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ABSTRACT
This research is concerned with the time-optimal control of an ntP
~order,. linear, time-varying plant with one constrained and (r-1) -uncon-
strained inputs and m-constrained outputs. Magnitude, integral, and
quadratic constraints are considered. The controller for the constrained
input is found in the absence of the output limitations using the funétional
analysis approach, The controller for the unconstrained inputs consists of
a linear feedback arrangement. The values of the feedback coefficients in
this specified portion of the controller are adjusted to satisfy the output
constraints. For a given set of coefficients, the constrained input, found in
the above manner, is optimal with respect to the assumed structure, i.e.
optimal w.r,a.s. Some necessary conditions for the existence of an optimal
w.r.a,s. solution are derived and lower bounds on the elapsed time are given,
These conditions are used to significantly reduce the computation time in the
numerical search which is required to find the set of feedback coefficients,
the optimal w.r.a.s. input, and the minimum elapsed time. The conditions
for an optimal w.r.a.s. solution to the given problem tc be optimal are
developed. The stability of the resultant plants under these conditions is
discussed. When the Functional Analysis appfoach is used to solve certain
time-optimal problems, the curve of the elapsed time versus the lambda's in
(T,A) -space is shown to be a maximum at (T , i*) . If Ilk*Hq is a non-
decreasing function of T, this point is a unique maximum. The sufficient
condition for this to be true for time invariant plants is given. It is shown
that initially quiescent systems and requlator type systems satisfy this
condition., Standard hill climbing techniques which are well suited to

*
implementation on & digital computer can be used to find T*and A,



1. INTRODUCTION

1,1 Motivation

One can postulate a dynamic process which must be controlled
and which, in general, has many input and output variables that have
various physical constraints placed on them. When we attempt to control
the process in a time—optimal'r fashion, the solution often presents
formidable computational problems and, therefore, requires a large
economic effort (i.e. costly computers). This is not always justified
since it may be possible to use a far simpler and hence less costly
control scheme which satisfies all constraints and initial and terminal
conditions in a slightly longer elapsed time than the time-optimal case.
‘We have thus traded simplicity and lower cost for a greater running

(i.e. elapsed) time,

1.2 Mathematical Formulation of the Problem

In order to put the problem which is solved in this thesis in
proper perspective, it is necessary o consider as background several
other problems which have been solved by other investigators.

37,38

Let the completely output controllable process (i.e, the

plant) be described by the following system of state equations

x(t)

I

E(t) x(t) + F(t) u(t) (1-la)

y(t) = C(t) x(t) + D(¥) u(t) (1-1b)

: TA time-optimal control is one that permits all constraints and the initial
and terminal conditions to be satisfied in the shortest time.
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where x, u, and y are respectively the system state variable, input, and
odtput vectors; E(t), F(t), C(t), and D(t) are respectively (n¥n), (nXr),
(mXn), and (mXr) time-varying matrices; and the dot signifies differenti-

~ ation with respect to time.

Problem 1

Consider the linear plant shown in Figure 1-la. (In Egs. 1-1,

E(t) and F(t) are respectively (n X1) and (m X 1) time-varying matrices.} The

single input has a constraint placed on it which is expressed in the form
hally AL o at EE)
p E

where t, and ty are the initial and final process times and L is a positive
real number. f The problem is to find thia input, u(t), which drives the
output vector from y(t, ) =y to y_(tf) =yq (i.e. satisfies the initial and
terminal conditions) and which satisfies the constraint in Eq.(1-2) in the
'shortest elapsed time

* ¥
T, =ty -t

Problem 2

Consider the linear plant shown in Figure 1-1b. Here, each of
the r-inputs is constrained as in Eq. (1-2), the value of p being selected
according to the type of physical limitation on each input. (See footnote.)

The problem is the same as that of Problem 1 except that it is now

1tW’hen P = o, the maximum magnitude of the input is constrained; when
p = 2, a quadratic constraint 1s placed on u; and if p=1, a fuel constraint
is placed on u provided the input represents the rate of change of the fuel.



necessary to find r-control actiongi.e. the inputs) which permit all con-
straints, initial, and final conditions to be satisfied in the shortest
elapsed time

¥ ¥

8,13,21,22. For

Problems 1 and 2 have been previously studied
example, it is well known that when p = «», a bang-bang control results,
A detailed description of one approach to the general solution of these

problems is given in Section 2.2.

Problem 3

‘We again consider the single input plant in Figure 1-la. In
addition to the input constraint in Eqg.{1-2), the outputs of the plant are
also constrained, i.e.

fi(yi)Z‘L:j_ (121,2,... m)
(1-3)
Sin

where the fi can have any functional form and the sign of the inequality

is determined by the problem-r. We seek the input, u(t), which permits all

For example, if we are dealing with an aircraft, it might be required to
keep below a given altitude. Then

£ (vy) 4 vy sk

On the other hand, however, an orbiting satelite might be required to
remain above a certain altitude so that we would then have

fi(yy) = vy 2L

Also, if one of the y;'s represented the rate of production in a given process
and it was required to produce at least a certain amount of the product,
then Eq. (1-3) would becom?

f
J't Yy dt = in
o)



constraints, initial, and terrpinal conditions to be satisfied in the short-
est elapsed time, Tg*. It is important to note that because of the

additional output constraints, T3*z Tl*.

Problem 4

This problem is exactly the same as Problem 2 except that now the
outputs of the plant in Fig. 1-1b are constrained as in Eq.{(1-3) and we
seek the 'r-inputs which permit all constraints initial, and terminal con-
ditions to be‘satisfied in the shortest elapsed time, T,,*. {Note that T‘,*z Tz*).
Problems 3 and 4 with magnitude constraints on the outputs have |
been previously studied24—30. In general, it is found that the control
actions which result are more com;:rlic:ated~r compared to the ones found for
Problems 1 and 2. In addition, the sensing operations which are required
to realize the former controls are also complicated.

In this thesis, we wish to solve Problems 3 and 4 using conirol

actions of no greater complexity than those found in the solution of

Problems 1 and 2.
With the above as background, the problem which is solved in this

dissertation can now be stated.

Problem 5

Consider the linear plant which is shown in Figure 1-—15 and is
described by Eqs.{1-1). Constraints are placed on the r-inputs and the

m-outputs (i.e. Eq.(1-2) and Eq.(1-3) respectively). Itis required that

.rThat is, they involve complicated switching functions.

+
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u;(t) have the same form as the optimal control which is used in Problem 1
and that uz,us, ... ut) be eas;ily realized. The problem is to find u,(t) and
to specify the remaining (r-1)-inputs such that all of the constraints and
the initial and final conditions are satisfied in the shortest elapsed
time, T,.

It is observed that this is Problem 4 with the additional require-
ments that one of the inputs have the form- of the optimal control in Prob-
iem 1 andthat the remaining control actions be easily realized. It is import-

ant to note that To = T4* or Ta*.

1.3 General Approach

The general approach to the solution of Problem § which is to be
ouvtlined below does not depend on the fur.ctional form of the output con-

straints in Eq.(1-3). In order to be specific, however, we will require

. that these constraints have onily the following forms:

U

tf 1/p
vyl 2 [Ito PACIRC iszi (pi=1or2]

(1-4)
lys(t)] = Lp, [pj = =]
Consistent with the requirement that tha remainirig (r-1)-plant
inputs be easily realized, ‘a reasonable choice for these inputs is a linear

combination of the plant outputs, i.e.

m .
uj(t) =k£l AjkYk(t) [j = 213t L I'] (1—'5)

where the Ajk are a set of unspeciﬁed feedback coefficients. (See Fig-

“ure 1-2) An important advantage of choosing these inputs in this manner



.

is the fact that the single input, m-output augmented system, consisting
of the given plant and the feedback as shown in Figure 1-2, is completely
output controllablez.'r

The solution of Problem 5 is now approached in the following
manner:

The input to the augmented plant is found in terms of the feedback
coefficients, Ajk' without regard to the outpu_’.c} constraints. For any set
of A's, this inputis ch_osen so that it satisfies the constraint in Eq.(1-3)
and permits the initial and terminal conditions to be satisfied in the short-
est elapsed time. To this end, the method of functional analysis21 122
which is discussed in Section 2.2 is employed. As the feedback coef-
ficients provide several degrees of freedom, they are then adjusted to
meet the output constraints in Eq.(1-4) while making the elapsed time as
small as possible.

It is apparent from Figure 1;2 that the given plant is controlled by
two separate devices. The first one consists of the controller which pro-
duces the input ﬁi(t) (found in the above manner). The form of this
controller is, of course, dependent upon the particﬁlar system, The
second one is specified and consists of the simple feedback arrangement

shown in Figure 1-2. 1t is cleaf that once the set of feedback coefficients

JrThi.s follows from the work of E,G. Gilbert who showed that when a
composite system is made up of subsystems 55 and S, where Sy consists
of the feedback elements, the necessary and sufficient condition for such
a system to be controllable is that the cascade connection, S5 Sy, be
controllable.



is chosen, u,(t) is optimal in the sense that it permits all constraints,
iritial, and terminal conditions to be satisfied in the shortest elapsed
time. We will henceforth refer to an input found in the above manner as
being "optimal w.r.a.s.”", i.e. optimal with respect to the assumed
structure (of the controller).

In the above, it was tacitly assumed that the set of A's which
permit the output constraints to be satisfied in the shorted elapsed time
do not cause the constraints on u; through u. to be violated., 1f, however,
one or more of these constraints is violated, a different set of feedback
coafficients must be selected so that every input constraint is satisfied.
Under these conditions, the elapsed time would ke greater than that found
for the first set of A's.

In this dissertation, however, we will usually assume that either
the set of A's and the optimal w.r.a.s. input found in the above manner do
not cause the constraints on the remaining (r-1)-inputs to be violated or
that these constra;nts are not known at a?ll.

The question of how to make a falr comparison between the optimal
w.r.a.s. and time-optimal soiutions then arises. In addition, it is perti-
nent to ask what one means by a *ime-optimal solution for a problem
inveolving inputs which have elither loose or unknown constraints.

Since the specified portion of the controlier ({.e. the feedback)
produces input signals which are proportional to the constrained outputs

(Eg.1-5), these inputs have the same class of iimitation placed on them



alspf. In this dissertation, the term "time-optimal solution" will be
understood to refer to the solution which is obtained when optimal signals
are applied to all of the inputs and the output constraints are neglected.
The signal applied to input one satisfies the condition in Eq.(1-2). The

remaining (r-1)-signals satisfy the following set of derived constraints

(1-6)

tf 2 2
I uj“Pz - [‘1;0 Iy Ip dt]l/p = Lpzj

where p, is chosen so that the type of input limitation is the same as the

output constraint and : {
s I |
Lpzj = k€1 Ak Lpzk (1-1)

It is important to realize that under the above assumptions, it is
necessary to solve Problem 2 in order to find the optimal time. Then, a
measure of performance of the optimal w.r.a.s. approach is obtained by
comparing To with Tz*. It should be noted that, in general, this is a very

pessimistic comparison.

1.4 Scope of the Dissertation

Since the form of the control action is to be found in the absence

of the output constraints, it can be realized using established tech-

n.iq‘ues.45-49 The se techniques are not considered for this dissertation.

¥ For example, if all of the outputs have théir magnitudes limited, the
(r-1)~inputs do also.



-10-

In the next chapter, a detailéd presentation of the Functional
Analysis approachzh22 to solving optimal control problems is given.
This is the method used in the dissertation. The chapter also includes
a brief historical survey of time-optimal control.

Besides éolving Problem 5 of Sec*ion 1.2, one of the objectives
of this work is to develop numericél p‘rocedure.s for solving time-optimal
conirol problems using the Functional Analysis approach. To‘ this end,
Chapter III presents a theorem which permits a digital computer to be used
to solve the subsidiary mathematical prqblem which arises when this
approach is used, i{.e. the minimization of a norrﬁ with respect to several
parameters. t It is shown that if the rorm in question is a non~decreasing
fu‘n;:tion of the terminal time and the mirimizing parameters, these para-
meters also maximize the elapsed time. The sufficient condition for this
*o be s0 is gi\(en for time-invariant plants. It is shown that initially
quiescent and regulator type systems salisfy this condition.

In Chapter IV, the solutior. to Problem 5 is obtained for general
linearj. systems. As there are essential differences in the procedures used
in. obtaining solutions for single and multiple output plants, the chapter is
divided into two parts. In the first, systems with integral or quadratic
constraints on the single cutput and magrnitude, integral, or quadratic
constraints on the inputs are treated. Lower bounds on the elapsed time

are derived and some necessary condiiions for the existence of a solution

TThese parameters are called A's and are similar to the Lagrange multipliers
which are used in variational calculus.

-
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to Problem 5 are presented. It is shown that if y(ty) = 0, the magnitude of
the output never exceeds the magnitude of y(tf) é Yq- Using this result, it
is immediately apparent whether or not a given output magnitude constraint
can be satisfied. In the second part of the fourth chapter, systems with
magnitude, integral, or quadratic constraints on the multiple outputs and
inputs are treated. Some necessary conditions for the existence of a
solution are given. It is also shown that when the input to the augmented
plant has a quadratic constraint on it, the subsidiary mathematical problem
associated with the Functional Analysis approach is reduced to the problem
of finding the real root of a transcendental equation. In both parts the
numerical search procedure for finding the feedback coefficients is given
and illustrated with numerous examples.

In Chapter V, it is shown that for a class of problems, the optimal
w.r.a.s. and optimal solutions are identicai. The conditions for this to
be so are developed and several illustrations are given. It is demonstrated
that the augmented plants which result are generally unstable if the given
plant is stable.

The final chapter is devoted to a detailed discussion of the
numerical procedures used to solve the problems in Chapter IV. The
practical aspects of the search procedures used in obtaining the optimal
w.r.a.s. sclution are given.

As a final note one may observe that this thesis (énd the proposed
solution to Problem 5) represents a marriage between certain modern and

classical control techniques.
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1.5 Contributions

The following is a summary of the contributions made in this thesis:

1. It is demonstrated that when the Functional Analysis approach is
used to solve certain time-optimal control problems, the curve of
T, the elapsed time, versus the A's in (T, ) space is a maximum at
the point (T*, lt*) . If Hl_c_‘x"q is a non-decreasing function of t¢, this
point i1s a unique maximum. The sufficient condition for this to be
so 1s that &4 be independent of t;. Initially quiescent and regulat-
ing type systems satisfy this condition. From these results,
standard hill climbing techniques which are well suited to imple-
mentation on a digital computer can be used to find (T*, L*) .

2, It is shown that application of the optimal w.r.a.s. input (Eq.4-5)

implies that the single output of a linear plant can never overshoot

the terminal point, Y4 This result is easily applied to determine
whether it is possible to satisfy a given magnitude constraint on
the output. If the outpuft has an integral or a quadratic consiraint
on it, the necessary conditions for the existence of a soluticon to
Problem 5 (Egs. 4-7 and 4-22) and lower bounds on the elapsed
time (Eqs. 4-13 and 4-17) are derived. Necessary conditions for
the existence of a solution to Problem 5 are derived for multiple
output plants (Eqs. 4-37 and 4-42). These results are used to
significantly reduce the computation time which is required to find

the set of feedback coefficients and the elapsed time.
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It is shown that a class of problems exists having the property that
the proposed control scheme gives the time-optimal solution, The
conditions that the systems in these problems must satisfy are

developed and several examples included. (Chapter V)

1.6 Suggestions for Future Study

The work done on the given problem has, by no means, exhausted

the subject. Other possible areas of study have also been uncovered. The

following is a list of topics for future study:

1.

This work dealt solely with continuous systems. An cbvious exten-~
sion would be to repéat the entire problem for discrete plants.
Since the form of the optimal w.r.a.s. input is known (although the
switching times are not in the case of an input magnitude con-
straint) use of an analog computer might facilitate the solution of

a particular problem. This possibility should be explored.

As was previously mentioned, every plant input has some physical
limitation on it., If these limitations are not exceeded using the
proposed control scheme, it__\y_ould bé interesting to learn whether
the use of bias batteries which cause the inputs to operate on the
boundaries of their constraints might reducé the elapsed time,

The question of whether |]]-:%||q can decrease as t; Increases is still
unanswered. It would be useful to know the specific conditions
under which this behavior is possible, or for that matter if it is

possible at all.
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II, BACKGROUND

2.1 Historical Background

In recent years conirol theory has advanced quite rapidly. One of
the primary reasons for this is that control engineers have had to deal with
increasingly complex systems. As problems have become more complex
and the demands on system performance more stringent, it%s become
necessary to develop n;?,w techniques for solving such problems. As a
result, the methods of classical control thec'ry"r have been augmented and
in some instances replaced by those of modern or optimal control theory.

In essence, the philosophy of the modern approach to control
problems 1s that a functional on the system state and input variables is
selected or pre~specified. Physical constraints are then imposed on
these variables and a control law is found which‘ minimizes or maximizes
the functiﬁnal by some variational method.

Historlcally, the optimal control problem flrst arose as the "time-
optimal" problem (due to Feldbauml) . In it one seeks the set of control
actlions, u(t) (i.e. the system inputs), which drives the system state
variable vector, x(t), from an initial point, x(t;), to a final point, x(tg),
in the shortest time. In addition, it is assumed that these control actions

have amplitude, integral, or quadratic constraints placed on them.

1 The classical approach to the design and synthesis of automatic control
systems falls into two categories: (1) a trial and error design procedure
using z and Laplace transforms; (2) an infinite time integral of the error
is used as a measure of performance.
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In the early 1950's Bushaw2 investigated the time-optimal
regulator problem (i.e. problems in which E(tf)= 0). He used geometrical
constructions in the phase plane to obtain solutions for second order
systems with a magnitude constraint on the single input. Since that time,
more general methods have been developed for solving optimal control
problems. |

In particular, Desoer3 used the calculus of variations to formulate
the time-optimal problem. Variational techniques were also used by
Friedland4, Lee5, Leitmanns, and Mi'ele7. The latter reference contains
an extensive bibliograp.hy in addition to a tutorial presentation of the
sﬁbject with several practical examples.

Pontryagin employed variational calculus to develop the Maximum
Prirzciple8 which differs from the classical problem of Mayer.r in that it
permits the control aéﬂons to be constrained. For very general dynamic
systems the Maximum Principle provides an 'elegent and often powerful
method of formulating and solving the following optimal control problem:

‘Given an n“'1

order system characterized by the set of differential
equations
xi(t) = £ (x, u,t) i=1,2,...n)

where x, is the ith component of the state variable vector x, and let the

..T-
In the Mayer problem, one attempts to determine a function which mini-

mizes a given function evaluated at the end points. In addition, the given
function contains some variables whose final values are unspecified (e.g.
ty, the final time). Every control signal has unrestricted bounds.



~16-

initial state of the system, xi(to) = Xt, be specified. The problem is to

find u which minimizes or maximizes a given performance functional
ts
= ‘]" F(x,u,t)dt
to
subject to certain physical constraints on u or x (or both).

To solve this problem, a new state variable is first introduced as

X . = F(x,u,*

T+ (t5) = 0

n+1
so that the problem is exactly the same except that now, xn+1(tf) is to be
minimized or maximized. The next step involves defining a set of (nt+1)

.i-
adjoint differential equations , i.e.

nt+i
(t) = —j_):; pj(t) Bxl (i=1,2, ... ntl}
pi(tg) = =by

where the bi are a set of known constants, A Hamiltonlian function is

then defined as
a0
Hx,p,u,t) = B pj i

\_l.

The Maximum Principle states that the vector input, u, which minimizes

(maximizes) x_. (ty) is found by maximizing (minimizing) H with respect

n+i

to u subject to the 2n+1 differential egquations and their respective initial

and terminal conditions.

The adjoint variables in the Maximum Principle formulation correspond
to the Lagrange multipliers often used in the variational formulation of
optimal control problems.
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To solvg this problem a two point boundary valu‘e problem is
encountered since the terminal conditions of the adjoint variables and
the initial conditions of the state variables are specified. In all but a
few instances a digital computer must be used. As a result a good deal
of research has been devoted to finding efficient numerical techniques for
solving such problemsg—ls. For the most part, these techniques involve
a trial and error procedure of guessing a set of pi{t,) and solving the
(2n+1) differential equations to see if the given py(tg) are satisfied. If
they are not a new set of pi(ty) is gueésed and the procedure is repeated.
One major difficulty with such a technique is that a small change in pi(to)
may cause a very large change in pi(tf)'. Despite the computational dif-
ficulties which may be encountered, the advent of high speed digital
_ computers has made its acceptance and use an established fact.

Tutorial presentations of the Maximum Principle have been giv.en
by Kc:pp14 and Tou15

Another method of solving general optimal control problems,
Dynamic Programminglﬁ, was developed by Richard Bellman. The basic
ldea of this method is that a very difficult problem is imbedded into a class
.of simpler and more solvable problem. This ¢oncept, known as invariant
imbedding, is specialized to optimization problems through the "Principle
of Optimality"16 which states: "an optimal control strategy has the
- property that, whatever the initial state and the lnitial decision, the
remaining decisions must form an optimal control strategy with respect to

the state resulting from the decision." This means that if we start with a
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multistage decision processf, it is possible to replace the original multi-
stage optimization by a sequence of single stage decision processes which
are, in general, easier to solve.

Mathematically suppose that M(x,T) is the smallest {or largest)
value of some given performance index which can be attained from state x

with time 7 remaining. If x is changed from x; to x; by the transformation
Xz = 9(Xi, W)

then using the Principle of Optimality gives

min
M(xz,T) = wr(?f I_f:x) {Mlg(x1, w), 7-11}

Performing the minimization (or maximization) with respect to u; gives
3?, the optimal control (policy) at state x; with 7 seconds remaining. The
last equation states that the smallest (or largest) performance index which
is attainable with T seconds left is found by replacing x; by x, in M and
- then doing the best that can be done with respect to u;. It is noted that
M(x,,0) is the smallest (or largest) final value of the performance index
which is attainable at the end of the n-stage decision process. A tutorial
account of Dynamic Programming is given by Toulg.

In general, a digital computer must be used to solve problems
employing the Dynamlc Programming method. A flooding i:echniquel'r'18

can be used whereby a number of optimal trajectories are obtained working

backwards from M(x,0). The trajectory which minimizes (or maximizes)

A multistage decision process is one that requires many consecutive
decisions to reach the final goal.
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M(x, r) for each value of r is then c.hosen and the corresponding values
of u form the optimal control, Since it is necessary to store all of the
values of x, u, and M(x, T}, it is quite possible to exceed the capacity
of the computer memory when a multi~-dimensional problem is attempted.
Using a téchniqué of polynomlal approximations which involves expanding
M(x, ) in a series of Legendre polynomials, the memory requirements can
be significantly reduced19 .

The declsion as to whether the Maximum Principle or Dynamic
Programming is the better method is not clear cut, As is often the case,
certain problems are best handled using the first technigue while others
are more easlly solved using the secoﬁd one.

In 1963, Kranc and Sarachik21'22

introduced in this couniry
another method of solving a class of optimal control problems based on
certain results of functional analysis, As this is the method used in this
dissertation, a more detailed treatment is required, This is deferred until
the next section.

Recently, an iﬁterest has arisen in solving problems in which both
input and state vectors of a system are constrainecl%-ao. The physical
motivation has come from a need to limit output quantities such as altitude
or veloclty of a rocket or airplane. While the literature is extensive when
a magnitude constraint is placed on the system state ve;:tor, no work has
been done on problems involvlngl input constraints and integral or quadratic
limitations on the state. However, a gquadratic consiraint on only the out-

put is found in problems where the syétem mean square error is to be

minimi.zed3 1 .
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‘When the states are magnitude constrained, the approach used to
obtain a solution is to find the optimal inputs, consistent with the input
constraints in the absence of the state constraints. These inputs are per-
mitted to operate until one or more of the states reaches the boundary of
its constraint. The inputs are then modified in such a manner as to keep
these states (and any others which may reach their boundaries at some
later time) either within or on the constraint boundaries. Obviously, thg
changes in the inputs must be consistent with both the input constraints
and the terminal conditions., The resulting control actions often involve
complicated switching surfaces and are, in general, difficult to realize in
practice., There is , also, no differertial condition or local test for deter-
mining when or where to leave the constraint boundaries and as a result it
is necessary to use a trial and error procedure for locating these break away
points. To date, one of the best treatments of this area is given by
MclIntyre and Paiewonsky24 while a complete survey of the optimal control
field including a comprehensive bibliography can be found in another paper

written by Paiewonsky32 .

2.2 Mathematical Background

In this thesis certain technigques of functional analysis first applied

21,22
a

re

-

to modern control problems in this country by Kranc and Sarachik
used. Therefore, a detailed description of their work follows.

2.2.1 Minimum Norm Problem., Let the plant described by Eqs.(1~1)

and repeated here for converience be specified:
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x(t) = B(1) x(t) + F(t) u(t) (2-1a)
¥(t) = C(t) x(t) + D(t) u(t) (2-1b)

Furthermore suppose that the initial state of the plant at time t, is
A
.?.{.(to) = Zo
The problem is to find the set of inputs u which drives the output vector to

y_(tf) Q ¥4 and which minimizes the following norm:
A -p P _
lul, 812, 17 dlugllp)” | (p=1) (2-2)

where the L;i's are a set of positive real numbers, tris a specified terminal

time, and

t 1/p
lluillpiﬁ[jtj g () [ d| /p1 (1=1,2,...1) {(2-3)

The solution of this "lminimum norm problem" proceeds in the following

manner:
The vector output of a plant which is specified by Eq.(2-1) is

40

known to be
(2-4)

t
¥(t) = C(t) 8(t, to)Xo + [ E(t,m) u(r) d 7
o

where ¢(t,t,) is a fundamental matrix‘gt1 of the system and the impulse

response matrlx42, is given by
H(t,r) = C(t) ¢(t, 1) F(1) + D(7)b6(t-T1) (2~5)

Equation (2-4) is easier to handle if we let
(2-86)

e(t) & (1) - C(v) ot t) %o

Thus R ¢
e = [ Htnumndr (2-7)
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Using the definition in Eq.(2-6), the problem, equivalent to the one stated
above, is to the one stated above, is to find the vector input which has a

minimum norm, "y_"p, and which satisfies the m-equations

t
eqy = [ Byltp, Hu(m 47 (1=1,2,...m)  (2-8)
0

where c—zdj is the jth component of
Yq - Cltp) é(ts, to) X = g4 (2-8a)

and hy(tf, 7) is the ith row of the impulse response matrix (Eq. 2-5).

As it has been assumed that the plant is completely output control-
lable (see Section 1.2}, at least one vector input exIsts which satisfies the
m-relations in Eq.(2-8). What is desired here is to find the one which
minimizes ]lg”p

The right hand side of Eq.(2-8) can be considered as a linear

functional on hy(tg, 7) and is denoted by f(Qj)* Therefore,
edj = f(hj) (2"'9)

Now choose an m-vector A with elements A;,Az, ... Ay and form the dot

product A'- e4r where the prime denotes t*anspose*. Making use of Eq.(2-9)

gives

m m

J

¥ These X's are similar to the Lagrange multipliers which are employed in
variational calculus.



-23-

Since f(+) is a linear functional, the right hand side of Eq.(2~10) becomes

m m

521 Ay f(-llj) - f[ﬁl Ay -b-i] = f[i + Hiter T)] (2-11)
Defining

k(tg, ® 2 X Hig, 1) =0k key o on k] (2-12a)

/
A I

kj =j£1 Ai hij (tf, T) (2-12b)

where hij is the i,jth element of H(ts, T), Eq. {(2-11) becomes
(2-13)

A ey = KK

It is important to note that Eq.(2-9) is implied if Eq.(2-11) [and

hence (2-13)_] is satisfied for every arbitrary set of A's,

Using the definition of the functional f, Eq.(2~13) can be

rewritten as

tf tfr
[, kg mumdr =] B ktg muylndr
Q

Alreyg =
o]
tg r _
Xreg= [ E, Lkt L' uy(r) dr (2-14)
. O

where the last form is written for convenience.
Taking magnitudes of both sides of Eq.(2-14) and applying a version
of Hélder's Inequality which is valid for sums (see Appendix I), we have

X - egl = llullp llklly (2-15)

where l[gﬂp is defined in Eq.(2-2),

T .a qql/a
il = [ 2, 2 (liegllg)” ] . (2-16)
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ot q 1
- A £ 1 /qi _
“ ki“qi —[J;o |ki (tf, T)I dT] (2-117)
and
é'+ %’= ! (2-18a)
5%'P£T= 1 (i=1,2,...1) (2-18b)
Therefore .
X “eq4l
\LJl > Tel (2-19)
q

Since Eq.(2-13) must be satisfied for any set of A's, so too must
Inequality (2-~19). It is cbserved that since the value of the right hand side

of {2-19) is depeﬁdent upon the set of A's chosen, this inequality is never

iolated if
max X * g4l
lull, = X —“-ﬂ-——- (2--20)
Then the value of the minimum norm becomes

- max
max Ll' -@.dl W.I‘.t.li

= = 1 =
(”y"”p)min - | AL “_}_c_Nq subject ||k I n)lén . “_“

'e—l q R_d"

(2-21)

Denoting bylt*the set of X's which minimizes H}_c_”q Eq. (2-21) becomes

I TS 2 oy 529
Mol " TR, Wy~ TE, (2-22)

—

In order for Eq.(2-22) to be valid, the lnequality
¥ W, _
lally BT = 18| = (X7 gl =1

must be satisfied by the sign of eqguality, i.e.

"..l:l.."p = “—}5(-"q .(2—23)
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This is true if and only if (see Appendix I) the elements of the input vector

are

q ok (T x  di-l *
w(r) = KLy (|lx] ||qi) |kg (kg SGN [ky(tg, 7))

(1=1,2,...r) (2-24)

where K is a positive constant, SGN (g€) = +1 for £ >0, SGN (g) = -1 for €<0,
and the SGN is an undefined function whose magnitude is less than one when
E= 0. Kis evaluated by using Eq.(2-24) in Eq.{2-22). Thus

K= —1 .
q
(¥l

and the inputs which satisfy the terminal conditions {Eq.2-8) and minimize

the norm in Eq.(2-2) become
a
qa-qj

Ly * * qi-1 *
u(r) = ——= (kI ki (tgsT) SGN [k, (tg,m)]
i (“E(-“q)q i Vg [k (kg | iVt

(1=1,2,...r)  (2-25)

2.2.2 Constrained Inputs . Suppose 'that the problem in the previous

section is now changed so that each of the plant inputs has a separate

constraint on it expressed in the form

t 1/
A f Py Py
||uillpi=[.ft0 luym|“dr] ' sy =12, (2-26)

Sarachik and l'(ranc22 refer to this as a problem with " Multi-Norm"
constraints.
It is observed that the Py and Li may be different from each i

implying that each element of u may have a different type of constraint
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.placed on itf.
This problem is solved utilizing the results of the previous section.

Consider the following norm:

max H Uy "pi
=

lull =" | = (2-27)

A little thought will convince the reader that when the single condition
lufl <1 (2-28)

is satisfied, the r-conditions in Eq.(2-286) are also satisfied.
Kirillova43 has shown that in the limit as p - =, the solution with

the pth norm of u (Eq.2-21) constrained in the following manner

r - pPAq1l
lull, = 2, 1 (luyllgy | /P (p=1) (2-29)

approaches the solution with u constrained as in Eq.{2-28).
From Eq.(2~18a), g =1 when p= o , Hence, the inputs {i.e. the
optimal) which satisfy the terminal conditions in E‘q.(2-8) and the constraints

in Eq.(2-~26) are

1

L 1-qi qi_
Tl Ikt | SN Tk )]

u(r) =
R

(i=1,2 ...r) (2-30)

where the starred quantities are obtained by finding A*' s which give

Minw.r.t. Ai

% { T
lk™|l; = subject to [L; L |l ki"q :l
A' . .@.d= 1 i 1 i

f For example, u; has a magnitude constraint on it, pj = = if it is con-
strained in area (i.e. a fuel constraint), p; = 1; and if it is constrained
in energy, p; = 2.
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2.2.3 The Time-Optimal Solution. If the terminal time is permitted

to vary and it is required that the terminal conditions (Eq.2-8) and the input
constraints (Eq.2-26) be satisfied in the minimum elapsed.time, T'= t?'—tc,
a time-optimal, multi-'horm problem results. The solution of this problem
is again found from the minimum norm solution of Section 2.2,1.
Combining Eq.(2-23) (with p = @ and q = 1) and Eq.(2-28) gives
. 1 s 1
Tl
=
or
Y, =1 (2-32)
When H_k_*ul is a continuous function of t§ the minimum terminal time, tf*,
(and hence the minimum elapsed time} is achieved for the smallest value of

te which makes

Kl = 1 (2-33)

Under this condition, the time-optimal inputs are found from Eq.(2-30) to
be

u,(7) = Li(uki*“qi)l-qi ke, m ™ sen e n g

(_i=1,2, «eoT) {2-34)

where the k*s are obtained from Eq.(2-31) and tf* is the minimum value of
t¢ which satisfies Eq.(2-33).

It is easily verified by direct substitution that the time-coptimal
inputs in Eq.{2-34) satisfy the constraints in Eq.{2-26) with the sign of
equality. Clearly then, equality of the input constraints is a necessary

condition for a time-optimal solution to exist. In addition, Sarachik and
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2
Kranc?' showed that the necessary and sufficient condition for an optimal

solution to exist is that Eq.(2-32) be satisfied for some t; with the time~

optimal inputs being given by Eq.(2-34).

2.2.4 Special Cases

(8) Li=L and py =p . Iall of thel; =L and the pj = p the input

norm in Eq.(2-29) becomes
| _ 1 tf X ol ]l/p ‘
lufl, = L[J;O Z lumlar] <1 (2-35)

The time-optimal problem with this input constraint was considered by Kranc
and Sart:xcl'lik21 . Its solution is easily obtained from the results of Section

2.2,1.
Using the same argument as that preceding Eq.(2-33), tf* is the

smallest value of t; which satisfies
k¥ = L j‘tf;: Ik Xty | d ta _ (2-36)
= g [toi'__-l i(f:’r) ‘ T]
The time-optimal inputs which satisfy the constraints in Eq.{2-35) and the
terminal condition in Eq.(2-8) are found from Eq.(2-25) to be
q-1 *
w(m =LYkt seN [k (e, n] w=1.2,...0 (2-37)

where the JL*‘S are obtained by minimizing H}_c_l[q with respect to A; subject

to the condition A - ey = 1 and tf* 1s found from

ty T q 1
Yl = L[ftj B Ikt | dr] AR 1 (2-38)

It is important to note that the minimization of || _]qu is by no means a trivial

problem.
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(b) Single QOutput Plants . When a linear system has only one output,

a sighificant simplification in finding the time-optimal inputs and tf* results.
The reason for this is that it is not necessary to minimize Hg]lq with respect
to the single lambda since this parameter is already known from the con-
dition, A' - e4= 1, Using this fact, the time-~-optimal inputs which satisfy

the multinorm constraints in Eq.(2-26) become

: ¥
1-gy % Q-1 hy(te™, 7)
ui(m) =Ly (gl ™ Imcee ™ son [~ (2-39)
where t;e is the smallest valpe of tf satisfying
T L
E Llinglly = legl (2-40)

If the input constraint in Eq.(2-35) is used in place of the multi-

norm constraint, Eq.(2-39) further simplifies to

* %
q hi(tf (T} q-1 "i(tf ' T)
u(m = 19| o | SGN[ > ] (2-41)
*
where 1:f is found from
b T a . -l/a ledl
T |hy (te, d = 2-42
L T2 Imtenl 7] - e

I+ is significant to note that when the plant has only one output, the
computations which are required to find tf*and the time-optimal inputs are
routine irrespective of the order of the system. This is to be compared with

the computational labor+ which 15 necessary when either Dynamic Programming

For example, the solution of a two~point boundary value problem'is
required when the Maximum Principle is employed.
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or the Maximum Principle are used to solve the same type of problem.

(c) Time Invariant Plants, If a linear plant is non-time-varying,

the results of the previous sections are applicable. The arbitrary initial
time, t,, is replaced by 0, the terminal time becomes T, and the expression

(tg, 1) becomes (T-7) in all of the equations.

2.2.5 Example. The following example illustrates the methods
outlined in the previous sections:

Consider the linear time-invariant plant shown in Figure 2-1.
Defining the state variables as shown, the normal form representation of

this plant is —

1 o 0
x = 1l x +]otu (2E-~1a)
0 0 1
y = ° % (2E-1b)
0 1 o
The fundamental matrix of this system can be shown to be
1t /2
o(t) = 0 1 ¢t (2E-2)
0 0 1
Using Eq.(2-5) and Eq.(2E-2), the impulse response matrix is
1t t¥/2]1}o0 t*/2
1 00 _
H(t)=Cg (1) F = 0 1 ¢t 0] = ¢ {2E~3)
010 0 0 1 1.
whereupon
hy(t) = t3/2 (2E-4a)

hy(t) = t (2E~4b)
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u: | é X3 l Xz _l__ Xy >
j Figure 2-1 Third-order Plant
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A
+1
J2
T(1 =37
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Figure 2-2 Time-optimal Input Used to Control the Plant

in Figure 2-1

1

Y2
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Now suppose that u 1s constrained in Magnitude, i.e.

u] st (2E-5)

and that it is desired to find the input which drives the state variable
.vector from the initial poiﬁt

-1
x(0) = 0 | (2E-6)
0

to the origin in the shortest time while satisfying Eq.(2E-5).
Using Eq.(2-6) at t = T we find that

: 1 T T%2 -1
0 LOO 1o 1 1 0
e, = -
—d 0 010 o

0 0 1

or

eq= | o (2E-17)
From the definition of k(t) (Eq.2-12), we have

2
k() = X-H(t) = Mg+ Azt (2E-8)

Since thq must be minimized with respect to A; subject to the condition
A'.e4=1, we find that

Aeg=undg]=n=1 (2E-9)

Using this result together with Eq,(2E~8) in Eq.(2-38) gives

; _ T ¢ q 1/q
il =[5 15+ xetl at ]

As u 1s constrained in magnitude, p = «» and therefore, q = 1. The express-

ion to be m‘lrnimized becomes
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T 42
“1‘—“1 = L J‘O |5+ Axt]dt (2E-10)

Carrying out the integration, we find that for A, > -—%

ikl = [ +-A;-%A§] (2E-11)

Taking the partial derivative of this expression with respect to A; and

equating to zero glves
T? 2] =
L[2 - 4(\;) ]- 0
or

Ay =~ (2E-12)

To find the minimum time, Eq.(2E-12) is substituted into Eq.(2E-11)

and the resulting expression is equated to 1. Thus

LT’[ v :]—1 _ (2E-13)

Using Eq.(2E-12) in Eq.(2-37) the time~optimal input is

. 2
wW7r) = L SGN [‘T“;) - T‘—T ’”] (2E-14)

or graphically as shown in Figure 2-2.
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III ON THE RELATIONSHIP BETWEEN t. AND )

3.1 Introduction

In Section 2.2.4 it was noted that it is usually difficult to perform
the minimization of lll_c,llq with respect to A; necessary when the Functional
Analysis approach is used in obtaining the optimal solution for multiple
output plants. In this cjhapter, it is shown that the A'é which minimize
”_ls_"q subject to' the condition

Aeg = |
maximize the terminal time, tg, in (tg,A)-space. If [IE*Hq is a non~
decreasing function of tg, the point (tf*, A_*) is a unigue maximum in this
space. On the other hand, if ”.]E.*”q is not a non;-decreasing function of tg,
this point is the smallest of the local maxima. From these results, standard
hiil climbing methods can b;a used to calculate tf* and _)\_*. Two such

methods are illustrated. I'n addition, it is shown that for an important

class of linear systems, || E*”q is a non-decreasing function of t;.

3.2 A Theorem on the Relationship Between _)L* and tf*

It is recalled (Section 2.24) that in order to find the time-optimal
inputs (Eq‘s'.2-3'?) which drive the outputs from an initial to a final poinf. in

output space in the shortest terminal time tf*, the expression (Eq.2-38)
tr 1/a I tgt a ql/a
= a — o
Il = [J‘t E, IyemyTar |72 5 Plgtptenliar] T -1
(o}

must first be minimized with respect to the A\'s subject to the condition
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tf* is then the smallest value of ts which satisfies Eq.(2-36), i.e.

1
||1_<.n| M, =+ (3-3)
W=t Tt
For convenience, let
o(ted) 2 Ikl q| (3-4)
Areg=l

:p(tf,i) is therefore a function of (m-1)-lambdas. In addition, let
min »
bty = A Loty )] = o(tg, A"t (3-5)
so that tf* 1s the smallest value of te which satisfies the expression
bitg = = (3-6)
1% 1,
It is important to note that the lambdas which minimize ¢ teed) are functions

of t; and are therefore written g_*(tf).

Using these definitions, the proof of the following theorem is now

given:

THECREM
* ¥
(a) If w(tf) is a non-decreasing function of t¢, the point (t; A )
is a unique maximum.r of tf(A) .
*,
(b) If $(ts) is not a non-decreasing function of ty, the point (tf*, A)
is the smallest of the local maxima of tf(,u where tg(}) is

obtained by solving for tgin the equation, o(tf,A) = % .

*
' By maximum, we mean that t; < t for A = L* .
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Proof

(a) As Y(tp) is assumed to be a non-decreasing function of tg,
there is only one value of t; which satisfies Eq.(3-6). See Figure 3-la.
Since the A*(tf)'s minimize qo(tf,gt_) at any time, t;, any other set of
lambdas (say A,) causes cp(tf,_;.a) > P(tg), i.e. the curve of cp(tf,ga) versus
tf is always above the curve of z[J(’cf) versus tg. See Figure 3-1b. From
t‘.h_?s figure, it 1s seen that CP(tf,La) = -Il: when ty = tfa where tfa < tf* .
Since L—a represents any set of lambda's which is not equal to L*, the
point (tf*,f) is clearly a maximum in (t;,1)~-space. To show that this
point is unique, suppose that another maximum exists at (tfa ' &a) .
Then for any other set of lambdas in the neighborhood of La (e.qg. Lb) .
O(te,Ap) > cp(tf,g_a). (See Figure 3-1b.) Thatis, in this neighborhood, A

minimizes @(tg, A). Now, from Eq.(2-21)

ullp == WY . (2-21)
w.r.t.

A

it s seen that the lambda stars not only minimize cp(tf,i) but alsoc minimize
*,
the input norm, Hy_]]p. Since ®(tgd ) > ©(te,A"), for any tg,

i, <

I ._l._l_up which is clearly not permitted. Thus the point

A=A
(tfa,ga) cannot be a maximum and hence, (tf*,_k_*) is unique.
(b) As ¥(tg) is not a non~-decreasing function of t;, there may be

several values of tf which satisfy Eq.(3-6). See Figure 3-2.
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[l ke

Fig.3-1 (a) Non-decreasing P (tg) versus tg

(b) B(tg)s P(tgs AL) and P(tg, Ay) versus tp .

P(tps A)
)

sl

Fig.3-2 §(tg) versus t; when Y(tg) is not a non-decreasing
function of te
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Using the same argument as in part (.a)'r . it 1s apparent that (tf*,i*(tf*))
* Tt L
and (tfb,gt_ (tfb)) are both maxima . The point (t; ,d") is seen to be the

P

smallest of the local maximum in (t4::A)-space. This completes the proof,

Remark
otf

When q=1 or 2 in Eq.(3-4), the partial derivatives, B_Ii
(i=1,2, ...m-1) are continuous in the neighborhood of (tf*, i*) provided
the system impulse responses do not contaln "coast zones". See Fig.3-3a.
I "coast zones" are present in the impulse responses, cp(tf,&) has hori-
zontal sections as illusirated in Figure 3-3b. Discontinuous partial deriva=
tives resuit if the value of L is such that the equation w(tf*) =% is satisfied
on the flat portion of the curve.

When q=o , § (tp) may be discontinuous. If the situation depicted
" in Figure 3-4 occurs, where Eq.(3-6) 1s satisfied on the discontinuous
portion of a.b(tf), the partial derivatives are zero for tg = tf* for a range of
values of the lambda's.

The following lemma gives the sufficient condition for ¥(ts)= i q

to be a non~decreasing function of tf for non~-time-varying systems.

1-
In this instance, La is in the neighborhood of L*(tf*) .

Tt :
If the value of L is such that ¥(t) 1s tangent to the horizontal line, %’: v

at point A, a saddle point results. We will assume that this does not
occur.
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=

(a) (b)

coast : b
zone

Figure 3-3 (a) Illustration of a “coast zone" in the System
Impulse Response

- (b) Nlustration of a case where Y(ty) is constant

btk

1

]
|
1
:
L
t.f* ¢

-f
- Figure 3-4 Illustration of a discontiruous P(*y)
Plte.A) : Pty A) @lte.A)
/r A A
| |
' E
: i
(a) . (k) ()

Figure 3-5 (a) #(ty) = olts, X ()] versus t;
(b) Illustration of non-decreasing behavio: of [ti" )\*(tz}]
(¢) Nllustration of Inequality {3-9}
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Lemma 1,
The sufficient condition for lb(tf) to be a non-decreasing function of

te for non-time-varying systems is that &4 be independent of tf.

Proof (by contradiction)
From the definition of k (Eq.2~12a), the expression for Hl_c_llq valid

for non-time-varying systems is

m m
il = 1 - Bee-oll, = |2 by ol = 12 A b0l
Ty (g g 4t/ a
li&ll, = [jzlfo |2, Ay dt | (3-17)

where hij is the (i,j)th element of the impulse response matrix. Making
use of Eq.(3-2) to eliminate one of the lambda's in Eq.(3-T), {(e.g. A1),

we obfaln

_ry o n °dy q 4, 7/a
cp(tf,a)—[jz=1 o 1eq, ™ 2, Myt - 5= hy(o) | at | (3-8)

For the A._*(tf)' s which minimize cp(tf,g\_) in Eq.(3-8), suppose that w(tf) is
not_a non-decreasing function of t; as shown in Figure 3-5a.
Corresponding to tf= t;, there is a specific set of values of the lambda-
sfars, 1.e. _&*(tl) = )A;. If these lambda's are used in Eq.(3-8), the
integrand of the integral in this equation is not a function of te, (since the
eqy (i=2,3, ...m) are not functions of to) so that ¢ (ts,A1) is a non~
decreasing function of t;. In addition, it coincides with ¥(ty) at ty = t;.
This behaviour is depicted in Figure 3-5b.

Now, for any time t;# t;, A = A; does not minimize 9(ts,A) so

that



-41-

Pt A1) 2 P(tp) (3-9)

equality occurring onty for te=t,. See Figure 3-5cC.

Clearly, for te < ty, cp(tf,itl) cannot satisfy inequality (3~9) and
be a non-decreasing function of tf at the same time. Therefore, the
original assumption that l,b(tf) is not a non~decreasing function of t; leads
to a contradiction. It is easily seen that if :,b(tf) is a non-decreasing

function of tf, both of these conditions can be simultaneously satisfied.

This completes the proof.

Remark

If the eq; are functions of tes cp(tf,b) may not be a non-decreasing
function of tg. In this instance the above contradiction is not encountered
and !b(tf) may not be a non-decreasing function of t;.

The following lemma defining two classes of systems for which the

eq; are not functions of tf is now proved:

Lemma 2.
The edi are not functions of tf for
(1) Initially quiescent systems

(2) regulator systems without feed through connections.

Proof
(1) Using the definition of (=) given in Eq.(2~-8a) for non-time -
varying systems, we have
g = ¥q - Codt) X5

where ¢ (t) is the fundamental matrix of the system, X, is the vector of
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initial states, and ¥q is the vector of the final specified values of the
system outputs. Obviously, if X, = 0 (i.e. the system is initially
gquiescent) 24 is not a function of te.

(2) Consider a class of non-time-varying systems which has no feed-
through connections (i. e‘. D =01in Eq.2~1b) and furthermore, suppose that
the outputs of this system are identified with the states (i.e. C =1, the

identity matrix in Eq.2-1b). Then using Eqs.(2-4) and (2-5) at t = t; gives

t .
¥(t) =ty = (t) X, + .rof #(te-1) Bu(r)d (3-10)

Premultiplying both sides of this equation by q&(-tf) and recalling that
¢ (~tg = ¢=!(ty), we have

t
B(~t) K(t) = X, + J;.fcs(-r) Bu(r) dr

For this class of systems, we define
A
eq = #(-tg x(ty - X,
Under these circumstances, &4 is not a function of tf provided _}g(tf) =0,
i.e. the system is to be driven from some initial state, )_(o, to the origin.

Such systems are commonly referred to as regulators. This completes the

proof,

Remark

If the system 15 tnitially quiescent, the outputs are initially zero.
However, the requirement that the outputs be initially zero does not
necessarily imply that the system is initially quiescent unless the oﬁtputs

are linearly independent combinations of the states, i.e. det[C] # 0.
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3.3 Methods of Finding ;" and the A%s

The results of the previous section can be used to find tf*and }L*'s.
Since the minimum terminal time has been shown to be the maximum value
of ty when ) = 2* for Hfé“q a non-decreasing function of t;, standard hill

climbing techniques51 are applicable. Two such techniques are now

briefly described and illustrated.

3.3.1 The T, Method

The Tmax Method is a "sectioning” technique53 whereby only one
lambda is varied at a time, all others remaining fixed. For a two~-output
plant, only cne X (say X;) appears in the expression for k(t}). To start the
search A, is initialized and t; is calculated from the expression

P(te,A) =% - (3-11)

Then A; is increrr:;nted by A), and te is recalculated. If this terminal time
is greater than the previcus one, A; is again incremented etc. When the
current value of t; is less than the one previously calculated, the maxi-
mum value of t¢ (and hence tf*) has been passed. Therefore, we have
succeeded in bracketing Az* between the previous and current values of
lambda. A technique of finding a real root of a transcendental equation
(e.q. bisection34) is now used to locate )Lz* and tf*. It is significant o
note that a particularly simple set of calculations is required in this case.
For plants with three or more outputs, two or more lambda’s must be
found and theoretically, one should be able to extend the above procedure

without difficulty. However, other res.earcherss4 have concluded that this
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technique, when uncombined with other methods, is not suitable unless
one knows In advance that o(t;,A) does not contain any ridges, i.e. flat
portions of the surface.

Difficulty may arise with the Tmax method if the A -increments are
too large, i.e. the LL.* may not be properly bracketed, (even in the two
output case). See Figure 3-6. It is observed that even though the maximum
has been passed, tip > tp e Since tis < tfps Az* is incorrectly located
between A”*B and AZC. This problem can be remedied by reducing the size
of the A ~increment. However, such a reduction is accompanied by a cor-
responding increase in computation time so that this may not always be
practical. )

A more reliabie method of bracketing lz* is to compute the pari:ial
derivative of te with respect to A; from Eq.(3-4), in addition to t¢, for
each value of X,, The maximum ls passed when the sign of the partial

derivative changes.

3.3.2 Steepest Ascent

The second method, particulary useful when the plant has many outl-
puts, is a steepest ascent techniquesl. Taking partial derivatives of
cp(tf,l) with respect to A; and equating the resultant expressions to zero,
the (m-1)-partial derivatives,

a3k

5= Ty (1=2,3,...m)  (3-12)

can be computed. An initial set of A's (Az, A3, ... Ay,) is chosen and

Eq.(3-11) 1s used to calculate t;. These values are then substituted into
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Figure 3-6 Illustration o_Kf_ a Situation which leads to an error

in locating tf
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Figure 3-8 Illustration of case where £q and zn intersect

outside of [(li)n, (M)O]
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Eq. (3-12) and the 5; are found. -Since we have previously shown that tg
- passes through a maximum in (tf,y—space, moving in a direction defined
by these partials such that tf increases must lead to the maximum, If this

is done the new set of A's is obtained from the expression

Atf

A hew Mg ~ A
or solving for (Ai)new‘
= 1
), = () Bt 5 ) (3-13)

where Atf is an increment which is specified and the subscripts "n" and
"o" mean new and old respectively. These A's are now used in Eq.(3-11)
and the next value of t; is obtained. Equation (3~12) is again employed
and the succeeding set of s;'s is found.

In order to guard against having a divergent or an oscillatory solution,
thersigns of the new and old values of each of the s, (i.e. (si)n and (si)o }
are compared, If the 1th such partial derivative does not change sign,
Eq.(3-13) is used to find the new Ai. However, if s; does undergo a sign
change, the next Ai is found in the manner illustrated in Figure 3-7, It is
noted that the abscissa of the intersection of the tangent lines, £, and 'J&O,
1s the new value of A; (i.e. (Ai)nw }. Thus:

bai tg=(sy)y Ay - (s1)y (M) + ()
Lot ty = (Si)o Ay - (si)o ()Li)o + (tf)o
where (tf)n and (tf)o are the values of ty corresponding to (Ai)n"and (Ai)o

respectively. Equating the right hand sidesr of these equations and solving
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for (A}, » We have
Cs), (), = (81) (A0 + (tg) ) = (tg) ]
[(Si)n - (Si)o]

Adpw = (3-14)
(i=2,3, ...m)
This lambda together with all of the other new lambda's (computed from
either Eq.(3-13) or (3~14))are again used in Eq.(3-11) to find the next
value of tg, etc. The procedure tefminates when the set of A's and tf no
longer vary., As a matter of practicality, Eq.(3~14} is used to obtain
succeeding values of )Li after the first sign change in Sy Alcomputer flow
diagram for this procedure is given in Figure 3-9.

- It is possible for a situation to arise causing the two tangent liz;es,
£, and £, , to intersect outside the interval [(xi)n, (‘)Li)o] . This is
illustrated in Figure 3- 8. | If this happens and the procedure is continued
the maximum will be incorrectly located at point A, It is, therefore,
necessary to make certain that each new value of ()Li)nw (from Eq.3-14) liss
within the interval [ (?Li)n. (Ai)o J. If it does not, (}\1)1;1 is increased to

(A}), and the intersection of £; and £ is used to obtain the new value of

Ay (i.e. (Ai)nw) as shown in Figure 3-8.

3.4 Examples

Illustrations of the results of the previous section now follow.
Using the example of Section 2.2.5, it is necessary to minimize the
expression (Eq.2E-11)

e, =1+ r oA - 207 (3E-1)'
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SET

A te s (Al)n_
+

tg from Eq.(3-3); A; for Eq.(3-17)

84

COMPUTE

vy

SET
(tg), = tg; (sp) =54
Ao =24

‘\ﬂ

(tg), = (t£),
(si)g = (s0),

(Ai)o = (A i)y

h 4

3

COMPUTE
(tg), 5 () s a)

No

Yes

[s, =¢sp._,
| = (Ai)nw
(te), = (tg),

Y

(?\i)nw from Eq(3-18

Y

(te),,,
(51w

(tg) - (tE), 1< €
M) M) I<

A

.3
tf =(tf)n STOP
*
A=)

(s1), = (5w
Aidn = Ay
(tf)n = (tE)nw

Figure 3-9 Flow diagram for ascent method

Y
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with respect to A, and hence to find A" and t;". From Eq.(2E-7), g, = 1

and eq, = 0. For the purposes of the exampl'e,

4(/2-1)
is chosen. Using these values and Eq.(3E-1), Eq.(3-11) and Eq.(3-12)
become
te  tl
£, £ 4,5 _ _1_
g T2 A3 A = 55E ' (3E-2)
t 2
(-]
S; = — — - (3E-3)
f
t I+ %l

(a) T gy Method

The Fortran IV computer program which is used to implement the Tmax

Method is found in Appendix II. After the first sign change in the slope is

¥
datected, the program employs bisection to locate A, .

19 iterations are required to obtain the values

*

At = ~0.70710754
tf*= 2.00000206

An accuracy of 76 parts in 10° for )\z* and 20 parts in 10° for tf* is found
by comparing the above results with the exact answers computed from

/[2 ¥

Eqs.(2E-12) and (2E-13), (i.e. Az = - 2 it =2.0). The computer

output is summarized in Table 3.1.

{b) Ascent Method

The Fortran IV computer program for the ascent method is located in

Appendix III. From Table 3.2, it is seen that 19 iterations are again
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Appendix III. From Table 3.2, it is seen that 19 i terations are again
required to complete the computation. This time, however, the accuracy
of AZ* is improved, the error being only 5 parts in 102,

It is found that the technique of intersecting fangents works well
when the magnitudes of the slopes of £, and 4, are greater than about
1.5 X10™*, For smaller values the procedure converges slowly. To guard
against this, the magnitude of the difference of the present and previous
values of (}Lz)nw is checked. If this quantity falls below a small positive
number, € , bisection is used from that point on in the search. Thus, in
Tabie 3.2, the values of ), are obtained using bisection from iteration 15

to the end of the search.

3.5 Summary

In this chapter it was proven that when Hg_*nq is a non~decreasing
function of te, t1:1e point (tf*, 2\_*) is a unique maximum in (tf,A_)-space. If
||_15_*Hq is not a non-decreasing function, this point is the smallest of the
local maxima., In addition, it was shown that the sufficlient condition for
H_l_c_*nq to be a non~decreasing function for time-invariant systems is that
24 be independent of te. Initlally quiescent systems and regulator type
systems were shown to have this property. These results were then illus~
tréted for two types of hill climbing techniques.

It is worthy of mention that this work was done after the examples
in Chapter IV had already been programmed and solved on a digital computer.

Time did not permit reworking them using the techniques discussed herein.
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TABLE 3.1

LAMBDA T

-0.00000000 1.32821156
- .25000000 1.60793682
- .50000000 1.88001770
- .'75000000 1,08924068
- .62500000 1.97499238
- .68750000 1.99827618
» .71875000 1.99931652
-~ .70312500 1.99992694
~ ,71083750 1,99992488
- , 70703125 2,00000204
~ ,70898437 1,99888470
- 70800781 1.888589803
-~ 70751953 2.00000118
- 70727539 2.00000191
~ 70735332 2.00000204
- .T0700228 2.00000206
- ,70712280 2.00000206
- .70720754 2.00000206
- 70709901 2,00000206

S

-1.17062571
.92747899
.55786243
.54167162
.17010152
. 12067309
. 37588853
. 37850647
. 73614210
. 18326024
. 87402993
. 39885463
.16228347
. 44250650
.14702748
. 14768707
.31668103

. 73358685

-1,00000000 E-00

E-00
E-00
E-00
E-00
E~00
E-00
E-01
E-01
E-03
E-01
E-OZ
E-02
E~-02
E-03
E~03
E-03
E-086

E-04



ITERATION

10

11

12

13

14

15

16

17

18

19

LAMBDA

-0.00000000

!

[

.25000000
. 46356100
.71483978
.62608247
.67660233
.69702410
.70621427
. 71055481
. 70827540
70723794
.70671678
. 70696694
.70709167
.70715391
70711196
. 70709104
. 70710150

.'707108673
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TABLE 3.2

T

1.328211586

1.60793682

1.84454898

1.99970037

1.975567605

1.99597489

1.99952963

1.99999831

1.99993851

1.59999531

2.00000196

2.00000136

2.00000198

2.00000206

2.00000204

2.00000206

2.00000206

2.00000206

2.00000206

-1,00000000 E~-00

~-1.,17062571 E-00

.99491088 E-00
. 78224483 E-01
.53672790 E-00
.25066411 E-00
.91996356 E-01
.85815319 E-02
.33992992 E-01
.11355978 E-01
.12605796 E-02
.37647460 E-02
. 13563329 E-02
. 15292477 E-03
.44822891 E-03
.42969777 E-04
.15902769 E-03
.58035122 E-04

. 75341705 E~-05
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IV GENERAL LINEAR PLANTS WITH INPUT AND OUTPUT CONSTRAINTS

4,1 Introduction

In this chapter, the optimal w.r.a.s. solution to problem 5 in Section
1.2 is obtained first for single output and then for multiple output linear .
plants. A distinction is made between these two types because of
essentlal differences in computational procedures used to obtain their
solutions.

For single output plants two necessary conditions for the existence
of an optimal w.r.a.s. solution are given. In addition, a lower bound on
Ty, the elapsed time, is developed. It is also demonstrated that the single
output can never overshoot the terminal point, y d: This result is used to
develop a simple test for the exist;nce of an optimal w.r.a.s. solution
when the output has its magnitude constrained. The computer search
scheme for finding the feedback coefficients, the optimal w.r.a.s. input,
and T, is illustrated.

For systems with two or more outputs some necessary conditions for
the existence of an 6ptima1 w.r.a.s. solution are presented. When a
quadrati'c constraint is placed on the input it is shown that the A's can be
found using algebralc techniques. A numerical method of finding these X's
when the magnitude of the input is limited is introduced. A set of examples

is included to illustrate these points.
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4.2 Optimal W.R.A,S.Solution for Single Output Plants
th

Consider the augmented, n~ order, linear time-varying plant shown
in Figure 4-1. For this plant the system of state equations which describes
its dynamic behavior becomes

X (t) = E(t) X(t) + F(t) w(t) (4-1a)

y(t) = C(t) x(t) + D(t) wy(t) {4-1b)

where E(t), C(t)_, and x(t) have previously been defined in Section 1,2; vy is
the scalar output; uy(t) is the single input; and F(t) and D(t) are respectively
(n X1) and (1 X1) time-varying matrices. The impulse response (a scalar
quantity) of the augmented plant is

h (t,7) = C(t) ¢(t,7) F(7) + D(t) &t-7) (4-2)

where ¢(t,r) is the fundamental matrix of the augmented system. It is noted
that since E(t), F(t), C(t) ,. and D(t) are, in general, functions of the feed-
back coefficients, Ai, so1s h(t,r). Problem 5 can now be restated for
this class of systems as follows:

Given the single input, single output plant characterized by the
impulse response, ha(t,'r), find the set of feedback coeifficients and the
input, u,(t), which drives the output from the origin toc some final point,

y(tf) ,2 Y4 and which permits the input constraint expressed in the form
t
f P1 1/p,
huallp, 8T8t @ T st (=120 (4-9)
o

and the output constraint

i(y) 2L, (or = Ly) (4-4)
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Given
"Plant

N 2
~

U,

Figure 4-1 Single-Input - Single Output Augmented Plant

(a) (b) (<)

Figure 4-2 (a) Augmented plant with one feedback coefficient and {{y) = L,
(b} Illustration of the technique for finding T, and the best A

(c) Illustration of the technique for finding T, and the best A when
input 2 is constrained, i.e. g(u;) = L;;
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to be satisfied in the shortest elapsed time, To Q ,tfo -ty . t

4. 2‘. 1 The Optimal W.R,A.S. Solution

The method which is used to solve this problem and which 1s consist~
ent with the discussion in Section 1.3 is as follows:

The output constraint is lgnored and the input which satisfies the
terminal condition and the input constraint in the shortest elapsed time is
found. (Note that this is the solution to Problem 1 in Section 1.2} Using
the method of Functional Anélysiszl r22 outlined in Section 2.2, the form of

the input is given by Eq.(2-41) (repeated here for convenience), i.e.

-1
hy(te, ()| hy(te_,t)
ul(t) = Llch ........_9_ SGN["‘E"““Q-—] (4_5)
| Y4 ¥4
where
1 1
—m ] -— 4=6) -
q1 %] ( )

and tfo is the least value of t¢ which satisfies Eq.(2-42), i.e.
A tfo : O /a IYdI
21. = — i
" ha“q1 __[nrto lha(Ffo‘t)l dt:] L1 (4 )

It is observed that this input satisfies Eq.(4~3) with the sign of equality
{see Section 2.2). The set of A's is now chosen so that the output con-
straint is satisfied in the shorte_st elapsed time. If such a set of A's can

be found for specific values of Yqr L. and L, the input given in Eq.(4-5)

TThe sign of the inequality is determined by the problem, See footnote
on page 3.
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has the prop'erty.of permitting all consn‘ainté and the terminal condition to
be satisfied in the shortest time. Thus, uy(t) is the optimal input with
respect to the assumed feedback structure, i.e. the "Optimal w.r.a.s."
input.

To clarify the above method, consider the augmented plant shown in
Figure 4-2a. It is required that the plant output satisfy a constraint,
f(y) =2L;. For the input in Eq.(4-5), f(y) and the elapsed time are cal-
culated and plotted versus A as shown in Figure 4-2b. To is the least
value of T for which the output constraint is satisfied and is seen to occur
for A= A,. For augmented plants with more than one feedback coefficient,
a computer search scheme must be employed. Discussion of this deferred
until Chapter VI. As a matter of practicability, it is not usually possible to
find the feedback coefficients by taking partial derivatives of tfo with
respect to the A's and setting the resulting expressions equal to zero; A's
found in this way will not necessarily permit inequality (4~4) to be satisfied.

From Figure 4-~1 it is clear that inputs u, through u, belong to the
class |

u(t) = A y(t) (4-8)

Itis significant to note that if they are not restricted to this class another
set of inputs (the optimal) can, in general, be found which satisfies all
conditions in a shorter time, T*, than that found from Eq.(4—7)T

In Section 1.3, it was mentioned that it would usually be assumed
that the set of A's and the optimal w.r.a.s. input would not cause any

constraints on the inputs in Eq.(4~8) to be violated. If this is not so,

U An exception i this is presented in the next chapter. A class of systems is
shown to exist for which the optimal and optimal w.r.a.s. solutions are the
same and hence T, =1T", '
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the above procedure can be extended to include these additional constraints.
Using the plant in Figure 4-2a, this‘ extension is illustrated in Figure 4-2c.
Here, input 2 is assumed to have a cénstraint placed on it of the form,
’g(ua) < L;;. As shown, g(u;) is plotted versus A, in addition to f(y) and T.
Ag is then the value of A which permits both constraints to be satisfied in
the shortest, elapsed time, Tc;‘. Note that as expected, Té > T,

Satisfying Eq.(4-7) is a necessary condition for solution of Problem 5
to exist for single output plants, i.e. if, for a specific set of A's, no te,
can be found which satisfies Eq.(4-7), the input given by Eq.(4-5) will not

drive the output to Y4-

4.3 A Lower Bound on To

In order to obtain a lower bound on the minimum elapsed time, the

following theorem is proved:

Theorem
If the optimai w.r.a.s. input in Eq.(4-5) is applied to the system

shown in Figure 4-1, the magnitude of the output is less than or equal to
l Ydl .
Proof

The output of the augmented plant when the input in Eq.(4-5) is

applied can be found using the superposition integral. Thus

t t h_(tf ,7) a-1 h_(tg_.7)

q a o 2 .o
= t dr=1L t, N d
y(t) Ito hy(t, ) wi(r)dr =1L, J'toha( 4 8GN Y4 Jar

Taking magnitudes of both sides of this ei-cpression and assuming that h (t,T)
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is a non-decreasing function of t, we find

t halts ,7) qu-1 h(t; ,7)
= [7.D 1o 1 a* o
ly(t)| = Ly {oha(t,'rﬂ 7y | SGN[_Yd ]d1-|
t halts +T)qi-1 v tf
di altfye 7/ q1 L, o a1
< L j‘to|ha(t.'r)| — drs " Iqujlto [halts . )| dr
d
L O
1
Iy(t)lsw-——-“y a1 Umall ) (to st =< te ) (4-9)
d

Making use of Eq.(4-7), Eq. (4~9) becomes

L0 lygl”
ly(t) | = = rll-lfL‘ql = Jvgq]
Therefore,
Iy = [vgyl

Even if h(t,7) is a decreasing function of t, Inequality (4-10) is
still valid, This is easily understood by recalling that Eq.{(4-5) is the
expression for the time-optimal input - that is, the input that drives the
output to Yq in the shortest terminal time, tfo. Clearly, tfo is the first
time that y(t) = Y4 and hence, no overshoot of the_{erminal value 1s posssi-
ble, This completes the proof. |

It is observed from Eqg.(4-10) that the output is not permitted to over-
shoot the final value, Yq- Using this result, a lower bound on tfo, and

hence TO can now be obtalned.
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Case 1. An Integral Constraint on the Qutput

Suppose that the output constraint in Eq.{4~4) takes the form

tf
vl & It % |y(t] dt = Lpg (4-11)
(w]

Using Eq.{(4-10), we find

tf
Ivll, < J " lvaldat = |valCtrg-to] = lval T, (4-12)
] |

Combining (4-11) and (4~12), we have
Lza = "Y"1 = le]To
or
lyglTy = Lag
whereupon a lower limit on the minimum elapsed time when the output has

an integral constraint placed on it is found to be
L2a

(To) =
“lower le|
limit

(4-13a)

Using the definition of the elapsed time, the lower bound on tfo becomes

L:a

lower v gl
limit _

Ctr,] + t, (4~13b)

Case 2. A Quadratic Constraint on the Output

Suppose that the output constraint in Eq.(4-4) takes the form
tfo —;—
livll, = [I y¥(t) dt] > Lag - (4-14)
to

Using Eq.(4-10) we find

te .% |
lIyll, = [Itooyzd at] = yg) Ve -ty = lvgl VT, (4-15)
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Combining Eqs.(4-14) and (4-15) vields
L < "Y“z s |vdl "To (4-16)

Thus a lower bound on the minimum elapsed time when the cutput has a

quadratic constraint placed on it is given by

(T,) Lze)z (4-17a)
= v -17a
%' lower ¥4
bound
and
Lag
(tf ) = (-—-— +t (4-17b)
o lower Yd °
bound ! -
Case 3. A Magnitude Constraint on the Output
If the output constraint in Eq.(4-4) is
Iyt s Lem  (t,st<tf) (4-18)

it is clear from Eq.(4-10) that L,y must be greater than or equal to |yg4| or
else the constraint in Eq.(4-10) is violated. However, if this condition is
true, the output constraint can never be violétéd. Thus, a necessary and
sufficient condition for a magnitude constraint on the single output to be
satisfied is that L, 2 Iydl . The case of single output plants with an
output magnitude constraint is not considered further.

It should be noted that the bounds derived in Egs.(4-13) and (4-17)
are not, in general infima, 1.e. greatest lower bounds, since y(t) is actually
only equal to Y4 att = tfo. However, because t’hey are readily calculated,

they give an immediate "ball park"” estimate of the minimum elapsed time
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before any lengthy computation is performed. In addition, they do permit
the actual computation time to be reduced, somewhat; the explanation of

this is to be found in Section 6.3.1.

4.4 Another Necessary Condition for a Solution to Exist

In this section, another condition which must be satisfied in order
for a solution to Problem § (for single output plants) to exist for a
gpecified Ly, Lz, and y4 is developed.

For the given linear plant shown in Figure 4~1, let us define hj(t,'r)
(il=1,2,...r) to be tﬁe response, y(t), when uj(t) = §(t-T1) and all of the
feedback coefficients are zero. The hj(t, T) cﬁaracterize the given linear
plant only and aré obviously independent of the A's.,

Using Eq.(4-8) and the superposition integral, the output of the

augmented plant is found to be
t t r .
y(t) = J‘ hy(t,r) y(r)dr+ { Y(T)[FézAi hj(t,'r)] dr (4-19)
to o

Recalling that y(tfo) i vqr Eq.(4-19) with 1:=tfo becomes

t

f tf r
Yd 7 ‘rtoo h(tg e w(T)d T .l't0° ¥(7 [ jzz Ayhy(ts . 7) :| dr (4-20)

Taking magnitudes on both sides of this equation and making use of the

Holder's and Minkowski inequalittes,44 we have
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s ty r
Ival= I, “mtttgemm(mar+ [, ®vn [Z, 2y hytggem Jdr |
ltf°ht d+jtf° T A hyt dr|
< J;O itz T ua(r) d 7] lto y(7) [jm_.; ftegem Jar |

tf tf r
< I.l’t it mumdr|+ [ Ivn] 2, byt | [dr
o o]

and ! :
f t

|Yd| < | It

£ tr r qQ2 q 1/q
®hy(te Pu(nydr [+ lyll, [.rt °L, 14l Inygtg,om | ar]
0 (o}

(4-21)
Suppose that the constraint in Eq.(4~4) is assumed to have the form,
Hyllp 2 L,. Since a minimum time solution is desired, this constraint
Z

becomes an equality, 1.e. Hynp =L,. Therefore, we find that
2
tf tf
o] ol Q2 1/a.
lvgq) <! J‘to hu(tg_, ) wim)dr |+ L:[J‘to Z |Byny(eg ] dr |’ (4-22)
_,Ift,j:his inequality, together with Eq.{4~7) are not both satisfied for a given
set of A's and tf_, a solution to Problem 5 is not possible, It must be

noted, however, that satisfylng these two conditions is not sufficient to

guarantee that a solution does exist.

4.5 Examples - Single QOutput Plants

The ideas of the previous sections are now illustrated with seyeral

examples,
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4.5.1 One Dimensional Search

4E-1.
Consider the second order augmented plant shown in Figure
4-3 and let the following conditions be imposed:

/3
WO =0; YT)Lyvg=2: m|si: |yl =5

We wish to find u,{t) and the value of A which satisfies these conditions in
the shortest time. It is clear that a one-dimensional search is required.
Defining the state variables as shown in Figure 4-3, the normal form

description of the augmented plant is

=| 2 0 1x+] 1? Uy (4E-1a)
- 11.58  ©0.2a-2 A-0.25

y = [1.5 0.2 1x + (1] u (4E-1b)

I%

The fundamental matrix of this system can be shown to be

2t

#t) = e 0 (4E-2)
1.54 (.2t _~(2-0.2A)¢t -(2-.2A)t
4-0.2A(e' - e ) ©
Using Eq.(4-2), the impulse response is found to be
__8 2t | (L 2A-2)(.2A-1) (0.2A-2)t . _
h4(t) 2-0.2A° + (0.2A-4) e + §(t) (4E-3)
whereupon, Eq.{4~7) becomes
_ 2To_,, , (:2A-1). (.2A-2)To - _ )
gl = 1+ 72 (6% 01y + Cahen) e 1]=2 (4E-4)

In addition, we ﬁnd that the output norm is given by

4Tq (1-.2A)> 2(.2A~2)T,_
(4- 2A>( =1} * g 2a)%( . aA-a)® °-1)
vl = (4E-5)
2 +30 (1=.2R) .2AT,; ,
A (4-.28)°%\° )

N




u

Figure 4-3 Augmented Plant.used in Example 4E-1

\

Uy

A

e

Figure 4-7 Third order plant used in Example 4E-3
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T, is computed for various values of A from Eq.(4E-4). For each
pair, (A,T,), the corresponding value of “Y“z is found from Eq.(4E-5).
These data are plo?:ted in-Figure 4-4, It is observed that the output con-
straint is satisfied for T, = 0.347 with A=5, Also, from Eq.(4-5), the
optimal w.r,a.s, input is the unit step.

As was discussed in Phapter Ia qomparison between T, and T*should
be made. Choosing L; =1 and L; = i31& in Eq.(2-40) withq; =1 and q; = 2,

2
and using the impulse responses o the given plant, i.e.

hy(t) = % et % e 2+ 5(t) (4E-6a)
ho(t) = 0.2 e~ 2" (4E-6b)
the equation for T* is found to be
3¢ 21 _1_ -z'r") —4T*\z _
4( “1) 4 T +1+ 1-e ) =2 (4E-7)

whereupon, T*= 0,347.

T, = T* because this plant i}elongs to a class of systems having the
property that the optimal and optimal w.r.a.s. solutions, and hence the
elapsed times are the same., This will be shown in Chapter V.

It is easily verified that inequality (4-22) is volated for A< 5 and

satisfied for A =5.

4E-2

The augmented plant in the previous example is always

"

unstable. This can easily be seen by noting that the Laplace transform

of hy(t) (Eq.4E-3) always has a pole in the right hand portion of the
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s-plane regardless of the value of A,

To further investigate .the question of stability, consider the plant
- shown in Figure 4-5. Defining the state variables as shown, the state
equations, fundamental matrix, and impulse response of the augmented

plant are found to be

. 0 0 1
3-(- = X + Uy
[ 1 —(A+ J [0]

v= [0 1] x
1 0
#h = (Ail) [1'8_(1+A)t:‘ o {1+A
ho(t)y = 1 S(1+A)t
° (A+1 )[1 -e ]

Taking the transform of h,(t), we have
1 :
E[h(t)] = w5 (4E-8)

Thus the augmented plant can either be stable or unsable depending oﬁ the
value of A (the sign of A in this case).
Now suppose that a magnitude constraint is placed on y(t), i.e.
luy(t) | < Ly
Ty is then found from Eq.(4-T), i.e.

' ~(1+H)To7_ 1%
g, = '(_1_41-?[(1"'4”0% P o:‘= T

The output norms can be shown to be given by
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”y“ = (1+A) I:.ip‘zl_thL - (1+A)T b1 - o (IFAT, ]
and
C (1+a)’ T, 1
. 2 (AP I  (LHAT, +
vl = =2
2 (1+8)%: i L (172 A0y _ p(1enyr, om0

If yg=1.5andL; = 0.75, the problem is to find the optimal w.r.a.s. input
and the value of A which satisfy all constraints and the terminal condition
is the shortest elapsed time. In order to facilitate the discussion, T,

N Y“l , and Hyll2 are plotted versus A in Figure 4-6. Now consider the
following cases:

Case 1. An Integral Constraint on the Output

If ||v{l, is constrained to be greater than or equal to some number, we

have
ivll, = L.a

Choosing L,5 = 1.0 it is seen from Figure 4-6 that the output consiraint is

satisfied in the shortest elapsed time, T, = 2. d, when A= ~1,0, Also

from Eq.(4-5), the optimal w.r.a.s. input is a step of amplitude 0.75.
Making use of Eq.(2-40) with L; = 0.7 and L; =1 , ;=1 and q; =,

the expression for T*is |

.3
S*-ri+ e -

whereupon T*= 1.426. Therefore, using the optimal w.r.a.s. procedure

increases the elapsed time by about 33%.

[ S
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We observe (Eq.4E-8) that the transform of the impulse response has
a pole in the right hand plane for A= -1. The augmented plant is therefore
unstable in the sense that its response to a bounded input is unbounded
as t - ». As the problem actually runs for a finite time, this type of
instability may or may not be important. If it is undesirablef to have an
unstable augmented plant, Figure 4-6 indicates that the best that can be
done under these circumstances is to make A zero. The output constraint
is then satisfied with the sign of inequality in an elapsed time of 2.925
minutes and the plant is stable.

The optimal w.r.a.s. solution does not always produce an unstable
augmented plant. To illustrate this, suppose that L, = 2.5. Then from
Figure 4-6, we find that A= 0,61 and To = 3,86, so that the augmented
plant is stable and the output constraint is satisfied with the sign of
equality.
=% 'Now suppose that in addition to the original output constraint,
L, = 1.0, input 2 is constrained as follows:

I Uz“z = 0.5
Making use of Figure 4-6 again, both constraints can only be satisfied if
[ -0.4 £ A<0.35] Under these conditions, Ty = 2.5 for A= -0.4. The

elapsed time has had to be increased in order to satisfy the additional

constraint.

t For plants which have poles in the right hand plane, there is a sensitiv-
ity problem, 1.e., any external disturbance will cause the output trajectory
to miss the terminal point.
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Case 2. A Quadratic Constraint on the Output

If it is required that Hsz 2L,o, the quadratic content of the output
is constrained, Choosing L,e = 1.0, it is seen from Figure 4-6 that this
constraint is satisfied in thé shortest elapsed time, T, = 2,142 when
A= -0,8. The optimal w.r.a.s. input is again found to be a step of
amplitude 0,75,

Using Eq.{(2-40) withL; = 0.75 and L, = 0.8, q; = 1 and q; = 2, the

expression for T*is

*
0.75[T -1+ e T 1+ 0.8 [4(1~e”

L
2

¥
2Tz =15

4

whereupon T*= 2.132., Therefore, using the optimal w,.r.a.s. procedure
increases the elapsed time by less than 1%.

The augmented plant has a pole in the right half plane and is there-
fore unstable. If a stable plant is required, it is recognized from Figure
4-6 that the best that can be done under these circumstances is to choose
A = 0, Hence the elapsed timg is 2.925 min.

The optimal w.r.a.s. procedure does not always produce an unstable
plant when the quadratic content of the output is constrained. This is demonstrated
by choosing i'ze = 1.5 whereupon A= 0.5 and T, = 3. 675. Since Ais
positive, the augmented plant is stable.

Now suppose that in addition to the original output constraint,

L. _=1.0, input 2 is constrained as follows:

2a

I uznz < 0.25

Making use of Figure 4-6 again, both constralnts can only be satisfied if

~0.15< A 0.2, The minimum elapsed time occurs for A= -0,15 and is
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. found to be Ty =2.175.

4.5.2 Two Dimensional Search

4E-3

™

To illustrate a two-dimensional seérch, consider the third-
order augmented plant shown in Figure 4-7. This form, rather than the
one in Figure 4-1 is used for computational convenience, the transfor-
mation between the two systems being

A= a+bh (4E~10a)

A, = ab (4E-10b)

Defining the state variables as shown, the normal form description of this

plant is
-a 1 0
x = 0 -b 1} x + 0} u (4E-11a)
0 0 1
y = [1 0 0] x (4E~11Db)
The corresponding fundamental matrix is found to be
r - - L
o2t 1 [e-bt _e-at:l A, 1. re at_ e bt]
(a=b) ab  (a-b)L a b
=-bt 1 -bt :
(L) = 0 e 5 [1-e "] (4E-12)
0 0 1

Making use of Eq.(4-2) together with Eqs.(4E-11) and (4E~12), the

3

impulse response is found to be

—
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~bt
ha(t) = 1 (a-—b)[ _eb ]

If a magnitude constraint is imposed on uy(t), i.e.
lug(t)| = Ly

TO is found from Eq.{4-T7), i.e.

T
(1-e ~79) (l-e bTo, IYdI
In i, = - b)[ ] (4E-13)
The output norms can be shown to be given by
. T [a'ro-.u-e'aTO) bT ~(1-e"2T0)
HYHI -4 [ 92ab + (a-b) a3' - b3 ]:]
(4E-14)
and - e
To3 Toz (a+b) l (a+bL —aTO e-bTo . 2
3(ab)? ~ (aby® = (ab)® "© To (ab)(a-b)[ b ]
Iyl =1 e 7o) p1oen o], (4E-15)
v, = (abf(a [
(1- e ), (1-e”2PTo) 40173 P)To)
2(a-b) [ bs (ab)? (a +b) ]

Ifyg=1.0 and L; = 1.0, the problem is to find the optimal w.r.a.s.

input and the values of a and b (and hence A; and A;) which satisfy all

constraints and terminal conditions in the shortest time for ea_ch of the

following cases:

Case 1. An Integral Constraint on the Output

If |ly|l, is constrained to be greater than or equal to some number,
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we have
Ivll =2,

Letting L,, = 0,250 and making use of the search procedure outlined in
Chapter VI and implemented with the computer program given in .

Appendix IV, it is found that

To = 1.248

a = -1.50

b = -1.77
~or from Eq.(4E-8),

A = -3.27

A, = 2,66

Using these values in Eq.(4-5), the optimal w.r.a,s. input is seen to be
a unit step.

In order to complete Ty with T", Eq.(2-40) is used with Ly = 1,
L, = 0.25|A;|, L; = 0,25 |A|, qu =1, and g2 = @; = =. The impuise

responses of the given plant are easily found to be

2

e = 5
hy(t) = t (4E-17)
h3(t) =1

whereupon the expression for T*is_

¥.3 #* '
iT—G)—+ 0.665T + 0.82 = 1 (4E-18)

Solving this equation, we find

™ = 0.270
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Therefore, the elapsed time is increased 4.6 times when the optimal
w.r.a.s. solution is employed,

From the expression for hy(t), it is noted that the above values of a
and b produce an unstable augmented plant. If a stable plant is.require_d,
the best that can be done under these circumstances is to choose a =b =0.
The output constraint is then satisfied with the sign of inequality in an
elapsed time of 1.816 minutes. |

The optlmal w,r.a.s. solution does not always produce an unstable
plant. IfL,, is made larger than 0.46, only positive values of a and b will
satisfy the more severe output constréint and the augmented plant will be

stable.

Case 2. A Quadratic Constraint on the Output

If ||yll, is constrained to be greater than or equal to some number,

we have

yll, = L.e (4E-19)

Letting L,, = 0.400 and employing the same type of computer search as in

case 1 , it is found that

Ty = 1.375

a = ~1.20

b = -1,086
or from Eq.(4E-8)

A = -2.26

A = 1,27
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The optimal w,r.a.s. input is again found to be a unit step., Using Eq.
(2-40) with gq; = @3 = 2 and the irﬁpulse responses in Eqg.(4E~17}, the

expression for T*is

TP, 0.504 (T*)% + 0,294(T%% =1

6
Solving this equation, we find
™= 0,715

Thus, the elapsed time must be increased 1.9 times when the optimal
w.r.a.s. solution is employed.

The previous remarks concerning the stability of the augmented plant
are also valid for this case with the exception that positive values of a
and b are found when the output constraint, L,o. is made greater than 0.51.

The computer output for this example is given in Appendix V.

4.6 Optimal W.R.A.S. Solution of Multiple Output Plants

The optimal w.r.a.s. solution of the nth

order, linear time-varying,
augmented plant shown in Figure 1-2 is now considered. The normal form
description of this plant is given by Eqs.(4~1) with y replaced by the m-
vector, y. In addition C(t) and D(t) are respectively (m X n) and (m X 1)
time-varving matrices. All other quantities are unchanged.

The impulse response matrix for this syste_m is given by the right

hand side of Eq.(4~2) [with C(t) and D{t) defined above] and is an

m~vector which is written in the following manner:
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hy, (t.7)

haz (tem)
H,(tr) = : (4-24

ham(t: 1)

where haj(t,'r) (1=1,2, ... m) is the jth output when ui(t) = 6(t-r) .

. Obviously I_Ia(t,'r) is a function of the feedback coefficients, Aij‘

Problem 5 can now be restated for this class of systems as follows:
Given the single input, m-output plant characterized by the impulse
response matrix, Hy(t,7), find the set of feedback coefficients and the
input, u;(t), which drives the output vector from the origin to some
terminal point in output space, Ygr and which permits the input constraint

(Eq.4-3) and an output constraint

t 1/pe :
v I, Q[ft lyy(t) [ dt] 2L,  [p=1,2] (4-25a)
]

lvi(t)| = Lp, [pz=w] (4-25b)

to be satisfied in the shortest elapsed time, To ] tfo - to

4,6.1 The Optimal W,R,A.8. Solution

The method which is used to solve this problem paxlallels the one
employed in Section 4.2.1. The output constraints are ignored and theinput
which satisfies the terminal conditions and the input constraint in the
shortest elapsed time is found. Using the method of Functional Analysis
for multiple output plants (see Section 2.2.4a), the form of this input is

given by Eq.(2-37), i.e.
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Q% -1 *
w(ty =Ly * |k (ts_ot) |27 SGN [k (¢ ,1)] (4-26)

where

* m % '
t, 1) = [Al ,xz }\m]-I;Ia(t,r)=i§1)Lihai(t,T) (4-27)

The subscript "a" indicates that these results are for the augmented plant
It is recalled that the \*'s are those A's which minimize || ka“ql subject

to the condition
Ayg=s1o. (4-28)

tfo is then the minimum value of t; which satisfies Eq.(2-38), i.e.
t
H ka Hq = L1[I |1~’~a (tf,'r)l cl'r] =1 (4~29)
1 tO

Finally, the set of feedback coefficients is chosen so that the output con-
straints are'satisfied in the shortest elapsed time.

Emploving an argument similar to that found after Eq.(4-7), we
conclude that w)(t) given in Eq.{4-26) is the optimal w.r.a.s. input for
multiple output plants. In addition, it is observed that the inputs u, to
u. belong to the class

uy(t) =§1 Ay vi(t) (1=2,3, ...r] (4-30)
See Figure 1-2.
If, however, they are not restricted to this class, another set of inputs
(the optimal) can, in general, be found which satisfies all conditions in |
a shorter time than that found from Eq.(4-28).
Usually a closed form expression for || ka”ql cannot be obtained and

a numerical integration is generally required. As the minimization of this
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norm requires taking partial derivatives with respect to Ay and equating the
resulting expressions to zero, and since these lambda's will, in general,
be functions of tf, it is clear that the mathematical problem of finding the
?L*'s is by no means a trivial one. We conclude from this discussion that
the optimal w.r.a.s. solution of multiple cutput plants_generally requires
an involved mathematical procedure. This should be compared. with the
optimal w.r.a.s. solution of single output plants where only the routine
calculation of finding the real roots of a transcendental equation is required.
The solution of Eq.(4-29) is a necessary condition for the exisj:ence
of an optimal w.r.a.s. solution. This is best seen by noting that if, for a
specific set of feedback coefficients, a value of T, cannot be found from

Eg.(4-29), the input given by Eq.(4-26) will not drive the vector output to Yd-

4.7 Another Necessary Cond:tion for the Existence of a Solution

In this section, another condition which must be satisfied in order for
an optimal w.r.a.s. solution to Problem 5 to exist is developed.
Making use of the superposition integral together with the optimal

w.r.a.s. input (Eg.4-26), the ith cutput is found to be

t Y S % ql-l ¥
vi(t) =J by (t,mLy [k (tfo,q-j SGN (k3 (t ,m)1dT (4-31)
‘o

(i=1,2, ... m)

Case 1. Integral Constraints on All of the Qutputs

Suppose that each of the m-outputs has an integral constraint placed

on it which is expressed in the form,

t |
vyl = It ®lyit|dt 2lya  (1=1,2,...m) (4-32)
S |
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Using Eq.(4-31), the norm in this last equation becomes

tf t qi-1
q 1 %
vl =2 [ ©1] bagtam |katte om | SGNIKY (ke ,m) 1dr| at
o s
or
qQ1 Lo ot ¥ qm-1
CAREN [Itolhai(t,T)llka(tfo,r)l ar Jat
whereupon

qQ tfo tfo * ql_l
lvsll < Ls Ito [Ito hay(te M kst M| dr]dt (4-33)

Applying H’éider's inequality to the right hand side of this expression, we

find

a1 g Uo % - (@-1)p | 41/Pe

lvall, <Ta™ [ lnggllg, [ Dea (g m| dr]  dr (4-34)
o 0
where pl— + ;cll-= 1. In order to make use of Eq.(4-29), let us choose
2 2
Pz = qul_—l. Then q; = q; and inequality (4-34) becomes
‘ a Lt x, @-1 q ¥, G-l
lvill, < L ftoo Ihatlly (Wkgll )™ de=T. | hatlly, (lkall, ) ™o
(4-35)
Substituting Eq.(4-29) into this inequality gives
I Yinl <L T, |l haillql (4~36)

Combining Inequalities (4-36) and (4-32) yields

LZia = ” Yiul < Ll TO " hai qu

or
ina
T, |l hainl > (1=1,2,... m) (4-37)
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Satisfying Inequality (4-37) for all i is a necessary condition for the exist-
ence of an optimal w.r.a.s. solution to Problem 5 when all of the outputs
have an integral constrairnt placed on them. The reason for this is that if
the inequallty is violated for any i, the it}f output constraint ¢annot be
satisfied. However, if all of the inequalities are satisfied, the output
constraints may or may not be violated. Hence, satisfving (4-37) is a

necessary but not a sufficient condition.

Case 2. Quadratic Consiraints on All of the Outputs

Suppose that each of the m~outputs has a quadratic constraint placed

or it which is expressed in the form

tf
(i Yillz)z =[Py dt 2 Lye (i=1,2,...m)  (4-38)
tO

-«

Making use of the output in Eq.{4-31), we have
-1

tf 2q t ad: 2
2 2 * *
vl =ft °1, |J‘t hoy(t.m) [kglte em) | SGNIK (tf ) d7 dt
o o)
or _
2 oo b x Q-1 2

(b} <12, [J‘to|hai(t,r)| k3 (ts,,m) | dr]dt

and

2 2qy ty * a-1 2
Qv <™ [ O[S Ihagtez,em | 1Ky (b em)] Tar]at (239
3 to to o Q

Using Holder's inequality Ez.(4-39) becomes

1)

2 _2aq1 b, 2 o x (a1-1)p2 z
SRR J, " eale) [, ° Ieattsgem] dr] dt  (4-40)

(o

Applying the same argument as that following Inequality (4-34), the last

expression becomes
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2q 2(qp-1)

2 1 2 X78
(vl <Ze - To (Hhaglly) Clikgll )

or making use of Eq.(4-29)

2 2 2
Cllyglly <La T ( Hhmilq ) (4-41)
1
Combining Inequalities (4-38) and (4-41) yields

Lyje slyillf e i To (lhhgll )’

or

2, Lzgey2
To(llhagll )" > (1?) (i=1,2,...m) (4-42)

Satisfying ineguality (4-—42) for all i is a necessary condition for the
existence of an optimal w.r.a.s. solution to Prdblem 5 when all of the out-
puts have quadratic constraints placed on them. The reason for this is that
if the irnequality is violated for any i, the ith ou1f;put constraint cannot be
satisfied, However, if all of the inequalities are satisfied, the output
constraints may or may not be violated. Hence, satisfying (4-42) is a

necessary but not a sufficlent condition.

Case 3, Magnitude Constraint on All of the Outputs

Suppose that all of the outputs have their magnitudes limited as
follows:

| v,(t)] $Lzgm (i=1,2,...m) (4-43)

Taking magnitudes on both sides of Eq.(4-31) we find

t
d: LY CI]_'“]. ¥
| vty = | L jto hai (t,7) [ Kg (tg 0T | SGN [k (tg_,m)]dr |

q1 .t * a-1
<1, It |has (t,7)] [ka (tfo"r)| dr
o
qp oty %* 4 -1
|yt ] < Ly 'rtoo |ha1(tf0'7)l ‘ka(tfo'T)‘ dr
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Making use of Holder's inequality and the argument following Inequality

(4-34), the last expression becomes
qQ * q~1
o] <1 gl ()

or using Eq.(4-29),

lvy(t | < Ly | haiﬂql (1=1,2,...m) (4-44)

Satisfying Inequality (4-44) for all i is a necessary, but not a
sufficient condition for the existence of an optimél w,r.a.s. solution to
the given problem when all of the outputs are magnitude constrained.

The discussion of how these necessary conditions are used in a

computation scheme is deferrad until Chapter VI (Section 6.3.2).

4.8 Finding the A\'s When the Quadratic Content of the Input is Constrained

In this section, it is demonstrated that an algebraic technique can be
used to find the JL*' s and tfo when a quadratic constraint is placed on u;(t},
i.e. py=2inEq.(4-3).

In order to find t; , it is recalled that Ikl q, Must be minimized with
respect to A; subject to the condition in Eq.(4-28). From Eq.(4-6), if
ppL=2, q=2. Using the definltion of ka(t) (Eq.2-12a) together with

Eq.(4-24), the quadratic norm of k, is

te
(llkqll)* = Ito (2B (tm)dr
or

t
£

(likgll2)* = J’t (A1 b (b 1) # Ao hig (b5, 1)+ L Agham(te,m) a7
(9]

(4-46)
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Solving for A; in Eq.(4-28) (assuming that Yq, # 0) and substituting the

result into Eq.(4-46), we have

hal(tf:’r)
Yd, 2
haa(tf:‘r) - yd hal(tf"r) =
1
> o |1 .
(kalley = [ [‘H' Mo dae s A - : dr
tg 1 Ydp,
ham(tfl T) - ;d_ hal(tf:’r)
1
L 1 (4-47)
Now define
W o AfL
(._X_)B=(Ydla7tza la;-..km) (4-48a)‘
_ . -
de
A hy, (tf,T)
H_(ts,T) = H_(te, 1) - 221 | ¥g (4-48b)
...a( fa )B _a( f ) Ydl ) 3
Ydm

Then Eq.(4-47) becomes

2 tf . 2
(kM) =j't0[(L)B CHy(tgmigl dr

To minimize this norm, we must take partial derivatives with respect to Aj

(1=2,3,...m) and set the resulting expressions equal to zero. Thus

_3_ tf 1 . X.C_iz_h t dr = 0

™ 21‘% () * Holtg gl (hgy(tem) = 5 % Ba,(tg ) T =

o S TN Y4 _ 4-49
™ 2J’to (g Byltrsmig) (haglt,m) =3 Mha (g )T = 0 (4=49)
3 2J‘tf[(r) CH_(t 1').'](h (£ T)_Xd_mh (t;g,m))dT =0

S..;..:...: to &/'g =a fr'lg am' £’ 'ydl ai ff



-86~

Multiplying the first of these equations by A,, the second by A;, etc., and

adding gives

Yd | vd
te _ Azfha,(te, 7) '{;'a"z ha,(te,T) 1+Xalhy,(ts, "')"f}f ha,(ts, )]
[Tt Byt mg1 1 1 ar 0
+ g '=a B- N Ydm
) ™ [ham(tf,r) -—_Ydl' hal(tf,‘r)]
- ( 4-50)
Subtracting this equation from Eq.(4-47) vields
t h, (tg7)
2 £ a,+ f
= ) . te, . ,__.,J._d
(Meall)” = §,_(Q)g" Ho(tgimg I~y —dr
In order to find tfo we must solve (Eq.4-29)
t hy (tg ,7T)
¥ 2 _ plop, %, a\ g _ 1
(g ll)” = J, " T0Mg - Byltggempl—y —d 7= 1 (4-51)
where the asterisks indicate that the X's used are those which minimize
|| ka" ¢ 1.e. satisfy Eqs.(4-49) . Equations (4-49) are now simplified by
2
writing each equality as
tf te ! ha,(tg . T)
Op 4% Op, % 1 g
. tf , h T)dT = ‘H_(tf , ~——dr
Jig T g Hltto mgThgy(tegumdr = vy [ IO g Holtegu 7 10

and substituting Eq.(4-51) on the right hand side of each of these equations.

This gives
t
fo. Ydl
*H_(te , te , = k.
J,, " )" HaltgyemigThay(tggemdr = T3
tfo ¥ . ydz
‘rt (e )B Iia(tfo"r)ﬁj haz(tfo: rdr = rl'z"

o (4-52)

L]
*
.

tf ¥ Yd
J;o T )B . f_ia(tfo,f)ﬁ'.l hg(tf ,T)AT = lem
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Since Ija(tfo,'r)ﬁ and therefore all of its elements are independent of
the Xx'ls ; BEas(4-52) represent a set of m-equations which are linear in the
(m-l)-k*'s and non-linear in tfo. As a conséquence, these Xx"s can be
eliminated leaving a single equation in tfo' Thus the problem of findil;lg tfo
is reduced to finding the real root of a transcendental equation, a routine
calculation. Once the terminal time is known, the X*'s are found by solv-
ing a set of (m-1) simultaneous linear equations. Any of the well known
.techniques can be used. t

Equations (4-52) can be obtained from the expressions for the terminal
conditions as is now demonstrated. Since q; = 2 the optimal w.r.a.s.

input in Eq.(4-26) becomes
* ]
u(t) =L’ k (tr . t) = L2 ¥ - I;I_a(tfo,t)] (4-53)

Making use of the superposition integral, the outputs at t = tfo become

tf .
vilte )2 vg, = [, “PayltegemLe® (¥ “Hy(rg mldr
o]

tf \ ' '
valts ) By = I, Baftng L I8 B (g om)dr
(4-54)

te .
A _rto .
ym(tfo)=ydm-jto ha(tr o PLE [X * Ho(tg ,m)1dr

Using Eq.(4-28) and solving for )u* gives

m
1-% A*Yd
¥ _ j=2 "1 79
Al =

vd,

(Y4, # 0)

whereupon

X Haltrgom = (%) * Byt mg

For example L a Gauss-Jordan reduction or a pivotal condensation can
be employed3 .
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Making use of this result, Egs. (4-54) become

Yd, oMol
iz " jto AT )g * Btz o mlg] hay(tr ) d 7
Yd, WHo.
i -jto ey ) ga(tfo,f)ﬁjhaz(tfo,f) dr (4-55)
Y4 tf 1
T2 Oy T Byt ,mplhg (te )T
to _

Equations (4-52) and (4-55) are identical; therefore, the X's and tfo
can be found by solving the set of equations which results from satisfying

the terminal conditions using the optimal w.r.a.s. input and Eq.(4-28).

4.9 Finding the \'s When the Input is Magnitude Constrained

The problem of finding the A*' s when the input has its magnitude
constrained is a considerably more difficult problem. In the expressions
which result from taking partials of H kalll with respect to the A{'s , there
is no linear dependence upon the X's. A technique used to solve problems
for systems héving two outputs and two inputs under these conditions is
now presented,

As there are two outputs and the augmented plant has only one input
(see Figure 1-2), ka(t) is a scalar. Using Eqs.{2-12a) and (2-38) with
q=1, we find

t

f

I, = jt | Aiha(ts, ) + Aahg,(te, ) [dt (4-56)
(o] ‘
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Making use of Eq.{4-28), A, is eliminated and Eq.(4-56) becomes

tf hal( tf' )

¥4,
[ xall, = fto |————-—Yd1 + Az [ha,(te, ) - T =y (t,m)] dr

Taking the partial derivative of the right hand side of this equation with

respect to A\; and utilizing the results of Chapter 1II, Az* must satisfy the

following equation:

tg Yd, <Ny (Bl 7) Y

dp
Io[haz(tf,'r) va, hal(tf,r)]SGN[—-——-:—“+ Az [haz(tf,'r)-y—d-lhal(tf,r)]]df=0
(4-58)
In addition, tfo is calculated from Eq.(4-29), i.e
te ha (tg,7) 4
f, a1 f d 1
—_— + h, (te,T) ——hg (t 4-59
g B hal hay(tsm) = 5= hay(tem) Jldr = o (4-59)

The values of ty and A; which permit the last two equations to be simult-
aneously satisfied are tf_ and Az(- . It should be noted that this is a con-
siderably more difficult computational problem than that of the previous
section. Discussion of the computational procedure which is used to solve

the following examples is deferred until Chapter VI (Section 6.2.2).

4,10 Examples - Multiple Qutput Plants

The results of Sections 4.6 through 4.9 are illustrated in Figure 4-8
for the two-output augmented plant.

For the six examples presented in this section, the_ optimal w.r..a. s.
approach is used to solve the following problem:

Determine the values of the feedback coefficlents A and B and find the

input, u;(t), which drives the two outputs from the crigin'to the terminal point



U,

=480~

' 4

Figure 4-8 Augmented Plant used in Examples 4E-4,5,6,7,8,9

U (t
1( )A.
2 ----------- 3
]
i
I
1
'
: o= 1
0,759 1.441
-2

Figure 4-9 Optimal w.r.a.s. input for Example 4E-9
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Yd, 0.5

Y(Te) = Yq =

in the shortest elapsed time, and permits :c_l:;g constraints in Eqs.(4~-3) and
{ 4-25) to be satisfied.

In the first three examples u;(t) has a quadratic consfraint on it
and the method introduced in Section 4.8 is used. For the last three
examples a magnitude constraint is placed on this input and the results of
Section 4.9 are utilized.

A comparison between T, and T* is made in accordance with the dig~
cussion in Section 1,3. Thus Eqs. (1-5) and (1-6) become

el = L2 ( 4E-20)

and

L, = |A[L;z + |B|L;; (4E-21)

where L;;, L,,, and the p;; are defined in Eq.(4-25) , and T* is calculated
from Eqg.(2-33) using the impulse responses of the given plant. Using the
previously defined terminal conditions and Egs. (2.12a), (4-28), and

(2-31), the expression for T* becomes

5

T * *
L1[Io [+ Ayt

a -i/a T g o1/
Tac] o m[f e+ gl at] =1 (aE-22)
O

where A-;-I is the value of X, that minimizes ||l<_.]|1 .
Defining the state variables for the augmented plant as shown in
Figure 4-~8, the state equations, fundamental matrix and impulse response

matrix are respectively



0 1 0 0
X = A B 1 |x + 0 ug
0 0 0 1
1 0
X = X
0 1
rt r;t
(rze 1 -Te )
+
[(r-Be ™t —(r-pyett]  [eNtoe™h MRS
(r1~rz) (r1-r2) Iy Iz
¢(t) = A[grlt _ erzt] [_I_Jer]_t _rzerat] [erlt _ erzt]
(r1-rz2) (ry-rz) (ry-13)
0 0 1 J
1 1 rt rpt
-=|1+ e -re
A[ (ri-rz) (r2 ! ).—_l
H (1) = : (4E-23)

(erlt _ er;_t )

(ri~rz)

where

1
2 F)
n=g (58

B B2 2
- (T+2)

Substituting the values of y5 and y4 into Eq.(4-28), one of the }L*' s is
d; d;

(4E-24)

r

immediately determined, i.e. X;— = 2

4.10.1 A Quadratic Constraint on the Input

If u;(t) has a quadratic constraint placed on it

RN ™ | (4E-25)
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and the results of Section 4.8 are applicable. Using the value of JL:(-

found above and Egs. (4-53) and (4E-23), the optimal w.r.a.s. input is

*
eT1(To-t) re Tl To- t))]+( ; [ rl(To-t)_erz(To—t)]]
_ T -rz

() = L[ 1+ (n T (28
(4E-26)
Utilizing this result in the superposition integral, the two outputs at
t=T, are:

2T

o (e2r1To 1) 1;2’21'0-1) -i(l..eBTO):I
(1'1-12) [ r33 AB

(erlTO _)_ (erzTD _1)
[ I'zz ]

YiTo)=Ly* A(rl-rz) =3
*
: AZ (]-_erll].‘oJ + (er3T0_1)+ 1 ((ezrlTo 1)+ LzrzTo 1} (1—8BTE) ]
(r1=-rz) Arn, Ar; (ry~rz) 2r,? 2r,°
- : (4E-2"7a)
= =1
(r1 -r3z) o
L2 2(1-¢"110) . a(ef2To gy N
v2(Tg) =-—J-(r1-rz) Ar, Ar, =0 (4E-27b)
(e2r1To 1, (e2rzTo L) 2( l—eBTO)]
(1' 1 'rz) [ 2n 2r;
-

Solving for AX in Eq.(4E-27b), we find

(£per )[2(1-er1T°)_2(1-er~"T°) (e e?1%0-1y, (%01 +2(FTo )]
2= et Ar Ar; (ri-rp) T’ A
*_
[@2“%—1) LLefrooy 2, o 7o)
2r; 2r; B

(4E~28)
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’ ¥
This result is now used to eliminate ); in Eq.(4E-27a). Thus

2T 2r,T r,T
., (e ° 1) (e79-1) 4 BT, N
A (1'1 -rz)[ s’ * ( 1 :l

r

[(er1 °_1) (e 3T°;D-‘ _
A(rrrz) r°
(l_erlTo) 2(erzTo_l) 1 L@2r1TO 1) L 21.'3T0 1) 2( 0 1) 2
+ + ( 3 ] 1
Ary Ar, (I']_—I'a) Iy r; A 1

. = 9L 2
[(ezrlTo-l) . (e2rzTo_1)4; 2 (1_eBT0 ] 1
2r 2r, B )

(4E-29)
i1t is observed that the only unknown in this equation is T,. Hence,

it is only necessary to calculate a real root of a transcendental equation in

order to find the elapsed time for a given set of feedback coefficients. Az is

then found from Eq.(4E-28).

The expressions for the two outputs at any time, 0 st sT_, can be

" shown to be

2t : rlTO( rlt e-r3t)+erzTo(erzt_e_rzt)
(rl—'rZ) [ rzs
2 -Bt ryt+r T r.t+r T
—XB-(e -l)(e 1 T éT04g7 2 2 o)]
ya(t)=L{ [(l'e TheToreth (1o " ore™) 1+
' ! A(rl—rz) r,?
,}'(erlTo(l'e-rltl _ e"2Tof l—e-rzTo)) +
A r s
A* ( r1T0(er1t_e-r1t)+ e|I'zr.|'.‘0(erzt_e—rzt) .
(ry-rz) | (71772 2r* 2r;?
1742
. (e-Bt-'].l er1t+r2To N er1T0+rzt)
B ( r ' r;
i ' 1 | (4E-30a)
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1 l:erlTo( erlt_e-rlt)+ eI'zTo{ erzt_e-l'zt) .
(ry-r2) n’ r’ '
- +
2(e Bt_ 1l(er1To+r2t erlt raTo) ]
+ + +
B Iy rs
201 | 2™y
2
y (t)=_.1_".1.._ AI']_ Ar;
A1) o
X% erlTO(grlt-e_IE)+ erZTOLerzt—e—rzE)
j (r1-r2) 2ry arp
-Bt
+ ‘e = —1! (er1T0+rzt+ er1t+rzTo)]
- 1

(4E-30b)

As it is not possible to find closed form expressions for || yill1 or
”Yi H (1=1,2), a numerical integration procedure must be used, The follow-
2
ing results are obtained using an IBM 7040 computer with L, = 2. A sample

data sheet is found in Appendix VI.

4E-4 Both Qutputs Limited in Magnitude

In Eq. (3-25b), choose Ly; = 0.805 and L;; = 0.500. Then employing

the computer search, we obtain

T, = 1.146
X = -~0.884
A = -10
B = 3.5

—_ e

Substituting these results into Eq.(4E~26), the optimal w.r.a.s. input is

uy=0.2f1+ o'+ T8(1-146-0) 4 330 5in2.63[1.146-t] ~cos 2.63(1. 146-t1) |

Using Eq.{4E-22) with q; = gz = 1 and L, = 9.8, and carrying out the mini-
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mization with respect to -)‘II‘ T* is found by solving the following equations:

¥ % K 2
T (A O F
kX -2(1*)3/"[LI:-XL n- ! ;I) +9, B[(T )e+(T )A§I+-—21—I— ] =1
e L 0 Tt oF) (3T 1))
(T II I A2 _ 3f2 11
= e+ — ] 0,017 (T%) FE 5

Then, T*-“- 0.82. Thus the elapsed time must be increased by a factor 1.4

when the optimal w.r.a.s. gpproach is used.

4E-5 Both Outputs Have an Integral Constraint

Choose L;; = 0.300 and L,; = 0.500 in Eq.(4E-25a) with p, = 1. Then

T = 1.430
2= 1144
A = -5.0
B = 0.75

Using Eq.(4E-28), the optimal w.r.a.s. input is

20-375(1. 43_t)_<

uy(t) = 0.4[1- 0.349 sin2.21(1.43-1) +cos 2.21(1.43-1) ) |

For this example, @y = 2, ;= , and L, = 1,875, The two expressions that

must be solved in order to find I‘* are
* ok

¥z
1) =2(T*)3/z"ﬁ+ M + il 1+1 875 [217%42% 7 =
k0, 5 2 3 II
* % ¥ 2
*2 AT A7) A%
(Gl . 3| = -.0888(T%2 [37*+ 42} ]

Therefore, T*-—" 0.527. The elapsed time is thus increased by a factor of 2.2.
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4E-6 Both Outputs Have a Quadratic Constraint

If in Eq.(4E-25a) we let L;; = 0,348 and L,, = 0.471 with p, = 2, then

T, = 1.534

A = -1.312

A = -3.0 '
B = 0.5

Using these results, the optimal w.r.a.s. input is

u(t) = 0.667[1 - 60'25(1'514_t)<0.621 sin1.71[1.534-t]+cos 1.71[1.534-1:])]

T* is found by solving

¥*
xz AlT* (}L Y 7
3, (T 151 11
1Y), = 2(7% /Z[( s ] 1, 312(1“‘3 [—-(T*ﬁ +2Tg 0 |
and
4, %2
l- (T)+2TA +(AII) 0 05 [T* +AH]
= - 47
L(l;s . Alle . (ln) T [3'1' +4AII]

simultaneously, whereupon 'I'* = 0.990. Thus the elapsed time must be

increased by a factor of 1,55 when the optimal w.r.a.s, approach is used,

4.10.2 Input Magnitude Constrained

If uy(t) is magnitude constrained, i.e.

lug(t)| = L, (0sts T,

the results of Section 4.9 can be used to obtain a optimal w.r.a.s. solution
to the given problem, Since it is not practical to obtain explicity express-
ions for the output quantities, numerical integration is again employed. The

computer program which is used to solve the next three examples is in
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Appendix VII and the flow diagram is shown in Figure 6-2.
Using Eqgs. (4-28), (4~27) and (4E-24), the general form of the
optimal w.r.a.s. input is
*
u(t) = Ly SGN [2ha (To-1) + Az ha,(Ty-t)] (4E-31)

4E-7 Both Outputs Limited in Magnitude

Let L;s = 0.435 and Ly, = 0,500 in Eq.(3-25b), we find

T, = 1.865
A = -0.892
A = 2.0

B = 1.0

Substituting these results into Eq.(4E-31), the optimal w.r.a.s. input is
found to be a step of amplitude 2. Making use of Eq.(4E-22) with
g; =gz =1 and L; = 1.37, and carrying out the minimization with respect

*
to AII' T is computed from the following equations:

2 g *2 K * * *2 2. %3
3 (T )+ 1.37(T") +AHT (1.37+T) +0.685(A ) -3 ) =1

* * 9% . *
(>LH)2 - 0.6854, = T (.685+0.5T )

¥* .
Then, T = 1.,03. Thus, the elapsed time must be increased by a factor

of 1.81 when the optimal w.r.a.s. approach is used.
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4F-8 Both Outputs Have an Integral Constraint

Letting Ly = 0.330 and Ly, = 0.500 in Eq.(3-25a), withp; = 1,

we find
T, = 1.602
A2*= ~1.057
A = -1.0
B = 1.0

The optimal w.r.a.s. input is again found to be a step of amplitude 2.
For this example, q; = 2, g3 = =, and Ly = 0.830. The two expressions

. *
which must be solved in order to find T are
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2 %3 ¥.2 ¥ % ¥ 2 3
3(T) + (T ) JLH+ 1.660T + 0.83 ‘\II" 3(}LH) =1
2 *2
(AH) - 0.5(T") = 0.415

Then, T*= 0.91. The elapsed time is thus increased by a factor of 1.76

when the optimal w.r.a.s. approach is used.

4E-9 Both Outputs Energy Constrained

Letting L,; = 0.312 and Ly,

0.507 in Eq.(4-25a) with p, = 2, we find

T, = 1.441
A = -0.802
A = -6.0
B = 1.0

Using these results in Eq.(4E-31), the optimal w.r.a.s. input is

0.5(1.441~
u(t) = 256N [1-e 3(1.441-1) ) 794 sin2.4(1,441-t]+ cos 2.4[1.441-t]) |
{

This is a "Bang-Bang" function with a single sign change. See Figure 4-9,

T* is found by solving

2 %3 *.2 ¥ 4

2+ Ay - 2o 2.8 (N [ 2t 0T = 1

(%7 [T+ ]

*.2  (T®)?
(O - 5

*

4 32 3, ¥
= (1) + 2T AL + (A

1
L1
) ]2 =1.189

simultaneously. Thus, T*= 0.740 and the elapsed time must be increased
by a factor of 1.95 when the optimal w.r.a.s. approach is used.
Examples 4E -4 through 4E-9 indicate that for the plant shown in Fig-

ure 4-8 , the elapsed time must be increased by a factor of less than two In
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order to satisfy all input and output constraints and the terminal conditions

by using a feedback arrangement as part of the controller.

4,11 Summary and Conclusion

In this chapter, the optimal w.r.a.s. solution of Problem § was
formulated for single and multiple output systems. Some necessary conditions
for the existence of such a solution were developed. For single cutput plants,
a lower bound on the elapsed time was obtained when the output had either
an integral or a quadratic constraint placed on it. It was also proven that
the magnitude of the output is always less than or equal to lydl when the
optimal w.r.a.s. input is used. From this result, a simple test for determin-
iﬁg whether an output magnitude constraint can be satisfied was given. For
multiple output plants, it was demonstrated that when a quadratic constraint
is placed on the single input to the augmented system, the problem of finding
the X's is reduced to finding the real root of a transcendeal equation. A pro-
cedure for finding the A's when the input was magnitude constrained was
illustrated for a two output plant.

It is significant to note thaf the procedures for finding the opﬁmal
w.r.a.s. input do not depend upon the detailed structure of the specified
portion of the controller. As a consequence, the results contained herein
are directly applicable to any form of feedback, e.g. feedback signals pro-

portional to either the derivative or integral of the outputs.
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V. QCPTIMAL CONTROL OF A CLASS OF LINEAR PLANT

5.1 Introduction

In this chapter it is shown that when the quadratic content of the
output of a single output plant is constrained, there is a sub-class of |
Problem 5 for which the optimal w.r.a.s. solution is optimal. It is demon-
strated that this situation is only possible when the feedback coefficients
of the augmented plant are constants. The conditions which must be satis-
fied in order for the problem to belong to this class are derived and several
examples_ included. Unde_r these conditions, it is also demonstrated that if
the given plant is stable, the augmented plant is generally unstable. Finally,
it is shown that the optimél w.r.a.s. solution can never be optimal if an

integral constraint is placed on the output,

5.2 Formulation of the Problem

Let a linear, time-varying, nth order plant with r-inputs and one
input be described by the following set of state equations:

x = Knx+F(tu (5~1a)

y = C(thx+D(thu (5-1b)

where -E-(t), F(t) ; —C':(t) , and —D(t) are respectively (n®n), (nXr), (1Xn) and
(1 Xr) time-varying matrices, Furthermore, suppose that u,(t) (the first
element of the input vector, u) is constrained so that

~ obf P 1/131
Ilulllpﬁ[Itolu:(t)\ at] ' =Ly (m=1,2,%)  (5-2)

—_—
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and that the remaining inputs are restricted to the class
u(t) = ay(t) yit) (=2,3,...1) (5-3)

where the aj(t) are time-varying feedback coefficients. See Figure 5-1.

In addition, it is required that the output satisfy the initial and a terminal

condition
y(ty) = 0 (5~4a)
vt = vgq ' (5-4b)
and that its quadratic content be constrained, i.e. |
(vl = J‘:j yX(t) dt > L?_ (5-5)

The problem is to obtain the input, y;(t), and the values of the
feedback coefficients such that both constraints and the initial and terminal
conditions are satisfied and the elapsed time ' T=te-ty is minimized.

Note that this is Problem 5.

As is shown in the sequel each of the inputs in Eq.(5-3) actually

has a quadratic constraint on it of the' form

lull, = by (1=2,3, ...1) (5-8)

where the bj's are a set of positive real numbers. If these constraints are
as_sumed to be gpecified for the given portion of the plant in Figure 5-1,
there is a set of r-inputs which permits gll input and output consiraints
and the initial and terminal conditions to be satisfied in the shortest
elapsed time, T*= tf*- ty. These are the "time-optimal” inputs. Itis
noted that when the feedback coefficients are constants and the optimal

w.r.a.s. solution is used, the elapsed time, T, is generally greater than
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Given, N'? ORDER

LINEAR, TIME -VARYING-.—T
PLANT

a.(t)

Figure 5-1 Augmenied Plant with time-varying

feedback cocefficients
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T*.because the inputs in Eq.(5-3) are not usually optimal., Under certain
conditions, however, they are optimal and hence '1‘0 = T*. These conditions

————

are now derived,

5.3 Conditions for a Time-Optimal Solution

The conditions for a time-optimal solution for the above problem are
contained in the two assertions which are now proved.

Assertion I

Let the constraints in Egs.(5-2) and (5-5) and the initial and
terminal conditions in Eq.(5~-4) be imposed on the linear system described
by Egs.(5-1) and furthermore, suppose that inputs u,; through u, are
restricted to the class defined by Eq.(5-3). A necessary condition for the

above problem to have a time-optimal solution is that the aj(t)'s be positive

or negative constants,
Proof: It is first demonstrated that each of the inputs in Eq.(5-3) has an

equivalent quadratic constraint on it. Forming the quadratic norms of the

inputs u, through u. gives
2 _ o't 2 P
= = = . s "'7
ol = J,_ tag"ae= [~ ajorvim de (1=2,3,...1) (5=7)
Using Hdlder's inequality, this equation becomes
N te o4 ql/arts .. P al/p
= ' -8
llu, ||2 j'to.aj(t) yi(t) dt s[j‘to laf(t | dt] Utoly (t)| dt] (5-8)
where

1,1
=42 =] 5-9
P q (5=9)
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As there is a quadratic constraint on the output, p is chosen to be one,
whereupon q = «, In addition, since the left hand side of (5-5) is a
monotonic increasing function of tf, and since a minimum time solution is

required, the inequality in (5-5) becomes an equality, Thus

|IY||: = .f: yA(t) dt = L2, (5-10)

Using these results, Eq.(5-8) becomes

t
f

llu,IE={ iyt dt < |A o Ll (1=2,3,...0  (5-11)
o

where Aj max 1S the maximum value of aj(t) in the interval (t,, ty). From
this Inequality it is seen that each input, u, through u. has an equivalent
quadratic constraint placed on it.

Now let it be assumed that the set of derived constraints in (5-11)
is specified in advance, Each of the given plant inputs is now constrained.
In Section 2.2.3, it was mentioned that a necessary condition for a time-
optimal solution to exist for a linear system with multinorm cons;traints on
_ the inputs only;is that these constraints become equalities. Applying this
condition, we require that inequalities (5-2) and (5-11) be satisfied with
the sign of equality. In (5-11) it is implied that Hdélder's inequality

becomes an equality. Using Eq.(A-8) (Appendix I)
-1
a1 = Ky ly’(t) P77 6N [y3t)]  (1=2,3,...1) (K >0) (5-12)

Since p = 1 and y*(t) = 0, Eq. (5~12) becomes
2 —
aj(t) = Kj

or
ay(t) = & A, (5-13)
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where AJ is a positive real number. Thus, aj(t) = Aj <= &Aj, i.e. the

ma
derived constraints in (5-11) become equalities only if the feedback coef-

ficients are constants. Using this result in Eq.(5-3) it is seen that

u, (t)
y(t) =Xj—rjn;* (i=2,3,...1) (5-14)

Taking quadratic norms on both sides of this equation and using Eq.{5-11)

(with the sign of equality) yields

u ll,

||v||2 " TE ol L, (3=2,3,...1) (5-15)

Satisfying the derived constraints on inputs u, through ur with the
sign of equality is equivalent to satisfying the constraint on the output
with the sign of equality. Thus a necessary condition fér the existence of
a time-optimal solution is that the feedback coefficients be positive or
negative constants. This completes the proof.

" For the system described by Eqs.(5-1), the impulse response
matrix is an r-dimensional column vector of the form

hy(t, 7) ]

hz(t:‘r)
H(t, 7} = . = C(t)e(t, ) F(y) + D(t)6(t -7) (5-16)

_hr(ﬁ,-r) |

Assgertion I

Given the plant in Figure 5-1 and the restrictions imposed in
Asgertion I. In addition, let the feedback coefficients , aj(t), be constants.
The necessary and sufficient conditions for a time-optimal solution to the

problem in Section 5.2 are that
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i |
Ly [blly, + 12 2 [Aq] lyll, = lvg] (5-18)
1-q q;-1
w® =Ll el n] seNlh,y] (5-19a)
* | . :
Lo hy(te, t) SGN (AT ¢ t %
T =L, T lAnl{ohntt.rJ ho(tg  m)d T

t
+J; h(t, 7) wimdr (J=2,3,...r) (5-22)
(o}

Proof: In Section 2.2.3 it was indicated that the necessary and
sufficient conditions for the existence of a time-optimal solution for
problems involving multinorm constraints on the inputs only are that the
conditions in Eqs.' (2-33) and (2-34) be satisfied, For single output plants,

these conditions become

. 1- -1
up (1) = Ly (|l hnﬂqn) n |hn(tf*,-r) |qn SGN[hn(tf, ] (5-17)
and

q

T L (i tan 5-18
nes n n‘qn) "|Yd| (5-18)

where the Ly are identical to the Li’s in Eq.(2-26) and tf* is the least
value of t; satisfying Eq.(5-18). Making use of the constraints derived

for u, through u., (Eg.5-11) and also Eq.{5-2), we have

Ly = L,
Lp =Lz |Aq| (n=2,3, ...1)
dn = 2

whereupon, the two previous equations become
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1~ -1
w®) =Ly (Il [h(tghn | SNyt 1] (5-19a)
(t) el h (t* t) (j=2,3 ) (5-19b)
u = : Fd VT -
i H thz JvE _ |
r
Lifimlg, + L2 Z, |Aq] Bl = |vql (5-20)

By forming the appropriate norms, the inputs in Eq.(5-19) can easily
be shown to satisfy the constraints in Eqgs.(5-2) and (5-11) with the sign
of equality. As was previously demonstrated, this also permits the output
constraint to be satisfied (with the sign of equality). Since u, through u.
are restricted to the class defined by Eq.(5.-3) (with aj(t) = Aj) g time-
optimal solution can only be obtained if the inputs in Eq.{5-19b) belong

to this class. This requires that

T u;(t) L ¥* _ '
v(t) = A = “hj”a S5GN [Aj] hy(tg, ) (§=2,8,...1) (5-21)

However, the output of a linear plant with r-inputs is known to be

r
y(t) = Z .r hj (t.7 Yy {(r)dT
= to

Substituting Egs.(5~19a) and (5-21) into this expression yields

L, .o« E Cr Lt hy(t, Mgty mdr
T L : T S d' i Lo hy(t, Ph
) L)y = ' + 1L —
-[—Z—Ihj I SGNLA] " hy(tg, ) J; ohl(t Tu(ndr+ L, B el
(3=2,3,...1) (5-22)

o

If a set of A's (call them N s) can be found which permits this
relationship to be satisfied for = 2,3, ...r, the inputs u; through u_

obtained using feedback are identical to those in Eqs.(5-19b). Therefore,
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the condition in Eq.(5-22) together with those in Egqs.(5-193) and {5-20)
must be satisfied in order to have a time-optimal solution to the problem

in Section 5.2. This completes the proof.

5.4 Conditions for an Optimal W.R,A.S. Solution to be Optimal

Since the specified portion of the controller for the class of systems
treated in the preceding chapter consisted of feedbac_:k coefficients which
were also constants, the optimal w.r.a.s. and time-optimal soldtions. to
Problem 5 can be identical. In order for this situation to occur, the
optimal w,r.a.s. input (Eg.4-5) and the time-optimal input in Eq.(5-19a)

must be the same. That is

: et | a;-1
Ly | hy(te, )| h (tg,T) Ly |hy(ts, 7|

—~———— | SGN = ———,; SGN (hy(tf. 1]
(lingll )™ [ ¥d (Ml ™
or 1
qi- =
tho(ts ) ' hylteem), [hu(ts, ) | l

o

gi=1 SGN lhi(tg, 7)) (5-23)

(gl )™ (bl

If Eq.(5-23) is true in addition to Eqs.(5-20) and (5-22), the optimal
w.r.a.s. input not only satisfles the initial and terminal conditions and
the constraints on w(t) and y(t), but also forces u, through u; to be given
by Eq.(5-19b). Thus the optimal w.r.a.s. and time-optimal solutions
are ldentical.

Remark

It is noted that a limited class of linear plants can satisfy Egs.

(56-20), (5-22), and (5-23) simultaneously. Moreover, since these plants
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satisfy these equations for certain values of L; and L;, only a sub~class
of Problem 5 can have identical optimal and optimal w.r.a.s. solutions.

This is demonstrated in the examples found in Section 5.6.

5.5 Stability

The stability of the augmented plant corresponding to a given system
which satisfies Egs.(5-19a), (5-20), and (5-22) can be investigated.
Suppose that a given system is stableT and non time-varying. Then the
elements of the impulse matrix (Eq.5-16} gonsist of linear combinations of
terms {modes) of the form |

2 e cos (wt+ ) (5-24)

where n=0, the equality occuring only if n = 0. In the s~-plane representation
this is equivalent torequiring that the elements of &[ H(t)] 2 H(s) contain
poles in the left hand plane and/or on the imaginary axis.

Under the conditions of Assertion II the output of the augmented

system becomes (Eq.5-21)
() = =2 SGNLAT" h, (- 1) (5=2,3, ...1)
0 = SN AT HC
2

Making use of Eq.{5-24), y(t) is seen to contain terms of the form

¥ .n —‘ntf* nt *
(tg-t) e e cos [w(tg -t) + o] (5-25)

—A

Casel, 4 =1
If u,(t) has a magnitude constraint on it, q; = 1. Then u,(t) is

"bang-bang"” and therefore a bounded input. However, the exmression

That is, the response of the system to a bounded input is bounded for
0 s t <o,
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in Eq.(5~25) is bounded.r as t »w. It is concluded that when a magnitude
constraint is placed on u)(t) the class of stable (and damped) system

satisfying Eqs.(5-19a), (5-20), and (5-22) always produces an augmented

system which is unstable.

Case 2. Q1 =«

If u,(t) has an integral constraint on it, q; = «. Then u;(t) contains
impulses49. Taking the Laplace transform of a typical output term (Eq.5-25),
it is observed that the transform of the augmentéd plant impulse response,
H_(s) ﬁ%i(é&)g , contains poles in the right half of the s-planef. The
response of such a system to a bounded input is therefore unbounded.

Thus, when an integral constraint is placed on u,(t), the class of stable

system satisfying Eqs.(5-19a}, (5-20), and (5-22) always produces an

augmented system which is unstable.

Case 3. q;=2

If uy(t) has a quadratic constraint on it, q; = 2. Then
hy(tf - 1)
uy(t) =1, _ﬂ-Equl_
‘ Using the Laplace transform, Iia(s) contains poles in the right half of the
s-plane provided H;(s) does not contain all of the poles of Hj(s) . Thus,

when a quadratic constraint is placed on u,(t), the class of stable system

satisfying Egs.(5-19a), (5-20), and (5-22) produces an unstable augmented

1"I.‘hj.s is true unless n=0 for every term in hj(t) in which case the system
has no damping and the output is purely sinusoidal.
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system if h;(t) does not contain all of the modes of hj(_t).

In the preceding discussion, the given system was assumed to be
stable. If this is not true but instead, Hj(s) contains at least one pole in
the left half s--‘plane, the augmented system is still unstable. However,
if all of the poles of the given system are in the right half s-plane the
constant "n" in Eq.(5-25)is negative and the augmented plant is stable.

The above results cannot be generalized to include time-varying
systems. This is not surprising in view of the lack of a stability theory
for general time-varying linear plants.

Finally it is important to note that although it has been shown that
most of the augmented plaﬁts considered in this chapter exhibit an
unbounded response due to a béunded input as t - =, none of them exhibit
such a response for t <tg (t¢ finite), They are all, therefore, short term
stable. Of course, once the terminal value, Yqr is reached, it is advis-
able to turn off the input, u,(t), and to provide a sufficient amount of

damping so that the output does not continue to grow without bound.

5.6 Examples

In this section several examples are presented to demonstrate the
existence of systems which satisfy the conditions derived in Eqs.(5-19a)},
(5-20), and (5-22). In addition, it is shown that each of these systems
satisfles Eq.(5-23) so that the optimal and optimal w,r.a.s. solutions

are identical.
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5E.1 Magnitude Constraint on u,(t)

Consider the second order, non time-varjring system shown in Figure
5-2. The following set of conditions is imposed:
|y "mé |us(ty| = Ly
I Uznz <AL, |
Iyll, =12 (o5

v(0) =0

v(T) Yd

where T =ty - t = tg,  uy(t) and up(t) = Ay (t) are found so that the above set
of r;onditions are satisfied in the least possible time, T = ™, To Ipermit
some generality, an amplifier of gain K is introduced (see Figure 5-2) so
that

u(t) = K u,(t) (K> 0) (5E-2)

and therefore,
fu(t)| = K juy(t)] = KL, (5E~3)

K will be. set equal to one at the end of the problem because u,(t) is the
actual system input.

Treating u(t) as a system input for the time being, it is easily shown
that the appropriate impulse responses are

2t L 3 2t
e

hy(t) = 6(t) - é-e- +3 (5E-4a)

hy(t) = -51-e_2t (5E-4b)

Using Egqs. (5~19) with q; = 1, the time-optimal inputs are:
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i ‘;Ll

Figure 5-3 Constraint space for Examples 5E~1,2

U=

Y

Figure 5-4 Second order system used in Example 5E-2

Y
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u(t) = KL, SGN [h (T -t)] KL, U(t) (5E-~5a)
_ LA 1y |
ux(t) = m:e U(t) (5E-5b)

where U(t) is the unit step function and T*is the minimum value of T satis-

fying Eq.(5-20). In addition,

Iz, = [f hz(t)dt] UT & dt]" L1-e” T*)% (5E-6)

Therefore, Eq.(5E-5b) becomes

ualt) = 22y e 2T 2ty o 2Bl 2ty (seo)
(l_e_4T ) ( 4T _1)2

Also,
™ 1 -2t 3 L2t -2T% 3 aT*
Il = 160 -5e = 1-21-e"?)+2(e? 1) (5E-8)

Using Eqs.(5E-3), (5E-6), and (5E-8) in Eq.(5-20), we have
. 1
KL 21'*[ -4T7%7 AL —4T*7 _
Ala Ay = -
e 3+e :|+ 0 [1 e ] IYdI (9E-9)

Finally, Eq.{5-22) must be satisfied. In this example, it is possible to
avoid the integration by using Laplace transforms. Thus it is required that

Uls) H(s) + Usfs) Hy(s) = ¥(s) = 2.2 | (5E-10)

The Laplace transforms of u(t), u(t), hy(t), and h,(t) are given by

U(s) *—"]—('SLL
-2T*
2AL, e 1
Ua(s) = T
-4T%3 (s-2
(1-e727)* ) (5E~11)
1 3
Hy(s)=1- 2(s+ ) + 2(s = 2)
Ha(s) = 1 o

5(s+2)
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Substituting Egs. (5E-~11) into Eq. (5E-10) gives

X _ e
KLy, _1/2 , 3/2 2AL,_e —2T 1 I

s L s+2 s§-2 (1- )2 5(s=2)(s*2) —(1“3-4T*)%(5"2)

or
KL[ s(s+1) 7 2L, e"2T* [
'ls(s-2)(s*2) J° ) _~aT®7 (s-2) 5(s+2)
or
Kistl)  _ 26727 (s+2-a/5)
(s=2)(s+2) o -4T* (s +2)(s -2)
Clearly, this equation is satisfied if
A=5 (5E~12)
and *
-2T
2L, e
= 5E-13
K L, ~4T% 3 ( )

(1-e

Using Eq.(5E-12) and Eq.(5E-13) in Eq.(5E-9) gives

-4T*. * 1
‘“—e—s&ﬂl—e‘“ 2] = lygl

Multiplying both sides of this equaf:ion by

1 -4T
—_— (1 -
lel ( >
we find
LI
2L, _ (l—e-4T )2 (5E-14)
|Yd|
Squaring both sides yields
*
=4l = 1 - 4(%,3—)2 (5E-15)

or

¥ L
-2T". —2 2
e = 1-4 5E~16)
(yd (
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Since 0 = e"‘lT*s 1, it follows that

L,

(75 )2 < é— (5E-17)
As was mentioned previously, K must now be set to one so that u(t) becomes

u;(t). Making use of Eq.(5E-13) and Eq.(5E-14), it is found that

2L, _ o 3 _ 2L
.._L_.Z. 2T* (1 4’1‘%22 _yz

or

--4'.[‘EE I; .2
= 5E-18
e (yd) ( )

Combining this result with Eq.(5E-15) gives
L; 2 Ly 2
T =1-4(35)

or

L+ 4L? = y¢ (5E-19)

Equation (5E-19) represents a family of concentric ellipses in L, -L; space
with Yqasa parameter. On physical grounds, L; and L, must be positive
so that only the portions of these ellipses which lie in the first quadrant
are permitted. See Figure 5-3.

For a given value of |yd| , any combination of L; and L; which satis-
fies Eq.(5E-19) is permissible, the minimum time, T is found from
Eq. (5E-18) and the value of the feedback coefficlent is 5. The time-
optimal input is a step of amplitude L,.

For the system in Figure 5-3, the augmentéd system impulse response,
with A = 5, is found to be

ha(t) = 8(t) + 2> | (5E-20)
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From Eq.(5-23) with q; = 1, the optimal w.r.a.s, solution is optimal if

h,(t)

SGN [ v

= SGN [h,(t)]

As h_(t) and hy(t) are always positive, this relationship is satisfied if

yq 20 and we concluc; that the optimal w.r.a.s. and optimal solution!s are
identical. As a verification of this, the optimal w,.r.a.s. approach was
applied to this system withL; =1, L, =-’£é3—, and Yq=2 (see Example 4E~1).
"A" was found to be 5, and T, was 0.347. Using the same values of yq,

L, and L, in Eq.(sz-is), ™=0.347 = T,

Finally, it is noted that hy(t) contains a stable mode. As predicted

in Section 5.5, the augmented plant is unstable (see Eq.5E-20).

5E-~2 An Integral Constraint on u;(t)

For the second order system shown in Figure 5-4, the following set

of conditions is imposed:
lwl, =L,
| uz"z = AL,
Ivil, = L,

v(0) =0

v(T)

¥4
u{t) and u,(t) = Ay(t) are again found such that Eqs.(5E-21) are satisfied in

the minimum time. The amplifier of gain K is introduced once more for the

same reasons as in the previous example. Then

lull, < KLy (5E-22)
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It is easily shown that the impulse responses are given by

2t -2t
hy(t) = &£ )
-2t
hp(t) = ‘e_z"’
Then, * M
21%, -2 2T
I, = S5t = {1+ ™47
and

hall, = 2 (1-e=T)?

The time-optimal inputs are found to beT

u(t) = KL; 6(t)

-2T*
ux(t) = 2L, ¢ ¥1i e?t U(t)
(1 - e-4T )2

(5E-23a)

(5E-23b)

(5E-24)

(5E-25)

(5E-26)

Using Eqs.(5E-24) and (5E-25) in Eq.(5E-20), the expression for 7™*1s

2

* * 1
LK 2T, 4 4T |+ el ) 4T -y

(BE-217)

As in Example 5E~1, the Laplace transform is used to avoid the integration

which is required in Eq.(5-22). Thus we have

U(s) = KL,

2 AL, 1
(1_e-4T*'% (s-2)

)
_i/1 1 __S
Hs) = 2 (s-2+ s+2) s%-4

1 1
Hs) =3 oz

Uy(s) =

+This is true because the maximum of'hI(T*—t) occurs at t=0. See

reference (49).
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Substituting these quantities into Eq.(5E-10) gives

*
KL, _ , Alpe~2T 1 _2L,e"2T 3
(s+2)(s~2) (1_6-41'*)% (s+2)(s-2) (1_9-41'*3'% (s-2)
or
ALZ e-zT*
iuper: vy 2T
KL Kij(1-e%Thz | 1 _2L,e” 1
v s+ 2 (s-2) (1_8-41**)% (s-2)
For the equality to hold, it is required that
2L, e_2T*
K = T (5E~28)
Li(1-e"4)3
and
A= 4 (5E-29)

Substituting these results into Eq.(5E-27) gives

Ll+e"4TtL -4T* 3
L, T t(l-e 2= lvgl
(l_e—4T)2
or
3L _ % 1
2 - (1-oTT)’ (8E-30)
d
4T*

Squaring both sides of this last equation and solving for e , the follow-

ing is obtained

_4‘1‘* Lz 2
e =1-4(5 5E~-31
(3 ( )
~4T*
Since 0 e <1, it is required that
L 2 1
(yd) Sy (6E-32)

Setting K = 1 and making use of Eq.(5E-~31), Eq.(5E-28) becomes



_122-
_21%3, ) (1~ e-4T*)%
or
4(2) [1-4(32)]-465)
Thus,

Lf+ 417 =y - (5E=33)

The locus of permissible values of Ly, L,, and Yq againis the first
qﬁédrant portion of a family of concentric ellipses. See Figure 5-3. The
minimum elapsed time is found from Eq.(5E~-31) and the time-optimal
contol is

u(t) = L, 6(t)
with A= 4,

For the system in Figure 5-4, the augmented plant impulse response,

with A= 4, is found to be

h(t) = ° (SE-34)

Under the conditions of this problem the optirnél w.r.a.s. input 1549
wy(t) = Ly 6(t)
which is identical to the time-optimal input found above.
As predicted in Section 5.5, the presence of a stable modél in
hy(t) means‘that the augmented plant is unstabie. This is verified in

'Eq. (5E-34).
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5E~-3. A Quadratic Constraint on u,(t)

The system in Figure 5-5 has the following set of constraints

placed on it:
I ulllz =L [Hu“z < KL,]

H Uz "2 = ALZ
(5E-35)
Il =1 -

y(0) = O

Ii

y(T) Y4
Treating u(t) as the input to the system as before, the impulse responses

are given by

hy(t) = 220 + 6(t) (5E-36a)
-2t
ha(t) = ~7— (5E-38b)

Since both of the inputs have their quadratic contents constrained,
it is necessary to evaluate [|b, ||, and || hz”z' As hy(t) contains an impulse,
|Ihy ||, cannot be calculated directly. To circumvent this difficulty let

hy(t) = RY(t) + ab(t)

Then:
t t
y(t) = ,L hp(t-T) u(7)d 7 + J"o ha(t-T) up(r)d 7
t t
= L hy' (t-r)u(r) + ab{t-mu(r)dr + [ ht-r)u(r)dr
(o]
t £
= au(t) + _['o hy (t-r)u{r)d v+ _]’o hy(t=T)up(T)d 7
Therefore:

T T
v(t) Eyg = au(® + [ hi(T-mu(ndr + [ h(T-ru(ndr
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Ul—')_' K

Figure 5-5 Second order system used in Example 5E-3

Ve
Ve
V4
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,
S/
45°

> L

Y4, Yd, Yd, T

2 2 2

. Figure 5-6 Constraint space for Example 5E-3
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Now define

A
Yy =vq-auwd) (5E~37)

Then

T . T
vy = J‘O by (T-7) u(r)d 7+ J‘O hy(T-Thug()d T

It follows that Egs.(5~1%9a), (5-20), and (5-22) are still applicable pro-
vided that y d and hy(t) are raplaced by y:_i and hi(t) respectively.

Mal{ing use of these resulis, we find

* .
Iny 11, = [ j: gett citf = ezT*[l -'e-4T*]% (5E-38a)

¥ _ar 1
IR, = [LT E-Iédt]; = %[1 o ]% (5E-38b)

From Eqs.{5~19), the time-optimal inputs are

2K1L,

A ] -2t + -
u(t} m]_% e U(t) | (5E-38a)
. _ar*
u(t) =Bl s &2t U(n) (5E-39b)
[1-e~47]7

Using these equations, Eq.(5E-37) becomes
: : *
V= oy - 2KL, e~2T (5E-40)

The minimum elapsed time is then found from

_2xp 60
[1-e~*To77

KL, ||h) "3 +AL; "hz“z =1 vq

or using Egs.(5E-38),

1
-4T*] ‘ '-'2KLIG—
7

3% L ¥* ¥ 1 vall-e
KL1E1"9—4T ]2 ezT + _'EABL '[1“,8..4‘1" ]2 = ‘ d

21’*‘
[1-e=4T%]
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Employing Laplace transforms as before, Eq.{5E~-10) becomes

~2T*
_oT* g 4 Al2e 7
2L, e 1 ___2KL 4KT, 1
[l-e"4T*]% (s-2) [l_e—4T*]'f (s+2) (s-2)-

In order for this to be an equality we require that

L _ 3
K = =2 g=2T (5E-42)
Ly
and
A=8 (5E-43)

or
¥ kL
2L2[1—e_4T ] = l Yd[]."e-q:]: ]2 - 2Lge

N
Assuming that yd[l-e"ﬂv)e]2 -2L,; e"4T*z 0, T*1s found from the expression

et = - (%L&)Z (5E-44)

¥ 3
Since 0 se"4T =1, (%1_.5_)2 < 1. Under this condition, it ls easily verified

that the above assumption is valid.

Setting K = 1 and making use of Eq.(5E-43) and Eq.(5E~44), we get

l".?-_e'ZT* =1
L,
or )
L (1*_1.)2 —1- (Z_Lz)
L, ¥q
or

=121 -(73) ]
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or

Ly = L[1 - (ZLZ) ] (5E-45)

———

The constraint space for this problem is shown in Figure 5-6.
The time-optimal input is found by substituting Eq.(5E=44) into
Eq.(5E-39a). Thus

L, .
uilt) = v et Ult)

For A= 8, the augmented plant impulse response is

ha(t) = 6(t) + 462 = §(1) + hi(t) (5E-46a)
where

a2t

hi(t) = 4e (5E-46b)

From Eq.(5-23) with q; = 2, the optimal w.r.a.s, solution is optimal if

fa(t SGN [y4] = i (5E-47)
(B Yal = Th lllz

where hi(%) and h;(t) are used for the previously mentioned reason. Sub-

stituting Eq.(5E-46b) in the left hand side of this expression, we find that

*
hy(t) SGN [y',] = 2 o2(t-T7)
[[hlanz 7d [l_e-4T ]E

Using Eq.(5E-38a) and (5E~36a), the right hand side of Eq.(5E-47) becomes

hll |z [1-9_4T ]—2—

Thus Eq.(5E-47) is an equality and the optimal w.r.a.s. ‘and optimal

solutions are the same,



-128-~

As H;(s) and H;(s) do not have common poles and the latter contains
a single left half plane pole, the theory of Section 5.5 predicts that the

augmented plant is unstable, This isin fact the case (see Eq.5E~46a).

5,7 Single Output Systems with Output Integral Constraints

It is shown in this section that the optimal w.r.a.s. solution to
Problem 5 can never be optimal when an integral constraint is placed on
the output. To show this, we proceed in the manner used to prove
Assertions I and II in'Section 5.3.

Since there is an integral constraint on the output, we have

t .
lwll, = .[Ef [y(t)|dt = L, (5~24)
o]

Employing the same argument as that preceding Eq.(5-10), the output con-
straint becomes an equality. By virtue of Eq.(5-3), and once again makin

use of Holder's inequality, we write
t t 1/ap .tf p
f £ a q 1/p
fu, |l = |a(t)y(t)1dts[j‘ gy "at ][ L v dt | /P (y=2,3,...0
1'% i t t
o - to o
(5-25)
Because of the integral constraint, we let p=1 whereupon from Eq.(5-9)
q= », Therefore, Eq.(5-25) becomes
Hujul = ‘Aj max, ”YHI = IAj max'Laa (1=2,3,...r) (5-26)
If an optimal solution is possible, this constraint must be an equality which
requires that Holder's inequality be an equality. This occurs if and only if
: p-1
aj(t) = kj ly(t)] SGN [y(t)] (kj z0)

or since p=1,
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ay(t) = ky SGN [y(t)] (5-27)

Therefore, in order to have an optimal solution, the feedback coefficients
in Figure 5~1 must be positive (or negative) constants if y(t) is greater
than (or less than) zero over the entire time interval, (t,,tg. If, however,
y(t) changes sign during the interval, the aj(t) are "Bang-Bang" time
fl.;nctions .

In addition to the requirement in Eq.{5-27), an optimal solution is

possible only if uj(t) (=2,3, ...r) has the form49

where t; is the time in the closed interval (tg,ts) when |hy(te, t)| is a
maximum. UsingEq.(5-3) and Eq.(5-27), we find
uy(t) = ky¥(t) SGN [y(t)]
or
uy(t) = ki [y(t) |
Therefors,

t
ly(v) | ='u'li(—) (1=2,3,...r) (5-29)
]

Making use of Eq.(5-28), this last equation becomes
I7(t) | = Lo6(t~t2) SGN [hy(te,ts)] (5-30)
Clearly, this can never be an equality if hj(tf,tz) <0, If hj(tf,tz) 20,
then Eq.(5=~30) becomes
ly(t) ] = L 8(ts.ts)

and it follows that
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IY(tf)l =

|
(=]

&t
1

M

|y(ty) | =

|
8
il
il
o+
h

However, the terminal condition requires that |y(ty)|= |yd| . Therefore, it
1s seen that the terminal condition can never be satisfied if the output is
given by Eq.(5-30) precisely the form required in order for Eqs.(5-28) and
{5~29) to be satisfied. Hence, an optimal solution is not possible when a
portion of the controller consists of the feedback arrangement shown in
Figure 5-1. As the optimal w.r.a.s. approach uses such a control scheme,
we conclude that it can never be the optimal solution if an integral con-

straint is placed on the output,

5.8 Summary

In this chapter, it was shown that when a quadratic constraint is
placed on the output of a single output linear plant, it is possible for the
optimal and optimal w.r.a.s. solution to Problem 5 to be identical. The
conditions for this to be tue were developed and illustrated. Stable
planis which satsfy these conditions were shown to produce unstable
augmented plants. Finally, it was demonstrated that when the output has
an integral consiraintplacadonit, the optimal w.r.a.s. solution to

Problem 5 can never be optimal.
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Vi. NUMERICAL CONSIDERATIONS

6.1 Introduction

The examples in Chapters III and IV were solved using a digital
computer. It is therefore necessary to discuss the more important

numerical techniques employed.

6.2 Numerical Search Procedures

This section presents the details of the numerical procedures used
to find the feedback coefficients and the minimum elapsed time (i.e. the
terminal time) in the examples in Chapter IV. Because of essential differ-

ences in the computation procedures used to obtain solutions for single and

multiple dutput plants, a distinction is made between the two.

6.2.1 Single Output Plants

In Chapter IV it was mentioned that it is not generally possible to
find the best set of feadback coefficients (i.e. the A's) by takincj partial
derivatives in Eq.(4~7). The procedure used in this f;hesis is an (r-1)-
dimensional search on the A's. To specifically illustrate the scheme,
consider a system with only three inputs (one constrained and two
unconstrained) so that it is only necessary to find two feedback coefficients,
A; and A; (1.e. a two-dimensional search is required). A range of A; and
A; in addition to the increments, 84, and AA; are selected. For the initial
value of A;, (A1), A; is set to its initial value, A;;. Using this pair of

A's, tfis found from Eq.(4~7). The output is then calculated from the
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superposition integral:

t
y(t) = It hy (t,7)ui(r)dr
(o]

where uy(1) 1s the optimal w.r.a.s. input given in Eq.(4-5). Finally,
the value of the output norm (either Hy”l or Hy]lz) is computed using the
output found in the above equation. The values of Ay, Az, ty, and the
appropriate output norm are stored in the computer memory. A4, is then
incremented to A;,;, where

B = Ayt AR

and the procedure is repeated keeping A, at its previous value. A; is
continually incremented and the cycle repeated until A; = Ayax (L.e. the
upper limit selected for A;). After running through the calculations with
A; at A;axs A is incremented to Ap;, where

A, = A+ AA

A, is initialized to A,; and again allowed to run through its entire range.
The search terminates after the calculations have been performed using
Aimax and Aamax. From data stored in the memory, the computer can be
made to choose the set of A's which permits the output constraint to ke
satisfied for the smallest value of tf, i.e. tfo. Alternately, the memory
can be printed out and the designer can make the choice. In either
instance the optimal w.r.a.s. input is then found frofn Eq.(4-5). This
procedure can, of course, be extended to include systems with mofe than
three inputs.

The flow diagram in Figure 6-1 illusirates a two-~dimensional
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search scheme. The Fortran IV program which implements this scheme
and is used to solve Example 4E-3 in Section 4.5.2 is found in

Appendix IV,

6.2,2 Multiple Output Plants

As mentioned in Chapter IV, a considerably more difficult com-
putational problem is encountered when the optimal w.r.a.s. solution of
multiple output systems is sought. The procedure successfully used in
this thesis for two-output plants is to calculate ty from Eq.(4-58) for an
initial value of A;. This ();,t;) pair is then substituted into Eq.(4-59)

and the value of

J’ Chaylts, ™) -2 hal(tf,-r)] SGNL-—‘Ef—T+AZ[ha2(tf,'r) alftf,'r)]]d'r"()
O
(4-58)
te h3~1(t,t'v T) vd, 1
Fitgde) = [ | —5 —+ x,,[haz(tf.r) hal(tf,‘l')] dr -3 (4-59)
to Yo, 1

F(tg,Az) 1s stored. A; is next incremented by A), and the procedure is
repeated. When the product of two successive values of F(tf,lz) is

negative, Aa*and therefore tf* is bracketed. Modified False PositionT is
then used to locate the point (}La*,tf*). These values are used in Eq.(4-25a) '

and the two output norms are computed. All of the above computations are

f The fairly new technique of Modified False Position:33 differs from the
well known false position procedure34 in that the chord is drawn betwean
the current value of the function and half the value of the function
evaluated at a point on the other side of the root, This modification
accelerates the convergence of the false position technique,
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IA =A+4A
PRINT
A;B; T
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No .
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rpos-rPOg?| | |EX=J I|halde-—
' 0 Y Y
A .
TPOS = X &
|_|FPOSs = FX ,
FNEG+FNEG/ -
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Figure 6-1 Flow Diagram for a 2-Dimensional Search-Single Output System
(Example 4E-3)
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imbedded in a two-dimensional search scheme on the A's which procedes
in the manner already discussed in Section 6.2.1.

: Althouéh the procedure is described for a system with two outputs
and three inputs, it can be extended to plants with r-inputs and m-outputs.
In this instance however, an [m X (r-1)J-dimensional search on the A's 1is
required and m-outputs and their respective normé must be computed_.

The flow diagram for a two-dimensional search scheme for a two-
output plant is shown in Figure 6-2. The Fortran IV program which
implements this scheme and is used to solve Examples 4E-7,8,9 in

Section 4.10.2 is in Appendix VI.

6.3 Practical Aspects of the Search

6.3.1 Single Output Plants

If the ranges of both A; and A; are divided irto n different numbers,
the two-dimensional search described in Section 62 1 requires the cal~
culation of n?® sets of tf's and output norms. If there is, a priori, no
suggestion of where to search for the best set of A's, two computer runs
are necessary. In the first, the increment for each A is chosen allowing
the widest region of A-space to be cqvered in a reasonable amount of
computer time, This permits the values of the best A's to be bracketed.
These values are then refined by rerunring the problem with AA; and A A,
reduced, the search being restricted to the region in A-space located in

the first computer run. For example, in the first set of computations,
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Set: A=0; B=0; AM; BM; TM; AM; AA;AB; AT;AML=1

.

}

3
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s Hlyall o
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rd

A
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1('1‘) j’ gSGN[fMg]dt
"~
Z1=72 ' No Solution -
TA=T T>TM ’
1 I\ A4 zz('r)-f gscN[f gl dt
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Figure 6-2 Flow Diagram for a Two-Dimensional Seaxrch - Two Qutput System
(Examples 4E-7, 8, 9)
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only integer values of the A's are used and AA; = AA, = 1. The search is
then performed from -50 < A; < 50 (i=1 or é). From this data, the best

| A's are bracketed. (e.g. -2 < A) = -1 and -1 = A, < 0). The increments

are now reduced to 0.01 and the search is repeated in this region. A; and

A; can thus Be located to the nearest hundredth.

The results of Sections 4.2 through 4.4 are useful in reducing the
computation time. Since finding tfo in Eq.(4-7) for a given set of A's
involves finding a real root of a transcendental equation, it is necessary
to start at some initial value of t;y and increment until the root is located
between two successive values of tf. Then some root finding technique,
such as modified false position, is used to actually locate the root. Since
a lower bound on t; is available (Eqs.4-13 and 4-17) it is clear that the
search to bracket the root can be started at this minimum value. If a lower
bound was not known, the initlal value of ty would have to be zero and
therefore, the search to bracket the root would take more computer time.

The reduction in time per set of A's is probably small-r. However, as
explained above, this calculation is performed n® times in a two-dimensional
search. Thus the reduction in time per point must also be multiplied by this
factor, Even larger savings are obtained for an R-dimensional search where

the factor is nR.

T In Example 4E-3, the reduction is in the order of 80 milliseconds on an
IBM 360-40 digital computer.
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The two necessary conditions in Section 4.2.1 and 4.4 (Eqs.4-7
and 4-22) which must be satisfied in order for a solution to the given
problem to exist are also useful in significantly reducing computing time.
As explalined above, finding tfo from Eq.(4-7) involves a search for a root
of a transcendental equation. For a given L; and Vq: itis possible that no
solution to this equation exists (1.e. no real root can be found). By placing
an upper limit on the value of t; used in the search for the root, it is
possible to terminate the search after this upper limit is 'reachedl, print
out some appropriate message, and go on to the next set of A's. However,
ifa ty is fourd which does satisfy this equation, the set of A's and tfo can
then be used to evaluate the right hand side of Inequality (4-22), Ifitis_
satisfied the output norm is calculated. However, if the inequality is
violated, some suitable message is printed and the next set of A's 1s used.
The calculation of y(t) and the output norm is avoided when either of these
terminating tests is satisfied. As is discussed iﬂ a subsequent section,
these output quanti’lies require the greatesf expenditure of computer time
per point in the (r-1)-~dimeasional search. Hence, a significant saving in
time is realized by 'elimina":ing those sets of A's for which no solution is
possible, It is observed that the evaluation of the right hand side of

inequality (4-22) is routine.

6.3.2 M_ulttple Output Plants

In the preceding section it was noted that the feedback coefficient

increments should initially be chosen to insure that the values of the best



=139~

set of A's are bracketed in a reasonable amount of computer time, This is

especially true for multiple output plants since the computation time per

Lt

point is increased over that required for single output systems. This increase
occurs because: (1) a set of A%s must be found in addition to tf, and
(2) not one but many outputs and their norms must be calculated.

The results of Section 4.7 may be used, in certain instances, to
eliminate the lengthy calculation required to obtain the outputs and their
norms., Once the set of A*' s and tfo have been found, the left hand side of
the m-inequalities in (4-37) (or 4-42) are computed, If any of these
inequalities are violated all of the output constraints can not be satisfied
and there is no need to find the outputs and their norms. As the calculation
of these output quantities is generally the most time consuming portion of
the search per point, a significart saving in computer time is obtained. It
is noted that the calculation of the m-inequalities in either (4-37) or (4-42)
is straight forward and the additional time required is justified by the
possible savings realized when the output constraints are too severe to be
satisfied.

Unfortunately, inequality (4-45) cannot be used to save computer
time because if this inequality is satisfied, the output magnitude constraints
are satisfied, However, if it is volated the output constraints may or may
| not be satisfied.

In order to avoid large errors in performing the numerical integration

in Eq.(4-58), each of the continuous portions of the "Bang-Bang" type

"..".('
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kernel is integrated separately.r. This requires that the zeros of the
argument of the SGN function and hence the position of the discontinuities
of thé kernel be located before the integration is performed. For this
reason, the value of X, 1s chosen and ty calculated from Eq.(4-58) and

not the other way around. A little thought should convince the reader that

if ty is set instead, a search would be required to find A,. This would
necessitate the calculation of the zeros of the argument of the SGN function
many times for each (Az,tg) pair. Since only one such calculation is required
if A, is set and te calculated, the computation time is considerably shorter

under these conditions.

6.4 GCalculation of QOutputs and Norms

In E:;carnples 4E-7,8,9 of Section 4.10.2, the outputs and their norms
are calculated using numerical integration. In fact, for all but the simplest
cases, this is the rule. These outputs are obtained from the superposition
integral. Thus

t
yj(t)=j’to hyg (M wm{m)dr (1=1,2,...m)

In order to calculate either || ¥4 I, or I[yj ||, an additional numerical inte-
gration is performed. Since this second integration requires appropriately

-’.
spaced samples T, it is necessary to calculate the m-outputs at a sufficient

T This point, although apparently well understood by experts 1s nevertheless
not touched upon in standard texts on numerical analysis. For example, see
references 34 and 35.

TFor instance, if Simpson's Rule36 ig used, (2n+1) equally spaced samples
of yj(t) are required in the interval, (t,,ts).
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number of points so that the norms are accurate. It is observed, however,
that the kernel in the superposition integral is a function of the upper lin;.it, t.
Therefore, each time this limit is changed to t+4At, it is necessary to perform
the entire integration over again (1.e; the previous value of yj(t) cannot be
used to obtain yj(t-I-At) as would be the case if the kernel was independent

of the upper limit.)

From this discussion it is clear why the calculation of the output
quantities for each set of A's takes such a large portion of the computation
time, Por if N samples of yj(t) are required to insure an accurate calculation
of the ocutput norms, it is necessary to perform N numerical integrations for
each of the m-outputs of the plant or a total of N Xm. In point of fact, it
was experimentally observed that the calc;.llation of these output quantities

for Examples 4E-7,8,9 of Section 4.10.2 took between one half and two-

thirds of the overall computation time per point.

6.5 Summary

The numerical search schemes for finding the best set of A's and te,,
for single and multiple output plants was given. It was indicated that when
the integral or quadratic constraints on the plant outputs cannot be satisfied,
the necessary conditlons derived in Chapter.IV can be used to eliminate the
lengthy computations which are usually required to obtain the output
quantities. For single output plants_, it was shown how the lower bounds on
i, derived in Section 4.3 could also be used to reduce computation time., It
‘was pointed out that whendiscontinuous kernels are integrated, it is import-

ant to determine the location of the discontinuities. For this reason, X; is

set and t; calculated in Eq.(4-58) and not the other way around.
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APPENDIX I - A GENERALIZATION OF HOLDER'S INEQUALITY

The purpose of this appendix 1s to extend the usual form of Hdélder's

Iru-'n:{ualit:y44
b 1 b 1
| me v ar] = [ |xw) ae] / I o Pee] % 2 el Nyl

(P21, g=1) (A-1)

with % + "c‘lf ="f, to the situation where x(t) and y(t) are both vectors. To

this end, it is shown that

b n_p P1l/pr 2 g a-1/q
[ xeyael <[ 2 L gl |02 10 dlvllg)” ] (2-2)

- 3 9
where p; 21, g; 21, -i’l_f+%1=l' || 1 and A ! are integrable, the

L, are positive constants, and

 ap b P
[EE R ETOT idt]lfpi (A-3a)

b 1/
A q q
= d A~3b
Iyilly, =[] Tvyor] ™ at (A~3b)
Consider the following integral:
b b n
[ xn-ymat=[ T xydt (A-4)
a a i=1
Taking magnitudes of both sides of the equation, it is observed that
b n b
x.ydt]) = T b dt A-5
1J x-xdt]= 2 | xvdt] (A-5)

and that equality holds if and only if
xy120 (or % v4 < 0) (A-6)

forall 1 and a<t s b.



-143~

Since the integral on the right hand side of Eq.(A-5) involves scalar
quantities, the Hélder's Inequality in Eq.(A-1) is applicable. Therefore,

Eq.(A-5) becomes

"xoyatls T gl lvl Loloy  (a
|fa.>£x|i=1xipi illg (o " gy =Y (A=)

where : and are defined in Eq.(A-3) and and >1,
il p, and Nygllg, q.(A-3) and p; and q;
It is well known** that Inequality (A-1) is an equality if and only if

q-1 -
x(t) = K [y()} SGN [y(t})] (astsh) (A-8)
/
Making use of this condition and Eq.(A-6), it is seen that (A-7) becomes

an equality if and only if

-1
Xt =k | Yi(t)lqi SGN [y;(t)] (ast=b) (A-9)

provided that all of the K; have the same signs.

Now let us define

%y “ifiu—m- (A-10a)

>
fie-

v &1 Iyl 4 (A-10b)

A A
where the Li are positive constants. Since xjy and y; are positive

L4 noa &
=T x A-11
Z 1Y | Z, % v | (A-11)
.- 50
The Holder's Inequality for sums is known to be
L2 Y Y'Y n A PAl/p n A d91/g
T <[z [ > A-12

where p=1, and l+ -Ell*= 1, equality occurring when
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A AL A g-1 A
x; = K|y SGN [y, ] (A-13)

A
for all i and K »0.

A
Since y; as defined in Eq.(A-10) 1s positive, Eq.{A-13) reduces to

A A A g1
% = K y,° (A-14)

Combining Eqs.(h—lZ) and (A-7) and using the definitions in Eq.(A-10) we
have

- i/p.n 1/
10 vaei=[ 2P ly)"] [ 2, "]

_ (A-15)
which is the desired form of Hdlder's Inequality.
In order for this last relation to be an equality, Egs.(A-9) and (A-13)
must hold and all of the K; must have the same sign. Using Eqs J({A-10)
and {A-14) we find that

%81 uml—HTg e ™ 6] P gy 7 & Ty g

T -1 /n; & & el . & ('TH‘! lg__.-‘-s)

Substituting Eq.(A-9) into the integral in this last equation and sclving for

|X; | gives

q-q

EARSSASCA M (1=1,2,...m)  (a-17)

Since the K; can either be all positive or all negative we write

d-qi

o aq
K =KL~ ([lvallg)
where K is an arbitrary constant. Therefore, (A=-15) is an equality if
g _1 |
xi(t) = KLy* (Ilmllq[i)q U |yyt) M7 8GN [yyn)] (3=1,2,...n) (A-18)

fora<t=hbh.
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APPENDIXN I1 - T PROGRAM

MAR

HNORMLTIZT#T#(T+3. %A) -8« %C1-C2 _
DISPLAY ['PLEZASE TYPE DELTAsPPER ,DIFF,START")
ACCEPT DTLTA,UPPER,DIFFs START

DISPLAY [ 'ITERATION LamBaDA - T S
A=, .

K=1

KS=9

KEND=1

KS5=2

GO TO 2

3 A=A-DELTA

33 K=K+1

5 T=START

J=1

Cl1=A%A®A

C2= 4. %(2+-S2RTI2. 1)

45 TPOS=T

FPOS=HNOAMLT]

19 T=T+DELTA :

I7 T .GT. UPPER)Y GO TU 193
FNEGEHMORMIT )

IF ((FPOS*FNEG) .GT. 3.) GO 10 299

39 X=CTPOS*FNEG-T#FPOS)I/ (FNEG-FROS)
FX=HNORME X ]

IF (FPOSYFY) 3115490,390

331 T=X

FNEG=F X

FPOS=FPDS/2.

2% TEST=ABSIT-TPOS)

IF CTEST .LE. DIFF) GO TO 499

GO TO 39

333 TPOS=X '
FPOS=FX '
FNEGERNEG/2.

GO Ta 29

200 FPOS=FNEG

TPOS=T

GO TO 13

199 IF ¢J «E@. 2> GO TO S

GO TO S

499 COMTINUE

ASLOPE=- (X4 X/ 2 A 20%A)V/ {X*ABRSLX/2.+08]3 )
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S=ASLOPE

IF ¢J EQ. 2 GO TO S
T=X+5TART

J=2

GO TO 45

5 CONTINUE

IF (KS5) 21,155,222

22 32=5

T2=X

A2=A4

IF ¢(S1%%52) 16517515

18 51=S82

TI=T2

Al=ap

GO To 150

16 KS=-1

K55=1

Al IF (ABSLA1-32) LE. DIFF)Y GO TO 17
GO TO 15%

15 S1=5

T1=X

Al=A

K3=2

G0 TO 154

159 DISPLAY KsA»%sS

I® (KEND .E0. 23 GO TO 151
IF (X3S .£02. 2) GO TO 3
A=(Aa1+42)/2,

GO TO 33

17 KEND=2

GO TO 159

21 IF (5%51) 31:17.,32

31 52=§ :

Te=X

A=A

GO TO1

32 S1=5%

Ti=X

Al=A

GO TO 41 ) ,
151 DISPLAY [ 'END OF SEARCH"]
END :



- 147 -

APPENDIX III - ASCENT PROGRAM

HNORMITI=TT%(T+3+ %A)=Re%x01-C2
DISPLAY ['PLEASE TYPE DELTA,JPPER LDIFF, START"I
ACCEPT DELTA,UPPER,DIFF,START .
DISPLAY ['ITERATION LAMEDA T 5°')
A=

K=1

KS=13

KEND=1

KS5=2

GO TO 2

3 A=A+DELTA/S

33 K=K+

2 T=START

J=1

Cl=0=sf%A

C2=4e%(2.-3"RT[(2. 1)

4% TPOS=T

FPOS=HNORMIT]

19 T=T+DELTA

IF (1 «GT. UPPER)Y GO TO 138
FNEG=HNORMIT)

IF ((FPOSSSNEG) «GT. 9.) GO TO 229
3% XS CTPOS*FNEG-T#7 POS)I/ (FNEG=FPDS8)’
FX=HNORMIX)

IF (FPOS®FX) 391,409,309

321 T=X

FNEG=FX

FPOS=FPOS/2.

2m TEST=ABSIT~-TPOS)

IF (TEST .LE. DIFF)Y GO TD 499

GG TO 30

302 TPOS=X

FPOS=FX

FNEG=FNEG/2.

GO TO 20

207 FPOS=FNEG

TPOS=T

GO TO 19

197 IF ¢J .EQ. 23 GO TO 5

GO TO 5 -

467 CONTINUE
ASLOPE==(X*X/2e¢=4. #8%A)/ (XkARSLX/24 4 +A3)
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5=ASLOPE

IF (J &%« 2 GO TO 5
T=X+START

J=2

GO TO 45

5 CONTIMUE

IF (K3) 21,15.,22

22 $2=5%

Te=X

AZ=A

IF (S1%82) 16,175,158

18 S1=52

T1=T2

At=A2 _

GO TO 153

16 WS=-1

KS55=1 _

41 IF CARSTA1-A2] JLE. DIFFY GO TO 17
GD TO 159

15 51=5

Ti=X

Al=4

KS=2

GO TO 159

159 DISPLAY K54,X,5

IF (KEND «EQ. 2) GD) TO 151
IF (KSS «500 2 GO TO 3
AT=A
Az=(S23=M2-51%A1+T1-T2)/(352-51)
IF (ABSLAT-Al .GT. DIFFY GO TO 33
A= (Q1+A2)/2,

GO TO 33

17 KEND=2

GO TO 159

21 IF (S5#51) 31,17,32

31 52=5

T2=Xx

A=A

GO TO 41

32 851=5

T1=X

Al=A

GO TO 41

151 DISPLAY ['END OF. SEARCHM]
END ‘

*

)



-~ 149 -

APPENDIX IV

IMPLICIT REAL*B(A—F,0-2)
REAL40QLB(100) +TMIN{100) 4 YNRMALLOO) s YNRME(100)

HNORM(T)=Cl*T-C2*({Ca%{1.—OEXAP(~B*T ) }-C3*{1,-DEXP{~A%T)))-P
999 READ{(5,78) AINCR,BINCR,DELTAZUPPER,DIiFF, STARTIYDJPLl

REAU{5,77) 159J5:K5,163J6:K647INTCL
171 _FORMAT(715})

78 FORMAT(B8E10.5]}
WRITE(697G9) [54J53KS4164J64KE65INTG]

WRITE(6,76) AINCRyBINCR,START,DELTA,UPPER,DIFF,YD,PL1
76 FORMAT{(/SX 9HA INCR = E15.%4,5X,9HB INCR = 3D15.%435X+8HSTART = o

2D15.4,5Xs8HDELTA = s015.4 /5XsBHUPPER = yD15.445Xy7HDIFF = 4D15.4%,
35X35HYD = yD15.445X,6HPLY = ,D15.4}

79 FORMAT(/5Xs5E1I5 = 3I5:5X35HJS = 41545X35HKS = 41545X,5HI6 = 415,
25X9 5HU6 = 2 I5,5X,5HKE = 3I54,5X,8BHINTGYl = .15}

P=YD/PL1
DO 5 I=15,.J5,K5

QI=1
A=Q1 /AINCR

DO 6 J=164J64K6 --
JX=J/INTG]

QJd=J
B=QJ/BINCR

QLBLJUX)=B
IF (A .EQ. B} GO 7O 13

GO TO 12
13 WRITE{6,80) A,B

80 FORMAT{1HO,' ROUTS ARE EQUAL FDR A = ",D15.3 ,
1" AND B = ",D15.34' ASTERISKS ARE PRINTEL IN DUTPUT ARRAY. 4 _

GU TO 1Q0
12 L1l=1./(A%8)

C3=1./({A%A)

Ca=1./(B8%B}
C5=a4+B

Coe=C3x({1./A)
CI=C4*%(1./8B)

C8=C3%C4
2 T=START

TPOS=T
FPOS=HNORM(T)

10 T=T+LELTA
IF (T .GT. UPPER) GO TG 100

FNEG=HNORMIT)
IF ((FPOS*FNEG) .GY. 0.) GO TO 200

30 X={TPUS*FNEG ~-T*FPOS}/(FNEG-FPOS)
EX=HNGRM (X}

: IF (FPOS*FX) 301+400,300
301 T=X

FNEG=FX : )
EPOS=FPOS/2. :

.20 TEST=CABSI{T~TPOS) {
IF (TEST LLE. DIFF) GO TO 400

GO TO 30
300 TPOS=X

FPOS=FX
FNEG=FNEG/2.

GO TG 20
200 FPOS=FNEG
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TPOS=T -
GO 10 10

100

THIN{JX)=—9G99999Y .5643
YNRMAL JX)}==99955.959G

YNRMELJX)=-5G9995.5G69
GO 70O 6

400

TMIN(JIX)}=X

(R unlR

WE

HAVE FGUND T MIN. - —

El=1.—DEXP(—A%X}
E2=).~BEXP(—B*X])

E3=DEXP{-2.%A%X}
E4=DEXP({—2.%B*X])

ES5=DEXP{—C5%X)
YAREA=PL]I* (0 5FCL#X*xX — C5CI*LaL*X + C2*(CIXE2-(C6%E1))

F1=C8xX¥ (CB*CS*CS5+ X% (X/3.~C5%Cl) )
F2=2 . *C2*C8%(C3*E1-C4%E2 )

F3=0.5%C2%C2%(C3%C6%* (1.-E3)+C4*CT%(1.—E4)—-{4.%CB/CS5)*(1.—E5})
F4=2 *C1 (2% [CI*{]1.—E2)-C6#%#{1.—E1)) *X

104

YENGY=PL1*DSQRT(FLl+F24+F3-F4)
YNRMA{JX)}=YAREA

109

YNRME(JX)}=YENGY
CONTINUE

LL1=T6/INTG1
LL2=JE/INTG1

LL3=K6/ INTGL
wRITELG,7) A

7T FORMAT{1H1,62X+4HA = 4U15.4//74(4X31HBs5X4HTMINs3X6HY AREA,2X,

27THY ENRGY)/)

4

WRITE (6354} (CLBOIXI«TMIN(IX)YNRMA{IX) s YNRME(JIX)yJIX=LL]1,LL2,LL3)
FORMAT(4(1X3Fbal s Xy F Tty IX)FTab31XsFTa441X)])

5

CONTINUE
GO TQ %989

END
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APPENDIX V
A = —-0.70

B TMIN; Y AREA Y ENRGY 8 TMIN Y AREA Y ENRGY
—0.10 1.618% 0.,3769 0.4601 —0420 145999 0.3702 04556
—0.30 1.5815 0.3636 0.4512 ~0e40 125633 03570  0.4468
—0e450 145452 - 0.3506 044424 —0460 15273 . 0.3442 Qe4381°
—0e70 Ektdkdd kkddckwk Hhkikkk —04B0 1.4922 043316 0.48293
—0.90 1.4749 0.3255 0.4250 ~1400 124579 03195 044207
—1e10 144412 0.3136 0.4166 ~1420 14247 043078 04124
=1.30 1.4084 03021 0.4082 ~1e40 13923 0.2966 0.4041
—=1.50__ 143765 0.2910  0.4000 —1460 143610 0.2857 0.39€0
—1.70 143457 0.2805 0.3920 —1eB80 1.3307 0.2754 0.3881
~190 143160 0.2704 0.3844 —2.00 1.3015 0.2655 03806
~2e¢10 1.2872 0.2607 0.3768 —~2+420 142732 042560 043731
—2430  1.2595 0.2515 0.3695 —2440  1+2660 042470  0+3660

A = "0080

B TMIN ¥ AREA Y ENRGY 8 TMIN Y AREA Y ENRGY
~0e10 1.5959 0.3683 0.4543 —~0420 1.578B2 043620 0.4501
—0+30 1.5608 0.3559 0.4460 —~0.40 1.5434 043497 0.4418
—0«50 1.5262 0.3436 044377 —0.60 145091 003376 044335
~—Qa70 14922 0.3316 Cet293 —0eB0 Ad¥dkhlekdk hikldkdd Hkfkhdk
~0e90 1.4589 0.3199 0D.4211 —1.00 144427 0.3143 0.4171
~1e10 14266 0.3087 0.4130 ~1e20 14107 023031 0.4090
=130 1.3950 0.2977 0.4050 ~1e40 123795 042923 0.4010
~1e50 143643 02872 0.3972 —1+60 13493 0.2820 0.3933
—1470 1.3345 0.2770 0.3894 ~1+80 143200 0.2721 0.3857
—190 1,3057 0.2673 0.3820 —2.00 142916 0.2625 0,3783
~2410 142777 0.2579 043747 ~2.20 12641 042534 0.3711
—2.30 1.2508 0.2490 0.3676 —2460 122376 0.24487 043642
—2.50 1.2247 0.2405 0.3608

WHEN A=B, THE

RCOTS ARE EQUAL. *&&¥¥% |S

PRINTED
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A = —-0.90

8 TMIN Y AREA Y ENRGY ' B TMIN Y AREA Y ENRGY
-0.10 1.9738 0.3569 0+4486 -0+20 1.5570 0.3541 0e444a7
—0.30 l1.5404 03483 04408 ~0e40 145238 043426 0+4369
—0.50 15074 0.3368 0.4329 «060_ 1e4911 03311 0.4289
—QCe«70 1.4749 0.3255 0.4250 ~0+80 1.4589 0.3199 0Ge.4211
—0a30 Hdokfiekde fxgfokrhk FREFrkkdk ~1.00 14275 030691 0.4133
—1.10 1.4120 0.3038 0.4095 =120 143367 0.2985  0.4056 -
-1.30 13816 0.2933 0.4017 —1e60 1.3668 (0.2882 03980
=150 1.3520 0.2832 03942 =-1.60 13375 0.2783 0.390S
-1.70 1.3233 U0.2735 0.3869 -1.80 1.3092 0.2688 0.3833
=1.90 1.2954 0.2642 0.3797 -2+00 12817 0.2596 0.3761}
—2.10 i.2682 0.2551 0.3726 -2«20 1.2%50 0.2508 03691
~2+30 12420 042465 0.3657 —2.40 12292 0.2424 0.3624

A = —1.00
2 TMIN Y AREA Y ENRGY 8 TIMIN Y AREA Y ENRGY

“0.10 145521 0.3519 0.4431 —0+¢20 1.5362 0O.3464 0.4394 -
~0.30 15204 03410 0.4357 —0.40 1.5046 0.3356 0.4320
~0.50 1.4889 0.3301 O.4282 ~0.60 1.4733 0.3248 0.4245
—0.70 1.4579 0.3195 0.4207 —0.80 1.4427 0.3143 0.4171
—0+90 144275 0.3091 0.4133 Z1.00 #5dfdihd whBamik fAREEXEK
~1.10 1.3976 0.2989 0.4059 ~1.20 1.3829 0.2938 0.4022
Z1.30 1.3684 0.2889 0.3986 “1.40 13541 02841 03950
—1.50 143399 0.2733 043914 - ~1.60 1+3258 0.2746 0.3877
“1.70 1.3121 0.2700 0.3643 ~1.80 1.2985 0.2655 0.3808
~1.90 " 1.2850 0.2610 0.3772 ~2.00 1.2718 0.2566 0.3738
Z2.10 1.2588 0.2523 0.3706 =2.20 1.2459 0D.2481 0.3671
~2.30 1.2333 0.2440 0.3638 —2.40 1.2208 0.2400 0.3605

—2.50 1.2086 (042360 03573

WHEN A=B, THE RUODTS ARE EQUAL ., #*#%%%% IS PRINTED.
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A = —1.10

B TMIN Y AREA Y ENRGY 8 THIN ¥ AREA Y ENRGY
—-0.10 1.5310 O0.3440C G.4376 —-0.20 1.5158 0.3389 0.4342
—C-30 1.5007 0.3338 Ce«4307 =040 14857 0.3287 04271
—0.50 le4707 03236 04236 —~0a60 1.49559 N«3186 0.4200
~0.70 1.4412 0+.3136 C.4166 —0.80 14266 0.3087 D.4130
"=0.90 14120 0«3038 Ce4Q95 ~-1.00 1.3976 0.2989 Q0.4059
=1 el Foktecdokdoy hdkRfk Fohgkkdgi —1.20 1.3692 0.2893 0.3988
—1.30 13552 0.2846 0.3953 -1.40 1.3414 0.2800 Ga3919
-1.50 1. 3277 02754 0.3884 —1.60 1.3143 0.2709 0e3850
-1.70 1.3009 De26EH 0«3816 —180 12877 0.2621 0.3782.
~1.90 12747 Q2578 Ce3748 — 200 1.2619 02536 D.3715 .
—2.10 12493 0.2495 OC+3682 ~2.20 1.2368 0.2455 0.3650
—230 1.2245 02415 D.3618 -2e40 1.2124 0023_?_6 0.3586
~2.50 1.2005 -0.2338 Ca3555 -

A = —1.20

B TMIN Y AREA Y ENRGY B TMIN ¥ AREA Y ENRGY
~0ael0 1.5103 D.3363 00,4323 —0.20 1.4958 0.3315 04290
—0+30 14814 032867 Ded4257 — Q0«40 latt671 0.3220 N.4223
=0.50 1.4529 Q0.3173 04191 —0.60 14388 0.31295 0.4157
—0.70 14247 0.3078 Oed4124 -0 .80 14107 0.3011___0_._&9_?_9____'_____
-0.90 1. 3967 0.2935 044056 -1.00 1.3829 0.2938 04022
—-1.10 1,3692 0.2863 C» 3938 - 120 FhkkkfF _E_‘:‘"’f_ff** ek Rk R
~1.30 le3422 0.2803 Q0.3922 —1.40 13289 0.2759 0.3888
=1.+50 143157 Q2716 0.3859% — 1«60 ‘1030?7 Qe2673 Q.3823
~170 1.2898 0.2630 03789 —1.80 le«2770  0Q.2588 0.3757
=190 la2645 Q2547 0-3724 —2+00 1.2520 '0-2507 0_._%692
—2.10 1.2398 0.2467 0.36061 —2.20 1.2277 Q.2428 0.3629
—2. 30 l1.2158 02350 0.3598 —2+40 12040 ....0'2_':%‘?2 0.3568
WHEN A=8, THE RUOTS ARE EQUAL. %%%k*%* [5 PRINTED. -
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A = =1.30

8 TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY
~Del0 1.4B99 03289 0.4270 —0420 1.4763 0.3244 0.4239
—0.30 . 1.4626 0.3199 0.4208 —0440 14490 043155 04177
—0e50 144354 0.3110 0.4146 ~0.60 1.4219 0.3066 O0.4114
—0.70 124084 0.3021 0.4082 —0.80 13950 0.2977 044050
—0490 163816 042733 0.4017 —1.00 1.3684 0.2889 0.3986
—1.10  1.3552 0.2846 0.3953 -1.20  1.3422 0.2803  0.3922
130 tddkbhd Kksbkokk khrkaks —~1.40 1.3165 0.2719 0.3858
—1.50 1.3033 0.2677 0.,3826 —1.60 142911 0.2636 043794
~1670 12787 042595 0.3762 ~1.8B0 142664 0.2555 0.3731
~1.90 142542 042516 0.3700 —2.00 1.2422 00,2477 03669
“2.10 142303 0.2439 0.3639 —2.20 12186 0.,2401 0.3608
—2,30 1.2070 0.2364 00,3578 ~2.40  1.195€ 0.2328 0.3548
-2.50° 1.1843 -0.2292 0.3519

A = —1a40

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY
—0.10 1.4701 0.3217 0.4218 ~0.20 1.4571 0.3175 0.4189
~D.30 1.4441 043133 0.4161 —0440 1.4311 0.3091 0,4131
~0-50 1.4182 0.3049 0.4101 —0.60 14052 0.3007 044071
~0.70 1.3923 0.2966 C.4041 ~0.80 143795 0.2923 0.4010
~0.90 1.3668 0.2882 03980 —1.00 1.3541 0.284% 0.3950
~1410 1.3414 0.2800 0.,3919 —1.20 1.3289 0.2759 0.3888
~1.30 1.3165 0.2719 0.3858 — 1l et Q HEdbltd Ffkkkds Hxfdokk
~1.50 1.2918 0.2639 0.3796 —1.60 1.2797 0.2600 0.3766
~1270 1.2677 0.2561 0.3736 —1.80 1.2558 . 0.2523 0.3706
~1e90 1.2440 02485 Q0.3676 —2.00 1.2324 0.2447 0.3646
~2.10 1.2209 0.2411 0.3616 —2.20 1.209S5 0Q.2374 0.3587
~2.30 1.1982 0.2339 0.3558 ~2.40 1+1871 0.2304 0.3529
~2.50 1.1762 0+2269 03501 “ﬁ

WHEN A=0,

THE ROOTS ARE EGUAL.

Rk gkin IS PRINTED.
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= =150

- A

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY
—0.10 1.4508 03147 04168 —0.20 14384 0.31C8 O«4141
~0.30 1.4260 043069 O.4114 —0.40 1,4136__ 0.3029 0.40886
—0.50 1.a4012 02930 0« 4057 -0a60 1.3889 0.2950 0.4029
—0.70 1.3765 0.2910 0.4000 —0a.80 1e3643 0.2872 03972
—0.30 1.3520 0.2832 0.3242 —1.00 1.3398 0.2793 0-.3914
—1.10 13277 0«2754 - 0.3884 —120 13157 0.2716__ D385S5
-1.30 1.3038 02677 C. 3826 ~1240 1.2918 0.2639 03796
— 150 HHhdAREy Skokdhbdk R kfkkk —- 1460 1.2683 0.2564 C.3738
—4270 1.2567 0.2527 0.3709 —1.B0 l1e2452 04,2490 0.3680
—1.90C 1le23.39 02454 0« 3651 ~2a00 1l.2726 0.2418 03623
-2.10 1.2114 0.2383 03594 —2420 1.2004 0.2348 C«35606
-2 30 118385 00,2313 0«3538 —2+40 1.1787 0.2280 03510
—-2+50 1. 1681 022247 D.3483

A = —1.60

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY
-0.10 1.4319 03079 04119 ~0.20 l.4201 0.3043 0.4093
—0.+30 1.4083 03006 08067 —0440 1e3965 0.2969 04041
-0.50 1.3846 00,2931 C.4014 —Q0e60 le3728 0.2894 03987
—0a.70 13610 0.2857 03960 ~080 1.3493 0.2820 03933
-0.90 13375 0.2733 0.3905 —1.00 1.3258 0.2746 0.3877
—1.10 13143 0.2709 0.3850 —~1a.20 13027 00,2673 0.3823
~=1.30 1.2911 0.2636 03794 ~1.40 1,277 0.26C0 03766
~1 450 12683 0.25€4 Q0.3738 —1 60 REkFidecdkf Rkkfihk Shkiichkd
~1.70 12459 0.2492 0.3682 —1.80 142348 0.2457 D.3654
—1.90 le2237 0.2423 03627 —2a00 l1.2128 0.2388 03599 )
-2a.10 1.2020 0.2354 0.3572 —-2.20 le 19313 042321 0.3544%
—-2+30 1.1808 (0.2288 0.3517 —2+40 11703 0.2256 03491
~2450 1.1600 0.2224 0.3464
WHEN A=B, THE RCUTS ARE EGUAL. #%%%%% 15 PRINTED.
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A= «1.70

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY
~0.10 1.4135 Q3014 C.4071 —0.20 1.4022 02979 04047
—~C+30 13909 02945 04022 =040 1«379€ Q2909 03997
—~0450 1.3683 0.2875 03972 —0.60. 13570 042840 0.3946 .
=070 143457 D«2805 0e3920 —0.80 1.3345 QDe2770 0.3894
—0.90 1.3233 02735 0.38E9 —-1.00 1.3121 02700 0.3843
~1«10 13009 Q2665 03816 ~1.20 120898 0.2630 0.3789
~1+30 1.2787 02595 0.3762 —-1.40 12677 02561 Q.3736
—-150 le2567 0.2527 0. 37C9 —-1.60 142459 0.2492 Q.3682
—1 70 h¥kbkdkky Fhdkghdhk Fhhkkkik —1.80 12243 Q02425 03629
—1.90 1.2137 .2392 0« 3602 ~2.00 1.2031 02359 043575
—-2.10 1.1927 G.2326 0«3549 —2.20 1.1823 0.2294 0.3523
=230 lal1721 02263 0.3497 —2+¢40 11615 02231 03471
' ~2450 11518 -0.2200 0.34495

A = —1.80

=] TMIN Y AREA Y ENRGY 3] TMIN Y AREA Y ENRGY
~0.10 1.3954 042950 0.4024 -0.20 1.3946 0.2917 0.4000
~0«30 13739 0.2885 0.3977 —-0.,40 13631 0.28B53 0.3954
—0«50 1.3523 0.2820 0.3930 ~0.60 L3416 0.2787 0.3906
—0.70 1.3307 O0+2754 O« 3881 —0.80 1.3200 Ce2721 03857
-0.90 13092 0.2688 0.3833 —-1.00 1.2985 Q2655 0.3808
—1«10 1.2877 0.2621 Q.3782 ~1420 12770 0.2588 Q3757
-1.30 l.2664 0.2555 0.3731 -1la40 le2558 Q2523 0.3706
—1.50 le24%2 0.2490 0.36€80 ~1460 1.2348 0.2457 0+.32654
—1+70 1.2243 02425 0.3629 —~1 .80 Fxfdkdkdd Pk Fhgkikk
-1.90 1.2037 0.23E1 0e 3577 -2.00 11935 0.2330 0.35%2
—2+10 1.1833 0.,2299 03526 —2+20 1.1734 0.2268 0.3502
—2.30 1.1634 0.2237 Q3476 —2:40 1.1535 0.2207 D«3451
-2+50 1.1437 Q.2177 Q«3426

WHEN A=B, THE

ROOTS ARE EQUAL.

Rkgkix [S PRINTED.
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B TMIN Y AREA Y ENRGY 8 THIN ¥ AREA Y ENRGY
-0.10 1.3777 3.2887 0.3977 ~0.20 13675 0.2857 013955
—0.30 1.3572 Ca.2827 0.3933 =040 1.3469 042796 03911
—0.50 l.. 3386 0.2766 0.3889 - =060 13263 0.2735 0.3866
—0.70  1.3160 0.2704 0.3844 —0.80  1.3057 0.2673 _0.3820
—0.90 12954 0.2642 0.3797 —-1.00 1.2850 D.2610 0D.3772
~1.10_  _1.2747 0.2578 0.3748 ~1.20 142645 0428547 03724
=130 1.2542 0.2516 03700 —1+40 1-2640 042485 0.3676
=1.50 1.2339 0.2454 035651 —~1.60 12237 042423 043627
—1l.70 1.2137 02392 0.3602 ~-1.80 1.2037 0.2361 03577
—1 290 kxeihgi Kpepfdek fhyEkik -2.00 1.1839 0.2301 03528
—2+10 1.1741 0.2271 0.3504 —2.20 l.16464 0.2241 0.3480
—2+30 1.1547 O0e2212 (43455 -2+440 l1.1451 0.2183 0.3431
—250 11356 Q2154 03406

A = —2.00

B8 TMIN Y AREA Y ENRCGY B TMIN Y AREA Y ENRGY
~0.10 1.36006 0.2828 0. 3932 -0.20 i.3508 0.2800 0.3912
=-0.30 1.3410 0.2771 03891 — 0«40 le3311 D.2742 0.3870
=0.50 1.3213 0.2714 043849 —0.60 13114 0.265%4 0.3828
—0.70 13015 Q2655 0.3806 —0.80 le2916 Q.2625 03783
-0-.90 l1.2817 0.2596 O0«.3761 —~1.00 l.2718 0.2566 0Q.3738
—1.10 12619 0.2536 0.3715 —-1.20 12520 042507 0«3692
-1.30 12422 02477 043659 -1.40 12324 022447 Q.3646
=1.50 1.2226 0.2418 D.3623 =1.60 12128 D.23E8 043599
-1.70 1.2031 02359 0+3575 —1.80 11935 . 02330 0.3552
~1«90 1.1839 0.2301 0.3528 =200 Hathdeddk  fhdfkdk Fhkhkki
-2s10 1.1649 0.22473 D.3482 -2e420 lal554 0.2215 03458
—2430 11461 02187 03434 —2«40 l.1368 0.2159 (3411
—-2.50 L1275 0e2130 0.3387

WHEN A=B, THE ROOTS ARE EGQUAL. **¥%%%% [S PRINTED.




= 158 =

APPENDIX VI

€ _THIS. PRGGRAM MWILL_FIND_ THE_TIME,AREA AND ENERGY CF_BCTH OUTPUTS ___ __ _ __

C AND ALSO THE TIME ANC VALUE OF THE MAXINUM VALUE GF EACH CUTPUT

c ALL AS A FUNCTION_OF A _AND B . . o e e e e e
DIVENSICN QLB(1CO),TK(1CO), ALAMBD(100),AY1X1(1500), AYZXI(ISOO).
LYINRMA(1CO) s Y2NRMAL1Q00) ,YINRFE{100) o Y2NRME(LCO),,YIHACILICO )y _ . _
2YZMAG(U1CO) s TYIMAG(1CO)} o TY2MAGI1CO) oSGN(5C),TZERD{S50),0ELYZ(50)
eeimeso _CCNMCN_RL3R29C9AL 2 A29A3 4 A4 WD yAS ACATAB_ e

959 READ{S5s78) INTGL,INTG2,JBs15,5,K5,16,KE4J6ALT, JSHTCH
__REAC(S5,77)DELTAT,CCNSL1,UPPER,CPSLCNyEPS1,DIFF,AINCR,BINCR, CIAREAr__~_
1C2AREA,C1ENGY,C2ENGY ,C1MAG,C2VAG ™~
17T _FCRMAT(EF10,4) - et e <o e
78 FORMAT(10I5)
i PRINT _79,CEL _TAT,CONSL1,UPPER+EPSLCN,EPS] ,DIFF,AINCR,BINCR,CLAREA, __ __
1C2AREA,ClENGY C2ENGY C1VAG,C2MAG
o PRINT 764INTGL4INTG29JB2I5:J5,K52T169sKE2JOALTJSWICH
79 FORMAT{1H144Xs6HDELTAT 23X, 6HCCNSLL 14X, 5HUPPER ;3 X,6HEPSLEN 14X,
L4FEPS1,SXy4HDIFFySX s SHAINCR 4 X3 5SHBINCR3X,6HCIAREA,3X,6FC2AREA,3X,
26FCLENGY 13X 9 6HCZ2ENGY 44X o SHCLVAG y4X s 5HC2MAG/3X 4 FBe441X22(FB.341X)
~33(FB.4,+1X)+s8(F8.3,1X)) B
76 FCRMATU//S5XsSHINTG145%X,5HINTG2,5X s 2HIB,5X2HI5 5%, 2HJ5 5X » 2HK5
15X42H1615X9 2HK6E9SX o SHJIGALT 9 SX GHISWTCH/2(5X s 15) 26(2X o I5)y . . ... _.._
25X+ 15+45%4+15)
e PRINT _SG8. O e
998 FCRMAT(/44H CELTAT SETS H IN SIVPSCNS RULE INTEGRATICN./1X,

.. 132HCONSLY IS L1 _{INPUT CCNSTRAINT)./ 5CH UPPER SETS LIMIT ON T IN ___ _
2SEARCH FOR T AND LAMBCA./&8H EPSLCON IS LARGEST VALUE CF Gl WHICH W
__3ILL STGP SEARCH_FOR T, LAMBDA./ 117H EPSY IS LARGEST VALUE CF THE  __
4CIFFERENCE BETWEEN PRESENT AND PREVICULS VALUES OF BCTH T ANC LANMBD
..5A WHICH STOPS SEARCF./1X,121HCIFF IS THE LARGEST CIFFERENCE BETWEE __.
6N PRESENT ANC PREVIOUS VALUE CF T WHICH WILL SATISFY TERMINAL CCNS -

et —— s

et

BT CN A AND B’
. PRINT 997
997 FORMAT(TI7TH IF Yl AREA ANDIUR Y2 AREA ARE LESS THhh CIAREA AND CEAR
1EA,WE_PRINT ASTERISKS/S5SH SAME FOR Y1 ENERGY_AND Y2 ENERGY WeRuTe
2C1ENGY ANLC C2ENCGY./T7CH SAME FCR Y1 MAX AND Y2 VAX H-R.T- CLFAG AND
3 C2MAG_(ONLY_ GREATER THAN)/61H INTGLl,INTG2 PERVMIT IX ANC JX TC STA_
4RT AT 1{W.ReTs IS5 AND 16)/34H IF J8 = 2.:J6=1(SYMNFETRY FCR A Bl./ 7
__57E JSWTCH=1 _FOR REAL RCOTS_IN _ IMPULSE RESPCNSES. ANY CGTHER INTEGER

& ECR CUVPLEX )
166=16/INTG2 ; A —
KEb=K&/INTG2
_EA=DELTAY_ _.
CENST=1./CONSLL
CC.5_1 = I54J54K5 . e e e
IX=1/INTG1 ‘ -
L1=1 e S -
. . A=Q1/AINCR ‘
If (JB_.EQ._2) GO
JE=JEALT .
GC TC 84 i,

_Y0 89

84 00 6 J = 164J64KE

JX=J/INTG2,




- —_— —_,159.. ..-. ———— = e o —— - — e ———— e ———
GJ=J T
_.B8=QJ/BINCR . e
, CLB{JX)=8B ~
e CISCRM=B®B/4.+A_ e .
IF (JSWTCH .EQ. 1) GG TO 86
e 85 _1F_{CISCRM_.GE._0.) _GO_T0._6 R _ . .
. WC=SQRT(-BISCRM)
. _C . . e N
C~ SET JSWTCF TO 1 FOR REAL ROOTS AND ANY CTHER INTEGER FCR CCNMPLEX
' . e N

P AE=AS5/WE

Al==2./8
. A8=1./HC

T S ST PP

‘

GC TO 87
...86 IFf (CISCRM .LE. C.) GO TC.6

R1=B/2.+SQRT{DISCRM)
_.R2=R-R1

C=R1-R2
Al
A2=R2/0D
_ . A3=R1/R2
A4=A1/2.
BT KSS5=1

2 A

EA=-0.05
. ¥TZ=0..

KS5=1
.. E==0.1_
TA=0«
TE=0.

KuP=0Q

S, U

CFZRC=EPSLON/2.
_.457 NECNT=0. ..

498 2z=0.C0C01
_MZRTST=1

LZ=1
459 INEG=2Z

HINEG=H(ZZ,E)
~..500.22=717%0.1

IF {(2Z .GT. UPPER)} GG 10 550
HIPOS=KI(ZZ4E)_

T7IF (HZPCS®HZNEG) 501,511,502

502 HZINEG=HZIPOS_

R,

e — e A S is L s e = A ——— et

INEG=11
..GC_TG_5¢0

550 IF {MZRTST 2) GO TQ0 520

E={E+EA)} /2.

+EQ.

IF (NECNT .GT. 50) GO TO 560
NECNT=NECNT#1

GC TO 458
. 560 PRINT 5€1+UPPERA,B_

..... ;e

561 FCRMAT(//5X,29HK(T,E} HAS NO ZERGC FOR T

".LE.,F10.6,8H AND A =,

1F10.6,8K _ANC_B_=_,Fl0.¢)
GC TO 6 - '
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501 ZpP0S=1Z
— e 503 _IX=(INEC#HZIPOS-ZPOS#HINEG)/ (HZPCS=-HINEG)
. HZX=HU(ZX.E} ‘
IF_{HZXaHZNEG) 504,510,505 —

505 INEG=ZX
_ e HINEG=HZX e e e
o HZPOS=HZIPOS/2.
—_— —_.__GC. 10 5C& - — - . -
504 2P0OS=ZX
e e HZIPGS=HZX . _— — e e e
HZNEG=HZINEG/2.
— _ .. 506_ _ 1F. (ABS({ZPOS—ZINEG) _LE. DFEZRO) _GO T0_510 . e e
60 TQ 503 |
N 511 .Zx=21 : -
510 LZ=LZ+]1
_— e MZRTST=2__ __ e e e e
TZERO{LZ)=ZX ;
— R IX1=ZX=10.x20FZRQ - - e e e
MLZ=LZ-1
o _..515 IF (H({ZX1,E)) 512, 513.514 - e e e e IO
512 SEN(MLZ)=-1,

.. ... _ GO TO 516.. _ . e
_ 513 ZIX1=ZX1+CFZRO
— o BC _TO_515_ . - . e e e e e et e e e
514 SGN(MLZ)=1.
— . _.__-..._5.1 6_ Zz=zx +0301 s e e e e e
GC TO 4%9.
. 520 _T2ERO(1}=0._
TZERG{LZ+1)=UPPER o
L e IF _(H{UPPER,E))_ 521,521,523
521 SGN(LZ)=~1.
e eee__...GC TO 524 . e e e e e e e e e
523 SGNI(LZ)=1.
524 LCIMAX=LZ-1

DC 530 LDZ=1,LDZMAX

— Aem k. et e ———— i T b e D m o meame - & ammem o we e e L am—

o wtll=lDZ . __ ~ e
T21=TZEROILDZ)
L - _TZ2=TZERO(LDZ+1)_ L e

MAXZ={{TZ2-TZ1)/(2.%HA} +0.5)
e MAXZI=MAXZf2 e

IF ((MAXZ-2s=MAXZI} .EQ. O) GO TO 551
MAXZ=MAXT+1

551 QPAXZ=MAXZ
e DELY2MLECZ)={T22-T21)/(2.5QVAXZ) e
530 CCNTINUE
- __DELY2{LEZZ*1}=DELYZ2(LD7Z7)
5688 AREA=G. :
KK=1

PSS o e s S m e o — P

G13=G(0.)

535 KPZ=KPZ+1
CELKPZ=CELY2{KPZ)}
_TUPKPZ=TZERQ(KPZ+1) +CELKPZ/4.
SGNCLZ=SGN(KPZ)}*DELKPZ/3.
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€6 Ti= T3

T3=T24DELKPZ

e o 1F. UT2_.GT._TUPKPZ) __GO_TO 549_ U
- 611=613

e o G12=4.xG{T2) J — e

613=G(T3) |

AREA=AREA+{G11+G12+G13)%SGNDLZ ‘ e

C . .

o IF (KK .EQ. 1) GO.T0. 1529 — e e e )
GPOS=AREA | :

IF_{ABS({GPOS)_.LE._ 1.0 E=20)_GC_TOD 1551

IF (GPOS=GNEG) 505155141552 |

. ..1529 KK=2__ _ , S
GNEG=AREA

- . GC.TC.66.__ . _._. — e e

. 549 [F (T2 .GT. UPPER) GO TO 547 .

e . T13=T3-2.#CELKPZ___ , _ e e e e e e
GG TQ 535 . e et

e 547 KUP=KUP#1 . _.___ e e e

| _ IF (KUP .GT. 10) GO TO S54é&

e ETEm0 0 25 e
GO TO 457 - )

- 546 PRINT. 548,UPPERyAsB__._ I I

548 FORMAT(//5Xs20HWE HAVE EXCEEDED T =4F1C.6,25H IN MAKING GX = Q FOR

1.A =F10.6,8H _AND B=,F10.6/49H WE PRINT_ASTERISKS IN T-MIN AND -S99 _

2. ELSEWFERE.. )

e TF{JX)=—-5599555.5555 » S
ALAMBD(JX}=-959.

e . YINRMA(JX}==599.. e e e e e e

Y2ZNRMA(JX)}=-G99,

_ e Y IR RME (IR S99 e e e e
Y2NRME (JX)=-$99,

- - L YLIMAGLUX)=-959.. , e e e e e
Y2MAG(JUX)=~959, -

— e _TYIMAG(UX)==99%. —— - e e e

TYZ2MAG{JX)=-999.
N U c1 2 X v I - SO
C :
...1552 _GNEG=GPCS
6C TO 6¢ -
50 GT1=GNEG e e e e e e et i e e e Lot
GX1l=G1l1
SGNGX1=SGN(KPZ) _ e — et et e e
51 Z1=(T14CPOS-T3«GT1)/{GPOS-GTL)
H1=(Z1-T1}/2.. . e e et et ¢ e
GZ1=G(Z1) : :
.GE1=C{({F14T1)) : - S,
IF (H((H1+T1),E)) €10, 611.612

— P

i 610 _SCNGX2=—1. ; U
GC TO 613
611 SGNGX2=SGNGX1 _ e e
GG TO 613
o ee. 612 SGNGX2=1l..
€13 GX2=4.2CH1*SGNGX2
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IF (H{Z1,E})} 620,621,622
e 820 SGNGX3==1e

. GO TQ 623
—_.€21 SGNGX3=SGNGX2

GC TO 623
—_ __. 622 SGNGX3=1.. e e e et e
_ 623 GX3=GZ1#SGNGX3 ~
— e GX=GNEG+{HL/ 2.} % (GX1+GX2+GX3) e e
IF (GNEG=GX) 90,402,951
— .90 T3=21_ __ — e e e e
GPOS=GX
N s e e GT 1=GT1/20 o © e e e n + ran e —
GC TC 52 /
— . 91 T1=21.. —_ S
GNEG=GX
_____ e .. GT1=GX __ — T e e e e
GPOS=GPCS/2. .
e e SGNGX1=SGNGX3 . . e e e
GX1=GX3
- e 82 TEST=ABSU T =T 3 . o
) 1F {TEST ol.E. DIFF) GO TO 401
_— e GG YOG S5Y — e e e e
401 [F (ABS(GX) .LE. EPS1) GO TQ 402
- e GC TO 51 U e
1551 T1=T3
o S ©1 6.2 6 S N 1 ¢ I Oy U
402 T1=11 :
€ PARTIAL K-NORM WeReT. LAMBDA_IS_ZEROa.__ e
c START K=NCRM=1/L1
- G : e e e B} —
c
TS £ 1 0 T B R N
NZILCH =1
— . BFHZRO=C R 2a R
¥=0,001 .
e e IF (HUYsE)) 3994390,359 . .__. e e+t e e e
390 PRINT 389,Y _
— e, 389 FCRMATI(//5Xy15HK_HAS A _ZERQ _AT.F10.6) . . ...
Y=Y+0.001
e TlA=T1+HA/2. L R L o
369 YNEG=Y
L B ... HNEG=H{Y.E} e . o
400 Y=Y+0.1
L . _IF_{Y .GT. T1A)_ GO _TO 476 S e
4?8 HPDS H(Y E}
e .. IF_{HNEG=HPOS) 461,471,462 e
476 Y=T1- 10.-DFHZRU :
NZILCH =2 R
GC TO 418
~ 462 HNEG=HPOS e
IF (NZILCH .EQ. 2) GO TO 420
o o YNEG=Y i . ) e .
GC Tg 400
461 YPOQS=Y
403 YX=(YNEC=HPOS— YPOS*FNEG)/(HPUS HNEG)
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HX=H{YX,E)
— — L IF _(HX#FENEG) _404:410,405 e e e
405 YNEG=YX
_ e _ENEG=HX____ . e
. HPOS=HPOS/2.
— — . _BC_T0._406 -
404 YPOS=YX
— e HPGS=HX —— i —_
' ) HNEG=HNEG/2.
- 406 IF_(ABS{YPOS=YNEG) _ .LT. DEHZRC) _ GO_TO _ 410 . _ __ o
‘ GC TG 403
— e GTL_YX=Y . o e e e e
410 L=L+1
— . TZERO(L)=YX._ __ _ _ . e e S
YX1=YX~10.#DFHZRQ '
- T 1 U 1 e — e R
415 IF (HIYX1,E}) 412,413,414 -
- e HB12 _SEN(MLI==1. e e e e
GC TO 416
o A1 X =YX L+DFHZRO o I o
GC TO 415 i
414 SECNURU Y= ) o oo e e e e e e e e
416 Y=YX+0.01
———— e .GC ¥0.359_____ R e e e S
420 NMAX=L+1
e e TZEROUNMAX Y =T - - _
TT=T1-10.5DFHZRQ
________ e TF AHATTSE) ) 421442240423 e _ e e e
421 SGNIL)=-1. :
—— — BT TO. Q28 o e e e e e e e e e
422 IF (HU(TT+DFFEZIRO)},E)) 421,421,423
S ._..423 SGNIL)=1._ . _ . _ e - e
424 TZERQE1}=0.
— e LEMAX=NNMAX~-Y L L S
' oC 430 LCZ2= InLBMAX _
L TJZB=TZEROI(LDZ2) _ - ——
TZA=TZEROQO{LO2+1)
N o WAX={ITZA-TZB)Y/(2.2EA) +0 5) . e i,
: MAXI=MAX/2
_ S IF _{{MAX-2sMAXI)_ .EQ. _C} GO _TO_450 e -
MAX=MAX+1
e 450 _CMAX=MAX e e e e e
DELY2(LC2)=(TZA-TZB)/ (2.#GMAX)
o w430 _CCNTINUE S
Y3=0.
— —e_KG=0 o _ e e e e
KC=0
e FY3=F (0. —— -
GPF=0. :
- 444 KC=KD+1 _ e e e
KLM=1
. v.. . _ . DELKD=CELY2(KD)Y __ . _ . . e O,
- CELKD4=CELKD/4.
- _..445_Y1=Y3 _
Y2=Y1+CELKD .
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. Y3=Y2+CELKD
e IF_{1Y2-T1)_6GT. 0.) .G0_TO.1181 _.
IF (KLM .EQ. 2) GO TO 446
. KG=KQ#1_] R _
SGNDEL=SGN(KQ)=DELY2{KQ)
. . JZKQ1=TZERD(KQ) — —
TZKQ =TZERO{KQ+1)
e KLM=2 — . - —
446 IF (TZKC .GE. Y2 ANC. TZKQl .LE. Y2) GC TC 455
) e _ .. Y¥3=Y3-2.%DELKD_ I e
GC TO 444
___455 FY1=FY3 —_ e i
FY2=4.5F(Y2)
- CFY3=FIY3) o —— S . i
G={FY1+FY2+FY3)*SGNDEL
e, GPF=QPF+Q___ . ___ —— e e
GC TO 445 ]
- c_ . . e e e
1181 IF (KSS .EQ. 2) GO TO 1575
U SKEEGPF /3 =~ CONST e
IF (KS .EQ. 1) GO TO 1570
. IF {SKFeSKF2) 1571944331574 oo o . _
1570 KS=2
- .. 1574 SKF2=SKF e —_ e e e
EA=E
- o ¥A=TY_ . — . e e,
E=E-0.25 .
1581 IF _(ABSI{E) _«GT. UPPERY GO _TO_16CQ _ o e e s
GC TO 497
1571 KSS=2 e - . _ o - - e
TB=T1
e BBEE e e e e e _
SKNEG=SKF2
. . SKPOS=SKF ___ e - o
1572 E=(EA=SKPOS~ EB*SKNEG)/(SKPUS SKNEG)
e e ... GG _TO 4S7 . “_ e e e e e e e
1575 SKX=GPF/3. ~CONST
. 1IF ISKNEG#SKX) _ 1576,4434,1578 e
1576 EB=E
I TB=T e —
SKPOS=SKX
_ SKNEG=SKNEG/2. . L L e
GC TO 1580
. __1518 EA=E e e
TA=T1
- e SKNEG=SKX _ e e e e e
. SKPOS=SKPOS/2. o
. 1580 IFf (ABS(EA-EB) .LE, EPSLON .AND, ABS(TB-TA) .LE. EPSLCh) GG TC 443
: IF {(ABS{EA—EB) JLE. EPSLON .ANC. ABSI{SKX) .LE. EPS1) GO TG 443

oo IF (ABS{T1-TZ) .LE. EPSLON .AND. ABS(EA-EB) .LE. EPSLCN) GO TC 443

TZ=T1
_GC _TO 1572

"1€00 PRINT 1€01

- 1601 FORMAT(///89H LAMBDA HAS EXCEEDED_VALLE CF _UPPER IN SEARCH SCHENE

1-g88.888 IS PRINTEC IN CUTPUT ARRAY.)
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- —_— e - - e ————— . — i C T T ——

. T T iR EHs e e i ——

Y2MAG{JX)=—8888,.E88
—— TY2MAG({JX)=—888.888 -

| YIVMAG({JX)=—8888.888 ‘
e _TY1MAG{JX)=—£BB.888 e _
- Y2NRME{JX}=—8888.888
— e __YINRME(JX)=—0888.8488
- Y2NRMA(JX)=-8888.888
o _YINRMA(JX)=-8888.888___ e

ALAMBD{JX)=-EB88.888
_ cem e TH{JX)=— 888,888
N GG TC 6 .
e e AA3 THOIXD)ETL : e
ALAMBD(JX)=E
— . PRINT 4500+T14Ey)SKX,GX ______ - O S
4500 FCRMAT(5X,S5HT1l = ,F10.645Xy5H E = ,FIO E15X16HSKX = ,F10.6,5Xs
e ORGXR T a B O T
C
C._.__ENC SEARCE_FOR_LAMBCA ANC T. BEGIN_FINDING_Y1 AND Y2 AS FUNCTICANS_CF_TIM
C .
— S, 1) |

e Tm A W A et i —

DFHZ-RHG_D—IFFHI'Z T e e e s
S Y=Y e e e et et e tn et e et e = o e e & e e

IF (H({TLeE)) 799,790 159

cm o A90 PRINT 789,71 . e e e e e o=+ omimers s+ e e e e
789 FORMAT(//5X,20HK-NORM HAS A ZERC AT,F10.6)

peem S e B Sl ¢ 1 ) O USROS
759 YNEG=Y —

— e FNEG=H{Y.E} _
8C0 Y=Y-0.1

_—— cevmmen - LF {Y oLEe 0.). GO _TC_82Q.. - e e et et e e e e

HPOS=H(Y,E)
e IF IHNEG=HPOS) _B0L By 802
802 HNEG=HPCS
e e YNEG=Y e U
GO TO 800 —
e __.80L_¥ypPOS=Y _ e
803 YX= {YNEC*HPOS YPUS*I—I\EG)I(HPDS ~HNEG)
—_— e EX=HIYX,E) S ———
If (HX=FNEG) 804,810,805
e ...._BO5 YNEG=YX _ e
HNEG=HX
I e HPOS=HPCS/ 2. e e e e e et e e e e
GO TO 8Q6
e 804 _YP(OS=YX o . - -
HPCS=HX
o e ENEG=HNEG/28e_ e e o
806 IF IABS{YPUS YNEG) .LT. DFHZRU) Go T0 810
— _-____T_,_MGG .10..803 . —
811 YX=Y
. .. 810 _L=L+1__ - —_— - i
’ TZERC{LY=YX
e e YXL=YX410.#0FHZRO . , I

ML=L-1.
815 IR _{HIYX1,E)). 812:813'814
812 SGN(ML)=-1.
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.GC TQ 816
o . B13_YX1I=YX1-DFHZRO e
GG 7O 815
. ....814 SCGN(ML)=1. —— _
" 816 Y=YX-0.01
. . G0._T0_159 _ o -
o 820 NMAX=L+1
. TIT=TZERC{L) /2. T
TZERGINMAX)=0.
e _IF_(H{TT__+E)) 821,822,823 __ . ___ __ e e

821 SCNIL)=-1.
G0 _TO_824 et e e e

822 IF [H{0.005,E)) 821,821,823
.. B23_SGNIL)=le

824 TZERC(1)=T1 T T
R o e ) e
C  ENC FINCING ZEROS OF K(T+E) AND SGN{K{TsE))a
) < -

LCVAX=NNAX-1
BC.830 LD=1,L0MAX .

TZA=TZERO(LD)

— — ... YIB=TZERCO(LE+1) _ e e e e e e o S~
MAX=((TZA-TZB)/{2.#HA) +0.5)
MAXI=MAX/2 ’ — e

[F ((MAX-2#MAXI) .EQ. C) GO TO &85
—____MAX=MAX+] - . e e e e e
885 QMAX=MAX
DELY2(LE)=A{TZA-TZ2B)/(2..2QMAX)
830 CCNTINUE
1"-2.*DELY2(1)
MNY Q
—e KP=0___. ) R _ e e e e e
835 KP=KP+1
vm . DELKP=DELYZ2(KP} . i} e e e e e

NMAXLI=KP+1
INMAX1=TZERO(NMAXL) _ -

TUPKP=T1-TNMAX1 +DELKP/4.

- e TIUP=T14DELKP/4,. ; e el

840 X1=2.%DELKP+X1

- .. TF {X1 .GT. TUPKP) GO TO 850 _ . . oo
CX11=G.

e e QX 2220 O e e e e e e e
GY13=F{X1)

—_— - _ GY23=G(X1) et e et an e e o im

Y33=0.
e KC=0, . S S
KC=0
o MNY=MNY$1
844 KC=KD+1
e KL¥M=1_
CELKC=CELY2(KD)
 CELKD4=CELKD/4.
"B45 Y11=Y33
o X¥22=Y11+0ELKD
Y33=Y22+DELKD

AR e e e et ¢ —t




TZIRTST=T1-Y22
— e XY222=X1-YZ22. S P
o IF ((Y222+DELKD4) .LT. C. .ANE. (y222- DELKD‘Q) LT, 0.) GC TC 135
- e IE (KLM_.EQa_2).6G0__T0_846 - N e
KC=KQ+1 .
SGNCEL=SGN(KQ)=CELYZ2({KQ) _— et e b+ =t et et e
. TIKQ=TZERG(KQ)
- S _.TIKQ1=TZERD(KQ*1) e e e e e e e
; KLM=2
- 8468 IF (TZKQ. +GFE. _TZRTST _.AND. _TZKQl. .LE. TZRTST) GO _T0. 855 __ . _ ... ... _
Y33=¥33-2.#DELKD ..

— .. GO TO_ 844 e et o et e e e
850 IF(X1l .LE. T1UP) GO TO 851 ‘
_ —...GC..T0. 860 O e ——

851 X1=X1-2.#DELKP
— o . GC. 70835 __ : - e e e e e e

855 TY22=X1-Y22 -
_ - Y¥33=X1-Y33 . . e e i

GYli=GY1l3

— e . GY21=GY23__ . e e e e e e e
GY12=4.2F[TY22}
GY22=4.2G{TY22) — e e e e e

- ————— e

GYL3=F({TY33)

— o GY23=G(TY32) - —— : — et o et et e 2 et e
Ql=(GY11+CY12+GY13)#SGNCEL .

— e e e R2=(GY21+6GY224GY23)8SGNCEL O U

CX11=0X11+Q1

— . @X22=QXZ2#Q2_. - ) — e e m et e et e e
GC TC 845 ‘

— e 135 AYLIXLIMNY)}=CCNSL1=QX1Y/&.. . . - i e e e e e e e e e s i e
AY2X1{MKY}=CONSL1#QX22/3. .

.GC._T0..840. -

B 77860 MAXTOT=MNY B T T
R e e
¢ ENC FINDIRG BOTH CUTPUTS AS FUNCTIONS CF TIME.

_______ C - et e e
LN=0

~ e NX=—-1 e o
TTEST=0.

_ e Y1AREA=0,. . e S o

YZAREA=Q. - _
— o Y1ENGY=0. _ : R . e e e e e
YZENGY=0.. )
__.1200 LN=LN#+} — ' ——— R e
C2=0ELY2(LN)
. TEBRKA=T1-TZERO(LN+1) +02/4%4. . e e e e e e e
TRRKB=T1-TZERO(LN) -C2/4. _ _ :
_.E1T=T1+C2/4. : e e et e e
I=2.402
YN1l=0. e e e
YN1 2=0. .
e YN21=0W__ __ _— o e e e e erm s e
YN22=0. , .
—— o NX2TST=1 s -
1205 TTEST=2#Z+TTEST '

m——a
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IF {TTEST .GT. T1T) GC TO 1220
- e IF (TTEST «LFe_ TBRKA .AND. TTEST_.GE._TBRKB). GC T0 A2)5
‘ IF ({TTEST-Z} .LE. TBRKA) GO TC 1216
- e _YTEST=TTEST-2.82 - e
) 1210 YLAREA=Y1AREA+{Z2/3.}#YNI11
— . YZAREA=YZAREA+(Z/3,}%YN21 e e e e
: YIENGY=Y1ENGY+({Z/2.)2YN12
— o XY2ENGY=Y2ENGY*(Z/3. )aXsz - e
, GC TO 1200
— 1216 _NX2T5T=2 . e e , e

1215 NX=NX+2
e e FZ11=AYLIX1INX)
FZ21=AY2X1INX)
- emrrieme NXLENAEY — ——
FZ12=AY1X1{NX1)
— e FL22=AY2X1{NXL)

IF (NX2TST .EQ. 2) GO TO 1217 -
o e NX2=NX22 , - — et e e e e
FZ13=AYIX1(NX2)
— e JFZ23=AY2X1{NX2)__ B e - e e
243 R11=ABS(FZ11)+4.0=ABS(FZ12)+ABS(FZ13)
— e R21=ABS(FZ21)+4.08ABS(FZ22)4ABSUFZ23) . ..
R12=FZ11#FZ11+4,0#FZ12#FZ12+FZ13#FZ13
- e R22=F2212FZ21+4.00F2228F 22 2+F 238 F 223 o e .
256 YN11=YN11+R11
— memm —. YN21=YN21+4R21 - U e - - —
YhN12=YN12+R12
- e YNZ22=YN22#HR22 e e
[F (NX2TST .£Q. 2} GC 70 1210
N - .6GC_70.1205 e et e+ teiae M D e e e e e am e —m
1217 F213=0.
— e FL23=0._ S S - e e -
‘ NX=NX1-2
— - _TTEST =TTEST-Z __ A e e e
GC O 243
— 1220 YINRMA(JX)=YIAREA +(Z/3.)=YNLl i —

264 Y2NRMA(JX)=Y2AREA +{Z/3.)=2YN21
_ 271 YINRME(JX)=SQRT(YLENGY +(Z/3.)%¥YN12) __

- U273 Y2NRME(JX)I=SQRT(Y2ENGY +(Z/3.)5YN22) T o ]
R " e e e
¢ " END FINGING OUTPUT NORMS [AREA ANC ENERGY)
[T P e e e i i
348 TA=04
—_— —en._IB=0. _ T e

Y1MAX=AY1X1(1)
__YZMAX=AYZ2X1(1)
LN=0 :

TIEST=0.

\ e e s e e At s e -

KLN=1 - o

— ——__BC_ 310 _MA=2,MAXTOT e e e
IF {(KLN .EQ. 2} GO TO 3Cé
305 LN=LN#1 o e
TBRKA=TI=TZERO{LN+TT
TBRKB=T1-TZERD(LN) - -
Z=2.4CELY2(LN)
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i ——— e A e e s e——— - — s aw s Eme s e n e e e e e

. KLN=2
.. 306_TTEST=Z+ITEST - e e e
- IF (TTEST .LE. TBRKA .AND. TTEST .GE. TERKB) GC TQ 307
o _.JTEST=1TESI=Z : —— e e e
' GO 70 3C5 : .
—.307_FML=AY1IX1(MA} - ‘ et e
FM2=AYZXL1(MA)
IF. {ABS({YLIMAX),
TA=TTEST
e .. -Y1MAX=FNM1 ~ e et e e o e e et et S e e+ e
301 IF (ABS(YZMAX) .GT. ABS(FM2)) GC TO 310 ,
_TB=TTEST - e Dt i e e e e e e e ot o e e = o
Y2MAX=FN2
_. 310_CONTINUE_____ _
302 YLINMAG(JIX)=Y1IMAX -
e FYIMAGCGUX)=TA — e e e e St et mn et e e+ oamn e
304 YZMAG(JX)=Y2MAX ' -
TY2MAGUX )= o e e o e -
PRINT 777+QLB(JX),THIJIX),YINRMA(JX), YZNREA{JIX)Y YINRNME (JXT,Y2NRME(J
e 1X) S TYLIMAGL XD, YlMAG{JXl_TY_ZNAGJJX),YZHAGIJX) ALAVBELJX) .
177 FORMAT{/1L(1X,F1C.2))
6. CCNTINUE. . ..
JE6=J6/INTG2
e P RINT 7 4 A S
7 FORMAT(IHZ,62Xs4HA = tF7.2//7€X,1HB,6XsSHT=MIN,6X,THYL AREA,5X,
. 17TEY2 AREA+6X,9EY1 ENERGY5XsGHY2 ENERGY $6Xs THT-YINAX,5XySHYLIMAX,
2EXy THT-Y2MAX 35X 5HY2NAX 55Xy 6HLAVBDA)
o PRINTG, (QLBUJX) s TH{JIX) s YINRMACJIX) g Y2NRVA(JX)  YINRME(LJX )}, Y2ZNRMEC(JIX)  _
Ly TYIMAG{JIX) s YIMAGUUX) y TY2NAGLIX) , Y2NAG(JX) s ALANBE{IX) »JX=1664J66,
e e e 2KEOY L o et e i e R
4 FORMAT(L{1X,F7. Z;ZX,FB.,,GX FS. .3, 3X  FS. 3;5X 9. 345X, F9. 3.5X F8.3,
13X3FSe3)4X9F843+2X9FG.3,2X,F8.3))
"5 CCNTINUE -
GG TO_ SS9

.GT. ABS({FM1)) GO TO_30)_______ . _ . .. .

e ——

i [ e — [

[ END U ....-_.._.._..__’_..__4.,__‘. et w aim e e eeee e = - - —
P “%
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APPENDIX VII
; A = 2,00
B T—MIN Y1 AREA Y2 AREA Y1 ENERGY Y2 ENERGY
Se00 2.478 0a511 0.500 0.421 0.+ 35S
4..00 2330 0.4B7 0.500 0.414 0.368
3.00 2.205 Oe.468 0.500 0.409 0.381
2.00 2119 DeS9 0.500 0.408 0391
100 ‘ 2.089 0.462 0.500 0e412 0.396
0.60 2.097 0468 0.500 0415 0396
De30 2.109 0474 0.500 0419 0.395
0«00 2.128 0481 0.500 0e422 0394
~0e30 2.154% 0.491 0.500 0.427 0.392
-0.60 2.187 0.501 0500 0.432 0.389
~1.00 2.239 0.518 0.500 0.440 0.384
-2.00 2.416 0.569 0500 0.462 04369
-3.00 2.643 0.631 0.500 0.487 T 0e351
4«00 2.900 0.700 0.500 0513 0+333
~5400 3.171 0.771 0.500 0.538 0.317
B T~-YIMAX Y1MAX T-Y2MAX Y2MAX LAMBDA
5.00 2.478 0.500 1.740 0.311 -0e372
4400 2.330 0.500 1.561 0.338. -0.449
1.00 2.089 C.500 1.233 De401 -0.930
0«30 2.109 0.500 1.202 0401 —-1.108
0.00 2.128 0.500 1.213 0.398 -1.190
-0e30 2154 0500 1,206 0.394 ~-1.275
"0.60 2.187 0-500' ]-224 0.389 "1-363
—1.00 2.239 0.500 1232 0380 ~1.483
-2.00 2.416 0.500 1.305 0350 -1.792 -
-3.00 2.643 0500 1,401 0.315 -24110
-4.00 2.900 0.500 1.508 0.283 -2.428
-5.00 3.171 0.500 1.617 0254 -2.741
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A = 3.00
8 T~MIN Y1 AREA Y2 AREA Y1 ENERGY Y2 ENERGY
5400 2.749 0.579 0+500 04449 D334
4400 2.598 0.553 0500 D442 0346
3.00 2.467 0.533 0500 0.436 04357
2.00 24374 0522 0.500 0435 De367
100 2.33a 0.523 0500 0.438 0e372
060 2.337 0.528 D500 Oea4tl 0.373
0.30 2.347 0.534 0.500 04484 0.372
0«00 24363 0.540 0500 0.447 0.371
-0.30 2.387 0.549 0.500 Dea52 0.370
~0.60 2.416 0.559 0.500 04456 0368
-1.00 2.467 0.575 0500 0.463 0.364
-2.00 2.635 0.624 0.500 0.484 0.352
-3.00 2.852 0.684 0.500 04507 0.337
-4.00 3.098 0.750 0.500 0.531 0.321
-5400 3.360 0.819 0.500 0.554 0.307
B8 T-Y1MAX Y1MAX T-Y2MAX Y2MAX LAMBDA
500 2749 0.500 1.8482 0.273 ~0+361
4.00 2.598 0500 1.6389 0.295 ~0e 4630
3.00 2e467 0500 1.530 0.318 -0.527
1.00 2.334 0e500 1354 0.352 -0.8a9
0.60 2.337 0.500 1.332 0.354 ~0a937
0.30 2.347 0.500 1.314 0354 -1.009
0.00 2.363 0.500 1.323 D352 -1.085
'—0-30 20387 0.500 la313 0-350 _10164
-0.60 2.416 0.500 1.329 D+346 ~1.246
~gyve 00 24467 0.500 1332 D.339 ~1+360
—-2.00 2.63S 0.500 1.397 0.316 —1.659
-3.00 2.852 0.500 1.483 D.288 —-1.968
—-4.00 3.098 0.500 1.611 0.261 -2.279

-5.00 J«360 0.500 1714 0237 —2.587
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