 

adjusted to 9.10 GeV'2 so that we had 543 MeV for the mass o f the 77(547). A 

particularly satisfactory feature o f our analysis may be seen in Fig.4.3, where we see 

that we make a good account o f the spectrum o f the four experimentally determined 

states. The four states o f lowest energy are also found to be well separated from the

GeV'2, Gv =  12.46 GeV'2, k =  0.055 GeV2, n =  0.010 GeV, mu =  0.364 GeV and
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large number o f states found above 1.5 GeV.

The RPA representation o f the wave function components is seen to be 

particularly well suited i f  one wishes to provide a physical description o f the states in 

terms o f their nn or s i components. It is also easy to see the relative importance o f 

the 7S and y0y5 vertices. It is worth noting that the deviations from ideal mixing are 

due to the presence o f th e ’t Hooft interaction. It may be seen from our results that 

n n -s l mixing is most important for the 1/(547) and r]'(95S). The other states are 

mainly either nn or s i  states. [See Table 4.1.]
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Chapter 5

Decay Constants o f the fl0(980) and Kq (1430)

5.1 Introduction

We are motivated to calculate the decay constants o f the a0(980), a0(1450) and 

Kq (1430) resonances, since values have been obtained for these constants using QCD 

sum rules and various experimental data [Ma99, MaOO]. The calculation o f these decay 

constants is useful in assigning the a0(980) and IQ  (1430) resonances to scalar nonets, 

which is a matter o f some controversy. In our previous work we found that the a0(980) 

and Kq (1430) should be placed in the same 13P0 nonet o f scalar states [Ce99a, CeOO]. 

Maltman’s work [Ma99, MaOO] supports that assignment.

5.2 Vertex Functions for Scalar Mesons

We recall that we had defined 1^' (P,k) and Ts*(P,k):

A(>)( I ) f s(P,k)A(->( - I )  = 1 7 (P,k)A<+)(k )A(->( -T ) , C5-2 -1)

and

A(-)( - K ) f s(P,k)AM (k) = r j +( />,A:)A(-)(-T )A (+)(T) . (5-2-2)

We also define T*s*(P,k) and T}'(P,k):

Aw(X)P(P,ik)A(+>(T)=rr(P,ik)Aw(T) , (5-2-3)

and
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A < -\- 'k )fs(P,k)A<-)(-lc) = iy (P ,£ )A (-> (-I) . <5-2-4)

In our work we obtained equations for 1 7  (P,k) and T}*(P,k) in the frame where P 

=  0. [See Eqs.(2.2.10) and (2.2.11).] The calculation o f Fs*(P°,k) and 17  (P0,*) is 

described in [CeOO]. This formalism may be used to obtain covariant expressions for 

the vertex [Ce99a, CeOO]. We write

f s(P,k) = a,(P,*) +ka2(P,k) , (5-2.5)

where k11 was defined previously in Eq.(2.2.2). We have

r s-(P,k) = ax(P,k) +ma2(P,k) , (5-2-6)

and

1 7  (P,k) = fl, (P,k) -  —  a, (P,k) . (5-2-7)
m ~

Note that we can write a ,(P,k) =al (P2,\]-k2 ), and a2(P,k) =a2(P2̂ - k 2 ). The 

Lorentz invariants, a, and a2, may be determined by relating them to the rest frame 

values o f 1 7 (P°, |fc|) and 1 7 (P °,|T |) [Ce99a, CeOO]. (The case where the quark 

masses are different is discussed in great detail in [Ce99a] and in Section 5.5.) Using 

this formalism, vacuum polarization diagrams and meson decay amplitudes may be 

calculated in any Lorentz frame and we have made a number o f such calculations.

5.3 Vacuum Polarization Functions and Quark T Matrices

The vacuum polarization function seen in Fig.2a is given by the integral 

in the case we study scalar mesons. Here nc =  3 is the number o f colors and the 

factor 2 arises from the flavor trace. In Eq.(5.3.1), S(P/2 +k) and S(-PI2+k) are
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- iJ s(P2) = -2nr  f - *— Tt[ iS(PI2 + k ) f s(P ,k)iS (-P H +k)] , (5.3.1)
J (27T)4

propagators for constituent quarks o f mass m, S(p) = \ji-m  +ir)\ '.  (The case o f unequal 

mass values for the quarks is discussed in Refs.[Ce99a] and [CeOO] and in Section 5.5.) 

We have

J s(P2) = -4nc J d?k

w

V2k e - ru
E2(k)

r s-(P °,\k \) T - /(-P ° ,\k \)  

P °-2E (k) P° + 2E(k)

(5.3.2)

In Eq.(5.3.2) we have included a Gaussian regulator exp [-'F /a2] , which can be 

written in a covariant form using the four vector k11 o f Eq.(2.2.2). (In our earlier work 

we have used a. =  0.605 GeV.)

It is important for this work to recall that Eq.(2.3.3) allows us to write 

Eq.(5.3.2) as

J S(P2) = -4 n c J d?k

P (k )

-k
e ~ ^ r ; '(p ° , \J \) i i

P °-2E (k) P°+2E(k)

(5.3.3)

In some o f our calculations we have kept only the first term in the bracket of 

Eq.(5.3.3). That procedure defines the TDA, while the complete expression defines 

the RPA. [See Fig.2.3]

We now turn to a definition o f qq T  matrices [Ce99a, CeOO]. We may write, 

for a single-channel problem,
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t TDA(P2) = - _____- ____
1 -G J ^ a(P2)

(5.3.4)

and

t RPA(P2) = - G
(5.3.5)

We may find the meson mass values by solving the equation

(5.3.6)

for J S(P2) equal to JrpA(P2) or J jDA(P2) . More generally, we may include K S(P2) of 

Fig.2.2b as in Eqs.(2.3.8) and (2.3.9). The extension o f this formalism to include 

singlet-octet mixing, as is appropriate in the study o f the f 0 mesons, is given in [CeOO]. 

In that case, the coupling constants G^, G^ and G^ appear. These may be related to 

the values o f Gs, GD and the matrix elements defining the vacuum condensates 

(juu} , (defy and (ss} [CeOO]. We remark that the complete qq T  matrix, that is 

defined in [Ce99d], is shown there to be represented by only qq bound-state wave 

functions in the case we have absolute confinement.

We use the notation rih = [uu + d d \ l\ j l . In Fig.5.2 we show values o f J^(P2) 

in both the TDA [dotted line] and the RPA [solid line]. Here mu = md = 0.364 GeV, 

k  =  0.055 GeV2 and a. =  0.605 GeV. In Fig.5.3 we show values o f / |(P 2) for the 

value ms = 0.565 GeV and the same value o f a . It is seen that the use o f the RPA 

rather than the TDA becomes relatively less important with increasing P2. That may 

also be seen in Figs.5.4 and 5.5, where we compare the two approximations, TDA and 

RPA, for J^(P2) and / j( P 2) in the range 0 <  P2 <  5 GeV2.
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5.4 Relativistic RPA Equations

The form o f the nonrelativistic RPA equations for bound states may be found 

in [Fe71]. The generalization to the relativistic case is straightforward. With k= \ £ | , 

k'=  | k‘ \ and Ea(k) = £p +m2aj , we have

[£„(*) +Eb(k )]^ (k ) + 1 dk'Hu (k,k')<f>*(k') + J dk'Hn {k,k')4>-(k') = P°<j>*(k)

(5.4.1)

and

-  [Ea(k) +Eb(k)]<}>-(k) - 1 dk'Hu (k,k/)<l>~(kr) -  J dk'Hi2(k,k')<f>'(kf) = P°<i>-(k) .

(5.4.2)

Here, we have used a form for the equations in which Hu {k,kt) and Hl2(k,kf) are 

symmetric. We w ill call <t>*(k) and <j>~(k) the large and small components, respectively, 

although <j>*(k) and <f>~(k) are approximately o f the same magnitude for the tt(138).

The contributions to H n and Hn arise from the confining interaction and from 

the NJL interaction. As in all our previous works, we neglect pair creation by the 

confining field in the meson rest frame. Therefore, we w ill use

Hu (*,*0  = t fc(*,*0  +HWL(k,kr) (5.4.3)

and

H n {k,k0 = H ^ iK k ')  . (5-4.4)

In the following sections we w ill give the form o f Hc(k,k/) and HWL(k,kf) for 

pseudoscalar and scalar mesons. The definitions o f <t>*(k) and <j>~(k) w ill be given in
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Section 5.5 for scalar mesons, and in Section 5.6 for pseudoscalar mesons. We note 

that the spectrum o f states obtained from solving Eqs.(5.4.1) and (5.4.2) is the same 

as that found when solving the equation

Cm - / ^ ( P 2) = 0 <5-4-5>

for mesons in a SU(3) octet, such as those considered here.

5.5 RPA Equations for Scalar Mesons

In this section we generalize our equations for the scalar mesons to the case in 

which the quark and antiquark have different masses. Some o f the relevant equations 

were given in [Ce99a]. The inhomogeneous equation for the confinement vertex of 

Fig.2.1a is

k)
(5.5.1)

r s-ab(P °, k )  = 1 +— L -  f  k^d k ' f  dx
( 27r) j,  Ea{k ’ )E b{k ')  C (k

v  r s:ab(P 0, k / ) v c C k - l /) 

P ° - E J t V ) - E b( T )  ’

with x = cos 8 and

C(k) = [e„(T)£,(T) + 7  -B yn J  . (5 5'2>

The rather lengthy expression for Ax (k ,k'X) is given in Eq.(6.6) o f [Ce99a]. 

The homogeneous version o f Eq.(5.5.1) may be symmetrized by multiplying from the 

left by k \jc (k )/^2 E a(k)Eb( k) . We define wave functions associated with the vertex 

o f Fig.2.1c.
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&>(*) =  ts -* (k) _  , (5.5.3)
j2E a(k)Eb(k) P °-E a(k ) -E b(k)

and

£> (*) = -  f4 c (k )__  ____ t s . ^  __ (5.5.4)

j2E a(k)Eb(k) * *  +Ea(k) +Eb(Jc'>

We neglect the NJL interaction for the moment, so that we may identify Hc(k,k/) . We 

have

[p ° - .e ,(T )-£ ,( !) ]& ,( * )

1 I i m j u I j  A , ( k M V c(k -k ')  1 . . . . .=    kk'dk'l dx--------—— - — ----  <j>ab(kf) .
(2T) ■' jE Jk )E b{k)E,(k')Et (k') ylc(k)C(F)

(5.5.5)

Here P° is the eigenvalue equal to the mass o f the bound state. I f  we complete the 

integral over x, we have

P °-E a(k ) -E b(k ) ]^ ( k )  = -J —2 J kk'dk'\vZ{k,k')bl{k,k') + * * < ( * ,*0 *2]

x  _̂______________ _̂_________<l>d}(k/)
\Jc(k)C(k') ^Ea(k)Eb(k)Ea(k')Eb(k') (5 5 6)

with
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b,(k, k’ )= [E G(k ')E b(k ')  + i ' 2][E „( * ) £ , ( * )  + T ]

-  mbmb {  £ „( * )£ ,( * )  + £ „< * ') E„( k ')  + k 1 + k '2 -m ,m b- ^ E , ( k ) E b( k’ ) 

- l E b( 7 ) E b( k ) } - l m 2. E b( 7 ) E b( k ) - ^ m i E , ( k ) E b(k' )  ,

and

b2 =
1 2 1 2 mamb + -m a + -m b (5.5.8)

In the lim it ma=mb=m, we have

b}(k ,k ^ 4 J c k ' ,

(5.5.9)

(5.5.10)

and

b2-+2m2 (5.5.11)

Thus, Eq.(5.5.6) becomes, for ma=mb=m

\p °-2 E (k )W (k ) = —L  f .^ 4 -\2kk/v£(k,kf) +m2Vlc(k ,k )W (k /).
(2tt)2 J E(k)E(k ) 1

[See Eq.(5.4.1).] We may identify H ^ K k 1) for the case ma^ m b:

(5.5.12)
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HAkJcf) = - kk'

(2x) ^Ea(k)Eb(k)Ea(k ,)Eb(k /)

x 1 - \v^(k,k/)bAk,kr) +kk'vf(k,k')b^

\lc (k )C (F )

We then note that the symmetrized version o f / fNJL(fc,fcO is

8 nr
H ^ A k .k 1) =. c

Gskk ' e-kV2*  e-k,i,2c* ] ld k )C (k ')

< 2 l) 2 jE , ( k ) E , ( W M ') EM ' )

In the RPA, the normalization factor may be seen to be [Fe71]

1 »c

*
1 \k 2dk

N, (2x)2 2M, J

2Ea(k)Eb(k)-2m amb

Ea(k)Eb(k) 

where M(. is the mass of the bound state,

k\jc(k)

and

# < *) =
_ f tE a{k)Eb{k)

k {a jc )

We now introduce the normalized functions

4~m

and

(5.5.13)

(5.5.14)

(5.5.15)

(5.5.16)

(5.5.17)

(5.5.18)
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fc< *>  = •

which may be used to define a normalized vertex function f  ̂ (k )  

(5.5.19)

(5.5.20)

and

(5.5.21)

The calculation o f scalar meson decay constants using these wave functions is described 

in Section 5.7.

5.6 RPA Equations for Pseudoscalar Mesons

Here we consider the vertex function T5 ab(P,k) that describes the effects of the 

confining interaction for a quark o f mass ma and an antiquark o f mass mb. We have 

the inhomogeneous equation [Ce99a, CeOO],

r 5 M ( P . k )  = 75 - . f  i ! ^ [ r s o( T O + * ' ) r 5 -  * ' ) ■
J (2,r) <5.6.1)

Here Sa(P) = + is the propagator o f a quark o f mass ma.

I t is useful to define the projection operators

(5.6.2)

and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



with k* = [E a( k ) ,  k ]  and A* = [ -Eb( k ) , k ] .  [Note that A^ (k )  +A{; \ k )  = 1, while 

A ^ W + A ^ C -I) ?*1.] Using these functions, we define

^ a \ ^ ) T s^ ( P ,k )  = r ; ; ab(P ,k )A (; )( k ) y 5A(b-)( - lc )  , (5-6.4)

and

A r ( - T ) r yab( P , k ) j£ \ k )  = T ; : * < p .k )A ? ( - -k )y s4 " ( k )  . (5-6.5) 

Equations for T ^ P , * )  and 1 7 ^ (P , k) were given in [Ce99a]:

r5*;.t (P°,|Xl) = i -  ( B( t , 7 )
1 (2*)

(5.6.6)

/ » -  £ . ( 7 )  -£ ,(■ ? )

and

(5.6.7)
^ r5-;.t (f°,|'F |)vc(<:-^) 

F ° + E . { ? ) + E t<.7)

(The rather lengthy expression for B ik j? )  is given in Eq.(3.6) o f [Ce99a].) We note 

that
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i * d  = i * d  • <5-6 -8)

Therefore, the vacuum polarization function (P1) , defined in Eq.(3.10) o f [Ce99a],

may be written as

r«*/n 2 v ~ r <Pk' [E a(k )E b(k )  + k 2 + mamb]

J - ( P  > -  - l n ‘  I  ------------------------------------------Ea( k ) E J k )

x r 5̂ (P°,\k\)
P °-E a(k ) -E b(k) P °+Ea(k )+Eb(k)

We now write, with k = | &| and k1 =  | k'\ ,

B(k,T) = 1
2 E ( k ) E M F ( k )

(5.6.9)

where

F(k)  =  [mmb+Ea(k)Eb(k) + , (5.6.11)

dQ{k,kt) = mamb(Ea(k)Eb(kr)+E b(k)Ea(k')-2Ea(k')Eb(kf)

-2E a(k)Eb(k)- 2 ? - 2 k 11) +ml[Ea(k)Ea(k')\+ml[Eb(k)Eb(k')] (5-6-12) 

- 2 [(Ea(k)Eb(k) +? ) (E a(kf)Eb(kt) +X/2) ] -2m \m \ ,

and

Thus,

dx =  2mamb-m l-m l (5.6.13)
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r;-(P ,k ) = -4  x f ! ^ [ d 0(k ,w v oc(k ,w +dl kk 'v f(k ,k ')]
J (2t )

i

2Ea(*)£ 6(*0F (*)

(2tt)

i t  w o 1 1
P ° -E (k r) - E b{kr) P°+E (k')+Eb(kf) (5.6.14)

This equation may be put into a symmetric form by multiplying from the left by

k\/F(k) /[2 Ea(k)Eb(k)]in . We then define, in analogy to Eq.(5.5.3) and (5.5.4),

<£ (*) =
k jF ik ) K ^ )

^ F T p T  P ° -E (k ) -E b(k)sjlEa{k)Eb(k)
(5.6.15)

and

f e ( * )  = -
l r \ F  P °+ E (k )+E Jk)

(5.6.16)

where ^"^(jfc) describes the effect o f both the confining interaction and the NJL 

interaction.

I f  we only consider the confining interaction, we have

it*7

4 *2 y/F(k)F(kf) jE a{k)Eb(k)Ea{kf)Eb{k/)

V0c(k,k') +d :kk/ vf(k,k')][ct>;(kf) +<t>,-(k0]. (5 .6 .17)

Therefore, we may identify
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/ / c.(£,jfc/) = i  — _______________ -__________
4 ^Ea(k)Eb{k)Ea{kr)Eb(kf) (5.6.18)

x[</0(* ,* /) V0c(k,k/) +dxkk'V^(k,kr)\ .

We may also obtain the symmetrized form o f the NJL interaction for pseudoscalar 

mesons

H KL(k,k)  = - h j r eiMkk'G.e-i‘1™ - —  <lF (k)F(kr)   (5.6.19)

5.7 Definition o f Scalar Meson Decay Constants

Here we follow the definitions introduced by Maltman and use some o f his 

notation [Ma99a, MaOOa]. Maltman studies the scalar correlator

n ( 92) = i | d 4x ^  <o|Tc/0cVt(O))|o> , (5 /M )

with j du(x)=dfi(dYu) or j su = dii(syl‘u). He then defines

-*• < 0 | / - ( Q )  | A i '  < 1 4 3 0 »  ( 5 -7 -2 )

One might define

- i  <01;*(0) | a0(980)> < , , * , / < « »  - <5-7 3 >

However, Maltman introduces an alternate definition. In QCD, one has

dli(qaY q b) = i(m°a-m°b)Sab, <5-7-4)

with Sab=qaqh. It is then useful to define the a0(980) decay constant f ^ (9S0) using the 

relation
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so that the a0(980) and Kq (1430) w ill have similar decay constants, i f  the wave 

functions are similar. I f  we consider mesons o f positive charge, we may use

in [KaOO]. There one finds ms( 1 GeV) =  158.6 ±  18.7 ±  16.3 ±  13.3 MeV, where the 

first error is statistical, the second is due to that o f Vus, and the third is the theoretical 

error. Taking ml = = 5.5 MeV, we put m l-m l =  0.153 GeV. Since we compare

our results for the decay constants with those found by Maltman, our choice o f 

ml -m l is part of a consistent procedure. The expression for the decay constant is then

The functions ^ ( k )  and ^ ( k )  that appear in Eq.(5.7.9) were defined in

- i j su = (m l- ml) su (5.7.6)

(5.7.7)

and

- i j du = (m°d-m (5.7.8)

We make further contact with Maltman’s work by using the value o f m° quoted

(5.7.9)
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Eqs.(5.5.16) and (5.5.17).

5.8 Numerical Results: Wave Functions and Decay Constants

Values of 4>* (k) and <t>'(k) are given for the pion in F ig.5.1 We have neglected 

confinement for the pion. However, the confining interaction is included for all other 

mesons. In Fig.5.2 we show <j>*(k) and <f>'(k) for the AT(495). Figure 5.3 shows these 

functions for the a0(980), while Fig.5.4 presents <f>'(k) and <j>~(k) for the a0(1450). 

We show <j>*(k) and <f>~(k) for the AT0*(1430) in Fig.5.5. We show the normalized 

functions <£*(/:) and (k), defined in Eqs.(5.5.18) and (5.5.19), for the zz0(980) and 

AV (1430) in Figs.5.6 and 5.7, respectively. It may be seen from Figs.5.6-5.10 that 

4>'(k) becomes progressively smaller as we consider mesons o f increasing mass. The 

small component is, indeed, small for the more massive mesons. The results for the 

decay constants, which are given in Table 1, do not differ significantly as we go from 

the TDA, in which we neglect <j>'(k) , to the RPA. Our result for the a0(980) is about 

a factor o f 2 larger than the value obtained by Maltman using QCD sum rules. 

However, the values for the a0(1450) and AT0* (1430) are in much better agreement with 

Maltman’s values. These results may imply that the a0(980) wave function has a 

significant KK component, as suggested by several authors. However, further work is 

needed to demonstrate whether that is the case.

5.9 Discussion

In a recent work [ShOO], we have calculated the energies o f the a0(980) and 

/ 0(980) resonances. In an RPA calculation we find that the <a0(980) at 991 MeV, while
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additional dispersive corrections move the energy down to 949 MeV. A somewhat 

similar calculation, which takes into account singlet-octet mixing, places the / 0(980) 

resonance at 980 MeV [ShOO]. These calculations are parameter-free in the sense that 

the parameters o f the model were determined in previous studies o f the pseudoscalar 

and vector nonets o f qq states. The present calculation o f decay constants serves to 

support our conclusion that the a0(980) and f 0(980) belong in the same nonet o f states 

as the Ko* (1430).

There is no consensus as to the organization o f scalar mesons into nonets. We 

find Maltman’s efforts in this direction particularly valuable, since his analysis is based 

in part upon the application o f QCD sum rules. His results for the decay constants of 

the a0(980), a0(1450) and K j (1430) are given in Table 5.1 along with our values for 

the 1 *P0, 2 3P0 and 3 *P0 states o f the a0 and Kq resonances that were calculated in 

this work. It is gratifying to see that our results, calculated by an entirely different 

method, are in reasonable agreement with Maltman’s values, although our value for the 

ao(980) is too large, which may suggest the presence o f a significant KK  component. 

Maltman concludes that the a0(980) is not a KK  "molecule” , since such a structure 

would lead to a very small decay constant. We have also stated that the a (500-600) and 

k (700-900) are "dynamically-generated" states [ShOl]. These states appear as poles of 

the 7rir and tcK  T  matrices, respectively. However, there is no corresponding qq state, 

since the lowest-lying poles o f the qq T matrix correspond to the <z0(980) and ^,(980) 

[Ce99a, Ce00]. (In the case o f absolute confinement the qq T  matrix is represented by 

only bound states, as we have discussed in detail in [Ce99d].) The identification o f the
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<t(500-600) and k (700-900) as "dynamically-generated" states is also consistent with 

the phenomenological model o f light meson spectra introduced in [AnOO]. The present 

work, and the work o f Refs.[Ce99a] and [CeOO], leads us to the conclusion that the 

<20(980), Kq (1430) and ̂ (980) belong in the same nonet. Our work also suggests that 

the / 0(1370) is a member o f the same nonet. However, the properties o f the / 0(1370) 

are expected to be significantly modified by quarkonium-glueball mixing. Such mixing 

should be calculated, since it is known that the ^(1370) decays predominantly to the 

4tt channel.
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Chapter 6

Intrinsic and Dynamically-Generated Scalar Meson States

6.1 Introduction

In the case o f scalar mesons the assignment o f the observed resonances to 

quark-model configurations is problematic. For example, one may identify either the 

<t(500-600), the / 0(980), or the / 0(1370) with the 1 3P0 rin state. The latter choice 

arises i f  one dismisses the / 0(980) as a KK molecule [We82, Ja95] or a qqqq state 

[Ja77]. I f  one chooses the / 0(1370) to be the 1 3P0 rih state, the 7^(1710) could be the 

1 3P0 s i state, with the / 0(1500) having a large glueball component. Without an 

underlying dynamical model, there exist a broad range o f options.

Black, Fariborz, Sannino and Schechter have made extensive studies o f the 

scalar nonet o f states [Ha96, Sa95, B198, B199, B100]. In their recent study o f the 

isovector scalar states [B100], Black, Fariborz and Schechter place the #0(980), 

x(900), 7^(980) and the a(500-600) in the nonet o f lowest energy, with the a0(1450) 

in the same nonet as the Kq (1430). The last choice creates a series o f problems related 

to the observed energies o f these resonances. (For example, one would expect the 

Kq (1430) to be more massive than the a0(1450), since the K l (1430) contains a 

strange quark.) To resolve such problems, these authors introduce two additional states 

with the quantum numbers o f the a0(980) and K£ (1430). (These additional states could
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be o f qqqq character.) The physical a0(98O) and K l  (1430) then arise upon mixing 

o f the qq states and the qqqq states [B100].

In their description o f quarkonium-glueball mixing Lee and Weingarten [Le99a, 

Le99b, We97] and Close and K irk [C100] choose the ^(1370) as the 1 3P0 nn state. 

Close and K irk place the bare glueball at 1434 MeV and configuration mixing then 

distributes the bare state, more or less equally, in the physical / 0(1500) and / o(1710) 

resonances. Lee and Weingarten choose a larger value for the bare glueball mass so 

that, upon mixing, the main glueball component is in the / 0(1710), with the / o(1500) 

resonance having the largest component o f the 1 3P0 s i state. Other attempts to 

understand the scalar meson spectrum may be found i f  one surveys the extensive 

references given in [B100].

In our study o f the isovector [Ce99a] and isoscalar [CeOO] scalar qq states we 

obtained the nonets shown in Figs.6.1 and 6.2. In this work we introduce some 

evidence to support our analysis. We also show how the a(500-600) and k(900) are 

generated dynamically. In our model the a0(980) and / 0(980) are the intrinsic scalar 

states o f lowest energy.

In our previous work we had Gs =  11.83 GeV'2 and GD = 86.39 GeV'2 

[Ce99a]. [See Eq.(2.1.1).] The interaction strength in singlet states was =  10.46 

GeV'2 and the interaction strength in octet states was G^ =  12.46 GeV'2. (The 

nonzero value o f GD induces some small deviations from ideal mixing [CeOO].) I f  we 

go to a basis o f rm and s i states, we find G^ =  11.12 GeV*2, G~ =  11.84 GeV'2 and 

G - =  -0.94 GeV'2. (See Eq.(4.28) o f Ref.[Ce00].) A more recent study, using an
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improved calculational scheme in the analysis o f the /if (495), leads to the values G^ 

=  13.10 GeV2 and Gm =  11.10 GeV'2. Results for meson decay constants and for the 

spectrum o f the f 0 mesons presented later in this work are based upon the most recent 

values o f G^ and G^ that are given above.

6.2 Quark-Antiouark T Matrix

One method for studying the generalized NJL model is to consider the 

properties o f the qq T matrix [Ce99a, CeOO]. In the case o f a single channel, we 

obtain the form

t(P2) = - (6.2.1)

[See Fig.6.3] It is useful to write Eq.(6.2.1) as

(6.2.2)

To find the meson masses, we solve the equation

(6.2.3)

For an isolated resonance, we may consider an expansion about the value P2 = ml 

obtained from the solution o f Eq.(6.2.3):

Js(P2)+ReKs(P2) = Js(m2g) +ReKs(nfy

dJs(P2) dReKs(P2) (6.2.4)

With the definition
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1 _ dJs(P2) dReKs(P2)

? = r ^ ~ + op*

(6.2.5)

we write Eq.(6.2.2) as

t{P2) «  -
P2-m \ + imJ{YR

(6.2.6)

where

(6.2.7)

We can generalize this formalism to the multichannel case, as was done in 

[Ce99a, CeOO]. There, we obtained the T matrix for x-7r and K -K  scattering in the 

7 =  0 channels. In the t - t  case we took into account the 7nr, KK, tjt} and 

channels. However, the yi) and i)i)' channels were weakly coupled, so we presented 

our results for only the coupled t t  and KK  channels. We found the values for 

| T„(E ) |2 shown in Fig.6.4. There we see resonances at P° =  980, 1550, 1840 and 

2060 MeV. The resonance at 980 MeV is an elastic resonance for which \Ttt(E)\2 = 

1 at the peak. The resonances seen in Fig.6.4 have their origin in the qq states bound 

in the confining field. [See Fig.2.6.] In Fig.2.6, we see singularities at the energies of 

the 1 3P0, 2 3P0 and 3 3P0 nn states that are bound in the confining field. (There are 

bound states at the energies P° =  1369, 1667, 2095, 2262, 2413, 2537 and 2651 

MeV, which may be seen in Fig.3 o f Ref.[CeOO].) The states seen in Fig.6.4 are 

obtained when we include the short-range NJL interaction and the effects o f ReA^(P2) 

and Im/sfs(P2) in the calculation o f | Tr r (E)\2 [CeOO]. These states are in one-to-one
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correspondence with the states bound in the confining field and are therefore the 

intrinsic states that we have defined at an earlier point o f our discussion. In Fig.6.4 

an enhanced cross section is seen in the region 2mT< E  <  1200 MeV. We w ill return 

to a discussion o f that enhancement in Section 6.4, where we discuss the f Q(400-1200) 

[or a(500-600)]. Our result for \T ^ (E )\2 for the I  =  0 channel was given in 

Ref.[CeOO]. Those results were recalculated and are shown in Fig.6.5. In this case we 

have reduced the coupling to the KK channel in the calculation o f Im K f*(P2) to yield 

more reasonable values for the widths, which were overestimated in [CeOO]. (The large 

value o f the width o f the / 0(1370) found in [CeOO] was due to an asymmetric treatment 

o f the pion and the kaon. We had neglected confinement for the pion and included it 

for the kaon. A more symmetric treatment reduces the width o f the / 0(1370) from 192 

MeV to about 50 MeV, as seen in Fig.6.5.) The states at P° =  1412, 1855 and 2105 

MeV seen in Fig.6.5 are intrinsic states that arise from the 1 3P0, 2 3P0 and 3 3P0 ss 

states bound in the confining field. These are among the states seen in Fig.2.7. The 

other (small) peaks seen in Fig.6.5 arise from deviations from ideal mixing due to the 

presence o f the ’t Hooft interaction. They correspond to the intrinsic states already seen 

in Fig.6.4.

A comprehensive study o f the spectrum o f scalar states above P° =  1 GeV 

requires a treatment o f quarkonium-glueball mixing. A covariant treatment of such 

mixing is given in  [Ce99f]. (We do not discuss the results o f that work, since they are 

not important for the purposes o f the present study.)
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6.3 Scalar Meson Decay Constants

Maltman has argued that we can gain some information concerning the correct 

assignment o f the a0(980) to a scalar nonet by comparing the decay constants o f the 

a0(980) and the (1430) [Ma99, MaOO]. He remarks that it is natural to put the K  

meson and the pion into the same octet o f Goldstone bosons, since they have decay 

constants which only differ by about 20%. He also notes that i f  the a0(980) were a KK 

molecule, one would expect a quite small decay constant for the a0(980) relative to the 

decay constant o f the K^ (1430), which is believed to be a simple qq state. Maltman 

studies the scalar correlator defined in Section 5.7 and the results o f his and our 

analysis are given in Table 5.1.

We proceed by constructing the wave functions o f the aQ and K^ mesons. 

Equations may be written for the bound-state amplitudes

j>?(*) = „ r L m  _

and

* :( * )  = -  r L W  -  , (6-3-2>
P°+E ( k ) +Eb(k)

r—,  2]i/2
where Ea(k) = k +ma . Here T( (k) is a vertex function for a bound state (0 that 

includes the effect o f both the NJL interaction and confinement. The amplitudes <f)J (k) 

and <j>J(k) satisfy coupled equations which are relativistic generalizations o f the 

nonrelativistic random-phase approximation (RPA) calculations made many years ago
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in the study o f particle-hole excitations in nuclei. We may also define Tamn-Dancoff- 

approximation (TDA) calculations by neglecting <j>J(k) as well as the second term in 

the brackets appearing in Eqs.(2.3.2) and (2.3.4). The details o f such calculations are 

given in Section 2.3. We presented the results o f our calculations in Table 5.1, where 

the theoretical values are compared to those obtained by Maltman, who used QCD sum 

rules and other methods to obtain the decay constants o f the a0(980), a0(1450) and 

Kq (1430). Our result for the a0(980) is about twice Maltman’s value which suggests 

a significant KK  component in the a0(980) wave function. Our results for the decay 

constants o f the a0(1450) and (1430) are quite satisfactory when compared to 

Maltman’s values.

As may be seen in Table 5.1, the a0(1450) and Kq (1430) have similar decay 

constants which might suggest that they belong in the same nonet. However, in our 

model, which reproduces the experimental energies o f the a0(980), / o(980), a0(1450) 

and Ko* (1430) quite well, the a0(1450) is a 2 $P0 state and the Kq (1430) is a 1 3P0 

state. Therefore, the assignment o f states to nonets in our model must be that seen in 

Fig.6.2. We can conclude from these observations that similar values for meson decay 

constants is not a sufficient condition for placing meson states in the same nonet. The 

fact that we do rather well in reproducing Maltman’s values o f the decay constants 

serves to provide further evidence that our assignment o f scalar states to nonet, based 

upon the results o f our generalized NJL model, is correct.

6.4 Dynamically-Generated States

In this Section we wish to describe the origin o f the cross section enhancements
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seen in 7T7T and ttK  scattering that lead to the introduction o f the a (500-600) and 

k(900). The results o f r-channel and H-channel p exchange were used in [Zo94] to 

define a ^-m atrix for r r  scattering with the result that

tandpo^) = _ g 2 

p 16tt
2 +

Sk2+4m\ + m2p

2F

r 2 imp
In

4k2 + ml

(6.4.1)

with k= | . Here, g=gPTT- 6.0,

P = 1 - .
4m,

~ F

1/2

(6.4.2)

and

V -  -  P 2  rr , 2k -  — m, . (6.4.3)

The phase shift generated in this manner is shown as a dotted line in Fig.6.6. We wish 

to combine the 5-channel phase shift calculated using our generalized NJL model and 

the phase shift due to p exchange. The simplest possible scheme is just to add the 

phase shifts. The result o f that addition is seen as the solid line in Fig.6.6. In Fig.6.7 

we see that this procedure yields a total phase that fits the data quite well, although we 

are somewhat above the data points in the region below 600 MeV. (The small circles, 

which represent the values o f our calculated total phase shift, are not drawn in the 

regions where they coincide with the data points.) Although our treatment o f the 

unitarity constraint is oversimplified, our result does suggest that the f 0(400-1200) [ or
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the a (500-600)] is a dynamically-generated state in the sense defined above.

We have also performed a similar calculation o f the low-energy tc-K  phase 

shift. That phase shift is known to be elastic below 1300 MeV. The threshold for the 

■q'K channel is at 1453 MeV and the i)K channel is only weakly coupled to the irK  

channel [As88, T695]. Again, there are phase shifts o f similar size arising from p and 

K ’  exchange, and 5-channel enhancements o f the cross section in our qq T matrix. I f  

we again add the phase shifts and neglect inelasticity, we obtain the dotted curve seen 

in Fig.6.8. We note that the experimental data [As88] for the phase shift pass through 

90 degrees at about 1300 MeV which reflects the importance o f the background 

amplitude in moving the 90 degree point to about 100 MeV below the energy o f the 

resonance. (The model described in [Ce99a] places the (1430) at 1416 MeV.)

6.5 Discussion

Recently, Cherry and Pennington have performed a model-independent analytic 

continuation o f the ttK  scattering results below 2 GeV in order to determine the 

number and position of the resonance poles. They find poles representing the 

Kq (1430) but no pole corresponding to the /c(900) [Ch00]. That result might appear 

to eliminate the model in which one places the a0(980), / 0(980), o (500-600) and 

k(900) in an SU3 nonet o f states. However, the existence o f the k(900) is still a 

controversial matter. It has been suggested that the procedures used by Cherry and 

Pennington might not be sufficient to decide this issue. Indeed, a recent analysis o f 

irK scattering in a chiral model with resonances finds a k meson pole at 708 - z305 

MeV. The analysis o f scalar meson decay constants made by Maltman suggests that the
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<2q(980) belongs in the same octet as the K j  (1430). For the a0(980), we find that our 

calculated value o f the decay constant is about twice the value obtained using QCD sum 

rules. This disagreement probably has its origin in a significant KK  component o f the 

a0(980) wave function. However, the overall agreement o f the decay constants obtained 

by different methods suggests that the classification o f scalar states shown in Fig.6.2 

is correct.

We have also described the origin o f the enhancements o f the cross section in 

low-energy xx  and irK  scattering that have led to the introduction o f the a (500-600) 

and the k ( 900), respectively. We have considered r-channel and ^-channel p exchange 

in the case o f xx  scattering and K '  and p exchange in the case o f %K scattering. 

Although our method o f implementing unitarity by adding the phase shift obtained in 

the study o f t and n-channel exchange to the s-channel phase shift calculated in our 

generalized NJL model might be improved upon, the results provide a satisfactory fit 

to the experimental data. Our model has some relation to that used in [Ja00]. In that 

work a chiral model with only meson degrees o f freedom is used. Various resonances 

in the xAT system are inserted in a phenomenological manner and t and ^-channel 

exchange o f vector meson nonets is considered. On the other hand, in our model, these 

resonances are generated dynamically when we construct the qq T matrix. That 

construction is supplemented by vector meson exchange in a manner similar to that 

used in [Ja00]. Our model has the advantage that the various resonance poles needed 

to fit the data in [JaOO] can be separated into three intrinsic states and a single 

dynamically-generated state which we identify as the k(900). It would be desirable to
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improve our model o f ttit and irK  scattering with more attention paid to unitarity and 

chiral symmetry constraints.

In addition to the work o f Maltman [Ma99, MaOO], there have been a number 

o f other attempts to gain information concerning the properties o f scalar mesons using 

QCD sum rules [E198, ShOOb]. The study o f the non-strange (m i) scalar sector 

reported in [ShOOb] suggests that both the ^(400-1200) and the ao(980) are not nn 

states. However, Maltman concludes that the a0(980) is a nn state. He explains that 

the work o f [ShOOb] has used a more restrictive single-resonance-plus continuum model 

for the input spectral function and shows that that form leads to a very poor match 

between the operator product expansion and the hadronic sides o f the sum rule, in 

contrast to his results [MaOO]. (We agree with Maltman’s result that the a0(980) is a 

nn state, or at least, that it has a large nn component.)

There are various opinions put forth in the literature concerning the / O(400- 

1200), or <7(500-600). For example, Meissner suggests that the / 0(400-1200) is not a 

"preexisting" resonance, but is a dynamic effect due to the strong pion-pion interaction 

in the L = 0, 7=0 wave [Me00]. He also states that the ̂ (400-1200) is certainly not the 

chiral partner o f the pion. Contrasting points o f view have been put forth by 

Pennington [Pe99] and Hatsuda and Kunihiro [Ha94, Ku90, Ha90, Ku99].

In general, one may decide whether a meson "exists" by looking for poles in 

the relevant scattering matrix, as was done in [Ch00]. The conclusion reached in 

[ChOO] was that the k(900) does not exist, however, that result is not conclusive. On 

the other hand, there does appear to be a pole associated with the a(500-600) [Ha99,
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0199a, 0199b]. In our work we have stressed that, i f  one has an underlying dynamical 

model, some o f these poles may be related to qq states ( or more complex states) o f 

a chiral quark model, such as our generalized NJL model. The poles that have that 

correspondence are associated with intrinsic states and other poles with dynamically- 

generated states. From this point o f view, the existence o f the k(900) is somewhat 

irrelevant, since it would be a dynamically-generated state in our model and, therefore, 

not a member o f a SU3 quark-model nonet.

In Fig.2.13, we showed the relation between the states bound in the confining 

field and the intrinsic states o f our model in the case o f the f 0 mesons [CeOO]. Columns 

(a) and (c) show the mi and s i states bound in the confining field. The introduction 

o f the short-range NJL interaction then generates the intrinsic states o f column (b). 

(The energies o f the intrinsic states are also modified somewhat by various dispersive 

effects described by KS(P2) [CeOO].) The resulting intrinsic spectrum o f column (b) 

may be compared to the experimental spectrum o f f 0 states shown in column (d).

When calculating the energies shown in columns (a), (b) and (c), parameters 

that were previously fixed were used, so that these results may be considered 

predictions o f the previously constructed model Lagrangian. I f  we assume that the 

spectrum o f f 0 mesons may be obtained using parameters determined in the study of 

the pseudoscalar and vector nonets, we find that the f 0(980) is the isoscalar qq state 

o f lowest energy. It is clear from this analysis that, in our model, the a(500-600) must 

be identified as a dynamically-generated state, in accordance with our previous 

discussion.
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The distinction that we have made between intrinsic and dynamically-generated 

states is model dependent, but has the advantage that there is an underlying quark 

model that in itself is related to meson spectroscopy based upon the identification of 

quark configurations. The identification o f intrinsic and dynamically-generated states 

is a different matter in a theory o f meson-meson scattering based upon the use o f chiral 

Lagrangians, supplemented by a unitarization scheme. For example, in [0199a] it is 

stated that "the a0(980), o and k(900) resonances are meson-meson states originating 

from the unitarization o f the 0 (P 2) amplitude. On the other hand, the / 0(980) 

is a combination o f a strong S-wave meson-meson unitarity effect and a preexisting 

singlet resonance with a mass around 1 GeV." We believe further work is required 

to understand the relation between "dynamically-generated" states as defined in [0199a] 

and the definition we have put forth in this work.
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Appendix A

In this appendix we record some of the formulas o f [Ce99c], rewritten so as to 

make the distinction between the TDA and RPA particularly clear. In [Ce99c] we 

considered pseudoscalar-axial-vector mixing in a study o f the kaon and its radial 

excitations. Here, we w ill consider the case o f equal mass quarks for simplicity. The 

extension to the unequal mass case, needed for the study o f the K  mesons, may easily 

be made upon using [Ce99c].

We had defined

and

= i - m n j r  j ^ [ i S ( P / 2 +fc)r/P,*)iS(-P/2+fc)7,75] • ^

We also defined

j l \ P ) = U PA{P1) J jL .  ,
(A4)

J ? (P )= U AP(P2) J jL -  ,
(A5)

and
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#(P) = ~gJP)J?(P2) - ^ J ? ( P 2) , 

with gut=gu, - P  Pp!P2 ■ Note that JAP(P2) = - J PA{P2) . We found that

j pp(P2) = -An f d%k r;~(P°,l |) I" 1 _   -------■ —=-1
CJ (2tr)3 |_P°~2E(k) P°+2E(k)\J .

where T j’ was found to satisfy the equation

d?k'

~(2r)3

m2-2E(k)E(k')

E(k)E(k)

r;- (P ° ,\k ])v c( k - k )

P °-2 E (k )

To write Eq.(A7) we have used the fact the r j^ - P 0, | k\) = ^ ‘ (P0, | &|). 

Similarly, we may write

J f  (P2) = 4 ne I *b
J ( 2 t )  F ( k \

1 1
(2tt)3 E(k)

where r2"(P°, \k \)  was defined in [Ce99c]. Further,

d?k

P°-2E(k) P°+2E(k)

(2,)3

= -8P°J d%k

m r r r t * l )U ' ( * ) J
1 1  +_____

(2 tt)3
m

E(k)
rr(P°,| *1)

P°-2E(k) P°+2E(k) 

1

(P°)2-(2E (k)f

We have written E q .(A ll) so that we can see that 7 (0) = 0.

(A6)

(A7)

(A8)

(A9)

(A10)

(A ll)
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Appendix B

I f  we neglect confinement in the case o f the pion we can solve the one-body 

aspect (Hartree) in conjunction with the two-body aspect (Bethe-Salpeter equation). We 

may relate the quark mass m, a , m0 and Gs

m = m0+2ncG f d T v - — -——e 
J (2t )4 k -m  + iij

,-k > /c r (B l)

and find

G. =
2 ncm

k2dke - I r / a 1

yjk2+m2

-i
(B2)

(Here we are neglecting the ’t Hooft interaction.) This analysis leads to the choicem0 

=  0.005 MeV, a  =  0.538 GeV, m =  0.364 GeV and Gs =  15.49 GeV'2. I f  we also 

put Gv =  15.49 GeV'2, these values yield a pion mass o f 138 MeV, with f r =  171 

MeV, gA =  0.723 and FT =  124 MeV.
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Appendix C

In this appendix we define the various interaction elements need to construct the eight 

equations given as Eqs.(4.3.17)-(4.3.24). We begin by working in the nn-ss 

representation and first consider the nn space. Then we have

H%(k,kr) = - ^ E k k 'e - ^ e - ^ ' ^ ,  (C l)
7r2

H ^(k jk f) = - ^ . k k ' e - ^ e - ^ 1̂ ,  (C2)
J2

H £(.k ,k ')=H % (k,k '), (C3)

H™(k,k') = H l . lrrhLkk le - ^ e - k'1' 2̂ ,  (C4)
tt2 Eu(k)

H p̂ Q(k,kt) = ~ l k k '
ml - E u{k)Eu{k‘)]vQ{k,kf) (C5)

7T2 E ( k ) E ( k  0

and

Here, with x  =  cos#,

1
V0(k,k') = -  f dxVc(k -k ') .  (C7)

2 -J.

The various elements, such as H P~ (k ,k '), are obtained by replacing mu and Eu(k) with 

ms and Es(k) in the equations presented above.
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We may then define

H g{k jk  0 = ^ [2 *C (* ,*0  +H ?(k ,k ')\, (C8)

H ” {k,k<) = -H ? (k ,k ') \, (C9)

and

H g{k ,k ') = +2 H ?  (* ,* ') ], (C1°)

with H w(k,k') = H ^(k ,k ') -  Values for the other interaction terms in Eqs.(4.3.17)- 

(4.3.24) may be found by using relations of the form given in Eqs.(C8)-(C10).
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Table 2.1

Theoretical mass values found for die a0 mesons. Here G^PA =  13.10 GeV'2, G 88DA 

= 12.77 GeV'2 and a  =  0.605 GeV. (Note that RPA dynamics reduces the a0(980) 

mass by 75 MeV relative to the TDA result.)

Meson Configuration Mass [expt] 

(MeV)

Mass (MeV)

Ada (P2) J ^ ( P 2) J kpa(P 2) +Re£s(/>2;

a0(980) 1 * 0 983.5 ±0 .9 1075 991b> 949

a0(1450) 2 3/>0 1450 ±50 1556 1542 1542

a0(1830) 3 3P0a) . . . 1857 1832 1832

a) This state has not been observed as yet.

b) See Fig.2.8.
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Table 3.1

Properties o f isovector pseudoscalar mesons calculated with G88 = 13.49 GeV'2, 

Gv =  12.46 GeV'2, k =  0.055 GeV2, a =  0.605 GeV, mu = md =  0.364 GeV, and 

H =  0.01 GeV. A value o f G88 = Gv =  11.76 GeV'2 is used for the x(138) when we 

neglect confinement.

mass (MeV) character / T(MeV) F (MeV)

138 Pionlike 178 136

180 (without 

confinement)

134 (without 

confinement)

1325 Mixed 33.1

1391 Pionlike 20.5

1652 Mixed 30.3

1717 Pionlike 19.7

1890 Mixed 25.1

1960 Pionlike 19.8

2080 Mixed 16.1
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Table 4.1

Properties o f the eta mesons. Here Gv =  12.46 GeV'2, Gm =  9.10 GeV'2, G8S 

=  12.46 GeV'2 and a = 0.605 GeV. Using Eqs.(4.5.6)-(4.5.9), we find g^  =  0.776, 

g}s =  0.659, g^  =  0.742 and g% =  0.684. We then use Eqs.(4.5.10) and (4.5.11) 

to obtain F® = 118 MeV and F,(0) =  50.8 MeV. Similarly, we find F® = 69.5 MeV 

and F® =  109 MeV. (The absolute values o f the decay constants are given.)
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Meson Mass (MeV) 

Expt.

Width (MeV) 

Expt.

Theoretical Results

Mass

(Mev) (MeV)

f ( 8)
Jrt

(MeV)

Percentage

nn SS

V (547) 547.30 ± 0 .1 2 (1.18 ±  0.11) X  lO'3 543 56.7 164 75.5 24.5

T7/ (958) 957.78 ± 0 .1 4 0.203 ±0 .016 893 155 104 21.4 78.6

7/(1295) 1297.0 ±  2.8 53 ± 6 1318 16.5 14.1 ~  10 ~  0

7/(1440) 1430 ±  30 65 ± 1 5 1409 47.4 28.8 0 ~  0

1652 21.0 13.4 ~  10 3.9

1659 5.18 0.0006 0 94.7

1717 14.0 59.4 96.1

1729 55.4 2.2 5.3

1896 29.4 19.3

1948 2.94 1.65

1966 33.5 31.0

1999 39.3 53.1

2093 42.1 28.2
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Table 4.1 (continued):

Meson Mass (MeV) 

Expt.

Width (MeV) 

Expt.

Theoretical Results

Mass

(Mev)

0)
Jy

(MeV)

Jy

(MeV)

Percentage

nn ss

2162 30.5 30.0

2167 2.42 12.5

2213 33.5 55.6

2255 57.9 40.3

2328 33.4 29.7

2348 12.2 15.7

2392 42.5 72.9

2392 42.5 72.9

2470 32.5 28.7

2501 35.6 21.5

2511 74.0 56.1

2544 40.8 48.4

2592 31.3 27.3

2616 78.5 43.0

2633 26.4 59.7
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Table 5.1 Meson decay constants

Meson Configuration niffi (GeV3)

TDA RPA Maltman 

[Ma99, MaOO]

aQ(980) l 3Po 0.0649 0.0868 0.0447 ±  0.0085

a0(1450) 2 3P0 0.0357 0.0420 0.0647 + 0.0123

a0(1834)a> 3 3P0 0.0377 0.0424 ...

f t  (1430) l 3Po 0.0614 0.0508 0.0842 +  0.0045

f t  (1730)a) 2 3P0 0.0425 0.0375 ...

f t  (1950) 3 3Pq 0.0414 0.0378 ...

a) These states are predicted to exist in our formalism.
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Figure Captions

Fig.2.1 a) Schematic representation o f the equation for the confinement vertex. Here 

Vc denotes the confining field [Ce99a, CeOO].

b) The homogeneous version o f the equation shown in a) is represented.

c) A representation o f the homogeneous equation for the vertex that includes the 

effects o f both confinement and the short-range NJL interaction is shown.

Fig.2.2 a) The diagram serves to define the function - U S(P2) . The triangular filled 

regions are the vertex functions shown in Fig. la). [See Eq.(2.2.3).]

b) The diagram represents the function ~iKs(P2) that describes polarization 

effects due to coupling to two-meson decay channels. The channels 

7T7r, KK, i}T) and rjrj/ were considered in [CeOO] and values for K*r (P2) and 

Kkx(P2) were presented there.

Fig.2.3 In this figure we show some Goldstone diagrams for the vacuum polarization 

function and T matrices. Here time increases as one moves to the right, a) The 

figure indicates the form o f J(P2) in the TDA. b) An addtitional contribution 

to J(P2) in the RPA is shown. This diagram introduces T '^ -P 0, | k\) in the 

expression for J(P2) . c) The qq T  matrix in the TDA is shown as a 

perturbation series in G (open circle), d) The qq T matrix in the RPA is shown 

as a perturbation series in G (open circle).
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Fig.2.4 The figure shows J^(P2) calculated in the TDA [dotted line] and in the RPA 

[solid line]. Here mu = md =  364 MeV and a =  0.605 GeV.

Fig.2.5 Same caption as Fig.4, but for an expanded scale.

Fig.2.6 The figure shows 7 j(P 2) calculated in the TDA [dotted line] and in the RPA 

[solid line]. Here ms =  0.565 MeV and a =  0.605 GeV.

Fig.2.7 Same caption as Fig.2.6, but for an expanded scale.

Fig.2.8 The figure shows as calculated in the RPA. The horizontal line is

drawn at Gg'g1 =  0.0763 GeV2, corresponding to G88 =  13.1 GeV'2. [See Table 

2.1 for the energies o f the a0 states found in this manner.] This figure may be 

compared to Fig. 14.3 o f [Ro70] or Fig.59.2 o f [Fe71].

Fig.2.9 The figure shows the values o f ReKs(P2) used in our study o f the n0(980). 

The values o f K S(P2) for the individual channels, irrj, KK, and trrf, may be 

seen in [Ce99b].

Fig.2.10 The figure shows the absolute value o f the T matrix, |Tt t (£ )|2, for trtr 

scattering. (For an elastic resonance |Tt t (£ )|2 = sin25(£).) The dotted curve 

is calculated using the formalism described in [CeOO] with G^ =  13.10 GeV'2 

and Gqo =  11.10 GeV'2 and with ReAT” (P2) and ReK**(P2) set equal to zero. 

The peak o f the dotted curve is at E =  1.060 GeV. The solid curve is obtained 

when ReK*T (P2) and ReK**(P2) are included in the calculation. The peak o f 

the solid curve is at E =  980 MeV.
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Fig.2.11 The figure shows the absolute square o f the T  matrix for KK scattering 

[CeOO], Here G^ =  13.10 GeV'2 and =  11.1 GeV'2. The 1 3P0 s i state is 

found at £  =  1.445 GeV and is identified with the / 0(1370), in a first 

approximation that neglects quarkonium-glueball mixing.

Fig.2.12 The values o f 1 7 ^(£ )|2 are shown such that the 1 3P0 s i state o f Fig.2.11 

is seen in more detail. (The width associated with the solid curve is 40 MeV.) 

The dotted curve, which has a peak at E =  1.469 GeV, shows the result of 

putting ReKXT(P2) and R eA ^(P 2) equal to zero. Therefore, inclusion of 

RtK (P 2) shifts the peak position downward by only 24 MeV.

Fig.2.13 Columns a) and c) show the energies o f the rih and s i states bound in the 

confining field [CeOO]. Inclusion o f the short-range NJL interaction and K S(P2) 

yields the spectrum shown in column b). Since we have approximate ideal 

mixing [CeOO], we show the states that are mainly o f s i character as dotted 

lines. Column d) shows some o f the experimentally observed states. The 

anglular momentum of the £(1710) is still uncertain; however, the £(1770) 

definitely is present [BuOO]. We expect a good deal o f quarkonium-glueball 

mixing in the region above 1 GeV, so that the experimentally observed states 

need not be put into one-to-one correspondence with the states o f column b).
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Fig.3.1 a) The functions J(P),  defined in the absence o f a confinement model, are 

shown. [See Eqs.(3.3.1)-(3.3.7).]

b) The functions J(P), which include the confinement vertex functions and 

Tl~ in their definitions. [See Eqs.(3.3.8)-(3.3.14).]

c) The functions 1{P), defined in terms o f the vertex functions Tp' and . 

[See Eqs.(3.4.1)-(3.4.10).]

Fig.3.2 A schematic representation o f the equation for Tp(P,k) is shown. [See 

Eqs.(3.4.16) and (3.4.17).]

Fig.3.3 A schematic representation o f the equation for r , (P,k) is shown. [See 

Eqs.(3.4.18) and (3.4.19).]

Fig.3.4 The first column shows the qq states bound in the confining field. The second 

column presents the mass values obtained when the NJL interaction is included. 

Fig.3.5 The wave functions o f the ir(138) are shown. The solid line represents 4>p(k), 

the dotted line represents <j>~P(k), the dashed line represents <fa(k), and the line 

with closely-spaced dots represents (k).

Fig.3.6 The wave functions o f the "mixed" state x(1325) are shown. (See caption to 

figure 3.5.)

Fig.3.7 The wave functions o f the "pionlike" state 7r(1391) are shown. (See caption 

to figure 3.5.)

Fig.3.8 The wave functions o f the "mixed" state 7r(1652) are shown. (See caption to 

figure 3.5.)
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Fig.3.9 The wave functions o f the "pionlike" state tt(1717) are shown. (See caption 

to figure 3.5.)

Fig.3.10 The wave functions o f the "mixed" state ir(1890) are shown. (See caption to 

figure 3.5.)

Fig.3.11 The solid and dotted lines show the pion wave functions <j>*P{k) and <i>~P(k), 

respectively. The dashed line shows <f>P(k) and the line with closely-spaced dots 

shows <f>P(k) in the absence o f the confinement model (k = 0).

Fig.4.1 The function J ^ (P 2) is shown. Here k =  0.055 GeV2 and mu =  0.364 GeV.

Fig.4.2 The function j j? (P 2) is shown. Here k =  0.055 GeV2 and ms =  0.565 GeV.

Fig.4.3 The first and third column o f levels show the rih and s i  states bound in the 

confining field, respectively. The second column shows the 28 levels found 

when the RPA Hamiltonian is brought to diagonal form. The various arrows 

show the parentage o f the resulting states. The t?(547) has 75% of the 1 lS0nn 

state that has the y5 vertex and 25% o f the 1 'S0 s i  state that has the y5 vertex. 

These percentages are reversed for the 7/(958). [See Table 4.1.) The 1 lS0nn 

and s i  states with the y0ys vertex are fragmented over many states. The 

77 (1295) and 7/(1440) are almost entirely o f 2 ’S0 nn character. [See the text 

and Table 4.1.)

Fig.4.4 The wave function for the 77 (547) found at 543 MeV is shown. The various 

components are <f>*P̂ (k )  [solid, N l], ^ ( k )  [dash, N2], <f>Â (k )  [dot, N3],<f>'A,^(k) 

[dash-dot, N4], <j>Pj-s(k) [dash-dot-dot, S I], <j>~Pjs(k) [short dash, S2],<j>Ays(k) 

[short dot, S3], >̂Aj-s{k) [short dash-dot, S4].
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Fig.4.5 The wave function o f the t?7(958) found at 893 MeV is shown. (Same caption 

as Fig.4.4.)

Fig.4.6 The wave function o f the 77 (1295) found at 1318 MeV is shown. (Same caption 

as Fig.4.4.)

Fig.4.7 The wave function o f the 77 (1440) found at 1409 MeV is shown. (Same caption 

as F ig.4.4.)

Fig.4.8 The wave function o f the state found at 1652 MeV in our calculation is shown. 

(Same caption as Fig.4.4.)

Fig.4.9 The wave function o f the state found at 1659 MeV in our calculation is shown. 

(Same caption as Fig.4.4.)

F ig.5.1 The 4>*{k) [solid line] and [dotted line] components are shown fo r the 

7r(138). Here we have neglected confinement and used Ggg =  11.81 GeV'2 and 

mu= md — 0.364 GeV. (The normalization is arbitrary and only the relative sign 

o f the components is meaningful.)

Fig.5.2 The <f>*(k) [solid line] and <f>'(k) [dotted line] components are shown fo r the 

K{495). Here we have used G^ =  13.35 GeV'2, k  =  0.055 GeV2, mu =  

0.364 GeV and ms =  0.565 GeV. ( If pseudoscalar-axial-vector m ixing were 

taken into account, we would use G^ =  13.1 GeV'2 and Gv =  12.46 GeV'2 

to obtain 495 MeV fo r the mass o f the kaon. (See the caption to Fig.5.1.)

Fig.5.3 The <j>*(k) [solid line] and [dotted line] components are shown fo r the 

a0(980). Here we use Gg8 =  13.1 GeV'2 as determined in  our study o f the kaon 

in  which pseudoscalar -  axial-vector m ixing was taken into account in an RPA
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calculation.

Fig.5.4 The 0 +(k) [solid line] and 0 '(k ) [dotted line] components are shown fo r the 

a0(1450), which is a 2 3P0 state in  our model. Here we have used =  13.1 

GeV'2, k =  0.055 GeV2 and mu= md =  0.364 GeV. (See caption o f F ig.5.3.)

F ig.5.5 The <f>*(k) [solid line] and 0"(£) [dotted line] components for the K j (1430) 

resonance are shown. (Here we have put G^ =  10.0 GeV'2 to place the 

(1430) at 1350 MeV, since the value o f Ggg =  13.1 GeV’2 leads to some 

degree o f overbinding.)

Fig.5.6 The normalized functions <fa(k) [solid line] and 4>~N(k) [dotted line] are shown 

fo r the a0(980) resonance. These functions were defined in  Eqs.(5.5.18) and

(5.5.19).

F ig.5.7 The normalized functions <j>̂ (k) [solid line] and <f>~u(k) [dotted line] are shown 

fo r the K0* (1430) resonance. These functions were defined in  Eqs.(5.5.18) and

(5.5.19).

F ig.6.1 The nonets o f 1 3S, and 2 3S, vector meson states obtained in  [Ce99a] are 

shown.

Fig.6.2 The nonets o f 1 3P0 and 2 3P0 scalar meson states obtained in [Ce99a] and 

[CeOO] are shown. The f 0(1864) and K j  (1738) are predictions o f our analysis 

w ith th e /0( 1864) being the 2 3P0 s i state. (The properties o f the scalar-isoscalar 

states are modified when we consider quarkonium-glueball m ixing. In  [CeOO] 

we identified the / 0(1770) as the state w ith the maximum glueball component 

after such m ixing. A covariant model o f quarkonium-glueball m ixing is
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presented in Ref.[Ce99f].)

Fig.6.3 A perturbation expansion o f a qq T m atrix o f our model is shown. Here we 

have not shown the vertex functions that implement confinement fo r the in itia l 

and fina l qq states. That matter is discussed in detail in  [0199], where it is 

shown that the T matrix is represented only in terms o f bound states in  a theory 

w ith absolute confinement.

Fig.6.4 The values o f the squared T matrix fo r 7rx  scattering obtained in [CeOO] are 

shown. In the absence o f inelastic events, the quantity shown is equal to 

surSggCE). The firs t peak represents the f 0 (980) resonance and the second is the 

f 0(1500) resonance, which we found at 1550 MeV [CeOO]. (In  the case o f the 

/ o(1500), the width is greatly enhanced when we consider the decay to the 4x 

channel. A discussion o f the xtr and KK  decay widths o f the ĵ (1500) is given 

in  [Ce99fj, where quarkonium-glueball m ixing is taken into account in a 

covariant model.)

Fig.6.5 Values o f |7 ^ (£ ) |2 are shown. These results may be compared to those of 

Fig. 16 o f [CeOO]. Here we have reduced the values o f Im i^ (P2) by a factor 

o f four to obtain a reasonable value fo r the KK  decay width o f the / 0(1370) o f 

50 MeV. (We believe that the value o f gKqq used in  [CeOO] was about 40% too 

large due to an asymmetric treatment o f the pion and the kaon in that work. 

[See the text.] The three small peaks above 1.5 GeV correspond to the three 

peaks above 1.5 GeV seen in Fig.6.4. Their presence represents deviations from 

ideal m ixing.
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Fig.6.6 The phase shift S^iE) is shown for the case o f r-channel and w-channel p 

exchange (dotted line) [Zo94]. The solid line is the result obtained when the 

phase shift o f our model is added to the phase shift fo r p exchange as calculated 

in  [Zo94].

Fig.6.7 Experimental values o f the <5̂  phase shift for xx  scattering as complied in 

[Ha96] are shown. The small circles represent the values given by the solid 

curve in  Fig.6.6.

Fig.6.8 The experimental values o f the ir -K  scattering phase shift is shown in the 

region below the t\'K  threshold at 1453 MeV [As88]. The dotted line represents 

the sum o f the phase shift calculated fo r p and K *  exchange and the 5-channel 

phase shift o f our generalized NJL model. These effects give rise to an 

enhanced cross section from threshold to the energy o f the (1430) resonance.
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