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Abstract.

Studies in Low Dimensions:

Modulated Stripe Phase in the Quantum Hall Effect; 

Correlators in the Calogero-Sutherland Model.

by Lenny Tevlin

Advisor: Prof. Joseph L. Birman

In the first part of this work I investigate the structure of the ground state 

of a two-dimensional electron gas in the presence of weak transverse mag­

netic field and a weak external periodic potential. The ground state of the 

system without periodic potential is thought to be a unidirectional guid­

ing center charge density wave. This state describes electrons arranged 

in stripes periodic in one direction (the stripes are uniform in the other 

direction): therefore this state often referred to as a stripe state.

The effect of the periodic potential is considered in two cases: when the 

potential is perpendicular to the direction of the stripes, and when it 

is parallel to them. In both cases we calculate the cohesive energy. In 

the first case we also obtain modifications of positions and widths of the
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stripes due to the external potential. In the second case the stripes can 

only change their widths and we calculate this change. I also study the 

conductivity of the striped state in the periodic potential. I find that the 

correction to the conductivity scales as the square root of the amplitude 

of the applied potential when the potential is perpendicular to the stripes. 

The sign of the correction depends on the value of the ratio of the period of 

the external potential and the natural period of the charge density wave. 

Certain period matching conditions lead to a decrease, while others to an 

increase in the conductivity.

In the second part. I present the calculation of correlations functions of 

the Calogero-Sutherland model. The model, describing one-dimensional 

electrons with long-ranged interactions confined to a circle, is exactly solv­

able. I extend the method of Jack polynomials to the calculation of the 

dynamical polarization tensor.
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Chapter 1 

Preface.

I used to be indecisive but now I am not so sure. 

attributed to Boscoe Pertwee1. 18th century wit.

las quoted in [64].

1
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1.1 Overview of Results Concerning Two Dimen­

sional Electrons in a Weak Magnetic Field.

O ne fundam enta l  goal of con tem pora ry  condensed m a t te r  physics seems to be to 

un d e rs tan d  the ground s ta te  of the two-dimensional electron system  and  to explore 

its experim ental  s ignatures. In the presence of a large perpend icu la r  m agnetic  held

D. the  kinetic energy of two-dimensional electrons becomes quantized  into discrete1 

highly degenera te  Landau  levels. At high D only the  lowest (.V =  0) L andau  level 

is occupied, and  the two-dimensional electron system  exhibits  its most spectacular 

phenom enon: the Fractional Q uan tized  Hall effect [71]. At lower m agnetic  Helds the 

higher Landau  levels become occupied, and  in the th ird  or higher (.V >  2) Landau 

levels no Fractional Q u a n tu m  Hall s ta te s  have been observed. Recent experim ents 

have nevertheless uncovered ex trao rd ina ry  t ran spo rt  signatures unique to the high 

L andau  level regime, pointing to the existence of a new class of m any-body  states 

d ist inc t  from the incompressible q u a n tu m  fluids responsible for the  Fractional Hall 

s ta te s  ;8. 10]. T he  most s tr ik ing of these signatures is tin1 developm ent, at very 

low tem pera tu re s ,  of s trong  anisotropies in the longitudinal resistance of the two- 

d im ensional electron system. Some details  of the experim ental results are  reviewed 

in Sec. 3.1.
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T his  experim enta l  discovery was an tic ipa ted  theoretically  by Fogler et. al [11] and  

M oessner and  C halker  [13] who proposed the guiding center charge density  wave s ta tes  

as the  ground  s ta te  in partia lly  filled higher Landau  levels [8]. [10] The observations 

of an iso trop ic  conducting  s ta tes  between filling fractions u of 9 /2  and 21 /2  is now 

considered to  be convincing experim ental evidence for the existence of these s tr iped  

s ta te s  a t  these filling fractions. Exact d iagonalization studies [17] on small system s 

have given fu rther  support  to the existence of a unidirectional charge density  wave 

ground s ta te  (also referred to as a  s tr ipe  sta te )  in a partially  tilled Landau level. The 

theory  of the  form ation of the  s tr ipe  s ta te  is discussed in See. .'3.2 and  Sec. 3.6.1.

T he  renorm alization  group analysis of M acdonald and Fisher .16] suggested that 

the  s tr ipe  s ta te  is unstab le  against the  form ation of a W igner crystal due to baekseur- 

tering. N um erical calculations of C’ote and Fertig [18] indicate th a t  this highly 

an iso trop ic  crysta l is indistinguishable  from the  unidirectional charge density  wave. 

H artree-Fock  approx im ation  therefore seems to adequate ly  describe the ground s ta te  

of the  p a rt ia l ly  filled higher L andau  levels. Lopatnikova tt.  al [19] have described 

the  low energy excitations of the  s tr ipe  s ta te  and  calculated  the low energy elastic 

p a ram ete rs  of the  system.

It seems n a tu ra l  to s tu d y  the  interplay of interaction-induced periodicity  with 

an ex te rnal  com m ensurable  (or incom m ensurable) periodic potentia l. Indeed m ea­
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su rem en ts  of th e  m agnetoresis tance  in lateral superla tt ices  with period close to the 

expected  period  of the  charge density  wave have been performed ;23j. These ex­

perim ents  show a  shallow and broad  m in im um  with peaks 011 bo th  sides when the 

d irection  of the  curren t is parallel to the  direction of the external potentia l and  a 

small peak  when the d irection of the  curren t is perpendicular to the  potential. On 

the  theo re tica l  side, numerical works [27]. [25] have in it ia ted  the  s tudy  of the influ­

ence of the  periodic pertu rba t ion . By applying an added periodic poten tia l we put an 

add it iona l  ex ternally  controlled length scale into the* problem. Thereby  we can test 

the  robustness  of the  previous solutions, and  predict new physical effects.

In this part  of tin* thesis I investigate the s truc tu re  of the ground s ta te  of two- 

d im ensional electrons in a weak m agnetic  field ar half filling in the  presence of a weak 

periodic po ten tia l .  T he  goal is to  de term ine  the c ircum stances when each orien ta ­

tion of the  s tr ipes  with  respect to  the  ex ternal  m odula tion  (see below) is realized, 

and  es tab lish  possible experim ental s ignatu res  of a  given orientation. The analogous 

problem  for the  Fractional Q u an tu m  Hall s ta te s  has been considered in [20] and  [21 i .

O ne can d istinguish  two cases: when the  ex ternal  m odula tion  is perpendicular to 

the  d irec tion  of the  s tr ipes in sec. 4.2. and  when it is parallel to them  in sec. 4.3.

W hen  tlie ex te rnal  m odula tion  is perpend icu la r  to the d irection of the stripes, each 

s tr ip e  can exp an d  or shrink  as well as move as a  whole with respect to its unpe r tu rbed
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position to take  advan tage  of the external po ten tia l an d  lower its energy. W hereas 

wlu'ii the  ex te rna l  m odu la tion  is parallel to the  str ipes, each s tr ipe  can reduce its 

energy by m o d u la ting  its density  along the applied po ten tia l  and  changing its width 

(without shifting its center).

In both  cases I calcu late  the  cohesive energy and  find a decrease in the cohesive 

energy p roportiona l  to the  square  of the am plitude  in agreem ent with numerical 

sim ulations [27]. [25].

Based on the  com parison  of the cohesive energies, in Sec. (4.4). I calculate that 

alignment parallel to the direction of the external m odu la tion  has lower cohesive 

energy for all periods of the  external potential.

In the first ease I also ob ta in  modifications of positions and  widths of the stripes 

due to the ex te rna l  po ten tia l  (see section 4.2). In the second case the stripes can only 

change their  w idths and  I calculate  this change.

I also s tu d y  the conductiv ity  of the str iped  s ta re  in the periodic potential. I find 

th a t  the  correction to the  conductivity  scales as the square  root of the  am plitude  

of the applied  po ten tia l  when the m odulation is perpend icu la r  to the stripes. The 

sign of the correction depends on the value of the ra tio  of the  period of the external 

po ten tia l  a n d  the n a tu ra l  period of the CDW . C erta in  period m atching  conditions 

lead to a decrease . while o thers  to an increase, in the  conductiv ity  (see section 4.5).
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1.2 Overview of Results Concerning Correlation 

Functions of the Calogero-Sutherland Model.

Besides being intrinsically  in teresting as models describing artificially m ade one- 

diinensional system s, exactly  solvable models of electrons res tric ted  to one dimension 

can be though t  of as a  proving ground for the emerging m ethods  of dealing with 

strongly in te rac ting  particles.

In the  world of one-dimensional models a special place is reserved for the  Calogero- 

Su therland  Model. T he  in troduction  of this model da tes  back to Moser 31: for 

classical system s and  C'alogero and  Su therland  [32] for q u a n tu m  systems.

The' C alogero-Su therland  model is in tim ately  related to  the circular ensembles 

in random  m atr ix  theory. In particu lar, the eigenvalue d is tr ibu t ion  function for the 

orthogonal, unitary, and  symplectic  random  m atrices correspond to the  ground s ta te  

wavefunctions of the  Calogero-Sutherland  model at specific values of the interaction. 

First s ta t ic  correla tion functions of the Calogero-Sutherland  model have been calcu­

lated using the  techniques developed for the  random  m atrices [731.

Later. Simons et. al. [34] succeeded in utilizing the supersum m etric  a lgebra  ap­

proach to  the  calcu lation  of the dynam ical density-density  correla tion function for the 

Calogero-Su therland  model a t  special values of the coupling constan t.  Haldane and
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Zirnbauer [45] used a s im ilar  m e th o d  to calculate  the  one-particle  re ta rd ed  Green s 

function in the  sym plectic  case.

T he  most powerful approach  was developed by Z. Ha [40]. who recognized th a t  the 

eigenstate's of the  Calogero-Su therland  model can be w ritten  in term s of .Jack poly­

nomials [59. 58]. T h is  allowed him to calculate  the  exact dynam ical density-density  

correla tion function and  the one-partic le  re ta rded  G reen ’s function at a rb i t ra ry  in­

terac tion  s treng th .  F u r the r  progress was m ade  by F. Lesage e.t. al.. who calculated  

the advanced G reen 's  function at a rb i t ra ry  in terac tion  s trength .

In this part  of the  work I will ex tend  these m ethods to the ca lcu la tion  of the  full 

dynam ical polarization tensor.
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Glossary.

For convenience, below I have collected definitions and typical values of parameters 

used in Part I of this work.

They are based on the parameters of the system, such as the effective electron 

mass in GaAs

m = 0.068m,,.

magnetic field B  (taken to be 2 T for estimates), density

n ~  2.7 x 101'em - * 

or Fermi wavevector in zero magnetic field

k f.' — y/2 ~n .

background dielectric constant

k  -  13 

10
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A nd fundam enta l  constan ts:  electric charge e. electron mass m e. P lank  s constan t h. 

speed of light c.
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Definition Sym bol

Cyclotron energy: /k.y =  / i ^

M agnetic length: f  = J  ^

Cyclotron radius: /?t. =  v -.V -  1/

Effective Bohr radius: a B =u me"

Filling factor: iz =  k j f 2

L andau Level index: .V

Average filling factor of

the partially  tilled L andau level: 0 =  u — 2.Y

T he p a ram ete r  characteriz ing 

the s treng th  of electron-electron

interactions: r ,  - ( r r n u i p 1 2 =  p ^ -

T he  electron density  of a  filled

L andau level: n L =  pCr

Form-factor: F(r/) =  exp £.v

T h e  s tren g th  of Hartree-Fock

interaction: u0 =  Fu~'c/2  ~2R C

Typical value

4 m e \ '

15 ntn

10 ntn

‘2 11 id  » * > • >

> 2

i

-  0.9
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Chapter 2 

One Particle Properties of 

Electrons in a Magnetic Field and 

Periodic Potential.
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2.1 One particle properties.

14

To a ce r ta in  ex ten t, the s tru c tu re  of ( in teracting) m any-part ic le  s ta te(s)  we are in­

teres ted  in is a reflection of one-partic le  (non in terac ting)  properties: the particle  

t ra jec to ry  (in classical case) and its wavofunetion (in q u a n tu m  mechanical). It is the 

ring-like s tru c tu re  of electronic wave-functions on higher Landau  levels th a t  is respon­

sible for the  creation of charge density wave s ta te  tha t  will be t lit* focus of subsequent 

chapters .

I will exam ine one particle  dynam ics both  from the  classical in Sec. 2.1.1 and 

q u a n tu m  m echanical points of view in Sec. 2.1.2. As I am  u ltim ately  interested in 

the com bined  effect of the in teractions and  external periodic potentia l. I will look at 

the influence of the  periodic poten tia l on one-parriele properties  in Sec. 2.2.

2.1 .1  C lassical M echanics o f  a P article  in a M agnetic F ield  

in Tw o D im ensions.

T he  classical Lagrangian for a particle  in a constan t m agnetic  field is i67]:

C = \rnx*l x tl -  - i M ' 1. (2.1)
2  c

where f.i =  1.2 refers to x  and  ij respectively and  A is the  vector po ten tia l evaluated 

at the  position of the  particle. (I will use the repea ted  index sum m ation  convention.)
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Using

(± !L  =  - - F d u.Vl 
dx u r

and

i)C . ,, t

the Euler-Lagrange equation of morion becomes

f

rhe equa tions  of m orion can be explicitly w ritten

=  m /  A ” (2 .3 1
< ) j - u  <■

m F  =  - - \ d „ . F  -  j i U  (2.4)

B = V x A

c S  .
rnx = -------//

r
cB

mi)   r.  (2.G)
r

T he general solution of these equations corresponds ro m otion in a circle (or cycloid

in three dimensions) of a rb i t ra ry  radius R

r =  (x0 -f- R c o s ( x ct 4- (5). ijq -r /? s in U y t  -r J ) ) . (2.7)

Here To =  (j^q-IJq) is the position of the  center of the orb it . <)’ is an  a rb i tra ry  initial

phase, and

»C — me
e B
—  12 .8 )
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is the classical cyclotron frequency. T he  period of the  orbit is independent of the 

radius and  th e  tangen tia l  velocity v  =  ( —x cRsm{u:ct — <j). x rR  cos(.ccf +  6)) controls 

the radius:

A fast particle  travels in a  large circle bu t re turns  to the s ta r t in g  point in the same 

interval of t im e  as a slow particle which (necessarily) travels in a small circle. On the 

classical level the  problem  possesses an invariant (angular m om entum ):

It is a sim ple m a t te r  to  verify tha t  {H.  A; } =  0. due to ro ta tiona l  sym m etry , where1 

{. } are the Poisson brackets.

In p repara tion  for the quan tum  mechanical trea tm ent I now tu rn  to the Hamil­

tonian form ula tion  ;6 6 |. Since we have the Lagrangian we can deduce the canonical 

m om entum

(2.9)
c

4 *A; =  rnr x v  • r  ( r  x ;
t-B

( 2 . 1 0 )

>)C

m x M -  - . V .
('

and the H am ilton ian

/ / [ p .x ]  =  -  £ ( x .  x)
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T he  quan ti ty

e
1 ^ = 1 ?  + - A *  (-.13)

c

is the m echanical m om entum . H am ilton 's  equations of m otion

.P  =  ^  =  - n "  (2.14)
op>1 rn

if = ~^L = - — ( , / _ _ . r ) a „ . c  n i s i
a x M m e  V c /

show th a t  it is the  mechanical m om entum , not the  canonical m om entum , which is

equal to the usual expression rela ted  to the velocity

IT1 =  mi*1. (2. LG I

L’sing H am ilton 's  equations  of m otion we can recover New ton 's  law for the Lorentz 

force given by (2 .6 ).

To write down the Poisson brackets of the  invariant A. with the mechanical mo­

m en tum  and position m ore economically. 1 introduce

n _  =  n x r: zn,y anti C- =  r — iy (2.17)

T hen  the com plete  a lgebra  of Poisson brackets is:

=  0

{ H . n . }  =  ± n ^
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S

{A ...n± } =  ± n r

{ A ; .  S r  }  =  =  < = (2 . IS I

I will show below th a t  upon quan tiza tion  this algebraic s tru c tu re  is preserved with 

Poisson brackets replaced by Lie brackets.

It is in teresting to notice th a t  it is possible for the particle  to have a finite velocity 

while having zero (canonical) m om entum . Furtherm ore  the canonical m om entum  

is dependen t on the choice of gauge for the  vector po ten tia l and  therefore is not a 

physical observable. T h e  mechanical m om entum , being simply related to  the velocity 

(and hence the curren t)  is physically observable and gauge invariant. T in 1 classical 

equations  of m otion  only involve the curl of the  vector po ten tia l and so tin* particu lar  

gauge choice is not im p o r ta n t  a t  the  classical level.

2.1 .2  Q uantum  M echanical P rop erties o f a P article  in a 

M agn etic  F ield  in T w o D im ensions.

T he q u a n tu m  m echanical H am ilton ian  for a spinless electron in the m agnetic  field is

(2.191
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where p an d  A are  now q u a n tu m  mechanical opera tors . T he  q u an tu m  mechanical 

analogs of the  chissical quan ti ties  .r(). y0. r^. R 2 are

i'o =  i  -  —  = x  ( - i t i -  .4V)
1 t d  e

 ( - / / i-j--------- ■m~y U i j  c

r r 1 t  0  t
!Ju =  !J -1 =  !J   1-- i l l - --------- ,-lr )

IIIX,- (J-r r

ro — x o Uo 

R 2 =

where f M =   J -  T he  com m uta to rs  of the velocity com po­

nents read:

f r
J ' f  Ol =  T7 7 - 12 .2 0 )m - l -

where I have in troduced the m agnetic  length

H w
, = V 7 b  I S -S 1 '

O ne can easily establish tha t

[ H. x t] i =  H.fiol =  H . R 2) =  0 (2.22)

but

[ x o . f j o ]  =  - 1 < 2 (2.23)
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In fact, we can see th a t  the opera to r  corresponding ro the radius of the  cyclotron or­

bit is p roportiona l  to the  Hamiltonian. R 1 — and  therefore will have well defined 

eigenvalues for every eigenstate. The noncom m uta t iv i ty  of x 0 and  i/o implies th a t  

the  center of the  orb it  obeys the uncertain ty  rela tion A j:0A.(/o > £"/’-• However, the 

position of the  square  of the  center of the orbit is conserved: [ H . r])~\ - [R~. r02j = 0. 

(The o p e ra to r  r'oJ is a linear combination of the  H am iltonian  and  the angular m om en­

tu m  o p e ra to r  A-.) T he  coordinates of the center of the  orb it  become commutative' in 

the  infinite field limit where I —>> 0.

Thi' a lgebraic  s tru c tu re  of the Ham iltonian (2.L9) becomes clear with the intro­

duc tion  of thi' o p e ra to r  analogs of (2.17):

n = =  n x j r iy and  =  x  — iij (2.24)

and  the angu la r  m om entum  opera to r  A; :

A. =  - /r  x V ■ i  +  —(r x : ) ' D .  (2.25)
2 c

Then  the H am ilton ian  can be expressed as

H  =  ^ ( f l , n _  -  FT_ n _ ) (2.26)

and  the a lgebra  of H . A .. n ~  is:

[H. A; ] = 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

[h . n±] = ± n =

[ A , . r u i  = ± n .

Expressed in the a lgebraic  language, these com m uta t ion  rela tions imply tha t  n r .A_. 

cons ti tu te  an  S L ' l 2) Lie algebra, while the  H am ilton ian  is the bilinear quadra tic  

Casim ir o p e ra to r  of th is  a lgebra  (and  belongs to the enveloping algebra  of 5 £ ’(2)|.

To display the wavefunctions one has to choose a gauge for the  vector potential. 

One popu lar  and  convenient choice is the Landau  gauge:

which obeys V  x A  =  B z .  In this gauge the vector po ten t ia l  points in the  ij direction 

but varies only with the  .r position, as i llustrated  in Fig. (2.1). Hence the system still 

has t ran s la t ion  invariance in the  y direction. T he  m agnetic  Hold (and hence all the 

physics) is t ran s la t iona l ly  invariant, while the H am ilton ian  is not. The H am iltonian 

can be w r i t ten  in the  L andau  gauge as

Taking advan tage  of the  tran s la t ion  sym m etry  in the  // d irection, a separa tion  of 

variables can be accom plished by writing the wave function in the  form

A ( r  ) =  r B f j

(2.29)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figure 2.1: Illustra tion  of the  Landau  gauge vector po ten tia l  A  =  rB t ) .  The  m ag­

netic field is perfectly  uniform, but the vector po ten tia l has a preferred origin and 

orien tation  corresponding  to  the  part icu la r  gauge choice.

This has the advan tage  th a t  it is an eigenstate of p u and  hence one can make the 

replacem ent p,, — ► hk  in the  Ham iltonian. After separa ting  variables one has the 

effective one-dim ensional Schrodinger equation

(2.31)

where
•>
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T his  is s im ply a one-dimensional displaced harm onic  oscillator [Ij:

Hk = ^  +  (2.33)

whose frequency is the classical cyclotron frequency and  whose central position X  =  

— kf.'1 is de te rm ined  by the ij m om entum  qu an tu m  num ber. T hus  for each plane wave 

chosen for the  i j  direction  there will be an entire family of energy eigenvalues

ffc.v =  (-V -r i 2.3-1)

which depend  only on .V and  are completely independent of the <j m om entum  hk. 

T he  corresponding  eigenfunctions are:

I x -  X )'
/ / v  (  — -  )  i  2 . 3 3 1

f  ( -

'k \ v (x. ij I =  .....................   exp
rr1 V 2 -v.V !av 211

Here L y is the  ij d im ension of the system. H \  (x) is (as usual for harm onic  oscillators) 

the X th H erm ite  polynomial [74] displaced to the  new central position X .  I is the 

m agnetic  length as in troduced in (2.21) The position X  is called a "guiding center 

coord ina te" . T he  wavefunctions are extended in the  fj d irection and  have a finite 

spread in the  i  direction.

These harm onic  oscillator levels, labelled by .V are called Landau levels. The 

cyclotron radius takes discrete values proportional to the square  root of the Landau 

level index:

R~ =  (2.Y -r l ) f -  (2.36)
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* 5

/

Figure 2.2: I llustra tion  of the  x  dependance of the  one particle  wavefunetion in the 

fifth Landau  level. The wavefunetion decavs very rapidly  for x  g rea ter than  the 

cyclotron radius R,: =  v  11 ~  3.3.

The  cyclotron rad ius determ ines  the spread of the  wavefunetion in tlit' x  direction. 

These wavefunctions are also eigenfunctions of the o p e ra to r  .r0 with the eigenvalue 

- h k / r n ~ .  A graph  of 'I'd.-, is shown on the Figure 2.2.

Due to the lack of dependence of the  energy on k. the  degeneracy of each level 

is enorm ous, as I will now show assuming periodic boundary  conditions in the // 

d irection. This  implies th a t  A' =  =7 ^ s. with s integer. Because o f  the vector potential.L,j

it is impossible to s im ultaneously  have periodic boundary  conditions in the x  direction. 

However since the  basis wave functions are harmonic oscillator polynomials multiplied 

by strongly  converging gaussians. they rapidly vanish for positions away from the
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center position X  — —kC2. Let us suppose th a t  the sam ple  is rec tangu lar  with 

dim ensions L c. L tJ and  th a t  the left hand  edge is at x  = —L r and  the right hand 

edge is at x  =  0. T hen  the values of the  wavevector k for which the basis s ta te  is 

subs tan t ia l ly  inside the  sam ple  run from k = 0  to k  =  L r j i 2. It is clear th a t  the sta tes

boundary  cond it ions  are impossible. (The best one can achieve is so-called quasi- 

periodic b o u n d a ry  conditions in which the  phase difference between the  left and  right

a t the top. T he  eigenfunctions with these boundary  conditions  are .Jacobi elliptic 

th e ta  functions 74! which are linear com binations of the gaussians discussed here 

70i.) T he  to ta l  num ber  of s ta tes  in each Landau level is then

is the num ber  of flux q u a n ta  pene tra ting  the sample. Here <E>() =  h c / r  is the  magnetic 

flux q u a n tu m . T h u s  there  is one s ta te  per Landau level per flux qu an tu m .

Even though  the  family of allowed wavevectors is only one-dim ensional, we find 

th a t  the  degeneracy of each Landau level is extensive in the  two-dimensional area. 

T he  reason for th is  is th a t  the spacing between wave vectors allowed by the periodic

a t the left edge and  the right edge differ strongly in their k  values and  hence periodic

clges is zero a t  the  b o t to m  and rises linearly with height, reaching 'irr.Y.t, =  Z.r Z.v/ / J

where

(2.381
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b ounda ry  conditions  7^  decreases while the  range of allowed wave vectors [0 . L r / ( - 1Lxf

increases with increasing L. One m ay also worry that  for very large samples, the 

range of allowed values of k  will be so large th a t  it will fall outside the  first Brillouin 

zone forcing us to include band mixing an d  the periodic lattice  po ten t ia l  beyond the 

effective mass approx im ation . This is not true however, since the canonical m omen­

tum  is a gauge dependen t quantity . T he  value of k in any p a r t icu la r  region of the 

sample can be m ade  small by shifting the  origin of the coord inate  system  to that  

region (thereby m aking  a gauge transform ation) .

Th(> width  of the  harm onic  oscillator wave functions in the S ' h L andau  level is of 

order of the  cyclotron radius. T h is  is microscopic com pared  to the  system size,

but the spacing between the  centers

■2-i-

is vastly smaller (assum ing L t) / ) .  Thus  the supports  of the  different basis s ta tes  

are s trongly  overlapping (but they are still orthogonal).

It is often convenient, in p a rt icu la r  for the physics in the lowest L andau  level, to 

analyze the  problem  in the  sym m etric  gauge

L
A  =  - B  x r  (2.40)

I 'n like the L andau  gauge which preserves transla tion  sym m etry  in one direction.
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Figure 2.3: I llustration of the  sym m etric  gauge vector po ten tia l  A  =  -,D{ij.r -  .n/). 

T he  vector po ten tia l is ro ta tiona lly  sym m etric  around  the origin.

the sym m etr ic  gauge preserves ro ta tiona l  sym m etry  abou t  the origin. Hence we 

an t ic ip a te  th a t  angular  m om entum  (ra the r  than  \j linear m om entum ) will be a good 

q u a n tu m  num ber  in this gauge. Indeed the  ring-like s tru c tu re  of the higher Landau 

level wavefunctions becomes manifest in the  sym m etric  gauge.

For s im plic ity  I will restrict myself to the lowest L andau  level only and  (simply 

to avoid some awkward minus signs) change the sign of the  D held: B  =  —B z.  

W ith  these restrictions, it is not hard  to show tha t  the  solutions of the free-particle 

Schrodinger equation  in the  lowest L andau  level having definite angu lar  m om entum
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whore c =  s' / f  is a dimensionless complex num ber representing  the position vector 

r  =  U'. /y) and  rn > 0 is an  integer. (Note th a t  ~. the  complex conjugate  to ; .  does 

not a p p e a r  in the  preexponentia l factor.)

As we an tic ipa ted ,  these wavefunctions are also eigenfunctions of the opera to r  

A; an d  their  angu la r  m om entum  eigenvalue is tun.  If we res tric t  our a tten tion  to 

the lowest L andau  level, then there  exists only one state1 w ith  any given angular 

m o m en tu m  and  only 11011-negative values of m  are allowed. T h is  'handedness ' is a 

result of the  chirality  built into the problem  by the m agnetic  held.

It seems ra th e r  peculiar th a t  in the  Landau gauge we had  a continuous one­

d im ensional family of basis s ta tes  for this two-dim ensional problem . Now we find 

th a t  in a different gauge, we have a discrete one d im ensional label for the  basis 

s ta tes . Nevertheless, we still end up with the correct density  of s ta tes  per unit area 

as the  peak value of | r * m i ‘  occurs at a radius of R pvak =  \ / 2 m t - .  T he  area 2 z t - m  of 

a circle of this radius contains m flux quan ta . Hence we o b ta in  the  s tanda rd  result 

of one s ta te  per Landau  level per q u a n tu m  of flux p e n e tra t in g  the  sample.
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2.2 W hat Happens to Landau Levels in a Unidi­

rectional Periodic Potential.

The effect of a  periodic po ten tia l 011 the  behavior of electrons confined to a plane 

and split in to  highly degenera te  Landau  levels by a  uniform m agnetic  field has been 

s tudied on m any  occasions [2. 3. 4j. In the Landau gauge (2.2S) an  electron in a 

periodic p o ten t ia l  is described by:

H  = ( p i  -r (p,j + -  1; ,c o sQ x  (2.42)
2 m V '  c  /

The eigenfuctions of this H am iltonian  are of the form:

U-U’. //) =  r* '1 Ik I-''). (2.43)

Since the p roblem  is still t rans la tiona lly  invariant in the fj d irection, the guiding

center co o rd in a te  rem ains a good q u a n tu m  num ber ju s t  as in u n m o d u la ted  case. / fc’s

are eigenfunctions of the  one-dim ensional Ham iltonian:

H k  =  p i  ~  \ m ^ ; .  (x  -r A: l - ) ~  -  IJ jc o s Q . i  (2.44)
2  rn 2

L’sing the  wavefunctions of the  .V/i L andau  level of the  u n m o d u la ted  system (as in 

2.35) as a basis set. the  ca lculation of the  m atr ix  elements of the  m odu la ting  potential
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when' L' \T 's (x) is a  Laguerre polynomial [74].

T he  resu lting  energy spec trum  has been numerically ca lcu la ted  in [4]. They found 

tha t  for realistic values of the  Fermi energy ( 10 meV ) and  B  > OAT  the first

order p e r tu rb a t io n  theory  result, given by the diagonal e lem ents of the  hamiltonian:

£ .v (A  ) = /L.y(.\ -  - )  -r Iqc 1 L \  f ——  j cos iQ A  ) (2.46)

gives an excellent approx im ation  for large q u an tum  numbers.

T he  periodic po ten tia l  lifts the  degeneracy of the L andau levels and  leads to Lan­

dau bands of finite w idth. The bandw id th  (s: 2 l ot ! _ar “ act ual l y depends 

on the band  index in an oscillatory m anner. This  is a consequence of the properties 

of the Laguerre polynomials. Physically it reflects the  fact th a t  with increasing .V.

the spa tia l  ex ten t of the  wavefunetion increases as /?,- = v2-V -r U as in (2.36). In

effect, each electron senses the  average of the  periodic po ten tia l  over an interval of 

width 2 R , .

T he change in energy of electrons in a half-filled L andau  level w ith  guiding centers 

s tre tch ing  from —A /2  to A /2  due to the  m odula tion  po ten tia l  is given by the average
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If the same num ber  of electrons are allowed to occupy a narrower region in the real 

space (raising the  local tilling factor to one), for instance, from - A / 4  to A /4 the 

associated energy cost comes to

2 I o  t - s V L v ( Q - f - . / 2 >  .  (  Q \  \
A £ “ =   Q X  S I , ,( t ]

T he  former s ta te  is uniform, while the  la t te r  can be thought of as a s tr ipe. Therefore, 

for non in terac ting  electrons the  energy difference between the ordered s tr ipe  and  the 

uniform s ta te , i.e. the cohesive energy of the noninteracting s tr ipe  is:

A f , ,  _  A £ a  =  ( > sil, ( « / )  -  Si„  ( f )  )  ,2.40,
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Chapter 3 

The Ground State of Interacting 

Electrons in Moderate Magnetic 

Fields.

A zebra is a light-colored animal with dark stripes: 

not a dark one with light stripes.1

‘American Museum of Natural History [65]. After discovery in South Africa that dark parts of 

zebras fade while light parts remain unchanged.

32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

Overview.

This chap te r  is devoted to the exposition  of experim ental and theoretical results tha t  

lead to curren t unders tand ing  th a t  two-dimensional electrons in a weak m agnetic  held 

at half filling in an upper Landau level organize themselves into a stripe1 s ta te . In 

section (Sec. 3.1) I discuss one of the  experim ents  performed by .1. E isenstein 's  group 

th a t  clearly dem o n s tra ted  the novel physics of the system.

In Sec. 3.2 I sum m arize  the foundation of basic assum ptions th a t  allow one to 

proceed with the derivation of the s tr ipe  ground s ta te  in Sec. 3.G.I.

In the la t te r  section I show how the screened interaction combined with the s truc­

ture  of one-partic le  s ta te s  in higher Landau levels leads to the form ation of tin* guiding 

center charge density  wave. The Hartree-Fock interaction tu rns  out to be short-ranged 

and. moreover, at certa in  wave vectors, the exchange part becomes grea ter  than  the 

direct one m aking the form ation of the charge density wave energetically favorable. 

The logic of the calculations in this section differs from the one originally presented in 

T l j  and  is more su itab le  for the  consideration of the system in an addit iona l  periodic 

po ten tia l  to be considered in Sec. 4.2.
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3.1 Experiments: Bumps and W iggles in the Mag­

netic Field Dependence of the Resistivity.

Now collective phenom ena  in two-dimensional electron system s have largely been dis­

covered by exam ining  the  behavior of the  m agnetic  held dependence of the t ran spo rt  

coefficients p rr  and  p V!/. For instance, the  famous u =  1/3 Fractional Q u a n tu m  Hall 

Effect was discovered in [5j by noting the unexpected deep m inim um  in p rx and  a 

p la teau  in pvy at th a t  u =  1/3.

T he  sam e trend  has continued and  applies to the s itua tion  of interest here: an o m a­

lies in the resistivity on high Landau  levels were noticed as far back jus in 1988 G i .

t  ; .

3.1.1 Creating Two Dimensional Electrons: Inversion Lay­

ers.

E xperim enta lly  two d im ensional electrons are realized in incursion layers. Inversion 

layers are formed on the  interface between two sem iconductors  (or a sem iconductor 

and  an insulator) . G a A s /A lG a A s  system s are curren tly  experim enter 's  com bination  

of choice as it allows the  m anufactu re  of two dimensional electron gases where the 

effect of im purities  can  be m ade  very small. T he  basic idea of the  inversion layer
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is to  a rrange  th a t  an  electric field perpend icu la r  to the interface a t t r a c t s  electrons 

from the  sem iconductor  to it. These electrons sit in a quan tum  well c rea ted  by this 

field an d  the interface. T he  m otion perpendicular  to the interface is quan tized  and  

therefore under app rop r ia te  conditions only the  lowest energy level is occupied. The 

result is a two-dimensional system  of electrons.

In the  G aA s/A IG aA s system  AIGaAs has a wider band gap and  plays a role 

of the  insulator. It is deliberately  doped  n-type. pu t t in g  mobile electrons into its 

conduction  band. These electrons will m igra te  to the bo t tom  of the  G aA s conduction 

band. T he  positive charge left on the donor im purities  will a t t r a c t  these electrons to 

the interface and  bend the bands in the  process. This  is the source of the electric 

field in the system. The conduction band  bends below the Fermi surface near the 

insu la tor-sem iconductor  interface. This is the m vr. f t  ion layrr. with the  b o t to m  of the 

of the  conduction  band below the top of the  valence band, inverting the norm al order.

O ne of the m ajo r  advantages of the G aA s/A IG aA s system from the experim en­

ta l is t 's  point of view (see. for instance. M. Cage in ;70l) is th a t  it lends itself very 

well to the  m olecular beam  ep itaxy  techniques, allowing growth of a tom ically  sharp  

interfaces called heterojunct ions.  This  results in the  lowest im puritv  density, and 

the lowest density  of interface defects available. A nother  im portan t  technique is to 

im plan t necessary donors physically away from the interface of the  AIGaAs. This  is
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known as modulation doping, and  results in alm ost all of the  im purity  dopan t a tom s 

residing several hundred  A ngstrom  away from the  inversion layer. T he  quality  ot 

the  sam ples is conventionally characterized by the electron mobility  in zero magnetic 

field. B e tte r  sam ples have higher mobility.

3.1.2 Experimental Evidence of Resistivity Anisotropy.

Figure 3.1.2 from Ref.[9l illustrates the  anisotropy of the longitudinal resistance seen 

in high L andau  levels a t  T  — 50mK. T he  sam ple Lilly et. al. used in their  experiments 

is a m odu la tion -doped  G a A s/A lG aA s he tero junction  containing a two-dimensional 

electron tras with sheet density of ri =  2.7 x l()l l cm ~J and  a mobility of 11 x LO' 1 

cm 2 /V s .  This  s tru c tu re  was grown by molecular beam epitaxy  on a (001) GaAs 

subs tra te .A s  the  insets suggest, the sam ple geometry consists of a square  mesa. 2.3 

mm on a  side, etched onto a larger square  chip. For the  d a ta  in Fig. 3.1.2. the 

solid curve corresponds to curren t flowing between corner contac ts  along the diagonal 

of the square  which is parallel to the ( 1 1 0 ) crystallographic direction while for the 

d o t te d  curve the  curren t flow is between corner contac ts  along the  d iagonal parallel to 

(HO). T h e  inset to the  figures identifies these diagonals. For each trace, the measured 

voltage is th a t  between the two m idpoin t contac ts  on one side of the current How axis. 

These two orthogonal resistance m easurem ents  yield vastly different results when the
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two d im ensional e lectron system  Fermi level is near ha lf  filling of several spin resolved 

Landau  levels. T h e  largest anisotropy Lilly et. al observed is in the  .V =  2 LL near 

v = 9 /2 .  At this tilling a  deep m inim um  was seen when the  curren t is driven along 

(110). while a tall peak is found with the current along (UO). For the d a ta  shown, 

the ra t io  of these resistances is abou t 60: in some samples the  ratios as high as .'1500 

have been found. S ubstan tia l  anisotropies have also been seen at u =  11-'2. 1-1/2 

and  several higher half-odd integers. These very large resistivity anisotropies (factor 

of — 7 for the  v — 9 /2  d a ta  in Fig. 3.1.2) characterize  t ra n s p o r t  in half-filled high 

(.V >  2) Landau  levels. T h is  contrasts  sharp ly  with the  essentially isotropic transport  

observed at v  =  7 /2  and  5 /2  in the .V =  1 Landau level (shown in Fig. 3.1.2) and at 

v — 3 /2  in the  .V =  0  lowest Landau level. Fig. 3.1.2b d e m ons tra tes  th a t  for currents 

applied  between opposing m idpoints  of the  square, i.e. a long the (100) and  (Oil)'' 

directions, little  an iso tropy  is seen at any filling factor. Collectively, these results 

show th a t  the principal axes of the t ransport  an iso tropy  are roughly aligned along 

the (110) and  ( llO ) directions. T he  origin of this an iso tropy  is still unknown, but 

recent experim ents  [26] e s t im a te  the anisotropy energy to be ~  1 mix per electron.
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Figure 3.1: T ranspo r t  an iso tropy  in high Landau levels, a) cu rren t flow along (llO) 

(dotted) and  ( 1 1 0 ) (solid), b) current flow along (0 1 0 ) (do tted )  and ( 1 0 0 ) (solid). 

A dap ted  from Ref. 9j.
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3.2 W hy Should One Think about Polarized Elec­

trons Restricted to a Single Landau Level Even 

in Weak Magnetic Fields?

T he main a rgum en t regarding the  ground s ta te  of the system in See. 3.6.1 below 

depends on consideration of spiidess electrons restric ted  to a given Landau level in a 

clean system . In o ther  words, we will assum e that even in weak m agnetic  Helds, where 

the cyclotron gap tujr is small, the electron-electron interactions do not destroy the 

Landau cpiantization and  th a t  there is no im purity  potentia l present. Therefore the 

Hrst o rder of business is to present the a rgum en ts  for validity of these assum ptions. 

This  is w hat we will do in sequence. F irst, we will show tha t  due to screening one 

can neglect the Landau level mixing. After th a t  we discuss spin excitations. We will 

argue th a t  energy scale of spin excitations is significantly higher th a n  tha t  of charge 

excitations. Lastly, we will discuss the role of impurities.

3.2.1 W hat th e  Screen ing C an D o.

T he  theory  of the  s tr ipe  s ta te  strongly  relies on the existence of individual Landau 

levels. T h is  is far from being evident, but has been dem ons tra ted  to be t rue  by 

Aleiner a n d  G lazm an  [14]. To see th a t  the  Landau  level mixing is small, one has to
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es tim a te  the  in te rac tion  energy per particle  a t  the  upper Landau  level and verify th a t  

its abso lu te  value is much smaller th an  hjjc.

Let us first consider an incompressible electron liquid with an integer filling factor 

v  =  2.V. Because of the  gap /Lcc in the  spec trum , an ex te rnal  in-plane electric field 

£  can not be screened by the 2D electron system . Instead, it causes only a finite 

po lariza tion  per  unit area. V  = \ £ .  T he  polarizabili ty  of the  incompressible 2D 

electron liquid reduces the in teraction i ' { r )  between two point charges embedded 

into it.

w hen1 the two-dimensional dielectric function ~{q) is related to the  polarizability \  

by :30'

where k is the  background dielectric constan t.

At small wave vectors, the m atr ix  elements of the d ipo lar  m om ent between elec­

trons in ad jacen t Landau  levels. <1 .v..v-i- give the  m ain con tr ibu tion  to the polariz­

ability. v n L:<L\.x-i\~/fc^c- here

is the electron density  of a full Landau  level (it is just the  inverse of the num ber of

1 3 . 1 )

13 .2 1
K
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statesA '* ca lcu la ted  in Eq. (2.37). T he  characteris tic  sp read  of the  electron wave 

function on a high L andau  level is equal to the  cyclotron rad ius  R c. and  the es tim ate  

of the  d ip o la r  m om ent is (/v..v-i ^ c -  S ubs t i tu ting  \  hito Eq. (3.2). we find:

Ac:(</) =  I -r --- (/. (3.4)

where

a y  = t r u / m e 2 (3.3)

is the  Bohr radius. Eq. (3.4) is valid only a t  small wave vectors. q R r <§; I. In the 

opposite  lim it. q R r 3> I. a large num ber of Landau  levels pa r t ic ip a te  in polarization of 

the two-dim ensional electron liquid. Therefore, the s ta n d a rd  Thom as-Ferm i screening 

holds:

2
:((/) =  1 ---------. i 3.1) i

q(i b

Formulas (3.4) and  (3.C) m atch at (//?, •>- I: the corresponding value of the dielectric

cons tan t .  i{q ~~ 1 / R c) ~  R c/ u b . is large ( ~  10) in the  weak m agnetic  held limit,

where R r (ifl. T he  dielectric function for a rb i t ra ry  q has been calculated in 14 

and  is given by Eq. (3.10) below.

As follows from Eq. (3.4). po larization is irrelevant only for interactions on a 

very large length  scale, r  R 2/ cib- where C(r)  is given by the unscreened Coulomb 

in terac tion . At a sm aller scale. /?,. -C r -C po lariza tion  is im portan t .
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T h e  renorm alized po ten tia l  is significantly sm aller th an  tnjc. Therefore, unlike the 

bare C oulom b po ten tia l ,  the  renormalized interaction does not mix Landau levels. 

Similar to the  s trong  m agnetic  field case, u < 1. the corresponding  H am iltonian  is 

ju s t  the  energy of in te rac tion  between the electrons res tric ted  to a single, partially  

filled Landau  level. T h e  m ain  difference is th a t  in the  present case the interaction 

po ten tia l  (3.1) is much sm aller th an  the bare  Coulom b po ten tia l ,  and  the  electrons are 

restric ted  to the  pa rt ia l ly  filled Landau level with a high Landau  level index .V 2> I 

(in practice, we will consider .V >  2).

Because of the  s trong  repulsion between electrons a t short d istances, one might 

expect tha t  the in terac tion  of overlapping wavefunctious at these d istances gives the 

main con tr ibu tion  to  the energy of the m any-electron s ta te . However, for the fully 

spin polarized electron system  of the partia lly  filled Landau  level, the  o rb ita l  parr 

of the  m any-electron  wave function is an tisym m etric , and  vanishes whenever two 

electrons have the  sam e coordinates. This  suppression of the  wave function am plitude  

com pensa tes  the  large value of the interaction poten tia l  at r <

3.2 .2  W hat A b o u t Spin  E xcita tion s?

Let us now tu rn  to  the  discussion of the spin-Hip excitations. T he  o rb ita l  part  of the 

m any-electron  wave function of such an excited s ta te  with one spin flipped is no longer
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an tisym m etric . Therefore, the  energy of such an excitation, is de te rm ined  not only by 

the bare Zeem an energy bu t also by the ex tra  interaction energy associated  with the 

change in the  s tru c tu re  of the o rb ita l  wave function. Because the o rb ita l  part of the 

wave function is not an tisym m etric , the  interaction on a short range (r <  <ia) now 

contr ibu tes  to the  energy of the  s ta te .  This  corresponds to the  well known exchange 

enhancem ent of the r/-factor[loj. (T he  bare value in GaAs is ra th e r  sm all <j ~  (1.013.) 

F lipping the spin of a single electron affects the exchange in terac tion  o f  this electron 

with all the  o th e r  electrons of the  same Landau level. All the  lower Landau levels 

carry  equal num ber of electrons of bo th  spin polarizations, and  do not con tr ibu te  to 

the energy associated  with the spin fiip. Therefore, only l /2 .Y -th  fraction of the total 

electron density  pa rt ic ipa tes  in the  exchange enhancem ent, and  the corresponding 

contr ibu tion  to energy of the spin-flip is approxim ate ly  .Y times sm aller than  the 

exchange energy per electron at zero m agnetic  field. For a two-dimensional electron 

gas with Fermi wave vector k F. the la t te r  energy is of the  order f -k[.-/ s .  and the 

con tr ibu tion  to the energy of a spin-flip is of the  order r2k [.■ / k X . We set' that in 

the  weak m agnetic  field, the energy scale of charge excitations /L.y/.Y is significantlv 

smaller th a n  the  energy scale for spin excitations r s/L.y. where

v -r ,  =   ------- 13. * l
k fd Q
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This  is quali ta t ive ly  different from the s itua tion  at low filling factor, v  <  I. where1 

bo th  these excitations are characterized by the same energy scale c - /k T

3.3 W hy Should There Be a Charge Density Wave?

Usually the  direct e lec trosta tic  interaction is repulsive and  dom ina tes  over a weak 

a t t rac t io n  due to exchange. In our  system  the Hartree pa rt  of the  interaction vanishes 

a t the "magic" wavevector because no charge densitv is induced a t  tha t  wave vector. 

As a result, the exchange part of the interaction dom ina tes  over the direct one and 

gives rise to a range of </‘s a round  the magic wavevector where tin* net effective 

in teraction  uhf('/) is a t t rac t ive ,  which leads to the instability.

The  nodes of F \( r / )  responsible for the vanishing of f){q) exist for a purely geom et­

ric reason th a t  the quasiparriele  o rb ita ls  are extended ob jec ts  of a specific ring-like 

shape. T h e  size of the  orbita ls  is uniquely defined by n and  u. These two properties 

seem to make the position of the  global m inim um  very insensitive to approxim ations 

contained in the Hartree-Foek approach  as well as many microscopic details, e.g.. the 

functional form of eW/j. thickness of the  two dimensional layer, which affects CoU/). 

etc [12!.
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3.4 Stripes vs. Wigner Crystal and Laughlin States.

T he  charge density  wave s ta te  tu rn s  out to be the  most energetically favorable because 

it represents  the  correlations on the largest length scale in the  problem . R c. The  

corre la tions on the  length scale L built into the s truc tu re  of. say. the  W igner crystal, 

are much less effective.

O ne of the  possible particle d is tr ibu t ions  is the W igner crystal, i.e.. the  s ta te  where 

every o th e r  lattice  site is occupied by an electron. Fogler et.. id. i l l  have shown that  

the abso lu te  value of its cohesive energy does not exceed u{]. the m axim um  value of 

the two-particle  in teraction poten tia l. (Cohesive energy of any s ta te  is the difference 

between the  energy per particle of a th a t  s ta te  and the uniform sta te .)  It will be 

d e m o n s tra ted  below tha t  at 0 =  1/2 the  arrangem ent of the  particles in a series of 

equ id is tan t  large clusters of w id th  R,. (often referred as stripes) allows the system 

ro a t ta in  the  cohesive energy as sm all as

E*coh =  - ( 3 - 2 v /2 )a 0. (3.S)

As m entioned  above', the reason th a t  the  charge density wave has the lowest cohesive 

energy is because it incorporates corre la tions a t the  largest length scale of the  problem. 

R c. O n  the  o ther  hand , ano ther  class of s ta tes  tha t  could possibly com pete  with the 

s tr ipe  s ta te  is the  Laughlin s ta tes .  T hey  describe the incompressible ground sta tes
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;it ce rta in  tilling factors on the lowest Landau  level, are thought to take into account 

corre la tions  on the length  scale ^  / <g; /?,.. Num erical s im ulation of i l l .  22] also 

ind ica te  th a t  the  charge density  wave has lower cohesive energy th an  Laughlin liquid 

for .V >  2.

3.5 Role of Disorder.

In the present work I consider a clean system, i.e. to ta lly  neglect the effects of disorder 

tha t  is inevitab ly  present in real samples. T he  role of disorder has been s tudied in 

a recent [taper by D. X. Sheng et. al. .28;. whore numerical d iagonalization at 

different a m p litudes  of the  disorder potentia l has been performed. Their  s im ulations 

show th a t  the  presence of a very weak random  po ten tia l  associated with disorder 

does not m odify  the s tr iped  sta te . However, there  exists a critical disorder s trength . 

— 0.12cj / k / .  which m arks a transition /crossover from the anisotropic s tr ipe  phase 

a t weak d isorder s tren g th  to an isotropic fluid phase above the critical value, as has 

been shown in 28'.
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3.6 The Effect of Screened Interaction on Elec­

trons in a Half-Filled Higher Landau Level: 

Formation of Stripes.

In this section I proceed with the Hartree-Fock calcu lation  of the ground s ta te  and 

its energy of electrons in a half-filled higher Landau  level. This  section consists of 

three subsections:

•  The H am ilton ian  of interacting electrons is discussed in 3.6.1.

•  T he  Hartree-Fock interaction is derived in 3.6.2.

•  In 3.6.3 I discuss the  charge density wave order p a ram ete r  and calculate the 

cohesive energy of the s tr ipe  state.

3.6 .1  H am ilton ian  o f th e  In teracting E lectrons P rojected  on 

a G iven  Landau Level.

O u r  objective is to  find the ground s ta te  of electrons in an a rb i t ra ry  half-filled higher 

L andau  level. Until Sec. (3.6.3) there is no need to restric t ourselves to a  particular 

filling fraction of the part ia l ly  occupied Landau  level, which we denote  0 =  v  -  2.Y.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Then* arc* .V fully tilled Landau levels below, with two spin sublevels on each, that 

screen C oulom b in terac tions  of the  partially  filled Landau  level as discussed above.

In the  Landau  gauge A  =  —B x y  electronic wavefunctions are  labelled by the 

guiding center coord ina te  X and  are given by:

as we have seen in Sec. (2.1). Eq. (2.35).

Fogler >‘t al. 11 have* shown and we will now recall, th a t  due to the screening of 

the inter-electron in terac tion  by the lower filled Landau level electrons, the ground 

s ta te  in the part ia l ly  filled Landau level is the C'DW and  can be described in the 

Hartree-Fock approx im ation . T he  H am iltonian governing the  low-energy physics of 

the two-dimensional liquid in a  weak m agnetic field is given by:

Here 2.7r 2;q is the  two-dim ensional Fourier transform  of the* C oulom b in teraction

where, as before. £■(</) the  dielectric coefficient of the system  with the background 

dielectric cons tan t  k  [14|:

(3.10)
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Here Jq(x ) is the  Bessel function [74], R c is the  cyclotron radius (2.36). r s is the 

conventional in teraction  s tre n g th  p a ram ete r  in troduced in (3.7). and  <ig is Bohr radius

T he  density  o p e ra to r  pro jec ted  on the upper  Landau level p (q )  has the  form (see 

A ppendix  A for details):

where a\- (<z\-) is the creation (ann ih ila tion)  opera to r  of the  s ta re  ^ . v  (see Eq. (2.35)) 

and  AT =  .V ±  </,/‘ /2 .  F(g)  is the  form factor of the s ta te  T v :

L\ ( . v )  is the  Laguerre polynom ial [74]. It is im portan t  th a t  tin' density  opera to r  is 

m odu la ted  by F(g) .  due  to oscillatory na tu re  of electronic wavefunctions on higher 

Landau  levels. The form -factor plays an essential role in reducing the reach of the 

C oulom b in teraction.

3.6 .2  E lectron -E lectron  Interaction  in th e  H artree-Fock A p­

proxim ation .

One of the  im por tan t  insights of [11] was to  consider the  average guiding center  density  

as the order param ete r .  Th is  o rder  p a ram ete r  is in troduced  below.

P(q) = ^ F { g ) t  ,,,x-V v_hy_.
x
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T he Hartree-Fock decoupling (for details  see Appendix  B) proceeds with the guid­

ing center order p a ram ete r  A (q )  defined as:

A(q) = (3.U)
X J  X

It is essential tha t  the  form factor lias been moved from the expression for the electron 

density to become part of the effective interaction as will be semi below.

T he  Hartree-Fock decoupled H am ilton ian  (3.9) takes on the form:

H u e  =  (;UL>I
q v

where n F =  is the  electron density  of a full Landau level th a t  has been introduced 

in (3.3). T he  Hartree-Fock in terac tion  poten tia l is the difference between its direct.

I Hart reel and  exchange iFock) parts: u ^ j ^ q )  =  L///U/I -  u/.-(f/). T he  Hartree parr of 

the po ten tia l  is given by:

'l~e~ F 1(q)
“ //W) =  ----- 7 - ---- -• 13-13)

while the  Fock poten tia l  tu rns  ou t  to be p roportional to the  Fourier transform  of the 

H artree  poten tia l,  (see A ppendix  B for details):

n LiiF-(q) = un (q i - )  '3.14)

the in terac tion  potentia l, at r s 1. R ~ l < q <£. k F- can be approx im ated  by ’IF :

_ef f  t ^ c » m ( 2 R r V q - - q 7)
n L U H F ^ U - ' l y )  *  o n  / ~> T •

“  -RcJq-x ~qz
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The m ain  tool employed in this work to d iscrim inate  between com peting  ground s ta tes  

will the  value of these s ta te s ’ cohesive energy.

By cohesive enenjy  we unders tand  the difference between the energy per particle 

of a c an d id a te  s ta te  and the uniform sta te . The value of cohesive energy is ob tained  

by dividing the expecta tion  value of the corresponding H am iltonian  by the num ber 

of particles in the  Landau level. u n LL TL,j and su b tra c t in g  the energy per particle  in 

the  uniform  sta te .

T he  ground s ta re  is de term ined  by the C'DW p a ram ete r  AU/r .</,; ) tha t  minimizes 

the cohesive energy:

v  is the  average filling factor equal to 1 for half tilled Landau levels considered here, 

q  =  0 term  is the  energy per particle in the uniform s ta te  and  therefore has been 

sub trac ted .

3.6 .3  Form ation o f Stripes.

Fogler et. id. [11] proposed th a t  the ground s ta te  of the  H am iltonian  (3.9) with the 

poten tia l  (3.1 o ) a t  the  filling factor 0 =  1/2 should be a charge density wave with 

occupied s ta te s  whose guiding center coord inates fall w ith in  certa in  range and  the 

rest empty. Th is  is often referred to as a stripe  s ta te .

(3.16)
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In o ther  words, the  s tr ipe  s ta te  ansatz  is the  s ta tem en t  th a t

( a \a . x )  = Siq,,) for (n -  1/4)A < X  < (n -t- L/ 4 ) A.

where A is the  period  of the  presum ed charge density wave (we will assume that 

M  = is the to ta l  num ber  of the stripes) and  n is an integer labelling the stripe. 

This implies the  following expression for the  order pa ram ete r  (3.11):

ri-L 11A £

'>(</</) == ! £ £  I  •

Lf Ll/ n . fl — 1 | | ,\

= i :  L ,  l 'iVe' ,,"v'i("»> = a t: 51'1 ( f - )  , : u

where i/x is an  integer m ultip le  of =~. Here and below we denote  the  order param eter  

with the symbol A and  its Fourier transform  in q-space with A. (Tilde will carry a 

meaning of the  Fourier transform  for o ther  functions as well.) Switching to the real 

space, we ob ta in  the  following expression for the cohesive energy:

E ' L h  =  ~ 'T ^ 7 j  j  ( i r ' i h j U f j l - i s  -  .r'lA,)(.r'| ^ A „ ( . r ) - (3 .IS I

where the order pa ra m e te r  is the Fourier transform  of Au(f/r . </v ) above:

0 ( A / 4  -  ;xl)
A 0 ( j t ) =  ----------------— ----------------------.  i  - 3 .  L 9 1

L  r  L  ,j

T ha t  is. A 0(x) =  1 / L I L,J for - A / 4  < x  <  A /4  with the  period A and  zero elsewhere. 

The Fourier transfo rm  is performed by changing the  order of in tegration  as shown
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b e lo w :

7f  c j [ ^  e K / t ( A / - l - x |  _

r iqx

r f r
dh  t k f e - ' W - * 'f  -x)

The s tr ipes  can be p ictured  as shown on the  Figure 3.2. Since the order p a ram ete r  is 

t) independent,  reflecting the  uniformity of the s tr ipes in the tj d irection, one obtains 

the Hartree-Fock in terac tion  (3.13) in real space in the form:

Notice th a t  the s tren g th  of the  interaction potentia l has tin* dim ensionality  of energy 

over length. (To ob ta in  the to ta l energy I will bo in tegrating  twice over d istance  and 

this will restore the  usual units.) In the expression for the Hartree-Fock poten tia l  we 

have o m it te d  the  con tac t  pa rt  of the po ten tia l  th a t  is un im p o r tan t  for our  discussion.

C alcu la tion  of the  cohesive energy is now a simple m atte r .

uiji'hI-U) =  0 Q ( - f l r  -  k !)  =  u0ec2R r -  d i ) .
l ~ -  Itf

(3.20)

when* we have in troduced

u» = h ^ r l z - R , . (3.21)

etc'uqS  (2 R, r ' r)0 (  A /4

0 ( A / 4  -  x  -r nA|)
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a y

X

Figure 3.2: G eom etry  o f u n p e r tu rb ed  stripes: the stripes are uniform in the y direetion 

and  periodic w ith  the  period A in the  x direction.

Due to the  sym m etry  of the integral, it breaks up into M (the num ber of stripesi 

integrals. Therefore  the  cohesive energy can be rew ritten  as

E ‘°h = b j ^ J  c t ' uoe (2 f?c -  | x - x ' ! ) 0 f A / 4 -  .x'!) ( © (A /4  -  |xj) -  ^  (3.22)

We will use the  fact th a t  the cohesive energy has the form of th is  type  of average 

again in Sec. 4.2.1.
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T he  integral involved here is a part icu la r  case ( /  =  I ) of rlie in tegral considered 

in the  A ppendix  C. Using this expression one obtains  for the  cohesive energy

£•“ * =  ^

Recall, th a t  our  objective is to minimize this expression for the  cohesive energy. One 

can proceed e ither  by considering the cohesive energy to be a function of the period 

of the stripes, finding A such tha t  dE^()h{ . \ ) / d . \  =  0. and then ca lcu la ting  £°(j/l|A) 

a t this value of the period. This is how the results described below were originally 

ob tained  in T l j .  However. I shall take a slightly different approach  as it is the way 

the more general problem  will be approached in Sec. 4.2.

In troducing  the fu rther  notation.

fo -  Ecoh/na (3.2-1)

we consider the  expression above as a q uad ra t ic  equation  for A(e,

V -

—  - ( 3 / ? c - f0 )A +  4/?f~ =  0

with the solutions:

A =  3 R, ~  y' qj -  G(=,)/?, -  /?*

T he  m inim al value of the  cohesive energy is ob tained  by observing th a t  the existence 

of real and  positive period  of the s tr ipes requires th a t

R 2C > 0 -  (3.25)
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O nly  the positive root o f  this equation  satisfies these conditions. Therefore, as ((noted 

above in Eq. (3.S):

eu =  —(3 -  2 \ / 2 )R C and  (3.26)

A =  2 \ / 2 R c (3.27)

In this section I have reviewed the results  of the article  i l l !  th a t  dem ons tra te  

th a t  the  ground s ta te  of electrons in higher Landau  levels is a guiding center charge' 

density  wave with the period A =  2 \ / 2 T h e  ground state' energy of this s ta te  is 

lower than  the eru'rgv of the uniform s ta te  by the am ount f0 =  ( - 3  — 2 \ / 2 )/?,..

To re'capitulate. s ta r t in g  with the orele'r parame'ter. Eep (3.17) or (3.19). we have' 

found fhe> cohe'sive e'tiergy of the half-filled Landau leve'l in sue-h a state' as a ftinetion

of the  w idth  of a  s tr ipe. T he  self-consistency condition on the  existence1 of a stripe1

expresse'd by the Eq. (3.25) led us to  the  m inim al value of the  cohesive e>nergy que)te'd 

above.
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Chapter 4 

Higher Landau Level Stripes in 

Periodic Potential.

But still, my homeward way has proved too long. 

While we were w'asting time there, old Poseidon, 

it almost seems, stretched and extended space.

Joseph Brodsky

O d y s s e u s  t o  T e l e m a c h u s

57
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4.1 Experiment: Resistivity in Short-Period Uni­

directional Lateral Superlattices.

An in terp lay  between artificial periodicity  of a lateral superla t t ice  introduced into two- 

dim ensional electron gas and the cyclotron radius of electrons is known to give rise 

to m agnetores is tance  oscillations, known as Weiss oscillations [24]. Weiss oscillations 

are observed at m agnetic  fields B  of the order  ~  Q.ijT when the cyclotron d iam eter  is 

of the  order of several hundred nanom eters . At these fields the Landau quan tization  

does not play an  im portan t  role.

To pursue  the  interplay between the artificial periodicity  and  the electron d y n a m ­

ics in the  q u a n tu m  Hall regime A. Enclo ef. a I. 2 31 have created  superla ttices 

with the  period a = 92 nut and  investigated its influence on the magnetoresistance 

near u ■ 9 /2  filling fraction. In the  experim ent. G aA s/A lC laA s two dimensional 

electron gas with the mobility /t =  7.6 x I 0 V tn " / ( IN )  a t 4.2 K and  electron density 

n = 2 . 1  x 10' l c m ~ -  is fabricated into Hall bars. (Notice th a t  the mobility in these 

samples is over an order of m agnitude  lower tha t  in tin* experim ents  discussed in Sec. 

3.1.) These bars  were further prepared  into lateral superla tt iees  with two different 

direction of g ra t ing  with respect to  the  direction of curren t. T he  perpendicular lateral 

superla tt ices  have a  g ra ting  with the d irection of m odu la tion  along the curren t, see
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insert on Fig. 4.1. And parallel superla ttices, where the d irec tion  of m odula tion  is 

perpend icu la r  to the  current, see insert on Fig. 4.2. In bo th  cases the  current axis is 

along (110) d irection. The au tho rs  e s tim a te  th a t  the  a m p litude  of the  m odula tion  is 

lo =  0.015 ineY. or 0.2 % of the  Fermi energy.

Fig. 4.1(a) shows the m agnetoresistance traces of the pe rpend icu la r  superla ttice  

a round v  =  9 /2  taken at four different tem pera tu res , from ~  20 inK to 350 rnK. 

The m agnetic  field for the exact v  =  9 /2  filling is 1.93 :r 0.03 T. T he  figure shows 

shallow and  wide m inim um  with shoulders on both  sides, m arked by vertical dotted  

lines. T he  peaks become broader  with increasing tem pera tu re .  T h e  less evident peak 

on the side of the  lower field becomes more pronounced in the  field derivative traces 

shown on Fig. 4.1(b).

M agnetoresistance traces for the parallel superla tt ice  are shown on Fig. 4.2. A 

small peak at ~  1.97 T  corresponds to the minimum  for the  pe rpend icu la r  superla t­

tice.
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Figure 4.1: (a) M agnetoresistance traces around u =  9 /2  of the  perpend icu la r  lateral 

superla tt ice  (a =  92 nm) at four different (bath) tem p era tu re s  (I =  LOO nA). Traces 

for higher tem p era tu re s  are vertically shifted (0.3 units  each) for clarity. Vertical 

do t ted  lines m ark  the positions of peaks (or shoulders) which flank bo th  ends of a 

shallow and  b road  dent, (b) Derivative of traces in (a). A d ap ted  from Ref. [23].
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 250 mK
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Figure 4.2: M agnetoresistance traces around  v — 9 /2  of the parallel lateral superlar- 

rice (a =  92 tun) a t three different (bath)  tem pera tu res  (I =  100 nA). Vertical do tted  

lines indicate  the positions of flanking peaks in the  perpendicular lateral superla ttice , 

m ultiplied by a factor 1.007 to correct for slight difference in the  electron densities. 

A dap ted  from Ref. ‘23j.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



62

Overview.

We tu rn  our a t te n t io n  to the  following question: "How do the  str ipes  ad jus t  to the 

ex ternal  periodic poten tia l?"  We also discuss the influence of the  ex te rnal  periodic 

poten tia l  on the  t ra n sp o r t  p roperties  of the m odula ted  stripes. This  chap te r  is the 

locus of main results  presented in this work.

W ith  the ex te rnal  po ten tia l  present we need to tint I a modified order pa ram ete r  

th a t  would minimize the  cohesive energy including the ex te rnal  potentia l.

I will s ta r t ,  in Sec. 4.2. w ith  the  potential applied perpend icu la r  to the  stripes. 

In this case each s tr ipe  can expand  or shrink as well as move as a whole with respect 

to their  u n p e r tu rb ed  positions to  take advantage of the ex te rnal  po ten tia l. Therefore 

we allow for a rb i t ra ry  changes in w idths and positions of the str ipes and  minimize 

the cohesive energy with respect to these changes. In Sec. 4.2.1 I find the cohesive 

energy with the modified order  p a ram ete r  that reflects the influence of the  external 

periodic poten tia l. T he  consistency of the solution determ ines  the m inim al value of 

the  cohesive energy. In the  following section. Sec. 4.2.2 I exam ine the value of the 

cohesive energy in the limit when the external po ten tia l  has a very long wavelength. 

I also find the value of the period  of the external po ten tia l th a t  gives m axim al energy 

gain for the  pe rpend icu la r  a lignm ent.

Then , in Sec. 4.3. I will consider the potentia l applied  along the stripes. The
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periodic po ten tia l  splits the  Landau  level into a  series of levels corresponding to  each 

reciprocal wave vector. And under these c ircum stances tin* stripe's can take advan tage  

of the  periodic po ten tia l  by m ixing in con tr ibu tions  from these higher energy levels 

and ad jus ting  their  widths.

In Sec. 4.4 I will be able to com pare  cohesive energies of these two alignments.

In the  last section of this chapter.  Sec 4.5 I will consider possible experim ental  

s ignatures of pe rpend icu la r  a lignm ent.

4.2 Stripes Aligned Perpendicular to the Periodic 

Modulation.

We continue considering a clean fully spin polarized two-dimensional electron system  

but now place it in a weak periodic potentia l. T he  external potentia l will be taken 

to be of the  form:

V{ x)  =  i ; ,c o s (Q xx).

where 2 z / Q z is the period of the ex ternal  m odulation.

T he  H am iltonian  th a t  we consider has the form:

H ef f  = ^ p ( q ) - T - T - p ( - q )  -t- ° 0  q P(qjT>/x =  Qr)d{q,,)- (4.1)
- L r L ij e\Q)(l
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This  is the  H am ilton ian  of two-dimensional electrons restric ted  to a  partia lly  filled 

L andau  level (3.9) in the  ex ternal periodic potential.

O ur  goal, as before, is to minimize the cohesive energy of the in terac ting  stripes 

in the  ex te rnal  po ten tia l by allowing s tr ipes  to  ad just their w idths and  positions. 

T he  cohesive energy, similarly to (3.16). now takes on the form:

where wo have in troduced o. an a rb i t ra ry  phase of the poten tia l w ith respect to the 

origin.

Rew riting  (4.2) in real space

we have every th ing  necessary to proceed further.

4.2 .1  C ohesive E nergy for th e P erpend icu lar A lignm ent.

We now calcu la te  the cohesive energy of the  stripes, but no longer assum ing strict 

periodicity, i.e allowing for a rb i t ra ry  positions of s tr ipe  edges. Once we have the
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expression tor the  cohesive energy, we will, in a  s im ilar to the  calculations of Sec. 

3.6.3 m anner, de te rm ine  the  min imal  value of the  cohesive energy from the consistency 

condition. (The consistency condition for the  existence will again be the nonnegativ ity  

of a d isc r im in a n t .)

Let us call the  position of the left and  right edges of the  nth s tr ipe  Aj„ and  A-j„„i 

respectively. Th is  is shown on the figure 4.3. W ith  these no tations  the calculation of 

the cohesive energy of the  str ipe  n from (4.3) leads to  (see Eq. (3.22) for comparison):

«0 ^  ( Wjn -V>n_ i ) “ -r ( AJrt — I A->n ) I A-_>n-2 -^2n- I ,

— ’2Rr(\-2n-2 ~  Aj„ — A-jn_i -  .Vj„ _ [ ) — 4/?,"} —

•2VnF [ Q, )  . „  ( \ - 2 n ~ x - \ - m \  ( „  A- ., . .  -  A-.,
sill Qj. --------   cos Q z   -------------o

"c A-jn-i — Aj„ — Ajn_[)/2! — u{)R r — ——-— sin Qj. — (4.4)

Qr
. _  \.,„ , I/O' - 1 _  _  -

Qr  A

The last two term s in the this expression represent the energy of the uniform electron

gas. To simplify no ta tions  we in troduce the  following variables tha t  will be used

throughout:

f = E ruh/ u {) (4.5)

for the reduced cohesive energy and

c = \ ^ F [ Q I )/u, ) (4.6)

for the am p litu d e  of the potentia l, where uq htis been in troduced in (3.21) Notice
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th a t  all variables, including bo th  e and  c. now have the d im ension of length. We

also relabel A., —» As -  o / Q x. This shift allows us to set o to  zero in the following

discussion.

In our  subsequent analysis we will assum e th a t  the ratio  of the am plitude  of the 

poten tia l to the s tre n g th  of the electron-electron in terac tion  is the smallest param eter  

in the system . We will also consider the  poten tia l  with the period no less than  the 

str ipe  period. In ou r  new no tations  these assum ptions  take* on the form:

^ « Q r A < l  (-1.7)

As we have seen, in the absence of the external po ten tia l ,  for r =  0. the str ipes are 

equally spaced with Aj„ =  ( n - l / 4 ) A  and  A_>n~i =  [ n ~ \ ) A .  W ith  weak, but nonzero 

external po ten tia l  s treng th ,  we expect the  s tr ipe  w id th  and position to change as the 

str ipes ad just  to the potentia l. To take into account bo th  the change in the str ipe  

position and  w id th  we in troduce the following pa ram eteriza tion

A =  (n -  ^ )A  -r a>n and  A>n~i =  (n -r | ) A  -r <iln~ i (4.8)
4 4

This p a ram ete riza tion  is i llustrated  on Fig. 4.3. O ur  s tra teg y  is to look for the 

solutions of the equa tion  (4.4) for a rb i tra ry  values of the  cohesive energy <■ and  then 

tind the  m inim al value of the cohesive energy when solutions of the  form (4.8) are 

possible.
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To this end we go to the  con tinuum  limit, i.e. p rom ote  n to the  s ta tu s  of a 

continuous variable x  and  in troduce  / ( x )  =  a>n. T he  position of the left edge of the 

nth s tr ipe  is then  A2n =  U' — j )A  +  / ( x )  and  of the right edge A ) , ,^  =  (x -f- -|)A — 

/ ( x )  -r l / '2 / ' ( x ) .  Using (4.8) and  rewriting (4.4) as a differential equation  for / ( x )  we 

get:

where f0 was in troduced  in (3.24).

Moreover, since corrections to  the initial str ipe  positions u>n (and. consequent lv. 

/ ( . r ) )  will be seen to be p roportional to y7?. the nonlinear term s can be expanded. 

Finally, we ob ta in  the following equation for the shifts of the s tr ip es ’ edges:

^ / ' ( x ) -  -  (e -  f o ) ( / 'U ’) -  A) +  sin Qj;
A ~ / ' ( . r )

c o s Q t (Ax -i- / ( x ) )  -
r 4

T hus  to order  r the  derivative f ' ( x )  is:

(4.9)
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Tin* condition  for the  existence of real solutions, namely th a t  the  d iscrim inant is 

nonnegative, de term ines  the m inim al value o f f  when such a solution is allowed (recall 

our logic th a t  led to Eq. (3.23)). This  leads to the following inequality  th a t  should 

hold for any x:

'• • Q r A v, , , r  . O x A w Ox A(f -  fo t  ——-  sill —— )* -  (f -  f0 -f  -r—  Sin —— )( c cos ——  cos Q x. \ x  -  2 A ) -
-  V j *' ” "*

- r — cos* — — cos* Q xA x  — —— sin — — cos Q x. \ x  >  0 (4.10)
4 4 Q x 4

Rewrite th a t  as:

'• • OxA > >’ . Q t A OxA
<f»(t/) =  ( f  -  fo -  — — sin —— )* -  ( f  -  f 0 -  — -  sm ——  )(/*cos — — 'I ~  -A) -

Ĉ XA — V̂XA -  4
. Q r A , 4/- Q xA

  c o s *  i /*  — s i n  ri > I), where t / € - 1 . 1  : I. L L)
4 4 Q r 4 1 ~  ■

with ii =  cos Q x Ax.  Therefore we have the following set of conditions for d>( 1). ‘t>( -  1). 

and <f>(ri,mn) with

( f  -  fo -i- sin ) _  J _  ra n  ^lA
- i  <  nmtn = -------------- ^ ------ Wrx ---------   <  i

7 COS * y -

should be nonnegative:

<!>( I ) =  (f -  fo -  -y—  sin )* -  (f -  fo -  — — sin M r  cos -  2A )
t ^ xA -  C/;-A _ 4

r -  , O x A 4 c Qx A
-— cos* - 1---------- — s i n   >  0. (4.12)

4 4 Q x 4 ~

n  ,  . r  . Q x  A , ,  ,  c  .  Q x A  O x  A

c t > (  —  I )  =  ( f  -  f Q  - P  7 T “ r s m  - 7 ~ )  - T  u  -  f o  1 *  7 7 —  Sin — —  ) ( c c o s  — —  -  2 A )  

Ĉ XA -  Wx** -
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r -  ,  Q x A 4 r  . Q xA ^  „ ,
  c o s -------------— s i n ------- >  0 . and

4 4 Q x 4 -
'• • Qr  A , 3 Q x A

± t a „ ^ l  > 0
O ,  I

T h e  first of  the  these conditions (4.12) imposes the following restrictions on

_  Qr  A
i  f -  f () i— -—  s i n   >  : I =  r c o s ------

° Q x A 2 4
-  2 A

2 A
, r  (  Q A  4 . Q x\
1  c o s -------------  —  s i n -------

A V 4 Q x A 4

or

'■ . Q A ________  Q A
2 (f -  ~  “ —r  SHI —:— ) < - > =  re u s  —; 2 A -

Q A •) 4

2A
, r  (  Q A  4 . Q x A
1  c o s -------------  —  S ill------

A V 4 Q A  4

T he  second one (4.13) requires:

'• • Q A ^  _  Q A  0 1

~  f° ~  Q ~ \  Sm 11 =  _ r i-o s  --- ------

2 A
, c (  Q x\  4 . Q x\
I s —  c o s  ——  s i n ------

A V 4 Q x\  4

or

'■ . Q A • Ĉ A o V =  — r c o s ----------- 2A
4

2 A
, , f  (  Q A  4 . Q A1 r  -  C O S ----------——-  s i n --------

A V 4 Q x\  4

(4.13)

(4.14)

(4.15)

(4.16)

(4.17i

(4.18)
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W h e r e a s  t h e  la s t  c o n d i t i o n  ( 4 . 1 4 )  a l l o w s  (  t h a t  s a t i s f y :

L' ' ^xA - -  Af e liUl̂ )  (ll9|
f "  f0 + Q A Sm ~ T - Z'  =  " 2 ^ t a n ^ - l  '

If

. ; qx\ \   ̂ q a
tan    <  ——

or. in o th e r  words.

Q t  A < 10 _
4 27

i.e. the  period of the external po ten tia l  is grea ter  th an  a little  over A. covering most 

cases of practical interest

- 2  <  -  i <  ^  i <  -  I

Therefore  the  lowest value of the  cohesive energy allowed by these conditions is given 

by 5 (. as i l lus tra ted  on Fig. 4.4:

'V.-A i- . Q,A, , ,,-os A -  A

To the  second order  in r th is value is

r  f  Q xA 4 . QA
 c o s ------------- -—  sin

A V 4 Q A  4

(4.20)

f  / ,  . QA . QA\ r 2 (  QA 4 . QA•; c m  --------  — < in    —   I cn*s   —  < in --------
£ =  £° +  Q A  \ 1:Sm ~ T  -  Si"  — )  ~  8 A W  —  -  ^ A  sin — 1 u  -n  ’
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T he first term  is independent of in terpartic le  interactions. It reflects the cost of 

nonuniform  a rrangem en t of electrons in the  periodic ex ternal field, as we have seen 

in (2.49). and  will not be im portan t  for the  subsequent discussion. T he  second term 

is the  energy gain due to ad ju s tm en t  of the  str ipes to the external potentia l and is 

q u ad ra t ic  in the  am p litude  of the potentia l.

W hen the  period  of the  ex ternal po ten tia l is abou t  27 /20A . f \ determines tin1 

m inim al value of the  cohesive energy. T he  in teraction dependent part  of the energy 

gain is still given by:

4.2 .2  Long W avelength  L im it, M axim al E nergy G ain.

Tilt1 lowest value of tfit1 cohesive energy

is achieved at Q c\  4 =  rr/2. i.e. when the period of the  ex ternal m odula tion  is an 

even fraction of the s tr ipe  period A.

In the  long wavelength limit (QXA <C I) the value of the cohesive energy takes on 

the form:

}

■)

8 A
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T he Q'). dependance  in the  last term  is in agreem ent w ith  the  long-wavelength 

theory  of [16].

4.2.3 Displacement of the Edges of the Stripes.

Having de te rm ined  the energy of the deformed str ipes wo are now in tin1 position 

to find the resulting  displacem ents of the  edges of the str ipes. T he  derivatives of 

solutions (1.9) corresponding to the  minimal cohesive energy (4.20) are:

We can now construct  continuous solutions of (4.9) corresponding  to the minimal 

value of the  cohesive energy (4.20). We in troduce  the a m p litude  of resulting str ipe  

m odu la tions  /().

( 1 -  cos Q r\ x )  (4.23)

2 ; S r  . Q r A

and restore the  discrete variable n. Then, to order y/r.  we have:

(4.24)

(4.25)
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for left and  right edges respectively. We have set the shift of the  left edge ot the 

zeroth  s tr ip e  to zero by the choice of the in tegration  constan t.

These  solutions describe m odula tions  of the  s tr ipe  positions. In the case of the 

ex te rnal  period equal to the integer (com m ensurate  periods) and  half-integer multiples 

of the  n a tu ra l  period A. these m odula tions  are periodic.

For the  stripe* m odula tions  to be measurable, the  fluctuations of the  edges should 

be much less than  the am plitude  of the calculated  shifts. T he  fluctuations of the 

s tr ipe  edges have been estim ated  in [12] to be of the  order of ^  l. Therefore, these 

shifts will have observable consequences if

/ 0 »  f. i -1 . 2 6 1

This  condition  trans la tes  into upper bound for the a m p litude  of the  periodic potential:

W hile th is  condition is not satisfied by the experim ent described in Sec. -1.1. it can 

be achieved in the  further experim ents  proposed in 23].
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a Y Q2n Q2n-rl

Il»

X

Figure 4.3: G eom etry  of s tr ipes ad justing  to the  perpend icu la r  m odulation. The 

modified s tr ipes  are shown in grey. For comparison the uniform stripes are shown in 

black and  have been vertically offset for claritv. Left edge of the n th s tr ipe  shifts by 

<i>n . right edge - by u->n-1- The applied external m odu la tion  is in the r  direction.

€ 6 €  €  €
t  •  * i t

Figure 4.4: C onditions  th a t  determ ine m inim al cohesive energy.
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4.3 Stripes Aligned Parallel to the Periodic Mod­

ulation.

We now consider a different a rrangem ent of the external po ten tia l with respect to the 

stripes: the d irec tion  of the m odu la tion  will be taken to be along the direction of the 

str ipes, i.e. in the  fj d irection as shown on Figure -l.o.

Each s tr ipe  can now take advan tage  of the  periodic po ten tia l by m odu la ting  its 

density  along the  applied  potential. This  recpiires mixing in con tr ibu tions  to the 

order p a ram ete r  with wavevectors proportional to Q,r  the wavevector of the  external 

potentia l. Any varia tion in density  increases Hartree-Fock in teraction energy between 

the stripes. Hartree-Fock energies of any two density m odula tions  with different 

wavevectors are  separa ted  by a gap of the order ulh u{) 3 > lo-

As usual for the  pe r tu rb a t io n  theory, higher level con tr ibu tions  to the  density are 

to the  lowest o rder  linear in the  am p litude  of the pe rtu rba tion . For the  simplest 

periodic po ten tia l  we are considering. I ’(.(/) =  l o c o s Q yij. only density  m odula ted  by 

the wavevector Q r will couple to the  pertu rbation . Then  we will find th a t  stripes can 

fu rther  m inimize the  cohesive energy by ad justing  their width.

In this section 1 will use the no ta t ion  A for the width of a s tr ipe  an tic ipa ting  the 

need to rake into account the width change, i.e. A =  A — <)"A. where P'A is the width
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F i l l in '  4.5: G eom etry  of s tr ipes aligned parallel to the m odula tion  with wavevector 

Q y and  am plitude  llj.

change. T he  plan of this section is. therefore, as follows:

•  To write down the new order p a ram ete r  by taking into account tha t  the  str ipe  

will be nonuniform  in the ij direction.

•  C alcu la te  the  cohesive energy with an  a rb i t ra ry  s tr ipe  width.

•  F ind the op tim al value of the s tr ipe  width.
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4.3 .1  T h e O rder P aram eter and the C ohesive Energy.

To rake into the account the con tr ibu tion  to the  density  of the  str ipes with wavevector 

Qy we make the following ansatz  for the expecta tions  of the  occupation  numbers :

(<irvy i .v . )  =  6(<Iy) ^s(<)'(<7y -  Q<J) + Qy))- for ("  -  I / 4 )A < A' <  (n -  L/4)A.

where £ is a constan t to be de te rm ined  variationallv. O u r  order pa ram ete r  (3.11) 

takes on the  form:

T he  average o f the  order pa ram ete r  over the sam ple should  be equal to 1 /2 L r L,r  which 

requires som e cau tion  at Q ;j —> 0 when the periodic po ten tia l  becomes a constant. 

T his  requirem ent leads to the following:

However, ou r  m ain  interest is the experim entally  relevant s i tua tion  of m odera te  

wavevectors. I / L tJ Q,, <  1 / R , . and  the correction te rm  will unnecessarily c lu t­

ter  the  equations. Therefore. I will use the expression (4.28) below tha t  is valid

A(f /x- t/v ) =  - r ^ s i n  \ l{x [%») + s('>(</,; -Q„) + i)(qv -  Qy))\

In tilt' real space the expression for the order pa ram ete r  is:

14.28 1
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for any Q,t =  2~n /L , j  ancl will relegate the details  relevant to Q y —> 0  limit to the 

Appendix  D.

In effect, a t any finite Q y. the  density of the  str ipe  is now m ade up of two com­

ponents:

p(x.,y) -  ( 1  - O 0 ( ^  -  |x |) + 2ZV0F { Q ym j  -  :x j)cosJ . (4.30)

where the first term  is the  con tr ibu tion  to the to ta l  density  of the uniform component 

and the second is the con tr ibu tion  of the nonuniform one.

The expression for the cohesive energy transform ed to the real space is. as before 

(4.3):

E , ; > h  =  T p  J 'M y (e (x . ;y )  -f- I I)F((,?V) c o s i l y ) )  ^A(x.yy) -  • (4.31)

where we have in troduced  the  potentia l

h ( x . i j ) =  n [  L r L , j  j  < l c ' c h / — x'./y -  y ')A (x '.  i / )  ( 4 .32 1

The ex te rnal  po ten tia l  energy contribu tion  is easily eva lua ted  to be:

j  dr(A/K)F(Q,,) cos(Q,y/y)0 ( -  -  . r  ) ( 1  -  £ co s (Q ,,y ) =

=  J  _  Xi )  J  c o s - |Q v/y, =  Z ll)Fs l® U> (4.33)

where the no ta tions  are  the  sam e as before: c =  l i ) F ( Q v) /u 0 ;IS in (4.6) except for 

Q y replacing Q x .
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It is essential th a t  the nonuniform  com ponents of the str ipes  now interact with the 

full two dimensional po ten tia l  (3.L5). in contrast with the their  uniform com ponents  

whose interaction is still described by (3.20).

To calculate e(x . i j )  we Fourier transform  (3.15). and  ob ta in  [74]:

J  =  5* (« .V -I f f ;  -  U  -  '■'>-) © O f t -  -  -  ■'■' I

(4.341

This is the effective in terac tion  of two stripes m odula ted  by the wavevector Q u in the 

i) directi»jn. Therefore

[s. i j)  = j  (k' u , ) B ( 2 / ? , .  -  x - s ' )  <

( l  { Q W 4 / ? c2 -  (J' -  x 1)■) c o s Q v/y) 0  ^  -  hr '])  -

To ob ta in  the cohesive energy. I perform the in tegration in Eq. (4.31). The 

integral involved is a pa rt icu la r  case of the integral described in the  Appendix  C for 

f ( x )  =  ./,) ^Q,j \J-lR* -  x 2 j . All bu t  one of the remaining integrals can be done using 

the following tab u la ted  integrals [74!:

/
[

l j ,n  . u J ^ Q u i  m u J o ( Q u )  =
Q

(k .J0( >/z2 — u2) = sin c

T hen, add ing  the ex ternal  po ten tia l  contribu tion  (4.33). I get the following expression
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for the  cohesive energy:

|  - « -  « ?  - £  - t \ 7  -  7 ' .  -  t  -  < « « >

- 4 R r M ' 2 Q y R c) -  A sin(2Q,,/?,. ) +  2 AQ„ /  riz ^ 4 /? ^  -  ^
Jo

/ A - « J

For any value of the  period of the s tr ipes  A we can choose the varia tional pa ram ete r  

th a t  controls h igher level con tr ibu tion  £ which gives the lowest energy. M inimizing 

this expression of cohesive energy with respect to the varia tional constan t we find 

that:

sc„u„ = -  7 -A [Qy\-lAr - 7  I - d ( 2 Q V/?,)-

W ith  this £ the  value of the cohesive energy is:

u-) I 4.37)

A
A-
—  -  3AR r -  4R;

-4 /? , . . / l ( 2 g v/?,.) -  A sin ( 2 Q yR r ) -r 2AQ ,  I  ,U a( Q y v ' 4 K; -  u-
Jo

4.38)

As expected , tin* hrst term  is the cohesive energy of the uniform s tr ipe  (compare 

(3.23) with A replacing A). The second term  is the  second order p e r tu rb a t io n  theory 

con tr ibu tion  due  to level mixing. T he  denom ina to r  in the  second te rm  is the  difference 

between Hartree-Fock energies of the  uniform and  m odu la ted  stripes.
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T he  energy gain increases with increasing Q,r  which is easy to unders tand . Recall 

th a t  the  guiding centers of two wavefunctions with wavevector Q y are separa ted  by 

the d istance  Q , / 1. Therefore, a t  larger Q y the wavefunctions are separa ted  by a 

grea ter  distance. This  reduces their Hartree-Fock in teraction and  allows them  to take 

grea ter  advan tage  of the ex ternal potential.

Let us consider the lim it of small wavevectors. 1 /  L,, <£. Q,, <SC I I n  this limit 

the value of the  cohesive energy is:

The m o d u la tin g  poten tia l  along the length of the s tr ipes in effect compresses them. 

T his  phenom enon will be taken into account below. In principal, the  cohesive energy 

can be fu rther  lowered by m aking the str ipes wider, but that correction to the cohesive 

energy is beyond the validity of the present approxim ation.

Here I am  going to calcu late  the change in the w idth  of the stripes. Minimizing 

f 4 .3S) with respect to A. one ob ta ins  the equation tha t  determ ines the w idth  reduction:

f = ( o - (4.39)

4.3.2 A dju sting  the S tripe W idth .

)
1 v2Q y ( Z ' ( A ) A - E ( A )
2 :\232 (A)

=  0 . (4.40)
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w hen1

H(A) =  4 \ H R i  -  j J ,

,-A 2

- l R eJ l (2QyR c) -  A s in (2Q yi?(.) +  2 AQV /  d u M Q „  > / 4 ^  -  iR)
J  o

T he  derivative of E(A) is:

>

2 , . ' < , ^ , ^ - 1

/  \R;. -  <R\
Jy)

Recalling th a t  A =  2v/2/?c. I find from (4.40) tha t  the change in width of the 

<)A =  A — A. to the  lowest order in t \  is de term ined  by:

•) ( ' z l k Y  _  i-,Q » - < A ) A - E ( A )  =

Therefore  6 \  is:

A J A 32 E- (A ) ° '

^ r i M A - a A )
32 =-(AI

W itli the lielp of rhe Bessel function recurrence' formula 71.:

U )  — ~ - h - i  ( r ) =  2d. / j (  c )

the  expression (4.42) for E'(A) at A =  2 \ / 2 R e can be simplified to yield:

E '(A) =  - s i n ( 2 Q yR c) + 2 Q y /  d i J 0(Q y y / A R 2c -  a2).
J u
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whereas

El A) =  2A.A ( ^ r ^ j  — [Rc.Ji{2Q,t R t. ) - \ a m { ' 2 Q , l R (.)^'2Q,J.\ j  l/?r -  «-l

Finally, the  expression for the  change in the  s tr ipe  w idth  rakes the form:

< > A  =  A - ^ x  ( 4 . 4 5 )

2A sin (2Q y/?t.) +  4/?,../,(2Q Iy/?,.) -  2A ./t ( % ^ )

C-A./i ( % ^ )  -  AR,.J\('2Q,jRc) -  A sin(2Q „/?c) -  2Q„A J0A ’ , h i M Q vS/ \ R ^  -  n*))*

T he width reduction  is a m onotonically  increasing function of Q,r  At small wavevec­

tors. L, L,, <  Q u <  1/7?,..

S. \  = -------- L— =  { I -  —  (Q, .Rr )jN)
32(3 -  \f2)R,- \  24 ^  )

Therefore, a lignm ent of the  str ipes parallel to the poten tia l  increases the width of rhe 

stripes. Th is  increase is second order in I ’o / ^ y  and  would give fourth order correction 

to the  cohesive energy, which is beyond the validity of rhe present approxim ation.
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4.4 Energy Comparison: Parallel or Perpendicular 

Alignment?

We can now com pare  th is  value with the  corresponding expression in the  perpend icu ­

lar a lignm ent (4.20). O n  Fig. 4.6 we plot energy gain due to the  periodic po ten tia l  in 

bo th  contigurations. Parallel alignm ent can be seen to have lower cohesive energy at 

all wavevectors. In the num erical s im ulations of Yoshioka I27j parallel a lignm ent was 

also found to have lower cohesive energy for all ( 2 <  rn < 6 ) ratios of periods s tu d ­

ied. This  indicates th a t  shifting the s tr ipes and changing their  width ( the channel of 

energy reduction in the  perpend icu la r  a lignment) is less effective* than  the in troduc­

tion of a nonuniform  com ponen t while keeping the same s tr ipe  width (the channel of 

energy reduction in the  parallel alignm ent). At long wavelengths, each stripe* in rhe 

perpend icu la r  a lignm ent effectively experiences a constan t po ten tia l  an d  has to shift 

as a whole. This  tu rn s  ou t to be energetically more expensive th an  rhe in troduc tion  of 

a nonuniformity. At sho rte r  wavelengths, the cost of crea ting  rhe nonuniform  density 

com ponent is even sm aller  since the electrons creating it are  separa ted  by a greater 

d istance and  the ir  Hartree-Fock in terac tion  is reduced.
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0

► m

0

0

Figure 4.G: C om parison  of energy gain clue to the periodic poten tia l in two configu­

rations. Dashed line is for the perpendicularly  aligned stripes: solid line - for parallel 

alignm ent. Vertical axis is in units  r J /A . Along the .r axis we plot the  ratio  of the 

period of the poten tia l  to the s tr ipe  period, i.e. m = ' I z / Q A.
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4.5 Conductivity Across the Modulated Stripes in 

a Perpendicular Alignment.

To s tudy  t ra n s p o r t  in the m odu la ted  s tr ipes  we adop t the B oltzm ann tra n sp o r t  equa­

tion in the  constan t relaxation tim e approx im ation  approach developed by M acdonald 

an d  Fisher in ] 16] for the  case of uniform stripes.

Recall th a t  the str ipes in the part ia l ly  filled Landau level { i> = -,) are  separa ted  

by the electron liquid of the filled lower Landau level. We will refer to these as hole 

str ipes, as is often done in the literature .

In the approach  of [161. collective sliding m otion of the  charge density  wave is 

assum ed to be absent and  the electrical t ran spo rt  a t  T  =  0  is dom ina ted  by single­

particle  interedge tunnelling of electrons across the hole stripes. T he  tunnelling  cur­

rent is de te rm ined  by:

•  the  po ten tia l  drop  across the hole str ipes

•  the sca t te r ing  times across the electron and  holt' s tripes

•  the charge per unit energy at the  tunnelling edge.

T h e  varia tion  of the  w idth  of electron and  hole str ipes in the  periodic po ten tia l  has 

two consequences. T he  change in the  w id th  of hole str ipes changes the  po ten tia l  drop
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across them . It also changes the charge per unit energy at the  edges.

T h e  cons tan t  tunnelling times (denoted below as 7e and  rh. for tunnelling across 

electron and  hole stripe's respectively) are de te rm ined  by the im purity  scattering  rates 

and  are  not modified by the w id ths ' m odulations. In principle, for the electron gas 

in a  quan tiz ing  m agnetic  field the assum ption  of a constan t tunnelling time can be 

improved by self-consistently tak ing  into account the  collision broadening  of Landau 

levels. T h is  can be achieved, tor instance, in the self-consistent. Born approxim ation. 

In ref. ’4] this program  has been im plem ented for a hom ogeneous electron gas in a 

one-dim ensional periodic potentia l.

I will de te rm ine  the tunnelling current across the n !h stripe* by calculating the 

change in the chemical po ten tia l d rop  across it due to the shift in the position of the 

edges. T hen , for some values of the period of the external po ten tia l .  I will be able to 

pick a s tr ipe  whose width remains unchanged with respect to  the  unpertu rbed  cast*. 

C a lcu la ting  the  current th rough this str ipe  determ ines the to ta l  s teady  start* current 

in the  hard  direction - perpend icu la r  to the stripes, in this cast* the stripes can be 

though t  of as connected in parallel due to curren t conservation.

Let us choose the axes so the direction x is perpend icu la r  to the  stripes, as shown 

on the  Fig. 4.7. If I take the zero of the chemical po ten tia l  j.i a t  x  =  0  ( the center 

of the  zeroth  s tr ipe  a t l'o =  0 ). th en  for the  chemical po ten tia l  for the  electrons on
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electron
stripes,

• • • • • ••  •  ••  •  •  •  •  ••  •  •  • •  ••  •  •  •  •  ••  •  •  •  • ••  •  •
!•!•!•

•••••••  • •
• • • • • •
• • • • • •
•••••••  •  •  •  •  •  •  •  •  •  • ••  • •

hole
stripes

:❖
•  •
•V
•V
•V •  •
V#

• • • •
••••
••••  •  •  •  •

Figure 4.7: I llus tra tion  of the  s tr ipe  s ta te  in the electric Held. T he  s ta te  can be viewed 

as consisting of a l te rn a t in g  electron and  hole stripes. The s tr ipes  with d a rk  circles, 

representing cyclotron orb its ,  are  electron stripes in the  part ia l ly  filled Landau level. 

T he s tr ipe  with the  gray-colored cyclotron orbits  are hole stripes.

the left and  right edges of the  n th s tr ipe  we have (recall our pa ram ete riza tion  of the 

s tr ipe  positions (4.8)):

r r  I  \  d ' m n
fi2n = r k x  n \   ---------- --------

I r r  (  \  ( l ' ± n  -r-  -  and  n o =  e E r I n A -  ------- ---------

where the  electric field is applied in the  r  direction. The chemical po ten tia l  change
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across the n th electron s tr ipe  and  the adjacent hole s tr ipe  on the left are

lL>n- 1 —  l-lln =  M  a n ^  A * 2 n  —  A * 2 n - l  =  eE z [ll.\  +  + a2n~ 1 —  ~  -  J  ) )  -  I-1

T he  change in the chemical po ten tia l  is due  to  the tunnelling of e lectrons across the 

electron and  hole stripes:

l-L'ln /  ̂  n — I / ^ 2 n —I > • — t 1 ^ '2 n
f-L'in — i ~ ------------------- 1-----------   and  j.L )n — ~ r  ~ •

'r  1 h  1 f  1 h

Elim inating  the chemical potentia ls  at the  edges in favor of // and  raking into 

account rhat  in the s teady  s ta te  /’*■>„ (as well as /cj,,-i) is equal to zero, allows us to 

de te rm ine  the s teady  s ta te  chemical potential:

M l - -  ) = p E i  =--------------------------------------------------  (4. l b »
V '  ■ ~ h  /  o .

T he current across the hole s tr ipe  to left of the  n'h electron s tr ipe  is then  given by:

I A n )  -

h r  pi n)  Th

t L " E t ( \ ~  a -n - 1 ~ <l2n .4.17)-f
h r  p i n I V -

where r L nj h r p { n )  is the charge per unit energy and />-(//) is "Ferm i velocity" of the 

electrons on the tunnelling  edge of the n th s tripe. The second te rm  in parenthesis is 

the  correction to the  curren t due to  the shift of s tr ipe  edges.

To unders tand  the  change in Fermi velocity, we recall tha t  each s tr ipe  can be 

thought o f  as a q u a n tu m  Hall droplet w ith  chiral quasi-particles p ropaga ting  along
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its left and  right edges. T he  quasi-partic le  m om entum  is p roportional to the guiding 

center coord ina te . Therefore, increasing (decreasing) the width of a s tr ipe  creates the 

s ta tes  w ith  higher (lower) m om entum .

To com pare  the conductivity  in the p e r tu rb ed  system  with th a t  of the pure charge 

density  wave w ith  the period A as ca lcu la ted  in [16j. we will identify and  consider the 

str ipe  whose w id th  remains unchanged with respect to the r  =  0  case. i.e. . -  

(i->n =  0. This  will ensure th a t  particles tunnelling  from such a s tr ipe  will do so with 

unaltered  Fermi velocity. As the s tr ipes  are  "connected in parallel", current through 

this s tr ipe  determ ines the steady s ta te  curren t through the system.

In Sec. 1.2..'3 1 have obtained the d isp lacem ents of the edges of the stripes. Recall 

th a t  in Eq. (4.24) shifted positions of th e  n lh s tr ipe  have been calculated to be:

which leads to the  following condition on the  ratio  of the period of the external 

po ten tia l  b =  2 ~ / Q r and  the period of the  charge density wave. If

Therefore the  w id th  of the n ‘h s tr ipe . -  \  >n is unchanged if

b 4p -i- I 
A =  2.s

(4.48)
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for some integer positive integers p and  s. the w id th  of the p th s tr ipe  will not change.

If th is  condition  is satisfied, the curren t (4.47) across the hole s tr ipe  adjacent to 

this electron s tr ip e  is given by ( cf.-(k) =  17/):

eLy r  Qx A \  1r , , ,  et-y C- ( I , a  Qx\ \Ix {k) =  I A -  ( - L)  2/ 0 s u r  ——  cos — —  j
‘ r. f  ‘ h

Finally we ob ta in  an  expression for the  fractional change in the conductiv ity  free of 

phenomenological param eters:

A<x„(r) , . , Q XA QxA
-----  =  - 1  —  sin------- c o s   --
<r„(0)_____________ A_______ 2 4

, 4 j it- . Q,  A . , Q A  Q c A
=  l - n  o ^ \ l c T ,  ~  ~ T  ~  l 4 WI

Two th ings an* worth noticing abou t  this result. First uf all. the sign of the 

correction to the  conductiv ity  is very sensitive to the  rela tionship  between the periods 

of s tr ipes  and  ex ternal  potentia l. Secondly, it is p roportional to  the square root of 

the small a m p li tu d e  of the  potentia l.

Let us re tu rn  to the  period m atch ing  conditions (4.48) th a t  determ ine the ex­

istence of a s tr ipe  with an unaltered  w idth  and  the  sign of the  correction to the 

conductiv ity  (4.49) and  examine them  in a more detail.  T he  sign of the correction to 

the conductiv ity  depends on the  pari ty  of s and  the sign of

Qx A rr.s
c o s ------  =  cos

4 p I
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For instance, if 2s <  4 p - f  1 and  and  s is even, then  the correction to the conductivity  

is negative, while it is positive  for s - odd.

If -ip -r  1 >  s >  (4p +  1 )/2. the s itua tion  is reversed an d  the correction to the 

conductiv ity  is positive  for s even and  negative for odd  s.

Th is  result has very clear experim ental consequences, provided the condition on 

the value of the  am p litude  of the external potentia l (4.27) is satisfied. One and the 

sam e sam ple should  be fabricated into several sequential Hall bars. This  would insure 

th a t  sca tter ing  tim es d o n 't  change from sample to sam ple  as is implied by Eq. (4.47). 

One the bars is left as a reference (as is conventionally done !23j) and o ther  processed 

into lateral superla tt ices  of different periods, with periods satisfying conditions (4.48). 

Assuming th a t  superla tt ice  p repara tion  floes not significantly modify the d istr ibu tion  

of im purities , the fractional change of conductiv ity  in the processed samples with re­

spect to the  r e f e r e n c e  should show the behavior predicted by Eq. (4.47) and discussed 

above.

4.6 Conclusions.

In sum m ary , we have calculated  the  cohesive energy in the  limit of small am plitude  

and  a rb i t ra ry  period of the  external potentia l for two cases: when the stripes are
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aligned perpend icu la r  and  when they are aligned parallel to the  d irection ot an ex­

ternal periodic m odula tion .

In the  former case the ex ternal po ten tia l changes w idths of the  str ipes  as well as 

displaces centers of the  stripes. Both of these effects have been taken into account 

by considering s t r ip e s ’ edges as dynam ical variables. T he  resu lting  shifts of the edges 

are nonanaly tic  in the  a m p litude  of the  external potentia l.

In the  la t te r  case only the width of the  stripes can change, whereas the positions 

of the centers of the s tr ipes  remain unmodified by the p e r tu rba t ion .

In bo th  cases we find a decrease in the cohesive energy p roport iona l  to the square

of the am p litude  in agreem ent with numerical sim ulations [271. [25].

We find tha t  a lignm ent parallel to the direction of the ex te rnal  m odulation has

lower cohesive energy for all periods of the external po ten tia l. Therefore the* parallel 

alignm ent should be always realized, once the native an iso tropy  barrier  [2Gi has been 

overcome.

There  is an experim ental  prediction tha t  follows from our  analysis of tin1 correc­

tions to the  conductiv ity  in the perpendicular to tin* str ipes d irection . This correction 

is very sensitive to the ratio  of the period of the ex ternal po ten t ia l  to the natu ra l  pe­

riod of the  stripes. T he  correction to the conductiv ity  can be e ither  positive or 

negative depending  on the  value of the  ratio.
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4.7 Introduction to  the Calogero-Sutherland Model.

Even though current em phasis in the  physics of the Q uan tum  Hall system s has shifted 

towards the unders tand ing  of the  behavior in weak magnetic  Helds as described in 

Par t  I. the  original Fractional Q u a n tu m  Effect has not vielded to  a full microscopic 

description. Despite all the success of the  com posite  fermion descrip tion a microscopic 

mechanism  of anyon creation is lacking.

How do the in teractions of o f  the  electrons in the strong m agnetic  Held with a 

given one conspire to behave as an  addit iona l  magnetic  Held? T h e  exactly  solvable 

Calogero-Sutherland  model of in te rac ting  particles with the inverse square interaction 

poten tia l  discussed below provides an explicit, albeit one-dimensional, example of 

how this may happen. T he  result is a model of one-dimensional anyons as will be 

illus tra ted  in Sec. 5.

Due to the  fact th a t  the g round  s ta te  wavefunction of the model is a one-dimensional 

version of a Laughlin wavefunction describing the ground s ta te  in the  fractional quan­

tu m  Hall effect, the construc tion  of excitations in the Calogero-Sutherland  model pro­

vides a direct analog to the corresponding  construction in the fractional q u a n tu m  Hall 

case. T he  excitations on the b o u n d a ry  of the fractional quan tum  Hall incompressible 

d rople t,  so called edge exc ita tions, can be described bv the sym m etric  polynomials 

as has been first d e m o n s tra ted  by M. Stone  [48j following L37|.
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T here  has been a  lot of progress in unders tand ing  this pa rt icu la r  one-dimensional 

system . T h e  accum ulated  knowledge ab o u t  it includes exact results on the dynamical 

density-density  correlation function ,40. 41]. advanced 42] anti re tarded  40] G reen’s 

functions. The most general m e thod  available for the com pu ta tion  of the correlation 

functions involves the  im plem enta tion  of .Jack polynomials, in troduced in 5.1.

In th is  part  of this work I ex tend  the m ethod of .Jack polynomials [40. 41. 46] to 

the ca lcu la tion  of the  exact dynam ical  polarization tensor [47]. 1 begin by discussing 

the e igenstates  of the  model in Sec. 5. T he  further development requires a review of 

properties  of Jack polynomial and  partitions. This  is doin' in Sec. 5.1. T he  elucidate 

the quasipartic le  content of correla tion functions calculated  in Sec. 6 . I review the 

notion of fractional exclusion s ta t is t ics  in Sec. 5.2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



97

Glossary.

T he n o ta t ions  used in P a r t  II of this work are  collected below. 

P a r t i t i o n - .

Conjugate partition:

Arm-length:

Arm-colength:

Leg-length:

K =  (K[. K-y K.v)

t i t !  t  \
K  — ( K j .  K . j ..............K y  )

a(s) = k, -  j
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Leg-cole riyth:

l ' ( s ) =  i  -  1

Upper hook-lengthi .

h'K [s) =  /(.si

Lower hook-lengthi .

h?( . i)  = t(.i) +  1
f/l-s
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Chapter 5 

Eigenstates of Calogero-Sutherland 

Model

The Calogero-Sutherland model describes the dynamics of spinless particles with 

inverse-square interactions on a ring with the circumference L. In this section I 

introduce the Calogero-Sutherland model and show how to construct the general 

eigenstates of the model following Sutherland [33]. The Hamiltonian for the Calogero- 

Sutherland model of .V particles is given by:

H cs  =  V "  ^  i h ( 2~ Y ' S ~ '  A(A _ 1 ) ,5 1 )
v 2m m \ L  )  sin2 f  ( j ,  -  x })

In the following I will take ^  =  1 and restrict the discussion to the rational values 

of the coupling constant A =  p/q.

99
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The ground s ta te  wavefunctions of the model a t  integer values of A correspond to 

ID versions of Laughlin’s wavefunctions [361 and  are given by

W hen 0 <  A < 1 there is ano the r  possible ground s ta te  with power 1 -  A: however, 

only the solution with power A will be considered for reasons of continuity  with A > 1 

solutions.

Thi‘ excited sta tes  of this model are constructed  by multiplying the ground s ta te  

wavefunction by some sym m etric  polynomials, and this construction  is analogous to 

th a t  of tin* gapless edge excitations of the q u an tu m  Hall effect 37]. A general excited

s ta te  =  % . J lK x is labelled by the q u a n tu m  numbers k  =  ( sq.Kj  k v ). and

jj,j A satisfies the  following new eigenvalue equation

where the curren t -Ju = -A(.Y  — l ) / ‘2 and

■j =  e x p  { i 2-Xj / L)

15.4)

where
v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



101

T he eigenenergy is given by

Ek  =  +  A(.V -  I -  2 z)k. ) (5.G)

This  energy eigenvalue plus the  g round  s ta te  energy can be rew ritten  in terms of

newly detined pseudotnom enta  k} as

=  (5-7)
" 7 = 1

where
.v

Lkj  =  2 - I j  -r rr(A -  L)^T%gn(A:_, -  k t J. (5.8)
/ = t

T he  q u a n tu m  num bers  /  are now dist inct  (half-odd) integers and  are related to s / s

by l } = Kj -  \ X  -  I -  2 / 1/ 2 .

Actually, the  ham ilton ian  of the  m odel can be rew ritten  to reflect this s truc tu re  

of q u a n tu m  num bers. Polychronakos [38] showed by in troducing

-) = [)j -r l ~X/L  C O t ( T ( X ,  — Tj) j  L) PtJ. (5.9)

i =7

where is the  o rd inary  m om entum  opera to r ,  the H am iltonian

*  =  ! > ;
j

is fully in tegrable  and is the sam e as the  Calogero-Sutherland model up to a m odi­

fication A(A -  P,7 ) plus some trivial constan t.  The new opera to r  rr; is the m om en­

tum  o p e ra to r  for the pseudo-particles, and  the m om enta  kj corresponds to the
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eigenvalues of x,. T h is  new H am iltonian  should be considered as the model ol 

one-dim ensional "anvons" with fractional exchange s ta tis tics  [38].

The d is t r ib u t io n  of de term ined  by Eq. (5.8) is used to construct pictorial rep­

resentations of th e  e igenstates which are useful for exposing the fractional s ta tis tics  

obeyed by the  e lem en tary  excitations of the model.

in general, the  e igenstates of the H am iltonian  H  can be represented in terms of 

the following bosonic basis states:

where the  sum  extends over all p e rm uta t ions  of the  integer set k which can bo 

considered as a set of bosonic qu an tu m  num bers with no restrictions on their  val­

ues. Since <E>(k) does not depend on the ordering of the  quan tum  numbers, let 

Ki >  K > >  • • • >  k.v w ithout loss of generality. These sym m etric  polynomials form a 

com plete  basis.

T he  polynom ial solutions of Eq. (5.4) in Section 5 are also known in the m athem atica l  

l i te ra tu re  as .Jack polynomials [57]. In fact. S tan ley  58] has shown th a t  the  complete

.v
13.10)

5.1 Jack Symmetric Polynomials

set of l inearly  independent solutions of Eq. (5.4) is indeed given by .Jack polynomials
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up to global t ra n s la t io n  (i.e.. up to the factor f l j ^ i  :j w’here J  *s the current and 

takes an  a rb i t ra ry  real num ber) [40].

This  section is d iv ided  into two subsections: the  first introduces the  conventional 

no ta tions  used in m a th em a tica l  literature  and  the second some of the  general prop­

erties of Jack  polynom ials.

5.1.1 In troduction  to N otations o f  Partitions.

Part it ions  are defined as sequences of non-negative integers in non-increasing order 

and  are used to label the  sym m etric  polynomials. They are denoted  by bold-face 

Greek letters  as

k = {k\.k>....... k.y). (o.Ll)

where sq >  k_> >  . . .  >  k \ .  Non-zero are called parts  of k  whose length (i.e.. the 

to ta l  num ber  of non-zero parts) is denoted by ( ( k ). T he  weight of the partition  is 

defined by \k \ = k} . If sq — . . .  — s,  >  p\  -r . . . — //, for all / >  1. then k  > pi.

\ o u n g  d iag ram  D{ k ) is used to graphically represent a partition: D{ k ) — { ( / . j )  : 

1 <  i < L(k ). I <  j  < k,}. T he  cell labelled by [ i . j )  is s i tua ted  in the t-th row and 

the  j - th  co lum n of the  Young diagram. The d iag ram  of k . therefore, consists of / ( k j  

rows of lengths Kj.

A conjugate  of k  is denoted  by k ' = .) and  corresponds to a partition
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whose d iag ram  is ob ta ined  by changing all the  rows of V { k ) to columns in non­

increasing o rder  from the left to right. For example, the con juga te  of k  =  (5 .4 .4 .  1 ) 

shown on Fig. 5.1 is k ' =  (4. 3 .3 .3 .  1). Now. the following sim ple bu t  useful identity  

can be derived [59]

In order  prove Eq. (5.12) every cell in the  ; th  row of V ( k ) is filled in with an integer 

i -  1. Since n(K)  corresponds to the  sum  of all the integers in the  d iagram , tin* two 

different expressions for ri{K) are ob tained  depending on w hether  the numbers in each 

row or co lum n are sum m ed first.

Fur a given cell s =  { i . j )  of a d iagram  V ( k ) there are corresponding ann-lrmjth

u ( s )  =  k ,  -  j .

ann-colerujth

leg-length

U s )  =  k '  -  i .

and leg-coUrujth

l'(s)  =  * -  1
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▼

I ( S ) }

l’(s)

s = (2,3)
a(s) a’(s)

Figure 5.L: I llus tra tion  of the  Young diagram  V ( k ) for the  p a r t i t ion  k  =  (5 .4 .4 .  L]

The uppt-r and  lutvrr hook-lenijth.s are defined, respectivelv. as

h'K \.i) =  /(•■>)
I  —  Hi s

h ? ( s )  = M  +  L-+

A

a (■•>■)
~ T

(5.14)

(5.14)

An illus tra t ion  below shows the part i t ion  (5 .4 .4 .  I). T he  arm -leng th .  arrn-colength. 

leg-length. and  leg-colength for the  cell s =  (2 .3). i.e the num ber  of cells to the north, 

south , east, and  west, are also shown.

5.1.2 P rop erties  o f  Jack Sym m etric  P olynom ials .

T he sym m etr ic  polynomials are indexed by the partitions. T he  bosonic basis functions 

$ ( k ) of the  C alogero-Su therland  model are called the m onom ial sym m etr ic  functions
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and the  q u an tu m  num bers  k correspond to the  part i t ions  defined in the  previous 

subsection. Since the  q u a n tu m  num bers are allowed to be negative integers, the 

correspondence is only up to some trivial constant transla tion . This  restriction to non­

negative integer p a r ts  is m ore of a  convenience than  a restric tion since the Calogero- 

S u therland  H am iltonian  is invariant under the transla tion.

Following the established no ta t ion  convention oS1. I shall deno te  Jack sym m etric  

polynomials as . /^  x( {: l }). If A =  I. Jack polynomials reduce to Schur functions 

which describe the excited s ta te s  of the free fermions [48]. At A =  0. it becomes the 

m onom ial sym m etric  function which is just  the free bosonic wavefunction. If A =  2 

or 1/2. they  are called the  zonal spherical functions. As A — oc. ./,* A reduce to the  

e lem entary  sym m etric  functions.

One way of defining Jack  polynomials is based on the properties  of the power-sum 

sym m etric  function =  PmPK>Pm ■ ■ " 'here pKv =  . A scalar product on the

vector space of all sym m etric  functions of finite degree is defined as

( P K - P f i ) l  A =  > i K l ■ 10.15)

where : K =  n , > i  m i'- anc  ̂ =  m ,(fc) is the num ber of parts  of k  equal to 

i. Using this definition. M acdonald  !o9] proved th a t  there  are  unique sym m etric  

functions satisfying the  following three properties:

1 . Orthogonality: ( J k - w'here J«  is the norm aliza tion  constan t.
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2. Trianyuluri ty: J K -  L'Kfx^ { /*)• where vK^i =  0 unless k  < fj,.

3. Normalization:  If |k | =  n. then  L'ufx =  til. where k  =  (I .  1.......... I).
n

.JK are. then, construc ted  by G ram -S chm id t  orthogonalization relative to the  scalar 

p roduct on the ring of polynomials. S tan ley  [58] proved th a t  the  norm aliza tion  con­

s tan t  is given by

j k = n /2K (* |/!* ( s ) - (-i i G )

In addition. Jack polynomials are eigenfunctions of the differential operator:

I ,  d  2 v -  N  0
D(X] ~  +  i - j . l , )

- /' . u - t -*i -j u -ii = l  1 i s ;  J

with the eigenvalues f (k ):

/ i 1' 1 * ^ i ^ i  *• J , \ -  t .  to,
(-{K) =  7  2 - ------ 0---------- 2 - ------- 0----------lA -  D« (o.LS)

T he  opera to r  (5.17) is closely related to the H am iltonian (5.5).

T here  is ano the r  scalar product on which .Jack polynomials are  orthogonal:

\ = A-s  I  i-~->...........~.v)-/^xAf ~i- - j  - .v ) J~J

-  1- fA TT N - r  a ' ( s ) / \  -  l'(.s)

where z} = e \ p ( i 2 ~ X j / L )  and  .4‘v =  ( 1 / L ) A T N (1 — A)/T( 1-i-A.V). and  the  bar over the 

polynomial denotes the complex conjugation. Note also tha t  the  m ultid im ensional
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integral above is equal to L s tim es the constan t term  in

. / £ \ l / C l . l / c ,   -v) r i ( 1  -  “ >A- ,5 -20)
' J

Et[. (5.19) has been proved by M acdonald  [59] and  also by Kadell [61].

Since .Jack polynomials span the vector space of sym m etric  functions, they can

be used to expand  any sym m etric  functions. This property  is particu larly  useful

in ca lcu la ting  the  correlation functions of the  C alogero-Sutherland  model as will be 

shown later. Here are some useful expansions[62. 63]:

=  T  £  ( = . } > •
i =I  ' K \ = n  K

I T 1- , , -  = E t STTT-'CiI.-.Ii. I3-22I
j = 1 K A

where

L«1k =  {a -r ( j  -  l ) /A  -  ( / -  I)} 15.23)
(i .j)€K

M k  =  I I  {n ~  Mi  -  l) -  (j  -  D \  (5.2-1)

The sum  in Eq. (5.22) extends over all possible1 part i t ions  while in Eq. (5 .21 1 it is 

restric ted  to pa rt i t ions  with weight |/ej =  n. T he  prime in 0 ' ] ^  denotes tha t  the 

product does not include the cell (0 . 0 ): otherwise the to ta l p roduct is trivially  equal 

to zero. J k  also satisfies

(5.25)
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since .Jack polynom ials  are  homogeneous functions of degree \k \.

5.2 Exclusion Statistics.

T he notion of fractional exclusion statis tics  based on the  so called "generalized Pauli 

exclusion principle" has first been formulated by Haldane and  applied  to the ele­

m en tary  topological excita t ions  of general condensed m a t te r  system s [4-3J. This new 

concept of s ta t is t ics  is based on the  s truc tu re  of the  single particle  H ilbert space of the 

e lem entary  excita tions. More specifically, the  change in the  num ber  of the available 

s ta tes  (A D )  in the H ilbert space as the num ber of particles (i.e.. the  elementary ex­

c ita tions  i  is changed (A.Y) for a given system with fixed bo u n d a rv  condition defines 

the  s ta t is t ic s  of the  particles with the sta tis tica l pa ram ete r  defined as <] = -  A D , A.Y 

Hence, for exam ple, the  bosons and fermions are identified with <j = 0 and <] =  1. 

respectively.

To expose the exclusion s ta t is t ics  in the context of the  C alogero-Sutherland  model 

one in troduces a p ictoria l representation of the  e igenstates th a t  make the identification 

of the  exc ita t ion  conten ts  of the  sta tes  easier :40(. Eq. (5.S) gives the  occupation con­

figurations of the  p seudom om enta  kj  for all the  e igenstates of the  Calogero-Sutherland 

model. T h e  q u a n tu m  num bers  {/j}  in Eq. (5.8) are d is t inc t  (half-odd) integers and
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in the  g round s ta te  are given by the following set

.V -  1 .V -  3 
o ' o

.V -  3 .V -  1
(5.26)

Therefore, the  g round s ta te  pseudornornenta are given by

The to ta l  g round s ta te  energy

E°v =  J j A - J ) -  =  t j A2 .V(.Vj -  1 ) /3L- (5.2S)
j

The excited s ta tes  are given by integer displacements of {/]’}. Therefore, two neigh­

boring pseudornornenta for any a rb i t ra ry  s ta te  must be separa ted  by

where I is a  non-negative integer.

In o rder  to  construc t  a p ic ture  th a t  exposes the excitation  con ten t of the  excited 

s ta tes , let A be a ra t ional  num ber  p j q  with p and q coprimes and  in troduce  a one- 

dim ensional la ttice  with the lattice  spacing equal to 2 ~ /q L .  I assign each lattice 

point with 1 if th a t  lat t ice  point coincides with the value of one of the  occupied 

pseudornornenta and  w ith  0 if it does not. Hence, the ground s ta te  for A =  3 /2  and 

.V =  10 is represented by . . .0000000010010010010010010010010010010000000... .

A k,  = \kj -  k , - i  \ = y ( A  - / ) . (5.29)
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All the  o ther  excited s ta te s  can be ob ta ined  from this ground s ta te  configuration by 

displacing the ones such th a t  the  num ber of zeroes between any pair of ones is equal 

to p — 1 -r (// where / is a  non-negative integer.

Since p -  1 zeroes are  always required between the ones, they are called bound 

zeroes. The rem ain ing  zeroes are  called unbound zeroes. T he  7  consecutive unbound 

zeroes in the condensa te  of the pseudoparticles consti tu te  a single hole excitation. 

Thus, if a pseudopartic le  is removed from the ground s ta te  condensate, then there 

are p unbound  zeroes in place where the one is removed. T h is  s ta te  is forbidden if 

7  #  1 . In general a m in im um  of 7  ones must be removed so th a t  they leave behind 

at least pq unbound  zeroes which break up into p holes. From the view point of 

the particles (holes) the  change in the num ber of available single particle  state's is 

p ( - 7 ) while the  change in the  num ber of quasiparr ides  (quasiholes) in the system 

is - 7  (p). Therefore, the  s ta t is t ica l  param eter  7 for the quasipartic le  (quasihole) is 

<j =  p / 7  =  A (</ =  q j p  =  1/A). To sum m arize tIn* fractional exclusion statistics, q 

particle  excita tions  are accom panied  by p hole excitations.

T he  configurations construc ted  above are representations of the d iagram s of par­

tit ions  V ( k ) in troduced  in Sec. 5.1. T he  pa rt  k , corresponds to the displacement of 

j til q u a n tu m  num ber from the  ground s ta te  (i.e.. I} — if > I,  > . . . > /%•)• The 

excitations given by k  include only the s ta tes  with non-negative displacem ents (i.e..
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kj  moved only to  the  right) and  all the  o ther  s ta tes  are ob ta ined  by global t ran s la ­

tions. Therefore, each row (column) in the  d iagram  corresponds to the particle  (hole) 

excitations of the  C alogero-Su therland  model.
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Chapter 6 

The Dynamical Current 

Correlation Functions 

of the Calogero-Sutherland Model.

Armed with the complete set of eigenfunctions. I will now calculate the dynamical 

polarization tensor of the Calogero-Sutherland model at zero temperature, namely

I V  =  .vOM( r l . t 1)ji/ (r2. t 2) ) v  (6.1)

for p. v  =  0.1 with the density operator as the zeroth component of the generalized 

current

j 0{r.t) =  p{r.t)

113
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and  the  curren t opera to r  as the o ther  com ponent:

j \  ( r. t) = j ( r . t )

and

. v O ' f i U ' i .  H  ) j i / (  r >- f ) f c  iil1'' L'' {r' 1 * 3 . 2 )

(I will continue writing the  subscrip t .V for quan ti ties  th a t  refer to X-particle  system  

and  om it the  subscript in the therm odynam ic  limit.)

T he  full tensor will be shown to have the  form:

(  \  (  n r  ^r Q - r o s (Q r )  ^ s i n  {Qr\
= /  <P.F{O)

.V{f)(r. y,r [2. 2;; .V \ {p{r .  t,)j(0. ())),v

~ ‘j l£  sin( Q r \  { ^ y  c u s i Q n  

< exp l -  i t E)  43.3 i

Here the in tegration  over the  individual m om enta  of excitations is collectively denoted 

by O. £  and  Q  are to ta l energy and  the to ta l  m om entum  of excitations, and  F( Q)  is 

the  formfactor. The ir  explicit form will be given in Sec. 6.2. The expression for the  

density-density  correlation function, one of the com ponents  of the tensor is available 

[40]. I will show how to get the rest of the com ponents

T he  plan for this section is as follows: 1 will discuss the current ope ra to r  and  

its expansion in .Jack polynomials in Sec. 6.1. then  I will com pute  the rest of the 

com ponents  of the polarizabili ty  tensor (6.3) in Sec. 6.2.
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6.1 The Current Operator.

At low energies, when only quasiparticles w ith  velocities a round  the  Fermi points of 

the one-dim ensional d istr ibu tion  are excited and  have velocities equal to the sound 

velocity c, =  the current is p roportional to the density, j  i \p .

At higher energies, when quasiparticles with different velocities are present, the 

current is no longer linearly proportional to  the  density.

A lthough  the  generalized exclusion principle (see Sec. 5.2) allows one to visualize' 

all possible excitations, the opera tors  of interest produce only some of all possible 

excitations. In particu lar, contributions to current correlation functions come from 

m inim ally  excited wave functions, i.e. those tha t  create  the smallest num ber of exci­

tations. m ain ta in ing  charge neutrality.

To see the quasiparticle  content of excita tions produced by the current opera to r  

we exam ine its action on the ground s ta te  (5.2).

The  density  and  current operators , as usual, are given by:

v
j { r )  =  "iPi'Hr  -  r t ) -  <)(r -  r, )pt]

2m  't

1 A  . .V
~  r ‘) -  i

i

with j„(r.  t ) =  exp ( i H ^ j j ^ r )  exp

T he  idea of the  calculation is very simple. First. I apply  the current o pe ra to r  j ( r )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



116

to the  g round  s ta te  and  observe th a t  the ac tion  is equivalent to the m ultip lica tion  by 

a sym m etr ic  function, representing the difference of norm al and  backflow.

T hen , in o rder  to see w hat kind of excitations this action  produces. I expand 

the resulting  expression in term s of eigenfuctions of the H am iltonian  (5.1). i.e prod­

ucts of a  .lack po lynom ial (Sec. 5.1) and the ground s ta te  wavefunction (5.2). This 

allows me to follow the  evolution of the system  ob ta in ing  the value of the  opera­

to r  exp -  t[) on every excited s ta te . O rthogonali ty  of eigenfuctions further

simplifies the  resulting  expression.

Before app ly ing  the  current opera to r  to the  ground s ta te . I shall rewrite the op­

era to r  in a  slightly different form. Expressing the periodic ((-function as an infinite 

series. 1 get:

i = I  \ n = - x  /

C hanging  variables as in Eq. (5.3). with c =  f ' r r . [ rewrite:

(6.5)

Xow. the  ac tion  on the ground s ta te  Eq. (5.2) produces:

Y. ~ A( .V -  1 ) ) - "  -  ( n  -  A( .V -  I ) ) . - - "
m L -

~ 2 : n\  ^  —_______ —_____ r 2 : ~ n\  ^ _—_____ —
. <7  _  ,<7

( 6 . 6 )
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At this s tage  I have expressed the action of the current ope ra to r  in term s of a 

function sym m etr ic  in c,'s. T he  next step, according to our stra tegy , is to  express 

this sym m etric  function as eries in Jack  polynomials. To facilitate  this s tep  I rewrite 

part  of the second to last te rm  in Eq. (6 .6 ) in troducing

- n ~ 1 - n - l - n  — L - n - l  
JIT  . 1 ? i  6.1

K j  J K j

Therefore, collecting term s. I have the following expression for the  current opera to r  

action on the g round  s ta te  of the Calogero-Sutherland model:

=  4 - 7  E  -
r t i L -

: „ - A ( . v -  i n  ( £ ; , " )  - 2 . \ £
= n - l  _  ; « - l

'< —

f̂t — I _  . f t - !
J

A(-V -  1)1 -
- t  - j

( 6 . 8 )

W ith  this the  expansion in .Jack polynomials can he achieved as the expansion of 

the  power series ( the  first term  in square brackets) has been given in Eq. (5.21). The 

expression for the  expansion  of the second term  in square  brackets can be obtained  

by the action of the  o p e ra to r  (5.17) on the power sum s with the result:

'(VIA ' K

A
t ( K  -

n \ n  -  L) 

~2\
16 .9 1

K j  ' '  K = n

T he no ta tions  used here have been in troduced in Sec. 5.1. E q .(5.23). (5.16). and

(5.18).
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Finally  I ob ta in  the  expansion of the  ac tion  of the current o p e ra to r  on the ground 

s ta te  of the  C alogero-Sutherland  model:

Inspection shows th a t  2Ac(k) -  nA(.Y -  1 ) -r n is p roportional to the energy of the 

s ta te  k .  E k  given by the equation  (5.6).

In this section 1 show th a t  the dynam ical  curren t-curren t correla tion function can be 

calculated  exactly  for the  Calogero-Su therland  model using the expansions above and 

known properties  of .Jack polynomials.

Using the orthogonality  relation Eq. (5.19) and its extension Eq. ( 5.20). I ob tain  

the following expression for the curren t-curren t correlation function

fl

6.2 The Correlation Functions.

x £ ^ c o s ( Q r ) e - ' EK. ( 6 . 1 1 )

where, as before.

e k  = i y ) 2 ] £ ( « , ( « ,  - 1 ) -  a k ' .u ;  -  i) ~  a k . l y  -  d )
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In a  to ta l ly  analogous m anner, the  density-current correla tion function is:

(.v -  j / a  -  o

( 6 . 1 2 )x E k Q i sin(Qr)e: uEk .

The corre la t ion  functions grea tly  simplify in the  therm odynam ic  limit. T he  m ethod

m ethod  depends  on the vanishing con tr ibu tion  from a large set of one-particle a r ­

rangem ents  in tht> m om entum  space, i.e. possible pa rt i t ions  of a to ta l m om entum  Q 

into a single particle  k , ’s.

In general, for .Y particle system  we consider pa rt i t ions  in no more tha t  .Y parts, 

which assign single particle m om en ta  to .Y particles. Therefore, the m axim um  length 

of any co lum n in a part i t ion  is .Y. T h e  length of a row ( a single particle m om entum  l 

can. in principle, s tre tch  out to infinity. Significantly, exam ination  of the  coefficients 

in the  expansions of excitations in series of Jack polynomials shows, th a t  0 ' ^  in 

Eq. (G. l l )  a n d  (6.12) vanishes unless the d iagram  Di n )  has no more than  p columns 

of length longer than  q and  q rows of length longer th a n  p. In o ther  words, the  

in te rm ed ia te  s ta te s  con tr ibu ting  to the  dynam ical  curren t correlation functions has 

precisely p hole and  q particle  excitations. Only  these (at most p) rows of unbounded

1 employ has been in troduced in [46] and  used intensively since then -10. 41. 42!. The
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length and  (at most (/) columns of the length bounded by the num ber ot particles 

survive in the therm odynam ic  limit.

Denoting the  quasipartic le  velocities x,

and  quasihole 's

!Ji = .V

the expressions (G. l l )  and  (6.L2) in the therm odynam ic  limit become:

( ( ) ! _ / 1  r. t )j  ( 0 .  0 )  j  0 ;  =

x E - c o s ( Q r ) f  iG. 1 3 1

(0 |p(r. t ) j ( 0 . 0 )|0 ) =  ^ n ( y  c/“r ‘)  I I

x Q E i s m ( Q r ) e  tLt tG.l-U

where Q  and  E.  the to ta l  m om entum  and energy, are given in units  of h and  t r / ' h n  

by

Q  =  - ~ P Q  -T] ~  , V ; j  ■ i G . l o l

e  =  i g- lg)
\ j = t  7 =1  /

with  po =  A’/ L .  ep( x)  = x { x  -f A) and  e//(p) =  A/y(I — ;;). Xj (eP ) and ijj(f-n) are

normalized m o m en tu m  (energy) of the quasiparticles  and  the quasiholes, respectively.
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T h e  n o r m a l i z a t i o n  c o n s t a n t  C ' is g iv e n  b y

P M .A jP ’U / A )
C  =

2-V'/! n?=. r-lr -  Mi -  I)) n;„ r2w -  U -  I)/-')
r W n n - u  -  D / - \ ) y  

y  V n i - o - n A i ^

Finally, the  form factor F(q.  p. A| {x,. j jj}) is given by

F ( m . » . . v { x , . » , n -  n n * - 1'

i .\

1=1 }=i
(G.1S)

6.3 The Static Limit and Conservation Laws.

Since a density  p e r tu rb a t io n  does not create  any instan taneous curren t,  in the s ta tic  

limit the  off-diagonal e lem ents of the polarization tensor vanish. T he  current density 

m apping, derived by Shas try  e,t. al. L35|. gives a simple rela tionship  between the 

diagonal elem ents in the  s ta t ic  limit.

( 0 ! j ( r ) j ( 0 ) | 0 )  =  -  A, ( U | p i r ) / M 0 ) i 0 )
2m -r -

Tliis implies an  identity  between two quite  involved integrals, namely: the s ta t ic  limit 

of (6.13) and  the s ta t ic  limit of the density-density  correla tion function.

T he  continu ity  rela tion

d “ 3 “
dtiut-i  uT[ ur )
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can be directly  seen to be trivially  satisfied.

As a last check. I verify th a t  the  polarizability  tensor is transverse, for instance:

=  - ^ - { 0 \ p ( r i J i ) j ( r 2.t>)\0)
(Jt ) ut  I

6.4 Discussion.

Extensions Calogero-Sutherland  model has proved very fruitful in elucidating the 

s tru c tu re  of inregrable one-dimensional models. In particu lar.  H aldane and Shasrrv 

50j have independently  discovered the integrability of the SU(2) spin  model on a 

lattice  with the inverse square  interaction (often called H aldane-Shastry  chain) . The 

dynam ical version of this model has been shown to possess a Yangian sym m etry  49).

D. Uglov exploited the  Yangian sym m etry  to construct  the the com plete  basis of 

e igenstates of the  dynam ical  Haldane-Shastry  model which tu rn  ou t  to be a gener­

a lization of .Jack polynomials. T he  m ethod of Jack polynomials has been applied to 

the calculation of the  correlation finctions of this model as well -32 .

T his  som ew hat fo rtuna te  s itua tion  when the sym m etry  of the  H am iltonian  allows 

the  constrc tion of a  com plete  orthogonal basis of e igenstates has yet to be replicated 

for the dynam ical H aldane-Shastry  model in a magnetic  field. And. m ore ambitiously, 

perhaps  the infinite sym m etry  of the H am iltonian describing two-dimensional elec-
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t rons  in a  m agnetic  field [53. 54] can be exploited to provide a fu rther  insight to  the 

Q u a n tu m  Hall effect.
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Part III 

Appendices.
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Appendix A

Density Operator Projected on the 

N tfl Landau Level.

Below I display the explicit form of the remaining dynamical variable (after the lower 

Landau level electrons have been integrated out to give the dielectric constant (3.10)). 

This is the projected density operator, which appears in the Hamiltonian (3.9).

p {q) = j  d cd y  ^  K>
J  X . X ’

=  T I/2 2 -v .V ! f / * £
J  X . X '

e _iqra yQ.v' =

• x-X'r i x — .V i “

Hs  ( ~ 7 “ )  H* 6 (-v  " r  " qy ^  ax ax'

125
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Sum m ing over .V' an d  changing the variable to u =  (.r -  .V )/f  we proceed:

.V “ -  • ■ J

f / . v  -  y - )  / / . V  ^  ^  , U . V . =

=  I -  J  * e H* -  - T - 1)  x

H I _  " / x  ~  q'< r \  , , r

“ •' ( 1 ■) J tLX-.lyt- 2 fi- \- /v‘J -

where in the th ird  and  fourth  line I have shifted the variable of in tegration r = 

u — n/j.Z/2 to o b ta in  the  s ta n d a rd  integral[74] in the last line.

It is im p o r ta n t  th a t  the density  opera to r  is m odu la ted  by F(</) =  e~"l> J,‘ L %• ( 

due to oscillatory n a tu re  of electronic wavefunctions on higher Landau  levels. Fb/I  

is often referred to as the  form-factor.
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Appendix B

Hartree-Fock Decoupling.

Following the logic of Hartree-Fock decoupling of [29]. one writes: 

I——— ^u(q)p (q)p (-q )  ->
- L r Ly q

^  ̂ 2  u(q ) f ' ( q )  ^ 2  e_,,r 'VaL a -V- T ~ i~  51 e ~u,xX'(a v  a X '_)
" q .v   ̂ A "

u ( q ) F 2(9 )e - ‘̂ - v - v' Ja tv a.v' («!v 'a -V->
~ L l L y  q A.A-

In the direct term one easily recognizes the order parameter. The exchange term is 

evaluated using:

(a A'_a v_) = ^ 2 M K ) e lKlXS(qy -  Ky ).
K

which can be obtained by inverting the definition of A (q). The nonzero terms in the 

sum are those X '  where .Y' =  X  +  kv£2. That creates the term a \ ^ K p^o-x:~iKVP n

127
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th a t  is b rought to the  s tandard  from by the shift in X .  X  = X  — n^L2.

- o r r E - ^ E  EI*-!/ . V

= -Try- Y .  Mk) Y  Y  "WF2(<n< îlUK'‘~,hKr'>L L. L* r U, f.
' *  A q

/“
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Appendix C

Integrals.

Recall, tha t the order param eter in Sec. 3.6.1 and 4.3 is periodic A(x') =  A(x' +  A) 

and:

A U ') =  @ ( ^ - ! x ' | )  

and the effective interaction can be written in the form:

> 4 SF(X -  x') = uQe (2 R c - \ x -  x ' \ ) f { \ x  -  x '|)

with

for uniform density in the y direction
/ ( k  I) =  |

J0(Q ^A R *  -  |x -  x'j). for density modulated in the y direction.

129

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



130

C alcu la ting  the  cohesive energy in Eq. (3.22). Eq. (4.4). anti Eq. (4.31) one encoun­

ters the  in tegrals of the  following form:

/  =  j  ck<k'Q(2Rc -  |x -  x ' j ) 0 ( ^  -  | x | ) 6 (  ^  -  : x ' | ) / ( | x  -  x ' j )

1 will show tha t  this in tegral can he simplified. (The condition j  < 2R, is assumed to 

hold, i The in tegrand  is nonzero if e ither of the following two conditions is satisfied:

x' < x

x' > $ -  2 or 

x' >  x

x '  <  y  -f 2 Rr

T he resulting region of in tegration  is shown on the graph C . l .  The integral is then:

/ = j  ik  j  <tr'f(\x -  x")  -  j  dr j  <k'f(\x  -  x")  -

r i
-  ilv f k ' f ( \ x - x ' )  =

Jl±-2Rr  J m

=  I '  <k I ' ck' f(\x  -  r ' | )  ^  2  I  ‘  ik I ' ' <k’f(  x  -  . r ' 1 )

J - i  J±±-2tL. J  ^\ 1

One can take advan tage  of the fact the integrand is tin* function of \x -  x r only by 

changing variables:

u = x  — x

rr =  x  -r X
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Figure C'.L: Integration region (shown in gray) for the calcu lation  of the cohesive 

energy.

The .Jacobiau of this transfo rm ation  is equal to 2. As an illustration , tin* resulting 

tr iangu la r  in tegration  region in the new coordinates is shown on the Figure C.2. In 

rhe new coord inates  the  integral over c can be done and  the final expression for the 

integral is:

/  =  ^  rAt(A — *2u ) / ( | u | ) +  j  du(2u -  A ) /( ju i)  =  (C .l)

=  2 j  (hiu f i  u ) — 2 ^  ibtuf{ it ) -  A j  ihif  l u ) ~  2A j  <hi/ 1 u i
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Figure C.2: Triangular integration region (shown in gray) in the new coordinates.
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Appendix D 

Small Wavevector Limit of the 

Cohesive Energy in the Parallel 

Alignment.

Recall, tha t the order param eter of the stripe modulated in the y direction has the 

form:

A (x . i / )  =  0 ( j  -  |j |){ 1  -  -t- £cos(Q y(/)}
^<y^y

as we saw in Eq. (4.29). corresponding to the stripe that consists of a uniform and 

modulated parts.

My objective here is to use this order parameter that has the correct limit at

133
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Q, , -> 0  and  perforin the sam e calculation of the cohesive energy as in Sec. 4..': 

to ta l  cohesive energy is m ade up of throe pieces:

•  in terstr ipe  in terac tion

j  (ixih) J  ( fr 'dy 'Mf-  i / ) '^ / / ( - r  -  s ' ,  tj -  / / ) A ( r \  ; /

•  the energy of the  uniform s ta te  th a t  we sub trac t

v j  ( kdr 'eClR , .  -  \x - s ' \  ) -r  = Rr ~  ~

•  and the ex ternal po ten tia l  energy.

v sin Q,jL,j _  r sin Q VL,, 
2 (1,1.,, ~  r 2 Q„L„

The external po ten tia l  energy contr ibu tion  is evaluated similarly to (4.33):

I  drrhjv co s (Q v/;)0 (  ^  -  T! ) ( l  -  s -  £ cos( Q,,y) =
- v  J  3 Q,,L <i

= j  dr&{ -  -  Ixj) I  (hj{ 1 -  i'os(Q,,!/j}cos{Q,,!
2-v J  3 J Q,j L,j

  t' j  ( .  ^.sin QyL,j  \  sin Q,,Ly ^ /  sin 2(J,,L,, \  1 _

_ 2 U  ( 1 , 1 ,  ) ~ Q ^ T ~ 2 \  2 Q„L„ ) j  =
_  r sin Q,,L,, _  c 

~  2 Q„Ly s ’

where I have in troduced  the notation:

c J 1 /  sin 2 Q tJL , , \  ( sin Q,,L,j

■ ■ 2 1 2 V  "  IQ yLy  J  V QyLy

I would like to rem ark  th a t  \ ’ —> 0 as Q,, —> 0.

. The
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C a l c u l a t i o n  o f  t h e  i n t e r s t r i p e  i n t e r a c t i o n  t e r m  g iv e s  t h e  f o l l o w i n g  re s u lt :

, c*illQyLij\ r  .~,c  ( , csinQû -u \  ^
r )  s i  )  ~ o j ^ ~  2 1 1

sin 2 Q,j L j ,

IQyLy

iD. l l

where I have in troduced  the  no ta t ion  for the  energy of the uniform  part

E  = j
r AJ
— -  2AR ,  -  \R;.

and  th a t  of the  m odu la ted  part

.7 =

—4/?,../t (2 Q V/?,) -  \  s in (2 Q,.R,,  ) ~  -A Q V I
Ji)

Notice that  since J \ ( z )  c /2  and  ./of;) ~  I. as Q u —• 0 the energy of the  m odula ted

part  ./ goes over to  E  as it should. Obviously in the limit of very long wavelength the 

cost energy a m odu la ted  s tr ipe  is reduced to the  energy of the  uniform  one. T in 1 to tal 

in terac tion  energy (D. l )  is reduced to just the  energy of one to ta lly  uniform stripe.

T he  m inimal value of £ is calcu la ted  by minimizing the in teraction  and  external 

po ten tia l  terms:

C_________
< % m t n  —

r - r 2 -  E )
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The m in im al value of the to ta l  cohesive energy is then:

( r  +  2 â % ^ ( . /  -  E
e =  e0 -

•-> )  r  ( i , $ \ n Q v L , , \  , o  r  /  si n Q , , L , t \ ~  ,  T  (  s m  Q V L V \ '
2 \ J { l ^ - Q ^ r ) ^ 2 E [ - Q ^ r )  - - u { ^ r r )

Finally, in the  limit Q,,RC <  Q,j L,j 1 the  cohesive energy goes to:

'2 1'2
( = fo — — (QiyF.J"

OC(j
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