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Abstract

Total Variation of Gaussian Processes and Local Times of Associated

Lévy Processes
by

Jonathan R. Lovell

Advisor: Professor Michael Marcus

Results of Taylor and Marcus and Rosen on the total variation of
Gaussian processes and local times of associated symmetric stable pro-
cesses are extended to a large class of symmetric Lévy processes. In this
extension, the increments variance o(h) of the Gaussian process is gen-
eralized to a regularly varying function with index 0 < a < 2. The total

variation function ¢(+) is generalized to

plo) = o™ <\/210g+ log 1/90)

where

(k) = B(h(h) = 3" exp [ W,

where 0 < a < 1, limy_o B(h) = 1 and lim,_ e(u) = 0.
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1 Introduction

We study the total variation of Gaussian processes and the local times
of associated Lévy processes and generalize two theorems of M. Marcus
and J. Rosen [11]. See also [12, Theorem 2.4 and Theorem 1.1(4)]. It is
significant to note that one of their theorems is itself a generalization of
a beautiful result by S. J. Taylor [13] on the total variation of Brownian
motion. A proper description of our results requires many definitions
and other preliminary remarks. We do this in Sections 2 and 3. In this
Introduction we simply state the three theorems proved in this thesis.
They should be understandable to experienced probabilists. Otherwise,
we hope they are understandable to the reader who first goes through

Sections 2 and 3.

We consider a mean zero Gaussian process G = {G(z),z € R} with

stationary increments. For h > 0, we define the increments variance of
G to be
o*(h) = E(G(z + h) — G(x))*.

We define a partition m, of [0, a], to be
m={0=xy<11<..<x[, =0}
for some n > 1 and define the mesh of 7, to be

m(m,) = Os<u£) |z; — 2 1]
<i<n



Define
Qa4(0) := { partitions 7 of [0, a]|m(7) < §}.

In the next two theorems, we impose the following condition on o :

o?(h) is a regularly varying function at 0 with index 0 < a < 2. (1.1)

We can write

o " e(u)
o(h) = B)p(h) = B exp [ W
1
where 0 < o < 1, limy,_o 3(h) = 1 and lim,_€(u) = 0. The function
p(h) is called a normalized regularly varying function with index «. Then

since @ > 0, by Lemma 2.6, p(h) is initially increasing and therefore has

an inverse p~'(h) which is initially increasing.

Theorem 1.1. Let {G(z),z € R'} be a real valued mean zero Gaus-

sian process with stationary increments and increments variance o? that

satisfies (1.1). Let

where log™ v =1V logu. Then

lim sup Z o(|G(x;) — G(xi—1)]) = a a.s. (1.3)

6—0 7|'EQ(J.(CE) T, ET
Theorem 1.2. Let {G(z),z € R'} be a real valued mean zero Gaus-

sian process with stationary increments and increments variance o? that

satisfies (1.1). Then

lim sup Z¢(|G2(J;i)—G2($i_1)|):21/a/0a|G(x)|1/adx a.s. (1.4)



Let X = {X(t),t € R} be a real valued symmetric Lévy process

with characteristic function
EeXt — W) ¢ > (1.5)

The function () is called the Lévy exponent of X. Throughout this

thesis we assume that

o 1
/o md)\ < 00. (1.6)

This is a necessary and sufficient condition for X to have a local time
as shown in [11, page 142] since (1.6) implies that X has a continuous
a—potential density for all & > 0. Therefore by [11, Theorem 3.6.3], X

has local times.

Since X is symmetric, ¢(\) must be a positive real valued even func-

tion. Using this in statement (2.30) shows that ¢)(\) = O(\?) as A — oo.

Therefore, for X to have a local time and ¥(\) = A’L3(\) to be

regularly varying, then one has that either

(1) ¥(A) is a regularly varying function at infinity with index
l1<pf<2 (1.7)
or
(2) a regularly varying function at infinity with index [ =2

but where lim Ls()\) = C for some constant C' < co.  (1.8)

A—00



Let

o0 A [ sin?AR/2
a(h)—ﬂ/o 0y

By Lemma 2.13, noted on page 18, if 1(\) is a regularly varying
function at infinity with index 5,1 < § < 2, then a(h) is a regularly

varying function at zero with index 0 < a = (f —1)/2 < 1/2.

Theorem 1.3. Let X = {X(t),t € R.} be a real valued symmetric Lévy
process with Lévy exponent (). Assume that v satisfies (1.7) or (1.8).
Let {L?,(t,x) € Ry x R'] be the local time of X.

Define

Pla) =~ <\/210g+ log 1/x>

and assume that ¢(x) is convez for x < xy for some xo > 0. Then

lim sup S G(LE — Lp) = 2/0-D / LIV Ddz as. (19)
0

020 7€Qu(8) 4 cn

for almost allt € R..

This theorem is a generalization of Theorem 3.7, noted on page 34,
which holds for real valued symmetric stable processes which have Lévy
exponent ¥(A) = A for 1 < 8 < 2. It also holds for stable mixtures.
A Lévy process is called a stable mixture if its Lévy exponent can be
written as

b(N) = / Adu(s), (1.10)

where p is a finite positive measure on [1, 2] where

2
d
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If this u is supported on [1, 5] where 1 < g < 2, the Lévy exponent of a
stable mixture , 1), is a normalized regularly varying function at infinity
with index 3 (see [11, Lemma 9.6.1]) and the corresponding &%(h) is

concave on [0, 00] (see [11, Lemmas 9.6.1, 9.6.3].)



2 Preliminaries

2.1 Regularly Varying Functions

A function, f : R' — R! is called regularly varying at zero with index

a,—00 < a < oo if

fle) _

7@

for some constant ¢ > 0. If the above limit holds when x — oo, then f(z)

is called a regularly varying function at infinity. A regularly varying

function with index 0 is called a slowly varying function.

One has the following two representations of regularly varying func-

tions.
Lemma 2.1. Let f be a reqularly varying function at 0. Then
o o " e(u)
flz) =2*L(z) = B(x)z” exp Tdu (2.1)
1
where lim, o B(x) = F(0) < co and lim, o €(u) = 0.

Lemma 2.2. Let f be a regularly varying function at infinity. Then

f(z) = 2*L(z) = B(x)z™ exp /OO #du (2.2)

where lim, o B(z) = f(00) < 0o and lim,_,« €(u) = 0.
When it is possible to take f(z) = 1 in Lemmas 2.1 and 2.2, f(z) is

called a normalized regularly varying function at zero or infinity, respec-

tively.



If, in a representation such as (2.1) or (2.2), S(z) is not initially
identically equal to 1, f(x) can still be a normalized regularly varying
function at zero if G(z) can be absorbed into €(u). This is shown in the

following lemma for (2.1).

Lemma 2.3. Let

@) = s e [ Wau
L u
be a reqularly varying function at zero. If

zf () =0 (2.3)

as x — 0, then

f(z) = x%exp /j 6/(u)du

u
where € (u) — 0 as u — 0 and f(z) is a normalized regularly varying

function at zero.

Proof: Let f(z) = 3(0)h(x) where 3(0) = C' > 0. If one writes

h(z) = exp /lx f;;((:j)) du
o [,

u

and

1
B(0) = exp/ C'du
1/2

1 v
C'u
= eXp/ du,
1

j2 U

7



fla) = b esp [ W
= x%ex O uex x—uh/(u)/h(u) uex fiu) u
= ep/l/Qudep/1 " dep/lud

xT I /
_ xaexp/ C'u + uh/(u /h(u)+e(u)du
1

u
T _/
= :r;aexp/ ﬂdu
. u

where

€ (u) = C'u+uh'(u)/h(u) + €(u).

To show that lim, g€ (u) = 0, it suffices to show that

- uh'(u) _
leo h(u) 0. (2.4)
But since
ull(u) _ uf(u)/B(0) _ uf(w)
h(u) — B(w)/B(0)  B(u)
and

lim B(u) = B(0) = C' > 0,

u—0
we see that (2.3) implies (2.4). Then, from the above hypothesis, € (u) —
0. [

An equivalent lemma holds for a regularly varying function at infinity.

We also consider the following properties of slowly varying functions.

Lemma 2.4. [2, Proposition 1.3.6] Let [;(:),i =1,...,k be a slowly

varying function at zero. Then



(1) logl(h)/logh — 0 as h — 0.
(2) so does I*(h) for every a € R.

(8) so do li(h)la(h),l1(h) + lo(h), and if l3(h) — 0 as h — 0, so does
li(la(h))-

(4) If r(hq, ..., hy) is a rational function

with positive coefficients, r(l1(h), ..., lx(h)) varies slowly at 0.
(5) If a > 0,
h®l(h) — 0, h™%l(h) 00 ash—0

Define g(z) ~ h(x) at x = 0 to mean lim,_ % = 1. The next lemma

is used in the proof of Lemma 4.3.

Lemma 2.5. If f(h) is a regularly varying function at 0 with index
a,a %0, then

1 1
log log m ~ loglog 7 (2.5)

at h = 0.
Proof: This follows immediately from the fact that for all € > 0,
ha—l—e S haL(h) S ha—e

for all sufficiently small h, which is a direct result of Lemma 2.4 (5).

Then




log log <l>a+6 > loglog L > loglog <1>a6,

I F(h) h
log(ar +€) + loglo 1>lo lo ! > log(av — €) +loglo !
8(a +¢) +loglog 5 > loglog s > log(a — ) +loglog .
which gives (2.5). O

The following lemma is used in the proof of Lemma 2.10.

Lemma 2.6. If f(h) = h*L(h) is a normalized reqularly varying function
at 0 with index o, > 0, then f'(h) exists and f'(h) > 0 for h € [0, ho|

for some hy > 0.

Proof: For o > 0 we can write

€(u)

h
f(h)=h" exp/1 —du.

u
Then
h h h
f'(h) = ah® texp 1 L:>du + he exp/1 L;Odu#
ERTGIROND,
h h
| feran)
for h € [0, hg] since for this h, a + e(h) > 0. O

Note that since a normalized regularly varying function at zero of

positive index is increasing for h € [0, ho), it has an inverse on [0, hy.

The following lemma is used in the proof of Lemma 5.1 in Theorem

1.2.

10



Lemma 2.7. [2, Theorem 1.5.6 (Potter’s Theorem)] If [ is slowly
varying at 0, then for any chosen constants A > 1,5 > 0,3X = X(A,0)

such that
(y)/l(z) < A((y/z)’ V (y/2)™") (¢ < X,y < X). (2.6)

The next lemma is used in Lemma 2.10. Here one defines f and g to

be asymptotic inverses of each other at zero or infinity if

flg(h)) ~ g(f(h)) ~h (2.7)

as h — 0 or as h — oo respectively.

Lemma 2.8. [2, Theorem 1.5.12.] Let R, be the class of reqularly
varying functions at infinity with index o. If f € R, with a > 0, there
exists g € Ryjq which satisfies (2.7) as h — oo. Here g, an asymptotic
wmverse of f, is determined uniquely to within asymptotic equivalence.

A similar statement holds for reqularly varying functions at zero when

h — 0.

The next Lemma, 2.9, is used in the proof of Lemma 2.10. In this
lemma, L(h) is a slowly varying function at 0, and Lo(h) is a normalized

slowly varying function at 0.

Lemma 2.9. If o(h) = h*L(h) = B(h)p(h) is a reqularly varying func-
tion at 0 with index o > 0, then it has an asymptotic inverse p~'(h) =

h'/*Ly(h), where p~*(R) is a normalized reqularly varying function at 0

11



and

LY%(h)Ly(h*L(R)) < 1+ €(h). (2.8)

where limy_ €(h) = 0.

Proof: Define

o*(h) = sup o(u).
0<u<h

This is the monotone majorant for o(h) since it is the smallest monotone
function with ¢*(0) = 0 which is greater than or equal to o(h). Also
define

o™ (h) = inf o(u),

0<u<h

which is the monotone minorant for o(h). Then one has

(1 —e(h))p(h) < o™ (h) <o(h) < o"(h) < (1+€(h))p(h)

where limy, g e(h) = 0, and the first two and last two terms are monotone,

and

(L=€(m)p ' (h) < o™ (h) o™ H(h) < (1 +€(h)p(h)  (2.9)

where limy, o € (h) = 0 and the first two and last two terms are monotone.
Then since p~1(h) is asymptotically equivalent to o**~1(h) and o*~*(h),
by Lemma 2.8, it is enough to consider p~1(h) as the asymptotic inverse

of o(h) where p~!(h) is a normalized regularly varying function at 0 with

12



index 1/a. So we can write

ho~ p(a(h))
= (h"L(h))"*Ly(h*L(h))

= hLY*(h)Ly(h*L(h)).
as h — 0. Therefore,
LY*(h)Ly(h®L(R)) ~ 1

as h — 0 and one has (2.8). O

Lemma 2.10 below is used in the proof of Theorem 1.1.

Lemma 2.10. Let o(x) be as in (1.2) and o(h) = h*L(h) be as in (1.1)
in the hypotheses of Theorem 1.1. Let n(h) = hﬁi(h) be a reqularly

varying function at 0 with index 8 > —a. Then there exist functions

r(h),lim,—or(h) =0 and €(h),limy,_q e(h) = 0 such that
p(o(hyn(h) < (1+ e(h)hn(h)=+") (2.10)
for h € [0, ho] for some hy > 0.

Proof: First note from Lemma 2.6 that since p(h) is a normalized regu-
larly varying function at 0 with index 0 < o < 1, it is initially increasing
and therefore has a local inverse p~!(h) which is increasing for h € [0, ho]
and by Lemma 2.8 is a normalized regularly varying function with index

1/a.

13



Then since one also has that h*L(h)n(h) — 0 as h — 0, since it is a
regularly varying function at 0 with index o + 3 > 0, then one has that
for o(h) = h*L(h),

_ h*L(h)n(h
Alothp) = 1(< e )1/2>
)

2loglog On0) ) 0
p~ (W L(h)n(h))

IN

for h € [0, ho).

Then

SR L(hn(h)) = (B L(R)n(h)"* La(h® L(h)n(h))

= hLY*(h)n"/*(h)La(h* L(h)n(h))
Ly(h*L(h)n(h))
Ly(heL(h))
(7))

)

The inequality follows from statement (2.8). So it remains to show that

LM (B) Ly (h* L(R))n'"/* (h) =

Lo(h® L(h)n
Ly(ho L(h

< (L +e(h)hn'/e(h)

Lzél:?}fa(zgzg;w) < n(h) ™. (2.11)

Consider

Ly(heL(h)n(h)) exp fhaL 1) ) gy,

u

Ly(h*L(h)) exp fh L(R) M u

d
h‘*L(h)n(h)
= eXp / _6 (U) du
heL(h) u

= A(h).

14



Using the change of variables u = e¥, we get

log h® L(h)+log n(h)
A(h) = exp/l e(e?)dy

og h*L(h)
< exp(r(h)logn(h))
= n(h)"™,
where the inequality follows for r(h) = supe(e¥) over the interval of

integration.

To show that limj,_o7r(h) = 0, one notes that since n(h) has index
B > —a and a > 0, then y < logh*L(h)n(h) — —oo0 as h — 0 or
y <logh*L(h) — —o0 as h — 0. Thus we get (2.10). O

2.2 (Gaussian Processes

A real valued stochastic process {G(t),t € R, } is a Gaussian process if its

finite dimensional distributions are Gaussian, i.e., multivariate normal.

A function p : Ry, — R, with p(0) = 0, is called an exact local

modulus of continuity for {G(u),u € R, } at a fixed ug € R4, if

lim sup G ) = Gluo) =D a.s.
0=0 g(uug) <5 p(d(u, UO))
ueRy

for some constant 0 < D < oo.

Here is a list of lemmas on Gaussian processes referred to in this thesis

with explanations of how they are used.

The lemma below is used in the proof of statement (1.3) of Theorem

15



1.1 and is a corollary of The Isoperimetric Inequality. (See [11, (5.123),
page 214].)

Lemma 2.11. [11, Theorem 5.4.3] Let X = {X(2),z € T} be a
real valued mean zero Gaussian process, where T is a countable set. Let

‘a’ be a median of sup,cr X(z) and let

& = sup(EX%(2))'/? < 0.

z€T
Then for all t > 0, we have
P(sup X(2) > a — at) > O(t) (2.12)
z€T
P(sup X(z) < a+at) > ®(t) (2.13)
z€T
and
P(|sup X (z) — a|] > at) < 2(1 — ®(t)) (2.14)
z€T

where O(t) is the distribution function of a standard normal random vari-

able, i.e.,

1 t
CD('L‘) = E/ 6_52/2d8.

Furthermore, the median ‘a’ is unique.

The next lemma is used on page 35 to show that the Gaussian pro-

cesses in Theorem 1.1 are continuous.

Lemma 2.12. [11, Lemma 6.4.6] Let X = {X(¢),t € [-1/2,1/2]"}

be a Gaussian process and let

otu) = sup  (B(X(x) - X(y)*)"
r—y|<u

16



If there exists a 6 > 0 such that

5+

/ o (3)1 ds < o0, (2.15)
1\1/2

0 s(log )

s

X has a version with continuous sample paths on ([—1/2,1/2|",dx).

Theorem 3.7 is based on the example below. The Gaussian process
described below, which is called fractional Brownian motion, fits the
requirements of Theorem 3.6, which enables it to be used in Theorem

3.7.

Example 2.1. [11, Example 10.3.4] Let G5 = {Gos(z),z € R'} be

a Gaussian process with stationary increments and increments variance

4 [ sin® \h/2
o2(h) = —/ S A2
0

T AP
00 .2
_ hﬂ_lé/ sin S/st
T Jo s
= Cghﬁ_l.

Clearly (1.3) and (1.4) hold for G s.

The next lemma applies to Gaussian processes G = {G(z),z > 0} in
R! with stationary increments. In this case the increments variance of G

can be expressed as

4 (> sin® \h/2
2(h) = —/ AN
“W=2 ] T

for some function #(\) which satisfies

© 1A N
d)\ < 0.
/0 0(\)

17



0(A) is called the spectral density of G. Then, if #()\) is a regularly varying
function at oo, one has the following lemma for Gaussian processes of
this form. This lemma is used in the proof of Theorem 1.3 where one has
that {G(z),z € R,} is a Gaussian process associated to a real valued
symmetric Lévy process. These associated Gaussian processes satisfy the
requirements of the next lemma, since they are in R! and have stationary

increments.

Lemma 2.13. [11, Theorem 7.3.1] When 0 is a reqularly varying

function at infinity with index 1 < p < 3,

1
2
o (h) Op—he(l/h) as h — 0,

where

C, — é/oo sin? S/st.
0

T sP

When 6 is reqularly varying at infinity with index 1,

2 [~ 1
a2h~—/ ——d\ as h — 0,
W~z f )

and it is a slowly varying function at zero.

Furthermore, if 0 is a normalized reqularly varying function at infinity
with index 1 < p < 3, then 02 is a normalized reqularly varying function
at zero, and if 0 is a reqularly varying function at infinity with index

1 < p <3, 0%(h) is a reqularly varying function at zero with index p — 1.

The next lemma is used in the proof of Theorem 1.3.

18



Lemma 2.14. [11, Lemma 5.3.5] Let X = {X(¢),t € K}, K a
compact separable metric space, be a mean zero Gaussian process with

continuous sample paths. Then, for all € > 0, we have

P(sup|X(t)y < e) > 0.

teK

Let
d(s,t) = (B(G(s) — G(t))*)"/*.

A monotone majorant for d is a strictly increasing function ¢ with
#(0) = 0 and where d(s,t) < ¢(|s —t|). (2.16)
The next lemma is used in the proof of Theorem 1.1.

Lemma 2.15. [11, Corollary 7.2.3] Let G = {G(s),s € [-T,T]"}
be a Gaussian process satisfying (2.16). Suppose furthermore that ¢ is

such that, for all € > 0, there exists a 6 > 1 for which

#(0s) < (1+¢€)o(s) (2.17)
uniformly in [0, so|, for some sq > 0. Then if
1/2 5
/0 %d“ = o(¢(8)(loglog 1/6)'/?), (2.18)
asd — 0
i |G (s) — G(s0)]
lim ?EIS |s—SiI\)§6 (2¢2(5) log log 1/5)1/2 <1 as. (219)
se[=T,T™
and if
RCICL) o
/0 Wdu = 0(#(0)(log 1/9)"?), (2.20)

19



as 6 — 0

: |G(s) — G(v)]
lim su su <1 a.s. 291
6—}8 |s_y|p§§ (2n@2(0) log 1/0)1/2 — (2.21)
s,ve[=T,T|™

The following three lemmas are used in the proof of Lemma 2.21.

Lemma 2.16. [11, Lemma 7.2.2.] Let G be a Gaussian process
satisfying (2.16). Set S = [—=T,T|". Then for all § > 0 sufficiently small,

E sup G(s)— G(t) < Coris(d),
[s—t[<o
s,tes

where

(0) = ¢(6)(log 1/6)/% + / %du.

0

and for each ty € S,

i o)
© g Gt <0000+ | gt

Lemma 2.17. [11, Lemma 7.1.6.] For (K,7), a compact metric

space, one has that

Gu) —G
limsup sup [Gu) = G(v)) <C a.s. (2.22)

0—0 7(u,v)<s W((S)

u,veEK
implies

lim sup [Glu) = Gv)) <C a.s. (2.23)

0=0 1y uy<s  W(T(u,v))

u,veK

Lemma 2.18. [11, Lemma 7.1.7. (3)] The statements in (2.22) and

(2.23) remain valid when formulated for local moduli and local m-moduli.

20



Lemma 2.20 below is based on this next lemma.

Lemma 2.19. [11, Theorem 7.2.12] Let G = {G(z),z € [0,1]}
be a Gaussian process with stationary increments for which either of the

following holds:

(1)  o2(t+h) —o?(t) < o?(h) fort,h >0 and for all e > 0

there exists 0 > 0 such that 02 (0u) < ea®(u) for all |u] < ug, or

(2)  o*(s) is a normalized regularly varying function at 0

with index 0 < a < 2.

Then

: |G(s) — G(0)]
1 > 1 .S. 2.24
P S;;? (202%(s)loglog1/s)1/2 — @ ( )

The following Lemma 2.20 and Lemma 2.21 are what Theorem 1.1
is based on. By combining them, one gets the exact local modulus of

continuity for the Gaussian process in this theorem.

Lemma 2.21 is a generalization of [11, Lemma 10.3.3] and Lemma

2.20 is a corollary to and immediate consequence of Lemma 2.19.

Lemma 2.20. Let G = {G(z),z € [0,1]} be a Gaussian process with
stationary increments where o2(s) is a regularly varying function at 0

with index 0 < o < 2. Then

- Gt —u) = G(t+v)|
1 >1 as. 2.25
520 USJE; o(u+v)(2loglog1/(u +v))/2 — 69 (225)

for each t € R* where

Ss = {(u,v)|0 < u+v <6}

21



Proof: Since a regularly varying function o(h) at 0 with index 0 < o < 1
is asymptotic to a normalized regularly varying function ¢’(h) with the
same index as h — 0, one can take o(h) to be a regularly varying function

in (2.24).

Then by stationary increments, (2.24) can be rewritten as:

lim sup Gt +u) = GO)l > 1 as.
6-0 y<s o(u)(2loglog 1/u)!/?

for each fixed t € [0, al.

Then, since S is a larger set than {u < ¢}, and the supremum is

taken over a larger set,

lim su |G(t —u) — G(t +v)]
60 u’vel?gé o(u+v)(2loglog1/(u + v))'/2

lim sup Gt +u) — G >1as.
5—0 y<5 o(u)(2loglog1/u)l/?

]

Lemma 2.21. Let G = {G(z),x € R'} be a real valued, mean zero
Gaussian process with stationary increments. If o(h) is a reqularly vary-

ing function at 0 with indezx o > 0, then for each t € R,

lim su |G(t —u) — G(t +v)|
60 we%é o(u+v)(2loglog1/(u + v))'/2

<1 as. (2.26)

Proof: For fixed t € R!, we consider the Gaussian process
H(u,v) =Gt —u) — G(t +v).

Let

as = med sup H(u,v)
U, VES
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and

o5 = (usvlgé E(G(t —u) — Gt +v))V2 < (1 + €)o(0) (2.27)

where lims_,g €5 = 0. By Lemma 2.11 with ¢ = o} and with § = 6" for

some < 1 and all n large enough, and the Borel-Cantelli Lemma,

: |H(U,U) _a9"|
1 <1as. 2.28
w2 sy 0(07)(2loglog L) 2 = - 22

This is shown as follows. One uses statement (2.14) of Lemma 2.11 and

(2.27). Then one has

P(] sup H(u,v) — agn| > (1 + €gn)o(0™)t)
u,VESyn
P(] sup H(u,v) — agn| > o5t)

u,vESyn

< 2(1—B(1)).

IN

Therefore

2 2
P<| sup H(u,v) —agn| > (1 + een)a(ﬁn)t) < et/

u,VESyn t(?ﬂ')l/Q
Letting
t = (14 ¢)(2loglog1/6™)"/2,
then
2 12 < 1 ‘ 1
t(2m)1/2 = (= log 9)(1+e)2 n+e?”
and

P(] sup H(u,v) —agn| > (1+€)(1+ egn)o(6™)(2loglog1/6™)'/?)

u,vESyn
1 1
(— log 6)(1+)? PNEERSE
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and

Z P (] sup H(u,v) — agn| > (14 €)(1 + €gn)a(8™)(21oglog 1/6™)'/?)

n—0 u,VESgn

(e 9]

(— logQ ) (1462 Z n(1+e)?

n=0

for any € > 0 and 6 < 1.

Then by the Borel-Cantelli Lemma,

H — Qgn
lim sup |H(u,v) — ag|

Slteas 2.2
n—00 4 vesen 0(07)(21oglog 1/67)1/2 = +eas (2.29)

Because of stationary increments and Lemma 2.16,

IA

2F sup |H(u,v)
u,VESs
< 4E sup |G(u) — G(1)]

fu—t|<s

< Co(9).

as

Therefore, since a regularly varying function o(h) is asymptotic to a
normalized regularly varying function o’(h) at 0, the terms cgn become

irrelevent in (2.28) and can be removed.

To show that doing this and interpolating (2.29) one has:

|G(t —u) — G(t +v)|
li <1 as.
320 s, 0(0)(2loglog 175172 = 7
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where 0" < §' < "' and where &' = 6" for 0 < T < 1. So
G(t —u) = G(t + )|
sup

u,v€ Sy a(6")(2loglog1/0")1/2

16— —Gl+0)
u,vesi,l o(0")(2loglog1/6m—1)1/2
W Gt —u)—G(t+v)| o™
a u,vES(i_l o(6"1)(2loglog1/6»—1)1/2 (&)
o IG(t—u) —G(t+v)] g~ DLO" D)
B u,vegi,l o(6n=1)(21loglog 1/6n—1)1/2  ga(n-T) [,(gn-T)
_w G(t —u) — G(t + )] 1 L0
N u,vesg,l o(01)(2loglog 1/0n—1)1/2 ge(-1) [ (gng-T)

Note that since § < 1 can be made arbitrarily close to 1, then

IA

1 /
gal D) <l+4e€

for any ¢ > 0.

Also, since L(-) is slowly varying at 0,
L(%6m)
lim o =
Then from (2.28), one has:

i su |G(t — u) — G(t +v)|
n—00 u,vegé, a(¢")(21oglog1/8")1/2

<(1+e)(l+¢€) as.

Ve, € > 0. (2.26) follows from (2.22) implying (2.23) in Lemma 2.17 along

with Lemma 2.18.

2.3 Lévy Processes

The Lévy-Khintchine Representation (Theorem) [11, page 136] gives a

representation for the Lévy exponent discussed on page 3 and shows
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what form ¢ (\) must take to be a Lévy exponent.

Lemma 2.22. [11, Theorem 4.2.1] Let )(\),\ € R! be a function

that satisfies the following two conditions:

(1)
P(\) =i(a-\)+Q(N) +/(1 — ") (N @)1 jy<r ) (de) (2.30)
where a € R™ and Q(\) is a positive semidefinite quadratic form.
(2) v is a measure on R™ — {0} which satisfies
/(1 Alz[*)v(dr) < oo.
Then there is a Lévy process with Lévy exponent (\).

Note that real valued symmetric Lévy processes are examples of
strongly symmetric Borel right processes as noted by [11, page 135].
Also, a real valued symmetric stable process is a real valued symmetric

Lévy process, where the Lévy exponent is:
D(A) = [N

for 0 < g < 2.
For a stochastic process with regular transition densities, its a —

potential density is denoted by
u(z,y) = / e “'pi(z, y)dt
0
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where p;(x, y) is the transition probability density function of the process.

In particular, the a—potential density of a real valued symmetric

Lévy process, X = {X(t),t € R'}, is:

o 1 [TcosA(z—y)
e = [ S

(See [11, (4.84), page 140].)
Note that from [11, Lemma 3.3.3], u®(z, y) is positive definite. There-
fore, we can define a mean zero Gaussian process with stationary incre-

ments with cov(z,y) = u®*(z,y) where cov(x,y) = EG(x)G(y). Such

processes are said to be associated with X.

Let {L},(t,z) € Ry X R'} be the local time of X as defined in [11,
page 83 and Theorem 3.6.3|; for the purpose of this paper, we note that

it has the following property:

o measure{0 < s<tix< X, <zx+c¢
Lf:hr% 0<s<te<X < }
€e— €

Thus LY can be thought of as the derivative of an occupation measure.

Here is a list of lemmas on Lévy processes referred to in this thesis

with explanations of how they are applied.

The following lemma is pivotal in Theorem 1.3. It enables one to go
from the total variation of the squares of the Gaussian process mentioned
in Theorem 1.2 to the total variation of the local times of the associated

Lévy process described in Theorem 1.3.
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Lemma 2.23. [11, Lemma 9.1.2] Let X = (2,G, Gy, Xy, 6, P7)
be a strongly symmetric Borel right process with continuous a—potential
densities u*(x,y),a > 0, and state space (S,T), where S is a locally
compact separable metric space. Let L = {L};(y,t) € S x Ry} denote

the local time of X normalized by the formula

E””(/ e_o‘tdlft’> = u*(x,y)
0

where the a—potential density u®(x,y) is continuous.
Let G, = {Gu(y);y € S} denote a mean zero Gaussian process with
covariance u*(x,y). Let C be a countable dense subset of S. Let B €

M(F(C)) and assume that, for some s # 0,
P((Ga(-) +8)%/2€ B) = 1.

Let Leb denote Lebesque measure on Ry. Then, for almost all (W',t) €

Qa., X Ry with respect to Pg, X Leb and all x € S,

(Ga(-,w') +5)°

Pf(Lﬁ eB) —1,

and for almost all W' € Qg,, with respect to Pg, and all x € S,

(G, W) +5)°
2

P (L't + € B for almost all t € R+) =1.

Also, we can choose a countable dense set () € R, such that, for almost

all &' € Qg,, with respect to Pg, and all x € S,

(Ga<'> w/) + 5)2
2

Px<L't+ GBforalltEQ)zl.
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The following lemma for symmetric stable processes enables one to
extend the conclusion of Theorem 3.7 to all t € R,. It cannot be used in

the more general Theorem 1.3.

Lemma 2.24. [11, Lemma 10.5.2] Let X = {X(¢),t € R.}
be a real-valued symmetric stable process of index 1 < [ < 2 and let

{L?, (t,xr) € Ry x R'} be the local time of X. For fired s,t € Ry,
(Ly;v e R} 2 (P02 v € R,

t/s ’

where 1/3+1/3 = 1.
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3 Historical Development

The study and development of the p-variation of stochastic processes
was initiated by the result of Paul Lévy, [10], in 1940 on the quadratic

or 2-variation of standard Brownian motion.

Theorem 3.1. [10, Theorem 5] Let {B(t),t € Ry} be a standard

Brownian motion. Then one has:

2n—1 . .
7 74+ 1\\2
I (B(-)-B( )) ~ 1. as 3.1
dm 2 (Blg) -5 o (.0

The partition in Theorem 3.1 has a dyadic mesh size. In other words,
there are 2" subintervals in this partition and all have the same length

of 1/2".

There are many generalizations of Lévy’s result. For instance, if the
partitions are nested, then one still has the result of Theorem 3.1 regard-
less of the mesh size. A partition nests if putting in added points to it
subdivides it further and is a refinement of it. The partition in Theorem
3.1 is an example of a nested partition, since when the positive integer

'n’ increases by one, the length of each subinterval is cut in half.

Another generalization of Lévy’s result was the following theorem by

Dudley in 1973.

Theorem 3.2. [4, Theorem 4.5] Let {B(t),t € R'} be a standard

Brownian motion. Then for any sequence {m(n)} of partitions of [0, a]
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such that

m(x(n) = o), (3.2)

logn

one has:

lim > (B(z;) - B(zi))*=a a.s. (3.3)

n—oo
ziem(n)

Note that Theorem 3.2 implies Theorem 3.1, since when a = 1, then
for a dyadic mesh size, one has (3.2). In 1973, de la Vega showed in
[3] that formula (3.3) fails if the condition on m(mw(n)) is weakened to
m(m(n)) < % for b > 3. Dudley’s theorem was generalized later by [12,
M. Marcus and J. Rosen, 1992] to include certain classes of more general

Gaussian processes.

Theorem 3.3. [11, Theorem 10.2.3] Let {G(z),x € R'} be a mean
zero Gaussian process with stationary increments, and assume that o*(h)
is concave for h € [0, 0], for some § > 0, and satisfies limy,_qo(h)/h* = C
for some 0 < a < 1/2 and 0 < C < co. Let {n(n)}>>, be partitions of

{[bo(n), b1 (n)]}o with [bo(n),bi(n)] C [0,4] for all n, such that

( 1 )1/2a

m(m(n)) =o Tog

lim,, .o bo(n) = by, and lim,,_. by(n) = by, where by — by > 0. Then

lim > [Gla) — Gzi) [V = Eln|/*CY*(by — b)) a.s., (34)
z;€m(n)

where n 1s a normal random variable with mean 0 and variance 1.
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De la Vega’s result was generalized later by [12, M. Marcus and J.
Rosen, 1992] to apply to the class of Gaussian processes described in

Theorem 3.3:

Theorem 3.4. [11, Theorem 10.2.4] Let {G(x),z € R'} be as
in Theorem 3.3. For any b > 0 we can find a sequence of partitions
{m(n)}>2, with m(w(n)) < %, for all n sufficiently large, such that

(3.4) is false.

De la Vega only gives the result for Brownian motion and for b > 3,

but in Theorem 3.4, one has b > 0.

In 1975 Giné and Kline [6] considered the quadratic variation of the
more general class of Gaussian processes. More results about the p-
variation of Gaussian processes are in articles by Kono in [9, 1969], Jain

and Monrad in [7, 1983] and Adler and Pyke in [1, 1993].

Whereas Dudley’s Theorem shows that for the 2-variation of Brown-
ian motion one has to control the mesh size, Taylor, in 1972, asked the
question , what if you don’t want to control the mesh size but simply ask

that they go to zero. He answered this question in the following theorem.

Theorem 3.5. [13, Theorem 1] Let {B(z),x € R'} be a standard

Brownian motion in R* d > 1. Then
lim sup Z o(|B(z;) — B(zi—1)|) = a a.s. (3.5)

where

olz) = <\/210g+10g1/:v> '
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In this theorem, Taylor considered the total variation norm, i.e., by
taking the limit as the mesh size goes to zero of the supremum over all
partitions in @, (d) and rather than taking the squares of the increments
of Brownian motion, i.e., ¢/(z) = x?, he used the function ¢ applied to
the absolute value of these increments. This smaller function ¢(z) allows
one to get rid of any condition on the mesh size and compensates for the

fact that one is taking the supremum over all partitions in Q,(9).

The results (3.1) and (3.3) are called results about the quadratic or 2-
variation of Brownian motion. Taylor’s result was generalized by Kawada
and Kono [8, 1973] for certain classes of the more general Gaussian pro-
cesses. However, their result only gives statement (3.6) in the following
theorem. This result was generalized further by Marcus and Rosen to

include statement (3.7).

Theorem 3.6. [11, Theorem 10.3.2] Let {G(x),z € R'} be a mean
zero Gaussian process with stationary increments. If o(h) is concave for
h € [0,0] for some § > 0 and satisfies lim,_oo(h)/Ch® = 1 for some

0<C <ooand0<a<1/2, then for
1/a

7( ) / -

lim su G(z;) — Gz, =CY% as. 3.6
i sup 37 p(16(r) ~ Glei)) (3.

TiET

and

iy sup 3 6(16%(a) - GHai-nl) = (200 [l s 0

020 7€Qu(d) 4 cn

(3.7)
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In Theorems 1.1 and 1.2 mentioned in the Introduction, we generalize

Theorem 3.6 to a larger class of Gaussian processes where the square root

of the increments variance, o(h), is a regularly varying function at 0 with

index o where 0 < a < 1.

The third theorem in this thesis, Theorem 1.3, uses Theorem 1.2 and

is a generalization in some respects of Theorem 3.7, shown next.

Theorem 3.7. [11, Theorem 10.5.1] Let X = {X(t),t € R} be

a real valued symmetric stable process with index 1 < 3 < 2 and let

{L?,(t,x) € Ry x R'} be the local time of X. If

2/(B-1)
i

o~ | e

then

lim sup Z¢(|L?—Lfi‘l|):c’(ﬁ)/ L2V EVdz  a.s.
0

020 7€Qu(8) 3 cn

for each t € R, where

5 1/(8-1)
)= (rw) (303 - 1))) ’

(T'(B) is the Gamma Function).

(3.8)

Note that in Theorem 3.7, (3.8) holds for all ¢ € Ry, whereas in

Theorem 1.3, (1.9) holds for almost all £ € R, . This is because of Lemma

2.24, which allows one to generalize (3.8) to all ¢ € Ry in Theorem 3.7,

does not hold in Theorem 1.3 .i.e., for Lévy processes in general.
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4 Proof of Theorem 1.1

4.1 Preliminaries

The Gaussian processes considered in the proofs of Theorems 1.1, 1.2
and 1.3 have continuous sample paths. This is because of Lemma 2.12.
Since o(h) is a regularly varying function at zero with index a > 0, then
o(h) ~ h* as h — 0. Therefore, in Lemma 2.12 for ¢ small enough and

h € [0,6], the integral in (2.15) will be finite.

Theorems 1.1 and 1.2 use a combination of Lemma 2.20 and Lemma

2.21 and Lemma 2.15.

Since Theorem 1.1 uses Lemma 2.15, Lemma 2.21, and Lemma 2.20,
the hypotheses in Theorem 1.1 need to include those of these lemmas.
However, since the hypothesis in Theorem 1.1 that o(h) is a regularly
varying function at 0 with index o > 0 implies many of the hypotheses

of these lemmas, they don’t have to be stated.

For Lemma 2.15, since o(h) is a regularly varying function at 0 with
index 0 < a < 1, then by [2, Theorem 1.5.4] and since a < 1, it is
asymptotic to a strictly increasing function as h — 0 and one also has
c(0) = 0. Thus one can replace ¢(h) in statement (2.16) and in Lemma

2.15 by o(h).

Also note that statement (1.1) implies statement (2.17) in Lemma

2.15, as shown in the following lemma.
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Lemma 4.1. Let o(h) be a regularly varying function at zero with index

a > 0. Then ¥Ye' > 0,30 > 1 such that
o(6h) < (1+€)o(h)
uniformly in [0, ho] for some hg > 0.

Proof: One has for any ¢ > 0,

6h h
B(OR)(6R)" exp /1 #dug (14 )B(h)h exp /1 E(Tu)du
Boh) ., " e(u) ,
—6(h)9 exp/h udu§1—|—6.

If § = supj,<,<gp €(u), then

oh
exp / @du <@
h

u

and
Boh) (eh)ea exp / h @du < Blh) (eh)em
h

B(h) u ~ pB(h)
< 14¢€.

Then if one chooses 1 < 0§ <1+ ¢ /M and h < hg, so that

B(0h) ,
W <1+4+¢€/N,
then
SRS WMy
B (a+9)€
= YN
< 1+¢€
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if M and N are sufficiently large. O
So this hypothesis of Lemma 2.15 is satisfied.

In the following lemma we show that o(h) as defined in (1.1) implies

the hypotheses (2.18) and (2.20) in Lemma 2.15.

Lemma 4.2. Let o(h) be a regularly varying function at 0 with index

0<a<1l. Then

1/2 o(du
Lo (8) := /O U(Ldu:0(0(5)(10g10g1/5)1/2) (4.1)

and

Lio,0(8) = o(0(8)(log 1/6)7%). (4.2)

Proof: We know by [11, page 305] that if o is regularly varying at 0

with index 0 < a < 1,

[loc,U(d) S 0(0(5))

Therefore

1/2 "
| %du < 0(6(9))

as 6 — 0, and since

¢(5) = o(¢(8)(loglog 1/6)"/?)

as 0 — 0, one has (4.1) and (4.2). O
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4.2 Proof of statement (1.3) on page 2

First of all, the above hypotheses of Theorem 1.1 include those of Lemma

2.20 and Lemma 2.21. By Lemma 2.21 one has

lim sup Gt —w) — Gt + )| <1 a.s.
6—0 ypess 0(u+v)(2loglog1/(u + v))1/?

for each fixed t € [0,a], and by Lemma 2.20 one has

lim su |G(t —u) — G(t +v)|
5—0 u,vel?gg o(u+v)(2loglog1/(u + v))1/2

>1 a.s.

for each fixed ¢t € [0, al. So combining the hypotheses of Lemma 2.20 and

Lemma 2.21, one gets

lim su |G(t —u) — G(t +v)|
5—0 Mel?gé o(u+v)(2loglog1/(u + v))1/2

=1 as. (4.3)

for each fixed t € [0, a.

Let
®y(u) = o(u)(2loglog 1/u)'/2.

One notes that since ®;(u) is a product of a regularly varying function
with index a and a normalized slowly varying function by Lemma 2.4 (3)
mentioned on page 8, it is a regularly varying function with index o and
thus by Lemma 2.8 has an asymptotic inverse ¢(h) which is a regularly

varying function with index 1/a.
Now we will show that ¢(x) has the following form.

Lemma 4.3. Let

p(z) =p" (\/m> : (4.4)
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Then @(x) is an asymptotic inverse of ®1(h) at 0.

Proof: One has
®y(h) = o(h)(2loglog 1/h)",

and wants to show

©(P1(h)) ~ R

at h = 0. Let ¢* and o™ as defined in the proof of Lemma 2.9 on page

11 be the asymptotic inverses of o. Then one can write

R —
A=\ Rloglog 1k )

Then

o(h)(2loglog 1/h)/? 5
2loglog -

p(®1(h)) = o™ <(

1
(h)(2loglog 1/h)1/2)1/2
at h = 0 since
(2loglog 1/h)'/?
im -
h—0 (2loglog 1/®,(h))'/2

from Lemma 2.5 on page 9 and

lim o* (o (h)) = h.

h—0

The same argument works if one replaces ¢* with ¢**. However, from

1

statement (2.9) and since limy,_o€(h) = 0, one can replace ¢*~' and

o**~1 with p~! to give (4.4) as an asymptotic inverse of ®;(h) at 0. [

For e > 0 and t € [0, a], define

<a+9]
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where [t —u — (t+v)] = | —u—v| = |Ju+v|] = u+ v. Here A; is
measurable. Let 15(f,w) be the indicator function of As. One sees from
statement (4.3) that for each t € [0, a], lims_ 15(t,w) = 1 a.s. Therefore,
by Fubini’s Theorem, for almost every w , one has lims_o 15(¢,w) = 1 for

almost every ¢ € [0,a]. Thus, by the Dominated Convergence Theorem,

a

lim [ 1s5(t,w)dt =a a.s.
6—0 Jo

Therefore, there exists a set €' of measure 1 in 2 such that, for any € > 0

, there is a g = 0(w, €) such that for all § < dy,

/a 1s(t,€)dt > a(l —¢) Yw € . (4.5)

Let t={0=2p < < ..... < xpr = a} be a partition in @Q,(d). For
a given path of G(.,w), if the interval [z;,x;_;] has a t in it such that

(t,w) € As, one has for x; =t 4+ v and 2,1 =t — u,

U(|G(ri,w) = Glriawl)

< @((1+€)o(z; — zi-1)(2loglog 1/ (x; — x5-1))"?)
< ((L+ Y+ es)plo(e; — xim1)

(2loglog 1/(2; — x-1))'?)
< (L ep(ri =) (140 + ) (2 — wim1)

where the second inequality comes from the fact that ¢ is a regularly
varying function at zero with index 1/«, where lims_o€es = 0. Also, one

has that e > 0 and ey(z; — x;—1) — 0 as x; — x;—; — 0.
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One also has for € > 0

p(|Gziw) = Grig,w))

o((1 —€)o(x; —x;-1)(2loglog 1/ (x; — :ci,l))l/Q)

> (1= &)

v

o(o(x; — z;1)(2loglog 1/(z; — m;21))"?)

(1= es(s — 1)) (1 — €)Y — es) (i — ;1)

v

where €5 > 0 and e3(z; — 2;_1) — 0 as ; — ;-1 — 0. Thus, as 6 — 0,
o(|G(x;,w) — G(xi_q,w)]) ~ |z; —x;-1| a8 § — 0, so

lim sup 3 (G (w) — Gl w)) = lm > fr— i

6—0
— WGQQ 5)x cr T,ET

= a a.s.

This is what one wants. This shows that if one sums over all intervals
of the partition which contains a ¢t € As for this w and then takes the
limit as 6 — 0, one gets (1.3). Therefore, for a given w, one needs to
show that the sum over the intervals of the partition 7 that don’t have
any values of ’t’ in it that are in As as well contributes zero when one

takes the limit as 0 — 0. This goes as follows:

Let A(w) = {i : there is no value of t € [x;,x;_41] satisfying (t,w) €
A(g} i.e.
|G(t —u) — G(t +v)|
o(u+v)(2loglogl/(u+v))/2 —

> (1+¢€) (4.6)

or

|G(t —u) — G(t +v)| .
o(u+v)(2loglog1/(u + v))i/2 <(1-¢ (4.7)
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for € > 0.

Also let

Aj(w) = {i: there is no value of ¢t € [x;, z;,_41] satisfying (t,w) € As

and also (4.7)}, and let

As(w) = {7 : there is no value of t € [z;, x;_1] satisfying (t,w) € As

and also (4.6)},

i.e., Aj(w) satisfies (4.6) and As(w) satisfies (4.7). Note that A(w) =
Al (w) 11 AQ(Q}).

First look at (4.6), i.e.,
IG(t —u) — G(t+v)| > (14 €)o(u+ v)(2loglog 1/ (u + v))'/2.
Let

A'(w) = {Z : \G(xz,w) — G(a:i,l,w)] >

o(z; —x;—1)(2Dloglog 1/(x; — xi,l))l/Q}

where D > (1/a) +4 > 5. Let w € €' and let 6 be small enough so that
(4.5) holds for this w. Then

Z (ZL’Z — ZL‘i_l) < ae.

i€A(w)
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Also,

Z (Ti —wi1) = Z (x; — xi1)

i€A(w) i€A; (W)IA2(w)
= Z ('xl - xi—l) + Z (1'7, — xi—l)
i€A1(w) i€Aa(w)
< ae.

Then one has

Z (x; —xi21) < aéy

iEAl(w)
and
Z (xz — wi,1> < aéy
iEAQ(w)
where
€1+ € = €.
Then for this w €
Y. ¢(Griw) = Glai,w)l
i€A1N(A)e
< Z o{o(z; — z;1)(2Dloglog 1/(x; — z;-1))/?}
i€
<DV 4 6) Y p(o(a; — xim1)(2loglog 1/ (z; — 2i-1))'?)
€A1
S (]. + €2<Ii — Ii_l))(Dl/Qa + 65) Z ’l’z — IZ'_1|
€A1
<(DY?* + ¢5)aé,
and since €; is arbitrarily small, one has
Y. ellG(@,w) = Glai,w)]) = 0 (4.8)

i€A; N(A)e
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as 0 — 0 orase— 0.
Now, estimate » ;5 o P(|G(2i, w) — G (21, w)[). One considers the

random variable

Zo(w) = card{j: sup |G(t,w) ~ G(s,w)| > o(h,) (2D loglog1/h,)/2 |

t,s€Jp,;

where h, = e and J,,; = [jhn/2, (1 + 1)h,],0 < j < 2e™ — 1. Let

A, ;={w: sup |G(t,w)— G(s,w)| > o(hy,)(2D loglog 1/hn)1/2}

t,SGJn,]'

Then with ¢t = (2D loglog 1/h,)'/? by the same argument as that used

in the proof of Lemma 2.21, one has that Ve > 0 and sufficiently small,
P(A, ;) < Cn~P=9 < op~((/)+H) - o5

if n = n(e) is large enough.

Since
2e™
In = E :1An,j
=0

one sees from Chebyshev’s Inequality, that
P(Z, > e"n~((V)+3/2)y < 90y =5/

for all n(1/«a) large enough.

This is shown as follows. One has
2e™ 2e™
EZ, = EY 1a,,=Y FElu,
=0 =0
< 2¢"C'n~(H/a)+4).
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Then by Chebyshev’s Inequality, since Z,, > 0,

ZGHCn_((l/O‘)'HL)
. —((1/a)+3/2)
P(Zy > €e"n ) < o —((1/@)+3/2)

= 20n~°"?

for all n > n(1/a).

Then, by the Borel-Cantelli Lemma, for all w € Q" with P(Q") =1

an no(w) exists such that, for all n > ng(w),
Z, < et~ (/+3/2) (4.9)
Also note from Lemma 2.10 on page 13, in the particular case when

n(h) = (log 1/h)"/%,

one has
(o (h)(log 1/h)"?) < h(1+ e(h))(log 1/n) /204702 (4.10)
where
]llii% r(h) = 0. (4.11)

(4.10) and (4.11) are used below.

Now one orders the partitions in 7 by their size. Let my = [log 1/(20)].

For all m > my set

Pm = {Z : hm+1/2 < Ty — T < hm/Q}
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Note that for each i € P, one has a j for which (z;_1,((w)) C J,, ; where
((w) = {x;_2,x;}. One writes
Z g0<|G(.fU“ ) xl 1, W Z Z ’G Ty, W G(xifl,WM).
e A M=mg i€pm [N’
(4.12)
Let § be small enough so that for this w, my > ng(w) and also
sup |Gt w) — G(s,w)| < o(hm/2)(2(1 + €)log 2/h,)?  (4.13)
|S—t‘§hm 2
s,tG[O,a]/
for all m > mg see (2.21) of Lemma 2.15 and also for hy = e~™° and

m > mg see Lemma 2.10. Then, using (4.12), (4.13),(4.9) and (4.10),

one has

Y. elGriw) — Glri,w))

ieA (A
< Z Z o(|G(z5,w) = G(i-1,w)|)
m= mozepmﬂA'
< Z Zn (Ao /2)(2(1 + €) log 2/hyn) %)
m=my
Let
7(h) = @

Then one has

(o (h)(log 1/h)"/?) < h(1 + e(h))(log 1/h) /270
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Letting h = h,, = e, then

@(J(G_m) (log 1/6—771)1/2)
< e ™(1+ e(e™™))(log 1/e~™)1/20+7(e™™)

= e (1 + e(e™™))m/2OFTET),

Then
mloiinoo i Zm (W) (0 (P /2)(2(1 4 €) log 2/ hyn)'/?)
m=my
< lim i emm~(OF3/Demm (] 4 ¢(e7m) ) (1/20+7(e™)
T =
= mlOiLnOO mzn:m o —((1/a)43/2) 1 (1/20) +7(e™)
= mlOiLnC>C> m;g i~ ((1/20)+3/2)+7(e™)

Then, as noted in (4.11) on page 45, since
limy, oo 7(€7™0) = 0, lim,,,—0o 7(e7™°) < € for € > 0 and arbitrarily

small, then

lim m—(120)+3/2)+7(e™™)  «  lim iy ((1/20)+3/2)+
Jm > Jm )

m=m m=m
. > 1
= Jim > m(1/20)1(3/2)—¢
m=mg

=0

since (1/2a) +(3/2) —e > (1/2) 4+ (3/2) — e > 1 for @ < 1, so one has a

convergent series.
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Therefore,

lim sup Z o(|G (24, w) — G(xi—1,w)]) =0 a.s., (4.14)
6—0 WeQa(é) ZEAlﬂA/

and one has from (4.8) and (4.14) that

lim sup Z (|G(z;) — G(xi—1)]) =0 a.s.

WEQa ’L€A1

Now look at (4.7), i.e

|Gt —u) — G(t + )|
o(u+v)(2loglog1/(u +v))/2 —

<(1-e.
One has:
IG(t —u) — Gt +v)| < (1 —€)o(u+v)(2loglog1/(u+ v))/?
|G(2:) — G(zi-1)| < (1 — €)o(w; — zi1)(2loglog 1/ (z; — :-1))"?,

for € > 0,

> w(G(w:) = Glaiy)))

1€Ao

< Z o((1 = e)o(x; — xi-1)(2loglog 1/(x; — 25-1))"?)

i€No

< Z 1/0“ —ée5)p(o(x; —xi-1)(2loglog 1/(z; — xi_l))l/Q)
IS

<A+ e@)(L—0Y —e) > | — 2]

i€Ao

<(L+ () (1 — )Y — e5)aéy
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where €5 — 0 and €3(6) — 0 as § — 0. Then, since é; is arbitrarily small,

one has
lim > $(IG () = Glai,@)]) = 0.
i€Ag
Then
}Slgéz PGz w) = Glwin,w)]) = lim (|G, w) — G(wi1,w)|)
i€A i€A 1A,
= 1im 3 (G, w) — Gl )
i€y
+ lim Y o(|G(ai,w) — Glwioy,w)|)
i€Ao
p— O7

which proves (1.3) on page 2.
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5 Proof of Theorem 1.2

First one needs to introduce some notation. One defines the division of

[0, a] into m equal subintervals by
Lim(a) =[((G — 1)/m)a, (j/m)al,
j =1,...,m. Denote a partition 7 of [0, a] by
T=[0=xo(m) < ... <z, (1) = 0]
and define
2y (1) = sup{an(m) : a(m) < al,
k m
7 =0,...,m. Also define
W(Ijm(a)) = {l’k(j,D (7T) < xk(j,l)ﬂ(w) < ... < fEMj)(’]T)},
7 =1,...,m. Now one defines the larger partition
o (1) (s (@) = {

7 =1,...,m. Note that %a and n%a are points in the above partition.

Jg—1

J
- a < xk(j_1)+1(7r) <. < xk(j)( ) < = - }, (51)

Then one has:

Y eGP (@) — G (5.2)

Y ) - )
SZ Z p(G*(2:) — G*(xi-1)])
J=1 zico(m)(Ij,m(a))
3 (162 () — Plargya ().
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To get the inequality in (5.2), the partition points at {%a}gnzg were
added. These points are included in the first term after the inequality sign
in (5.2). The second term after the inequality sign includes the partitions
that were present that bracketed the added points. Now one has the

following;:

Lemma 5.1. Fiz v > 0. Then, for any ¢ > 0, one can find a c(e) > 0

such that for all ¢ € [0, c(€)],

o(ch) < (1 + €)p(e)|b|™ Vb € [0,2v] (5.3)
Proof: One has
1/
x T
T) = L
#l7) |\/210g10g1/x 2<\/210glog1/:€>

and one needs to show

p(cb)

v/2loglog1/cb

< (1+¢)

_‘ cb

1/a
L cb
v/2loglog1/cb

1/a
___° Ly - ° |b|1/°‘
/2loglog1/c /2loglog1/c

= (L+e)p(c)p]V (5:4)

First of all, one has that for any ¢ > 0, that
(log1/cb)'*¢ > log1/c

Ve sufficiently small. This means that

b 1/a 1/
‘ <S(U46|——m ——| P (55)
\/2loglog1/cb v/2loglog1/c
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Vb € [0,2v] and Ve > 0 and Ve sufficiently small such that ¢ € [0, ¢(e€)].

Note that c(e) — 0 as € — 0.

Now if one lowers the upper bound on ¢, ie., ¢ € [0,¢(¢)] where

c(€') < c(€), then one can write

1/a 1/a

c |b|1/a

/2loglog1/c

cb
v/2loglog 1/cb

for some €’ > 0.

(1+€") < (1+€)‘

Then from (5.4) it remains to show that

cb
L2 (\/2loglog1/cb>

Qc,b) = <1+¢€"

L2 (leoglog 1/c>

for ¢ € [0, c(€”)].

From Lemma 2.7 one has that for any § > 0,

Lo(cb/+/21loglog 1/cb)
Lo(c/+/2loglog1/c)

-5 6
cb/+/2loglog1/cb y cb/+/2loglog1/cb
c/+/2loglogl/c c/+/2loglogl/c

-5 5
by/2loglog1/c y by/2loglog1/c
v/2loglog1/cb v/2loglog1/cb

< (b(1 - e3(0)) 7V (b1 + e5(0)))’ < 1+ ¢

where €5 > 0 and €5(c) — 0 as ¢ — 0 and for ¢ and ¢ small enough, i.e.,

ce[0,c(") N X].
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Let I(A) be the indicator function of the set A. Since G(x) is uni-
formly continuous almost surely on [0, a], one can find a sufficiently small

0 which depends on € and w, such that for any w in a set of measure 1,

sup 3 p(|G% (@) — G(ei) DI sup [Gla) <v)  (56)

T€Qa(8) 1 en z€[0,a]

<a+92eY s Y plIGlw) - Gl
j=1 "€Qa(®) 4 co(m)(Ij.m ()
sup |G(2)|Y* +m sup o(|G(z) — G(y)[2v).
2€1m(a) jo—yl<s

Now, by Lemma 2.15, one has

. G (z) — G(y)|
1 <1 .S. .
o 2 o (0)(log /)2 = = 7 (5.7

Also note that since ¢(z) is a composition of two normalized regularly
varying functions with positive index, by [2, Proposition 1.5.7 (ii)], it is a
normalized regularly varying function with positive index and is therefore

initially increasing. Therefore, from (5.7), one has

p(|G(x) = GW)]) < (1+e(6,w))p(a(8)(log 1/6)'7?)

where lims_o €(d,w) = 0. Now

o(a(0)(log1/6)"/2) < 6(log 1/8)H/20)+r(R)/2 < §A

for all A < 1 and 0 small enough. Thus the second term after the in-
equality sign in (5.6) is almost surely o(d") as ¢ goes to 0, for all r < 1.
Using this and then taking the limit as § goes to zero in (5.6), one gets
by (1.3) that

lim sup Y o(|(GX(x) —02(@_1)\)1( sup |G(z)] < U) <

z€[0,a]
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m

(1+6)(2)1/‘12g sup  |G(2)|Y*  a.s. (5.8)

=1 TV a€ljm(a)

Then, taking the limit as m goes to infinity, one gets

lim sup Z o(|G(z;) — G(xi_1)|)l( sup |G(z)| < U> <

z€[0,a]

(1+€)(2)V /0a|G(x)|1/O‘da: a.s., (5.9)

and since this holds for all € > 0 and all v, one gets (1.4), but with a less

than or equal to sign.

In getting the opposite inequality, one notes that

sup Z o(IG*(2;) — G*(xi1)]) >

ﬂeQa((s) T, ET

sup 3 <,0<|G(a:i)—G(xi,1)] inf \2@(:6);) (5.10)

z€li m(a
1€Bm(a) "4 4o (x) (1 m(a)) Slim (@)

where

By, (a) = {j|G(z) doesn’t change sign on I;,,(a)}.

Without loss of generality one can assume that sup, |G?(x;) —G?*(z;_1)| <

e~!, making the iterated log term well defined. Similarly to (5.3), one

has the following:

Lemma 5.2. When bc < e, for any u > 0, and € > 0 small enough,

for c sufficiently small, one has

o(cb) > (1 —€)p(c)|b]Y™ for all b > u. (5.11)
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Proof: First of all, one has that for any ¢ > 0 that (log1/cbh)'~¢ <

log 1/c Ve sufficiently small. This means that

b 1/a 1/a
¢ > (1—¢) - °c b|1/a
v/2loglog1/cb /2loglog1/c

Vb > u and Ve > 0 and Ve sufficiently small such that ¢ € [0, ¢(¢)]. Note

that c¢(e) — 0 as € — 0.

Now if one lowers the upper bound on ¢, i.e., ¢ € [0,c(€')] where
c(€') < ¢(e), then one can write

1/ 1/«

’b‘l/a.

| cb c

v/2loglog1/cb /2loglog1/c

By a similar argument as before, one has that for some small €’ > 0,

(1-¢) =1 —e>‘

cb
Lz(w/210glog1/cb) "
>1—c¢€
Lo ——e
\/2loglog1/c

Ve < ¢(€”). Then one has (5.11) Ve < c(€') A c(€”). O

Therefore, for any € > 0 one can find a 6 = §(¢) small enough, such
that the right hand side of (5.10) is greater than or equal to

(L—e)2"* »  sup Y. e(G(z) — Glai))

j€Bm(a) T€Q40) 4o (x)(I;m(a))

inf \G(x)\”“[( inf |G(x)|2u>. (5.12)

z€lj m(a) €Il m(a)
Finally, taking the limit in (5.10), first as 0 goes to zero and then as m

goes to infinity, one gets that the left hand side of (1.4) is greater than
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or equal to

(1 — )2/ /0 1G(2)|VT(G(z) > u)d. (5.13)

Then, since this is true for all € > 0 or u > 0, one gets (1.4), but with a

greater than or equal to sign.
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6 Proof of Theorem 1.3

One starts with an example which is a generalization of Example 2.1
noted on page 17. Let Gos = {Gos(z),z € R'} be the associated
Gaussian process of the real valued symmetric Lévy process X. Then, as
noted on [11, page 330], @075 has mean zero and stationary increments
with increments variance
9 _ 4 /°° Sin2()\h/2)d)\‘
o YW

Also let ¥(X) be a regularly varying function at oo with index 1 < g < 2.

Since 0§ 43(h) has this form where ¥()) is as defined in statements

(1.7) or (1.8), one can apply Lemma 2.13 noted on page 18 to get

9 1
7O am)

as h — 0 and that o?(h) is either a regularly varying function at 0
with index 0 < f—1 < 1 or 6%(h) ~ Ch as h — 0 for some constant
C < . Then o(h) is also either a regularly varying function at 0 with
index 0 < o = (8 —1)/2 < 1/2 or a(h) ~ vVCh'/? as h — 0. Thus all
the hypotheses of Theorem 1.2 are satisfied and Gy g satisfies statement

(1.4).

Now, any associated Gaussian process with stationary increments has

increments variance given by

) 4 [ sin?(\h/2
o2 4(h) = ;/0 %M/A))dx.
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When o = 0 one assumes that o g(h) is asymptotic to a strictly increas-
ing function ¢(h). However, in order to apply Lemma 2.23 noted on page
28, one needs that o > 0. However, 0, 3(h) may not be asymptotic to a
strictly increasing function ¢(h) for av > 0, so one cannot directly apply

Theorem 1.2. In order to get around this, one needs the following lemma.

Lemma 6.1. [11, Theorem 7.4.9] Let {G(x),z € R'} be a Gaus-
sian process with stationary increments and increments variance o> (h)
associated with a real valued, symmetric Lévy process, X (t), with Lévy
exponent (N). When 1p(\) is a reqularly varying function at infinity with
nder 1 < <2,

9 1

e~ Cogtim

as h — 0 for all 0 < o < 0o where

00 Lin2
c, - é/ sin (S/Q)ds.
0

T sP

This means that of 5(h) and o7 5(h),a > 0 converge to the same
increments variance as h — 0. Then, since statement (1.4) only deals

with or is only concerned with the limits of o 4(h) as h — 0 and

Uz,ﬁ(h) ~ Ug,ﬁ<h)

as h — 0, then one can replace Gy 5 in statement (1.4) with G g, > 0

and, in particular, when a = 1, so
Glﬂ = {GLB(I'),ZE & Rl}
satisfies the conclusion of the Theorem 1.2 as well.
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To make the notation simpler, let

Vi alf) _hm sup Z ([f(z:) = f(ziz1)])

WGQ“ m em

where {7(z),z € R} and {f(z),z € [0,a]} are real valued functions.

Then one can write
VoG 5/2) = 21/2 /a |G 5(z)/2]Y*dx a.s.
0
where 1/a = 2/( — 1). The same general proof gives
V,a((Grp +5)?/2) = 21/% /a (G p(x) + 5)%/2|Y**dx a.s. (6.1)
0

for all s # 0. This is because Gy g+ s, s # 0 still has the same 4 properties
that Gy 3 does and
Cov(Gop(x) + s,Goply) + s)
= Cov(Gop(z), Gops(y))
= u(z,y).
Now the real valued symmetric Lévy processes in this theorem are

examples of strongly symmetric Borel right processes as described in

Lemma 2.23. Then, by this lemma for almost all w € Qg ,,

Vw’a(Lt + (Glﬁ(.’w) + 8)2/2) = 21/2a/ |Lf + (Gl,g(J?,w) + 5)2/2|1/2ad$
0
(6.2)
for almost all t almost surely. One notes that by (5.3) for all ¢ > 0,
p(clz]) < (1+ ) o(|z]) (6.3)
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for any ¢’ > 0, for all  small enough.

But from the hypotheses of this theorem, ¢(x) is convex for z < z
for some xy > 0. Thus for this ¢(x), for any € > 0 and for all |a| and [b|

small enough and depending on €, one has

@) < (1= 9p(127) 4 eo (). (6.4

— €
Let
a= Ly — L7

and

b= (Gig(zsw) +8)2/2 — (G p(zi1,w) + 5)%/2.

Using (6.4) and (6.3), then

ola) < (1-p(0) 1 e(?)

1—e¢ Z

< u+®ﬁ%i%5¢a+m+«y+®iﬁwm.

Then
p(a) < (1+06)(1 =)' V%(a+b) + (1+ )" p(b)

and

sup Y (L — L)

TE€EQa (5) T, ET

(1+6)(1—e)'Y* sup Z O(Ly — L7 4+ (G g, w) + 8)?/2
WEQa(é) T, ET

— (Grp(wig,w) +5)%/2)

+ (1+6)eY* sup Z o((G1p(zi,w) + 5)?/2

WGQ“(é) T,ET

— (Grp(rim1,w) +9)*/2)

IA
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which gives, for almost all w € Qg, , and 0 < e < 1/2,

Voa(Le) < (14 0)(1 =& VIV (Lo + (Grpl(,w) +5)2/2)

+ (148 VIV, L (Grp(-,w) + 8)%/2)

for almost all t almost surely.

One assumes that one has a sufficiently small partition size d so that

the increments of

(Lt + (Grp(w) +9))*

are also sufficiently small. Then by (6.1) and (6.2) for almost all w €

QG1,57
Ve £ (4001 = 90025 [T117 4 Guato ) + 921 20
0

+ (1 +5’)el—<1/a>21/2°‘/ (G p(z,w) + 5)? /2| dx
0

for almost all t almost surely. Using Lemma 2.14 noted on page 19, one
can choose an w and s making sup,c( . |G1,5(z,w) + s| arbitrarily small.

Then one has that
V,a(Ly) < 2% / |LE Y2l (6.5)
0

for almost all t a.s.

We now show that
Vpa(Li) = 2'/% / Ly | dx
0

for almost all t a.s.
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Since ¢(x) is convex, one has that for any ¢ > 0 and for all |a| and

|b| small enough and depending on ¢, that

‘p(lie> = 11690(6‘“7) - 1;“0(12)) (66)
But by (6.3),
o(17) <D= ge@.
and
€ el 1/a
(D) <00 T—_e).
1-1/a 1
T pla+b) —(149) 1_€<p(b) < (1+5)mg&(a),

(1 =W p(a+0) — (1 +0)e V(1 = MV p(b) < (1 +6)p(a).

Then one has

(1 (1/(3“ sup Z IZ ! (Gl,ﬁ('xh W) + 8)2/2

m€Qa(8 x e

— (Gip(ziog,w) + s) /2) — (1+ 5)61—1/a(1 _ €)(1/a)_1

sup > p((Grpas,w) + )2 = (Grplaio,w) +)/2)

7r6@(1(6) T, ET

< (146) sup Z@Lx’—sz Y

ﬂeQa(‘S) T, ET

which gives

(14 6)Voa(Le) > (1= )YV o(Le + (Grp(-,w) + 5)°/2)

- (1+ 5)61’1/"(1 — e)(l/a)’lV@,a((Gm(y w) +5)?/2).
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Then, by the same argument as before, one has
ch,a(Lt) > 21/204/ ’Lf’l/Qadﬂf
0

for almost all t a.s.

Therefore from (6.5) and (6.7) one has
VealLs) = 21/2&/ |LF| 2 d
0

for almost all t a.s.
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