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INTRODUCTION

The diophantine equation

(1) y2 + k = x3 , k #£ 0 has, for each value of k ,

a finite number of solutions. Mordell's proof [21] of this theorem,
however, does not give a bound on |xl . Baker [la] has recently shown

that any integral solution of (1) satisfies

4
max (le,lyl) < exp (1010 |k|10 ) .

This result, theoretically at least, gives the solution of (1) for any
value of k .

[6, ch. XX, pp.533-539], [12], [18] and [19] contain excellent
histories and bibliographies of the results prior to 1916, 1950, 1966
and 1968, respectively.

It is in recognition of Mordell's outstanding research on equation
(1) that I have used his name in the title of this paper.

In this thesis, I will solve

3
) y2 +k=x , k=4 2113m for all values of Kk .

(2) has previously been solved for a finite number of values of k and
I will use some of these results, which are listed in Appendix II.
(Appendix II will henceforth be identified as [Al.) I have been able
to verify these solutions except for the two most recent results,
Finkelstein and London (k = 18) [10] and Coghlan and Stephens (k = 18;
72; 288 and 648) [4], both of which use computer searches to prove that
a given pair of units in a semi-real quartic field is fundamental. I

v
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vi
will therefore use these results only when solving (2) for k = 18;
72; 288 and 648, In particular, the solution of (2) for negzative k
will not depend on [10] and [4].
i will conclude this paper with the solution of u3 + Bv3 =C,

S
where (B,0) = (3°,2") or (25,37) ,0<s<2,r=0.
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SECTION 1.

PRELIMINARIES

Z and Q will denote the integers and rationals, respectively.
All other Roman letters will represent elements of Z and, in parti-
cular, p will be a positive prime of Z .
pefinitions: If (l(;é 1) is square-free,then Fd = ring of integers
(over Z) of Q(d%) . If d(# 1) 1is cube-free,then Qd = ring of
integers (over Z) of Q(d%)

By [2,p.132, Theorem 1],

Y
1) I'. = fasbd®la,b € 2} if d= 2 or 3 mod 4 ,
d 1

1
) r = {(a+bd®)/2a,b €7 , a = b mod 2} if d =1 mod 4 .

By [15,p.105],

1 2
(3) Q, = farba® + ca®la,b,c €2} for d=2,30r6,
i 2
(4) Q, = fasb(12)% + c(12)%/2|a,b,c € 2} .

By [11,p.213], I"d (d=-1, + 2, + 30or6) is Euclidean and is
therefore a unique factorization domain (U.F.D.). The class number of
Qd (d = 2,3,6 or12) is 1 by [ 2,p.427, Table 6],and therefore Qd
is a U,F.D, A will represent either T‘d @@= -1, :2, +3 or 6) ,

Qd (d = 2,3,6 or 12) or Z, and hence A is a U,F.D.

1 Y
From [33,p.132,(13)], the norms (over Q) in Q(d®) and Q(d®)
are given respectively by:

1
() Nsbd®) = of - a®
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1
3

(6) N(a+Bd” + vd % = ara + dﬂ + d y - 3doBY ,

where «,B,Yy €Q .

If d<O0 and d # -1 or -3 ,then by (1), (2) and (5), the units
of Fd are +1 . Similarly, the units of 1"_1 are +1 and
+ (—-1)ib and the units of 1"_3 are + 1 and (+ 1+ (—3)%)/2 .

Let € =1 for 1"d (d<0,d#-1, =3) and Z, € = (—-1)-‘% for l"__1 ,
and € = (1 + (_3)%‘)/2 for 1"_3 .

Since 1"d (d>0) and Qd are subrings of the reals, the only
roots of unity they contain are +1 . It follows from [15,p.112,
Dirichlet's Unit Theorem] that the positive units of each of these
rings form an infinite cyclic group. The generator ¢ (0 < e < 1) of
this group is called the fundamental unit of the ring.

Therefore the units of each of the rings 32, Fd and Dd are of

the form i—er (r € 2) for the corresponding € .

By [2,p.422 and 5 ,p.304] and the above,we have:

Table 1
Ring € 6_1
F_l -1) -1)
2T g 1 1
- N N
r @+ (-3)2)/2 (1-(-3)%)/2
-3 1 kA
r, -14+2% 1422
1 1
T 2-3% 2+32
3 i
Ty 5-2.62 5+2- 62
Q -142% 1+23+2G
2 2 2
Q, -2+3° 443+ 33+2 33
1
Qg 1-6: 6343¢ 6E 109+60- 63+33 63
2
Q, 143(12)3 3(12)3/2 55+24(12) +21(1z)3/2
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Lower case Greek letters will represent elements of A .

Definitions: (v,B), is the G.C.D. of ¢ and § in A . a|Aa is
read as: ¢ divides B in A . The subscript A in the above nota-
tions will be omitted when A = Z . It will be clear from the text
whether (a,b) represents an ordered pair or the G.C.D. of a and b .
(a,b,c), (a,b,c,d) etc. will be ordered triples, quadruples etc. of
integers.

We will use the following simple results repeatedly:
Lemma 1.1: If (a,b) = 1, then (n,b)A =1
Proof: There are integers e and f such that ea + fb=1

2 2
Lemma 1.2: If ¢ =of and (o,/,B)A =1, then « = wy , where p = +1
or p = +e . Of course, if A is real and @ >0, then p =1 or €

s, 2
Proof: Since A is a U.F.D., o = +€°¢~ . If s=2t, let p =41,

t c
y=¢e¢y . If s=2t+ 1, let uzi—e,\/:a"\\;

3
If mazalB and (Q/,B)A=1, then o« = wy , where p =1,

PLof: o = +€ wpa = es(i- W)B . Now use s = 0,1 or =-1lmod 3 .

Lemma 1.4: If & is a prime of A, (x,f), = 8%, 6t|AC( and 5t+1*A0’:
then (@/6%,8), = 1

proof: (@/6%,8), = 87 ana 8f, a/s*

Lemma 1.5: (@ + 8,&° - B + 52)/\‘/\3‘32 .

Proof: (a/2 - B+ BZ) + (28 - (o +B) = 352

Lemma 1.6: If A is a real ring and « # O or B # 0, then
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2 2
o +aB +B>0.

2 2 2 2
Proof: 4(¢ +of +B7) = (2 +B) + 38 .
& r.
Lemma 1.7: If V P J aj = 0, where (aj,p) =1, rJ, 20 and n=21,
=1
then min{rj} is taken on for at least two values of j . If p= 2

and n = 3, then minfrj] occurs at exactly two values of j

Proof: The first statement is obvious. If p =2 and n = 3, then

= =1 i a =0 . a i
rl rz 13 would imply al + 12 + :13 But '\1 + az + a3 is
odd.
2 N 2 N
Lemma 1.8: If as + bs + ¢ = 0, then Disc(s) = b” - 4ac is a square
in 2

2
Proof: b2 - dac = (2as + b) .

Lemma 1.9: xElmodsaxsslmon.

x = ~1 mod 3“x35—1mod9.

E_xﬂ)_f: If x=1mod 3, then x = 1,4 or =2 mod 9 . Thus x351m0d9 .
Similarly, if x = -1 mod 3, then x3 = ~1 mod 9

If x3 =1 mod 9, then since (x,3) =1, x = +1 mod 3 . But if
x = -1 mod 3, then x3 =-1%1mod 9. Hence x = 1 mod 3 . Similarly,

if xaE—l mod 9, then x = -1 mod 3 .

3 3
Lemma 1.10: If xgElmod 3,then x =1mod 9. If x =-1mod 3,

then x3 =-1lmod 9 .

3
Proof: If X = 1 mod 3, then X =1 mod 3 and therefore by Lemma 1.9,

x3 =1 mod 9 . The second statement follows similarly.
2 3
If ay + 23" = px , then since a,b,x,y €2, 2"3" € 7z and

hence m= 0 and n=2 0 . Also, we may obviously assume that y = 0 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In Sections 2, 3, 4, 5, 12, 13 and 15 both the equations

3 and ayz - 2n3m = bx3 will be solved simultaneously.

ay? + 2"3" = bx
The first of these will be referred to as the positive case and the
second as the negative case. On those lines preceded by an asterisk,
the upper sign of all the symbols + and 3 (also called double signs)
refer to the positive case and the lower sign to the negative case. In
addition, the same is true for those double signs with an asterisk

placed above them. Otherwise,the symbol + has its usual meaning of

plus or minus.

[A] will refer to Appendix II. Theorem numbers will refer to the

section in which the theorem appears.
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SECTION 2.

3
y +2 =x , x odd

3
Proposition 2.1: y + 2 =x , x odd = (k,x,y) = (0,1,0) .

3
x~ , x odd = (k,x,y) = (0,-1,0),(1, 1,3)

«
1
)
n

or (3,-7,13) .

Proof: If k=0 or 1, the solutions are listed in [A].

Assume k > 1 ., Now,
(k) yz = x3 3 231{ = ab, where a = X I 2k and b = xz + 2kx + 22k .
Therefore a and b are both odd. By Lemma 1.6, b > 0 and thus,
since a = y2/b , a>0. By Lemma 1.5, (a,b)]3~22k and hence
(a,b) = 1 or 3 .

Suppose first that (a,b) = 3 . Then 3|y and (y/3)2 = (a/3)(b/3).
Therefore by Lemma 1.2, a = 3u2 and b = 3v2 . Hence v is odd.
Eliminating x from the latter two equations, we obtain

2 2
st 3.0 @™ P o

Thus by Lemma 1.8,

2 2
piscu)) = 922 - 4.3 - v =4

2 2 2k~
Hence d = 2D and 3v - D° = 3-2 (2. Since k>1 and v is odd,

2
D is odd. Therefore 3v. - D° = 2 mod 4 . But, since k=2 2,

3.2%°2 = 0 noa a .
2 2 :
Hence (a,b) =1 . Thus a=u and b = v , implying that
(uv,2) = 1 . Eliminating x ,we obtain

@  utiafa?s @™o B -0,

6
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2] 2
By Lemma 1.8, -3-2 k + 12v = «:l2 . Thus d = 2D and

2k-2
2) v - p? = 3.2%
since k= 2 and v is odd, D is odd. Also if 3|D, then 3|v,

: : ; 2 2k-2
which implies, by (2), that 3 |3-2 . Hence (D,3) =1 and thus
(v,3) = 1 . Therefore D = +Vv mod 3 . Let V= +4v, such that

D= Vmod 3. Now by (2),

WD - D =327

t
Thus V—-D=+3~2s and V + D= +2 , where t + s = 2k - 2 and the

same sign holds in both equations. since V and D are odd, s=1

and t 2 1 . Hence

(2a) D=4 - 325

gince D is odd, either (t>1 and s = 1) or (t =1 and s>1)

2
Solving (1) for u ,

O
3) S AL

suppose first that t >1 and s =1 . Hence t = 2k - 3, By (2a),

_ +(22k—4

- 3) . Thus k > 2 and by (3),

2 - - -
u =+ 3-2k t +(22k 4

- 3)

2
If k > 3, then u = 43 mod 8 . Therefore k = 3 and hence u2 =
+ 12 + 1, which is impossible.
Thus t =1 and s > 1, which implies that s = 2k - 3 and by (2a),

. 221(— 4

D=+(1-3 ) . Hence k > 2 and by (3),
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(*) - -
(3a) u2 = 3 3'2k 1 +(1 - 3~22k 4)

The second minus sign cannot hold modulo 3.
If the first minus sign held ,then u2 < 0 . Therefore there are

no solutions in the positive case,and in the negative case

2 - -
(3b) W o 3(21( 1_ 22]( 4

)+ 1
2
If k > 3, then ok - 4>k - 1 and by (3b), u <0 . Hence

2 2
k = 3 and thus u2=1. Since a=u, x =u —2k=-7. Hence

2 3 3
y2 = %+ 2% = 160 and therefore y = 13 .

2 3
Proposition 2.2: y  + ZSR"1 = x", x odd = (k,x,y) = (0,3,5)

2 3K 3
y2 - 2% _ 03 xodd = (x,y) = (0,-1,1) or

(2,17,71) .
3
pProof: Suppose 3|y . Then (x,3) =1 and by Lemma 1.9, x = +1 mod 9.

2 _ x3 +23k+1

2% _ 2.8 = 42 mod 9 . Thus 0=y

= 41 +2 mod 9,
which is a contradiction. Hence (y,3) =1 .

[A] gives the solutions for k = 0; so we may assume that k >0 .

kS
Let A =Q, and 6 =23, Now, y is odd and
= aB, where « = X :z“e and B = x2 i2k9x + (21(9)2 .

since by Lemma 1.6, B > 0, we have «o = yz/B >0 . By Lemma 1.5,
(O',B)A|A3(2ke)2 . But (y,6) = 1 ,and therefore by Lemma 1.1, (y,6), = L.
Thus, since aB]Ayz, (Q/,B)A= 1 . Therefore Lemma 1.2 and (3), Section 1
give

" x 12"9 c o= ua s b8 s 8D,
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where p =1 or -1+ 0 . We may assume that c 2 0, since
2.2
o = p(-a -b6 -c67)" .
If p=-1+ 0, we have (by comparing the coefficients of 1,6

and 92):
2 2
x = =(a” + 4bc) + 2(b° + 2ac)(® (a,2) = 1) ,

1 2 2
() 12" =-2(c” + ab) + (@ + 4be)(= 2|a, since k> 0) .

Therefore we have a contradiction.

Hence p = 1, which gives:

1) X = az + 4bc (= a odd),
(5) ) 121(—1 =cZyap s
2
(6) 0 =Db + 2ac (® b even) .

If b = 0, then by (6), ¢ = 0, which contradicts (§). Thus b A0,

which implies that b = ZSB , where s21 and B is odd. From (6),

_ 225—

1C , where C is odd. Also C > 0, since c 2 0 . Again

by (6),

2
(] 0 =B + aC
and from (5),

) (%) 21 % 4 2%

_Zk—l : 4s:

T

Ir plC’ then by (7), p‘B (p being a positive prime of Z) . Thus
k-1 . 2

by (8), plZ . But C is odd and therefore C= 1 . Hence a = -B

and by (8),

©) 0 2= gtE 2%°
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10
Now, since s=21, 4s- 22> s ., Hence by Lemma 1.7, k-1 =5 ,

and we have by (9),

3 -1.3
* »® - 8% = 2%
[ 3,pp.70-72] gives
s-1
* =-1= .
(*) B +1 2
The positive case does not hold. In the negative case, B = 1 and
s=1. Hence k=2 and a=-1. Also, c = 2“’5-10= 2 and

b = 2SB =2 . By (4), x = 17 and therefore y = 71 .

2 . 231(+2 _ 3

Proposition 2.3: y x , x odd = (k,x,y) = (0,5,11)

2
y - 23k+2 = x3, x odd has no solutions.
3
Proof: If 3|y,then (x,3) =1 and hence x =+l mod 9 . But
23k+2 +4 and y2=0mod 9 . Thus (v,3) =1 .

The solutions for k = 0 are given by [A ].

Assume k>0 . Let A=Q, and O =

2 Now, y is odd and

2 3 k+2
10) y¥ = a®

= off, where o = x ;21(92 and
©) B = x2+2%% 4 (Fe%HZ |

2k
k+l.g . Thus,since

As in Proposition 2.2, ¢ > 0 and (CY,B)AIA:"Z
(y,6) =1, (Q,B)A =1 . As in Proposition 2.2, o = p(a + b8 + 092)2 B
where p =1 or -1+6 and b=0 .

If p =-1+ 6, we have:

—(:l2 + 4bec) + 2(b2 + 2ac) (® a is odd),

®
"

2
0 =-2(c + ab) + (az + 4bc) (= a 1is even)
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11

Thus p = 1, which gives:

(10) x = az + 4bec (® a odd) ,
2
(11) 0=c" +ab,
B k 2 N :
(12) (%) ;27 =" + 2ac (= b is even,since k >0) .

Hence by (11), ¢ is even. If c =0, then by (11), b = 0, which con-
tradicts (10). Thus c # 0, implying that c¢ = 2% , where s 21
and C 1is odd. By (11), b = ZZSB , where B is odd. Therefore B > 0.

Again by (11), 0 = Cz + aB and by (12),

) 7 2F = 282 4 2% ac .
As in Proposition 2.2, B =1 . Therefore a = -C2 and
(%) H 2k - 245 ~ 2s+1c3 X

Also, 4s > s + 1 . Thus k=s+1 and
9 Gl =aeth3.
But this equation has no solutions by [3,p.70-72].
Propositions 2.1, 2.2 and 2.3 prove
Theorem 2: y2 + 2% = x3, % odd ¢ (n,x,y) = (0,1,0),(1,3,5) or (2,5,11).
2 n 3 -
y© - 2" = x7, x odd @ (n,x,y) = (0,-1,0),(1,-1,1),(3,1,3),

(7,17,71), or (9,-7,13) .
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SECTION 3.

Proposition 3.1: 3y2 + 23k = x3, x odd = (k,x,y) = (1,11,21) .

3y2 - 23k = x3, x odd has no solutions.

Proof: (%) (9y)2 + 27-23k = (3x)3 . [A] lists the solutions for
k=0 and k=1.
Assume k >1 . Thus y is odd. Now,

2

(*) 3y2 = ab, where a = x ¥ 21( and b= x" + 2% + 22k

Hence b is odd. As in Proposition 2.1, a > 0 and (a,b)l3-2Zk .
Therefore (a,b) = 1 or 3 . But

*) a=x7t 21‘ = x3 it 231‘ = 3y2 = O0mod 3 . Hence

!

% x =% 2% mod 3, which implies that

2k _ ,2k 2k 2k _

&) b=x2 T 2% 42 226 4 2%k 4 22 = 0 nod 3 .

Thus (a,b) = 3 . Therefore 3zlab = 3y2, implying that 3ly . Hence
3()’/3)2 = (a/3)(b/3) . Thus (a/3,b/3) = (rz,352) or (3r2,52) .

If (a/3,b/3) = (r2,352), then eliminating x , we obtain

(*) 3(r4 t Zkrz - 52) = 221‘, which cannot hold. Thus (a/3,b/3) =
(31‘2,52) . Hence s 1is odd. Eliminating x ,

* a7t t o2l w @B =0

‘herefore Disc(r?) = 108s2 - 27.22K = a® . 3% 22|a?, since k> 1 .
Thus d = 18D and s2 - 30% = 2252 | Since k>1, D is odd and
therefore 52 - 3D2 = -2 mod 8 . But 22'&—2 =0 mod & .

Proposition 3.2: 3y2 + 23k+1 = xa, x odd has no solutions.

12
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13

3yZ - 23k+1 = x3 = (k,x,y) = (0,1,1) or (4,1915,48383) .
Proof: If k =0, then
2+ 3 . :
(%) (9y)“ = 54 = (3x)”, and we obtain the solution from [A 1.

Assume k>0 . Let A=Q  and 6 =2° . (x,3) =1 and

2
3 15

(y,2) =1 . Thus x Et1m0d9 and 2 f2m0d9. Hence

2 _+

wr=tyt

2 mod 9 , implying that (y,3) =1

2

O AR S

= of, where @ = x F zl‘e and B = x2 * Zka + (2k5)2.

As in Proposition 2.2, @ > 0 and (O/,B)A|A 3(21(6)2 . Since (3y2,2) =1,
@B, l,3= arer’cLee . By (6), Section 1, N(L+6) =3

and N(-1 +6) =1 . Thus 1+6 is a prime of A, and -1+6 is a
unit of A . Also,

* x b 2k =3tk x5 PR 3y2 = 0 mod 3 and

+

9 o= QeI T3 e aE el

Hence l+9|l\0{. If (1+9)2|A0(,then

WAl _ g2

9 =Na+)2N@ = x> T2
which contradicts (y,3) = 1 . Therefore (1 + 8)2,{Ad and, by Lemma 1.4,
@/ 1 +0),B),=1.

Now, 1+ )22 = /(L +8) + B/(-1+8) . Thus a/(1+0) =
pla+ b + c92)2 , where p =1 or =-1+86, and we may assume that
a-bz0.

If p =1, then:

x = (a% + 4bc) + 2(b% +2ac) (= a is odd) ,

=

(*) F 2t = (a\2 + 4be) + Z(c2 + ab) (> a 1is even) .
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14

Thus p = -1 + 6, and we have:

@ x = -(a® + 4be) + 4(c* + ab) (> a is odd)
@) 9 F 2= (Pt ab) + 8 + 2a80)
1) 0= (a2 + 4be) - (b7 + 2ac) .

Hence by (4), b is odd and

2

(5) 2c(a-2b)=a2-b = Omod 8 .

Therefore &|c ,which implies by (3), that 2|2k-l . Hemce k>1.
Multiplying (3) by 4(a - Zb)2 and using (5), we obtain

© 9 T2V - 20)2 = 3¢a - b)(a® - 3a%b + 3ab” - 5b) .

Let g = (a,b) , which is defined since a # 0 (g > 0). Thus
(g,2) =1 . Let A =a/g and B =b/g . Hence (B,2) =1, (A,B) =1
and A -B = (a-b)/g=z0. (6) gives

ktl 2

D 9 12 - 2m? = 32 - m@a’ - wlp o+ ap? - 58Y .

Therefore gzl(A - ZB)Z, implying that gla - 2B . Also by (7),
3|A - 2B and therefore 3|A L 3|B . Thus, since (A,B) =1, we have
A,3) = (8,3) =1 . Now, A -B=(A-2B)+B and hence (A - B,3) =1.
( - 2B,A - B) =1 ; for if d|(A - 2B,A - B) , then d|B and therefore
dla .

If d|(A - 2B,A + B), then d[3B . But @@,B) |+ B,B)=1.
Thus dl3 . Also, A+ B=A-28=0mod3 . Hence (A - 2B,A + B) = 3.
From (5), 2c(A - 2B)/3 = g(A - B) + (A + B)/3 . Thus (A - 28)/3|g .
Hence (A - 2B)/g\3 (since g]A - 2B) and therefore (A - 2B)/g = T

ort3.
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2k+]. .

+
If A - 2B==- g,then by (7), 3l Hence A-25=t3g,

and (7) gives

@ 5 732 = @a-ne® - als+ o’ - s .

1 and (AB,2) =1 , A - B =25,

"

Therefore, since A - B 20, (A - B,3)
r=1. (8) gives

3r 3

ktl-r 23 | 4B

y=@- B2 -’

[}

*) 32

Since 3r > 2, we have by Lemma 1.7, k+1-1r = 2 . Thus

sy 22t 3=,

If r = 2t, then by (8a),

) L T SN

By [ A], there are no solutions in either the positive or negative case
(since 23':_]' # 2)

Thus r = 2t + 1, and by (8a),
) (23t+2)2 + 2% = (2]3)3 .
By [A], there are no solutions in the positive case ,and in the negative
case (28,2°%%) = (2,4) or (10,32) .

3t+2

1f (2B,2 ) = (2,4), then t=0,r=1 and B=1. But

3e+2
)

A =B+ 2 =3, contradicting (#,3) =1 . Therefore (28,2
(10,32) . Hence t =1 and B = 5. This gives r =3, A =3 and,
since 2 =k+1-1r ,k=4. Now,t3g=A- 2B =3 . Since g >0,
g =1, and hence a = gA =13 and b=gB=5. From (5), ¢ =24, and
thus by (2), x = 1915. TFinally, y2 = 2340914689 and therefore

y = 48383 .
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Proposition 3.3: 3y2 + 23k+2 = x3, x odd has no solutioms.

N
3% - 2302 23 odd = (ux,y) = (0,-1,1) or (2,11,23) .

Proof: (y,2) =1 and (x,3) =1 . Thus x3 =11 nod 9 . Also,

+
23k+2 = - 4 mod 9 . Hence 3y2 =% * 4 mod 9, implying that

(y,3) =1 .

Let A=Q, and 6 =2° . Now,

"

o

) 3y2 = ap, where @ = x ¥ 2k92 and B = x “i’2k92x + (21‘92)2 .

As in Proposition 2.2, @ > 0 and (u,B)AlA3(2k62)2 . Thus, since

@) =1, @Bl 3= 1+ 1o . Nou,

k x3 ¥ 231{ = x3 ¥ 231(+2 = 3y2 = 0 mod 3 and

it

+1

(%) x+2

w>wu+mwmﬂﬂm+w+uﬁfmmuﬁﬂm#L

Hence 1+6|o . If (+ 8)?|,0 ,then 9 =N + 02N = 32,
which contradicts (y,3) =1 . As in Proposition 3.2, af/(L +6) =
w(a + b8 + ce)z, where w =1 or -1+6 and c =2 0.
If p = 1,then:
2 2 . :
x = (a° + 4bc) + 2(b° + 2ac) (= a is odd) ,
0= (a2 + 4be) + 2((:2 + ab) (= a is even).

Hence p = -1 + 6, which gives:
- 2 2 :
@) x = - + 4bc) + 4(c” + ab) (= a is odd),
2 2
(10) 0= -(c” + ab) + (b° + 2ac),
Ay T 2%= @+ 4oy - O + 2a0) .

Now, since a is odd, b(b - a) is even and hence by (10), c¢ is
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even. (10) also gives

a2) al - 2¢) = b2 - % .

Multiplying (11) by (b - 2¢)> and using (12),

2

an e T 250 - 2092 = -3e(e> - 6be? + 6bZc - 26%) .

If ¢ = 0, then by (13), b =0 . Hence by (9) and (11),

*) x=-.32=4-r2k. Thus k

+
0, x = - 1, which cannot hold
in the positive case and implies y = 1 in the negative case.

Assume c # 0 . Let = (b,c) >0, B=b/g, C=c/g. Hence

c>0, (B,€) =1 and by (13),
a1 2% - 202 = -3g2cc® - e8c® + 682 - 287 .
Thus g2 |28 - 2002 .

If k = 0, then &2l - 2002 . If k>0, then by (11), b 1is
odd and hence (g,2) =1 . Therefore gZI(B - ZC)2 in either case,
which implies that g|B - 2C .

From (14), 3\]3 - 2C . As in Proposition 3.2, we have (B,3) =
(€,3) =1, (B-2C,B-C) =1 and (B -2C,B+C)=3. (12) gives

(15) a(B - 2¢)/3 =g(B -C) - (B+ C)/3 .

As in Proposition 3.2, B - 2C = t g or t 3g .

¢ B-20="Yg thenby (14), 3|25 . Thus

(16) B-20=7%3g,

and (14) gives
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2

ane 3.9% = —c(c® - 6Bc? + 6B%C - 28%) .

Since C>0 and (C,3) =1, C= Zr, where r < k .

If k=0, then r=0 and hence C=1. By an, (B-1)3=10r
-2, implying B =2 . (17) then gives 0=B - 2C= ha 3g , which is
a contradiction. Therefore k > 0 and thus by (11), (b,2) =1 .

Hence (B,2) =1 and (g,2) =1 . Since c is even, 2lc/g=c¢C .

Thus r =1 .
Now by (17),
Ay & 32T = 5% - 3.2 4 307y L 27T

Since r 21 and (B,2) =1 , Lemma 1.7 gives k - r=1,and hence
by (18),

A9 F3=@-2H%+ 25

If r = 2t, then by (19),

) @32 04 - et -3 .

23t:+1

By [A], there are no solutions to this equation since # 4 or 32.

Therefore r = 2t + 1 , implying, by (19), that

) @2t 50 of -’

By [Al, there are no solutions in the positive case,and in the negative

case, 23122 and 2" -B=1. Thus t=0,r=2t+1=1,

B=2"-1=1,c=2"=2,k

—r+1=2 and by (16), ~ 3g =3 .
Hence g=1,b=gB=1,c=¢gC=2 andby (12), a=1. By (9,

x = 11 and hence y = 23.
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Propositions 3.1, 3.2 and 3.3 prove
Theorem 3: 3y2 +2% = x3, x odd @ (n,x,y) = (3,11,21) .
3y2 -2t = x3, x odd & (n,x,y) = (1,1,1),(2,-1,1),(8,11,23) or

(13,1915,48383) .
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SECTION 4.

y =32 = , x _odd.

Remark: (x,3) =1 ; for if 3|x , then 3ly, which together imply that

9|y2 - x3 = 3.9" . Ssimilarly, (v,3) =1 .

Proposition 4.1: y2 + 3~Z3k = x3, x odd has no solutionms.

2 3k 3

yo - 327 = x7, x odd = (k,x,y) = (0,1,2),(1,1,5),(3,25,131) or
(4,-23,11) .

Proof: The solutions for k=0 and k =1 are given in [A ]
Assume k > 1 . Therefore y 1is odd. Let /\=§l3 and 6 = 3° .

Now,

*) y2 = of , where o = x F 2ke and B = x2 s 2k9x - (Zke)2 .

As in Proposition 2.2, o >0 and (a,B)AlA 3-22k82 . Hence (a’,[:-l)A =1,
Thus o = p(a + b6 + cez)z, where p =1 or -2+ 62 and ¢ 20 .

If p=-2+ 92, then:
) x = =2 (32 + 6bc) + 3(3cz + 2ab) (= c is odd),

Aa) (9 F 25 = -2(3% + 2ab) + 3% + 2ac) (= b is even) ,
0= —-2(1)2 + 2ac) + (a2 + 6bc) (= a is even) .

Since k =2 , (la) gives 0= -6c2 mod 4 . It follows that c is
even, contradicting (1).

Hence p = 1, implying that:
(2) X = a2 + 6bc (= a is odd),
@@ F2%=3+ 2ab,

20
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“) 0= b2 + 2ac (b is even) .
If b =0,then by (4), c = 0, vhich contradicts (3). Thus b = ZrB,

where B is odd and r 21 . By (4), c= 22r-1C , where C is odd.
C>0,since ¢ =20 . Using (4) again, 0= BZ + aC and from (3),

(T 2% = 0%k 4 27
As in Proposition 2.2, C =1 . Therefore a = -BZ and
(ha)(®)  F 2k _ 3.241‘-2 _ 2r+1B3

If r>1, then 4r-2>r+1 . Hence r+1=%k and by (4a),

@y B =t14+3273 =% 100a 3.

Therefore by Lemma 1.10,

1) 53 =% 1 mod 9, which implies by (4b), that 9]3.2°773 .
Thus r =1 , implying that 2 =4r - 2 =+ 1 . Hence by

(4a), k> 2 and

1) Y ORI A S

It follows from Theorem 3 that this equation has no solutions in the

positive case,and in the negative case (B,k) = (1,3) or (-1,4) .
If (B,k) = (1,3), then b=2"B= 2, c= 2271 = 2 and by
), a=-1. By (2), x =25 and hence y = 131.
If (B,k) = (-1,4) ,then b=-2,¢c= 2 and by (4), a=-1.

Thus by (2), x = -23,which implies y = 11 .

Proposition 4.2: y2 + 3-23k+1 = x3, x odd has no solutions.

y2 - 322 23« odd 2 Gx,y) = (LL1,7)
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[

Proof: (y,2) =1 . Let 1\=Q6 and 6 = 6° . Now,

(%) y2 = of , where @ = x + ZkG and B = x2 - 2k6x + (2kE))2 .

2k, 2
As in Proposition 2.2, « > 0 and (a,B)AlA 3.279" | since (y,6) =1,

(Oz,B)A=1. Thus a=u(a+be+c92)2,where p =1 or l—66+392
and ¢ =0 .

If p =1, then:
(5) X = az + 12bc (= a is odd),
6) (¥) T2 6c? 4 2ab (Bl 1),
2 ;
@) 0=0b" + 2ac (b 1is even) .

If b =0, then by (7), ¢ =0 , contradicting (6). Hence

b=2"B , where B is odd and r = 1. From (7), c = 22‘:-10 , where
C is odd. Therefore C> 0 and 0 = BZ + aC . TFrom (6),

- 7oL 2 3947262 4 p%an

As in Proposition 2.2, C =1, implying that a = 2 and hence
* i zk-l _ 3'Zlor-Z ~ 2rB3 .

Now, 4r - 2>r . Hemce k -1=r1, which implies that

©)] Tl+ B3 = 32972,

As in Proposition 4.1, this cannot hold.

Hence W =1 - 68 + 392 , yielding:

%

(8) = (a2 + 12bc) - 36(b2 + 2ac) + 18(6(:2 + 2ab) (= a is odd),

@ 325 (62 + 2ab) - 6(aZ + 12be) + 180 + 2a0) >k =1,

(10) 0 = 3@2 + 12bc) - 6(6c? + 2ab) + ®2 + 2a¢) -
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By (10), b is odd. Thus 332 + b2 = 4 mod 8 and hence by (10),

4]23(: . Therefore c is even. It follows by (9),that

(102) (%) + 21 = 3c? 4 ab) - 3(a + 12be) + 9@’ + 2ac) .

Now, ab - 332 + 9b2 is odd and hence by (10a), Zk-l is odd. There-
fore k =1 and our equations become

(*) y° - 48 = x7, x odd. [A] 1lists the solutions.
Proposition 4.3: y2 + 3-23k+2 = x3, x odd has no solutionms.

y2 - 32792 203k odd = (k,x,y) = (0,13,47) .

Proof: (y,2) =1 . If k=0, then y2 ti-= x3, and we may obtain

the solution from [A ].

Assume k > 0 , and let A = 012 , 6 = (12)% . Now,
(%) y2 = aof , where @ = x ¥ zke and B = x2 * 2k8x + (21(9)2 .
«>0 and @01, 3.22%2 . tence (@,8), = 1. Thus, by (4) of
Section 1, o =p(a + bd + CSZ/Z)Z , where p =1 or 1+ 30 - 392/2
and ¢ = 0 .

2
If w=1+ 3 - 3°/2, then:
2 2 2 5
x = (a° + 12bc) - 18(3c” + 2ab) + 18(2b° + 2ac) (= a is odd),

0= —3(32 + 12bc) + 6(3(:2 + 2ab) + (2b2 + 2ac) (» a 1is even) .

Therefore p = 1, which gives:

= az + 12bc (= a is odd) ,

i

ane)  F 2% = 3¢% 4 2ab (= ¢ is even,since k=1),

12) 0=b%+ac .
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By (12), b is even. If b =0, then by (12), c = 0, which contra-
dicts (11). Hence b = 2'B , where r 21 and (B,2) =1 . Thus

c = erC , (C,2) =1 and therefore C>0 . Hence 0= BZ + aC and,

by (11),

) 32} = 3.0%¢% 4 9" lap

As in Proposition 4.1, C =1 and a = —B2 . Thus
) I 2k _ 3.241' _ 21:+IBB 3

Now, 4r > r + 1 and therefore k = r + 1 . Hence
" I 3 3r-1 ; ; s
(*) + 1+ B” = 3.2 , which, as in Proposition 4,1, cannot hold.

By Propositions 4.1, 4.2 and 4.3,we have

Theorem 4: y2 + 32" = x3, x odd has no solutions.

2 203 % odd @ (nyx,y) = (0,1,2),(2,13,47),(3,1,5),

(4,1,7),(9,25,131) or (12,-23,11) .
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SECTION 5.

y - 3:2 =x3, (x,6) = 1

Proposition 5.1: y2 + 32-23k = x3, (x,6) = 1 has no solutions.

y2 - 2%k %2, (x,6) = 1= (k,x,y) = (5,73,827) .

Proof: By [A ], there are no solutions for k = 0 with (x,6) =1 .
1
Assume k > 0 . Hence (y,6) =1 . Let A= 03 and 6 = 3% .
Now,

(*) y2 = aBf , where o =Xx ¥ zkez and B = xz t 2k92x + (21(92)2 .

As in Proposition 2.2, « >0 and (O(,B)AIA 3-(2k92)2 . Thus
(OZ,B)A =1 and hence o =pu(a + b6 + <:92)2 , where p =1 or -2+ ez
and b =0 .

If p = -2+ 62, then:

(1) x= 2@+ 6be) + 3(3c% + 2ab) (= c isodd) ,
2 2 N
(1b) 0 = -2(3¢” + 2ab) + 3(b" + 2ac) (= b 1is even) ,
§ -k 2 2 . .
(*) 3 2% = (a° + 6bc) - 2(b" + 2ac) (= a 1is even) .
Since a 1is even, it follows from (la) that -6c2 = 0mod 4 . Thus

¢ is even, contradicting (la).

Therefore p = 1, which gives:

@) x = a’ + 6be & (a,6) = 1),

(3) 0= 3c2 + 2ab (= ¢ 1is even),
i -k 2 s

@) +2 =b"+ 2ac (= b is even) .

Thus from (3), 3‘1: . If c=0 then by (3), b =0, which contradicts
(4). Hence c¢ = 2%¢c , where r 21 and (C,2) =1 . Therefore by (3),

25
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b = 3’221‘-1]3 , B odd,which implies that B>0 . From (3) and (4),
0= C2 + aB and
(* i L LAn P
As in Proposition 2.2, B = 1. Thus a = -C2 and
) I 2k - 9.241:'-2 ~ 2r+1C3 .

If r>1,then 4r-2>1+ 1 and therefore k= r + 1 . Hence
) 1=9G 23w o
It follows from [15, p.112, Delone-Nagell Theorem] that 1 = E)u3 + v3 .
u # 0 has exactly one solution, (u,v) = (1,-2) . Hence C = Ty,

But C is odd. Therefore r = 1, implying that 4r -2=r+1=2<k.

Hence
2 + k-2 3

(&) 3 2 =c’ .

By Theorem 2, there are no solutions in the positive case,and in the

negative case, k = 5 and C=1. Thus ¢=2,b=26 and a = -1,
which implies, by (2), that x =73 . Therefore y = 827 .

Proposition 5.2: y2 + 32-23k+1 = x3, (x,6) = 1 has no solutions.

g2 323 3 6) = 1= (x,y) = (0,7,19)

Proof: R. Finkelstein and H. London have recently shown in [10] that

the only solution of y2 + 18 = © is x= y=3. [A] gives the

solution of y2 - 18 = x3 .

ki
We may therefore assume that k>0 . Let A= le and 8 = (12)%.

Now , (y,6) = 1 and

2

- k- 2
(*) y° = oB, where @ =x+ 2 212 .

k'laz and B = x2 ¥ Zk—lazx + ( 0°)

As above, @ > 0 and (a,B)AlA 3-(2k_192)2 . Thus (D(,B)A = 1, which
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. . _ 2 2 _ 2
implies that & =p(a + b8 + c87/2)", where u = 1 or 1- 30 -3°/2
and b 20 .
I w=1+3 - 0%/2, then:

x= (a2 + 12b0) + 18(2b% + 2a0) - 18(3c% + 2ab) (= a is odd) ,

(*) ¥ 2k = -3(a2 + 12be) + 6(3::2 + 2ab) + (Zb2 + 2ac) (= a is even) .

Hence p = 1, implying that

() x = a’ + 12be & (@6 =1),
(6) 0= 3(:2 + 2ab (= ¢ is even) ,
M T2t = bt v ac .

By (6), 3|b . If =0, then by (6), b =0, contradicting (7).

Hence c¢ = 2%¢c ,rz1l,C oddand therefore by (6), b= 3-22r-1B 5

B odd. Therefore B>0, 0= C2 + aB and

*) 7 941 29,9422 4 oTac | As in Proposition 2.2, B =1
and a = -C2 . Thus

) 7okl 2 g% pted Since 4r-2>1,
k=-1=r1r . Hence

Gay F1=9272-c%.

If r = 2t, thenby (7a),

3t-2

(*) (3-2 )2 ¥ 3

1=0C .
By [A], the positive case cannot hold,and in the negative case C = 2.

But C is odd. Thus r = 2t + 1, implying by (7a),

3t42,2 +

() (3.3 F g = o) .

Again by [A], the positive case cannot hold . In the negative case
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we obtain 3-23t+2 =3 or 312, which cannot hold.

Lemma 5.3: y2 + 32-25 = xa, (x,6) =1 has no solutions.

Proof: (y,6) =1 . Let A= r, and 6 = (-2)}é . Then X = o s
where « =y + 126 . Now, (a,&)AIA @ - & =240 and,since (x,6) =1,

(Q,E—X)A =1 . Hence by Lemma 1.3, o= (a+ b9)3, implying that

(7a) 12 = 3a% - 23 = 3p) .

But, since 31b, (7a) implies that 9|12 .

We now solve y2 - 32-25 = x3, (x,6) = 1. Let F(x) = x3 +3x + 2 €
Q[x] . F(x) is irreducible over Q and since F'(x) = 3x2 +3>0,
F has one real root © . Let I = z[®] = {a + bd + cezla,b,c €z} .
Since II is a real ring,it contains only two roots of unity, t 1.
Also, Il is an order [2,p.88] of the algebraic number field Q(8) and
therefore, by Dirichlet's Unit Theorem [2 ,p.112], the positive units
of I form an infinite cyclic group. Let <o be the fundamental unit
of 1T, 0< €y <1.

By [5, p.114], I is the ring of integers of Q(8) (this is easily
checked directly by the usual methods) and, since 1, 8, 92 is an
integral basis for II , the discriminant of Q(8) (= A) is =216 (see

[2, p.404] and [33, p.83]) .

Artin's inequality [1,p.70] is

(8 la] < aer®+ 26,

Hence, by (8), 553 > 45 and therefore 661 >4 .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



29
Now, F(-1) < 0 and F(0) > O . Hence -1<6 <0. Also,

@+6-02a7-%+ %% =1. Thus ¢=1+6 - 6> isa unit of

I and ¢l=17-% + 2. It follows that 17 < ¢~ <25 and

s
therefore 0 < e <1 . Hence € = €g 7 where s 2 1 . Therefore

25>s'1=e;,5>45 and thus s S 2 .

Suppose s =2 . Hence € = ef) and since €y =2 + b8 + cez

we obtain, by comparing the coefficients of 6 , 1 =2ab - 2c2 - 6bc .

This obvious contradiction proves that s = 1 and hence ¢ = eo is

the fundamental unit of II .
Let of=a, +b6 +co’ €N forall €z,

Lemma 5.4: If n 21, then

3" n n n .2
) € =(l+3xn)+3yn9+32n9 N

with ynE-l 5 z“ilmodB.

Proof: 63 =25+ 336 - 1592 . Hence Lemma 5.4 holds for n =1, with

X :8,y1=11 and z, = -5 .

1
Assume the lemma for some n = 1 . Cubing (9) and using
1 n+1

¥p 2 b3n+l =3y,

1

dnzn+2 and 2n+ 1 2n+2 , a E].-+-3n+
3n+1

= 3“4'12n mod 3“+2 . Therefore

i

c3n+]. Yl = V0 2 Zal T %n mod 3 .

Corollary 5.5: If n=1,b = 2yn3 e = 2zn3n mod 3n+1 .
2(37) 2(3)
Proof: Square (9) and use 2n = n+ 1.

= mod 37 .

Corollary 5.6: If n=1,b

b
e

¢ n
t+k3

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



30

n n
L3 e 3 2 n n n_ .2
Proof: e =ece¢ —(at+bt6+ct9)(1+3xn+3yn9+32n9).

Hence the corollary holds for k = 1 . By induction, it holds for all

k20 . If k<0 ,then b =b N L= nmod3n
(t+k3)+(-k)3 t+k3

Corollary 5.7: If n=1 and bt + th = 0 mod 3“, then t = 0 mod 3",

Proof: Suppose the corollary is false. Choose the minimal n 2 1

such that for some t , bt + 2ct = Omod 3" and t # O mod 3% . There

isa k such that 0< t -k3" < 3% . Now, t - k3" # 0 mod 3" and by

Corollary 5.6, b + 2c¢ = bt + 2z:t = 0mod 3" . Hence we may

n
assume 0 <t <3 .

If n=1, t=1o0r2. But b1+2c1=-1¢0mod3 and

b2+2c2=-2¢0mod3.

Therefore n > 1 and thus n - 121 . Obviously, bt: + 2ct =

0 mod 3L . Hence by the minimality of n , &= 0mod 31 . There-
fore t =31 or 2.3°°1 . But, by Lemma 5.4, b __, + 2¢ =
3\1—1 3n-l
n-1 nol B =
(yn_l + Zzn_1)3 # 0 mod 3 (since Vo1 T Zdn-—l 1 mod 3) and, by
- _ n-1 n
Corollary 5.5, b o+ 2 4= 2(yn_1 + 22“_1)3 # 0 mod 3 .
2.3 2.3
Corollary 5.8: 12 = a3 + Ziab2 - Zb3 =2a=2, b=1.
Proof: Suppose
2 2
(10) 12 = a3 + 3ab2 - 2b3 . Hence af(a” + 3b") is even.

If a 4is odd, then 32 + 3b2 is even and therefore b is
odd. Hemce a2 + 3b2 = O mod 4 and by (10, 4]-2b3 , implying that

b is even.

Thus a is even. Let a = 2A ,which implies, by (10),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

(11) 6 = 10A3 + BAb2 - b3 .

If b is even,then 416 . Thus b is odd. If A is even,then

by (11), b is even and hence A is odd. Also by (11),

3

A-b=ad-b3-6-3a3-3b2=0mod 3. Therefore 6/a - b .

Now ,

(12) (2+8)u =a+ b8 , where

(22)  w- @ -b)/6+A- (-3 6+ (h-b)6 -0 .

By [33,p.132, (13)], the norm (over Q) of elements of II is

N(a + b0 + %) = a3 - 26 + 4e® + 6abe - 6alc + 9ac? + 3ab? - 6bcZ.

Hence N(2 +8) =12 ,  N(a+ 1) = a+ 3ab” - 267 = 12 and

therefore by (12), N@) =1 . By [2 ,p.89, Theorem 4],  is a unit

of I and therefore p = * St . Comparing this with (12a), bt + 2ct = 0.

By Corollary 5.8, t = 0 mod 3" for all n=1. Hence t = 0, which

T

implies that p = Since N(@) =1 ,p =1 and by (12),

a=2 and b=1.

[
-
U
"
[
b
<
n
-
~

Corollary 5.9: y2 - 32 27 = x3, (x,6)
Proof: (y,6) =1 . Let A=T, and 6 = 2%, ax = x3, where
@ =y+ 120 . Now, (a,&)[\ll\ o - @ =248 . Thus (uz,&)A =1 . Hence

by Lemma 1.3 and Table 1,
- %\ 3 +
a =p(a+ b2?%)”, where p=lor-1+86 .-

If p =1, then:

y = a® + 6ab? & @6 =1,

@) 12 = 3a%b + 27 = b@3a® + 265 = 3[b) .
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Hence, since 3a2 + sz is odd, 4|b ,and thus by (12b), b = - 12 .
By (12b), 3a> + 2b% = ¥ 1, which is impossible.

If w=-1+6, then:

(12¢) y = =@+ 6abd) + 2(3a% + 267

12 = (@3 + 6abd) - (3a2b 4 2b%) = (a - b)> + 3@a-b) (-0)7-2(-b)° .

Thus by Corollary 5.8, a - b =2 and -b=1. Hence a =1,
b= -1 and (12c) implies that y = -17 .

Therefore p = 1 + 6, yielding:

y = (33 + 6ab2) + 2(3a2b + 2b3) s

12 = @3+ eabd) + (3a%b + 26 = (a+b)’ + 3arbIb - 207 .

Hence, by Corollary 5.8, a+ b =2 and b= 1 . Therefore a =1

and thus y = 17 . Hence x =1 .
4
Proposition 5.10: y2 + 32 23k 2. x3, (x,6) =1 has no solutions.

3
Vo223 e = 1 (k) = (1L,1,17) .

Proof: [A] shows that there are no solutions for k = 0, with

(x,6) =1 . Lemma 5.3 and Corollary 5.9 give the solution for k = 1.

L
Assume k> 1. Let h=0Q and 6 = 6° . Now, (y,6) =1 and

) y%=aB, where o = x ¥ 2% and B = R T h

As above, @ > 0 and (OK,B)A‘A 3-(2k92)2 . Hence (a/,B)A =1 and
0:=p.(a+b9+c92)2,where p =1 or 1-69+362 and b 20 .
If p=1-60 + 392, then:
X = (a2 + 12bc) - 36(b2 + 2ac) + 18(6(:2 + 2ab) (= a is odd),

(13) 0= (3(:2 + ab) - 3(a2 + 12be) + 9(b2 + 2ac),
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A F 2% = 32+ 1200) - 6(6c? + 2ab) + (F + 2a0) .

Hence, by (14), b is odd and therefore b2 + 332 = 4 mod 8 . Again

by (14) (since k 22), 4[23:: and hence c¢ 1is even. It follows from
(13) that ab - 3a2 + 9bz is even, contradicting (ab,2) =1 .
Thus p = 1, which gives:

2

x = a’ + 12be = (@,6) = 1),
2
(15) 0= 3c" +ab,
-k 2 .
(16)(*) + 2 =Db" + 2ac (= b 1is even).

By (15), c is evenand 3[b . If c =0, then by (15), b = 0, which

contradicts (16). Hence c¢ = ZrC, rz1, C odd, implying by (15),
2r

that b = 3-2°"B, B odd. Thus B >0 and from (15) and (16),
0= C2 + aB and

(%) 7 2% = 9.0%2 + 2" ac .

As in Proposition 2.2, B =1 and a = —CZ . Therefore

* i Zk _ 9'21n: _ 217+lc;3) X

Since 4r>r+ 1 ,k=r+1 and

aney 92 i,

If r = 2t, then by (17),

() (3'23':*'1)2 tg= (20)3, which has no solutions by [A ].

If r =2t + 1, then

and this has no solutions by [A],

3eely2 k¢

(*) (3-2

since C is odd.
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Propositions 5.1, 5.2 and 5.10 prove
Theorem 5: yZ + 32 2" = x3, (x,6) =1 has no solutions.
2o 322" =S, ,6) =1 e (nx,y) = (1,7,9),(5,1,17) or

(15,73,827).
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SECTION 6.

ot e 1= y2 2= 3"
Remark: Corresponding to the cases m = 3t, 3t + 1 or3t + 2, 2y2 +1=3"
can be transformed into: (l&y)2 + 8 = (2-3':)3, (12y)2 + 72 = (2!3“’1)3

Gey)? + 648 = (23523

V+s=x3, v*+72=x> and ¥+ 648 = X°. The solution of the first

, respectively. These are special cases of

equation is listed in [A] and the latter two equations are solved in [4].

The difficult case of y2 + 2" =3" is y2 +2=3" (see Theorem 6b).

2
As above, this equation can be divided into special cases of Y + 2 = X3,

YZ + 18 = )(3 and YZ + 162 = X3 .The solution of the first equation is

given in [A],the second is solved in [10] and the third is solved in [12].

Since, for reasons discussed in the introduction, I wish to avoid

the use of [4 ] and [10] in solving y2 A xz, I shall solve

2y + 1= 3" and y? +2=3" directly.

L
Let A=T_,, 6= (-2)" and 6=1+06Ch . Hence 8 =a +1b8

Lemma 6.1: If n 2 3, then

n
[¢D] 62 = (1 + 2n+lx )+ 2“y 8, where x_ =1,y = -1 mod 4 .
n n n n

Proof: 68=17+569 . Thus x, =1 and y3=7.

3
Assume the lemma for some n 2 3 . Squaring (1) and using n = 3 :
n 2 n-1 2
= - = d
X1 Xy + 2 X 2 y X, mo 4,
_ ntl _
Yol = yn(l + 2 xn) =Y, mod 4 .

Corollary 6.2: If n 23 and t 20, then:

35
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b =b, +2" med 2t
2

+
a n = at + 2“ L mod 2n+2 if t 1is even,
2
a  =a mwd 272 if t is odd.
2

Proof: Since ag = 1 and bo = 0, Corollary 6.2 holds for t =0 by

Lemma 6.1. Assume that it holds for some t =0 . Now,

_ottl |t
gt bt:+le =5 =5 .8 = (at + bte)(l +8) .

a_-2b  and b a_+b_ .

He = =
ence Ay T A t thl £ e

If t 1is even,then by the induction hypothesis,

n n -
a +b 9 = 5t+l+2 - 6t+2 5 = L(at+2n+1+2n+zs)+(bt+2“+2n+1r)9 ;(1+9) .
p+1+2™ 2™ -

+2 n
2b_=a mod 2" and b =a+b +2 =
t t e+l t+l+2n tt

[
)
'

Hence a a
t+1+2

n ntl
bt+1 + 2 mod 2 .
If t 1is odd,then by the induction hypothesis,

n n 2 -
B2 L 52 | (a2 )+ (b 22" e | (40)

Thus a a3 " 2bt - 2n+l =ag, + 2“+1 mod Zn-(h2 and
t+1+2
b nEat+bt+2n=bt+1+anodZn+1.
t+1+2
+
Corollary 6.3: If n= 3, t odd, 0 s t< 2" and a, = - 1 mod 2“-'-2 N

then t=1or 5.

Proof: Suppose Corollary 6.3 is false. Choose the minimal n 2 3 such

2

+
that there is a t € Z, with t odd, 0 st < Zn, a, = ~ 1 mod 2n+ and
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t#lor5.
+ 5
If n=3,then t=3o0r 7. But a3=-5¢-1mod2 and
a7=43¢1“1moc125 . Thus n>3 and therefore n - 123 .
Obviously, a, =1 1 mod 2n+l' If 0=s¢t< 2“-1 , then by the
minimality of n, t =1 or 5 . Hence 2n—-1 <t < 2" and therefore
0<t- Zn_l < 2“‘1 . Also, t - 2“-1 is odd. By Corollary 6.2 (for
n - 1),
n+l
+1=a =a =a mod 2 .
- t (t-2“-1)+2n-1 t_2\'\-1
: s 1t N n-1
Again using the minimality of mn, t - 2 =1lor 5.
¥ t=2""4 1, then by Lemma 6.1,
n-1
t_ 2 _ n n-1
6 =866 -(1+6)(1+2xn_1+2 yn_le)
o n ~ =t n+2 .
Therefore 1 + 2 (xn—-l - yn—l) = = 1 mod 2 . Since n >3,
the minus sign cannot hold and thus X017 Ya-1 = 0 mod 4 . But, by

Lemma 6.1, X1 " Yne1 =2 mod & .

2:\-1

If t= + 5, then
e s Mlaq-uea+ 2k 2"y 8)
st =66 n-1 Il
n _ _t nt2
Thus 1 + 2 (xn_1 + 11yn_1) =a = 1 mod 2 . It follows, as above,

that x_ + llyn_l = 0mod 4 . But x4 + lly“_1 =1 -11=2mod & .
=t

+1
Corollary 6.4: If n =3, t even, 0=t<2" and a, 1 ™ s

mod 2
then t = 0or 2 .

Proof: Suppose Corollary 6.4 is false. Choose the minimal n = 3 such

n 1

+ ot
that there is a t € Z, with ¢t even, 0 = £t <2 ,atz-lmodZ

and t# 0or2 .
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If n=3, then t =4 or 6 . But a[‘=-7 and 36=23,

neither of which is congruent to T modulo.ZA . Therefore n >3
and hence n - 123 .

Obviously, a, = ) med 28 . If 0<t<2"), then by the min-
2%l < £ < 2" and thus

n
o

imality of n , ¢t or 2 . Therefore

0=t - Zn-l < 2n-1 . Also, t - 2“_l is even. By Corollary 6.2,

n ntl
a_ =a =a + 2 mod 2 . Hence a =
t (t_zn-1)+2n 1 t-2“'1 t-Zn-l
* 1 mod 2" . By the minimality of n, t -2} =0or2.
n-1 1

If t=2

then by Lemma 6.1, a_ = 1+ ann_l # *1 mod 2%

(since n> 3 and X1 is odd).

n-1

If t=2 + 2, then
t .2 20l n n-1
8 =678 = (¢l+28)@ + 27k 2 Yp1®)
Thus as above,
n nt+l 4+ o+l
a, = -1 -2 xn_l-Z Yno1 # - 1 mod 2 .

Theorem 6a: 2y2 +1=3"=m= 0,1,2 or 5.

Proof: m 2 0, since 2y2 +1€2.
By (5) of Section 1, N(6) = N(8) = 3, and therefore & and H
are primes in A .

mo_ gm gm

(2) wr = 3 = , where o =1+1y6 .

5 2 - z 2
Also, (u,o()AIA @+ &=2 and (oz,a)l\l,\ & =1+ 2y° . Since
a + 2y2,2) =1, (oz,&)A =1 . Therefore, by (2), if B‘A o, then

8™ o and if ElA «, then SmlA « . Hence,since the only units of A

Iy
are +1,a=+1,+ 8% +8% or + 06" E(=1+3) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



39

If a=+1 or -i-3m,then by (2), y =0 and thus m=0 .
If o=+ 8™ or + Em, then 6" = to or * @ , implying
by (2),that a_=+1 . Now,there is an n 2 3 such that 0 s m< 2"

m
(e.g., n =m+ 3)., Thus by Corollaries 6.3 and 6.4, m=0,1,2 or 5 .
We now solve y2 + 2% =37

Corollary 6.5 (to Lemma 6.1): If bt =+ 1 mod 2" for some n =3 and

0:’::<2n,then t=1o0r 3.

Proof: Suppose Corollary 6.5 is false. Choose the minimal n = 3 such

that there is a t, with th-_flmodZ“,OSt<2n and t # 1lor 3.

I1f n=3,then t = 0,2,4,5,6 or 7. But bo =0, b2 =2, bl‘_ =4,
b, = -11, b6 = -10 and h7 =13 . Thus n > 3 and therefore n-1 23 .

Obviously, bt =+ 1 mod 2“‘1 . If 0=st< 2n—1’ then by the min-

imality of n, t =1or 3 . Hence 2“-1 =t< 2“, and thus
o<t - 2"t < 2™ | Now by Corollary 6.2,
- n-1 n
b, =b =b + 2 mod 2 .

Hence Therefore by the minimality of mn,

I e=1+2"" then

n-1
n n-1
6 =6+ 6 —(1+6)(1+2xn_1+2 yn_le).

Thus + 1= =1+ Zn_]'yn_1 mod 2" . Since n > 3, the minus cannot

hold. Hence Zl-l‘lyn_l = 0 mod 2™ . But by Lemma 6.1, Y1 is odd.

f t=3+2"", then

n-1
2 _ n n-1
= (-5+90)1Q + 2xn_1+ 2 yn_le) .
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-1
1- Syn_ 2™ mod Zn, and we have the same con-

Therefore + 1 =b 1

tradiction as above.

Proposition 6.6 y2 +2=3"=m=10r3.

Proof: Since yz +2€2Z, m=0 . Now,

m

(3) 5E=3m=5 5™, where B =y +6 .

Also, (5,5)1\][\(3'5)2 = -8 and (B’B>[\‘I\Bé = 3" . Therefore, since

(3m,8) =1, (B,E)A =1 . As in Theorem 6a, B =+ 1, % 8", + ™ or+ 3,
But by (3), B #+ 1 or + 3™ . Thus, as in Theorem 6a, M=+ Bor+ P .
Therefore bm =+ 1. There is an n =3 such that 0 < m < 2" and

thus, by Corollary 6.5, m =1 or 3.

Theorem 6bs  y> + 2" = 3" = (n,m, |y]) = (0,0,0,(1,1,1),(1,3,5),(3,2,1)

or (5,4,7) .

2 n m
Proof: If m<O0, then y <1 and thus y = 0. Hence 2 =3,
which implies that m = 0 . Hence m = 0 and therefore,since "€ z,
nz0.

If m= 0, then 2% <1 . Thus n=0 and hence y =0 .
Assume m = 1 . Therefore (y,3) =1 . If n = 0, then "=
yZ 4+ 1 =2 mod 3,which is impossible. If n =1, then Proposition 6.6
gives: m = 1 or 3, and hence lyl =1 or 5, respectively.
Assume n = 2 (and m = 1) . Thus (y,2) =1 and therefore

y2=1mod 4 . Also, 2" =0mod 4 . Hence 3"=1mod 4, implying

that m=2s . Now, Cly| + 3%y (ly| - 3% = yz - 3™ = 2" . Thus
) Iyl + 3% =2° and ly| - 3°=-2""

r-1 ,n-r-1
Since y is odd, 1 = 1 and n-1xr=1. Therefore \y\ =2 -2 .
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Since lyl >0, n-1r-1=0,by Lemma 1.7. Hence by (4),
(5) 37 =2 + 1.

By (5), r =1 is impossible and r = 2 yields: s =1, n=1+1=3,
m=2s =2,y =3"-2"=1.

Assume r > 2 . Thus 21:-1 = 0 mod 4 and hence by (5), 3% = 1 mod 4.
Therefore s = 26 . By (), @51 =270 L Mence 341
and 3': -1 are both powers of 2 and their difference is 2 . Ob-
viously, 3': 4+ 1 =14 and therefore t =1 . Hence s =2 and by (5),

r=4¢4 ., Thus m=2s = 4 and n=r+1=5. Finally, y2=3m—2n=4)9.
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SECTION 7.

2

A ar

(x,6) =1

Proposition 7.1: y.2 - 22k+1 32V+1 = x3, (x,6) = 1 = (k,v,x,y) =

(0,2,-5,19),(0,4,19,215),(1,0,1,5),(1,3,-13,73),(2,5,-47,2359) or
(4,0,25,131).

Proof: The solutions for v = O are given by Theorem 4,

1L
]

Assume v > 0 and let A= 1"6, 6 =62 . Now, (y,6) = 1 and
o = x3, where o =y + %% . (o(,E()AIA w5 = 25"13% and since
(x,6) =1, (a,&)A =1 . Hence, by Lemma 1.3, o = |L(a+h8)3, where p =1
or 51 20
If p=5+20
< 5(a® + 18ab%) + 12(3a% + 6b7) & (2,3) = 1),

23V = 5(3a%b + 6b%) + 2(a> + 18ab7) = 3la, since v 2 1).

Therefore p = 1, which gives:

1) y = 33 + lSabz (= (a,6) =1 and, since y =0, a z0),
@ 2 3Vl 2 pa? ¢ 26Y)

Since az + 2b2 is positive and odd, (2) implies that a2 + 2b2 = 3"
and thus b = Zk 3v-l-r . Hence

(22) a2 4 g2WL j2(v-1or) T

If v-l-r > 0, then since (a,3) =1, r =0, By (2a),
a2 + 22k+1 32(v-1) = 1, which cannot hold.
Therefore v-1-r = 0 and by (2a), az + 22k+1 = 3v-1 . Since
a =0, it follows from Theorem 6b that (k,v,a) = 0,2,1),(0,4,5),(1,3,1)

or (2,5,7). 42
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Using b = Zk and (1), we obtain the given solutions with v > 0.

2,2k 2vHL

Proposition 7.2: y2 - 22°3 K2, (x,6) = 12 (k,v,x,y) = (0,0,1,2),

(1,0,13,47),(2,0,1,7) or (6,0,-23,11).
Proof: If v = 0,we obtain the solution from Theorem 4.

Assume v >0 . Let A= F3 and 0 = 3]li . Now, (y,3) =1 and
o = x3, where « =y + 2k3V9 . As in Proposition 7.1, (o(,l_x)A =1 and
therefore o = p(a + b6)3, where p =1 or 246 .

If p=2+80, then:

y = 2(::3 + 9ab2) + 3(3a2b + 3b3) = (@,3) =1),
257 = 1(a® + 9ab?) + 2(3a%b + 37 e 3la) .

Therefore p = 1, which implies that:
@ y = a> + 9ap? G (@3 =1,
® 23l - @ + D) .

If k=0, then by (4), b =3 = 2K3

+
If k> 0, then since y> = x>+ 22552 a4 x s odd, y is

odd. Rewriting (3) as y = z\(e\2 + bz) + Babz, we see that a2 + h2 is
odd,and hence by (4), b = 2k3r in either case. Thus (4) implies that

(4a) 3v-].-r _ aZ - 22k32r .

If v-l-r = O, then (4a) implies that a =0 , contradicting (a,3) =

1 . Hence by Lemma 1.7, r =0, and we obtain BV-]' = az + ZZk . But

2 2k v-1 _ 1

a“+2° =2 mod 3 and 3 = or 0 mod 3 .

Proposition 7.3: y2 - 22k32v = x3, (x,6) = 1= (k,v,x,y) = (0,0,-1,0) .

Proof: Theorem 2 solves the case v =10 .
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Assume v >0 . Now, ab = xa, where a =y + 2k3v and b =

y - 2k3v . (a,b) la-b = 2k+]'3V and therefore (a,b) = 1 . Thus
a = 53 and b = t3 , implying that st = x and therefore
(st,6) = 1.

MV i p =33 s (- (2 st + D) . Since
52 + st + tz is positive and odd, s - t = 2k+13r and 52 + st + tz =
3V, Eliminating s from these two equations,we obtain
) QV°T 3t2 + 2k+131+lt + 22k+232r .

If r=0,then since v >0, 3[22"% . Thus r = 1,which

implies by (5) and Lemma 1.7, that v - r = 1. (5) now gives

ktl,

tZ + 2 3 + (22k+232r-—1

-1) =0.

Therefore by Lemma 1.8,

2ki2 p2r-l _ g2

Disc(t) = 4 - 2 a

which is impossible,since k = 0 and r 1.

Proposition 7.4: y2 - 22k+132v = X3, (x,6) = 1= (k,v,x,y) = (0,0,-1,1),

(0,1,7,19),(1,0,1,3),(2,1,1,17), (3,0,17,71),(4,0,-7,13) or (7,1,73,827).

Proof: The solutions for v = 0 and v =1 are obtained from
Theorems 2 and 5.
Assume v > 1 . Hence (y,6) =1 . Let A= FZ and 6 = 2!2‘ .
Now, o = x3, where o =y + 2k3v9 . As in Proposition 7.1, (@,@) = 1,
and hence ot=p(a+b9)3, where p =1lor +1+6 .
If p = 1, we obtain:
y = ad+ 6ab2 = (a,6) = 1),

249V = 3a2b + 2b3 = b(3a® + 2b7) (= 3|b, since v > 1) .
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Since a is odd, b = Zk.’}r, r 21 and therefore 3V - 3a2 + 22k+132r'
But since 2r > 1, Lemma 1.7 yields v-r =1, Hence 1 = a2 +
2L 2r-1 - pich cannot hold.

Therefore p =+ 1 + 0, yielding:

(6) y =+ (a3 + 6ab2) + 2(3a2b + 2b3) s

k,v 3

(7) 273 = (a” + 6ab2) + (Bazb + 2b3) .

1f 3|b, then by (7), 3|a and hence by (6), Bly ,which is false.
Hence (b,3) =1 , implying by (7), that (a,3) = 1.
Let B=+ Db ; (7) becomes

3 3

(8 2%3Y = a3 + 6aB? + 3a%B + 28° .

3 and therefore a - B a3 - B3 = 0 mod 3. By Lemma

kil

Hence 3]33 + 2B
1.9, 33 = B3 mod 9. Now, since 33 =+ 1 mod 9, a3 + 2]3»3 =+ 3mod 9.
Also, 6aB2 + BaZB = 3aB(2B + a) = O mod 9. Therefore by (8),

2%3V = + 3 mod 9. But this contradicts v =2 .

Propositions 7.1, 7.2, 7.3 and 7.4 prove

Theorem 7: y% - 23" = x>, (x,6) = 1 @ (n,mx,y) = (0,0,-1,0),(0,1,1,2),

1,0,-1,1), (1,2,7,19),(1,5,-5,19), (1,9,19,215), (2,1,13,47), (3,0,1,3),
(3,1,1,5), (3,7,-13,73), (4,1,1,7), (5,2,1,17), (5,11,-47,2359) , (7,0,17,71),

9,0,-7,13), (9,1,25,131), (12,1,-23,11) or (15,2,73,827).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



SECTION 8.

- 3" = 2jx3, (%,3) = 1

Proposition 8.1: y2 - 32v = x3, (x,3) = 1= (v,x,y) = (0,-1,0),(0,2,3),

(1,-2,1) or (1,40,253)
Proof: [A ] lists the solutions for v = 0 and v = 1, so that we may
assume Vv 2 2 .

If x is odd,then (x,6) = 1, and by Proposition 7.3, v = 0 ,which
contradicts v 2 2 . Hence x is even and therefore y is odd. Let

Y =+ y, such that y=3"mod & .

1) ab = (x/2)3, where a = (Y + 3V)/2 and b = (Y - 3‘1)/4 .
Now, (a,b)la - 2b=3". But (x,3) =1 and therefore (a,b) =1 .
Thus a = s> and b= &3 . implying by (1) that x = 2st and hence

(st,3) = 1 . Therefore by Lemma 1.9, 3' = a - 2b = s3 - 263 =41 42 mod 9,

which is a contradiction of v = 2 .

Proposition 8.2: y2 - 32"+1 = x3, (x,3) = 1= (v,x,y) = (0,1,2) .

Proof: If x is odd, then by Proposition 7.2, (v,x,y) = (0,1,2) and
therefore we may assume that x is even. Hence y 1is odd, implying

2v+1 v o_

that y2 =1 mod 8 . Also, 3 = 3.9" = 3 mod 8 . Therefore

P B

-2 mod 8, which is an obvious contradiction.
Propositions 8.1 and 8.2 prove

Theorem 8a: y2 - 3" = x3, (x,3) = 1 (m,x,y) = (0,-1,0),(0,2,3),(1,1,2),

(2,-2,1) or (2,40,253)
2 n,m _
Corollary 8.3: a” - 23 =1= (n,m, lal) = (0,1,2),(3,0,3),(3,1,5),(4,1,7)

or (5,2,17) .
46
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Proof: If n=m=0, then az=2 .

If n=0 and m> 0, then (a,3) =1, and by Theorem 8a,
@, |a) = @,2) .

If n>0 and m= 0, then a is odd,and by Theorem 2,
@, la]) = 3,3 .

Finally, if n >0 and m> 0, then (a,6) = 1, and by Theorem 7,
(n,m, |a]) = (3,1,5),(4,1,7) or (5,2,17) .

Proposition 8.4: y2 A 2x3, (%,3) = 1= (v,x,5) = (1,2,5) .

Proof: (2y)2 - 4-32V = (2x)3, and [A ] lists the solutions for v =0
and v = 1 . Hence we may assume that v = 2 .

; 3 2 Vi2 _
Now, y is odd and therefore 2x” =y~ - (3')° = 0mod 8 . Hence

x 1is even. Let Y =+ y, such that Y = 3V mod 4 . Therefore

v+3' =23 7 Omod &4 . Also, (Y + 3)( -3") = 16(x/2)> and

therefore Y - 3 = O mod 8 . Hence

3 - \4 - Vv
(2) ab = (x/2)°, where a = (Y+ 3)/2 and b = (Y - 3)/8 .
(a,b) Ia - 4b = 3V and therefore (a,b) =1 . Thus by (2), a = r3 and
b= 53 N implying that x = 2rs and therefore (rs,3) = 1 . Hence
3V =a-4b= r3 - 453 =+ 1+ 4 mod 9, which contradicts v = 2 .
Proposition 8.5: y2 - 32V+1 = 2x3, (x,3) = 1= (v,x,y) = (0,-1,1) or
(1,-1,5) .

+

Proof: Obviously, (y,6) =1 . Thus 2)(3 = y2 - BZV = 1-3=22mod 4,

and therefore x 1is odd.

If v =0, then (Zy)2 -12 = (2x)3, and we obtain the solution

from [A].
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We may therefore assume that v >0 . Let A=T, and 6 = 3é .
Now,

v+l

a+o[ @ oyt - 2oy

Therefore if we define o = (y + 3'8)/(L +0), @ € A . Thus
&= (y-3%8)/(1-0)€A.

Also, o = (007 and (@,8),],(1 + 0)a - (1 - 8)a = 2:3'% . Since
(x,6) =1, (a’&)l\ =1 . Therefore @ = p(a+ b9)3, where p =1 or

2+ 6 . Hence

y+3V9=\‘y(a+be)3,where Y=+1+6 or 5+ 3 .
If § =+ 1+6, then:

y = 4_-(33 + 9ab2) + 3(33213 + 3b3) = (a,3) = 1),

3V = @3+ 9av?) + (3a%b + 3% (= 3|a,since v > 0) .
Therefore § = 5 + 39, which implies:

5(a3 + 9ab?) + 9(3a%b + 3b7) G @) =1,

1

(3) y

@ 3"l = a4 by dab + D) .

1f 3|b, then a®+ 4ab + 5b% = a’ # 0 mod 3, and if (b,3) =1, then

nz+4ab+5b2511_‘4+5‘/50mo;13. Thus a2+4ab+5b2$0mod3.

Also, 32 + 4ab + sz = (a + 2b)2 + b2 > 0 . Therefore by (4),

(a + Zb)Z + b2 =1 . Hence either (a + 2b=+1 and b = 0) or

(a+2b=0 and b=+ 1) . Since by (4), a+ b >0, either (a=1

n

and b=0) or (a=2 and b = -1) . In either case, (4) implies

that v=1 and by (3, y =+ 5. Therefore x = -1 .
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Propositions 8.4 and 8.5 prove

Theorem 8b: y2 P 2x3, (%,3) = 1 ® (m,x,y) = (1,-1,1),(2,2,5) or

(3,-1,5) .

Proposition 8.6: y2 - 32\1 = 4x3, (x,3) = 1= (v,x,y) = (2,-2,7) .

Proof: If v =0, (Ay)2 - 16 = (4)()3 and by [A!, there are no
solutions with (x,3) =1 .

Hence we may assume that v > 0 and therefore (y,6) =1 .

(5) ab = x3, where a = (y + 3Yy/2 and b= (y - 3Y)/2 .

3

V  and therefore (a,b) =1 . Thus by (5), a=s" and

(a,b)]a - b =3

b = t3, which implies that x = st and hence (st,3) = 1 . Also,

(6) 3=a-b=s—t3=(s-t)(sz+st+t2).
Now,s—t553-t3=3v;0mod3 and sz+st+t2>0,whichto-

gether imply,by (6),that s - t =3, r =1 . Hence by (6), 3V°r -

2 i : . s
52 + st + t- . Eliminating s from the last two equations,we obtain

2

%) 3 4 3r+lt 2t v-r

+37 =3
Therefore, since r + 1 2 and 2r = 2, Lemma 1.7 gives v - r = 1.

By (1), @c+ 3%+ 327 4. It follows that r =1 and

2t+3r=i~1. Thus v=r+1=2 and t=-1 or -2.
If t=-1, then y=3"+2t5 =7 and if t=-2, then y=-7 .

Therefore x = -2 .

Theorem 8c: y2 -3 = 4x3, (x,3) = 1 & (mx,y) = (4,-2,7) .

Proof: y is odd. If m is odd,then 3" = 3 mod 8, and therefore
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4x3 = y2 - 3= -2 mod 8, which cannot hold. Hence m = 2v, and the

proof is complete by Proposition 8.6.
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SECTION 9.

V2o =, 6) =1

The following theorem is due to Hemer [12] (cf. [18,p.11, Theorem

D).

Theorem 9.1: Let Lk be square-free and k # 1 . If the class number

of Fk is not divisible by three and if each prime factor of 2f does

not factor into two distinct prime ideals in 1"k, then all the integral
solutions of the equation y2 - 1<f2 = x3 are given by the solutions

of the equation

% 3
ty 4+ £ kT =,

where a € I and p =1 or (= the fundamental unit of l"k) . *

We shall be using this theorem in the special case k = -6 and
£=2%3%; for, by [ 2,p.425], the class number of T g is 2 and by
[34,p.235], 2 and 3 are both squares of prime ideals in T ¢ . In
this case w = 1, since ¢ =1 (see Table 1).

Lemma 9.2: a2 - 2%3" = -1 = (n,m, |al) = (0,0,0) or (1,0,1) .

Proof: Since 2"3" € Z,nz0 and m=0. m z 1 cannot hold modulo

3,and n =2 cannot hold modulo & .

proposition 9.3: y2 + 22812 2, ,6) = 1= (ovaxy) = (0,1,7,1)
or (2,2,1153,39151) .

L
Proof: Let 6 = (-6)% . y2 + 22k+1ZZV+1 = x3 can be expressed in the

form

“The proof of Theorem 9.1 is given in Appendix I.

51
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2 k 2
@ ¥ o = .
By Theorem 9.1 , all the integral solutions of (1) are contained in
the solutions of the equation

py o+ 2%9% = @+ b0) .

Therefore,

@ +y- 23~ 18ab? (= (a,6) = 1,since by (1), (y,6) = 1),
3) 23" = 3b(a® - 2v?) Gvzl) .

. 2 2 k,v-1

Since (a,6) =1, (a° - 2b7,6) =1 and hence by (3), b=+273 and

- 2b" =4 1. Thus

W2 p2k20veD) g

Since (a,3) = 1, Corollary 8.3 and Lemma 9.2 imply (k,v,|a‘) = (0,1,1)
or (2,2,17) . Therefore b =1+1 or % 12 (respectively), implying,
by (2), that y =17 or 39151 (respectively). Therefore x =7 or
1153 (respectively).

Lemma 9.4: 2% -1 =3"= (a,m) = (1,0) or (2,1) .

Proof: 2 - 1= 3™ > 0 . Therefore n >0 and hence,since 3™ =21 € 2,

If m =0, then n =1, so we may assume that m> 0 . Thus

2™ =1 mod 3 and therefore n =2k . Hence

@rne-n =",

which implies that
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D) Me1=3% ana 2X-1=3 .

Therefore 2 = 3° - 3™°°

By (4), r # 0 and thus m - r =0 . Again
by (4), k = 1 and therefore n = 2k = 2 .

Proposition 9.5: y2 + 2238V = i3, (x,6) = 1 = (,v,x,y) = (0,2,7,10),

(1,2,13,35) or (2,3,73,595) .
Proof: Obviously, (y,3) = 1, and if k >0, then y is odd.

% - 3 kv,
Let A=T and 6 = (-3)? . Now, 0@ = x°, where o=y + 236 .

2 kt1

(a,&)AIA o - o= 3% and therefore (0(,5')/\ =1, Hence

3
(5) a=p(@+ b)),

where p =1 or (#1+6)/2 and a = bmod 2 .

We divide the proof into three cases:

Case 1: p = (+1+6)/2 . Hence by (5),
16y = J_r(a3 - gab?) - 3(3a% - 363 = (a,3) = 1),
k4 3

© 25 = @2 - ean?) + (a%b - 30

Since (a,3) =1, (6) yields v = 0, and by Theorem 4, there are no

solutions in this case.

Case 2: w =1 and a=2A, b=2B. Hence
2 2 _

) y = A(A° - 9B%) = @A,3) =1),

® 253" - m@? - 8h) Gvz1) .

If k = 0, then by (8), A% - B2 is odd. If k> O, then since
: . 2 2 . 2 2
y is odd, (7) implies that A™ - 9B is odd and therefore A" - B

is odd for all values of k .
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(8) yields

® + 29" < |sl@® - 8B = [sl(lal + [BDclal - 8D

Note: The double signs in the remainder of Case 2 will depend on

the double sign in (9).
. 2 2 s
Since A° - B is odd, (9) implies

(10) [B| = 2% 3%, ]a] + |B] = 3° ana |a| - [B] =+ 3%,

where r+ s+ t=v - 1. Therefore

a1 20a] = 3° + 3% ana 2|8 = 3% 3 3

i+

Since (A,3) =1, s =0 or t=0. Butif s =0 then by (10),

IAI =0 or IBI = 0, both of which are impossible by (7) and (10).
Hence s > 0 and t = 0, which by (11), implies that (|B],3) =1 and
hence r = 0 . Thus by (10), s =v - 1 and by (11),

- k
2141 = 3V (since by (10, [B] = 2% .

If the upper sign holds,then 12 + 2k+1 = 3v-1

(k,v) = (0,2) or (2,3) . These yield || = 2821 or 4 (respectively)

and by (10), lAI =2 or 5 (respectively). By (7) and x3 = y2 + 22k32v+1’

and by Theorem 6b,

(k,v,x,y) = (0,2,7,10) or (2,3,73,595)
If the lower sign holds, then by Lemma 9.4, (k,v) = (0,1) or (1,2) .
But v =1 implies that s =v -1=0. Thus (k,v) = (1,2) and hence

1. By (10), |B] =2 and |al =1 . By (7), y =35 and thus

2}
n

Case 3: w =1 and ab odd. By (5),
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a2 8y = a(a® - 9b%) G @3 =1,
2337 = 3pa? - vH) Gval) .
Therefore
a3 253391 - @? - %) = bl Clal + b (lal - b .

Suppose first that (b,3) = 1 . Then by (13), lbl =1 and, since

a2 - b2 = a2 - 1 =0, the upper sign holds in (13). Hence by (13),

a2 .1 = 21(4-33v-1 i

Since k+ 3 = 3 and (a,3) = 1, we have, by
Corollary 8.3 , (k,v,lal) = (0,2,5),(1,2,7) or (2,3,17) . 3By (12),
=10, 35 or 595 (respectively). These solutions were obtained in
Case 2.
Note: All double signs in the remainder of Case 3 will depend on

that in (13).

Now suppose that B‘b . Then (32 - b2,3) =1 . By (13),

a4 I = 3%, lal + [b] = 2° ana fa| - |b| =+ 2
where s + t = k + 3 . Hence,since 3|b , vz2 and
(14a) 2lb| = 25 ;2% .

Therefore s =1 or t=1.

If s =1, then by (14), ‘al + lhl = 2, which contradicts the as-
sumptions that 3lb and b is odd.

Therefore t =1 and by (14), s = k + 2 . By (14) and (l4a),
2k+1 £ 1= 3v-1 . If the upper sign holds,then since v z 2, Lemma 9.4
yields (k,v) = (1,2) . By (14) and (12), y = 35.

1f the lower sign holds,then by Theorem 6b, (k,v) = (0,2) or (2,3).
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By (14) and (12), y = 10 or 595, respectively. These solutions were

obtained in Case 2.

2
Lemma 9.6: y- - 2" = 3" = (n,m, |y]) = (0,1,2),(3,0,3) or (4,2,5) .
Proof: If n < 0, then since "= y2 - 2“, 3™ ¢ 7 and therefore

m<0 . Hemce y> =2"+3"= 2714 31 <1 and therefore y =0 .

But then -2 = 3", which is impossible. Thus n = 0 and therefore

mz=z=0 .
2 n 3
If m=0, then y- - 2 =17 . By Theorem 2, @,y = (3,3 .
If m> 0, then (y,3) =1 . Therefore 2" = 1 mod 3 and hence

n = 2r . Thus
Ayl + 25yl - 25 =37

Therefore ]yl +2°=3% and Iyl L Hence s >m - s and

ol 5 g5 qpus m- s =0 and 174 2572 3"

By Theorem 6b, (r,m) = (0,1) or (2,2) . Hence lyl =3 -2 =2

or 5 (respectively), and n = 2r =0 or 4 (respectively).

Proposition 9.7: y2 + 221(32‘] = x3, (x,6) =1 = (k,v,x,y) = (0,0,1,0),

(0,2,13,46),(1,0,5,11) or (2,2,193,2681) .
Proof: If v = 0, we obtain the solution from Theorem 2. Thus we may
assume v > O and therefore (y,3) =1 . We note that if y is even,

bet A=T . and 6= (-1%. af =, vhere a=y+2"3%

-1
@&l o-a= 213¥6 | Thus (@,@), = 1 . Also, 6= -6)> is the

3
fundamental unit of I‘_1 and therefore o = (a + be)~ . Hence

as) y = a(a® - 32 = @3 =1,
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253 = 3% - b3 = 3|b, since v>0) .

Thus b =3B and 23" = 9B(a® - 38%) . Therefore v =2 and

2 2

2k B(a® - 3B°)

v-2 _

(16) 3

Now , (z\2 - 3]32,3) =1 . It follows by (16), that

an a2 - 382 = + 25 and B =1 2732

which implies that

<3 =+t2 .

1s) 32 _ 22 (k-r) 2v-3 _ r

If a is odd,then by (18), r=0 or k- r=0. If a is even,
then by (15), y is even and so k =0 . Then by (17), r = 0 . Thus
r=0 or k=-r=0 in all cases.

Suppose first that r = O . Therefore by (18),

2 2Zk32v—-3

(19) a =+ 1

Since 2v - 3 = 1, the lower sign cannot hold in (19) modulo 3. Hence
since (a,3) = 1, we have by Corollary 8.3 , (k,v,lal) = (0,2,2) or
(2,2,7) . By (7, b =38 =+ 253" =4 3 or + 12 (respectively)

and therefore by (15), y = 46 or 268l (respectively). Hence x = 13

or 193 (respectively).

Now suppose that k - r =0 . By (18),

(20) a‘2 _ 3Zv-:’: =+ Zk .

If the plus sign holds in (20), then by Lemma 9.6, (k,v,lal) =
(0,2,2) and by (17), b = 3B =+ 3 . Hence by (15), y = 46 and thus

x =13 .
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If the minus sign holds in (20), then by Theorem 6b, (k,v, lal) =
(1,2,1) or (1,3,5) . By (17), b =3B =1# 3 or +9 . Therefore by

(15), y 1is even. But this contradicts k = 1.

Proposition 9.8: y2 + 22k+132v = x3, (x,6) = 1= (k,v,x,y) =
(1,2,97,955) .
Proof: If v =0, we obtain the solution from Theorem 2 and therefore
we may assume that v >0 . Hence (y,6) =1 .

kv,

% -
Let I\=I‘__2 and 6 = (-2)* . Now, a01=x3,where a=y+ 236

@&, - = 2*13%  and hence (@,d), = 1 . Therefore « =

(a + b9)3, which yields:

1 y = a@® - 6% = (a,6) = 1),

(22) 243V = 322 - 263 = b(3aZ - 26%) (= 3[p) .

By (21), 3a2 - 2b2 is odd and therefore by (22),

(23) b=+ 25" and 3% - 2=+ 3T,

where r =1 . Hence 3a2 - 22k+132r =+ 3v-r . Since 2r 22,

v -r=1 and thus

JRI S Ve

(24)

Since (a,3) =1 and 2r - 121, the minus sign is impossible in (24).
By Corollary 8.3 , (k,r,‘a‘) = (1,1,5) . Hemce v =r+1=2 andby
23), b=+ 6 . By (21), y = 955 and therefore x = 97 .

Propositions 9.3, 9.5, 9.7 and 9.8 prove
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Theorem 9: y2 + 2"3™ = x°, (x,6) = 1 & (a,mx,y) = (0,0,1,0),(0,4,13,46),
(0,5,7,10),(1,3,7,17),(2,0,5,11),(2,5,13,35),(3,4,97,955),(4,4,193,2681),

(4,7,73,595) or (5,5,1153,39151) .
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SECTION 10.

s - = x3. (x,3) =1

Proposition 10.1: Zy2 - 32V+1 = x3, (x,3) = 1= (v,x,y) = (0,-1,1),

(0,5,8), (0,4079,184211), (2,-1,11),(3,5,34) or (6,239,2761) .

Proof: If v =0, (4y)2 - 24 = (2x)3, and the solutions to this equa-

tion are given in [A ].

Assume v > 0 and let A = 1"6 and 6 = 6% . Now, (y,3) =1 and
oo = 2x3 , where @ = 2y + 3% . Further,
@+o)3" -2y 4 v - Vel =a
and therefore (2 + e)ll\ @ . Taking conjugates, 2 - © lA a .
1) W@ +0) @@ -6) =ad/2= (0.

(/@ +8), &/ - e))A\A o - &=2-3"8 and since (x,6) =1,

(/@ +8), a/@ - 8)),=1. Therefore by (1), Lemma 1.3 and Table 1,
o/ (2 +8) =@+ be)a, where p =1 or 5+ 20 . Hence o= 6(a+b9)3,
where 6=+ 2+6 or 22+ 9%

If & =+ 2+ 6, then:

(a3 + 18ab2) + 3(3a%b + 6b7) ¢ @3 =1,

<
1
+

3V = @3+ 18ab7) + 2(3b + 6b°) = 3]a) .

Thus & = 22 + 9 and therefore:

(1a) y = 113 + 182 + 27(3%b + 667) = (@3 =1),
@ 31 = (a+ 20) (3 + 16ab + 2207 .
60
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Gince by (2), 3aZ + l6ab + 2267 # 0 , 3a° + l6ab + 2262 = 3(a + 8b/3)% +
22/3>0 .

If a=bmod 3, then since (a,3) =1, 332 + 1l6ab + 22b2 =
16422 = 2mod 3 . But then, by (2), 3a® + 16ab + 22b° = 1 # 2 mod 3,

so we have a contradiction.Therefore a # b mod 3 and hence

a+2b#0mod 3. By (2), a+2b =1 and thus 3971 2 322 4 16ab +
22b2 . Hence

v-1 2
(3) a=1-2b and 3 =20Mb+ 1"+ 1

By Theorem 6a, v = 1,2,3 or 6 .

If v =1, then by (3), b=-1 and a =3, contradicting
(@,3) = 1.

If v = 2, then by @3),b+1l=11. Hence b =0 or =2 and
by (3), a=1 or 5, respectively. These give, by (la), y =+ 11,
which implies that x = -1 .

If v = 3, then as above, y =+ 34 and hence x =5 .

If v =6, then as above, y =+ 2761 and thus x = 239 .

Proposition 10.2: 2y% - 32V = x°, (x,3) = 1= (v,x,9) = (0,-1,0),
(0,1,1),(0,23,78) or (1,-1,2) .
Proof: (l»y)Z - 8-32v = (Zx)3 . The solutions for v=0 and v =1
are given in [A ].

Assume v > 1 and let A= FZ , 6 = 2% . Now, (y,3) =1 and
o = (-x)a, where o = 3" +y6 . (u/,&)AIA o+ a=2-3" and therefore,
since (x,6) =1, (ol,&)A =1 ., Thus o =p(a+ b9)3, where p =1 or

1486 .
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If p =1, then:

“) 3% = a3 & 6ab? = aa? + 6b7) = 3la),

y = 32% + 2b° (= (3,b) = 1) .

-r _ ,2r 2

From (4), a = 3r, where r = 1, and using (4) again, 3V 3" + 6b

Since 2r > 1 and (b,3) =1, Lemma 1.7 implies that v - r=1.
Hence 1 = 32[‘—1 + sz, which is impossible.

If p=+1+6, then:

(5) 3 + (a3 + 6ah2) + 2(3a2b + 2b3) s

un

(6) (a3 + 6ab®) + (3a%b + 2b7) .

~<
"

Let A =+ a (corresponding to the double sign in (5)). By (5),

1%} 3V = A% 4 4b° 4 6AD(A + D) .

If 3JA, then by (7), 3[b . But then by (6), 3|y . Hence (4,3) =1
and by (7), (5,3) =1 . Also, from (7), A+ b = A%+ 46> = 0 mod 3 .
Using (7) again we have, since v 22 , A3 + 4b3 = 0Omod 9 . But

A4 =414 bmod 9.

Propositions 10.1 and 10.2 prove

Theorem 10: 2y2 -3"= x3, (x,3) =1 @ (mx,y) = (0,-1,0),(0,1,1),
(0,23,78), (1,-1,1), (1,5,8), (1,4079,184211), (2,-1,2), (5,-1,11), (7,5, 34)

or (13,239,2761) .
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SECTION 11.

2% 4+ 30 = X0 x3) =1

Proposition 11.1: 2y2 + 32v+]_ = x3, (x,3) = 1= (v,x,y) = (1,5,7) or

(2,35,146) .

Proof: Obviously, (v,3) =1 . Let 8 = (-6)% . Now, 2y + 32¥"1 =2

implies that

wn? - oy = @’ .

By the remark following Theorem 9.1, -+ 4y + 2.3% = (a + be)3 . Hence
3 2 .

1) + 4y = a” - 18ab (> a is even and (a,3) = 1),

@ 2:3" = 3% - 6b° vzl .

Thus a = 2A and by (2),

(3 37 2 pa? - Y
By (1), (A,3) =1 and therefore 2A2 - hz =+ 1mod 3 . Hence by 3),
b=+ 3v-1 and 2A2 - b2 =+ 1 . Therefore ZA2 - 32("-1) =+1s= (’:1)3.

Since (a,3) = 1 , Theorem 10 implies that (v,lA‘) = (1,1) or (2,2) .
1 (v,]Al) = (1,1), then b=+1,a=2"=+2,and by (1), y=7.

Hence x = 5 .

®
[}

If (v,IA‘) = (2,2), then b=+ 3, + 4,y =146 and there-

fore x = 35 .

Proposition 11.2: 2y2 + 32v = x3, (x,3) = 1= (v,x,y) = (0,1,0),(2,11,25)

or (4,971,21395)

Proof: If v =0, then (l|y)2 + 8= (2x)° . Hemce by [A], (x,y) = (1,0).
63
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Assume v > 0 . Therefore (y,3) =1 . We also note that x
is odd. Let A=F_2 and 6 = (-2)25 . Cr&=x3 , where 01=3v+y9 .
(01,51)/\‘[\ o+ & =2.3" . Since (x,6) =1, ((1,5()/\ =1 . Hence
o= (a+ b9)3, and it follows that:

) 3% = o - 6ab” e 3la),

() y = b3a> - 29 = ,3) =1) .

By (4), a = 3A and therefore v =2 . Hence

392 o a? - ) .

Since (,3) =1, 32 - 202 =+1 and A=+ 32 . Thus 2?2 -3

2v-3 _
il= (;1)3 and by Theorem 10, (V,lbl) = (2,1) or (4,11) .
15 (v,[b]) = @,1), a=3A=1%3 and by (5), y = 25. Thus x =11.
£ (v,|b]) = 4,11), a =+ 27 , y = 21395 and therefore x = 971.

Propositions 11.1 and 11.2 prove

Theorem 11: 2y2 + 3" = x3, (x,3) = 1@ (m,x,y) = (0,1,0),(3,5,7),

(4,11,25),(5,35,146) or (8,971,21395) .
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SECTION 12.

y ot 2 =3x3,x odd.
z =< e

Note that (y,3) =1 .
Lemma 12.1: If 2° =+ 1 mod 9, then 3|s .
Proof: 22S =1 mod 9 and the order of 2 modulo 9 is 6 . Hence 6|2s.

Lemma 12.2: 2% 4 l=3x3:‘«n=1 .

Remark: Since 2" = -1mod 3, n=2r+1, implying that (3~2r+2)2 +
72 = (3)()3 . The solution is therefore given by [4 ] but, in accord-
ance with the Introduction , I will prove this lemma directly.
Proof: As was shown above, n =2r + 1 >0 . Hence x 1is odd. We
show first that llr .
%
Let A= Ty g = (-2)* . Now,
- 3 _ 3 _ r
(1) ot = 3x> = (L4 6)(1 -8) x° , where @ =1+ (-2)'6. Further,

(a.&)AlAa s =2
and therefore (a,a)‘\ =1 (since (3x3,2) = 1). By the definition of

o, 14 Q‘Au and therefore 1 - 8|Aa . Hence by (1),

af (146) - @/ (1-8)

1
H]

Since (01,5!)/\ =1 and the only units of A are +1 , = (L+8)(a+ he)3_
Comparing coefficients:

(2) 1= 33 + 4b3 - 6ab(a + b) ,

) + 2% = a3 - 267 + dab(a - 2b) .

65
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By (2),
(%) a+b=a +4b5= 1 mod 3 .

If a=-1mod 3, then by (4), b= -1 mod 3 and hence ab(a + b) =
1 mod 3 . Thus by (2) and Lemma 1.9, 1 = -1 -4 -6 = -11 mod 9, which is
a contradiction.

If a =0 mod 3, then by (4), b =1 mod 3 and by (2), 1 = 4 mod 9 .

Hence a = 1 mod 3 and by (4), b = 0 mod 3 . By (3), + 2% =1 mod 9.

By Lemma 12.1, 3|r .

Let r =3t . Thus n o= 6c+ 1 and 3+ 22253 =1,
Nagell [31,p.251] has shown that Au3 + Bv3 =1 has at most one solution
in non-zero integers u and v . Hence x =1 and -ZZt = -1 . There-

fore t =0 and n=6t+1=1.

Lemma 12.3: 2% - 1=3x=n=0 or 2.

Proof: 2" =1 mod 3 and therefore n = 2r . Hence (3-2r)2 -9 = (3x)3.

By [AJ, r=0 or 1 and thus n=0 or 2.

Proposition 12.4: y2 + 231( = 3x3, x odd = (k,x,y) = (3,11,59) .
V220 33 % edd = (oxy) = (0,1,2) or (4,-5,61) .

Proof: If k=0,

- 2 3 . . ;

(%) (3y)“ + 9 = (3x)”, and the solutions are given in [A].

Wl

Assume k > 0 . Hence (y,6) =1 . Let /\=§l3 and 6 = 3° .

Now,

*) 2 = ap, where @=F 2%+ ana p=22%+2% + %6’
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. P 2k
As in Proposition 2.2, @ > 0 and (oz,B)A|3-2 . Therefore (a,B)A =1
and henie o = p(a+ b6 + cez)z, where p =1 or -2+ 92 and a =20 .

If p = -2+ 62, then:

-k
) 3 2% = 22(a? + ebe) + 3(3c? + 2ab) (> c is even),
2 2 .
x = -2(3¢” + 2ab) + 3(b” + 2ac) (=b is odd) ,
- 2 2 .
(5) 0 = -2(b° + 2ac) + (a° + 6bc) (= a 1is even) .
Thus by (5), 0 = -2 mod 4 , so we have a contradiction.

Hence p = 1, which gives:

Ie 2

(6) (*) F2°=a" + ébc,
%) x = 3¢ + 2ab (= c is odd),
2 .
(8) 0=b" + 2ac (b 1is even) .

If b=0, thenby (8), a=0 , contradicting (6). Hence b = 2"B ,

c 21, (3,2) =1. Thus by 8, a=2""""a, (4,2) =1 and therefore

A>0. By (8 and (6), 0 = B> + Ac and

APL Zln:-ZAZ + 3.zr+ch

*) + 2
As in Proposition 2,2, A =1 . Thus c = -Bz and
(8a) (%) 4 2k _ 24:-2 _ 3-2r+lB3
If r>1, then 4r - 2>r + 1 and hence k =1+ 1 . Therefore
o) PELAE I )

By Lemmas 12.2 and 12.3, there are no solutions in the positive case,
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and in the negative case r =1, contradicting r > 1 .

Hence r=1 and 2 =71+ 1=4r - 2<k . Therefore by (8a),

() %1 =360 m) .
In the positive case, Lemma 12.2 gives Ik = 3 and thus B = 1.

Zr-lA -9

Hence a = 2 b=2"B=2 and c=-B2=-1. By (7)
,

x = 11 and therefore y = 59 .
In the negative case, Lemma 12.3 gives k =4 (since k > 2) and
hence B=-1. Thus a=2,b=-2 and c=-1. By (7), x=-5 and

therefore y = 61 .

Proposition 12.5: y2 + 23k+1 = 3x3, x odd = (k,x,y) = (0,1,1) or

(2,19,143) .
y2 - 23k+1 = 3x3, x odd has no solutions.

Proof: If k =0, then

(*) (Jy)2 + 18 = (3x)3, and the solutions are given in [A ].

1
Assume k>0 . Let A= le and 6 = (12)% . Now, (y,6) =1

and

2 1.2

and B = 9x% + 32510

2k-192)2 .

(9) (*) 9y2 = of, where o = 3x ¥ 2k 1g

+ (

- +
As in Proposition 2.2, @ > 0 and (a,B)AIA 3~(2k 192)2 = 9'22k 29 .

Hence  (@,B), ], 9-2%%° - 33924

since (92,2) =1, @8], 3 .
Now, 3 = €63, where € =1+ 3 - 3%/2 and §5=3+6+ 8272 .
By Table 1, € is a unit of A and, since N(8) = 3 (by (6) of

Section 1), 6 is a prime of A . Hence (@,B)) = 8%, s20.
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1, 42

* w620 F 2y ox 2 0 meet 25 6%

and therefore 6211\ o . If 63‘[\ o , then

27 = NEH @) = @03 + as)2’F = o

Thus 531/\ o and by Lemma 1.4 , (a/éz,ﬂ)l\ 1. By @, (%’ =
(01/62)-B . Therefore o’/ﬁ2 =u‘{2, where p =1 or € and Y €N .
Since &Yy € A , (4) of Section 1 implies « = p(a + b6 + c62/2)2 s
where we may choose b = 0 .

If p=¢=1+30 - 392/2, then:

3x = (a2 + 12bc) + 18(2b2 + 2ac) - 18(3(:2 + 2ab) (= a 1is odd),
(G Zk = -3(a2 + 12bc) + 6(3(:2 + 2ab) + (2b2 + 2ac) (= a 1is even,

since k 2 1) .

Hence @ = 1, and therefore:

(10) 3x = a2 + 12bc (= a is odd and 3la) N
(11) 0= 3c2 + 2ab (= ¢ is even),
aney F2l el e L

If c =0, then by (11), b = 0, which contradicts (12). Thus

c=2%,C odd, r =1 and therefore by (11), b = 2213 | B odd.

Hence B >0 . By (10), a =30 and from (11) and (12), we obtain

0= 02 + AB and

*) I R A I
As in Proposition 2.2, B =1 . Therefore

) I Zk-l _ 241:-2 _ 3'2rC3
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Since 4r - 2>r, k-1 =1 . Hence

) PR

By Lemmas 12.3 and 12.2, there are no solutions in the negative case,
and in the positive case r =1, C=1, A = -02 =-1, a=3A=-3,

b=22Tlpon c=2fc=2,k=r+1=2 andby (10), x = 19 .

Therefore y = 143.

Proposition 12.6: y2 -+ 23k+2 = 3x3, x odd = (k,x,y) = (1,3,7) .

y2 2392 _ 33 o odd = (x,y) = (0,-1,1) or (2,35,359) .

Proof: (y,6) =1 . Calculating modulo 3, we see that k =0 is im-
possible in the positive case and k =1 is impossible in the negative
case.

If k=1 in the positive case,then (3y)2 + 288 = (Z!x)3 and
from [4 ], (x,y) = (3,7) .

If k = 0 in the negative case,then (3y)2 - 36 = (le)3 and
from [A], (,y) = (-1,1) .

Thus we may assune k >1 . Let A= (16 and © = 6]5 . Now,

5 oy = of, where a = 3 F 2% and B = 9 + 327 + @%9H? .

k3292 _ g, ,2kF]

As in Proposition 2.2, @ > 0 and (a,B)AlA 3+(2787) 9 . As

3 2
in Proposition 12.5, (Q,B)A‘A 33 . 3=¢b” , where €=1-60 + 30
is the fundamental unit of N (see Table 1) and &6 =3+ 20 + 92 is

a prime of A (since N(8) = 3) . Now,

¢y a= 6203 F 2 4 axr 2D - (2x 1 2997T .

If 63[/\ @, then 27 = N(63)|N(C¥) = 9y2, which contradicts (y,3) =1 .

2
As in Proposition 12.5, @ = p(a + b8 + c@ )2, where p =1 or €and b = 0.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



71

if u=€=1-66+382,then:
2 2 2 ;
3x = (a° + 12bc) - 36(b” + 2ac) + 18(6c” + 2ab) (® a is odd),
2 2 2
(13) 0 = (3¢” + ab) - 3(a” + 12be) + 9(b” + 2ac) ,
sy F 2N = 3G+ 12be) - 6(6c? + 2ab) + (b8 + 220)

Since k > 1, (14) implies that b is odd. Thus 3a’ + b2 = 0 mod 4 .
Tt follows from (14) that 0 = 2ac mod 4 and therefore c¢ 1is even.
Therefore by (13), ab - 3a2 + 9b2 is even, but it is also odd.

Hence p = 1, implying that:

2

(15) 3x = a“ + 12bc (= a is odd and 3la),
2
(16) 0= 3¢ + ab,
=k 2 - ; .
@A7)(*) + 2 =Db" + 2ac (= b is even,since k >1).

Hence by (16), ¢ is even. If ¢ = 0, then by (16), b = 0, which con-
tradicts (17). Thus c = 2°C, C odd, r = 1. By (16), b = 2273,
B odd,which implies that B >0 . By (15), a = 3A . From (16) and

a7, 0=c?+ A and

Q) T2k = 2%8? 4+ 32" ac
As in Proposition 2,2, B =1 and therefore A = -C2 . Hence
) i 2k _ 2417 _ 3‘2\:+1C3 X

Since 4r >r + 1, k=1 + 1 . Therefore

2Jr—l 3

(*) +1=3C .

It follows from Lemmas 12.2 and 12.3 that there are no solutions in the
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positive case,and in the negative case r = 1,Cc=1,A=-C"=-1,
a=3A=-3,b=2 B=4,c=2C=2,k=r+1=2 andby (15),

x = 35. Therefore y = 359 .

Propositions 12.4, 12.5 and 12.6 prove

Theorem 12: y2 + 2% = 33, x odd @ (a,x,) = (1,1,1),(5,3,7),(7,19,143)
or (9,11,59) .
2

yo - 2" = 3x3, x odd ® (n,x,y) = (0,1,2),(2,-1,1),(8,35,359) or

(12,-5,61) .
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SECTION 13.

_22 + ot = 9x3, x__odd

Note that (y,3) =1 .

Lema 13.1: If 2%+ 1= 9%, then n=3. If 2% - 1 = 9x> then

Proof: 2" =+ 1 mod 9 and thus,by Lemma 12.1, n= 3k . If 2%+ 1=

3

9x3 then 1 = (-Zk)3 + 9x7 . The Delone-Nagell theorem yields

(-Zk,x) = (1,00 or (-2,1) . The first of these is obviously impossible

and the second gives k = 1 . Therefore n = 3 .

3 and, as above, (2k,x) =

I 2% -1 =9, then 1= 297+ 9
(1,0) or (-2,1) . Hence k=0 and thus n =0 .

Lemma 13.2: If y° + 2% = 9x°, x odd,then n = 0 mod 3 .

n

Proof: 2 = -y = -lmod 3 . Hence n =2r + 1. It will now be shown
that 27 = + 2mod 9 . This will complete the proof of Lemma 13.2,since
then 2571 = +1mod 9 and thus,by Lemma 12.1, r = 1 mod 3 . Hence

n=2r+ 1=0mod 3.

%
Let H = r_, and 6 = (-2)* .

(1) ap = -9x3, wvhere o =y + 2 and B=-a=-y+2%. Since

1

@l @+ e=2"% and 0x°,2) =1, (@B, =1

(2) 9=(1+ 6)2(1 - 9)2 and,since N(1 +6) = 3, 1 +8 are primes
of A . Since * 1 are the only units of A, 1+86 and 1 -6 are
not associates in A . Therefore if both divided « or both divided

B in A, then 3= (1+6)(1-86) would divide « or B in A.But

this contradicts (y,3) = 1 . Hence by (1) and (2), (1 + 9)2]1\ @ =

73
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T, 2 r,
y+296 or (1—I-9)lAB=—y+26.Let Y =+ y, such that
1+ S)Z\AY+ 2%0 . Taking conjugates (1 -9)2|A vy -2% . By (1)
and (2),

@) @+ 2%ra o)’ @- 2%/ -0k =%,

Further, (Y + 2r9,Y - ZrS)A = (a,B)A =1 ., Hence it follows,from (3),

that Y + 278 = 1+ 6)2(a + b&))3 . Comparison of coefficients yields:

“) Y= (8] - o>

Y + 6ab(b - 2a) ,
(5) 2" = 2@ + b3) - 3ab(b + 4a) .

(4) yields, since (y,3) =1,

i

(6) a+b’=‘a3+b = a”~ - 8b -Y=+ 1mod 3 .

Note: The double signs in the remainder of this lemma will depend
on the double sign in (6).
If 3|a, then by (6), b =+ 1 mod 3 and thus by (5) and Lemma 1.9,

2=+ 2mod 9 . Similarly, ve obtain this result if 3[b .

If (ab,3) = 1, then by (6), a =b =+ 1 mod 3 . Hemce ab(b + 4a) =

1 mod 3 and by Lemma 1.9, .:\3 + b3 =% 2mod 9. (5 gives 2f =

1+

F4F3=+2mod 9.

Theorem 13a: y2 + 2" = 9x3, x odd = (n,x,y) = (3,1,1),(3,201,8549),
(9,73,1871) or (15,17,107) .
Proof: By Lemma 13.2, n = 3k . Calculating modulo 3, we see that
k = 0 is impossible.
If k=1, (9y)2 + 648 = (9x)3, x odd,and by [A], (x,y) = (1,1)

or (201,8549)
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ik

Assume k> 1 ., Hence y 1is odd. Let I\=Q3 and 6 = 3° |

Now, y> = B , vhere o = 0%~ 2 ana B =02 + 2%6%+ 225 . as
in Proposition 2.2, @ > 0 and (a,B)AIA 3.2%% | Since (y,6) =1,
(O(,B)A =1 . Hence o =p(a+ b6 + c92)2 , where p =1 or -2+ g2

and a 20 .

If p=-2+ 92, then:

) 22X = 22@a? & ebe) + 3(3¢% + 2ab) (= c is even),
0=-2 (3(:2 + 2ab) + :«l(b2 + 2ac) (= b 1is even),
x = =2 (b2 + 2ac) + (a\2 + 6bc) (® a 1is odd) .

Since k = 2 , (7) implies that O = -2 mod 4 ,which is a contradiction.

Hence p =1 , implying:

(8) -2k = 32 + 6bc (>a 1is even and (a,3) =1),
_ 2.2 .
()] 0 = 3¢” + 2ab (= c is even),
2 . ;
(10) x = b” + 2ac (b is odd).
By (8) and (9), b =3B . If c =0 then, by (9) and (10), a = 0, which
contradicts (8). Hence ¢ = 2t ,C odd, t =21 . By (9), a= 22t-1A N

A odd,and therefore A >0 . (8) and (9) yield: 0 = C2 + AB  and

L 242,02 1 9.5 50 . As in Proposition 2.2, A = 1 and therefore

B = -CZ . Hence

an 22 B2 g3

If t=1,2=4t=-2=¢t+1, Hence k>2 and by (11),
2k-2 + 1= 903 . By Lemma 13.1, k = 5 and thus C =1 . Therefore,
n=3k=15 B=-c2=-1,a=2"%a=2,b=3=-3 c=2%c=2
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and by (10), x = 17 . Hence y = 107 .

Now assume that t > 1 . Thus 4t - 2>t + 1 and by (11),

k=1t+ 1. Therefore 23';"3 + 1= 903 . It follows from Lemma 13.1,

that t =2 and hence C=1. Thus k=t+1=3,n=29, B=-1,

a=8,b=-3, c=4 and by (10), x = 73 . Therefore y = 1871 .

Lemma 13.3: If y2 - 2" = 0%, x odd,then n =1 mod 3 .

Proof: 2" = y2 =1mod 3 and hence n = 2r . Let Y =+ y ,such that

Y= 2" mod 3. Now,

3

T
) = 9x> and (Y +25,v - 2D)|2

(12) (v + 251 - 2 AR

Since (9x°,2) =1, (¥ + 25,Y - 2¥) =1 . Hence, since 3|Y - 2 ,

(12) yields 9|y -2° . By (12), Y+ 25 = o> and Y- 27 = ov° .

Therefore 2r+1 = u3 - 9v3 and hence (u,3) =1 . It follows from

Lemma 1.9 that 2r+1 = u3 =+ 1mod 9. By Lemma 12.1, r = -1 mod 3.
Hence n = 2r = 1 mod 3 .

Theorem 13b: y2 - 2% = 9x°, x odd = (n,x,y) = (4,1,5) .

Proof: By Lemma 13.3, n =3k -+ 1 . Since 3k+ 1 #0,y is odd.
Calculating modulo 3, we see that k = 0 is impossible. If k =1,

then  (9y)2 - (48)(27) = (9x)°, x odd and by [A], (x,y) = (1,5) .

%
Hence we may assume that k >1 . Let A= 06 and 6 = 6% .
@3 4y? = of, vhere o= 302 + 21 ana B = @H? - 2?4
22(k+1)
ot . 2
As above, @ > 0 and (oz,ﬁ)AIA 3-22(k 1 Since (4y°,3) =1,
(a,E)Al22k+2 . Now, 2 = 6—163, where 6_1 =109 + 60 6 + 33 92 is a

unit of A (see Table 1) and & =2 -8 is a prime of A (since N(8) = 2).
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@ = 62033 + 20-2% + (18x + 11-2598 + (10x + 6-2%82] .

Therefore 52‘/\ o . If 63'/\ o, then 8 = N(éa) lN(cy) - <2k+1)3 +

36x° = 4y2 . But y is odd. Hence by Lemma 1.4 , (01/52,5)/\ =1.

By (13), ! 62y)2 = (0(/62)-6 . As in Proposition 12.5, @ =

p(a+b6+c92)2,where g =1 or €(=1—69+302) and a =0 .

If p = ¢, then:

4) Zk-'-1 = (az + 12be) - 36(t>2 + 2ac) + 18(6c2 + 2ab) (= a is even),
2 2 2
(15) 0= -3(a” + 12bc) + (3¢” + ab) + 9(b" + 2ac) ,
_ 2 2 2
(16) x = 3(a” + 12bc) - 6(6c” + 2ac) + (b° + 2ac) .

Since a is even, (16) implies that b is odd. Thus by (15), ¢ is

odd. Let a =2A . (14) and (15) yield:

an 2L a2 4 3be) - 9® + 4ac) + 9(3c + 24b)

(18) 0= -3¢4a2 + 12be) + (3c2 + 20b) + 9% + 4Ac) .

Since 3c2 + 9b2 = 0 mod 4 , it follows from (18) that 2Ab = 0 mod 4.
Hence A 1is even. But, since 3bc - 9!:»2 + 27c2 is odd, (17) implies
that 251 is odd,which contradicts k =2 .

If p =1, we obtain:

ktl 2

(19) 2 = a“ + 12bc (> a 1is even and (a,3) = 1),
2

(20) 0=3c" +ab,
2 -

(21) x = b" + 2ac (= Db is odd) .

By (20), 3|b and ¢ is even. If c =0 then by (20), b =0 (since
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a # 0) which contradicts (21). Therefore c¢ = ZtC ,C odd, t =21 .
By (20), a = 22%A , A odd,and therefore A >0 . Let b =3B . By

(19) and (20), 0 = C2 + AB and

21\-1—1 _ 24tA2 . 9—2t+2BC .
As above, A =1 . Therefore B = —C2 and 2k+1 = Zl‘t - 9~2t+203 .
3t-2 3
Now, 4t > t + 2 . Thus k+1=t+2 and 2 -1 =9C" . There

are no solutions by Lemma 13.1.
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SECTION 14 .

P =2d3 @ -1

Theorem 14a: y2 + 3" = x°, (x,3) = 1= (mx,y) = (0,1,0), (4,13,46) or

(5,7,10)

Proof: If x is odd,we obtain the solution from Theorem 9. Hence we
may assume that x is even and therefore y is odd. Thus ™ =

x3-y2=-1m0c|8. But 3"=1 or 3mod 8 .

Theorem 14b: y> + 3" = 2x7, (x,3) = 1 = (m,x,y) = (0,1,1),(4,5,13) or
(6,53,545) .

Proof: y is odd. If m were odd, 2x3 = y2 + 3% = 4 mod 8 and there-

fore x3 = 2 mod 4 . But this is impossible and thus m = 2v .
Thus y2 + 3™ = 2x3 can be transformed into
2 2 3
(b en? - (DeINHt = @’ .

Now, the class number of I"_1 is 1 and by [34,p.235, Theorem 6.2.1],
2 is the square of a prime ideal and 3 1is a prime ideal in F_l. Thus

L
Theorem 9.1 can be applied to (1), to obtain (where 6 = (-1)1)5

42y +2:3% = pla+ bey>
where =1 or © . Since 8 = (-9)3, we may assume that p =1 and
therefore:
@ +2y = a - 3ab®
[©) 203" = 3a% - b .

If b were even,then by (2), a would be even and by (2) again,

79
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4[—: 2y . But y is odd and therefore b is odd.
If v =0, then by (3), 2 = b(332 - bz), and we find that

(b,lal) = (1,1) . Therefore by (2), Iyl =1 and,since m = 2v = 0,

If v > 0, then by (1), (y,3) =1 (since (x,3) =1). Hence by

(2), (a,3) =1 and by (3), b = 3B . Substituting in (3) we obtain:

“) 2392 - (a2 - 3%) . Since B is odd and (a’ - 38%,3) = 1,
B=+3"2 and a?- 3% =12 .

Therefore, since the upper sign cannot hold in the latter equation mod-
ulo 3, az + 2 = 32"_3 . By Theorem 6b, (v,la') = (2,1) or (3,5)
and therefore |b‘ = BIBI = 3"—1 =3 or 9, respectively. By (2),

(m, |yl) = (4,13) or (6,545) . Hemce x =5 or 53, respectively.

Theorem l4c: y2 + 3™ = 4x°, (x,3) = 1= (mx,y) = (1,1,1) or (1,7,37).
Proof: y 1is odd. If m were even,then 4x3 = y2 +3"= 2 mod 8 .
Hence m = 2v + 1 . Therefore 4}(3 = y2 + 3" = 4 mod 8 and hence x
is odd. Further, (y,3) =1, since m> 0 .

Let A= F_B and © = (-3)% . By (2) of Section 1, @ =
(y + 3%)/2 € A and & € A . Now, o = x3 and (a,&)AlA o-a=13%.
Since (x,3) =1, (&,&)A =1 . Hence o =pl(a+ be)/2]3 , where
a=bmod?2 and p=1 or (+1+6)/2.

It w=1, then 43'1 = b(a?-b% . But, whether a and b
are both even or both odd, 8|b(a2 - bz) . Hence p = (+1+86)/2,

which yields:

By = + (@ - 9ab?) - 9(a%b - b7) = @3 =1,
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(5 83" = (@° - 9abD) + 3% - b7 .

Since (a,3) = 1, (5) implies that v = 0 . Therefore m =1 and

U+ s = 0> . By [a), Goy) = (L) or (7,37 .
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SECTION 15,

Theorem 15: All the solutions of y2 + 2" = x3 are given by the

following two tables, where x = 2r3ta and y = 253% .

Explanation of Tables 2 and 3: If a=0 (or b =0) the values of

r and t (respectively s and u) are irrelevant.

n and m are given modulo 6 in the tables and, of course, they
are non-negative. The restrictions on n and m arise since x and
y are integers.

The solutions are numbered for referenmce in the proof and [# k]

will refer to solutions number k in the tables.

Table 2

Sclutions of v2 + 2™ = x

Restric- Solu-
n = m = tions on tion
(mod 6) (mod 6) n & m 3r 3t a 2s 2u b number
0 0 n m 1 - - 0 1
0 3 n m 1 - - 0 2
0 4 n m-4 13 n+2 m-4 23 3
0 5 n m-5 7 nt2 m-5 5 4
1 0 n-1 w3 1 n-1 m 5 5
1 2 n-1  m+l 1 n-1 m 1 6 -
1 2 nz7 n-7 mfl 19 n-7 m 143 7
1 3 n-1 m-3 7 n-1 m-3 17 8
82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



83

Restric- Solu-
n= m = tions on tion
(mod 6) (mod 6) n & m 3r 3t a 2s 2u b number
2 0 o+l m 1 n m 1 9
2 0 n-2 m 5 n-2 m 11 10
2 0 mz6 ntl m-6 53 n m-6 545 11
2 4 o+l m-4 5 n m-4 13 12
2 5 n-2 m-5 13 n-2 m-5 35 13
3 0 n m 1 - - 0 14
3 2 n m+1 1 ntl m 1 15
3 2 n=9 n-9 ml 11 n-9 m 59 16
3 2 m=8 n m-8. 971 ntl m-8 21395 17
3 3 n m 1 - - 0 18
3 3 n m-3 5 ntl m-3 7 19
3 3 n-3 m 11 n-3 mt3 7 20
3 4 n-3 m2 1 n-3 1 21
3 4 n m+Z 1 nt+3 1 22
3 4 n mt5 1 o+l 11 23
3 4 n m-4 11 ntl m-4 25 24
3 4 nzl5 n-15 w2 17 n-15 m 107 25
3 4 n-3 w5 67 n-3 n 8549 26
3 4 n=9 n-9 m+2 73 n-9 m 1871 27
3 4 n-3 m-4 97 n-3 m-4 955 28
3 5 n m-5 35 nt+3 m-5 73 29
4 1 nt2 m-1 1 n m-1 1 30
4 1 o2 m-1 7 n m-1 37 31
4 1 m=7 n-4 m-7 73 n-4 m-7 595 32
4 3 nt2 m 1 n mtl 1 33
4 4 n-4 m-4 193 n-4 m-4 2681 34
5 2 n-5 w+é4 1 n-5 m 7 35
5 5 n-5 m-5 1153 n-5 m-5 39151 36
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Table 3

Solutions of y2 R 3

1
>

Restric- Solu-
n = m = tions on tion
(mod_6) (mod 6) n & m 3r 3t a 2s 2u b number
0 0 n m -1 - - 0 37
0 0 - - 0 n m 1 38
0 0 nt3 m 1 n m+2 1 39
0 1 n12 n-12 m-1  -23 n-12 m-1 11 40
0 1 n m-1 1 2 m-1 1 41
0 2 n=12 n-12 mtl -5 n-12 m 61 42
0 2 n+3 m-2 -1 n m-2 1 43
0 2 - - ] n m 1 44
0 2 n mtl 1 n+2 m 1 45
0 2 n+3 m+l 1 n 5 46
0 2 n+9 m-2 n m-2 253 47
0 3 n m -1 - - 0 48
0 4 - - (o] n 1 49
1 0 n-1 m -1 n-1 m 1 50
1 0 nz7 n-7 m 17 n-7 m 71 51
1 2 n-1 m-2 7 n-1 m-2 19 52
1 3 n-1 m 1 n-1 -l 1 53
1 3 m=9 n-1 m-9 19 n-1 m-9 215 54
1 3 n=13 n-13 m 1915 n-13  mtl 48383 55
1 5 n-1 m-5 -5 n-1 m-5 19 56
2 0 - - 0 n m 1 57
2 1 n+l m-1 -1 n m-1 1 58
2 1 n-2 m-1 13 n-2 m-1 47 59
2 2 n-2 1 -1 n-2 m 1 60
2 2 - - 0 n m 1 61
2 2 nté m-2 1 n m-2 5 62
2 2 4 mtl 1 n m 7 63
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Restric- Solu-
n = m = tions on tion
(mod_6) (mod 6) n & m__ 3r 3t a 2s 2u b number
2 2 nz8 n-8 mtl 35 n-8 m 359 64
2 3 n-2 m -1 n-2 mtl 1 65
2 3 o+l m-3 -1 n m-3 5 66
2 3 ntl m 1 n m+l 1 67
2 3 nz8 n-8 m 11 n-8 L 23 68
2 3 n+l m 61 n ml 389 69
2 4 - - 0 n m 1 70
3 0 nz9 n-9 m -7 n-9 m 13 71
3 0 n m -1 - 0 72
3 0 n-3 m 1 n-3 2 1 73
3 0 n m 1 ntl m 1 74
3 0 n m 23 nt+3 w2 13 75
3 1 m=7 n-3 m-7 -13 n-3 m-7 73 76
3 1 n m-1 -1 o+l m-1 1 77
3 1 n-3 m-1 1 n-3 m-1 5 78
3 1 n m-1 5 o7 m-1 1 79
3 1 m=7 n m-7 5 nt+3 m=7 17 80
3 1 n=9 n-9 m-1 25 n-9 m-1 131 81
3 1 m=13 n m-13 239 nt+l m-13 2761 82
3 1 n m-1 4079 ntl m-1 184211 83
3 2 n m-2 -1 nt3 m-2 1 84
3 2 n=l5 n-15 m-2 73 n-15 mw-2 827 85
3 3 n m -1 - - 0 86
3 5 n m-5 -1 ntl m=-5 11 87
4 0 - - 0 n m 1 88
4 1 n-4 m-1 1 n-4 m-1 7 89
4 2 - - 0 n m 1 90
4 4 nt+5 m-4 -1 n m=4 7 91
4 4 - - 0 n m 1 92
4 4 n-4 mt+2 1 n-4 m 5 93
4 4 nt5 m+2 1 n m 17 94
5 2 n-5 m-2 1 n-5 m-2 17 95
5 5 m=11 n-5 mw-ll =47 n-5 m-11 2359 9
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Proof: By direct but laborious calculation, the above can be shown
to be solutions.

Suppose now that

1) (*) A

If x = 0, then there are no solutions in the positive case, and
in the negative case n and m are even. Hence n and m are con-
gruent to 0, 2 or 4 modulo 6 and this leads to the solutions: [#38],
[#44], [#49], [#57], [#611, [#70], [#88], [#90] and [#92].

If y=0, then n and m are congruent to 0 or 3 modulo 6
and this yields the solutioms: [#1], [#2], [#14], [#18], [#37], [#48],
[#72] and [#86].

r

Suppose now that xy # 0 . Therefore x =2 3ta and y = 2°3% 5

where (ab,6) =1 . By (1),

(1a) (*) 22532ub2 L 23r33ta3 .

It follows from Lemma 1.7 that one of the following three possibilities

holds:

(21) 2s =3 <n,
(22) 2s = n< 3r or
24 3r =n<2s

Again using Lemma 1. 7 , either:

(31) 2u=3t <m,
(32) 2u=m< 3t or
Gy Jt=ms<2u .
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If (21) holds, 2s = 3r = 6d and if (31) holds, 2u = 3t = 6e . We

divide the proof into the nine cases: (Zi) and (Bj).
(Zl) and (31): By (la),

I b2 4 gn-6d gube _ 3

Since (ab,6) = 1 , Theorem 9 implies in the positive case:

(n - 6d,m - 6e,a,b) = (1,3,7,17) [#8], (2,0,5,11) [#10], (2,5,13,35) [#13],
(3,4,97,955) [#281], (4,4,193,268L) [#34], (4,7,73,595) [#32] or
(5,5,1153,39151) [#36],and Theorem 7 implies in the negative case:

(n - 6d,m - 6e,a,b) = (1,0,-1,1) [#50], (1,2,7,19)[#52], (1,5,-5,19) [#56],
(1,9,19,215) [#54], (2,1,13,47)[#59], (3,1,1,5) [#78], (3,7,-13,73)[#76],
(4,1,1,7)[#89], (5,2,1,17)[#95], (5,11,-47,2359) [#96], (7,0,17,71) [#51],
(9,0,-7,13) [#71], (9,1,25,131) [#81], (12,1,-23,11)[#40] or

(15,2,73,827) [#85].
(21) and (32): By (la),

®) () p2 o gnmbd _ g3tem 3

Since m = 2u is even, we may further divide this case into three sub-
cases:

m = 6g: Therefore by (4),

*) p? 4 64 o (58728 3

It follows from Theorem 2 that in the positive case: (n - 6d,3t—2ga,b) =
1,3,5) [#5] or (2,5,11)[#10], and in the negative case:

(n - 6d,3528a,b) = (1,-1,1)[#50], (7,17,71) [#51] or (9,-7,13)[#71].
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m = 6g + 2: By (4),

2 n-6d

(5) (%) b2 4 27700 L 33t 28,3

If t -2g-1<0, then 3(t - 2g - 1) + 1 < 0, which contradicts (5)
(since (a,3) = 1) . Hence 3t-2g_la € Z . We shall use analogous
results for some otheF cases in this section.

Theorem 12 implies in the positive case: (n - 6d,3t-2g_1a,b) =
@,1,1)[#6], (5,3,7)(#35], (7,19,143) [#7] or (9,11,59)[#16], and in
the negative case: (n - 6d,3t—zg-la,b) = (2,-1,1) [#60], (8,35,359) [#64]

or (12,-5,61) [#42].
m = 6g - 2: By (4),

©) b2 4 27704 93528y

In the positive case,Theorem 13a implies that (n - 6d,3t-2ga,b) =
(3,1,1)[#21], (3,201,8549) [#26], (9,73,1871) [#27] or (15,17,107) [#25],
and in the negative case,it follows from Theorem 13b that

(n - 6d,357%8a,b) = (4,1,5) [#93].

(21) and (33): By (la),

(6) (%) J2um2 g pue6d 3

Using m = 3t , we divide this case into two further sub-cases:

m = 6g: By (6),

<3u-3gb)2 + 2n-6d _ a3 .

*)

-3
By Theorem 2, in the positive case (n - 61:1,51,3u &) = (2,5,11) [#10],
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and in the negative case ; (n - 6d,a,3u-3gb) = (1,-1,1)[#50], (3,1,3)[#73],

(7,17,71) [#51] or 9,-7,13) [#71].

m= 6z + 3: By (6),

n-6d _ 3

a” .

%) 3% 3822 4 2

By Theorem 3, in the positive case (n - 6d,a,3u_3g-2b) = (3,11,21) [#20],
and in the negative case: (n - 6d,a,3u-33_2b) = (1,1,1) [#53],

(2,-1,1) [#65], (8,11,23) [#68] or (13,1915,48383) [#55].

(22 and (31): By (la),
e b2 + 3m-be _ 23r-n63 .

Since n = 2s is even, this case resolves into three sub-cases:
n = 6f: By (7),

3

2 m-6e y3 .

) R

Since b is odd, there are no solutionms in the positive case by Theorem

r-2£f

14a. 1In the negative case,Theorem 8a implies that (m - 6e,2 a,b) =

(2,-2,1) [#43] or (2,40,253) [#47].
n=6f+2: By (7),
* b2 + qu-be _ 2(2r_2f_1a)3 .

In the positive case, Theorem 14b yields : (m - 6e,2r-2f-la,b) = (0,1,1)[#9],
(4,5,13) [#12] or (6,53,545) [#11]. 1In the negative case, Theorem 8b
implies that (m - 6e,25 25 a,b) = (1,-1,1) [#58], (2,2,5)[#62] or

(3,-1,5) [#66].
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n=6f -2: By (7),

*) b2 + 3m-6e - 4(21"-2fa)3 X

Theorem l4c gives, in the positive case, (m - Ge,Zr Zfa,b) = (1,1,1)[#30]

or (1,7,37)[#31]. Theorem 8c yields, in the negative case,

(@ - 60,20 b) = (4,-2,7) [#91].

(22) and (32)—: By (la),

(8) () p2 41 = 2ZEmgREm3

1+

In the positive case we have, since b2 +1=2mod 8 and b2 + 1=

2mod 3, m=3t and 3r - n =1 . Hence (Zb)2 + 4 = (2a)3 and, by
[Al,a=b=1. Since n=2s and m=2u are even, n = 2 mod 6
and m = 0 mod 6. This is solution [#9].

Hence we may assume the megative case in (8). We divide the proof

into nine sub-cases:

= 6f and m = 6g: By (8), b2 - 1= (25 2F3F28a)3

There are no solutions, with (b,6) =1 , by [a]

n = 6fandm=6g+2: (07 - 9= @235 28433 and by [a],
(2F 283728, 3p) = (6,15) [#46].

W= 6fandm = 6g-2: (02 - 81 = 52552620 Lana by (A,

there are no solutioms.

n=6f42andme g @ - 4= @283 and by (4],

there are no solutions.

t-
= 6f+2 and m= 6z + 2: (6b) 2 g6 = (oF 203283
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r-2f,t-2g

[A] implies that (2 3 a,6b) = (12,42) [#63].

n= 6f+2and m=6g-2: (8b)2 - )2 = @ 2E3E2E 23

and there are no solutions by [A].

2542, t-2g_\ 3
(2F 252352853 | gy (4],

n=6f-2andm=6g b7 -16=
there are no solutionms.

h=6f-2andm=6g+ 2 (202 - (a2)? = @5 2E235285)3  ang

by [A], there are no solutions.

n= 6f -2 andm=6g-2: (6b)2 - (48)(@7) = (25 2EF23ET2E2,)3,

By [a], (25 2F23t-28%2, 361y = (72,612) [#94].
(22) and (33): By (la),
9) (%) 32u-mb2 1= 23r-na3 .

Tirst, we consider the positive case, with m even. Hence

32u-mb2 +1=2mod 8 and therefore 3r - n=1. Since n=2s and

r—-Zfa)B

m=3t,n=66+2 and m=6g. By (9, @3B+ 4=
and by [A1, @5 2%a,2.39738) = 2,2) [#9).

Now, consider the positive case, with m odd. Hence 32u-mb2 + 1=
4 mod 8, and by (9), 3r - n =2 . Since n=2s and m = 3t ,
n=6f-2 and m=6g+ 3. By (9, 43+ 6@ =

(32725233 ana by (4], @272, 403978 = (12,36) (#33].

Next, consider the negative case, with m odd. Since 32“_"'132 -1=
2mod 8 , 3r -n=1. n=2s and m = 3t imply that n = 6f + 2

r-2fa)3 . By (A1,

and m=6g+ 3. By (9, (2-3%8)2 - 4-27) = (3-2
(325254, 2.39738) = (6,18) [#67] or (366,7002) [#69].

Finally, there remains only the mnegative case, with m even.
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Hence m = 6g and,since n is even, we have the following three sub-

cases:

o= e (3382 o 1= 23 ana by (a1, @5 2%a,3% %) =

(2,3) [#39].

n=6f+2: (2393? L 4= (53

and there are no solu-
tions by [A].

(Zr-2f+23)3

n = 6f - 2: (4-3u-3gb)2 - 16 = , and by [A ], there

are no solutions.
(23) and (31): By (la),

(10) (%) 225-nb2 + 3m-ée _ a3 X

Since n = 3r = 0 mod 3 , we have two sub-cases:

T B et L LA Lot e

In the positive case,Theorem l4a implies that (m - 69,a,25—3fb) =
(4,13,46) [#3] or (5,7,10)[#4], and in the negative case,Theorem 8a

yields (m - 6e,a,2° >%b) = (1,1,2) [#41].

s-3f-—2b)2 + 3m-6e =3

n=6f+ 3: (%) 2(2 a~ .

s=-3£-2

In the positive case, it follows from Theorem 11 that (m - 6e,a,2 b) =

(3,5,7) [#19], (4,11,25) [#24], (5,35,146) [#29] or (8,971,21395)[A17].
s-3f-2b)

In the negative case, Theorem 10 implies that (m - 6e,a,2
(0,1,1) [#741, (1,-1,1)[#77], (1,5,8)(#79], (1,4079,184211) [#83],

(2,-1,2) [#84], (5,-1,11) [#87], (7,5,34) [#80] or (13,239,2761) [#82].

(23) and (32): By (la),

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



93
an 22572y g = 3383

Since n = 3r and m = 2s, we divide the proof into six sub-cases:

s-3f, t-2ga)3
B

n=6fandm=6g: By A1), (H @2+ 1= and

by [ A], there are no solutions.

0= 6f andm=6g+2: (9 3252+ 9= 35283 by [al],

there are no solutions in the positive case,and in the negative case

3f

(357284, 3.2573F) = (3,6) (#5].

n-6fandm=6g-2: (0 (925324 81 = 3528203 | py
[A], there are no solutions.
n=6f+3andm=bg (0 @2 rs= 23283 | By [al,

there are no solutions in the positive case,and in the negative case
(2-357%82,257 %) = (2,0 (4741,

n-6f+ 3andm=6a+2: (0 (32532 4 72 = (235283 |

By [ A], there are no solutions in the negative case . By [4 ], in
the positive case (2-3°728a, 3-2°73%p) = (6,12) [#15].

n= 60+ 3andm= b= 20 (8 (925 0y ¢ 24027 = (2-357%820)3,

By [A], there are no solutions in the negative case. By [4], in

the positive case (2-3“'2g*2a, 9-25'3513) = (18,72) [#22] or (54,396) [#23].
(23) and (33): By (la),

(12) (%) D

Since n = 3r and m = 3t we have the following four sub-cases:

n=6f and m = 6g: By (12), (%) (257330382 +1= a3, and by

[A ], there are no solutions.
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0= 6f and m = 6+ 3 (% 2% 313973832 4 27 = @), and by
[A], there are no solutions.
n=6£f+3and m= 6g: (¥ (25-3f,’-"-3gb)2 + 8= (23)3 . By [A],
there are no solutions in the positive case,and in the negative case
(2a,257339738p) = (2,4) [#74] or (46,312) [#75].

n= 6f+ 3 andm= 6F+ 3 (9 (253397382 4 827 = (ea) .

By [A ], there are no solutions.
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SECTION 16.

u3 + Bv3 =C
5 : 2 n m 3 . :
A simple consequence of the solution of y~ - 273" = x" is given
by the following theorem.

Theorem 16: u® + Bv> = C , where (8,0) = (3°,25) or (25,30,

0<s=2,r20, has the following integral solutions:

Table 4
3
@ @, @’
B C r=0mod 3 r=1mod 3 r =2 mod 3
12f (0,29,050 CHRC L
ERE S CANO) 2512, %250y @D,
(_7321:-5’532::-5)
9 o (_zr-3,2r—3),
+
(@%,0-2""2,2%
- -2
135 (0,39,E5,0 (35°2,2337°2),
(2331‘-2’31'-2)
2 3r (Br,O) (ar—l 3r—1)’
(- 53 r-1 4331‘ 1)

4 3F @R (3713 h
Proof: Let Y= u3 - Ev3 . Then

3 3
) Y+ C=2u and Y - C=-2Bv . Therefore

4 2
(2) (ABY) - 2%8%? = (- 4Buv)

95
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Since B and C are powers of 2 and 3 , we can solve (2) by using
Theorem 15. Of course, some of the equations are special cases of
equations whose solutions are well-known (e.g., B =2, C= 3r, r = 3t

gives uwd + (-39 = 2¢-v)%) (ef. [32]).

We solve a typical case: B =3, C= Zr, r=2mod 3 . ZABZC2 =
D2EHhs2 4= 2mod 6 . By (2) and Table 3, + 12Y = 2771.3,
22,3, 50272 707203 or 359-277%.3 . Using (1), these give the

solutions in Table 4.
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APPENDIX I.

Proof of Theorem 9.1

We note that if f=x=0,y =0 and y + f'k% = 1-03 . There-
fore we may assume that £ # 0 or x # 0 .

We first prove the theorem under the assumption that (f,x3) is
cube-free.

Let [Y] be the principal ideal generated by Y € Fk . Now,
@ k0% = WIF] , where v =y + k7 .

Suppose that a prime ideal, say Y , divides both [y] and [yl .
We will show that ¥3 divides both [y] and [¥] and also, that ¥*
does not divide either [v] or [Y] .

This will complete the proof (with (f, x3) cube-free), since then
the G.C.D. of [y] and [Y] is of the form Yi ~‘i’g veon ‘i‘z , where
t 20 and the Yi are distinct primes. Hence the G.C.D. is a cube.
Since we have unique factorization of ideals, [Y] = 23 by (#). Thus 5‘3
is equivalent to [1]3 . Since the class number is not divisible by 3,
= is equivalent to [1] and hence = = [a] (see [15, pp.8l1-85]).
Hence [Y] = [a3] and therefore Y = p 0(3 , where p 1is a unit of l"k.
As in Lemma 1.3, we may choose p =1, € or 6-1 , where € is the
fundamental unit of Fk . If o= s_l, then since E_l =c, ¥ =
e:(-&)3 and hence the theorem (with (E,x3) cube-free).

By [15, p.72], there is a unique rational prime, say p , such

that ¥ divides [p] . Hence N(\")]N[p]= pz and therefore N(¥)

p or pz . By (#), Y divides [x]3 and hence plz N(‘i’)lZ N[xa]

x6 . Thus p|x . We divide the proof into three cases.
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Case 1: p #2 . Y divides [2][y]= [y + Y] . Therefore Y
divides [y] and, as for x , ply . Hence p2|y2 - x3 = fz-k .
Since k 1is square-free, plf . Thus prlf N pr+1,{ f , where r =1
or 2 (since (f,xs) is cube-free). If r =2 , then p3|x3 + fzk =
y2 N pz‘y 5 p"‘x3 and hence pz\x . Thus prlx and pr‘y for r =

1 or 2 . Further,
)
/p5)% - k(e/pH? = P /D .

If (p,k) = 1 , then since (f/pr,p) =1 and 6 = discriminant of
N
Q(k?) =k or 4k, A is a quadratic residue modulo p and pJA .

By [34, p.235], p decomposes into two distinct prime ideals, con-

tradicting p|f . Hence plzk]ZA and by [34], [p] = y2 | Also,

p3lx3 + kfz = y2 . Therefore pzly and ‘i’é = [p]3 divides [y]2 .
Hence ‘1"3 divides f[y] . Since Y2= [p] divides both [k%]2 and
(£] , ¥ divides [k?] and hemce ¥° divides [£.1%] . Therefore
¥3  divides both [vy] and [Y] .

Suppose Y" divides either [y] or [Y] . Then ‘i’7 divides
}4 8

[y10v]l = [x]3 and therefore Ya divides [x] . Hence [p] =Y

divides [x]3 and therefore pzlx. Since p2|y > p“lfz-k and,

2 2

since k is square-free, pzlf . Since plk N pslx3+ ek =y,

p3|y N pelf2~k and finally, p3|f , a contradiction.

Case 2: p=2,2|A. By [34], k=2 or 3mod 4 and ‘1’2=[2].

3 -
Since 2 = plx , v® divides [x]° = [YI[V] .
i v* (= 22]) divides [v], 221r Y and since k # 1 mod 4,
k
Zzly and Zzlf . Hence 24|x3 ) 22|x and thus y12 - [26] divides

[xa} = [y][¥] . Therefore [23] =‘1’6 divides either [v] or [Y]
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which, as above, gives 23|f , a contradiction. Hence ‘1’4 does not
divide [y] and, similarly, ‘1’4 does not divide [Y] . Since ‘1’6

divides [v][Y] ,‘1/3 divides both [y] and [¥] .

Case 3: p=2 , 0 odd., Hence, since 2 does not decompose into two
distinct prime ideals, A = k = 5 mod 8 and ¥ = [2] (by [34]). Since
2= plx, [2]° divides [x]° = [Y][¥] . Hence [2%] divides either
[y] or [Y] and therefore 2? lF @ or @ . By (2), Sectionl, y
and f are even. «

Suppose £/2 is odd. Then, since (y/2)2 - k(f/Z)2 = 2(x/2)3 N
y/2 is odd. But then 4 =1 - 5=2(x/2)° mod 8 , an impossibility.

Hence 22|f and thus 23|y?, yielding 2ly . o 23|y , then
26|f2-k,imp1ying that 23|f , a contradiction. Hence y/4 and £/4

Y/4 and Y/4 . Therefore y3 = [2]3

are both odd and thus er. div-
k

ides both [y] and [¥]. If ¥* divides either [y] or [Y], then

24 IF Yy or ¥ , implying that 23|f , a contradiction.

k

ios 3
Now, let d be the largest integer whose cube divides (f,x7) .
We have just shown that Theorem 9.1 holds when d =1 . Assume it holds

for all d < d (d0 = 2) and let do be the largest integer whose

0

cube divides (f,xa) . Let p be a positive prime dividing do .

Hence p3|(f,x3) and therefore 1')31y2 . Thus pzly N p4|x3 s p2|x N

2 and hence p3|y . Letting F = f/p3 , X = x/p2 and Y = y/p3 R

we have Y2 - sz = X3 . Let D be the largest integer whose cube

6
e ly

divides (F,XS) . Hence (pD)BIf and x3(= p6X3) and therefore
pDSdo. Since p=2 ,D<d

there is an o € Fk such that

0" Hence, by the induction hypothesis,

% 3
+ Y+ F -« kP=poa ,
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3 % 3
where W =1 or ¢ . Multiplyingby p  , %y + £k2 = p(pa) and

pa € Fk . Hence the theorem holds for d = d0 and by induction,for

all d .
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APPENDIX II

Some Previously Solved Cases

This appendix contains the previously solved cases of y2 + k = x3,

k =+ 2n3m which are used in this paper. Except for the cases k = 18;
72; 288 and 648 which are solved in [4] and [10], these were obtained
from [12], [13] and [14] (ef. [6], [20], [10a] (for k = 412), [16]

(for k = 48) and [10D).

Table 5.
k (x,y) N
1 (1,0)
2 (3,5)
3 no solutions
4 (2,2),(5,11)
8 (2,0)
9 no solutions
12 no solutions
18 (3,3)
24 no solutions
27 (3,0)
48 (4,4),(28,148)
54 (7,17)
72 (6,12)
81 (13,46)
216 (6,0),(10,28),(33,189)
288 (9,21)
412 (12,36)
648 (9,9),(18,27),(22,100), (54,396), (97,955),
(1809,76941)
101

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



102

Table 6.
k x,y)
-1 (-1,0),(0,1),(2,3)
-2 (-1,1)
-3 ,2)
-4 0,2)
-8 (-2,0),(1,3),(2,4), (46,312)
-9 (-2,1),(0,3),(3,6), (6,15), (40, 253)
-12 (-2,2),(13,47)
-16 0,4)
-18 (7,19)
-24 (-2,4),(,5),(10,32), (8158,736844)
-27 (-3,0)
-36 (-3,3),(0,6), (4,10, (12,42)
-48 ,7)
-54 (3,9)
-72 (-2,8)
-81 0,9)
-108 (-3,9),(-2,10), (6,18), (366,7002)
-144 (0,12)
-216 (-6,0)
-324 (0,18)
-648 no solutions
-1296 (-8,28),(0,36),(9,45), (72,612)
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