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ABSTRACT

T h is  r e s e a r c h  is  c o n c e rn e d  w ith  th e  tim e -o p tim a l c o n tro l o f  a n  n tn  

o rd e r , l i n e a r ,  t im e -v a ry in g  p la n t w ith  one c o n s tra in e d  an d  ( r - 1 ) - u n c o n ­

s tra in e d  in p u ts  and  m -c o n s tra in e d  o u tp u ts .  M a g n itu d e , in te g r a l ,  and  

q u a d ra tic  c o n s tr a in ts  a re  c o n s id e re d . The c o n tro lle r  fo r th e  c o n s tra in e d  

in p u t i s  found in  th e  a b s e n c e  of the o u tp u t l im ita tio n s  u s in g  th e  fu n c tio n a l 

a n a ly s is  a p p ro a c h . The c o n tro lle r  for th e  u n c o n s tra in e d  in p u ts  c o n s is t s  of 

a  l in e a r  fe e d b a c k  a rra n g e m e n t. The v a lu e s  o f th e  fe e d b a c k  c o e f f ic ie n ts  in  

th is  s p e c if ie d  p o rtio n  o f th e  c o n tro lle r  are  a d ju s te d  to  s a t i s f y  the  o u tp u t 

c o n s t r a in ts .  For a g iv e n  s e t  o f c o e f f ic ie n ts ,  th e  c o n s tra in e d  i npu t ,  found in  

th e  ab o v e  m an n e r, i s  o p tim a l w ith  r e s p e c t  to  th e  a s su m e d  s tru c tu re ,  i . e .  

op tim al w . r . a . s .  Some n e c e s s a r y  c o n d itio n s  for th e  e x is te n c e  of a n  op tim al 

w . r . a . s .  s o lu tio n  a re  d e r iv e d  and  lo w er b o u n d s  on th e  e la p s e d  tim e a re  g iv en . 

T h ese  c o n d itio n s  are  u s e d  to  s ig n if ic a n tly  re d u c e  th e  co m p u ta tio n  tim e  in  the  

n u m eric a l s e a rc h  w h ich  i s  re q u ire d  to  find  th e  s e t  o f fe e d b a c k  c o e f f ic ie n ts ,  

th e  o p tim a l w . r . a . s .  in p u t ,  and  the  minimum e la p s e d  tim e . The c o n d itio n s  

for an  o p tim a l w . r . a . s .  s o lu t io n  to  th e  g iv e n  problem  to  be op tim al a re  

d e v e lo p e d . The s ta b i l i ty  o f th e  r e s u l ta n t  p la n ts  u n d er th e s e  c o n d itio n s  is  

d i s c u s s e d .  W hen  th e  F u n c tio n a l A n aly sis  a p p ro a ch  is  u s e d  to  s o lv e  c e r ta in

tim e -o p tim a l p ro b le m s , th e  cu rve  of th e  e la p s e d  tim e v e r s u s  th e  la m b d a 's  in
<K* 'K‘( T,X) -  s p a c e  is  show n to  be  a maximum a t  ( T , X ) . I f  |jk j|q i s  a  n o n -  

d e c re a s in g  fu n c tio n  of T, th is  p o in t is  a u n iq u e  m axim um . The s u f f ic ie n t  

c o n d itio n  for th is  to  be tru e  for tim e in v a r ia n t  p la n ts  i s  g iv e n . I t i s  show n 

th a t  in i t ia l ly  q u ie s c e n t  s y s te m s  and  re g u la to r  type s y s te m s  s a t i s fy  th is  

c o n d it io n . S tan d ard  h ill  c lim b in g  te c h n iq u e s  w h ich  a re  w e ll  s u ite d  to
*X- 'Hr

im p le m e n ta tio n  on a d ig i ta l  com puter c a n  be  u se d  to  fin d  T and  X. .



I . INTRODUCTION

1 .1  M o tiv a tio n

One c a n  p o s tu la te  a  d y n am ic  p ro c e s s  w h ich  m u st b e  c o n tro lle d

and  w h ic h , in  g e n e r a l ,  h a s  m any in p u t an d  o u tp u t v a r ia b le s  th a t  h av e

v a r io u s  p h y s ic a l  c o n s tr a in ts  p la c e d  on  th em . W h en  w e a tte m p t to  c o n tro l

t
th e  p ro c e s s  in  a  tim e -o p tim a l f a s h io n ,  th e  s o lu tio n  o fte n  p re s e n ts  

fo rm idab le  co m p u ta tio n a l p ro b lem s a n d , th e re fo re ,  r e q u ire s  a  la rg e  

eco n o m ic  e ffo rt ( i . e .  c o s tly  co m p u ters) . T h is i s  n o t a lw a y s  ju s t i f ie d  

s in c e  i t  may be p o s s ib le  to  u se  a far s im p le r  an d  h e n ce  l e s s  c o s tly  

co n tro l sch em e  w h ic h  s a t i s f i e s  a l l  c o n s tr a in ts  an d  in i t ia l  an d  te rm in a l 

c o n d itio n s  in  a s l ig h tly  lo n g e r  e la p s e d  tim e th a n  th e  tim e -o p tim a l c a s e .  

W e h av e  th u s  tra d e d  s im p lic ity  an d  lo w er c o s t  for a  g re a te r  ru n n in g  

( i . e .  e la p s e d )  tim e .

1 .2  M a th e m a tic a l F o rm ula tion  o f th e  Problem

In o rder to  p u t th e  p rob lem  w h ich  i s  so lv e d  in  th is  th e s i s  in

proper p e r s p e c t iv e ,  i t  i s  n e c e s s a r y  to  c o n s id e r  a s  b ack g ro u n d  s e v e ra l

o th er p ro b lem s w h ich  h av e  b e e n  so lv e d  by  o th e r  in v e s t ig a to r s .

37 38L et th e  co m p le te ly  o u tp u t c o n tro lla b le  ' p ro c e s s  ( i . e .  th e  

p lan t) be d e s c r ib e d  by th e  fo llo w in g  sy s te m  of s ta te  e q u a tio n s

x(t) = E(t) x (t) + F(t) u(t) ( 1 - la )

X(t) = C (t)x ( t)  + D(t) u(t) ( 1 - lb )

A tim e -o p tim a l co n tro l i s  one th a t  p e rm its  a l l  c o n s tr a in ts  an d  th e  in i t ia l  
an d  te rm in a l c o n d it io n s  to  be s a t i s f ie d  in  th e  s h o r te s t  t im e .
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w here  x ,  and  y_ a re  r e s p e c t iv e ly  th e  sy s te m  s ta te  v a r i a b le , in p u t ,  and  

o u tp u t v e c to rs ;  E (t), F ( t) , C ( t ) , and  D(t) a re  r e s p e c t iv e ly  ( nXn) ,  ( nXr ) ,  

(mXn) ,  an d  (mXr) t im e -v a ry in g  m a tr ic e s ; and  th e  d o t s ig n if ie s  d if fe re n ti­

a tio n  w ith  r e s p e c t  to  t im e .

P r o b l e m  1

C o n s id e r ;th e  l in e a r  p la n t show n in  F igure 1 - l a .  (In E q s . 1 -1 ,

E(t) an d  F(t) a re  r e s p e c t iv e ly  ( n X l )  an d  (m X 1) tim e -v a ry in g  m a tr ic e s .)  The 

s in g le  in p u t h as  a c o n s tr a in t  p la c e d  on i t  w h ich  i s  e x p re s s e d  in  th e  form

Hullp “[ i  f lu(t) ̂  dt] ^ sL (1_2)o

w here  t D an d  tf  a re  th e  in i t ia l  and  f in a l p ro c e s s  tim e s  and  L i s  a  p o s it iv e  

tr e a l  n u m b er. The prob lem  is  to  f in d  th e  in p u t ,  u ( t ) ,  w h ic h  d r iv e s  the  

o u tp u t v e c to r  from £ ( t0 ) = Yo to  l i H )  = Xd ( f - e * s a t i s f i e s  th e  in i t i a l  an d  

te rm in a l c o n d itio n s )  and  w h ich  s a t i s f i e s  th e  c o n s tra in t  in  E q .{ l-2 )  in  th e  

s h o r te s t  e la p s e d  tim e

P r o b i e m  2

C o n s id e r  th e  l in e a r  p la n t show n  in  F igure  1 - l b .  H e re , e a c h  of 

th e  r - in p u ts  i s  c o n s tra in e d  a s  in  E q. (1 -2 ) ,  th e  v a lu e  o f p b e in g  s e le c te d  

a cc o rd in g  to  th e  ty p e  of p h y s ic a l  l im ita tio n  on e a c h  in p u t .  (S ee  fo o tn o te .)  

The prob lem  i s  th e  sam e a s  th a t  o f P rob lem  1 e x c e p t th a t  i t  i s  now

•I-
W hen p = ®, th e  m axim um  m agnitude o f th e  in p u t i s  c o n s tra in e d ; w hen 

p = 2 , a  q u a d ra tic  c o n s tr a in t  i s  p la c e d  on u; and  i f  p = l, a fu e l c o n s tra in t  
i s  p la c e d  on u p ro v id ed  th e  in p u t r e p re s e n ts  th e  r a te  o f ch an g e  o f th e  fu e l .
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n e c e s s a ry  to  f in d  r -c o n tro l  a c t io n s ( i .e .  th e  in p u ts )  w h ic h  p erm it a l l  c o n ­

s t r a in t s ,  i n i t i a l ,  and  f in a l c o n d itio n s  to  b e  s a t i s f ie d  in  th e  s h o r te s t  

e la p s e d  tim e

8 13 21 22P rob lem s 1 and  2 h a v e  b e e n  p re v io u s ly  s tu d ie d  '  '  '  For

e x am p le , i t  i s  w e ll  know n th a t  w hen  p = »  , a b a n g -b a n g  co n tro l r e s u l t s .

A d e ta ile d  d e s c r ip t io n  of o n e  ap p ro a ch  to  th e  g e n e ra l s o lu tio n  of th e s e  

prob lem s i s  g iv e n  in  S ec tio n  2 . 2 .

P r o b l e m  3

W e a g a in  c o n s id e r  th e  s in g le  in p u t p la n t  in  F igu re  1 - l a .  In  

a d d itio n  to  th e  in p u t c o n s tr a in t  in  E q . { l - 2 ) , th e  o u tp u ts  of th e  p la n t a re  

a ls o  c o n s tr a in e d ,  i . e .

fi(Y i) ^ (i = 1 , 2 ,  . . . m)
(1 -3 )

£ LZi

w here th e  f^ c a n  have an y  fu n c tio n a l form a n d  th e  s ig n  of th e  in e q u a li ty  

i s  d e te rm in e d  by th e  problem *. W e s e e k  th e  in p u t ,  u ( t ) , w h ic h  p e rm its  a l l

■f
For e x a m p le , i f  w e a re  d e a l in g  w ith  an  a i r c r a f t ,  i t  m ight be  re q u ire d  to  

k eep  b e lo w  a  g iv en  a l t i t u d e . Then

fi(Yi) = Yi s L zi

On th e  o th e r  h a n d , h o w ev er, an  o rb itin g  s a te l i t e  m ight be  re q u ire d  to  
rem ain  ab o v e  a  c e r ta in  a l t i tu d e  so  th a t  w e w o u ld  th e n  h av e

fi(Yi) = Yi ^ Lai

A lso , i f  o n e  of th e  y ^ 's  r e p re s e n te d  th e  r a te  o f p ro d u c tio n  in  a g iv e n  p ro c e s s
and  I t  w a s  r e q u ire d  to  p ro d u c e  a t  l e a s t  a  c e r ta in  am ount of th e  p ro d u c t,
th e n  Eq. (1 -3 )  w ould  b eco m e

tf
J  yA d t * L2i 

*■0
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c o n s t r a in ts ,  i n i t i a l ,  and  te rm in a l c o n d itio n s  to  be s a t i s f ie d  in  th e  s h o r t-
*

e s t  e la p s e d  t im e ,  T3 . I t  i s  im p o rta n t to  n o te  th a t  b e c a u s e  of th e

•if •X*a d d itio n a l o u tp u t c o n s t r a in ts , T3 s  Tj .

P r o b l e m  4

T his p ro b lem  i s  e x a c t ly  th e  sam e a s  P roblem  2 e x c e p t  th a t  now th e  

o u tp u ts  o f th e  p la n t  in  F ig . 1 - l b  a re  c o n s tra in e d  a s  in  E q . ( l - 3 )  and  w e

s e e k  th e  r - in p u ts  w hich  p e rm it a l l  c o n s tr a in ts  i n i t i a l ,  and  te rm in a l c o n -

-X- -X- ■&d itio n s  to  b e  s a t i s f ie d  in  th e  s h o r te s t  e la p s e d  t im e , T4 . (N o te  th a t  T4 a T2 ) .

P ro b lem s 3 and  4 w ith  m agn itude  c o n s tr a in ts  on th e  o u tp u ts  h av e

b e e n  p re v io u s ly  s tu d ie d * ^  In  g e n e ra l ,  i t  i s  found  th a t  th e  co n tro l

t
a c t io n s  w h ic h  r e s u l t  are  m ore c o m p lic a te d  com pared  to  th e  o n es  found fo r 

P roblem s 1 a n d  2 . In a d d i t io n ,  th e  s e n s in g  o p e ra tio n s  w h ic h  a re  re q u ire d  

to  re a liz e  th e  form er c o n tro ls  a re  a ls o  c o m p lic a te d .

In t h i s  t h e s i s ,  w e w is h  to  so lv e  P rob lem s 3 and  4 u s in g  con tro l 

a c t io n s  o f n o  g re a te r  co m p lex ity  th an  th o s e  found in  th e  s o lu tio n  of 

P rob lem s 1 a n d  2 .

W ith  th e  above a s  b a c k g ro u n d , th e  p rob lem  w h ich  i s  so lv e d  in  th is  

d is s e r ta t io n  c a n  now be s ta t e d .

P r o b l e m  5

C o n s id e r  th e  l in e a r  p la n t  w h ich  is  sh o w n  in  F igure 1 - lb  and  is  

d e s c r ib e d  by  E q s . ( l - l ) .  C o n s tra in ts  a re  p la c e d  on th e  r - in p u ts  and  th e  

m -o u tp u ts  ( i . e .  E q .( l- 2 )  a n d  E q .( l - 3 )  r e s p e c t iv e ly ) .  I t  i s  re q u ire d  th a t

t
That i s ,  th e y  in v o lv e  c o m p lic a te d  sw itc h in g  fu n c tio n s .



- 5 -

(

Nth  ORDER
—»— Y l Ui Nth  ORDER

* Yz u2
U, — LINEAR • • LINEAR

PLANT
•

Ym
•

ur PLANT
i l

*—  Y\
■*— Yz

Y m

(a) (b)

F ig u re  1-1 Nth  o rd e r ,  lin e a r  t im e -v a ry in g  p la n t w ith  m -o u tp u ts  and

(a) o n e - in p u t

(b) r - in p u ts

m

‘32

T1

tm

C o n tro l
I ORDER
LINEAR
PLANT

F igure  1-2 A ugm ented P lan t



- 6 -

Ui(t) h a v e  th e  sam e form  a s  th e  o p tim a l co n tro l w h ic h  i s  u se d  in  P rob lem  1 

and  th a t  u 2,U3 , . . .  u^(t) b e  e a s i ly  r e a l iz e d .  The p rob lem  is  to  fin d  u ^ t)  and  

to  s p e c ify  th e  re m a in in g  ( r - l ) - in p u t s  s u c h  th a t a l l  o f th e  c o n s tr a in ts  and  

th e  i n i t i a l  and f in a l c o n d itio n s  a re  s a t i s f i e d  in  th e  s h o r te s t  e la p s e d  

t im e , T0 .

I t  i s  o b se rv e d  th a t  th is  i s  P rob lem  4 w ith  th e  a d d itio n a l r e q u i r e ­

m en ts  th a t  one o f th e  in p u ts  have th e  form of th e  o p tim a l co n tro l in  P rob­

lem  1 an d  th a t th e  rem a in in g  co n tro l a c t io n s  be e a s i ly  r e a l iz e d .  I t  i s  im port­

a n t to  n o te  th a t TQ 2  T4*  or T3* ,

1 .3  G e n e ra l A pproach

The g e n e ra l a p p ro a c h  to  th e  s o lu t io n  of P rob lem  5 w h ich  i s  to  be 

o u tl in e d  below  d o e s  n o t  depend  on th e  fu n c tio n a l form  of th e  o u tp u t co n ­

s tr a in ts  in  E q . ( l - 3 ) .  In  order to  be s p e c i f i c ,  h o w e v e r , w e w ill  re q u ire  

th a t  t h e s e  c o n s tr a in ts  h av e  only th e  fo llo w in g  form s:

I I  ViI I pj = C j * t *  lYi(t) |P i d t ]  ^ Pi 2 Lpi CPi = 1 or 2]

(1 -4 )
|y ±(t) | ^  Lp± C P i - « 0

C o n s is te n t  w ith  th e  re q u ire m e n t th a t  th e  re m a in in g  ( r - l ) - p l a n t  

in p u ts  b e  e a s ily  r e a l i z e d ,  a r e a s o n a b le  c h o ic e  fo r th e s e  in p u ts  i s  a  l in e a r

c o m b in a tio n  of th e  p la n t  o u tp u ts ,  i . e .

m —  -
Uj(t) = Aj k y k (t) Cj = 2 , 3 ,  . . .  r ]  (1 -5 )

w h e re  th e  A ^  a re  a  s e t  o f  u n s p e c if ie d  fe e d b a c k  c o e f f ic ie n ts .  (S ee  F ig ­

u re  1 -2 ) An im p o rta n t a d v an ta g e  of c h o o s in g  th e s e  in p u ts  in  th is  m anner
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is  th e  f a c t  th a t  the s in g le  in p u t ,  m -o u tp u t au g m en ted  s y s te m , c o n s is t in g

of th e  g iv e n  p la n t and  th e  fee d b a ck  a s  sh o w n  in  F ig u re  1 -2 ,  i s  c o m p le te ly

t
ou tpu t c o n tro l la b le .

T h e  so lu tio n  o f P rob lem  5 is  now  ap p ro a ch e d  in  th e  fo llo w in g

manner:

T h e  in p u t to  th e  au g m en ted  p la n t  i s  found in  te rm s of th e  fe e d b a c k

c o e f f ic ie n t s ,  A ^ ,  w ith o u t  reg a rd  to  th e  o u tp u t c o n s t r a in ts .  For an y  s e t

of A' s ,  t h i s  in p u t i s  c h o s e n  so  th a t i t  s a t i s f i e s  th e  c o n s tra in t  in  E q . ( l - 3 )

and p e rm its  th e  In i t ia l  a n d  te rm in a l c o n d it io n s  to  be  s a t i s f ie d  in  th e  s h o r t-

21 22
e s t  e l a p s e d  tim e. To th i s  e n d , th e  m e th o d  of fu n c tio n a l a n a ly s is  ' 

w hich  i s  d is c u s s e d  in  S e c tio n  2 .2  i s  e m p lo y ed . As th e  fe e d b ac k  c o e f ­

f ic ie n ts  p ro v id e  s e v e ra l  d e g re e s  o f f re e d o m , th ey  a re  th e n  a d ju s te d  to  

m eet th e  o u tp u t c o n s tr a in ts  in  E q . ( l - 4 )  w h ile  m aking  th e  e la p s e d  tim e  as  

sm all a s  p o s s ib le .

I t  i s  ap p aren t from  F igure 1 -2  th a t  th e  g iv e n  p la n t is  c o n tro lle d  by 

two s e p a r a te  d e v ic e s .  T he f ir s t  one c o n s is t s  o f th e  c o n tro lle r  w h ic h  p ro ­

d u ces  th e  in p u t U j ( t )  (fo u n d  in  th e  a b o v e  m anner). The form of th is  

c o n tro lle r  i s ,  of c o u r s e ,  d e p en d en t u p o n  th e  p a r t ic u la r  sy s te m . The 

se co n d  o n e  is  s p e c if ie d  an d  c o n s is ts  o f  th e  s im p le  fe e d b a c k  a rran g em en t

show n in  F igure 1 -2 . I t  i s  c le a r  th a t  o n c e  the  s e t  o f  fe e d b a c k  c o e f f ic ie n ts  
_

This fo llo w s  from th e  w o rk  of E . G.  G i lb e r t  w ho sh o w ed  th a t  w h en  a 
c o m p o s ite  sy s te m  i s  m ad e  up  of s u b s y s te m s  Sa an d  S ^ , w here  c o n s is ts  
of th e  fe e d b a c k  e le m e n t s , th e  n e c e s s a r y  and  s u f f ic ie n t  c o n d itio n  for su c h  
a s y s te m  to  be c o n tro lla b le  i s  th a t  th e  c a s c a d e  c o n n e c tio n , Sa Sj-, be 
c o n t r o l la b le .
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i s  c h o s e n , Uj(t) i s  op tim al in  th e  s e n s e  th a t  i t  p e rm its  a l l  c o n s t r a in ts ,  

i n i t i a l ,  and  te rm in a l c o n d itio n s  to  be  s a t i s f i e d  in  th e  s h o r te s t  e la p s e d  

tim e . W e w ill h e n c e fo rth  re fe r  to  an  in p u t found  in  th e  ab o v e  m anner a s  

b e in g  "o p tim a l w . r . a . s . " ,  i . e .  o p tim al w ith  r e s p e c t  to  th e  a s su m e d  

s tru c tu re  (o f th e  c o n tro lle r ) .

In th e  a b o v e , i t  w as  t a c i t ly  a s su m e d  th a t  th e  s e t  o f A 's w h ich  

p erm it th e  o u tp u t c o n s tr a in ts  to  be  s a t i s f ie d  in  th e  sh o rte d  e la p s e d  tim e 

do  no t c a u s e  th e  c o n s tra in ts  on u 2 th ro u g h  ur  to  b e  v io la te d .  I f ,  h o w e v e r, 

one or more of th e s e  c o n s tr a in ts  is_ v io la te d ,  a  d if fe re n t s e t  o f  fe e d b a c k  

c o e f f ic ie n ts  m u st b e  s e le c te d  s o  th a t  ev e ry  in p u t c o n s tra in t  i s  s a t i s f i e d .  

U nder th e s e  c o n d it io n s ,  th e  e la p s e d  tim e w o u ld  be g re a te r  th a n  th a t  found 

for th e  f i r s t  s e t  o f A1 s .

In  th is  d i s s e r ta t io n ,  h o w e v e r, w e w ill u s u a l ly  a s su m e  th a t  e i th e r  

th e  s e t  of A’ s a n d  th e  op tim al w . r . a .  s .  in p u t found  in  th e  ab o v e  m anner do 

n o t c a u se  th e  c o n s tr a in ts  on  th e  rem a in in g  ( r -1 ) - in p u ts  to  be  v io la te d  or

th a t  th e s e  c o n s tr a in ts  a re  n o t know n a t  a l l .
/

The q u e s t io n  of how to  m ake a fa ir  co m p ariso n  b e tw e e n  th e  op tim al 

w . r . a . s .  an d  tim e -o p tim a l s o lu tio n s  th e n  a r i s e s .  In  a d d it io n , i t  i s  p e r t i ­

n e n t to  a sk  w h a t one m eans by a tim e -o p tim a l s o lu t io n  for a  p rob lem  

in v o lv in g  in p u ts  w h ich  h a v e  e i th e r  lo o s e  or unknow n c o n s t r a in t s .

S ince  th e  s p e c if ie d  p o r tio n  of th e  c o n tro lle r  ( i . e .  th e  feed b ack ) 

p ro d u ces  in p u t s ig n a ls  w h ich  a re  p ro p o rtio n a l to  th e  c o n s tra in e d  o u tp u ts  

(E q .1 -5 ) ,  t h e s e  in p u ts  h av e  th e  sam e c la s s  o f l im ita tio n  p la c e d  on them
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f
a l s o  . In  th is  d i s s e r ta t io n ,  th e  te rm  " tim e -o p tim a l so lu tio n "  w ill b e  

u n d e rs to o d  to  re fe r  to  th e  s o lu tio n  w h ic h  is  o b ta in e d  w hen  o p tim a l s ig n a ls  

a re  a p p lie d  to  a l l  o f  th e  in p u ts  an d  th e  o u tp u t c o n s tr a in ts  a re  n e g le c te d .  

The s ig n a l a p p lie d  to  in p u t one s a t i s f i e s  th e  c o n d itio n  in  E q . ( l - 2 ) .  The 

rem a in in g  ( r - l ) - s i g n a l s  s a t i s fy  th e  fo llo w in g  s e t  of d e riv e d  c o n s tr a in ts

II uj iip2 = CT f  1 Uj [Pz d t ] 1^ 2 s L  ( 1 - 6 )
t o J

w h ere  p2 is  c h o s e n  so  th a t  th e  ty p e  of in p u t l im ita tio n  i s  th e  sam e  a s  th e

o u tp u t c o n s tr a in t  an d  /

It i s  im p o rtan t to  r e a l iz e  th a t  under th e  ab o v e  a s s u m p tio n s ,  i t  is

n e c e s s a ry  to  so lv e  P roblem  2 in  o rd e r to  find  th e  op tim al t im e . T hen , a

m easu re  o f p erfo rm an ce  of th e  o p tim al w . r . a . s .  ap p ro a ch  i s  o b ta in e d  by

•K-com paring  TQ w ith  T2 . I t  sh o u ld  be n o ted  t h a t ,  in  g e n e r a l ,  th is  i s  a  v e ry  

p e s s im is t ic  c o m p a riso n .

1 .4  Scope o f  th e  D is s e r ta t io n

S in ce  th e  form of th e  co n tro l a c tio n  i s  to  be found in  th e  a b s e n c e

of th e  o u tp u t c o n s t r a in t s ,  i t  can  b e  r e a l iz e d  u s in g  e s ta b l i s h e d  te c h -  

4 5 -4 9n iq u e s .  T h e se  te c h n iq u e s  a re  n o t c o n s id e re d  for th is  d i s s e r ta t io n ,

t
For e x a m p le , i f  a l l  o f  th e  o u tp u ts  h av e  th e ir  m ag n itu d es  l im i te d , th e  

( r -1 ) - in p u ts  do a l s o .
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In  th e  n e x t c h a p te r , a  d e ta i le d  p re s e n ta t io n  of th e  F u n c tio n a l 

21 22A n a ly s is  a p p ro a c h  '  to  so lv in g  o p tim a l c o n tro l p rob lem s i s  g iv e n .

T h is i s  th e  m ethod  u s e d  in  th e  d i s s e r ta t io n .  The c h a p te r  a l s o  in c lu d e s

a b r ie f  h is to r ic a l  su rv e y  of tim e -o p tim a l c o n tro l.

B e s id e s  so lv in g  P rob lem  5 o f S e c tio n  1 . 2 ,  one of th e  o b je c t iv e s

o f th is  w ork is  to  d e v e lo p  n u m eric a l p ro c e d u re s  for so lv in g  tim e -o p tim a l

c o n tro l p ro b lem s u s in g  th e  F u n c tio n a l A n a ly s is  a p p ro a c h . To th is  e n d .

C h a p te r  III p r e s e n ts  a  th eo rem  w h ic h  p e rm its  a  d ig i ta l  com pu ter to  b e  u s e d

to  s o lv e  th e  s u b s id ia ry  m a th e m a tic a l p rob lem  w h ic h  a r i s e s  w hen  th is

a p p ro a c h  is  u s e d ,  i . e .  th e  m in im iza tio n  of a norm  w ith  r e s p e c t  to  s e v e ra l  

t
p a ra m e te rs .  I t  i s  show n th a t  i f  th e  norm in  q u e s tio n  is  a  n o n -d e c re a s in g  

fu n c tio n  of th e  te rm in a l tim e an d  th e  m in im iz ing  p a ra m e te rs ,  th e s e  p a ra ­

m e te rs  a ls o  m ax im ize  th e  e la p s e d  tim e . The s u f f ic ie n t  c o n d itio n  for th is  

to  b e  so  i s  g iv e n  for t im e - in v a r ia n t  p la n ts .  I t  i s  show n th a t  in i t ia l ly  

q u ie s c e n t  an d  r e g u la to r  ty p e  s y s te m s  s a t i s f y  th is  c o n d itio n .

In C h a p te r  IV, th e  s o lu tio n  to  Problem  5 i s  o b ta in e d  for g e n e ra l 

l in e a r  s y s te m s .  As th e re  a re  e s s e n t i a l  d if fe re n c e s  in  th e  p ro ce d u re s  u s e d  

in  o b ta in in g  s o lu tio n s  for s in g le  a n d  m u ltip le  o u tp u t p l a n t s , th e  c h a p te r  i s  

d iv id e d  in to  tw o  p a r t s .  In th e  f i r s t ,  s y s te m s  w ith  in te g ra l  or q u a d ra tic  

c o n s tr a in ts  on  th e  s in g le  o u tp u t an d  m a g n itu d e , in te g r a l ,  or q u a d ra tic  

c o n s tr a in ts  on  th e  in p u ts  a re  t r e a te d .  Low er b o u n d s  on th e  e la p s e d  tim e 

a re  d e r iv e d  an d  som e n e c e s s a r y  c o n d itio n s  for th e  e x is te n c e  of a  so lu tio n

T h e se  p a ra m e te rs  a re  c a l le d  X 's and  a re  s im ila r  to  th e  L agrange  m u ltip lie rs  
w h ic h  a re  u s e d  in  v a r ia t io n a l c a lc u lu s .



to  Problem  5 a re  p r e s e n te d .  I t  i s  show n  th a t  i f  y ( tD) = 0 , th e  m agn itude  o f 

th e  o u tp u t n e v e r  e x c e e d s  th e  m ag n itu d e  of y (tf) = y ^ .  U sin g  th is  r e s u l t ,  i t  

i s  im m ed ia te ly  a p p a re n t w h e th e r  o r n o t a  g iv e n  o u tp u t m ag n itu d e  c o n s tr a in t  

can  b e  s a t i s f i e d .  In th e  s e c o n d  p a r t  o f th e  fo u rth  c h a p te r ,  sy s te m s  w ith  

m a g n itu d e , in te g ra l ,  or q u a d ra tic  c o n s tr a in ts  on th e  m u ltip le  o u tp u ts  and  

in p u ts  a re  t r e a te d .  Some n e c e s s a r y  c o n d itio n s  for th e  e x is te n c e  of a  

so lu tio n  a re  g iv e n ; I t  i s  a ls o  show n th a t  w h en  th e  in p u t to  th e  au g m en ted  

p la n t h a s  a  q u a d ra tic  c o n s tr a in t  o n  i t ,  th e  s u b s id ia ry  m a th e m a tic a l problem  

a s s o c ia te d  w ith  th e  F u n c tio n a l A n a ly s is  a p p ro ac h  i s  re d u c e d  to  th e  p rob lem  

of f in d in g  th e  r e a l  ro o t o f  a t r a n s c e n d e n ta l  e q u a tio n . In  b o th  p a rts  th e  

n u m eric a l s e a rc h  p ro c e d u re  for f in d in g  th e  fe e d b a c k  c o e f f ic ie n ts  i s  g iv en  

and  i l lu s t r a te d  w ith  num erous e x a m p le s .

In  C h a p te r  V, i t  i s  show n th a t  fo r a c l a s s  o f p ro b le m s , th e  o p tim a l 

w . r . a . s .  an d  op tim al s o lu tio n s  a re  id e n t ic a l .  The c o n d itio n s  for th is  to  

be so  a re  d e v e lo p e d  an d  s e v e ra l  i l lu s t r a t io n s  a re  g iv e n . It i s  d e m o n s tra te d  

th a t  th e  au g m en ted  p la n ts  w h ich  r e s u l t  a re  g e n e ra lly  u n s ta b le  if  th e  g iv e n  

p la n t i s  s ta b le .

The f in a l c h a p te r  i s  d ev o te d  to  a d e ta i le d  d is c u s s io n  of th e  

n u m eric a l p ro c ed u re s  u s e d  to  s o lv e  th e  p rob lem s in  C h a p te r  IV. The 

p ra c t ic a l  a s p e c ts  o f  th e  s e a rc h  p ro c e d u re s  u s e d  in  o b ta in in g  th e  o p tim al 

w . r . a . s .  s o lu tio n  a re  g iv e n .

As a  f in a l n o te  o n e  may o b se rv e  th a t  th is  th e s i s  (and  th e  p ro p o sed  

s o lu tio n  to  Problem  5) r e p re s e n ts  a  m arriag e  b e tw e e n  c e r ta in  m odern and  

c la s s i c a l  co n tro l te c h n iq u e s .



5 C o n tr ib u tio n s

The fo llo w in g  i s  a  sum m ary o f th e  c o n tr ib u tio n s  m ade in  th is  th e s is :

1 . I t  i s  d e m o n s tra te d  th a t  w hen  th e  F u n c tio n a l A n a ly s is  a p p ro a c h  i s  

u s e d  to  s o lv e  c e r ta in  tim e -o p tim a l co n tro l p ro b le m s , th e  cu rve of 

T , th e  e la p s e d  t im e , v e rs u s  th e  X 's in  (T , X) s p a c e  i s  a  maximum a t 

th e  p o in t (T* _X*). If lliili i s  a n o n -d e c re a s in g  fu n c tio n  of t j ,  th is  

p o in t i s  a  u n iq u e  m axim um . The s u f f ic ie n t  c o n d itio n  for th is  to  be 

s o  i s  th a t  e ^  be  in d e p e n d e n t of t f .  I n i t ia l ly  q u ie s c e n t  an d  r e g u la t­

in g  ty p e  s y s te m s  s a t is fy  th is  c o n d it io n . From th e s e  r e s u l t s ,

s ta n d a rd  h i l l  c lim b in g  te c h n iq u e s  w h ich  a re  w e ll s u ite d  to  im p le -

-X-m e n ta tio n  on  a  d ig i ta l  co m p u ter can  be  u s e d  to  find  (T , X_ ) .

2 . I t i s  show n th a t  a p p lic a t io n  o f th e  o p tim al w . r . a . s .  in p u t (E q .4 -5 )  

im p lie s  th a t  th e  s in g le  o u tp u t o f a  l in e a r  p la n t c an  n e v e r  o v e rsh o o t 

th e  te rm in a l p o in t ,  y ^ .  T his r e s u l t  i s  e a s i ly  a p p lie d  to  d e te rm in e  

w h e th e r  i t  i s  p o s s ib le  to  s a t i s f y  a 'g iv e n  m ag n itu d e  c o n s tr a in t  on 

th e  o u tp u t. I f  th e  o u tp u t h a s  a n  in te g ra l or a  q u a d ra tic  c o n s tra in t  

on  i t ,  th e  n e c e s s a r y  c o n d itio n s  for th e  e x is te n c e  o f a  s o lu tio n  to  

Problem  5 ( E q s . 4 -7  and  4 -2 2 )  and  lo w er b o u n d s o n  th e  e la p s e d  

tim e (E qs. 4 -1 3  an d  4 -1 7 ) a re  d e r iv e d . N e c e s s a ry  c o n d itio n s  for 

th e  e x is te n c e  of a  s o lu tio n  to  Problem  5 a re  d e r iv e d  for m u ltip le  

o u tp u t p la n ts  (E q s . 4 -3 7  an d  4 -4 2 ) . T h e se  r e s u l t s  a re  u s e d  to  

s ig n if ic a n t ly  re d u c e  th e  c o m p u ta tio n  tim e w h ich  is  re q u ire d  to  find  

th e  s e t  o f f e e d b a c k  c o e f f ic ie n ts  and  th e  e la p s e d  tim e .
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3 . I t  Is  show n th a t  a c la s s  of problem s e x is t s  hav ing  th e  p ro p erty  th a t 

th e  p ro p o sed  co n tro l sch em e  g iv es  th e  tim e -o p tim a l s o lu t io n . The 

c o n d itio n s  th a t  th e  sy s te m s  in  th e s e  p ro b lem s m ust s a t i s fy  are 

d ev e lo p ed  and  s e v e ra l  ex am p les  in c lu d e d . (C h ap te r V)

1 .6  S u g g e s tio n s  for Future Study

The w ork done on th e  g iv e n  problem  h a s ,  by no m ean s , e x h a u s te d  

the  s u b je c t .  O ther p o s s ib le  a re a s  of s tu d y  have a l s o  b een  u n co v e re d . The 

fo llow ing  is  a l i s t  of to p ic s  for fu tu re  study:

1. This work d e a l t  s o le ly  w ith  con tinuous s y s te m s .  An o b v io u s  e x te n ­

s io n  w ould be to  re p e a t  th e  e n tire  problem  fo r d is c re te  p la n ts .

2 . S in ce  th e  form of the  o p tim al w . r . a . s .  in p u t i s  known (a lth o u g h  th e  

sw itch in g  tim es  a re  n o t in  th e  c a s e  of an  in p u t m agnitude co n ­

s tra in t)  u se  of an  an a lo g  com puter m ight f a c i l i ta te  th e  so lu tio n  of

a p a r tic u la r  p rob lem . T h is p o s s ib il i ty  sh o u ld  be ex p lo red .

3 . As w as p re v io u s ly  m en tio n ed , every  p lan t in p u t has som e p h y s ic a l 

l im ita tio n  on i t .  If  th e s e  lim ita tio n s  a re  n o t e x ceed ed  u s in g  the  

p ro p o sed  co n tro l s c h e m e , i t  w ould be in te re s t in g  to  le a rn  w h eth er 

th e  u s e  of b ia s  b a t te r ie s  w h ich  c a u se  th e  in p u ts  to  o p e ra te  on the 

b o u n d a rie s  of th e ir  c o n s tra in ts  m ight re d u c e  th e  e la p se d  tim e .

4 . The q u e s tio n  o f w h e th e r |jk jj^ can  d e c re a se  a s  t j  in c r e a s e s  is  s t i l l  

u n a n sw e re d . I t  w ould  be  u se fu l to  know th e  s p e c if ic  c o n d itio n s  

u n d er w h ich  th is  b eh av io r i s  p o s s ib le ,  or for th a t  m atter i f  i t  is  

p o s s ib le  a t  a l l .
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I I , BACKGROUND

2 .1  H is to r ic a l  B ackground

In  r e c e n t  y e a r s  co n tro l th e o ry  h a s  a d v a n c e d  q u ite  r a p id ly .  O ne of

th e  p rim ary  r e a s o n s  fo r th is  i s  th a t  c o n tro l e n g in e e rs  h av e  had  to  d e a l  w ith

in c re a s in g ly  com plex  s y s te m s .  As p ro b lem s h a v e  becom e m ore co m p lex

and  th e  dem an d s on  s y s te m  perfo rm an ce  m ore s tr in g e n t ,  i t ^ i s  b eco m e

n e c e s s a r y  to  d e v e lo p  new  te c h n iq u e s  fo r so lv in g  s u c h  p ro b le m s . As a
f

r e s u l t ,  th e  m ethods of c l a s s i c a l  c o n tro l th e o ry  h a v e  b e e n  au g m en ted  and

in  som e in s ta n c e s  r e p la c e d  by th o s e  of m odern  or o p tim al co n tro l th e o ry .

In  e s s e n c e ,  th e  p h ilo so p h y  of th e  m odern a p p ro a c h  to  c o n tro l

p ro b lem s i s  th a t  a  fu n c tio n a l on th e  s y s te m  s ta t e  an d  in p u t v a r ia b le s  i s

s e le c te d  or p r e - s p e c i f ie d .  P h y s ic a l c o n s tr a in ts  a re  th e n  im p o sed  on

th e s e  v a r ia b le s  an d  a  co n tro l la w  i s  found  w h ich  m in im izes  or m ax im izes

th e  fu n c tio n a l by som e v a r ia t io n a l  m eth o d .

H is to r ic a l ly ,  th e  op tim al c o n tro l p rob lem  f i r s t  a ro s e  a s  th e  " t im e -
1

o p tim al"  p roblem  (d u e  to  F eldbaum  ) . In  i t  one  s e e k s  th e  s e t  o f c o n tro l 

a c t io n s ,  u(t) ( i . e .  th e  sy s te m  in p u ts ) ,  w h ic h  d r iv e s  th e  sy s te m  s ta te  

v a r ia b le  v e c to r ,  x ( t ) ,  from an  in i t i a l  p o in t ,  x ( tQ) ,  to  a  f in a l p o in t ,  x ( t j ) ,  

in  th e  s h o r te s t  t im e . In  a d d it io n , i t  i s  a s su m e d  th a t  th e s e  co n tro l a c t io n s  

h av e  a m p litu d e , in t e g r a l ,  or q u a d ra t ic  c o n s tr a in ts  p la c e d  on th em .

The c l a s s i c a l  a p p ro a c h  to  th e  d e s ig n  a n d  s y n th e s is  o f a u to m a tic  c o n tro l 
s y s te m s  f a l l s  in to  tw o  c a te g o r ie s :  (1) a  t r i a l  and  e rro r  d e s ig n  p ro ce d u re  
u s in g  z  an d  L a p la c e  tra n sfo rm s; (2) a n  in f in i te  tim e in te g ra l  of th e  e rro r 
i s  u s e d  a s  a  m easu re  o f p e rfo rm a n c e .
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2
In  th e  e a r ly  1950*s B ushaw  In v e s t ig a te d  th e  tim e -o p tim a l 

r e g u la to r  problem  ( i . e .  p rob lem s in  w h ic h  x (tj)  = 0 ) .  He u s e d  g e o m e tr ic a l 

c o n s tru c t io n s  in  th e  p h a s e  p la n e  to  o b ta in  s o lu tio n s  for s e c o n d  o rder 

s y s te m s  w ith  a m ag n itu d e  c o n s tra in t  on th e  s in g le  in p u t .  S ince  th a t  t im e , 

m ore g e n e ra l m ethods h a v e  b een  d e v e lo p e d  for so lv in g  o p tim al co n tro l 

p ro b le m s .
3

In  p a r t ic u la r ,  D e so e r  u s e d  th e  c a lc u lu s  o f v a r ia t io n s  to  fo rm u la te

th e  tim e -o p tim a l p ro b lem . V aria tio n a l te c h n iq u e s  w ere  a l s o  u s e d  by

4 5 6 7F rie d la n d  , Lee , L e itm an n  , an d  Mi-ele . The la t te r  re fe re n c e  c o n ta in s

a n  e x te n s iv e  b ib lio g ra p h y  in  a d d itio n  to  a tu to r ia l  p re s e n ta t io n  of th e

s u b je c t  w ith  s e v e ra l  p r a c t ic a l  e x a m p le s .

P o n try ag in  em p lo y ed  v a r ia t io n a l  c a lc u lu s  to  d e v e lo p  th e  M axim um

8 tP r in c ip le  w h ich  d if fe r s  from th e  c l a s s i c a l  p rob lem  o f M ay er in  th a t  i t

p e rm its  th e  co n tro l a c t io n s  to  be  c o n s tr a in e d . For v e ry  g e n e ra l dy n am ic

s y s te m s  th e  M axim um  P rin c ip le  p ro v id e s  an  e le g e n t  an d  o f te n  pow erfu l

m ethod  of fo rm u la tin g  a n d  so lv in g  th e  fo llo w in g  o p tim al co n tro l problem :

G iv e n  a n  n**1 o rd e r s y s te m  c h a ra c te r iz e d  by  th e  s e t  o f d if fe re n tia l

e q u a tio n s

xA(t) = ^ ( x ,  u ,  t) (i = 1 , 2 ,  . . .  n)

w h ere  x^ i s  th e  i ^  co m p o n en t o f th e  s ta te  v a r ia b le  v e c to r  x ,  and  l e t  th e

t
In  th e  M ay er p ro b le m , one a tte m p ts  to  d e te rm in e  a  fu n c tio n  w h ich  m in i­

m iz e s  a  g iv e n  fu n c tio n  e v a lu a te d  a t  th e  end  p o in ts .  In  a d d it io n , th e  g iv en  
fu n c tio n  c o n ta in s  som e v a r ia b le s  w h o se  f in a l v a lu e s  a re  u n s p e c if ie d  ( e . g .  
t j ,  th e  f in a l t im e ). E very  co n tro l s ig n a l  h a s  u n re s tr ic te d  b o u n d s .
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in i t ia l  s ta t e  of the s y s te m , X£(t0 ) = b e  s p e c if ie d .  The problem  i s  to  

find  ii w h ic h  m in im izes  o r m ax im izes  a g iv e n  perfo rm an ce  fu n c tio n a l

Pt f

to

s u b je c t  to  c e r ta in  p h y s ic a l  c o n s tr a in ts  o n  u or x  (or b o th ) .

To so lv e  th is  p ro b le m , a new  s ta te  v a r ia b le  i s  f i r s t  in tro d u c e d  a s

x  . = F( x ,  u ,  t) x ,  (t_) = 0n+i o '

so  th a t  th e  problem  i s  e x a c t ly  th e  sam e e x c e p t  th a t  n o w , x n+ i(tj) i s  to  be

m in im ized  or m ax im ized . The n e x t s te p  in v o lv e s  d e fin in g  a  s e t  of (n+1)

t
a d jo in t  d if fe re n tia l  e q u a tio n s  , i . e .

n + 1  a fpi( t)  = P j(t) (1 - 1 , 2 , . . .  n+ 1 )

P i(tf) = -b i

w here  th e  b^ a re  a s e t  o f know n c o n s ta n ts .  A H am ilto n ian  fu n c tio n  is  

th en  d e f in e d  a s

4 n + 1
J2., t) = Pj fj

The M axim um  P rin c ip le  s ta t e s  th a t  th e  v e c to r  in p u t ,  u_, w h ich  m in im izes  

(m ax im izes) I s found  by  m ax im iz ing  (m in im izing) H w ith  r e s p e c t

to  u s u b je c t  to  th e  2 n + l d if fe re n tia l  e q u a tio n s  and  th e ir  r e s p e c t iv e  in i t ia l  

and  te rm in a l c o n d itio n s .

f
The a d jo in t  v a r ia b le s  in  th e  M axim um  P rin c ip le  fo rm u la tio n  c o rre sp o n d  

to  th e  L ag range  m u ltip lie rs  o fte n  u s e d  in  th e  v a r ia t io n a l  fo rm u la tio n  of 
o p tim a l co n tro l p ro b le m s .
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To s o lv e  th is  p rob lem  a tw o  p o in t  boundary  v a lu e  problem  i s

e n c o u n te re d  s in c e  th e  te rm in a l c o n d it io n s  o f th e  a d jo in t  v a r ia b le s  and

th e  i n i t i a l  c o n d itio n s  o f th e  s ta te  v a r ia b le s  a re  s p e c i f ie d .  In  a l l  b u t a

few  in s ta n c e s  a  d ig i ta l  com puter m u s t be  u s e d . As a  r e s u l t  a  good  d e a l

o f r e s e a r c h  h a s  b e e n  d e v o te d  to  f in d in g  e f f ic ie n t  n u m eric a l te c h n iq u e s  for

9—13s o lv in g  su c h  p ro b lem s . For th e  m o st p a r t ,  th e s e  te c h n iq u e s  in v o lv e  

a t r i a l  a n d  erro r p ro c e d u re  o f g u e s s in g  a  s e t  of P j ( t 0 ) an d  so lv in g  th e  

(2 n + l) d if fe re n tia l  e q u a tio n s  to  s e e  i f  th e  g iv en  P-^(tf) a re  s a t i s f i e d .  If 

th e y  a re  n o t a new  s e t  o f pi ( tQ> is  g u e s s e d  and  th e  p ro ced u re  i s  r e p e a te d .  

O ne m ajo r d if f ic u lty  w ith  su c h  a te c h n iq u e  is  th a t  a  sm a ll c h a n g e  in  p^(t0 ) 

m ay c a u s e  a  v ery  la r g e  ch an g e  in  P ^ (tf) . D e sp ite  th e  c o m p u ta tio n a l d if ­

f ic u l t ie s  w h ich  m ay b e  e n c o u n te re d , th e  ad v e n t o f h ig h  sp e e d  d ig i ta l  

co m p u te rs  h a s  m ade i t s  a c c e p ta n c e  a n d  u se  an  e s ta b l i s h e d  f a c t .

T u to ria l p re s e n ta t io n s  of th e  M axim um  P r in c ip le  have b e e n  g iv e n  

by Kopp^ 4  and  Tou*5 .

A nother m ethod  of so lv in g  g e n e ra l  o p tim al c o n tro l p ro b le m s ,

16D ynam ic  Program m ing , w as d e v e lo p e d  by R ichard  B ellm an . The b a s ic

id e a  o f th is  m ethod i s  th a t  a  very  d i f f ic u l t  p roblem  i s  im b ed d ed  in to  a  c la s s

of s im p le r  and  m ore s o lv a b le  p ro b le m . This c o n c e p t ,  know n a s  in v a r ia n t

im b e d d in g , i s  s p e c ia l iz e d  to  o p tim iz a tio n  p rob lem s th ro u g h  th e  " P rin c ip le  

16of O p tim ality "  w h ic h  s ta te s :  " a n  o p tim a l co n tro l s tr a te g y  h a s  th e  

p ro p e rty  t h a t ,  w h a te v e r  th e  in i t ia l  s t a t e  and  th e  i n i t i a l  d e c is io n ,  th e  

re m a in in g  d e c is io n s  m u st form an  o p tim a l co n tro l s tr a te g y  w ith  r e s p e c t  to  

th e  s t a t e  re s u l t in g  from  th e  d e c i s io n ."  This m ean s th a t  i f  w e s ta r t  w ith  a
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m u ltis ta g e  d e c is io n  p ro c e s s  , i t  i s  p o s s ib le  to  r e p la c e  th e  o r ig in a l m u lti­

s ta g e  o p tim iz a tio n  by  a  s e q u e n c e  of s in g le  s ta g e  d e c is io n  p r o c e s s e s  w h ich  

a r e ,  in  g e n e r a l ,  e a s ie r  to  s o lv e .

M a th e m a tic a lly  su p p o se  th a t  M (x , t ) i s  th e  s m a l le s t  (or la rg e s t)  

v a lu e  of som e g iv e n  p erfo rm an ce  in d e x  w h ic h  c a n  b e  a t ta in e d  from s ta t e  x  

w ith  tim e  r  re m a in in g . If jc i s  c h a n g e d  from Xj to  by  th e  tra n sfo rm a tio n

*  z = )

th e n  u s in g  th e  P r in c ip le  o f O p tim a lity  g iv e s

min (o r max) ,
M ( X z , T )  =  w > r > t  ^  { M C g ^ ,  u j ) ,  t - 1 ] }

P erform ing th e  m in im iz a tio n  (or m ax im iza tio n ) w ith  r e s p e c t  to  u j g iv e s

ujp, the. o p tim a l c o n tro l (p o licy ) a t  s ta te  Xi  w ith  r  s e c o n d s  re m a in in g . The

l a s t  e q u a tio n  s t a t e s  th a t  th e  s m a l le s t  (or la rg e s t)  p e rfo rm an ce  in d e x  w h ich

i s  a t ta in a b le  w ith  t s e c o n d s  l e f t  i s  found  by  r e p la c in g  ^  b y  x j in  M and

th e n  do ing  th e  b e s t  th a t  c a n  be  d o n e  w ith  r e s p e c t  to  u^. I t  i s  n o ted  th a t

M fx^/O ) i s  th e  s m a l le s t  (or la rg e s t)  f in a l v a lu e  of th e  perfo rm an ce  in d e x

w h ic h  is  a t ta in a b le  a t  th e  en d  of th e  n - s ta g e  d e c is io n  p r o c e s s .  A tu to r ia l

19a c c o u n t  o f D y n am ic  Program m ing i s  g iv e n  by Tou

In  g e n e r a l ,  a  d ig ita l  co m p u te r m ust b e  u s e d  to  s o lv e  prob lem s

17 18
em ploy ing  th e  D y n am ic  Program m ing m eth o d . A flo o d in g  te c h n iq u e

c a n  b e  u s e d  w h ereb y  a  num ber of o p tim a l t r a je c to r ie s  a re  o b ta in e d  w ork ing

b a ck w a rd s  from  M (x ,0 ) . The tr a je c to ry  w h ic h  m in im izes  (or m ax im izes)

t
A m u ltis ta g e  d e c is io n  p ro c e s s  i s  o n e  th a t  r e q u ire s  m any c o n s e c u tiv e  

d e c is io n s  to  r e a c h  th e  f in a l g o a l .
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M (x , r) fo r e a c h  v a lu e  o f t i s  th e n  c h o se n  an d  th e  co rresp o n d in g  v a lu e s

o f 11 form the  o p tim al c o n tro l. S ince  i t  i s  n e c e s s a ry  to  s to re  a l l  of th e

v a lu e s  o f x ,  11, and  M (x , t ) ,  i t  i s  q u ite  p o s s ib le  to  e x c ee d  th e  c a p a c ity

of th e  com puter m em ory w hen a  m u lti-d im e n s io n a l problem  is  a tte m p ted .

U sin g  a  te c h n iq u e  o f po lynom ial ap p ro x im a tio n s  w h ich  in v o lv e s  expand ing

M (x , r )  in  a  s e r ie s  of L egendre  p o ly n o m ia ls , th e  memory req u irem en ts  can

19b e s ig n if ic a n tly  re d u c e d

The d e c is io n  a s  to  w h e th e r  th e  M axim um  P rin c ip le  or D ynam ic

Program m ing i s  th e  b e t te r  m ethod i s  n o t c le a r  c u t.  As i s  o ften  th e  c a s e ,

c e r ta in  p rob lem s a re  b e s t  h an d led  u s in g  th e  f i r s t  te c h n iq u e  w h ile  o th e rs

are  m ore e a s i ly  so lv e d  u s in g  th e  se c o n d  o n e .

21 22In  1963, Kranc and  S arach ik  '  in tro d u c e d  in  th is  coun try

a n o th e r  m ethod of so lv in g  a  c la s s  o f op tim al co n tro l prob lem s b a s e d  on

c e r ta in  r e s u l ts  o f fu n c tio n a l a n a ly s i s , As th is  i s  th e  m ethod u se d  in  th is

d i s s e r ta t io n ,  a  m ore d e ta ile d  tre a tm e n t i s  re q u ire d . This i s  d e fe rred  u n til

th e  n e x t s e c t io n .

R e c e n tly , an  in te r e s t  h a s  a r is e n  in  so lv in g  problem s in  w h ich  both

23 —30
in p u t and  s ta te  v e c to rs  of a sy s te m  a re  c o n s tra in e d  . The p h y s ic a l 

m o tiv a tio n  h as  com e from a n eed  to  lim it  o u tp u t q u a n ti t ie s  s u c h  a s  a lti tu d e

or v e lo c i ty  o f  a  ro c k e t or a irp la n e . W h ile  th e  l i te ra tu re  i s  e x te n s iv e  w hen
%

a m agn itude c o n s tra in t  i s  p la c e d  on  th e  sy s te m  s ta te  v e c to r ,  no w ork h as  

b e e n  done on prob lem s in v o lv in g  in p u t c o n s tra in ts  and  in te g ra l o r q u a d ra tic  

lim ita tio n s  on th e  s ta te .  H o w ev er, a  q u a d ra tic  c o n s tra in t  on on ly  th e  o u t­

p u t i s  found in  p rob lem s w here th e  sy s te m  m ean sq u a re  e rro r i s  to  be  

m in im ized31'.
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W hen  th e  s ta t e s  a re  m ag n itu d e  c o n s tr a in e d ,  th e  a p p ro a c h  u s e d  to  

o b ta in  a s o lu tio n  i s  to  f in d  th e  o p tim a l in p u ts ,  c o n s is te n t  w ith  th e  in p u t 

c o n s tr a in ts  in  th e  a b s e n c e  of th e  s ta te  c o n s t r a in ts .  T h e se  in p u ts  a re  p e r ­

m itted  to  o p e ra te  u n ti l  one  or m ore of th e  s ta te s  r e a c h e s  th e  bou n d ary  of 

i t s  c o n s tr a in t .  The in p u ts  a re  th e n  m o d ified  in  su c h  a  m anner a s  to  k e e p  

th e s e  s ta te s  (an d  an y  o th e rs  w h ic h  m ay re a c h  th e ir  b o u n d a r ie s  a t  som e 

la t e r  tim e) e i th e r  w ith in  or on th e  c o n s tr a in t  b o u n d a r ie s .  O b v io u s ly , th e  

c h a n g e s  in  th e  in p u ts  m u st be  c o n s is te n t  w ith  b o th  th e  in p u t c o n s tra in ts  

and  th e  te rm in a l c o n d i t io n s , The r e s u l t in g  co n tro l a c t io n s  o fte n  in v o lv e  

c o m p lic a te d  sw itc h in g  s u r fa c e s  a n d  a r e ,  in  g e n e ra l ,  d if f ic u l t  to  r e a l i z e  in  

p r a c t ic e .  There i s ,  a l s o ,  no  d if f e re n tia l  c o n d itio n  or lo c a l  t e s t  fo r d e te r ­

m ining w hen  or w h ere  to  le a v e  th e  c o n s tr a in t  b o u n d a r ie s  an d  a s  a r e s u l t  i t  

i s  n e c e s s a r y  to  u s e  a  t r ia l  an d  e rro r  p ro ced u re  for lo c a t in g  th e s e  b reak  aw ay

p o in t s . To d a te ,  one  of th e  b e s t  tre a tm e n ts  o f th is  a re a  i s  g iv e n  by

24M cIn ty re  and  P a iew o n sk y  w h ile  a  co m p le te  su rv ey  of th e  op tim al c o n tro l

f ie ld  in c lu d in g  a  c o m p re h e n s iv e  b ib lio g ra p h y  c a n  be  found  in  a n o th e r  p ap e r

32w ritte n  by P a iew o n sk y

2 .2  M a th e m a tic a l B ackground

In th is  th e s i s  c e r ta in  te c h n iq u e s  of fu n c tio n a l a n a ly s is  f i r s t  a p p lie d

21 22to  m odern c o n tro l p rob lem s in  th is  co u n try  by K ranc an d  S a ra c h ik  '  a re  

u s e d .  T h e re fo re , a  d e ta i le d  d e s c r ip t io n  o f th e ir  w ork fo llo w s .

2 .2 .1  M inim um  Norm P ro b lem . L e t th e  p la n t  d e s c r ib e d  by E q s .(1 -1 )  

an d  r e p e a te d  h e re  for c o n v e n ie n c e  b e  sp e c if ie d :
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x ( t)  = E(t) x (t) + F (t)u ( t)  ( 2 - l a )

£ (t) = C(t) x(t) + D (t)u (t)  (2 - l b )

Furtherm ore su p p o se  th a t  th e  in i t ia l  s ta te  o f th e  .p lan t a t  tim e t 0  i s

*<t0> = &

The problem  i s  to  find  th e  s e t  of in p u ts  ir w h ich  d riv e s  th e  ou tpu t v e c to r  to  

Z(tf) = 3^  and  w h ich  m in im izes the  fo llow ing  norm:

| | u | | p S [ . | i I 1- P ( | l u 1 || p i ) P ] 1 / P  ( p s l )  ( 2 - 2 )

w here  th e  L^'s a re  a s e t  of p o s it iv e  r e a l  n u m b ers , t f  i s  a  s p e c if ie d  te rm in a l

t im e , and

II u j p j  £  [  I Ul ( t) |pl d t ] 1 /P l  ( i  = 1 , 2 , .  . .  r) ( 2 - 3 )

The so lu tio n  of th is  “ minimum norm problem " p ro c ee d s  in  th e  fo llow ing  

m anner:

The v e c to r  o u tp u t of a p la n t w h ich  i s  s p e c if ie d  by E q .(2 -1 )  i s  

know n to  b e ^
„t

X(t) = C(t) 0 ( t , t Q)Xo  + r H (t,T ) u ( t ) d r  (2 -4 )
t o

41w h ere  0 ( t , t o) i s  a  fu n d am en ta l m atrix  of th e  sy s te m  an d  the  im p u lse  

42re s p o n s e  m atrix  , i s  g iv en  by

H ( t ,T) = C(t) 0 ( t , t )  F (t)  + D (T )6 (t -r )  (2 -5 )

E quation  (2 -4 ) i s  e a s ie r  to  h an d le  i f  w e le t

e(t) I  i ( t )  -  C(t) « ( t , t 0 )Xo (2 - 6 )

Thus f

e(t) = J* H (t(T ) u ( r ) d r  (2 -7 )
^o



- 2 2 -

U sing  th e  d e f in itio n  in  E q .( 2 -6 ) ,  th e  p ro b lem , fequ iva len t to  th e  one s ta te d  

a b o v e , i s  to  th e  one s ta te d  a b o v e , i s  to  find  th e  v e c to r  in p u t w h ic h  h a s  a 

m inim um  norm , |lu||p / a n d  w h ic h  s a t i s f i e s  th e  m -e q u a tio n s

edl = f f  h j( tf ,T )u (T ) d T  {j = l , 2 , . . . m )  (2 -8 )
J t o

w h ere  e ,^  i s  th e  co m p o n en t of

^  -  C ( tf)(fi(tf , t ^ X o  = (2—8 a)

and  h j ( t f ,  t )  i s  th e  j **1 row  of th e  im p u lse  r e s p o n s e  m atrix  (E q. 2 - 5 ) .

As i t  h a s  b e e n  a s su m e d  th a t  th e  p la n t i s  c o m p le te ly  o u tp u t c o n tro l-
■H

la b le  ( s e e  S ec tio n  1 .2 ) ,  a t  l e a s t  one  v e c to r  in p u t e x i s t s  w h ich  s a t i s f i e s  the  

m -re la t io n s  in  E q .(2 -8 ) .  W h a t i s  d e s ir e d  h e re  i s  to  find  th e  one  w h ich  

m in im izes  |[u ||p .

The r ig h t hand  s id e  o f E q .(2 -8 )  c a n  b e  c o n s id e re d  a s  a  l in e a r  

fu n c tio n a l on h.j(tf, r )  a n d  i s  d e n o te d  by  f(h j) . T h e re fo re ,

edj = f(hj) (2- 9)

Now c h o o s e  an m -vector_X  w ith  e le m e n ts  X i,X 2 , • • . Xm and  form  th e  dot
t

p ro d u c t V  • e ^ ,  w h ere  th e  prim e d e n o te s  t ra n s p o s e  . M aking  u s e  o f E q .(2 -9 )  

g iv e s
m m

* - 2 d  x i e dJ - j g ,  XJ f(h]) ( 2 - 10)

■f
T h e se  X 's  a re  s im ila r  to  th e  L a g ran g e  m u ltip lie rs  w h ich  a re  em ployed  in  

v a r ia t io n a l  c a lc u lu s .
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S in ce  f(*) i s  a l in e a r  fu n c tio n a l,  th e  r ig h t hand  s id e  of E q ,(2 -1 0 )  b eco m es  

L  X, f th j)  = f [ | t X, h , ]  = f [ x  • H (tf , T ) ]  (2 -1 1 )

D efin in g

k ( t f , t )  = X * H (tf , r )  s  i k l t  k Z/ . . .  kr ] (2 -1 2 a )
i

A 111
kj = £  Xi h i j t t f ,  T) (2—12b)

thw h ere  h^j i s  th e  i , j  e le m e n t o f H (tf, T ) ,  Eq. (2 -1 1 )  b eco m es

V • = f(k) . (2 -13 )

It i s  im p o rta n t to  n o te  th a t  E q .(2 -9 )  i s  im p lie d  i f  E q . ( 2 - l l )  [a n d  

h e n ce  (2 -1 3 )]  i s  s a t i s f i e d  for e v e ry  a rb itra ry  s e t  o f  X 's .

U sing  th e  d e f in it io n  of th e  fu n c tio n a l f ,  E q .(2 -1 3 )  c an  be  

re w ritte n  a s

t f r
X’ • ^  = J  k ( tf , r )  u ( r )  d r  = f k ^ t f ^ J u ^ T jd T  

t«  t_

X ■ 2 4  = Jtt f  f= 1  L , k i ( t£, T) I f 1 U±(T) d r  (2 -14)

w h ere  th e  l a s t  form  i s  w r itte n  fo r c o n v e n ie n c e .

T ak ing  m a g n itu d e s  o f b o th  s id e s  of E q .(2 -1 4 )  and  a p p ly in g  a v e rs io n  

of H o lder’s In e q u a li ty  w h ic h  i s  v a l id  for sum s ( s e e  A ppendix I ) ,  w e h av e

l a - S d i  * M l p I H ,  (2 - i s )

w h ere  l[u||p i s  d e f in e d  in  E q . ( 2 - 2 ) ,

l l - l ' q  =  [ i 5 i  <l!k i H q i ) q ] 1 / q  ( 2 - 1 6 >
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IIM qi = [ J j  l ki (tf*T> iqi d T ] 1/qi (2- 17>

and

~  + -  = 1 (2 -1 8 a)
q P ' 1

^ - + ^ 5-=  1  (i = l , 2 , . . . r )  (2-18b)

Therefore

II || !*  -^dl in .

S in ce  E q .(2 -1 3 ) m ust be  s a t i s f ie d  for any  s e t  of X 's ,  s o  to o  m ust 

In e q u a lity  (2 -1 9 ) . I t i s  o b se rv ed  th a t  s in c e  th e  v a lu e  of the r ig h t hand s id e  

of (2 -19 ) i s  d ep en d en t upon th e  s e t  of A 's c h o s e n , th is  in e q u a lity  i s  n ev er 

v io la te d  i f
m ax | A! * e^ l

, * A,'Pi i i -  * ~Hk[|—  <2~20)
q

Then th e  v a lu e  of th e  minimum norm b eco m es
m axI \ I | IILCIJI

/ll 11 \ _ max L  * g d l w .r . t .X j  1 ■ 1----------- (2 - 2 1 )
p min 1 IIJS.II s u b je c t  II k. II Xj lliS.IL

q *  - 6 , 1 = 1  q  X ' k r 1

D eno ting  by_X *the s e t  o f X s  w h ich  m in im izes ||k j |q  Eq. (2 -21 ) becom es 

In o rder for E q .(2 -2 2 )  to  be  v a l id ,  th e  in e q u a li ty

N i p  llJs*llq *  | f ( ! s * > l  =  I k *  - S d l  =  1

m ust b e  s a t i s f ie d  by th e  s ig n  of e q u a l i ty ,  i . e .

N i p  = j j j ^  » - » >
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T his i s  tru e  i f  an d  o n ly  i f  ( s e e  A ppendix  I) th e  e le m e n ts  o f th e  in p u t v e c to r  

a re

Ul( r )  = KL| ( | |k f | |  )q  51 |k f ( t f ,r ) |q i '  S G N C k f(tf , r ) ]

( i= l  , 2 , .  . .r)  (2 -2 4 )

w h ere  K i s  a p o s it iv e  c o n s ta n t ,  SGN (?) = +1 for 5  > 0 f SGN (§) = -1  for ? < 0 ,  

and  th e  SGN i s  an  u n d e fin e d  fu n c tio n  w h o se  m ag n itu d e  i s  l e s s  th a n  one w h en  

§ =  0 . K i s  e v a lu a te d  by u s in g  E q .(2 -2 4 )  in  E q .(2 -2 2 ) .  Thus

K = ------1--------
<l|k*llq >q

and th e  in p u ts  w h ic h  s a t i s f y  th e  te rm in a l c o n d itio n s  (E q .2 -8 )  and  m in im ize  

th e  norm in  E q .(2 -2 )  becom e

Ul(T> = (llk^ll )q  (1|kl* |lq i 'q " q i l kf < t f -T ) |q i" 1 S G N [k f ( t f ,T )]

q ( i = l , 2 , . . . r )  (2 -2 5 )

2 .2 .2  C o n s tra in e d  In p u ts  . S u p p o se  th a t  th e  p rob lem  in  th e  p rev io u s  

s e c t io n  i s  now ch an g e d  s o  th a t  e a c h  of th e  p la n t in p u ts  h a s  a  s e p a ra te  

c o n s tr a in t  on i t  e x p re s s e d  in  th e  form

11 ui lL  = [ l /  l ui(T ) |Pl d r ]  ^ Pi s  Li  ( i = l , 2 , . . . r )  (2 -2 6 )
pi  L r o

22S arach ik  and  Kranc re fe r  to  th is  a s  a  p rob lem  w ith  "M u lti-N o rm " 

c o n s t r a in t s .

I t  i s  o b se rv e d  th a t  th e  p^ an d  m ay b e  d iffe re n t from e a c h  i 

im p ly in g  th a t  e a c h  e le m e n t of jli m ay h av e  a d if fe re n t ty p e  of c o n s tra in t
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f
p la c e d  on i t  .

T his p rob lem  i s  so lv e d  u t i l iz in g  th e  r e s u l t s  o f th e  p rev io u s  s e c t io n .  

C o n s id e r  th e  fo llo w in g  norm:

w . « * [ l M a . - ]  ( a _ a 7 )

A l i t t l e  th o u g h t w il l  c o n v in c e  th e  re a d e r  th a t  w hen  th e  s in g le  c o n d itio n

Hull s i  (2-28)

i s  s a t i s f i e d ,  th e  r - c o n d i t io n s  in  E q .(2 -2 6 )  are  a ls o  s a t i s f i e d .

43K irillova h a s  show n  th a t  in  th e  lim it a s  p » , th e  s o lu t io n  w ith

tilth e  p norm of u. (E q .2 -2 1 )  c o n s tra in e d  in  th e  fo llo w in g  m anner

r~ r  P  P "1 1 / P
llullp = [ ^ L j  ( llu jllp j)  J  s i  ( p * l )  (2 -2 9 )

th e

a p p ro a c h e s  th e  s o lu t io n  w ith  \x c o n s tr a in e d  a s  in  E q .(2 -2 8 ) .

From E q .( 2 -1 8 a ) ,  q = 1 w hen  p = => . H e n c e , th e  In p u ts  ( i . e .  

op tim al) w h ich  s a t i s f y  th e  te rm in a l c o n d itio n s  in  E q .(2 -8 )  and  th e  c o n s tra in ts  

in  E q .(2 -2 6 )  a re

U i ( T ) = i r V ( l 'k* V  q i  |k i t(tf ,T ) |q i  s G N t kf ( t £ -T>:|
II.

(1 = 1 ,2  . .  .r)  (2 -30 )

w here  th e  s ta r re d  q u a n t i t ie s  a re  o b ta in e d  by f in d in g  X ' s  w h ich  g iv e

M in w . r . t .  X̂  r  
Ilk ||,  = s u b je c t  to  | S  L, || kjH ]

V ’ S d = l  U ~ ‘ 1

For e x a m p le , uA h a s  a  m ag n itu d e  c o n s tr a in t  on i t ,  p^ = a>; i f  i t  i s  c o n ­
s tr a in e d  in  a re a  ( i . e .  a  fu e l c o n s tr a in t ) ,  p^ = 1 ; an d  i f  i t  i s  c o n s tra in e d  
in  e n e rg y , p^ = 2 .
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2 .2 .3  The T im e-O ptim al S o lu tio n . If th e  te rm in a l tim e i s  perm itted

to  v ary  and  i t  i s  req u ired  th a t  th e  te rm in a l c o n d itio n s  (E q .2 -8 )  and  th e  in p u t

■X* ■X'c o n s tra in ts  (E q .2 -2 6 ) be  s a t i s f ie d  in  th e  minimum e la p s e d .l im e , T = t^  - t Q, 

a t im e -o p tim a l, m ulti-norm  problem  r e s u l t s .  The so lu tio n  o f th is  problem  

i s  a g a in  found from th e  m inimum norm s o lu tio n  of S ec tio n  2 .2 .1 .

C om bining E q .(2 -2 3 )  (w ith  p = »  an d  q = 1) and  E q .(2 -2 8 ) g iv e s

l i H 2 1

or

||k * ||,  * 1 (2 -32)

W hen  | |k  || i s  a  co n tin u o u s  function  of t f  th e  minimum te rm in a l tim e , tf  , 

(and  h en c e  th e  minimum e la p s e d  tim e) i s  a c h ie v e d  for th e  s m a lle s t  v a lu e  of 

t j  w h ich  m akes

llk * )!^  1 (2-33)

U nder th is  c o n d itio n , th e  tim e -o p tim a l in p u ts  are  found from E q .(2 -3 0 ) to  

be

u,(T) =  L1 ( ||k i* | |  ) 1 _ q i |k * ( t f* , T ) | ‘! l " 1 SGN [ k f ( t f* ,T )3
T-l

(1 = 1 ,2 ,  . . ,r) (2 -34)

■)£w here  th e  X ^s are  o b ta in e d  from E q .(2 -3 1 )  and  t f  i s  th e  minimum v a lu e  of 

t f  w h ich  s a t i s f ie s  E q .(2 -3 3 ) .

I t i s  e a s i ly  v e r if ie d  by d ire c t s u b s t i tu t io n  th a t  th e  tim e -o p tim a l 

in p u ts  in  E q .(2 -3 4 )  s a t i s fy  th e  c o n s tra in ts  in  E q .(2 -2 6 ) w ith  th e  s ig n  of 

e q u a li ty . C le a r ly  th e n , e q u a li ty  of th e  in p u t c o n s tra in ts  i s  a n e c e s s a ry  

c o n d itio n  for a  tim e -o p tim a l so lu tio n  to  e x i s t .  In a d d it io n , S arach ik  and
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22Kranc sh o w ed  th a t  th e  n e c e s s a ry  an d  s u f f ic ie n t  c o n d itio n  for a n  o p tim al

so lu tio n  to  e x i s t  i s  th a t  E q ,(2 -3 2 )  be  s a t i s f i e d  for som e t f  w ith  th e  t im e -  

op tim al in p u ts  b e in g  g iv e n  by  E q .( 2 - 3 4 ) .

2 . 2 , 4  S p e c ia l C a s e s

(a) Lf = L and  pf = p . If  a l l  o f th e  Lf = L an d  th e  Pf = p th e  in p u t 

norm in  E q .(2 -2 9 )  b eco m es

The t im e -o p tim a l p rob lem  w ith  th is  in p u t c o n s tr a in t  w a s  c o n s id e re d  by  Kranc

The tim e -o p tim a l in p u ts  w h ic h  s a t i s f y  th e  c o n s tr a in ts  in  E q .(2 -3 5 ) and  th e  

te rm in a l c o n d itio n  in  E q .(2 -8 )  a re  found  from  E q .(2 -2 5 )  to  be

(2 -3 5 )

2 1and Sarachik . . I ts  s o lu t io n  i s  e a s i ly  o b ta in e d  from  th e  r e s u l t s  o f S e c tio n

2 . 2 . 1 .
f t

U sin g  th e  sam e  a rg u m en t a s  th a t  p re ce d in g  E q .(2 -3 3 ) ,  t^ i s  th e

s m a lle s t  v a lu e  of t f  w h ic h  s a t i s f i e s

(2 -3 6 )

U f(r )  = Lq I k j V * , - ! * ) ! * 1" 1 SGN [ k * ( t * ,  r ) J  (i = l , 2 , . . . r )  (2 -3 7 )

w here  th e  X*l s a re  o b ta in e d  by m in im iz in g  l|kj( w ith  r e s p e c t  to  Xi s u b je c tq a

to  th e  c o n d itio n  X m = 1  an d  t j  i s  found  from

■ l [ £  h  | k i * ( t f ' T ) , q  d T ] l / q = 1 ( 2 _ 3 8 )
(2 -3 8 )

I t  i s  im p o rta n t to  n o te  th a t  th e  m in im iza tio n  of lljlllq b y  no m eans a  t r iv ia l  

p ro b le m .
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(b) S in g le  O u tpu t P la n ts  . W hen  a  l in e a r  sy s te m  h a s  on ly  one o u tp u t,  

a s ig n if ic a n t  s im p lif ic a tio n  in  find ing  th e  t im e -o p tim a l in p u ts  an d  tf  r e s u l t s .  

The r e a s o n  fo r th is  i s  th a t  i t  i s  n o t n e c e s s a r y  to  m in im ize || kj| w ith  r e s p e c t  

to  th e  s in g le  lam b d a  s in c e  th is  p a ram e te r i s  a lre a d y  know n from th e  co n ­

d it io n ,  y  • = 1. U sin g  th is  f a c t ,  th e  t im e -o p tim a l in p u ts  w h ich  s a t i s f y

th e  m ultinorm  c o n s tr a in ts  in  E q .(2 -2 6 )  b ecom e

ii ii ^“ Qi i -if r  h i^ f  'T ) -i
U±(T) = L id lh f l l^ )  1 |hi(t;r,T)| 1 S G N [ ~ ^ --- ]  (2 -3 9 )

w here  tf  i s  th e  s m a l le s t  v a lu e  of tf  s a t is fy in g

= l e dl  <2 - 4 0 >

If th e  in p u t c o n s tr a in t  in  E q .(2 -3 5 )  i s  u s e d  in  p la c e  of th e  m u lti­

norm c o n s t r a in t ,  E q .{ 2 -3 9 ) fu rth e r s im p lif ie s  to

q - l  r M t f * T )
U jtr) = L | — —  1 s g n [ -------- — ]  (2 -4 1 )

•K-
w h ere  t f  i s  found  from

C .s  |h f ( t f , r ) |  ] d t !  = ^ T “  (2 -4 2 )
-o 1 - 1  .

I t  i s  s ig n if ic a n t  to  n o te  th a t  w h en  th e  p la n t  h a s  o n ly  one  o u tp u t, th e  

co m p u ta tio n s  w h ich  a re  re q u ire d  to  f in d  tf  an d  th e  tim e -o p tim a l in p u ts  a re  

ro u tin e  i r r e s p e c t iv e  o f  th e  o rd e r  o f th e  s y s te m . This i s  to  be com pared  w ith  

th e  c o m p u ta tio n a l la b o r  w h ic h  i s  n e c e s s a r y  w hen  e i th e r  D ynam ic  Program m ing

■f
For e x a m p le , th e  s o lu t io n  of a  tw o -p o in t boundary  v a lu e  p ro b le m 'is  

re q u ire d  w h en  th e  M axim um  P rin c ip le  i s  em p lo y ed .
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or th e  M axim um  P rin c ip le  a re  u se d  to  s o lv e  th e  sam e ty p e  of p ro b lem .

(c) Time In v a r ia n t P l a n t s , If a  l in e a r  p la n t i s  n o n - tim e -v a ry in g , 

th e  r e s u l t s  o f  th e  p re v io u s  s e c t io n s  a re  a p p l ic a b le .  The a rb itra ry  in i t i a l  

tim e , t Q, i s  r e p la c e d  by 0 , th e  te rm in a l tim e  b eco m es T , and  th e  e x p re s s io n  

( t j ,  r)  b e c o m e s  (T -  t) in  a l l  o f th e  e q u a t io n s .

2 . 2 . 5  E x am p le . The fo llow ing  ex am p le  i l l u s t r a t e s  th e  m ethods 

o u tlin e d  in  th e  p rev io u s  s e c t io n s :

C o n s id e r  th e  l in e a r  t im e - in v a r ia n t  p la n t  show n  in  F igure  2 - 1 .  

D efin in g  th e  s ta te  v a r ia b le s  a s  sh o w n , th e  norm al form r e p re s e n ta t io n  of 

th is  p la n t i s

X =

0 1 0 0

0 0 1 251 + 0 u (2 E - la )

0 0 0 1

1 0 0
X (2 E - lb )

0 1 0

sy s te m  c a n  be  show n to  be

1 t t 2 / 2

0 1 t (2E -2)

0 0 1

0 (t) =

U sin g  E q .(2 -5 )  and E q .(2 E -2 ) ,  th e  im p u lse  r e s p o n s e  m a trix  is

1  t  t 2 / 2  

0  1 t  

0 0 1

H(t) = C 0  (t) F = 1 0  0  

0  1 0

0 t z / 2

0 =
t

1
, . *

(2E-3)

w h ereu p o n

h,(t) = tz/ 2  

h2(t) = t

(2 E -4 a)

(2E -4b)
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F igure  2 -1  T h ird -o rd e r  P la n t

u ( t )

+L

T

-L

F ig u re  2 -2  T im e-o p tim a l In p u t U sed  to  C o n tro l th e  P lan t

in Figure 2-1
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Now s u p p o se  th a t  u i s  c o n s tra in e d  in  M a g n itu d e , i . e .

| u | s L  (2E-5)

and  th a t  i t  i s  d e s ir e d  to  find  th e  in p u t w h ic h  d r iv e s  th e  s t a t e  v a r ia b le  

v e c to r  from th e  in i t i a l  p o in t

x ( 0 ) =

- 1

0

0

(2E-6)

to  th e  o rig in  in  th e  s h o r te s t  tim e  w h ile  s a t i s fy in g  E q .(2 E -5 ) . 

U sin g  E q ,(2 -6 )  a t  t  -  T w e fin d  th a t

^ d
1 0  0  

0  1 0

T Tz/2 - 1

1 T 0

0  1 - 0

or

(2E-7)

From th e  d e f in it io n  of k(t) ( E q .2 - 1 2 ) f w e h av e

k(t) = X ' H(t) = X1 7 + X2 t (2E-8)

S in ce  |{ k j|q  m u st b e  m in im ized  w ith  r e s p e c t  to  Xj s u b je c t  to  th e  co n d itio n  

V . e ^  = 1 , w e fin d  th a t

V * e d = [ X i X 2 ] [ J ]  = Xl = 1 (2E-9)

%

U sin g  th is  r e s u l t  to g e th e r  w ith  E q ,(2 E -8 ) in  E q .(2 -3 8 )  g iv e s

l2  + X l t | , * ] 1 / q

As u i s  c o n s tr a in e d  in  m a g n itu d e , p = <» an d  th e re fo re ,  q = 1 . The e x p r e s s ­

io n  to  b e  m in im ized  b eco m es
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l i t I I ,  = L J T | T + X s t ' d t  (2E_10)
1 o ^

T
C arry in g  ou t th e  in te g r a t io n , w e find  th a t  fo r X2 > -  - j

i u 4  =  E [ f + i ^ - H ]  <2E- l l >

T aking  th e  p a r t ia l  d e r iv a t iv e  o f th is  e x p re s s io n  w ith  r e s p e c t  to  X2 and  

e q u a tin g  to  z e ro  g iv e s

L [ f - 4 ( X 2, ’ ] = 0

or

*  T
X2 = -  ( 2 E - 1 2 )

To find  th e  m inimum tim e , E q .(2 E -1 2 ) i s  s u b s t i tu te d  in to  E q .( 2 E - l l )  

and  th e  r e s u l t in g  e x p re s s io n  i s  e q u a te d  to  1 . Thus

( 2 E - 1 3 )

U sin g  E q .(2 E -1 2 ) in  E q .(2 -3 7 )  th e  t im e -o p tim a l in p u t i s

u ( t ) =  L SGN ^  ~ T '/ 8 ~ T i ]  (2E -14)

or g ra p h ic a lly  a s  show n in  F ig u re  2 - 2 .



- 3 4 -

X- *I I I  ON THE RELATIONSHIP BETWEEN t f AND X

3 .1  In tro d u c tio n

In S e c tio n  2 . 2 .4  i t  w a s  n o ted  th a t  i t  i s  u s u a l ly  d if f ic u l t  to  perform  

th e  m in im iza tio n  of ||jc|| w ith  r e s p e c t  to  Xj n e c e s s a r y  w h en  th e  F u n c tio n a l

A n a ly s is  a p p ro a c h  i s  u s e d  in  o b ta in in g  th e  op tim al s o lu t io n  for m u ltip le
1

o u tp u t p la n t s .  In  th is  c h a p te r ,  i t  i s  sh o w n  th a t  th e  X’s w h ich  m inim ize 

IlkJI s u b je c t  to  th e  c o n d itio n

= 1

m axim ize  th e  te rm in a l t im e ,  t f ,  in  ( t f ,A J - s p a c e .  If  ilii*llq i s  a  n o n -  

d e c re a s in g  fu n c tio n  of t f ,  th e  p o in t ( t f  ) i s  a u n iq u e  maximum in  th is  

s p a c e .  On th e  o th e r  h a n d , i f  ||k * ]L  i s  n o t a n o n -d e c re a s in g  fu n c tio n  o f t f ,  

th is  p o in t i s  th e  s m a l le s t  o f  th e  lo c a l  m ax im a. From th e s e  r e s u l t s ,  s ta n d a rd  

h i l l  c lim b in g  m eth o d s c a n  b e  u s e d  to  c a lc u la te  t f  an d  \  . Two su ch  

m ethods a re  i l lu s t r a te d .  In  a d d it io n , i t  i s  show n th a t  for an  im p o rtan t 

c l a s s  o f  l in e a r  s y s te m s ,  l|k . || i s  a  n o n -d e c re a s in g  fu n c tio n  o f t f .

■X- X3 .2  A Theorem  o n  th e  R e la tio n s h ip  B etw een  _X and  tf

I t  i s  r e c a l le d  (S e c tio n  2.2-4) th a t  in  o rd e r to  f in d  th e  tim e -o p tim a l

in p u ts  (E q s .2 -3 7 )  w h ich  d r iv e  th e  o u tp u ts  from an  in i t i a l  to  a  f in a l p o in t in

Xo u tp u t s p a c e  in  th e  s h o r te s t  te rm in a l tim e  t f  , th e  e x p re s s io n  (E q ,2 -3 8 )

l i y q = [ J f ^  I k j t t p T j ^ d T ]  [ S  Jo f 0 |k j ( t f t t f - r ) | q d T ] 1^q (3 -1 )  
to

m u st f i r s t  b e  m in im ized  w ith  r e s p e c t  to  th e  X’s s u b je c t  to  th e  c o n d itio n
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V  ' Sjj = 1 (3 -2 )

t f  i s  th e n  th e  s m a l le s t  v a lu e  o f tf  w h ich  s a t i s f i e s  E q .( 2 -3 6 ) / i . e .

k I L  „ -  k * I L  = j; <3- 3>, -v *  ^

fb r c o n v e n ie n c e , l e t

X=X

<p(tf ,x )  = Ilk II (3 -4 )

9 (£ f /k )  i s  th e re fo re  a  fu n c tio n  o f ( m - l ) - l a m b d a s . In a d d it io n , l e t
min

0 (tf) = X £cp(tf ,Xj] = cp(tf , x * [ t f ] ( 3- 5)

so  th a t  t f  i s  th e  s m a l le s t  v a lu e  of t f  w h ic h  s a t i s f i e s  th e  e x p re s s io n

0 ( tf )  -  £  (3~6)

I t  i s  im p o rtan t to  n o te  th a t  th e  la m b d a s  w h ic h  m in im ize  cp(tf,X ) a re  fu n c tio n s  

o f t f  an d  a re  th e re fo re  w r itte n  ^  ( tf ) .

U sing  th e s e  d e f in i t io n s ,  th e  proof of th e  fo llo w in g  th eo rem  is  now

giv en :

THEOREM

-X-
(a) If 0(t^) i s  a  n o n -d e c re a s in g  fu n c tio n  o f t f ,  th e  p o in t ( tf  ,X_ ) 

i s  a  u n iq u e  m axim um ^ of tf(X J.

(b) If 0 (tf)  i s  n o t a  n o n -d e c re a s in g  fu n c tio n  o f t f ,  th e  p o in t ( tf  , X. ) 

i s  th e  s m a l le s t  o f th e  lo c a l  m axim a of tf(X) w here  t f  (XJ i s  

o b ta in e d  by so lv in g  fo r t f  in  th e  e q u a t io n ,  cp(tf,X) = ^  .

1* By m axim um , w e m ean  th a t  t f  < t^ fo r X = X .



- 3 6 -

Proof

(a) As 0 (tf) i s  a s su m e d  to  be  a  n o n -d e c re a s in g  fu n c tio n  of t f ,

th e re  i s  o n ly  o n e  v a lu e  o f t f  w h ich  s a t i s f i e s  E q .(3 -6 ) .  See F ig u re  3 - l a .

‘K-S in ce  th e  X ( t f ) 's  m in im ize  cp(tf,X) a t  a n y  t im e ,  t f ,  any  o th e r  s e t  o f 

lam b d as ( s a y  Xg) c a u s e s  c p ( t ^ , > (/)(tf) ,  i . e .  th e  cu rve  of cp(tf ,X^) v e rs u s

tf  i s  a lw a y s  ab o v e  th e  cu rv e  of v e r s u s  t f .  S ee  F igu re  3 - l b .  From

1 *  th is  f ig u re ,  i t  i s  s e e n  th a t  ^ ( t f , ^ )  = j-  w h en  t f = t f w h ere  t f < t f .

■X-
S in ce  X r e p re s e n ts  an y  s e t  of la m b d a 's  w h ic h  i s  no t e q u a l to  X , th e

vy
p o in t ( tf  ,X_) i s  c le a r ly  a maximum in  ( t f ,X .) - s p a c e . To show  th a t  th is  

p o in t i s  u n iq u e ,  s u p p o se  th a t  an o th e r  m axim um  e x is t s  a t  ( tf  , X ) .
a  cl

Then for an y  o th e r  s e t  o f la m b d as  in  th e  n e ig h b o rh o o d  of X ( e . g .  L ) ,
cl "D

cp(tf,Xk) > ( S e f 5  F igure  3 - l b . )  T h a t i s ,  in  th is  n e ig h b o rh o o d , Xa

m in im izes  cp(tf, X). N ow , from E q .(2 -2 1 )

(H -llp ^ m in  “  m in cp(tf ,X )  (2 -2 1 )
w . r . t .

* i

i t  i s  s e e n  th a t  th e  lam b d a  s ta r s  n o t o n ly  m in im ize  cp(tf,X) b u t a l s o  m in im ize

*P'
th e  in p u t n o rm , ||u j | . S in ce  cp(tf,X ) > <P(tf,X ) ,  fo r an y  t f ,

W lp < '^ " p
h r X a

w h ic h  i s  c le a r ly  n o t p e rm itte d . T hus th e  p o in t
X=X*

( t f  ,X ) c a n n o t be  a  m aximum and  h e n c e ,  ( t f ,X ) i s  u n iq u e .

(b) As 0(tf) i s  n o t a  n o n -d e c re a s in g  fu n c tio n  of t f ,  th e re  may b e  

s e v e ra l  v a lu e s  o f t f  w h ic h  s a t i s fy  E q .( 3 -6 ) .  See F igure  3 - 2 .
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V ( t£ , ^  )

t£

1

L

Fig. 3-1 (a) N on-decreasing  ^ ( t f )  v e rsu s  t £

(b)tf>(t£), ^ ( t f ,  Xa), and <P(t£, Xb) v e rsu s  t £

F ig . 3-2 if) ( t £) v e rsu s  t £ when l/j(t£) is  n o t a non-decreasing  

fu n c tio n  o f t £
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f  j#. ^  *
U sin g  th e  sam e a rg u m en t a s  in  p a r t (a) , i t  i s  a p p a re n t  th a t  ( tf  t X ( tf  ) )

At f
a n d  (tfj^X , ( t j ^ ) ) a re  b o th  m axim a . The p o in t ( t f  , ^  ) i s  s e e n  to  b e  th e

s m a l le s t  o f th e  lo c a l  m axim um  in  ( te V X )-sp a c e . T h is c o m p le te s  th e  p roof *
*'• $ '  '

Rem ark
S tf

W hen  q = 1 o r 2 in  E q .( 3 -4 ) ,  th e  p a r t ia l  d e r iv a t iv e s , g-jj-

■Jt -K-(i = l , 2 ,  . . . m - 1 ) a re  c o n tin u o u s  in  th e  n e ig h b o rh o o d  o f ( tf  , 2L ) p rov ided  

th e  s y s te m  im p u lse  r e s p o n s e s  d o  n o t c o n ta in  " c o a s t  z o n e s"  . See F ig .3 - 3 a .  

If " c o a s t  z o n e s"  a re  p r e s e n t  in  th e  im p u lse  r e s p o n s e s ,  cp(tf,X) h a s  h o r i­

z o n ta l  s e c t io n s  a s  i l l u s t r a t e d  in  F igu re  3 -3 b .  D is c o n tin u o u s  p a r t ia l  d e r iv a -

■H- 1t iv e s  r e s u l t  l f  th e  v a lu e  of L i s  s u c h  th a t  th e  e q u a tio n  Vi(tf ) = — is  s a t i s f ie d  

on th e  f la t  p o rtio n  o f th e  c u rv e .

W h en  q -  »  , 0  (tf) m ay b e  d i s c o n t in u o u s . If  th e  s i tu a t io n  d e p ic te d  

in  F ig u re  3 -4  o c c u r s ,  w h e re  E q .(3 -6 )  i s  s a t i s f i e d  on  th e  d isc o n tin u o u s
-K-

p o rtio n  of ^>(tf), th e  p a r t ia l  d e r iv a tiv e s  a re  z e ro  fo r t f = t f for a  ra n g e  o f 

v a lu e s  o f th e  la m b d a ’ s .

The fo llo w in g  lem m a g iv e s  th e  s u f f ic ie n t  c o n d itio n  fo r $ ( tf )s  j| k. || 

to  b e  a  n o n -d e c re a s in g  fu n c tio n  of t^ fo r n o n - tim e -v a ry in g  s y s te m s .

t
In  th is  in s t a n c e ,  X i s  in  th e  n e ig h b o rh o o d  o f X. ( t .  ) .

t t  x
If  th e  v a lu e  o f L i s  s u c h  th a t  0 ( t f) i s  ta n g e n t  to  th e  h o r iz o n ta l l i n e ,  ~  ,

a t  p o in t A, a  s a d d le  p o in t  r e s u l t s .  W e w ill  a s s u m e  th a t  th is  d o es  n o t 
o c c u r .
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h(t)

a)

c o a s t
zo n e

(b)

1
L

F igure  3 -3  (a) I l lu s t r a t io n  of a  “ c o a s t  zo n e"  in  th e  S ystem  
Im p u lse  R esp o n se

(b) I l lu s t r a t io n  o f a  c a s e  w h ere  (J>(tf) i s  c o n s ta n t

F igure 3 -4  I l lu s t r a t io n  of a d isc o n tin u o u s  0 ( t f)

cpftf ,X.) cp(tf , X)

f
(a)

f

F igure 3 -5  (a) 0 ( tf) = cp[tf , X. ( t f)]  v e r s u s  t f

(b) I l lu s tra t io n  o f n o n -d e c re a s in g  b e h a v io r  o f cp[t^, X "(t:)]

(c) I l lu s t r a t io n  o f In e q u a li ty  (3 -9 )
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Lemma 1 .

The s u f f ic ie n t  c o n d itio n  for 0 (tj)  to  be a n o n -d e c re a s in g  fu n c tio n  of 

fo r n o n - tim e -v a ry in g  s y s te m s  i s  th a t  b e  in d e p e n d e n t of t^ .

P roof (by c o n tra d ic tio n )

From th e  d e f in it io n  of It (Eq. 2 - 1 2 a ) , th e  e x p re s s io n  for ||kJL v a lid

fo r  n o n - tim e -v a ry in g  s y s te m s  i s

m m
H i l l ,  = H i’ • H (tf - t ) | |q  = = I^S X ih (t) |!q

II4 ,  “  j f  lt |  V ' )  I”  d t ] 1 /q  (3 -7 )

1,1.
w h e re  h ^  i s  th e  ( i , j )  e le m e n t of th e  im p u lse  r e s p o n s e  m atrix . M aking  

u s e  of E q .(3 -2 )  to  e lim in a te  one of th e  la m b d a 's  in  E q .( 3 -7 ) ,  ( e . g .  X i), 

w e  o b ta in

d>(t£,X) = r S j ‘f X1(h1J( t ) - ^ h 1J( t ) ) |q dt]1/q (3-8)
1 L ]= i o e d j i = 2  1 e dx J J

it
F o r th e  X. ( t ^ ' s  w h ic h  m in im ize  cp(t£,X) in  E q .( 3 -8 ) ,  su p p o se  th a t  0 ( t f) is  

n o t a  n o n -d e c re a s in g  fu n c tio n  o f t^ a s  show n  in  F ig u re  3 -5 a .

C o rre sp o n d in g  to  t f = t ^  th e re  i s  a s p e c i f ic  s e t  o f v a lu e s  o f th e  la m b d a -  

s t a r s , i . e .  X. (ti)  = Aj. I f  th e s e  la m b d a 's  a re  u s e d  in  E q .( 3 -8 ) ,  th e  

in te g ra n d  o f th e  in te g ra l  in  th is  e q u a tio n  is  n o t a fu n c tio n  of t^ , ( s in c e  th e  

e ^  (i = 2 , 3 ,  . .  .m) a re  n o t fu n c tio n s  o f t^) so  th a t  cp(tf,XjO i s  a  n o n ­

d e c re a s in g  fu n c tio n  o f t^ . In  a d d i t io n ,  i t  c o in c id e s  w ith  $ (tj) a t  t^ = t j .  

T h is  b eh a v io u r  i s  d e p ic te d  in  H g u re  3 - 5 b .

N ow , fo r any  tim e  t ^  t j ,  X.= Xi d o e s  n o t m inim ize < P (tf,2 j so

th a t
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^ 0 (if) ( 3—9)

e q u a li ty  o c c u rrin g  o n ly  for t^ = t j .  See F ig u re  3 -5 c .

C le a r ly ,  fo r < t t , cp (tj,X j) c a n n o t s a t i s fy  in e q u a l i ty  (3 -9 ) and  

b e  a  n o n -d e c re a s in g  fu n c tio n  of t^ a t  th e  sam e  tim e . T h e re fo re , th e  

o r ig in a l a s su m p tio n  th a t  </) (t^) i s  n o t 'a  n o n -d e c re a s in g  fu n c tio n  of t f le a d s  

to  a  c o n tra d ic t io n . I t  i s  e a s i ly  s e e n  th a t  i f  $ (tj)  i s  a n o n -d e c re a s in g  

fu n c tio n  of t^ , b o th  o f th e s e  c o n d itio n s  c a n  b e  s im u lta n e o u s ly  s a t i s f ie d .

T h is  co m p le te s  th e  p ro o f.
(

Rem ark

If th e  e ^  a re  fu n c tio n s  o f t^ , cp(t^,Aj) may n o t be  a  n o n -d e c re a s in g  

fu n c tio n  o f t^ . In  th is  in s ta n c e  th e  ab o v e  c o n tra d ic tio n  i s  n o t e n c o u n te re d  

a n d  0 (tf) m ay n o t b e  a  n o n -d e c re a s in g  fu n c tio n  of t^ .

The fo llo w in g  lem m a d e fin in g  tw o  c l a s s e s  o f s y s te m s  fo r w h ich  th e  

a re  no t fu n c tio n s  of t^ i s  now  proved:

Lemma 2 .

The e ^  a re  n o t fu n c tio n s  of t j  for

( 1 ) in i t ia l ly  q u ie s c e n t  sy s te m s

(2 ) re g u la to r  s y s te m s  w ith o u t fe e d  th ro u g h  c o n n e c t io n s .

Proof

( 1 ) U s in g  th e  d e f in it io n  of e^  g iv e n  in  E g .(2 -8 a )  fo r n o n -tim e  -  

v a ry in g  s y s te m s ,  w e h av e

^  ^  -  C 0 /(tf ) Xq

w h e re  0 (t) i s  th e  fu n d am en ta l m atrix  o f th e  s y s te m , Xq i s  th e  v e c to r  of
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i n i t i a l  s t a t e s ,  and  ^  i s  th e  v e c to r  o f th e  f in a l s p e c i f ie d  v a lu e s  o f th e  

s y s te m  o u tp u ts .  O b v io u s ly , i f  Xq s  0 ( i . e .  th e  s y s te m  i s  in i t ia l ly  

q u ie sc e n t)  e ^  i s  n o t a  fu n c tio n  of t^ .

(2 ) C o n s id e r  a  c l a s s  o f n o n - tim e -v a ry in g  s y s te m s  w h ich  h a s  no  fe e d -  

th ro u g h  c o n n e c tio n s  ( i . e .  D = 0 in  E q . 2 - l b )  and  fu rth e rm o re , s u p p o se  th a t 

th e  o u tp u ts  o f th i s  s y s te m  a re  id e n t i f ie d  w ith  th e  s t a t e s  ( i . e .  C = I ,  the  

id e n t i ty  m atrix  in  E q .2 - lb ) ,  Then u s in g  E q s .(2 -4 )  an d  (2 -5 )  a t  t  = t^ g ives

t f
Z (tf) B x ( tf) = 0 ( ^ ) 1 ^  + J  0 ( t f - r )  B u (r)  d r  (3-10)

o

P rem u ltip ly in g  b o th  s id e s  o f th is  e q u a tio n  by 0 (-t^ ) a n d  r e c a l l in g  th a t  

0 ( - t f) = 0 - 1( t f) ,  w e h a v e
t f

0 ( - t f) £ ( t f) = Xq + J \  0 ( - r )  B u (r) d r  
L o

For th is  c l a s s  o f s y s te m s ,  w e d e f in e

*4 t  0 ( - t f)x(tf) -  Xq

U nder th e s e  c i r c u m s ta n c e s ,  e^  i s  n o t a  fu n c tio n  o f t^ p ro v id ed  x (tj)  h 0 , 

i . e .  th e  s y s te m  is  to  b e  d riv e n  from som e in i t ia l  s t a t e ,  Xq , to  th e  o rig in . 

S uch  s y s te m s  a re  com m only re fe rre d  to  a s  r e g u la to r s . T his c o m p le te s  th e  

p ro o f.

Rem ark

If th e  s y s te m Is ^ T h itia l ly  q u ie s c e n t ,  th e  o u tp u ts  a re  in i t ia l ly  ze ro . 

H o w ev er, th e  re q u ire m e n t th a t  th e  o u tp u ts  be  in i t ia l ly  z e ro  d o e s  n o t 

n e c e s s a r i ly  im p ly  th a t  th e  sy s te m  i s  in i t ia l ly  q u ie s c e n t  u n le s s  th e  ou tpu ts 

a re  l in e a r ly  in d e p e n d e n t c o m b in a tio n s  o f th e  s t a t e s ,  i . e .  d e t [ C ]  0,
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3 .3  M e th o d s  o f  F ind ing  and  the  X ^ 's

¥? *The r e s u l t s  of th e  p rev io u s  s e c t i o n  can  be u s e d  to  f ind  t f  an d  X ’s .

S ince  th e  minimum te rm in a l  tim e h a s  b e e n  show n to  be th e  m axim um  v a lu e

of t j  w h en  X,= X. for ||jc || a  n o n - d e c r e a s in g  fu n c t io n  of t^ ,  s ta n d a rd  h i l l

51clim b ing  te c h n iq u e s  a re  a p p l i c a b le .  Two s u c h  te c h n iq u e s  a r e  now 

b r ie f ly  d e s c r ib e d  and  i l l u s t r a t e d .

3 . 3 . 1  The Tmax M eth o d

53The Tm ax  M ethod  i s  a  " s e c t io n in g "  te c h n iq u e  w h e re b y  only  one 

lam bda  i s  v a r ie d  a t  a  t im e ,  a l l  o th e rs  re m a in in g  f ix e d .  For a  tw o -o u tp u t  

p l a n t ,  on ly  o n e  X (sa y  X2) a p p e a rs  in  t h e  e x p r e s s io n  for k ( t) .  To s t a r t  th e  

s e a r c h  X2 i s  i n i t i a l i z e d  a n d  t f  i s  c a l c u l a t e d  from th e  e x p r e s s io n

V t ^ X )  = I  (3-11)

Then X2 i s  in c re m e n te d  by AX2 and  t f  i s  r e c a l c u l a t e d .  If  t h i s  te rm in a l  tim e 

i s  g re a te r  th a n  th e  p re v io u s  o n e ,  X2 i s  a g a in  in c re m e n te d  e t c .  W h en  th e  

c u rren t  v a lu e  of t f  i s  l e s s  th a n  the  o n e  p re v io u s ly  c a l c u l a t e d ,  th e  m a x i-  

mum v a lu e  of t^ (and  h e n c e  t f  ) h a s  b e e n  p a s s e d .  T h e re fo re ,  w e  have  

s u c c e e d e d  in  b ra c k e t in g  X2 b e tw e e n  th e  p re v io u s  and c u rren t  v a lu e s  of

la m b d a .  A te c h n iq u e  o f  f ind ing  a  r e a l  ro o t  o f  a  t r a n s c e n d e n ta l  e q u a t io n

34 X-( e . g .  b i s e c t i o n  ) i s  now  u se d  to  l o c a t e  X2 an d  t£ . I t  i s  s ig n i f ic a n t  to

n o te  t h a t  a  p a r t ic u la r ly  s im p le  s e t  o f  c a lc u la t io n s  i s  r e q u i re d  in  th i s  c a s e .

For p la n ts  w ith  th re e  or more o u tp u t s ,  tw o or more la m b d a 's  m ust b e

found a n d  th e o r e t i c a l l y ,  one  shou ld  b e  a b le  to  e x te n d  the a b o v e  p rocedure

54w ith o u t  d i f f i c u l ty .  H o w e v e r ,  o ther  r e s e a r c h e r s  h av e  c o n c lu d e d  th a t  th i s
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t e c h n iq u e ,  w h e n  uncom bined  w ith  o th e r  m e th o d s ,  i s  n o t  s u i ta b le  u n le s s  

one  know s in  ad v an ce  t h a t  cp(t^,X) d o e s  n o t  c o n ta in  an y  r id g e s ,  i . e .  f la t  

po r tions  of th e  su r fa c e .

D if f ic u l ty  may a r i s e  w i th  th e  Tm ax  m ethod  i f  th e  X - in c re m e n ts  a re  

to o  l a r g e ,  i . e .  the_X_ m ay n o t  be p ro p erly  b r a c k e te d ,  ( e v e n  in  th e  tw o  

ou tpu t c a s e ) .  See F igure 3 - 6 .  I t  i s  o b s e rv e d  th a t  e v e n  th o u g h  th e  maximum 

h a s  b e e n  p a s s e d ,  t fB > t f ^ .  S ince  t f ^  <  t f B, X2 i s  In c o r re c t ly  l o c a t e d  

b e tw e e n  X2g an d  X2q .  T h is  problem  c a n  b e  re m e d ie d  b y  r e d u c in g  th e  s i z e  

of th e  X - in c re m e n t .  H o w e v e r ,  s u c h  a  r e d u c t io n  i s  a c c o m p a n ie d  by  a c o r ­

re sp o n d in g  in c r e a s e  in  co m p u ta t io n  t im e  s o  t h a t  th is  may n o t  a lw a y s  be  

p r a c t i c a l .

A m ore r e l ia b le  m ethod  of b ra c k e t in g  X2 i s  to  com pute  th e  p a r t ia l  

d e r iv a t iv e  of t^ w ith  r e s p e c t  to  X2 from E q . ( 3 - 4 ) ,  in  a d d i t io n  to  t^ ,  for 

e a c h  v a lu e  of X2. The maximum i s  p a s s e d  w h en  th e  s ig n  o f th e  p a r t ia l  

d e r iv a t iv e  c h a n g e s .

mm*'"'*
3 . 3 . 2  S te e p e s t  A sc e n t

The s e c o n d  m eth o d , p a r t ic u la ry  u s e fu l  w hen  th e  p lan t  h a s  m any o u t -

51p u t s ,  i s  a  s t e e p e s t  a s c e n t  te c h n iq u e  . Taking  p a r t ia l  d e r iv a t iv e s  o f

cp(tj,X) w i th  r e s p e c t  to  X  ̂ and  e q u a t in g  th e  r e s u l t a n t  e x p re s s io n s  to  z e ro ,

th e  ( m - l ) - p a r t i a l  d e r iv a t iv e s ,

A ® *fSi = (1 = 2 , 3 ,  . . .m) (3 -12)

c a n  b e  co m p u te d .  An i n i t i a l  s e t  of X 's (X2, X3 # . . .  Xm) i s  c h o s e n  a n d  

E q , ( 3 - l l )  i s  u s e d  to  c a l c u l a t e  t^. T h e se  v a lu e s  a re  th e n  s u b s t i tu t e d  in to
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F igure  3 -6  I l lu s t ra t io n  a S i tu a t io n  w h ic h  l e a d s  to  an  error 
in  lo c a t in g

(*i>n M .  W nw (^i)

F igure 3 -7  I l lu s t ra t io n  of th e  m ethod  u se d  to  f ind  Xj: w hen  
(s j)  and (Si) d i f f e r  in  s ig n

t f

( \ )  (Xi) (XI) (Xi) (X±) , ,  ' * n 1/n' i 'nw  x o 1 nw

Figure 3 -8  I l lu s t ra t io n  of c a s e  w here  l Q a n d  &n  i n t e r s e c t  
o u ts id e  of C (X^) # (Xi) ]
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E q . (3 -1 2 )  and  th e  Sj a r e  found . S ince  w e  h av e  p re v io u s ly  show n t h a t  t f

p a s s e s  th ro u g h  a maximum in  ( t^ , X ) - s p a c e ,  moving in  a d i re c t io n  d e f in e d

by t h e s e  p a r t ia l s  s u c h  th a t  t^ i n c r e a s e s  m u st l e a d  to  th e  maxim um . I f  t h i s

i s  done th e  new  s e t  of X 's  i s  o b ta in e d  from th e  e x p r e s s io n

A t f________

<*i>new-<*i>oId ~ Sl

or so lv in g  for (Xj.)n e w *

<Xl )n = (X i )o + A t ( ^ ’> (3 ' 13)

w h e re  A t^  i s  an  in c re m e n t  w h ic h  i s  s p e c i f i e d  an d  th e  s u b s c r ip ts  "n" and

"o" m ean  n ew  and  o ld  r e s p e c t i v e l y .  T h e se  X 's a re  now  u s e d  in  E q . ( 3 - l l )

and  th e  n e x t  v a lu e  o f  i s  o b ta in e d .  E q u a tio n  (3 -1 2 )  i s  a g a in  em ployed

and  th e  s u c c e e d in g  s e t  of s ^ 's  i s  found .

In o rd e r  to  guard  a g a in s t  h av in g  a  d iv e rg e n t  or a n  o s c i l l a to ry  s o lu t io n ,

th e  s ig n s  o f  th e  new  an d  o ld  v a lu e s  o f e a c h  of the  s^ ( i . e .  (s^) an d  (s^)Q )

thare  c o m p a re d .  If th e  i  s u c h  p a r t ia l  d e r iv a t iv e  d o e s  n o t  ch an g e  s ig n ,

E q .(3 -1 3 )  i s  u s e d  to  f in d  t h e  new X^. H o w e v e r ,  i f  s^ d o e s  underg o  a  s ig n

c h a n g e ,  t h e  n ex t  Xj i s  found in  th e  m anner  i l l u s t r a t e d  i n  F igure 3 - 7 .  I t  i s

n o ted  t h a t  th e  a b s c i s s a  of the  in te r s e c t i o n  of th e  t a n g e n t  l i n e s ,  an d  JLQt

i s  th e  n ew  v a lu e  of Xj ( i . e .  (Xi) ) .  Thus:i '  '  i 'n w

l n  ■ ‘f  -  ( s i>n xi  "  <s l>n  <x i>n +

* l f  ■ <s i >0  Xi  -  <Bi>o <Xi >o + ( t f>o

w h ere  ( tf )n  an d  (tf)Q a r e  th e  v a lu e s  of t f  c o r re sp o n d in g  to  (Xi)n "and (X|)Q 

r e s p e c t i v e l y .  Equa ting  th e  r ig h t  h an d  s id e s  o f t h e s e  e q u a t io n s  and  so lv in g
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for (Xi) ,  we have'  I'nTATnw
C (s i)n (Xi)n - ( Si)0 (Xi)0 + (tf)0 - ( t f ) n ] 

t ( s i )n -  ( s i>o]
( 3 - 14 )

(i = 2 , 3 ,  . . .  m)

This lam bda  to g e th e r  w ith  a l l  of the  o ther  new  lam bda’ s (com puted  from

e i th e r  E q ,(3 -1 3 )  or (3 -1 4 ) )a re  a g a in  u s e d  in  E q . ( 3 - l l )  to  find  the  n e x t

v a lu e  of t f f e t c .  The p rocedure  te rm in a te s  w hen  the  s e t  of X's and  t f  no

lon g er  v a ry .  As a  m atter  of p r a c t i c a l i ty ,  E q .(3 -1 4 )  i s  u s e d  to  ob ta in

s u c c e e d in g  v a lu e s  of XA a f te r  th e  f i r s t  s ig n  change  in  S j. A com puter flow

diagram  for th is  p rocedure  i s  g iven  in  F igure  3 - 9 .

I t  i s  p o s s ib le  for a  s i tu a t io n  to  a r i s e  c au s in g  th e  tw o  ta n g e n t  l i n e s ,

an d  , to  in t e r s e c t  o u ts id e  the  in te rv a l  [ (Xi) , (Xi) ] . This i s  o a  n o

i l lu s t r a t e d  in  F igure 3- 8 . If  th is  h a p p e n s  a n d  th e  p rocedure  is  co n tin u ed

the  maximum w ill  be  in c o r re c t ly  lo c a te d  a t  p o in t  A. I t  i s ,  th e re fo re ,

n e c e s s a r y  to  m ake c e r ta in  t h a t  e a c h  new  v a lu e  of (Xj) (from E q .3 -1 4 )  l ie sA nw

w ith in  th e  in te rv a l  [ (Xi)n * (X^)Q ] .  If i t  d o e s  n o t ,  (Xi)n i s  in c r e a s e d  to  

(X|)n a n d  th e  in te r s e c t io n  of j4q and i s  u s e d  to  o b ta in  the  new v a lu e  of 

Xj ( i . e .  (Xj_) ) a s  show n in  F igure 3 -8 .

3 .4  Exam ples

I l lu s t ra t io n s  of the  r e s u l t s  of the  p rev io u s  s e c t io n  now fo l lo w ,

U sing  th e  exam ple  of S e c t io n  2 . 2 . 5 ,  i t  i s  n e c e s s a r y  to  m inim ize th e  

e x p re s s io n  ( E q .2 E - l l )

(3E-1)



COMPUTE 

t£  f ro m  Eq. (3-3) ; f o r  Eq. (3-17) 

s.

(si ) 0  ^si^nw

(*i ) 0  = H

= ( t f )

SET

^£>0 = * f ; (si )0 = s i 

(x i)„ = x i

COMPUTE

(t£ )n 5 (Si>n;(

■«—^ s i L ^ i ) /

(*£>„ ■ <t £ >n

<Si>o = <s i>n

<x»n “ (^ i)n

(X.)nw f ro m  Eq{ 3-1 £
^ £>n
Xf =(Xi)n

H ^ s t o p  ")

Ye: t„  =

( s t o p  )

( s i>n = <s i>nw 

(̂ ■i)n = (^i)nw 
(t£ )n = (t f)nw

Figure  3-9 Flow diagram  f o r  a s c e n t  m ethod
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w ith  r e s p e c t  to  Xz a n d  h e n c e  to  f ind  X. and t^ . From E q . ( 2 E - 7 ) , e ^  = 1

and  e ^ 2 = 0 . For th e  p u rp o se s  of th e  e x a m p le ,

3 /2  „L = — ---------  = 2 .5 6
4 ( / 2 - l )

i s  c h o s e n .  U sing  t h e s e  v a lu e s  and  E q . ( 3 E - l ) ,  E q . ( 3 - l l )  and E q . (3 -1 2 )  

becom e

t  3 t  2

“ O F  (3E' 2»

[ - ¥ - - « / ]
s 2 = -  - j - -------------  (3E-3)

t f l - y + X z l

(a) Tmax M e th o d

The F ortran  IV com p u te r  program  w hich  i s  u s e d  to  im plem ent th e  Tmax

M eth o d  i s  found in  A ppend ix  II .  After th e  f ir s t  s ig n  ch a n g e  in  th e  s lo p e  i s

'K'd e t e c t e d ,  th e  p rogram  em ploys b i s e c t i o n  to  lo c a te  Xz .

19 i t e ra t io n s  a r e  re q u ire d  to  o b ta in  the  v a lu e s

X * =  - 0 .7 0 7 1 0 7 5 4

t f*  = 2 .0 0 0 0 0 2 0 6

“X"An a c c u r a c y  of 76 p a r t s  i n  10B for X2 a n d  20 p a r ts  i n  10s for t^ i s  found 

by com paring  the  a b o v e  r e s u l t s  w i th  th e  e x a c t  a n s w e r s  com puted  from 

E q s . (2E-12) and  ( 2 E -1 3 ) ,  ( i . e .  Xz* =  -  ^  ; t f* -  2 . 0 ) .  The c o m p u te r  

o u tp u t  i s  sum m arized  in  Table 3 . 1 .

(b) A scen t M e th o d

The F ortran  IV com puter  p rogram  for the  a s c e n t  method i s  l o c a t e d  in  

A ppendix  III . From T a b le  3 . 2 ,  i t  i s  s e e n  th a t  19 i t e r a t i o n s  are  a g a in
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A ppend ix  I II .  From T ab le  3 . 2 ,  i t  i s  s e e n  t h a t  19 i t e r a t i o n s  a re  a g a in  

r e q u i re d  to  c o m p le te  th e  c o m p u ta t io n .  T h is  t im e ,  h o w e v e r ,  th e  a c c u r a c y  

of X2 i s  im p ro v e d ,  th e  error b e in g  on ly  5 p a r t s  in  1 0 B ,

I t  i s  found t h a t  th e  te c h n iq u e  of i n t e r s e c t in g  ta n g e n ts  w orks  w e ll  

w h e n  th e  m a g n i tu d e s  of th e  s lo p e s  of A0  an d  j&n a re  g re a te r  th a n  a b o u t

1 .5  X10"4. For s m a l le r  v a lu e s  t h e  p ro ced u re  c o n v e rg e s  s lo w ly .  To guard

a g a i n s t  t h i s , th e  m agn itude  of th e  d i f fe re n c e  of th e  p r e s e n t  and  p re v io u s

v a l u e s  of (X2) i s  c h e c k e d .  I f  t h i s  q u a n t i ty  f a l l s  b e lo w  a sm a ll  p o s i t iv e  nw

n u m b e r ,  € , b i s e c t i o n  i s  u s e d  from th a t  p o in t  on  in  th e  s e a r c h .  T h u s ,  in  

T a b le  3 . 2 ,  the  v a l u e s  of X2 a r e  o b ta in e d  u s in g  b i s e c t i o n  from i t e r a t i o n  15 

to  th e  end  of th e  s e a r c h .

3 . 5  Summary

In th is  c h a p te r  i t  w as  p ro v en  th a t  w hen  || k*]| i s  a n o n - d e c re a s in g

•x- ^
fu n c t io n  of t j ,  t h e  p o in t  ( t{ , X ) i s  a  u n iq u e  maximum in  ( t£ ,X ) - s p a c e .  If 

|| k* | |  i s  n o t  a  n o n - d e c r e a s in g  f u n c t io n ,  t h i s  p o in t  i s  th e  s m a l l e s t  o f  th e'I

l o c a l  m axim a. In  a d d i t io n ,  i t  w a s  show n t h a t  th e  s u f f ic ie n t  c o n d i t io n  for 

II i l  llCT to  b e  a  n o n - d e c r e a s in g  fu n c t io n  for t im e - in v a r i a n t  s y s te m s  i s  th a t
tL

^ d  b e  in d e p e n d e n t  o f  t^. I n i t i a l ly  q u ie s c e n t  s y s te m s  and  r e g u la to r  ty p e  

s y s te m s  w ere  sh o w n  to  h av e  th i s  p ro p e r ty .  T h e se  r e s u l t s  w ere  th e n  i l l u s ­

t r a t e d  for tw o ty p e s  o f h ill  c l im b in g  t e c h n iq u e s .

I t  i s  w orthy  o f  m ention  t h a t  th is  w o rk  w a s  done  a f te r  th e  e x a m p le s  

in  C h a p te r  IV h a d  a l r e a d y  b e e n  program m ed a n d  s o lv e d  on  a  d ig i ta l  co m p u te r .  

Tim e d id  no t p e rm it  rew ork ing  th em  u s in g  th e  t e c h n iq u e s  d i s c u s s e d  h e re in .
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TABLE 3 .1

ITERATION LAMBDA T S

1 - 0 . 0 0 0 0 0 0 0 0 1 .3 2  821156 -1 .0 0 0 0 0 0 0 0  E -0 0

2 -  .25000000 1 .60793682 -1 .1 7 0 6 2 5 7 1  E -0 0

3 -  .50000000 1 .8 8 0 0 1 7 7 0 -  .92747899 E-00

4 -  .75000000 1 .9 8 9 2 4 0 6 8 .55786243 E -00

5 -  .62500000 1 .9 7 4 9 9 2 3 8 -  .54167162 E -0 0

6 -  .68750000 1 .9 9 8 2 7 6 1 8 -  .17010152 E -0 0

7 -  .71875000 1 .9 9931652 .12067309 E -0 0

8 -  .70312500 1 .9 9 9 9 2 6 9 4 -  .37588853 E-01

9 -  .71093750 1 .99992488 .37850647 E-01

1 0 -  .70703125 2 .0 0 0 0 0 2 0 4 -  .73614210 E-03

1 1 -  .70898437 1 .99998470 '  .18326024 E-01

1 2 -  .70800781 1 .99999803 .87402993 E-02

13 -  .70751953 2 .0 0 0 0 0 1 1 9 .39885463 E-02

14 -  .70727539 2 .0 0 0 0 0 1 9 1 .16228347 E-02

15 -  .70715332 2 .0 0 0 0 0 2 0 4 .44250650 E -03

16 -  .70709228 2 .0 0 0 0 0 2 0 6 -  .14702748 E -03

17 -  .70712280 2 .0 0 0 0 0 2 0 6 .14768707 E -03

18 -  .70720754 2 .0 0 0 0 0 2 0 6 .31668103 E -06

19 -  .70709991 2 .0 0 0 0 0 2 0 6 -  .73358685 E -0 4
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TABLE 3 .2

RATION LAMBDA T S

1 - 0 . 0 0 0 0 0 0 0 0 1 .3 2 8 2 1 1 5 6 -1 .0 0 0 0 0 0 0 0  E -0 0

2 -  .2 5 0 0 0 0 0 0 1 .6 0 7 9 3 6 8 2 -1 .1 7 0 6 2 5 7 1  E -00

3 -  .4 6 3 5 6 1 0 0 1 .8 4 4 9 4 8 9 8 -  .9 9491088  E -0 0

4 -  .7 1 4 8 3 9 7 8 1 .9 9 9 7 0 0 3 7 -  .78224483  E-01

5 - -  .6 2608247 1 .9 7 5 5 7 6 0 5 -  .5 3672790  E -0 0

6 -  .67660233 1 .9 9 5 9 7 4 9 9 -  .25066411  E -00

7 -  .6 9 7 0 2 4 1 0 1 .9 9 9 5 2 9 6 3 -  .9 1996356  E-01

8 -  .7 0 6 2 1 4 2 7 1 .9 9 9 9 9 8 3 1 -  .85815319  E-02

9 -  .71055481 1 .9 9 9 9 3 8 5 1 .33992992  E-01

1 0 -  .7 0 8 2 7 5 4 0 1 .9 9 9 9 9 5 3 1 .1 1355978  E-01

1 1 -  .7 0 7 2 3 7 9 4 2 .0 0 0 0 0 1 9 6 . 12605796 E-02

1 2 -  .7 0 6 7 1 6 7 8 2 .0 0 0 0 0 1 3 6 -  .3 7647460  E-02

13 -  .7 0 6 9 6 6 9 4 2 .0 0 0 0 0 1 9 8 -  .13563329  E-02

14 -  .7 0 7 0 9 1 6 7 2 .0 0 0 0 0 2 0 6 -  .1 5292477  E-03

15 -  .70715391 2 .0 0 0 0 0 2 0 4 .44822891  E-03

16 -  .7 0 7 1 1 1 9 6 2 .0 0 0 0 0 2 0 6 .4 2969777  E -0 4

17 -  .7 0 7 0 9 1 0 4 2 .0 0 0 0 0 2 0 6 -  .15902769  E -03

18 -  .7 0 7 1 0 1 5 0 2 .0 0 0 0 0 2 0 6 -  .58035122  E -0 4

19 -  .70 7 1 0 6 7 3 2 .0 0 0 0 0 2 0 6 -  .75341705  E -05
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IV GENERAL LINEAR PLANTS W ITH INPUT AND OUTPUT CONSTRAINTS

4 . 1  In tro d u c tio n

In th i s  c h a p te r ,  t h e  op tim al w . r . a . s .  s o lu t io n  to  problem  5 in  S ec tio n

1 . 2  i s  o b ta in e d  f i r s t  fo r  s in g le  o u tp u t  an d  th e n  for m u lt ip le  o u tp u t  l i n e a r  - 

p l a n t s .  A d i s t in c t io n  i s  m ade b e tw e e n  t h e s e  tw o  ty p e s  b e c a u s e  of 

e s s e n t i a l  d i f f e re n c e s  in  co m p u ta t io n a l  p ro c e d u re s  u s e d  to  o b ta in  th e i r  

s o l u t i o n s .

For s in g le  o u tp u t  p la n ts  tw o  n e c e s s a r y  c o n d i t io n s  for the  e x i s t e n c e  

of a n  o p tim a l w . r . a . s .  s o lu t io n  a re  g iv e n .  In  a d d i t io n ,  a  lo w er  bound  on 

T0 , th e  e l a p s e d  t im e ,  i s  d e v e lo p e d .  I t  i s  a l s o  d e m o n s tr a te d  th a t  th e  s in g le  

o u tp u t  c a n  n e v e r  o v e r s h o o t  th e  te rm in a l  p o in t ,  y ^ .  T h is  r e s u l t  i s  u s e d  to  

d e v e lo p  a  s im p le  t e s t  for th e  e x i s t e n c e  of an  o p tim a l w . r . a . s .  s o lu t io n  

w h e n  th e  o u tp u t  h a s  i t s  m agn itude  c o n s t r a in e d .  The com puter  s e a r c h  

sc h e m e  for f ind ing  th e  fe e d b a c k  c o e f f i c i e n t s ,  th e  o p tim a l  w . r . a . s .  i n p u t ,  

an d  T0  i s  i l l u s t r a t e d .

For sy s te m s  w i th  tw o  or more o u tp u ts  som e n e c e s s a r y  c o n d i t io n s  for 

th e  e x i s t e n c e  of an  o p tim a l  w . r . a . s .  s o lu t io n  a re  p r e s e n te d .  W h en  a 

q u a d ra t ic  c o n s tr a in t  i s  p la c e d  on th e  in p u t  i t  i s  sh o w n  t h a t  th e  X 's c a n  be 

found u s in g  a lg e b ra ic  t e c h n iq u e s .  A n u m eric a l  m ethod  of f ind ing  t h e s e  Xl s 

w h e n  th e  m a g n itu d e  of th e  in p u t  i s  l im i te d  i s  in t ro d u c e d .  A s e t  of e x am p les  

i s  in c lu d e d  to  i l l u s t r a t e  t h e s e  p o in t s .
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4 . 2  O ptim al W . R . A. S . So lu tion  for S in g le  O utpu t P la n ts

tilC o n s id e r  th e  a u g m e n te d ,  n  o rd e r ,  l in e a r  t im e -v a ry in g  p la n t  show n 

in  F igure  4 - 1 .  For th i s  p la n t  th e  s y s te m  of s t a t e  e q u a t io n s  w h ic h  d e s c r ib e s  

i t s  dynam ic  b e h a v io r  b eco m es

k  (t) = E(t) x(t)  + F(t) Ul(t) ( 4 - l a )

y(t) = C(t) x(t)  + D(t) u x(t) ( 4 - lb )

w h ere  E (t) ,  C ( t ) ,  an d  x(t)  h av e  p re v io u s ly  b een  d e f in e d  in  S ec tio n  1 .2 ;  y  i s  

th e  s c a l a r  ou tpu t;  uj(t) i s  th e  s in g le  in p u t ;  and  F(t) an d  D(t) a re  r e s p e c t iv e ly  

(n XI) a n d  (1 XI) t im e -v a ry in g  m a t r i c e s .  The im p u lse  r e s p o n s e  (a  s c a l a r  

q u an ti ty )  o f  th e  au g m en ted  p la n t  i s

b a { t t T) = C(t) 0( t , r )  F (r)  + D(t) fi(t-r) (4 - 2 )

w h ere  0 ( t , r )  i s  th e  fu n d am en ta l  m a tr ix  of th e  a u g m en ted  s y s te m .  It i s  no ted

t h a t  s in c e  E (t) ,  F ( t) ,  C ( t ) ,  an d  D(t) a r e ,  in  g e n e r a l ,  fu n c t io n s  of th e  f e e d ­

b a c k  c o e f f i c i e n t s ,  A^( s o  i s  h a ( t , T ) .  Problem  5 c a n  now be r e s t a t e d  for 

t h i s  c l a s s  o f  s y s te m s  a s  fo llow s:

G iv e n  th e  s in g le  in p u t ,  s in g le  o u tp u t  p la n t  c h a ra c te r iz e d  by  th e  

im p u lse  r e s p o n s e ,  h a ( t , T ) ,  f ind th e  s e t  o f  f e e d b a c k  c o e f f ic ie n ts  an d  th e  

i n p u t ,  U i(t), w h ic h  d r iv e s  th e  o u tp u t  from th e  o rig in  to  some final p o in t ,  

y ( tj)  = y ^ ,  a n d  w h ic h  p e rm its  th e  in p u t  c o n s t r a in t  e x p r e s s e d  in  t h e  form

l lui | lPl = [  J  f  K ( t )  |Pl dt ] ^ Pl £ Lx ( P i = l , 2 , o o )  (4 -3 )
*o

an d  th e  o u tp u t  c o n s t r a in t

f(y) * L 2 (or  s L z) (4 -4 )
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N t

r - i

G iv en
P lan t

Figure 4 -1  S in g le - In p u t  -  Single O utput Augmented P lan t

Ui G iven

P lan t

J  vf(y)

(a) (b)

T \ f ( y )

2 2 -

( c )

Figure 4 -2  (a) Augmented p la n t  w ith  one fe e d b a c k  c o e f f ic ie n t  and f(y) a Lz

(b) I l lu s t ra t io n  o f th e  tech n iq u e  for finding TQ an d  the  b e s t  A

(c) I l lu s t ra t io n  of th e  tech n iq u e  for finding T0  a n d  the  b e s t  A w hen  
in p u t  2 i s  c o n s tr a in e d ,  i . e .  g (u2) s  L22
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A *1"to  be s a t i s f i e d  in  th e  s h o r te s t  e la p s e d  t im e ,  T0  s  t f Q -  t Q .

4 . 2 , 1  The O ptim al W .R .A .S .S o lu t io n

The m ethod w h ich  i s  u s e d  to  so lv e  th is  problem an d  w h ic h  i s  c o n s i s t ­

e n t  w ith  the  d i s c u s s io n  in  S ec tio n  1 .3  i s  a s  fo llow s:

The ou tp u t c o n s tr a in t  i s  ign o red  and  the  in p u t  w h ich  s a t i s f i e s  the  

te rm inal c o n d it io n  an d  the  in p u t  c o n s tr a in t  in  th e  s h o r te s t  e l a p s e d  tim e i s

found . (N ote th a t  th i s  i s  th e  so lu t io n  to  Problem  1 in  S e c t io n  1 .2 )  U s ing

21 22the  method of F u n c tio n a l  A n a ly s is  '  o u t l in e d  in  S ec tio n  2 . 2 ,  the form o f  

the  in p u t  i s  g iv en  by E q .(2 -4 1 )  ( re p e a te d  h e re  for c o n v e n ie n c e ) ,  i . e .

I t  i s  o b se rv e d  th a t  t h i s  in p u t  s a t i s f i e s  E q .(4 -3 )  w ith  the  s ig n  of eq u a l i ty  

( se e  S e c tio n  2 . 2 ) .  The s e t  of A1 s i s  now c h o s e n  so  th a t  th e  ou tpu t con ­

s t r a in t  i s  s a t i s f i e d  i n  th e  s h o r te s t  e l a p s e d  t im e .  I f  su c h  a  s e t  of A' s  c a n  

b e  found fo r  s p e c i f i c  v a lu e s  o f y ^ ,  Ll t  an d  L2, th e  in p u t g iv e n  in  E q .(4 -5 )

^T he  s ig n  of th e  in e q u a l i ty  i s  d e te rm in e d  by th e  problem . See foo tno te  
on page  3.

(4 -5 )

w here

-L
<ii Pi

(4 -6 )

and t fQ i s  th e  l e a s t  v a lu e  of t f  w h ich  s a t i s f i e s  E q .(2 -4 2 ) ,  i . e .

(4 -7 )
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ha s th e  property  of perm itt ing  a l l  c o n s t r a in ts  an d  the  te rm in a l  co nd it ion  to  

be s a t i s f i e d  in  th e  s h o r te s t  t im e .  T h u s ,  ui(t) i s  the  optim al in p u t  w ith  

r e s p e c t  to  the  a s su m e d  feed b ack  s t r u c tu r e ,  i . e .  the  "O p tim a l w . r . a . s . "  

i n p u t .

To c la r ify  the  above  m e th o d ,  c o n s id e r  th e  augm ented  p la n t  show n in  

F igure 4 - 2 a .  I t  i s  re q u ire d  th a t  th e  p la n t  o u tp u t  s a t i s fy  a c o n s t r a in t ,  

f(y) £ L2. For the  in p u t  in  E q . ( 4 - 5 ) ,  f(y) an d  th e  e la p s e d  t im e  are  c a l ­

c u la te d  an d  p lo t ted  v e r su s  A a s  show n in  F igure 4 -2 b .  T0  i s  the l e a s t  

v a lu e  of T for w hich  the  o u tp u t c o n s tr a in t  i s  s a t i s f i e d  and  i s  s e e n  to  o ccu r  

for A = Aq . For augm ented  p la n ts  w ith  more th a n  one fe e d b a c k  c o e f f ic ie n t ,  

a com puter s e a rc h  sch em e m ust be  em p lo y ed . D is c u s s io n  of th is  d efe rred  

un ti l  C h ap te r  VI. As a m atter  of p r a c t ic a b i l i ty ,  i t  i s  no t u s u a l ly  p o s s ib le  to  

find th e  fe e d b a c k  c o e f f ic ie n ts  by ta k in g  p a r t ia l  d e r iv a t iv e s  of t f  w ith  

r e s p e c t  to  the  A's and  s e t t in g  th e  r e s u l t in g  e x p re s s io n s  e q u a l  to  zero; A’ s 

found in  th i s  w ay  w il l  not n e c e s s a r i ly  perm it in e q u a l i ty  (4 -4 )  to  be  s a t i s f i e d .

From Figure 4 -1  i t  i s  c le a r  th a t  in p u ts  u2 through uf  b e long  to  th e

c la s s

uA(t) = Af y(t) (4 -8 )

It  i s  s ig n i f ic a n t  to  no te  th a t  i f  th ey  a re  n o t r e s t r i c te d  to  th i s  c l a s s  a n o th e r  

s e t  o f  in p u ts  ( th e  optimal) c a n ,  in  g e n e r a l ,  b e  found w h ic h  s a t i s f i e s  a l l  

co n d i t io n s  in  a  sh o r te r  t im e ,  T*, th a n  th a t  found from E q .(4 -7 ) t

In S ec t io n  1 . 3 ,  i t  w a s  m en tioned  th a t  i t  w ould u s u a l ly  be a s su m ed

th a t  th e  s e t  of A 's and  the  op tim al w . r . a . s .  in p u t  w ould n o t  c a u s e  any

c o n s tr a in ts  on th e  in p u ts  i n  E q .(4 -8 )  to  be  v io la te d .  If t h i s  i s  not s o ,

 ̂An e x c e p t io n  to th is  i s  p r e s e n te d  in  th e  n e x t  ch a p te r .  A c l a s s  of sy s te m s  i s  
show n to  e x i s t  for w h ich  th e  op tim al and  op tim al w . r . a . s .  s o lu t io n s  are  the  
sam e a n d  h en ce  TQ = T * ,
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th e  a b o v e  p rocedure  c a n  b e  e x te n d e d  to  in c lu d e  t h e s e  a d d i t io n a l  c o n s t r a in t s .  

U s in g  th e  p la n t  in  F ig u re  4 - 2 a ,  t h i s  e x te n s io n  i s  i l l u s t r a t e d  in  F igu re  4 - 2 c .  

H e re ,  in p u t  2 i s  a s s u m e d  to  have  a  c o n s t r a in t  p la c e d  on i t  of th e  fo rm , 

g(u2) s  L22. As s h o w n ,  g(u2) i s  p lo t te d  v e r s u s  A, in  a d d i t io n  to  f(y) an d  T.

Aq1 i s  th e n  the  v a lu e  o f A w h ich  p e rm its  b o th  c o n s t r a in t s  to  be  s a t i s f i e d  in  

th e  s h o r t e s t ,  e l a p s e d  t im e ,  TQl . N o te  t h a t  a s  e x p e c t e d ,  > TQ.

S a t is fy in g  E q . ( 4 -7 )  i s  a n e c e s s a r y  co n d it io n  for so lu t io n  of Problem 5 

to  e x i s t  for s in g le  o u tp u t  p l a n t s ,  i . e .  i f ,  for a  s p e c i f i c  s e t  of A 's ,  no  t fQ 

c a n  b e  found w h ic h  s a t i s f i e s  E q . ( 4 - 7 ) ,  th e  in p u t  g iv e n  by E q .(4 -5 )  w il l  no t 

d r iv e  t h e  ou tpu t t o  y ^ .

4 . 3  A Low er Bound on  T0

In  order to  o b ta in  a  low er  bound  on  th e  minimum e la p s e d  t im e ,  the 

fo l lo w in g  theorem  i s  proved:

T h e o r e m

If  the  op tim al w . r . a . s .  in p u t  in  E q ,(4 -5 )  i s  a p p l ie d  to  th e  s y s te m  

s h o w n  i n  Figure 4 - 1 ,  th e  m agnitude  of th e  ou tp u t i s  l e s s  th a n  o r  e q u a l  to

The ou tpu t o f th e  augm en ted  p l a n t  w h en  th e  in p u t  in  E q . (4 -5 )  i s  

a p p l i e d  can  be found  u s in g  the  s u p e rp o s i t io n  in t e g r a l .  Thus

T a k in g  m ag n itu d es  o f  bo th  s id e s  o f t h i s  e x p r e s s io n  a n d  a s su m in g  th a t  ha ( t , r )

k d l -

P roo f

^  J* h a t ^ T j u i t T l d r ^  L x j* h a ( t , r )
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i s  a  n o n - d e c re a s in g  fu n c t io n  of t ,  \ye find

| y ( t ) |=  |L iq ‘ | t h a ( t , r ) | h a ( y ^ ' -T>|q i ' 1 SGH[h^ ° ,T)]dT I
o

3 i  r** . i ,ha ( t f0 *r ) 3 i " 1  Li^ 1 ,3i
l I  | h a ( t , T ) |  I y “  1 d r s  —  q , _ i  *L lh a ( l f 0 <T)| dr

t o  ' d  |yd |3l t Q

qi

l y ( t ) l s  ( l l h a llq i )q i  ( t 0 s t s t f 0 ) (4 - 9 )

M ak in g  u s e  of E q , ( 4 - 7 ) ,  Eq. (4 -9 )  b e c o m e s
Qi , .Qi

i , . i I ̂ d ' * i
| y ( t ) | £ j ^ P " Z 7 ^  = dl

T h e re fo re ,

Iy(t) | ^ | y d |

Even i f  ha ( t ,T )  i s  a d e c r e a s in g  fu n c t io n  o f t ,  In e q u a l i ty  (4 -1 0 )  i s  

s t i l l  v a l i d .  This  i s  e a s i l y  u n d e rs to o d  by r e c a l l in g  th a t  E q .(4 -5 )  i s  th e  

e x p r e s s io n  for th e  t im e -o p t im a l  in p u t  -  th a t  i s ,  th e  in p u t  t h a t  d r iv e s  the  

o u tp u t  to  y d in  th e  s h o r t e s t  te rm in a l  t im e ,  t f Q. C le a r ly ,  t fQ i s  th e  f i r s t  

tim e t h a t  y(t) = y d a n d  h e n c e ,  n o  o v e rsh o o t  o f th e  te rm in a l  v a lu e  i s  p o s s s i -  

b l e .  T h is  c o m p le te s  th e  proof.

I t  i s  o b se rv e d  from E q .(4 -1 0 )  t h a t  th e  o u tp u t  i s  no t p e rm it ted  to  o v er­

s h o o t  th e  f in a l  v a l u e ,  y d . U s in g  t h i s  r e s u l t ,  a  lo w er  bound on t fQ, and  

h e n c e  TQ c a n  now b e  o b ta in e d .
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C a  s e  1 . An In te g ra l  C o n s t r a in t  on th e  O utput

S u p p o se  th a t  th e  o u tp u t  c o n s t r a in t  in  E q .(4 -4 )  t a k e s  the  form

IIylU = J* °  |y (t)  | d t  s  L2a ( 4 - i i )
to

U s in g  E q . ( 4 - 1 0 ) ,  w e find

l l y | l i s  J f ° | y d l d t  = I V d l ^ o - t o ^  = IVdl T0 (4 ~ 12>
*o

C om bining  (4 -11) and  ( 4 - 1 2 ) ,  w e  h av e

Lza £ II vllj s  |y d lTo

or

| y d i To * Lza

w h ereu p o n  a  low er  l im it  on  th e  minimum e la p s e d  tim e w h en  the  o u tp u t  h a s  

an  in te g ra l  c o n s t r a in t  p la c e d  on i t  i s  found  to  be

‘H o w e r ^  T ^ T  • <4- 13a)
l im it

U sing  th e  d e f in i t io n  of th e  e l a p s e d  t im e ,  the  low er  b o u n d  on t f  b e c o m e s

[ ‘fo] lower= I T T  + *o (4"13b>
l im it

C a s e  2 . A Q u a d ra t ic  C o n s t r a in t  on  th e  O utput

S u p p o se  th a t  th e  o u tp u t  c o n s t r a in t  in  E q .(4 -4 )  t a k e s  the  form

i* —

IIy ll2 = [ J  f °  / ( * )  dt]  a Lza (4 -14 )
t o

U sing  E q ,(4 -1 0 )  we find

M z / ° y d d t T  = ly dl ^ t f 0 " t o = l y d l ^  <4 “ 15)
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C om bin ing  E q s . ( 4 - 1 4 )  an d  (4 -1 5 )  y i e ld s

Lze *  | | y | l 2 * I Yd I (4-16)

Thus a  lo w er  bound  on th e  minimum e la p s e d  t im e  w h e n  th e  o u tp u t  h a s  a 

q u a d ra t ic  c o n s t r a in t  p la c e d  on  i t  i s  g iv e n  by

i t  i s  c l e a r  from Eq.(4 -1Q ) th a t  Lzm  m u s t  be  g r e a te r  th a n  or e q u a l  to  Jy^ | or 

e l s e  th e  c o n s t r a in t  i n  E q .(4 -1 0 )  i s  v io la t e d .  H o w e v e r ,  i f  th i s  c o n d i t io n  i s  

t r u e ,  th e  o u tp u t  c o n s t r a in t  c a n  n e v e r  b e  v io l a t e d .  T h u s ,  a n e c e s s a r y  an d  

s u f f i c i e n t  c o n d i t io n  for a  m a g n itu d e  c o n s t r a in t  on  th e  s in g le  o u tp u t  to  be 

s a t i s f i e d  i s  th a t  L2in £ [ y ^ J . T he c a s e  of s in g le  o u tp u t  p la n ts  w i th  an 

o u tp u t  m ag n itu d e  c o n s t r a in t  i s  n o t  c o n s id e re d  fu r th e r .

I t  s h o u ld  b e  n o te d  th a t  th e  b o u n d s  d e r iv e d  in  E q s . (4 -1 3 )  and  (4 -17 ) 

a re  n o t ,  i n  g e n e ra l  in f im a ,  i . e .  g r e a t e s t  lo w e r  b o u n d s ,  s in c e  y(t)  i s  a c tu a l ly  

o n ly  e q u a l  to  y ^  a t  t  = t f Q. H o w e v e r ,  b e c a u s e  th e y  a re  r e a d i ly  c a l c u l a t e d ,  

th e y  g iv e  a n  im m e d ia te  “b a l l  p a rk "  e s t im a te  of th e  minimum e l a p s e d  tim e

low er
bound

(4 -1 7 a )

a n d

lo w er
bound

(4 -17b)

C a s e  3 . A M a g n itu d e  C o n s t r a in t  on th e  O u tpu t

If  th e  o u tp u t  c o n s t r a in t  in  E q . ( 4 -4 )  i s

ly O O l^ W m  (t 0 a t s t f0) (4 -18 )
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b e fo re  an y  l e n g th y  co m p u ta t io n  i s  p e rfo rm ed . In  a d d i t io n ,  th e y  do perm it 

t h e  a c tu a l  co m p u ta t io n  t im e  to  b e  r e d u c e d ,  som ew hat; th e  e x p la n a t io n  o f 

t h i s  i s  to  b e  found  in  S e c t io n  6 . 3 . 1 .

4 . 4  Another N e c e s s a r y  C o n d it io n  for a  S o lu t io n  to  E x is t

I n  th i s  s e c t io n ,  a n o th e r  c o n d i t io n  w h ic h  m ust be s a t i s f i e d  in  crder 

fo r  a  s o lu t io n  to  Problem  5 (fo r  s in g le  o u tp u t  p la n ts )  to  e x i s t  for a 

s p e c i f i e d  L1# L2, and  y d  i s  d e v e lo p e d .

For th e  g iv e n  l in e a r  p la n t  show n  in  F igu re  4 - 1 ,  l e t  u s  d e f in e  h j( t ,T )

(j = 1 , 2 ,  . .  . r) to  b e  th e  r e s p o n s e ,  y ( t ) ,  w h e n  Uj(t) = 6 ( t - r )  a n d  a l l  of th e  

f e e d b a c k  c o e f f ic ie n t s  a re  z e r o .  The h j ( t , r )  c h a r a c te r iz e  th e  g iv en  l in e a r  

p la n t  only  an d  a re  o b v io u s ly  in d e p e n d e n t  o f  th e  A’s .

U s in g  E q .{ 4 -8 )  an d  th e  s u p e rp o s i t io n  i n t e g r a l ,  t h e  o u tp u t  of th e

au g m en ted  p la n t  i s  found to  be

t  t  r
y(t) = J  h 1 ( t , r ) u 1(T )d r+  ^  y (T )jj£2Aj h j ( t , r ) ]  d r  (4 -19)

R e c a ll in g  th a t  y ( t f Q) = y d , E q .(4~19) w i th  t = t f Q b eco m es

Yd ^  J  f ° h i(t f0 / T) u i ( T ) d T + J* f° y ( ^ [ s  A j h j ( t f o , T ) ] d T  (4 -2 0 )
^o J- 2

T aking  m a g n itu d e s  on b o th  s id e s  of t h i s  e q u a t io n  and  m ak ing  u s e  of th e

44H o ld e r 's  an d  M in k o w sk i i n e q u a l i t i e s ,  w e  have
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tjp t  r
lyd l = IJ1 ° hi(tf0 »r)u1(T )d r  + [‘ foy(r)[*E Ajh^tf  , T ) ] d r  |

Lo Lo

t f  t f  r
1 Ao  . n I n  r _

£ I 0hi(tfo ,T)u1( T ) d r i + | J '  °y(T) [E  AJ hj(tf o /T)]dT |
*•0 t Q J“ 2

H  H  r  r
^ l J  ° h l(tf0 /T)u1(T)dTl+J’ ° | y ( r ) [ S  Ajhj( tfo , r ) ]  | dT

t ,

a n d

*"fr» . M l .  r  n^O  r  . .^2 . .^2 ^2
l y d l  £  I j* 0 h l ( t f 0 ' T)Ul(x>ciT l +  WybzU ° S 2 *AJ I l h j ( t f 0 ' T) I d T ]t o

(4 -21 )

S u ppose  th a t  th e  c o n s t r a in t  in  E q . (4 -4 )  i s  a s s u m e d  to  h a v e  th e  form ,

y s  L2. S in ce  a  minimum t im e  so lu t io n  i s  d e s i r e d ,  th is  c o n s t r a in t  
P2

b e c o m e s  a n  e q u a l i t y ,  i . e .  | |y | l  = L2. T h e re fo re ,  w e f in d  th a t
P2

| y d I ^ | J  ° h 1( t f o ,T ) u 1( T ) d r |+ L 2^ J ‘ ° £  |A, h j ( t fo ,T ) |  2 d T ]  ^  (4 -2 2 )  
t n t-. j 2

If^Jthis i n e q u a l i ty ,  to g e th e r  w i th  E q .(4 -7 )  a re  n o t  b o th  s a t i s f i e d  for a  g iv en  

s e t  of A 's and  t fQ, a  s o lu t io n  to  Problem  5 i s  n o t  p o s s i b l e .  I t  m ust be  

n o te d ,  h o w e v e r ,  t h a t  s a t i s f y in g  th e s e  tw o c o n d i t io n s  i s  n o t  s u f f ic ie n t  to  

g u a ra n te e  th a t  a  s o lu t io n  d o e s  e x i s t .

4 . 5  E xam ples -  S in g le  O utpu t P la n ts

The id e a s  o f  th e  p re v io u s  s e c t io n s  a re  now  i l l u s t r a t e d  w ith  s e v e ra l  

e x a m p le s ,



4 . 5 . 1  One D im e n s io n a l  S e a rc h  

4 E - 1 .

C o n s id e r  the  s e c o n d  order a u g m e n te d  p la n t  show n In  Figure 

4 -3  an d  l e t  th e  fo llo w in g  c o n d i t io n s  be im posed:

y(0) = 0 ;  y(T0) i y d = 2; | u , | £ l ;  | |y|l2 * Ĵ -

W e w is h  to  f ind  Ui(t) and  th e  v a l u e  of A w h ich  s a t i s f i e s  th e s e  c o n d i t io n s  in  

t h e  s h o r t e s t  t im e .  I t  i s  c l e a r  t h a t  a o n e -d im e n s io n a l  s e a rc h  i s  r e q u i re d .

D efin in g  t h e  s t a t e  v a r i a b l e s  a s  shown in  F ig u re  4 t3 , th e  norm al form 

d e s c r ip t io n  o f th e  au g m en ted  p l a n t  i s

— ~ 2 0 x + 1 (4 E - la )
1 .5A 0 . 2 A- 2 _ A - 0 . 25

= [ 1 .5 0 . 2  ] X + [13 Ux (4 E -lb )

The fu n d am en ta l  m atrix  of t h i s  s y s te m  can be  s h o w n  to  be

2 t
0 (t) =

1 .5A  f  2 t  - ( 2 - 0 . 2A)t1 .5A  (  
4 - 0 . 2AVe .  -  e )

0

- ( 2 - .  2A)t
(4E-2)

U s in g  E q , ( 4 - 2 ) f th e  im p u lse  r e s p o n s e  i s  found t o  b e

  6  2 t  . ( .2 A -2 K .2 A -1 1  ( 0 .2 A - 2 ) t  . . . . .
h a<‘ > “  4 - o 7 2 A e  +  ( 0 ':2 A -4 ) 6  +  6 ( t)

w h e re u p o n ,  E q . ( 4 -7 )  b e c o m e s
\

u h |l = 1  + _ 3 ----- / e 2 T° - i )  + ( -2 A -1) ( .2 A - 2 )T 0  .
" a 11! 4 - . 2A * > ( .2A -4) J

In  a d d i t i o n , w e  f in d  t h a t  th e  o u tp u t  norm i s  g i v e n  by

(4E-3)

(4E-4)
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1.5Ul

2.5

0.2

Figure 4 -3  Augmented P la n t .u s e d  in  Example 4E-1

ur
u2

£ 2-

-A

Figure 4 -5  Augmented P lan t u s e d  in  Example 4E-2

Figure 4 -7  Third order p lan t u sed  in  Example 4E-3
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T0  i s  com puted  for v a r io u s  v a lu e s  o f  A from E q .(4 E -4 ) .  For e a c h

p a i r ,  (A,T0 ) ,  th e  co rrespond ing  v a lu e  o f | |y | |  i s  found  from E q .(4 E -5 ) .
2

T h e se  d a ta  a re  p lo t te d  in-F igure  4 - 4 .  I t  i s  observed  t h a t  th e  ou tpu t c o n ­

s t r a in t  i s  s a t i s f i e d  for TQ -  0 .3 4 7  w ith  A = 5 . A lso , from E q .{ 4 -5 ) ,  th e  

op tim al w j r . a . s .  in p u t  i s  th e  u n it  s t e p .
•V.

As w a s  d i s c u s s e d  in  p h a p te r  I a  com parison  b e tw e e n  T0  and  T shou ld
/"3

be  m ad e . C h o o s in g  Lx = 1 and  L2 = — A in  E q .(2 -4 0 )  w i th  qi = 1 an d  q2 = 2 ,

an d  u s in g  th e  im p u lse  r e s p o n s e s c f  the  g iv en  p la n t ,  i . e .

. . . .  3 2 t 1 - 2 ^ . . . .  „ .h i(t) = ~  e  -  ~  e +■ 6 (t) (4E-6a)

h2(t) = 0 .2  e (4E-6b)

*th e  eq u a t io n  for T i s  found to  b e

f  ( e 2 T* - l )  -  i  ( l  -  a ' 2 1 *) + 1 ♦  f  ( l  -  . - « * * ) *  -  2 (4E-7,

w h e re u p o n ,  T * -  0 .3 4 7 .

T0  = T b e c a u s e  th is  p lan t  b e lo n g s  to  a  c l a s s  o f  sy s te m s  h av in g  th e  

p roperty  th a t  th e  op tim al an d  op tim al w . r . a . s ,  s o lu t i o n s ,  and h e n ce  th e  

e la p s e d  t im es  a re  th e  s a m e .  This w il l  be  shown in  C h a p te r  V.

It  i s  e a s i ly  v e r i f ie d  th a t  in e q u a l i ty  (4-22) i s  v o la te d  for A < 5 an d  

s a t i s f i e d  for A fc 5 .

4E-2

The augm en ted  p la n t  in  th e  previous ex am p le  i s  a lw ay s  

u n s ta b le .  This c a n  e a s i ly  be  s e e n  b y  no ting  th a t  th e  L a p la ce  transfo rm  

of ha (t) (E g .4E -3 )  a lw a y s  h a s  a  po le  in  th e  r ig h t  h an d  portion  of th e
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0.9

0.8

0.5
Fig. 4-4 Plots o£ T0 and j| Y|j

" |   •' ' :  : • ' 2
versus.. A. £or plant. in...Example.4E-3
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s - p l a n e  r e g a r d le s s  o f  th e  v a lu e  of A.

To fu rth e r  i n v e s t i g a t e  th e  q u e s t io n  of s t a b i l i t y ,  c o n s id e r  th e  p la n t  

sh o w n  in  F igure 4 - 5 .  D e f in in g  th e  s t a t e  v a r i a b le s  a s  sh o w n , th e  s t a t e  

e q u a t io n s ,  fu n d a m e n ta l  m a tr ix ,  and  im p u lse  r e s p o n s e  of th e  au g m e n te d  

p la n t  a r e  found to  be

Thus th e  au g m en ted  p la n t  c a n  e i th e r  be  s t a b l e  or u n s a b le  d e p e n d in g  on th e  

v a lu e  o f  A ( the  s ig n  of A in  th i s  c a s e ) .

Now s u p p o se  t h a t  a  m ag n itu d e  c o n s t r a in t  i s  p la c e d  on U i ( t ) ,  i . e .

y  -  [ o 1  ]  x  

1

- ( 1+A)t(1+A)t

( 1+A)t

Tak ing  th e  t ra n sfo rm  of ha ( t ) ,  w e  have

(4E-8)

|u i ( t ) |  s L j

T0  i s  th e n  found from E q . ( 4 - 7 ) ,  i . e .

Uh a l l i  =  ( I W [ ( 1 + A )T ° ' 1 +  e
-(1+A)T0 -| l iHj

J  Li

The o u tp u t  norm s c a n  b e  sh o w n  to  b e  g iv e n  by
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/

(1+A)T0  + 1 -  e ^ 1+AJT°

an d

( 1+A) T
   s -  (1+A ) 2 T02 + (1+A)Tq +

2

2
— ( i - e ” 2^1+A^To) -’) -  2(l+A)TQ e -(1+A)T0

If  y d = 1 .5  a n d  Li = 0 . 7 5 ,  the  p rob lem  i s  to  find  t h e  op tim al w . r . a . s .  in p u t

i s  th e  s h o r t e s t  e l a p s e d  t im e .  In  o rder to  f a c i l i t a te  th e  d i s c u s s io n ,  TQ,

| |y | |  , and  | |y | | z a re  p lo t te d  v e r s u s  A in  Figure 4 - 6 .  Now c o n s id e r  th e  

fo llo w in g  c a s e s :

C a s e  1 . An In te g ra l  C o n s t r a in t  on the  O u tp u t

If  | |y | |  i s  c o n s t r a in e d  to  be  g r e a te r  than  or e q u a l  to  som e n u m b e r ,  w e

h a v e

C h o o s in g  Lza = 1 .0  i t  i s  s e e n  from F ig u re  4 -6  t h a t  th e  ou tpu t c o n s t r a in t  i s  

s a t i s f i e d  in  th e  s h o r t e s t  e l a p s e d  t i m e , TQ -  2 . 0 ,  w h e n  A = - 1 .  0 . A lso 

from E q . ( 4 - 5 ) ,  th e  o p tim a l  w . r . a .  s . in p u t  i s  a s t e p  of am plitude  0 .7 5 .

M ak in g  u s e  of E q .(2 -4 0 )  w i th  = 0 .7 5  an d  Lz = 1  , qx = 1  a n d  q2 = «. ,

a n d  th e  v a lu e  of A w h ic h  s a t i s f y  a l l  c o n s t r a in ts  a n d  th e  te rm inal c o n d i t io n

^ .

th e  e x p r e s s io n  for T i s

w h e re u p o n  T = 1 .4 2 6 .  T h e re fo re ,  u s in g  the  o p tim a l w . r . a . s .  p ro c e d u re

i n c r e a s e s  th e  e l a p s e d  t im e  by a b o u t  33%.
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W e  o b s e rv e  (E q .4 E -8 )  th a t  th e  t ra n sfo rm  of th e  Im p u lse  r e s p o n s e  h a s

a po le  in  th e  r ig h t  h a n d  p la n e  for A — - 1 .  The aug m en ted  p la n t  i s  th e re fo re

u n s ta b le  i n  th e  s e n s e  t h a t  i t s  r e s p o n s e  to  a  b o u n d ed  in p u t  i s  u n b ounded

a s  t  -* oo. As th e  p rob lem  a c tu a l ly  r u n s  for a f in i te  t im e ,  t h i s  ty p e  of
f

in s t a b i l i t y  may or m ay n o t be  im p o r ta n t .  If  i t  i s  u n d e s i r a b le  to  h a v e  a n  

u n s ta b le  au g m en ted  p l a n t .  F igure 4 - 6  i n d i c a t e s  t h a t  th e  b e s t  t h a t  c a n  b e  

done u n d e r  t h e s e  c i r c u m s ta n c e s  i s  to  m ake A z e ro .  The o u tp u t  c o n s t r a in t  

i s  th e n  s a t i s f i e d  w ith  th e  s ig n  o f in e q u a l i ty  in  a n  e l a p s e d  tim e  of 2 .9 2 5  

m inu tes  a n d  the  p la n t  i s  s t a b l e .

The op tim al w . r . a . s .  s o lu t io n  d o e s  n o t  a lw a y s  p roduce  a n  u n s ta b le  

a u g m e n te d  p la n t .  To i l l u s t r a t e  th i s  , s u p p o s e  t h a t  L2a = 2 . 5 .  Then from 

F igure  4 - 6 ,  w e  find  t h a t  A = 0 ,6 1  a n d  TQ = 3 . 8 5 ,  s o  th a t  th e  au g m en ted  

p la n t  i s  s t a b l e  and  th e  ou tp u t c o n s t r a in t  i s  s a t i s f i e d  w ith  th e  s ig n  of 

e q u a l i t y .

N ow  su p p o se  t h a t  in  a d d i t io n  to  th e  o r ig in a l  o u tp u t  c o n s t r a in t ,

L2a = 1 . 0 ,  in p u t  2  i s  c o n s t r a in e d  a s  fo llo w s:

I M ,  s o . 5

M aking  u s e  of F igure 4 -6  a g a in ,  b o th  c o n s t r a in t s  c a n  on ly  b e  s a t i s f i e d  if  

[ - 0 . 4  s  A £ 0 . 35j, U nder  t h e s e  c o n d i t i o n s , T0  = 2 .5  for A = - 0 . 4 .  The 

e l a p s e d  t im e  h a s  h a d  to  b e  i n c r e a s e d  in  o rd e r  to  s a t i s f y  th e  a d d i t io n a l  

c o n s t r a in t .

t
For p l a n t s  w h ich  h a v e  p o le s  in  th e  r ig h t  h an d  p la n e ,  th e r e  i s  a  s e n s i t i v ­

i ty  p ro b le m ,  i . e .  a n y  e x te rn a l  d i s tu r b a n c e  w i l l  c a u s e  th e  o u tp u t  t r a je c to ry  
to  m is s  th e  te rm in a l p o in t .
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C a s e 2 . A Q u ad ra t ic  C o n s tra in t  on the  O utput

If i t  i s  r e q u ire d  th a t  ||y |l2 feL2e, th e  q u a d ra t ic  c o n ten t  of th e  output 

i s  c o n s tr a in e d .  C hoosing  Lze = 1 .0 ,  i t  i s  s e e n  from Figure 4 -6  th a t  th is  

c o n s t r a in t  i s  s a t i s f i e d  in  th e  s h o r te s t  e la p s e d  t im e ,  TQ = 2 .1 4 2  w hen  

A =  - 0 , 8 .  The optim al w . r . a . s .  inpu t i s  a g a in  found to  be a s te p  of 

am plitude  0 ,7 5 .

Using Eq. (2 -40) w ith  Li = 0. 75 an d  Lz = 0. 8 , qi = 1 and  q 2 = 2 ,  the  

e x p re s s io n  for T is

a, T^" o rp̂ " i
0 . 75 [T -  1 + e  ] +  0 .8  [ £ ( l - e  ) ] 2 = 1 .5

C

w hereupon  T = 2 .1 3 2 .  T h e re fo re ,  u s in g  th e  optim al w . r . a . s .  p rocedure 

i n c r e a s e s  the  e l a p s e d  tim e by  l e s s  th a n  1 %.

The aug m en ted  p la n t  h a s  a  po le  in  th e  r ig h t  h a l f  p lane  and  i s  th e re ­

f o r e  u n s ta b le .  If  a  s ta b le  p la n t  i s  r e q u i re d ,  i t  i s  r e c o g n iz e d  from Figure 

4 -6  th a t  th e  b e s t  th a t  can  be done under  t h e s e  c i rc u m s ta n c e s  i s  to  ch o o se  

A =  0 .  Hence th e  e la p se d  tim ^ i s  2 .9 2 5  m in.

The op tim a l w . r . a . s .  p rocedure  d o e s  n o t  a lw a y s  produce an  u n s ta b le  

p la n t  when th e  q u a d ra t ic  c o n te n t  of the  ou tp u t i s  c o n s t r a in e d .  This i s  d em o n s tra ted  

by choos ing  Lze = 1 . 5  w hereu p o n  A = 0 .5  and  TQ = 3 . 6  75. S ince  A i s  

p o s i t iv e ,  th e  augm en ted  p la n t  i s  s ta b le .

Now s u p p o s e  th a t  in  ad d it io n  to  th e  o rig ina l ou tp u t c o n s t r a in t ,

L = 1 . 0 , in p u t  2  i s  c o n s tr a in e d  a s  fo llow s:

|| u2|| s  0 .25  
2

M aking  u se  o f Figure 4 -6  a g a in ,  both  c o n s tr a in ts  c a n  only be s a t i s f i e d  i f  

- 0 .1 5  s A  £ 0 . 2 .  The minimum e la p s e d  tim e o ccu rs  for A = - 0 .1 5  and i s
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found to  b e  TQ -  2 . 7 5 .

4 . 5 . 2  Two D im e n s io n a l  S ea rch  

4E-3

To i l l u s t r a t e  a tw o -d im e n s io n a l  s e a r c h ,  c o n s id e r  th e  t h i r d -  

o rder au g m e n te d  p la n t  sh o w n  in  R g u r e  4 - 7 .  This fo rm , r a th e r  th a n  th e  

one in  F igure  4 -1  i s  u s e d  for c o m p u ta t io n a l  c o n v e n ie n c e ,  th e  t r a n s f o r ­

m ation  b e tw e e n  th e  tw o s y s te m s  b e in g

Aj = a  + b (4E -10a)

A2 = ab  (4E-10b)

D efin in g  th e  s t a t e  v a r i a b le s  a s  sh o w n ,  th e  norm al form d e s c r ip t io n  o f th is  

p la n t  i s

- a 1 0 0
*

X  = 0 - b 1 X  + 0

0 0 0
1 ' 1  _

y  = [ 1 0

XI 
1—

1 
O

Ul ( 4 E - l l a )

(4 E ~ llb )

The c o r re sp o n d in g  fu n d am en ta l  m a tr ix  i s  found  to  b e

0(t) =

e “ a t  ■ [i(a-b)L

0

- b t  -a t" |  _1_  1 r e~ a t _ e  b t n 1
J  a b  (a -b )L  a b Je - e

-bt

0

1  f 1  - b t -  
b [ 1 ' e  ]

(4E-12)

M aking  u s e  of E q . (4 -2 )  to g e th e r  w i th  E q s . ( 4 E - l l )  an d  (4 E -1 2 ) ,  th e  

im p u lse  r e s p o n s e  i s  found  to  be
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ha(t)  a b  + (a -b )  [

- a t  - b te  e ]
If  a  m ag n itu d e  c o n s t r a in t  i s  im p o se d  on  U i ( t ) ,  i . e .

I u i( t)  |

TQ i s  found  from E q . ( 4 - 7 ) ,  i . e .

T"  1 r fl-e~*aT°) ( l - e ~ bTQ)-] _
Nh aH i a b  + ( a - b ) [ ‘

Vd (4E-13)

The o u tp u t  norm s c a n  b e  sh o w n  to  b e  g iv e n  by

m 2

l | y | l ,  L> [  2ab + (a-b) ^

aT - ( l - e ' aT<>) bTn-( l - e ~ bT°)

(4E-14)

and

l|y|| = L i

To ( .at b ) + l a t b ^ T + 2T,
3 (ab ) 2 ( a b ) 3 ' ( a b )c *o ' (a b)(a

, 2  r | l - e ' a I °) ( l - e ~ bT°:

- b ) [ ‘

- a T 0  -bT 0

r - y

(ab) (a -b) [ ‘ 2] (4E-15)

+ 1 ' r ( l - e " 2 a r °)  ( i - e “ 2bT°) _ 4 (1 -6  ta+b)Tc>) -i
2 ( a - b ) 2 L a B b B “ (ab ) 2 ( a + b )  J

I f  = 1 .0  an d  Li = 1 . 0 ,  th e  prob lem  i s  to  f ind  th e  o p tim a l w . r . a . s  

in p u t  an d  th e  v a lu e s  of a  a n d  b  (an d  h e n c e  A p an d  Az) w h ic h  s a t i s f y  a l l  

c o n s t r a in t s  an d  te rm in a l  c o n d i t io n s  in  th e  s h o r t e s t  t im e for e a c h  of th e  

fo llow ing  c a s e s :

C a s e  1 . An In te g ra l  C o n s t r a in t  o n  th e  O utpu t

If  HyII i s  c o n s t r a in e d  to  b e  g r e a te r  th a n  or e q u a l  to  som e num ber .
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w e have

H  a L 2a

L etting  Lza = 0 .2 5 0  and  m aking u se  of th e  s e a r c h  p ro ced u re  o u tl in ed  in  

C hap te r  VI and  im p lem en ted  w i th  the  com pu te r  program g iv e n  in  / 

Appendix IV , i t  i s  found th a t

T0  = 1 .2 4 8  

a  = - 1 .5 0  

b  = - 1 .7 7

or from E q .(4 E -8 ) ,

A! = - 3 ,2 7

Aj = 2 . 6 6

U sing  th e s e  v a lu e s  in  E q . ( 4 - 5 ) f the  op tim al w . r . a . s .  in p u t  i s  s e e n  to  b e  

a u n i t  s t e p .

In order to  com ple te  T0  w i th  T* , E q .(2 -4 0 )  i s  u s e d  w ith  Lx = 1,

L2 = 0 .2 5  | A2 J , L3 = 0 ,2 5  I Ax | , qx = 1, a n d  q 2 = q3 -  «>. The im pulse  

r e s p o n s e s  of th e  g iv en  p la n t  a re  e a s i ly  found to  be

t 2

h 2( t ) = t  (4E-17)

h3(t) = 1

w hereupon  the  e x p re s s io n  for T is

A sf r V  *^ ^ r ^ + O . e e S T  + 0 . 8 2  = 1 (4E-18)
6

Solving th is  e q u a t io n ,  we find

T * =  0 .2 7 0
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T h e re fo re ,  the  e l a p s e d  t im e  i s  i n c r e a s e d  4 .6  t im e s  w h e n  th e  op tim al 

w . r . a . s .  s o l u t i o n i s  em p lo y ed .

Prom th e  e x p r e s s io n  for ha ( t ) ,  i t  i s  n o te d  th a t  th e  above  v a lu e s  of a 

an d  b p ro d u ce  an  u n s ta b l e  au g m en ted  p la n t .  If a  s t a b l e  p la n t  i s  r e q u i r e d , 

th e  b e s t  th a t  can  b e  d o n e  under t h e s e  c i r c u m s ta n c e s  i s  to  c h o o s e  a  =b = 0 . 

The o u tp u t  c o n s t r a in t  i s  th e n  s a t i s f i e d  w ith  th e  s ig n  o f  in e q u a l i ty  in  an  

e l a p s e d  tim e of 1 .8 1 6  m in u te s .

The op tim al w . r . a . s .  s o lu t io n  d o e s  n o t  a lw a y s  p roduce  a n  u n s ta b le  

p la n t .  If  Lza i s  m ade  la rg e r  th a n  0 . 4 6 ,  on ly  p o s i t iv e  v a lu e s  o f  a  a n d  b w ill  

s a t i s f y  th e  more s e v e re  o u tp u t  c o n s t r a in t  an d  th e  au g m en ted  p la n t  w il l  be 

s t a b l e .

C a s e  2 . A Q u a d ra t ic  C o n s t ra in t  on  th e  O utput

If  | | y | | 2 i s  c o n s t r a in e d  to  b e  g r e a te r  th a n  or e q u a l  to  som e num ber, 

w e  h a v e

l |y |l2 *  Lze <4E- 19>

L e tt in g  L2e = 0 .4 0 0  an d  em ploying  th e  sam e  ty p e  o f  com puter  s e a r c h  as  in­

c a s e  1  , i t  i s  found th a t

Tq = 1 .3 7 5  

a  = - 1 . 2 0  

b = - 1 . 0 6

or from Eq.(4E-8)

Ax = - 2 . 2 6  

Aa *= 1 .2 7
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The optim al w . r . a .  s .  in p u t  i s  a g a in  found to  b e  a  u n i t  s te p .  U s in g  Eq, 

( 2 -4 0 )  w ith  q2 = q 3 =  2 and th e  im p u ls e  r e s p o n s e s  in  E q ,(4 E ~ 1 7 ),  th e  

e x p r e s s io n  for T i s

+ 0 .9 0 4  (T*)* + 0 .2 9 4 (T * )3A = 1D

S o lv ing  th is  e q u a t i o n ,  we find

T* = 0 .7 1 5

T h u s ,  the e l a p s e d  t im e  m ust b e  in c r e a s e d  1 .9  t im e s  w hen th e  op tim al 

w . r . a . s .  s o lu t io n  i s  em ployed .

The p re v io u s  rem ark s  c o n c e rn in g  the s t a b i l i t y  o f  the  a u g m e n te d  p la n t  

a r e  a l s o  v a lid  fo r  t h i s  c a s e  w ith  t h e  e x c e p t io n  t h a t  p o s i t iv e  v a l u e s  of a 

a n d  b are  found w h e n  th e  ou tp u t c o n s t r a in t ,  Lz e , i s  made g r e a t e r  th a n  0 .5 1 .  

The co m p u te r  ou tpu t for t h i s  exam ple  i s  g iv e n  in  A ppendix  V.

4 . 6  Optimal W . R .A .S .  S o lu tion  o f M u lt ip le  O u tp u t  P lan ts
i.U

The op tim al w . r . a . s .  s o lu t io n  of th e  n  o rd e r ,  l in e a r  t im e -v a r y in g ,  

augm en ted  p la n t  s h o w n  in  F igure 1 -2  i s  now c o n s id e re d .  The norm al form 

d e s c r ip t io n  of t h i s  p la n t  i s  g iv e n  b y  E q s . (4 - 1 )  w i th  y  r e p la c e d  by  the  m- 

v e c t o r ,  y_. In  a d d i t i o n  C(t) a n d  D(t) are r e s p e c t i v e l y  (m X n) an d  (m X l)  

t im e -v a ry in g  m a t r i c e s .  All o th e r  q u a n t i t ie s  a re  u n c h a n g e d .

The im p u ls e  r e s p o n s e  m a tr ix  for th is  s y s t e m  i s  g iv en  by  th e  r ig h t  

h a n d  s ide  of E q . ( 4 - 2 )  [w ith  C(t) a n d  D(t) d e f in e d  a b o v e ]  a n d  i s  a n  

m -v e c to r  w h ich  i s  w r i t te n  in  th e  fo llow ing  m anner:
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h a x (t*T) 

h a 2 (t<T)
(4-24)

w h e re  h a ^ ( t ,T ) (j = l , 2 I ■ ■ ■ m) i s  t h e  j ou tp u t w h e n  u ^ t )  = 6  ( t —r )

O b v io u s ly  H ^ ( t ,T )  i s  a  fu n c tio n  o f  th e  feed b ack  c o e f f i c i e n t s ,  A y .

Problem  5 c a n  now b e  r e s t a t e d  for t h i s  c l a s s  of s y s te m s  as  fo llow s:

G iv e n  th e  s in g l e  in p u t ,  m -o u tp u t  p la n t  c h a r a c te r iz e d  by  th e  im p u lse  

r e s p o n s e  m a tr ix ,  Ha ( t , T ) ,  find th e  s e t  of f e e d b a c k  c o e f f ic ie n ts  a n d  the 

i n p u t ,  U i(t), w h ic h  d r iv e s  th e  o u tp u t  v e c to r  from th e  o r ig in  to  som e 

te rm in a l  p o in t  in  o u tp u t  s p a c e ,  a n d w h ich  p e rm its  th e  in p u t  c o n s t r a in t  

(E q .4 -3 )  an d  an  o u tp u t  c o n s t r a in t

4 . 6 . 1  The O p tim al W .R .A .S .  So lu tion

The m ethod w h ic h  i s  u se d  to  s o lv e  th is  p rob lem  p a ra l le l s  th e  one 

e m p lo y ed  in  S e c tio n  4 . 2 .1 .  The o u tp u t  c o n s t r a in ts  a re  ign o red  and the  inpu t 

w h ic h  s a t i s f i e s  th e  te rm in a l  c o n d i t io n s  and the  in p u t  c o n s t r a in t  in  th e  

s h o r t e s t  e l a p s e d  tim e i s  found. U s in g  the  m ethod o f F u n c tio n a l  A n a ly s is  

for m u lt ip le  ou tp u t p l a n t s  ( s e e  S e c t io n  2 . 2 . 4 a ) ,  t h e  form of th i s  in p u t  i s  

g iv e n  by  E g . (2 -3 7 ) ,  i . e .

I Y i( t)! * L P 2 [ p z = « ]  (4-25b)

to  be  s a t i s f i e d  in  th e  s h o r t e s t  e l a p s e d  t im e ,  TQ = t f  -  t Q .
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u,(t)  = L ,q ‘ I k * ( t fo , t ) | q i _ 1  SGN [ k * ( t f o , t ) ]  (4-26)

w here
.U. A At* -V III U

^ ( t , r )  k  [ X 7 ,X ?  . . .  X *  ] * H ^ t , r )  = S  X*ha i ( t , r )  (4-27)

The s u b sc r ip t  "a"  i n d ic a te s  th a t  t h e s e  r e s u l t s  a re  for th e  augm ented  p la n t .  

I t  i s  r e c a l le d  th a t  th e  X*'s a re  th o s e  X 's w h ich  m inim ize | | k a ||q i s u b je c t  

to  th e  cond it ion

X' * Z a  = 1 * (4-28)

t f Q i s  th en  the  minimum v a lu e  of t j  w h ich  s a t i s f i e s  E q . ( 2 -3 8 ) ,  i . e .

l ' k* l ' ( a “ L , [ J ’t f  l k a ( t f ' T ) | q i  d T ] 1 / , q i =  1 ( 4 - 2 9 >

F in a l ly ,  th e  s e t  o f  feed b ack  c o e f f ic ie n ts  i s  c h o s e n  so  th a t  th e  ou tpu t c o n ­

s t r a in t s  are  s a t i s f i e d  in  th e  s h o r t e s t  e l a p s e d  t im e .

Employing a n  argum ent s im ila r  to  th a t  found a f te r  E q . ( 4 - 7 ) ,  we 

co n c lu d e  t h a t  uj(t) g iv e n  in  E q .(4 -2 6 )  i s  th e  optim al w . r . a . s .  in p u t  for 

m ultip le  ou tpu t p l a n t s .  In a d d i t io n ,  i t  i s  o b se rv ed  th a t  th e  in p u ts  u2 to  

Uj. be long  to  th e  c l a s s
m

Uj(t) = 2  Vi(t) C j - 2 , 3 ,  . .  . r ]  (4-30)

See Figure 1 -2 .

I f ,  h ow ever ,  th e y  a re  not r e s t r i c t e d  to  th is  c l a s s ,  a n o th e r  s e t  of In p u ts

(the  optim al) c a n ,  in  g e n e ra l ,  be  found w h ic h  s a t i s f i e s  a l l  co n d it io n s  in

a sh o rte r  tim e th a n  th a t  found from E q .(4 -2 9 ) .

U su a lly  a c l o s e d  form e x p re s s io n  for | |k a || c a n n o t  be o b ta in e d  and
tli

a  num erica l in te g ra t io n  i s  g e n e ra l ly  r e q u ire d .  As th e  m in im iza tion  o f th i s
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norm r e q u i r e s  tak in g  p a r t i a l  d e r iv a t iv e s  w i th  r e s p e c t  to  X̂  an d  e q u a t in g  the  

r e s u l t in g  e x p re s s io n s  to  z e r o ,  and  s in c e  t h e s e  la m b d a 's  w i l l ,  in  g e n e r a l ,  

be  f u n c t io n s  of t f , i t  i s  c l e a r  t h a t  th e  m a th e m a t ic a l  problem  of f in d in g  the  

X ' s  i s  by  no  m eans a  t r i v i a l  o n e .  W e c o n c lu d e  from th is  d i s c u s s io n  th a t  

the  op tim a l w . r . a . s .  s o lu t io n  o f m u lt ip le  o u tp u t  p la n ts  g e n e ra l ly  re q u ire s  

an  in v o lv e d  m a th e m a tic a l  p ro c e d u re .  This  s h o u ld  be  com pared  w i th  th e  

op tim al w . r . a . s .  s o lu t io n  of s in g le  o u tp u t  p la n t s  w h ere  on ly  th e  ro u t in e  

c a lc u la t io n  of f ind ing  th e  r e a l  ro o ts  of a  t r a n s c e n d e n ta l  e q u a t io n  i s  r e q u ire d .

T he s o lu t io n  of E q . (4 -2 9 )  i s  a n e c e s s a r y  c o n d i t io n  for th e  e x is t e n c e  

of an  o p tim a l w . r . a . s .  s o lu t io n .  This is  b e s t  s e e n  by  n o tin g  t h a t  i f ,  for a 

s p e c i f i c  s e t  o f  fe e d b a c k  c o e f f i c i e n t s ,  a v a lu e  of T0  c a n n o t  be  found  from 

E q . ( 4 - 2 9 ) ,  th e  in p u t  g iv e n  by  E q .(4 -2 6 )  w i l l  n o t  d r ive  th e  v e c to r  o u tp u t  to

4 .7  A nother N e c e s s a r y  C o n d i t io n  for th e  E x is te n c e  of a  S o lu tio n

In  th i s  s e c t io n ,  a n o th e r  c o n d i t io n  w h ic h  m ust b e  s a t i s f i e d  i n  o rder  for 

an  o p tim a l w . r . a . s .  s o lu t io n  to  Problem  5 to  e x i s t  i s  d e v e lo p e d .

M ak in g  u se  of th e  s u p e rp o s i t io n  in te g ra l  to g e th e r  w ith  th e  op tim al 

w . r . a . s .  in p u t  ( E q .4 - 2 6 ) ,  th e  i " o u tp u t  i s  found to  be

y i ( t ) = J i  h a i ( t , T ) L x _1 | k * ( t f o ,T)|qi 1 S G N [ k * ( t f o , r ) ] d T  ( 4 - 3 1 )
Lo

( i=  1 , 2 , . . .  m)

C a s e  1 . In te g ra l  C o n s t ra in t s  on All o f  th e  O u tpu ts

S u p p o se  th a t  e a c h  o f  th e  m -o u tp u ts  h a s  a n  in te g ra l  c o n s t r a in t  p la c e d  

on i t  w h ic h  i s  e x p r e s s e d  i n  th e  form ,
tf

l lyil l .  = 1 1  l d t  a  La, a  ( 1 = 1 , 2 ,  . . . m )  (4 -3 2 )
‘o
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U s in g  E q . ( 4 - 3 1 ) ,  th e  norm in  t h i s  l a s t  e q u a t io n  b eco m es

llyillj = ^  J* °  I J* h a i t t ^ r J l k g t t f o ^ T ) ! * 11 S G N C k * (tfo # T ) ] d T | d t  
t o t D

or

llVillx s  Li3'  I  f° [ X .  I h a i ^ T ) !  | k * ( t f o , T) |qi d r ] d t
t o

w h ereu p o n

llyill. < f° [ S  f °  I h a i ^ f o ^ H  l k a< t f o ' T>iqi ^ J d t  (4 -33 )
1 t o  L t D °  u  J

Applying H o ld e r 's  in e q u a l i ty  to  th e  r ig h t  h an d  s id e  of th is  e x p r e s s io n ,  w e 

fin d

yill < Li
qi nt f o n, u r p tfO i , * ,  n1/ ^

C ' ,h* A M ° ,k> o - r > r  ‘ ' " d r ]  d t  (4 -3 4 )

w h e re  = 1 . In o rder to  m ake u se  of E q . (4 -2 9 )  . l e t  u s  c h o o se
Pz q2

p 2 = . Then q 2 = qi and  I n e q u a l i ty  (4 -3 4 )  b e c o m e s
Qi- i

llyillj < ^  f * 0  IIhaillq2 ( I l k * !lqi)qi = L tqi | | h a i ||q i ( | | k * | | q i )qi t q
to

(4 -3 5 )

S u b s t i tu t in g  E q ,(4 -2 9 )  in to  t h i s  in e q u a l i ty  g iv e s

| |y 1 |li < L 1 T0  Hh a l ||qi (4 -3 6 )

C om bin ing  I n e q u a l i t i e s  (4 -3 6 )  a n d  (4 -32 ) y i e ld s

L2la * ||y1||l < L ,T 0 l|ha l ||qi

or
L 2̂ a

To Hh aillq i  > “ l T  * ( i -  1 , 2 .  . . .  m) (4 -37)
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S a tis fy in g  In e q u a l i ty  (4 -3 7 )  fo r  aU i  i s  a  n e c e s s a r y  c o n d i t io n  for th e  e x i s t ­

e n c e  of a n  op tim al w . r . a .  s .  s o lu t io n  to  Problem  5 w h e n  a l l  of the o u tp u ts

have  an  in te g ra l  c o n s t r a in t  p la c e d  on  th e m .  The r e a s o n  for th is  i s  t h a t  i f

thth e  i n e q u a l i ty  i s  v io la te d  for any  i ,  t h e  i o u tp u t  c o n s t r a in t  c a n n o t  b e  

s a t i s f i e d .  H o w ev er ,  i f  a l l  o f  th e  i n e q u a l i t i e s  a re  s a t i s f i e d ,  th e  o u tp u t  

c o n s t r a in t s  may or may n o t  b e  v io l a t e d .  H e n c e ,  s a t i s f y in g  (4-37) i s  a 

n e c e s s a r y  b u t  no t a  s u f f i c i e n t  c o n d i t io n .

C a s e  2 . Q u a d ra t ic  C o n s t r a in t s  on  All o f  th e  O u tpu ts

S u p p o se  th a t  e a c h  o f  th e  m -o u tp u ts  h a s  a  q u a d r a t ic  c o n s t r a in t  p la c e d  

on i t  w h ic h  i s  e x p r e s s e d  in  th e  form

( l l y i l l /  = J  f °  t y i ( t ) ] 2 d t  a  L2ie (1 = 1 , 2 ,  . . . m )  (4 -3 8 )
fco

*
M aking u s e  o f  the  o u tp u t  in  E q . ( 4 -3 1 ) ,  w e  have

, 2 gi t  a, d i " !  m. 2
( ! |y i l l2) = J  Li IJ* h a i ( t , r ) | k a ( t f 0 , T ) |  SG N [ka ( tfo ,T)]dTi d t

to  l o
or

( | |y i |l)22 sLx qi f f° [ £  | h a i ( t , r ) |  t^ a  t̂ f o ,T ) I dT] d t
t O •'O

and

(l|yilD 2 < L i2£l1 J, f ° [ j ‘ f o | h a i ( t f  , r ) |  | k * ( t f  , r ) | q i 1  d r ]  d t  ( 4 - 3 9 )
2 '■O O

U sing  H o ld e r 's  in e q u a l i ty  E q .(4 -3 9 )  b e c o m e s

( II Vlll)2< I-fqi J"tfc>CII h a l II )* [J"t£°  | k * ( t f  , r ) | ^ q i 1 )P2 d T ] 2 d t  (4 -4 0 )
2 t Q 4 2  L t G

Applying th e  sam e a rg u m e n t  a s  t h a t  fo llow ing  In e q u a l i ty  (4 -3 4 ) ,  th e  l a s t  

e x p r e s s io n  b eco m es



or m aking  u s e  of E q .(4 -2 9 )

( U n l l / c ^  T0  ( llha l llq i )2 (4 -4 1 )

C om bin ing  I n e q u a l i t i e s  (4 -3 8 )  an d  (4 -4 1 )  y i e ld s

s<l!yill2> W T 0 ( l l h a i llq i )2

or

T o ( l l h a i l lq i) >  ( ' l 7 7  ( 1 = 1 , 2 . . . . m )  (4 -4 2 )

S a t is fy in g  In e q u a l i ty  (4 -4 2 )  for a l l  i  i s  a  n e c e s s a ry  c o n d i t io n  for the  

e x i s t e n c e  o f  a n  o p tim a l w . r . a . s .  s o lu t io n  to  Problem 5 w h en  a l l  o f  the  o u t­

p u ts  h a v e  q u a d ra t ic  c o n s t r a in t s  p la c e d  on th e m . The r e a s o n  fo r  t h i s  i s  th a t

thi f  t h e  in e q u a l i ty  i s  v i o l a t e d  for a n y  i r t h e  i ou tpu t c o n s t r a in t  c a n n o t  be
/

s a t i s f i e d .  H o w ev er ,  i f  a l l  of th e  i n e q u a l i t i e s  a re  s a t i s f i e d ,  t h e  ou tpu t 

c o n s t r a in t s  may or m ay n o t  b e  v io l a t e d .  H e n c e ,  s a t i s fy in g  ( 4 -4 2 )  i s  a 

n e c e s s a r y  bu t n o t  a  s u f f i c i e n t  c o n d i t io n .

C a s e  3 . M a g n itu d e  C o n s t ra in t  on All o f  th e  O utputs

S up p o se  t h a t  a l l  of th e  o u tp u ts  h a v e  t h e i r  m agn itudes  l im i t e d  as  

fo llow s:

1 yi (t) | ^ L zim (i  = 1 , 2 ,  . . . m) (4-43)

T aking  m a g n i tu d e s  on  b o th  s id e s  of E q . ( 4 -3 1 )  w e  find

| yi( t ) |=  |Liqi Jt  ha l ( t ,T ) |k * ( t£o,T ) |q i" 1 S G N D c^ tf^ .T d d T l

s  L>.q i I*  I h a i  (t.T) I |k*  (tf0 .T) |q ‘ dr
t o

| y i(t)j < Liqi rtfo |h ai(tf fr ) |  1 dT
fo
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M ak in g  u s e  of H o ld e r 's  in e q u a l i t y  and  th e  a rgum en t fo llo w in g  In e q u a l i ty  

( 4 - 3 4 ) ,  th e  l a s t  e x p re s s io n  b e c o m e s

|y l ( t ) | < L i q i l l h ^ l ^ d l ^ l i y 1 

or u s in g  E q . ( 4 - 2 9 ) ,

|y i ( t ) |  < L „  | | h a l ||qi ( 1 = 1 , 2 , .  . .m )  (4 -4 4 )

S a t is fy in g  In eq u a li ty  (4 -4 4 )  for a l l  i  i s  a  n e c e s s a r y ,  bu t no t a 

s u f f ic ie n t  c o n d i t io n  for the e x i s t e n c e  of a n  op tim a l w . r . a . s .  so lu t io n  to  

t h e  g iv e n  p ro b lem  w hen  a l l  o f  th e  o u tp u ts  a re  m agn itude  c o n s t r a in e d .

The d i s c u s s i o n  of how t h e s e  n e c e s s a r y  c o n d i t io n s  a re  u s e d  in  a  

co m p u ta t io n  s c h e m e  is  d e fe r re d  u n t i l  C h a p te r  VI (S e c t io n  6 . 3 . 2 ) .

4 . 8  F ind ing  th e  X 's W hen th e  Q u a d ra t ic  C o n te n t  of th e  In p u t  i s  C o n s t ra in e d

In th i s  s e c t i o n ,  i t  i s  d e m o n s t r a te d  t h a t  a n  a lg e b ra ic  te c h n iq u e  c a n  be  

-X*u s e d  to  find t h e  X ' s  and w h e n  a  q u a d ra t ic  c o n s tr a in t  i s  p la c e d  on Ui(t) ,  

i . e .  pi = 2 in  E q , ( 4 - 3 ) .

In o rd e r  to  find t f Q, i t  i s  r e c a l l e d  t h a t  llka llq m u s t  b e  m in im ized  w i th  

r e s p e c t  to  Xf s u b je c t  to  th e  c o n d i t io n  in  E q . ( 4 - 2 8 ) .  From E q . ( 4 - 6 ) ,  i f  

Pi = 2 ,  qi = 2 .  U sing  the  d e f in i t io n  o f  k =(t) (E q .2 -1 2 a )  to g e th e r  w i th
c l

E q . ( 4 - 2 4 ) ,  t h e  q u a d ra t ic  norm o f  kg is
t f  ,

( l | k a l l ) 2 = I  C V  ■ Ha (tf ,T ) ]  d r
or 2 °

tf  2

( ll^aU2) ~ «f. h a i ( t f , t )  + Xzhg2( t f , t )  + . . .  Xmh am(t£ ,T )3 d t
t o

(4 -4 6 )
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Solv ing  for Xi in  E q .(4 -2 8 )  ( a s s u m in g  t h a t  y d f  0 ) a n d  s u b s t i tu t in g  th e
1

r e s u l t  i n to  E q , ( 4 - 4 6 ) f w e  have

J £
J‘o

Now d e f in e

l^ydT' *2' *3‘ ' **n)]

ha i

ha2ttf,T) " y^"hai(tf,T)

Xdm
*lam(t f ' 10 -  h a i (tj:,T)

H a(tftT ) = H a ( tf .T )  -  h a l^t f ' T) - a  1 jg a t  y di

0

Vd2

y d 3

y d m

d r

(4 -4 7 )

(4 -4 8 a )

(4 -4 8 b )

Then  E q .(4 -4 7 )  b e c o m e s
2 - t f  _ _ 2

k J 2> C ( i : ) 0  ' S a ( t f ' 1V  d T

To m in im ize  th i s  no rm , w e m ust t a k e  p a r t ia l  d e r iv a t iv e s  w ith  r e s p e c t  to  Xj 

(j = 2 , 3 , . .  .m) an d  s e t  th e  r e s u l t in g  e x p r e s s io n s  e q u a l  to  z e ro .  Thus

%

‘•o

^ : 2 j £ [ < A . ' ) p  • - ^ - h a i ( t f , r ) )d T  = 0 (4 -48)

! 2 j “f C(V)p • I j y t f . T ) . ]  (h a2( t£,T) -  h a i ( t f , r ) )d T  = 0
o 1

_a
a x m

rttr ydm
2 J *  C(A.-)p - Ha ( t f ,T)p ] ( h am( t£.T) -  —  h a i ( t f , T ) ) d T =  0
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M u lt ip ly in g  th e  f i r s t  o f  t h e s e  e q u a t io n s  by  X2 # th e  s e c o n d  by  X3, e t c . , an d  

ad d ing  g iv e s
y d ,  „ Yd,X2cha 2( tf # T) - y ^ h a i ( t f , T) 3 +x 3[ h as (tf , r ) h Qi( t f , r ) ]

S u b tra c tin g  th i s  e q u a t io n  from E q .(4 -4 7 )  y ie ld s

2 H  h a , t1:f ' T}
( I M 2> =Jt  d r

dT=0

( 4 -5 0 )

In  order to  find  t fQ w e  m u st  so lv e  (E q .4 -2 9 )

d T  Li2
(4 -5 1 )

w h ere  th e  a s t e r i s k s  i n d ic a te  th a t  th e  X's u s e d  a re  th o s e  w h ic h  m inim ize

k || t i . e .  s a t i s f y  E q s . (4 - 4 9 )  . E q u a tio n s  (4 -4 9 )  a re  now  s im p lif ie d  b y

w riting  e a c h  e q u a l i ty  a s

J,t o ° t < i ? ‘ >p ■ j y v T y h a ^ f o ' T i d T  = y d) <( o‘ u r u * > {r  !!« < % ' t
O r , , * ' , h a 1(t f0 ' T)

d f

and  s u b s t i tu t in g  E q . (4 -5 1 )  on th e  r ig h t  h a n d  s id e  o f  e a c h  of t h e s e  e q u a t io n s .  

This g iv e s

J- f° c a *  >a • Ba(*f0 . i V  ha . ( t£ o -T) d T = I ?
<■0

Vd,

t fn  w« Yd2
4  C(X )p • Sa(tf0 <r)p] ha2(tfo , r) dr =

(4 -5 2 )

J  ham^t f o ' T^dT Li
m
2
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S in ce  a n d  th e re fo re  a l l  o f  i t s  e le m e n ts  a re  in d e p e n d e n t  of
At,'

t h e  XT s ,  E q s (4 -5  2 ) r e p re s e n t  a  s e t  of m -e q u a t io n s  w h ic h  a r e  l in e a r  i n  th e
u*

(m - l) -X  s a n d  n o n - l in e a r  in  t f Q. As a c o n s e q u e n c e ,  t h e s e  X ' s  c a n  b e  

e l im in a te d  l e a v in g  a  s in g le  e q u a t io n  in  t f Q. Thus th e  p rob lem  of f in d in g  t fQ 

i s  r e d u c e d  to  f ind ing  th e  r e a l  ro o t  o f  a  t r a n s c e n d e n ta l  e q u a t io n ,  a  ro u t in e  

c a l c u l a t i o n .  O nce  the  te rm in a l  tim e i s  k n o w n ,  the  X*'s a re  found by  s o lv ­

in g  a  s e t  o f  (m -1) s im u l ta n e o u s  l in e a r  e q u a t io n s .  Any o f  th e  w e ll  know n

t
. te c h n iq u e s  c a n  b e  u s e d .

E q u a tio n s  (4-52) c a n  b e  o b ta in e d  from th e  e x p r e s s io n s  for th e  te rm in a l  

c o n d i t io n s  a s  i s  now d e m o n s t r a te d .  S in c e  q i = 2 th e  o p t im a l  w . r . a . s .  

in p u t  in  E q . ( 4 -2 6 )  b ecom es

« l( t)  = L,2 k *  ( t f o , t )  = l a 2 [X*' • ( 4 -5 3 )

M aking  u s e  o f  th e  s u p e rp o s i t io n  i n t e g r a l ,  t h e  o u tp u ts  a t  t  = t f Q b eco m e

yi(% )=  Yda = I. f°*1a1(tf0 *T) Liz CX* , HQ(tfo,r)]dT  
to

y 2( tfo ) ^ y dz = S  ■ H a ( tf 0 , r ) ] d r

°  (4 -5 4 )
* •

■ •
•  •

ym (% >  = y d m = J  * X m< V T)Ll2C^ '  ' g a d f ^ r ) ]  d r
^o

■X-U sin g  E q . (4 -2  8 ) and so lv in g  fo r  Xi g iv e s

_ j = 2

w h ereu p o n

(Ydx f  °)

For e x a m p le . a  G a u s s - J o r d a n  re d u c t io n  o r a  p iv o ta l  c o n d e n s a t io n  c a n  
b e  em p lo y e d 3 ^ .



M aking u s e  of th is  r e s u l t ,  Eqs . (4 -54) becom e

-JT- -  I  f°  h a i ( t£o,T) d r
*-o

1 7  = [ & * V  ' § a > W V T) dT (4 -5 5 )

y d m .4 ,
= ;  °  • H ( t r , r ) . 3 h .  (tj . r )d rW  \  tv& *P - a ' UIo f , '/3J i la m^ V  Lo

jz.
E qua tions  (4 -52) and  (4 -55) a re  id e n t ic a l ;  th e re fo re ,  the  X: 1 s an d  tf  

can  b e  found  by so lv in g  th e  s e t  of e q u a t io n s  w hich  r e s u l t s  from s a t i s fy in g  

the  te rm in a l  cond itions  u s in g  the op tim al w . r . a . s .  in p u t  and E q , (4 -2 8 ) .

4 . 9  F in d in g  the X's W h en  the  I n p u t  i s  M agn itude  C o n s tra in e d
y

The problem of f ind ing  the X s w h en  the  in p u t  h a s  i t s  m agnitude 

c o n s tr a in e d  is  a  c o n s id e ra b ly  more d i f f ic u l t  problem . In the e x p re s s io n s  

w hich  r e s u l t  from ta k in g  p a r t ia ls  of | | k a || w ith  r e s p e c t  to  th e  Xf's , th e re  

i s  no l i n e a r  d ep en d en ce  upon the  X 's .  A tech n iq u e  u s e d  to  so lve  p rob lem s 

for s y s te m s  having two ou tpu ts  and tw o in p u ts  under th e s e  co n d it io n s  i s  

now p re s e n te d .

As th e re  are  tw o  o u tp u ts  and  th e  augm ented  p la n t  h as  only one inpu t 

( s e e  F igu re  1 -2 ) ,  k Q(t) i s  a s c a la r .  U sing  E q s . (2 -1 2 a )  and (2-38) w ith  

q = 1 , w e  find
t f

l!ka lli = J I * i ha i l t f , r )  + X2 haz( tf ,T )  | d t (4 -56)
t o
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M ak in g  u s e  o f  E q . ( 4 -2 8 ) ,  Xi i s  e l im in a te d  an d  E q .(4 -5 6 )  b e c o m e s

t f  b a ^ f ' 7) y d ,
ll^allj “  I tQ I  + t h a !( t £ 'T> '  ^ _ h a i( t £ 'T) ]  I d T

Tak ing  th e  p a r t ia l  d e r iv a t iv e  of th e  r ig h t  h an d  s id e  of th is  e q u a t io n  w ith  

r e s p e c t  to  X2 an d  u t i l iz in g  th e  r e s u l t s  of C h a p te r  I I I ,  Xz m ust s a t i s f y  the  

fo llo w in g  eq u a t io n :

M  y d 2 i - b a / V 7) y d2
11 CW tf ' T ) - ^ ' h a i (t f - ’- ) ] S G N [ - d^ —  + ^ C h a 2 ( tf , r ) - —  h a i ( t f , r ) ] ] d r  = °

(4 -5 8 )

In  a d d i t io n ,  t j  i s  c a lc u la te d  from E q . ( 4 - 2 9 ) ,  i . e .

h a ( t f , T )  y d .
{  I + > V ‘ £ .T ) ] |d T  = ^  (4 -5 9 )

o  1 1

The v a lu e s  of t f  and  X2 w h ic h  p e rm it  th e  l a s t  tw o  e q u a t io n s  to  b e  s im u l t -  

a n e o u s ly  s a t i s f i e d  a re  t f  an d  X2 . I t  sh o u ld  b e  n o te d  th a t  t h i s  i s  a  co n ­

s id e ra b ly  more d i f f ic u l t  c o m p u ta t io n a l  prob lem  th a n  th a t  of th e  p rev io u s  

s e c t io n .  D i s c u s s io n  of th e  c o m p u ta t io n a l  p ro c e d u re  w h ic h  i s  u s e d  to  so lv e  

th e  fo llow ing  e x a m p le s  i s  d e fe r re d  u n ti l  C h a p te r  VI (S e c t io n  6 . 2 . 2 ) .

4 . 1 0  E x am p les  -  M u lt ip le  O u tpu t P la n ts

The r e s u l t s  of S e c tio n s  4 .6  th ro u g h  4 .9  a re  i l l u s t r a t e d  in  F igu re  4 -8  

for th e  tw o -o u tp u t  au g m en ted  p la n t .

For th e  s ix  e x am p les  p r e s e n te d  in  th i s  s e c t io n ,  the  op tim a l w . r . a . s .  

a p p ro a c h  i s  u s e d  to  so lv e  th e  fo llo w in g  problem :

D ete rm in e  th e  v a lu e s  o f  th e  f e e d b a c k  c o e f f ic ie n t s  A and  B and  find the  

in p u t ,  U i ( t ) ,  w h ic h  d r iv e s  th e  tw o  o u tp u ts  from th e  o rig in" to  th e  te rm in a l  p o in t
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Ul .y  i

Yz

Figure 4 -8  Augmented P lan t u s e d  in  Exam ples 4 E - 4 , 5 , 6 , 7 , 8 , 9

Ui < t)

X. 4410. 759

Figure 4 -9  Optimal w . r . a . s .  inpu t for Example 4E-9



in  th e  s h o r t e s t  e l a p s e d  t im e ,  a n d  p e rm its  th e  c o n s t r a in t s  in  E q s . (  4 -3 )  and  

( 4 -2 5 )  to  b e  s a t i s f i e d .

I n  th e  f i r s t  th re e  e x a m p le s  Uj( t) h a s  a  q u a d ra t ic  c o n s t r a in t  on  i t  

and  th e  m ethod in t ro d u c e d  in  S e c t io n  4 . 8  i s  u s e d .  For th e  l a s t  th re e  

e x a m p le s  a  m ag n itu d e  c o n s t r a in t  i s  p l a c e d  on  th is  in p u t  and th e  r e s u l t s  of 

S e c t io n  4 .9  a re  u t i l i z e d .

A c o m p a r iso n  b e tw e e n  TQ and T i s  made in  a c c o rd a n c e  w i th  th e  d i s ­

c u s s io n  in  S ec t io n  1 , 3 .  Thus E q s .  ( 1 -5) an d  (1 -6 )  b eco m e

II U *L  ( 4E-20)
P2i

an d

L2 = |A |L 1 2  + |B |L 22 { 4E-21)

•X*w h ere  L1Z, LZ2, a n d  th e  p 2j a re  d e f in e d  in  E q .(4 -2 5 )  , and  T i s  c a lc u la te d

from E q .(  2 -33 )  u s in g  th e  im p u lse  r e s p o n s e s  of the  g iv e n  p la n t .  U s in g  the

p re v io u s ly  d e f in e d  te rm in a l  c o n d i t io n s  a n d  E q s . ( 2 . 1 2 a ) ,  ( 4 - 2 8 ) ,  an d

'&( 2 - 3 1 ) ,  th e  e x p r e s s io n  for T b eco m es

w h e re  i s  th e  v a lu e  o f  th a t  m in im iz e s  || i .

D efin ing  th e  s t a t e  v a r i a b le s  for th e  augm en ted  p la n t  a s  show n  in  

F igu re  4 - 8 ,  th e  s t a t e  e q u a t io n s ,  fu n d a m e n ta l  m a tr ix  a n d  im pulse  r e s p o n s e  

m a tr ix  a r e  r e s p e c t iv e ly
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x  =

0 1

A B

0 0

1

0

0

1

0

x  +

0

0

1

Ui

m  =

[ ( n  -B) er i t  - Ir^ -B )erat ] 
( r i - r 2)

A t e ^ - e ^ l
( r i - r 2)

0

[ e r i t - e r 2 t 1

(rx- r 2)

f n e ^ - r ^ l
(rx-r2)

0

H (t) =

1  (er i t -  er z t )(r i~ r2)

w h ere

- ! ♦ (
r2 ■ f -  ( * ♦ * )

B

. r xt  r 2t. (r7e - r te  )
:  ______

r l r 2

Cer *t - e r z t 1

(r i - r z)

(4E-23)

(4E-24)

S u b s t i tu t in g  th e  v a lu e s  o f  and in to  E q . ( 4 - 2 8 ) # one  of th e  X 1 s i s  

im m e d ia te ly  d e te rm in e d , i . e . X2 = 2,

4 . 1 0 . 1  A Q u a d ra t ic  C o n s t r a in t  on  th e  Inpu t 

If u i(t)  h a s  a  q u a d r a t ic  c o n s t r a in t  p la c e d  on i t

II“ ill s  Li (4E-25)
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and  th e  r e s u l t s  o f  S ec tio n  4 . 8  a r e  a p p l ic a b le .  U s in g  th e  v a lu e  of X2 

found a b o v e  and E q s .  (4 -5 3 )  and  (4 E -2 3 ) ,  the  o p tim a l  w . r . a . s .  in p u t  i s

u,(t) = Li2[  X  t l  + ^ - 2)(r2eri(T°*t)-r1er2(To 't)) ] + j ^ j - C e ri(To_t)-er2(To 'th ]

(4E-26)

U t i l iz in g  th is  r e s u l t  i n  th e  s u p e rp o s i t io n  i n t e g r a l , t h e  tw o o u tp u ts  a t

t  = TQ are:

y i(T 0 )=La

2To l  r ( e 2riT° - n  (e 2 rzT° - i )  4 B T ^ i
^  + + r23 °>J

A(rx
 r (e riT° - l )  (e rzT° - l V i
- r 2) L r x2 "  r 22 J

* 2 r,T BT,I r ( l - e riT°) (er*T° - l )  1 / fe 2riT° - l )  ( e “ ‘ - ° r l ) _ (
O a - r^ L  A rx A rz (ra- r 2) \  2 r xz 2 r 2 2 A /J

(4E-27a)

y 2 (To> ( n - r 2)
L , 2

_ 1  r ( e 2 r iT ° ~ l )  , (er2T° - l )  _ 2 ( l - e BT°)-| +
( r i - r 2)L r x2 r2z A J

2 ( l - e riT°) , 2 (erzT° - »  + 
A rL A r2

(r i
2  r (e2riT° - l ) 1 (e2r2T0 - . l J | 2 q _ -eBT0 )1
- r 2) L 2 r i  2 r 2 B J

= 0 (4E-27b)

S o lv in g  for X2 in  E q . (4 E -2 7 b ) ,  w e  f ind

r iT 0
(r?_r  (L

*  A rx Ar2 (rx- r 2) \
e 2 r iT ° - l ) , (e 2 r,T

X2 —
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This r e s u l t  I s  now  u se d  to  e l im in a te  \ z in  E q .(4 E -2 7 a ) .  Thus

2T, _ J _  r  (e 2r^ ° - l )  + te.r^ - D + J _ (eBT0 -I _(ri"rz)L ?  r2 AB'

A (r!-r2) L r i 2 r2"
(e ° - l l  (e  ° - l )

1 -

,r xTcr2f l-e~*"°) , 2ferzT° - n  , 1 / feaAlX° - l ) , f e ^ 2X0 - l ) , 2feP*°-m\-|zL A t ,  + Ar2 +(r1-r2)V rt2 + r22 + A / J
2 riT 2r2 T, BT,

2 riT 2 Li2

(4E-29)

I t  i s  o b s e rv e d  th a t  th e  on ly  unknow n in  th i s  e q u a t io n  i s  TQ. H ence# 

i t  i s  on ly  n e c e s s a r y  to  c a l c u l a t e  a  r e a l  ro o t  of a  t r a n s c e n d e n ta l  e q u a t io n  in  

o rder  to  f in d  th e  e l a p s e d  t im e  for a  g iv e n  s e t  of f e e d b a c k  c o e f f i c i e n t s .  i s  

th e n  found from E q . ( 4 E - 2 8 ) .

The e x p r e s s io n s  for th e  tw o o u tp u ts  a t  a n y  t im e ,  0  £ t  ^ T Q, can  be  

show n to  be

yi(t)=L !2

2t 1 
A2 ( r r - r 2 ) 2

f  e ^ Q f e ^ - e ^ S  , er2T° (e r2t- e - r2t) 
L r ?  1*2

- ̂ (e-Bt-l)(erit+r2Ver2t+r2T°)]
-2  n ,

A(rx- r 2) L r ! 2 “ r 22 J

1 feriT°( l-e~riS _ er2T°f l-e~rgTô

X*
1- ^ 2-(ri-r2)

A \ r2

J i T 0 / - rzT0{erz t - e ~ Tzt)_ 1 __ ( e  Qfe 1 - e  ) e(n-r2)\ 2rj2 2r2
-B t

+  f e  / e r it+ r2 T o  + e r iT o + r2S  
B V ri r2 J

(4E -30a)
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1  r eriT° (e r i t - e - r -t >, ,

( r i - r2) L r j2 r 22

, 2 ( e - Bt- l ) ( er -T° +r2t, eritr+rzI° ) J  ,

2 ( l - e riS  | 2ferzt- l )  +
Ar i Ar2

t f  er ^ ° ( e r 2t - e - r2t)
/ ( r i - r2) l  2 rj 2 r 2

Bt
+ Le~_ - J i ^ i T 0+rzt + e rit+ r2T0 ^

(4E-30b)

As i t  i s  no t p o s s ib le  to  find c lo s e d  form e x p re s s io n s  for 1! |ia or

ll^ ll  (1= 1 ,2 ) ,  a  num erica l  in te g ra t io n  p rocedure  m ust be u s e d .  The fo llo w - 
z

ing  r e s u l t s  a re  o b ta in e d  u s in g  an IBM 7040 com puter w ith  Lx = 2 . A sam ple  

d a ta  s h e e t  i s  found in  Appendix VI.

4E -4  Both O utpu ts  Lim ited in  M agnitude

In Eq. (3 -2 5 b ) ,  ch o o se  L l2  = 0 .8 0 5  and L22 = 0 .5 0 0 .  Then em ploying  

the  com puter s e a r c h ,  w e  ob ta in

Tq = 1 .1 4 6  

X? = - 0 .8 8 4  

A * -1 0  

. B = 3 .5

S u b s t i tu t in g  th e s e  r e s u l t s  in to  E q .{4 E -2 6 ) ,  the  op tim al w . r . a . s .  in p u t  i s

Ui(t) = 0 . 2^1 + e 1  * 75t 1 ' 1 4 6 - t> (0 .3 2 9  s in  2 . 6 3 [1 . 1 4 6 - t ]  - c o s  2 .6 3 [  1 . 1 4 6 - t ] ) ]

U sing  Eq .(4E-22) w ith  qa = q2 = 1 and  L2 = 9 . 8 ,  an d  carry ing  out th e  m ini­

yz(t)=( r i - r2)
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m iza tion  w i th  r e s p e c t  t o  Xj j , T i s  found by so lv ing  the  fo llow ing  e q u a tio n s :

rfT*}2 ^11^ ^11^ *i2 * 3/2r L L J _ + ^L± + - ~ - j  = 0 . 017 (T )
‘ 1 /2 (3 T * + 4 X * )

l. 017 (T") —rr 5 ----
(T*+ X*)

AL
Then, T = 0 . 8 2 .  Thus th e  e la p s e d  tim e must be in c r e a s e d  by  a  fac to r  1 .4  

when th e  optim al w . r . a . s .  app ro ach  i s  u s e d .

4E -5  Both O utputs  Have an In te g ra l  C o n s tra in t

C h o o s e  LIZ = 0 .3 0 0  and  L22 = 0 .5 0 0  in  E q .(4E -25a)  w i th  p2 = 1. Then

T0  = 1 .4 3 0  

X? = - 1 .1 4 4  

A = - 5 . 0  

B = 0 . 7 5

U sing  E q .(4 E -2 6 ) ,  th e  op tim al w . r . a . s .  in p u t  i s

: u j(t) = 0 . 4 [ l - e ° * 3 7 5 ^1 , 4 3 ”t ) ( o . 3 4 9 s i n 2 . 2 1 { 1 . 4 3 - t ) + c o s 2 . 2 1 ( 1 .4 3 - t ) ) ]

For t h i s  ex am p le ,  qi = 2 ,  q 2 = ==> , an d  L2 = 1. 875 . The tw o  e x p re s s io n s  th a t

m ust b e  so lv ed  in  o rder to  find T * a re

2 t *  1

l|jc*|li = 2(T*)3/2[ i^ L + ^ ----- + ~ F “T  + 1 *875 C 2 T ^ X * 3  = 1

+ ^ ^ " ] 2 = - . 0 8 8 8 ( T ^ 2 [3T*+ 4 X * j]

T h e re fo re ,  T*= 0 .5 2 7 .  The e l a p s e d  tim e is  th u s  in c r e a s e d  by a fac to r  of 2 .2 ,
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4E-6  Both O utpu ts  H ave  a  Q u a d ra t ic  C o n s t ra in t

If  in  E q .(4 E -2 5 a )  w e  l e t  L12 = 0 .3 4 8  an d  L22 = 0 . 471 w ith  p 2 = 2 ,  th e n

Tq = 1 .5 3 4  

x f  = - 1 .3 1 2  

A = - 3 . 0  

B = 0 . 5

U s in g  th e s e  r e s u l t s ,  th e  o p tim a l w . r . a . s .  in p u t  i s  

Ui(t) = 0. 6 6 7 £ l  -  e ° ‘ 25<1 ' 5 14" t}( 0 .621  s in  1. 71 [ 1. 5 3 4 - t ] + c o s  1. 71 [ 1 . 5 3 4 - t ] ) ]  

T i s  found by  so lv in g  

| | k * | | i = 2(T*)% [ 1% L + - i ! - + ^ - ] " +  1 .3 1 2 ( T ^ 2 [ | ( T ^ Z+ 2 T * X * + (X * )2] 2 = 1

and  x
4 . ^ . 2  .v- *  2 ~
f-(T ) + 2 T * A * + ( X * )

fT^jz j £ t *  t f u f
5 2 3

[ T*+ ]
= -  0 -0 5 4 7  3T. * ;  ■«

T [3T + 4 A ^ ]

“X*s im u l ta n e o u s ly ,  w h ereu p o n  T = 0 .9 9 0 .  Thus the  e l a p s e d  tim e m u st b e  

in c r e a s e d  b y  a fa c to r  of 1 .5 5  w h e n  the  o p tim a l w . r . a . s ,  a p p ro a c h  i s  u s e d .

4 . 1 0 . 2  In p u t  M a g n itu d e  C o n s t ra in e d  

If u x(t) i s  m agn itude  c o n s t r a in e d ,  i . e .

|u i ( t ) |  *Lx ( O s t £  Tq)

th e  r e s u l t s  o f  S e c t io n  4 .9  c a n  be  u se d  to  o b ta in  a  o p tim a l w . r . a . s .  s o lu t io n  

to  th e  g iv e n  p rob lem . S in ce  i t  i s  not p r a c t i c a l  to  o b ta in  e x p l ic i ty  e x p r e s s ­

io n s  for th e  o u tp u t  q u a n t i t i e s ,  n u m er ic a l  in te g ra t io n  i s  a g a in  em p lo y e d .  The 

co m p u te r  program  w h ic h  i s  u s e d  to  s o lv e  th e  n e x t  th re e  e x a m p le s  i s  in
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A ppendix VII and  th e  f low  d iag ram  i s  show n in  F igure  6 - 2 .

U s in g  E q s . (4 -2 6 ) ,  (4 -27 ) and (4E -24), th e  g e n e ra l  form of t h e  

op tim al w . r . a . s .  in p u t  i s

u i(t)  = Lj SGN [ 2 h a i (T0 - l )  + X * h aa(T0 - t ) ]  (4E-31)

If
4E-7 Both O u tp u ts  L im ited  in  M ag n itu d e

Let L12 = 0 .435 a n d  L22 = 0 .500  in  E q .(3 -2 5 b ) ,  w e  find

H O II 1 .865

X *  = -0 .8 9 2

A = 2 . 0

B = 1 . 0

S u b s t i tu t in g  t h e s e  r e s u l t s  in to  E q .(4E -31), th e  o p tim a l w . r . a . s .  inpu t i s  

found to  be a  s te p  of a m p li tu d e  2. M aking  u s e  of Eq .(4E-22) w ith  

q i  = q 2 = 1 an d  L2 = 1 .37 , an d  c a rry in g  ou t th e  m in im iza tio n  w ith  r e s p e c t  

to  X , T i s  co m p u ted  from th e  fo llo w in g  e q u a t io n s :

2 *  „ * 2  *  *  ^ * 2  2 3
g (T )3 + 1 .3 7 (T ) + Xn T (1.37 + T ) + 0 . 6 8 5 ^ )  - 3 ^ )  = 1

(X* ) 2 -  0 .685  X* = T * ( .6 8 5  + 0.5 T * )

■Xr
T hen, T = 1 .03 . Thus, t h e  e l a p s e d  t im e  m ust be  in c r e a s e d  by a  f a c to r  

of 1.81 w h e n  th e  op tim al w . r . a . s .  a p p ro a c h  i s  u s e d .
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4E-8  Both O u tp u ts  H ave  a n  In te g ra l  C o n s t ra in t

Letting  L12 = 0 .330  an d  L22 = 0 .500  in  E q .(3 -2 5 a ) ,  w i th  P2 = 1,

w e  f ind

■-3
0

II 1 .602

> / = -1 .0 5 7

A = - 1 . 0

B = 1 . 0

The op tim al w . r . a . s .  inpu t i s  a g a in  found to  be a  s te p  o f am p li tu d e  2. 

For t h i s  ex a m p le ,  q j = 2, q 2 = and  L2 = 0 .8 3 0 . The tw o  e x p r e s s io n s  

w h ic h  m ust be s o lv e d  in  o rd e r  to  find  T are
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| ( T * } 3 +  (T*)Z X * +  1 .6 6 0 T * +  0 .8 3  X* -  f U j /  = *

(Xn ) 2 -  0 .5 (T * ) 2 = 0 .4 1 5

T hen , T = 0 . 9 1 .  The e la p s e d  tim e  i s  th u s  i n c r e a s e d  by  a fa c to r  of 1 .7 6  

w h e n  th e  op tim al w . r . a . s .  a p p ro a c h  is  u s e d .

4E-9 Both O u tp u ts  Energy C o n s t ra in e d

L e tt ing  L12 = 0 .3 1 2  and  L22 = 0 .5 0 7  in  E q .(4 -2 5 a }  w ith  p 2 = 2 , we find

Tq = 1 .4 4 1  

X* = - 0 .8 0 2  

A = - 6 . 0  

B = 1 . 0

U s in g  th e s e  r e s u l t s  in  E q . (4 E -3 1 ) ,  th e  op tim al w . r . a . s .  in p u t  i s

Ul(t) = 2 SGN [ l  -  e °  ’ 5( 1 ' 4 4 1 “ t ) ( o . 794 s in  2 . 4  [ 1 . 4 4 1 - t ]  + c o s  2 . 4 [  1 . 4 4 1 - t ] ) ]

T his  i s  a  "B ang-B ang" fu n c t io n  w i th  a s in g le  s ig n  c h a n g e .  S ee  F igure 4 - 9 .

■M-T i s  found by  so lv in g

| ( T * ) 3+ ( tV x*! - | ( X * /  + 2 .3 8 (T * ) i [ | ( T * ) 2+ 2 (T *)X *+  (X*)' j  = 1

r 4  # 2  * *  *  2 ni  ( T * ) 2
[ f ( T * )  + 2 T A *  + (Xn ) ]  = 1 -1 8 9  < lH r -

1- ' t t '  ™ O J

s im u l ta n e o u s ly .  T h u s ,  T = 0 .  740 an d  th e  e l a p s e d  time m u s t  b e  i n c r e a s e d  

by  a  fa c to r  of 1 .9 5  w h en  the  o p tim a l w . r . a . s .  a p p ro a c h  i s  u s e d .

Exam ples 4E - 4  th rough  4E-9  in d ic a te  t h a t  for th e  p la n t  show n  in  F ig­

u r e  4 - 8  , the  e l a p s e d  tim e m ust b e  i n c r e a s e d  by  a  fa c to r  of l e s s  th a n  tw o in
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l

order to  s a t i s fy  a l l  in p u t  and  ou tpu t c o n s tr a in ts  an d  th e  term inal co n d it io n s  

by u s in g  a fee d b a c k  a r rangem en t a s  p a r t  of the c o n tro l le r .

4 .1 1  Summary an d  C o n c lu s io n

In th is  c h a p te r ,  t h e  optim al w . r . a . s .  so lu t io n  of Problem 5 w as  

fo rm ula ted  for s in g le  and  m ultip le o u tp u t  s y s te m s .  Some n e c e s s a r y  co n d it io n s  

for the  e x is te n c e  o f s u c h  a so lu t io n  w e re  d e v e lo p e d .  For s in g le  ou tpu t p la n t s ,  

a low er  bound on th e  e la p s e d  tim e w a s  ob ta in ed  w h e n  th e  ou tpu t had e i th e r  

an  in te g ra l  or a  q u a d ra t ic  c o n s tra in t  p la c e d  on i t .  I t  w as  a ls o  proven  th a t  

the  m agnitude  of th e  ou tp u t i s  a lw a y s  l e s s  than  or e q u a l  to  |y ^ |  w hen  the  

op tim al w . r . a . s .  i n p u t  i s  u s e d .  From th is  r e s u l t ,  a  s im ple t e s t  for d e te rm in ­

ing w h e th e r  an o u tp u t m agnitude c o n s t r a in t  can  be  s a t i s f i e d  w as  g iv e n .  For 

m u ltip le  ou tpu t p l a n t s ,  i t  w as  d e m o n s tra te d  th a t  w h en  a  q u a d ra t ic  c o n s tr a in t  

i s  p la c e d  on the  s in g le  in p u t  to  th e  augm ented  s y s t e m ,  the problem  of f ind ing  

the  X 's i s  red u c e d  to  f ind ing  the  r e a l  roo t of a t r a n s c e n d e a l  e q u a t io n .  A pro­

ced u re  for finding  th e  X's w hen th e  in p u t  w as  m agn itude  c o n s tra in e d  w as  

i l l u s t r a t e d  for a tw o  ou tpu t p la n t .

I t  i s  s ig n i f ic a n t  to  no te  th a t  th e  p ro c e d u re s 'fo r  finding the  optim al 

w . r . a . s .  inpu t do no t depend  upon  th e  d e ta i le d  s tru c tu re  of th e  s p e c i f ie d  

po r tion  of the  c o n tro l le r .  As a c o n s e q u e n c e ,  th e  r e s u l t s  co n ta in ed  h e re in  

are  d i re c t ly  a p p l ic a b le  to  any form of fe e d b a c k ,  e . g .  feed b ack  s ig n a ls  p ro ­

p o rtio n a l to  e i th e r  the  d e r iv a t iv e  or in te g ra l  of th e  o u tp u t s .
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V. OPTIMAL CONTROL OF A CLASS OF LINEAR PLANT

5 • 1 In tro d u c t io n

In th is  c h a p te r  I t  i s  sh o w n  th a t  w h en  th e  q u a d ra t ic  c o n te n t  of th e  

o u tp u t  of a  s in g le  o u tp u t  p la n t  i s  c o n s t r a in e d ,  th e re  i s  a  s u b - c l a s s  of 

Problem  5 for w h ic h  th e  op tim al w . r . a . s .  s o lu t io n  i s  o p t im a l .  It i s  dem o n ­

s t r a t e d  th a t  th is  s i t u a t i o n  i s  o n ly  p o s s ib le  w h en  th e  fe e d b a c k  c o e f f ic ie n ts  

of th e  augm en ted  p la n t  a re  c o n s t a n t s .  The c o n d i t io n s  w h ic h  m ust be s a t i s ­

f ie d  in  o rder for th e  problem  to  b e lo n g  to  th i s  c l a s s  a re  d e r iv e d  and s e v e ra l  

e x a m p le s  in c lu d e d .  U nder t h e s e  c o n d i t io n s ,  i t  i s  a l s o  d e m o n s tra te d  t h a t  i f  

the  g iv e n  p la n t  i s  s t a b l e ,  th e  a u g m e n te d  p la n t  i s  g e n e ra l ly  u n s ta b le .  F i n a l l y ,  

i t  i s  sh o w n  th a t  th e  op tim al w . r . a . s .  s o lu t io n  c a n  n e v e r  b e  optim al i f  an  

in te g ra l  c o n s t r a in t  i s  p la c e d  on th e  o u tp u t .

5 .2  F o rm ula tion  o f t h e  Problem

w h e re  E (t) , F ( t) ,  C ( t ) ,  an d  D(t) a r e  r e s p e c t iv e ly  ( n X n ) ,  ( n * r ) ,  ( l * n )  and  

(1 Xr) t im e -v a ry in g  m a t r ic e s .  F u r th e rm o re ,  s u p p o s e  th a t  Ui(t) (the f i r s t  

e le m e n t  of th e  in p u t  v e c to r ,  u) i s  c o n s t r a in e d  s o  th a t

L e t  a  l i n e a r ,  t im e -v a r y in g ,  nth  o rder p la n t  w i th  r - in p u t s  and one

in p u t  b e  d e s c r ib e d  by  th e  fo llo w in g  s e t  of s t a t e  e q u a t io n s :

x  = E (t)x  + F (t) ju ( 5 - l a )

y  = C ( t )x  + D (t)u . ( 5 - l b )

o
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and  t h a t  t h e  rem ain ing  in p u ts  a re  r e s t r i c t e d  to  th e  c l a s s

U j( t )  =  a j ( t )  y ( t )  (j = 2 , 3 , . . , r )  (5 -3 )

w here  t h e  a j( t)  a re  t im e -v a ry in g  fe e d b a c k  c o e f f i c i e n t s .  S ee  F igu re  5 - 1 .

In  a d d i t io n ,  i t  i s  r e q u i re d  th a t  th e  o u tp u t  s a t i s f y  th e  in i t i a l  an d  a  te rm in a l  

co n d i t io n

y ( tQ) = 0 (5 -4 a )

Y{tf) ~  y d (5 -4b)

and  th a t  i t s  q u a d ra t ic  c o n te n t  b e  c o n s t r a in e d ,  i . e .

The problem  i s  to  o b ta in  th e  i n p u t ,  U i ( t ) ,  an d  th e  v a lu e s  of th e  

f e e d b a c k  c o e f f ic ie n ts  s u c h  th a t  b o th  c o n s t r a in t s  a n d  th e  i n i t i a l  and  te rm in a l 

c o n d i t io n s  a re  s a t i s f i e d  and  th e  e l a p s e d  t im e ,  T = t £ - t 0  i s  m in im ized .

Note t h a t  t h i s  i s  Prob lem  5.

As i s  show n in  th e  s e q u e l  e a c h  of th e  in p u ts  i n  E q .(5 -3 )  a c tu a l ly  

h a s  a q u a d ra t ic  c o n s t r a in t  on i t  o f  th e  form

|1 Uj ||2 £  b j ( 1 = 2 , 3 ,  . . . r )  (5 -6 )

w h ere  th e  b j ' s  a re  a  s e t  of p o s i t iv e  r e a l  n u m b e rs .  If  t h e s e  c o n s t r a in t s  a re  

a s s u m e d  to  b e  s p e c i f i e d  for th e  g iv en  p o rtio n  of th e  p la n t  in  F igure 5 - 1 ,  

th e re  i s  a  s e t  o f  r - i n p u t s  w h ic h  p e rm its  a l l  in p u t  and  o u tp u t  c o n s t r a in t s  

and  th e  I n i t i a l  and  te rm in a l  c o n d i t io n s  to  b e  s a t i s f i e d  in  th e  s h o r t e s t  

e l a p s e d  t im e ,  T*= t f* -  t Q. T h e se  a re  th e  " t im e -o p t im a l"  in p u t s .  I t  i s  

n o ted  t h a t  w hen  th e  f e e d b a c k  c o e f f ic ie n t s  a re  c o n s ta n t s  and  th e  op tim al 

w . r . a . s .  so lu t io n  i s  u s e d ,  th e  e l a p s e d  t im e ,  T0 , i s  g e n e ra l ly  g re a te r  th a n
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r - i
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F i g u r e  5 -1  A ugm ented P lan t w i th  t im e - v a r y in g

fe e d b a c k  c o e f f ic ie n t s



T b e c a u s e  th e  in p u ts  in  E q .(5 -3 )  a re  n o t  u s u a l ly  o p t im a l .  U nder c e r ta in  

c o n d i t io n s ,  h o w e v e r ,  th e y  a r e  op tim al a n d  h e n c e  TQ = T . T h e se  c o n d i t io n s  

a re  now d e r iv e d .

5 .3  C o n d i t io n s  for a  T im e-O p tim al S o lu tio n

The c o n d i t io n s  for a  t im e -o p t im a l  s o lu t io n  for th e  a b o v e  problem  a re  

c o n ta in e d  in  th e  tw o  a s s e r t i o n s  w h ic h  a re  now  p ro v ed .

A s se r t io n  I
/

L e t  th e  c o n s t r a in t s  in  E q s . (5 -2 )  an d  (5 -5 )  and  th e  i n i t i a l  and 

te rm in a l c o n d i t io n s  in  E q . (5 -4 )  b e  im p o se d  on  th e  l in e a r  s y s te m  d e s c r ib e d  

by E q s . (5 -1 )  an d  fu rth e rm o re ,  s u p p o se  t h a t  in p u ts  u 2 th ro u g h  Uj. a re  

r e s t r i c t e d  to  th e  c l a s s  d e f in e d  by E q . ( 5 - 3 ) .  A n e c e s s a r y  c o n d i t io n  for th e  

above  prob lem  to  h av e  a  t im e -o p t im a l  s o lu t io n  i s  th a t  th e  a j ( t ) ' s  be p o s i t iv e  

or n e g a t iv e  c o n s t a n t s .

P ro o f : It i s  f i r s t  d e m o n s t ra te d  th a t  e a c h  of th e  in p u ts  in  E q .(5 -3 )  h a s  a n  

e q u iv a le n t  q u a d ra t ic  c o n s t r a in t  on i t .  Forming th e  q u a d ra t ic  norms of th e  

in p u ts  u 2 th ro u g h  ur  g iv e s

I K l f  = J* f (Ui(t) )2 d t =  J* f a * ( t)y 2( t ) d t  ( j = 2 , 3 , . . . r )  (5 -7 )
2 *o %  ]

U sing  H o ld e r 's  i n e q u a l i ty ,  t h i s  eq u a t io n  b eco m es

w here
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As th e re  i s  a  q u a d ra t ic  c o n s t r a in t  on th e  o u tp u t ,  p i s  c h o s e n  to  be  o n e ,  

w h e re u p o n  q -  ® . In  a d d i t io n ,  s in c e  th e  l e f t  hand  s id e  of (5 -5 )  i s  a 

m onoton ic  in c r e a s in g  fu n c t io n  of t j ,  an d  s in c e  a minimum tim e  s o lu t io n  i s  

r e q u i r e d ,  th e  in e q u a l i ty  in  (5 -5 )  b e c o m e s  a n  e q u a l i ty .  Thus

IMI* -  y2(t) d t = i £ e  ( s - i o )
2 *o

U s in g  t h e s e  r e s u l t s ,  E q . ( 5 -8 )  b eco m es

IIUjIf »  I f a J ( t ) y I( t ) d t s | A , l n a x | *L ;e ( j = 2 , 3 , . . . r )  (5 -1 1 )
~o

w here  Aj m ax i s  the  piaximum v a lu e  o f a^( t) in  th e  in te rv a l  ( tQ, t j ) . From 

th is  in e q u a l i ty  i t  i s  s e e n  t h a t  e a c h  in p u t ,  u2 th rough  Uj. h a s  a n  e q u iv a le n t  

q u a d ra t ic  c o n s t r a in t  p l a c e d  on i t .

Now l e t  i t  be  a s s u m e d  th a t  th e  s e t  of d e r iv e d  c o n s t r a in t s  in  (5 -11 ) 

i s  s p e c i f i e d  in  a d v a n c e .  E ach  of th e  g iv e n  p la n t  in p u ts  i s  now c o n s t r a in e d .  

In  S e c t io n  2 . 2 . 3 ,  i t  w a s  m en tio n ed  th a t  a  n e c e s s a r y  c o n d i t io n  for a  t im e -  

op tim al s o lu t io n  to  e x i s t  for a  l in e a r  s y s te m  w ith  m ultinorm  c o n s t r a in t s  on 

th e  in p u ts  on ly ; i s  t h a t  t h e s e  c o n s t r a in t s  b ecq m e  e q u a l i t i e s .  Applying th i s  

c o n d i t io n ,  w e re q u ire  t h a t  i n e q u a l i t i e s  (5 -2 )  and (5 -1 1 )  b e  s a t i s f i e d  w ith  

th e  s ig n  of e q u a l i ty .  In (5 -1 1 )  i t  i s  im p lie d  th a t  H o ld e r 's  in e q u a l i ty  

b e c o m e s  an  e q u a l i ty .  U s in g  E q .(A - 8 ) (A ppendix  I)

a j(t)  = Kj |y2(t) | ~ SGN Cy2(t)3  ( j = 2 , 3 , . . . r )  (K, > 0) (5 -1 2 )

S ince  p = 1 an d  y 2(t) £ 0 ,  E q . (5 -1 2 )  b e c o m e s

a}(t) = K,

or
ai {t) = ± A j (5-13)
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w h e re  A, i s  a  p o s i t iv e  r e a l  num ber. T h u s ,  a ((t) = A. = ± A ,,  i . e .  th e  j j j m ax j

d e r iv e d  c o n s t r a in t s  in  (5 -1 1 )  b e c o m e  e q u a l i t i e s  o n ly  i f  t h e  f e e d b a c k  c o e f ­

f ic ie n t s  a re  c o n s t a n t s .  U s in g  th is  r e s u l t  i n  E q . (5 -3 )  i t  i s  s e e n  th a t

u, (t)
y(t) = 7 * 1--------------  (j = 2 , 3 ,  . . .r) (5 -14 )

" 1  m ax

Tak ing  q u a d ra t ic  norms on  b o th  s id e s  of th is  e q u a t io n  an d  u s in g  E q . ( 5 - l l )  

(w ith  th e  s ig n  o f  e q u a l i ty )  y ie ld s

UJ "2
y  = I a 1 *  L ,e  (] = 2 , 3 , . . . r )  (5 -1 5 )

* I t  m axi 2e

S a t is fy in g  the  d e r iv e d  c o n s t r a in t s  on in p u ts  u2 th ro u g h  ur  w i th  th e  

s ig n  o f e q u a l i ty  i s  e q u iv a le n t  to  s a t i s fy in g  the  c o n s t r a in t  on th e  o u tp u t  

w i th  th e  s ig n  o f  e q u a l i ty .  Thus a  n e c e s s a r y  c o n d i t io n  for th e  e x i s t e n c e  of 

a t im e -o p t im a l  s o lu t io n  i s  t h a t  th e  f e e d b a c k  c o e f f i c i e n t s  be  p o s i t iv e  or 

n e g a t iv e  c o n s t a n t s .  T h is  c o m p le te s  th e  p roof.

For th e  s y s te m  d e s c r ib e d  by  E q s . ( 5 - 1 ) ,  th e  im p u lse  r e s p o n s e  

m atr ix  i s  an  r -d im e n s io n a l  co lum n v e c to r  of th e  form

h i ( t ,  r)

h 2( t ,T )
H ( t , r )  =

hr(t,T )

= C ( t ) 0 ( t ,T ) F ( r )  + D ( t ) 6 ( t - r )  (5 -16 )

A s se r t io n  II

G iv e n  th e  p la n t  i n  F igure  5 -1  an d  th e  r e s t r i c t io n s  im p o se d  in  

A s se r t io n  I .  In  a d d i t io n ,  l e t  th e  f e e d b a c k  c o e f f i c i e n t s ,  a j ( t ) ,  b e  c o n s ta n ts ,  

The n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t io n s  for a  t im e -o p t im a l  s o lu t io n  to  th e  

p rob lem  in  S e c t io n  5 .2  a re  t h a t
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L. IIhiIL + U  s  |An| | |h j  = |yd | (5-18)
41 n*“ 2 2

Ujlt) = L1 ( | |h 1| |q / - q i  | h , ( t * t ) | q i _ 1  S G N [ h ( t f , t ) ]  (5 -1 9 a )
C t

L2 h j( t f  , t )  SG N [A j] r  t  *

||h ) || ' —  = L 2 n? 2 lAn l { o hn<t - T) hn<t £ ' T)d r

t
+ J  h i ( t , r )  u ^ r j d r  ( j = 2 , 3 , . . . r )  (5 -2 2 )  

to

P roo f : In S e c t io n  2 . 2 . 3  i t  w a s  in d ic a te d  t h a t  th e  n e c e s s a r y  and

s u f f ic ie n t  c o n d i t io n s  for th e  e x i s t e n c e  of a  t im e -o p t im a l  s o lu t io n  for 

p ro b lem s  in v o lv in g  m ultinorm  c o n s t r a in t s  o n  th e  in p u ts  on ly  a re  th a t  th e  

c o n d i t io n s  in  E q s .  (2 -3 3 )  and  (2 -3 4 )  be  s a t i s f i e d .  For s in g le  o u tp u t  p l a n t s ,  

t h e s e  c o n d i t io n s  b eco m e

%1<T) = L n ( l l h nllqn ) 1" qn  I V t f . T J l ^ S G N D ^ t * , ! - ) ]  (5 -1 7 )

and
P  1 cr

^ L n d l h J  ) " n = |yd | (5-18)

-X-
w h e re  th e  a re  i d e n t i c a l  to  th e  L^’ s in  E q .(2 -2 6 )  an d  t f i s  th e  l e a s t  

v a lu e  of t f s a t i s fy in g  E q . ( 5 - 1 8 ) .  M aking  u s e  o f  th e  c o n s t r a in t s  d e r iv e d  

for u 2 th rough  ur , ( E q .5 -1 1 )  an d  a l s o  E q , ( 5 - 2 ) ,  w e  h av e

= U

I 'd  ~ 1*2 | Ajj | (n — 2 , 3 ,  . . . r )

qn = 2

w h e re u p o n ,  th e  tw o  p re v io u s  e q u a t io n s  becom e
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U,(t) = Ll (||hx ||q i ) 1" q i | h , ( t * t ) | q , ‘ 1 S G N [ h , ( t * , t ) ] (5 -1 9 a )

r) (5 -1 9 b )

r
M M q i + | A j  1 1 ^ 1 ^ =  |y d | (5 -20 )

By form ing th e  a p p ro p r ia te  n o rm s ,  th e  in p u ts  in  E q .(5 -1 9 )  c a n  e a s i l y  

be  sh o w n  to  s a t i s f y  th e  c o n s t r a in t s  in  E q s . (5 -2 )  and  (5 -1 1 )  w i th  th e  s ig n  

of e q u a l i ty .  As w a s  p re v io u s ly  d e m o n s t r a te d ,  th i s  a l s o  p e rm its  the  o u tp u t  

c o n s t r a in t  to  be s a t i s f i e d  (w ith  th e  s ig n  o f e q u a l i t y ) . S in ce  u 2 th rough  Uj. 

a re  r e s t r i c t e d  to  the  c l a s s  d e f in e d  b y  E q . (5 -3 )  (w ith  a j( t)  = Aj) a  t im e -  

op tim al s o lu t io n  c a n  on ly  b e  o b ta in e d  i f  th e  in p u ts  in  E q . (5 -1 9 b )  b e lo n g  

to  th is  c l a s s .  This r e q u i r e s  th a t

H o w ev er ,  th e  o u tp u t  o f  a  l in e a r  p la n t  w ith  r - i n p u t s  i s  know n to  b e

r e la t io n s h ip  to  be  s a t i s f i e d  for J = 2 , 3 ,  . . . r ,  th e  in p u ts  u2 th ro u g h  uf 

o b ta in e d  u s in g  f e e d b a c k  a re  id e n t i c a l  to  th o s e  in  E q s . ( 5 - 1 9 b ) . T h e re fo re ,

y(t)  =* ■

S u b s t i tu t in g  E q s . (5 - 1 9 a )  and  (5 -2 1 )  in to  th i s  e x p r e s s io n  y i e ld s

L *  t r  t  hn ( t,T )h
j A p  SGNCAj] • h j ( t £ , t )  = r h , ( t / T)u1( i ) d r +  L2 S  2 J  - p - j

* 2 tO tQ 2

*
r  t  hn ( t ,T )h n(tf  , i ) d r

0 = 2 , 3 (5 -22 )

If a  s e t  of A1 s  ( c a l l  them  A*’ s) c a n  be found w h ic h  p e rm its  th is
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th e  c o n d i t io n  in  E q .(5 -2 2 )  to g e th e r  w i th  th o s e  in  E q s . (5 - 1 9 a )  and (5 -2 0 )  

m ust b e  s a t i s f i e d  in  o rd e r  to  h av e  a  t im e -o p t im a l  s o lu t io n  to  the  p rob lem  

in  S e c t io n  5 . 2 .  T h is  c o m p le te s  th e  p roof.

5 .4  C o n d i t io n s  for an  O ptim al W .R .A .S .  S o lu tion  to  b e  O ptim al

S in ce  th e  s p e c i f i e d  p o r tio n  o f th e  c o n tro l le r  for th e  c l a s s  of s y s te m s  

t r e a te d  in  th e  p re c e d in g  c h a p te r  c o n s i s t e d  o f f e e d b a c k  c o e f f ic ie n ts  w h ic h  

w ere  a l s o  c o n s t a n t s ,  t h e  op tim a l w . r . a . s .  an d  t im e -o p t im a l  so lu t io n s ,  to  

P roblem  5 c a n  b e  i d e n t i c a l .  In o rd e r  for t h i s  s i tu a t io n  to  o c c u r ,  th e  

op tim a l w . r . a . s .  in p u t  (E q .4 -5 )  an d  th e  t im e -o p t im a l  in p u t  in  E q .{ 5 -1 9 a )  

m u st b e  th e  s a m e .  Tha t i s

If  E q .(5 -2 3 )  i s  tru e  in  a d d i t io n  to  E q s . (5 -2 0 )  and  ( 5 - 2 2 ) ,  th e  op tim al

th e  c o n s t r a in t s  on u i(t)  an d  y ( t ) ,  b u t  a l s o  fo rc e s  u 2 th ro u g h  ur to  b e  g iv e n  

b y  E q . ( 5 -1 9 b ) .  Thus th e  o p tim a l w . r . a . s .  an d  t im e -o p t im a l  s o lu t io n s  

a re  i d e n t i c a l .

I t  i s  n o te d  th a t  a  l im i te d  c l a s s  o f  l in e a r  p la n ts  c a n  s a t i s f y  E q s .  

( 5 - 2 0 ) ,  ( 5 - 2 2 ) ,  an d  (5 -2 3 )  s im u l ta n e o u s ly .  M o re o v e r ,  s in c e  t h e s e  p la n ts

or
tJi- 1

w . r . a . s .  in p u t  no t o n ly  s a t i s f i e s  th e  i n i t i a l  and  te rm in a l  c o n d i t io n s  and

Remark
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s a t i s f y  t h e s e  e q u a t io n s  for c e r ta in  v a lu e s  o f  La and  L2/ o n ly  a s u b - c l a s s  

o f  Problem  5 c a n  h av e  id e n t i c a l  op tim al an d  op tim al w . r . a . s .  s o lu t io n s .

This i s  d e m o n s tra te d  in  th e  e x a m p le s  found in  S ec t io n  5 . 6 .

5 .5  S ta b i l i ty

The s t a b i l i t y  of th e  a u g m en ted  p la n t  co rre sp o n d in g  to  a g iven  s y s te m

w h ic h  s a t i s f i e s  E q s . ( 5 - 1 9 a ) , ( 5 -2 0 ) ,  an d  (5 -2 2 )  can  b e  in v e s t ig a t e d .

f
S uppose  t h a t  a  g iv e n  s y s te m  i s  s ta b le  an d  n o n  t im e -v a ry in g .  Then th e  

e le m e n ts  of th e  im p u lse  m atr ix  (E q .5 -1 6 )  c o n s i s t  of l in e a r  co m b in a tio n s  o f 

te rm s (m odes) o f  the  form

t n e r*t  co s  (lot + cp) (5 -2 4 )

w h ere  rii» 0 ,  th e  e q u a l i ty  o c c u r in g  on ly  i f  n  = 0. In th e  s - p l a n e  r e p r e s e n ta t io n  

th is  i s  e q u iv a le n t  to  re q u ir in g  th a t  the  e le m e n ts  o f  £ [ H ( t ) ]  = H(s) c o n ta in  

p o le s  in  th e  l e f t  h an d  p la n e  a n d /o r  on  th e  im a g in a ry  a x i s .

U nder th e  c o n d i t io n s  o f A sse r t io n  II th e  ou tp u t o f  th e  augm ented  

s y s te m  b e c o m e s  (E q .5 -2 1 )

y (t) = - j j ^ | | - S G N C A ,]  * h j ( t * - t )  (j = 2 , 3 f . . . r )

M aking  u s e  of E q . ( 5 -2 4 ) ,  y(t)  i s  s e e n  to  c o n ta in  te rm s  of th e  form

*
( t * -  t )n  e ” 1"1 f  e 1"1 co s  [ u ( t j - t )  + cp] (5 -2 5 )

 vCi.
C a s e  1 . q j = 1

If  Ui(t) h a s  a  m agn itude  c o n s t r a in t  on  i t ,  q x = 1 .  Then  U i( t )  i s

" b a n g -b a n g "  a n d  th e re fo re  a  bounded  in p u t .  H o w ev er ,  th e  e x p r e s s io n  

f
T ha t i s ,  th e  r e s p o n s e  o f t h e  s y s te m  to  a  b o u n d ed  in p u t  i s  bounded  for 

0  £ t  < 00 .
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t
in  E q . ( 5 -2 5 )  i s  b o u n d ed  a s  t  -+<». I t  i s  c o n c lu d e d  th a t  w h en  a  m agn itude  

c o n s t r a in t  i s  p la c e d  on ui(t)  t h e  c l a s s  o f  s ta b le  (an d  damped) s y s te m  

s a t i s fy in g  E q s . ( 5 - 1 9 a ) ,  (5—2 0 ) ,  a n d  (5 -2 2 )  a lw a y s  p ro d u ces  a n  au g m en ted  

s y s te m  w h ic h  i s  u n s ta b l e .

C a s e  2 . q i = «

I f  u x(t) h a s  a n  in te g ra l  c o n s t r a in t  on  i t ,  q x = eo. Then U i( t )  c o n ta in s  

49im p u ls e s  . Taking th e  L a p la c e  t ra n s fo rm  of a  t y p ic a l  o u tp u t  te rm  ( E q .5 - 2 5 ) ,

i t  i s  o b s e rv e d  th a t  th e  tran sfo rm  of th e  a u g m en ted  p la n t  im p u lse  r e s p o n s e ,

H_(s) = , c o n ta in s  p o le s  in  th e  r ig h t  h a l f  o f  th e  s -p la n e * .  The
°  Ui( s)

r e s p o n s e  of s u c h  a s y s te m  to  a  b o u n d ed  in p u t  i s  th e re fo re  u n b o u n d e d .

T h u s ,  w h e n  an  in te g ra l  c o n s t r a in t  i s  p la c e d  on Ui(t), th e  c l a s s  o f  s ta b le  

sy s te m  s a t i s fy in g  E q s . ( 5 - 1 9 a ) ,  ( 5 - 2 0 ) ,  and  (5 -2 2 )  a lw a y s  p ro d u c e s  an  

a u g m en ted  s y s te m  w h ic h  i s  u n s t a b l e .

C a s e  3 . q t = 2

I f  u i(t)  h a s  a  q u a d ra t ic  c o n s t r a in t  on i t ,  q 2 = 2 .  Then

h i ( t£* - t )

U i ( t ) = L i

U sin g  th e  L a p la c e  t ra n s fo rm , I L f s )  c o n ta in s  p o le s  in  th e  r ig h t  h a l f  of th e  

s - p l a n e  p ro v id e d  Hx(s) d o e s  n o t  c o n ta in  a l l  of the  p o le s  of H j( s ) .  T h u s ,  

w hen  a  q u a d ra t ic  c o n s t r a in t  i s  p la c e d  on u i ( t ) ,  th e  c l a s s  of s ta b le  s y s te m  

s a t i s fy in g  E q s . ( 5 - 1 9 a ) ,  ( 5 - 2 0 ) ,  a n d  (5 -22 ) p ro d u c e s  an  u n s ta b l e  au g m en ted  

+
T his  i s  tru e  u n l e s s  tih 0 for e v e ry  term  in  h j(t)  i n  w h ic h  c a s e  th e  s y s te m  

h as  n o  dam ping  a n d  th e  o u tp u t  i s  p u re ly  s in u s o id a l .
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s y s te m  i f  hx(t) d o e s  n o t  c o n ta in  a l l  o f  the  m odes  of h j( t) .

In  th e  p re c e d in g  d i s c u s s io n ,  th e  g iv en  s y s te m  w a s  a s s u m e d  to  be 

s t a b l e .  I f  th is  i s  no t t ru e  b u t  i n s t e a d ,  Hj(s) c o n ta in s  a t  l e a s t  one po le  in  

the  l e f t  h a l f  s - p l a n e ,  th e  a u g m e n te d  sy s te m  i s  s t i l l  u n s ta b l e .  H ow ever, 

i f  a l l  o f  th e  p o le s  of th e  g iv en  s y s te m  are  in  th e  r ig h t  h a l f  s - p l a n e  th e  

c o n s ta n t  "ti" in  E q . ( 5 -2 5 ) i s  n e g a t iv e  and  th e  au g m e n te d  p la n t  i s  s t a b le .

The above  r e s u l t s  c a n n o t  b e  g e n e ra l iz e d  to  in c lu d e  t im e -v a ry in g  

s y s t e m s .  This i s  no t s u rp r is in g  i n  v iew  of th e  l a c k  of a  s t a b i l i t y  theo ry  

for g e n e ra l  t im e -v a ry in g  l in e a r  p l a n t s .

F in a l ly  i t  i s  im p o rtan t  to  n o te  th a t  a l th o u g h  i t  h as  b e e n  sh o w n  th a t  

m ost of th e  au g m en ted  p la n ts  c o n s id e re d  in  th i s  c h a p te r  e x h ib i t  an  

un b o u n d ed  r e s p o n s e  due  to  a  b o u n d e d  inpu t a s  t  -* » , none  o f them  e x h ib i t  

su c h  a  r e s p o n s e  for t  s t ^  ( tf  f in i t e ) .  They a re  a l l ,  th e r e fo re ,  sh o r t  term 

s t a b l e .  Of c o u r s e ,  o n ce  the  te rm in a l  v a lu e ,  y ^ ,  i s  r e a c h e d ,  i t  i s  a d v i s ­

a b le  to  tu rn  off th e  in p u t ,  u x( t ) ,  a n d  to  p ro v id e  a  s u f f ic ie n t  am ount of 

dam ping  so  th a t  th e  o u tp u t  d o e s  n o t  c o n tin u e  to  grow w ith o u t  bo u n d .

5 . 6  Exam ples

In  th is  s e c t io n  s e v e ra l  e x a m p le s  a re  p r e s e n te d  to  d e m o n s tra te  th e  

e x i s t e n c e  of s y s te m s  w h ich  s a t i s f y  th e  c o n d i t io n s  d e r iv e d  in  E q s . ( 5 - 1 9 a ) ,  

( 5 - 2 0 ) ,  and  (5 -2 2 ) .  In  a d d i t io n ,  i t  i s  show n th a t  e a c h  of t h e s e  sy s te m s  

s a t i s f i e s  E q .(5 -2 3 )  s o  th a t  th e  o p tim a l and  o p tim a l  w . r . a . s .  s o lu t io n s  

a re  i d e n t i c a l .

E
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5E, 1 M a g n itu d e  C o n s t r a in t  on  u t(t)

C o n s id e r  th e  s e c o n d  o rd e r ,  non  t im e -v a ry in g  s y s te m  sh o w n  in  F igure 

5 - 2 .  The fo llo w in g  s e t  o f  c o n d i t io n s  i s  im p o sed :

II ui || = |u i ( t )  | £ Lx03

I W 2 s A L 2

l l y l U i z  (5E_1)

y ( 0 ) = 0  

y(T) = y d

w here  T = t^ -  t Q = t j .  ux(t) an d  u 2(t) = Ay(t) a re  found  s o  th a t  th e  a b o v e  s e t  

o f  c o n d i t io n s  a re  s a t i s f i e d  in  th e  l e a s t  p o s s ib l e  t im e ,  T = T*. To perm it  

som e g e n e r a l i t y ,  a n  am p lif ie r  o f  g a in  K i s  in t ro d u c e d  ( s e e  F igure  5 -2 )  so  

th a t

u(t) = KUx(t) (K > 0) (5E-2)

and th e r e f o r e ,

| u(t) | -  K | Ux(t) | ^  K L l (5E-3)

K w il l  be  s e t  e q u a l  to  o n e  a t  th e  e n d  o f  th e  problem  b e c a u s e  Ux(t) i s  the  

a c tu a l  s y s te m  in p u t .

T re a t in g  u(t) a s  a  s y s te m  in p u t  for  th e  tim e b e in g ,  i t  i s  e a s i l y  show n 

th a t  th e  a p p ro p r ia te  im p u lse  r e s p o n s e s  a re

lU(t) = 6 ( t ) - | e ‘ 2 t  + | e 2 t  (5E -4a)

h2(t) = j  e - 2 t  (5E-4b)

U sing E qs, (5-19) w ith  qx = 1 , the  tim e-o p tim al in p u ts  are:



-1 1 5 -

Figure 5 -2  S econd  o rder  sy s te m  u s e d  i n  Example 5E -1

■>L

F ig u re  5 -3  C o n s t r a in t  s p a c e  for E xam ples  5 E - 1 ,2

Figure 5 -4  Second order sy s te m  used  in  Exam ple 5E-2



-1 1 6 -

u(t) = KL: SGN [hx (T^-t) 3 == KLx U(t) (5L -5a)

Ui(t) =  e ' 2(T* ' t) U(t) (5E-5b)

w h e re  U(t) i s  th e  u n i t  s t e p  fu n c t io n  a n d  T * i s  th e  minimum v a lu e  of T s a t i s ­

fy ing  E q . ( 5 -2 0 ) .  In  a d d i t io n ,

I M 2 = [ j f  h * t ) dt - f  =  [ j f  ^ d t]  =  i ( i . e - 4 TV  ( B M )

T h e re fo re ,  E q .(5 E -5 b )  b e co m es

u 2(t) = 2ALj  » i e ~ 2T e 2 t U(t) = r e 2 t V(t) (5E-7)
( 1 - e  ) ( e 4 1  - I ) 2

A lso ,

I M I ,  = I  l« (t)  - | - e - 2 t + | e 2 t |d t  = 1 - i ( l  - e " 2 T* ) + f ( e 2T*  1) (5E-8)

U s in g  E q s . (5 E -3 ) ,  ( 5 E - 6 ) , an d  (5E-8) in  E q . ( 5 - 2 0 ) ,  w e h av e

+ = | y d l (5E-9)

F in a l ly ,  E q .(5 -2 2 )  m u s t  b e  s a t i s f i e d .  In  th i s  e x a m p le ,  i t  i s  p o s s ib l e  to  

a v o id  th e  in te g ra t io n  by u s in g  L a p la c e  t r a n s f o r m s . Thus i t  i s  r e q u ire d  th a t  

U ( s ) H 1( s ) + U 2{ s ) H 2( s ) = Y ( s ) = :^ 1 (5E-10)

The L a p la c e  tra n s fo rm s  o f  u ( t ) ,  u 2( t ) ,  h j ( t ) ,  an d  h2(t) a r e  g iv en  by

U ( s ) = ^ *

TT ; i _  2 A L ,e ~ 2T*  1

f l - e " 4 Tt 2 ( S “ 2>
1 > (5E-11)

H i ( s ) - 1  + 32(s + 2) 2(s -  2)
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Substitu tLng E qs . (5E -11) in to  Eq. (5E-10) g iv e s

Su-fl 1 1 1 . + M l 1 + e~^* 1 . 2L, e~̂ T*
8 L1 ~ a+2 s - 2 j  (1 _ e - 4 T * , i  5 ( s - 2 ) ( s + 2) “ (1 . e - 4 T * i ( s _ 2)

or

KL r  .§.(,S-tD_ ,1 _  2,L2 e - 2^ ____ 1___r . _  _ _ h — -I
W j 1 L s ( s - 2 ) ( s + 2 )  J ( i _ e - 4 T * j 2  ( s - 2 ) L A 5(s+2)J

or

KL,fs+H = 2 L, e~2T*  (s  + 2 - A /5 )
( s - 2 ) (s+ 2 ) ( s + 2 ) ( s - 2 )

C le a r ly ,  t h i s  eq u a t io n  i s  s a t i s f i e d  i f

A = 5 (5E-12)

and

2 L e
K = T " , n ^ l  (5E-13)

L‘ ( l - e - 4T1 2

U sin g  E q .(5 E -1 2 )  a n d  E q .(5 E -1 3 )  in  E q .(5 E -9 )  g iv e s

M u lt ip ly in g  bo th  s id e s  o f  th is  e q u a t io n  by

1 - 4 T *  i
M ( 1 - e  > •

w e find

b d i

Squaring  b o th  s id e s  y i e ld s

P 2 T = ( l - e " 4TV  (5E-14)

e -4 T * _  j  _ 4(^ }2 (5E-15)

or
e - Z I *  = 1 - 4 ( 1 t )J (5E-16)

J d
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S ince  0 <i e  £ 1 ,  i t  fo l lo w s  th a t

(5E-17)

As w a s  m e n tio n ed  p r e v io u s ly ,  K m u s t  now  b e  s e t  to  one  s o  th a t  u(t) b eco m es  

U i ( t ) .  M ak in g  u s e  o f E q .(5 E -1 3 )  and  E q , (5 E -1 4 ) ,  i t  i s  found th a t

E q u a tio n  (5E-19) r e p r e s e n t s  a  fam ily  o f  c o n c e n t r ic  e l l i p s e s  in  Li - L 2 s p a c e  

w i th  y d a s  a  p a ra m e te r .  On p h y s ic a l  g ro u n d s ,  Lx an d  L2 m u st b e  p o s i t iv e  

so  t h a t  only  th e  p o r t io n s  of t h e s e  e l l i p s e s  w h ic h  l i e  in  th e  f i r s t  q u a d ra n t  

a re  p e rm it te d .  See F ig u re  5 - 3 .

For a  g iv e n  v a lu e  o f  | y d | , a n y  co m b in a tio n  o f  and  h z w h ic h  s a t i s ­

f ie s  E q .(5 E -1 9 )  i s  p e r m is s ib le ,  th e  minimum t im e ,  T*, i s  found from 

Eq. (5E-18) and  th e  v a lu e  o f  th e  f e e d b a c k  c o e f f ic ie n t  i s  5 .  The t im e -  

o p tim a l  in p u t  i s  a  s te p  of am p litu d e  L j .

For th e  s y s te m  in  F igure  5 - 3 ,  th e  a u g m en ted  s y s te m  im p u lse  r e s p o n s e ,  

w i th  A = 5 ,  i s  found t o  b e

or

(5E-18)

C om bin ing  th i s  r e s u l t  w i th  E q .(5 E -1 5 )  g iv e s

or

L ] 2 + 4 L 22 -  y d2 (5E-19)

ha (t) = 6(t) + 2e 2 t (5E-20)
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From E q ,(5 -2 3 )  w ith  q i  = 1 ,  the  o p tim a l  w . r . a . s .  s o lu t io n  i s  op tim al i f

SGN [ M 2 .-J = SG N ^hi(t)  J

As ha (t) a n d  hx(t) a re  a lw a y s  p o s i t i v e ,  t h i s  r e l a t io n s h ip  i s  s a t i s f i e d  i f

a  0  an d  w e c o n c lu d e  th a t  the  o p tim a l w . r . a . s .  a n d  op tim al s o lu t io n s  a re

i d e n t i c a l .  As a v e r i f i c a t io n  of t h i s ,  th e  optim al w . r . a . s .  a p p ro a c h  w a s

/ 3a p p l ie d  to  th is  s y s te m  w ith  Lx = 1 ,  L2 an<* Y& = 2 ( s e e  Exam ple 4 E -1 ) .

11 A” w a s  found to  b e  5 ,  and  TQ w a s  0 .3 4 7 .  U sing  th e  sam e  v a lu e s  of y ^ ,

Lj a n d  L2 in  E q .(5 E ~ 1 8 ),  T*=  0 . 3 4 7  -  TQ.

F in a l ly ,  i t  i s  n o te d  th a t  h2(t) c o n ta in s  a  s t a b l e  m ode. As p re d ic te d  

in  S e c t io n  5 . 5 ,  th e  a u g m en ted  p la n t  i s  u n s ta b le  ( s e e  E q .5 E -2 0 ) .

5E-2 An In te g ra l  C o n s t ra in t  o n  Uift)

For th e  s e c o n d  order s y s te m  show n  in  F igu re  5 - 4 ,  the  fo llow ing  s e t  

of c o n d i t io n s  i s  im p o sed :

II uillj s  Li

\\^z\ \z s AL2 

II y |l2 * Lz 

y ( 0 ) = o

y(T) = y d

ux(t) a n d  u2 (t) = Ay(t) a re  ag a in  fo u n d  su c h  th a t  E q s .(5 E -2 1 )  a re  s a t i s f i e d  in  

the  minimum tim e . The am p lif ie r  of g a in  K i s  in t ro d u c e d  once  more for the  

s a m e  r e a s o n s  a s  i n  t h e  p rev io u s  e x a m p le .  Then

|| u || £ KLx (5E-22)
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I t  i s  e a s i l y  show n  th a t  th e  im p u lse  r e s p o n s e s  a re  g iv e n  by

fe2 t + e ’ 2 t ih i(t)  = 1 2 ------ f - -----1  (5E-23a)

h2 (t) = F F  (5E-23b)

Then ,

and

l|h*||a -  A ( l - e - 4T* ) “ (5E-25)

t
The t im e -o p t im a l  in p u ts  a re  found to  b e

u(t) = KLX 6 (t)

_2 T* (5E-26)
«*(t) «  ? A k 6 '4T» i  e 2 t  U(t)

( 1  -  e  )

U s in g  E q s .(5 E -2 4 )  an d  (5E-25) in  E q . (5 E -2 0 ) ,  th e  e x p r e s s io n  for T * is

^ . e 2 r * [ l  + e - 4 T* ] + - ^ [ l - e - 4T*]i -  | y d | (5E-27)

As in  E xam ple  5 E -1 ,  th e  L a p la c e  t ra n s fo rm  i s  u s e d  to  av o id  th e  in te g ra t io n

w h ic h  i s  r e q u ire d  in  E q . ( 5 - 2 2 ) .  Thus w e  h av e

U (s) = KLi

t t  t \   2 AL? 1
z ( S , _ (1. e - 4 I * )i  («-*)

H *<s > -  i  ^ 2

s -4

^This i s  t ru e  b e c a u s e  th e  maximum o f  h ^ T ^ - t )  o c c u rs  a t  t = 0 .  S ee  
r e fe r e n c e  (49).



-1 2 1 -

Sub s t i tu t in g  th e s e  q u a n t i t i e s  in to  E q .(5 E -1 0 )  g iv e s

KL, AL? e - 2 T 2  L 1

or

( s+ 2 )( s -2 )  ( 1 _e - 4 T * i  ( s+ 2 )(s -2 )  ( 1 _e - 4 T ^ i  ( s -2 )

_2T*

K h i

s + A h z  e ~
K L ^ l - e - 4 ^

s + 2

2 L2 e~2 r *  1

( S " 2 )  ’ ( l - e * 4^  ( S " 2 )

For th e  e q u a l i ty  to  h o ld ,  i t  i s  r e q u i re d  t h a t

- 2 T *
K =

2 L, e

M l - e " 4 7 * ) 3

(5E-28)

and

A = 4

S u b s t i tu t in g  t h e s e  r e s u l t s  in to  E q .(5 E -2 7 )  g iv e s

( l  + e - 4T*)
( 1 _ e - 4 T * i + ( 1  >

(5E-29)

or

= |y<il

ly dl
(5E-30)

- 4 rS quaring  b o th  s id e s  o f th i s  l a s t  e q u a t io n  an d  so lv in g  for e  , th e  fo llow ­

in g  i s  o b ta in e d
a  iii X Ti n  7.

(5E-31)r 4T* =  i  -  4 < ^ ) 2

-4TS in ce  O s e  £ 1 ,  i t  i s  r e q u i re d  th a t

,Lz ,2  1

( Y d } 5  4
(5E-32)

S e t t in g  K = 1 a n d  m aking  u s e  of E q .(5 E -3 1 ) ,  E q .(5 E -2 8 )  b e c o m e s
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2  Lz - 2 T* f i _ a -4 T * xie  = ( l - e  )'

or

T h u s ,

Li2 + 4LZ2 =  y 2d (5 E -3 3 )

The lo c u s  o f  p e r m is s ib le  v a lu e s  of L l t  L2, a n d  y d a g a in  i s  th e  f i r s t  

q u a d ra n t  p o r tio n  of a  fam ily  of c o n c e n t r ic  e l l i p s e s .  S ee  F igure  5 - 3 .  The 

minimum e l a p s e d  tim e  i s  found  from E q .(5 E -3 1 )  a n d  th e  t im e -o p t im a l  

co n tro l  i s

Ui(t) = Lj 6 (t)

w i th  A = 4 .

For th e  s y s te m  in  F ig u re  5 - 4 ,  th e  a u g m en ted  p la n t  im p u lse  r e s p o n s e ,  

w i th  A = 4 ,  i s  found to  b e

h a (t) = e 2 t  (5E-34)

49
U nder th e  c o n d i t io n s  o f t h i s  p rob lem  th e  o p tim a l w . r . a . s .  in p u t  i s

u j(t)  = Lx 6 (t)

w h ic h  i s  id e n t i c a l  to  th e  t im e -o p t im a l  in p u t  found  a b o v e .

As p re d ic te d  i n  S e c t io n  5 . 5 ,  th e  p r e s e n c e  of a  s t a b l e  model in  

h2(t) m e a n s  th a t  th e  a u g m e n te d  p la n t  i s  u n s ta b l e .  T h is  i s  v e r i f ie d  in  

Eq. (5 E -3 4 ) .
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5 E -3 .  A Q u a d ra t ic  C o n s t r a in t  on Ui(t)

The s y s te m  in  F igure  5 -5  h a s  th e  fo llo w in g  s e t  of c o n s t r a in t s  

p la c e d  on it:

lluill s l i  [ | |u ( |  s K L j
2

UzIL £ a l 2

l|y ||2 * l 2

(5E-35)

y ( 0 ) = 0  

y(T) = y d

T rea t in g  u(t) a s  th e  in p u t  to  the  sy s te m  a s  b e f o re ,  th e  im p u lse  r e s p o n s e s  

a re  g iv e n  by

hj(t) = 2 e 2t + 6 {t) (5E-36a)

e “ 2th2( t ) = - ^ —  (5E-36b)

S ince  b o th  of th e  in p u ts  h a v e  th e i r  q u a d ra t ic  c o n te n ts  c o n s t r a in e d ,

i t  i s  n e c e s s a r y  to  e v a lu a te  ||hx|| and  | |h 2|| . As hj(t) c o n ta in s  an  im p u ls e ,
2 z

|jhx | |2 c a n n o t  b e  c a lc u la te d  d i r e c t ly .  To c irc u m v e n t th i s  d if f ic u l ty  l e t

hi(t) = h '^ t )  + afi(t)

Then:
t t

y(t) = J* hz(t-r) u(r)d r  + j  h2( t-r )  u2(r)d r 
o  o  '

t t
=  J  hx'ft-Tjutr} +  a 6 { t -r )u (r )d r  +  J  h2(t -r )u2(T)dr  

o o

t t
= a u ( t ) + f  hj( t -r )u(r)dT+ J  h 2( t - r ) u 2( T ) d r  

o o

T herefore : T

y(t) = y rt = au(T) + f hi(T-r)u(T)dT +  J  h2(T-T)u2(r )d r  
u o  o
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.2 5

F ig u re  5 -5  S eco n d  o rd er sy s te m  u s e d  in  E xam ple 5E-3

45

Figure 5 -6  C o n s tra in t sp a c e  for Exam ple 5E-3
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Now d e fin e

Then

y d = y d “ au(T )

T T
= J* hx (T~T> u(?>d T + J  h2(T-T)u2(T)dr

(5E -37)

I t  fo llo w s  th a t  E q s . ( 5 - 1 9 a ) ,  ( 5 -2 0 ) ,  an d  (5 -2 2 )  a re  s t i l l  a p p lic a b le  p ro ­

v id e d  th a t  y d a n d  h ^ t)  a re  re p la c e d  b y  y ^  an d  h^(t) r e s p e c t iv e ly .

M ak in g  u se  o f th e s e  r e s u l t s ,  w e find
*

- t t
s- 4 T * j i

(5 E -3 8 a)

(5E -38b)

From  E q s .( 5 - 1 9 ) ,  th e  tim e -o p tim a l in p u ts  a re

2 KLX _ 2 t
UC4> = ---------- ZFF-k e  V W[ 1 - 8  ] 2

... 2 A L ,e ” 2T*  2 t .........
uz( t ) = ----------^  i '  e  U(t)

[ 1 - e  ]

(5E -39a)

(5E -39b)

U s in g  th e s e  e q u a t io n s ,  E q .(5 E -3 7 ) b ec o m es

2  KLi - 2 1 *y \  = v ,  -   .y.-A e
[ I ~ e “ 4 i  I

The m inim um  e la p s e d  tim e  i s  th e n  found  from

^dK L j h i l l j + A L j h j I k -  

or u s in g  E q s .(5 E -3 8 ) ,

K L ^ l - e " 4 1 * ] 2 e 2T* +  ^ [ l - s - 4T* ]^  =

2 KLi e -2 T 0

(5E -40)

r i  -4T*ni  OVT -2 T *  YdLl-e  J -2KLie
- 4 T * - -[ l - e " 4A ] 2
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Em ploying L a p la c e  tra n sfo rm s  a s  b e fo re , E q .(5 E -1 0 ) b e co m es

- 2 1 *
2L?. e -2T#

2KL, s + ALa e
4KL,

[ 1 _e -4T*]£ ( s -2 )  [ 1 - e -4T*]? (s+ 2) ( s -2 )

In  o rd er for th is  to  b e  an  e q u a li ty  w e re q u ire  th a t

L , _ ? t  
K = “  e 

Li

and

(5E -42)

A = 8 (5E -43)

U s in g  th e s e  r e s u l t s  in  Eq.(5E~41) g iv e s

L2( l - e “ 4T ) 2 [ m ]  =
y d [ l ~ e “ 4T* ] z -  2 L2 e ” 4T*

[ l - e " 4 7 * ] 2

or

2 L i [ l - e - 4T ]  =
a rp'K- JL _ 4 T ^

y d [ l » e " 4T ] 2 -  2 L 2 e 4 1

A ssum ing  th a t  y d [ l - e - 4 ^ * ] 2 - 2 L2 e ~ 4^ s  0 , T * is  found from  th e  e x p re s s io n

-4T (5E -44)

jfp’K* 2 Li 2
S in ce  O s e  s i ,  (“y^") U nder th is  c o n d it io n , i t  i s  e a s i ly  v e r if ie d

th a t  th e  ab o v e  assu m p tio n  i s  v a l id .

S e ttin g  K = 1 and  m aking  u s e  o f E q.(5E ~43) an d  E q .(5 E -4 4 ) , w e g e t

J ^ e - 2 I * =  1
•t*!

or

or

2L,
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or
' 2  U  \ 2 n i

la  = L 2 [ l  - ' ( - y j )  J  (5E -45)

The c o n s tr a in t  s p a c e  for th i s  p roblem  i s  sh o w n  in  F igure 5 - 6 .

The tim e -o p tim a l in p u t  i s  found by s u b s t i tu t in g  E q .(5 E -4 4 ) in to  

E q .(5 E -3 9 a ). Thus

“ .(Cl = yd ^ - e - 2 t U(t)

For A =  8 , th e  augm en ted  p la n t  im p u lse  r e s p o n s e  is

ha (t) = 6  ( t) + 4 e 2 t = 6 (t) + h y t )  (5E -46a)

w here

h^(t) = 4 e2 t (5E -46b)

From E q .(5 -2 3 )  w ith  qi = 2 ,  th e  op tim al w . r . a . s .  so lu tio n  i s  op tim al if

h a t1) hUt)
SGN [ y jj]  = p j r p -  (5E -47)

w h ere  h a (t) an d  hj(t) are u s e d  for th e  p re v io u s ly  m en tio n ed  r e a s o n .  Sub­

s ti tu t in g  E q .(5 E -4 6 b ) in  th e  l e f t  h an d  s id e  o f th i s  e x p r e s s io n ,  w e find  th a t

*>yt> 2  e 2 ' 4- 1*)
ii. : n ■ SGN [y*i] =  ----------- 3 r r

d [ i - e - «

U sin g  E q .(5 E -3 8 a ) an d  (5 E ~ 3 6 a), th e  r ig h t  h an d  s id e  o f E q .(5 E -4 7 ) b eco m es

hi (t) .

Thus E q .(5 E -4 7 ) i s  an  e q u a li ty  an d  th e  o p tim a l w . r . a . s .  a n d  op tim al 

so lu tio n s  a re  th e  sam e .



- 1 2 8 -

As Hx(s) and  H2(s )  d o  n o t h av e  com m on p o le s  a n d  th e  la t t e r  c o n ta in s  

a  s in g le  l e f t  h a lf  p lan e  p o le ,  th e  th eo ry  o f  S ec tio n  5 .5  p re d ic ts  th a t  th e  

au g m en ted  p la n t  i s  u n s ta b le .  This i s  in  f a c t  th e  c a s e  ( s e e  E q .5 E -4 6 a ) .

5 .7  S in g le  O utput S y s tem s  w ith  O u tpu t In te g ra l C o n s tra in ts

I t  i s  show n in  th is  s e c t io n  th a t  th e  op tim al w . r . a . s .  s o lu tio n  to

Problem  5 c a n  n ev er b e  o p tim a l w hen a n  in te g ra l  c o n s tr a in t  i s  p la c e d  on

th e  o u tp u t .  To show  t h i s ,  w e p ro ceed  in  th e  m anner u s e d  to  prove

A sse r tio n s  I and  II in  S e c tio n  5 .3 .

S in c e  th e re  i s  an  in te g ra l  c o n s tr a in t  on the  o u tp u t ,  w e h av e
t f

lb'll, =  J” |y ( ‘)l d t  2  L (5 -2 4 )
to

Em ploying th e  sam e a rg u m en t a s  th a t  p re c e d in g  E q ,(5 -1 0 ) ,  th e  o u tp u t c o n ­

s tr a in t  b e c o m e s  an e q u a l i ty .  By v ir tu e  o f E q .(5 -3 ) ,  a n d  o n ce  a g a in  m aking 

u se  o f H o ld e r 's  in e q u a l i ty ,  w e w rite

||Uj ||t = | a,(t) y(t) | dt s  [J{tf  | Bj(t) |qd t ] 1 /9 [J‘ttf |y(t) |Pd t]1/p () = 2 , 3 , . .  .r)

(5 -2 5 )

B ec a u se  o f  th e  in te g ra l  c o n s tr a in t ,  w e  l e t  p = 1 w h ereu p o n  from E q .(5 -9 )  

q = « , T h e re fo re , E q .(5 -2 5 )  b ecom es

N l ,  £  l Aj m a x i  M ,  = l Aj m ax I h a  0  =  2 ' 3 ' ■ • - r> <5 - 2 6 >

If an  o p tim a l so lu tio n  i s  p o s s ib le ,  th i s  c o n s tra in t  m u s t be  an e q u a li ty  w h ich  

re q u ire s  t h a t  H o ld e r 's  in e q u a li ty  be  a n  e q u a l i ty .  T h is  o ccu rs  i f  an d  on ly  i f

a j (t) = kj |y (t)  f " 1  SGN [y ( t) ]  (kj s  0)

or s in c e  p = 1,
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a ^ t )  «  k} SGN [y ( t) ]  (5-27)

T h e re fo re , in  o rd er to  h av e  an  o p tim a l s o lu t io n ,  th e  fe e d b a c k  c o e f f ic ie n ts  

in  F ig u re  5 -1  m u st b e  p o s it iv e  (or n e g a tiv e )  c o n s ta n ts  i f  y (t) i s  g re a te r  

th a n  (o r l e s s  than) z e ro  o v er th e  e n t ire  tim e in te r v a l ,  ( to f t j ) .  I f ,  h o w e v e r , 

y (t) c h a n g e s  s ig n  d u rin g  th e  in te r v a l ,  th e  a j( t)  a r e  "B ang-B ang" tim e 

fu n c t io n s .

In a d d itio n  to  th e  re q u ire m e n t in  E q .(5 -2 7 ) ,  an  op tim al s o lu tio n  i s

49p o s s ib le  o n ly  i f  U j(t )  (j = 2 , 3 ,  . .  .r)  h a s  th e  form

Uj(t) = k jL 2 6 ( t - t 2) SGN [ h j ( t f , t 2) ]  (5 -2 8 )

w h ere  t 2 i s  th e  tim e in  th e  c lo s e d  in te rv a l  ( tQ, t f )  w h en  |h 2 ( t f , t )  [ i s  a

m axim um . U s in g _ iig .(5 -3 )  and  E q .(5 -2 7 ) ,  w e f in d

u j(t)  = kj y (t) SGN [y (t)3

or

u j(t)  = kj |y ( t)  |

T h e re fo re ,

. u i (t)|y (t) |  = ~ i —  (j = 2 , 3 ,  . . . r )  (5 -29 )

M aking  u s e  o f E q .( 5 -2 8 ) ,  th is  l a s t  e q u a tio n  b e c o m e s

|y ( t ) |  = L 2 6 ( t - t 2) SGN [ h j ( t f , t 2) ]  (5 -3 0 )

C le a r ly ,  th is  c a n  n e v e r  b e  an  e q u a l i ty  i f  h j ( t£ , t2) < 0 . If  h j ( t f , t 2) & 0 , 

th e n  E q .(5 -3 0 )  b eco m es

ly(t) | = L2 6 ( tf , t 2)

and  i t  fo llo w s  th a t
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|y ( t f) |  = 0  t 2 = t f

I y(tf) | = ® t 2 = t f

H ow ever, th e  te rm in a l co n d itio n  re q u ire s  th a t  |y(t^) | = |y ^ | . T h e re fo re , i t  

is  s e e n  th a t  th e  te rm in a l co n d itio n  can  n ev er be  s a t i s f ie d  i f  th e  o u tp u t i s  

g iv en  by  E q .(5 -3 0 )v  p re c is e ly  th e  form req u ired  in  o rd er for E q s .(5 -2 8 )  and 

(5 -2 9 ) to  b e  s a t i s f ie d .  H e n c e , an  op tim al s o lu tio n  i s  no t p o s s ib le  w hen a 

po rtio n  of th e  c o n tro lle r  c o n s is ts  of th e  fe ed b a c k  arran g em en t show n in  

F igure 5 - 1 .  As th e  op tim al w . r . a . s .  ap p ro ach  u s e s  su c h  a co n tro l s c h e m e , 

w e c o n c lu d e  th a t  i t  c a n  n ev er be th e  op tim al s o lu tio n  i f  an in te g ra l  con ­

s tr a in t  i s  p la c e d  on  th e  o u tp u t.

5 . 8  Summary

In th is  c h a p te r ,  i t  w as  show n th a t  w hen  a  q u a d ra tic  c o n s tra in t  i s  

p la c e d  on th e  ou tpu t o f a s in g le  o u tp u t l in e a r  p la n t ,  i t  i s  p o s s ib le  for th e  

op tim al and  op tim al w . r . a . s .  s o lu tio n  to  Problem  5 to  be id e n t ic a l .  The 

c o n d itio n s  for th is  to  be  tru e  w ere  d ev e lo p ed  an d  i l lu s t r a te d .  S tab le  

p la n ts  w h ich  s a t is fy  th e s e  c o n d itio n s  w ere show n to  produce u n s ta b le  

aug m en ted  p la n ts .  F in a l ly ,  i t  w as d em o n stra ted  th a t  w hen th e  o u tp u t has  

an  in te g ra l  c o n s tra in t p la c e d  on i t ,  th e  optim al w . r . a . s .  so lu tio n  to  

Problem  5 can  n ev er b e  o p tim a l.
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VI. NUMERICAL CONSIDERATIONS

6 .1  In tro d u c tio n

The e x a m p le s  In  C h a p te rs  III and  IV w e re  so lv e d  u s in g  a  d ig i ta l  

c o m p u te r . I t  i s  th e re fo re  n e c e s s a r y  to  d i s c u s s  th e  m ore im p o rtan t 

n u m e ric a l te c h n iq u e s  e m p lo y ed .

6 .2  N um erica l S ea rc h  P ro c ed u re s

This s e c t io n  p re s e n ts  th e  d e ta i ls  o f th e  n u m eric a l p ro c e d u re s  u s e d  

to  f in d  th e  fe e d b a c k  c o e f f ic ie n ts  and  th e  m inim um  e la p s e d  tim e  ( i . e .  th e  

te rm in a l tim e) in  th e  e x am p le s  in  C h a p te r  IV. B e c a u se  o f e s s e n t i a l  d if f e r ­

e n c e s  in  th e  co m p u ta tio n  p ro c e d u re s  u se d  to  o b ta in  s o lu t io n s  for s in g le  and  

m u ltip le  o u tp u t p l a n t s ,  a  d is t in c t io n  i s  m ade b e tw e e n  th e  tw o .

6 .2 ,1  S in g le  O utpu t P la n ts

In C h a p te r  IV i t  w as  m en tio n ed  th a t  i t  i s  n o t g e n e ra lly  p o s s ib le  to  

fin d  th e  b e s t  s e t  o f fe e d b a c k  c o e f f ic ie n ts  ( i . e .  th e  A 's) by  ta k in g  p a r t ia l  

d e r iv a t iv e s  in  E q .{ 4 -7 ) . The p ro c e d u re  u s e d  in  th is  th e s i s  i s  an  ( r - 1 ) -  

d im e n s io n a l s e a rc h  on  th e  A*s. To s p e c i f ic a l ly  i l lu s t r a te  th e  s c h e m e , 

c o n s id e r  a  sy s te m  w ith  on ly  th re e  in p u ts  (o n e  c o n s tra in e d  and tw o 

u n c o n s tra in e d )  s o  th a t  i t  i s  o n ly  n e c e s s a r y  to  f in d  tw o  fe e d b a c k  c o e f f ic ie n ts ,  

Aj an d  Aa ( i . e .  a  tw o -d im e n s io n a l s e a rc h  i s  re q u ire d ) . A ra n g e  of Ax and  

Aa in  a d d itio n  to  th e  in c re m e n ts ,  AAi and  AAa a re  s e le c te d .  For th e  in i t i a l  

v a lu e  of Aif  (A n ), Aa i s  s e t  to  i t s  in i t ia l  v a lu e ,  A2 i, U sin g  th is  p a ir  o f 

A 's ,  t f  i s  found  from  E q .( 4 -7 ) .  The o u tp u t i s  th e n  c a lc u la te d  from th e
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s u p e rp o s i tio n  in te g ra l:
t

V(t) =  J  h a ( t , T ) U x ( T ) d 7

w h e re  Ux(T) i s  th e  op tim al w . r . a . s .  in p u t g iv e n  in  E q .( 4 -5 ) .  F in a l ly ,  

th e  v a lu e  of th e  o u tp u t norm (e i th e r  H y ||a ^  11 vllz) i s  com pu ted  u s in g  th e  

o u tp u t found in  th e  ab o v e  e q u a tio n . The v a lu e s  o f A n , A21, t f ,  an d  th e  

a p p ro p ria te  o u tp u t norm a re  s to re d  in  th e  co m p u te r m em ory. A2 i s  th e n  

in c re m e n te d  to  A22, w h ere

A2z -  A21 + A A2

a n d  th e  p ro ced u re  i s  re p e a te d  k e e p in g  Ax a t  i t s  p rev io u s  v a lu e .  A2 i s  

c o n tin u a lly  in c re m e n te d  an d  th e  c y c le  r e p e a te d  u n til  A2 = A2max ( i . e .  the  

u p p e r  l im it s e le c te d  for A2) . A fter ru n n in g  th ro u g h  th e  c a lc u la t io n s  w ith  

A2 a t  A2m ax, Aj i s  in c re m e n te d  to  Ai2 , w h e re

Ai 2  = An + A Ax

A2 i s  in i t ia l iz e d  to  A2i and  a g a in  a llo w e d  to  ru n  th rough  i t s  e n tire  r a n g e .  

The s e a rc h  te rm in a te s  a f te r  th e  c a lc u la t io n s  h av e  b e en  perform ed u s in g  

Aim ax  and A ^ g x -  From d a ta  s to re d  in  th e  m em ory, th e  com puter c a n  b e  

m ade to  c h o o se  th e  s e t  o f A 's  w h ic h  p e rm its  th e  o u tp u t c o n s tra in t  to  b e  

s a t i s f ie d  for th e  s m a l le s t  v a lu e  of t j ,  i . e .  t f Q. A lte rn a te ly , th e  m em ory 

c a n  b e  p rin te d  o u t and  th e  d e s ig n e r  c a n  m ake th e  c h o ic e .  In e i th e r  

in s ta n c e  th e  o p tim a l w . r . a . s .  in p u t i s  th e n  found from  E q .(4 -5 ) .  T h is  

p ro c ed u re  c a n ,  of c o u r s e ,  b e  e x te n d e d  to  in c lu d e  s y s te m s  w ith  m ore th a n  

th re e  in p u t s .

The flow diagram  in  F igure 6-1 i l lu s t r a te s  a tw o -d im en sio n a l



-1 3 3 -
!

s e a rc h  sc h e m e . T he F o rtran  IV program  w h ich  im p lem en ts  th i s  sch em e 

an d  i s  u s e d  to  s o lv e  E xam ple 4E -3  in  S ec tio n  4 . 5 .2  i s  found  in  

A ppend ix  IV.

6 .2 ,2  M u ltip le  O utpu t P la n ts

As m en tio n ed  in  C h ap te r  IV , a c o n s id e ra b ly  m ore d i f f ic u l t  com ­

p u ta t io n a l  p roblem  i s  e n c o u n te re d  w h en  th e  o p tim a l w . r . a . s .  s o lu tio n  of 

m u ltip le  o u tp u t s y s te m s  i s  s o u g h t.  The p ro ce d u re  s u c c e s s f u l ly  u sed  in  

t h i s  t h e s i s  for tw o -o u tp u t  p la n ts  i s  to  c a lc u la te  t f  from  E q .(4 -5 8 )  for a n  

in i t i a l  v a lu e  of X2 . T h is  (X2 , t f )  p a ir  i s  th e n  s u b s t i tu te d  in to  E q .(4 -5 9 )  

an d  th e  v a lu e  of

/ ^ [ h az<tf , T ) - £ k - h a i ( t f ,T ) ]  S G N [ ! ^ i i I ) + X 2Cha2(tf , T ) - ^ - h a i i t f , r ) ] ] d T = 0  
t-o

(4 -58 )

t f  k a .^ tffT ) r  y d 2 -1

P*t f ' X>> = {  y d , ' +
d r - f  (4 -5 9 )

h a i(tf»T) f % _  _ 4 yd*

to

F(if /X 2 ) i s  s to re d .  X2 i s  n ex t in c re m e n te d  by  AX2 an d  th e  p ro ced u re  i s

r e p e a te d .  W hen  th e  p ro d u c t o f tw o  s u c c e s s iv e  v a lu e s  o f F (tf ,X 2) i s

t
n e g a t iv e ,  X2 an d  th e re fo re  tf  i s  b ra c k e te d . M o d ified  F a ls e  P o s itio n  i s  

th e n  u s e d  to  lo c a te  th e  p o in t (X2 , t f  ) .  T h ese  v a lu e s  a re  u s e d  in  E q .(4 -2 5 a )  

an d  th e  tw o  o u tp u t norm s a re  co m p u ted . All o f  th e  ab o v e  co m p u ta tio n s  a re

t  33The fa ir ly  new  te c h n iq u e  of M o d if ie d  F a ls e  P o s i t io n  d if fe rs  from th e
w e ll  know n f a l s e  p o s it io n  p r o c e d u r e i n  th a t  th e  cho rd  i s  d raw n  b e tw e e n
th e  c u rre n t v a lu e  o f  th e  fu n c tio n  a n d  h a lf  t he  v a lu e  of th e  fu n c tio n
e v a lu a te d  a t  a  p o in t  on  th e  o th e r  s id e  of th e  r o o t .  T his m o d ifica tio n
a c c e le r a te s  th e  c o n v e rg e n c e  of th e  f a ls e  p o s it io n  te c h n iq u e .
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TM; AA; AB; AT; C
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A = A + A A
PRINT

Yes
A > A STOP

No

B = B + A B

Yes B >B

No
T = 0 .1  

T PO S = T  | |
FPOS |h a | d t - x f

T = T + AT

No SolutionYesFPOS = FNEG
T  > TM T > TM

TPOS = T No

X = T

No

Yes x  = (T P O S * T * F P O S I 
(FN EG -FPO S)
-X . . |y ,  I

T = X 
FNEG = FX

> 0TPOS = X 
FPOS = FX
f n e g +f n e g / s

STORECOMPUTE

l lyl l i ;  l l y l l .

F ig u re  6-1 Flow D iag ram  f o r  a 2-D im ensional S earch -S ing le  O u tp u t S y s tem
(Exam ple 4E-3)
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im b ed d ed  in  a  tw o -d im e n s io n a l s e a rc h  sc h e m e  on th e  A 's w h ic h  p ro c e d e s  

in  th e  m anner a lre a d y  d i s c u s s e d  in  S e c tio n  6 . 2 . 1 .

A lthough th e  p ro ce d u re  i s  d e s c r ib e d  fo r a s y s te m  w ith  tw o o u tp u ts  

an d  th re e  i n p u t s , i t  can  be  e x te n d e d  to  p la n ts  w ith  r - in p u ts  an d  m -o u tp u ts , 

In  th is  in s ta n c e  h o w e v e r, a n  [m  X ( r - l ) ] -d im e n s io n a l  s e a rc h  on  th e  A 's i s  

re q u ire d  and  m -o u tp u ts  and  th e ir  r e s p e c t iv e  norm s m u st b e  co m p u ted .

The flow  d iag ram  for a  tw o -d im e n s io n a l s e a rc h  sch em e  for a tw o -  

o u tp u t p la n t  i s  show n in  F ig u re  6 - 2 .  The F o rtran  IV program  w h ich  

im p lem en ts  th is  sch em e  and  i s  u s e d  to  s o lv e  E xam ples 4 E - 7 ,8 ,9  in  

S e c tio n  4 .1 0 .2  i s  in  A ppendix  VI.

6 .3  P ra c t ic a l  A sp e c ts  o f th e  S ea rch

6 .3 .1  S in g le  O u tpu t P la n ts

If th e  r a n g e s  o f b o th  Ai an d  Az a re  d iv id e d  in to  n  d if fe re n t n u m b e rs , 

th e  tw o -d im e n s io n a l s e a rc h  d e s c r ib e d  in  S e c tio n  6 .2 .1  re q u ire s  th e  c a l ­

c u la t io n  o f n z s e ts  of t^ 's  an d  o u tp u t n o rm s. If  th e re  i s ,  a  p r io r i ,  no  

s u g g e s t io n  of w h e re  to  s e a rc h  fo r th e  b e s t  s e t  o f A 's ,  tw o  com pu ter ru n s  

a re  n e c e s s a r y .  In  th e  f i r s t ,  th e  in c re m e n t for e a c h  A i s  c h o se n  a llo w in g  

th e  w id e s t  re g io n  of A -sp a c e  to  b e  co v ered  in  a  r e a s o n a b le  am ount of 

co m p u ter t im e . T h is p e rm its  th e  v a lu e s  o f th e  b e s t  A 's to  be b ra c k e te d . 

T h e se  v a lu e s  a re  th e n  re f in e d  b y  re ru n n in g  th e  p rob lem  w ith  AAi and  AA2 

r e d u c e d ,  th e  s e a rc h  b e in g  r e s t r i c te d  to  th e  re g io n  in  A -sp a c e  lo c a te d  in  

th e  f i r s t  co m p u te r ru n . For e x a m p le , in  th e  f i r s t  s e t  o f c o m p u ta tio n s .
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i
K

p r i :

Set: A = 0; B = 0; AM; BM; TM; X M; AA; A B; AT; AX; L = lj 
—   £

I A = A +AA}
*T

A; B; X ; | |y i| | i ;

I I  y z l l i ;  I l y i l U ;  M l z
yi max* y^m a x  '>

Tv .  > T-K

[B = B + AB]■ -£■
Yes   < B>BI

X =XQ; T=0 . 0001 
* _

^Z](T)=Jo gS G N [£+ X g]d t

I T = T + A T

Z1=Z2
TA=T

Z2(T)=J gSG N [£+X g]dt

No Solution 
T > TM

T1=T

T2 = T1
K l = K2

L = 2
X l  = X+AA
_X.=X.tAX.

f
!

M. F . P . R outine to  
find  T1 in Z l(T l)  = 0^ 1 (XUl=-Q. 

K2(X) = J j£ + X g | d t - W

X = x
T0 =T1

>0
<—< K 1*K2

A = X a k  (X l*K 2  -X *K D  
(K2-K1) 

K2(XA)
K2=K2XA
K1 -K 1 / 2J

K2 XA* T0 =T1
X1=XA 
K1=K2XA 
K2=K2/.2v Yes

No Solution 
X > X M S to re

l l y i l l i i  l l y z ! l i ; ! l y i l U ;  l i  y z l U

l l y i l l i ;  l l y z l l i i l l y i l l z ;  l l y z l l z  
yim ax’ y^inax 

Tyi max* T yzmax_

*
yimaxjy2n1ax;To;A;'B;x > 

r»£
I

T ■ T y i m a x ’  y z m a x

F ig u re  6-2 Flow D iagram  f o r  a Two-Dimensional Search - Two O u tpu t System
(Exam ples 4 E -7 ,8 ,9)________________________
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o n ly  in te g e r  v a lu e s  o f th e  A 's a re  u s e d  and  AAi = AA2 -  1 . The s e a rc h  i s

th e n  perform ed from  -5 0  s  A  ̂ ^  50 ( i = l  o r 2 ) . From th is  d a t a ,  th e  b e s t

A 's  a re  b ra c k e te d , [ e .g .  -2  s  A] s  -1  and  -1  p  A2 s  0 ). The in c re m e n ts

a re  now  re d u c e d  to  0 . 0 1  and  th e  s e a rc h  i s  r e p e a te d  in  th is  re g io n . At and

Az c a n  th u s  b e  lo c a te d  to  th e  n e a r e s t  h u n d red th .

The r e s u l t s  o f S ec tio n s  4 .2  th rough  4 .4  a re  u se fu l in  re d u c in g  th e

c o m p u ta tio n  t im e . S ince  fin d in g  t f  in  E q .(4 -7 )  for a  g iv e n  s e t  o f A 's

in v o lv e s  fin d in g  a  r e a l  ro o t of a  t r a n s c e n d e n ta l  e q u a tio n , i t  i s  n e c e s s a ry

to  s ta r t  a t  som e in i t i a l  v a lu e  o f t f  and  in c re m e n t u n til th e  ro o t i s  lo c a te d

b e tw e e n  tw o s u c c e s s iv e  v a lu e s  o f t^ . Then so m e ro o t f in d in g  te c h n iq u e ,

s u c h  a s  m odified  f a l s e  p o s it io n , i s  u s e d  to  a c tu a l ly  lo c a te  th e  ro o t.  S in ce

a lo w e r  bound on  t f  i s  a v a ila b le  (E q s .4 -1 3  an d  4 -1 7 )  i t  i s  c le a r  th a t  th e

s e a rc h  to  b ra c k e t th e  ro o t c a n  b e  s ta r te d  a t  th is  minimum v a lu e .  If a  lo w e r

b o u n d  w as n o t k n o w n , th e  in i t i a l  v a lu e  of t f  w o u ld  have to  be  z e ro  and

th e re fo re ,  th e  s e a rc h  to  b ra c k e t th e  ro o t w o u ld  ta k e  more co m p u ter tim e .

t
The re d u c tio n  in  tim e  per s e t  o f A 's  i s  p ro b ab ly  sm a ll . H o w ev er, a s

e x p la in e d  a b o v e ,  th i s  c a lc u la t io n  i s  perform ed nz tim es in  a  tw o -d im e n s io n a l

s e a r c h .  Thus th e  re d u c tio n  in  tim e  per p o in t m u st a ls o  b e  m u ltip lie d  by  th is

f a c to r .  Even la rg e r  s a v in g s  a re  o b ta in e d  fo r a n  R -d im e n s io n a l s e a rc h  w h ere  

Rth e  fa c to r  i s  n  ,

t
In  Exam ple 4 E -3 , th e  re d u c tio n  i s  in  th e  o rd e r o f 80 m ill is e c o n d s  on an  

IBM 3 6 0 -4 0  d ig i ta l  com pu ter.
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The tw o n e c e s s a r y  c o n d itio n s  in  S e c tio n  4 . 2 . 1  an d  4 . 4  ( E q s .4 - 7  

and  4 -2 2 )  w h ich  m u st be  s a t i s f ie d  in  o rd er for a  s o lu t io n  to  th e  g iv e n  

p rob lem  to  e x is t  a re  a l s o  u s e fu l  in  s ig n if ic a n t ly  re d u c in g  com puting  t im e .

As e x p la in e d  a b o v e , f in d in g  t f  from  E q .(4 -7 )  in v o lv e s  a  s e a rc h  fo r a  ro o t 

of a  t r a n s c e n d e n ta l  e q u a tio n . For a g iv e n  Lx an d  y ^ ,  i t  i s  p o s s ib le  th a t  no 

s o lu tio n  to  th is  e q u a tio n  e x is t s  ( i . e .  no r e a l  ro o t c a n  b e  found). By p la c in g  

an  u p p e r  l im it on  th e  v a lu e  of t f  u s e d  in  th e  s e a rc h  fo r th e  ro o t ,  i t  i s  

p o s s ib le  to  te rm in a te  th e  s e a rc h  a f te r  th is  u p p e r l im it i s  r e a c h e d ,  p r in t  

ou t som e a p p ro p ria te  m e s s a g e , an d  g o  on  to  th e  n e x t s e t  o f A 's . H o w ev er, 

i f  a  t f  i s  found w h ich  d o e s  s a t i s f y  th is  e q u a tio n , th e  s e t  of A 's an d  t f Q can  

th e n  b e  u s e d  to  e v a lu a te  th e  r ig h t  h an d  s id e  of In e q u a li ty  (4 -2 2 ) . I f  i t  i s  

s a t i s f i e d  th e  o u tp u t norm  i s  c a lc u la te d .  H o w ev er, i f  th e  in e q u a li ty  i s  

v io la te d ,  som e s u ita b le  m e ssa g e  i s  p r in te d  an d  th e  n e x t s e t  of A 's i s  u s e d . 

The c a lc u la t io n  o f y (t)  an d  th e  o u tp u t norm i s  a v o id e d  w h en  e ith e r  o f th e s e  

te rm in a tin g  t e s t s  i s  s a t i s f i e d .  As is  d i s c u s s e d  in  a  s u b se q u e n t s e c t io n ,  

th e s e  o u tp u t q u a n tif ie s  re q u ire  th e  g r e a te s t  e x p e n d itu re  of com puter tim e  

per p o in t  in  th e  ( r -1 ) -d im e n s io n a l  s e a rc h .  H e n c e , a  s ig n if ic a n t s a v in g  in  

tim e i s  r e a l iz e d  by e lim in a tin g  th o s e  s e ts  o f A 's for w h ich  no s o lu tio n  is  

p o s s ib le .  I t  i s  o b se rv e d  th a t  th e  e v a lu a t io n  of th e  r ig h t  hand s id e  of 

in e q u a li ty  (4 -2 2 ) i s  ro u tin e .

6 . 3 , 2  M u ltip le  O u tpu t P la n ts

In  th e  p re c e d in g  s e c t io n  i t  w a s  n o ted  th a t  th e  fee d b a ck  c o e f f ic ie n t  

in c re m e n ts  sh o u ld  in i t i a l ly  be  c h o s e n  to  in s u re  th a t  th e  v a lu e s  o f th e  b e s t
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s e t  o f  A 's a re  b ra c k e te d  in  a  r e a s o n a b le  am ount o f com pu ter t im e . This i s

e s p e c ia l ly  tru e  for m u ltip le  ou tp u t p la n ts  s in c e  th e  c o m p u ta tio n  tim e  per

p o in t i s  in c r e a s e d  o v e r th a t  re q u ire d  for s in g le  o u tp u t s y s te m s .  T his in c r e a s e  .

•fto c c u rs  b e c a u s e :  ( 1 ) a  s e t  o f X ' s  m u st b e  found in  a d d itio n  to  t f Q an d

(2 ) n o t o n e  b u t m any o u tp u ts  and  th e i r  norm s m ust b e  c a lc u la te d .

The r e s u l t s  o f  S e c tio n  4 .7  m ay b e  u s e d ,  in  c e r ta in  i n s t a n c e s ,  to

e l im in a te  th e  le n g th y  c a lc u la t io n  re q u ire d  to  o b ta in  th e  o u tp u ts  a n d  th e ir

" f tn o rm s. O nce th e  s e t  o f  X ' s  and  t f  h a v e  b een  fo u n d , th e  l e f t  h an d  s id e  of■Lo

th e  m - in e q u a li t ie s  in  (4 -3 7 ) (o r 4 -4 2 ) a re  co m p u ted . If  an y  o f th e s e  

in e q u a l i t ie s  a re  v io la te d  a ll  o f th e  o u tp u t c o n s tr a in ts  c a n  n o t be  s a t i s f ie d  

and  th e re  i s  no  n e e d  to  f in d  th e  o u tp u ts  and  th e ir  n o rm s . As th e  c a lc u la t io n  

of th e s e  o u tp u t q u a n t i t ie s  i s  g e n e ra lly  th e  m ost tim e  co n su m in g  p o rtio n  of 

th e  s e a r c h  per p o in t ,  a  s ig n if ic a n t  s a v in g  in  co m p u ter tim e  i s  o b ta in e d . I t  

i s  n o te d  th a t  th e  c a lc u la t io n  of th e  m - in e q u a li t ie s  in  e i th e r  (4 -3 7 )  o r (4 -4 2 ) 

i s  s t r a ig h t  forw ard  an d  th e  a d d it io n a l tim e  re q u ire d  i s  ju s t i f ie d  by th e  

p o s s ib le  s a v in g s  r e a l i z e d  w hen  th e  o u tp u t c o n s tra in ts  a re  to o  s e v e re  to  be 

s a t i s f i e d .

U n fo rtu n a te ly , in e q u a li ty  (4 -4 5 )  c an n o t b e  u s e d  to  s a v e  com puter 

tim e b e c a u s e  i f  th i s  in e q u a li ty  i s  s a t i s f i e d ,  th e  o u tp u t m ag n itu d e  c o n s tra in ts  

a re  s a t i s f i e d .  H o w ev e r, i f  i t  i s  v o la te d  th e  o u tp u t c o n s tr a in ts  m ay or m ay 

n o t  b e  s a t i s f i e d .

In o rd er to  a v o id  la rg e  e rro rs  in  perfo rm ing  th e  n u m e ric a l in te g ra tio n  

in  E q .( 4 -5 8 ) ,  e a c h  o f th e  co n tin u o u s  p o rtio n s  of th e  "B ang-B ang" ty p e
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k e rn e l i s  In te g ra te d  s e p a ra te ly  . T h is re q u ire s  th a t  th e  z e ro s  o f th e  

a rg u m en t o f th e  SGN fu n c tio n  an d  h e n c e  th e  p o s it io n  o f th e  d is c o n t in u i t ie s  

o f th e  k e rn e l be  lo c a te d  b efo re  th e  in te g ra tio n  i s  p e rfo rm ed . For th is  

r e a s o n ,  th e  v a lu e  o f X2 i s  c h o s e n  an d  t^ c a lc u la te d  from E q .(4 -5 8 )  an d  

n o t th e  o th e r  w ay a ro u n d . A l i t t l e  th o u g h t sh o u ld  c o n v in c e  th e  r e a d e r  th a t  

i f  t f  i s  s e t  i n s t e a d ,  a  s e a rc h  w o u ld  be re q u ire d  to  find  X2 . T his w o u ld  

n e c e s s i t a t e  th e  c a lc u la t io n  o f th e  z e ro s  o f th e  a rg u m en t o f th e  SGN fu n c tio n  

m any tim e s  for e a c h  (X2 , t j )  p a ir .  S in c e  o n ly  o n e  s u c h  c a lc u la t io n  i s  re q u ire d  

i f  X2 i s  s e t  an d  t^ c a lc u la te d ,  th e  c o m p u ta tio n  tim e  i s  c o n s id e ra b ly  sh o r te r  

u n d e r  th e s e  c o n d it io n s .

6 .4  C a lc u la t io n  o f  O u tpu ts  an d  N orm s

In E xam ples 4 E - 7 ,8 ,9  o f S e c tio n  4 . 1 0 . 2 ,  th e  o u tp u ts  an d  th e ir  norm s 

a re  c a lc u la te d  u s in g  n u m erica l in te g ra t io n .  In  f a c t ,  for a l l  b u t  th e  s im p le s t  

c a s e s ,  th is  i s  th e  r u le .  T h e se  o u tp u ts  a re  o b ta in e d  from th e  s u p e rp o s i tio n  

i n t e g r a l . Thus

y j ( t )  =  j  h j a  ( t , r )  U i ( t ) d  t  ( j -  1 , 2  , . .  . m)
to

In  o rd e r  to  c a lc u la te  e i th e r  I I  Yj i l j  o r  i l y j l l 2 '  a n  a d d it io n a l  n u m eric a l in t e ­

g ra tio n  is  p erfo rm ed . S ince  th is  s e c o n d  in te g ra tio n  re q u ire s  a p p ro p ria te ly  

t ts p a c e d  sam p les  , i t  i s  n e c e s s a r y  to  c a lc u la te  th e  m -o u tp u ts  a t  a  s u f f ic ie n t  

■)■

T h is  p o in t ,  a lth o u g h  a p p a re n tly  w e ll  u n d e rs to o d  by  e x p e r ts  i s  n e v e r th e le s s  
n o t  to u c h e d  upon in  s ta n d a rd  t e x t s  on n u m eric a l a n a ly s is .  For e x a m p le ,  s e e  
r e fe r e n c e s  34 an d  35 .

"t "t* OC
For in s ta n c e ,  i f  S im p so n 's  R u le ao is  u s e d ,  (2 n + l)  e q u a lly  s p a c e d  sa m p le s  

o f y j( t)  a re  re q u ire d  in  th e  in t e r v a l ,  ( t 0 , t f ) .
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num ber o f p o in ts  so  th a t  th e  norm s a re  a c c u ra te .  I t  i s  o b s e rv e d , h o w ev er, 

th a t  th e  k e rn e l in  th e  s u p e rp o s i t io n  in te g ra l  i s  a  fu n c tio n  of th e  u p p er l im i t ,  t .  

T h e re fo re , e a c h  tim e th is  l im it  i s  ch an g e d  to  t + A t ,  i t  i s  n e c e s s a r y  to  perform  

th e  e n tire  in te g ra tio n  o v e r a g a in  ( i . e .  th e  p re v io u s  v a lu e  o f y j( t)  c a n n o t be  

u s e d  to  o b ta in  y^(t+At) a s  w ou ld  b e  th e  c a s e  i f  th e  k e rn e l w a s  in d e p e n d e n t 

o f th e  u p p e r l im it.)

From th is  d i s c u s s io n  i t  i s  c le a r  w hy th e  c a lc u la t io n  of th e  o u tp u t 

q u a n t i t ie s  fo r e a c h  s e t  o f  A 's  ta k e s  s u c h  a  la rg e  p o r tio n  of th e  c o m p u ta tio n  

t im e . For i f  N sa m p le s  o f y j( t)  a re  re q u ire d  to  in s u re  an  a c c u ra te  c a lc u la t io n  

o f th e  o u tp u t n o rm s , i t  i s  n e c e s s a r y  to  perform  N n u m e ric a l in te g ra tio n s  for 

e a c h  of th e  m -o u tp u ts  o f th e  p la n t or a  to ta l  o f N Xm. In p o in t o f f a c t ,  i t  

w as  e x p e r im e n ta lly  o b s e rv e d  th a t  th e  c a lc u la t io n  of th e s e  o u tp u t q u a n t i t ie s  

for E xam ples 4 E - 7 , 8 , 9  o f S e c tio n  4 . 1 0 . 2  took  b e tw e e n  one h a lf  and  tw o -  

th ird s  of th e  o v e ra ll co m p u ta tio n  tim e p e r p o in t.

6 .5  Sum m ary

The n u m erica l s e a rc h  s c h e m e s  fo r f in d in g  th e  b e s t  s e t  o f  A 's and  t f Q 

for s in g le  a n d  m u ltip le  o u tp u t p la n ts  w a s  g iv e n . I t  w a s  in d ic a te d  th a t  w h en  

th e  in te g ra l  o r q u a d ra tic  c o n s tr a in ts  on th e  p la n t o u tp u ts  c a n n o t b e  s a t i s f i e d ,  

th e  n e c e s s a r y  c o n d itio n s  d e r iv e d  in  C hap ter.IV  c a n  b e  u s e d  to  e lim in a te  th e  

le n g th y  co m p u ta tio n s  w h ic h  a re  u s u a lly  re q u ire d  to  o b ta in  th e  o u tp u t 

q u a n t i t i e s . For s in g le  o u tp u t p l a n t s , i t  w as  sh o w n  how  th e  lo w e r bounds on 

t f ,  d e r iv e d  in  S e c tio n  4 .3  co u ld  a l s o  b e  u se d  to  re d u c e  co m p u ta tio n  tim e . I t  

w a s  p o in te d  o u t th a t  w h en  d is c o n tin u o u s  k e rn e ls  a re  in te g ra te d ,  i t  i s  im p o rt­

a n t to  d e te rm in e  th e  lo c a t io n  o f th e  d is c o n t in u i t i e s .  For th is  r e a s o n ,  Az i s  

s e t  an d  t f  c a lc u la te d  in  E q ,(4 -5 8 )  and  n o t th e  o th e r  w ay  a ro u n d .
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APPENDIX I -  A GENERALIZATION OF HOLDER'S INEQUALITY

The p u rp o se  of th is  a p p e n d ix  i s  to  e x te n d  th e  u s u a l  form of H o ld e r 's  

44In e q u a lity

| x (t) y (t)  d t  | s  [  1 x (t)  | Pd t ]  |y (t)(q d t ]  ^  = ||x ||p | |y j |q

( p a l ,  q a  1) (A -l)

w ith  — + ~  = 1 , to  th e  s i tu a t io n  w h ere  x (t) and  y (t) a re  b o th  v e c to r s .  To 
P g

th is  e n d , i t  i s  show n th a t

| J ^ x  * £ d t |  s  [  L f 15 (llx iilpi )P ] 1 / P [ £  ^  <A_2>

w here  Pj a  1 , qi  a  1 , + -^ -  = 1 , jx i |Pi an d  | ̂  ( 151 a re  In te g ra b le ,  th e

a re  p o s i t iv e  c o n s ta n ts , an d

I W ip i  = [ .f ab I I Pi  d t ] 1^  (A -3a)

II Vi llq i *  [  I7 i ( t ) ! dt  ]  (A” 3b)

C o n s id e r  th e  fo llo w in g  in te g ra l:

b  . b nS  £(*) * = J  2  x ^  d t (A-4)
a a  i - 1

Taking m ag n itu d e s  o f b o th  s id e s  o f th e  e q u a tio n , i t  i s  o b se rv e d  th a t

| J b x . Z d t |  ^ I  I J  x j y j d t  I (A-5)
Ci I " '1 3.

and  th a t  e q u a li ty  h o ld s  i f  a n d  on ly  if

x^y-L a 0 (or Xj yA < 0) (A-6)

for a l l  i an d  a  f i t  s b .
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S ln ce  th e  in te g ra l  on  th e  r ig h t  h and  s id e  of E q .(A -5 ) in v o lv e s  s c a la r  

q u a n t i t i e s ,  th e  H o ld e r 's  In e q u a li ty  in  E q .(A -l)  i s  a p p l ic a b le .  T h e re fo re , 

Eq.(A -S) b eco m es

I J ^ X  llxj.11̂  H y J ^  (A- 7>

w h ere  an d  ||y illq  a te  d e fin e d  in  E q .(A -3 ) an d  p i an d  q^ s  1 .

44I t  i s  w e ll  know n th a t  In e q u a lity  (A -l)  i s  an  e q u a li ty  i f  a n d  only  i f  

x (t) = K |y ( t)  J*1” 1  SGN [ y (t)3  (a  s  t  ^ b )  (A -8 )
i

M aking u s e  o f th is  c o n d it io n  a n d 'E q .(A - 6 ) ,  i t  i s  s e e n  th a t  (A-7) b ecom es 

an  e q u a li ty  i f  an d  on ly  i f

3q{t) = iq  j y ^ t ) ^ 1 ' 1 SGN [ y i ( t) ]  ( a s t s b )  (A-9)

p ro v id e d  th a t  a l l  o f th e  iq h a v e  th e  sam e  s ig n s .

Now l e t  u s  d e fin e

L  ft (A-XOa)
1  Li

h  = Li  tly i H qi  (A-10b)

A A
w h ere  th e  a re  p o s it iv e  c o n s ta n ts .  S in ce  x A and  y^ a re  p o s it iv e

I  ^  = | p  Kt  y j  (A -11)
i = i  *  1 i = i  i

50
The H o ld e r 's  In e q u a li ty  for sum s i s  know n to  be

<A- 12>

i  lw h ere  p s  1 , an d  — + — = 1 , e q u a li ty  o cc u rrin g  w hen
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A A .  A |  Cl ■" 1 *  A h

3 4  = K | y x | SGN [ y i 3 (A -13)

for a l l  i  and  K > 0 .
A

S in ce  y^ a s  d e fin ed  in  E q .(A -lO ) i s  p o s i t iv e ,  E q ,(A -13) re d u c e s  to

A A A rr—1
3 4  = K y f  (A -14)

C om bining  E q s .(A -1 2 )  and  (A -7) an d  u s in g  th e  d e f in itio n s  in  E q .(A -lO ) w e 

hav e

I S *  2. • Z  dt I = [  £  L iP ( || Xj ||pi)P]  /P [  £  Li1 ( || yillqi)q] 1/q  

(A-15)
w h ich  is  th e  d e s ir e d  form of H o ld e r 's  In e q u a li ty .

In  o rder fo r th is  l a s t  r e la t io n  to  be  a n  e q u a l i ty ,  E q s .(A -9 ) and  (A -13) 

m u st ho ld  an d  a l l  o f  th e  m u st h av e  th e  sam e  s ig n . U s in g  Eqs .(A -10) 

a n d  (A -14) w e fin d  th a t

■ * -Pi n 1 /P i  a . a q - 1  a a q —1 .. q —1
K ( t ) |  d t ]  = K |y i l = ( | | y i ||q l )

(A -16)

S u b s titu tin g  E q .(A -9 ) in to  th e  in te g ra l  in  th i s  l a s t  e q u a tio n  and  so lv in g  fo r 

| | g iv e s

j i ^ l  = KLxq ( l lyi l l ^ ) ^ 1 ( 1 = 1 , 2 , . . .n) (A -17)

S in ce  th e  c a n  e i th e r  b e  a l l  p o s it iv e  o r a l l  n e g a tiv e  w e  w r ite

Kj = KLj* ( | |y i ||q i)q - q i

w h ere  K is  a n  a rb itra ry  c o n s ta n t .  T h e re fo re , (A-15) i s  a n  e q u a lity  i f

x i(t) = KL1q ( | |y i || )q - qi  |y j ( t ) | q i _ 1  SG N  C yi(t)] ( 1 - 1 , 2 , . .  .n ) (A -18) 

fo r a s t s b .
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4 P P E N D I X  I I  -  T,  . „  P ROGRAMMAX

H N Q R M C T D = ! T * T * < T  +  n .  * A >  - R -  * C  1 - C 2
D I S P L A Y  [ ' P L E A S E  T Y P E  D E L T A , U P P E R  ' , D I F F , S T A R T " I
A C C E P T  D E L T A , U P P E R * D I F F , S T A R T
D I S P L A Y  C ' I T E R A T I O N  L A M B D A  ■ T S " 3
A = 3 .
K= 1 
K S = 0  
K EN D = 1 
K S S  = 2  
GO TO 2  
3  A = A - D E L T A  
3 3  *  = K + 1  
2  T = S T A R T  
J = 1
C 1 = A * A * A
C 2 =  4  • * ( 2 . - 5 OPTE 2  * 3 )
4 5  T P O S = T  
F P O S  = H \ ' O S M C ' n  
1 0  T = T + D E L T A
I F  ( T  - G T .  U P P E R )  GO TO 1 0 0  
F N E  G= HM 0  RU C T 3
I F  ( C F P O S * F N E G >  • G T . 3 . )  GO TO 2 0 0  
3 0  X =  C T P O S * F N E G - T * F P O S ) / C F N E 6 - F P 0 S >
F X = H N O R M C X ]
I F  C F P O S * F X )  3 0  1 , 4 0 0 , 3 0 0  
3 0 1  T = X 
F N E G = F X  
F P 0 S = F P 0 S / 2 .
2 0  T E S T  =  A S S  E T - T P O  S  3 
I F  C T E S T  . L E *  D I F F )  GO TO 4 0 0  
GO TO 3 0  
3 0 0  T P O S =  X
F P O S = F X  *
F N E G = F N E G / 2 .
GO TO 2 0  
2 0 0  F P O S = F N E G  
T P O S = T  
GO TO 1 3
1 0 0  I F - C J  . E Q .  2 )  GO TO 5
GO TO 5
4 0 0  C O N T I N U E
A S L O P S = - C X * X / 2 . - 4 . * A * A ) / ( X * A B S C X / 2 . + A I )
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S = A S L OP E
IF CJ • E Q . 2> GO TO 5
T = X + 5j T AR T
J - 3
GO TO 4 5  
5 CONT I NUE  
I F CKS)  3 1 , 1 5 * 3 2  
2 2  5 2  = S 
T 2 = X  
A 2 = A
I F  ( 3 1 * * 5 2 )  1 6 , 1 7 , 1 3
IB S 1 = S 2
T I = T 2
, 4 1 = A 2
GO TO I 5 0
16  K S = -  1 
KS S =  1
41  I F C A B S C A 1 - A 2 3  • LE . D I ~ F )  GO TO 
GO TO 1 5 0  
1 5  S 1= 3  
T I = X 
A 1 =A 
KS= 2
GO TO I SO
1 5 0  D I S P L A Y  K * A , X j S
IF CKEND . E Q .  2 )  GO TO 15 1  
I F  CKSS . E Q .  2 )  GO TO 3 
A = ( A 1 + A 2 1 / 2 .
GO TO 3 3
1 7  KEM D = 2  
GO TO 1 5 0
2 1  I F  < S * S 1 >  3 1 > 1 7 ,i 3 2
31  S 2 = S  
T2 = X  
A2 =  A
GO TO 1
3 2  3 1 = 5  
T 1 = X

' A 1 = A 
GO TO 41
1 5 1  D I S P L A Y  [ ' E N D  OF S E A R C H " ]
END
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A P P E N D I X  I I I  -  AS CENT PROGRAM

H N O R M E T 3 = T * T * C T + 3 .  * 4 ) - 8 .  * C 1 - C 2
D I S P L A Y  C ' P L E A S E  T Y P E  D E L T A * ' J P P i R  * D i r  F *  S T A R T "  3 
A C C E P T  D E L T A * U P P E R *  D I P F * S T A R T  
D I S P L A Y  C ’ I T E R A T I O N  L A M B D A  T S " 3
A = 0  .
K= 1 
K S -  9  
K E N D = l  
K S S  = 2  
GO TO 2
3 A - A + D E L T A / S  
3 3  K = K + 1
2  T = S T A R T  
J  =  I
C 1 = A * A  + A
C 2 = 4 .  * C 2 « - S " ' R T C 2 .  3 )
4  5 T P O S = T
F PO S = h'NO f'iM C T 3 
1 3  T - T + D E L T A
I F  CT . GT-  U P P E R )  GO TO 1 3 3  
F N E G = H i \ O R M [ T 3
I F  C C F P O S * F N E G )  * G T .  3 . )  GO T O 2 3 3  ;
3 3  X = C T P 0 S * F N £ G - T * F P 0 5 ) / C F N E G - F ? O S )
F X = H N O  RM C X 3
I F  C F P O S * F X )  3 3  1 * 4 3 3 * 3 0 3
3 3 1  T = X
F N E G = F X
F P 0  3 = F P 0 S / 2 .
2 3  T E S T  = ABS C T -  T P O  S 3
I F  C T E S T  . L E .  D I F F )  GO TO 4 9 0
GO TO 3 0
3 0 9  T P O S = X
F P O S = F  X
F N E G = F N E G / 2 .
GO TO 2 0  
2 0 3  F P O S ^ F M E G  
T P O S = T  
GO TO 1 9
1 9 3  . I F ,  ( J  . E O .  2 )  GO TO 5 
GO T O  5  ■
4  9-3 C O N T I N U E
A S L O P E = - ( X * X / 2 .  - 4 . * A * A ) / C X * A B S E X / 2 . . + A 3 )
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S = A S L O P E
I F  CJ . £ 9 .  2 )  GO TO 5
T = X + S T A R T
J = 2
GO TO 4 5
5 CONTI NUE
I F ( K S )  2 1 > 1 5 , 2 2
2 2  S 2 = S
T 2 = X
A2 =  A
I F  C S 1 * S 2 ) 1 6 j 17  j I 3
1 3  S l = S 2  
T 1 “ T2  
A 1 = A2  
GO TO 1 5 0
16 K S = - 1  
KS S = 1
■41 I F  C A B S C A 1 - A 2 3  . LE • O I F P )  GO TO 17  
GO TO 1 5 9  
15 sr=s
T 1 = X
A 1 = A 
K S = 2
GO TO 1 5 9
1 5 9  D I S P L A Y  X ,  A,» X ,  3 
I F  CKEND . EG*  2 )  GO TO 1 5 1  
I F  ( K S S  • EG* 2 )  GO TO 3  
AT=A
A = C S 2 * A 2 - S  1*A1 +T1 - T 2 ) / C S 2 - S 1 )
I F  CABS C A T - A  I . GT.  D I F F )  GO TO 3 3  
A= C A I + A 2 ) / 2 ■
GO TO 3 3
1 7  KEND= 2  
GO TO 1 5 3
2 1  IF C S * S 1 )  3 1 j 1 7 ,  3 2
31  S 2 = S  
T 2 = X  
A 2 = A
GO TO AI
3 2  S 1 = S  
T 1=X
A 1 = A 
GO TO A 1
1 5 1  D I S P L A Y  C' END OF.  SEARCH" 3 
END 
*
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APPENDIX IV

I M P L I C I T  R E A L * 8 [ A—H , 0 - 2 )
R f c A l . * 4 0 L B ( l C U »  . T M I N f 1 0 0 )  .  YNRMA f 1 0 0  ) »Y NRME ( 1 0 0 )
H N C ) R M l T l  =  C l * T - C 2 * ( C 4 * ( l . - D E X P ( - B * T )  ) - C 3 * ( l . - 0 E X P l - A * T ) ) ) - P

999 RE AD ( 5 , 7 6 )  A I N C R  . (3 I NCR ,  D ELT A , UPP ER , D I  FF  , S T A R T , YD , PL 1
REAL) ( 5 1 7 7  ) 1 5 , J 5 , K 5 , 1 6 , J 6 , K 6 , I N T G 1

7 7 F O R M A T ( 7 1 5 )
7 8 F G R M A T ( 8 C 1 0 . 5 )  • • 

N R I T E ( 6 , 7 9 I  I 5 , J 5 , K 5 , I 6 , J 6 , K 6 , I N T G 1
W R I T E ( 6 , 7 6 )  A I  N C R , B I N C R , S T A R T , D E L T A , U P  P E R , D I F F , Y D » PL1

7 6 FORMA T ( / 5 X . 9 H A  I N C R  =  , D 1 5 . 4 . 5 X . 9HB I N C R  =  . D 1 5 . 4 , 5 X . 8 H S T A R T  =  .
2 D 1 5 . 4 , 5 X , 8 H D E L T A  = , D 1 5 . 4  / 5 X , 8 H U P P E R  =  , D l 5 . 4 , 5 X , 7 H D I F F  =  , D 1 5 . 4 ,
3 5  X » 5 H Y D  =  » D 1 5 . 4 , 5 X » 6 H P L 1  =  , D 1 5 . 4 ) -

7 9 F 0 R M A T ( / 5 X » 5 H I 5  =  , I 5 , 5 X , 5 H J 5  =  , I 5 , 5 X , 5 H K 5  =  , I 5 , 5 X , 5 H I 6  =  , 1 5 ,
2 5 X ,  5 H J 6  -  , I  5 , 5 X  » 5 H K 6  =  , I  5 , 5 X , 8 H I N T G 1 *  . 1 5 )

P = Y D / P L 1
DO 5  I - I 5 . J 5 . K 5
Ql= I
A = Q I / A I N C R
DO 6 J = 1 6 , J 6 , K6
J X = J / I N T G 1
Q J = J
B = Q J / 8 I N C R
QLB ( J X ) =B
I F  (A . E Q ,  B )  GO TG 1 3
GO TO 1 2

1 3 W R I T E 1 6 . 8 0 )  A , B
8 0 F O R M A T ( 1 H 0 , 1 ROUTS ARE EQUAL FDR A =  » , 0 1 5 . 3  ,

)L* AND B =  " , D 1 5 . 3 , • . A S T E R I S K S  ARE P R I N T E D  I N  OUT PUT  A R R A Y .  V)
GO TO I C O

12 C 1 = 1 . / ( A * 8 )
C 2 =  1 .  /  ( A— B )
C 3 = 1 . / ( A * A )
C 4 = 1 . / ( 8 * B )
C 5 =  A + B
C 6 = C 3 * ( 1 . / A )
C 7 = C 4 * ( l . / B )
C 8 = C 3 * C 4

2 T = S T  ART
T P O S = T
F P Q S = H N O R M ( T )

10 T = T + D E L T A
I F  ( T  . G T .  U P P E R )  GO TG 1 0 0
F N E G = H N O R M ( T )
I F  l ( F P O S * F N E G )  . G T .  0 . )  GO TO 2 0 0

30 X = ( T P U S * F N E G  — T # F P O  S I / I F N E G —F P Q 5 ) 
F X - H N G R M ( X 1
I F  ( F P O S * F X )  3 0 1 , 4 0 0 , 3 0 0

3 0 1 T = X
F N E G = F X
F P 0 S = F P G S / 2 .

.20 T E S T = C A B S I T —T P O S )
I F  ( T E S T  . L E .  D I F F )  GG T O 4 0 0
GO TO 3 0

300 T P O S = X
F P O S = F X
F N E G = F N E G / 2 .
GO TO 2 0

200 F P C S = F N E G
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TP0S=T
GQ TG 10____________________

100  T M I N I J X ) = - 9 9 9 9 9 9 9 9 . 9 9 9  
YIMRMA t J X ) = - 9 9 9 9 9 . 9 9 9  9 
YNRME I J X ) = - 9 9 9 9 9 . 9 9 9 9
GD TO 6_____________________

4 0 0  I M I N { J X ) =X

C WE HAVE FOUND T M I N .  —
C___________________________________________________________________

E 1 = 1 . - D E X P ( - A * X )
_________ E 2 = l . —D E X P ( - B * X 3 ______________________

E 3 = D E X P ( - 2 . * A * X )
E 4 = D E X P ( - 2 . * B * X ) ____________________________________________________________________________
E 5 = D £ X P ( —C 5 * X )

_________ Y A R E A = P L 1 » [ Q . 5 * C 1 * X * X  -  C 5 * C 3 * C 4 * X  + C 2 « t C 7 * E 2 - C 6 * E 1 )  )________________
F 1 = C 8 - X * ( C 0 * 0 5 * 0 5  + X *  ( X / 3 . - C 5 * C l ) )

_________ F 2 = 2 . * C 2 * C 8 * ! ( C 3 * E 1 —C 4 3 E 2  )_____________________________________________________________
F 3 = 0 . S * C 2 * C 2 * ( C 3 * C 6 * (  1 . - E 3 ) + C 4 * C 7 * ( 1 . - C 4 J - I  4 .  = « C 8 / C 5  ) *  ( 1 . - E 5 )  )

_________ F 4 = 2 . * C l * C 2 * t C 7 * l  l . - E 2 ) - C 6 * t  1 . - E 1 )  ) * X _________________________________________
Y E N G Y = P L 1 * D S Q R T ( F 1 + F 2 + F 3 - F 4 )

1 0 4  Y N R M A I J X ) = Y A R E A ______________________________________________________________________
1 0 9  Y N R M E (  J X )  = YEt \ GY

6  C O N T I N U E ____________________________________________
L L 1 = I 6 / I N T G 1

_________ L L  2 - J f c / 1 N T G 1 __________________________________________________________________________________
L L 3 = K 6 / I N T G 1

_________ v i R I T E t 6 « 7 )  A______________________________________________________________________________
7 F U R M A T t 1 H 1 , 6 2 X , 4 H A  = , 0 1 5 . 4 / / 4 ( 4 X , 1HB, 5 X , 4 H T M I N , 3 X , 6 H Y  A R E A, 2 X ,  

_______ 27HY E N R G Y ) / ) ________________________________________________________________________ _
W R I T E  1 6 , 4 )  ( C L B ( J X  j , T M I N ( J X ) , Y N R M A ( J X ) , Y N R M E ( J X ) , J X = L L  1 , L L 2 , L L 3 )

4  F O R M A T ( 4 ( l X » F 6 . 2 , l X t F 7 . 4 t l X » F 7 . 4 » l X » F 7 . 4 t l X ) ) ______________________________
5 C O N T I N U E

__________GQ TO 9 9 9 ______________________________________________________________________________________
END

t
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A P P E N P I X V

A = - 0 . 7 0 '

0 THI N | Y AREA Y ENRGY a TMI N Y AREA Y ENRGY

- 0 . 1 0 1 . 6 1 8 5 0 . 3 7 6 9 0 . 4 6 0 1 - 0 . 2 0 1 . 5 9 9 9 0 . 3 7 0 2 0 . 4 5 5 6
- 0 .  3 0 1 . 5 8 1 5 0 . 3 6 3 6 0 . 4 5 1 2 - 0 . 4 0 1 . 5 6 3 3 0 . 3 5 7 0 0 . 4 4 6 8oIT)•01 I . 5 4 5 2 ■ 0 . 3 5 0 6 0 . 4 4 2 4 - 0 . 6 0 1 . 5 2 7 3 . . 0 . 3 4 4 2 ,Q.  4 3  0.1 : ,
- 0 . 7 0 * * * * * * * * * * * * * * * * * * * * * 1 o » CO o 1 . 4 9 2 2 0 . 3 3 1 6 0 . 4 2 9 3oO'#01 1 . 4 7 4 9 0 . 3 2 5 5 0 . 4 2 5 0 - 1 . 0 0 I . 4 5 7 9 0 . 3  1 9 5 0 . 4 2 0 7
- 1 . 1 0 1 . 4 4 1 2 0 . 3 1 3 6 0 . 4 1 6 6 -  1 . 2 0 1 . 4 2 4 7 0 . 3 0 7 8 0 . 4 1 2 4
- 1  .  3 0 1 . 4 0 0 4 0 . 3 0 2 1 0 . 4 0 8 2

O•H1 1 . 3 9 2 3 0 . 2 9 6 6 0 . ^ 0 4 1
- 1 . 5 0 1 . 3 7 6 5 0 . 2 9  10 0 . 4 0 0 0 -  1 . 6 0 t .  3 6 1 0 0 . 2 8 5 7 0 . 3 9 6 0
- 1  . 7 0 1 . 3 4 5 7 0 . 2 8 0 5 0 . 3 9 2 0 -  1 .  8 0 1 . 3 3 0 7 0 . 2 7 5 4 0 . 3 8 8 10O

'*1 I . 3 1 6 0 0 . 2 7 0 4 0 . 3 8 4 4 1 ro 1 1 1 . 3 0 1 5 0 . 2 6 5 5 0 . 3 8 0 6
- 2 . 1 0 1 . 2 8 7 2 0 . 2 6 0 7 0 . 3 7 6 8 - 2 . 2 0 1 . 2 7 3 2 0 . 2 5 6 0 0 . 3 7 3 1
- 2 .  3 0 1 . 2 5 9 5 0 . 2 5 1 5 0 . 3 6 9 5 - 2 . 4 0 1 . 2 4  6 0 0 . 2 4 7 0 0 . 3 6 6 0
- 2 . 5 0 1 . 2 3 2 8 0 . 2 4 2 7 0 . 3 6 2 5

A = - 0 . 8 0

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

o•01 1 . 5 9 5 9 0 . 3 6 8 3 0 .  4 5 4 3 - 0 .  2 0 1 . 5 7 8 2 0 . 3 6 2 0 0 . 4 5 0  1
- 0 .  3 0 1 . 5 6 0 8 0 . 3 5 5 9 0 . 4 4 6 0 - 0 . 4 0 1 . 5 4 3 4 0 . 3 4 9 7 0 . 4 4  1 8
- 0 . 5 0 1 . 5 2 G 2 0 . 3 4 3 6 0 . 4 3 7 7 1 O . O' o 1 . 5 0 9  1 0 . 3 3 7 6 0 . 4 3 3 5

i i 1 o >1 o 1 . 4 9 2 2 0 . 3 3  1 6 0 . 4 2 9 3 - 0 . 8 0 * * * * * * * * * * * * * * * * * * * * *

oO
'•01 1 . 4 5 8 9 0 . 3 1 9 9 0 . 4 2 1  1 - 1  . 0 0 1 . 4 4 2 7 0 . 3 1 4 3 0 . 4  1 7 1

- 1  .  10 1 . 4 2 6 6 0 . 3 0 8 7 0 . 4 1 3 0

0
 

(M.—1 1 . 4 1 0 7 0 . 3 0 3 1 0 . 4 0 9 0
- l  . 3 0 1 . 3 9 5 0 0 . 2 9 7 7 0 . 4 0 5 0 - 1 . 4 0 1 . 3 7 9 5 0 . 2 9 2 3 0 . 4 0  1 0
- 1  . 5 0 1 . 3 6 4 3 0 . 2 8 7 2 0 . 3 9 7 2

O•I 1 . 3 4 9 3 0 . 2 8 2 0 0 . 3 9 3 3
- 1  . 7 0 1 . 3 3 4 5 0 . 2 7 7 0 0 . 3 8 9 4 - 1 . 8 0 1 . 3 2 0 0 0 . 2 7 2 1 0 . 3 8 5 7
- 1  . 9 0 I . 3 0 5 7 0 . 2 6 7 3 0 . 3 S 2 0 - 2 . 0 0 1 . 2 9 1 6 0 . 2 6 2 5 0 . 3 7 8 3

1 ru • o 1 . 2 7 7 7 0 . 2 5 7 9 0 . 3 7 4 7 - 2 . 2 0 I . 2 6 4 1 0 . 2 5 3 4 0 . 3 7 1 1
- 2 . 3 0 1 . 2 5 0 8 0 . 2 4 9 0 0 . 3 6 7 6 - 2 .  4 0 1 . 2 3 7 6 0 . 2 4 4 7 0 . 3 6 4 2
- 2 . 5 0 I . 2 2 4 7 0 . 2 4 0 5 0 .  3 6 0 8

WHEN A = 8 . THE ROOTS ARE EQUAL. ****** IS PRI N T E D
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A = - 0 . 9 0

B TWIN Y AREA Y ENRGY B TMI N Y AREA Y ENRGY

- 0 . 1 0
- 0 . 3 0

1 . 5 7 3 8  
1 . 5 4 0 4

0 . 3 5 9 9  
0 . 3 4 8 3

0 . 4 4 8 6  
0 . 4 4 0 8

- 0 . 2 0
- 0 . 4 0

1 . 5 5 7 0  
1 . 5 2 3 8

0 . 3 5 4  I 
0 . 3 4 2 6

0 . 4 4  4 7  
0 . 4 3 6 9

- 0 . 5 0
- 0 . 7 0

1 . 5 0 7 4  
1 . 4 7 4 9

0 . 3 3 6 8  
0 . 3 2 5 5

0 . 4 3 2 9  
0 . 4 2 5 0

- 0 . 6 0 „  
- 0 . 8 0

1 . 4 9 1 1  
1 . 4 5 8 9

0 . 3 3 1 1  
0 . 3 1 9 9

0 . 4 2 8 9
0 . 4 2 1 1

- 0 . 9 0
- 1 . 1 0

* * * * * * *  
1 . 4 1 2 0

* * * * * * *
0 . 3 0 3 8

* * * * * * *
0 . 4 0 9 5

-  1 . 0 0  
- 1 . 2 0

I . 4 2 7 5  
1 . 3 9 6 7

0 . 3 0 9 1  
0 . 2 9 8 5

0 . 4 1 3 3
0 . 4 0 5 6

- 1  . 3 0  
- 1  . 5 0

1 . 3 8 1 6
1 .  3 5 2 0

0 . 2 9 3 3  
0 . 2 8 3 2

0 . 4 0 1 7  
0 . 3 9 4 2

- 1 . 4 0
- 1 . 6 0

1 . 3 6 6 8  
1 . 3 3 7 5

0 . 2 8 8 2  
0 . 2 7 8 3

0 . 3 9 8 0  
0 . 3 9 0 5

- 1  . 7 0  
- 1 . 9 0

1 . 3 2 3 3  
1 . 2 9 5 4

0 . 2 7 3 5  
0 . 2 6 4 2

0 . 3 8 6 9
0 . 3 7 9 7

- 1 . 8 0
- 2 . 0 0

1 . 3 0 9 2  
1 . 2 3 1 7

0 . 2 . 6 8 8  
0 . 2 5 9 6

0 . 3 8 3 3  
0 . 3 7 6 1

- 2 . 1 0  
- 2 .  3 0

1 . 2 6 8 2  
1 . 2 4 2 0

0 . 2 5 5 1  
0  . 2 4 6 5

0 . 3 7 2 6  
0 . 3 6 5 7

- 2 . 2 0
- 2 . 4 0

1 . 2 5 5 0  
1 . 2 2 9 2

0 . 2 5 0 8  
0 . 2 4 2 4

0 . 3 6 9 1  
0 . 3 6 2 4

. - 2 . 5 0 1 - 2 1 5 7 . 0 . 2 3 8 3 0 . 3 5 9 0

A = - 1 . 0 0

E3 TM IN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

- 0  .  10 1 . 5 5 2 1 0 . 3 5  19 0 . 4 4 3 1 =X>. 2 0 1 . 5 3 6 2 0 . 3 4 6 4 0 . 4 3 9 4
- 0  .  3 0 1 .  5 2 0 4 0 . 3 4  10 0 . 4 3 5 7 - 0 . 4 0 1 . 5 0 4 6 0 . 3 3 5 6 0 . 4 3 2 0
- 0 . 5 0 1 . 4 8 8 9 0 . 3 3 0  1 0 . 4 2 6 2 - 0 . 6 0 1 . 4 7 3 3 0 . 3 2 4 8 0 . 4 2 4 5
- 0 . 7 0 l . 4 5 7 9 0 . 3 1 9 5 0 . 4 2 0 7 - 0 . 3 0 1 . 4 4 2 7 0 . 3 1 4 3 0 . 4  1 7 1
- 0  .  9 0 1 .  4 2 7 5 0 . 3 0 9 1 0 . 4 1 3 3 - 1  . 0 0 * * * * * * * * * * * * * * * * * * * * *
- 1 . 1 0 1 .  3 9 7 6 0 . 2 9 8 9 0 . 4 0 5 9 - 1 . 2 0 1 . 3 8 2 9 0 . 2 9 3 8 0 . 4 0 2 2
- 1 . 3 0 1 .  3 6 8 4 0 . 2 8 8 9 0 . 3 9 8 6 - 1 . 4 0 1 . 3 5 4 1 0 . 2 3 4 1 0 . 3 9 5 0
- 1 . 5 0 1 .  3 3 9 9 0 .  2 7  9.3 0 . 3 9  1 4 - 1 . 6 0 1 . 3 2 5 8 0 . 2  7 4 6 0 . 3 8 7 7

1 • O 1 . 3 1 2  1 0 . 2 7 0 0 0 . 3 8 4 3 - 1 . 8 0 1 . 2 9 8 5 0 . 2 6 5 5 0 . 3 8 0 8
- l  . 9 0 1 .  2 8 5 0 0 .  2 6  1 0 0 . 3 7 7 2 - 2 . 0 0 1 . 2 7 1 8 0 . 2 5 6 6 0 . 3 7 3 8
- 2 . 1 0 1 . 2 5 8 8 0 . 2 5 2 3 0 . 3 7 0 4 - 2 . 2 0 1 . 2 4 5 9 0 . 2 4 8 1 0 . 3 6 7 1
- 2 .  3 0 1 .  2 3 3 3 0 . 2 4 4 0 0 .  3 6 3 8 - 2 . 4 0 I . 2 2 0 8 0 . 2 4 0 0 0 . 3 6 0 5

1 ro # m
l t

1 .  2 0 8 6 0 . 2 3 6 0 0 . 3 5 7 3

WHEN A = □* THE RO O T S  ARE EQUAL. ****** IS PRINTED.



-  153 -

■ O•H1II

8 TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

- 0 .  10 1 . 5 3 1 0 0 . 3 4 4 0 0 . 4 3 7 6 - 0  . 2 0 1 . 5 1 5 8 0 . 3 3 8 9 0 . 4 3 4 2
- 0 . 3 0 1 . 5 0 0 7 0 . 3 3 3 8 0 . 4 3 0 7 - 0  .  4 0 1 . 4 8 5 7 0 . 3 2 3 7 0 . 4 2 7 1
- 0  . 5 0 1 . 4 7 0 7 0 . 3 2 3 6 0 . 4 2 3 6 - 0 . 6 0 1 . 4 5 5 9 0 . 3 1 8 6 0 .  4 2 0 0
- 0 . 7 0 1 . 4 4  12 0 . 3 1 3 6 0 . 4  1 6 6 - 0  . 8 0 1 . 4 2 6 6 0 . 3 0 8 7 0 . 4 1 3 0
- 0 . 9 0 1 . 4  1 2 0 0 . 3 0 3 8 0 . 4 0 9 5 -  1 . 0 0 t . 3 9  7 6 0 . 2 9 8 9 0 . 4 0 5 9
-  1 .  10 * *  *  * * $ * * * * * * * * * * * * * * * - 1 . 2 0 1 . 3 6 9 2 0 . 2 8 9 3 0 . 3 9 8 8
- L  . 3 0 1 . 3 5 5 2 0 . 2 8 4 6 0 . 3 9 5 3 -  1 . 4 0 1 . 3 4 1 4 0 . 2 8 0 0 0 . 3 9 1 9
- 1  . 5 0 1 . 3 2 7 7 0 . 2 7 5 4 0 . 3 8 3 4 -  1 . 6 0 1 . 3 1 4 3 0 . 2 7 0 9 0 . 3 8 5 0
- 1  . 7 0 1 . 3 0 0 9 0 . 2 6 6 5 0 . 3 3 1 6 - 1 . 8 0 1 . 2 3 7 7 0 . 2 6 2 1 0 . 3 7 8 2
- 1  . 9 0 I . 2 7 4 7 0 . 2 5 7 8 C . 3 7 4 8 - 2 . 0 0 1 . 2 6 1 9 0 . 2 5 3 6 0 . 3 7 1 5
- 2 . 1 0 1 . 2 4 9 3 0 . 2 4 9 5 0 . 3 6 8 2 - 2 .  2 0 1 . 2 3 6 8 0 . 2 4 5 5 0 . 3 6 5 0
- 2 . 3 0 1 . 2 2 4 5 0 . 2 4  15 0 . 3 6 1 8 - 2 . 4 0 1 . 2 1 2 4 0 . 2 3 7 6 0 . 3 5 8 6
- 2 . 5 0 1 . 2 0 0 5 ■ 0 . 2 3 3 8 0 . 3 5 5 5

A = - 1 . 2 0

0 TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

- 0 . 1 0  
- 0 .  3 0

1 . 5 1 0 3  
1 . 4 8 1 4

0 . 3 3 6 3  
0 .  3 2 6 7

0 . 4 3 2 3  
0 . 4 2 5 7

- 0  . 2 0  
- 0 . 4 0

1 . 4 9 5 8  
1 . 4 6 7 1

0 . 3 3 1 5  
0 . 3 2 2 0

0 . 4 2 9 0  
0 . 4 2 2 3

- 0 . 5 0  
- 0 .  7 0

I . 4 5 2 9  
1 . 4 2 4 7

0 . 3  1 7 3  
0 . 3 0 7 8

0 . 4  1 91  
0 . 4 1 2 4

- 0 . 6 0
- 0 . 8 0

1 . 4 3 0 8  
1 . 4  1 0 7

0 . 3 1 2 5  
0 . 3 0 3  1

0 . 4 1 S 7
0 . 4 0 9 0

- 0  . 9 0  
- 1 . 1 0

1 . 3 9 6 7  
1 . 3 6 9 2

0 . 2 9 3 5  
0 . 2 3 9 3

0 . 4 0 5 6  
C . 3 9 8 8

- 1  . 0 0
- 1 . 2 0

t . 3 8 2 9  
* * * * * * *

0 . 2 9 3 8  
* * * * * * *

0 . 4 0 2 2
* * * * * * *

- I  . 3 0  
- 1  .  5 0

1 . 3 4 2 2  
1 . 3 1 5 7

0 . 2 8 0 3  
0 . 2 7 1 6

0 . 3 9 2 2  
0 . 3 8 5 5

- 1 . 4 0  
- I  . 6 0

1 . 3 2 8 9  
'l . 3 0 2 7

0 . 2 7 5 9  
0 . 2 6 7 3

0 . 3 8 8 8  
0 . 3 8 2 3

- 1  . 7 0  
- 1 . 9 0

1 . 2 8 9 8  
1 . 2 6 4 5

0 . 2 6 3 0  
0 . 2 5 4 7

0 . 3 7 8 9  
0 . 3 7 2 4

- 1 . 8 0
- 2 . 0 0

1 . 2 7 7 0
1 . 2 5 2 0

0 . 2 5 8 8  
0 . 2 5 0 7

0 . 3  7 5 7  
0 . 3 6 9 2

- 2 . 1 0  
- 2 .  3 0

1 . 2 3 9 8  
1 . 2 1 5 8

0 . 2 4 6 7
0 . 2 3 9 0

0 . 3 6 6 1
0 . 3 5 9 8

- 2 . 2 0
- 2 . 4 0

1 . 2 2 7 7  
1 . 2 0 4 0

0 . 2 4 2 8  
0 . 2 3 5 2

0 . 3 6 2 9  
0 . 3 5 6 8

- 2 . 5 0 1 .  1 9 2 4 0 . 2 3 1 5 0 . 3 5 3 7

■

WHEN A= 8 »  THE ROOTS ARE EQUAL. * * * * * *  i s P RI NT E D m

I ‘ • ‘ , * ' ‘ 1 ' ■ ‘

-■
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A =  - 1 . 3 0

B TMIN Y AREA Y ENRGY B TMI N Y AREA Y ENRGY

- 0 .  10  
- 0  .  3 0

1 . 4 8 9 9  
1 . 4 6 2 6

0 . 3 2 8 9
0 . 3 1 9 9

0 . 4 2 7 0
0 . 4 2 0 8

- 0 . 2 0
- 0 . 4 0

1 . 4 7 6 3  
1 . 4 4 9 0

0 . 3 2 4 4
0 . 3 1 5 5

0 . 4 2 3 9  
0 . 4 1 7 7

- 0  .  5 0  
- 0  . 7 0

1 . 4 3 5 4  
1 . 4 0 8 4

0 . 3 1 1 0
0 . 3 0 2 1

0 . 4 1 4 6
0 . 4 0 8 2

- 0 . 6 0
- 0 . 8 0

1 . 4 2 1 9  
1 . 3 9 5 0

0 . 3 0 6 6  
0 . 2 9 7 7

0 . 4 1 1 4
0 . 4 0 5 0

- 0  . 9 0  
-  1 .  10

1 . 3 8 1 6
1 . 3 5 5 2

0 . 2 9 3 3  
0 . 2 8 4 6

0 . 4 0 1 7  
0 . 3 9 5 3

- 1  . 0 0  
- I  . 2 0

I . 3 6 8 4  
1 . 3 4 2 2

0 . 2 8 8 9  
0 . 2 8 0 3

0 . 3 9 8 6
0 . 3 9 2 2

- 1  . 3 0  
- 1  . 5 0

* * * * * * *  
1 . 3 0 3 8

* * * * * * *
0 . 2 6 7 7

* * * * * * *  
0 . 3 8 2 6

- 1 . 4 0  
-  1 . 6 0

1 . 3 1 6 5  
1 . 2 9  1 1

0 . 2 7 1 9
0 . 2 6 3 6

0 . 3 8 5 8  
0 . 3 7 9 4

- 1  .  7 0  
- 1  . 9 0

1 . 2 7 3 7  
I . 2 5  4 2

0 . 2 5 9 5  
0 . 2 5  16

0 . 3 7 6 2  
0 . 3 7 0 0

- 1 . 8 0
- 2 . 0 0

1 . 2 6 6 4  
1 . 2 4 2 2

0 . 2 5 5 5  
0 . 2 4 7 7

0 . 3 7 3 1  
0 . 3 6 6 9

- 2 . 1 0  
- 2  .  3 0

1 . 2 3 0 3  
1 . 2 0 7 0

0 . 2 4 3 9  
0 . 2 3 6 4

0 . 3 6 3 9  
0 . 3 5 7 8

- 2 . 2 0
- 2 . 4 0

1 . 2 1 8 6  
1 . 1 9  5  6

0 . 2 4 0  I 
0 . 2 3 2 8

0 . 3 6 0 8  
0 . 3 5 4 8

- 2 . 5 0 1 .  1 8 4  3 0 . 2 2 9 2 0 . 3 5 1 9

A = - 1 . 4 0

B TMIN Y AREA Y ENRGY 0 TMIN Y AREA Y ENRGY

- 0  .  10 1 .  4 7 0 1 0 . 3 2  I 7 0 . 4 2 1 8 - 0 . 2 0 1 . 4 5 7 1 0 . 3 1 7 5 0 . 4 1 8 9
- 0 . 3 0 1 . 4 4 4 1 0 . 3 1 3 3 0 . 4 1 6 1 - 0 . 4 0 1 . 4 3 1 1 0 . 3 0 9  1 0 . 4 1 3 1
- 0 . 5 0 1 . 4 1 8 2 0 . 3 0 4 9 0 . 4 1 0 1 - 0 . 6 0 t -  4 0 5 2 0 . 3 0 0 7 0 . 4 0 7 1
- 0  .  7 0 I . 3 9 2 3 0 . 2 9 6 6 C . 4 0 4 1 - 0 . 8 0 I . 3 7 9 5 0 . 2 9 2 3 0 . 4 0 1 0oO'•01 1 . 3 6 6 8 0 . 2 8 8 2 0 .  3 9 8 0 -  1 . 0 0 I . 3 5 4 1 0 . 2 8 4 1 0 . 3 9 5 0
- 1 . 1 0 1 . 3 4 1 4 0 . 2 8 0 0 0 . 3 9 1 9 - 1  . 2 0 1 . 3 2 8 9 0 . 2 7 5 9 0 . 3 8 8 8
-  1 .  3 0 1 . 3 1 6 5 0 . 2 7  19 0 . 3 8 5 8 - 1 . 4 0 * * * * *  * * * * *  * * *  * * * * * * * *
- I  . 5 0 1 . 2 9 1 0 0 . 2 6 3 9 0 . 3 7 9 6 - 1 . 6 0 I . 2 7 9  7 0 . 2 6 0 0 0 . 3 7 6 6
-  1 .  7 0 1 . 2 6 7 7 0 . 2 5 6 1 0 . 3 7 3 6 - 1 . 8 0 1 . 2 . 5 5 8 . 0 . 2 5 2 3 0 . 3 7 0 6
- 1  . 9 0 1 . 2 4 4 0 0 . 2 4 8 5 0 . 3 6 7 6 - 2 . 0 0 1 . 2 3 2 4 0 . 2 4 4 7 0 . 3 6 4 6
- 2 . 1 0 1 . 2 2 0 9 0 . 2 4  1 1 0 . 3 6 1 6 - 2 . 2 0 1 . 2 0 9 5 0 . 2 3 7 4 0 . 3 5 8 7
- 2 .  3 0 1 . 1 9 8 2 0 . 2 3 3 9 0 . 3 5 5 8 - 2 . 4 0 1 . 1 8 7 1 0 . 2  3 0  4 0 . 3 5 2 9
- 2 . 5 0 1 . 1 7 6 2 0 . 2 2 6 9 0 . 3 5 0 1

WHEN A“ G, THE R O O T S  ARE EGUAL. 4*4444 IS PRINTED.
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- A =  - 1 . 5 0

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

io 
o

 
m

 
* 

*
0 

o
1 

1

1 . 4 5 0 8  
1 . 4 2 6 0

0 . 3  1 4 7  
0 . 3 0 6 9

0 . 4 1 6 8
0 . 4 1 1 4

- 0  . 2 0  
- 0  . 4 0

I . 4 3 8 4  
1 . 4 1 3 6

0 . 3 1 C 8
0 . 3 0 2 9

0 . 4 1 4 1  
0 . 4 0 8 6

- 0 . 5 0 .  
- 0 . 7 0

1 . 4 0 1 2  
1 . 3 7 6 5

0 . 2 9 9 0  
0 . 2 9  10

0 . 4 0 5 7  
0 . 4 0 0 0

- 0 . 6 0
- 0 . 8 0

I . 3 8 8 9  
1 . 3 6 4 3

0 . 2 9 5 0  
0 . 2 8 7 2

0 . 4 0 2 9
0 . 3 9 7 2

- 0 . 9 0  
— 1 . 1 0

1 . 3 5 2 0  
1 . 3 2 7 7

0 . 2 8 3 2  
0 . 2 7 5 4

0 . 3 9 4 2  
0 . 3 8 8 4

- 1 . 0 0  
- 1  . 2 0

1 . 3 3 9 9  
1 . 3 1 5 7

0 . 2 7 9 3  
0 . 2 7 1 6

0 . 3 9 1 4  
0 . 3 8 5 5

- 1  . 3 0  
- I  . 5 0

1 . 3 0 3 0  
* * * * * * *

0 . 2 6 7 7
* * * * * * *

0 . 3 8 2 6  
* * * * * * *

- 1 . 4 0  
-  1 . 6 0

1 . 2 9 1 8  
1 . 2 6 e 3

0 . 2 6 3 9  
0 . 2 5 6 4

0 . 3 7 9 6
0 . 3 7 3 8

—H  7cr 
- 1 . 9 0

1 . 2 5 6 7  
1 . 2 3 3 9

0 . 2 5 2 7  
0 . 2 4 5 4

0 . 3 7 0 9  
0 . 3 6 5 1

-  1 .  8 0  
- 2 . 0 0

1 . 2 4 5 2  
1 . 2 2 2 6

0 . 2 4 9 0  
0 . 2 4 1 8

0 . 3 6 8 0  
0 . 3 6 2 3

- 2 . 1 0
- 2 . 3 0

1 . 2 1 1 4  
1 . 1 8 9 5

0 . 2 3 8 3
0 . 2 3 1 3

0 . 3 5 9 4  
0 . 3 5 3 8

- 2 .  2 0  
- 2 . 4 0

1 . 2 0 0 4  
1 . 1 7 8 7

0 . 2 3 4 8  
0 . 2 2 8 0

0 . 3 5 6 6
0 . 3 5 1 0

- 2 . 5 0 1 . 1 6 8  1 0 . 2 2 4 7 0 . 3 4 8 3

A = - 1 . 6 0

B TMIN Y AREA Y ENRGY B TM IN Y AREA Y ENRGY

- 0  .  1 0 1 . 4 3 1 9 0 . 3 0 7 9 0 . 4 1 1 9 - 0 . 2 0 1 . 4 2 0  1 0 . 3 0 4 3 0 . 4 0 9 3
- 0  .  3 0 1 . 4 0 8 3 0 . 3 0 0 6 0 . 4 0 6 7

o*01 1 . 3 9 6 5 0 . 2 9 6 9 0 . 4 0 4 1
- 0  . 5 0 1 . 3 8 4 6 0 . 2 9 3 1 0 . 4 0 1 4 - 0 . 6 0 1 . 3 7 2 8 0 . 2 8 9 4 0 . 3 9 8 7
- 0 .  7 0 1 . 3 6 1 0 0 . 2 8 5 7 0 . 3 9 6 0 - 0 . 8 0 1 . 3 4 9 3 0 . 2 8 2 0 0 . 3 9 3 3
- 0 .  9 0 1 . 3 3 7 5 0 . 2 7 8 3 0 . 3 9 0 5 -  1 . 0 0 1 . 3 2 5 8 0 . 2  7 4  6 0 . 3 8 7 7
- 1 . 1 0 1 . 3 1 4 3 0 . 2 7 0 9 0 . 3 8 5 0 - 1 . 2 0 I . 3 0 2 7 0 . 2 6 7 3 0 . 3 8 2 3
- 1  . 3 0 1 . 2 9 t 1 0 . 2 6 3 6 0 . 3 7 9 4 - 1 . 4 0 1 . 2 7 9 7 0 . 2 6 C 0 0 . 3  7 6 6
- 1 . 5 0 I . 2 6 8 3 0 . 2 5 6 4 0 . 3 7 3 8 - 1 . 6 0 * * * * * * * * * * * * * * * * * * * * *
- 1 . 7 0 1 . 2 4 5 9 0 . 2 4 9 2 0 . 3 6 8 2 - 1 . 8 0 1 . 2 3 4 8 0 . 2 4 5 7 0 . 3 6 5 4
- 1 . 9 0 1 . 2 2 3 7 0 . 2 4 2 3 0 . 3 6 2 7 - 2 . 0 0 1 . 2 1 2 8 0 . 2 3 8 8 0 . 3 5 9 9
- 2 . 1 0 1 . 2 0 2 0 0 . 2 3 5 4 0 . 3 5 7 2 - 2 . 2 0 1 . 1 9 1 3 0 . 2 3 2 1 0 . 3 5 4 4
- 2 .  3 0 t . 1 8 0 8 0 . 2 2 3 8 0 . 3 5 1 7 - 2 . 4 0 1 .  1 7 0 3 0 . 2 2 5 6 0 . 3 4 9 1
- 2 . 5 0 1 . 1 6 0 0 0 . 2 2 2 4 0 . 3 4 6 4

WHEN A = B ,  THF RCOTS ARE EGUAL.  * * * * * *  I S  P R I N T E D
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A =  - 1 . 7 0

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

- 0 . 1 0 1 . 4 1 3 5 0 . 3 0  1 4 0 . 4 0 7 1 - 0 . 2 0 1 . 4 0 2 2 0 . 2 9 7 9 0 . 4 0 4 7
- 0 .  3 0 1 . 3 9 0 9 0 . 2 9 4 5 0 . 4 0 2 2 - 0  . 4 0 I . 3 7 9 6 0 . 2 9 0 9 0 . 3 9 9 7
- 0 . 5 0 1 . 3 6 3 3 0 . 2 8 7 5 0 . 3 9 7 2 - 0 . 6 0  - I . 3 5 7 0 0 . 2 8 4 0 0 . 3 9 4 6  .
- 0 . 7 0 1 . 3 4 5 7 0 . 2 8 0 5 0 . 3 9 2 0 - 0 .  0 0 1 . 3 3 4 5 0 . 2 7 7 0 0 . 3 8 9 4
- 0 . 9 0 1 . 3 2 3 3 0 . 2 7 3 5 0 . 3 8 6 9 - 1 . 0 0 1 . 3 1 2 1 0 . 2 7 0 0 0 . 3 8 4 3
- 1  .  1 0 I . 3 0 0 9 0 . 2 6 6 5 0 . 3 8 1 6 - 1  . 2 0 1 . 2 8 9 8 0 . 2 6 3 0 0 . 3 7 8 9
- 1  .  3 0 1 . 2 7 3 7 0 . 2 5 9 5 0 . 3 7 6 2 - 1  . 4 0 1 . 2 6 7 7 0 . 2 5 6 1 0 . 3 7 3 6
- t  .  5 0 1 . 2 5 6 7 0 . 2 5 2 7 0 . 3 7 0 9 - 1 . 6 0 1 . 2 4  5 9 0 . 2 4 9 2 0 . 3 6 8 2
- 1  . 7 0 * * * * * * * * * * * * * * * * *  * * * * - 1  . 8 0 I . 2 2 4 3 0 . 2 4 2 5 0 . 3 6 2 9
- 1  .  9 0 1 . 2 1 3 7 0 . 2 3 9 2 0 . 3 6 0 2 1 ro • o o 1 . 2 0 3 1 0 . 2 3 5 9 0 . 3 5 7 5
- 2 . 1 0 1 .  1 9 2 7 0 . 2 3 2 6 0 . 3 5 4 9 - 2 . 2 0 1 . 1 8 2 3 0 . 2 2 9 4 0 . 3 5 2 3
- 2 . 3 0 1 .  1 7 2 1 0 . 2 2 6 3 0 . 3 4 9 7 - 2 . 4 0 1 . 1 6  1 9 0 . 2 2 3  1 0 . 3 4 7 1

1 N * tA o 1 . 1 5 1 3 ■ 0 . 2 2 0 0 0 . 3 4 4 5

A = - 1 . 8 0

B TMIN Y AREA Y ENRGY 0 TM I N Y AREA Y ENRGY

- 0  .  1 0 1 .  3 9 5 4 0 . 2 9 5 0 0 . 4 0 2 4 - 0  .  2 0 1 . 3 3 4 6 0 . 2 9 1 7 0 . 4 0 0 0
- 0  . 3 0 1 .  3 7 3 9 0 . 2 8 8 5 0 .  3 9 7 7 - 0 . 4 0 1 . 3 6 3 1 0 . 2 0 5 3 0 . 3 9 5 4
- 0 . 5 0 1 .  3 5 2 3 0 . 2 8 2 0 0 . 3 9 3 0 - 0 . 6 0 I . 3 4 1 6 0 . 2 7 8 7 0 . 3 9 0 6
- 0 . 7 0 1 .  3 3 0  7 0 . 2 7 5 4 0 . 3 8 8 1 - 0 . 8 0 1 . 3 2 0 0 0 . 2 7 2 1 0 . 3 8 5 7
- 0  .  9 0 1 .  3 0 9 2 0 . 2 6 3 8 0 . 3 8 3 3 -  1 . 0 0 1 . 2 9 8 5 0 . 2 6 5 5 0 . 3 8 0 8
- I  .  1 0 1 .  2 8 7 7 0 . 2 6 2 1 0 . 3 7 8 2 -  1 . 2 0 1 . 2 7 7 0 0 . 2 5 8 8 0 . 3 7 5 7
- 1 . 3 0 1 . 2 6 6 4 0 . 2 5 5 5 0 . 3 7 3 1 - 1 . 4 0 I . 2 5 5 8 0 . 2 5 2 3 0 . 3 7 0 6
- I  . 5 0 1 . 2 4  5 2 0 . 2 4 9 0 0 . 3 6 8 0 - 1 . 6 0 1 . 2 3 4 8 0 . 2 4 5 7 0 . 3 6 5 4
-  1 . 7 0 t .  2 2 4 3 0 . 2 4 2 5 0 . 3 6 2 9 - 1  . 8 0 * * * * * * * * * * * * *  * * * * * * * *
- 1 . 9 0 1 . 2 0 3 7 0 . 2 3 6 1 0 . 3 5 7 7 - 2 . 0 0 1 .  1 9 3 5 0 . 2 3 3 0 0 . 3 5 5 2
- 2 . 1 0 I .  1 8 3  3 0 . 2 2 9 9 0 . 3 5 2 6 - 2 . 2 0 I . 1 7 3 4 0 . 2 2 6 8 0 . 3 5 0 2
- 2 . 3 0 1 .  1 6 3 4 0 . 2 2 3 7 0 . 3 4 7 6 - 2 .  4 0 1 . 1 5  3 5 0 . 2 2 0 7 0 . 3 4 5 1
- 2 . 5 0 1 .  1 4 3 7 0 . 2 1 7 7 0 . 3 4 2 6

WHEN A = B ,  THE ROOTS ARE E QUAL.  * * * * * *  I S  P R I N T E D .
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A = - 1 . 9 0

B TMIN Y AREA Y ENRGY a TMIN Y AREA Y ENRGY

- 0 . 1 0  
- 0 .  3 0

1 -  3 7 7 7  
1 . 3 5  7 2

0 . 2  8  8 7  
0 . 2 8 2 7

0 . 3 9 7 7  
0 . 3 9 3  3

- 0  . 2 0  
- 0 . 4 0

1 . 3 6 7 5  
1 . 3 4 6 9

0 . 2 8 5 7  
0 . 2 7 9 6

0 . 3 9 5 5  
0 . 3 9  1 1

- 0 . 5 0
- 0 . 7 0

1-* 3 3 6 6  
1 . 3 1 6 0

0 . 2 7 6 G  
0 .  2 7  0 4

0 . 3 8 8 9  
0 . 3  3 4  4

- 0 . 6 0
- 0 . 8 0

. 1 . . 3 2 6 3  
1 . 3 0 5 7

0 . ' 2 7 3 5 ; 
0 . 2 6 7 3

0 . 3 . 8 6 6
0 . 3 8 2 0

- 0 . 9 0
- 1 . 1 0

I . 2 9 5 4  
I . 2 7 4 7

0 . 2 6 4 2  
0 . 2 5 7 8

0 . 3 7 9 7  
0 . 3 7 4 8

- 1 . 0 0
- 1 . 2 0

1 . 2 8 5 0  
1 . 2 6 4 5

0 . 2 6 1 0  
0 . 2 5 4 7

0 . 3 7 7 2
0 . 3 7 2 4

- I  . 3 0
- 1  . 5 0

1 . 2 5 4 2  
I . 2 3 3 9

0 . 2 5  16  
0 . 2 4 5 4

0 . 3 7 0 0  
0 . 3 6 5 1

- 1 . 4 0
- 1 . 6 0

1 . 2 4 4 0  
1 . 2 2 3 7

0 . 2 4 8 5
0 . 2 4 2 3

0 . 3 6 7 6
0 . 3 6 2 7

- 1  . 7 0  
- 1  . 9 0

I . 2 1 3 7
* * $ 4 $ « *

0 . 2 3 9 2 0 . 3 6 0 2  
$ $ + * $ 4 £

- 1 . 8 0
- 2 . 0 0

1 . 2 0 3 7  
1 .  1 R 3 9

0 . 2 3 6 1  
0 . 2 3 0  1

0 . 3 5 7 7
0 . 3 5 2 8

- 2 . 1 0
- 2 .  3 0

1 .  1 7 4  I
1 .  1 5 4 7

0 . 2 2 7 1  
0 . 2 2  12

0 . 3 5 0 4  
0 . 3 4 5 5

- 2 . 2 0
- 2 . 4 0

1 . 1 6 4 4
1 . 1 4 5 1

0 . 2 2 4 1  
0 . 2 1 8 3

0 . 3 4 8 0  
0 . 3 4 3 1

- 2 . 5 0 1 . 1 3 5 6 0 . 2 1 5 4 0 . 3 4 0 6

A =  - 2 . 0 0 .

B TMIN Y AREA Y ENRGY B TMIN Y AREA Y ENRGY

1 O • ° 1 . 3 6 0 6 0 . 2 8 2 9 0 . 3 9 3 2 - 0 . 2 0 1 . 3 5 0 8 0 . 2 8 0 0 0 . 3 9 1 2
- 0 .  3 0 1 . 3 4  10 0 . 2 7 7 1 0 . 3 3 9  1 1 o • O 1 . 3 3 1 1 0 . 2 7 4 2 0 . 3 8 7 0
- 0 . 5 0 1 . 3 2 1 3 0 . 2 7  14 0 . 3 8 4 9 - 0 . 6 0 1 . 3 1 1 4 0 . 2 6 8 4 0 . 3 8 2 8

i
o: 
M

 • i
O!11 1 . 3 0 1 5 0 . 2 6 5 5 0 . 3 8 0 6 1 o . CO o I . 2 9 1 6 0 . 2 6 2 5 0 .  3 7 8 3

- 0 . 9 0 1 . 2 8  17 0 . 2 5 9 6 0 . 3 7 6  t - 1 . 0 0 1 . 2 7 1 8 0 . 2 5 6 6 0 . 3 7 3 8
- 1 . 1 0 1 . 2 6 1  9 0 . 2 5 3 6 0 . 3 7 1 5 - 1  . 2 0 1 . 2 5 2 0 0 . 2 5 0 7 0 . 3 6 9 2
- 1 . 3 0 I . 2 4 2 2 0 . 2 4 7 7 0 . 3 6 6 9 - 1 . 4 0 1 . 2 3 2 4 0 . 2 4 4 7 0 . 3 6 4 6
- 1  . 5 0 1 . 2 2 2 6 0 . 2 4  18 0 . 3 6 2 3 - 1 . 6 0 1 . 2 1 2 8 0 . 2 3 e 8 0 . 3 5 9 9
- 1  . 7 0 I . 2 0 3  I 0 . 2 3 5 9 0 . 3 5 7 5 - 1 . 8 0 1 . 1 9 3 5 . 0 . 2 3 3 0 0 . 3 5 5 2
- 1 . 9 0 1 . 1 8 3 9 0 . 2 3 0 1 0 . 3 5 2 8 - 2 . 0 0 4  4 $  * 4 *  * $ $ * 4 *  # $
- 2 .  10 1 .  1 6 4 9 0 . 2 2 4 3 0 . 3 4 8 2 - 2 . 2 0 I . 1 5 5 4 0 . 2 2 1 5 0 . 3 4 5 8
- 2 . 3 0 I .  1 4 6 1 0 . 2 1 8 7 0 . 3 4 3 4 - 2 . 4 0 1 . 1 3 6 8 0 . 2 1 5 9 0 . 3 4 1 1
- 2 . 5 0 1 .  1 2 7 5 0 . 2 1 3 0 0 . 3 3 8 7

WHEN A = B * THE R O O T S  ARE EQUAL. ****$♦ IS PRINTED



APPENDIX _VI_

_ T H  I S  PROGRAM .W I LL. . . F  I N D _  T H E  JT. I ME , ARE A .. AND E N E R G Y  . C p „ 8 C T H  . O U T P U T S ________
AND ALSO T H E  T I M E  AND V A L U E  OF T H E M AX I M UM  V A L U E  GF EACH C U T P U T
A L L .  AS A F U N C T  I O N .  OF.„A__AND. . .B. .__________________________________________  ___________________

D I M E N S I O N  Q L B t I C O ) , T H ( I C O ) , A L A M B D ( 1 0 0 ) ,  A Y l X I ( 1 5 0 0 ) , A Y 2 X 1 1 1 5 0 0 ) ,
„ I Y I N R M A ( 1 0 0 >  , . Y 2 N R M A , 1 1 0 0  ) , Y 1 N R M E (  I C O )  , Y 2 N R M E {  1 0 0 ) , Y 1 H A G ( I C O ) , ____ ,______

2 Y 2 M A G ( I C O ) , T Y 1 K A G ( 1 0 0 ) , T Y 2 M A G [ I C O ) , S G N [ 5 C ) , T Z E R O { 5 0 ) , D E L Y 2 ( 5 0 )  .
 CCMMGN R 1 . R 2 » C » A 1 , A 2 ,  A 3 , A 4 ,  WD ,  A 5 ,  A 6 ,  A7 ,  A.8________________________________ _______

5 5 9  R E A O ( 5 * 7 8 )  I N T G l , I N T G 2 , J B , 1 5 , J 5 , K 5 , 1 6 , K 6 , J 6 A L T , JSWTCH
R E A C ( 5 , 7 7 ) D E L T A T , C G N S L 1 , U P P E R , E P S L C N » E P S 1 , D I F F , A  I N C R ,  B I  N C R ,  C l  AREA, .  

1 C 2 A R E A , C 1 E N G Y , C 2 E N G Y , C 1 H A G , C 2 M A G  ~
„_77„.FGRM  A TT. e F_10 , i . ) _______________________ __________________________________________________ _________

7 8  F O R M A T t 1 0 1 5 )
 P R I N T  7 9 , D E L . _ T A T , C 0 N S L l t U P P E R , E P S L C N f E P S 1 , D I F F , A  I N C R , B I  N C R , C l A R E A ,

I C 2 A R E A , C 1 E N G Y , C 2 E N G Y , C 1 M A G , C 2 M A G
 P R I N T  . 7 6 , I N T G 1 , I N T G 2 , J B , 1 5 , J 5 , K 5 » I 6 , K 6 , J 6 A L T , J S W T C H  _______________

79’  FORM AT I I H 1 » 4 X , 6 H D E L T A T  , 3 X , 6 H C C N S L 1 » 4 X , 5 H U P P E R , 3 X , 6 H E P S L C N , 4 X »  
J . A H E P S 1 , 5 X , 4 H D I F F , 5 X , . 5 H A I N C R , 4 X , 5 H B I N C R , 3 X  , 6 H C l . A R E A ,  3 X ,  6 H C 2  AR EA , .3 X  ,  
2 6 H C l E N G Y , 3 X » 6 H C 2 E N G Y , A X , 5 H C l M A G , A X , 5 H C 2 M A G / 3 X , F 8 . A t l X * 2 ( F 8 . 3 , l X ) ,
3 3  ( F 8 . A ,  I X ) » 8  ( F . 8 * 3  > I X . )  )____ ____ _______________ _____________ _____________ ___ _____ _________

7 6  F O R M A T ( / / 5 X , 5 H I N T G 1 , 5 X , 5 H I N T G 2 , 5 X , 2 H J B , 5 X , 2 H 1 5 , 5 X , 2 H J 5 , 5 X , 2 H K 5 ,
 1 5 X , 2 H I 6 , 5 X , 2 H K 6 , 5 X , 5 K J 6 A L T , 5 X , 6 H J S W T C H / 2 1 5 X , I 5 )  , 6 ( 2 X , I 5 > , ........... .........

2 5 X , I  5 , 5 X , I  5 )
P R I N T  9 9 8  ________________________________________________ ______ ___ _______  _____________________

9 9 8  F O R M A T ( / A A H  D E L T A T  S E T S  H I N  S I M P S C N S  R ULE  I N T E G R A T I  O N . / I X ,
1 3 2 H C 0 N S L 1 I S  L I .  { . I N P U T  C O N S T R A I N T ) . /_ .  5CH U P P E R  SETS L I M I T  ON T I N ... 
2 S E A R C H  FOR T AND L A M B D A . / 6 8 H  E P S L G N  I S  L A R G E S T  VAL UE C F  G1 WH I C H  W 
3 1 L L  ST OP S E A RC H  FOR T ,  L A M B D A . /  1 1 7 H  E P S 1  I S  L A R G E S T  V A L U E  CF T H E . .  
^ D I F F E R E N C E  BETWEEN P R E S E N T  AND P R E V I O U S  V A L U E S  OF BCTH T ANC LAMBQ  
5A W H I C H  S T O P S  S E A R C H . / I X , 1 2 1 H D I F F  I S . T h E  LARGEST .  D I F F E R E N C E  BETWEE  
6 N P R E S E N T  AND P R E V I O U S  V A L U E  CF T  WH I C H  W I L L  S A T I S F Y  T E R M I N A L  CCNS  

_ 7 T R A I N T  I N  T E G R A T.10 N /  5 6 H_ A I N C R  AND B IN.CR_. HELP.. S E T  RANGE AND I N C R E M E N  
~8T ~CN A AND B>

 P R I N  T__9 9 7   ______________________________        _ ................... .
9 9 7  FORMAT  1 7 7 H  I F  Y1  A RE A A N D / O R  Y2  A REA ARE L E S S  THAN C 1 A R E A  AND C 2 A R  

l E A t W E  _PR I N X  AST ER IS K . S / .5 9 H .  SAME_  FOR Y1 ^ E N E R G Y .  A N D . . Y 2  E N E R G Y  W . R . T . ,  
2 C 1 E N G Y  AND C 2 E N G V . / 7 C H  SAME FOR Y l  MAX AND Y 2  MAX W . R . T .  C I M A G  AND  
3 C2MAG ( O N L Y „ G R E A T E R  T H A N ) / 6 1 H  I N T G 1 , I N T G 2  P E R M I T  I X  ANC J X  TC STA  
ART AT I l W . R . T .  15  AND I 6 ) / 3 A H  I F  JB =  2 , J 6 = I ( S Y M M E T R Y  FOR A , B ) . /  7  
5 7 H  J S WT C H  = 1__F0R R E A L  ROOTS I N  I M P U L S E  R E S P O N S E S .  _ AN *  O T H E R  I N T E G E R  
6 FCR C O M P L E X . )

_ 1 6 6 =_16 / I  N TG 2 _________________
K 6 6 = K 6 / I N T G 2
HA = D E L T A T _ _ __________________
C C N S T = 1 . / C O N S L l

_DC 5 _ I  =  1 5 ,  J 5 , K 5 _________
I X  = I / I N  T G 1

 c i = i______________________ _
A=G I  /A . IN C R

_ I F  I JB  . .E Q  .  _ 2 )_  GO T 0  8 9  
J 6 = J 6 A L T

JGC TC _8_A._______________________
8 9  J 6 = I
8 A DO 6  J = 1 6 , J 6 , K 6  

J X = J / I N T G 2



n
o

n
-.I-15SL =■'

C J = J
 8 = G J A B I N C R _____________________________________________________________________________________

G L B ( J X ) = B
 C IS C R M .=  B * B / 4 ,  + A_____________________________________________________________________________

I F  ( J S W T C H  . E Q .  1 )  GO TO 8 6
„ 8  5 . . . I  F _  ( C I S C R N L . . GE .__0 . . ) _ G C _ „ T O „ 6 _________________________________________________________

W C = S Q R T ( - D I S C R H )

S E T J S W T C H  TO" ’f ~ F 0 R  R E A L ” RO O T S  AND ANY C T H E R  I N T E G E R  F C R  C C J 'P L E X  

A5 = B /2 ~ .  -
_  ■ ___________ A 6 = A  5 / W C ____________________________________   :_________________________________ _______________

A 7 = - 2 . / A
_ ___________ A8  =  1 . / W C ____________________________ ;____________________________________________________ :_______

GC TO 8 7
_   8 6  I F  ( D I S C R M  . L E .  0 . ) . .  GO. T O. .6 _____________________________________ _______________ __________________

R l = B / 2 . + S Q R T ( D l S C R M >
_________ R 2 = B - R i _____________________________________________________________________________________

C = R 1 - R 2
  A 1 = 2 . / A _________________________________________________ ________________________ _________ _ ___

A 2 = R 2 / D
 _ A 3 * R l / R 2 ________________________________________________________________   -....... .....

A 4 = A 1 / 2 .
 a j  . k s s = i _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ l_ _ _ _ _ _ _ _ _ __ ____ ___

E A = - 0 . 0 5  

K S =  I

t a = o .

KUP = 0

“
. 4 9 7  N E C N T  = 0 ____________________________________________________________________________ ______ ______

4 9 8  Z Z = 0 . C O C O  1
_ _  H Z R T S T f . 1 _________________________________________________________ _________________________ _____

L Z  = 1
 __499 Z N E G = Z Z _____________________________________________________________________________ __ _________

H Z N E G  = H t Z Z , E )
5 0 0  Z Z = Z Z + 0 . 1 _____________________________________________________________________________________

I F  ( Z Z  . G T .  U P P E R )  GC TO 5 5 0
 H Z P G S = H ( Z Z  » E J ______________________________________________________________________________

I F  ( H Z P C S « H Z N E G ) 5 0 1 * 5 1 1 , 5 0 2
5 0 2  H Z N E G = H Z P 0 S _ ___________________________________________________ _________ ___________

ZNEG = ZZ
GG TO 5 0 0 _______ ____ ______________________________ __________________________________________

5 5 0  I F  ( M Z R T S T  . E Q .  2 )  GO TO 5 2 0
__________ E = ( E  +  E A U 2 . ______________________ ____________________________________________________________

I F  ( N E C N T  . G T .  5 0 )  GO TO 5 6 0
_________ N E C N T = N E C N T + 1 ____________________________________________________________________

GC TO 4 5 8
__ 5 6 0  P R I N T  5 fc 1 t U P P E R  , A , 0 _____  ___ 1_______________________________ ____ ________ _____ __

5 6 1  F C R M A T ( / / 5 X , 2 9 H K ( T , E )  HAS NO Z ERO F OR T . L E . , F 1 0 . 6 , 8 H  AND A = ,
 _____ 1 F 1 0 . 6 , 8 H A N D _ B _ r  ,  F 1 0 . 6 )   _______________________________________________________________

GC T O 6



5 0 1  Z P O S = Z Z
5 0 3 . _ Z X = ( Z N E G * H Z P 0 S - Z P 0 S . * H Z N E G . ) / . I H Z P _ 0 . S - H Z N E G . ) ____

H Z X = H ( Z X  « E )
 I F . .  .I H Z X * H Z N E G . )  5 0 4  ,  5 1 0  , 5 0 . 5 ___________________________
5 0 5  Z N E G = Z X
 H ZN E G  = H.ZX______________________________________________________

H Z P O S = H Z P O S / 2 .
 GC TO . 5 0 6 ______________________________________________________

5 0 4  Z P G S = Z X
HZ PG S = H  Z X ____________________ _________________________________
H Z N E G = H Z N E G / 2 .

5 0 6 . .  . I  F ( A B S (. ZP.Q.S.-.ZNEG.) •  L E DF ZR 0_).„G0. . 1 0  „ 5 1 0  ...
GO TO 5 0 3

5 1 1  Z X = Z Z  ;______ ________________________________________________
5 1 0  L Z = L Z + 1
 M Z R T S T = 2 ________________________________________________________

T Z E R O ( L Z ) = Z X
 Z X l  = Z X - iO . .» O F _ Z R O ___________________________________________

P L Z = L Z - 1
5 1 5  I F  ( H ( Z X 1 , E ) ) .  5 1 2 , 5 1 3 , 5 1 4 ____________________________
5 1 2  S G N ( M L Z  J——1 *
„  . . . . .GO TO 5 1 6 _____________________________________________ ___
5 1 3  Z X 1 = Z X 1 + C F Z R 0
 GC T 0 _ 5 .1 5 ______________________________________________________
5 1 4  SGN ( M L Z ) =  1 •
. 5 1 6  Z Z = Z X + 0 . 0 1 ____________________________________________________

GC TO 4 5 9
5 2 0  _T  Z E R O !  1 ) = 0  • ______________________________________________  _

T Z E R G t L Z + 1 ) = U P P E R  
. _  I  F .. ( H ( U P P E R , £ ) L . 5 2 . 1 , 5 2  1 ,  5.2.3________________________

5 2 1  S G N ( L Z ) = - 1 .
.GC TO „ 5 2 4 _______________________________________ _____________

5 2 3  S G N I L Z ) =  1 .
5 2 4  L C Z M A X = L Z - 1 _______________________________;_____________

DC 5 3 0  L D Z = 1 , L D Z M A X
LC Z Z =  L D  Z _________________________________________________
T Z 1 = T Z E R O ( L O Z )
T Z 2 = T Z E R 0  ( L D Z +  1 ) ___ ___________ ____________ ______________
M A X Z = t ( T Z 2 - T Z 1 ) / ( 2 . * H A )  + 0 . 5 )
MAXZ I = M A X Z / 2  __________ _ _ _  _________________
I F  [ ( M A X Z - 2 * M A X Z l > . E Q .  0 )  GO TO 5 5 1
M A X Z = M A X Z + 1 __________________________________________________

5 5 1  QN A XZ  = MAX~Z
_ _ D E L Y 2 ( L C Z ) _ = ( J Z 2 ^ T Z l i / ( 2 , . » Q P A X Z J ______________

5 3 0  C O N T I N U E
  D E L Y ;2JL L C .Z Z+1 >=_DELY2J_LDZZ ) ____________________________
5 8 8  A R E A = 0 .
 KK= 1    :______________ __________

G i  3 = G ( 0  •  )
 T 3 = 0 _ ._____________________________________________________________

KP Z = 0
5 3  5 J < P Z - K P Z  + 1_______________________________ ’______________________

D E L K P Z = C E L Y 2 ( K P Z )
 T U P K P Z = T Z E R 0 J K P Z + 1 )  + D E L K P Z / 4 .  '_________________

S GN D L Z = S G N ( K P Z ) *  0  E LK P Z / 3 •



-  161 -

6 6  T 1 = T 3
: __________T 2 =  T. 1 +  0  E L KP Z____________________________________________________________________________ ______ ________

T 3 = T 2 + D E L K P Z
  ■ ___________I F .  IT 2 ,_ . .G .T ._ _ T U P K P Z )  GG__T.0_ .5 4 9 .______________________________________________________________

G 1 1 = G 1 3
___________ G 1 2 = ,4 . .  «G {.T2.1____________________________________________________________________________________________

G 1 3 = G ( T 3 )
___________ AR EA =  AR.EA.+ t G 1 1 + G 1 2 * G  13. )_* S G N D L Z _____________________ _ _ ____________________________ • ___ ___

C
_ ___ _____________ I F  ( K K  . . E C . _  1 ) .  GO.  J O ,  1 5 2 9 ______________________________________________________________________

G P O S = A R E A
 ________________ I  F.._(.AB S ( G P O S )  • L E • 1 . 0 _ . E —2.0 )_ G.G_ T.0_. 1.5.5.1__________________ ___ _________ _____  _______

I F  ( G P O S * G N E G )  5 0 , 1 5 5 1 , 1 5 5 2

G N E G = A R E A
___________ G C _ . T G _ . 6 6 ___________________________     ________ ___________

5 4 9  I F  ( T 2  . G T .  U P P E R )  GQ TG 5 4 7
__________ _T3~..T .3 -2  . * C . E L K P Z    ________________

GC TO 5 3 5  ...     .
 5 4 7 .  KUP.= KUP + 1 _________________________________________________________ ________ _ _____ _____ _______________

I F  ( K U P  . G T .  1 0 )  GO TO 5 4 6
  ____ . .___ E = E ~ 0  . 2 5 ..................................... .......................................... ...... ................................... .......................................................................

GO T G 4 9 7
_  _ 5 .46  P R IN T . .  5 4 8 , U P P E R  ,  A , B _________________________________________ ____ __________ _____ _________ ______

5 4 8  F O R M A T  I / / 5 X , 2 0 H W E  HAVE E X C E E D E D  T = , F 1 C . 6 , 2 5 H  I N  M A K I N G  GX =  0  FOR
_________________ 1 A =  F 1 0  . 6 ,  8 H  _AND B=  , F 1 0  .  6 /4 .9 H . . WE P R IN T .. .  A S T E R I S K S  I N  T - M I N  AND - 9 9 9  ...

2 .  E L S E W H E R E .  )
  ____________T F ( J X )  = - 9 5 9 9 9 9 9 . . 9 9 9 9 _________ _̂________________________________________    _ . _______ _______ _______ _______

A L A M B D t J X ) = - 9 9 9 .
. .................. Y l N R M A t  J X ) = - 9 9 9 . ______________________   „ ___ ____ __ ...______________ __________ ____

Y 2 N R M A ( J X ) = - 9 9 9 .
  _ Y 1 N R K E (  J X ) = - 9 9 9 . _________________________  _____________________ _ _. . . .      _ ................. .........

Y 2 N R M E [ J X ) - - 9 9 9 .
. .  . Y 1 M A G  I J X  ) = r _ 9 9 9 . ______________________________________    , ______________________________

Y 2 M A G t J X ) = - 9 9 9 .
_________T Y 1 M A G I  J X ) = - 9 9 9 . __________________________________________________________________ ___________________

T Y 2 M A G I J X ) = - 9 9 9 .
  go..to_a ____________________       - _____ ________

c
.  1 5 5 2  GNEG =  G P C S ______________ j_____________________________________________________ ___ ______________________

GG T O 6 6
„  .. 5 0 .  G.T:1»GNEG_______________________________________ _____ ________________________ ______________ ____________

G X l ^ G l l
  S G N G X 1 = S G N ( K P Z ) _________________________________________________________ _______________ __________

5 1  Z 1 = ( T 1 » G P 0 S - T 3 * G T 1 ) / { G P C S - G T 1 )
________  H l  = ( Z l - T l ) / 2 . . _________________________ ._______________________________________ _______________________

G Z l - G I Z l )
 _  G H 1  =  G (  ( H l  + T l )  ).____________________j ________________ :_________________________________________

I F  t H ( IHi 1 + T 1 J » E ) )  6 1 0 , 6 1 1 , 6 1 2
.. 6 1 0  S G N G X 2 = - 1 . _________________________________:__________________________ :______

GC T O 6 1 3
6 1 1  SGNG X 2 -  S G N G X . l ._______________________ !_____ ____________________________________ ____________ ________

GC T O 6 1 3
  6 1 2 . . S G N G X 2 = 1 _ . ________________________________________________________________________________________________

6 1 3  G X 2 = 4 . * G H 1 * S G N G X 2
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I F  ( H ( Z 1 » E > )  6 2 0 , 6 2 1 , 6 2 2
. 6 2 0 _ S G N G X 3 . ^ - 1 . _________________________________________

GO T O  6 2 3
. 621... S G N G X 3 = S G N G X 2 ____________________________________

GC TO 6 2 3
6 2 2  S G N G X 3 = 1 . __________________________________________
6 2 3  G X 3 = G Z 1 » S G N G X 3  '

 GX =G N E G + ( H 1 / 3 •  } * ( G X 1  +  GX 2 + G X 3 ) . ____ =____
I F  ( G N E G * G X ) 9 0  * A 0 2 , 9 1

9 0  T 3 = 2 1 _________________________________________________
G P O S = G X

 GT l = G T l / 2  •_______________________________________ _
GC TO 5 2

. 9 1  T 1 =  Z 1 _______[___________________________   _ _ ___
G N E G = G X

  GT 1 =  GX_______________________________________________
G P 0 S = G P C S / 2 •

  S G N G X 1 = 5GNGX_3___________________________________
G X l = G X 3

. 5 2  T E S T = A B S ( T 1 - T 3 )   ________
I F  { T E S T  . L E .  D I F F )  GG TO A 0 1
GO T O  5 1 ____________________ _______________________

AO 1 I F  ( A B S ( G X )  . L E .  E P S 1 )  GO TO A 0 2
 GC_._TD._51____________________________________________
1 5 5 1  T 1 = T 3

GC TO 1 A 0 3 ____________________ ___________________
A 0 2  T 1 = Z 1

P A R T I A L  K - N O R M . W . R . T .  L A M B D A _ I S  _ Z E R O .
S T A R T  K - N C R M = 1 / L 1

1 A 0 3 .  L = 1  ________ ___ _____________ __________
N Z I L C H  = 1
C F H Z R O  = C I F F / 2 . __________   _ _ _ _________________
Y = 0 . 0 0 1

_  I F  ( H  ( Y , E  ) )  _ 3 9 9 _ ,  3 9 0 , 3 5  9 _____________________
3 9 0  P R I N T  3 6 9 ,  Y
3 8 9  F O R M A T ( / / 5 X , 1 5 H K  HAS A ZERO A T , F 1 0 . 6 )  

Y = Y + 0 . 0 0 1
T 1 A = T  l  + H A / 2  * _______________________________________

3 5 9  Y N E G = Y
„ H N E G = H I Y , E ) ______________________________

AOO Y = Y + 0 . 1
I F  ( Y  ,_G T . T  1A )_  GO _ T 0  A 7 6 ___________________

A 7 8  H P O S = H t Y , E )
_ I F _ { H N E G * H P O S )  ^ A 6 1 , A 7 1 , A 6 2 ____ ,____________

A 7 6  Y = T 1 - 1 0 . * D F H Z R O
_______ N Z I L C H  _ = 2 _____________________   :_______________

GC TO A 7 8
 A 6 2  H N E G = H P G S  ______________________________________

I F  ( N Z I L C H  . E Q .  2 )  GO TO A 2 0
.  „ Y N E G = Y _________________________________1 _ ____________

GC TO AOO
 A 6 1 Y P O S = Y  _ _ ________ ■    _ ___________ ____

A 0 3  Y X = ( Y N E G * H P O S - Y P O S » H N E G ) / ( H P O S ~ H N E G )



- J .6 3  -

H X = H I Y X  » E )
__________I,F__ t .H X * F N E G  ) _ 4 0 4  , 4  1 0  , . 4 0 5 ______________ _____________

4 0 5  Y N E G = Y X
 ; HN E G = H X _______________________________________________________

H P O S = H P G S / 2 .
___________GC._.TO.„4.C6______________________________________________

4 0 4  Y P O S = Y X
___________ HP GS = H X _________ ;_________________________ :________ ___________

H N E G = H N E G / 2 •
 .4 0 6  I F  _ ( A B S l Y P O S r Y N E G )  . L T  .  . DFH ZRO )__.GO _T0__ 4 1 0

GC T C 4 0 3
 4  7 1 _ Y X  = Y _______________________________________ _____ _______________

4 1 0  L = L + I
__________ T Z E R O ( L ) = Y X ______________ __________________________________

Y X 1 = Y X ~ 1 0 . * D F H Z R 0

4 1 5  I F  I H C Y X I i E T T  4 1 2 , 4 1 3 , 4 1 4
 4 1 2  _ S G N [ M L ) = - 1 . ___________________________ _____________________

GC TO 4 1 6
 4 1 3  Y X 1 = Y X 1 + D F H Z R 0 __________ _________________________________

GC TO 4 1 5
4 1 4  SGN 1 ML ) =  1 . ______________________________________________ ___
4 1 6  Y = Y X + Q . 0 l

___________ GC T O.  3.5.9___________________________________________________
4 2 0  N M A X = L + 1

_________  T Z E R O  ( N M A X  ) =  T l ________________________________ _____
T T = T 1 - 1 0 . « D F K Z R O

 ___ _ I F  ( H.t T T ,  E ) ) 4 2 1 , 4 2 2 , 4 2 3 ___________________________
4 2 1  S G N t L ) = - l .

  GC TO.  4 2 4 _____________________________ __ ___________________
4 2 2  I F  t H t ( T T  + O F H Z R O ) , E ) ) 4 2 1 , 4 2 1 , 4 2 3

 4 2 3 ,  S G N ( L  ) =  1 . „ . __ _______  _____________________________________
4 2 4  T Z E R O 1 1 ) - 0 .

L C M A X = N N A X —1 _ _  _______________________
OC 4 3 0  L 0 2  = 1 » L OMAX

___________T Z B = T ZERO ( LO 2 ) „ _________________________________________
T Z A = T Z E R 0 t L 0 2 + i )

___________ M A X =  t t T Z A - T  Z B ) /_( 2 .  * H  AJ _ + 0  .  5 )____________________
MAX I = M A X / 2

  _ I F  . i ( M A X - 2 * M A X I ) . E Q .  C )  G O ^TO . 4 5 0 __________
M A X - M A X + 1

 4 5 0  _GM_AX = MAX_____________________ __________ ____________________
D E L Y 2 ( L C 2 )  =  ( T Z A - T Z B ) / i 2 . * G M A X )

-  _  4 3 0  C C N T I N U E ____________________________________________________
Y 3 = 0  •

   „ K Q = 0 ___________________________________ ______________________
KC =  0

   F Y 3 = F . ( 0 . . J L _____________________ _______________ _____________
G P F = 0 .

  4 4  4.  _ KC=KD + 1________ _____________________________________________
K L M =  1
D E L K 0  =  C E L Y 2 ( K D )   ___ 1 ____________________
D E L K D 4 = C E L K 0 / 4 .

 4 4  5 Y 1 _=Y 3 _______________ „ _______________________________________
Y 2 = Y 1 + C E L K D



Y 3 = Y 2 + C E L K D
__________ I F  _ I  l .Y 2 - J 1______ G T_.. . 0  ..).... GO . J O ^ l i e  1_____________________________________ ____________________

I F  ( KLM . £ Q .  2 )  GO TO 4 4 6
___________K C = K Q + l _ i ___ ____________________________________________________________________________________ ______

S G N 0 E L = S G N ( K C ) * D E L Y 2 { K Q >
 __________ .TZKQ 1 =  T .ZER 0.(  K.Q)______________________;______________________   ;_________________________

T Z K Q  = T Z E R O t  K Q + 1 )

4 4 6  I F  { T Z K C ~ ~ .G E ~ Y ~ 2 T a 1 ^ T ~  T~zl<0 1 T l e 7 ’ Y 2 )~ ~ g T T c  4 5 5  ~
__________ Y 3 = Y 3 - 2 . * D E L . K D _____________ ; :  L___

GC TO 4 4 4
 5 5  F Y 1 = F Y 3 . __________ ______________________________________________________________________________________

F Y 2 = 4 . * F ( Y 2 )
  F Y 3  = F f Y 3 l _  ________   „ _______:________________

Q = ( F Y 1 + F Y 2 + F Y 3 ) * S G N D E L
  Q P F = Q P F . + Q ________________________________________________________________________ ____________________

'GO TO 4 4 5

n e ' i “ i T l k s e o ~ 2T ~ g g  t d ’T s  75
SKF =  G P F / 3 .  - c o n s t . .  ____   . . . . „ ___ _____  .. _________
I F  I K S  . E Q .  1 )  GO TO 1 5 7 0  

  I F  ( S K F * S K F 2 . )  1 5 7 1  * 4 4 3  » 1 5 7 . 4 ________________________ __ ______  _____  ____ ____ __________
1 5 7 0  K S = 2

 1 5  7 4_. 5 K F 2 =  SKF____________________________________ ;__________________________________________ ________________
EA = E

  T A * T 1 ___________        _
E = E - 0 . 2 5

 1 5 8 1  I F  t ABS ( E )._ .  GT . .  . U P P E R  >...GO_..TO.._16CO____________ __ _____________ ___ _______ _____________
GO T O 4 9 7

1 5 7 1  K S S = 2 ________     _ _________________ ___ _______ ___________ ____ __ _
T B = T  1
EB = E _        . _ . . .   .................. ............
S K N £ G = S K F 2
S K P O S  = SK F  ..        . _............ . ........... ... ............

1 5 7 2  E =  t E A * S K P O S - E B * S K N E G ) / ( S K P O S - S K N E G ) _
 GC TO 4 9 7 ___  ;___________________________ _ . . . ____  .._______  ... .... .........

1 5 7 5  S K X = C P F / 3 .  - C O N S T
_  I F  I S K N E G * S K X )  _. 1 5 7 6 , 4 4 3 , 1 5 7 0  . ___________________ _____________ ____  ___________ _____

1 5 7 6  E E * E
T E = T 1  ______   ..         .  ....................................
S K P G S = S K X

  $ K N E G = S K N E G / 2 .  ___________________________________  . _  _____________________
GC TO 1 5 8 0

_ 1 5 7 8  EA =  E ____________________________________________________________________________________________________
T A = T  i

 ......... . SKNEG = S .KX_________________________________________________________________________________________ __
S K P 0 S = S K P 0 S / 2 *

' „ „ 1 5 8 0  I F  I A B S ( E A - E 8  ) _ _ .L E  E P S L O N  A N D , _ABS t T B - T A  ) . L E .  E P S L C N )  GO T C _ 4 4 3
I  p ( A O  s” ( E A - E 8 ) . L E .  E P S L O N  . A N D .  A B S ( S K X )  . L E .  E P S 1 )  GO TC 4 4 3

 I F  t A B S t T l j ^ T Z J  . L E .  E P S L O N _.  A N D * _ A B S J  E A - E B ) _ . L E  .  E P S L C N  J GO TC 4 .4 3
_ TZ=Tl -

GO TO 1 5 7 2 __________________________• _____ ___________  ________________ _
1 6 0 0  P R I N T  1 6 0 1
1 6 0 1 _ _ F Q R H A T ( /  / / j 8 9 H  L A M B D A _ H A S  E X C E E D E D _ V A L L E _  CF UP_PER_I_N S E A R C H  S C H E P E  

1 - 8 8 8 . 8  8 8  I S  " P R I N T E C  I N  O U T P U T  A R R A Y ,  j ”
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Y 2 M A G I J X ) = - 8 8 8 8 * 8 8 8
_________. TY2MAG ( J X  ) = - 8 8 8  • 8 8 8 _______________________________ ________________________________________________

Y 1 M A G I J X ) = - 8 8 8 8 . 8 8 8
_________ TY 1MAG { J X  1 =  - 8 8 8  . 8 8 8 __________________________________________________ ______________________________

Y 2 N R M E t J X ) = - 8 8 8 8 . 8 8 8
_________ Y 1 N R M E ( J X  ) = - 8 8 8 8 . . 8 8 8 . _____________________________________ _________________________________________

Y 2 N R M A ( J X ) = - 8 8 8 8 . 8 8 8
_________ Y 1 NR M A t  J X.) = - 8  8 8 8 .  8 8 8______________ ____________________________________ __ _________________________

A L A M B D ( J X ) = - 8 8 8 . 8 8 8
 T H ( J X ) = - 8 8 8 . e a a _______________________________________________________________________________________

GO TO 6
 4 4 3 _ T H  ( J X  ),= T 1 ____________________   !______________________________________________________

A L A M B D I J X ) = E
_________ PR I N T . . 4 5 0 0 » T 1 ,  E ,  S K X ,  G.X__________________________________ ________________ ________________________

4 5 0 0  FORMAT I 5 X , 5 H T 1  = , F 1 0 . 6 , 5 X , 5 H  E = , F 1 0 . 6 , 5 X , 6 H S K X  = , F 1 0 . 6 , 5 X ,
  15H G X  _ = » F 1 0 •  7 ) __________________ ________________________________________ ____________ _______________

 END ..SEARCH__FOR..LAMB.CA. ,AN.C„T .._..BE.G.IN_ F [NO ING._ YJL.AND. __Y2 AS > U N C T  I 0 N S _ C F _ T  IM

C F H Z RO =  i f  I F  p"/ 2 • 7  ~

I F  ( h 7 tT , E  ) T 7 9 9 , 7 9 0 , 7 9 9
„ 7 9 0 .  P R I N T  . 7 8 9 » T 1 ________________  _________________________________________________________________

7 8 9  F O R M A T t / / 5 X f 2 0 H K - N O R M  HAS A ZERO A T , F I G . 6 )
  _  Y = T 1 - 0 . C 0 1 ___________  ___________ __________________________ _________________ ______________ _________

7 9 9  Y N E G = Y   —
  HNEG = H ( Y , . E ) ____________________________________________ _ _ _       . ..__ _______

8 0 0  Y = Y - 0 . 1
  I F  I Y  . L E .  0 . ) .  GO....TO. 8 2 0 ................       . .................. .................

H P O S = H ( Y , E )
I F  I H N E G * H P O S ) _ 8 0 1 , 8 1 1 , 8 0 2 _________________________________  _________ ___ __________ ________

8 0 2  H N E G = H P G S
Y N E G = Y            ... ____________________
GO TO 8 0 0

8 0 1  Y P O S = Y   __________________ ______________________________________________________________________
8 0 3  Y X = ( Y N E G » H P O S - Y P O S * F N E G  ) / I H P G S - H N E G )

 HX = H.(.Y.X ,.E .)_____________________________________________________________________________________________
I F  ( H X * H N E G )  8 0 4 , 8 1 0 , 8 0 5

_8.0 .5 .. YNE Gj=Y X__________   _ _ ______________________
H N E G = H X

 H P 0 S=H P C .S /2 . ._____________________________________ ____________________________________________ _________
GO TO 8 0 6

... 8  0 4 „  YP O Sr.Y  X.__________ „ ___________________ _______________________ ________________________________________
H P G S = H X
H N E G = H N E G / 2 . ___________________ ___________ _______________________________ _______________________

8 0 6  I F  I A B S I Y P O S - Y N E G ) . L T .  D F H Z R O )  GO TO 8 1 0  
 GO „T.O. 8 0 3 _ ________________________________:_____ „ _________________„___ _________________________________

8 1 1  Y X = Y
. 8 1 0  L = L + . l  _________________________________________________________________ __ ___________________________

T Z E R O ( L ) = Y X
 Y X .l = Y X 4 1 0  .*„OFHZRO._______________ !_______i______________________________ ____________________________

ML =  L**1
 8 1 5 . . . I  F_„.l.H ( Y X 1  »£_).)... 8 12  ,  8 .13  ,8 .1.4___________________________________________________ ;___________________

8 1 2  S G N ( M L ) = - 1 .



GC TO a 16
8 1 3_. YX1 = Y X1 -  DFXZRO _______________________________

GC TO 815
0.1* .SGN ( ML 1 = 1.-----------------------------------------------------------------------
816 Y = Y X - 0 . 0 1
  GC...T 0„.7.S.9___________________________________________
820 NMAX=l+ l
 TJ = T Z E R O.t.LJ / 2  .._______________ !____ ________________

T Z ERG [ NMAX) = 0 •
 I F . ( H I T T  • E ) >_ 8 2 1 , 8 2 2 , 8 2 3 ____________________
821 SGN t L ) = —1•
 GC_T0_824___:______________________ :____________ _
822 IF  { H ( 0 . 0 0 5 , E ) )  8 2 1 , 8 2 1 , 8 2 3
823...SGNIL ) = 1 . __________________________________________
824 T Z E R C { l ) = T i

~ E N D ' f T n C IN G  Z E r 6 s~ g F  K ( tT e ) A NO SGN (~K { T ,  E ) > .

L C M A X = N M A X “ 1
 DC . 8 3 0  L D = 1 , LDMAX___________________________

T Z A = T Z E R O ( L D )
 T Z B = T Z E R O t L C + l > ______________________________

M A X = ( ( T Z A - T Z B ) / ( 2 . * K A )  + 0 . 5 )
 MAX I = M A X / 2 __________ ;___________________________ .

I F  ( ( M A X - 2 * M A X I )  . E G .  C )  GO TO 8 8 5
 M AX =  M A X + 1_____  ;______________
8 8 5  G M A X = M A X
 0 E L Y 2  ( L C  ) = . ( T Z A - T Z B  ) /„ ( 2_.*.QMAX L  .........

8 3 0  C O N T I N U E
 X l = - 2 _ .  *0 E L Y _ 2  (.1.)______________________________

M N Y = 0
K P = 0 ______________________________________________

8 3 5  K P = K P + 1
D E L K P  =  D E L Y 2 1 K P ) ______________________________
N M A X l = K P + l

 T K N A X 1 = T Z E R 0 ( N M A X 1 > _______________ ____
T U P K P  = T 1 - T N M A X 1 + D E L . K P / 4 .
T 1UP =  T l  + D E L K .P /4  • _  ______________________

8 4 0  X 1 = 2 . * D E L K P + X 1
I F  t X l  . G T .  T U P K P ) GO TO 8 5 0  
C X 1 1 = 0 .

  Q X 2 2 r P _ .________________ _________________ __________
G Y 1 3  =  F t X I )
G Y 2 3  =  G ( X I )  ___________________________ ....
Y 3 3 = 0 .
K C = 0 ______ . . . _______ ____ __________
K C = 0

. _  MNY=MNY_+.l____________________ '_____________
8 4 4  K C = K D + 1

 K L M =  1________________________ _____________________
C E L K C = 0 E L Y 2 ( K D )
C E L K D 4  =  C E L K 0 / 4 . __________  ._________

8 4 5  Y 1 1 =  Y 3 3
 Y 2 2  = Y. l  1 + D E L K D ______________________ ____ _____

Y 3 3 = Y 2 2 + D E L K D
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T Z R T S T = T 1 - Y 2 2
 Y 2 2 2 = X 1 - Y  2 2 ________________________________________________________________  - - - ______________

I F  ( I Y 2 2 2 + D E L K D 4 )  . L T .  C .  . A N D .  t Y 2 2 2 - D E L K C 4 ) . L T .  0 . )  GC TC 1 3 5
 I E . . . I  K L M _ . E Q . _ 2 J  ..G 0._T0._-.8A6_______________________________________________________________

K C = K Q + 1
 S G N C E L = S G N ( K Q } *  C E L Y 2 ( K Q I ___________________________________ ._____________________________

T Z K Q = T Z E R O ( K Q I
 T Z K Q 1  = T Z E R 0 ( K Q  + 1 ) __________________________________________________      .....

K L K = 2
.8 4 6  . I F  ( T Z K C .  . G E .  _ .T Z R T S .T ._ .A N D .  . T Z K G 1 .  - L E .  . . T Z R T S . T ) .  GO TO. 8 5 5 ________ ___

Y 3  3 = Y 3 3 - 2 . * D E L K 0 -
 .GO.. T O .  8 4 4 ________________________________ :_________________________________ ___ ______ ___________

8 5 0  I F t X l  . L E .  T 1 U P )  GO TO 8 5 1
  GC T O . 8 6 0 __________________________________________________________________________________________

8 5 1  X 1 = X 1 - 2 . * D E L K P
  . . G C  T O .  8 3 5 ___________ :___________________________________________________________________________

8 5 5  T Y 2 2 = X 1 - Y 2 2
 T Y 3 3  =  X 1 - Y 3 3 ________________ _____________ ________________________________________________________

G Y 1 1 = G Y 1 3
 .......... G Y 2 l  =  G Y 2 3 __________________________________ _____________________________________  _____________

G Y 1 2 = 4 . * F I T Y 2 2 I
J  G Y 2 2 = 4 . * G t T Y 2 2 J _________________________________________________  . ______      ..

G Y 1 3 = F ( T Y 3 3 )
 G Y 2 3 = G  ( T Y 3 3  )_______________________________________________________________ ___ ______ __ ______ _

C 1 = I G Y 1 1 + G Y 1 2 + G Y 1 3 ) * S G N C E L  
  C 2 =  ( G Y 2 1 + G Y 2 2 + G Y 2 3 . )  » S G N D E L  ______________________ ________ __________ ____ ___________

c x i i =q x i i +qi
  G X 2 2 = Q X 2 2 + Q 2 __________________ ___________________________________________ __ _________ _ .______

GC T O 8 4 5
1 3 5 . .  A Y 1 X 1  (MN'Y ) . = C C N S L l * G X l l / f c ---------------------------------------------------------- --------------------- ------------ ------- -

A Y 2 X l l M N Y ) = C 0 N S L 1 * 0 X 2 2 / 3 .
 ......GC._TG_„.8*CL__________________________________________________________________ ______ _ ________

8 6 0  M A X T O T = P N Y
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T T E S T = 0 ^
 Y l A R E A = j 0 . . ________________________________________________________________ __ __________________ ___

Y 2 A R E A = 0 . -
 _ Y 1E N G .Y = 0 .. .__________________________________ ;_________ .____________________ ______________________

Y 2 E N G Y = 0 •
1 2 0 0  L N = L N + 1______________________________________________________ _____ ___ _____________________________

C 2 = D E L Y 2 ( L N )
  . T B R K A = T 1 - T Z E R 0  ( L N + l ) . „ + D 2 / 4 . _ _______________________________________________________ _ .

T E R K B = T l - T Z E R O ( L N ) - 0 2 / 4 .
 T l . T r X l  + C 2 / 4 . _______________________ -____________________________________________________________

Z = 2 • * 0 2
 YN 1 1 = 0 . . . ____________________________________________________________________________________________

Y N 1 2 = 0 •
 Y N 2 1  =  0 . . ____________ _ _________ J___________________      _ .

Y N 2 2  = 0  •
 N X 2 T S T _ = 1 ________________________________________________________________________________________ .....
1 2 0 5  T T E S T = 2 , * Z + T T E S T
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I F  I T T E S T  . G T .  T I T )  GO TO 1 2 2 0

 L _ .  I F  { T T E S T .  L E . _  J B R K A  .  A N D .^ T T E .S .T . . .  GE •  T.BR.K.B L .G .C . .T O  .
I F  ( t T T E S T - Z ) . L E .  T B R K A ) GO TO 1 2 1 6

 . T T E S T = T  T E S T - 2 .  *  Z  - ______________________
1 2 1 0  Y l A R E A = Y l A R E A + ( Z / 3 . ) * Y N 1 1
________ Y 2 A R E A = Y 2 A R E A + l Z / 3 . .  ) * Y N 2 1 . „ ______________________

Y 1 E N G Y - Y 1 £ N G Y + ( Z / 3 . ) * Y N 1 2
 Y 2 ENGY = Y 2 E N G Y + .(  Z / . 3 . . 1 *  Y.N2 2 ________________________

GC TO 1 2 0 0
. .  1 2 1 6  _ N X 2 T S T = 2 ____________________________________________________

1 2 1 5  N X = N X + 2
 .........F Z ,11  = A Y 1 X 1  ( NX . ) ___________________________________________

F Z 2 1 = A Y 2 X 1 ( N X )
 N X 1  = N X + 1 , ___________________________________________________

F Z 1 2 = A Y 1 X 1 ( N X I )
_  _ F Z 2 2  = A Y 2 X 1 ( NX 1 ) _________________________________________

I F  ( N X 2 T S T  . E Q *  2 )  GO TO 1 2 1 7
N X 2  =  N X ± 2  „ __________________________________________
F Z 1 3 = A Y 1 X 1 ( N X 2 )
F Z 2 3 = A Y 2 X 1 ( N X 2 )    . ___ ___________

2 A 3  R 1 1  = A B S ( F Z 1 1  ] + A . 0 * A 8 S ( F Z 1 2 ) + A B S ( F Z 1 3 >
_1______ R 2 1  = A B S ( F Z 2 l  ) + A . O * A E S ( F Z 2 2  ) + A B S ( F Z 2 3  I ____

R 1 2 = F Z 1 1 * F Z 1 1 + A . 0 * F Z 1 2 * F Z 1 2 + F Z 1 3 * F Z 1 3
R 2 2 =  F Z 2  1 *  F Z 2 1 +_A .  0 *  F Z 2 2 j? F Z 2.2 +  F Z 2 3 *  F Z 2 3 _____

2 5 6  Y N 1 1 = Y N  1 1 +  R 1 1
YN 2 1  = Y N 2 1 + R 2 1 ____________________________________________
Y N 1 2 = Y N  1 2  + R 1 2

  Y N 2 2 = Y N 2 2 + R 2 2  _ _____________________________________
I F  t N X 2 T S T  . E Q .  *2) GC TO 1 2 1 0

 GC TO.  1 2 0  5_____ J___________ _____________
2 1 7  F Z 1 3 = 0  •

_ F Z 2 3  = 0 . ___________________________ _______________  _
N X = N X l - 2

_  TTEST__ =  T T E S T - Z _____________ j _ _____ ___________
GC TO 2 A 3

1 2 2 0  Y I N R M A t  J X )  =  Y 1 A R E A  _ + ( ^ / 3 _ - J * T N l l _ __________
2 6 A  Y 2 N R M A ( J X  ) =  Y 2 A R E A  + ( Z / 3 . ) » Y N 2  1 

_ 2 7  1 Y 1 N R M E ( J X ) = S Q R T ( Y 1 E N G Y  + ( Z / 3  .  ) *  YN 1 2  )_ _ _
2 7 3  Y 2 N R H E 1 J X )  =  S Q R T ( Y 2 E N G Y  + t Z / 3 .  ) * Y N 2 2 )
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3 A 8 T A = 0  i
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_  Y 2 W A X ~ A Y 2 X 1 J _ 1 ) __________________

L N = 0
 T T ES T f O -  _________________________

K L N =  1
 DC_  3 1 0 _ M A  = 2  » MAX T O T _________

I F  ( K L N  . E Q .  2 )  GO TO 3 C 6
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Z = 2 • *  C E L Y 2 ( L N )
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APPENDIX VII

oo•CMII<

Q T — MI N Y 1 AREA Y2  AREA Y 1 ENERGY Y2 ENERGY
5 . 0 0 2 . 4 7 8 0 . 5 1 1 0 . 5 0 0 0 . 4 2 1 0 . 3 S 5
4 . 0 0 2 . 3 3 0 0 . 4 8 7 0 . 5 0 0 0 . 4 1 4 0 . 3 6 8
3 . 0 0 2 . 2 0 5 0 . 4 6 8 0 . 5 0 0 0 . 4 0 9 0 . 3 8 1
2 . 0 0 2 . 1 1 9 0 . 4 5 9 0 . 5 0 0 0 . 4 0 8 0 . 3 9 1
1 . 0 0 ' 2 . 0 8 9 0 . 4 6 2 0 . 5 0 0 0 . 4 1 2 0 . 3 9 6
0 . 6 0 2 . 0 9 7 0 . 4 6 8 0 . 5 0 0 0 . 4 1 5 0 . 3 9 6
0 . 3 0 2 . 1 0 9 0 . 4 7 4 0 . 5 0 0 0 . 4 1 9 0 . 3 9 5
0 . 0 0 2 .  1 2 8 0 . 4 8 1 0 . 5 0 0 0 . 4 2 2 0 . 3 9 4

- 0 . 3 0 2 .  1 5 4 0 . 4 9 1 0 . 5 0 0 0 . 4 2 7 0 . 3 9 2
- 0 . 6 0 2 .  1 8 7 0 . 5 0 1 0 . 5 0 0 0 . 4 3 2 0 . 3 8 9
- 1 . 0 0 2 . 2 3 9 0 . 5 1 8 0 . 5 0 0 0 . 4 4 0 0 . 3 6 4o0 •CM1 2 . 4 1 6 0 . 5 6 9 0 . 5 0 0 0 . 4 6 2 0 . 3 6 9
- 3 . 0 0 2 . 6 4 3 0 . 6 3 1 0 . 5 0 0 0 . 4 8 7 0 . 3 5 1
- 4 .  0 0 2 . 9 0 0 0 . 7 0 0 0 . 5 0 0 0 . 5 1 3 0 . 3 3 3
- 5 . 0 0 3 .  1 7 1 0 . 7 7 1 0 . 5 0 0 0 . 5 3 8 0 . 3 1 7

a T- Y1 MAX Y 1 MAX T- Y2MAX Y2MAX LAMBDA
5 . 0 0 2 . 4 7 8 0 . 5 0 0 1 . 7 1 0 0 . 3 1 1 - 0 . 3 7 2
4 .  0 0 2 . 3 3 0 0 . 5 0 0 1 * 5 6 1 0 . 3 3 8 . - 0 . 4 4 9
3 . 0 0 2 . 2 0 5 0 . 5 0 0 1 . 4 1  1 0 . 3 6 5 _  - 0 . 5 5 9
2 . 0 0 2 . 1 1 9 0 . 5 0 0 1 . 2 9 2 0 . 3 8 9 - 0 . 7 1 7
1 . 0 0 2 . 0 8 9 0 . 5 0 0 1 . 2 3  3 0 . 4 0 1 - 0 . 9 3 0
0 . 6 0 2 . 0 9 7 0 . 5 0 0 1 . 2 1 6 0 . 4 0 2 - I  . 0 2 9
0 . 3 0 2 . 1 0 9 0 . 5 0 0 1 . 2 0 2 0 . 4 0 1 - 1  .  1 0 8
0 . 0 0 2 .  1 2 8 0 . 5 0 0 1 . 2 1 3 0 . 3 9 8 - 1 . 1 9 0

- 0 . 3 0 2 . 1 5 4 0 . 5 0 0 1 . 2 0 6 0 . 3 9 4 - 1  . 2 7 5
- 0 . 6 0 2 .  1 8 7 0 .  5 0 0 1 . 2 2 4 0 . 3 8 9 - 1 . 3 6 3
- 1 . 0 0 2 . 2 3 9 0 . 5 0 0 1 . 2 3 2 0 . 3 8 0 - 1  . 4 8 3
- 2 . 0 0 2 . 4 1 6 0 . 5 0 0 1 . 3 0 5 0 . 3 5 0 - 1 . 7 9 2 —■
- 3 .  0 0 2 . 6 4 3 0 . 5 0 0 1 . 4 0 1 0 . 3 1 5 - 2 . 1 1 0
- 4 . 0 0 2 . 9 0 0 0 . 5 0 0 1 . 5 0 8 0 . 2 8 3 - 2 . 4 2 8
- 5 . 0 0 3 . 1 7 1 0 . 5 0 0 1 . 6 1 7 0 . 2 S 4 - 2 . 7 4 1



- m -

A = 3 . 0 0

B T—MIN Y 1 AREA Y2 AREA Y 1 ENERGY Y2 ENERGY
5 . 0 0 2 . 7 4 9 0 . 5 7 9 0 . 5 0 0 0 . 4 4 9 0  .  33 .4
4 . 0 0 2 . 5 9 8 0 . 5 5 3 0 . 5 0 0 0 . 4 4 2 0 . 3 4 6
3 . 0 0 2 . 4 6 7 0 . 5 3 3 0 . 5 0 0 0 . 4 3 6 0 . 3 5 7
2 . 0 0 2 . 3 7 4 0 , 5 2 2 0 . 5 0 0 0 . 4 3 5 0 . 3 6 7
1 . 0 0 2 . 3 3 4 0 . 5 2 3 0 . 5 0 0 0 . 4 3 8 0 . 3 7 2
0 . 6 0 2 , 3 3 7 0 . 5 2 8 0 . 5 0 0 0 . 4 4 1 0 . 3 7 3
0 . 3 0 2 . 3 4 7 0 . 5 3 4 0 . 5 0 0 0 . 4 4 4 0 . 3 7 2
0 . 0 0 2 . 3 6 3 0 . 5 4 0 0 . 5 0 0 0 . 4 4 7 0 . 3 7 1

- 0 . 3 0 2 , 3 8 7 0 . 5 4 9 0 . 5 0 0 0 . 4 5 2 0 . 3 7 0
- 0 . 6 0 2 . 4 1 6 0 . 5 5 9 0 . 5 0 0 0 . 4 5 6 0 . 3 6 8
- 1  . 0 0 2 . 4 6 7 0 . 5 7 5 0 . 5 0 0 0 . 4 6 3 0 . 3 6 4
- 2 . 0 0 2 . 6 3 5 0 . 6 2 4 0 . 5 0 0 0 . 4 8 4 0 . 3 5 2
- 3 . 0 0 2 . 8 5 2 0 . 6 8 4 0 . 5 0 0 0 . 5 0 7 0 . 3 3 7
- 4 . 0 0 3 . 0 9 8 0 . 7 5 0 0 . 5 0 0 0 . 5 3 1 0 . 3 2 1
- 5 . 0 0 3 . 3 6 0 0 . 8 1 9 0 . 5 0 0 0 . 5 5 4 0 . 3 0 7

B T- Y1MAX Y 1 MAX T- Y2 MAX Y2MAX LAMBDA
5 . 0 0 2 . 7 4 9 0 . 5 0 0 1 . 8 4 2 0 . 2 7 3 - 0 . 3 6 1
4 . 0 0 2 . 5 9 8 0 . 5 0 0 1 . 6 8 9 0 . 2 9 5 - 0 . 4 3 0
3 . 0 0 2 . 4 6 7 0 . 5 0 0 1 . 5 3 0 0 . 3 1 8 - 0 . 5 2 7
2 . 0 0 2 . 3 7 4 0 . 5 0 0 1 . 4 2 4 0 . 3 3 9 - 0 . 6 6 3
1 . 0 0 2 . 3 3 4 0 . 5 0 0 1 . 3 5 4 0 . 3 5 2 - 0 . 8 4 9
0 . 6 0 2 . 3 3 7 0 . 5 0 0 1 . 3 3 2 0 . 3 5 4 - 0 . 9 3 7
0 . 3 0 2 . 3 4 7 0 . 5 0 0 1 . 3 1 4 0 . 3 5 4 - 1 . 0 0 9
0 . 0 0 2 . 3 6 3 0 . 5 0 0 1 . 3 2 3 0 . 3 5 2 - 1 . 0 8 5

- 0 . 3 0 2 . 3 8 7 0 . 5 0 0 1 . 3 1 3 0 .  3 5 0 - 1 . 1 6 4
- 0 . 6 0 2 . 4 1 6 0 . 5 0 0 1 . 3 2 9 0 . 3 4 6 - 1 . 2 4 6
-gin^OO 2 . 4 6 7 0 . 5 0 0 1 . 3 3 2 0 . 3 3 9 - 1 . 3 6 0
- 2 . 0 0 2 . 6 3 5 0 . 5 0 0 1 . 3 9 7 0 . 3 1 6 - 1 . 6 5 9
- 3 . 0 0 2 . 8 5 2 0 . 5 0 0 1 . 4 8 3  ■" 0 . 2 8 8 - 1  . 9 6 8
- 4 .  0 0 3 . 0 9 8 0 . 5 0 0 1 . 6 1 1 0 . 2 6 1 - 2 . 2 7 9
- 5 . 0 0 3 . 3 6 0 0 .  5 0 0 1 . 7 1 4 0 . 2 3 7 - 2 . 5 8 7
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AUT OB IOGRAP HY

R ich ard  D av id  K lafter  w a s  born  i n  New York C i ty  on A ugust 5 ,  1936 

and  r e c e iv e d  h is  e le m e n ta ry  a n d  h igh  s c h o o l  e d u c a t io n  a t  P . S .  117 and  

F o re s t  H il ls  H igh S ch o o l ,  r e s p e c t i v e l y .  In  1958 he w a s  aw ard ed  an  S .B.  

d e g re e  in  E le c t r ic a l  E n g in ee r in g  from th e  M a s s a c h u s e t t s  I n s t i tu te  o f  T e c h ­

no logy  w h ere  h e  w a s  a c t iv e  i n  th e  s c h o o l  o rc h e s t ra  a n d  w a s  e l e c te d  to  th e  

n a t io n a l  honor s o c ie t i e s  Tau B eta  Pi an d  E ta  Kappa N u . He c o n t in u e d  h is  

e d u c a t io n  a t  C o lum bia  U n iv e r s i ty  r e c e iv in g  an  M . S . E . E .  d eg ree  in  1959 

and  an  E . E ,  d e g re e  in  1963. I n  th e  fa l l  of 1959 he jo in e d  the  s ta f f  of the  

E le c t r ic a l  E ng inee ring  D e p a r tm e n t  a t  The C i ty  C o l le g e  o f  New York a s  a 

L e c tu re r  an d  h e ld  th is  p o s i t io n  u n ti l  1967 ( e x c e p t  for th e  a c a d e m ic  y e a r  

1 9 64-65  w h en  h e  w a s  a N a t io n a l  S c ie n c e  F o u n d a tio n  S c ie n c e  F a c u l ty  F e llow ). 

He e n te r e d  th e  G ra d u a te  S ch o o l  of th e  C i ty  U n iv e rs i ty  of New York in  1963 ,  

p a s s in g  h is  d o c to ra l  t h e s i s  d e f e n s e  in  M ay  1968. S in c e  S ep tem ber 1967 

he h a s  b e e n  a n  A s s i s ta n t  P ro fe s s o r  of E le c t r ic a l  E n g in ee rin g  a t  D rex e l  

I n s t i tu te  of T e ch n o lo g y  in  P h i l a d e lp h ia ,  P a .  D uring th e  summer of 1969 

M r. K lafter w i l l  b e  an  ASEE-NASA S ystem  D e s ig n  Fellow  a t  S tanford  

U n iv e rs i ty .

In  1959 M r. K lafter w a s  m arried  to  th e  fo rm er M a rc ia  B a la b a n .

They c u r re n t  l iv e  i n  W il l in g b o ro ,  New J e r s e y  w ith  t h e i r  tw o  c h i ld re n ,  

M e l i s s a ,  7 an d  L e s l i e ,  9 .


