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Abstract
Morphing for Intelligent Motion Picture 
and Video Interpolation

by

Xiaotie Zhang 

Adviser: Professor Charles R. Giardina

When morphing is used, distortion of the image is 

introduced by the averaging caused by multiple control 

lines. The deformation of a straight line segment is 

used as a barometer in measuring the distortion caused by 

the morphing process. Theorems are proved that describe 

the deformation on a straight line segment. Additionally 

in the two control lines case, a theorem is proved 

describing the type of curvature deformation. Sufficient 

conditions are also given for control line placement in 

order to remove the distortion effects.

A new image compression method, Morphing for Motion 

Interpolation(MMI) is proposed to apply morphing into 

motion picture interpolation with the advantages of both 

morphing and motion compensation. MMI method also keeps 

the MPEG features such as Random Access, etc. Two 

versions of MMI encoder and decoder are also given.
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Chapter 1 Introduction

In recent years, several image processing 

techniques, among them morphing has achieved widespread 

use in the entertainment industry. Morphing involves the 

transformation of one 2D image into another 2D image. 

The idea is to specify a warp that distorts the first 

image into the second image. As the morphing proceeds, 

the first image is gradually distorted and is faded out, 

while the second image starts out totally distorted 

relative to the first and is faded in. Thus, the early 

images in the sequence are much like the first image. 

Middle images of the sequence are weighted averages of 

the first and last image. For morphing between human 

faces, the middle image often looks strikingly life-like, 

like a real person, but it is neither the image of the 

person in the first nor the second images.

Morphing techniques involve first specifying some 

function that maps points from one image onto points of 

the other image, then simultaneously interpolating the 

color and the position of corresponding points to
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generate intermediate images. When viewed in sequence, 

these intermediate images produce an animation of the 

first image changing into the second. Variations of 

these techniques have been used to create astonishing 

special effects for commercials, music videos, and 

movies.

In telecommunications, visual communication is 

becoming a rapidly growing strategic management tool. 

Since economical long-distance video conferencing is 

feasible only with digital transmission, the video codec 

plays an essential role in determining service quality 

and compatibility among different system. To provide a 

full motion video signals at a reasonable transmission 

cost an efficient data compression technique is 

necessary. For lossy video compression algorithms, 

Motion Picture Expert Group(MPEG) is underway with 

efforts to standardize a video-coding algorithm for 

interactive applications with digital storage media. The 

bit-rate for the compressed video, which is limited by 

the medium speed, is currently set by MPEG at 1.5Mbps 

(bits per sec).
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The MPEG algorithm is based on H.261 model, which is 

video codec for audiovisual services at Px64 kb/s, p is 

a number between 1 and 30, developed for the video 

conferencing application by a CCITT subgroup this model 

is referred to as the CCITT_RM [52] . The CCITT-RM is 

essentially a motion-compensated inter-frame predictive 

coding technique.

Image compression and film making have similar 

methods for motion picture processing. Seamless

transition between defined aspects of pictures can be 

achieved in a number of ways. Rapid presentation of 

frames is usually sufficient to fool the visual system 

into perceiving continuous, smooth movement. As the 

discrepancy between individual frames increases, so must 

the sampling frequency and the subsequent representation 

rates. Morphing methods exploit artificially creating 

intervening frames, the number of which dictates the 

final transition's apparent fluidity. Using either film 

recording or computer blending, one image is gradually 

faded out while the presence of the final frame becomes 

more apparent. The rate at which one key frame
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disappears and another is incorporated is normally 

determined in a linear manner.

The MPEG compression algorithm is derived in so far 

as it satisfied the required quality and random access 

requirements in motion videos. The algorithm is based on 

two types of coding, namely intra-frame and inter-frame, 

corresponding to the statistical and visual 

characteristics of a single image and an image sequence 

respectively. Pure intra-frame coding could satisfy the 

demand of random access, but the achievable compression 

rate is limited. Inter-frame coding does result in much 

higher compression rate, but at an expense of a more 

restricted degree of random access and quality. The major 

approach of the MPEG algorithm is to achieve a delicate 

balance between intra- and inter-frame coding, between 

recursive and non-recursive temporal redundancy 

reduction.[47]

Inter-frame Coding

Much of the information in a picture within a video
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sequence is similar to information in a previous or 

subsequent picture. The MPEG algorithm takes advantage 

of this temporal redundancy to represent some pictures in 

terms of their difference from a reference. Two inter­

frame coding techniques, predictive and interpolative, 

have been proposed by MPEG. Video frames are coded as 

three types of pictures: (a) Intra Picture(I), coded

using only information present in the picture itself; 

(b) Predicted Pictures (P) , coded with respect to the 

nearest previous I- or P-pictures. This technique is 

called forward prediction and is shown in Figure 1.1(A); 

and (c) Interpolated Picture (B-Bidirectional Prediction) 

coded with both past and future pictures as reference. 

This technique is called bidirectional prediction and is 

shown in Figure 1.1(B) . [47]

A typical arrangement of I-, P- and B-pictures is 

shown in Figure 1.2 in the order they are displayed.

Motion compensation is also used in MPEG for 

enhancing the compression of P- and B-pictures by 

eliminating temporal redundancy. Motion compensation
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Figure 1.1 (A) Forward Prediction

(B) Bidirectional Prediction
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15 frames
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Figure 1.2 Typical Display Order of 
Picture Types
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improves compression by about a factor of three compared 

to intra-picture coding.

For P-pictures, the amplitude and the direction of 

the displacement at some previous frames are coded as 

part of the necessary information to recover the picture.

For B-pictures, motion information is coded using 

either a previous or future reference picture as a 

reference. Full-resolution signal is reconstructed by 

interpolation of the past and future low-resolution 

signal with a correction term.

Intra-frame Coding

With the experience of still image coding in JPEG, 

the 8x8 DCT is chosen to perform further compression to 

both the remaining still image (intra-pictures) and 

prediction error signals which have very high spatial 

redundancy. Similar to JPEG, the encoding process 

essentially consists of three stages: (a) DCT transform,

(b) quantization and (c) entropy coding.
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In morphing, the special effect that one image 

gradually change into another, is achieved by 

interpolating a sequence of image frames. If the second 

image contains the same objects as the first one but 

moved, morphing interpolates the intermediate image 

frames that accomplish the motion when all the image 

frames playback sequentially. The interpolated image 

frames are generated by mathematical equations with 

positions of control lines and the first image, or the 

first and second images. No intermediate image 

information is needed. In MPEG, one group of frames(GOF) 

contains one intra-coded frame, four predicted frame, and 

ten bidirectional interpolated frames. Fourteen frames 

out of fifteen (P and B frames) are motion 

compensation(MC) coded interpolation frames. In MC-coded 

frames, the information of the motion-field is needed in 

order to do the coding. For fast motion video, there is 

a huge amount of information that MPEG needs to code and 

decode.

In this study, a new image compression method, 

morphing for motion interpolation(MMI) is presented with
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the image interpolation advantages of both morphing and 

motion compensation. MMI methods have the advantage of 

motion compensation in which the non-motion fields of 

images are not coded to reduce redundancy. Here the DCT 

transform, quantization and entropy coding are needed 

only for I(intra-frames). The Block Matching

Algorithm (BMA) , which is needed for estimating the motion 

vector, is omitted in this method. With the MMI method, 

none of P and B frames need to be coded, only control 

line information utilized in morphing is needed in each 

I frame. The MMI methods do not alter MPEG features such 

as Random Access, and Reverse Playback, Fast 

Forward/Reverse Searches, etc.

When morphing is applied in image interpolation, 

distortion of the image is introduced by the averaging 

caused by multiple control lines. Thus a straight line 

may bend due to the morphing process. In this study, the 

deformation of a straight line segment is used as a 

barometer in measuring the distortion caused by the 

morphing process. Sufficient conditions are also given 

for control line placement in order to remove these
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distortion effects.

Chapter 2 introduces the concept of morphing, it 

illustrates applications within entertainment and 

commercial areas, and illustrates different morphing 

methods. Chapter 3 presents the mathematical background 

underlying the morphing transform. Here a detail 

description is given showing how different morphing 

methods generate intermediate images. It also provides 

the general averaging equations for morphing. Chapter 4 

defines the morphing transform of using one control line 

and multiple control lines, several theorems on morphing 

distortion are proved in the one control line case and in 

the multiple control line case. In the one control line 

case, it is shown that the morphing transform has no 

distortion based on the straight line segment, moreover 

it preserves parallel straight lines. In the multiple 

control line case, theorems are proved that describe the 

deformation on a straight line segment. Here a metric 

is introduced to estimate and bound the curvature of the 

deformed line segment. Additionally in the two control 

line case, a theorem is proved providing conditions for
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the morphing transform to preserve straight line 

segments. Another theorem is proved describing the type 

of curvature deformation of a morphed line segment.

In chapter 5, issues related to the compression of 

motion video are described. MPEG requirements and its 

implications are given along with the standard MPEG 

compression algorithms which also provide the basis for 

the MMI method. This includes motion compensated 

prediction, and motion compensated interpolation, DCT 

transform, quantization, and entropy coding. Chapter 6 

describes the MMI method and considers its advantages as 

well as how its methodology complies with the MPEG 

requirement. The structure of the encoder and decoder 

are presented for the proposed method.
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Chapter 2 Introduction to Morphing

Morphing is short for metamorphosing. The word is 

derived from biology, where it describes nature's 

wonderful magic trick of turning a caterpillar into 

butterfly or a tadpole into a frog. Morphing depicts 

objects that smoothly change shape.

A typical application of morphing can be found in 

the movie Terminator 2: Judgment Day. In this movie

there is a well-known scene in which the T1000 terminator 

is transformed into a puddle of liquid metal on a 

checkerboard floor. The puddle suddenly begins oozing 

upward, defying gravity, and forms the general outline of 

a man. The liquid metal then solidifies to a humanoid 

shape, and "grows" skin to become the clearly defined 

image of man. Morphing as a computer graphics technique 

plays astonishing visual tricks to our eyes. Police 

officers become people they touch. Arms turn into swords 

and vise versa. A car changes into a running tiger. 

Morphing smoothly dissolves between two or more images, 

so that one appears to become the other.
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Morphing has made a profound impact on public visual 

media, and has become an important computer graphics 

technique at Industrial Light and Magic(ILM). Morphing 

was first introduced in the 1988 film Willow. When 

director Ron Howard wanted a sorceress to change into 

different animal forms, he turned to ILM special effects 

studio. Since then, he has performed morphing for several 

commercials and the movie Terminator 2: Judgment Day. [20]

More recently, it has been possible to capture the 

reference frames on a digital computer and numerically 

dissolve to the next frame using pixel point-to-point 

interpolation. The transition sequence must then be 

transferred to film and spliced into the correct position 

in the sequence. The results are artistically pleasing, 

and can be entertaining provided care is taken.

In image processing, morphing algorithms gradually 

change the first image into the second image, with 

interpolating a number of intermediate image frames. The 

first image is called the source image; the second image 

is called the target image. Morphing is a term
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describing the procedure that makes the source image 

continuously "transform" into the target image. Morphing 

uses a computer to calculate and draw the image frames 

intermediately between the source and the target images. 

When all of the image frames playback, the source image 

will(gradually change) morph into the target image, like 

a man into a girl.

The following is an simple example showing a 

horizontal line segment morphing into a vertical line 

segment. Figure 2.1 shows the source image frame and 

target image frame.

Frame 1 Frame 2

Figure 2.1 A horizontal and a 
vertical line segments.

Figure 2.2 shows how a straight line segment is 

interpolated.
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Interpolated
line

Figure 2.2 One interpolated line segment 
connecting the mid-points.

Subdividing the line again in Figure 2.2, another 

line segment can be interpolated in each side of the 

middle line segment.

Interp.3
Interp.2

Interp.l

Line 1

Line 2

Figure 2.3 Two more interpolated line 
segments.
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Now there are three line segments between frame one 

and frame two. More line segments can be interpolated 

along the path to assure smooth motion. If the frames 

are played one by one, from source image to target image, 

it appears that a horizontal line segment morphs into a 

vertical line segment.

Morphing can also be described as a shape change 

applied to one or more images. There are two types of 

morphing, distortion morphing and transition morphing. 

Distortion morphing distorts a single image into a new 

image using positional control information, the control 

points or control lines. It is also called warp 

morphing, or warping. In distortion morphing, the shape 

of the original image changes without fading to a second 

image. Figure 2.4 shows the original image, Figure 2.5 

shows the new warped image. Distortion morph generate 

the new image according to the movement of control lines.

Transition morphing combines distortions of the 

source image and the target image to form a new image by 

using positional control information, as done in warping.
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Figure 2.4 Original image Figure 2.5 Warped image

This is the same as distortion morphing, along with the 

usage of color information from both the source image and 

the target image. Transition morphing is the classical 

morphing method, it warps from the source image to the 

target image. This is also the same as distortion 

morphing in which the control lines are automatically 

determined by their positions in the source and the 

target images. Transition morphing then distorts the 

images with color information of the source and the 

target images. This is also called image dissolving. If 

the source image and the target image contain different 

objects, transition morphing changes one object to the 

other. Figure 2.6 - 2.9 show how transition morphing

17



Figure 2.6 Source image. Figure 2.7 Morphed image 1 .

Figure 2.8 Morphed image 2 . Figure 2.9 Target image.

changes a clown into a cheetah.

One way to understand the warping (distortion 

morphing) is to imagine an image printed on a sheet of 

rubber. Image warping has the same effect on an image as 

stretching and pinching the rubber sheet at interesting 

places. For example, a map of the world is printed on a 

rubber sheet, and New York is pulled south. Computers 

can perform this operation in a simple way. The computer

18



screen consists of a map of colored pixels, which can be 

manipulated or transformed using mathematical equations. 

The process in general is called a "mapping". When the 

image stays connected through the use of the 

transformation, it is then called warping. In most 

warping algorithms, the warping is local, so if New York 

is pulled south, Newark being close to New York moves 

with it, but Chicago barely budges. The amount of 

movement is specified and controlled using designated 

points.

The simplest method is to indicate points on the 

screen, which should be moved in a certain way, and to 

drag these points to these final locations.[2] These 

points are called control points. Although relatively 

simple to program, this method poses difficulties for the 

user. Hundreds of points may be needed for effective 

warping. These points must also be kept track of. If a 

single point is misplaced, the warp will be wrong.

A better method for warping is to use line segments 

(here in called lines or control lines). With just the
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two end-points, a line automatically specifies a string 

of points in between. Another benefit of this 

implementation is not as obvious: with lines, you can 

specify global changes. With one line, you can rotate or 

scale the entire image. This technique is much more 

powerful than local warping.[1]

When there is more than one line, they each compete 

for influence, and the effect becomes more local.

In a control line warping algorithm, such as the 

ones discussed in the following chapters, the same number 

of control line segment will be placed in the source and 

the target images. In each pair of control line 

segments, the control line in the source image will be 

transformed into a corresponding control line in the 

target image. For pixel-mapped images, the pixels on 

each control lines are preserved from the source image to 

the target image. The other pixels in the plane are 

formed by averaging the influence of each control line.

The transformation of control line segments from the

20



source to the target image may include translating, 

rotating and scaling of the control line segment. The 

control line segments in the intermediate image frames 

change gradually from the position in source image to the 

position in target image.

In general, morphing is an image processing 

technique typically used as an animation tool for the 

metamorphosis of one image into another.

The method for changing one digital image into 

another is to use dissolved method. The color of each 

pixel is interpolated over time from the source image 

value to the corresponding target image value. while 

this method is more flexible than the traditional optical 

approach (for example, different dissolve rates in 

different image areas), it is still often ineffective for 

suggesting the actual morphing from one subject to 

another. This may be partially due to the fact that we 

are accustomed to seeing this visual device used for 

another purpose: the linking of two shots, usually

signifying a lapse of time and a change in place.
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Chapter 3 Mathematical Fundamentals 
of Morphing

In this chapter, the fundamentals of the mathematics 

underlying morphing of images are studied by considering 

the representation and transformation of points and 

straight line segments.

There are two parts involved in the morphing 

procedure, image warping and image dissolving. 

Distortion morphing has only image warping, transition 

morphing has both image warping and image dissolving.

In analysis of image warping, an oriented line 

segment coordinate system, shown in Figure 3.1, is

Figure 3.1 A straight line PQ.
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applied to represent the relation between a point to a 

certain line segment. Given line segment PQ in RxR with 

direction from P to Q. Extending the line PQ to line 1, 

given by

F (t) = tQ + (l-t)P, t is real.

W is a point on the plane. Find the distance d between

W and line PQ, WH j .  PQ. Find the fractional distance a

of W on PQ, a = I E . Figure 3.2 shows that W is uniquely
PQ

determined by a and d. d is the distance from the line, 

and a is the fractional distance along the line. The 

value a goes from 0 to 1 as the point move from P to Q, 

and is less than 0 or greater than 1 outside of that 

range. The value for d is the perpendicular distance in 

pixels from the line.

Figure 3.2 Any point can be
uniquely determined by PQ.
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There are six distinct regions for W, shown in 

Figure 3.3 depending upon values of a and d.

n e g a t i v e d p o s i t i v e

Figure 3.3 six distinct regions

This reference line segment PQ will be placed in a 

image. Every pixel of the image has an unique value

pair, a and d. This line segment is called a control

w -*• Wn

Figure 3.4 One control line
transformation
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line. When a morphing transformation, shown in figure 

3.4, mapping the control line 1 into 1' is employed, the 

values a and d stay fixed for all points W in RxR.

If there is just one control line in the image, the 

transformation of the image proceeds as follows.

Position the control line in the target image.

For each pixel W in the source image

find the corresponding value pair a and d 

find the position of Wn in the target image 

using the same pair a and d.

target Image (Wn) = sourcelmage (W) .

In Figure 3.4, Wn is the location in the target image 

for the pixel at W in the source image. The location is 

at a distance d (the distance from the pixel to the 

control line in the source image)to the line P'Q1, and at 

a proportion a along that control line.

The algorithm transforms each pixel coordinate by 

translation, rotation, and scale, thereby transforming 

the whole image. All of the pixels along the control

25



line in the source image are copied on top of the control 

line in the target image. The a coordinate is normalized 

by the length of the control line, however, the d 

coordinate is not (since it is always specified as a 

distance in pixels). Consequently the resulting image is 

scaled along the direction of the given control lines by 

the ratio of the lengths of the control lines. The 

scaling is only along the direction of the line.[5]

Figure 3.5 one control line example.

In figure 3.5, the figure on the upper left is the 

original image. The control line is translated in the 

lower left image, rotated in the upper right image, and 

scaled in the lower right image, performing the 

corresponding transformations to the image.
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When multiple control lines are applied to the 

image, for each point W, multiple sets of a* (fractional 

distance of the control line PiQi) , and d.£ (the distance 

to the control line PiQi) are needed. These various pairs 

represent the point W relative to the distinct control 

lines. Figure 3.6 shows three control lines influencing 

the point W.

P2

P3

Figure 3.6 Three control lines
influencing W,

Multiple control lines specify more complex 

transformations. Figure 3.7 shows two control lines 

applied in an image.

If there are m control lines, a weighting of the 

coordinate transformations for each control line is 

performed. A position Wni is calculated for each control

27



a i
P2

Source Image

Figure 3.7 Source image
with multiple control lines.

line. Wni is the new calculated image point for control 

line i, and there are m image point for W. The 

displacement

Di = Wni - W i = 1, 2, . .., m (3.1)

is the difference between the pixel location in the 

source and target images, and a weighted average of those 

displacements is calculated. The weight is determined by 

the distance from W to the control line. This average 

displacement is added to the current pixel location W to 

determine the position Wn in the target image. The 

single control line case is a special case of the 

multiple line case, assuming the weights never go to 

zero. In general, the weight assigned to each control 

line is strongest when the pixel is exactly on that line,
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and weaker the further the pixel is from the line. The 

equation for weighting[5] is

weight = AT = length if 
(a + dist (3.2)

where lengthi is the length of control line i, dist± is 

the distance from the pixel to the control line, here 

disti = d, and a, b, and p are constants that can be used 

to change the relative effect of the control lines.

The weighting factors are based on how far the 

original point is from each control line, and how long

E d  .at.l li-1
m

X>j
i-1

(3.3)

a2
P2Wni

Wn

Target Image

Figure 3.8 Target image
with multiple control lines
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the control line is. Using this factor, the weighted 

average of m displacements is calculated to arrive at the 

final position Wn.

Figure

Figure 

equation (3

3.8 shows the averaged new point Wn
zn in mw£ M i * £ D iM i E ( w + D i) M i

w = i-1 i-1 i-1

X > ii-1 £ " ii-1

<((

E W M.m i
W =n i-1

X > ii-1

(3.4)

3.9 shows transformed image point averaged by 

4) .

P2

Pi /

Target Image

Figure 3.9 Target image
with multiple control lines
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If a is barely greater than zero, then if the 

distance from the line to the pixel is zero, the strength 

is nearly infinite. With this value for a, the user will 

be assured that pixels on the control line will moves 

along with the control line. Larger values will yield a 

more smooth warping, but with less precise control. The 

variable b determines how the relative strength of 

different control lines falls off with distance. If it 

is large, then every pixel will be affected essentially 

only by this control line nearest it. If b is zero, then 

each pixel will be affected by all control lines equally. 

Values of b in the range [0.5, 2] are the most useful. 

The value of p is typically in the range [0, 1]; if it is 

zero, then all lines have the same weight, if it is one, 

then longer control lines have a greater relative weight 

than shorter control lines.[5]

The multiple line algorithm is as follows:

For each pixel W in the source image 

DSUM = (0, 0) 

weightsum = 0
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For each control line PiQi

calculate a, d based on PiQi 

calculate Wni based on a, d and Pi'Qi' 

length = calculate the length of PiQi 

weight = (length9/ (a+d) )h 

DSUM += Wni* weight 

weight sum += weight 

Wn = DSUM/weightsum 

targetlmage (Wn) = sourcelmage (W)

There are two ways to warp an image [5] , forward 

mapping and reverse mapping. In forward mapping, warping 

scans through the source image pixel by pixel, and copies 

these pixels to the appropriate place in the target 

image. In this case, some pixels in the target image 

might get painted, and would have to be interpolated. In 

reverse mapping, warping goes through the target image 

pixel by pixel, and samples the correct pixel from the 

source image. The most important feature of inverse 

mapping is that every pixel in the target image is set to 

something appropriate. For reverse mapping, warping 

becomes such problem that which pixels in the source
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image are sampled for the one pixel in the target image. 

The averaging equations for both forward and reverse 

mapping are the same. Next, the algorithms for reverse 

mapping are presented.

In one control line reverse mapping, shown in Figure 

3.10, transformation of the image proceeds as follows.

For each pixel Wn in the target image 

find the corresponding a, d 

find the position of W in the source 

image for that a, d.

targetImage(Wn) = sourcelmage{W) .

Wn

Source ImageTarget Image

Figure 3.10 One control line reverse mapping
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The multiple line reverse mapping algorithm, shown 

in Figure 3.11 and Figure 3.12 is as follows:

For each pixel Wn in the target image 

DSUM = (0, 0) 

weightsum = 0

For each control line PA1 Q±'

calculate a, d based on Pi1 Qi' 

calculate Wni based on a, d and P±Qi 

length = calculate the length of PiQi 

weight = (lengthP/ (a+d) )h 

DSUM += Wni* weight 

weightsum += weight 

W = DSUM/weight sum 

targetlmage (Wn) = sourcelmage (W)

Source Image

Q2 '

a2

Target Image

Figure 3.11 Target image Figure 3.12 Source image 
with multiple control with multiple control 
lines. lines.



In the book [1], the weighting

weight . = M. - - L  (3 5)
i

is used in averaging. This is the same as in equation 

(3.2) .

a = 0, b = 2, and p = 0

Location of transformed point Wn will be weighted 

average of individual transformed points Wni with weights 

Mi. If di = 0 use Wn = Wni otherwise use

= ~ z (3.7)
i

m
E m m  .2 m

  (3.6)
5> ii. 0

These averaging formulas for multiple control lines 

are also utilized through out this study. The control 

lines do not cross each other is also assumed.

Image dissolving is also called cross-dissolving,
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which means to blend colors together. The weighted 

averages of the primary color components are computed as 

follow.

miri + m2r2
r = — I-- 1-- (3.8)

(3.9)

+ m2

m1g1 + m2̂ 2
+ m2

m1b1 * m2h2jb .  —  (3.10)
m1 + m2

Where r2 gx bx and r2 g2 b2 are the primary colors for 

the first and second pixels and jt?2 and m2 are the 

weighting factors for each pixel. For example, with a 

color 20 percent of the way between two others, m2 is 20, 

m2 is 80 and their sum is 100.

If the weighting for the first pixel is zero, the 

color takes the value of the second pixel. Similarly, if 

the second weight factor is zero, the first pixel is 

selected.

The luminance Y and chrominance u, v(Cr, Cb) can
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also be used as color components in dissolving. If this 

is done;

mi Yi + mz Y2

u =

V  =

ml + m2

mlul + m2U2

ml + m2

mlvl + m2V2
mi + m2

(3.11)

(3 .12)

(3.13)

37



Chapter 4 Morphing Transform of 
Straight Lines

This chapter is dedicated to investigating how an 

arbitrary straight line segment is mapped by the morphing 

transform. In particular distort weighting using the 

averaging equations specified in the previous chapter a 

straight line often becomes "curved". In this chapter 

bounds are derived on the "curvature".

4.1. Representation of Line Segments

In the previous chapter, a point A can be determined 

by a control line (control line segment) and two 

parameters, the fractional distance a and the distance c.

Definition 4.1 PQ is a control line segment, A is 

a point on the plane. The length of PQ is 1. Then the 

relation between the point A and the control line PQ can 

be represented as A_P0{a/ c} or A{a, c}. a is the
P Ffractional distance of control line PQ, |a| = —  (see 

Figure 4.1). a < 0 when F is outside of PQ on the
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a = 0 A(a,c} a = 1

c

 -_____H_____ _
P a  F  Q

a < 0 0 < a < 1 a > 1

Figure 4.1 Point A's position to control line PQ.

P side; 0 < a < 1, when F is between PQ; and a > 1 when 

F is outside of PQ on the Q side. |c| is the distance 

between A and control line PQ. When the line segment PQ 

(from P to Q) points to right, c is positive if c is

above PQ; c is negative if c is below PQ. When the line

segment PQ (from P to Q) points to left, c is positive if 

c is below PQ; c is negative if c is above PQ.

Since any point can be uniquely determined by a 

control line, a straight line segment can also be 

determined by the control line shown in Figure 4.2. 

A{a, c}, B{a+b, c+d} are two end points of a line

segment. Any point W on line segment AB can be

represented by

W{a+bt, c+dt} 0 s t s 1

39



W{a+bt, c+dt} represents a line segment AB.

W{a+bt,c+dl

P a F H a+b G Q

Figure 4.2 Straight line with single control line

If -«> < t < +°°, it represents a straight line. If W

needs to specify to the control line PQ, the following

representation may be used.

W-.pgja+bt, c+dt} 0 £ t <; 1

In XY-coordinate system, PQ is a control line with 

p(*P/ yP) , Qixq, yq) • The length of PQ is 1,
i^(xq-xp) 2+ (yq-yp)2 • AB is a line segment with A_>PQ{a, c} and

B_>PQ{a+b/ c+d} . The position of point A and B, in XY-

coordinate system are illustrate below.

The position of point A:

Qx = x  + a (x -x ) - —  ( y - y )A p q p' 2 4 P
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Qy„ = y + a (y -y ) + —  (x -x ) a J p g p 2 p (4.1)

YA

A
c+d

c

   a+b
,t .  »_ >x

Figure 4.3 Line segment and control line in XY- 
coordinate system

The position of point B:

x = x + (a+b) (x -x ) - C + C* (y -y ) 
b p g p 1 q p

c + dy B . yp ♦ (a+b) (yq-yp) + - ^ ( x q-xp) (4 .2)

Any point on AB, W{a+jbt, c+dt}, 0 <: t <; 1, can be

expressed as

/ j- \ / \ c + dt . .x = x + (a+bt) (x - x ) - ------ y -y )» p 1 g p' j -* g -'p'

c d ty w = y p+ (a*bt> (yg-yp) + ^ — -(Xq-xp) (4.3)
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W is function of t. When t changes from 0 to 1, W 

has a locus producing a straight line segment from A to 

B. The above representation will be used throughout the 

study to represent a line segment AB, when the position 

of the control line PQ and the relation between AB and 

PQ are known.

4.2. One Control Line Case

The one control line case is simplest and provides 

a basic use of the morphing transform. It is also 

important for analyzing the multiple control line cases. 

In the one control line case, let PQ be the control line, 

then any point A on the plane can be uniquely determined 

by PQ and its relation with PQ. In Figure 4.1, this is 

A.PQ{a, c} .

Definition 4.2 One control line morphing 

transform is defined as when the single control line PQ 

is translated, rotated, or (nonzero)scaled to become a 

new control line P'Q1. However, point A.pq{a, c} on the 

plane will maintain its relative relation to the new
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control line P'Q', that is A„,p,Q,{a, c} . A„ is the image 

of A after morphing transform.

One control line morphing transform changes the 

position, orientation and length of a control line, but 

it preserves the relation of any point on the plane to 

this control line. It also preserves the properties that 

a straight line segment maps into a straight line 

segment, and parallel straight lines maps into parallel 

straight lines. The next two simple theorems and their 

proofs are given for completeness and to establish 

notation used in subsequent theorems.

Theorem 4.3 One control line morphing transform 

maps a straight line into a straight line, and 

consequently maps a straight line segment into a straight 

line segment.

Proof:
Let PQ, P'Q1 be the control lines before and after 

morphing transform, respectively. AB is a line segment 

on the plane. W is any point on AB, W-.PQ{a+jbt, c+dt},

0  ̂ t s 1. A'B1 is the line segment after morphing
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transform the control line PQ to the new control line 

P'Q1 . Wn is the image of W after the morphing transform. 

Since the morphing transform preserves the relation 

between W and PQ then Wn will have the same relation to 

the control line P'Q', Wn_,.p,Q, {a+Jbt, c+dt}.

In Figure 4.4(a), PQ is the control line with A{a,c} 

and B{a+b, c+d}. AB is a straight line segment. For 

any given t, O s t s l ,  W i s a  point on AB and W{ a+bt, 

c+dt}.

After the morphing transform is applied, in Figure 

4(b), P'Q1 is the new control line with P' (xp,, yp,) and

W{a+bt, c+dt} maps to Wn,p,q, {a+bt, c+dt}. a, b, c, d 

remain unchanged, according to the definition of the 

morphing transform.

The position of Wn(x„, yn) is

Q' {xq,, yq,) . The length of P'Q' is

X n

yn ■ yp> + (yq,-yp.) (4.4)

44



x  .Figure 4.4(a) Line segment Figure 4.4(b) Line segment
AB before transform A'B1 after transform

Since xp,, yp,, xq,, yq,, 1' and a, b, c, d are all 

constant, the derivative of (xn) 11 and (yn) 't are

d x - d
- b ( x , - x , ) ---d t  ' i p '  L , ■'<1 J p

Yn = b ( y  , - y  ,) ♦ J L ( X  , -x ,) (4.5)

d yThe derivative  2 | is the slope of tangent line
d x  t " fc°n

when t = t0.

!?ZjL b (y , - y ,) + —  (x , - x  ,) 
d y n d t  q p 1 ' q P
dx dx  , , d  .n __£ jb(x , - x  ,) - —  (y , - y ,)

dt 9 P 1' q P
(4.6)

d yThe derivative __2(t) is a constant. Therefore,
dx_
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A ' B ' is a straight line if t e 1 ; and it is a line 

segment if 0 * t s 1 .

From the above description the one control line 

morphing transform maps a straight line into a straight 

line, and a straight line segment into a straight line 

segment. The one control line morphing transform is a 

linear transform. It causes images in the two- 

dimensional plane change only in translation, rotation 

and size(enlarging and shrinking), but it maintains the 

shape or the pattern of the image.

Theorem 4.4 The morphing transform for the one 

control line preserves the parallel property of straight 

line segments.

Proof:
Let PQ be the control line with length 1, P(xp/ yp) 

and Q(xg, yq) . A ^  and A2B2 are parallel line segments, 

and AiBj. || A2B2 . Wx is any point on A ^ ;  W2 is any point 

on A2B2. (See Figure 4.5(a)) .

Wi(x2/ y2} = W^pg {ai+jbjt, c2+dat}
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W2(x2, y2) = W2_pQ {a2+b2t, c2+d2t}

Y

Figure 4.5 (a) Parallel line segment 

Assume the slope of PQ is k, then k = ^  •
X  -  Xg p

loss of generality xq ^ xpt (otherwise, use 1/k) 

Theorem 4.3,

a a. b . (y - y ) + —  (x - x ) b./c + —i g j p 1 q p 1 I
dx d djb (x - x ) - —  (y - y ) £>, - —i g p ^ g p 1 1/c

using same reasoning

dy2 V  + T U g ' Xp) V + -y
d X 2 d l d 2£>.. (x - x ) - —  (y - y ) £>, -  

i g p j g p 2 2Jt

Since AiB], || A2B2, then

Without 

• Apply

(4.7)

(4.8)
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dy2 dy1 
dx2 d x x

This is

Therefore,

di 2b k + —  b.k + —
1 1 2 1

di dzb - -- b - --
1 lk 2 lk

di d2lk * —  lk  + — -

bi b2
dl d2l k    l k  ^

bi b2

Add 1 to each side,

21k

That is ik - —  = ik - —  , so that = ^1. This is
bl b2 d l d2

necessary condition for AxBx || A2B2. After morphing

transform, P'Q' is the new control line with P' (x'p, y'p)

y ‘ - y 'and Q 1 (x'q , y'q) , slope k‘ = —   and length I 1 .
x' - x'Q P

Wnl is the image of Wx on A/Bi 1 and Wn2 is the image 

of W2 on A2'B2i. According to definition of morphing

2lk

lk
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transform,

Wnl(xal/ ynl) = Wn2,P,Q, {a2+jb2t, c2+d2t}

Wn2 (̂ n2/ yn2) = Wn2,P,Q1 {a2+b2t, c2+d2t}

Y

B'l
A'rU— -------- ^ B'2

Figure 4.5(b) Parallel line segment after 
morphing transform.

From theorem 4.3, A / B /  and A2IB2' are straight line 

segments, the slope of A^Bi 1 and A2'B2' are

i di bl>' 1. b,k' + —  — k - —
dyni __  i_ = _£i r
dxnl b _ bl 1

1 l k 1 d 2 lk'

(4.9)

b k' * —  — k> * —dy„2 2 I d2 I'
d X  n2 . d2 ^2b2  —

IJt' d2 lk'

(4.10)

„ . b. b„ , dy , dy „ „ .Since __t = _1, then  Hi =  n£, that means the line
d, d. dx , dx ,1 2  nl r\2

49



segments A'iB'i || A'2B'2.

4.3. Two Control Lines Case

For images with two control lines, the morphing 

transform changes the positions of these control lines. 

One point on the plane will have two image points. The

image point preserves its relation with each control

line. These two image points will be averaged into one

with certain rules. There are many ways of averaging, 

corresponding to the many types of morphing transforms. 

In this study, 1/c2 (c is the non-zero distance) is used 

for averaging.

Definition 4.5 For an image with m (m z 1)
control lines, llf The morphing transform

occurs by translating, rotating, and scaling the control 

lines into other control lines, lx', 12 lm' . Any

point W on the plane, W = W,li{ai/ c±}, i = 1, 2,..., m, 

will have m image points after morphing transform Wi; to 

the control line lit i = 1, 2,..., m. Each image point 

preserves the relation with its transformed control line.
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Wi = CiJ i = 1, 2

The new image point Wn of W after morphing transform is

Figure 4.6(a) - (c) show the steps of morphing transform 

W with two control lines. In Figure 4.6(a), and P2Q2

are control lines. W is any point on XY plane. W has

two sets of relations, one is to P^, one is to P2Q2. W's 

relation to P ^  is denoted as W„P1Q1{a, c}. a, c have the 

same meanings as in one control line case. And W 

relation to P2Q2 is denoted as W-.P2Q2{u, m }.

then

n (4.11)

'1

Q

Figure 4.6(a) Two control 
lines and one point on the 
plane.
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After the morphing transform is used, the control 

lines in Figure 4.6(b), control line and P2Q2 are

transformed into the new positions P ^ Q ^ a n d  P 12Q 12 .

Q2'

qi-

_ .;> x
Figure 4.6(b) Morphing Figure 4.6(c) Morphing
transform changes the transform averages the two
control line's. image points.

Wx and W2 are the images of W. Wx has the same 

relation to Px 1 Qi' as W relates to PiQi, and W2 has the 

same relation to P2'Q2' as W relates to P2Q2 ■ That is 

Wi-pi.qi. {a, c} and W2.p2.Q2.fu, m} .

Then in Figure 4.6(c), the two image points, and 

W2, are averaged into a single new point Wn. Wn is W 

after the morphing transform is used. For averaging 

image points, different mathematical formula may applied 

for different emphasis. Here harmonic averaging of power
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2 is used for averaging.

vi =n —  w. 
l 1  w. -1 1 2

r22W1 + r> 2
(4.12)

r2 and r2 are the distances of W to each control line PiQa 

and P2Q2, respectively.

This expression shows that the further a point is 

located from the control line, the less the point is 

affected (or controlled) by that control line. In Figure 

4.6, r2 = c and r2 = m.

If W is dependent on a variable t, such that 

W.plQ1={a+jbt, c+dt} and W„P2Q2= {m+nt, a+vt}, 0 s t s; 1, W

provides a line segment. When W is a function of t, W2 

and W2 are also functions of t, so also are r2 and r2. 

From Equation (4.12), the new image point of W after the 

morphing transform is used, Wn is also function of t. 

When t changes from 0 to 1, Wn forms a line segment.

Figure 4.7 shows a image of a line segment with two
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control lines the two end points are A and B. and

P2Q2 are control lines. A, B have the relation with P ^  

and P2Q2 that A .P1Q1 {a, c}, B,P1Q1{a+b, c+d}, and A.P2Q2{u, m}, 

B„P2Q2{u+v, m+n} . If each point W between A and B 

satisfies that W.P1Q1{a+bt, c+dt} and W.P2Q2{u+vt, m+nt}, 

this line segment is a straight line segment, as in 

Figure 4.7.

Y A P2

U + V

m+n

B

c+d

a+b

Q2

Qi

P i  ^

Figure 4.7 One line segment 
with two control lines.

A straight line segment maps into a straight 

linesegment after a one control line morphing transform 

is used because this transform does not need to average 

image points. In the two control line case, the morphing 

transform may not map straight lines into straight lines. 

So this transform may not be linear transform.
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m
Ai
A's
A 2 B 2

'B '
B i
c+d

m+n

c

a a+b Q ’ 1 (X2,y2)
! P ' 1 (xi,yi)

Figure 4.8 Two images of line 
segments after morphing
transform.

Theorem 4.6: In Figure 4.7, let PiQi and P2Q2 be two

control lines, and let AB be a straight line segment. 

After morphing transform, in Figure 4.8, control lines 

PiQi and P2Q2 are moved to the new positions Pi'Qi' and 

P2' Q21 . A^i and A2B2 are images of AB related to control 

line Pi'Qi' and P2'Q2'. A'B1 is the morphing transformed 

line segment of AB. Then A'B' is usually not a straight 

line segment. It is a straight line segment if

(1) Extensions of the two control lines and the line 

segment can meet at one point, or

(2) Control lines Pi'Qi' and P2' Q2' have the same 

geometric relationship as PxQi and P2Q2, that means AB 

has only one image line segment after morphing
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transform.

Proof:
As in Figure 4.7, assume A.P1Q1 {a, c}, A.P2Q2{u, m},and 

b-piqi{a+b, c+d}, B.P2Q2{u+v, m+n}. Therefore, any point W 

between AB can be written as

w-piQi{a+Jbt/ c+dt}, W,P2Q2{u+vt, m+nt} 0 & t z 1

A=W|t=0 B=W|t=1

From theorem 4.3, A/Bi' and A2'B2' are straight line 

segments. Assume the end points of the control lines 

Pi', Qx', P2', Q2' have coordinate position as (x2, y2) , 

Qi1 (x2/ y2) , P2' (x3, y3) , and Q2'(x4, y4) . The length of 

Pi1 Qn.' is 11 = y (x2 - xa)2 + (y2 - y2)2 , the length of P2 1 Q2' is 

l2 = ̂ /(x4 - x3)2 + (y4 - y3)2 . Any point W (t) on AB is formed 

by two points, Wx(t) and W2(t) . Wx (t) keeps the relation 

with Pi'Qi', such that {a+jbt, c+dt}, and W2(t) keeps

the relation with P2'Q2', such that W2_ P2,Q2, {u+vt, m+nt}. 

So we have,



y ^  = y x ♦ a (y2-y1) ♦ -f- (x2-*x)
1

XAZ = X3 + U(X4-X3> - -J-
2

y*2 = y 3 * u(y4-y3) ♦ JL (x4-x3) (4 .1 3 )
2

The increments are defined

5 x, ’ b ( x 2-xx) - - A  {y2-yx)
i

5 - b ( y z-yx) ♦ (x2-xx)
1

5 x 2 " V ( X 4 - X 3> - y -  ^ 4 - y 3 )
2

5y2 = v(y,-y3) ♦ -f (x 4-x 3) (4 .1 4 )
2

Wx(t) position at XY - coordinate is W1(X1, Yx) ,

xx = x, ♦ (a ♦ Jjt) (x2 - x x) - c- 2 dt (y2 - y x) - xAi+^x1t
1 t 6 [0,1]

y, - y x ♦ (a + Jjt) (y2 - y x) ♦ — ^---(X2 - X x) - y *;5 t (4 .1 5 )
1
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The distance from Wx(t) to P'iQ'i is

ri ' c + dt (4.16)

W2(t) position at XY - coordinate is W2(X2/ Y2) ,

/ , \ I . /n + ri t . .
2 = X3 + + Vt> (*4 - *3>---- j-- (y4 - ̂ 3> = * V  *2* t 6 [0,1]

__ . , . . . ICl + JJ fc . . r-r2 = y3 ♦ (U ♦ Vt) (y4 - y3) ♦ ----- U 4 - x3) = yA +5 t (4.17)
2

The distance from W2(t) to P2'Q2' is

r2 - c ♦ dt (4 .18)

From equation (4.12), the new transformed point of W is 

Wn, and Wn(Xn, YJ .

1 l
2 2rl r2

IV = -----------------IV. +  w.
_ L +Jr 1 1 2
2 2  2 2

-At ♦ -------------IV,2 2 1 2 2 2
1 +r2 rl+r2 (4.19)

Wn is function of t, when t changes from 0 to 1 , W 1 draw
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a line A'B'. Equation (4.19) can be simplified as 

following, assume

s 1 = r 2 = ( c  + d t ) 2

s 2 = r 2 = (m + n t ) 2

S O

s  W  + s  W* . _LJ Ld (4.20)
si + S2

So that

d t  £rx+ S 2 S

(S^+S^) (81*82) - (c2W1+s1W2) (sx+s2)
<S1+S2>2

( s 2/ W1+s 2 W1/ +s 1/ W2+s 1 W2/ ) ( s 1+s 2 ) -  ( s ^ + s ^ )  ( s / t s / )

(s1+s2)2

(sfll+sfll) (Sj+sJ +s1s'wi+s1s{lf2+s2s'lt1+s2s{lf2-(s{s2wi+s1s{w2+s2s'wi+s1s'ft2)
(Si+s2)2

( s 2 W1/ +s 1 W2/ ) ( s 1+s 2 ) +s 1 s 2/ W1- s 1 s 2/ W2+s 2 s 1/ W2- s 2 s 1/ W,1

(si+s2>2

( s 1/ s 2- s 1 s 2/ ) (1V2- IV 1 ) + ( s 2 W1/ +s 1 W2/ ) ( s 1+s 2 ) ^

:si+s2>2
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Finally,

S2 (— )/[W2-tf1),(s ,s2) (S2W^S w') 
n S2 (4.22)

dt (Sl+S2>2

Wn may represent either Xn or Yn. Therefore the slope 

of Wn at t, 0 <; t s 1, is

S 22 ( — )/(r2-5f1) + (s1+s2) 
S 2

d Y n <S1+S2>
7 S1 , I Is2 (— ) /(X2-X1) + (s1+s2) (s2X1+s1X2 ) 

S 2
(Si+s2)

Q
sl (_l)/(r2-ri) + (s1+s2) (s2r1/+s1y2/) 

S 2__________________________________________

sI ( —  ) ' (X2-Xx) * (s 1+s2) (s2x/+ s ^ ) 
S 2

(4.23)

drSince — £ is a function of variable t, A'B' has changing 

slope at points between A 1 and B'.

Refer to Equation (4.15) and (4.17), Xlr Ylf X2 and 

Y2 are linear function of t, so that (XJ 't, (Yx) 't, (X2) 't
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and (Y2) 't are all constants. If _i = h 2 = constant , then
S 2

( — )y ■ 0

dY.

dYn (s1+s2) (s2y(+SiY') s2(Y{+h2Y/)
(s1+a2) s2 (X1+h 2X2 )

dir ir/.h2^
dXn x{+h 2x/

(4.24)

constant (4.25)

is a constant, meaning that Wn(t) forms a
d X n

straight line segment A'B', 0 <; t 1

Figure 4.9 shows the situation that any point on AB 

has proportional distances to each control lines, and 

extension of the line segments PxQx, P2Q2, and AB.

m m+nt m+n

Figure 4.9 Any point on AB has proportion 
distances to each control lines.
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If three lines P1Q1, P2Q2 and AB meet at same point C,

then we can derive the following relation from two

triangle AAWFi and aAWF2.

c m c a ,(4.26)c + dt m + nt CW

so that

c + dt c  = —  = constant (4 27)
m + nt m

Therefore

ri (c + dt)2 c 2—  = -------   = —  = constant (4.28)
r2 (m+nt) m

If the line AB passes through the conjunction of

extension line P ^  and P2Q2, then that straight line

segment maps to a straight line segment.

In Figure 4.8, if Pi'Qi' and P2'Q2' have the same

geometrical relation as P ^  and P2Q2, in Figure 4.7, then 

any W on AB will have the same image point to each

control line. Then

Wi(t) = W2(t)
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So that

Y1 = Y2 = Y and Xj_ = X2 = X 

From (16), the slope of A'B' at Wn(t) is

dYn <si+s2> (s2Y('siYl) y' = constant (4.29)
dxn (s!+s2) (s^Z+S^/) X '

Then A'B' is a straight line segment

This theorem can also be understood in terms of how 

the position of new transformed point, Wn, is affected by 

the distances between the two control lines. If the 

distance to each control line changes proportionally when 

t changes, then the effect will be cancelled 

proportionally. The result makes Wn a straight line 

segment. But usually, the transform of a straight line 

segment is not straight line segment.

If A'B' is not a straight line segment, a metrics is 

established to bound the deformation of this line segment 

AB.
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Theorem 4.7 In Figure 4.7, let P ^  and P2Q2 be two 

control lines, and let AB be a straight line segment. 

After applying the morphing transform, in Figure 4.8, 

control lines PiQx and P2Q2 are moved to the new 

positions Pi'Qi' and P2'Q2'. A ^  and A2B2 are images of 

AB related to control line Pi'Qi' and P2,Q2' . From theorem 

4.3, A ^  and A2B2 are straight line segments. A'B' is the 

morphing transformed line segment of AB. Then A'B' is 

inside of AjBiAzBz or AjAjBjB whichever forms a 

quadrilateral.

Proof:
Let us draw Figure 4.7 and Figure 4 .8 again.

m+n

! BlC'J.rJ

Figure 4.7 One line Figure 4.8 Two images of 
segment with two control line segments after 
lines. morphing transform.

From Theorem 4.3, A ^  and A2B2 are straight lines. 

Assume W is any point on AB, W1(X1/ Yx) is corresponding
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point on AjBx, and W2 (X2, Y2) is the corresponding point 

on A2B2. From equation (4.12), the morphing transformed 

W is Wn(Xn, Ya) .

r 2 2 
2W =  W. + ----- (V. (4 30)

n  2 2 1 2 2 2 \  .  O  U  /
rl +r2 *i+r2

r2 and r2 are distances from W to P ^  and P2Q2, 

respectively. W2 and W2 can either represent Xx and X2 or 

Y2 and Y2. Without loss of generality, let W2 = Xlt 

W2 = X2 and Xx <. X2. Then the above equation (4.30) can be 

written as

2 2 r2 r,
X  = -------------X ,2 2 1 2 2 2 ri+r2 r1+r2

■ X1 + i~7 <*2-*l>ri+r2

- *2 - — i— T (X2-Xi> (4.31)2 2 r1+r2

Since X2 - X±  ̂ 0 then X2  ̂ Xn <. X2_

Therefore Wn is in between W2 and W2. Because W is 

any point on AB, then A'B' , the morphing transformed line 

segment A'B1 lies between A^! and A2B2. So, A'B' lines in
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A1B1A2B2 or A1A2B1B2 whichever forms a quadrilateral.

The morphing transform after causes a straight line 

segment to map into a deformed line segment. The 

deformed line segment can be bounded in a certain area 

indicated by Theorem 4.7. The next theorem will show 

that morphing transform deforms the straight line into a 

convex curve.

Theorem 4.8 Let AB be a straight line segment in 

the two control lines system. Let A'B' be the morphing 

transformed AB. Then A'B' is a convex line segment, that 

means if A' (xA,, yA<) and B' (xB,, yB,) are two end points of 

A'B', and Gy = yB, - yA, , Gx = xB. - xA. , and if Wn(Xn, Yn) 

is any point on A'B', then there exist only one t0 that 
satisfy

dY

dx

Gy (4.32)

and

G J y A, - Y aJ  - G y { x a, -

to = G (5 - 5 ) - G (6 - 5 ) (4.33)y x2 x y2 y1

5 , 5 , 5 .  5 are represented in equation (4.14) .2 2 *1 y2
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Proof:
From equation (4.23),

322 (-i)/(y2-y1) + {31+S2) (s2y1/+s1y2/)
n 2

dX Cf
s 2 (— ) ̂  (X 2-X^) + (s^+s2) (s2X 1+s1X2 ) 

S 2

(4.23)

Assume when t = t0,

This is the slope of secant A'B', t0 is where the

dY

dx (4.32)
t>t„

deformed line A'B' has parallel tangent line to the 

secant. When t0 is fixed (t0 is not assumed to be either 
unique or finite).

s2y(+SiyI lim [ s.
r1(t0+At)-y1(t0) y2 (t0+At) -r2 (t

tMt0 At-0 At
2 0 ' 2 O'

At ) ]

^  1 , *2 W At>+Sl W At> ,(s1+s2) lim ---[-------------------------  -  ]
At-*0 A t S1+52 Sl+S2

lim —  [ s ^  ( t0+At) +Sir2 ( t0+At) -3,^ ( t0> -S Y ( t0) ] At-0 At

yn{t0+At)-yn(t0)(s1+s2) lim
At-0 A t

= (s1+s2) Yn (tc (4.34a)
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The same reason

s2x{+Slx' - [Sl+s2)x'{t0) (4.34b)

Therefore

dr

Since

so

dx

s22(^i)/(3r2-r1) + (s1+s2)2rn/ 
S 2

s22 ( —  ) ' (X2-Xx) ♦ ( s1+s2) 2Xn' 
S 2

x: t-t„

dr
dX = constant

(4.35)

dr
dX

^(ilj^r,-^)
S2

2 / Slv/)' (x2-xx)

From Theorem 4.6, if constant /

(4.36)

or if

—  * constant , but the control lines have the same 
S 2
geometrical configuration before and after the morphing 

transform, each point has only one image after the 

transform, this means Xx = X2, and Yx = Y2, then, morphing 

transform maps the straight line to a straight line, from 

equation (4.29), every point on A'B' has the same slope
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otherwise

dY

d x

Y -Y2 ■‘l
t-t„ X2~X1

(4.37)
t-t.

Since Gy, Gx are constant. From (4.15) and (4.17)

Y -Y  2 h
X 2 ~ X \

(4.38)

Then we can have

( V W - Gx(5y2-5yin  fco ' Gx < ^ V V -Gy(xv V  (4.39)

If W V  54 G*( W  ' then

Gx ( ^ V V
fc° = G (5 -5 )-G (5 -5 ) (4.36)y x2 x2 x y2 y2

When t = t0, W (xw/ yj position is

(m + nt ) 2 (x +5 t ) + ( c + dt ) 2 (x + 5v t_)'0 A, x, 0
X w (m + ntQ) + (c + dt0)

(ni + ntq) 2 (y + 5 fc ̂) ♦ ( c + dt0) 2 (y +5 t0) 
y . ----------- ^--- — ----------  ---- (4.40)

(m + nt0) + (c + dt0,
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In the two control line morphing transform, a 

straight line segment generally maps into a convex line 

segment. If the control lines meet the condition in 

Theorem 4.6, the transformed convex line segment becomes 

a special convex line segment --- straight line segment.

B ' (x b , yB)

A '  (

C

Figure 4.10 Minimum rectangle contains the 
transformed convex line segment.

See from Figure 4.10, let A'B'D C represents the 

minimum rectangle contains the transformed convex line 

segment, let A'E B'F represents the rectangle which the 

four sides are parallel to the coordinate axis. When 

comparing the area of A'B'DC and the area of A'EB'F, a 

simple form is derived.

Corollary 4.9: Let AB be a straight line segment.

Arc A'B' is the convex line segment after two control
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line morphing transform, where A 1 (xA, yA) , B' (xB, yB) . Let 

A'B'DC be the minimum rectangle containing arc A'B'. 

W(xw, yw) is the tangent point on arc A'B', as in Figure 

4.10. The minimum rectangle which contains the arc A'B' 

is A'B'DC, then the area of A'B'DC is

AreaA,B.DC = | (xB-xA) (yw-yA) - (yB-yA) (xw-xA) | (4.41)

The rectangle A'EB'F has all of its side parallel to the 

coordinate axis. The area of A'EB'F is

AreaA,EB,F = \ (yB-yA) (xB-xA) | (4.42)

where Wn(XW/ Yw) is the new coordinate after translating A' 

to origin and rescaling B' to (1,1). As in Figure 4.11.

then

(4.43)

YA

X
0 1

Figure 4.11 A' translate to 
origin B' translate to (1,1) .
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Proof:
Let Gy = yB-yAI Gx = xB-xA,

AreaA,EB,F - |GxGy| (4.44)

Then any point (x,y)on secant A'B1,

x = xA+Gxt, y = yA + Gyt, te [0, 1] (4.45)

h is the length from W to the point (x, y) on A'B', so

h2 = (4.46)

hmin is the height A'C, so

- 2 (xA ♦ Gxt - x„) Gx ♦ 2 (yA ♦ G t - yH) G (4 .47)dh 2
dt

Let dh 2 = o , we have 
dt

* Gx{x» - + Gyty* - yJ
t =    (4 -48>Gx ♦ Gy

Therefore, the height , hmi[

L 2 r G (x ■ xa'> + Gv(y* - yA) ?*«in = ^-- \     - (XW - ]2
G X * Gy

<7 (x.v  ' U XA> Gy(yw - yA) (yw - yA) ]:
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So,

,2 - yA) - Gy(x" - xA> ]■
m in  = ----------------------------------------------- " -------------------------------2 2 

x + G y

(4 .49)

Let 1A,B, be the length of A'B'. Then

7 2  ̂ _ 2
a'b' Gx * Gy (4.50)

Then the area of A'B'DC is

A r e a  a 'b 'DĈ  1 a'b' ̂ rnin ( (Yw yA) ^y(X W X A ^  (4.51)

SO

^ r e a  A'B'DC '®y^X »'X fll I ' I (X B_XÂ  (y W ~ y  B^ ~ ^y B ~ y  A 1 (X w‘X a) I

(4.52)

If GxGy 5̂ 0, that is, if the area A'EB'F is not zero.

The comparison between the area of the rectangles A'B'CD 

and A'EB'F is

A r e a  A'B'DC A r e a  A'B'DC

A r e a  A'EB'F G G |x y 1
yr, ~ y* x - x,J W J A w A

A r e a  A'B'DC 

A r e a  A'EB'F

y^ yA *W~ XA
y b - yA W A

(4.53)

If translate A' to (0,0), B' to (1,1), then the unified
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area AreaA,EB,F - 1 (4.54)

A.zre(3AiBiDC — | Yw Xw| (4.55)

where Wn(xw, yw) is the image of W after translation.

4.4. Multiple Control Lines Case

In the multiple control line system, say m control 

lines are used, the deformation of morphing transformed 

straight line segment is more complicated. First, the 

straight line segment will have m image line segments 

after the morphing transform. Each image line segment 

preserves its relation to its corresponding control line. 

These image line segments may change orientations, sizes 

and positions, but they are still straight line segments. 

If some control lines do not change their geometric 

relation, their images will remain as one image. But 

they are still counted as different line segments.

Second, when we use equation (4.11) to combine or 

average the image line segments to get the morphing 

transformed line segments, that line segment very
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possibly is not a straight line segment, it may not even 

be a convex line segment like in two control line case. 

The deformed line segment is bounded using the following 

theorem.

Theorem 4.10: In m control line morphing

transform. Let llt 12/ . . . , lm be the original control 

lines, and let 1 'lf l ’m be the control lines

after the morphing transform. If AB is a straight line 

segment, and AiB^ A2B2, . . ., AmBra are the images of AB 

according to morphing transform the control lines, llf 

12/ . . . , lm. And A'B' is the line segment of the morphing 

transformed AB. Then A'B1 lies inside the maximum 

polygon formed by A1; A2, . . . , Am, Blf B2, . . . , Bm.

Proof:
Mathematical induction is used to prove this 

theorem. First, let m = 2, this is in two control line 

system. From Theorem 5, this is true because A'B' is 

line segment lied inside A3.A2B3.B2 or A ^ A ^  Whichever 

formed a quadrilateral.

The averaging equation (4.11), for m control lines
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W is any point on line segment AB, W2, VJ2, , Wn are

images of W on according to llf 12, . . . ,lm. Wn is the new
1position on transformed line segment. ai = — -, d. is the
di

distance between W and control line lt. So, a± is a 

function of t, and a± > 0.

Assume when m = k, in Jc control line system, this 

theorem is true. That is morphing transformed line 

segment lies inside the maximum polygon formed by Ax, 

A2,..., Ak, Bx, B2,..., Bk, Figure 4.12.

Suppose now m = k+1 control lines, 12, l2,...,lk+ll 

AiBx, A2B2, ... , AkBk, Ak+1Bk+1 are images of original line 

segment AB by llf l2,...,lk, lk+1.

If we just consider first k control lines, the 

morphing transformed line segment lies inside the polygon 

formed by A1, A2, . . . , Ak, B2, B2, . . . , Bk. This is shown in 

Figure 4.13.



Ak+1

Bk+1
Ak

Figure 4.12 k control Figure 4.13 k+1 control
lines. lines.

The morphing transformed line segment by k control 

lines is A'kB'k, Wnk is the morphing transformed W.

a W * a2W * . ..+ a W
®nk - ~ -1 ■  —  (4.57)a1 + a2 + . ..+ ak

Wk+1 is the image of W on Ak+1Bk+1. Wn is the morphing 

transformed W by k+1 control lines.

a VI * a2W * ...+ akW + a W
wn = -Li Li------ Li--- LLLL (4>58)

a1 * a2 + . .. + ak * akl

W can either represent X coordinate or Y coordinate.

Without loss of generality, assume Wk+1  ̂ Wnk

So,
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w - w,k. 1
a iW l ' * 2 W 2 + - - • +  a k W k * a k.lW k,l

31 * a2 * * ■ -+ 3k + ak,l
-  wk, 1

aî l + a2̂ 2H ' + akWk
ai + a2+ * ‘ * + a k*3 k.l

a1*a2+••'+ak 
ai+a2+ • • ‘ + afc+aM

■IVk.l

3 1+ a 2 +
V ai+a2+ a . +a. .k k'l /

aî l + a2̂ 2+- • - + a^
- fc.l

<3 - + <3 - + • • , + 3 . + 3 , - \ 1 2 k k* 1 /K* - .̂i) * 0 (4.59)

And,

w - w .n nk
31W1 + a2̂ 2 a k.lW k.l aiIVl + a2*V akWk

• • + <3 , /c*l ai + a2+ • • -*3k

[ {a^a2W2+ . . .*akWk) *ahl»ktll + . . ,+â)
( ai+a2+ ' • -+â +afc.l) ( ai+a2+ ‘ * •+ak'>

[ [ax*a2*. . .+afc)+afcl] ( a ^ + a ^ * .  . .*akWk)
( ai+a2+ ' • -+â +ajt.l̂ (ai+a2+- ' '+â
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That is Wk+1 <; Wn <; Wnk. If assume Wnk  ̂ Wk+1, the result 

will be Wnk <, V}n <. Wk+1.

This means the morphing transformed W lies in the 

area formed by A'kB 1 kBk+1Ak+1 or A 1 kBk+1B 'kAk+1 whichever forms 

largest sub-quadrilateral, this sub-quadrilateral has 

three straight line sides and one curved line side.

And this sub-quadrilateral is inside the largest 

polygon formed by A1( A2/ . . . , Ak+1, Blf Bk+1.



Chapter 5 Video Compression Basics

Real video images and sound are powerful tools to 

provide a more natural interface when presenting many 

different kinds of information in applications such as 

education, training, entertainment, advertising and so 

on. Since late 1987, when the David Sarnoff Research 

Center presented its implementation of a universal all- 

digital medium, the expectation of low-cost, compatible, 

high-performance systems has increased daily.

Unlike the digital audio information, video requires 

a huge amount of data for representation. Thus most 

applications of digital video depend on compression. 

Image compression techniques seek to exploit various 

redundancies present in the signal and the perceptual 

limitations of the human vision in order to obtain a 

compact representation. This is used for both

transmission and storage purposes.

Compression methods are built on both redundancies 

and nonlinearities in the data and the nonlinearities of
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human vision. These methods exploit correlation in space 

for still images and in both space and time for video 

signals. Compression in space is known as intra-frame 

compression, while compression in time is called inter­

frame compression. Generally, methods that achieve high 

compression ratios(10:1 to 100:1) are lossy in that the 

reconstructed images are not identical to the original.

The lossy algorithms also generally exploit aspects 

of the human visual system. For example, the eye is much

more receptive to fine detail in the luminance

(brightness) signal than in the chrominance(color)

signals. So, the luminance signal is usually sampled at 

a higher spatial resolution.

In order to provide a standard efficient compression 

method, the CCITT Specialists Group on Coding for Visual 

Telephony, computer simulated various algorithms to code 

moving picture at different requirements arising from the 

telecommunications field. They proposed a Reference

Model (CCITT-RM8) [52] . This algorithm is aimed at the 

bit-rate range of 64kbps to 2Mbps. Each frame of video
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consists of the luminance (Y) and the chrominance (Cb and 

Cr) components. The luminance signal has a

(noninterlaced) resolution of 352x288, and the 

chrominance signals are subsampled 2:1 in both spatial 

directions with respect to the luminance (they are thus 

176x144). CCITT later converted the RM8 model into 

Recommendation H.261.

The International Organization for Standardization 

(ISO)- MPEG Group works for the definition of the 

standard coding algorithm for moving images based on 

CCITT Recommendation H.261. This coding algorithm is 

prepared to provide not only the Normal Video Playback 

but also the Reverse Video Playback, the Fast Forward 

Video Playback, the Fast Reverse Video Playback, Random 

Access and High Quality Sill Mode.

MPEG REQUIREMENTS AND THEIR IMPLICATIONS

• Normal playback: This is the standard playback mode 

where video is decoded and displayed in the forward 

direction. As is typical with other compression
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systems, the picture quality in this mode is of

prime importance.

• Random access: This requirement concerns the fast 

access and reconstruction of an arbitrary video 

frame from the bit-stream. This feature requires 

"intra-frames" be inserted into every so many frames 

in order to provide random access points.

• Reverse playback: This feature enables the frames

to be reconstructed and displayed in reverse order, 

at normal speed.

• Fast search: This is the capability of displaying

the video at 8 to 10 times the normal speed in both 

forward and reverse directions.

• High-resolution still frame: Certain frames are

required to be encoded at much higher spatial

resolution than normal, and reconstructed on demand.

The current proposed MPEG compression algorithm has 

been described in[58]. The MPEG algorithm breaks a video 

sequence into a series of short segments, which are

processed independently. Each segment, which typically 

contains fifteen frames, is known as a group of frames
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(GOF) contains three types of frames; intra-frame, 

predicted and bidirectionally predicted (also known as 

interpolated frames).

Basic MPEG Algorithm

Motion Estimation DOT
1
Interframe Intraframe

i
__quantization j____ ^ Variable-

! Redundancy Redundancy Coding
! Removal Removal j j Length

Motion Compensation

4r~

IDCT

Ahsnlnte !/ Relative
Pixel Pixel

Regeneration Regeneration

Variable- £ __
Length p  

Deconding !

Figure 5.1 Basic MPEG Algorithm

The first frame in a GOF is coded in intra-frame (I) 

mode, i.e. independent of any other frames. The coding 

of an I-frame begins by subdividing the luminance 

component into 16x16 blocks and chrominance components 

into 8x8 blocks. Taken together, the 16x16 luminance 

block and two 8x8 chrominance blocks are known as a 

macroblock (MB) . The luminance portion of a MB is then
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further partitioned to four 8x8 blocks, and all six (four 

luminance and two chrominance) 8x8 blocks in the MB are 

transformed using the two-dimensional Discrete Cosine 

Transform(DCT). The DCT coefficients of each block are 

ordered according to a zig-zag scan and quantized. For 

the DC coefficient, a fixed quantization to 8 bits is 

performed. Each DC coefficient is then predicted using 

the value of the previous DC coefficient, and the 

prediction error is entropy coded. The AC coefficients 

are grouped together and then entropy coded.

Following the I-frame, every M-the frame is coded in 

predictive (P) mode (typically, M=3). The first P-frame 

is predicted using the I-frame, and subsequent P-frames 

predicted using the previous P-frame. Each MB in a P- 

frame can be coded in one of several modes: predictively, 

predictively with motion-compensation, or, if the 

prediction is not accurate enough, in intra-frame mode. 

In the predictive case, a prediction error macroblock is 

formed and the DCT coefficients of each 8x8 block 

quantized. The coding of intra-frame macroblocks is the 

same as that for I-frames. For each MB, a parameter
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called the MB Type indicates which mode is used. Motion 

vector data MV1 is coded for a particular MB only if the 

motion-compensated prediction mode is selected. The MB 

type can also convey information relating to MB specific 

quantization parameters and other special cases. If the 

motion vector for a given MB is zero, and if all of the 

DCT coefficients are zero after quantization, the MB is 

skipped. In many cases, the DCT coefficients of some, 

but not all, of the blocks within a macroblock are 

entirely zero. To handle these cases, a coded block 

pattern (CBP) parameter is used to tell which of the six 

blocks have nonzero data, and only those blocks are 

actually coded.

Between P-frames, M-l frames are coded using a 

bidirectional predictive mode (B). Coding modes allowed 

for B-frames include motion compensation using prediction 

from either the previous P-frame (forward prediction) or 

the next P-frame (backward); motion compensated 

interpolation using a weighted average of the previous 

and next P-frame (interpolative); and intraframe mode. 

Macroblock type and address and CBP parameters serves
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functions similar to that in the P-frame case. If motion 

compensation is used, the MB type indicates whether the 

prediction is forward, backward, or interpolative. Only 

those motion vectors necessary to reconstruct the frame 

are actually coded. Note that in interpolative mode, up 

to two sets of motion vectors, MV1 and MV2, may have to 

be coded. In B-frames, a MB is skipped if all DCT 

coefficients are zero and the MB type and motion vectors 

are the same as those of the previously coded frame.[44]

Even though the coding of the Intra-frames is 

conceptually and computationally the simplest type of 

coding operation performed in the system, it turns out 

that the quality of the intra-frames critically effects 

the overall quality of the reconstructed video.

5.1 DCT and IDCT

Source image samples are grouped into 8x8 blocks; 

each sample has a value in the range of [-2P_1, 2p_1-l] , 

where p is usually 8. Each block is an input to the 

Forward DCT(FDCT) . The output of FDCT can be input to 

Inverse DCT(IDCT) to obtain the original blocks to
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reconstruct the original source image samples. The

equations of 8x8 FDCT and 8x8 IDCT are as follows:

H „ , v ) U C ( „ ) C ( v ) E E ^ ) - c o S- e ^ c o s S ^ L  (5.1)
4 x=0 y*0 lO 16

±  ±  C(„)C(v)F(„,v).coSf e ^ L c o SS ^ l
u.o v*o 16 16

(5.2)

where C(u), C(v)=l/\/2 for u, v=0; C(u), C (v) =1 otherwise.

5.2 Block Matching Algorithm(BMA)

Block Matching Algorithms are used to determine the 

motion vector. In BMA, the block of pixels of size (MxN) 

is compared with a corresponding block within the same 

search area of size (M+2p x N+2p) in the previous frame 

(Figure 5.2) and the best match is found based on cost 

function such as minimum MSE. In MPEG, M N are set to be 

16, and p is 7.

There are a number of fast algorithms developed for 

Block Matching for the estimation of motion on a block by- 

block basis. In the paper titled "The cross-search 

algorithm for motion estimation", Ghanbari offers a fast
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block matching algorithm.

N+2p
"/TV

M=2p

<- N

M

\!/\

MxN block is the 
present frame 
(reference image)
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Search area in the 
previous frame
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Figure 5.2 Geometry for manipulation in MxN 
reference image U with (M+2p)x(N+2p)image 
UR(search area) in the previous frame.

To locate the best match by full search, (2w+l)2 

evaluations of the matching criterion are required. To 

reduce the computational complexity, Jain and Jain [54] 

use a two-dimensional logarithmic search method (TDL) to 

track the direction of a minimum mean squared error 

distortion measure.
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Koga et al [4 9] use a three-step motion vector 

direction search (TSS) to compute displacements up to 

6 pixels/frame. In Kappagantula and Rao's [53] modified 

motion estimation algorithm (MMEA), prior to halving the 

step sizes, two more positions are also searched. Puri 

et al [51] have introduced the orthogonal search 

algorithm (OSA) where with a logarithmic step size, at 

each iteration 4 new locations are searched.

5.3 Quantization

MPEG quantizes the DCT coefficients after the DCT 

transform. Quantization combined with run-length coding 

contribute to the overall compression efficiency of MPEG.

Intra- and inter-frame are quantized differently. 

Intraframe blocks contain high energy in all frequencies 

and are likely to produce "blocking effects" if too 

coarsely quantized; on the other hand predictive frame 

blocks mostly contain high frequency blocks can be 

subject to a much coarser quantization.

Three forms of quantization can be used for this
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purpose.

1) Zero-memory quantization

2) Block quantization

3) Sequential quantization

5.4 Entropy coding

After quantization, quantized values are coded using 

a lossless redundancy reduction method. Most MPEG

applications use Huffman coding with probability

distributions embedded in the Huffman code itself, with

more probable codes associated with shorter codewords. 

Dynamic Huffman coding is avoided to reduce the

complexity of the overall algorithm even though certain 

improvement could have achieved by its use.

In a paper titled "Encoding of motion video 

sequences for the MPEG environment using arithmetic 

coding" [44], Vescito and Gonzales offers the use of 

arithmetic coding to achieve somewhat better results. In 

their solution they take advantage of the fact that 

arithmetic coding can easily be made adaptive and perform 

the probability estimation in parallel with the coding.
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This eliminates the need to estimate the probability 

distributions ahead of time by collecting data on the 

statistics of either the sequence to be encoded or a 

representative source and adaptive approach offers more 

precise probability distribution values thus resulting in 

shorter codewords.
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Chapter 6 Morphing for Motion 
Interpolation

Motion compensated image compression takes advantage 

of the similarities between consecutive image frames and 

provides a means to only store the blocks of pixels that 

have changed their value since the previous frame. 

Because of operations like DCT the transform, 

quantization and entropy coding as well as the inverse of 

these operations, motion compensation based MPEG is a 

lossy image compression algorithm. In this chapter 

another image compression method for motion pictures, 

morphing for motion interpolation (MMI) is introduced. 

The MMI method makes use of image distortion to achieve 

the compression of the motion fields of the image, and 

does not "touch" the non-motion fields. The pixels of 

the motion fields are reconstructed by mathematical 

equations and control line positioning. The pixels 

values are weighted averages. The MMI is an intelligent 

image compression.

6.1 Principle of MMI



High image compression of motion pictures usually 

make use of interpolation techniques. The purpose of 

interpolation is to determine skipped frames from 

neighboring frames. Morphing interpolation compares two 

"end" frames, and interpolates only motion fields of the 

interpolated image frames. Different from linear 

interpolation and motion compensated interpolation, 

morphing interpolation first linearly interpolates the 

corresponding control lines in the interpolated frames 

over time fraction between the first "end" to the second 

"end" frames. Then it takes the motion fields in the 

interpolated frames as they are in the "end" frames. In 

the interpolated frames, pixels of the motion fields are 

generated by computing and averaging a few (based on the 

number of control lines) pixels in each "end" frame to 

find out the position of this pixel in both "end" frames 

according to control line changes. The morphing 

interpolation dissolves the color information of the two 

pixels in the "end" frames over time fraction from the 

first "end" to second "end" frames. Compared with MPEG, 

the interpolated frames (B frame) and the predicted 

frames (P frame) are generated in a different way in MMI
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using the two reference frames (I frames of this GOF and 

next GOF), motion field, and control line positions.

Similarities to MPEG

The I frames are coded and decoded in the same way 

as in MPEG to store or transmit. The DCT transform, the 

IDCT transform quantization, dequantization, entropy 

coding, and entropy decoding are used to remove spatial 

redundancy.

Differences to MPEG

In MMI with each I frame, control line positions are 

also coded, stored or transmitted. The B frames and P 

frames are not used. Instead of B and P frames, the MMI 

method interpolates M frames between adjacent I frames. 

M stands for morphing. M frames are generated 

computationally between two adjacent I frames using only 

the information from these two I frames.

An illustration of how the pixels in a motion field
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are generated by the morphing interpolation procedure, 

assuming two control lines are used is given next.

(a) (b) (c)
Figure 6.1 Interpolation of control lines in M frames.
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Figure 6.2 Determination of motion status of MBs.

Figure 6.1 shows two adjacent I frames (a), (c), and

one morphing interpolated M frame (b). Since the control 

line position 12 and 12 are coded with each I frame, (a) 

and (c) contain their own control lines. In the M frame

(b) control lines lx and 12 are generated automatically 

according to the position of this M frame in the sequence 

of M frames interpolated between the I frames.

If microblock(MB) E is marked as non-motion field in
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the I frame (a) and (c) recover E in (b) from the E of 

either (a) or (c) or average of (a) and(c), see Figure 

6.2. Even though E is marked non-motion field, it does 

not mean E in (a) apd (c) are exactly identical. It 

means only within a certain error tolerance, they are 

regarded as the same.

Adi
ai li

^ 1 2dT"
A2'' /
Al\/i i di/ -*-1 'ai

(b) (c)
Figure 6.3 Morphing step 1 using reverse warping.

4112 
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(a) (b) (c)
Figure 6.4 Morphing step 2 using reverse warping.

If an MB F is marked as a motion field, the pixels 

in F will be generated by the morphing(MMI). If A is a 

pixel of F, find A's relation to each control line. a2 

a2 are the fractional distances along the control line 12 

12, and d2 d2 are the distance to the control line 12 12.
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Then find the pixel A x of 12 and A2 of 12 in (a) and (c) 

which keep the same relation as A to 11 and 12 . Then 

average Ax and A2 in (a) and (c) using the equation 

suggested in Chapter 3 to obtain in the morphing 

transformed pixel A„.

A„ is the morphing transformed pixel in (a) and (c). 

An contains the position information and the color 

information of A.

A„ does not have to be in microblock F. It may be in 

F or in another adjacent motion field microblocks. For 

instance if a ball moves, the control lines move with it. 

The MB contains the ball may be in left MB of F in (a) 

and in right MB of F in (b). This is how morphing works 

for motion field instead of motion compensation. It is 

called intelligent interpolation.

The next step, linearly average (dissolve) the color 

information of A„ in (a) and (c) , using the equation 

(3.8)-(3.10) or (3.11)-(3.13) . The weighting factors are 

percentages of time distance of the current M frame
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position each referenced I frames. If M is close to (a), 

A is weight more color information of An in (a) , and vice 

versa.

The advantage of MMI method is in its simplicity. 

If one frame is coded every N frames, N-l frames are 

totally "skipped", so in the MMI method by itself implies 

an order of l/N compression. All the transmitted/stored 

frame are coded the same way, intra-frame coded with 

control line positions information. Second, it has less 

computation, because there is no DCT, IDCT, quantization, 

dequantization, entropy coding, entropy decoding in 

generating interpolated M frames. The motion MB pixels 

are reconstructed by averaging a few (the number of 

control line) pixels from two reference I frames.

Finally, there are alternate way in determining the 

MB status, motion field or non-motion field. It can be 

done on either the encoder side or decoder side. If 

encoding rate is important, the MB status is determined 

on decoder side, otherwise it is done on the encoder 

side.
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This is an example how MB status is encoded. Assume 

status=0 stands for non-motion field status, status=l 

stands for motion status. Two bits are needed to 

represent its comparison to the previous I frame and 

later I frame. One MB contains on luminance MB 16x16 and 

two chrominance MB 8x8. The luminance portion of a MB is 

further partitioned into four 8x8 block. All six (four 

luminance and two chrominance) 8x8 MB are DCT 

transformed, quantized, and entropy coded with other two 

bits as follow.

x=0 no motion, compare with previous I frame 
x=l motion field, compare with previous I frame 
y=0 no motion, compare with later I frame 
y=l motion field, compare with later I frame

1 'Posi­ Lumi­ i Lumi-
tion nance inance

X ; V of block 1
control
lines i

i

| Chromi- Chromi- 
i nance nance

1 ! C r  Cb

One coded MB

Figure 6.5 Coding structure of MB.

6.2 Encoder and Decoder
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MMI method requires automatic control line placement 

and therefore knowledge of objects within the image and 

is not covered in this study. Control line positions for 

each encoded frame can be determined by using fuzzy 

logic.

There are two versions of MMI encoder and decoder. 

Version one determines the MB status at encode side; 

version two determines the MB status at decoder side. 

Figure 6.6 and 6.7 show the version 1 of MMI encoder and 

decoder.

Input
frame.

7\ Motion 
— 7j StatusI frame 

i+1
. Frame 
| Sampler 

(N)
Multi- j 
plex ! 
and
Buffer •

Bit­
stream

Intra­
frame (i) 
Encoding

I frame

Automatic
Control
line
Placement

Figure 6.6 MMI encoder version 1
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Frame sampler (N) takes one frame every N frames, 

drops the other N-l frames. Two image frames i, i+1 are 

stored in the memory at the same time, the i+lth frame 

compares with its previous the i-th frame to get the 

motion status, save it at the x position of its own frame 

- the i+lth frame, see Figure 6.5, also save it at x 

position of the previous frame - the i-th frame. 

Automatic control line placement unit places the control 

lines or modifies the control line positions of i-th 

frame. Intra-frame encoding block encodes the MBs of I 

frame, including DCT transform, quantization, and entropy 

encoding. Then combination of the motion status 

information for each MB, control lines information for 

i-th frame, and Intra-frame encoded i-th frame is perform 

in multiplex and Buffer block to form the bitstream of 

the MMI encoded i-th frame.

The MMI decoder (version 1) is shown in Figure 6.7. 

Intra-frame decoder decodes the bitstream into an I 

frame, it decodes _ueh MB the same way as MPEG decode the 

MB of an I frame, including IDCT transform,
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dequantization, and entropy decoding. Motion status x in 

later frame and motion status y in previous frame are 

compared to ensure the correct decoding. Then MMI block 

uses control line information, motion status information

Intra­
sit- frame stream Decoder I frame

Morphing
for
Motion
Inter­
polation

\motion 
status Lx)

mine
motionmotion status 

(Y)
not same 

"error decodinontrol line

contro 
line i

Mi,M2, ..Mn-i
Interpolated 
M frames, 
(motion field)

Figure 6.7 MMI decoder version 1

and two I frame, frame i and i+1 to generate the motion 

field MBs for N-l M frames. Combine the non-motion field 

MBs from either i frame, or i+1 frame, or average of 

these two frames to generate the complete M frames.

MMI encoder(Version 2) and decoder perform the 

similar operation as version one. The only difference is



the motion status, which are derived on the decoder side. 

This design decreases encoding time, and increases 

decoding time. It also increases compression ratio a 

little, because the motion status is not encoded. 

(Version 2) MMI encoder and decoder are shown in Figure 

6.8 and Figure 6.9.

Input
frame

Frame 
> Sampler(N)

Bit­
stream

Intra­
frame
Encoding

Automatic
Control
line
Placement

I frame

Multiplex 
and Buffer

Figure 6.8 MMI encoder version 2

6.3 Discussion of the performance

This discussion is only on MMI encoder and decoder 

version one. The performance of version two is similar
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to version one and straightforward.
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Figure 6.9 MMI decoder version 2

6.3.1. Forward play

The video sequence is reconstructed in units of the 

N-frame GOF. First i-th and i+l-th I frame are decoded 

and stored in the frame-memory. The i-th frame is 

played, then the motion fields of first M frame is 

generated by MMI, and it replaces the motion fields of 

i-th I frame. Next, motion field of the second M frame 

is generated by MMI and it replaces the motion fields of 

the first M frame. And the motion fields of third M
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frame is generated by MMI... and so on, until the motion 

fields of the N-lth M frame is generated by MMI, and it 

replace the motion fields of the N-2th M frame. Then 

i+2th I frame is decoded and stored in the frame memory 

to replace i-th I frame. After i+lth I frame is played 

and the same procedure is repeated.

6.3.2. Reverse play

The reverse play is the same to forward play, when 

I frames are played in reversed order and x field and y 

field of each MB are exchanged. Because from i-th I 

frame i+1 I frame, and from i+lth I frame to i-th I 

frame, morphing generate the same sequence of M frames 

with different.

6.3.3. Random access

To access a desired frame, first the I frame is 

determined. Then this I frame and next I frame are 

decoded and store in the frame memory, take this frames 

as the first frame and the next frame as the second
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frame, start forward play.

4. Fast forward/reverse

Fast forward/reverse depends on the number N, the 

frame number of GOF. If N=9, only I frames are played, 

and each I frame is played nine times. By using motion 

status, only motion fields of I frame are played. This 

is nine times faster forward/reverse. If N=19, only the 

motion fields of I frames and one M frame of each GOF are 

played. This is also nine times faster forward/reverse.
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Appendix

Some morphing examples are given here by. using the 

software Winlmage: Morph. There are three sets of 

pictures. Each set contains fourteen images. Only the 

first and the fourteenth exist. The first picture is 

used as source image, and the fourteenth picture is used 

as target image. The other twelve interpolated images 

are generated by morphing.
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Moving Tank Pic 1 - 14
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