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Abstract

The Hilbert Projective Metric, Multi-type Branching Processes and Mathematical

Biology: a Model of the Evolution of Resistance

by Chris McCarthy

Adviser: Professor Yunping Jiang

Bacteria, viruses, or cancer cells, by means of mutation and replication, are some-

times able to escape the selective pressure exerted by treatment. This is called the

development, or evolution, of resistance.

This dissertation is a study of some of the mathematics underlying a model of

resistance put forth by Iwasa, Michor, and Nowak (IMN) [48, 49] (2003, 2004).

In the IMN model the pre-treatment phase is modeled as a determinist dynamical

system using Eigen and Schuster’s quasispecies theory of evolution [29]. It is assumed

that at the start of treatment the system has reached an invariant distribution: the

quasispecies equilibrium eigenvector.

The equations of the quasispecies theory can be viewed as projections of linear dif-

ferential equations onto hyperplanes and their asymptotic behavior can be understood

via Birkhoff’s Projective Contraction Theorem [12], which is related to the Perron-

Frobenius Theorem. An understanding of Birkhoff’s contraction theorem requires an

understanding of the Hilbert Projective Metric and so we develop an extensive collec-

tion of useful related results, some novel, about cones, hyperplanes, and the Hilbert

Projective Metric.

In the IMN model, the post-treatment phase is modeled as a stochastic multi-type

branching process on the various mutant types. The key calculation is the vector

of extinction probabilities: the ith entry of the vector being the probability that a

process, starting with a single mutant of type i, will eventually go extinct (under

the selective pressure of treatment). The techniques for calculating these extinction
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probabilities involve the use of multi-type probability generating functions (PGF’s).

We prove results about the existence of continuous multi-type PGF’s and branch-

ing processes. Our proofs involve customizing techniques from the theory of differ-

ential equations in complex vector spaces, and then applying results from the theory

of several complex variables. We also develop a method to numerically calculate the

vector of extinction probabilities.

The pre and post-treatment models are fitted together and the probability of a

successful treatment is numerically calculated using a combination of standard tech-

niques from numerical analysis together with insights gained from our examination

of the mathematical aspects of the model. Our investigation leads to a phenomena

somewhat reminiscent of Eigen’s error catastrophe theory.
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Summary of Part I

If viewing this manuscript as a hyperlinked PDF in Adobe Reader see1.

Chapters 1 and 2 are a collection of results (some original) regarding the Hilbert

Projective Metric on Cones, denoted dH , Birkhoff’s Projective Contraction Theorem,

and applications of these to geometry, linear maps and differential equations.

C will denote a convex, closed, pointed by the origin, salient cone contained in a

Banach Space V . P will denote a linear map of V to itself which also maps C to itself.

The more interesting parts of this work are found in the following sections:

• Section 2.2 (page 150)

Starts by discussing the problem possed to Birkhoff’s Projective Contraction

Theorem by a non-trivial kernel. This leads to the geometric question of where

ker P n can be located in the cone C. The answer is that either

C ∩ ker P n = C or C ∩ ker P n ⊂ ∂C

I have not seen that result elsewhere. The details are contained in the following

theorems and corollaries:

1It useful to to set navigational preferences to allow returning to previously viewed pages. To
do this, go to: Menu, Tools, Customize Tool Bars, Page Navigation Tool Bar, then select 2X Previ-
ous View and 2X Next View.
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Theorem 2.2.3.3 (page 152). Let P be as usual, a linear map of C to

itself, where C is a pointed by the origin, salient, closed, convex cone in a

Banach Space V . Let f, g ∈ C \ {0} and let n be any positive integer. If

gP n = 0 but fP n 6= 0 then dH(f, g) = ∞ and g ∈ ∂ (Span(f, g)
⋂

C) ⊂ ∂C.

Corollary 2.2.3.5 (page 155). Let n be a positive integer. If C ∩ ker P n 6= C

then C ∩ ker P n ⊂ ∂C.

Corollary 2.2.3.6 (page 155). If there exists an f ∈ C \ {0} such that

fP n 6= 0 for all integers n > 0 then C ∩ (∪∞
n=1 ker P n) ⊂ ∂C.

• Section 2.4.2 (page 186)

Discusses the existence of a hyperplane which will intersect each 0-ray 2 in a

cone exactly once. Birkhoff in [12] seems to require the existence of such hy-

perplanes, which results in a loss generality, as such hyperplanes do not exist in

the general case. I have not seen Part 3 of the following result elsewhere.

Theorem 2.4.4.2 (page 191). Suppose that the convex cone C is a subset of

V , an arbitrary vector space of finite or infinite dimension, and that C contains

at least one non zero vector. Then the following are equivalent.

1. There exists a base 3 B for the cone C.

2. There exists a linear functional on V which is strictly positive on C \ {0}.

3. There exists a hyperplane H such that H intersects each 0-ray in C \ {0}

exactly once.

2If C is cone then a 0-ray in C is an open ray in C which originates at the origin. Explicitly, if
f ∈ C then the 0-ray [f ] = {λf : λ > 0}.

3B is a base for the cone C if B is a convex subset of C \ {0} and if for each x ∈ C \ {0} there
exists a unique b ∈ B and a unique λ > 0 such that x = λb.
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• Section 2.5 (page 232)

Has Lemma 2.5.0.2, below, which is original, as far as I know. It is allows a

comparison of dH(f, g) to dV (fH , gH) when there exists a hyperplane H which

intersects each equivalence class 4 of (C \ {0},∼) exactly once. Lemma 2.5.0.2

allows us to concretely compare convergence under dH with convergence in the

hyperplane H under dV . Lemma 2.5.0.2 also has a useful application to the

theory of differential equations.

Lemma 2.5.0.2 (page 232). Brief version for Reader’s Note: Let H be a

hyperplane which intersects each equivalence class of (C \ {0}, ∼) exactly once.

Let f, g ∈ C be linearly independent and

b0 = fH + tmin

(
gH − fH

)

b1 = fH + tmax

(
gH − fH

)
.

Then b0, b1 ∈ H ∩ C ∩ Span(f, g) \ {0}. If f ′, g′ ∈ Span(f, g) ∩ C are

linearly independent then

dV (f ′H , g′H) <
dV (b0, b1)

4
dH(f ′, g′)

• Section 2.6.1 (page 249)

Discusses the continuity of the linear map P w.r.t. dH .

• Section 2.6.8 (page 270)

Discusses an appropriate interpretation of

‖fP n − c‖ < K ρn

4Let f, f ′ ∈ C. We say f ∼ f ′ if f = λf ′ for some λ > 0. The equivalence class of f w.r.t. ∼ is
denoted [f ]. If H is a hyperplane which intersects each equivalence class of (C \ {0},∼) = {[f ] : f ∈
C \ {0}} exactly once, we define fH by fH = [f ] ∩ H.
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from Birkhoff’s Proof of his Projective Contraction Theorem [12].

• Section 2.7 (page 273)

Culminates in a theorem (Theorem 2.7.3.1 (page 283)) regarding the asymptotic

behavior of the projections of certain types of linear ODE’s. The proof I give

seems to be entirely original. The two main lemmas contained in this section

are also of interest.

Lemma 2.7.1.1 (page 273) Projective Additivity Lemma. Let x, y, z ∈

C and dH(x, z) and dH(y, z) both be finite. Then

dH(x + y, z) ≤ max{dH(x, z), dH(y, z)}.

See Figure 2.9 (page 274).

Lemma 2.7.2.1 (page 277) Poisson Tail Lemma. Let A be a primitive

n × n non negative matrix; i.e. the entries of A are all non negative and the

entries of Aq are all positive for some integer q > 0. Let Y 6= 0 be a non

negative column vector of dimension n and let m be any integer ≥ 0. Then

lim
t→∞

∑m
k=0

tk

k!
AkY

‖etAY ‖1

= 0

and

lim
t→∞

∥
∥
∥
∑∞

k=m+1
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

= 1

Theorem 2.7.3.1 (page 283) Projective Linear ODE Theorem. Let

A be a primitive n × n matrix; i.e. the entries of A are non negative and the

4



entries of AQ are positive for some integer Q > 0. Let

Ẋ = AX

be a system of linear ODE’s with initial condition X(0) = X0, with X(0) 6= 0

and non negative. Let vp be the unique eigenvector of A with all positive entries

and l1 norm 1. Then

lim
t→∞

X

‖X‖1

= vp,

where convergence of this limit is w.r.t. to the Euclidean Metric dE.

• Section 2.8 (page 286)

Has a nice geometric result (which I thought to be original, until recently) re-

garding ‘dH circles’ in the two simplex 42.

Theorem 2.8.0.2 (page 288) Circumference = 6r Theorem. The

Hilbert circle S1
H(f, r) (which looks like a Hexagon in Euclidean Space) has cir-

cumference 6r w.r.t. dH .
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Part I

The Hilbert Metric
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Introduction to Part I

The formula for the Hilbert Metric, as well as its basic implications for hyperbolic

geometry, were not discovered by David Hilbert.

According to John Milnor [70],

Klein [1871] reinterpreted Beltrami’s projective disk model in terms

of projective geometry. Following Cayley [1859], he took as his starting

point the expression

1

2
log

|q − a| |b − p|
|p − a| |b − q|

(1)

for the non-euclidean distance between two points p, q, as illustrated in

Figure 1. (The factor 1/2 is inserted so that curvature will be −1.) Here

|q − a| denotes the euclidean distance from a to q. In this paper he

introduced the term hyperbolic geometry for the non-euclidean geometry

of Lobachevsky and Bolyai. 5 , 6 , 7

a

b

p

q

Figure 1: The Cayley formula for non-euclidean distance, in the projective disk model.
From [70].

According to Oliver Bletz-Siebert and Thomas Foertsch [15],

In the late 19th century D. Hilbert informed F. Klein in a letter about

5It is worth noting that Hilbert (b. 1862) was 9 years old in 1871.
6For Klein [1871] see [59]. Also see Klein’s identically titled 1873 essay [60]. For Cayley [1859]

see [22].
7For an accessible treatment of Cayley [1859] and Klein [1871] see Morris Kline [61]. For an excel-

lent discussion of the connections between the Klein, Hilbert and Poincaré metrics see Beardon [9].
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the fact that he had discovered a method to construct metric spaces, which

somehow generalizes Klein’s model of the real hyperbolic space ([47]).

Hilbert’s letter [47] 8 to Klein, published in 1895, showed that the distance formula

developed by Cayley and Klein (1) is valid for all bounded convex subsets of Rn.

Hilbert dispensed with the scaling factor and wrote the distance formula (1) as

ÂB = l

{
Y A

Y B
∙

XB

XA

}

(2)

where l stands for logarithm; X,A,B, Y are as suggested by Figure 2; and Y A, Y B, XB,

XA are the euclidean distances. This formula is now called the Hilbert Metric or the

Hilbert Projective Metric, as are its generalizations.

A B

C

D
X Y

X ′ Y ′

U

VZ

T

W

Figure 2: Hilbert used this illustration to show that Klein’s metric could be extended
to arbitrary convex sets in Rn. The ellipse represents an arbitrary bounded convex
set in the plane. From [47].

8David Hilbert, Über die gerade Linie als kürzeste Verbindung zweier Punkte. (Aus einem an
Herrn F. Klein gerichten Briefe.), Math. Ann. 46 (1895), 91-96. Which can be translated as:
About the straight line as the shortest connection between two points. (From a letter addressed to
Mr. Klein.)
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The fractions appearing in the distance formulas (1) and (2) form a projective

invariant known as a cross ratio. As Klein, in his 1871 paper [59], wrote 9,

The logarithm of this cross-ratio multiplied by an arbitrary, but fixed,

constant c, is what I call the distance between the two points.

The cross ratio can be defined as follows. Suppose that p1, p2, p3, p4 are four collinear

points living in euclidean space. Their cross ratio is

(p1, p2; p3, p4) =
Δ1,4

Δ1,3

Δ2,3

Δ2,4

(3)

where Δi,j is the euclidean distance between pi and pj. Using the cross ratio (3) we

can re-write the Hilbert Metric (2) as ÂB = l(X,Y ; A,B). See Figure 3.

p1

p2p3

p4

l

p′1

p′2

p′3 p′4

p

(p1, p2; p3, p4) = Δ1,4

Δ1,3

Δ2,3

Δ2,4

Figure 3: The projective invariance of the cross ratio (Pappus). The projection
point is p. The collinear points p1, p2, p3, p4 are projected onto the line l yielding
the points p′1, p

′
2, p

′
3, p

′
4. In the 4th century B.C. Pappus gave a proof that the cross

ratio of four collinear points is invariant with respect to projection [66], [26]; i.e.
(p1, p2; p3, p4) = (p′1, p

′
2; p′3, p

′
4). More modern proofs of the cross ratio’s projective

invariance can be found in Milne [69] or Klein [58].

In that letter [47] to Klein, Hilbert used the projective invariance of the cross

ratio to prove that the distance formula (2) is a metric and to prove the following

result: Suppose the bounded convex set to which the Hilbert Metric (2) is applied

9For the English translation of several fundamental papers in hyperbolic geometry, including
works by Klein [59], Beltrami, and Poincare, see [86].
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is a euclidean triangle, such as TUW , see Figure 2. Then, inside TUW there is a

non-degenerate triangle (such as ABC) for which the sum of two sides is equal to the

third 10.

Hence, the Hilbert Metric induces a new geometry on euclidean triangles: one in

which there are pairs of points for which the shortest connection is not unique. This

is quite different than euclidean geometry where the shortest path between two points

is always uniquely the straight line connection.

In footnote 11 I give a brief sketch of how Hilbert proved this result and how he

proved that the distance formula (2) is a metric.

The utility of the Hilbert Metric extends beyond models of hyperbolic geometry.

As P.J.Bushell [19] wrote in 1973,

The usefulness of Hilbert’s metric in algebra and analysis was made

clear by Garrett Birkhoff [12] in 1957. Birkhoff showed that the Perron-

Frobenius theorem for non-negative matrices and Jentzch’s theorem for

10“... und es gibt dann stets Dreiecke, für welche die Summe zweier Seiten gleich der dritten ist.”
Which can be translated as, “... and then there always exist triangles for which the sum of two sides
is equal to the third.” Hilbert [47].

11Adapted from [47]. Proposition A. See Figure 2. In the triangle TUW, ÂC + ĈB = ÂB.
Sketch of Proof. By projective invariance ÂC = l(U, V ; A,C) = l(X ′, Y ′; A,D) and
ĈB = l(Z, T ; C,B) = l(X ′, Y ′; D,B). For collinear points arranged as in Figure 2:
(X ′, Y ′; A,D) ∙(X ′, Y ′; D,B) = Y ′A

Y ′D
X′D
X′A

∙ Y ′D
Y ′B

X′B
X′D

= Y ′A
Y ′B

X′B
X′A

= (X ′, Y ′; A,B) and so

ÂC + ĈB = l(X ′, Y ′; A,D) + l(X ′, Y ′; D,B) = l((X ′, Y ′; A,D)(X ′, Y ′; D,B)) = l(X ′, Y ′; A,B) =
ÂB. �
Adapted from [47]. Proposition B. The Hilbert Metric formula ÂB is in fact a metric.
Sketch of Proof. See Figure 2. ÂB ≥ 0 and ÂB = 0 ⇔ A = B both follow from XB ≥ XA and
Y A ≥ Y B. The symmetry ÂB = B̂A follows from the symmetry of the euclidean metric. The only
difficult part is the triangle inequality ÂB ≤ ÂC + ĈB. If A,B,C are collinear, an easy algebraic
argument similar to one given in Proposition A’s proof suffices. If A,B,C are non collinear, we
note that three non collinear points determine a unique hyperplane in Rn and so it suffices to
prove the triangle inequality in bounded convex planar sets. The lines AC and BC will intersect
at C and form an X shape as shown in Figure 2. Assuming that UZ and TV are not parallel we
can form the triangle TUW as shown in Figure 2. Then, as in the proof of Proposition A, we
use W as the projection point (or if UZ is parallel to TV we use the lines parallel to UZ, TV to
guide the projection) and we project the line segments AC and BC onto the line segment AB; and
just as in Proposition A’s proof: ÂBTUW = ÂC + ĈB. We then note that if 0 < s ≤ t and
h ≥ 0 then 1 ≤ t+h

s+h ≤ t
s . This implies 1 ≤ (X,Y ; A,B) ≤ (X ′, Y ′; A,B) which implies

ÂB ≤ ÂBTUW = ÂC + ĈB. �
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integral operators with positive kernel could both be proved by an ap-

plication of the Banach contraction mapping theorem in suitable metric

spaces. Birkhoff . . . relied heavily on arguments from differential projec-

tive geometry.

The “suitable metric spaces” referred to in the above quote are cross sections of certain

types of cones 12 to which the Hilbert Projective Metric is applied. Birkhoff [12] starts

his definition of the metric by constructing it first on the standard cone R2
≥0:

2. Projective Metrics on line. In homogenous coordinates, the

first positive quadrant joins (0, 1) with (1, 0) by “points” (f1, f2). This is

mapped onto the hyperbolic line −∞ < u < +∞ by the correspondence

Ln(f2/f1) = u. We define

θ(f, g) = |Ln(v) − Ln(u)| = |Ln(f2g1/f1g2)|. (4)

Since f2g1/f1g2 is the cross-ratio R(f2/f1, g2/g1; 0,∞), θ(f, g) is invariant

under all projective transformations mapping the interval 0 < f2/f1 < ∞

onto itself.

Birkhoff’s construction is explained in Figure 4. It is worth noting that the ratio

f2/f1 is the slope of the ray [f ] = {λf | λ > 0}.

Birkhoff then extends this construction to bounded closed convex cones. For

Birkhoff, it seems a cone C is bounded if ∃ a hyperplane H which intersects each

ray 13 of C \{0} exactly once and if the intersection C∩H is bounded 14. Birkhoff [12]

continued:

12Technically, a cone C is a subset of a vector space which is closed under non negative scaling;
i.e. ∀ α > 0 we have αC ⊂ C However, we will additionally assume 0 is in every cone.

13If c ∈ C, the ray [c] = {λc : λ > 0}. If we define c ∼ c′ if ∃ λ > 0 such that c = λc′ then it is
easy to see that ∼ is an equivalence relation on C, and the equivalence class of c is [c].

14Bounded in the sense of having finite diameter with respect to the vector space L’s norm.
Birkhoff is implicitly assuming that L is a normed linear space.
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1

1
x

y

f

g

f2/f1

g2/g1

∞

−∞

∞

f2/f1 7→ Ln(f2/f1)

Figure 4: The Hilbert Metric can be applied to the line segment e1e2 connecting
e1 = (1, 0) to e2 = (0, 1) as it is a bounded convex subset of R2. By the projective
invariance of the cross ratio, the projection of the four collinear points (1 , 0), f, g, (0, 1)
onto the vertical line [0,∞], with (0, 1) 7→ ∞, as show in this figure, does not alter the
value of their cross ratio. So, θ(f, g) = |Ln(f2g1/f1g2)| = |LnR(f2/f1, g2/g1; 0,∞)| =
|LnR(f, g; (1, 0), (01))|, are all equivalent to the Hilbert Metric on the line segment
e1e2. If we let m(f) = f2/f1 = the slope of f , then θ(f, g) = |Ln(m(f)/m(g))|.

3. Convex cones. Now let C be any bounded closed convex cone of

a real vector space L, of finite or infinite dimensions. It is convenient to

make a central projection of C onto its (convex) intersection C ∩ H with

a hyperplane H, cutting each ray of C in exactly one point; we can then

discuss C and C ∩ H interchangeably, as subspaces of projective space.

Since C is a bounded, closed, convex set, every line intersects C in a

closed segment 15. Hence, if f 6= g in H, the intersection of the line l(f, g)

with C can be mapped onto the line 0 ≤ x ≤ ∞ of §2 16 so that fA < gA

by a unique affine transformation A. We define

θ(f, g; C) = θ(fA, gA). (5)

If f or g is a boundary point, θ(f, g : C) = ∞. We call θ(f, g; C) the

15These two C’s represent the bounded convex set C ∩H. Since, if not, one has the example of C
being the cone R2

≥0 and l being the line y = x− 1. This line y = x− 1 is not suitable for Birkhoff’s
construction of the Hilbert Metric on the cone R2

≥0 as it does not intersect all the rays in the the
interior of R2

≥0 .
16In §2 there is no explicit mention of the line 0 ≤ x ≤ ∞, although it is implicity invoked; see

Figure 4.
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projective metric associated with C.

The above quote is non-trivial and central to understanding Birkhoff’s original work

and so here is a brief explanation.

Regarding the second paragraph of the above quote: When Birkhoff writes, “Since

C is a bounded, closed, convex set, every line intersects C in a closed segment.” the

C’s should be interpreted as being C ∩H. So in that sentence, C being closed, means

that C∩H is closed (which is problematic if H is a non-closed hyperplane). However,

C ∩H being closed isn’t needed in the proof of l(f, g)∩C being a line segment. The

following argument shows this: We are assuming that the cone C is closed, bounded,

and convex. So C ∩ H is bounded and convex. Since f 6= g ∈ H, it follows that

l(f, g) ⊂ H and so

l(f, g) ∩ C
︸ ︷︷ ︸

closed

= l(f, g) ∩ C ∩ H
︸ ︷︷ ︸
bounded and convex

is a closed, bounded, convex line segment in L.

Regarding the affine map: The affine map that Birkhoff mentioned in the above

quote, but did not describe, is explained in the following construction:

See Figure 5. The two endpoints, b1, b2 of the line segment l(f, g) ∩ C ∩ H are

linearly independent and determine a two dimensional vector subspace Span(b1, b2) ⊂

L. There are exactly two non-singular linear transformations which map Span(b1, b2)

to R2 sending the basis {b1, b2} of Span(b1, b2) to the the standard basis {e1, e2} of

R2. These two linear transformations, which we will denote by A+ and A−, map

the line segment l(f, g) ∩ C ∩ H affinely onto the line segment e1e2. Concretely, if

f = f1b1 + f2b2 we can let A+(f) = (f1, f2) and A−(f) = (f2, f1). We project the

line segment e1e2 onto the line 0 ≤ u ≤ ∞ via the map m(x, y) = y/x same as in

Figure 4.

The inequality fA < gA appearing in the second paragraph should be understood
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f
g

b1

b2

0C

f gb1 b2

l(f, g) ∩ C ∩ H

C ∩ H

1

1
x

y

A+f

A+g

0 = mA+b1

A+b2

f2/f1 = mA+f

g2/g1 = mA+g

∞ = mA+b2

f = f1b1 + f2b2

g = g1b1 + g2b2

Figure 5: On left, in the cone C, the two endpoints, b1, b2 of the line segment l(f, g)∩
C ∩ H are linearly independent and determine a two dimensional vector subspace
Span(b1, b2). The two dimensional cone Span(b1, b2) ∩ C is mapped isomorphically
to the standard cone R2

≥0 by the linear transformation A+.The tip of that 2 dim
cone, from l(f, g) ∩ C ∩ H to 0, is shown in yellow. A+ maps that ‘tip’ to the yellow
triangle shown ⊂ R2

≥0. mA+f = the slope of A+f = the height of A+f ’s projection
to 1 × [0,∞]. θ(f, g; C) = |Ln(A+f) − Ln(A+g)| = |Ln(f2g1/f1g2)|. The hyperplane
H which intersects each ray in C exactly once is not shown. On the right is shown
C ∩ H.

as follows. Since,

m(A+(f)) = m(f1, f2) =
f2

f1

=
1
f1

f2

=
1

m(f2, f1)
=

1

m(A−(f))
(6)

either

m(A+(f)) < m(A+(g)),

in which case we let A = A+, or

m(A−(f)) < m(A−(g)),

in which case we let A = A−.

14



So we have constructed the “unique affine transformation A” such that fA < gA.

Note that Birkhoff preferred to write his transformations to the right of what they

are transforming and that the interpretation of fA < gA is as explained.

Birkhoff used A to define θ on C ∩ H by setting θ(f, g; C) = θ(fA, gA) from (4).

On the other hand, if we choose A′ to be A+ or A− so that A′ satisfies fA′ > gA′,

and if instead of A we use A′ to affinely map b1b2 to e1e2 ⊂ R2 and to construct the

metric, then the metric we obtain will be exactly the same as if we had used A. To

see this write f and g in terms of b1, b2: f = f1b1 + f2b2 and g = g1b1 + g2b2
17. Then:

θ(fA+, gA+) = θ((f1, f2), (g1, g2)) = |Ln(f2g1/f1g2)|

θ(fA−, gA−) = θ((f2, f1), (g2, g1)) = |Ln(f1g2/f2g1)|

So θ(fA+, gA+) = θ(fA−, gA−). Hence, we are free to choose the more convenient of

A+ or A− to calculate θ(f, g; C).

It is worth emphasizing that the projective metric θ, as constructed by Birkhoff

in [12] is defined on C ∩ H for some particular H. However, if H is replaced by a

similar hyperplane and Birkhoff’s construction is applied, the resulting metric will be

exactly the same as θ 18. As a result, the metric θ can be extended in a well defined

way to a pseudo metric 19 on C \ {0} via central projection as follows: if f ∈ C \ {0}

define fH = [f ]∩H (i.e. central projection onto H) and then for f, g ∈ C \{0} define

θ(f, g; C) = θ(fH , gH ; C) (7)

17Since f, g ∈ b1b2 and b1, b2 are linearly independent we must have f1, f2, g1, g2 ≥ 0, uniquely
determined, and satisfying f1 + f2 = 1; g1 + g2 = 1.

18Using the projective invariance of the cross ratio with the origin 0 as the projection point, and
some topology (for boundary issues), one can show that the projective metric as defined by Birkhoff is
independent of our choice of hyperplane H in the following sense. Suppose H ′ is another hyperplane
which intersects each ray in C \ {0} exactly once (like H) and that [f ] ∩ H ′ = f ′, [g] ∩ H ′ = g′

and that l(f ′, g′) ∩ H ′ ∩ C has end points b′1, b
′
2. If we calculate θ(f ′, g′; C) using b′1, b

′
2 (which are

dependent on H ′) and we calculate θ(f, g; C) using b1, b2 (which are dependent on H), then the
projective distances are the same; i.e. θ(f, g; C) = θ(f ′, g′; C).

19A pseudo-metric, d satisfies all the properties of a metric, except d(x, y) = 0 does not necessarily
imply x = y.
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where the second θ is as in (5).

The next major step in the evolution of the Hilbert Projective Metric is found in

Birkhoff [13] (1962). There, Birkhoff reworked his definition of the projective metric

θ, into its modern form, making it “more general and more rigorous,” [13, p. 45]. The

modern form of the definition is algebraic and based upon a partial order that the

cone C induces on L. Here are the details:

If C is a convex salient 20 cone contained in a vector space L and if for x, y ∈ L we

write x ≤ y when y−x ∈ C, then ≤ partially orders L. For a proof, see 21. Recall that

in [12] Birkhoff required that C be a “bounded closed convex cone”. In [13] Birkhoff

replaced the requirement of C being bounded with the more general condition of C

being salient 22 as this condition (combined with convexity) is sufficient to ensure

that ≤ partially orders L. Quoting from Birkhoff [13]:

Definition. In C 23, 24, define θ(f, g) = +∞ if αf ≥ g for no positive

scalar α, or if βg ≥ f for no positive scalar β. Otherwise, let α0 and β0

be the least such scalars.. . .

Define

θ(f, g) = ln(α0β0) = ln α0 + ln β0. (8)

20A cone C is salient if C ∩ (−C) = {0}. It is worth noting that if C is a salient cone then 0 ∈ C.
21Proposition C. If C is convex salient cone then ≤ partially orders L.

Proof : Let x, y, z ∈ L. Reflexivity: x ≤ x follows from 0 ∈ C. Anti-symmetry: x ≤ y, y ≤ x ⇒ x =
y follows from C being salient. Transitivity: x ≤ y, y ≤ z ⇒ x ≤ z follows from C being a convex
cone and hence closed under addition (see Proposition D). �
Proposition D. If C is a convex cone then it is closed under addition.
Proof : If f, g ∈ C then (f + g)/2 is on the line segment fg ⊂ C so, since C closed under non
negative scaling, we have f + g ∈ C. �

22Proposition E. C is bounded implies C is salient.
Proof. If C is bounded ∃ a hyperplane H which intersects each ray in C \ {0} exactly once.
Suppose f,−f ∈ C \ {0}. Then [f ] ∩H and [−f ] ∩H are both non empty and it easily follows that
[f ], [−f ] ⊂ H, which is a contradiction.

23Birkhoff should have written C \ {0} here, rather than C.
24Generally, the cone C is assumed to be closed, convex, and salient. One of the benefits of C

being topologically closed is that it forces α0 and β0 to be > 0 as the following argument shows.
Suppose the convex salient cone C is topologically closed; that f, g ∈ C \ {0}; and that ∃ a sequence
of positive numbers αn with αn → 0 and αnf ≥ g for each n. Then, αnf − g ∈ C for each n. So
αnf − g → −g ∈ C, as C is closed. Since C is salient −g, g ∈ C implies g = 0. Contradiction. So
α0 > 0.
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θ, as defined in (8), is a pseudo-metric on C \ {0} because if f ′ belongs to the

ray [f ] ⊂ C \ {0} then θ(f ′, f) = 0. More generally, if we also have g′ ∈ [g] then

θ(f, g) = θ(f ′, g′). So θ defines a metric on the rays of C \ {0}.

The two very differently constructed θ’s give the same distances if C is a bounded

convex closed cone 25.

By the early 1970’s, it became standard to express the Hilbert Projective Metric

as follows, paraphrasing Zabreiko, Krasnosel’skii and Pokornyi [92] (1971):

Let x, y ∈ K, a cone. Let α be the greatest, and β the smallest numbers

for which αx ≤ y ≤ βx holds. Define ρ(x, y) = ln(β/α).

ρ is, of course, just a minor reworking of Birkhoff’s definition (8). The interested

reader is directed to Bushell [19] (1973) or Nussbaum [77] (1986) for similar construc-

tions of the Hilbert Projective Metric.

Birkhoff constructed the Hilbert Projective Metric so as to prove his “Projective

Contraction Theorem,” Birkhoff [12] (1957), [13] (1962). Under certain conditions, if

a linear map sends a closed, convex, salient cone to itself, then with respect to the

Hilbert Projective Metric, this map will be a contraction having a unique fixed point

(eigen direction). This can be used to give a proof of the Perron-Frobenius Theorem

of linear algebra, [12], or Gaubert and Gunawardena [38] (2004), and has applications

to distributions and multiplicative processes (such as branching processes), [13]; and

differential equations, Birkhoff and Kotin [14] (1965).

The applications that are of primary importance for this dissertation are dis-

tributions; matrix and differential equations; and branching processes as related to

population biology and evolutionary dynamics. In Part II those applications will be

discussed in depth - the material in Part I (Chapters 1 and 2) is foundational.

25In [13] Birkhoff stated without proof that that R0 = α0β0 is the “cross-ratio of (a, f, g, b) on
the projective line L through f and g, where a and b are the ends of the closed segment L ∩C.” In
other words, θ from (8) agrees with θ from (5) when C is a bounded convex closed cone.
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Chapter 1 of this dissertation is essentially a collection of results, a tool kit for

working with the various forms of the Hilbert Projective Metric. Chapter 2 is the

same, but regarding the Projective Contraction Theorem. Almost all the proofs I

give are either original (at least in the sense of not being copied); or an expansion of

a sketched proof. I believe there are some useful original results as well. That said,

the majority of the main results can be found spread out across the literature, but

not in one place - and often the proofs given are sketchy for lack of a better word. I

felt it would be helpful to have all these results rigorously proven and in one place.

The Hilbert metric and the Projective Contraction Theorem are very useful tools

in modern mathematical research and related topics such as population biology and

evolutionary dynamics, which we will present in Part II. There are many other note-

worthy applications. A few of these in dynamical systems and related topics are those

of:

Curt McMullen [67] (2002) for applications to Coexter Groups.

Pierre Ferrero and Bernhard Schmitt [34] (1979) and Carlangelo Liverani [64]

(1995) for applications to Ruelle’s Perron-Frobenius Theorem on positive transfer

operators and the convergence rate.

See also Yunping Jiang [51] (2000) for a survey on Ruelle’s Perron-Frobenius The-

orem on positive transfer operators and the convergence rate for expanding dynamical

systems by using the Hilbert Metric. Using the Hilbert Metric, one can estimate that

the rate of the decay of correlation is exponentially fast. That is, the rate of approach

of some initial distribution to an invariant one is exponentially fast for good dynam-

ical systems. Some other kinds of the rate of the decay of correlation can be studied

also. The reader who is interested in this direction can refer to [34, 64, 51, 32, 33].
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Chapter 1

Cones

1.1 Basic definitions for cones

Let V be a linear space (i.e. any vector space). Geometrically speaking, a cone is

a subset of V which can be represented as a union of rays emanating from a single

source (point). If that source point is considered to be part of the cone, we say the

cone is pointed.

We will always assume that the source of the cone is the null vector (the origin

0) of V . This assumption leads to the following easy to state and precise algebraic

definition:

Definition 1.1.0.1. A subset C of the vector space V is called a cone if it is closed

under positive scaling. If C is closed under non-negative scaling then C is a pointed

cone. We will sometimes say pointed by the origin to emphasize that 0 ∈ C and that

0 is the point of the cone.

Unless otherwise noted, all rays will be assumed to be emanating from the origin

of V . This assumption leads to the following definitions:

Definition 1.1.0.2. The closed ray emanating from the origin and passing through
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the point v ∈ V is denoted −→v . As a point set:

−→v = {λv | λ ≥ 0}.

For typographic reasons, the closed ray −→v may occasionally be denoted as ray(v)

Definition 1.1.0.3. The open ray emanating from the origin and passing through

the point v ∈ V is denoted [v]. As a point set:

[v] = {λv | λ > 0}.

If we wish to emphasize (or remind the reader) that a ray is emanating from {0}, we

will call it a 0-ray. So −→v would denote a closed 0-ray and [v] would denote an open

0-ray.

Remark 1.1.0.4. The closed 0-ray
−→
0 and the open 0-ray [0] are equivalent as they

both equal the singleton set {0}. If v 6= 0 then 0 /∈ [v]. It is always the case that

−→v = [v] ∪ {0}.

Remark 1.1.0.5. The open 0-rays of V partition V , hence the notation [v] is appro-

priate. See Section 1.7.1 for details.

Remark 1.1.0.6. The open ray [v] is the smallest cone containing v. The closed ray

−→v is the smallest pointed cone containing v.

Definition 1.1.0.7. The cone opposite to C is denoted −C, algebraically −C =

{−c | c ∈ C}. A cone C is salient (bounded) if C
⋂
−C ⊂ {0}.

Definition 1.1.0.8. C is convex if c1, c2 ∈ C implies the line segment

c1c2 = {c1 + λ(c2 − c1) | λ ∈ [0, 1]} ⊂ C.
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If V is a normed linear space. V ’s norm ‖ ‖ turns V into a metric space with

d(v1, v2) = ‖v2 − v1‖ .

Definition 1.1.0.9. C is closed if it is closed w.r.t. V ’s topology.

Proposition 1.1.0.10. If C is a salient and closed cone contained in the Banach

Space V , then C contains no lines. This proposition is true whether C is pointed or

not.

Proof. Let v0 and v1 be any two distinct points on a line L contained in C. Then

L = {v0 + (v1 − v0)t : t ∈ R}. Since C is closed under positive scaling the following

two sequences:

{
v0 + (v1 − v0)n

||v0 + (v1 − v0)n||

}∞

n=1

,

{
v0 + (v1 − v0)(−n)

||v0 + (v1 − v0)(−n)||

}∞

n=1

are contained in C. Since V is complete and C is closed, these two sequence converge,

respectively, to the following two points in C:

v1 − v0

||v1 − v0||
, −

v1 − v0

||v1 − v0||
.

This contradicts C being salient.

Remark 1.1.0.11. In Proposition 1.1.0.10 (page 21), the requirement that C is closed

is required as the following examples show.

Consider the open upper half plane H = {(x, y) ∈ R2 : y > 0}. H is closed

under positive scaling so H is a cone. Since (x, y) ∈ H ⇔ y > 0 it follows that

−(x, y) = (−x,−y) /∈ H and so H ∩ −H = ∅. Thus H is a salient cone contained in

R2, a Banach space. However, the cone H contains every line y = k for each k > 0.

Similarly, the pointed salient cone H ∪ {0} ⊂ R2 contains every line y = k for

each k > 0.
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1.1.1 The cone’s boundary ∂.

Definition 1.1.1.1. Let D be a subset of V . Let hyper{D} be the smallest hyper-

plane such that D ⊂ hyper{D}. Give hyper{D} the induced topology. The (linear)

boundary of D, ∂D, is D’s topological boundary relative to hyper{D}.

Remark 1.1.1.2. In these notes ∂ will essentially be applied to closed convex subsets of

V . Topologically speaking, closed convex sets are manifolds with boundary. Applying

∂ to a closed convex set yields its boundary in terms of the manifold with boundary

definition of boundary. The benefit of defining ∂ as we do, in terms of hyperplanes,

is that it makes the definition easy to state, easy to apply, and it avoids delving into

the machinery and theory of topological manifolds with boundary.

Example 1.1.1.3. Let a, b ∈ V be two distinct points. If V has dimension greater

than 1, then the standard topological boundary of of the line segment ab is all of ab.

On the other hand ∂ab = {a, b}; i.e., the end points of ab.

Example 1.1.1.4. Consider the unit disk D from R2 embedded in R3: D =

{(x, y, 0) ∈ R3 | x2 + y2 ≤ 1}. The topological boundary of D is all of D. However

∂D = {(x, y, 0) ∈ R3 | x2 + y2 = 1}, which is the circumference of D.

Proposition 1.1.1.5. p ∈ ∂D if and only if p ∈ hyper{D} is such that whenever

p ∈ U , with U being any open subset of V , we have:

U
⋂

D 6= ∅ and U
⋂

(hyper{D} \ D) 6= ∅.

Proof. This an immediate consequence of ∂’s definition.

Definition 1.1.1.6. Span(D) is the smallest vector space in V such that D ⊂

Span(D) Alternatively, Span(D) is the set of all finite linear combinations of vec-

tors from D.
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Remark 1.1.1.7. If 0 ∈ D then hyper{D} = Span(D).

Proposition 1.1.1.8. Let C be a subset of V containing the origin. Let A ⊂ C.

Then

∂(C ∩ Span(A)) ⊂ (∂C) ∩ Span(A). (1.1)

Moreover, the containment in (1.1) can be strict even when C is the cone R2
≥0.

Proof. 0 ∈ C ∩ Span(A) so

hyper{C ∩ Span(A)} = Span(C ∩ Span(A)). (1.2)

In general, A ⊂ A′ implies Span(A) ⊂ Span(A′) so

Span(C ∩ Span(A)) ⊂ Span(C)

Span(C ∩ Span(A)) ⊂ Span(Span(A)) = Span(A) so that

Span(C ∩ Span(A)) ⊂ Span(C) ∩ Span(A). (1.3)

Proposition 1.1.1.5 (page 22), (1.2) and (1.3) yield

p ∈ ∂(C ∩ Span(A)) ⇒ p ∈ hyper{C ∩ Span(A)}

= Span(C ∩ Span(A))

⊂ Span(C) ∩ Span(A).

Proposition 1.1.1.5 (page 22) together with (1.2) implies that if p ∈ ∂(C ∩ Span(A))

and if U is any open set containing p then

U
⋂

hyper{C ∩ Span(A)}
︸ ︷︷ ︸

=Span(C∩Span(A))

\ (C ∩ Span(A)) 6= ∅ (1.4)
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But Span(C ∩ Span(A)) ⊂ Span(A) so (1.4) implies:

U
⋂

Span(A) \ (C ∩ Span(A)) 6= ∅. (1.5)

(1.5) simplifies to

U
⋂

Span(A) \ C 6= ∅.

Since A ⊂ C it follows that Span(A) ⊂ Span(C), hence:

U
⋂

Span(C) \ C 6= ∅.

By Proposition 1.1.1.5 (page 22), if p ∈ ∂(C ∩ Span(A)) and U is any open set about

p we must have

U
⋂

{C ∩ Span(A)} 6= ∅,

which immediately implies:

U
⋂

C 6= ∅,

So we’ve shown that if p ∈ ∂(C ∩Span(A)) and if U is any open set containing p that

p ∈ Span(C), U
⋂

C 6= ∅, and U
⋂

(Span(C) \ C) 6= ∅.

which implies p ∈ ∂C. We also have shown that if p ∈ ∂(C ∩ Span(A)) then p ∈

Span(A). So

(∂C)
⋂

Span(A) ⊂ ∂(C ∩ Span(A))

Example:

Let V = R2; C = R2
≥0 and A = {(0, 1)} so that

Span(A) = {(0, y) : y ∈ R}.
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Then

∂(C ∩ Span(A)) = ∂{(0, y) : y ≥ 0} = {(0, 0)}

and

∂(C) ∩ Span(A) = {(0, y) : y ≥ 0}

1.2 A Collection of Standard Results for Normed

Linear Spaces

1.2.1 For Finite Dimensional Normed Linear Spaces

Remarks: We state the following without proof.

1. If W and W ′ are finite dimensional normed linear spaces over R (or C for that

matter) and f is an isomorphism from W to W ′ then f is also a homeomorphism.

2. If W is a subspace of V , then W is a topologically closed subset of V .

3. Finite dimensional normed linear spaces are complete.

For proof see Rudin [83], especially Theorem 1.16 on page 16.

Remark 1.2.1.1. We will make central use of Proposition 1.2.1.2 (page 25), which

follows. For that reason, we include its proof. Note that Proposition 1.2.1.2 and the

proof we give closely follows Proposition 4.3.1. on page 189 of Bridges [17].

Proposition 1.2.1.2. Let (V, ‖ ‖) be any normed linear space over R. Let W be any

two dimensional subspace of V and let b1, b2 be an ordered basis for W . Then

(R2, ‖ ‖∞)
f
7→ (W, ‖ ‖)

(t1, t2) 7→ t1b1 + t2b2
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is an isomorphism of vector spaces; f is bounded (continuous) and has bounded in-

verse; hence f is a homeomorphism.

Proof. That f is an isomorphism is trivial. Let

c = max{‖b1‖ , ‖b2‖}

The inequalities

‖f(t1, t2)‖ = ‖t1b1 + t2b2‖ ≤ |t1| ‖b1‖ + |t2| ‖b2‖

≤ |t1|c + |t2|c

≤ 2 max{|t1|, |t2|}c

⇒
‖f(t1, t2)‖

max{|t1|, |t2|}
=

‖f(t1, t2)‖
‖(t1, t2)‖∞

≤ 2c.

So f is bounded. Now we show that f−1 is also bounded. Let

S =
{
(t1, t2) ∈ R2 | ‖(t1, t2)‖∞ = 1

}
.

Claim: S is compact.

Proof of Claim: First we prove: [a, b] ⊂ R is compact.

Let C be an open cover of [a, b]. Let

s = sup{t ∈ [a, b] | [a, t] has a finite subcover from C}.

[a, b] is closed and bounded above so s ∈ [a, b]. Since C covers [a, b] ∃ at least one open

set in C, say Us, such that s ∈ Us. As Us is open ∃ε > 0 such that (s− ε, s + ε) ⊂ Us.

But then the interval [a, s + ε] has a finite subcover. This contradicts the supremacy

of s unless s = b. So [a, b] ⊂ R is compact and in particular, [−1, 1] is compact.
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Now we show S is compact. Let a, b, c, d : [−1, 1] 7→ S ⊂ W as follows

a(t) = (−1, t), b(t) = (t, 1), c(t) = (1, t), d(t) = (t,−1).

Clearly a, b, c, and d are continuous. Hence the images of [−1, 1] under a, b, c, d are

compact. The finite union of compact sets is compact. Since

S = a([−1, 1]) ∪ b([−1, 1]) ∪ c([−1, 1]) ∪ d([−1, 1])

it follows that S is compact. So we’ve proven the claim.

Claim: f−1 is bounded.

Proof of Claim: First, let w 6= 0 be ∈ W . Since f is an isomorphism there is a

unique vector (w1, w2) ∈ R2 such that

f−1(w) = (w1, w2)

Or, explicitly, since b1, b2 is a basis for W we can write w = w1b1 + w2b2 with w1, w2

uniquely determined. But then f(w1, w2) = w and f−1(w) = (w1, w2).

The map x 7→ ‖x‖ is continuous and f is continuous so the map

(t1, t2) 7→ ‖f(t1, t2)‖

is continuous. Since S is compact ‖f(S)‖ is a compact subset of R.

0 /∈ S and S is an isomorphism so ∀s ∈ S we have f(s) 6= 0 and ‖f(s)‖ > 0.

Since ‖f(S)‖ is a compact subset of R it contains its inf. So

0 < r = inf ‖f(S)‖ .
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Then, since

f−1(w)

‖f−1(w)‖∞
∈ S

it follows that

0 < r <

∥
∥
∥
∥f

(
f−1(w)

‖f−1(w)‖∞

)∥∥
∥
∥ =

‖w‖
‖f−1(w)‖∞

(1.6)

Inverting (1.6) we get

‖f−1(w)‖∞
‖w‖

<
1

r
< ∞. (1.7)

Since w was arbitrary (except for being non-zero) (1.7) implies

sup
w∈W
w 6=0

‖f−1(w)‖∞
‖w‖

≤
1

r
< ∞.

I.e. f−1 is bounded.

Remark 1.2.1.3. According to the Heine-Borel theorem if S is a closed and bounded

subset of Rn it is compact. The unit sphere S ⊂ Rn is just the inverse image of the

number 1 w.r.t. the continuous map x 7→ ‖x‖. So S is closed and bounded and hence

compact. Consequently, the proof of Proposition 1.2.1.2 (page 25) can be made to

work in all finite dimensions.

1.2.2 For Banach Spaces

The following elementary results are quite useful.

Proposition 1.2.2.1. Let X be a Banach Space. Let a ∈ X and let

fa : X → X by fa(x) = a + x

f− : X → X by f−(x) = −x

Then fa and f− are isometries and topological homeomorphisms of X to itself. More-
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over, f−1
a = f−a and f−1

− = f−.

Proof. Let x, y ∈ X

One to one. If fa(x) = fa(y) then a + x = a + y, which implies x = y. Onto.

Let y ∈ X be given. Then fa(−a + y) = a + (−a + y) = y so fa is onto. Inverse:

f−a(fa)(x) = −a + (a + x) = x and fa(f−a)(x) = a + (−a + x) = x so f−1
a = f−a.

Isometry: ‖fa(x) − fa(y)‖ = ‖(a + x) − (a + y)‖ = ‖x − y‖. Isometries of metric

spaces are always continuous (and one to one), hence fa and its inverse, f−a are

continuous. Hence fa is a homeomorphism.

One to one. If f−(x) = f−(y) then −x = −y, which implies x = y. Onto. Let

y ∈ X be given. Then f−(−y) = −(−y) = y so fa is onto. Inverse. f−(f−)(x) = x

so f−1
− = f−. Isometry: ‖f−(x) − f−(y)‖ = ‖(−x) − (−y)‖ = ‖y − x‖ = ‖x − y‖.

Isometries of metric spaces are always continuous (and one to one), hence f− and its

inverse, which is itself, are continuous. Hence f− is a homeomorphism.

Corollary 1.2.2.2. Let C be a closed subset of X. Then ∀a ∈ X the sets a + C and

a − C are closed.

Proof. Since fa and fa ◦ f− are homeomorphisms, fa and fa ◦ f− map closed sets to

closed sets. In particular faC = a + C and fa ◦ f−(C) = a − C are closed.

1.3 The Cone Partial Order ≤ and m(y/x), b(y/x)

Proposition 1.3.0.3. If C is a pointed convex cone (emanating from the origin) then

it is closed under non-negative linear combinations.

Proof. Let λ1, λ2 be non-negative and c1, c2 ∈ C. As a cone, C is closed under non-

negative scaling, so λ1c1, λ2c2 ∈ C. Convexity implies 1
2
λ1c1 + 1

2
λ2c2 ∈ C. C is closed

w.r.t to non-negative scaling so 2
(

1
2
λ1c1 + 1

2
λ2c2

)
= λ1c1 + λ2c2 ∈ C.
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Remark 1.3.0.4. Vector subspaces and cones are similar in the following sense; a vector

subspace, such as Span(D), is closed under all finite linear combinations. If C is a

pointed convex cone then C is closed under all finite non-negative linear combinations.

Definition 1.3.0.5. Let C be a salient cone emanating from the origin. If f, g ∈ V

we write f ≤ g if g − f ∈ C.

Example 1.3.0.6. For x, y ∈ R = V, C = [0,∞) the relation, x ≤ y is the familiar

x ≤ y, where x ≤ y means y − x is non-negative.

Proposition 1.3.0.7. If C is a salient convex cone emanating from the origin the

relation ≤ partially orders V .

Proof. Let f, g ∈ V . Reflexivity: f − f = 0 ∈ C so f ≤ f . Antisymmetry: if f ≤ g

and g ≤ f then f−g and g−f = −(f−g) ∈ C. Hence −(f−g) ∈ C
⋂
−C. C is salient

so C
⋂
−C = {0}; i.e., −(f −g) = 0. So f = g. Transitivity: if f ≤ g and g ≤ h then

f − g, g − h ∈ C. By Proposition 1.3.0.3 (page 29), (f − g) + (g − h) = f − h ∈ C.

So f ≤ h.

Definition 1.3.0.8. Suppose that x, y ∈ C, a salient convex cone emanating from

the origin, we define:

m(y/x) = sup{t | tx ≤ y}

which is, from the definition of ≤, is equivalent to:

m(y/x) = sup{t | y − tx ∈ C}

Definition 1.3.0.9.

b(y/x) = y − m(y/x)x (1.8)

Remark 1 on b(x/y): We will show that b(y/x) is on the boundary of C, i.e, in ∂C,

as well as on the boundary of C
⋂

Span(x, y); i.e. in ∂(C
⋂

Span(x, y)).
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Remark 2 on b(x/y): In R2 it is traditional to write the equation of straight line

as y = mx + b. Keeping this in mind, (1.8) is logically equivalent to

y = m(y/x)x + b(y/x).

Of course now x, y, b(y/x) are vectors ∈ V . We will show that m(y/x) can be inter-

preted as kind of slope and that b(y/x) is a boundary intercept, something like the

y-intercept in R2.

Example 1.3.0.10. Let R = V and C = [0,∞). If x, y ∈ C, with x 6= 0, then

m(y/x) = y/x and b(y/x) = 0.

1.3.1 A collection of results for m(y/x), b(y/x)

Proposition 1.3.1.1. Let C be a closed salient convex cone emanating from the

origin If x, y ∈ C and x 6= 0 then:

1. If λ ≥ 0 then m(λy/y) = λ.

2. If λ > 0 then m(y/λy) = 1
λ
.

3. 0 ≤ m(y/x) < ∞

4. b(y/x) = y − m(y/x)x ∈ C

5. b(y/x) ∈ ∂(C
⋂

Span(x, y)) ⊂ ∂(C)
⋂

Span(x, y) ⊂ C

6. If x = λy with λ > 0 then b(y/x) = 0

7. If x, y are linearly independent and y ∈ ∂(C
⋂

Span(x, y)) then

m(y/x) = 0

8. m(y/x) = max{t | tx ≤ y} = max{t | y − tx ∈ C}
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9. If α, β > 0 then m(βy/αx) = β
α
m(y/x).

10. If α, β > 0 then b (βy/αx) = βb (y/x).

Proof. (1.) Let 0 < ε. Then

λy − (λ + ε)y = −εy /∈ C (as C is salient)

λy − (λ − ε)y = εy ∈ C (as C is closed w.r.t. non-negative scaling)

So λ − ε ≤ m(λy/y) ≤ λ + ε. Letting ε → 0 we get m(λy/y) = λ.

(2.) This follows immediately from 1. as, m(y/λy) = m( 1
λ
λy/λy) = 1

λ
.

(3.) 0 ≤ m(y/x) since 0 ∈ {t | y − tx ∈ C}. On the other hand, if m(y/x) = ∞,

then (1) and (2) imply y isn’t a multiple of x. Moreover, if m(y/x) = ∞ then

∃tn → ∞ such that y − tnx ∈ C ∀n. Since y isn’t a multiple of x it follows that

‖y − tnx‖ 6= 0. Then as C is closed under non-negative scaling, we have:

y − tnx

‖y − tnx‖
∈ C ∀n and

x

‖x‖
∈ C.

Since C is topologically closed,

lim
n→∞

y − tnx

‖y − tnx‖
=

−x

‖x‖
∈ C.

Which contradicts C being salient. So m(y/x) < ∞.

(4.) Since 0 ≤ m(y/x) < ∞ we have b(y/x) = y − m(y/x)x ∈ V . Let tn be a

sequence in {t | y − tx ∈ C} which converges to m(y/x). So y − tnx ∈ C ∀n. Since
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‖(y − tnx) − (y − m(y/x)x)‖ = |m(y/x) − tn| ‖x‖, we have:

lim
n→∞

y − tnx = y − m(y/x)x.

Since C is closed it follows that y − m(y/x)x ∈ C.

(5.) Let U be any open set about b(y/x) and let ε > 0 be small enough so that

that Bε(b(y/x)) ⊂ U . Let

b′ = y −

(

m(y/x) +
ε

2 ‖x‖

)

x.

b′ ∈ Bε(b(y/x)) since:

‖b(y/x) − b′‖ =

∥
∥
∥
∥(y − m(y/x)x) −

(

y −

(

m(y/x) +
ε

2 ‖x‖

)

x

)∥∥
∥
∥

=

∥
∥
∥
∥−

ε

2 ‖x‖
x

∥
∥
∥
∥

=
ε

2
.

b′ /∈ C since:
(

m(y/x) +
ε

2 ‖x‖

)

> m(y/x).

Obviously, b′ ∈ Span(x, y). So b′ ∈ U ∩ Span(x, y) − C. On the other hand, by (4),

b(y/x) ∈ C. so b(x/y) ∈ U ∩ C. Since U was an arbitrary open set about b(y/x)

we’ve shown that:

b(y/x) ∈ ∂(C
⋂

Span(x, y)).

Finally, by Proposition 1.1.1.8, we have:

∂(C
⋂

Span(x, y)) ⊂ (∂C)
⋂

Span(x, y).
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Since C is closed, ∂C ⊂ C.

(6.) If y = λx then (1) implies m(λx/x) = λ. Then

b(y/x) = y − m(y/x)x so

b(λx/x) = λx − (λ)x = 0

(7.) ∀(α, β) ∈ R2 let

f(α, β) = αx + βy.

Since x, y are linearly independent, Proposition 1.2.1.2 implies that

f : R2 7→ Span(x, y)

is a homeomorphism. Let

R2
>0 = {(α, β) ∈ R2 | α, β > 0} = (0,∞) × (0,∞).

Since R2
>0 is open in R2 and f is a homeomorphism,

f(R2
>0) = {αx + βy | α, β > 0}

is open in Span(x, y).

C is closed under non-negative linear combinations (Proposition 1.3.0.3 (page 29)),

so

f(R2
>0) ⊂ C.

To finish this proof it is convenient to introduce the map ht,b.
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The map ht,b(a) = a + t(b − a)

Definition 1.3.1.2. For all t ∈ R and a, b ∈ V

ht,b(a) = a + t(b − a)

The following lemma is stated without proof. Its proof follows easily from ele-

mentary results about normed vector spaces.

Lemma 1.3.1.3. 1. If 0 ≤ t < 1 and b ∈ V , then

ht,b : a → a + t(b − a)

is a self homeomorphism of V .

2. If we fix a, b ∈ V with a 6= b then

ht,b(a) : [0, 1] → ab homeomorphically.

Note: ab is the line segment from a to b.

3.

h0,b(a) = a + 0(b − a) = a I.e. the identity map on V.

h1,b(a) = a + 1(b − a) = b I.e. a constant function.

4. If c ∈ C, a convex subset of V , then ∀ t ∈ [0, 1]

ht,c(C) ⊂ C.
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Proof of Proposition 1.3.1.1 continued. We return to our proof of Proposition

1.3.1.1 part 7 (page 31).

If m(y/x) 6= 0 then y + m(y/x)x ∈ f(R2
>0).

f(R2
>0) is contained in C and is a relatively open subset of Span(x, y). We solve

ht,b(y/x)(y + m(y/x)x) = y

for t:

ht,b(y/x)(y + m(y/x)x) = y ⇒

(y + m(y/x)x) + t[b(y/x) − (y + m(y/x)x)] = y ⇒

(y + m(y/x)x) + t[(y − m(y/x)x) − (y + m(y/x)x)] = y ⇒

y + m(y/x)x − 2tm(y/x)x = y ⇒

1

2
= t.

So h 1
2
,b(y/x)(y + m(y/x)x) = y. This implies

y ∈ h 1
2
,b(y/x)(f(R2

>0))
︸ ︷︷ ︸

rel. open set in Span(x,y)

⊂ (C ∪ Span(x, y)) .

Which implies y /∈ ∂(C ∪ Span(x, y)).

We’ve shown that x, y linearly independent and m(y/x) > 0 implies

y /∈ ∂(C ∪ Span(x, y)).

So if x, y linearly independent and y ∈ ∂(C ∪ Span(x, y)) then m(y/x) = 0.

(8.) Follows directly from 4.
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(9.) By 2. we know that y − m(y/x)x ∈ C. Then since C is closed under

non-negative scaling we have:

y − m(y/x)x ∈ C ⇒ βy − βm(y/x)x ∈ C

⇒ βy − βm(y/x)
αx

α
∈ C

⇒ βy −
β

α
m(y/x)αx ∈ C

⇒
β

α
m(y/x) ≤ m(βy/αx). (1.9)

An identical argument shows α
β
m(βy/αx) ≤ m(y/x) and hence

m(βy/αx) ≤
β

α
m(y/x). (1.10)

Combining (1.9) and (1.10) gives us m(βy/αx) = β
α
m(y/x).

(10.) Using 9. and b(y/x) = y − m(y/x)x we get

b (βy/αx) = βy − m(βy/αx) αx

= βy −
β

α
m(y/x) αx

= βy − βm(y/x) x

= β (y − m(y/x) x)

= βb (y/x)

Corollary 1.3.1.4. Let x, y ∈ C be linearly independent. Then the following are

equivalent.

1. m(y/x) = 0
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2. y = b(y/x)

3. y ∈ ∂(C ∩ Span(x, y))

Proof. These are all immediate consequences of Proposition 1.3.1.1 (page 31).

1.3.2 The slope m(b1, b2; v)

As usual, C is closed, salient, pointed convex cone in V . Let x, y ∈ C and x 6= 0.

Recall:

m(y/x) = sup{t | y − tx ∈ C}

b(y/x) = y − m(y/x)x so

y = m(y/x)x + b(y/x)

Definition 1.3.2.1. Let H be a two dimensional vector subspace of V . Let b1, b2 be

an ordered basis for H and let v ∈ H. So

v = v1b1 + v2b2 with v1, v2 ∈ R uniquely determined.

We define the slope of v relative to the ordered basis b1, b2 to be

m(b1, b2; v) =
v2

v1

.

If v1 = 0 the we define m(b1, b2; v) = ∞. We don’t distinguish between ±∞.

1.3.3 b(x/y), b(y/x) are linearly independent

Lemma 1.3.3.1. If x, y ∈ C are linearly independent then b(x/y), b(y/x) are linearly

independent.
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Proof. To see that b(x/y), b(y/x) are linearly independent it suffices to show that

b(x/y) = x − m(x/y)y

is not a positive multiple of

b(y/x) = y − m(y/x)x.

They can’t be negative multiples of each other since C is salient. So suppose ∃r > 0

such that

x − m(x/y)y = r(y − m(y/x)x).

A little algebra shows this is equivalent to

(1 + rm(y/x))x − (r + m(x/y)y = 0. (1.11)

Since x and y are linearly independent both the coefficients appearing in (1.11),

(1 + rm(y/x)) and −(r + m(x/y), must be zero. In particular, we must have

r + m(x/y) = 0.

But then r = −m(x/y) ≤ 0, a contradiction since in Proposition 1.3.1.1 (page 31) we

proved that

0 ≤ m(x/y) < ∞.

So b(x/y) and b(y/x) must be linearly independent.
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1.3.4 m(b(y/x), b(x/y); y) =
yb(x/y)

yb(y/x)
= m(y/x)

Proposition 1.3.4.1. Let x, y ∈ C be linearly independent. Then the slope of y

relative to the ordered basis b(x/y), b(y/x) is m(y/x). More succinctly:

m(b(y/x), b(x/y); y) =
yb(x/y)

yb(y/x)

= m(y/x)

Proof. x, y are linearly independent. So, by Lemma 1.3.3.1 (page 38), b(x/y), b(y/x)

are linearly independent, and form an ordered basis for Span(x, y). We express y

(uniquely) in terms of b(x/y), b(y/x) and do the obvious:

y = yb(x/y)b(x/y) + yb(y/x)b(y/x) (with yb(x/y), yb(y/x) ∈ R)

= yb(x/y)(x − m(x/y)y) + yb(y/x)(y − m(y/x)x)

= (yb(x/y) − yb(y/x)m(y/x)
︸ ︷︷ ︸

=0

)x + (yb(y/x) − yb(x/y)m(x/y)
︸ ︷︷ ︸

=1

)y (1.12)

But

yb(x/y) − yb(y/x)m(y/x) = 0 ⇒
yb(x/y)

yb(y/x)

= m(y/x).

In the following lemma we use the notation and concepts introduced in Proposition

1.3.4.1 (page 40).

Lemma 1.3.4.2. If x, y ∈ C are linearly independent then yb(y/x) > 0.

Proof. In Proposition 1.3.1.1 (page 31) we proved that 0 ≤ m(x/y) < ∞. In Propo-

sition 1.3.4.1 (page 40) we proved that
yb(x/y)

yb(y/x)
= m(y/x). Combining these two propo-

sitions and noting that y 6= 0 and that yb(x/y), yb(y/x) ∈ R it follows that yb(y/x) 6= 0.

If 0 < m(x/y) < ∞ then yb(x/y) and yb(y/x) have the same sign. But

y = yb(x/y)b(x/y) + yb(y/x)b(y/x) ∈ C
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and C is salient, so it must be the case that both yb(x/y) and yb(y/x) are positive.

If 0 = m(x/y) then yb(x/y) = 0 and so y = yb(y/x)b(y/x). But b(y/x) is non-zero

and ∈ C, which is salient, so it again must be the case, that yb(y/x) is positive.

The following innocent looking technical proposition is of key importance.

1.3.5 0 ≤ m(y/x)m(x/y) < 1

Proposition 1.3.5.1. If x, y ∈ C are linearly independent then

0 ≤ m(y/x)m(x/y) < 1

Proof. Combining Proposition 1.3.3.1 (page 38) and Lemma 1.3.4.2 (page 40) yields

yb(x/y) = yb(y/x)m(y/x). (1.13)

Combining (1.13) with equation (1.12), from the proof of Lemma 1.3.3.1, yields:

yb(y/x) − yb(x/y)m(x/y) = 1

yb(y/x) − yb(y/x)m(y/x)m(x/y) = 1

yb(y/x)(1 − m(y/x)m(x/y)) = 1

By Lemma 1.3.4.2, we know that 0 < yb(y/x) < ∞. Hence,

1 − m(y/x)m(x/y) =
1

yb(y/x)

> 0.

In particular,

1 − m(y/x)m(x/y) > 0

1 > m(y/x)m(x/y)
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On the other hand, m(y/x),m(x/y) are non-negative by Proposition 1.3.1.1 (page 31).

Hence 1 > m(y/x)m(x/y) ≥ 0.

1.4 Span(x, y)
⋂

C = {αb(y/x) + βb(x/y) | α, β ≥ 0}

Theorem 1.4.0.2. Let x, y ∈ C be linearly independent, then

Span(x, y)
⋂

C = {αb(y/x) + βb(x/y) | α, β ≥ 0}

Proof. By Lemma 1.3.3.1 (page 38), b(y/x), b(x/y) are linearly independent. Since

b(y/x), b(x/y) ∈ Span(x, y) it is immediate that Span(x, y) = Span(b(y/x), b(x/y)).

So

Span(x, y)
⋂

C = Span(b(y/x), b(x/y))
⋂

C.

So it suffices to prove the result for Span(b(y/x), b(x/y))
⋂

C.

Since C is a cone and b(y/x), b(x/y) ∈ C, all non-negative linear multiples of

b(y/x), b(x/y) are ∈ C. Hence,

{αb(y/x) + βb(x/y) | α, β ≥ 0} ⊆ Span(x, y)
⋂

C.

Conversely, suppose w ∈ Span(x, y)
⋂

C. Then w can be written in the form:

w = αb(y/x) + βb(x/y).

Both α and β can’t be negative, since that would obviously violate C being salient.

In fact, if one of α, β is negative and the other is zero, that would also obviously

violate C being salient, since b(x/y) and b(y/x) are ∈ C. So the only difficult case is

if one of α, β is negative and the other is positive.

42



So suppose that

w = (−αw)b(y/x) + βwb(x/y) ∈ C.

with both αw and βw positive. This will lead to a contradiction of Proposition 1.3.5.1

(page 41), as the following calculations will show.

w = (−αw)b(y/x) + βwb(x/y)

= (−αw)(y − m(y/x)x) + βw(x − m(x/y)y)

= (αwm(y/x) + βw︸ ︷︷ ︸
>0

)x − (αw + βwm(x/y)
︸ ︷︷ ︸

>0

)y

Since C is closed under non-negative scaling we have:

1

αwm(y/x) + βw

w = x −
αw + βwm(x/y)

αwm(y/x) + βw

y ∈ C.

Recall that m(x/y) = sup{t ∈ R | x − ty ∈ C}. So we must have:

αw + βwm(x/y)

αwm(y/x) + βw

≤ m(x/y). (1.14)

Multiplying both sides of the inequality in (1.14) by (αwm(y/x) + βw) > 0 indicates:

αw + βwm(x/y) ≤ m(x/y)(αwm(y/x) + βw)

αw + βwm(x/y) ≤ m(x/y)αwm(y/x) + βwm(x/y)

αw ≤ m(x/y)m(y/x)αw (but αw > 0 so)

1 =
αw

αw

≤ m(x/y)m(y/x) (1.15)

Inequality (1.15) contradicts Proposition 1.3.5.1 (page 41), which states:

0 ≤ m(x/y)m(y/x) < 1.
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Finally, an identical argument shows that if

w = αwb(y/x) + (−βw)b(x/y) ∈ C.

with both αw and βw positive, then Proposition 1.3.5.1 is again violated.

1.4.1 ray(b(x/y))
⋃

ray(b(y/x)) = ∂ (Span(x, y)
⋂

C)

Recall:

Definition 1.1.0.2: The closed ray emanating from the origin and passing through

the point v, is denoted −→v . As a point set:

−→v = {λv | λ ≥ 0}.

For typographic reasons, −→v is occasionally denoted ray(v).

Corollary 1.4.1.1. If x, y ∈ C are linearly independent then

−−−−→
b(x/y)

⋃−−−−→
b(y/x) = ∂

(
Span(x, y)

⋂
C
)

Proof. By Lemma 1.3.3.1, b(x/y) and b(y/x) are linearly independent. Since b(x/y)

and b(y/x) are ∈ Span(x, y) it follows that

Span(x, y) = Span(b(x/y), b(y/x))

= {αb(x/y) + β b(y/x) | α, β ∈ R}.

The linear independence of b(x/y) and b(y/x) together with Proposition 1.2.1.2 imply
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that:

κ : Span(x, y) → R2 by

κ(αb(x/y) + β b(y/x)) = (α, β)

is a homeomorphism and an isomorphism. By Theorem 1.4.0.2

Span(x, y)
⋂

C = {αb(x/y) + β b(y/x) | α, β ≥ 0}.

Then,

κ
(
Span(x, y)

⋂
C
)

= {ακ(b(x/y)) + β κ(b(y/x)) | α, β ≥ 0}

= {α(1, 0) + β (0, 1) | α, β ≥ 0}

= R2
≥0.

From elementary topology we know that:

∂R2
≥0 =

−−−→
(1, 0)

⋃−−−→
(0, 1).

I.e.

−−−→
(1, 0) = {(λ, 0} ∈ R2 | λ ≥ 0}.

−−−→
(0, 1) = {(0, λ} ∈ R2 | λ ≥ 0}.

Finally, since homeomorphisms take boundaries to boundaries; i.e.

κ−1∂ = ∂κ−1,
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and since isomorphisms take non-trivial 0-rays to non-trivial 0-rays, we have:

κ−1∂
(
R2

≥0

)
= κ−1

−−−→
(1, 0)

⋃
κ−1

−−−→
(0, 1)

∂κ−1
(
R2

≥0

)
=

−−−−−→
κ−1(1, 0)

⋃−−−−−→
κ−1(0, 1)

∂
(
Span(x, y)

⋂
C
)

=
−−−−→
b(x/y)

⋃−−−−→
b(y/x) (1.16)

Note regarding (1.16): ∂ (Span(x, y)
⋂

C) is the boundary of (Span(x, y)
⋂

C) relative

to Span(x, y).

1.4.2 Results for Span(x, y)
⋂

C = {αb1 + βb2 | α, β ≥ 0}

Proposition 1.4.2.1. Let x, y ∈ C be linearly independent, then the following are

equivalent statements about b1, b2 ∈ V :

1. {b1, b2} = {λ1b(x/y), λ2b(y/x)} for some particular pair of numbers λ1, λ2 > 0.

I.e. b1 is a positive multiple of one of b(x/y) or b(y/x) and b2 is a positive

multiple of the other.

2. Span(x, y)
⋂

C = {αb1 + βb2 | α, β ≥ 0}.

3.
−→
b1

⋃−→
b2 = ∂ (Span(x, y)

⋂
C)

4. b1, b2 ∈ ∂ (Span(x, y)
⋂

C) and are linearly independent

Proof. 1 ⇒ 2. Trivial consequence of Theorem 1.4.0.2 (page 42).

2 ⇒ 3. Since x, y are linearly independent and ∈ C, b1 and b2 must also be linearly

independent. Then the same proof as given for Corollary 1.4.1.1 (page 44).

3 ⇒ 4. All that needs to be shown is that b1 and b2 are linearly independent.

b(x/y), b(y/x) ∈ ∂ (Span(x, y)
⋂

C) and they are linearly independent. So b(x/y) and

b(y/x) can’t both be in the same 0-ray,
−→
b1 (or

−→
b2 ). Hence b1 and b2 must be linearly

independent.
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4 ⇒ 1. By Corollary 1.4.1.1 (page 44),
−−−−→
b(x/y)

⋃−−−−→
b(y/x) = ∂ (Span(x, y)

⋂
C). b1

and b2 are linearly independent so they both can’t be in the same 0-ray,
−−−−→
b(x/y) (or

−−−−→
b(y/x)). The result follows.

1.4.3 Definition of ends

Definition 1.4.3.1. Let x, y ∈ C be linearly independent. Any pair b1, b2 as described

in Proposition 1.4.2.1 (page 46), are called ends for x, y.

Remark 1.4.3.2. Later, in Proposition 1.6.1.1 (page 53) we will prove that if f, g ∈ C

are linearly independent then there exists a pair of ends b1, b2 for f, g.

Proposition 1.4.3.3. Suppose α, β > 0. If b1, b2 are a pair of ends for x, y then

b1, b2 are a pair of ends for αx, βy.

Proof. Definition 1.4.3.1 (page 47) of ends and Proposition 1.4.2.1 part 1 (page 46)

tell us that if b1, b2 are a pair of ends for x, y then there exists λ1, λ2 > 0 such that

{b1, b2} = {λ1b(x/y), λ2b(y/x)} .

By part 10 of Proposition 1.3.1.1 (page 31)

b(βy/αx) = βb(y/x) and b(αx/βy) = αb(x/y).

So

{b1, b2} =

{
λ1

α
b(αx/βy),

λ2

β
b(βy/αx)

}

,

which implies b1, b2 are a pair of ends for αx, βy.
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1 2 3 4 5 6

1

2

3

4

5

6
x = (3, 6)

y = (1, 3)

(1,0)
︷ ︸︸ ︷
b(x/y) =

(3,6)
︷︸︸︷
x −

6/3
︷ ︸︸ ︷
m(x/y)

(1,3)
︷︸︸︷
y

x − ty, parallel to yy − tx, parallel to x

(1,3)
︷︸︸︷
y −

1/3
︷ ︸︸ ︷
m(y/x)

(3,6)
︷︸︸︷
x =

(0,1)
︷ ︸︸ ︷
b(y/x)

C = R2
≥0

Figure 1.1: Calculating m(y/x) in R2
≥0, the standard 2 dimensional cone.

1.4.4 Calculating m(y/x) in the cone C = R2
≥0

Example 1.4.4.1. See Figure 1.1. Let V = R2; x = (3, 6); y = (1, 3); and

C = R2
≥0 = {(α, β) ∈ R2 | α, β ≥ 0}

︸ ︷︷ ︸
[0,∞)×[0,∞)

;

Then

m(y/x) = sup{t | y − tx ∈ C}

= sup{t | (1, 3) − t(3, 6) ∈ R2
≥0}

= sup{t | 1 − 3t ≥ 0 and 3 − 6t ≥ 0}

= 1/3. (1.17)
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Similarly,

m(x/y) = sup{t | x − ty ∈ C}

= sup{t | (3, 6) − t(1, 3) ∈ R2
≥0}

= sup{t | 3 − t ≥ 0 and 6 − 3t ≥ 0}

= 6/3. (1.18)

According to Proposition 1.3.5.1,

0 ≤ m(y/x)m(x/y) < 1.

In our example:

m(y/x)m(x/y) =
1

3

6

3
=

2

3
.

Next we calculate b(y/x) and b(x/y).

b(y/x) = y − m(y/x)x

= (1, 3) − 1/3(3, 6) = (0, 1)

b(x/y) = x − m(x/y)y

= (3, 6) − 6/3(1, 3) = (1, 0)

Note: x and y were precisely chosen so that b(x/y) would equal (1, 0) and b(y/x)

would equal (0, 1). Usually b(x/y) and b(y/x) do not equal (1, 0) or (0, 1).

We express x and y in terms of b(x/y) and b(y/x):

x︸︷︷︸
(3,6)

= xb(x/y)︸ ︷︷ ︸
3

b(x/y)
︸ ︷︷ ︸

(1,0)

+ xb(x/y)︸ ︷︷ ︸
6

b(y/x)
︸ ︷︷ ︸

(0,1)

y
︸︷︷︸
(1,3)

= yb(x/y)︸ ︷︷ ︸
1

b(x/y)
︸ ︷︷ ︸

(1,0)

+ yb(x/y)︸ ︷︷ ︸
3

b(y/x)
︸ ︷︷ ︸

(0,1)
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By Definition 1.3.2.1,

m(b(y/x), b(x/y); y) =
yb(x/y)

yb(y/x)

(1.19)

and

m(b(x/y), b(y/x); x) =
xb(y/x)

xb(x/y)

(1.20)

In our example, equation (1.19) becomes

m(b(y/x)
︸ ︷︷ ︸

(0,1)

, b(x/y)
︸ ︷︷ ︸

(1,0)

; y
︸︷︷︸
(1,3)

) =
yb(x/y)

yb(y/x)

=
1

3
,

which equals m(y/x), see (1.17); equation (1.20) becomes

m(b(x/y)
︸ ︷︷ ︸

(1,0)

, b(y/x)
︸ ︷︷ ︸

(0,1)

; x︸︷︷︸
(3,6)

) =
xb(y/x)

xb(x/y)

=
6

3
,

which equals m(x/y), see (1.18) Of course this exactly what is predicted by Proposi-

tion 1.3.4.1 (page 40), that if x, y ∈ C are linearly independent, then:

m(b(x/y), b(y/x); x) =
xb(y/x)

xb(x/y)

= m(x/y)

m(b(x/y), b(y/x); x) =
xb(y/x)

xb(x/y)

= m(x/y).

1.5 Some results for f ∈ C \ ∂C and b ∈ ∂C

Proposition 1.5.0.2. Let C be a closed, convex, salient, pointed by the origin cone

in a Banach Space V . Let f ∈ C \ ∂C and b ∈ ∂C, so b = 0 is acceptable. Then

1. If c ∈ C and α ∈ (0,∞) then c + f ∈ C \ ∂C

2. If α ∈ (0,∞) then αf and c + αf ∈ C \ ∂C.

3.

b − tf ∈ C ⇔ t ≤ 0.
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4.

m(b/f) = sup{t | b − tf ∈ C} = 0

b(b/f) = b − m(b/f)f = b.

5. If β > 0 then βb ∈ ∂C.

6. f, b are linearly independent if b 6= 0.

7. m(b/f) m(f/b) = 0.

Proof. 1. f + 2c ∈ C ⊂ V so the map

ht,f+2c : v ∈ V → v + t(f + 2c − v)

is a self-homeomorphism of V provided 0 ≤ t < 1. See Lemma 1.3.1.3. If 0 ≤ t < 1

then ht,f+2c(Span(C)) = Span(C). If 0 ≤ t ≤ 1 then ht,f+2b(C) ⊂ C.

Since f ∈ C \ ∂C there exists an open set U containing f such that

U ∩ (Span(C) \ C) = ∅.

But then, for 0 ≤ t < 1 we have

ht,f+2c (U ∩ (Span(C) \ C)) = ht,f+2c(∅) = ∅

ht,f+2c(U) ∩ ht,f+2c (Span(C) \ C) = ∅

ht,f+2c(U) ∩ (ht,f+2c (Span(C)) \ ht,f+2c (C)) = ∅

ht,f+2c(U)
︸ ︷︷ ︸

open

∩



Span(C) \ ht,f+2c (C)
︸ ︷︷ ︸

⊂C



 = ∅

ht,f+2c(U)
︸ ︷︷ ︸

open

∩ (Span(C) \ C) = ∅ (1.21)
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Let t = 1/2 then

h1/2,f+2c(f) = f + (1/2)(f + 2c − f) = c + f

and (1.21) tell us that

h1/2,f+2c(U)
︸ ︷︷ ︸

open set about c+f

∩ (Span(C) \ C) = ∅.

So that c + f /∈ ∂C.

proof of 2. Similar to the proof of 1, but instead of using h1/2,f+2c, use the self

homeomorphism of V

hα : v ∈ V → αv (1.22)

which, like h1/2,f+2c, has the properties that hα(Span(C)) = Span(C) and hα(C) ⊂ C.

In fact hα(C) = C. Then use the same argument as given in in the proof of part 1 to

show that αf ∈ C \ ∂C. Then, by part 1 of this proposition c + αf ∈ C \ ∂C.

proof of 3. Suppose that b − tf ∈ C for some particular t > 0. By part 2 of this

proposition, letting t = α,

b = (b − tf) + (tf) ∈ C \ ∂C.

This contradicts that b ∈ ∂C.

Conversely, if t ≤ 0 then t = −|t| and

b − tf = b −−|t|f = b + |t|f ∈ C.

proof of 4. Trivial consequence of part 3 of this proposition.

proof of 5. Since C is closed and b ∈ ∂C it follows that b ∈ C. Since β > 0 and

b ∈ C it follows that βb ∈ C. If βb /∈ ∂C then βb ∈ C \ ∂C. But then by part 2 of
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this proposition, with β playing the role of α,

1

β
βb = b ∈ C \ ∂C.

Which contradicts that b ∈ ∂C. So βb ∈ ∂C.

proof of 6. Since f ∈ C \ ∂C it follows that f 6= 0. Since C is closed and b ∈ ∂C

it follows that b ∈ C. If f, b are linearly dependent and b 6= 0 then

b = αf (1.23)

for some α > 0. We must have α ≥ 0 since C is salient and f, b ∈ C. That α 6= 0

follows from our assumption that b 6= 0.

By part 2 of this proposition αf ∈ C \ ∂C but then (1.23) contradicts b ∈ ∂C.

proof of 7. By part 3 of Proposition 1.3.1.1 (page 31) if x, y ∈ C and x 6= 0 then

0 ≤ m(y/x) < ∞. (1.24)

Since b 6= 0, if follows from (1.24) that 0 ≤ m(f/b) < ∞. By part 4 of this proposition

m(b/f) = 0. So m(b/f)m(f/b) = 0.

1.6 The Hilbert Projective Metric dH

1.6.1 f, g ∈ C linearly independent ⇒ ∃ ends b1, b2

Proposition 1.6.1.1. Let f, g ∈ C be linearly independent. Then there exists

b1, b2 ∈ ∂
(
Span(f, g)

⋂
C
)
⊂ ∂C ∩ Span(f, g), (1.25)
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linearly independent, such that

Span(f, g)
⋂

C = {αb1 + βb2 | α, β ≥ 0} (1.26)

So b1, b2 are ends for f, g.

Note that the subscripts 1, 2 represent the ordering that we are giving to the basis

vectors {b1, b2}.

Proof. Direct consequence of Theorem 1.4.0.2, Proposition 1.4.2.1 (page 46) and

Proposition 1.1.1.8 (page 23).

1.6.2 Definition of dH via b1, b2.

Equation (1.26) implies that we can represent f and g uniquely in terms of b1, b2. In

particular, that

f = f1b1 + f2b2

g = g1b1 + g2b2 (1.27)

with f1, f2, g1, g2 ≥ 0 and uniquely determined. Based upon this representation, we

have the following definition (which is shown to be well defined in Proposition 1.6.4.3

(page 58):

Definition 1.6.2.1. For f, g ∈ C and linearly independent,

dH(f, g) =

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣ ∈ R ∪∞.

where we define | ln(0)| = | ln(∞)| = ∞.

If f, g ∈ C \ {0} are linearly dependent we define

dH(f, g) = 0.
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So dH is defined on in C \ {0}.

Remark 1.6.2.2. We directly define d(f, g) = 0 to be zero when f and g are linearly

dependent to avoid having to deal with the following issue:

When f and g are linearly dependent it means that f = λg for some λ > 0. Then

Span(f, g) is a line and (1.26) does not hold. Of course if b1, b2 ∈ ∂C are linearly

independent and f, g ∈ Span(b1, b2) then (1.27) would hold uniquely and we would

have ∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
f2

f1

λf1

λf2

)∣∣
∣
∣ = 0.

1.6.3 What about 0?

Unless otherwise noted, we will assume that dH is only defined on C \ {0}. As that

is the standard. See for example Bushell [19].

However, we take a few moments to suggest a way to extend dH from C \ {0} to

all of C.

According to Bushell [19], (Rn
≥0,∼) will be a complete metric space with dH taking

values in [0,∞]. In our Section 1.12.3 (page 123) we prove some general results about

when (C \ {0},∼) will be complete. Moreover, one of the key parts in our exposition

is Birkhoff’s Projective Contraction Mapping Theorem [12] – and that result relies

on (C \ {0},∼) being complete w.r.t. dH .

So if we are going to extend dH to 0; i.e. if we are going define dH(0, f) for

f ∈ C \ {0} in such a way that dH remains metric, then we are going to have to deal

with (C \ {0},∼) being complete.

Proposition 1.6.3.1. If (C \ {0},∼) is complete w.r.t. dH and dH is to be extended

to 0 then there exists a k > 0 such that dH([0], [f ]) > k for all f ∈ C \ {0}.

Proof. Suppose not. Then there exists a sequence of [fn] ∈ (C \ {0},∼) such that

dH([0], [fn]) < 2−n. The sequence of [fn] is cauchy and in (C \ {0},∼) and so there
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exists an [f ] ∈ (C \ {0},∼) to which the sequence of [fn] converges. On the other

hand, clearly the sequence of [fn] converges to [0]. If dH is a metric (which separates

points and has unique limits) then [0] = [f ], which is a contradiction.

One way we could extend dH to 0 would be to pick some c ∈ C \ {0} and some

fixed k ∈ (0,∞] and to define for each f ∈ C \ {0}

dH(0, f) = k + dH(c, f) (1.28)

dH(0, 0) = 0

Intuitively we can think of this extension as if 0 is an island off the coast of C \{0}

and that to reach any point f ∈ C \ {0} we always have to take a bridge of fixed

length k which connects 0 to C \ {0} at the point c.

Proposition 1.6.3.2. (1.28) extends dH to all of C

Proof. Let f, h ∈ C \ {0}. The triangle inequality follows from

dH(0, h) = k + dH(c, h) ≤ k + d(c, f) + d(f, h) = d(0, f) + d(f, h)

and

d(f, h) ≤ d(f, c) + d(c, h) < k + d(f, c) + k + d(c, h) = d(f, 0) + d(0, h)

The other axioms are trivial.

Remark 1.6.3.3. 1. The problem with using (1.28) to extend dH to all of C is that

it requires us to single out a special [c] ∈ (C \ {0},∼) that will be the closest

point to 0. However I can not think of a particularly compelling reason why

any one particular 0-ray should be considered the projectively closest point to

[0]. That said, perhaps a choice for c would be an axis of symmetry or center
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of mass. The main purpose of (1.28) is to show that an easily definable non-

constant extension of dH exists.

2. By Proposition 1.6.3.1 any metric which extends dH to include the origin will

make the origin an isolated point.

3. According to Bushell [19], the projective dH distance from the “interior of C”

to its “boundary” excluding 0 is ∞. We prove this result in Proposition 1.6.6.1

(page 62). Since 0 ∈ ∂C, this result suggests one define dH(f, 0) = ∞ whenever

f ∈ C \ ∂C.

4. Similarly, suppose f, g ∈ C are linearly independent. Let b1, b2 ∈ ∂(Span(f, g)∩

C) be linearly independent (and so be a pair of ends for f, g). By Proposi-

tion 1.6.4.4 (page 59) dH(b1, b2) = ∞. The triangle inequality

dH(b1, b2) ≤ dH(b1, 0) + dH(0, b2)

implies at least one of dH(b1, 0), dH(0, b2) is ∞. This suggests one define dH(b, 0) =

∞ if b 6= 0 ∈ ∂C.

We will only occasionally make use of the following extension of dH .

Definition 1.6.3.4. Based upon the above Remark 1.6.3.3, we will define dH(f, g)

for when one or both of f, g are zero as follows. If f ∈ C \ {0} then then dH(f, 0) =

dH(0, f) = ∞ and dH(0, 0) = 0.

We wish to emphasize that unless otherwise noted dH(f, g) will not be defined if

f or g is 0.

1.6.4 dH is well defined and dH(b1, b2) = ∞

Proposition 1.6.4.1. If f, g are linearly independent then f2

f1

g1

g2
is not indeterminate;

i.e. it can’t be equal to 0 ∙ ∞ or ∞ ∙ 0 or contain a 0
0
.
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Proof. If f2

f1

g1

g2
= 0 ∙ ∞ then f2 = g2 = 0 implying that f, g are linearly dependent.

Similarly, if f2

f1

g1

g2
= ∞∙0 then f1 = g1 = 0 implying that f, g are linearly dependent.

If f2

f1
(or g1

g2
) is of the form 0

0
then f = 0 (or g = 0)and 0 is linearly dependent on

all other vectors.

Remark 1.6.4.2. If f and g are linearly dependent and f1, f2, g1, g2 > 0 then λf1 = g1

and λf2 = g2 for some λ > 0. Then

f2

f1

g1

g2

=
f2

f1

λf1

λf2

= 1

and ∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣ = | ln(1)| = 0 (1.29)

which agrees with our defining dH(f, g) = 0 for the case f and g linearly dependent

and non-zero.

Proposition 1.6.4.3. dH(f, g) is well defined; i.e. it is independent of the choice of

b1, b2 used in its definition, provided that b1 and b2 are ∈ ∂ (Span(f, g)
⋂

C) and are

linearly independent.

Proof. Suppose that b′1 and b′2 are ∈ ∂ (Span(f, g)
⋂

C) and are linearly independent.

Proposition 1.4.2.1 (item 1 ) (page 46) applied twice, once to {b1, b2} and once to

{b′1, b
′
2}, implies that as sets

{b1, b2} = {λ1b
′
1, λ2b

′
2},

with λ1, λ2 > 0. So exactly one of the following two cases will occur:

1. b1 = λ1b
′
1 and b2 = λ2b

′
2

2. b1 = λ2b
′
2 and b2 = λ1b

′
1
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If case 1 occurs then,

f = f1b1 + f2b2 = f1λ1b
′
1 + f2λ2b

′
2

g = g1b1 + g2b2 = g1λ1b
′
1 + g2λ2b

′
2

which in turn implies that w.r.t. the ordered basis b′1, b
′
2 that:

dH(f, g) =

∣
∣
∣
∣ln

(
f2λ2

f1λ1

g1λ1

g2λ2

)∣∣
∣
∣

=

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣

= dH(f, g) in terms of b1, b2.

If case 2 occurs then,

f = f1b1 + f2b2 = f1λ2b
′
2 + f2λ1b

′
1

= f2λ1b
′
1 + f1λ2b

′
2

g = g1b1 + g2b2 = g1λ2b
′
2 + g2λ1b

′
1

= g2λ1b
′
1 + g1λ2b

′
2

which in turn implies that w.r.t. the ordered basis b′1, b
′
2 that:

dH(f, g) =

∣
∣
∣
∣ln

(
f1λ2

f2λ1

g2λ1

g1λ2

)∣∣
∣
∣

=

∣
∣
∣
∣ln

(
f1

f2

g2

g1

)∣∣
∣
∣

=

∣
∣
∣
∣− ln

(
f2

f1

g1

g2

)∣∣
∣
∣

= dH(f, g) in terms of b1, b2.
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Corollary 1.6.4.4. Let f, g ∈ C be linearly independent. Let b1, b2 ∈ ∂ (Span(f, g)
⋂

C)

be linearly independent, so that b1, b2 are a pair of ends for f, g. Then b1, b2 are also

a pair of ends for themselves and dH(b1, b2) = ∞.

Proof. Since b1, b2 ∈ ∂ (Span(f, g)
⋂

C) ⊂ Span(f, g) are linearly independent we

have Span(f, g) = Span(b1, b2) which implies ∂ (Span(f, g)
⋂

C) = ∂ (Span(b1, b2)
⋂

C).

So b1, b2 ∈ ∂ (Span(b1, b2)
⋂

C) are linearly independent and so are ends to them-

selves. So, by Proposition 1.6.4.3 (page 58) b1, b2 can be used to calculate dH(b1, b2):

Let f = b1 and g = b2 we have

b1 = f = f1b1 + f2b2 = 1b1 + 0b2

b2 = g = g1b1 + g2b2 = 0b1 + 1b2

so since

dH(f, g) =

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣ we have

dH(b1, b2) =

∣
∣
∣
∣ln

(
0

1

0

1

)∣∣
∣
∣ = ∞

1.6.5 dH(f, g) = | ln(m(f/g) m(g/f))| = ln
(

1
m(f/g) m(g/f)

)

Lemma 1.6.5.1. If f, g ∈ C \ {0} then

dH(f, g) = | ln(m(f/g) m(g/f))| = ln

(
1

m(f/g) m(g/f)

)

.

Proof. If f, g are linearly dependent, then since f, g ∈ C \ {0}, and C is salient, we

must have λf = g for some λ > 0. By Proposition 1.3.1.1 (page 31) (parts 1. and
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2.), making use again of f, g ∈ C \ {0}, we have:

| ln(m(f/g) m(g/f))| = | ln(m(f/λf) m(λf/f))| (1.30)

=

∣
∣
∣
∣ln

(
1

λ

λ

1

)∣∣
∣
∣

= |ln (1)|

= 0

= dH(f, g) if f, g are linearly dependent and non-zero.

Moreover, by (1.30) it is clear that m(f/g)m(g/f) = 1 so

1

m(f/g)m(g/f)
= 1 and so | ln(m(f/g)m(g/f)) | = ln

(
1

m(f/g)m(g/f)

)

= 0.

If f, g are linearly independent, it is a little more complicated.

Proposition 1.6.4.3 (page 58), tells us that dH(f, g) is independent of our choice of

the ordered basis b1, b2 which we express f and g in, provided b1, b2 ∈ ∂ (Span(f, g)
⋂

C)

and are linearly independent. Lemma 1.3.3.1 (page 38) and Corollary 1.4.1.1 (page 44)

imply that b(f/g) and b(g/f) are linearly independent and ∈ ∂ (Span(f, g)
⋂

C) So

let

b1 = b(f/g) and let b2 = b(g/f).

By Proposition 1.3.4.1 (page 40), if f, g ∈ C are linearly independent then

m(b(f/g), b(g/f); f) =
fb(g/f)

fb(f/g)

= m(f/g)

=
f2

f1

m(b(g/f), b(f/g); g) =
gb(f/g)

gb(g/f)

= m(g/f)

=
g1

g2
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So

| ln(m(f/g) m(g/f))| =

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣

= dH(f, g).

By Proposition 1.3.5.1 (page 41) if f, g ∈ C are linearly independent then

0 ≤ m(f/g)m(g/f) < 1

and so

| ln(m(f/g)m(g/f)) | = ln

(
1

m(f/g) m(g/f)

)

.

1.6.6 f ∈ C \ ∂C and b 6= 0 ∈ ∂C implies dH(f, b) = ∞

As usual, let C be a closed, convex, salient, pointed by the origin cone in a Banach

Space V .

Proposition 1.6.6.1. If f ∈ C \ ∂C and b 6= 0 ∈ ∂C then dH(f, b) = ∞.

Proof. By part 7 of Proposition 1.5.0.2 (page 50)

m(b/f)m(f/b) = 0. (1.31)

By Lemma 1.6.5.1 (page 60), if f, g ∈ C \ {0} then dH(f, g) = | ln(m(f/g) m(g/f))|.

So, using (1.31), we get

dH(f, b) = | ln(m(b/f) m(f/b))| = | ln(0)| = ∞.
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1.6.7 dH(f, g) is an extended pseudo metric on C

Definition 1.6.7.1. A pseudo metric d satisfies all the conditions of being a metric

except the condition d(x, y) = 0 ⇒ x = y. An extended metric (or extended pseudo

metric) is a metric (or pseudo metric) which takes values in R≥0∪{∞}, the assignment

d(x, y) = ∞ is permitted if x 6= y.

Lemma 1.6.7.2. Let f, g ∈ C \ {0}.

If f,g are linearly independent then 0 ≤ m(f/g) m(g/f) < 1.

If f,g are linearly dependent then m(f/g) m(g/f) = 1.

Proof. Proposition 1.3.5.1 (page 41) and the first part of the proof of Lemma 1.6.5.1

(page 60).

Theorem 1.6.7.3. dH(f, g) is a pseudo metric on C\{0} taking values in R≥0∪{∞}.

Proof. Let f, g, h ∈ C \ {0}.

1. dH(f, g) ≥ 0

Absolute value is always ≥ 0.

2. dH(f, f) = 0

f, f are linearly dependent.

3. dH(f, g) = dH(g, f )

If f, g are linearly dependent then dH(f, g) = dH(g, f ) = 0. If f, g are linearly
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independent then:

dH(f, g) =

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣

=

∣
∣
∣
∣− ln

(
f2

f1

g1

g2

)∣∣
∣
∣

=

∣
∣
∣
∣− ln

(
f1

f2

g2

g1

)∣∣
∣
∣

= dH(g, f ).

Note that | ln(0)| = | ln(1/0)| = ∞.

4. The triangle inequality: dH(f, h) ≤ dH(f, g) + dH(g, h)

By Lemma 1.6.5.1 (page 60),

dH(f, g) = | ln(m(f/g) m(g/f))|. (1.32)

Recalling Definition 1.3.0.8,

m(f/g)
def
= sup {t ∈ R | f − tg ∈ C}

m(g/f)
def
= sup {t ∈ R | g − tf ∈ C}

m(g/h)
def
= sup {t ∈ R | g − th ∈ C}

m(h/g)
def
= sup {t ∈ R | h − tg ∈ C}

m(f/h)
def
= sup {t ∈ R | f − th ∈ C}

m(h/f)
def
= sup {t ∈ R | h − tf ∈ C} .
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By Proposition 1.3.1.1 (page 31) (item 4.)

f − m(f/g)g = b(f/g)

g − m(g/f)f = b(g/f)

h − m(h/g)g = b(h/g)

g − m(g/h)h = b(g/h)

are all ∈ C. Since C is a cone it is closed under non-negative linear combinations.

Hence,

b(f/g)
︷ ︸︸ ︷
f − m(f/g)g + m(f/g)(

b(g/h)
︷ ︸︸ ︷
g − m(g/h)h) = f − [m(f/g) m(g/h)] h ∈ C

⇒ m(f/g) m(g/h) ≤ m(f/h) (1.33)
b(h/g)

︷ ︸︸ ︷
h − m(h/g)g + m(h/g)(

b(g/f)
︷ ︸︸ ︷
g − m(g/f)f) = h − [m(h/g) m(g/f)] h ∈ C

⇒ m(g/f) m(h/g) ≤ m(h/f). (1.34)

By Lemma 1.6.7.2 (page 63),

0 ≤ m(f/h) m(h/f) ≤ 1

0 ≤ m(f/g) m(g/f) ≤ 1

0 ≤ m(g/h) m(h/g) ≤ 1.
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Combining these with the inequalities (1.33) and (1.34) imply:

0 ≤ m(f/g) m(g/h) m(h/g) m(g/f) ≤ m(f/h) m(h/f) ≤ 1

−∞ ≤ ln(m(f/g) m(g/h) m(h/g) m(g/f)) ≤ ln(m(f/h) m(h/f)) ≤ 0

−∞ ≤ ln(m(f/g) m(g/f))
︸ ︷︷ ︸

≤0

+ ln(m(g/h) m(h/g))
︸ ︷︷ ︸

≤0

≤ ln(m(f/h) m(h/f)) ≤ 0

multiply by −1 to get | |

∞ ≥ − ln(m(f/g) m(g/f)) + − ln(m(g/h) m(h/g)) ≥ − ln(m(f/h) m(h/f)) ≥ 0

∞ ≥ | ln(m(f/g) m(g/f))| + | ln(m(g/h) m(h/g))| ≥ | ln(m(f/h) m(h/f))| ≥ 0

dH(f, g) + dH(g, h) ≥ dH(f, h).

Corollary 1.6.7.4. dH(f, g) is a pseudo metric on C taking values in R≥0 ∪ {∞}.

Proof. By Theorem 1.6.7.3 (page 63) it suffices to show that the pseudo metric ax-

ioms holds in the presence of 0. Let f, g, h ∈ C.

1. dH(f, g) ≥ 0

We defined

dH(f, g) =






0, f = g = 0;

∞, 0 ∈ {f, g} and f 6= g.

2. dH(f, f) = 0

We defined dH(0, 0) = 0.

3. dH(f, g) = dH(g, f )

The definition of dH is symmetric in the presence of zero.

4. The triangle inequality: dH(f, h) ≤ dH(f, g) + dH(g, h)
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If f and h are both equal to 0 there is nothing to show since then dH(f, h) = 0.

If f 6= 0 but h = 0 then dH(f, h) = ∞ and we must show that at least one of

dH(f, g), dH(g, h) is zero. If g = 0 then dH(f, g) = ∞ and we are done. If g 6= 0 then

dH(g, h) = ∞ and we done.

1.7 (C, ∼) the Projective Space of C

We are ultimately interested in the Projective Space of C, in particular rays originat-

ing at the origin and contained in C.

1.7.1 Basics about Linear Maps, ∼, 0-Rays, and Eigenvectors

We depart briefly from our construction of the Hilbert Metric to introduce some useful

basic concepts.

We recall Definition 1.1.0.3 (page 20): Let V be a vector space and suppose x ∈ V .

An open 0-ray in the direction of x is denoted [x], algebraically:

[x] = {αx : α > 0}.

Remark 1.7.1.1. We allow for the trivial open 0-ray {0} = [0].

The term “0-ray” is to remind the reader that our rays are emanating from {0}.

Remark 1.7.1.2. We will show that the open 0-rays are the equivalence classes of an

equivalence relation and so the square bracket notation is appropriate.

Definition 1.7.1.3. If x, y ∈ V we define x ∼ y if x = αy for some real α > 0.

Proposition 1.7.1.4. The relation x ∼ y is an equivalence relation on V . The

equivalence classes of ∼ are the open 0-rays. The open 0-rays partition V .

Proof. The following argument shows that ∼ is reflexive, symmetric, and transitive,

and hence is an equivalence relation on V . Let x, y, z ∈ V .
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1. Reflexivity: x = 1x implies x ∼ x

2. Symmetry: If x ∼ y then ∃ α > 0 such that x = αy. But then y = 1
α
x which

implies y ∼ x.

3. Transitivity: If x ∼ y and y ∼ z then ∃ αx/y, αy/z > 0 such that x = αx/yy and

y = αy/zz. But then x = αx/yαy/zz which implies x ∼ z.

The following argument shows that the equivalence classes of ∼ are the open 0-rays.

The equivalence class of x = {x′ ∈ V : x ∼ x′}

= {x′ ∈ V : x′ = αx for some α > 0}

= {αx : α > 0}

= [x].

The equivalence classes of any equivalence relation form a partition, hence the open

0-rays partition V .

Definition 1.7.1.5. Notation. If L is any linear map of V to itself and x ∈ V then

we will write [x]L or [xL] for L([x]). This is the notation that Birkhoff uses in [12].

Proposition 1.7.1.6. If L is any linear map of V to itself and x ∈ V then, as sets,

L ([x]) = [L(x)]. I.e.

[x]L = [xL]

So L takes open 0-rays to open 0-rays.
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Proof.

[x]L = L ([x])

= L ({αx : α > 0})

= {L (αx) : α > 0}

= {αL (x) : α > 0}

= [L(x)]

= [xL].

We have the standard definition:

Definition 1.7.1.7. If L is any linear map of V to itself then c ∈ V \ {0} is called

an eigenvector of L with eigenvalue λc if L(c) = λcc.

Proposition 1.7.1.8. If L is any linear map of V to itself with eigenvector c and

corresponding real eigenvalue λc, then, as sets, L([c]) = sgn(λc)[c], where sgn is the

sign function.

Proof. By Proposition 1.7.1.6 (page 68), L ([c]) = [L(c)]. Then:

L ([c]) = [L(c)] = [λcc] = {αλcc : α > 0}

=
λc

|λc|
{α|λc|c : α > 0}

=
λc

|λc|
{αc : α > 0}

= sgn(λc){αc : α > 0}

= sgn(λc)[c].
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Corollary 1.7.1.9. c is an eigenvector of L with positive eigenvalue if and only if

the open 0-ray [c] is a fixed by L.

Proof. This corollary follows immediately from Proposition 1.7.1.8 (page 69) since if

λc is positive then sgn(λc) = 1.

Remark 1.7.1.10. By Proposition 1.7.1.6 (page 68) we can view L as being an endo-

morphism of the set of open 0-rays. Viewing L in this way, c is an eigenvector of L

with positive eigenvalue λc if and only if the open 0-ray [c] is a fixed point of L.

Definition 1.7.1.11. Let V be a vector space and let C be any subset of V . C is

closed under positive scaling if x ∈ C and α > 0 then αx ∈ C. More succinctly, C is

closed under positive (resp. non-negative) scaling if αC ⊂ C for all α > 0 (resp. for

all α ≥ 0).

Remark 1.7.1.12. If C is closed under positive (resp. non-negative) scaling then C is

a cone (resp. pointed cone). See Definition 1.1.0.1 (page 19).

Proposition 1.7.1.13. If V is a vector space and C ⊂ V is closed under positive

scaling then for each α > 0 it is the case that αC = C. So if C is a cone or a pointed

cone and α > 0 then αC = C.

Proof. If α > 0 then 1
α

> 0. So if C is closed under positive scaling then αC ⊂ C and

1

α
C ⊂ C.

But then

α
1

α
C = C ⊂ αC.

So αC = C.

Remark 1.7.1.14. If C is closed under positive scaling and x ∈ C then the open ray

[x] ⊂ C
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Definition 1.7.1.15. Let C ⊂ V be closed under positive scaling. The quotient set

{[x] : x ∈ C} written as either (C,∼) or C/∼ is the set of all equivalence classes of ∼

contained in C. So (C,∼) consists of all the open 0-rays of C. We may occasionally

use the symbol π to represent the quotient map of C onto (C,∼). In particular if

f ∈ C then π(f) = [f ] ∈ (C,∼)

Remark 1.7.1.16. The relation ∼ as defined in Definition 1.7.1.3 (page 67) is an

equivalence relation on any non-empty subset C ⊂ V . However, if C is not closed

under positive scaling, then some of the equivalence classes formed out of C will only

be proper subsets of open 0-rays. However, we want the equivalence classes to be

open 0-rays. So, to insure this, the relation ∼ will only be applied to subsets of V

which are closed under positive scaling; i.e. cones and pointed cones, vector subspaces

of V , and V . It is worth mentioning that, technically speaking, vector (sub)spaces

are pointed cones, at least based upon the definition of a pointed cone as being any

subset of V which is closed under non-negative scaling.

1.7.2 Basics about the projective space of C

Unless otherwise noted, C will always denote a pointed, salient, closed, convex cone

contained in the Banach Space V .

Building on Section 1.7.1 (page 67) we have:

Proposition 1.7.2.1. Let f ∈ C then:

1. [f ] ⊂ C.

2. If κ > 0 then [κf ] = [f ].

3. If P is linear on V , then [f ]P = [fP ]. So P induces a map on (C, ∼), which

we will also call P , defined by P : [f ] 7→ [fP ]. We sometimes write P ([f ]) for

[fP ]
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4. If f 6= 0 then [f ] =
−→
f \ { 0} . Note

−→
f = {αf | α ≥ 0}.

5. [0] = {0}.

Proof. These results are mostly trivial.

(1.) C is a cone so it is closed under non-negative (and hence positive) scaling.

(2.)

[κf ] = {λ(κf) | λ > 0} = {(λκ)f | λ > 0} = {λf | λ > 0} = [f ]

(3.)

P (π (f)) = P ({λf | λ > 0}) = {λP (f) | λ > 0} = π (Pf)

(4.) Follows trivially from definition of
−→
f = {λf | λ ≥ 0}.

(5.) Follows trivially from definition of [f ] = {λf | λ > 0}.

Proposition 1.7.2.2. Let f, g ∈ C and let f ′ ∈ [f ] and let g′ ∈ [g]. Then

dH(f, g) = dH(f ′, g′).

Proof. There are four cases.

Case 1: If f = g = 0 then f ′ = g′ = 0, hence,

dH(f, g) = dH(0, 0) = dH(f ′, g′) = 0.

Case 2: If f = 0 and g 6= 0 then f ′ = 0 and g′ = βg for some β > 0. Then

dH(f, g) = dH(0, g) = ∞ and dH(f ′, g′) = dH(0, g′) = ∞

Case 3: f 6= 0 and g = 0. This is just Case 2., with f and g reversed.

72



Case 4: If f, g ∈ C \ {0} then f ′ = αf and g′ = βg for some α, β > 0. Since

f, g, f ′, g′ are non-zero, we can invoke Proposition 1.3.1.1 (page 31), part (9.):

m(f ′/g′) = m(αf/βg) =
α

β
m(f/g)

m(g′/f ′) = m(βg/αf ) =
β

α
m(g/f).

Then, using Lemma 1.6.5.1,

dH(f ′, g′) = |ln (m(f ′/g′) m(g′/f ′))|

= |ln (m(αf/βg) m(βg/αf ))|

=

∣
∣
∣
∣ln

(
α

β
m(f/g)

β

α
m(g/f)

)∣∣
∣
∣

= |ln (m(f/g) m(g/f))|

= dH(f, g).

1.8 dH on (C,∼)

Definition 1.8.0.3. We define dH on (C, ∼). Let f, g ∈ C then

dH([f ] , [g]) = dH(f ′, g′)

where f ′ is any element of [f ] and g′ is any element of [g].

Remark 1.8.0.4. By Proposition 1.7.2.2 (page 72), Definition 1.8.0.3 is independent

of the choice of f ′ and g′ and so dH([f ] , [g]) is well defined. In particular,

dH([f ] , [g]) = dH(f, g)
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is true (and well defined).

1.8.1 f, g ∈ C \ ∂C then dH(f, g) < ∞

Proposition 1.8.1.1. If f, g ∈ C \ ∂ (C) then dH(f, g) < ∞.

Proof. Since 0 ∈ ∂ (C) it follows that f, g 6= 0. There are two cases:

Case 1: If f and g are linearly dependent (and non-zero), we have, by definition

dH(f, g) = 0,

Case 2: Let f, g be linearly independent. They determine a linearly independent

pair of ends b1, b2. W.r.t. these ends

f = f1b1 + f2b2

g = g1b1 + g2b2

with f1, f2, g1, g2 ≥ 0 and with

dH(f, g) =

∣
∣
∣
∣ ln

(
f2

f1

g1

g2

)∣∣
∣
∣ .

Suppose that dH(f, g) = ∞. Then at least one of the f1, f2, g1, g2 are zero. This

implies that f or g is a positive multiple of b1 or b2. However, Proposition 1.4.2.1

(page 46), and Proposition 1.3.1.1 (page 31) part 5., tells us that
−→
b1

⋃−→
b2 ⊂ ∂ (C).

Contradiction.

1.8.2 The Equivalence Relation: f ≡m g iff dH(f, g) < ∞

Definition 1.8.2.1. Let f, g ∈ C We define

f ≡m g iff dH(f, g) < ∞
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Proposition 1.8.2.2. ≡m is an equivalence relation on C.

Proof. Let f, g, h ∈ C.

1. dH(f, f) = 0 < ∞. So f ≡m f .

2. dH(f, g) = dH(f, g) so f ≡m g implies g ≡m f .

3. If f ≡m g and g ≡m h then dH(f, g), dH(g, h) < ∞. Then since dH(f, h) ≤

dH(f, g) + d(g, h) we have dH(f, h) < ∞. So f ≡m h.

Proposition 1.8.2.3. Let f ∈ C. Then f ′ ∈ [f ] ⇔ dH(f ′, f) = 0.

Proof. If f = 0 the result in both directions is a direct consequence of the definition

of dH . So suppose f 6= 0.

Suppose f ′ ∈ [f ]. Then f ′ = λf 6= 0 for some λ > 0. Then by the definition of dH

for linearly dependent non-zero members of C we have dH(f, f ′) = 0.

In the other direction, suppose that dH(f, f ′) = 0. If f ′, f are linearly dependent,

then f ′ = λf for some λ ∈ R. Since C is salient, λ ≥ 0. Since we are assuming at

this point in the proof that f 6= 0, it must be the case that λ > 0. But then f ′ ∈ [f ].

If f ′, f are linearly independent, then we can write f ′, f in terms of a pair of

linearly independent ends b1, b2 as f = f1b1 + f2b2 and f ′ = f ′
1b1 + f ′

2b2. But then

dH(f, f ′) =

∣
∣
∣
∣ln

(
f2

f1

f ′
1

f ′
2

)∣∣
∣
∣ = 0 ⇒

f2

f1

f ′
1

f ′
2

= 1 ⇒

f2

f1

=
f ′

2

f ′
1

which implies f ′ = λf , which contradicts linear independence.
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1.8.3 Partition of C by dH

Theorem 1.8.3.1. (Partition of C by dH Theorem.) Let X be an equivalence

class in ≡m . Then X is a convex salient cone and X ∪ {0} is a convex salient

pointed by the origin cone.

Proof. See1. Case 1: 0 ∈ X. Then X = {0}, and the result follows trivially.

Case 2: 0 /∈ X.

Let f ∈ X. Then λf 6= 0 ∀ λ > 0. Hence dH(f, λf ) = 0 ∀ λ > 0. So X is closed

under positive scaling and X ∪ {0} is closed under non-negative scaling. So X is a

cone and X ∪ {0} is a pointed-by-the-origin cone.

Next we show that X is convex:

To show that X is convex we must show that if f, g ∈ X then the line segment

fg = f + t(g − f), t ∈ [0, 1] is contained in X.

If f, g ∈ X then they are both non-zero.

Suppose f, g are linearly dependent. Then we can write g = λf for some λ > 0

and

f + t(g − f) = f + t(λf − f) = (1 + t(λ − 1))f.

But (1+ t(λ−1)) is between 1 and λ if t ∈ [0, 1]. So if t ∈ [0, 1] then (1+ t(λ−1)) > 0

which implies dH((1 + t(λ − 1))f, f) is well defined and equal to zero. So the line

segment fg = f + t(g − f), t ∈ [0, 1] is contained in X.

Suppose f, g ∈ X, with f, g linearly independent. By Proposition 1.6.1.1 (page 53)

there exists a pair of ends, b0, b1 for f, g. In terms of b0, b1 we have

f = f0b0 + f1b1

g = g0b0 + g1b1

1See Theorem 1.11.3.2 (page 105) for a more elegant proof that the ‘component’ X is a cone.
The proof of Theorem 1.11.3.2 uses the αx ≤ y ≤ βx formulation of dH .
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with f0, f1, g0, g1 ≥ 0. However, since f, g ∈ X we have dH(f, g) < ∞ and so actually

f0, f1, g0, g1 > 0,

see2. In terms of b0, b1 we have

f + t(g − f) = (f0 + t(g0 − f0))b0 + (f1 + t(g1 − f1))b1.

Since f0, f1 > 0 if dH(f, f + t(g − f)) = ∞ then

(f0 + t(g0 − f0)) = 0 or (f1 + t(g1 − f1)) = 0.

Suppose

(f0 + t(g0 − f0)) = 0.

f0 > 0, so if (f0 + t(g0 − f0)) = 0 we must have (g0 − f0) 6= 0. But then

f0

g0 − f0

= t.

But

0 < f0 < g0 ⇒ t =
f0

g0 − f0

> 1

0 < g0 < f0 ⇒ t =
f0

g0 − f0

< 0.

In either case t /∈ [0, 1]. So if t ∈ [0, 1] then (f0 + t(g0 − f0)) 6= 0 and similarly

(f1 + t(g1 − f1)) 6= 0. So t ∈ [0, 1] implies dH(f, f + t(g − f)) < ∞ and so the line

segment fg = f + t(g − f), t ∈ [0, 1] is contained in X (whether f,g are linearly

2dH(f, g) = ln
(

f1
f0

g0
g1

)
so dH(f, g) = ∞ implies at least one of f0, f1, g0, g1 is 0. See Defini-

tion 1.6.2.1 (page 54) of dH .
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independent or not). So we’ve proven that X is convex.

Next we show X ∪ {0} is convex.

To show that X ∪ {0} is convex, we must show that if f, g ∈ X ∪ {0} then

f + t(g − f) ∈ X ∪ {0} for all t ∈ [0, 1]. Since we know that X is convex, we only

have to consider the line segments from 0 to points in X ∪ {0}.

If both f and g are zero then f + t(g − f) = 0 and we are done. If f = 0 but

g 6= 0 then f + t(g − f) becomes tg. If t > 0 then dH(tg, g) = 0 so tg ∈ X. If t = 0

then tg = 0 ∈ X ∪ {0}.

If g = 0 but f 6= 0 then f + t(g − f) becomes (1 − t)f . If 0 ≤ t < 1 then

dH((1 − t)f, f) = 0 so (1 − t)f ∈ X. If t = 1 then (1 − t)f = 0 ∈ X ∪ {0}.

So we’ve proven that X ∪ {0} is convex.

C is salient and X and X ∪ {0} ⊂ C so X and X ∪ {0} are salient. Recall S is

salient if S ∩ −S = {0}.

Remark 1.8.3.2. We can think of the partitioning of C via ≡m as a sort of boundary

operator. E.g. C = R2
≥0 decomposes via ≡m into 4 equivalence classes. They are

the interior of R2
≥0, the open 0-ray [(0, 1)], the open 0-ray [(1, 0)], and [0] = [(0, 0)].

Via ∼ these equivalence classes can be identified with the open line segment in R2

between the points (1, 0) and (0, 1), the points (1, 0) and (0, 1), and the origin (0, 0).

1.8.4 Hilbert Projective Metric Theorem for Cones

Proposition 1.8.4.1. Let d be a pseudo metric on X.

For x, x′ ∈ X let x ≡ x′ if d(x, x′) = 0 and denote the equivalence class of x by

[x].

Then ≡ is a well defined equivalence relation. Let d([x], [y]) = d(x, y), then d is a

metric on (X,≡).

If d were an extended pseudo metric on X then d would be an extended metric on

(X,≡).
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Proof. First we show: ≡ is an equivalence relation. x ≡ x and x ≡ y ⇒ y ≡ x are

trivial. If x ≡ y and y ≡ z then d(x, z) ≤ d(x, y) + d(y, z) = 0 + 0 = 0, which implies

x ≡ z.

Next we show: d is well defined on (X,≡). Suppose x′ ∈ [x] and y′ ∈ [y]. Then

d(x′, y′) ≤ d(x′, x) + d(x, y) + d(y, y′) = d(x, y). Similarly d(x, y) ≤ d(x′, y′). So

d(x, y) = d(x′, y′).

Finally we show that d is a metric on (X,≡). If d([x], [y]) = d(x, y) = 0 then

x ≡ y by the definition of ≡.

The other conditions: d([x], [x]) = 0. d([x], [y]) = d([y], [x]) and the triangle

inequality are inherited from d being a pseudo metric on X.

The same exact proof works for if d is an extended pseudo metric on X.

Theorem 1.8.4.2. (Hilbert Projective Metric Theorem for Cones.) Let C

be a closed convex salient pointed cone (with point {0}). Let X be an equivalence

class in ≡m .

1. dH is an extended metric on (C, ∼) and (C \ {0}, ∼).

2. dH is a true metric on the set (X,∼).

3. dH is a true metric on (C \ {0}, ∼).

Proof. Parts 1 and 2 of this theorem are an immediate consequence of Proposi-

tion 1.8.4.1 (page 78) and Proposition 1.8.2.3 (page 75). Part 3 of this theorem

follows from Part 2 of this theorem and Proposition 1.8.1.1 (page 74).

Remark 1.8.4.3. We can extend our construction of dH to certain ‘bounded’ convex

sets.

Note 1. If K ⊂ V is a bounded convex set we could isometrically embed K in

the Banach Space R× V via K → {1} × K and then form the cone of {1} × K over
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the single point (0, 0) = 0 ∈ R× V , we would name this cone C, and then apply the

machinery developed in Chapter 1 to produce dH for K = (C, ∼).

Note 2. Or dH could be developed in a more direct manner, by replacing Span(f, g)

with the hyperplane (i.e. the line) generated by (i.e. passing though) f and g. If

f, g aren’t in ∂K such a line can be shown to meet the boundary of K in two points

(or ends), say b1, b2 and then dH(f, g) can be developed in terms of the cross ratio of

b1, f, g, b2 using machinery developed in Chapter 1.

Note 3. If C is a convex salient cone, and we can project C onto a hyperplane H

that cuts each ray of C exactly once, the image of this projection, which is just C∩H

will be bounded and convex. Then one could develop dH for C ∩ H in the manner

outlined in Note 2.

1.9 The Hilbert Projective Metric via αf ≤ g ≤ βf

The Hilbert Metric definition discussed in this section seems to have originated in

Birkhoff [13] (1962). The version we present here is what seems to be the most

common modern formulation, see e.g. [92]. We first prove some technical results,

then we address the metric’s definition.

1.9.1 αfg, βfg and 1
βfg

= sup{t ∈ R : f − tg ∈ C} = αgf

Definition 1.9.1.1. With respect to f, g ∈ C \ {0}, given in that order,

αfg = sup{t : tf ≤ g} = sup{t : g − tf ∈ C}

βfg = inf{t : g ≤ tf} = inf{t : tf − g ∈ C}

where we take inf ∅ = ∞.
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Lemma 1.9.1.2. Let f, g ∈ C \ {0} then

1

βfg

=
1

inf{t ∈ R : tf − g ∈ C}
= sup{t ∈ R : f − tg ∈ C} = αgf . (1.35)

Proof. If βfg = inf{t ∈ R : tf − g ∈ C} = ∞ then @ t′ > 0 such that t′f − g ∈ C.

This implies that

sup{t ∈ R : f − tg ∈ C} = 0 (1.36)

because if sup{t ∈ R : f − tg ∈ C} > 0 then there exists a t′ > 0 such that f − t′g ∈ C

but then (1/t′)f − g ∈ C. Contradiction. So if βfg = ∞ then (1.35) is true.

If βfg = inf{t ∈ R : tf − g ∈ C} < ∞ we showed above that 0 < βfg and

βfgf − g ∈ C (because C is closed). But then f − (1/βfg)g ∈ C so that

sup{t ∈ R : f − tg ∈ C} ≥ 1/βfg. (1.37)

If the above inequality (1.37) is strict, then there is an s > 0 such that 1/s > 1/βfg

and f − (1/s)g ∈ C. But then sf − g ∈ C with s < βfg which contradicts

βfg = inf{t ∈ R : tf − g ∈ C}.

So (1.37) must be an equality. Reversing the order of f, g in the definition of αfg,

Definition 1.9.1.1, yields the last equality in (1.35). So (1.35) has been proved.

Corollary 1.9.1.3. Let f, g ∈ C \ {0} then

1

inf{t ∈ R : tg − f ∈ C}
= sup{t ∈ R : g − tf ∈ C} = αfg.

Proof. Simply switch f and g and apply Lemma 1.9.1.2 (page 80).
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Corollary 1.9.1.4. Let f, g ∈ C \ {0} then

βfg

αfg

=
inf{t ∈ R : tg − f ∈ C}
sup{t ∈ R : f − tg ∈ C}

(1.38)

Proof. Lemma 1.9.1.2 (page 80):

1

βfg

=
1

inf{t ∈ R : tf − g ∈ C}
= sup{t ∈ R : f − tg ∈ C}.

combined with Corollary 1.9.1.3 (page 81):

1

inf{t ∈ R : tg − f ∈ C}
= sup{t ∈ R : g − tf ∈ C} = αfg.

yields (1.38).

1.9.2 Theorem: dH(f, g) = ln
(

1
m(f/g)m(g/f)

)
= ln

(
βfg

αfg

)
= ln

(
βgf

αgf

)

Theorem 1.9.2.1. Let f, g ∈ C \ {0}. Then

1.

m(g/f) = αfg =
1

βgf

2.

m(f/g) =
1

βfg

= αgf

3.

dH(f, g) = ln

(
1

m(f/g)m(g/f)

)

= ln

(
βfg

αfg

)

= ln

(
βgf

αgf

)

Proof. Recall Definition 1.3.0.8 (page 30):

m(f/g) = sup{t : tg ≤ f ∈ C} = sup{t : f − tg ∈ C} (1.39)

m(g/f) = sup{t : tf ≤ g ∈ C} = sup{t : g − tf ∈ C} (1.40)
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and recall Definition 1.9.1.1 (page 80):

αfg = sup{t : tf ≤ g} = sup{t : g − tf ∈ C} (1.41)

βfg = inf{t : g ≤ tf} = inf{t : tf − g ∈ C} (1.42)

where we take inf ∅ = ∞. It is immediate that (1.40) = (1.41), so

m(g/f) = αfg. (1.43)

By switching the order of f, g in (1.43) we get

m(f/g) = αgf . (1.44)

Lemma 1.9.1.2 (page 80) together with (1.39) imply

1

βfg

= sup{t ∈ R : f − tg ∈ C} = m(f, g). (1.45)

By switching the order of f, g in (1.45) we get

1

βgf

= m(g, f ). (1.46)

Combining (1.43) with (1.46) proves Part 1:

m(g/f) = αfg =
1

βgf

. (1.47)

Combining (1.44) with (1.45) proves Part 2:

m(f/g) =
1

βfg

= αgf . (1.48)
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By Lemma 1.6.5.1 (page 60)

dH(f, g) = ln

(
1

m(f/g) m(g/f)

)

. (1.49)

Substituting (1.47) and (1.48) for m(g/f) and m(f/g) into (1.49) yields part 3.

1.9.3 dH via αf ≤ g ≤ βf

See 3. The formulation of the Hilbert Metric given below, within Theorem 1.9.3.2,

seems to be the most convenient one for many calculations.

Let C be closed, salient, pointed by the origin, convex cone contained in a Banach

Space V (as usual).

For convenience, we restate and relabel Definition 1.3.0.5 (page 30):

Definition 1.9.3.1. Suppose u, v ∈ V we will write

u ≤ v if v − u ∈ C.

By Proposition 1.3.0.7 (page 30) we can say that V is partially ordered by C.

Recall that an extended metric is a metric except that the value ∞ is allowed;

a pseudo metric d satisfies all the standard axioms of being a metric except that

d(f, g) = 0 does not necessarily imply f = g.

Theorem 1.9.3.2. The Hilbert Projective Metric

1. Let f, g ∈ C \ {0}. Let α, β be the largest and smallest (non-negative) real

numbers such that

αf ≤ g ≤ βf, (1.50)

3The material covered in Section 1.9.3, defining dH(f, g) via αf ≤ g ≤ βf is standard. I have
included it in the interests of this work being more or less self-contained. The proofs given are
my own, but ultimately they are quite close to those given in the standard treatments, e.g. in
Bushell [19] or the papers cited therein.
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assuming they exist. A largest α such that αf ≤ g always exists. It might be

the case that no β exists such that g ≤ βf . If this is the case, we define β = ∞.

It is always the case that

0 ≤ α < ∞ 0 < β ≤ ∞ α ≤ β.

We can also write

α = sup{t ∈ R : tf ≤ g} = sup{t ∈ R : g − tf ∈ C}

β = inf{t ∈ R : g ≤ tf} = inf{t ∈ R : tf − g ∈ C}

where, in the case of β, we take inf ∅ = ∞.

We “define” dH on C \ {0} by

dH(f, g) = ln

(
β

α

)

∈ [0,∞].

Then dH so defined is an extended pseudo metric on C \ {0}.

An equivalent formulation of dH is:

dH(f, g) = ln

(
inf{t ∈ R : tf − g ∈ C}
sup{t ∈ R : g − tf ∈ C}

)

with the convention: if {t ∈ R : tf − g ∈ C} = ∅ its infimum is ∞.

We “define” dH on (C \ {0},∼) by

dH ([f ], [g]) = dH(f, g).

dH , so defined, is well defined on (C \ {0},∼).
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I.e. if f ∼ f ′ and g ∼ g′ so that

f ′ = λ1f and g′ = λ2g,

for some λ1, λ2 > 0, then

α′ =
λ2

λ1

α β ′ =
λ2

λ1

β (1.51)

and

dH(f, g) = dH(f ′, g′).

2. dH acts as an extended metric on (C \ {0},∼).

3. Let u ∈ C \ {0}. We define the component of u to be

Cu = {f ∈ C \ {0} : dH(f, u) < ∞}

The components of C \ {0} form a partition.

dH is a true metric on

(Cu,∼) = {[f ] : f ∈ Cu}

Proof. Proof of Part 1.

Regarding α: Let

Sg−tf = {t ∈ R : g − tf ∈ C},

so that α = supt Sg−tf . Since Sg−tf is just the inverse image of C under the continuous

map t → g − tf , Sg−tf is closed in R. It is immediate that α ≥ 0 since g − 0f ∈ C.

On the other hand, Sg−tf must be bounded above; if not, then there exists a sequence

of positive numbers tn → ∞ such that g− tnf ∈ C. But then, since C is closed under

non-negative scaling, we must have 1
tn

g − f ∈ C. Since C is topologically closed, it

86



follows that:

lim
tn→∞

1

tn
g − f = −f ∈ C,

contradicting that C is salient. So Sg−tf is bounded above. Since Sg−tf is closed, non

empty (it contains 0), and bounded above, it contains its own supremum, which we

denote as α. Moreover 0 ≤ α < ∞.

Regarding β: Let

Stf−g = {t ∈ R : tf − g ∈ C},

so that β = inf t Sg−tf , with the convention that inf ∅ = ∞. C is salient and closed

under addition so if t ∈ Stf−g then t > 0. Stf−g is closed in R since Stf−g is the inverse

image of the C w.r.t. to the continuous map t → tf −g and C is topologically closed.

Thus if Stf−g 6= ∅ then Stf−g is a closed non-empty set bounded below by zero (but

not containing zero), hence it contains its infimum, which is denoted β and β > 0. If

Stf−g = ∅ we of course declare β = ∞. So 0 < β ≤ ∞.

Regarding the metric axioms and proving that α ≤ β:

1. (Non-negativity) 0 ≤ α < ∞ and 0 < β ≤ ∞ so the ratio β/α is never

indeterminate. In particular: if α = 0 and/or β = ∞ the ratio β/α = ∞ and in this

case

dH(f, g) = ln(β/α) = ∞.

If 0 < α, β < ∞ then we have, using the definition of α, β, (1.50),

αf ≤ g ≤ βf.

This implies βf − αf = (β − α)f ∈ C. But C is salient, so β − α ≥ 0 proving β ≥ α.

So if 0 < α, β < ∞ the ratio β/α is real and in fact is ≥ 1 and we have

0 ≤ dH(f, g) = ln(β/α) < ∞.
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2. (Symmetry) As a consequence of Corollary 1.9.1.4 (page 81)

dH(f, g) = ln

(
β

α

)

= ln

(
inf{t ∈ R : g − tf ∈ C}
sup{t ∈ R : f − tg ∈ C}

)

= dH(g, h).

3. (Triangle Inequality) Let f, g, h ∈ C \ {0}.

If dH(f, g) and/or dH(g, h) = ∞ then automatically dH(f, h) ≤ dH(f, g)+dH(g, h)

and there is nothing to show.

If 0 ≤ dH(f, g), d(g, h) < ∞ then ∃ α, β, α′, β ′ ∈ (0,∞) such that

dH(f, g) = ln(β/α) and αf ≤ g ≤ βf

dH(g, h) = ln(β′/α′) and α′g ≤ h ≤ β ′g.

But then

α′αf ≤ α′g ≤ h ≤ β′g ≤ β′βf,

which implies

α′αf ≤ h ≤ β ′βf.

Then, by definition,

α′α ≤ sup{t ∈ R : tf ≤ h} = sup{t ∈ R : h − tf ∈ C}

β′β ≥ inf{t ∈ R : h ≤ tf} = inf{t ∈ R : tf − h ∈ C}.

But then:

inf{t ∈ R : h ≤ tf}
sup{t ∈ R : tf ≤ h}

≤
β′β

α′α
,
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which implies:

dH(f, h) = ln

(
inf{t ∈ R : h ≤ tf}
sup{t ∈ R : tf ≤ h}

)

≤ ln

(
β′β

α′α

)

=

= ln

(
β

α

)

+ ln

(
β′

α′

)

= dH(f, g) + d(g, h).

So we’ve proven that dH satisfies the axioms of being an extended pseudo-metric.

Claim: dH is well defined on (C \ {0},∼).

Proof of claim: Suppose f ∼ f ′ and g ∼ g′ so that f ′ = λ1f and g′ = λ2g for some

λ1, λ2 > 0. Let α, α′ be the largest numbers such that αf ≤ g and α′f ′ ≤ g′. But

then α′ is the largest number such that α′λ1f ≤ λ2g. I.e.

α′ = sup {t : λ2g − tλ1f ∈ C} = sup

{

t : g − t
λ1

λ2

f ∈ C

}

=
λ2

λ1

α.

Let β, β ′ be the smallest numbers (assuming they exist) such that g ≤ βf and g′ ≤

β′f ′. But then β′ is the smallest number such that λ2g ≤ β′λ1f . I.e.

β′ = inf {t : tλ1f − λ2g ∈ C} = inf

{

t : t
λ1

λ2

f − g ∈ C

}

=
λ2

λ1

β.

If β = ∞ then β′ = ∞, if not, then let t′ be such that tf ′ − g′ ∈ C. But then

t′λ1f −λ2g ∈ C which implies t′ (λ1/λ2) f −g ∈ C. But then t′ (λ1/λ2) ∈ {t : tf −g ∈

C} which contradicts β = ∞. So if β = ∞ then β′ = ∞ and so we can write in all

cases β′ = λ2

λ1
β. But then

β

α
=

β′

α′
⇒ dH(f, g) = dH(f ′, g′).
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Proof of Part 2.

4. (Identity of Indiscernibles) We show that dH([f ], [g]) = 0 if and only if [f ] = [g].

Suppose that dH([f ], [g]) = dH(f, g) = 0. Then ln(β/α) = 1 which implies β =

α ∈ (0,∞) so we have αf ≤ g ≤ αf . But then

(g − αf) , (αf − g) ∈ C.

Since C is salient g − αf = 0, so g = αf ; i.e. [g] = [f ].

Suppose that [f ] = [g]. Then f = λg for some λ > 0. Then

β = inf{t : tf − g ∈ C} = inf{t : tλg − g ∈ C} =
1

λ

α = sup{t : g − tf ∈ C} = sup{t : g − tλg ∈ C} =
1

λ

which implies

dH([f ], [g]) = dH(f, g) = ln(β/α) = ln(λ/λ) = 0.

So we’ve proven that dH is an extended metric on (C \ {0},∼).

Proof of Part 3.

For f, g ∈ C \ {0} we define

f ≡ g if dH(f, g) < ∞.

Claim: ≡ is an equivalence relation on C \ {0}.

Proof of Claim. Let f, g, h ∈ C \ {0}. Then

1. (Reflexivity) f ≡ f because dH(f, f) = 0.

2. (Symmetry) f ≡ g ⇒ g ≡ f since dH(f, g) = dH(g, f )

3. (Transitivity) f ≡ g and g ≡ h means dH(f, g), dH(g, h) < ∞ but then dH(f, h) ≤

dH(f, g) + dH(g, h) < ∞ which means f ≡ h.
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So the claim is proved.

The component of u ∈ C \ {0}, Cu, is the equivalence class of u w.r.t. ≡.

dH([f ], [g]) = d(f, g) is finite if f, g ∈ Cu so dH satisfies all the axioms of a true

metric on (Cu,∼) for each u ∈ C \ {0}.

1.9.4 What about 0?

Recall Theorem 1.50 (page 84) and its defining of dH :

Let α, β be the largest and smallest (non-negative) real numbers such that

αf ≤ g ≤ βf, (1.52)

assuming they exist. A largest α such that αf ≤ g always exists. It might be the case

that no β exists such that g ≤ βf . If this is the case, we define β = ∞. It is always

the case that

0 ≤ α < ∞ 0 < β ≤ ∞ α ≤ β.

We “define” dH on C \ {0} by

dH(f, g) = ln

(
β

α

)

∈ [0,∞].

We investigate what happens if we allow f or g or both = 0.

Suppose g = 0 and f ∈ C \ {0}, then (1.52) becomes

αf ≤ 0 ≤ βf.

The largest α such that αf ≤ 0 is the largest α such that 0 − αf ∈ C. Since C is

salient and f 6= 0 it follows that α = 0.

The smallest β such that 0 ≤ βf is the smallest β such that βf − 0 ∈ C. Since C

91



is salient and f 6= 0 it follows that β = 0. This differs from when f, g ∈ C \ {0} as in

that case we always have 0 < β ≤ ∞.

So β/α = 0/0 which is indeterminate. And so declaring that

dH(f, 0) = ln(β/α) = ln(0/0)

makes no sense.

On the other hand, suppose f = 0 and g ∈ C \ {0}, then (1.52) becomes

α0 ≤ g ≤ β0.

The largest α such that α0 ≤ g is the largest α such that g − α0 ∈ C. Since there is

no upper bound to the α which satisfy g −α0 ∈ C we have α = ∞. This differs from

when f, g ∈ C \ {0} as in that case we always have 0 ≤ α < ∞.

The smallest β such that g ≤ β0 is the smallest β such that β0 − g ∈ C. Since

C is salient and g 6= 0 it follows that no such β exists (which can also happen when

f, g ∈ C \ {0}). The definition of β sets β = ∞ in such cases.

But then β/α = ∞/∞ which is indeterminate. And so declaring that

dH(0, g) = ln(β/α) = ln(∞/∞)

makes no sense.

So how can we define dH(0, f) in way which is consistent with dH on C \ {0} and

which does not destroy the metric properties of dH? See Section 1.6.3 (page 55) for

a discussion of that topic and my suggestion: to define dH(f, 0) = ∞ if f ∈ C \ {0}.

That said, unless otherwise noted, we will assume that dH is only defined on

C \ {0}, as that is the standard approach, see Bushell [19].
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1.9.5 Defining dH via b1, b2 is equivalent to via αf ≤ g ≤ βf .

Theorem 1.9.5.1. The definition of dH via ends b1, b2, Definition 1.6.2.1 (page 54),

is equivalent to defining dH via αf ≤ g ≤ βf , definition given within Theorem 1.9.3.2

(page 84).

Proof. This is actually proven in part 3 of Theorem 1.9.2.1 (page 82).
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1.10 dH and the linear structure

1.10.1 α, β, γ, δ > 0 ⇒ dH(αf + βg, γf + δg) < ∞

Lemma 1.10.1.1. Let c1, c2 ∈ C \ {0}, not necessarily linearly independent. Let the

real numbers αx, βx, αy, βy > 0 and let

x = αxc1 + βxc2

y = αyc1 + βyc2.

Then dH(x, y) < ∞.

Proof. If x, y ∈ C \ {0} then Lemma 1.6.5.1 (page 60) implies

dH(x, y) = | ln(m(x/y) m(y/x))|

and Proposition 1.3.1.1 part 3 (page 31) implies

0 ≤ m(y/x) < ∞.

So to show dH(x, y) < ∞ it suffices to show that m(x/y) and m(y/x) are both

positive.

m(y/x) = sup{t : y − tx ∈ C}

= sup{t : (αyc1 + βyc2) − t(αxc1 + βxc2) ∈ C}

= sup{t : (αy − tαx)c1 + (βy − tβx)c2 ∈ C}

≥ min

{
αy

αx

,
βy

βx

}

> 0
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m(x/y) = sup{t : x − ty ∈ C}

= sup{t : (αxc1 + βxc2) − t(αyc1 + βyc2) ∈ C}

= sup{t : (αx − tαy)c1 + (βx − tβy)c2 ∈ C}

≥ min

{
αx

αy

,
βx

βy

}

> 0

1.10.2 z = λxx + λyy ⇒ dH(x, y) = dH(x, z) + dH(z, y)

Proposition 1.10.2.1. Let x, y ∈ C \ {0} satisfy dH(x, y) < ∞. Note that x, y are

not necessarily linearly independent. Let λx, λy be any non-negative real numbers (but

both not zero), and let

z = λxx + λyy,

so that z ∈ (Span(x, y)
⋂

C) \ { 0}. Then dH(x, y) = dH(x, z) + dH(z, y).

Proof. If x, y are linearly dependent then y and z are multiples of x and it is immediate

that dH(x, y) = dH(x, z) = dH(z, y) = 0 and the result follows trivially.

If x, y are linearly independent, then, by Proposition 1.6.1.1 (page 53), there exists

a pair of ends, b1, b2 for x, y in Span(x, y)
⋂

C.

Express x, y in terms of the b1, b2:

x = x1b1 + x2b2

y = y1b1 + y2b2.
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Hence,

z = λxx + λyy

= λx(x1b1 + x2b2) + λy(y1b1 + y2b2)

= (λxx1 + λyy1)b1 + (λxx2 + λyy2)b2

and

dH(x, y) =

∣
∣
∣
∣ln

(
x2

x1

y1

y2

)∣∣
∣
∣ (1.53)

dH(x, z) =

∣
∣
∣
∣ln

(
x2

x1

λxx1 + λyy1

λxx2 + λyy2

)∣∣
∣
∣ (1.54)

dH(z, y) =

∣
∣
∣
∣ln

(
λxx2 + λyy2

λxx1 + λyy1

y1

y2

)∣∣
∣
∣ . (1.55)

The following two lemmas will help us to finish the proof.

Lemma 1.10.2.2. Suppose that b1, b2 are a pair of ends for x, y and that

x = x1b1 + x2b2

y = y1b1 + y2b2.

If dH(x, y) < ∞ and x, y are linearly independent then

x1, y1, x2, y2 > 0.

Proof. By the definition of dH , see Definition 1.6.2.1 (page 54):

dH(x, y) =

∣
∣
∣
∣ln

(
x2

x1

y1

y2

)∣∣
∣
∣
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Suppose x1 = 0. Then

dH(x, y) =

∣
∣
∣
∣ln

(
x2

0

y1

y2

)∣∣
∣
∣ = ∞

unless x2 = 0 or y1 = 0.

If x2 = 0 then x = 0, contradicting x, y linearly independent. If y1 = 0 then x, y

are linearly dependent, again contradicting x, y linearly independent. So x1 6= 0.

Similar arguments (symmetry, relabeling) show that y1, x2, and y2 can’t be zero.

The following lemma is a general result about non-negative numbers.

Lemma 1.10.2.3. Suppose that x1, x2, y1, y2 > 0 and that a, b ≥ 0 but not both zero,

and that

x2

x1

≤
y2

y1

.

Then

x2

x1

≤
ax2 + by2

ax1 + by1

≤
y2

y1

.

Proof.

ax2 + by2

ax1 + by1

−
x2

x1

=
(ax2 + by2)x1

(ax1 + by1)x1

−
x2(ax1 + by1)

x1(ax1 + by1)

=
(ax2 + by2)x1 − x2(ax1 + by1)

(ax1 + by1)x1

=
(ax2x1 + by2x1 − ax1x2 − by1x2)

(ax1 + by1)x1

=
b(y2x1 − y1x2)

(ax1 + by1)x1

Since x2

x1
≤ y2

y1
and x1, y1 > 0 we have

y1x2 − y2x1 ≤ 0 and hence y2x1 − y1x2 ≥ 0.
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Hence,

ax2 + by2

ax1 + by1

−
x2

x1

=
b(y2x1 − y1x2)

(ax1 + by1)x1

≥ 0

and so

ax2 + by2

ax1 + by1

≥
x2

x1

.

A similar argument shows that

y2

y1

≥
ax2 + by2

ax1 + by1

.

We return to our proof of Proposition 1.10.2.1:

Since we are assuming that dH(x, y) < ∞ and x, y are linearly independent,

Lemma 1.10.2.2 (page 96) implies that x1, x2, y1, y2 > 0. We are also assuming that

λx, λy ≥ 0 with at most one of them equaling 0.

Without loss of generality, by relabeling if necessary, we can suppose

x2

x1

≤
y2

y1

.

Then Lemma 1.10.2.3 (page 97) implies that

x2

x1

≤
λxx2 + λyy2

λxx1 + λyy1

≤
y2

y1

. (1.56)

Multiplying (1.56) by x1

x2
yields

1 =
x1

x2

x2

x1

≤
x1

x2

λxx2 + λyy2

λxx1 + λyy1

≤
x1

x2

y2

y1

. (1.57)
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Applying ln to (1.57), and recalling (1.53) and (1.54), we get

0 = ln(1) ≤ ln

(
x1

x2

λxx2 + λyy2

λxx1 + λyy1

)

︸ ︷︷ ︸
= dH(x,z)

≤ ln

(
x1

x2

y2

y1

)

︸ ︷︷ ︸
= dH(x,y)

. (1.58)

Multiplying (1.56) by y1

y2
yields

y1

y2

x2

x1

≤
y1

y2

λxx2 + λyy2

λxx1 + λyy1

≤
y1

y2

y2

y1

= 1. (1.59)

Inverting (1.59) yields

y2

y1

x1

x2

≥
y2

y1

λxx1 + λyy1

λxx2 + λyy2

≥
y2

y1

y1

y2

= 1. (1.60)

Applying ln to (1.60) and recalling (1.53) and (1.55), we get

ln

(
y2

y1

x1

x2

)

︸ ︷︷ ︸
= dH(x,y)

≥ ln

(
y2

y1

λxx1 + λyy1

λxx2 + λyy2

)

︸ ︷︷ ︸
= dH(z,y)

≥ ln(1) = 0. (1.61)

Using (1.58) and (1.61) we get

dH(x, z) + d(z, y) = ln

(
x1

x2

λxx2 + λyy2

λxx1 + λyy1

)

+ ln

(
y2

y1

λxx1 + λyy1

λxx2 + λyy2

)

= ln

(
x1

x2

λxx2 + λyy2

λxx1 + λyy1

y2

y1

λxx1 + λyy1

λxx2 + λyy2

)

= ln

(
x1

x2

y2

y1

)

= dH(x, y).
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1.11 ≤, Eu, |x|u, < x, z >

As usual, C will denote a closed, convex, pointed by the origin salient cone contained

in a Banach Space, which will be denoted by V or X.

1.11.1 A collection of results for ≤

By Proposition 1.3.0.7 (page 30) the cone C partially orders X if we define ∀x, y ∈ X,

x ≤ y if y − x ∈ C.

The following are easy consequences of the definition of ≤:

Lemma 1.11.1.1. Let w, x, y, z1, z2 ∈ X, X a Banach Space, and let the closed,

convex, salient, pointed by the origin cone C ⊂ X.

1. 0 ≤ x implies x − 0 = x ∈ C

2. x ≤ 0 implies 0 − x = −x ∈ C.

Note. C is salient; i.e. C ∩ −C = {0}, so if x ≤ 0 then x /∈ C unless x = 0.

3. x ≤ y, then −y ≤ −x.

4. x ≤ y and α > 0 then αx ≤ αy.

5. x ≤ y and α > 0 then −αy ≤ −αx.

6. z1 ≤ z2 implies w + z1 ≤ w + z2.

7. Suppose for i = 1, 2 that xi, yi, zi ∈ X. If

x1 ≤ y1 ≤ z1

x2 ≤ y2 ≤ z2
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then (x1 + x2) ≤ (y1 + y2) ≤ (z1 + z2) .

Proof. Parts 1 and 2 are trivial.

Proof of 3. −x − (−y) = y − x ∈ C since x ≤ y.

Proof of 4. αy − αx = α(y − x) ∈ C since y − x ∈ C and C is closed under

non-negative scaling.

Proof of 5. (−αx) − (−αy) = α(y − x) ∈ C since y − x ∈ C and C is closed under

non-negative scaling.

Proof of 6. (w + z2) − (w + z1) = z2 − z1 ∈ C

Proof of 7. We prove x1 + x2 ≤ y1 + y2:

(y1 + y2) − (x1 + x2) = (y1 − x1) + (y2 − x2). But x1 ≤ y1 and x2 ≤ y2 imply

(y1 − x1), (y2 − x2) ∈ C. C is closed under addition, so (y1 − x1) + (y2 − x2) ∈ C. So

x1 + x2 ≤ y1 + y2.

Similarly, y1 + y2 ≤ z1 + z2. Since ≤ is a partial order, this implies x1 + x2 ≤

y1 + y2 ≤ z1 + z2.

The following notation is useful:

Definition 1.11.1.2.

< x, z > = {y ∈ X : x ≤ y ≤ z} = {y ∈ X : y − x ∈ C and z − y ∈ C}

Lemma 1.11.1.3. If sup{‖x‖ : 0 ≤ x ≤ u} < ∞ and α > 0 then

α sup{‖x‖ : 0 ≤ x ≤ u} = sup{‖x‖ : 0 ≤ x ≤ αu} (1.62)

= sup{‖x‖ : −αu ≤ x ≤ 0} (1.63)

= sup{‖x‖ : −αu ≤ x ≤ αu} (1.64)
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1 2 3−1−2−3

1

2

3

−1

−2

−3

x = (−2, 3)

u = (3, 2)

e1 = (1, 0)

Figure 1.2: Two examples of Eα
u = (αu−C)∩ (−αu + C). Example 1: Let C = R2

≥0,
u = (3, 2), and α = 1. Then Eα

u is the closed rectangular region shown. Note |x|u =

inf{α > 0 : −αu ≤ x ≤ αu} = maxi{|xi|/|ui| : ui 6= 0} = max
{

|−2|
|3| , |3|

|2|

}
= 3/2 since

C = R2
≥0. Notice that if we scale the rectangular region by 3/2, its boundary will

contain x. Example 2: Again, let C = R2
≥0 and α = 1, but now let u = e1 = (1, 0),

then Eα
u is the closed line segment shown. See Definitions 1.11.2.2 (page 103) and

1.11.3.6 (page 108).

Proof. {0 ≤ x ≤ u} = < 0, u >, so

Proof of (1.62): x ∈< 0, u > ⇔ αx ∈< 0, αu >

Proof of (1.63): x ∈< 0, u > ⇔ −x ∈< −αu, 0 >

Proof of (1.64): x ∈< −αu, αu > ⇔ x ∈ < −αu, 0 > ∪ < 0, αu > .

1.11.2 Eu and Eα
u

The following two definitions are standard. See for example [76] or [92].
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Figure 1.3: A 3 dimensional example of the formation of Eα
u = (αu−C)∩ (−αu+C):

Let C be the cone C = {(zx, zy, z) : (x, y) ∈ [0, 1] × [0, 1], z ≥ 0}, let u = (.3, .7, 2),
and let α = 1. In Maple, (u − C) and (−u + C) are plotted and shown above.
(Actually only parts of (u − ∂C) and (−u + ∂C) are plotted as C itself is solid and
infinite.) See Definition 1.11.2.2 (page 103) for more on Eα

u .

Definition 1.11.2.1. Let u ∈ C \ {0}. We define Eu as follows:

Eu = {x ∈ X : ∃α > 0, −αu ≤ x ≤ αu}

See Figures 1.2 (page 102), 1.3 (page 103)4 and Definition 1.11.2.2 (page 103).

Definition 1.11.2.2. Let u ∈ C \ {0} and let α > 0 be ∈ R.

Eα
u = {x ∈ X : −αu ≤ x ≤ αu}

The following technical lemma regarding Eα
u and < 0, u > is useful.

Lemma 1.11.2.3. Let α ∈ R be ≥ 0 and u ∈ C \ {0}. Then

1. {x ∈ X : x ≤ αu} = αu − C is closed in X.

4The following Maple commands were used to produce Figure 1.3 (page 103): C := (x, z) →
[z ∗piecewise(0 ≤ x < 1, x, 1 ≤ x < 2, 1, 2 ≤ x < 3, 3−x, 3 ≤ x ≤ 4, 0), z ∗piecewise(0 ≤ x < 1, 0, 1 ≤
x < 2, x − 1, 2 ≤ x < 3, 1, 3 ≤ x ≤ 4, 4 − x), z]; u := [.3, .7, 2];
plot3d({−C(x, z) + u,C(x, z) − u}, x = 0..4, z = 0..4.2, axes = normal );
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2. {x ∈ X : −αu ≤ x} = −αu + C is closed in X.

3. Eα
u = {x ∈ X : −αu ≤ x ≤ αu} = {x ∈ X : −αu ≤ x}

︸ ︷︷ ︸
−αu+C

⋂
{x ∈ X : x ≤ αu}
︸ ︷︷ ︸

αu−C

is

closed in X. (See Figure 1.2 (page 102).)

4. < 0, u >= {x ∈ X : 0 ≤ x ≤ u} is closed in X.

Proof. First we show that {x ∈ X : x ≤ αu} = αu − C

x ≤ αu ⇔ αu − x ∈ C

⇔ αu − x = c for some c ∈ C

⇔ αu − c = x for some c ∈ C

⇔ x ∈ αu − C.

C is closed so Corollary 1.2.2.2 (page 29) guarantees that αu−C and αu+C is closed.

Hence 1. and 2. are proven.

The intersection of two closed sets is closed, so {x ∈ X : −αu ≤ x ≤ αu} is closed.

Hence 3. is proven.

Finally,

< 0, αu >= {x ∈ X : 0 ≤ x}
︸ ︷︷ ︸

closed

⋂
{x ∈ X : x ≤ αu}
︸ ︷︷ ︸

closed

.

Hence 4. is proven.

1.11.3 The component Cu, more on Eu, and | |u

The following definition/notation is standard. See for example [76].

Definition 1.11.3.1. Let u ∈ C \ {0}.

Cu = {c ∈ C \ {0} : dH(u, c) < ∞}.
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Cu is called the component of C containing u. Cu consists of the elements of C \ {0}

which are a finite distance from u.

Theorem 1.11.3.2. Cu is closed under positive linear combinations. Cu is a convex

salient cone.

Proof. Let λf , λg ∈ R both be positive. Suppose f, g ∈ Cu so that

dH(u, f) = dH(u, λff) and dH(u, g) = dH(u, λgg)

are both finite. Then there exists finite αf , βf , αg, βg > 0 such that

αfu ≤ λff ≤ βfu

αgu ≤ λgg ≤ βgu. But then

(αf + αg)u ≤ λff + λgg ≤ (βf + βg)u

by Lemma 1.11.1.1 part 7 (page 100). This implies

dH (λff + λgg, u) < ∞. (1.65)

The general case follows from finite induction.

(1.65) implies Cu is a convex cone. Since Cu ⊂ C and C is salient it follows that

Cu is salient.

Remark 1.11.3.3. We also proved that Cu is a convex salient cone in Theorem 1.8.3.1

(page 76). That proof (page 76) was longer and much less elegant than this proof.

Defining dH via αf ≤ g ≤ βf has its advantages.

Remark 1.11.3.4. Usually Cu is not closed.

Theorem 1.11.3.5. Let u ∈ C \ {0}. Then Eu = Span(Cu).
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Proof. x ∈ Eu implies ∃α > 0 such that −αu ≤ x ≤ αu. This in turn implies

∃c1, c2 ∈ C such that αu − x = c1 and x − (−αu) = c2. We write this nicely as

αu − x = c1 and αu + x = c2. (1.66)

Adding the two equations from (1.66) we get

2αu = c1 + c2 which implies u =
1

2α
c1 +

1

2α
c2. (1.67)

Let

c = 2c1 + c2. (1.68)

By (1.67), (1.68) and Lemma 1.10.1.1 (page 94),

dH(u, c) = dH

(
1

2α
c1 +

1

2α
c2, 2c1 + c2

)

< ∞ (1.69)

since the the coefficients of c1, c2 in (1.69) are all positive. Hence

c ∈ Cu.

Using the definition of c, see (1.68), and the first equation in (1.67) we write c1 as

c1 = (2c1 + c2︸ ︷︷ ︸
c

) − (c1 + c2︸ ︷︷ ︸
2αu

)

= c − 2αu.

From the first equation in (1.66) and using c1 = c − 2αu we express x as linear
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combination of u, c:

x = αu − c1

= αu − (c − 2αu)

= (3α)u − c.

Since u, c ∈ Cu we have shown that x ∈ Span(u, c) ⊂ Span(Cu).

Eu = {x ∈ X : ∃α > 0, −αu ≤ x ≤ αu}

Let x ∈ Span(Cu) \ {0}. This means we can express x as a finite linear combination

of elements from Cu,

x =
n+∑

i=1

β+
i ci

︸ ︷︷ ︸
c

−
n−∑

i=1

β−
i di

︸ ︷︷ ︸
d

with n+, n− non-negative integers, the ci, di ∈ Cu, and the β+
i , β−

i > 0. By Theo-

rem 1.11.3.2 (page 105) c, d ∈ Cu ∪ {0}. So, assuming that c, d 6= 0 there exist finite

αc, βc, αd, βd > 0 such that

αcu ≤ c ≤ βcu (1.70)

αdu ≤ d ≤ βdu. But then, by Lemma 1.11.1.1, part 3 (page 100):

−βdu ≤ −d ≤ −αdu. (1.71)

By Lemma 1.11.1.1, part 7 (page 100) if we sum (1.70) and (1.71) the result is

(αc − βd)u ≤ c − d ≤ (βc − αd)u. (1.72)

Claim 1: (βc − αd)u ≤ |βc − αd|u.

Proof of claim 1: If (βc−αd) ≥ 0 there is nothing to prove. So suppose (βc−αd) <
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0. Then (βc − αd)u ≤ |βc − αd|u because

|βc − αd|u − (βc − αd)u = |βc − αd|u −−|βc − αd|u = 2|βc − αd|u ∈ C

because u ∈ C and C is closed w.r.t. non-negative scaling.

Claim 2: −|αc − βd|u ≤ (αc − βd)u.

Proof of claim 2: If (αc−βd) ≤ 0 there is nothing to prove. So suppose (βc−αd) >

0. Then −|αc − βd|u ≤ (αc − βd)u because

(αc − βd)u −−|αc − βd|u = 2|αc − βd|u ∈ C

because u ∈ C and C is closed w.r.t. non-negative scaling.

Combining (1.72) with claims 1 and 2, we have

−|αc − βd|u ≤ (αc − βd)u ≤ c − d ≤ (βc − αd)u ≤ |βc − αd|u. (1.73)

Let α = max{|αc − βd|, |βc − αd|, 1}. Then α > 0 and

−αu ≤ (x = c − d) ≤ αu.

So x ∈ Eu.

The following definition/notation is standard. See for example [76].

Definition 1.11.3.6. If x ∈ Eu then we define

|x|u = inf{α > 0 : −αu ≤ x ≤ αu}

See Figure 1.2 (page 102).
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Proposition 1.11.3.7. | |u is a norm on Eu. See 5.

Proof. Let k ∈ R and x, y ∈ Eu.

1. (Positive definiteness: |x|u ≥ 0 and |x|u = 0 ⇔ x = 0.)

If x ∈ Eu there exists some α > 0 such that −αu ≤ x ≤ αu so |x|u ≥ 0. C is

closed under positive scaling so for all α > 0 we have the relation: −αu ≤ 0 ≤ αu.

This implies |0|u = 0. If |x|u = 0 then αu − x ∈ C for every α > 0. C is closed so if

we let α → 0 we get −x ∈ C. Similarly, if |x|u = 0 then x − αu ∈ C for every α > 0.

C is closed so if we let α → 0 we get x ∈ C. Since C is salient x = 0.

2. (Positive homogeneity: |kx|u = |k| |x|u.)

If k = 0 then, by 1. |kx|u = 0 = k|x|u and we are done. If k 6= 0, then by

Lemma 1.11.1.1, parts 4 and 5 (page 100), we have:

k > 0 ⇒ −αu ≤ x ≤ αu ⇔ −kαu ≤ kx ≤ kαu.

k < 0 ⇒ −αu ≤ x ≤ αu ⇔ −kαu ≥ kx ≥ kαu.

This implies |kx|u = |k| |x|u

3. (Triangle inequality: |x + y|u ≤ |x|u + |y|u. )

Given ε > 0 there exists αx and αy such that

−αxu ≤ x ≤ αxu (1.74)

−αyu ≤ y ≤ αyu (1.75)

and

|x|u ≤ αx ≤ |x|u + ε/2

|y|u ≤ αy ≤ |y|u + ε/2.

5Nussbaum [76] mentions this in his comments preceding Theorem 1.2, but gives no proof.
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By Lemma 1.11.1.1, part 7, summing (1.74) (1.75) will yield

−(αx + αy)u ≤ x + y ≤ (αx + αy)u

which implies

|x + y|u ≤ (αx + αy)

≤ |x|u + ε/2 + |y|u + ε/2

= |x|u + |y|u + ε.

Letting ε → 0 we get |x + y|u ≤ |x|u + |y|u.

1.11.4 Example: | |u on C = Rn
≥0.

Let C = Rn
≥0 and let u = (u1, u2, . . . , un) ∈ C \ {0}. Suppose x ∈ Eu. Then ∃ α > 0

such that

−αuj ≤ xj ≤ αuj ∀ j = 1, 2, . . . , n ( i.e. x ∈ Eα
u )

and so 0 ≤ |xj| ≤ αuj. Consequently, for those j for which uj = 0, we have xj = 0;

and for those j for which uj > 0 we must have 0 ≤ |xj/uj| ≤ α, so that

|x|u = max{|xj/uj| : uj > 0, j = 1, 2, . . . , n}.

Remark 1.11.4.1. Geometrically, we can think of |x|u as what we must scale the

(possibly n dimensional) rectangle E1
u so that x will become situated on its boundary.

See Figure 1.2 (page 102).
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1.12 Completeness

1.12.1 Introduction to completeness w.r.t. dH

As usual, C will denote a closed, convex, pointed-by-the-origin salient cone contained

in a Banach Space, which will be denoted by V or X.

Definition 1.12.1.1. The following definitions are useful, especially for [92, Lemma

1], which follows: Let R ⊂ C \ {0}.

1. R being a component means if x, y ∈ R then dH(x, y) < ∞

2. The metric space R̂ is (R, ∼) with the metric dH .

3. R̂ being normal means for every x ∈ R that the conical segment

< 0, x >= {z : 0 ≤ z ≤ x}

is bounded in the norm 6.

Proposition 1.12.1.2. Let u ∈ C \ {0}. The component Cu ⊂ X is normal if and

only if < 0, u > is bounded w.r.t. X’s norm.

Proof. If Cu is normal then the definition of normal, Definition 1.12.1.1 (page 111),

immediately implies that < 0, u > is bounded w.r.t. X’s norm (since u ∈ Cu).

Suppose < 0, u > is bounded w.r.t. X’s norm and x ∈ Cu. Since x ∈ Cu we have

dH(x, u) < ∞ and so there exists α, β ∈ (0,∞) such that αu ≤ x ≤ βu. Let B = an

upper bound for ‖< 0, u >‖X = {‖z‖X : z ∈< 0, u >}.

Claim: βB is an upper bound for ‖< 0, βu >‖X .

Proof of Claim: Suppose z ∈< 0, βu >. Then z ∈ C and βu− z ∈ C. Since β > 0

we have β−1z, u − β−1z ∈ C and so β−1z ∈< 0, u >. This implies ‖β−1z‖X < B.

But then ‖z‖X < βB. So the claim is proved.

6This definition of normal is taken word for word from [92, Zabreiko, Krasnosel’skii, and Poko-
rnyi]. Note < 0, x >= {z : 0 ≤ z ≤ x} = {z ∈ C : x − z ∈ C} = C ∩ (x − C).
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Since 0 ≤ x ≤ βu we have < 0, x >⊂< 0, βu > which implies ‖< 0, x >‖X ≤

‖< 0, βu >‖X ≤ βB. Since x ∈ Cu was arbitrary Cu is normal.

In 1971 Zabreiko, Krasnosel’skii, and Pokornyi [92, Lemma 1] proved the following

result about when

R̂ = (R,∼)

will be complete relative to dH :

[92, Lemma 1. Zabreiko, Krasnosel’skii, and Pokornyi] The metric space

R̂ is complete if and only if the component R is normal.

In 1989 Nussbaum [76, Theorem 1.2] gave a modified version of [92, Lemma 1]

which we reproduce here with some minor changes 7:

[76, Theorem 1.2. Nussbaum] Let C be pointed, closed, convex, salient cone

in a Banach space X. Suppose that u ∈ C \ {0} and let Cu denote the component of

C containing u; i.e.

Cu = {x ∈ C : dH(x, u) < ∞}.

Let Ĉu = (Cu, ∼) Then the following statements are equivalent:

1. (Ĉu, dH) = ((Cu, ∼) , dH) is a complete metric space.

2. sup{‖x‖ : 0 ≤ x ≤ u} < ∞. See 8.

3. Eu is a complete normed linear space with respect to |x|u.

7Nussbaum [76, Theorem 1.2] does not use the notation (Cu, ∼) or Ĉu. Instead he uses the
notation Σ = {x ∈ Cu : ‖x‖ = 1}, identifying [x] ∈ (Cu, ∼) with x

‖x‖ , where ‖ ‖ is the underlying

original norm on X (the one that makes X into a Banach Space). We will use the notation Ĉu in
deference to the notation originally used in [92, Zabreiko, Krasnosel’skii, and Pokornyi], or our usual
notation, (Cu, ∼).

8By Proposition 1.12.1.2 (page 111) the condition sup{‖x‖ : 0 ≤ x ≤ u} < ∞ is equivalent to
Cu being normal.
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See Definition 1.11.2.1 (page 102) of Eu and Definition 1.11.3.6 (page 108) of |x|u.

Nussbaum gives no proof of [76, Theorem 1.2]. Instead he cites [92, Lemma 1].

This is fair as the proof given in [92] can be modified to fit Nussbaum’s version. The

only problem is that the proof in [92] leaves out many details, some of which we

supply over the next few sections.

Remark 1.12.1.3. If we allow for dH to be extended to 0 by defining dH(0, f) = ∞ for

f ∈ C \ {0} then R̂ = [0] will be complete and satisfy [76, Theorem 1.2. Nussbaum].

So, in [76, Theorem 1.2. Nussbaum] we could make the condition u ∈ C, rather than

u ∈ C \ {0}. See Section 1.6.3 (page 55) for more details on extending dH to the

origin.

1.12.2
∏∞

n=1

(
1 + 1

2n

)
< e

In this section we prove some technical results.

Lemma 1.12.2.1. Let x ∈ R. Then

1 + x ≤ ex.

The equality holds only if x = 0.

Proof.

ex − (1 + x) =
∞∑

n=2

xn

n!
(1.76)

=
∞∑

n=1

(
x2n

(2n)!
+

x2n+1

(2n + 1)!

)

=
∞∑

n=1

x2n

(2n)!

(

1 +
x

2n + 1

)

(1.77)

If x > 0 it is easy to see that each term in the infinite series (1.76), is positive. If

x = 0 then both 1 + x and ex = 1. If x satisfies −1 < x < 0, then each term in the
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Figure 1.4: If x > −1 then ln(1 + x) < x.

infinite series (1.77), is positive since

1. x 6= 0 implies x2n > 0

2. −1 < x < 0 implies:

1 +
x

2n + 1
> 0

Finally, if x < −1, then (1 + x) < 0 < ex.

Corollary 1.12.2.2. If x > −1. Then

ln(1 + x) ≤ x.

The equality holds only if x = 0. Moreover, ln(1+x) has the same sign as x, so when

x is positive 0 < ln(1 + x) < x; but when x > −1 is negative |x| < | ln(1 + x)|. If

|x| < 1 and n > 0 then ln(1 + xn) ≤ xn with equality holding only if x = 0.

See Figure 1.4 (page 114).

Proof. By Lemma 1.12.2.1 (page 113),

1 + x ≤ ex
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of the product
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with equality holding only if x = 0. Since ln is monotonically increasing

ln(1 + x) ≤ ln (ex) = x

with equality holding only if x = 0. This corollary’s requirement that x > −1 is

due to the domain of ln being the positive reals, this forces the domain of ln(x + 1)

to be x > −1. The other assertions follow trivially from ln(x) > 0 ⇔ x > 1;

ln(x) < 0 ⇔ 0 < x < 1; n > 0, |x| < 1 ⇒ |xn| < 1.

Lemma 1.12.2.3. Let |x| < 1. Then the infinite product

∞∏

n=1

(1 + xn) = (1 + x)
(
1 + x2

) (
1 + x3

)
. . .

converges, moreover

0 <

∞∏

n=1

(1 + xn) ≤ e
x

1−x ,

with equality holding only if x = 0.

See Figure 1.5 (page 115).
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Proof. The result follows relatively easily once we prove that

∞∑

n=1

ln (1 + xn)

is convergent for |x| < 1. There are three cases, x ∈ (−1, 0), x = 0, and x ∈ (0, 1).

Case 1: x ∈ (−1, 0).

x ∈ (−1, 0) and n odd ⇒ xn ∈ (−1, 0)

⇒ 1 + xn ∈ (0, 1)

⇒ ln(1 + xn) ∈ (−∞, 0) (1.78)

x ∈ (−1, 0) and n even ⇒ xn ∈ (0, 1)

⇒ 1 + xn ∈ (1, 2)

⇒ ln(1 + xn) ∈ (0, ln(2)) (1.79)

So the infinite series
∑∞

n=1 ln (1 + xn) is alternating. The Alternating Series test

guarantees convergence if

1. the terms being summed alternate in sign; i.e. if the terms are labeled an, then

an/an+1 < 0,

2. |an| → 0 monotonically if n > N for some integer N > 0.

Condition 1, that the series alternates, has already been verified, see (1.78), (1.79).

Condition 2, is the subject of the following claim.

Claim: If x ∈ (−1, 0) there exists an integer Nx > 0, dependent on x, such that,

with the possible exception of the first Nx terms,

|ln (1 + xn)| → 0 monotonically.
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Proof of Claim : First, suppose that n > 0 is even, so that n + 1 is odd. Then (1.78),

(1.79) imply:

ln(1 + xn) > 0 and 0 < ln(1 + xn+1).
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Hence:

| ln(1 + xn)
︸ ︷︷ ︸

>0

| > | ln(1 + xn+1)
︸ ︷︷ ︸

<0

| ⇔

ln(1 + xn) > − ln(1 + xn+1) ⇔

1 + xn >
1

1 + xn+1
⇔

(1 + xn)(1 + xn+1) > 1 ⇔

1 + xn+1 + xn + xnxn+1 > 1 ⇔

xn+1 + xn + xnxn+1 > 0 ⇔

xn
︸︷︷︸

>0

(x + 1 + xn+1) > 0 ⇔

x + 1 + xn+1 > 0 ⇔

x + xn+1 > −1 ⇔

x(1 + xn) > −1 ⇔

(−x)
︸ ︷︷ ︸

0<(−x)<1

(1 + xn)
︸ ︷︷ ︸
1<(1+xn)<2

< 1 ⇔

1 + xn <
1

(−x)
⇔

xn <
1

(−x)
− 1 ⇔

xn <
1

(−x)
−

(−x)

(−x)
⇔

xn <
1 + x

(−x)
⇔

ln (|x|n) = ln (xn) < ln

(
1 + x

(−x)

)

⇔

n ln (|x|) < ln

(
1 + x

(−x)

)

⇔

n >
ln
(

1+x
(−x)

)

ln (|x|)
⇔

n >
ln(1 + x) − ln(−x)

ln (|x|)
⇔

n >
ln(1 + x) − ln(|x|)

ln (|x|)
= Nx.
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Figure 1.6: The case of n even. Let x ∈ (−1, 0). If the positive even integer n is bigger
than Nx, represented by the dark blue line, then | ln(1 + xn)| > | ln(1 + xn+1)|. The
red and green lines illustrate the case n = 2. The red line is the graph of | ln(1 + x2)|
and the green line is the graph of | ln(1+x3)|. These two lines cross each other at x =
−0.6823, represented by the vertical light blue line, when | ln(1 + x2)| = | ln(1 + x3)|
. Of course N−0.6823 = 2. Notice that Nx is a decreasing function of x.

So we have shown that if n is even and n > Nx then

| ln(1 + xn)| > | ln(1 + xn+1)|. (1.80)

See Figure 1.6 (page 119) for illustrative example of how | ln(1 + xn)| compares with

| ln(1 + xn+1)| for n = 2 and x ∈ (−0.80,−0.35).

Now, suppose that n > 0 is odd, so that n + 1 is even. Then (1.78), (1.79) imply:

ln(1 + xn) < 0 and ln(1 + xn+1) > 0.
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We proceed in the same manner as before.

| ln(1 + xn)
︸ ︷︷ ︸

<0

| > | ln(1 + xn+1)
︸ ︷︷ ︸

>0

| ⇔

− ln(1 + xn) > ln(1 + xn+1) ⇔

1

1 + xn
> 1 + xn+1 ⇔

1 > (1 + xn)(1 + xn+1) ⇔

1 > 1 + xn+1 + xn + xnxn+1 ⇔

0 > xn+1 + xn + xnxn+1 ⇔

0 > xn
︸︷︷︸

>0

(x + 1 + xn+1) ⇔

0 > x + 1 + xn+1 ⇔

−1 > x + xn+1 ⇔

−1 > x(1 + xn) ⇔

1 < (−x)
︸ ︷︷ ︸

0<(−x)<1

(1 + xn)
︸ ︷︷ ︸
0<(1+xn)<1

So we have shown that for all odd n > 0 that

| ln(1 + xn)| > | ln(1 + xn+1)|. (1.81)

Combining (1.80),(1.81) we get: n > Nx implies

| ln(1 + xn)| > | ln(1 + xn+1)|.

So we’ve proven the claim that x ∈ (−1, 0) implies | ln(1 + xn)| → 0 monotonically, if

n > 0 satisfies n > Nx.

Note. It is illustrative to see how the sequence | ln(1 + xn)| behaves for a fixed

value of x ∈ (−1, 0). In Figure 1.7 (page 121) the sequence | ln(1 + (−.9086974)n)|
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Figure 1.7: The sequence | ln(1 + xn)| when x = −.9086974. Once n > Nx = 24 the
sequence | ln(1+ xn)| → 0 monotonically. The solid blue dots, •, represent the points
(n, | ln(1+xn)|) with n = 20, 21, . . . 29. The blue line segments connecting those points
are drawn to help illustrate that once n > Nx = 24 the sequence | ln(1 + xn)| → 0
monotonically, but for n < 24 monotonicity is lacking. Note the difference in behavior
as n goes from even to odd, as compared to when n goes from odd to even.

is plotted for n = 20, 21, . . . , 29. The plot shows how the behavior of that sequence

changes at Nx = 24.

Thus we’ve proved that the two conditions of the Alternating Series Test are

satisfied when x ∈ (−1, 0). Hence, when x ∈ (−1, 0) the series
∑∞

n=1 ln (1 + xn)

converges.

If x = 0 the infinite series
∑∞

n=1 ln (1 + xn) converges to 0 since each term in the

series is zero; i.e. ln (1 + xn) = ln(1) = 0.

If x ∈ (0, 1) then ln (1 + xn) > 0 and the partial sums
∑N

n=1 ln (1 + xn) form an

increasing sequence. So, to show convergence, it suffices to show that the partial sums

have an upper bound. Corollary 1.12.2.2 (page 114), together with x ∈ (0, 1) imply:

0 ≤
N∑

n=1

ln (1 + xn) <
N∑

n=1

xn <
∞∑

n=1

xn =
x

1 − x
. (1.82)
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So we’ve shown
∑∞

n=1 ln (1 + xn) converges for |x| < 1.

Next we show, if |x| < 1 and x 6= 0 then

∞∑

n=1

ln (1 + xn) <
x

1 − x
.

We can see this as follows. By Corollary 1.12.2.2 (page 114), we have ln (1 + xn) < xn.

This implies:

0 < x − ln (1 + x) and 0 ≤
∞∑

n=2

xn −
∞∑

n=2

ln (1 + xn) .

Consequently,

x

1 − x
−

∞∑

n=1

ln (1 + xn) =
∞∑

n=1

xn −
∞∑

n=1

ln (1 + xn)

=

(

x +
∞∑

n=2

xn

)

−

(

ln (1 + xn) +
∞∑

n=2

ln (1 + xn)

)

=



x − ln(1 + x)
︸ ︷︷ ︸

0>0



+









∞∑

n=2

xn −
∞∑

n=2

ln (1 + xn)

︸ ︷︷ ︸
≥0









> 0 (if |x| < 1 and x 6= 0).

If x 6= 0 and |x| < 1 we have

x

1 − x
>

∞∑

n=1

ln (1 + xn) .
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Then, since the function ex is monotonically increasing and continuous, we have:

e
x

1−x > e
∑∞

n=1 ln(1+xn)

= elimN→∞
∑N

n=1 ln(1+xn)

= lim
N→∞

e
∑N

n=1 ln(1+xn)

= lim
N→∞

N∏

n=1

eln(1+xn)

= lim
N→∞

N∏

n=1

(1 + xn)

=
∞∏

n=1

(1 + xn).

If x = 0, we trivially have e
x

1−x =
∏∞

n=1 (1 + xn) = 1.

Corollary 1.12.2.4.
∞∏

n=1

(

1 +
1

2n

)

< e

Proof. When x = 1/2

x

1 − x
= 1,

the result then follows from Lemma 1.12.2.3 (page 115).

1.12.3 Proof of Completeness Theorem for dH

We now are ready to address Nussbaum’s version of Zabreiko, Krasnosel’skii, and

Pokornyi’s [92, Lemma 1.] result 9 on completeness w.r.t. dH which is introduced in

Section 1.12.1 (page 111):

9[92, Zabreiko, Krasnosel’skii, and Pokornyi, Lemma 1] The metric space R̂ is complete if and
only if the component R is normal. Normal means for every x ∈ R ⊂ X, X a Banach Space, that
the conical segment < 0, x >= {z : 0 ≤ z ≤ x} is bounded w.r.t. X’s norm.
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Theorem 1.12.3.1. Let C be pointed, closed, convex, salient cone in a Banach space

X. Suppose that u ∈ C \{0} and let Cu denote the component of C containing u; i.e.

Cu = {x ∈ C : dH(x, u) < ∞}.

Let Ĉu = (Cu, ∼). Then the following statements are equivalent:

1. (Ĉu, dH) = ((Cu, ∼) , dH) is a complete metric space.

2. sup{‖x‖ : 0 ≤ x ≤ u} < ∞.

3. Eu is a complete normed linear space with respect to |x|u.

See Definition 1.11.2.1 (page 102) of Eu and Definition 1.11.3.6 (page 108) of |x|u.

For us, the important direction is 2 ⇒ 1:

sup{‖x‖ : 0 ≤ x ≤ u} < ∞ ⇒ Ĉu complete w.r.t. dH ;

and we provide a detailed proof of that direction. Our proof is based on the origi-

nal proof appearing in [92, Zabreiko, Krasnosel’skii, and Pokornyi, Lemma 1]. The

difference is we provide details. See 10.

Proof. We prove 2 ⇒ 1. The proof is lengthy and will be broken into lemmas and

propositions.

Proposition 1.12.3.2. sup{‖x‖ : 0 ≤ x ≤ u} < ∞ implies Eu is a complete normed

linear space with respect to |x|u.

Remark. Proposition 1.12.3.2 and a brief version of the following proof appear in

Krasnosel’skii [62, Theorem 1.3].

10Unfortunately, I am unable to follow a part of the proof in [92, Zabreiko, Krasnosel’skii, and
Pokornyi, Lemma 1] in in the direction 1 ⇒ 2: i.e. Ĉu complete w.r.t. dH ⇒ sup{‖x‖ : 0 ≤ x ≤
u} < ∞. See [92, Lemma 1.].
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Proof. Let {xn}∞n=1 be cauchy in Eu w.r.t. | |u.

Then ∃ αn > 0, αn → 0, such that m > 0 implies

−αnu ≤ xn+m − xn ≤ αn.

Hence

xn+m − xn ∈ < −αnu, αnu >

and so by Lemma 1.11.1.3 (page 101), (1.62) and (1.64)

‖xn+m − xn‖ ≤ αn sup{‖x‖ : 0 ≤ x ≤ u}.

Since sup{‖x‖ : 0 ≤ x ≤ u} is fixed, m > 0 is arbitrary, and αn → 0, it follows that

{xn}∞n=1 is cauchy in X. X is complete so xn converges w.r.t. ‖ ‖ to some x∗ ∈ X.

Since

−αnu + C and αnu − C

are closed in X, and since

< −αnu, αnu >= (−αnu + C)
⋂

(αnu − C)

it follows that < −αnu, αnu > is closed in X. Hence x∗ ∈< −αnu, αnu >⊂ Eu. So

Eu is complete.

Proposition 1.12.3.3. If sup{‖x‖ : 0 ≤ x ≤ u} < ∞ and xn → x in Eu w.r.t. the

u-norm, then xn → x in Eu w.r.t. X’s usual norm, ‖ ‖.

Proof. Since xn → x in Eu w.r.t. the u-norm there exist αn > 0, αn → 0 such that

−αnu ≤ x − xn ≤ αnu.
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But then

‖x − xn‖ ≤ αn sup{‖x‖ : 0 ≤ x ≤ u}.

So xn → x w.r.t. X’s usual norm.

The following proposition, Proposition 1.12.3.4, finishes the proof of Theorem 1.12.3.1

in the 2 ⇒ 1 direction. It also proves, with the help of Proposition 1.12.1.2, that Cu

normal implies (Cu, ∼) is complete w.r.t. dH .

Proposition 1.12.3.4. sup{‖x‖ : 0 ≤ x ≤ u} < ∞ implies Ĉu is complete with

respect to dH .

Notation: Ĉu = (Cu, ∼) and x̂n = [xn].

Proof. Preliminaries. Let {x̂n}∞n=1 be cauchy in Ĉu.

Since {x̂n}∞n=1 is cauchy, to prove that {x̂n}∞n=1 converges, it suffices to show that

that a subsequence of {x̂n}∞n=1 converges. Moreover, since {x̂n}∞n=1 is cauchy, no

matter how fast εk → 0, provided each εk > 0, we can always find a subsequence

{x̂nk
}∞nk=1 satisfying:

dH(x̂nk
, x̂nk+1

) < εk.

It turns out, that if εk = ln
(
1 + (1/2)k

)
then it is relatively easy to show convergence.

However, to avoid unnecessarily complicated subscripting we will not work with

the subsequence {x̂nk
}∞nk=1. Rather, we will prove the following:

If {x̂n}∞n=1 is a cauchy sequence in Ĉu which satisfies

dH(x̂n, x̂n+1) < εn = ln

(

1 +
1

2n

)

.

Then {x̂n}∞n=1 converges.

Our strategy will be to positively scale each of the xn in such a way so that the

resulting sequence {zn}∞n=1 is cauchy in Eu w.r.t. the u-norm. The assumption that

sup{‖x‖ : 0 ≤ x ≤ u} < ∞ implies that Eu is complete w.r.t. the u-norm. So the
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aforementioned cauchy sequence {zn}∞n=1 will converge to some z∗ ∈ Eu. Finally, it

will be shown that ẑ∗ ∈ Ĉu and that x̂n → ẑ∗.

The Proof proper. Suppose that {x̂n}∞n=1 is a cauchy sequence in Ĉu and that

dH(x̂n, x̂n+1) < εn.

Since x1 ∈ Cu there exists α0, β0 > 0 such that

α0u ≤ x1 ≤ β0u (1.83)

So

u ≤
1

α0

x1 (1.84)

For n = 1, 2, 3, . . . we have dH(x̂n, x̂n+1) < εn. So, for n = 1, 2, 3, . . . ∃ αn, βn > 0

with

αnxn ≤ xn+1 ≤ βnxn and ln(βn/αn) < εn (1.85)

The condition ln(βn/αn) < εn implies that βn

αn
< eεn . This in turn implies that

βn

αn

xn ≤ eεnxn. (1.86)

This suggests that we divide the first set of inequalities in (1.85) by αn. Doing so we

get,

xn ≤
1

αn

xn+1 ≤
βn

αn

xn,

which implies, due to the inequality (1.86), that

xn ≤
1

αn

xn+1 ≤ eεnxn. (1.87)

Dividing (1.87) by 1
α0α1...αn−1

we get

1

α0α1 . . . αn−1

xn ≤
1

α0α1 . . . αn−1

1

αn

xn+1 ≤
1

α0α1 . . . αn−1

eεnxn. (1.88)
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Keeping in mind (1.88), we define for n = 1, 2, 3, . . .

zn =
1

α0α1 . . . αn−1

xn

By (1.84) and the definition of zn we have:

0 ≤ u ≤
1

α0

x1 = z1 (1.89)

From (1.88) it is clear that for n = 1, 2, . . . that we have:

zn ≤ zn+1 ≤ eεnzn. (1.90)

Combining (1.89) with iterates of “zn ≤ zn+1” implies that for all n ≥ 1 and for all

m ≥ 0,

0 ≤ u ≤ zn ≤ zn+m (1.91)

If n ≥ 3, (1.90) implies:

zn ≤ eεn−1zn−1 and zn−1 ≤ eεn−2zn−2. (1.92)

Combining the two inequalities from (1.92) we get

zn ≤ eεn−1eεn−2zn−2. (1.93)

Continuing in this fashion it is clear from (1.92) and (1.93) that

zn ≤ eεn−1eεn−2 . . . eε1z1, (1.94)

provided n ≥ 3. It is useful to define ε0 = 0 so that eε0 = 1 and then to write (1.94)
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as

zn ≤ eεn−1eεn−2 . . . eε1eε0z1, (1.95)

If n = 2, (1.95) becomes:

z2 ≤ eε1eε0z1 = eε1z1

which is true by (1.90). If n = 1, (1.95) becomes:

z1 ≤ eε0z1 = z1

which is trivially true. So (1.95) is true for all n ≥ 1.

Subtracting zn from the terms in (1.90) yields

0 ≤ zn+1 − zn ≤ (eεn − 1)zn. (1.96)

Let m ≥ 1, n ≥ 1, change n to k in (1.96), and then sum the inequality in (1.96)

from n to n + m − 1. This results in:

0 ≤
n+m−1∑

k=n

(zk+1 − zk)

︸ ︷︷ ︸
(zm+n)−(zn)

≤
n+m−1∑

k=n

(eεk − 1)zk (1.97)

Note. The first sum in (1.97) is telescoping.

By (1.95)

zk ≤

(
k−1∏

j=0

eεj

)

z1 (1.98)

for all k ≥ 1. Substituting (1.98) into (1.97) yields

0 ≤ zn+m − zn ≤
n+m−1∑

k=n

(

(eεk − 1)

(
k−1∏

j=0

eεj

)

z1

)

, (1.99)

provided n,m ≥ 1.
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Let δn = eεn − 1 for n = 0, 1, 2, . . ., then

1 + δn = eεn and ln(1 + δn) = εn. (1.100)

We rewrite (1.99) in terms of δn: for n,m ≥ 1 we have,

0 ≤ zn+m − zn ≤
n+m−1∑

k=n

(

δk

(
k−1∏

j=0

(1 + δj)

)

z1

)

=

(
n+m−1∑

k=n

δk

(
k−1∏

j=0

(1 + δj)

))

z1. (1.101)

Furthermore, since each δk ≥ 0 and since each 1+ δj ≥ 1, it follows from (1.101) that

for n,m ≥ 1:

0 ≤ zn+m − zn ≤

(
∞∑

k=n

(

δk

∞∏

j=0

(1 + δj)

))

z1. (1.102)

Remark. It is worthwhile to forget, for just a moment, that we have already

defined εn. If the condition on εn was simply that εn → 0, this would guarantee

that δn = eεn − 1 → 0, but it wouldn’t insure the convergence of the infinite series

and product appearing in (1.102). However, if δn → 0 sufficiently fast, for example

if δn = (1/2)n, then the infinite series and product in (1.102) converges, as shown

below.

Recall, for n = 1, 2, 3, . . . that εn = ln
(
1 + 1

2n

)
= ln (1 + δn), so δn = (1/2)n.

When n = 0, we’ve defined ε0 = 1 so δ0 = 0.

By Corollary 1.12.2.4,

∞∏

j=0

(1 + δj) = (1 + 0)
∞∏

j=1

(

1 +
1

2j

)

< e, (1.103)
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and by elementary algebra, for n ≥ 1, we have,

∞∑

k=n

δk =
∞∑

k=n

(1/2)k =
(1/2)n

1 − (1/2)
= (1/2)n−1. (1.104)

So the infinite series and product appearing in (1.102) converge. Pluging (1.103) and

(1.104) into (1.102) yields:

0 ≤ zn+m − zn ≤ (1/2)n−1 e z1, (1.105)

which holds for n ≥ 1 and for all m ≥ 0. When m = 0, (1.105) is trivially true.

By (1.105), zn is cauchy in Eu w.r.t. the u-norm. We are assuming

sup{‖x‖ : 0 ≤ x ≤ u} < ∞.

By Proposition 1.12.3.2, sup{‖x‖ : 0 ≤ x ≤ u} < ∞ guarantees that Eu is complete

w.r.t. the u-norm. Hence, zn → z∗ for some z∗ ∈ Eu, w.r.t. the u-norm.

Since zn, u ∈ Eu we have zn − u ∈ Eu. Since u ≤ zn we have zn − u ∈ C. We’ve

shown that zn → z∗ w.r.t. the u-norm. This implies that zn − u → z∗ − u w.r.t the

u-norm. Then, by Proposition 1.12.3.3, we have zn − u → z∗ − u w.r.t X’s usual

norm, ‖ ‖. But C is closed w.r.t ‖ ‖, so z∗ − u ∈ C. Hence u ≤ z∗. Moreover, since

0 ≤ u, it follows that 0 ≤ z∗; i.e. z∗ ∈ C.

Since zn → z∗ w.r.t. to the u-norm, ∃α′
n > 0 such that α′

n → 0 and

−α′
nu ≤ zn − z∗ ≤ α′

nu.

This implies:

z∗ − α′
nu ≤ zn ≤ z∗ + α′

nu.
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But u ≤ z∗, so

z∗ − α′
nz∗ ≤ z∗ − α′

nu ≤ zn ≤ z∗ + α′
nu ≤ z∗ + α′

nz∗.

So,

(1 − α′
n)z∗ ≤ zn ≤ (1 + α′

n)z∗.

Hence

dH(ẑn, ẑ∗) ≤ ln

(
1 + α′

n

1 − α′
n

)

< ∞

which goes to zero. Hence, ẑn → ẑ∗ w.r.t dH .

x̂n ∈ Ĉu, so

dH(x̂n, û) < ∞.

zn is a positive multiple of xn, so ẑn = x̂n. So

dH(ẑn, û) = dH(x̂n, û) < ∞.

Consequently,

dH(ẑ∗, û) ≤ dH(ẑn, ẑ∗) + dH(ẑn, û) < ∞.

So ẑ∗ ∈ Ĉu.

Since ẑn = x̂n, and since ẑn → ẑ∗ w.r.t dH , it follows that x̂n → ẑ∗ w.r.t dH .

So the proof of Theorem 1.12.3.1 in the 2 ⇒ 1 direction is finished.

1.12.4 Using normality to show completeness

Proposition 1.12.4.1. Suppose C has the following property:

if x, y ∈ C and x ≤ y then ‖x‖ ≤ ‖y‖ (1.106)

132



Then, if u ∈ C \ {0}, the component Cu = {x ∈ C : dH(x, u) < ∞} will be normal;

i.e.

sup{‖x‖ : 0 ≤ x ≤ u} < ∞ (1.107)

and (Cu, ∼) will be complete w.r.t. dH .

Proof. If x, u satisfies 0 ≤ x ≤ u (see (1.107)), then x, u ∈ C and x ≤ u, so property

(1.106) implies ‖x‖ ≤ ‖u‖. But then

sup{‖x‖ : 0 ≤ x ≤ u} ≤ ‖u‖ < ∞

and so, by Proposition 1.12.1.2 (page 111), Cu is normal. Hence, by Theorem 1.12.3.1,

(Cu, ∼) is complete.

Corollary 1.12.4.2. Let C = Rn
≥0. Let u ∈ C \{0}. Then (Cu, ∼) is complete w.r.t.

dH .

Proof. See 11. Suppose x, y ∈ C and x ≤ y.

Then x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) with xi, yi ≥ 0; i = 1, . . . , n.

If x ≤ y then y−x ∈ C. So yi−xi ≥ 0 which implies yi ≥ xi. But then ‖y‖ ≥ ‖x‖.

Corollary 1.12.4.1 (page 132), implies (Cu,∼) is complete w.r.t. dH .

Corollary 1.12.4.3. Let L be the Banach Space of continuous functions (on some

compact set) with the norm ‖f‖ = sup |f(x)|. Let L+ ⊂ L be the cone of non-negative

functions. Let u ∈ L+ \ {0}. Then (Cu, ∼) is complete w.r.t. dH . See 12.

Proof. It is easy to see that L+ is a convex, salient, pointed by the origin cone. Clearly

f ≤ g, meaning g− f ∈ L+, implies ‖f‖ ≤ ‖g‖. Corollary 1.12.4.1 (page 132) implies

(Cu,∼) is complete w.r.t. dH .

11For an alternative proof, based upon the compacteness of closed balls in Rn, see Proposi-
tion 1.12.4.4 (page 134) and its corollary, Corollary 1.12.4.5 (page 135).

12Birkhoff uses the set of identically positive functions contained in L+ as an example of a con-
nected component w.r.t. dH . See Example 2 [12]. Note ‖f‖ = ‖f‖∞.
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Proposition 1.12.4.4. Suppose that for each r > 0 the closed ball of radius r, Br,

is compact. Then every component Cu is normal and thus complete.

Proof. Suppose that u ∈ C \ {0} and the component Cu is not normal.

Then there exists a sequence {cn}∞n=1 with 0 ≤ cn ≤ u such that ‖cn‖ → ∞ as

n → ∞. We can assume that each ‖cn‖ ≥ 1.

0 ≤ cn ≤ u implies cn, u − cn ∈ C. C is closed under positive scaling so

cn

‖cn‖
,

u − cn

‖cn‖
∈ C. (1.108)

The norm applied to (1.108) yields:

∥
∥
∥
∥

cn

‖cn‖

∥
∥
∥
∥ = 1 (1.109)

and

∥
∥
∥
∥
u − cn

‖cn‖

∥
∥
∥
∥ =

∥
∥
∥
∥

u

‖cn‖
−

cn

‖cn‖

∥
∥
∥
∥

=

∥
∥
∥
∥

u

‖cn‖
+ −

cn

‖cn‖

∥
∥
∥
∥

≤

∥
∥
∥
∥

u

‖cn‖

∥
∥
∥
∥+

∥
∥
∥
∥−

cn

‖cn‖

∥
∥
∥
∥

=
‖u‖
‖cn‖

+
‖cn‖
‖cn‖

≤ ‖u‖ + 1. (1.110)

Let ‖u‖ + 1 = r. (1.108) combined with (1.110) implies

u

‖cn‖
−

cn

‖cn‖
∈ Br ∩ C.

Br is compact and C is closed so Br ∩ C is compact. The compactness of Br ∩ C
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implies the infinite sequence

{
u

‖cn‖
−

cn

‖cn‖

}∞

n=1

has a convergent subsequence

{
u

‖cnk
‖
−

cnk

‖cnk
‖

}∞

k=1

(1.111)

whose limit exists and is in C ∩ Br. ‖cnk
‖ → ∞ as k → ∞ and ‖u‖ is fixed so

lim
k→∞

(
u

‖cnk
‖
−

cnk

‖cnk
‖

)

= lim
k→∞

−
cnk

‖cnk
‖

= − lim
k→∞

cnk

‖cnk
‖

∈ C ∩ Br. (1.112)

Let S1 = {v ∈ V : ‖v‖ = 1} be the unit sphere in V . B1 is compact (by assumption)

and thus closed. S1 is B1 minus the open unit ball. So S1 is closed. C is closed so

S1 ∩ C is closed.

(1.108) combined with (1.109) implies

cnk

‖cnk
‖

∈ S1 ∩ C. (1.113)

S1∩C is closed so (1.113) combined (1.112) implies that there exists a vector c ∈ S1∩C

such that

lim
k→∞

cnk

‖cnk
‖

= c

(1.112) also implies that −c ∈ C ∩ Br. So c ∈ C ∩ −C. Since C is salient, c = 0.

However c ∈ S1 so ‖c‖ = 1 and so c 6= 0. So we arrive at a contradiction.

Consequently the component Cu must have been normal. So, by Theorem 1.12.3.1

(page 123), (Cu, ∼) is complete.

Corollary 1.12.4.5. Let C be any convex, salient, closed, pointed-by-the-origin cone

in Rn. Let u ∈ C \ {0} Then (Cu, ∼) is complete w.r.t. dH .
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Proof. In Rn the closed balls of radius r are compact. Apply Proposition 1.12.4.4

(page 134).
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Chapter 2

Linear Maps and the Hilbert

Projective Metric dH

2.1 The linear map P as a fractional linear trans-

formation.

2.1.1 Introduction

Let P be a linear map of the Banach Space V to itself which also takes the closed,

salient, pointed cone C ⊂ V to itself. Following Birkhoff’s notation, we will also let

P represent the map of C/ ∼ to itself which is induced by the linear map P. See 1.

We want to know under which conditions will P on (C \ {0}) / ∼ be a contraction

map w.r.t. the Hilbert Projective Metric dH .

The following section is collection of technical results which will help us to under-

stand the action of P on two dimensional cones.

1If f ∈ C then the equivalence class of f w.r.t ∼ is the ray [f ] = {λf : λ > 0}. When P is acting
on a vector f ∈ V we write fP . When P is acting on an equivalence class [f ] ∈ C/ ∼ we write P ([f ])
and define P ([f ]) = [fP ]. If f ′ ∈ [f ] then f ′ = λ′f for some λ′ > 0. But then using the linearity of
P (the linear map P on V ), we get P ([f ′]) = [(f ′)P ] = {λ((λ′f)P ) : λ > 0} = {λλ′(fP ) : λ > 0} =
{λ(fP ) : λ > 0} = [fP ]. So the induced map P is well defined.
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2.1.2 Theorems about P on Span(f, g)
⋂

C

Theorem 2.1.2.1. Let P be a linear map of the Banach Space V to itself which also

takes the cone C to itself. We assume that C is a closed pointed convex salient cone

whose point is the origin of V . Suppose f, g ∈ C are linearly independent and that

fP, gP ∈ C are linearly independent.

1. There exists b1, b2 ∈ ∂ (Span(f, g)
⋂

C) which are linearly independent, and there

exists b1′ , b2′ ∈ ∂ (Span(fP, gP )
⋂

C) which are linearly independent, such that

Span(f, g)
⋂

C = {αb1 + βb2 | α, β ≥ 0} (2.1)

Span(fP, gP )
⋂

C = {αb1′ + βb2′ | α, β ≥ 0}. (2.2)

Moreover

P : Span(f, g)
⋂

C → Span(fP, gP )
⋂

C. (2.3)

2. With respect to the ordered basis b1, b2 of Span(f, g) and the ordered basis b1′ , b2′

of Span(fP, gP ), the following two equations

b1P = db1′ + bb2′ (2.4)

b2P = cb1′ + ab2′ (2.5)

uniquely determine a, b, c, d ∈ R. Moreover, it is the case that a, b, c, d ≥ 0 and

ad − bc 6= 0.

3. Suppose that x ∈ Span(f, g)
⋂

C. Then, w.r.t. the ordered basis b1, b2 of

Span(f, g) there exists uniquely x1, x2 ≥ 0 such that

x = x1b1 + x2b2.
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xP ∈ Span(fP, gP )
⋂

C, and w.r.t. the ordered basis b1′ , b2′ of Span(fP, gP )

there exists uniquely (xP )1′ , (xP )2′ ≥ 0 such that

xP = (xP )1′b1′ + (xP )2′b2′ .

We can calculate (xP )1′ , (xP )2′ by simple matrix multiplication






d c

b a











x1

x2




 =






dx1 + cx2

bx1 + ax2




 =






(xP )1′

(xP )2′




 . (2.6)

The matrix of a, b, c, d appearing in the LHS of Equation 2.6 is uniquely deter-

mined (i.e. independent of x) once b1, b2 and b1′ , b2′ are chosen.

4. Suppose that x, y ∈ Span(f, g)
⋂

C \ {0} so that (by part 1 of this Theorem)

x = x1b1 + x2b2

y = y1b1 + y2b2

with x1, x2, y1, y2 ≥ 0. Then 0 < dH(x, y) < ∞ if and only if x, y are linearly

independent and x1, x2, y1, y2 > 0.

5. Recall that we are assuming that fP, gP are linearly independent.

a) If x, y ∈ Span(f, g)
⋂

C \{0} and 0 < dH(x, y) < ∞ then xP, yP are linearly

independent and

0 < (xP )1′ , (xP )2′ , (yP )1′ , (yP )2′ < ∞ and so

0 <
x2

x1

,
y2

y1

,
(xP )2′

(xP )1′
,

(yP )2′

(yP )1′
< ∞. (2.7)

Yielding

0 < dH(xP, yP ) < ∞.
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b) The equivalence relation ∼, where x ∼ y if x = λy for some λ > 0, partitions

Span(f, g)
⋂

C \ {0} into equivalence classes. The equivalence class of x is

denoted [x] so [x] = {λx : λ > 0}. Geometrically, [x] is an open ray originating

at the origin.

Once we have specified a choice of b1, b2, we can express each x ∈ Span(f, g)
⋂

C\

{0} uniquely in the form x = x1b1 + x2b2 and associate [x] with the ratio

x2/x1 ∈ [0,∞]. In particular, the map

m :
(
Span(f, g)

⋂
C \ {0}

)
/ ∼ 7→ [0,∞] (2.8)

by m([x]) = x2/x1

is well defined (i.e. invariant w.r.t. the vectors in [x] and determinate) and is

bijective 2. Note, m([b1]) = 0/1 = 0 and m([b2]) = 1/0 = ∞. See 3

c) The function γ(s, t) = ([b1 + sb2], [b1 + tb2]) maps the set

{(s, t) ∈ (0,∞) × (0,∞) | s 6= t}

bijectively to

{
([u], [v]) ∈

(
Span(f, g)

⋂
C \ {0}

)
/ ∼

∣
∣
∣ 0 < dH([u], [v]) < ∞

}
.

Before we prove Theorem 2.1.2.1 we have the following definition and remarks:

Definition 2.1.2.2. We call a linearly independent pair of vectors b1, b2 ends for a

cone K if K = {αb1 + βb2 : α, β ≥ 0}.

2Intuitively, we are mapping the ray [x] to its slope x2/x1 relative to a coordinate system deter-
mined by b1, b2. See Figure 2.1 (page 150).

3Birkhoff calls [0,∞] with the Hilbert Metric dH(x, y) = | ln(x/y)| for x, y ∈ [0,∞] the hyperbolic
line. See [12]. It can be shown that not only is m a bijection, but that it is actually an isometry.
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Remark 2.1.2.3. The vectors b1, b2, resp. b1′ , b2′ , are ends for the 2 dimensional cones

described in the first part of this theorem. I.e. from (2.1) and (2.2) we have the two

dimensional cones:

Span(f, g)
⋂

C = {αb1 + βb2 | α, β ≥ 0}

Span(fP, gP )
⋂

C = {αb1′ + βb2′ | α, β ≥ 0}.

Remark 2.1.2.4. It can be shown that if b1, b2 are ends for a cone K then b1, b2 ∈ ∂K.

Proof. 1. If f, g ∈ C are linearly independent and fP, gP ∈ C are linearly indepen-

dent, Theorem 1.4.0.2 (page 42) and Proposition 1.4.2.1 (page 46) imply that there

exists b1, b2 ∈ ∂ (Span(f, g)
⋂

C) which are linearly independent, and that there exists

b1′ , b2′ ∈ ∂
(
Span(fP, gP )

⋂
C
)

which are also linearly independent, such that

Span(f, g)
⋂

C = {αb1 + βb2 | α, β ≥ 0} (2.9)

Span(fP, gP )
⋂

C = {αb1′ + βb2′ | α, β ≥ 0}. (2.10)

Since P is linear, P takes linear combinations of f, g to linear combinations of fP, gP .

This, together with P : C → C, implies (2.3).

2. b1, b2 ∈ Span(f, g)
⋂

C so b1, b2 are linear combinations of f, g. Since P is linear,

b1P, b2P are linear combinations of fP, gP . This, combined with P : C → C, implies

that b1P, b2P ∈ Span(fP, gP )
⋂

C. Then, by Equation (2.10) ∃ a, b, c, d ≥ 0 such

that Equations (2.4) and (2.5) hold.

Next we show that ad − bc 6= 0.

Suppose not, suppose ad = bc. If a 6= 0 and we multiply Equation (2.4) by a and
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Equation (2.5) by b we get

ab1P = adb1′ + abb2′ (2.11)

bb2P = bcb1′ + bab2′ . (2.12)

But then ab1P = bb2P and so

b1P =
b

a
b2P

which implies that b1P, b2P are linearly dependent.

If a = 0 then ad - bc = 0 implies b and/or c = 0.

If a = b = 0, then Equations (2.4) and (2.5) become

b1P = db1′ (2.13)

b2P = cb1′ (2.14)

which implies that b1P, b2P are linearly dependent.

If a = c = 0, then Equations (2.4) and (2.5) become

b1P = db1′ + bb2′ (2.15)

b2P = 0. (2.16)

which implies b1P, b2P are linearly dependent.

So ad-bc = 0 implies that b1P, b2P are linearly dependent in all cases. But then

fP, gP are linearly dependent, since P is linear and f and g are linear combinations

of b1, b2. But this contradicts our assumption that fP, gP are linearly independent.

So it must have been the case that ad − bc 6= 0.

Finally a,b,c,d are unique since b1′ , b2′ are linearly independent.

142



3. Part 1 of this theorem implies, for x ∈ Span(f, g) ∩ C, the existence and

uniqueness and non-negativity of the representations

x = x1b1 + x2b2

xP = (xP )1′b1′ + (xP )2′b2′ .

Part 2 of this theorem implies ∃ a, b, c, d ≥ 0 such that

b1P = db1′ + bb2′ (2.17)

b2P = cb1′ + ab2′ . (2.18)

Equations (2.17) and (2.18) imply for x ∈ Span(f, g) ∩ C that

xP = (x1b1 + x2b2)P

= x1(db1′ + bb2′) + x2(cb1′ + ab2′)

= (x1d + x2c)b1′ + (x1b + x2a)b2′ (2.19)

= (xP )1′ b1′ + (xP )2′ b2′ . (2.20)

But then 




d c

b a











x1

x2




 =






x1d + x2c

x1b + x2a




 =






(xP )1′

(xP )2′




 .

Hence Equation (2.6) holds.

4. We first assume that 0 < dH(x, y) < ∞. Definition 1.6.2.1 (page 54) of dH(x, y)

depends upon whether x, y are linearly independent: if x, y are linearly dependent and

non-zero then dH(x, y) = 0. Thus, 0 < dH(x, y) implies x, y are linearly independent.

If x, y are linearly independent the definition of dH(x, y) requires that we express

x, y in terms of an ordered basis b∗1, b
∗
2 for Span(x, y), with b∗1, b

∗
2 ∈ ∂ (Span(x, y)

⋂
C).
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Such a basis exists by Theorem 1.4.0.2 (page 42) and Proposition 1.4.2.1 (page 46).

We can use b1, b2 from (2.9) of Part 1. of this theorem for b∗1, b
∗
2 since Span(x, y) =

Span(f, g). See 4.

Since x, y ∈ Span(f, g)
⋂

C, (2.9) gives us

x = x1b1 + x2b2 (2.21)

y = y1b1 + y2b2 (2.22)

with x1, x2, y1, y2 ≥ 0. Definition 1.6.2.1 (page 54) of dH , together with (2.21) and

(2.22), and our assumption that 0 < dH(x, y) < ∞, yield

dH(x, y) =

∣
∣
∣
∣ln

(
x2

x1

y1

y2

)∣∣
∣
∣ < ∞.

Now we will show that x1, x2, y1, y2 > 0. First, suppose x1 = 0. If this is the case

then x2 6= 0, since we are assuming that x, y 6= 0. Since x, y are linearly independent,

we can’t have y1 = 0 if x1 = 0. Since d(x, y) < ∞ we can’t have y2 = 0. But then

x2, y1, y2 > 0 and

x2

x1

y1

y2

=
x2

0

y1

y2

= ∞ ⇒ d(x, y) = ∞,

which contradicts d(x, y) < ∞. So x1 6= 0. Similar arguments show that all of

x1, x2, y1, y2 > 0.

Next, we assume that x, y are linearly independent and x1, x2, y1, y2 > 0 w.r.t.

b1, b2. But then, as above, Definition 1.6.2.1 (page 54) of dH implies that

dH(x, y) =

∣
∣
∣
∣ln

(
x2

x1

y1

y2

)∣∣
∣
∣ . (2.23)

4x, y ∈ Span(f, g) implies Span(x, y) ⊂ Span(f, g), but x, y are linearly independent, so
Span(x, y) = Span(f, g).
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Direct substitution of x1, x2, y1, y2 > 0 into (2.23) immediately yields

0 ≤ d(x, y) < ∞.

If 0 = d(x, y) then Equation (2.23) and x1, x2, y1, y2 > 0 imply

x2

x1

y1

y2

= 1 ⇒

x2

x1

=
y2

y1

. (2.24)

But then

1

x1

x =
x1

x1

b1 +
x2

x1

b2 = b1 +
x2

x1

b2

1

y1

y =
y1

y1

b1 +
y2

y1

b2 = b1 +
y2

y1

b2,

combined with (2.24), implies that

1

x1

x =
1

y1

y,

which implies x, y are linearly dependent. But that contradicts our assumption that

x, y are linearly independent. So 0 = d(x, y) is not possible with our assumptions.

5a. By Part 4 of this theorem the assumption 0 < dH(x, y) < ∞ implies that x, y are

linearly independent and x1, x2, y1, y2 > 0. Since the pair x, y is linearly independent

and x, y ∈ Span(f, g) it follows that Span(x, y) = Span(f, g). The linearity of P

then implies Span(xP, yP ) = Span(fP, gP ), which in turn implies the pair xP, yP is

linearly independent.
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By Part 3 of this theorem

(xP )1′ = dx1 + cx2 (2.25)

(xP )2′ = bx1 + ax2. (2.26)

Equation (2.25) can be used to prove (xP )1′ > 0 as follows. Since xP ∈ Span(f, g)
⋂

C

we have (xP )1′ ≥ 0. Since x1, x2 > 0, it is immediate from Equation (2.25) that

(xP )1′ = 0 only if d = c = 0. But ad − bc 6= 0 by part 2 of this theorem, so both d

and c can’t be 0.

Using x1, x2, y1, y2 > 0 and ad − bc 6= 0, identical arguments show that

(xP )2′ , (yP )1′ , (yP )2′ > 0.

Since xP, yP are linearly independent and

(xP )1′ , (xP )2′ , (yP )1′ , (yP )2′ > 0,

applying Part 4 of this theorem to xP, yP ∈ Span(xP, yP )
⋂

C \ {0} (with b1′ , b2′

playing the role of b1, b2) gives us

0 < dH(xP, yP ) =

∣
∣
∣
∣ln

(
(xP )2′

(xP )1′

(yP )1′

(yP )2′

)∣∣
∣
∣ < ∞.

5b. By Proposition 1.7.1.4 (page 67) the relation ∼ is an equivalence relation having

equivalence classes of the form [x] = {λx : λ > 0}. We show that

m :
(
Span(f, g)

⋂
C \ {0}

)
/ ∼ 7→ [0,∞] by m([x]) = x2/x1 (2.27)

is a bijection:
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m is well defined since if

[x], [y] ∈
(
Span(f, g)

⋂
C \ {0}

)
/ ∼

then, by part 3 of this theorem

x = x1b1 + x2b2 (2.28)

y = y1b1 + y2b2 (2.29)

with x1, x2, y1, y2 ≥ 0 and uniquely determined (w.r.t. b1, b2). Moreover, since neither

x (nor y) is 0, we can not have both x1, x2 being 0, (nor for that matter can we have

both y1, y2 being 0). So the ratios x2/x1 (and y2/y1) are determinate and non-negative

so x2/x1 (and y2/y1) ∈ [0,∞]. We of course take r/0 = ∞ whenever r ∈ (0,∞).

If we have [x] = [y] then x = λy for some λ > 0. Then (2.28) and (2.29) become

x = λy1b1 + λy2b2 (2.30)

y = y1b1 + y2b2 (2.31)

and so

m ([x]) =
λy2

λy1

=
y2

y1

= m ([y])

which proves m is well defined and into [0,∞].

To prove that m is onto [0,∞] we note that

m ([b1]) = m ([1b1 + 0b2]) =
0

1
= 0

m ([b2]) = m ([0b1 + 1b2]) =
1

0
= ∞
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and if r ∈ (0,∞) then

m ([1b1 + rb2]) =
r

1
= r.

To prove that m is one to one we note that if

x2/x1 = m ([x]) = m ([y]) = y2/y1 ∈ [0,∞)

then neither x1 nor y1 are zero and we can divide x by x1 and y by y1, which yields

(1/x1)x = 1b1 + (x2/x1)b2 (2.32)

(1/y1)y = 1b1 + (y2/y1)b2. (2.33)

But then, since (x2/x1) = (y2/y1) equations (2.32) and (2.33) imply (1/x1)x = (1/y1)y

which implies x = (x1/y1)y; i.e. [x] = [y]. If

x2/x1 = m ([x]) = m ([y]) = y2/y1 = ∞

then both x1 and y1 equal 0 (and x2, y2 > 0). This implies that x = x2b2 and y = y2b2,

which in turn implies x = (x2/y2)y; i.e. [x] = [y]. So m is one to one. So we’ve proved

m is bijective as desired.

5c. To see that γ is into we note that if

(s, t) ∈ {(s′, t′) ∈ (0,∞) × (0,∞) | s′ 6= t′ }

that the pair

b1 + sb2, b1 + tb2

is linearly independent since b1, b2 is linearly independent and s 6= t; we also note

that the coefficients of b1 + sb2, b1 + tb2 w.r.t. b1, b2 are 1, s, 1, t, which are all strictly
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positive. But then by part 4 of this theorem we have 0 < dH(b1 + sb2, b1 + tb2) < ∞.

To show that γ is surjective we note that, by Part 4 of this theorem, if 0 <

dH([u], [v]) < ∞ then u, v must be linear independent and, w.r.t. b1, b2, that the

coefficients of u, v must satisfy 0 < u1, u2, v1, v2. But then 1/u1 and 1/v1 are both

> 0 and so

[u] = [u1b1 + u2b2] = [(1/u1)(u1b1 + u2b2)] = [b1 + u2/u1b2] (2.34)

[v] = [v1b1 + v2b2] = [(1/v1)(v1b1 + v2b2)] = [b1 + v2/v1b2] (2.35)

which implies γ(u2/u1, v2/v1) = ([u], [v]) which shows surjectivity - provided we can

show that

(u2/u1, v2/v1) ∈ {(s′, t′) ∈ (0,∞) × (0,∞) | s′ 6= t′} . (2.36)

But 0 < u1, u2, v1, v2 implies 0 < u2/u1, v2/v1 < ∞ and (2.34) and (2.35) along with

the linear independence of u, v implies u2/u1 6= v2/v1. So (2.36) is true.

To show that γ is injective we note that if

(s, t), (s′, t′) ∈ {(s′, t′) ∈ (0,∞) × (0,∞) | s′ 6= t′}

and γ(s, t) = γ(s′, t′) then

[b1 + sb2] = [b1 + s′b2] and [b1 + tb2] = [b1 + t′b2].

But [b1 + sb2] = [b1 + s′b2] implies b1 + sb2 = λ(b1 + s′b2) for some λ > 0. But since

b1, b2 are linearly independent it must be that λ = 1 and s = s′. Similarly t = t′. So

we have proven that γ is injective, and hence bijective.
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b1

0

b2

x = x1b1 + x2b2

∞

x = x2/x1

Figure 2.1: This figure illustrates the geometry of the two dimensional cone Span(f, g)⋂
C = {αb1 + βb2 | α, β ≥ 0} and the projection of the vector x = x1b1 + x2b2 ∈

Span(f, g)
⋂

C \ {0} on to the extended line {b1 + xb2 : x ∈ [0,∞]} (the dashed line).
Note that the vectors f, g are not drawn. Via this projection one can identify the
vector x and the ray [x] = {λx : λ > 0} with the point b1 + x2/x1 b2 on the extended
(dashed) line as well as with the number x = x2/x1 ∈ [0,∞]. One defines the Hilbert
metric on [0,∞] by dH(x, y) = | ln(x/y)| for x, y ∈ [0,∞]. It follows immediately from
definition 1.6.2.1 (page 54) of dH on (Span(f, g)

⋂
C \ {0}) / ∼ and Theorem 2.1.2.1

(page 138) that (Span(f, g)
⋂

C \ {0}) / ∼ (with dH) is isometric to [0,∞] (with dH).

2.2 C ∩ ker Pn and dH

2.2.1 Birkhoff’s Projective Contraction Theorem and ker P

Birkhoff’s Projective Contraction Theorem appears on p. 222 of his widely cited 1957

paper, Extensions of Jentzsch’s Theorem [12]:

Theorem 1 (Projective Contraction Theorem) Let N(P r; C) < 1 for some

r, and let C be complete relative to θ(f, g; C). Then, for any f ∈ C, the sequence of

fP n converges geometrically to a unique fixpoint (characteristic ray) c ∈ C. See 5.

Consider the following (trivial) “counter-example” to the above Projective Con-

traction Theorem: If f ∈ ker Pm ∩ C then fP n → 0, not c. There is an easy (and

5dH = θ. See Section 2.3 (page 155) for a detailed discussion of N(P ; C) including a brief
discussion of Birkhoff’s notation.

150



obvious) way out of this dilemma: we can replace

for any f ∈ C with for any f ∈ C \
∞⋃

n=1

ker P n

The following section explores this.

2.2.2 Nontrivial Kernel Counter-example

The following easy example shows it is possible to find a linear map P with N(P 1; C) = 0

and a non-zero vector f ∈ C such that [f ]P n → [0].

If we wish to accept convergence to [0] then we lose uniqueness of the fixpoint c.

Here is the example:

Example. Let P : R2 → R2 be the linear map that projects R2 onto the x axis. I.e.

(x, y)P = (x, 0).

Let C = R2
≥0, obviously CP ⊂ C. The vectors b1 = (1, 0) and b2 = (0, 1) are a pair

of ends for C. In terms of b1, b2: C ∩ ker P = [b2] ∪ [0] and CP = [b1] ∪ [0].

We show:

N(P ; C) = sup

{
dH(fP, gP )

dH(f, g)

∣
∣
∣
∣ f, g ∈ C \ {0}, 0 < dH(f, g) < ∞

}

= 0.

If f, g ∈ ker P ∩C \ {0} then f, g ∈ [b2] and so dH(f, g) = 0 and so the pair f, g is not

a factor in calculating N(P ; C). If f ∈ ker P ∩ C \ {0} and gP 6= 0 then f = (0, f2)

with f2 6= 0 and g = (g1, g2) with g1 6= 0. By the definition of dH , Definition 1.6.2.1,

dH(f, g) =

∣
∣
∣
∣ln

(
f2

0

g1

g2

)∣∣
∣
∣ = ∞
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and so again the pair f, g is not a factor in calculating N(P ; C). The remaining

possibility is that f, g ∈ C \ ker P . But in this case, if 0 < dH(f, g) < ∞ then

dH(fP, gP ) = dH(b1, b1) = 0.

So N(P ; C) = 1.

One can imagine that Birkhoff considered it obvious that we should assume P

satisfies ker P ∩ C = {0} or that we should simply disregard those f which fP m = 0

for some m ≥ 1.

2.2.3 ker P n = {f ∈ C : fP n = 0} and dH

Consideration of the counter-example appearing in Section 2.2.2 (page 151) has led me

to the following interesting results, in particular Theorem 2.2.3.3 (page 152) and its

Corollaries 2.2.3.5 (page 155) and 2.2.3.5 (page 155), which I have not seen elsewhere.

Definition 2.2.3.1. Let L be a linear map of the vector space V to itself. Then

ker L0 = {0}

ker Ln = {v ∈ V : vLn = 0}
∞⋃

n=1

ker Ln = {v ∈ V : vLn = 0 for some positive integer n}

Proposition 2.2.3.2. Let n be any non-negative integer then

ker Ln ⊂ ker Ln+1.

Proof. Trivial. vLn = 0 implies vLnL = 0L = 0.

The following four results are original as far as I know.

Theorem 2.2.3.3. Let P be, as usual, a linear map of C to itself, where C is a

pointed by the origin, salient, closed, convex cone in a Banach Space V .
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Let f, g ∈ C \ {0} and let n be any positive integer. If

gP n = 0 but fP n 6= 0 (2.37)

then dH(f, g) = ∞ and

g ∈ ∂
(
Span(f, g)

⋂
C
)
⊂ ∂C. (2.38)

Proof. By (2.37) f, g ∈ C \{0} are not multiples of each other and so they are linearly

independent. By Theorem 1.4.0.2 (page 42) and Proposition 1.4.2.1 (page 46) there

exists ends

b1, b2 ∈ ∂
(
Span(f, g)

⋂
C
)

, (2.39)

linearly independent, such that

Span(f, g)
⋂

C = {αb1 + βb2 | α, β ≥ 0}

and so we can write

f = f1b1 + f2b2

g = g1b1 + g2b2

for some f1, f2, g1, g2 ≥ 0 uniquely determined. Note b1, b2 ∈ C \ {0}. The linearity

of P together with (2.37) implies

fP n = f1b1P
n + f2b2P

n 6= 0 (2.40)

gP N = g1b1P
n + g2b2P

n = 0. (2.41)
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(2.40) implies at least one of b1P
n, b2P

n is non-zero. (2.41) implies

g1b1P
n = −g2b2P

n. (2.42)

If both g1, g2 6= 0 then 0 < g2

g1
< ∞ and (2.42) implies

b1P
n = −

g2

g1

b2P
n (2.43)

which implies both b1P
n, b2P

n 6= 0 (since we know that at least one of them is non-

zero). This is impossible since b1P
n, b2P

n ∈ C so

−
g2

g1

b2P
n = b1P

n ∈ C \ {0} and
g2

g1

b2P
n ∈ C \ {0}

which violates C is salient. So either g1 or g2 = 0.

Since f, g are linearly independent if g1 = 0 then f1 6= 0 if g2 = 0 then f2 6= 0.

But in either case

dH(f, g) =

∣
∣
∣
∣ln

(
f2

f1

g1

g2

)∣∣
∣
∣ = ∞.

Since g1 or g2 = 0 it follows that g is multiple of b1 or b2 and so by Proposition 1.4.2.1

g ∈ ∂
(
Span(f, g)

⋂
C
)

. (2.44)

Proposition 1.1.1.8 (page 23) implies

∂
(
Span(f, g)

⋂
C
)
⊂ ∂C. (2.45)

Combining (2.44) with (2.45) yields (2.38).

Corollary 2.2.3.4. Let f, g ∈ C \{0}. If g ∈ ker P but f /∈ ker P then dH(f, g) = ∞.

Proof. Let n = 1 in Theorem 2.2.3.3 (page 152).
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The following corollaries are quite interesting as they answer the geometric ques-

tion of where ker P n can be located in the cone C. The surprising answer is that

either C ∩ ker P n = C or C ∩ ker P n ⊂ ∂C.

Corollary 2.2.3.5. Let n be a positive integer. If C ∩ ker P n 6= C then C ∩ ker P n ⊂

∂C.

Proof. If C ∩ ker P n 6= C then there exists a f ∈ C \ {0} such that fP n 6= 0. Let

g ∈ C ∩ ker P n. If g = 0 then g ∈ ∂C since 0 ∈ ∂C. If g 6= 0 then the f, g satisfy the

conditions of Theorem 2.2.3.3 (page 152) so g ∈ ∂C.

Corollary 2.2.3.6. If there exists an f ∈ C \ {0} such that fP n 6= 0 for all integers

n > 0 then

C ∩ (∪∞
n=1 ker P n) ⊂ ∂C.

Proof. Trivial consequence of Corollary 2.2.3.5 (page 155).

2.3 N(P ; C) < 1 iff CP has finite diameter w.r.t. dH

A goal of this section is to provide a proof of Lemma 1., p221 of Birkhoff [12], which

word for word is:

Lemma 2.3.0.7. Lemma 1 Birkhoff [12].

If the transform of CP of C under P has finite diameter 4 under θ(f, g; C) then

N(P ; C) = tanh (4/4) < 1.

It is to be understood that CP , in the above lemma actually refers to CP \ {0};

that CP = {cP : c ∈ C}, where P : c 7→ cP and that

N(P ; C) = N(P ) = sup
0<θ(f,g)<∞

θ(fP, gP )

θ(f, g)
(2.46)
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where θ(f, g; C) = θ(f, g) = dH(f, g), using Birkhoff’s notation. Or,

N(P ; C) = N(P ) = sup
0<dH(f,g)<∞

dH(fP, gP )

dH(f, g)
(2.47)

where we tacitly understand f, g, fP, gP ∈ C \ {0} and that there exists at least two

f, g ∈ C such that 0 < dH(fP, gP ) < ∞. This will always happen unless P collapses

C to the origin or to a single line. We can take N(P ) = 0 in those cases.

2.3.1 Maximizing dH(uP,vP )
dH(u,v)

In light of the definition of N(P;C), (2.46), (2.47) (page 156) we first consider

dH(P [u], P [v])

dH([u], [v])

with

[u], [v] ∈
(
Span(f, g)

⋂
C \ {0}

)
/ ∼ and 0 < dH([u], [v]) < ∞.

Remark 2.3.1.1. We will work with the equivalence classes [u], [v] etc, rather than the

vectors themselves, as dH(u, v) = dH([u], [v]).

Lemma 2.3.1.2.

sup
[u],[v]∈(Span(f,g)

⋂
C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= sup
x,y∈(0,∞)

x 6=y






∣
∣
∣ln
(

b+ax
d+cx

)
− ln

(
b+ay
d+cy

)∣∣
∣

|ln (x) − ln (y)|





.

Proof. Let b1, b2 be a pair of ends for Span(f, g)
⋂

C \ {0} and let b1′ , b2′ be a pair

of ends for Span(fP, gP )
⋂

C \ {0} then (Span(f, g)
⋂

C \ {0}) / ∼ is bijective with

[0,∞] by [u] 7→ u2/u1, or going the other direction, by say m ∈ [0,∞) 7→ [1b1 + mb2]

and m = ∞ 7→ [b2]. (We can think of m as being like the slope of the ray [1b1 +mb2].)
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If [u], [v] ∈ (Span(f, g)
⋂

C \ {0}) / ∼ and 0 < dH([u], [v]) < ∞ then the definition

of dH immediately implies that neither [u] nor [v] is [b1] or [b2].

So

sup
[u],[v]∈(Span(f,g)

⋂
C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

=

sup
x,y∈(0,∞)

x 6=y

{
dH(P [b1 + xb2], P [b1 + yb2])

dH([b1 + xb2], [b1 + yb2])

}

=

sup
x,y∈(0,∞)

x 6=y

{
dH([(d + cx)b1′ + (b + ax)b2′ ], [(d + cy)b1′ + (b + ay)b2′ ])

dH([1b1 + xb2], [1b1 + yb2])

}

=

sup
x,y∈(0,∞)

x 6=y

{
dH([(d + cx)b1′ + (b + ax)b2′ ], [(d + cy)b1′ + (b + ay)b2′ ])

dH([1b1 + xb2], [1b1 + yb2])

}

=

sup
x,y∈(0,∞)

x 6=y






dH

(
b+ax
d+cx

, b+ay
d+cy

)

dH

(
x
1
, y

1

)





=

sup
x,y∈(0,∞)

x 6=y






∣
∣
∣ln
(

b+ax
d+cx

/ b+ay
d+cy

)∣∣
∣

∣
∣ln
(

x
1
/y

1

)∣∣





=

sup
x,y∈(0,∞)

x 6=y






∣
∣
∣ln
(

b+ax
d+cx

)
− ln

(
b+ay
d+cy

)∣∣
∣

|ln (x) − ln (y)|





. (2.48)

We abuse notation slightly and (using Birkhoff’s convention) define P (x) = ax+b
cx+d

.

Then (2.48) becomes

sup
x,y∈(0,∞)

x 6=y

{
|ln (P (x)) − ln (P (y))|

|ln (x) − ln (y)|

}

. (2.49)
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Letting 6 f(x) = ln(P (x)) and g(x) = ln(x), (2.49) becomes

sup
x,y∈(0,∞)

x 6=y

{
|f(x) − f(y)|
|g(x) − g(y)|

}

. (2.50)

Dividing the numerator and denominator appearing in (2.50) by |x − y| suggests we

consider maximizing the ratio of derivatives

f ′(x)

g′(x)
.

2.3.2 Calculus Proposition

The following result, about the ratio of derivatives, is just elementary calculus. I have

not seen this result elsewhere, but due to its elementary and useful nature, I am sure

it can not be original.

Proposition 2.3.2.1. Suppose f(x), g(x) are real valued functions differentiable on

(0,∞). Suppose g′(x) > 0 ∀x ∈ (0,∞). Then for all 0 < x, y < ∞, with x 6= y,

|f(x) − f(y)|
|g(x) − g(y)|

≤ sup
z∈(0,∞)

∣
∣
∣
∣
f ′(z)

g′(z)

∣
∣
∣
∣ . (2.51)

In fact,

sup
0<x 6=y<∞

|f(x) − f(y)|
|g(x) − g(y)|

= sup
z∈(0,∞)

∣
∣
∣
∣
f ′(z)

g′(z)

∣
∣
∣
∣ (2.52)

Proof. Let

K = sup
z∈(0,∞)

∣
∣
∣
∣
f ′(z)

g′(z)

∣
∣
∣
∣ ∈ [0,∞].

If K = ∞ then (2.51) is immediately true.

So suppose K < ∞. Let 0 < x < y < ∞. Then, since g′ > 0, we must have

6f, g ∈ C should not be confused with the functions f(x), g(x). They have nothing to do with
each other.
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(g(y) − g(x)) > 0, as well as

|f ′(x)| ≤ Kg′(x) ⇒
∣
∣
∣
∣

∫ y

x

f ′

∣
∣
∣
∣ ≤

∫ y

x

|f ′| ≤
∫ y

x

Kg′ ⇒

|f(y) − f(x)| ≤ K(g(y) − g(x)) = K|g(y) − g(x)| ⇒

|f(y) − f(x)|
|g(y) − g(x)|

≤ K.

So (2.51) is proved.

Let

J = sup
0<x 6=y<∞

∣
∣
∣
∣
f(y) − f(x)

g(y) − g(x)

∣
∣
∣
∣ ∈ [0,∞]. (2.53)

Suppose that J < K. Then there exists z0 ∈ (0,∞) such that 0 ≤
∣
∣
∣f

′(z0)
g′(z0)

∣
∣
∣ < ∞ and

such that

J <

∣
∣
∣
∣
f ′(z0)

g′(z0)

∣
∣
∣
∣ ≤ K. (2.54)

We can consider

f(z0) − f(z0 + h)

h
and

g(z0) − g(z0 + h)

h

to be functions of h, with

lim
h→0

f(z0) − f(z0 + h)

h
= f ′(z0) ∈ (−∞,∞)

lim
h→0

g(z0) − g(z0 + h)

h
= g′(z0) ∈ (0,∞).

Then, since the limit as h → 0 of g(z0)−g(z0+h)
h

= g′(z0) 6= 0, elementary calculus tells

us that

lim
h→0

f(z0) − f(z0 + h)

g(z0) − g(z0 + h)
= lim

h→0

f(z0)−f(z0+h)
h

g(z0)−g(z0+h)
h

=
limh→0

f(z0)−f(z0+h)
h

limh→0
g(z0)−g(z0+h)

h

=
f ′(z0)

g′(z0)
. (2.55)
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Let

D =

∣
∣
∣
∣
f ′(z0)

g′(z0)

∣
∣
∣
∣− J. (2.56)

By (2.54), D > 0. By (2.55), there exists an h0 > 0 such that

D >

∣
∣
∣
∣
f ′(z0)

g′(z0)
−

f(z0) − f(z0 + h0)

g(z0) − g(z0 + h0)

∣
∣
∣
∣ . (2.57)

But then, since |a − b| ≥ | |a| − |b| | if a, b ∈ (−∞,∞), (2.57) implies

D >

∣
∣
∣
∣
f ′(z0)

g′(z0)
−

f(z0) − f(z0 + h0)

g(z0) − g(z0 + h0)

∣
∣
∣
∣ ≥

∣
∣
∣
∣

∣
∣
∣
∣
f ′(z0)

g′(z0)

∣
∣
∣
∣−

∣
∣
∣
∣
f(z0) − f(z0 + h0)

g(z0) − g(z0 + h0)

∣
∣
∣
∣

∣
∣
∣
∣

≥

∣
∣
∣
∣
f ′(z0)

g′(z0)

∣
∣
∣
∣−

∣
∣
∣
∣
f(z0) − f(z0 + h0)

g(z0) − g(z0 + h0)

∣
∣
∣
∣ . (2.58)

But then (2.56) and (2.58) imply

∣
∣
∣
∣
f(z0) − f(z0 + h0)

g(z0) − g(z0 + h0)

∣
∣
∣
∣ >

(∣∣
∣
∣
f ′(z0)

g′(z0)

∣
∣
∣
∣− D

)

= J = sup
0<x 6=y<∞

∣
∣
∣
∣
f(y) − f(x)

g(y) − g(x)

∣
∣
∣
∣ ,

which is a contradiction. So J = K, proving (2.52).

2.3.3 The calculation of sup
∣
∣
∣f

′(x)
g′(x)

∣
∣
∣

For notational convenience, we let

q(x) =

∣
∣
∣
∣
∣

d
dx

ln(P (x))
d
dx

ln(x)

∣
∣
∣
∣
∣
.

Lemma 2.3.3.1. Let λ = ln
(

ad
bc

)
. Then

sup
0<x<∞

q(x) = tanh

(
|λ|
4

)

.

Proof. Proposition 2.3.2.1 (page 158) combined with the calculations leading to (2.49)
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and (2.50) tell us that

sup
[u],[v]∈(Span(f,g)

⋂
C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= sup
x,y∈(0,∞)

x 6=y

{
|ln (P (x)) − ln (P (y))|

|ln (x) − ln (y)|

}

= sup
0<x<∞

∣
∣
∣
∣
∣

d
dx

ln(P (x))
d
dx

ln(x)

∣
∣
∣
∣
∣

= sup
0<x<∞

q(x).

In this section we find sup0<x<∞

∣
∣
∣

d
dx

ln(P (x))
d

dx
ln(x)

∣
∣
∣, or more succinctly put, we find sup0<x<∞ q(x).

Using calculus we get:

d

dx
ln(P (x)) =

d

dx
ln

(
ax + b

cx + d

)

=
cx + d

ax + b

(cx + d)a − (ax + b)c

(cx + d)2

=
cx + d

ax + b

ad − bc

(cx + d)2
and

=
ad − bc

(ax + b)(cx + d)
and

d

dx
ln(x) =

1

x
.

So

d
dx

xP
d
dx

ln(x)
=

(ad − bc)x

(ax + b)(cx + d)
.

We are assuming that ad − bc 6= 0. Recall a, b, c, d ≥ 0. So if x ∈ (0,∞) then

(ax + b)(cx + d) > 0. So x ∈ (0,∞) implies

q(x) =

∣
∣
∣
∣

(ad − bc)x

(ax + b)(cx + d)

∣
∣
∣
∣ =

|ad − bc| x
acx2 + (ad + bc)x + bd

∈ (0,∞). (2.59)
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Clearly q(x) is differentiable on (0,∞). Differentiating q(x) yields

d

dx
q(x) =

d

dx

|ad − bc|x
(ax + b)(cx + d)

= |ad − bc|
d

dx

x

acx2 + (ad + bc)x + bd

= |ad − bc|

(
d
dx

x
)
(acx2 + (ad + bc)x + bd) − x d

dx
(acx2 + (ad + bc)x + bd)

(ax + b)2(cx + d)2

= |ad − bc|
1(acx2 + (ad + bc)x + bd) − x(2acx + (ad + bc))

(ax + b)2(cx + d)2

= |ad − bc|
acx2 + (ad + bc)x + bd − 2acx2 − (ad + bc)x

(ax + b)2(cx + d)2

= |ad − bc|
bd − acx2

(ax + b)2(cx + d)2
. (2.60)

By (2.60), if x ∈ (0,∞) then

sign

(
d

dx
q(x)

)

= sign
(
bd − acx2

)
. (2.61)

We break finding sup0<x<∞ q(x) into 4 cases: {bd = 0, bd > 0} × {ac = 0, ac > 0}.

1. If bd = 0 and ac = 0 then, by (2.61),

sign

(
d

dx
q(x)

)

= sign
(
bd − acx2

)
= sign (0) = 0.

So on (0,∞) the function q(x) is constant. Moreover, ad−bc 6= 0 and a, b, c, d ≥

0 (combined with bd = 0 and ac = 0) imply exactly one of the following two

cases

(a) b = c = 0 and a, d > 0 so that ad > 0 and bc = 0,

(b) d = a = 0 and b, c > 0 so that ad = 0 and bc > 0.
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Since q(x) is constant

sup
0<x<∞

q(x) = q(x)

=
|ad − bc|x

acx2 + (ad + bc)x + bd

=
|ad − bc|
ad + bc

=






|ad|
ad

, if b = c = 0 and a, d > 0;

|bc|
bc

, if d = a = 0 and b, c > 0.

= 1.

2. If bd = 0 and ac > 0 then, by (2.61),

sign

(
d

dx
q(x)

)

= sign
(
bd − acx2

)
= sign

(
−acx2

)
= +.

So on (0,∞) the function q(x) is monotonically decreasing. Moreover, ad−bc 6=

0 and a, b, c, d ≥ 0 (combined with bd = 0 and ac > 0) imply exactly one of the

following two cases

(a) b = 0 and a, c, d > 0 so that ad > 0 and bc = 0,

(b) d = 0 and a, b, c > 0 so that ad = 0 and bc > 0.
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The continuity of q(x) implies

sup
0<x<∞

q(x) = lim
x→0

q(x)

= lim
x→0

|ad − bc|x
acx2 + (ad + bc)x + bd

= lim
x→0

|ad − bc|x
acx2 + (ad + bc)x

=
|ad − bc|
ad + bc

=






|ad|
ad

, if b = 0 and a, c, d > 0;

|bc|
bc

, if d = 0 and a, b, c > 0.

= 1.

3. If bd > 0 and ac = 0 then, by (2.61),

sign

(
d

dx
q(x)

)

= sign
(
bd − acx2

)
= sign (bd) = +.

So on (0,∞) the function q(x) is monotonically increasing. Moreover, ad−bc 6= 0

and a, b, c, d ≥ 0 (combined with bd > 0 and ac = 0) imply exactly one of the

following two cases

(a) a = 0 and b, c, d > 0 so that ad = 0 and bc > 0,

(b) c = 0 and a, b, d > 0 so that ad > 0 and bc = 0.
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The continuity of q(x) implies

sup
0<x<∞

q(x) = lim
x→∞

q(x)

= lim
x→∞

|ad − bc|x
acx2 + (ad + bc)x + bd

= lim
x→∞

|ad − bc|x
(ad + bc)x + bd

=
|ad − bc|
ad + bc

=






|ad|
ad

, if c = 0 and a, b, d > 0;

|bc|
bc

, if a = 0 and b, c, d > 0.

= 1

4. If bd > and ac > 0 then, by (2.61),

sign

(
d

dx
q(x)

)

= sign
(
bd − acx2

)
=






+, if 0 < x < (bd/ac)1/2;

0, if x = (bd/ac)1/2;

−, if (bd/ac)1/2 < x < ∞.

So on (0,∞) the function q(x) has exactly one supremum (which also the max-

imum), which occurs when x = (bd/ac)1/2. So
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sup
0<x<∞

q(x) = q
(
(bd/ac)1/2

)
=

∣
∣
∣
∣
∣

(ad − bc)( bd
ac

)1/2

(a
(

bd
ac

)1/2
+ b)(c

(
bd
ac

)1/2
+ d)

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

(ad − bc)
(

bd
ac

)1/2

ac bd
ac

+ (ad + bc)
(

bd
ac

)1/2
+ bd

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

(ad − bc)
(

bd
ac

)1/2

(ad + bc)
(

bd
ac

)1/2
+ 2bd

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

(ad − bc)
(

bd
ac

)1/2

(ad + bc)
(

bd
ac

)1/2
+ 2bd

∣
∣
∣
∣
∣

(mult. by

(
bd
ac

)−1/2

(
bd
ac

)−1/2
)

=

∣
∣
∣
∣
∣

(ad − bc)

(ad + bc) + 2bd
(

bd
ac

)−1/2

∣
∣
∣
∣
∣

( mult. by
1
bc
1
bc

)

=

∣
∣
∣
∣
∣

ad
bc
− 1

(ad
bc

+ 1) + 2 bd
bc

(
ac
bd

)1/2

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

ad
bc
− 1

(ad
bc

+ 1) + 2
(

d2ac
c2bd

)1/2

∣
∣
∣
∣
∣

=

∣
∣
∣
∣
∣

ad
bc
− 1

(ad
bc

+ 1) + 2
(

ad
bc

)1/2

∣
∣
∣
∣
∣

(let
ad

bc
= ν)

=

∣
∣
∣
∣

ν − 1

(ν + 1) + 2ν1/2

∣
∣
∣
∣

=

∣
∣
∣
∣

ν − 1

ν + 2ν1/2 + 1

∣
∣
∣
∣ (which is ≤ 1)

=

∣
∣
∣
∣

ν − 1

(ν1/2 + 1)2

∣
∣
∣
∣

=

∣
∣
∣
∣
(ν1/2 − 1)(ν1/2 + 1)

(ν1/2 + 1)2

∣
∣
∣
∣

=

∣
∣
∣
∣
(ν1/2 − 1)

(ν1/2 + 1)

∣
∣
∣
∣ (mult. by

ν−1/4

ν−1/4
)

=

∣
∣
∣
∣
ν1/4 − ν−1/4

ν1/4 + ν−1/4

∣
∣
∣
∣ .

Let λ = ln
(

ad
bc

)
. Then

eλ =
ad

bc
= ν.
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Making these substitutions we get:

∣
∣
∣
∣
ν1/4 − ν−1/4

ν1/4 + ν−1/4

∣
∣
∣
∣ =

∣
∣
∣
∣
eλ/4 − e−λ/4

eλ/4 + e−λ/4

∣
∣
∣
∣

=

∣
∣
∣
∣tanh

(
λ

4

)∣∣
∣
∣ .

Note tanh(x) = ex−e−x

ex+e−x . Note tanh(x) is an odd function. Note if x ≥ 0 then

0 ≤ tanh(x). So | tanh(x)| = tanh(|x|). Hence, if ad, bc > 0 then

sup
0<x<∞

q(x) = max
0<x<∞

q(x) = tanh

(
|λ|
4

)

.

Let us consider the first three cases once more – those cases in which at least one

of bd, ac is zero. Since ad− bc 6= 0 the quotient ad
bc

is not indeterminate. So, if at least

one of bd, ac is zero, then ad
bc

= 0 or ∞.

But then

|λ| =

∣
∣
∣
∣ln

(
ad

bc

)∣∣
∣
∣ = ∞ (2.62)

and tanh
(

|λ|
4

)
= tanh (∞) = 1, which is exactly the result obtained in the first three

cases, that is that sup0<x<∞ q(x) = 1. So in the first 3 cases (as well as the forth) we

ultimately have the same simple formula

sup
0<x<∞

q(x) = tanh

(
|λ|
4

)

.

The next sections show that |λ| =
∣
∣ln
(

ad
bc

)∣∣ is the diameter of P ((Span(f, g)
⋂

C \ {0}) / ∼).

2.3.4 A notational clarification of P .

Notational clarification. The letter P can refer to three different, but related func-

tions:
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1. The linear map P : V → V which also takes C ⊂ V into C.

2. The induced map P : (V/ ∼) → (V/ ∼) defined by [v] 7→ [vP ]. We can think

of this P as taking the ray through v to the ray through vP .

3. The map P : [0,∞] → [0,∞] defined as P (x) = ax+b
cx+d

. Where a, b, c, d ≥ 0 are

determined by the linear map P on Span(f, g) ⊂ V and by the choice of ends

b1, b2 ∈ Span(f, g) ∩ C and b1′ , b2′ ∈ Span(fP, gP ) ∩ C. We can think of this P

as taking the slope of the ray [v] w.r.t. b1, b2 to the slope of the ray [vP] w.r.t.

b1′ , b2′ .

By context one can tell to which map the letter P is referring.

2.3.5 On P , slopes, dH, and diameter.

Proposition 2.3.5.1. P (x) = ax+b
cx+d

maps the slope of the ray [u] w.r.t. b1, b2 to the

slope of the ray P [u] w.r.t. b1′ , b2′. Also,

dH(P [u], P [v]) =

∣
∣
∣
∣ln

(
m(P [u])

m(P [v])

)∣∣
∣
∣

=

∣
∣
∣
∣ln

(
P (u2/u1)

P (v2/v1)

)∣∣
∣
∣ . (2.63)

Proof. Recall the following.

Suppose u, v ∈ Span(f, g) ∩ C \ {0} are linearly independent. We uniquely have,

in terms of the linearly independent ends b1, b2,

u = u1b1 + u2b2

v = v1b1 + v2b2.

The “slope” of [u] w.r.t. b1, b2 is given by m([u]) = u2/u1. This combined with the
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definition of dH , see Definition 1.6.2.1 (page 54), yields

dH([u], [v]) =

∣
∣
∣
∣ln

(
u2

u1

v1

v2

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
m([u])

m([v])

)∣∣
∣
∣ . (2.64)

The induced map P applied to [u] is defined as P [u] = [uP ]. The ‘slope’ of [uP ] w.r.t.

b1′ , b2′ is given by, (see (2.48)),

m([uP ]) = P (u2/u1) =
a(u2/u1) + b

b(u2/u1) + c
.

So if

x = u2/u1 = m([u]) = the slope of [u], (2.65)

then

P (x) =
ax + b

bx + c
= P (m([u])) = the slope of P [u]. (2.66)

So P (x) = ax+b
cx+d

maps the slope of the ray [u] to the slope of the ray P [u]. Of course

all slopes are relative to the ends b1, b2 and b1′ , b2′ . It follows from (2.64),(2.65), and

(2.66) that

dH(P [u], P [v]) =

∣
∣
∣
∣ln

(
m(P [u])

m(P [v])

)∣∣
∣
∣

=

∣
∣
∣
∣ln

(
P (u2/u1)

P (v2/v1)

)∣∣
∣
∣ (2.67)

which is (2.63).

Definition 2.3.5.2. The diameter of P ((Span(f, g) ∩ C \ {0}) / ∼) which we de-

note by ΔP,f,g,C , or just Δ when its meaning is clear, is given by

ΔP,f,g,C = sup {dH(P [u], P [v]) : [u], [v] ∈ (Span(f, g) ∩ C \ {0}) / ∼} .

From Theorem 2.1.2.1 (page 138) we know that if f, g are linear independent then
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[0,∞] is bijective with

(Span(f, g) ∩ C \ {0}) / ∼

via the slope function m. More precisely, the map

[u] ∈ (Span(f, g) ∩ C \ {0}) / ∼ 7→ m([u]) = u2/u1 = x ∈ [0,∞],

is bijective. This, together with (2.67) immediately yields the diameter formula

ΔP,f,g,C =

∣
∣
∣
∣ln

(
sup0≤x≤∞ P (x)

inf0≤y≤∞ P (y)

)∣∣
∣
∣ . (2.68)

We have the following proposition.

Proposition 2.3.5.3. Let f, g ∈ V ∩ C be linearly independent. If fP, gP are also

linear independent then P (x) = ax+b
cx+d

is monotonic on [0,∞] and the diameter ΔP,f,g,C

of P ((Span(fP, gP ) ∩ C \ {0}) / ∼) is given by the formula

Δf,g,C,P =

∣
∣
∣
∣ln

(
b

d

c

a

)∣∣
∣
∣ .

Proof. From Theorem 2.1.2.1 (page 138) we know that if [fP ] 6= [gP ] then ad−bc 6= 0.

Since ad− bc 6= 0 and since a, b, c, d ≥ 0 it follows that at most one of c, d are zero; at

most one of b, d are zero; at most one of a, b are zero; and at most one of a, c are zero.

So if x ∈ (0,∞) then (ax+b), (cx+d) > 0. This implies P (x) = ax+b
cx+d

is differentiable,

finite and strictly positive on (0,∞). We differentiate P (x) = ax+b
cx+d

:

d

dx
P =

d

dx

ax + b

cx + d

=
(cx + d)a − (ax + b)c

(cx + d)2

=
ad − bc

(cx + d)2
.
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Since (cx+d) > 0 as explained immediately above, P ′(x) is finite on (0,∞). Moreover,

the sign of P ′(x) is equal to ad − bc 6= 0. So P (x) is monotonic on (0,∞).

Since at most one of b, d is zero, the ratio b/d is not indeterminate, hence

lim
x→0

P (x) = lim
x→0

ax + b

cx + d
= P (0) = b/d ∈ [0,∞]. (2.69)

Since at most one of a, c is zero, the ratio a/c is not indeterminate, hence

lim
x→∞

P (x) = lim
x→∞

ax + b

cx + d
= P (∞) = a/c ∈ [0,∞]. (2.70)

If ad − bc < 0 then P ′(x) is negative and P (x) is monotonically decreasing on

(0,∞). This, together with equations (2.69) and (2.70) imply

inf
x∈[0,∞]

P (x) = lim
x→0

P (x) = b/d ∈ [0,∞)

sup
x∈[0,∞]

P (x) = lim
x→∞

P (x) = a/c ∈ (0,∞]

and the strict inequality b/d < a/c.

If ad − bc > 0 then P ′(x) is positive and P (x) is monotonically increasing on

(0,∞). This, together with equations (2.69) and (2.70) imply

inf
x∈[0,∞]

P (x) = lim
x→∞

P (x) = a/c ∈ [0,∞)

sup
x∈[0,∞]

P (x) = lim
x→0

P (x) = b/d ∈ (0,∞]

and the strict inequality a/c < b/d.

Finally we use the diameter formula, (2.68).

If ad − bc < 0 then

ΔP,f,g,C =

∣
∣
∣
∣ln

(
sup0≤x≤∞ P (x)

inf0≤y≤∞ P (y)

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
a/c

b/d

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
a

c

d

b

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
b

d

c

a

)∣∣
∣
∣ .
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If ad − bc > 0 then

ΔP,f,g,C =

∣
∣
∣
∣ln

(
sup0≤x≤∞ P (x)

inf0≤y≤∞ P (y)

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
b/d

a/c

)∣∣
∣
∣ =

∣
∣
∣
∣ln

(
b

d

c

a

)∣∣
∣
∣ .

Corollary 2.3.5.4. Suppose fP, gP are linearly independent, so that ad − bc 6= 0.

1. If none of a, b, c, d are zero, then 0 < ΔP,f,g,C < ∞.

2. If at least one of a, b, c, d is zero, then ΔP,f,g,C = ∞.

3. If ΔP,f,g,C = ∞ then at least one of [b1P ], [b2P ] must equal at least one of

[b1′ ], [b2′ ].

Proof. Part 1. Immediate consequence of Proposition 2.3.5.3 (page 170).

Part 2. Immediate consequence of (2.62) (page 167) combined with Proposition

2.3.5.3 (page 170).

Part 3. Note that by Parts 1. and 2. of this Corollary we must have at least one

of a, b, c, d equal to zero. In Theorem 2.1.2.1 (page 138), Equations (2.4), (2.5) define

a, b, c, d via

b1P = db1′ + bb2′

b2P = cb1′ + ab2′ .

Hence Part 3. is proven.

2.3.6 Birkhoff’s Lemma 1: N(P ; C) = tanh (4/4)

We finally are in striking distance of of a proof of Lemma 1, p. 221 of Birkhoff [12],

which word for word is:
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Lemma 1. If the transform of CP of C under P has finite diameter 4 under

θ(f, g; C) then

N(P ; C) = tanh (4/4) < 1.

But first two propositions:

Proposition 2.3.6.1. As usual, let C be a closed, convex, pointed-by-the-origin cone

in a Banach Space V and let P be linear map of V to itself such that CP ⊂ C.

If f, g ∈ C \ {0} are linearly independent and fP, gP are linearly independent,

then

sup
[u],[v]∈(Span(f,g)

⋂
C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= tanh

(
Δf,g,C,P

4

)

where ΔP,f,g,C is the diameter of P ((Span(f, g) ∩ C \ {0}) / ∼) w.r.t. dH .

Proof.

sup
[u],[v]∈(Span(f,g)

⋂
C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= (2.71)

sup
x,y∈(0,∞)

x 6=y






∣
∣
∣ln
(

b+ax
d+cx

)
− ln

(
b+ay
d+cy

)∣∣
∣

|ln (x) − ln (y)|





= (2.72)

sup
x,y∈(0,∞)x 6=y

{
|ln (P (x)) − ln (P (y))|

|ln (x) − ln (y)|

}

= (2.73)

sup
0<x<∞

∣
∣
∣
∣
∣

d
dx

ln(P (x))
d
dx

ln(x)

∣
∣
∣
∣
∣
= (2.74)

tanh

(
|λ|
4

)

= (2.75)

tanh

(
Δf,g,C,P

4

)

.

The first equality (2.71) follows from Lemma 2.3.1.2 (page 156). The second equality

(2.72) follows from using Birkhoff’s notation; i.e. by defining P (x) = ax+b
cx+d

. The

third equality (2.73) follows from our Calculus Proposition 2.3.2.1 Equality (2.52)
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(page 158). The fourth equality (2.74) follows from Lemma 2.3.3.1 (page 160) – recall

we are letting λ = ln
(

ad
bc

)
. The fifth equality (2.75) follows from Proposition 2.3.5.3

(page 170). Recall ΔP,f,g,C is the diameter of P ((Span(f, g) ∩ C \ {0}) / ∼) with

respect to dH ; see Definition 2.3.5.2 (page 169).

The proof of the following proposition is basically Birkhoff’s argument (however

I’ve included the details), see Lemma 1, Birkhoff [12].

Proposition 2.3.6.2.

N(P ; C) = sup
[u],[v]∈(C\{0})/∼
0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= tanh

(
ΔC,P

4

)

(2.76)

where ΔP,C is the diameter of P ((C \ {0}) / ∼) w.r.t. dH .

Proof. The first equality in Equation (2.76) is just the definition of N(P ; C). Let

S = sup
[u],[v]∈(C\{0})/∼
0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

and let un, vn ∈ C \ {0}, n = 1, 2, . . . be such that 0 < dH([un], [vn]) < ∞ and such

that

dH(P [un], P [vn])

dH([un], [vn])

is a monotonically increasing sequence whose limit is S. Since 0 < dH([un], [vn]) it

follows that un, vn are linearly independent. Fix n and let un, vn play the roll of f, g
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in Proposition 2.3.6.1 (page 173). So for each n

dH(P [un], P [vn])

dH([un], [vn])
≤ sup

[u],[v]∈(Span(un,vn)∩C\{0})/∼
0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

= tanh

(
Δun,vn,C,P

4

)

≤ tanh

(
ΔC,P

4

)

with the last inequality follows from tanh being monotonically increasing. So

S ≤ tanh

(
ΔC,P

4

)

. (2.77)

Next, let un, vn ∈ C \ {0}, n = 1, 2, . . . be such that 0 < dH([un], [vn]) < ∞ and such

that

dH(P [un], P [vn])

is a monotonically increasing sequence whose limit is ΔC,P . Since tanh is continuous,

monotonically increasing and bounded above by 1 we have

lim
n→∞

tanh

(
dH(P [un], P [vn])

4

)

= tanh

(
ΔC,P

4

)

. (2.78)

Since 0 < dH([un], [vn]) it follows that un, vn are linearly independent. Fix n and let

un, vn play the roll of f, g in Proposition 2.3.6.1 (page 173). So for each n

tanh

(
dH(P [un], P [vn])

4

)

≤ tanh

(
Δun,vn,C,P

4

)

= sup
[u],[v]∈(Span(un,vn)∩C\{0})/∼

0<dH([u],[v])<∞

{
dH(P [u], P [v])

dH([u], [v])

}

≤ S.
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Figure 2.2: A plot of tanh.

So, by (2.78),

tanh

(
ΔC,P

4

)

≤ S. (2.79)

Combining (2.77) with (2.79) finishes the proof.

We finally prove Lemma 1., p221 of Birkhoff [12], which word for word is:

Lemma 1. If the transform of CP of C under P has finite diameter 4 under

θ(f, g; C) then

N(P ; C) = tanh (4/4) < 1.

Proof. If 0 ≤ ΔC,P < ∞ then

0 ≤ tanh

(
ΔC,P

4

)

< 1. (2.80)

Note tanh(x) is strictly monotonically increasing, see Figure 2.2 (page 176), and

lim
x→∞

tanh(x) = 1.
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By Proposition 2.3.6.2 (page 174)

N(P ; C) = tanh

(
ΔC,P

4

)

. (2.81)

Combining (2.80) with (2.81) finishes the proof.

2.3.7 Special case: P maps Span(b1, b2) to itself. Eigenvectors

in R2.

Proposition 2.3.7.1. Let V be a Banach Space and suppose that b1, b2 ∈ V are

linearly independent. Define

C12 = {αb1 + βb2 : α, β ≥ 0}. (2.82)

Suppose that the linear map P , defined on at least Span(b1, b2), maps C12 to itself.

Then there exists a, b, c, d ≥ 0 and unique such that

b1P = db1 + bb2 (2.83)

b2P = cb1 + ab2 (2.84)

If x = x1b1 + x2b2 ∈ C12 then xP = (xP )1b1 + (xP )2b2 ∈ C12 We can calculate

(xP )1, (xP )2 via matrix multiplication:






d c

b a











x1

x2




 =






dx1 + cx2

bx1 + ax2




 =






(xP )1

(xP )2




 (2.85)

Suppose a, b, c, d > 0. Let

x+ =
−(d − a) +

√
(d − a)2 + 4cb

2c
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then x+ > 0 and the vector

b1 + x+b2 (2.86)

is an eigenvector pointing in the unique eigen-direction of P in C12. This eigenvector

b1 + x+b2 will have eigenvalue

d + x+c > 0. (2.87)

Let u, v ∈ C \ {0} be such that 0 < dH(u, v) < ∞. Then u, v are linearly

independent and for some linearly independent pair f, g ∈ C \ {0} we have [u], [v] ∈

(Span(f, g)
⋂

C \ {0}) / ∼. In fact, we could even let u = f , and v = g.

Proof. The first part of this proposition (up to Equation (2.85)) is essentially a special

case of the first three parts of Theorem 2.1.2.1 (page 138). However it is worthwhile

to sketch an independent proof which uses only algebra:

Equations (2.83),(2.84) with a, b, c, d ≥ 0 are a trivial consequence of the definition

of C12 and P mapping C12 to itself. The uniqueness of a, b, c, d follow from the linear

independence of the pair b1, b2. The linearity of P , together with (2.83) and (2.84),

imply

xP = (x1b1 + x2b2)P

= (x1(b1P ) + x2(b2P )

= (x1(db1 + bb2) + x2(cb1 + ab2)

= (x1d + x2c)︸ ︷︷ ︸
(xP )1

b1 + (x1b + x2a)
︸ ︷︷ ︸

(xP )2

b2 (2.88)

which yields the matrix Equation (2.85).

We solve the eigenvector equation

xP = λx (2.89)
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by applying the ‘slope’ function m to both sides of (2.89) to get

m([xP ]) = m([λx]) = m([x]). (2.90)

Note, the ‘slope’ m([λx]) = λx2

λx1
is indeterminate; i.e. is 0/0, if and only if λx = 0.

See 7. If x is an eigenvector of P in C12 then λx 6= 0 for the following reason: We

are assuming that a, b, c, d > 0. So if x ∈ C12 \ {0} is an eigenvector of P , simple

matrix multiplication implies that both (xP )1 and (xP )2 are > 0, but then λ, x1 and

x2 are all > 0. Hence if x is an eigenvector in C12 none of the slopes in (2.90) will be

indeterminate; in fact they will all be positive.

We derive a formula for m([xP ]), the slope of [xP ], in terms of a, b, c, d and m([x]),

the slope of [x].

m([xP ]) =
(xP )2

(xP )1

=
x1b + x2a

x1d + x2c

=
x1b + x2a

x1d + x2c

=
b + (x2/x1)a

d + (x2/x1)c

=
b + m([x])a

d + m([x])c
(let x∗ = m([x]) = x2/x1 )

=
ax∗ + b

cx∗ + d

.
= P (x∗).

So (2.90) becomes

P (x∗) = x∗ (2.91)

Every solution of x∗ of (2.91) corresponds to an eigenvector b1 + x∗b2 of P . The

7Provided υ = υ1b1 + υ2b2 6= 0 the ratio m([υ]) = υ2/υ1 ∈ R ∪ ∞ is well defined. We take
υ2/0 = ∞ provided υ2 ∈ R \ {0}.
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solutions of (2.91) yield all the determinate, finite non-zero slopes of eigenvectors

of P in Span(b1, b2). As discussed within this proof a few paragraphs back, the

eigenvectors of P in C12 will only have positive slopes and positive eigenvalues. So

solving (2.91) for x∗ will yield to us all eigenvectors of P in C12.

P (x∗) = x∗ ⇔

ax∗ + b

cx∗ + d
= x∗ ⇔

ax∗ + b = x∗(cx∗ + d) ⇔

0 = cx∗
2 + (d − a)x∗ − b ⇔

x∗ =
−(d − a) ±

√
(d − a)2 + 4cb

2c
. (2.92)

Let

x+ =
−(d − a) +

√
(d − a)2 + 4cb

2c
> 0. (2.93)

x− =
−(d − a) −

√
(d − a)2 + 4cb

2c
< 0. (2.94)

Since we must have non-negative slope (if the eigenvector is to be in C12) we have

shown b1 + x+b2 is an eigenvector pointing in the unique eigen-direction of P in C12.

Finally we calculate its eigenvalue λ.

Combining Equation (2.88) and (2.89) yields

(x1d + x2c)b1 + (x1b + x2a)b2︸ ︷︷ ︸
xP

= λx1b1 + λx2b2︸ ︷︷ ︸
λx

which implies, by the linear independence of b1, b2 that

x1d + x2c = λx1 and x1b + x2a = λx2. (2.95)
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If x is an eigenvector of P in C12, then as discussed above, x1, x2 > 0. Dividing the

first part of (2.95) by x1 and the second part of (2.95) by x2 yields

(x2/x1)c + d = λ and (x1/x2)b + a = λ. (2.96)

As x2/x1 = x+ > 0, the first part of (2.96) yields

cx+ + d = λ > 0. (2.97)

The following remarks refer to Proposition 2.3.7.1 (page 177).

Remark 2.3.7.2. It can be shown that the vector b1 + x−b2 will be an eigenvector of

P outside of C12. Its eigenvalue d + x−c can be negative, zero, or positive depending

on a, b, c, d.

Remark 2.3.7.3. Note that ad−bc might equal 0 since we aren’t assuming that b1P, b2P

are linearly independent.

Remark 2.3.7.4. It is worth noting that if x is an eigenvector of P then the ray [x] is

fixed by P (if λ > 0), reversed by P (if λ < 0), or sent to [0] by P (if λ = 0).

Remark 2.3.7.5. If ker P∩C12 = {0} there will be an eigenvector in C12 by the Brouwer

Fixed Point Theorem as the following argument shows. Suppose ker P ∩ C12 = {0}.

Then P induces a continuous mapping of the closed line segment b1b2 to itself, where

b1b2 is the line segment connecting b1 to b2, explicitly

b1b2 = {αb1 + βb2 : α, β ≥ 0, α + β = 1} ⊂ C12.
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The map induced by P that takes b1b2 to itself is

x ∈ b1b2 7→
1

(xP )1 + (xP )2

xP ∈ b1b2. (2.98)

Since b1b2 is homeomorphic to the closed unit ball in R, the Brouwer Fixed Point

Theorem guarantees that the induced map (2.98), has at least one fixed point. The

fixed point of that map is an eigenvector of P with eigenvalue (xP )1+(xP )2 6= 0 (since

ker P ∩C12 = {0}). On the other hand, if ker P ∩C12 contains non-zero vectors, then

these non-zero vectors would be eigenvectors with eigenvalue zero. So we’ve shown

that in either case, that P will have at least one eigenvector in C12.

Remark 2.3.7.6. If we allow for some of a, b, c, d to be zero, we can give examples

where the eigenvector will not be unique (e.g. if P is the identity map), or could be

b1, or b2.

Remark 2.3.7.7. With the assumptions of this section, that in terms of dH , x is an

eigenvector of P with positive eigenvalue λ if and only if

0 = dH(λx, x) = dH(xP, x) = | ln(P (m(x))/m(x))|

⇔ P (m(x))/m(x) = 1.

where m(x) = x2/x1 and P (x) = ax+b
cx+d

.

Example. Consider the matrix

A =






5 1

4 2




 =






d c

b a




 .
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Using formula (2.86) we calculate an eigenvector for A that points in the unique

eigen-direction of A in the first quadrant of R2

b1 + x+b2 = b1 +
−(d − a) +

√
(d − a)2 + 4cb

2c
b2 = b1 +

−(5 − 2) +
√

(5 − 2)2 + 4 ∙ 1 ∙ 4
2 ∙ 1

b2

= b1 +
−3 +

√
25

2
b2

= b1 + b2.

So x+ = 1. The eigenvalue λ corresponding to the eigenvector b1 + x+b2 is computed

using formula (2.87), we get λ = d + cx+ = 5 + 1 = 6. A quick check shows that

x =






1

1




 is an eigenvector of A with eigenvalue 6.
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Figure 2.3: h ∈ cone {f, g}.

2.4 Cones and Hyperplanes

2.4.1 The cone {f, g}

Definition 2.4.1.1. Let f, g ∈ C \ {0}. Then cone {f, g} = {αf + βg : αβ ≥ 0}.

It is easy to see that cone {f, g} will be a cone that inherits many of the properties

of the cone C. In particular, convexity, salience. Clearly cone {f, g} is closed.

Lemma 2.4.1.2. Let f, g, h ∈ Span(f, g)
⋂

C be pairwise linearly independent. Then

at least one of the following are true:

f ∈ cone {g, h} or

g ∈ cone {f, h} or

h ∈ cone {f, g} .

Proof. See Figure 2.3 (page 184). Suppose

f /∈ cone {g, h} and g /∈ cone {f, h} .
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Since f, g, h are pairwise linearly independent and in Span(f, g) it follows that

Span(f, g) = Span(g, h) = Span(f, h).

Hence, we can uniquely write f in terms of g and h, and g in terms of f and h:

f = αg + βh

g = α′f + β′h. (2.99)

The signs of α, β (and α′, β ′) must be mixed since f /∈ cone {g, h} (and g /∈ cone {f, h})

imply the signs can not both be positive. None of α, α′, β, β ′ can be zero, since f, h

and g, h are linearly independent. C is a salient cone so both signs can’t be negative.

Since the signs of α, β (and α′, β ′) must be mixed and non-zero, both of the ratios

−α
β

and −α′

β′ are positive.

Manipulation of (2.99) yields:

1

β
f + −

α

β
g = h

−
α′

β′
f +

1

β′
g = h.

Since f, g are linearly independent, we must have, by uniqueness,

1

β
= −

α′

β′
and −

α

β
=

1

β′

so
(

−
α′

β′

)

︸ ︷︷ ︸
positive

f +

(

−
α′

β ′

)

︸ ︷︷ ︸
positive

g = h

so h ∈ cone {f, g}.
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2.4.2 Cone Hyperplane Intersection Lemmas

Many of the following results require the existence of a hyperplane H which intersects

each equivalence class (i.e. each 0-ray) of (C \ {0},∼) exactly once; see 8.

Birkhoff [12], in his proof of his Projective Contraction Mapping Theorem, uses

and states (or requires) the existence of such a plane. The existence of such a plane

is not required in the proof, as I show in this work. However, the existence of such a

hyperplane is useful in relating convergence with respect to dH to convergence with

respect to dV .

There seems to be a relatively small amount of literature on the existence of such

a plane H. However, see [3].

There is a large body of literature on closely related topics: on the separation of

convex bodies by hyperplanes (the various separation versions of the Hann-Banach

Theorem) and on the support of cones and convex sets by hyperplanes (see for example

[2] and [57]). The various results tend to be of a non-trivial nature.

I show below that there exists a linear functional L such that L > 0 on C \ {0} if

and only if there exists a hyperplane H which intersects each 0-ray exactly once. See

Lemmas 2.4.2.1 (page 187) and 2.4.2.2 (page 188) below. Charalambos and Tourky

prove a similar result for cone bases 9 in Theorem 1.47 on page 40 of [3], using a similar,

but not identical argument. These results, combined with results by Klee [57],[56],

on linear functionals, to be discussed further below, give a partial answer to when

one should one expect such a hyperplane to exist.

In the example that we are ultimately concerned with – that is, when the cone

C is simply Rn
≥0, the hyperplane H consisting of all x =

∑n
i xiei such that

∑n
i xi =

8Recall that if f ∈ C \ {0}. We say f is projectively equivalent to f ′, written f ∼ f ′, if and only
if f ′ = λf for some λ > 0. The equivalence class of f , denoted [f ], is sometimes called a 0-ray for
the obvious reason.

9B is a base for the cone C if B is a convex subset of C \ {0} and if for each x ∈ C \ {0} there
exists a unique b ∈ B and a unique λ > 0 such that x = λb.
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1 intersects each positive ray [c] exactly once, at the point c/||c||1; see 10. It is

worthwhile noting that this hyperplane H is just the solution of

L(x) = (1, 1, 1, . . . , 1) ∙ x = 1.

Lemma 2.4.2.1. Suppose that C is a subset of V , an arbitrary vector space of finite

or infinite dimension; that αC ⊂ C for every α > 0, and that there exists a linear

functional L from V to the reals such that 0 < L(c) for each c ∈ C \ {0}.

Let H = {x ∈ V : L(x) = 1} and for each c ∈ C \ {0} let

1

L(c)
c = cH

be the central projection of c onto H. Recall that [c] = {λc : λ > 0} is the equivalence

class of c with respect to ∼ and that geometrically [c] is a ray in C; for details see

Section 1.7.1. Then

1. C
⋂
−C ⊂ {0}.

2. Suppose c, c′ ∈ C \ {0} then cH = (c′)H if and only if [c] = [c′]. Moreover,

[cH ] = [c].

3. H intersects each ray [c] in C \ {0} once and only once: [c] ∩ H = {cH}.

4. cH + ker(L) = H so that H is a hyperplane in V .

Proof. 1. If x ∈ C
⋂
−C \ {0} then −x ∈ C

⋂
−C \ {0}. But then both L(x) > 0

and L(−x) = −L(x) > 0, which is impossible.

10If the vectors in C = Rn
≥0 with integer components are interpreted as being frequencies, then

vectors in H∩C can be interpreted as being distributions whose components are relative frequencies.
I.e. if c = {ci}n

i=1 ∈ H ∩ C then
∑

ci = 1 with each ci ≥ 0. This interpretation is what motivates
our study of cones, hyperplanes, and Birkhoff’s Projective Contraction Mapping Theorem.
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2. Let c, c′ ∈ C \ {0} so L(c), L(c′) > 0. If

cH = (c′)H then

1

L(c)
c =

1

L(c′)
c′ then

c′ =
L(c′)

L(c)
c then

[c′] = [c].

On the other hand, suppose c′ ∈ [c], then there exists an λ > 0 such that c′ = λc.

But then

(c′)H =
1

L(c′)
c′ =

1

L(λc)
λc =

1

L(c)
c = cH .

Since cH = 1
L(c)

c, cH ∈ [c], but then [cH ] = [c].

3. A little algebra yields

L
(
cH
)

= L

(
1

L(c)
c

)

=
1

L(c)
L(c) = 1,

so cH ∈ H. Since cH ∈ [c] we have cH ∈ H ∩ [c].

On the other hand, if c′ ∈ H ∩ [c] then c′ ∈ [cH ] = [c]. So c′ = λcH for some λ > 0.

Since c′ ∈ H we have L(c′) = 1. But then

1 = L(c′) = L(λcH) = λL(cH) = λ,

so c′ = cH . Hence H ∩ [c] = {cH}.

4. ker(L) is a vector subspace of V so cH + ker(L) is a hyperplane. The following

argument shows that cH + ker(L) = H: Suppose that k ∈ ker(L). Then L(cH + k) =

L(cH) + L(k) = 1 + 0 = 1. So cH + ker(L) ⊂ H. On the other hand, suppose that

x ∈ H. Then L(x − cH) = L(x) − L(cH) = 1 − 1 = 0. So x − cH ∈ ker(L). But then

x = cH + (x − cH) ∈ cH + ker(L). So H ⊂ cH + ker(L).
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Lemma 2.4.2.2. Suppose that C is a subset of V , an arbitrary vector space of finite

or infinite dimension; that C contains at least one non-zero vector; that αC ⊂ C

for every α > 0, and that there exists a hyperplane H which intersects every ray

[c] = {λc : λ > 0} in C \ {0} exactly once. Then there exists a linear functional L

mapping V to the reals such that L(c) > 0 for every c ∈ C \ {0}.

Proof. Since H is hyperplane there exists a vector v ∈ V and a subspace W ⊂ V

such that H = v + W . Let c ∈ H ∩ C \ {0}, such a c exists by this Lemma’s main

assumption.

Claim 1: −c + H is a vector subspace of V . Proof: c = v + wc for some wc ∈ W .

Hence −c + H = −(v + wc) + v + W = wc + W = W .

Claim 2: c /∈ −c + H. Proof: if c ∈ −c + H then c = −c + hc for some hc ∈ H.

but then 2c = hc ∈ [c]. That means c, 2c ∈ H ∩ [c]. This contradicts that each ray

intersects H exactly once. So claim 2 is proven.

Let B−c+H be a Hamel basis 11 for −c + H. Since c /∈ −c + H, which is a

vector subspace, the set B−c+H ∪ {c} forms a basis for Span(−c + H, c). Since H ⊂

Span(−c + H, c) it follows that C ⊂ Span(−c + H, c).

If Span(−c + H, c) = V , let B = B−c+H ∪ {c}. If Span(−c + H, c) is a proper

vector subspace of V we can extend the basis B−c+H ∪ {c} to a basis B for V . See

Theorem 4.72 in [73] regarding extensions of bases.

If x ∈ V we define L(x) as follows. We can write x uniquely as a finite linear

combination of basis elements from B:

x = αxc +
nx∑

i=1

αibi.

Define L(x) = αx.

If d ∈ C \ {0} then, by this Lemma’s assumption, [d] ∩ H is a single element,

11A Hamel Basis for a vector space X is a linearly independent set whose span (meaning all finite
linear combinations) is X. The Hamel Basis is just the regular algebraic basis.
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which we’ll call dH . So dH = [d] ∩ H. Since dH ∈ H = c + (−c + H) we must have

dH = c +
∑nd

i=1 αibi with bi ∈ B−c+H . Since [d] = [dH ] there exists an α > 0 such that

d = αdd
H . So d = αdd

H = αdc + αd

∑nd

i=1 αibi.

So L(d) = αd > 0.

2.4.3 Some general notes about hyperplanes

The following standard result about the smallest hyperplane generated by subset S

of a vector space V is useful.

Lemma 2.4.3.1. Let S be any subset of a vector space V . Let s0 be any fixed element

of S and let W = Span{s1 − s2 : s1, s2 ∈ S}. Then s0 + W is the smallest hyperplane

containing S.

Proof. W is a vector subspace of V . So s0 + W is a hyperplane. S ⊂ s0 + W since

∀ s ∈ S we have s − s0 ∈ W and so s = s0 + (s − s0) ∈ s0 + W . If H ′ is any

hyperplane which contains S then H ′ = h′ + W ′ for some fixed element h′ ∈ H ′ and

vector subspace W ′ ⊂ V . Since S ⊂ H ′ we have s0 = h′ + w′ for some w′ ∈ W ′. But

then

s0 + W ′ = h′ + w′ + W ′ = h′ + W ′ = H ′ so that

W ′ = −s0 + H ′.

Since S ⊂ H ′ we have −s0+S ⊂ −s0+H ′ = W ′. This implies (−s0+s1)−(−s0+s2) =

s1 − s2 ∈ W ′ for each pair s1, s2 ∈ S. So W ⊂ W ′. So

s0 + W ⊂ s0 + W ′ = H ′.

190



Lemma 2.4.3.2. Let f, g be linearly independent vectors in the vector space V . Sup-

pose that x, y, z ∈ Span(f, g) and that they do not lie on the same line; i.e. they are not

collinear. Then if H is a hyperplane and x, y, z ∈ H, then Span(f, g)∩H = Span(f, g).

Proof. Let Hxyz be the smallest hyperplane containing x, y, z. By Lemma 2.4.3.1

(page 190)

Hxyz = x + Span(y − x, z − x, y − z).

But y− z = (y− x)− (z − x) so Span(y− x, z − x, y − z) = Span(y− x, z − x), which

implies

Hxyz = x + Span(y − x, z − x).

Since x, y, z are not collinear and x, y, z ∈ Span(f, g) it follows that y − x, z − x form

a basis for Span(f, g). So Span(y − x, z − x) = Span(f, g). But then

Hxyz = x + Span(y − x, z − x)

= x + Span(f, g)

= Span(f, g).

By Lemma 2.4.3.1 (page 190) Hxyz ⊂ H, so Span(f, g) ∩ H = Span(f, g).

2.4.4 Cone Bases and Intersecting Hyperplanes Theorem

Definition 2.4.4.1. B is a base for the cone C if B is a convex subset of C \ {0}

and if for each x ∈ C \ {0} there exists a unique b ∈ B and a unique λ > 0 such that

x = λb.

Theorem 2.4.4.2. Suppose that the convex cone C is a subset of V , an arbitrary

vector space of finite or infinite dimension, and that C contains at least one non-zero

vector. Then the following are equivalent.

1. There exists a base B for the cone C.
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2. There exists a linear functional on V which is strictly positive on C \ {0}.

3. There exists a hyperplane H such that H intersects each 0-ray in C \{0} exactly

once.

Additionally:

If 1. holds then the smallest hyperplane HB containing the base B will intersect

each 0-ray exactly once. Let b0 be any element of B; let W = Span{b1−b2 : b1, b2 ∈ B};

then HB = b0 + W and HB ∩ C = B.

Proof. 1. is equivalent to 2. is proven by Aliprantis and Tourky in Theorem 1.47 on

page 40 of [3]. 2. is equivalent to 3. is proven in our Lemmas 2.4.2.1 (page 187) and

2.4.2.2 (page 188).

Now we prove the “Additionally” part (in a roundabout way).

In their proof of Theorem 1.47 of [3], Aliprantis and Tourky show that if B is a

base for the cone C, then there exists a linear functional L on V which is strictly

positive on C \ {0} and which takes the value of 1 on B, see 12. So the hyperplane

H1 = {v ∈ V : L(v) = 1} contains B. We also have B ⊂ C. So B ⊂ H1 ∩ C.

On the other hand, if c ∈ C \ {0} then there exists a unique bc ∈ B and a unique

λ > 0 such that c = λbc, so L(c) = L(λbc) = λ. So if c ∈ H1∩C then L(c) = 1, which,

by the uniqueness of λ and bc, forces c = bc ∈ B. So H1 ∩ C ⊂ B and H1 ∩ [c] = bc.

So H1 ∩ C = B.

By Lemma 2.4.3.1 (page 190), HB = b0 +W is the smallest hyperplane containing

B so HB ⊂ H1 and HB ∩ C ⊂ H1 ∩ C = B. On the other hand, B ⊂ HB ∩ C. So

HB ∩ C = B.

Since H1 ∩ [c] = bc and B ⊂ HB ⊂ H1 we have HB ∩ [c] = bc. So HB intersects

each 0-ray of C \ {0} exactly once.

12Aliprantis and Tourky use the convexity of B to prove that L is linear.
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Corollary 2.4.4.3. If C is a salient closed cone in a finite dimensional vector V

space then there exists a hyperplane H such that H intersects each 0-ray in C and

H ∩ C is compact.

Proof. According to Aliprantis and Tourky [3], Cor 3.8, Klee [56] proved that every

closed [salient] cone C in a finite dimensional vector space has a compact base, B.

From our perspective, by Theorem 2.4.4.2 (page 191), there exists a hyperplane H,

which intersects each 0-ray in C exactly once and H ∩ C = B.

Remark 2.4.4.4. Klee’s paper, “Separation Properties of Convex Cones” [57], much

referenced in the literature, shows that a closed convex cone C in a separable 13,

normed, linear space will have associated to it a linear functional which is strictly

positive on C \ {0}. However, the following example shows that given an arbitrary

salient cone C in a Banach space V , we can not always find a strictly positive linear

functional on C \ {0}. By Theorem 2.4.4.2 (page 191), this means we can not always

find a hyperplane H which intersect every 0-ray in C \ {0} exactly once.

2.4.5 A cone that no hyperplane intersects each 0-ray exactly

once

Example. We can’t always find a hyperplane H which intersects every 0-ray of a

closed cone C exactly once even if the underlying vector space is Banach, as the fol-

lowing example, based upon Problem 6, page 42 of [3], shows. By our Lemmas 2.4.2.1

(page 187) and 2.4.2.2 (page 188) the existence of such a hyperplane is equivalent to

the existence of a non-zero linear functional on V which is strictly positive on C \{0}.

Let V = B(Ω) = the set of all bounded functions from Ω = an uncountable set,

to R. V equipped with the sup norm, see 14, becomes an l∞ Banach Space. Let C =

13X separable means there exists a countable dense subset in X.
14If φ ∈ B(Ω) then ||φ||∞ = supω∈Ω |φ(ω)|.
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all the bounded non-negative functions from Ω to R. For each A ⊂ Ω let

χA(x) =






1, x ∈ A;

0, x /∈ A.

Then χA ∈ C for each A ⊂ Ω. Note χ∅ = 0 and if A 6= ∅ then ||χA||∞ = 1. If A,B

are subsets of Ω then

χA∪B = χA + χB − χA∩B. (2.100)

Suppose L is any linear functional on V ; that A ⊂ B ⊂ Ω; and that F is any finite

subset of Ω. Then (2.100) implies

L(χB) = L(χB\A ∪ A) = L(χB\A) + L (χA) (2.101)

and

L(χF ) =
∑

ω∈F

L(χω). (2.102)

Let us suppose that the linear functional L > 0 on all of C \ {0}. If A is strictly

contained in B then (2.101) implies L(χA) < L(χB) (so L is strictly monotonic with

respect to χ). Let S1/n = {ω ∈ Ω : L(χω) > 1/n}. If the cardinality of S1/n is

infinite, then (2.102) combined with the strict monotonicity of L implies L(χS1/n
) is

infinite – which is impossible, since L : V → R; i.e. L(χS1/n
) must be real. But then

S =
⋃∞

n=1 S1/n is at most countable, and so Ω \ S 6= ∅. So suppose ω0 ∈ Ω \ S, but

then L(χω0) = 0, which contradicts L > 0 on C \ {0}.

Definition 2.4.5.1. Let C be a cone. Suppose that H is a hyperplane which in-

tersects each 0-ray; i.e. each equivalence class [c] ∈ (C \ {0},∼) exactly once. We

denote the unique element of [c]∩H as cH . We call the map c 7→ cH central projection

onto H, although actually the map is only into H, it is onto (C \ {0}) ∩ H.
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2.4.6 The cone Rn
≥0 in Rn

The canonical example of a finite dimensional complete normed linear space is Rn

with the euclidean norm. The canonical (and most important to us) cone in Rn is

the cone of non-negative vectors and is denoted Rn
≥0. Explicitly:

Definition 2.4.6.1. Let ei be the ith standard basis vector for Rn. I.e. ei has a 1 in

the ith argument and 0′s in the other n − 1 arguments. Then

Rn
≥0 =

{
n∑

i=1

xiei : xi ≥ 0

}

.

Definition 2.4.6.2. dE(x, y) is the standard Euclidean distance between x and y.

Theorem 2.4.6.3. Rn
≥0 is a closed, salient, convex cone. Moreover,

Rn
≥0 = int

(
Rn

≥0

)⋃
∂topR

n
≥0 (2.103)

where

int
(
Rn

≥0

)
=

{
n∑

i=1

xiei

∣
∣
∣
∣
∣

xi > 0

}

is the topological interior 15 of Rn
≥0 with respect to the usual topology on Rn and

∂topR
n
≥0 =

{
n∑

i=1

xiei

∣
∣
∣
∣
∣

xi ≥ 0 and at least one of the xi = 0

}

is the topological boundary 16 of Rn
≥0 with respect to the usual topology on Rn. The

above union, (2.103), is disjoint.

In the proof of Theorem 2.4.6.3, which follows, Rn
≥0 is represented as the inter-

section of n closed supporting half spaces. That such a representation exists is not

15The topological interior of a set A = int(A) = {a ∈ A : ∃ an open set Ua with a ∈ Ua ⊂ A}.
16The topological boundary of a set A ⊂ X, where X is a topological space = ∂top(A) = {p ∈ X :

whenever Up is an open set containing p then Up ∩ (X \ A) 6= ∅ and Up ∩ A 6= ∅}.
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surprising as every closed convex set is representable as the possibly infinite intersec-

tion of supporting half spaces [44].

Proof. The projection maps πi : Rn → R by πi (
∑n

i=1 xiei) = xi are continuous

for i = 1, 2, . . . n. So the “closed” half planes π−1
i ([0,∞)) are closed sets. Hence

Rn
≥0 = ∩n

i=1π
−1
i ([0,∞)) is closed. That Rn

≥0 is also salient, convex, and a cone is

trivial and no proof of that will be given.

Let

I =

{
n∑

i=1

xiei

∣
∣
∣
∣
∣

xi > 0

}

and B =

{
n∑

i=1

xiei

∣
∣
∣
∣
∣

xi ≥ 0 and at least one of the xi = 0

}

.

Since Rn
≥0 is closed, it contains its boundary, i.e:

∂topR
n
≥0 ⊂ R

n
≥0. (2.104)

Similarly, the “open” half planes π−1
i ((0,∞)) are open sets. Hence I = ∩n

i=1π
−1
i ((0,∞))

is open. I being open and entirely contained in Rn
≥0, together with (2.104), implies

∂topR
n
≥0 ⊂ R

n
≥0 \ I = B. (2.105)

The equality, Rn
≥0 \ I = B, appearing in (2.105), follows from Rn

≥0 being the disjoint

union of I and B.

Let ε > 0 be given and let b ∈ B. πj(b) = 0 for at least one particular integer

j ∈ 1, 2, . . . n. The vector b′, defined by πi(b
′) = πi(b) for i 6= j, and πj(b

′) = −ε/2 is

in the open ε ball centered at b, but it is not in Rn
≥0. So B ⊂ ∂topRn

≥0. This together

with (2.105) yields B = ∂topRn
≥0. Since int

(
Rn

≥0

)
⊂ Rn

≥0 = I ∪B and since I is open,

B = ∂topRn
≥0 implies I = int

(
Rn

≥0

)
. The union (2.103) is obviously disjoint.
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2.4.7 The hyperplane H1 and the simplex 4n−1 = H1 ∩ Rn
≥0

Definition 2.4.7.1. The hyperplane H1 ⊂ Rn is defined as follows

H1 =

{

x ∈ Rn

∣
∣
∣
∣
∣
x =

n∑

i=1

xiei, xi ∈ R,
n∑

i=1

xi = 1

}

. (2.106)

The following are useful and obvious:

1. If [x] ∈
(
Rn

≥0 \ {0},∼
)

then H1 intersects [x] exactly once: [x] ∩ H1 = x
‖x‖1

.

2. The central projection of x ∈ Rn
≥0 \ {0} onto H1 is the map

x 7→ xH1 =
x

‖x‖1

,

where ‖x‖1 is the l1 norm of x

‖x‖1 =
n∑

i=1

|xi|,

since ∥
∥
∥
∥

x

‖x‖1

∥
∥
∥
∥

1

= 1.

3. If the arguments of x ∈ consist of frequencies, then x
‖x‖1

gives the relative

frequencies, or distribution of x.

4. H1 ∩ Rn
≥0 is the standard (or unit) n − 1 simplex from algebraic topology:

4n−1 =

{

(t1, t2, . . . , tn)

∣
∣
∣
∣
∣

n∑

i=1

= 1 and ti ≥ 0 for all i

}

= H1 ∩ R
n
≥0. (2.107)

5. H1 ∩ Rn
≥0 is a cone base 17 for the cone Rn

≥0.

Theorem 2.4.7.2. If n ≥ 2 then the diameter of H1 ∩ Rn
≥0 =

√
2. See 18.

17For the definition of cone base see Definition 2.4.4.1 (page 191).
18The diameter of a subset A of Euclidean Space = sup{dE(x, y) : x, y ∈ A}.
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Proof. This is a consequence of the standard result that the diameter of a simplex is

the maximum distance between its vertices. For a proof of this see p. 120 of Hatcher’s

Algebraic Topology [43].

The distance between the vertices of the simplex 4n−1 = H1 ∩ Rn
≥0 are all

√
2

since the vertices of 4n−1 are just the standard basis vectors ei, i = 1, 2, . . . , n and

dE(ei, ej) =
√

(1 − 0)2 + (0 − 1)2 + (n − 2)(0 − 0)2 =
√

2 if i 6= j. So the theorem is

proven. Also see Barnette [8] for more general results involving vertices and algorithms

for computing the diameter in polytopes.

2.4.8 The line H ∩ Span(f, g), linear independence, tmin, tmax

Lemma 2.4.8.1. Let H be a hyperplane in V which intersects each equivalence class

of (C \ {0},∼) exactly once and suppose f, g ∈ C are linearly independent. Then

H ∩ Span(f, g) = {fH + t(gH − fH) : t ∈ R}

which is the line passing through fH and gH . Moreover, 0 /∈ H and if

aH , bH , cH ∈ H
⋂

Span(f, g)
⋂

C

then aH , bH , cH are collinear.

Proof. By Lemma 2.4.3.1 (page 190) the smallest hyperplane containing fH and gH

is the line

{fH + t(gH − fH) : t ∈ R} = l(fH , gH).

So l(fH , gH) ⊂ H ∩ Span(f, g).

On the other hand, if it is the case that

z ∈ H ∩ Span(f, g) \ l(fH , gH)
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then fH , gH , z are three non-collinear vectors in H∩Span(f, g) and Lemma 2.4.3.2 tells

us that H∩Span(f, g) = Span(f, g). But then H∩[f ] = [f ], which contradicts that H

intersects each equivalence of (C\{0},∼) exactly once. So l(fH , gH) = H∩Span(f, g).

Let c ∈ C \ {0}. Since H is a hyperplane, if H contains both c and 0, then H

contains the line passing though c and 0. But then [c] ⊂ H, which contradicts that

H intersects each equivalence class of (C \ {0},∼) exactly once. So 0 /∈ H.

Lemma 2.4.8.2. Let H be a hyperplane which intersects each equivalence class of

(C \ {0},∼) exactly once. Then 0 /∈ H. Moreover, if v, w ∈ H and v 6= w then v, w

are linearly independent.

Proof. Claim: 0 /∈ H. Proof of Claim: If v, w ∈ H, and H is any hyperplane, then

{v + κ(w − v) : κ ∈ R} ⊂ H. So if w = 0 ∈ H then

{v + κ(0 − v) : κ ∈ R} = {(1 − κ)v : κ ∈ R} = {κv : κ ∈ R} ⊂ H. (2.108)

Since we are assuming that H intersects each equivalence in (C \{0},∼) exactly once,

if f ∈ C \ {0} then H ∩ [f ] = fH . But then, as fH ∈ H, we have, by (2.108), that

[f ] ⊂ {κfH : κ ∈ R} ⊂ H. But that contradicts that H intersecting each equivalence

class in C \ {0} exactly once. So 0 /∈ H and the claim is proved.

Claim: if v, w ∈ H, v 6= w then v, w are linearly independent. Proof of Claim: If

v 6= w are linearly dependent then κ′v = w for some κ′ ∈ R. But then, for all κ ∈ R

we have

v + κ(w − v) = v + κ(κ′v − v) = (1 + κ(κ′ − 1))v ∈ H. (2.109)

If κ = − 1
κ′−1

then (2.109) implies 0 ∈ H. However, we have just proved that 0 /∈ H

so we must have that κ′ = 1, in which case v = w. So if v 6= w, then v,w must be

linearly independent.
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Theorem 2.4.8.3. Let H be a hyperplane in V which intersects each equivalence

class of (C \ {0},∼) exactly once; let f, g ∈ C be linearly independent; let

tmin = min{t ∈ R : fH + t(gH − fH) ∈ C}

tmax = max{t ∈ R : fH + t(gH − fH) ∈ C}.

Then both tmin and tmax are finite with

−∞ < tmin ≤ 0 and 1 ≤ tmax < ∞.

Moreover,

H
⋂

Span(f, g)
⋂

C = {fH + t(gH − fH) : t ∈ [tmin, tmax]} (2.110)

So H
⋂

Span(f, g)
⋂

C is a closed and bounded line segment with end points

fH + tmin(gH − fH) and fH + tmin(gH − fH)

having finite length, with respect to dV , given by

(tmax − tmin)
∥
∥gH − fH

∥
∥

V
= (tmax − tmin)dV (gH , fH)

where dV is the metric induced by V ’s norm ‖ ‖V .

Proof. Since gH ∈ C we must have tmax ≥ 1 .
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If tmax is unbounded, then for t arbitrarily large we will have

fH + t(gH − fH) ∈ C

⇒
1

t

(
fH + t(gH − fH)

)
∈ C

⇒
1

t
fH +

(
gH − fH

)
∈ C

⇒ gH − fH ∈ C

with the last implication holding because C is closed. Since f, g are linear independent

gH − fH 6= 0. So gH − fH ∈ Span(f, g)
⋂

C \ {0}. Since gH − fH ∈ C \ {0} we must

have that H intersects [gH − fH ] exactly once: let λ be the unique positive real

number such that H
⋂

[gH − fH ] = λ(gH − fH).

By Lemma 2.4.8.1 (page 198)

H
⋂

Span(f, g) ={fH + t(gH − fH) : t ∈ R} so

λ(gH − fH) = H
⋂

[gH − fH ] ∈{fH + t(gH − fH) : t ∈ R}

so there should exist a t∗ ∈ R such that

λ(gH − fH) = fH + t∗(g
H − fH).

But then (λ− t∗)g
H = (1+ λ− t∗)f

H which is impossible because fH , gH are linearly

independent. Hence we reach a contradiction. Hence tmax must have been bounded

above; i.e. tmax < ∞.

Since fH ∈ C we must have tmin ≤ 0. A similar argument to that given for tmax

will show that −∞ < tmin.

Since C is closed fH + tmin(gH − fH) and fH + tmax(g
H − fH) are both in C.
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Since C is convex the line segment

{fH + t(gH − fH) : t ∈ [tmin, tmax]} ⊂ C.

By Lemma 2.4.8.1 (page 198)

H
⋂

Span(f, g) = {fH + t(gH − fH) : t ∈ R}

so

H
⋂

Span(f, g)
⋂

C = {fH + t(gH − fH) : t ∈ [tmin, tmax]}.

Finally,

dV

(
fH + tmin(gH − fH), fH + tmax(g

H − fH)
)

=

=
∥
∥(fH + tmin(gH − fH)

)
−
(
fH + tmax(g

H − fH)
)∥∥

=
∥
∥(tmin − tmax)(g

H − fH)
∥
∥

= (tmax − tmin)
∥
∥(gH − fH)

∥
∥ .

2.4.9 The Hilbert Projective Metric dH(f, g) using αf ≤ g ≤

βf

The following definition of the Hilbert Projective Metric is very useful. For proofs

of the assertions made in this section and a more detailed treatment, please see

Section 1.9 (page 80).

Definition 2.4.9.1. Let f, g ∈ C \ {0} and let α, β be the greatest and least values

for which

αf ≤ g ≤ βf
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is true. Here a ≤ b means b − a ∈ C. In terms of sets

α = sup{t ∈ R : g − tf ∈ C} and β = inf{t ∈ R : tf − g ∈ C} (2.111)

where for β we take β = ∞ if @ β such that βf − g ∈ C.

The Hilbert Projective Metric on C \ {0} is defined by

dH(f, g) = ln

(
β

α

)

∈ [0,∞].

We define dH on (C \ {0},∼) by dH ([f ], [g]) = dH(f, g). Note. dH is not actually a

true metric on C \ {0}, see item 2. immediately below.

Let u ∈ C \ {0} and let Cu = {f ∈ C \ {0} : dH(f, u) < ∞}. In Theorem 1.9.3.2

(page 84) we prove the following assertions:

1.

α ∈ [0,∞) β ∈ (0,∞] and 0 ≤ α ≤ β ≤ ∞.

2. dH is an extended pseudo-metric on C\{0} meaning all the axioms of a true met-

ric space hold except that dH can take the value ∞ (extended) and dH(f, g) = 0

does not automatically imply f = g (pseudo).

3. dH is an extended metric on (C \ {0},∼). In particular if f ∼ f ′ and g ∼ g′

then dH(f, g) = dH(f ′, g′).

4. If we define f ≡ g if dH(f, g) < ∞ then ≡ is an equivalence relation on C \ {0}

and Cu is the ≡ equivalence class containing u.

5. dH is a true metric on (Cu,∼) for each u ∈ C \ {0}.
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2.4.10 Technical Lemma regarding tmax, tmin and dH

Lemma 2.4.10.1. Let H be a hyperplane in V which intersects each equivalence class

of (C \ {0},∼) exactly once. Let f, g ∈ C be linearly independent; and let fH (resp.

gH) be the unique intersection point of H with the equivalence class of f (resp. g).

Define

tmin = min{t ∈ R : fH + t(gH − fH) ∈ C}

tmax = max{t ∈ R : fH + t(gH − fH) ∈ C}

α = sup{t ∈ R : gH − tfH ∈ C}

β = inf{t ∈ R : tfH − gH ∈ C}

so that

dH(fH , gH) = ln

(
β

α

)

.

Then:

1. 1 ≤ tmax < ∞.

2.

1

tmax

(
fH + tmax

(
gH − fH

))
= gH − αfH ∈ C.

3.

α = 1 −
1

tmax

=
tmax − 1

tmax

.

4.

0 ≤ α < 1.

5. −∞ < tmin ≤ 0.
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6. If tmin < 0, then

−1

tmin

(
fH + tmin

(
gH − fH

))
= βfH − gH ∈ C.

7. If tmin < 0, then

β = 1 −
1

tmin

=
tmin − 1

tmin

.

8. If tmin < 0, then

1 ≤ β < ∞.

9. If tmin = 0, then sfH − gH /∈ C for all s ∈ R and so β = ∞.

It is important to emphasize that the values of tmin, tmax, α, and β depend on f, g, H,

and C. The result

0 ≤ α < 1 and 1 ≤ β ≤ ∞

holds for fH , gH and is not true in general for f, g.

Remark 2.4.10.2. Regarding Lemma 2.4.10.1 above. Note that dH

(
fH , gH

)
= ln(β/α)

where α, β are the smallest, largest “numbers” satisfying αfH ≤ gH ≤ βfH . “Num-

bers” is in quotes, since β might be ∞. The smallest, largest ‘numbers’ α′, β ′ satisfy-

ing α′f ≤ g ≤ β′f will be a fixed multiple of α, β. It will of course be the case that

β/α = β′/α′. See (1.51), Theorem 1.9.3.2 (page 84) for details.

The proof of Lemma 2.4.10.1 follows:

Proof. The relationship between tmax and α. By Theorem 2.4.8.3 (page 199),

fH + tmax

(
gH − fH

)
∈ C and 1 ≤ tmax < ∞,
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so

1

tmax

(
fH + tmax

(
gH − fH

))
=

1

tmax

fH +
(
gH − fH

)
(2.112)

= gH −

(

1 −
1

tmax

)

fH ∈ C.

So
(

1 −
1

tmax

)

≤ α.

The map s 7→ gH − sfH parameterizes a line in V passing through gH (when s = 0)

and gH − αfH when s = α. By the definition of α there exists a sequence {sn}

with s0 = 0 ≤ s1 ≤ . . . ≤ α such that gH − snfH ∈ C and sn → α. Since C is

closed and s 7→ gH − sfH is continuous gH − αfH ∈ C. Since C is convex the points

gH − sfH ∈ C for all s ∈ [0, α].

Now suppose that
(

1 −
1

tmax

)

< α.

Then ∃ ε > 0 such that
(

1 −
1

tmax + ε

)

< α.

But then

gH −

(

1 −
1

tmax + ε

)

fH ∈ C. (2.113)

Since
(

1 −
1

tmax + ε

)

=

(
tmax + ε − 1

tmax + ε

)

,

we can rewrite the relationship in (2.113) as

gH −

(
tmax + ε − 1

tmax + ε

)

fH ∈ C. (2.114)
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Since C is closed under positive scaling, multiplying (2.114) by (tmax + ε) yields

(tmax + ε) gH − (tmax + ε − 1) fH = fH + (tmax + ε)
(
gH − fH

)
∈ C.

But this contradicts the definition of tmax. So we must have

(

1 −
1

tmax

)

= α (2.115)

and so, considering (2.112), we have

1

tmax

(
fH + tmax

(
gH − fH

))
= gH − αfH .

By Theorem 2.4.8.3 (page 199)

1 ≤ tmax < ∞

and by (2.115),
(
1 − 1

tmax

)
= α, so 0 ≤ α < 1.

The relationship between tmin and β.

By Theorem 2.4.8.3 (page 199),

fH + tmin

(
gH − fH

)
∈ C and −∞ < tmin ≤ 0,

so, assuming that tmin < 0,

−1

tmin

(
fH + tmin

(
gH − fH

))
=

−1

tmin

fH +
−tmin

tmin

(
gH − fH

)

=
−1

tmin

fH −
(
gH − fH

)

=

(

1 −
1

tmin

)

fH − gH ∈ C. (2.116)
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So, assuming that tmin < 0,

β ≤

(

1 −
1

tmin

)

.

Consider B = {s ∈ R : sfH − gH ∈ C}. Since C is salient and closed under

positive scaling and addition, it follows that B ⊂ (0,∞). With the assumption of

tmin < 0 we have
(
1 − 1

tmin

)
∈ B, hence B is non-empty, and so β = inf B with

0 ≤ β ≤
(
1 − 1

tmin

)
. Moreover, if s′ > 0 and s ∈ B, then

s′fH + (sfH − gH) ∈ C

(since convex cones are closed under addition). This implies that

s′ + s ∈ B ∀ s′ > 0 (2.117)

provided s ∈ B. If B is non-empty, it must contain a decreasing sequence sn → β.

So if B is non-empty, by (2.117), B must contain the intervals [sn,∞) and so

(β,∞) ⊂ B hence {sfH − gH : s ∈ (β,∞)} ⊂ C. (2.118)

The continuous map γ : s 7→ sfH − gH parameterizes a line in V that passes through

βfH − gH when s = β. Moreover, by (2.118), this line is in C for s > β. Since C is

closed γ−1(C) = B is closed and since B is bounded below by 0, inf B = β ∈ B. So

B = [β,∞) ⊂ [0,∞).
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Now suppose that

β <

(

1 −
1

tmin

)

=

(
tmin − 1

tmin

)

=

(
1 − tmin

−tmin

)

︸ ︷︷ ︸
>1, since tmin<0.

.

Then ∃ ε > 0 such that

β <

(
1 − tmin + ε

−tmin + ε

)

<

(
1 − tmin

−tmin

)

︸ ︷︷ ︸
2nd inequality

. (2.119)

To see that the 2nd inequality in (2.119) is true for all ε > 0, recall that we are assuming

(in this part of the proof) that tmin < 0; then let 1 − tmin = x and −tmin = y so that

x, y > 0 and y < x. Then

x + ε

y + ε
<

x

y
⇔ (x + ε)y < x(y + ε)

⇔ xy + εy < xy + εx

⇔ εy < εx

⇔ y < x.

But then, since [β,∞) = B, it follows from the the 1st inequality in (2.119) that
(

1−tmin+ε
−tmin+ε

)
∈ B so that

(
1 − tmin + ε

−tmin + ε

)

fH − gH ∈ C. (2.120)
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Since C is closed under positive scaling, multiplying (2.120) by (−tmin + ε) yields

(1 − tmin + ε) fH − (−tmin + ε) gH = fH − (tmin − ε) fH + (tmin − ε) gH

= fH + (tmin − ε)
(
gH − fH

)
∈ C.

But (tmin − ε) < tmin, which contradicts the definition of tmin.

So, when tmin < 0, we must have

β =

(
1 − tmin

−tmin

)

=

(

1 −
1

tmin

)

> 1;

and by (2.116), we must have

−1

tmin

(
fH + tmin

(
gH − fH

))
= βfH − gH .

Now let us consider the remaining possibility for tmin, that tmin = 0.

Suppose that tmin = 0 and that there exists s′ > 0 such that s′fH − gH ∈ C so

that β 6= ∞. (Since C is salient, if such an s′ exists, it must be > 0.) We will show

the existence of such an s′ contradicts that tmin = 0.

Since C is closed under positive scaling and addition we have, for all s > s′

sfH − gH = (s − s′)fH + (s′fH − gH) ∈ C. (2.121)

Scaling sfH − gH in (2.121) by 1
s

yields

fH −
1

s
gH ∈ C if s > s′. (2.122)

Fixing s and multiplying fH − 1
s
gH by (all real values of) k yields the line

k

(

fH −
1

s
gH

)

, k ∈ R
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which may or may not intersect the line

fH + t
(
gH − fH

)
, t ∈ R.

The intersection occurs if and only if there exist values of k, t which make

k

(

fH −
1

s
gH

)

= fH + t
(
gH − fH

)
(2.123)

true. We rewrite (2.123) as:

kfH +
−k

s
gH = (1 − t)fH + tgH .

Since fH , gH are linearly independent we can equate the coefficients of fH and gH :

k = 1 − t (2.124)

−k

s
= t. (2.125)

Equations (2.124) and (2.125) yield:

k = 1 −
−k

s
⇒ sk = s + k

⇒ sk − k = s

⇒ (s − 1)k = s

⇒ k =
s

s − 1
.

Let s > max{1, s′}. Then by (2.122) fH − 1
s
gH ∈ C and k = s

s−1
> 0 so that

k
(
fH − 1

s
gH
)
∈ C so that the intersection determined by equation (2.123) occurs in
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C. That is,

fH + t
(
gH − fH

)
∈ C if s > max{1, s′} and if

−k

s
= t (2.126)

however, k, s > 0 implies

−k

s
= t < 0

and so (2.126) contradicts our assumption that tmin = 0 since

tmin = min{t : fH + t
(
gH − fH

)
∈ C}.

Hence, if tmin = 0 there does not exist an s′ such that s′fH − gH ∈ C and so

β = ∞.

2.4.11 Main Theorem for dH , tmin, tmax, α, β, b0, b1

The following Theorem uses the same notation and definitions as given in Lemma 2.4.10.1

(page 204).

Theorem 2.4.11.1. Let H be a hyperplane in V which intersects each equivalence

class of (C \ {0},∼) exactly once. Let f, g ∈ C be linearly independent; let fH and

gH be the central projections of f and g onto H. Let tmax (resp. tmin) be the least

(resp. greatest) value of t such that fH + t
(
gH − fH

)
∈ C. Let

α = sup{t ∈ R : gH − tfH ∈ C}

β = inf{t ∈ R : tfH − gH ∈ C}

b0 = fH + tmin

(
gH − fH

)

b1 = fH + tmax

(
gH − fH

)
.
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Then

1

1 − tmin

b0 = b(fH/gH), 0 <
1

1 − tmin

≤ 1, [b0] =
[
b
(
fH/gH

)]

1

tmax

b1 = b
(
gH/fH

)
, 0 <

1

tmax

≤ 1, [b1] =
[
b
(
gH/fH

)]

and the following 8 results hold:

1.

tmax =
dV

(
fH , b1

)

dV (fH , gH)
, 1 ≤ tmax < ∞.

2.

tmin = −
dV

(
fH , b0

)

dV (fH , gH)
, −∞ < tmin ≤ 0.

3. If tmin < 0, then

β = 1 −
1

tmin

=
tmin − 1

tmin

, 1 < β < ∞.

If tmin = 0, then

β = ∞.

4.

α = 1 −
1

tmax

=
tmax − 1

tmax

, 0 ≤ α < 1.

5.

0 ≤ α < 1 < β ≤ ∞ and 1 <
β

α
≤ ∞.

If we take

tmin − 1

tmin

= ∞ if tmin = 0 and

tmax

tmax − 1
= ∞ if tmax = 1,

213



we have

β

α
=

tmin − 1

tmin

tmax

tmax − 1
.

6.

β

α
=

dV

(
b0, g

H
)

dV (b0, fH)

dV

(
b1, f

H
)

dV (b1, gH)

7.

dH

(
fH , gH

)
= ln

(
β

α

)

= ln

(
tmin − 1

tmin

tmax

tmax − 1

)

= ln

(
dV

(
b0, g

H
)

dV (b0, fH)

dV

(
b1, f

H
)

dV (b1, gH)

)

.

8. dV (b0, b1) = (tmax − tmin) dV

(
fH , gH

)
.

9. bH
0 = b0 and bH

1 = b1.

10. b0, b1 are a pair of ends for fH , gH (and equivalently, for f, g).

Proof. See Figure 2.4 (page 223). Much of this theorem is a consequence of Lemma 2.4.10.1

(page 204).

First we prove

1

tmax

b1 = b
(
gH/fH

)
and [b1] =

[
b
(
gH/fH

)]

In this theorem we have defined b1 as

b1 = fH + tmax

(
gH − fH

)
. (2.127)

By part 1 of Lemma 2.4.10.1 (page 204) we have 1 ≤ tmax < ∞. Dividing (2.127) by
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tmax yields

1

tmax

b1 =
1

tmax

(
fH + tmax

(
gH − fH

))
. (2.128)

Part 2 of Lemma 2.4.10.1 (page 204) give us

1

tmax

(
fH + tmax

(
gH − fH

))
= gH − αfH . (2.129)

The definition of α, see 19, given in this theorem (and in Lemma 2.4.10.1 (page 204))

is the same as the definition of m(y/x), given in Definition 1.3.0.8 (page 30), and so

we have the equality

α = sup{t ∈ R : gH − tfH ∈ C} = m
(
gH/fH

)
. (2.130)

(2.130) implies

gH − αfH = gH − m
(
gH/fH

)
fH . (2.131)

The definition of b(y/x), given in Definition 1.3.0.9 (page 30) is

y − m(y/x) x = b(y/x), (2.132)

which immediately implies

gH − m
(
gH/fH

)
fH = b

(
gH/fH

)
. (2.133)

The four telescoping equalities (2.128), (2.129), (2.131), and (2.133) give us

1

tmax

b1 = b
(
gH/fH

)
. (2.134)

19The definition of α = sup{t ∈ R : gH − tfH ∈ C} given here, in Theorem 2.4.11.1, matches the
definition of α given in the “αf ≤ g ≤ βf definition of dH(f, g)” discussed in Section 1.9 (page 80).
Of course in Theorem 2.4.11.1 we are working with fH and gH .
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By Part 1 of Lemma 2.4.10.1 (page 204) we know that 1 ≤ tmax < ∞. But then

0 < 1
tmax

≤ 1 and Equation (2.134) implies [b1] =
[
b
(
gH/fH

)]
.

Next we prove:

1

1 − tmin

b0 = b(fH/gH) and [b0] =
[
b
(
fH/gH

)]
.

Recall tmin = inf{t | fH + t(gH − fH) ∈ C} and that by part 5 of Lemma 2.4.10.1

(page 204), −∞ < tmin ≤ 0.

Case 1. tmin = 0.

Suppose there exists an s > 0 such that fH − sgH ∈ C. Then, since C is closed

under positive scaling and addition,

1

s
fH − gH ∈ C

1

s
fH − gH + fH ∈ C

fH − sgH + sfH ∈ C

fH − s(gH − fH) ∈ C

fH + (−s)(gH − fH) ∈ C

implies tmin ≤ (−s). So if tmin = 0, then there does not exist an s > 0 such that

fH − sgH ∈ C. So m(fH/gH) = 0 (see 20) which implies

b
(
fH/gH

)
= fH = b0; (2.135)

see 21.

Case 2. tmin < 0.

20Definition 1.3.0.8 (page 30): m(y/x) = sup{t ∈ R : y − tx ∈ C}.
21Definition 1.3.0.9 (page 30): y − m(y/x) x = b(y/x).
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By part 8 of Lemma 2.4.10.1 (page 204), if tmin < 0 then

1 ≤ β < ∞.

So β is positive finite and is the smallest number for which βfH − gH ∈ C. C is

closed under positive scaling so fH − 1
β

gH ∈ C, which in turn implies 1
β

is the largest

number t for which fH − t gH ∈ C. I.e. m(fH/gH) = 1
β

and

b
(
fH/gH

)
= fH − m(fH/gH) gH

︸ ︷︷ ︸
Definition of b(fH/gH)

= fH −
1

β
gH . (2.136)

By Part 6 of Lemma 2.4.10.1 (page 204), if tmin < 0, then

−1

tmin

(
fH + tmin

(
gH − fH

))
= βfH − gH . (2.137)

Since b0 = fH + tmin

(
gH − fH

)
we can rewrite (2.137) as

−1

tmin

b0 = βfH − gH . (2.138)

Since β 6= 0 we can divide both sides of (2.137) and then use (2.136) to get

−1

tmin β
b0 = fH −

1

β
gH = b(fH/gH). (2.139)

By part 7 of Lemma 2.4.10.1 (page 204), if tmin < 0, then

β =
tmin − 1

tmin

,

so

−1

tmin β
=

−1

tmin
tmin−1

tmin

=
−1

tmin − 1
=

1

1 − tmin

. (2.140)
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(2.140) allows us to write (2.139) as

1

1 − tmin

b0 = b(fH/gH). (2.141)

Equality (2.141) was derived under the assumption that tmin < 0. However, if we plug

tmin = 0 into (2.141) we get b0 = b(fH/gH) which is the correct result for tmin = 0;

see Equality (2.135). So Equality (2.141) holds for all possible values of tmin; i.e.

tmin ≤ 0.

Moveover, since tmin ≤ 0 we have

0 <
1

1 − tmin

≤ 1

and so

[b0] = [b(fH/gH)].

Now we prove the remaining parts of this theorem:

1. By Lemma 2.4.10.1 (page 204) we have 1 ≤ tmax < ∞, so

dV

(
b1, f

H
)

= dV

(
fH + tmax

(
gH − fH

)
, fH

)

=
∥
∥(fH + tmax

(
gH − fH

))
− fH

∥
∥

V

=
∥
∥tmax

(
gH − fH

)∥∥
V

= tmax

∥
∥gH − fH

∥
∥

V

= tmaxdV

(
fH , gH

)

⇒ tmax =
dV

(
fH , b1

)

dV (fH , gH)
.
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2. By Lemma 2.4.10.1 (page 204) we have −∞ < tmin ≤ 0, so

dV

(
b0, f

H
)

= dV

(
fH + tmin

(
gH − fH

)
, fH

)

=
∥
∥(fH + tmin

(
gH − fH

))
− fH

∥
∥

V

=
∥
∥tmin

(
gH − fH

)∥∥
V

= −tmin

∥
∥gH − fH

∥
∥

V

= −tmindV

(
fH , gH

)

⇒ tmin = −
dV

(
fH , b0

)

dV (fH , gH)
.

3. and 4. are proven in Lemma 2.4.10.1 (page 204).

5. In Lemma 2.4.10.1 (page 204), we proved that

0 ≤ α =
tmax − 1

tmax

< 1 and 1 < β =
tmin − 1

tmin

≤ ∞,

and so the rest of Part 5 follows.

6.

β

α
=

tmin − 1

tmin

tmax

tmax − 1

=
−

dV (fH ,b0)
dV (fH ,gH)

− 1

− dV (fH ,b0)
dV (fH ,gH)

dV (fH ,b1)
dV (fH ,gH)

dV (fH ,b1)
dV (fH ,gH)

− 1

=
−dV

(
fH , b0

)
− dV

(
fH , gH

)

−dV (fH , b0)

dV

(
fH , b1

)

dV (fH , b1) − dV (fH , gH)
. (2.142)

The following remarks will allow us to simplify (2.142).

fH , gH , b0, b1 are collinear. As t increases, the parametrization

t 7→ fH + t(gH − fH)

219



shows that fH , gH , b0, b1 are reached on the line {fH + t(gH − fH) ∈ V : t ∈ R} in

the order b0, f
H , gH , b1 since

tmin 7→ b0 0 7→ fH 1 7→ gH tmax 7→ b1

and by Lemma 2.4.10.1 (page 204)

tmin ≤ 0 < 1 ≤ tmax.

This indicates

dV

(
b0, f

H
)

+ dV

(
fH , gH

)
= dV

(
b0, g

H
)

(2.143)

dV

(
fH , b1

)
− dV

(
fH , gH

)
= dV

(
gH , b1

)
(2.144)

which the following argument explicitly proves. First we prove (2.143):

dV

(
b0, f

H
)

=
∥
∥(fH + tmin(gH − fH)

)
−
(
fH
)∥∥

V

= −tmin

∥
∥gH − fH

∥
∥

V
since − tmin = |tmin|

dV

(
fH , gH

)
=
∥
∥gH − fH

∥
∥

V

and so

dV

(
b0, f

H
)

+ dV

(
fH , gH

)
= (1 − tmin)

∥
∥gH − fH

∥
∥

V

=
∥
∥(1 − tmin)

(
gH − fH

)∥∥
V

=
∥
∥(gH − fH

)
− tmin

(
gH − fH

)∥∥
V

=
∥
∥(gH

)
−
(
fH + tmin

(
gH − fH

))∥∥
V

= dV

(
gH , b0

)
.
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Hence, Equation (2.143) is proven. Next we prove (2.144):

dV

(
fH , b1

)
=
∥
∥(fH

)
−
(
fH + tmax

(
gH − fH

))∥∥
V

= tmax

∥
∥gH − fH

∥
∥

V
since tmax︸︷︷︸

≥1

= |tmax|

dV

(
fH , gH

)
=
∥
∥gH − fH

∥
∥

V

and so

dV

(
fH , b1

)
− dV

(
fH , gH

)
= (tmax − 1)

∥
∥gH − fH

∥
∥

V

=
∥
∥(tmax − 1)

(
gH − fH

)∥∥
V

=
∥
∥(fH + tmax

(
gH − fH

))
−
(
gH
)∥∥

V

= dV

(
b1, g

H
)
.

Hence, Equation (2.144) is proven. We rewrite (2.142) using Equations (2.143) and

(2.144):

β

α
=

−dV

(
b0, g

H
)

−dV (b0, fH)

dV

(
b1, f

H
)

dV (b1, gH)

=
dV

(
b0, g

H
)

dV (b0, fH)

dV

(
b1, f

H
)

dV (b1, gH)
.

7. is an immediate consequence of Parts 5 and 6 of this theorem and Definition 2.4.9.1

(page 202).

8. dV (b0, b1) = ‖b1 − b0‖V = (tmax − tmin) dV

(
fH , gH

)
.

9. Lemma 2.4.3.1 (page 190) implies that both b0 and b1 are in H. We are assuming

that H intersects each 0-ray of C \ {0} exactly once. So we must have bH
0 = b0 and

bH
1 = b1.
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10. We have already proved in (2.141) (page 218) and (2.134) (page 215) that

1

1 − tmin

b0 = b
(
fH/gH

)
and

1

tmax

b1 = b
(
gH/fH

)

with 0 < 1
1−tmin

, 1
tmax

≤ 1. So the pair b0, b1 satisfies part 1 of Proposition 1.4.2.1

(page 46) and so are ends for fH , gH .

αfH = f and βgH = g for some α, β > 0. So, by Proposition 1.4.3.3 (page 47),

b0, b1 will also be ends for f, g.

2.4.12 Theorem relating dH to dV

The following theorem is important because it allows us to readily calculate dH pro-

vided a hyperplane exists which intersects each 0-ray in C \ {0}.

Theorem 2.4.12.1. This theorem is a continuation of Theorem 2.4.11.1 (page 212).

In particular, C is a closed, convex, salient, pointed-by-the-origin cone in Banach

Space V . Let H be a hyperplane in V which intersects each equivalence class of

(C \ {0},∼) exactly once. Let f, g ∈ C be linearly independent; let fH and gH be

the central projections of f and g onto H. Let tmax (resp. tmin) be the least (resp.

greatest) value of t such that fH + t
(
gH − fH

)
∈ C. Let

b0 = fH + tmin

(
gH − fH

)

b1 = fH + tmax

(
gH − fH

)

and let D = dV (b0, b1) and c(t) = b0 + t
D

(b1 − b0). Then the following hold:

1.

c(t) =

(

1 −
t

D

)

b0 +
t

D
b1.
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b0
0

f

fH
xf

g

gH

xg

b1

D

x
c(x)

H

H

Figure 2.4: The cone R2
≥0 = C. The hyperplane H intersects each equivalence class

of (C \ {0},∼) exactly once. fH and gH are the projections of f and g into H.
In this example, the line t 7→ fH + t

(
gH − fH

)
parameterizes the hyperplane H.

The dotted arrow shows the direction of the parametrization as t increases. b0 =
fH + tmin

(
gH − fH

)
and b1 = fH + tmax

(
gH − fH

)
. D = dV (b0, b1). c : x ∈ [0, D] ⊂

R 7→
(
1 − x

D

)
b0 + x

D
b1 ∈ H

⋂
C. c is an isometry. The dotted arrow shows the

direction of increasing x.
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2. c is an isometry of R to V .

3. Let b0b1 be the line segment connecting b0f to b1. As sets

b0b1 = {fH + t(gH − fH) : t ∈ [tmin, tmax]} = c([0, D]). (2.145)

{fH + t(gH − fH) : t ∈ R} = c(R). (2.146)

4. Span(f, g) ∩ C ∩ H = c ([0, D]).

5. If x, y ∈ [0, D] with x < y and if

smin = inf{s ∈ R : c(x) + s(c(y) − c(x)) ∈ C}

smax = sup{s ∈ R : c(x) + s(c(y) − c(x)) ∈ C},

then

smin =
−x

y − x

smax =
D − x

y − x

and

c(x) + smin(c(y) − c(x)) = b0

c(x) + smax(c(y) − c(x)) = b1.

6. If x 6= y then c(x), c(y) are linearly independent. If x, y ∈ (0, D) and x < y

then

dH(c(x), c(y)) = ln

(
dV (b0, c(y))

dV (b0, c(x))

dV (b1, c(x))

dV (b1, c(y))

)

= ln

(
y

x

D − x

D − y

)

∈ (0,∞).

(2.147)
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If x, y ∈ (0, D) and y < x then

dH(c(x), c(y)) = ln

(
dV (b0, c(x))

dV (b0, c(y))

dV (b1, c(y))

dV (b1, c(x))

)

= ln

(
x

y

D − y

D − x

)

∈ (0,∞).

(2.148)

7. If x 6= y and x = 0 and/or y = D then dH(c(x), c(y)) = ∞.

8. Let

−tmin

tmax − tmin

D = xf and
1 − tmin

tmax − tmin

D = xg.

Then xf , xg ∈ [0, D] are the unique real numbers such that

c(xf ) = fH and c(xg) = gH .

Also, 0 ≤ xf < xg ≤ D and

0 < xf < xg < D if and only if 0 < dH(fH , gH) < ∞.

Proof. 1. Is trivial.

2. Plugging x1, x2 ∈ R into

c(x) =
(
1 −

x

D

)
b0 +

x

D
b1
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and doing the obvious, we get

dV (c(x1), c(x2)) =

dV

((
1 −

x1

D

)
b0 +

x1

D
b1,
(
1 −

x2

D

)
b0 +

x2

D
b1

)
=

∥
∥
∥
((

1 −
x1

D

)
b0 +

x1

D
b1

)
−
((

1 −
x2

D

)
b0 +

x2

D
b1

)∥∥
∥

V
=

∥
∥
∥
∥
x2 − x1

D
b0 −

x2 − x1

D
b1

∥
∥
∥
∥

V

=

∣
∣
∣
∣
x2 − x1

D

∣
∣
∣
∣ ‖b0 − b1‖V =

∣
∣
∣
∣
x2 − x1

D

∣
∣
∣
∣D =

|x2 − x1| = dR(x1, x2).

So c is an isometry from R to the line c (R) ⊂ V .

3.

c(t) =

(

1 −
t

D

)

b0 +
t

D
b1

=

(

1 −
t

D

)
(
fH + tmin(gH − fH)

)
+

t

D

(
fH + tmax(g

H − fH)
)

= fH +

(

1 −
t

D

)

tmin

(
gH − fH

)
+

t

D
tmax

(
gH − fH

)

= fH +

((

1 −
t

D

)

tmin +
t

D
tmax

)
(
gH − fH

)

= fH +

(

tmin +
t

D
(tmax − tmin)

)
(
gH − fH

)
. (2.149)

As t goes from 0 to D (resp. from −∞ to ∞), the coefficient of
(
gH − fH

)
in (2.149)

goes monotonically from tmin to tmax (resp. from −∞ to ∞). So (2.145) (resp.

(2.146)) is proven.

4. By Equality (2.110) of Theorem 2.4.8.3 (page 199), and Equality (2.145) of this
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theorem (proven in Part 3.) we have

H ∩ Span(f, g) ∩ C = {fH + t(gH − fH) : t ∈ [tmin, tmax]} = c ([0, D]) . (2.150)

5. From (2.149)

c(t) = fH +

(

tmin +
t

D
(tmax − tmin)

)
(
gH − fH

)

so

c(x) + s (c(y) − c(x)) (2.151)

= (1 − s) c(x) + s c(y)

= (1 − s)
(
fH +

(
tmin +

x

D
(tmax − tmin)

) (
gH − fH

))
+

s
(
fH +

(
tmin +

y

D
(tmax − tmin)

) (
gH − fH

))

= fH + (1 − s)
(
tmin +

x

D
(tmax − tmin)

) (
gH − fH

)
+

s
(
tmin +

y

D
(tmax − tmin)

) (
gH − fH

)

= fH +
(
tmin +

(
(1 − s)

x

D
+ s

y

D

)
(tmax − tmin)

) (
gH − fH

)

= fH +

(

tmin + (x + s(y − x))
tmax − tmin

D

)

︸ ︷︷ ︸
monotonically increasing with respect to s because x < y

(
gH − fH

)
. (2.152)

So, by the above algebra, (2.151) to (2.152), we must have that

smin = inf {s ∈ R : c(x) + s (c(y) − c(x)) ∈ C}

= inf






s ∈ R

∣
∣
∣
∣
∣
∣
∣
∣
∣

fH +

(

tmin + (x + s(y − x))
tmax − tmin

D

)

︸ ︷︷ ︸
monotonically increasing with respect to s because x < y

(
gH − fH

)
∈ C






= that unique s such that tmin = tmin + (x + s(y − x))
tmax − tmin

D
.
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Hence

0 = x + smin(y − x)

smin =
−x

y − x
.

In a similar fashion, smax will be that unique s such that

tmax = tmin + (x + s(y − x))
tmax − tmin

D
. Hence,

D = x + smax(y − x)

smax =
D − x

y − x
.

From (2.151) and (2.152) it is obvious that

b0 = c(x) + smin (c(y) − c(x)) (2.153)

b1 = c(x) + smax (c(y) − c(x)) .

6. According to Lemma 2.4.8.2 (page 199) if v, w ∈ H are not equal, they are

linearly independent. By Part 5, c(x), c(y) ∈ H. By Part 2, c is an isometry, so if

x 6= y then c(x) 6= c(y). So if x 6= y then c(x), c(y) are linearly independent.

Let us suppose that 0 ≤ x < y ≤ D so that c(x), c(y) ∈ C are linearly independent

If we let

b′0 = c(x)H + smin

(
c(y)H − c(x)H

)

b′1 = c(x)H + smax

(
c(y)H − c(x)H

)
.

Then by Part 7 of Theorem 2.4.11.1 (page 212), which requires linear independence,
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we have

dH

(
c(x)H , c(y)H

)
= ln

(
dV

(
b′0, c(y)H

)

dV (b′0, c(x)H)

dV

(
b′1, c(x)H

)

dV (b′1, c(y)H)

)

(2.154)

As a consequence of Part 5 (2.150), c(x)H = c(x) and c(y)H = c(y); as a consequence

of Part 4 (2.153), b′0 = b0 and b′1 = b1. Also, c(0) = b0 and c(D) = b1. So, with

these substitutions, and using that c is an isometry, proved in Part 2 of this theorem,

(2.154) becomes

dH (c(x), c(y)) = ln

(
dV (b0, c(y))

dV (b0, c(x))

dV (b1, c(x))

dV (b1, c(y))

)

= ln

(
dV (c(0), c(y))

dV (c(0), c(x))

dV (c(D), c(x))

dV (c(D), c(y))

)

= ln

(
|0 − y|
|0 − x|

|D − x|
D − y|

)

= ln

(
y

x

D − x

D − y

)

. (2.155)

We are assuming that x, y ∈ (0, D) and that x < y so 1 < D−x
D−y

, y
x

< ∞. Hence (2.155)

implies that 0 < dH (c(x), c(y)) < ∞. So (2.147) is proven.

If x > y, if we switch x with y and note that dH is symmetric, we get the (2.148),

which finishes our proof of Part 6.

7. If x 6= y and x = 0 and/or y = D, simply plugging these values into (2.155)

yields ln(∞) = ∞ without any indeterminacy.

8. Let xf , xg ∈ [0, D] be the unique real numbers for which

(
1 −

xf

D

)
b0 +

xf

D
b1 = fH and

(
1 −

xg

D

)
b0 +

xg

D
b1 = gH .

From the definitions of b0 and b1 it is clear that xf < xg and that xf , xg ∈ [0, D].
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That said, we show this explicitly and derive formulas for xf and xg. Recall

tmin = min{t ∈ R : fH + t(gH − fH) ∈ C}, b0 = fH + tmin(gH − fH)

tmax = max{t ∈ R : fH + t(gH − fH) ∈ C}, b1 = fH + tmax(g
H − fH)

so

fH =
(
1 −

xf

D

)
b0 +

xf

D
b1

=
(
1 −

xf

D

) (
fH + tmin

(
gH − fH

))

+
(xf

D

) (
fH + tmax

(
gH − fH

))

= fH +
(
1 −

xf

D

)
tmin

(
gH − fH

)

+
(xf

D

)
tmax

(
gH − fH

)

⇒ 0 =
(
1 −

xf

D

)
tmin +

(xf

D

)
tmax

= tmin −
xf

D
tmin +

xf

D
tmax

⇒ −tmin =
xf

D
(tmax − tmin)

⇒
−tmin

tmax − tmin

D = xf .
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Similarly for gH :

gH =
(
1 −

xg

D

)
b0 +

xg

D
b1

=
(
1 −

xg

D

) (
fH + tmin

(
gH − fH

))

+
(xg

D

) (
fH + tmax

(
gH − fH

))

= fH +
(
1 −

xg

D

)
tmin

(
gH − fH

)
+
(xg

D

)
tmax

(
gH − fH

)

⇒ gH − fH =
((

1 −
xg

D

)
tmin +

(xg

D

)
tmax

) (
gH − fH

)

⇒ 1 =
((

1 −
xg

D

)
tmin +

(xg

D

)
tmax

)

= tmin −
xg

D
tmin +

xg

D
tmax

⇒ 1 − tmin =
xg

D
(tmax − tmin)

⇒
1 − tmin

tmax − tmin

D = xg.

By Theorem 2.4.8.3 (page 199)

−∞ < tmin ≤ 0 < 1 ≤ tmax ≤ ∞. (2.156)

We subtract tmin from (2.156) and then multiply the result by

D

tmax − tmin

to get

tmin − tmin ≤ 0 − tmin < 1 − tmin ≤ tmax − tmin

0 ≤ −tmin < 1 − tmin ≤ tmax − tmin ⇒

0 ≤
−tmin

tmax − tmin

D
︸ ︷︷ ︸

xf

<
1 − tmin

tmax − tmin

D
︸ ︷︷ ︸

xg

≤ D. (2.157)
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So we have proven that

0 ≤ xf < xg ≤ D.

If dH(f, g) < ∞, then Part 5 of Theorem 2.4.11.1 (page 212) implies tmin < 0 and

1 < tmax. If we plug tmin < 0 and tmax > 1 into (2.157) we get

0 < xf < xg < D.

Conversely, if 0 < xf < xg < D, then (2.155) with x = xf and y = xg yields

1 < dH(c(xf ), c(xg)) = dH(fH , gH) < ∞.

2.5 If K ≥ D/4 then dV (fH, gH) < KdH(f, g)

Lemma 2.5.0.2 (page 232), immediately below, is completely original, as far as I know.

It is allows a comparison of dH(f, g) to dV (fH , gH) when there exists a hyperplane H

which intersects each equivalence class of (C \ {0},∼) exactly once. Lemma 2.5.0.2

allows us to concretely compare convergence under dH with convergence in the hy-

perplane H under dV . Lemma 2.5.0.2 also has a useful application to the theory of

differential equations.

Lemma 2.5.0.2. This Lemma is a continuation of Theorem 2.4.11.1 (page 212) and

Theorem 2.4.12.1 (page 222). See those theorems for the full set of assumptions and

notation.

Let H be a hyperplane which intersects each equivalence class of (C \ {0}, ∼)

exactly once.

Let f, g ∈ C be linearly independent and

b0 = fH + tmin

(
gH − fH

)

b1 = fH + tmax

(
gH − fH

)
.
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Then

1. b0, b1 ∈ H ∩ C ∩ Span(f, g) \ {0} are a pair of ends for f, g.

2. Let D = dV (b0, b1). If K ≥ D/4 and f ′, g′ ∈ Span(f, g) ∩ C are linearly inde-

pendent then

dV (f ′H , g′H) <
D

4
dH(f ′, g′) ≤ KdH(f ′, g′). (2.158)

In particular,

dV (fH , gH) <
D

4
dH(f, g), (2.159)

and (regardless of K)

4

D
<

dH(f ′, g′)

dV (f ′H , g′H)
. (2.160)

3. K = D/4 is the smallest K for which (2.158) will be true in the following sense.

If K < D/4 then there exists a linearly independent pair f ′, g′ ∈ Span(f, g)∩C

such that dV (f ′H , g′H) > KdH(f ′, g′).

4. Let f ′ ∈ Span(f, g) ∩ C \ {0} and let c(t) = b0 + t
D

(b1 − b0). Then there exists

a unique xf ′ ∈ [0, D] ⊂ R such that

f ′H = b0 +
xf ′

D
(b1 − b0) = c(xf ′).

Moreover, c : [0, D] → Span(f, g)∩H ∩C \ {0} isometrically with respect to dE

(on [0, D]) and dV . Note: dE is the standard Euclidean metric on R.

Let {fn}∞n=1 be a sequence in Span(f, g)∩C \{0} such that fH
n converges to f ′H

with respect to the metric dV . If [f ′] 6= [b0], [b1]; or equivalently if xf ′ 6= 0, D,

then

4

D
≤ lim

fH
n →f ′H

dH(f ′, fn)

dV (f ′H , fH
n )

=
D

xf ′(D − xf ′)
< ∞.
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(So fn → f ′ with respect to dH .)

If x∗ is such that 0 < x∗ < xf ′ and we let f ∗ ∈ [c(x∗)] then

lim
fH

n →f ′H

dH(f ′, fn)

dV (f ′H , fH
n )

=
d
dx

dH(f ∗, c(x))

x = xf ′

.

If f ′ ∈ [1
2

b0 + 1
2

b1], so that xf ′ = D/2, then

4

D
= lim

fH
n →f ′H

dH(f ′, fn)

dV (f ′H , fH
n )

(2.161)

and there is no other f ′ ∈ Span(f, g) ∩ C \ {0} for which (2.161) holds.

Proof. See Figures 2.4 (page 223), 2.5 (page 243), 2.6 (page 244), 2.7 (page 245), and

2.8 (page 246).

Proof of Part 1.

Part 1 is just a restatement of parts 9 and 10 of Theorem 2.4.11.1 (page 212).

Proof of (2.158) of Part 2.

We identify the line segment b0b1 = Span(f, g)∩C∩H with line segment [0, D] ⊂ R

by the isometry

c(x) =
(
1 −

x

D

)
b0 +

x

D
b1. (2.162)

The proof that c maps the real line R to the line c (R) ⊂ V isometrically and that

c([0, D]) = b0b1 = Span(f, g)∩C ∩H is given in the first 4 parts of Theorem 2.4.12.1

(page 222).

Since dV (f ′H , g′H) is finite and non-zero (non-zero due to their linear indepen-

dence), (2.158) is trivially true if dH(f ′, g′) = ∞. So we will assume that dH(f ′, g′) <

∞.

If dH(f ′, g′) < ∞ then by Theorem 2.4.12.1 (page 222) there exist two unique
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numbers in (0, D), xf ′ and xg′ such that c(xf ′) = f ′H and c(xg′) = g′H . We can

assume that xf ′ < xg′ without loss of generality by relabeling (which we can do since

metrics are symmetric) if necessary.

Let x ∈ (0, D) satisfy xf ′ < x, so x could be xg′ . Then Theorem 2.4.12.1 Equality

(2.147) (page 224) implies 22,

dH(f ′, c(x)) = dH(c(xf ′), c(x)) = ln

(
x

xf ′

D − xf ′

D − x

)

. (2.163)

Multiplying (2.163) by K yields

KdH(f ′, c(x)) = KdH(c(xf ′), c(x)) (2.164)

= K ln

(
x

xf ′

D − xf ′

D − x

)

= K ln

(
D − xf ′

xf ′

x

D − x

)

= K ln

(
D − xf ′

xf ′

)

+ K ln

(
x

D − x

)

. We also have

dV (fH , c(x)) = x − xf ′ , since c is an isometry.

KdH(f ′, c(x)) and dV (f ′H , c(x)) are both functions of x. Both map [xf ′ , D) into

[0,∞). Both equal 0 at x = xf ′ because

c(xf ′) = f ′H ⇒ KdH(f ′, c(xf ′)) = KdH(f ′, f ′H) = 0

c(xf ′) = f ′H ⇒ dV (f ′H , c(xf ′)) = dV (f ′H , f ′H) = 0.

To prove (2.158) of Part 2 of this lemma we will show that K ≥ D/4 implies

d

dx
KdH(f ′, c(x)) >

d

dx
dV (f ′H , c(x)) = 1 (2.165)

22In Theorem 2.4.12.1 Equality (2.147) (page 224) substitute xf ′ from this lemma for x; and
substitute x from this lemma for y. Equation 2.163 follows.
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if x ∈ (xf ′ , D) and x 6= D/2. The Fundamental Theorem of Calculus applied to

(2.165) will then give us KdH(f, c(x)) > dV (f, c(x)) because the value of an integrand

at a single unique point (e.g. at x = D/2, or more generally, on a set of measure zero)

does not effect the value of the integral.

We differentiate (2.164) with respect to x:

d

dx
KdH(f ′, c(x)) = K

d

dx
ln

(
x

D − x

)

= K
D − x

x

(D − x)(1) − (x)(−1)

(D − x)2

= K
D − x

x

D

(D − x)2

= K
D

x(D − x)
. (2.166)

d

dx
dV (f ′H , c(x)) =

d

dx
(x − xf ′) = 1 (2.167)

See 23. Combining (2.166) with (2.167) yields:

d

dx
KdH(f ′, c(x)) >

d

dx
dV (f ′H , c(x)) (2.168)

if and only if

KD

x(D − x)
> 1

KD > x(D − x)

x2 − Dx + KD > 0 (2.169)

and

d

dx
KdH(f ′, c(x)) =

d

dx
dV (f ′H , c(x)) (2.170)

23(2.166) implies that d
dx dH(f, c(x)) is essentially independent of f ′. (2.166) implies that

d
dx dV (fH , c(x)) is independent of fH .
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if and only if

x2 − Dx + KD = 0. (2.171)

Using the quadratic formula we find the roots of x2 − Dx + KD = 0:

x =
D ±

√
D2 − 4KD

2

=
D ±

√
D(D − 4K)

2
. (2.172)

(2.172) implies that if K > D/4 then x2 −Dx + KD = 0 will have no real roots and

if K = D/4 that x2 − Dx + KD = 0 will have a single repeated root at x = D/2.

Since x2 − Dx + KD is concave up, it follows that

x2 − Dx + KD > 0 if K > D/4
︸ ︷︷ ︸

condition 1

or if K = D/4 and x 6= D/2
︸ ︷︷ ︸

condition 2

. (2.173)

Combining the two conditions in (2.173) yields:

x2 − Dx + KD > 0 if K ≥ D/4 and x 6= D/2. (2.174)

So (2.174), with the help of (2.168), (2.169) and (2.170), (2.171), implies:

d

dx
KdH(f ′, c(x)) >

d

dx
dV (f ′H , c(x)) if K ≥ D/4 and x 6= D/2. (2.175)

As mentioned earlier, see (2.165) and the comments following it, applying the Fun-

damental Theorem of Calculus to (2.175) yields

KdH(f ′, c(x)) > dV (f ′H , c(x)) if K ≥ D/4,

and so (2.158) of Part 2 of this lemma is proven.
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(2.159) follows immediately from (2.158) if we let f ′ = f and g′ = g and K = D
4
.

(2.160) follows immediately from (2.158) if we let K = D/4.

So the rest of Part 2 of this lemma is proven.

Proof of 3.

If 0 < K < D/4, then D > D − 4K > 0 and

I =

(
D −

√
D(D − 4K)

2
,

D +
√

D(D − 4K)

2

)

(2.176)

is an interval of length 0 <
√

D(D − 4K) < D centered at D/2 and contained in

(0, D). It is worth noting that the center of I corresponds to the center of [0,D],

which is the point D/2.

The calculations starting at (2.168), with the appropriate inequalities reversed,

imply if xf ′ , x ∈ I, with xf ′ < x, then

d

dx
KdH(f ′, c(x)) <

d

dx
dV (f ′H , c(x)). (2.177)

The Fundamental Theorem of Calculus applied to (2.177) yields:

KdH(f ′, c(x)) < dV (f ′H , c(x)) (2.178)

if

D −
√

D(D − 4K)

2
< xf ′ < x <

D +
√

D(D − 4K)

2
.

So let xf ′ and xg′ be two numbers that satisfy

D −
√

D(D − 4K)

2
< xf ′ < xg′ <

D +
√

D(D − 4K)

2

and let f ′ = c(xf ′) and g′ = c(xg′). By Theorem 2.4.12.1 (page 222) f ′, g′ ∈

Span(f, g) ∩ H ∩ C \ {0}. I.e. f ′ = f ′H and g′ = g′H . Since c is an isometry
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c(xf ′) 6= c(xg′). Since H intersects each equivalence class of (C \{0}, ∼) exactly once

and f ′ 6= g′ it follows that f ′, g′ are linearly independent. Finally, by (2.178)

KdH(f ′, g′) < dV (f ′H , g′H). (2.179)

So Part 3 of this lemma is proven.

Proof of part 4.

The existence and uniqueness of an xf ′ ∈ [0, D] such that

f ′H = b0 +
xf ′

D
(b1 − b0) = c(xf ′)

is proven in Theorem 2.4.12.1 (page 222). Similarly, corresponding to each fH
n is

a unique number in xfH
n

∈ [0, D] such that c(xfH
n

) = fH
n . Also proven in Theo-

rem 2.4.12.1 is that the map c is an isometry. So the condition fH
n converges to f ′H

implies xfH
n

converges to xf ′ .

Convergence to xf ′ from above:

From (2.164) (page 235), if 0 < xf ′ < x < D, then

dH(f ′, c(x)) = dH(c(xf ′), c(x))

= ln

(
x

xf ′

D − xf ′

D − x

)

(2.180)

= ln

(
D − xf ′

xf ′

x

D − x

)

= ln

(
D − xf ′

xf ′

)

+ ln

(
x

D − x

)

(2.181)

and

dV (fH , c(x)) = x − xf ′ . (2.182)

If in (2.181) and (2.182) we let x = (xf ′ + Δx), with 0 < Δx < (D − xf ′), and then
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take their quotient, we get, after rearranging the terms and making use of

ln(a/b) = − ln(b/a),

dH(f ′, c(xf ′ + Δx))

dV (f ′H , c(xf ′ + Δx))
=

ln
(

D−xf ′

xf ′

)
+ ln

(
(xf ′+Δx)

D−(xf ′+Δx)

)

(xf ′ + Δx) − xf ′

=
ln
(

(xf ′+Δx)

D−(xf ′+Δx)

)
− ln

(
xf ′

D−xf ′

)

Δx

. (2.183)

Of course (2.183) is the equation for the slope of a secant line to the graph
(
x, ln

(
x

D−x

))
,

its limit, as Δx → 0, being a derivative.

Convergence to xf ′ from below:

By Theorem 2.4.12.1 Equation (2.148) (page 225), if 0 < x < xf ′ then

dH(f ′, c(x)) = dH(c(xf ′), c(x))

= − ln

(
x

xf ′

D − xf ′

D − x

)

(2.184)

and since c is an isometry,

dV (fH , c(x)) = −(x − xf ′). (2.185)

(2.184) is the negative of (2.180) and (2.185) is the negative of (2.182). As we did in

the convergence from above case, we replace x with (xf ′ +Δx), except now 0 > Δx >

−xf ′ . We take the quotient (2.184) over (2.185). The two negatives in the quotient

cancel out. The result is identical in form to (2.183).

Convergence to xf ′ from above or below:
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If xf ′ ∈ (0, D) then

d
dx

ln
(

x
D−x

)

x = xf ′

exists and so

lim
Δx→0+

ln
(

(xf ′+Δx)

D−(xf ′+Δx)

)
− ln

(
xf ′

D−xf ′

)

Δx

= lim
Δx→0−

ln
(

(xf ′+Δx)

D−(xf ′+Δx)

)
− ln

(
xf ′

D−xf ′

)

Δx

=
d
dx

ln
(

x
D−x

)

x = xf ′

=
D

x(D−x)

x = xf ′

=
D

xf ′(D − xf ′)
. (2.186)

We return to the sequence fH
n which converges to f ′H .

Since c is an isometry, the convergence of fH
n to f ′H implies the convergence of

xfH
n

to xf ′ . So we can write each xfH
n

as xf ′ + Δxn with Δxn → 0 as n → ∞.

But then (2.183), when combined with

c(xfH
n

) = c(xf ′ + Δxn) = fH
n , [fn] = [fH

n ],

and (2.186), give us:

lim
n→∞

dH(f ′, c(xf ′ + Δxn))

dV (f ′H , c(xf ′ + Δxn))
= lim

fH
n →f ′H

dH(f ′, fn)

dV (f ′H , fH
n )

=
D

xf ′(D − xf ′)
.
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If x∗ ∈ (0, xf ′) and f ∗ ∈ [c(x∗)], then by ( 2.166) (page 236)

lim
fH

n →f ′H

dH(f ′, fn)

dV (f ′H , fH
n )

=
d
dx

ln
(

x
D−x

)

x = xf ′

=
D

x(D−x)

x = xf ′

=
d
dx

dH(f ∗, c(x))

x = xf ′

.

To minimize

d

dx
dH(f ∗, c(x)) =

D

x(D − x)
(2.187)

we set the derivative of (2.187) equal to zero and solve for x:

d2

dx2
dH(f ∗, c(x)) = −

D(D − 2x)

x2(D − x)2
= 0.

We get uniquely x = D/2. Then we use the second derivative test from Calculus,

which in this case will involve a third derivative

d3

dx3
dH(f ∗, c(x)) =

2D(D2 − 3Dx + 3x2)

x3(D − x)3

into which we plug D = D/2. We get 32
D3 which is positive, so d

dx
dH(f ∗, c(x)) has its

minimum at x = D/2.

Plugging x = D/2 into d
dx

dH(f ∗, c(x)), which is (2.187), yields a minimum of

4/D.

Plugging x = D
2

into c yields c(D/2) = .5b0 + .5b1.

The following useful theorem uses the notation from, and is a consequence of,

Lemma 2.5.0.2 (page 232). It proves that if H ∩ C is bounded in V by r, then
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Plot of d
H

(f,x) (Hilbert Projective Metric) versus d
E
(f,x) (Euclidean Metric).  f = 0.7 and  x in [0.0007, 0.9997] 

d
H

(f,x)

d
E
(f,x)

Figure 2.5: The Hilbert Projective Metric, dH , is compared to the Euclidean Metric,
dE, on the interval [0, 1] at the point f = 0.7 ∈ [0, 1]. Notice that dH(f, x) > dE(f, x)
for all x 6= f .
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Figure 2.6: The Hilbert Projective Metric, dH , is compared to the Euclidean Metric,
dE, on the interval [0, 1] at the point f = 0.075 ∈ [0, 1]. Notice that dH(f, x) >
dE(f, x) for all x 6= f ; that the concavity changes at D/2 = 0.5; that the positive
slopes of dH have their minimum at D/2.
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Figure 2.7: The Hilbert Projective Metric dH . Distances to various points on the
interval [0, 1].
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Figure 2.8: D
4
dH is compared to dE with respect to distances to D/2. Notice the

slopes of dH and dE correspond at D/2 and we are taking D = 1.
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dV (fH , gH) < r
2

dH(f, g).

Theorem 2.5.0.3. Suppose that H is a hyperplane which intersects each equivalence

class of (C \ {0},∼) exactly once. Moreover, suppose that

H ∩ C ⊂ Br(0) = {x ∈ V : ‖x‖V ≤ r}

Let f, g ∈ C \ {0} and let fH , gH be the central projections of f, g to H.

If fH 6= gH then

dV (fH , gH) <
r

2
dH(f, g). (2.188)

If fH = gH then

dV (fH , gH) = dH(f, g) = 0. (2.189)

Proof. If fH 6= gH then f, g are linearly independent. By Lemma 2.5.0.2 (page 232)

dV (fH , gH) <
D

4
dH(f, g) (2.190)

where D = dV (b0, b1) and where b0, b1 are a pair of ends for f, g in

Span(f, g) ∩ H
⋂

C \ {0}.

Since we are assuming that H ∩ C ⊂ Br(0) the triangle inequality give us

D = dV (b0, b1) ≤ dV (b0, 0) + dV (0, b1) ≤ 2r.

Since D ≤ 2r, (2.190) implies

dV (fH , gH) <
r

2
dH(f, g).

So (2.188) is proven.
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If If fH = gH then dV (fH , gH) = 0 and f, g linearly dependent. f, g are linearly

dependent implies dH(f, g) = 0. So (2.189) is proven.

Corollary 2.5.0.4. Let C = Rn
≥0, n ≥ 2 be the standard cone in Rn. Let

4n−1 = {x = (x1, x2, . . . , xn) ∈ Rn : ‖x‖1 = 1}
︸ ︷︷ ︸

hyperplane H1

∩ Rn
≥0︸︷︷︸

cone C

be the standard n − 1 simplex 24.

If f, g ∈ Rn
≥0 \ {0} then the central projections of f, g to H1 are

fH1 =
f

‖f‖1

and gH1 =
g

‖g‖1

.

If fH1 6= gH1 then

dE

(
f

‖f‖1

,
g

‖g‖1

)

<

√
2

4
dH (f, g) < dH (f, g) (2.191)

since
√

2
4

= 0.353553391.

If fH1 = gH1 then

dE

(
f

‖f‖1

,
g

‖g‖1

)

= dH (f, g) = 0. (2.192)

Proof. V = Rn = Euclidean space, so dV = dE. See (2.107) (page 197) for results

pertaining to H1 and 4n−1.

If fH1 6= gH1 then f, g are linearly independent and Lemma 2.5.0.2 (page 232)

implies

dE

(
fH1 , gH1

)
<

D

4
dH (f, g) (2.193)

24‖x‖1 =
∑n

i=1 |xi|. See (2.107) (page 197).
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where D = dV (b0, b1) and where b0, b1 are a pair of ends for f, g contained in

Span(f, g) ∩ H1 ∩ C \ {0}.

Since b0, b1 ⊂ H1 ∩ C = 4n−1 and since Theorem 2.4.7.2 (page 197) guarantees

diameter
(
4n−1

)
=

√
2

when n ≥ 2, we must have

D = dV (b0, b1) ≤ diameter(4n−1) =
√

2.

So (2.193) implies

dE

(
fH1 , gH1

)
<

√
2

4
dH (f, g) .

So (2.191) is proven.

If fH1 = gH1 then f, g are linearly dependent and dH (f, g) = 0. Since fH1 = gH1

immediately implies dE (f, g) = 0, we have proven (2.192).

2.6 Birkhoff’s Projective Contraction Theorem

2.6.1 The induced map P is always continuous

The following lemma will be used in our proof of Birkhoff’s Projection Contraction

Theorem [12] in Section 2.6.4 (page 260) below.

Birkhoff required that P be bounded so that the map on (C \ {0},∼) induced by

P would be continuous. However, the condition of being bounded is unnecessary as

the following lemma, Lemma 2.6.1.1 shows.

Bushell [19] in his Theorem 3.1 shows that if a linear map A maps the interior of
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a cone K, denoted
◦

K, to itself, then dH(Ax,Ay) ≤ dH(x, y) if x, y ∈
◦
K. He requires

that the cone K have non-empty interior.

Our result, Lemma 2.6.1.1, is related to Bushell’s, but it is a little more general.

First of all, we do not require our cone C to have a non-empty interior. Secondly

our method focuses on the problem of ker P . I.e. if g ∈ ker P then dH(fP, gP ) is

not defined (since dH is not defined at 0). By addressing this issue we obtain the

most general result possible; i.e. if dH(fP, gP ) is defined, meaning if f, g /∈ ker P ,

then dH(fP, gP ) ≤ dH(f, g). Later, in Proposition 2.6.2.1 (page 257) we show that
◦

K⊂ C \ker P . We also show, here in Lemma 2.6.1.1, that by extending our definition

of dH to include 0, by defining d(f, 0) = ∞ if f ∈ C \{0}, then dH(fP, gP ) ≤ dH(f, g)

holds for all of C and that relative to this extended definition of dH the map induced

by P is continuous on all (C,∼). Additionally, our goal is different, as we utilize our

results to address issues of continuity.

Lemma 2.6.1.1. Let P be any linear map that maps V to itself and satisfies CP ⊂ C.

1. Let f, g ∈ C \ ker P then dH(fP, gP ) ≤ dH(f, g).

2. P as an induced map, maps

(C \ ker P, ∼) → (C \ {0}, ∼)

continuously with respect to dH .

3. For each positive integer n, P as an induced map, maps

(C \ ker P n,∼) →
(
C \ ker P n−1,∼

)

continuously with respect to dH . Note ker P 0 = {0} as we are taking P 0 to be

the identity map.
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4. P as an induced map, maps

(C \ ∪∞
n=1 ker P n, ∼)

to itself continuously w.r.t dH .

5. If we extend the definition of dH so that dH(0, 0) = 0 and

dH(f, 0) = dH(0, f) = ∞

for each f ∈ C \ {0}, then

(a) for all f, g ∈ C, dH(fP, gP ) ≤ dH(f, g).

(b) P , as an induced map, maps (C,∼) to itself continuously with respect to

the extended version of dH .

Proof.

Proof of Part 1. We will use the αf ≤ g ≤ βf definition for dH which is found

inside Theorem 1.9.3.2 (page 84). We rewrite the definition here for convenience:

Let f, g ∈ C\{0} and let α, β be the largest and smallest non-negative real numbers

such that

αf ≤ g ≤ βf,

assuming they exist. If no real number β exists such that g ≤ βf , we set β = ∞. We

can always find an α ∈ R≥0 such that αf ≤ g. It is always the case that

0 ≤ α < ∞ 0 < β ≤ ∞ α ≤ β. (2.194)

if f, g ∈ C \ {0}. One defines

dH(f, g) = ln(β/α) ∈ [0,∞]. (2.195)
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In Section 1.9.4 (page 91) we show that if we try to apply the αf ≤ g ≤ βf

definition of dH(f, g) when one of f or g = 0 then β/α will be indeterminate. What

is of relevance to this proof is to realize that dH , with its usual definition, is defined

only on C \ {0}. So, for this reason the induced map of P can, at best, be continuous

with respect to dH only if we restrict its domain, so that its domain and range stay

within C \ {0}. In other words, when its domain is C \ ker P .

So, let f, g ∈ C \ ker P hence

fP, gP ∈ C \ {0}.

The following notation is useful for our proof. Let

αfg = sup{t : g − tf ∈ C}

βfg = inf{t : tf − g ∈ C},

so (2.195) becomes

dH(f, g) = ln(βfg/αfg) .

Since P is linear and CP ⊂ C,

{t : g − tf ∈ C} ⊂

{t : (g − tf)P ∈ CP} ⊂

{t : (g − tf)P ∈ C} =

{t : gP − t(fP ) ∈ C}.
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So

sup{t : g − tf ∈ C} ≤ sup{t : gP − t(fP ) ∈ C}

αfg ≤ αfPgP . (2.196)

Since f, g, fP, gP ∈ C \ {0} and since (2.196) holds, (2.194) implies

0 ≤ αfg ≤ αfPgP < ∞.

We develop a similar relationship for the β:

{t : tf − g ∈ C} ⊂

{t : (tf − g)P ∈ CP} ⊂

{t : (tf − g)P ∈ C} =

{t : t(fP ) − gP ∈ C}.

So

inf{t : tf − g ∈ C} ≥ inf{t : gP − t(fP ) ∈ C}

βfg ≥ βfPgP . (2.197)

Since f, g, fP, gP ∈ C \ {0} and since (2.197) holds, (2.194) implies

0 < βfPgP ≤ βfg ≤ ∞.
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But

0 < βfPgP ≤ βfg ≤ ∞

0 ≤ αfg ≤ αfPgP < ∞

implies

βfPgP

αfPgP

≤
βfg

αfg

.

So dH(fP, gP ) ≤ dH(f, g).

Proof of Part 2. If f, g ∈ C \ ker P then by Part 1 of this lemma we have

dH(fP, gP ) ≤ dH(f, g)

so

dH([f ]P, [g]P ) ≤ dH([f ], [g]) (2.198)

because dH(f, g) = dH([f ], [g]) by the definition of dH on (C \ {0},∼).

To show continuity at [f ] ∈ (C \ ker P,∼) it suffices to show that given a finite

ε > 0 we can find a finite δ > 0 such that

g ∈ C \ ker P and dH([f ], [g]) < δ then dH([f ]P, [g]P ) < ε.

By Part 1 of this lemma, or (2.198), it suffices to let δ = ε. So P (or more accurately,

the map induced by P , say ‘P ’, see 25) is continuous on (C \ ker P,∼).

Claim: ‘P ’ maps

(C \ ker P, ∼) → (C \ {0}, ∼) .

25For lack of better notation sometimes quotes will appear around P , as in ‘P ’, to emphasize that
we are dealing with the map induced by P . I.e. ‘P ’ maps [f ] to [fP ] = [f ]P . Other times P alone
will be used for the induced map. There should be no confusion and the meaning of P should be
clear from the context.
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Proof of claim: P maps C to itself. So if f ∈ C \ ker P then fP ∈ C and fP 6= 0

so

[f ]P = [fP ] ∈ (C \ {0},∼).

Proof of Part 3.

Let v ∈ V and let n be a positive integer. If vP n−1 = 0 then

vP n = vP n−1P = 0P = 0,

so

ker P n−1 ⊂ ker P n

and

(C \ ker P n,∼) ⊂
(
C \ ker P n−1,∼

)
⊂ . . . ⊂ (C \ ker P,∼) . (2.199)

By part 2 of this lemma the map induced by P is continuous on (C \ ker P,∼). By

(2.199)

(C \ ker P n,∼) ⊂ (C \ ker P,∼) .

So the map induced by P is continuous on (C \ ker P n,∼).

Claim: ‘P ’ maps

(C \ ker P n,∼) →
(
C \ ker P n−1,∼

)
.

Proof of Claim: P maps C to itself. So if f ∈ C \ ker P n then fP ∈ C and

fP n 6= 0 so

([f ]P )P n−1 = [f ]P P n−1 = [f ]P n = [fP n] 6= [0]
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so

[f ]P ∈ (C \ ker P n−1,∼).

Proof of Part 4.

ker P ⊂ ∪∞
n=1 ker P n

so

(C \ ∪∞
n=1 ker P n,∼) ⊂ (C \ ker P,∼). (2.200)

By Part 2 of this lemma ‘P ’ is continuous on (C \ ker P,∼) so by (2.200) ‘P ’ is

continuous on (C \ ∪∞
n=1 ker P n,∼).

Claim: ‘P ’ maps

(C \ ∪∞
n=1 ker P n,∼)

to itself.

Proof of Claim: P maps C to itself. So if

f ∈ C \ ∪∞
n=1 ker P n

then fP ∈ C and fP n 6= 0 for any positive integer n. But then (fP )Pm = fP m+1 6= 0

for any positive integer m. So

[f ]P ∈ (C \ ∪∞
n=1 ker P n, ∼) .

Proof of Part 5(a). See 26.

By part 1 of this lemma f, g ∈ C \ ker P implies dH(fP, gP ) ≤ dH(f, g). So to

prove 5(a) all that remains to be shown is that if one or both of f, g are ∈ C ∩ ker P

26In part of the proof of part 5 we will be using the extended definition of dH . In the rest of this
paper, unless otherwise noted, we will exclusively be using the standard definition of dH , which of
course, is defined only on C \ {0}.
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then

dH(fP, gP ) ≤ dH(f, g). (2.201)

We show this by considering the possible cases:

If f ∈ C \ ker P and g ∈ ker P ∩ C \ {0} then, by Corollary 2.2.3.4 (page 154),

dH(f, g) = ∞ and so (2.201) is immediately true.

If f ∈ C \ ker P and g = 0 then, by the extended definition of dH we have

dH(f, g) = ∞ and (2.201) is immediately true.

If both f, g ∈ C ∩ ker P then fP = gP = 0 and so (2.201) is immediately true.

Part 5(b) is a trivial consequence of 5(a).

2.6.2 More on the topology of ker P and ∂C

Proposition 2.6.2.1. As usual, let C be a closed, convex, salient, pointed by the

origin cone contained in a Banach Space V . Let P be any linear map that maps V

to itself and satisfies CP ⊂ C. We have

1. (ker P ∩ C \ {0}, ∼) and (C \ ker P, ∼) are both open and closed in (C \ {0}, ∼)

with respect to dH .

2. If there exists an f ∈ C such that fP 6= 0 then

(a)

ker P ∩ C ⊂ ∂C.

(b)

C \ ∂C ⊂ C \ ker P.

3. The topological interior 27 of C,
◦
C is such that

27a ∈ the topological interior of a set A if there exists an open set Ua such that a ∈ Ua ⊂ A.
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(a)
( ◦
C = C \ ∂top C

)
⊂ (C \ ∂C) ⊂ (C \ ker P ) .

Regarding ∂top see 28. Regarding ∂ see 29.

(b) If there exists an f ∈ C such that fP 6= 0 then

◦
C ⊂ C \ ∂C ⊂ C \ ker P.

Proof.

Proof of Part 1. By Corollary 2.2.3.4 (page 154) if f, g ∈ C \ {0} and f ∈

C \ ker P and g ∈ ker P then dH(f, g) = ∞. So every open ball of finite radius about

[f ] ∈ (C \ ker P,∼) will not have any elements from (C \ {0} ∩ ker P, ∼) in it. By

symmetry, every open ball of finite radius about [g] ∈ (C \ {0} ∩ ker P, ∼) will not

have any elements from (C \ ker P, ∼) in it.

Since (ker P ∩ C \ {0}, ∼) and (C \ {0} \ ker P, ∼) are complements of each other

relative to (C \ {0}, ∼), part 1 of this proposition is proven.

Proof of Part 2.

(a) is a trivial consequence of Corollary 2.2.3.5 (page 155).

(b) is a trivial consequence of part 2(a) of this proposition.

Proof of Part 3.

(a) The following two trivial results are useful enough to be labeled as lemmas.

They will combine to provide a proof of 3(a):

Lemma 2.6.2.2. Let A ⊂ X, X a topological space, then

◦
A= A \ ∂ top A.

28v ∈ the topological boundary of A, denoted ∂top A, if whenever v ∈ Uv, an open set about v,

both Uv ∩ A and Uv ∩ V \ A are non-empty. Equivalently ∂top A = A \
◦

A.
29Let A ⊂ V we have defined ∂A to be the topological boundary of A relative to the subspace

topology on hyper{A}. It is the case that ∂A ⊂ ∂topA.
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Proof. If a ∈
◦

A there exists an open set Ua such that a ∈ Ua ⊂ A. This implies

a ∈ A \ ∂ top A. Conversely, if a ∈ A \ ∂ top A then a ∈ A and there exists an open

set Ua such that a ∈ Ua ⊂ A. This implies a ∈
◦
A.

Lemma 2.6.2.3. Let A ⊂ V , V being a Banach Space. Then ∂A ⊂ ∂ top A.

Proof. If a ∈ ∂A and Ua is an open set in V that contains a, both Ua ∩ A and

Ua ∩ hyper{A} \ A are non-empty. But then Ua ∩ V \ A is non-empty as well.

We return to proving 3(a). Lemma 2.6.2.2 (page 258) implies

◦
C = C \ ∂ top C. (2.202)

Lemma 2.6.2.3 (page 259) implies ∂C ⊂ ∂ top C, so

C \ ∂ top C ⊂ C \ ∂C. (2.203)

Combining this proposition’s 2(b), (2.202) and (2.203) proves 3(a).

(b) is a trivial consequence of 2(b) and 3(a) of this proposition.

2.6.3 N(PP ′) ≤ N(P )N(P ′)

We will use Birkhoff’s notation, θ, for the Hilbert Metric dH :

θ(f, g; C) = θ(f, g) = dH(f, g)

in this and the following section. Recall

N(P ; C) = N(P ) = sup
0<θ(f,g)<∞

θ(fP, gP )

θ(f, g)
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(see Section 2.3 (page 155).

Birkhoff [12] states the following without proof (which we supply):

Lemma 2.6.3.1. N(PP ′) ≤ N(P )N(P ′)

Proof.

N(P ) = sup
0<θ(f,g)<∞

θ(fP, gP )

θ(f, g)

Let fn, gn be such that

N(PP ′) = lim
n→∞

θ(fnPP ′, gnPP ′)

θ(fn, gn)

then for each n:

θ((fnP )P ′, (gnP )P ′)

θ((fn, gn)
=

θ((fnP )P ′, (gnP )P ′)

θ(fnP, gnP )

θ((fnP ), (gnP ))

θ(fn, gn)

≤ N(P ′)N(P ).

2.6.4 Proof of Birkhoff’s Projective Contraction Theorem

We finally come to Birkhoff’s Projective Contraction Theorem [12] which is, word for

word:

Theorem 2.6.4.1. Birkhoff [12]

Theorem 1 (Projective Contraction Theorem). Let N(P r; C) < 1 for

some r, and let C be complete relative to θ(f, g; C). Then for any f ∈ C, the sequence

fP n converges geometrically to a unique fixpoint (characteristic ray) c ∈ C.

Remark 2.6.4.2. This proof is fairly close to Birkhoff’s – however the following mod-

ifications or clarifications are required:
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1. Birkhoff uses the notation θ(f, g; C) to refer to the Hilbert Projective Metric

on the cone C. I.e. θ(f, g; C) = dH(f, g). In this proof we will keep Birkhoff’s

notation.

2. We will assume in this proof that fP n 6= 0 for all positive integers n as otherwise

counter examples exist, see Section 2.2.2 (page 151).

3. We will always remove the origin from subsets of C if we are taking their θ

‘hyperbolic’ diameter. The reason for this is that θ is not defined at the origin.

4. We will interpret “let C be complete” as meaning that (C\{0},∼) is complete 30

with respect to θ.

5. Recall that θ = dH is an extended metric on (C \ {0},∼) meaning that it may

take the value +∞ for some pairs [f ], [g] ∈ (C \ {0},∼). Being extended does

not interfere 31 with the definition of completeness.

Proof. If the linear map P maps C to itself, then P r is linear and maps C to itself.

So, by Lemma 1 of Birkhoff [12] or by our Section 2.3.6 (page 172)

N(P r; C) = tanh(4/4) ∈ [0, 1] (2.204)

where 4 is the dH = θ ‘hyperbolic’ diameter of CP r.

By elementary properties of tanh we have

0 ≤ tanh(4/4) < 1 if and only if 0 ≤ 4 < ∞.

30(C \ {0},∼) is complete means that if {[an]}∞1 is a cauchy sequence in (C \ {0},∼) with respect
to θ = dH then there exists an [a] ∈ (C \ {0},∼) such that [an] converges to [a] with respect to
θ = dH .

31If (C \ {0},∼) is complete then for each f ∈ C \ {0} the set Cf =
{ [g] ∈ (C \ {0},∼) | dH([f ], [g]) < ∞} is complete because if {[gn]}∞1 ⊂ Cf is cauchy then
limn→∞[gn] = [g] for some [g] ∈ (C \ {0},∼). But [g] can’t be infinitely far from the [gn], so
[g] ∈ Cf . Since Cf is complete it is closed.
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So the condition N(P r; C) < 1 implies 4 is finite.

Let j be any positive integer. CP ⊂ C implies CP r+j ⊂ CP r. So both fP r, fP r+j ∈

CP r. This implies θ(fP r, fP r+j ; C) ≤ 4 < ∞.

Let n be any positive integer bigger than r and let q be the largest integer such

that qr ≤ n. So

qr ≤ n < (q + 1)r = qr + r

which implies

0 ≤ n − qr < r.

Also, since n > r, we have q ≥ 1.

The inequalities (2.205) to (2.206) make use of the definition 32 of N(P ; C):

N(P ; C) = N(P ) = sup
0<θ(f,g)<∞

θ(fP, gP )

θ(f, g)

and Lemma 2.6.3.1 (page 260):

N(PP ′) ≤ N(P )N(P ′).

θ(fP n, fP n+j ; C) = θ(fP r P r . . . P r
︸ ︷︷ ︸

q−1

P n−qr, fP r+j P r . . . P r
︸ ︷︷ ︸

q−1

P n−qr; C) (2.205)

≤ N(P r . . . P r
︸ ︷︷ ︸

q−1

P n−qr; C) θ(fP r, fP r+j ; C)

≤ ( N(P r; C)
︸ ︷︷ ︸

<1

)q−1 N(P n−qr; C)
︸ ︷︷ ︸

≤1

θ(fP r, fP r+j ; C)
︸ ︷︷ ︸

≤ 4 < ∞

≤ N(P r; C)q−1 θ(fP r, fP r+j ; C)

≤ N(P r; C)q−1 4 (2.206)

32N(P ; C) is discussed in Section 2.3 (page 155)
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The inequalities (2.205) to (2.206) imply that the sequence {[fP n]}∞n=1 is cauchy in

(C\{0},∼) with respect to θ = dH . We are assuming that (C\{0},∼) is complete with

respect to θ = dH . So the sequence {[fP n]}∞n=1 converges to a unique [c] ∈ (C\{0},∼).

See 33.

We are assuming that fP n 6= 0 for each positive integer n. It follows that fP n ∈

C \ ker P for each non-negative integer n. See 34.

We are assuming that (C \ {0},∼) is complete. By Lemma 2.6.1.1 (page 250)

(C \ ker P, ∼) is a closed. So (C \ ker P, ∼) is complete. So [c] ∈ (C \ ker P, ∼).

The following argument shows that [c] = [c]P . See 35.

By Lemma 2.6.1.1 (page 250) the map induced by P is continuous with respect

to θ = dH on (C \ ker P, ∼). So

θ(c, cP ; C) = θ( lim
n→∞

fP n, ( lim
n→∞

fP n)P ; C)

= θ( lim
n→∞

fP n, lim
n→∞

(fP nP ); C)

= θ(c, c; C)

= 0

⇒ [c] = [cP ]. (2.207)

Birkhoff writes in his proof ‖fP n − c‖ < Kρn. However that statement, as written,

seems to need clarification; see Section 2.6.5 (page 266) below. For now we will show:

θ(fP n, c; C) < K1 ρn (2.208)

by reusing the argument given at the beginning of this proof; see line (2.205).

33Birkhoff simply writes c ∈ C identifying [c] with c. Since θ([f ], [g]; C) = θ(f, g; C) for all
f, g ∈ C \ {0} this identification is quite valid when working with θ. We take c to be a specific, but
arbitrarily chosen element in limn→∞[fP n]. So (obviously) c ∈ [c].

34fP n 6= 0 ⇒ fP n−1 ∈ C \ ker P . As n > 0 is arbitrary, we have fP n ∈ C \ ker P for all
non-negative integers n.

35[c]P = [cP ] see Section 1.7.1 (page 67).
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Let n,q, r be as before, recall q is the largest integer such that qr ≤ n. We define

R implicitly by n = qr + R so 0 ≤ R < r.

By (2.207) we have [c] = [cP ] so [c] = [cP r] = [cP n]. So

θ(fP n, c; C) = θ(fP n, cP n; C)

= θ(fP r P r . . . P r
︸ ︷︷ ︸

q−1

P n−qr, cP r P r . . . P r
︸ ︷︷ ︸

q−1

P n−qr; C)

≤ ( N(P r, C)
︸ ︷︷ ︸

<1

)q−1 N(P n−qr; C)
︸ ︷︷ ︸

≤1

θ(fP r, cP r; C)
︸ ︷︷ ︸

≤4 since fP r ,cP r∈CP r\{0}

≤ N(P r, C)q−1 4. (2.209)

The exponent q−1 in (2.209), immediately above, increases by 1 each time n increases

by r, since q is the largest integer such that qr ≤ n. Since n = qr+R with 0 ≤ R < r,

we have:

n

r
= q +

R

r
with 0 ≤

R

r
< 1. (2.210)

If N(P r; C) = 0 then (2.209) implies θ(fP n, c; C) = 0 and we’re done. So we will

assume that N(P r; C) 6= 0. Since 0 < N(P r; C) < 1 it follows from (2.210) that

R

r
− 1 < 0 and N(P r, C)

R
r
−1 > 1
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so

N(P r, C)−2
(
N(P r, C)1/r

)n
= N(P r, C)

n
r
−2

= N(P r, C)q+R
r
−2

= N(P r, C)q−1+ R
r
−1

= N(P r, C)q−1 N(P r, C)
R
r
−1

︸ ︷︷ ︸
>1

⇒ N(P r, C)1−R
r

︸ ︷︷ ︸
<1

N(P r, C)−2
(
N(P r, C)1/r

)n
= N(P r, C)q−1

⇒ N(P r, C)q−1 < N(P r, C)−2
(
N(P r, C)1/r

)n
. (2.211)

We showed in (2.209) that

θ(fP n, c; C) ≤ N(P r, C)q−1 4. (2.212)

Plugging (2.211) into (2.212) yields

θ(fP n, c; C) < N(P r, C)−2



N(P r, C)1/r

︸ ︷︷ ︸
ρ





n

4. (2.213)

Rearranging (2.213) yields

θ(fP n, c; C) < N(P r, C)−2 4
︸ ︷︷ ︸

= K1 < ∞



N(P r, C)1/r

︸ ︷︷ ︸
ρ





n

. (2.214)

So we’ve shown:

θ(fP n, c; C) < K1 ρn (2.215)

where ρ = N(P r, C)1/r, and K1 = N(P r, C)−24 < ∞.

We finish by copying the last few lines of Birkhoff’s proof (Birkhoff [12]):

265



The uniqueness of [the fixed point] c is immediate since, since cP = C

and c∗P = c∗ imply

θ(c, c∗; C) = θ(cP, c∗P ; C) ≤ N(P r, C)θ(c, c∗; C).

Since N(P r, C) < 1, this implies θ(c, c∗; C) = 0 [hence c = c∗].

More precisely, it implies [c] = [c∗] and we are done.

2.6.5 Clarification of ‖fP n − c‖ < Kρn in Birkhoff’s Projec-

tive Contraction Theorem.

We have shown in the proof of Birkhoff’s Projection Contraction Theorem, see in-

equality (2.214) (page 265 ), that for all n > r that

θ(fP n, c; C) < K1 ρn (2.216)

where 0 ≤ ρ = N(P r, C)1/r < 1, and K1 = N(P r, C)−24 < ∞.

However, Birkhoff states in his proof of his Projective Contraction Theorem, that

‖fP n − c‖ < Kρn (2.217)

where ρ = N(P r, C)1/r, and K < ∞.

The problem is this: C ⊂ V , where V is (complete) normed linear space with

norm ‖ ‖. So it makes sense to write ‖fP n − c‖. However, Birkhoff’s statement, that

‖fP n − c‖ < Kρn, see (2.208), is clearly not true since c is of fixed length, and fP n

can grow without bound for many linear maps, P , even if P is bounded.

Example 1. Let C = R2
>0, with ‖(x, y)‖ =

√
x2 + y2, the usual Euclidean
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Norm. Let

P =






2 1

1 2






and let f = c = (1, 1).

Note, c is in the unique positive eigen direction of P . The eigenvalue corresponding

to c is 3. Hence, cP n = fP n = 3n(1, 1) and

‖fP n − c‖ = ‖3n(1, 1) − (1, 1)‖ =
∥
∥3n−1(1, 1)

∥
∥ = 3n−1

√
2

.

So the question arises, what is the correct way to interpret fP n, c, and ‖fP n − c‖

so that ‖fP n − c‖ < Kρn is true.

One possible solution to this dilemma would be to treat the fP n as vectors in

C ⊂ V , but to identify c with the line lc = {tc ∈ V : t ∈ R}. Then ‖fP n − c ‖ might

be calculated as

‖fP n − c ‖ = min
t∈R

‖fP n − tc ‖ = d(fP n, lc),

where d(fP n, lc) is the distance from the “point” fP n to the line lc. It turns out that

this possible solution won’t work as the following calculations will show.

2.6.6 Distance formula: a point to a line in Rn passing through

the origin

It is easy enough to compute the Euclidean distance d from a point

x = (x1, x2, . . . , xn) ∈ Rn

to a line lv, where lv is the line in the direction v passing through the origin.
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The line lv is just the set of points lv = {tv : t ∈ R}, so the distance from a typical

point tv, on the line lv, to the point x, is:

d(x, tv) =

√√
√
√

n∑

i=1

(xi − tvi)2.

To minimize d(tv, x) with respect to t, it suffices to minimize the
∑n

i=1(xi − tvi)
2,

since the square root function is increasing. Setting the derivative equal to zero, we

find the value for t which will minimize d(x, tv):

d

dt

n∑

i=1

(xi − tvi)
2 = 2

n∑

i=1

(xi − tvi)(−vi);

0 = 2
n∑

i=1

(xi − tvi)(−vi)

=
n∑

i=1

(xi − tvi)(vi)

=
n∑

i=1

xivi − t
n∑

i=1

vivi

⇒

∑n
i=1 xivi∑n
i=1 v2

i

= t.

So we get the distance formula

d(x, lv) = min
t∈R

d(x, tv) =

√√
√
√

n∑

k=1

(

xk − vk

∑n
i=1 xivi∑n
i=1 v2

i

)2

(2.218)

giving the minimum distance from the point x to the line lv which passes through the

origin and is in the v direction.
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2.6.7 The distance from fP n to a line in R2

We apply formula (2.218), which gives the the distance between a point and a line,

to the point fP n = (xn, yn) ∈ R2 and the line lc = l(1,1).

d (fP n, lc) = d
(
(xn, yn), l(1,1)

)
=

√(

xn − 1
xn1 + yn1

12 + 12

)2

+

(

yn − 1
xn1 + yn1

12 + 12

)2

=

√(

xn −
xn + yn

2

)2

+

(

yn −
xn + yn

2

)2

=

√(
xn − yn

2

)2

+

(
yn − xn

2

)2

=

√

2

∣
∣
∣
∣
xn − yn

2

∣
∣
∣
∣

2

=
√

2

∣
∣
∣
∣
xn − yn

2

∣
∣
∣
∣ . (2.219)

Example 2. Let C = R2
>0, with the usual Euclidean Norm; let

P =






2 1

1 2




 ,

the same as in Example 1 (page 266). Let f = (x0, y0) and let fP n = (xn, yn) for

n = 1, 2, . . . and let c = (1, 1). As remarked in Example 1, c is in the unique positive

eigen direction of P . P acts on the vector f = (x0, y0) as follows:

(x0, y0)P = (2x0 + 1y0, 1x0 + 2y0) = (x1, y1),

but then

x1 − y1 = (2x0 + 1y0) − (1x0 + 2y0) = x0 − y0

and by induction

xn − yn = x0 − y0.
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So, (2.219) becomes

d (fP n, lc) = d
(
(xn, yn), l(1,1)

)

=
√

2

∣
∣
∣
∣
xn − yn

2

∣
∣
∣
∣

=
√

2

∣
∣
∣
∣
x0 − y0

2

∣
∣
∣
∣

which is constant with respect to n. For concreteness, if f = (x0, y0) = (2, 1) then

d (fP n, lc) =
√

2

∣
∣
∣
∣
x0 − y0

2

∣
∣
∣
∣

=
√

2

∣
∣
∣
∣
2 − 1

2

∣
∣
∣
∣

=

√
2

2

regardless of n. So fP n does not converge to the line lc with respect to the Euclidean

metric even though [fpN ] converges geometrically to [c] with respect to the Hilbert

Projective Metric θ = dH .

2.6.8 An appropriate interpretation of ‖fP n − c‖ < Kρn.

Birkhoff [12] requires the existence of a hyperplane H in V , “cutting each ray of C in

exactly one point; we can then discuss C and C
⋂

H interchangeably as subspaces of

projective space.”

It turns out that there does not always exist such a hyperplane. See Section 2.4.5

(page 193) for a counter-example and see Theorem 2.4.4.2 (page 191) for conditions

under which such a hyperplane will exist. If such a hyperplane H exists:

Fix H and identify fP n and c with their central projections

(fP n)H = [fP n] ∩ H and cH = [c] ∩ H.
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Since H ⊂ V , V ’s norm, ‖ ‖V , is defined on H, and so

∥
∥
∥(fP n)H − cH

∥
∥
∥

V
= dV

(
(fP n)H , cH

)
(2.220)

is well defined. Of course
∥
∥
∥(fP n)H − cH

∥
∥
∥

V
will depend upon the choice of H.

Let

DH∩C = diameter (H ∩ C)

with respect to the norm of V . Lemma 2.5.0.2 (page 232), implies that if fP n, c are

linearly independent then

dV ((fP n)H , cH) <
DH∩C

4
dH(fP n, c); (2.221)

and of course if they are linearly dependent, then

dV ((fP n)H , cH) = dH(fP n, c) = 0. (2.222)

In our proof of Birkhoff’s Projective Contraction Theorem [12], we showed, start-

ing at (2.208) (page 263), that

θ(fP n, c; C) = dH(fP n, c) < K1 ρn

︸ ︷︷ ︸
see (2.225) below

. (2.223)

with

ρ = N(P r, C)1/r < 1, K1 = N(P r, C)−24 < ∞, (2.224)

and with 4 = diameter (CP r) with respect to dH .
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Combining (2.220), (2.221), (2.222) and (2.223) yields

∥
∥
∥(fP n)H − cH

∥
∥
∥

V
≤

DH∩C

4

See (2.223)
︷ ︸︸ ︷
dH(fP n, c)

︸ ︷︷ ︸
(2.220) combined with (2.221), (2.222)

<
DH∩C

4
K1 ρn. (2.225)

Making use of (2.224) we rewrite (2.225) as

∥
∥
∥(fP n)H − cH

∥
∥
∥

V
<

(
DH∩C

4

4
N(P r, C)2

)
(
N(P r, C)1/r

)n
(2.226)

= Kρn,

where we are letting

K =

(
DH∩C

4

4
N(P r, C)2

)

. (2.227)

Regarding the finiteness of K.

If N(P r, C) = 0 it means that P r collapses C to single ray, in which case

∥
∥
∥(fP n)H − cH

∥
∥
∥

V
= 0.

Birkhoff assumes that N(P r, C) < 1 in his Projective Contraction Theorem [12]. This

assumption implies that 4 < ∞, see36.

So for K, as defined in (2.227) to be finite it suffices that 0 < N(P r, C) < 1 and

for DH∩C = diameter of H ∩ C with respect to dV to be finite.

The case of most interest to us occurs when C = Rn
≥0, n ≥ 2 and when the

hyperplane H is

H1 =

{

x ∈ Rn

∣
∣
∣
∣
∣
x =

n∑

i=1

xiei, xi ∈ R,
n∑

i=1

xi = 1

}

.

36N(P r, C) < 1 ⇒ 4 < ∞ by Lemma 1 of Birkhoff [12] or by our Section 2.3.6 (page 172) and
our comments following (2.204) (page 261).
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In this case DC∩H1 =
√

2 by Theorem 2.4.7.2 (page 197).

2.7 Projective Linear ODE Theorem

Note that in the context of cones, the relation x ≤ y means y − x ∈ C.

Proposition 2.7.0.1. Suppose that

x ≤ y and x′ ≤ y′

then (x + x′) ≤ (y + y′)

Proof.

y − x ∈ C and y′ − x′ ∈ C.

So, since C is closed under addition we have

(y − x) + (y′ − x′) = (y + y′) − (x + x′) ∈ C.

2.7.1 Projective Additivity Lemma

I have not seen the following two result elsewhere.

Lemma 2.7.1.1. Projective Additivity Lemma. Let x, y, z ∈ C and dH(x, z)

and dH(y, z) both be finite. Then

dH(x + y, z) ≤ max{dH(x, z), dH(y, z)}

See Figure 2.9 (page 274).
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Figure 2.9: Projective Additivity in the standard cone R2
≥0. The dotted rays in

the directions (1, 3) and (6, 2) indicate the boundary of BH
ln(3)(z), the ball of radius

ln(3) centered at z = (3, 3). Distances are measured by the Hilbert Project Metric,
dH . If f, g ∈ R2

≥0 then calculating dH is straight forward and given by the for-

mula dH ((fx, fy), (gx, gy)) =
∣
∣
∣ln
(

fy

fx

gx

gy

)∣∣
∣. Hence, dH(z, (1, 3)) =

∣
∣ln
(

3
3

1
3

)∣∣ = ln(3),

and dH(z, (6, 2)) = ln
(

3
3

6
2

)
= ln(3). Note ln(3) ≈ 1.1. BH

ln(3)(z) is a convex cone,

closed under addition and positive scaling (Corollary 2.7.1.2 (page 276)). Since both
x = (2, 1) and y = (4, 3) ∈ BH

ln(3)(z) it follows that x + y = (6, 4) ∈ BH
ln(3)(z).

We also can see, as guaranteed by Lemma 2.7.1.1 (page 273), that dH(x + y, z) ≤
max{dH(x, z), dH(y, z)} = dH(x, z). In fact, dH(x, z) =

∣
∣ln
(

1
2

3
3

)∣∣ = ln(2) ≈ 0.69.
dH(y, z) =

∣
∣ln
(

3
4

3
3

)∣∣ = ln(4/3) ≈ 0.29. dH(x + y, z) =
∣
∣ln
(

4
6

3
3

)∣∣ = ln(3/2) ≈ 0.41.

274



Proof. Let αx, αy, αx+y be the supremums and βx, βy, βx+y be the infimums for

which

αxz ≤ x ≤ βxz (2.228)

αyz ≤ y ≤ βyz (2.229)

αx+y z ≤ x + y ≤ βx+y z

hold, with the proviso, that inf{∅} = ∞. Since we are assuming that dH(x, z) and

dH(y, z) are both finite it follows that αx, αy, βx, βy are all finite positive numbers.

Then, since C is topologically closed, we have

x − αxz, y − αyz, βxz − x, βyz − y ∈ C,

so the relationships in (2.228) and (2.229) actually hold for the numbers αx, αy, βx, βy

themselves. Proposition 2.7.0.1 (page 273) applied to the sum of (2.228) and (2.229)

yields

αxz + αyz ≤ x + y ≤ βxz + βyz. (2.230)

(2.230) combined with the definitions of αx+y and βx+y imply:

(αx + αy) ≤ αx+y

(βx + βy) ≥ βx+y.

So

βx+y

αx+y

≤
βx + βy

αx + αy

. (2.231)
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If αx, βx, αy, βy ∈ (0,∞) then

βx + βy

αx + αy

≤
βx

αx

⇔ (2.232)

αx(βx + βy) ≤ βx(αx + αy) ⇔

αxβx + αxβy ≤ βxαx + βxαy ⇔

αxβy ≤ βxαy ⇔

βy

αy

≤
βx

αx

. (2.233)

If we reverse the direction of all the inequalities, starting at (2.232) and ending at

(2.233), the logical equivalences will still be true. Hence,

min

{
βx

αx

,
βy

αy

}

≤
βx + βy

αx + αy

≤ max

{
βx

αx

,
βy

αy

}

. (2.234)

Combining (2.231) and (2.234) yields

βx+y

αx+y

≤ max

{
βx

αx

,
βy

αy

}

. (2.235)

The ln function is monotonically increasing and so (2.235) implies

dH(x + y, z) = ln

(
βx+y

αx+y

)

≤ max

{

ln

(
βx

αx

)

, ln

(
βy

αy

)}

= max {dH(x, z), dH(y, z)} .

Corollary 2.7.1.2. Let BH
r (z) be the open Hilbert Projective ball of radius r centered

at z ∈ C, z 6= 0. Suppose that x, y ∈ BH
r (z) and α, β ≥ 0 with at least one of α, β > 0.

Then

αx + βy ∈ BH
r (z).
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So BH
r (z) is a convex cone closed under addition and positive scaling.

See Figure 2.9 (page 274).

Proof. If α > 0 then dH(αx, z) = dH(x, z) < r and so αx ∈ BH
r (z). A similar

argument shows β > 0 implies βy ∈ BH
r (z). If both α and β > 0, then both αx and

βy ∈ BH
r (z), implying both dH(αx, z) and dH(βy, z) < r. But then Lemma 2.7.1.1

(page 273) immediately implies dH(αx + βy, z) < r.

2.7.2 Poisson Tail Lemma

I have not seen the following lemma elsewhere.

Lemma 2.7.2.1. Poisson Tail Lemma. Let A be a primitive n × n non-negative

matrix; i.e. the entries of A are all non-negative and the entries of Aq are all positive

for some integer q > 0. Let Y 6= 0 be a non-negative column vector of dimension n

and let m be any integer ≥ 0. Then

lim
t→∞

∑m
k=0

tk

k!
AkY

‖etAY ‖1

= 0 (2.236)

and

lim
t→∞

∥
∥
∥
∑∞

k=m+1
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

= 1. (2.237)

Note: A nice illustration of (2.236) is found in Figure 2.10 (page 278). In Figure

2.10 we consider the one dimensional case where the matrix A is just a single non-

negative number λ so that eAt is just eλt. We take Y = 1. If we expand eλt:

eλt =
∞∑

k=0

(λt)k

k!
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Poisson Distribution with means 20, 80. 

k

P
(k

)

Figure 2.10: Poisson Distribution P (k) = (λt)k

k!
e−λt. Two Poisson Distributions

plotted. One with a mean of λt = 20 (left), and one with a mean of λt = 80 (right).
Notice that almost all the mass is centered around the mean and that there is almost
no mass in the tails.
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and then divide this expansion of eλt by eλt, we get

1 =
eλt

eλt
=

∞∑

k=0

e−λt (λt)k

k!
. (2.238)

The interesting thing is that the kth term of (2.238), e−λt (λt)k

k!
, is P (X = k), where

X is a random variable with mean λt and Poisson Distribution. In Figure 2.10 we

plot the Poisson Distributions having means λt = 20 and λt = 80. From the figure it

seems reasonable to guess that as t → ∞ forces λt → ∞, the mass in the left tail,

∑m
k=0

tk

k!
λk

eλt

goes to zero. The proof of this is to simply apply l’Hopital’s rule m times.

Proof. The following argument shows that Lemma 2.7.2.1 is true.

Let ak
ij represents the ij entry in the matrix Ak. Note: A0 = I, the identity

matrix, a0
ij = δij and ak

ij 6= (aij)
k. It is convenient to use matrix notation to describe

the column vector Y , so the ith entry of Y = yi1.

Since we are assuming that A is primitive there exists a q > 0 such that all the

entries of Aq are positive. Let r > 0 be an integer such that qr > m. Then the matrix

Aqr = (Aq)r has all positive entries. Let qr = Q, so Q > m, AQ has all positive

entries; explicitly aQ
ij > 0 for all i, j, 1 ≤ i, j ≤ n.

Since we are assuming that Y 6= 0 is non-negative, Yj1 > 0 for at least one value

of j. But then the ith row (and entry) of the column vector AQY is

(
AQY

)
i1

=

(
n∑

j=1

aQ
ijYj1

)

> 0 ∀ i, i = 1, 2, . . . , n. (2.239)

So we’ve shown that all n arguments of the vector AQY are positive.

Since ak
ij ≥ 0 for all i, j; 1 ≤ i, j ≤ n, and since Yi1 ≥ 0 for all i; 1 ≤ i ≤ n, it
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follows from (2.239) that for t > 0

∥
∥etAY

∥
∥

1
=

∥
∥
∥
∥
∥

(
∞∑

k=0

tk

k!
Ak

)

Y

∥
∥
∥
∥
∥

1

=

∥
∥
∥
∥
∥

∞∑

k=0

(
tk

k!
AkY

)∥∥
∥
∥
∥

1

=
n∑

i=1

∣
∣
∣
∣
∣

∞∑

k=0

(
tk

k!
AkY

)

i1

∣
∣
∣
∣
∣

=
n∑

i=1

∣
∣
∣
∣
∣

∞∑

k=0

tk

k!

n∑

j=1

ak
ijYj1

∣
∣
∣
∣
∣

=
n∑

i=1

(
∞∑

k=0

tk

k!

n∑

j=1

ak
ijYj1

)

≥

(
tQ

Q!

n∑

j=1

aQ
ijYj1

)

> 0.

But then

0 ≤

(∑m
k=0

tk

k!
AkY

‖etAY ‖1

)

i1

=

∑m
k=0

tk

k!

∑n
j=1 ak

ijYj1

∑n
i=1

∣
∣
∣
∑∞

k=0
tk

k!

∑n
j=1 ak

ijYj1

∣
∣
∣

≤

∑m
k=0

tk

k!

∑n
j=1 ak

ijYj1

tQ

Q!

(∑n
j=1 aQ

ijYj1

) . (2.240)

To find the limt→∞ of the last expression in (2.240) we can apply l’Hopital’s rule

until the limit becomes apparent. This will happen after m′ iterations, with m′ ≤ m,

since the numerator is a polynomial of degree at most m, and the denominator is

a polynomial of degree Q > m. See the note following this proof for an example

illustrating why the need to introduce the integer m′ with 0 ≤ m′ ≤ m. After

280



differentiating the denominator m′ times the denominator becomes

tQ−m′

(Q − m′)!

(
n∑

j=1

aQ
ijYj1

)

︸ ︷︷ ︸
>0

.

Since Q > m and m ≥ m′ it follows that Q − m′ > 0. So we have

lim
t→∞

tQ−m′

(Q − m′)!

(
n∑

j=1

aQ
ijYj1

)

︸ ︷︷ ︸
>0

= ∞.

Putting this all together yields:

0 ≤ lim
t→∞

(∑m
k=0

tk

k!
AkY

‖etAY ‖1

)

i1

≤ lim
t→∞

∑m
k=0

tk

k!

∑n
j=1 ak

ijYj1

tQ

Q!

(∑n
j=1 aQ

ijYj1

)

= lim
t→∞

∑n
j=1 am′

ij Yj1

tQ−m′

(Q−m′)!

(∑n
j=1 aQ

ijYj1

)

=

∑n
j=1 am′

ij Yj1

∞

= 0,

which implies (2.236) of this lemma.

The proof of (2.237)

lim
t→∞

∥
∥
∥
∑∞

k=m+1
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

= 1

follows from the following observation about ‖ ‖1:

Let X =
∑n

i=1 xiei and Y =
∑n

i=1 yiei ∈ Rn, with ei being the standard basis

vectors for Rn, and suppose that for each i that yi ≥ xi ≥ 0. Then ‖Y − X‖1 =
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‖Y ‖1 − ‖X‖1. The proof of this observation is:

‖Y − X‖1 =
n∑

i=1

|yi − xi|

=
n∑

i=1

(yi − xi)

=
n∑

i=1

yi −
n∑

i=1

xi

= ‖Y ‖1 − ‖X‖1 .

Applying this observation to (2.237) yields:

lim
t→∞

∥
∥
∥
∑∞

k=m+1
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

= lim
t→∞





∥
∥
∥
∑∞

k=0
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

−

∥
∥
∥
∑m

k=0
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1





= lim
t→∞





∥
∥etAY

∥
∥

1

‖etAY ‖1

−

∥
∥
∥
∑m

k=0
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1





= 1 − lim
t→∞

∥
∥
∥
∑m

k=0
tk

k!
AkY

∥
∥
∥

1

‖etAY ‖1

= 1,

by (2.236).

Note about why m′ ≤ m. It is possible to find a non-negative primitive matrix

A; an integer m; a vector Y ; and index i such that (AmY )i1 = 0. For example if A is

the 3 × 3 matrix

A =






1 1

1 0




 , then A2 =






2 1

1 1





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so we see that A is a non-negative primitive matrix. If we choose m = 1, i = 2, and

Y =






0

1




 then A1Y =






1 1

1 0











0

1




 =






1

0






so we see that (A1Y )21 = 0. With these choices of A,m, i, Y and Q = 2 Finding the

lim
t→∞

(∑m
k=0

tk

k!
AkY

‖etAY ‖1

)

i1

, (2.241)

which comes from line (2.240) of the above proof, requires we apply l’Hopital’s rule

m′ = 0 times (zero times). We can see this explicitly as (2.241) becomes, with our

choices for A, i, etc:

lim
t→∞

t0

0!
(a0

21Y11 + a0
21Y21) + t1

1!
(a1

21Y11 + a1
21Y21)

t2

2!
(a2

21Y11 + a2
21Y21)

= (2.242)

lim
t→∞

t0

0!
(0 ∙ 0 + 1 ∙ 1) + t1

1!
(1 ∙ 0 + 0 ∙ 1)

t2

2!
(1 ∙ 0 + 1 ∙ 1)

=

lim
t→∞

t0

0!
(1) + t1

1!
(0)

t2

2!
(1)

=

0.

No need for l’Hopital’s rule. In particular, m = 1, yet the degree of the polynomial

appearing in the numerator of (2.242) is 0; i.e. m′ = 0 < m = 1. So we apply

l’Hopital’s rule m′ = 0 times in this example.

2.7.3 Projective Linear ODE Theorem

I have not seen the following theorem elsewhere, though somewhat similar results

certainly exist; see especially [14]. The proof seems original.

Theorem 2.7.3.1. Projective Linear ODE Theorem. Let A be a primitive

283



n×n matrix; i.e. the entries of A are non-negative and the entries of AQ are positive

for some integer Q > 0. Let

Ẋ = AX

be a system of linear ODE’s with initial condition X(0) = X0, with X(0) 6= 0 and

non-negative. Let vp be the unique eigenvector of A with all positive entries and l1

norm 1. Then

lim
t→∞

X

‖X‖1

= vp,

where convergence of this limit is with respect to to the Euclidean Metric dE.

Proof. Let ε > 0 be given.

By Birkhoff’s Projective Contraction Theorem, Section 2.6.4 (page 260), there

exists an integer Kε/3 > 0 such that k ≥ Kε/3 implies

dH(AkX0, vp) <
ε

3
. (2.243)

The Hilbert Projective Metric is invariant under positive scaling, so (2.243) implies

dH

(
tk

k!
AkX0, vp

)

<
ε

3
(2.244)

if t > 0 and k ≥ Kε/3. The inequality (2.244) implies, with the help of Lemma 2.7.1.1

(page 273), that for all integers M ≥ Kε/3 and for all t > 0 that

dH




M∑

k=Kε/3

tk

k!
AkX0, vp



 <
ε

3
.

From Corollary 2.5.0.4 (page 248) we know that dE(f, g) ≤ dH(f, g) if f, g ∈ 4n−1,
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and so for all M ≥ Kε/3 and for all t > 0 we must have

dE





∑M
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑M

k=Kε/3

tk

k!
AkX0

∥
∥
∥

1

, vp



 <
ε

3
. (2.245)

A is primitive and X0 is non-zero non-negative so that AkX0 6= 0 for all integers k > 0.

etAX0 is convergent so
∑∞

k=Kε/3

tk

k!
AkX0 is convergent. Then, since y → y/ ‖y‖1 is

continuous at all non-zero y, there exists an integer Mt,ε/3 > 0, dependent on t > 0

such that

dE





∑Mt,ε/3

k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑Mt,ε/3

k=Kε/3

tk

k!
AkX0

∥
∥
∥

1

,

∑∞
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑∞

k=Kε/3

tk

k!
AkX0

∥
∥
∥

1



 <
ε

3
. (2.246)

Combining (2.245) and (2.246) yields for t > 0:

dE



vp,

∑∞
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1



 ≤ 2ε/3. (2.247)

By the previous lemma, Lemma 2.7.2.1 (page 277), there exists a tε/3 > 0 such that

t > tε/3 implies ∥
∥
∥
∥
∥
∥

∑(Kε/3)−1

k=0
tk

k!
AkX0∥

∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1

∥
∥
∥
∥
∥
∥

E

<
ε

3
. (2.248)

The following inequality will be useful:

dE(X + Y, Z) = ‖X + Y − Z‖E

≤ ‖X‖E + ‖Y − Z‖E

= dE(X, 0) + dE(Y, Z). (2.249)

Finally, putting together the above arguments, in particular the inequalities (2.247),
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(2.248), and (2.249), we have for all t > tε/3:

dE

(

vp,
X(t)

‖X(t)‖1

)

= dE



vp,

∑∞
k=0

tk

k!
AkX0∥

∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1





= dE



vp,

∑(Kε/3)−1

k=0
tk

k!
AkX0 +

∑∞
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1





= dE



vp,

∑(Kε/3)−1

k=0
tk

k!
AkX0∥

∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1

+

∑∞
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1





≤ dE



0,

∑(Kε/3)−1

k=0
tk

k!
AkX0∥

∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1





︸ ︷︷ ︸
≤ ε/3

+ dE



vp,

∑∞
k=Kε/3

tk

k!
AkX0

∥
∥
∥
∑∞

k=0
tk

k!
AkX0

∥
∥
∥

1





︸ ︷︷ ︸
≤ 2ε/3

≤ ε.

2.8 Circumference = 6r Theorem

I had thought that the following nice result about the radius of “circles” in a triangle

to which the Hilbert Metric is applied, Theorem 2.8.0.2 (page 288), was original 37,

but it was not. However, the result and (my) proof is short and I hope charming, and

so I’ve included it.

Let C = R3
≥0. We identify (C \ {0},∼) with the 2 simplex 38

42 = {(x, y, z) ∈ R3
≥0 : x, y, z ≥ 0, x + y + z = 1}

37I thought that my “discovery” of Theorem 2.8.0.2 (page 288) was original as many searches for
Hilbert Circles turned up nothing related. By accident, recently, I came across an article by B.B.
Phadke [80] (1975) proving Theorem 2.8.0.2. Phadke nowhere mentions that he is using the Hilbert
Metric, which he ultimately is; rather he talks about “straight Desarguesian chord spaces”. Hence
my difficulty.

38See Definition 2.4.7.1 part 4 (page 197).
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Figure 2.11: Circumference = 6r Theorem (page 288). In this illustration, the “circle”
of dH radius r, denoted S1

H(f, r), appears to our euclidean eyes as the red hexagon
inside the triangle, T , having vertices 0, V1, V2. The triangle T is actually the 2
simplex 42 ⊂ R3, which we have embedded in R2 for illustrative purposes.
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which we in turn identify with the triangle T , shown in Figure 2.11 (page 287), and

which we’ve embedded in R2. Let f ∈ T and let S1
H(f, r) be the circle of dH radius

r in T .

Birkhoff [12] defines the projective metric, dH(f, g), which he denotes by θ(f, g),

via the cross ratio R(f2/f1, g2/g1; 0,∞). Explicitly

dH(f, g) = θ(f, g) = |ln(R(f2/f1, g2/g1; 0,∞))| = |ln(f2g1/f1g2)|

In Theorem 2.8.0.2 (page 288) we apply the projective invariance of the cross ratio

to Figure 2.11 (page 287) to show that ‘circles’ of dH radius r in the 2 simplex always

have a circumference of length 6r and that ‘dH circles’ in 42 are hexagons when

viewed as subsets of Euclidean space.

This result is not at all obvious from the more modern definition of dH
39.

Theorem 2.8.0.2. Circumference = 6r Theorem. The circle S1
H(f, r) in 42 of

dH radius r and center f has circumference 6r with respect to dH .

Proof. See Figure 2.11. S1
H(f, r) is the red hexagon. Let r = dH(f, g) = | ln(b1, b2; f, g)|.

In the cross ratio formulation of dH we choose the origin to be the point of projection.

However, the cross ratio is invariant with respect to changing the point of projection

provided the 4 points are all on the same line and the point of projection is not on

that line [69]. Let’s calculate the cross ratio (b1, b2 : f, g) using V 1 as the projection

point. This makes it easy to see that all the points on C1C2 are distance r from

f . Then notice that if we change our point of projection from V 1 to V 2 it is clear

that all the points on C2C3 are distance r from f . Let’s once again use V 1 as the

projection point. It is immediate that the length of C2C3 = r. There are six such

line segments.

39See Section 1.9.3 (page 84) where for the definition of dH via αf ≤ g ≤ βf .
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Figure 2.12: Tiling the two simplex with congruent (same sized) Hilbert circles; i.e.
each hexagon is a circle of fixed radius r relative to dH . See Figure 2.11 (page 287).
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Figure 2.13: Tiling the two simplex with congruent (same sized) Equilateral Triangles
relative to dH . The lines terminating at each vertex are all parallel relative to dH

and uniformly spaced. If 6 of these triangles have a common vertex, the union of the
six triangles will form a Hilbert circle. This was shown more explicitly in Figure 2.12
(page 289) and Figure 2.11 (page 287).
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Part II

Mathematical Biology
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Introduction to Part II

Part II of this dissertation is about a mathematical model whose goal is to estimate

the probability that a viral or bacterial infection, or a cancer, will develop resistance

to treatment.

The model was introduced in 2003 and 2004 by Yoh Iwasa 40, Franziska Michor 41,

and Martin Nowak 42 in two papers, Evolutionary Dynamics of Escape from Biomed-

ical Intervention [48] and Evolutionary Dynamics of Invasion and Escape [49].

In the model the development of resistance is divided into pre and post-treatment

phases. The pre-treatment phase is modeled as a deterministic linear dynamical sys-

tem. The post-treatment phase is modeled as a stochastic branching process. As the

invaders (the viruses, bacteria, or cancer cells) replicate, they may produce offspring

with genetic mutations. So, as the invaders colonize their host by replicating them-

selves, their population will come to consist of “wild” types and “mutant” types. The

wild types have the same genotype as the original invaders. The various types may

replicate at different rates – some being more and some being less “fit”. It is assumed,

for simplicity, that all viruses, bacteria, or cancer cells operate independently of each

other.

Pre-treatment phase of the model. During the pre-treatment phase, if certain

assumptions are made, the relative frequency distribution of the descendants’ vari-

ous genetic types approach an invariant distribution known as quasispecies equilib-

40Yoh Iwasa: Professor of Theoretical Biology and Director of the Mathematical Biology Lab,
Department of Biology, Kyushu University. The model [48, 49] was developed while Yoh Iwasa was
at the Institute for Advanced Study, Princeton. Yoh Iwasa over 200 publications in Mathematical
Biology.

41Franziska Michor: Memorial Sloan-Kettering Cancer Center’s computational biology lab (2007
– 2010). Dana-Farber Cancer Institute and Harvard School of Public Health (2010). PhD. Harvard
(2005), Advisor Martin Nowak.

42Martin Nowak: Director of the Program for Evolutionary Dynamics at Harvard University
since 2003. Studied under Peter K. Schuster (Chemistry) and Karl Sigmund (Mathematics) at the
University of Vienna. In 1998 M. Nowak moved from Oxford (where he held a professorship) to
Princeton to establish the program in Theoretical Biology at the Institute for Advanced Study.
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rium [30, 29]. In the model it is assumed that treatment is not given until quasispecies

equilibrium is reached. The quasispecies equilibrium (the invariant distribution) turns

out to be an eigenvector and can be calculated using various techniques.

Post-treatment phase of the model.

During the post-treatment phase 43 the treatment (e.g. a drug) exerts a selective

pressure on the descendants of the invaders. The treatment is assumed to be success-

ful 44 against the wild type and against all the mutant types – except for one special

type called an “escape mutant.”

It is useful to enumerate the genetic types of the invader’s descendants. The wild

type is denoted 0, and the other mutant types are denoted 1 , 2, 3, . . . ,m, with the

number m being reserved for the escape mutant.

Using techniques from multi-type Galton-Watson branching processes [6, 42], the

probability is calculated that a single individual of type i, i = 0, 1, 2, . . . ,m will

escape extinction 45 in spite of the drug treatment.

Combining Pre and Post-treatment calculations. The dot product of the

pre-treatment quasispecies distribution vector and the post-treatment escape proba-

bilities vector yields a probability p,

p =
m∑

i=0

P ( selected is of type i)
︸ ︷︷ ︸

from quasispecies equilibrium

P ( escape | being of type i).

p is the probability that if one individual virus, bacteria, or cancer cell is selected

randomly when treatment begins that the selected individual will create a line of

descendants that escapes extinction.

43The post-treatment phases starts as soon as treatment is started.
44A successful treatment (against a particular type) is one which drives the reproductive ratio (of

that particular type) to below 1; meaning each generation (of that particular type) is smaller than
the next.

45An individual virus, bacteria, or cancer cell is said to escape extinction for as long as at least
one of its descendants, in possibly mutated form, remains alive. An escape mutant would be said to
be resistant to treatment.
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If N is the total population size, including all the different types, and we invoke

independence, we have that N ∙ p is the mean number of mutants expected to avoid

extinction (to escape).

It is assumed that escaping is rare and the model uses the Poisson Distribution

with mean N ∙ p to calculate the probability that there will be zero escapes.

Iterative Processes. Both the pre and the post treatment phases are modeled

using iterative processes. This is not surprising as one can (mathematically) think

of growth, reproduction, and evolution as being examples of iterative processes; a

collection of rules and processes repeatedly applied.

For example, a cell splits, then the daughter cells split, and so on. The result is, at

least initially, exponentially fast growth. It is worth observing that this exponentially

fast growth is what allows multi-cellular organisms to contain trillions of cells. If

growth were linearly fast, it would simply take too long to grow so many cells.

The dynamics of the pre-treatment phase can be understood using the projective

machinery developed by Birkhoff [12, 13] to understand iterates of linear maps 46. This

machinery augments the approach taken in Iwasa, Michor, and Nowak in [48, 49] and

provides a rigorous basis for the pre-treatment part of the model.

The mathematics of the post-treatment phase is also iterative. However, the ma-

chinery applied are multi-type generating function techniques; which involve some

theory from several complex variables and ODE’s in Cn. We give a rigorous expla-

nation of one way to calculate the vector of escape probabilities different from what

was used by Iwasa, Michor, and Nowak in [48, 49].

These approaches are somewhat new in the study of mathematical biology for

this particular direction in research. Moreover, bringing complex analysis into the

treatment makes this study more interesting and promising.

46The projective machinery developed by Birkhoff to understand iterates of linear maps was the
focus of Part I of this dissertation.

294



Part II.A.

Pre Treatment: Quasispecies

Equilibrium

295



Introduction to Part II.A.

Charles Darwin was quite aware that altruism 47 posed a problem to his theory of

evolution. From Darwin’s On the origin of species [25, pp. 228 – 230] (1860):

No doubt many instincts of very difficult explanation could be op-

posed to the theory of natural selection – cases, in which we cannot see

how an instinct could have originated. . . . I will not enter here on these

several cases, but will confine myself to one special difficulty, which at first

appeared to me insuperable, and actually fatal to the whole theory [of nat-

ural selection]. I allude to neuters or sterile females in insect-communities;

for these neuters often differ widely in instinct and in structure from both

the males and fertile females, and yet, from being sterile, they cannot

propagate their kind. . . .

This difficulty, though appearing insuperable, is lessened, or, as I be-

lieve, disappears, when it is remembered that selection may be applied to

the family, as well as to the individual and may thus gain the desired end.

As Edward O. Wilson 48 put it in Sociobiology [90] (1980), “To save his own theory,

Darwin introduced the idea of natural selection operating at the level of family 49

rather than of the single organism.”

One model that represents a species (or more precisely, closely related DNA/RNA

templates) as an evolving network (or family) is the quasispecies model. According

47Altruistic behavior, from the perspective of population biology, is behavior that fails to increase
the fitness (the reproductive success rate) of the actor, but benefits the fitness of others. For brief
and accessible overviews of altruism and evolution, see Wilson [91] (2005) or Foster, Wenseleers, and
Ratnieks [36] (2006).

48Edward 0. Wilson (b. 1929) is a distinguished award winning biologist, author, and the Pellegrino
University Research Professor, Emeritus, in Entomology for the Department of Organismic and
Evolutionary Biology at Harvard University. His specialty is myrmecology, which is the study of
ants.

49A “family”, using modern vocabulary, is a collection of genetically similar, but not necessarily
identical individuals. Alternatively, one might think of a family as a type of network, with the nodes
representing individuals, or individual genotypes, and the genetic distance between the individuals,
being the weights.
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to Claus O. Wilke [89] (2005):

Quasispecies theory has its origin in a seminal paper written by Eigen 50

in 1971 [27], in which he studied the error-prone self-replication of biolog-

ical macromolecules, primarily with the goal of understanding the origin

of life 51.

By the late 1970s Manfred Eigen, working with Peter Schuster 52, had coined the

term quasispecies and had developed a mathematical model for this, based upon their

knowledge of reaction rate equations in chemistry; Eigen and Schuster [30] (1979) 53.

According to Martin Nowak 54 and Robert May [75, Chapter 8] (2000):

The word quasispecies is a mystery for most biologists, possibly be-

cause it was invented by chemists. In the 1970’s, Manfred Eigen and

Peter Schuster developed a chemical theory for the origin of life. They

described how populations of RNA molecules could reproduce themselves.

They noted that the spontaneous chemical replication of such compara-

tively simple molecules was much less accurate than the genetic replication

of any organism alive. . . . Consequently a population of RNA molecules

that was the result of such an inaccurate replication process would not be

absolutely homogeneous, but a mixture of RNA molecules with different

nucleotide sequences. . . .

50Manfred Eigen (b. 1927) is a German biophysicist who won the 1967 Nobel Prize in Chemistry,
“for studies of extremely fast chemical reactions, effected by disturbing the equilibrium by means
of very short pulses of energy”. He is also the former Director of the Max Planck Institute for
Biophysical Chemistry.

51Life, meaning the complex DNA/RNA molecules which carry genetic hereditary information.
52Peter Schuster (b. 1941) Austrian theoretical chemist. Manfred Eigen’s post doctoral student

1968 - 69. Head of the Institute of Theoretical Chemistry at the Universitt Wien, 1973-1992, 1996
- 2009; President of the Austrian Academy of Sciences, 2006 - 2009.

53[30], which is Eigen and Schuster’s 1979 book, The Hypercycle, a Principle of Natural Self-
Organization, is not widely available. However, Eigen, McCaskill, and Schuster’s 1988 article Molec-
ular Quasi-Species [29] is readily available, well written, and covers much of the same material as
[30].

54Martin Nowak earned his PhD, in part under Peter Schuster.
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Chemists refer to an ensemble of equal molecules as a ‘species’. For

example the species of H20 molecules. In contrast, a species of RNA

molecules, derived from inaccurate reproduction, is not an ensemble of

identical molecules. Hence the term ‘quasispecies’. . . .

Eigen and Schuster go on to argue that the target of natural selection

is not the fittest sequence, but the quasispecies.

We come to the specifics of the definition of the quasispecies. We quote directly

from Eigen, McCaskill, and Schuster’s 1988 article Molecular Quasi-Species 55 in the

Journal of Physical Chemistry [29]. Keep in mind that these authors are chemists

writing for chemists:

The molecular quasi-species model describes the physicochemical56 or-

ganization of monomers57 into an ensemble of heteropolymers58 with com-

binatorial complexity59 by ongoing template polymerization60. . . . The

quasi-species itself represents the stationary distribution61 of macromolec-

ular sequences maintained by chemical reactions effecting error-prone repli-

cation. . . . It is obtained deterministically, by mass-action kinetics62, as

55The originators of quasispecies theory wrote quasi-species, whereas in the more current litera-
ture, the hyphen is dropped. We will write quasispecies, without the hyphen, except when directly
quoting a source which hyphenates quasispecies.

56Physicochemical, meaning a chemical model based upon the laws of physics.
57Monomer, meaning a “smaller” or “simpler” chemical unit or molecule, often having the possi-

bility of being joined with other monomers to form polymers. In the current context, the monomers
are DNA/RNA nucleotides.

58Heteropolymer, meaning a chemical made up different types of monomers. In the current context
DNA/RNA.

59Combinatorial complexity, as there are 4 basic nucleotides being assembled into sequences of
DNA (or RNA), and as they can be assembled in different orders, the number of possible sequences
is 4n with n being the length of the sequence in terms of nucleotides joined.

60Template polymerization, as in DNA/RNA template self-replication
61The authors show that under certain conditions that the relative frequencies of the templates

becomes a stable (invariant) distribution. This invariant distribution is what they are calling the
quasi-species. In some literature, this invariant distribution is called the quasispecies equilibrium.

62Mass action kinetics approximates the rate of a chemical reaction to be proportional to the quan-
tity of the reacting substances. It is based upon collision theory. The constants of proportionality
are called “chemical rate coefficients.”
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the dominant eigenvalue63 of a value matrix, W , which is derived directly

from chemical rate coefficients, but it also exhibits stochastic features,

being composed to a significant fraction of unique individual macromolec-

ular sequences64. The quasi-species model demonstrates how macromolec-

ular information originates through specific non-equilibrium autocatalytic

reactions65 and thus forms a bridge between reaction kinetics and molec-

ular evolution. . . . Experimental data obtained from test-tube evolution

of poly-nucleotides and from studies of natural virus populations support

the quasi-species model.

Briefly, if c(t) = (c1(t), c2(t), . . . , cm(t)) is the vector of concentrations of the m pos-

sible templates, with t being time, then

ċ(t) = cW, (2.250)

where the off diagonal entries of W , Wik > 0 are the mutation rates k → i and

the diagonal entries, Wii > 0 are the, “fitness factors of conventional population

63Actually the authors seem to have meant that the quasispecies is the eigenvector corresponding
to the dominant eigenvalue. See p. 6885 of the same article [29], where the authors write:

The stationary sequence distribution, thus determined by the dominant eigenvector
l0, is called the quasi-species. It consists of a master sequence I0, which is the most
frequent sequence and commonly has the maximum selective value, and a mutant distri-
bution centered around the master. The value matrix W , according to . . . has exclusively
positive entries, and the Perron-Frobenius theorem [79] applies: the largest eigenvalue
λ0, is non-degenerate, and all components of the vector l0 are positive. Hence, it fulfills
all requirements to describe a mixture of chemical compounds – here the distribution of
the master sequence and its mutants.

64For the case of DNA or RNA strands, there are 4n possible sequences of length n, for each n.
So the number of possible “macromolecular sequences” (meaning possible DNA or RNA sequences)
will typically be vastly larger than the number of macromolecular sequences actually present. As
a result, many of the possible sequences will not be present – and for some the sequences that are
present, there might only be one or two copies. For the sequences, for which only a small number
of copies are present, the laws of large numbers or averaging, will not apply, and so “stochastic
features” may be important for those cases.

65Non-equilibrium autocatalytic reactions, in this context, means that as the self replicating
DNA or RNA templates replicate, the relative concentrations of the templates change (i.e. non-
equilibrium), and the system evolves.
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dynamics”[29]. Finally, “The stationary sequence distribution. . . determined by the

dominant eigenvector [of W ], is called the quasi-species” [29].

In Chapter 3 we discuss quasispecies theory and develop Equation (2.250), which,

perhaps due to an oversight, does not appear in Eigen, McCaskill, and Schuster’s [29].

In Chapter 4 we discuss the pre-treatment phase of the model introduced in 2003

and 2004 by Iwasa, Michor, and Nowak in [48, 49] which is based directly on the

quasispecies theory of Eigen and Schuster [30, 29]. We relate quasispecies theory to

the projective geometry and machinery developed by Birkhoff in [12, 13] and which

we discuss in Part I of this dissertation.

300



Chapter 3

Quasispecies equilibrium

(Pre-Treatment)

Introduction to Chapter 3

In Chapter 3 we discuss quasispecies theory originated by Eigen and Schuster [27, 30,

29]. We then relate quasispecies theory to projective geometry and the machinery

developed by Birkhoff in [12, 13] and discussed by us in Part I of this dissertation.

3.1 The Quasispecies Model

The quasispecies is a collection of closely related self-replicating templates (DNA/RNA

modeled as binary strings) 1. We can think of the templates as being emersed in a

solution containing the necessary components for self replication. As the templates

replicate their concentration levels change depending on replication rates and error

or mutation rates [29].

1This model could be classified as a toy type model since the actual nucleotides: Guanine (G)
which pairs with Cytosine (C); and Adenine (A) which pairs with Thymine (T) (or Uracil (U) in
RNA), do not appear in this model. By pairing adjacent 0 and 1’s in the strings, we would recover
(at least from an information theory sense) some of the properties of the ATCG DNA model.
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The parameters of the model [29] 2:

ci(t) is the concentration (units/vol) of the type i template.

Ai is the replication rate constant for the i type.

Di is the degradation rate constant for the i type.

Without mutation we have

d

dt
ci(t) = (Ai − Di)ci(t).

The units of Ai and Di are 1
time

, but we could also think of

the units of Ai as
new units

units

time
and the units of Di as

degraded units
units

time
.

Qi,j is called the quality factor and it is the probability that a type i template

will replicate a type j template 3. We have
∑n

j=1 Qi,j = 1, assuming there are n

different template types. Qi,j is unitless.

If i 6= j then AiQi,j is called the mutation rate from i to j. We introduce the

matrix W with entries,

Wi,j =






AiQi,j = Wi,j , i 6= j ;

AiQi,i − Di, i = j.
(3.1)

The Wi,i would be called fitness factors in traditional population dynamics. We get

2[29] Manfred Eigen, John McCaskill, and Peter Schuster, Molecular Quasi-Species, Journal of
Physical Chemistry 92 (1988), 6881–6891.

3In the notation used by Eigen, McCaskill, and Schuster AiQj,i would represent the mutation
rate from i type to j type.
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the rate equation

d

dt
ci(t) = ci(t)(AiQi,i − Di) +

n∑

j=1,j 6=i

cj(t)AjQj,i

= ci(t)Wi,i +
n∑

j=1,j 6=i

cj(t)Wj,i

=
n∑

j=1

cj(t)Wj,i .

In terms of the matrix W , and vectors c = (c1(t), c2(t), . . . , cn(t)) and ċ, we have

ċ = cW, (3.2)

or more explicitly:

(ċ2(t), ċ1(t), . . . , ċn(t)) = (c1(t), c2(t), . . . , cn(t))












W1,1 W1,2 . . . W1,n

W2,1
. . .

...

...
. . .

...

Wn,1 . . . . . . Wn,n












. (3.3)

In the model we are more concerned with the relative concentrations, and we will

denote the relative concentration of the i type template by xi(t). So

xi(t) =
ci(t)∑n

j=1 cj(t)
.

The solution c(t) to the rate equation ċ = cW, c(0) = c0 is just c0e
tW , which is a

trajectory in Rn. Physically, of course, c(t) must be in Rn
≥0, and mathematically this

will be the case since the off diagonal entries of W are non-negative.

It is convenient to assume that W ≥ 0 as a negative diagonal entry indicates a

non-viable type. Since the off-diagonal entries are by construction non-negative, the
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assumption that W ≥ 0 is the assumption that for each i, that AiQi,i − Di ≥ 0.

3.2 Projective Systems of Differential Equations

We introduce some of the ideas from Projective Geometry (from Part I of this disser-

tation) to the quasispecies model. The relationship between Birkhoff’s work [12] and

the quasispecies model does not seem to be widely recognized.

At the end of this section a concrete example is discussed and illustrated in Figures

3.1 through 3.7.

3.2.1 Relative Concentration as a Projection

Let c(x, t) = the flow c(x, t) = xetW determined by the linear ODE (3.2). The relative

concentration vector x(t) = c(t)
‖c(t)‖1

is just the projection of c(t) onto the n-1 simplex

4n−1 = {x ∈ Rn
≥0 : ‖x‖1 = 1}.

In terms of flows, c(x, t) → c(x, t)/ ‖c(x, t)‖1, this projection induces a naturally

defined vector field on 4n−1:

Let c0 ∈ Rn
≥0. Since c(c0, t) = c0e

tW we have c(λc0, t) = λc0e
tW so if we represent

the projective equivalence class of v ∈ Rn
≥0 by [v] then c([c0], t) = [c0e

tW ] = [c(c0, t)].

In other words, the flow c(c0, t) induced by the differential equation ċ(t) = c(t)W

maps projective equivalence classes to projective equivalence classes, and so c(∗, t) is

a flow on projective space of Rn
≥0. Identifying the projective space of Rn

≥0 with 4n−1

we can ask what does the induced vector field on 4n−1 look like? We differentiate

w.r.t. to t and suppress the initial condition c0, now assumed to be in 4n−1, unless
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needed:

d

dt
x(t) =

d

dt

c(t)

‖c(t)‖1

=
d

dt

c(t)
∑n

i=1 ci(t)
v

=
ċ(t)

∑n
i=1 ci(t) − c(t)

∑n
i=1 ċi(t)

(
∑n

i=1 ci(t))
2

=
c(t)W

∑n
i=1 ci(t) − c(t)

∑n
i=1 (c(t)W )i

(
∑n

i=1 ci(t)) (
∑n

i=1 ci(t))

= x(t)W − x(t)
n∑

i=1

(x(t)W )i . (3.4)

It is worth noting that all the c, ci terms canceled, leaving only x, xi terms, as should

happen if the evolution of the relative concentrations are only dependent on the rel-

ative concentrations. This is what we should expect as c is invariant w.r.t. projection.

Quasispecies Equilibrium

From (3.4) The vector field vanishes when

0 = x(t)W − x(t)
n∑

i=1

(x(t)W )i .

If a vector field vanishes at a point x∗, then the the constant trajectory x(t) = x∗

is the solution when x∗ is the initial condition. Since x∗ is a probability distribution

and is constant with respect to time, it is an example of an invariant distribution. In

the context of quasispecies theory, x∗ is called the quasispecies equilibrium.
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The equations

0 = x∗W − x∗

n∑

i=1

(x∗W )i

x∗W =

(
n∑

i=1

(x∗W )i

)

︸ ︷︷ ︸
scalar

x∗

imply that the (quasispecies equilibrium) solution x∗ is an eigenvector of W .

Mean Excess Production

From (3.4), if

ẋ(t) = x(t)W − x(t)
n∑

i=1

(x(t)W )i

then

ẋi(t) = (x(t)W )i − xi(t)
n∑

j=1

(x(t)W )j .

Rearranging terms yields:

ẋi =
n∑

j=1

xjWji − xi

n∑

k=1

n∑

j=1

xjWjk

=

(
n∑

j=1,j 6=i

xjWji

)

+ (xiWii) − xi

n∑

j=1

xj

n∑

k=1

Wjk. (3.5)

We focus on xi

∑n
j=1 xj

∑n
k=1 Wjk; make the substitutions:

Wi,j =






AiQi,j , i 6= j ;

AiQi,i − Di, i = j,
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and get:

xi

n∑

j=1

xj

n∑

k=1

Wjk = xi

n∑

j=1

xj

(
n∑

k=1

Wjk

)

= xi

n∑

j=1

xj

((
n∑

k=1,k 6=j

AjQjk

)

+ (AjQjj − Dj)

)

= xi

n∑

j=1

xj

((
n∑

k=1

AjQjk

)

+ (−Dj)

)

= xi

n∑

j=1

xj















Aj

n∑

k=1

Qjk

︸ ︷︷ ︸
=1








− Dj








= xi

n∑

j=1

xj (Aj − Dj)

︸ ︷︷ ︸
=E(t)

= xiE(t).

We plug this back into the differential equation (3.5) for ẋi and get:

ẋi =

(
n∑

j=1,j 6=i

xjWji

)

+ (xiWii) − xi

n∑

j=1

xj

n∑

k=1

Wjk

=

(
n∑

j=1,j 6=i

xjWji

)

+ (xiWii) − xiE(t)

= xi (Wii − E(t)) +
n∑

j=1,j 6=i

xjWji.

E(t) is the mean excess production 4 (divided by the total concentration) [29, 30] 5.

Neglecting the mutation terms,
∑n

j=1,j 6=i xjWji, or better, assuming that they are very

small, we see that the relative concentration xi increases if its fitness Wii is greater

than the average excess production E(t), and decreases otherwise. This implies that

4cj(t) (Aj − Dj) is the excess production at time t of the j type.
5Eigen and Schuster derived and named E(t) in their work, e.g. [29, 30]. They do not bother

with the projective geometry aspects.
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(at low enough mutation rates) the distribution of the xi will become more and more

weighted with the fittest replicators, which in turn will increase E(t) which will in

turn filter for ever higher replication rates. Without mutation, the distribution would

eventually only consist of templates with the highest fitness.

Example. Recall, from (3.1), that

Wi,j =






AiQi,j = Wi,j , i 6= j ;

AiQi,i − Di, i = j.

Letting

A =






4 0

0 3




 , Q =






0.925 0.075

0.1 0.9




 , and D =






0.7 0

0 0.7






we get W = AQ − D with

W =






3 .3

.3 2




 .

Consider the dynamical system ċ = cW . This example is discussed and illustrated in

Figures 3.1 through 3.7. Note that the positive eigenvector of W with L1 norm 1 is

(0.7830951895, 0.2169048105).
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Figure 3.1: The differential equation ċ(t) = c(t)W has solution c(0)etW . These four
graphs show the evolution of two solutions, one with initial condition c(0) = (0, 0.125)
and the other with initial condition c(0) = (0, 0.25). Both solutions are plotted in all
four graphs and are shown in black. Note, if we fix c0 ∈ R2

≥0, then for each t > 0
{c(λc0, t) : λ > 0} is a single projective point, this is indicated in the graphs by a
straight red line. The dashed blue line shows the unique positive eigen direction of
W. In these four graphs we plot the solutions from t = 0 to t = 0.75, 1.00, 1.50, and
2.00.
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Figure 3.2: The differential equation ċ(t) = c(t)W . This graph is an enlargement of
the (1,1) subplot of Figure 3.1. In this graph we plot the two solutions (black) from
t = 0 to t = 0.75.
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Figure 3.3: The differential equation ċ(t) = c(t)W . This graph is an enlargement of
the (1,2) subplot of Figure 3.1. In this graph we plot the two solutions (black) from
t = 0 to t = 1.00.
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Figure 3.4: The differential equation ċ(t) = c(t)W . This graph is an enlargement of
the (2,1) subplot of Figure 3.1. In this graph we plot the two solutions (black) from
t = 0 to t = 1.50.

312



0 5 10 15 20 25

0

2

4

6

8

10

12

14

16

18

20

t = 0 to t = 2

Figure 3.5: The differential equation ċ(t) = c(t)W . This graph is an enlargement of
the (2,1) subplot of Figure 3.1. In this graph we plot the two solutions (black) from
t = 0 to t = 2.00.
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t = 0 to t = 5. Same graph as above, detail near origin. 

Figure 3.6: The above illustrations are a continuation of the example shown in Fig-
ure 3.1. In the top graph we indicate the long term behavior of c(t) by plotting
c((0, 0.25), t) and c((0, 0.125), t) as t goes from 0 to 5. On the same graph we also
plot, using the symbol ∗, the discrete system, (0, 0.25)W k for k = 0, 1, . . . , 14. Let
vp be the unique positive eigenvector of W satisfying ‖vp‖ = 1. The graph shows

clearly that as t → ∞ that c(t)
‖c(t)‖1

→ vp (the projection of the red line approaches

the projection of the dashed blue line) and as k → ∞ that (0,0.25)W k

‖(0,0.25)W k‖
1

→ vp (the

projection of the ∗’s approach the projection of the dashed blue line). In this example
vp = (0.7831, 0.2169). The one simplex 41 is indicated by the solid blue line segment
connecting (1, 0) to (0, 1). The bottom graph is a detail from the top graph near the
origin.
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Figure 3.7: The differential equation ċ(t) = c(t)W . The above graph is a continuation
of the example shown in Figure 3.1 and is an enlargement of the (2,1) subplot of Figure
3.6. In the above graph we plot the two solutions over the interval t = 0 to 5 and
then magnify the region close to the origin.
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Chapter 4

Evolutionary Dynamics of Invasion

and Escape

4.1 Introduction

Evolutionary Dynamics of Invasion and Escape [48, 49] (2003, 2004) were written by

Yoh Iwasa, Franziska Michor, and Martin Nowak. Their papers present a beautifully

creative model for invasion (infection) and escape (the development of resistance to

medical treatment by drugs).

Their model ingeniously combines the quasispecies theory of Eigen and Schuster

(for the pre-treatment phase) with a multi-type Galton-Watson process (for the post

treatment phase).

The mathematics presented in Iwasa, Michor, and Nowak [48, 49] are rich, but

terse, and we have found it difficult to give rigorous proofs of some details. Moreover

their numerical calculations, e.g. those found in [49, p. 209, Table 1] and [48, p. 2576,

Figure 3], are difficult to replicate because it seems that the mutation rate or other

parameters were left out.

In 2006, in [10], Beerenwinkel, Eriksson, and Sturmfels 1 reworked some of the

1Bernd Sturmfels is a Professor of Mathematics, Statistics and Computer Science at University of
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results in Iwasa, Michor, and Nowak’s papers [48, 49] in a very mathematically so-

phisticated manner.

We note that, from a mathematical perspective, the quasispecies equilibrium is an

invariant distribution, and can be understood in terms of the machinery developed

in Part I of this dissertation:

Birkhoff’s Projective Contraction Theorem [12] and its extensions imply directly

that the iterates of a primitive matrix, say P , applied to a non-negative vector X = X1

will converge to a unique positive eigen-direction.

Suppose our dynamical system for the pre-treatment phase is given in terms of a

primitive matrix P acting on a population vector X:

X(n) = XP n−1

rather than as a system of differential equations. In Section 2.6.8 (page 270) in

a more general setting than needed here, we prove that the central projections of

X(n), n = 1, 2, . . ., onto the hyperplane of vectors whose coordinates sum to 1, will

converges to the unique positive eigenvector of P whose coordinates sum to 1; i.e. to

the quasispecies equilibrium.

On the other hand, suppose the quasispecies is developed in terms of a system of

differential equations,

ċ = cW (4.1)

with W being a primitive matrix, as is implied in the Iwasa, Michor, and Nowak

model [49] and in the Eigen and Schuster model [29]. Then the iterative machinery

of Birkhoff still applies. Using the Hilbert Projective Metric and the machinery

developed by Birkhoff in [12, 13], we prove in Part I, in Theorem 2.7.3.1 (page 283),

California, Berkeley. Niko Beerenwinkel was a post doctoral student at Berkeley and Harvard, and is
currently with the Computational Biology group at ETH Zurich. Nicholas Eriksson’s mathematics
PhD adviser was Stumfels.
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that: all positive trajectories in the system ċ = cW will, as time → ∞, approach the

same eigen-direction, the unique positive eigen-direction of W , which when centrally

projected, yields the quasispecies equilibrium distribution.

Essentially, calculating the quasispecies equilibrium is calculating an eigenvector,

and doing so numerically is its own subject – and somewhat outside of the scope of

this dissertation.

In the rest of Chapter 4 we discuss some of the mathematics from the pre-

treatment phase of Iwasa, Michor, and Nowak’s model.

4.2 Pretreatment Distribution of templates.

See Figure 4.1 (page 319). In [49], Iwasa, Nowak, and Michor calculate the quasis-

pecies distribution relative to the wild type, rather than to total concentration. So

x(t) = c(t)
c0(t)

and the authors project the the dynamical system ċ = cW , see (3.3)

(page 303), into the hyperplane c0 = 1 instead of into ‖c‖1 = 1, Note, c0 refers to the

first (the 0th) coordinate which is the wild type’s coordinate.

d

dt

(
c(t)

c0(t)

)

=
ċc0

c0c0

−
ċ0c

c0c0

= xW − x0W00x

but then

ẋi =
∑

xjWji − x0W00xi

= xiWii +

(
∑

j 6=i

xjWji

)

− x0W00xi

= xi (Wii − x0W00) +

(
∑

j=1,j 6=i

xjWji

)

+ x0W0i.
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Figure 4.1: Regarding the differential equation ċ(t) = c(t)W with W > 0. The
above illustration shows the projection of the positive eigenvector of W into the n-1
simplex 4n−1 and into the hyperplane x0 = 1. If the mutation rate is very low,
then the positive eigenvector will be very close to the x0 direction. Note: if there
is no mutation, then the population will (in terms of relative frequencies) become
exclusively 0 type. For small mutation rates one can approximate the quasispecies
equilibrium by its projection in the hyperplane x0 = 1.
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The authors approximate the quasispecies distribution by the eigenvector of W having

its x0 coordinate equal to 1. They do not justify this and the actual quasi-species

distribution would have ‖ ‖1 = 1.

The authors state that in their model W00 = 1. Another way to achieve the

effect of having W00 = 1 would be to scale the matrix W to W
W00

, when W00 6= 1.

The resulting matrix W
W00

has the same eigenvectors as W and its 00 entry is 1.

Alternatively, one could simply divide all the differential equations by W00. We are

setting them equal to zero; after all, this division would not effect the value of the

eigenvector either.

The projective version of that system (equivalently the effect of dividing by W00)

would be (setting x0 = 1):

ẋi = xi

(
Wii

W00

− 1

)

+

(
∑

j=1,j 6=i

xj
Wji

W00

)

+
W0i

W00

.

However, the authors simply set w0 = W00 = 1 and wi = Wii < w0. They also treat

Wji as Qij = uij ; i.e. setting Ai = 1. The authors give the differential equation

ẋi = −xi (1 − wi) +

(
n∑

j=1,j 6=i

xjuji

)

+ x0u0i and x0 ≈ 1. (4.2)

However, they do not explain these derivations. They may simply have thought along

the following lines: wi is the proportion of the i type to survive and thus be able to

replicate. So 1 −wi is the proportion which die. So ẋi is proportionally decreased by

1 − wi, hence the −xi(1 − wi) term. The terms
(∑n

j=1,j 6=i xjuji

)
+ x0u0i represents

the influx from mutation.
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4.3 Approximation of Quasispecies Equilibrium.

Next Iwasa, Michor, and Nowak [48, 49] sketch a derivation of a formula to approx-

imate the projection of the quasispecies equilibrium (eigenvector) in the hyperplane

x0 = 1. See Figure 4.1. I.e. they develop a formula to approximately solve Equation

(4.2):

0 = −xi (1 − wi) +

(
n∑

j=1,j 6=i

xjuji

)

+ x0u0i and x0 ≈ 1.

Iwasa, Michor, and Nowak do this using approximation techniques based on “conven-

tional Rayleigh-Schrödinger perturbation theory” found in [29, Section 4].

Eigen and Schuster 2 used Rayleigh-Schrödinger perturbation theory to approx-

imate the quasispecies equilibrium eigenvector. They used perturbation theory be-

cause they were thinking in terms of large matrices. If there are n loci where mutations

can occur it means that there are 2n mutant types 3 that W will be a 2n × 2n matrix.

When n is large, 2n is huge, and so perturbation theory is used.

In the examples we will calculate n ≤ 7 and 27 = 128 does not seem too large. In

the examples discussed in Iwasa, Michor, and Nowak [48, 49] n ≤ 5.

We will not dwell further on perturbation theory or the techniques used by Iwasa,

Michor, and Nowak to solve (4.2). However, Rayleigh-Schrödinger perturbation the-

ory, and more generally, techniques to find the dominant (positive) eigenvector of

huge positive matrices, would be an interesting topic for further study.

For material on perturbation theory, the interested reader is directed to [52, 21, 85]

and especially Eigen, McCaskill, Schuster’s 1988 paper [29, Section 4]. For a math-

ematically rigorous treatment of some of the methods employed by Iwasa, Michor,

and Nowak in [48, 49], the interested reader is directed to Beerenwinkel, Eriksson and

Sturmfels’ 2006 paper [10].

2See Eigen, McCaskill, and Schuster [29, p. 6885, Section 4]
3See Section 5.3.3 (page 359) for a discussion of the binary aspects of the model. Basically, if

there are n possible mutations, then the various types are representable as strings of length n of 0’s
and 1’s, a 0 indicating no mutation and a 1 indicating a mutation.
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4.3.1 Calculation of quasispecies equilibrium

As explained in the introduction to this chapter, particularly in the discussion sur-

rounding (4.1) about ċ = cW , one can find the quasispecies equilibrium vector by

simply finding the unique positive eigen-direction of W , see 4.

We write ċ = cW :

(ċ2(t), ċ1(t), . . . , ċn(t)) = (c1(t), c2(t), . . . , cn(t))












W1,1 W1,2 . . . W1,n

W2,1
. . .

...

...
. . .

...

Wn,1 . . . . . . Wn,n












(4.3)

as

ċ = cŴUT

where: Ŵ = a 2n×2n diagonal reproductive fitness matrix whose Ŵii entry is defined

by the rate equation:

ċi = ciŴii

if the system has no mutation; where U is the 2n × 2n stochastic matrix of mutation

rates uij , with uij giving the mutation probabilities i → j; where UT is the transpose

of the matrix U . With these substitutions we can rewrite (4.3):

ċ = (c1, c2, . . . , cn)












Ŵ1,1 0 . . . 0

0
. . .

...

...
. . .

...

0 . . . . . . Ŵn,n























u1,1 u1,2 . . . u1,n

u2,1
. . .

...

...
. . .

...

un,1 . . . . . . un,n












T

. (4.4)

4In the Eigen and Schuster quasispecies model, “the value matrix W, according to eq 10 and 11,
has exclusively positive entries,” Eigen, McCaskill, and Schuster [29, p. 6885, bottom left].
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Applying the transpose operator to (4.4) we get

ċT =
(
UT
)T

Ŵ T cT = U Ŵ cT .

It suffices to find the dominant right (positive) eigenvector of U Ŵ ; i.e. a positive

column vector v such that

U Ŵ v = λv.

We’ll make the same simplifications as in the IMN model 5, that

uij = uh(i,j)(1 − u)n−h(i,j)

where h(i, j) = the Hamming distance between the base 2 representations of i and j.

4.3.2 Matlab

The following Matlab m-file calculates the quasispecies equilibrium as discussed in

Section 4.3.1 (page 322). It calls a function “hamdist.m,” whose code can be found

in Section 5.3.4 (page 360).For code execution speed see 6.

% QuasiSpeciesAug2010.m m-file name

% calculates the quasispecies equilibrium eigenvector

% outputs quasispecies equilibrium vector in order

%

% ----- user input ------------------------------------

n = 5; %choose n = number of mutations to escape

%choose 2^n = m+1 pretreatment reproductive ratios

wVector = ones(1,2^n,’double’); % default Wii = 1.0

5See Section 5.3.3 (page 359) for details on the binary aspect of the IMN and quasispecies models.
6On a Dell Vostro 1500 laptop, containing an Intel T8100 dual core processor running at 2.1

GHz, the code runs fast (in a second or so) for systems with up to about n = 5 mutations. When
n = 9 there are 29 = 512 different types and the square matrices involved in the calculation contain
5122 = 262, 144 entries. When n = 9 the run time is about 35 seconds.

323



wVector(1,1) = 2; % define Woo > Wii [w0 w1 w2 w3 w4 . . . ]

% type 0 = matlab 1, type i = matlab i+1

% type m = 2^n = 1 is matlab 2^n

u = .005; % choose mutation rate

% ------ end user input ---------------------------------

U = zeros(2^n, 2^n); % create U=u_ij matrix

for i=1:2^n

for j = 1:2^n

U(i,j) = u^hamdist(i-1,j-1,n)*(1-u)^(n-hamdist(i-1,j-1,n));

end

end

W = zeros(2^n, 2^n); % create W diagonal vector

for i=1:2^n

W(i,i) = wVector(1,i);

end

digits(64) % accurate display of answers, used with vpa

QSindex = 0; % initialize QSindex, which is the index number of qs

[EigVects EigValues]= eig(U*W); % Matlab finds Eigenvectors, values

for j =1:2^n % pick out which one is Quasispecies

if abs( sum( sign(EigVects(:,j)))) == 2^n

QSindex = j;

end

end

QS = vpa(EigVects(:,QSindex)/sum(EigVects(:,QSindex))) %normalize QS

% UW = U*W; % optional check that QS really is QS

% QS - UW*QS/sum(UW*QS) % should be very close to zero (slows program)

The output of the above code, the quasispecies equilibrium vector in column vector

form, is shown below. The genotypes of the entries, from top to bottom, are in the

usual binary code ordering:

00000, 00001, 00010, 00011, 00100, . . . , 11110, 11111.
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QS =

.9507438496217516243902423411782365292310714721679687500000000000

.9556662950610321852207285076019616099074482917785644531250000000e-2

.9556662950610311443866429215177049627527594566345214843750000000e-2

.1440994104011551345430330872687818555277772247791290283203125000e-3

.9556662950610311443866429215177049627527594566345214843750000000e-2

.1440994104011550803329244629935601551551371812820434570312500000e-3

.1440994104011551887531417115440035559004172682762145996093750000e-3

.3138330656002295369081051337745158491543406853452324867248535156e-5

.9556662950610311443866429215177049627527594566345214843750000000e-2

.1440994104011550803329244629935601551551371812820434570312500000e-3

.1440994104011551887531417115440035559004172682762145996093750000e-3

.3138330656002292827982209574844141286575904814526438713073730469e-5

.1440994104011551345430330872687818555277772247791290283203125000e-3

.3138330656002293251498683201994310820737155154347419738769531250e-5

.3138330656002294522048104083444819423220906173810362815856933594e-5

.9098350762881050007108098189728684346277987060602754354476928711e-7

.9556662950610311443866429215177049627527594566345214843750000000e-2

.1440994104011551345430330872687818555277772247791290283203125000e-3

.1440994104011551887531417115440035559004172682762145996093750000e-3

.3138330656002292827982209574844141286575904814526438713073730469e-5

.1440994104011551887531417115440035559004172682762145996093750000e-3

.3138330656002293251498683201994310820737155154347419738769531250e-5

.3138330656002293675015156829144480354898405494168400764465332031e-5

.9098350762881048683619118104884404552024079748662188649177551270e-7

.1440994104011551887531417115440035559004172682762145996093750000e-3

.3138330656002293251498683201994310820737155154347419738769531250e-5

.3138330656002293675015156829144480354898405494168400764465332031e-5

.9098350762881047360130138020040124757770172436721622943878173828e-7

.3138330656002291980949262320543802218253404134884476661682128906e-5

.9098350762881047360130138020040124757770172436721622943878173828e-7

.9098350762881050007108098189728684346277987060602754354476928711e-7
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.3297088684021237371891182164527177300694660289082094095647335052e-8

We will see this code again when we glue the pre and the post-treatment phases

of the model together.
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Part II.B.

Post Treatment: Branching

Processes
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Introduction to Part II.B.

According to David G. Kendall’s 7 1974 presidential address to the London Mathe-

matical Society [53]:

Branching-process theory, the reader may like to be reminded, is that

part of mathematics which deals with the growth and decay of populations

of objects which multiply and replace one another, generation by gener-

ation, according to rules in which chance plays a prominent part. In the

earliest work these objects were always human males, and interest was fo-

cussed on the rate of diminution of the stock of family names (‘surnames’).

In contemporary applications the objects might be heterozygotes carrying

a mutant gene, customers waiting in a queueing system, or neutrons in a

nuclear reactor, to mention only three of the more important examples.

Up until relatively recently, the origin of the theory of branching processes was at-

tributed to Francis Galton 8 and Henry Watson 9 for their work on the extinction of

family names: Galton [37] (1873); Watson and Galton [88] (1874).

For example, according to Krishna B. Athreya and P. E. Ney’s classic text Branch-

ing Processes [6] (1972):

The study of branching processes has a long history, which, as might

be expected is closely interwoven with a number of applications in the

physical and biological science. The original problem10, which was intro-

duced by Francis Galton in 1873 . . . and first successfully attacked by the

7David Kendall (English mathematician, statistician 1918 – 2007) is considered the father of
modern probability theory in Britain [55].

8Francis Galton (English scientist, 1822 - 1911) was a cousin of Charles Darwin. Galton, a poly-
math, explored Africa and made contributions to anthropology, meteorology, the study of genetics
and heredity, biometrics, psychology, and statistics [18].

9Henry William Watson (English mathematician, 1827 – 1903 ), main mathematical interests:
mathematical physics [18].

10The original problem posed by Francis Galton, from Education Times [37] (April 1873):

PROBLEM 4001: A large nation, of whom we will only concern ourselves with adult
males, N in number, and who each bear separate surnames colonise a district. Their
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Reverend Henry Watson in that year [Watson and Galton [88] (1874)],

was in fact concerned with the extinction of family names in the British

peerage.

In actuality, the theory of branching processes seems to have been originated

28 years earlier by the French mathematician Irénée-Jules Bienaymé 11 [11] (1845)

working on an almost identical question as the one Galton posed. This earlier origin

for branching processes was discovered in 1972 by Christopher C. Heyde and Eugene

Seneta [45].

Bienaymé did not give an explicit method of solution, rather he gave results,

but the manner in which he reported his results make it seem likely that he used

techniques somewhat similar to those developed by Watson and Galton in [88] (1874)

– the same techniques that are used today to solve the problem. The key insight was

to represent the distribution of the number of male children who survive to adulthood

as a generating function. Quoting from Watson’s analysis in [88]:

Let then a0

100
, a1

100
, a2

100
, etc., up to aq

100
, be denoted by the symbols t0, t1, t2,

etc., up to tq, be the chances in the first and each succeeding generation of

any individual man, in any generation having no son, one son, two sons,

and so on, who reach adult life. . .

Now if any surname have p representatives in any generation it follows

from the ordinary theory of chances that the chance of that same surname

having s representatives in the next succeeding generation is the coefficient

law of population is such that, in each generation, a0 per cent of the adult males have
no male children who reach adult life; a1 have one such male child; a2 have two; and so
on up to a5 who have five. Find (1) what proportion of their surnames will have become
extinct after r generations; and (2) how many instances there will be of the surname
being held by m persons.

11Irénée-Jules Bienaymé (French mathematician and statistician, 1796 – 1878). For an account of
Irénée-Jules Bienaymé contributions to mathematics and place in history, the interested readers is
directed to Heyde and Senata’s book I. J. Bienaymé. Statistical theory anticipated [46] (1979).
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of xs in the expansion of the multinomial

(t0 + t1x + t2x
2+, etc. + tqx

q)p

Watson realized that if he lets f(x) = (t0 + t1x + t2x
2+, etc. + tqx

q) then the

iterates of f(x) yield the distribution of sons who live to adulthood, maintaining

their family name in succeeding generations; and that the “constant term” of the ith

iteration represents the probability of the family name being extinct at the time of

ith generation.

After his brilliant insights, Watson makes an error in his analysis, and comes to

the false conclusion that the probability of extinction generally approaches 1 given

enough time [40].

This is in contrast to Bienaymé’s correct analysis. We quote Heyde and Sen-

ata’s [46] English translation of Bienaymé [11] (1845) 12:

The analysis also shows clearly that if the mean ratio [of families which

survive in each generation] is greater than unity, the probability of extinc-

tion of families with the passing of time no longer reduces to certainty.

So, as Kendall [53] writes:

[Unlike Galton and Watson] Bienaymé had not merely discussed what we

have come to think of as the Galton-Watson problem, but had done so

in such a way as to make it plain that he was in possession of the whole

Criticality Theorem, for m < 1, m = 1, and m > 1 [m being the mean

ratio].

In Chapter 5 we discuss discrete and continuous multi-type Galton-Watson branch-

ing processes. These are similar to the one dimensional case investigated by Bienaymé,

12see also [40, p. 378]

330



Galton, and Watson. However, one has the complication of multiple types and the

possibility of mutation from one type to another. In the continuous case, rather than

having discrete generations, one allows the time needed for one generation to go to

zero. The continuous case, as a result, involves differential equations. In Chapter 5 we

rigorously prove some existence theorems related to multi-type branching processes

using multi-type generating functions, techniques from several complex variables and

results about differential equations in Cn.

The motivation for our investigation of multi-type Galton-Watson branching pro-

cesses is that they are used to model (and then calculate extinction probabilities in)

the stochastic post-treatment phase of the Iwasa, Michor, and Nowak model [48, 49].

In Chapter 5 we also discuss some numerical methods regarding calculating ex-

tinction probabilities. Chapter 5 also sees us joining the pre and post treatment

phases.

Chapter 6 contains a result regarding differential equation in Cn which is used in

Chapter 5, but due to its length and independent nature, was given its own chapter.

Branching processes are important in applied mathematics. The interested reader

is directed to the following resources for current applications to biology:

Marek Kimmel and Davdi E. Axelrod’s Branching Processes in Biology [54] (2002),

which includes sections on the polymerase chain reaction 13, various types of mutating

biological systems, and telomere shortening 14.

Patsy Haccou, Peter Jagers 15, and Vladimir A. Vatutin’s Branching processes:

variation, growth, and extinction of populations [41] (2007), which includes chapters

on modeling measles outbreaks and reverse branching processes (coalescent processes).

13Polymerase chain reaction (or PCR) is used to amplify a small quantity of DNA into quantities
which can be analyzed or otherwise used. Kary Banks Mullis received the 1993 Nobel Prize for
developing the PCR technique.

14Telomeres are repetitive sections of DNA on the ends of the chromosome which protect the
chromosome from degradation during replication. They shorten with each replication and are an
active area of research for those studying cancer and aging processes.

15See also Peter Jagers’ Branching Processes with Biological Applications [50] (1975).
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Chapter 5

Post-treatment: Branching

Processes

Introduction to Chapter 5

In Chapter 5 we discuss multi-type Galton-Watson branching processes. We rigor-

ously prove some existence theorems related to multi-type branching processes using

multi-type generating functions, techniques from several complex variables and results

about differential equations in Cn. We discuss the usage of multi-type Galton-Watson

branching processes in Iwasa, Michor, and Nowak’s model [48, 49] to calculate extinc-

tion probabilities. In Chapter 5 we also discuss some numerical methods regarding

calculating extinction probabilities in the post-treatment phase. Chapter 5 also sees

us joining the pre and post treatment phases.

5.1 Introduction to the Branching Process

It is best to use an example from biology and to dispense with the stochastic aspects

until later. We have a single cell. It splits, then its progeny split, and so on. See
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Figure 5.1. If we let

N(g) = population size of the gth generation,

and the system runs like a clock, then

N(g) = 2g.

More generally, if we start with a population of N(0) cells, then

Figure 5.1: Branching Process.

N(g) = N(0) 2g. (5.1)

We can turn (5.1) into a continuous model parameterized by time t by allowing g in

(5.1) to take on non integer values

N(t) = N(0) 2
generation
unit of time

t. (5.2)

We can also build the same model starting from the differential equation

d

dt
N(t) = kN(t). (5.3)
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One interprets the differential equation (5.3) to mean the growth rate is proportional

to the population size. The solution of the differential equation (5.3) is of course

N(t) = N(0)ekt. (5.4)

We set (5.4) equal to (5.2) and take the ln of both sides

N(0)ekt = N(0) 2
generation
unit of time

t

ln(N(0)) + kt = ln(N(0)) +

(
generation

unit of time
ln(2)

)

t (5.5)

Both sides of (5.5) are straight lines w.r.t. t; both lines having the same ‘y-intercept’,

ln(N(0)). The slopes of the two lines are

k and

(
generation

unit of time
ln(2)

)

.

So to equate the two models, it suffices to set

k =
generation

unit of time
ln(2).

From an experimental perspective usually one finds k in (5.4) by curve fitting, e.g. by

plotting the population at time t on log paper, as the “pure” model, N(g) = N(0) 2g

doesn’t take into consideration cell death and other factors. See1.

5.1.1 Aside about the Hilbert Projective Metric

See Figure 5.2. The Hilbert Projective Metric on R2
>0 can be based upon the projec-

tion of rays onto the hyperbolic line R>0, where the hyperbolic distance dH between

1There is a large body of literature on the experimental determination of growth rate parameters.
For a typical research article by experimental biologists on this topic see [16]. For a mathematical
treatment of population models, see the classic book, Mathematical Biology I. An Introduction,
Murray [72] (2002).
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Figure 5.2: Branching Process and the Hyperbolic Line.

x and y in R>0 has been defined to be ln(x/y) where x ≥ y.

It is common in biology to look at log plots of the population size to empiri-

cally find the growth rate constant. It is also common to talk about the number of

generations separating two species. However, the following interpretation of the hy-

perbolic line and its metric dH does not seem to have made its way into the standard

treatments of population dynamics.

Consider a population growing deterministically according to the above branching

process modeled by Equation (5.1) with growth rate R, rather than 2, so that

N(g) = N(0)Rg.

If we use logR instead of loge = ln to define dH we get

dH(N(g1), N(g2)) = |logR (Rg1/Rg2)| =
∣
∣logR

(
Rg1−g2

)∣∣ = |g1 − g2|
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which is just the number of generations separating the two populations N(g1) and

N(g2).

The point of this small insight is that there is a natural connection between the

population dynamics and the metric dH .

5.1.2 Stochastic Branching Processes

If one repeats an experiment and gets different outcomes, it is a sign that there is

either a hidden or unmeasured variable that is changing from one experiment to the

next; or (at least in quantum theory) that stochasticity is an unavoidable aspect of

the system. In such situations one can turn to stochastic models that will yield a

distribution of possible outcomes, which if the model is well done should match the

distribution of the experimental results.

The deterministic branching process discussed in Section 5.1 can be turned into

a stochastic process by assigning the following probabilities to the possible outcomes

for each generation:

p0 = probability the cell will die

p1 = probability the cell will neither die nor replicate

p2 = probability the cell will split into two cells.

To retrieve the deterministic model of Section 5.1 we can set p0 = p1 = 0 and p2 = 1.

It will be useful to encode the distribution p0, p1, p2 as the probability generating

function (PGF)

f(x) = p0 + p1x + p2x
2. (5.6)

f determines the branching process since f (n)(x) gives the PGF for the population

size for the nth generation.
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The expected number of offspring in each generation will be

df

dx
(1) = p1 + 2p2.

We can also have a continuous process, modeled on (5.6), which we can develop with

a generating function as follows. Let

fΔt(x) = Δt ∙ D + (1 − (D + R) ∙ Δt) x + Δt ∙ Rx2.

Factoring out the Δt discrete time step 2 we get

fΔt(x) =
(
D − (D + R)x + Rx2

)

︸ ︷︷ ︸
F (x)

Δt + x = F (x)Δt + x. (5.7)

Applying the Picard Iteration - Euler Line process to (5.7), letting Δt → 0, yields

the solution f(x, t) to the differential equation

∂

∂t
f(x, t) = F (x).

f(x, t) will be a probability generating function describing the stochastic evolution of

the system. We make this argument rigorous in Section 5.2 (page 341) for the case

D = 1.

It is worth mentioning that the probability of extinction for this process is 1 if

D ≥ R and D
R

if D < R. We get this result by solving the quadratic equation

F (x) = 0, see 3. We can think of D as being a death rate and R as being a reproductive

rate.

2We are assuming that Δt is sufficiently small that 0 < Δt ≤ 1/(D + R).
3See Theorem 5.3.1.2 (page 354) and its proof for a justification of this result.
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We calculate the expected number of offspring for (5.7) in the time interval Δ t:

∂

∂x
fΔt(1) = (R − D)Δt + 1. (5.8)

In (5.8) we replace Δt with g/n where g = the average time needed for one generation.

Iterating (5.8), with the aforementioned substitution, n times, will yield the expected

population size after g time has passed (if the process was a discrete time process):

(
(R − D)

g

n
+ 1
)n

. (5.9)

Using l’Hôpital’s rule [4, Chapter 10] together with the ln function we get from (5.9):

lim
n→∞

(
(R − D)

g

n
+ 1
)n

= e(R−D)g.

So, the units of R and D should be 1/g, see 4. If r is the (unit-less) mean reproductive

ratio for the time period of length g, then we should have

eR−D = r

which implies

R − D = ln r.

5.1.3 Mean Life Span = 1/D

If we somehow follow a single individual template, how long should we expect that

particular template to live?

4See Section 3.1 (page 301) for a similar result about units regarding the quasispecies model for
the pre-treatment phase of the IMN model.
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Since:

P (dies at 1 Δt) = (Δt ∙ D)

P (dies at 2 Δt) = (1 − Δt ∙ D) (Δt ∙ D)

P (dies at 3 Δt) = (1 − Δt ∙ D)2 (Δt ∙ D).

The expected life span will be:

E(lifespan) =
∞∑

i=1

(iΔt) (1 − Δt ∙ D)i−1 (Δt ∙ D)

= (Δt)2D
∞∑

i=1

i (1 − Δt ∙ D)i−1 .

We have:

d

dx

∞∑

i=0

xi =
∞∑

i=0

ixi−1

=
∞∑

i=1

ixi−1

and

d

dx

∞∑

i=0

xi =
d

dx

1

1 − x

=
1

(1 − x)2
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so
∑∞

i=1 ixi−1 = 1
(1−x)2

. Letting x = (1 − Δt ∙ D) we get:

E(lifespan) = (Δt)2D
∞∑

i=1

i (1 − Δt ∙ D)i−1

= (Δt)2 D
1

(1 − (1 − Δt ∙ D))2

= (Δt)2 D
1

(Δt ∙ D)2

= 1/D.

So, in the Branching Process model discussed in the previous section, the average

template lasts 1/D before degrading.

5.1.4 Definition of the Multi-Type Branching Process

Definition 5.1.4.1. (Athreya) [6, 7] See 5. A continuous k-dimensional multi-type

branching process is a Markov Process 6

{X(t, ω); t ≥ 0, ω ∈ Ω}, ω : R≥0 → Zk
≥0, X(t, ω) = ω(t),

that satisfies the following property given in generating function form:

Let i, j be k-dimensional non-negative indices 7. The probability generating func-

tion giving the transition probabilities for the system going from state i at time t = 0

5In the biological model we can think of the random variable X(t, ω) as being the population size
vector for the k different types at time t ≥ 0 if the system’s evolution is given by ω. Each ω ∈ Ω
is one possible development of the system. Also, P (i, j, t) = P (X(t0 + t) = j | X(t0) = i) for all
t, t0 ≥ 0.

6See Norris [74] (1999) for an excellent introduction to Markov chains.
7For this definition we will think of i being fixed and j varying over all possible k-dimensional

non-negative indices. We will use j in this capacity twice, on both sides of the equal sign. This is
the notation used by Athreya; it is slightly confusing at first glance.

340



to state j at time t satisfies:

gi(s; 0, t) = gi(s, t) =
∑

j

P (i, j, t)sj =
k∏

r=1

(
∑

j

Per ,j(t)s
j

)ir

for each possible index i where

i = (i1, i2, . . . , ir, . . . , ik) is fixed, er =



0, . . . , 0, 1︸︷︷︸
rth entry

, 0, . . . , 0



 ,

and

si =
k∏

r=1

sir
r .

Again, the generating function gives all the transition probabilities → j assuming the

system is in state i initially. The Markov Property implies that

gi(s; 0, t) = gi(s; t1, t1 + t).

It is important to emphasize that each type gives rise to independent lines of

descent. In the model that we are focused on, the various types are cells, bacteria,

virus, templates, or particles.

5.2 The Iwasa, Michor, and Nowak (IMN) Model

and Existence

The stochastic post-treatment phase of the Iwasa, Michor, and Nowak (IMN) model [48,

49] is modeled as a continuous time Galton-Watson branching process.

In their model the “continuous time” branching process is defined in terms of “dis-

crete time” multi-type generating functions, each having a time step of Δ t. The time

step Δt is allowed to go to zero (somehow, hopefully) yielding a continuous Galton-
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Watson process. Using techniques from several complex variables and differential

equations in Cn we show that this indeed the case. In particular, we prove below

that in the limit, as Δt → 0, the discrete multi-type generating functions appearing

in their model become continuous ones, determining a continuous multi-type Galton

Watson branching process. Our 8 approach seems somewhat novel.

In the “discrete time” probability generating functions in the IMN model, a single

cell of type j will in a time step of Δt:

1. Die with probability Δt

2. Replicate one additional template with probability RjΔt

3. The one additional template will be of type i with probability RjujiΔt.

Note
∑

i uji = 1.

4. Nothing happens with probability 1 − (1 + Rj)Δt

This yields a family of infinitesimally defined discrete generating functions gΔt,j(z),

one for each j and each Δt

gΔt,j(z) = Δt + (1 − (1 + Rj)Δt) zj + RjΔt zj

n∑

i=1

ujizi

=

(

1 − (1 + Rj)zj + Rjzj

n∑

i=1

ujizi

)

︸ ︷︷ ︸
Fj(z)

Δt + zj

The generating functions gj(z, t) are built out of the above family.

We can think of gΔt,j(z) as an approximation of gj expanded at t = 0. We can

think of this, from the perspective of the model, as taking a sliver of time sufficiently

8I am deeply indebted to my advisor Yunping Jiang for suggesting we consider using complex
variables when I could not prove this result otherwise.
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small that there is not enough time for more than one replication; or the probability

of there being more than one replication is of the order (Δt)2. Explicitly determining

gj(z, t) can be mathematically difficult, depending on the complexity of the various

gΔt,j(z). So a continuous process may be defined in terms of gΔt,j(z) j = 1, 2, . . . , n,

rather than explicitly be given.

The following discussion is a somewhat original construction of the continuous

time gj(z, t) and proof of its existence in terms of the gΔt,j(z).

The iteration scheme. Define the family of vector valued generating functions

indexed by Δt:

G0
Δt(z) = z

G1
Δt(z) = (gΔt,1(z), . . . , gΔt,n(z))

= (F1(z), . . . , Fn(z)) Δt + z

= F (z)Δt + z

G2
Δt(z) = G1

Δt

(
G1

Δt(z)
)

= F (G1
Δt(z))Δt + G1

Δt(z)

Gn+1
Δt (z) = G1

Δt (Gn
Δt(z))

= F (Gn
Δt(z))Δt + Gn

Δt(z).

Gn
Δt(z) is a vector valued generating function; i.e. each component is a generating

function. Its jth component Gn
Δt,j(z) has Taylor expansion in generalized powers of

z, the coefficients of which give the probability that staring with 1 of the j types, one

will have after n iterations (after nΔt time) a population mixture with the powers of

z. I.e. If n = 2, then the coefficient of z3
1z

30
2 of will be the probability that there are

3 of the type 1 and 30 of the type 2. This is, of course, if the population reproduces

and dies according to the gΔt,i(z) discrete basic transition probabilities.
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We can suggestively write Gn
Δt(z) as GΔt(z, nΔt).

In the Euler Process for numerically solving ODE’s ẏ = F (y, t); y(0) = y0 the

iteration scheme is:

yn+1 = F (yn, nΔt) Δt + yn.

But if F doesn’t explicitly depend on t, we can write the Euler scheme as:

yn+1 = F (yn) Δt + yn.

To show that the yn are dependent on the step size Δt we write yΔt(n). The Euler

Line YΔt(t) is the piecewise linear in t map:

YΔt(t) =






yΔt(n) if t = nΔt ;

(1 − s) yΔt(n) + s yΔt(n + 1) if t = nΔt + s, 0 < s < Δt.

Clearly, iterating GΔt(z) is the Euler Iteration. The Euler Lines, in terms of G are:

GΔt(z, t) =






GΔt(z, nΔt) = Gn
Δt(z) if t = nΔt ;

(1 − s) GΔt(z, nΔt) + s GΔt(z, (n + 1)Δt) if t = nΔt + s, 0 < s < Δt.

We show that the Euler Lines GΔt(z, t) defined above are generating functions:

For each t = nΔt, GΔt(z, t) will be a vector valued generating function since the

composition of generating functions is again a generating function.

If t = nΔt + s, 0 < s < Δt, GΔt(z, t) will again be a vector valued generating

function since, if G and G′ are generating functions, then (1 − s)G + sG′ will also be

a generating function.

One can show, using Picard Iteration, that the Euler Lines converge uniformly on

a compact neighborhood to a continuous function (solution). In Chapter 6 (page 375)

we prove this result for Euler Lines in Cn.
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So the Euler Lines GΔt(z, t) converge uniformly to some G(z, t). Moreover, each

Euler Line is analytic (in several complex variables since it is an absolutely convergent

Taylor Series on {(|z1|, . . . , |zn|) < (1, . . . , 1)}). By Wierestraus theory, in several

complex variables, the uniform limit of analytic functions will be analytic and the

coefficients of the Taylor series of the functions in the sequence will converge to the

coefficients of the limit function, see [87]. So we have shown that G(z, t) is a vector

value generating function since it has Taylor Series; its coefficients are non-negative;

and G((1, 1, . . . , 1), t) = (1, 1, . . . , 1), which follows from

GΔt((1, 1, . . . , 1), t) = GΔt((1, 1, . . . , 1), nΔt) = (1, 1, . . . , 1).

Since we have shown that G(z, t) = (g1(z, t), . . . , gn(z, t)) is a vector valued continuous

multi-type probability generating function, and since g1(z, t), . . . , gn(z, t) uniquely

determines the multi-type Galton-Watson branching process (due to the independence

of the particles), we are done.

See 9.

5.3 Calculating Extinction Probabilities

5.3.1 Calculating Extinction Probabilities (Theory)

In this section we will develop a technique to calculate the extinction probabilities

for the continuous multi-type Galton-Watson process used in the stochastic post-

treatment phase of the Iwasa, Michor, and Nowak (IMN) model [48, 49].

Note, that we will use the convention of vectors and vector valued functions being

set in bold typeface.

The Galton-Watson process is developed in IMN [49, p. 312] as follows:

9The above argument, is done in the 1 dimensional case in Section 5.5 (page 371), with a few
extra details which help to relate this construction to the more standard one given in [6].
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Figure 5.3: Finding extinction probabilities. The black path starting at (0 , 0) termi-
nates at the vector of extinction probabilities. The red arrows indicate the direction
of the vector field F(z), where ∂

∂t
G(z, t) = F(z) and where for all Δt > 0 sufficiently

small, F(z)Δt + z is a vector valued multi-type PGF. In general, for such a system,
any trajectory; e.g. the various colored trajectories illustrated, which originates in
[0, 1]m+1 will terminate at the vector of extinction of probabilities, unless the starting
point is (1, 1, . . . , 1) = 1. If the starting point is 1, then the trajectory is stationary
and remains at 1 and thus terminates at the vector of extinction probabilities only if
extinction is 100% certain for every type. Similarly, iterating F(z)Δt + z from any
starting value of z ∈ [0, 1]m+1 \ 1 will yield a sequence of points which converge to
the vector of extinction probabilities, with 1 being stationary again. The vector of
extinction probabilities is also stationary. See Theorem 5.3.1.2 (page 354). For the
Maple commands used to create this figure see Section 5.3.5 (page 365).

346



The authors use continuous time probability generating functions (PGF’s), gj(z, t),

to encode the probabilities of the process. The PGF, gj(z, t), encodes the probabili-

ties for a process which starts with a single ‘cell’ or ‘template’ of type j at time t = 0.

The gj(z, t) are not explicitly defined. Instead gj(z, t + Δt) is described in terms of

gj(z, t), see equation (5.10) below.

Equation (5.10) is copied exactly from [49, p. 312] and contains typographic errors

in the subscripts of R and in some of the g’s. We correct these errors in Equation

(5.11).

gj (z, t + Δt) = Δt • 1 + RiΔtgj (z, t)

{
n∑

i=1

ujigj (z, t)

}

+ (1 − (1 + Ri) Δt) gj (z, t) .

(5.10)

See 10 for a note about the • notation. We fix the typographic errors in (5.10) by

changing Ri to Rj and some of the gj to gi so as to be consistent with the IMN model

and subsequent equations appearing in [49]. We get:

gj (z, t + Δt) = Δt • 1 + RjΔtgj (z, t)

{
n∑

i=1

ujigi (z, t)

}

+ (1 − (1 + Rj) Δt) gj (z, t) .

(5.11)

In [49] Iwasa, Michor, and Nowak justify (5.10), or rather (5.11) by stating, more or

less 11, that

gei+ej
(z, t) = gei

(z, t) gej
(z, t) = gi (z, t) gj (z, t) (5.12)

where gei+ej
is the generating function for the system staring with one template of

type i and one of type j. Then they use (5.11) to obtain a system of non linear

10The Δt • 1 notation used in (5.10) is due to the 1 representing z0
1z0

2 . . . z0
n. The coefficient of

z0
1z0

2 . . . z0
n corresponds to extinction.

11Actually Iwasa, Michor, and Nowak in [49] write (5.12) in terms of expectation functions which
are equivalent to (5.12).
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differential equations (copied from [49, p. 212]):

d

dt
gj = (1 − gj) +





ujm(gm − 1) +

∑

i 6=j

i 6=m

uji(gi − 1) + (gj − 1)

(

1 −
∑

i 6=j

uji

)




gjRj .

(5.13)

We should be using ∂
dt

instead of d
dt

; however, we are keeping IMN’s notation. In the

IMN model the templates have types 0, 1, . . . ,m, so the ‘type’ index j runs from 0

to m. Iwasa, Michor, and Nowak switch to that convention in (5.13). The vector of

extinction probabilities will be a stationary point of (5.13) 12. So Iwasa, Michor, and

Nowak in [49] set the left hand sides (the derivatives) in (5.13) equal to zero and then

use various, sometimes difficult to follow methods to approximate a solution.

Here we develop an alternative method for finding the vector of extinction

probabilities. As we do this, we interpret what gj means in the context of

the IMN model and give an alternative justification of (5.11).

Equation (5.13) is complicated so we derive a simpler version using (5.11) and the

definition of the partial derivative:

∂

∂t
gj(z, t) = lim

Δt→0

gj(z, t + Δt) − gj(z, t)

Δt

= lim
Δt→0

Δt • 1 + RjΔtgj {
∑m

i=0 ujigi} + (1 − (1 + Rj) Δt) gj − gj

Δt

= lim
Δt→0

(1 + Rjgj {
∑m

i=0 ujigi} − (1 + Rj) gj) Δt

Δt

= 1 + Rjgj

{
m∑

i=0

ujigi

}

− (1 + Rj) gj

= 1 − (1 + Rj) gj + Rjgj

{
m∑

i=0

ujigi

}

︸ ︷︷ ︸
Fj(g0,g1,...,gm)

. (5.14)

12See Theorem 5.3.1.2 for a proof of this.
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In consideration of (5.14) we define

Fj(z) = Fj(z0, z1, . . . , zm) = 1 − (1 + Rj) zj + Rjzj

{
m∑

i=0

ujizi

}

(5.15)

so that we can write (5.14) as

∂

∂t
gj = Fj(g0, g1, . . . , gm) (5.16)

and (5.11) as

gj(z, t + Δt) = Fj(g0(z, t), g1(z, t), . . . , gm(z, t))Δt + gj(z, t). (5.17)

We will use (5.16) and (5.17) later.

We let t = 0 and note that gj (z, 0) = z0
0z

0
1 . . . z1

j . . . z0
n = zj so (5.11) implies:

gj (z, Δt) = Δt • 1 + RjΔtgj (z, 0)

{
n∑

i=1

ujigi (z, 0)

}

+ (1 − (1 + Rj) Δt) gj (z, 0)

= Δt • 1 + RjΔtzj

{
n∑

i=1

ujizi

}

+ (1 − (1 + Rj) Δt) zj

= Δt • 1 + (1 − (1 + Rj) Δt) zj + RjΔtzj

{
n∑

i=1

ujizi

}

(5.18)

=

(

1 − (1 + Rj) zj + Rjzj

{
n∑

i=1

ujizi

})

︸ ︷︷ ︸
Fj(z)

Δt + zj

= Fj(z)Δt + zj . (5.19)

We will use (5.19) later.

Using (5.18), which comes from (5.11) when t = 0, we interpret gj in

terms of the IMN model: (5.18) implies that during an interval Δt of short du-
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ration 13, a single template or cell of type j only has sufficient time to do one of the

following three things:

1. Die with probability Δt.

2. Replicate one additional template with probability RjΔt. More specifically,

replicate one additional template of type i with probability RjujiΔt.

The additional template and the original template will then do nothing; i.e.

they will not die or replicate, until the Δt time step ends.

uji is the probability that a type j template will, when it replicates, replicate a

type i template. We have
∑

i uji = 1. See 14.

3. Do nothing, neither die, nor replicate. This must happen with probability

1 − (1 + Rj)Δt.

We return to finding the vector of extinction probabilities.

If we fix Δt so that

0 ≤ Δt ≤
1

maxj=0,...,m(1 + Rj)
(5.20)

then gj(z, Δt), j = 0, 1, . . . ,m acts as a ‘discrete time’ PGF; see 15.

13See (5.20) (page 350) for an upper bound on Δt. From a modeling perspective, Δt is implicitly
assumed to be sufficiently small that there is essentially zero probability that the original template
can replicate more than once, or can replicate and then die during Δt. Moreover, it is assumed that
there is not sufficient time remaining in Δt for any offspring produced in that interval to replicate, or
to die. Alternatively, we could think think of (5.18) as a quadratic (second degree) approximation.

14During an interval of duration Δt a single template of type j replicating a single template of type
i has probability RjujiΔt. This outcome, z1

j z1
i , together with its probability, RjujiΔt, is represented

in (5.18) as the term RjΔtzj ujizi. The zj represents the original j-type template that continues to
live after it produces a single i-type template; the i-type template that was produced is represented
by zi. uji is called the mutation probability and obviously we must have

∑
i uji = 1.

15If we fix Δt sufficiently small, then for each j, j = 0, . . . ,m, gj(z, Δt), from (5.18), describes a
“discrete time step” multi-type probability generating function (PGF) provided its coefficients are
all between 0 and 1 and sum to 1. This will happen provided Δt ≥ 0 is sufficiently small that Δt
satisfies maxj=0,1,...,m(1 + Rj)Δt ≤ 1. This is equivalent to condition (5.20).
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We define

G(z, t) = (g0(z, t), . . . , gm(z, t)) . (5.21)

By (5.19):

G(z, Δt) = (g0(z, Δt), . . . , gm(z, Δt))

= (F0(z)Δt + z0, . . . , Fm(z)Δt + zm)

= F(z)Δt + z. (5.22)

(5.22) defines a ‘vector’ of discrete time multi-type PGF’s, provided Δ t is fixed and

satisfies (5.20). It is sometimes convenient to write GΔt(z) for G(z, Δt).

We give an alternative justification of (5.11) if we accept (5.11) at t = 0.

In general, for continuous multi-type Galton-Watson branching processes, if

f(s, t) = (f1(s, t), . . . , fn(s, t))

with fi being the the multi-type PGF for when the process starts with one particle

of type i; and if t, u ≥ 0 then

f(s, t + u) = f(f(s, u), t). (5.23)

See [7, p. 349, Eq. (3b)]. So, by (5.23) and (5.22) 16:

G(z, t + Δt) = G(G(z, t), Δt)

= G ((g0(z, t), . . . , gm(z, t)) , Δt)

= F((g0(z, t), . . . , gm(z, t)))Δt + (g0(z, t), . . . , gm(z, t)) . (5.24)

16(5.22) comes from (5.11) if we set t = 0.
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By (5.17), the jth argument of (5.24) is gj(z, t + Δt) as defined in (5.11). So if we

except (5.11) at t = 0, then (5.11) must hold whenever t ≥ 0.

We return again to finding the vector of extinction probabilities.

The following theorem about discrete time multi-type Galton-Watson processes

will set up our method for finding the extinction probabilities in the IMN model. The

PGF’s g0, g1, . . . , gm appearing in the following theorem are not necessarily the ones

defined in the IMN model.

Theorem 5.3.1.1. Harris [42]. Let M be the matrix of first moments 17 for a

discrete time multi-type Galton Watson process. Suppose there are m + 1 types in

the process, denoted 0, 1, . . . ,m, and that the process is determined by the multi-type

PGF’s 18

g0(z), g1(z), . . . , gm(z).

Let G(z) = (g0(z), g1(z), . . . , gm(z)). Suppose the process is positively regular 19 and

not singular 20. Let ρ be the dominant eigenvalue of M and let q = (q0, q1, . . . , qm)

be the vector of extinction probabilities, so that qi is the probability that the line of

descent of a single individual ‘cell’ of type i will eventually become extinct. Then

17Matrix of first moments [42, Definition 4.1, p. 36]: the square matrix M = mij with

mij =
∂gi

∂zj
(1)

is called the matrix of first moments. 1 = (1, 1, . . . , 1).
18gi(z) is the PGF for the state of a system after its first time step, if the initial state of the

system was a single cell of type i. z = (z0, z1, . . . , zm).
19Positively regular [42, Definition 5.2, p. 38]: A multi-type Galton-Watson process is positively

regular if the Mn > 0 for some n where M = mij is the matrix of first moments with

mij =
∂gi

∂zj
(1).

Note, if M is non-negative (which it is) and if Mn > 0, then M is said to be primitive. If M is
primitive, then by the Perron-Frobenius Theorem there exists a simple (non-repeated) eigenvalue
ρ > 0 such that ρ > |ρ′| if ρ′ is any other eigenvalue of M. We will call ρ the dominant eigenvalue
of M.

20Singular [42, Definition 6.2, p. 39]: A multi-type Galton-Watson process is singular if each of
the generating functions gj(z) is linear in z = z0, z1, . . . , zm with no constant terms. I.e. each object
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1. If ρ ≤ 1, then q = 1.

2. If ρ > 1, then 0 ≤ q < 1, and q satisfies q = G(q).

3. If q′ is any vector in the unit cube 21 other than 1 then

lim
n→∞

G(n)(q′) = q.

4. The only solutions of the equation z = G(z) in the unit cube are q and 1 with

the possibility q = 1.

Proof. Harris proves 1. and 2. in Theorem 7.1 (p. 41); 3. in Theorem 7.2 (p. 42); and

4. in Corollary 1. of Theorem 7.2 (p. 42), all in in Chapter II of [42].

The following theorem is designed for the continuous time multi-type Galton-

Watson branching process found in the IMN model [48]; and more generally, for any

continuous branching process which can be defined via

G(z, t + Δt) = F(G(z, t))Δt + G(z, t) PGF (5.25)

provided Δt > 0 is sufficiently small. When t = 0 (5.25) becomes

G(z, Δt) = F(z)Δt + z PGF . (5.26)

Actually G satisfying (or being defined by) (5.26) for Δt small, is sufficient for the

following theorem to be applicable. The second part of this theorem and its proof

seem somewhat original; however, related results are certainly in the literature [6, 42].

has exactly one child. E.g. the process on two types defined by

g0(z) = .2z0 + .8z1

g1(z) = z1

is considered singular.
21Unit cube = [0, 1]m+1.
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Theorem 5.3.1.2. Suppose there are m + 1 types, denoted 0, 1, . . . ,m, in a con-

tinuous multi-type Galton Watson process and that the process is determined by the

multi-type continuous PGF’s 22

g0(z, t), g1(z, t), . . . , gm(z, t).

Let

G(z, t) = (g0(z, t), g1(z, t), . . . , gm(z, t))

and let q̃ = (q̃0, q̃1, . . . , q̃m) be the vector of extinction probabilities, so that q̃i is the

probability that the line of descent of a single individual ‘cell’ of type i will eventually

become extinct in this continuous process. Then ∀ t ≥ 0

G(q̃, t) = q̃ and
∂

∂t
G(q̃, t) = 0. (5.27)

Suppose

∂

∂t
G(z, t) = F(z). (5.28)

Further suppose there exists a δ > 0 such that 0 ≤ Δt ≤ δ implies that

HΔt(z) = F(z)Δt + z (5.29)

is a vector valued discrete time multi-type probability generating function yielding a

positively regular, not singular process. Let q be the vector of extinction probabilities

for this discrete process. Then

q = q̃ (5.30)

22gi(z, t) is the PGF for the state of a system which initially is a single cell of type i, so gi(z, 0) = zi.
z = (z0, z1, . . . , zm).
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and so if q′ is any vector in the unit cube [0, 1]m+1 other than 1 then

lim
n→∞

H
(n)
Δt (q

′) = q̃. (5.31)

Proof. To prove the left side of (5.27); i.e. to prove G(q̃, t) = q̃:

By (5.23)(page 351) 23 we have for any fixed Δt > 0

G(0, nΔt) = G(n)(0, Δt) = G
(
G(n−1)(0, Δt), Δt

)

︸ ︷︷ ︸
G(n)(z, Δt) is recursively defined by setting G(0)(z, t) = z

(5.32)

and since

q̃ = lim
t→∞

G(0, t) = lim
n→∞

G(0, nΔt) = lim
n→∞

G(n)(0, Δt) (5.33)

it follows from the continuity of G(z, Δt) and (5.33) that

G(q̃, Δt) = G
(

lim
n→∞

G(n) (0, Δt) , Δt
)

= lim
n→∞

G
(
G(n) (0, Δt) , Δt

)

= lim
n→∞

G(n+1)(0, Δt)

= q̃. (5.34)

So the left side of (5.27) is proven and the right side of (5.27), which is ∂
∂t

G(q̃, t) = 0,

follows trivially.

To prove (5.30); i.e. to prove q = q̃:

Combining (5.27) and (5.28) leads to F (q̃) = 0. But then HΔt(q̃) = q̃. This

implies, by Part 4. of the previous theorem, Theorem 5.3.1.1 (page 352), that q̃ = q

or 1.

If q̃ 6= 1 or q = 1 we’re done. So suppose q 6= q̃ = 1. Then there exists some j

23Or see e.g. Athreya [7, p. 349, Eq. (3b)].
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in 0, 1, . . .m, such that qj < q̃j = 1. Then, since

lim
t→∞

gj(0, t) = q̃j = 1

there exists some t∗ > 0 such that

gj(0, t∗) > qj . (5.35)

Note that gj(0, t∗) is the jth component of G(0, t∗).

We will derive a contradiction of (5.35) using the Picard Iteration – Euler Line

method from the existential theory of ODE’s . Let us restrict our attention to uniform

partitions of [0, t∗] of the form

0 = 0Δt < 1Δt < 2Δt < ∙ ∙ ∙ < NΔtΔt = t∗, ti = iΔt i = 0, 1, . . . NΔt (5.36)

with NΔt = t∗/Δt.

The polygonal Euler Lines 24, with vertices 25

H
(n)
Δt (0), n = 0, 1, . . . , NΔt

24For more details on Picard Iteration and Euler Lines see Chapter 6 (page 375) and for their
application to iterates of PGF’s see Section 5.2 (page 341).

25The vertices yn, n = 0, 1, . . . , NΔt, of the polygonal Euler Line corresponding to the differential
equation (5.28) and (5.37)

∂

∂t
G(z, t) = F(z) with I.C. G(0, 0) = 0.

and to the Δt partition of [0, t∗] (5.36) are

y0 = 0, yn = F(yn−1)(tn − tn−1) + yn−1, n = 1, 2, . . . , NΔt

= F(yn−1)Δt + yn−1

= HΔt(yn−1)

= H(n)
Δt (0)

since, as defined in (5.29), HΔt(z) = F(z)Δt + z.
See Section 6.1.2 (page 376) for details on partitions and Euler Lines.
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will converge uniformly on [0, t∗] to G(0, t), the solution of (5.28)

∂

∂t
G(z, t) = F(z) with I.C. G(0, 0) = 0 (5.37)

as Δt → 0.

So, as Δt → 0 the final vertex, H
(NΔt)
Δt (0), of the polygonal Euler Line correspond-

ing to the Δt partition of [0, t∗] (5.36), converges to G(0, t∗).

In particular, as Δt → 0, the jth component of H
(NΔt)
Δt (0), which we will denote

h
(NΔt)
j,Δt (0)

converges to the jth component of G(0, t∗), which is gj(0, t∗).

Recalling that we are assuming that gj(0, t∗) > qj, so we have

lim
Δt→0

h
(NΔt)
j,Δt (0) = gj(0, t∗) > qj

So, there exists a Δt > 0 such that

h
(NΔt)
j,Δt (0) > qj . (5.38)

(5.38) is a contradiction for the following reason:

By Part 3. of Theorem 5.3.1.1 (page 352):

lim
n→∞

H
(n)
Δt (0) = q (5.39)

but

H
(n)
Δt (0) ≤ H

(n+1)
Δt (0),
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because every coefficient of HΔt(z) is non-negative, so

H
(NΔt)
Δt (0) ≤ q

and

h
(NΔt)
j,Δt (0) ≤ qj

which contradicts (5.38):

h
(NΔt)
j,Δt (0) > qj .

Finally, we can prove (5.31): that if q′ ∈ [0, 1]m+1 and q′ 6= 1 then

lim
n→∞

H
(n)
Δt (q

′) = q̃. (5.40)

Since q̃ = q (5.40) follows from from Part 3. of Theorem 5.3.1.1 (page 352).

5.3.2 Calculating Extinction Probabilities (Numerically)

We showed in Section 5.3.1 (page 345) that in the IMN model [48, 49] that the

continuous process and the vector of extinction probabilities is determined by

G(z, Δt) = (g0(z, Δt), g1(z, Δt), . . . , gm(z, Δt))

where

gj(z, Δt) = Δt + (1 − (1 + Rj) Δt) zj + RjΔtzj

{
n∑

i=1

ujizi

}

. (5.41)

Theorems 5.3.1.1 and 5.3.1.2 tell us we calculate the vector of extinction probabilities

by simply iteration of G(z, Δt) provided G determines a positively regular and not

singular process. See Theorem 5.3.1.1 for definitions. Provided uij > 0, a trivial

calculation verifies ‘positively regular’; ‘not singular’ is obviously true provided Δ t >

0.
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So, in consideration of the Section 5.3.1 and Theorems 5.3.1.1 and 5.3.1.2 we can

calculate the extinction probabilities for the IMN model by iterating

G(q′, Δt)

starting from any q′ ∈ [0, 1]m+1, q′ 6= 1; provided Δt satisfies (5.20) (page 350) which

we reproduce here:

0 ≤ Δt ≤
1

maxj=0,...,m(1 + Rj)
. (5.42)

The iteration should be fairly stable, as any starting point in the unit cube (ex-

cept 1) will, in theory, lead to the correct solution. So, if due to round off errors, less

than exact values occur in the calculation, the process should, I imagine, still lead to

the correct solution as G is well-behaved and continuous. However, a sophisticated

discussion of the convergence rate, optimal algorithms, and rigorously dealing with

the issue of round-off error is beyond the scope of this dissertation. Moreover, as

our iteration scheme is basically the Euler method for solving differential equations,

switching to the higher order Runge-Kutter methods 26 may offer an improvement in

convergence speed. These topics of computation and numerical analysis would make

for interesting further study.

5.3.3 Binary aspect of genotypes in the IMN model

In the IMN model it is assumed that there are 1, 2, 3, . . . , n loci where a mutation can

occur. If a mutation is present (or not) at a locus, that locus is said to be in state 1

(or state 0). So, if there are n loci, then there are 2n possible genotypes. The wild

26See Butcher [20] for an extensive treatment of Euler and Runge-Kutter numerical methods of
solving differential equations.
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type has no mutations and genotype

00 ∙ ∙ ∙ 0︸ ︷︷ ︸
n zeros

.

The escape mutant has all the possible mutations giving it genotype

11 ∙ ∙ ∙ 1︸ ︷︷ ︸
n ones

Let i ∈ 0, 1, . . . ,m = 2n − 1. The i mutant type will be the mutant having genotype

the base 2 representation of i.

Example: Suppose n = 3. So there are three loci were mutations can occur and

23 different types. Type 0 = 000; type 1 = 001, type 2 = 010, . . . , type 7 = 111.

A simplifying assumption in the IMN model is that each single mutation is equally

likely and that all mutations are independent. So if we let u = probability of a single

mutation, then

uij = uh(i,j)(1 − u)n−h(i,j) (5.43)

where h(i, j) = the Hamming distance between the base 2 representations of i and j.

Example: Suppose n = 3. Then

h(1, 7) = h(001, 111) = 2 and u1,7 = u2(1 − u)1.

h(0, 7) = h(000, 111) = 3 and u0,7 = u3(1 − u)0.

5.3.4 Matlab

The following Matlab m-files implement an algorithm to calculate the extinction and

escape probabilities. The algorithm assumes the simplifications expressed in (5.43)

(page 360).

The first m-file is the main one. It calls three other functions which are given at
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the end of this section. However, the user only needs to interact with the main m-file.

% IterateG.m

% This m-file iterates the multi-type generating function

% GenFunctionG from the IMN model. GenFunctionG is constructed

% from parameters input below:

’IterateG’ % displays name of this m-file

% --------- user input -----------------------------------------

its = 8000; % number of times to iterate process

u = 0.005; % mutation probability per loci per replication

n = 5; % number of loci that can mutate

dt = .15; % time step ’Delta t’ < max 1/(1 + maxR)

R = ones(2^n,1); % reproductive fitnesses vector, default is all 1’s

R(2^n,1) = 2; % reproductive fitnesses of escape mutant

% --------- end user input -----------------------------------------

U = uMutationMatrix(u,n); % create mutation matrix u_ij

Z = zeros(2^n,1); % initiate column vector of extintion probabilities defaults = 0

Z(2^n,1) = 1/R(2^n,1); % extinction probability of escape mutant ...

if no mutation is 1/Rm

EscapeProbs = zeros(2^n,1); % column vector to hold escape probabilities defaults = 0

for i = 1:its % iteration process for extinction probabilities

Z = GenFunctionG(dt,Z,n,R,U);

end

for i = 1: 2^n % filling vector to hold escape probabilities

Zescape(i,1) = 1 - Z(i,1);

end

[’After ’ num2str(its) ’ iterations: ESCAPE probabilities ...

(in binary order 000, 001, etc)’]

digits(64) % to display high accuracy numbers with vpa( )

vpa(Zescape(:,1)) % display Escape Probs in binary order 000, 001, 010, etc

The output of the above code, the vector of escape probabilities is displayed below.

The genotypes are in binary order.
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ans = IterateG

ans = After 8000 iterations: ESCAPE probabilities (in binary order 000, 001, etc)

ans =

.4995849307508404280042668688111007213592529296875000000000000000e-2

.5988699266356034556224585685413330793380737304687500000000000000e-2

.5988699266355257400107348075835034251213073730468750000000000000e-2

.8018991260062779957706879940815269947052001953125000000000000000e-2

.5988699266355701489317198138451203703880310058593750000000000000e-2

.8018991260062557913101954909507185220718383789062500000000000000e-2

.8018991260062557913101954909507185220718383789062500000000000000e-2

.1362131993450621525454380389419384300708770751953125000000000000e-1

.5988699266354924333199960528872907161712646484375000000000000000e-2

.8018991260062557913101954909507185220718383789062500000000000000e-2

.8018991260061891779287179815582931041717529296875000000000000000e-2

.1362131993450599320993887886288575828075408935546875000000000000e-1

.8018991260061891779287179815582931041717529296875000000000000000e-2

.1362131993450599320993887886288575828075408935546875000000000000e-1

.1362131993450621525454380389419384300708770751953125000000000000e-1

.4008025550299543215970743403886444866657257080078125000000000000e-1

.5988699266355701489317198138451203703880310058593750000000000000e-2

.8018991260062557913101954909507185220718383789062500000000000000e-2

.8018991260061891779287179815582931041717529296875000000000000000e-2

.1362131993450588218763641634723171591758728027343750000000000000e-1

.8018991260062557913101954909507185220718383789062500000000000000e-2

.1362131993450588218763641634723171591758728027343750000000000000e-1

.1362131993450610423224134137853980064392089843750000000000000000e-1

.4008025550299543215970743403886444866657257080078125000000000000e-1

.8018991260061891779287179815582931041717529296875000000000000000e-2

.1362131993450532707612410376896150410175323486328125000000000000e-1

.1362131993450588218763641634723171591758728027343750000000000000e-1

.4008025550299543215970743403886444866657257080078125000000000000e-1

.1362131993450543809842656628461554646492004394531250000000000000e-1
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.4008025550299543215970743403886444866657257080078125000000000000e-1

.4008025550299543215970743403886444866657257080078125000000000000e-1

.4883689139655995603561677853576838970184326171875000000000000000

Notice that the escape mutant has escape probability of 0 .4883. Without mu-

tation, the probability of escape for the escape mutant is 1/Rm assuming Rm > 1.

In the above m-file, Rm = 2 and 1/Rm = 1/2 = 0.5, which differs from 0.4883 by

about .0116. The probability of escape for the escape mutant is decreased due to

back mutation.

Iwasa, Michor, and Nowak in [48, 49] are a little confusing on this issue of back

mutation. For example they use a mutation rate [48, p. 2577, top right] of

uij = uh
ij(1 − u)n−hij

which we have incorporated into the above m-file. On the other hand, they will

approximate the escape probability of the escape mutant to be 1 − 1/Rm – which

ignores back mutation. One should keep this in mind while reading Iwasa, Michor,

and Nowak [48, 49].

The next m-file is a function, it contains the code for the generating function.

% GeneratingFunctionG.m = name of this function m-file

% multitype generating function for Iwasa Michor Nowak model

%

% dt = time step Delta t

% the Z vector is of length 2^n, for the 2^n different types

% n = the number of loci where a mutation can occur

% R vector is of length 2^n containing the reproductive ratios

% the U matrix is 2^n x 2^n containing the mutation rates u_ij

% the output vector GenOut is of length 2^n

%

function GenOut = GenFunctionG(dt,Z,n,R,U)
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GenOut = zeros(2^n,1);

for j = 1 : 2^n

GenOut(j) = dt + (1 - (1 + R(j))*dt)*Z(j) + R(j)*dt*Z(j)*(U(j,:)*Z);

end

The next m-file is the function which creates the mutation matrix U. It assumes

uniform mutation probability u at each loci and independence of mutation; see (5.43)

(page 360).

% uMutationMatrix = function m-file name

% Creates a 2^n x 2^n mutation matrix; i.e. U

% assuming uniform locus mutation rate u.

% n = the number of loci where mutations can happen

%

function matrixOut = uMutationMatrix(u, n)

matrixOut = zeros(2^n, 2^n);

for i = 1 : 2^n

for j = 1 : 2^n

matrixOut(i,j) = u^(hamdist(i-1,j-1,n))*(1-u)^(n-hamdist(i-1,j-1,n));

end

end

The next function m-file calculates the Hamming distance between two decimal

numbers representing the cell’s type.

% hamdist = function m-file name

% calculates the Hamming distance between the padded

% binary representation of two decimal numbers dec1, dec2

% n = the number of loci where a mutation can happen

%

function out = hamdist(dec1, dec2, n)

bin1 = dec2bin(dec1,n);

bin2 = dec2bin(dec2,n);

out = 0;
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for i = 1 : n

if bin1(i) ~= bin2(i)

out = out + 1;

end

end

5.3.5 Maple

The following Maple commands generate Figure 5.3 (page 346).

with(DEtools):

u := .9; Rzero := 6.2*(1/10); Rone := 24*(1/10); dt := 1/(Rzero+Rone+10);

sys := {diff(x(t), t) =

1-(1+Rzero)*x(t)+Rzero*x(t)*((1-u)*x(t)+u*y(t)),

diff(y(t), t) = 1-(1+Rone)*y(t)+Rone*y(t)*((1-u)*y(t)+u*x(t))};

DEplot(sys, [x(t), y(t)],

t = 0 .. 150, x = 0 .. 1.01, y = 0 .. 1.01,

[[x(0) = .9680, y(0) = .792], [x(0) = .2680, y(0) = .692],

[x(0) = .8380, y(0) = .959], [x(0) = .999, y(0) = .895],

[x(0) = 0, y(0) = 0]],

numpoints = 1000, linecolor = [red, blue, green, cyan, black]);

5.4 Combining Pre and Post-treatment Calcula-

tions in the IMN Model

The goal of the Iwasa, Michor, and Nowak (IMN) model [48, 49] is to calculate the

probability that a treatment will be successful. As we mentioned in the Introduction

to Part II:

The dot product of the pre-treatment quasispecies distribution vector and the

post-treatment escape probabilities vector yields a probability p,
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p =
m∑

i=0

P ( selected is of type i)
︸ ︷︷ ︸

from quasispecies equilibrium

P ( escape | being of type i)
︸ ︷︷ ︸

qi from the multi-type branching process

. (5.44)

p is the probability that if one individual virus, bacteria, or cancer cell is selected

randomly when treatment begins that the selected individual will create a line of

descendants that escapes extinction. In [48, 49] the notation used is

P ( selected is of type i) = xi and P ( escape | being of type i) = ξi.

so, in terms of xi and xii, (5.44) becomes

p =
m∑

i=0

xiξi.

If N is the total population size, including all the different types, and we invoke

independence, we have that

N ∙ p

is the mean number of mutants expected to avoid extinction, to escape.

In the IMN model it is assumed that for the typical ‘cell’, randomly selected, that

escaping is rare and the model uses the Poisson Distribution, with mean

λ = N ∙ p = N
m∑

i=0

xiξi

to calculate the probability that there will be zero escapes from extinction. Accord-

ing to the Poisson Distribution, the probability that k cells will escape and avoid

extinction is

P (k) =
λk

k!
e−λ.
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So the probability that there will be 0 escapes, that all cells’ lines of descent will go

extinct, that the treatment will be successful is

P (0) =
λ0

0!
e−λ = e−λ = e−N

∑n
i=1 xiξi .

The probability of at least one escape, meaning that the treatment is a failure, is

1 − e−N
∑n

i=1 xiξi .

In the next section we combine our numerical technics and produce Matlab code

which calculates the probabilities discussed in this section.

5.4.1 Matlab

The following Matlab code (TreatmentSuccessProbabilityAug2010.m) carries out the

calculations discussed in Section 5.4 (page 365). The user inputs 27:

1. The number n of mutations separating the wild type from the escape mutant.

Typical values: 1 ≤ n ≤ 5.

2. The mutation rate u at each locus, which is assumed to be uniform 28.

Typical values for u would be 0 ≤ u ≤ 10−1 with u = 0.00003 suggested for the

HIV virus and 10−3 suggested for cancer cells in Iwasa, Michor, and Nowak [48,

pp. 2575 – 2576] (2003).

3. The population size at start of treatment, N with 1 ≤ N ≤ 1012 being typical.

27The values listed here for the user inputs were gleaned from Iwasa, Michor, and Nowak [48, 49]
(2003, 2004).

28It is assumed that for the mutation matrix U = {uij}, that uij = uhij (1 − u)n−hij where hij is
the Hamming distance, in binary, between the i-type and the j-type. It is fairly easy to recode U
to change the mutation scheme.
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4. The Ŵii, which are the pretreatment reproductive rate constants assuming no

mutation:

Generally we will suppose that

Ŵ00 > Ŵii ≥ 0 for i = 1, 2, . . .m.

Typical values: Ŵ00 = 1.5, Ŵii = .75, i 6= 0.

5. The Rj , which are the reproductive ratios during the post treatment phase:

Typical values 1 < Rm < 2 and 0 ≤ Rj < 1 for j = 0, 1, . . .m − 1.

The program then calculates:

1. The quasispecies equilibrium distribution (the eigenvector); i.e. the “xi”.

2. The vector of extinction probabilities; i.e. the “ξi”, which are called qi and q̃i in

Section 5.3 (page 345).

3. The probability a randomly chosen “cell” will escape from extinction: p =
∑m

i=0 xiξi.

4. The number of expected escapes λ assuming the population at the start of

treatment is size N : λ = N ∙ p.

5. The probability of zero escapes; i.e. probability the treatment is successful.

6. The probability of at least one escape; i.e. the probability the treatment fails.

% TreatmentSuccessProbabilityAug2010.m m-file name

% calculates the success probability

% by combining pre and post treatment models

% outputs Probability of success

%

% ----- user input ------------------------------------
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n = 5; %choose n = number of mutations to escape

u = .00015; % mutation rate during pre-treatment

N = 10^12; % number of pathogens at time of treatment

% ----- user pre-treatment parameters -------------------

%choose 2^n = m+1 pretreatment reproductive ratios

wVector = .6*ones(1,2^n,’double’); % default Wii = 1.0

wVector(1,1) = 1.6; % wVector(1,1) = wild type

% define Woo > Wii [w0 w1 w2 w3 w4 . . . ]

% type 0 = matlab 1, type i = matlab i+1

% type m = 2^n = 1 is matlab 2^n

% --------- user input post treatment -----------------------

its = 8000; % number of times to iterate generating function

R = .9*ones(2^n,1); % reproductive fitnesses vector, default is all 1’s

R(2^n,1) = 1.8; % reproductive fitnesses of escape mutant R_m > 1

% --------- end user input -----------------------------------------

digits(64) % accurate display of answers, used with vpa

U = uMutationMatrix(u,n); % create mutation matrix u_ij

% -------------------------------

W = zeros(2^n, 2^n); % create W diagonal vector

for i=1:2^n

W(i,i) = wVector(1,i);

end

QSindex = 0; % initialize QSindex, which is the index number of qs

[EigVects EigValues]= eig(U*W); % Matlab finds Eigenvectors, values

for j =1:2^n % pick out which one is Quasispecies

if abs( sum( sign(EigVects(:,j)))) == 2^n

QSindex = j;

end

end

QS = vpa(EigVects(:,QSindex)/sum(EigVects(:,QSindex))) %normalize QS column vec

% -------------------------------

dt = .9/(1 + max(R)); % time step ’Delta t’ < max 1/(1 + maxR)

Z = zeros(2^n,1); % initiate column vector of extinction ...
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probabilities defaults = 0

Z(2^n,1) = 1/R(2^n,1); % extinction probability of escape ...

mutant if no mutation is 1/Rm

% this slightly speeds up convergence

for i = 1:its % iteration process for extinction probabilities

Z = GenFunctionG(dt,Z,n,R,U);

end

EscapeProbs = zeros(2^n,1); % column vector to hold escape ...

probabilities defaults = 0

for i = 1: 2^n % filling vector to hold escape probabilities

Zescape(i,1) = 1 - Z(i,1);

end

[’After ’ num2str(its) ’ iterations: ESCAPE probabilities ...

(in binary order 000, 001, etc)’]

EscapeProbs = vpa(Zescape(:,1)) % display Escape Probs ...

in binary order 000, 001, 010, etc

% -------------------------------

p = vpa(dot(QS,EscapeProbs)) % probability a randomly chosen cell will escape

ExpectedEscapes = vpa(N*p) % expected number of escapes for pop of size N

ProbZeroEscapes = vpa(exp(-N*p)) % treatment is successful

ProbAtLeastOneEscape = vpa(1 - ProbZeroEscapes) % treatment is a failure

The output of the above program, for the parameters as shown, was in part:

p = .338790613054137911940644546 ...

6477590369373674096655771662820988897e-12

ExpectedEscapes = .338790613054137911940644546 ...

6477590369373674096655771662820988897

ProbZeroEscapes = .712631649232922977966030183 ...

5210131091202213024991069744606041776

ProbAtLeastOneEscape = .287368350767077022033 ...

9698164789868908797786975008930255393958224

This program can be easily extended to produce plots relevant to various assump-

tions, see Chapter 7 (page 399).
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5.5 Chapter Appendix: g(z, t) Existence in 1D

In this section we give an alternative derivation of the Kolmogorov backwards equa-

tion appearing on page 106, equation (5), of Branching Processes, Athreya and Ney [6]

(1972). The Kolmogorov equations are the standard way of constructing the contin-

uous process.

I have not seen our derivation elsewhere. Completing the derivation required an

insight from Complex Function Theory, which was provided by Yunping Jiang.

5.5.1 About a

We can imagine that we are keeping track of many “cells.” We record the times for

each of these cells to “die.” What we mean here by die is that the cell either dies or

is transformed into k progeny, k = 0, 2, 3, . . .. We define

a =
1 transformation

average lifespan
.

5.5.2 Derivation

We will use the generating function from Iwasa, Michor, and Nowak [49] for concrete-

ness. Let the probability generating function for the number of offspring produced in

time step h be given by:

P (s, h) = [h] + [1 − (1 + R)h]s + [Rh]s2.

Note that the term [(1 − (1 + R)h] represents the probability that a cell will not be

transformed. Also note the initial condition, P (s, 0) = s; i.e. the population consists

of one cell at time t = 0. Collecting terms with h we get:

P (s, h) = h[1 − (1 + R)s + Rs2] + s.
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If we iterate P (s, h) with respect to s twice, we get P (P (s, h), h) = Zh(s, 2h) where

Zh(s, t) is the population size generating function based upon iterates of P (s, h).

Continuing in this way we get:

Zh(s, (n + 1)h) = P (P ∙ ∙ ∙P (P
︸ ︷︷ ︸

n+1

(s, h), h) ∙ ∙ ∙ h)h)

= P (P ∙ ∙ ∙P (P
︸ ︷︷ ︸

n

(s, h), h) ∙ ∙ ∙ h)h)

= P (Zh(s, nh), h)

= h[(1 − (1 + R) Zh(s, nh) + R Z2
h(s, nh)] + Zh(s, nh). (5.45)

Let

f(s) =
1

1 + R
[1 + Rs2]

be the conditional probability generating function for the number of offspring a trans-

forming (dying) cell leaves behind, either no children; i.e. the cell dies with probability

1/(1 + R), or the cell splits; i.e. 2 children, with probability R/(1 + R). Then

(1 + R)(f(s) − s) = [1 − (1 + R)s + Rs2]

Letting a = 1 + R we get

a(f(s) − s) = [1 − (1 + R)s + Rs2].

Define:

u(s) = a(f(s) − s) = [1 − (1 + R)s + Rs2].
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But (5.45) is simply the Euler Method for numerically solving ODE’s. See Chapter 6

(page 375). So as h → 0, (5.45) approaches the solution of

d

dt
Z(s, t) = 1 − (1 + R) Z(s, t) + R Z2(s, t)

i.e.

d

dt
Z(s, t) = u(Z(s, t)).

Athreya and Ney in [6] use the notation F (s, t) instead of Z(s, t).

To see that Z(s, t) must be a generating function for each t > 0 it suffices to show

that ∀ t > 0:

1. Z(s, t) is analytic w.r.t. s in neighborhood of zero.

2. The coefficients of the Taylor expansion of Z(s, t) w.r.t. s are non-negative and

sum to 1.

The Euler Line Ph(s, t) with time step h > 0 is piecewise linear w.r.t. t ≥ 0. Moreover,

for each t ≥ 0, Ph(s, t) is a generating function and so analytic if |s| < 1. An easy

consequence of Picard’s Existence and Uniqueness Theorem for first order ODE’s:

ẋ = v(x, t) ∈ Rn, x(0) = x0 ∈ R
n (5.46)

is that the Euler Lines for (5.46) converge uniformly to their unique solution. Picard’s

Theorem tells us that the solution, x(t) is continuous in t, and the solutions are

continuous with respect to the initial conditions x. (This is a slight abuse of notation.)

So, we have proven, as h → 0 the Euler Lines Ph(s, t) converge uniformly (in a

neighborhood of zero) to a continuous in s, t function Z(s, t).

The Weierstrass Theorem guarantees if fn is a sequence of functions analytic in

an open set about z, then if they converge uniformly to some limit, say f , then f will

also be analytic in an open set about z.
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So we must in fact have that Z(s, t) is not only continuous, but in fact analytic

in a neighborhood of zero. This in turn implies that Z(s, t) has a Taylor Expansion.

Moreover, The Weierstrass Theorem, or at least its proof as presented in Ahlfors [1]

page 177, shows that the Taylor coefficients of the functions fn in the sequence con-

verge to the Taylor coefficients of the limit f of that sequence.

As Ph(s, t) is a generating function, the Taylor coefficients of Ph(s, t) are all non-

negative, and so any limit of their Taylor coefficients will be non-negative.

So we have shown that the Taylor coefficients of Z(s, t) exist and are all non-

negative.

Since Ph(s, t) is a generating function Ph(1, t) = 1 identically. But then

lim
h→0

Ph(1, t) = 1 = Z(1, t).

So Z(s, t) is a generating function.
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Chapter 6

Differential Equations

6.1 Some results on Differential Equations in Cn.

Note. In this section, some results from the theory of ODE’s in Cn are derived.

We basically follow Coddington & Levinson [23] (Chap. 1, Sec. 1 and Sec. 2) but with

a number of customizations to suit our purposes. For an alternative approach, see

Arnold [5].

6.1.1 Initial Assumptions and the Differential Equation

Let:

1. D ⊂ Cn be compact.

2. f : D × [t0,∞) → Cn be bounded 1 by M > 0 and Lipschitz 2 with Lipschitz

constant L.

1Bounded by M . If (z, t) ∈ D × [t0,∞) then ||f(z, t)|| ≤ M .
2Lipschitz. If (z1, t1), (z2, t2) ∈ D × [t0,∞) then

||f(z1, t1) − f(z2, t2)|| ≤ L||(z1, t1) − (z2, t2)||.

Lipschitz implies continuous.
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3. ∃ δf > 0 such that if 0 ≤ s ≤ δf and (z, t) ∈ D × [t0,∞) then

Es(z, t) = z + f(z, t)s ∈ D. (6.1)

4. Let ξ : D → D continuously. Define the differential equation

(DE1)
∂

∂t
ϕ(z, t) = f(ϕ(z, t)) with initial condition ϕ(z, t0) = ξ(z).

6.1.2 Partitions and the Euler Lines

Let p = {t0, t1, . . . , tm} be a finite partition of [t0, tm] meaning that t0 < t1 < ∙ ∙ ∙ < tm.

Define |p | = max {|tk − tk−1| : k = 1, 2, . . . ,m}.

Let f,D, t0, δf , and ξ be as in Subsection 6.1.1. Let p be a partition of [t0, tm]

with |p | < δf . The Euler Line ϕp with initial condition ξ is defined inductively:

ϕp(z, t0) = ξ(z) (6.2)

ϕp(z, t) = ϕp(z, tk−1) + f (ϕp(z, tk−1), tk−1) (t − tk−1) if t ∈ (tk−1, tk]. (6.3)

By (6.1), ϕp : D × [t0, tm] → D.

6.1.3 ε approximate solution

Let f,D, t0, δf , and ξ be as in Subsection 6.1.1. Let I be an interval in R that contains

t0. An ε approximate solution, ϕ of DE1 on the strip D × I satisfies:

1. ϕ : D × I → Cn continuously.

2. ϕ(z, t0) = ξ(z).

3.

S =

{

t ∈ I :
∂ϕ

∂t
(z, t) does not exist for some z ∈ D

}

is finite .
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4. ∂ϕ
∂t

(z, t) is continuous on D × (I \ S).

5. ∣
∣
∣
∣

∣
∣
∣
∣
∂ϕ

∂t
(z, t) − f(ϕ(z, t), t)

∣
∣
∣
∣

∣
∣
∣
∣ ≤ ε, ∀ (z, t) ∈ D × (I \ S) . (6.4)

Lemma 6.1.3.1. Let ϕp : D × [t0, tm] → D be as defined in Subsection 6.1.2. In

particular note that |p | < δf . Then ϕp satisfies the first four conditions of being an ε

approximate solution. Moreover, if t ∈ (tk−1, tk) then

∂ϕ

∂t
(z, t) = f (ϕp(z, tk−1), tk−1) . (6.5)

Proof. Note, the condition of f being Lipschitz or bounded is not required for this

proof. f being continuous is sufficient.

1. The continuity of ϕp will be proved by induction on k, k = 1, 2, . . . ,m.

Let i, j ∈ {0, 1, 2, . . . ,m} with i ≤ j. Denote ϕp restricted to D× [ti, tj ] by ϕp,[ti,tj ].

Note, ϕp,[t0,tm] = ϕp.

If k = 1 then ϕp,[t0,tk−1](z, t) = ξ(z) is continuous. So let us assume that ϕp,[t0,tk−1]

is continuous for some k ∈ {1, 2, . . . ,m}. We will show that this implies that ϕp,[t0,tk]

is continuous.

Es(z, t) = z + f(z, t)s is a continuous function of (z, t, s) ∈ D × [t0,∞) × R. We

define g[tk−1,tk] : D × [tk−1, tk] → D:

g[tk−1,tk](z, t) = Et−tk−1
(ϕ̂p(z, tk−1), tk−1)

= ϕ̂p(z, tk−1) + f(ϕ̂p(z, tk−1), tk−1)(t − tk−1). (6.6)

g[tk−1,tk] is continuous since Es(z, t) is continuous. Note, the range of g[tk−1,tk] is con-
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tained in D since |p | < δf . Next, we show:

g[tk−1,tk](z, t) = ϕp,[tk−1,tk](z, t). (6.7)

First, if t = tk−1 then t − tk−1 = 0 in (6.6) and so

g[tk−1,tk](z, tk−1) = ϕp(z, tk−1) + 0 = ϕp,[tk−1,tk](z, tk−1).

If t ∈ (tk−1, tk] then the definition of g[tk−1,tk](z, t) exactly matches the definition of

ϕp(z, t), see (6.3) of Subsection 6.1.2. So (6.7) is true, which implies ϕp,[tk−1,tk] is

continuous, since g[tk−1,tk] is continuous.

So both ϕp,[t0,tk−1] and ϕp,[tk−1,tk] are continuous. They agree on their overlap

D × {tk−1} since they are restrictions of the same map, ϕp. It now follows, by

Lemma 6.2.1.1, that

(
ϕp,[t0,tk] ∪ ϕp,[tk−1,tk]

)
(z, t) = ϕp,[t0,tk](z, t)

is continuous on D × [t0, tk].

Finally, by induction, ϕp,[t0,tm] = ϕp is continuous on all D × [t0, tm].

2. ϕp(z, t0) = ξ(z) by construction. (See (6.2) in Subsection 6.1.2.)

3. We show that if t ∈ [t0, tm] \ p then ϕ′
p(z, t) = f(ϕp(z, tk−1), tk−1), where k ∈

{1, 2, . . . ,m} is that unique k such that t ∈ (tk−1, tk), and where:

ϕ′
p(z, t) =

∂ϕp

∂t
(z, t) = lim

h→0

ϕp(z, t + h) − ϕp(z, t)

h
. (6.8)

Let h ∈ R and let |h| be sufficiently small that h satisfies tk−1 − t < h < tk − t,

or equivalently that t + h ∈ (tk−1, tk). We apply the definition of ϕp (see (6.3) in
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Subsection 6.1.2) to (z, t) and (z, t + h):

ϕp(z, t + h) = ϕp(z, tk−1) + f (ϕp(z, tk−1), tk−1) (t + h − tk−1) (6.9)

ϕp(z, t) = ϕp(z, tk−1) + f (ϕp(z, tk−1), tk−1) (t − tk−1) , (6.10)

and then subtract (6.10) from (6.9):

ϕp(z, t + h) − ϕp(z, t) = f (ϕp(z, tk−1), tk−1) h. (6.11)

Dividing both sides of (6.11) by h and taking the limit as h → 0 yields the desired

result:

∂ϕp

∂t
(z, t) = f (ϕp(z, tk−1), tk−1) , (z, t) ∈ D × (tk−1, tk). (6.12)

So ϕp satisfies condition 3 of being an ε solution if we take S = p.

4. By (6.12), ϕ′
p(z, t) is continuous on each of the relatively open sets D× (tk−1, tk).

As we can write D × ([t0, tm] \ p) as the (disjoint) union

D × ([t0, tm] \ p) =
m⋃

k=1

D × (tk−1, tk)

it follows that ϕ′
p(z, t) is continuous on D × ([t0, tm] \ p).

Lemma 6.1.3.2. If (z, t), (z, t′) ∈ D × [t0, tm] we have

||ϕp(z, t) − ϕp(z, t
′)|| < M |t − t′|.

Proof. If t = t′ the result is trivial. So, by relabeling if necessary, we can assume

that t′ < t. The (inductive) definition ϕp (see (6.3) in Subsection 6.1.2) implies for
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t ∈ (tk−1, tk], k = 1, 2, . . . ,m, that:

ϕp(z, t) = ξ(z) +

(
k−1∑

i=1

f(ϕp(z, ti−1), ti−1)(ti − ti−1)

)

+ f(ϕp(z, tk−1), tk−1)(t − tk−1)

(6.13)

(if we use the convention
∑b

i=a = 0 if b < a).

Since t′ < t then either t′ = t0 or t′ ∈ (tj−1, tj ], for some j, 1 ≤ j ≤ k. If t′ = t0

then equation (6.13) is also true if we set j = 1. Equation (6.13) applied to t and t′,

implies that:

ϕp(z, t) − ϕp(z, t
′) =

(
k−1∑

i=j

f(ϕp(z, ti−1), ti−1)(ti − ti−1)

)

+

f(ϕp(z, tk−1), tk−1)(t − tk−1)−

f(ϕp(z, tj−1), tj−1)(t
′ − tj−1). (6.14)

If j = k then the sum in the parentheses in (6.14) is zero and (6.14) becomes:

ϕp(z, t) − ϕp(z, t
′) =

f(ϕp(z, tk−1), tk−1)(t − tk−1) − f(ϕp(z, tk−1), tk−1)(t
′ − tk−1)

= f(ϕp(z, tk−1), tk−1)(t − t′),

which implies:

||ϕp(z, t) − ϕp(z, t
′)|| = ||f(ϕp(z, tk−1), tk−1)(t − t′)||

≤ M |t − t′|.
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If j < k, then the sum in the parentheses in (6.14) is not zero and (6.14) becomes:

ϕp(z, t) − ϕp(z, t
′) = f(ϕp(z, tj−1), tj−1)(tj − tj−1) +

(
k−1∑

i=j+1

f(ϕp(z, ti−1), ti−1)(ti − ti−1)

)

+

f(ϕp(z, tk−1), tk−1)(t − tk−1) −

f(ϕp(z, tj−1), tj−1)(t
′ − tj−1),

which can be simplified to:

ϕp(z, t) − ϕp(z, t
′) = f(ϕp(z, tj−1), tj−1)(tj − t′) +

(
k−1∑

i=j+1

f(ϕp(z, ti−1), ti−1)(ti − ti−1)

)

+

f(ϕp(z, tk−1), tk−1)(t − tk−1).

The triangle inequality then yields:

||ϕp(z, t) − ϕp(z, t
′)|| ≤ ||f(ϕp(z, tj−1), tj−1)|| (tj − t′) +
(

k−1∑

i=j+1

||f(ϕp(z, ti−1), ti−1)|| (ti − ti−1)

)

+

||f(ϕp(z, tk−1), tk−1)||(t − tk−1).

381



Substituting in ||f || < M yields:

||ϕp(z, t) − ϕp(z, t
′)|| ≤ M (tj − t′) +

M (tk−1−tj)
︷ ︸︸ ︷(

k−1∑

i=j+1

M (ti − ti−1)

)

+M(t − tk−1)

= M(t − t′)

= M |t − t′|.

Lemma 6.1.3.3. Let ε > 0 be given. There exists a δε > 0 such that if (z, t), (z′, t′) ∈

D × [t0, tm] and |t − t′|, ||z − z′|| < δε then ||f(z, t) − f(z′, t′)|| < ε.

Let |p | < min{δf , δε, δε/M}. Then ϕp satisfies all five conditions of being an ε

approximate solution.

Proof. Since f is continuous and D × [t0, tm] is compact, the Heine-Cantor Theorem

(see Theorem 6.2.2.1 of Subsection 6.2) guarantees that f is uniformly continuous on

D× [t0, tm] and hence the existence of a δε such that if (z, t), (z′, t′) ∈ D× [t0, tm] and

|t − t′|, ||z − z′|| < δε, then ||f(z, t) − f(z′, t′)|| < ε. (6.15)

So the first part of this lemma is proven.

By Lemma 6.1.3.1 the first four conditions of being an ε approximate solution are

satisfied. Note Lemma 6.1.3.1 relies on |p | < δf .

We prove that ϕp satisfies the fifth condition of being an ε solution (i.e., equation

(6.4)) by proving:

∣
∣
∣
∣ϕ′

p(z, t) − f(ϕ(z, t), t)
∣
∣
∣
∣ ≤ ε, ∀ (z, t) ∈ D × ([t0, tm] \ p) (6.16)

and noting that p is a finite set.
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If (z, t) ∈ D× ([t0, tm] \ p) then t ∈ (tk−1, tk) for some k ∈ {1, 2, . . . ,m}. But then

t − tk−1 < |p | < min{δε/M, δε}. (6.17)

Lemma 6.1.3.2 with (6.17) implies:

||ϕp(z, t) − ϕp(z, tk−1)|| < M |t − tk−1| < δε. (6.18)

Combining (6.17) and (6.18):

|t − tk−1|, ||ϕp(z, t) − ϕp(z, tk−1)|| < δε if (z, t) ∈ D × (tk−1, tk). (6.19)

By Lemma 6.1.3.1, if (z, t) ∈ D × (tk−1, tk), then

ϕ′
p(z, t) = f (ϕp(z, tk−1), tk−1)

and so

∣
∣
∣
∣ϕ′

p(z, t) − f (ϕp(z, t), t)
∣
∣
∣
∣ = ||f (ϕp(z, tk−1), tk−1) − f (ϕp(z, t), t) || < ε.

The inequality in (6.20) follows from (6.19) and (6.15).

The following inequality (about the rate at which two ε approximate solutions that

are close at one time spread apart) is useful. It appears as Theorem 2.1, on page 8, of

Coddington & Levinson [23]. It is reproduced here (with some slight customizations).

Theorem 6.1.3.4. Suppose f is Lipschitz with constant k. Let ϕ1(z, t) and ϕ2(z, t)

be ε1 and ε2 approximate solutions of the DE1 on the interval [a, b]. Let τ ∈ [a, b] and

suppose that

||ϕ1(z, τ ) − ϕ2(z, τ )|| ≤ δ. (6.20)
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Let ε = ε1 + ε2. If t ∈ [a, b] then

||ϕ1(z, t) − ϕ2(z, t)|| ≤ δ ek|t−τ | +
ε

k

(
ek|t−τ | − 1

)
. (6.21)

Proof. Notation. In this proof, we will represent ∂
∂t

by priming.

We will do the case τ ≤ t ≤ b.

By the definition of ε approximate solution ϕ′
i(z, t) is defined on D × [a, b] except

for, at most, finitely many t in the following sense. There is a finite set S ⊂ [a, b]

with the property that if ϕ′
i(z, t) is not defined at (z, t) then t ∈ S.

Since ϕi is an εi approximate solution it is the case that

||ϕ′
i(z, s) − f(ϕi(z, s), s)|| ≤ εi (i = 1, 2). (6.22)

Integrating both sides of (6.22) yields for (i = 1, 2):

εi(t − τ) ≥
∫ t

τ

||ϕ′
i(z, t) − f(ϕi(z, s), s)|| ds

≥

∣
∣
∣
∣

∣
∣
∣
∣

∫ t

τ

ϕ′
i(z, t) − f(ϕi(z, s), s) ds

∣
∣
∣
∣

∣
∣
∣
∣

=

∣
∣
∣
∣

∣
∣
∣
∣ϕi(z, t) − ϕi(z, τ ) −

∫ t

τ

f(ϕi(z, s), s) ds

︸ ︷︷ ︸
αi

∣
∣
∣
∣

∣
∣
∣
∣. (6.23)

Since ||α1|| + ||α2|| ≥ ||α1 − α2|| and since ||a − b|| ≥
∣
∣
∣||a|| − ||b||

∣
∣
∣ ≥ ||a|| − ||b||, we
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get from (6.23):

ε(t−τ)
︷ ︸︸ ︷
ε1(t − τ) + ε2(t − τ) ≥

∣
∣
∣
∣

∣
∣
∣
∣ϕ1(z, t) − ϕ1(z, τ ) −

∫ t

τ

f(ϕ1(z, s), s) ds

∣
∣
∣
∣

∣
∣
∣
∣

+

∣
∣
∣
∣

∣
∣
∣
∣ϕ2(z, t) − ϕ2(z, τ ) −

∫ t

τ

f(ϕ2(z, s), s) ds

∣
∣
∣
∣

∣
∣
∣
∣

≥

∣
∣
∣
∣

∣
∣
∣
∣ (ϕ1(z, t) − ϕ2(z, t)) − (ϕ1(z, τ ) − ϕ2(z, τ ))

−
∫ t

τ

[f(ϕ1(z, s), s) − f(ϕ2(z, s), s)] ds

∣
∣
∣
∣

∣
∣
∣
∣

≥

∣
∣
∣
∣

∣
∣
∣
∣ (ϕ1(z, t) − ϕ2(z, t))

∣
∣
∣
∣

∣
∣
∣
∣−

∣
∣
∣
∣

∣
∣
∣
∣ (ϕ1(z, τ ) − ϕ2(z, τ ))

−
∫ t

τ

[f(ϕ1(z, s), s) − f(ϕ2(z, s), s)] ds

∣
∣
∣
∣

∣
∣
∣
∣,

which implies:

ε(t − τ) +

∣
∣
∣
∣

∣
∣
∣
∣

a
︷ ︸︸ ︷
(ϕ1(z, τ ) − ϕ2(z, τ ))−

b
︷ ︸︸ ︷∫ t

τ

[f(ϕ1(z, s), s) − f(ϕ2(z, s), s)] ds

∣
∣
∣
∣

∣
∣
∣
∣

≥

∣
∣
∣
∣

∣
∣
∣
∣ (ϕ1(z, t) − ϕ2(z, t))

∣
∣
∣
∣

∣
∣
∣
∣.

Then, using ||a|| + ||b|| ≥ ||a − b|| and
∫
||g|| ≥

∣
∣
∣
∣∫ g

∣
∣
∣
∣, we obtain:

ε(t − τ) +

r(z,τ)
︷ ︸︸ ︷∣
∣
∣
∣

∣
∣
∣
∣ϕ1(z, τ ) − ϕ2(z, τ )

∣
∣
∣
∣

∣
∣
∣
∣+
∫ t

τ

||f(ϕ1(z, s), s) − f(ϕ2(z, s), s)|| ds

≥

∣
∣
∣
∣

∣
∣
∣
∣ϕ1(z, t) − ϕ2(z, t)

∣
∣
∣
∣

∣
∣
∣
∣

︸ ︷︷ ︸
r(z,t)

.

Letting r(z, t) = ||ϕ1(z, t) − ϕ2(z, t)|| (which is defined on [τ, b]) and using that f is
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Lipschitz with constant k, we get:

||f(ϕ1(z, s), s) − f(ϕ2(z, s), s)|| ≤ k ||(ϕ1(z, s), s) − (ϕ2(z, s), s)||

= k ||ϕ1(z, s) − ϕ2(z, s)||

= k ∙ r(z, s)

and

ε(t − τ) + r(z, τ ) + k

R(z,t)
︷ ︸︸ ︷∫ t

τ

r(z, s) ds ≥ r(z, t).

We let R(z, t) =
∫ t

τ
r(z, s) ds (defined on D × [τ, b]), so that on D × (τ, b), R′(z, t) =

r(z, t). By assumption r(z, τ ) = ||ϕ1(z, τ ) − ϕ2(z, τ )|| ≤ δ. With these substitutions

and reversing the order in the inequality (for readability) we get:

R′(z,t)
︷ ︸︸ ︷
r(z, t) ≤

k∙R(z,t)
︷ ︸︸ ︷

k

∫ t

τ

r(z, s) ds +

≤δ
︷ ︸︸ ︷
r(z, τ ) +ε(t − τ) (6.24)

which implies:

R′(z, t) − k ∙ R(z, t) ≤ δ + ε(t − τ).

Multiplying both sides by e−k(t−τ) gives:

e−k(t−τ)R′(z, t) − e−k(t−τ)k ∙ R(z, t) ≤ δe−k(t−τ) + ε(t − τ)e−k(t−τ). (6.25)

We integrate (6.25) and make good use of integration by parts,
∫

udv = uv −
∫

vdu.

Integration of the first term in the left hand side of the inequality (6.25) gives

∫ t

τ

u
︷ ︸︸ ︷
e−k(s−τ)

dv
︷ ︸︸ ︷
R′(z, s) ds = e−k(s−τ)R(z, s)

∣
∣
∣
t

τ
−
∫ t

τ

R(z, s)(−k)e−k(s−τ) ds

= e−k(s−τ)R(z, s)
∣
∣
∣
t

τ
+ k

∫ t

τ

R(z, s)e−k(s−τ) ds,
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since du = −ke−k(s−τ) ds and v = R(z, s).

So the integral of the left hand side of (6.25) is:

∫ t

τ

e−k(s−τ)R′(z, s) − e−k(s−τ)k ∙ R(z, s) ds =

e−k(s−τ)R(z, s)
∣
∣
∣
t

τ
+ k

∫ t

τ

R(z, s)e−k(s−τ) ds −
∫ t

τ

e−k(s−τ)k ∙ R(s, t) ds

= e−k(s−τ)R(z, s)
∣
∣
∣
t

τ
= e−k(t−τ)R(z, t) − R(z, τ )

︸ ︷︷ ︸
=0

= e−k(t−τ)R(z, t).

Integration of the first term in the right hand side of the inequality (6.25) easily gives

∫ t

τ

δe−k(s−τ) ds = −
δ

k
e−k(s−τ)

∣
∣
∣
t

τ

=

(

−
δ

k
e−k(t−τ)

)

−

(

−
δ

k
∙ 1

)

=
δ

k

(
1 − e−k(t−τ)

)
.

Integration of the second term in the right hand side of the inequality (6.25) is done

via integration by parts:

∫ t

τ

u
︷ ︸︸ ︷
ε ∙ (s − τ)

dv
︷ ︸︸ ︷
e−k(s−τ) ds = ε (s − τ) ∙

−1

k
e−k(s−τ)

∣
∣
∣
t

τ
−
∫ t

τ

−1

k
e−k(s−τ) ∙ ε ds

= ε (s − τ) ∙
−1

k
e−k(s−τ)

∣
∣
∣
t

τ
+

ε

k

∫ t

τ

e−k(s−τ) ds

= ε (s − τ) ∙
−1

k
e−k(s−τ)

∣
∣
∣
t

τ
−

ε

k2
e−k(s−τ)

∣
∣
∣
t

τ

= −
ε (t − τ)

k
e−k(s−τ) −

ε

k2

(
e−k(t−τ) − 1

)

since du = ε ds and v = −1
k

e−k(s−τ).
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So the integral of the right hand side of (6.25) is:

∫
δe−k(s−τ) + ε(s − τ)e−k(s−τ) ds =

=
δ

k

(
1 − e−k(t−τ)

)
−

ε (t − τ)

k
e−k(s−τ) −

ε

k2

(
e−k(t−τ) − 1

)

=
δ

k

(
1 − e−k(t−τ)

)
−

ε k (t − τ)

k2
e−k(s−τ) −

ε

k2

(
e−k(t−τ) − 1

)

=
δ

k

(
1 − e−k(t−τ)

)
−

ε

k2
k (t − τ) e−k(s−τ) −

ε

k2
e−k(t−τ) +

ε

k2

=
δ

k

(
1 − e−k(t−τ)

)
−

ε

k2
e−k(s−τ) (k (t − τ) + 1) +

ε

k2
.

Combining our expressions for the left and right hand sides of (6.25) we get the

inequality:

e−k(t−τ)R(z, t) =
δ

k

(
1 − e−k(t−τ)

)
−

ε

k2
e−k(s−τ) (k (t − τ) + 1) +

ε

k2
.

We move the e−k(t−τ) to the other side:

R(z, t) =
δ

k

(
ek(t−τ) − 1

)
−

ε

k2
(k (t − τ) + 1) +

ε

k2
ek(t−τ).
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We plug the above expression for R(z, t) into (6.24):

r(z, t) ≤

k∙R(z,t)
︷ ︸︸ ︷

k

∫ t

τ

r(z, s) ds +

≤δ
︷ ︸︸ ︷
r(z, τ ) +ε(t − τ)

≤ k ∙ R(z, t) + δ + ε(t − τ)

= k

(
δ

k

(
ek(t−τ) − 1

)
−

ε

k2
(k (t − τ) + 1) +

ε

k2
ek(t−τ)

)

+ δ + ε(t − τ)

= δ
(
ek(t−τ) − 1

)
−

ε

k
(k (t − τ) + 1) +

ε

k
ek(t−τ) + δ + ε(t − τ)

= δek(t−τ) −
ε

k
+

ε

k
ek(t−τ)

= δek(t−τ) +
ε

k

(
ek(t−τ) − 1

)
.

Since we defined r(z, t) = ||ϕ1(z, t) − ϕ2(z, t)|| we are done for the case τ ≤ t ≤ b.

The case of a ≤ t ≤ τ is proven in an identical manner except for minor changes

such as in the limits of integration.

The following theorem and its proof are based on Theorem 2.2, on page 10, of

Coddington & Levinson [23]. Our version is somewhat different, being a global, rather

than local result.

Theorem 6.1.3.5. Let t0, t
′ ∈ R with t0 < t′.

For each integer n ≥ 1 let pn partition [t0, t
′] and satisfy |pn | < min{δf , δεn , δεn/M}.

Suppose that the εn → 0. Then:

1. The polygonal Euler Iterates ϕpn, converge uniformly on D× [t0, t
′] to a contin-

uous function ϕ[t0,t′].

2. ϕ[t0,t′](z, t) is the unique continuous solution of DE1 on D × [t0, t
′].

3. The DE1 has a unique continuous solution ϕ valid on D × [t0,∞). It is an

extension of ϕ[t0,t′](z, t).
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4. Let ϕ be the unique solution of DE1 with I.C. ϕ(z, 0) = z that is valid on

D × [0,∞). Let t, s ≥ 0 then ϕ(z, s + t) = ϕ(ϕ(z, s), t) so that ϕ is a semi-

flow 3.

Proof. 1. Uniform Convergence of ϕp. First we show that the polygonal Euler

Iterates ϕpn(z, t) converge uniformly on D×[t0, t] to a continuous function ϕ[t0,t′](z, t).

By Lemma 6.1.3.3 for each n ≥ 1, ϕpn(z, t) is an εn solution. Theorem 6.1.3.4

applied ϕpn and ϕpm guarantees that if for some (z, τ ) ∈ D × [t0, t
′] we have

||ϕpn(z, τ ) − ϕpm(z, τ )|| ≤ δn,m (6.26)

for some δn,m ≥ 0. Then we have for all (z, t) ∈ D × [t0, t
′]:

||ϕpn(z, t) − ϕpm(z, t)|| ≤ δn,m ek|t−τ | +
εn + εm

k

(
ek|t−τ | − 1

)
. (6.27)

where k > 0 is the Lipschitz constant for f on D × [t0, t
′]. ((6.27) is just inequality

(6.21) rewritten in terms of ϕpn and ϕpm .) But by the definition of ϕp we have:

ϕpn(z, t0) = ϕpm(z, t0) = ξ(z)

so letting τ = t0, (6.26) becomes:

||ϕpn(z, t0) − ϕpm(z, t0)|| ≤ δn,m = 0.

If we set α = t′ − t0, then for all t ∈ [t0, t
′], we have ek|t−τ | = ek|t−t0| ≤ ekα . With

these replacements inequality (6.27) becomes:

||ϕpn(z, t) − ϕpm(z, t)|| ≤
εn + εm

k

(
ekα − 1

)
, ∀ (z, t) ∈ D × [t0, t

′]. (6.28)

3Let X be a set. θ : X × [ 0,∞) → X is a semi-flow if whenever t1, t2 ≥ 0 and x ∈ X we have
θ(x, t1 + t2) = θ(θ(x, t1), t2) and θ(x, 0) = x ∀ x ∈ X.
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Cn is complete so (6.28) implies that the sequence ϕpn uniformly converges to a

unique function we’ll call ϕ[t0,t′]. Each ϕpn is continuous by Lemma 6.1.3.1. So

by the standard topological result (see Lemma 6.2.2.2) the function ϕ[t0,t′] must be

continuous.

So we’ve proven that ϕpn converges uniformly to a continuous function ϕ[t0,t′].

2a. Solution of DE1. Next we prove that ϕ[t0,t′] is a solution of DE1.

For each n the polygonal Euler Iterate ϕpn(z, t) is an εn solution by Lemma 6.1.3.3,

moreover in the proof of that lemma we showed that except at possibly t ∈ pn, that

∂
∂t

ϕpn = ϕ′
pn

exists, and that

||ϕ′
pn

(z, t) − f(ϕpn(z, t), t)|| < εn, ∀ (z, t) ∈ D × ([t0, t
′] \ pn) . (6.29)

With this in mind we define:

Δpn(z, t) =






ϕ′
pn

(z, t) − f(ϕpn(z, t), t), if (z, t) ∈ D × ([t0, t
′] \ pn) ;

0, if (z, t) ∈ D × pn.

The equality

ϕ′
pn

(z, s) = f(ϕpn(z, s), s) +

Δpn (z,s)
︷ ︸︸ ︷
ϕ′

pn
(z, s) − f(ϕpn(z, s), s) (6.30)

holds except when s ∈ pn, a finite set (of measure zero w.r.t. ds). Equation (6.30)

and the fundamental theorem of calculus yield for (z, t) ∈ D × [t0, t
′]:

ϕpn(z, t) = ξ(z) +

∫ t

t0

f(ϕpn(z, s), s) + Δpn(z, s) ds. (6.31)

From the first part of this proof we know that the sequence of ϕpn(z, t), see (6.31),

converges uniformly to a continuous function which we’ve named ϕ[t0,t′]. In this part
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of the proof we concentrate on the right hand side of (6.31).

Since ϕpn converges uniformly to ϕ[t0,t′] on D × [t0, t
′] it follows that (ϕpn(z, t), t)

converges uniformly to (ϕ[t0,t′](z, t), t) on D× [t0, t
′]. Since D× [t0, t

′] is compact, f is

uniformly continuous on D× [t0, t
′]. It then follows from general topological consider-

ations, see Lemma 6.2.2.3, that f(ϕpn(z, t), t) converges uniformly to f(ϕ[t0,t′](z, t), t)

on D × [t0, t
′].

Moreover, (6.29) implies that Δpn converges uniformly to the constant function 0

on D × [t0, t
′] \ pn. On D × pn we have Δpn = 0. So on all of D × [t0, t

′] we have Δpn

converges uniformly to the constant function 0.

f(ϕpn(z, t), t) and f(ϕ[t0,t′](z, t), t) are continuous on the compact set D × [t0, t
′]

and hence are integrable for each z ∈ D w.r.t. t ∈ [t0, t
′]. Δpn is continuous on

D × ([t0, t
′] \ pn) and bounded on D × [t0, t

′]. So Δpn(z, t) is integral for each z ∈ D

w.r.t. t ∈ [t0, t
′].

So f(ϕpn(z, t), t) + Δpn(z, t) is integrable and uniformly converges to f(ϕ(z, t), t)

which is also integrable.

The first part of this proof and (6.31) imply the first and second equalities of (6.32)

below. The uniform convergence of f(ϕpn(z, t), t) + Δpn(z, t) to f(ϕ[t0,t′](z, t), t) and

their integrability implies (by Lemma 6.2.2.4) the last equality in (6.32):

ϕ[t0,t′](z, t) = lim
n→∞

ϕpn(z, t) (6.32)

= lim
n→∞

(

ξ(z) +

∫ t

t0

f(ϕpn(z, s), s) + Δpn(z, s) ds

)

= ξ(z) +

∫ t

t0

f(ϕ[t0,t′](z, s), s) ds.

But then ϕ[t0,t′](z, t) satisfies DE1, by the Fundamental Theorem of Calculus (differ-

entiate the last part of (6.32)).
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2b. Uniqueness. Uniqueness follows immediately from Theorem 6.1.3.4: if ϕ1 and

ϕ2 are two solution of DE1 then they are ε solutions with ε = 0. I.e., ε1 = ε2 = 0.

Moreover, δ = 0 since ϕ1(z, t0) = ϕ2(z, t0). But then (6.21) becomes ||ϕ1(z, t) −

ϕ2(z, t)|| ≤ 0 on D × [t0, t
′], which implies ϕ1 = ϕ2. Hence uniqueness.

3. Extension to D × [t0,∞). We define ϕ(z, t) on D × [t0,∞) as follows. Let

z ∈ D. Then ϕ(z, t0) = ξ(z). If ta > t0 then ϕ(z, ta) = ϕ[t0,ta](z, ta).

Let tb ≥ t0. By the uniqueness part of this Theorem, for each ta, t0 ≤ ta ≤ tb we

know that ϕ[t0,tb] restricted to D× [t0, ta] is equal to ϕ[t0,ta]. So ϕ restricted D× [t0, tb]

is equal to ϕ[t0,tb]. So ϕ satisfies DE1 on D× [t0, tb]. Since tb ∈ R was arbitrary other

than tb ≥ t0 we have shown that ϕ satisfies DE1 on all of D × [t0,∞). Finally, if ϕ2

also satisfies DE1 on D× [t0,∞) then, by uniqueness, ϕ2 restricted to D× [t0, tb] must

equal ϕ[t0,tb] which in turn equals ϕ restricted to [t0, tb], by our previous comments.

Since tb ∈ R was arbitrary other than tb ≥ t0 we have shown that ϕ is unique.

4. Semi-flow. Let ϕ be the unique solution of DE1 with I.C. ϕ(z, 0) = z that is

valid on D×[0,∞). Let t, s ≥ 0. Define ϕ̂(z, t) = ϕ(ϕ(z, s), t) and ϕ̆(z, t) = ϕ(z, s+t).

Then

ϕ̂′(z, t) = f(ϕ(ϕ(z, s), t), t) = f(ϕ̂(z, t), t)

ϕ̂(z, 0) = ϕ(ϕ(z, s), 0) = ϕ(z, s)

and

ϕ̆′(z, t) = f(ϕ(ϕ(z, s), t), t) = f(ϕ̆(z, t), t)

ϕ̆(z, 0) = ϕ(z, s + 0) = ϕ(z, s).
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So both ϕ̆ and ϕ̆ solve ODE1 with I.C. z → ϕ(z, s) at t = 0, and both are defined on

D × [0,∞). Hence by the uniqueness part of item 3 of this theorem ϕ̆(z, t) = ϕ̆(z, t)

and so ϕ(z, s + t) = ϕ(ϕ(z, s), t). Moreover, ϕ(z, 0) = z, by our construction in this

part of the theorem, so ϕ is a semi-flow

6.2 Standard Results from Topology and Analysis

The following standard results from topology and real analysis are useful. My proofs

of these results are included for reference and completeness, also see [71, 84, 82].

6.2.1 Standard Topological Results

Lemma 6.2.1.1. Let Γ ⊂ X a topological space. Suppose fa : Γ × [ta, tb] → Y and

fc : Γ× [tb, tc] → Y are both continuous and that fa and fc agree on Γ× {tb}. Define

(fa ∪ fc)(x, t) =






fa(x, t), if (x, t) ∈ Γ × [ta, tb] ;

fc(x, t), if (x, t) ∈ Γ × [tb, tc].

Then (fa ∪ fc) : Γ × [ta, tc] → Y is well defined and continuous.

Proof. See Figure 6.1. By symmetry it suffices to show that (fa ∪ fc) is continuous

at each (x, t) ∈ Γ × [ta, tb].

To show continuity at the point (x, t) it suffices to show that if W is an open set

in Y containing (fa ∪ fc)(x, t), then there is an open set V in Γ × [ta, tc] containing

(x, t) such that (fa ∪ fa)(V ) ⊂ W .

First, let (x, t) ∈ Γ× [ta, tb) and suppose that (fa∪fb)(x, t) ∈ W open in Y . Since

fa is continuous on Γ × [ta, tb] there exists an open set V in Γ × [ta, tb] having the

property that (x, t) ∈ V and fa(V ) ⊂ W . We can take V to be constructed out of
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ta tb tc t

Γ

XX

fc continuous
here.

fa continuous
here.

Figure 6.1: (fa ∪ fc)(x, t) is continuous if fa is continuous on Γ × [ta, tb] and fc is
continuous on Γ × [tb, tc] and fa = fc on Γ × {tb}. See Lemma 6.2.1.1.

basic open sets; that is, to be of the form: V = (U ∩ Γ) × (tα, tβ) , with x ∈ U open

in X and t ∈ (tα, tβ). But V ∩ (Γ × [tb, tc]) = ∅, so (fa ∪ fc)(V ) = fa(V ) ⊂ W .

Next, let (x, tb) ∈ Γ × {tb} and suppose that (fa ∪ fb)(x, t) ∈ W open in Y .

Since fa is continuous on Γ× [ta, tb] there exists an open set V1 in Γ× [ta, tb] having

the property that (x, tb) ∈ V1 and fa(V ) ⊂ W . We can take V to be constructed out

of basic open sets; that is, to be of the form: V = (U1 ∩ Γ) × (t1, tb] , with x ∈ U1

open in X.

Since fc is continuous on Γ× [tb, tc] there exists an open set V2 in Γ× [tb, tc] having

the property that (x, tb) ∈ V2 and fc(V2) ⊂ W . We can take V2 to be constructed out

of basic open sets; that is, to be of the form: V2 = (U2 ∩ Γ) × [tb, t2) , with x ∈ U2

open in X.

Consider V = (U1 ∩ U2 ∩ Γ) × (t1, t2). Clearly (x, tb) ∈ V and V is open in

Γ × [ta, tc]. Using the definition of (fa ∪ fc) and the assumption that fa agrees with
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fc on Γ × {tb} we have:

(fa ∪ fc)(V ) = (fa ∪ fc) ((U1 ∩ U2 ∩ Γ) × (t1, t2))

= fa ((U1 ∩ U2 ∩ Γ) × (t1, tb])
⋃

fc ((U1 ∩ U2 ∩ Γ) × [tb, t2))

⊂ W.

6.2.2 Standard Results about Uniform Continuity and Con-

vergence

Theorem 6.2.2.1. Heine – Cantor Theorem. Let X and Y be metric spaces and let

X be compact. Let g : X → Y continuously. Then given ε > 0 ∃ δε > 0 such that if

xa, xb ∈ X with d(xa, xb) < δε then d(g(xa), g(xb)) < ε.

Proof. Suppose not. Then there exists a sequence (xn, x′
n) ∈ X × X such that

d(xn, x′
n) → 0 for all n, but d(g(xn), g(x′

n)) > ε.

By compactness we can extract a sub sequence of the xn, say xnk
which converges

to some x ∈ X. By the same reasoning, a subsequence of the x′
nk

, say x′
nkj

converges

to some x′ ∈ X.

Since a subsequence of a convergent sequence converges to the same limit as the

original sequence, we have xnkj
converges to x.

Since d(xn, x′
n) → 0 it must be the case that x = x′. So both x′

nkj
and xnkj

converge to x. By the continuity of g, both g(x′
nkj

) and g(x′
nkj

) converge to g(x).

Contradicting d(g(xn), g(x′
n)) > ε for all n.

Lemma 6.2.2.2. Let fn be a sequence of continuous functions from X to Y which

converge uniformly to f . Then f is continuous.

Proof. Let ε > 0 be given. Since fn → f uniformly there exists an N > 0 such that
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n ≥ N implies that d(fn(x), f(x)) < ε/3 for all x ∈ X. Pick any m > N . Since fm

is continuous at x there exists a δx,ε/3,fm > 0 such that y ∈ X and d(x, y) < δx,ε/3,fm

implies d(fm(x), fm(y)) < ε/3.

So let d(x, y) < δx,ε/3,fm then

d(f(x), f(y)) ≤

<ε/3
︷ ︸︸ ︷
d(f(x), fm(x)) +

<ε/3
︷ ︸︸ ︷
d(fm(x), fm(y)) +

<ε/3
︷ ︸︸ ︷
d(fm(y), f(y)) < ε.

So f is continuous.

Lemma 6.2.2.3. Let fn be a sequence of continuous functions from X to Y which

converge uniformly. Let g map Y to Z be uniformly continuous. Then g◦fn converges

uniformly to g ◦ f .

Proof. Let ε > 0 be given. Since g is uniformly continuous on Y there exists a δε > 0

such that y1, y2 ∈ Y and d(y1, y2) < δε implies d(g(y1), g(y2)) < ε. Since the sequence

of fn converges uniformly there exists an N > 0 such that m,m′ ≥ N implies that

d(fm(x), fm′(x)) < δε for all x ∈ X. But then if m,m′ ≥ N it is the case that

d(g ◦ fm(x), g ◦ fm′(x)) < ε for all x ∈ X.

Lemma 6.2.2.4. Let fn be a sequence of integrable functions from X to Y which

converge uniformly to f an integrable function. Let Y have norm || ||. Let μ(X) =

the measure of X be finite. Then

∫

X

f dμ =

∫

X

lim
n→∞

fn dμ = lim
n→∞

∫

X

fn dμ.

Proof. Let ε > 0 be given. Let 0 < μ(X) < ∞ be the measure of X. Since the

sequence of fn converges uniformly there exists an N > 0 such that m ≥ N implies
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that ||f − fn|| < ε
μ(X)

for all x ∈ X. But then if m ≥ N it is the case that

∣
∣
∣
∣

∣
∣
∣
∣

∫

X

f − fn dμ

∣
∣
∣
∣

∣
∣
∣
∣ ≤

∫

X

||f − fn|| dμ

≤
∫

X

ε

μ(X)
dμ

=
ε

μ(X)
∙ μ(X)

= ε.
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Chapter 7

Appendix: Graphs of Treatment

Success Probabilities

7.1 Error Catastrophe and u

We use the Matlab applications developed earlier to produce graphs of “the probabil-

ity of successful treatment” versus “mutation rate u” for the Iwasa, Michor, Nowak

model [48, 49] 1. See Figures 7.1 (page 409) and 7.2 (page 410).

Some of the graphs are startling for their abrupt transitions and step-like features:

If we let the “single digit mutation probability” u go from 0 to 1 the graph of the

success probability is step-like, with values of essentially 0 or 1, except in abrupt

transition zones having sharp thresholds.

We see at high mutation rates that the treatment is successful with probability

1. This result differs from what one expects from Iwasa, Michor, and Nowak’s de-

velopment of their model [48, 49] as they discount back mutation and assume u is

small. They view the process of the development of resistance in terms of mutating

to the escape mutant, which will then escape with probability of 1 − 1/Rm. This is

1We will assume that the mutation rate i → j, denoted uij , is uhij (1 − u)n−hij where hij is the
Hamming distance between the base 2 representations of i and j.
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the correct escape probability for the escape mutant 2 if one does not permit (back)

mutation, or approximately true, generally, for very low mutation rates.

The sort of effects we find in our graphs, abrupt transitions, and special effects

at high mutation rates, are similar to those discovered by Manfred Eigen in his qua-

sispecies and error catastrophe theory. Error catastrophe theory was originated by

Manfred Eigen in 1971 3

According to Eigen [28] (2002):

The term error catastrophe is of a descriptive nature and lacks a clear-

cut definition. A catastrophe is usually triggered if certain tolerances are

exceeded. For replication, there is indeed such a limiting value of error or

mutation rate that must not be surpassed if the wild type 4 is to be kept

stable. We call this limit the error threshold. Why is it a sharply defined

limit? Why does the efficiency of replication not vary monotonically with

the error rate 5?

Error catastrophe theory is not just of interest to theoreticians, it has become

important in the search for antiviral drugs. Eigen [28] (2002) writes:

The term error catastrophe, originally introduced in the theory of

molecular evolution [27], has become fashionable among virologists. In

a recent paper in PNAS [24], it was suggested, on the basis of quan-

titative sequence studies, that ribavirin, a common antiviral drug, by its

mutagenic action drives poliovirus into an error catastrophe of replication,

thereby turning a productive infection into an abortive one.

2See the paragraph preceding Equation (5.8) (page 338) and let D = 1.
3Error catastrophe theory is an aspect of quasispecies theory [27, 30, 29]. Quasispecies theory,

along with the error catastrophe theory, was originated by Eigen in his 1971 paper [27].
4“Wild type,” in the above quote, is the virus with the genotype which allows it to produce the

greatest number of offspring.
5The error rate is u.
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Developing successful anti-viral drugs by pushing the virus’ mutation rate into the

high mutation zone to the right of the well runs counter to intuition about resistance.

I.e., pathogens mutate to avoid the immune response and drug treatment. There are

real risks involved. In particular: pushing a virus, one that mutates slowly enough

to be treatable, into the bottom-of-the-well region where it can not be successfully

treated.

The graphs produced in this section, and the issues they raise, are further areas

for interesting and potentially useful research.

7.2 The mathematics of the graphs’ step-like be-

havior and abrupt transitions

In the Iwasa, Michor, Nowak model [48, 49] the probability that the treatment will

be successful 6 (meaning 0 escapes) is:

P (0) =
λ0

0!
e−λ = e−λ = e−N

∑n
i=1 xiξi (7.1)

where P is the Poisson distribution with mean

λ = N

m∑

i=0

xiξi. (7.2)

N is the the number of virus, bacteria, or cancer cells present at the start of treatment;

{xi}m
0 is the quasispecies equilibrium distribution from the pre-treatment phase; and

ξi is the escape probability for a single particle of type i.

Since N, {xi}m
0 > 0, Equations (7.1), (7.2) imply that

P (0) = 1 ⇔ {ξi}
m
0 = 0 ⇔ q = 1,

6See Section 5.4 (page 365) for more details.
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where we write q for the vector of extinction probabilities, with 1 − q = {ξi}m
0 .

By Theorem 5.3.1.1 (page 352) 7 if a discrete branching process is positively regular

and not singular then

q = 1 ⇔ ρ ≤ 1 (7.3)

where ρ is the dominant eigenvalue of M, the matrix of first moments. We showed in

Theorem 5.3.1.2 (page 354) that if a continuous branching process is defined in terms

of a discrete process,

G(z, Δt) = F(z)Δt + z, (7.4)

then the vector of extinction probabilities in the continuous and discrete processes are

identical 8. We showed that the continuous branching process in the IMN model [48,

49] 9 can be defined as in (7.4). This was shown by Equation (5.18) (page 349), which

we reproduce here:

gi(z, Δt) = Δt + (1 − (1 + Ri)Δt)zi + ziRiΔt
m∑

j=0

ui,jzj ; i = 0, 1, . . . ,m

=

(

1 − zi(1 + Ri) + ziRi

m∑

j=0

ui,jzj

)

︸ ︷︷ ︸
Fi(z)

Δt + +zi; i = 0, 1, . . . ,m

The relevant matrix of first moments is

M =

{
∂gi

∂zj

(1, Δt)

}

= {mij},

7Theorem 5.3.1.1 (page 352) is a collection of results about discrete processes found in Harris [42].
8Actually ‘discrete processes’, since G(z, Δt) = F(z)Δt + z is a different process for each Δt.
9We showed this in Section 5.3 (page 345).
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which we calculate here: if i = j

mii =
∂gi

∂zi

(1, Δt) = (1 − (1 + Ri)Δt) + 2Δt ∙ Riuii + Δt ∙ Ri

m∑

j=0

i 6=j

uij

= 1 − (1 + Ri)Δt + 2RiuiiΔt + Ri(1 − uii)Δt

= 1 − (1 + Ri)Δt + RiuiiΔt + RiuiiΔt︸ ︷︷ ︸
2RiuiiΔt

+Ri(1 − uii)Δt

= 1 − Δt − RiΔt + RiuiiΔt + RiΔt

= 1 − Δt + RiuiiΔt (7.5)

and if i 6= j

mij =
∂gi

∂zj

(1, Δt) = RiuijΔt. (7.6)

Define the matrix A = {aij}, where aij = Riuij . Then (7.5) and (7.6) imply:

mij =






1 − Δt + aiiΔt, if i = j;

aijΔt, if i 6= j.
(7.7)

Writing (7.7) in matrix form we get

M = (1 − Δt)I + Δt ∙ A. (7.8)

Let R = Rij be the diagonal matrix with Rii = Ri. Let U = uij be the mutation

matrix. Then A = RU and (7.8) becomes

M = (1 − Δt)I + Δt ∙ RU. (7.9)

From (7.9) it is clear that ρ′
RU is an eigenvalue of RU if and only if

1 − Δt + ρ′
RUΔt (7.10)
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is an eigenvalue of M. So the dominant eigenvalue of M is 1 if and only if the

dominant eigenvalue of RU is 1.

Let ρRU be the dominant eigenvalue of RU and let ρ be the dominant eigenvalue

of M. By (7.10), which is an increasing function with respect to ρ′
RU , we have

ρ = 1 − Δt + ρRUΔt

and so

ρ ∈ (0, 1) ⇔ ρRU ∈ (0, 1) ⇔ ρRU < ρ (7.11)

ρ = 1 ⇔ ρRU = 1 ⇔ ρRU = ρ

ρ ∈ (1,∞) ⇔ ρRU ∈ (1,∞) ⇔ ρRU > ρ. (7.12)

7.2.1 The behavior of ρRU and ρ when u is near the end points

of [0,1]

The following argument shows that it is always the case that ρ > 1 for small values

of u:

When u = 0 the matrix U = I and so RU = R, which is diagonal. This im-

plies that ρRU will be the maximal (diagonal) entry of R, which by assumption is

Rm > 1. By (7.12) it follows that ρ > 1. The result then follows from the continuity

of eigenvalues [63, p. 130], or by the Gershgorin circle theorem 10 [68, p. 498].

The following argument shows that if u is near 1 then

ρRU ≈ max
i=0,...,m

√
RiRc(i) (7.13)

10Gerschgorin, S. Über die Abgrenzung der Eigenwerte einer Matrix. Izv. Akad. Nauk. USSR
Otd. Fiz.-Mat. Nauk 7, 749-754, 1931 [39].
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where c(i) is the complement of i with respect to i’s representation as binary number

of length n 11:

Basically, u = 1 means a type replicates its complement with perfect fidelity 12.

This allows us to quickly write RU and to solve the eigenvalue – eigenvector equation.

For concreteness, we do this for the case when n = 2 and the complementary types

00, 11:

00 01 10 11

00

01

10

11












0 0 0 R00

0 0 R01 0

0 R10 0 0

R11 0 0 0























√
R00

R11

0

0

±1












= ±
√

R00R11












√
R00

R11

0

0

±1












.

In general, each pair of complementary types, i and c(i), will yield a pair of linearly

independent eigenvectors, e.g.









0, . . . , 0,

√
Ri

Rc(i)
︸ ︷︷ ︸

ith position

, 0, . . . , 0, ±1︸︷︷︸
c(i) position

, 0, . . . , 0









T

having eigenvalues

±
√

RiRc(i) .

Moreover, the eigenvectors from one complementary pair will be linearly independent

of the eigenvectors of the other complementary pairs. Since there are at most 2n

linearly independent eigenvectors for RU we’ve accounted for all the possibilities.

The desired result then follows from the continuity of eigenvalues [63, p. 130].

11For example, if n = 4 then c(2) = c(0010) = 1101 = 13.
12For example: if n = 4 then a type 0010 will always replicate a type 1101.
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We are assuming for i = 0, 1, . . . ,m − 1 that 0 < Ri < 1 < Rm. So for

i ∈ 1, . . . ,m − 1 we have 0 <
√

RiRc(i) < 1.

So if u ∈ [0, 1] is sufficiently close to 1 and

RmR0 > 1 (resp. < 1) we have ρRU , ρ > 1 (resp. < 1), (7.14)

which follows from (7.13) and (7.11), (7.12).

Note: whether or not ρ ≤ 1 for some value of u ∈ [0, 1] depends upon

R.

7.2.2 The explanation of the graphs’ step-like features and

abrupt transitions

We are now ready to explain the step like features and abrupt transitions seen in

Figures 7.1 (page 409), 7.2 (page 410), and 7.3 (page 411).

If ρRU ≤ 1 then, by (7.11), ρ ≤ 1 and so (7.3) (page 402) implies that the vector

of extinction probabilities q = 1 and so all the escape probabilities will be 0. So the

probability of successful treatment will be 1.

On the other hand, if ρRU > 1 then, by (7.12), ρ > 1 and so (7.3) (page 402) implies

that the vector of extinction probabilities, q, is not 1. So the escape probabilities,

ξi = 1 − qi, will not all be 0. But then the escape probability for a cell randomly

selected at the start of treatment

m∑

i=0

xiξi > 0
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since all the xi > 0 13. See Equations (7.1), (7.2). Since

P (successful treatment) = e−N
∑

xiξi (7.15)

it follows that if

N >
− ln(0.01)
∑m

i=0 xiξi

(7.16)

then

P (successful treatment) < 0.01.

See 14 , 15 . Unless of course ρRU ≤ 1, in which case

P (successful treatment) = 1

as discussed above.

So the graph of P (successful treatment) versus u will have a step-like shape and

abrupt transitions if N satisfies (7.16) for each u ∈ [0, 1] and R is such that ∃ u ∈ [0, 1]

implying ρRU ≤ 1. Determining whether N satisfies this condition is non-trivial, the

same goes for R.

See Figures 7.3 (page 411) and 7.4 (page 412).

7.2.3 Further research

One direction for further research would be to use the Gershgorin circle theorem to

formulate sufficient conditions on R to insure ρRU ≤ 1 for some value of u. Addition-

ally, it seems that ρRU as a function of u ∈ [0, 1] is concave up and catenary shaped.

13All the xi > 0 since x = (x0, . . . , xm) is the quasispecies equilibrium eigenvector of W from the
pre-treatment part of the model. The matrix W is assumed to be > 0 and so the vector x > 0 by
Birkhoff’s Projective Contraction Theorem [12], which we discuss in Part I of this dissertation.

14To obtain (7.16) we set P (successful treatment) = .01 in Equation (7.15). The value of 0.01 was
chosen for concreteness.

15By (7.14), if R0Rm > 1 and N satisfies (7.16) then for u near 1 the
P (successful treatment) < .01. See u near 1 in Figure 7.3 (page 411).
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See Figure 7.3 (page 411). However, proving this seems difficult. One approach to-

wards proving this might involve approximating ρRU by using Birkhoff’s Projective

Contraction Theorem [12]; i.e. one has

lim
k→∞

∥
∥(RU)k+1v

∥
∥

1

‖(RU)kv‖1

= ρ

for any v > 0.

A second direction for research lies in developing the theory discussed in this

dissertation to accurately model or interpret data from evolutionary biology. See, for

example, [65] (2010) on bacterial evolution and mutation rates.

A third and important direction would be in the area of disease modeling and

treatment, especially as related to diseases which are sometimes resistant to treatment

due to mutation. Some current research includes: [81] (2008) regarding AIDS, HIV

and error catastrophe; [31] (2010) on resistant malaria strains in Africa; and [78, 35]

(both 2010) on clinical and theoretical issues relating to resistance and mutation in

cancer.
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Figure 7.1: Non-uniform pre-treatment quasispecies equilibrium distribution. The
graph shows “Probability of treatment success” on the y-axis, versus the “single digit
mutation probability u” on a log x-axis. At low mutation rates during the pre-
treatment phase the virus doesn’t mutate fast enough to produce sufficient escape
mutants. So when treatment is applied it is successful with probability 1. At the bot-
tom of the well, the mutation rate is high enough that escape mutants are sufficiently
produced and the treatment fails (i.e., is successful with probability 0). If the muta-
tion rate is high enough (to the right of well), many escape mutants are produced.
But their offspring are often non-escape types and are killed by the treatment. The es-
cape mutants themselves eventually succumb to stochastic effects, as each has a small
chance of dying with each clock tick. The result is in the presence of high mutation
rates the treatment is successful with probability 1. When the single digit mutation
rate ≈ 1 = 100 the complement type is being replicated with high fidelity. In this
example, when u = 0.99 the quasispecies equilibrium distribution is 31% wild type
and 51% escape mutant: the wild type replicates escape mutants faster than the es-
cape mutant replicates wild types, so the escape mutant type is somewhat absorbing,
hence it actually dominates the pre-treatment quasispecies equilibrium distribution.
See QuasiSpeciesAug2010.m in 4.3.2 (page 323). Also, notice the rapid transitions,
with clear thresholds, indicated by the well’s steep walls. These effects seem consis-
tent with Eigen’s “error catastrophe” theory [27]. The parameters are as shown in
the title. Note: W0 = 1.6, Wi = 0.6 ∀ i = 1, . . . ,m and Ri = 0.75 ∀ i = 0, . . . ,m − 1
and Rm = 1.5.
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Figure 7.2: The initial distribution of mutant types is uniform. So at the start
of treatment there are sufficient escape mutants to overcome treatment unless the
mutation rate is sufficiently high. Number of mutation loci: top n = 3, bottom
n = 7. All other parameters the same.
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c(u,λ) = characteristic polynomial of RU as function of u.

 Contour plot of c(u,λ) = 0 gives eigenvalues of RU in [0,1] for u ∈ [0,1].
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Figure 7.3: Contour plot (green lines) of characteristic equation c(u, λ) = 0 for RU
superimposed upon plot of “success probability” versus “single digit mutation rate
u” (blue line).

The Matlab code for this graph is contained in the m-file SuccessProbabil-
ityANDeigenvaluePlot.m, which can be found at the end of Section 7.2.4 (page 413).
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 Contour plot of c(u,λ) = 0 gives eigenvalues of RU in [0,1] for u ∈ [0,1].
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Figure 7.4: Contour plot (green lines) of characteristic equation c(u, λ) = 0 for RU
superimposed upon plot of “success probability” versus “single digit mutation rate
u” (blue line). All parameters are the same in both graphs except that N = 100
for the top one and N = 1012 for bottom one (which has a step-like graph). Note√

R0Rm =
√

(0.1)(3) = 0.55.
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7.2.4 Matlab

The following m-file was used to create Figures 7.1 (page 409) and 7.2 (page 410).

The functions, GenFunctionG and uMutationMatrix, found in the code below, are

given in Section 5.3.4 (page 360).

% PlotTreatmentSuccessProbVSmutationRate.m m-file name

% plots treatment success vs u (x axis is log plotted)

%

% ----- user input ------------------------------------

plotpoints = 40; % number of points to plot

exponentRangeMin = -5; % u starts at 10^(-5)

exponentRangeMax = -.1; % u finishes at 10^(-.1)

n = 7; %choose n = number of mutations to escape

N = 10^12;

% ----- user pre-treatment parameters -------------------

%choose 2^n = m+1 pretreatment reproductive ratios

wVector = ones(1,2^n,’double’); % default Wii = 1.0

wVector(1,1) = 1.0; % wVector(1,1) = wild type

% define Woo > Wii [w0 w1 w2 w3 w4 . . . ]

% type 0 = matlab 1, type i = matlab i+1

% type m = 2^n = 1 is matlab 2^n

% --------- user input post treatment -----------------------

its = 3000; % number of times to iterate generating function

R = .75*ones(2^n,1); % reproductive fitnesses vector, default is all 1’s

R(2^n,1) = 1.5; % reproductive fitnesses of escape mutant R_m > 1

% --------- end user input -----------------------------------------

digits(64) % accurate display of answers, used with vpa

SuccessProbVectorY = zeros(1,plotpoints);

uVector = zeros(1,plotpoints);

u = 0;

for i = 1:plotpoints

u = 10^(exponentRangeMin + i*((exponentRangeMax- exponentRangeMin)/plotpoints))
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uVector(1,i) = u;

sucessProb = TreatmentSuccessProbabilityFunction(n,u,N,wVector,its,R)

SuccessProbVectorY(1,i) = sucessProb;

end

figure(1)

semilogx(uVector, SuccessProbVectorY, ’LineWidth’,4)

t=({[’Success Probability vs Single Digit Mutation Rate.’];

[’n = ’, num2str(n), ’, w_{0} = ’, num2str( wVector(1,1)), ’, w_{i} = ’,

num2str( wVector(1,2)), ’, R_{m} = ’,

num2str( R(2^n,1)), ’, R_{i} = ’,

num2str( R(2,1)), ’, and N=10^{12}’ ]});

title(t)

xlabel(’Single Digit Mutation Rate u’)

ylabel(’Success Probability’)

axis([0 1 -.1 1.1])

grid on

The following m-file is a function used in the above code.

function out = TreatmentSuccessProbabilityFunction(n,u,N,wVector,its,R)

% based on TreatmentSuccessProbabilityAug2010.m <-- see for definitions

% calculates the success probability

% by combining pre and post treatment models

% outputs Probability of success

%

digits(64) % accurate display of answers, used with vpa

U = uMutationMatrix(u,n); % create mutation matrix u_ij

% -------------------------------

W = zeros(2^n, 2^n); % create W diagonal vector

for i=1:2^n

W(i,i) = wVector(1,i);

end

QSindex = 0; % initialize QSindex, which is the index number of qs

[EigVects EigValues]= eig(U*W); % Matlab finds Eigenvectors, values
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for j =1:2^n % pick out which one is Quasispecies

if abs( sum( sign(EigVects(:,j)))) == 2^n

QSindex = j;

end

end

QS = vpa(EigVects(:,QSindex)/sum(EigVects(:,QSindex))); %normalize QS column vec

% -------------------------------

dt = .9/(1 + max(R)); % time step ’Delta t’ < max 1/(1 + maxR)

Z = zeros(2^n,1); % initiate column vector of extinction ...

probabilities defaults = 0

Z(2^n,1) = 1/R(2^n,1); % extinction probability of escape mutant ...

if no mutation is 1/Rm

% this slightly speeds up convergence

for i = 1:its % iteration process for extinction probabilities

Z = GenFunctionG(dt,Z,n,R,U);

end

EscapeProbs = zeros(2^n,1); % column vector to hold escape ...

\‘{e} probabilities defaults = 0

for i = 1: 2^n % filling vector to hold escape probabilities

Zescape(i,1) = 1 - Z(i,1);

end

EscapeProbs = vpa(Zescape(:,1));

% -------------------------------

p = vpa(dot(QS,EscapeProbs)); % probability a randomly chosen cell will escape

ExpectedEscapes = vpa(N*p); % expected number of escapes for pop of size N

ProbZeroEscapes = vpa(exp(-N*p)); % treatment is successful

%ProbAtLeastOneEscape = vpa(1 - ProbZeroEscapes) % treatment is a failure

out = ProbZeroEscapes;

The following m-file was used to create Figures 7.3 (page 411) and 7.4 (page 412).

The function m-file TreatmentSuccessProbabilityFunction.m, whose code is given

immediately above, is used in the following program.

% SuccessProbabilityANDeigenvaluePlot.m m-file name

415



% Plots probability of treatment success vs single digit mutation rate u

% and overlays eigenvalue contour plot

%-------------------------------------------

clear

hold off

% ----- user input ------------------------------------

plotpoints = 200; % number of points to plot

umin = 10^(-7); % minimum u

umax = .9999999999; % maximum u

n = 3; % n = number of mutations to escape

Nexp = 12; % usually 12; when n = 2, let N = 100;

N = 10^Nexp; % N = population size start of treatment

% ------warning: N needs to be manually adjusted in title below!

% ----- user pre-treatment parameters ----------------------

% ------ choose 2^n = m+1 pretreatment reproductive ratios -

wVector = .75*ones(1,2^n,’double’); % default Wii = 1.0

wVector(1,1) = 1.5; % wVector(1,1) = wild type

% define Woo > Wii [w0 w1 w2 w3 w4 . . . ]

% type 0 = matlab 1, type i = matlab i+1

% type m = 2^n = 1 is matlab 2^n

% --------- user input post treatment -----------------------

its = 9000; % number of times to iterate generating function

R = .5*ones(2^n,1); % reproductive fitnesses vector, default is all 1’s

Rm = 2; % escape mutant reproductive ratio

R(2^n,1) = Rm; % reproductive fitnesses of escape mutant R_m > 1

% R(1,1) = .1; % Ro = 0.1 (wild type’s)

% ------ defaults

LamMax = 1.1* Rm; % maximum eigenvalue, assuming Rm dominates

LamMin = -0.1; % minimum eigenvalue

Lam = LamMin: (LamMax - LamMin)/plotpoints: LamMax; % y direction .01

exponentRangeMin = -5; % u starts at 10^(-5)

exponentRangeMax = -.00001;% u finishes at 10^(-.1)

% --------- end user input -----------------------------------------
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% -------- program code -------------------------

U = umin: (umax - umin)/plotpoints : umax; %the u’s to plot

Rmatrix = zeros(2^n,2^n); % Constructing the R matrix

for i = 1:2^n

Rmatrix(i,i) = R(i);

end

digits(64) % accurate display of answers, used with vpa

SuccessProbVectorY = zeros(1,plotpoints); % vector to hold success probs

uVector = zeros(1,plotpoints); % vector to hold u values

for i = 1:plotpoints % success probabilities calculated here

u = umin + (i/plotpoints)*(umax - umin)

uVector(1,i) = u;

sucessProb = TreatmentSuccessProbabilityFunction(n,u,N,wVector,its,R)

SuccessProbVectorY(1,i) = sucessProb;

end

figure(1) %first we plot success probabilities

plot(uVector, SuccessProbVectorY, ’LineWidth’,4)

axis([umin umax LamMin LamMax])

grid on

hold on % hold image since we have more plotting to do

sizeU = size(U); % accessing size of the matrix U

lenU =sizeU(1,2);

sizeLam = size(Lam); % accessing size of Lam

lenLam =sizeLam(1,2);

UU = ones(lenLam, lenU); % cols of UU are x coords from U

for i=1:lenLam %% build the UU matrix

for j = 1:lenU

UU(i,j) = U(j);

end

end

LamLam = ones(lenLam, lenU); % rows are y coords from Lam

for i=1:lenLam % build the LamLam matrix

for j = 1:lenU
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LamLam(i,j) = Lam(i);

end

end

ZZ = ones(lenLam, lenU); % rows are y coords from Lam

for i=1:lenLam %build the ZZ matrix

for j = 1:lenU

ZZ(i,j) = polyval( poly(Rmatrix* uMutationMatrix(UU(i,j),n) ),...

LamLam(i,j));

end

end

v = [0 0]; % draw single contour line for c(u,lambda) = 0

[C,h] = contour(UU,LamLam,ZZ,v); % produce contour map

set(h,’LineWidth’,3)

grid on

t=({[’Success Probability vs Single Digit Mutation Rate.’];...

[’c(u,\lambda) = characteristic polynomial of RU as function of u.’...

’ Contour plot of c(u,\lambda) = 0 gives eigenvalues of RU’...

’ in [0,1] for u \in [0,1]’];...

[’n = ’, num2str(n), ’, w_{0} = ’,...

num2str( wVector(1,1)),...

’, w_{i} = ’, num2str( wVector(1,2)),...

’, R_{m} = ’, num2str( R(2^n,1)),...

’, R_{i} = ’, num2str( R(2,1)),...

’, and N=10^{12}’ ]}); % N needs to be manually entered here!

title(t)

xlabel(’Single Digit Mutation Rate u’)

ylabel(’Success Probability and eigenvalues \lambda’)

hold off
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7.3 Image Processing Application

We illustrate Birkhoff’s Projective Contraction Theorem [12] by having Matlab apply

the matrix W to each pixel appearing in an image 16, see Figure 7.5 (page 419).

The original image.

200 400 600 800 1000

100

200

300

400

500

600

700

800

Image after the matrix W is applied once.

1000 2000 3000

500

1000

1500

After applying W eight times.

1000 2000 3000 4000 5000 6000

500

1000

1500

Figure 7.5: The coordinate system used in image processing typically addresses
pixels with the positive y direction pointing down. The matrix W is de-
fined in (7.17) (page 419). The positive eigenvector of W , with L1 norm 1 is
(0.7830951895, 0.2169048105) yielding a ratio y/x of 0.2169048105/0.7830951895 =
0.2770. If W is applied eight times, then the ratio y/x, for the tip of the image is
1777/6200 = 0.2866.

16We saw the matrix

W =

(
3 .3
.3 2

)

(7.17)

applied in Figures 3.1 through 3.7 on pages 309 to 315. Cat models in clockwise order, starting with
Quadrant I: Samantha, Precious, Ginger, and Minnie (on left).
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