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ABSTRACT

SINGULAR SOLUTIONS AND AN INDIRECT BOUNDARY INTEGRAL

FORMULATION FOR SPHERICAL SHELLS
by

.Nikolaos Simos

Adviser: Professor Ali M. Sadegh

Despite the various mathematical descriptions of the shell element,
the analysis of practical engineeriﬁg shell problems remains .complex
and rigorous. The development of numerical techniques has assisted
" such analyses to a great extend. However, the limits of applicability
of the vario;s computational techniques are not clearly delineated as
yet and as a consequence new approaches and mathematicél models

continue to be introduced.

This investigation consists of three major parts. First, the singular
solutions of a non-shallow spherical shell are derived in closed
form. Such solutions correspond to the state of deformation and
stress in a complete spherical domain under the action of surface
point loads along the normal or tangential directions and

concentrated surface moments. The singular loads involved apply in a



iv

self-equilibating fashion. The mathematical analysis is performed for

both classical aﬁd improved theories,

Next, an Indirect Boundary Integral Method is formulated by utilizing
the derived singular solutions. The method is built upon the
superposition principle and it involves the embedding of a partial
spherical shell of arbitrary boundary and surface traction onto a
complete sphere of which the singular solutions are known. The
introduction of a set of uknown fictitious line vectors along the
boundary, equal in number to the ﬁrescribed boundary conditions, and
their incorporation into the coupled integral equations will ensure
the satisfaction of the specified constraints along the boundary. The
advantage of such aﬁproach over other methods is the reduction of the

problem dimension by one.

Finally, the performance of the introduced technique is evaluated
through the solution of a number of spherical shell problems under
various types of surface loading and different sets of boundary
constraints such as fixed, simply supported, free to move in the
normal direction and free. Further, problems associated with stress
concentration as well as a case of a spherical shell with a through
crack are solved with the Bodndary Integral Method. The results
obtained are compared with the available analytical solutions and
also with the Finite Element solutions and they dempnstrate excellent
agreement while at the same time project computational efficiency

over the Finite Element Method.
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CHAPTER I

INTRODUCTION

I.1 THE GENERAL SHELL PROBLEM

The elastic nature of thin shells presents a variety of properties
useful to a designer interested in supporting large loads in
constructions where light weight is a vitally important factor. This
particular characteristic of thin shells is readily utilized in the
aerospace, nuclear and marine industries. Their broad range of
applications as well as their mathematical appeal, which is a
consequence of their reliance upon'the theory of space curves and
differential geometry postulates, resulted in an extensive variety of
solutions of both theoretical and engineering interest. In addition,
the development and formulation of such solutions contributed to the
construction of the foundations of the theory of thin shells upon

which these solutions are based.

The theory of shells forms a part of the theory of elasticity
associated with the study of the stress and displacement fields under
the influence of given 1loads. In the three dimensional theory of
elasticity the fundamendal equations are complicated and thus certain
simplifying assumptions, which provide a reasonable description of
the behavior of a thin elastic shell, had to be incorporated. The

adoption of such assumptions 1led to the formulation of different



shell theories. The basic equations of thin shells have been derived
by Love{31l], and together with the assumptions upon which they are
based, form the first approximati&n theory. Love'’s fundamental
analysis had the greatest impact in the development of additional
improved theories and the establishment of the broad theory of shells
which, despite the simplifying postulates, remains mathematically

rigorous.

The present analysis is concerned with the study of spherical shell
domains in both theoretical and computational descriptions. The
spherical shell, because of the wunique geometry of its middle
surface, represents a very distinct class of shells combining not
only technical but also unmatched, compared to the surfaces of its
kind, mathematical interest. The equations of the general shell
ﬁheory are significantly simplified and still retain all the
characteristics of a shell in their simplest form. They also display
a number of properties of the flat plate. It is thus reasonable to
suggest that the study of the behavior of shells in general should
begin with the study of the analogous spherical shell problem. The
study of the spherical shell in this investigation consists of the
the discussion of solutions of various classes of problems through
the utilization of the so called classical and improved theories.
Furthermore, the integration and implementation of such analyses into
innovative numerical techniques, necessary for the evaluation of
complex physical systems with practical expectations, is emphasized

and applied.



The exact and approximate solutions of particular shell problems
derived over the years, in an effort to describe the state of stress
and deformation in a shell, overwelmingly refer to a class of
problems with convenient and symmetric geometric properties. The goal
of these solutions was primarily to demonstrate the typical behavior
of thin elastic shells and to that extent the goal has been
accomplished. However, the study and analysis of arbitrary she11.
geometries under the influence of arbitrary loading functions departs
from the pguidelines set by the closed-form exact or approximate
solutions and more rigorous mathematical approaches must be
incorporated. Interest in studying practical physical problems, which
constitute the rule rather than the exception, sets the stage for the
integration of numerical techniques into the analysis of such
problems that could arise within the framework of the theory of thin

elastic shells.

In treating complex practical shell problems over the years three
numerical methods were commonly used: the method of finite
differences, the stepwise integration method and the finite element
method. The recent developments and expansion of the range of
applicability of the finite element method undoubtedly makes it the
most attractive of the above three. However, the use of the shell
element, as well as the interaction of many shell parameters and
variables with the formulation of the solution, results in
considerable ammount of computation time needed for the evaluation.
In an effort to reduce computer time, an alternative numerical method

made its way into the computational mechanics community. The so



called Boundary Integral or Boundary Element Method, (BIM or BEM),
demonstrates a direct relation to the solution of the governing
system of equations of the particular domain. BIM is based upon the
implementation of the superposition principle as well as the Green's
second identity and Betti’s reciprocal theorem. Its mathematical
integration with the physical problem is associated with the state of
stress and deformation resulting from the action of concentrated
excitations over the domain of interest. Such excitations, in the
case of a shell, correspond to concentrated forces and moments
applied at its middle surface. It is important to note tﬁat in the
recent years BIM has been applied in the entire area of mechanics.
The advantages of the method are the flexibility of its use and the
characteristic requirement relating it to only the boundary of the
domain. This characteristic is translated into treatment of only the
boundary rather than the whole extend of the domain. Furthermore, the
solution is fully continuous throughout the domain. The above
features demonstrate. the wuniqueness of BIM among the possible
alternatives. In the course of the development of the new treatment,
two major directions which originate: at a common origin have
appeared. The Indirect Boundary Integral Method (IBIM) on one hand
expresses the integral equations in terms of a unit singular solution
of the governing differential equations. This solution is distributed
over the boundary of the domain of interest in the form of a set of
line vectors, which for the theory of elasticity correspond to load
and moment vectors, enforcing the satisfaction of the boundary
constraints, These wunit singular solutions are also referred to as

"free-space" Green’'s functions or Fundamental solutions of the



governing differential equations. The introduced vectors over the
boundary are fictitious and they have no physical significance. Their
evaluation from the integral equations, however, will lead to the
evaluation of the field wvariables inside the domain by a simple
integration process. One main characteristic of this approach is a
consequence of its dependence onto the solution of the infinite
domain which includes the particular problem. The embedding of the
real domain onto the infinite region for which the Fundamental
solutions have been derived for is often the way of applying the IBIM
to particular problems and thus avoiding the derivation of the unit

singular solutions for every distinct case.

In the Direct Boundary Integral Method (DBIM) the unknown functions
that are incorporated into the integral equations are the physical
variables of the problem. In elastostatics, for example, the integral
equations will evaluate the displacement and stress fields at the
boundary directly and consequently their counterparts inside the
domain will be obtained from the boundary values by integration. Even
though the two approaches utilize the same singular solutions, there
are differences between them. Their basic difference is that while
IBIM 1is based upon the principle of superposition, implying the
linearity requirement, DBIM is closely related to Green's second
identity and Bettl’'s reciprocal theorem. The dependence of DBIM on
these two principles consequently requires a more sophisticated
approach which in turn requires more computational effort. Despite
their differences, the two formulations are considereq to be

equivalent in terms of the accuracy of the solution attempted.



I.2 LITERATURE REVIEW

The governing differential equations of shells have been derived by
several people, thus reflecting the interest as well as the effort to

simplify the complex nature of the governing system. The amount of

literature associated with the shell theory is neariy overwhelming.

As mentioned earlier, the equations of the theory of thin shells have

been first derived by Love([3l]. His fundamental postulates, combined

with the ones introduced by Kirchhoff, formed the basis for most of

the theories that followed. The description of the postulates is

given in the following statements:

1. Points which lie on one and the same normal to the undeformed
middle surface also lie on one and the same normal to the
deformed surface.

2. The effect of the normal stress on surfaces parallel to the
middle surface may be neglected in the stress-strain relations.

3. The displacements in the direction of the normal to the middle
surface are approximately equal for all points on the same

normal

These assumptions eliminated some of the complexities of the system
equations. The shell problem, however, is still quite laborious and
the results of the analysis are not easy to obtain. Considerable
simplification of the analysis have been achieved with -the
introduction of the assﬁmption of shallowness. Such simplifications

are due to the neglect of the of the contribution of the transverse



shearing stress resultants to the equilibrium of forces in the
meridional and tangential directions, and the neglect of the

contributions of the "stretching" displacements u,. and u, to the

change of curvature expressions. Because of the order of
simplification most published work is associated with shallow shells.
On the other hana inclusion of additional parameters into the
construction of the theory, such as transverse shear effect, add to
the complexity of the problem by increasing the order of the
governing equations. As a result, the literature supporting such

theories is limited.

Attention 1is focused on the part of literature studying the effects
of concentrated 1loads onto shell domains and on the derivation and
construction of appropriate Green's functions or Fundamental
solutions associated with the theory of shells., The application of
the Boundary Integral formulation, and in particular its indirect
approach, are also considered. Finally, some publications
incorporating the transverse shear effect on shell and plate domains

containing cracks are referred to.

E. REISSNER[1,2], using the shallow shell approach to a rotationally
symmetric spherical cap, obtained closed-form solutions for the
displacement and stress  functions. His solution that resulted from
tw§ simultaneous fourth order equations was reduced to two
independent second order equations. The introduction of auxiliary
variables into the general system of equations of either shallow or

non-shallow shells 1is wused extensively and appears to be the most



effective approach in reducing the primary system of governing
equations. With his solution he facilitated three rotationally
symmetric probleﬁs which can provide "exact" solution results in the
immediate area of the concentrated load applied at the pole. It is
apparent that Reissner’s solution is only valid within the limits of
the shallow region in a shell. In addition, Reissner was able to
compare his results with the corresponding results for a flat plate
by wutilizing the same general solution. The above has been attemptéd
by several authors in investigations of shallow spherical shell
problems. It is mnot only because the spherical shell displays the
characteristics of a shell in the simplest manner but also because it
retains a number of properties of the flat plate that makes its study

so attractive,

In [3], Reissner considered the unsymmetrical deformation of shallow
spherical shells due to a tilting moment and a side force acted upon
a rigid insert around the pole. The significance of that report is
owed to the finding that univalued stress functions and axial
displacement components give rise to multivalued expressions for
radial and circumferential displacement components. The introduction
of additional multivalued stress functions results in univalued
displacement functions. In addition he found that the nature and form
of the side force solution differs in important respects from the

corresponding known solution of a flat plate.

S. LURASIEWICZ [15] considered stress and displacements due to

concentrated loads and obtained simple solutions corresponding to a



normal force, a tangential force and a bending moment apﬁlied at the
pole of a shallow spherical cap. In deriving his solutions he assumed
that the components of stress and displacement are small at some
distance from the loading point while the effect of the boundary
conditions is limited to a small area near the edge of the shell and
it was neglected. His method of solution involved the application of
Fourier integrals to the shallow shell equations.and the stress and
displacement expressions were obtained in closed form. His results
can be used as reference to the behavior of the shell region near the

pole where the loads apply.

G.N. CHERNYSHEV [16] provided a complete study of the effect of
concentrated forces and moments on elastic thin shells of arbitrary
plan form. He derived the singular solutions for the shallow class of
shells and he examined the nature of‘peculiarities of the stress and
Qisplacement functions in the neighborhood of the point load. For the
solution of the general problem he made wuse of the fundamental
solutions of partial differential equations of the elliptic type and
he obtained the explicit form of the principle singularities of the
displacement and stress resultant functions. He succeeded in showing
the relation of the kernels of a unit normal force and a unit normal
moment applied onto the shell surface. That relation, which is
associated with the principle singularities of the kernels, will be
discussed extensively in the section where the concentrated moment

kernels are to be derived.
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J.L. SANDERS [10] obtained’' similar singular solutions for shallow
shells of arbitrary plan form. His theoretical investigation focused
onto multivalued singular solutions of the shallow shell equations
that physically correspond to concentrated loads and dislocations.
The multivalued solutions are the result of multivalued stress
functions. By wusing the shell equations in complex form he made a
unified treatment of the load and the dislocation probiem possible.
He also discussed the difficulties associated with the defining of
the uniqueness of the fundamental singular solutions in the
neighborhood of the singular point and the application of conditions
on the behavior of the solutions in the neighborhood of infinity. The
behavior of the singular solution at infinity is of critical
importance to a shallow shell which theoretically extends to
infinity. Finally complete closed-form solutions of a shallow sphere

are deduced from the general solution.

A more detailed solution derived by utilizing the findings of the
previous analysis [10] was presented by J.L. SANDERS and J.G.
SIMMONDS [8]. Solutions for the mnormal displacement and the two
tangential displacements for a shallow cylindrical shell subjected to
concentrated forces were investigated. The results for the
displacements were expressed in terms of elementary functions and
modified Bessel functions while the Fourier series form, used by
several investigators, was avoided. When the Fourier series form is
used , it is very difficult to obtain numerical results because of
poor convergence, and it is virtually impossible to gain any insight

into the true nature of the solution.
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J.G, SIMMONDS 'and C.G. TROPF [9] presented a complete
characterization for the fundamental solution of the complex-valued
differential operator governing the linear behavior of a shallow,
elastically isotropic hyperbolic paraboloidal shell. The fundamental
solution sis expressed in the form of a Fourier series. It should be
noted that the approach wused above could serve, to their remarks,
other classes of shells when the parameter A (ratio of the radii of
curvature), which is a parameter in the differential operator, is

appropriately adjusted.

K. FORSBERG and W. FLUGGE [12] developed solutions for non-axially
symmetric shallow shells that have the form of an elliptic paraboloid
near their vertex. In the case of a spherical shallow cap the
singular solutions can be expressed in closed form while in the case
of non-axisymmetric domain the solutions have infinite-series
representation. The rapid convergence of the series is a function of
the geometric properties of the particular shell. Detailed graphical
results are also presented for the stress and radial displacement of

a shell subjected to a point load at its vertex.

W. FLUGGE and R.E. ELLING [13] developed solutions for non-symmetric
shallow shells subjected to normal surface loading and thermal
loading. The singular solutions were identified by a consistent
limiting 'process applied to the complete set of singular solutions.
Numerical results were presented for the case of the normal
concentrated load acting on shallow shells with negative, zero or

positive Gaussian curvature, The solution is expressed in the form of
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a rapidly converging harmonic series. The limiting process mentioned
earlier utilizes the solution of a shell with distributed loading
over a finite area by reducing the area of loading while maintaining

the load resultant constant.

R.P. NORDGREN ([17] applied the method of Greeﬁ's function to the
quasi-static thermoelastic theory of shallow shells. In addition, the
effect of transverse shear deformation with reference to an unlimited
shallow spherical shell under specified temperature field and normal
surface traction. The solution was obtained through the Green's
function and the character of the singularities was compared with the

corresponding classical theory solutions.

Thus far singular solutions associated with the theory of shallow
shells were considered. As already mentioned, all of the above
solutions are valid in the part of the shell domain where the
shallowness assumption 1is retained. However, the nature of the
singularities and their behavior around the point of application is
preserved and thus making the comparison of shallow and non-shallow

solution kernels possible.

In the area of the non-shallow theory of shells, where the present
investigation 1is confined, singular solutions have also been studied
in an effort to obtain a complete solution. The particularly simple
geometry of the sphericai shell suggested that if such a solution was

attainable, it would best be demonstrated in a spherical shell.
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W.T. KOITER[18] obtained closed form solutions for the case of a
complete sphere under point loads at its poles. The evaluation of his
solution led to a complete verification of the membrane theory at
some distance from the poles and to a virtually complete verification
of Reissner’s results near the poles. The most important discrepancy
~with Reissner’s results is that not only the bending moments, but
also the stress resultants have singularities at the poles. He also
found that the relative error of shallow shell theory on the normal
deflection at the pole is of order h/R ln(h/R), i.e.,slightly larger
than the relative error of order h/R which is inherent in the basic

shell equations.

J.G. SIMMONDS[7] derived the "free space" Green's functions for two
uncoupled, second order operators acting onto two complex-valued
functions: in terms of which the field equations were reduced. The
fundamental solutions of the two operators are of a closed spherical
shell under arbitrary, self-equilibrated surface loads. The non-
shallow fundamental solutions were compared against the corresponding
solutions of the shallow shell theory and Koiter’s observation on the

order of the error introduced, h/R ln(h/R), was reconfirmed.

J.G. BERRY[19] applied the classical non-shallow theory approach to
solve two example shell problems. The first example was that of a
complete hemispherical shell subjected tolconcentrated edge moments.
The concentrated moments were distributed over the edge in the form
of a series and became boundary conditions for the problem. The

second example considered was that of a hemisphere with a
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concentrated load at the appex and supported at two points. In an
effort to hold the tangential displacements single-valued, Berry
ommited certain terms from his analysis and thus regarding his
solution approximaté. Results of his approximate solution are
compared to similar results obtained from the shallow solution of
Reissner. Tﬁe reduction of the pgeneral equations in this
investigation for the classical theory approach follo&s the same

guidlines used by Berry.

J.P, WILKINSON and A. KALNINS(23,24] obtained an exact solution for
the Green’s function of an open rotationally symmetric spherical
shell subjected to any consistent boundary conditions. Their
fundamental solution corresponds to a concentrated normal load
solution in the shell domain and is accompanied by a regular solution
in the form of an infinite series. The general solution was obtained
within the scope of the improved theory addressed by Naghdi[6], in
which not only the transverse shear but also rotatory inertia was
included. An example problem was solved and the singularities due to
the concentrated normal 1load for the three different theories,
classical, improved and shallow were examined. In [24] they derived
solutions for the deformation of thin open spherical shells
explicitly in terms of Legendre functions. In these solutions the
effects of transverse shear and rotatory inertia were fully accounted
for. Results were obtained for an open spherical shell with a rigid
insert subjected to horizontal force and/or moment and compared with
similar results of the shallow theory of shells. In addition, the

solution to the problem of a concentrated lateral force and moment at
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the shell appex was obtained from the general formulation and the

singularities of the dependent variables were identified.

The effect of transverse shear deformation has already been mentioned
and included 1in the investigations [23,24]). The principal result of
the implementation of the above effect into the analysis of the above
effect is the wupgrading, in terms of the order, 6f the system of
differential equations governing the deformation and stress matrices
of the problem. With the new system it is possible and necessary to
satisfy five boundary conditions along a shell boundary instead of
the four conditions which Kirchhoff has established for the classical

theory.

The role of transverse shear was first discussed by E. REISSNER[3] on
bending of elastic plates. The inaccurécies of the classical theory
of plates associated with the treating of problems of stress
concentration around holes when compared to experimental results and
on the other hand the substantial agreement of the improved theory
results with the same experiment, confirmed the need of the new
theory for the treatment of such problems. His assumption of the
parabolic variation of the transverse shear stresses over the

thickness of the plate led to the introduction of the tracer kg = 6/5

that identifies the shear deformation terms in the analysis. The same

- Vs _c__
transverse shear stress variation, Tiz =3 h/3 [ 1 - ( h/2 )2 ], is

also used in shell theory analysis resulting in the same value for

the shear coefficient Kg.
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Explicit solutions on the éffect of transverse shear deformability on
' stress concentration factors were obtained by E. REISSNER and F.Y.M.
WAN [4] for the problems of transverse twisting and tangential

shearing of shallow spherical shells with a small circular hole.

P.M. NAGHDI[5] deduced a syétem of differential equations for thin
shallow elastic shells with small displacements that include the
effect of transverse shear deformation. Naghdi'’s general equations,
when applied to spherical coordinates, formulated the governing
system for the works of Wilkinson and Kalnins([23,24]. The most
interesting point in Naghdi'’s analysis is that with the introduction
of an Airy'’s stress function he obtained an eighth-order differential
equation in the normal displacement, Different approaches to the
reduction of the primary system in the theory of shells have usually

resulted in a sixth-order equation governing the radial displacement.

C. PRASAD([25] dealt with the vibrations of a non-shallow spherical
shell with both the effect of the transverse shear and rotatory
inertia accounted into the analysis. A suitable choice of auxiliary
variables reduced the primary system of five second-order partial
differential equations to a secondary system of three equations: an
uncoupled sixth-order differential equation in the transverse
displacement W , an uncoupled second-order equation in an auxiliary
variable A, and a coupled equation in A and another auxiliary
variable V. Prasad’s reduction ©procedure was wused in this
investigation to deduce the secondary system of equations after

neglecting the rotatory inertia terms.
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A step further from the work of Reissner and Wan [4] on concentration
factors is the incorporation of the:shear effect into the analysis of
shell problems that include cracks inside their domain. F. DELALE and
F. ERDOGAN[29] applied the improved theory of shallow shells in a
thin spherical cap containing a through crack. A specially
orthotropic as well as an isotropic material was considered. The
results found for the shells were quite similar to those of flat
plates. Thus as expected, the angular distribution of bending and
membrane stress resultants around the crack surface are invalid when
obtained through the classical theory analysis. The above statement
was confirmed by F. ERDOGAN and J.J. KIBLER([27] who derived stress

intensity factors around a meridional crack in a shallow spherical

shell using the classical theory approach.

The use of boundary integral equation procedures in elastic analysis
is rather extensive. The intricacies and the different approaches to
the method are well comprehended by P.K. BANERJEE and R.
BUTTERFIELD[36]. However the wuse of the Indirect Boundary Integral
Method on plate and shell problems is limited.

A.M. SADEGH and N.J. ALTIERO [33,34] applied the IBIM to the problem
of a finite, plane, 11near-e1ast{3 region containing a crack or an
arbitrarily shaped hole.They developed the Green’'s function of the
problem in the form of two complex potential functions. Their method
involved the embedding of the region of interest in an infinite plane
and the application of a layer of body force onto the boundary
contour. The satisfaction of the appropriate boundary conditions led

to the desired solution within the domain.
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Similar methods were used by N.J. ALTIERO and D.L. SIKARSKIE[35] on
thin plate problems. Their method involved the embedding of the real
plate in a fictitious plate for which the Green’s function is known.
An unknown 1load Vector, in the form of transverse line load and
normal boundary moment, was introduced around the contour of the real
boundary. The satisfaction of the boundary conétraints of the real
plate led to a vector integral equation in terms of the unknown
boundary 1loads. Several example cases were considered and the

inaccuracies of the indirect method near the boundary were addressed.

I.3 GOAL AND EXTEND OF PRESENT RESEARCH

The main goal of this research is to derive the singular solutions of
the pgoverning differential system and also to provide a complete
formulation of the Indirect Boundary Integral Method with application
on spherical shell problems. It has already been mentioned that
extensive interest in the response of a shell due to concentrated
excitation led to different forms of singular solutions, the
overwhelming majority of which refer to the shallow approach. Our
intention in this investigation 1is to derive a new form of the
singular solutions, Green’s functions, that would not only reflect
the nonshallow treatment of the shell but most importantly these
solutions to be of closed form. Further reasons that led to the
undertaking of this effort, despite the existence and wide Qse of
other numerical techniques, have been briefly addressed earlier in

this chapter. However, the particularities of this class of problems,
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the complexity of the. governing system and lastly the broad
applicability of the theory of shells in general in modern
technology, do provide space for new methods that combine
reliability, accuracy and efficiency. The fundamental principle that
the new method is formed upon is that of superposition and therefore
it can only be applied to linear or incrementally linear systems. As
a general pilcture, a very 1limited class of problems solvable by
finite element methods cannot be solved at least as efficiently by
BIM. It 1is the property of BIM which reduces the dimensions of the
problem by one that has such an effect on the efficiency aspect of
the comparison. Thus for two-dimensional problems the analysis will
be. the oﬁe of a one-dimensional boundary integral equation and for
three-dimensional problems only two-dimensional surface integrals
will be incorporated. We should also note that when dealing with
problems .involving surface tractions(given),i.e. in a two-dimensional
problem, the domain as well as the boundary must be discretized and
it so seems that the advantage of dimension reduction is no longer
valid. However, even in those cases the effect of the surface vectors
will not increase the order of the system. Further, for a very large
class of engineering problems only the boundary needs to be
manipulated. The coefficient matrix of the system, in general, is
fully populated when generated by BIM while banded when constructed
by finite element methods. Nevertheless, significant ammount of
computer time is required to arrive to the final banded form of the
FEM global stiffness matrix., To conlude the comparison of the two
techniques we must stress the fact that it is the computational time

required for the analysis of a problem that becomes the critical
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factor in choosing one technique over the other. In this
investigation comparisons will be performed in terms of the accuracy
as well as the efficiency of these two methods. The purporse of the
comparison, however, 1is not to discredit any of the two methods but
rather to give an insight that would eventually combine’ the

advantages of both techniques into a powerful engineering tool.

The - indirect character of the BIM approach and the finite geometric
extent of the domain of interest, closed sphere, requires the
derivation of very carefully chosen fundamental solutions which will
not only satisfy all the conditions that a singular fundamental
solution must satisfy but also insure equilibrium of the complete
domain. In Chapter II the new form of the singular solutions is
derived by utilizing the idea of a self-equilibrated complete sphere.
The common ground with the previous analyses is in the general
governing system of equations. The final form of the governing
system, adjusted to the needs and the scope of the present analysis,
is derived in Appendix A. The governing differential equations are
utilized and solved in Chapter II to provide the singular solutions
for concentrated normal loads, concentrated tangential loads and
concentrated surface moments. All the above solutions are obtained
for both the classical and the improved theory of shells and a
detailed study of their singular behavior and their differences is

also presented.

The new formulation of the Boundary Integral scheme for spherical

shell is presented in Chapter III. The unique approach of the method,
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incorporated in this investigation, is basediupon the principle of
superposition and the embedding of the spherical shell problem onto a
complete sphere, Such principles have only been applied, so‘far, to
plane and plate problems. The method itself can be viewed according

to the following sequense of steps:

a. The domain of interest is embedded onto the complete sphere for

which the fundamental solutions have been derived.

b. A fictitious boundary is introduced, not necessarily over the
closed line that corresponds to the real boundary, and a set of
integral equations is formed that will satisfy the boundary

constraints,

c. The solution of the system provides the complete stress and

displacement matrices over the real domain.

The fictitious boundary 1line is introduced away from the real
boundary 1line that bears the constraint requirement only for the
reason of avoiding integrations over singular points. Such approach
has a noticable impact not only in the amount of computational time
required but also on the smoothening of the dependent variable

functions in the vicinity of the boundary.

In Chapter IV a set of shell problems are solved in order to justify
the validity of the mathematical analysis that produced the singular

solutions and the performance and accuracy of the developed Boundary
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Integral numerical scheme. The choice of example problems presented-
reflect our interest in demonstrating the response of a spherical
shell when subjected to different sets of boundary constraints and
different types of surface loading. Our intentions also are to
discuss and evaluate the differences between the two shell theories
through actual shell problem solutions. Thus problems with clamped,
simply supported, free to move in thé normal direction and free
boundaries are solved and compared with the available analytical
solutions as well as the FEM solutions obtained with the ANSYS code.
The problems evaluated reveal on one hand the effect of concentrated
loads and the influence of the boundary conditions and on the other
hand demonstrate the excellent agreement of the proposed numerical
approach, IBIM, with the analytical and FEM solutions. Further, in
order to test the limitations of IBIM, a shell problem containing a
through crack is evaluated and compared with the available analytical
solution. The advantages of the Indirect Boundary Integral
formulation in terms of computation time become apparent in the
treatment of rather complex systems. In addition, the different sets
of boundary constraints, such as conditions of free edge, make
possible a thorough and complete study of the stress concentration
fields around openings as well as stress intensities in the
neighborhood of cracks. The advantage of studying such cumbersome
systems with the IBIM is that no particular effort is needed other

than the usual procedure of solving any shell problem.

It is these advantages of BIM that project the future of the

technique and its participation in the modern engineering practices,
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However, a number of aspects of the shell theory still need to be
analyzed and incorporated into the boundary integral code for it to
become a complete and fully effective tool. Nevertheless, the goal of
the present effort has been achieved by successfully demonstrating,
through the solution of a wide class of shell problems, the
effectiveness of the technique in its interaction with complex

physical systems.
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CHAPTER II

DERIVATION OF THE FUNDAMENTAL SINGULAR SOLUTIONS

II.1 CLASSICAL THEORY

Love's first approximation to the theory of thin elastic shells and
its closely related versions constitute what is known as the
classical theory of shells. The basic equations which describe the
behavior of a thin shell are derived on the basis of the well known
and already introduced Love-Kirchhoff postulates. These simplifying
assumptions were incorporated into the equations of equilibrium of a
thin shell element (see Appendix A). In addition, the introduction of
an  auxiliary stress function F, which relates to the stress
resultants of the element as shown in Eqns.(A.18), led to the the
secondary or reduced system of governing equations for the spherical

nonshallow shell domain. The symmetric stress resultant Naﬂ' stress

couple M ., bending strain k and extensional strain e tensors
af a aff

B

are reduced to a system of two coupled equations in terms of the
radial displacement W and the stress function F. For the
particular case of a shell domain under the action of normal surface

traction 9. the uncoupled form of the governing system takes the

following form [also recorded as Eqns. A,21,22]:
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2 4 -
(V2 + 2) [ v4 + 2 vz 4+ EORS ] W= Bvzeaop q, (2.1)
and

(V2 + 2) F = g [ %1 q - (V2 +2)2 W ]. (2.2)

-

Eqn. 2.1 governs the normal displacement W of a spherical shell
loaded with normal surface traction. It should be pointed out that,
within the scope of Love's postulates, the equations above correspond
to the exact solution. The shallow shell treatment gives a very good

approximation to this solution whenever the assumption of shallowness

is valid.

A Dbasic problem in the 1linear theory of elastic ghells is the
construction of the fundamental solutions or "free space" Green's
functions for the governing differential system. By definition the

Green's function of a system can be expressed in the form

G =G, + G (2.3)

where G 1is a dependent variable of a solution state, Gs corresponds

to a singular solution state, or known as fundamental solution, and

Gr represents a regular solution state.
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The determination of the singular state G, for various shell plan

forms has been the topic of several investigations indicative of the
extensive literature on the subject. In the course of the derivation
of a fundamental éingularity, several questions arise as to what
conditions ‘or relations such a singular solution must satisfy at the
pole. The two obvious conditions, which imply that the fundamental
singularity must be (a) a solution of the governing differential
equation, and (b) singular at the pole, are usually nﬁt sufficient.
For a spherical shell in particular, the fundamental singularity
corresponds to an axisymmetric concentrated load solution and it is
reasonable to demand that such a solution, in the limit as the load
point 1is approached, satisfies (a) equilibrium normal to the middle
surface, (b) the wvanishing of the meridional displacement u at the

pole, 1lim u¢ = 0, and also the vanishing of the rotation of the
¢-0

normal B according to 1lim ﬂ¢ = 0, 1In addition the fundamental
$-0

‘singularity is required to satisfy the Green's identity (reciprocal

theorem) everywhere in the region.

However, when constructing the fundamental singularity, the physical
conditions of equilibrium and vanishing of displacement vectors at
the pole which result from axisymmetry, should not be imposed as
priori. Such approach could lead to the incorrect form of the Green's
function. The only requirement that needs to be satisfied and
incorporated into the differential operator is the existence of a

concentrated singular load which produces the singular field.
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Ir.1.1.1 FUNDAMENTAL SOLUTION OF NORMAL SURFAGE TRACTION

We shall obtain the fundamental solutions associated Qith a unit

concentrated load applied at an arbitrary point X'(¢',0') of the

middle surface of a complete sphere. When constructing the "free
space" Green’s function, in addition to the requirements mentioned
earlier, we should also require that the equilibrium of the shell
domain be preserved. This 1is due to the féct that the domain of
interest 1is of finite extend. When dealing with shallow shells or
infinite plates such requirement need not to be met simply because
load vectors at infinity can satisfy ;quilibrium without effecting

the solution in the neighborhood of the pole.

The equilibrium requirement is accomplished through the application
of an equilibrating normal surface traction, axisymmetric with

respect to the axis that pierces the point §'(¢',0') where the unit

concentrated load 1is applied. The fundamental solution will be the
solution of the differential operators of Eqmns. 2.1, 2,2 subject to
the loading conditions described above and it will be constructed
from their complimentary as well as thelr particular integrals.
Again, this solution is required to have a definite singularity at a
single point and to satisfy the Green'’s identity everywhere in the

domain.

The unit concentrated load is applied at point x'(¢',0') in the form

of a two-dimensional Dirac Delta distribution é(n - n') where n' is
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the unit normal vector at x'(¢',0') and n is the unit normal vector
at an arbitrary field point x(¢,0) of the middle surface., The two

unit vectors can be related in terms of the surface coordinates (¢,9)

through the expression

n e+ n’ =cos vy = cosd cos¢g’ + sing sing’'cos(d - 4') (2.4)

where v is the angle between the two unit vectors as shown in

Fig. 2-1.

Figure 2-1. Global and local spherical surface coordinates.

We introduce a geographical coordinate system (y,n) with the north

pole v = 0 coinciding with the unit vector n’., The two-dimensional
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Delta function in the new system will also be axisymmetric and, since

it is applied at its pole, will take the form

6(2_21),,_6__(__7_)_ (2.5)

2 n R? giny’

The axisymmetrically distributed normal surface traction denoted as

q,, must be of such form as to produce a unit resultant force

opposing the resultant generated by the Delta function. Its

distribution over the whole surface will be of the form

3
d,r = - %x RZ ©°S 7. (2.6)

Thus, we seek a solution to the Eqn.(2.1) with

1 8§ (v 3
9 = R2 [ 2 wsiny & n °°%7 ]' (2.7

The symmetry of the domain suggests that the operators in Eqns. 2.1,
2.2 are invariant to rotations and that their solution must be a
function only of the surface coordinate y. Substitution of Eqn. 2.7

into 2.1 1leads to

(V2 +2) [VZ+py (v+ D] [V2P+A (A+D] W=

2 3
- %— (V2 + 1 -p) [ Zi(szn)y © “um ©0S 7 ] (2.8)



where v and XA are complex conjugate parameters and relate to

shell constants according to the following relations

v (v +1)+A(A+1) =2

2
v (v +1) o a(a+1) = EIRC
and
v (v +1) =1+ 1 tan ¢
A (A +1)=1-1i tan y
such as,

x cosyp = 1

. _ EhR?
D

(2.

(2.

(2.
(2.

(2.

(2.
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the

9a)

9b)

9¢)
9d)

9e)

9f)

The Laplacian operator V? in the new axisymmetric coordinate system

(v,n) will take the form

d? d
2—‘—— ——
v dy? + coty dy"

(2.

10)

Let the normal displacement function W(x;x') in Eqn. 2.8 be written

in the following equivalent form

W(xix') = W (x;x') + Wa(x;x')

and (2.8) can be written as

(2.

11)
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(V2+2)+[V2+u(u+1)][V2+A(,\+1)[¥1 =
2

SC )

\ :
- %— (V2 + 1 - p) 2§Si“7 . (2.12)
- 4 5 cosy ]

The particular solution of Eqn. 2.12, associated with the distributed

surface traction Qo leads to the following expression

Wy (xix') = - AL [ 1 4+ cosy In(l - cosy) ] (2.13)

We observe a singular character of the particular solution at y = 0
eventhough it 1is introduced by a nonsingular loading function.
However, the singularity is retained since the complete solution of
Eqn. 2.12 would require the presence of such singularity.

In order to obtain the particular integral that is introduced by the
Delta  function distribution, we incorporate a scalar function

US(§;§') which relates to W;(x;x') according to the relation

2
Wy (x') = 3 (72 + 1 - ) U_(xix"), (2.14)
provided that the function Us satisfies the differential operator

(v ) (2.15)

(V2 + 2)[V2 + w(v + D] [V2 + A + 1)) U (X" =~ iy
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Because of the distribution form of the Delta function we would

expect that away from the singular point, v = O, Us(§;§') is the

homogeneous solution of Eqn.(2.15), while in the vicinity of the
singularity such solution must satisfy the existence of the Delta
function distribution. That will be accémplished through the singular
character of the homogeneous solution that will be retained. Thus, in
order to arrive at the general form of the homogeneous solution of

Eqn. (2.15), we express Us in the following equivalent form

N

U, (x3x') = Uy (%;x") + Uy (%;%') + Ug (Xix') (2.16)
such as
(V2 +2) U, (x;x') =0 : (2.17a)
~ (V2 + v (v + 1)] Uy (x;%') =0 (2.17b)
(V2 + 2 (A + 1)) Ug (x;x') = 0. (2.17c)

The solution of Eqns.(2.17) lead to the following general expressions

U, (x;x') = A, P, (cosy) + By Q, (cosy) (2.18a)

U, (%5x') = A, Pu (cosy) + B, Qu (cosy) (2.18b)
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Ug (%3X') = A, PA.(cosy) +‘33'QA'(cosy) (2.18¢c)

where P (cosy) and Q (cosy) are the Legendre functions of
I’V!A I’V'A

the first and second kind respectively.

According to Eqn. 2.16 all six independent solutions obtained above
will constitute the general expression of the homogeneous solution

Us(§;§'). However, since the solution is required to be singular at a
single point on the complete spherical surface and because Q,(cosy),
Qv(cosy) and QA(cosy) present singularities at two points of the

domain .( 4 = 0 and g = =« ), their contribution toward the-
construction of the fundamental solution must be eliminated. On the

other hand, P,;(cosy) is regular everywhere in the domain while
Pv(cosy) and PA(cos7) present a singularity at +v = w. Because the

solution that survives will be evaluated upon the existence of a

singular effect at vy = 0 , the regular function P, (cosy) can be

ignored for the moment since it can only lead to rigid body
displacements. Thus the final form of the singular homogeneous

solution of Us(g;g') is expressed as
Us (xix') = A, Pu (cosy) + A, PA (cosvy) (2.19a)

or, in order for the singular character to appear at vy =0,

equivalently
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US (x;x') = A, Pu (-cosy) + A, PA (-cosy). ' (2.19b)

Because of the complex conjugacy between the parameters v and ) ,

it also follows that Pv (-cosy) and P (-cosv) are complex

A
conjugates and so must be the two arbitrary constants A, and A,.

The conjugacy requirement 1s imposed so that the scalar function

Us(§;§') is real since it relates to the displacement function
Wy (x;x’) that, in turn, describes a real parameter. The satisfaction

of the existence of the Delta function at 4 = 0 will lead to the

evaluation of the two arbitrary constants A, and A,.

To evaluate the singular solution we proceed by introducing the

function £(x;x’') which satisfies the relation
(V2 +2) [VZ2 4+ (A +1)) Us(§;§') = £(x;%') (2.20)
everywhere in the domain, and it also satisfies
(V2 +v (v + 1)] £(x;x') =0 (2.21)
away from the pole y = 0, while

(V2 + v (v + D] £xixn') = i (2.22)
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is representative of its behavior in the vicinity of the pole.

Substitution of the expression of Us(g;g') into Eqn. 2.20 leads to

£ (xix') = - 21 tanyp (1L - 1 tany) A, Pv (-cosvy). (2.23)

To evaluate the constant A, we apply the divergence theorem in a
circular contour C( v = 7y, ) around the pole o = 0. The theorem is

expressed in the form

-~

an

o~

IJ vZ £(x;x') do = dc (2.24)

o

BE(x;x")
|

where o¢ denotes the surface area not enclosed by the contour C and

n refers to the on-surface normal direction along C.

With reference to Eqn. 2.22 we can write the following

)

VIEiR) = rimem - v v+ D) £, (2.25)

Thus

Ijvz £(x;x') do = J] TR 4o - v + 1) ij(g;g') do  (2.26a)
a a g

or
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af(x;x") §C )
J “—EE-—- dC = JJ 27 RZ siny do - v(yv + 1) j] £(xix') do (2.26b)
o o
But

f(xix') df(x;x')

an - dy =21 tanyp (1 - i tany) A, P; (-cosvy) (2.27)
and

do = R? siny dy dp (2.28a)

dC = R siny dn. (2.28b)

From the definition and the fundamental property of the Delta
function we observe that as the contour C shrinks, approaching v =

0, the following relation holds

(v -
iig Ij 27 RZ siny do 1. (3.30a)
o

Also from the 1limiting behavior of the Legendre functions ( see

Appendix C for details ) we observe the following as yo+ 0

lim P (-cosy) = 2 sin vr lim [ % log (1 - cosy) + const. ]
7—)0 v t 1—»0
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1im P! (-cosy) = - £ sin vr lim [ L.
40 VY n 40 LY
-vv (v + D % log (l-cosy) + const.]) ] (2.30b)
2n
lim I siny [ % - logarithmic term - const. ] dy =2 m.  (2.30c)
740 %

-

From the limiting behavior shown above we observe that

lim II f(§;§') do = 0 (2.304d)

70

and finally Eqn.(2.26) can be written in the form

2n
Lim I af dC = lim J gf siny dn = - 8 itany (l-itany) sin va. (3.304)
0

70 % dn ~-0

Thus when the 1limit is applied onto both sides of - Eqn. 2.26 we

obtain for the arbitrary constant A,

Ay = - [ 81 tanyp (1 - i tany) sin vr ]"1 (2.31)

and consequently

Ag = CONJ [ A, ). : (2.32)
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By utilizing Eqn.(2.14) we obtain

2
W (x;x') = %- (V2 + 1 - p) U_ (x;x')

UIW
N

[ (lfp-itan¢) A, Pu(-COSy) + (l-pt+itany) A, PA(-cosy) ],
or equivalently
R2
Wy (x3x') = 2 D Re [ (L -p -1 tany) A, PV(-cosy) ]. (2.33)

Finally, the complete solution of the normal displacement function W

(x;x') will be expressed in the form

2
W (x;x) =2 2~ Re | (L -p -1 tanp) A, P (-cosy)
Xz D v
1+
- Z;—Eﬁ [ L + cosy In(l - cosy) ]. (2.34)

We recall that the second part of W(x;x') was the result of the

3
" 4nrZ ©°S7

axisymmetric surface traction chosen in the form 9. =
to equilibrate the effect of the Dirac Delta function. To insure the
uniqueness of such equilibrating function we refer to an argument on
this particular point presented by Courant (see ref. [40] pp.351-358)
of general validity. Courant discusses the need for the chosen
function to be orthogonal to the eigenvalues of the operator as well

as the particular orthogonality condition that must be imposed onto

the system in order for the final solution to correspond to the
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correct Green’'s function for the operator. In addition, because of
the application of the equilibrating traction, the construction of
the fundamental solution for our analysis falls under the so called
Generalized Green’s function process. The condition that must be
satisfied by our Generalized Green's function can be viewed in the

form of an integral over the entire domain

[] iz = @iny e =0 (2.35)
R

where E(x;x') is the introduced equilibrating function. We can write

Eqn. 2.35 in the equivalent form

II W (x;x') cosy dR = 0. . (2.35b)
R

The above condition can be satisfied only when W (x;x') takes the

form

W(x;x') = 2Re[ A Pu(-cosy) ] - %;igﬁ [1 + cosy In(l - cosy) + B cosy]

(2.36)

where

R2
A= D (L - p -1 tany) A,

B=2_1n(2) (2.37a)

3
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It is thus apparent that the regular homogeneous solution A,
P,(cosy), which was eliminated from the construction of the singular

solutions, is in fact reactivated in order for the orthogonal
condition of Eqn. 2.35 to be satisfied. Subsequently we can write

for the arbitrary constant A,

.. ltn
A, 4m Eh B (2.37b)

So finally expression 2.36 corresponds to the fundamental solution
or "free space" Green’'s function of the transverse displacement
function W due to the the effect of self-equilibrated normal

surface traction.

The description of the complete field, however, requires the

fundamental solution of the auxiliary stress function F(x;x'). By
refering to the governing system of equations, Eqns. A.22, F(x;x')

can be deduced from the operator

(V2 + 2) F(xix') = RS q_ - B (V2 + 2)2 W(xix'). (2.38)

We express the solution of Eqn. 2.38 as

F(xix') = Fy(xix') + Fa(xix') (2.39)

such as
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Fi(xix') = - 2 (V2 + 2) W(xix') (2.40)
and

(V2 + 2) Fp(xix') = R q_. (2.41)

We again consider for q, the self-equilibrated normal surface

traction in the form

- | Sy 3 '
9 = Rr2 [ 2x siny am €057 ]' ‘ (2.7")
The function F,;(x;X’') can be obtained directly from the evaluation of

the right side of Eqn. 2.40 by utilizing the properties of the

operator. Accordingly, F; will take the form

Fy(x;x') = 2 Re[ A’ Pu(-cos1) ] + Gy cosy (2.43)
where
Al = - g [2-v (@+1)] A (2.44a)
and

We also need to construct the generalized Green’s function for the

operator (V2+2) governing F, in Eqn. 3.41, Such function will be the

particular solution of the equation
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(V2 +2) Fp(xix') = R [ g2l - cosy ]. (2.45)

The homogeneous solution of the operator above 1leads to two

eigenvalues one of which, P;(cosy), is regular everywhere in the
region and the second, Q;(cosy), is singular at two points in the

domain. Thus, to proceed, we solve Eqn. 2.45 for an influence

function 6(x;x’) which corresponds to the particular solution of

(V2 + 2) 8(xix') = - 8 cosy, (2.46)

with the condition that it satisfies the orthogonality condition

II 8(x;x’) cosy dR = 0.. (2.47)
R

The particular integral of Eqn. 2.46 is of the form
Fo(xix') = 2= [L + cosy In(1 - cosy) + B cosy) (2.48)

where,as noted earlier, B = 4/3 - 1n 2,
Finally, the complete expression of the “"free space" Green's function

for the auxiliary variable F(x;x') is
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F(x;x') = 2Re(A’' P (-cosy))

+ C; [1 + cosy In(l - cosy) + B cosy] + C, cosy (2.49)

where

R
CQHZ-;.

From the stress function - stress resultants relations given by Eqns.
A.18 we obtain the fundamental solutions of the stress resultants as

seen by the surface coordinate system (v,n)

1 .
N7 - Rz [ coty [ 2 Re{ - A’ P; (-cosy) ) ] - C; cosy

cos?y
+ C, (1 + 1 - cosy ) ] (2.50)
and
N .:!-_ 2R ri_Pl C
" =Rz e{ - A dy Tv (-cosy) } - C; cosy
cosy
+Cy [1 -2 (1 + coty) - 1 - cosy ] ] (2.51)

while, due to axisymmetry of the field in the (v,n) coordinate frame,

we obtain

N = 0. (2.52) .
m

To compute the meridional displacement u1 we apply the stress-

displacement relation which, for axisymmetry reasons, is expressed as
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du

1 ) N PR,
Eh ( Ny I Nﬂ ) R ( dy + W) (2.53a)
or equivalently
u-—&—J‘(N - N ) dy —IWdy. (2.53b)
v Eh v n
We express N1 and Nﬂ in the form
N = L 2 Re{ __QE [ A" P (-cosy) ] - v (v + 1) A" P (-cosy) )
v R2? dy? v v v 7

- Cy cosy + G, [1 + cosy In(l - cosy) + (B + 3) cosvy]

2
+ C, g;; [1 + cosy In(l - cosy) + B cosy] ]

and

1 d2
Nﬂ = R? [ 2 Rel E;; [ A’ Pu(-cosy) ] ] - C, cosy

2
d 2 ) [1 + cosy In(l - cosy) + B cosy] ].

+ G, (1 + E;—

When the modified forms of N‘7 and Nﬂ’ together with the transverse

displacement function W, are introduced inte Eqn. 2.53b and after

noticing that
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“Eb R C, + 4 Eh 0 (2.54a)
and
" EhR 2Re( v (v +1)A') -2Re{A) = 0, (2.54b)
we obtain for u7 the expression
1+
uy = ~EE§E [ 2 Re{ A’ P; (-cosy) } - C, [ - siny In(l - cosy)
i 1
+ 9§§?—§;§§ - B siny ] ] -mr [ €1 (1 - p) +3C, ] siny (2.55)
while
= 0. 2.56
u, ( )

The moment resultants

M =D
v
and
M =D
n
where
KO = -
v

are deduced from the moment-curvature relations

kO 4+ p kO ) +
( v Bk )

(K2 + kD) + (2.57)

1 d2w
(d']2+w)

( coty + W) (2.58)
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and

M = . .
™ 0 (2.59)

The transverse shearing stress resultant Qy is related to the

transverse displacement W through the relation

h2 D_d
Qy(l + 12R2? = - R3 E; [ (V2 + 2) W ] (2.60)
which leads to
D
Qy = RS [ 2 Re([2 - v(v +1)] A P;(~cosv)) + é_él;iﬁg% siny ] (2.61)
h2

after setting 1 + 1oR2 = 1. For the same axisymmetry reasons

Q = 0. (2.62)

With the evaluation of the shearing stress resultants, the
fundamental solution matrix of the normal surface traction acting on

a closed sphere has been completed.

II.1.1.2 TIDENTIFICATION OF THE SINGULARITIES

In the beginning of this chapter we discussed the need that a

fundamental singularity must satisfy certain physical conditions such
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as equilibrium and axisymmetry which is translated into the vanishing
of the meridional displacement and rotation of the normal vectors.
Further, the true physical nature of the fundamental solution is
viewed through the character of the singularities in the stress and

displacement kernel functions.

We first consider the limiting value of the meridional displacement

function uy which as -0, takes the form

1t 1 . ) cosy siny
i, = Bkt un [ 250 w0 B} Coomn) - o 222 |

1l R (tand - i) , 2 1 R 2
EhR iig [ 2 Re[ 8 tany sinvnm ( n sinvm) v 4w v (2.63)
and equivalently
limu_ = 0, (2.64)
70
Also from the rotation function
1 daw
Pymr (Y Ty
we obtain for -0,
lim p_ = - £ lin () (2.65)
70 0 7
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2
R § 1im ['2_%— Re( -(1l-p-itany) A, P:’(-cos.y) ) - 1+ u cosy siny ].

R 440 47 Eh 1 - cosy

However,
2R2 2 1 +
D Re [ (L - p -1 tany) A, ( - ; sinve ) - E;—Eﬁ ] = 0 (2.67)
and consequently
lim ﬁ1 = 0. (2.68)

7-+0

Further

Llim Qy - %% lim [ Re{ [2 - v (v +1)] A P; (-cosy) ) ]

7-0 70
7
- %% lim [ Re{ (2 - v (v'+1) A ( - 2 sinvr ) ) 1 ]
70 4 T
or
lim Q "'"2%& lim ( L. (2.69)
70 7 0 7

We mnext examine the response of the shell in the radial direction

addressed by the limiting value of the displacement W. Thus
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: 2R?
lim W = 1lim Re{ (1 - p - 1 tany) A, PV(-cos1) )

40 40 L D

- %;iiﬁ (1 + cosy lﬁ(l - cosy) + B cos7y) ].

After utilizing Eqn. 2.67 the above can be written as

lim W = 1528 340 [(l-cos'y) In{sin(v/2)] - =8 [1 4+ (B+1n2) cosy] ]

10 2n Eh 240 4n Eh
1 tan2y -
+2"EhRe[1+p+i(-%'E)(¢(u+1)+C+%cotwr)].
(2.70)
We observe that
lim (1 - cosy) In[ sin( 9/2) ] = 0 (2.71)

-0

which implies that the response of the shell in the vicinity of the
point load in the radial direction is finite., This finding agrees
with results obtained by Reissner[l], Koiter[18], Kalnins[23]) and
Nordgren([17] for the classical 'theqry approach of shallow or

nonshallow shells.

The kernels of the stress and moment resultants are also singular at

94 = 0. Thus in the limit as <«-0,
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lim N, = lim [ a, In[ sin(y/2) + b, ], (2.72)
70 7 v-+0
lim N = 1im [ a, 1n[ sin(y/2) + by ] (2.73)

¥-0 n v-+0

where

a, = 5 Re( ST, (, 4 1) ar )
bl - . %;- [Re( si:l/ﬂ', A' v (V + 1) CPI(V) ) + Cl - C2 ] (2.74)
b, = %; [ 4 Re{ §inun A" v (v + 1) [ CPe(v) - CPy(v) - C, - 3 C, ]

CPo(¥) = $(v + 1) + G + I cotvr - 1 1n2
CPy(v) = [ 7 cotum + Y(v + 2) + ¥(v) + 2 C - 1 - In2 )/4.

Further the moment resultant kernels MY and M’7 also present

logarithmic behavior at the vicinity of the point 1oad.‘This is in
agreement with the predictions of the shallow theory of Reissner[l]
as well as the nonshallow theory of Koiter[1l8] and Kalnins[23]. On
the other hand, Reissner predicted finite response in the stress

resultants N1 and Nﬂ , while all nonshallow theories predicted

logarithmic behavior at v = 0,
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‘A closer evaluation of the kernels in the vicinity of the singular
point reveals that, while for a positive load the moment resultanﬁs
approach +®, the stress resultants approach -= in a manner shown

in Fig. 2-2.

N N ¢ Improved Theory

A{b Reissner's Theory

Classical Theory

p——

|
|
!,
T e T

bN, ;N

Figure 2-2. Stress and moment resultant behavior in the vicinity
of a normal point load. '

This prediction coincides with findings by Kalnins[23] and Koiter{18]
(the derivation and predictions of the improved theory are obtained
in later section of this chapter). Koiter discussed the abovg
peculiar behavior wunder the reasoning that according to the
mathematical model of the classical theory, the normal at the load
point is forced to remain normal. The bending moments necessary to
inforce the requirement, put the vicinity of the load in compression,

as 1indicated by the sign of the stress kernels in that region. The
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apparent mismatch between the shallow and the nonshallow theories, as
seen from the membrane stress resultants, is negligible in-the theory
of thin shells since the region over which it occurs is negligible
too. Because of the correlation between the stress and moment
resultants the presence of the singularity in the stress resultant

implies that the neutral surface at the pole is shifted outward over

2
12 R’ considered as negligible in shell theory.

a distance

Lastly, the equilibrium requirement 1is examined by  taking the
limiting value of the resultant force around the edge of a contour C

(v = 7). The resultant force opposite in direction to the unit load

can be expressed in the form of the following limiting integral

2n
lim I [ Q_ cosy + N siny ] R siny dn =
I Y

2
-'lim I { - E%— ( % ) cosy + siny [ a; ln(sin % ) +b; ] ] R siny dn
70 %

- -1 (2.75)

which clearly indicates that equilibrium around the pole is

satisfied.
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I1.1.2.1 CONCENTRATED TANGENTIAL LOAD SOLUTION

In deriving a solution of the governing system of equations that
would correspond to the solution for a concentrated unit tangential
load applied arbitrarily, one must consider solution forms which have
no axial symmetry. The objective is to consider a unit tangential

load applied at an arbitrary point x(4';6') of the middle surface

equilibrated in some fashion with either distributed surface traction
or a singular load state. If one chaoses to equilibrate‘the complete
sphere with traction over the surface should have in mind that such a
system cannot represent a self-equilibrated system of tangential
forces on the sphe;ical surface. The above was satisfied in the
normal unit load solution because the function describing the
distributed traction was itself an eigenvalue of the differential
equation. On the other hand, if one chooses to equilibrate the
complete sphere by applying a suitable set of singular forces, then
he departs from the restrictive condition which requires that the
fundamental solution should demonstrate singular behavior at only one
point in the domain. Such restrictions, however, are eliminated when
the shallow shell approach 1is to be applied, clearly because such
shell extends to infinity. Neverﬁheless, a singular solution state
with double-singularity kernels, even though it cannot strictly
correspond to a "free-space" Green's function for the domain, can
accurately represent the singular solution state in the region around

the concentrated tangential load. Thus, the utilization of such
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singular solution in the Boundary Integral scheme is still possible

by restricting the domain of application of such solution.

A solution in which the unit concentrated load was equilibrated by a
distributed surface traction was first attempted. That solution
though failed to satisfy the vanishing of the surface traction
accompanying a set of self-equilibrated systenm of tangential loads.
This very important finding prevented the solution from being

incorporated into the numerical scheme.

We begin the construction of the singular solution by considering the

traction-free version of Eqns. 2.1 and 2.2 (we set q, = 0 ) as well

as the nonsymmetric form of their homogeneous solution. It becomes
apparent that the solution, due to the type of loading shown in Fig.

'2-3, can no longer be axissymetric around the point of application.

Figure 2-3. Orientation of a tangential load on the spherical
surface.
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We consider the general form of solution of the transverse

displacement function W(x;x) as

o0
W(xix') = } [ hY EJ(cosy) + h} P(-cosy) + hY P} (cosy) + h} PJ(-cosy)
m=1

+ C? PT (cosy) + c" PT (cosy) ] cosmy (2.76)

where hT, h?, ﬁT, E?, C? and C™ are arbitrary constants and the only

restriction that they bear is that hT, hg and HT, E? are complex

conjugates respectively. The form of the solution chosen for the
transverse displacement function W implies that the state of
peformation, due to the action of the éoncentrated effects shown in

Fig. 2-3, will be symmetric with respect to the point n = 0.

Also the stress function F(x;x’), in the absense of surface tractions

would, according to Eqn. 2.2, obtain a general solution form from the

modified governing system
(V2 + 2) Fy(x;x') =0 (2.77)

Fp(x:x') = - B (V2 + 2) W(xix") (2.78)

such as

Fy(xix') + Fp(xix') = F(xix'). (2.79)
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The ‘general solution, after operating on the relations above and

considering the same symmetry about n = 0, will take the form

[ o]
F(x;x') = } [ HT Pr(cosy) + H? P:(-cosy) + ﬁT PT(cosy) + ﬁ? PA(-cosy)
m=1

+ D? PT(cosy) + D™ QT(cosy) ] cosmn (2.80)

where D? and D" are two additional constants introduced by F;(x;x')

into the system, while

HY =-2102-v (v+1)]H]

H} = -2 [2-» (v+1)]h]

(2.81)
HY = -2-2Q+D]H
-

H' - -g[z-,\(,\+1)]ﬁ'§.

The general solutions for W(x;x') and F(x;x'), expressed in the

forms of infinite series, can be simplified further by considering
the physical problem they must correspond to. The application of a
tangential load along 15 = 0 suggests that the symmetry of the

resulting field can be preserved with m = 1, Furthermore, because of
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the two singularities that we require to be present in the solution,

at vy=0 and v = x, the independent solutions P1(cosy) = giny can

be ignored with no loss of generality by simply setting

Co = Dy = O. (2.83)
We also note that

1 1 + cos
Q} (cosy) = - 2 siny log i‘j‘;ﬁ;ﬁ - coty. (2.84)

Thus, the general solution form for W(x;x') and F(x;x'), upon which

the singular solution state will be constructed, can now be written

as

W(xix') = [ h, P; (cosy) + h, P; (-cosy) + El Pi (cosvy)

+ ﬁz Pi (-cosy) + C! Q} (cosy) ] cosy (2.85)

F(x;x') = [ H, P; (cosy) + H, P; (-cosy) + ﬁl Pi (cosy)
+ ﬁz Pi (-cosy) + D! Q} (cosy) ] cosn. (2.86)
By utilizing the stress function- stress resultant expressions, given

by Eqns. A.16, the stress resultant variables are obtained and

introduced into the following stress-displacement relations
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1 1, %Yy
Eh ( Ny - B Nﬂ ) = R ( a + W) (2.87a)
1 1 du
Eh ( Nﬂ - N1 ) = R ( cscy 5;n + u1 coty + W ). (2.87b)
We express
N N 1_ d2_ 1 o1
vy - BN, =Rz 'd,yz[(#"'l)F('Y)]‘(P"‘,l)D Qi (cosy)

-v (v+1) [ H P; (cosvy) + H, P; (-cosvy) ]

= A (A + 1) | ﬁl Pi (cosy) + ﬁz Pi (-cosy) ] ] cosn (2.88a)

and

N, - s =gz (-5 L G+ D FM 14+ s+ 1) D o (cosm)

+u v (v +1) [ Hy P! (cosy) + Hy P! (-cosy) ]
v v

+ A (A + 1) [ ﬁl Pi (cosy) + ﬁz Pi (-cosy) ) ] ] cosyn (2.88b)
where F(y) satisfies F(x;x') = F(y,n) = F(y) cosny.
When expressions 2.88 are introduced into 2.87 , after integration

we obtain for the two tangential displacement components

w =g [ B+ D G F@ - G+ 1) Dt (cosy)
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~v (v+1) [ H Pv(cosy) - Hy Pu(-cosy) ]
- A (A +1) [ Hy P,(cosy) - H, Py(-cos7) ] - hy P (cosy) +  (2.89)

h, PV(-cosy) - El PA(cosy) + Ez PA(-cosy) - C! Q,(cosy) ] cosnp + £(n)
~and

1 + i) 1 +
un - —EEEE csey 5;F(7,n)'+ [cosy [ _EEEE D! Q,(cosy) + C? Ql(cosy)]

- siny [ lﬁ%ﬁé D! Q! (cosy) + C! Q} (cosy) ] ] sinp

. cosy J £ dn + g (2.90)

where f(n) and g(y) are arbitrary functions of integration.

We proceed by observing the following relation that holds between the

functions and the arbitrary constants

EhR [ -v (v +1) [ H P (cosy) - Hy P (-cosy) ]
- A (A +1) [ H B(cosy) - Hy P (-cosy) ] ] (2.91)

- h, Pu(cosy) + h, Pu(-cosy) - El Pu(cosy) + h, Pu(-cosy) = 0

which allows Eqn. 2.89 to be written in the form
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Yoo lﬁﬁﬁu [gQF(v) + D! Q;(cosy)] cosy - C! Q,(cosy) + £(n) (2.92)

while the expression for un remains unchanged.

In order to evaluate the form of the arbitrary functions of
integration £(n) and g(y), we utilize the third of the stress-

displacement relations expressed as

Jdu u
2 (1 + p) - 1| -2 —
Fh an R [ 37 coty u" + cscy an | (2.93)

When the appropriate expressions of the variables are introduced and
operated on in the above relation, we observe that on the right side
of the equal sign the following additional terms, expressed as (,

with no counterparts remain:

_lL.E.1 1 _'Q_l 1
Y] [ EhR D! + C ] [ siny dy Qi (cosy) + cosy Qi (cocy) ] sing

+ siny j £(n) dn + cscy §- £(n) + G g

- coty [ g(v) - cosy I f£(n) dn ]. - (2.94)

But

2
siny

d
- siny dy Q} (cosy) + cosy Q} (cosy) = -

and thus



61

1l +
Q=-2 [ "EEEE D! + ¢! ] cscy sing + cscy [ %; £(n) + I f(n) dn ]

+ %; g(y) - coty g(v). ’ (2.94a)

Since g; g(y) - coty g(v) is completely independent of n we can
require that

& &(n - coty g(n) = 0 (2.95)

which leads to

g(y) = a' siny .(2.96)

where a' is an arbitrary constant.

Further, by setting £f(n) = A, n sinn, we observe that

g; £(n) + j £(n) dn = 2 A, sing (2.97)

and the expression for I becomes

Q=-2 [ lﬁﬁﬁé D! + C? ] cscy sinp + 2 A, cscy sinp = O, (2.98)

I1f we set
- 1+ p 1 1
Ay EhR D! + C (2.99)

then @ = 0 and the third of the stress-displacement relations is

satisfied. However, because of the form of the the function £(n),
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the displacement functions u7 and “q will be multivalued. Since the

present analysis deals with the complete spherical domain, such
multivalued functions must be suppressed by setting the arbitrary

constant of the function

Ao = O (2.100a)

and consequently in order for 1 = 0 to still hold we deduce

lLipp o oo, (2.100b)

The above choice satisfies all the stress-displacement relations and
leads to the following 'expressions for the components of the

tangential displacement

. - ltu 3 .
u (Xix") EhR gy T(®ix') (2.101a)

and

. -.-]—'-;'.—E -a—- exp !t !
un(§,§') FhR_ ©SC7 an F(x;x') + a' siny. (2.101b)

/
However, since g(y) is independent of n, it can be viewed as rigid
body displacement and with no loss of generality, due to the absense

of singularity in its kernel, set a’ = 0 and write for v

. R S T} a_ .
un(x,x') FhR  CSCY an F(x;x'). (2.102)
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To this point, the dependent variables through which the complete
field can be described in its general form have been derived. The
unknown arbitrary constants that accompany their general expressions
must be evaluated in a manner which will reflect the particular
physical situation. The singularities in all the dependent variables,
which exist at =0 and v = 7, need to be examined as to what
they actually correspond to in the complete spherical domain. Such an
evaluation 1is accomplished by cutting an édjacent parallel circle
near each pole and obtaining the resultant force as well as the
resultant moment of the state of stress around the edge of the
contour. Such state, singular in its character, is the result of the
unbounded expressions of the stress and moment resultant kernels in

the vicinity of the two poles.

The resultant force, along n = 0, of the stresses over the contour

can be viewed in the form of the following integral expression

2
Fr - $i3 I [(NV cosy + Qy siny) cosnyp - NTU sinn] R siny dp (2.103)
i

and the resultant moment along the same direction can be viewed as

2x
M =11 R| M cosp -M cosy sin
x 7ﬂg I [ 7 " m 7 "
yr

- R siny cosnp [ Qy cosy - N‘y siny ] ] siny dn (2.104)
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with

Q = - Ry 52 v+ 2) W) (2.105)

and M , M , M deduced from Eqns. A.15.
v n m

~

When the appropriate expressions are introduced into the two
integrals above and the limiting values of the Legendre functions are

incorporated, we obtain the following interesting results:

2n
2n o,
F_ = lim [ ... ] Rsiny dp = - D (2.106)
r R
70
eac
2%
M_ = lim I [ ... ] Rsiny dp = 1im [ 2 n D! cosy ]. (2.107)
r —y—bo v 0
v 7T

It is apparent from the results shown above that the only term of the
general solution that contributes to both integrals 1is the one
_accompanied by the arbitrary constant D!. Furthermore, if the

constant D! is given the value

D! = B (2.108)
2 n'
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the general solution that has been developed corresponds, under the
light of Eqns. 2.106 and 2.107, to the physical problem shown in Fig.
2-4 Dbelow.

F=1 M=R
Figure 2-4. Self equilibrated force system A

It is interesting to observe that the overall equilibrium of the
complete  spherical shell 1is identically satisfied. However, a
singular solution that will describe the stress and displacement
fields due to a wunit concentrated tangential load in a self-
equilibrated complete sphere would be one that corresponds to the

singular load arrangement shown in Fig. 2-5.

F=1

F=1

Figure 2-5. Self-equilibrated force system B
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Obviously an additional solution described in Fig. 2-6 must be
superimposed onto the already derived solution in order for the

desired physical state of Fig. 2-5 to be deduced.

,f—\~ﬂ4==:F?

M=R
Figure 2-6. Self-equilibrated moment pair.

Such solution that describes the problem of Fig. 2-6 is in itself
singular at v =0 and 4 = n. However, as noted previously in the
evaluation of the resultant integrals around the two poles, the
general solution was only able to provide the physical problem of
Fig. 2-4 and also incorporate one arbitrary constant in the analysis
of the problem. Thus, it becomes inevitable to seek additional
solutions of the governing system which would £ill the need of the

evaluation of the required physical state described in Fig. 2-6.

We return to the general system of equations and we seek a solution

to the equation
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(V2 + 2) F* (x;x') = 0 (2.109)

- where the auxiliary variable F* (x;x') 1is no longer expressed in

terms of the Legendre fuctions of the homogeneous solution of Eqn.
2.109, which have already been incorporated into the previous
analysis, but in the form of any multivalued function which satisfies
the differential equation. We should point out that even though
multivalued displacement and stresses are not allowed in the
analysis, multivalued stress functions can in fact be permitted for
as long as they lead to single-valued displacements and stresses in

the domain of interest.

Such multivalued form of the solution of Eqn. 2.109 can be expressed

as

F* (x;x') = A* [ siny n sinn - éscy cosn ]. (2.110)

From the stress function-stress resultant relations we obtain the

following single-valued expressions for the stress resultants:

N* - 2 A cosn

¥ R2 sindy

* 2 A"

N = - —£osn (2.111)

n R2 sindy
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*
* .
N 2 A cosn

M R? sindy sinn.

When the singular solution is evaluated in the vicinity of the two
poles according to the same two integrals of the force and moment
resultants, we observe that the force resultant integrand vanishes

identically due to
* *
N - N _ =0 2.112
4 COST m ' ( )

while the moment integral, by choosing the following value for the

arbitrary constant

A¥ - - D!, (2.113)

leads to the solution state described by Fig. 2-6.

The additional stress resultant components of Egqns. 2.111 will

*
introduce new components of the tangential displacement functions u,

*
and un which, in turn, must be single-valued. These new components

will be obtained from the stress-displacement relations which are of

the form

|
Q
|2
%

QD
<

I T
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*
ou
L * * 1, _n *
Eh [ N'7 B NV ] R ( an cscy + coty uv ] (2.114)
* *

du * au
- cot u + ¢sc .
Ty, v _laq ]

Integration of the first two of the relations above leads to the

following expressions of the displacement functions u: and u::

* 20 4+ ) [ 1 1 1 cosy
u‘7 ERR D [ 2 In[ tanzy ] - 2 sinZy ] cosn (2.115)

* 2(1 + 1 1 1
u, = _iiﬁﬁ_él D! [ cosy [ 7 In[tanyy] + 5 §§ﬁ%§ ] + 1 ] sinp (2.116)

Furthermore, when the above expressions are introduced into the third
of the stress-displacement relations, the relation is identically

satisfied.

*
With the analysis associated with the multivalued stress variable F
we arrived at the complete stress and displacement field description
corresponding to the physical problem of Fig. 2-6. Thus, while the

transverse dispacement function W was uneffected by the introduction

*
of F, the tangential displacement components are now expressed as

=_.1__+_L1.§_ ey ! *
uv EhR a7 F(x;x') + u7 (2.117)
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U = Ltn
n EhR

cscy %; F(xix') + u:. (?.118)
The stress and moment resultants will also contain the contribution
of their starred counterparts introduced by the multivalued stress
function as well as their expressions derived from Eqns. A.18 and
A.15 respectively. The shearing stress resultants, however, being
only a function of the transverse displacement W will not

experience any change in their forms.

To complete the analysis, the remaining arbitrary constants must now
be evaluated from physical requirements imposed at the two poles
where the singular loads apply. These requirements are closely
related to the way these loads act onto the middle surface of the

complete sphere.

The first of these requirements 1is expressed in the form of the

following integral

2n
lim I [ W cosy - u siny + R siny ] R siny cosnp dnp = 0 (2.122)
~-0 7 v
LA

which implies that the net displacement in the normal direction
vanishes since’ there is no net force acting in that direction. By

introducing the expression of the rotation ﬂ7
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B=% (u - o (2.123)

into Eqn. 2.122, we obtain the equivalent expression

1lim [ W cosy - siny gﬂ ] siny =~ 0, (2.122a)
70 K
7

The singular behavior of the Legendre functions is incorporated into
the above 1limiting relation and two relations between the arbitrary
constants are deduced.

Hence, as -0

% [ sinvr hy, + sinin E, ] +Cl =0 (2.124)

and, as vy-+nw

2 [ siwm by + simn By ] - Gl =0 (2.125)

PRI . 2 T R 1 o R
wbere C EhR D and D on

The second requirement reflects the physical condition which implies
that the net displacement component along the axis lying on the
horizontal tangent plane and being perpendicular to the direction of

the unit tangent load must vanish. Such condition is expressed in the
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form of a similar integral, as in the previous case, which in turn,

leads to the following limiting value of its integrand:

lim [ u_ cosy + W siny + u ] siny =0, (2.126)
~-0 7 n
i A

Two .additional 1limiting relations are deduced from the above and

which in terms of the arbitrary constants are expressed as follows:

as 7-+0

sinve H, + sindr H, = O (2.127)
and as y-r

— 1
sinvr sinx D~ _o. (2.128)
« T

The solution of the system of Eqns. 2.124-128, together with the
constants C! and D! which have already been evaluated, will lead to
the complete evaluation of the stress and displacement kernels which
describe the state of stress and deformation in a complete sphere
under the influence of the system of self-equilibrated singular loads
shown in Fig. 2-5. |

We should note that the region around v = 0 predominantly
experiences the effect of the unit tangential load and thus the

singularities present in the kernels are purely due to that load.
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II.1.2.2 IDENTIFICATION OF THE SINGULARITIES

Evaluation of the singularities in the kernels at the appex of the
shell (y = 0) 1leads to the following 1limiting values of the

displacement and stress functions:
a. The normal displacement function W is zero at the load point

b. Both tangential displacement components uT and un experience

logarithmic singularity

c. The stress and moment resultants have a stronger singularity

of the order ( % ) in their kernel functions.

d. The transverse shearing stress resultants Q_7 and Q'7 have a

very strong singular behavior of the order ( %2 ).

The character of the singularities associated with the present
analysis completely agrees with the order and character of
singularities in the respective kernels obtained by Kalnins[24]. The
shallow shell solution, however, presented by Luckaéiewicz[lS]
revealed that the moment resultants are zero at the point of

application of the load.
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II.1.3.1 FUNDAMENTAL SOLUTIONS OF A UNIT CONCENTRATED MOMENT

A unit moment is defined as the effect of a definite distribution of
normal loading. It can best be described as the derivative of the
Delta function distribution with respect to the surface coordinate‘
along which the unit moment is to be acting. For a given shell
represented by means of the orthogonal surface coordinates (a,B8), the
intensities of wunit concentrated moments directed along « and g

axes can be expressed in the form

&

—n

1_ 3§ _

1 1
W % 3 (2.129)

(o1}

a

respectively, where A and B are the coefficients of the first
quadratic form of the middle surface of the shell:. Thus for the
particular case of a spherical shell described by the surface

coordinates (¢,8)

A=R , B = R sing (2.130)

and the intensities of the unit moments along ¢ and § will be

1 36(n-n') 1 3é(n-n')
" R3 sing a¢ ' R3 sin?¢ a0

(2.131)

respectively.
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From the theory of generalized functions it is known that if & is

a fundamental solution of the equation L & = 6§(n-n’'), where L is

a differential operator, then %% is a solution of the equation

_ a8
L& do”

It follows from the above that the principle parts of the moment
kernels can be obtained by simple differentiation on the principle

parts of the corresponding kernels of the unit normal load solution.

Let primed quantities correspond to coordinates of an arbitrary point
where a concentrated load or moment applies and unprimed ones to
coordinates of an arbitrary field point in the domain. The
displacement field produced by a unit moment, applied at (¢',0')
along either ¢ or @ axes, at the field point (¢,0) is obtained by

differentiating onto the displacement functions W(E;E') and u(x;x')

with the respective coordinate. Thus, for a moment directed along ¢

axis, the singular solutions of the displacement components would be

o L Bu(xix’)
' u(x;x') = - ¢ BET (2.132)

while for a moment directed along the @ axis, the displacement
functions would be

aw(x;x') 1 du(x;x')

o~

LR O o dxt) - Rsing’ ag' - (2:133)
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The same would be also true for every other kernel function
associated with the domain.

However, as mentioned earlier, the differentiation process above can
represent a moment solution state when only applied onto the
principle singularities of the normal load kernels. This will be the
case of the construction of the fundamental singularity for a shallow
shell whose singular solution is expressed only in terms of the

principle singularity.

A numerical evaluation of different moment solutions was performed in
an effort to best describe such concentrated effect. These solutions
were derived (a) from the differentiation of the normal load kernels
as described above, (b) from the superposition of two tangential load
solutions applied in such a manner as to introduce two unit
concentrated moments at the poles(see Fig. 2-6), and (c) from a pair
of two concentrated normal loads with opposite directions approaching
each other at the pole and corrected by a concentrated tangential

load.

T=2P siny
P / P 1

~ 2Rsinycosy

Figure 2-7. Equivalent moment action resulting from a pair
of normal point loads.
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The magnitude of the applied forces, shown in Fig. 2-7 , insure a
unit moment effect at each of the poles. The evaluation revealed that
approaches (b) and (c) provide the exact same answers while the
differentiation procedure, case (a), fails to represent the solution

in the vicinity of the pole.

Thus, the comparison of the above different unit moment solutions has
proven that the argument stated earlier about the role of
differentiation on principle singularities of the kernels is in fact
critical. Furthermore, it has proven that an exact moment singular
solution can be represented by the superposition of two appropriate
tangential load solutions derived in the previous section. An
alternative exact solution could have been derived by using the same
procedure utilized in the tangential 1load analysis, by simply
requiring that the singularities at the two poles, introduced by the
general solution, together with the condition on the transverse

displacement function W(x;x')

W(vy,n) = W(m-7,n) (2.134)

are justified due to the presence of two concentrated unit moments

applied there.
I1.1.3.2 IDENTIFICATION OF THE SINGULARITIES

The character of the singularities in the kernels is the same with

the tangential load solution. Thus, the radial displacement W is zero
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.

at the pole while both tangential displacement components uy and un

have 1logarithmic singular behavior. The stress and moment resultants
have singularities of order ( 1/y ), while the transverse shearing

stress resultants Q,y and Qﬂ present strong singularities of order

( 1/72 ).
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II1.2 IMPROVED THEORY

In the improved theory of shells the effect of the transverse shear
is 1incorporated into the equations of equilibrium of the thin shell
element. Even though the basic equations of equilibrium are the same
for both theories, as noted in Appendix-A, the independent role of

the angular rotations of the normal ﬂi will introduce two additional

variables which in turn will upgrade the order of the governing
differential system. This is because transverse shearing strains do
not vanish in the improved theory analysis and, therefore, the

rotations ﬂi can no longer be expressed in terms of the displacement
component functions W, u¢ and ug . Furthermore, the shearing stress
resultants Q¢ and Q0 are now the direct effect of the nonvanishing

shear stress and no longer a requirement for the overall equilibrium
of the shell element. The natural boundary conditions that need to be
satisfied along a boundary edge increase to five, and thus, along a

boundary segment of constant s, the stress resultant an, the

twisting moment Mns and the transverse shearing resultant Qn

cannot be combined into Kirchhoff's effective shearing boundary

=

aM
forces Qn + asns and an + =08

, but stand as independently

i

S

prescribed boundary conditions.

The equations of the nonshallow spherical shell are uncoupled with

the introduction of the auxiliary variables U, ¥, I' and A , see
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Eqns. A.29-30, which relate to the displacement vector as well as the
angular rotations of the normal. The primary system of equations is
reduced to a secondary system of equations in terms of the introduced
variables and the transverse displacement function W. This secondary

system, for the case of only normal surface traction q, being

present, is uncoupled into a set of two differential equations:

VE W+ py V¥ W+p, VZ2W +py W+ L, q, = 0 (2.135)

where py, P, P, are defined in Eqns. (A.39) and the differential.

operator L, is given by Eqn. (A.40) and

1

(V2 4+ 2) [V2+2-75] ¥ =0 | (2.136)
S

where kg - % and corresponds to the coefficient of shear as defined

by Reissner[3] and Naghdi[5].

The remaining auxiliary wvariables A, U and I' are governed by the
system of equations (A.31), (A.33) and (A.35) which relates them,

through differential operators, to the functions W and A.

The construction of the fundamental solutions for the differential
operators of Eqns. 2.135-136 will follow a procedure similar to the

one adopted in the classical theory analysis.
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I1.2.1.1 FUNbAMENTAL SOLUTIONS OF NORMAL SURFACE TRACTION

In constructing the fundamental singular solution we should again
require that such solution must satisfy the differential operator and
demonstrate singular behavior at a unique point on the complete
sphere. Also, with the same argument used in the classical theory,
thé condition of equilibrium in the vicinity of the pole and the
vanishing of the tangential displacement and the rotation vector at
the pole must be satisfied by the fundamental solution without being

introduced as a priori.

The self equilibrated normal surface traction which will again lead
to the “free space" Green's function takes the same £form as

previously

5( v ) 3
9h = "R? [ 2n siny =~ 4m C°57 ]. (2.137)

We consider Eqn. 2.135 in the form

LilWw] = Ll q,] (2.138)

where

L, = V8 4+ p, V¢ + p, V2 + p,

and

Pe =3 -p-k, (1-p?)
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pzn—l—éﬂi+2(1-p)+ks (1 - u2) (s - 3) (2.139)

- y2
po = EFE2 L2 (- (- w) kg

~

R4 kg (1 - p2) D

We express operator L; in its equivalent form
Ly = (V2 - ry) (V2 - ;) (V2 - 1y) (2.140)
provided that r, (i=1,2,3) are the roots of the cubic equation
ri + p, ri + Py Iy +po = O, (2.141)

The three roots can be obtained by using the formulas

P4

r, = A+B - 3

P
(2) - deen B o e
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where
A 1 v b 3173
s l=13 [ - q%( 27 R (2.143)
Ps P2 2 p3
q = Po - 3 +27

(2.144)

A = 27 q2 + 4 p2?,

The nature of the roots ry is governed by the determinant A, and thus

if,

A >0 : one root is real and two are complex conjugates
A =0 : all roots are real and two are equal
A <0 : all roots are real and unequal.

When A is evaluated for our particular case it is found positive and

the three roots can be written as

ry=c; [r2]=02i1c3 (2.145)

where c,, c, and cg are real numbers.,
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A numerical evaluation of the three roots above proves that root r,

has the value of -2 and it is independent of the choice of the shell

parameters and constants. Thus the equivalent form of the operator L,

coincides with the product form of the operator of Eqn 2.1. The

significance of the value of root r, will be discussed later in this

section.

With one real root and two complex conjugate roots we express L, in

the form
Ly = (V2 +2) [VZ2 4+ v (v+1)] [VZ4+ 2 (X2 +1)] (2.146)
where
ry = - 2, - Yy, =v (v + 1), ~rg =2 (A +1) (2.147)
or

N =
"+
|

V = =

~
Eed
[
la
N
~—
N

14
i

( % - 13 )2 (2.148)

Obviously v and A are complex conjugate parameters.

The component V2 + 2 of the operator L; represents the membrane

solution of a loaded spherical shell., It is interesting to note that

for both theories, classical and improved, the contribution of the



85
membrane solution is somewhat decoupled from the bending solution
which dominates in the vicinity of the pole.

The complete form of Eqn. 2.135 can now be expressed as

(V2 + 2) [VZ2 + v (v + 1)) [VZ + X (A + 1)) W(x;x') =

R4 k, (1 - p2)D
- (V2 + 1 - p) [ 1 - R (V2 + 1 - p) ]

1 (v ) 3
X [ R? [ 2r siny - b cosy ] ] (2.149)

where again

d? d
2-
v 42t ocoty 4.

'We proceed in a manner similar to that adopted in the classical
theory by expressing the fundamental solution of the transverse

displacement W(x;x’) in the equivalent form
W(xix') = Wy(xix') + Wa(xix') (2.150)

such as,

Ly [ Wy(xsx') ] =1L, [ 6(n - n') ]

Ly [ Wp(xix') ] = Lo [ - 3p = cosy ].  (2.151)
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We first consider the particular component W, governed bj the second

of Eqns above

2
Ly [Wp(xix')] =3 (V2 + 1 - ) (1 - Go (V2 + 1 - p)] ( - —= cosy )

(2.152)

where

k_ (L - p2) D
°s
Co = EhRZ

By operating on the right side of Eqn. 2.152 we obtain

[ -Co (V2 +1-p)] (- —%; cosy ) = - —%; [l + G, (1 + p)] cosy

and

%3 (V2 + 1 - p) [ - —%; [ +Cy (1L + p)] cosy ] -

3RZ (L +p) [L+Cy (1L + p))
4 D

cos7y.

Thus Eqn. 2,152 can now be written as

(V2 + 2) [VZ2 4+ v (v + 1)) [V2 4+ X (A +1)] Wa(x;x') = 3 Cp cosy

where (2.152')



3R2Z (L +p) [1+Co (1+ p))
4 2 D *

Co =
We introduce the function fp(§;§') such as
(V2 + 2) fp(g;g') = 3 C} cosy
which leads to
fp(§;§') = - Cy [ 1+ cosy In(1 - cosy) ].
We express W,(x;x’') in the form
W,(g;g') - Ap fp(§;§')

and introduce it into Eqn. 2.152' such that

(V2 + v(v + )] (V2 + A0 +1)] (A fp(§;§') } = 3 C§ cosy

P

oY

(V2 + v (v + 1)] [V2 4+ 2 (A +1)] ( Ap cosy ) = cosy
which results to

Ap [ [-2+v (wv+1)]) [-2+X(+1)] ] cosy = cosy

87

(2.153)

(2.154)

(2.155)

(2.156)
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and finally,

1
A"+ -2l O0+ D -2) (2.157)
Thus, according to Eqn. 2.155 we can write
2(X3x') = - Ap Co [ 1+ cosy In(1l - cosy) ] (2.158)
= -T;, [ 1 + cosy In(l - cosy) ]
where
2 2 ]-1 .
Ty = Re{v(v + 1) - 2} + |Im{v(v + 1) - 2) * C§. (2.159)

We now consider the first of Eqns. 2.151 which governs the
contribution of the Delta function distribution onto the transverse

displacement W and express W,(x;x’') in the form
Wy (2ix') = Lol U_(xix") ] (2.160)
provided that the introduced scalar function Us(g;g') satisfies

L[ U (x3x) ) = g;ﬁﬁgig; (2.161)

oY

(V2 +2) [V2 4w+ 1) ] [V2 4200+ 1) ] U (ux') = 5o .
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With similar procedures and arguments utilized in the classical
theory approach, we retain only those independent solutions of the
homogeneous form of Eqn. 2.161 that have singular characteristics at
a single point on the complete sphere. This leads to the following

expression for the scalar function Us
Us(g;ﬁ') - A, Pu(-cosy) + A, PA(-cosy) (2.162)

where A, and A; are complex conjugate arbitrary constants. The

evaluation of the constants is dictated by the requirement that the

particular solution of Us satisfies Eqn. 2.161 in the vicinity of

the pole v = 0,

The introduction of an additional auxiliary scalar function £(x;x')

and the application of the divergence theorem in the form of Eqn.
2.24, 1leads to the ‘evaluation of one of the complex arbitrary

constants and which is of the form

1
4 [v(v +1) - A(A +1)] [2 - v(v +1)] sinvm

A2_

and

Ay = CONJG [ A, ]. (2.163)

According to Eqn. 2.160 W;(x;xX') can be written in the form
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R R I e AT

which results to

Wy (x3x') = %3 2 Re[[l - - vy + 1)) A, [1 -Gy (L -p - v+ 1)1]

. Pu(-cosv) ] (2.164)
or

Wy(xix') = 2 Re[ An PV(-cosy) ] (2.164')

9

where An D [[1 -p-v(y+1)] A, [ 1 -C(L-p-v(v+1)) ]].

The complete expression of the fundamental solution of the
displacement function W will take the form of the sum of the
solutions described by Eqns. 2.158 and 2.164. However, since the

combined expression 1is to correspond to the Generalized Green's

function of the spherical domain, the restrain condition

II W(xix') cosydo = 0 (2.165)
o

must be met. The above requirement introduces an additional term,

which when combined in the expression of W,(x;x') leads to

Wg = - T, [ 1+ cosy In[ 1 - cosy ] + B cosy ] (2.166)
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where T, is given by Eqn 2.159 and

B =

wis

- 1In 2. - (2.167)

Thus the complete expression of the fundamental singular solution or
"free space" Green’'s function for the transverse displacement

function W is defined as the sum of Eqns. 2.164 and 2.166.

The remaining auxiliary variables ¥, A, U and ' are evaluated with
the help of the‘;ystem of equations (A. 31,32,35) and 2. 136 together
with the incorporation of the displacement fﬁnction W derived above.
We recall that the secondary system of equations was expressed in
terms of the functions W and ¥ through the uncoupled Eqns. 2.135,136.

From Eqn. 2.136 we observe that the auxiliary variable ¥ has no

dependence on the normal surface traction q,- For the axisymmetric

case the general homogeneous solution of Eqn. 2.136 will take the

form

Y(x;x') = A? P, (cosvy) +_A? Q, (cosy) + B? Pw(cosy) + Bf Qw(cosy)
(2.168)

where

w(w+1) =2 - EEE (2.169)

and A? : Af : B? : Bf are arbitrary constants.
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Eqn. (A.32) can provide the general solution form of the auxiliary

variable A(x;x') expressed as

A(%;x') = - k3 (V2 + 2) ¥(x;x')

- K (2 - w(w + 1)] [ BY P (cosy) + BY Q (cos7) ]. (2.170)

The requirement, however, of a single singularity in the domain and
the elimination of the regular solutions from the expressions for V¥

and A yields

Y(x;x') = B? Pw(-cosy) (2.171)
and

A(xix') = - K2 [2 - w(w +1)] BY P (-cosy). (2.172)

The 1incorporation of the final forms of ¥(x;x’') and A(x;x’') into the
singular solution would require the evaluation of the arbitrary
constant B?, which in turn would have to satisfy a requirement set as

a priori. But the only condition variable ¥ must satisfy, besides
being a solution of the governing system, is the existence of the
Delta function to which it apparently has no relation since it is
independent of the normal surface traction. We observe, however, that

variables ¥ and A are related to the tangential displacement uv, the

rotation of the normal and consequently to the shearing resultant Qy.
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The axisymmetry of the solution reasonably requires that when

approaching the pole 4 = 0, the two vectors u, and ﬂy satisfy

limu = 1lim [
v~0 7 70

o la
<G

- ¥ R siny ] =0

lim 8 = lim [g—" - A siny ] - 0. (2.173)
740 T 440 7
The general expressions for ¥ and A contain a logarithmic

singularity and their contribution to the limiting value of u’y and

ﬂy vanishes since

lim [ siny ¥ ] = 1im [ siny A ] = O. (2.174)
140 740

Thus for the axisymmetric case and without any loss of true

representation of the system’s variables, we can set

Y(x;x') = A(x;x') = 0. (2.175)

With the elimination of ¥ and A from the secondary system of
equations, the remaining variables U, I' and the already defined W

are associated through the relations

R? V2A(x;x') - (L + p) k, V2U(x;x') + [V2 - 2 (1 + p) k] W(xix')
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—— ] r(x;x') - _E—R:E_ - 0 (2.176)

[V2 + 1 - ] UGeix') + [1+p+ = ] W(xix') + 5= Dxix'y = 0.
s

S

We operate onto the first of the equations above with V2 + 1 - p

and obtain

R [VZ + 1 - u] V2I' - (1 + p) ks (V2 + 1 - u) V2U +

RZ (1 - p?) k_
V2 41 - p [vz - 2(1 + p)]w + (V2 + 1 - p) [ Eh B an -0

From the third of Eqns. 2.176 we deduce

(V241 -pUm- (Lép+—e)W- =,
S S

while from the second equation we obtain

W 1
2 - -
(V2 +1 - )T €Rks + £k r.

The linearity of the operators involved in the above expressions lead

to the following:
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(2.177)

where
Dy =1+ 2 ¢ ks - £ k; (1 - p?)

Dy =1+ (1 + ) € ks -2 (1 - p2) £2 k2 (2.178)

s

Dg =1+ 2pé ks + (p2 - 1) 2 k;.
We decompose F'(x;x') as follows
P(xix') = P (xix") + TL(Xix') (2.179)

where the subscripts s and r identify the singular and the regular

components of (2.177). The regular solution Fr is to be derived as
the dependence of T onto the equilibrating surface traction Qs
while Ps will be associated with the fundamental singular solution of

the transverse displacement W.

The operations in expression 2.177 are being carried out with the

help of the following identities:

V2[1 - cosy In(l - cosy)] = - 3 cosy - 2 [1 + cosy In(l - cosv)]
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V2 (cosy) = - 2 cosy (2.180)

v2 [ PV(-cosy) ] = -vy +1) PV(-cosy)

and they lead to the final form of L(x;x')

-

P(x;x') = 2 Re{AE PV(- cosy)] + Tf [l + cosy In(l - cosy)] + CF cosy
(2.181)
where
2 k2 E k. D D
r £ kg 2 s 1 2
A = - [ R Dy [v(v + 1))%2 - v(v + 1) R D, + R D, ] A
L - [ 4 ¢ ke $Xs D1 Do T
1 R D, R D, R Dy 1

+

I o §2 kIR (L+p) (L-p2)C 26k Dy -4£2Kk2-D, .
Dg Eh R D, P

Q" " IR (2.182)

C_"TIB

& a2,

-
1
Wi

Similar procedures to the ones above are used to determine the

’ remaining variable U(x;x’) which is also obtained from Eqns. 2.176.

Between these relations U(x;x’') is isolated and expressed in the form



97

€12 - (1-p%) k]

U(xix') = -C £ R) I(x;x') + [ (1-2¢k) + T V2
¢ € k R2
t 1. 2 v4 ] W(xix') - %ﬁ q, + '—Eﬁ——— (V2 + 1 - p) q, (2.183)

which, after the execution of the operations, leads to

U(x;x') = 2 Re[Ag PV(-cosy)] + T? [l + cosy In(l - cosy)] + CU cosy

(2.184)
where
€ (2 - (L - p?) k]
A= - ERA+ [ 1-2¢k_ - T v+ D)
+ T e+ )° ] A
§[2 - (1 - p?) k)
T?--&RTY+[1-251<3-2 T - (2.185)

U r R?
CC=-¢£RC + Cp " Eh [+ & ks (L + p)) Cq'

Equations (2.166,181,182) relating to W, T, and U wvariables
respectively will constitute the basis upon which the complete set of
the dependent variables of the system is to be determined. Thus we

obtain the tangential displacement u by utilizing its relation to

the variable U(x;x’) which yields
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Y S L
uv v Uxix ) 2 Re[ An Pv (-cosy) ] +
+ Ty [ S92 8102 . siny In(l - cosy) ] - c¥ siny (2.186)

and the angular rotation ﬂy from variable F'(x;x’') such as

= 'é— . ’ = = r 1
ﬂ7 dy F(x;x’') 2 Re[ An Pu (-cosy) ] +
+ T [ 9{£¥—§%§$ - siny 1n(l - cosy) ] - ¢! siny (2.187)

while due to axisymmetry

u = g = 0. (2.188)

The shear resultant Q,y expression follows from Eqn. (A.27) in the

form

Eh 1
G2 A +m) KO [, +%

QIO-
<=
| S |

(2.189)

and consequently

Q = 0. (2.189")

The kernel expressions for the stress and moment resultants follow

from Eqns. (A.23,24)
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b}- Eh [du"'+ cotu+(+1)W]
v (L - pu?)R [ dy # T Yy H
du
Eh ¥
N =
n 1 - s R [ B av + coty u_y + (p+ 1) VW ]
(2.190)
dg
D — ,
M =2
RN
dpg
D —
& R["dv +°°t7ﬁv]
and
N = M = 0. (2.190')

m m

IT.2.1.2 IDENTIFICATION OF THE SINGULARITIES

We examine the character of the fundamental singularity in the
displacement and stress kernels as -0 and evaluate the predictions
of the improved theory in the wvicinity of the pole. It is to be
expected tﬁat the differences between the classical and the improved
treatments of the shell domain are most pronounced near the point of

application of the singular load.

By calculating the 1limiting values: of the Legendre functions
associated with the kernels as well as of the elementary functions

involved we obtain for the transverse displacement W
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lim W =2 Re[ An % sinvn [ 1im ( sin % ) + CPy(v) ] ]

v~0 v-+0
- Ty 1im {1 + cosy 1In(l - cosy) + B cosy]
70
or
1im W = 2 [ 2 Re[A_ simwn) - T, ] lim In(sin ¥) + Comst.  (2.191)
T n 2 .
70 70

It is apparent that, while the classicél theory analysis predicts a
finite response of the transverse displacement W at the point of
application of the singular load, according to the improved theory
treatment W 1is unbounded, experiencing a logarithmic singularity in
its kernel. This finding, however, is in complete agreemént with
previous results obtained in other investigations concerning both the

shallow and the nonshallow approach of the shell problem.

A detailed evaluation (numerical) reveals that in the limit as =0,

the displacement variables u and ﬁ? identically satisfy

lim[u ] = 0
v-+0 Y

and

im[ B ] = O. (2.192)
o 7

As noted earlier the above two conditions together with the

equilibrium requirement around the pole expressed by the integral
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2n
lim I [ Q_ cosy + N siny ] Rsinydp = -1 (2.193)
70 0 T Y

constitute a set of constraints that the fundamental solution must
satisfy. It has also been noted that their interaction with the
construction of the fundamental singularity, when set as a priori,
could lead to an incorrect fundamental solution. Evaluation of the
integral shown in Eqn. 2.193 with the help of Eqns. 2.189,190

reveals that the condition is indeed satisfied.

The singularity encountered in the shear resultant kernel Qy is of

the order

2 _Eh 2 1
limQ = [ Re[A_ < sinwm]- T ] lim ( = ). (2.194)
g0 7 2 (L + p) kg R nnw 1 b0 7

The character of the singularities in the stress and moment resultant
kernels is logarithmic, same as in the classical theory analysis, and

their limiting value can be simply written as

lim[N,N,M M]-um[A 1n(sin1)+s] (2.195)
v-0 7 n "Tn ~-0 i 2 i
where, Ai and Bi are constants evaluated between the limiting

behavior of the Legendre functions and the respective constants

associated with the Fundamental Solutions.
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-

We should further note that the state of compression in the vicinity

of the load point experienced in the classical theory, lim N = - o
v-+0

is no 1longer predicted by the improved theory which, in turn,

demonstrates that Ny approaches 4., Thus we conclude that, under the

influence of a concentrated load applied along the outward normal,
the wvicinity of the pole is in tension. Such response is expected on

the grounds of physical reasoning.
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I1.2.2 SINGULAR SELF-EQUILIBRATED SOLUTIONS OF A UNIT MOMENT AND

A UNIT TANGENTIAL LOAD

The construction of such singular solutions, their properties and
their compatibility as fundamental singular solutions have been
discussed in the classical theory analysis. As seen, solutions
associated with types of loading without axisymmetric nature do not,
within the framework of this study, retain the restrictive condition
of a single singularity in the complete spherical surface. This is
\
the result of the singular load state required to insure overall

equilibrium of the domain.

We again utilize the homogeneous solutions of Eqns. 2.135,136. This
implies that all the components of the external force vector are
zero. However, the singularities of the general solution of these
equations, encountered in the kernels of the transverse displacement
W and the auxiliary function ¥, will be integrated into the
solution to yield the singular states associated with the action of

concentrated tangential loads and moments.

The general solution for W and ¥ expressed in the rotated

geographical system (vy,n) will be of the form

W(x;x') = [ A, P! (cosvy) + A, Q] (cosy) + Ble (cosy) + B, P; (-cosy)

+ Cy Pi (cosy) + C, Pi (-cosy) ] cosn (2.196)
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and

r(x;x') = [ A{ P! (cosy) + A} Q} (cosy)

+ B{ P& (cosy) + B} P; (-cosy) ] cosn (2.197)
where
w (w+ 1) =2 - -Elig
s
1
w - -y - ip (2.198)

©
i

N =
N -

12 R?
[1"4(2'koh2)].
S

We should again note that because of the complex conjugate parameters

v and A, the associate Legendre functions P; and Pi are also

complex conjugates. The 1mplication of the above is that, in order
for the displacement W to remain a real quantity, the arbitrary

constants B,, B, and GC,, C, are complex conjugates respectively.

Further we notice that the degree of the associate Legendre function

P; is also complex, although the auxiliary variable ¥ is required

to remain real due to its relation to the displacement and stress
variables. However, the character of the parameter w, as discussed
in Appendix C, will 1lead to a special case of Légendre functions
which are real for real values of the argument and the parameter p
while their order consists of integral non-negative values. This

implies that the arbitrary constants Bj and Bj are real in



105

nature. In addition, since P}(cosy) is a regular function everywhere

in the domain, its contribution to the solution of the singular

system can be eliminated by setting A, = A] = 0 without any loss of

generality. The above is justified from the fact that the solutions

retained must satisfy the singular state at vy = 0 and/or at v = =,

The general expression of the auxiliary variable A(x;x') can be

deduced from the relation

(V2 + U(xix') + o5 Alxix') = O (2.199)
S

which leads to

A(xix') = - k2 (V2 + 2) U(x;x')

oxr

A(x;x') = G’ [ Bj Pé (cosy) + B} Pé (-cosy) ] cosp (2.200)

where

C' = - kg [2 - w(w +1)]. (2.201)

The remaining auxiliary variables T' and U can be derived in terms
of W, ¥ and A. Uncoupling of the operators in Eqns. A.31,32,35

yields for I' and U variables the expressions:
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F(x;x') = [el + e, V2 + e, V‘] W(x;x') + eg siny g; A(x;x')  (2.202)

where
k, k, k, kg
el-;;, 82-;1:, e‘-;, es-;F
ap =R [1+2&k p-(1-p%) €2k ]
ky = - [ 1+ ¢ ks (L + p) - 2 (1 - p2) €2 kg ] (2.203)
kp = - €k [ 1+ €k (2 (1-p2) k) ]
k4—'E2KZ

kg = & kg R[1+¢ ks 1L+ p)].
By utlilizing the identities

VZ W(x3x') = - [ 2 A, Ql(cosy) + v(v + 1) [B, P;(cosy)

+ B, P;(-0051)] + (2 + 1) [C, Pi(cosy) + G, Pi(-cosy)] ] cosn

v w(x;x') - [ 4 A Qi(cosy) + (v(v + 1))2 [By P} (cosy)

+ B, P;(-cosy)] + (2() + 1))2 [c, Pi(cosy) + C, Pi(-cosv)] ] cosn

%; A(x;x') = C' { - B} [ w(w + 1) Pw(cosy) + coty P;(cosv) ]

+ B} [ w(w + 1) Pw(cosy) - coty P;(cos7) ] ] cosn
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we obtain for I(x;x')

L(x;x') = [ §; Ap; Ql(cosy) + 6§, [B, P;(c051) + B, P;(-cosy)]
+ 63 [C, Pi(cosy) + C, Pi(-cosy)]
+ eg C' [ siny w(w + 1) [ B} Pw(-cosy) - B} Pw(cosy) ]

- cosy [B} P;(cosy) + B} P&(-cosy) ] ] ] cosn (2.204)

where

§y = ey - 2 eq + 4 e,
g =ey ~v(w+1) ey + [v(v +1)]2 ¢,

§g = eg - A(A + 1) ey + [A(A + 1)]2 e,. (2.205)

Similarly, for the remaining auxiliary variable U(x;x') we deduce

the expression

£12 - (1 - p?) k]
UCxix') = - € R I(xix') + [ (1 -2¢8ky)+ 1 - p2 v

R v4 ] W(xix') - % siny [(§ + 1) %; (A(x;x') + ¥(x;%x'))]
(2.206)

which can equivalently be written in the form

Ux;x') = [ el Az Q}(cosy) + el [B, Pl(cosy) + B, Pl(-cosy)]

s 1 1(.
+ ey [C, Px(cosy) + C, PA( cosy)]
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+ e, [ siny w(w + 1) [ B} Pw(-cosy) - By Pw(cosy) ]

N =

- cosy [B} P;(cosy) + B} P;(-cosy) ] ] - 5 A} siny DQ} ] cosy

(2.207)

where

- - y2?
2602--wk 4,
1 - p2 1 - pu?

eh=-ERSE +1-2¢Kk -

v(v +1) £ [2 - (1 - p?) k_

e2=-ERS +1-2¢k_ -

§) 1 - p2
[v(v + 1)]2 ¢ |
+
1 (2.208)
e = CONJG [ eZ ]
eo = &£ Reg C' + £—%——' + %
and
d 1 1+ 1
DQl = a Qi(cosy) = - 5 cosy In i—j—ﬁgfz + 1+ ~sinZy (2.209)

The remaining components of the displacement vector uv and u,7 are

deduced from the relations

u, = %; U(x;x') - R siny ¥(x;x’')

and (2.110)

a_ v
un cscy an U(§,§ ),
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while the angular rotations of the normal vector 51 and ﬂﬂ are

derived from the expressions

i)

- T . ’ - . '
B, ay L(x;x') - siny A(x;x')

and (2.111)

ﬁ” = cscy g; P(§;§').‘

Substitution into Eqns. 2.110,111 of the the auxiliary variables

leads to

uy - [ eé A, DQ} + 2 Re[ eﬁ {v(v + 1) [B, PV(-cosy) - By Pu(cosy)]

e

- coty [B, P;(cosy) + B, P;(-cosy)]} ] - (B, P;(cosy)

siny

+ B, P;(-cosy)] + [eq w(w + 1) - R] siny [B} P;(cosy) + Bj Pé(-cosy)]

R A} ‘
-3 [ siny D,Q} + cosy DQ} + 2 siny Ql(cosvy) ] ] cosn (2.212)
where
D.0! .(1.2_..1 li 1..1_'*_'__92§1+cot_m (2.213)
2Q1 = dv? Qi (cosy) = 2 SHY My sy v sin2y '
and
u,7 = - cscy U(y) sinp
U(xix') = U(y) cosy. (2.214)

Similarly for the angular rotations we derive the expressions
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ﬁ7 = [ 6, A, DQ} + 2 Re[ 6, (v(v + 1) [B, PV(-cosy) - By Pu(cosy)]

coty [ByP, (cosy) + B, P (-cos7)]] ] (2.215)
ég

+C' | siny - {1 + w(w + 1)) siny ] [B;P;(cosy) + B} Pé(-cosy)]

and

ﬂn = - cscy I'(y) sing

r'(x;x') = I'(y) cosn. (2.216)

Substitution of tﬁe displacement and angular rotation vector
components into Eqns. (A.23,24,25) will yield the expressions for the
stress, moment and shearing stress resultants. Thus, with these last
manipulations we have arrived at a general solution state of a
complete sphere experiencing the effect of singular loads applied at
both of 1its poles (y = 0 and <4 = x). These singular loads
introduce a state of deformation and stress symmetric with respect to
the surface coordinate g5 = 0. The character and the physical
interpretation of tﬁe singularities in the kernel functions of the
dependent field wvariables will again be examined with the
introduction of a limiting contour in the vicinity of the poles. This
procedure will provide us a clear view as to what physical system the
singularities relate to or further, to what system they could relate
to 1if additional 1limiting constraints are imposed onto the general
solution of the system. The singularities will again be evaluated in

the form of the two integrals given by Eqns. 2.103,104 in which
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equilibrium around the two poles is implemented in the forms of a

resultant tangent force and a resultant moment.

In the two sections that follow, the construction of the singular
solution states corresponding to the action of (a) a unit
concentrated moment, and (b) a concentrated unit tangential force,
will be formulated by utilizing the same general singular solution
derived subjected to appropriate limiting conditions for each of the

two cases.

II.2.2.1 CONCENTRATED UNIT MOMENT SOLUTION

We consider the self-equiliﬁrated singular moment state shown in Fig.
2-6. The physical conditions imposed onto the general solution in
order to evaluate the arbitrary constants, which iq turn will insure
the correspondence of the final solution to the physical situation

desired, are the following:

ENYE

1. Symmetric transverse displacement W with respect to vy =

expressed as W(y) = W(m - 7).

2. The net normal displacement in the vicinity of the poles
should vanish due to the fact that no net forces act along
that direction. The condition, similarly with Eqn. 2.122,

will be evaluated in the form of the integral
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27
lim I [ W cosy - u_ siny + R siny 8 ] R siny cosnp dp = 0.
o s

. The tangential displacement component in the direction of

n==% % should vanish as we approach the two poles due to the

character of the applied load. We view this condition again in

the form of the integral

27
lim I [ Wsiny + u cosy +u ] R siny cosp dp = 0,
740 0] n |
Rac

. The net angular rotation of the normal in the direction of

n =t

N

must also vanish. This condition was not imposed in

the classical theory analysis because of the dependence of the
angular displacement components onto the displacement vector.
Such requirement is expressed in the form of the limiting

integral

2n '
lim I [ B cosn + secy B sinf ] R siny dn = 0. (2.217)
4-0 Y n
Yy

The net resultant moment in the direction of 5 = 0 of the
internal stresses around a limiting contour, must balance the

external couple applied at the pole. This is expressed in the
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form of the integral

2=

1im I'[ M cosp - M cosy sinp - R siny cosp [ Q cosy
e S ™ v
740

- N7 siny ) ] Rsinydy = * 1, (2.218)
The first of the requirements leads to the condition
Ay = 0 ‘ (2.219)

while requirements 2, 3, 4 result in the following system of

equations between the arbitrary constants:

s(v) B3 + s(A) G, = 0
eZ s(v) B + e s(A) O + eo s(w) By + 5 Ay = O
§, s(v) BY + 65 s(A) €3 - e5 C' s(w) B4y = 0

s(v) Bl + s(A) ¢, = 0 (2.220)

N
o-3
N~
1
o

e? s(v) BY + e s(A) C] - o s(w) B +
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§, s(v) BT + 65 s(A) C7 + eg G’ s(w) B}

where the superscript m on the constants denotes their affiliation

with the moment solution and
2
S(v) = - sinvrn etc.

The 1last of the requirements provides the féllowing additional

relation between the arbitrary constants:

52 T(v) By + 65 T(N) CF + ' [eg T(w) + =52 s(w)] (Bp™ = - =I5

where (2.221)

-

TW) = v(v + 1) % sinvn.

Although the same integral must be evaluated at <y = =, the

requirement

W(y) = W(m - ) implies that

m (2.222)
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and consequently no additional relation need to be incorporated.
However, when such integral is formed, the moment condition at v = =«
is identically satisfied.

The system of equations generated is sufficient and so when solved
the arbitrary constants are evaluated., Their particular values

reflect the solution of the physical system described in Fig. 2-6.
The symmetry of the system about v = % also yields the following

relation

(5)™ = - (BH™. (2.222)

I1.2.2.2 CONCENTRATED UNIT TANGENTIAL LOAD SOLUTION

By wusing the same general solution we utilize requirements 2, 3, &4
used in the construction of the moment solution. Their evaluation

leads to the following set of equations between the constants:

t

A + s(v) BE +s(a) ¢S =0

A - sw) BY - sy =0

el AS + e s(v) B + e s(A) CF + ¢® s() (BH®+ 3 (apF -0

(2.223)
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t ‘ t
- el A7 + e} s(v) BY + 3 s(A) CF - € s(w) (B)E + % apnt =0

5§, AS + 6, s(v) BE + 85 s(0) CF - 5 €' s(w) (B4E =0
8§, AS - 6, s(w) BY - 83 s(0) cf - eg ¢' s(w) BDE -0

Evaluation of the force resultant around the pole +v = 0 leads to the

relation

2 el A7 + e2 T(v) By + e T(A) Cf - [ eg T(w) - 5L R s(w) | (BY"

2
- 2
+ AR @pt - - A (2.224)

It is apparent that one additional condition is needed in order for
the system of equations to become complete. However, our desired
system must incorporate two additional singular effects, a resultant
force F =1 with direction opposite to the one already considered
at vy =0 and a resultant moment M = 2 R, both applied at <« = =,

We proceed in the following manner. We recall the behavior of the
complete sphere with singularities at both poles encountered in the
classical theory analysis. It was shown then that the system was
self-equilibrated due to the fact that the singularities of the
general solution were translated into physical terms as the system of
forces and moments shown in Fig. 2-4. With the above in mind we

attempt to evaluate the moment integral at vy = 0 to correspond to a
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resultant moment of intensity M = R and direction similar to the

one in Fig. 2-4. Such condition leads to the relation

2 6y AT + 83 T(v) Bf + 63 T(A) Cf - €' [eg T(w) + 222 R s(w)] (Bp)°
- 2
B (2.225)

Ehx

The system of eight equations is solved in terms of the arbitrary
constants and subsequently the two integrals, the resultant force and
the resultant moment, at 4 = m® are evaluated. The above test indeed
proves that the singular solution derived, in satisfaction of the
choice of limiting conditions, describes the physical system of Fig.
2-4, Again, a moment solution needs to be superimposed onto the
system just derived in order to achieve the solution state of Fig. 2-
5. However, since such moment solution has already been derived in
the form of a wself-equilibrated pair of wunit moments, the
superposition approach requires no additional formulation. Thus the
kernel functions associated with a unit tangential load applied at an
arbitrary point =x'(¢',0'), or else in the introduced rotated system

(v,n) at <« - 0 and directed along n = 0, will be of the form

Wi(xix') = WEGxix') + R WhGxix')

wy(xix') = ug(xix’) + R ufxix') (2.226)

T t

ene?) me - Mgt
Nj(xix') = No(xix') + R Ny(x;x')
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etc. In Eqns. 2.226 kernel functions with superscript T ( WT, M:

etc.) refer to the singular solutions associated with a wunit
tangential 1load. These solutions were constructed from the kernels

which result from the general solution by utilizing the arbitrary
constants with superscript ¢t ( Bg, Ag etc.) and the moment kernels

multiplied by R necessary to eliminate the effect of the concentrated
moment of intensity R accompanying the solution of Fig. 2-4. With
these last manipulations we have arrived at the complete set of
singular solutions for all three types of concentrated loads ;pplied
on the middle surface of a closed sphere incorporating into their

expressions the effect of transverse shear deformation.
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Ir.2.2.3 IDENTIFICATION OF THE SINGULARITIES

Since the differences between the two theories are expected to occur
in the vicinity of the point of application of the singular load, we
will consider the behavior of the dependent variables associated with

the last two types of loading in the limit as -0,

The character of the singularities experienced by the dependent
variables asy+0 1is the same for both moment and tangential load
solutions. In terms of the displacement vector components we observe
similar characteristics to those of the classical theory analysis.
Thus, the transverse displacement W vanishes as. we approach the point

of application, lim W = 0, while both tangential displacement
70

components, u7 and un, both are unbounded as a result of logarithmic

singularities in their kernels. The ‘same is true for the angular

displacements ﬂy and ﬂﬂ which also present logarithmic behavior

in the pole vicinity.

The stress and moment resultant components also match the behavior of
their counterparts in the classical analysis. All six components
present singularities of order (1/y) and some of their limiting

values are recorded below:

11:8N‘;‘--(-i——_—5%ﬂ [ (1 + p) % AH™ + (1 - p) [2Re( e2 B T(v)
'Y-’
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[2 CP,(v) - CPy(v)]) ] + 2 Re[ e2 By T(v) ]
F (- [ eo (B3)™ T(w) [ 2 CP,(w) - CPo(v) ] ]

-p [ egww+1) - R] s(w) (BT ] 113 ( % )
1-’

lim N = ?i'TE%?Y"E [ (1 + p) % Ap™ - @ - w) [ 2 Re( e} By T(v)

[ 2 CPy(v) - CPy(¥)]) ] +p 2 Re[ ¢ BY T(v) ]
-1 - [ eo (B4)™ T(w) [ 2 CP,(w) - CPo(w) ] ]

- [ eg ww+ 1) - R ] s(w) (BH™ } 118 ( % )
1—0

1im N Eh

i = T E (2% B T @ en)

U 2 CPy(v) 1)
+ eq (B5)™ T(w) [ &4 CPy(w) - 2 CPy(w) ] ]

+ [ eg w(w+ 1) - R ] s(w) (BY" ] 113 (
¥

U=
o’

m
lim M1 - CPy(v)] ) ]

7-+0

xio

[ (1 - ) [ 2 Re( &, By T(v) [2 CP,(v)

+ 2 Re[ 6§, By T(v) ]
- m [ e 0 BH"T@ (2 B - B ] |

+pC [ eg ww+ 1) +1] s(w) (" ] lim ( L)
: 0 T
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113 My = 2 [ - (L -p [ 2 Re{ §, BT T(v) [2 CP,(v) - CPo(v)] ) ]
7-’

+ 2 Re[ 6§, By T(v) ]
+ (L - p) [ es C' (B4)™ T(w) [ 2 CPy(w) - CPy(w) ] ]

+ G [ egwlw+1) +1] s(w) (B))" ] lim ( 1)
70 7

1 -
:ﬁg My - Q-umD [ 2 Re( 6, BT T(v) (4 CP,(v) - 2 CPy(v) ])

- e5 C' (B4)™ T(w) [ 4 CPy(w) - 2 CPy(w) ]

-C' [ egw(w+ 1) +1] s(w) (BL® ] lim ( L ) (2.227)
70 7

Similar expressions would result for the respective resultant
components of the tangential load solution. Their difference with the
above expressions will be the partitipation of the additional

constant A, which in the general solution accompanies the

independent solution Qi(cosvy).

The most pronounced difference between the two theories, however, was
observed in the character of the singularity in the shear stress

resultants Q'7 and Qﬂ' It was found, in the classical theory approach,
that these resultants demonstrate a very strong singular behavior of
order %; . In the improved theory, however, the singularity involved

with the above kernels is logarithmic and thus integrable. We record
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below the liﬁiting value of the shear resultant of the unit moment

solution:

Eh Q Q
lim Q_ = 577 1o lim [ Ay cosy In(l - cosy) + A; 1n(l - cosy)
40 7 2(1+p)ks 1+0 2

+ A cosy + A ] (2.228)

where

A = - 7= g o w(w + 1) (BY)™

TRe( [6, + 21T BT ) - L ey ¢ w(w + 1) (37"

A= - Leg o (BH™ w(w + 1) CPy(w)

A = - 2 Re([8; + 5] T(v) CB,(v) B} + L ey ' CRo(w) w(w + 1) (BY)"

and a similar expression results for the limiting value of Qq.

Further, we should note that the character and strength of the
singularities 1in all the dependent variable kernels agrees with the
singular behavior previously obtained by Kalnins and Wilkinson{[24].
The last finding will have great impact in the evaluation of physical
problems where integration of the kernels is vital to the analysis.
The more detailed consequences of the significance of the character
of singularity in the shear resultants will be given in the next two

chapters.
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CHAPTER III

INDIRECT BOUNDARY INTEGRAL FORMULATION

ITI.1 MATHEMATICAL STATEMENT AND BASIC FORMULATION

The Boundary Integral or Boundary Element Method has been identified
as a very efficient scheme in treating problems of complex nature
which are associated with the field of applied mechanics. As already
mentioned, the ability of the technique to reduce the dimension of
the problem by one is a key characteristic. This translates to the
incorporation into the analysis of only the boundary information

rather than that of the whole domain.

The starting point of the technique is the availability of the
solutions of the pgoverning field equations for unit excitation, or
fundamental singular solutions. The physical reasoning behind these
singular solutions as well as the direct use of the principle of
superposition will constitute the basis §f the mathematical model. In
the foregoing, the Indirect Boundary Integral Method, IBIM, will be
developed as to the Direct BIM. Even though both approaches utilize
the same unit solutions, their formulation differs significantly.
IBIM, in addition to simple physical reasoning, uses the concept of -a
"fictitious" system which is embedded onto a complete domain for
which the fundamental singular solutions are derived. On the other

hand, DBIM requires a more sophisticated approach which is closely
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related to Green’s second identity and Betti'’s reciprocal theorem,
Besides the fact that DBIM requires, from the nature of the approach,
more computational effort, it can become rather cumbersome when

dealing with domains governed by higher order differential equations.

We will utilize the particulaf closed form Fundamental Solutions
derived in "the previous chapter and the idea of the "fictitious"

system under the following guidlines:

a. The "infinite" domain that the fictitious image of the real
system is embedded on, in our particular case, is of finite
extent. It is necessary, in order for the overall
equilibriuﬁ to be preserved, to introduce forms of unit
excitation with two singularities. It will soon become
apparent that we cannot, in general, utilize the complete

spherical surface as image of a real system.

b. The linearity of the real system, which allows the principle
of superposition to be applied, will give rise to the concept
of a fictitious boundary line along which the fictitious

load vectors will be applied.

The consequence of the first statement is that only domains of extent
equal or smaller than a hemisphere can be evaluated. Since the two
poles in the various kernels are . =« distance apart, the image

singularity associated with a point load at x'(¢',8'), where ¢' > %
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, will be located at a point on the surface with ¢i < ¢' and thus it

will violate the physics of the effect of a point load (a point load
to  introduce singular behavior away from the point of its
application). However, most of the spherical shell problems with

engineering interest correspond to caps with maximum angle span of
%. Complete spherical vessels with internal pressure, which acts in

the form of normal traction, .will not encounter the double pole
effect due to the fact that the corresponding singular solution
presents unbounded behavior at only one point on the complete
spherical surfacé. The impact of the second statement into the
formulation will be explicitly demonstrated when the singular

character of the kernels is to be integrated over the boundary.

.
fray

Figure 3~1. Embedding of a real domain onto a complete sphere.

Consider a spherical shell problem whose domain dR is a portion of a
complete sphere, of size equal or less than a hemisphere, and its

boundary 8B is an arbitrary closed line on the spherical surface. The
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domain OR 1is subjected to an arbitrary surface traction vector qs
(with components 9, q¢ and qo) and/or surface moment vector m? while

the boundary 8B 4is subject to prescribed boundary conditions. To
solve this well posed problem we embed the domain of interest 8R onto

a complete sphere whose singular solutions are available (see Fig. 3-

1).

We denote the image domain by 8R* and its boundary by an*. The
surface traction vector is then applied to the corresponding points
of the new system in the form of an integral effect of unit,
excitations. According to the nature of the fundamental singularities
and singular solutions, equilibrating loads in the forms of either
surface traction or point loads will accompany the original surface
traction. It is apparent that overall equilib?ium of the image domain

as well as of the complete sphere is automatically satisfied.

To complete the problem specification we denote x(¢,0) to be a field
point where dependent variables can be evaluated, x'(¢’',0') to be a
load point where excitation occurs,£'(¢',0') a load point along the
boundary aB*, £(¢,0) a pqint also of the boundary where dependent

variables will be evaluated, n, and n_ to be the on-surface unit

t

vectors along the boundary and ﬁs . B, the surface angles between

t
the surface coordinate ¢ and the directions of the two unit vectors,

as shown in Fig.‘3-2.
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*

Mst

Figure 3-2. Unit boundary vectors and fictitious boundary
line tractions.

In order to create the true deformation and stress fields inside the

domain, we need to satisfy the prescribed boundary conditions along
the surface line aB*. This is accomplished through the introduction

of "fictitious" 1line 1load vectors applied along aB*. These vectors
correspond to normal loads, two tangential loads and either a normal

moment vector to the boundary or the normal moment vector together

*
with a twisting couple acting along the 4B .
The required number of such "fictitious" vectors is equal to the
number of boundary constraints that need to be satisfied, which in

turn is determined by the shell theory used in the mathematical
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model. It should be noted that equilibrium of the complete domain is
again preserved due to the fact that these load vectors are also
‘expressed in the form of integrals of unit excitation which in itself

is self-equilibrated. If we consider an arbitrary field point x(¢,0),

at which we want to determine the displacement components and its
stress state, then by the principle of superposition we can express
the net effect of the actual surface traction and the fictitious

boundary excitation in the form of the integrals

W(x) - “ [W“(§;§') qa(x') + W;(x;x') ay(x") + Wo(xix') q5(x')
aR

+ Whxix’) mS(x') ] dR

[ orasen dhen + waen agen + Whagh apen
daB 4

* *
+WI(RE") m (£7) + Vo (x:6') m_ (") ] dB, (3.1)
or similarly for a stress resultant component

! ! t . ! 8 ! t . ! s !
mpee) = [[ [ Wheim) ey + N jGux) qfx) + NG pxix') @z
dR

+ NJ(xix') mo(x') ] dR

' * oo t gt * gt t <! *er
+ f [ NRGKIE') an(€)) + Ny J(xig') qy(6)) + Ny ;(xi€") a5(€")

dB
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+ Ng’s(g;é') m:(gr) + N:,st(§:§'> m:t(é') ] dB (3.2)

where quantities q?n $,8) and m° correspond to the components of
] ?

surface traction and surface moment respectively, while q?n $,0) and

* *
m and m . represent the components of the fictitious boundary line

tractions, normal and twisting line moment vectors respectively. The
intensity of these fictitious boundary vectors is unknown. The
particular value that these vectors will take at any point along the
boundary will guarantee the uniqueness of the problem solution in the
sense that the specified boundary conditions of the real problem must
be satisfied along 4dB. Thus the net result in terms of a dependent
variable is viewed as the integration of the corresponding singular
solutions against the wunknown forms of the fictitious vectors. The
remaining step toward the solution of the problem is to bring the

field point to the boundary 8B [that is x(¢,0)-+£(¢,0)], see Fig. 3-2,

and impose the requirement that the dependent variables evaluated

from the superposition principle at x(¢4,6) would now correspond to

the respective boundary wvalues. Thus the sample integrals above

become

we = [ [ Wirn el +ugexn e + e gan
dR

+Wg) ) |
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+f [ e ahen + whaen g + it aien
4B

+ WIEE) ma(E') + WIL(£E") m (£") ] dB (3.3)
and similarly

n XT3 S ' t X ' t XY [
Ny() = !1 [ Mg oSy + M5 (6ix) aSx) + NS (gin') afix”)

+ (e W) | R

K J [ NR(EIE') an(E’) + NG L(£i€") qy(€') + Nj ((€5€) qy(€")
dB

+ Ny o (£i€") mg(§') + Ny e (636" my (€") ] dB (3.4)

where I is an improper integral due to the singular character of

the kernel functions as §£-€',

For a given shell problem, a set of boundary conditions will be
prescribed at every point of the boundary. Thus, according to the
mathematical form of the superposition principle expressed above,
either four (classical theory) or five (improved theory) simultaneous
integral equations will result and subsequently be solved for the
unknown intensities of the "fictitious" vectors. It is apparent that
once the functional distribution of the line load intensities haQe

been evaluated then backsubstitution into the integral expressions
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will produce the value of any dependent variable at interior field
points. The mathematical difficulty that such an integral scheme will
experience relies upon the fact that the kernel functions are
singular and thus the integrands of the integral expressions are
unbounded as the field and the load points coincide. In deriving the
singular solutions of the shell equations we also identified the
character of the singularities in the kernels. Weak singularities,

like logarithmic, are integrable and they are not troublesome.

Stronger singularities of order ( % ) are treated as Cauchy principal

values, while even stronger singularities of order ( %2 ) are not

integrable at all. In Appendix B the common singular integrals
encountered in the present analysis are evaluated in closed form.
However, the treatment even of weak singularities, when associated
with displacement and stresses, on the shell surface is not an easy
task. In addition, for the case of the classical theory analysis, the

kernels of the shear stress resultants contain singularities of the
order ( %2 ) and thus any attempt of closed form integration will

fail. The means of bypassing the difficulty entirely will be formed

upon the following reasoning. If one considers an additional

fictitious boundary line 882 located away from the actual one and

whose points are in a one to one relationship with the points of the

boundary 1line 4B, or equivalently aB*, then the fictitious line
load vectors can be applied along the new line rather than dB. The
superposition ﬁrinciple can still apply while the evaluation of

singular integrals is no longer necessary. This is due to the fact
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that the 1load and the field points on the boundary will never
coincide. Theoretically, tﬂe position of the auxiliary boundary line
is irrelevant to the formulation for as 1long as the one’to one
relationshiﬁ between the points hold. However, when numerical
integration rather than exact is to.be performed, the choice of the
positioning of the auxiliary boundary will be vital to the accuracy
of the solution and for that reason further discussion and evaluation
is needed. 1In the next chapter the variation of the solution due to
. different pbsitions of the auxiliary boundary will be demonstrated

and analyzed.

III.2 INTEGRATION PROCEDURES AND NUMERICAL EVALUATION

Theoretically, —if closed form integrations of the simultaneous
integral equations can be performed, the solution of the particular
problem would be exact. However, in practical problems, a closed form
solution 1is almost impossible .due to 1its dependence on the
arbitrariness of the boundary geometry and surface traction. Thus,
approximations have to be introduced in terms of the treatment of the
boundary geometry and the numerical integration procedures. So we
expect that the inaccuracies associated with IBIM to be the result of

only the degree of approximation set as priori to the analysis.

For the particular case of spherical shell domains the discretization
scheme will consider curvilinear boundary elements identified by

their midpoints or nodes. The elements involved can be oriented along
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four different types of surface lines. These involve boundaries along
adjacent circles (¢4 = const.) , meridional circles (f§ = constant),
arbitrarily oriented great circles and lastly eccentrically located
circular contours. We should note that irregular boundary lines will
be treated as a sum of portions of great circles, exact equivalent of
straight 1line segments on the plane. The construction of a directory
of  information for each element as well as the geometric properties
and relations are extensively discussed in Appendix B. The intensity
of the fictitious line load vectors will be assumed constant over the
span of each boundary element. Further, for the case of distributed
traction over the surface of the actual domain, the surface will be
divided in "rectangular" elements betweén the ¢ and § surface
coordinates also identified by their middle points. In its general
form, for a system of N boundary and M surface elements, the
discretized form of the superposition principle, seen in Eqns. 3.1,2,

calculating the net effect at a field boundary point £(4,0), which in

fact represents the middle point of one of the boundary elements,

will be deduced in the form

M
wgh =) [ a3 [wregtin or, + g [ uicghinty ar
p=1 LA sA

San [tz @, +ofe [wetin ]
AA AA
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N
+ ) [ann [wegtien oy + e [ utetien as,
$=1 5, A5,

v apeny [ uheghigny as; v miceny [ wlgtien) as,
ASj ASJ

*
+mo | WD (676" ds, ] (3.5)

and similarly
M ’
S, n, i, _, S . t : N
M@ =) | e >A£ WGty ar )+ oS >A£ N sehix) o

' t ) S, m, i .,
q,(x') JN¢,0(§ ix') dRp + m(x') IN¢(§ ix') dRp]
AA AA

+§ [ a(£") JN;}(gi;g') as; + ayen) [ W5 jghign) as,
j=1 8, 85,

rayey [ N5 pehien ey wmien [0 ghign asg

8, A,
* i .,
+m Al N‘g’stgg §') ds, ] (3.6)

3
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i

where £ represents the middle point of the 1ith boundary element

at which the field variables are evaluated, £’ is a load point along
the jth boundary element and X’ is a load point of the interior. We

should note that the assumption of uniform distribution of the
fictitious vectors over each boundary element, simplifies the
integrations by reducing the integrands to only the kernel functions
rather than their product with the shape function of the vector

distributions.

In order to construct the system matrix we consider two arbitrary

boundary elements, i and j, and an interior load point x' as shown

in Fig 3-3.

k

Figure 3-3. Orientation of two arbitrary elements and a field point.

ix!
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With the discretized form we have reduced the system into the
evaluation and subsequently satisfaction of the prescribed boundary
constraints at N distinct points of the boundary (the nodes of the
elements). Thus, in order for the one to one point relationship to
hold, the auxiliary boundary,located at the arbitrary position shown,
should also be subdivided into exﬁctly N elements. In Fig. 3-3 above,
¢ and 0 are the global surface coordinates, y and n are the surface

coordinates of the local system with pole at the load point £'(¢',0')

while ﬂs and ﬁt are the angles between the unit vectors n, and n, and

the global coordinate # of point §1(¢,0). Because the boundary

constraints are expressed along the unit vectors e and e, and the

load vectors, except for the one in the normal direction, are

accompanied by directional angles at £'(¢4’',0') and x'(¢',0'), it is

necessary to transform stress and displacement vectors from the local
to global coordinate systems and visa-versa. Such transformations can

be deduced by utilizing the angular relationships
cosy = cos¢p cos¢g’ + sing sing’ cos(f - ')

cosy cosd' - cos

cosn = siny sing’

sind sin(8 - 8') (3.7)

sinp = siny

cosd'! - cosd cosy
sing siny

cosk =
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sink = gingd’ sin(g - 4')
siny

where k represents the angle between ¢ and n coordinates
measure counter-clockwise as shown in Fig. 3-3., Further, the boundary

angles ﬂs and ﬂt are calculated for each boundary element and

cataloged in its directory. The derivation of their values, which
depends on the orientation of the actual boundary line with respect
to the global system, i1is discussed in Appendix B. By focusing

attention onto a field point x(4,8), whether on the boundary or the

interior, at which the displacement vector and stress matrix is to be
evaluated, we observe that in order for the dependent variables to be
expressed in the global surface coordinates (¢,0) the following

transformations must be utilized:

'
o

u¢ = u cosk sink

ug = 1u sink + u cosk

sink

1
L)

ﬂ¢ = B_ cosk
(3.8)
ﬂo = B8 sink + B_ cosk

cosk - Qﬂ sink

Q0 - -Q7 sink - Qﬂ cosk
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while the stress and moment resultants are evaluated from the Mohr's

circle transformations,

N, =N cos?k + N sin?k - 2 N sink cosk
¢ v n ™m

N, = N sin?k + N cos?k + 2 N sink cosk
v n m

N N - N 2K - 2
' ( 4 - N, ) sink cosk + N, ( cos?’k - sin’k )

(3.9)

M, =M cos?k +M sin?k + 2 M sink cosk
¢ v n ™M

M, =M sin?k + M cos?k - 2 M sink cosk
v 7 m

MVU - - ( My - Mn ) sink cosk + ¥1ﬂ ( cos?k - sin?k )

When the field point x(¢,0) is taken to the boundary, and since the
boundary in itself has an orientation described by the angles ﬁs and
ﬂt' additional transformation must take place in order for the

dependent dlsplacement and stress variables to be expressed along the

unit vectors n, and n_., This is necessary due to the fact that

~t’
prescribed boundary conditions aré given along these directions. The

new transformation relations at the boundary will be of the form:

u, = u¢ cosﬂS + u, sinﬂs
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u, - - u¢ sinﬂs + u, cosps
Bg = By cosBy + fy sing, (3.10)
ﬂt - ﬁ¢ sinﬂs + ﬂo cosﬂs
Qs - Q¢ cosﬂs + Q0 sinﬁS
and again from Mohr-cirle transformations
N = N¢ coszﬂs + N, sinzﬂs + 2 N¢0 sinf_ cosp_

N =- N¢ - N0 ) sinﬁs cosﬂs + N¢0 ( cos’ﬁs - sin2ﬁs )

(3.11)

=
1

2 2
M¢ cos ﬁs + Mo sin ﬂs + 2 M¢9 sinﬁs cosﬁs

M, = ( M¢ - Mﬂ ) sinﬁs cosf_ + M¢0 ( cos’ﬂs - sin’ﬂs ).

A  further simplification in the rigorous analysis 1is the
representation of the fictitious load and moment vectors by
statically equivalent forces and moments applied at the middle point
of the element they are distributed over. The evaluation of these
resultants 1is given explicitly in Appendix B. Their utilization
relies wupon the Saint Venant’s principle, according to which at some

distance away from the loaded element the effect of the distributed
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vectors will be the same with the net effect of their statically
equivalent counterparts. It was necessary in this analysis to adopt
the above procedure due to the involvement of the complex Legendre
functions in the mathematical model. These functions can only be
evaluated in terms of their hypergeometric series expansion and as a
result closed-form evaluation of the integral I H(x;x') de will not
ASj
be practical. As noted in Appendix B, distributed vectors with a
certain surface orientation will be represented by concentrated

resultant forces in more than one direction. Thus the integration of
a kernel function, say Wn(x;x'), over the element ASj can be viewed

in the form of the following sum:

j WEIE) () asy = Ry L WEiED + Ry, WO Pgien)
AS

J
0,000
Ry g W(GEN) (3.12)
where R . R ., R are the resultant forces of the normal
n,n n,¢ n,d
boundary traction q: in all three directions and w“, Wt'¢, wt'” are

the singular solutions of loads in the respective directions,
However, when integrations are to be performed over either the same
or neighboring elements, the asymptotic expansions of the Legendre
functions may be used instead of the infinite series expansion. Such
integrations would present no difficulties worth mentioning other

than the singular behavior of the kernels when for one, the auxiliary
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and real boundaries coincide, and also the field point is part of the
integrating element. Weak singularities such as logarithmic mentioned

earlier, and further discussed in Appendix B, are integrated in
closed form, while stronger ones, of order ( % ), are replaced by

Cauchy principal-value integrals. Suppose integration is to be

performed over the boundary element AS, which includes the boundary

J

point gi, the field point, and the normal resultant to the boundary

Ns is to be evaluated at gi, see Fig. 3-4.

Figure 3-4. Geometry of the auxiliary envelope associated with the
evaluation of an improper integral.

*
If the stress resultant due to the normal moment vector m is to be

evaluated and since the the corresponding kernels contain a strong
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singularity, of order ( % ), then the following integration procedure
is adopted. Normal integration is carried out over the element except
for a small neighborhood around point gi, *e, where the limiting

value of the process as ¢€~0 is defined as the principal value of the

integral. Thus the complete integral will be of the form

€
Nm(fi) = 1lim I [ N cosa? + N sina? + 2 N sina cosa ] ds
s Y n m

-0 J
o

2

4+ lim J [ N cosp?2 + N_ sinB? + 2 N sinf cosf ] R sine dp’
0 o n ™
€

€541

+ 1lim J [ N cosa? + N sina? + 2 N sina cosa ] ds
-0 Y n m
€

j (3.13)

where a and B are the angles associated with the orientation of

the unit vector n_ and the stress resultant vector at gi.

Similar procedures are adopted in the discretization of the surface
where again the effect of distributed traction over a surface element
is replaced by the statically equivalent force system applied at the
middle point of the element. If integrations over an element that

contains the field point is to be performed, we note that the strong

singularity ( % ) becomes "weak" and presents no difficulty.
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The final step consists of the formation and solution of the system

matrices. Eqns. 3.3,4 represent the transverse displacement and the
normal stress resultant at a node éi. For a well set physical

problem, either four or five system variables will be specified at
each such node and consequently a set of four or five integral
expressions for each node will result. The only unknowns of the
system are the intensities of the fictitious load vectors over each
element. Thus for a mnumber of N boundary elements a coefficient
matrix of size (4N x 4N), or (5N x S5N), will result representing the
system matrix. After the integrations or their equivalent substitutes
are performed, the coupled integral system reduces to a system of
simultaneous linear algebraic equations which in turn is solved for
the wvalues of the unknown intensities. The construction of the main
matrix and the contribution of the surface excitation is discussed

further in Appendix B.

Obviously, backsubstitution of the fictitious boundary load
distributions into Eqns. 3.3,4, or any other equivalent expression,
will determine the value of any field variable in the interior or the

boundary of the domain.
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CHAPTER IV

NUMERICAL RESULTS AND DISCUSSION

Having derived the singular solutions which are associated with all
the types of surface excitation that a shell surfaée could
experience, the Indirect Boundary Integral formuldtion is utilized to
illustrate the use of the above solutions and also to clarify the
behavior of spherical shells. Our intention is to demonstrate the
response of a spherical shell under the 1nfluencé of concentrated
loads and moments and to obtain a clear picture of the effects of the
different boundary constraints. We are also interested in evaluating
and comparing the two shell theories. We expect that the differences
in the shell’ responsé to be most pronounced in ﬁhe vicinity of the
singular loads. Further, the performance of the developed numerical
scheme will be compared in terms of accuracy and efficiency with the

available analytical solutions and also with the corresponding finite

element solution.

The different combinations of boundary conditions that-often arise in
the analysis of shells and which have been incorporated into the
numerical scheme, are listed below. As noted earlier, the differences
between the two theories are also encountered in the number of the
constraints along the boundary. The classical approach requires that
four independent field variables must be prescribed along a boundary

edge, while improved theory sets the requirement to £five. For
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example, for a boundary portion having a, = constant, normal and

tangent(on-surface) unit vectors n, and n

¢ respectively, the

following conditions may be prescribed:

a.

b.

d.

Clamped edge:

Classical theory: W, U y U, ﬂs

Improved theory : W, u_, u., B, B,

Simply supported edge:

Classical theory: W, u

s' t' s

Improved theory : W, u g, U, Ms, ﬂt

Simply supported,free to move in the normal direction:

Classical theory: u,, u, MS, Vs
Improved theory : u,, U, Ms, Mst’ QS
Free edge:

Classical theory: Ny T M., Vg
Improved theory : Ns’ Nst’ MS, Mst’ QS
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where VS and Tst are the Kirchoff's shearing stress resultants given

by:

1 st st
V =Q + —/ , .
s ] At 8at st st Rt

The need of using the improved theory over the classical counterpart
is no more obvious than in the case of a free edge. The classical
approach réiies upon the St. Venant's principle and its approximation
implies a redistribution of stress in the vicinity of the edge.
However, results obtained by the classical analysis for stress
concentration around openings and stress intensity in the
neiéhborhood of cracks could be misleading. Overall, it is not clear

which 1is 1in fact the better theory of the two. It is known, though,

that each theory has its own spectrum and domain of applicability.

In what follows a number of spherical shell problems are evaluated
and compared with the analytical and finite element solutions. The
types of problems chosen reflect the effects of the different
boundary constraints, the various concentrated surface loads and also
the characteristic differences of the two shell theories. The
implications of Kircoff’s shearing stress resultants are viewed
through the numerical evaluation of a stress concentration shell
problem with the parallel analysis of the finite element method, the
classical theory and the improved theory model.

Lastly, the effects of openings and cracks are studied with the

analysis of corresponding physical systems.



147

IV.1  PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED
POINT LOAD AT ITS APPEX. IBIM, FEM AND ANALYTICAL SHALLOW

SOLUTION COMPARISON

The first of the example problems concerns the classical problem of a
spherical cap loaded with a point load at the appex and subjected to
clamped boundary. This problem was evaluated by Reissner[l] using the
classical approach of the shallow theory of shells. The shell
problem, shown in Fig. 4-1, used in the evaluation of the numerical
results, has the following properties:

Radius R = 10 in,, thickness h = ,171127 in, E = 30 x 106 psi, u =
0.25 and it 1is subjected point load P = 1 1b acting outward. The
tabulated data of the transverse displacement W show the very good
agreement between the "exact" solution, the Boundary Integral
technique and the FEM. It should again be noted that the shallow
treatment gives a very good approximation to the actual response

whenever the assumption of shallowness is valid. The stress resultant

NGG and moment resultant MOB as well as the surface displacement
component u¢ are compared between BIM and FEM treatments. We observe

- that the agreement in the results is excellent. The remaining element
resultants are also tabulated for the BIM solution only. It should be
mentioned that based upon(results, not shown here, Reissner'’s shallow
solution approach can provide good approximate results even outside

the so considered shallow region of the shell.
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>
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N

Figure 4-1. Clamped spherical cap with a point load at its appex.

Table 4-1. Comparison of exact, IBIM and FEM solutions on the radial
displacement W of a clamped spherical cap subjected to a
point load at the appex.

RADIAL DISPLACEMENT W x 10~ in
SHALLOW
$ ~Degrees BIM FEM SOLUTION
1 .4387 .4405 .4322
2 .3945 .3963 .3883
3 .3425 .3442 .3366
4 .2889 .2906 .2836
5 .2372 .2389 .2325
6 .1895 .1913 .1856
7 .1469 .1486 .1437
8 .1098 .1115 .1074
9 .0783 .0799 .0766
10 .0520 .0537 .0511
11 .0307 .0323 .0304
12 L0137 .0153 .0139
13 .0006 .0021 .0013
14 -.0097 -.0076 -.0081
15 -.0163 -.0147 -.0148
16 -.0210 -.0195 -.0192
17 -.0238 -.0224 -.0218
18 -.0251 -.0237 -.0229
19 -.0251 -.0238 -.0228
20 -.0241 -.0229 -.0217
21 -.0223 -.0213 -.0200
22 -.0199 -.0190 -.0177
23 -.0171 -.0163 -.0150
- 24 -.0140 -.0134 -.0122
25 -.0108 -.0103 -.0093
26 -.0076 -.0073 -.0065
27 -.0047 -.0046 © -,0040
28 -.0023 -.0022 -.0019
29 -.0006 -.0006 -.0005

3o 0.0000 0.0000 0.0000
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Table 4-2. Comparison of IBIM and FEM solutions on the meridional
displacement of a clamped spherical cap subjected to a
point load at the appex.

DISPLACEMENT u , X 10°* in
¢ -Degrees BIM FEM
1 -.0486 -.0485
2 ~.0913 -.0913
3 -.1265 -.1265
4 -.1535 -.1536
5 . =.1727 -.1729
6 -.1847 -.1851
7 -.1906 -.1910
8 -.1911 -.1916
9 -.1873 -.1879
10 -.1801 -.1808
11 -.1704 -.1712
12 -.1588 -.1597
13 -.1461 -.1470
14 -.1327 ~.1337
15 -,1191 -.1202
16 -.1055 -.1067
17 -.0924 -.0937
18 ~.0799 -.0812
19 -.0682 -.0695
20 -.0574 -.0587
21 -.0475 ~.0487
22 -.0386 ~-.0398
23 -.0307 -.0318
24 -.0238 -.0248
25 -.0179 -.0188
26 -.0129 ~.0136
27 ~.0087 ~-.0093
28 -.0054 -.0057
29 -.0025 -.0027
30 0.0000 0.0000
Fig. 4-1b Transverse Shear Resultant Q,
B 1M Solution
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Fig. 4-lc : Stress Resultant N
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Iv.2 PROBLEM OF A SPHERICAL CAP LOADED WITH A POINT LOAD AT THE
APPEX AND SUBJEGTED TO (a) SIMPLY SUPPORTED AND (b) FREE TO

MOVE IN THE RADIAL DIRECTION BOUNDARY CONDITIONS

Consider a spherical cap with extent of 30 degrees, loaded with a
point load P = 1 1b at the appex acting outward for the case of a
simply supported boundary, as shown in Fig. &4-2a, and inward for the
free to move in the radial direction edge, as seen in Fig. 4-2i. The
,shell is of radius R = 10 in, thickness h = 0.5 in, E = 30 x 10® psi
and Poisson's ratio p = 0.3, The problem is solved by both methods,
BIM and FEM, and comparative tabulation is presented in terms of the
radial displacement, the meridional displacement, the stress

resultant N00 and the moment resultant Mﬂﬂ‘ The results of the stress
resultant N¢¢, moment resultant M¢¢ and shear resultant Q¢ are also

displayed for the BIM solution.
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Figure 4-2a : Simply supported spherical cap with a point load
at its appex.

Fig. 4-2b : Radial Displacement W
BIM va FEM

0.45

0.4 : O BIM Solutlon

' + F EM Solutlon
0.35 - . :

0.3 -
0.25 -
0.2 -
0.15 -
01 -

0.05 -

-=0.05 T T 1 T T T T T T T T T T T

0 4 8 12 18 20 24 28
¢ ~degrees



Fig. 4-2¢

.

Meridional Displacement v,
BIM va FEM

154

.

-0.01
-0.02
-0.03
~0.04. -
-0.05
-0.08 -
-0.07
-0.08 ]
-0.09 -
-0.1 -
-0.11 -
-0.12 -
-0.13 -
-0.14 -
-0.15
-0,16 u
-0.17 -
~0.18 -
-0.19 -

-4

Merldfonal Displacement u, X 10

o B 1M Solutlon
+ FEM Solutlon

-0.2

Fig. 4-2d :
0.1

ki { - « 4 1 ¢ L } ) i 1
4 8 12 18 20 24

¢-degrees

Transverse Shear Resultant Q,
Bt M Solutlon

28

=0.1 -]

ib/in

-0.2

-0.3 -

~0.4 -

Shear Resultant Qo
{
o
t»n
i

-0.6 -
-0.7 -
-0.8 -

-0.9 -

-4
-
-4
=

1 1 ) 1 i L) 1

4 8 12 18 20 24

¢-degrees

28



1b/in

Stress Resultant Nyy

Fig., 4-2f

1b/in

Stress Resultant Ngg

Fig. 4-2e

155

.

Stress Resultant N,
B 1M Solutlon

0.8

0.7

0.6 -

0.5

0.4 -

0.3 -

0.2

0.1 -

-4
-

12 16

¢-degrees

Stress Resultant
BIM FEM

vs

0.6 ~
0.5 -
0.4
0.3 -
0.2 -
0.1 -

B1 M Solution

+ F E M Solullon

-0.1
-0.2

-0.3

16
¢-degrees



1b-in
in

Moment Resultant My,

Fig. 4-2h

Mga

Moment Resultant

0.13

156

Moment Resultant M,
B 1M Solutlon

0.12 +
0.11

0.1.~
0.09 -
0.08 -
0.07 -
0.08 -
0.03 ~
0.04 -
0.03 -
0.02 -

0.01 1°

=0.01 -+

-0.02

4 8 12 16 20 24 28
¢ -degrees

Moment Resultant Mg,
BIM vs FEM

0.19
0.18
0.17
0.18 -
0.18 -
0.14 -
0.13 -
0.12 -
0.11
0.1
0.09
0.08
0.07
0.08
0.05 -
0.04 -
0.03 -
0.02
0.01 -

1

1

O BIM Solutlon
+ FEM Solutlon

-0.01

4 8 12 18 20 24 28
¢—-degrees



Fig. 4-2j :

Radial Displacement W (in. )

Fig. 4-21 :

0.05

157

300

AN

Spherical cap free to move in the normal direction
loaded with a point load at its appex.

Radial Displacement W
BIM vs FEM

-0.05

=0.1 +

=0.15

-=0.2 -

-0.25

=0.3 +

-0.35 +

-0.4 -

a B1M Solution
o F E M Solution

~-0.45

] 1 ) i 1 i 1 1 | | 1 1 | 1
12 16 20 24 28
¢ ~degrees



Fig. 4-2k :

(in.)

0.2

Meridional Displacement u,

BIM vs FEM

0.19 -
0.18 ~
0.17 N
c.-a.L
0.15 ~

0.14
0.3
0.12
0.11

0.1
0.09
0.08

-

!

0.07 -
0.08 -
0.05 -
0.04 —
0.03 ~
0.02 -
0.01

Meridional Displacemant uy x 10

+

a

Bl z Solution .

FEM Solution

0

Fig. 4-21 :

Y i I L i 1 i i ) 1 ¥ 1

24

12 16

¢-degrees

20

Transverseé Shear Resultant Qg
B I M Solution

28

158

0.9
0.8 -
0.7
0.6 -
0.5 -

0.4 -

Resultant Q, (1b/in)

0.3 -

0.2

0.1 -




Stress Resultant Ny,
B I M Solution

=0.1

=0.2 ~

~0.3 ~

-0.4

=0.5 4

~0.6 -

=0.7 -

Stress Resultant N,, (1b/in)

-0.8 -

-0.9

Stress Resultant Ngg
BIM vy FEM

0.3
0.2 -
0.1 -

-~0,1 -
-0,2 -
-0.3 -
-0.4 T
~0.5 -
~0.,6 -

Stress Resultant Ngg (]b/il‘l)

-0.7 -
-0.8

+ B 1 M Solutlon
b4 F EM Solutlon

8 12 18 20 24
¢-degrees

159



160

Fig. 4-20 : Moment Resultant Mo
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Table 4-3. Comparison of IBIM and FEM solutions on Mgg of a free
to move in the radial direction spherical cap subjected

to a point load at the appex.

- DEGREES BIMNM FEM 1b-in
¢ i)

i -.18271 -.18240
2 -.11603 -.11592
3 -.07930 -.07924
4 -.05541 -.05540
5 -.03884 -.03882
6 -.02701 -.02703
7 ~.01851 -.01850
8 -.01236 -,01236
9 -.00797 -.00797
10 -.00486 -.00486
11 ~.00270 -.00270
12 -.00124 -.00125
13 ~-.00030 -.00030
14 .00027 .00027
15 .00059 .00059
16 .00074 .00073
17 .00077 .00076
18 .00073 .00072
19 .00065 .00065
20 .00056 .00055
21 .00046 .00046
22 .00037 .00037
23 .00029 .00029
25 .00023 .00023
26 .00019 .00019
27 .00016 .00016
28 .00014 : .00014
29 .00012 .00013

30 .00012 .00011
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The detailed evaluation and comparison demonstrates not only the
excellent agreement in the results of IBIM and FEM, but also displays
the similarities in the shell response for the three different types
of boundary constraints. The differences are concentrated in the
vicinity of the boundary. Because of the all-around axisymmetry in
all three shell problems studied so far, the finite element model
utilized the axisymmetric conical shell element . This procedure
reduced the problem to a line of elements and consequently allowed
finer discretization..ﬂowever, such model could only provide the two
displacement components and the stress and moment resultants in the
f-direction. It 1is observed that the more discetized the finite
element model became, the better was the agreement between the two
solutions. In later section the computational effort will be compared
and analyzed. However, despite the fact that the FEM model used above
can provide very reliable results, it cannot evaluate, as it is, the
complete stress field. For such case, higher order elements need to

be utilized. This results in increased computational effort.
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Iv.3 PROBLEM OF A CLAMPED SPHERICAL SHELL SUBJECTED TO A POINT LOAD

AWAY FROM ITS APPEX.

A shell problem solved analytically by Wilkinson and Kalnins[23] is
considered. The particular problem, shown in Fig. 4-3, is portion of
a sphere with 60-degree opening, clamped at the boundary and
subjected to an outward point load P =1 1b at a 30-degree angle
away from the appex. The geometric and material properties are: R =
10 in, h = 0.5 in, E = 30 x 108 psi and_ p = 0.3. The displacement

and stress field is evaluated along § = 0° and @ = =x.

Figures 4-3c to 4-3f demonstrate the state of bending and membrané
stress as predicted by the classical theory analysis. Thus
éompressive membrane stfesses are experienced at the vicinity of the
point of application, see Fig. 4-3c and Fig. 4-3d, while bending
stresses inrease along the positive axis as the singular point is
approached. In terms of comparison of the results with the available
analytical solution, the only profound difference occurs in the

moment resultant M¢¢ and near the boundary of the shell. In order to

evaluate the apparent disagreement, the finite element analysis was
utilized. The auxiliary approach revealed, as seen in Fig. 4-3f, that

indeed the IBIM model led to the correct solution.
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Fig.4-3e 3 Moment Resultant Meo
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Iv.4 PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED

MOMENT AT ITS APPEX. IBIM AND FEM COMPARISONS.

The deformation and stress field produced by a concentrated moment
M = 1 1b-in applied at the appex of a clamped spherical cap is
demonstrated in this example. The concentrated moment acts along the

surface coordinate @ = 0° and the boundary angle is ¢B = 30°, The

shell has R = 10 in., h = .5 in., E = 30 x 10° psi and pu = 0.3. The
example problem is treated by both numerical techniques, BIM and FEM.
Since all-around axissymetry is no longer valid; the finite element
model was computationally more involved. Quadrilateral shell elements
were used to discretize half of the domain (solution is axisymmetric
with respect to @ = 0°)., The numerical results of the displacement
components are tabulated in Tables 4-4 and 4-5, while the stress and
moment resultants are plotted in Fig. 4.4b-4e. The presense of
singular terms in the BIM stress and moment resultant expressions
introduces the disimilar behavior around the point of application

demonstrated more profoundly in Fig. 4.4b.



Fig. 4-4 : Clamped spherical cap subjected to a concentrated

)

moment at the appex.

Table 4~4. Comparison of IBIM and FEM solutions on the radial
displacement of a clamped spherical cap subjected to

a concentrated moment at the appex.

RADIAL DISPLACEMENT W x 10°° in(e=079 )

167

¢- Degrees . BIM FEM
0 0.0000 0.0000
1 -.1030 -.1030
2 -.1503 -.1505
3 -.1774 -.1777
4 ~.1920 -.1925
5 -.1981 -.1987
6 -.1980 -.1987
7 -.1935 -.1943
8 -.1857 . =.1865
9 -.1755 -.1764
.10 -.1638 -.1646
11 -.1510 -.1519
12 -.1376 -.1385
13 -.1241 -.1250
14 -.1107 -.1115
15 -.0976 -.0983
-16 -.0851 -.0857
17 -.0732 -.0738
18 -.0621 -.0626
19 -.0518 . -.0523
20 -.0424 -.0429
22 -.0340 -.0344
22 -.0266 -.0268
24 -.0201 -.0203
25 -.0145 -.0147
28 -.0099 -.0100
7 -.0062 -.0063
28 -.0034 -.0035
29 -.0015 -=,0015
30 0.0000 0.0000
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Table 4-5. Surface displacements of IBIM and FEM solutions for a
clamped spherical cap subjected to a concentrated
moment at the appex.

7

u, x 10 7in (8=0°) ugx 1077 in (8=90°)
¢-Degrees BIM FEM BIM FEM

1 -.2970 " =.3026 .3168 .3246
"2 -.2854 -.2902 .3180 .3243
3 -.2645 ~-.2687 .3125 3177
4 -02390 _02429 03034 03079
5 -.2114 -.2150 .2921 .2959
6 -.1834 -.1867 .2795 .2827
7 -.1558 -.1589 .2660 . 2687
8 -.1293 -.1323 .2520 .2542
9 -.1046 -.1074 .2377 .2395
10 -.0820 - =.0844 .2233 . 2247
11 -.0614 -.0637 .2090 .2102
12 -.0432 -.0453 .1949 .1958
13 -.0274 - =.0293 .1811 .1818
14 -.0139 -.0155 .1676 .1681
15 -.0026 -.0040 .1545 .1549
16 . .0064 .0052 .1418 .1421
17 .0135 .0125 .1295 .1297
18 .0188 .0179 .1176 .1178
19 .0223 .0216 .1061 .1063
20 .0243 .0238 .0950 .0951
21 .0249 .0246 .0843 .0844
22 .0244 .0242 .0740 _ .0740
23 .0229 .0228 .0639 .0640
24 .0207 .0206 .0541 .0542
25 .0178 .0178 .0446 .0448
26 .0145 .0145 .0354 .0355
27 .0109 .0110 .0263 .0264
28 .0072 .0072 .0174 .0175
29 .0035 .0035 .0086 .0087
30 0.0000 0.0000 0.0000 0.0000

R =10 in h = 0.5 in E = 30x10° p= 0.3
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Fig. 4-4b : - Stress Resultant  Ng¢ 1b/in
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It is interesting to note that while identical results are obtained
for all three displacement components, see Tables 4-4°and 4-5, and
moment resultants, see Fig. 4-4d and 4-4e, differences in the shell
response are observed in the membrane stress resultants shown in Fig.
4-4b and 4-4c. It is further noted that away from the point of
application of the singular moment all the components of stress are
identical. The differences between IBIM and FEM in the stress
resultant expressions is the result of the singular character of the
corresponding kernels of the IBIM analysis, Thé shallow shell
solution presented by Lucasiewcz[l5] predicts that both stress

resultants will go to zero at the appex of the shell.

Iv.5 PROBLEM OF A CLAMPED SPHERICAL CAP SUBJECTED TO A CONCENTRATED
TANGENTIAL LOAD AT THE APPEX. COMPARISON OF IBIM AND FEM

SOLUTIONS.

A similar shell problem (see Fig.4-5) is evaluated for the case of a
concentrated tangential load applied at the appex along 6 = 0°. The
various displacement and stress resultant components are plotted in
Fig. 4.5b-5h. Again, quadrilateral shell elements were wused to
discretize half of the shell domain in the finite element model. We
are interested, as in the previous problems, in the justification of
the derived form of the singular solutions corresponding to the

particular type of surface loading.
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Fig. 4-5 : Clamped spherical cap subjected to a concentrated
tangential load at the appex.
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The displacement components are plottgd in Fig. 4-5b to 4-5d. These
figures demonstrate excellent agreemené throughout the extent of the
spherical cap. Excellent agreement is also obtained for the membrane
stress resultants, see Fig. 4-5e and 4-5f, with slight deviations
near the singular load. Far more noticable deviations are experienced
by the moment resultants in the vicinity of the shell appex. However,
the solutions become identical as one moves away from the pole. Such
differences near the singular load occur as a result of the singular

character of the kernels in the IBIM.

IV.6 PROBLEM OF COMPARISON OF CLASSICAL AND IMPROVED THEORY OF

SHELLS FOR THREE TYPES OF CONCENTRATED SURFACE EXCITATION.

In the foregoing, a clamped spherical cap of 30-degree opening and
with R = 10 in, h=0,5in, E =30 x 10® and p = 0.3 will be
subjected to a' normal point load, a concentrated moment and a
tangential load at its appex. Our intention in this set of problems
is to verify the improved theory mathematical model and also to
demonstrate the differences of the two theories. It is expected that
the two approachés differ in the vicinity of the point of application
and reach identical distributions away from it. Table 4-6 represents
the comparison of the two theories for the case of a normal point
load at the appex. Fig. 4.6a-f correspond to the comparison for the
case of a concentrated moment and lastly Fig. 4.6g-1 represent the

comparison of the shell response for the tangential load excitation.
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Table 4~6. Comparison of displacement solutions of a clamped
spherical cap. Classical and Improved theories.
CLASSICAL SOLUTION IMPROVED SOLUTION

Degrees Wx 107% in ug x 1077 in w ug
1 0.43883 ~0.04775 0.44149 ~-0.04824
2 0.41630 -0.09150 0.41716 -0.09208
3 0.38742 -0.13061 0.38735 -0.13112
4 0.35498 -0.16449 0.35436 -0.16487
6 0.28614 -0.21575 0.28502 -0.21578
8 0.21900 -0.24546 0.21781 -0.24516
10 0.15847 -0.25586 0.15742 -0.25530
12 0.10708 -0.25021 0.10625 -0.24950
14 0.06584 -0.23220 0.06524 -0.23143
16 0.03475 -0.20551 0.03435 -0.20478
18 0.01321 -0.17364 0.01294 -0.17300
20 0.00087 -0.13964 -0.00010 -0.13911
22 -0.00609 -0.10599 -0.00626 ~-0.10558
24 -0.00706 -0.74550 -0.00723 ~0.74240
26 -0.00483 -0.04641 -0.00499 -0.04620
28 -0.00164 -0.02185 -0.00176 -0.02173
30 0.00000 0.00000 0.00000 0.00000
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Fig. 4-6g : Radial and Meridional Displacements
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The differences in the response of the shell between the two theories
are primarily due to the character of the singularities in the
corresponding kernels. We recall the behavior of the shell under the
action of a point load predicted by the different theories: The
classical theory approach predicts that the vicinity of the load is
in compression while ﬁhe improved theory predicts tension for the
same region. Consequently the transverse displacement function W
experienced logarithmic singularity at the point of application for
the 1improved analysis. The remaining stress and displacement
variables, for the case of the normal load, contained the same order
of singularity in their expressions. From the numerical tabulation in
Table 6-6, we observe the differences in the displacement values. The
remaining field variables presented identical distribution throughout

the shell domain.

For the case of a concentrated moment, the radial displacement
results are 1identical, see Fig. 4-6a, while the stress and moment
resultants differ considerably in the vicinity of the singular load,
see Fig. 4-6b to 4-6g. We focus attention at Fig. 4-6b displaying the

transverse shear resultant Q¢. The classical analysis predicts a very

strong singular character of the order (1/y2) while the improved
theory introduces a logarithmic singularity in the kernel. Fig. 4-6b
clearly indicates that the classical theory value is higher than the

one obtained by the improved analysis.

Comparison of the response of the shell under the action of a

concentrated tangential load, see Fig. 4-6h to 4-61, reveals that



185

except for the two moment resultants M¢¢ and “ao' the results are

almost identical. The incorporation of the transverse shear into the
mathematical model seems to have a profound influence on the bending
solution which is dominant in the neighborhood of the concentra;ed
excitation. As it has been clearly indicated by the comparative
results for all three types of loading, the membrane solution is
almost uneffected by the the incorporation of the shear effect into

the analysis.

It should be stated that our intentions, in this close examination
and comparison of the solutions of the two theories, are to justify
the correctness of the singular solutions of the improved theory. To
that extend, we believe that the mathematical formulation of our
investigation indeed led to the correct form of the singular -
solutions. The domain of application of the different theories,
however, cannot be deduced from the above evaluation but rather from
a two-directional approach that considers physical reasoning at the
vicinity of the singularity as well as implementation of the effect
of the boundary constraints. In addition, it should be stated that,
in general, is not clear as to which of the two theories describes
the shell field more accurately. The most distinct deviations are
expected to appear along boundaries and their vicinities with free
edge conditions and especially when stress concentration is a

dominant issue.
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IV.7 THE PROBLEM OF THE EFFEGT OF AN OPENING ON THE STRESS AND
DISPLACEMENT FIELDS. COMPARISON OF CLASSICAL, IMPROVED AND

FINITE ELEMENT ANALYSES.

In the problem that follows, the effect of a circular opening with
free edge conditions onto the stress and displacement field, is
studied. Special attention 1is paid on the stress and displacement
distribution over the free edge. We are interested in the comparison
of the classical and improved theory results at the free edge because
0f the different assumptions utilized by the two theories. We recall
that the classical theory analysis introduces the Kirchoff’'s
effective shearing resultants and it is reasoﬁable to expect greater

differences than the ones encountered so far.

We consider a spherical shell bounded by two parallel circles, see
Fig.4-7, and subjected to a point load acting along the outward
normal. Along with the two theories the above shell problem is also

evaluated with the finite element analysis.

free edge

af;\\\\ clamped edge

Figure 4-7. A spherical shell with two boundaries (one clamped and
one free) subjected to a point load.
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Fig. 4=7b_ : Radial Displacement (8 = Q)
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Em.. 4-7d4 : Stress Resultant ‘N4 (8 =0°)
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Fig. 4- 7§ : Tangential Displacement (9 = 12°)
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In Fig. 4-7b to 4-7g the stress and displacement fields produced by
the classical analysis, along 6 = 0°, is plotted and compared with
the corresponding finite element results. The differences between the
two approaches are of no significant value in that region, except for
the behavior of the stress and moment resultants near the load point.
In the wvicinity of the load the stress and moment resultants of the
Boundary Integral analysis are unbounded while the finite element
results for the same variables are finite. We focus attention on the
results obtained along the free edge. Fig. 4-7h to 4-7j present a
comparison of the displacement field along the circular free edge for
the two shell theories and the finite element analysis. The striking
differences occur in the radial displacement results shown in Fig. 4-
7h. It 1is observed that 1in the part of the contour nearer to the
point load there is excellent agreement between the classical and the
finite element solutions. In the same region the improved theory
predicts higher values for the displacement. However, as we move
along the contour the classical theory results deviate from their
finite element counterparts which in turn coincide with those of the
improved theory. The apparent behavior is the result of the
Kirchoff’s . effective shearing resultants introduced along the edge.

In Fig. 4-7k the nonvanishing stress resultant N00 is compared for

the two theories. The difference in the behavior of the above
variable is indicative of the important role that boundary

constraints play in the response of the shell problem,
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1v.8 ON THE PROBLEM OF A SPHERICAL SHELL CONTAINING A THROUGH CRACK
The 1limits of applicability of the singular solutions and the
numerical scheme that has been developed are tested in terms of the
solution of the problem described in.Fig. 4-8, The choice of the
shell paraﬁeters are chosen to coincide with those used by Delale F.
and Erdogan F.[30]. Their solution was evaluated analytically using
the shallow shell theory approach. The shell is of radius R = 10

in., h = 0.489897948 in. and the angular opening of the crack is ¢cr

- 14.17881835. The above choice sets a/h = 5 (same as in [30]) and
the Poisson's ratio is p = 1/3. We consider the case of the crack

surface subjected to uniform membrane loading N, = ham = 1 1b/in.

66

ee

]

|
|

g=0°

Figure 4-8. A spherical shell with a through crack at the appex.
The crack surface is loaded with compressive edge

traction.
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The IBIM model is described in Fig. 4-8b and it considers a boundary
of axisymmetry at 6 = 0° and 4 = x . The effect of additional
boundary away from the region is eliminated since our interest is

focused in the neighborhood of the crack.

crack tip 0
\ \ 8=0°
8= TT’ o e 37 e S : : R S $ + i . N '
Boundary B Boundary A Boundary B

Boundary A : Mee = Qe = N¢e= M¢e= o, Nee 20
Boundary B : Q9 = N¢8= M¢e= Be =u, = 0

Figure 4-8b. IBIM modeling of the crack region.

The IBIM is capable of describing the displacement and stress fields
around and over the crack surface. For reasons of comparison the out-
of-plane displacement is evaluated and compared with the results
obtained in [30]. Such comparison is given in Fig. 4-8c. According to
the shallow solution, the shell bulges out around the crack but at
some distance away from the tip the displacement becomes negative.
The IBIM results show close agreement with the analytical results
with the exception that the displacement turns negative in the
vicinity of the crack tip. In order to explore the above déviation,
driven by the notion that the crack considered above is big, we
considered a very similar problem in which the angular opening of the

crack is of ¢cr = 6%, In Fig.4-8d we observe that the displacement

turns negative some distance ahead of the crack tip.



Figure 4-8c : Qut—of—plane crack surface displocement
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Figure 4-8d: Radial Displacement of the Crack Region
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It should be noted that the above evaluation utilized the same IBIM
routine, wused to evaluate all the previous problems, and introduced
no additional parameters that would either imply or incorporate the
presense of a crack tip. Because it is expected that the stress
distribution near the crack tip have asymptotic character, we
evaluated the‘ stress resultants in that region in order to see how
sensitive the routine in wunderstanding the presense of a singular
stress field. Fig. 4-8e demonstrates that the IBIM approach indeed

provides the expected asymptotic behavior.

Figure 4-8e : Stress Resultant Ny, near crack tip
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IV.9 EFFECT OF THE "FICTITIOUS" BOUNDARY ON THE NUMERICAL EVALUATION

Except for the crack problem where closed-form singular integrations
were performed over the boundary elements, in all previbus problems,
the Boundary Integral model incorporated the idea of the "fictitious"
boundary to avoid integration over singular points. We should recall
that the shear xesultant kernels of the classical theory, for the

cases of concentrated moments and tangential forces, display a non-
integrable singularity of the order ( %5 ) and as a consequence of

that approximate integration techniques need to be utilized.

From the mathematical point of view, for as long as the actual and
fictitious boundaries do not' intersect and a one to one point
relationship exists, the position of the fictitious boundary is

irrelevant. However, since a discrete number of points represent the

complete boundary, the position of the auxiliary boundary an indeed

effects the problem solution inside the real domain. We also expect
that the number of boundary elements effects the accuracy of the
final solution. To observe the variations of the soiution inside the
real domain introduced by the number of elements and the position of
the fictitious boundary, we considered a clamped spherical cap
subjected to a point load P = 1 lb at the appex and tabulated the
values of the displacement components as well as the circumferential
stress resultant and stress couple at various points inside the
domain. These values are compared with the corresponding finite

element solution. From the results presented in Tables 4-7 and 4-8,
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in which N refers to the number of elements and 01 = x/40 represents
the angular distance of the position of the auxiliary boundary from
the real one, we observe that the variation of the position is more

critical than the variation of the number of boundary elements.

Table 4~7. Effect of the fictitious boundary and the number of
boundary elements on the displacement solution of a
spherical shell problem. IBIM and FEM comparison.

w(x10'6in)
N aB” 6° 12° 18° 24° 30°
a .2831 .10456 .01154 -.00770 .000
40 -g-n .28786 .10842 .01399  -.00687 .000
20 .29516 .1T440 .01783 -.00550 © .000
) .28340 .10495 .01195 -.00742 .000
30 %Q .28790 .10855 .01412 -.00677 .000
20 .29520 .11445 .01787 -.00547 .000
FEM Solution .2961 .1152 .01831 -.00534 .000
w (x1077in)
a -.2144 -.2479 -.1711 -.07279 .000
40 %g -.2165 -.2514 -.1748 -.07516 .000
20 -.2196 -.2568 -.1807 -.07900 .000
q -.2146 -.2484 -.1718 -.07370 .000
30 %n -.2165 -.2515 -.1750 -.07540 .000
2q -.2196 -.2568 -.1807 -.07910 .000
FEM Solution  -.2199 -.2574 -.1814 -.07950 .000




199

Table 4-8. Effect of the fictitious boundary and the number of
boundary elements on the stress solution of a spherical
shell problem. IBIM and FEM comparison.

Nee 1b/in
x
N 4B 6° 12° 18° 24° 30°
a .2138 0497 -.0148 -.000168 .02660
40 %n .2200 .0548 -.0113 .00220 .02932
20 .2293 .0628 = -.00567 .0032 .03123
qQ .2142 .0500 -.0145 -.0015 .02294
30 %n .2201 .0550 -.01109 .0034 .02835
29 .2254 .0628 -.00561 .00326  .03123
FEM Soln .2303 .06310 -.00566 .00303 .03183
ib-in -1
Maa n (xlO )
Q .6199 .1231 -.0215 -.0296 .0437
40 %g .6222 .1290 -.0197 -.0292 .03727
20 .6256 .1288 -.0169 -.0284 .03309
a .6128 .1230 -.0214 -.0291 .05594
30 %Q .5221 .1254 -.0197 -.0290 .04133
20 .6256 .1288 -.0169 -.0284 .03423
FEM Soln .62578 .12909 -.01665 -.0284 .03213
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We should emphasize that the FEM numerical results do not correspond
to the exact solution and so the tabulated values should not lead to
the conlusion that better results, at times, are obtained with less

elements over the boundary.

The wvariation of the number of elements, however, has a far more
drastic effect in the amount of computational time needed for the
evaluation of a particular problem. Because the system matrix of the
boundary integral model 1is always fully populated and its size is
determined according to the scheme ( 4N x 4N ) or ( 5N x 5N ), an
increase in the number of elements does not translate into linear
increase of the respective computer time but in a rather exponential
type change. Thus, for thes sample problem used earlier we record the

following CPU times associated with the boundary subdivisions:

ELEMENTS CPU_sec,
20 62
30 108

40 256
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CHAPTER V

CLOSURE
V.1 CONCLUSIVE REMARKS AND FUTURE DEVELOPMENTS

A new derivation of the singular solutions of the nonshallow theory
of spherical shells and the development of the corresponding Indirect
Boundary Integral Method has been presented. The undertaking of such
effort was very much influenced by the fact that better mathematical
descriptions of the the actual physical problems, when utilized in
numerical routines, can provide a very close approximation to the
exact solution. The BIM indeed satisfies the above statement since
its mathematical model is derived directly from the exact governing
differential system. Its implementation requires the existence of the
field singular solutions. In the area of shell theory, and spherical
shell in particular, many previous works have focused on the action
of concentrated forces and moments. The complexity of the governing
differential system, however, limited their application to arbitrary
shell problems and as a result the number of complete solutions is

minimal.

It was our intention to obtain the mathematical model of the response
of a spherical shell under the influense of surface unit excitation

and further to utilize the mathehatical solution into an efficient
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" numerical scheme. Our approach in satisfying the goals of the

proposed research consisted of two major steps.

The closed-form singular solutions, Green’s functions, for a self
equilibrated complete spherical shell were obtained in Chapter II,
where the complete mathematical analysis is presented. In the process
of the derivation we were able to evaluate and discuss, the
differences of the two shell theories, classical and improved, and
draw a clear picture of the intripacies associated with their
application on physical shell problems. Thus, complete singular
solutions .for the case of concentrated unit normal load, unit
tangential load and.concentfated surface moment are derived in closed

form.

Secondly, the unique character of the derived singular solutionms,
direct consequence of the self-equilibration requirement to which
they are attached, was utilized in the Indirect Boundary Integral
numerical scheme that is presented in Chapter III. The particular
formulation of IBIM, new in the area of shell theory, was designed to
facilitate a number of different classes of problems that could arise
within the framework of the nonshallow theory of spherical shells.
The newly introduced mathematical and numerical formulation was
tested and justified in Chapter IV with the solution of a number of
representative problems. The comparison of the IBIM with the
available analytical solutions as well as numerical solutions,

evaluated by wusing the ANSYS finite element code, have clearly
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demonstrated the validity of both, the mathematical and humerical

models that we have developed.

We believe that the goals set in proposing the investigation and
. analysis of the spherical shell problem have been accomplished. The
contribution of the work is not solely based on the derivation and
construction of the closed-form singular solutions, but also on the
designing and formulation of a new very ‘flexible and efficient
numerical approach. Even though the static analysis is reasonably
complete, future works could usilize the basic principles to include
additional effects into the mathematical model of the shell. Such
effects, as rotary inertia and thermal interaction, would expand the
applicability range of the computational shell theory in the modern
technical world. It could be argued that already developed numerical
techniques héve the ability of solving complex physical problems. We
believe, however, that the key characteristics of the Boundary
Integral analysis, beeing directly related to the governing
differential system ‘and having the ability to reduce the problem
dimensions by one, do provide room for the partitipation of its
numerical scheme 1into the computational community of applied

mechanics.
V.2 OVERALL COMPARISON OF IBIM AND FEM

It is apparent from the tabulated and plotted numerical data that the
agreement between the two numerical schemes is excellent. The

differences that occur are concentrated in the vicinity of point
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loads. These differences are the direct effect of the singular
character of the variable kernels incorporated in the boundary
integral analysis. However, we can argue that since the singular
solutions utilized are exact, the BIM solution is closer to the
actual shell response except for the vicinity of the load point. The
above statement was justified by the observation that with finer
finite element model the two solutions converged even further. In
terms of CPU time, design flexibility and construction of the

particular discretization model, we observed the following:

When dealing with an all-around axisymmetric shell problem and
requiring a rather quick look at the shell behavior, not considering
the complete stress matrix, FEM analysis seems to be more efficient
since 1t is evaluated with the use of conical element. However, when
all around axisymmetry is no longer present and in addition detailed
study of the response is required, the BIM is far superior in terms
of model construction, CPU time and design flexibility. This is
primarily due to the fact that the bulk of the work in the BIM
analysis is concentrated in the treatment of the boundary of the
shell problem. It would be unfair to compare the CPU times involved
in a strict form because the two analyses were evaluated in different
computer operating systems. Nevertheless, a rough estimation of the
CPU time required by both approaches revealed that for the case of
all around axisymmetry, FEM required only 54 sec while IBIM used
about 108 sec for a 30-element boundary. The picture was drastically
reversed when instead of the axisymmetric conical elements,

quadrilateral shell elements were used in the construction of the
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finite element model. .The CPU time of FEM climbed to 34 minutes while
the IBIM wused the same amount of CPU time. The approximate ratio of
the speed of the two operating systems is about 4:1 in favor of the

system running the IBIM code.
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APPENDIX A

GOVERNING EQUATIONS OF THE MIDDLE SURFACE OF A THIN NONSHALLOW

SPHERICAL SHELL

In the following, the system- of governing equations for a thin
spherical shell 1is deduced for both the classical as well as the
improved theory of shells. The improved theory incorporates the

effect of the transverse shear into the analysis.

The well known basic equations of equilibrium of the shell element
are the same for both theories and they are recorded in this section.
The primary systeﬁ of equations is reduced, following the procedure
of Berry[19] for the classical theory, to a secondary system of two
equations pgoverning the transverse displacement W and an auxiliary
function, while the same primary system will be reduced, using
Prasad’s[25] approach for the improved theory, to a secondary system
of three uncoupled equations associated with the transverse

displacement W and two auxilia.y variables,
A-1 THE EQUILIBRIUM OF A SHELL ELEMENT
Consider a spherical shell defined by the coordinate system (¢,9),

shown in Fig. A-1l, with Young's modulus E, Poisson's ratio u ,

thickness h and middle-surface radius R, An element separated from
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the shell with the positive convention of the displacements and the

element stress and moment resultants is shown in Fig. A-1.

¥
w _,:/
D (]
Ug Q)
~ Moo

]
Qp N

g
Mo
M, \Mo

Geometry of a spherical surface and orientation of the

Figure A-1.
shell element variables.

The equations of equilibrium of the shell element may be written in

the form :
aNV : N
% ( Ezé + Q¢ + cotg ( N¢ - Ny ) + cscé ’5%2 ) + 9 = 0
aN N,
% ( —Eﬁi + 2 N¢ocot¢ + cscé 5;2 +Qy ) tq,=0 (A.1)

Q aQ
% ( ‘gé + cot¢ Q¢ - ( N¢ + N0 ) + cscé 532 ) + q, = 0.

Q
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The above relations express the condition that the resultant vector
of all internal and external forces acting on the element of the

shell must vanish.

The condition for the vanishing of the resultant moment leads to the

following relations :

M M
% ( —Egi + 2 M¢0 coté + cscé 532 ) - Q f 0
M dM
% ( Egé + ( M¢ - My ) cotd + cscé —5%2 ) - Q¢ = 0 (A.2)

While the relation

1
N - N,, + R ( M¢0 - M0¢ ) =0 (A.3)

¢0 04

is identically satisfied as a result of the symmetry of the stress

tensqf (that is, 745 = 75, , where 7 corresponds to the shear stress)
which, for the case of a spherical shell, implies that N¢0 = N0¢ and
M¢0 6"
The stress variables in Eqs. (A.1)-(A.3) are defined as:

=M

N¢, N0’ N¢0 are the membrane stress resultants;
M¢, M&’ M¢0 are the moment resultants and
Q¢, Q0 are the transverse shear resultants.
Finally, q¢ P and q, are the components of the external force

vector along the ¢, 6 and normal directions respectively.
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By confining ourselves to the linear theory of thin shells, we can
express the components of displacement of an arbitrary point of the
shell in terms of the displacement of its corresponting point on the

middle surface according to the relations,

u¢(§) - u¢ + ¢ ﬂ¢
uo(g) - uo + ¢ ﬂo (A.4)

W) =We (W +2¢ W)

. where u¢, u, and W are the components of the displacement vector in

$, 0 and normal directions respectively of a point on the reference
surface, W'and W'’ are derivatives of ¢ and they represent

contributions to a nonvanishing transverse normal strain, ﬂ¢ and ﬂo

are the angular displacements of the normal to the middle surface, ¢
is the distance from the middle surface and c¢ 1is a tracer that
takes the wvalue of ¢ = 0 for the classical theory and the value of
c = 1 for the improved theory. For the classical theory where the

transverse shearing strains Tén and Vg 2re neglected, the angular
displacements ﬂ¢ and ﬂa can be expressed in terms of the

displacement variables in the form

(v, - csed 55 ). (A.5)
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The above relations do not hold in the improved theory analysis where

ﬂ¢ and ﬁe remain independent of the displacement functions. In

addition, for thin shells, the tracer ¢ = 1 of the improved theory
can be set equal to zero implying that the effect of the transverse
normal stress is neglected (in other words, W' = W'’ = 0 ), while the

effect of the transverse shear is retained.

The strain functions can be calculated from the displacement

relations ( see Love[3l] ) and take the form

du
e¢ - % ( Ezé + W)
1 24y
€9 = R ( cscd Y] + u¢ cot¢ + W) : (A.6)
. du du
e¢0 - % ( gzl - uf coté + cscéd EEQ )

while the curvature functions k¢ ) ke and 7 are expressed in

terms of the angular displacements and given by

. o 1%
¢ R34
1 38,
ko - R ( cscé 30 + cot¢ ﬂ¢ ) (A.7)
ap ap
T = % ( Ezi + cscé Ezé - cot¢ ﬁo )
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Between the six deformation variables described by Eqs. (A.6) and
(A.7) three differential relations of compatibility exist. The one
relation utilized in this analysis is recorded below and is written

in the form

2
de d € d
¢ ( sing ——éﬂ ) = ¢ ( sin é 8¢0 ) + ;;;i - sing cos¢—5§¢-
2 2 2
+2sind e, - $nd (¢t y2)yw (A.8)

Because of the assumption that the shell is thin we can consider the

transverse stress o, negligible and write the remaining stresses in

the form:
_E_

a¢ -y ( e¢ + B € ) , Of = L. #2 ( €9 + i e¢ )

E
%40 " 2(1m) ‘40" (&%)

When the stresses are integrated over the thicness of the shell they

yield the various stress and couple resultants expressed as:

Eh Eh
N, =02 (e, +pe,) , Nym==5 (e, +pey)
$ 7 1y é ] 0 1y 6 ¢

_ __Eh
$0 = 2(1+p) g0

N (A.10)

and
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M¢ =D ( k¢ +pky) ) My =D (ky+p k¢ )
. D(1-p) _
M¢0 2 T (A.11)
where D denotes the stiffness constant defined by
3 .
p - —Eb (A.12)
12(1- )
The changes of curvature k, , ka and twist r can be expressed as
o €3 €9
k¢ - k¢ + R ' ko - ko + R
] v
ro=or o488 (A.13)
where
0 1 2W
ky=-—3 (Hew)
R aé
0 1 2 5°
K, = - =7 (csc ¢ 34 + cotp L + v ) (A.14)
6 R a0 9¢

2
° 2 au au
T - —;; cscg ( coté 36 " 53—53 ).

The above relations yield the following equivalent expressions for

the moment resultants

AN i
My =D (g4 pky )+ T5n Ny

2

. 0 0
=D(k0+pk)+‘—h—N (A.15)

M $ 128 Ng

0
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2
- R(A-w) 0 b
My 2 T *T2r Ny

The resultants of the shear stresses a¢n and %n which do not

vanish in the improved theory analysis will take the form

Eh

2

_Eh 1
Y - [2<1+n>kg] (P4 *Rag’
% - | Tt | A+ i (4.16)
(] 2(1+p)kg ¢ R sing a¢d :

0
where ks is an averaging shear coefficient that results from the

parabolic representation of the shear stresses over the shell
thickness. It can assume the value of 5/6 obtained by Reissner[3]
for the improved theory of plates and was confirmed by Naghdi[6] for
the improved theory of shells. We should note that in the classical

theory analysis the integrals of the stresses Tén and Ton * which

have been neglected within the framework of the theory, will result

to nonvanishing shearing stress resultants Q¢ and Q0' The apparent

contradiction is explained based upon the satisfaction of the
equilibrium of the shell element. Thus, the representation of such
resultants will be derived directly from the equilibrium equations

(A.1) and (A.2).
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A-2  REDUCTION OF THE SYSTEM OF EQUATIONS

A-2a  CLASSICAL THEORY

We consider a spherical shell domain subjected only to normal surface

traction q,- Within the scope of this analysis the rotations of the
normal to the middle surface vector n denoted as ﬂ¢ and ﬂg will

be expressed in terms of the components of dispacement vector. This
implies that the uknown variables of the system reduce by two, which
in turn reduce the or&er of the governing differential system also by
two. Their dependance onto the displacement functions is demonstrated
by Eqs. A.5. When the appropriate expressions of the moment
resultants are introduced inté the moment equilibrium relations,

yield the form Jf the shearing stress resultants which are given by

2

h D 3 2
Q¢(1+12R2)--——R3 -—a¢(v +2)W
h D 1 a8, 2
Q0(1+12R2)-- x sing a7 (Y +2) W (A.17)

where

N LE &, cscrg 22
V = 392 + cot¢ a9 + csc?¢ 302

In the analysis that is to follow we can can safely assume that

h2
12R?

1+ =~ 1 whenever it is appropriate to do so.
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The first two of the equilibrium equations can be satisfied with the .
introduction of a stress function F relating to the stress

resultants through the relations below:

N, = -l; csc ¢ Q—— + cot¢ oF + F + D ( V +2 )W ]
¢ X a¢

R 80
1 0 sz

N0 - —=z + F + D ( V +2)W ] (A.18)
R *+ a¢
LT 2 gF a'F

N¢0 - —;; i cos¢ csc ¢ 38 - cscé 3¢ 30 ].

When these relations are introduced into the third of the equilibrium
equations we obtain a coupled differential equation in terms of the

transverse displacement W and the stress function F 1in the form

4
R_
F] -~ 9 (A.19)

olx

2 2
(Vv +2) [ (Vv +2)WwW +

From the compatibility relationship we obtain the second coupled

equation relating W and F

2 2 2
Lv(vea)r-B (v r2)u-r(p-1)q,. (420

R

The coupled system of equations is uncoupled resulting into two

equations governing W and F and the end result of the process is

2
(v2+2)[v +2V +E—g&-]——%—(v +1-p)aq (A.21)
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and

2 ‘ D R4 2 2
(Vv + 2)F = R [ Y q, - (V +2) W ]. ] (A.22)

The differential equation (A.21) governs the transverse displacement
W of a spherical shell 1loaded with normal surface traction. We
should also note that the order of the governing system [ Eqs. (A.21)
and (A.22) ] is eight and that is the result of the dependence of the

rotations onto the displacement vector of the system.

A-2b  IMPROVED THEORY

The primary system of equations of the improved theory, which governs

the components of ‘the displacement vector v, u¢ » Uy and the
angular rotations of the normal vector to the middle surface ﬁ¢ -and
ﬂo, will be reduced to a secondary system. The new governing system

will be expressed in terms of auxiliary variables which are
introduced to simplify the analysis. The choice of the auxiliary
variables and the adopted procedure follow the guidlines set by
Prasad[25]. The objective of this analysis is to reduce the system to
a set of coupled differential operators which, when solved, will lead

to the determination of the five displacement unknowns of the system.

The various resultants introduced in Eqs. (A.l) and (A.2) can be

expressed in terms of the displacement functions in the form
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: du du
N, = —Eh__ [ Ezé + W+ p( u¢ coté + cscé Ezi + W) ]

du au
- —Eh '} 3u,
Na (1_”2)R [ B ( 3¢ +W) + “¢ cotd + cscé 20 .+ W ] (A.23)

Eh [ duy du,

$0 = 2(1+m)R | ag °5¢¢ * g - cotd u, ] )

ap ap
M¢ - g [ EEQ + u ( 552 cscd + cotd ﬂ¢ ) ]

ap B
M, = g I —¢ + -4 cscd + cotgd ﬁ¢ ] . (A.24)

¢
. B, ap
M,, = 1-4)D [ —L +——é cscd - ﬂo cot¢ ]

Eh [ 1 au ]
Q, = —Eh au | (A.25)
8 2(1+p)k: ! ¢ a6

We should note from Eqs. (A.25) that the shear resultants are

proportional to the shear strains defined by the combined terms

—1 3w
and By + R oing a6 (4.26)

o=
mlm
o=

By +

Thus, while in the classical theory analysis the shear resultants
were retained only for equilibrium purposes, in the improved theory,
by incorporating the the transverse shear effect, we related the

shear resultant directly to the field variables assuming a linear
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transverse shear stress-strain relationship across the thicness h of
the shell. The distribution of shear stress, however, has been

assumed parabolic over the thickness and thus 1leading to the

0
characteristic value of the coefficient ks - % .

The components of the displacement vector as well as the angular
rotations of the normal are expressed in terms of the auxiliary

variables in the form

u¢ - gg - R V¥ sing

u, = %% cscéd (A.27)
ﬁ¢-5§-As1n¢

ﬂg - %% csc (A.28)

When Eqs. (A.27) and (A.28) are introduced into the expressions of
the stress, moment and shear resultants, given by Eqs. (A.23)-(A.25),
and then in turn substituted into the equilibrium equations, Egs.
(A.1)-(A.2), yield a set of differential operators in terms of the
auxiliary functions and the transverse displacement W. By setting the

tangential components of the external force vector, q¢ and qp> equal

to zero we obtain from the second of Egqs. (A.l)

( V2 +1-p)U - [ il%El %% R sing + 2 ¥ R cos¢ ]
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+(14+p+ % ) W+ % r =0. (A.29)
8 S

By differentiating the relation above with coordinate ¢ and
subtracting it from the first of Eqs. (A.l) we obtain the second

coupled differential equation which is written as

2
(V +2)0 + =5 A = O. (A.30)

S

a2 Lo

" Proceeding in the same fashion, we obtain, after substitution and
differentiation, from Eqs. (A.2) two additional coupled differential

operators in the form

2
[v +1-p - Ei—]r ; [ngﬁl %ﬁ sing + 2 A cos¢] - —SE— =0 (A.3D)
s S
and
2
(V. +#2--2)Aa = o. (A.32)
¢k,

Finally, from the third of Eqs. (A.l) we obtain after substitution

2 2 2
RV - (L) k, VU [V -2 (L) k] W

2 2
- R ( 2 cos¢ + sing ga Y [ A - (L+p) ks L il;ﬁglg- ks q, = 0

(A.33)

where
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o
2 ks
ks T 1-p
h2
6 - 2 (A.33a)
12R

2
2 .
v —Q; + cot¢ 5% + 12 Q—;
aé sin ¢ 446

We notice the coupling between the transverse displacement W and
the auxiliary functions 1in three of the resulted coupled equations
and also the special relation between A and ¥ variables. The
objective of the analysis is to be able to reduce the complex system
into uncoupled equations governing the system variables. This can be
obtained by utilizing the five differential equations as well as the

linearity of the various operators involved. We proceed by operating

. , )
onto Eqn. (A.32) with the 1linear operator L, = —%— [V +1 - p).
s

Because of the linearity of the operators, we observe the identity
2 2
(1+p) ks Ly {V ] =(C1+p) ks vV [ Ly ]. ‘ (A.34)
Equation (A.29) may assume the equivalent expression

kSL,U-[ﬂfﬁ)—g—;’Rsiw»rzw'Rcos;p]

1=

r. (A.29')

1
- (l4p -7 )W
3 ]
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With the substitution of Eqn. (A.29') and with the help of the

identity (A.34), the operated form of Eqn. (A.32) yields the

expression
Rl (V4l-p) (VT) ] - (L4p) [ { ilfﬂl g% R sing + 2 R ¥ cos¢ )
s . .

. 2 2
. (l+p+%;) W - %sr ] + %; (V +1-p) [ (v -2(Ltp)k ) W ]

; %s(v2+1-p) [ (2 cos$ + sing %Z) (A - (Lmk ¥ ) ]

b (@ [ LR 0, | - o (a.35)

The relation above can be written in the following equivalent form

% [ (V' +1-p2)(9 1) ] +(1+p)[1+p+d 9w

S

bl ]

R _2 1 2 2
+(1+p)EVI‘+E(V+1-p)[V-2(1+p)kS]W
s s
. 2 R2
+ (Y +1-p) [ (lep R o ] - 0 (A.36)
With the introduction of the operator L2 - - % [L - ¢ kS(V2 + 1 -
#)] into Egqn. (A.36), along with
L2 (1+p) 8A w
— - ah —_— A.37
i r [ > ) sing + 2 A cos¢ ] + ZRE_ ( )

yields the expression
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2 2 2 ¢
FLl(v+l-p)vr)] =B (dariuyv Ly
8 8

= R [ ( V2 +1-p) V2 { Ll%ﬂl %% sing + 2 A cosé ) ]

1

£k [V2+1-}1)V2W. (A.38)
S

+

With the help of Eqn. (A.38) after substitutions of equivalent terms
and manipulations of the expression , Eqn. (A.36) will govern the
transverse displacement function W alone. The final form of the

governing equation is expressed as

6 4 2
V W + pg VW + p VW + poW - L, q, = 0 (A.38)

where

2
Pa=3-p-(Cl-p )k

2
Pp= 2 (1-p) ek (1w ) (m-3)  (A39)

2
- 2
po = 2B g (1) (1) Ky

and

. 2 2
Lo = [- % (1 -¢ ks ( V2 +1-p1))] (V2 +1 - p) [ (1 -Eﬁ ) R ]

(A.40)

Equation (A.38) governs the transverse displacement W of a spherical

domain under the action of normal surface traction q, while q¢ =
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q; - 0 . The complete system of governing relations has been reduced

to three equations which relate to W and the auxiliary variables ¥
and A . The order of the complete system is now ten and it is due to
the implementation into the analysis of the shear coefficient. The
shear effect, as noted earlier, helped-introduce rotations of the
normal independent of the displacement vector and which in effect

represent the two additional variables of the system.
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APPENDIX B

COMPUTER IMPLEMENTATION OF THE BOUNDARY INTEGRAL SCHEME

The mathematical formulation developed has demonstrated the behavior
of thin elastic spherical shells under static loads. The analytical
solutions encountered, however, can only facilitate a limited class
of shells under an arbitrary system of static loads. The analysis of
shell domains in particular, and systems in general, of arbitrary
plan form wunder such loadings constitutes the rule rather than the
exeption in modern technology. The availability of several numerical
methods helped develope procedures for the solution of the most
general problems which could arise within the framework of the theory
of thin shells.'The full potential, however, of such methods can only
be recognized by the efficient interaction of the mathematical

solution and the implemented computer program.

In what follows, the principles of an Indirect Boundary Integral
program formulated upon the introduction of geometries of physical

systems will be outlined.
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B-1 AN OUTLINE OF THE STRUCTURE OF A BOUNDARY INTEGRAL PROGRAM

In constructing the Boundary Integral program the logical steps used
in all analyses, which utilize the approach, are implemented in the

following sequence:

1. Introduction of the parameters of the system and the external

inputs

2. Generation of the input data associated with the boundary
geometry and its discretization as well as the discretization

of the domain.

3. Integration of the kernel functions against the shape functions
chosen for the boundary and surface elements to generate the

matrices of the system.

4. Solution of the system of equations which have been assembled in
fashion as to satisfy the prescribed boundary conditions. Such
solution will provide the intensities of the fictitious boundary
vectors introduced to ensure the satisfaction of the boundary

constraints.

5. Backsubstitution of the fictitious vectors into the integrals to

obtain the values of the dependent variables at interior points.
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B-2 GENERATION OF INPUT DATA

For the case of a shell domain describing a physical problem, a
directory of information must be constructed that will reflect the
particularities of. the specific problem. This directory will
incorporate the boundary conditions along different portions of the
boundary, their geometry as well as the spacial orientation of the
unit vectors, the accuracy of the ‘solution associated with the number
of subdivisions along the boundary and the form of the shape
functions assumed over the discretized boundary. In addition to the
boundary, information will be cataloged for the domain itself by
specifying the type of surface traction applied and the

discretization of the surface into elements.

B-2a  GOORDINATE TRANSFORMATION

Consider the spherical shell shown 4in Fig. B-1 where its middle

surface is described by the cartesian coordinate system (x,y,z).

Figure B-1. Surface spherical coordinates and unit vectors.
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The parametric representation of the unit vectors e e¢ and €,

can take the form

e = sing cosf 1 + sing sinfd j + cos¢d k
e¢ = cos¢ cosfd 1 + cosg sinf j - sing k (B.1)

e, = - sinf 1 + cosf j

6
where ¢ and @ are the surface coordinates.

Thus a vector on the spherical surface with orientation in terms of
the surface coordinates can equivalently be oriented in the (x,y,2)

coordinate system utilizing Eqns. B.1l.

* % %
Consider another cartesian coordinate system designated as (x ,y ,2 )
with an orientation shown in Fig. B-2.

z(k)

%
Y * *
v (k)
o %
v(3)
n
X(1i)
* *
X (i)

Figure B-2. Fixed and rotated cartesian systems.
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The spherical surface can now be described by the ‘primed cartesian
system or by the new surface coordinates 4y and 15 . Note that v =

0O at ¢ =¢, and n =0 at 0 = f, . A transformation matrix L

can now be constructed that will enable a vector in the primed
cartesian system to be oriented in the unprimed coordinate system.

Such a matrix can be expressed in the form:

cosf, cosd, -sing, cosf, sind,
L = sinf, cosd, cosf, sinf, sing, (B.2)
-sing, 0 cosd,

The matrix L satisfies the relation

Lu = u (B.3)

where
u* - a i* + b j* + c k*

u =Ai + Bj + Ck (B.4)

On the other hand in order to transform a vector originally oriented

in the (x,y,z) coordinate system to its equivalen; vector in the

* % %
(x ,y ,z ) system,the transformation matrix

cosf, cosd, sinf, cosé, -sing,

L* - - sind, cosf, 0 (B.5)

cosf, sing, sinf, sing, cosgd,
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should be utilized. Thus matrix L* satisfies the relation

L u = u ., (B.6)

B-2b  BOUNDARY AND SURFACE DISCRETIZATION

Let us consider an arbitrary portion of a boundary on the spherical

surface shown in Fig. B-3. 2

X

Figure B-3. Geometry of a surface line and spatial orientation of
an arbitrary surface vector.

The equation of the surface line segment L0 expressed in terms of

the surface coordinates ¢ and # 1is desired. Such representations
can often be obtained through rotations of the fixed frame coordinate
system (x,y,z). In addition, relationships between different sets of

surface coordinates, such as ( ¢,0 ) and ( v,n ), can provide the
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equation of the surface line L0 in terms of ¢ and §. Together with

the geometry of the surface line the orientation of surface vectors,

such as V,(cosai,cosfj,cosyk), applied along L0 is also required.

Such orientations of vectors can be obtained by wutilizing the
transformation matrices in Eqns B.2 and B.5. The availability of the:
surface line geometry and the spacial description of the boundary
vectors will make their integration over the boundary segment
possible, These boundary vectors will correspond to load,
displacement or stress vectors along a real spherical shell boundary.
The relationships between the different sets of surface coordinates
will be constructed from the transformation matrices as well as from
spherical trigonometric relations. Such trigonometric relations are
associated with the properties of spherical triangles which in turn
are deduced from the intersection of three arbitrary great circles.
We should note that portions of great circles on the spherical
surface are the equivalent of straight line segments on the plane.

For the spherical triangle shown in Fig. B-4

Figure B-4. Geometry of a spherical triangle.
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the following relations hold between the parameters:

sina - gsinb - sinc
sinA ~ sinB " sinC (LAW OF SINES)

cosa = cosb cosc + sinb sinc cosA (B.7)

cOSA = - cosB cosC + sinB sinC cosa

tan b ; € sos B ; C . tan % cos & é ¢

b-—¢ B+ C a B C
tan 2 sin 2 - tan 2 sin 2

(B.8)

tan B+C co bic cot B cos 2=-¢
2 S 2 2

B -¢C b+c A b-c¢c

tan 2 sin 2 = cot 2 sin 7

The analytical representation of four types of surface lines will be

derived. These will correspond to boundaries coincident with the

principal surface coordinates (a,= 8 = const. and a,= § =const.),

boundaries along arbitrarily oriented great circles and boundaries of
elliptically 1located circular contours. Irregular boundary shapes

will be treated as a sum of portions of great circles (equivalent of



232

representation of an arbitrary line on the plane by a sum of straight

line segments).

CASE__A: Consider the 1line segment AB being part of a great circle

oriented along the surface coordinate v with 5 = n, = constant for

all its points and associated with the rotated cartesian system
* %k %

(x ,y ,z ) as shown in Fig. B-5.

A2

\

xi(cbi, ei'ki) = xi(Yi' no )

a\

Figure B-5. fortion of an arbitrary great circle.

The trigonometric relations between the surface coordinates (¢,0) and

(v,n) are:

cos¢a cosy - cos¢b

cosne = sin¢a siny

sin¢a sin( 0b-0a)
siny

(B.9)

cosng =

cosy = cos¢acos¢b + sin¢asin¢bcos( Ob- ﬁa )



233

The fixed-space surface coordinates (¢,0) of a point Xy along the

surface line segment AB can be obtained through the relations

(0,-6 ) + k - n vy - ¢ v, + &
tan [ L ; L ] = cot 2 cos ‘1“5——5 / cos -1—5——5
and
(0,-0,) - k T-me vy - v, + 6
tan[ 1 ; L J = cot 2 sin _l_i__é / sin _1_5__§ (B.10)

which lead to

1

(85-0,) +k; =2 tan" [ A ]

and

1

(01-08) - ki =2 tan [ B ] (B.11)

where quantities A and B above correspond to the right side of Eqns.
B.10 respectively. Finally one may easily obtain from Egns. B.1l1] for

04

1

6, =0, +tan"'[ A ] + tan"l[ B ] (B.12)

i

and consequently for ¢i from Eqn (B.9)

¢ = cos'l[ cosy;cosd, + siny;sing cos( m - no ) ]. (B.13)
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If ﬂi represents the angle between ¢i and the normal n, to the
boun&ary in the tangential sense measured CCW from ¢i then one may
write

By - % - ki (B.14)

while ki is deduced from Eqns (B.1l).

Thus for a portion of the boundary alohg a great circle the
discretization will take place over the new coordinate vy while g5 =

no = constant,

CASE _B: We consider a point x; located along the "circular" contour

i

shown in Fig. B-6, with surface coordinates in the rotated system

* % %
(x ,y ,2 ) given by 11.- Ta and ny-

yA
A
*
Y4
n o)
i
n N
%
Y Ky
n -
L \ -y
%

Figure B-6. Arbitrary circoular contour on the spherical surface
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The fixed-space surface coordinates (¢,0) of Xy will be governed by

the relations,

¢y = cos-l[ cosy cosdy + siny sing, cos( x - ny ) (B.15)
and
T(8,-00) + k - v - ¢ T+ ¢
tan i 1 = cot —1 cos o / cos 2 (B.16)
2 2 2 2
(01'00) - ki T - ﬂi v - ¢0 it + ¢0
tan 2 ] = cot — sin 2 / sin >

yielding for 01

1

0, = 0o + tan" [ A ] + tan’l[ B ]. (B.17)

The angle ﬁi between ¢i and Ei can be deduced from the relation
ﬂi - + ki' (B.18)

Thus the discretization of such contour will take place along the

n-coordinate of the rotated system.

CASE__C & D: These two cases correspond to boundaries along ¢ = ¢o =
const, and # = 0, = const. respectively. Since such boundary lines

are expressed in terms of the principal surface coordinates no

special treatment is required.

The analysis above provided the closed-form relations between points
along specific contours. Such relations, vital to the integration of
line vectors with both magnitude and spacial orientation, together

with the transformation equations can provide the matrix of specified
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points. These points are usually the middle points or nodes of the
boundary elements where the boundary conditions must be satisfied.
Thus, the properties of each element will be carried by the element
node. The specification of the boundary type and consequently the
utilization of the above analysis will yield a discretized boundary.
Thus, for an arbitrary boundary, constrained with different sets of
boundary conditions along its span, the key points will be
recognized. The interval between two consecutive such points will
corespond to a type of geometric boundary ( four types are included
in the discretization analysis). The number of subdivisions for each
boundary segment will be incorporated and the portion will be divided
into that many elements. By utilizing the relations which provide the
surface coordinates of arbitrary points, the location of the nodes of
the elements in terms of the global surface coordinates will be
obtained and cataloged. The orientation of the boundary, as seen from
the global frame, with respect to the actual domain will provide the
orientation of the surface unit vectors of each node. As mentioned
earlier, boundaries of irregular shape will be approximated with
portions of great circles between selected points. The numbering of
the elements, and consequently of the nodes, will be global, while
the sequence of the different segments is insignificant for as long
as the boundary coditions that exist for each node follow the same
sequence. The last statement is of critical importance since it
dominates the procedure of the construction of the system matrix and

it will be discussed in that section,
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The subdivision of the domain will only occur when distributed
surface traction applies at the surface of the domain. For the case
of concentrated loads applying on it the only information needed to
be cataloged 1is the surface coordinates, the type, the strength and
the direction of the singular load. For the case of surface traction,
the domain is subdivided into elements in an effort to integrate the
effect of the traction into the system equations. However, such
discretization will not lead to an increase of the matrix but rather
introduce the effect of the full surface traction vector at each

boundary node.

The types of surface traction introduced in this analysis inlude
normal surface load, wind load and own weight. Subdivisions of the
surface can only be performed in domains bounded.by the principal
coordinates of the surface. The effect of the traction over each
element will be the effect of its equivalent concentrated vector
applied at the middle point of the surface element. Such equivalent
concentrated vectors will be obtained by utilizing the relations
governing the orintations of surface vectors and provided by the

transformation matrices introduced earlier.

B-3  INTEGRATION OF THE KERNEL FUNCTIONS ALONG THE BOUNDARY

The implementation of the Boundary Integral Scheme requires the
construction of the system matrices. Such matrices are constructed in

a manner which enforces the satisfaction of the specified conditions
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along the boundary. The system will be solved to determine the values
of the fictitious load vectors applied at the boundary. The number of
boundary constraints required will determine the number of such
unknown vectors and thus the size of the system. The contribution of
both the real surface load vectors and the fictitious boundary

vectors is demonstrated in the following expression

¥(x) - ﬂ Yax) o+ § Hxix®1gits  3.19)
R

aB

where

Y(x) = a system variable, such as displacement or stress,

at a field point x(¢,9)

Y"(%;x') = is the kernel function ( fundamental solution ) of
the variable Y(x) associated with the field poiat

x(¢,0) and a load point x'(¢’',0')
q, = the surface traction vector

[ q; ]i = fictitious load vectors applied along the boundary

R = spherical shell domain
dB = boundary of the domain R.

x'(B) = load point at the boundary

We should note that if closed form integrations are performed, the
integral equations that result from Eqn. B.19 can provide the exact

answer to the particular problem. However, such closed form solutions
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are rarely possible and instead the boundary integral equations

become discretized and take the form

Y(x) -3 [| v o« ] +§ | [ e qpt s, |
p=l 24, 371 Bsg .

where
M = number of surface elements

N = number of boundary elements.

Special attention is focused onto the discretized closed boundary
integral, which is now expressed as the sum of the integrals over
each boundary element. The fictitious load vectors correspond to line
tractions in the mnormal and the two tangential directions and also
normal and twisting line moment vectors. The normal line moment is
directed along the on-surface normal vector to the boundary line
while the 1line twisting moment applies along the boundary line and
only when the improved theory is in use. The task of the scheme is to
effectively integrate the product of the kernel and load functions
over each element utilizing the directory of information established
for each such element. For this analysis the intensity of the unknown
vectors will be constant over each element and thus the shape funtion
will be unity. Further, for reasons of simplification of the
integration process, the 1line vectors will be replaced by a
statically equivalent system of resultant forces applied at the node

of each element, It is necessary to incorporate such approach because



240

of the particularities of the kernel functions. These kernels are
mainly expressed in terms of complex Legendre functions which in turn
are evaluated from the infinite hypergeometric series. Integrations
will only be performed over the same or neighboring elements where

the Legendre functions can be expressed asymptotically.

Consider the load and moment tractions shown in Fig.B-7 and the unit

vectors associated with an arbitrary point ﬁj and the middle point X

of the element (i,i+l).

Figure B-7. Fictitious load and unit vectors of a boundary element.
The resultant of a line vector along the element is simply the
integration of its inner product with the unit vector at X Thus,

for the four types of boundary we obtain a set of resultant forces

designated by Rpl'p2’ where the first subscript denotes the direction
?
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of the resultant and the second denotes the direction of the

distributed vector. We examine the four cases separetly:

CASE I: For an element along ¢ = constant ¢(i) = ¢(i+l) = ¢m and

ds, = R sin¢m dé

B
Hence
Rn,n = 2R q, sin¢m [ cos2¢m (om-oi)'+ sin2¢m sin(ﬂm-Oi) ]
R¢,n = 2R q, sin2¢m cos¢m [ sin(om-ﬂi) - (0m-01) ]
Re,n - 0

R = 2R q¢ sin2¢mcos¢m [ sin(vm-ﬂi) - (Dm-ﬂi) ]
R = 2 R q¢ sinqSm ( cos’¢msin(0m-0i) + sin2¢m(0m-01) ]

R -0 (B.21)

R = 2 R q, sin¢m sin(om-oi)

M = 2R m sin¢m sin(ﬂm-oi)

2 -
M - 2R m sin¢m [ cosz¢msin(0m-0i) + sin ¢m(0m 01) ]
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Mn,t -'2 R m sin2¢m cos?m { sin(ﬂm-ai) - (6,-94) )

where Mpl 2 are the resultants of the moment vectors,

CASE II: For -a boundary element along GB = const. = om )

dSB = R d¢ and hence,

R¢’¢ = 2 R q¢ Sin(¢m'¢i) (B.22)

= R - 0

$,0
0’0 2R Q0 (¢m'¢i)

=
]

M f % R m_ sin(¢m-¢i)

Mt,s = Ms,t = Mn,t -0

gt~ 2R (P-4

=
]

CASE III: For a boundary element along a great circle other than the
principle ones and surface coordinates in the (vy,n) system,

ngy = n, = const, and dSB = R dy.

Hence
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(B.23)
Rt,t = 2R q, sin(ym-vi)
M = 2 R m, sin(ym-yi)

s,s

Mo ¢ = 2Rm (v,-7y)

where s and t are the orientations of the unit vectors as shown in

FigoB-8-
20N

!

CASE IV: For a boundary element along a "circular" path as shown in

Fig.B-9 together with the orientation of .the tangent unit vectors e
and €er V4 = T = constant and dSB = R sinymdn.

Hence

R = 2 R q, sinym [ 30521m(ﬂm'ﬂi) + sinzymsin(nm-ni) ]

R, , = 2 rq, sin?ycosy [ sin(n -n;) - (n,-ny) ]
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= 2R q sin2y cosy, [ sin(nm-ﬂi) - (nm-ﬂi) ]

- 2 - 2 -
2 R q, [ cos 1msin1m sin(nm "1) + sin Tn (nm "i) ]

(B.24)

= 2R q, sinym sin(qm-ni)

2 R m sinym sin(nm-ni)

2 - 2 -
2 R m, [ cos T sinym sin(r]m ni) + sin Tn (nm "1) )|

2. . . .
2 R m_ sin?y cosy | sin(n_-n;) - (n -ny) ].
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B-3a EVALUATION OF SINGULAR INTEGRALS

When integration of the kernel function against the load vector is to
take place over an element which contains the field point as well as
the load point, particular ﬁttention is paid to those kernels that
‘contain singularities. The singular behavior of the kernels results
from their assocliation with the Legendre functions (see App.C). The
order of the singularity, however, will determine wether a kernel
function is integrable or not. The strongest singularity encountered
in the analysis is of the order 1/y2 and is found in the shear
resultant of the classical theory. Singular integrals involving such
function cannot be evaluated in closed .form. Further, weaker
singqlarities can in fact be evaluated either in closed form or as
Cauchy principal values, Such inteérals that are encountered in the

analysis are listed below:

1
Il - J. Sin’y dSB

B
I, = cosy 1In(l - cosy) dSB (B.25)
ASB
Ig = ] In(l - cosy) dSB
ASB

Integral I, posseses a strong singularity and its evaluation will be

in terms of the principal value of the integral. That value will be
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determined with. the helé of an envelope, shown in Fig.3-4, by

approaching the singular point at the boundary from inside.

We should also stress the importance of the boundary angles as well
as the directional angles of the kernels. This particular point is
extensively discussed in Chapter 3. Thus for the envelope shown, the

integration of a kernel K(x;x') over the element ASi can be written

in the equivalent form

I KR(x;x') dSi - I KS (x;x') dSi + f KR (x;x') dSi (B.26)
Si ASi ASi
where

KS = singular part of the kernel

KR = regular part of the kernel.

Also

€ ™
I KS (x;x') dSi = lim I KS(§;§') dSi + lif j KS(§;§') dSE

€*g 00
ASi 1i
Ti1
+ lim Kg(xix') dS; (B.27)
€+ '
where
dS6 = R siny’ de (B.28)

The remaining two integrals are weak and can be evaluated in closed

form. Thus, for a boundary element along either # = const. or n =
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determined with the help of an envelope, shown in Fig.3-4, by

approaching the singular point at the boundary from inside,

We should also stress the importance of the boundary angles as well
as the directional angles of the kernels. This particular point is
extensively discussed in Chapter 3. Thus for the envelope shown, the

integration of a kernel K(x;x’') over the element ASi can be written

in the equivalent form

I R(xix') ds, -I Ry (xi%') dS; + I Ky (xix') dSg (B.26)
Sy a8, | AS,
where

Kg = singular part of the kernel

KR = regular part of the kernel.

Also

€ T
I Kg (x;x') dS1 = lim I KS(§;§') s, + lim ] Ks(§;§') dSe

AS o ¢ €0 o
i
[}
Ti41
+ lim I Ks(ﬁ;g') dSi (B.27)
€+
€
where
dS6 = R siny’ de (B.28)

The remaining two integrals are weak and can be evaluated in closed

form. Thus, for a boundary element along either # = const. or n =
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dSy = R singy do

cosy = cosg? + sing2 cos(d_-0). ' (B.31)
Thus,

Al

Iy = I cosy 1n(l-cosvy) sinqSB R dé
-Af
- 4 R sin¢B 1n[sin¢B] (a8 - sin2¢B sin{Ag) )
Af Af
+ R sin¢B I In(l-cos6’') d6' - R sin3¢B I cosfd’' ln(l-cosd’) d§’
-Af -Af
(B.32)

where Af§ = 0m - 01 and the two integrals above were evaluated
previously.

Further we should note that when integrations of the kernels are to
be performed over surface elements that contain both the field and
the load point, the singularities up to the order 1/y are all weak

and can be integrated with no difficulties.

B-4 ASSEMBLY AND SOLUTION OF THE SYSTEM EQUATIONS

The first step toward the solution is to effectivly assemble a system
of linear algebraic equations, which will substitute for the integral
équations of the system, incorporating the boundary information for

the particular problem. Thus for N discrete boundary elements and
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n number of specified conditions we can express the governing system

in the form of the matrix relation

Ly + § = BG (B.33)

where
L = nN x nN fully populated system matrix associated

with the integrations of the fundamental solutioms.

¥ = nN x 1 vector of the fictitious boundary loads

S = nNx1l vector whose elements correspond to the
accumulated effect of the known surface traction ¥
at each node

BC = nN x 1 vector of the specified boundary condition;
at the N nodes'k the number is four per element for
the classical theory and five for the improved

theory).

In relating two arbitrary elements on the discretized boundary,
designated by i and j where i is the element where the constraints
must be satisfied and j is the element loaded with the fictitious
line loads, the following parameters are identified:

G - I Kt ( x i X, ) dS, , where Kt refers to the

1,] i 3 J
ASj |

fundamental solution associated with a field wvariable, such as
displacement or stress, specified at the boundary node i and
represents the effect of the fictitious load vector of type t

distributed over the element j.
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*
[ $(j) ] = intensity of the fictitious load vector over the jth

boundary element and of type t.

Sk (1) = accumulated effect of the known surface tractions at

node i in reference to the field variable specified

as the kth boundary condition.

BCk (1 = specified kth boundary condition at the ith node.

Thus 1if Kt(xi;xj) is the fundamental solution of the transverse

displacement and t refers to the normal load vector, then

I Kt(xi;x ) ds; = I Wn(xi;xj) és, . (B.34)

AS ! as
J 3

However, since the integration for the case when i » j has been
replaced by the effect of the resultant forces applied at the jth

node, the integral expression will take the equivalent form

wt o (B.35)

n n to¢
I W dSJ = Rn’n W + Rn'¢ W + Rn,o

where
W' = fundamental solution of W due to normal load

Wt’¢ = fundamental solution of W due to a tangential load
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position of the actual domain in reference to each boundary segment
and the different sets of boundary conditions as well as the values
of these constraints at the boundary. Further the external forces
applied over the domain are read together with their intensities and
surface coordinates. Lastly the field points, at which the stress and
diéplacement matrices are to be calculated, are read and stored in an
array. The 1last input 1is a counter that controls the stress and

displacement output.

The program can facilitate four different boundary geometries and
five different sets of boundary conditions. These include constraints
of fixed, simply supported, free to rotate, free edge and symmetric
boundaries.' For ?he specisl case of a crack problem, which falls
under the free edge boundary constraint, a special counter is read
indicatihg that attention is to be paid to the element neighboring

the crack tip.

B-5b PROCESSING OF INPUT DATA AND EXECUTION

The different boundaries are discretized using the relations
introduced earlier in this section and the coordinates of the nodes
as well as the orientation of the unit vectors at each node are
calculated and entered into the element directory. Also the resultant
forces over each element are calculated and stored. When the element

directory is completed, the construction of the system matrix begins.
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The elements of the system matrix are generated by means of Eqns.(B-
[33-35]). A special subroutine has been designed that minimizes the

computer time needed to evaluate the complex Legendre Functions.

The completion of the matrix L 1is followed by the implimentation of
the subroutine SSLAE designed to solve a general system of
simultaneous linear algebraic equations by means of Gauss-elimination
with complete pivoting. The output of the subroutine SSLAE is stored
in an array and utilized, together with the external force system, to
calculate stresses and displacements at interior points. The stress
matrix consists of eight stress resultants while the displacement

calculations include all three components.
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APPENDIX C
PROPERTIES OF LEGENDRE FUNCTIONS

The Legendre functions aresolutions of the Legendre differential

equation
2 -
(1-22) %;% ; 2z§§ +[v(v+1l)-p2@Qz2)t]=0 (c.1)

with parameters v , p unrestricted complex numbers.
We seek the properties of the solution of Eqn.(C.l) for the case of

variable z beeing real and between -1 and +1. In this case the

fundamental system of solutions are denoted by Pﬁ ( x ) and Qﬁ (x)

[ or also by Pﬁ (cos$) and Qﬁ (cosg) with 0 s ¢ < «n ]. They are

called Legendre functions of the first and second kind respectively.
It is most efficient, in terms of the numerical evaluation, to
express the Legendre functions in terms of hypergeometric functions
which, 1in turn, can be calculated from their infinite series
expansion. Thus for the case of integer values of u, for p = 1 the
functions are noted as assocliated Legendre functions, their

evaluation is obtained according to the relation

. 1
I (v-m+l) m! Pg.(x) - (-2)"" I (vim+l) (1-x2)27

X F( ltmiv, m-v; lém; = =X ) (C.2)
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where
. . - '(e) I'(a+n) T'(b+n) xﬁ
F(a, b ; c; y ) r'(b)I'(a) } I‘(c+n) nt (Cc.3)
n=0

and ' ( s ) is the Gamma function of a complex argument s.
Except for the case v = 1 the Legendre functions of the second kind

were used as First kind functions according to the identity
Be oy o ph . -1 p
Pu( x) Py(x) cos[n (v + u)] 2 = Qy(x) gin [n (v+p)]. (C.4)

The evaluation of the Legendre functions ( p = 0 ) of the first kind
will be obtained from special forms which converge most rapidly in
the wvicinity of the points ¢ = 0, n/2, and n and it will serve both

Pu(cos¢) and Pu(-cos¢) when the appropriate intervals are switched.

Thus for points near ¢ = 0, we use
Pu(cos¢) - F ( -v, v#l; 1; sin? % ). (C.5)

For points near ¢ =~ « /2, we use

rl =5~ | cos(vn/2)
2 v+l v 1
P (cos¢) = F| ==, -5i 5i cos?g (C.6)
v o0 nl/zr[§+1] [2 2" 2 ]




256

and for points near ¢ = wx, we use

cos”un P, (cosé) = [1°gif: + ¥(v+l) + YP(-v) + 2 C ]F[ -v, v+l; 1; 1%3]

2 ) S () [ )1]
r=0 a =1

where x = cos$, ¥(...) denotes the logarithmic derivative of the
Gamma function, C is the Euler'’s constant or else defined as C = (1)

and (u)r is defined by
(u)r -y (v+l)..... (v+r-2) (v+r-1). (C.8)

The associated Legendre functions and their derivatives are

calculated from the following recursion formulas:

Pl (cos) = :1: ; [ P,,1(cos) - cosé P (cosé) ] (C.9)

P (cosd) = - [2(m - 1) cotd B " L(cosy)
+ @ -m+2)(v+m- 1) Pﬂ“z(cos¢) ] (C.10)

and they are also valid for the function Pg(-cos¢) for which ¢ 1is

replaced by = - ¢. The derivatives with respect to ¢ are calculated

from



257

g; B, (cos$) = P! (cosg)

g; P, (-cos$) = - P1 (-cosg) (C.11)
gg PE (-cogg) = (v - m+ 1)(v + m) PE'l(cos¢) - m cot¢ Pg(-cos¢).

A particular case of the Legendre functions is the one of order v =-

% + 1ir which eventhough retains all the properties (except for a

number of recursion formulas) of the Legendre functions it is real in
the domain -1 to +1 despite the complex parameter v. For large values

of r the following formulas hold:

. 1
. m-3 m? - Z 1
BT 5, i,(cosd) = 7—§i_§IE$ e™? [1 - —3;  coté + 0(;,)] (C.12)
and
m 'i' m2 - l—.
m 1 2 r(n-4) T 4 1
P54 17070088 = 75, 5ing ¢ [ 1+ =5 coté + 0(;2) ].

(C.13)

The limiting conditions of the kernels encountered in the analysis
are satisfied with the use of the following limiting values of the

Legendre functions:

lim P (cos¢) = 1
$+0 VY
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;ig P (-cosg) = (2/x) sin vr [ ¥(v + 1) + C + :1im log sin(¢/2) ]
-+ ¢-0

+ cos vn

1lim P1 (cosg) = - 1lim v(v + 1) ¢/2 (C.14)
¢-0 ¢-0

lim P1 (-cos¢) = - (2/x) sinva lim [ 1/¢ -
¢-0 ¢-0

- ¢ v(y + 1) (r cot vr + K)/4 ]

1im Q (cosg) = -[ 1lim log sin(¢/2) + ¥(v + 1) + C ]
¢-0 ¢-+0

1im Q1 (cosg) = lim [ -1/¢ + ¢ v(v + 1) K / 4 ]
¢-0 ¢-0

where

K= 2 log sin(¢/2) + ¥(v + 2) +¥( v ) +2 G - 1. (C.15)

Also from the relationship between P 5 4 ir (-cos¢), P 5 + ir (cosg)

and Q?.S + 17_(cos¢):

( }m
P 5 4 g, (cosg) = L cosh rr (@ 5, 4 (cost) + QT 5 |y, (cosd)]

(C.16)
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we obtain the 1limiting velues of the spherical toroidal functions

m

-5 + 1ir which are also real as seen from the relation above. We

P
should note that in general that the functions of the second kind

QT 5 4 i‘ X ) can assume complex values. However in the interval -1 <

-~

x < 1 the functions PT (-x) are defined as solutions of the

S5+ ir

Legendre equation linearly independent of PT ir(x) and considered

.5 +
as solutions of the second kind. But it obvious though from the last
relation that the f£final result is real since the quantities inside

the brackets are complex conjugates.
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