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Abstract

Finitely generated metabelian and solvable groups
by
Margaret H. Dean

Advisor: Professor Gilbert Baumslag

The main results of this thesis are:

11

1l

v

A wreath product of a free abelian group by a finitely generated torsion-
free nilpotent group can be embedded in the skew field of fractions of
the division ring of a nilpotent group; hence, a finitely generated free

metabelian group can likewise be embedded.

The free metabelian product of a free nilpotent group of class two
and rank two with an infinite cyclic group is residually torsion-free

nilpotent.

The family of groups G;; = (a,b,c;a = [¢', a][¢, b]), known to be abso-
lutely parafree but not free, is relatively free in the variety of groups

determined by the verbal subgroup [F”, F"].

Let P be parafree center by metabelian. Then H = P/P” is parafree

in the variety of metabelian groups.
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Chapter 1

Introduction

1.1 Background and history

Prior to the 1950’s, great strides were made in the study of finitely pre-
sented infinite simple groups. This led to a paper by Philip Hall in 1954 [15],
which propelled the study of finitely generated solvable groups. In the early
1970’s Gilbert Baumslag [6] and Vladimir Remeslennikov [29] independently
constructed examples of finitely presented metabelian groups with a compli-
cated structure. In 1981 Olga Kharlampovich constructed a finitely presented
solvable group with unsolvable word problem [19]. Building on this result
Baumslag, Strebel, and Gildenhuys [8] showed, in 1986, that the isomor-
phism problem for finitely presented solvable groups is unsolvable. Shortly
after, in 1988, Baumslag, Strebel, and Stammbach [9] proved that finitely
generated free metabelian groups contain continuously many non-isomorphic
subgroups. These results reflect the inherent complexity of finitely-presented

solvable groups. Not very much is known about them, and even the simplest



can turn out to be complicated.

This thesis is concerned with two aspects of finitely-generated solvable
groups: an embedding problem, and an investigation into the residual torsion-
free nilpotence properties of free metabelian products. In the last chapter,

we look at a generalization of relatively free groups.

1.2 Notation, definitions and some tools

Let G be any group.

If X is any set contained in GG, denote the normal closure of X in G (the
smallest normal subgroup of G containing X) by gpa(X).

If H< G, we usually denote the coset gH of G/H by g.

Denote the center of G by ((G).

If 2,y are any elements of G, denote the conjugate y~'ay of x by y as a¥,

lzy of x and y as [z, y].

and the commutator x =1y~
Throughout this work we will repeatedly take advantage of the following

commutator identities, several of them due to P. Hall [16]:



For any group G and any z,y, 2z € G,

2.y = [y, 2] (1.1)
yr = ayly,z] (1.2)
v = zr,y] and, 27Y = [y, 2]z’ (1.3)
[z,y] = a7 'a¥ (1.4)
[zy,z] = [z, 2]y, 2] (1.5)
[z,y2] = [z,2][z,y]" (1.6)
e,y = eyl (L.7)
eyl = [y (1.8)
I L0 s w0
[z, y) ™" oyl ] (n<0)
e,y = ([x’y]ml[x’y]ynl >0) (1.10)
[2,y] 7 [,y [,y (0 < 0)

1.1 - 1.8 are proved simply by writing them out. 1.9 and 1.10 follow from
repeated applications of 1.5 and 1.6 respectively.

A useful commutator identity known as the Jacobi Identity for metabelian
groups (derived from a more general identity of the same name for all groups)
is:

For any metabelian group G and any x,y, 2z € G,

[xvyvz][yv'Z’x][zuxvy] =1 (1-11>

Definition 1.2.1. If G and H are any subgroups of a group K, then the



commutator subgroup of G and H is defined as
G, H] = gp(lg,hl | g € G, h € H).
Further, if G1,Gs,...,G, < G, then
G1,Gy, ..., Gy =[G, ...,Gn1], Gyl

Definition 1.2.2. Define the lower central seriesof a group G

G=(G) B (@) & B 3G &

recursively by
’)/Z(G) = [’)/ifl(G), G] = G7 G, ey G].
Definition 1.2.3. A group G is called nilpotent of class c if its lower
central series terminates in the trivial group in c steps; i.e., Ye.41(G) = 1.

Definition 1.2.4. The lower central sequence of a group G is the se-

quence G/v2(G), G /v3(G), . ..

Definition 1.2.5. The series
1=2y, < Z; < ... < Z;, < ... (1.12)

s the upper central series for a group G, where the Z; are defined recur-

swely for i > 0 by the condition



If the upper central series is finite, terminating in G = Z., then G is
nilpotent of class c.

The upper and lower central series are each examples of so-called as-
cending and descending (respectively) central series of a group G. Finite
termination (in G or 1, respectively) of any of these central series guarantees

that G is nilpotent.

Definition 1.2.6. The derived seriesof a group G is

G=G" > G' >...> G > ...
where
Gi — [Gvi—l7 Gi_l].

Fach term is normal in G.

G is usually written as G', and G* as G".

Definition 1.2.7. A group G is called solvable of derived length d if its
derived series terminates in the trivial group in a finite number of steps with

d being the minimum number of such steps.

If K and T are groups and there exists a homomorphism ¢ : T — AutK,
we say that T acts on K.

Definition 1.2.8. Let K and T be groups and suppose T acts on K. Define
a group G = K x4 T, called the semi-direct product of K with T, as

follows:

G={(t,k)|teT ke K}
Multiplication is defined by (¢, k)(u,l) = (tu, k(up)l).

5



Both K and T" are embedded in G by the monomorphisms ¢; : k — (1,k)
for all k € K and 1 : t — (t,1) for all t € T. We often identify k& with (1, k)
and ¢ with (¢,1) whenever there is no chance for ambiguity. Notice that
in G the action of T on K is realized by conjugation. Notice also that by
Identity 1.3, G’ < K.

The following example gives a special case of the construction of a semi-

direct product which will be of interest in Section 2.1:

Example 1.2.9. Let R be a ring with unity, and let T be any subgroup
of the group of units of R. Denote the additive group of R by K and let
¢ T — AutK be defined by t¢ : k — kt for allt € Tk € K. Form the
semi-direct product G = K x4, T. Setwise, G is T' x K. Multiplication in G
is given by (t,k)(u,l) = (tu, ku +1).

Lemma 1.2.10. Let N be a normal subgroup of G. Let Q = G/N, and

suppose that () acts on N wvia ¢. Suppose that
1=Ny<N;<---<N,,=N (1.13)

is a series of normal subgroups of G such that [N, N;| < N;_1. If Q acts

trivially on N;/N;—y fori=1,....,m and if Q is nilpotent, then so is G.

Proof. Tt will suffice to find an ascending central series for G that terminates
in G in a finite number of steps.

Note that G = N x4 (), where the action of () is realized by conjugation,
so there is a monomorphism 1 from () into GG such that ¢ followed by the
canonical homomorphism of G onto @) is the identity map. Choose Y to be
a complete set of representatives of the cosets of N in GG such that for g € Y,

g = q. Denote the image of Q in G by Q. Then G = N x Q.

6



In order to precisely recognise the internal action of @\ on N, we extend
¥ to an isomorphism from N x4 @) into G and abuse notation by calling the
extension v again:

@ZJ:NN(pQ—)G

where qip = g for all § € Q and nY) =n for all n € N.
Notice that n? = n;n;_1 for some n; 1 € N;_1, since () acts trivially on

N; modulo N;_;. Then for n; € N;,q € @,

q

ni =ni = (nin_1)Y = nin_y (1.14)

Since () is nilpotent, say of class ¢, the upper central series for () is finite,

and with the Correspondence Theorem translates into:
N/N <(ZN)/N<(ZNIN<... 9 (ZN)/N=Q=G/N  (115)

where here Z; N denotes the pullback in G of the Z; term for ). Thus, Z.N

is equal to GG. From the definition of the upper central series:
(ZiN)/N[(Zi-aN) N = ((G/N /(Zi-1N)/N)
yielding by the Third Isomorphism Theorem
ZiN/Z; 1N =((G/Z;_1N)

Now, any element g € G can be uniquely written as g = ¢gn’ (for some

¢ € @, and a suitable n’ € N). By hypothesis, [N, N;] < N;_;. So, referring



also to (1.14), for all g € G, n; € N;,

an

~
<L

/

= (nmni1)"
= nn;_1[nin;_1,n’] (Identity 1.3)
——
EN;—1
i'e'a [nlag] € Ni—l
r]:‘hllS7 for i = 1,2, o,y Ni/Nz'—l < <(G/Nz—1>
We can now display a finite central series for G, which arises from (1.13)

and (1.15):

1=Ny<N, <---ANQZNQZ,N<...<Z.N =G

Definition 1.2.11. Suppose

W =gp(H,T)

where H and T are both subgroups of W. We write W = H T if the
subgroup B = gp(H" | t € T) is a restricted direct product:

B:Hm

teT
and if in addition, W = BxT. W 1is called the standard wreath product

of H by T.
We write W = HUT if the above conditions hold, but B is an unrestricted

direct product. In this case, W 1is called the unrestricted wreath product

of H by T.



Definition 1.2.12. Let P be a property of groups that is isomorphism in-
variant and inherited by subgroups. A group satisfying P is referred to as a
P-group. A group G is said to be residually P if
(| N=1
N<pG

where N <dp G means N is normal in G and G/N has property P.

Equivalently, given any non-trivial element g € G there exists a homo-
morphism of G to a P-group H such that the image of g is non-trivial in
H.

Equivalently, G is residually P if it can be embedded in an unrestricted

direct product of P-groups.

1.3 Varieties of groups

In this section we follow H. Neumann’s treatment of varieties of groups [26].

Definition 1.3.1. A non-empty class V of groups is called a variety of
groups if it is closed under subgroups, epimorphic images and unrestricted

direct products.

Notation: A will represent the variety of abelian groups; A2 will represent
the variety of metabelian groups; N, the variety of nilpotent groups of class
at most c. V. will be used to denote the subvariety of V-groups which are

nilpotent of class at most c.

Definition 1.3.2. Suppose W is a set of words in the free group F' on X. Let
G be any group. The verbal subgroup W (G) of a group G is the subgroup
generated by the set {wolw € W, ¢ € Hom(F,G)} in G.

9



Loosely speaking, the x;’s which appear in the words w € W are treated
as variables, and W(G) is generated by the elements of G obtained from
evaluating w when the z;’s are replaced by elements of G in all possible
ways.

Every verbal subgroup of G is fully invariant; i.e., fixed as a subgroup
under every homomorphism. E.g., 7, (F') is a verbal subgroup; if N < F' then
Vn(F/N) = 7 (F)N/N.

We will sometimes relax notation and refer to V' as a verbal subgroup

without making reference to the particular group to which it belongs.

Definition 1.3.3. A word w in a free group F is a law in a group G if

wo =1 for all € Hom(F,G).

Notation: we will write G = (X; R)y as a presentation for a group G to
mean that G is in the variety V and that in addition to the relations R, GG

also satisfies all the laws of V.

Definition 1.3.4. A group G contained in a variety V and generated by a set
X is called relatively free in V or V-free on X if it satisfies the universal
mapping property in V; that is, any map from the set X into any group H in
V can be uniquely extended to a homomorphism from G to H. (The diagram

below commutes)
X
H<—G

The following theorem is due to H. Neumann [26]:

10



Theorem 1.3.5. The group G is relatively free inV if and only if G = F/V(F),
the quotient of a free group F by a verbal subgroup of F.

E.g., G is free-N, if and only if G = F/~..1(F).

Definition 1.3.6. If U C V are two verbal subgroups and U,V are the vari-

eties determined respectively by them, then V C U. V is called a subvariety
of U.

The next definition is taken from a paper by G. Baumslag [4]:

Definition 1.3.7. The rank of a group G is the minimum number of gen-

erators required to generate G/vo(G) (i.e., G abelianized).

In the variety of all groups, subgroups of free groups are free. The same

holds in the variety of all abelian groups. In general the following holds [1]:

Lemma 1.3.8. Let V be a variety of groups and let G be a free V-group.
Further let Y be a subset of G and let H be the subgroup generated by Y .
Then H is a free V-group with a canonical set of generators Y if and only if

every finite subset S of Y generates a free V-group, freely generated by S.

1.4 Left-normed basic commutators

The idea of basic commutators was originated by Philip Hall [16]. We
start with a brief review of the needed terms, properties and some particular

collection processes.

Definition 1.4.1. Suppose X is a free generating set for an (absolutely) free

group F'; i.e., in the variety of all groups.

11



(i)

(i)

(iii)

The elements x1,xs,... € X are defined to be basic commutators of

weight one (wt(x;) = 1), ordered by setting x; < z; if i < j.

(24, 25],1 > j are basic commutators of weight 2 in X, ordered according
to some fized system; e.g., [z;, x;] < [z, ;] if and only if j <1l orj =1

and i < k.

Define commutators of weight m recursively: suppose all basic commu-
tators and all orderings are defined for weight less than m. Assume
m > 2. In order for a commutator [c,,c,| to qualify to be a basic

commutator of weight m, it must satisfy all of the conditions:
(a) wt(cp) + wt(cq) =m

(b) cp > ¢4

(c) if ¢, = [cs, 1], then ¢, < ¢

After admitting all qualifying commutators to “level m”, apply the (fized
in advance) ordering principle to these ‘“newcomers”, and then add
their ordered list to the already-defined list, to be greater than all pre-

VIOUS ONES.

One can deduce that the basic commutators on X of weight less than or

equal to n freely generate a free subgroup F'; also that the basic commutators

on X of weight equal to n freely generate modulo v,.1(F") the free abelian

group Y, (F) /Yns1(F). Given a group G generated by a set Y = {y1, 99, ...},

with |Y| = |X]|, under the canonical mapping z; — y; (F(X) — G) the

images of the basic commutators on X are termed the basic commutators on

Y (in G).

12



Suppose G is any group. Using Identities 1.1 - 1.10, a collection process
can be used so that modulo v,.1(G), any element g € G is written as an
ordered product (in ascending order according to a system such as described
in Definition 1.4.1) of basic commutators and their inverses of weight less

than or equal to n (not necessarily uniquely).

Definition 1.4.2. Left-normed commutators of a group G generated by

a set X are defined inductively:

(1) a commutator ¢ = [x;, ;] of weight 2 is a left-normed commutator,

where (x; € X);

(i) if ¢y, is a left-normed commutator of weight m, then ¢ = [c,, 2]

(x; € X) is aleft-normed commutator of weight m + 1.

A left-normed commutator which is also a basic commutator is a left-

normed basic commutator.

13



Chapter 2

Wreath products

In this chapter, we will show that every finitely generated torsion-free metabelian
group G can be embedded in the skew field of fractions of a finitely generated

torsion-free nilpotent group.

2.1 Embedding in a skew field

Suppose G is a torsion-free nilpotent group. Then ZG is an Ore domain [27];
that is, every pair of elements has a common right (or left) multiple. We
can use this property to construct a skew field of fractions D(G) (see for ex-
ample P.M. Cohn’s book on constructing skew fields [10]); so-called because
it satisfies every property of a field except for that of commutativity of the
multiplication operation. The structure of the multiplicative group D*(G)
of such a skew field has been the subject of some investigation over the past
several years. In particular, M.K. Smith [31] proved that the center of D*(G)
is the field of fractions of the center of the group ring ZG. The center of ZG

14



is in turn the group ring of the center of the underlying group G. Gongalves
and Mandel [11] have shown that the non-abelian subgroups of D*(G) in-
clude the free groups of countable rank. (The existence of free subgroups
in the multiplicative group of an arbitrary skew field is an open question.)
More recently, Lichtman [22] proved that D*(G) is a direct product of the
multiplicative group of rational numbers by a residually torsion-free nilpotent
group.

In view of Lichtman’s theorem, the range of types of wreath products
that are subgroups of these skew fields is quite restricted. For instance, if
G1,Gy are finitely generated torsion-free nilpotent groups where Gy is of
class at least 2, then G ! Gy is not residually nilpotent [13], and therefore
cannot be a subgroup of any D*(G), since a subgroup of a residually-P
group is residually-P. In particular, this means that the wreath product of
a non-abelian torsion-free nilpotent group by an infinite cyclic group is not

a subgroup of any D*(G).

Theorem 2.1.1. Let T be a finitely generated torsion-free nilpotent group
and let A be a free abelian group of countable rank. Then the wreath product
of A by T can be embedded in the skew field of fractions of a suitably chosen

finitely generated torsion-free nilpotent group.

Proof. The “suitably chosen” nilpotent group G is going to be constructed
as a semi-direct product.

Let R be the ring of n x n matrices with integer coefficients. Let T be a
subgroup of the group of upper unitriangular n x n matrices over the integers.
Note that T" is a subgroup of the group of units of R and T is nilpotent of

class at most n — 1. Now form the semi-direct product G = K x T, where

15



K is R*, a free abelian group. The action of T on K is right multiplication
(see Example 1.2.9).

Consider the series
0=Ko< K1 <..<K,=K

where K is the (additive) subgroup of K generated by all matrices of the

form '
——
0 0 x *
0 0 = *
0 0 x *

i.e., matrices where the first n — ¢ columns consist of zeroes and the
remaining columns have arbitrary entries.

Observe that T' = G/K, that [K, K;] = I, and that T acts trivially on
the quotients IV;/N;_;. Hence, by Lemma 1.2.10, G is nilpotent. Notice that
G is also finitely generated and torsion-free.

Consider the group ring ZG and the skew field D(G) and its multiplicative
group D*(G). In order to distinguish the additive operation in ZG from
matrix addition, the operation of addition in ZG will be denoted .

So, for example,
(t,k) ® (u,l) cannot be combined if (¢, k) # (u, 1)

(t,k)® (t,k) = 2(t,k)

(t,k)(u,l) = (tu,ku-+1)
Put a = (I, 1) where I is the identity matrix. Let A be the infinite cyclic

subgroup of D*(G) generated by 1@ a where 1 is the identity element of ZG.

16



For ease of notation, identify 7" with its embedding in G, the subgroup
of G equal to {(¢,0) |t € T'}.

Observe that if t,u € T,t # u, then in G,a’ # a“, for o' = (I,t) and
a* = (I,u).

Observe also that (1@ a) =t (1@ a)t =(1®a") = (1D (I,1)).

It can be difficult to keep in mind that the elements of G are pairs of

matrices, so here are a few specific examples involving 1 & a:

Example 2.1.2. Recall that a = (1,1):

o o= (I,1I,I)=(I,I-I+I) = (I,2]) = ,
0 1 0 2

e (1®a)P)=103a®3a®>Da®>=a®3(I,1)D3(I,21)® (I,3I). Note that
the multiplication outside of the parentheses is “formal” multiplication

which does not distribute inside the parentheses.

Lemma 2.1.3. gp (A, T)= AT =B x T, where B = HAt.

teT
Proof. 1t suffices to show the following for all ¢, in T
(1ea) (1ea)] = 1 (2.1)
Angp(( JAY) = 1 (2.2)

uF#t

17



(1) Commutativity is straightforward:

(lea)(lea) = Qe )1 (I, u)
= 1e({.t)e (L,u) e (,t)(,u)
= 1l (,t)e (,u) & (I,t+u)
= (loa"(l®a)
(2) Linear independence can be proved by contradiction:

Suppose that there exist m; € Z*,t; € T,t; # t; for i = 2,...,k, such
that

(A@a))™ - (L®a)?)™ = (1@a)s)™ (Lo a)*)™  (2.3)
Qo t)™ - (1@ ,t)™ = (1, t4))" - (1 (L 4)™ (24)

Now consider the expansion of both sides of Equation 2.4, and the “col-

lection of like terms”, if any. The left-hand side looks like:
1d cl(ul, ll) b---D Cn(un> ln)

where (i # j)(u; = w;) = (I; # 1;) and ¢; € Z* for i = 1,...,n. One
term on the left-hand side is ¢;(1,¢;). (Since the coefficients are all positive,
there is no possibility that this term disappears. m; (I, ;) definitely occurs
in the expansion.) Hence, ¢;(1,t;) must appear in the expansion of the right-
hand side as well. But every ¢; on the right-hand side is distinct from ;.
Is it possible that terms on the right-hand side can be combined to equal

a multiple of (I,t1); say, c(I,t;)"cd (I, ;)" = e (I,nit; + nyty)? Could

18



(I,n;t; + nyty) = (I1,t1)? No: recall that ¢1,¢; and ¢; all have 1’s along
the diagonal. Thus, the elements along the diagonal of n;t; + nyt; will be
greater than or equal to 2. There can be no combination of terms on the
right-hand side of Equation 2.4 which is equal to m4(/,t;). This yields the

contradiction. ]

It follows from a theorem of Jennings [16] that any finitely generated
torsion-free nilpotent group is embeddable in the group of unitriangular ma-
trices over the integers for some n; hence, the theorem is proved for A free
abelian of rank 1.

For A free abelian of countable rank, let A be generated by the elements

1@a (i=1,2...).
Lemma 2.1.4. A is freely generated by the elements 1 ®a’ (i=1,2,...).

Proof. Using Example 2.1.2 as a model, we can see that
1o (I, =1®(I,il)

for any ¢ € Z*. Suppose that there exist m;, n; € Z*, and distinct i;, k; € Z%,

withi; < i forj=1,...,p—1and k; < kjyy for l =1,...,¢—1, such that
(L& (Lad)™ - (A& (LipD)™ = (Lo (L k)™ - (L& (I, kgl))".

For definiteness, say 11 < kj.

As before, consider the expansion of both sides of the equation, and the
“collection of like terms”, if any. On the left-hand side of the equation we
are guaranteed to have a term ¢(1,i11), a term which cannot occur on the

right-hand side. O
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An element v of A looks like
v=1®a)™(1®a*)" - (1®a")™ (m; € Z)
and v acted on by ¢ € T looks like
o= (1@ (1,t)™ (1@ (I,2))™ - (1 (I, kt))™

Lemma 2.1.5. gp (A,T)=A1T =B x T, where B = HAt.

teT
Proof. 1t suffices to show, for all ¢,u in T"
foralli,j<n, [1®ad),(1®d)] = 1 (2.5)
Angp( JA") =1 (2.6)

uFt

Commutativity is again easy to verify.
For linear independence the argument is similar to the ones in Lem-
mas 2.1.3 and 2.1.4. Briefly, an equation similar to Equation 2.4, again

with only positive powers m;, will look like

(1@<Iajlt1))m1 Tt (1@<Ia]rtr))mr = (1@([7jr+1tr+l))mr+l U (1@([a]sts))ms
(2.7)

where j, € ZT,m;, € Z", and the list

{([7j1t1)7'-'7([7j3t5)} (28)

is nonrepeating.

Let = min{j, ..., Js}; say it appears at least once on the left-hand side
in the pair (I, 5t). Consider the term in the expansion of the left-hand side
my (1, Bt). The matrix (t, has (3’s along the diagonal. There can be no other

like term on the left or right-hand side since (2.8) is a nonrepeating list. [
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2.2 Metabelian groups and wreath products

Every metabelian group G is the extension of an abelian group by an abelian

group; that is, G is the middle of the short exact sequence
1-G —-G—-G/G"—1.

The class of all metabelian groups forms a variety; the verbal subgroup
U(F) defining this variety is [F’, F'], or F". In other words, in all groups of
this variety the “commutators commute” law holds. Because of this law, note
that any nontrivial commutators in a metabelian group will be a left-normed
commutator or the inverse of a left-normed commutator.

Extensive use will be made of the following important lemmas (particu-

larly Lemma 2.2.2), which are well-known.

Lemma 2.2.1. For any group G which is generated by two elements a and

b, G' = gp([a,b]*"|i,j € Z).

Lemma 2.2.2. The derived group of a free metabelian group M of rank 2
freely generated by {a,b} is free abelian, freely generated by elements of the
form {[a,b]""Y | i,j € Z}.

Keeping in mind that in a metabelian variety, commutators commute,

Lemma 2.2.2 has an immediate, obvious corollary:

Corollary 2.2.3. Any word w € M where M is a free metabelian group of

rank 2 freely generated by {a,b} can be uniquely written in the form
w = bﬁaa[a’ b]ailbjl . [CL, b]aimbjm

21



where 1 < i+ 1 and if i =i+ 1 then j <7+ 1.

Commutators in metabelian groups have several nice properties that we

shall make use of in Chapter 3. We describe three of these properties as easy

lemmas.

Lemma 2.2.4. If M is a metabelian group, then [u,v]™ = [u,v]¥" for all
u,v,x,y € M.

Proof. [u,v]™ = [u,v]*®¥ = [u,v]*. (In the metabelian M, commutators
commute. ) O

Lemma 2.2.5. If M is a metabelian group and w,x,y,z € M, then
[x7 y’ Z? w] = I:x? y? w? Z]'
Proof.

[z,y,z,w] = [[z,y],2,w]
= [lz.y] [z w]] [z [w, [z, 9] ]]  (Identity 1.11)
= [z, [ [z, y],w]™!] (Identity 1.1)
= [z [z, y,w] =9 (Identity 1.7)
= [z [z, y,w] 7

= [z,y,w,z] (Identity 1.1)

Lemma 2.2.6. If M is a metabelian group and z,y,z; € M, (i =1,....k),
then

[y, z, 21,22, ..., 2k) = [T,Y, 21, 22, - .. ,zk]_l.
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Proof. (by induction on k):
For k = 1:

[y7$721] = [[xvy]_lvzl]
= [.T, Y, Zl]_[mvy}_l

= ['r7y721]71

Assume that the lemma is true for j < k:

[y, @, 21,29, .., 28] = [[a:,y,zl,ZQ,...,zk_l]_l,zk]
= [[m,y,zl,zg,...,zk_l],zk]_l
= [w,y,zl,z%...,zk}’l

[]

Metabelian groups are deeply connected with wreath products. Kalouj-
nine and Krasner [18] proved a theorem which implies that any metabelian
group G can be embedded in the unrestricted wreath product W = G’ 1 G/G".
Magnus [23] showed in 1939 that any finitely generated free metabelian group
can be embedded in a standard wreath product of a free abelian group by a
finitely generated free abelian group. Hence, Theorem 2.1.1 has the following

corollary:

Corollary 2.2.7. Every finitely generated free metabelian group can be em-
bedded in the skew field of fractions of a suitably chosen finitely generated

torsion-free nilpotent group.

We get a new proof from Corollary 2.2.7 of the important and useful

theorem:
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Theorem 2.2.8. Finitely generated free metabelian groups are residually

torsion-free nilpotent.

Proof. By Corollary 2.2.7, a finitely generated free metabelian group can be
embedded into a direct product of the multiplicative group of rational num-
bers by a residually torsion-free nilpotent group. This multiplicative group is
residually torsion-free nilpotent, and a subgroup of a residually torsion-free

nilpotent group is residually torsion-free nilpotent. O]

An earlier proof of this theorem follows from Magnus’ embedding (see
above) taken with the proof by B. Hartley [17] of a conjecture of K.W.
Gruenberg [13] that the wreath of a free abelian group by a finitely generated
torsion-free nilpotent group is residually torsion-free nilpotent.

It is of computational interest to obtain various decompositions of the
same group. The free metabelian group of rank two is, of course, the ex-
tension of a free abelian group by a free abelian group. The next lemma
offers a different view of the same group, in which it is easy to see that a free

metabelian group of rank 2 contains a plethora of wreath products.

Lemma 2.2.9. Let M be a free metabelian group of rank two. Then
M = (Z*=VZ) x L.

Proof. Suppose M is generated by a and b. Let H = gpy(a), and suppose
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1 # w € M. Then, beginning with Corollary 2.2.3, we get

wo abﬂaa [a7b]“i1 bi1 ~--[a,b]aim pim
= (a[a, bﬂ] )a“ [a,b]* ML [q,p]e ™ (Identjty 1.3)
(

(ala, b)[a, B° - - - [a, )"~ yeladl= Lt g )
= { (g)a el (8 =0)

| (ala, Pl[a, R TR [0 Gl 20 St (O S 7 IO
>

a[[a’b}ailbjl _._[a,b]aimbjm ([CL, b] [a’ b]b . [a7 b]bﬁ—l)a"‘ (ﬁ > 0)

= { glab g (8=0)

a/[a”b}ail b1 “'[avb]ainbbj’m ([a7 b] [a7 b]_b71 e [a7 b]_bﬁ)aa (/8 < 0)
\
Hence, H = gp(a, [a,b)"| j € Z).

Denote by Ag the subgroup gp(|a, b]bj |7 € Z) < H. By Lemma 2.2.2 A,
is free abelian of infinite rank, freely generated by the [a, b]bj’s.

Let Ay = gp([a,b]*”|j € Z) = A%, and in general,
A = gp(la.b)""|j € Z) = AT (i € Z).

For each i € Z, conjugation of Ay by a’ creates a distinct copy of Agy. If
we denote gp(A;|i € Z) by A, it is evident that
A=]J4
i€Z
that
AT = Ay,
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and that

H = gp(a,Ay)

Let (b) act on H by conjugation, so

bp:a +— ala,b]

pi+1

bo : [a,b]” — [a,b]
Then M = (Agl{a)) x (b). O

It is perhaps of interest to note that

bo : [a,b]"Y - [a, b]¥ el VT

= [a,b]*""

So the action of b on A leaves each A; fixed, merely permuting all of the
generators, while a acts on the direct product H A; by permuting the A;’s

1EZ
themselves, as “blocks.”
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Chapter 3

Residual nilpotence of free

metabelian products

Although varieties are not generally closed under free products, H. Neu-
mann [26] found a way to define an analogue, the verbal product, under
which V is closed. In the case of A%, we use the term free metabelian
product:

If Ay, Ay € A? then the free metabelian product of A; and A, is:

Al * 42 Ag = (Al * AQ)/(Al * AQ)I/ (31)

In the category of all groups, it is known that the free product of two
residually torsion-free nilpotent groups is again residually torsion-free nilpo-
tent [25]. A start is made in this chapter to determine which free metabelian

products are residually torsion-free nilpotent.
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3.1 General discussion

We start with a simple lemma, whose proof is straightforward.

Lemma 3.1.1. If A and B are any groups, and P = A x B is their free
product, then the commutator subgroup [A, B is a free group, freely generated

by { [a,b] | a € A,b € B}.

Lemma 3.1.2. If A and B are any groups, and P = A x B is their free
product, then P' = gp(A’, B',[A, B)).

Proof. Let H = gp(A’, B',[A, B]). Clearly, P' > H. To show the other inclu-
sion, consider [wy, we] € P’, where wy = a1by « - - ag by, wo = afb - - agbi (a;,a; €

A, b;, b, € B). Using Identity 1.2, w; and ws can be written as

wy = aibier---c

Wy = dg&gdl cee dl (Ci,di € H)

Now using Identities 1.4, 1.5, and 1.6, we can rewrite [wy, ws] as:

(w1, wy] = [&18101 ©r o Chgy d262d1 oo dy
= [&11;1, iobod, - - - d] % ey - e, N d]
= by, dy - A by, agho] B (o - o) oy - - - )2l
= (dy--- dl)—@lglcl“'%(dl e dy) O [ay, &262]6141..@1@...% [51, &QgQ]dlmdeck

(eq - Ck)_l(cl L Ck)aQEle,..dl

~

= (dl e dl)*dlzlcr--ck (dl - dl)cl“'ck [&1’ b2]bA1d1"'dlcl"'Ck [dh d2]6261d1'“dl01”'ck

'[61, BQ]dl“'dzCr“Ck [61, &2]52d1~"d101'“0k (Cl .. 'Ck)_l(cl - Ck)d252d1“'dl
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It remains to show that H is normal:
Let [a,b] be an element of [A, B], and consider [a,b]*, w € P. [a,b]* =
[a, b]#berem where w = abey - - - e, (€; € H).

By Identities 1.4, 1.5, and 1.6,

[aa,bb] = [a, bb]%[a, bb]
= [a,8]"[a,5]""(a, B][a, b]
= [ad, b][a, b] " [a, b)%[a, b][a, B " [a, bB]
hence, [a,b]" = [a,b][ad, b "[ad, bb][a, bD] !

which is an element of H; hence, [a,b]" € H.
Now let [ay, as] be an element of A’, and consider [a;, as]™, w € P. Again,
write w as w = abey - - - ¢ (¢; € H). Using the fact that conjugation by any

element of a group is an automorphism, along with Identity 1.3, we can write:

lai, G2]&b = [a‘%, ag]b

= [af, a3)laf, a5, 0] € H

In the same way, it can be shown that [by,bo]” € H (by,by € B,w € P).
Thus, H is normal, and P’ < H.
]

Corollary 3.1.3. Let P be the free product of abelian groups A and B. Then
P’ =[A, B].

Proof. This is just a special case of Lemma 3.1.2. Since A and B are abelian,

A =B =1 L
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3.2 Free metabelian products of free abelian
groups

Theorem 3.2.1. The free metabelian product of a free abelian group A with

another free abelian group B s residually free metabelian of rank 2.

This theorem is a specific case of a more general theorem of G. Baum-

slag’s [2], which was proved in a similar way.

Proof. Let S = (s) and T' = (t) be free groups of rank 1. Let M be free
metabelian on {s,t}.

Let P=AxB/(Ax B)" = Ax B/[A, B]. (Note that by Lemma 3.1.3
(Ax B) =[A, B].)

[A, B]/[A, B]' is abelian; furthermore, by Lemma 3.1.1 is free abelian on
{la,b]la € A,b € B}, where the [a,b]’s are taken modulo [A, B]. Suppose
1 # w € P. Then w reduced can be uniquely written (up to the order of the

commutators) as
w = (11610263 cee Cn[A, B], C; = [ai.bi]%, a; € A, bz c B,’Yl € Z,Z = 1, Lo,

where if i # j and a; = a;, then b; # b;, © = 2,...,n, and at least one of
ai,by,co -+ ¢y is not trivial.

Let X be a finite set that contains all the values aq,...a, of w that are
nontrivial. Now, A is free abelian; hence, fully residually free [26]. I.e., any
finite set of nontrivial elements of A can be mapped distinctly and nontrivially
by some homomorphism from A to a free group; and since A is abelian,
the image of A will be infinite cyclic. Hence, there is a homomorphism

¢1 : A — T such that every element of X maps to distinct nontrivial elements
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in T. Likewise let Y be a finite set that contains all the values by, ...¥b, of
w that are nontrivial; then there is a homomorphism ¢y : B — S such that
every element of Y maps to distinct nontrivial elements in S. Finally, define

a homomorphism

¢: P — M with ¢4 = ¢1, O = 02

Consider the image of w in M: w¢ = ay1b1¢2[asdr, bada|?? - - - [an o1, bypa] ™,
nontrivial since at least one of ay, by, ¢y - - ¢, is not trivial and since each c¢;¢

is distinct from the others (cf. lemma 2.2.2). O

This proposition has an obvious corollary which provides an alternate
proof to a theorem already proved by Ree [28], and by G. Baumslag and F.

Levin [?]:

Corollary 3.2.2. The free metabelian product of a free abelian group A with

another free abelian group B is residually torsion-free nilpotent.

Proof. Free metabelian groups are residually torsion-free nilpotent (Theo-
rem 2.2.8); since P embeds in a free metabelian group, it too is residually

torsion-free nilpotent. O]

3.3 The free metabelian product of a free 2-
nilpotent group with an infinite cyclic group

Von Dyck’s Theorem, which is well-known, will be very useful in this section.
The following version comes from a course in Combinatorial Group Theory

taught by G. Baumslag at the CUNY Graduate Center in the spring of 2001.
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Theorem 3.3.1. Let G and H be a pair of groups, and let G = (X; R), with
a presentation map ¢. Let X' = {z'|v € X, 2" inH} be a set of elements of
H in one to one correspondence with X. Then the map x¢ — 2'(z € X)

can be extended to a homomorphism from G into H, provided that for every

reR, rg=1.

Theorem 3.3.2. The free metabelian product of a free nilpotent group of
class 2 on two generators with an infinite cyclic group is residually torsion-

free nilpotent.

Proof. Let N = (z,y,2; z= [y, 2], [2,2] = [z,y] = 1), A= {(a).
Denote the free metabelian product of N and A by

P=(NxA)/(NxA)" =(z,y,2,a; z=[y,z],[z,2] = [2,y] = 1)

We start with two lemmas, which provide a restructuring of P.

Lemma 3.3.3. [2%, 27| = 1, [y}, 2% | =1 (,5,n € Z).

Proof.
(2%, 2] = (""*)'2*"  (Identity 1.4)
= (272" (Lemma 2.2.4)
— (Za" ) -1 Za"
=1
The second part of the lemma is proved in exactly the same way. O

Now, M = gp(z,a) = (x,a) 42 is a free metabelian group of rank 2 (as is

M, = gp(yaa’) = <yaa’>A2)‘

32



Let K = gpp(y). Then we have the following short exact sequence:
l1—K—P—M-—1
Lemma 3.3.4. K = gp(y, [y,a]*™, 2% (i,],1 € Z)).

Proof. Denote gp(y, [y,a]*™, 2% (i,j,l € Z)) by K. First we show that
K > K:
By Identity 1.4, we can write

]aimj _ y—aia:jya“‘lzj cK

ly, a

al ! —a!, zal

24 = [y,x]* =y Ty e K

Clearly y € K; hence K > K.

To show that K < K , it is sufficient to show that K is normal in P, since
K is the smallest normal subgroup of P containing y. All that is required is
to observe that conjugates of each of the generators of K by the generators

(and their inverses) of P are in K:
Y o= yzeK
Y = yz'eK

y* = yly,a] € K (Identity 1.3)

y* ' = yly,a™* ' € K (Identities 1.3 and 1.7)
(ly,a”™)*" = [y,a)*""” € K (n€Z) (Lemma 2.2.4)
([, )™ = [y,a""" € K (n€Z)

(" = 27" e K (ne7)
()" = 2* €K (neZ) (Lemma 3.3.3)
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Now, because P/K is free metabelian, it acts on K by conjugation, and

the sequence splits. Thus,

P=KxM

The next step of the proof is to learn more about K. To this end, let

R = (<ﬂ> <l (l € Z);M,j(@i € Z); [Zia Zj], [wi,j> Zk], [wi,j7wk,l]> [%QD X (33, a>)A2

where the actions of Z and a are:

g = Yz
Zl~ = Z
w;j = Wij+1
?J& = Ywoo
Z? = 241
w?j = Wi,

Claim: the mapping ¢ defined on the generators of P by

p:x +— T
oy — Y
¢z — 2
¢o:a — a
extends to a homomorphism of P onto R. If the mapping sends relators
to relators, then by von Dyck’s lemma ¢ is a homomorphism. Other than

the metabelian relators, the relators in P are: {z[y,z]™!, [z, 2], [z,y]}. We

examine the images of each of these relators:
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Z[y7$]_1¢ = ZO['gax]_
= 20y "

~ 1 1
= 20YY %y

[27 $]¢ = [ZU> j]

 1F
= 2 <o

[Z’ y]¢ = [207 3}]

= 2 <0

So ¢ : P — R is a homomorphism. Note that R is generated by
{Z,9, z0,a}; hence ¢ is an epimorphism.

Now, the image of the subgroup K under ¢ is the subgroup of R generated
by the images of the generators of K:

ixj

Yy [y, al*™ — w;; 2 7 (1,5, € Z)

Note that the set {z; |l € Z} C R freely generates a free abelian group of
infinite rank; hence, so does its pre-image {z* |l € Z} C K. Henceforth, we
will denote 2 by z. Note also that gp(z |l € Z) < ((K).

The set {w;; |i,j € Z} C R freely generates a free abelian group of

infinite rank as well; hence, so does its pre-image {[y,a]** |i,j € Z} C K.
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Henceforth, denote [y, a]*®’ by w; ;. Let

Ay = gp(wl (i,j € 7)) < K,

A = HAk.

kEZ

Then (y) acts on A as a wreath:
A = Apn

and we have
K = (Aot (y)) x gp(z (1 € Z)).

This yields a structure for P, which will allow us to see the residual

nilpotence of P:

P o= ((Aot(y)) x gp(z (I € Z))) x M (3.2)

Suppose 1 # w € P. The goal is to find a torsion-free nilpotent target
group L, and a homomorphism from P to L such that w has a nontrivial
image in L.

We can write w uniquely as

w=mk (meM,keK)
Case 1: m # 1. Let ¢ : P — P/K = M be the canonical homomorphism,
with ¢ : mk — m. Since M is itself residually torsion-free nilpotent, there
is a homomorphism 6 : M — L to a torsion-free nilpotent group L which

maps m nontrivially. The composite homomorphism ¢ : P — L maps w

nontrivially.
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Case 2: m = 1. Then w € K, so w is a nontrivial product whose factors
could consist of powers of y, a finite number of powers of distinct wi?’s, and

a finite number of powers of distinct z;’s. We can assume with no loss of
generality that 7,7, k.0 > 0, for if a conjugate of w has a nontrivial image
under a given homomorphism, so will w have a nontrivial image. Hence,

suppose that:

the ¢’s are all integers from the interval 0 to n;

the j’s are all integers from the interval 0 to p;

the k’s are all integers from the interval 0 to ¢;

the ’s are all integers from the interval 0 to m.

Our first attempt for L is
Ly = HxT (3.3)
with
T = (rt)s
= gp(s,Bijk(t=0,...,n,5=0,...,p,k=0,...,9),q(l=0,...,m));

where all the (3;;;’s commute with one another in /, and additionally:

ﬁz‘jq S C(H)(izO,...,n,j:O,...,p)
o € C(H)(1=0,....m)

S

ijk T ﬁijkﬁij,k-‘y—l (ZZO,,H,]ZO,,p,k’:O,,(]—l)
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and T acts on H as follows:

¢
ik

t
njk

Using the fact that the 3;;,’s commute with one another, as do the ¢’s,

58000

BijkBiz16 (1 =0,...,n—1,j=0,..
Bnje (3 =0,...,p,k=0,...,q)
acp1 (1=0,...,m—1)

Cm

s¢o

6ijk6i,j+1,k (Z:O,,n,j :0,
Bipk (1=0,...,n,k=0,...,q)

&) (l:(),...,m)

from the above actions we can deduce that

ijk

—1 +1 /. .
@jk ig.k+1 """ Mijq (Z—07-~-7”>J—07--~

- +
5@)00510%)5200 T @lolo

BinBiju B (1 =0,...,n,j =0,...
acly et (1=0,...,m)

sca1

ﬁijkﬁijjl—i-l,k"' f;,lc (1=0,...,m,5=0,...
a(l=0,...,m)
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Also,

-/

ke = @g%)ﬁz(il)gk " 'ﬁz‘(ig,jk (1< <n—i)

. ot

ka = @(J%)@(ﬁ)m o ﬁz(;:zj’k (1 < j, <p- j)
sk’ K K k:

ijk T ﬂz(]2>ﬁz(jlk)+l o 5zgkk)+k/ (1<K <q—k)
i () ()W)

aq = ¢l < <m-=l)
Lemma 3.3.5. L = gp(r, s,t).

Proof. All of the other generators of L, are in H. They can be written as

words in {r, s, t}:

w
o

Booo = [s,1]
ﬁi-ﬁ-l,jk = [6ij7t](lzovJn_17j2077p7k:077Q)
ﬁi,j+1,k = [ﬁijkar] (220,,n,j=0,,p—1,k20,,q)

/Bij,k-‘rl = [ﬁijk‘as](izov"wnaj:()a"')pvk: 7’q_1)

~~ ~ o~
w W
S Ot

N N N~ N~ N~~~

w
co

co = |[s,r]

w
=]

a1 = la,t] (1=0,...,m—1)

Lemma 3.3.6. H is (q + 1)-nilpotent and metabelian.

Proof. H can itself be written as a semi-direct product, of an abelian group

by an infinite cyclic group:

H=(@ij(i=0,...,n,5=0,....p,k=0,...,9),q(l=0,...,m)) 4 x (s)
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where s acts trivially on the ¢;’s but not on the (3;;;’s, unless k = ¢. Thus,

all commutators commute, which means H is metabelian; and

VQ(H) = gp(/gl]k’Z:(]?aTLa ]:077p7 k:177q)

73(H) = gp(ﬂl]k’Z:07ana ]:0771)7 k:2a7q)

/Yq(H) - gp(ﬁij,q—hﬁijqﬁ - 07"‘7”7 j: 077p)
Yor1(H) = gp(Bijgli =0,...,n, j=0,....p) < ((H)

'7q+2(H) = 1

Lemma 3.3.7. L, is metabelian.

Proof. We know already that H and T are metabelian; to prove that L;” = 1,
it suffices to check whether [[r, )", Bi;x] = 1 and [[r,t]"", ¢,] = 1; examina-

tion of the actions of r,¢,r!, and ¢! shows that this is indeed the case. [

Lemma 3.3.8. w has a nontrivial image under the homomorphism 6 :

P — Ly which maps the generators as follows:

0:a — t
0:x — r

0:y — s

Proof. 1t is straightforward to show that 6 is a homomorphism; we go back to
the original presentation of P to see that relators go to relators (von Dyck’s

Lemma).
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Recall that w is a nontrivial product whose factors could consist of powers
of y, a finite number of powers of distinct wi”l; ’s, and a finite number of powers
of distinct z;’s, where

the ¢’s are all integers from the interval 0 to n;
the j’s are all integers from the interval 0 to p;
the k’s are all integers from the interval 0 to ¢;

the ’s are all integers from the interval 0 to m.

We start by examining the images of the factors of w.

Yy — s

) =l o = g
l . .
a=lpal’ o [srf = d

Case 1: w contains a power of y as a factor. Then wé contains the same
power of s, and the image is nontrivial.

Case 2: w contains no power of y as a factor, only a finite number of
powers of distinct wgl;’s, and a finite number of powers of distinct z;’s. If

there is at least one wfj factor in w, let

K = max{k| 8" appears in wf}
J = maz{j| 8" appears in w8}
I = maz{i| 85" appears in wh}

ritds

Denote the power of 3y, " by «, a nonzero integer. Although there is likely

to be some cancelling of 3;;’s after all the actions have been consummated,
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the actions on the factor ( gééJsK)a will generate a (r;x, which can appear

nowhere else in the image; hence, will not cancel, and the image is nontrivial.
If there are only z;’s in w, the image can be seen to be nontrivial by
considering

L = maz{l|c, appears in wh}

L . . . . .
ct” will generate a ¢y, which can appear nowhere else in the image; hence will

not cancel, and the image is nontrivial. O]

L, is a promising target group, but it has a serious problem: L; contains
T as a subgroup, a free metabelian group of rank 2; hence, it is definitely
not nilpotent. We need to modify 7" in such a way that it still acts on H,
that the image of w under 0 is still nontrivial, but that our target group is
nilpotent.

We begin by examining some commutators of L;.

Let v = max{m,n + 1} + 1.

v

—
Lemma 3.3.9. [r,t,...,1,s] = 1.

Proof. The Jacobi Identity for metabelian groups (1.11) is useful here: in
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our group Lq,

[r,t,s][t, s, r][s, T, 1]

or, [r,t, s]

Hence, [r,t,t, 5]

1
[t,[s,r] ] [r,[t, 5] ]
[tvCO] [T’, 6(;()1()]

[co,t] 17, Booo) ™' (Identities 1.1, 1.7)

i Boro (3.9), (3.6)
»5)01001_1
[r,t,s,t] (Lemma 2.2.5)

[Boroct s ]
[Boto, 2] [c1, 8] "

(3.5), (3.9)

(Identities 1.5, 1.8)

»311002_1

Inductively, for i < min(m,n + 1), we get

i

—

[rt,... 8] = [Biaao, t]eio1, ]! = Bisr10c; !

Recall that t acts trivially on both ¢, and 3,19. Suppose, for definiteness,

that m <n+1,sov=n+2.

—— B
[rt,..., 6,8 = [Bu_1.10,t] [Cmst]
= ﬁmlO

n+1
—
[T7t7"'7t78] = ﬁnlﬂ
——
[rt,...,t,s] = 1

The case where m > n + 1 follows similarly.

43



p

Lemma 3.3.10. [r,t,7,... 7, s] = 1.

Proof. Starting again from the Jacobi Identity for metabelian groups, and

recalling that s acts trivially on Sy,0, we get:

[rt,s] = Bowocy!
[r.t,s,7] = [Bowo,7][c1,7]"" Identities 1.5, 1.8
= 5020 (36)
p—1
[t 7 s = Bopo
P
[t ., = 1

Lemma 3.3.11. v,,,1 T acts trivially on H.

Proof. By Lemmas 2.2.5 and 2.2.6, any nontrivial commutator in 7" of weight

v + p+ 1 can be written either in the form

d v+p—d
" D /—’H]ﬂ

[t 07 T (1<d<v+p)

or
v+p—d d—1

[rot, 7 ot 2]

Now, by the well-ordering of the intergers, either d > v or d < v; i.e.,
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d>vor (v+p—d) > p. Suppose for definiteness that d > v. Then
d v+p—d

oty ot +1 _ Vounufam
[ == st LT s

s ]il

v d—v v4p—d

— %1
= s[rt,... b8t .. 0T T

= s (Lemma 3.3.9)

If d < v, we switch the order of the last (d—1) t’s with the (v+p—d) r’s,

and proceed similarly to the same result, this time using Lemma 3.3.10. [J

Thus, the action of T"on H factors through T'/7,4p+1(T).

We are now ready to define L:
L=HxXT/vp1(T)

We abuse notation and again use 6 to describe the homomorphism 6 : P — L
which is defined by the same generator maps as before. The image of w is
still nontrivial under this mapping. It remains to show that L is torsion-free
nilpotent.

Let u = max{m,n + p+ q}. Define a sequence
1 =By<Bi<..<Byo=H
Where
B = gp(Bijr.all(i+j+k)>p)

By = gp(Bijr,a|l,(i+j+k)>pu—1)

B, = gp(Bik,c | L, (i+j+k)>1)
By = gp(Bir-c |, (i +75+k)>0)

Bu+2 = H
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From the definition of L; (cf 3.3), we see that By, ..., B,y are all abelian
groups; hence, normal in L; also H is normal in L.

Further,

[H,B] = gp([h,b]|h € H,be B,

= gp([s, Biel, [s L Billi+j+ k> p—0+1)
= 9p(Bkr1s Bijrr -+ Biali+j+k>p—1+1)

BL—l

VAN

Recalling the action of T" on H, it is easy to see that T, and hence
T/Yy4p+1(T), acts trivially on each B; modulo B;_;. Hence, by Lemma
1.2.10, L is nilpotent; which completes the proof. n

To conclude this section, recall that in proving Theorem 3.3.2, we showed
that P, the free metabelian product of a free 2-nilpotent group on two gen-

erators by an infinite cyclic group, can be written as

P = ((Ao2 () x gp(= (1 € Z))) % (([a,a]" 2 (x)) x (a))

(The right-hand part of the semi-direct product is just M = (z,a) 42 (cf
Lemma 2.2.9), so we have demonstrated an extremely complex structure for
P:

P=((ZZ172) x =) x ((Z=7Z) X Z)

Note that P is loaded with wreath products as subgroups! For instance,
for each fixed k
A (z) = ([y,d™" (i € 2)) U a)

(. S
-

B
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and

k

Bxi{a) = (ly,a]" ) 1 (a)

Further investigation of this structure might prove extremely interesting

at some later point.
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Chapter 4

Thoughts on parafree groups

and varieties

There are at least two ways to “relax” the condition of freeness for groups.
One is to consider different varieties; another is based on comparing lower
central sequences. H. Neumann asked whether a group with the same lower
central sequence as a free group is itself free; this led to the definition of

parafree groups.

4.1 Parafree groups

The concept of parafree groups, groups which are “almost free”, was intro-
duced by Gilbert Baumslag in 1967 [4], answering H. Neumann’s question in
the negative. Many examples of parafree groups have been found by Baum-
slag and others in certain varieties; for example, in the variety of all groups

and in the variety of metabelian groups (see, for example, [7]).
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Definition 4.1.1. A group P contained in a variety V is termed parafree

in V or parafree-V if
(i) P is residually nilpotent, and

(i) P/vP = G/v,G,n=2,3,4,..., where G is some relatively free group
in the variety V.

A parabasis for P is a set X C P which freely generates (in the variety V)
P modulo voP.

4.2 Some lemmas about parafree groups

Recall the following definition:

Definition 4.2.1. A group is said to be hopfian if it is not isomorphic
to any of its proper quotients. A group G is hopfian if and only if every

surjective endomorphism G — G is an automorphism.

Frequent use will be made of the following theorem, given as an exercise

in [24].

Theorem 4.2.2. A finitely generated m-generator group in a variety )V with
the same lower central sequence as a residually nilpotent free-V group of rank

m s free-) .

Proof. Let H be an m-generator V-group with the same lower central se-
quence as F', a residually nilpotent free-V group of rank m, and suppose

that H is not free. Then the canonical mapping ¢ : F — H which takes
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generators to generators is an epimorphism with nontrivial kernel; i.e., there
is a word w € F,w # 1 such that w¢ = 1.

Since F' is residually nilpotent, there is an n such that w € ~,(F'), but
w & Y1 (F). The verbal subgroup 7,41 (F') is mapped by ¢ onto v,.1H, so

there is an induced epimorphism

& : F/7n+1(F) - H/7n+1(H)

with ¢ : W + 1; since w ¢ v,,1(F), ¢ is a mapping with a nontrivial kernel
of a finitely generated nilpotent group onto an isomorphic image of itself.
This gives us the contradiction, because finitely generated nilpotent groups

are hopfian [24]. O

Now suppose P is parafree-V with parabasis X and F is finitely generated
and free-V, and that P and F' have the same lower central sequence. P must
have the same finite rank m as does F'; namely, m = | X|. By Theorem 4.2.2,
if the free groups in V are residually nilpotent and if P is not free it must be

at least an (m + 1)-generator group.

Lemma 4.2.3. Suppose V is a variety whose free groups are residually nilpo-
tent. Then a set X which is a parabasis for a parafree-)V group P freely

generates a free-V group.

Proof. Let H = gp(X) and let F' be the free-V group freely generated by a
set Y, where |Y| = | X]|. It suffices to show that

H/y(H) = F/yn(F),  (n=2,3,...);
then Theorem 4.2.2 gives us our proof.
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Define an epimorphism

. F—H
which is the extension of the map (also referred to as ¢)
p:Y =X

given by ¢ 1 y; — x;,y; € Y, z; € X.
Let ¢, be the family of induced epimorphisms

anF/fyn(F>_>H/7n<H) (n:2737"‘)

Case 1: | X| = |Y| < co. It can be shown [24] (p. 350, Lemma 5.9) that
Hoy(P)/1n(P) = P/ (P)
hence by the Diamond Isomorphism Theorem
H/H Ny (P) & P/y,(P)

Clearly, v,(H) < H N v,(P), so there is a natural homomorphism from
H/~,(H) onto H/HN~,(P) forn = 2,3, .... Consider the following diagram,
which holds for n = 2,3, ...

F/(F) —— H[7(H) —— H/H0%(P) = P[7(P)

The diagram shows a homomorphism of F/,(F') onto an isomorphic copy
of itself. Since finitely generated nilpotent groups are hopfian [24], the kernel
of this homomorphism is trivial; hence, ¢ is an isomorphism for n = 2,3, .. ..

By Theorem 4.2.2, H is free-V, freely generated by X.
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Case 2: |X| = |Y| = oo. Suppose w € ker(¢) (¢ : F — H, as in Case
1). Let Fg be a finitely generated subgroup of F', freely generated by a subset
S C Y, such that w € Fs (note that Fs is free, by Lemma 1.3.8). Consider
Hg = gp(S¢) < P.

Let ¢y, : F/7(F) — P/v,(P) be the family of isomorphisms between the
lower central sequence of F' and the lower central sequence of P.

Now, for n = 2,3, ..., we have

Fs/m(Fs) = Fsym(F)/m(F) < F/7a(F)
Let Ps/~,(Ps) denote the image (Fs/fyn(Fg))wn.
As before, we have
Hs/Hs N v(Ps) = Ps/vn(Ps)
and the following diagram, by hopficity, demonstrates that Fs/v,(Fs) = Hg/vn.(Hs):
Fs/v(Fs) — Hs/v(Hs) — Hg/Hs 0 yn(P) = Ps/v(Ps)

Again by Theorem 4.2.2, Hg is free-V and ¢ restricted to Fyg is an isomor-

phism. Therefore, w = 1, so ¢ is an isomorphism as well, and H is free. [
Corollary 4.2.4. v, H = H N7, (P), forn=2,3,....

Lemma 4.2.5. Suppose that a set X generates a group G modulo v2(G).
Then X generates G modulo v,(G), forn =2,3,....

Proof. Consider G /v, (G):
G/%(G) 2 G/w(G) [%(G)/m(G)
= G/1(G) [1(G)1(G)/1(G)
= G/(G) [3(G/m(@)
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By hypothesis, X generates G modulo 75(G), hence we get that X gener-
ates the nilpotent group G//v,(G) modulo its derived group. It is well-known
that if a group NNV is nilpotent, then a set X generates N if and only if X
generates N modulo vo(N) [24]; hence, X generates G/v,(G). O

Lemma 4.2.6. If P is parafree with parabasis X in a variety V whose free
groups are residually nilpotent and which contains as a subvariety the variety
of metabelian groups,then the left-normed basic commutators of length < n

m X are independent.

Proof. Suppose P has a parabasis X = {z1,x2,...}. Let F' be free on Y,
where |Y| = |X|. Let H = gp(X), a free-V group, by Lemma 4.2.3. Let
V(F') be the verbal subgroup such that H = F/V(F). Then

H/H' = F/F'V(F) = F/F"

is free metabelian. H. Neuman showed that left-normed basic commutators of
a free metabelian group are independent [26], based on a technique developed
by Magnus [23]; i.e., if we denote a left-normed basic commutator of weight
> 2 by ¢;, then ¢i'¢y* -+ - ¢}F # 1if ¢; # ¢;41, unless ¢, = €a = --- = ¢, = 0.

The basic commutators in H are xy,...;cq,Ca, . .. (left-normed commuta-
tors of weight > 2); dy,ds, ... (basic commutators that are in H”, of weight
> 4).

The basic commutators in H/H" are the cosets Z1,...;¢p,... (the basic
commutators that are in H” get factored out).

Suppose in H there exists a product ¢j'cy® - - - ¢;F = 1. Then

€1 €2 €k __ = €15€2 =€k __
ci'ey qf =cley? gt =1
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But the ¢; are independent. Hence ¢; = ¢ = -+ = ¢, = 0 and the ¢; are

independent in H.

4.3 How free and parafree groups in one vari-
ety determine parafree groups in another
variety

We can make use of known parafree groups in one variety in order to find their
analogs in other varieties. More interestingly, the known parafree groups can
help us determine whether these new parafree groups are relatively free or
not. (Of course, if the free groups in a given variety are residually nilpotent,
then the free groups themselves are parafree.)

Suppose U, V, and W are varieties of groups, with V' a subvariety of i and
W a subvariety of V. We will see that if P is parafree-t and if P/W (P) is
residually nilpotent, then P/W (P) is parafree-VW and P/V (P) is parafree-V,
where V, W are the verbal subgroups respectively associated with the free-V
and free-W groups. Furthermore, if P/W (P) is not free, then P/V(P) is not
free (nor is P).

By Theorem 1.3.5 [26], the group G is relatively free in the variety V if
and only if it has a representation G = F//V (F) as the factor group of a free
group by a verbal subgroup V' (F') of F.

Given two verbal subgroups V' and U, let U and V be the varieties whose

free groups respectively have a representation of the form F/U(F), F/V(F).
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Throughout this section we will assume that U < V', which implies that V is
a subvariety of U.

If G is a group, denote by 7, (G) the intersection of the normal subgroups
N of G such that G/N is nilpotent.

Lemma 4.3.1. Suppose P is a parafree group in U. Then Q) = P/V (P)/v.,(P/V(P))

s parafree in V.

Proof. @) is in the variety V by virtue of factoring out V(P) from P, and
residually nilpotent by virtue of factoring out ~,(P/V (P)) from P/V(P) (cf.
Definition 1.2.12). It remains to show that () has the same lower central series
as a free-V group. Consider the free group F' whose factor group F/U(F) is
free-U and has the same lower central series as P. Let K = F/V(F). K is
free-V, and

K/7(K) 2 Fy,(F)V(F)

Now, using the basic group isomorphism theorems and since verbal groups

are fully invariant,

Q/m(Q) = P/V(P)/.(P/V(P )/%(P/V(P)/%(P/V(P)))

*) = P/V

1 I
N
~ ~
2 <
~ O
=~

X

1R
GO
2 2 £ F
33 333
S =
33
~
=32
33
2
.
=
3

I
=
B

=
=
3
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Note that @) is guaranteed to be residually nilpotent whether or not K or
I is; in either case, the lower central series for K is isomorphic to the lower
central series for (), so this lemma holds in any variety &/ and any subvariety
V.

Suppose now we wish to go further and create a parafree residually
torsion-free nilpotent V-group. Denote by 4, (G) the intersection of the
normal subgroups N of G such that G/N is torsion-free nilpotent. We could
define Q = G/V(G)/5.(G/V(G)). Q has been defined in such a way that it
is both a V-group and residually torsion-free nilpotent; but when we attempt
to show that @) has the same lower central series as K, the argument fails,
at (*), for we cannot guarantee that 7,(G/V(G)) < v.(G/V(Q)).

Notice that if G is a relatively free group in a variety V), then torG is a
verbal subgroup of G [26]; hence, we can always form a subvariety of V whose
free groups are torsion-free. However, these free-V groups are not necessarily
residually torsion-free nilpotent.

Suppose we have a group P which is known to be nonfree parafree in U.
Form the factor group @ = P/V(P)/~,(P/V(P)). @ is parafree-V, but not

guaranteed to be nonfree, even if P is nonfree. However, the converse is true.

Lemma 4.3.2. Suppose P is parafree-t. Let Q = P/V(P)/v.(P/V(P)). If
the free groups in V are residually nilpotent and if Q is not free-V, then P is
not free-U.

Proof. 1f P is free-U; then P = F/U(F'), where F' is an appropriately chosen
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free group. Also,
FJU(F) [V (F/U(F)) = F/V(F) = PJV(P)
So

Q = P/V(P)/v(P/V(P))
> F/V(F)/v.(F/V(F))
_ BV

O

Consider the groups G;; = (a,b,c;a = [c*,a][c?,b]), discovered by G.
Baumslag to be parafree but not free in the variety of all groups [3] and
relatively free in the variety X of center by metabelian groups [5]. It was later
shown by Lewis and Liriano [21] that not all of these groups are relatively
free in the variety U of solvable groups of derived length 3 or less; a variety
which contains X as a subvariety. It is known that there are continuously
many varieties of groups, each determined by a verbal subgroup. The tower
shown below identifies some verbal subgroups that determine some solvable
varieties. Each subgroup contains the subgroup above it; hence, each variety
determined by the verbal subgroup is a subvariety of the varieties above it.
In light of Lemma 4.3.2, the question arises: does U/ contain any subvarieties
in which any of the groups G;; are parafree but not relatively free?

A subvariety V within & which contains the subvariety X" is the variety
determined by the verbal subgroup V = [G”,G"]; i.e., the variety of groups

whose second derived group commutes with its derived group.
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1 Gi; are not free
[F",F"] @,; are not all free
[E", F]

[F",F| G; are free
[F',F'] Gy are free

[F',F] @}; are free
|
F’ G; are free

Theorem 4.3.3. The groups G;; are relatively free modulo |G

YR G;]] .
Proof. From the original equation for a, G. Baumslag obtained the follow-
ing [5]:

a=laa" [ b
On the right-hand side, replace each occurrence of a with the right-hand side,
beginning with the first occurrence:
a = [([a_cl, al® [, b]cﬂ)fc ,al [ b

—1

(b, &N[a,a],a]” [, 0]
= b, Na, e, [~ @) [, 0] [0
(

—1i

(b, ), [0~ a]* [, )] 2] (o, ], [a=,a) " [, 6 ) [, b
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Now, [a, a*Ci] is in the second derived group. In the variety V , where the
second derived group commutes with the derived group, the equation for a

becomes

= ([Ib, ], [, a)* [, 0 ][, b

R [

= () I [, o ]

= [[b, &), [, 5[, b

Thus, modulo [GY

i Gi;], the family becomes

Gij - <b’ G [[b> CJ]’ [077 b]CﬂJ [C]’ b]fi = [Civ [[bv CJL [Cju b]fi} [CJ7 b]fi] [CJ7 b]>v

a family of two-generator groups.

Now, by a theorem of Magnus [24] (Corollary 5.14.1, page 354), in the
variety of all groups, the groups in the family G;; all have the same lower
central sequence as the free group of rank 2; hence, modulo [G7;, G}, the
groups in the family G;; have the same lower central sequence as the free-
V group of rank 2. By a theorem of Groves [12] the free groups in V are
residually nilpotent (and torsion-free). By Lemma 4.2.2; then the family
Gi;/|GY;, Gi;] is free in V of rank 2. O

i)

4.4 Parafree center by metabelian and parafree
metabelian groups

Definition 4.4.1. A group G is center by metabelian if its second derived

group is contained in its center; i.e., if [G",G] =1
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The collection of all center by metabelian groups forms a variety, which
will be denoted in this section by X. A? is a subvariety of X.

X is apparently only a slight enlargement of the variety of metabelian
groups. However, it turns out that there are profound differences. It is

known, for instance, that

1. the number of non-isomorphic finitely generated metabelian groups is
countable; the number of non-isomorphic finitely generated center by

metabelian groups is uncountable [15].

2. free metabelian groups are torsion-free; free center by metabelian groups

of rank 4 or more have torsion [14].

3. the lower central factors v, (G)/vn+1(G) of free metabelian groups are
torsion-free; the lower central factors of free center by metabelian groups

have torsion [30].

Although in general we can not infer that if P is residually nilpotent,
then P/V(P) is residually nilpotent (nor can we infer the converse), if we
specialize to the variety of center by metabelian groups, we can prove the

following:
Theorem 4.4.2. Let P be parafree center by metabelian. Then ~,(P/P") = 1.

Proof. Consider a parafree group P with parabasis X in the category of

center by metabelian groups. The proof follows from two lemmas:

Lemma 4.4.3. The center of a parafree center by metabelian group P is its

second derived group P".
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Proof. We must show that ((P) < P” in order to prove the lemma.

By Lemma 4.2.6, the left-normed basic commutators of P in X are in-
dependent. Even though X is not a generating set for P, every element
p € P can be written modulo 7, ,1(P) as a product of basic commutators in
X, since X generates P/v,.1(P), for n = 1,2,3,... (Lemma 4.2.5). Hence,

modulo 7,41(P), every element p € P can be written in the form

9192 - gnh

where g; is a product (possibly empty) of left-normed basic commutators in
X of weight i, for i = 1,2,...,n and h is a product (possibly empty) of basic
commutators in X that are in P”. Since the non-left-normed commutators
are central, they can all be collected at the end of the expression.

Since P is residually nilpotent it can be embedded as a subdirect product
in the infinite direct product HP/%(P) (Definition 1.2.12); that is, for

n=2

x e P,

¢z (x72(P),xy3(P), ..., xv(P),...) = (1,1,..., 1, gthu, gugis1hus1, - - )

where [ is the minimum integer such that x ¢ ~,,1(P), g; is a product of left-
normed basic commutators of weight ¢ in X and h; is a product of central
basic commutators in X. Note: if g; = 1 for all 4, then x € P”.

Suppose ¢ € (P, and consider c¢. Assume that g; # 1 for some ¢ and let
J be the minimum such 7. Then g; is a non-empty product of left-normed
basic commutators all of whose weights are exactly j.

Let x € X. Consider the image of [¢, x] under ¢. Keeping in mind that
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h, is central for n =1,2,3,... we have

17 17 ) [hlJI]7 [h’H—lvxL BRI [g]hij]v [gjgj+1hj+17x]7 . )

Ia L ceey [gjaaj]? [gjgj+17x]? s )

17 1a x '717 [gjgj-‘rl?x]? e )

Observe at (*) that [g;, z] € vj41(P), so [g;, ] = 1 in the j-th entry.
Now, the (j + 1)-th entry is [g;gj+1, ], a coset in P/vy;19(P). By lden-
tity 1.5 we get:

[gjgjﬂ, I] = gj_+11 [gj, I]gj+1[gj+1, I]
= g;—i}l[gjax]ngrl

=1

We know the coset m must equal 1 € P/v;12(P). Le., [g;,2] €
Yj+2(P). Hence, either g; € v;+1(P) or [gj,z] = 1. But g; is a non-empty
product of independent left-normed basic commutators all of whose length is
exactly j, so g; cannot also be a product of left-normed basic commutators
of length > j+1 (Lemma 4.2.6). Therefore [g;, ] = 1, which implies that g;
commutes with all elements of the parabasis.

Now, since P is parafree,

P/yni1(P) Z F/ypa(F),n=1,2,3,....
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F/yn1(F) is free-X,,, and its center is F"~,(F)/Vn+1(F); thus the center
of P/v,(P) is P"v,(P)/Yn+1(P). Since g; is a product of left-normed basic
commutators, none of which lies in P”, we get ¢g; € 1,(P), n=1,2,3,....
Let n = j 4 1: then g; € v41(P). But g; € vj4+1(P). Therefore, g, = 1
form=23,..., and {(P) = P". ]

Lemma 4.4.4. If a group G is residually nilpotent, then the quotient group
G/C(G) is residually nilpotent.

Proof. Define a homomorphism
¢ : G — AutG
by ¢ : x — a,, where
gow = 9" =g9,9 € 1G.
x¢ = I if and only if ¢* = ¢ for all g € G; i.e. ker¢ = (G. Hence
G/(G = Im¢ = InnG < TA(G)

Suppose a € InnG,a # I. Then there is a g € G such that ga = g¢', ¢’ # 1.
To show that InnG is residually nilpotent, we need a homomorphism that
maps InnG to a nilpotent group, such that a maps nontrivially. Choose n

such that ¢ € 7,(G), ¢ ¢ Vn+1(G), and consider the canonical mapping
InnG — Inn(G/7n1(G)),

in which @ is nontrivial. Inn(G/7,+1(G)) < TA(G/Vn+1(G)). The IA group
of a nilpotent group is again nilpotent (see, for example, [32], Corollary 1.2.6,
p.12). Hence, I A(G/7n+1(G)) is nilpotent; and so is Inn(G/¥,4+1(G)). Thus
G/((G) = Inn(G) is residually nilpotent. O
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Combining Lemmas 4.4.3 and 4.4.4, we get
P/P" = P/((P), which is residually nilpotent;
hence, 7, (P/P") = 1. O

Corollary 4.4.5. Let P be parafree center by metabelian. Then H = P/P"

1s parafree in the variety of metabelian groups.

Proof. 1t follows immediately from Lemma 4.3.1. ]
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