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Abstract.

Studies in Low Dimensions:
Modulated Stripe Phase in the Quantum Hall Effect;

Correlators in the Calogero-Sutherland Model.

by Lenny Tevlin
Advisor: Prof. Joseph L. Birman

In the first part of this work [ investigate the structure of the ground state
of a two-dimensional electron gas in the presence of weak transverse mag-
netic field and a weak external periodic potential. The ground state of the
system without periodic potential is thought to be a unidirectional guid-
ing center charge density wave. This state describes electrons arranged
in stripes periodic in one direction (the stripes are uniform in the other

direction): therefore this state often referred to as a stripe state.

The effect of the periodic potential is considered in two cases: when the
potential is perpendicular to the direction of the stripes. and when it
is parallel to them. In both cases we calculate the cohesive energy. In

the first case we also obtain modifications of positions and widths of the
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stripes due to the external potential. In the second case the stripes can
only change their widths and we calculate this change. [ also study the
conductivity of the striped state in the periodic potential. [ find that the
correction to the conductivity scales as the square root of the amplitude
of the applied potential when the potential is perpendicular to the stripes.
The sign of the correction depends on the value of the ratio of the period of
the external potential and the natural period of the charge density wave.
Certain period matching conditions lead to a decrease. while others to an

increase in the conductivity.

In the second part. [ present the calculation of correlations functions of
the Calogero-Sutherland model. The model. describing one-dimensional
electrons with long-ranged interactions confined to a circle. is exactly solv-
able. [ extend the method of Jack polynomials to the calculation of the

dynamical polarization tensor.
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Chapter 1

Preface.

[ used to be indecisive but now [ am not so sure.

attributed to Boscoe Pertwee'. 18th century wit.

las quoted in [64].
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1.1 Overview of Results Concerning Two Dimen-

sional Electrons in a Weak Magnetic Field.

One fundamental goal of contemporary condensed matter phyvsics seems to be to
understand the ground state of the two-dimensional electron system and to explore
its experimental signatures. In the presence of a large perpendicular magnetic tield
B. the kinetic energy of two-dimensional electrons becomes quantized into discrete
highly degenerate Landau levels. At high B onlv the lowest (V' = 0) Landan level
is occupled. and the two-dimensional electron system exhibits its most spectacular
phenomenon: the Fractional Quantized Hall effect [T1]. At lower magnetic fields the
higher Landau levels become oceupied. and in the third or higher (V> 2} Landan
levels no Fractional Quantum Hall states have been observed. Recent experiments
have nevertheless uncovered extraordinary transport signatures unique to the high
Landau level regime. pointing to the existence of a new class of manv-body states
distinct from the incompressible quantum fuids responsible for the Fractional Hall
states ;8. 10]. The most striking of these signatures is the development. at verv
low temperatures. of strong anisotropies in the longitudinal resistance of the two-
dimensional electron system. Some details of the experimental results are reviewed

in Sec. 3.1.
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This experimental discovery was anticipated theoretically by Fogler et. al[11] and
Moessner and Chalker [13] who proposed the guiding center charge density wave states
as the ground state in partially filled higher Landau levels 81, 710] The observations
of anisotropic conducting states between filling fractions v of 9/2 and 21/2 15 now
considered to be convincing experimental evidence for the existence of these striped
states at these filling fractions. Exact diagonalization studies [17] on small systems
have given further support to the existence of a unidirectional charge densitv wave
ground state (also referred to as a stripe state) in a partially tilled Landau level. The
theory of the formation of the stripe state is discussed in Sec. 3.2 and Sec. 3.6.1.

The renormalization group analysis of Macdonald and Fisher 167 suggested that
the stripe state is unstable against the formartion of a Wigner crystal due to backscar-
tering. Numerical calculations of Coté and Fertig [18] indicate that this highly
anisotropic crvstal is indistinguishable from the unidirectional charge densitv wave.
Hartree-Fock approximation therefore seems to adequately describe the ground state
of the partially filled higher Landau levels. Lopatnikova et. al {19] have described
the low energyv excitations of the stripe state and calculated the low energy elastic
parameters of the svstem.

[t seems natural to study the interplay of interaction-induced periodicity with

an external commensurable (or incommensurable) periodic potential. [ndeed mea-
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surements of the magnetoresistance in lateral superlattices with period close to the
expected period of the charge density wave have been performed 23, These ex-
periments show a shallow and broad minimum with peaks on both sides when the
direction of the current is parallel to the direction of the external potential and a
small peak when the direction of the current is perpendicular to the potential. On
the theoretical side. numerical works [27]. [25] have initiated the study of the infiu-
ence of the periodic perturbation. By applving an added periodic potential we put an
additional externally controlled length scale into the problem. Thereby we can test
the robustness of the previous solutions. and predict new physical effects.

[n this part of the thesis [ investigate the strucerure of the ground stare of two-
dimensional electrons in a weak magnetic field ar half filling in the presence of a weak
periodic potential. The goal is to determine the circumstances when each orienta-
tion of the stripes with respect to the external modulation (see below) is realized.
and establish possible experimental signatures of a given orientation. The analogous
problem for the Fractional Quantum Hall states has been considered in {201 and 21..

One can distinguish two cases: when the external modulation is perpendicular to
the direction of the stripes in sec. 4.2, and when it is parallel to them in sec. 1.3

When the external modulation is perpendicular to the direction of the stripes. each

stripe can expand or shrink as well as move as a whole with respect to its unperturbed
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position to take advantage of the external potential and lower its energy. \Whereas
when the external modulation is parallel to the stripes. each stripe can reduce its
energy by modulating its density along the applied potential and changing its wideh
(without shifting its center).

[n both cases I calculate the cohesive energy and find a decrease in the cohesive
energy proportional to the square of the amplitude in agreement with numerical
simulations [27]. {25].

Based on the comparison of the cohesive energies. in Sec. (4.4). I calculate thar
alignment parallel to the direction of the external modulation has lower cohesive
energy tor all periods of the exrernal potential.

[n the tirst case [ also obtain modifications of positions and widths of the stripes
due to the external potential (see section 4.2). In the second case the stripes can only
change their widths and [ calculate this change.

[ also study the conductivity of the striped state in the periodic potential. [ tind
that the correction to the conductivity scales as the square root of the amplitude
of the applied potential when the modulation is perpendicular to the stripes. The
sign of the correction depends on rhe value of the ratio of the period of the external
potential and the natural period of the CDW. Certain period matching conditions

lead to a decrease . while others to an increase. in the conductiviry (see section 4.3).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1.2 Overview of Results Concerning Correlation

Functions of the Calogero-Sutherland Model.

Besides being intrinsically interesting as models describing artificially made one-
dimensional svstems. exactly solvable models of electrons restricted to one dimension
can be thought of as a proving ground for the emerging methods of dealing with
strongly interacting particles.

In the world of one-dimensional models a special place is reserved for the Calogero-
Sutherland Model. The introduction of this model dates back to Moser 31; for
classical svstems and Calogero and Sutherland 732} for quantum systems.

The Calogero-Sutherland model is intimatelv related to the circular ensembles
in random matrix theorv. [n particular. the eigenvalue distribution function for the
orthogonal. unitary. and symplectic random matrices correspond to the ground state
wavefunctions of the Calogero-Sutherland model at specific values of the interaction.
First static correlation functions of the Calogero-Sutherland model have been calcu-
lated using the techniques developed for the random matrices {73].

Later. Simons et. al. [34] succecded in utilizing the supersummetric algebra ap-
proach to the calculation of the dynamical density-density correlation function for the

Calogero-Sutherland model at special values of the coupling constant. Haldane and
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Zirnbauer [15] used a similar method to calculate the one-particle retarded Green'’s
function in the symplectic case.

The most powerful approach was developed by Z. Ha [40]. who recognized that the
cigenstates of the Calogero-Sutherland model can be written in terms of Jack poly-
nomials {39. 38]. This allowed him to calculate the exact dyvnamical density-density
correlation function and the one-particle retarded Green’s function at arbitrary in-
teraction strength. Further progress was made by F. Lesage et. al.. who calculated
the advanced Green's function at arbitrary interaction strength.

[n this part of the work [ will extend these methods to the calculation of the full

dvnamical polarization tensor.
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Part 1

Two Dimensional Electrons in a
Magnetic Field and Periodic

Potential.
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10

Glossary.

For convenience. below [ have collected definitions and typical values of parameters
used in Part [ of this work.

Thev are based on the parameters of the system. such as the effective electron
mass in GaAs

m = 0.068m,..

magnetic field B (taken to be 2 T for estimates). density
n~27x10"em™

or Fermi wavevector in zero magnetic field

background dielectric constant

K~ 13

10
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And fundamental constants: electric charge e. electron mass m,. Plank’s constant h.

speed of light c.
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Definition

Cvclotron energy:

Magnetic length:

Cvelotron radius:

Effective Bohr radius:

Filling factor:

Landau Level index:

Average filling factor of

the partially filled Landau level:

The parameter characterizing
the strength of electron-electron

interactions:

The electron density of a filled

Landau level:

Form-tactor:

The strength of Hartree-Fock

interaction:

Symbol
b = hed
mec
= he
= o5
RL = v EAYE Y
— h-n
ftg = r:w-'
v = kjt?
AY

Ug = ﬁ"’*"c 27235

Typical value

4 meV’

15 nm

10 nm

<
—

v
BV}

~ 0.9
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Chapter 2

One Particle Properties of
Electrons in a Magnetic Field and

Periodic Potential.

13
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2.1 One particle properties.

To a certain extent. the structure of (interacting) many-particle state(s) we are in-
terested in is a reflection of one-particle (noninteracting) properties: the particle
trajectory (in classical case) and its wavefunction (in quantum mechanical). [t is the
ring-like structure of electronic wave-functions on higher Landau levels that is respon-
sible for the creation of charge density wave state that will be the focus of subsequent
chapters.

[ will examine one particle dvnamics both from the classical in Sec. 2.1.1 and
quantum mechanical points of view in Sec. 2.1.2. As [ am ultimately interested in
the combined effect of the interactions and external periodic potential. T will look at

the influence of the periodic potential on one-particle properties in Sec. 2.2

2.1.1 Classical Mechanics of a Particle in a Magnetic Field
in Two Dimensions.

The classical Lagrangian for a particle in a constant magnetic field is i67]:

| S €.
L= ;)—nu"‘r“ — — AR, (2.1
- (&

where p = 1.2 refers to r and y respectively and A is the vector potential evaluated

at the position of the particle. (I will use the repeated index summation convention. )
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Using
()C e .. . i Y
— = ——1* 9,4 (2.2)
a.rY c

and
oL €
— =mr’ - -4 (2.3)
orv I

the Euler-Lagrange equation of motion becomes
v e Pa I . vy i B
mi¥ = —-[9,4* - 9, A"] i*. (2.4)
A

Using

B=VxA (-

[ 3
ol

the equations of motion can be explicitly writren

mr = —-—uy

!v
(@]

my = ——TIr. [

The general solution of these equations corresponds to motion in a circle (or eveloid

in three dimensions) of arbitrary radius R

[ I
=1

r = (rg + Rcos(wet +0). yg +~ Rsin(o.t +0)). (

Here rg = (rg.yg) is the position of the center of the orbit. 4 is an arbitrary initial

phase. and

eB

mce

14
o
i
o
(@ 7]
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is the classical cvclotron frequency. The period of the orbit is independent of the
radius and the tangential velocity v = (—x Rsin{w.t + d). o Rcos(wct +0)) controls
the radius:

R=— (2.9)

A fast particle travels in a large cirele but returns to the starting point in the same
interval of time as a slow particle which (necessarily) travels in a small circle. On the
classical level the problem possesses an invariant (angular momentum):

t )
.\;=rrzrxv-i~7)-—(r?<i)'. (2.10)
20

[t is a simple matter to verify that {H..\.} = 0. due to rotational symmetry. where
{. } are the Poisson brackets.
In preparation for the quantum mechanical treatment [ now turn to the Hamil-

tonian formulation {66]. Since we have the Lagrangian we can deduce the canonical

momentuin
L
TR
P T gk
= mtt - ::\“. (2,11
(&
and the Hamiltonian
Hlp.x] = #p* - L(x.x)
1 e e
= .—(p“-%-—:l“) (1)“—1——.4“)‘ (2.12)
2m c c
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The quantity

[ = p + <4 (2.13)
C

is the mechanical momentum. Hamilton's equations of motion

o= O_H = _}_[‘[l‘ (2.14)
apr  m
OH ¢ ‘
o= 2 — - A} O 2.15)
b or# me ([) ¢ ! >()u =5

show that it is the mechanical momentum. not the canonical momentum. which is

equal to the nsual expression related to the velociry

[T* = mr*. (2.16)

Using Hamilton's equations of motion we can recover Newton's law for the Lorentz
force given by (2.6).
To write down the Poisson brackets of the invariant .\. with the mechanical mo-

mentum and position more economicallv. [ introduce

M. =M, = dl, and S = r =1y (2.17)

Then the complete algebra of Poisson brackets is:

)

(H.\)

(H.I.} = =I.
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{\og2) = =¢: (2.18)

[ will show below that upon quantization this algebraic structure is preserved with
Poisson brackets replaced by Lie brackets.

[t is interesting to notice that it is possible for the particle to have a finite velocity
while having zero (canonical) momentum. Furthermore the canonical momentum
is dependent on the choice of gauge for the vector potential and therefore is not a
phvsical observable. The mechanical momentum. being simply related to the velocity
(and hence the current) is physicallv observable and gauge invariant. The classical
equations of motion only involve the curl of the vector potential and so the particular

gauge choice is not important at the classical level.

2.1.2 Quantum Mechanical Properties of a Particle in a
Magnetic Field in Two Dimensions.

The quantum mechanical Hamiltonian for a spinless electron in the magnetic field is
'68]:

Hz‘L(p—iA)l. (2.19)
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where p and A are now quantum mechanical operators. The quantum mechanical

analogs of the classical quantities ry. yo. ry. R* are

. . v, . 1 0 ¢
Iy = _[——/:_[— (_lh'.——--'{l/)
" mo, dy ¢
I 1 d
o = yw —=y- t—th=— - -4,
- me, dr ¢
2 a2 w2
'y = TgT Y
. T+
‘) r |/
R = —
<
. SRR S 2 NS NN UMY S I . \ . R TS,
where ¢, = —=(H.r, | = —{ 1h,)r“ =4,). The commutators of the velocity compo-
nents read:
L h* -_~
e Uy = 10—, (2.20)
S mae?

where [ have introduced the magnetic length

—_—

(o e (291
=Vip 22
One can easily establish that
"H.iy) = H.jy = H.R* =0 (2.22)
but
(Lo, go} = —i* (2.23)
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[n fact. we can see that the operator corresponding to the radius of the evelotron or-
bit is proportional to the Hamiltonian, R* = % and therefore will have well defined
eigenvalues for every eigenstate. The noncommurativity of ry and yy implies that
the center of the orbit obeys the uncertainty relation NrgAyy > ¢2/2. However. the
position of the square of the center of the orbit is conserved: [H. " = [R?. 7,7 = 0.
(The operator 7" is a linear combination of the Hamiltonian and the angular momen-
tum operator \..) The coordinates of the center of the orbit become commutative in
the infinire field limit where £ — 0.

The algebraic structure of the Hamiltonian (2.19) becomes clear with the intro-

duction of the operator analogs of (2.17):
M. =0, =1, and (. = r =1y (2.24)

and the angular momentum operator \.:

- N (T . o
A =—irxV-:+T(rx:)‘B. (2.23)
.

Then the Hamiltonian can be expressed as

H=-(0_M_~T_I.) (2.26)

o —

and the algebra of H. AL s

[H.\] =0
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=
z,
i
i
H
-

=
jan B
w
I
H
=
H

(2.27)

Expressed in the algebraic language. these commutation relations imply that ..\,

constitute an SU°(2) Lie algebra. while the Hamiltonian is rhe bilinear gquadrartic

Casimir operator of this algebra (and belongs ro the enveloping algebra ot SU(2)).
To display the wavefunctions one has to choose a gauge for the vector potential.

One popular and convenient choice is the Landau gauge:
Ar)=rBy (2.2

which obevs ¥ x A = Bz, In this gauge the vector potential points in the y direction
but varies onlv with the r position. as illustrated in Fig. (2.1). Hence the svstem still
has translation invariance in the y direction. The magnetic feld (and hence all rhe
physics) is translationally invariant. while the Hamiltonian is not. The Hamiltonian

can be written in the Landau gauge as

l ) ( 3 9 90
H= (vt -, - -B07) (2.29)

’

Taking advantage of the translation symmetry in the y direction. a separation of

variables can be accomplished by writing the wave function in the form

el y) = ¥ fla). (2.30)
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Figure 2.1: [Hustration of the Landau gauge vector potential A = rBy. The mag-

a galg Y 1)

netic field is perfectly uniform. but the vector potential has a preferred origin and

orientation corresponding to the particular gauge choice.

This has the advantage that it is an eigenstate of p, and hence one can make the
{>] o /]

replacement p, — fik in the Hamiltonian. After separating variables one has the

effective one-dimensional Schrodinger equation

Hy fi(r) = e filr). (2.31)
where
1 -y fB 2
He= —pt = — [m=20) (2.32)
2m 2m ¢
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This is simply a one-dimensional displaced harmonic oscillator [1}:

1 1

) ‘)
Hk = Db, T 3771;-.',

9y 2
o .f - .) -)t
2’” 5 (.L ’ lxt ) (-13)
whose frequency is the classical eyvelotron frequency and whose central position X' =

—k¢* is determined by the y momentum quantum number. Thus for each plane wave

chosen for the y direction there will be an entire familyv of energy eigenvalues
o1 -
€xv = (VN + —))rl,*( (2.31)

which depend only on NV and are completely independent of the y momentum £k

The corresponding eigenfunctions are:

RUAWA S 2] -\
Winiey) = : =——===—= XD ‘¥| H <I—> 2,301
~UV NN, 2t j

Here L, is the y dimension of the system. Hy (r) is (as usual for harmonic oscillators)

the \** Hermite polynomial {74] displaced to the new central position X. ¢ is the
magnetic length as introduced in (2.21) The position X is called a "guiding center
coordinate”™. The wavefunctions are extended in the y direction and have a finire
spread in the r direction.

These harmonic oscillator levels. labelled by N are called Landau levels. The
cvelotron radius takes discrete values proportional to the square root of the Landau
level index:

R:=(2N +1)¢? (2.36)
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Figure 2.2: Ilustration of the r dependance of the one particle wavefunction in the
fifth Landau level. The wavefunction decavs very rapidly for r greater than the

cvelotron radius R, = V1~ 3.3

The cvclotron radius determines the spread of the wavefunction in the r direction.
These wavetunctions are also eigenfunctions of the operaror ) with the eigenvalue
—hk/mo. A graph of W, 5 is shown on the Figure 2.2.

Due to the lack of dependence of the energy on A. the degeneracy of each level

is enormous. as [ will now show assuming periodic boundary conditions in the y

direction. This implies that X' =

daee . . - .

=—s. with s integer. Because of the vector potential
-y

it is impossible to simultaneously have periodic boundary conditions in the r direction

However since the basis wave functions are harmonic oscillator polynomials multiplied

by strongly converging gaussians. they rapidly vanish for positions away from the
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center position X' = —kf2 Let us suppose that the sample is rectangular with
dimensions L,.L, and that the left hand edge is at r = —L, and the right hand
edge is at r = 0. Then the values of the wavevector & for which the basis state is
substantially inside the sample run from & = 0 to A = L,/¢%. [t is clear that the states
at the left edge and the right edge differ strongly in their & values and hence periodic
boundary conditions are impossible. (The best one can achieve is so-called quasi-
periodic boundary conditions in which the phase difference between the left and right
edges is zero at the bottom and rises linearly with height. reaching 27Ny = L L,/ #*
at the top. The eigenfunctions with these boundary condirions are Jacobi elliptic
theta functions (741 which are linear combinations of the gaussians discussed here

70 The total number of states in each Landau level is then

L, [t ° L.L .
—’/ dk = =—2 = N\, (2.37)
27 Jo 2mes
where
B )
v, = BLby (2.38)
({)0

is the number of flux quanta penetrating the sample. Here &y = he/e is the magnetic
flux quantum. Thus there is one state per Landau level per Hlux quantum.

Even though the family of allowed wavevectors is only one-dimensional. we find
that the degeneracy of each Landau level is extensive in the two-dimensional area.

The reason for this is that the spacing between wave vectors allowed by the periodic
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houndary conditions i—: decreases while the range of allowed wave vectors [0. L,/(?]
increases with increasing L. One may also worry that for very large samples. the
range of allowed values of & will be so large that it will fall outside the first Brillouin
zone forcing us to include band mixing and the periodic lattice potential bevond the
effective mass approximation. This is not true however. since the canonical momen-
tum is a gauge dependent quantity. The value of & in anv particular region of the
sample can be made small by shifting the origin of the coordinate svstem to that
region (thereby making a gauge transformation).

The width of the harmonic oscillator wave functions in the N Landau level is of
order of the evelotron radius. v/ N, This is microscopic compared ro the svsrem size.

but the spacing between the centers

a = - 12.39)
is vastly smaller (assuming L, > ¢). Thus the supports of the different basis states
are strongly overlapping (but they are still orthogonal).

[t is often convenient. in particular for the physics in the lowest Landau level. to
analvze the problem in the svmmetric gauge

I
A= 3B X T (2.40)

Unlike the Landau gauge which preserves translation svmmetry in one direction.
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Figure 2.3: Hlustration of the svmmetric gauge vector potential A = L Byr - ry).

The vector potential is rotationally svmmetric around the origin.

the syvmmetric gauge preserves rotational svmmetry about the origin.  Hence we
anticipate that angular momentum (rather than y linear momentum) will be a good
quantum number in this gange. Indeed the ring-like structure of the higher Landau
level wavefunctions becomes manifest in the svmmetric gauge.

For simplicity [ will restrict myself to the lowest Landau level only and simply
ro avold some awkward minus signs) change the sign of the B field: B = -B:.
With these restrictions. it is not hard to show that the solutions of the free-particle

Schrédinger equation in the lowest Landau level having definite angular momenturn
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are

1
DY ——L P (2.41)

V2 emmt

where z = (/¢ is a dimensionless complex number representing the position vector
r = (r.y) and m > 0 is an integer. (Note that Z. the complex conjugate to z. does
not appear in the preexponential factor.)

As we anticipated. these wavefunctions are also eigenfunctions of the operator
A. and their angular momentum eigenvalue is im. [f we restrict our attention to
the lowest Landau level. then there exists only one state with any given angular
momentum and only non-negative values of m are allowed. This "handedness™ is a
result of the chirality built into the problem by the magnetic feld.

[t seems rather peculiar that in the Landau gauge we had a continuous one-
dimensional family of basis states for this rwo-dimensional problem. Now we find
that in a different gauge. we have a discrete one dimensional label for the basis
states. Nevertheless. we still end up with the correct density of states per unit area
as the peak value of |2, occurs at a radius of Ry = V2me2. The area 2567 m of
a circle of this radius contains m Hux quanta. Hence we obtain the standard result

of one state per Landau level per quantum of flux penetrating the sample.
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2.2 What Happens to Landau Levels in a Unidi-

rectional Periodic Potential.

The effect of a periodic potential on the behavior of electrons confined to a plane
and split into highly degenerate Landau levels by a uniform magnetic field has been
studied on many ocecasions 2. 3. 4]. In the Landau gauge (2.28) an electron in a

periodic potential is described by:
1 Y e Y . . )
H=— (p; +(py + —B.l')') ~1ycosQur (2.42)
2m ¢
The eigenfuctions of this Hamiltonian are of the form:
el y) = e fr). (2.43)

Since the problem is still translationally invariant in the y direction. the guiding
center coordinate remains a good quantum number just as in unmodulated case. fi's

are eigenfunctions of the one-dimensional Hamiltonian:

l ) l ) 3y 2 .
f[k' = —)—;p; - 3"1.*'; (J' -+ k!-) - ‘0 COs Q.L' (-)*L-l)

Using the wavefunctions of the N'A Landau level of the unmodulated system (as in

2.33) as a basis set. the calculation of the matrix elements of the modulating potential
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gives:

. i DN e fOQUENNTY L QU Ox vy
=t () S () e () et

(2.45)

ol

’r

where L3, (r) is a Laguerre polynomial [74].
The resulting energy spectrum has been numerically calculated in [4]. They found
that for realistic values of the Fermi energy ( = 10 me\V ) and B > 0.1T the first

order perturbation theory result. given by the diagonal elements of the hamiltonian:

1 . 2,0 O3+ .
E.\‘(.\.) = ﬁw’,;(.\’ - -)') - ‘U('—gt_ L_\' (2')—> ('()Sl().\ ) (2.406)

gives an excellent approximation for large quantum numbers.

The periodic potential lifts the degeneracy of the Landau levels and leads ro Lan-
dau bands of finite width. The bandwidth (= '21})(5‘9#[‘_\4 9%)) actually depends
on the band index in an oscillatory manner. This is a consequence of the properties
of rhe Laguerre polvnomials. Physically it reflects the fact that with increasing V.
the spatial extent of the wavefunction increases as R, = v2.V + 1€ as in (2.36). In
effect. each electron senses the average of the periodic potential over an interval of
width 2R,.

The change in energy of electrons in a half-filled Landau level with guiding centers

stretching from —.\/2 to .\/2 due to the modulation potential is given by the average
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of the potential over the interval \.

AF, = =— sin

e S Le(2E) QA .
Q‘\ (T) (_.‘ll)

If the same number of electrons are allowed to occupy a narrower region in the real
space (raising the local filling factor to one). for instance. from —\/4 to \/4 the

associated energy cost comes to

; _ R ’ o
RANY: e L (Q-¢-72y Q\
AF, ., = 0¢ Q;(? : slll(%—) (2.18)

The former state is uniform. while the latter can be thought of as a stripe. Therefore.
for noninteracting electrons the energy difference between the ordered stripe and the

uniform state. i.e. the cohesive energy of the noninteracting stripe is:

.o_Qi 202
{ T Ly(EE ) )
AE, - AE = o Q\.\( ) (‘lsin (%) — sin (Q—\>> (2.49)
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Chapter 3

The Ground State of Interacting

Electrons in Moderate Magnetic

Fieldvs.

A zebra is a light-colored animal with dark stripes:

not a dark one with light stripes.'

! American Museum of Natural History [65]. After discovery in South Africa that dark parts of

zebras fade while light parts remain unchanged.

32
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Overview.

This chapter is devoted to the exposition of experimental and theoretical results that
lead to current understanding that two-dimensional electrons in a weak magnetic field
at half filling in an upper Landau level organize rhemselves into a stripe state. In
section (Sec. 3.1) [ discuss one of the experiments performed by J. Eisenstein’s group
that clearly demonstrated the novel phyvsics of the svstem.

[n Sec. 3.2 [ summarize the foundation of basic assumptions that allow one to
proceed with rthe derivation of the stripe ground state in Sec. 3.6.1.

[n the latter section [ show how the screened interaction combined with the strue-
ture of one-particle states in higher Landau levels leads to the formation of the guiding
center charge density wave. The Hartree-Fock interaction turns out to be short-ranged
and. moreover. at certain wavevectors, the exchange part becomes greater than the
direct one making the formation of the charge density wave energetically favorable.
The logic of the calculations in this section differs from the one originally presented in
11] and is more suitable for the consideration of the svstem in an additional periodic

potential to be considered in Sec. 4.2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

3.1 Experiments: Bumps and Wiggles in the Mag-

netic Field Dependence of the Resistivity.

New collective phenomena in two-dimensional electron systems have largely been dis-
covered by examining the behavior of the magnetic field dependence of the transport
coefficients p,, and p,,. For instance. the famous v = 1/3 Fractional Quantum Hall
Effect was discovered in [3] by noting the unexpected deep minimum in p,, and a
plateau in p,, at that v = 1/3.

The same trend has continued and applies to the situation of interest here: anoma-

lies in the resistivity on high Landau levels were noticed as far back as in 1988 '6i.

3.1.1 Creating Two Dimensional Electrons: Inversion Lay-

€ers.

Experimentally two dimensional electrons are realized in tnversion layers. Inversion
lavers are formed on the interface between two semiconductors (or a semiconductor
and an insulator). GaAs/AlGaAs systems are currently experimenter’s combination
of choice as it allows the manufacture of two dimensional electron gases where the

effect of impurities can be made very small. The basic idea of the inversion laver
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is to arrange that an electric field perpendicular to the interface attracts electrons
from the semiconductor to it. These electrons sit in a quantum well created by this
field and the interface. The motion perpendicular to the interface is quantized and
therefore under appropriate conditions only the lowest energy level is occupied. The
result is a two-dimensional svstem of electrons.

[n the GaAs/AlGaAs svstem AlGaAs has a wider band gap and plays a role
of the insulator. [t is deliberately doped n-type. putting mobile electrons into its
conduction band. These electrons will migrate to the bottom of the GaAs conduction
band. The positive charge left on the donor impurities will attract these electrons to
the interface and bend the bands in the process. This is the source of the electric
field in the svstem. The conduction band bends below the Fermi surface near the
insulator-semiconductor interface. This is the tneersion layer. with the bottom of the
of the conduction band below the top of the valence band. inverting the normal order.

One of the major advantages of the GaAs/AlGaAs svstem from the experimen-
talist’s point of view (see. for instance. M. Cage in [70]) is that it lends itself very
well to the molecular beam epitaxy techniques. allowing growth of atomically sharp
interfaces called heterojunctions. This results in the lowest impuritv densitv. and
the lowest density of interface defects available. Another important technique is to

implant necessary donors physically away from the interface of the AlGaAs. This is
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known as modulation doping. and results in almost all of the impurity dopant atoms
residing several hundred Angstrom away from the inversion layer. The quality of
the samples is conventionally characterized by the electron mobdity in zero magnetic

tield. Better samples have higher mobility.

3.1.2 Experimental Evidence of Resistivity Anisotropy.

Figure 3.1.2 from Ref.[9] illustrates the anisotropy of the longitudinal resistance seen
in high Landau levels at T = 50mK. The sample Lilly et. al. used in their experiments
is a modulation-doped GaAs/AlGaAs heterojunction containing a rwo-dimensional
electron gas with sheet density of n = 2.7 x 10'em™ and a mobility of 11 =< 10"
cem?/Vs. This structure was grown by molecular beam epitaxy on a {001) GaAs
substrate.As the insets suggest. the sample geometry consists of a square mesa. 2.5
mm on a side. etched onto a larger square chip. For the data in Fig. 3.1.2. the
solid curve corresponds to current flowing between corner contacts along the diagonal
of the square which is parallel to the (110) crystallographic direction while for the
dotted curve the current flow is between corner contacts along the diagonal parallel to
{110). The insct to the figures identifies these diagonals. For cach trace. the measured
voltage is that between the two midpoint contacts on one side of the current flow axis.

These two orthogonal resistance measurements vield vastly different results when the
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two dimensional electron system Fermi level is near half filling of several spin resolved
Landau levels. The largest anisotropy Lilly et. al observed is in the .V =2 LL near
v = 9/2. At this filling a deep minimum was seen when the current is driven along
(110). while a tall peak is found with the current along (110). For the data shown.
the ratio of these resistances is about 60: in some samples the ratios as high as 3500
have been found. Substantial anisotropies have also been seen at v = 11:2.13,2
and several higher half-odd integers. These very large resistivity anisotropies (factor
of ~ 7 for the v = 9/2 data in Fig. 3.1.2) characterize transport in half-filled high
(.V' > 2) Landau levels. This contrasts sharply with the essentially isotropic transport
observed at v = 7/2 and 53/2 in the .V = 1 Landau level (shown in Fig. 3.1.2) and at
v =3/2in the N = 0 lowest Landau level. Fig. 3.1.2b demonstrates that for currents
applied between opposing midpoints of the square. i.e. along the (100) and (010}
directions. little anisotropy is seen at any filling factor. Collectively. these results
show that the principal axes of the transport anisotropy are roughly aligned along
the (110) and (110) directions. The origin of this anisotropy is still unknown. but

recent experiments [26] estimate the anisotropy energy to be = 1 mK per electron.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

Figure 3.1: Transport anisotropy in high Landau levels. a) current flow along (110)
(dotted) and (110} (solid). b) current flow along {010) (dotted) and (100) (solid).

Adapted from Ref. 9I.
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3.2 Why Should One Think about Polarized Elec-
trons Restricted to a Single Landau Level Even

in Weak Magnetic Fields?

The main argument regarding the ground state of the syvstem in Sec. 3.6.1 below
depends on counsideration of spinless electrons restricted to a given Landau level in a
clean svstem. In other words. we will assume that even in weak magnetic fields. where
the cvelotron gap fic. is small. the electron-electron interactions do not destrov the
Landau quantization and that there is no impurity potential present. Therefore the
first order of business is to present the arguments for validity of these assumptions.
This is what we will do in sequence. First. we will show that due to screening one
can neglect the Landau level mixing. After that we discuss spin excitations. We will
argue that energy scale of spin excitations is significantly higher than that of charge

excitations. Lastlv. we will discuss the role of impurities.

3.2.1 What the Screening Can Do.

The theory of the stripe state strongly relies on the existence of individual Landau
levels. This is far from being evident. but has been demonstrated to be true by

Aleiner and Glazman [14]. To see that the Landau level mixing is small. one has to
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estimate the interaction energy per particle at the upper Landau level and verify that
its absolute value is much smaller than fiw,.

Let us first consider an incompressible electron liquid with an integer filling factor
v = 2N, Because of the gap fi, in the spectrum. an external in-plane electric field
E can not be screened by the 2D electron svstem. I[nstead. it causes only a finire
polarization per unit area. P = €. The polarizability of the incompressible 2D
electron liquid reduces the interaction [7(r) between two point charges embedded

into it.

) " dlg 2xe?
U(r) =/ : (1,, 1qr, (3.1)
(27)2 Ry z(q)

where the rwo-dimensional dielectrie function z(q) is related to the polarizability

by 30°

.)__(

Hg) =1+ —\{y). 13.2)
.

where ~ is the background dielectric constant.
At small wave vectors. the matrix elements of the dipolar moment between elee-
trons in adjacent Landau levels. dy v _;. give the main contribution to the polariz-

abilitv. \ ~ nzidy v-11°/hee here
ng=—; i3.3)

is the electron densitv of a full Landau level (it is just the inverse of the number of
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states.Vyp calculated in Eq. (2.37). The characteristic spread of the electron wave
function on a high Landau level is equal to the cvclotron radius R.. and the estimate
of the dipolar moment is dv v ~ ¢R.. Substituting \ into Eq. (3.2). we find:

)

(g) =1+ —=q. (3.4
ag
where
ag = h*w/me- (3.9)

is the Bohr radius. Eq. (3.4) is valid onlv at small wave vectors. ¢R. <« 1. In the
opposite limit. ¢ R, > 1. a large number of Landau levels participate in polarization of
the two-dimensional electron liquid. Therefore. the standard Thomas-Fermi screening
holds:

)

gy =1- —. 3.6
qag

Formulas (3.4} and {3.6) match at ¢R, ~ 1: the corresponding value of the dielectric
constant. (¢ ~ 1/R.) ~ R./ag. is large (~ 10) in the weak magnetic field limit.
where R, > ag. The dielectric function for arbitrary ¢ has been calculated in 14
and is given by Eq. (3.10) below.

As follows from Eq. (3.4). polarization is irrelevant onlyv for interactions on a
very large length scale. r > R?/ag. where [U(r) is given by the unscreened Coulomb

interaction. At a smaller scale. R, < r < R?/ay. polarization is important.
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The renormalized potential is significantly smaller than fuc.. Therefore. unlike the
bare Coulomb potential. the renormalized interaction does not mix Landau levels.
Similar to the strong magnetic feld case. v < 1. the corresponding Hamiltonian is
just the energy of interaction between the electrons restricted to a single. partially
filled Landau level. The main difference is that in the present case the interaction
potential (3.1) is much smaller than the bare Coulomb potential. and the electrons are
restricted to the partially filled Landau level with a high Landau level index .V > 1
(in practice, we will consider N > 2).

Because of the strong repulsion between electrons at short distances. one might
expect that the interaction of overlapping wavefuncrtions ar rhese distances gives rhe
main contribution ro the energy of the manv-electron state. However, for the fullv
spin polarized electron svstem of the partially filled Landau level. the orbital part
of the manv-electron wave function is antisvmmetric. and vanishes whenever two
electrons have the same coordinates. This suppression of the wave function amplitude

compensates the large velue of the interaction potential at r < ag.

3.2.2 What About Spin Excitations?

Let us now turn to the discussion of the spin-fip excitations. The orbital part of the

many-electron wave function of such an excited state with one spin Hipped is no longer
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antisvmmetric. Therefore. the energy of such an excitation. is determined not only by
the bare Zeeman energy but also by the extra interaction energy associated with the
change in the structure of the orbital wave function. Because the orbital part of the
wave function is not antisvmmetric. the interaction on a short range (r < ap) now
contributes to the energv of the state. This corresponds to the well known exchange
enhancement of the g-factor[13]. (The bare value in GaAs is rather small g ~ 0.013.)
Flipping the spin of a single electron affects the exchange interaction of this electron
with all the other electrons of the same Landau level. All the lower Landau levels
carry equal number of electrons of both spin polarizations. and do not contribute to
the energy associated with the spin flip. Therefore. only 172N -th fraction of the total
electron density participates in rhe exchange enhancement. and the corresponding
contribution to energy of the spin-flip is approximately N times smaller than the
exchange energyv per electron at zero magnetic field. For a two-dimensional electron
gas with Fermi wave vector kg. the latter energy is of the order e?kp/n. and the
contribution to the energy of a spin-flip is of the order ¢2kp/#N. We see that in
the weak magnetic field. the energy scale of charge excitations ficc./.V is significantlv

smaller than the energy scale for spin excitations r fi.,.. where

1)

= (3.71
kpﬂg
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This is qualitatively different from the situation at low filling factor. v < 1. where

both these excitations are characterized by the same energy scale ¢?/x¢.

3.3 Why Should There Be a Charge Density Wave?

Usually the direct electrostatic interaction is repulsive and dominates over a weak
attraction due to exchange. In our svstem the Hartree part of the interaction vanishes
at the “magic” wavevector because no charge density is induced at that wavevector.
As a result. the exchange part of the interaction dominates over the direct one and
gives rise to a range of ¢'s around the magic wavevector where the netr effective
interaction nyp(q) is attractive. which leads to the instability.

The nodes of Fy(q) responsible for the vanishing of p(q) exist for a purely geomet-
ric reason that the quasiparricle orbitals are extended objects of a specific ring-like
shape. The size of the orbitals is uniquely defined by n and v. These two properties
seem to make the position of the global minimum verv insensitive to approximations
contained in the Hartree-Fock approach as well as many microscopic details. e.g.. the
functional form of e(q). thickness of the two dimensional laver. which affects & q).

ete r1_"
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3.4 Stripes vs. Wigner Crystal and Laughlin States.

The charge density wave state turns out to be the most energetically favorable because
it represents the correlations on the largest length scale in the problem. R.. The
correlations on the length scale (. built into the structure of. say. the Wigner crystal.
are much less effective.

One of the possible particle distributions is the Wigner crystal. i.e.. the state where
every other lattice site is occupied by an electron. Fogler et. al. [11] have shown that
the absolute value of its cohesive energy does not exceed . the maximum value of
the two-particle interaction potential. (Cohesive energy of any state is the difference
between the energy per particle of a that state and the uniform state.) [t will be
demonstrated below that at & = 1/2 the arrangement of the particles in a series of
equidistant large clusters of width ~ R, (often referred as stripes) allows the system

to attain the cohesive energy as small as

EY =—-(3- 2v"§)lt.). (3.8)

coh

As mentioned above. the reason that the charge densitv wave has the lowest cohesive
energy is because it incorporates correlations at the largest length scale of the problem.
R.. On the other hand. another class of states that could possibly compete with the

stripe state is the Laughlin states. Theyv describe the incompressible ground states
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at certain filling factors on the lowest Landau level. are thought to take into account
correlations on the length scale ~ # <« R.. Numerical simulation of {11. 22} also

indicate that the charge density wave has lower cohesive energy than Laughlin liquid

3.5 Role of Disorder.

[n the present work [ consider a clean svstem. i.e. totally neglect the effects of disorder
that is inevitably present in real samples. The role of disorder has been studied in
a recent paper by D. N. Sheng et. al. 28 where numerical diagonalization at
different amplitudes of the disorder potential has been performed. Their simulations
show that the presence of a very weak random potential associated with disorder
does not modifv the striped state. However. there exists a critical disorder strength.
~ 0.12¢?/k¢. which marks a transition/crossover from the anisotropic stripe phase
at weak disorder strength to an isotropic fluid phase above the critical value. as has

been shown in 28]
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3.6 The Effect of Screened Interaction on Elec-
trons in a Half-Filled Higher Landau Level:

Formation of Stripes.

In this section [ proceed with the Hartree-Fock calculation of the ground state and
its energy of electrons in a half-filled higher Landau level. This section consists of

three subsections:
e The Hamiltonian of interacting electrons is discussed in 3.6.1.
e The Hartree-Fock interaction is derived in 3.6.2.

e In 3.6.3 I discuss the charge density wave order parameter and calculate the

cohesive energy of the stripe state.

3.6.1 Hamiltonian of the Interacting Electrons Projected on
a Given Landau Level.

Our objective is to find the ground state of electrons in an arbitrary half-tilled higher
Landau level. Until Sec. (3.6.3) there is no need to restrict ourselves to a particular

filling fraction of the partially occupied Landau level. which we denote v = v - 2.V,
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There are N fully filled Landau levels below. with two spin sublevels on ecach. thar
screen Coulomb interactions of the partially filled Landau level as discussed above.
In the Landau gauge A = —Bury electronic wavefunctions are labelled by the

guiding center coordinate X and are given by:

)

A& r—\) -\
Py (r.y) = < xXp —(—i-——.—) Hy (l———>

o v NuL, e ;

as we have seen in See. (2.1). Eq. (2.35).

Fogler et al. "11 have shown and we will now recall. that due to the screening of
the inter-electron interaction by the lower filled Landau level electrons. the ground
state in the partially filled Landau level is the CDW and can be described in rhe
Hartree-Fock approximation. The Hamiltonian governing the low-energy phvsics of

the two-dimensional liquid in a weak magnetic field is given by:

l D6l
0o _ Z 2 3 :
H*’ff - .-)Lz[-y - [)(Q):_ {'(1/)( q) 3.9)

Here 2767/ ¢ is the two-dimensional Fourier transtorm of the Conlomb interaction

. N eTHar . 27
/ dr =2z / dJotgr) = —.
r . 4

where. as before. z(¢) the dielectric coefficient of the svstem with the background

dielectric constant ~ [14]:

)
(q) =K (1 + —il- ./J’(({R,)}) . (3.10)
B
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Here Jo(x) is the Bessel function [74]. R. is the cvclotron radius (2.36). r, is the
conventional interaction strength parameter introduced in (3.7). and ag is Bohr radius
(3.3).

The density operator projected on the upper Landau level p(q) has the form (see

Appendix A for derails):

pa) =Y Flg)e™a ay.

X

where a_'\. {ay) is the creation (annihilation) operator of the state Wy, (see Eq. (2.35))

and N. = X = ¢,0%/2. Flq) is the form factor of the state W y:

’.’/".’ 2/'.’
URME LS

L (r) is the Laguerre polynomial (74]. It is important that the density operator is

modulated by F(q). due to oscillatory nature of electronic wavefunctions on higher
Landau levels. The form-factor plavs an essential role in reducing the reach of the

Coulomb interaction.

3.6.2 Electron-Electron Interaction in the Hartree-Fock Ap-

proximation.

One of the important insights of {11] was to consider the average guiding center density

as the order parameter. This order parameter is introduced below.
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The Hartree-Fock decoupling (for details see Appendix B) proceeds with the guid-

ing center order parameter \(q) defined as:

A(q) Z “a9sN 0l ay ) (3.11)

: vy
[t is essential that the form factor has been moved from the expression for the electron
density to become part of the etfective interaction as will be seen below.

The Hartree-Fock decoupled Hamiltonian (3.9) takes on the form:

H.L - Cor P
Hyp = E lf,{F(q )A(q) E s ay _dy-. (3.12)
X
where n; = ,—_‘,— is the electron density of a full Landau level that has been introduced

in (3.3). The Hartree-Fock interaction potential is the difference between its direct
{Hartree) and exchange (Fock) parts: fl;,/,{(q) = uylyq) — ipiq). The Hartree part of
the potential is given by:

2re? F2g)

glq) = W {3.13)

while the Fock potential turns out to be proportional to the Fourier transform of the

Hartree potential. (see Appendix B for details):
npip(q) = wp(qe?) (3.14)

the interaction potential. at r, ~ 1. R7! < ¢ <« kg can be approximated by 11

he SINE2R /g2 = ¢2)
~eff ~ ¢ Vs Y 210
nlgelgz.qy) = 2 IR, /—_—__TI’, . (3.15)
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The main tool emploved in this work to discriminate between competing ground states
will the value of these states™ cohesive energy.

By cohesive energy we understand the difference between the cnergy per particle
of a candidate state and the uniform state. The value of cohesive energy is obtained
by dividing the expectation value of the corresponding Hamiltonian by the number
of particles in the Landau level. on; L, L, and subtracting the energy per particle in

the uniform starte.
The ground state is derermined by the CDW parameter N(g,. ¢,) that minimizes

the cohesive energy:
”[, - 2 . N
E:')uh = EZU[[}'{-’((II'([U’}A((I): ('Slbi

- q=0

v is the average tilling factor equal to 1 for half filled Landau levels considered here.

q = 0 term is the energy per particle in the uniform state and therefore has been
subtracted.

3.6.3 Formation of Stripes.

Fogler et. al. (11} proposed that the ground state of the Hamiltonian (3.9) with rhe

1,2 should be a charge densitvy wave with

potential (3.13) at the filling factor o

occupied states whose guiding center coordinates fall within certain range and the

rest empty. This is often referred to as a stripe state.
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In other words. the stripe state ansatz is the statement that
{aax) =d(q,) for (n = 1/HA < X < (n+1/H)\

where \ is the period of the presumed charge density wave (we will assume that
M= ’—\— is the total number of the stripes) and n is an integer labelling the stripe.
This implies the following expression for the order parameter (3.11):

)

Aolyrqy) = 27t eV gL _ 2 Z /““’l "L N e TN Glg,) =
o LIL.’/ v L [‘ in-1 H\ "“‘ !
= .! ‘ dVe =N i(q,) = 2 —sin ( ) 0q,) (3.17)
LI —~\ / .\([ Y

where ¢, is an integer multiple of "T' Here and below we denote the order parameter
with the syvmbol A and its Fourier transform in ¢-space with A, (Tilde will carrv a
meaning of the Fourier transform for other functions as well.) Switching to the real

space. we obtain the following expression for the cohesive energy:

[‘ [‘1 ’ ' / -
EY, = Qrlety / (lr(b/-/ ' dy' uf L = 1Ay (A.)(J') - LUL ) . (3.18)
rhy

where the order parameter is the Fourier transform of Ny(¢,. ¢, ) above:

O(\/4 - iri)

Ag(r) =
ol L.,

A

That is. Mg(r) = 1/L,L, for —=\/4 < r < .\/4 with the period .\ and zero elsewhere.

The Fourier transform is performed by changing the order of integration as shown
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L ,
/'7? d[: etds (A dwr) _ o—tge{\/d=1)

0 27 i(Iz
1 %{- A/ o\ 4

=— | / et / by e =it =50
7 Jo -r r

A S\ A4
= / do(n + ) w—/ d)o(y —r) = / dp(n — ) =0(\/4-1r)

J-r L4 -\
The stripes can be pictured as shown on the Figure 3.2, Since the order parameter is
y independent. reflecting the uniformity of the stripes in the y direction. one obtains

the Hartree-Fock interaction (3.13) in real space in the form:

. fie
n[,u”f{-(r) = ‘)___,C OR2R,. - |r]) = uy©O2R,. - 1]). (3.20)
where we have introduced
ny = hw /257 R, (3.21

Notice that the strength of the interaction potential has the dimensionality of encrgy
over length. (To obtain the total energv I will be integrating twice over distance and
this will restore the usual units.) In the expression tor the Hartree-Fock potential we
have omitted the contact part of the potential that is unimportant for our discussion.

Calculation of the cohesive energy is now a simple matter.

l L (h’ L ’ r ' ’
ES, = % Z/U L—z/o dc'ug©O2R, — 'r = (N4 - = n' N\ x

n.n'

(@(.\/4 — r+n\|) - %)
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Figure 3.2: Geometry of unperturbed stripes: the stripes are uniform in the 4 direction

and periodic with the period \ in the f direction.

Due to the symmetry of the integral. it breaks up into M (the number of stripes

integrals. Therefore the cohesive energy can be rewritten as
U L e ' ¢ ! ' / Co L .
on = — | — | &'ug®R2R, — |r - 'NO(N/L =) [O(N/4 = ir)) - =) (3.22)
T2 B 2

We will use the fact that the cohesive energy has the form of this tvpe of average

again in Sec. 4.2.1.
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The integral involved here is a particular case ( f = 1 ) of the integral considered
in the Appendix C. Using this expression one obtains for the cohesive energy

A2/2 — 3\R, + 1R?
ooh = Ug / : T (3.23)

Recall. that our objective is to minimize this expression for the cohesive energy. One
can proceed either by considering the cohesive energy to be a function of the period
of the stripes. finding .\ such that EY,(\)/ON = 0. and then calculating E?, 1.\
at this value of the period. This is how the results described below were originally
obtained in 111, However. I shall take a slightly different approach as it is the way

the more general problem will be approached in Sec. 4.2

Introducing the further notation.
) 3.
€0 = Eb,/ug (3.24)

we consider the expression above as a quadratic equation for \(e,)

)
-

-

— (3R ~€)\ + 4R =0

IVI

with the solutions:

AN=3R = \/"f,“; - 6eyR, = R?
The minimal value of the cohesive energy is obtained by observing that the existence

of real and positive period of the stripes requires that

s ~6egR. ~ R? > 0. (3.25)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

Only the positive root of this equation satisties these conditions. Therefore. as quoted

above in Eq. (3.8):

€ = —(3 - 2V2)R. and (3.26)

A = 2V2R. (3.27)

[n this section [ have reviewed the results of the article (11! rhat demonstrate
that the ground state of electrons in higher Landau levels is a guiding center charge
density wave with the period A\ = 2V2R.. The ground state energy of this state is
lower than the energy of the uniform state by the amount ¢y, = (=3 - WIR,.

To recapitulate. starting with the order paramerter. Eq. (3.17) or (3.19). we have
found the cohesive energy of the half-filled Landau level in such a state as a funcrion
of the width of a stripe. The self-consistency condition on the existence of a stripe
expressed by the Eq. (3.23) led us to the minimal value of the cohesive energy quoted

above.
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Chapter 4

Higher Landau Level Stripes in

Periodic Potential.

But still. my homeward way has proved too long.
While we were wasting time there. old Poseidon.

it almost seems. stretched and extended space.

Joseph Brodsky

Odysseus to Telemachus

(W1
=1
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4.1 Experiment: Resistivity in Short-Period Uni-

directional Lateral Superlattices.

An interplay between artificial periodicity of a lateral superlattice introduced into two-
dimensional electron gas and the cvclotron radius of electrons is known to give rise
to magnetoresistance oscillations. known as Weiss oscillations [24]. Weiss oscillations
are observed at magnetic fields B of the order ~ 0.5T when the cvelotron diameter is
of the order of several hundred nanometers. At these fields the Landau quantization
does not play an important role.

To pursue the interplay between the artificial periodicity and the electron dvnam-
ics in the quantum Hall regime A, Endo et. ol 23] have created superlattices
with the period @« = 92 nm and investigated its influence on rhe magnetoresistance
near v = 9/2 filling fraction. In the experiment. GaAs/AlGaAs two dimensional
electron gas with the mobility g = 7.6 x 10°cm?/(175) at 4.2 K and electron density
n=32.1x 10'em ™2 is fabricated into Hall bars. (Notice that the mobility in these
samples is over an order of magnitude lower that in the experiments discussed in Sec.
3.1.) These bars were further prepared into lateral superlattices with two different
direction of grating with respect to the direction of current. The perpendicular lateral

superlattices have a grating with the direction of modulation along the current. see
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insert on Fig. 4.1. And parallel superlattices. where the direction of modulation is
perpendicular to the current. sce insert on Fig. 4.2. In both cases the current axis is
along (110) direction. The authors estimate that the amplitude of the modulation is
1o =0.015 meV. or 0.2 % of the Fermi energy.

Fig. 4.1{a) shows the magnetoresistance traces of the perpendicular superlattice
around v = 9/2 taken at four different temperatures. from ~ 20 mK to 350 mk.
The magnetic field for the exact v = 9/2 filling is 1.93 = 0.03 T. The figure shows
shallow and wide minimum with shoulders on both sides. marked by vertical dotted
lines. The peaks become broader with increasing temperature. The less evident peak
on the side of the lower field becomes more pronounced in the field derivative traces
shown on Fig. 4.1(b).

Magnetoresistance traces for the parallel superlattice are shown on Fig. 4.2, A
small peak at ~ 1.97 T corresponds to the minimum for the perpendicular superlat-

tice.
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o 5//’/////;{/’5

R (arb. unit)
&

1.7 1.8 1.9 20 2.1 22

dR_/dB (arb. umit)

Figure 4.1: (a) Magnetoresistance traces around v = 9/2 of the perpendicular lateral
superlattice (2 = 92 nm) at four different (bath) temperatures (I = 100 nA). Traces
for higher temperatures are vertically shifted (0.3 units each) for clarity. Vertical
dotted lines mark the positions of peaks (or shoulders) which Hank both ends of a

shallow and broad dent. (b) Derivative of traces in (a). Adapted from Ref. {23!
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(arb. unit)

Rll
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B (T

Figure 14.2: Magnetoresistance traces around v = 9/2 of the parallel lateral superlat-
rice (a = 92 nm) at three different (bath) temperatures (I = 100 nA). Vertical dotted
lines indicate the positions of flanking peaks in the perpendicular lateral superlattice.
multiplied by a factor 1.007 to correct for slight difference in the electron densities.

Adapted from Ref. 123].
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Overview.

We turn our attention to the following question: "How do the stripes adjust to the
external periodic potential?” We also discuss the influence of the external periodic
potential on the transport properties of the modulated stripes. This chapter is the
locus of main results presented in this work.

With the external potential present we need to tind a modified order parameter
that would minimize the cohesive energy including the external potential.

[ will start. in Sec. 4.2, with the potential applied perpendicular to the stripes.
[n this case each stripe can expand or shrink as well as move as a whole with respect
to their unperturbed positions to take advantage of the external potential. Therefore
we allow for arbitrary changes in widths and positions of the stripes and minimize
the cohesive energy with respect to these changes. In Sec. 4.2.1 [ find the cohesive
energy with the modified order parameter that reflects the influence of the external
periodic potential. The consistency of the solution determines rhe minimal value of
the cohesive energy. In the following section. Sec. 1.2.2 [ examine the value of the
cohesive energy in the limit when the external potential has a very long wavelength.
[ also find the value of the period of the external potential that gives maximal energy
gain for the perpendicular alignment.

Then. in Sec. 4.3. I will consider the potential applied along the stripes. The
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periodic potential splits the Landau level into a series of levels corresponding to each
reciprocal wavevector. And under these circumstances the stripes can take advantage
of the periodic potential by mixing in contributions from these higher energy levels
and adjusring their widths.
[n Sec. 4.4 I will be able to compare cohesive energies of these two alignments.
[n the last section of this chapter. Sec 4.5 [ will consider possible experimental

signatures of perpendicular alignment.

4.2 Stripes Aligned Perpendicular to the Periodic

Modulation.

We continue considering a clean fully spin polarized two-dimensional electron system
but now place it in a weak periodic potential. The external potential will be raken
to be of the form:

Vir) = Veos(Qrr).

where 27/Q; 1s the period of the external modulation.

The Hamiltonian that we consider has the form:

€

l e’ VoF (g) X o
Hey = 5 2 0a) (qj(1p<—q)TZ—P._,—“p<qu<q::QI)owy). (4.1)
q q
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This is the Hamiltonian of two-dimensional electrons restricted to a partially filled
Landau level (3.9) in the external periodic potential.
Our goal. as before. is to minimize the cohesive energy of the interacting stripes
in the external potential by allowing stripes to adjust their widths and positions.
The cohesive energy. similarly to (3.16). now takes on rhe form:

l e < N
Ecoh - 5; Z ”LU;%(‘IP‘I'/)'A(QH' -

qz0

VoF(q)

e (j(q) exp (—i0) + A—q) exp | zo))o((h ~Q,) (4.2)

where we have introduced o. an arbitrary phase of the potential with respect to the
origin.

Rewriting (4.2) in real space

Eoh = — % /dz‘/(lz nLo Lyl =2y +

-\{)F(Q[)cos(QIr~:—o)]( ~ )Z) (4.3)

we have evervthing necessary to proceed further.

4.2.1 Cohesive Energy for the Perpendicular Alignment.

We now calculate the cohesive energy of the stripes. but no longer assuming strict

periodicity. i.e allowing for arbitrary positions of stripe edges. Once we have the
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expression for the cohesive energyv. we will. in a similar to the calculations of Sec.
3.6.3 manner. determine the minimal value of the cohesive energy from the consistency
condition. (The consistency condition for the existence will again be the nonnegativity
of a discriminant.)

Let us call the position of the left and right edges of the n™ stripe Ao, and N, .
respectivelv. This is shown on the figure 4.3. With these notations the calculation of

the cohesive energy of the stripe n from (4.3) leads to (see Eq. (3.22) for comparison):

1 3
Ecuh = [ {")'( \’n \’n-l) ( \’n»l - \’n)- \’no- '\'.’uol)-—'

l\JI’—‘

-er'(-\21102 - -\'.'n - -\'.’n~l - -\‘.'n—l) - —lRlJ} -

2, F Moo =\, v = \oy
**——‘)S‘IQI) sin QQ; (-————' 5 \ ) Cos (Q: 5 A )}

. _ \)F(Q
Moo + Noper = Nan = Nopoy)/207 = R = = )
(N\op- Il 2 1)/2 wy Q 1

A (4.4)
i) o

The last two terms in the this expression represent the energy of the uniform electron
gas. To simplify notations we introduce rhe following variables that will be used

throughout:
€ = E.on/ug !

for the reduced cohesive energy and
v=1F1Q:)/ (4.6)

for the amplitude of the potential. where «y has been introduced in (3.21) Notice
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that all variables. including both € and . now have the dimension of length. We
also relabel .\; = \\; — 0/Q;. This shift allows us to set o to zero in the following
discussion.

In our subsequent analvsis we will assume that the ratio of the amplitude of the
potential to the strength of the electron-electron interaction is the smallest parameter
in the svstem. \We will also consider the potential with the period no less than the

stripe period. In our new notations these assumptions take on the form:
t -
-( << (2;;\ S' l ( ‘lv ‘ )

As we have seen. in the absence of the external potential. for = 0. the stripes are
equally spaced with .\, = (n—=1/4)N and N0y = (0~ %).\. With weak. but nonzero
external potential strength. we expect the stripe width and position to change as the
stripes adjust to the potential. To take into account both the change in the stripe

position and width we introduce the following parameterization (a.y,. @y, oy 1
1 ‘ l )
Moy =(n - 1).\ + ty, and \opoy = (n + 1).\ = op -1 {4.8)

This parameterization is illustrated on Fig. 4.3. Our strategy is to look for the
solutions of the equation (4.4) for arbitrary values of the cohesive energy ¢ and then
find the minimal value of the cohesive energy when solutions of the form (4.8) are

possible.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



67

To this end we go to the continuum limit. i.e. promote n to the status of a

continuous variable r and introduce f(r) = as,. The position of the left edge of the

nt" stripe is then \o, = (r — %).\ + f(r) and of the right edge \y,., = (r + %).\ +
firy+1/2f"(r). Using (4.8) and rewriting (1.4) as a differential equation for f(ur) we

get:

9 —
—f(J)‘ (€ —e)(f(r)+\) + é—LstI (#) cosQ, (\r + f(r)) -

- sin @ (l - f—(—l—) = (.
Q: 2 A

where e, was introduced in (3.24).
Moreover. since corrections to the initial stripe positions aq, (and. consequentiy
f(r)) will be seen to be proportional to /v. the nonlinear terms can be expanded

Finally. we obtain the following equation for the shifts of the stripes™ edges

| ) ’ A 20 0 QLN
5f’(_,o)- - {( - €y — %cos Q4 cos Q. \r — Q:-\ sin 2; }f (r) =

2v Q: \ v, (2:
€ (4)) (21 \”1 ( 1 > CcOS 2 I 21 S 3 =

Thus to order ¢ the derivative f'(r) is:

: =\ 2v Q:\
fllr) =€ —¢e — '—cos Q4 cos Q. \r ~ : !

sin =
2 PAN 2
g QN o Qed )
€ — € 3 1 N R WA o th\ sin 5 -+
1 . y Yk
>(e—eo)\—Q—L:,mQ4 LOer\.L*al—'ban)\jI (4.9)
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The condition for the existence of real solutions. namely that the discriminant is
nounegative. determines the minimal value of ¢ when such a solution is allowed (recall

our logic that led to Eq. (3.23)). This leads to the following inequality that should

hold for anv r:

‘ Q:\ QN Q:\
{e — €y + Q:.\ sin 2;-) )T — (€ — g + Q:.\ sin 22 )1 cos 24 cos Q. \r = 2\) -
SN @ J W v Q. \ v
S Ccos” @ cos” Q. .\r — —Lsin 2: cos Q. \r >0 (4.10)
<
Rewrite that as:
: Q:\ ., QN
b(n) = (e —ey ~ Ql;\ sin 23 )T — (e — €y — le.\ slt 2; J{1rcos -2\~
< QN e A . _
-l—<-()s' 2& n—- (—;—s‘m _2:__,} > 0. wherens —1.1 bl

with np = cos Q. \r. Therefore we have the following set of conditions for &(1). ¢(-1).

and ®(n,,,,) with

(€ — €y + ﬁsin%—i%- &ran%ﬁ

-1< un = S l
=1 ’:;cos 97\
should be nonnegative:
' AN QN Q. \
P(l) = (e — €y - Qi.\ sin 92—)‘ — (e —€) — (-’r‘\ sin %—l(z'ms ! -2\
{"l , QN ic ( J_-.\
+— cos° 2 ~ 2 §in . > (). (1.12)
4 Q-
' A, - A =\
G(—1) =(e — ¢ + Lp\ sin Q%‘)- + (e — €y + Qi.\ sin Q—%)(vcos Q4 - 2\)
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el Q:\  dvr . Q.\

f—In'osj e Q—Ism > 0. and (1.13)
8 Q:\ 3 Q.\
(b(’lmul) = (€ — ¢ — (2:-\ sin 22 ) <2.\ - Q—I ran 24 >
Q:\\* |
- -itan 2::A >0 (4.14)
0. 1

The first of the these conditions (4.12) imposes the following restrictions on e:

e — €y + sian'\)ZslElmsQr\—;’.\-e

-\ 2

. A4 Q)¢
2\ [l - l—\ (cos QI{ - o sin 21 >] (4.19)
or
0.\ 0.\
Qe — ey + .lr.\sin 22 ) < 5y = reos 1 -2\ -
- Q:\ 1 QA _
2\ [l - I—\ (cos 24 - O sin 24 )] (-4.16)
The second one (4.13) requires:

e — ey — c sin Q:.\) >y = —rceos Qe -2\ -

=\ 2 :

! 2.0 4 0.\\]: N
20011+ z (cos @ - sin ! (4.1
A 4 Q.\ 1

or

: Q. \ Q. \
e — ey +— I;-\ sin 22 )< 7y = —rceos ! -2\ -

: A4 Q)¢

2\ [1 + i\- (cos Q4 - o\ sin Q4 )} (4.18)
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Whereas the last condition (4.14) allows € that satisty:

)
Uopa QeA YT
(Q:-\ tan —1 )

-4 . g:-\ —
gon tan = l

' Q..
! sin)—l >

5 (-1.19)
Q:\ 2T

€ — €g +

A
2

[t

9

-

tan (QP\> < QA
1

or. in other words.

Q.
2c\ < 1—‘3:
4 24

i.e. the period of the external potential is grearer than a little over \. covering most

cases of practical interest

"y

2 < LK I <<

Therefore the lowest value of the cohesive energy allowed by these conditions is given

bv ;. as illustrated on Fig. 4.4:

_ Cg@eN Qe e Qe 4 Qe
6—64)".-(5(05 1 —(;)r-\bln 3 y—\+. l_.—\_ COS ] _Q,.\hm N

(1.20)

To the second order in ¢ this value is

pain @ _ g Q) _ 2 (g Qe L QM)
- 35in 1 S 3 3\ COs N Ql_\b 1 c-

€ = €g T+

A
Q:\
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The first term is independent of interparticle interactions. [t reflects the cost of
nonuniform arrangement of electrons in the periodic external field. as we have seen
in (2.49). and will not be important for the subsequent discussion. The second term
is the energy gain due to adjustment of the stripes to the external potential and is
quadratic in the amplitude of the potential.

When the period of the external potential is about 27/20.\. ¢3 determines the
minimal value of the cohesive energy. The interaction dependent part of the energy

gain is still given by:

v ( QN 4 Qe :
—_—— COS - N
s\ T oAy

4.2.2 Long Wavelength Limit, Maximal Energy Gain.

The lowest value of the cohesive energy

is achieved at Q. \/4 = 7/2. i.e. when the period of the external modularion is an
even fraction of the stripe period \.

In the long wavelength limit (Q;.\ < 1) the value of the cohesive energy takes on

QN
=€y — = i-4.22)
€T 72.\( 1 )

the form:
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The Q! dependance in the last term is in agreement with the long-wavelength

theory of [16].

4.2.3 Displacement of the Edges of the Stripes.

Having determined the energy of the deformed stripes we are now in the position
to find the resulting displacements of the edges of the stripes. The derivatives of

solutions (4.9) corresponding to the minimal cohesive energy (4.20) are:

2 QN

» r Q.
I') = F — €y — = COS os Q. \r ~ :
ey === geos = cosels = sin =5

. A z-
t Q . \( 1 —cosQ \r)+

. L
sin —— ) v cos
1

= (e — €y + :‘\ 5
2 QN ” e . Q:\ :
-~ £ Ccos” 2 {cosQ \r — 1) = jsm ! (1 = cos (2,-.\.1‘]J (1.23)

4
We can now construct continuous solutions of (4.9) corresponding to the minimal

value of the cohesive energy (4.20). We introduce the amplitude of resulting stripe

modulations /.
2 8 QLN

- — sin

ly = ——
QA Q: 4

and restore the discrete variable n. Then. to order /r. we have:

| .
oy = (n - 1) N+ (1l - cos 3 n (4.24
1 Q:\ 1
N = <n + I) N+ <1 — Cos 2_2 (n - E)) (4.25)
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for left and right edges respectively. We have set the shift of the left edge of the
zeroth stripe to zero by the choice of the integration constant.

These solutions describe modulations of the stripe positions. In the case of the
external period equal to the integer (commensurate periods) and half-integer multiples
of the natural period .\. these modulations are periodic.

For the stripe modulations to be measurable. the Huctuations of the edges should
be much less rhan the amplitude of the caleulated shifts. The Huctuations of the
stripe edges have been estimated in {12] to be of the order of ~ . Therefore. these

shifts will have observable consequences if

[0 >t (+4.26)

This condition translates into upper bound for the amplitude of the periodic potential:

P (.27}
T 00N -1 o

While this condition is not satisfied by the experiment described in Sec. L1, it can

be achieved in the further experiments proposed in 23]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



aY Q2n Q2n+1
- - . »> .
'.'q' "." '.-‘ 1 ..
U ) ' [
S K
N K
RO K
4 ¢
Voo K
R K
) () Q (.
3 N b
/ :c » ::_\
oo ¢
O ¢
oo K
I K
:. I ¢

=V

Figure 4.3: Geometry of stripes adjusting to the perpendicular modulation. The

modified stripes are shown in grev. For comparison the uniform stripes are shown in

black and have been vertically offset for claritv. Left edge of the n® stripe shifts by

(ta,. right edge - by g, ;. The applied external modularion is in the r direction.
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Figure 1.4: Conditions that determine minimal cohesive energy.
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4.3 Stripes Aligned Parallel to the Periodic Mod-

ulation.

We now consider a different arrangement of the external potential with respect to the
stripes: the direction of the modulation will be taken to be along the direction of the
stripes. 1.e. in the g direction as shown on Figure 4.5.

Each stripe can now take advantage of the periodic potential by modulating its
density along the applied potential. This requires mixing in contributions to the
order parameter with wavevectors proportional to Q. the wavevector of the exrernal
potential. Any variation in density increases Hartree-Fock interaction energy between
the stripes.  Hartree-Fock energies of anv two density modulations with ditferent
wavevectors are separated by a gap of the order u,. uy > 15,

As usual for the perturbation theory. higher level contributions to the density are
to the lowest order linear in the amplitude of the perturbation. For the simplest
periodic potential we are considering. 1 (y) = V5 cosQ,y. only density modulated by
the wavevector Q, will couple to the perturbation. Then we will find rhat stripes can
further minimize the cohesive energy by adjusting their width.

In this section [ will use the notation \ for the width of a stripe anticipating the

need ro rake into account the width change. i.e. \ = \ ~ 0.\, where 9.\ is the width
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Figure 4.5: Geometry of stripes aligned parallel to the modulation with wavevector

Q, and amplitude 1.
change. The plan of this section is. therefore. as follows:

e To write down the new order parameter by taking into account that the stripe

will be nonuniform in the gy direction.

e Calculate the cohesive energy with an arbitrary stripe width.

e Find the optimal value of the stripe width.
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4.3.1 The Order Parameter and the Cohesive Energy.

To take into the account the contribution to the density of the stripes with wavevector

(0, we make the following ansatz for the expectations of the occupation numbers :
{(a_ax_) =dlgy) + E0(gy — Q,) + (g, + Q). for (n — I/H\N < X <(n~+1/h\

where £ is a constant to be determined variationally. Our order parameter (3.11)

takes on the form:

. L .V A N . . :
Agr.q,) = Wsm ( 41 ) [0(q,) + &loly, — Q) + (g, = Q)

[n the real space the expression for the order parameter is:

1 A
Lz[-y@( 1 i) {l = SeostQuy)} (4.28)

Alr.y) =

The average of the order parameter over the sample should be equal to 1 /2L, L,. which
requires some caution at , — 0 when the periodic potential becomes a constant.

This requirement leads to the following:

l
L.L,

Csin(Q,,L,,)

A
Ny = (- - 1 -
(. y) (4 L;){l £ 0,L,

~ ScostQuy)} (4.29)

However. our main interest is the experimentallv relevant situation of moderate
wavevectors. 1/L, < Q, < 1/R.. and the correction term will unnecessarily clut-

ter the equations. Therefore. I will use the expression (4.28) below that is valid
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for any Q, = 27n/L, and will relegate the details relevant to ¢, — 0 limit to the
Appendix D.

In effect. at any finite @,. the density of the stripe is now made up of two com-

ponents:
Q¢
pr.oy)~(1=¢ O(——: 1) = 26V F(Q,) O(—- Ii)cos” (Q) (4.30)

where the first term is the contribution to the total density of the uniform component
and the second is the contribution of the nonuniform one.

The expression for the cohesive energy rranstormed to the real space is. as before

(4.3):
E 1/1:&(( )+ VF(Q,) cos(Q )(_\< - ) FEN
coh = — | drdy (e(r.y) 4 ) cos(Q,y)) roy) - )
4 200 oy YT vy y ) COS //) Y LIL,/
where we have introduced the potential
e(r.y) =nL.L, /(&"(fl/'u;%(.z' -1y =y A ) (4.32)

The external potential energy contribution is easilv evaluated to be:

1 [ . A
-;;—/ drdyV oy F(Qy,) cos(Q,,y)(—)(— - )l =SeostQuy) =

VoFiQ,) \ F
:SU—QI/ b_() - — I )/ ({I/(05 ((2,/[/ = v S(le 1433’
v

where the notations are the same as before: v = V,F(Q,)/uo as in (4.6) except for

Q, replacing Q.
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[t is essential that the nonuniform components of the stripes now interact with the
full two dimensional potential (3.13). in contrast with the their uniform compunents
whaose interaction is still described by (3.20).

To calculate e(r. y) we Fourier transform (3.15). and obtain {74]:

"y, .xqr’\r—r’)Sin(?'Rc (1;-' +Q§) — L TR . 2\ 0 - e
/ 2—'(~ '-)er = 3.10 (Q,,V4R,A —(r=ua" )()(_R,. —r—=ur)

(4.34)
This is the effective interaction of two stripes modulated by the wavevector ), in the

i direction. Therefore

etr.y) = / & uyOR2R, - r -1 <

{(l +~ &Jy (Q,, \/41?3 —(r - J")"’) cos Q,,y) © (—\- - ;.1."f> - D] (4.33)

4
To obtain the cohesive energyv. I perform the integration in Eq. (4.31). The

integral involved is a particular case of the integral described in the Appendix C for

flr)y=.J, (Qy\/JgR';’ - 1‘2). All but one of the remaining integrals can be done using

5

the following tabulated integrals 741:

' , JiiQuy
/ i ty(Qu) = fl—%

/: duJy(V 2 — u*) =sinz

0

Then. adding the external potential contribution (4.33). [ get the following expression
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for the cohesive energy:

N B A g
€ = T —_ 3\[? R -~ > ( V-l[l)’ e —‘11 <(2‘IV LR' 1 ) - ('13())
A2

—1R.J1(2Q,R.) — Asin(2Q,R.) + 2\Q, e Jy(Q, /AR — u’l)):l JN+ €
0

"
1
For any value of the period of the stripes A we can choose the variational parameter
that controls higher level contribution & which gives the lowest energy. Minimizing
this expression of cohesive energy with respect to the variational constant £. we find
that:

O\ \
I 2’ g -2 /. O AR = = | = 4R (20, R, 1~
A" 1 Z

=i

o\ Q,\/AR? — u")) (4.37)

“y

[9Y
=Asin(2Q,R.) ~ ‘L\Q,,/
0

With this £ the value of the cohesive energy is:

RS o Q,,,\ , , M
=113 4Rc} (4\/ 1R? 11 (Q,,vm . )

A2 o
—4R,_..11(‘2Q,,R,.) - sin('ZQ,,R,.) + 'L\Q_,/ uJo{ QAR - u'-’)) (4.38)
0

As expected. the first term is the cohesive energy of the uniform stripe (compare
(3.23) with \ replacing ). The second term is the second order perturbation rheory
contribution due to level mixing. The denominator in the second term is the difference

between Hartree-Fock energies of the uniform and modulated stripes.
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The energy gain increases with increasing Q. which is easy to understand. Recall
that the guiding centers of two wavefunctions with wavevector (@, are separated by
the distance Q,¢*. Therefore. at larger Q, the wavefunctions are separated by a
greater distance. This reduces their Hartree-Fock interaction and allows them to take
greater advantage of the exrernal potential.

Let us consider the limit of small wavevectors. 1/L, € Q, < 1/R.. In this limit

the value of the cohesive energy is:

2R (4.39)

4.3.2 Adjusting the Stripe Width.

The modulating potential along the length of the stripes in effect compresses them.
This phenomenon will be taken into account below. In principal. the cohesive energy
can be further lowered by making the stripes wider. but that correction to the cohesive
energy is bevond the validity of the present approximartion.

Here [ am going to calculate the change in the width of the stripes. Minimizing

(+4.38) with respect to \. one obtains the equation that determines the width reduction:

2R\ 1 fQ, (ZNMA =S
(A) TR ( =2(\) )“0' A

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where

/ A2 A2
Z(\) = 4\/433 - (Q,,\/4R'§ - \T) -

A2

—4R.J1(2Q,R.) — Asin(2Q,R.) +2)\Q, ey (Q,AR? — u?) (4.41)

4]
The derivative of Z(\) is:

= — __;\_ -__i ‘ Q" 2
=) = — = (Q \/11? 4). {/(, (Q,,\/uz )

B

)

——C A2
-], (Q,, VAR - T)} —5in2Q,R. - 2Q, iy (Q, /AR — ) (4 12)
- J )

Recalling that \ = 2v2R.. [ find from (4.40) that the change in width of the stripes.

d.\ = A — \. to the lowest order in v. is determined by:

QRN QNN = SN
2 =] = - Y = (). 1.43
( \ ) N3 =2\ A
Therefore 0.\ is:
sy =A@ TV - =Y (1A

32 =2\

With the help of the Bessel function recurrence formula 71
:.]j_l(Z) - :-/_j,.l(:) =23J(2)
the expression (4.42) for Z'(.\) at .\ = 2V2R, can be simplified to vield:

A2
Z'(\) = -sin(2Q,R.) + 2Qy/ duJo(Qy/AR? — u?).
U
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whereas

-\ 2

_ )\ _
S(A) =20 (Q,; )—4RL..]1('2(2!,R(.)—.\sin('_)Q,,R(v)*;)Qy.\/ deJo(Qy v IRE — 117

-~ 0

Finally. the expression for the change in the stripe width takes the form:

L.'.’(JU 5

32

dN =0\ (4.49)

2\sin(2Q, R.) + AR (2Q, R.) — 2.\.J, (9—‘)
20 (B) = ARA2Q,Re) = Asin(2Q, Re) = 2Q,\ ;% ey (Q,/TRE = )2

The width reduction is a monotonically increasing function of Q. At small wavevec-

tors. 1 L, € Q, < 1/R,.

[

N —— (1= QR
( 32(:3—\&)3,‘( TA )

Therefore. alignment of the stripes parallel to the potential increases the width of the
stripes. This increase is second order in 15/fw,. and would give fourth order correction

to the cohesive energy. which is bevond the validity of the present approximation.
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4.4 Energy Comparison: Parallel or Perpendicular

Alignment?

We can now compare this value with the corresponding expression in the perpendicu-
lar alignment (4.20). On Fig. 4.6 we plot energy gain due to the periodic potential in
both contigurations. Parallel alignment can be seen to have lower cohesive energy at
all wavevectors. In the numerical simulations of Yoshioka [27] parallel alignment was
also found to have lower cohesive energy for all { 2 < m < 6) ratios of periods stud-
iedd. This indicates that shifting the stripes and changing their width (the channel of
energy reduction in the perpendicular alignment) is less effective than the introduc-
tion of a nonuniform component while keeping the same stripe width (the channel of
energy reduction in the parallel alignment). At long wavelengths. each stripe in rhe
perpendicular alignment effectively experiences a constant potential and has to shift
as a whole. This turns out to be energetically more expensive than the introduction of
a nonuniformity. At shorter wavelengths. the cost of creating rhe nonuniform density
component is even smaller since the electrons creating it are separated bv a greater

distance and their Hartree-Fock interaction is reduced.
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Figure 4.6: Comparison of energyv gain due to the periodic potential in two configu-
rations. Dashed line is for the perpendicularly aligned stripes: solid line - for parallel
alignment. Vertical axis is in units +*/\. Along the r axis we plot the ratio of the

period of the potential to the stripe period. i.e. m = 27/Q.\.
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4.5 Conductivity Across the Modulated Stripes in

a Perpendicular Alignment.

To study transport in the modulated stripes we adopt the Boltzmann transport equa-
tion in the constant relaxation time approximation approach developed by Macdonald
and Fisher in [16] for the case of uniform stripes.

Recall that the stripes in the partially filled Landau level ( & = 3) are separated

by the electron liquid of the filled lower Landau level. We will refer to these as hole
stripes. as is often done in the literature.

[n the approach of [16]. collective sliding motion of the charge density wave is
assumed to be absent and the electrical transport at T = 0 is dominated by single-
particle interedge tunnelling of electrons across the hole stripes. The tunnelling cur-

rent is determined by:
e the potential drop across the hole stripes
e the scattering times across the electron and hole stripes
e the charge per unit energy at the tunnelling edge.

The variation of the width of electron and hole stripes in the periodic potential has

two consequences. The change in the width of hole stripes changes the potential drop
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across them. [t also changes the charge per unit energy at the edges.

The constant tunnelling times (denoted below as 7, and 7,. for tunnelling across
electron and hole stripes respectively) are determined by the impurity scattering rates
and are not modified by the widths” modulations. In principle. for the electron gas
in a quantizing magnetic field the assumption of a constant tunnelling time can be
improved by self-consistently taking into account the collision broadening of Landau
levels. This can be achieved. for instance. in the self-consistent Born approximation.
[n ref. 4] this program has been implemented for a homogeneous electron gas in a
one-dimensional periodic potential.

[ will determine the tunnelling current across the n'®

stripe by calculating the
change in the chemical potential drop across it due to the shift in the position of the
edges. Then. for some values of the period of the external potential. [ will be able to
pick a stripe whose width remains unchanged with respect to the unperturbed case.
Calcularing the current through this stripe determines rhe total steady state current
in the hard direction - perpendicular to the stripes. in this case the stripes can be
thought of as connected in parallel due to current conservation.

Let us choose the axes so the direction r is perpendicular ro the stripes. as shown
on the Fig. 4.7. If I take the zero of the chemical potential g at r = 0 (the center

of the zeroth stripe at 1y = 0). then for the chemical potential for the electrons on
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Figure 4£.7: [Mlustration of the stripe state in the electric field. The state can be viewed
as consisting of alternating electron and hole stripes. The stripes with dark cireles.
representing cvelotron orbits, are electron stripes in the partially filled Landau level.

The stripe with the gray-colored cvclotron orbits are hole stripes.

the left and right edges of the n** stripe we have (recall our parameterization of the
stripe positions (4.3)):

(T Aapey i Iyn T Uy H
fon = ¢E, (n.\ -3 and popoy =e¢E. { n\ ~ — 5

- -

where the electric field is applied in the 1 direction. The chemical potential change
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across the n® electron stripe and the adjacent hole stripe on the left are
1
Honey = Hap = U and Hon — Hon-1 = eE (n\ + 3‘(”‘.’71 + Uy = Qap—1 — Qap-2)) — H
The change in the chemical potential is due to the tunnelling of electrons across the
electron and hole stripes:

Hon — Hon-i Hoine2 — H2p+t . Hon-t — Hon fap—-y — Hoan
- and fty, = + .

Te Th ‘e Th

Hon—1 =

Eliminating the chemical potentials at the edges in favor of p and raking into
account that in the steady state jiy, tas well as g, . is equal to zeroo allows us to

determine the steadv state chemical potential:

1 1 N = Haopoy + don — tono; — g 2)
L <._ - ._> =€E; _( n~1 In L T n 116

Th

» ]

&

The current across the hole stripe to left of the n' electron stripe is then given by

FLU Hoan — MHon-1

[.(n)

hep(n) Th

eL, yp oy — Aoy — Uop oy — 2y -2 -
= —1E. |\~ - - T~ ). (AT
heptn) 2

where €L, /hvp(n) is the charge per unit energy and rp(n) is " Fermi velocity™ of the
electrons on the tunnelling edge of the n'® stripe. The second term in parenthesis is
the correction to the current due to the shift of stripe edges.

To understand the change in Fermi velocity. we recall that each stripe can be

thought of as a quantum Hall droplet with chiral quasi-particles propagating along
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its left and right edges. The quasi-particle momentum is proportional to the guiding
center coordinate. Therefore. increasing (decreasing) the width of a stripe creates the
states with higher (lower) momentum.

To compare the conductivity in the perturbed system with that of the pure charge
density wave with the period .\ as calculated in {16]. we will identify and consider the
stripe whose width remains unchanged with respect to the ¢ = 0 case. Le. ay, oy -
s, = 0. This will ensure that particles tunnelling from such a stripe will do so with
unaltered Fermi velocity. As the stripes are “connected in parallel™. current through
this stripe determines the steady state current through the svstem.

[n Sec. £.2.3 [ have obtained the displacements of the edges of the stripes. Recall

that in Eq. (4.24) shifted positions of the n'® stripe have been calculated to be:

Q:\
Ao, = <n - i) N+ (Ll = cos 2‘) n)

1 Q:\ 1
Aoy = <n + I) X+ (1 - C0s 22 <u - E))

Therefore the width of the n®® stripe. \an-; — Ay, is unchanged if

Q:\ Q:\ L
COS ——n — cos n——-|=\4.

2 2

which leads to the following cendition on the ratio of the period of the external
potential b = 27/Q, and the period of the charge density wave. [f

b dp+1

4.4
A 2s (4.48)
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for some integer positive integers p and s. the width of the p'* stripe will not change.
If this condition is satisfied. the current (4.47) across the hole stripe adjacent to

this electron stripe is given bv (vp(k) = vp):

; . o Qr. Q:\ 1
[.tk) = }e—L—’eEt (.\ — (=1)"2lysin” Q) \ Cos 2 ) -

g 2 4 + Th

Finally we obtain an expression for the fractional change in the conductivity free of

phenomenological parameters:

Ages(v) 2, Q0N Qe
— = (—=1)""" —sin” cos =
aee0) A 2
it 80 Qe Qe Qe (1.49)
= (- —_— = sSin- cOs +.
o\ T T 2 1

Two things are worth noticing about this result.  First of all. the sign of the
correction to the conductivity is very sensitive to the relationship between the periods
of stripes and external potential. Secondly. it is proportional to the square root of
the small amplitude of the potential.

Let us return to the period matching conditions (4.48) that determine the ex-
istence of a stripe with an unaltered width and the sign of the correction to the
conductivity (4.49) and examine them in a more detail. The sign of the correction to

the conductivity depends on the parity of s and the sign of
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For instance. if 25 < 4p+1 and and s is even. then the correction to the conductivity
is negative. while it is positive for s - odd.

If4p+-1 > 5 > (4p + 1)/2. the situation is reversed and the correction to the
conductivity is positice for s even and negative for odd s.

This result has very clear experimental consequences. provided the condition on
the value of the amplitude of the external potential (4.27) is satisfied. One and the
same sample should be fabricated into several sequential Hall bars. This would insure
that scattering times don’t change from sample ro sample as is implied by Eq. (4.47).
One the bars is left as a reference (as is conventionally done 23]) and other processed
into lateral superlattices of different periods. with periods satistving conditions (4.48).
Assuming that superlattice preparation does not significantlyv modify the distribution
of impurities. the fractional change of conductivity in the processed samples with re-
speet to the reference should show the behavior predicted by Eq. (4.47) and discussed

above.

4.6 Conclusions.

In summary. we have calculated the cohesive energy in the limit of small amplitude

and arbitrary period of the external potential for two cases: when the stripes are
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aligned perpendicular and when theyv are aligned parallel to the direction of an ex-
ternal periodic modulation.

In the former case the external potential changes widths of the stripes as well as
displaces centers of the stripes. Both of these effects have been taken into account
by considering stripes” edges as dyvnamical variables. The resulting shifts of the edges
are nonanalvtic in the amplitude of the external potential.

[n the latter case only the width of the stripes can change. whereas the positions
of the centers of the stripes remain unmodified by the perturbation.

[n both cases we find a decrease in the cohesive energy proportional to the square
of the amplitude in agreement with numerical simulations 271, [25].

We find thar alignment parallel to the direction of the external modulation has
lower cohesive energy for all periods of the external potential. Therefore the parallel
alignment should be always realized. once the native anisotropy barrier (26| has been
overcoimne.

There 1s an experimental prediction that follows from our analvsis of the correc-
tions to the conductivity in the perpendicular to the stripes direction. This correction
Is very sensitive to the ratio of the period of the external potential to the natural pe-
riod of the stripes. The correction .to the conductivity can be either positive or

negative depending on the value of the ratio.
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Part 11

Current Correlators

in the Calogero-Sutherland Model.
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4.7 Introduction to the Calogero-Sutherland Model.

Even though current emphasis in the physics of the Quantum Hall svstems has shifted
towards the understanding of the behavior in weak magnetic fields as described in
Part [. the original Fractional Quantum Effect has not vielded to a full microscopic
description. Despite all the success of the composite fermion description a microscopic
mechanism of anvon creation is lacking.

How do the interactions of of the electrons in the strong magnetic field with a
given one conspire to behave as an additional magnetic field? The exactly solvable
Calogero-Sutherland model of interacting particles with the inverse square interaction
potential discussed below provides an explicit. albeit one-dimensional. example of
how this may happen. The result is a model of one-dimensional anvons as will be
illustrated in Sec. 3.

Due to the fact that the ground state wavefunction of the model is a one-dimensional
version of a Laughlin wavefunction describing the ground state in the fractional quan-
tum Hall effect. the construction of excitations in the Calogero-Sutherland model pro-
vides a direct analog to the corresponding construction in the fractional quantum Hall
case. The excitations on the boundary of the fractional quantum Hall incompressible
droplet. so called edge excitations. can be described by the symmetric polynomials

as has been first demonstrated by M. Stone [48] following 37].
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There has been a lot of progress in understanding this particular one-dimensional
svstem. The accumulated knowledge about it includes exact results on the dvnamical
density-density correlation function 40. 41]. advanced 42} and retarded 407 Green's
functions. The most general method available for the computation of the correlation
functions involves the implementation of Jack polynomials. introduced in 5.1.

In this part of this work [ extend the method of Jack polvnomials [40. 41. 46] to
the calculation of the exact dynamical polarization tensor 47]. [ begin by discussing
the eigenstates of the model in Sec. 5. The further development requires a review of
properties of Jack polvnomial and partitions. This is done in Sec. 3.1. The elucidate
the quasiparticle content of correlation functions calculated in Sec. 6. I review rthe

notion of fractional exclusion statistics in Sec. 3.2.
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The notations used in Part [I of this work are collected below.

Partition:

Conjugate partition:

Arm-length:

Arm-colength:

Leg-length:

Reproduced with permission of the copyright owner.

K=(K.Ky.... Kv)
K = (K].Kye.... K'y)
a(s) =w, — )
d(s)=j-1
l(s) =K —i
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Leg-colength:

'sy=1-1
Upper hook-lengths:
l - al(s
hyts) =15} = ——:ll—)
Lower hook-lengths:
(~
hf(;;) =l(s)+ 1+ (l'\ )
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Chapter 5

Eigenstates of Calogero-Sutherland

Model

The Calogero-Sutherland model describes the dynamics of spinless particles with
inverse-square interactions on a ring with the circumference L. In this section I
introduce the Calogero-Sutherland model and show how to construct the general
eigenstates of the model following Sutherland {33|. The Hamiltonian for the Calogero-

Sutherland model of .V particles is given by:

Y02 R (272 AN =1
H = p—'-f——(—[:-)Z .( ) (5.1)

2m  m — sin® £(r, — I,)

In the following [ will take le = 1 and restrict the discussion to the rational values

of the coupling constant A = p/q.

99
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The ground state wavefunctions of the model at integer values of A correspond to
LD versions of Laughlin’s wavefunctions [36] and are given by
o=l
0= ~1 ~) ~k c-
1<y k

where the current Jy = =AMV = 1)/2 and
:, = exp(i2xr,/L) (5.3)

When 0 < A\ < 1 there is another possible ground state with power 1 — A: however.
only the solution with power \ will be considered for reasons of continuity with \ > 1
solutions.

The excited states of this model are constructed by multiplyving the ground state
wavefunction by some svmmetric polvnomials. and this construction is analogous to
that of the gapless edge excitations of the quantum Hall effect 3710 A general excited

LA
state Wy, = Wy is labelled by the quantum numbers & = (K. A2 .00 Ky ). and

1A . . . . .
J ~ satisfies the following new eigenvalue equation
/A A -
H] =FExJg . (5.4)

where
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The eigenenergy Ey is given by

2N

27\ N . . -
Ex = <—E) Z(r;: + NN =1 =2)n,) (3.6}

]

This energy eigenvalue plus the ground state energy can be rewritten in terms of

newly defined pseudomomenta k; as

ﬁ'—’ AY
Ek = 3 4 Aj' {2.7)
where
N
Lk, =2zl +7(\ - l)zsg‘n(k,—h)- 15.8)

=1

The quantum numbers [, are now distinct (half-odd) integers and are related to w5
by [, =n, = (N =1 -2i,2.
Actually, the hamiltonian of the model can be rewritten to reflect this structure

of quantum numbers. Polychronakos [38] showed by introducing

T, =Pt z‘rn\/[.Zvot(rr(.r, -,/ L), {5.9)

=)

where p, is the ordinary momentum operator. the Hamiltonian

H=er
]

ts fullv integrable and is the same as the Calogero-Sutherland model up to a modi-
fication AM(\ — P,;) plus some trivial constant. The new operator 7, is the momen-

y

tum operator for the pseudo-particles. and the momenta Z, k, corresponds to the
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eigenvalues of ZJ 7,. This new Hamiltonian should be considered as the model of
one-dimensional “anvons”™ with fractional exchange statistics {38].

The distribution of &, determined by Eq. (3.8) is used to construct pictorial rep-
resentations of the eigenstates which are useful for exposing the fractional statistics
obeved by the elementary excitations of the model.

In general. the eigenstates of the Hamiltonian H can be represented in terms of
the following bosonic basis states:

N
b =Y [+ 15.10)

Po=I
where the sum extends over all permutaticns of the integer set & which can be
considered as a set of bosonic quantum numbers with no restrictions on their val-
ues.  Since ®(k) does not depend on the ordering of the quantum numbers. let
Ky > Ky > ... > Ky without loss of generality. These symmetric polvnomials form a

complete basis.

5.1 Jack Symmetric Polynomials

The polvnomial solutions of Eq. (5.4) in Section 5 are also known in the mathematical
literature as Jack polyvnomials [37]. In fact. Stanlev 58] has shown that the complete

set of linearly independent solutions of Eq. (3.4) is indeed given by Jack polynomials
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up to global translation (i.e.. up to the factor I_If:l :JJ where .J is the current and
takes an arbitrary real number) [40].

This section is divided into two subsections: the first introduces the conventional
notations used in mathematical literature and the second some of the general prop-

erties of Jack polvnomials.

5.1.1 Introduction to Notations of Partitions.

Partitions are defined as sequences of non-negative integers in non-increasing order
and are used to label the svmmetric polynomials. Thev are denoted by bold-face
Greek letters as

K=(K.Ky.... Ky). {2.11)

where ny 2>~y > ... 2 ~y. Non-zero w, are called parts of k& whose length (i.e.. the
total number of non-zero parts) is denoted by €(k). The weight of the partition is
defined by K| = S;(j' ny Iy~ o=m 2= = forall 7 > 1. then K > p.

Young diagram D(k) is used to graphically represent a partition: D(k) = {(1. ) :
| <1 <€r). 1 < <~} The cell labelled by (¢. ) is situated in the i-th row and
the j-th column of the Young diagram. The diagram of x. therefore. consists of f(k)

rows of lengths &,.

A conjugate of K is denoted by &' = (K|.~,....) and corresponds to a partition
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whose diagram is obtained by changing all the rows of D(k) to columns in non-
increasing order from the left to right. For example. the conjugate of & = (5. 4. 4. 1)
shown on Fig. 3.1 is k' = (4.3.3.3.1). Now. the following simple but useful identity

can be derived [59]
‘K (R

n(n)EZ(i— K, = Z (%) (5.12)

=1 1=1 -

In order prove Eq. (3.12) everv cell in the /th row of D(k) is filled in with an integer
1 — 1. Since n(K) corresponds to the sum of all the integers in the diagram. the rwo
different expressions for n(k) are obtained depending on whether the numbers in each
row or column are summed first.

For a given cell 5 = (. ) of a diagram D(k) there are corresponding arm-length

as) =K, ~ ).
arm-colength

a(s)=j—1.
leg-length

l{(5) =K =1
and leg-colength

l(sy=1-1
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e I VI THi e TR

— _ s=@))
as)  a'(s)

< >

Figure 5.1: [lustration of the Young diagram D(k) for the partition & = (5. 4. 4. 1.

The upper and lower hook-lengths are defined. respectively. as
Pl g \

I+~ ats)
hi(s) = 1(.,»>*—;'—. 15.13)
K als) -
AEG) =l =1+ (5.14)

An illustration below shows the partition (3.4.4.1). The arm-length. arm-colength.
leg-length. and leg-colength for the cell 5 = (2. 3). i.e the number of cells to the north.

south. east. and west. are also shown.

5.1.2 Properties of Jack Symmetric Polynomials.

The symmetric polynomials are indexed by the partitions. The bosonic basis functions

¢(k) of the Calogero-Sutherland model are called the monomial svmmetric functions
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and the quantum numbers x correspond to the partitions defined in the previous
subsection. Since the quantum numbers are allowed to be negative integers. the
correspondence is only up to some trivial constant translation. This restriction to non-
negative integer parts is more of a convenience than a restriction since the Calogero-
Sutherland Hamiltonian is invariant under the translation.

Following rhe established notation convention 381, [ shall denote Jack symmetric
polvnomials as .];; '\({:,}). It \ = 1. Jack polvnomials reduce to Schur functions
which describe the excited states of the free fermions [48]. At A = 0. it becomes the
monotmial svmmetric function which is just the free bosonie wavefunction. If A\ =2
or 1/2. they are called the zonal spherical functions. As A\ — . Ji ¥ reduce to the
elementary symmetric functions.

One way of defining Jack polyvnomials is based on the properties of the power-sum
svmmetric function pg = py Pa,Pr, - - .. Where p, = S/ 27 A scalar product on the
vector space of all svmmetric functions of finite degree is defined as

(K -

(pk-pp)i A = f5n.p:m\ 13.15)

where g = l_[ol Mmy!oand my = my(K) is the number of parts of K equal to
t. Using this definition. Macdonald [39] proved that there are unique symmetric

functions satisfving the following three properties:

1. Orthogonality: (Ji. Ju)i.x = o‘,.;_”j;‘i. where jp. is the normalization constant.
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2. Triangularity: Jg =5, tepu®(p). where vy = 0 unless & < .
Zputkp H

3. Normalization: If |k| = n. then vy = n!. where k = (L. 1..... 1).
N

n
Jx are. then. constructed by Gram-Schmidt orthogonalization relative to the scalar
product on the ring of polynomials. Stanley (38| proved that the normalization con-
stant is given by

J'\{ = hk(.s)/lf'.‘(s). (3.16)
R

[n addition. Jack polvnomials are eigenfunctions of rhe differential operator:

with the eigenvalues ¢(K):

, 1 Kk, = 1) Ki(nl = 1) . .
c,(R)—XZ—Q——Z——Q—*l.\—l)n {5.18)

H
The operator (3.17) is closely related to the Hamiltonian (5.5).

There is another scalar product on which Jack polvnomials are orthogonal:

N L
Uk )iy =AY (H/ d.z']> TR G N N
j:l. U 1<)
9. .\'-+-q/( ‘)//\'-ll( ) . -
TR AT p 5.19
v wp Y Td(s) + /A= (ls) + 1) K-H (5.19)
where =, = exp(i27r,/L) and A% = (1/L) T (1+\)/T(1+A\). and the bar over the

polynomial denotes the complex conjugation. Note also that the multidimensional
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integral above is equal to L times the constant term in

LY A CRE N | (L (5.20)

1=

Eq. (5.19) has been proved by Macdonald [39] and also by Kadell {61].

Since Jack polynomials span the vector space of svmmetric functions. they can
be used to expand any svmmetric functions. This property is particularly useful
in calculating the correlation functions of the Calogero-Sutherland model as will be

shown later. Here are some useful expansions{62. 63i:

\
: 0'

E o= {,,}). (5.21
=1

Ki=n

[Jir-2 = Z{\—':}"/‘ b, 5.22)

where

[T {e=G-n/A-1-1} (5.23)
(1.))ER
{abk = J] fa=Me-D=(-1} (5.24)
[EEY

The sum in Eq. (5.22) extends over all possible partitions while in Eq. (3.201) 1t is
restricted to partitions with weight {k] = n. The prime in 0'l) denotes that the
product does not include the cell (0.0): otherwise the total product is trivially equal

to zero. Jg also satisfies

ot
[RV]
[}

1'\ {u“} —w' 1\{ . (3.2
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since Jack polvnomials are homogeneous functions of degree |kj.

5.2 Exclusion Statistics.

The notion of fractional exclusion statistics based on the so called ~generalized Pauli
exclusion principle” has first been formulated by Haldane and applied to the ele-
mentary topological excitations of general condensed matter svstems 43]. This new
concept of statistics is based on the structure of the single particle Hilbert space of the
elementary excitations. More specifically. the change in the number of the available
states (AD) in the Hilbert space as the number of particles (i.e.. the elementary ex-
citations) is changed (AN} for a given svstem with fixed boundary condition defines
the statistics of the particles with the statistical parameter detined as ¢ = =AD/AN.
Hence. for example. the bosons and fermions are identified with ¢ = 0 and ¢ = L.
respectively.

To expose the exclusion statistics in the context of the Calogero-Sutherland model
one introduces a pictorial representation of the eigenstates that make the identification
of the excitation contents of the states easier 401, Eq. (5.8) gives the occupation con-
figurations of the pseudomomenta k, for all the eigenstates of the Calogero-Sutherland

model. The quantum numbers {/,} in Eq. (5.8) are distinct (half-odd) integers and
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in the ground state are given by the following set

N—-1 N-: N-3 V-1
{[;’}—_-{— .- L : } (5.26)

2 2 2 2

Therefore. the ground state pseudomomenta are given by

TA 7. TA T\
K} =< - N ——(N=-3..... — (N =3 —N=-1),. (5.27)
{k} { 7 b= ) T s )} )
The rotal ground state energy
EY = Z(kg)'-’ = NN(N? - /3L (5.28)

[he excited states are gi\'en by integer displacements of [U . Therefore. two [l(‘i‘,.,"ll-
= - t>] }
boring pseudomomenta for anv arbitrary state must be separared by
) A A A

-

Ak, =k, -k, = 'L—“(,\*/). (3.29)

where [ is a non-negative integer.

[n order to construct a picture that exposes the excitation content of the excited
states. let A\ be a rational number p/¢ with p and ¢ coprimes and introduce a one-
dimensional lattice with the lattice spacing equal to 27 /¢L. [ assign each lattice
point with 1 if that lattice point coincides with the value of one of the occupied
pseudomomenta and with 0 if it does not. Hence. the ground state for \ = 3/2 and

N = 10 is represented by ...0000000010010010010010010010010010010000000. . ..
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All the other excited states can be obtained from this ground state configuration by
displacing the ones such that the number of zeroes between any pair of ones is equal
to p — | + ¢l where [ is a non-negative integer.

Since p — 1 zeroes are alwayvs required between the ones. thev are called bound
zeroes. The remaining zeroes are called unbound zeroes. The ¢ consecutive unbound
zeroes in the condensate of the pseudoparticles constiture a single hole excitation.
Thus. if a pseudoparticle is removed from the ground state condensate. then there
are p unbound zeroes in place where the one is removed. This state is forbidden if
g # 1. In general a minimum of ¢ ones must be removed so that they leave behind
at least pg unbound zeroes which break up into p holes. From the view point of
the particles (holes) rhe change in the number of available single particle states is
p (—q) while the change in the number of quasiparticles (quasiholes) in the svstem
is —q (p). Therefore. the statistical parameter g for the quasiparticle (quasihole) is
g =p/q=N\N{g=yq/p=1/\). To summarize the fractional exclusion statistics. q
particle excitations are accompanied by p hole excitations.

The configurations constructed above are representations of the diagrams of par-
titions D(k) introduced in Sec. 5.1. The part x, corresponds to the displacement of
Jth quantum number from the ground state (i.e.. [, — [;) ity >0, >...> Iy} The

excitations given by & include only the states with non-negative displacements (i.e..
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k, moved only to the right) and all the other states are obtained by global transla-
tions. Therefore. each row (column) in the diagram corresponds to the particle (hole)

excitations of the Calogero-Sutherland model.
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Chapter 6

The Dynamical Current

Correlation Functions

of the Calogero-Sutherland Model.

Armed with the complete set of eigenfunctions. [ will now calculate the dynamical

polarization tensor of the Calogero-Sutherland model at zero temperature. namely
Huu = .\'<.ju(rl~tl).ju(r'.’-t‘l)).\' (61)

for u.v = 0.1 with the density operator as the zeroth component of the generalized
current
Jo(r.t) = p(r.t)

113
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and the current operator as the other component:

Jutr oty = g(r.t)

and

—nH\ts —E =ty

Nl gt ta)) s = v(ulr)e Julra))y (6.2)

(I will continue writing the subscript .V for quantities that refer to N-particle system
and omit the subscript in the thermodynamic limit.)

The full tensor will be shown to have the form:

Nplr ip(0.0))y v(p(r.t)J(0.0)) v g Q% cos(Qr) L Sin(Qr)
= /(UF(Q) )
N HO0.0)) v 8(0.0)) —‘_(,‘)Tfsin(()r) (%)J(~()s‘(g;~:
<expl—1tE) 16.31

Here the integration over the individual momenta of excitations is collectively denoted
by Q. E and Q are total energy and the total momentum of excitations. and F(Q) is
the formfactor. Their explicit form will be given in Sec. 6.2. The expression for the
density-density correlation function. one of the components of the tensor is available
40]. I will show how to get the rest of the components.

The plan for this section is as follows: [ will discuss the current operator and
its expansion in Jack polvnomials in Sec. 6.1. then [ will compute the rest of the

components of the polarizability tensor (6.3) in Sec. 6.2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6.1 The Current Operator.

At low energies. when only quasiparticles with velocities around the Fermi points of
the one-dimensional distribution are excited and have velocities equal to the sound
velocity ¢, = % the current is proportional to the densitv. j ~ v, p.

At higher energies. when quasiparticles with different velocities are present. the
current is no longer linearly proportional to the density.

Although the generalized exclusion principle (see Sec. 3.2) allows one to visualize
all possible excitations. the operators of interest produce only some of all possible
excitations. I[n particular. contributions to current correlation functions come from
minimally excited wave functions. i.e. those that create the smallest number of exci-
tations. maintaining charge neutrality.

To see the quasiparticle content of excitations produced by the current operator

we examine its action on the ground state (5.2).

The density and current operators. as usual. are given by:

.}(,) =T [p!‘S(r - "x) - ‘5(7‘ - rz)px}

1 2 \
plr) =7 Zo(:- - -7
with Julr t) = exp(in\':S)ju(r) QXP(-I'HSS)-

The idea of the calculation is very simple. First. [ apply the current operator j(r)
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to the ground state and observe that the action is equivalent to the multiplication by
a svmmetric function. representing the difference of normal and backflow.

Then. in order to see what kind of excitations this action produces. I expand
the resulting expression in terms of eigenfuctions of the Hamiltonian (3.1). i.e prod-
nets of a Jack polvnomial (Sec. 5.1) and the ground state wavefunction (3.2). This
allows me to follow the evolution of the system obtaining rhe value of the opera-
tor exptH{ (8, — #) on every excited state. Orthogonality of eigenfuctions further
simplifies the resulting expression.

Before applving the current operator to the ground state. [ shall rewrite the op-
erator in a slightly different form. Expressing the periodic o-function as an infinite

series. [ get:

AY x
1 - () i ni 2 ()
— e Lmr-ry, - re 7 |

Jry = Sl E E 01‘.( L ¢ o (6.4)

=1 \n=-x ' Tt
Changing variables as in Eq. (3.3). with : = ¢TI rewrite:
N x . A
e = Jd dJd J

o) JJMo-n, ~—n.n . oag.n_ -n~-l1 Jo-n n=l1 -
_](_) = - E E —nz 2 ~n: I il — — I =2 -— | -2
mL? ) ! ! Jz, T I INE

Now. the action on the ground state Eq. (5.2) produces:

()W = ;'L- Y —(n =MV - 1)) (Z :;") S (= MN = 1))z (Z :,")

~—n+=l _ _-n=+l n=1 _ _.n-l
—2:",\§ - ) +2:-",\§ S (6.6
1<y RURS <y Sty
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At this stage [ have expressed the action of the current operator in terms of a
function svmmetric in z,’s. The next step. according to our strategy. is to express
this svmmetric function as eries in Jack polvnomials. To facilitate this step [ rewrite

part of the second to last term in Eq. (6.6) introducing Z,:

~—n=1 _ _-n+l sn~l _ sn+i

~t =) ~t ~J . =n Ly -
E = - E —-_———_—'-—(\ —l) E < {0.7)
1< e 1< T :

Therefore. collecting terms. [ have the following expression for the current operator

action on the ground state of the Calogero-Sutherland model:

_ - sn=l _ zn=1]
j(:)zﬁz; - (n—A(.\'—H)(fol)*'-)'\;ﬂ—{l—__::j_d -
- =AY - U)(Zifl) *2'\Z£—:_:;;: 16.8)
L =) B B -

With this the expansion in Jack polvnomials can be achieved as the expansion of
the power series ( the first term in square brackets) has been given in Eq. (5.21). The
expression for the expansion of the second term in square brackets can be obtained

T

by the action of the operator (3.17) on the power sums with the result:

n-1 n-1 .
= - 1 0% nin —1)
LTI L [e""’ e e AT EN ST
t<J h ~j "~ K.=n K =

The notations used here have been introduced in Sec. 35.1. Eq.(5.23). (5.16). and

(5.18).
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Finally [ obtain the expansion of the action of the current operator on the ground

state of the Calogero-Sutherland model:

. T " 0']x i BV
J(2) = L 3 Z %[Z\e(n) —nMN = 1) +n] -]'1;'\({:!}) -
n “ K=n ‘K
sn |OI],\
+— _‘ 2N\e(k) — n AN — 1) = nj / ({‘,}) (6.10}
A K =n JK‘

[nspection shows that 2\e(k) — n\.N = 1) = n is proportional to the energy of the

state K. Ep given by the equation (3.6).

6.2 The Correlation Functions.

[n this section [ show that the dvnamical current-current correlation function can be
calculated exactly for the Calogero-Sutherland model using the expansions above and
known properties of Jack polvnomials.

Using the orthogonality relation Eq. (3.19) and its exrension Eq. (5.20). [ obrain

the following expression tor the current-current correlation function

. . 1 ([0]%)° (N (- D/A = —1))
-(0 ) 7(0.0)0) v = —
S (0112 050-0[0)x = 7o 3 ==8 f)['e ST
x E% cos(Qr)e "EK, (6.11)
where. as before.
9o
-T Z Ky — 1) = AR = 1) = MR (N~ 1)
=1
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AY
Q== Zr;,
=1

In a totally analogous manner. the densitv-current correlation function is:

e~

N (01plr. £)j(0.0)[0) y = = ”1 - 3 ([of_{;,‘c)'-’ I (N =+ (J{:_U/t - (i—1))
(2rmA\) xR ik (N =J)/N=)
x ExQisin(Qr)e K. (6.12)

The correlation functions greatly simplify in the thermodynamic limit. The method
[ employ has been introduced in 6] and used intensively since then 40, 41. 121 The
method depends on the vanishing contribution from a large set of one-particle ar-
rangetnents in the momentum space. i.e. possible partitions of a total momenrum Q
into a single particle x,’s.

In general, for .V particle system we consider partitions in no more that .\ parts.
which assign single particle momenta to .V particles. Therefore. the maximum length
of anyv column in a partition is .V. The length of a row ( a single particle momentum
can. in principle. stretch out to infinity. Significantly. examination of the coefficients
in the expansions of excitations in series of Jack polvnomials shows. that 0"} in
Eq. (6.11) and (6.12) vanishes unless the diagram Dik) has no more than p columns
of length longer than q and ¢ rows of length longer than p. In other words. the
intermediate states contributing to the dvnamical current correlation functions has

precisely p hole and ¢ particle excitations. Only these (at most p) rows of unbounded
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length and (at most ¢) columns of the length bounded by the number of particles
survive in the thermodvnamic limit.

Denoting the quasiparticle velocities r,
8 !

and quasihole’s
h:l
_ N
Y, = T

rthe expressions (6.11) and (6.12) in the thermodynamic limit become:

Cv Ui o3 4 o
Oy 0,010y = - (/ ([.l',) (/ dy ) Flyg.p. Ni{r.y, b
J (2m)? H 0 H ) { 3

=1 j=i

x E cos(Qrie £ (6.13)
C q ' C P o1
(Olp(r.t)5(0.0)|0) = 5 H (/ drx> H (/ dy}> Flg.p. ANi{ry, )
- =1 0 )=t 0
xQEisin(Qrie & 16.14)

where Q and E. the total momentum and energy. are given in units of i and h*/2m
bv

q p
Q = 27pg <Z I, ~Z!/]) . (6151

=1 J

" p
(27p0)° (Z ep(L)) + Zﬁn(!/;)) . (6.16)

=t J=1

E

1l

with pg = N/L. ep(x) = r(r + \) and ex(y) = \y(l — y). r,(ep) and y,(ey) are

normalized momentum (energy) of the quasiparticles and the quasiholes. respectively.
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The normalization constant C is given by

oL BT Lo A)TP(1/))
27plg! LR - M- P Py -G = 0/A)
ﬁ <r<q -U- 1)//\>>"’ 6.17]
J=1 (1= —1)/A)

Finallv. the form factor F(y. - 1f; }) is given by

A AL
s = B ey Tt =) (M=)
{m.n. Il = I+ A : m n
Y, 1l 1( yy) nzzl‘1’(J'L)l"\H,:1‘H(Uj)l_l p\
(6.18)

6.3 The Static Limit and Conservation Laws.

Since a density perturbation does not create anyv instantaneous current. in the static
limit the off-diagonal elements of the polarization tensor vanish. The current densitv
mapping. derived by Shastry et. al. 35|, gives a simple relationship between the

diagonal elements in the static limit.

(Oiy(r)(0)10) = -

5= (0plripl0)0)
m-=r=

This implies an identity between two quite involved integrals. namelv: the static limit
of (6.13) and the static limit of the densitv-density correlation function.

The continuity relation

Py )

ot 06 (Olp(ryi.t)p(ra. t2)]0) = ori0r,

(0'_}(!’1 t1 (I‘) t)) 0)
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can be directly seen to be trivially satisfied.

As a last check. [ verify that the polarizability tensor is transverse. for instance:

J 5 ) |
O—tzm‘p(r“t‘)"("?-fz)m) = —a(ﬂlp(rl.nu(r-_).t-.»)lO/

6.4 Discussion.

Extensions Calogero-Sutherland model has proved very fruitful in elucidating the
structure of integrable one-dimensional models. In particular. Haldane and Shasrtry
50] have independently discovered the integrability of the SU(2) spin model on a
lattice with the inverse square interaction (often called Haldane-Shastry chain) . The
dvnamical version of this model has been shown to possess a Yangian svmmetry 491

D. Uglov exploited the Yangian svmmetry to construct the the complete basis of
eigenstates of the dvnamical Haldane-Shastry model which turn out to be a gener-
alization of Jack polvnomials. The method of Jack polvnomials has been applied ro
the calculation of the correlation finetions of this model as well 52

This somewhat fortunate situation when the svmmetry of the Hamiltonian allows
the constretion of a complete orthogonal basis of eigenstates has vet to be replicated
for the dvnamical Haldane-Shastry model in a magnetic field. And. more ambitiously.

perhaps the infinite symmetry of the Hamiltonian describing two-dimensional elec-
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trons in a magnetic field [33. 54} can be exploited to provide a further insight to the

Quantum Hall effect.
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Appendix A

Density Operator Projected on the

Nt Landau Level.

Below [ display the explicit form of the remaining dynamical variable (after the lower
Landau level electrons have been integrated out to give the dielectric constant (3.10)).
This is the projected density operator. which appears in the Hamiltonian (3.9).

pa) = [ ey - W te Talay =

XX

= 1/0)1\' \'¢ /dr Z T L
T2y N
! XX

-X X\
Hy (55755 ) oy (555 ) 6 (¥ - ¥ = ) alay
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Summing over .\’ and changing the variable to u = (r — X')/f we proceed:

e~ tls X

- —(uftq,l/".’)" ;—(qi/'.’)"
o( = ———— [ due € X
rla) Z\_ PIVEER _\,,/

gyt R IAPE:
[‘[.\' (U - —-)— H_\' i -+ —)— ”-\"'lu"" ._,(I.'\' —qtt 2=

e-:q,,\'—wl/‘-’)" . ,_. 1, + ¢
= E —————— [ d&e ™ " Hy v - ks IU"
TV VI . 9

X -

gy — qy . ¢
H~ (L — T" Ay g 2 EX g% 2

2l

Ml
1o N gl 2)? q-t :
— § e ul..\e gt 2} L.\, (___)__) “.\"«1.1" SN g0t (A1)
X

where in the third and fourth line | have shifted the variable of integration ¢ =
1~ 1y # /2 to obtain the standard integral[74] in the last line.

It is important that the density operator is modulated by F(g) = e ™9 2 [y (L)
due to oscillatory nature of electronic wavefunctions on higher Landau levels. Fiqy)

is often referred to as the form-factor.
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Appendix B

Hartree-Fock Decoupling.

Following the logic of Hartree-Fock decoupling of {29]. one writes:

1 .
T Z:: i(q)p(q)p(-q) =

L -1q: X )ﬂ'g —iqzr.
—)—Z Ze"\af\»a_LL e"\(a\a\)
q X v x
1 - 2 )t
~51 T 2 & M F (@e™ =¥ a\_ay: (a}. ax.)
ey q X.\'

In the direct term one easily recognizes the order parameter. The exchange term is

evaluated using:
a\ ax._ EA (r)e™=Y4(q y — Ky).

which can be obtained by inverting the definition of A(q). The nonzero terms in the

sum are those X’ where X' = X + x,¢°. That creates the term a.T\'q,,ﬂ 120X ~3x,£2/2

127
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that is brought to the standard from by the shift in \. X' = X =&, %

Eqen, _
L E A~ a\ g2 X 3, g-,)e"‘\ E a(q)F(q)e 4" =

q

e Nl ay Y alq)Fg)et e =

q

= —ZA(H)Z(‘M"'\(I"\-._(I.\'-- / (.;_I)ZIL(Q)F'W)(‘ fen Ty
K X S
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Appendix C

Integrals.

Recall. that the order parameter in Sec. 3.6.1 and 4.3 is periodic A(r') = A(r' + \)
and:

A ,
ALy =0(=-1I)
4
and the effective interaction can be written in the form:
wfiiz = &) = wORR. — iz - £)f(x - 1)

with

1. for uniform density in the y direction
flz -1 =

1R? — |r — r’{). for density modulated in the y direction.

129
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Calculating the cohesive energy in Eq. (3.22). Eq. (4.4). and Eq. (4.31) one encoun-

ters the integrals of the following form:
! \ !
[=/du& OR2R, - |r -1 ‘)6(— - |z]) O — =i f(r = 1)

[ will show that this integral can be simplified. (The condition % < 2R, is assumed to

hold.) The integrand is nonzero if either of the following two conditions is satistied:

4
!
r'<ur
>3 2R
- k -
.
"
o>
< Y+ 2R,
| 7

The resulting region of integration is shown on the graph C.1. The integral is then:

i\
i

SRR, .-
[ = !b / &' foi. / rlr/ N RN IR A I
l ‘} ——} Jr-2R.
T »r-2R.
--/ rh’/ &' fr -1ty =
%_,, 1
. -3 cc-2R.
:/ (lz/ ' f(|lr — ') +'_/ (b'/ &' fr =1
-2 3 2 _OR. 1

One can take advantage of the fact the integrand is the function of .r — &’ only by

changing variables:
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Figure C.1: Integration region (shown in gray) for the calculation of the cohesive

energy.

The Jacobian of this transtormation is equal to 2. As an illustration. the resulting
triangular integration region in the new coordinates is shown on the Figure C.2. In
the new coordinates the integral over v can be done and the final expression for the
integral is:

2R,

(N = 2u) f(lu]) + / dhe(2u — \)f(lul) = (C.1)

2R, . DR, .
:'_’/ i f(ou i—'_’/ e f(u) - .\/ i f(ou) -'_).\/ e foou
J Y Jo Jy J

e

PP
relo
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A

Figure C.2: Triangular integration region (shown in gray) in the new coordinates.
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Appendix D

Small Wavevector Limit of the
Cohesive Energy in the Parallel

Alignment.

Recall. that the order parameter of the stripe modulated in the j direction has the
form:

A
Az y) =02 = 1zn{1 - L) e 5@t
4 QyLy

as we saw in Eq. (4.29). corresponding to the stripe that consists of a uniform and

modulated parts.

My objective here is to use this order parameter that has the correct limit at

133
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Q, — 0 and perform the same calculation of the cohesive energy as in Sec. 4.3. The

total cohesive energy is made up of three pieces:
e interstripe interaction

/ (ll'dy/ dr'dy’ N(r. y)u:{ﬁ(r -y =AY,

e the energy of the uniform state that we subtract

esin@, L,

' !
i | drdr'O(2R, - {r = 1’| S —
u/ rdr' O ir—=rl)+ 3701, 3TO,L,

e and the external potential energy.

The external potential energy contribution is evaluated similarly to (4.33):

sin(@,L,)
Q,L,

sin )

A ' ( J[‘I e v —
= % dr@(1 - lr:)/ dy{1l - S—W - ScostQuy)feosiQyy) =
S

{(l csinQyLU)sinQ,,L,J ‘(1 sin‘.’Q,,L,,) _
> Q,L, Q,L, 2 2Q,L, -

sinQ, L, cr-
Q,L,

' /\
%/ drdye cos(Q,,y)(—)(I -l =< ~SeostQuy) =
20

v .

[ BV I

[ SV I

where [ have introduced the notation:

3(1 | sin?Q,,L,,) ~ (st,,L,J>-’
2\ 20,L, Q,L,

[ would like to remark that 1" =0 as Q, — 0.

" =

[SVE it
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Calculation of the interstripe interaction term gives the following result:

sin@Q, L, : sinQ,L,\ sinQ,L, sin2Q, L,
R (L) QL £ (L),
( “QL, ) T QL ) QL T T e T 0L

tD.1)

where [ have introduced the notation for the energy of the uniform part

,

1 -
E:X[T_)\R*lp}

and that of the modulated part

)

Y \
Ww-—thmp4 -

A2 ]
—4R.J(2Q,R.) = \sin(2Q,R.) = 27Q, :MJM(L\/4R?—:H)J/QU\

V]
Notice that since J(z) ~ z/2 and Jy(z) ~ 1. as @, — 0 the energy of the modulated
part .J goes over to E as it should. Obviously in the limit of very long wavelength the
cost energy a modulated stripe is reduced to the energy of the uniform one. The toral
interaction energy (D.1) is reduced to just the energy of one totally uniform stripe.
The minimal value of € is calculated by minimizing the interaction and external

potential rerms:

. I 2%ﬁeu—ﬂ
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The minimal value of the total cohesive energy is then:

23

(r + il ) E))

€ =€ — 5 5
2 {1 sitn) < 2p (st ) 1 (e
Y ad &y

Finally. in the limit Q,R. € Q,L, < 1 the cohesive energy goes to:

5 4
D

(Q,L,)"
u

5260"'—;6'
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Part IV

Bibliography.

137

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Bibliography

‘1. L. Landau. Zs. Phys. 64. 629 (1930):

2] D. Langbein. Phys. Rev. 180. 633 (1969):

3. D. R. Hofstadter. Phys. Rev. B 14. 2239 (1976):

4] C. Zhang and R. R. Gerhardts. Phys. Rev. B 41. 12850 (1990}:

51 D, C. Tsui. Ho L. Stormer. and A.C. Gossard. Phys. Rev. Lett. 48. 1559 (1982):

6 J. P. Eisenstein. NLP. Lilly. K.B. Cooper. L.N. Pfeiffer. KAV, West in The Pro-
ceedings of the [1th International Winterschool on New Developments i Solul

State Physics. Mauterndorf. Austria. February. 2000:
7] H. L. Stormer Bull. Am. Phys. Soc 38. 235 (1993):

‘8] M.P. Lilly. K. B. Copper. J. P. Eisenstein. L. N. Pfeiffer. and K. W. West. Phys.

Rev. Lett. 82. 394 (1999):

138

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



139
9] M.P. Lilly. K. B. Copper. J. P. Eisenstein. Phys. Rev. Lett. 83. 824 (1999):

'10] R. R. Du. D. C. Tsui. H. L. Stormer. L. N. Pfeiffer. K. W. Baldwin. and K. \V.

Woest. Solid State Comm. 109. 389 (1999):
11 MU Fogler. ALAL Koulakov. and B.L Shklovskii. Phys. Rec. B 54. 1853 (1996):
127 ML ML Fogler. cond-mat/0111001:
13] R. Moessner and J. T. Chalker. Phys. Rev. B 54. 5006 (1996):
14] I L. Aleiner and L. I. Glazman. Phys. Rev. B 52 . 11296 (1995):
15; T. Ando and Y. Yemura. J. Phys. Soc. Jupan 37. 1044 (1974):
‘16] A. H. MacDonald and Matthew P. A. Fisher. Phys. Rev. B 61. 5724 (2000):
170 E. H. Rezavi. F. D. M. Haldane. K. Yang. Phys. Rev. Lett. 83. 1219 (1999):

181 R. Coté and H.A. Fertig. Phys. Rev. B 62. 1993 (20001:

'19] Anna Lopatnikova. Steven H. Simon. Bertran [. Halperin. and X.-G. Wen. Phys.

Rev. B 64. 155301 (2001):
20] A. H. Macdonald and D.B Murray. Phys. Rev. B 32. 2291 (1983):

21] A. Kol and N. Read. Phys. Rev. B 48. 8890 (1993):

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



140

22] S.-J. Yang. Y. Yue. and Z.-B. Sue. cond-mat/0006009:

23] A. Endo and Y. Iye. Solid State Comm. 117. 249 (2001):

24: D. Weiss. K. von Klitzig. K. Ploog. G. Weimann. Europhys. Lett. 8. 179 (1989):
251 T. Aovama. K. Ishikawa. and N. Maeda. cond-mat/010648+4 :

26] K. B. Copper. M.P. Lilly. J. P. Eisenstein. T. Jungwirth. L. N. Pfeiffer. and K.

W, West. cond-mat /0104243 :
271 D. Yoshioka. cond-mat/0106618:
281 D. N. Sheng. Z. Wang. and B. Friedman. cond-mar '0112233:

29 H. Fukuyvama. P.M. Platzman. and P.W. Anderson. Phys. Rev. B 19. 5211

{1979):
30] F. Stern. Phys. Rev. Lett. 18. 546 (1967):
31] J. Moser. Adv. Math. 16. 197 (1975):

32! F. Calogero. J. Math. Phys. 10.2191 (1969): B. Sutherland. Phys. Rev. A4, 2019

(1971):

33 B. Sutherland. in Lecture Notes in Physies 242, Springer-Verlag. 1985:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



141

[34] B. Simons. P.A. Lee. and B. L. Altshuler. Phys. Rev. Lett. 70. 4122 (1993):
135] N. Taniguchi. B. S. Shastry. B. L. Altshuler. Phys. Rev. Lett. 75. 3724 (1995):
36" R. B. Laughlin. Phys. Rev. Lett. 50. 1395 (1983):

371 X. G. Wen. Phys. Rev. Lett. 64. 216 (1990). Phys. Rev. B 41. 12838 (1990):

Mod. Phys. Lett. B'5.39 (1991):
38 A. P. Polychronakos. Phys. Rev. Lett. 69. 703 (1992):

39] F. D. M. Haldane. in the Proceedings of the 16th Tanwguche Symposiwm. Kashik-
jima. Japan. October 26-29. 1993, eds. A. Okiji and N. Kawakami. Springer-

Verlag, 1994
0] Z. N C. Ha. Phys. Rev. Lett. T3, 1574 (1994). Nuclear Physies 435. 604 (1995):
1] F. Lesage. \". Pasquier. D. Serban. NVuclear Physics 435. 385 (1995):
42} D. Serban. F. Lesage. \'. Pasquier. Vuclear Physics 466. 199 (1996):
431 F. D. M. Handane. Phys. Rev. Leit. 66. 1529 (1991):
4] N. Kawakami. Phys. Rev. B 46. 1005 (1992): and 46. 3192 (1992):

15] F. D. M. Haldane and M. R. Zirnbauer. Phys. Rec. Lett. 71. 4055 (1993):

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



142
(46' P. J. Forrester. Phys. Lett. A 179. 127 (1993): Nucl. Phys. B 388. 671 (1992):
[47] L.S. Tevlin and J.L. Birman. Phys. Lett. A 227. 387 (1997):
18] M. Stone. Int. J. of Mod. Phys. bf B 5: and Phys. Rev. B 45. 14 156 (1992):

191 D. Bernard. M. Gaudin. F.D.M. Haldane. and V. Pasquier. J. of Phys. A 26.

2219 (1993):

50| B.S. Shastry Phys. Rev. Lett. 60. 639 (1988). F.D.M. Haldane Phys. Rev. Lett.

60. 635 (1983):

51} D. Uglov in Calogero-Moser-Sutherland Models. eds J.-F. van Dien and L. Viner.

Springer. 2000:
520 T. Yamamoto and M. Arikawa. J. Phys. A 32, 3341 (1999).

331 S. Iso. D. Karabali. and B. Sakita Nuclear Physics 388. 700 (1992): D. Karabali

Nuclear Physics 428, 531 (1994):
541 AL Capelli. C. Trugenberger. and G. Zemba. Nuclear Physwes 396. 165 (1993):

155] J. Kaneko. SIAM .J. Math. Anal. 24. 1086 (1993): K. W. J. Kadell. Compos.

Math. 87.5 (1993) :

:56] P. J. Forrester. Nucl. Phys. B416. 377 (1994):

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



143
'57] H. Jack. Proc. Roy. Soc. Edinburgh Sect. A 69. 1 (1969-1970):

58] R. P. Stanlev. Adv. Math. 77. 76 (1989):

59] I. G. Macdonald. Symmetric Functions and Hall Polynomuals. Oxford Univ.

Press. Oxford. 1995:
60 [ G. Macdonald. Lecture Notes tn Math. 1271, 189 (1987).
61] K. W. J. Kadell. Compos. Math. 87. 5 (1993):

62} P. J. Hanlon. R. P. Stanley. and J. R. Stembridge. Contenp. Math. 138. 151

(1992):
‘631 Z. Yan. Conternp. Math. 138. 239 (1992):

i

641 Umberto Eco. Kant and Platypus. Harcout Brace & Company. 1997

-

65) Vewsweek. 16 December 1957
66] L. D. Landau and E. M. Lifshitz. Mechanics (Butterworth-Heinemann. 1976):

67 L. D. Landau and E. M. Lifshitz. The Classical Theory of Fields (Butterworth-

Heinemann. 1997):

68} L. D. Landau and E. M. Lifshitz. Quanturn Mechanics (Butterworth-Heinemann.

1997):

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



144

'69] Steven M. Girvin, The Quantum Hall Effect: Novel und Broken Syminetries in
Topological Aspects of Low Dimensional Systems (Les Houches. Summer School)
edited by A. Comtet. T. Jolicoeur . S. Ouvry. and F. David (Springer Verlag.

2000):

170] The Quantum Hall Effect. 2nd Ed.. edited by Richard E. Prange and Steven M.

Girvin (Springer-Verlag, New York. 1990):

{71} Perspectives in Quantum Hall Effects. eds. S. Das Sarma and A. Pinczuk. (John

Wilev. New York. 1997):

72 G. Bavmt and C. Pethick. Landau Ferme-lLiqued theory: Concepts and Applica-

trons. (John Wilev, New York. 1992):
73] M. L. Mehta Random Matrices. (Academic Press. 1991):

T4} LS. Gradshtein and LM. Ryzhik. Tables of Integrals. Series. and Products (Aca-

demic Press. 1994):

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



