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Abstract

On the Complexity of Approximate Solution of Some
Fundamental Problems of Algebraic Computations

by
AKIMOU SADIKOU

Advisor: Professor Victor Pan

Our subject is the algorithms for approximate solution of some problems of univari-
ate polynomial computations, namely, polynomial division, multipoint evaluation and
interpolation, and solving a polynomial equation. We approach this subject by using
some nonstandard techniques of algorithm design and analysis, which leads us to some
improvement of the previously known estimates for the computational complexity, to
some promise of improving practical performance of the known algorithms, and to some
new insights into the existent approaches to the solution.

Keywords: parallel algorithms, computational complexity, structured matrices, poly-

nomial division, multipoint evaluation and interpolation, complex polynomial zeros.
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Chapter 1

The Subjects of the Study

Summary

We study some fundamental computational problems with univariate polynomials,
that is, their division, multipoint evaluation and interpolation, and solving a polynomial
equation. We seek approximate solutions to these problems, within a given tolerance
bound for the output approximation errors. All these computational problems are cen-
tral in the field and have been intensively studied by the algorithm designers for a long
time (see some relevant bibliography in [AHU], [BM], [Kn|, [BP94], [Sc82], [Sc82a], [P87],
[P94], [P95]). Nevertheless, we have found some distinct approaches that enable us to
improve some of the previous bounds on the computational complexity of the solution,
to give a new insight into some of the existent approaches and techniques, and to pro-
pose some amendments of the known algorithms that promise to improve their practical

performance.

1.1 Model of Computation.

We will analyze both sequential behavior of our algorithms and their parallel implemen-
tations. We will use the customary RAM model for sequential computing and FREW
PRAM model for parallel computing,.
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1.1.1 Introduction of the Models of Computing.

The RAM (random access machine) model is one of the customary models of sequential
computation. It consists of a memory, a read only input tape, a write only output tape
and a program (a code for the algorithm). The program cannot be modified. The input
tape contains a sequence of the input characters (a set of variables and constants). The
memory consists of an unbounded sequence of registers (spaces); each register can hold
a single variable of the sequence of the input. One special register is the accumulator,
where computations are performed. The instructions (to this special register) resemble
the instructions found on an actual computer. In the RAM model we are allowed such
instructions as load, store, read, write into memory location, execute operations (add,
subtract, multiply, and divide), compare, jump and halt.

The PRAM model consists of a control unit, global memory, and an unbounded
set of processors, each with its own private memory. Active processors usually execute
identical instructions. Any processor can be enabled or disabled, and may access the
global memory. Any processor (with its private memory ) may simulate a RAM model.

There are various PRAM models. They differ in the way they handle read or write
conflict:

1. EREW (exclusive read exclusive write), read or write conflicts are not allowed.

2. CREW (concurrent read exclusive write), multiple processors may read from the
same global memory location during the same instruction step, write conflicts are

not allowed.

3. CRCW (concurrent read concurrent write), different policies are used to solve con-
current write to the global memory. There are 3 models; in the strongest one
each processor is assigned priority, and the global memory location accepts the
result only from the processor with the highest priority among all the processors in
conflict.
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1.1.2 The Computational Cost Estimates.

To each RAM instruction its time-cost is assigned, which is time for its execution. In
particular, we may assume that all the instructions have unit time-cost. This is said to
define the uniform cost criterion. We know that in practice, the cost may vary depending
on the precision of the variable operands and on the kind of instruction involved (mul-
tiplication may cost more than addition). The overall sequential time cost is defined as
the sum of the time-cost values assigned to all the instructions involved.

Deducing our computational complexity estimates, we will be allowing arithmetic op-
erations (infinite precision), pairwise comparisons of positive numbers, and the evaluation
of the k-th roots of complex numbers, for natural k, as unit cost operation.

For some of our algorithms we will also extend the study from infinite to the finite
precision computations. Therefore, it is important to study the computation errors and
the Boolean complexity of the computations. A simple and common way is to assign
an appropriate precision values (number of digits) to the operands (data) and to the
output of every arithmetic operation in the algorithm. Then one may deduce the Boolean
complexity by combining the arithmetic estimates and the complexity (time-cost) for
executing an operation with operands represented with such a precision.

A PRAM computation begins with the input stored in the global memory and a single
active processing element. As we have already said, during each step of the computation,
any active, enabled processor may simulate the RAM model, that is, it may read a value
from a single private or global memory location, perform a single RAM operation, and
write into one local or global memory location. In our case, all active, enabled proces-
sors will execute the same instruction, on different memory locations. The computation
terminates when the last processor halts.

Among all the PRAM models, we will use the EREW PRAM model. Any algorithm
using EREW PRAM model can be simulated by all the other PRAM models with the

same complexity estimates.
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1.1.3 Some Definitions.

We will use the notation O(t,p) for simultaneous bound O(t) on the parallel time and
O(p) on the number of processors involved. We assume the B-principle, that is, a variant
of Brent's scheduling principle, under which in time O(tp) a single processor may simulate
the work performed by p processors in time t. The product W = tp of the time and
processor bounds is called the potential work of a parallel algorithm [KR], [BP94], [PP].
The B-principle implies that for the potential work, w, of a parallel algorithm we always
have T = O(w), where T denotes the record sequential time upper bound for the solution
of the given computational problem. (Indeed, under the B-principle, O(t,p) implies
sequential time O(tp).) A parallel algorithm supporting the complexity bounds O(t, p)
is called work or processor optinal if tp = O(T) and is called work or processor efficient
if tp = O((log T')?T), where d is some fixed constant and T is defined above [KR], [BP94],
[PP].

log denotes logarithms to the base 2.

1.2 The Fast Fourier Transform (FFT).

The discrete Fourier transform (DFT) is fundamental to our algorithms, and in fact the
DFT also has many applications in science and engineering.
Hereafter, n denotes a positive integer.

Given n, w denotes a primitive n-th root of 1, that is,
=1, "#1, h=1,...,n~1;

w = exp(2rv/—1/n) is a primitive n-th root of 1. The set {1,w,w?,...,w™ !} defines the

set of n Fourier points.
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1.2.1 The Discrete Fourier Transform (DFT).

let @ = [wi;] and @ = [@:;] be n x n matrices, with w;; = WY, &; = w7 for 1,5 =
0,...,m—1. Then Q7' = 1Q. Let v = [v;]” and p = [p;]T be n-dimensional (column)

vectors.

Definition 1.2.1. For given n, v and p us defined above, the forward DFT of p may
be defined as the matriz-vector product Qp, and the inverse DFT of v as 1/n-th the

matriz-vector product Qv.

It is clear that if DFT of p is v (i.e Qp = v), then the inverse DFT of v is equal to p
li.e. (1/n)(v) = p). We may also define the DFT as the evaluation of the polynomial
with coefficients po,...,pn—1 at the set of n Fourier points w*, and the inverse DFT as
the interpolation of the polynomial with value v; at the point ' for i = 0,1,...,n—1
(see Chapter 2).

1.2.2 The Fast Fourier Transform (FFT).

The straightforward implementation of DFT has time-complexity O(n?). The fast Fourier
transform is an effective algorithm for solving the DFT problem at a cost O(nlogn). It is
a recursive algorithm based on the divide-and-conquer strategy, and it can be parallelized
easily. Let us assume that n is a power of 2, T(n) denote the minimum number of

operations sufficient for the DFT of the n-dimensional vector, and y = 2. We have:

p(x) = P+mz+pa’+...+puar

= (po+px’+... + P2z ) +z(p +psz® + ... + Pa1z™)
= poy(z?) + zpz)(z?)
= pa)(¥) + zpe) (v),

where the degrees of p(;)(z) and pz)(z) are n/2.

We may have:

[&4)
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Lemma 1.2.1. If n is even and positive, then the squares of the elements of the set of

n-th Fourier points form the set of n/2-th Fourier points.

Form Lemma 1.2.1 and the above expression of p(z) via ¢(z) and s(z) we have:
T(n) £2T(n/2) + 1.5(n — 1) arithm. ops .

The recursive application of the latter estimate for n replaced by n/2, n/4,... give us
the bound

T(n) < L5nlogn .
Therefore, T'(n) = O(nlogn). This algorithm is amenable to fully effective parallelization

supporting the parallel complexity estimate O(log n,n).

1.3 Presentation of the Work.

In the second chapter, we will describe ours results on approximate polynomial division, in
the third chapter, on multipoint palynomial evaluation and interpolation, and in chapter
4, on approximate solution of a polynomial equation. In each case, we will also present

some background material.
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Chapter 2

Polynomial Division

Summary

The evaluation-interpolation technique of A. Toom is applied to approximate polyno-
mial division with a remainder. This elementary method leads to the same computation
(except for simple power shifts), and to the same record asymptotic parallel complex-
ity estimate for this problem, O(logm,m), as those supportint the much more involved
methods of D. Bini and A. Schénhage. This approach also enables us to simplify the

approximation error analysis.

2.1 Introduction.

Polynomial division problem is stated as follows:

for given coefficients of two polynomials

s(x) :Zsiz" , tlxz) = thl‘j , Smtn 0 ,m2n
Jj=0

=0
(s(x) is the dividend and t(z) the divisor),
compute, over a fixed field F, the coefficients of the two polynomials, ¢(z) = Y125 g2
(the quotient) and r(z) = ¥_3Z r;z’ (the remainder), such that

s(z) = t(z)q(z) + r(z) , degr(z) < degt(x) . (2.1.1)

7
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Here and hereafter, degp(z) denotes the degree of a polynomial p(z). Clearly, deg s(z) =
degq(z) + degt(z), under ( 2.1.1).

The problem of polynomial division is a classical problem. There always exists unique
solution ¢(z) and r(z) for given s(z) and t(z). The remainder r(z) is also called the
residue of s(z) modulo t(z). Polynomial division is a major block of many algorithms
for polynomial computations, for instance, for polynomial evaluation and interpolation,
for approximating polynomial zeros (cf. next chapters), and for computing the greatst
common divisor (GCD) of two polynomials.

We concentrate on computing ¢(z), and assume the computations over the field of
complex numbers C under the EREW PRAM model or under any other model of parallel
computing that supports the bounds O(log K, K') [time, processors| on the complexity
of the discrete Fourier transform at the K-th roots of 1 (defined in the previous section).
Then the remainder 7(z) can be computed by means of multiplying the 2 polynomials,
g(z) and t(z), and subtracting the result from s(z). By applying fast algorithms (based
on FFT) for polynomial multiplication, one may perform this algorithm by using O((m+
n)log(m + n)) arithmetic operations.

The classical algorithm for ” synthetic division” ([Kn], p. 402) relies on the recursive
reduction of the degree of s(z). It involves up to (2n + 1)(m — n + 1) arithmetic op-
erations. This algorithm does not involve any division operation if t, = 1, and for any
t. # 0, we may replace s(z) by ths(z). Even a more effective solution, due to Sieveking
and Kung [AHU], [BM], [BP94], reduces the evaluation of the coefficients of g(z) to re-
cursive computation of polynomial products. The straightforward parallelization of the
Sieveking-Kung algorithm for this computation (using the B-principle) supports the com-
plexity bounds O((log N)?, N/log N), where N = degq(z) = degs(z) — degt(z). This
means that the algorithm is fast and work optimal. However, since polynomial division is
a very fundamental operation, by all means one should try to obtain its further acceler-
ation. This is indeed possible, and one may reach the bound ¢t = O((log N)log® N), by
shifting to a faster but still work optimal algorithm [BP93], which supports the bounds
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O((log N)log® N, N/log* N), where log® N = min{h,log” N < 1} log® N = log N,
log® N = loglog™ " N, h=0,1,...,log" N.

It is also known how to reach the time bound O(log N), at the price of abandoning the
work optimality property. In particular, one may reach the bound O(log N, Nloglog N)
[RT] and even O(hlog N, (N/h)(1 + 27" 1og™ N)) for any h < log® N [BP93]. Devising
a polynomial division algorithm that would have simultaneously optimized the time and
processor bounds, that is, would have supported the optimal parallel arithmetic com-
plexity bounds O(log N, N), remains, however, a challenging open problem, unless one
shifts to approximation version of polynomial division problem.

The approximation algorithm supporting the latter optimal bounds was proposed
by D. Bini [B82, B84] and, independently, by A. Schonhage [Sc82a). The 2 versions
of this algorithm, by Bini and by Schénhage, look very different from each other and
are based on some distinct advanced techniques. Bini’s version appears in the form of
solving a triangular Toeplitz linear system of equations (using diagonalization), whereas
Schénhage’s version relies on the Laurent expansion of the quotient of 2 polynomials into
a power series and Cauchy integration. The comparison of these 2 algorithms made in
[BP86], however, shows that they are computationally identical, that is, produce exactly
the same intermediate (auxiliary) and, of course, output values.

We propose the third interpretation of the same approach, giving a new insight into
it (see [PSL] and [PSL,a]). We believe that this is a conceptually simpler approach, and
it well demonstrates the power of the general and effective techniques of evaluation and
interpolation, due to Toom [To] and hereafter referred to as the e.-i.t..

This technique is most widely known from its texbook application to polynomial
multiplication ([AHU], [BM], [Baase]), and its further applications to some other polyno-
mial computations can be found in [BP94]. It was, however, a novelty of [PSL], [PSL,a]
in applying this technique to polynomial division, even though the basic idea of this
application looks quite simple.

If r(z) = 0, the computation of ¢(z) using the e.-i.t. is straightforward (Algo-
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rithm 2.2.1) and supports the record parallel arithmetic complexity estimate O(logm, m).
In this note, the e.-i.t. is extended to the general case, where r(z) # 0 (Algorithm 2.2.2),
arriving at the record complexity estimate, O(logm,m), for computing any precision
approzimation (a.p.a.) to q(z). The exact evaluation of g(z) at the parallel cost
O(logm,m) remains an open problem (current record is given by the cited results of
[BP93]).

Estimating the errors of the output approximations to the coefficients of ¢(z) is not
straightforward but is facilitated by some techniques from [BP86]. In particular, these
techniques exploit the reduction of polynomial division to the solution of a triangular
Toeplitz linear system of equations. The error analysis finally shows that the output
errors based on our first, most straightforward algorithm are too large, not allowing
us to obtain a desired high precision approximation of the coefficients of the quotient.
Rather surprisingly, however, some additional rescaling techniques enable us to obtain
a decisive refinement, so as to arrive at approximation within any given positive value
of the tolerance to the output errors. These estimates indicate the effectiveness of the
algorithm even if the extra cost of computation with long binary numbers involved is
taken into account. Further analysis also shows that the algorithm is computationally
equivalent to the well-known algorithins of [B82], [B84], and [Sc82], but we believe that
our derivation of the algorithm is simpler and more illuminating. We will analyze the
most important special case where the input polynomial ¢(z) and the quotient g(z) have

integer coefficients.

2.2 Approximate Polynomial Division.

In this chapter, we fix a positive integer K exceeding m — n. We choose K = 2*, where
k = [log(m — n + 1)], and then perform DFT(K) by means of FFT.
First assume that t(z) divides s(z), so that (=) = 0. Then application of the e.-i.

technique immediately gives us g(z), according to the following algorithm:

10
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Algorithm 2.2.1.
Input: The coefficients of 2 polynomiauls, s(z) and t(x), such that t(z) divides s(x).
QOutput: The polynomial q(x) such that q(z) = s(z)/t(z).

Computations:

1. Bualuate s(x) and t(z) on the set Sy of all the 2*-th roots of 1 for h = [log(m —
n+ 1)]. (By using FFT, this computation is performed in 1.5h2" arithmetic oper-

ations.)
2. Evaluate q(x) = s(z)/t(x) on the same set S), (2" divisions).

3. Apply inverse FFT to compute the coefficients of q(z) by using 1.5h2" + 2" arith-

metic operations.

The overall sequential arithmetic computational cost is asymptotically the same as Sieveking-
Kung’s but has a lower overhead constant factor, which implies substantial advantages
for its practical implementation. Moreover. this algorithm also allows its optimal paral-
lelization, as does FFT.

In the case of general input polynomials s(z) and t(z), we extend this approach by
exploiting the upper bound n~ 1 on the degree of the remainder r(z). Due to this bound,
the ratio r(z)/t(z) converges to 0 as z — oo, and its influence can be ignored if we
approximate q(z) = -:((—z—)) - -:T(;—))-, where |z| is large. This is what we do, by first scaling
the variable z, that is, we make transition to a new variable y = z/H, H being a large
positive constant, and then we apply Algorithm 2.2.1 for = replaced by y, s(z) replaced
by S(y) = s(Hy) and t(z) replaced by T'(y) = t(Hy).

Specifically, we will choose a large positive H (to be specified later on) and proceed

as follows:

Algorithm 2.2.2.
Input: The coefficients of 2 polynomiuls, s(z) and t(x), and a positive integer H.
Output: Approzimations qp),...,qn_n to the coefficients qo,- . . ,gm-n of the polynomial

11
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g(x) = 75" qix’ such that deg(s(z) — q(z)t(z)) < degt(z).

Computations.

Compute

1.

the coefficients Si(H) and T;(H) of the polynomials S(H,y) = s(Hy) and T(H,y) =
t(Hy) [by means of the parallel prefiz algorithm (compare [KR/), at the cost
O(logm,m/logm)/, fori=0,1,...,mand j =0,1,...,n,

S(H,o*) and T(H,u'), fori=0,1,...,K —1 [O(m) additions and two DFT(K)],

s(Huw')/t(Hu'), fori=0,1...., K -1 [K concurrent divisions],

. the coefficients Q3 (H) of the polynomial

m~n

Q*'(H,y) = E Qi(H)y ,
such that Q*(H,u') = s(Hw')/t(H.') [an inverse DFT(K)/,

the coefficients of polynomial

mHi—n

(@)= gz,

=0
with ¢} = Q;(H)/H’
[by means of the parallel prefir alyorithm, at the arithmetic cost O(log(m—n), (m—~
n)/log(m ~ n))/.

Output q3, ..., ., the computed approzimations to qq, ..., Gm-n-

Clearly, the computational cost of performing this algorithm is bounded by O(logm,m).

Remark 2.2.1. We shall choose H sufficiently large, such that t(Hw?) =0 for no ¢.

Remark 2.2.2. If m < 2n, then replacing

s(:z:) by .§(:L')=§:slzl-(2n—m) and t(.’IZ) by £(I)= zn: tlxl-(h—m)

t=n =2n-m

leaves q(z) invariant (deg§ = 2degt = 2(m ~ n)), so that we may essume m > 2n, and
thus m = O(K).

12
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2.3 Estimating the Approximation Error.

Proposition 2.3.1. Let

n-1
H*>2) |tJH*. (2.3.1)
=0
Then _
2 -
l9j @l = 75 lgglel. (232)

Proof. [Q}(H)—g;H’|” is the image of the inverse DF'T(K) applied to [r(Hw')/t(Hw*)]T,

thus
1 K=l 7(Hw) 1 &2V e (HwY) p H¢
J _— .
o QUGS 2 3 i | S 7 ;0 min, [{(HI)] s 2 Ird min, 1(Hu)]

Since t, =1, 1
n-~1 7n—

t(Ho)| > H* ~ | teHW) > H* = 3 |t H .
=0 £=0

Thus from ( 2.3.1), [t(Hw’)| 2 $H". Therefore,

1
W 2> = . 3.
Oir]n<nl\ [t(Hw |~2H’ (23.3)
Additionally,
nol H* -1
S e < (qua ) 3 H = o el
Therefore,
* 0. 5]
oex Q5(H) — q;H7| £ 7 max [rel
and since Q}(H) = g} H?, the proposition follows. 0

Remark 2.3.1. H > 3maxocecn |te]/™9, for example, will satisfy inequality ( 2.3.1 ).

Remark 2.3.2. [BP86] provides the bound

m-—n

m
dolgl £ @+ il
7=0 =n

t’ = ma-x{ltulv Itn-lla--' ) |t2n—m|} 7(tg =0 lf g < 0) 3

13
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which leads to the estimate

m-n

< .
Jax Irel < max It,| g};) Ig] + fmax Isil ,

and thus we obtain

. 2H™ man :
g — 0l < 77— (Oggltzl ((1 +1) tgls:l) + max. Is:l) ,j=0,...,m—mn.
(234)

2.4 Estimating the Computation Error.

Provided that Algorithm 2.2.2 has been applied with a sufficiently high floating point
precision, the lemma and the propositions in this section show that the norm of the
output error vector is negligible.

Recall that for a vector v = [v,], we know |[v|l; = ¥, |ve| 2 |v]l2 = /X |ve|?. Denote
the floating point binary representation of a number z truncated to d bits by fi(z) = Z,

and write fi(v) = [fi(ve)]-

Proposition 2.4.1 (compare [Atk]). For a given pair of d-bit binary values x and y, we
have
fi(zoy) = (xoy)(l+8), 6] <27,

where o denotes any arithmetic operation, +, —, *

or +.
In the next proposition, and throughout this section, ¢(K) = 8.5K?log K.

Proposition 2.4.2. [GS]. Let d and k be positive integers, K = 2%, let v and z be a
pair of vectors such that v is the forward DFT of z or the inverse DFT of Kz, computed
by using FFT with the precision of d floating point bits. Then fi(v) = v + F(z), where
[F(2)l2 £ 27%8(K) | z]l2-

In the proofs below, the following notation is used :

14
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o define vectors u = [14]T and v = [14]7, where u; = S(H,w*) and v; = T(H, w*) (refer

to Algorithm 2.2.2, step (a), for definition of S and T').

o for any integer ¢, define a diagonal matrix Dy, = diag (1, H, H* H3,..., H%), so
that u is the forward DFT(K) of Dy s and v is the forward DFT(K) of Dy at.

o 0 = F(Dpms) = [0i]7 and 7 = F(Dpat) = [1:]7, where F is defined in Proposition

2.4.2.

e i=u+0cand v = v+ 7, so that @ and ¥ are the approximations to the vectors u

and v, computed with d-bit precision by Algorithm 2.2.2.

e p= [Pi]T, with p; = u;/v;, € = [&]T, with & = i(4:/5;) ~ pi,and f=p + £.

Let ¢* and §* denote the coefficient vectors of the output polynomial of Algorithm

2.2.2 performed with infinite precision and with d-bit precision, respectively. Then (for

Q defined in Section 1.2), we have

. D% . D (05 + F()
t="7" 17 K ’

and the computation error vector e = §* — ¢q° can be represented as:

_ Diili-1 (26 + (7))

¢ K
Deduce from Proposition 2.4.1 that
£ = (ui + 0:)6: + 0} _ W el <2
Uit T vi(vi + )

Assume for the rest of this section that H satisfies ( 2.3.1 ) and
d > log(6¢(K)) .
Lemma 2.4.1.

a) |lullz = VK| Dugmsllz < VEH™|ls]2,

15
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b) "DH,nt"2 < %H‘n’
c) |u| > 3H™,
d) |5 > tH™
Proof. a) Follows from the definition of u and Dy m.
b) || Dgntlle € | Dantlly = H™ + Si2y Ite]H and ( 2.3.1 ) suffice.
c) A consequence of ( 2.3.2 ).
d) Observe that || < |7l = | F(Daut)l2. then apply Proposition 2.4.2 and obtain
7| < 279@(K)|| Dgntll2- Substitute part b) and obtain || < 274"264(K)H™.

Finally, combine the latter inequality with ( 2.4.3 ) rewritten as 2% > 64(K), and apply
part cj. a

Proposition 2.4.3. Let ( 2.5.1 ) and ( 2.4.3 ) hold. Then
ez < 27H sz (4VE + (5 + 12VE)$(K)) -
Proof. Rewrite ( 2.4.2 ) as

€ = Siug + (1 + 6:i)ay T

i

’L-li (7 l-l,'

Combine parts ¢) and d) of Lemma 2.4.1 and obtain
Il < 22 ?H " lulla + 4H™™(1 + 27|l ll2 + 8H~*|[ullz [I7]J2 -
Apply Propostion 2.4.2 and arrive at the bound
léllz < H224(Jlullz + (1 + 27)¢(K)| Dmsllz + 2H " ¢(K) |1ull2| Dantll2) -
Apply parts a) and b) of Lemma 2.4.1 a) and deduce
lEllz < 227H™ sl (VE + (1 + 27 + 3VEK)(K)) .

The proposition follows since 22~¢ < 1, that is, 4(1 + 2~¢) < 5 under ( 2.4.3 ). o

16
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Proposition 2.4.4. Let ( 2.8.1 ) and ( 2.4.3 ) hold. Then
llellz < 27 H*ls]l2 (5 + 226(K)) .

Proof. Recall ( 2.4.1 ) and deduce that Kle|2 < |06 + F@)ll2 < VE|€]l2 + |F@)2 -
Next apply Proposition 2.4.2, substitute the vector equation p = p + £, and deduce that

Klellz < VE l€llz + 279K 15ll2 < (VE +27(K)) ll€ll2 + 276 (K) lpll2 -
Apply Proposition 2.4.3, substitute equation p; = u;/v;, apply Lemma 2.4.1 c) and obtain
Klell: < (VE +27%(K)) 2 H* " [islls (4VEK + (5 + 12VE)$(K) ) +27¢(K) 2H ") u]l2
Now apply Lemma 2.4.1 a) and deduce that
Kllell < 272H5 sl (VK +2749(K)) (4VE + (5 + 12VE)¢(K)) + 2VEH(K)) -

Divide both sides by K, apply bound 27¢ < 1/(6¢(K)) from ( 2.4.3 ) and complete the
proof. O

Corollary 2.4.1. If d > 2log (H¥[|s[l2 (5 + 22¢(K))) then [le]l2 < 1/4.

2.5 Boolean Complexity Estimates.

In this section, we will assume that £(z) is monic and the polynomials s(z) and t(z) have
integer coefficients. Therefore, the quotient g(z) is a polynomial with integer coefficients.
We also know that if

|g; — gl <1/2for j=0,...,m —mn, (25.1)

we may recover the integer coefficients ¢; from §; by means of rounding-off.
Due to Corollary 2.4.1, (2.5.1 ) holds if we have |¢} —g;| < 1/4. To ensure this latter
bound, we need to decrease the right sides of the equations ( 2.3.2 ) and ( 2.3.4 ) below

1/4. This is immediately achieved for large j. Thus, we may decrease the output error, if

17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



we apply our algorithm to the polynomials z*s(z) and t(z) for b > m ~n + 1. Then, the
original quotient g(z) will turn into g(z) = z¢(z) + O(z"!'), and we will only need to
use the output approximations to the m — n + 1 leading coefficients of this new quotient
g(z), whose approximation errors are bounded according to ( 2.3.2 ) for 5 > b.

In particular, let b=m —n + 1, let H satisfy ( 2.3.1 ), and let
H"> 2a MaxTe . (252)

Then,

. I )
Iqj—-qjl<a—(—§—_——l—)forallj>b,

due to the bound ( 2.5.2 ).

Therefore, for H > 2 and @ > 4 we have |} — q;| < ¢, for all j > b, and then the
exact values of the ¢; can be recovered by rouding-off §; to the closest integers.

Now rewrite ( 2.5.2 ) so as to express the right-hand side by using only the values of
the coefficients of s(z) and t(z).

Due to Remark 2.3.2, for b = m — n + 1, we may choose any H satisfying

”m 1/b
n\m-n . -
H > [Qa ((1 +1t') g]s,lorgfgl ltgl) +orgnea§\fnlsll] : (25.3)

Due to Remark 2.3.1 and ( 2.5.3 ), we may chaose any H exceeding the maximum
value of the right sides of the inequalities ( 2.5.2 ) and ( 2.5.3 ); then we call Algo-
rithm 2.2.2. The rouding-off of the output values to the closest integers will give us the
exact coefficients of q(z).

Also, from Corollary 2.4.1 we have
d = O(Klog H + log||sll2) - (254)

Assume that the Boolean complexity of an arithmetic operation performed with 2 inte-
gers modulo 2¢ is O(logd, P(d)). THerefore, we will have the Boolean estimate of our
algorithm of order O(logmlog d, mP(d)) where d satisfied ( 2.5.4 ).

18
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Furthermore, we may subsitute the value of H in ( 2.5.4 ) [which can be obatained
from ( 2.5.3 )]. We notice that our algorithm supports the same Boolean complexity

estimates as those of B84, Sc82a.

19
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Chapter 3

Multipoint Polynomial Evaluation

and Interpolation

Summary

The known record sequential time-complexity estimates for the problems of polyno-
mial evaluation and multipoint interpolationthe algorithms that are devastatingly un-
stable numerically because of their recursive use of polynomial division. By applying a
distinct approach to computing approximate solutions to both problems, we arrive at
algorithms that are faster or equally fast and have a promise of improving numerical sta-
bility. Our approach relies on new techniques, so far not used in this area: we reduce the
problems to Vandermonde matrix computations and then exploit some recent methods

for improving computations with structured matrices.

3.1 Introduction.

Multipoint evaluation and interpolation of a polynomial are 2 major problems of numer-
ical and algebraic computing. They are converse to each other and can be considered as
2 instances of a more general problem of converting one representation of a polynomial

into another (compare [Gathen86]).

20
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Formally, these 2 problems can be stated as follows:

Problem 3.1.1, multipoint evaluation.

Input: The coefficients of a polynomial
p(z) = po + piT + poz® + ... + paz”

and a set of points {u;: 1=0,...,m}.
Output: The values of p(z) at the points u; fori =0,...,m (i.e. the values v; = p(ui)

fori=0,...,m).

Problem 3.1.2, interpolation.

Input: Two sets of scalars:

i) {wi: i=0,...,n; u; # u; for i # j} (nodes of interpolation),

ii) {vi: ¢=0,...,n} (values at the nodes).

Output: The coefficients py,p1,-- ., Pn of the polynomial p(z) such that
plug)=v;, 1=0,1,...,n.

Let us recall some known algorithms and computational estimates for these 2 prob-
lems.

At first, consider the evaluation of a polynomial p(z) of a degree n at a single point.

Horner’s method solves this problem by using n multiplications and n additions,
which both are optimal bounds [AHU], [BM], [Kn], unless one allows to precondition the
coefficients of p(z). Even with preconditioning, however, one may only save less than
n/2 multiplications.

We may solve Problem 1 by applying Horner’s method m times. This will involve

mn multiplications and as many additions, but much faster algorithms can be devised

21
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based on the recursive use of fast polynomial division. These methods yield the solution
by using O((m + n)(log(m + n)?) arithmetic operations [AHU]}, [BM], [BP94].

Likewise, Problem 2, of interpolation, can be solved by means of classical methods by
using order n? arithmetic operations [CdB]|, [Wer84], but more recent techniques reduce
the problem to a sequence of polynomial multiplications and divisions so as to yield the
solution by using O(n(logn)?) arithmetic operations [AHU], [BM], [BP94].

There are also lower bounds of order Q(nlogn) for Problems 1 (for m > n) and 2
[BM], [Ben-Or83], [PrepSham].

All these results are about evaluation of the exact solution of Problems 1 and 2.

It is also known that these fast algorithms, running in time O((m + n)(log(m +n))?)
for Problem 1 and O(n(logn)?) for Problem 2, are not convenient for their numerical
implementation, due to the recursive use of polynomial divisions, which recursively mag-
nifies the approximation errors, so that for many input instances the output can be
completely corrupted unless the computations are performed symbolically, with no er-
rors, or numerically, with an extremely high precision (thus, restricting their application
to the case of computers performing exact rational arithmetic).

This leads to an important and challenging problem of numerical multipoint evalua-
tion and interpolation by using o((m+n)?) and o(n?) arithmetic operations, respectively.

In particular, Fast Fourier transform (FFT) enables us to solve both of these problems
in O(nlogn) operations [AHU] with no numerical stability problems [GS], in the special
case where all the n nodes are N-th roots of unity, for N > max{m,n}. Similarly, in
some other special cases [P89a], where the input nodes are the Chebyshev points, the
estimates are O((m + nlogn)logn) or O((nlogn)logm) for evaluation and O(n log?n)
interpolation with improved numerical stability.

[Rok88] applies approximation theory to devise desired approximation algorithms
for Problem 1 (multipoint evaluation) with the time-complexity estimate of O((m +
n) log(1/¢) + m(log(1/€))3), but only in the case where all nodes z for the evaluation

are from a fixed real line interval. [P95a] improves the latter bound to O(mlog®u +
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nmin(u,logn)), u = log(1/¢), but still under the assumption of confining all nodes z to
a fixed real line interval.

However, for a general set of nodes on the complex plane, the order of n® operations
is required in all the known numerically stable solutions of Problems 1 and 2.

In this chapter, we propose a distinct approach which leads us to desired fast algo-
rithms for approximate solution of Problems 1 and 2 for a large class of complex inputs.
The algorithms compute solutions to both problems within a given tolerance k¢ to the
error, k denoting the condition number of some auxiliary computational problem [see (
3.4.1 ) in Section 3.4].

Both Problems 1 and 2 are restated in the equivalent form of operations with Vander-
monde matrices, and the solution is obtained based on some known properties of these
matrices and related structured matrices; this approach may be of independent technical
interest.

The algoirhtm involves Toeplitz type linear systems, which for many inputs may still
cause some numerical stability problems [Bu85], not as devastating, however, as ones
caused by recursive polynomial divisions. In particular, we may shift to symmetrized
systems which are still of Toeplitz type, and if they remain sufficiently well-conditioned
after their symmetrization, then numerical stability problems are avoided [Bu83).

Our algorithms have a common feature of many approximation algorithms: their
output errors and their running time decrease with the condition number of the auxiliary
linear system (in our case of Toeplitz type) to which we reduce the solution. Furthermore,
we may try to use a random transformation of some input parameters in order to improve
the condition of the latter linear system (see Remark 3.3.1 and the derivation of the
complexity estimates based on our first algorithm of Section 3.4).

It is known that the Vandermonde matrix (defining the interpolation problem) is ill-
conditioned for a very large class of sets of interpolation nodes, and the parameter x of
( 3.4.1 ), defining the approximation error of our computations, tends to be large. Thus

we cannot, as of now, recommend our algorithms for practical computations, except for
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the special cases of node sets defining well-conditioned Vandermonde matrices.

From the theoretical point of view, however, the new algorithms may be of inter-
est since they demonstrate some previously hidden correlations between computations
with polynomials and with structured matrices. To be more specific, we represent the
original computational problems of polynomial evaluation and interpolation in the form
of operations with a Vandermonde matrix. Then we apply the techniques of [P90a] for
computations with structured matrices and reduce the original problem with any set of
nodes to the case of roots of unity as the nodes; in the latter case FFT applies. The
reduction involves Toeplitz type computations (with matrices having displacement rank
at most 3) and a single multiplication of a generalized Hilbert matrix by a vector, at
which stage we apply the fast approximation algorithm of [Rok85|, known to be effective
and reliable (for large input class) in numerous computations, in particular, for integral
equations and n-body mechanics. We present and analyze our algorithms in Section 3.4
after some preliminaries in Sections 3.2 (definitions) and 3.3 (auxiliary results).

The resulting algorithms yield desired approximate solutions by using O(((logn)? +
log(x/¢))n) arithmetic operations assuming that m = n for problem 1 and that x denotes
the condition number of an auxiliary structured matrix (see Appendix C represented by
[PSLT]). No recursive polynomial division is involved, and the algorithms promise to
be efficient enough for numerical solution of Problems 1 and 2. If log(x/e) = o(n), the
algorithms run in time o(n?). Moreover, if log(x/c) = o((logn)?), say, then the solution
time is O(n(log n)?).

On the other hand, the proposed direction, exploiting the known properties of as-
sociated structured matrices, promises some further improvement and seems to deserve

further exploration.
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3.2 Definitions.

Let n be a positive integer, and 7, j, k integer parameters, ranging from 0 to n—1. Matrix
rows and vector components are represented by 7, columns by j. W7 is the transpose of
a matrix (vector) W; W¥ is the Hermitian transpose of W.

Complex vectors e, f, g, r, u, v, p, X and y are of the form h = [hq, .. ., An-1]T (where
h can represent any listed vector). 7; = w*, where w = exp(27v/—1/n), is a primitive
n** root of 1 (a Fourier point). Let the components u; of u be pairwise distinct and not
equal to integer powers of r.

Matrices I, J, V, H, T and Z are of size n x n.

The matrices

0 1] 0 0
1
J= . (reversion) and Z = (displacement)
1 0 ] 0 1 0 ]

satisfy J2 = I (the identity matrix), Ju = [tu_1,-..,u0]T, Zu=[0,u0,- .., Un-2]T.
V(u) = [uf] is a Vandermonde matrix. V(r) = [r]] = [w"] is the matrix of discrete
Fourier transform (DFT) on n points, so that V(r)u = [Z?_;Ol T.{IL{]T is the DFT of a
vector u.
H(u,v) = [1/(w — v;)] is a Cauchy (generalized Hilbert) matrix (u; # v; for all i and
)

T = [tn—1+i-;] is a Toeplitz matrix.

TJ=[tie;], JT = [ton—2-i-jl, (3.2.1)

are Hankel matrices.
[Toeplitz (Hankel) matrices have entries that are invariant under their shifts in the

diagonal (antidiagonal) direction.}
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3.3 Auxiliary Results.

We recall the following simple and/or well-known results (which we state by using defi-
nitions of Section 3.2):

H(u,v)= ~HT(v,u), (33.1)
Vie)=VvT(r), VE@)V(E)=nl (33.2)

Fact 3.3.1. The values of a polynomial p(z) = L pi ' (with coefficient vector p) on

the set of points ug, . .., un—1 are given by the vector
v = V(u)p. (3.3.3)

Fact 3.3.1 defines the problem of interpolation and multipoint evaluation of a poly-

nomial p(z) in terms of a vector equation (compare Problems 3.4.1 and 3.4.2).

Remark 3.3.1. It is simple to shift from polynomial p(z) to t(z) = p(az+b) for any fized
complex numbers a and b, and vice versa, at the cost of performing O(nlogn) operations
[ASU]. Even simpler is the transition to the reverse polynomial prev(z) = =" p(1/x).
These transformations enable us to vary (to our convenience) the input matriz V(u) of
the problem of polynomial interpolution and multipoint evaluation. For evaluation, we
may also vary the input node set, for instance, by partitioning it into two or several
subsets, complementing each subset to n points at our choice and solving two or several

evaluation problems.

Fact 3.3.2 /AHU/. Given vectors u and r, it suffices to use O(n logn) arithmetic oper-
ations to compute V(r) u and VH(r) u (that is, to perform the forward and inverse DFT

of a vector u).

Fact 3.3.3.

a) [AHU] Given a vector v and a Toeplitz matriz T, it suffices to use O(n logn) arith-

metic operations to compute the vector T v.
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b) [AG, BA, BGY, Ho87, Mu] Furthermore, O(n log®n) erithmetic operations suffice

to compuie T~ v if T is nonsingular.

Fact 3.3.4. The estimates of the previous fact hold even if the matriz T is replaced by
any matriz of the form VT (u) V(u), W(u,r) = VI(r) H(r,u) V(u) or WT(u,r).

Proof The extension of Fact 3.3.3 to the matrix VT (u) V(u) = [Z’,:;(} ui”] g follows
since this is a Hankel matrix [compare ( 3.2.1 )]. The extension of Fact 3.3.3 to W(u,r)
and WT(u,r) follows from [P90]. (Specifically, Proposition 6.1 of [P90] implies that
W(u,r), WT(u,r) are Toeplitz type matrices defined with their n x 3 displacement
generator matrices (see definitions in [P90, ChKLe]), and to such matrices both parts of
Fact 3.3.3 can be extended [see [ChKKLe] and/or [Mu] on the extension of part a) and

[BA] or [Mu] on the extension of part b)}). O

Proposition 3.3.1 [Rok85]. Given a naturul n, positive a, q, s, and ¢ and three complez
vectors u, v and y of dimension n, it suffices to use (5n — 1) s arithmetic operations
to compute, within the error bound €, the values (H(v,u)y)i = Skl ye/(vi — u), for
1=0,1,...,n— 1, provided that

log(an) —~log((1 — g) €)

=2 ) 3.3.4
los(1/4) (834)
a> %], 1>¢>|=2|, foralliandk. (33.5)
Up Uy
Proof (see appendix A, section A.1). O

Remark 3.3.2.
a) If, say, ¢ < 1/2, loga = O(logn), log(1/¢) = O(logn), then ( 3.3.4 ) can be satisfied
for s = O(logn).

b) In our algorithms of the next section, v = r, and the vector u can be linearly trans-
formed, according to Remark 3.9.1. This enables us to insure the last inequality of
( 8.8.5 ) for q=1/2 and for all i and k.
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3.4 Interpolation and Multipoint Evaluation.

Algorithm 3.4.1. Interpolation.

Input: vectors u and v.

Output: vector p satisfying ( 3.9.3 ).

Note that, by assumption about vectors u andr (in Section 3.2), V (u) is non-singular,
and H(r,u) can be defined. Assume (until the end of this section) that H(r,u) s non-
singular.

Computations. Successively compute the three vectors:
1. f=H(r,u)v,

2.g=VT()f =V(r)f [sce ( 3.3.2 )],

3 p=W"Hur)g.

The correctness of this algorithm follows since, for the computed vectors p and g, we

have:
W(u,r)p=W(ur)Wl(ur)g=g=VT(r)H(r,u)v,

and ( 3.3.3 ) follows since V(r) and H(r,u) are nonsingular.

We apply the algorithm for approximate evaluation of p, so as to decrease the esti-
mated computational complerity:

At Stage 1, approximating the components of f (within ¢ > 0 ) requires (57 — 1) s
operations, for s defined by ( 3.3.4 );

Stage 2 requires O(n logn) operations (see Fact 3.3.2);

Finally, at Stage 3, we need to compute the matrix W (u,r), of Toeplitz type, or more
precisely, to compute its displacement generator of length (at most) 3. For this, we just
need to compute the products p(¢) = (W(u,r) -~ ZW(u,r)ZT) v(8), £ = 1,2,3, for
three general vectors v(1), v(2), v(3).

Moreaver, we may choose these vectors in the form

v(f) = b(€) = [1,b(€), (b(£))?,...,(b(€))" T, where b(f) is a random parameter, £ =
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1,2,3. [Indeed, the n x n matrix B = [(0(z))’] has rank =, if all the b(z) are distinct
numbers, i,7 = 0,1,...,mn ~ 1 ; therefore, with a high probability (see [DeL], [Schw]
and [Z79]), for a random choice of b(7), the matrix (W(u,r) -ZW(u,r) 2 T) B has
a rank at most 3, and so any of its random n x 3 submatrices has a rank at most
3]. The vector V(u)b(€), £ = 1,2,3, can be computed in O(n logn) operations, since
the evaluation of V(u) b(£) amounts to evaluation of the polynomial [1 — (b(£)z)"}/[1 —
b(€) ] = S0 (b(€) z)* at the points uq, . . - , Un1-

Therefore, the complexity of approximate evaluation of the vectors p(¢), for £ = 1,2, 3,
is still within the bounds of O(n (s + logn)), for s defined by ( 3.3.4 ), provided that
¢ denotes the tolerance to the errors of the appproximate multiplications of H(r,u) by
vectors in the process of the evaluation of p(¢).

Given p(¢), £ = 1,2,3, we can. by using the algorithms of Facts 3.3.3 or 3.3.4, find
W-!g at the cost O(n log?n). Therefore, Stage 3 can be done at the cost of O(n (s +
log®n)), s defined by ( 3.3.4 ).

The bound ¢ on the approximation errors of all the multiplications of vectors by the
matrix H(u,r) is not substantially magnified in the subsequent multiplications of the
resulting vectors by the matrix V(r) (having 2-norm equal to 1) but may be substantially

increased in the evaluation of W~'g unless
Kk = cond W (34.1)
is small.

Algorithm 3.4.2. Evaluation.
Input: vectors u and p.
Output: vector v satisfying ( 3.5.3 ).

Computations. Successively compute
1. U(u) = VT(u) V(u),
2. e=U(u)p,
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3. x=WT(u,r) e,

4. y=V(r)x,

5.v=HT(r,u)y.

Correctness.

Premultiply both sides of ( 3.3.3 ) by VT(u) and obtain that
e=VTu)Vu)p=VT(u)v.
Then substitute v= HT(r,u)y = HT(r,y) V(r) x, obtain that
WT(u, r'x=e,

and thus verify the correctness of the above solution.

Complezity

Follow [CKL] in order to perform Stage 1 in O(n log®n) operations.

Namely, first compute at this cost [AHU] the coefficients of the polynomial [T3_o(u ~
uk). Then use O(n logn) operations in order to obtain the power sums SRos ui from
the system of Newton’s identities (see e.g., [P90], Appendix A).

We need O(n log n) operations at Stage 2 and O(n (s+log®n)) at Stage 3, for s defined
in Proposition 3.3.1 [use Fact 3.3.4 and the algorithm for the evaluation of W (u,r) shown
above], and we need O(n logn) operations at Stage 4 (due to Fact 3.3.2).

At Stage 5, we approximate all the components of the vector v within the error bound

¢ at the cost (5n — 1) s, where s is defined by Proposition 3.3.1.
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Chapter 4

Polynomial Zeros

Summary

We propose an algorithm, for approximating polynomial zeros, relying on the combi-
nation of some modification of Weyl's geometric construction on the complex plane (which
achieves the initial approximation to the zeros and/or their clusters as well their isola-
tion from each other) and a variant of Newton’s iteration for the refinement of the initial
approximation. The algorithm has a complexity estimate of O(n?log(bn) logn loglogn).

The algorithm is simple for implementation and numerically stable.

4.1 Introduction.

The problem of approximating polynomial zeros is stated as follows:
Given the coefficients of a polynomial p(z), where
p(x) = potmzH ... 4 purzV + puz®
= pu(T—2)(z~2)...(T—z.),
compute or approximate the zeros z,, 23,..., 2,1, 2o of p(z).
This problem has substantially influenced the development of mathematics through-

out the centuries and has many important applications to the theory and practice of

computing.
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One of the early instances of this work was the resolution of the 2 degree equation,
known already in the ancient Greece. The study of the special equation z2 + 1 = 0
introduced the notion of the complex numbers.

Another important aspect of this problem is the fundamental theorem of algebra,
which states the existence of the complex solutions . In 1799, C. F. Gauss provided the
proof for the fundamental theorem of algebra; unfortunately, it had a substantial flaw,
which was filled up by A. M. Ostrowski in 1920.

In 18% and 19% centuries, the focus was on finding a formula for the solution to the
problem. This motivation had a very profound influence on mathematics because of the
failure of all the attempts for a such foriula for polynomials of degree greater than 4. A.
Ruffini in 1813 and H. N. Abel in 1827, proved the theorem on the nonexistence of such
formula. E. Galois has substantially extended this theorem developing his celebrated
theory in 1833.

Due to the insolvability of the equation in closed form, the motivation was shifted to
the iterative approach, which became most exciting with the development of computers.
Hundreds of papers on this subject have appeared, and new ones still continue to appear.

Among all the numerous algorithms proposed for approximating complex polynomial
zeros, the lowest computational cost estimates are yielded based on 2 approaches. Both
of them combine some geometric constructions on the complex plane [in order to ensure
a certain degree isolation of a zero = or of a subset (cluster) Z of the zeros of a given
polynomial p(z) from all its other zeros| with some analytic techniques (such as Newton'’s
iteration and/or numerical integration based on FFT) applied in order either to achieve
rapid approximation of the isolated zero = or a cluster Z of the zeros of p(z) or to split p(z)
numerically into 2 factors, one of which is z ~ z or H (z — 2), respectively. The latter
splitting approach can be called divide-and-conquerzeriethod. It has been developped
in several papers (Schr], [DL], [DH], [Sc82], [BFKT], [P89], [BT], [BP91], [Kir], [NR],
[P95]. In particular, in [P95] optimal bounds of n arithmetic operations and bn? Boolean

operations have been reached (up to polylogarithmic factors) for approximating the n
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zeros of p(z) within absolute error bound 27*, provided that n = O(b) and that the
variable z has been scaled so as to bring all the zeros of p(z) inside the unit disc D(0,1) =
{z: |z| L1}

The lower bound n on the number of arithmetic operations immediately follows since
the output consists of n generally distinct values, but even for approximating a single
zero of p(z), [%'] arithmetic operations are necessary since the input depends on the
n + 1 generally distinct coefficients of p(z) and since each arithmetic operation has only
2 operands.

The Boolean cost has a lower bound 0.250n? (of [P95]) because the input perturbation
by adding 2-2/" to any of the [1/2] trailing coefficients of the polynomial (z — 7/9)"
causes a perturbation of its single multiple zero by at least 27, It follows that one has
to keep at least bn/2 bits in the representation of each of n/2 trailing coefficients of p(x).
Processing these coefficients will then require at least 0.25bn? bit-operations (Boolean
operations).

Even though the algoritms of [P95] are nearly optimal, for practical implementation
other approaches and algorithms may still be interesting. In this chapter, we will study
one of such approaches, which can be viewed as the second best approach, according to
the associated complexity estimates, and which exploits and extends Weyl’s celebrated
construction of search and exclusion on the complex plane.

This construction, first proposed in [W24] for approximating polynomial zeros, has
been effectively used in many other areas of computer science, under the name of quadtree
algorithms (see {Ga82], [HS79], [Sa81], [Sa84], [Se94] on several application of the quadtree
algorithms).

In [W24}, H. Weyl presented his algorithm with a proof of its convergence for any input
polynomial p(z) but with no computational complexity estimates. [HG] presented an
improved modification using O(n3)) arithmetic operations. Further modification yielded
the bounds O(n? +n?logb) [R87] and O(n?log(bn)logn) [P87] and [P94]. Though even
the latter bound is inferior to one of [P95], the algorithms of [P87] and [P94] may turn out
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to be more attractive for practical application since they use more primitive geometric
costruction than one of [P95] (and, therefore, promise to decrease the overhead constant
factors, hidden in the “O" complexity estimates) and these former constructions seem to
be easier for coding. Besides, the analytic technique of Newton's iteration used in [P94]
is also very simple for coding. In particular, this technique is substantially simpler to
program than the sophisticated techniques used for splitting in the divide-and-conquer
algorithms of [Sc82], [BFKT], [BT], [Kir], [NR] and [P95].

Our main objective in this chapter is the specification of the algorithm of [P94], its
refinement [in particular, by replacing Turan's proximity test by an algorithm, whose
asymptotic time bound may be slightly larger (by loglogn factor) but which is more
numerically stable], and supplying some omitted details.

In our future work, we plan a series of numerical experiments for this algorithm.

The algorithms presented in this chapter can be implemented on p processors, with
their acceleration by roughly the factor p, provided that p < n. We also note that the
estimated computational time (in both sequential and parallel implementations) can be
decreased by roughly the factor n/logn if we only need to approximate a single zero of
p(z) rather than all the n zeros [P37].

The presented techniques and results can be extended to approximating the zeros of
an analytic function in a square, if these zeros are isolated from all other zeros of the
function.

For an extension to approximating the eigenvalues of a symmetric tridiagonal matrix,
see [P93], [PL], and [P].

In our exposition we will follow and extend [P94]. We will present the results in
the following order. Section 4.2 is devoted to some preliminaries. In section 4.4 we
recall Weyl'’s exclusion algorithm (quadtree algorithm), incorporating the proximity test,
which we specify in section 4.3. In section 4.5 we define the main algorithm in the
flowchart form, as a recursive process of isolation and contraction. Section 4.6 describes

the geometric construction used at the isolation stages. In section 4.7, we present some
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analytic techniques needed at the contraction stages. Sections 4.3 contains also several
auxiliary results needed in sections 4.4-4.7. Section 4.8 contains figures. In appendix B

we analyze the correctness of the algorithms.

Remark 4.1.1. In this chapter, we do not cite numerous papers that proposed various
techniques for approzimating all the compler zeros of a polynomial but do not supply
the competitive worst case estimates for the computational complezity. Among these
techniques, we wish to single out some pructically successful methods: the Jenkins-Traub
method [JT], a modification of Newton’s iterution due to [M78], Laguerre’s method (HPR/
[F81], and Durand-Kerner method and its various extensions and modifications, such
as ones by Aberth, Maehly, Werner, Pasquini-Trigiante, Farmer-Loizou and by others
(see [BP,a]), which are most popular in practice emonyg oll the known approaches to
the problem of approrimating all the compler zeros of a polynomial. These methods also
require to obtain an initial set of approzimations to the n zeros of p(x), for which purpose

one may apply the techniques of our section 4.6.

Remark 4.1.2. In some papers, notubly in [Sc82] and [KS], the error of the approzima-
tions to the zeros of p(x) is measured by the mazimum magnitude E(p) of the coefficients
of the error polynomial p(z) — p. [T;=\(x — =}), z; denoting the computed approzima-
tions to the zero z; of p(z) and p, being the leading coefficient of p(x). In this case
the problem is sometimes called complex: fuctorization [versus approzimating the zeros of
p(z), where the output error is measured by E.(p) = max; |z} — zj|/. Recall from the
ezample of the polynomial (z* — 7/9) — 2~ that one needs to have E(p) = O(2™") in
order to ensure that E,(p) < 27" in the worst case, and the algorithms of [Sc82] and
[KS] support substantially smaller upper bounds on the complezity of the complex factor-
tzation than of approzimating the zeros. In particular, Schonhage in [Sc82] reached the
sequential Boolean complezity bounds O((b + nlogn)n?log(bn)loglog(bn)) for the prob-
lem of complez factorization, with E(p) < 27b, and O((b + log n)n3 log(bn) loglog(bn))
for the problem of approzimating the zeros, with E.(p) < 27°. A distinct approach of

[KS] uses O((b+n)nlog®n) and O(In?log? n) arithmetic operations and comparisons in
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order to solve the complex factorization problem and the approzimating zeros problem,
respectively [with the error bounds in terins of E(p) and E.(p), respectively] provided
that n = O(b), log E(p) = —b. To reach these bounds, multipoint polynomial evaluation
had to be involved in the algorithm of [KS]. Application of the known fast algorithms
for this operation [AHU]|, [BM] would have led to numerical stability problems, so one
is motivated to devise numerically stable polynomial evaluation algorithms (compare our
chapter 8). Technically, the algorithm of [KS] is very interesting since it cleverly ezploits
and effectively develops (for the univariate case) the path lifting method, originated in
[581], [S85] and more recently deuveloped into o highly effective algorithm for a system of
polynomial equations [SS], [SS,a], [SS.b], [SS,c], [SS.d].

4.2 Some Preliminaries and Definitions.

We will count the polynomial zeros with their multiplicities, not distinguishing between
approximating m clustered zeros and a multiple zero of multiplicity m. By saying ”com-
puting a polynomial” we will mean ”computing its coefficients” (unless we explicitly
specify otherwise). p(r) denotes a fixed polynomial of degree n,

p(r) = Zn:p,a:i =Py ﬁ (r = z5), P #0. (4.2.1)
=1

=0
Definition 4.2.1. D = D(X, R) denotes the disc of radius p(D) = R with the center X
on the compler plane; S = S(X, R) denotes the square with the side length 2p(S) = 2R
and with the vertices X+ R(1++v/~1), X—-R(1++v/-1), X+R(1-v-1), X—-R(1-v/-1).

Definition 4.2.2. Two compler scts U and V' are called equivalent if they contain ez-
actly the same zeros of p(z). Trunsforination of e set U into its equivalent subset is
called shrinking or contraction. If U denotes a square or a disc, we define its rigidity
ratio, r.r.(U), and its isolation ratio, i.r.(U), as follows (see Figure 4.1): r.r.(U) =
inf(p(U™)/p(U)), i.r.(U) = sup(p(U*)/p(U)), where p(U) is defined in Definition 4.2.1

and where the infimum and the supremumn are over all the squares (or discs) U~ and
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U* that are equivalent to the square (respectively, disc) U and such that Ut and U are
concentric, U= C U C U*. A disc or a square U and every its equivalent subset are

f-isolated if i.r.(U) > f.

Definition 4.2.3. d(U) = max., ., |z, — zx| for u complez set U,

d*(U) = max;, ., max{|Re z, — Re z,|,|Im z, — Im z|},

where max., ., denotes the mazimum over all the pairs z,, zn of the zeros of p(z) in U
and we use the customary notation ¢ = Re ¢+ v/=1 I'm ¢, with real Re ¢ and Im c, for

any complez c.

Proposition 4.2.1. r.r.(5) = d*(5)/(2p(S)) for a square S; r.r.(D) = d*(D)/(cp(D)),
ﬁ$c$2,foradiscD.

Definition 4.2.4. For a complex X, for an f > 1 and for a nonnegative €, the disc
D(X,¢€) is called an f-isolated z-neighlorhood of a zero z; of p(x) if this disc contains

z; and is f-isolated.

Definition 4.2.5. i(p(z),U), the index of p(z) in U, is the number of the zeros of p(x)

lying in a complez set U and counted with their multiplicities.

Definition 4.2.6. The n distances ri(X) 2 r9(X) 2> - -+ 2 ro(X) from a point X to the
n zeros of p(z) are called the root radii of p(x) at X; in particular, r,(X) is called the

s-th root radius of p(z) at X, and we set r4(X) = 00 for s <0, r,(X) =0 for s > n.

Proposition 4.2.2. 1/r,(X) equals the (n + 1 — s)-th root radius at X of the (shifted
and reversed) polynomial (x — X)"p(X + Z5)-

Definition 4.2.7. For fized positive R and ¢, write
b = log(R/¢), (4.2.2)
provided that R is an upper bound on the moduli of all the zeros of p(z),
7—?—,?_[::,1, forji=1,...,n. (4.2.3)
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In particular(see [He], section G.4a), the relations ( 4.2.8 ) hold for
R=2 max |pas/pal'/". (424)

Remark 4.2.1. Hereafter, all the rectangles and squares on the complez plane have their

sides parallel to the coordinate ares.

Algorithm 4.2.1.

Input: a closed set U on the complex plane.

Output: the side lengths and the real and imaginary coordinates of the center of the
smallest rectangle containing the set U (and having its sides parallel to the coordinate
azes).

Computation: Compute the maziinuin M and the minimum m of the real parts of the
points of U. Output M — m and 5%’—"—‘ Repeat the same computations for the set of the

imaginary parts of the points of U.

Proposition 4.2.3. The two half-sums in the output of Algorithm 4.2.1 equal the real
and imaginary parts of the center X of the minimum rectangle containing the set U. The
two differences equal the lengths of the sides of this rectangle. The center X and the
length 2r of the longer side define the smallest square S(X,r) containing the set U.

In this chapter, we will use the known algorithms for the basic operations with poly-
nomials [such as their multiplication and division with a remainder, discrete Fourier
transform (DFT), scaling and the shift of the variable]; the arithmetic cost of these
computations is O(nlogn) (see [AHU], [P92a], [BP94]).

Remark 4.2.2. Our results stated for the unit disc D(0, 1) immediately extend to the disc

D(X,r), for any complez X and positive r: it suffices to shift and to scale the variable.
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4.3 Root Radii Computation, the Proximity Test,
and the Computation of the Number of Polyno-
mial Zeros in a Disc.

In this section, we will approximate the root radii 7,(X), for s = 1,...,n, by following
and a little simplifying [Sc82], section 14. We will keep assuming that X = 0 (otherwise,
we would shift the variable by letting y = (x — X)) and will denote r, = r,(X),

To = 00, Tuy1 = 0. (43.1)

We will also present the proximity test, which enables us to compute the distance from
a complex point X to the nearest zero of p(r), with a relative error A, at the cost
O(n(1+g)logn), where g is defined in ( 4.3.4 ). At the end of the section we will present

an algorithm for computing the number of polynomial zeros that lie in a given disc.

4.3.1 Root Radii Computation.

Consider the two following tasks (note the redundancy in their statements):

Task r. Given positive r and A, find a (yenerally non-unique) integer s such that
rom /(L + D) <r < (l+A)r,. (432)

Task s. Given a positive integer s, 1 < s < n, and a positive A, find a positive r such
that
r/(14+A8)<r, < (14 A)r (4.33)

We will solve Tasks r and s for 1 + A = 2n. The extension to an abritrary positive
A is immediate, by means of

log(2n)

g=9g(A)= flog(m

) (434)

iteration steps ( 4.3.16 ); indeed, such an iteration step amounts to squaring 1+ A in the

context of Tasks r and s, and we have (1+A)% > 2n, under ( 4.3.4 ). The computational
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cost of performing these iteration steps (as well as the cost of shifting the variable z, if

needed) should be added to the overall cost of the solution, of course. Note that
g(A)=0if 1+ A 2 2n; g(A) = O(loglogn) if 1/A = O(1), (4.35)

g(A) = O(logn) if 1/A = n°PW), (4.36)

Most frequently, we need to solve Task s for s = n, and we have the following corollary:

Corollary 4.3.1. For s = 1 and s = n, Tusk s can be solved at the arithmetic cost

O(n(1 + g)logn), where g is defined by ( 4.3.4 )-( 4.3.6 ).

Let us show a proof from [Sc82]. Recall the well-known inequalities (compare [He],

pp-451, 452 and 457):
ty/n <y < 28] t] = max [Droic /|5 (4.3.7)
Apply Proposition 4.2.2 for X = 0 and extend the bounds ( 4.3.7 ) as follows:

th/2<r,<nt,, ¢, = rgg oo/ e V- (4.38)

n ‘n

Therefore, 7 = t{\ﬁ/—n is a solution to Task s for s = 1, whereas r = t,/n/2is a
solution to Task s for s = n: in both cases. we may choose any A such that 14+A > /2n.
This can be extended to the solution of Task s, for s = 1 and s = n and for an arbitrary
positive A, at the arithmetic cost O(nglogn) of g iteration steps ( 4.3.16 ), where g is
defined by ( 4.3.4 )-( 4.3.6 ). This implies the cost bound of Corollary 4.3.1.

We also need to solve Task s for 1 < s < n at Stage 10 of Algorithm 4.7.1 and Task r
in Remark 4.3.3. Next, we will show solution algorithms relying on the following useful

and elegant result:

Theorem 4.3.1. ([He, pp. 458-462], [Sc82]). If 1 < m < n and if |Pps1-mei/Pat1~m| <

avt fori=1,...,n+1—-m, then r,, <mfa + 1)v.
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Proof. Due to Van Vleck’s theorem ([He|, p. 459), we have

ntlem n n-—1 m e
Ipn+1-mlrm < IPOI + lpl lrm +-- 4+ Ipn—m'rm .
n+l—-m n—1m 1

Divide both sides by |ppy1-m|r™t1~™, apply the assumed bound on the ratios

|Prs1-m—i/Prn+1-m|, and deduce for z = v/ry, that

n n-1 m+1 m
1< gzt ™ +az™™™ +--- +az? +ax .
m—1 m—1 m-—1 m~1

(4.39)
If z > 1, then r, < v, and Theorem 4.3.1 follows. Otherwise ( 4.3.9 ) implies that
l+a<a(l+z+r’+2*+-- " =a/(1 ~2)™

By applying the Lagrange formula to y* for y = 1 + a, we obtain that y? ~ a? = du®"!
for some u, a < u < y. Substitute this expression and deduce that

(a+ 1)¢

1/.’1: < m d= l/TfL
so that rm/v = 1/z < (a + 1)/d, and then again Theorem 4.3.1 follows. a

Theorem 4.3.1 and Proposition 4.2.2 also imply a similar upper bound on 1/r,,, which
is the (n + 1 — m)-th root radius of the reverse polynomial z"p(1/z).

Such bounds immediately imply the solution of Task r forr = 1 and 1 + A = 2n.
Indeed, compute the natural m such that |puyi—m| = Maxe<icn [pi}- If m = n + 1, then
th > 1, n> 1, and rpy; = 0 [see ( 4.3.1 ) and ( 4.3.8 )]. Moreover, for the reverse
polynomial, q(z) = z"p(1/z), we have t} < 1, and, therefore, r; < 2 [see ( 4.3.7 )], which
implies that r,, > 1/2 for p(z). It follows that s = n is a desired solution to Task r, for
r=1a.nd1+A=n,aswellasforr=\/T%and1+A=\ﬂ?_ﬁ. Otherwise, 1 <m < n.
Then we apply Theorem 4.3.1 (for « = v = 1) to p(z) and q(z) = z"p(1/z) and deduce

that < Tm < 2m, so that 1/(2n) < r,, < 2n, and s = m —~ 1 is a solution to

1
2(n+1-m)
Task r where r = 1 and 1 + A = 2n [take into account ( 4.3.1 ) where m = 1, s = 0]
The extensions to arbitrary r is by means of scaling the variable z and to arbitrary A by

means of the iteration ( 4.3.16 ). We arrive at
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Proposition 4.3.1. Task r can be solved at the arithmetic cost O(n(l + g) logn) where

g is defined by ( 4.3-4 )-( 4.3.6 ); the cost bound can be decreased to O(n) if 1 +A > 2n.

We could have solved Task s by recursively applying Proposition 4.3.1 in a binary

search algorithm, but we will prefer a more direct algorithm outlined in [Sc82].

Algorithm 4.3.1. Given the coefficients p, of p(z) and an integer s, 1 < s < n, choose

two integers t and h that satisfy the follouring inequalities:
t<n+l-s<t+h<n (4.3.10)

(so that h > 0, t < n), and the following convezity property: there erists no integer u
in the considered range such that the point (u.w(u)) on the plane {(u,w)} lies above the
straight line passing through the two points (t,w(t)) aend (t + h,w(t + h)), where w(u)

denotes log |p.|. Compute and output
r = [peen/pel ™. (4.3.11)

The relations ( 4.3.10 ) and ( 4.3.11 ) and the above convexity property immediately

imply that

Peig/Pe $1¢, for g=1,...,n—t,

Peoheg/Peen < 1/19, for g=1,....t+h. (4.3.12)

Proposition 4.3.2. The outpul r of Algorithm 4.3.1 is a solution to Task s for 1+ A =
2n.

Proof. Due to the first and the second inequalities of ( 4.3.12 ), we may apply Theorem
431top(y) witha=1l,v=1/r,i=g,m=n+1~t—hand to y"p(l/y) witha=1,

v=r, i=g, m=1t+ 1, respectively, and arrive at the desired bounds,

Togl-t=h < 2N+ 1 =t = h)/7, 1/raee < 2(t + D)r.
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Since h > 0, t < n, it follows that

1/(2nr) < ryy €75 < Tt < 20T (4.3.13)

Let us next specify the computations in Algorithm 4.3.1 as follows:

Algorithm 4.3.2. Compute the values log|p,|, v = 0,1,...,n, with a prescribed pre-
cision; then compute the convex hull CH of the set {(u,log|p,]). v = 0,1,...,n} in
the two-dimensional real space, and then find the edge in the upper part of the bound-
ary of CH whose orthogonal projection onto the u-axis is an interval including the point
n+1—s. Chooset and t + h to be the endpoints of this interval and, finally, compute r

by using ( 4.8.11 ).

Note that we compute the convex hull CH of the same single set when we solve Task

s for all s. Thus we arrive at the following result:

Proposition 4.3.3. Tusk s for all s can be solved at the arithinetic cost of ca(CH) +
O(gnlogn) where g is defined by ( 4.3.4 )-( 4.3.6 ) and where ca(CH) denotes the
cost of computing the values log|p,| for v = 0.1....,n and the conver hull of the set

{(u,log |pu]), u=0,1,...,n} of n+ 1 points on the planc.

Let us next simplify the solution of Task s for 1 + A = 2n and for a disc D, with the

center 0, under the additional assumption that
i(p(x),D)=n+1~s, ir(D) > (1+A)% (4.3.14)
In this case, the arithmetic cost of the solution is O(n) with a small overhead constant.

Proposition 4.3.4. Let the relations ( 4.3.14 ) hold for a fized integer s (such that
0 <s<n) for 1l +A = 2n, and for a disc D having the center 0 and an unknown

radius. Then Task s for 1 + & = 2n can be solved at the arithmetic cost O(n).
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Proof. Let t and h denote the two integers defined in Algorithm 4.3.1 and thus
satisfying ( 4.3.10 ) and ( 4.3.13 ). ( 4.3.14 ) implies that r,_;/r, > (1 + A)? = 4n?.
On the other hand, the first inequality of ( 4.3.10 ) implies that r, > rn_¢, so that
Tsm1/Tn-t = (1+A)2% = 4n2. It follows that either r4~; > Tnt1-¢~n, and thenn+1—t—h >
s—1,t+h <n+1—s, or, otherwise, Tnyi—t—hn/Tnt > Tse—1/Tn-t = (1 + &)? = 4n?. The
latter inequalities imply that Tn41_¢~n > 4nrn—¢, which contradicts ( 4.3.13 ), so that
t+h <n+1-—s. Therefore, ( 4.3.10 ) implies that t + h=n+ 1 —s. Since t + h has
been defined, it remains to choose h > 1 such that the convexity property of Algorithm
4.3.1 holds, or, equivalently, such that the values (1/g) log |-2=-| = log(|-2=2~{'/9) and,

Pt~h-g Pt+h—g

therefore, also lpf’:ﬁyll/g reach their maximums where g = h, provided that g is the
integer parameter ranging from 1 to n. The integer h can be computed at the arithmetic
cost O(n), and we arrive at Proposition 4.3.4. W

We now observe that, for g(A) of ( 4.3.4 )-( 4.3.6 ), g = g(4) iteration steps ( 4.3.16
) suffice to reduce the solution of Task s, for any fixed 1 + A > 1 and for any disc D
satisfying ( 4.3.14 ), to the case where 1 + A = 2n, and, by shifting the variable X, we

may ensure that the disc D has center 0.

Corollary 4.3.2. Let the relations ( {.9.1{ ) hold for a fized integer s, 0 < s < n, for
a fized positive A, and for a disc D hawving the center 0 and an unknown radius. Then
Task s can be solved at the arithmetic cost bounded by O(n + g(A)nlogn), where g(A)
is defined by ( 4.3.4 ) [and satisfies ( 4.3.5 ) and ( 4.9.6 )].

The algorithm supporting Corollary 4.3.2 is referred to as Algorithm 4.3.2a.

4.3.2 A Proximity Test.

Let us present an algorithm for proximity test having the arithmetic cost of Corollary
4.3.1.

Algorithm 4.3.3.
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Input: Naturals n and A, the cocfficients of polynomial p(z) of ( 4.2.1 ), having degree
n, and a complez number X that is not a zero of p(z).

Output: A nonnegative number r = r(X) such that
r/(1+A)<r,(X)<r(1 +4), r(X)= jglﬂnnlzj - X|. (4.3.15)

Computations.
Stage a). Shift the variable by setting y = x — X and compute the coefficients of the
n - th degree polynomial q(y) with the zeros y; = (z; — X), j=1,...,n, such that

p(z) = p(X +y) = X_p(X)y',

i=0

@) = 500 [T ~ v3).
j=1

Stage b), (Dandelin-Lobachevsky-Graeffe, [H]). Let qo(y) = q(y)/po(X) and g = g(4)
ts defined by ( 4.8.4 ), and successively compute the coefficients of the polynomials

Gir1(y) = (~D)"au(Vy)a(-vy), i=0.1,...,9 - 1. (4.3.16)
Stage c). Compute t; = mingso |qo/qx]'/*, set r = [t;\/’%-]l/N [see ( 4.5.8)].
We note that each step i of Stage b) squares the zeros of the polynomial g;(y), so that

n n
@) =[lw-v") = qn/, N=2° (4.3.17)
j=1

t=(}
This makes the iteration ( 4.3.16 ) a powerful tool for separating the zeros of p(z) from
each other, because the logarithm of the ratio |y;/y:| grows linearly in N, if [y;] > [yil;
furthermore, higher powers of the absolutely and strictly largest zero of p(z) dominate
in the respective power sums of all the zeros.
At Stage a), we just shift the variable z; every iteration 7 of Stage b) is a polyno-
mial multiplication; at Stage c) we find the maximum or the minimum in a set having

cardinality at most n. Thus the overall cost of performing Algorithm 4.3.3 is
O(n(l + g)logn) , (4.3.18)

where g = g(A).
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Remark 4.3.1. The algorithm of [Tu] (compare [P87], [P94]) computes = r(X) sup-
porting an arithmetic complezity bound improved by factor g(A) but leads to numerical
stability problems, since it generully requires to increase by factor n the precision of the
computations. This is, clearly, undesirable in practice and leads to a respective increase

of the Boolean complezity estimates.

Remark 4.3.2. Each iteration step ( 4.3.16 ) squares i.r.(D(0,7)) for any positive r.
This enables us to increase an i.r.(D) from f > 1 to f2* at the cost O((h + 8)nlogn),
where § = 0 if the disc D has center 0.

4.3.3 Computing the Number of Polynomial Zeros in a Disc.

Proposition 4.3.5. Let i.r.(D) = f > | for a disc D = D(X,r). Then the index
i(p(z), D) of p(x) in D (defined in Definition 4.2.5) can be computed at the arithmetic

cost O(hnlogn), where

log f
Proof (compare Remark 4.3.3). The well known winding number algorithms (see

[He], pp. 239-241; [R87]) compute the index i(p(z), D) of p(z) in a disc D at the cost

h=1+ [log[bgg]]. (4.3.19)

O(nlogn), provided that all the zeros of p(z) lie far enough from the boundary of such
a disc; specifically, it suffices if i.r.(D) > 9 ([R87]). Proposition 4.3.5 now follows due to
Remark 4.3.2. O

Remark 4.3.3. Given a disc D = D(0,p) such that i.r.(D) = f 2> (1 + v)?, we may
compute s = n + 1 — i(p(x), D) by solving Tusk v of section 4.8 for r = (1 + v)p and for
any A < v. The arithmetic cost of the solution is O(n(l + g)logn), where g is defined
by ( 4.8.4 )-( 4.3.6 ), so that g = O(h + loglogn), [compare ( 4.8.4 ) with ( 4.3.19 )/.
This implies an alternative proof of Proposition 4.3.5, provided that the cost bound in its

statement changes into O(gnlogn).
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4.4 Weyl’s Exclusion Algorithm.

In this section, we will present Weyl’s exclusion algorithm ([W24], [He|, pp. 517-521;
[R87], [P8T7], [P94]). Later on, we will use the resulting combination of the algorithms in
order to isolate the clusters of the zeros of p(z), although historically such an algorithm

has been first introduced for approximating the zeros.

Algorithm 4.4.1/Weyl/(see Figure {.2).

Input: positive integers k, G, n > k, and f > 1, the coefficients of the polynomial p(zx)
of (4.2.1 ), a complez X and a positive R such that the square S(X, R) contains ezactly
k (not necessarily distinct) zeros of p(x) and is f-isolated.

Output: a positive integer H < 4n and compler values Xn, h=1,...,H, such that the
union Uf, S(Xn, R/2°) lies in S(X, R) and contains k zeros of p(z).

Initialization: Cull the square S(X, R) suspect in Stage 0.

Stage g, g = 1,...,G. Divide each square that is suspect in Stage g < G (such a square
has sides of length R/29) into four subsquares, with the side length R/29%'. Then, ap-
prozimate the distances from the centers of the subsquares to the nearest zeros of p(z).
[Do this by applying Algorithm 4.3.3 of section 4.8 at the four centers of the four sub-
squares, where each center plays the role of the input value X of Algorithm 4.5.3, whose
other input values, N, n, po,...,pn, are shared with Algorithm 4.4.1.] Call a square
suspect in Stage g unless the latter prozimity test proves that the square contains no ze-
ros of p(x). Output the centers Xy, of all the squares S(Xi,r) that are suspect in Stage
G (where = R/2°). Output H, the overull number of the output squares. (The next

remark shows that H < 4n.)

Remark 4.4.1. Each zero of p(x) may make at most 4 squares suspect in Stage g, for

any g [note that our prozimity test computes r,(X) within a fized error bound, due to (

4.3.15)].
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4.5 Combining Approximation and Isolation of Poly-
nomial Zeros.

Our algorithm for polynomial zeros will rely on the solution of the following problem:

Problem 4.5.1.

Input: two real constants f > 1 and ¢ = 27% > 0, complez coefficients of a polynomial
p(z) of (4.2.1 ), a natural k, 2 < k <n, and an f-isolated square S that contains ezactly
k zeros of p(x).

Output: an integer ko, 0 < ko < k, f-isoluted z),-neighborhoods of ko zeros zp of p(x)
inS fore, <z, h=1...,ky, an integer u 2 0 (u > 2 if ko = 0) and u squares

S1,-..,Sy that are disjoint, f-isolated, and such that S, C S, ky = i(p(z),S,) = 1,
g=1,...,u, Tl ok, =k

The computation of the indices of p(z) in each square S;, g = I,....u, can be based on
the well-known winding number algorithims [He], pp. 239-241 (see section 4.3); [R87] or
on the algorithms for approximating the distances from any fixed complex point to all

the zeros of p(z) [Sc82], [P87]. [P94].

Algorithm 4.5.1. To compute f-isoluted z,-neighborhoods of all the zeros z, of p(z),
proceed as follows: Initially setk =n, S = S(0,R), for R of ( 4-2.4 ), and solve Problem
4.5.1 for such a square S. Then recursively, for each output square S,, g = 1,...,u,
set § = S, and solve Problems {.5.1 (for S = S, playing the role of the input square).
Recursively repeat this process until the desired f-isolated ), -neighborhoods of all the zeros

of p(z) have been computed.

Since k, < k, for g = 1,...,u, we will arrive at the desired ex-neighborhoods of all
the n zeros of p(z) in S in at most n — 1 recursive steps of solving Problem 4.5.1. It
remains to specify the solution of Problem 4.5.1 and to estimate its complexity.

We will partition the solution of Problem 4.5.1 into two stages:
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Problem 4.5.1a.
Input: as for Problem 4.5.1.
Output: either a common f-isolated c),-neighborhood of all the k zeros zy of p(z) in S

for some €, < € or, else, an equivalent subsquare S* = S(X*, R*) of S, such that
e>1/rr.(S°) (4.5.1)

for a fixed positive e.
Problem 4.5.1b.
Input: the output subsquare S* of Problem J.1a, satisfying ( 4.5.1 ).
Output: as for Problem 4.5.1.
We will consider Problem 4.5.1b in the next section and Problem 4.5.1a in section

4.7.

4.6 Isolation of the Zeros.

In this section we will assume available a black box algorithm (Algorithm 4.7.1) of
section 4.7 that solves Problem 4.5.1a and will specify Algorithm 4.6.1, that is, the
blocks of Algorithm 4.5.1 where Problem 4.5.1b is solved. We will proceed as in (Weyl’s)
Algorithm 4.4.1 applied to the input square S* = S(X*, R*) of Algorithm 4.6.1 (which
is the output square of Algorithm 4.7.1), so that for every i we define the i-th stage of
Algorithm 4.6.1 as identical to the i-th stage of Algorithm 4.4.1, except that we now
add some blocks for the verification if the requirements to the output of Algorithm 4.6.1
have already been satisfied for some squares that are suspect in this stage; if so, we stop
partitioning these squares and keep them invariant until the end of the computations,
when we output these invariant squares. Namely, for every g, we will partition the
union of all the w(g) squares that are suspect in Stage g into v(g) maximal connected
components, C\, .. (9) “each component contains at least one zero of p(z), so that

T u(g)?
1<v(g) <k g=12,..;v()=1 8 = C} Let the (1 + go)th stage be the separation
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stage of Algorithm 4.6.1, that is,
vig)=1 forg=1,2,...,q0; v(go+1)>1. (46.1)

In every Stage g, for ¢ > go, apply Algorithm 4.2.1 to the set of all the vertices of all the
suspect squares of the component C¥, for u = 1,...,v(g), and arrive at the minimum
square, S¥) = (X, R)), covering C&¥) (compare Remark 4.2.1 and Proposition 4.2.3).
Call C® an f-isolated component if the square S%9 is equivalent to C) and if

ir(SW) > f.
Rewrite the latter assumption as follows:
d9 = rggg(max{lReXﬁg) — ReXW)|, |[ImX¥ — ImX9|} - R9) > fRY). (46.2)
Foreach u, u=1,...,v(9), test if
V2R < min{s.d9/f}. (46.3)

If so, output the disc D(X, R®/2) as an f-isolated (V2R®)-neighborhood of the
zeros of p(z) lying in the component C{) and define C#+9 = S(X¥) RY) = Slo+d) =
S(X{e+) RE*Y) for an appropriate v = v(g+1), as an invariant component that remains
unchanged in all Stages g + ¢ of Algorithm 4.6.1 for ¢ > 0. Otherwise test if ( 4.6.2 )
holds. If so, output the square S& as an input square S for Algorithm 4.7.1 and define
Clotd) = S(X9 R@) = Slo+i) = G(X W) Rls+)) for appropriate v = v(g + i) as an
invariant component that remains unchanged in all Stages g + ¢ of Algorithm 4.6.1 for
i > 0. Apply Stage g + 1 of Algorithm 4.4.1 to all the squares that lie in the remaining
noninvariant components and that are suspect in Stage g. Stop the computation by
Algorithm 4.6.1 when all the components have become invariant.

Let us next analyze Algorithm 4.6.1. Hereafter, w(C)) denotes the number of squares
that are suspect in Stage g and lie in the component C¥, so that

v(g)

w(g) = 3 w(C¥), g=1,2,....

nu=l
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Our next goal is to deduce that

W = i w(g) = O((1 + log f)k). (46.4)

g=gu+1
We define a tree T with G + 1 — g, levels of nodes, where go is defined by ( 4.6.1 ). The

(9) (9)
1

.-+, Cyyy are identified with the v(g) nodes forming the (g — go)th

v(g) components C
level of the tree. The component ng“) is identified with the root of the tree, which lies
at level 0. The leaves are identified with the invariant components C¥), such that ( 4.6.2
) and/or ( 4.6.3 ) hold for the values X', R{). The edges of the tree go from each
component C!? to all the components [of the (g + 1 ~ go)th level] formed by the squares
that are suspect in Stage g + | and lie in C'¢’. We let w denote " w(C®¥) where the sum

is over all the leaves C¢9): we deduce from Remark 4.4.1 that

u

w < 4k. (4.6.5)

Hereafter, we will assume that every zero of p(z) that makes two or several squares
suspect in Stage g shall lie in or coincide with the intersection of the boundaries of these
squares. [Clearly, we may always move the zeros of p(z) on the complex plane, so as to
satisfy this assumption without any decrease of the value W of ( 4.6.4 ).] Then, each
node C¥ that is not a leaf contains not more suspect squares than its children do, that
is,

w(CH) < ¥ w(C¥Y), (466)

.
()

where the summation is over all the children Cr(f:;” of the node C%¥. We now recall that,

besides the leaves, none of the components C¥ for g > gq is f-isolated and deduce the

following proposition:

Proposition 4.6.1. Every component CY¥, g > go, has an ancestor-fork (that is, an

ancestor with at least two children) at level g1, g, = g — go = log((f - V)w(C@)) +y+6

for some y > 0, where § = 0 if C¥) is an invariant output component, § = 1 otherwise.

Proof. Observe that R < R*w(C!)/29, whereas the distance from X9 to the

nearest zero of p(z) lying outside C!? is at least R + 2R*/291%% because such a zero

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



of p(z) must be separated from X! by both the square S(X{, R%¥)) and some square
S(X,R*/29°%91) discarded in Stage go + ;. Consequently, i.r.(S¥) > 1 + %
Therefore, i.r.(S¥) > f if (f ~ 1)w(CY¥)) < 29-91-90+1 or, equivalently, if log((f —
DNw(C®)) < g — g1 ~— go + 1. On the other hand, i.r.(S¥') < f unless C¥ is a leaf of
T, and in the latter case i.r.(S#~Y) < f for the parent C#~1 of C¥). By combining the

above relations we complete the proof. O

To derive ( 4.6.4 ), we will also use the following estimates:

Fact 4.6.1. Every component C¥. foru=1,...,v(g). g=3....,G, is covered by
s(g.u) €2+ [w(CH) /2]
squares that are suspect in Stage g — 2.

The proof is rather straightforward (although tedious): it appeals, on one hand, to the
fact that a square that is suspect at Stage g — 2 has the 4-fold increase of the side length
versus the side length of a square that is suspect at Stage g and, on the other hand,
to the connectivity of the component C& consisting of the chain of w(CY¥)) smaller
suspect squares. To complete the proof, it essentially remains to classify all possible
configurations of these w(C!) squares (the worst case configuration is shown in Figure
4.3). We will omit further details but will note that for the proof of the asymptotic bound
( 4.6.4 ), it actually suffices to prove a weaker version of Fact 4.6.1, where Stage g — 2
is replaced by Stage g — O(1) and the right side of the inequality of Fact 4.6.1 is turned
into O(1) + @ w(C¥) for some fixed a < 1. The latter version of Fact 4.6.1 immediately
follows from the 2 above observations (about the 4-fold increase of the side length and

the component connectivity).
Corollary 4.6.1. s(g,u) < 0.75w(C¥) if w(C¥) > 6.

Now let wg = 5, , w(CH), wg = T, w(CY') where ¥ and T=* denote the sums in

all the pairs g and u such that ¢ > go, 1 < u < v(g), w(C¥?) < 6, provided that 3_*

[$))
~©
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consists of forks and leaves, that is. includes no pairs (g,u) such that the node CY¥ of
the tree T has exactly one child.
By combining the bounds ( 4.6.5 ) and ( 4.6.6 ) with Corollary 4.6.1. we obtain that

W — we < 8w < 32k, (4.6.7)

and it remains to estimate wg in order to prove ( 4.6.4 ).

Proposition 4.6.1 implies that in the tree T every node C% such that w(C{¥) < 6
has at most log(6(f — 1)) — 1 its successive predecessors with a single child. Due to the
bound ( 4.6.6 ), each of these predecessors contributes at most w(C¥) to the sum wg.
It follows that

w < log(6(f — 1))wg. (4.6.8)

It remains to estimate wg. We first observe that the tree T has at most k leaves;
therefore, it has at most k — 1 forks (the nodes with more than one child). The set of all
the forks and leaves has a cardinality of at most 2k — 1 and has a subset of nodes C¥’

£

such that w(C{¥') < 6. This subset is formed by exactly wg squares, each of which is

suspect in at least one of Stages go + 1,.... G. Consequently,
wg < 6(2k - 1) = 12k - 6.

Combining this bound on wj with ( 4.6.8 ) and ( 4.6.7 ), we arrive at ( 4.6.4).

We have deduced the bound ( 4.6.4 ) for a single application of Algorithm 4.6.1,
which is actually called O(n) times in the process of performing Algorithm 4.5.1. In
every application of Algorithm 4.6.1, its every output square S, satisfying the relation
( 4.6.2 ) but not ( 4.6.3 ) (that is, such a square is f-isolated but is not imbedded in an
equivalent and f-isolated disc of a radius at most <), serves as the input square in the
subsequent application of Algorithm 4.7.1, which, in turn, generally outputs an input
square for Problem 4.6.1 and Algorithm 4.6.1. We then use the tree T generated in the
latter application of Algorithm 4.6.1 to replace the respective leaf of the tree generated

in the preceding application of Algorithm 4.6.1. In this way, we construct a single tree
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associated with all the O(n) applications of Algorithm 4.6.1 within Algorithm 4.5.1 and
having at most n leaves. Proposition 4.6.1 and Fact 4.6.1 are also extended to the entire
computational process, represented by the latter tree, and in this way we extend ( 4.6.4
) to the same asymptotic estimate (with k replaced by n) for the total number of suspect
squares processed in all these calls for Algorithm 4.6.1, provided that in each call for
Algorithm 4.6.1 we only count the suspect squares processed after the first splitting of
the single input component into disjoint connected components.

Finally, we complement this estimate with the bound
Wo = O(n + nloge), (46.9)

where e is defined by ( 4.5.1 ) and W, denotes the overall number of squares that are
suspect in all Stages g such that v(g) = 1, g < go [see ( 4.6.1 )], (that is, C{g) is the
single connected component output in Stage g), in all the applications of Turan-Weyl's
Algorithm 4.4.1, within Algorithm 4.5.1.

To deduce ( 4.6.9 ) we first consider a single application of Algorithm 4.6.1 and recall
that the length of the sides of the squares that are suspect in Stage g decreases by twice

as g grows by 1. It is sufficient to consider the cases, where
w(C*) = w(y) <6, (4.6.10)
since we may extend Fact 4.6.1 and Corollary 4.6.1 and also recall that
w(y) <4k, y=1,2,....G. (4.6.11)
We now combine ( 4.6.10 ) and Proposition 4.2.1 and deduce that
wg < 6[loge] + 15. (4.6.12)

Indeed, due to ( 4.6.6 ) and ( 4.6.10 ), w(C'f”)) may grow with g at most in 5 stages g,
for 1 < g < g¢°*, which contributes the term 1 +2 4+ 3+ 4 + 5 = 15 on the right side of (

4.6.12 ). On the other hand, as g increases by 1, r.r.(S§9)) never decreases and grows by

o4
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f”)) stays invariant. This implies ( 4.6.12 ), since r.r.(Sf”)) never exceeds |

twice, if w(C
and since we initially have ( 4.5.1 ).
Combine Fact 4.6.1 and Corollary 4.6.1 with ( 4.6.11 ) and ( 4.6.12 ) and deduce the
bound
g0

Z w(g) = O(k + loge),

g=1
for a single application of Algorithm 4.6.1, and similarly we arrive at ( 4.6.9 ) for all of
at most n — 1 applications of Algorithm 4.6.1 within Algorithm 4.5.1. Namely, in order
to deduce ( 4.6.9 ), we observe that there are at most n — 1 forks in the tree associated
with the entire Algorithm 4.5.1 (since this tree has at most n leaves), and that for each
fork, we have to go through at most 15 + 6[loge] its successive descendants before we
reach either the next fork or a node C with w(C) > 6. We exclude the suspect squares
associated with the node C such that w{C) > 6 since to them we may apply or extend
Corollary 4.6.1 and may apply the bound ( 4.6.11 ). For other nodes, we arrive at ( 4.6.9
), by n — 1 times applying the bound ( 4.6.12 ).

We now recall that each proximity test in Algorithm 4.4.1 (one for each suspect
square) is performed by means of Algorithin 4.3.3 at the cost bounded by O(ng(A)logn).
Therefore, from ( 4.6.4 ) and ( 4.6.9 ), we deduce the bound

O((1 + log f + log e)n?g(A)log n)

on the computational cost of all the applications of Algorithm 4.6.1 within Algorithm
4.5.1. In particular, for e = O(1), log f = O(logn), the latter cost bound turns
into O((nlogn)?g(A)), whereas for e = O(1), f = O(l), this cost bound turns into
O(n%g(A)logn).

4.7 Contraction of a Complex Square.

We will now present the following algorithm for Problem 4.5.1a, where we assume that

1/e <024, f= f*/2. f* > 2+6n(e—1)/(e—2), and f* > v/50 (compare Remark 4.7.1
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and the correctness proof in the full version of the thesis), so that it suffices to set e = 5,

f=3+8nv2,ore=8, f=34+TnV2, ore=26, f =3+ (25/4)nV2:

Algorithm 4.7.1.

Initialization: Let o denote a set of compler numbers available from the previous appli-

cation of Algorithm 4.7.1 and chosen to be empty at the first application of this algorithm.

Compute the f*-isolated disc D = D(zo, R) whose boundary circle passes through the four

vertices of the input square S. Compute the compler value Y = xo + 2R.

Computations:

1.

Compute the value p'(Y). Ifp/(Y) #0, sett = Y. Otherwise add the complex point
Y to the set o and choose a point t near Y such that p'(t) # 0. (It suffices to test
at most n — |o| candidate points t & o to find one for which p/(t) # 0, where |o}
denotes the cardinality of the set 0. Each candidate point t for which p'(t) = 0 is
added to the set c.)

Compute the value
ot
wet— ) (4.7.1)

If p(u) = 0, set X = u and go to Stuge 10. Otherwise, apply Algorithm 4.3.3
(prozimity test), for X = w, and appropricte A, which outputs r = r(u) anc

m(u) = (A + 1)r.
Compute v, = vp(u) = u + 88,7 (u), for &, = (v-1)*, h=0,1,2,3.

If p(vn) = 0 for some h, 0 £ h £ 3, set X = v, and go to Stage 10. Otherunse apply
Algorithm 4.3.9 for X = vy, and suitable A, h = 0, 1,2, 3; output r(vy), r*(va), h =
0,1,2,3.

Compute 7n = r*(vy,) + r*(Ung2), for h=0,1. If 7, < 157*(u) for h=0 or h =1,
then go to Stage 10 for X = u.
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7.

10.

Otherwise, for every h, h =0.1,2,3, denote that Dy, = D(vy,Ta(vn)), observe that
the pair of the discs Dy and Djy1mods has two points an and By of the intersection

of their boundaries [this follows from the comparison of the distances
Un = Unsimods] = 821 (u), B =0,1,2,3, (47.2)

with the estimates ( B.2.1 ) and ( B.2.3 ) of appendiz 4.8/, and choose one of these

two points, an, that lies closer to u (see Figure 4.4).
Compute the complex ¢ and the nonnegative p satisfying
2Re ¢ = m,in Re a), + max Re ay,

2Imc= rr}in Im a) + max Im ay,
p = max lc — anl-

Here and hereafter we use the notation min, and max, for the minimums and
mazimums in h, forh =0,1,2,3, and z = Re z + +/—1 Im z for all compler =.
[Note that the closed disc D= D(c,p) contains ag, ai, az, az and, consequently,
at least one zero of p(x); furthermore, it can be proved that the disc D is f-isolated,
for some fized f => 1, in particulur, it is f-isolated for f > 2.38, if A very small
(see claim 4.8 of appendir 4.8).]

. Apply the winding number algorithm (supporting proposition {.3.5 of section 4.5)

to compute i(p(z), D), the inder of p(z) in D. Ifi(p(z), D) < k (that is, if the disc
D does not contain all the k zeros of p(z) lying in the input square S), go to Stage
10 for X = c. Otherwise, set Y = c+ 2p and go to Stage 1.

Shift to the polynomial q(y) = p(y + X), set s=n+1-~k, A = 0.01, and apply
algorithm 4.3.2a of section 4.3 to compute an upper bound ¥ on r, for g(y), such

that r <7 < 1.01r,. Then

a) if 7 < e, output the disc D(X,7) as a common f-isolated #-neighborhood of all

the k zeros of p(x) lying in the input square S and stop;

a7
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b) otherwise, set X* = X, R* = 7, output the square S* = S(X*, R*) [satisfying (
4.5.1 ) for 1/e < 0.24, that is, for e > 25/6] and go to Algorithm {.6.1.

In both cases the set ¢ is saved for the next application of Algorithm 4.7.1.

Let us next show that r.r.(D(X,7)) > 0.24 > 1/e in the case of the transition to Stage
10 from Stage 6. (Similary, the lower bound 0.24 follows in the case of the transition
to Stage 10 from Stage 9; in the case of the transition to Stage 10 from Stages 3 and
5, a similar but simpler argument gives a stronger bound of r.r.(D(X,7)) > 0.49.) By
the definition of 7, (see Stage 6), the distance between the two zeros of p(z) that are
the closest to v, and wvn+42, respectively, is at least |vn, — Upyo| — Th = 167*(u) — T,
which is not less than r*(u) if 7, < 157*(u), that is, in the case of the transition from
Stage 6 to Stage 10. Therefore, in this case, d*(D(X,7)) 2 r*(u), X = u, so that
d*(D(X,7)) > 7#/2 if 7/2 < r*(u). On the other hand, p(z) has a zero u + cr*(u) for
le] <1, so that d*(D(X,7)) > r, —r*(u) > 7/1.01 — r*(u), for the 7, defined at Stage 10.
If r*(u) < 7/2, then it follows that d*(D(X, 7)) > #(1/1.01—1/2) = 257. We have shown
that this bound also holds if 7*(u) > 7/2. Therefore, d*(D(X,7)) > 0.247, and hence,
due to Proposition 4.2.1, r.r.(D(X,7)) > 0.24.

Correctness of the algorithm now follows from rapid (quadratic) convergence of the
value u of ( 4.7.1 ) to the smallest disc, D,.,, equivalent to the input square; such

convergence will be proved in appendix 4.8.

Remark 4.7.1. If k = n, then we do not have to apply Algorithm 4.7.1, since we may

first compute and output X = ~pn_1/(np.) = T}, z;/n and then apply the algorithms
of [P87], [P94] to compute and to output a desired approrimation R to Tuy1-1(X).

Algorithm 4.7.1 is recursively applied in its combination with Algorithm 4.6.1, so that
all the input squares of Algorithm 4.7.1 can be arranged in the form of a tree with O(n)
nodes. In each recursive step, one may concurrently apply Algorithm 4.7.1 to all the
squares (nodes) of the current level of the tree starting with the root, at the first step.

The computational cost of performing Algorithm 4.7.1 is estimated as follows:
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Stages 1, 2: O(n) [dominated by the cost of computing O(1) values of p(z) and p'(z)];
Stages 3, 5: O(ng(A)logn) (the cost of O(1) applications of Algorithm 4.3.3);
Stages 4, 6, 7, 8: O(1);

Stages 9: O(nlogn), since the disc D computed at Stage 8 is f-isolated for f > 2;

Stage 10: O(nlogn) for an application of algorithms of [P87], [P94] since the input disc
is f-isolated for f > 2+ 6n; the same estimate, O(nlogn), holds for the compexity

of shifting to the polynomial ¢(y) = p(y + X).

We have quadratic convergence of the value u of ( 4.7.1 ) to the disc Dmin; furthermore,
the approximation to the zeros of p(z) in D, is improved in the subsequent applications
of Algorithms 4.6.1 and 4.7.1. Due to the quadratic convergence of Algorithm 4.7.1, we
need O(loglog(R /<)) recursive calls to its Stage 2. in order to decrease the approximation
error bound from R to . Based on this observation, we arrive at the overall cost bound
O(n%g(A)lognloglog(R/<)) at the stages of refining the initial approximation of all the

zeros of p(z), which turns into the bound O(n?y(A) lognlogb), for b = log(R/e).

Remark 4.7.2. By epplying Remark 4.5.2 for . = O(loglogn), we may increase the ratio
f=0(1) (say, f=4) to f > 2/2+6nv2(e = 1)/(e — 2), at the overull cost bounded by
O(n?lognloglogn), for the computation performed simultaneously for several discs that
together contain all the zeros of p(z). Thus, remaining within this cost bound, we may
always satisfy the assumptions required for the application of Algorithm 4.7.1. Then we
may compute isolated e}, -neighborhoods of the d-th powers of all the zeros of p(x +u) for
a pair or a triple of fized shift values u, for d = O(logn), and for appropriate positive
g;. For every u and for every c;,-neighborhood of a zero zt of q(x), we then compute
d candidate €;-neighborhoods of z), for €, < &, of which we need to select a true &g-
neighborhood of z,. We choose sufficiently small <;, (they only need to be moderately

small relative to €) and appropriate shifts u, so as to identify unique ,-neighborhoods of
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zn, for all h, by intersecting the candidate &,-neighborhoods (for all fired h and for all
the shift values u).

By combining the bounds of sections 4.6 and 4.7, for e > 25/6, f > 2v/2 + 6nv/2(e —
1)/(e — 2), we arrive at the cost bound O(n2g(A)lognlog(bn)), for approximating all
the zeros of p(z) within ¢ = 2~*. The cost bound can be improved, to
O(n?g(A) log nlog(blogn)), if we apply Algorithm 4.6.1, say, for f = 8, and then lift f
to 2v/2 + 6nv2(e — 1)/(e — 2), by means of the recipe of Remark 4.7.2.

To conclude this section, we will show a modification of Algorithm 4.7.1, where the
expression ( 4.7.1 ), is replaced by the following one:

k t :

u=t—;,(1=%z(%+j;}~}:? (4.7.3)
and where z; denotes the current approximation to the zero z; of p(z), whereas }:_:
denotes the sum in j over all the natural j corresponding to the zeros z; of p(z) that
lie outside the input square S and the initial disc D. Instead of avoiding the points z
and t that annihilate p’(z), we shall now avoid the points ¢ that annihilate ¢ = q(t);
we will use a strategy similar to one of Algorithm 4.7.1. The presented modification of
Algorithm 4.7.1 will be called Algorithm 4.7.1a and will always be applied to the largest
of the currently unprocessed suspect squares. [This choice should insure the greatest
acceleration of the convergence to the disc Dy,.i,.] The analysis shows (see the full version
of the thesis) that the quadratic convergence of Algorithm 4.7.1a can be achieved already
for the input square S with an isolation ratio f = f*v/2, f* > 2+ \/6;(6 ~1)/(e - 2),
so that it would suffice to set e = 5, f = 3+ /16n, ore = 8, f = 3+ 14n, or
e=26, f=3+ Vv125n. To arrive at such a smaller initial isolation ratio, we need

roughly by twice fewer iterations of Algorithm 4.6.1. This saving should actually be
weighted against the additional arithmetic operations required in order to compute the
value u via ( 4.7.3 ) [rather than via ( 4.7.1 )]; for each such an evaluation, we need

3(n — k) additional operations.
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4.8 Figures.
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Figure 4.1: Isolation and rigidity ratios for squares.
ir(S(X,r)) > R/r, rr(S(X,R))>r/R.
The dots show all the zeros of p(x) lying in the larger square. They also lie in the

smaller square.
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Figure 4.2: Weyl's algorithm.

The dots show all the zeros of p(z) lying in the large square.
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Figure 4.3: 16 smaller suspect squares at Stage g + 2 versus 10 larger ones at Stage g of

Weyl’s algorithm.
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D1

D2 -

Da

Figure 4.4: Algorithm 4.7.1: case where r(vs) + r(vi+2moda) > 15r(u) for h =0, 1;
Dy = D(vp,r(vy)) for  =0,1,2,3;

To = Ivl - V0|, Yo= lVo - vOIa Wo = lao - Vol = |Vo - ﬂo|-
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Appendix A.
A.1 Proof of Proposition 3.3.1.

Substitute the expressions

et Mo

UV — Uk Uk h=0

and obtain the power series representation

-] n—1 n—1
h Yk Yk 1
p(v) = U = = — (A.1l.1)
@) hzz(,p ,;,v—uk g_:uk 1— (w/ue) '
n—1 Jk
==Y —mp- h=0.1,.... (A.1.2)
ko Uk

p(v) converges when |v| is small enough. Approximate p(v) by the s-term partial sum

and estimate the error in terms of s. |v;/ux| and a. Due to (1 3.3.4 ) and ( 3.3.5 ), we

obtain:
p(vi) — Z prol| < (mq <e, forallz. (A.13)
h=0 =1
It remains to compute first py....,p,—1 of ( A.1.2 ), by using (3n — 1)s operations, and
then Y371 ppof for 1 = 0.1,...,s — L, by using 2ns operations. O

Appendix B.

B.1 Analysis of Algorithms 4.7.1 and 4.7.1a.

We will next analyze Algorithm 4.7.1 and will prove its correctness. With no loss
of generality, we will assume that z, = 0 and that we are given an f*-isolated disc
D = D(0, R) containing exactly k zeros of p(z), z1,...,2, 1 £ k< n, R being an
upper bound on Tn41-£(0). [Indeed, we may reenumerate the zeros of p(z) and may shift
from any disc on the complex plane to the disc D by shifting the variable z.] Thus we

have our initial relations:

Y =2R, |5 <R. j=1...,k (B.1.1)
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51> 'R, j=k+1,...,n (B.1.2)

We now designate that

k 1 n 1
= —, V(z) = B.1.3
A=Y V)= L (B13)
and deduce the equation
p'(z)/p(z) = Q(z) + V(z). (B.1.4)

Since we may choose the value t arbitrarily close to Y, we will simplify our analysis by
assuming that t =Y = 2R.
Now recall that D,,;, denotes the minimum disc that is equivalent to the disc D and

contains the zeros zj, 2, ...,z of p(x), so that
D'min = D(Xmivn R‘miﬂ)’ Rﬂliﬂ = (T.T'.(D))R, Xmin € D ( B15 )

Let us denote
q(z) = x — k/Q(x), q=q(t). (B.16)
Alz) = (x - q(x))V(x)/k, A = A(t). (B.1.7)

We will next prove two auxiliary results.

Lemma B.1.1. The complex point q(x) of ( B.1.6 ) lies in the closed disc Dmin
provided that x lies outside Dypin and that Q(z) # 0.

Proof. Set y(z) = 1/(z —~ z) and let D; = y:(Duun) denote the image of the disc
Dpin, that is, D, = {y.(z) : z € D,.in}- Since y.(z) is the reciprocal of a linear function
in z and since € Dynin, we apply a known result from the analytic function theory ([Ah])
and deduce that D, is a disc. On the other hand, y.(z;) € D, for j = 1,2,...,k, since
2; € Drin, for j = 1,2,...,k. Therefore, the average value Q(z)/k = (1/k) f=1 y=(z;)
lies in D,. The inverse map, y.!(w) = = — 1 /w, transforms D, into the disc Dpn, and
therefore, q(z) = ¥y (Q(z)/k) € Duin. Q
Lemma B.1.2. u~qg= (t - q)A/(1 + A), where u, q, t and A satisfy the equations (
4.71), ( B.1.6 ) and ( B.1.7 ).
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Proof. Due to ( 4.7.1 ) and ( B.1.4 ), we have

u=u(t) =t—k/(Q(t) + V(t)).

(B.1.8)

Deduce from ( B.1.6 ) that Q(t)/k = 1/(t ~ q), substitute this expression into ( B.1.8 )

and obtain that

1 t—gq

u=t

, t—q tA+gq
l+A  1+A°

Therefore,
tA +q

1+A
tA-qA  (t—q)A
l+A — 1+4A 7

u—q= -q=

Hereafter denote that

R, =jl=r{?:}$k‘$‘:j|, D, = D(z.R;), forz=t, z=u.

Next obtain the following estimate:

Lemma B.1.3. Let t € Dypin, Q(t) #0. Then

(Re/R)*u

R./R €2Ruin/R + k= (R/R)p

where

1= RVl

Proof. By definition of D, in ( B.1.9 ), z; € D,, j = 1,.

TGSV T Tr -V Ok

(B.19)

(B.1.10)

(B.1.11)

.., k, and, therefore,

Duin € D,, for £ = t, z = u. Consequently, Ry — 2Rpn < |t —a| £ R, if @ € Diin. On

the other hand, ¢ € Dmin, due to Lemma 4.8 and since q = q(t), t € Dmin, Q(t) # 0.
Therefore, R: — 2Rmin < |T—q| < R;, for z =t and z = u. Combine the former of these

inequalities, for £ = u, with the equation of Lemma 4.8, then apply the latter of them,
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for z = t, and obtain that R, — 2R, < fu—q] = [t —q| |A/(1 + 8)| < R|A/(1 + A)}.
To estimate {A/(1 + A)| from above, set z = ¢, apply the equations ( B.1.7 ), recall that
|t — g| £ R:, and deduce that

Al = |t~ ql V()I/k < RV (B)|/,

/It + A< 1/(1 = |A]) £ 1/(1 = R|V(8)]/k).

Combine these bounds on |A| and 1/(1 + |A|) and obtain that |;85| < FParAk. Sub-

stitute the latter inequality into the upper bound on R, — 2R...;» above and obtain that

R’IL -R'"l!“. —_— k' Rtlv(t)l ]

which immediately implies ( B.1.10 ). m]
The next lemma extends Lemma 4.8.

Lemma B.1.4. For a fized positive e, let

1
6 = <1/3, B.1.12
=2 =m0 =9 =/ (B.L1Z)
Ru 2 6’F{'uu'n.- ( B1.13 )
Then
R./R < O(R./R)?* < R/R . (B.1.14)
Proof. From ( B.1.10 ) and ( B.1.13 ), obtain that
(Re/R)* (R./R)?
1 - R.,/R< = . .1.15
(L =2/e)Ru/R < =5 R = /i) - RUR (B.1.15)
Next obtain from the equations ( B.1.3 ) and ( B.1.11 ) that
n 1
<R < (n—~k)R/min|t - z].
RSR S )R/ minlt — 2
The relations ( B.1.2 ) and t = 2R imply that |t — z;| 2 (f* — 2)R, for j > k. Therefore,
n—k
<
s f‘ — 2
69
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Substitute this bound into ( B.1.15 ) and obtain that

(Re/R)®
(f* —2)k/(n~ k) = (Re/R)’

We have R, < 3R, since t = 2R, and will choose f* such that (f* — 2)k/(n — k) > 3.

(1-2/e)Ru/R <

Hence we obtain that

(Re/R)?
(f*=2k/(n-k) -
Substitute the expression for § from ( B.1.12 ) and obtain that R,/R < 6(R,/R)?, and
therefore, R,/R < R:/R, since § < 1/3 and R, < 3R. This completes the proof of (
B.1.14). =

Correctness of Algorithm 4.7.1 follows, and, moreover, O(loglog(R/<)) its recursive

(1-2/e)R./R <

steps suffice, since, for f* > 2+6n(e —1)/(e —2) and for e > 2, the inequality of ( B.1.12
) holds, and we may recusively apply Lemma 4.8.

Finally, we will analyze the convergence of the computed values u to the disc Dmin
provided that we shift from Algorithm 4.7.1 to Algorithm 6.1a. by replacing the equations
(4.71) by (4.7.3 ). The transition from ( 4.7.1 ) to ( 4.7.3 )} amounts to substracting
Vi z) = Tiekn s —— from both sides of the equation ( B.1.4 ), which gives us that

q(z) = p'(z)/p() = V'(x) = Q) + V(z) - V(z).

The analysis of Algorithm 4.7.1 is extended, with the replacement of V(z) = Y74, —I-:l;;

by

1 n z__:‘
Vi) -V'(@= 3 ( ) = et
P R Dl e oy

The resulting increase of the estimated convergence rate is quantitatively expressed by

the following relations for the main parameter 8 of Lemma 4.8:

i
b= T/ —m-p =3 = /3

In other words, the statement of this basis lemma should remain unchanged, except that,

in the expressions for 8, the quantity f*— 2 should be replaced by (f* —2)2. This enables
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us to preserve the quadratic convergence of the algorithin even where the upper bound
on the initial isolation ratio f* for the disc D decreases from f* > 2 +6n(e —1)/(e ~ 2),

for Algorithm 4.7.1, to

fr>24 \f6n(e - 1)/(e ~2), (B.1.16)
for Algorithm 6.1a. This enables us to save about 50% of the preceeding iterations of
Algorithm 5.1, for large n, at the expense of performing 3(n — k) additional operations,

for each evaluation of u via ( 4.7.3 ), rather than via ( 4.7.1).

B.2 Isolation Ratio of an Auxiliary Disc.

Claim B.2.1. The disc D defined at Stage 8 of Algorithmin 4.7.1 is f-isolated for f > 2.38
provided that A is chosen sufficiently sinall in the applications of Algorithm 4.4.1 to
Algorithm {.7.1.

Proof. Note that, in the applications of Algorithm 4.3.3, we have r*(X) — r(X) =
ro(X), for any complex X, as A — 0. Since r*(X) lies close to r(X) = rn(X), for any
complex X and for a sufficiently small A. we will simplify our estimates and our notation
by assuming that r*(X) = r(X), for all X, throughout the proof. In particular, we will
write r(u) instead of r*(u) and r(v,) instead of r,(v,) and r*(w,), £ = 0,1,2,3. We will

now use these assumption and definitions in the following relations, basic for our proof:
(o) < v, = ul + r(u) = 9r(u), h=0,1,2,3, (B.2.1)
T(vn) + T(Unt2node) = T > 157(u), h=0,1 (B.2.2)

(see description of Stage 6 of Algoritlun 4.7.1). Consequently, we have
r(v,) 2 6r(u), h=0,1,2,3. (B.2.3)

Hereafter, for h = 0, 1,2, 3, let v, denote the intersection point of the two line segments,

[an, Br) and [Uk, Un+1mods] (see Figure 4). We will also designate that
Th = |Uht1modd — Vnl,
Yn = Il“h - Uh.lv
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wp = Ial; - Uhl = l,BIL - Uh.ly

for h = 0,1,2,3 (see Figure 4) and will let w, denote the angle between the lines
passing through the pairs of points (vn, Unt+imods) and (Unyimoda,an), so that z, =

T(Uh+1mod4) COSWh, Wh = T(Vn+1moda) Sihwy,. Our next objective is to prove that
miuV2 = min{zn + wn, yu + wn} > 5.951198575r (u). (B.24)
We first observe that
(zn + wy)? = 1,% + u:}f + 22w = P2 (Uhg woda) (1 + 2sinwy, coswy,) =

2 (U 1mods) (1 + sin(2wn)) < 3672 () (1 + sin(2wy,))

[compare ( B.2.3 )]. We now note that sin(2wy) takes on its minimum value where
r(vs) = 67(u), T(Vhs1mods) = 97 (w). Therefore, mav/2 is bounded from below by x5 + wy

provided that z,, y» and wy, satisfy
r2(vy) = 22 4+ wi = 36r*(u),

T2('¢’h+lulod4) = UI2; + u"lzt = 817"2('&)-

Substracting these equations from each other gives us that
yp ~ 1 = 45r%(u).
Recall ( 4.7.2 ) and obtain that
Y+ T = 8\/§r(u), yn ~ T, = 4512 (w)/(yn + T1) = 45r(u)/(8\/§).
From these two equations we have
zh = (4V2 ~ 45V/2/32)r(u) = 83r(u)V2/32.
Consequently,

w? = 36r2(u) — 22 = (36 — (83)%/2")r?(u) = 11543r2(u)/2°,
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(wh + 1)/ V2 = (83 + V11543)r(w)/32 > 5.951198575r(u),

which implies a lower bound of ( B.2.4 ) on m, for all h. On the other hand, for the
radius p of the disc D defined at Stage 8 of Algorithm 4.7.1, we have

p < (8r(u) — rr}in ma) V2,

and therefore,

p < 2.89757(u). (B.2.5)

Now let d denote the minimum distance from the disc D to the points Gy, 51, B and

,33. Then
d> 211}in Wh- (B.2:6)

On the other hand, the distance from D to the nearest zero of p(z) lying outside D is at

least d (see Figure 4). Therefore.
ir.(D)>14+d/p. (B.2.7)
Finally, we observe that wy, reaches its minimum value, where
o=y = (4V2)r(u).

T('UIL) = r(I’/l+ll110(14) = GT(U)

(see Figure 4). In this case,
W = T (Untimods) — T2 = (36 — (4V/2)?)r?(u) = 4r¥(n), wy = 2r ().
By combining the latter lower bound on wj, with ( B.2.5 )-( B.2.7 ), we obtain that
ir(D) > 1+ 4r(u)/p > 2.38,

which proves Claim 4.8. (m]
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