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Abstract

A STATISTICAL STUDY OF TURBULENT DIFFUSION
by

Dahe Jiang 
Adviser: Professor Chan Mou Tchen

The dispersion of particles in a turbulent fluid flow 
is studied by means of the transition probability distribu­
tion functions. Applying the propagator method, we derive 
the evolution equations of the transition functions in the 
form of a series of correlations. Based upon the discus­
sion of the behavior of the series, a low order truncation 
is made to close the equations. The eddy transport proper­
ties are found as integral operators that contain the mem­
ory effect.

The formal transport equations are used to investigate 
the dispersion of fluid particles. The transition function 
of a single particle and the relative transition function 
of a pair of particles are found to obey non-linear inte- 
gro-differential equations. The general properties of 
these equations agree with observations. In comparison 
with other theories, our results yield better short time 
behavior for the one-particle dispersion, and the equation 
for the relative dispersion of a pair of particles seems 
more reasonable and more convenient for use in analysis. 
Based upon the Kolmogoroff spectrum, an analytical proof



is given for the empirical 4/3 power law of relative diffu­
sion. A numerical calculation based upon the von Karman 
spectrum agrees with the analysis.

The diffusion of a puff of a passive quantity is 
studied by means of the dispersion of particles. For the 
absolute diffusion, the eddy diffusivity is given in ten- 
sorial form to account for anisotropy and the mean veloci­
ty gradient. With a locally isotropic approximation, the 
relative diffusion undergoes different stages because of 
the changes in the relative importance of shear and buoy­
ancy turbulence. A prediction based on the theory and upon 
an empirical spectrum estimated from turbulent wind data is 
compared with observations of diffusion made under condi­
tions similar to those when the wind data were obtained.
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I INTRODUCTION
The statistical study of turbulent diffusion was pio­

neered by Taylor1. In his work, the variance of the dis­
placement of a particle was expressed in the form of a time
integration of the Lagrangian velocity correlation func-

2 .tion. A few years later, Richardson introduced the dis­
tance-neighbor function to describe the spreadinq of a puff 
around its instantaneous center. Richardson discovered the 
empirical 4/3 power law that, in a time period, the rela­
tive eddy diffusivity was proportional to the 4/3 power of 
the puff size. The work by Taylor and Richardson reveal 
the two important features of turbulent diffusion. One is 
the absolute diffusion, referring to the spreading of the 
puff in a fixed frame, which is related to the dispersion 
of a single particle. The other is the relative diffusion, 
referring to the spreading of the puff in a frame moving 
with its instantaneous center, which is related to the 
relative dispersion of a pair of particles.

Analytically, the statistical theory involves the fol­
lowing two problems:

(a) Transformation of the Lagrangian velocity correla­
tion function into the Eulerian correlation function.

(b) Investigation of the transition functions for the 
path-lengths of the particles.

According to Taylor, the eddy diffusivity may be de­
fined as the time integration of the Lagrangian correla­
tion of velocity fluctuations. However, Eulerian corre­
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lations are more practical to measure. Therefore, the ba­
sic problem in the determination- of the eddy diffusivity, 
following Taylor, is the Lagrangian-Eulerian transforma­
tion. In this respect, we may mention the expansion of the 
Lagrangian velocity correlation into series of Eulerian

3/4
velocity correlations by Lumley (Taylor series expansion) 

STand Phythian (successive iteration) , the moment expansion
6 7by Deissler,and the Wiener-Hermite expansion by Saffman .

8 9Corrsin ' introduced the independence hypothesis. These 
kinematic methods suffer from a lack of the particle path 
that defines the Lagrangian representation.

From the mathematical standpoint, the trajectories of 
particles in turbulent motion can be specified by the dis­
tributions of their path-lengths, called transition func­
tions. The main task is to establish the governing equa­
tions of the transition functions and to study the disper­
sion of the particles. This method also yields a series 
of correlations, implying a hierarchy in analogy with the 
BBGKY hierarchy in the statistical mechanics of many body 
problems. The closure is usually made by an arbitrary 
truncation. To develop the governing equations, the propa­
gator method is the most logical in representing a Lagran­
gian function. In recent years, Kraichnan used mean res­
ponse functions in DIA (Direct Interaction Approximation) 
and LHDI (Lagrangian History Direct Interaction Approxima­
tion/0, ̂  Dupree et al. used a mean coherent response func­
tion in their perturbation scheme for the study of Vlasov



12-14plasma . These mean response functions are found to be
15related to the mean propagator . Weinstock, Misguich and

Balescu, and Tchen used the propagators directly in their 
15-21theories. However, most theories are hypothetically con­

fined to the zeroth order approximation.
The dispersion of marked fluid particles has been in­

vestigated by the propagator method. For example, Roberts
used DIA and obtained interesting results for the disper-

22.sion of a single particle. However, as mentioned by Monin 
23and Yaglom ,the short time behavior of the resultant one-

particle transition function seemed peculiar. Besides,
Roberts did not properly describe the relative dispersion

24of a pair of particles. Kraichnan added the Lagrangian 
effect in his LHDI and applied it to the relative disper­
sion. The difficulty in Kraichnan's theory lies in the ve­
locity correlation function, which contains the stochastic
path-dynamics. Improvements of Kraichnan's theory were

25 26considered by Knobloch and Lundgren. However, Knobloch did
not give a compact form for the eddy diffusivity and Lund­
gren' s results are still too complicated for use. In the
meanwhile, Misguich and Balescu discussed relative diffu-

27sion qualitatively. At present, there is still a great 
need for a comprehensive investigation of the dispersion 
of particles.

In this work, a statistical theory of turbulent diffu­
sion is developed based upon the propagator method. Fol- 

28lowing Tchen , we express the operation of the effective
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propagator in terms of the operations of the exact propaga­
tor through an integral equation. Then we develop a new 
series for the effective propagator which contains only the 
operations of the mean propagator. This has the purpose of 
including the effects of both mode-coupling and collective 
phenomena, in a simplified form. Based upon the discussion 
of the resulting series, we apply a truncation to establish 
the formal equations for the transition functions.

For the dispersion of fluid particles, it is found that 
the trasition functions are governed by non-linear integro- 
differential equations, and that the eddy transport proper­
ties are in the form of integral operators. We compare our 
equations and analytical results with other theories and 
observations. The numerical calculations are made on the 
basis of the von Karman spectrum.

The results of the dispersion of a single particle and 
of a pair of particles are applied to the diffusion of a 
puff of a passive quantity. The absolute diffusion and the 
relative diffusion are studied based upon the evolution of 
the mean concentration distribution function and the dis­
tance-neighbor function respectively. For a shear turbu­
lence, the eddy diffusivity appears in tensorial form to 
account for the effects of the anisotropy. For relative 
diffusion, it is found that the growth of the puff size 
undergoes different stages depending upon the relative im­
portance of inertia and shear. The calculation based upon 
an empirical spectrum is compared with the experimental 
data of the lateral size of a plume.

- 4 -



II THEORY OF TURBULENT TRANSPORT
2.1 Mathematical Description of the Trajectories of 
Particles

In this work, the turbulent fluid flow is assumed in­
compressible, statistically stationary and homogeneous. As 
usual, the molecular diffusivity will be neglected. The 
basic problem of turbulent diffusion is the dispersion of 
a single particle and a pair of particles. We use the 
transition probability distribution functions, or transi­
tion functions, to describe the dispersion.

Let the instantaneous position of a specific particle
be X (t) and its initial position be x„. The displacement

is called the path-length of the particle, in the time 
period r=t-t0 . Its microscopic distribution can be written 
as the delta function

According to (1), the velocity can also be written as

The instantaneous transition function is conserved along

A

1 1)

(2 )

The function P(C,^) is also called the instantaneous trans- 
tion function.

The velocity of the particle at time t is

(3)

(4)
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the trajectory so that

f + J 0 l5>
or

[ \  + t(-c)) f>(Z,£) = 0 (6)

where • ^ = XJT ran<3 L (t) =£(e )•£ is a differential opera-
-V-

tor. In the above equations, we have used the symbol ^
Aunder a letter to represent a vector and the symbol (•••) to 

represent the fluctuating quantity. We shall use the sym-
_ - ASbols (— ) = <••■> and (— ) to denote the ensemble averaged quan­

tity and the fluctuation, respectively.
The ensemble average of P(r,i), i.e. P(T,i), is briefly 

called the one-particle transition function. This func­
tion defines the probability that the particle will make 
the transition from the state (te ,x0) to the state (t,_x), 
or in the notation of (5), to be displaced a distance / in 
the time interval,^. The transition function is normalized 
as

J d i  p t r - j ) = I
where the inteqral in taken over the whole space.

The trajectories of two particles are shown in Figure 1 
The subscripts are used to distinguish the two particles. 
Similar to (6), we write

[ o (7)
( i . +  L,(r)]|lt,i)=0 13)

where
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Multiply (7) by £*(r,A) and (8) by P. The addition
of the resulting equations yields

[ \  t tfr) + L2U )] P - 0 (9)

Introducing the two-particle instantaneous transition func­
tion

gives the probability that the two particles will make the 
transition between the two states, (t0 ,xl0 ,x2o ) and (t,x, ,

interval C. p (2 is called two-particle transition function. 
It has the following properties:

Note that, for a stationary and homogeneous turbulence, ■ 
P(t ,A) does not depend on x0, but p",̂  (T,̂ , does depend
on the initial separation <̂»=x2o-x/0.

According to Figure 1, the transition of the two par­
ticles can also be considered as the one between the two 
states: (t0 ,x;& , Ju) and (t,x(,jz). Denote the relative dis­
placement as

we obtain

[ P,a(r, J(/JL) = 0 (

The ensemble average of P,2 (r, 1 / 4 ) ,  i.e. p”(J> (r, J ,, A ) ,

110)

x.), or be displaced by the distances /  and J* in the timeV  A* ^

- 7 -



A =
The two-particle transition function also gives the proba­
bility distribution for the first particle to make the dis­
placement P, fand the second particle to make the relative 
displacement X. The superscript X  denotes the { Pt t£) co­
ordinate system, such that

The relative transition function is defined as

Ttc.b)-J<!l R*(r,£:£)‘

It is normalized as

A &(T ,£;)= I
J •‘V

Like Wi2_ (r, Jfc , J*) JB (t,X) depends on the initial separation.
The definition and general properties of these transi-

23,29-3/tion functions can be found elsewhere

- 8 -



2.2 Development of Current Theories
Decompose each fluctuating quantity- into its ensemble 

average and fluctuation. Equation (6) can be written as

(c>z + l X P + P )  - -ttp + p) (26)

Averaging (16) over all realizations, we obtain

(K + Z)p = - < L p >  (IT)

Subtract (17) from (16) to get

0 I + T.)p*-tp-lZp-<tp>] (18)

The righthand side of (17)
i-—  «v
C 2

represents the eddy collision, i.e. the correlation of the
fluctuation of the instantaneous transition function with
the velocity fluctuation. The determination of C leads to 
the transport equation.

One way to determine C is to use the correlation method
AXP may be formally solved by integrating (18) with respect 
to time. The result is substituted into (19) yielding cor­
relations ^L (r) L (rf) > and (r) L (r>)]? (r’)> . In the same man­
ner, the determination of ^LLP^ will generate correlations 
<LLL/ and <LLLP/. The sequence continues to generate an 
infinite chain of correlations for L of increasing order. 
The velocity fluctuations can be considered as caused by 
the motion of other fluid particles so that the closure 
problem is implied in the series of the correlations. Be-

- 9 -



cause the correlations for L do not specify the trajectory
of the particle, a truncation,- say at the fourth order,

6 23would not provide a good approximation ' .
Recent developments in the studies of the problem of 

diffusion are based upon the propagator method either 
implicitly or explicitly. Equation (18) can be written 
into three different forms:

( 3r -rI)P = ' i P  +<??>

0 *  + L.)? = - £ p - ( < - W p

-tp

where (1-A) is the operator counter to the ensemble aver­
age operator A. The exact propagator 6(C,0) is introduced 
for (20). It satisfies

+ £ir)J LJ(r,o) = o (V>o) (23)

{fCo.o} =» /

The unperturbed propagator u°(r,0) is for (21). It satis­
fies

[ + LCr)J W°(t, o) = 0 (T>o) (24)

U°(0. 0) = I

And the effective propagator A(c,0) is for (22). It satis­
fies

[ +(,-K)l (t )J Afr,o)=rO (Z?o) (25)

J\j0,o) = I

The third propagator is in analogy with the one introduced 
by Weinstock^i The propagator method also generates a

- 10 -



series of correlations of increasing order. However, it 
offers a greater hope for a good approximation at a low or­
der truncation, because the propagators, in one way or ano­
ther, account for the trajectory.

Kraichnan used infinitesimal response functions, which
32are equivalent to the unperturbed propagator . Because 

U ° (r,0) refers to the mean velocity not to the true veloci­
ty of the particle, the resulting series contains terms 
which do not decrease fast enough. In DIA and LHDI, Kraich­
nan intuitively replaced them by mean response functions

15,3Zthat are equivalent to the mean propagator . The mean pro­
pagator is defined by the ensemble average of the exact 
propagator:

EJcr.o) = <(J(r,o)> (26 )
tf(o,o) = /

The mean propagator has also been used in other work, e.g.
12-14implicitly by Dupree et al. , explicitly by Misguich and 

I6~i8Balescu . However, most theories are hypothetically res­
tricted to the lowest order:

c = Co s  <LlxWVc. z,jL(z')>p’(rf) (Z7)

The validity of (27) was discussed by Weinstock ̂ *"who showed 
that it might be good in the weak coupling and the weak 
turbulence limits.

The propagators work mathematically like the Green's
Asfunction. The fluctuation P is formally solved m  the three 

forms using the three propagators:

- 11 -



A ^  •• A  A/ A  ̂p = ~ (/* Z.p + ( ( 2 8 )  

p 3 - ( -  U°*(>-A)LPr

p = - A * Z F  (5o)

For simplicity, the symbol * is used to represent a time 
convolution (integration), as in

()*<Lp>= a(z/Z')<£(T:,)p('c,J> Cl3J)

In (31), the operator $(t,t') restricts its operand to be 
evaluated along the exact trajectory of the particle. The
properties of this propagator can be found in the articles

15 . 16-18 by Wexnstock, Misguich and Balescu.
The substitution of the three solutions of P into (19)

yields

C - <LU*L.y? - <£(y>*<?F> (32)

C = <l u °»£>F +  <£u**(>-?0£p> U3>

c = <l A * Z > T  C34>

repectively,' with (34) as the simplest form. However, the
determination of. the effective propagator encompasses

15the whole difficulty of the problem. Weinstock derived 
iteration formulas to relate ^  to U® O , and if , but the 
use of the equations is complicated. Knobloch used the un- 
perturbed propagator U° . As described previously, a low 
order truncation would not provide a good approximation, so

- 12 -



that Knobloch did not give a compact form for the transport
equation. In the present work, following the considera- 

28tions by Tchen , we chose the exact propagator.
The first term on the righthand side of (32) may be 

called self-collision because the correlation is along the 
trajectory. The second term is then called collective col­
lision. Define the fluctuation propagator

U vcc.o}- UCc. o) (ivS)
with

(J (r,o)= O

The self-collision can be divided into two parts:

= <l (3 6)

The second term on the righthand side of (36) is called 
mode-coupling, since it represents the interaction between 
the fluctuations of the trajectory mode and the fluctua­
tions of the velocity mode. Comparing (32) and (36) with 
(26) , we see that the customary approximation neglects 
mode-coupling (in analogy with Corrsin's independence hypo­
thesis) and the collective collision.

In a kinetic approach^ Tchen pointed out that the col­
lective collision can not be neglected. For example, the 
collective collision contains the long range correlation. 
It should have a significant contribution to the dispersion 
when £ is large. On the other hand, mode-coupling is 
also not negligible when the memory effect is significant. 
Therefore, a more comprehensive investigation of the eddy

- 13 -



collision is to include the collective collsion and mode- 
coupling in their combined effect on the series for C. In 
analogy with the equations given by Tchen^ we derive equa­
tions relating the effective propagator to the exact propa­
gator. The result is then related to the mean propagator. 
In such a manner, the effects of mode-coupling and the col­
lective collision are combined in the high order terms of 
the new series.

- 14 -



2.3 Hierarchy from Mode-coupling and Collective collision 
To relate the effective propagator to the exact propa­

gator, we derive the equations for the mean propagator. By 
averaging equation (23) , we find that the mean propagator 
obeys

( i t + D ( T =  - < t v > (37)

The subtraction of (37) from (23) yields

( h f t ) o  ~ - t u  + < tv> cse)

Similar to (20) and (31), we find

+ <J *<L C39)

h = - <£v>
= <L(J*L>U-<L,y>*<!:(I> (to)

Denote

€ 5 < t a * t y p  

B s K t d t Z y v

so that (32) and (40) can be written as

c  = c - ? r * r  (to

W  = 1R -  (tz)
These two equations are in analogy with those given by

Z8 ■ —  .Tchen . Iteratively using (42) and (41), we express H m
terms of jH, then cT in terms of JH and "c. It is found that

- 15 -



= <c ■-* g ; f-'" 1*3)

■f t4 lH *IH*JFF*C — ....

At this step, "C or the operation of the effective propaga­
tor Jt, has been expressed as a series of the operations of
the exact and the mean propagators.

Next we relate the operations of the exact propagator 
to the operations of the mean propagator only. To do so, 
we denote

h, & <L(J*£>

*  <£(/*!> 
o s (f *■

c" and H*are then written as
<f = C ̂  +\) P~ C44)
jH> = rt/+ F J °  (45)

The series (43) becomes

r  - tt,p — f c f w c a + V o j h + T u r
(46)

(46) is rearranged into the form

C = h , p - f - % P + £ ' % p  (+7)

where

-  -~k»h,

35 =

- 16 -



h , ° h , ° ( h ± - M i )  +  2 7},0( f c ± - h M + ( T L - h , ° J ) ' l)<>Ji't°ji,

The first term on the righthand side of (47) is

c T - ^ P -  < 2 > r > F = (46)

at zero order. The second term represents mode-coupling

The subscript i refers to the "order", i.e. the sum of the
subscripts of the operators h, and h^ contained in each of -
the terms in D-- F. It is found that all the D^P terms have c
the common operators h, and (h£-ti,°"h, ). Such a pattern 
provides the convenience of expanding ~C into a series con­
taining u" operators only.

Write (39) as

h2 P is then expanded by repeatedly using (49). The result 
is substituted into "Dj,!?. The resultant form of the series
—  ASC xs rearranged according to the number of times that L 
occurs in each term. We end up with

and the series , pj , represents the collective collisilsion.

(j = - u * t u  - + U*<LU>+ (/*<£%> (43)

iS~o)

where
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^5 = - < £ V 2 > £ ^ P ’

zî . ̂  -ifcetoZo £  *£}p -f<̂ 6 (  ̂11'? - £ at y p + ■Cl0 <.L»£°£y*£P p
UL°t°<i°£>°t>p + a°t><£'£°L>p+<£°t°t>° < M > T  

Z ^ = < £ * M ‘£°£’£> P -  <

~i£> &M>-Z’£>T - <£‘<?'£‘Z-‘£>’£>V
- <£*£°<.£°£y,i°£yp~ i£.°£°<£’‘£°2£>'‘££>p
- {£0£ °l °(£a£}°£)P + h(L°(L°£^o£yo£yp

+1 rt-fclMtoty'-pp 4 Z z£-i><££>-<Z°£>P~
- <£°L>°U*£°i°t>p - (£-£*£°£><Z°Of~
4  a°l>°<t‘<£°2:>°£>p - <£<,<£«£>-£>><£-£>Fr  

* t - :...
The full expressions for the series for h^P- and C-, up to 
the eighth order, are given in Appendix 1.

The series is generated by both mode-coupling and
the collective collision. It is equivalent to the hierar- 
chy of the L correlations under the operations of u. Com­
paring (50) with (34), we see that the operation of the 
effective propagator Ji. has been expressed in terms of the 
operations of the mean propagator. We also see that the 
effects of mode-coupling and the collective collision are 
combined in the high order terms. It may be noted that
Marcuvitz tried to expand a similar series for the Vlasov 

33plasma . However, terms of orders higher than four were 
not discussed and the expansion was not actually advanced 
in use.

- 18 -



2.4 Closure
To obtain a good approximation by a low order 

truncation of the new series (50) , we discuss the behavior 
of the series for different time ranges.

In the short time limit, C=0, all the operators L in
(50) can be approximated as

A** *
= %  “'iK- = “'iK-

where
u* b  y ( o )  {SZ)

is the initial velocity fluctuation of the particle. Here 
and after, we shall use the summation convention as that in
(51) unless where noted. Therefore,

zr3 = - Up £„> C7. u* v!U* Vn'p
-  - < X C &»

=  {<“o£ < w : hx y Z , > - < £ . y X £ A » ) J

- %S?V„V„(7*c7*tr*p' (S3)

In deriving (53), we have applied the assumption of homoge­
neity to transfer all of the spatial derivative operators, 
V.'* to a position in front of the operations of U. Thist

step is based upon the fact that the operation of "u implies 
a spatial integration and IT itself contains a spatial de­
pendence J} 1 (reference to Section 3.1). It is found that ^ a-
all the moments of of odd order are approximately
zero and the moments of even order, say the 2nth, are con­
tributed by C0 and A 2(- up to i=n. It is also found that, 
although smaller, the contributions of Aj- (2 $ i^ n) are of

- 19 -



the same order as that contributed by C0 . In other words, 
the subsequent terms of C decreases slowly when the order 
increases. Therefore, the approximation

may be modified by adding more terms in the short time 
limit.

When t is sufficiently large, we make following approxi­
mations.

a) The terms in that have any correlations among
odd number of L are negligible, e.g.

This approximation is based upon the alternation of the 
sign during averging and the spatial and the temporal inte­
grations implied by the operations of If. The correlations 
are at multiple space-time points. The integrations make 
them very weak.

b) The terms involving any pair correlation between
AStwo L, which are separated by a correlation, or correla-

A*tions,between four or more L, are negligible, e.g.

C  =  Co =  <LLr*L>p

As , /v, \  .

<L o<L<>Ls>° L °L/P — O



The symbol /" ' denotes the pair correlation. This approxi­
mation is made because the pair correlation makes the res­
pective terms much weaker than other terms, e.g.weaker than

~P and ^Lo P~, because the un­
derlined time integrations are not confined by the correla­
tion time.

c) As a consequence of a) and b), we assume that

(54-)

/2)°£a5 " ( L "4 - O

etc..
By means of these approximations,the series (50) is 

reduced to
c  =  c^+ JL  

& =2.
where

Z ^  <t°<

~Ag = tL»L0£°L°fc°Lyp - <,Z°£le£°Lyo<£.o/typ'
—  < -f- (L.e>£)o {Lo£)> p

=  < M » -  <£*£»>]>? (*5)

Ag = <.L°£o£°L oL °L°L °l PP-(fcoZotoLoZafcpe, <£‘>&rp~
— <ZotMtoteto oly/>'p~+ <£e&o(£o£'o£'o&o (potyp

- <toi^t>o <&£>* <c*£>-p

+ - < & £ > * < & £ > < >  <&£>* <£«£>?

- <£oI°[£ol*(£’L-<Z:‘>£» -c£°£*0:°£- <£*£»>)>}>?
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Adding both sides of (54) to the expression for A  4 , we 
find .

a, =

A ?  ~  <.La Lo(A(3 = 4 £o£*a£>

£ A where A^ and A_£ are defined as

£ ^  £>£>£°2:p  -  £*<£*£>*2:p - £°£°<£*£>p

£ ^  L ^ t o t o t o t J  - £o£0<t»£*£ot>pr

- t*L*£>£° <£*£>p +  £ 0£ 0 <t°£> * <£o£>p

The full expression for the series verY lengthy
and complicated. Nevertheless, according to the pattern, 
it is reasonable to assume that

. A 2i =  / L*L 2. Ci?Z)

It may be noted that, among the A^t the expression for -2̂  

is exact.
To study the behavior of the series we construct

another series j A 2;j/ (i* 2):

$4 ~ Aj,

A**- ** <£°£y^ & 2ct-o y

The terms of the series \&k decrease faster with increa­
sing order than do the respective terms of the series 
for two reasons. First, LoL refers to two points but ^ 2i-"'fy)
refers to a number of points. The correlation becomes 
weaker when that number increases. Such a property is not
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possessed by the series ^ 0 ^  • Secondly, the underlined 
time integration in is restricted by a correlation time 
but the one in fa2(̂ is not.

On the other hand, the behavior of the series
can be compared with that of the series in (43). The norm
ratio of two subsequent terms of *-S:

IP _ II (SgJ
II &.J1

And the respective ratio of the series.(43) is

Ip - 2.C&+J2- // (iH*y*'<£ II .

Recall that
Jff* ~ <Ltr*-L>U* 
o =  a *

These norm ratios may be estimated in the way similar to
34that used by Knobloch :

Jim f>s  =  ll<£U*l>U*l\ C5-8>
c

L -9 °° '*• -  .4 CS9)
Therefore, the terms of the series for }&!&} decrease
faster than do the terms in the series given by (43).

According to this discussion, it is shown that a low 
order truncation of the series provides a better approxi­
mation than provided by the truncation of the series in 
(43) , the latter is equivalent to the neglect of the col­
lective collision. Therefore, when T  is large, we have



with^as the correction for the zeroth order approximation. 
In fact, it can be shown that the term A^ is significant 
only when x  is not large. Hence, the zeroth approximation 
is good for long times.

A complete discussion of the behavior of the series 
does not seem possible at present. The correlations are 
not only of increasing order but also at an increasing num­
ber of different space-time points. Analytical discussions 
and experimental investigations of correlations at multiple
points are rare. We may mention the discussion made by

3SMonin and Yaglom , and the experiments made by Van Atta et
al. . According to their results, our approximations may 
work even when V is not large. Moreover, the low order 
moments of the transition function are of the practical in-

reasonable to assume that (60) is good for the whole time 
range.

•The condition under which (60) works well is estimated 
by (59). We have

a Eulerian time scale was used.
As mentioned by Monin and YaglomT^ when one or more

36,37

terest. In view of the behavior of the series

(61)

where is the strength of the turbulence, is the Lag-
rangian correlation time scale and cĈ is a length scale
over which P (E,^) has a significant change. (61) is com-

34-parable to the condition suggested by Knobloch , in which
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points are far from other points, a fourth moment can be 
approximately written as

* (ft ( L ) % +<£<&)fob))

In our analysis, this picture occurs frequently because of 
the spatial and the temporal integrations. For an analyti­
cal study based upon two-point velocity correlation func­
tions, we further ass.ume that

~  C . +  f> (62)

(62) will be used to establish the transport equations.
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2.5 Transport Equations
The previous discussion concerns the dispersion of a 

single particle. It can be readily written

( d r + g S ) ? '  =  % % ■ { £ ? }  (63)

where "u is the mean velocity of the particle. For a fluid 
particle, uP is the same as the mean velocity of the flow.

J is an integral operator playing the role of the eddy 
transport property. According to the zeroth order approxi­
mation ,

Hi } = (64}

According to (62),

J<-f | == < VlJf’V y  ■+ C6S)

For the two-particle transition function, equation
(11) can be written as

[ + LvWjfijr, b,b)=o

where
A A  A \itl(Z) s  L(.k> + lj*>

The procedure for obtaining (27) and (62) can by analogy be 
used to get

( +L(±] P(z =  Co (66)
or

l6?)
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where C ̂  and are similar to C0 and but in terms
AS ■ _of the operator L/z and the two-par t i d e  propagator tj/2 . 

u"ja is the ensemble average of the two-particle exact pro­
pagator {j/2. , defined by

£ <2r -f- U(i{zt6)-C> CZV>0

C1 o') - I

Equations (66) and (67) can also be written as 

(c>T + grZ +£•%*)

wi th

and
■ < & ' * * & > + < £ ■ S » p

(7o)
respectively, playing the role of the transport property. 
These formulas contain more terms than that in the one-par-

d/ 4/ Ayt i d e  case because =L, +LZ .
Transform (68) into the (-A ,A) system. The transport■V

equation for the relative transition f unction "B(r ,>) can be 
obtained by the integration with respect to J, . It is 
found that

M  i k  e ]  (7/;V  ^

with
1/ —-  A- v 'K  'V-._____4 . __ a .

£*•)} = Gs$>-<$rru*$>- <%(r,>*v^+<$ws>

(7Z)
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as the transport property for the relative dispersion. Note 
that we have assumed a constant mean velocity and that the 
initial separation of the two particles is close to zero. 
In such a case, the two particles move almost together and 
the moments of the relative displacement are close to zero 
at short times. Similar to the one-particle case, it is 
also expected that the correction term Aj*contributes to 
the relative dispersion mostly at short times. By analogy 
to the one-particle results, one would expect the correc­
tion to be small for the second moment. It is, however, 
essential at short times for the fourth moment. It seems 
that the neglect of the correction term would not affect 
the second moment for the relative displacement by very 
much. A study of the higher order moments may be made 
based upon our theory. The results would be different from 
those in other theories because both the zero order equa­
tion is different and the higher order correction is ob­
tained .
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Ill DISPERSION OF A SINGLE FLUID PARTICLE
3.1 Formulation of the One-Particle Transition

Equation (63) governs the dispersion of a single par­
ticle. To determine the transport property, we relate the 
mean propagator to the transition function. Since the 
exact propagator requires its operand to be evaluated along 
the trajectory, we can write

Hence,

The properties of the exact propagator and the mean propa-
15gator can be found in the articles by Weinstock, Misguich

16-18 2.Zand Balescu. The relation (73) was also used by Roberts .
An explanation of (73) .is given in Appendix 2. In such a
manner, the transport property K-fJ is expressed as an oper-
ator containing v and P. The transport equation becomes a
non-linear integro-differential equation. According to the
zeroth order approximation,

( } z-h(T£V£) ?(*.£)= vJJj-z'JjJl ’< z'J-i') rfpte'J'J
C 74)

According to (62),

■ v j j L r z i y
(75)
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For a fluid particle, its velocity is the same as the local 
Eulerian velocity, so that

trl = ltc(z+to, )

d '

For stationary and homogeneous turbulence, (74) and (75) 
become

(76)

andC>rHf,-Pl-)'p(r.Jb= % frtjJl'ityt-z'.l-X'Jpfai'.H ' > y P V 4 ')

* V t J p j p r J F l T - J V  "

respectively, Where

f t  ■ o - r ;  £-I) =  < UilT+t., j+Xf> £  f t £'+&y>
0

is the Eulerian velocity correlation function. Equation
(76) is exactly the same as that derived by Roberts using

22DIA . Equation (77) modifies (76).
The moments of the transition function are defined as 

follows. The first moment

<r h r » = J U £  Ui:

For the present case, the central moments of odd order are
all zero and the central moments of even order are:
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Therefore,

- f  J£ ci-Jfrf* 3cp~fc/) 178)(78)
which can be studied by means of the equations (76) and

3.2 Asymptotic Cases
In the short time limit, all the velocity fluctuations 

are approximately the same as that possessed by the par­
ticle initially. For the second central moment, the con­
tribution by 2 ^  is approximately zero. It is found that

(77).

(79)

(80)

For the fourth moment, we have

(8/)

It is found that

J J £ ^ 2 -4 = CS 3)

Therefore
(S4-)

<T+rz»± - § ■ < & ? * i&s)
On the other hand, the fourth central moment can be
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found kinematically as
'U 't,
J(v>* “v-C

<&+>**■V (86)

The velocity field may be assumed Gaussian so that

(S7)

Comparing (87) with (85), we see the necessity of the cor­
rection to recover (87) , in the short time limit.

In the long time limit, is negligible. (76) can be
written as

* C88)
Denote Vc as the corelation time, (88) is approximately

O r  l ) ± I  )

=  Vt-pr, per. £  J (89)
0 t?

where K • • (<*>) is the component of the asymptotic eddy diffu- 
sivity tensor, defined by

£ 0 0 = <-9°)

(89) indicates that p"(̂ ,-̂ ) approaches Gaussian in the large 
time limit.

The discussion for the two asymtotic cases agrees with 
observations.
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3.3 Intermediate Times, Gaussian Approximation
At intermediate times, equation (75) is used to study 

the moments of P(zr,^). For the second central moment, (75) 

yields

(3/)
In the derivation, we have used a coordinate transformation 
and the normalized P(rfJ£). By means of Fourier transforma­
tion, (91) is turned into

P'r-z:.£}pter;'.A-£)ftz^ )

(St)*
22 233/As mentioned in the literature, ' ' the one-particle 

transition function has been found to be experimentally 
close to Gaussian for both short time and long time 
limits. It is also found that a Gaussian approximation 
for p’('C,J) works well for the whole time range. Based 
upon the Gaussian approximation, the equation for the 
second central moment is greatly simplified. For the case 
that the turbulence is also isotropic, the Gaussian form 
and the corresponding Fourier components of P(r,_J)) are

* « p [ -
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p(T, 7? ; * ( 2 7Tj3 e/p [- L 4C U.z ~ j  #cr(r)J C9i)

where o ,a(c)«j'^./>^is the one-dimensional variance of 
F(r,^). The components of the velocity correlation func­
tion for isotropic turbulence are of the form

E(r, 4)
r ‘- s ' =  1 “:r i T ~ ' ~

where E(E,k) is the three-dimensional spectrum of the tur­
bulent kinetic energy. Substituting (94) and (95) into 
(92), we obtain

(96)
When the energy spectrum is known, the variance O'(t) can 
be solved from (96). Then the Gaussian solution is 
obtained.

Denote

The respective factor in the second integral on the right- 
hand side of (96) is written as

j-c*> a Z  O^S.vJl ( a j-MCosh(a) + 3 
It can be proved that

i i ;  , ~taj-(a) >o C«>o)
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Therefore f(a) is a positive function when Z-Z'!>Q. This in­
dicates that a negative contribution is provided by the 
correction. It may be noted that the correction term ac­
tually has only a minor contribution to the second moment. 
Therefore, we can in practice use the equation

C37)
for the variance.

3.4 Non-Gaussian Behavior
The non-Gaussian behavior of p"(z:,-/) can be described 

by the moments of order higher than two or the respective 
cumulants. According to equation (96) or (97) , the non- 
Gaussian behavior of P(T,J) is mainly caused by the memory 
effect. If the memory effect is neglected, i.e. ^^"(r',^) 
replaced by 7P(r/^)/ the transport property, (64) or (65), 
becomes the eddy diffusivity instead of an operator. The 
result is the same as that defined by

which can be solved by means of (96) or (97) . Accounting 
for the memory effect, we study the flatness of TP~(z: ,-P) 
based upon the behavior of the fourth cumulant defined as

c. *  -f
According to the previous discussion, the correction 

term ̂  is significant when ~c is small. For an analytical 
discussion, we assume a time Zt . When Z<.T, , approximately 

"a = < =  <£a*£)>lJ*<£isx-L>V C 98)if
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Without loss of generality, the mean velocity is taken as 
zero. Then

The contribution from ~Q0 is

‘S p b < W )  v„'pc<£ •>

= '[(l-tJteAW -A ' H1 A- c ^ M ')

° ,, • fi< A')
“ fiyCz.i; ) doo)

■t yJVzp£Jl]>.ty* j l ? j >P(*KJlPfcj? J
Note that the first term on the righthand side of (100) is
smaller than the second, because ^  in the first integral is

  .,aweighted by both R-. and P, but J)c in the second integral is 
__ 0d

weighted by P only. Therefore,

j U t p j f c .  a

where the equality holds for JT#0. Making use of (91), we 
reduce (100) to

__ (101)
The contribution of ^3^ is

Jjl MPZi. =JJJt ¥ £ l<£tf*&trd2<f*£>'p~

■ poiu-jt 'J "•> "jP ct i l  •')

=  -g- f a *  (ion
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^  to < 4 - Vfr-rO - -J' Z 3J  = 6

The addition of (101) and (102) yields

-jj 4  [4?<

The fourth cummmulant of P(j^) obeys the inequality

- £ c .

When £" is small, approximately

= < ^ > ri
so that

^ to < "6e>l 4-J-*T -c'(T-r'J-

This indicates that the profile of P(r,i) is steeper than 
that of the Gaussian approximation. The flatness decreases 
when Z increases from zero. Note that without the correc­
tion term, the profile would be predicted even steeper.

When T is large enough, "Z4 is negligible. The fourth 
cummulant changes with time as

~ -  f -

c/o3)
where q < t?<Z. When E is large enough, the first term on
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the righthand side of (103) is close to zero, so that

-d rC  -  f  for jT ' M  ̂  V c-~ ypV't-* >
This indicates that, when £■ is large enough, the profile

Gaussian in the long time limit.
In principle, the behavior of the flatness for the 

whole time range may be studied in the following way. The

with u taken as zero. Neglecting higher order moments, weA*
can use (105) , (106) and (107) to study the evolution of
the fourth moment and then the fourth cumulant when the 
energy spectrum is given.

To find out which property of the turbulent flow 
affects the non-Gaussian behavior of P ( T ) , we simply

of P(r,-P) becomes flatter, and finally it approaches

moments of of P ("C,J) are related to its Fourier components 
through

C /©4-J

ThereforeTherefore

The Fourier transform of equation (74) is

<*°7)
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neglect the correction term. The fourth cumulant then 
obeys (103). The Fourier transform of (103) leads to

4cu

-  p  fr:

Approximately, we have

y- .f-4 FfT-' vc*>pt<4>*)<*',JTV 4‘Jj

which is exact for the Gaussian form. Therefore,

4c  -  4 ^ 1

-  uo8) 

Since (jCcJa the second term on the righthand side of 
(108) becomes

- ^  4‘)
The integrand contains the vorticity spectrum. We see 
that the strength of the vorticity fluctuations plays an 
important role in the non-Gaussian behavior of ? (r ,Ĵ ) .

aftThis is in agreement with the comment made by Kraichnan .
It may be noted that, with the correction teem, the 

non-Gaussian behavior of F(r,^) is not as severe as (103) 
especially when Z approaches zero.
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IV RELATIVE DISPERSION OF A PAIR OF FLUID PARTICLES
4.1 Formulation of the Relative Transition

Similar to (74) , the two-particle mean propagator is 
related to the two-particle transition function:

or in the (^/£) system:

J.41X .yy... 0=3}

The trajectories of the two particles are shown in Figure 
1. Assuming that the initial separation of the two par­
ticles, JU , is close to zero, we use (68) and (69) to esta­
blish the governing equation for the relative transition 
function "B(t,^). In the ( J,,A) system, the substitution 
of (109) yields the integro-differential equation

wo)
Integrating (110) with respect to , we obtain

a n )
Coordinate transformations have been used to derive (111).

- 40 -



The second term on the righthand side of (111) can be 
further transformed into

different transition processes. The latter is equivalent 
to the former after the interchange of the two particles. 
However, the two particles are not distinguishable between 
each other. We cannot distinguish the two processes 
either. (Ill) is then written into the symmetric form:

t i d e  dispersion is dominated by eddies of large scales 
and the relative dispersion is dominated by eddies of 
small scales (when the initial separation and T are not 
large), the two-particle transition function in (114) may 
be approximately written as

by assuming the two dispersion processes are approximately 
independent. Therefore,

It may be noted that the transition function
j in (111) and the one in (112) refer to two

(M)

with

playing the role of the relative transport property.
2Z 31As mentioned in the literature ' , since the o
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(.k6)
When the Eulerian velocity correlation functions are given, 
in principle, can be solved from (63), then (113)
and (116) can be used to solve for B (z ib) •

The two-particle transition function in the transport 
property accounts for the interaction of the two trajec­
tories. It will be shown that (113) and (114) provide an 
analytical proof for the empirical 4/3 power law of rela­
tive diffusion.

- 42 -



4.2 Asymptotic Cases
The second moment of is defined as

« y  j> ̂  )

According to equation (113), the second moment obeys the 
equation:

(II7)

In the derivation, we have used the property

JdX B ?  (T-K I, X £ )  = piT-z'J )

and incompressibility such that

In the short time limit,

4z <£<r)£(r» *  2[2gto.o]-§(o,

=  f i t a  o)-gco, & )  '£( « ,  -%>)J z (,iQ)
and

[2R(c, o)~£(c,Jlo y£[o,-AjJ r* (i/9)
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Since
A a
A(z)s. V  't*

we find

Ac^of 12 oj- - % , ) ]  r i 

~ £• %  " -£°*°: ¥Z%to.o)Ta 

and the variance of the separation

(120;

where <£ is the energy dissipation rate, V is the moleculac 
viscosity. (119) or (120) states that the two particles 
move almost together at short times.

In the long time limit, the velocity correlation func­
tions R(c- t',£+£+&* ) and R(c-r' can be neglected,a! ^
i.e. the two particles move independently. Therefore,

■37 <&!*&<*» = 4 ]*i i « b ¥ < k a  )

» 4 g(») cm)
and

<\(zbr.i>= 4 g M Z  022)

where K(o» ) is the one-particle asymptotic eddy diffusi-A*•V*
vity tensor.
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4.3 Intermediate Times, the 4/3 Power Law
Write (113) into the integro-differential form:

OH)

One way to simplify the analysis is to replace pj/lf (r ', Y  )
by t7vB(r,A). This is equivalent to a memory cut off,
implying a Markovian process. The resultant equation has
a meaning essentially the same as that obtained by Kraich- 

24nan , based upon LHDI. The transport property becomes a 
function of time and the instantaneous separation. How­
ever, it is well known that the fluctuations of scales com­
parable to the separation dominate the relative dispersion 
and the separation itself is strongly affected by the dis­
persion history. In other words, the initial separation 
provides a significant influence. Such a cut off might be 
applied only when the diffusion reaches the stage that the 
separation is signifinificantly larger than the initial 
separation. We also note that, using the memory cut off, 
one cannot recover equation (117) for the second moment of 
B(t ,A). In our work, the memory cut off is not considered.

There are several models proposed for the form of
—  ? 3CB(r,A) in the past years, such as by Richardson , Okubo,'

31 40Batchelor . The experiment made by Sullivan illustrated
that the Gaussian model suggested by Batchelor, worked
better than that of Richardson- .

Batchelor suggested the equation
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5r8Cr.>) = g*lT.gj! 1124)

for the relative transition function, where is
Us *u

the relative eddy diffusivity tensor. Following Taylor, 
the relative eddy diffusivity can be defined as

r' Qo) -  jr (IZ5)

Making use of (117), we find

' P ( z - z : A'J (,2£) 

By means of Fourier transformation, (126) is turned into
iiiii*£/rJ£ r->>= £(c-z,'& )(2ir?fa- */£)

•I ‘-<»sr#•(£+&))}

- # 2 7 )p/*-zH)fi-&[(2i J J r ' e ~ iJ}
(127)

where the symbol J represents the real part.
For the case that the turbulence is also isotropic and

the initial separation is small enough, we can write
"Ect, >0= £inOxfc)} 5lzexp[-

£> (r, & =  C2try3exp [- A2o£(r)J
Equation (127) is reduced to

EtT< ^ e

028)

Note that, in (128) , rr2(C) is the variance of P(T,Jj) and
2 —CT^(r) is the variance of B(r,;X).
According to (128) , the velocity fluctuations of large
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scales (small k) do not contribute significantly when X is 
not large, because of the behavior of the factor

[i - (i-

On the other hand, fluctuations of small scales do not con­
tribute much either, because of the behavior of the factor

- i - ^ c r V r ' J€
Therefore, when "C is not large, equation (128) automati­
cally shows the dominance of the fluctuations of scales 
comparable to the separation. Neglecting Ji0 , we write
(128) as

Hr*'*"'' 3 J* ' t ^  XJl̂ ,
■L

whereotZ*<Z- The first term on the righthand side domi­
nates. Therefore, based upon the Kolmogoroff spectrum,

r*/3['-e- H ^ a,2 Cu9}
Let

f  ■ - e-
r p m x - i i  f t -

We find

* » Cn-» ZH'2= JLc g * r U  *  - * 0  - « (^ X J3
_ F

3
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Therefore,

Oftr) = -L (c F fAi Z 3 =  <=>• M & C  *AS z 3

K*&)a j ^ ) = i S c ^ zJ -

C/3o;

3.34.3 £r* Cc± i.S) Ciil)

where

*  1-6/2 1

(130) and (131) give the proof of the 4/3 power law.
The analytical proof for the 4/3 power law is based on 

approximations that the one-particle variance and the velo­
city fluctuations of scales other than the inertia subrange 
are unimportant. It will be more convincing to work with a 
full spectrum and with the one-particle variance as well. 
As a demonstration, we have calculated numerically the re­
lative dispersion based upon the von Karman spectrum which

4. -56has the k behavior at small wave numbers and k behavior 
at large wave numbers. The result seems excellent (Section 
4.5).

It is also interesting to note that the Gaussian ap­
proximation retains the asymptotic behavior of the rela­
tive dispersion. In the long time limit, (128) becomes

-  2 -4i crVcJ*

- 48 -



In the short time limit,

cjV tji- £ ■ £ srd)['-u- e~** ̂ (T’i]

~  ~i J?dzj r ĵ  - i 4 W * x  4 Ĵ j J

U ZjT' J  0 3 V

where the factor 1/6 comes from the integration over all 
directions. The solution of (133) is

CJ-Vcji -y- [ c e s l , ( J j § - T ) - l J

or
< ^ kfc)>.= 3G^(t)± &J* ()+ 0*4)

which agrees with (120).
Our equation (117) can also be used for models other 

than the Gaussian approximation. The Fourier transform of 
(117) is

4  <Z*M>= ')ldA&'-cJJe ̂

i , c/iO
Neglecting the contribution from (J(Z-Z), we can write

-4 <*x'*»± 8  ">Jyisfr'Jjp- S4 j t J
(1*0

For Richardson's model that 
.—  .
3  Ct, >) = tffxje (137)

B(T'X > (iS8)
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with

where 0£(r) is the variance, and the relation between a 
and b satisfies the normalization, (136) yields

-£ <5vi 5 i i  <&*>>=

Cl 39)
With the Kolmogoroff spectrum, (139) becomes

A c t * f o r

(l4o)
where , and

f « / / w  r ’Y'- = -fcrc-t) - >■*«& (/4i)

With the definition of a(r) and b(r), we find

-̂ CJ>VOs- f - u r r c S ^ F  f a r W r ' J  J f a j i  ji/0e ~  ̂  'M  2

=S 24-(3 /t Jsf&C£?*F Jfaz‘
(142)

Finally,

0̂(z)= c.sm C3/ia 7T* = o. J392 £ ZJ Cc=‘SJ 
<$t(r)>4 2.S2ZT3 (143)
K̂Cz, »= a .£#43 £ (144)

For Okubo’s model that

J c r , A ; = o r t J i ? - 1, W A  (/4.s)

& ■ » =  (,4.6)
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with q/A

a >  I f t W  " °a ̂  awJ *
t  to  = f-T T F ^J V̂ JJ’Vi= '•'1'’1'11 t >*D

for the normalization, where 0>f(r) is the variance. The
same procedure of deriving (143) and (144) yields

/.c 6#3£ V s (14-8J

^Vr)>= J . Z o S Z T *  C/4V

k A)= 0 . 4 * 8 4 - ( > 5 ° )
Both Richardson’s and Okubo's models are non-Gaussian. 

However, according to Sullivan's experiment, Richardson's 
model is worse than the Gaussian approximation. We have 
calculated the one-dimensional profile for Okubo's model.
It is found that .

4 rJiLiz'B
J r x v*e-X)0

= o.£oi4. 0?Cz)  r { 4  , 1 - 1 9 1 9 ^ ] ^ }

which seems better than the Gaussian approximation in com­
parison with Sullivan's experiment (Figure 2).

It should be noted that the curve which Sullivan drew 
for Richardson's model was in error. The correct one-dimen­
sional expression is

-g<z,x,)= I a; M y

with b= (3 • 11 • 13)^ /2. It is plotted in Figure 2 as the 
darker dot-dashed line.
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4.4 Galilean Invariance
A random Galilean transformation is produced by adding 

to each realization of the velocity field a spacially and 
temporally constant independent random velocity with zero 
mean. Such a transformation does not affect the relative 
motion of the fluid particles. Therefore, an approximate 
theory of the relative dispersion should be consistent 
with the Galilean invariance..

a/Let the added random velocity be w. We use the super-14 A/

scripts o and n to denote the coordinates and the transi­
tion functions in the old and new systems respectively. 
In the new system, equation (123) is written as'

0 5 0

where the initial separation in the new system is assumed 
as the same as that in the old system. The Eulerian velo­
city correlation functions in the new system are related to 
that in the old system, e.g.

§*(z--c'A)= < oj£re,o> +• < # $ >
052.)

However, it should be noted that the equality

) = % 0(Z-Zl£)+

AS.does not hold because of the random displacement w*(-r-c') . 
Since the transformation adds a constant velocity to an 
individual realization, the transformation may be consi­
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dered as made by the movement of the observer. In the old 
system, the observer does not move, but in the new system 
the observer moves with a constant velocity in an indivi­
dual realization, which is random in different realiza­
tions. Recalling that the velocities of the particles 
should be taken along the trajectories in the integration, 
one may consider that the corresponding velocities in the 
new system along the new trajectories are essentially the 
same as that in the old system along the old trajectories 
except the added velocity. Therefore, the righthand side 
of (151) can be expressed in terms of the velocity correla­
tion functions of the old system and <ww> by replacing the 
superscript of the two-particle transition function:

• P ^ ct-t U v v j  (,s4)
This equation is the same as the one in the old system. 

Therefore the Galilean invariance has been retained.
In Kraichnan's LHDI, the Galilean invariance was kept 

by intuitively interchanging the variables in respective 
integrals . In the recent article by Lundgren, the invari­
ance was considered by the argument that the one-particle 
transition process should not appear in the relative trans­
port property. Such an argument is rather doubtful. In 
fact, the one-particle transition process is intrinsically
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involved. For example, according to Taylor, the two-time 
two-particle Lagrangian velocity correlation function 
Sv. (t)v'j (t1 )> plays an important part in the relative dis-<V “

persion. Suppose t>t'. The displacement of particle one 
in t-t' for a forward transition does not concern the tran­
sition of the second particle. The one-particle transition 
process is thus implied.

- 54 -



4.5 Comparison With Other Theories
It is worthwhile to compare our equation (123), or 

(116), and the relative eddy diffusivity (125) with that of
other theories. In recent years, analytical studies on the

22. Z4- 2.5same problem were made by Roberts , Kraichnan , Knobloch ,
Lundgren^6, and Mikkelsen^. For convenience, alterations 
are made in the notation and symbols.

Roberts applied DIA and obtained an integro-differen- 
tial equation for the relative transition function. The
equation is similar to our equation (123). However, ins­
tead of the two-particle transition for the relative trans­
port property, there is a product of two one-particle
transition functions. As the consequence, by the memory
cut off, the relative eddy diffusivity in the equation

^ r 8 fr/:X ) =  OS6)

was found as

[g(z', -gtz pr.'J) (is 7)

(157) is dominated by fluctuations of large scales, so 
that the 4/3 power law was not recovered.

Kraichnan applied LHDI and derived an equation which is 
the same as (156), with the relative eddy diffusivity as

= Z [< ga, £fzO> ' < %Cr,J+±)fr(rJlzO>]
(158)

The velocity correlation functions in (158) are of the Lag- 
rangian-Eulerian hybrid type. For example,
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is the correlation between a Eulerian velocity fluctuation 
at the space-time point (r,^+A) and the Lagrangian veloci- 
ty fluctuation of a particle at time Z1, which would be lo­
cated at the position J at Z . Such a velocity correlation 
function is difficult to treat in practice.

Knobloch noted the complexity of the velocity correla­
tion functions in Kraichnan's formula. The unperturbed 
propagator U°was used to relate the velocity correlation 
functions to the Eulerian. As described previously, the 
unperturbed propagator does not provide a well behaved 
series for the transport equation. Therefore, Knobloch did 
not give a compact form for the relative eddy diffusivity.

Lundgren independently derived approximate formulas 
(156) and. (158). The main effort was devoted to express 
the velocity correlation functions in (158) in terms of 
one-time Eulerian velocity correlation functions, and to 
get rid of the one-particle dispersion process in the eddy 
diffusivity for the Galilean invariance. Besides the fact 
that (158) implies the one-particle dispersion process, his 
result is still too complicated to use:

ass)

Mikkelsen studied the relative diffusion of a Gaussian 
puff. The puff was assumed strictly Gaussian in any indi-
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vidual realization. Despite the strong constraint, the re­
lative eddy diffusivity has an expression similar to ours:

where

is the Lagrangian velocity correlation coefficient. Equa­
tion (160) does not have a time convolution as in (128). 
Also, the one-particle Lagrangian velocity correlation 
coefficient is to be found empirically.
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4.6 Dispersion in Turbulence With the Von Karman Spectrum 
To illustrate the dispersion of fluid particles, a 

numerical calculation is made with the von Karman spectrum:

E ( 4 i ' U :  a6n

where is the Loitsianski integral, has the dimension
of a wave number. This spectrum has the advantage that
both the empirical behavior, at small wave numbers and 
A-% m  the inertia subrange are includedi

For simplicity, the variables are non-dimensionized by

z"s (fL-te)** ■ =

,  ^ t T “j 2

but the superscript " will be dropped hereafter.
The calculation is made upon the Gaussian approxima­

tion. The mean velocity is assumed zero. For the one-par­
ticle dispersion process, we use the equation

CUz)
to calculate the variance 0“(c). Then the eddy diffusivity 
is calculated according to

O-Vr) c , £ 3 ;

For the relative dispersion, we use the non-dimen- 
sionized equation (128):
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* * * * * " *  -
Note that the initial separation of the two particles has 
been assumed close to zero, so that

GjVO s. ctf(r )
The relative eddy diffusivity is calculated according to

X n(T>3 J  C/65)

The results are shown in Figure 4 and 5. The general pro­
perties of the dispersion processes agree with previous 
analyses. In particular, the growth of the variance of the 
separation, Ĉ ,(t) , shows a slope, which is consistent
with the 4/3 power law and is what we expected.
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V LARGRANGIAN-EULERIAN TRANSFORMATION
Following Taylor, the eddy diffusivity may be defined 

as the time derivative of the second central moment of the 
displacement of a particle, which can be expressed as the 
time integration of the Lagrangian velocity correlation 
function. For practical reasons, efforts were made to re­
late the Lagragian correlation to the Eulereian correla­
tions. For a fluid particle, the transformation is usual­
ly made by a delta function:

=Jjjt *<%<*,&) (166)
Making use of (2), we can write it as

where a denotes the spatial integration. The neglect of 
the second term on the righthand side of (167) is known as 
Corrsin's independence approximation. This approximation 
has been applied not only to the Lagrangian-Eulerian trans­
formation , but also to the neglect of the mode-coupling in

Z2,Z6 43diffusion equations . Weinstock discussed the validity
of the independence approximation. However, only the cor­
relations to third order was taken into account. In
deriving transition equations, mode-coupling can not be 
neglected without considering the effect of the collective 
phenomena. It is necessary to study more carefully the 
validity of the independence approximation and to explain
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that it does not apply to the diffusion equations. 
Besides, it is obvious that the Lagrangian-Eulerian trans­
formation requires the determination of the transition 
function. The results in the previous sections may be 
applied to the problem.

In (167) , the second integral also represents mode- 
coupling, which provides the error term for the indepen­
dence approximation. To study the validity, we write (28) 
as

p ~u*£p + u a 6 s )

The procedure of expending h2P= <(LU*L^P can be used analo­
gously to expand the integrand of the second integral on 
the righthand side of (167):

e" = <
The result is

GO
§ =  (>7o)

with

§ U = < i ' p * u  > -  <%u k £d*2}p y  
%?-=- <u U*£lt+j£ ( F >

+- {ffi+tvnKtfatypAxy+ <%vr*<£<7*zif»typ+%>

€ q= <$ i j * Z d r i£ & * L \J * L p * C/*<tw & I/x fc c s x tp A  Uy>

~(u[7x<fcU*£'(s*£)&*£p*£>-{fi(sx(Z0:*£Li»£&*£)>p*£)>

- < %{?*£cs* t'v* <l u* $)>

+2. <3 irx&u *£>(7*<£l>*£)P*£}t<£p*<2ote£(sx£}(7*pp*£}

i r -
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The series ĵ l'j differs from j in that the latter lacks 
the respective terms for the collective collision. How­
ever, this difference is actually trivial. All the absent 
terms are zero for homogeneous turbulence. For example,

=<%U*£)lh "J
= o  J (171)

In fact, all the terms having the form
< a  »£-■■£Y p }  C\yz)

are zero because of homogeneity. These terms coprrespond 
to the collective phenomena. Therefore, we may treat the
series H )  in a way similar to that for the series fee} .

In the short time limit, t-to =0, the contribution of € 
is negligible. All terms are approximately zero. For
example,

where u.=u(t,x). It is shown that

<Q; 0*1 W ' P ') *  "J

= 0 ° a 73)
In the long time limit, the approximations a), b) and

c) in Section 2.4 can be applied analogously, i. e.

£"==-<>- = < “ a*l  <J*i: P * £ >  (174-)
Similar to the truncation made for the series,

(174) may be considered as a good approximation for the
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whole time range, such that

± J * z ' ‘>+lT+ - 07s)
And the integral

]£«.» H76)

is taken as the correction of the independence approxima­
tion.

According to (145) , the correction is negligible in the 
short time limit. It is also negligible in the long time 
limit. The operator in (176) , l J * L U * L ,  may be estimated as
having the order

where S i is the parametor introduced in Section 2.4. Be­
cause of the structure of the pair correlations in (176), 
we have

^  «  9l < jd%
Z (177)

in the long time limit.
To estimate the correction in the whole time range, we 

write

07 B)
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After coordinate transformations, it is found that

(>79)
The Fourier transformation yields

.. *-UnV L W ! *
y

I (SO)
For the case that the turbulence is also isotropic and P 
is approximately Gaussian, we have

-  it;- Put f*M' ^m-fjhrn-t-uk)

■ exp?- -j <r(t-tyvK- AJjJ

I -k^^cr-r)  ]

08i)
(180) and (181) are equivalent to the respective terms of 
the equation for the one-particle transition function. 
Similarly, it also has a negative contribution to the 
Lagrangian velocity correlation function. The magnitude of 

may be found with a given spectrum. Based upon the 
spectrum used by Roberts22and Krai<22 ‘ “ '.chnart35:

Eft, A). Z K ‘t +(&>i f ?  &f> [- ffl?* J v<
(182)

where v,4=— , and is an outer length scale. The cal- 3
culation shows that the maximum magnitude of the correc­
tion is only five per cent of that of the main term. It
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seems that Corrsin's approximation works fairly well in 
the whole time range.

Instead of I* ' Weinstock discussed the validity of the 
independence approximation based upon

| 3 *= -cuyxtf* * > — 36However, the magnitude of e<i is generally larger than Q, .At A

It should be noted that mode-coupling in the equation 
of the transition function is different from that in the 
Lagrangian-Eulerian transformation. In the former, mode-
coupling <££*& in

is an operator acting on V'p , in the latter, it is simply 
a physical quantity. If we write

the coupling may be considered as between u and v-v P. 
Therefore, the mode-coupling in the two cases has differ­
ent physical meanings. One should be cautious in applying 
the independence approximation to cases different from the 
Lagrangian-Eulerian transformation.
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VI DIFFUSION OF A PUFF
6.1 Characteristics and Features of a Puff

Consider a puff of a passive quantity released in a 
turbulent fluid flow at an instant. By passive, we mean 
that the quantity is source-free, non-reactive, and its 
spreading does not affect the turbulent velocity field.

Let the normalized concentration distribution of the 
puff be <̂ -(t,x). At tof it is known as ^r(t<> ,x) . When tyt0 , 

fluctuats because of the random motion of the fluid
flow. The most important characteristics.of ip(t,x) are

where the superscript A means that S^t) is relative to
C(t) , the instantaneous centroid. The ensemble averaged

Nomalization

Instantaneous second
Instantaneous centroid

J Kz-£n$ fa* >
central moment * sPc-t) (l3S)

A

concentration distribution is
066)

which similarly has the characteristics

Normalization 067)

■(*,£)= u0&Ensemble averaged centroid 
Ensemble averaged

second central moment
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where the superscript a means that is relative to
4c

(f(t) , the ensemble averaged centroid.
Note that the ensemble average of (185) also defines a 

mean second central moment

SJ; x
C(t) represents the mean position of the puff in a fixed
'■v'

frame. Relative to C(t), 2T*(t) describes the spreading of*v-’ <45
the puff in the fixed frame, so that it refers to the abso-

Alute diffusion. On the other hand, C(t) represents the
Ainstantaneous position of the puff. Relative to C(t),

51 "̂ (t) describes the spreading of the puff in a frame■S5S
moving with the instantaneous centroid. Therefore, S ^ t )  
refers to the relative diffusion.

The traces of the mean second central moments are used 
to define the puff sizes:

(l9l)

(Jl (t) is called the absolute size which specifies the
r*

envelop of the trajectory of the instantaneous centroid.
is called the relative size, specifying the mixing 

of the quantity with the fluid. It should be noted that 
the puff size, used in practice, customarily refers to the 
relative size. In the following, we shall simply refer to 
the relative size as the puff size. The meanings of the 
two sizes are shown in Figure 5.
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2 *'
*b

and

CltKIt) (l33J

yet). < fau-£tt)}DL-&*>l &■*,£)>

= Jd jc ,m fu ,t)-
=  -jg'V.o - < £ t v c i t »  iis4)

Therefore, the (relative) puff size is generally smaller 
than the absolute size.

Richardson introduced a distance-neighbor function to 
specify the relative diffusion. The definition is

f Ju < fa'JL ) )>

Rewrite (194) as

2. -t) = J j ( XfX) '*’%?■ lpt’fsJ£±)y

-  +S  I ' X f a s  i

-  p s  4 5  (*> -*> x &  -$) < fa.«.) f a s  »

=  J/*£id£

Z Z  fr(*, Z> (l}3->

Therefore, the square of the puff size is one half of the 
variance of the distance-neighbor function:

=  2 =  T > a 9 6 )
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6.2 Absolute Diffusion and Relative Diffusion
According to (188) and (189), both the mean position of

the puff and the spreading in the fixed frame are deter­
mined by the mean concentration distribution l/f(t ,jjp • The 
evolution of (/7(t,x) is thus called absolute diffusion. 
With the molecular diffusivity neglected, the quantity can 
be considered as tagged onto the fluid particles, which
were in the region where the quantity was released. Then 
the evolution of ijr(t,x) can be considered as the result of
the dispersion of those "marked" fluid particles.

Using the instantaneous transition function for a
single particle, we can write

^(t0 ,x) is assumed known, so that

p (*,%)=JdXo fC-t-toJ-X?) pCto,*?) (I97J

In (197), for a homoneneous turbulence, the transition 
function -P(t-t„ ,x-x0 ) depends spatially on the displace­
ment x-x0 only. Hence, the governing equation of "p, (63)
can be applied to get

( y J Y f r x ' ) )  a s e >

where \ is defined by (64) or (65) . Practically, one 
may use the Gaussian approximation, so that
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The eddy diffusivity tensor is to be solved from

The distance-neighbor function describes the spreading 
of the puff arround its instantaneous centroid. The evolu­
tion of the distance-neighbor function is called the rela­
tive diffusion. Similar to (197) , we write

According to Figure 1, the coordinates have the relations

Therefore, the distance-neighbor function can be expressed 
as

equation for the relative transition function to establish 
the governing equation for ^£(t,.A) . However, it is not so 
straight forward. There is an important difference 
between the transition functions 1? abd B. Even for sta­
tionary and homogeneous turbulence, If depends on the ini-

and

U°/)

In analogy with the equation for <p(t,x), one might use the
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tial separation of the two particles.
As a compromise, we assume first that the puff was 

originally released from a point source at Secondly,
we assume that, in the time period to-t0a , the puff size 
increases to

Practically, we use Batchelor's model. Then, equations 
(124) and (126) are applied to obtain

Uoi)

with

(2o4)
The relative eddy diffusivity is solved from

<■„)'= i  jjt l2o5)

^  A v< A (+0-taT>)* (to- t-o)/

And the puff size:

)= j-O^Ct-t0O) - -^<lX(t-to)> C2°6)

with the condition

U°7)
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6.3 Diffusion in a Homogeneous Shear Turbulence
In the previous sections, the mean velocity of the turr 

bulent flow is assumed constant or zero. Now we consider 
that the mean velocity has a constant spacial gradient. 
Let the mean velocity be

jt = rx3 e,

where e, is a unit vector. We shall use e ? and e. for theI /V*
other two unit vectors for the Cartesian coordinate system.
The evolution of the mean concentration distribution of a
puff is governed by the equation

C h  Czo0)

The eddy diffusivity tensor is to be solved from the equa­
tion for the one-particle transitin function. The Gaussian 
form of "p(r,J) in the anisotropic case is

k *  S — !— .rJ* .. M M - r * ) t i " a
^ 0 7 0 1 1 P\ t/i'AVi op 0705 or1 •'j

(210)
where 0£ r (i=l,2,3), are the variances and/? is the coeffi­
cient defined as

A =  I <&*>&<*» (2/,)
'  v 07L-cX̂ C*)

All 0£ and jS are functions of time. In (2.10) , we have as­
sumed that there is no correlation between the displace­
ment fluctuations along e^ direction and either of the 
other two directions. ft accounts for the correlation of 
the fluctuations along e, and £3 directions, caused by the 
interaction of the mean wind and its gradient. The Fourier
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components of P(t f̂ ) are

■p<r,4> UirT*j-CT' 4/3}, £,r>

- ̂ tJ~3: £ 5 E  expj- £d-jBiX 4 f o + 4 V >  i t i &  + 4 , w - r z £ f j
C2I2)

The substitution of (212) into (92) yields

-gL o r w = z^dv'pk&j- t o t o t o .  a  rJ

-/rtfcr)=2jfrjj£ f U z* to, to.,to.fi- r)

4i + ^ 4 ‘c5 1J

t o  to, to, A  rV

(2/3)

+  070}.

The components of the eddy diffusivity tensor may be cal­
culated by

he (t -t 4t / i-*1' ( h0 Samtm tic»)

( M j

Because of the anisotropy, the principle axes of the diffu­
sivity tensor are inclined. Denote the unit vectors of 
these axes as ®i , d̂ x and <83. it is found that

S - P W * .  *;,«> f-*= 3j•»■ J a

e* = e a

&  = ̂ f  t £, - [tf,3 C+Jjlf*
{2.15)
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When the initial puff size is small enough, the rela­
tive diffusion is dominated by velocity fluctuations of 
small scales. It is well known that small scale eddies are 
close to isotropic in a shear turbulence. On the other 
hand, in the time period of interest, the absolute size is 
considerably smaller than the outer scale of the turbu­
lence. Therefore, the effect of anisotropy does not have a 
significant influence on the relative diffusion. Approxi­
mately, we can calculate the variance of T(r,^) from the 
isotropic equation (97) , in which the energy spectrum is 
everaged over all directions. We may study the growth of 
the puff size based upon the equation:

O I O
Note that, in (216) , Qjji(f’) is the variance of the separa­
tion of a pair of fluid particles, related to the puff 
size as

For a shear turbulence, the energy spectrum appears in 
the form

where n=5/3 is respective to the inertia subrange and n=l 
or 3 is respective to the shear subrange. A * is presented 
to connect these subranges. As described previously, (216) 
is dominated by the eddies of scales comparable to the puff 
size. Therefore we may calculte the growth of the puff
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size according to

= A  ■* J b̂ ' 4 r"(<-e'**)

s  -f An TOj>£wj ̂ (219)
The solution is

[ A'B'Jihr f ($-*)+ 7 
t $c*+>) J I ^— -j

(*=3 )

When n=5/3, the variance is proportional to c , which cor­
responds to the 4/3 power law of relative diffusion. These 
results are comparable with that given by Misguich and 
Balescu, and Mikkelsen.

It is interesting to consider the case that the shear 
turbulence is inhomogenous, such as in the atmosphere or 
in the ocean. Although the formal theory might be extended
to the inhomogeneous case as did by Roberts, an analytical 
study is not practical at present. To reduce the diffi­
culty, the locally homogeneous approximation is suggested. 
The inhomogeneity may be considered that the energy spec­
trum has a parameter representing the position. Then the 
discussion on the absolute diffusion and the relative dif­
fusion of a puff may apply.

Recently, RIS0 Laboratory of Denmark performed an ex­
periment for the diffusion of a smoke plume in the atmos-

44pheric boundary layer. The velocity spectra in three di­
rections and the lateral size of the plume were measured.

ZZ
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The theoretical prediction of the growth of the lateral
4‘l*4’4"size was based upon the equation derived by Mikkelsen:

-4r exp[--2—  )? • ^  (z20\

fl(§)= A + (221)

However, instead of the measured spectra, the velocity cor­
relation was estimated by (221) and the Lagrangian time 
scale ^is estimated to produce the best fit for the experi­
mental data. The spectra were measured at one hight, 10 
meters. Our equation requires the information how the spec­
trum varies with height, so that it is not directly appli­
cable. Nevertheless, we have used equations (97) and (216) 
to calculate the growth of a puff size based upon the v- 
component of the spectra. The nondimensionized spectrum is:

79.}S$A eXt>(-S$) ( 0.0 i $<1.1*23)
o M S - k " 3 (i.t+tnt'<2-&W

\ o.ogi(S$  1 (2.8S7I4^'<7iA^

l.4.cS(i'~Sli (71.413

with

It is found that, with the full spetrum and the one-par-
Xzt i d e  variance, the growth of the puff size shows a £ be­

havior. Such a behavior agrees with the previous discus-
4,5sion and the observations^ . The v-component spectrum and 

the one we used in calculation are shown in Figure 6. The 
results of the calculation are shown in Figure 7. To com-
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pare our calculation with the experimental data, we match 
the curve for the absolute puff size at the point x= 200m. 
In Figure 8, the circles and the dots are the experimental 
points of the absolute size and the lateral size of the 
plume respectively. Curves 1 and 2 are based upon the 
dimensionless calculation. It should be noted that curve
2 is respective to the initial size A>=0.02m. However,

44according to Mikkelsen , the initial size is approximately 
0.25m. By means of the treatment stated in Section 6.2, 
curve 2 should be modified by a distance over which the 
plume increases its lateral size to 0.26m. Curve 3 is the 
result of such a transformation. We see that curves 1 and
3 agree well with the experimental data. Mikkelsen's 
theoretical prediction of the lateral size of the plume is 
shown as the dashed curve. In the prediction, the velocity 
correlation function was estimated empirically as

{Const. (I
P r ( V  ■ ,I I.DS'-O.zo o# >

and the constant was chosen for a best fit of the lower 
part of the curve. The absolute size was not predicted by 
Mikkelsen.
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VII SUMMARY
In this work, a statistical study is made for the dis­

persion of particles in a turbulent fluid flow. The tran­
sition functions are introduced to describe the probability 
distribution for the displacement of the particles. The 
governing equations for the transition equations appear in 
series form as correlations, which implies the closure pro­
blem. The exact propagator physically specifies the tra­
jectory which characterises the transport process, and 
mathematically keeps the nonlinearity which is implied in 
the problem. Therefore, the propagator method has the 
advantage over other methods in that the resulting series 
decreases faster. By means of the mean propagator, the 
effects of both mode-coupling and the collective phenomena 
are included. The transport equations established in such 
a way apply to strong turbulence.

The transport equations are developed to analyse the 
dispersion of fluid particles. The absolute dispersion of 
a single particle and the relative dispersion of a pair of 
particles are found to obey nonlinear integro-differential 
equations. The general properties of our results on dis­
persion agree with observations. Also, our equations are 
more appropriate than those of other theories. We properly 
describe the short time behavior of one-particle disper­
sion. For the relative dispersion, it is shown that our 
equation works well with a full spectrum, while other theo­
ries have the difficulty that the velocity correlation
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function is in a complicated, Lagrangian-Eulerian hybrid 
form.

The results for the dispersion of fluid particles are 
applied to describe the diffusion of a puff of a passive 
quantity. The absolute diffusion is related to the one- 
particle dispersion and the relative diffusion is related 
to the relative dispersion of a pair of particles. The 
eddy diffusivities appear in tensorial form to account for 
anisotropy. The diffusion in shear and buoyancy turbu­
lence is also discussed, including the spectra k  ̂and k 
Based upon an experimental spectrum, the results of calcu- 
ation agree with observations. More application depends 
on the knowledge how the velocity correlation functions or 
the spectra vary with position.
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Figure 1. Trajectories of a pair of particles
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Figure 2. Profiles of B(r'/A,) 
1-Experimental, by Sullivan; 2-Richardson1s model 

3-Batchelor1s model; 4-Okubo's model
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Figure 3. Dispersion of^fluid particles,
based upon the von Karman spectrum
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Figure 4. Relative dispersion, the X behavior
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Figure ? Diffusion of a puff, 
the absolute size and the relative size
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kE(k) = r1.0177*1014k5exp(-5000k/3.5)
( 0 £ k <  0.004)

5*5*10“6k72 (0.0044k< 0.01 )
5.5H072 ( 0.01 4k< 0.25 )
0.02183k72/3 ( 0.25 ̂ k <  3.777)
^0.06155k71*447(3»777 ̂ k <100 )

: experimental v-spectrum, by RIS0 
u « 5*93 m/a, measuring hight: 10 m

10
k(m‘ 1)

Figure 6. Velocity spectrum, v-component
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Figure 7. Puff size, calculated with the empirical spectrum
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Experimental data 
vl ss 4.72 m/s 
O  Absolute size 
• Relative size

O /

03

03•PVs

^ ( x )
<5»0
Cn(x), by Mikkelsen

** 0.02 m 
ss 0.26 m

1 ,2
Downwind distance (meters)

Figure 8. Growth of the lateral size of a plume
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Appendix 1
The expansion of h P is made by the repeated substitu­

tion of (49):
0  - - (7*21?

The result is 
"h£P=<UJ*L^P*

i r\s A"* Aa» V “*■= - <LOLOli>P
/ ̂  V  V  /L-V—" / V  V 4/ 4/ \ 4/ \ —+<LoLoLoL/P-<L0<L0L>0V P
/ v  <1. v  - v \ —  /'I/ / n, /V\ /hi /1i iV v \  -ti\ — .-\L0L0L0L0L/P+<L0<L0L/0L0L/P+<L0\L0L0iy O p P

^ +<^oLo<'LoLy>o1g)p
J A  ^  A* / t  A»V m m  /A  //V  V A  A 1 ^  ^  V ^  /VV < ■ ■r +^LoLoLoLoLoIy P — \Lo^LoL/ oLoLo]^/ P~^LO\LoLoL/OLoL? P

OV  /A *  A- A/* /io V ■ ■ / 'l#  ^  7 A  A  V A. A/V V  / »V A * \  A-V m-LO\LoLoLoL/oL/P- \L0L0<L0L/0L0li>P-<L0L0<L0L0L/ OL/P
/  A  A* /V j ^  »A/ A  V /  /« \  /l^V mom-\L0L0L0<LoL>OL/P+2<LO<LoL/o<LoL/0^> P

<'A. ) n- >iv A»\ i t< \  / u \  —

Lo< Lo< LO V  O h )  o i l / P
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- 2<L0L0\L0L>0<L0L/0L/P-2{L0( L0L0L/0\ LoL/OLy P
/ * ! /  J A  Aa V V  /  4a A  I^ m  /  4 . / 4a I A* aV> I  Aa \  *v A I  <—

-<^0<L0L/0L0<L0L/0L/P-<L0<L0<L0L)0L>0L0L/P

- ( h o ( h o  ( h o h O h } ol)o%)]?--(loLo(Lo^oL^oL^ ol) p"
/ • V  / v  A. /  A. Ai V H . \  A \  —  /  A, /  V  / A _ / L v  l i  4.V < L \ ——-\Lo<LoLo<LoL/ o i y o y  P-\Lo(LO<LoLyoLOL/oL/p
/A- 't# aV Aa- *•" a%a» A A  —  /^a a A* V A. /La A/ 4a>V n— »

. +^LoLoLoLoLoLoLoL/P-\LO'(Lo]y 0L0L0L0L0L/ P
y*V / 4a Aa /la\ A* 4*a /U  a\, V ao— /  Aa /  Aa»> A* Aa* A l  4a A / V  \  mi ■»

- \LO\LoLOL/OLOLOLOL/ P- \LO\LoLOLoL/0L0L0L/P
/*- / V  /C- V  1 i \  V  A .\ _  /V  /H , Hi IV IV | t i  <VV M  —

- sIi0\L0L0L0L0L/ OLOL/P- <Lo<LoLOLoLoLoL/oL/P

+ 
+< 
+  <

-  88 -
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where
0 =  Ir*-

T he e x p a n s io n  i s  v e r y  l e n g t h y  and c o m p l i c a t e d .
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Since T^P" terms have the common operators IT, and 
(F^-'hjohj ), the series can be obtained by the substitu­
tion of the expression of h^F. Making use of the three ap­
proximations in Section 2.4, we find that

—T .A- v  A-   /A. /a,   /A .  /|,V  j A.-A-\------A* =<LoLoLoL/P- <Lo <LoI/ ol/ P -< holy 0\LoL/ P
//v v  ^  o- /^, /t>v v —  /<«. *^\ —=<LoLO (LoL-<LoL>)/ P-yLoyLoL/OL/P

« /< , ^  /V, A. /U y /V 'U'V .  'V ——= \LoLoLoLofjOL/P- \LoLoLoL/ 0\ holy P
/ v  ^  v / ̂  a ~\ — . /'V ^  \  /A/ a . \  y/t* /t\ —-<LoL/o(LoLoLoL/P+\LoLr o v LoL/Oa LoL/ P.

= <̂LoLo[loLo (Lofc-<LoL> )-<fLoLo (LotT-<Lofc> )>J> P
“T" A* v  VV—  Vv4̂  A-* A* \ /V 'OV ■ -<3 = \i*oLoLoLoLoiiOLoL̂ P“ ̂ LoLoIiO£iOIjOIj/0\IIiO£i/ P

/ V  A* <v A , \  /A f  / t  /V  A*' V “ * / / t  ' ‘t  a/  v y  A* A.V I t  \  —
-  \LOLoLOL> 0< L o L o L o L > P + \L o L o L o L )o < L o ^ >  0< L o y P
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Approximately,
, V  V  1  /A- A \  'tv — . /'U A. V y A  A-\ <tv _< LOL OL O <LoL/ oL/P = <LoL,)o<Lo <LoL/Ol/ P 

Therefore,
^  =(l °Lo )>
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Appendix 2
The exact propagator is introduced to find the formal 

solution of the equation
<A-I)

such that
' V’Cr,e>)fao,£ ) 1 J ^ z ' (j (z, r'J %&) (A-2)

where the dependence in the integrand is implied. The
Ay

first term on the righthand side of (A-2) represents the
effect of the initial condition and is usually neglected , 
so that

JfJz'(S (A-*)

Recalling

we transform (A-l) into the Fourier space 

Its solution is

A “. p + J ' V e  ~ fa:Jj*  e  - ~ j. - -
CA-4-)

The first term on the righthand side refers to the initial 
condition and is customarily neglected in the present case. 
The second term involves a convolution so that

f A _ 5 J

Comparing (A-5) with (A— 3), we see the equivalence:

Jr/r'irtr.f)- = ')-■
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