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ABSTRACT

SINGULAR SOLUTIONS AND AN INDIRECT BOUNDARY INTEGRAL 
FORMULATION FOR SPHERICAL SHELLS

by

Nikolaos Simos 

Adviser: Professor All M. Sadegh

Despite the various mathematical descriptions of the shell element, 

the analysis of practical engineering shell problems remains complex 

and rigorous. The development of numerical techniques has assisted 

such analyses to a great extend. However, the limits of applicability 

of the various computational techniques are not clearly delineated as 

yet and as a consequence new approaches and mathematical models 
continue to be introduced.

This investigation consists of three major parts. First, the singular 

solutions of a non-shallow spherical shell are derived in closed 

form. Such solutions correspond to the state of deformation and 
stress in a complete spherical domain under the action of surface 

point loads along the normal or tangential directions and

concentrated surface moments. The singular loads involved apply in a
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self-equilibating fashion. The mathematical analysis is performed for 

both classical and improved theories.

Next, an Indirect Boundary Integral Method is formulated by utilizing 
the derived singular solutions. The method is built upon the 

superposition principle and it involves the embedding of a partial 
spherical shell of arbitrary boundary and surface traction onto a 
complete sphere of which the singular solutions are known. The 
introduction of a set of uknown fictitious line vectors along the 

boundary, equal in number to the prescribed boundary conditions, and 

their incorporation into the coupled integral equations will ensure 
the satisfaction of the specified constraints along the boundary. The 
advantage of such approach over other methods is the reduction of the 
problem dimension by one.

Finally, the performance of the introduced technique is evaluated 

through the solution of a number of spherical shell problems under 

various types of surface loading and different sets of boundary 

constraints such as fixed, simply supported, free to move in the 

normal direction and free. Further, problems associated with stress 

concentration as well as a case of a spherical shell with a through 

crack are solved with the Boundary Integral Method. The results 

obtained are compared with the available analytical solutions and 
also with the Finite Element solutions and they demonstrate excellent 

agreement while at the same time project computational efficiency 

over the Finite Element Method.
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CHAPTER I 

INTRODUCTION

1.1 THE GENERAL SHELL PROBLEM

The elastic nature of thin shells presents a variety of properties 
useful to a designer interested in supporting large loads in 

constructions where light weight is a vitally important factor. This 

particular characteristic of thin shells is readily utilized in the 
aerospace, nuclear and marine industries. Their broad range of 

applications as well as their mathematical appeal, which is a 

consequence of their reliance upon the theory of space curves and 
differential geometry postulates, resulted in an extensive variety of 
solutions of both theoretical and engineering interest. In addition, 
the development and formulation of such solutions contributed to the 

construction of the foundations of the theory of thin shells upon 
which these solutions are based.

The theory of shells forms a part of the theory of elasticity 
associated with the study of the stress and displacement fields under 
the influence of given loads. In the three dimensional theory of 

elasticity the fundamendal equations are complicated and thus certain 

simplifying assumptions, which provide a reasonable description of 
the behavior of a thin elastic shell, had to be incorporated. The 

adoption of such assumptions led to the formulation of different
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shell theories. The basic equations of thin shells have been derived 
by Love[31], and together with the assumptions upon which they are 
based, form the first approximation theory. Love's fundamental 
analysis had the greatest impact in the development of additional 
improved theories and the establishment of the broad theory of shells 

which, despite the simplifying postulates, remains mathematically 
rigorous.

The present analysis is concerned with the study of spherical shell 

domains in both theoretical and computational descriptions. The 
spherical shell, because of the unique geometry of its middle 

surface, represents a very distinct class of shells combining not 
only technical but also unmatched, compared to the surfaces of its 

kind, mathematical interest. The equations of the general shell 

theory are significantly simplified and still retain all the 

characteristics of a shell in their simplest form. They also display 
a number of properties of the’flat plate. It is thus reasonable to 

suggest that the study of the behavior of shells in general should 
begin with the study of the analogous spherical shell problem. The 

study of the spherical shell in this investigation consists of the 

the discussion of solutions of various classes of problems through 

the utilization of the so called classical and improved theories. 
Furthermore, the integration and implementation of such analyses into 

innovative numerical techniques, necessary for the evaluation of 

complex physical systems with practical expectations, is emphasized 

and applied.
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The exact and approximate solutions of particular shell problems 
derived over the years, in an effort to describe the state of stress 
and deformation in a shell, overwelmingly refer to a class of 
problems with convenient and symmetric geometric properties. The goal 
of these solutions was primarily to demonstrate the typical behavior 

of thin elastic shells and to that extent the goal has been 
accomplished. However, the study and analysis of arbitrary shell 

geometries under the influence of arbitrary loading functions departs 
from the guidelines set by the closed-form exact or approximate 

solutions and more rigorous mathematical approaches must be 

incorporated. Interest in studying practical physical problems, which 

constitute the rule rather than the exception, sets the stage for the 
integration of numerical techniques into the analysis of such 

problems that could arise within the framework of the theory of thin 
elastic shells.

In treating complex practical shell problems over the years three 

numerical methods were commonly used: the method of finite

differences, the stepwise integration method and the finite element 

method. The recent developments and expansion of the range of 
applicability of the finite element method undoubtedly makes it the 

most attractive of the above three. However, the use of the shell 
element, as well as the interaction of many shell parameters and 

variables with the formulation of the solution, results in 

considerable ammount of computation time needed for the evaluation. 
In an effort to reduce computer time, an alternative numerical method 
made its way into the computational mechanics community. The so
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called Boundary Integral or Boundary Element Method,(BIM or BEM), 

demonstrates a direct relation to the solution of the governing 
system of equations of the particular domain. BIM is based upon the 
implementation of the superposition principle as well as the Green's 
second identity and Betti's reciprocal theorem. Its mathematical 
integration with the physical problem Is associated with the state of 
stress and deformation resulting from the action of concentrated 
excitations over the domain of interest. Such excitations, in the 
case of a shell, correspond to concentrated forces and moments 

applied at its middle surface. It is important to note that in the 

recent years BIM has been applied in the entire area of mechanics. 

The advantages of the method are the flexibility of its use and the 
characteristic requirement relating it to only the boundary of the 

domain. This characteristic is translated Into treatment of only the 
boundary rather than the whole extend of the domain. Furthermore, the 

solution is fully continuous throughout the domain. The above 
features demonstrate the uniqueness of BIM among the possible 

alternatives. In the course of the development of the new treatment, 

two major directions which originate- at a common origin have 

appeared. The Indirect Boundary Integral Method (IBIM) on one hand 

expresses the integral equations in terms of a unit singular solution 

of the governing differential equations. This solution is distributed 
over the boundary of the domain of interest in the form of a set of 

line vectors, which for the theory of elasticity correspond to load 

and moment vectors, enforcing the satisfaction of the boundary 

constraints. These unit singular solutions are also referred to as 

"free-space" Green's functions or Fundamental solutions of the
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governing differential equations. The introduced vectors over the 
boundary are fictitious and they hnve no physical'significnnce. Their 
evaluation from the integral equations, however, will lead to the 

evaluation of the field variables inside the domain by a simple 
integration process. One main characteristic of this approach is a 

consequence of its dependence onto the solution of the infinite 
domain which includes the particular problem. The embedding of the 
real domain onto the infinite region for which the Fundamental 
solutions have been derived for is often the way of applying the IBIM 

to particular problems and thus avoiding the derivation of the unit 
singular solutions for every distinct case.

In the Direct Boundary Integral Method (DBIM) the unknown functions 
that are incorporated into the integral equations are the physical 
variables of the problem. In elastostatics, for example, the integral 
equations will evaluate the displacement and stress fields at the 

boundary directly and consequently their counterparts inside the 

domain will be obtained from the boundary values by integration. Even 

though the two approaches utilize the same singular solutions, there 

are differences between them. Their basic difference is that while 
IBIM is based upon the principle of superposition, implying the 
linearity requirement, DBIM is closely related to Green's second 

identity and Betti's reciprocal theorem. The dependence of DBIM on 
these two principles consequently requires a more sophisticated 

approach which in turn requires more computational effort. Despite 

their differences, the two formulations are considered to be 

equivalent in terms of the accuracy of the solution attempted.
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I .2 LITERATURE REVIEW

The governing differential equations of shells have been derived by 
several people, thus reflecting the interest as well as the effort to 
simplify the complex nature of the governing system. The amount of 
literature associated with the shell theory is nearly overwhelming.
As mentioned earlier, the equations of the theory of thin shells have 
been first derived by Love[31]. His fundamental postulates, combined 
with the ones introduced by Kirchhoff, formed the basis for most of 

the theories that followed. The description of the postulates is 

given in the following statements:

1. Points which lie on one and the same normal to the undeformed 

middle surface also lie on one and the same normal to the 
deformed surface.

2. The effect of the normal stress on surfaces parallel to the 
middle surface may be neglected in the stress-strain relations.

3. The displacements in the direction of the normal to the middle 
surface are approximately equal for all points on the same 

normal

These assumptions eliminated some of the complexities of the system 
equations. The shell problem, however, is still quite laborious and 
the results of the analysis are not easy to obtain. Considerable 
simplification of the analysis have been achieved with the 

introduction of the assumption of shallowness. Such simplifications 
are due to the neglect of the of the contribution of the transverse
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shearing stress resultants to the equilibrium of forces in the
meridional and tangential directions, and the neglect of the
contributions of the "stretching" displacements u and u* to ther a

change of curvature expressions. Because of the order of 

simplification most published work is associated with shallow shells. 

On the other hand inclusion of additional parameters into the 
construction of the theory, such as transverse shear effect, add to 
the complexity of the problem by increasing the order of the 
governing equations. As a result, the literature supporting such 

theories is limited.

Attention is focused on the part of literature studying the effects 

of concentrated loads onto shell domains and on the derivation and 

construction of appropriate Green's functions or Fundamental 
solutions associated with the theory of shells. The application of 

the Boundary Integral formulation, and in particular its indirect 
approach, are also considered. Finally, some publications 
incorporating the transverse shear effect on shell and plate domains 
containing cracks are referred to.

E. REISSNER[1,2], using the shallow shell approach to a rotationally 
symmetric spherical cap, obtained closed-form solutions for the 
displacement and stress functions. His solution that resulted from 
two simultaneous fourth order equations was reduced to two 
independent second order equations. The introduction of auxiliary 

variables into the general system of equations of either shallow or 
non-shallow shells is used extensively and appears to be the most
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effective approach in reducing the primary system of governing 
equations. With his solution he facilitated three rotationally 

symmetric problems which can provide "exact" solution results in the 

immediate area of the concentrated load applied at the pole. It is 
apparent that Reissner's solution is only valid within the limits of 

the shallow region in a shell. In addition, Reissner was able to 
compare his results with the corresponding results for a flat plate 

by utilizing the same general solution. The above has been attempted 
by several authors in investigations of shallow spherical shell 

problems. It is not on.ly because the spherical shell displays the 

characteristics of a shell in the simplest manner but also because it 

retains a number of properties of the flat plate that makes its study 
so attractive.

In [3], Reissner considered the unsymmetrical deformation of shallow 
spherical shells due to a tilting moment and a side force acted upon 
a rigid insert around the pole. The significance of that report is 
owed to the finding that univalued stress functions and axial 

displacement components give rise to multivalued expressions for 

radial and circumferential displacement components. The Introduction 
of additional multivalued stress functions results in univalued 
displacement functions. In addition he found that the nature and form 
of the side force solution differs in important respects from the 

corresponding known solution of a flat plate.

S. LUKASIEWICZ [15] considered stress and displacements due to 

concentrated loads and obtained simple solutions corresponding to a
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normal force, a tangential force and a bending moment applied at the 
pole of a shallow spherical cap. In deriving his solutions he assumed 
that the components of stress and displacement are small at some 
distance from the loading point while the effect of the boundary 
conditions is limited to a small area near the edge of the shell and 

it was neglected. His method of solution involved the application of 
Fourier integrals to the shallow shell equations and the stress and 

displacement expressions were obtained in closed form. His results 

can be used as reference to the behavior of the shell region near the 
pole where the loads apply.

G.N. CHERNYSHEV [16] provided a complete study of the effect of 
concentrated forces and moments on elastic thin shells of arbitrary 

plan form. He derived the singular solutions for the shallow class of 
shells and he examined the nature of peculiarities of the stress and 

displacement functions in the neighborhood of the point load. For the 

solution of the general problem he made use of the fundamental 

solutions of partial differential equations of the elliptic type and 

he obtained the explicit form of the principle singularities of the 

displacement and stress resultant functions. He succeeded in showing 
the relation of the kernels of a unit normal force and a unit normal 
moment applied onto the shell surface. That relation, which is 
associated with the principle singularities of the kernels, will be 
discussed extensively in the section where the concentrated moment 

kernels are to be derived.
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J.L. SANDERS [10] obtained1 similar singular solutions for shallow 
shells of arbitrary plan form. His theoretical investigation focused 
onto multivalued singular solutions of the shallow shell equations 
that physically correspond to concentrated loads and dislocations. 
The multivalued solutions are the result of multivalued stress 
functions. By using the shell equations in complex form he made a 
unified treatment of the load and the dislocation problem possible. 

He also discussed the difficulties associated with the defining of 
the uniqueness of the fundamental singular solutions in the 

neighborhood of the singular point and the application of conditions 

on the behavior of the solutions in the neighborhood of infinity. The 

behavior of the singular solution at infinity is of critical 
importance to a shallow shell which theoretically extends to 

infinity. Finally complete closed-form solutions of a shallow sphere 
are deduced from the general solution.

A more detailed solution derived by utilizing the findings of the 

previous analysis [10] was presented by J.L. SANDERS and J.G. 

SIMMONDS [8 ], Solutions for the normal displacement and the two 
tangential displacements for a shallow cylindrical shell subjected to 

concentrated forces were investigated. The results for the 

displacements were expressed in terms of elementary functions and 

modified Bessel functions while the Fourier series form, used by 
several investigators, was avoided. When the Fourier series form is 
used , it is very difficult to obtain numerical results because of 
poor convergence, and it is virtually impossible to gain any insight 
into the true nature of the solution.
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J.G. SIMMONDS and C.G. TROPF [9] presented a complete

characterization for the fundamental solution of the complex-valued
differential operator governing the linear behavior of a shallow, 
elastically isotropic hyperbolic paraboloidal shell. The fundamental 
solution is expressed in the form of a Fourier series. It should be

noted that the approach used above could serve, to their remarks,
other classes of shells when the parameter A (ratio of the radii of 

curvature), which is a parameter in the differential operator, is 
appropriately adjusted.

K. FORSBERG and W. FLUGGE [12] developed solutions for non-axially 

symmetric shallow shells that have the form of an elliptic paraboloid 

near their vertex. In the case of a spherical shallow cap the 

singular solutions can be expressed in closed form while in the case 
of non-axisymmetric domain the solutions have infinite-series

representation. The rapid convergence of the series is a function of 
the geometric properties of the particular shell. Detailed graphical 
results are also presented for the stress and radial displacement of 

a shell subjected to a point load at its vertex.

W. FLUGGE and R.E. ELLING [13] developed solutions for non-symmetric 
shallow shells subjected to normal surface loading and thermal 
loading. The singular solutions were identified by a consistent 
limiting process applied to the complete set of singular solutions. 
Numerical results were presented for the case of the normal 
concentrated load acting on shallow shells with, negative, zero or 
positive Gaussian curvature. The solution is expressed in the form of
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a rapidly converging harmonic series. The limiting process mentioned 
earlier utilizes the solution of a shell with distributed loading 

over a finite area by reducing the area of loading while maintaining 
the load resultant constant.

R.P. NORDGREN [17] applied the method of Green's function to the 
quasi-static thermoelastic theory of shallow shells. In addition, the 

effect of transverse shear deformation with reference to an unlimited 
shallow spherical shell under specified temperature field and normal 

surface traction. The solution was obtained through the Green's 

function and the character of the singularities was compared with the 

corresponding classical theory solutions.

Thus far singular solutions associated with the theory of shallow 

shells were considered. As already mentioned, all of the above 
solutions are valid in the part of the shell domain where the 

shallowness assumption is retained. However, the nature of the 

singularities and their behavior around the point of application is 
preserved and thus making the comparison of shallow and non-shallow 

solution kernels possible.

In the area of the non-shallow theory of shells, where the present 

investigation is confined, singular solutions have also been studied 

in an effort to obtain a complete solution. The particularly simple 

geometry of the spherical shell suggested that if such a solution was 
attainable, it would best be demonstrated in a spherical shell.
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W.T. K0ITER[18] obtained closed form solutions for the case of a 
complete sphere under point loads at its poles. The evaluation of his 

solution led to a complete verification of the membrane theory at 
some distance from the poles and to a virtually complete verification 
of Reissner's results near the poles. The most important discrepancy 

with Reissner's results is that not only the bending moments, but 
also the stress resultants have singularities at the poles. He also 
found that the relative error of shallow shell theory on the normal 
deflection at the pole is of order h/R ln(h/R), i.e..slightly larger 

than the relative error of order h/R which is inherent in the basic 

shell equations.

J.G. SIMM0NDS[7] derived the "free space" Green's functions for two 
uncoupled, second order operators acting onto two complex-valued 
functions' in terms of which the field equations were reduced. The ' 

fundamental solutions of the two operators are of a closed spherical 
shell under arbitrary, self-equilibrated surface loads. The non­

shallow fundamental solutions were compared against the corresponding 
solutions of the shallow shell theory and Koiter's observation on the 

order of the error introduced, h/R In(h/R), was reconfirmed.

J.G. BERRY[19] applied the classical non-shallow theory approach to 

solve two example shell problems. The first example was that of a 

complete hemispherical shell subjected to concentrated edge moments. 

The concentrated moments were distributed over the edge in the form 
of a series and became boundary conditions for the problem. The 
second example considered was that of a hemisphere with a
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concentrated load at the appex and supported at two points. In an 
effort to hold the tangential displacements single-valued, Berry 

ommited certain terms from his analysis and thus regarding his 

solution approximate. Results of his approximate solution are 
compared to similar results obtained from the shallow solution of 

Reissner. The reduction of the general equations in this 
investigation for the classical theory approach follows the same 
guidlines used by Berry.

J.P. WILKINSON and A. KALNINS[23,24] obtained an exact solution for 

the Green's function of an open rotationally symmetric spherical 
shell subjected to any consistent boundary conditions. Their 

fundamental solution corresponds to a concentrated normal load 

solution in the shell domain and is accompanied by a regular solution 
in the form of an infinite series. The general solution was obtained 
within the scope of the improved theory addressed by Naghdi[6 ], in 
which not only the transverse shear but also rotatory inertia was 
included. An example problem was solved and the singularities due to 
the concentrated normal load for the three different theories, 

classical, improved and shallow were examined. In [24] they derived 

solutions for the deformation of thin open spherical shells 

explicitly in terms of Legendre functions. In these solutions the 
effects of transverse shear and rotatory inertia were fully accounted 
for. Results were obtained for an open spherical shell with a rigid 

insert subjected to horizontal force and/or moment and compared with 

similar results of the shallow theory of shells. In addition, the 
solution to the problem of a concentrated lateral force and moment at



the shell appex was obtained from the general formulation and the 
singularities of the dependent variables were identified.

The effect of transverse shear deformation has already been mentioned 
and included in the investigations [23,24]. The principal result of 

the implementation of the above effect into the analysis of the above 

effect is the upgrading, in terms of the order, of the system of 

differential equations governing the deformation and stress matrices 

of the problem. With the new system it is possible and necessary to 

satisfy five boundary conditions along a shell boundary instead of 

the four conditions which Kirchhoff has established for the classical 
theory.

The role of transverse shear was first discussed by E. REISSNER[3] on 
bending of elastic plates. The inaccuracies of the classical theory 
of plates associated with the treating of problems of stress 
concentration around holes when compared to experimental results and 
on the other hand the substantial agreement of the improved theory 

results with the same experiment, confirmed the need of the new 

theory for the treatment of such problems. His assumption of the 
parabolic variation of the transverse shear stresses over the 
thickness of the plate led to the introduction of the tracer k° - 6/5

that identifies the shear deformation terms in the analysis. The same

also used in shell theory analysis resulting in the same value for

the shear coefficient K°.s

transverse shear stress variation, riz 2 h/3 is
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Explicit solutions on the effect of transverse shear deformability on 
stress concentration factors were obtained by E. REISSNER and F.Y.M. 
WAN [4] for the problems of transverse twisting and tangential 
shearing of shallow spherical shells with a small circular hole.

P.M. NAGHDI[5] deduced a system of differential equations for thin 
shallow elastic shells with small displacements that include the 

effect of transverse shear deformation. Naghdi's general equations, 
when applied to spherical coordinates, formulated the governing 

system for the works of Wilkinson and Kalnins[23,24]. The most 
interesting point in Naghdi's analysis is that with the introduction 

of an Airy's stress function he obtained an eighth-order differential 
equation in the normal displacement. Different approaches to the 

reduction of the primary system in the theory of shells have usually 

resulted in a sixth-order equation governing the radial displacement.

C. PRASAD[25] dealt with the vibrations of a non-shallow spherical 

shell with both the effect of the transverse shear and rotatory 

inertia accounted into the analysis. A suitable choice of auxiliary 

variables reduced the primary system of five second-order partial 

differential equations to a secondary system of three equations: an 

uncoupled sixth-order differential equation in the transverse 
displacement W , an uncoupled second-order equation in an auxiliary 
variable A, and a coupled equation in A and another auxiliary 

variable $. Prasad's reduction procedure was used in this 
investigation to deduce the secondary system of equations after 
neglecting the rotatory inertia terms.
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A step further from the work of Reissner and Wan [4] on concentration 

factors is the incorporation of the shear effect into the analysis of 
shell problems that include cracks inside their domain. F. DELALE and 
F. ERDOGAN[29] applied the improved theory of shallow shells in a 
thin spherical cap containing a through crack. A specially

v

orthotropic as well as an isotropic material was considered. The 
results found for the shells were quite similar to those of flat 
plates. Thus as expected, the angular distribution of bending and 
membrane stress resultants around the crack surface are invalid when 

obtained through the classical theory analysis. The above statement 

was confirmed by F. ERDOGAN and J.J. KIBLER[27] who derived stress 

intensity factors around a meridional crack in a shallow spherical 

shell using the classical theory approach.

The use of boundary integral equation procedures in elastic analysis 

is rather extensive. The intricacies and the different approaches to 

the method are well comprehended by P.K. BANERJEE and R. 

BUTTERFIELD[36]. However the use of the Indirect Boundary Integral 
Method on plate and shell problems is limited.

A.M. SADEGH and N.J. ALTIERO [33,34] applied the IBIM to the problem 

of a finite, plane, linear-elasticj region containing a crack or an 

arbitrarily shaped hole.They developed the Green's function of the 

problem in the form of two complex potential functions. Their method 

involved the embedding of the region of interest in an infinite plane 

and the application of a layer of body force onto the boundary 
contour. The satisfaction of the appropriate boundary conditions led 

to the desired solution within the domain.



Similar methods were used by N.J. ALTIERO and D.L. SIKARSKIE[35] on 
thin plate problems. Their method involved the embedding of the real 
plate in a fictitious plate for which the Green's function is known. 
An unknown load vector, in the form of transverse line load and 
normal boundary moment, was introduced around the contour of the real 

boundary. The satisfaction of the boundary constraints of the real 
plate led to a vector integral equation in terms of the unknown 
boundary loads. Several example cases were considered and the 
inaccuracies of the indirect method near the boundary were addressed.

1.3 GOAL AND EXTEND OF PRESENT RESEARCH

The main goal of this research is to derive the singular solutions of 
the governing differential system and also to provide a complete 

formulation of the Indirect Boundary Integral Method with application 
on spherical shell problems. It has already been mentioned that 
extensive interest in the response of a shell due to concentrated 
excitation led to different forms of singular solutions, the 

overwhelming majority of which refer to the shallow approach. Our 

intention in this investigation is to derive a new form of the 
singular solutions, Green's functions, that would not only reflect 
the nonshallow treatment of the shell but most importantly these 
solutions to be of closed form. Further reasons that led to the 
undertaking of this effort, despite the existence and wide use of 
other numerical techniques, have been briefly addressed earlier in 
this chapter. However, the particularities of this class of problems,
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the complexity of the governing system and lastly the broad 
applicability of the theory of shells in general in modern 
technology, do provide space for new methods that combine 
reliability, accuracy and efficiency. The fundamental principle that 
the new method is formed upon is that of superposition and therefore 

it can only be applied to linear or incrementally linear systems. As 
a general picture, a very limited class of problems solvable by 
finite element methods cannot be solved at least as efficiently by 
BIM. It is the property of BIM which reduces the dimensions of the 

problem by one that has such an effect on the efficiency aspect of 

the comparison. Thus for two-dimensional problems the analysis will 

be- the one of a one-dimensional boundary integral equation and for 
three-dimensional problems only two-dimensional surface integrals 

will be incorporated. We should also note that when dealing with 
problems involving surface tractions(given),i.e. in a two-dimensional 

problem, the domain as well as the boundary must be discretized and 

it so seems that the advantage of dimension reduction is no longer 

valid. However, even in those cases the effect of the surface vectors 

will not Increase the order of the system. Further, for a very large 

class of engineering problems only the boundary needs to be 

manipulated. The coefficient matrix of the system, in general, is 

fully populated when generated by BIM while banded when constructed 
by finite element methods. Nevertheless, significant ammount of 
computer time is required to arrive to the final banded form of the 

FEM global stiffness matrix. To conlude the comparison of the two 
techniques we must stress the fact that it is the computational time 
required for the analysis of a problem that becomes the critical
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factor in choosing one technique over the other. In this 
investigation comparisons will be performed in terms of the accuracy 
as well as the efficiency of these two methods. The purporse of the 
comparison, however, is not to discredit any of the two methods but 
rather to give an insight that would eventually combine the 
advantages of both techniques into a powerful engineering tool.

The• indirect character of the BIM approach and the finite geometric 
extent of the domain of interest, closed sphere, requires the

derivation of very carefully chosen fundamental solutions which will\
not only satisfy all the conditions that a singular fundamental 

solution must satisfy but also insure equilibrium of the complete 
domain. In Chapter II the new form of the singular solutions is 

derived by utilizing the idea of a self-equilibrated complete sphere. 

The common ground with the previous analyses is in the general 
governing system of equations. The final form of the governing 
system, adjusted to the needs and the scope of the present analysis, 

is derived in Appendix A. The governing differential equations are 

utilized and solved in Chapter II to provide the singular solutions 

for concentrated normal loads, concentrated tangential loads and 

concentrated surface moments. All the above solutions are obtained 

for both the classical and the improved theory of shells and a 

detailed study of their singular behavior and their differences is 

also presented.

The new formulation of the Boundary Integral scheme for spherical 
shell is presented in Chapter III. The unique approach of the method,
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incorporated in this investigation, is based upon the principle of 
superposition and the embedding of the spherical shell problem onto a 

complete sphere. Such principles have only been applied, so far, to 
plane and plate problems. The method itself can be viewed according 
to the following sequense of steps:

a. The domain of interest is embedded onto the complete sphere for
which the fundamental solutions have been derived.

b. A fictitious boundary is introduced, not necessarily over the

closed line that corresponds to the real boundary, and a set of 

integral equations is formed that will satisfy the boundary 
constraints.

c. The solution of the system provides the complete stress and 

displacement matrices over the real domain.

The fictitious boundary line is introduced away from the real 
boundary line that bears the constraint requirement only for the 
reason of avoiding integrations over singular points. Such approach 

has a noticable impact not only in the amount of computational time 

required but also on the smoothening of the dependent variable

functions in the vicinity of the boundary.

In Chapter IV a set of shell problems are solved in order to justify
the validity of the mathematical analysis that produced the singular
solutions and the performance and accuracy of the developed Boundary
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Integral numerical scheme. The choice of example problems presented 

reflect our interest in demonstrating the response of a spherical 

shell when subjected to different sets of boundary constraints and 

different types of surface loading. Our intentions also are to 
discuss and evaluate the differences between the two shell theories 
through actual shell problem solutions. Thus problems with clamped, 
simply supported, free to move in the normal direction and free 
boundaries are solved and compared with the available analytical 

solutions as well as the FEM solutions obtained with the ANSYS code. 

The problems evaluated reveal on one hand the effect of concentrated 

loads and the influence of the boundary conditions and on the other 

hand demonstrate the excellent agreement of the proposed numerical 
approach, IBIM, with the analytical and FEM solutions. Further, in 
order to test the limitations of IBIM, a shell problem containing a 
through crack is evaluated and compared with the available analytical 
solution. The advantages of the Indirect Boundary Integral 
formulation in terms of computation time become apparent in the 
treatment of rather complex systems. In addition, the different sets 
of boundary constraints, such as conditions of free edge, make 
possible a thorough and complete study of the stress concentration 

fields around openings as well as stress intensities in the 
neighborhood of cracks. The advantage of studying such cumbersome 
systems with the IBIM is that no particular effort is needed other 

than the usual procedure of solving any shell problem.

It is these advantages of BIM that project the future of the 
technique and its participation in the modern engineering practices.
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However, a number of aspects of the shell theory still need to be 
analyzed and incorporated into the boundary integral code for it to 
become a complete and fully effective tool. Nevertheless, the goal of 
the present effort has been achieved by successfully demonstrating, 
through the solution of a wide class of shell problems, the 

effectiveness of the technique in its interaction with complex 
physical systems.



CHAPTER II
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DERIVATION OF THE FUNDAMENTAL SINGULAR SOLUTIONS

II.1 CLASSICAL THEORY

Love's first approximation to the theory of thin elastic shells and 
its closely related versions constitute what is known as the 

classical theory of shells. The basic equations which describe the 
behavior of a thin shell are derived on the basis of the well known 
and already introduced Love-Kirchhoff postulates. These simplifying 

assumptions were incorporated into the equations of equilibrium of a 
thin shell element (see Appendix A). In addition, the introduction of 

an auxiliary stress function F, which relates to the stress 
resultants of the element as shown in Eqns.(A.18), led to the the 

secondary or reduced system of governing equations for the spherical 
nonshallow shell domain. The symmetric stress resultant stress

couple bending strain k ^  and extensional strain tensors

are reduced to a system of two coupled equations in terms of the

radial displacement W and the stress function F. For the
particular case of a shell domain under the action of normal surface 

traction qn , the uncoupled form of the governing system takes the

following form [also recorded as Eqns. A.21,22]:



25

(V2 + 2) [ V4 + 2 V 2 + ] “ IV2 + 1 - »•)' qn (2.1)

and

(V2 + 2) F - ^ [ f -  qn - (V2 + 2)2 W ] . (2 .2)

Eqn. 2.1 governs the normal displacement W of a spherical shell 
loaded with normal surface traction. It should be pointed out that, 

within the scope of Love's postulates, the equations above correspond 

to the exact solution. The shallow shell treatment gives a very good 

approximation to this solution whenever the assumption of shallowness 
is valid.

A basic problem in the linear theory of elastic shells is the 

construction of the fundamental solutions or "free space" Green's 
functions for the governing differential system. By definition the 
Green's function of a system can be expressed in the form

(2.3)

where G is a dependent variable of a solution state, Gg corresponds

to a singular solution state, or known as fundamental solution, and 

G^ represents a regular solution state.
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The determination of the singular state Gg for various shell plan

forms has been the topic of several investigations indicative of the

extensive literature on the subject. In the course of the derivation

of a fundamental singularity, several questions arise as to what
conditions or relations such a singular solution must satisfy at the
pole. The two obvious conditions, which imply that the fundamental
singularity must be (a) a solution of the governing differential
equation, and (b) singular at the pole, are usually not sufficient.
For a spherical shell in particular, the fundamental singularity

corresponds £o an axisymmetric concentrated load solution and it is

reasonable to demand that such a solution, in the limit as the load

point is approached, satisfies (a) equilibrium normal to the middle
surface, (b) the vanishing of the meridional displacement u at the
pole, lim u. - 0 , and also the vanishing of the rotation of the

0 *
normal /? according to lim /?, - 0. In addition the fundamental

4+0 *
•singularity is required to satisfy the Green's identity (reciprocal 

theorem) everywhere in the region.

However, when constructing the fundamental singularity, the physical 

conditions of equilibrium and vanishing of displacement vectors at 

the pole which result from axisymmetry, should not be imposed as 
priori. Such approach could lead to the incorrect form of the Green's 
function. The only requirement that needs to be satisfied and 

incorporated into the differential operator is the existence of a 

concentrated singular load which produces the singular field.
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II.1.1.1 FUNDAMENTAL SOLUTION OF NORMAL SURFACE TRACTION

We shall obtain the fundamental solutions associated with a unit 
concentrated load applied at an arbitrary point x'(^',0 ') of the

middle surface of a complete sphere. When constructing the "free 
space" Green's function, in addition to the requirements mentioned 
earlier, we should also require that the equilibrium of the shell 
domain be preserved. This is due to the fact that the domain of 
interest is of finite extend. When dealing with shallow shells or 

infinite plates such requirement need not to be met simply because 

load vectors at infinity can satisfy equilibrium without effecting 

the solution in the neighborhood of the pole.

The equilibrium requirement is accomplished through the application 
of an equilibrating normal surface traction, axisymmetric with 

respect to the axis that pierces the point x'(^',0 ') where the unit

concentrated load is applied. The fundamental solution will be the 

solution of the differential operators of Eqns. 2.1, 2.2 subject to 

the loading conditions described above and it will be constructed 

from their complimentary as well as their particular integrals. 

Again, this solution is required to have a definite singularity at a 

single point and to satisfy the Green's identity everywhere in the 

domain.

The unit concentrated load is applied at point x'($',0') in the form 

of a two-dimensional Dirac Delta distribution 5(n - n') where n' is
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the unit normal vector at x'(^',0 ') and n is the unit normal vector

at an arbitrary field point x(^,0) of the middle surface. The two

unit vectors can be related in terms of the surface coordinates (</>,$) 
through the expression

n • n' - cos 7 - cos<f> cos<f>' + sin^ sin$'cos(0 - O') (2.4)

where 7 is the angle between the two unit vectors as shown in 
Fig. 2-1.

n'
mm

X

Figure 2-1. Global and local spherical surface coordinates.

We introduce a geographical coordinate system with the north
pole 7 = 0  coinciding with the unit vector n'. The two-dimensional
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Delta function in the new system will also be axisymmetric and, since 
it is applied at its‘pole, will take the form

6 ( n - n' ) - z-S— — . (2.5)- ~ ' 2 n Rz siny v 7

The axisymmetrically distributed normal surface traction denoted as 
qn , must be of such form as to produce a unit resultant force

opposing the resultant generated by the Delta function. Its
distribution over the whole surface will be of the form

qn' “ " kn R2 cos 7 ‘ (2*6)

Thus, we seek a solution to the Eqn.(2.1) with

i r 8 ( v ) 3 1 7.
qn “ R2 [ 2 7T sin 7 ' 4 7T COS7 J * (2-7)

The symmetry of the domain suggests that the operators in Eqns. 2.1, 
2.2 are invariant to rotations and that their solution must be a 

function only of the surface coordinate y. Substitution of Eqn. 2.7 

into 2.1 leads to

(V2 + 2 )  [V2 + v (v + 1)] [V2 + A (A + 1)] W -

- F  <72 + 1 [ 2 ■ - t  “ ■> •» ] (2-8 )
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where v and A are complex conjugate parameters and relate to the 
shell constants according to the following relations

(2.9a) 

(2.9b)

(2.9c) 
(2 .9d)

(2 .9e) 

(2 .9f)

The Laplacian operator V2 in the new axisymmetric coordinate system 
(7 ,»7) will take the form

■ a ?  + cot'' a ?  (2-10)

Let the normal displacement function W(x;x') in Eqn. 2.8 be written 

in the following equivalent form

W(x;x') = W x(x;x') + W 2 (x;x') (2.11)

v (v + 1) + A (A + 1) ■= 2 

u (i/ + 1) A (A + 1) -

and

v (v + 1) - 1 + i tan rp 
A (A + 1) - 1 - i tan ip

such as,

X cos ip

EhR2
D

and (2 .8) can be written as
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(V2 + 2) + [V2 + i/ (u + 1)] [V2 + A (A + 1) f JJ1

r S( 7 ) ,
f- (V2 + 1 - fi) 27rsin7 (2.12)

The particular solution of Eqn. 2.12, associated with the distributed 
surface traction qn ,, leads*to the following expression

We observe a singular character of the particular solution at 7 «* 0 

eventhough it is introduced by a nonsingular loading function. 

However, the singularity is retained since the complete solution of 
Eqn. 2.12 would require the presence of such singularity.

In order to obtain the particular integral that is introduced by the 
Delta function distribution, we incorporate a scalar function 

U (x;x') which relates to W^xjx') according to the relation

provided that the function Ug satisfies the differential operator

W2 (x;x') - - ^jr+E^ [ 1 + cosy ln(l - cosy) ] (2.13)

W i 072 + 1 - /0 Us(x;x'), (2.14)

(V2 + 2)[V2 + + 1)] [V2 + A(A + 1)] Us(x;x') - ^  liny' (2,15)
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Because of the distribution form of the Delta function we would 

expect that away from the singular point, 7 - 0 , Ug(x;x') is the

homogeneous solution of Eqn.(2.15), while in the vicinity of the 

singularity such solution must satisfy the existence of the Delta 

function distribution. That will be accomplished through the singular 
character of the homogeneous solution that will be retained. Thus, in 
order to arrive at the general form of the homogeneous solution of 
Eqn.(2.15), we express Ug in the following equivalent form

Ug (x;x') - (x;x') + U 2 (x;x') + U3 (x;x') (2.16)

such as

( V2 + 2 ) (x;x') - 0 (2.17a)

[V2 + i/ (v + 1)] Ua (x;x') - 0 (2.17b)

[V2 + A (A + 1)] U 3 (x;x*) - 0. (2.17c)

The solution of Eqns.(2.17) lead to the following general expressions

U x (x;x') - A x Pi (COS7 ) + Bl Qi (C0S7 ) (2.18a)

u2 (5 I5 ') “  A 2 (COS7) + B 2 (COS7) (2 .18b)
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U 3 (215*) “ A 3 (C0S7) + B3 Qa (cosy) (2.18c)

where P . (cos7 ) and Q . (COS7) are the Legendre functions of1 » V , A  ̂, 1/ , A

the first and second kind respectively.

According to Eqn. 2.16' all six independent solutions obtained above

will constitute the general expression of the homogeneous solution
U (x;x'). However, since the solution is required to be singular at a

single point on the complete spherical surface and because Q 1(cos7 ),

Qi/(cos7) and (^(cosy) present singularities at two points of the

domain ( 7 = 0 and 7 = 7r ), their contribution toward the-

construction of the fundamental solution must be eliminated. On the 
other hand, P1(cos7) is regular everywhere in the domain while

P (COS7) and P.(COS7) present a singularity at 7 - n. Because the
V A

solution that survives will be evaluated upon the existence of a 
singular effect at 7 - 0 , the regular function P1(cos7 ) can be

ignored for the moment since it can only lead to rigid body

displacements. Thus the final form of the singular homogeneous

solution of Ug(x;x') is expressed as

U (x;x') - A 2 P (C0S7) + A3 P. (C0S7) (2.19a)S — ~ |/ A

or, in order for the singular character to appear at 7 = 0 , 

equivalently



34

Us ” a 2 p„ (-cost) + A3 Pa (-cosy). (2.19b)

Because of the complex conjugacy between the parameters v and A , 
it also follows that P^ (-cosy) and P^ (-cosy) are complex

conjugates and so must be the two arbitrary constants A 2 and A3.

The conjugacy requirement is imposed so that the scalar function 

U (x;x') is real since it relates to the displacement function

WiCxjx') that, in turn, describes a real parameter. The satisfaction

of the existence of the Delta function at 7 - 0 will lead to the 

evaluation of the two arbitrary constants A 2 and A3.

To evaluate the singular solution we proceed by introducing the 

function f(x;x') which satisfies the relation

(V2 + 2) [V2 + A (A + 1)] U (x;x') - f(x;x')S *** ** " (2.20)

everywhere in the domain, and it also satisfies

[V2 + v (v + 1)] f(x;x') - 0 (2.21)

away from the pole 7 - 0 , while

[V2 + v („ + 1)] £<x;x’> - (2 .22)
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is representative of its behavior in the vicinity of the pole. 
Substitution of the expression of Ug(x;x') into Eqn. 2.20 leads to

f (x;x') - - 2 i tan\6 <1 - i tanr}>) A2 (-C0S7). (2.23)

To evaluate the constant A 2 we apply the divergence theorem in a 

circular contour C( 7 - 7 0 ) around the pole 7 - 0. The theorem is 

expressed in the form

rr r flf(x;x')II V2 f(x;x') da -  “ - dC (2.24)
C

where a denotes the surface area not enclosed by the contour C and 

n refers to the on-surface normal direction along C.

With reference to Eqn. 2.22 we can write the following

V2 f(x;x') - 2^*R27sin7 " u ^  + ^  (2.25)

Thus

J J v 2 f(x;x') da = J J  2ff5R27sin7 dff " v v̂ +  ^  ^ d° < 2 -2 6 a >

or
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r 3f(x;x') pp f.. . p-J 3n"~ dC - JJ 2, y sL y  d“ • *'<■' + D  II *- (2.26b)c

But

3f(x;x') df(x;x')
- 2 i tantf (1 - i tantf) A, 1^gn “ dy 2 i tantf> (1 - i tan^) A2 P* (-C0S7) (2.27)

and

da - R2 sin7 d7 dr] (2.28a)

dC - R sin7 drj. (2.28b)

From the definition and the fundamental property of the Delta
function we observe that as the contour C shrinks, approaching 7 -
0 , the following relation holds

“jlf dg - (3-30a>

Also from the limiting behavior of the Legendre functions ( see 

Appendix C for details ) we observe the following as 70-+ 0

lim P (-COS7) = “ sin vn lim r log (1 - C0S7) + const. 
7-0 17 n 7-»0 L 2 J
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lim P* (-cosy) «= - - sin un lim j - -
y-*0 n 7*»0 *• 7

- 7 v (1/ + 1) [ g l°g (I-C0S7) + const.] j

2rr
lim I sin7 [ ~ - logarithmic term - const. ] dr; — 2 n.
T*0 J0 7

From the limiting behavior shovm above we observe that

lim If  f(x;x') da - 0
7-»0' a

and finally Eqn.(2.26) can be written in the form

2n

lim I ~  dC - lim j sin7 dr; - - 8 itan^ (1-itan^) sin un.
7-0 J d2 7-0 J d7

Thus when the limit is applied onto both sides of- Eqn.

obtain for the arbitrary constant A2

A 2 — - [ 8 i tan^ (1 - i tan^) sin un ]’  ̂

and consequently

(2.30b)

(2.30c)

(2.30d)

(3.30d)

2.26 we

(2.31)

A3 = CONJ [ A 2 ]. (2.32)
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By utilizing Eqn.(2.14) we obtain

w i - It (v2 + 1 ■ us

" D~ [ (1-M-itan^) A2 P^-cOsy) + (l-fi+itan0) A3 P^-cosy) j ,  

or equivalently

W x (x;x') - 2 Re [ (1 - #* - i tan*) A2 P^-cosy) J. (2.33)

Finally, the complete solution of the normal displacement function W 

(x;x') will be expressed in the form

W (x;x) - 2 Re (1 - #* - i tan*) A2 P^ (-cosy) j

- [ 1 + cos7 ln(l - cosy) ]. (2.34)

We recall that the second part of W(x;x') was the result of the

3axisymmetric surface traction chosen in the form q , = - ^ r2 cosy

to equilibrate the effect of the Dirac Delta function. To insure the 

uniqueness of such equilibrating function we refer to an argument on 
this particular point presented by Courant (see ref. [40] pp.351-358) 

of general validity. Courant discusses the need for the chosen 

function to be orthogonal to the eigenvalues of the operator as well 

as the particular orthogonality condition that must be imposed onto 
the system in order for the final solution to correspond to the
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correct Green's function for the operator. In addition, because of 

the application of the equilibrating traction, the construction of 

the fundamental solution for our analysis falls under the so called 

Generalized Green's function process. The condition that must be 
satisfied by our Generalized Green's function can be viewed in the 
form of an integral over the entire domain

where S(x;x') is the introduced equilibrating function. We can write 

Eqn. 2.35 in the equivalent form

The above condition can be satisfied only when W (x;x') takes the 

form

(2.35)
R

(2.35b)
R

W(x;x') - 2Re[ A P^(-cosy) ] - ^  + cos7 " cos7) + B cosy]

(2.36)

where

A - j j - ( l - / i - i  tan0) A2

B - j - ln( 2 ) (2.37a)
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It is thus apparent that the regular homogeneous solution A*

P1(cos7 ), which was eliminated from the construction of the singular

solutions, is in fact reactivated in order for the orthogonal 
condition of Eqn. 2.35 to be satisfied. Subsequently we can write
for the arbitrary constant A x

f e a t  B - <2-37b>

So finally expression 2.36 corresponds to the fundamental solution 

or "free space" Green's function of the transverse displacement 
function W due to the the effect of self-equilibrated normal
surface traction.

The description of the complete field, however, requires the 

fundamental solution of the auxiliary stress function F(x;x'). By

refering to the governing system of equations, Eqns. A.22, F(x;x')

can be deduced from the operator

(V2 + 2) F(x;x') “ R3 qn - r (V2 + 2)2 W(x;x'). (2.38)

We express the solution of Eqn. 2.38 as

F(x;x') - Fj(x;x') + F2(x;x') (2.39)

such as
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F ! ( x ; x ' )  -  - g  ( v *  + 2) W(x;x') (2.40)

and

(V2 + 2) F2 (x;x') - R3 qn . (2.41)

We again consider for qn the self-equilibrated normal surface 

traction in the form

% - b  [ • h  ^  ]• <2-7'>

The function Fx(x;x') can be obtained directly from the evaluation of

the right side of Eqn. 2.40 by utilizing the properties of the 
operator. Accordingly, Ft will take the form

F^xjx') - 2 Re[ A' P^(-cosy) ] + C jl cosy (2.43)

where

and

A' - - g  [2 - i/ (u + 1)] A (2.44a)

_ 3 D (1 + u) a
°> ‘ • 4 jr E h R • (2'44b)

We also need to construct the generalized Green's function for the 

operator (V2+2) governing F2 in Eqn. 3.41. Such function will be the

particular solution of the equation
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(V* + 2) F2(x;x') - R ( ■ H  lily - C O S T  ]. (2.45)

The homogeneous solution of the operator above leads to two
eigenvalues one of which, (cosy), is regular everywhere in the

region and the second, Q 1(cos7 ), is singular at two points in the

domain. Thus, to proceed, we solve Eqn. 2.45 for an influence

function 0 (x;x') which corresponds to the particular solution of

with the condition that it satisfies the orthogonality condition

(V2 + 2) 0(x;x') = - 2“  cosy, (2.46)

;x') cosy dR (2.47)
R

The particular integral of Eqn. 2.46 is of the form

£
F2(x;x') ™ 4^ [1 + cosy ln(l - cosy) + B cosy) (2.48)

where,as noted earlier, B - 4/3 - In 2.
Finally, the complete expression of the "free space" Green's function 

for the auxiliary variable F(x;x') is
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F(x;xf) = 2Re{A' P^-cosy)}

+ C2 [1 + cosy ln(l - C0S7) + B C0S7 ] + C t C0S7 (2.49)

where

C - E- ° 2 4jt*

From the s-tress function - stress resultants relations given by Eqns. 
A.18 we obtain the fundamental solutions of the stress resultants as 
seen by the surface coordinate system (7 ,7)

n 7  “  J ?  | c o t 7 [ 2 Re( - A' (-cosy) ) ] - C, c o s y

+ C2 ( 1 *  ^ l l s y  ) ] (2.50)

and

Nr? “ R2 [ 2 Rel " A> dy P i  (~cos^  ) ' ci cosT

+ C2 [1 - 2 (1 + cot7> - x !°-g -s~  ] ] (2.51)

while, due to axisymmetry of the field in the (y,v) coordinate frame, 

we obtain

N = 0 .  (2.52)
IV

To compute the meridional displacement u^ we apply the stress- 

displacement relation which, for axisymmetry reasons, is expressed as



hh

1 , „ „ , 1 duE h  < n t - "  N , > -  R < 3 7  +  H  > <2 -5 3 °>
or equivalently

u - trV J  ( - n ) d7 - J  W dy. (2.53b)R
a7 E h

We express N and N in the form 7 V

N7 " R2 [ 2 Re{ "dT^ t A ' p^(‘cos7) ] - v {v + 1) A' Pj/(-cos7 ) )

- Ci C0S7 + C2 [1 + COS7 ln(l - COS7) + (B + 3) C0S7]

d2 1+ C2 [1 + C0S7 ln(l - C0S7) + B C0S7] I

and

N^ [ 2 Re{ [ A' Pi/(-cos7 ) ] j  - C x COS7

d2 1+ C2 (1 + ) [1 + C0S7 ln(l - COS7) + B COS7] J

When the modified forms of and N^, together with the transverse

displacement function W, are introduced into Eqn. 2.53b and after 

noticing that
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and
1

EhR 2 Re( i/ (i/ + 1) A') • 2 Re{ A ) = 0, (2.54b)

we obtain for the expression

U7 “  ^EhR^ [ 2 R e  ̂ A ’ (-COS7) ) - C2 [ - sin7 ln(l - C0S7)

+ T -  cos7 - B sln7 I ] - [ C, <1 - „) + 3 C2 J Sln7 (2.55)

while

u - 0. (2.56)
n

The moment resultants are deduced from the moment-curvature relations

M - D ( k ° + / i k ° )  + rrr- N 7 7 *1 12R 7

and

M - D ( k ° + / i k ° )  + rlr- (2.57)rj H 7 12R
where

\  R2 v d7

k° = - ^  ( cot7 ^  + W ) (2.58)
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and

M7f? - 0. (2.59)

The transverse shearing stress resultant is related to the

transverse displacement W through the relation

V 1 +  ! & >  -  - ^  d ?  [<72 +  2 > w  ] <2 -6 0 >
which leads to

Q7 - {*3 [ 2 Re{[2 - u(u + 1)] A pi(-cos7)} + siny ] (2.61)

h2after setting 1 + Yzrz ~ ^or same axisymmetry reasons

- 0. (2.62)

With the evaluation of the shearing stress resultants, the 

fundamental solution matrix of the normal surface traction acting on 

a closed sphere has been completed.

II.1.1.2 IDENTIFICATION OF THE SINGULARITIES

In the beginning of this chapter we discussed the need that a 
fundamental singularity must satisfy certain physical conditions such



as equilibrium and axisymmetry which is translated into the vanishing 
of the meridional displacement and rotation of the normal vectors. 
Further, the true physical nature of the fundamental solution is 

viewed through the character of the singularities in the stress and 
displacement kernel functions.

We first consider the limiting value of the meridional displacement
function u which as 7*»0 , takes the form 7

“ J U7 - L£ r  [ 2 Ee A' (-cosy) ■ C, ]

-  ^  £  [ 2 Re( Y S g t  I I I *  <-f ) y  - fc * ] (2-63)

and equivalently

lim u =*0. (2.64)
7-+0 7

Also from the rotation function

0 I f  dW .
^7 " R 7 d7

we obtain for 7-»0 ,



However,

2l Re £ (1 - ft - i tan\&) A 2 ( - ~ sini/jr ) - j  - 0

and consequently

lim p - 0 .
7~*0 7

Further

lim Q - lim [ Re{ [2 - v (i/ + 1) ] A P1 (-COS7) )
7~»0 7 7-+O L ^

2D T 9rj lim Re{ (2 - u (i/'+ 1) A ( - — sinu^r ) }
R 7-0 L • 7T

or

U " Q7 " • M R  U ” ( 7 > 7**0 ^ 7-O

(2.67)

(2 .6 8)

J

(2.69)

We next examine the response of the shell in the radial direction 

addressed by the limiting value of the displacement W. Thus
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[o r 2
II Re{ (1 - n - i tan^) A 2 P (-C0S7 ) )

- V

- 4 ^ E h  ^  + cos')f ln^  “ cosy) + B C0S7 ) j.

After utilizing Eqn. 2.67 the above can be written as

w ■ 2 ^ 1 h ^  (<1"cos'y) ln[sin(7/2)J - [1 + <B+ln2) cos7 ] ]

+ 2 7 E h  1 + m + i ( ^"tani * ) ( + U  + C + f coti/w ) ] .

(2 .70)

We observe that

lim (1 - COS7) ln[ sin( 7/2) ] - 0 (2 .71)
7-+O

which implies that the response of the shell in the vicinity of the 

point load in the radial direction is finite. This finding agrees 

with results obtained by Reissner[l], Koiter[18], Kalnins[23] and 

Nordgren[17] for the classical theory approach of shallow or

nonshallow shells.

The kernels of the stress and moment resultants are also singular at 

7 = 0. Thus in the limit as 7*»0 ,
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lim N - lim [ a x ln[ sin(7/2) + b t ], (2.72)
7*»0 7-»0

lim N - lim [ ax ln[ sin(7/2) + b2 ] (2 .73)
7~>0 ^ 7*»0

where

a i “  r?  Re( * («/ + 1) A' )

b i - - ^2 [  Ret SiĵJL A' u (u + 1) CPj (i/) ) + Ct - C2 j  (2.74)

b* " R2 [ 4 Re{ i/ (»/ + 1) ( CP0 (u) - CP^i/) • Cj ■ 3 C2 ]

CP0(i/) - if>(u + 1) + C + g cotun - g ln2

CPi(u) — [ n cotytf + yj>(v + 2) + >̂{u) + 2 C - 1 - ln2 ]/4.

Further the moment resultant kernels M and M also present7 V

logarithmic behavior at the vicinity of the point load. This is in 
agreement with the predictions of the shallow theory of Reissner[l] 

as well as the nonshallow theory of Koiter[18] and Kalnins[23]. On 

the other hand, Reissner predicted finite response in the stress 

resultants and , while all nonshallow theories predicted

logarithmic behavior at 7 = 0 .
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A closer evaluation of the kernels in the vicinity of the singular 
point reveals that, while for a positive load the moment resultants 

approach +«, the stress resultants approach -<*> in a manner shown 
in Fig. 2-2.

 ̂ , N q Improved Theory

Nq Reissner's Theory

Classical Theory

Figure 2-2. Stress and moment resultant behavior in the vicinity 
of a normal point load.

This prediction coincides with findings by Kalnins[23] and Koiter[18] 
(the derivation and predictions of the improved theory are obtained 
in later section of this chapter). Koiter discussed the above 

peculiar behavior under the reasoning that according to the 
mathematical model of the classical theory, the normal at the load 

point is forced to remain normal. The bending moments necessary to 

inforce the requirement, put the vicinity of the load in compression, 

as indicated by the sign of the stress kernels in that region. The
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apparent mismatch between the shallow and the nonshallow theories, as 
seen from the membrane stress resultants, is negligible in the theory 

of thin shells since the region over which it occurs is negligible 
too. Because of the correlation between the stress and moment 
resultants the presence of the singularity in the stress resultant 
implies that the neutral surface at the pole is shifted outward over 

h2a distance considered as negligible in shell theory.

Lastly, the equilibrium requirement is examined by .taking the 

limiting value of the resultant force around the edge of a contour C 

(7 “ 7 o)- The resultant force opposite in direction to the unit load

can be expressed in the form of the following limiting integral

2jt
cosy + Ny siny J R siny drj

2
cosy + siny [ ln(sin ^ ) + b 2 ] I R siny d»;

1 (2.75)

which clearly indicates that equilibrium around the pole is 

satisfied.
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In deriving a solution of the governing system of equations that 
would correspond to the solution for a concentrated unit tangential 

load applied arbitrarily, one must consider solution forms which have 
no axial symmetry. The objective is to consider a unit tangential 

load applied at an arbitrary point x(^';0 ') of the middle surface

equilibrated in some fashion with either distributed surface traction 

or a singular load state. If one chooses to equilibrate the complete 
sphere with traction over the surface should have in mind that such a 

system cannot represent a self-equilibrated system of tangential 
forces on the spherical surface. The above was satisfied in the 

normal unit load solution because the function describing the 
distributed traction was itself an eigenvalue of the differential 

equation. On the other hand, if one chooses to equilibrate the 

complete sphere by applying a suitable set of singular forces, then 

he departs from the restrictive condition which requires that the 

fundamental solution should demonstrate singular behavior at only one 

point in the domain. Such restrictions, however, are eliminated when 

the shallow shell approach is to be applied, clearly because such 
shell extends to infinity. Nevertheless, a singular solution state 
with double-singularity kernels, even though it cannot strictly 
correspond to a "free-space" Green's function for the domain, can 
accurately represent the singular solution state in the region around 
the concentrated tangential load. Thus, the utilization of such
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singular solution in the Boundary Integral scheme is still possible 
by restricting the domain of application of such solution.

A solution in which the unit concentrated load was equilibrated by a 
distributed surface traction was first attempted. That solution 
though failed to satisfy the vanishing of the surface traction 
accompanying a set of self-equilibrated systenm of tangential loads. 
This very important finding prevented the solution from being 
incorporated into the numerical scheme.

We begin the construction of the singular solution by considering the 

traction-free version of Eqns. 2.1 and 2.2 (we set qn - 0 ) as well

as the nonsymmetric form of their homogeneous solution. It becomes 

apparent that the solution, due to the type of loading shown in Fig. 
2-3, can no longer be axissymetric around the point of application.

Figure 2-3. Orientation of a tangential load on the spherical 
surface.
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We consider the general form of solution of the transverse 
displacement function W(x;x) as

W(x
w

x;x') - ^
m=*..

h? P™(cos7 ) + h£ P"‘( -c o s 7 ) + h i  P j(co s7 ) + h™ P '^ -cosy)  

+ Cq P?  (COS7 ) + Cm P ™  (COS7 ) j  c o s m >7 (2.76)

m r,m. rm „m,

where h™, h™, h1}1, h^, and Cm are arbitrary constants and the only

restriction that they bear is that h™, h™ and h1̂, h^ are complex

conjugates respectively. The form of the solution chosen for the 
transverse displacement function W implies that the state of 
deformation, due to the action of the concentrated effects shown in 

Fig. 2-3, will be symmetric with respect to the point »/ — 0.

Also the stress function F(x;x'), in the absense of surface tractions

would, according to .Eqn. 2.2, obtain a general solution form from the 

modified governing system

(V2 + 2) Fi(x;x') - 0 (2.77)

F2 (x;x') - - £ (V2 + 2) W(x;x') (2.78)

such as
F^xjx') + F2(x;x') - F(x;x'). (2.79)
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The general solution, after operating on the relations above and 
considering the same symmetry about ij = 0 , will take the form

CO

F(x;x') ” ^ [ hT p™(cos7) + P^(-cos7 ) + P^Ccosy) + PA(-cos7)
m=l

+ D™ P™(cos7> + Dm Q™(cos7 ) j  cosmi7 (2.80)

where D™ and Dm are two additional constants introduced by Fj(x;x') 

into the system, while

H? - - | [2 - i/ (v + 1)] h?

H® - - I [2 - v (v + 1)) h™

(2.81)

H? - - g [2 - A (A + 1)] h?

H? - - g [2 - A (A + 1)] hj.

The general solutions for W(x;x') and F(x;x'), expressed in the

forms of infinite series, can be simplified further by considering 
the physical problem they must correspond to. The application of a 

tangential load along rj - 0 suggests that the symmetry of the

resulting field can be preserved with m - 1. Furthermore, because of
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the two singularities that we require to be present in the solution, 
at 7 = 0  and 7 - n, the independent solutions P1(cos7 ) - sin7 can

be ignored with no loss of generality by simply setting

C0 - D0 - 0. (2.83)

We also note that

Q} (COS7 ) - - £ siny log J * - coty. (2.84)

Thus, the general solution form for W(x;x') and F(x;x'), upon which

the singular solution state will be constructed, can now be written 
as

W(x;x') - hj P1 (COS7 ) + h2 P1 (-COS7 ) + h x P* (C0S7 )I U  1/ A

+ h 2 Pĵ  (-COS7 ) + C1 Qj (COS7 ) j cosq (2.85)

F(x;x') -  £ Hj Pj (C0S7) + H2 ?l (-cosy) + Hi P* (C0S7)

+ H2 Pĵ  (-COS7 ) + D 1 Q} (COS7 ) j  cosrj. (2.86)

By utilizing the stress function- stress resultant expressions, given
by Eqns. A.16, the stress resultant variables are obtained and
introduced into the following stress-displacement relations
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l 1 ^
Eh" < ", * <* NT > _ R < csc? j f  * UY cot1 + H > ■

We express

v ^ v H ' ^ 1 ^ 4 1 ) F<7) 1 ■ (ti +1} Dl (

- v (i/ +  1) [ H t Pj (C0S7) + H 2 Pj (-COS7) ]

- A (A +  1) [ Hj_ Pĵ  (COS7) +  H 2 Pĵ  (-COS7) ] j  costy

and

\  ' M N7 " h ( ' 1 (/i + X) F(7) ] + 0* + 1) D» Qi

+ A» [ 1/ (1/ + 1) [ H t PJ (COS7) + H2 PJ (-COS7) ]

+ A (A + 1) [ H x Pĵ  (COS7 ) + H2 Pĵ  (-COS7 ) ] j  j  cosrj

where F(7) satisfies F(x;x') - F(7 ,f/) = F(7 > cos»7.

When expressions 2.88 are introduced into 2.87 , after 

we obtain for the two tangential displacement components

(2.87a)

(2.87b)

J (C0S7)

(2 .88a)

(COS7)

(2 .88b)

Integration

U7 “ EhR ( ' (/i + X) d7 F(7) ' (fi + X) Dl Q * (C°S7)



- v (i/ + 1) [Hi P^cosy) - H2 Pl/(-cos7 ) ]

- A (A + 1) [ Ht P^(cos7 > - H2 P^-cosy) ] - hi P^cosy) + (2.89)

^2 ^("COST) " hi P^cosy) + h 2 P^-cosy) - C1 (^(cosy) j  cosr; + £(tj)

and

nt) "  '  ^EhR* cscy dijF('y,r,:> + (COS7 [  ^EhR* Dl + c * Qi ( c o s7)J

- siny £ 1E^RW D1 Qj (COS7 ) + C 1 Qj (C0S7 ) j  j  sintj

- C0S7 J f(rj) dr) + g(7 ) (2.90)

where f(tj) and g(7 ) are arbitrary functions of integration.

We proceed by observing the following relation that holds between the
functions and the arbitrary constants

£ - v (1/ + 1) [ Hj P|/(cos7 ) - H2 P^-cosy) ]

- A (A + 1) [ H x Pi/cos7) - H2 Pi/(-cos7) ] ] (2.91)

- hi Pi/(cos7 ) + h2 Pj/(-cos7 ) - h x P^cosy) + h2 P^-cosy) = 0

which allows Eqn. 2.89 to be written in the form
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U7 " ' 1EhRU fd7F(7) + D* Qi^005^)! cos,1 _ cl Qi (COS7) + f (7) (2.92)

while the expression for remains unchanged.

In order to evaluate the form of the arbitrary functions of 
integration f (»/) and g(7), we utilize the third of the stress- 
displacement relations expressed as

2 V  % ,  - r [ a f  • coty an + CS01’ 1 ? ] • <2-93)

When the appropriate expressions of the variables are introduced and 
operated on in the above relation, we observe that on the right side 
of the equal sign the following additional terms, expressed as O, 
with no counterparts remain:

0 “ [ ^EhR1 Dl + Cl ] ( " siny d7 Q* (coS7) + COS7 (cocy) j  sim;

+  s i n 7 J  f(tj) drj +  C S C 7 f(rj) +  ^  g ( 7 )
- cot7 g(7) - COS7 J  f(rj) dtj j .  (2.94)

But
d 2- sin7 ^  Ql (COS7) + C0S7 Qj (C0S7) - -

and thus
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° ’ 2 [ ÊhR1 Dl + Gl ] CSC7 sim? + cscir [ + J 6r> ]

+ ^  B<7 ) - cot7 g(7 ). (2.94a)

Since ^  g(7) ■ coty g(7 ) is completely independent of tj we can

require that

^  g(7) - cot7 g(7) - 0 (2.95)

which leads to

g(7 ) - a' sin7 s(2.96)

where a' is an arbitrary constant.

Further, by setting f(rj) - A 0 rj sinr;, we observe that

d_
dr; f(r;) + J  £(tj) dr; - 2 A0 sinr; (2.97)

and the expression for 0 becomes

0 - - 2 [ ^EhR** D 1 + C 1 j  cscy sinr; + 2 A 0 CSC7 sinr; - 0. (2.98)

If we set

Ao " D 1 + C 1 (2.99)

then 0 - 0  and the third of the stress-displacement relations is 

satisfied. However, because of the form of the the function f(t?),
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the displacement functions u and u will be multivalued. Since the7 i)

present analysis deals with the complete spherical domain, such 
multivalued functions must be suppressed by setting the arbitrary 
constant of the function

(2.100a)

and consequently in order for 0 - 0 to still hold we deduce

M *  »' - C‘. (2 .100b)

The above choice satisfies all the stress-displacement relations and 

leads to the following expressions for the components of the 
tangential displacement

" ^E h R ^  f y  (2.101a)

and

" " ^EhR4 CSC7 f~rj + a ' sin7- (2.101b)

However, since g(y) is independent of rj, it can be viewed as rigid 
body displacement and with no loss of generality, due to the absense 
of singularity in its kernel, set a' - 0 and write for u

V x ; x '} ~  • csc7 (2.102)
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To this point, the dependent variables through which the complete 

field can be described in its general form have been derived. The 
unknown arbitrary constants that accompany their general expressions 

must be evaluated in a manner which will reflect the particular 

physical situation. The singularities in all the dependent variables, 
which exist at y - 0 and y - n, need to be examined as to what 
they actually correspond to in the complete spherical domain. Such an 
evaluation is accomplished by cutting an adjacent parallel circle 
near each pole and obtaining the resultant force as well as the

resultant moment of the state of stress around the edge of the

contour. Such state, singular in its character, is the result of the
unbounded expressions of the stress and moment resultant kernels in
the vicinity of the two poles.

The resultant force, along rj - 0, of the stresses over the contour 

can be viewed in the form of the following integral expression

Fr «■ lim J  £(Ny cosy + siny) costj - sinr/j R siny dt] (2.103)r * o  o
y-+7r

and the resultant moment along the same direction can be viewed as

2n
M - lim R M cost) - M cosy sinr;
r r*o J L 7 7*

y-*n

- R siny c o s t ;  [ cosy - siny ] j  siny dt] (2.104)
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with

Q7 ” " R3 <V* + 2) (2.105)

and M , M , M deduced from Eqns. A.15.7 *} 1*1

When the appropriate expressions are introduced into the two 

integrals above and the limiting values of the Legendre functions are 

incorporated, we obtain the following interesting results:

2n

F - lim f [ ... ] R siny dtj - - D1 (2.106)
r r-o { R7  -*n

2n

M - lim J [ ... ] R sin7 d»7 - lim [ 2 n D1 COS7 1. (2.107)
7-+O J 7-»0 J
y-*tr y-*n

It is apparent from the results shown above that the only term of the 
general solution that contributes to both integrals is the one 

accompanied by the arbitrary constant D 1. Furthermore, if the 

constant D 1 is given the value

D 1 - 0^“ , (2.108)Z 7T
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the general solution that has been developed corresponds, under the 
light of Eqns. 2.106 and 2.107, to the physical problem shown in Fig. 
2-4 below.

M = R

F =  1

n

F=1 M=R
Figure 2-4. Self equilibrated force system A

It is interesting to observe that the overall equilibrium of the 
complete spherical shell is identically satisfied. However, a 
singular solution that will describe the stress and displacement 
fields due to a unit concentrated tangential load in a self- 
equilibrated complete sphere would be one that corresponds to the 
singular load arrangement shown in Fig. 2-5.

F =  1

i\=0

M = 2  RF =  1

Figure 2-5. Self-equilibrated force system B
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Obviously an additional solution described in Fig. 2-6 must be 
superimposed onto the already derived solution in order for the 
desired physical state of Fig. 2-5 to be deduced.

^ M = . R

:7T

M =  R
Figure 2-6. Self-equilibrated moment pair.

Such solution that describes the problem of Fig. 2-6 is in itself 

singular at 7 - 0  and 7 - n. However, as noted previously in the 

evaluation of the resultant integrals around the two poles, the 
general solution was only able to provide the physical problem of 
Fig. 2-4 and also incorporate one arbitrary constant in the analysis 
of the problem. Thus, it becomes inevitable to seek additional 
solutions of the governing system which would fill the need of the 
evaluation of the required physical state described in Fig. 2-6.

We return to the general system of equations and we seek a solution 

to the equation
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(V2 + 2) F* (x;x') *» 0 (2.109)

where the auxiliary variable F (x;x') is no longer expressed in

terms of the Legendre fuctions of the homogeneous solution of Eqn. 

2.109, which have already been incorporated into the previous 
analysis, but in the form of any multivalued function which satisfies 
the differential equation. We should point out that even though 
multivalued displacement and stresses are not allowed in the 
analysis, multivalued stress functions can in fact be permitted for 

as long as they lead to single-valued displacements and stresses in 

the domain of interest.

Such multivalued form of the solution of Eqn. 2.109 can be expressed 
as

From the stress function-stress resultant relations we obtain the 

following single-valued expressions for the stress resultants:

F (x;x') = A [ siny i] sinrj - cscy cosq ] (2.110)

cosr?
sin3 y

* 2 A cosn
q " R2 sin3y (2.111)



When the singular solution is evaluated in the vicinity of the two 
poles according to the same two integrals of the force and moment 

resultants, we observe that the force resultant integrand vanishes 
identically due to

N* cosy - N* - 0, (2.112)7 7*7

while the moment integral, by choosing the following value for the 

arbitrary constant

A* - - D1, (2.113)

leads to the solution state described by Fig. 2-6.
The additional stress resultant components of Eqns. 2.111 will

introduce new components of the tangential displacement functions u^

Stand u^ which, in turn, must be single-valued. These new components

will be obtained from the stress-displacement relations which are of 

the form
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_ *
1 * * 1 n *

i~h [ V  ^ N7 1 R 1 fllf CSCy + COty U7 1 (2.114)

n *  *
2 (l + ii7 ..* 1 . 3u« * 3u-v .

E h  N7, - R I 3 ?  ' Bot1 ", + OSCT i f  I'

Integration of the first two of the relations above leads to the 

following expressions of the displacement functions and u^:

"•J " ' 2<EhR D‘ [ 2 lnl tan^  1 - 2 f i S ;  ] 005” (2'U5)

%  " 2” hR D‘ [ cos'r ( 2 lnttan*-r) + | ) + 1 ] sin, (2.116)

Furthermore, when the above expressions are introduced into the third 
of the stress-displacement relations, the relation is identically 
satisfied.

With the analysis associated with the multivalued stress variable F 

we arrived at the complete stress and displacement field description 
corresponding to the physical problem of Fig. 2-6. Thus, while the 
transverse dispacement function W was uneffected by the introduction

of F , the tangential displacement components are now expressed as

u = f” F(x;x’) + u*7 EhR dy - y (2.117)
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u (2.118)

The stress and moment resultants will also contain the contribution 
of their starred counterparts introduced by the multivalued stress 
function as well as their expressions derived from Eqns. A.18 and 
A.15 respectively. The shearing stress resultants, however, being 
only a function of the transverse displacement W will not 
experience any change in their forms.

To complete the analysis, the remaining arbitrary constants must now 

be evaluated from physical requirements imposed at the two poles 

where the singular loads apply. These requirements are closely 
related to the way these loads act onto the middle surface of the 
complete sphere.

The first of these requirements is expressed in the form of the 

following integral

2n
R siny cost; dr; = 0 (2.122)

T*n

which implies that the net displacement in the normal direction 

vanishes since’ there is no net force acting in that direction. By 
introducing the expression of the rotation
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/>7 - I ( u7 - J“ ) (2.123)

into Eqn. 2.122, we obtain the equivalent expression

lim £ W cost - sin-y ^  j  sin? - 0. (2.122a)
y n

The singular behavior of the Legendre functions is incorporated into 

the above' limiting relation and two relations between the arbitrary 
constants are deduced.
Hence, as t-*0

^ [ sini/w h 2 + sinAff h2 ] + C1 - 0 (2.124)

— [ sinujr h x + sinAjr h x ] - G 1 - 0 (2.125)n

where C 1 - - D 1 and D1 - -jr-EhR 2n

The second requirement reflects the physical condition which implies 
that the net displacement component along the axis lying on the 

horizontal tangent plane and being perpendicular to the direction of 

the unit tangent load must vanish. Such condition is expressed in the
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form of a similar integral, as in the previous case, which in turn, 
leads to the following limiting value of its integrand:

lim u COS7 + W siny + u sin7 — 0 . (2.126)
7-+O ■- 7 ** J
y-*n

Two additional limiting relations are deduced from the above and 
which in terms of the arbitrary constants are expressed as follows:

as 7-+O

sint/ff H2 + sinAjr H2 - 0 (2.127)

and as y-*n

siBBt Hi + slnis ̂  _ _|i _ 0. (2128)

The solution of the system of Eqns. 2.124-128, together with the

constants C1 and D1 which have already been evaluated, will lead to

the complete evaluation of the stress and displacement kernels which
describe the state of stress and deformation in a complete sphere
under the influence of the system of self-equilibrated singular loads 
shown in Fig. 2-5.
We should note that the region around 7 - 0 predominantly
experiences the effect of the unit tangential load and thus the 

singularities present in the kernels are purely due to that load.
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II.1.2.2 IDENTIFICATION OF THE SINGULARITIES

Evaluation of the singularities in the kernels at the appex of the 
shell (7 - 0 ) leads to the following limiting values of the
displacement and stress functions:

a. The normal displacement function W is zero at the load point

b. Both tangential displacement components u^ and u^ experience 

logarithmic singularity

c. The stress and moment resultants have a stronger singularity

of the order ( “ ) in their kernel functions.7

d. The transverse shearing stress resultants and have a 

very strong singular behavior of the order ( ~ 2 )•

The character of the singularities associated with the present 
analysis completely agrees with the order and character of 

singularities in the respective kernels obtained by Kalnins[24]. The 

shallow shell solution, however, presented by Luckasiewicz[15] 
revealed that the moment resultants are zero at the point of 

application of the load.
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II.1.3.1 FUNDAMENTAL SOLUTIONS OF A UNIT CONCENTRATED MOMENT

A unit moment is defined as the effect of a definite distribution of 

normal loading. It can best be described as the derivative of the 

Delta function distribution with respect to the surface coordinate 

along which the unit moment is to be acting. For a given shell 
represented by means of the orthogonal surface coordinates (a,/?), the 

intensities of unit concentrated moments directed along a and /? 
axes can be expressed in the form

 1  OIL 1— 35. /o iog\AB2 dp ’ ' A2B da Kt.xtv)

respectively, where A and B are the coefficients of the first

quadratic form of the middle surface of the shell. Thus for the
particular case of a spherical shell described by the surface

coordinates (<j>,0)

A - R , B - R sin^ (2.130)

and the intensities of the unit moments along <f> and 6 will be

^ 35(n-n') ^ 35(n-n')
R3 sin^ dj> 1 R3 sin2^ 35 (2.131)

respectively.



From the theory of generalized functions It is known that if $ is 
a fundamental solution of the equation L 9 - fi(n-n'), where L is

a differential operator, then ^  is a solution of the equation 

da’

It follows from the above that the principle parts of the moment 
kernels can be obtained by simple differentiation on the principle 
parts of the corresponding kernels of the unit normal load solution.

Let primed quantities correspond to coordinates of an arbitrary point 

where a concentrated load or moment applies and unprimed ones to 

coordinates of an arbitrary field point in the domain. The 

displacement field produced by a unit moment, applied at (<f>' ,0') 

along either $ or 6 axes, at the field point (<f>,6) is obtained by 
differentiating onto the displacement functions W(x;x') and u(x;x')

with the respective coordinate. Thus, for a moment directed along 4> 
axis, the singular solutions of the displacement components would be

u (x;x')
t 3u(x;x')

(2.132)

while for a moment directed along the 6 axis, the displacement 
functions would be
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The same would be also true for every other kernel function 
associated with the domain.

However, as mentioned earlier, the differentiation process above can 
represent a moment solution state when only applied onto the
principle singularities of the normal load kernels. This will be the

case of the construction of the fundamental singularity for a shallow
shell whose singular solution is expressed only in terms of the 
principle singularity.

A numerical evaluation of different moment solutions was performed in 
an effort to best describe such concentrated effect. These solutions 

were derived (a) from the differentiation of the normal load kernels 
as described above, (b) from the superposition of two tangential load 

solutions applied in such a manner as to introduce two unit
concentrated moments at the poles(see Fig. 2-6), and (c) from a pair 
of two concentrated normal loads with opposite directions approaching 
each other at the pole and corrected by a concentrated tangential 

load.

IT n  =

Figure 2-7. Equivalent moment action resulting from a pair 
of normal point loads.
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The magnitude of the applied forces, shown in Fig. 2-7 , insure a 

unit moment effect at each of the poles. The evaluation revealed that 
approaches (b) and (c) provide the exact same answers while the 

differentiation procedure, case (a), fails to represent the solution 
in the vicinity of the pole.

Thus, the comparison of the above different unit moment solutions has 
proven that the argument stated earlier about the role of 
differentiation on principle singularities of the kernels is in fact 

critical. Furthermore, it has proven that an exact moment singular 

solution can be represented by the superposition of two appropriate 
tangential load solutions derived in the previous section. An 
alternative exact solution could have been derived by using the same 
procedure utilized in the tangential load analysis, by simply 
requiring that the singularities at the two poles, introduced by the 

general solution, together with the condition on the transverse 

displacement function W(x;x')

W(7 .»?) “ W(tt-7 , tj) (2.134)

are justified due to the presence of two concentrated unit moments 

applied there.

II.1.3.2 IDENTIFICATION OF THE SINGULARITIES

The character of the singularities in the kernels is the same with 
the tangential load solution. Thus, the radial displacement W is zero
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at the pole while both tangential displacement components and u^

have logarithmic singular behavior. The stress and moment resultants 
have singularities of order ( 1/7 ), while the transverse shearing 
stress resultants and present strong singularities of order

( I/7 2 )•
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II.2 IMPROVED THEORY

In the improved theory of shells the effect of the transverse shear 

is incorporated into the equations of equilibrium of the thin shell 

element. Even though the basic equations of equilibrium are the same 
for both theories, as noted in Appendix-A, the independent role of 

the angular rotations of the normal /?̂  will introduce two additional

variables which in turn will upgrade the order of the governing 

differential system. This is because trahsverse shearing strains do 

not vanish in the improved theory analysis and, therefore, the 

rotations can no longer be expressed in terms of the displacement

component functions W, u^ and u^. Furthermore, the shearing stress

resultants and are now the direct effect of the nonvanishing

shear stress and no longer a requirement for the overall equilibrium
of the shell element. The natural boundary conditions that need to be 
satisfied along a boundary edge increase to five, and thus, along a 
boundary segment of constant s, the stress resultant Nns» the

twisting moment Mng and the transverse shearing resultant

cannot be combined into Kirchhoff's effective shearing boundary

forces Qn + 97
3Mns M

and N + but stand as independentlyns Rns

prescribed boundary conditions.

The equations of the nonshallow spherical shell are uncoupled with 

the introduction of the auxiliary variables U, T and A , see
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Eqns. A.29-30, which relate to the displacement vector as well as the 

angular rotations of the normal. The primary system of equations is 

reduced to a secondary system of equations in terms of the introduced 

variables and the transverse displacement function W. This secondary 
system, for the case of only normal surface traction qn being

present, is uncoupled into a set of two differential equations:

where p0, p2, p4 are defined in Eqns. (A.39) and the differential,

operator L0 is given by Eqn. (A.40) and

by Reissner[3] and Naghdi[5].

The remaining auxiliary variables A, U and r are governed by the 

system of equations (A.31), (A.33) and (A.35) which relates them,

through differential operators, to the functions W and A.

V6 W + p4 V4 W + p 2 V 2 W + p0 W + L0 qn - 0 (2.135)

(2.136)

where k° - ^ and corresponds to the coefficient of shear as defined

The construction of the fundamental solutions for the differential 

operators of Eqns. 2.135-136 will follow a procedure similar to the 

one adopted in the classical theory analysis.
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II.2.1.1 FUNDAMENTAL SOLUTIONS OF NORMAL SURFACE TRACTION

In constructing the fundamental singular solution we should again 
require that such solution must satisfy the differential operator and 
demonstrate singular behavior at a unique point on the complete 
sphere. Also, with the same argument used in the classical theory, 

the condition of equilibrium in the vicinity of the pole and the 

vanishing of the tangential displacement and the rotation vector at 

the pole must be satisfied by the fundamental solution without being 

introduced as a priori.

The self equilibrated normal surface traction which will again lead 
to the "free space" Green's function takes the same form as 
previously

^  - - M • (2-137)

We consider Eqn. 2.135 in the form

M W ]  - M  qn ] (2.138)

where
Lx - V 6 + p4 V4 + p2 V2 + p0

and
p4 - 3 - n - kg (1 - n2)
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p2 “ 1-̂  /i2 + 2 (1 - fi) + ks (1 - M2) Oi - 3) (2.139)

Po - - 2 (1 - fi) (1 - m2) k

r4 r k d  - M2) D iLo - g- (V* + 1  - /.) [ 1  - ■ ~lhR2  (V2 + 1  - ji) J

2 k° 
k  s-s 1 - A»'

We express operator Lx in its equivalent form

L x - (V2 - rt) (V2 - r2) (V2 - r3) (2.140)

provided that r^ (i-1,2,3) are the roots of the cubic equation

r| + p4 r2 + p2 rjL + p0 - 0. (2.141)

The three roots can be obtained by using the formulas

P4rj - A + B - —

[ l l )  “ - f < A +  B ) - ~ ±  ( A - B ) (2.142)
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where

P4 P2 2 
q “ Po - 3 + 27

P 4
P “ P2 - -3 (2.144)

A - 27 q2 + 4 p2.

The nature of the roots r^ is governed by the determinant A, and thus

if,

A > 0 : one root is real and two are complex conjugates

A - 0 : all roots are real and two are equal

A < 0 : all roots are real and unequal.

When A is evaluated for our particular case it is found positive and 

the three roots can be written as

•i “ ci , ( ll ] " c2 ± 1 c5 (2.145)

where ct, c2 and c3 are real numbers.
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A numerical evaluation of the three roots above proves that root rj

has the value of -2 and it is independent of the choice of the shell 
parameters and constants. Thus the equivalent form of the operator Lj

coincides with the product form of the operator of Eqn 2.1. The 
significance of the value of root rt will be discussed later in this

section.

With one real root and two complex conjugate roots we express Lx in 

the form

Li - (V2 + 2) [V2 + i/ (v + 1)] [V2 + A (A + 1)] (2.146)

where

rj - - 2, - r2 - »/ {u + 1), - r3 - A (A + 1) (2.147)

or

1 I- / i _ r \ 2
2 4 2

l
A " ‘ 2 t ( 4 ' r3 )? (2.148)

Obviously u and A are complex conjugate parameters.

The component V2 + 2 of the operator Lj represents the membrane

solution of a loaded spherical shell. It is interesting to note that 
for both theories, classical and improved, the contribution of the
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membrane solution is somewhat decoupled from the bending solution 
which dominates in the vicinity of the pole.

The complete form of Eqn. 2.135 can now be expressed as

(V2 + 2) [V2 + i/ (i/ + 1)] [V2 + A (A + 1)] W(x;x') - 

R* .  f  k ,  (1  - D 1-  § -  < V 2 +  1  - „ >  [ 1  - - - - -  < V »  +  1  - „ )  j

X

where again

v2 - fp + ooc7 ij.

We proceed in a manner similar to that adopted in the classical 
theory by expressing the fundamental solution of the transverse 

displacement W(x;x') in the equivalent form

W(x;x') -Wj(x;x') + W 2 (x;x') (2.150)

such as,

Li [ w i(£;£') ] “ L0 [ fi(n - n') )

Li [ W2(x;x') ] = L0 [ “ p2 cos7 ]• (2.151)
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We first consider the particular component W2 governed by the second 

of Eqns above

L x [W2(x;x')] - {^ (V* + 1 -■ M) [1 - C0 (V2 + 1 - /i)] ( - cos7 )

(2.152)

where

ks (1 - I*2) D 
C° " EhR2

By operating on the right side of Eqn. 2.152 we obtain

[1 - C0 (V2 + 1 - /0 ] ( - cosy ) - - - ^  [1 + C0 (1 + M) ] cos7

and

(V2 + 1 - fi) J [1 + C0 (1 + jti)] cos7 j

3 R2 (1 + p) [1 + C0 (1 +  /i)l
-----------      cos7 .4 it D

Thus Eqn. 2.152 can now be written as

(V2 + 2) [V2 + p (i/ + 1)] [V2 + A (A + 1)] W2 (x;x') - 3 C£ cos7

where (2.152')
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C
3 R2 (1 + fi) [1 + C0 (1 + ft))

0 4 ?r D

We introduce the function f (x:x') such asP ~ ~

(V2 + 2) fp(x;x') - 3 C£ cos7

which leads to

fp (x;x') - - Cq [ 1 + COS7 ln(l - cosy) ].

We express W 2(x;x') in the form

W 2(x;x') - Ap fp(x;x')

and introduce it into Eqn. 2.152' such that

[V2 + v(ts + 1)] [V2 + A(A + 1)] { Ap fp (x;x') } - 3 C£ COS7

or
[V2 + v (v + 1)] [V2 + A (A + 1)] ( Ap COS7 ) - cos7

which results to

Ap £ [- 2 + v (1/ + 1)] [- 2 + A (A + 1)] J COS7 = COS7

(2.153)

(2.154)

(2.155)

(2.156)



and finally,

S> [«/ (1/ + 1) - 2] [A (A + 1) - 2]' (2.157)

Thus, according to Eqn. 2.155 we can write

2(x;x') - ■ A CJ [ 1 + cosy ln(l - cosy) ] (2.158)

- Tj [ 1 + cosy ln(l - cosy) ]

where

T x - [ [Re{is(v + 1) - 2}j2 + [imMi/ + 1) - 2)]2 j*1 • . (2.159)

We now consider the first of Eqns. 2.151 which governs the 

contribution of the Delta function distribution onto the transverse 

displacement W and express W x(x;x') in the form

Wj (x;x') - L0[ Us(x;x') ] (2.160)

provided that the introduced scalar function U (x;x') satisfies
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With similar procedures and arguments utilized in the classical 
theory approach, we retain only those independent solutions of the 
homogeneous form of Eqn. 2.161 that haye singular characteristics at 

a single point on the complete sphere. This leads to the following 
expression for the scalar function Us

" A 2 P^-cosy) + A 3 P^C-cosy) (2.162)

where A 2 and A3 are complex conjugate arbitrary constants. The

evaluation of the constants is dictated by the requirement that the

particular solution of U satisfies Eqn. 2.161 in the vicinity ofs
the pole 7 - 0 .

The introduction of an additional auxiliary scalar function f(x;x')

and the application of the divergence theorem in the form of Eqn. 
2.24, leads to the evaluation of one of the complex arbitrary 

constants and which is of the form

4 [1/(1/ + 1) - A(A + 1)] [2 - 1/(1/ + 1)] sini/jr

and
A 3 = CONJG [ A2 ]. (2.163)

According to Eqn. 2.160 Wj(x;x') can be written in the form
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W j Cx j x ') “ [ (V2 + 1 - /*) - C£ (V2 + 1 - /i)2 J U,(x;x')

which results to

O' + 1))]  

(2.164)

or

W i ( x ; x ' )  -  2  R e £  A n  P i/( - c o s 7) j (2.164')

where An " d” ([1 " ** * V{M + D ]  Aa [ 1 - CJ [1 - /* - u(u + 1)] ]].

The complete expression of the fundamental solution of the 
displacement function W will take the form of the sum of the 

solutions described by Eqns. 2.158 and 2.164. However, since the 
combined expression is to correspond to the Generalized Green's 
function of the spherical domain, the restrain condition

must be met. The above requirement introduces an additional term, 
which when combined in the expression of W2 (x;x') leads to

0 (2.165)
a

W2 “ - Tj 1 + COS7 ln[ 1 - COS7 ] + B C0S7 (2.166)
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where Ti is given by Eqn 2.159 and

(2.167)

Thus the complete expression of the fundamental singular solution or 
"free space" Green's function for the transverse displacement 
function W is defined as the sum of Eqns. 2.164 and 2.166.

The remaining auxiliary variables tf, A, U and T are evaluated with

the help of the system of equations (A. 31,32,35) and 2. 136 together 

with the incorporation of the displacement function W derived above. 
We recall that the secondary system of equations was expressed in 

terms of the functions W and through the uncoupled Eqns. 2.135,136. 

From Eqn. 2.136 we observe that the auxiliary variable has no 

dependence on the normal surface traction qR . For the axisymmetric

case the general homogeneous solution of Eqn. 2.136 will take the 
form

$(x;x') - Pi (cosy) + A^ Q I(cosy) + P^cosy) + Qw (cosy)

(2.168)

where

w (w + 1) =• 2 - (2.169)

and A]f , A jj , B]f , B^ are arbitrary constants.
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Eqn. (A.32) can provide the general solution form of the auxiliary 
variable Aj£x_j x') expressed as

A(x;x') - - k° (V2 + 2) tf(x;x')** s **

- - kj [2 - 0>(w + 1)] [ B? Pw (cos7) + bJ Qw (cos7) ]. (2.170)

The requirement, however, of a single singularity in the domain and 
the elimination of the regular solutions from the expressions for 
and A yields

*(x;x') - Pw (-cos7)

and

A(x;x') - - k° [2 - w(w +1)] P (-cos7).** ** S ti)

The incorporation of the final forms of tf(x;x') and A(x;x') into the

singular solution would require the evaluation of the arbitrary

constant B^, which in turn would have to satisfy a requirement set as

a priori. But the only condition variable must satisfy, besides 

being a solution of the governing system, is the existence of the 
Delta function to which it apparently has no relation since it is 

independent of the normal surface traction. We observe, however, that 
variables $ and A are related to the tangential displacement u^, the

rotation of the normal and consequently to the shearing resultant Q^.

(2.171)

(2.172)
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The axisyrtmetry of the solution reasonably requires that when 
approaching the pole 7 — 0 , the two vectors u^ and fi satisfy

lim u — lim [ 4^ - $ R sin7 1 - 0  
7-o 7 7-0 L d7 J

lira fi - lim [ ^  - A sin7 1 - 0. (2.173)
y-»0 7 y-»0 L 7 J

The general expressions for $ and A contain a logarithmic 

singularity and their contribution to the limiting value of u^ and

fi vanishes since 7

lim [ siny W ] - lim [ siny A ] - 0. (2.174)
y-»0 y-»0

Thus for the axisymmetric case and without any loss of true 

representation of the system's variables, we can set

tf(x;x') - A(x;x*) - 0. (2.175)

With the elimination of and A from the secondary system of
equations, the remaining variables U, T and the already defined W 

are associated through the relations

R2 V2A(x;x') - (1 + n) k V2U(x;x') + (V2 - 2 (1 + p) k l  W(x;x')
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R2 (1 - /i2) k 
+  =  - q on

(2.176)

[V2 + 1 - fi] U(x;x') + [1 + p + ] W(x;x') + r(x;x') - 0.
s s

We operate onto the first of the equations above with V2 + 1 - /z 
and obtain

R [V2 + 1 - ft] V2r - (1 + n) ks [V2 + 1 - ft] V2U +

r i rR2 <1 ■ ̂  k s i(V2 + 1 - ft) |V2 - 2(1 + fi)JW + (V2 + 1 - p) ̂ ^ qnJ - 0.

From the third of Eqns. 2.176 we deduce

while from the second equation we obtain

The linearity of the operators involved in the above expressions lead 

to the following:

( v 2 +  l  - fi) u  -  - ( l  +  M  +  - £ -  > W  - -j *-  r ,
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r £ 2 k2 £ k Da
r(x;x') - - [ —  V4 + - 5 3 -  7= + —  J W (x;x')

£ 2 K  r R2 (1 - M2) k
' T d T (v 2 + 1 ‘ "> I  ih  %  J <2 -177>

where

Dj - 1 + 2 * kg - £ k2 (1 - m2)

D2 - 1 + (1 + n) £ k - 2 (1 - /i2) £ 2 k2 (2.178)5 S

D3 - 1 + 2 ( ks + (/i2 ■ 1) ( 2 k2.

We decompose r ( x ; x ' )  as follows

r(x;x') - r <x;x') + r (x;x') (2.179)

where the subscripts s and r identify the singular and the regular 
components of (2.177). The regular solution r is to be derived as

the dependence of r onto the equilibrating surface traction qn ,,

while rg will be associated with the fundamental singular solution of

the transverse displacement W.

The operations in expression 2.177 are being carried out with the 
help of the following identities:

V2[l - cosy ln(l - cosy)] - - 3 cosy - 2 [1 + cosy ln(l - cosy)]
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V 2 (cos?) - - 2 cos? (2.180)

V2 [ P^C-cos?) ] - - 1/(1/ + 1) Pj/(-cos?)

and they lead to the final form of T(x;x')

F(x;x') - 2 cos?)j + [1 + cos? ln(l - cos?)] + cos?

(2.181)
where

r  r * 2 k s „ *  k s D » 1
An " " [ R Dg + -«'(«' + !) R Dg + R Dg  J An

Trr .  r 4 1 L S  . +  T
1 L R D3 2 R Ds R D3 J Tl

p r £2 kj R (1 + M) (1 - n*) ca 2 ( ks D, . 4 k2 ■ Dj 1
C " L D3 E h  + R Dg Cp J

■'q Un R2 (2.182)

C - - Tl B

B - 3 ' ln 2

Similar procedures to the ones above are used to determine the 

remaining variable U(x;x') which is also obtained from Eqns. 2.176.

Between these relations U(x;x') is isolated and expressed in the form
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-a *2V2

f e tz - (i - /i2) k j
U(x;x') — -( £ R ) T(x;x») + I (1 - 2 £ kg) + ------- —

+  r M * 7 4 )  w < 5 > s ' >  -  S c  % +  ^  < 7 !  + 1  •  < * >  < 2 - 1 8 3 >

which, after the execution of the operations, leads to

U(x;x') «■ 2 R„(-cos7)j + [1 + cosy ln(l - COS7)] + COS7

(2.184)

where

u r f M 2  - (l - P2) k ]
An - ’ « R An + I 1 ' 2 « ks • ----- ( W * ) ----  ^  * l>

+ r ^ V  t ^  + i » * ) An

M 2 • (1 • M2) kg]t Y  -  - e R  r\ +  ( 1 - 2 5 \  - 2 (1 . ^
+ 4 r r V ) 1,

(2.185)

CU - - ( R Cr + Cp ■ |  [1 + ( ks (1 + ^)] Cq .

Equations (2.166,181,182) relating to W, T, and U variables 
respectively will constitute the basis upon which the complete set of 

the dependent variables of the system is to be determined. Thus we 

obtain the tangential displacement u^ by utilizing its relation to

the variable U(x;x') which yields
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u7 " d7 - - 2 Ref a|J PI (-cosy) ] +

+ T? [ C1S- cosy " sinir ln*1 ‘ cos?) ] ‘ °U sirtTr (2.186)

and the angular rotation p^ from variable r(x;x') such as
*7 “ d^ - - 2 Ref A^ Pj (-COS7) ] +

+  T ?  f C i S-!- c o s 7 ■ s i n ? l n <X - c o s ?> ] - ^  s i n ? (2.187)

while due to axisymmetry

u - p - 0 . (2.188)
*1 *?

The shear resultant expression follows from Eqn. (A.27) in the

form

Q7 “ 2 (1 + n) k° [ ̂ 7 + R dy ] (2.189)s

and consequently
Q - 0. (2.189')
rj

The kernel expressions for the stress and moment resultants follow
from Eqns. (A.23,24)
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N - 77" 7 (1
Eh f
- M2) R L

du
+ ft cot7 u + (fi + 1)dy y w ]

N Eh
Tli [ "

du
r, ~ (1 - „*) R  L "  dT * coty U 7 +  ("  +  X)

D f d^v IH 7  '  R  [  +  "  ' O t T '  A ,  J

H]
(2.190)

d7 + cot7 fi

and

%  " %  “ °* <2.190')

II.2.1.2 IDENTIFICATION OF THE SINGULARITIES

We examine the character of the fundamental singularity in the 

displacement and stress kernels as 7-*0 and evaluate the predictions 

of the improved theory in the vicinity of the pole. It is to be 
expected that the differences between the classical and the improved 

treatments of the shell domain are most pronounced near the point of 
application of the singular load.

By calculating the limiting values of the Legendre functions 

associated with the kernels as well as of the elementary functions 
involved we obtain for the transverse displacement W
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lira W - 2 Ref A “ sini/jr f lim ( sin « ) + CP0(«/) 
y-*0 I. n L ^  2

- Tj lim [1 +  cosy ln(l - COS7) + B COS7] 
7-*0

or

lim W - 
7~*0

2 J ^ Re[An s^n,y,rJ " lim ln(sin ?) + Const. (2.191)
7-»0 Z

It is apparent that, while the classical theory analysis predicts a 

finite response of the transverse displacement W at the point of 

application of the singular load, according to the improved theory 
treatment W is unbounded, experiencing a logarithmic singularity in 
its kernel. This finding, however, is in complete agreement with 
previous results obtained in other investigations concerning both the 
shallow and the nonshallow approach of the shell problem.

A detailed evaluation (numerical) reveals that in the limit as 7-*0 , 

the displacement variables u^ and identically satisfy

lim [ u ] - 0
7-*0 7

and

lim [ fi ] = 0 . (2.192)
7*»0

As noted earlier the above two conditions together with the 

equilibrium requirement around the pole expressed by the integral
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2*
lim I Q cos-y + N sin7 R siivy df; 1 (2.193)

constitute a set of constraints that the fundamental solution must 
satisfy. It has also been noted that their interaction with the 

construction of the fundamental singularity, when set as a priori, 
could lead to an incorrect fundamental solution. Evaluation of the 
integral shown in Eqn. 2.193 with the help of Eqns. 2.189,190 
reveals that the condition is indeed satisfied.

The singularity encountered in the shear resultant kernel is of 

the order

The character of the singularities in the stress and moment resultant 
kernels is logarithmic, same as in the classical theory analysis, and 
their limiting value can be simply written as

Re[An \ sim/*]- Tx | lim ( J ). (2.194)
J maO *7-*0

- lim ln( sin ^ ) + B
7-*0 *•

(2.195)

where, A^ and are constants evaluated between the limiting

behavior of the Legendre functions and the respective constants 

associated with the Fundamental Solutions.
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We should further note that the state of compression in the vicinity
of the load point experienced in the classical theory, lim N «--«*>,

y-*0 7

is no longer predicted by the improved theory which, in turn, 
demonstrates that approaches +«°. Thus we conclude that, under the

influence of a concentrated load applied along the outward normal, 
the vicinity of the pole is in tension. Such response is expected on 
the grounds of physical reasoning.
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II.2.2 SINGULAR SELF-EQUILIBRATED SOLUTIONS OF A UNIT MOMENT AND 
A UNIT TANGENTIAL LOAD

The construction of such singular solutions, their properties and 
their compatibility as fundamental singular solutions have been 
discussed in the classical theory analysis. As seen, solutions 
associated with types of loading without axisymmetric nature do not, 
within the framework of this study, retain the restrictive condition 

of a single singularity in the complete spherical surface. This is 

the result of the singular load state required to insure overall 
equilibrium of the domain.

We again utilize the homogeneous solutions of Eqns. 2.135,136. This 
implies that all the components of the external force vector are 

zero. However, the singularities of the general solution of these 

equations, encountered in the kernels of the transverse displacement 

W and the auxiliary function will be integrated into the

solution to yield the singular states associated with the action of 
concentrated tangential loads and moments.

The general solution for W and $ expressed in the rotated 

geographical system <7 ,»?) will be of the form

W(x;x') — y Aj Pj (COS7) + A 2 Qx (cosy) + BxP^ (cosy) + B2 P^ (-cosy) 

+ Cx Pĵ  (cosy) + C2 P* (-cosy) 1 cosrj (2.196)
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and

®(x;x') - £ AJ Pj (cos7 ) + A2 Q} (C0S7 )

+ BJ (COS7 ) + B2 (-COS7 ) j cos^ (2.197)

where

» <« + i) - 2 -

u - - I - 1 p (2.198)

' - 2 [ 1 - 4 <2 • ]*'

We should again note that because of the complex conjugate parameters 
v and A, the associate Legendre functions P^ and Pĵ  are also

complex conjugates. The implication of the above is that, in order 
for the displacement W to remain a real quantity, the arbitrary 

constants Bj, B2 and Cj, C2 are complex conjugates respectively.

Further we notice that the degree of the associate Legendre function 
P^ is also complex, although the auxiliary variable is required

to remain real due to its relation to the displacement and stress 

variables. However, the character of the parameter w, as discussed 

in Appendix C, will lead to a special case of Legendre functions 

which are real for real values of the argument and the parameter p 

while their order consists of integral non-negative values. This 
implies that the arbitrary constants BJ and B2 are real in
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nature. In addition, since P|(cos7 ) is a regular function everywhere

in the domain, its contribution to the solution of the singular 
system can be eliminated by setting A t - AJ — 0 without any loss of

generality. The above is justified from the fact that the solutions 
retained must satisfy the singular state at 7 - 0 and/or at 7 - jr.

The general expression of the auxiliary variable A(x;x') can be 

deduced from the relation

(V2 + 2)*(x;x') + -£o A(x;x') - 0 (2.199)
s ~

which leads to

A(x;xf) - - k° (V2 + 2) $(x;x')** ** S  **

or
A(x;x') - C' [ BJ (cosy) + B£ P^ (-cosy) ] c o s t ) (2.200)

where

C' - - k® [2 - w(w + 1)]. (2.201)5
The remaining auxiliary variables r and U can be derived in terms 

of W, and A. Uncoupling of the operators in Eqns. A.31,32,35

yields for T and U variables the expressions:
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where

k
r

ar - R [ 1 + 2 £ kg n - (1 - m2) e  k2 ]

k x - - [ 1 + £ kg (1 + #*) - 2 (1 - m2) e2 k| ] (2.203)

k2 - ■ ( kg [ 1 + ( kg (2 - (1 - M2) ks ) ]

k 5 -  f  k j  R [ 1 + (  ks  (1 + ] .

By utilizing the identities

V2 W(x;x') — - £ 2 A 2 Qj(cos7 ) + u(v + 1) [Bx P^(cos7 )

+ B2 P^(-cos7)] + A(A + 1) [Cx P*(cos7) + C2 Pj^(-cos7)] j cos»7

V4 W(x;x') - | 4 A2 QJ(cos7) + [v(u + l))2 [Bx P^(cos7 )

+ B2 P^(-cos7)] + {A(A + l))2 [Cj Pj^(cos7) + C2 P*(-cos7)] j cost;

A(x;x') - C'  ̂- BJ [ w(w + 1) Pw (cos7) + cot7 P*(cos7 ) ]

+ B£ [ w(w + 1) Pw(cos7) - cot7 P^(cos7) ]
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we obtain for T(x;x')

r(x;x’) - | Aj Qj(COS7) + S7 [B1 pi(cos7) + B2 P*(-cos7)]
+ S3 [Cx P*(cos7) + C2 P*(-cos7)]

+ c6 C' sin7 w(w + 1 )  [ B£ P (-COS7) - BJ P (C0S7) ]L w w

- C0S7 [BJ Py(°0S7) + B£ P^(-cos7) ] J  j cos»7 (2.204)

where

■ Cj ■ 2 c2 + 4 c4
52 “ e 1 - 1/(1/ + 1) e2 + + l)]2 e4
53 - e1 - A(A + 1) c2 + [A(A + 1)J2 e4. (2.205)

Similarly, for the remaining auxiliary variable U(x;x') we deduce

the expression

r £ [2 - (1 - Ms ) k l
U(x;x') - - £ R T(x;x') + (1 - 2 £ k,) + ----- j-— 5----- S- V2
+ r f - pa 74 ] • I  sinV  K* + <A<x ;x '> + ^<x ; x ' )) ]

(2.206)
which can equivalently be written in the form

U(x;x') = [ «j A2 Qj(COS7) + c2 [Bx Pj(cos7) + B2 P*(-cos7 )]
+ eg [Cx Pj(cos7) + C2 Pj(-cos7)]
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+ e0 £ sin? w(w + 1 )  [ B£ Pw (-cos7 ) - BJ Pw (cos7 ) ]

- C0S7 [BJ Py(cos7> + B£ P^(-cos7> ] J  - ^ A '2 sln7 DQj j cos tj

(2.207)
where

2 t [2 - (1 - m2) k„ u 
.*  -  - ( R + 1 - 2 (  ks  - --------------------  » +

«/(«/ + i) e [2 - (i - /i2> k 
eg - - * R 5, + 1 - 2 * ks - ---------- -----------------a

+ ^ V ,1^ 3 * (2.208)

eg - CONJG [ eg ]

e0 - £ R e5 C' + £ -§"£ ' + |

and

D Q i  -  ^  Q l ( c o s 7 )  -  - \ C O S 7  I n  +  1  +  — J t " .  ( 2 . 2 0 9 )

The remaining components of the displacement vector and are

deduced from the relations

U7 “ 37 ’ R s i n y

and (2 .110)

- csc7 U(x;x'),
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while the angular rotations of the normal vector B and B are
7 *1

derived from the expressions

^7 ” fy " sirvy

and (2 .111)

B̂  -  c s c 7 r ( x ; x ' ).

Substitution into Eqns. 2.110,111 of the the auxiliary variables 
leads to

U7 " ( CU Az DQ* + 2 Re[ eU + 1* fB2 Pj/(-c o s7) - Bi P|/(cos7>]
- cot7 [Bi pi(cos7) + B2 P^(-cos7)]) J  - — —  [B2 P*(cos7>
+ B2 P‘(-cos7)] + [e0 w(o) +1) - R] sin7 [BJ P^(cos7> + B£ P^(-cos7>]

R k'2
sin7 D2Q| + cos7 DQj + 2 sin7 Qj(cos7 ) j  j  c o s t ; (2.212)

where
d*D2Q 1 “ ^72 Qi (C°S7 ) - \ sin7 In J * + cot7 - (2.213)

and
u^ - - csc7 U(7 ) sinr;

U(x;x') - U(7 ) c o s t ) .  (2.214)

Similarly for the angular rotations we derive the expressions
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^7 " ( Sl A * DCi* + 2 Re[ 62 + ^  pu(-cosy) ■ Bi pl/(cos7)]

coty [B1P»(c o s 7) + B2 P>(-c o s7)]1 j (2.215)

eB
+ C>  ̂ siivy ' {1 + + ^  sirvy I [BJP^(coS7 ) + B2 P^(-cos7 >]

and

fi - - CSC7 r(7) sin»7

r(x;x') - r(7) cosrj. (2.216)

Substitution of the displacement and angular rotation vector 
components into Eqns. (A.23,24,25) will yield the expressions for the 

stress, moment and shearing stress resultants. Thus, with these last 

manipulations we have arrived at a general solution state of a 

complete sphere experiencing the effect of singular loads applied at 

both of its poles (7 - 0 and 7 - tt) . These singular loads
introduce a state of deformation and stress symmetric with respect to

the surface coordinate t] - 0. The character and the physical
interpretation of the singularities in the kernel functions of the 
dependent field variables will again be examined with the 

introduction of a limiting contour in the vicinity of the poles. This 

procedure will provide us a clear view as to what physical system the 

singularities relate to or further, to what system they could relate 

to if additional limiting constraints are imposed onto the general 
solution of the system. The singularities will again be evaluated in 
the form of the two integrals given by Eqns. 2.103,104 in which
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equilibrium around the two poles is implemented in the forms of a 
resultant tangent force and a resultant moment.

In the two sections that follow, the construction of the singular 

solution states corresponding to the action of (a) a unit 

concentrated moment, and (b) a concentrated unit tangential force, 
will be formulated by'utilizing the same general singular solution 
derived subjected to appropriate limiting conditions for each of the 
two cases.

II.2.2.1 CONCENTRATED UNIT MOMENT SOLUTION

We consider the self-equilibrated singular moment state shown in Fig. 

2-6. The physical conditions imposed onto the general solution in 

order to evaluate the arbitrary constants, which in turn will insure 
the correspondence of the final solution to the physical situation 
desired, are the following:

7T1. Symmetric transverse displacement W with respect to 7 "* 2 

expressed as W(7 ) - W(7r - 7 ).

2. The net normal displacement in the vicinity of the poles 

should vanish due to the fact that no net forces act along 
that direction. The condition, similarly with Eqn. 2.122, 
will be evaluated in the form of the integral
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2jt
W C0S7 - Uy sin7 + R sin7 0^ j R sin7 cost; d»j — 0. 

y-*n

3. The tangential displacement component in the direction of
7Tri - ± 2 should vanish as we approach the two poles due to the

character of the applied load. We view this condition again in 
the form of the integral

2 n
lim W sin7 + u C0S7 + u R siny cost) dt] - 0.
7**0 0
y-+n

4. The net angular rotation of the normal in the direction of
7T

tj - ± g must also vanish. This condition was not imposed in

the classical theory analysis because of the dependence of the 
angular displacement components onto the displacement vector. 

Such requirement is expressed in the form of the limiting 
integral

2n
lim I 0 cosrj + secy 0 sin/9 R sin7 dr/ - 0. (2.217)
7”*0 0 ^
y-*n

5. The net resultant moment in the direction of t) - 0 of the 

internal stresses around a limiting contour, must balance the 
external couple applied at the pole. This is expressed in the

lim j 
7-0 J
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form of the integral 

2 n
lim J  £  cosr; - cosy sinr; - R siny costj [ COS7 
7-fO ®

sin7 ] J  R sin7 dr; - ± 1 . (2.218)

The first of the requirements leads to the condition

A? - 0 (2.219)

while requirements 2, 3, 4 result in the following system of

equations between the arbitrary constants:

s(v) B™ + s(A) C2 - 0

eg s(r/) B2 + eg s(A) C™ + e0 s(w) Bj + | Aj - 0

62 s(i/) B™ + 63 s(A) C™ - eB C' s(w) B£ - 0

s(i/) Bj + s(A) Cx - 0 (2.220)

eg s(l/) b? + eg s(A) C? - e0 s(<o) B{ + f  A* - 0
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S2 s(u) B™ + 63 s(A) C™ + eB C' s(w) BJ - 0

where the superscript m on the constants denotes their affiliation 
with the moment solution and

2s(i/) - “ sinufr etc. n

The last of the requirements provides the following additional 

relation between the arbitrary constants:

S2 T(«/) B“ + S3 T(A) C? + C f [e6 T(») + s(w)]  (B£)m - - ^

where (2 .221)
2T(i/) - u(v + 1) — sini/7T.7T

Although the same integral must be evaluated at 7 - n , the 

requirement
W(7 ) - W(tt - 7 ) implies that

T>m nin"1 "2 f

(2 .222)



115

and consequently no additional relation need to be incorporated.

However, when such integral is formed, the moment condition at 7 - ir

is identically satisfied.

The system of equations generated is sufficient and so when solved 
the arbitrary constants are evaluated. Their particular values 
reflect the solution of the physical system described in Fig. 2-6.

The symmetry of the system about 7 " 2 fllso yields the following

relation

(B£)m - - (Bi)m . (2.222')

II.2.2.2 CONCENTRATED UNIT TANGENTIAL LOAD SOLUTION

By using the same general solution we utilize requirements 2, 3 , 4  
used in the construction of the moment solution. Their evaluation 

leads to the following set of equations between the constants:

Aj + s(i/) Bj + s(A) cj - 0

A 2 - s(«/) bJ - s(A) cf - 0

ej Aj + eg s(«/) b£ + eg s(A) c \  + e° s(«) ( B ^  + | - 0

(2.223)
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’ ey Aj + eg s(i/) b J + eg s(A) - e° s(w) (BJ^ + | (A£)fc - 0

A 2 + 52 s(u) B2 + 63 s(A) C2 - e5 C' s(w) (B^)t - 0

Aj - 62 s(i/) bJ - 63 s(A) cf - e6 C' s(w) (Bi)t - 0

Evaluation of the force resultant around the pole y - 0 leads to the 
relation

2 eg A| + eg T(«/) b £ + eg T(A) c£ - [ e0 T(w) - •L y Ji R s(w) ] (B̂ )**

+ V  <a 2>C - - • (2.224)

It is apparent that one additional condition is needed in order for
the system of equations to become complete. However, our desired 

system must incorporate two additional singular effects, a resultant 
force F — 1 with direction opposite to the one already considered 
at 7 - 0  and a resultant moment M - 2 R, both applied at 7 - n.

We proceed in the following manner. We recall the behavior of the
complete sphere with singularities at both poles encountered in the 

classical theory analysis. It was shown then that the system was 
self-equilibrated due to the fact that the singularities of the 

general solution were translated into physical terms as the system of 
forces and moments shown in Fig. 2-4. With the above in mind we 

attempt to evaluate the moment integral at 7 - 0  to correspond to a
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resultant moment of intensity M - R and direction similar to the 
one in Fig. 2-4. Such condition leads to the relation

2 Aj + S2 T(i/) b£ + 53 T(A) c£ - C' [e6 T(w) + R s(w)] (B*)*

1 -
-  - • <2 -2 2 5 >

The system of eight equations is solved in terms of the arbitrary 
constants and subsequently the two integrals, the resultant force and 

the resultant moment, at 7 - n are evaluated. The above test indeed 

proves that the singular solution derived, in satisfaction of the 

choice of limiting conditions, describes the physical system of Fig. 
2-4. Again, a moment solution needs to be superimposed onto the 

system just derived in order to achieve the solution state of Fig. 2-
5. However, since such moment solution has already been derived in 

the form of a self-equilibrated pair of unit moments, the 
superposition approach requires no additional formulation. Thus the 

kernel functions associated with a unit tangential load applied at an 

arbitrary point x'(^',0 '), or else in the introduced rotated system 
(7 ,f?) at 7 - 0  and directed along ij - 0 , will be of the form

WT (x;x') - Wt(x;x') + R Wm (x;x')

uT(x;x') - ujr(x;x') + R u?(x;x') (2.226)
9 --- 9 --- 9 ---

n T(x ;x ') - N*r(x;x') + R N™(x;x') 
9 --- 9 --- 9 ---
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T Tetc. In Eqns. 2.226 kernel functions with superscript T ( W , Mj
9

etc.) refer to the singular solutions associated with a unit 
tangential load. These solutions were constructed from the kernels 
which result from the general solution by utilizing the arbitrary

t tconstants with superscript t ( B2, A 2 etc.) and the moment kernels

multiplied by R necessary to eliminate the effect of the concentrated 

moment of intensity R accompanying the solution of Fig. 2-4. With 
these last manipulations we have arrived at the complete set of 

singular solutions for all three types of concentrated loads applied 

on the middle surface of a closed sphere incorporating into their

expressions the effect of transverse shear deformation.
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II.2.2.3 IDENTIFICATION OF THE SINGULARITIES

Since the differences between the two theories are expected to occur 
in the vicinity of the point of application of the singular load, we 

will consider the behavior of the dependent variables associated with 
the last two types of loading in the limit as

The character of the singularities experienced by the dependent

variables as7-»0 is the same for both moment and tangential load

solutions. In terms of the displacement vector components we observe

similar characteristics to those of the classical theory analysis.

Thus, the transverse displacement W vanishes as we approach the point

of application, lim W - 0 , while both tangential displacement
y-*0

components, u^ and u^, both are unbounded as a result of logarithmic

singularities in their kernels. The same is true for the angular 
displacements and which also present logarithmic behavior

in the pole vicinity.

The stress and moment resultant components also match the behavior of 

their counterparts in the classical analysis. All six components 

present singularities of order (I/7 ) and some of their limiting 

values are recorded below:

lim N® - "(1 -E|;2) r [ (1 + /1) | <A£)ra + (1 - /i) [ 2 Re{ eg B® T<*/)



lim
7-»0

lim
7-fO

lim
7-»0
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N1m

[2 C?x(u) - CP0(«/)]) j + 2 Re[ eg B™ T(i/) ]

+ (1 - n) [ e0 (B£)m T(w) [ 2 CPj (w) - CP0(»/) ] J
- [ e0 «(« + 1) - R ] s(w) (B£)m 1 lim ( 1  )

J 7*»0 7

(T'-^g)" R ( (1 + **> 2 (A2>m - (1 - /*) [ 2 Re{ eg B? T(^)

[ 2 CP j (i/) - CP0 (i/) ]} J  + fx 2 Re[ eg B2 T(»/) ]

- (1 - /*) [ e0 (B£)m T(w) [ 2 CPj(w) - CP0 (co) ] ]

- [ e0 w(w + 1) - R ] s(u) (B£)m 1 lim ( J )
J 7-*0 7

Nm -7»7 - 2 R ( 2 Re{ CU B* T(,/) (4 CPi(l/) ' 2 CP» W  ])

+ e0 (B£)m T(w) [ 4 CPjOo) - 2 CP0(o>) ] ]

+ [ e0 «(« + 1) - R ] s(«) (B£)m 1 lim ( J )
J 7-»0 7

- 2 [ (1 - M) [ 2 Re{ 52 B2 T(^) [2 CP^i/) - CP0(^)] } ]

+ 2 Re[ S2 B2 T(^) ]

- (1 - /i) [ eB C' (B2)m T(«) [ 2 CPj(m ) - CP0(w) ] ]

+ fi C ' [ e6 w((d + 1) + 1 ] s(w) (Bs>m) 11® ( t >7*+0 7
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11m " r ( ■ (1 - M> [ 2 Re{ S2 B? T (»/) [2 CPt(u) - CP0(./)] ) ]

+ 2 Re[ S2 B2 T(»/) ]

+ (1 - /i) [ e6 C' (B2)m T(w) [ 2 CPt (w) - CP0 (w) ] ]

+ C' [ <?6 w(w + 1) + 1 ] s(u>) (B£)ra 1 lim ( ~ )
J y-*0 7

lim - -( 1 ‘ g) D [ 2 Re{ S2 B™ T(»/) (4 CP^i/) - 2 CP„(»/) ])

- e6 C' (B2)m T(w) [ 4 CP^w) - 2 CP0 (w) ]

- C' [ e5 w(« + 1) + 1 ] s(w) (B2)m 1 lim ( - ) (2.227)
7 7-»0 7

Similar expressions would result for the respective resultant 
components of the tangential load solution. Their difference with the 
above expressions will be the partitipation of the additional 
constant A 2 which in the general solution accompanies the

/
independent solution QjCcosy).

The most pronounced difference between the two theories, however, was 

observed in the character of the singularity in the shear stress

resultants and Q^. It was found, in the classical theory approach,

that these resultants demonstrate a very strong singular behavior of

order . In the improved theory, however, the singularity involved

with the above kernels is logarithmic and thus integrable. We record
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below the limiting value of the shear resultant of the unit moment 
solution:

lim Q - 2 n+u)k° lira A? COS7 ln^  ■ cos7) + A? - COS7) y-*0 \ f* / s 7*»0 *•

+ A? COS7 + A? j (2.228)

where

A? - - ^  c6 C' »(u + 1) (B£)m

A? - - \ Re{ [S2 + J]T(»/) B? ) ■ J es C' u(w + 1) (B'2)m

A§ - - I eB C' (B2)m w(w + 1) CP^w)

A? - - 2 Re{[52 + J] T(^) CP^i/) B™} + J c6 C' CP0(w) u(w + 1) (B£)m

and a similar expression results for the limiting value of Q^.

Further, we should note that the character and strength of the
singularities in all the dependent variable kernels agrees with the
singular behavior previously obtained by Kalnins and Wilkinson[24]. 
The last finding will have great impact in the evaluation of physical 

problems where integration of the kernels is vital to the analysis.
The more detailed consequences of the significance of the character
of singularity in the shear resultants will be given in the next two 

chapters.
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CHAPTER III 

INDIRECT BOUNDARY INTEGRAL FORMULATION

x
III.l MATHEMATICAL STATEMENT AND BASIC FORMULATION

The Boundary Integral or Boundary Element Method has been identified 

as a very efficient scheme in treating problems of complex nature 

which are associated with the field of applied mechanics. As already 

mentioned, the ability of the technique to reduce the dimension of 

the problem by one is a key characteristic. This translates to the 

incorporation into the analysis of only the boundary information 

rather than that of the whole domain.

The starting point of the technique is the availability of the 
solutions of the governing field equations for unit excitation, or 
fundamental singular solutions. The physical reasoning behind these 
singular solutions as well as the direct use of the principle of 
superposition will constitute the basis of the mathematical model. In 
the foregoing, the Indirect Boundary Integral Method, IBIM, will be 
developed as to the Direct BIM. Even though both approaches utilize 
the same unit solutions, their formulation differs significantly. 

IBIM, in addition to simple physical reasoning, uses the concept of-a 

"fictitious" system which is embedded onto a complete domain for 
which the fundamental singular solutions are derived. On the other 
hand, DBIM requires a more sophisticated approach which is closely



124

related to Green's second identity and Betti's reciprocal theorem. 
Besides the fact that DBIM requires, from the nature of the approach, 

more computational effort, it can become rather cumbersome when 
dealing with domains governed by higher order differential equations.

We will utilize the particular closed form Fundamental Solutions 
derived in the previous chapter and the idea of the "fictitious" 
system under the following guidlines:

a. The "infinite" domain that the fictitious image of the real 

system is embedded on, in our particular case, is of finite 

extent. It is necessary, in order for the overall 

equilibrium to be preserved, to introduce forms of unit 
excitation with two singularities. It will soon become 
apparent that we cannot, in general, utilize the complete 
spherical surface as image of a real system.

b. The linearity of the real system, which allows the principle
of superposition to be applied, will give rise to the concept

of a fictitious boundary line along which the fictitious 

load vectors will be applied.

The consequence of the first statement is that only domains of extent 

equal or smaller than a hemisphere can be evaluated. Since the two
poles in the various kernels are n distance apart, the image

singularity associated with a point load at x'(^',0 '), where <f>' > ^
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, will be located at a point on the surface with <f>̂ < <f>' and thus it

will violate the physics of the effect of a point load (a point load 
to introduce singular behavior away from the point of its 
application). However, most of the spherical shell problems with 
engineering interest correspond to caps with maximum angle span of
7r2< Complete spherical vessels with internal pressure, which acts in

the form of normal traction, will not encounter the double pole 

effect due to the fact that the corresponding singular solution 

presents unbounded behavior at only one point on the complete 

spherical surface. The impact of the second statement into the 

formulation will be explicitly demonstrated when the singular 
character of the kernels is to be integrated over the boundary.

Figure 3-1. Embedding of a real domain onto a complete sphere.

Consider a spherical shell problem whose domain 3R is a portion of a 
complete sphere, of size equal or less than a hemisphere, and its 
boundary 3B is an arbitrary closed line on the spherical surface. The

Z Z
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domain 3R is subjected to an arbitrary surface traction vector qs

(with components qn , q^ and q^) and/or surface moment vector mf while

the boundary 8B is subject to prescribed boundary conditions. To 
solve this well posed problem we embed the domain of interest 3R onto 
a complete sphere whose singular solutions are available (see Fig. 3- 

1).

We denote the image domain by 3R and its boundary by 3B . The 

surface traction vector is then applied to the corresponding points 

of the new system in the form of an integral effect of unit, 

excitations. According to the nature of the fundamental singularities 

and singular solutions, equilibrating loads in the forms of either 
surface traction or point loads will accompany the original surface 
traction. It is apparent that overall equilibrium of the image domain 
as well as of the complete sphere is automatically satisfied.

To complete the problem specification we denote x(^,0) to be a field

point where dependent variables can be evaluated, x' (<£',0 ') to be a

load point where excitation occurs,£'(^r,0') a load point along the

boundary 3B , 0) a point also of the boundary where dependent

variables will be evaluated, n and n^ to be the on-surface unit— s — t

vectors along the boundary and , 0^ the surface angles between

the surface coordinate <f> and the directions of the two unit vectors, 

as shown in Fig. 3-2.
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*
qs

St
Figure 3-2. Unit boundary vectors and fictitious boundary

line tractions.

In order to create the true deformation and stress fields inside the

domain, we need to satisfy the prescribed boundary conditions along

the surface line 3B . This is accomplished through the introduction

of "fictitious" line load vectors applied along 3B . These vectors
correspond to normal loads, two tangential loads and either a normal 
moment vector to the boundary or the normal moment vector together

with a twisting couple acting along the 3B .
The required number of such "fictitious" vectors is equal to the 

number of boundary constraints that need to be satisfied, which in 
turn is determined by the shell theory used in the mathematical
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model. It should be noted that equilibrium of the complete domain is 

again preserved due to the fact that these load vectors are also 
expressed in the form of integrals of unit excitation which in itself 

is self-equilibrated. If we consider an arbitrary field point x(^,0),

at which we want to determine the displacement components and its 
stress state, then by the principle of superposition we can express 
the net effect of the actual surface traction and the fictitious 
boundary excitation in the form of the integrals

W(x) " JJ [ wTl(x;x') + wj(x;x') q^(x') + wJ(xjx') q^(x')
dR

+ Wm (x;x') ms(x') j  dR

3B

+ W"(x;£») m*(£') + Wst(x;£'> “s t ^ ^  ] dB' (3,:L)

or similarly for a stress resultant component

V s >  "  I f  [  N J <5 ;5 ' ) < < * ' >  +  £ * >  +  • £ , » < £ ! £ ’ > < ! « < £ '
dR

+ N^(x;x') ms(x') J dR

h J  [
dB

+ N <v<r> *£<r>
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+ Nj s (x ; | ' )  »*(£>) + Nj|S t<i;i'> ™*cCl') ] ■» (3.2)

s swhere quantities q^n $ $) anc* ra correspond to the components of

<£>surface traction and surface moment respectively, while q, , and(n,0 , (I)

mg and mgt represent the components of the fictitious boundary line

tractions, normal and twisting line moment vectors respectively. The 
intensity of these fictitious boundary vectors is unknown. The 

particular value that these vectors will take at any point along the

boundary will guarantee the uniqueness of the problem solution in the

sense that the specified boundary conditions of the real problem must 

be satisfied along 3B. Thus the net result in terms of a dependent 

variable is viewed as the integration of the corresponding singular 
solutions against the unknown forms of the fictitious vectors. The
remaining step toward the solution of the problem is to bring the
field point to the boundary 3B [that is x($, 8) ] , see Fig. 3-2,

and impose the requirement that the dependent variables evaluated 

from the superposition principle at would now correspond to

the respective boundary values. Thus the sample integrals above 

become

W (£) -  J J  [ Wn (£;x') q®(x') + WJ(£;x') q®(x') + WJ(£;x') q*(x')
3R

+ W ^ I j x') raS(x') J dR



130

+ 
3B
J [ »"<£;£') %(£') + h J(|;|') q*(£') + wj(f;£') ,*(£-)

+ «£<£;£’> m*(f) + »",.<£;£'> ] dB (3.3)

and similarly

• II [ N*(£ :2 ') < < £ ’> + "#<£'> + » l , <£:*■> 1*<£'>
3R

+ nJ(|;x ') ms(x') j dR

.+ J  [ »; < £ : £ ’> < ( £ ' )  +  "J,*<£:£’) ij<£'> +  *$,»<£:£'> • £ < £ ’>
3B

+ ^ , s<£i£'> ■£<£’> + N*,«<£;£'> ■ : * « ’> ] dB <3-4>

where J  is an improper integral due to the singular character of 

the kernel functions as £-+£'.

For a given shell problem, a set of boundary conditions will be 

prescribed at every point of the boundary. Thus, according to the 

mathematical form of the superposition principle expressed above, 

either four (classical theory) or five (improved theory) simultaneous 

integral equations will result and subsequently be solved for the 

unknown intensities of the "fictitious" vectors. It is apparent that 
once the functional distribution of the line load intensities have 
been evaluated then backsubstitution into the integral expressions
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will produce the value of any dependent variable at interior field 
points. The mathematical difficulty that such an integral scheme will 
experience relies upon the fact that the kernel functions are 

singular and thus the integrands of the integral expressions are 
unbounded as the field and the load points coincide. In deriving the 

singular solutions of the shell equations we also identified the 
character of the singularities in the kernels. Weak singularities, 
like logarithmic, are integrable and they are not troublesome.

Stronger singularities of order ( ^ ) are treated as Cauchy principal

values, while even stronger singularities of order ( ) are not

integrable at all. In Appendix B the common singular integrals 

encountered In the present analysis are evaluated in closed form. 

However, the treatment even of weak singularities, when associated 
with displacement and stresses, on the shell surface is not an easy 
task. In addition, for the case of the classical theory analysis, the 
kernels of the shear stress resultants contain singularities of the

order ( ~2 ) anc* thus any attempt of closed form integration will

fail. The means of bypassing the difficulty entirely will be formed 
upon the following reasoning. If one considers an additional

*fcfictitious boundary line 3B^ located away from the actual one and

whose points are in a one to one relationship with the points of the

boundary line 3B, or equivalently 3B , then the fictitious line 
load vectors can be applied along the new line rather than 3B. The 

superposition principle can still apply while the evaluation of 

singular integrals is no longer necessary. This is due to the fact



132

that the load and the field points on the boundary will never 
coincide. Theoretically, the position of the auxiliary boundary line 
is irrelevant to the formulation for as long as the one to one 
relationship between the points hold. However, when numerical 
integration rather than exact is to.be performed, the choice of the 
positioning of the auxiliary boundary will be vital to the accuracy 

of the solution and for that reason further discussion and evaluation 
is needed. In the next chapter the variation of the solution due to 
different positions of the auxiliary boundary will be demonstrated 
and analyzed.

III.2 INTEGRATION PROCEDURES AND NUMERICAL EVALUATION

Theoretically, if closed form integrations of the simultaneous 

integral equations can be performed, the solution of the particular 

problem would be exact. However, in practical problems, a closed form 

solution is almost impossible due to its dependence on the 

arbitrariness of the boundary geometry and surface traction. Thus, 

approximations have to be introduced in terms of the treatment of the 

boundary geometry and the numerical integration procedures. So we 

expect that the inaccuracies associated with IBIM to be the result of 
only the degree of approximation set as priori to the analysis.

For the particular case of spherical shell domains the discretization 
scheme will consider curvilinear boundary elements identified by 
their midpoints or nodes. The elements involved can be oriented along
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four different types of surface lines. These involve boundaries along 
adjacent circles (<f> - const.) , meridional circles (0 - constant),
arbitrarily oriented great circles and lastly eccentrically located 

circular contours. We should note that irregular boundary lines will 
be treated as a sum of portions of great circles, exact equivalent of 

straight line segments on the plane. The construction of a directory 
of' information for each element as well as the geometric properties 
and relations are extensively discussed in Appendix B. The intensity 
of the fictitious line load vectors will be assumed constant over the 

span of each boundary element. Further, for the case of distributed 

traction over the surface of the actual domain, the surface will be 

divided in "rectangular" elements between the <f> and 0 surface 
coordinates also identified by their middle points. In its general 
form, for a system of N boundary and M surface elements, the 
discretized form of the superposition principle, seen in Eqns. 3.1,2, 

calculating the net effect at a field boundary point £($,0), which in

fact represents the middle point of one of the boundary elements, 

will be deduced in the form

M

P=1 AA AA

AA AA
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N
+ ^ [ qn(£ '} J dsj + qj<r> J dSj
j-l ASj ASj

+  i * < £ ' >  J  » J < £ 1 : £ ’> o s j  +  ■”* ( £ ’ ) J  w™<£l;£’) dS]
ASj iSj

+ msc J C (£1;i'> dsj ] (3-5)
ASJ

and similarly

M

V*> ■ } [ qn (5 ’> I  NJ(£l i£') * P  + «$<£’> J ®p
P-1 A A A A

q * ( x ' )  J  N ^ y ^ j x ' )  d R p  +  m S ( x ' ) J  d R p  ]
A A A A

N
+  } [ q * ( £ ’ ) J  N j t f 1 ; ? ' )  d Sj +  q * < £ ' )  J  dS,
j-l AS. A S ,'j j

+ q«<£'> | HM < i l:£’> dsj + ms(£') | dsj
A S , AS.

+ < t  I  dSj ]
A S .

(3 .6)
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where represents the middle point of the ith boundary element

at which the field variables are evaluated, £' is a load point along

the jth boundary element and x' is a load point of the interior. We

should note that the assumption of uniform distribution of the 

fictitious vectors over each boundary element, simplifies the 
integrations by reducing the integrands to only the kernel functions 
rather than their product with the shape function of the vector 
distributions.

In order to construct the system matrix we consider two arbitrary

boundary elements, i and j, and an interior load point x' as shown

in Fig 3-3.

I X
Figure 3-3. Orientation of two arbitrary elements and a field point.
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With the discretized form we have reduced the system into the 
evaluation and subsequently satisfaction of the prescribed boundary 
constraints at N distinct points of the boundary (the nodes of the 
elements). Thus, in order for the one to one point relationship to 
hold, the auxiliary boundary,located at the arbitrary position shown, 
should also be subdivided into exactly N elements. In Fig. 3-3 above, 
4> and 0 are the global surface coordinates, y and t] are the surface 
coordinates of the local system with pole at the load point £'(^',0 ')

while and /? are the angles between the unit vectors n and n and
3 U *~S C

the global coordinate 0 of point £*(^,0). Because the boundary

constraints are expressed along the unit vectors cg and et and the

load vectors, except for the one in the normal direction, are 
accompanied by directional angles at £'(^',0 ') and x'(^',0 '), it is

necessary to transform stress and displacement vectors from the local 

to global coordinate systems and visa-versa. Such transformations can 

be deduced by utilizing the angular relationships

cosy - cos<f> cos<f>' + sin^ sin^' cos(0 - 0 ')

cos*v cos^* - cos6 
cost] - sin^ sin^'

sinr, - sln* siny* " ^  (3'7)

cosS' - cosd> cos*vcosk - --- .— 7— t ----sinp siny
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sink sinrf' slnffl - 0') 
sln7

where k represents the angle between 0 and »; coordinates 
measure counter-clockwise as shown in Fig. 3-3. Further, the boundary 
angles /9 and /9 are calculated for each boundary element and

S  L

cataloged in its directory. The derivation of their values, which 

depends on the orientation of the actual boundary line with respect 

to the global system, is discussed in Appendix B. By focusing 

attention onto a field point x(^,0), whether on the boundary or the

interior, at which the displacement vector and stress matrix is to be 

evaluated, we observe that in order for the dependent variables to be 

expressed in the global surface coordinates the following

transformations must be utilized:

u u cosk - u sink7

ufl - u sink + u cosk 
0 7

B . — B cosk - B sink 7 v
(3.8)

/ -  fi sink + /3̂  cosk

%  " %  cosk ' %  sink

q - -Q sink - Q coskrj
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while the stress and moment resultants are evaluated from the Mohr's 
circle transformations,

N, *» N cos2k + N sin2k - 2 N sink cosk9 7 *1 yn

N- — N sin2k + N cos2k + 2 N sink coskB y  tj 7 fj

N - ( N - N ) sink cosk + N ( cos2k - sin2k )
VI y *1 yt] '

(3.9) s
M , - M cos2k + M sin2k + 2 M sink cosk

4> y n y*i

M- - M sin2k + M cos2k - 2 M sink coskB y  n 71]

M - - ( M - M ) sink cosk + M ( cos2k - sin2k )v i  y  v y n

When the field point x(<f>,0) is taken to the boundary, and since the

boundary in itself has an orientation described by the angles 0s and

/?t, additional transformation must take place in order for the

dependent displacement and stress variables to be expressed along the 

unit vectors ng and nt< This is necessary due to the fact that

prescribed boundary conditions are given along these directions. The 

new transformation relations at the boundary will be of the form:

u - u. cosB + u. sinfl s <p ^s 6 's
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ut - - sin0g + xxg cos0g

P3 ~ Pfi cosP3 + Pg sin/?g (3.10)

Pt " ' P<f> sin/?s + 0$ cosf3s 

Qg - cos0s + Qg sin/?g

and again from Mohr-cirle transformations

Ng - cos20g + sin20g + 2 sin0g cos/3g

Nst "  - < V  N * > Sin^s cos^s +  V  ( cos2Ps ' sin^ s  >
(3.11)

Ms - cos2/?g + M0 sin2/Jg + 2 sin/?g cos/?g

Mst “ ( ‘ M 0 ) sin^s cos^s + %  ( cos2^s ‘ sin2^s >*

A further simplification in the rigorous analysis is the 
representation of the fictitious load and moment vectors by
statically equivalent forces and moments applied at the middle point 

of the element they are distributed over. The evaluation of these 

resultants is given explicitly in Appendix B. Their utilization
relies upon the Saint Venant's principle, according to which at some 
distance away from the loaded element the effect of the distributed
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vectors will be the same with the net effect of their statically 
equivalent counterparts. It was necessary in this analysis to adopt 

the above procedure due to the involvement of the complex Legendre 

functions in the mathematical model. These functions can only be 

evaluated in terms of their hypergeometric series expansion and as a

result closed-form evaluation of the integral J  H(x;x') dSj will not
ASj ”

be practical. As noted in Appendix B, distributed vectors with a 
certain surface orientation will be represented by concentrated 

resultant forces in more than one direction. Thus the integration of

a kernel function, say Wn (x;x'), over the element ASj can be viewed

in the form of the following sum:

J "n <£;£'> q*<£') dsj - E„ „ «n (£;£'> + E„ + »
“ j

+ Rn f0 wt,<?<£;!'> (3• 12)

where R , R ., R . are the resultant forces of the normal n,n’ n,0 ’ n ,0

boundary traction q* in all three directions and Wn , Wt ’̂ , are

the singular solutions of loads in the respective directions. 
However, when integrations are to be performed over either the same 

or neighboring elements, the asymptotic expansions of the Legendre 

functions may be used instead of the infinite series expansion. Such 

integrations would present no difficulties worth mentioning other 
than the singular behavior of the kernels when for one, the auxiliary
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and real boundaries coincide, and also the field point is part of the 

integrating element. Weak singularities such as logarithmic mentioned 
earlier, and further discussed in Appendix B, are integrated in

closed form, while stronger ones, of order ( ^ ), are replaced by

Cauchy principal-value integrals. Suppose integration is to be 

performed over the boundary element ASj which includes the boundary

point £*, the field point, and the normal resultant to the boundary

N is to be evaluated at see Fig. 3-4.

3B

3B

Figure 3-4. Geometry of the auxiliary envelope associated with the 
evaluation of an improper integral.

If the stress resultant due to the normal moment vector m is to bes

evaluated and since the the corresponding kernels contain a strong
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singularity, of order ( ^ ), then the following integration procedure

is adopted. Normal integration is carried out over the element except

for a small neighborhood around point £*, ±e, where the limiting

value of the process as e-*0 is defined as the principal value of the 
integral. Thus the complete integral will be of the form

e
Nm (£'S - lim f I N coso2 + N sina2 + 2 N sina cosa 1 dS.
s ~ *.»n J L y W  J Jc->0 t

2n

+ lim J £ Ny cos/?2 + N^ sin/?2 + 2 sin/? cos/? j R sine dtj'

Ij+1
+ lim f T N coso2 + N sina2 + 2 N sino coso 1 dS. (3.13)£,0 J M  n 7»? J j

where a and /? are the angles associated with the orientation of

the unit vector n and the stress resultant vector at-s ~

Similar procedures are adopted in the discretization of the surface 
where again the effect of distributed traction over a surface element 
is replaced by the statically equivalent force system applied at the 
middle point of the element. If integrations over an element that 
contains the field point is to be performed, we note that the strong

singularity ( — ) becomes "weak" and presents no difficulty.



143

The final step consists of the formation and solution of the system 
matrices. Eqns. 3.3,4 represent the transverse displacement and the

normal stress resultant at a node £*. For a well set physical

problem, either four or five system variables will be specified at 
each such node and consequently a set of four or five integral 
expressions for each node will result. The only unknowns of the 
system are the intensities of the fictitious load vectors over each 
element. Thus for a number of N boundary elements a coefficient 

matrix of size (4N x 4N), or (5N x 5N), will result representing the 
system matrix. After the integrations or their equivalent substitutes 

are performed, the coupled integral system reduces to a system of 

simultaneous linear algebraic equations which in turn is solved for 

the values of the unknown intensities. The construction of the main 

matrix and the contribution of the surface excitation is discussed 

further in Appendix B.

Obviously, backsubstitution o f ’ the fictitious boundary load 

distributions into Eqns. 3.3,4, or any other equivalent expression, 

will determine the value of any field variable in the interior or the 

boundary of the domain.
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CHAPTER IV

NUMERICAL RESULTS AND DISCUSSION

Having derived the singular solutions which are associated with all 
the types of surface excitation that a shell surface could 
experience, the Indirect Boundary Integral formulation is utilized to 
illustrate the use of the above solutions and also to clarify the 
behavior of spherical shells. Our intention is to demonstrate the s
response of a spherical shell under the influence of concentrated 
loads and moments and to obtain a clear picture of the effects of the 
different boundary constraints. We are also interested in evaluating 
and comparing the two shell theories. Ue expect that the differences 
in the shell' response to be most pronounced in the vicinity of the 

singular loads. Further, the performance of the developed numerical 
scheme will be compared in terms of accuracy and efficiency with the 
available analytical solutions and also with the corresponding finite 
element solution.

The different combinations of boundary conditions that' often arise in 
the analysis of shells and which have been incorporated into the 
numerical scheme, are listed below. As noted earlier, the differences 
between the two theories are also encountered in the number of the 

constraints along the boundary. The classical approach requires that 
four independent field variables must be prescribed along a boundary 
edge, while improved theory sets the requirement to five. For



example, for a boundary portion having ag “ constant, normal and 

tangent(on-surface) unit vectors ng and nfc respectively, the 

following conditions may be prescribed:

a. Clamped edge:

Classical theory: W, ug , ut, /3g 

Improved theory : W, u , u , , /?S u S u

b. Simply supported edee:

Classical theory: W, ug , ut, Mg 

Improved theory : M, u , u , M ,S C S u

c. Simolv supported.free to move in the normal direction:

Classical theory: u , u , M , Vs c s s

Improved theory : ug , ut, Mg , Mgt, Qg

d. Free edge:

Classical theory: N , T ., M , VS Su s s

Improved theory : Ng , Ngt, Mg , Mg(;, Qg



where and T are the Kirchoff's shearing stress resultants given 

by:

Tst - Nst +
M
R
st
t

The need of using the improved theory over the classical counterpart 
is no more obvious than in the case of a free edge. The classical 
approach relies upon the St. Venant's principle and its approximation 

implies a redistribution of stress in the vicinity of the edge. 
However, results obtained by the classical analysis for stress 
concentration around openings and stress intensity in the 
neighborhood of cracks could be misleading. Overall, it is not clear 
which is in fact the better theory of the two. It is known, though, 
that each theory has its own spectrum and domain of applicability.

In what follows a number of spherical shell problems are evaluated 
and compared with the analytical and finite element solutions. The 
types of problems chosen reflect the effects of the different 
boundary constraints, the various concentrated surface loads and also 
the characteristic differences of the two shell theories. The 
implications of Kircoff's shearing stress resultants are viewed 
through the numerical evaluation of a stress concentration shell 
problem with the parallel analysis of the finite element method, the 
classical theory and the improved theory model.
Lastly, the effects of openings and cracks are studied with the 

analysis of corresponding physical systems.
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IV.1 PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED 
POINT LOAD AT ITS APPEX. IBIM, FEM AND ANALYTICAL SHALLOW 
SOLUTION COMPARISON

The first of the example problems concerns the classical problem of a 

spherical cap loaded with a point load at the appex and subjected to 
clamped boundary. This problem was evaluated by Reissner[l] using the 
classical approach of the shallow theory of shells. The shell 
problem, shown in Fig. 4-1, used in the evaluation of the numerical 
results, has the following properties:

Radius R - 10 in., thickness h - .171127 in, E - 30 x 10® psi, p - 

0.25 and it is subjected point load P - 1 lb acting outward. The 
tabulated data of the transverse displacement W show the very good 
agreement between the "exact" solution, the Boundary Integral 
technique and the FEM. It should again be noted that the shallow 
treatment gives a very good approximation to the actual response 
whenever the assumption of shallowness is valid. The stress resultant 
Ngg and moment resultant M ^  as well as the surface displacement

component u, are compared between BIM and FEM treatments. We observe 
<P

that the agreement in the results is excellent. The remaining element 
resultants are also tabulated for the BIM solution only. It should be 
mentioned that based upon results, not shown here, Reissner's shallow 
solution approach can provide good approximate results even outside 
the so considered shallow region of the shell.



30°

Figure 4-1. Clamped spherical cap with a point load at its appex.

Table 4-1. Comparison of exact, IBIM and FEM solutions on the radial 
displacement W of a clamped spherical cap subjected to a 
point load at the appex.

RADIAL DISPLACEMENT W x 10"’ In

♦ -Degrees B I M F E M
SHALLOW
SOLUTION

1 .4387 .4405 .4322
2 .3945 .3963 .3883
3 .3425 .3442 .3366
4 .2889 .2906 .2836
5 .2372 .2389 .2325
6 .1895 .1913 .1856
7 .1469 .1486 .1437
a .1098 .1115 .1074
9 .0783 .0799 .0766
10 .0520 .0537 .0511
n .0307 .0323 .0304
12 .0137 .0153 .0139
13 .0006 .0021 .0013
14 -.0097 -.0076 -.0081
15 -.0163 -.0147 —.0148
16 -.0210 -.0195 -.0192
17 -.0238 -.0224 -.0218
18 -.0251 -.0237 -.0229
19 -.0251 -.0238 -.0228
20 -.0241 -.0229 -.0217
21 -.0223 -.0213 -.0200
22 -.0199 -.0190 -.0177
23 -.0171 -.0163 -.0150

• 24 -.0140 -.0134 -.0122
25 -.0108 -.0103 -.0093
26 -.0076 -.0073 -.0065
27 -.0047 -.0046 -.0040
28 -.0023 -.0022 -.0019
29 -.0006 -.0006 -.0005
30 0.0000 0.0000 0.0000
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Table 4-2. Comparison of IB1M and FEM solutions on the meridional 
displacement of a clamped spherical cap subjected to a 
point load at the appex.

DISPLACEMENT U . X. 10 "* In ♦
(J) -Degrees B I M F E M

I -.0486 -.0485
2 -.0913 -.0913
3 -.1265 -.1265
4 -.1535 -.1536
5 • -.1727 -.1729
6 -.1847 -.1851
7 -.1906 -.1910
8 -.1911 -.1916
9 -.1873 -.1879
10 -.1801 -.1808
11 -.1704 -.1712
12 -.1588 -.1597
13 -.1461 -.1470
14 -.1327 -.1337
IS -.1191 -.1202
16 -.1055 -.1067
17 -.0924 -.0937
18 -.0799 -.0812
19 -.0682 -.0695
20 -.0574 -.0587
21 -.0475 -.0487
22 -.0386 -.0398
23 -.0307 -.0318
24 -.0238 -.0248
25 -.0179 -.0188
26 -.0129 ' -.0136
27 -.0087 -.0093
28 -.0054 -.0057
29 -.0025 -.0027
30 0.0000 0.0000

Fig. 4-ib Transverse Shear Resultant Q*
B 1 M Solution

0.1

•0.2 d
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Fig. 4-ic : S tress  Resultant
B I M Solution
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Fig. 4-id : S tress  Resultant N e e
B I M  vs  F E M
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Fig. 4-ie : Moment Resultant M^
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IV.2 PROBLEM OF A SPHERICAL CAP LOADED WITH A POINT LOAD AT THE

APPEX AND SUBJECTED TO (a) SIMPLY SUPPORTED AND (b) FREE TO 
MOVE IN THE RADIAL DIRECTION BOUNDARY CONDITIONS

Consider a spherical cap with extent of 30 degrees, loaded with a 

point load P - 1 lb at the appex acting outward for the case of a
simply supported boundary, as shown in Fig. 4-2a, and inward for the 

free to move in the radial direction edge, as seen in Fig. 4-2i. The 
shell is of radius R - 10 in, thickness h - 0.5 in, E - 30 x 106 psi 

and Poisson's ratio p — 0.3. The problem is solved by both methods, 
BIM and FEM, and comparative tabulation is presented in terms of the 
radial displacement, the meridional displacement, the stress 
resultant N ^  and the moment resultant M^ .  The results of the stress

resultant moment resultant M ^  and shear resultant are also

displayed for the BIM solution.
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P

dB
3 0

V A A  V  \ v
Flgure 4-2a : Simply supported spherical cap with a point load

at its appex.

_Fig. 4-2b : Radial D isplacem ent W
B I M  vs  F E M
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Fig. 4-2g : Moment Resultant M**
B I M Solution
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dB
30°

Fig. 4-21 : Spherical cap free to move In the normal direction
loaded with a point load at its appex.

Fig. 4-2,1 : Radial Displacement W
B I M vs F E M0.05
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Fig. A-2m : S tress  Resultant N**
B I M Solution

c
•s*J3

C013
no
a.anow
V)

0.1 -
•0.2
0.3
0.4 -
0.5 -
0.6 -

-0.7
0.8 -
•0.9

1.2
8 12 a j 169 -degrees 200 4 24 28

Fig. 4- 2n :

Co
3nva:«ino

Stress  Resultant N,
B I M vs F E M

00
0.3
0.2 -
0.1

■0.1
■0.2
0.3
•0.4 -
0.5 -
0.6 -
0.7
0.8 -

B 1 M Solution0.9 -
F E M  Solution

1.2
2816 20 24t284

4>-degrees



M
om

en
t 

R
es

ul
ta

nt

160

Fig. 4-2o : Moment Resultant M^
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Table 4-3. Comparison of IBIM and FEM solutions on Mq0 of a free
to move in the radial direction spherical cap subjected 
to a point load at the appex.
<jl- DEGREES B I M F E M  (7 ^ )

-.18240
-.11592
-.07924
-.05540
-.03882
-.02703-.01850
-.01236-.00797
-.00486
-.00270
-.00125
-.00030
.00027
.00059
.00073
.00076
.00072
.00065
.00055
.00046
.00037
.00029
.00023
.00019
.00016.00014
.00013
.00011

1 -.18271
2 -.11603
3 -.07930
4 -.05541
5 -.03884
6 -.02701
7 -.01851
8 -.01236
9 -.00797

10 -.00486
11 -.00270
12 -.00124
13 -.00030
14 .00027
15 .00059
16 .00074
17 .00077
18 .00073
19 .00065
20 .00056
21 .00046
22 .00037
23 .00029
25 .00023
26 .00019
27 .00016
28 .00014
29 .00012
30 .00012
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The detailed evaluation and comparison demonstrates not only the 
excellent agreement in the results of IBIM and FEM, but also displays 
the similarities in the shell response for the three different types 
of boundary constraints. The differences are concentrated in the 
vicinity of the boundary. Because of the all-around axisymmetry in 
all three shell problems studied so far, the finite element model 
utilized the axisymmetric conical shell element . This procedure * 
reduced the problem to a line of elements and consequently allowed 
finer discretization. However, such model could only provide the two 

displacement components and the stress and moment resultants in the 

6-direction. It is observed that the more discetized the finite 

element model became, the better was the agreement between the two 

solutions. In later section the computational effort will be compared 
and analyzed. However, despite the fact that the FEM model used above 
can provide very reliable results, it cannot evaluate, as it is, the 

complete stress field. For such case, higher order elements need to 

be utilized. This results in increased computational effort.
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IV.3 PROBLEM OF A CLAMPED SPHERICAL SHELL SUBJECTED TO A POINT LOAD 
AWAY FROM ITS APPEX.

A shell problem solved analytically by Wilkinson and Kalnins[23] is 

considered. The particular problem, shown in Fig. 4-3, is portion of 

a sphere with 60-degree opening, clamped at the boundary and 

subjected to an outward point load P - 1 lb at a 30-degree angle 

away from the appex. The geometric and material properties are: R - 
10 in, h - 0.5 in, E - 30 x 10® psi and^ p 0.3. The displacement 
and stress field is evaluated along 0 - 0° and 6 - n.

Figures 4-3c to 4-3f demonstrate the state of bending and membrane 

stress as predicted by the classical theory analysis. Thus 

compressive membrane stresses are experienced at the vicinity of the 

point of application, see Fig. 4-3c and Fig. 4-3d, while bending 

stresses inrease along the- positive axis as the singular point is 

approached. In terms of comparison of the results with the available 

analytical solution, the only profound difference occurs in the 

moment resultant and near the boundary of the shell. In order to

evaluate the apparent disagreement, the finite element analysis was 

utilized. The auxiliary approach revealed, as seen in Fig. 4-3f, that 
indeed the IBIM model led to the correct solution.
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8=0

60°

Fig. 4-3 : Clamped spherical cap subjected to a point load
away from the appex.

Fig. 4- 3b : Radial Displacement W
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Fig.A-3e : Moment Resultant M^
B I M Solution

Kalnins
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Fig. 4-3f : Moment Resultant Mw
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IV.4 PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED 
MOMENT AT ITS APPEX. IBIM AND FEM COMPARISONS.

The deformation and stress field produced by a concentrated moment 

M - 1 lb-in applied at the appex of a clamped spherical cap is

demonstrated in this example. The concentrated moment acts along the 
surface coordinate 0 " 0° and the boundary angle is <f>̂  - 30°. The

shell has R - 10 in., h - .5 in., E - 30 x 10® psi and ft - 0.3. The 

example problem is treated by both numerical techniques, BIM and FEM. 

Since all-around axissymetry is no longer valid, the finite element 

model was computationally more involved. Quadrilateral shell elements 

were used to discretize half of the domain (solution is axisymmetrlc 
with respect to 0 - 0 ° ) .  The numerical results of the displacement 

components are tabulated in Tables 4-4 and 4-5, while the stress and 
moment resultants are plotted in Fig. 4.4b-4e. The presense of 

singular terms in the BIM stress and moment resultant expressions 
introduces the disimilar behavior around the point of application 

demonstrated more profoundly in Fig. 4.4b.
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dB

30°

Fig. 4-4 : Clamped spherical cap subjected to a concentrated
moment at the appex.

Table 4-4. Comparison of IBIM and FEM solutions on the radial
displacement of a clamped spherical cap subjected to 
a concentrated moment at the appex.

RADIAL DISPLACEMENT W x 10"‘ in(0 = O° )
<j>- Degrees . B I M F E M

0 0.0000 0.0000
1 -.1030 -.1030
2 -.1503 -.1505
3 -.1774 -.1777
4 -.1920 -.1925
5 -.1981 -.1987
6 -.1980 -.1987
7 -•.1935 -.1943
8 -.1857 . -.1865
9 -.1755 -.1764

.10 -.1638 -.1646
11 -.1510 -.1519
12 -.1376 -.1385
13 -.1241 -.1250
14 -.1107 -.1115
15 -.0976 -.0983
•16 -.0851 -.0857
17 -.0732 -.0738
13 -.0621 -.0626
19 -.0518 -.0523
20 -.0424 -.0429
21 -.0340 -.0344
22 -.0266 -.0268
24 -.0201 -.0203
25 -.0145 -.0147
25 -.0099 -.0100
27 -.0062 -.0,063
23 -.0034 -.0035
29 -.0015 -.0015
30 0.0000 0.0000



Table 4-5. Surface displacements of IBIM and FEM solutions for a 
clamped spherical cap subjected to a concentrated 
moment at the appex.

u A x 10<P ”7 in ( 9 =0° ) u x 10“ 7 in (0=90°)

(^-Degrees B I M F E M B I M F E M

1 -.2970 ' -.3026 .3168 .3246
' 2 -.2854 -.2902 .3180 .3243
3 -.2645 -.2687 .3125 .3177
4 -.2390 -.2429 .3034 .3079
5 -.2114 -.2150 .29?1 .2959
6 -.1834 -.1867 .2795 .2827
7 -.1558 -.1589 . 2660 .2687
8 -.1293 -.1323 .2520 .2542
9 -.1046 -.1074 .2377 .2395

10 -.0820 -.0844 .2233 .2247
11 -.0614 -.0637 .2090 .2102
12 -.0432 -.0453 .1949 .1958
13 -.0274 -.0293 .1811 .1818
14 -.0139 -.0155 .1676 .1681
15 -.0026 -.0040 .1545 .1549
16 .0064 .0052 .1418 .1421
17 .0135 .0125 .1295 .1297
18 .0188 .0179 .1176 .1178
19 .0223 .0216 .1061 .1063
20 .0243 .0238 .0950 .0951
21 .0249 .0246 .0843 .0844
22 .0244 .0242 .0740 .0740
23 .0229 .0228 .0639 .0640
24 .0207 .0206 .0541 .0542
25 .0178 .0178 .0446 .0448
26 .0145 .0145 .0354 .0355
27 .0109 .0110 .0263 .0264
28 .0072 .0072 .0174 .0175
29 .0035 .0035 .0086 .0087
30 0.0000 0.0000 0.0000 0.0000

R = 10 in h = 0.5 in E = 30x106 u = 0.3
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Fig. a-4b : Stress Resultant ib/in
B IM  vs F E M
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Fig. 4-Ad : Moment Resultant M<** 1̂ in
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It is interesting to note that while identical results are obtained 
for all three displacement components, see Tables 4-4 and 4-5, and 
moment resultants, see Fig. 4-4d and 4-4e, differences in the shell 

response are observed in the membrane stress resultants shown in Fig. 

4-4b and 4-4c. It is further noted that away from the point of 

application of the singular moment all the components of stress are 
identical. The differences between IBIM and FEM in the stress 
resultant expressions is the result of the singular character of the 
corresponding kernels of the IBIM analysis. The shallow shell 

solution presented by Lucasiewcz[15] predicts that both stress 
resultants will go to zero at the appex of the shell.

IV.5 PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED 

TANGENTIAL LOAD AT THE APPEX. COMPARISON OF IBIM AND FEM 

SOLUTIONS.

A similar shell problem (see Fig.4-5) is evaluated for the case of a 

concentrated tangential load applied at the appex along 6 - 0°. The 

various displacement and stress resultant components are plotted in 

Fig. 4.5b-5h. Again, quadrilateral shell elements were used to 
discretize half of the shell domain in the finite element model. We 
are interested, as in the previous problems, in the justification of 
the derived form of the singular solutions corresponding to the 

particular type of surface loading.



D
is

pl
ac

em
en

t 
W 

x 
10 

in

172

0 = 0

dB

Fig. 4-5 : Clamped spherical cap subjected to a concentrated
tangential load at the appex.

Fig. 4- 5b: Radial Displacement W
BIM vs FEM'

0.45

B I M Solution
0.4  -

FEM Solution
0 .55  -

0 .3  -

0 .25  -

0.2 -

0.15  -

0 .05  -

12 16 20 244 6 280
<J>-degrees



sa
aa

Ss
p-

if
)

T angential D isp lacem en t ug x  10~7 i n .

Q3 ^ g 0> C J l V L j t 0 ^ a
o

a

a

too

N)

toCD

Fig. 
4-5d 

: 
T

angential 
D

isplacem
ent 

u
9 

(0= 
90°)

degrees

M eridional D isp lacem en t x  X0~* i n

a o Ln

a

+► Cl

09

a>

CD

K>
03



174

Fig. 4-5e :
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Fig. 4-5g : Moment Resultant
BIM vs FEM
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The displacement components are plotted in Fig. 4-5b to 4-5d. These 
figures demonstrate excellent agreement throughout the extent of the 
spherical cap. Excellent agreement is also obtained for the membrane 
stress resultants, see Fig. 4-5e and 4-5f, with slight deviations 
near the singular load. Far more noticable deviations are experienced 

by the moment resultants in the vicinity of the shell appex. However, 

the solutions become identical as one moves away from the pole. Such 
differences near the singular load occur as a result of the singular 
character of the kernels in the IBIM.

IV.6 PROBLEM OF COMPARISON OF CLASSICAL AND IMPROVED THEORY OF 
SHELLS FOR THREE TYPES OF CONCENTRATED SURFACE EXCITATION.

In the foregoing, a clamped spherical cap of 30-degree opening and 
with R - 10 in, h - 0.5 in, E *= 30 x 106 and /t - 0.3 will be

subjected to a normal point load, a concentrated moment and a 
tangential load at its appex. Our intention in this set of problems 

is to verify the improved theory mathematical model and also to 
demonstrate the differences of the two theories. It is expected that 

the two approaches differ in the vicinity of the point of application 

and reach identical distributions away from it. Table 4-6 represents 

the comparison of the two theories for the case of a normal point 

load at the appex. Fig. 4.6a-f correspond to the comparison for the 

case of a concentrated moment and lastly Fig. 4.6g-l represent the 
comparison of the shell response for the tangential load excitation.
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Table 4-6. Comparison of displacement solutions of a clamped 
spherical cap. Classical and Improved theories.

Jegrees

V

CLASSICAL SOLUTION IMPROVED SOLUTION

W x 10"6 in. u $ x 1 0 " 7 in. w u *

1 0 . 4 3 8 8 3 - 0 . 0 4 7 7 5 0 . 4 4 1 4 9 - 0 . 0 4 8 2 4
2 0 . 4 1 6 3 0 - 0 . 0 9 1 5 0 0 . 4 1 7 1 6 - 0 . 0 9 2 0 8
3 0 . 3 8 7 4 2 - 0 . 1 3 0 6 1 0 . 3 8 7 3 5 - 0 . 1 3 1 1 2
4 0 . 3 5 4 9 8 - 0 . 1 6 4 4 9 0 . 3 5 4 3 6 - 0 . 1 6 4 8 7
6 0 . 2 8 6 1 4 - 0 . 2 1 5 7 5 0 . 2 8 5 0 2 - 0 . 2 1 5 7 8
8 0 . 2 1 9 0 0 - 0 . 2 4 5 4 6 0 . 2 1 7 8 1 - 0 . 2 4 5 1 6

10 0 . 1 5 8 4 7 - 0 . 2 5 5 8 6 0 . 1 5 7 4 2 - 0 . 2 5 5 3 0
12 0 . 1 0 7 0 8 - 0 . 2 5 0 2 1 0 . 1 0 6 2 5 - 0 . 2 4 9 5 0
14 0 . 0 6 5 8 4 - 0 . 2 3 2 2 0 0 . 0 6 5 2 4 - 0 . 2 3 1 4 3
16 0 . 0 3 4 7 5 - 0 . 2 0 5 5 1 0 .0 3 4 3 5 - 0 . 2 0 4 7 8
18 0 . 0 1 3 2 1 - 0 . 1 7 3 6 4 0 . 0 12 9 4 - 0 . 1 7 3 0 0
20 0 . 0 0 0 8 7 - 0 . 1 3 9 6 4 - 0 . 0 0 0 1 0 - 0 . 1 3 9 1 1
22 - 0 . 0 0 6 0 9 - 0 . 1 0 5 9 9 - 0 . 0 0 6 2 6 - 0 . 1 0 5 5 8
24 - 0 . 0 0 7 0 6 - 0 . 7 4 5 5 0 - 0 . 0 0 7 2 3 - 0 . 7 4 2 4 0

26 - 0 . 0 0 4 8 3 - 0 . 0 4 6 4 1 - 0 . 0 0 4 9 9 - 0 . 0 4 6 2 0

28' - 0 . 0 0 1 6 4 - 0 . 0 2 1 8 5 - 0 . 0 0 1 7 6 - 0 . 0 2 1 7 3
30 0 .0 0 00 0 0 .0 000 0 0 . 0 0 0 0 0 0 . 0 00 0 0
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Fig. 4-6c : S tress  Resultant
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Fig. 4-6e : Moment Resultant M#*
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Fig. 4-6g : Radial and Meridional Displacements
Improved va C lassical theory

0.8

0.7 -

c
0.8 -t~o

&
0.5 -

• *
0.4 -

JJ
co
Eoao

0.3 -

0.2 -a.a
a

1812 20 24 284 80
<J>-degrees

F ig . 4- 6h : Shear Resultant
Classical va Improved theory

0.18

Classical theory 
Improved theory

0.18 -
a•H 0.14 -

0.12 -

0.1

0.08 -o

0.08
a 0.04
44
c0 0.02 -

3■oa: •0.02
i.ao£in

■0.04 -

•0.08 -

-0.08 -
0.1

0.12 -

-0 .1 4
128 IB40 20 24 28
<J>-degrees



182

Fig. A- 6 i : Stress Resultant
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The differences in the response of the shell between the two theories 
are primarily due to the character of the singularities in the 
corresponding kernels. We recall the behavior of the shell under the 

action of a point load predicted by the different theories: The 
classical theory approach predicts that the vicinity of the load is 

in compression while the improved theory predicts tension for the 

same region. Consequently the transverse displacement function W 

experienced logarithmic singularity at the point of application for 
the improved analysis. The remaining stress and displacement 

variables, for the case of the normal load, contained the same order 
of singularity in their expressions. From the numerical tabulation in 
Table 6-6 , we observe the differences in the displacement values. The 
remaining field variables presented identical distribution throughout 
the shell domain.

For the case of a concentrated moment, the radial displacement 
results are identical, see Fig. 4-6a, while the stress and moment 
resultants differ considerably in the vicinity of the singular load, 
see Fig. 4-6b to 4-6g. We focus attention at Fig. 4-6b displaying the 
transverse shear resultant Q^. The classical analysis predicts a very

strong singular character of the order (I/7 2) while the improved 

theory introduces a logarithmic singularity in the kernel. Fig. 4-6b 

clearly indicates that the classical theory value is higher than the 

one obtained by the improved analysis.

Comparison of the response of the shell under the action of a 

concentrated tangential load, see Fig. 4-6h to 4-61, reveals that
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except for the two moment resultants and M ^ ,  the results are

almost identical. The incorporation of the transverse shear into the 
mathematical model seems to have a profound influence on the bending 

solution which is dominant in the neighborhood of the concentrated 

excitation. As it has been clearly indicated by the comparative 

results for all three types of loading, the membrane solution is 
almost uneffected by the the incorporation of the shear effect into 
the analysis.

It should be stated that our intentions, in this close examination 

and comparison of the solutions of the two theories, are to justify 

the correctness of the singular solutions of the improved theory. To 

that extend, we believe that the mathematical formulation of our 
investigation indeed led to the correct form of the singular 
solutions. The domain of application of the different theories, 
however, cannot be deduced from the above evaluation but rather from 
a two-directional approach that considers physical reasoning at the 
vicinity of the singularity as well as implementation of the effect 
of the boundary constraints. In addition, it should be stated that, 
in general, is not clear as to which of the two theories describes 
the shell field more accurately. The most distinct deviations are 
expected to appear along boundaries and their vicinities with free 
edge conditions and especially when stress concentration is a 

dominant issue.
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IV.7 THE PROBLEM OF THE EFFECT OF AN OPENING ON THE STRESS AND 
DISPLACEMENT FIELDS. COMPARISON OF CLASSICAL, IMPROVED AND 
FINITE ELEMENT ANALYSES.

In the problem that follows, the effect of a circular opening with 

free edge conditions onto the stress and displacement field, is 
studied. Special attention is paid on the stress and displacement 

distribution over the free edge. We are interested in the comparison 
of the classical and improved theory results at the free edge because 

sof the different assumptions utilized by the two theories. We recall 

that the classical theory analysis introduces the Kirchoff's

effective shearing resultants and it is reasonable to expect greater 
differences than the ones encountered so far.

We consider a spherical shell bounded by two parallel circles, see 

Fig.4-7, and subjected to a point load acting along the outward 

normal. Along with the two theories the above shell problem is also 

evaluated with the finite element analysis.
free  edge

30°
12°; 60°

clamped edge9B

Figure 4-7. A spherical shell with two boundaries (one clamped and 
one free) subjected to a point load.
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fir. 4-7b : Radial Displacement ( 0  =  0°)
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Fig., 4-7f : Moment Resultant ( 0  =  0 ° )
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Fia. 4-7h : Radial Displacement W • ( <P = 12° )
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Fig. 4- 7i : Tangential Displacement (9  = 72°)
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In Fig. 4-7b to 4-7g the stress and displacement fields produced by 
the classical analysis, along 0 — 0°, is plotted and compared with 
the corresponding finite element results. The differences between the 

two approaches are of no significant value in that region, except for 

the behavior of the stress and moment resultants near the load point. 

In the vicinity of the load the stress and moment resultants of the 
Boundary Integral analysis are unbounded while the finite element 
results for the same variables are finite. We focus attention on the 
results obtained along the free edge. Fig. 4-7h to 4-7j present a 

comparison of the displacement field along the circular free edge for 

the two shell theories and the finite element analysis. The striking 

differences occur in the radial displacement results shown in Fig. 4- 
7h. It is observed that in the part of the contour nearer to the 
point load there is excellent agreement between the classical and the 
finite element solutions. In the same region the improved theory 
predicts higher values for the displacement. However, as we move 
along the contour the classical theory results deviate from their 
finite element counterparts which in turn coincide with those of the 
improved theory. The apparent behavior is the result of the

Kirchoff's effective shearing resultants introduced along the edge. 
In Fig. 4-7k the nonvanishing stress resultant is compared for

the two theories. The difference in the behavior of the above 
variable is indicative of the important role that boundary
constraints play in the response of the shell problem.
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IV.8 ON THE PROBLEM OF A SPHERICAL SHELL CONTAINING A THROUGH CRACK

The limits of applicability of the singular solutions and the 
numerical scheme that has been developed are tested in terms of the 
solution of the problem described in Fig. 4-8. The choice of the

and Erdogan F.[30]. Their solution was evaluated analytically using 

the shallow shell theory approach. The shell is of radius R - 10 

in., h - 0.489897948 in. and the angular opening of the crack is Cl

- 14.1788183°. The above choice sets a/h — 5 (same as in [30]) and

the Poisson's ratio is p - 1/3. We consider the case of the crack 
surface subjected to uniform membrane loading ham - 1 lb/in.

shell parameters are chosen to coincide with those used by Delale F.

N,00 -

0 =ir

0

0 = 0°

Figure 4-8. A spherical shell with a through crack at the appex.
The crack surface is loaded with compressive edge 
traction.
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The IBIM model is described in Fig. 4-8b and it considers a boundary 
of axisymmetry at 0 - 0° and 0 - it . The effect of additional 
boundary away from the region is eliminated since our interest is 
focused in the neighborhood of the crack.

crack tip 0

\ ,  , ^  0=o‘
9 =  TT -----1--1-- 1--J;--1-- 1--1--1 I |   | 1--1-- 1-- 1-- 1-- 1---1--- 1----1-----

Boundary B Boundary A Boundary B

Boundary A : M 00 = q q = N ^  = M^0 = 0 , Nq0 *o 

Boundary B : Q 0 = N^0= M00 = p0 = u0 = 0 

Figure 4-8b. IBIM modeling of the crack region.

The IBIM is capable of describing the displacement and stress fields

around and over the crack surface. For reasons of comparison the out-

of-plane displacement is evaluated and compared with the results

obtained in [30], Such comparison is given in Fig. 4-8c. According to

the shallow solution, the shell bulges out around the crack but at

some distance away from the tip the displacement becomes negative.
The IBIM results show close agreement with the analytical results

with the exception that the displacement turns negative in the

vicinity of the crack tip. In order to explore the above deviation,

driven by the notion that the crack considered above is big, we

considered a very similar problem in which the angular opening of the
crack is of i - 6°. In Fig.4-8d we observe that the displacement cr
turns negative some distance ahead of the crack tip.
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Figure 4-8c : Out— of— plane crack surface displacement
C om parison  o f DIM ond C alais 's  to ln .
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Figure 4-8d: Radial Displacement of the Crack Region
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It should be noted that the above evaluation utilized the same IBIM 

routine, used to evaluate all the previous problems, and introduced 
no additional parameters that would either imply or incorporate the 

presense of a crack tip. Because it is expected that the stress 
distribution near the crack tip have asymptotic character, we 

evaluated the stress resultants in that region in order to see how 
sensitive the routine in understanding the presense of a singular 

stress field. Fig. 4-8e demonstrates that the IBIM approach indeed 

provides the expected asymptotic behavior.

Figure 4-8e : S tress  Resultant near crack tip
CRACK LOADED WfTH EDGE TRACT10II

4 .5

3 .5  -

c r  ~

2 .5  -

1 .5 -
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1 1.4 1.8 2.2 2.6 3 4.23.4 3.8
x/a ( 0 = 0 ° )
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IV.9 EFFECT OF THE "FICTITIOUS" BOUNDARY ON THE NUMERICAL EVALUATION

Except for the crack problem where closed-form singular integrations 
were performed over the boundary elements, in all previous problems, 
the Boundary Integral model incorporated the idea of the "fictitious" 

boundary to avoid integration over singular points. We should recall 

that the shear -resultant kernels of the classical theory, for the 

cases of concentrated moments and tangential forces, display a non-

integrable singularity of the order ( ) and as a consequence of

that approximate integration techniques need to be utilized.

From the mathematical point of view, for as long as the actual and 
fictitious boundaries do not- intersect and a one to one point 
relationship exists, the position of the fictitious boundary is. 
irrelevant. However, since a discrete number of points represent the 
complete boundary, the position of the auxiliary boundary indeed

effects the problem solution inside the real domain. We also expect 

that the number of boundary elements effects the accuracy of the 

final solution. To observe the variations of the solution inside the 

real domain introduced by the number of elements and the position of 
the fictitious boundary, we considered a clamped spherical cap 

subjected to a point load P - 1 lb at the appex and tabulated the 
values of the displacement components as well as the circumferential 

stress resultant and stress couple at various points inside the 
domain. These values are compared with the corresponding finite 

element solution. From the results presented in Tables 4-7 and 4-8,
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in which N refers to the number of elements and 0 «= n/UO represents 
the angular distance of the position of the auxiliary boundary from 
the real one, we observe that the variation of the position is more 

critical than the variation of the number of boundary elements.

Table 4-7. Effect of the fictitious boundary and the number of 
boundary elements on the displacement solution of a 
spherical shell problem. IBIM and FEM comparison.

W(xlO'6in)

N *4 B 6° OCNJ 18° OCM 30°

n .2831 .10456 .01154 -.00770 .000
40

b
.28786 .10842 .01399 -.00687 .000

2 n .29516 .If440 .01783 -.00550 .000

n .28340 .10495 .01195 -.00742 .000

30
b

.28790 .10855 .01412 -.00677 .000
2 n .29520 .11445 .01787 -.00547 .000

FEM Solution .2961 .1152 .01831 -.00534 .000

u (xl0“7in)
n -.2144 -.2479 -.1711 -.07279 .000

40
b

-.2165 -.2514 -.1748 -.07516 .000
2 n -.2196 -.2568 -.1807 -.07900 .000

n -.2146 -.2484 -.1718 -.07370 .000
30 I n -.2165 -.2515 -.1750 -.07540 .000

2 n -.2196 -.2568 -.1807 -.07910 .000

FEM Solution -.2199 -.2574 -.1814 -.07950 .000
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Table 4-8. Effect of the fictitious boundary and the number of
boundary elements'on the stress solution of a spherical 
shell problem. IBIM and FEM comparison.

Nq0 lb/in

N *A B 6° 12° 18° 24° 30°

40
n

b  

2 0

.2138

.2200

.2293

.0497

.0548

.0628

-.0148
-.0113
-.00567

-.000168
.00220
.0032

.02660

.02932

.03123

30
n

b

2 n

.2142

.2201

.2294

.0500

.0550

.0628

-.0145
-.01109
-.00561

-.0015 
.0034 
.00326 '

.02294

.02835

.03123

FEM Soln .2303 .06310 -.00566 .00303 .03183

M ib-in 90 in (xlG-1)

40
n

2 Q

.6199

.6222

.6256

.1231

.1290

.1288

-.0215
-.0197
-.0169

-.0296
-.0292
-.0284

.0437

.03727

.03309

30
n

b

2 n

.6128

.5221

.6256

.1230

.1254

.1288

-.0214
-.0197
-.0169

-.0291
-.0290
-.0284

.05594

.04133

.03423

FEM Soln .62578 .12909 -.01665 -.0284 .03213
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We should emphasize that the FEU numerical results do not correspond 
to the exact solution and so the tabulated values should not lead to 
the conlusion that better results, at times, are obtained with less 
elements over the boundary.

The variation of the number of elements, however, has a far more 
drastic effect in the amount of computational time needed for the 

evaluation of a particular problem. Because the system matrix of the 
boundary integral model is always fully populated and its size is 

determined according to the scheme ( 4N x 4N ) or ( 5N x 5N ), an 

increase in the number of elements does not translate into linear 

increase of the respective computer time but in a rather exponential 
type change. Thus, for the sample problem used earlier we record the 
following CPU times associated with the boundary subdivisions:

ELEMENTS CPU sec.

20 62

30 108

40 256
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CHAPTER V 

CLOSURE

V.l CONCLUSIVE REMARKS AND FUTURE DEVELOPMENTS

A new derivation of the singular solutions of the nonshallow theory 
of spherical shells and the development of the corresponding Indirect 

Boundary Integral Method has been presented. The undertaking of such 
effort was very much influenced by the fact that better mathematical 

descriptions of the the actual physical problems, when utilized in 
numerical routines, can provide a very close approximation to the 

exact solution. The BIM indeed satisfies the above statement since 
its mathematical model is derived directly from the exact governing 

differential system. Its implementation requires the existence of the 

field singular solutions. In the area of shell theory, and spherical 

shell in particular, many previous works have focused on the action 
of concentrated forces and moments. The complexity of the governing 

differential system, however, limited their application to arbitrary 

shell problems and as a result the number of complete solutions is 

minimal.

It was our intention to obtain the mathematical model of the response 
of a spherical shell under the influense of surface unit excitation 

and further to utilize the mathematical solution into an efficient
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numerical scheme. Our approach in satisfying the goals of the 
proposed research consisted of two major steps.

The closed-form singular solutions, Green's functions, for a self 
equilibrated complete spherical shell were obtained in Chapter II, 
where the complete mathematical analysis is presented. In the process 
of the derivation we were able to evaluate and discuss, the

differences of the two shell theories, classical and improved, and
draw a clear picture of the intricacies associated with their 

application on physical shell problems. Thus, complete singular

solutions for the case of concentrated unit normal load, unit

tangential load and concentrated surface moment are derived in closed 
form.

Secondly, the unique character of the derived singular solutions, 
direct consequence of the self-equilibration requirement to which 
they are attached, was utilized in the Indirect Boundary Integral 
numerical scheme that is presented in Chapter III. The particular 

formulation of IBIM, new in the area of shell theory, was designed to 

facilitate a number of different classes of problems that could arise 

within the framework of the nonshallow theory of spherical shells. 
The newly introduced mathematical and numerical formulation was 

tested and justified in Chapter IV with the solution of a number of 
representative problems. The comparison of the IBIM with the 

available analytical solutions as well as numerical solutions, 

evaluated by using the ANSYS finite element code, have clearly
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demonstrated the validity of both, the mathematical and numerical 
models that we have developed.

We believe that the goals set in proposing the investigation and 
analysis of the spherical shell problem have been accomplished. The 
contribution of the work is not solely based on the derivation and 
construction of the closed-form singular solutions, but also on the 
designing and formulation of a new very flexible and efficient 
numerical approach. Even though the static analysis is reasonably

complete, future works could utilize the basic principles to include%
additional effects into the mathematical model of the shell. Such 

effects, as rotary inertia and thermal interaction, would expand the 
applicability range of the computational shell theory in the modern 
technical world. It could be argued that already developed numerical 
techniques have the ability of solving complex physical problems. We 
believe, however, that the key characteristics of the Boundary 
Integral analysis, beeing directly related to the governing 
differential system and having the ability to reduce the problem 
dimensions by one, do provide room for the partitipation of its 

numerical scheme into the computational community of applied 

mechanics.

V.2 OVERALL COMPARISON OF IBIM AND FEM

It is apparent from the tabulated and plotted numerical data that the 

agreement between the two numerical schemes is excellent. The 

differences that occur are concentrated in the vicinity of point
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loads. These differences are the direct effect of the singular 
character of the variable kernels incorporated in the boundary 
integral analysis. However, we can argue that since the singular 
solutions utilized are exact, the BIM solution is closer to the 
actual shell response except for the vicinity of the load point. The 

above statement was justified by the observation that with finer 
finite element model the two solutions converged even further. In 

terms of CPU time, design flexibility and construction of the 

particular discretization model, we observed the following:

When dealing with an all-around axisymmetric shell problem and 

requiring a rather quick look at the shell behavior, not considering 

the complete stress matrix, FEM analysis seems to be more efficient 
since it is evaluated with the use of conical element. However, when 
all around axisymmetry is no longer present and in addition detailed 
study of the response is required, the BIM is far superior in terms 
of model construction, CPU time and design flexibility. This is 

primarily due to the fact that the bulk of the work in the BIM 
analysis is concentrated in the treatment of the boundary of the 
shell problem. It would be unfair to compare the CPU times involved 
in a strict form because the two analyses were evaluated in different 
computer operating systems. Nevertheless, a rough estimation of the 
CPU time required by both approaches revealed that for the case of 

all around axisymmetry, FEM required only 54 sec while IBIM used 

about 108 sec for a 30-element boundary. The picture was drastically 

reversed when instead of the axisymmetric conical elements, 

quadrilateral shell elements were used in the construction of the



finite element model. .The CPU time of FEM climbed to 34 minutes while 
the IBIM used the same amount of CPU time. The approximate ratio of 
the speed of the two operating systems is about 4:1 in favor of the 
system running the IBIM code.
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APPENDIX A

GOVERNING EQUATIONS OF THE MIDDLE SURFACE OF A THIN NONSHALLOW

SPHERICAL SHELL

In the following, the system- of governing equations for a thin 
spherical shell is deduced for both the classical as well as the 
improved theory of shells. The improved theory incorporates the 

effect of the transverse shear into the analysis.

The well known basic equations of equilibrium of the shell element 

are the same for both theories and they are recorded in this section. 

The primary system of equations is reduced, following the procedure 
of Berry[19] for the classical theory, to a secondary system of two 
equations governing the transverse displacement W and an auxiliary 
function, while the same primary system will be reduced, using 

Prasad's[25] approach for the improved theory, to a secondary system 
of three uncoupled equations associated with the transverse 
displacement W and two auxiliary variables.

A-l THE EQUILIBRIUM OF A SHELL ELEMENT

Consider a spherical shell defined by the coordinate system (^,0), 
shown in Fig. A-l, with Young's modulus E, Poisson's ratio /i , 
thickness h and middle-surface radius R. An element separated from
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the shell with the positive convention of the displacements and the 
element stress and moment resultants is shown in Fig. A-l.

y 98

X

Mi p g

Figure A-l. Geometry of a spherical surface and orientation of the 
shell element variables.

The equations of equilibrium of the shell element may be written in 

the form :

1 dUA0
r ( d f  + %  + cot* ( N* ' N* > + csc* ~ae > +

3 N , 3N,
r  < + 2 % e cot<l> +  csc* I T  + %  ) + q e “ 0

R  < d f  +  COt* * ( N* + N0 > +  CSC* 3T  > +  qn

(A. 1)



The above relations express the condition that the resultant vector 

of all internal and external forces acting on the element of the 
shell must vanish.

The condition for the vanishing of the resultant moment leads to the 
following relations :

1 aM/> 
r < “a* + 2 cot<f> + csc* a T  > " Q0 ” 0

R < if  +  ( M* - M* ) c o t *  + csc* " a T  > - %  -  0  <A -2 >

While the relation

- * H  + R ( V  ' %  > ‘ 0 (A’3)

is identically satisfied as a result of the symmetry of the stress 

tensor (that is, r12 " r2i « where r corresponds to the shear stress)

which, for the case of a spherical shell, implies that and

>  “  V
The stress variables in Eqs. (A.1)-(A.3) are defined as:

N^, are the membrane stress resultants;

M^f H^, are the moment resultants and

Q^, are the transverse shear resultants.

Finally, , q^ and qn are the components of the external force

vector along the <f>, 6 and normal directions respectively.



209

By confining ourselves to the linear theory of thin shells, we can 

express the components of displacement of an arbitrary point of the 
shell in terms of the displacement of its corresponting point on the 
middle surface according to the relations,

y r >  - + r

y r >  - u0 + r fig (a.4 )

w  ( f) -  w  +  c  ( r w »  +  ^  f 2 w "  >

 ̂ where u^, u^ and W are the components of the displacement vector in

<j>, 0 and normal directions respectively of a point on the reference

surface, W'and W'' are derivatives of f and they represent 
contributions to a nonvanishing transverse normal strain, and fig

are the angular displacements of the normal to the middle surface, f 
is the distance from the middle surface and c is a tracer that 
takes the value of c - 0 for the classical theory and the value of 
c - 1 for the improved theory. For the classical theory where the
transverse shearing strains and are neglected, the angular

displacements /3̂  and fig can be expressed in terms of the

displacement variables in the form

- R < U<S 

&0 " R ( u0

a w
d<f> )

JL 3W . CSC<f> gg ) • (A. 5)



The above relations do not hold in the improved theory analysis where

addition, for thin shells, the tracer c - 1 of the improved theory 
can be set equal to zero implying that the effect of the transverse
normal stress is neglected (in other words, W' - W'' - 0 ), while the

effect of the transverse shear is retained.

The strain functions can be calculated from the displacement
relations ( see Love[31] ) and take the form

p^ and fig remain independent of the displacement functions. In

(A.6)

e
H  " ■

while the curvature functions , k^ and r are expressed in

terms of the angular displacements and given by
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Between the six deformation variables described by Eqs. (A.6) and 
(A.7) three differential relations of compatibility exist. The one 
relation utilized in this analysis is recorded below and is written 
in the form

8e
sin*

80 '■

s 3  ,  .  2 , d e 0) - H  ( sin * ) +

2
a e 
80'

sin* cos*-
de
8<j>
*_

+ 2 sin * e<t>
2sin * 

R ( V + 2 ) W. (A. 8)

Because of the assumption that the shell is thin we can consider the 
transverse stress negligible and write the remaining stresses in

the form:

%  “ 7 " *  < c* + ** €0 > ’ °0 - 7 ^ 2  ( *g + A* 6* )r l-/i r l-/i r

a*5 “ 2 (l+/0 6*0 ' (A’9)

When the stresses are integrated over the thicness of the shell they 

yield the various stress and couple resultants expressed as:

- f * *  < u  + " U  > • - f 1* ( + " u 5r 1-/1 1-/1

N*0 " 2(l+/i) e*0 (A. 10)

and
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- D ( ) M r D ( k5 + f * V

(A.11)

where D denotes the stiffness constant defined by
3

D  —  j . (A.12)
12(1- » )

The changes of curvature and twist r can be expressed as

where

0 . 2Mr -  r + - f -

2
K  - - ~ h  ( + w )

R 3^

(A.13)

20 l 2 a u awk- - - — j ( csc ^ — 2 + cot$ tt + W ) (A.14)
r de 6<f>

0 _JL_ i t a w  3 2W  . r - 2 CSCP ( cotP g g )•R

The above relations yield the following equivalent expressions for 

the moment resultants

2

“ D  ̂ + ** k 0 ) + 12R
2

M, -  D ( k° + „ k” ) + ^ 5 H ,  (A.15)



The resultants of the shear stresses a, and an which do not<f>n Bn

vanish in the improved theory analysis will take the form

2 (l+/i)k°
Eh

2 (1+M)k°
Eh

R sin^ 80
1___ 2H V
a 4 r*A /)/) ' (A.16)

o
where kg is an averaging shear coefficient that results from the

parabolic representation of the shear stresses over the shell 

thickness. It can assume the value of 5/6 obtained by Reissner[3] 

for the improved theory of plates and was confirmed by Naghdi[6 ] for 
the improved theory of shells. We should note that in the classical 
theory analysis the integrals of the stresses r^n and r^n , which

have been neglected within the framework of the theory, will result 

to nonvanishing shearing stress resultants and . The apparent

contradiction is explained based upon the satisfaction of the 

equilibrium of the shell element. Thus, the representation of such 
resultants will be derived directly from the equilibrium equations
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A-2 REDUCTION OF THE SYSTEM OF EQUATIONS

A-2a CLASSICAL THEORY

We consider a spherical shell domain subjected only to normal surface 
traction qR . Within the scope of this analysis the rotations of the

normal to the middle surface vector n denoted as and fig will

be expressed in terms of the components of dispacement vector. This 

implies that the uknown variables of the system reduce by two, which 
in turn reduce the order of the governing differential system also by 
two. Their dependance onto the displacement functions is demonstrated 
by Eqs. A.5. When the appropriate expressions of the moment 

resultants are introduced into the moment equilibrium relations, 
yield the form of the shearing stress resultants which are given by

2

Q* ( 1 + > " '  1 *  ( 7 + 2 > w

% < 1+^  > - - - V  -risr-f? < *2 + 2 > W (A-17)
where

2 a i _  , a_ , 2 . a £ _
~d<f>2 ^ d<f> csc  ̂ d e 2

In the analysis that is to follow we can can safely assume that

h 2 
12R2
h 21+ op2 » 1 whenever it is appropriate to do so.
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The first two of the equilibrium equations can be satisfied with the 
introduction of a stress function F relating to the stress 
resultants through the relations below:

N, -  -^2 f  e sc  <f> *Mjr + cot^ f f + F  + ^ ( V  + 2 ) W 1 * R L 30 d<f> K J
2

N<?- - i ? [ ^ f + F + | ( V 2 + 2 ) w J  (A.18)

" V  [ COŜ  CSC  ̂ " CS°  ̂ 39 ] ’
When these relations are introduced into the third of the equilibrium 

equations we obtain a coupled differential equation in terms of the 
transverse displacement W and the stress function F in the form

( V2 + 2 ) [ ( V2 + 2 ) W + § F ] " "d” qn * (A.19)

From the compatibility relationship we obtain the second coupled 

equation relating W and F

V2( V2 + 2 ) F - ^  ( V2 + 2 ) W - R ( n - 1 ) qn . (A.20)
R

The coupled system of equations is uncoupled resulting into two 

equations governing W and F and the end result of the process is

( V2 + 2 ) [ v 4 + 2 / +  j - ( V2 + 1 - ft ) qn (A.21)
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and

( V2 + 2 ) F - j* [ -g- qn - ( V2 + 2 )2 W J . . (A.22)

The differential equation (A.21) governs the transverse displacement
W of a spherical shell loaded with normal surface traction. We 
should also note that the order of the governing system [ Eqs. (A.21) 
and (A.22) ] is eight and that is the result of the dependence of the 
rotations onto the displacement vector of the system.

A-2b IMPROVED THEORY

The primary system of equations of the improved theory, which governs 
the components of ’the displacement vector W , u^ , u^ and the

angular rotations of the normal vector to the middle surface /?̂  •and

Pq , will be reduced to a secondary system. The new governing system

will be expressed in terms of auxiliary variables which are 

introduced to simplify the analysis. The choice of the auxiliary 

variables and the adopted procedure follow the guidlines set by 

Prasad[25]. The objective of this analysis is to reduce the system to 

a set of coupled differential operators which, when solved, will lead 

to the determination of the five displacement unknowns of the system.

The various resultants introduced in Eqs. (A.l) and (A.2) can be

expressed in terms of the displacement functions in the form
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Eh T du<A 1
" ^ 7 ) 1  I « /  + w + " ( u* cot# + csc* 5 * + w > J

Eh T -jH « -  ^ 7  >jj L ^  ( 5# +  w  > +  %  oot# +  csc* «  +  w  J (A-23)
Eh f 9 "1

N00 “ 2(l+/i)R [ 8 9 csc^ + aj" ' coC^ u0 J

d  r <a i“  R  L at +  ** ( a T  c s c ^  +  c o t *  > J
d  r iM *  “  R L  ** 8 #  +  a «  c s o *  * o o C *  ^  J  <A ’2 4 >

>  ■ £!2Rifi [ 5 ^  +a ^  csc* • ^  co,:* ]

%  “ t  r ^  + i s i
*  2 ( l + / i ) k  L ^  R  H  Js

(A'25)

We should note from Eqs. (A.25) that the shear resultants are 

proportional to the shear strains defined by the combined terms

a  . i  SM. a a  i 1 3W tK nC\R 8<f> and &9 R sin^ 89' (A.26)

Thus, while in the classical theory analysis the shear resultants 

were retained only for equilibrium purposes, in the improved theory, 

by incorporating the the transverse shear effect, we related the 
shear resultant directly to the field variables assuming a linear
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transverse shear stress-strain relationship across the thicness h of 
the shell. The distribution of shear stress, however, has been 
assumed parabolic over the thickness and thus leading to the

0 £characteristic value of the coefficient k - .s 5

The components of the displacement vector as well as the angular 

rotations of the normal are expressed in terms of the auxiliary 
variables in the form

u<* " H  ' R * sin*

U0 " If CSC^ (A.27)

‘ A Sin^

^8 “ 30 CSC^ (A.28)

When Eqs. (A.27) and (A.28) are introduced into the expressions of 
the stress, moment and shear resultants, given by Eqs. (A.23)-(A.25), 
and then in turn substituted into the equilibrium equations, Eqs. 
(A.1)-(A.2), yield a set of differential operators in terms of the
auxiliary functions and the transverse displacement W. By setting the
tangential components of the external force vector, q^ and q^, equal

to zero we obtain from the second of Eqs‘. (A.l)

( v2 + 1 - n ) U - £ -̂ 2^ ff R sin^ + 2 * R cos^ ]
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+ ( 1 + /I + J ) W  + ^r - 0 . (A.29)
s s

By differentiating the relation above with coordinate * and
subtracting it from the first of Eqs. (A.l) we obtain the second 

coupled differential equation which is written as

( V2 + 2 ) « + \  A -  0. (A .30)
ks

Proceeding in the same fashion, we obtain, after substitution and 

differentiation, from Eqs. (A.2) two additional coupled differential 
operators in the form

[v2 + 1 - fx - ^ - ] r  - f j  sin * + 2 A cos*] - “ 0 (A .31)

and

( V2 + 2 - -^o ) A - 0. (A.32)
£k. s s

Finally, from the third of Eqs. (A.l) we obtain after substitution

r v2r - (1+/0 k v2u + [ v2 - 2 (1+/0 k ] Ws s
2 2

- R ( 2 cos* + sin* ) [ A - (1+/*) kg ¥ ]. + (1'gh')E~ ks qn “ 0

(A.33)

where
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o

2
212R

(A.33a)

We notice the coupling between the transverse displacement W and 
the auxiliary functions in three of the resulted coupled equations 

and also the special relation between A and variables. The 

objective of the analysis is to be able to reduce the complex system 

into uncoupled equations governing the system variables. This can be 
obtained by utilizing the five differential equations as well as the 

linearity of the various operators involved. We proceed by operating
1 2onto Eqn. (A. 32) with the linear operator Lx - [7 + 1 - ft).
s

Because of the linearity of the operators, we observe the identity

2 2( 1 + ji ) kg Lx [ V ] - ( 1 + n ) kg V [ Lj ]. (A.34)

Equation (A.29) may assume the equivalent expression

k L. U - [ s 1 1
(l+u> 89 
2 3<f>7T R sin^ + 2 9 R cos<f> ]

(A.29')
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With the substitution of Eqn. (A.29') and with the help of the 
identity (A.34), the operated form of Eqn. (A.32) yields the 
expression

| [ (V2+l-^) {V2r} ] - (l+n) V2 [ { & & &  || R sin* + 2 R »  cos * )

- (1+M+J-) W - |  r 1 +  ( v 2 + l - p )  [ {V2-2(l+p)k ) W 1
s s J s *•

- ^ (V +1-/0 (2 cos* + sin* |^) { A - (l+/i)kg ) j

2 2
+ <v2+i-/o [ L1- ^ ~ qn ] - °- <A -35>

The relation above can be written in the following equivalent form

I [ ( v 2 + i -  / i ) { v 2 r } ]  + ( i  + /i ) [ i  + M + J ] V 2 W
s L J s

+ ( l + /» ) I v2 r + J ( v 2 + i -  ,0 [ v 2 - 2 ( i  + / i ) k s ] w
s s

+ ( V2 + 1 - p ) [ f-1 'Eg > qn ] - 0 (A.36)

With the introduction of the operator Lg - - ^ [1 - £ kg(V2 + 1 ' 

fi)] into Eqn. (A.36), along with

i T  r  "  [ ( x 2 ** 1 a *  s i n *  +  2 A  c o s *  ] +  l i i k s ( A , 3 7 )

yields the expression
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g  l 2 t ( V2 + i  - fi ) V 2 r  ] -  I  [ ( V2 + i - n ) V2 ] l 2 r  
s s

R £ ( V + 1 - /i ) V { ^ 2^  sin^ + 2 A cos^ } j

+ 7T- [ V2 + 1 - ^ ) V2 W. (A.38)
* s

With the help of Eqn. (A.38) after substitutions of equivalent terms 

and manipulations of the expression , Eqn. (A.36) will govern the 
transverse displacement function W alone. The final form of the 
governing equation is expressed as

V6 W + p4 V4 W + p2 V2 W + p0 W - L0 qn - 0 (A. 38)

where

p4 - 3 - fi - ( 1 - \i ) k

P« " 1 + 2 ( l - / i ) + k ( l - / i 2 ) ( / i - 3 )  (A.-39)2 £ - * v *

Po “ 2 (~ y  1  - 2 ( 1 - /< ) ( 1 - p2 ) ks

and

2 2
L0 “ [- | ( 1 - € ks { V2 + 1 - /* ) )] (V2 + 1 - /i) [ ( 1 'Eg } ~  ]

(A.40)

Equation (A. 38) governs the transverse displacement W of a spherical
domain under the action of normal surface traction q , while q , -n  <p
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- 0 . The complete system of governing relations has been reduced

to three equations which relate to W and the auxiliary variables ® 

and A . The order of the complete system is now ten and it is due to 
the implementation into the analysis of the shear coefficient. The 
shear effect, as noted earlier, helped^introduce rotations of the 
normal independent of the displacement vector and which in effect 
represent the two additional variables of the system.
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APPENDIX B

COMPUTER IMPLEMENTATION OF THE BOUNDARY INTEGRAL SCHEME

The mathematical formulation developed has demonstrated the behavior 

of thin elastic spherical shells under static loads. The analytical 

solutions encountered, however, can only facilitate a limited class 

of shells under an arbitrary system of static loads. The analysis of 
shell domains in particular, and systems in general, of arbitrary 
plan form under such loadings constitutes the rule rather than the 
exeptlon in modern technology. The availability of several numerical 
methods helped develope procedures for the solution of the most 
general problems which could arise within the framework of the theory 
of thin shells. The full potential, however, of such methods can only 
be recognized by the efficient interaction of the mathematical 

solution and the implemented computer program.

In what follows, the principles of an Indirect Boundary Integral 
program formulated upon the introduction of geometries of physical 

systems will be outlined.
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B-l AN OUTLINE OF THE STRUCTURE OF A BOUNDARY INTEGRAL PROGRAM

In constructing the Boundary Integral program the logical steps used
in all analyses, which utilize the approach, are implemented in the
following sequence:

1. Introduction of the parameters of the system and the external
inputs

2. Generation of the input data associated with the boundary 

geometry and its discretization as well as the discretization 
of the domain.

3. Integration of the kernel functions against the shape functions

chosen for the boundary and surface elements to generate the
matrices of the system.

4. Solution of the system of equations which have been assembled in 
fashion as to satisfy the prescribed boundary conditions. Such 
solution will provide the intensities of the fictitious boundary 
vectors introduced to ensure the satisfaction of the boundary 
constraints.

5. Backsubstitution of the fictitious vectors into the integrals to

obtain the values of the dependent variables at interior points.
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B-2 GENERATION OF INPUT DATA

For the case of a shell domain describing a physical problem, a 
directory of information must be constructed that will reflect the 
particularities of the specific problem. This directory will 

incorporate the boundary conditions along different portions of the 
boundary, their geometry as well as the spacial orientation of the 
unit vectors, the accuracy of the solution associated with the number 
of subdivisions along the boundary and the form of the shape 

functions assumed over the discretized boundary. In addition to the 

boundary, information will be cataloged for the domain itself by 

specifying the type of surface traction applied and the 
discretization of the surface into elements.

• B-2a COORDINATE TRANSFORMATION

Consider the spherical shell shown in Fig. B-l where its middle 

surface is described by the cartesian coordinate system (x,y,z).

Figure B-l. Surface spherical coordinates and unit vectors.
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The parametric representation of the unit vectors e , e , and en <p

can take the form

«■ sin^ cos0 i + sin^ sinfl j + cos^ k

e^ «=* cos^ cos0 i + cos^ sinfl j - sin^ k (B.l)

e. ■» - sin0 i + cos0 j

where <f> and 0 are the surface coordinates.

Thus a vector on the spherical surface with orientation in terms of 

the surface coordinates can equivalently be oriented in the (x,y,z) 

coordinate system utilizing Eqns. B.l.

^ ^
Consider another cartesian coordinate system designated as (x ,y ,z ) 

with an orientation shown in Fig. B-2.
z(k)

Figure B-2. Fixed and rotated cartesian systems.
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The spherical surface can now be described by the primed cartesian 
system or by the new surface coordinates 7 and t] . Note that 7 - 
0 at <f> - <f>0 an<* 17 — O at 0 - 0O . A transformation matrix L

can now be constructed that will enable a vector in the primed
cartesian system to be oriented in the unprimed coordinate system. 
Such a matrix can be expressed in the form:

cos0o cos<f>0 -sin$0 cos0o sin0o

L - sln0o cos^ 0 c o s 0 q sin0o sin^0 (B.2)

-sin^0 0 cos^0

The matrix L satisfies the relation

where
L u* - u (B.3)

u - a i  + b j  + c k
u - A i  + B j  + C k (B.A)

On the other hand in order to transform a vector originally oriented 

in the (x,y,z) coordinate system to its equivalent vector in the 
^ ^ ^

(x ,y ,z ) system,the transformation matrix

c o s 0 q cos^ 0 sin0o cos^ 0 -sin^„

L - - sin0o cos0o 0

c o s 0 q sin^0 sin0o sin^0 cos<f>0

(B. 5)
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should be utilized. Thus matrix L satisfies the relation

L* u - u* . (B.6)

B-2b BOUNDARY AND SURFACE DISCRETIZATION

Let us consider an arbitrary portion of a boundary on the spherical
surface shown in Fig. B-3.

X
Figure B-3. Geometry of a surface line and spatial orientation of 

an arbitrary surface vector.

The equation of the surface line segment Lq expressed in terms of

the surface coordinates <f> and 6 is desired. Such representations 

can often be obtained through rotations of the fixed frame coordinate 

system (x,y,z). In addition, relationships between different sets of 

surface coordinates, such as ( <f>,0 ) and ( y,rj ), can provide the
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equation of the surface line Lq in terms of <f> and 0. Together with

the geometry of the surface line the orientation of surface vectors, 

such as V0(cosai,cos)9j ,cos7k), applied along Lq is also required.

Such orientations of vectors can be obtained by utilizing the 

transformation matrices in Eqns B.2 and B.5. The availability of the 

surface line geometry and the spacial description of the boundary

vectors will make their integration over the boundary segment
possible. These boundary vectors will correspond to load,
displacement or stress vectors along a real spherical shell boundary. 

The relationships between the different sets of surface coordinates 

will be constructed from the transformation matrices as well as from 

spherical trigonometric relations. Such trigonometric relations are 
associated with the properties of spherical triangles which in turn 
are deduced from the intersection of three arbitrary great circles. 
We should note that portions of great circles on the spherical 

surface are the equivalent of straight line segments on the plane.

For the spherical triangle shown in Fig. B-4

Figure B-4. Geometry of a spherical triangle.
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the following relations hold between the parameters:

sina slnb sine . .  . . .  „  OTMt , e v
sinA sinB S S c  <LAW 0F SINES)

cosa -» cosb cosc + sinb sine cosA (B.7)

cosA - - cosB cosC + sinB sinC cosa

(B. 8)

b + c B + C a B - Ctan — 2—  cos ^~2—  " tan 2 cos — 2—

b - c  . B + C . a . B - Ctan g—  s^n — 2—  “ tan 2 — 2—

. B + C b + c , A  b - c  tan — 2—  cos — 2—  “ cot 2 cos — 2—

B - C  , b + c , A  . b - c  
tan — 2—  s*-n — 2—  " co 2 S — 2— '

The analytical representation of four types of surface lines will be 
derived. These will correspond to boundaries coincident with the 

principal surface coordinates (oj- /? = const, and a2" 0 -const.),

boundaries along arbitrarily oriented great circles and boundaries of 

elliptically located circular contours. Irregular boundary shapes 

will be treated as a sum of portions of great circles (equivalent of
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representation of an arbitrary line on the plane by a sum of straight 
line segments).

CASE A ; Consider the line segment AB being part of a great circle 
oriented along the surface coordinate 7 with 7 — r;0 - constant for

all its points and associated with the rotated cartesian system

Figure B-5. Portion of an arbitrary great circle.

The trigonometric relations between the surface coordinates (<f>,0) and 

(7 ,rj) are:

(x ,y , z ) as shown in Fig. B-5. 
z

COS<f>a COS7 - COS^k
cosr?0 — sin^a sin7

sin^ sin( 0,-0 )_____fl D S (B.9)cosr?0 *» sin7

COS7 — cos<̂ acos^ + sin^asin^cos( 0 0& )
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The fixed-space surface coordinates (<f>,6) of a point x^ along the 

surface line segment AB can be obtained through the relations

tan

and

C ( * r * a ) + k i l  * - «lo 7 i  - <f>& 7 t + <t>a
2------  “ cot — 2  COS  2--- ' COS  2---

tan| — | 41 j - cot — g  s*n ~~ ~2---- / s*n  2--- (B.10)

which lead to

(6i~6a) + ki " 2 t a n l t A J

and

(Oi'Og) - kt - 2 tan’1[ B ] (B.ll)

where quantities A and B above correspond to the right side of Eqns. 
B.10 respectively. Finally one may easily obtain from Eqns. B.ll for

#i

6 . - 6  + tan"^[ A ] + tan"^[ B ] (B.12)
1  Si

and consequently for <f>̂  from Eqn (B.9)

<f>. — cos"^[ cosy.cosd + siny.sini cos( n - rj0 ) ]. (B.13)
X l a  l a
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If represents the angle between ^  and the normal ng to the

boundary in the tangential sense measured CCW from ^  then one may 

write

while Is deduced from Eqns (B.ll).

Thus for a portion of the boundary along a great circle the 
discretization will take place over the new coordinate 7 while tj - 
rj0 - constant.

CASE B ; We consider a point x^ located along the "circular" contour

shown in Fig. B-6 , with surface coordinates in the rotated system 
^ ^

(x ,y ,z ) given by 7i - and 17̂

Figure B-6. Arbitrary circoular contour on the spherical surface

(B.14)

Z

y
00
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The fixed-space surface coordinates (<f>,9) of x^ will be governed by 

the relations,

<f>̂  - cos cosy cos^0 + siny sin^0 cos( ir - ) (B.15)

and

r  ( 0 . - 0 o )  +  k i  1  n  '  I t  1  -  <f>o 7  +  ^ o
tan I  g-------- " cot — 2—  cos — 2--  ^ cos — 2---  (B.16)

r  ( 0 , - 0 o )  -  K  1 *  -  V i  7 - ^ o  7  +  ^ o

tan I g------  I " cot — 2  sin — 2--- ^ sin — 2--

yielding for 0 ̂

0± - 60 + tan"1 ! A ] + tan"1! B ]. (B.17)

The angle between <f>̂ and n1 can be deduced from the relation

f}̂  - n + k^. (B.18)

Thus the discretization of such contour will take place along the 
17-coordinate of the rotated system.

CASE C & D : These two cases correspond to boundaries along (ft — <f>0 -

const, and 0 - 0O - const, respectively. Since such boundary lines

are expressed in terms of the principal surface coordinates no 

special treatment is required.

The analysis above provided the closed-form relations between points 

along specific contours. Such relations, vital to the integration of 

line vectors with both magnitude and spacial orientation, together 
with the transformation equations can provide the matrix of specified
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points. These points are usually the middle points or nodes of the 
boundary elements where the boundary conditions must be satisfied. 
Thus, the properties of each element will be carried by the element 
node. The specification of the boundary type and consequently the 
utilization of the above analysis will yield a discretized boundary. 

Thus, for an arbitrary boundary, constrained with different sets of 
boundary conditions along its span, the key points will be 

recognized. The interval between two consecutive such points will 
corespond to a type of geometric boundary ( four types are included 

in the discretization analysis). The number of subdivisions for each 

boundary segment will be incorporated and the portion will be divided 

into that many elements. By utilizing the relations which provide the 

surface coordinates of arbitrary points, the location of the nodes of 

the elements in terms of the global surface coordinates will be 

obtained and cataloged. The orientation of the boundary, as seen from 
the global frame, with respect to the actual domain will provide the 

orientation of the surface unit vectors of each node. As mentioned 
earlier, boundaries of irregular shape will be approximated with 
portions of great circles between selected points. The numbering of 
the elements, and consequently of the nodes, will be global, while 
the sequence of the different segments is insignificant for as long 
as the boundary coditions that exist for each node follow the same 
sequence. The last statement is of critical importance since it 

dominates the procedure of the construction of the system matrix and 

it will be discussed in that section.
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The subdivision of the domain will only occur when distributed 
surface traction applies at the surface of the domain. For the case
of concentrated loads applying on it the only information needed to 

be cataloged is the surface coordinates, the type, the strength and 
the direction of the singular load. For the case of surface traction, 

the domain is subdivided into elements in an effort to integrate the 
effect of the traction into the system equations. However, such 
discretization will not lead to an increase of the matrix but rather 
introduce the effect of the full surface traction vector at each 
boundary node.

The types of surface traction introduced in this analysis inlude 

normal surface load, wind load and own weight. Subdivisions of the 

surface can only be performed in domains bounded-by the principal
coordinates of the surface. The effect of the traction over each 
element will be the effect of its equivalent concentrated vector

applied at the middle point of the surface element. Such equivalent

concentrated vectors will be obtained by utilizing the relations 

governing the orintations of surface vectors and provided by the 

transformation matrices introduced earlier.

B-3 INTEGRATION OF THE KERNEL FUNCTIONS ALONG THE BOUNDARY

The implementation of the Boundary Integral Scheme requires the 

construction of the system matrices. Such matrices are constructed in 
a manner which enforces the satisfaction of the specified conditions
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along the boundary. The system will be solved to determine the values 

of the fictitious load vectors applied at the boundary. The number of 
boundary constraints required will determine the number of such 
unknown vectors and thus the size of the system. The contribution of 
both the real surface load vectors and the fictitious boundary 
vectors is demonstrated in the following expression

where

Y(x) - a system variable, such as displacement or stress,

at a field point x(<f>,8)

Y^(x;x') - is the kernel function ( fundamental solution ) of

the variable Y(x) associated with the field point

q* - the surface traction vector

[ q^ ] - fictitious load vectors applied along the boundary

R - spherical shell domain 
SB - boundary of the domain R. 

x'(B) - load point at the boundary

We should note that if closed form integrations are performed, the 

integral equations that result from Eqn. B.19 can provide the exact 
answer to the particular problem. However, such closed form solutions
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are rarely possible and instead the boundary Integral equations
become discretized and take the form

M N
Y<5> “ 5 [ J qs ^p] + I [ J Yitx;x'(B)] [q*]1 dSj ]

p-1 M p j-1 ASr

(B.20)
where

M — number of surface elements

N - number of boundary elements.

Special attention is focused onto the discretized closed boundary 
integral, which is now expressed as the sum of the integrals over 
each boundary element. The fictitious load vectors correspond to line 
tractions in the normal and the two tangential directions And also 
normal and twisting line moment vectors. The normal line moment is
directed along the on-surface normal vector to the boundary line 
while the line twisting moment applies along the boundary line and 

only when the improved theory is in use. The task of the scheme is to 
effectively integrate the product of the kernel and load functions 

over each element utilizing the directory of information established 

for each such element. For this analysis the intensity of the unknown 
vectors will be constant over each element and thus the shape funtion 
will be unity. Further, for reasons of simplification of the 

integration process, the line vectors will be replaced by a 
statically equivalent system of resultant forces applied at the node 

of each element. It is necessary to incorporate such approach because
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of the particularities of the kernel functions. These kernels are 
mainly expressed in terms of complex Legendre functions which in turn 
are evaluated from the infinite hypergeometric series. Integrations 
will only be performed over the same or neighboring elements where 
the Legendre functions can be expressed asymptotically.

Consider the load and moment tractions shown in Fig.B-7 and the unit 
vectors associated with an arbitrary point Xj and the middle point xm

of the element (i,i+l).

Figure B-7. Fictitious load and unit vectors of a boundary element.

The resultant of a line vector along the element is simply the 
integration of its inner product with the unit vector at xm . Thus,

for the four types of boundary we obtain a set of resultant forces

X

designated by w**ere the first subscript denotes the direction
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of the resultant and the second denotes the direction of the 
distributed vector. We examine the four cases separetly:

CASE I; For an element along <f> - constant tf(i) - ^(i+1) - <f>m and

Hence

dS_ - R sini d0 a m

R - 2 R q sin^ [ cos2<f> (0 -0.) + sin2^ sin(0 -0.) ]n,n Mn rm 1 Mn ' m V rm ' m V 1

Vn - 2 R % sln̂ m cos#m < sln< W  ' <V'l> 1
R* , n - °

R , - 2 R q , sin2^ cos^ [ sin(0 -0.) - (0 -0.) ] n,$ <̂f> rm rm 1 ' m i '  ' m i' J
R. , - 2 R q, sin^ [ cos2<f> sin(0 -0.) + sin2^ (0 -0.) ]<p,<p H<f> rm 1 ' m i' ^m' m V  1

R0 <f) - 0 (B.21)

R n , «  -  0
V *  -  °

V s  ■ 2 R q<? sln*m sln(W

M - 2 R m sin^ sin(0 -0.) s,s s rm m i 7
M. - 0 t, s

M . —0 s, t
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Mn,t “.2 R mt sin2*m cos^m 1 sin(W  ‘ < W  ]

where  ̂are the resultants of the moment vectors.

CASE II: For a boundary element along 0_ - const. - 6 ,U wm
dSg — R d^ and hence,

R _ " 2 R q sin n,n n ,rm I
R , - R. - 00,n 9 ,n

R . - R- , - 0 n,^ 9,<f>

~ 2 R y  sl" ( w (B.22)

Rn,0 " R<f>,9 " 0
Re,e “ 2 R qe (W

M - 2 R m sin(^ s,s s 'rm
M. - M - M — 0 t,s s,t n,t

Mt.t " 2 R ”t

CASE III: For a boundary element along a great circle other than the
principle ones and surface coordinates in the (y,ij) system,
n, - n — const, and dS_ — R dy.I m B
Hence
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L  „ “ 2 R o sin(7 -7.) n,n ''m 'i7
R - r - 0 s,n t,n

R - R. - 0 n,s t,s
R - 2 R q (7 -7.) s,s v'm 'i7

R„ - Re - 0XI | t S | tz

(B.23)

Rt,t -2 R % sln<VV

Ms,S " 2 E ms
Mc t - 2 R mt (t.-t *)

«s,t ’ Mt,s - Mn,s - Mn,t - °
where s and t are the orientations of the unit vectors as shown in 
Fig.B-8.

■ ' N
r

CASE IV: For a boundary element along a "circular" path as shown in
Fig.B-9 together with the orientation of .the tangent unit vectors cs
and et, 7̂ - 7̂  - constant and dS^ - R sin7mdq.
Hence

R » 2 R q sin7 [ cos27 (n -n.) + sin27 sin(»7 -rj.) ]n,n Mn 'm 1 'raw m 'i7 'm ''m 'i7 1
R - 2 r q sin27 COS7 [ sin(n -n.) - (1? -n.) ]s,n Mn 'm 'm 1 ''m 'i7 x'm 'i7 J
R. - 0 t,n

V.



2 R qg sin27 cos7m [ s i n ^ - ^ )  - ^

2 R q [ c o s 27 siti7 sin(n -n.) + sin27 (n - 1 'm 'm ''m 'L 'm ''m

2 R sin?m sin< V l|i)

2 R mg sin7m sinC^-^)
M. - M - 0 t,s n,s
2 R mt [ cos27m sin7m sin(»7m-»71 
2 R mt sin27m cos7m [ sinCr^-f^

) + sin27m (,m

> • < V ’i> )•
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B-3a EVALUATION OF SINGULAR INTEGRALS

When integration of the kernel function against the load vector is to 
take place over an element which contains the field point as well as 
the load point, particular attention is paid to those kernels that 
contain singularities. The singular behavior of the kernels results 
from their association with the Legendre functions (see App.C). The 
order of the singularity, however, will determine wether a kernel 
function is integrable or not. The strongest singularity encountered 
in the analysis is of the order I/72 and is found in the shear 
resultant of the classical theory. Singular integrals involving such 
function cannot be evaluated in closed form. Further, weaker 
singularities can in fact be evaluated either in closed form or as 
Cauchy principal values. Such integrals that are encountered in the 
analysis are listed below:

-  J dSB
4SB

12 - j cosy ln(l - C0 S7 ) dSg (B.25)
B

13 - I ln(l - COS7 ) dSfi
k

Integral Ix posseses a strong singularity and its evaluation will be 

in terms of the principal value of the integral. That value will be
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determined with the help of an envelope, shown in Fig.3-4, by 
approaching the singular point at the boundary from'inside.

We should also stress the importance of the boundary angles as well 
as the directional angles of the kernels. This particular point is 
extensively discussed in Chapter 3. Thus for the envelope shown, the 
integration of a kernel K(x;x') over the element AS^ can be written

in the equivalent form

(B.26)

where
K_ - singular part of the kernel

K_ - regular part of the kernel.

Also

A

(B.27)

where
dS R siny' dc (B.28)

€

The remaining two integrals are weak and can be evaluated in closed 
form. Thus, for a boundary element along either 9 - const, or 17 -
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determined with the help of an envelope, shown in Fig.3-4, by 
approaching the singular point at the boundary from inside.

We should also stress the importance of the boundary angles as well 
as the directional angles of the kernels. This particular point is 
extensively discussed in Chapter 3. Thus for the envelope shown, the 
integration of a kernel K(x;x') over the element AS^ can be written

in the equivalent form

(B.26)

where
K„ - singular part of the kernel

- regular part of the kernel.

Also

A

(B.27)

where
dS R siny' de (B.28)e

The remaining two integrals are weak and can be evaluated in closed 
form. Thus, for a boundary element along either 0 - const, or rj -
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dSg ” R sin^B dfl

C0S7 - cos^H + sin 2̂ cos(0 -0). (B.31)d d m
Thus,

A0
I 2 -  J  COS7 ln(l-cos7) sin^g R 6.0

-M

- 4 R siring ln[sin^g] (A0 - sin2^fi sin{A0} )

AO A0
+ R sin^g J  ln(l-cosfl') 60 * - R sin3^g J  cosfl' ln(l-cosfl') 6.0'

-A0 -A0
(B.32)

where M  — 0 - 0  ̂ and the two integrals above were evaluated

previously.
Further we should note that when integrations of the kernels are to 
be performed over surface elements that contain both the field and 
the load point, the singularities up to the order 1/7 are all weak 
and can be integrated with no difficulties.

B-4 ASSEMBLY AND SOLUTION OF THE SYSTEM EQUATIONS

The first step toward the solution is to effectivly assemble a system 
of linear algebraic equations, which will substitute for the integral 
equations of the system, incorporating the boundary information for 
the particular problem. Thus for N discrete boundary elements and
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n number of specified conditions we can express the governing system 
in the form of the matrix relation

L if>* + S - BC (B.33)
where

L - nN x nN fully populated system matrix associated
with the integrations of the fundamental solutions.

- nN x 1 vector of the fictitious boundary loads
S - nN x 1 vector whose elements correspond to the

accumulated effect of the known surface traction ^ 
at each node

BC - nN x 1 vector of the specified boundary conditions
at the N nodes ( the number is four per element for 
the classical theory and five for the improved 
theory).

In relating two arbitrary elements on the discretized boundary, 
designated by i and j where i is the element where the constraints 
must be satisfied and’ j is the element loaded with the fictitious 
line loads, the following parameters are identified:

f t  tj - J K ( x^ ; Xj ) dSj , where K refers to the
ASj

fundamental solution associated with a field variable, such as 
displacement or stress, specified at the boundary node i and 
represents the effect of the fictitious load vector of type t 
distributed over the element j .
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[ (j) ] “ intensity of the fictitious load vector over the jth
boundary element and of type t.

Sk (i) - accumulated effect of the known surface tractions at

node i in reference to the field variable specified
as the kth boundary condition.

BC^ (i - specified kth boundary condition at the ith node.

£Thus if K (x^;xj) is the fundamental solution of the transverse 

displacement and t refers to the normal load vector, then

J  k'xx^Xj) dSj -  J  Wn(x1;Xj) dSj. (B.34)
dSj dSj

However, since the integration for the case when i r* j has been 
replaced by the effect of the resultant forces applied at the jth 
node, the integral expression will take the equivalent form

J W "  dSj -  R n , n  « n  +  R n , *  w t '# +  Rn j  ^  <B '35>
“ j

where

Wn - fundamental solution of W due to normal load

_ fundamental solution of W due to a tangential load
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position of the actual domain in reference to each boundary segment 
and the different sets of boundary conditions as well as the values 
of these constraints at the boundary. Further the external forces 
applied over the domain are read together with their intensities and 
surface coordinates. Lastly the field points, at which the stress and 
displacement matrices are to be calculated, are read and stored in an 
array. The last input is a counter that controls the stress and 
displacement output.

The program can facilitate four different boundary geometries and 
five different sets of boundary conditions. These include constraints 
of fixed, simply supported, free to rotate, free edge and symmetric 
boundaries. For the specisl case of a crack problem, which falls 
under the free edge boundary constraint, a special counter is read 
indicating that attention is to be paid to the element neighboring 
the crack tip.

B-5b PROCESSING OF INPUT DATA AND EXECUTION

The different boundaries are discretized using the relations 
introduced earlier in this section and the coordinates of the nodes 
as well as the orientation of the unit vectors at each node are 
calculated and entered into the element directory. Also the resultant 
forces over each element are calculated and stored. When the element 
directory is completed, the construction of the system matrix begins.
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The elements of the system matrix are generated by means of Eqns.(B- 
[33-35]). A special subroutine has been designed that minimizes the 
computer time needed to evaluate the complex Legendre Functions.

The completion of the matrix L is followed by the implimentation of 
the subroutine SSLAE designed to solve a general system of 
simultaneous linear algebraic equations by means of Gauss-elimination 
with complete pivoting. The output of the subroutine SSLAE is stored 
in an array and utilized, together with the external force system, to 
calculate stresses and displacements at interior points. The stress 
matrix consists of eight stress resultants while the displacement 
calculations include all three components.
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APPENDIX C

PROPERTIES OF LEGENDRE FUNCTIONS

The Legendre functions aresolutions of the Legendre differential 
equation

<l-z2) 0  - 2 z ^  + [ „ ( „  + 1 ) - P2 (1.22)-1 j „ 0 (C.l)

with parameters v , n unrestricted complex numbers.
We seek the properties of the solution of Eqn.(C.l) for the case of 
variable z beeing real and between -1 and +1. In this case the

fundamental system of solutions are denoted by P^ ( x ) and ( x )

[ or also by P^ (cos<f>) and ( c o s ^ )  with 0 £ <f> £ n ]. They are

called Legendre functions of the first and second kind respectively. 
It is most efficient, in terms of the numerical evaluation, to 
express the Legendre functions in terms of hypergeometric functions 
which, in turn, can be calculated from their infinite series 
expansion. Thus for the case of integer values of p, for /x > 1 the 
functions are noted as associated Legendre functions, their 
evaluation is obtained according to the relation

l
T (t'-m+l) m! P™ (x) - (-2)’m T (»/+m+l) (l-x2)2™

X F( 1+ra+y, m-t/; 1+m; *  ̂* ) (C.2)
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where
CO

F ( a, b ; c ; y ) r(b)rH e F(a-fn) IVb+n) vn 
T(c+n) n! (C. 3)

n«0
and T ( s ) is the Gamma function of a complex argument s.
Except for the case u - 1 the Legendre functions of the second kind 
were used as First kind functions according to the identity

The evaluation of the Legendre functions ( ft - 0 ) of the first kind 
will be obtained from special forms which converge most rapidly in 
the vicinity of the points ^ - 0, jt/2, and n and it will serve both 
P^Ccos^) and P^C-cos^) when the appropriate intervals are switched.

Thus for points near <f> - 0, we use

P^(-x) - P£(x) cos[tt (i/ + p)] -2 ir'1 Q^(x) sin [«• ] . (C.4)

P^(cos^) - F’ ( -v, i/+l; 1; sin2 g )• (C.5)

For points near <f> - n /2, we use

p^(cos^)
c o s ( ujt/ 2 )

sin(i//x/2)

(C. 6)



256

and for points near 4> - it, we use 

coBun pv(coat) " [loSi7j + H^+l) + + 2 C jF^

■ m  [ b ]r-0 cr —1

where x - cos<f>, ^(...) denotes the logarithmic derivative of the
Gamma function, C is the Euler's constant or else defined as C - 1)
and (i/)r is defined by

(*/)r " v (y+1) («/+r-2)(i/+r-l). (C.8)

Xhe associated Legendre functions and their derivatives are
calculated from the following recursion formulas:

Pi (cos<f>) - ̂  J £ Py+1(cos^) - cos<f> Pi/( c o s J  (C.9)

P™ (cos$) - - [2(m - 1) cot$ Pi/m~^(cos^)

+ (j/ - m + 2)(i/ + m - 1) P™"2(cos^) j (C.10)

and they are also valid for the function P™(-cos^) for which <f> is

replaced by it - <f>. The derivatives with respect to <f> are calculated
from

-i/, t/+l; 1;

(C.7)
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P^cos^) - P* (cos<f>) 

P^-cos^) - - pi (-cos<f>) (C.ll)

d$ **!/ ^*cos^) " - m + l)(i/ + m) P̂ J ^cos*) - m cot^ P™(-cos$).

A particular case of the Legendre functions is the one of order u —

2 + it which eventhough retains all the properties (except for a

number of recursion formulas) of the Legendre functions it is real in 
the domain -1 to +1 despite the complex parameter v. For large values 
of r the following formulas hold:

The limiting conditions of the kernels encountered in the analysis 
are satisfied with the use of the following limiting values of the 
Legendre functions:

(cos^)

and

l
(-cos^) <»-*) [ x + - 4

2 T t* + 0(72) ].
(C.13)

lim P (cos^) — 1 
<j>+0 v



lim P (-cos^) — (2/n) sin i/tt [ ij>(u + 1) + C + lim log 
<f>->0 v <f>-+0

+ cos un

lim P* (cos^) - - lim i/(j/ + 1) $/2«̂0 <f>-+ 0

lim P* (-cos<f>) - - (2/?r) sin un lim [ l/<f> - 
<f>-* 0 <j>~* 0

- <f> u(u + 1) (?r cot utt + K)/4 ]

lim Q (cos<f>) - -[ lim log sin($/2) + r/>(u + 1) + C ] 
u <f>-*0

lim Q1 (costf) - lim [ -1 /<f, + <f> u(u + 1) K / 4 ]
0  u  <f>-* 0

where
K - 2 log sin(^/2) + rf>(u + 2) + r}>{ u  ) + 2 C - 1.

Also from the relationship between P®  ̂+ ^(-cos<f>), P™ 

and Q™.5 + ir(cos^^:

P-.5 + ir<“cos*> “ cosh r,r [Q-.5 + ir(cos^) + Q-.5

258 

sin(tf/2) ]

(C.14)

(C.15) 

+ ir(cos^)

_ ir(cos^)] 

(C.16)

/
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we obtain the limiting velues of the spherical toroidal functions

P™ 5 + which are also real as seen from the relation above. We

should note that in general that the functions of the second kind

Q™ 5 + x ) can assume complex values. However in the interval -1 S
v

x ^ 1 the functions Pm c . . (-x) are defined as solutions of the- . 5 + ir '

Legendre equation linearly independent of Pm  ̂+ an<* considered

as solutions of the second kind. But it obvious though from the last
relation that the final result is real since the quantities inside
the brackets are complex conjugates.
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