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Abstract

A STATISTICAL STUDY OF TURBULENT DIFFUSION
by
Dahe Jiang

Adviser: Professor Chan Mou Tchen

The dispersion of particles in a turbulent fluid flow
is studied by means of the transition probability distribu-
tion functions. Applying the propagator method, we derive
the evolution equations of the transition functions in the
form of a series of correiations° Based upon the diséus~
sion of the behavior of the series, a low order truncation
is made to close the equations. The eddy transport proper-
ties are found as integral operators that contain the mem-
ory effect.

The formal transport equations are used to investigate
the dispersion of fluid particles. The transition function
of a single particle and the relative transition function
of a pair of particles are found to obey non-linear inte-
gro~-differential equations. The general properties of
these equations agree with observations. In comparison
with other theories, our results yield better short time
behavior for the one-particle dispersion, and the equation
for the relative dispersion of a pair of particles seems
more reasonable and more convenient for use in analysis.

Based upoﬁ the Kolmogoroff spectrum, an analytical proof

iii



is given for the empirical 4/3 power law of relative diffu-
sion. A numerical calculation based upon the von Kdrman
spectrum agrees with the analysis.

The diffusion of a puff of a passive quantity is
studied by means of the dispersion of particles. For the
absolute diffusion, the eddy diffusivity is given in ten-
sorial form to account for anisotropy and the mean veloci-
ty gradient. With a locally isotropic approximation, the
relative diffusion undergoes different stages because of
the changes in the relative importance of shear and buoy-
ancy turbulence. A prediction based on the theory and upon
an empirical spectrum estimated from turbulent wind data is
compared with observations of diffusion made under condi-

tions similar to those when the wind data were obtained.
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I INTRODUCTION

The statistical study of turbulent diffusion was pio-
neered by Taylori In his work, the variance of the dis-
placement of a particle was expressed in the form of a time
integration of the Lagrangian velocity correlation func-
tion. A few years later, Richardson2 introduced the dis-
tance—néighbor function to describe the spreading of a puff
around its instantaneous center. Richardson discovered the
empirical 4/3 power law that, in a time period, the rela-
tive eddy diffusivity was proportional to the 4/3 power of
the puff size. The work by Taylor and Richardson reveal
the two important features of turbulent diffusion. One is
the absolute diffusion, referring to the spreading of the
puff in a fixed frame, which is related to the dispersion
of a'single particle. The other is the relative diffusion,
referring to the spreading of the puff in a ffame moving
with its instantaneous center, which is related to the
relative dispersion of a pair of particles.

Analytically, the statistical theory involves the fol-
lowing two problems:

(a) Transformation of the Lagrangian velocity correla-
tion function into the Eulerian correlation function.

(b) Investigation of the transition functions for the
path~lengths of the particles.

According to Taylor, the eddy diffusivity may be de-
fined as the time integration of the Lagrangian correla-

tion of velocity fluctuations. However, Eulerian corre-



lations are more practical to measure. Therefore, the ba~
sic problem in the determination- of the eddy diffusivity,
following Taylor, is the Lagrangian-Eulerian transforma-
tion. In this respect, we may mention the expansion of the
Lagrangian velocity correlation into series of Eulerian
velocity correlations by Lumleys'?Taylor series expansion)
" and Phythians(successive iteration), the moment expansion
by Deissleriand the Wiener-Hermite expansion by SaffmanY.
Corrsina'g introduced the independehce hypothesis. These
kinematic methods suffer from a lack of the particle path
that defines the Lagrangian representation. |

From the mathematical standpoint, the trajectories of
particles in turbulent motion can be specified by the dis-
tributions of their path-lengths, called transition func-
tions. The main task is to establish the governing equa-
tions of the transition functions and to study the disper-
sion of the particles. This method also yields a series
of correlations, implying a hierarchy in aﬁalogy with the
BBGKY hierarchy in the statistical mechanics of many body
problems. The closure 1is usually made by an arbitrary
truncation. To develop the governing equations, the propa-
gator method is the most logical in representing a Lagran-
gian function. 1In recent years, Kraichnan used mean res-
ponse functions in DIA (Direct Interaction Approximation)
and LHDI (Lagrangian History Direct Interaction Approxima-
tionfo'?’ Dupree et al. used a mean coherent response func-

tion in their perturbation scheme for the study of Vlasov



12
plasma . These mean response functions are found to be

related to the mean propagatorlﬁ Weinstock, Misguich and
Balescu, and Tchen used the propagators directly in their
theoriesl.s-ZIHowever, most theories are hypothetically con-
fined to the zeroth order approximation.

The dispersion of marked fluid particles has been in-
vestigated by the propagator method. —For example, Roberts
used DIA and obtained interesting results for the disper-
sion of a single particlefg However, as mentioned by Monin
and Yaglomzzthe short time behavior of the resultant one-
particle transition function seemed peculiar. Besides,
Roberts did not properly describe the relétive dispersion
of a pair of particles. Kraichnan&4added the Lagrangian
effect in his LHDI and applied it to the relative disper-
sion. The difficulty in Kraichnan's theory lies in the ve-
locity correlation function, which contains the stochastic
path-dynamics. Improvements of Kraichnan's theory were
considered by Knoblocgsand Lundgreﬁ?s However; Knobloch did
not give a compact form for the eddy diffusivity and Lund-
gren's results are still too complicated for use. In the
meanwhile, Misguich and Balescu discussed relative diffu-
sion qualitatively:” At present, there is still a great
need for a comprehensive investigation of the dispersion
of particles.

In this work, a statistical theory of turbulent diffu-
sion is developed based upon the propagator method. Fol-

28
lowing Tchen , we express the operation of the effective



'propagator in terms of the operations of the exact propaga-
tor through an.inteqral equation. Then we develop a new
series for the effective propagator which contains only the
operations of the mean propagator. This has the purpose of
including the effects of both mode-coupling and collective
phenomena, in a simplified form. Based upon the discussion
of the resulting series, we abply a truncation to establish
the formal equations for the transition functions.

For the dispersion of fluid particles, it is found that
the trasition functions are governed by non-linear integro-
differential equations, and that the eddy transport proper-
ties are in the form of integral operators. We compare our
equations and analytical results with other theories and
observations. The numerical calculations are made on the
basis of the von Karman spectrum.

The results of the dispersion of a single particle and
of a pair of particles are applied to the diffusion of a
puff of a passive quantity. The absolute diffusion and the
relative diffusion are studied based upon the evolution of
the mean concentration distribution function and the dis-
tance-neighbor function respectively. For a shear turbu-
lence, the eddy diffusivity appears in tensorial form to
account for the effects of the anisotropy. For relative
diffusion, it is found that the growth of the puff size
undergoces different stages depending upon the relative im-
portance of inertia and shear. The calculation based upon
an empirical spectrum is compared with the experimental
data of the lateral size of a plume.

- 4 -



II THEORY OF TURBULENT TRANSPORT
2.1 Mathematical Description of the Trajectories of

Particles

In this work, the turbulent £luid flow is assumed in-
compressible, statiétically stationary and homogeneous. As
usual, the molecular diffusivity will be neglected. The
basic problem of turEulent diffusion is the dispersion of
a single particle and a pair of particles. We use the
transition probability distribution functions, or transi-
tion functions, to.describe the dispersion.

Let the instantaneous position of a specific particle

A )
be X(t) and its initial position be %,. The displacement
A
](Z‘) =é(t)"£o (1)
A/

is called the path-length of the particle, in the time

period T=t-t,. 1Its microscopic distribution can be written

as the delta function

A A
Pz, 2y = or4- Je] (2)
The function 3(513) is also called the instantaneous trans-

tion function.

The velocity of the particle at time t is
A\?(t): ﬂglﬂ (3)
According to (1), the velocity can also be written as
Sere £ f (4)

The instantaneous transition function is conserved along



the trajectory so that

[21__ 1-4\?(1:)-2] p(r,_é):O (5)
or

[+ L))z, d)=0 | (6)
where 25=?%_- ,Z=3>:p—,and £(1)=§,(5)'Z is a differential opera-
tor. In the ab&gé equations, we have used the symbol
under a letter to represent a vector and the symbol (fo to
represent the fluctuating gquantity. We shall use the sym-
bols (-)=<¢-» and (f3 to denote the ensemble averaged quan-
tity and the fluctuation, respectively.

The ensemble average of ﬁ(t,ﬁ), i.e. §(T,£), is briefly
called the one-particle transition function. This £func-
tion defines the probability that the particle will make
the transition from the state (t,,x,) to the state (t,x),
or in the notation of (5), to be displaced a distance_f in
the time interval,?. The transition function is normalized
as

Jad P d) =
where the integral in taken over the whole space.

The trajectories of two particles are shown in Figure 1
The subscripts are used to distinguish the two particles.
Similar to (6), we write

[ + i) e, d)=0 (7)
[ 5 + La(] Ple. bo)=0 8)

where



Multiply (7) by 8, (z,§,) and (8) by B, (z,4,). The addition

of the resulting equations yields
3 +1 L)) Bz, ) Pgr. ) =0 (2)
[ e + LT)+Lale ]P|(z',~.)P_,_T,¢:. =

Introducing the two-particle instantaneous transition Ffunc-

tion .
- A A

St A, L)y = BT g Pate d2)

we obtain
A
[>z Lo Lace>] Palz. 4. A) =0 (10)

The ensemb.le.average of 6,2 (T, {.,ﬂl_’z), i.e. F,(7, :f,,:_dz),
gives the probability that the two particles will make the
transition between the two states, (t,,x,, 1%z, ) and kt,§,,
X,), or be displaced by the distances 4& and JL in the time
intervall, 572 is called two-particle transition function.

It has the following properties:

. /‘/'{2 ﬁa(‘t:;ét,!a) = —P_;{T,;,p') (]I)
jd‘é' 42'2 —P—a(t- f:,;‘}.z) = | (12)
_Z-Q,'m P,_;(r, 2, , ._‘Qa) = P,(r, ﬁ,) E(r,;ez) (13)

Note that, for a stationary and homogeneous turbulence, -
P(z,)) does not depend on X, but §]z(t,£,h£,) does depend
on the initial separation R2,=x,,-X, -

According to Figure 1, the transition of the two par-
ticles can also be considered as the one between the two

states: (torX,, ,4@) and (t,ﬁ,,g). Denote the relative dis-

placement as



A=2-2
The two-particle transition function also gives the proba-
bility distribution for the first particle to make the dis-
placement‘f,,and the second particle to make the relative

displacement x_\. The superscript X\ denotes the ({, ,:‘) co-

ordinate system, such that
Potz. A b:) = Pul = 4. Jiv 2-2) = Bz 41.2)
The relative transition function is defined as
Bee.2)= [44 Blv.A.2)- fﬁ' Pardder)

It is normalized as

/JA Ber.2)=|

-~

Like P, (z‘,,_e,,_,!é) +B(z,) depends on the initial separation.

The definition and general properties of these transi-

,29-3]
tion functions can be found elsewhere23 9.



2.2 Development of Current Theories
Decompose each fluctuating quantity.- into its ensemble

average and fluctuation. Equation (6) can be written as
-— N —
(2 +II(P+f) = -L(p+P | (16)
Averaging (16) over all realizations, we obtain
— ) — A
(2 +L)p =—<LpP> (17)
Subtract (17) from (16) to get
(e +TIP=-LF-LLP-<LP) - (18)

The righthand side of (17)
E'E-—<275>

represents the eddy collision, i.e. the correlation of the
fluctuation of the instantaneous transition function with
the velocity fluctuation. The determination of € leads to
the transport equation.

One way to determine T is to use the correlation method
P may be formally solved by integrating (18) with reépect
to time. The result is substituted into (19) yielding cor-
relations (f(z)ﬁ(z‘)) and {f(-:)‘f.(v)i'ﬂz_')) . In the same man-
ner, the determination of <Eﬁ§> will generate correlations
(Efﬁ> and <ﬁﬁ£§>. The sequence continues to generate an
infinite chain of correlations for E’of increasing order.
The velocity fluctuations can be considered as caused by
the motion of other fluid particles so that the closure

problem is implied in the series of the correlations. Be-



cause the correlations for T do not specify the trajectory
of the particle, a truncation, say at the fourth order,
would not provide a good approximationé’%?

Recent developments in the studies of the problem of
diffusion are based upon the propagator method either

implicitly or explicitly. Equation (18) can be written

into three different forms;:

(9, +L)F =-LP +<LP> (20)
(3c+L)F = -Ip - (1-A)TF (21)
[3. +0-PL)F = -£F | e

where (l-A) is the operator counter to the ensemble aver-
age operator A. The exact'propagator 6(5,0) is introduced

for (20). It satisfies
[ 3 + L) J(z,0) =0 (t>0) (23)

(?(o,o)= |

The unperturbed propagator U®(r,0) is for (21). It satis-

fies
[ + L)) U°(t,0)=0 (t>0)  (24)
U’to.0) = |
And the effective propagator.ﬁ(r,O{ is for (22). It satis-
fies
[ 2 + (1-B)L@]) Alr.0)=0 (Tr0)  (25)
Ato.o)=1

The third propagator is in analogy with the one introduced

15

by Weinstock™, The propagator method also generates a

- 10 -



series of correlations of increasing order. However, it
offers a greater hope for a good approximation at a low or-
der truncation, because the propagators, in one way or ano-
ther, account for the trajectory.

Kraichnan used infinitesimal response functions, which
are equivalent to the unperturbed propagatorsg Because
U®(t,0) refers to the mean velocity not to the true veloci-
ty of the particle, the resulting series contains terms
which do not decrease fast enough. In DIA and LHDI, Kraich-
nan intuitively replaced them by mean response functions
that are equivalent to the mean-propagatogs?z}rhe mean pro-

pagator is defined by the ensemble average of the exact

propagator:

T(r.0) = <U(r, o (26)
TGco.o)= |
The mean propagator has also been used in other work, e.gq.
implicitly by Dupree et al!z-#’, explicitly by Misguich and

6 . .
Balescul I? However, most theories are hypothetically res-

tricted to the lowest order:
— , e T 4, — R < = ;
C =G = [ <le)Ttm e)le>Ple) (27)

The validity of (27) was discussed by Weinstock’shho showed

that it might be good in the weak coupling and the weak
turbulence limits.

The propagators work mathematically like the Green's
function. The fluctuation P is formally solved in the thfee

forms using the three propagators:



A A Pyp— A A A

p=-U~Lp # Unllp2 (28)
B =-URLP - uor(-ALF (29
/ﬁ = - A*ZP_ (30)

For simplicity, the symbol * is used to represent a time

convolution (integration), as in

Or<LP>= f:a’z’ oz, T ) ETIP D (31)

In (31), the operator G(z,t') restricts its operand to be
evaluated along the exact trajeétory of the particle. The
properties of this propagator can be found in the articles

. 5 . . /6-18
by Weinstock, Misguich and Balescu.

The substitution of the three solutions of $ into (19)

yields
T = < LO-LDP = <EOMEPD (32)
T = <LusiDp + <URCI-RALP> (33)
C = <FA*IDP (34

repectively, with (34) as the simplest form. However, the
determination of. the effective propagator encompasses
I5

the whole difficulty of the problem. Weinstock derived
. . A o A —

iteration formulas to relate A to U9 U , and U , but the
use of the equations is complicated. Knobloch used the un-

25

perturbed propagator U°® “. As described previously, a low

order truncation would not provide a good approximation, so

- 12 -



that Knobloch did not give a compact form for the transport
equation. In the present work, following the considera-
tions by Tchen2§ we chose the exact propagator.

The first term on the righthand side of (32) may be
called self-collision because the correlation is along the
trajectory. The second term is then called collective col-
lision. Define the fluctuation propagator

Jcr.o>= Gz.0)- U(T. 0) (35)
with
(’}(r,o):O

The self-collision can be divided into two parts:

(EOSEDF = (FTAEDP + LT DF (36)

The second term on the righthand side of (36) 1is called
mode-coupling, since it represents the interaction between
the fluctuations of the trajectory mode and the fluctua-
tions of the velocity mode. Comparing (32) and (36) with
(26), we see that the customary approximation neglects
mode-coupling (in anélogy with Corrsin's independence hypo-
thesis) and the collective collision.

In a kinetic approachzq Tchen pointed out that the col-
lective pollision can not be neglected. For example, the
collective collision contains the long range correlation.
It should have a significant contribution to the dispersion
when T 1is large. On the other hand, mode-coupling is
also not negligible when the memory effect is significant.

Therefore, a more comprehensive investigation of the eddy

- 13 -



collision is to include the collective collsion and mode-
coupling in their combined effect on the series for C. 1In
analogy with the equations given by Tchenzé we derive egqua-
tions relating the effective propagator to the exact propa-
gator. The result is then related to the mean propagator.

In such a manner, the effects of mode-coupling and the col-
lective collision are combined in the high order terms of

the new series.

- 14 -



2.3 Hierarchy from Mode-coupling and Collective collision
To relate the effective propagator to the exact propa—

gator, we derive the equations for the mean propagator. By

averaging equation (23), we find that the mean propagator

obeys

(3 +L)T = —<20> (37)

The subtraction of (37) from (23) yields
A - A L
(dg+L)0 = -FT + <UD (38)

Similar to (20) and (31), we find

J == CrLT+ OLE> 39)
A= -<¢L0>
= (L OREDU - <LIORET> (40)

Denote

so that (32) and (40) can be written as

?:: E——H—*E— (4'/)
Ff: m—ﬁ*ﬁ (42)

These two equations are in analogy with those given by
Tchenzq Iteratively using (42) and (41), we express H in

terms of {H, then C in terms of H and T. It is found that

- 15 -



— o (—:)‘.2‘(25—1).“.4 — 1 7
= H*x)q
C=a +=Z ] (H*)

(43)

= T - [AXC +2FA*A*C - 5A+ArA*C
+ |4 TFHRAXH*AXT = -

At this step, T or the operation of the effective propaga-
torJQ, has been expressed as a series of the operations of
the exact and the mean propagators.

Next we relate the operations of the exact propagator
to the operations of the mean propagator only. To do so,

we denote

B, = < 0*2>
FZ;E <2“3x2>'
o = Ex-

T and Hrare then written as

€= (h+n)P (44)
Fe=(hA+TJle (45)

The series (43) becomes

T=TP ARF + 2, SR [hAR)] (her)F

(L+ D!
(46)
(46) is rearranged into the form
— — . ‘%—" e e
C=hiP+EP+;=2 D,,P (47)

where

~Fro (Fy-Troh,) = (hy~heh,)oh,

&

- 16 -



B = FeholFhoh)+ 2 Folhheh)e (FRyoh)eheh,
- (Bi=loh)o(Ba-Fioh,) |
Ds = -Toho bl by=Troh,) = 3Fohe(ha-hieh.)oh, B
3G o(heTeh)e el = (hheh)hoheh,
_ thelh b ol bty B (i heR)ohe (B Rieh ) (ki) hacheh)eh,

De
The first term on the righthand side of (47) is

C. = hP=<LeIlDP = <LTHL)P (48)

at zero order. The second term represents mode-coupling
and the series,iﬁ}ﬁ}, represents the collective collision.
The subscript i refers to the "order", i.e. the sum of the
subscripts of the operators E, and Ez contained in each of -
the terms in D;F. It is found that all the D,P terms have
the common operators h, and (hz-h;eTh, ). Such a pattern
provides the convenience of expanding T into a series con-
taining T operators only.

Write (39) as

U= = Trl T = G+LT + O*LE> + FulldD (49)

h,P is then expanded by repeatedly using (49). The result
is substituted into D;P. The resultant form of the series

C 1is rearranged according to the number of times that T

occurs in each term. We end up with

=0 + 2 3, (50)

=3 ¢

where



33 = - <Ll lDF
By = Lol ol ofDF = L Lodlol Dol PP —(LolpedLolDP
Ay = =g lololoLolDP +¢ Lo (Lo LD LoIDP +( Lok Lolof DL DP

}L —-

(Lo PoC Lol Yol P+ (FolDellol ol DB + (Lol el 50 < LoiDP
By = ololof ool DP - ¢ ot Lol Do Lol o IDP

—d Fodlo ol Dol PP = (Lo Lo lel oD LDF

= (Lo Lot Lol DSl PP ~ { Eodo(Lolo LYo [DP

— (oL ol kLol Yol P + (L oKl o (Lol Do Fe [ pP

+ 2 Lol Dol ol )oZ’);':‘ #2480 D0 (L0 LYo (Lol

= (05D o{ &Ll o [ D ~ (Lolole2Do(E LD

+ GolDolLotlol Dol )P — (Lot LoDl Do( LD
PR

o

The full expressions for the series for h,P and T, up to
the eighth order, are given in Appendix 1.

The series fZE}is generated by both mode-coupling and
the collective collision., It is equivalent to the hierar-
chy of the T correlations under the operations of TU. Com-
paring (50) with (34), we see that the operation of the
effective propagator ]t has been expressed in terms of the
operations of the mean propagator. We also see that the
effects of mode-coupling and the collective collision are
combined in the high order terms. It may be noted that
Marcuvitz tried to expand a similar series for the Vlasov
plasma&% However, terms of orders higher than four were
not discussed and the expansion was not actually advanced
in use.
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2.4 Closure
To obtain a 'good approximation by a low order
truncation of the new series (50), we discuss the behavior
of the se;ies for different time ranges.
4

In the short time limit, 720, all the operators L in

(50) can be approximated as

A, A 3 4
L=%-y ;%: [/,,‘ V. = 4, 75 (51
where
A T
A‘J/a = }//(0) . (52)

is the initial wvelocity fluctuation of the particle. Here
and after, we shall use the summation convention as that in

(51) unless where noted. Therefore,

Zﬂ—; = —(‘}:d L/;- ‘?;m> v. 5:"‘/7,'(}7 P;”/rﬁ-a
_-=—a3§££79.afm>7.(§.(7 TrT*P
s A A oA A . " “
Ly [(44,‘.49.%,,,0,,)- Y, 4;; - (a,‘.a“;’)(ajmz};,;’]
VI U T TP (53)

In deriving (53), we have applied the assumption of homoge-
neity to transfer all of the spatial derivative operators,

Z”, to a position in front of the operations of T. This
step is based upon the fact that the operation of U implies
a spatial integration and U itself contains a spatial de-
pendence xfj{’(reference to Section 3.1). It is found that
all the moments of §Xty£) of odd order are approximately
zero and the moments of even order, say the 2nth, are con-
tributed by E; and Zz‘- up to i=n. It is also found that,

although smaller, the contributions of Z;‘. (2 €ig n) are of
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the same order as that contributed by CT,. 1In other words,
the subsequent terms of C decreases slowly when the order

increases. Therefore, the approximation

C = C.=<Lo+IDPF
may be modified by adding more terms in the short time
limit,
When T is sufficiently large, we make f£ollowing approxi-
mations.

a) The terms in 2r~ that have any correlations among
AL

odd number of T, are negligible, e.q.
(232302h>?;}5 o
L =
Lok lolDo[ ol DP = 0

LLolDodlol ol PP =0

This approximation is based upon the alternation of the
sign during averging and the spatial and the temporal inte-~
grations implied by the operations of T. The correlations
are at multiple space-time points. The integrations méke
them very weak.

b) The terms involving any pair correlation between
two ‘1“..,, which are separated by a correlation, or correla-

tions, between four or more f, are negligible, e.qg.

//’_-_T\ ———
(Lo il ol ol)olDP = o

/’-—_——_\
V4 2‘a<202“)0(2'o2')02'}5—'—-‘ o



The symbol ~— denotes the pair correlation. This approxi-
mation is made because the pair correlation makes the res-~
pective .terms much weaker than other termé, e.g.weaker than
<ﬁ33>2(ﬁ°f0ﬁ0ﬁ>'§' and {fOﬁkg<ﬁVﬁ>£ f£)P, because the un-
derlined time integrations are not confined by the correla-
tion time.

c) As a consequence of a) and b), we assume that
(Lt'ozo?o(Z‘oZ)oz‘.‘)P‘ = (2‘02' °<Z‘°<Z’°2.)02—).P~ (54)
(Lol 0o Do ol DP = (EolDo( Bl Do¢LolDP

<Z’o£'0fa (fofofat)of)ﬁé O

etc..
By means of these approximations,the series (50) is

reduced to
—— - My M

where

Zzpz(2&&325297;—452?<2b£>Q?)¢53m<23£>a0fa4>;7'
By (lolofolofolDP ~¢Lololol)od Lol )P
(Lol pot Lol ol o LOP + (LolDo (0 lYo L0l DD
= L LoLo[ Lol Lol-s2elD)- (Foll 2o L= ¢ 2oV (55)
g = <Zolol ol oL oZol ol PP-¢LoLololoL el DsCs O
—¢LodDo¢lol o Lo Lo [oLDP + ¢ Lo So( Lolol o Do (Lo DT

—(Lololodo (Loliol o 2DP (Lol e Lok o (Lol Poi Lo 5P

+ (Lol Ded Lol Y o( Lol ol oL P ~( Lol Do Lol Do (Lo LDo( LD
= Lokof Lol o Lofo(Lof ~¢ZolD) ¢ Lol oA Lol =< ToLD))]

— (Lol [ Folo(EoLo-cLolD) ~(Eolo( Lol - L LDV PP



Adding both sides of (54) to the expression for Zk , we

find

Byz 2olo Lol T = FoctofSel B - [olo(2ol5P
Ayz Lelolololol B — [ol e¢LeloloIDP
A

< 4 A
yA

1 -~ _— n_
= LoLo Lo Lo (Lo IDP + [of o (IolD s (L0IDP

The full expression for the series ?25;4' is very lengthy
and complicated. Nevertheless, according to the pattern,

it is reasonable to assume that

om—— -

M 1 ~ .
A, = <Ll 2y, (cr2)

It may be noted that, among the 4#, the expression for 2;
is exact.

To study the behavior of the series fZ;J, we construct

another series iZ;J, (i2 2):

p— p——

by = A4
Dy, = <Lelda By Cip2)

The terms of the series 5223 decrease faster with increa-
sing order than do the respective terms of the series i254
for two reasons. First, Tol refers to two points but 2§¥£ﬂ)
refers to a number of points. The correlation becomes

weaker when that number increases. Such a property is not

- 22 -



possessed by the series ﬁé;k . Secondly, the underlinad

——e

time integration in ALEis restricted by a correlation time
but the one in E,; is not.

On the other hand, the behavior of the series féi;}
can be compared with that of the series in (43). The norm

ratio of two subsequent terms of ?qugis:

| - "(f"Z’}o./A—_z; ) (56)
z. I 2.

And the respective ratio of the series. (43) is

R = 20 I(FT
i

Civ2) (Y T <7

Recall that

These norm ratios may be estimated in the way similar to

34
that used by Knobloch :

Dim Ry = NWSZT*IDTH (58)
¢ -6 24

Lo R = FICECHEDTH)| = 4NEFRIpTHI
£ H (59)

Therefore, the terms of the series for ?Zﬁu} decrease

I

faster than do the terms in the series given by (43).
According to this discussion, it is shown that a low
order truncation of the series provides a better approxi-
mation than provided by the truncation of the series in
(43), the latter is equivalent to the neglect of the col-
lective collision. Therefore, when T is large, we have
Z_-';’C—';*Z;. (60)
- 23 -



———

withé&as the correction for the zeroth order approximation.
In fact, it can be shown that the term ZE_is significant
only when T is not large. Hence, the zeroth approximation
is good for long times.

A complete discussion of the behavior of the series
does not seem possible at presént. The correlations are
not only of increasing order but also at an increasing num-
ber of different space-time points. Analytical discussions
and experimental investigations of correlations at multiple
points are rare. We may mention the discussion made by
Monin and Yagloﬁ&€ and the experiments made by Van Atta et
al??ﬂ7According to their results, our approximations may
work even when T is not large. Moreover, the low order
moments of the transition function are of the practical in-
terest. 1In view of the behavior of the series }ZE}, it is
reasonable to assume that (60) is good for the whole time
range,

The condition under which (60) works well is estimated

by (59). We have

L £l
> (1)

925 AT R <‘? Ce <

where (g1> is the strength of the turbulence,Z,is the Lag-
rangian correlation time scale and & is a length scale
over which P(z,?) has a significant change. (61) is com-
parable to the condition suggested by Knobloch34,' in which

a Eulerian time scale was used.

As mentioned by Monin and Yaglom3€ when one or more
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points are far from other points, a fourth moment can be

approximately written as
<ACHIRCKIBEDT K> = CHBIBRIDA G ) S22

+ (A (EIA X ACIIBC)> +R00IA ) S Bpdion)

In our analysis, this picture occurs frequently because of
the spatial and the temporal integrations. For an analyti-
cal study based upon two-point velocity correlation func-

tions, we further assume that
E..:‘v Z:‘*‘A-—:‘= ?°*<2°2_044°£L)_P- "(23(202)02)? “(2af)e<£’£‘>—ﬁ
LA oA N N\ e A
= Co+ (LoééLc[_)P (62)
SN )

(62) will be used to establish the transport equations.



2.5 Transport Equations

The previous discussion concerns the dispersion of a

single partic;e. It can be readily written
(de+ T¥)P = 7 K17l (63)

where'ﬁ is the mean velocity of the particle. For a fluid
particle, E'is the same as the mean velocity of the flow.
45{} is an integral operator playing the role of the eddy

transport property. According to the zeroth order approxi-

mation,
Ky} = (UDxp> (64)
According to (62),
[ PR A A, e A~ L2
Ki} = YORED + GO lOr> (69

For the two-particle transition function, equation

(11) can be written as
A
[0z + Lalzdp (8, b)=0

where

A Ay
L8) = Lpe>+LyE)

The procedure for obtaining (27) and (62) can by analogy be

used to get

(;t "'Ln-) = G* (&)

or

(Dz+ Ca)Pu= Tt + 847 (67)
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where T, and ZA_" are similar to €, and Z&; but in terms
A/ : v

of the operator L2 and the two-particle propagator U, .

\ﬁ}z is the ensemble average of the two-particle exact pro-

pagator ﬁn_, defined by
A
[ o +L,(2) G lz. =0 (z>0)
A

Equations (66) and (67) can also be written as

N (68)

(O + Ty, +H 3 ) P - = Lkyly

with

e‘(‘

= <4 D (69)

£y7§
and ) . /'_"'“‘\
N1 = <Ll ‘9>*‘V‘/"*‘L__ﬁﬁ”~5)(7o)

respectively, playing the role of the transport property.

AR
U

These formulas contain more terms than that in the one-par-
. . > A A
ticle case because L,, =L, +L; .
Transform (68) into the (.ﬂ,&) system. The transport

equation for the relative transition function'ﬁkt,g) can bhe

obtained by the integration with respect to ;ﬂ, . It is

found that
2:8 = 7, K4/ B} (7)
with
R ~ 1— ~—
| & SRR ATRT DG ATRI ARV AR ARG AT
72)
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as the transport property for the relative dispersion. Note
that we have assumed a constant mean wvelocity and that the
initial separation of the two particles is close to zero.
In such a case, the two particles move almost together and
the moments of the relative displacement are close to zero
at short times. Similar to the one-particle case, it is
also expected that the correction term Zgzcontributes to
the relative dispersion mostly at short times. By analogy
to the one-particle results, one would expect the correc-
tion to be small for the second moment. It is, however,
essential at short times for the fourth moment. It seems
that the neglect of the correction term would not affect
the second moment for the relative displacemeﬂt by very
much. A study of the higher order moments may be made
based upon our theory. The results would be different from
those in other theories because both the zero order equa-

tion is different and the higher order correction is ob-

tained .
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IIT DISPERSION OF A SINGLE FLUID PARTICLE
3.1 Formulation of the One-Particle Transition

Equation (63) governs the dispersion of a single par-
ticle. To determine the transport property, we relate the
mean propagator to the transition £function. Since the
exact propagator requires its operand to be evaluated along

the trajectory, we can write

f dz’ U'(z' r')-. Jt/a'ap ,D/z-z,j__'{’)

/:Jt’&(f,f')-~- ___A?dr/ag’ﬁ'(r-rfj-,i’)—-- (73)

The properties of the exact propagator and the mean propa-

Hence,

gator can be found in the articles by Welnstocks Misguich
and BalesqGilaThe relation (73) was also used by RobertSZ?

An explanation of (73) .is given in Appendix 2. 1In such a
manner, the transport property _Ig_{} is expressed as an oper-
ator containing §'and P. The transport equation becomes a

ron-linear integro-differential equation. According to the

zeroth order approximation,

"~

(e +T; V) P )2 [Foer[d4 < Pre.d-4) e v preid)
(~]
(74)
According to (62),

(o +T V) PT.d)= Z./azd‘rjd-‘y'(éja)ﬁ—[&c;‘é?‘é ')}"“’)5"}5("'"0')
(o +T VP )= 7 [ He [ e pree, Vi peid)
+erc/t/ dz‘f % "’///c/f'/l Q@

P M/ J )”
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For a fluid particle, its velocity is the same as thzs local

Eulerian velocity, so that

. A
4 v, ()= ”L' (z-+t°/ —‘g#{\v"’)

For stationary and homogeneous turbulence, (74) and (75)
become

0O, #77;)Pte % Vi [Tl Re S0P e-o S )7 Pzt 4)

(76)

2N 3,4 7 )Plr. )= 7 [Fdz' [ 40 Rerz 44 Jpter 40P )

oV, [ [ o AL 4L
R, (2 AL IR, (e I-p O Pl 4-4D
Ve e 4TI Prree L"), Ble i L)

respectively, where (77)

p‘,/.(z-tﬁ Dd)= < Oi(rete, JrXe) Gy (zite, P, D>

is the EBEulerian velocity correlation function. Equation
(76) is exactly the same as that derived by Roberts using
DIAZ€ Equation (77) modifies (76).

The moments of the transition function are defined as

follows. The first moment
A See / —
< }(t)) =/a'2£ P.fl=dT

For the present case, the central moments of odd order are

all zero and the central moments of even order are:

(j‘;?t))__ ¢ [j(t)-gtj2“>=]d_£ (4-gc)’pe.d )
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Therefore,
A — ) —
Fe < PPtee-2an JHT (4~ Pledr [A -z Pl )
= [ddcd-F=5* e d) (76)
which can be studied by means of the equations (76) and

(77).

3.2 Asymptotic Cases

In the short time limit, all the velocity fluctuations
are approximately the same as that possessed by the par-
ticle initially. For the second central moment, the con-

tribution by 2%_15 approximately zero. It is found that

7%(2"1:))::- /4_4 e = 2(,57;‘)5 (79)
2 . < 2
(j(t)): <£ﬂ,‘)t (80)

For the fourth moment, we have

A Jeers= JI 2453 é1)
It is found that
[ gl = B2 AST 82)
g = H ST (83)
Therefore,
-;,rd;z Tz BRedas z? (84)
Hep= £ g5t (85

On the other hand, the fourth central moment can be
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found kinematically as
(% o
'{Ct) 2 Uz
A 2
% - 4\ 4
¢ re)>= (UhDr (86)
The velocity field may be assumed Gaussian so that
o5 L a2
(J4(Z))= 3 (.ffoz) z¥ (87)

Comparing (87) with (85), we see the necessity of the cor-
rection to recover (87), in the short time limit.
In the long time 1limit, ZE is negligible. (76) can be
written as
(0, + T v IPte = U [V fdd Rz 40Pt 40 7. Plez. 4 47
. / 88)
Denote I as the corelation time, (88) is approximately

(3 ¢ 7% ) Pl 402 e Jid Rt 40Pt 4 D o Plorz., £

= ky.[oo) 12—7 Ptr. 4) (89)
where K?.@ﬂ is the component of the asymptotic eddy diffu-

sivity tensor, defined by
%
:525515 J(\d@f/ééegé%%ﬁzgf)fﬁTc;d{:) c90)

(89) indicates that §7tr£) approaches Gaussian in the large
time limit.
The discussion for the two asymtotic cases agrees with

observations.
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3.3 Intermediate Times, Gaussian Approximation
At intermediate times, equation (75) is used to study
the moments of ?(tuﬁ). For the second central moment, (75)

yields
o Ty, ’ YAy -V

12/ U f e Ge JU Y Pt 42 Ay (e )

._ ! 1 fes " "0 - p) ", ,l"‘ ,, “ 1

Plee 244 D0, plee 444 v Pleze ) J ")

(91)
In the derivation, we have used a coordinate transformation
and the normalized ?(zyﬁ). By means of Fourier transforma-

tion, (91) is turned into

.%/.(j (—;)j"(z)> 2(2m) /Z"l"\/dAp/ (z. é )P(r' .é)
_2(21\')9/ d=’ a'r“ a’C"/ﬂ/}éd}e;{# R frr 7@)%(?‘1.","7_@')

-Flz'-z,'— A)pleiz- _gé-é')? (z=z". v@ )
(92)

As mentioned in the llteratu::e?z23 %he one-~particle

transition function has been found to be experimentally
close to Gaussian for both short ‘time and long time
limits. It is also found that a Gaussian approximation
for'f(t,i) works well for the whole time range. Based
upon the Gaussian approximation, the egquation for the
second central moment is greatly simplified. For the case
that the turbulence is also isotropic, the Gaussian form

and the corresponding Fourier components of §Xt1£) are

Plz,d)-= IZFU;(t);l—yzeXF[— @%ZZQ’-

20%(T)
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Per, )= (anr3 exp[- ik G -FHC®]

Asd
where O.ﬂ-(z).—_:,;'a(ﬁcz))is the one-dimensional variance of
Fkt,f). The components of the velocity correlation func-

tion for isotropic turbulence are of the form

f?‘.d.(t )= (9— —%—p‘—-) i::}f) (95)

where E(z,k) is the three-dimensional spectrum of the tur-

bulent kinetic energy. Substituting (94) and (95) into

(92), we obtain

e R KON
= ;4—__,]957":/;6 S'"(;“gt)E(r, y@)efo 5 A0t)]

n[ T A-z)] Sin[ T Ac “)
- B e e | 2L f#i — J‘;f’z’)

Hrg AT A) ol L N ..
};éloﬂTiszﬂQ G{P] LﬁpET(rz)+c?L¢‘} AlﬁTrz)+d( _4?

« P S HFreee) - .3casln[38éc’(z'-tj 35/»A[14;6 O'J]r_}A]
ISS L[A&U'/ )J Téﬂﬂ'{(f z' ﬁgﬁ O“?t'zj
(96)

When the energy spectrum is known, the variance Efﬂt) can
be solved from (96). Then the Gaussian solution is
obtained.
Denote
= ££'G"z(r'- 'cy
The respective factor in the second integral on the right-
hand side of (96) is written as
j[(a)= 2;‘,4;‘ [&sinh(a)-3ac0sh(a) + 3 Siné(a)]
It can be proved that

'aé-';; f(a):o , %‘f(a) >0 (4>0)
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Therefore f(a) is a positive function when zizﬂo. This in-
dicates that a negative contribution 1is provided by the
correction. It may be noted that the correction term ac-
tually has only a minor contribution to the second moment.

Therefore, we can in practice use the equation

G, ) SinlaBzr! a
—ﬂ—,”—’z—. Olz)= 34'-/06/3/‘; B —_—67%)5(?,’ ;4) expf-;’-ﬁ”ﬂ‘(t'ﬂ
97)

for the variance.

3.4 Non-~Gaussian Behavior

The non-Gaussian behavior of'F(rhf) can be described
by the moments of order higher than two or the respective
cumulants. According to equation (96) or (97), the non-
_ Gaussian behavior of ?}T,{) is mainly caused by the memory
effect. If the memory effect is neglected, i.e.‘Z$Yth0
replaced by;YﬁktLg), the transport property, (64) or (65),
becomes the eddy diffusivity instead of an operator. The

result is the same as that defined by
A / — ;
Kior=f feoftep= 3 il (- Fod-ge)dpred)

which can be solved by means of (96) or (97). Accounting
for the memory effect, we study the flatness of ?ﬂz:q?)
based upon the behavior of the fourth cumulant defined as
Cu = <Jtp- L <f105
According to the previous discussion, the correction
tennzg.is significant when T is small. For an analytical

discussion, we assume a time 7, . When I<7, , approximately

. e g A= A . A A L AN
2, =< LA CRLURIDP = <ETXLDGALLETHDP (398)
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Without loss of generality, the mean velocity is taken as
zero. Then

£ rep= gl ﬁ o= [0 43070, Ple. )2 JH D34 G+ AR
(99)

The contribution from C, is
/JM‘/ /U,A‘.ﬂ i, [ e 'R WS ND ISP I A

= Zo/za/z.j 140" [0 8- Pe2 18- 4, 024 ],O/ (r-54-4)

. Ptezd-4) Bz )
= 20/@: //J}J_,e'_ﬂ (zz .ﬁ)P‘(zt,’.ﬂ)F(‘fl.ﬂ) (/00)

20 ~ Df ’ [
+ 5 OJZ/J___QJ_.\QJ& }%.(c-z,_é)}?(r-gj)}’f%f)
Note that the first term on the righthand side of (100) is
2
smaller than the second, because A;in the first integral is
—— '1. . .
weighted by both 5?. and P, but 4;1n the second integral is

weighted by P only. Therefore,

JHR2AT B T LG e byt DoP )

where the equality holds for T$#0. Making use of (91), we

reduce (100) to

/J,é’ﬂ PAAC, & ra/z’ (] (zj);r— < /'—"Z)) a’r a-,‘ﬂz(zé]az& ire)

—_— crol)
The contribution of zqa is

JBITa 2 [H) 02D 2R TR
_ _%_a_ 5 /gtﬁ)’,.y/awﬁyﬂ"a// R (z:2) 0. ')3 (eLrd")
Fuazi)PMdJ!JF& FALLIPre ")
= %—o-jzd_z.n[%;,<.g.l{t"))./o -t d)z’ JJ Q“(‘C-C j)ﬁ(z—z/'_,ﬁ)

= Lo [Tarif Pl oo (o)
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The addition of (10l1) and (102) yields

[ Q ' r,., 2, ~) ,
%(A-(f),ﬁ‘:(z))ﬁ lof de [%, Cﬂ:“’))}% xjﬁ- z-z')>
The fourth cummmulant of ?Xz,j) obeys the inequality

A=A [ Frerbires - £ b3 ]
éj@vbczkxfzé(ﬁﬁkgzgé(4ﬁb¢)}-;}<£%@§é(§3n&3

When  is small, approximately

< .
By et
so that

-ZJ;C« \< 10 (‘;‘;:>[4/;t/tlf'(r-f')" -_g'_, Z-SJ := Ie)

This indicates that the profile of F(tu£) is steeper than
that of the Gaussian approximation. The flatness decreas=zs
when T increases from zero. Note that without the correc-
tion term, the profile would be predicted even steeper.
When T is large enough, Exgis negligible. The fourth

cummulant changes with time as
Fa [/ 2T -4 Frergd Fep]
- 48] [Tw el decflend- vt e}
2 a —
+ 5 e AR g Pd )
= St Ben -4 o) 29/ e [id 4y te Bl )

€103)
where g<7%7. WhenZ is large enough, the first term on



the righthand side of (103) is close to zero, so that
_ZLC.-.Z"/%/JJN e ypled) >o
This indicates that, when g is large enough, the profile
of 33(r,£z) becomes flatter, and finally it approaches
Gaussian in the long time limit.
In principle, the behavior of the Elatness for the
whoie time range ﬁay be studied in the following way. The=
moments of of 5%?,{) are related to its Fourier components

througn

(104)

A [ 20 &
< Fr=can? L F”':‘éﬂ};e

Therefore 31 :
-%(ﬁ?(r)); - camy [WT(Q —’é)}/_é—p 0 (105)

(106)

Lty acont Gop 3P b,
The Fourier transform of equation (74) is
Scprs &k /Jz/a’)&mz ' By Pteh-F 0Pz )
+am) b A / Yoo ] U //d,ed%"(;é B A)

(Tt A’))Q,,r;' A)P (-7, 4
: P(m;‘zH-AJ Pleiz 44 )p(z, 4 (ta7)
with'E taken as zero. Neglecting higher order moments, we
can use (105), (106) and (107) to study the -evolution of
the fourth moment and then the fourth cumulant when the

energy spectrum is given.

To £find out which property of the turbulent flow

affects the non-Gaussian behavior of E(T,Q), we simply
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neglect the correction term, The fourth cumulant then

obeys (103). The Fourier transform of (103) leads to

: rd o od 2
A2l Rt - Ttend fop]
) , ! Y ot — '
- %{lw)%t ,/Jﬁ }%-(r;_é )[78}‘0(?5 1.4 d/ .
Approximately, we have |
31—— ’ ' / : -3 LYY L o WPl A
(z! B- = @n 3 [- Pl A4 0 ) Ple) A7)
L e ey = 7L 0P VP A
which is exact for the Gaussian form. Therefore,

. = 10 [ U (Ao Bl S to - $<bitend, Ser)

— 20 (Tyoig®e) [d4 B7°R 12 b)) Plz, A
= J, T t)/;\é,@@d./z,g)pz#) (108}

Ay
Since G%U=§%ﬂﬂdﬂ the second term on the righthand side of

(108) becomes

- 22 [T of1eS UK K B0 OBl )
/

The integrand contains the vorticity spectrum. We see

that the strength of the vorticity fluctuations plays an

important role in the non-Gaussian behavior of 5(? u&).

This is in agreement with the commnent made by Kraichnan3§

It may be noted that, with the correction tera, &he

non-Gaussian behavior of ?(r,ﬁ) is not as severe as (193)

especially when 7 approaches zero,



IV RELATIVE DISPERSION OF A PAIR OF FLUID PARTICLES
4.1 Formulation of the Relative Transition
Similar to (74), the two-particle mean propagator is

related to the two-particle transition function:

St Otz = e UL Ben o B

or in the (:/i,,‘}_\) system:

(ATJZ"U':,; (z,z')- :-.\At;/z’ J-_Z,’J’.é}é;)(t-tl':ﬁ—}@:e_%'). . (109)

-

The trajectories of the two particles are shown in Figure
1. Assuming that the initial separation of the two par-
ticles, 23:: , is close to zero, we use (68) and (69) to esta-
blish the governing equation for the relative transition
function B(7,2). 1In the (4]’,,)") system, the substitution

of (109) yields the integro-differential equation

¢ éz‘ *E‘Z)E'z)(t' :.’i‘/%)
= (T, JAh A3 R et ) BN w2 40 AN MG g PN )

~

9 ‘Z»)ﬁr//"i’/"’x‘ ’g( -z’ D,‘ﬂ/'”' MP,)( -2, 50, A0 ) % ,}3,2‘[ T4, :)\\,')

' N , "= , ) e .
+ DS JH R bR r—e’AAﬁ)@’—& R 8.Y)
+Y*'foyt]/ d—ﬁ %’g(t”/’.@*—‘) 4"3.'))3 X T-t _@-ﬂﬂ”, ﬁ\'_).,");KI / Jj ’X')

(110)
Integrating (110) with respect to ,ﬂ, , we obtain
-

2,80, 22 Do bl [Ru §)-Brer 4-2 ) RGe 0 XAV BR)

. T ’ ’ ' — f f fom, 0 40
W [ AN R e I ) R Draen B ANV TBEN)
(1)
Coordinate transformations have been used to derive (1ll1).
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The second term on the righthand side of (111) can be

further transformed into

/Jz/lﬁ%[)@(& '.ﬁ)—)?(t-z ﬂf)f-ﬁaﬂp)‘(t-c 4,42)7, B(r'N')
(12)
It may be noted that the transition function

'P—"i‘ ('c—z:',;P,Q-},')' in (111) and the one in (112) refer to two
different transition processes. The latter is equivalent
to the former after the interchange of‘the two éarticles.
However, the two particles are not distinguishable between
each other. We cannot distinguish the two processsas

either. (111) is then written into the symmetric form:
rYy — .u ,lu‘ =) ! !
2, B(T.2)= K5 0Bz A )} (n3)

with

(5 = [ b d¥ [2R0es: )~ Qe In) R b B Y 0w D 2o -

(14
playing the role of the relative transport property. )

As mentioned in the literaturézhél since the one-par-
ticle dispersion is dominated by eddies of large scales
and the relative dispersion is dominated by eddies of
small scales (when the initial separation fgand T are not

large), the two-particle transition function in (114) aay

be approximately written as

P (v’ ) X-2')= Plre, S >Blr-z A=) (n5)

§ oS -

by assuming the two dispersion processes are approximately

independent. Therefore,
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}é“{ } = ./c szJi} IX[2 g(z_z; J) -§€=-tf dkh, )-Rte-z, D.X-n, )J Plrz! 4B oo/ A0
' (1é)

When the Eulerian velocity correlation functions are giwvan,
in principle, ﬁ(t,ﬁ) can be solved from (63), then (1l13)
and (116) can be used to solve for B(z ).

The two-particle transition function in the transport
property accounts for the interaction of the two trajec-
tories. It will be shown thaf (113) and (114) provide an
analytical proof for the empirical 4/3 power law of rela-

tive diffusion.
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4.2 Asymptotic Cases

The second moment of B(7,) is defined as
AA — A
<QATIAE) =j{% 22 8('8,_/,\, ) ( LAD=0 )

According to equation (113), the second moment obeys the

equation:

AcSbe D= [422 2} Blr,A)
= /J)AA Ty:| e Jdd) [28(;: 2)-Ble-gdaysn ) Rleg 425 )]
B ee) 4,007 B, 20
= 2T JJ R [t 4 )- Rz, bYoR)-R o244 )]
Pre ), A-20BEX)
= 27 //JM), [2R0et: 4 )-Rlrsi Py 2 )R (ee 42" 2, )]

P(C~t J )BT A)
(n7)

In the derivation, we have used the property
JdA B2 (v-e1 £,29) = Plzei d)

and incompressibility such that

K.’p;-(r.z')-u’oﬁo):v_/p. - PN~ -
gy TRy Ry e At ) = 0
In the short time limit,

5% Sy fey= 202 Bro, 03-8(0. %)-R(0,-2.)) /d 94/4_44!! ‘Plegd)plen')
= 2[2fr0,0)-R(6, %) Lle-12)] T (n8)

and

Be)fiesyz [2R(0, 03~ Reo,2,3-Rlo,- 2] (119)
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Since
A A
A(z)= Ale)+ s
we find
A A .
DRI SRt [ 2 Plo 0)- Blo. )-Reo-po) ¢ 2

- .)Z.flo - .{zvozo: YZgCO’o)T-l

A
and the variance of the separation

(_ﬁ;(t»é J?Z"- (1+ 3"%—52) (120)

where & is the energy dissipation rate, V is the molecular
viscosity. (119) or (120) states that the two particles
" move almost together at short times. |

In the long time limit, the velocity correlation func-
tions g(t— L",,f+3'+£a) and 5(2:—3' ,J—-A'—Qo) can be neglected,

i.e. the two particles move independently. Therefore,

%(}’:&Jé(r)}:’: 4.[)“4’:/(/_;0 f{c"i))‘)‘(z;__é)
= 4 K(o) (i21)

and

A A
CRUORED> 2 ¢ X heD = 4K ()T (122)

where K(oe ) is the one-particle asymptotic eddy diffusi-
= .

vity tensor.
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4.3 Intermediate Times, the 4/3 Power Law

Write (113) into the integro-differential form:

OpBre )= Ve[ e 4 dx [280ct, )-Rlvel duyet) - Rz d-) 1))
'-Pl—a.) t'r/’.“f]f-"\.'&l) ',‘?AIB‘("-' ",\))/)

C123)
One way to simplify the analysis is to replace E&”ﬁkr',h’)
by j&ﬁ(t,é), This is equivalent to a memory cut off,
implying a Markovian process. The resultant equation has
a meaning essentially the same as that obtained by Kraich-
nanzi based upon LHDI. The transport property becomes a
function of time and the instantaneous separation. How-
ever, it is well known that the fluctuations of scales com-
parable to the separation dominate the relative dispearsion
and the separation itself is strongly affected by the dis-
persion history. In other words, the initial separation
provides a significant influence. Such a cut off might be
applied only when the diffusion reaches the stage that the
separation is signifinificantly larger than the initial
separation. We also note that, using the memory cut off,
one cannot recover equation (117) for the second moment of
'§(z,é). In our work, the memory cut off is not considered.

There are several models proposed for the form of

EYZ,Q) in the past years, such as by Richardsonz, Okubd%9

. . 40,
Batchelorah. The experiment made by Sullivan illustrated
that the Gaussian model suggested by Batchelor, workald
better than that of Richardson:.

Batchelor suggested the equation
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>, Blz.2) = KMz, 2): LBz, 2) (124)
for the relative transition function, where En(t,fy) is
the relative eddy diffusivity tensor. Following Taylor,

the relative eddy diffusivity can be defined as

KUz, 2,) = 4 %(&z}é(t » (125)

Making use of (117), we £find

én(t, !‘2_0)= —é/d.’.\,l\\,b 97: —B-(rz,,},\ )

2 [z 410 282, )Rt Poop-R (22 14y 20)]
. 75(:-:,‘_!)5[:‘15') (128)

By means of Fourier transformation, (126) is turned into
+ 4 Rreked= 2 ey B X) b Bo ot f)iznPte-oih)
-f 1= cosT B2}

= 2(2r Pjﬁ/u ]4_)§ Rir-z! _;g )’P{z-z,’-é ) {l - Pe[(zn)seag%'B.lz,"f )J}

(127)
where the symbol Rp[ ] represents the real part.

For the case that the turbulence is also isotropic and
the initial separation is small enough, we can write
Bz, M= fzrrof(r)J-s/zexF [- zé.iz(t 3
B, R)= (zw)'sexP [- 4 Foe)]

Equation (127) is reduced to

2 ,.8rz ) , -i4%ﬁpr9 YT
roi(t)"‘;‘f,, JtZdAEIt-Z’,;R)e > ["(“Z"#”az)e zaQ Ui(z:)J
(128)
Note that, in (128), c'z(t) is the wvariance of '15'(1,_;0) and

O‘:(z:) is the variance of 'E(z',g_\).

According to (128), the velocity fluctuations of large
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-scales (small k) do not contribute significantly when T is

not large, because of the behavior of the factor
' Y SiNeD)
[1 - (1- L A2y 2 HE)]

On the other hand, fluctuations of small scales do not con-
tribute much either, because of the behavior of the factor

Therefore, when T 1is not large, equation (128) automati-
cally shows the dominance of the fluctuations of scales
comparable to the separation. Neglecting 2, , we write

(128) as . L oo
.:'_’fo;z(r)é.-g-—jod)QE(ﬁ)f"e =]

3 4 x Q - _-J{ 23
+§2'ﬁz"”7:2’45(:8)[-§; i kdiadd | (= A5 )
= —;i Jf"dﬁ E(R)[I- e-%A‘a;(c)J
—g f:od# E(k) [I-—e".‘%‘ﬁaué(c)JD _ e"S’.'Je'JO')\(Z'“)J

whereo(t?z. The first term on the righthand side domi-

nates. Therefore, based upon the Kolmogoroff spectrum,
2 0o -5/3 - TR
2 . 2 A
Atz B[Rk 87 [1-e ] 129)
Let

sz(z) =0 ‘C:"

We find
- A
oLnn-pzh i :aﬁ-cz%/m‘/ﬁﬁ_%[/-e"‘ ( A ZVJJ
-3
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Therefore,

n=23
ol = .J—%-(CF.)J/AZ
3/ N '
O;"(-:):Tg/- (cF)/gz 3= o.gogs‘c’/‘gz3 (/130)

Koz $ e =t o) = (cF )% b [oe ) P
N
NP 3323573 (cz15) C131)

where

F= /Mdﬁ{%('- —&4) f/::( 5 = 16121

(130) and (131) give the proof of the 4/3 power iaw.

The analytical proof for the 4/3 power law is based on
approximations that the one-particle variance and the velo-
city fluctuations of scales other than the inertia subrange
are unimportant. It will be more convincing to work with a
full spectrum and with the one-particle variance as well.
As a demonstration, we have calculated numerically the re-
lative dispersion based upon the von Karman spectrum which

4 : -Sh .
behavior at small wave numbers and k ~behavior

has the k
at large wave numbers. The result seems excellent (Section
4.5).

It is also interesting to note that the Gaussian ap-

proximation retains the asymptotic behavior of the rela-

tive dispersion. 1In the long time limit, (128) becomes
4 Lo ,
orresz L [T [2dbEree) 4) e T E )
T o
= 2 % o z)= 4#{@)5?5-)(1#&) (132)



In the short time limit,
L oirers £, e [ B [1- (- FAR) o H )]
='j£/fd= SHEE R4 AR+ 5 oG]
= .g—_[ﬁf/z-'czlrz') +-J-;izj L“J{% *E(R )
=35 o 3] (133)

where the factor 1/6 comes from the integration over all

directions. The solution of (133) is
. R A& )
Gioy = 5= [ cosh (551) 1]

or

< Y= RE+30YTI= R, (;+ Z‘) (134.)

which agrees with (120).
Our equation (117) can also be used for models other
than the Gaussian approximation. The Fourier transform of

(117) is
R , R
- Rep= 8T My By ) [ hIE ,ng[)’ s /Auj

(135)

LN
Neglecting the contribution from UTZ-I5, we can write

‘ad()\ (e )= (?]rd‘t/d) Bte: A )/ “HetecA) - S-nhéuj

(1364)
For Richardson's model that
_ _bz) B
Bz, M= aye” o (137)
— -2 9 d =
OBz, M= N2 A KA B (138)
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with

/ Z
[b(z)] bz )=+ [3 A3 174

.
where O,(z) is the variance, and the relation between a

and b satisfies the normalization, (136) yields

To-’zzj_—'—} Keep=E [Trae ’)/d)e“"‘“ / HE - S-n(ﬁz\)J
(139)

With the Kolmogoroff spectrum, (139) becomes

A/ )X‘yg / . A 'Tg’
d g\z(zj=§&cg’élrdz'a6z'{/dA’A e S /‘/}3)6 [ 5—-—/%-,*)/]

de
(140)
where ,& £/\ , and
F /«)oq,* ﬁ"‘%‘[ SA(JA) = - F(_g.__)._._. ).2055
(141)
With the definition of a(r) and b(zr), we find
-f'—o'*/z)- 12nc€8F [Tarat) [, dn nroe™ bR
= 24(3~//»/3)'/3c5%Ff°z47' EGR’IZ'JJA
(142)

Finally,
2 . 35 zj . 3 5
Giz)= o.5n2C" e’ =20, 939287 (C=15.

Re)p= 2.82¢ T (143)
P74
KT, N= 0.5843 &£ % )\ # (144)

For Okubo's model that

BT, A): a(t) e—b(t))\ (/45)
5B, A)= X 9 LXK, /\)39“'37?)‘) (146)
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ith
wit [b(t)] q/4_

= 0.69365 "4
s O ores [l

alt )=

20 (Y4) >3 )
b [ Hoaa™s it
for the normalization, where Qf%t) is the variance. The

same procedure of deriving (143) and (144) yields

DAT)= /0483 ET> (148)
STy = 3.205 T3 (149)
Kz a) = o.4384 EAANBT (150)

Both Richardson's and Okubo's models are non-Gaussian.
However, according to Sullivan's experiment, Richardson's
model 1is worse than the Gaussian approximation. We have
calculated the one-dimensional profile for Okubo's model.

It is found that

Bz 2)= 05034 [Ox)] /5[[’(1—) f“m[m‘”]a' x/ch'xj

= 0.5034 05 (7) a/'{3 , 11919 O:\’-(r) /3}

which seems better than the Gaussian aporoximation in com-
parison with Sullivan's experiment (Figure 2).

It should be noted that the curve which Sullivan drew
for Richardson's model was in error. The correct one-dimen-

sional expression is
Bz, )= ’é:ﬁ' b [oimy] é’ O“’w {b U“‘() b[‘?’czl]ézj

|
with b=(3-ll-13yé /2. It is plotted in Figure 2 as the

darker dot-dashed line.
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4.4 Galilean Invariance

A random Galilean transformation is produced by adding
to each realization of the velocity field a spacially and
temporally constant independent random velocity with zero
mean. Such a transformation does not affect the relative
motion of the fluid particles. Therefore, an approximate
theory of the relative dispersion should be consistent
with the Galilean invariance.

Let the added random velocity be g? We use the super-
scripts o and n to denote the coordinates and the transi-
tion functions in the o0ld and new systems respectively.

In the new system, equation (123) is written as
Do B, 3 )= Yy Fde A [2 w04 ) - Rtee 442+ 20)-K e Jx-20)]
- P el 4

- 7

_Av',)‘\’l) .“’VA/E"{_:: _%‘ :)
‘ usn

where the initial separation [, in the new system is assumed
as the same as that in the old system. The Eulerian velo-
city correlation functions in the new system are related to

that in the old system, e.qg.

h Yoo ~ 1 A,
Rleeid)= 4Tz Jesiner )] Gaor>+ < i8>
(152)
However, it should be noted that the equality

R4 = Rotrz i d)+ < T > (153)

does not hold because of the random displacement ﬁﬂr—zﬂ.
Since the transformation adds a constant velocity to an

individual realization, the transformation may be consi-
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dered as made by the movement of the observer. 1In the old
system, the observer does not move, but in the new system
the observer moves with a constant velocity in an indivi-
dual realization, which is random in different realiza-
tions. Recalling that the velocities of the particles
should be taken along the trajectories in the integration,
one may consider that the corresponding velocities in the
new system along the new trajectories are essentially the
same as that in the old system along the old trajectories
except the added velocity. Therefore, the righthand side
of (151) can be expressed in terms of the velocity correla-
tion functions of the old system and (Wi¥> by replacing the
superscript of the two-particle transition function:
0:B'(z.2)= 1, /0 Qzﬂdj:{é ' [Z‘g’ g ) p2WW )~ Rre! Joditli) - W i)

-3 4 A =y — ’
- Riwr)d-4p )~ 28)] PXlrai AN ) BB 7))

4 d

= 5£ S(rl/dia/a))/ [25 7‘5-5,’»_13 )—Eé(t-r,’_g-%"rﬁo)‘g?z-tfl'A"ﬂ;)]
PRtrzid A-29RBEA) (1se)

This equation is the same as the one in the o0ld system.
Therefore the Galilean invariance has been retained.

In Kraichnan's LHDI, the Galilean invariance was kept
by intuitively interchanging the variables in respective
integrals . In the recent article by Lundgren, the invari-
ance was considered by the argument that the one-particle
transition process should not appear in the relative trans-
port property. Such an argument is rather doubtful. 1In

fact, the one-particle transition process is intrinsically
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involved. For example, according to Taylor, the two-tinme
two-particle Lagrangian velocity correlation function

(ﬁ](t)ﬁé(t'»» plays an important part in the relative dis-
persion. Suppose t)>t'. The displacement of particle one
in t-t' for a forward transition does not concern the tran-

sition of the second particle. The one-particle transition

process is taus implied.

-



4.5 Comparison With Other Theories

It is worthwhile to compare our equation (123), or
(116), and the relative eddy diffusivity (125) with that of
other theories. 1In recent years, analytical studies on the

5
same problem were made by RobertSZ% Kraichnanz% Knoblochz,

Lundgrenzs, and Mikkelsen4t For convenience, alterations
are made in the notation and symbols.

. Roberts applied DIA and obtained an integro-differen-
tial equation for the relative transition function. The
equation is similar to our equation (123). However, ins-
tead of the two-particle transition for the relative trans-
port property, there is a product of two one-particle

transition functions. As the consequence, by the memory

cut off, the relative eddy diffusivity in the equation

9¢B(T. Q)= U K'tc. 2) B (. ) (156)

b

was found as

Krea)=2 [He [ [Ra! p)-Peetyon-d)| Pad) s

(157) 1is dominated by fluctuations of 1large scales, so
that the 4/3 power law was not recovered.

Kraichnan applied LHDI and derived an equation which is
the same as (156), with the relative eddy diffusivity as

J_§ﬁl'='25) =2 f:dt' [¢ Fee, DXtz Dz)> - ¢ Gen ded) iz, 21eD]
(158)

The velocity correlation functions in (158) are of the Lag-

rangian-Eulerian hybrid type. For example,
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<Flz, g EE e
is the correlation between a Eulerian velocity fluctuation
at the space-time point (Chﬁfé) and the Lagrangian veloci-
ty fluctuation of a particle at time tf which would be lo-
cated at the position Z at Z. Such a velocity correlation
function is difficult to treat in practice.

Knobloch noted the complexity of the velocity correla-
tion functions in Kraichnan's £formula. The unperturbed
propagator U°was used to relate the velocity correlation
functions to the Eulerian. As described previously, tpe
unperturbed propagator does not provide a well behaved
series fof the transport equation. Therefore, Knobloch did
not give a compact form for the relative eddy diffusivity.

Lundgren independently derived approximate formulas
(156) and. (158). The main effort was devoted to express
the velocity correlation functions in (158) in terms of
one-time Eulerian velocity correlation functions, and to
get rid of the one-particle dispersion process in the eddy
diffusivity for the Galilean invariance. Besides the fact
that (158) implies the one-particle dispersion process, his

result is still too complicated to use:

Kz, A= [P AT R )Rz 7] Az Ty (159)

e L R
Qezle)= 45 T [4d (9, 777) Bleel 4-4Y

Mikkelsen studied the relative diffusion of a Gaussian

puff. The puff was assumed strictly Gaussian in any indi-
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vidual realization. Despite the strong constraint, the re-
lative eddy diffusivity has an expression similar to ours:

L A2 J‘c '
o) = L [TdhE(hI[I- e R i’/:"” el (160)

where

_ <'éQc)iﬁb)>
ﬁ(t)- {,Z)_>

is the Lagrangian velocity correlation coefficient. Equa-
tion (160) does not have a time convolution as in (128).
Also, the one-particle Lagrangian velocity correlation

coefficient is to be found empirically.
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4.6 Dispersion in Turbulence With the Von Kirmdn Spectrunm
To illustrate the dispersion of fluid particles, a

numerical calculation is made with the von Karmén spectrum:

(*V*%)4
[+ (A/4.02]7%

P
E(4>=9 %, (161)
where 52 is the Loitsianski integral, ig has the dimension
of a wave number. This spectrum has the advantage that
both the empirical behavior, ;34' at small wave numbers an:l
-5
1% in the inertia subrange are included.

For simplicity, the variables are non-dimensionized by
) 12
z'=s (1A er . R'= Hh.

2
Fiede Alae) | ke m bt Ktz fo AA7V%

o?;t (% = %8303( z)

but the superscript " will be dropped hereafter.

The calculation is made upon the Gaussian approxima-
tion. The mean velocity is assumed zero. For the one-parc-
ticle dispersion process, we use the equation

4
d 1= L [T w;é,_7 [- £ doe:
g B el ]

(162)
2
to calculate the variance ¢ (r). Then the eddy diffusivity

is calculated according to
-1 —J_a’ &

For the relative dispersion, we use the non-dimen-

sionized equation (128):
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£ — +A% e L fra,
.j"go;’z'z)=§8—oz:lzxo};6£—z§’nz o tR ”)p~e*‘? ,jmJM
164)

Note that the initial separation of the two particles has
been assumed close to zero, so that

1) = OR(T )

The relative eddy diffusivity is calculated according to
n . n ! d 2
Kitedz 3 K ()= 3470, (165)

. The results are shown in Figure 4 and 5. The general pro-
perties of the dispersion processes agree with previous
analyses. 1In particular, the growth of #he.variance of the
separation, Cﬁ?t), shows a Z3 slope, which is consistent

with the 4/3 power law and is what we expected,
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V LARGRANGIAN-EULERIAN TRANSFORMATION
Following Taylor, the eddy difﬁusivity may be defined
as the time derivative of the second central moment of the
displacement of a particle, which can be expressed as the
time integration of the Lagrangian velocity correlation
function. For practical reasons, efforts were made to re-
late the Lagragian correlation to the Eulereian correla-
tions. For a fluid particle, the transformation is usual-
ly made by a delta function:
PR = [ar1 <t 2) S x-Eie e, 50> (166)
Making use of (2), we can wfite it as
<OVt =/dX'( ©ex) PAH: t,,,),r—f) d(t,, XD
/Jgg <u(t X )P lE-tox-X) ﬁ(ta,q,'))
.,L/Az < u[ £) p(z"é,, x—z)“ffo/‘")>
=KAPdD+ ¢ B it (167)
where a denotes the spatial integration. The neglect of
the second term on the righthand side of (167) is known as
Corrsin's independence approximation. This approximation
has been applied not only to the Lagrangian-Eulerian trans-
formation , but also to the neglect of the mode-coupling in

43

diffusion equationszz".“ Weinstock "“discussed the wvalidity
of the independence approximation. However, only the cor-
relations to third order was taken into account. In
deriving transition equations, mode-coupling can not be
neglected without considering the effect of the collective

phenomena. It is necessary to study more carefully the

validity of the independence approximation and to explain
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that it does not apply to the diffusion equations.
Besides, it is obvious that the Lagrangian-Eulerian trans-
formation requires the determination of the transition
function. The results in the previous sections may be
applied to the problem.
In (167), the second integral also represents mode-

coupling, which pfovides the error term for the indepen-
dence approximation. To study the validity, we write (28)

as

— — A, ——— s A
B=-alp 0w P +Urd PO+ On<lpo €8)
The procedure of expending Ea§=<(fﬁkﬁ>§ can be used analo-
gously to expand the integrand of the second integral on

the righthand side of (167):

€=c¢ @ha 4&: > (169)
The result is
— w —
E=3F % (170)
with
§3=‘<§—*2F‘5>
— P 4,._. -—
Co= <y UrLTHLPai D~ CHORIT»EDFE >
g5=—<g",x2’" LFA“)+(UU#(LU')F,L)U*LﬁAH>
* (f? ORLTHIIPAG D + (& THLCRETLDPaE>

2|
[raY
H
FaN
g
1
|

wl Ol *Zpéu)-{b/U*(LweL)wauxz_Pau)
—(Q‘"xa’fﬁ L0 LT 2 Pafl> (5 (BT *Z“»f)ﬁag)
A
,

Fr 2 g EOREDT R Pl ~ < & T ETw LTI THIDPa 4>

+ 2 (TR ESHITKECHLP 8 5 > 1 ¢ T ETHCETH DT IDPaid >

20|
~J
1
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The serieszS}} differs fromfg:sﬁ in that the latter 1lacks
the respective terms for the collective collision. How-
ever, this difference is actually trivial. All the absent
terms are zero for homogeneous turbulence. For example,
CETAEIT P> <O DY e Gl Otettn 49 G e, 4>
=GO LYOR " (4" Bttt yit ) B lates, oy
=<GTRL)Tn g [ Ay Rt e, g Pl XD

=0 (171)
. In fact, all the terms having the form
Y THE LT EURL - L Pad) (172)

are zero because of homogeneity. These terms coprrespond
to the collective phenomena. Therefore, we may treat the
L3 . [} [ L] A—
series J§¥}1n a way similar to that for the series fdg} .
In the short time limit, t-t,=0, the contribution of g
is negligible. All'§§ terms are approximately =zero. For

example,

A o — . "~ A
<b/,'U*Z'P‘Z;;') =<”l,,'u.’yduo- VmIFAIZ )

/

A 4 .
where u,=u(t,x). It is shown that
Ar ) ~

A — .« A A g ’ 1 apd ’ , ‘ "
<Y, i'z- 4‘3’) =<H,L'U;m U’/.Z/f,,dt.//d"r d,'é’ )D(f't/,)!‘é )%;ﬁ't't‘}é:f )
4 A A — , " .
SR OA Uy-%:dtjdg’d,ﬁ Pl-£x-£ )0 Blrt, 57
=0 (173)

In the long time limit, the approximations a), b) and

c) in Section 2.4 can be applied analogously, i. e.
—_—T

€z ,2 <TOHETHEPaED (174

»

Similar to the truncation made for the ?Z;§series,

(174) may be considered as a good approximation for the
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whole time range, such that

<GS Ay Bt AR IFet x50+ Ea - (75)
And the integral

T, <HONETHLPI> (176)
is taken as the correction of the independence approxima-
tion.

According to (145), the correction is negligible in the
short time limit, It is also negligible in the long time
limit. The operator in (176), ﬁ*ﬁﬁ*ﬁz may be estimated as

having the order
| 62 <fa‘>21
% L*
wherecgl is the parametor introduced in Section 2.4. Be-
cause of the structure of the pair correlations in (176),

we have
— 2 o A A — 3o ’
2, << Ri<cd poy >< /dzs'(g e, % Jple-te, X-X 091, X0
> (l77)
in the long time limit.
To estimate the correction in the whole time range, we
write
— mf:?«—— 2,'>
- = Ur »rLp4d *
Cpi = U L\U_P/
aw / t"/dx’dm”dx"’
- QL) p(t»t; )G d X)P(t e xx”

= f e / g /drwf'wr“'

Riont-6,3- IRy (6458 X2 )Plet) KX Uy Pleie w7, Pl 872")

»J

G Pl X5 DT 80

(178)
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After coordinate transformations, it is found that

é: /f"t / age //dx%); A
Renl47 5 )R, L5 I 6,58 Vs P T I Pl 4D

(179)
The Fourier transformation yields

éf;?. =-(27 )‘%jﬁ‘ *fdt'{/ dgdb’

R R (b8 8) Ry (6710, BUP It 44 )P 24y §)
(tgo)

For the case that the turbulence is also isotropic and P
is approximately Gaussian, we have

— £t 2E(t-t) DEE, AY)
s B [ oy ZEEEECAD

“F f - FA TR0t )] -3 AL e O éoﬂ]
. th’) e SCOS}\['Aﬂ'Oe(ﬂt"ﬂ SSIDJ;[A A)U?i‘:-f'ﬂ
i [kAoese)- SV rors Bt

(81)

(180) and (181) are equivalent to the respective terms of

the equation for the one-particle transition function.
Similarly, it also has a negative contribution to the
Lagrangian velocity correlation function. The magnitude of
may be found with a given spectrum. Based upon the

22 . IéB

spectrum used by Roberts and Kraichnarm :

4- v 2, ),,2
E(t, £)=2v2RM (T R]) exp[— BAH+ 7Y t‘)] |

(182)

-,
where W‘f%(gf), and ﬁo is an outer length scale. The cal-
culation shows that the maximum magnitude of the correc-

tion is only five per cent of that of the main term. It
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seems that Corrsin's approximation works fairly well in
the whole time range.
Instead of E;_, Weinstock discussed the validity of the

independence approximation based upon

— (LB e
. —— —4'36
However, the magnitude of €4 is generally larger than &; .

It should be noted that mode-coupling in the equation
of the transition function is different from that in the
Lagrangian-Eulerian transformation. In the former, mode-'
coupling ¢ZG#2> in

TP = <EOMDP = Py G YO
is an operator acting on E"f, in the latter, it is simply
a physical quantity. If we write
VL OrI)gF = p e EPRLIPD
the coupling may be considered as between ?5 and y":g P.
Therefore, the mode-coupling in the two cases has differ-
ent physical meanings. One should be cautious in applying

the independence approximation to cases different from the

Lagrangian-Eulerian transformation.
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VI DIFFUSION OF A PUFF
6.1 Characteristics and Features of a Puff

Consider a puff of a passive quantity released in a
turbulent fluid flow at an instant. By passive, we mean
that the quantity is source-free, non-reactive, and its
spreading does not affect the turbulent velocity field.

Let the normalized concentration distribution of the
puff be ¢1t,§). At t,, it is known as ¢ﬂto,§). When t)t,,
¢1t,x) fluctuats because of the random motion of the fluid

n
flow. The most important characteristics. of ‘P(t'i‘) are

Nomalization \/d,,’f ‘;’(f/.{‘:3= ) (183)

Instantaneous centroid /dIX(iJ\'(t,é)= é‘“ (164)

Instantaneous second /J‘g[l-éw)][z—gmﬂsa'zé,{).
central moment = éf‘(t) (185)

A
where the superscript N1 means that g'(t) is relative to
A
S(t), the instantaneous centroid. The ensemble averaged
concentration distribution is

Fet k)= <fre8 166)

which similarly has the characteristics

Normalization : l/dL Fre, =1 (187)

Ensemble averaged centro/di ¢:__(,£:,{)=,_{§)= :g-(t) (168)

Ensemble averaged /dzaf-gﬂjm-g&gzﬁ(f,_)g) .
second central moment = g“(t) (189)
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where the superscript a means that E?Nt) is relative to
?kt), the ensemble averaged centroid.
Note that the ensemble average of (185) also defines a

mean second central moment
— A
— R
Z"e) = < 2" (190)

g(t) represents the mean position of the puff in a fixed
frame. Relative to :g—(t), Z“(t.) describes the spreading of
the puff in the fixed frame, so that it refers to the abso-
lute diffusion. On the other hand, ﬁ(t) represents the
instantaneous position of the puff. Relative to é(t),
g;”{t) describes the spreading of the puff in a frame
moving with the instantaneous centroid. Therefore, é?%t)
referé to the relative diffusion.

The traces of the mean second central maments are used

to define the puff sizes:

U,;a"(f)-- 3 E50) (131)
Tpatt) =3 S () (192)

cﬁmft) is called the absolute size which specifies the
envelop of the trqjectory of the instantaneous centroid.

O?h(t) is called the relative size, specifying the mixing
of the quantity with ﬁhe fluid. It should be noted that
the puff size, used in practice, customarily refers to the
relative size. 1In the following, we shall simply refer to
the relative size as the puff size. The meanings df the
two sizes are shown in Figure 5.

Write
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Z ‘o[ ul-gnllx-Ger ] s> = /dzfz.ar Frtg)- Cealte) (93
and |
Fee)= < [d &G 3-Eee) e
= =/d,¢’A¢£ Pet.z)- < Laréieys
= Z%e) - <S> C19%)
Therefore, the (relative) puff size is generally smaller

than the absolute size.

Richardson introduced a distance-neighbor function to

specify the relative diffusion. The definition is
A A
Bt 2= [d < Ft k) Ppre.pendd
Rewrite (194) as
A A
25Nt = / dx. % ( %0 +XXa )< Pl o) Pl )
— [Jpen o+ 55 )¢ Gtz ) frte 1 )>
A
=ﬂd.)éd,{= ({3 =% )(X2 =X) (%z-(f,gg,)&c-t,_)é »
A A
= [Jandz 22 cfeyodre oz

-

=/dﬂ 2R ;(-t, ) (195)

Therefore, the square of the puff size is one half of the

variance of the distance~neighbor function:

Taté)= 3 GR1E)

Lo pa _ L a (196
= 3. FeR = 6/4,/;/1 FeeR) 196)
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6.2 Absolute Diffusion and Relative Diffusion
_ According to (188) and (189), both the mean position of
the puff and the spreading in the fixed frame are deter-
mined by the mean concentration distribution ¢%t,§). The
evolution of @Rt,g) is thus called absolute diffusion;
With the molecular diffusivity neglected, the quantity can
be considered as tagged onto the fluid particles, which
were in the region where the quantity was released. Then
the evolution of ¢Qt,§) can be considered as the result of
the dispersion of those "marked" fluid particles.
Using the instantaneous transition function for a

single particle, we can write

A
(et x5 = j dtp Pee-te 15 )00t 8)
¢wto,x) is assumed known, sé that

& et.X) =/d3_rv P (t-bo, J-Xo) (0,50 1197)

In (197), for a homoneneous turbulence, the transition
function ?Xt—to,§4§°) depends spatially on the displace-
ment Xx-X, only. Hence, the governing equation of P, (63)

can be applied to get

(3% +B-T)Ft,8) =0 K3 7/ Ples 2] (198)

~ <

where 5&#} is defined by (64) or (65). Practically, one

may use the Gaussian approximation, so that

(6 +T-Z) Tt X)= Ket) : Fe Tt X) (199)
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The eddy diffusivity tensor is to be solved from
— ~roA z o :
Bioy= dr<lier Jooo= [z [ Qeeigpreig) (229

The distance-neighbor function describes the spreading
of the puff arround its instantaneous centroid. The evolu-
tion of the distance-neighbor function is called the rela-
tive diffusion. Similar to (197), we write

A

N
fte. x>t )= ﬂd@d,@,, Pttt 80 P62 6o )T ) Pl Koo)

and

A —
< ?8-{*/ 2{,‘)?.(#/2(3 )} = d-{' od,(_\:“ Pla(t'f"/ —xvl -)-&‘/ é -2\(.""") (f-[ +°r )30) (/;[ ZL°/ _)_éoj
(20})

According to Figure 1, the coordinates have the relations

2{;:_{,-@2 ) {3.,:}?0-»’@6 , A —ﬂ-ﬁ,

-
A A

Therefore, the distance~neighbor function can be expressed

as
Fet 2 fax <pre g gy
= // A% dYy0 420D (tty X ~Xoo, X Hiot -Ro) e, Kol Xtn,)
= [dreBree, 2-p) Frende) (202)

In analogy with the equation for‘&it,g), one might use the
equation for the relative transition function to establish
the governing equation for 31(tu&). However, it is not so
straight forward. - There 1is an important difference

between the transition funétions'ﬁ abd B. Even for sta-

tionary and homogeneous turbulence, B depends on the ini-
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tial separation of the two particles.

As a compromise; we assume first that the puff was
originally released from a point source at t,,. Secondly,
we assume that, in the time period t,-t,, , the puff size
increases to

Tpalted= g 2o
Practically, we use Batchelor's model. Then, equations

(124) and (126) are applied to obtain

Oe fut, 2= K7t 40): 790 218, 2 ) (203)

with
KPve, )= e JALAN (28065, ') ot i) o623 VTPt SOB e )
- | (204)

The relative eddy diffusivity is solved from
A ) A A
g (t,tn)= 5 J£ <Alt-t)A (2-Er)> (205)
A
A o-le) ) (0= tup)) = R0 0

And the puff size:

W E F 053t b0} = g <R (40D (206)
with the condition
T tto)= +xr (207)
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6.3 Diffusion in a Homogeneous Shear Turbulence

In the Previous sections, the mean velocity of the tur-
bulent flow is assumed constant or zero. Now we consider
that the mean velocity has a constant spacial gradient.
Let the mean velocity be .

Z=Txe (28)
where ¢, is a unit vector. We shall use g, and 3 for the
other two unit vectors for the Cartesian coordinate system.
The evolution of the mean concentration distribution of a

puff is governed by the equation

(D¢ +T X FIF (L) = K(+): Ly fit.x) (209)

The eddy diffusivity tensor is to be solved from the equa-
tion for the one-particle transitin function. The Gaussian
form of P(r,J) in the anisotropic case is

(277') A ZBA'AJ(' r’t) -o; .‘.'03 (' PZJ.J}

ﬁ‘@;’i): 07 0:0;T-82 Xft 2("/3:)

(210)
where U7, (i=1,2,3), are the variances and 4 is the coeffi-

cient defined as

’J(ﬁ,Cr) 52> 2/1)
A= VAL oNAD)

All G; and/8 are functions of time. 1In (210), we have as-
sumed that there is no correlation between the displace-
ment fluctuations along g, direction and either of the
other two directions. ,8 accounts for the correlation of
the fluctuations along g, and &3 directions, caused by the

interaction of the mean wind and its gradient. The Fourier
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components of P(z,f) are
Puh)= (zv)-af-(r, Ao, b5, Aoz, B.T)
= (A2 enpl. Loa0 ko Ko )-3 T chos(rol

‘ (212)
The substitution of (212) into (92) yields

-ﬁ%— O%c) = Z[ﬁ/r_’/{éﬁ,,(t,’zé)f(cj ,6,0,-/ ]ggq:;’ ,630; A1)
aéf 0;(c)=2 /o td;/t/ﬁ Rt/ Rz v, 8,03, R G, A1)
—horro= 2[Urfdb Rute boftrihor, o A Ar)

4 gro = -2 (Gh AT+ )
+ a—éo:; T '/444; Rsle' ) fie Ao, A3, AT, 8,1)

(2/13)

The components of the eddy diffusivity tensor may be cal-

culated by

k;;(t3=';1_,~"j4€ ait) , ¢=1,2,3 (no summation)

= = a * 03;#_ 1, O7
%5‘*)'*/3:“‘)‘10@2%,-3 + é'(-d—':“ i '*"&;-‘%5?) (2/4)
Because of the anisotropy, the principle axes of the diffu-

sivity tensor are inclined. Denote the unit vectors of

these axes as €/, €, and €3. It is found that

- -) -
€5 [ K (]78, +2[TK,cer Ky )| [iersiea kaed | &

€. -e,

-
€3= Zi [ k,.(t)-igiregnf)_:y,,m- kgjfe)J‘+4k,;‘/t)} & -[¥;t)] -i§-3
(215)
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When the initial puff size is small enough, the rela-
tive diffusion is dominated by velocity fluctuations of
small scales. It is well known that small scale eddies are
close to isotropic in a shear turbulence. On the other
hand, in the tihe period of interest, the absolute size is
considerably smaller than the outer scale of the turbu-
lence. Therefore, the effect of anisotropy does not have a
significant influence on the relative diffusion. Approxi-
mately, we can calculate the wvariance of'f(z,f) from the
isotropic equation (97), in which the energy spectrum is
everaged over all directions. We may study the growth of

the puff size based upon the equation:

L 440 20r) Lgart,
i a . ¢ ,,. /% - A - O (&4
-5’;(2;‘*)-* 35—[:#0 REs(¢. h)e” [I-e"ﬁ %4

216)
a
Note that, in (216), O,(¢) is the variance of the separa-

tion of a pair of fluid particles, related to the puff
size as
2o ) e
Gr'_,zl-f-)— + Qi) a17)
For a shear turbulence, the energy spectrum appears in
the form
= . -4
E. (t,£)= Anf
where n=5/3 is respective to the inertia subrange and n=1
or 3 is respective to the shear subrange. A, is presented
to connect these subranges. As described previously, (216)

is dominated by the eddies of scales comparable to the puff

size. Therefore we may calculte the growth of the puff
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size according to

L o) 4/”*/ b, i e A Fatt

(-1
4/4 /dé,z-o—-z/_tJJ .2\/6/£A (/- "16)
— -t ! 2 ! n-'
= _.g‘_ A, 7:‘1/’ It [Opa2)] Lnge (219)
The solution is
Ups 1t)= A(nn}z) Jﬁ [ s J 5 (142)

PJz'* J= B, exP[—\/‘—gL@ F tj ' (v=3)

When n=5/3, the variance is proportional U:'f{ which cor-
responds to the 4/3 power law of relative diffusion. These
results are comparable with that given by Misguich and
Balescu, and Mikkelsen.

It is interesting to consider the case that the shear
turbulence is inhomogenous, such as in the atmosphere or
in the ocean. Although the formal theory might be extended
to the inhomogeneous case as did by Roberts%zan analytical
study is not practical at present. To reduce the diffi-
culty, the locally homogeneous approximation is suggested.
The inhomogeneity may be considered that the energy spec-
trum has a parameter representing the position. Then the
discussion on the absolute diffusion and the relative dif-
fusion of a puff may apply.

Recently, RIS@ Laboratory of Denmark performed an ex-
periment for the diffusion of a smoke plume in the atmos-
pheric boundary layer?4 The velocity spectra in three di-

rections and the lateral size of the plume were measu:ed.
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The theoretical prediction of the growth of the 1lateral

! ) ) ] .44
size was based upon the equation derived by Mikkelsen:

had v(3)
'31? Fal)= & i j" \/I;O_(t)exln[A-G;(f))} /+z‘/ (220)
£i3)= A+b£9,oé (221)

However, instead of the measured spectra, the velocity cor-
relation was estimated by (221) and the Lagrangian time
scale Qis estimated to produce the best fit for the experi-
mental data. The spectra were measured at one hight, 10
meters. Our equation requires the information how the spec-
trum varies with height, so that it is not directly appli-
cable. Nevertheless, we have used equations (97) and (216)
to calculate the growth of a puff size based upon the v-

component of the spectra. The nondimensionized spectrum is:

79.35 ' 4ex;:(-5‘£) (0.0¢ R'<1.1429)
0.066% 19"3 (1142947 €2.85T)
ETR)= 006’165'16 (285714 R'<71.429)
14056 A 5B (71429 $<R'U279.1)
326.6) 4 m2447 (1679.1< '€ 28571)

with
E'(;Q’) T_ETE% £'= 74/)6. , ’ﬁ =0.0035m™ | —_2'7<J)>=' o.6736 (m"/s‘)
It is found that, with the full spetrum and the one-par-
ticle variance, the growth of the puff size shows 21t?&be—
havior. Such a behavior agrees with the previous discus-
sion and the observations®®. The v-component spectrum and

the one we used in calculation are shown in Figure 6. The

results of the calculation are shown in Figure 7. To com-
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pare our calculation with the experimental data, we match
the curve for the absolute puff size at the point x= 200m.
In Figure 8, the circles and the dots are the experimental
points of the absolute size and the lateral size of the
plumé respectively. Curves 1 and 2 are based upon the
dimensionless calculation. It should be noted that curve
2 is respective to the initial size J/%=0.02m. However,
according to Mikkelsen4ﬁ the initial size is approximately
0.25m. By means of the treatment stated in Section 6.2,
curve 2 should be modified by a distance over which the
plume increases its lateral size to 0.26m. Curve 3 is the
result of such a transformation. We see that curves 1 and
3 agree well with the experimental data. Mikkelsen's
theoretical prediction of the lateral size of the plume is
shown as the dashed curve. 1In the prediction, the velocity
correlation function was estimated empirically as
(3= {Conslf. (g <2.5m)
l.o§5-0.20 J?,aé (2 > 2.5m)
and the constant was chosen for a best fit of the lower

part of the curve. The absolute size was not predicted by

Mikkelsen.
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VII SUMMARY

In this work, a statistical study is made for the dis-
persion of particles in a turbulent fluid flow. The tran-
sition functions are introduced to describe the probability
distribution for the displacement of the particles. The
governing equations for the transition equations appear in
séries form as correlations, which implies the closure pro-
blem. The exact propagator physically specifies the tra-
jectory which characterises the transport process, and
mathematically keeps the nonlinearity which is implied in
the problem. Therefore, the propagator method has the
advantage over other methods in that the resulting series
decreases faster. By means of the mean propagator, the
effects of both mode-coupling and the collective phenomena
are included. The transport equations established in such
a way apply to strong turbulence.

The transport equations are developed to analyse the
dispersion of fluid particles. The absolute dispersion of
a single particle and the relative dispersion of a pair of
particles are found to obey nonlinear integro-differential
equations. The general properties of our results on dis-
persion agree with observations. Also, our equations are
more appropriate than those of other theories. We properly
describe the short time behavior of one-particle disper-
sion. For the relative dispersion, it is shown that our
equation works well with a full spectrum, while other theo-

ries have the difficulty that the velocity correlation
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function is in a complicated, Lagrangian-Eulerian hybrid
form.

The results for the dispersion of fluid particles are
applied to describe the diffusion of a puff of a passive
quantity. The absolute diffusion is related to the one-
particle dispersion and the relative diffusion is related
to the relative dispersion of a pair of particles. The
eddy diffusivities appear in tensorial form to account for
anisotropy. The diffusion in shear and buoyancy turbu-
lence is also discussed, including the spectra k"and k-{
Based upon an experimental spectrum, the results of calcu-
ation 'agree with observations. More application depends

on the knowledge how the velocity correlation functions or

the spectra vary with position.
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Figure 2. Profiles of B(T,\)
l-Experimental, by Sullivan; 2-Richardson's model
3-Batchelor's model; 4-Okubo's model
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Figure 3, Dispersion of fluid particles,
based upon the von Karmin spectrum
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Figure 4, Relative dispersion, the t3 behavior
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Figure " Diffusion of a puff,

the absolute size and the relative size
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Appendix 1

The éxpans ion of h P is made by the repeated substitu-

gion of (49):
5 =-UrbT - GHEG + Tacl & D+ Gn 0D
The result is
h,P=<LH*L)F
= -{foLol PP
+{lotiotot)B- ColTotyold T
~{flotioliotol ) B+{Tio( Lol oLol, B+ (To<ToL.ol) o) B
+{Tofio( foﬁ} OADF |

+{fofoliotctol) B- (Lo(LcL) oLoLoL) B-{Lol Lotiol Dol SL) B
— (oS Tototict,) SEYP- (Lolof Lot YoL.oky B- (Tiof.od fofict) ol )P
~{Lotiot ol Loy of, )P+ 2{ ol Lol ) o{Tict ) S T

+<{LodTol ol of) oAI;>'P—

- {folioliolototior,y P+{fio{Lol) oLoLofof, 7B+{Lo{ToL.of,poLoLoLy P

5th]

6th

+ (fo(fictotchyof.of) B+ (Lol fiotiofictol yol) T
+{foto(fof, Yotiotiot,) B+LiiotiodTofict) L) T
+{fotiolTotiotioty o) B+ {lofiotol fot Dot 6"[) P

Tth < +EotcEol Totiot potPB+ oLototof fof Dol DT

- 2<ﬂ’o(ﬁo'f.) of ﬁoﬁ}oﬁoﬁ)’?- 2{fo(ToL} o{tolioL) SL) B
~2{folo{Tol. YLl ofyB-2 (T LoflolYo( Lol Pol,) T
- {LolLof; )oﬁo (f.‘o'f.'.) of)P- (ﬂ'o(ﬁo( ﬂ'of..') o‘ﬂ)oﬁoﬁ}?

- {£o{ o ¢fof o) of, ) ol P P-{ Lofio( LodTof; Yol ) SE) T~
| Fototoltity oty - {fo(Eo(fot ototd o5
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~5{To(tot) odfol, Yol Tt dﬁ)ﬁlz<fb<ﬁb<ﬁ§t>dﬁ>o<fbﬁ)di>5'
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where

The expansion is very lengthy and complicated.
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Since D; P terms have the common operators h, and
(H‘,_-Ti;oﬁ, )}, the {sz‘} series can be obtained by the substitu-
tion of the expression of '1—1'2_15. Making use of the three ap-

proximations in Section 2.4, we find that

2y ={LoLoLot)B- {o Loty o) (Lot o(f.’of.}?
={fiolo (LoL- Lot ))) P- @o(ﬁo’l‘:'.)o‘ﬂ)ﬁ'
4s ={LolotioLolol)P-{LotolioL) o(Lol} &
~{¥ot) o (Lofiotio,) B+{ Tioky o (Lol p o Tct) &
V iadiiad r~ \- :"' AN R g 4/ A  —_
=(Lolo[ fdko (Loif—(LOL)) -(LoLo (Fot—(tot) )>j
dg =(fofiotiofotototiol, P~ (Lototiototioly) oLl F
~{Erofiofiot Yol Eotict. Sty P +(Tot.ot.ot.y o< Tt o ESEY T
- <ﬂ’o"ﬁ>o<f.’ofo"ﬁo’ﬁ'or..or) B+ {L3D of{fioholot) o<Tol} P

+{Lot Yo {tSt) 0<I.A.'6']‘:To'ﬁ.'o]:,) B-foYo LoL} o(LoL)o(Lo‘I;‘)
=<fo'i.'o{ frotiof fotio (FoL-¢Tok) ) - (oo (Fot=( ok 1]

—(ﬁ’oﬁo[ﬁ’oﬁ’o (LoL—~{Tof,)) - (LoLo(LoL—{LoL)))J)}) P
" A A e
= {feto (A 4p))

Approximately,
{ foLoLo LoL> 0L>P : oL YolTo <LOL> or) P
Therefore,

A, H(toto (-5 1)
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Appendix 2
The exact propagator is introduced to find the formal
solution of the equation
[0+ L) Ale, d) =Bz, 0> (4-1)
such that
A d)= Jte.o)Ai08)+ [Hs Gtz oo i) (A-2)

where the J’' dependence in the integrand is implied. The

¢

first term on the righthand side of (A-2) represents the
effect of the initial condition and is usually neglected ,
so that
A - (T A &, )
Ate, dyz [Pde 0z z)B(E') (4-3
Recalling

Pyl A A ;
L(t)~= L/(c)-z =5(U'ﬂ

A

we transform (A-1) into the Fourier space
} A A A
[)z-m,’-é-glr)JAlr,ﬁ) ?B(T,é)

Its solution 1is
A

A(rné) é /rd’ Jg'fl"/g(e.éﬂ-/td e/ e “’/[U.é"(cf:()

_c_‘g ﬁ(t)»\- 7, , —o‘f-[ilt)—ilr')]
= e < Aw,_é)-f'/o '@ B‘z ,4
(A 4)
The first term on the righthand side refers to the initial
condition and is customarily neglected in the present case.

The second term involves a convolution so that

AA.(T, J) = Atdz’\/o’_{lI{’{j:{j—[_,é(z)—_v[r‘ﬂ}é’(‘cﬁ:‘é')

Ty , A : Y
< [Foe [Md peeet 4y Fmn ) (A-5)
Comparing (A-5) with (A-3), we see the equivalence:
[Tawdime)e = [Eirfap Peeridg) -

JrapF e = [Theifdd Pz -4 -
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