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ABSTRACT

Adviser: Professor Melvin lax.

A consistent classical Lagrangian and Hamiltonian non-
relativistic theory of a rigid non-conducting magnetic con-
tinuum in a magnetic field is presented. The theory starts
with a lagrangian density that describes the system, The
lagrangian equation of motion for the magnetization is snown
to be that which generalizes lLarmor’s equation to continua,
namely, dm/dt = vxBE°Ef, The transition to the Hamiltonian
which describes the system is effected by means of Dirac’s
theory for systems with constraints. The Hamiltonian equa=-
tion of motion for the time rate of change of the magnetiza-
tion is identical with that obtained from the lagrangian as
it must be., Moreover, we calculate the generalized Poisson
brackets (known as Dirac brackets) of the magnetization com—

- -,

3,
eijxmx 8 (z=z2") .

ponents and find {mi(E,t),mj(g',t)}* =Y

Using the above results as a guide, a more complete
macroscopic Lagrangian theory of linear and nonlinear elec-
trodynamics has been constructed for an anisotropic magnetic
dielectric possessing acoustic, ionic, electronic, magnetic
or spin, and other internal excitations, This theory is

applicable to a wide range of materials, namely insulators

which are ferromagnetic, antiferromagnetic or ferrimagnetic.



The theory starts with a Lorentzian microscopic formulation
in terms of massive point charges possessing an intrinsic
s8pin and moving in a vacuum., This is converted to a lony-
wavelength macroscopic theory by takinyg the continuum limit.
A lAagrangian is constructed from the vacuum electromagnetic
lagrangian, the usual interaction between the matter’s
Charge—current-spin and the electromagnetic field, a kinetic
energy of the matter ‘s motion, a matter stored enerygy, and a
term which accounts for the angular momentum Of the spin and
electron orbital motion generating the magnetization. this

last term does not manifestly exhipit rotational invariance.

The stored energy of the matter must be invariant unaer
arbitrary body rotations, displacements, spatial reflections
and time reversal, It is therefore a function oOf pasic
invariants, namely: the finite strain tensor, boay com-
ponents of the internal coordinates associated with particle
motion and body components of the sublattice magnetizations
ana their gradients. The stored energy is expanaed as a
polynomial in these basic invariants with coefficients,
called material descCriptors, which are restricted in form oy
the crystal magnetic space group symmetry. Bffective local
fiela eftects and their possible absorption into the storea
energy are considered. A discussion of the natural state ot

the magnetic crystal is also included.

Equations of motion for the electromagnetic fiela, <the

acoustic field, the internal excitations and the suplattice



magnetizations follow deductively from the lagrangian. n-
servation laws of linear momentum, angular momentum and
energy are formulated using the Lagrangian and/or the resul-
tant equations of motion, These conservation laws are a
direct consequence of the invariance of the total lLagrangian
uncer the symmetry operations mentioned above with one
exception: Angular momentum conservation for this system is
not a result of manifest rotational invariance of tne
lagrangian, It is also shown that even though angular
momentum is conserved, the stress tensor for this system is

asymmetric.,

The equations of motion are linearized, ana the general
theory is applied to the problem of Raman scattering by mag-—
nons or the magnon-phonon mixed modes in anisotropic mag-
netic crystals. This requires a solution of the electric
field wave equation which is accomplished by means of a
Green’s function technique. Proper consideration is given
to the noncollinearity of propagation and Poynting vectors
which 1is due to the optical anisotropy. Moreover, surface
correction factors due to solid angle expansion, effective
scatterinyg volume demagnification and transmissivity are
accounted for. 4Yne Raman scattering efficiency is evaluated

by means of the fluctuation-dissipation theorem.
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I, INTRODUCTION

Some classical and guantum theories o0f ferromagnetic
systems are based on the Hamiltonian formalism and either
assume the magnetic torque equation or derive it on the
basis of assumed commutator oOr Poisson bracket relations

between the spin components.' % Nodvik®

has presented a
classical Hamiltonian theory of a single particle with spin
which possesses the expected Poisson brackets and magnetic
torque equation. However, it does not appear that his for-
malism can easily be generalized to continuous media, The

6 is indicative of the conservation

work of Tiersten and ‘(sai
law approach from which equations ©of motion are obtained
from a construction of assumed conservation laws. A varia-
tional approach to the problem of ferromagnetic media which
takes account of the s8pin angular momentum in the varia-
tional principle through a virtual work term not present in

7

the Lagrangian, has been performed by Maugin and Eringen.” A

more recent approach to the problem using the elegant
mathamatical formalism. of the principle of virtual power,

which appears to yiela better results, has been published by

8 9 10

Maugin.~ Gilbert~” and Brown make the analogy of a spinning

-1 -
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top to the spin and introduce Euler angle coorainates into
the problem. In the lagrangian they construct, two moments
of inertia are set equal to zero, Kitt.el11 also performs a
classical calculation with a Lagrangian valid only for
static magnetic fields. The guantum mechanical derivation
of the magnetic torgque equation for a ferromagnetic medaium
agsuming spin disturbances of long wavelength has been done

in the classic paper of Herring and Kittel.12

It is the purpose of Chapter II to give a consistent
classical formulation of a rigid magnetic continuum, and to
shed light on how one can make the transition from a classi-
cal theory to a guantum theory. The formalism is basad on a
lagrangian density which has previously not been considered.
This Ilagrangian density is termed singular in that the gen-—
eralized velocities cannot be expressed uniquely in terms of
the canonical momentum densities, This is due to con-

straints imposed by the form of the Lagrangian alone,

The guestion also arises as to what the generalized
coordinates, corresponding to the magnetiC oOr spin degrees
of freedom in a magnetic medium are., the answer to this
guestion 4is important in writing down the canonical stress
tensor, since that quantity is defined in terms of the
lagrangian density and all the generalized coorainates. It
appears that the choice of the magnetization componants and
their time derivatives as generalized coordinates and velo-

cities is consistent, This is the primary result of Chapter
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Il, and it motivates the derivation of the stress tensor and
conservation laws in Chapter III which describe an elastic
magnetic dielectric crystal having any symmetry and degree

of anisotropy.

The Hamiltonian of the rigid system is obtainea by
13-18

means ©of Dirac’s generalized dynamics when a singular
lagrangian is involved, Dirac was the first to show that
the algebra of Poisson brackets determines a division of
constraints into two classes: the so-called first class con-
straints and second class ones. The first class constraints
are those that have zero Poisson brackets with all other
constraints in the subspace of phase space in which the con-
straints hold; constraints which are not first class are oy
definition second class, Dirac also showed now to redefine
the Poisson brackets in such a way that all new radefined
brackets (so=-called Dirac brackets) of second class con-
straints are zero. It is the Dirac brackets to which one

must apply the standard rules in going over to the guantum

theory .

Other important work in the problem of developing a
consistent classical Hamiltonian aynamics when there is a
singular lAgrangian describing a system has been done by
many others‘g—zs, notably Berymann. The interested reaaer

is also referred to a recent and very comprehensive review

by Hansen et al.z6

Chapter II will be organized as follows: 1n Section
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2.1, we will give the Lagrangian density and derive the mag-—
netic torque equation., In Section 2.2 we will give a brief
review of Dirac’s method., In Section 2.3, we will transform
to the Hamiltonian density and rederive the magnetic torgue
equation, also obtaining the Dirac brackets between com-

ponents of tne magnetization,

Recently Lax and Nelson developed an ab initio Lagran-
gian theory describing the interaction of the electromag-

27 The theory can bpe

netic fiela with an elastic dielectric,
used tO describe cCrystals having any symmetry ana degree of
anisotropy, having any numoer of particles (ions and elec-
trons) per unit cell, and having nonlinearities of any order

in their constitutive relations,

The classical approach of this theory is well justified
and has a wide range of applicability in linear and non-
linear optics and acoustics, Nonlinear interactions of
light and sound fields can be formulated without quantiza-
tion of the fields when eneryies are large compared O the
guantum, Ionic motions can be treated classically wnen
driven nonlinear processes are being considered. Moreover,
optical absorption associated with excitons has been studiea
with a classical treat:ment.za'29 It is also possibple to
treat Raman and Brillouin scattering in a classical

fashion.30

Application of the theory to the photoelastic dinterac-—

31

tion led to the prediction that the inaependent elastic
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variable relevant to this interaction was the displacement
gradient, not the strain as long believed, Application of
the general theory to acoustically induced optical harmonic
generation32 demonstrated the usefulness of the theory in
predicting indirect contribucions t0 the overall efiect.
The general theory has also been used to describe the elas-—

33,34

ticity ana piezoelectricity in pyroelectrics, materials

possessing a spontaneous electric dipole moment,

In Chapter III the theory is extenaed to materials pos-
sessing a spontaneous magnetic dipole moment generated by
intrinsic spin and electron orbital motion, It has long
peen established3® that a classical treatment of magnetic
properties is sufficient in the long wavelength continuum
limit, Once the general theory is extended, it will be pos-
sible to study electromagnetic and acoustic waves in ter-—
romagnets, antiferromagnets and ferrimagnets., Moreover, it
could be determined whether the spontaneous magnetic moment
or fizld will lead to indirect contributions to the elasti-
city, magnetoelasticity, piezoelectricity, magnetoelectri-
city or other phenomena. It would also be useful to ascer-
tain whether rotations, in contrast to strains, woula play a
role - in any such indirect effects., Towara this ena it is
advantageous to set up the theory in a general way that

includes all levels of nonlinearity.

For simplicity we will omit wave vector dispersion

effects such as optical activity which are related to elec-
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tric polarization gradients. However, dispersive effects
related to magnetization gradients and displacement gra-
dients (strain) are retained, We also exclude pyroelectric
phenomena, energy dissipation mechanisms and all thermal

phenomena from the present discussion,

‘The concept Of rotational invariance developed by ‘dou-

pin36 in his static and dynamic theories of the elastic

dielectric, was first applied to magnetoelasticity by Vlasov
and Iahmukhametov37, Brown38 and T‘:Lersten.39 Vlasov and Ish-
mukhametov derive equations of motion describing the aynamic
behavior of magnetoelastic anisotropic media from a lagran-—
gian, and show the rotation of volume elements of the media
accompanying elastic deformations should be taken into
account, Brown uses a variational principle to treat the
static case, and Tiersten uses a continuum model and the
notion of a guasi-static magnetic field to treat the dynamic
case 1in the presence of dissipation and thermal effects,
The experimental results and analyses for yttrium iron gar-

net (YIG) by Eastman?®

and for the antiferromagnet Man by
Melcher?! werc the first to show that a rotationally invari-
ant nonlinear description of magnetoelasticity was correct
while the original linear theories of magnetoelasticity of
Kittel42, Schlomann43, and AKhiezer, Bariakhtar and bPelet-
minskii44 based on the infinitesimal magnetostrictive theory
of Becker and Doring45 were in error. The rotationally
invariant description takes account of the fact that the

magnetization may couple tO the elastic deformations not
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only through the strain but also through the rotational part

of the deformations.

Recent work on rotational effects and the propagation
of acoustic waves in elastic ferromagnets and antiferromag-

46 Like Akhiezer et al,

nets has been done by R. L. Melcher.,
Melcher assumes a Hamiltonian, assumes the torgue equation
for the magnetic moment and assumes the conservation laws,
Moreover, the energy density is equated to the damiltonian
density. Only the interaction of acoustic waves with mag-

netic spin waves47 is considered; no allowance is made for

other internal excitations,

Dixon and Eringen48

employ a conservation law approach
from which they obtain fiéld egquations, jump conditions and
constitutive egquations for a polar elastic dielectric subp-—-
ject to deformations and electromagnetic fields. In the
derivation of the above equations, a distributed Iprentz
force for each volume element is assumed, and Farraday'’s,
Ampere’s and Gauss’ laws are applied, DNo intrinsic spin is

included in th=ir development, but the magnetic dipole

moment due to the motion of the bound charges is consiaered,

Maugin and Eringen49 formulate a variational approacin
to the study of elastic solids in which the magnetization is
constant in magnitude, lowever, electric fields, currents,
charges and polarizations (the guasi-magnetostatic approach)
are ignored, and therefore, their theory is not a fully

dynamical theory. This is eguivalent to saying that the
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we lotity of dynamical phenomena is small in comparison to
the propagation velocity of electromagnetic perturbations;
and that boundary or jump conditions can be written for sur-
faces which may be considered as being stationary. NO
internal coordinates (extra degrees of freedom of structural
origin) are allowed for, and the lagrangian used is not the
total one but must be supplemented with an expression for
the virtual work of body and surface loads, Account is
taken of the spin angular momentum_in the variational prin-
ciple through a virtual work term not derivable from any
term in the lLagrangian, More recently, Maugin50 has

employed the elegant formalism of the principle of virtual

power tO obtain what appears tO be better results,

The conservation law approach is used by Tiersten and

Tsai51

to obtain the differential eguations and bounaary
conditions describing a finitely deformable, polarizable,
and magnetizable, heat conducting continuum in interaction
with the electromagnetic field., Their model consists of an
electronic charge and spin continuum coupled to a lattice
continuum, which itself consists of two interpenetrating
ionic continua, A similar moael without spin for the case
of the heat conducting elastic dielectric had been intro—-
duced earlier by Tiersten, > An assumption of the model is
that stresses are present not at all ionic continua boun-
daries, but only at those separating elements Of the same

ionic continuum., Moreover, for the case of more than one

spin continuum, it is assumed that the magnetic exchange
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interaction occurs only between elements of the same spin
continuum, Our model differs in this one important aspect:
it takes into account all particle and spin c¢ontinua
interactions, the results we obtain appear fundamentally
different from those of Tiersten and Tsai, Moreover, the
underlying description seems closer to the actual physical

situation.

53 also use a conservation law

wong and Grindlay
approach in writing down the equations of motion describing
an elastic dielectric material. Currents are ignorea, but
the extremely dimportant concept of a stored energy con-
structed with due consideration of symmetry reguiremsnts is
used, However, the contention that the stress tensor must

be symmetric because angular momentum is conserved is at

odds with our findings,

In contrast to Tiersten and Tsai and many of the otnerx
treatments, wWe begin with a microscopic discrete particle
model before taking the continuum limit. This aids in con-
structing the proper forms of the interactions. Moreover,
in our lagrangian approach only the lagrangian has to be
constructed; all other gquantities such as boay forces and
work done on the matter by the field, etc,, follow aeauc-
tively. There is no need to assume the conservation laws;
they follow automatically and naturally from the lagrangian
or 1its resultant equations of motion, There is no neea to

assume the Maxwell equations; these follow naturally as



equations of motion from the IAagrangian using the elec~-
tromagnetic scalar and vector potentials as canonical coor-
dinates. Another advantage to our theory is that we are not
limited to any specified number of particles per unit cell,
This enables us to account for all material resonances. We
have also addressed ourselves to the problem of the Jlocal
fields, and have made an attempt to account for them, There
are widespread discrepancies in the results of those
referred to,. Qur results are no exception, but we beliave
our theory is valid, and our procedures less likely to incur

errors.

Chapter III is organized as follows: in Section 3.1 we
write down a microscopic IAagrangian., In Section 3.2, we
pass to the continuum limit by replacing the discrete coor=-
dinates with a set of functions of the continuous material
variable X. The set of functions of the position coorai-
nates are then transformed to a set Of internal coorainates,
With the construction in Section 3.3 of the stored energy as
invariant under arbitrary body rotations, displacements,
translations, spatial reflections and time reversal, we nave
completed the transition to a macroscopic Lagrangian, In
Section 3.4, we obtain the Maxwell-~Iporentz elactromagnetic
equations, the center of mass egquation of motion in Section
3.5, In section 3,6 we examine local field effects ana find
that they can be absorbed into the stored eneryy. The
internal motion equations are obtained from the lagrangian

in section 3.7 A non-rotationally invariant term
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accounting for the angular momentum of the spin and electron
orbital motion is added to the lagrangian in Section 3.8,
and the magnetization equation of motion is obtained. Gon-
servation of linear momentum and the stress tensor are for-
mulated in Section 3.9, The uniqueness Of our stress tensor
is established in Section 3.10. The asymmetry of the stress
tensor for a magnetic dielectric is proven in Section 3.11.
Conservation of angular momentum and conservation of energy

are pfesented in Section 3,12 and Section 3,13 respectively.

In Chapter IV the equations of motion are linearizea in
the dynamical variables, and general expressions for the
nonlinear interactions are ascertained. These results are a
preliminary to any interative technique for the solution of
the nonlinear equations of motion, In this linearization

procedure, we follow very closely lax and Nelson54.

Chapter IV is organizea as follows: 1In Section 4.1,
expressions which relate derivatives in the spatial frame to
derivatives in the material frame are derived, In sSection
4.2 the particle equations of motion are rederived valia to
all orders as a preliminary to the linearization of the
center of mass and the internal coordinate equations of
motion in Section 4.3 and Section 4.4, respectively. in

Section 4.5, the magnetic equation of motion is linearizea,

In Chapter V an application of the theory is made toO
the problem of the nonlinear interaction of light at optical

frequencies with magnon-phonon-photon mixed modes wnich may



be referred to as magneto—-polaritons. The elastic degree of
freedom (acoustic phonons) will not enter into this problem

because of the higher frequencies involved.,

Raman scattering by spin waves Or magnons was £first

55, and by Elliot and LouaonSb,

o7

suggested by Bass and Kaganov

and has been further analyzed by Shen and Bloembergen and

also Fleury and Ioudon®®, These latter authors have con-
cluded that one-magnon scattering proceeds through a mechan-
ism consisting of an indirect electric=dipole coupling via
the spin-orbit interaction, They also propose an exchange
scattering" mechanism for two-magnon scattering which can be
very strong in some antiferromagnets. Experimental results
for one-and two—-magnon scattering processes in the antifer-—
romagnets Fe Fz'M"FZ and NiF, have been reported by Fleury
et al.59,60,61 The coupling of magnons and photons in anti=-
ferromagnets to form mixed modes called magnitons has been

discussed previously.%2,63

In contrast to the Fleury-Ioudon and Shen-~Bloempergen
treatments, ours is entirely classical. Moreover, we will
only consider Raman scattering by a single magneto-
polariton. The classical treatment models very closely that

64 An electric field

of lax and Nelson’s for the polariton.
wave equation driven by a nonlinear source is derived ror
the case of a magnetic media, Qur theory enables us to
Obtain expressions for the linear and nonlinear polariza-

tions and magnetizations. The linear expressions or consti-
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tutive relations are used in the linear portion of the wave
equation, while the nonlinear expressions are just the basis
for the driving nonlinear source terms in the wave equation.
This wave equation 1s solved using a Green’s function tecn-

65 This solution is then

nigque developed by Lax and Nelson,
used to find an expression for the scattered power insiae
the crystal, The detected power outside the crystal is then
calculated from that insiae with due respect to surface

correction factors:

1 The surface of the crystal acts as an optical instru-
ment that expands the solid angle of the scattered

beam,

2 The detected power is limited by the solia angle

presented by the detector to the scattered beam,

3 The surface also acts to decrease the apparent size of

the source volume VS.

The Raman scattering efficiency which is the ratio of
scattered to incident powers outside the crystal will con-
tain correlation functions. These correlation functions are
calculated by means of the fluctuation-—dissipation theorem
introduced into nonlinear optics by Butcher and Ogg6b and
applied to the polariton problem by barker and Lpudon67 and
Iax and Nelson.°8

Chapter V is organized as follows: in Section 5.1, some

simplifying assumptions and their justifications are given.



In Section 5.2, the linear constitutive relations for the
polarization and magnetization are derived. The driven wave
equation for the electric field is developed in Section 5,3,
and the inside Green’s function technique for its solution
is presented in Section 5.4 In Section 5.5, a brief digres-—
sion on surface corrections is made, ©BExpressions for the
scattered power and the Raman efficiency in terms of corre-
lation functions between components of the nonlinear polari-
zation are determined in Section 5.6, A brief treatment of
the fluctuation-dissipation theorem is presented in Section
5.7. In Ssection 5.8, the nonlinear polarization appropriate
to a magnetic dielectric is determineda. The correlation
functions between components Of the nonlinear polarization
are evaluated with the help of the fluctuation-dissipation
theorem, With the correlation functions evaluated, the

Raman scattering efficiency is determined.

This thesis ends with Chapter VI, a summary and discus-

sion of the principal results,



II. 7THE RIGID MAGNETIC CONYINUUM

2+1 The lagrangian Formalism

We assume that we are dealing with a magnetic continuum
which 1s obtained from a crystal lattice of one sublattice
per unit cell by taking the appropriate long wavelengtn
limit,. Each point of the continuum is described by a mag-

netization vector whose magnitude remains constant:
-, - 2
im(z,c){“ =1 , (24141)

where we have normalized to unit length for simplicity. Wwe
find it necessary to account for the angular momanta of.tne
intrinsic spin and electron orbital motion which generate
the magnetization., We assume this can be done by incluainy

69

into the lagrangian density a gyroscopic term of the rorm

- o ~d 5 Py ~J ing
R-"“é“‘fzm (=] )[I_ﬂ Le xﬂ—‘)—l R (20102)
ORI - (@ ¢ 89)2

¥ is identified as the gyromagnetic ratio (assumed here to



be isotropic), and &Y

oJ = 1,2,3, i8 a set of unit orthogonal
cartesian vectors which are “external”., 8y this we mean
they are fixed in space and their orientation with respect
to the inertial frame of reference is arbitrary. Of course,
manifesc rotational invariance of tne lagrangian will pe
lost by the inclusion of these arbitrary vectors. However ,
as we will show, the results of our theory will be indepen=—
dent of these vectors. 1In passing, it is interesting to
note that the Kkinetic energy term of the Dbering—Gilbert

70,71 may be obtainea from Ikj. (2.1(2) by removiny

Lagrangian
the summation over J and factor of 1/3 and choosing the
resultant single external vector to be oriented along the 2

axis.

1The use of external vectors is not altogether wunknown
in gquantum field theory. For example, Zwanziger72 in his
quantum field theory of electric and magnetic charges uses a
Lagrangian which depends on an arbitarily fixea four vector
and thus Jloses manifest Iorentz invariance. towever,
invariance 1is regained hnder the restriction that values ot
the combination of electric and magnetic charye
(engm - gnem) be quantized. He, moreover, shows that angu-

lar momentum may be conserved even though the lagrangian

itself might not be rotationally invariant,

As the basis for our formalism, we use the fagrangian

density



(24143)
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where B is the magnetic field and the constraint, Ij.
(2.1.1), is introduced by means of the undetermined multi-
plier A, V is the stored or potential energy per unit
volume which in the long-wavelength limit is taken tO be a
function of the magnetization components m;, and their first

spatial derivatives m = Omi/azj. This stored energy

i,
phenomenologically accounts for interactions of guantum
mechanical origin not expressible in terms Of electromag-
netic interactions. These include, for example, the

exchange and magnetic anisotropy interactions and the spin

orbit coupling.

The stored energy of the matter must be invariant under
arbitrary body rotations, displacements, spatial reflections
and time reversal., It is generally assumed that it can be
expanded as a polynomial in my and mi,j with coefficients
which are restricted in form by the crystal magnetic space
group symmetry. In this chapter we are not concerned with
the exact form of the stored energye. All that need be
assumed is its functional dependence on m; ana mi,j’ and its
rotational invariance, The proper construction of tne
stored eneryy £for the more complicated case of an elastic
anisotropic magnetic dielectric possessing accoustic, ionic,

electronic, magnetic or spin, and other internal excitations

has been done in Chapter II(.
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The lagrangian density given in By, (2.1.3) 1is of
course not the total Lagranglian density of the system.
Interaction and field Iagrangian densities of the form73

(rationalized MKS)

L = J(&,e) * &z,e) - alz,k)e(Z,e) (201.4)
T"F = '15_'50 LEZ(Zpt) = C2 32(£,t)] ’ (24145)

should be included. Here the electric and magnetic £field
vectors E and B are defined in terms of the scalar ana vec—

tor potentials @ and A by means of

E(g.t) = —V@(E,t) - 'a"x"%%:._)' ’ (2.1.6)
B(z,t) = vx &(z,t) , (2e41.7)

and j and ¢ represent the current and charge densities
respectively. However, our primary concern in this chapter
being the magnetic or spin degreeg of freedom represented oy
the magnetization, we will for simplicity not consider the
interaction and fiela lLagrangian densities ygiven DDy jS.

(241.4) and (2.1.5) as they do not couple in to m(z,t).

When a first order space derivative is preseant in tne
lagrangian density, tne ILAgrange equation of motioan for a

generalized coorainate 4; becomes
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a.%_ogwga.-_g_.__aj;. s 8L, (2e148)

where L = fﬁg32, Here 8/8:1i is Kknown as a functional
derivative. We choose the magnetization components mi(z,t)
as generalized coordinates for the lagrange equation of
motion, kge. (2.1.8). Using Egse. (2¢1+3) ana (2.1.8) we

obtain the eguation of motion:

d_ K oK -  =eff
'&E%‘%'Tﬁ'z"“‘=“ ’ (241.9)

where the effective magnetic fiela is defined by

s

Ef _ mo= .y _ (O _ _d_ _V ,

= B(Z,0) - ($ = &y (241410)
Multiplying Eg. (2.1.9) by the gyromagnetic ratio ¥ ana tak-
ing the vector cross product with m, we obtain arter some
nontrivial algebra and use Of Bje. (2.1+1) in the form

‘*m = 0, the egquation

LS ~ - ~ - - % -~ . - s
1 5 w8 ax (89 xm -~ [m* (mx&Y)] (mx gv)
35 -2 -y ~dy2
imic = (m * e%)
= vm x peff . (2e1411)

The components of the arbitrary external vectors

Gg(J = 1,2,3) may be represented by an orthogonal matrix



eg (2.1412)

= Sxg .
Eq. (2.1.11) may then be recast into the matrix equation

B"eff)i

where
['ﬁlz S, ,=m_ S_.m,] S.. + € S .m. € S..m
A __1_2 ! id k "kJ Tid ®ig ika “kJd "a “jcb "cd b
ij = 3 —== A=l
PG @12 - (s )2

(2e1.14)

The Einstein convention of summation over repeated indaices

is utilized here,

It is possible tOo express Aij as a sum Of two parts:

By =83tV my (2.1415)

where
v, =173 m, 843 Syg = my(Sy5 S5 * S34 ?gg) * M3 Sy B3y ’
'3y w2 - (o s )
(4010163)
v, =17y my Sy Spg M8y 8y Sy S34) T mg Sy 83y ’
237 [®12 - (m s, )2
(2.1.10b)
1 oM™ S1g 833 TM3(81g 85 % S5 85) v My S, Sy
Y3=3 § - w12 - (m. s )% T )
! k “kJ



(2.1.16¢)

In view of the constraint given by Ege. (2.1.1), m is perpen=-

dicular to m. Thus , the equation of motion, Ej. (2.1.13),
with the help of Eq. (2.1.15) simplifies to

(261417)

% = v(®% x D°EL)

This is just the generalization of larmor ‘s precession egua-

tion to continua., We also note that the result is indepen-

dent of the external vectors §J(J = 142,3)e

2.2 Dirac’s Theory of Systems with Constraints

A. Singular lagrangians

Given a mechanical system (of N degrees of freeaom)

with a lLagrangian L,
L = L{a,q) , (2.241)
one defines the conjugate momenta by

pn = -Q'{L (n = 1,...N) . (202.&)

we shall dwell on the case when the expressions o/ o1,

[ ] L 4
are not independent functions of q,. Eliminating the q’'s



one obtains a certain number of independent constraints

(called primary constraints)
‘Pm(CIvP) =0 (m = 1,2,000k) o (2.243)

Thus, K of the p’s are not inaependent. Solving Bje. (2.2.3)

for k such p’s in terms of the rest we get
P‘z = Wa(q,pi) (a = 1,2,0.0") » (2.&04)

where the pi's (i K + 1,N) are independent.,

B. Equations of Motion

We first introauce several important definitions.,
Define the phase space I' as a set whose elements are oraered
2N-tuples (q1’...qnhp1....pﬂ). Then, introduce the submani=-
fold M in T which, by definition, is the subset of [ for

which the constraints, Eq. (2.2.3), hold.

The Poisson bracket for two functions £ and g of the

q’s and p‘s is definea by

N
£,9} = (- & . L) | (26245)
it n§1 aan bpn e'Pn °qn

It is convenient to introduce the “total" Hamiltonian

H° in the following way:



=H+v @ =p 4, ~L+v, @ , (2¢246)

4

H

where the Vi are arbitrary lagrange multipliers. [If addi-
tional ("secondary”) constraints are found later, Bj.
(242.6) will have to be modified to include them.] In tne

standard fashion one is led to the equations of motion

° O(p
i e | o i
" Ry M “n m aqn !
¢ ‘ - , ] - oH bq’m .
Ip & = 9, 1} s e t*Vnp, (24247)

where our notation is intended to emphasize that these equa-
tions hold in the submanifold M. For a function g of P, ana
4, we fina the equation of motion

g |

= {g,ﬂ'} l (2¢248)

M M
Hence, H’ as given by Eq. (2.2.6) is the generator of time

translation,
C. First-class ana second—~class constraints

The constraints 9y WUSt remain zero at all times, which

implies:

‘;’m - oy, @ + vpley eqtl l=0 . (2.2.9)

M M



Excluding the case when these equations are contradic-
tory either among themselves or with Eqe. (2.2.3), the equa-
tions obtained may be (a) a trivial identity, (b) indepen-—

dent of the v’s, (c) may involve some of the v's.

In case they are of type (b), they represent new con-
straints (called secondary constraints) and may be written

in the form
pylap) =0 (2.2.10)

We can continue this process of denerating secondary
constraints until we arrive at the point when no more
independent eguations of type (b) are produced., This pro-
cess must terminate since the original number of fiela vari=-
ables is finite. After eliminating as many v’s as possibple
from (c) type equations, we can use the remaining eguations

to solve for some (or all) of the v’s.

Iet us denote by M the subspace of phase space in which
all constraints hola (i.e. both primary and secondary ones).
We shall assume the irreducibility of all constraints with
respect to M, i.e. any function of 4 ‘s and p°’s vanishinyg in
M must be expressible as a linear function of the ¢’s and
the p’s with functions of q's and p’s as coefficients. we

thus have in particular

i = dla,p) +v; (a,p) ¥, (dwp) (202.11)



where we have denotea by a common symbol Wl(q,p) all the

constraints, i.e. (%) = ({9 )s(p;))e

By definition, a first-class constraint ¢ (secondary

or primary) satisfies

{(Pa’ Wl} 1!43‘- 0 (2.4012)
for all ¥;, and thus in view of our irresducipiliitcy
hypothesis the Poisson brackets must be functions of the
complete set of constraints V¥,. Since first-class con-
straints generate infinitesimal contact transformations
(that do not affect the physical state of the system), we

may expect a linear Poisson bracket relationship charac-—

teristic for generators of a Lie group:

{‘Pa,‘l’l} = )\alk WK [) (202.13)

Such transformations are termed gauge transformations, and
there exists a certain amount of freedom in choosing expli-

cit forms for each gauge,

We call a constraint ©, secona-class if it dis not
first-class; i.e. it has a non-vanishing Poisson bracket

with at least one other constraint,
D. Dirac brackets and guantization

A naive transition to guantum theory woulda consist 4in



imposing the constraints as conditions on the guantum state

vectors and replacing standard Poisson brackets Dby - i

times commutators. But then if

¥.la>=0, ¥la>=0 |, (2.42.14)
we find
[‘l’z'\l’1]la > =0 N (202‘15)

which corresponds to a classical egquation
4 ,
l¥, vy y=0 . (2.2.10)
Thus, for the naive passage to gquantum theory to be
possible, all constraints must be first—class. In case a
mechanical system has second—-class constraints, e%, the

remedy consists in redefining the Poisson brackets in a

suitable manner:
* < v
leond = {aynh - {g83C iy 2t (242.17)
where Cab is definea by

The new bracket, {&,n},* is called a blirac bracket,



while the brackets on the right-hand side are standara Pois—
son brackets, It can be shown that the new brackets have
all the standard properties of Poisson brackets. DNote that
if either £ or n is a first «class constraint, the Dbirac
bracket reduces to the Poisson bracket pecause of the detfin-

ition, Eqe. (2.2.12).

As a conseguence of the definitions, £3s. (2.2.17) ana
(2.2.18), we fina that the Dirac bracket of any aynamical
guantity € with a second class constraint vanishes;

{E,.Gar* {Enea} - {E.Gb} Cbc{ec’ga}

18,85 - {g,9 k8, =0 . (2.2.19)

The consistency condition Ej. (2.2.9) and the definition of
the Dirac bracket, Eje. (2.2.17), imply that the new bracket
may also be used to yield the damiltonian equations of

motion:
P OO B .
{g,ﬂ} M= tg’d} M= g M . (2.(.40)

the passage tO guantum theory can now be maae by
replacing the new brackets by - i" times commutators.
then, in quantum theory, we can take the second class con-
traints ea = 0 to hold as operator equations without any
contradiction, since in view Of Bj. (2.2.19) {9,,4] = 0 tfor

any operator g. Tthe first class constraints, ¢,, can



continue to be handled as in Eq. (2.2.14) as conditions on
the state vector. Alternatively, gauge conditions (to be
considered as new constraints) can be imposed so as to con-
vert first class constraints into second class constraints,
The latter can then be handled by the Dirac bracket pro-

cedure,

In summary, once we agree to use Dirac brackets, we
have effectively taken into account certain dependencies
among the fiela variables as reflected by the secona class
constraints, Thus, we can ignore these constraints or
equivalently, take the second class constraints 6, =0 to
hold as operator equations (this is sometimes referred to as
being "strongly” equal to zero). We cannot ignore the first
class c¢onstraints Py The dependencies among the fiela
variables reflected by these constraints must be accountea
for. In guantum theory this can be done by imposing the
first class constraints as conditions on the state vectors,
N ia>=0 (this is sometimes referred to as being

"weakly  equal to zero). The first class constraints coula

also be accounted for by introducing new constraints called
“gauge conditions" which effectively convert all constraints
into second class constraints from which new Uirac brackets

can be determined before going over to guantum theory.
Be. Generalization to Field Theory

The generalization of this formalism to (fiela theory,

i.e. a mechanical system with a continuously infinite number
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of degrees of freedom, presents no difficulty. The impor-
tant things to remember is that P, is to be considered as a
conjugate momentum aensity  defined by the functional

derivative of a Iagrangian

pn E§%—= 'g‘o_— » (202.21)
&q o

=
=]

and the Poisson bracket of two functions £ and g of the q’s

and p‘s, not depending explicitly on time, is defined by

{£,9} = J Z (§-; %%; fgn %EK)d . (2e2422)

Here £ and g are assumed to be expressible in terms of den-

sity functions:
£=Jra32 |,

Jjeadz . (242423)

Te}
i

As a result of Egs. (2.2.22) and (2.2.23) we have
- -, . 3 - o,
{qi(Z,t),pJ(z W)} = °138 (z=2") ,

2, - 3. - s
{-5-2_3; (z't)spk(z ')} = {qi vt)’oz (Z,f—)} k oz 0‘3(2-2 )
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‘!t)) “ot)} = { (*ot)o . ".t =0 .
{a; (z,t)a (2 py(zst),p (2",t)} (2.2.24)

Finally, the generalizations of Bys. (2.2.17) and

(2.2.18) to continuous systems are
{&(2),n(2°)}* = {&(2),n(2°)}

- I of ay {4(2),8,(X)} ¢, (X)) {8, (7),n(z

(242425
and
¢ (KF) = {o,(X), o (7N (242.26)
where the inverse is defined by the condition
JI & a7 ¢, (X, ¥)e(¥), o (&)} = 85, (202.27)

2.3 [The Hamiltonian formalism

The first task is to find all the constraints of our
system, and whether they are first-class or second-class.,
The momentum density conjugate to my is given, with the nelp

Of Eqse (2¢1+2) and (2.1.3), by

2L

.
om

= =1
T 3Y

e Seg) ik %4 M (20341)
i I - (mg Sa\J)2

pi"_"' »

o
)
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and that conjugate to A is given by
Pp=2%_-9 , (20342)
OA

(It snould be remarxed that the choice of A as a dynamical
variable is somewhat artificial, but is nseded in oraer for
the Dbirac procedure to be applied in a strict fashion., How—
ever, the same results yielded by this methoa coula be
obtained by imposing Iﬁlz -1 =0as a second class con=-
straint which does not arise from the form of the lagran-—

gian,)

Thus, there are four primary constraintsi

¢0 = P = 0 N (2.3.3)

0,i = 1,2,3, (20344)

(Her= we have anticipated that constraint Bj. (2.3.3) is of
the £first class type, while constraints Bj. (2.3.4) are of

the second class type.)

The Hamiltonian density for the system is given throuyn

Eqs « (201.2), (201.3), (2.2.6) and (2.3.1) as

i H+j§1vjej+vow0



. N 3
l’(lj_p.»i-i-)\P-L-l-jZ:1 Vj 9J+v0cp0

R B+ v ik ]+ AP+ 2
- ° + - - + i i ]
m Alim 1 A J§1 v eJ * vy 9
(2¢3.5)

Note that because m entered only linearly in &, H is
independent of p. The consistency condition 5Je (2e2¢9)
combined with Ej. (2.3.5) yields

no~ 3= ~y .3 - 2
9 = {9,y j B a2} = { P, [H a2} = |m|“-1=0 ,
0 o’ ' (2.3.6)

since P has vanishing Poisson brackets with everything
except A, (Note: the constraints may be imposed after the
Poisson bracket has been calculated; thus, {P,;}P = 0.,) A
secondary constraint has therefore been generated, and is

given by

o, = w4 -1=0 ., (203.7)

(Again we have anticipated chat this is a second class con-

straint.)

Supplementing the Hamiltonian density Bjy. (2¢3¢5) with
the new constraint 94 and again invoking the consistency

conaition Eq. (2.2.9), we obtain

. n 3 4 .
6, = {9, J Ra¥3 + j§1 vy leg, J oy @32} =0 o (243.8)
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For i = 1,2,3, it should be noted that

{o,, J & a%3} = %% + 2, , (243.9)
i i i
which follows from consideration of Ejs. (2.1.10), (2.2.24),

(243.4) ana (2.3.5). Moreover,

{e,, jHa%E} =0 (243.10)

follows from the fact that H is independent of the conjugate

momenta p, .

Equation (2.3.8) yields four simultaneous egquations
which may be solved for the unknown multipliers V49VysV3 ana

V4+ These equations may be written in the form

Beff+2m+42 O, . = 0, 1 = 1,2,3 (2.3.11)
i i j=1 vj J_j - ’ - 1Sy sJde

4

J§1 VJ 64_1 = 0 ’ (2.3.12)

where the matrix eij has been defined as
o, = {8, J 0, a2} (243413)
ij = p I 3 ¢ e

we have exhausted all possibilities of generating any
new constraints, and can now identify, as we had antici-

pated, the constraints ©

X i=1,2,3,4 as second class since
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they do not have vanishing brackets among themselves. On
the other hand the constraint ¢, of Bj. (26343) is of first
class type since its bracket with all the other constraints
vanishes, and we are free to choose the gauge A= 0
without changing the dynamics,. Hereafter, we will com-
pletely drop all reference to A and its conjugate momentum P
as these variables will not contribute anything to the phy-

sics,

Now the equation of motion for m; is given by

4
m o= {my, [ It d32} + 321 vy {my, J 9 d32} =Vi (2.3.14)

where the first term on the right hand side vanishes because
H is independent of the p°’s. The unknown multipliers
V4aVyaVy and v, are determined by is. (2.3.11) ana
(23+12), This calculation is presented in Appendix A. ‘he

results of (A.6) yield the precession equation
l'-l{ = Yf-ﬂ’ X B ’ (203015)

in agreement with the result of the lagranygian formalism.

We now turn to a calculation of the birac brackets of
the magnetization components, Equations (2.2.24) ana

(2+2425), (2.3.4) and (2.3.7) yield tne OLirac bracket

{my (2), my(E")}* = + Jf af of 85, 83(Z - X) (&) 8,5 &G - %)



= cij(é’,é") (L, = 1,2,3) (243.16)
The calculation of the matrix Cij proceeds by noting that

eij(}.’), to,(z), § eJ(Z') dz "’}

J daZ'{e; (), 6y(z")} . (2.3417)

Thus, the bracket between two second <¢lass constraints 1is
expressible in terms of the previously defined matrix Qij(g)

of Eqe (2.3.13):
{8 (2), o;(Z")} = oy () 87(F-2") . (203018)

The integral equation defining the matrix cij’ 27

(242.27), is now expressible with the aid of Eg. (2.3.18) as
Jaf ¢ G5 e, (¥) = 8, (203419)
By inspection, th= solution for the matrix Cij is
C, (%oy) = 6, 1(X) 83(X - ¥) (2+3.20)
1jiXeY ) = 945 YI o o3,

The matrix inverse, 6;}, has been calculated in Appendix A

and appears as Eqs. (A.7) = (A.10), From this and Bjs.



(2.3.16) and (2.3.20), the Dirac brackets are given by
{mg (Z,6),m (E° )% = ¥ g me(E,e) 83(E-27) .« (2.3.21)

the passage to guantum theory could now be made by
replacing the above Dirac brackets by =i times commutators.
The secona class constraints can be strongly (as operators)
set equal to zero, and the Hamiltonian to be guantizeda woula

then be given by

(2.3.22)

o
"

L
34
o] )
+
<
[ ]

This Hamiltonian is essentially the well Kknown starting
point for spin wave or magnon theory. The usual precession
equation, (2.3.15), follows from BEq. (2.2.20) when the birac
brackets, Eq. (2.3.21), are used with the Hamiltonian of £j.
(243.22). The preceeding derivation, Bjy. (2.3.14), obtained
the same result without explicit use of the birac bracket

formalism,

The application of the above theory to the case or a
single particle possessing spin and translational degrees of
freedoms is simple and straightforward. The application toO
an elastic magnetic dielectric having more than one particle

per unit cell will appear in Chapter II1I.



L1, 'tHe ELASTIC MAGNETIC CONIINUUM

3.1 2She Microscopic Jagrangian

We consider a crystal as a mechanical system consisting
of a set of point particles situated in a vacuum., E£ach par=-

>*na

ticle is located at the position x ~, and has fixed charge

ea, fixed mass m® and may have a permanent ana, therefore,
spontaneous magnetic dipole moment ;na which arises from the
intrinsic spin and electron orbital motion. The notation
follows that of ref. 27. The index n has three integer com-
ponents that name the primitive cell n, and a lapels the
type of particle or sublattice. The particles are actead
upon by mechanical forces (of quantum mechanical origin)
derivable from a potential energy V({x"%, %) wnere
(X% 0P%  denotes the set of all particle positions ana
their respective spin magnetic moments. The parcicles are
also subject to forces of electromagnetic origin whicn arise

from electric and magnetic fields, either externally appliea

or producea by the charges and magnetic dipoles themselves,

The total lAagrangian of the system has three parts

-37 =



L=LP+LF+LI » (3.1.1)

which consists of the nonrelativistic particle lagrangian

having the form

Lp = 3 & n%&9% - v({5PY) (3.1.2)
nx

the field lAgrangian expressed in rationalized MKS units of

the form73

Lp = J Tpaz = 3 ¢y f [B2(Z,0) - c® B3(Z,6)] a2,  (3.1.3)

and the electromagnetic field-particle interaction lagran=-

73

gian of the form

L= § Doy af = I e® E%(e) ¢ R(E%(e),e) - o(@%t),c)]
n«

+ 3 %) * BEM%(e),t) . (3e104)
n«

Here dz = dz dz2 dz3 is a volume element in the labporatcory

1
coordinate system, and the electric and magnetic fiela vec-
tors E and B are defined in terms of the scalar and vector

potentials ¢ and A by means of

E(z,t) = -v @(z,t) - 93%5*3‘—)- , (30145)



B(z,t) = v x A(z,t) . (3.146)

3.2 The cContipuum Limit and the sacroscopic¢ lagjrangian

Since we will be interested in the interaction of visi-
ble 1light or of long-wavelength electromagnetic radiation,
ultrasonic waves, and spin waves, that is, phenomena with
wavelength much larger than the dimension of the primitive
cell, the theory can be a long wavelength or macroscopic
theory. The passage to the continuum limit is accomplishea
by replacing the index n, which names the cell, with a con-
tinuous variable X while retaining the particle type index «
as a sublattice index. The variable X is called the
material coordinate because it rides with the mass point.

Thus, we make the replacement

&(e) - Z%(X,t) , (3e241)

B%(e) = 3%(X,t) , (3.2.2)

of a set of discrete positions and magnetic dipoles by a set
a
i
the i-th component of the position of sublattice a expresseaq

of functions of the continuous variable X. X represents
in a Cartesian frame called the spatial frame, and xA
represents the A-th Cartesian component of the name X in
what is called the material frame., Upper case latin letters
will denote components in the material coordinate system and

lower case 1Aatin letters will denote components in the
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spatial system, This notation follows that of Truesdell.74

In the continuum limit cell sums become integrals over the

range of the material coordinate;
T FEM(e)) - %,-5 I FEYZ,e)) ok (34243)
n

where Q, is the undeformed volume of the primitive unit

cell.

A center of mass position is definel by

-- N b d -$
X(x,t) = z Pa xa(xit)/po » (3.2.4)
a=1
’ N N
=y %=z § n%/a, (34245)
a=1 a=1

and a set a=1,+.0,N Of internal displacements75 is intro-
duced

e’ Vi1 -, = -, - . N

u(X,t) = x (X,t) - x(X,t) . (34246)

The distinction between the material coorainate X of the
center of mass and the spatial coordinate %x of tne center of
mass will be maintained throughout this chapter. In calcu-
lations, however, it will be convenient to make the spatial
and material frames identical Cartesian ones. The material
components XA of the center of mass may then be regaraea as

equal to the center of mass position components Xy when the



body is in its natural state, that is, a homogeneous, time
independent state free from applied external <fields or
sctress., Moreover, it will be assumed that there has been no
initial plastic deformation so that both tne stress ana the
strain will be zero in the natural state in a nonferroelas-

tic material,

% coorai-

it will be more convenient to transform the X
nates to a new set of position coordinates consisting of the
center of mass position x(X,t) and internal coorainates
yP(R,£) (1=1,+00,N-1) which are displacement invariant. The

transformation is defineda by

N - -
yMZ,e) = 3 oM x%(&,e) , (3.2.7)
a=1
.o NS e |
%(X,t) = VR y P (X,t) (3.2.8)
p=0
where

N
Z, Ul A (302.9)
A=

N-1
§ovER gBR o 5%B (3e2410)

=0

Fo9R,e) = Z(X,e) . (3¢2411)

bDisplacement invariance of y"(p£0) and its lack for p=0



require

N
Z Ul-l-fl = 6110
a=1

. (3e2412)

An alternative statement of displacement invariance derived

from Ege. (3.2.10) would be

v =4 (3.2413)
Equations (3.2.4), (3.2.7) and (3.2.11) together imply

w0% = p%/p0 (342414)

Substitutions of Eq. (3.2.,14) into Eg. (3.2.9) yielas
N « dv 0 Owv
z p- v /9 = & . (302015)
a=1

‘The diagonality of the kinetic energy can be retainea

by requiring

y .
21 p% B y&Y | b gy 0 0 (3e2416)
a=

Then we have

1 o @92 - B2, (3.2417)

a=1 =0

Nj=
3
€
K



If we multiply Eq. (3.2.16) by UVB, sum over v, and use Bj.
(3.2.10), we obtain a connection between the transformation

and its inverse:
PB VBu = mp UnB . (302.15)

The time derivatives occurring in Ege. (3.2.17), taken hola-
ing the material coordinate X fixed, are called material
time derivatives, This is in contrast to the spatial trame
time derivative where the spatial frame coordinate z (oxr X
if in matter) is held fixed, A material time derivatave is

related to its corresponding spatial frame time derivative

by

dF(X,t) _ % _ 2F(x,t) | ° 2F(x,t) 19)
= F X . (3.20
at ot iy

The total continuum lAgrangian can be expressed in
terms of a lagrangian density referred to either the spatial

coordinate system or the material coordinate system:

L=JL%av =y tMav . (342420)

Here dv and dV are volume elements in the spatial and
material frames respectively. As previously noted in Sec-—
tion 3.1, the total lagrangian density consists Oof the sum
of three ILagrangian densities describing the fiela, the

field-matter interaction and the matter:



B+l +f ,G=5m . (3.2.21)
The field lLagrangian in the spatial frame has already been

noted in Eq. (3.1.3). Using oo t-1% (3.1 .4), (3.2.2) and

(3.2.3), the continuum interaction Lagrangian is given by
~M g, . o T ™A -, =
L7 = ¥ q% x*X,e) * AEUZR,L),b) - $(x%(X,e),t0)]
«

+ § at%(X,e) * B(EXX,e)E) (3.2422)
¢4

L2 = J(Z,0) * AZ,t) - a(Z,t) &(Z,e) + @(Z,e) * B(Z,e)
(3e2423)

where the charge and current densities associated with the

ionic motion are given by

a(Z,t) = £ q% J 82 - x%Z,t)) av , (3e2424)
Q

JE,t) = Fa% § x%R,t) 8(Z - XXF,e)) av ,
14

(3e2425)

and the spin and electronic contribution to the magnetiza-

tion is given by



m(Z,e) = J %:’ﬁ“(i,t) 8(z - 2%X,t)) av , (302426)
where
a“=ze%q, , (342427)
and
mi® - B%(X,t)/a, (302428)

is the effective magnetic moment density of sublattice «
from spin and orbital contributions. The superscript T on
MmT®  standing for total, is used to indicate that the sub-
lattice magnetizations may possess a constant or spontaneous
part aSa in addition to a part m% which may vary because of

some external influence,

In either of the forms (3.2.22) and (3.2.23), the
interaction lagrangian contains multipoles of all order., Wwe
will specialize to the case of the magnetic dielectric

material in which tnhe free charge is zero:

Yq%=0 . (3,2429)
[74

The ionic magnetic dipole term will be retained but elecctric
guadrupole, and higher order terms will be dropped., This is

accomplished by expanaing the functions of X% avout X using



Eqe (3.2.6) and retaining all terms to first order in the
small gquantities {U%} or their equivalent {y"} (m # 0). We,
moreover, use the fact that a total time (or space) deriva-
tive can be discarued from the lagrangian since it cannot
affect the eguations of motion, and find that tne interac-

tion lagrangian to dipole order is given in the material

frame by
L= T gf 7R(E,e) ¢ BR(X,t) )
B
1 . BV b $y o P v
+t 3 L aty"xy) B(x(X,t),t)

TR

+ S RTER,e) * BR(X,t),t)
[+

+ 3 aE,e) ¢ REe) 0 9) BEEe),e)
o (342430)
while in the spatial frame we find
if = L aM MR/ e)]zg (2, * BEE)
+ M(z,t) * B(z,t) + N ¢ v B(Z,t) , (3e2431)
where

g = T qE Ve, BV 2 5 g% vy (342432)
[¢ 4 [+ 4



ﬁ = E + ;;’ X -B. » (3°2'33)
l'-ﬂ.Tp = Z ["I;Ta va}l R (3.2.34)
Q
MZ,e) = UF at%Z,¢)
[+ 4
+12- S gW(TH x ¥V} 790z 2(%,0)
ByVv (3.2.35)
NEZ,t) = §[5T“(z,t) FNXe)/ 0Kz L 2R
=30 @REe) FREe) /(R L (ke ¢
B (3¢2.36)

The expression for q“, the effective charge associated witn
the wp~th degree of freedom and neutrality of the unit cell

as given by Eq. (3.2.29) implies that qo

= O A primed sum
indicates in the above equations that the p = 0 term is to
be omitted, The Jacobian Of the transformation from the X
frame to the X frame is

J(X,t) = det ax, /oX, = det x (3e2437)

i,Aa ?
where the comma denotes differentiation in the last expres-—
sion, Note that in a magnetic material the dipole approxi-
mation requires the retention of the spin gquadrupole moment

N The 3 notation in Eq. (3.2.31) indicates a contraction
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on two indices,

The matter lAagrangian consists of the Kinetic energy
minus the stored energy. with the aid of Bis. (3.2.11),

(3.2.,16) and (3.2.17) this becomes
o (0272002 + ¥ Wm¥2) UM - L, (sezess)
, "

where ) is the stored energy per unit undeformed mass of the
crystal. The exact form that ) may take will be aiscussed

in Section 3.3,

The lagrange equations can be written in either tne
spatial or material frame depenaing on which lagrangian den-—
sity in Eq. (3.2.21) is used. when second oraer space
derivatives are present in the Llagrangian density, tne
Lagrange equation of motion in the spatial frame for a gen-

eralized coorainate 4y is

S

d __ oL Y oL 2 L.
-2 . = 92 - 2 + =2 (3e2439)
ot oimi7ot5 1 0%y %y o w@jee oy

where z is the independent variaple, J4in tne material frame

the lAgrangian equation for the generalized cooruinate q; 28

a_ofM ot 5 o7i . 0 of (3.2.40)
[ — ' [ ] [ ]
at 00X, 04y, 0K, 0K, &y Ay
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where X is the independent variable,

3.3 The stored rcnergy

'ne form that ) may take consistent with the conserva-
tion laws has been discussed in detail previously for
dielectric and pyroelectric mat.erials.76 These same argu-
ments hola for the case of an elastic magnetic dielectric
along witn the additional symmetry of invariance Or tne

stored energy unaer time reversal, We summarize these arygu-

ments here.

In general ) coula be a function of all the degrees oL
freedom, X, ¥ (1=1,ee0,0~1), ﬁTa(a=1,...,N), their first ana
higher derivatives with respect to X and X itself, Since in
the long wavelength limit, derivatives of higher oruer than
the first make progressively smaller contributions to the
energy, these will be neglected. Moreover, we will omit
wave vector dispersion effects, such as optical or acoustic
activity,77 which are lowest order corrections to the long
wavelength limit, <this requires that we excluae the aepen-
dence of J upon the derivatives f?k = q}'“/oXA (H=1pe0esii=1)s
We will retain aerivatives of the magnetization ETA. The
following consiaerations will also restrict the choice, thne

construction, and the combination Of the relevant varianles

upon which ) will aepend:

A, Iinvariance Reguirements



(1) Momentum conservation requires invariance of Z‘ with
respect to uniform displacements in the spatial coordainate
system. Since all y"(p=1,...,0N-1) and the first derivative
of X possess such invariance, ) may be a function of tnese
variables. 71he center of mass position 2, however, does not
possess such invariance, and so , may not be a function ot

-
X

(2) Angular momentum conservation requires invariance of )
with respect to uniform rotations in the spatial coorainace
system. Such dinvariance is guaranteed if eacn Of the
indepenaent variables of Y is individually rotationally
invariant. A complete set of such variables consist of

(@1....’1“)’ XA and Sgn(J).
78

. W - Ta .«
LAB’ AA(D—1,000,N 1), FA ’FA;B

The Green finite strain tensor EAB is defined by

ap = (Cap = 843)/2 (30341)

(3.3.2)

aB = ¥ ,a%i,8 °

Ssummation over repeated indaices is implied. The rotacion-—

ally invariant internal cooruinaces AX are defined by

A:EYr RiA (F1"0"N-1) » (3.5.3)
where R is the finite roctation tensor79 given by

iA



The rotationally invariant magnetization ana magnetization

Ta

gradient variables, FA and PZ,B, are defined by
’

RE=m R, (3+3.5)
a a .
PA;B - mi'B RiA b (30300)

Tne sgn(J) variable enters the discussion in the fol-
lowing manner. The stored enerygy depends on the vector

- - . -5 . . .
variables x 0% and X e rotational invariants were
’ ]

20
1
formed from these giving us the variables EAB'

another rotational invariant could be formed by taking the

dowever ,

triple product or the determinant of the components Of the
three vectors §.1,2,2 and §’3. This invariant is just the
Jacobian J of the transformation as defined by Eqe (3¢2.37),
It is easy to show using the rules of determinantal multi-

plication that
J® = det CAB N (3.3.7)

80 that J is expressible up to a + sign in terms of tne tin-
ite strain tensor EAB' Since J is a pseudoscalar, sgn(v) is
+1 in right and left hanaed coorainate systems respectively.
(The reader is reminded that the paraty operator whicn
changes the "handedness” of the coorainate system is guite
different from the material ipnversion operator which inverts

the body. “Tnat is, parity coinservation is a completely ais-

e



tinct guestion not associated with any material inversion
symmetry that a crystal might possess.] It is therefore pos-
sible to separate the stored enerygy into a part invariant

under a parity operation, and a part whicn is not:
2 = 21 + [sgn(J) J 22 ’ ‘ (30306)

where 21 and J, are both invariant under a parity transfor-

mation of the coorainate system,

(3) Although it is well known that parity is not precisely
conserved, we will neglect the small violations of parity
conservation for our case. Y must now be invariant with
respect to inversion of the spatial coorainate system. This
necessitates the dropping of the small parity non-conserving
term [ sgn(J) ] 22 from Eq. (3.3.8). We note, however, tnat
up to this point Zh in Eq. (3.3.8) may contain terms wnich
have a proauct of sgn(J) with odd power combinations of
T

Q
PA anda PA

a parity transformation because o0f the presence of tne fin-

.y 1he latter magnetic invariants are odd unaer
’

ite rotation tensor defined by Ege. (3¢3e4)e

(4) 2 must be invariant under the operation of time rever-

wa

sal. This requires that the magnetic variables PA ana %

a3 B
occur in even power combinations in the power series for Z.
Consideration of this ana the statements made concerninyg
parity conservation make it possible to drop sgn(J) from tane

set of variables for J}.



(5) Wwe consider only homogeneous crystals, which in the
continuum 1limit requires invariance of ) with respect to
arbitrary translations of the material coorainate system,
Thus , xA must be removed from the set of variables ror .

In the language of conservation laws, homogenelity is

equivalent to Crystal momentum conservation.,

(6) 2 must be invariant under the operations of the space
group that describes the symmetry Of the crystal unaer con-
sideration., This will place restrictions on the expansioa
coefficients that appear in the power series in the relevant

variables to be written down shortly.

From the above considerations the functional dependence

of ¥ may be stated as

. Ta 4
=5 (E., Aua ? Pa. ) (303.9)
ap? da0 ta Ny

gl

where ) is understood to be an even function of the magnetic

« and I‘a

. T
variaples PA AjB°

B. Magnetic Space Group and Crystal Symmetry

A magnetic space group is formea Lrom an orainary space
group in the followinyg fashion:80 let G represent an orai-
nary space group. Choose any supbroup i of index 2 in G (by
index 2 is meant the oraer or numper of elements in G is
twice the order of tne subgroup H). Multiply the elements

of G-H by the time reversal operation K. ‘Inen
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.

G’ = H + K(G-H) is a magnetic space group.

The displacements {3?} are even under time reversal
while the magnetizations {ETQ} are odd., Tne opposite is
true under the action of the material inversion operation
which reverses all polar vectors out leaves invariant all
axial or pseudo vectors, Under a magnetic space Jroup
operation S which contains a rotational part representea by
the rotation matrix §, a particle of type « at position X is
carried by S into a particle of type S(a) at position
s * X +v(s)., Here v(S) is the translational part of tne
magnetic space group operation S. Thus, the new daisplace-

ment of a particle of type « at X is given by61

-1
uS @) (Tt e gV e Fe) . (3.3410)

a, = ]
Lui(x’t) ] = Slj j =2

nere s is the three dimensional representation o0r the

ij
rotation-raflection part of the magnetic space group element
S. 7This representation of S is understood to be that which
is odd under the material inversion operator., The new mag-

netization of a particle of type a at X is given by

-1
[m(%,e) 17 = 1(s) k(s) s, m5 (® (g7 X =57+ Ve

J (303011)

I(S) = + 1 according to whether the rotational part of the
operation S is proper or improper. K(S$) = * 1 according to

whether the operator $ is unitary or anti-unitary. That is,



K(s) = + 1 if S does not contain the time reversal operator,
and -1 if it does. For the sake of clarity we have
suppressed the total symbol T over the magnetization in Bj.
(3.3.11). By consideration oOf Bys. (3¢2.7), (3.2.11),
(3.2012), (3.341) =(3.3.6), (3.3.10) and (3.3.11) we optain

the transformation properties of the invariants in tne form

- ‘—1 - - - -
AB(R, 001 = 5, whe v8 (@Y™t e 3 o571 e G,
(3e3012a)
- by . . -1 o4 -1 g
[y (%8017 = 8,0 Sy Bopls™ * X =87 " v,e),
AB AC “BD "Co (3¢34120)
~1
. - - ¢ . o - ¢« ~ « 7
r%(Z,e)i° = k(s) 1(s) s, 15 (Hg™ % -5+ 7,0,
(303.12(3)

-1
. S (a) Sk B S

K(s) 1I(s) s
(3.301&0)

S ¢ 4 -> ~ @

Tne guantity to be invariant unaer the magnetic space
group operation is the total stored eneryy inteyrated over

the crystal., 7That 1is,
JPaf =Y al = a(g ' * -1 , (303.13)

where }° is the storad eneryy written as a function of tne
primed wvariables given in Bys. (3.3.12). Comparany
integrands in Eg. (3.3.13), we obtain the invariance

requirement
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Z(AA' Eapy Ta o PA;B)

v

s Spc Sap B

= AC °BD “CD!

-1
S(s, 5 UH® v (av,

S~1(a))

-1
K(s) I(s) s,, r (ad k() 1(s) Sue Ssu Tow 3 5ta)
e Jdel

It was previously stated that time reversal invariance

required the magnetizations ana/or magetization gradients to
occur only in even power combinations, Equation (3.3.14)

may be written in the alternative form

T Ta
L (Ags Epps Tpos Tyoy)

-1
_ . pz ,S (a)v v . "
=5 (S, UV Agr Spc Sup Ecp
~1 : R |
- ) a , a - R
Sap Th ( ), Spe Sup rZ;D( ) ) . (3e3415)
invariants

In tne above, it is understood that the magnetic

only appear in even power combinations.

For purposes of discussion we may expana the storea

energy in a power series obtaining

0 v _ (1000) . p . . (0100) (2000) ,uv ,» ¥
L= Hy ap ¥ Hop Bag * Hog Ba By

P

(0200) (1100) yp B
+ Hppep Bap Bop * Riue %4 Egc



(0020),ap Ta TP
+ Hyy Ta Ts
(0002) ,aB a B (0011) ,ap . Ta _p
* Hasep Tags Teyp ¥ Hase Ta Toge

(1020) pap ,p La Ap (0120) ,,ap . Ha Ap
+ Hope 84 Ty Too 7 Hidep Bag Yo 1D

(1011) jpap b Lo B | ﬁ
HABCD AA I‘B FC;D * aee (3.3.106)

+

The H coefficients are called material descriptors82 since
they describe intrinsic properties of the solid under study.
The numerical values of these tensors can be calculatea only
from guantum mechanics., In the present treatment, we are
not concerned with such calculations and regara the numeri-
cal valuee 0Of these tensors as oeing determined by compari-
son with experiment. Moreover, it is important to reakiize
that by their very nature, the material descriptors cannot
be tunctions of any of the characteristics of any applied
inf luence., Thus, for example, they are fregquencCy and wave
vector inaependent. The frequency dependence of various
material tensors (e.g. the pieszomagnetic tensor ) will arase

from the solution of the time depenaent dynamical eguations

of motion which result from the Lagrangian,

In Eg. (3.3.16) the material descriptors contain numer-
ical presuperscripts (k,l,m,n) where Kk denotes the number or
polarization-like factors A“, l denotes the numper ot strain

factors £, m denotes the number of magnetization factors,



and n denotes the number of magnetization gradient factors
in the term in question. As stated previously, the sctored

energy must be invariant under crystal group operations.

. . B Tla ~&
Since the variables Apy E g PA ana LA;B are é;tered by
crystal group operations, conditions are imposed on the
series coefficients, (K,l,m,n)ﬂ by tge (3¢3.15).

Consider a particular term in the series Bjie (3¢3.10)

for which Eg. (3.3.15) leads to the requirement

papg B rta TP
Yy, H Al DT T
. A C
by, p ABC B

-1 =1 =1
_ oo BB qBY,S T {V)v, v . s (a)g s (8)
-u é bHABC ur'v SAA'AA'SBB'FB' bcc.l‘co
 Bad

Ta¥s , (3e3417)

If we change the summation variables on the righthand siae
from a,3 to S(«),S(p) and compare corresponding terms, we
fina that crystal symmetry requirements have imposea tne

condition

(1020)ﬂxgg =5 (1020)hv§(9)§(5) Uvs(r) yiw
v, Y

S o S e S e .

A B C A'A "B, "C

For the special case in which the group operation S does not
interchange the sublattices [S(a) = a,5(B) = p,s(¥) = ¥],

Eq., (3.3.18) reduces to



T eem

- 59 =

(1020) ypap _ (1020) pnap . .
Hppe = Hpegoc’ Sa’a Spip Scrc + (3+3419)
We note that if inversion symmetry is present, the above
expansion coefficient vanishes. For the case in wnich S
does interchange the sublattices, the reader is referred to
the comparison made by lax and Nelson83 between the diamond

84 could

ana NaCl structures. The use of subgroup technigues
greatly facilitate any calculation of the symmetry require-
ments imposed on the expansion coefficient in 81, (3.3.18)

by the full group.,
C. The Stored Energy and the Natural State

The choice of rga as expansion parameters for pOE, nhas
one drawback, In the natural state of the crystal, i.e.

when no external influences are applied to the crystal and

all space and time derivatives vanish,
= B « _ Ta

EAB =0, Ay = 0, FA;B = 0 but I',™ has a spontaneous value of
Fsa = O msa (3.3020)
A = "ia i *

This leads to tne spontaneous value of pUA and OpOL/O#ga
having an inrinite series of terms. Tnis can be avoiaed oy
introducing a new guantity

« - I‘S“ ((l-'-‘- 1,00.,“) [ (3'3021)

Using Eqs8e (3e¢3¢5),(3¢3.20) and (3.3.21) we obtain



a _ o s Sa «
r, = (RiA °1A)m1 * Ry . (3.3.22)
Equation (3.3.16) can now be reexpressed as

0 5 = “°°°’KK Ax +(0100)KAB B +(zooo)va AP oY

p AB A3 A 4

(0200) (1100) 8 ,p (0010) ,a .«
* KascpBasBcp * Kpnscha Ege * Ko I

(0001 ) @ na (0020) a8 ~a ~B L(0011) ap .a p
* Kag Tazs ¥ Kag Ta T ¢ Kase Ta Ts;c

(0002)  ap « B (1010) ,pax b @ ,(0110) .«
+ Kaseo®a;s Te;p * Kag %3 Tyt KapcB

(1001) pa ,p ~a (0101) .« "
+ Kape % Tg;c * Kascp Ean

Expressions for the new expansion coefficients (kyd,myn)y

in terms of the old expansion coefficients can easily pe
founa from Egs. (3.3¢16),(3.3.21) and (3.3.23) out they
will Aot be presented here, It is noted that oad power
terms in the magnetizations and/or magnetization gradients
are present in the new expansion, This apparent violation
of time reversal is explained by the fact that the new
expansion coefficients relating to these terms are them—
selves od& power functions of the sponianeous sublattice
magnetizations. The stored energy is now expanded in rota-

tionally invariant variables which vanish in the natural

r

a

ABCTAB"C



state, The constant term in pOZ which cannot contribute to

the equations of motion, has been dropped.

3.4 Maxwell-ILorentz sfjuations

The Lagrange equation (3.2.39) for the scalar poten-

tial, regarded as a generalized coordinate, yields

« s B D
with the aid of Egs. (3.1.3)’ (301.5), (3.1.6), (3.2.21) ana
(3.2.31)., The righthand side of Eqe. (3.4.1) is tne dielec-

tric or bound cnarge in the dipole approximation, ana the

polarization P is defined by

5y

The lagrange equation (3.2.39) for the vector potential

K, regarded as a generalized coordinate, yields

vx B(Z,e)/uy - ¢g £ ="+ Moe3H (3.0443)

with tne aid of ms. (3.1.3), (3.105). (3.1.6). (3.2021) ana

(3.2.31). The dielectric or bound charge current in tne

dipole approximation is given by

P22, Fxx) . (304e4)



The magnetization current is given by the curl of the spa-
tial frame magnetization

M= vx H(Z,e) , (3e445)

and the intrinsic spin magnetic guadrupole current is given

by

'J'.N = -v x{(v * N(z,t) ) . (3e446)

Alternatively, we coula have obtained the same results
in Egse. (3.4.1) and (3.4.3) ky using the interaction Lagran-
gian correct to all orders, Eg., (3.2.23), in which case the
lagrange equations become

€. vV °* E:q(g,t) ’ (30407)

0

[c1

-, - oE -, = -, .
vV x B(z,t)/p0 - € o = jlz,t) + vx m(z,t) . (3.4.8)
To dipole order, the righthana sides of 81s. (3.4.7) ana
(3.4.,8) reduce to the righthand sides of igs. (3.4.1) ana

(3.4.3) respectively.85

By comparison of EjS. (3e4.1) ana (3.4.3) with the con-
ventional form of Maxwell’s equations, we must define tne

electric displacement vector D and the magnetic fiela H oy

(3.4.9)

o
L
Om
s
+
ol
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H:B/po—Pxx-M+V'_bj . (3.4.10)

The two remaining Maxwell eguations,

vx B+ oB/ot (3e4411)

i}
(o)
-

v E =0 , (304.12)

are direct consequences of the definitions, Egs. (3.1.5) ana
(3.1.6), of the E and B fielas in terms of the Lagrangian

coordinates & and ®.

It must be emphasized that we have calculated the
Maxwell~lorentz equations in this section with all quanti-
ties referred to the spatial frame., To perform a similar
calculation in the material frame, the Lagrangian must be
transformed to that frame, and new Iagrangian coorainates
different from A and ¢ must be chosen., Moreover, all elec-
tromagnetic guantities such as the electromagnetic Lielas,
the polarization, etc,, wWill have differeat forms when
expressed in the material frame, For a complete discussion

of this problem the reader is referred to lax and Nelson,86

87 88

wWalker et al, and Thurscton,

3.5 Center of Mass rguation

The material frame Lagrangian equation (3.2.40) for tne

center of mass position X yields
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with the aid of EQS. (3.2.21)' (3.2.30), (302038) and
(3.3.23). Here

Pz qPfyP=5q%a% , (30542)
B

is the dipole moment per unit volums in the material £frame,

and the Piola-Kirchoff mixed frame stress tensor is defined

by
T, = p° 2/ ax (3¢503)
in = i,a 3o

In . (3.5.3) Y may be thought of as a function of the ori-

Ta «
, A? Ti» My » M

from the definitions iqs. (3.3¢1)~(3.3.,6) and Eje. (3.3.9),

~which is clear

ginal dynamical variables Xy i,A

The derivative in £3. (3.5.3) is to be taken holdinyg all the

original dynamical variables fixed except x, with the

i,A*
use of vector iaentities and Egs. (3+2.19) and (3e.4.11), the

center of mass equation (3.5.1) can be reexprassed as

prx g =Tt (P V)E +(pxB) +lxx(p" V)8



-7 1 ’ nd i jug
+{Z e s TaMEtxyM)) 0 B,
« Y

+ PRI E% s VB, . (3e544)
44

This equation can be transformed to a spatial frame eguation
by multiplying by J"1 definea in Bje. (3.2.37), ana rearrang-
ing terms, With the use of the Iuler—-Piola-Jacobi iden-

=0 ’ . (305-5)

it is easy to show that

-1 _ WX o
J TiA’A =ty (3e546)
where the local stress tensor tij is defined by
x .
tj_j =P (Oz/éxi’B) xj,B ’ (3e5.7)

the x superscript signifying that all variables except X 4
]
are to be held fixed while taking tne derivative. 7The mass

density referred to the spatial frame is defined by

p = J—1 po . (3.5.8)

90

We state for future reference a theorem”  relating material

and spatial time derivatives. it P(Z,t) is any physical



quantity expressed in the spatial frame and v(X,t) the
corresponding gquantity expressed in the material frame

related to one another by

I‘(E,t) = ~"(5'{"")/J(xst) |

= $(Z,£)/3(2,e) " (34549)
then we have
or(Z,e) , 2M0zat)x ] oy g(3r) (3.5.10)
2t 3z, =J " e . *3e

With the use of the above theorem, we find that

-t - - LY LY
JVp = of/ee + vk (Bxx) + (0 %), o (345411)
?

Equation (3.5.4) can then be put in the spatial frame form

PR 4

~
=~

[tfj + Py B o+ (H * B)s

- 9 L]
ij B_,' My + BJ(V g)i

- (v p_l)K By 81_;' + NKJ. Bk,i],j

+

a® B + [0+ "+ 7N x B, (345412)

fw
L]
o

Effective Field Contributions

The problem of calculating the exact electric fiela at



a point dinside a crystal has been investigated previ-

91492 ynen we expanded the electric and magnetic

ously.
fields about the center of mass value, we did so under the
assumption that these fields were slowly varyinge. In real-
ity the electromagnetic fields are only slowly varying it
one compares corresponding points in adjacent cells, but
within any given cell these fields are rapidly varying. it
is clear that in calculating the fielas which act on a par=
ticle, the self field due to the particle’s charge and spin
dipole must be omitted, Following the definition of Iax and
Nelson,93 we use the term effective field to refer to that
field acting on a particle which includes the local-field
contribution but excludes the self field, Such effective
field contributions imply that the exact £field can be
expressed as the sum of a macroscopic field and, in the ter-

92

minology of Born and Huang,-“ an inner fiela',

For the exact field acting on a particle at position

X%, it is sufficient to make the replacements

P (34601)

oy

B(R%) -> B(Z%) + § Lo *
B

B(R%) -> BR®) + 3 LI * @tk (3.642)
B

where

Eﬁ(zot) = qB ‘?B(xot) ’ (3s003)



- 68 -

is the dipole moment per unit volume associated with a par=-
ticle of +type B. The matrices Lfa and L;B are parameters
that describe the strength of the local fields at the site
of particle a due to the electric and magnetic dipoles
situated at the position of particle g, To a first approxi-
mation Lf” and ggﬁ are taken to be constant matrices tfor
fixed a and g; that 1is, their values are assumed to
correspond to those of the static undeformed lattice (or a
homogeneously deformed lattice), Moreover, it will be
assumed that the matter interacts with these local inner
fields only through electric dipole, magnetic dipole and

higher order multipole interactions,

Subject to the validity of tne above assumptions, we

may associate with the lLagrangian a local part of the form

= 1 x B *x . A o P
Liocal = 2 G§B a 4 u Iy v

+.1.~’ ".(:Tao LCLB oﬁTB ,
2 B =2

SRS Y SR (30004)
B

where

afj(%,e) = a®ul(X,e) uf(Be) (3.6.5)
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is the électric guadrupole moment moment per unit volume
associated with a particle of type «, and the parameters
LZ??Z) are not necessarily identical to g?$,2). The rota-
tionally invariant generalization of the terms in 1j.
(3.6.4) will have the same form as terms already present in
the stored energy and may be absorbed into them with only a
modification of the relevant expansion coefiicients, The
absorption of the inner fields into the stored enerygy means

that the electromagnetic fields used in this paper are in

fact the long wavelength macroscopic Maxwellian fields,

3.7 Internal Motion Equations

The material frame lagrange equation (3.,2.40) for tne

internal coordinate y"(u#0) yields

[s) - -> & ->
mby Pea B @B+ 29" @Y x By

- po OZ/QYr (3.7.1)

with the use of Eqs. (3¢2¢21), (3¢2¢30), (34232), (3.2.33),
(362434), (3.2.38) and (3.3.23). In the natural state (nS)
of the magnetic crystal B = B° (the spontaneous magnetic
field), RiA = 8 pr and all time and space derivatives are
zero. Equation (3.7.1) then becomes with the help of gjs.

(3.3.3) and (3.3.23)



_ - (0] M NS _ _ (1000) .1
0= SiA(OP Z/OAA) = 81A KA ’ (307.2)
which implies that we may choose (1000)KK =0 in By,
(343.23), However, this result is not true for pyroelectric

94

materials”™ where a non-zero electric field (tne spontaneous

electric field) is present in the natural state.,

3.8 Eguations of Mot ion for Sublattice Magnetizations

[ Y — e )

Although the general structure of our theory does not
reguire it, we will assume for simplicity here that the sub-
lattice magnetization vectors are perfectly rigid alony

their lengths, i.e.,
| mE« 2 o | @S« 2 (3e841)

As discussed in Chapter II, it is necessary to account for
the angular momenta of the spin and electron orbital motion
which generate the magnetization. This can be done by sup-
plementing the material frame lAgrangian density of the sys-
tem [Eqe. (3+2.21)] with a gyroscopic term which is the yen-
eralization of Ege. (2.1.2) for tne case of more than one

particle per unit cell. This term is given by

RM -

- -~ . LY o~
2 —l mla - e‘J) LmTa . (mTa 2 eJ)] ] (30802)

1
3 a,J | ﬁTa |2

(ﬁTa o gJ)Z

where Y% is the gyromagnetic ratio of magnetic sublattice a.



Considering only that part of our lLagrangian density
which involves the magnetic coorainates, ana putting in the
contraints by means Of unaeterminea multipliers, we nave in

the material frame

)
i
x?
=
+
R
34

* (3e803)

A% 1s the lagrange multiplier for sublacttice a.

we cnoose {m %(X,t),m %(X,t)} as magnetic variables ror
the lagrange equation of motion (3.2.40) <from which we

optain the effective magnetic field for subplattice a:

%— o8 - 9K _ ,, p¥x _ gaetf ° (3.8.4)
Coapg ant &
am
where
B¢ eff = E(}?a,t) - po -_%Zr-& + pU %2- Qg-l.& . (3.0.2)
am A am
y A

In the natural state of the crystal, % = v ana m*% = ¢

so0 that the spontauneous effective rfield must obey
(Ea eff)NS

= - 2(AHNS gse (3.8.0)

i.e., it must be along the spin direction so as to proauce



no torque. This agrees with the results of Alexander35 whno

analyzed time independent 'magnetic structures’ at the limit
of zero temperature, Moreover, 1in the natural stacte

B(x%,t) = B° ana Rip= 8 Here BS is tne spontaneous mag-

iA*
netic field inside the crystal when no external inrlueaces

are applied, ‘then with the aid of Bys. (3.3.5), (3.3.21),

(3¢3.23) and (3.8.5), we have the conaition

s _ (0010),a

i N (3eBe7)

(B = B

ia *

Multiplying tg. (3.8.4) by ¥* ana taking tne vector

Cross product withn ﬁla, weg can perform the same manipula-
tions as presented in Section 2,1 to optain the maynetic

torgue equation generalized to elastic continua:

ﬁia(x,t) = (& ﬁ*“(x,t) x B& eff

(3.0.8)
In the natural state, the equation ©Of motion Bj. (3.8.8)
combined with Bg. (3.8.7) yielus

Sa

eiJK mj S - (0010)K“ 5..) =0 (3.0.9)

(BK A “Ka

This means that only the component of tne guantaty 2n
parentnases above which is perpendicular to the spontaneous

magnatic moment need vanish.

hne calculation of the birac brackets between com-

ponents of the sublattice magnetization proceeas in exactly
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the same fashion as presented in Section 2.3, the result
beiny
Ta;z Ta = * a Ta 32 b3 ,
{m; %(X,t), mj (X*,£)} =« € jk Mg O (X - X') + (3.8.10)
For future reference we note that to the electric

dipole approximation,

-, -

2 ﬁ"Ta . E().(.a(;(,t).t) = z [‘E\'Ta ¢ B(X(zgt)jt)
&

R

+ 30 atE e (FR(R,e) ) BR(Zm),e) + eee
i (3.8011)

Thus, the use of the righthand side of E£j. (3.8.5) 1in con-
junction with £gq. (3.8.11) yields in the dipole approxima=

tion

\? O
BY OEf L B(R,e) + (3% w)B - 0 - 4 222
om A am” ~
’ (3.9.1¢)

3.9 Momentum Conservation

Momentum conszrvation results rrom tne ilavariance <O
spatial displacement of the equations of motion, ‘this is
automatically sacisfied since we have constructed in our
theory a Lagrangian which is not an explicit function of tne

posicion X. Momentum conservation may be expressed as



(o] c
03 oty .
---———at - Ozj = 0 N (30301)

where gi is the canonical momentum density given by

. ~S
C L .
gl =" L 2 a wal ? &Jq”o&)
14
% o2
ot

c « _aL « oL « oL ~5

e = g% - - . - + . .

1] = E { o1 6Wa w,l ( owa ),K w,lk owa ‘ s L °1J
»J » JK K] (30943)

dere T° is the spatial frame Lagrangian density regardea as
a function of the N fielas ¥%(a=1,2,...,4), their spatcial

frame time aerivatives o¥%/ot (X held fixed), ana their

first and second space derivatives
« a o 2. . .

¥y, o= Z . and . =0 V' /0z .02 _ . ‘'fhe indepenaent vari-—
L j = o /o jand ¥, = / 3% P

aples used in this spatial description are z (equivalently X

within matter) and t.

in oraer to transform any portaion o©Of the .agrangian
gensity <Irom the material to spatial frames, we use oj.

(3¢4420) wnich implies tnat

%= VR Y, (3e9e4)



where J(x/X) is the Jacobian of the transrormation from tne

material to spatial coorainates as aefined 1n £]. (3¢4.37)

From Egs. (3.1.3), (3¢2421), (3e2431), (3.2.38), (3.9.9),

(3.8.2) ana (3.Y.4) the LAgranyian density to pe used is

given as
P =l x+3 p¥eyP yP-pL+ Pk
88
+-o.-o . - 1 -o'-z-o’
M*B+NIVETS e [ B c® B ]
sl oy L@ 8% @t (' x §9)
3 «

%, 8 Y i ﬁTa 52 - (ﬁTa . 56)2

— - p -5
g7V A% RTE 2 -y @58,
&

(3.9.5)

where the spatial frame mass aQensity associatea with tiae

p=th internal c¢oordinate 1is related to the corresponainy

"

material frame guantity m" py

The material time derivatives appearing in £j.

pe reexpressed with the aia of £j. (3.4.19) as

"
i ® TR,k

(3+9.6)

(3.5.3) may

(3.9.7a)



B
i oy oX
p_ 21 B —_
i =% Yi,j *j,k ot ? (3.9.70)
Ta
. i oX
Ta i« 2K '
By =" mi,j xj,x T . (3.9.7¢c)

Since we wish to refer everythinyg to the spatial rrame, the
deformation gradient %; g WMust be regarded as a rfunction ot
’

X . as must J-1,p ana p“. The fielas v“(i.c) that appear

Lyj
in Eys. (3.9.2) ana (3.9.3) can be identirlea as

Xy» yf, m;“, A, ana @. supstitution of L° from Bie (3eY42)

into Egs. (3.Y.2) ana (3.9.3) yields with the aia or s,

(341e9), (3+1.0), (3e4.9), (3+4.10) and (3.5.7)

[0 - - : o
g; = PRy (P x B)i * Dy Aj’i , (3.9.8)
c X ° o 1

13 % Riy T A% X5 T3 B Be 84yt ong Be B By

- e A,
+ (P x B)l xj + (El + SEL) uJ Hl elJK Ak,l
A« '
+ Nlj By,i Yo o L . (3.%.9)
Ky ]

the above expressions are not gauge invariant and can not
represent the physical guantities we are seekKing. 1he yues-—
tion of uniqueness of the momentum density and the stress

tensor will now be adaressed,
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3.10 Total Stress 'lensor

In order to remove the non-gauge invariant terms
appearing in the canonical forms of the momentum density and
the total stress tensor, we first reexpress £js. (3.9.8) and
(3.9.9) with the aid of B4s. (3.1.6), (3.2.33), (3.4.9) ana

(304010), in the forms

c . = :
9 = exg + (B x B)y + 4y Dy ) (3.1041)
c ~ o
- (v ‘—‘)x B 81_;' + (Vv N)i BJ. + s Byg
_ . . _ 22—. «
PRy X § P | me s
Kyl
oA, _
T I Dy ot Ay g el Wy (341042)
where
m .= s E. + +— B - fQ E B, 8 . - l_ 38 8 s =
ij 2 %0 Bi By T BBy T om S Be %y T 2] %k n( iy = W
3.10.3)

is the Maxwell vacuum-fiela stress tensor. when the non-

gauge invariant parts of gi and tg are substituted into tne

J
momentum conservation law Bjde. (3.9.1) they yiela a resuit

> Sy _ 2 i o
prs (Ai'j uj) e ( Fran Dj + Ai,x €kl Hy ) =0 , (3.10.4)



whose vanishing is a conseguence of the two Maxwell egqua-~-
tions for a magnetic dielectric that follow from the discus-

sion in section 3.4:

<
.
ol
1]
o]

(3¢1045)

LD (3.10.6)

<
]
Tt
fl

The cancellation of the non-gauge invariant terms as
exhibited in &£g. (3.10.4) removes one of the obstacles to

uniqueness and leads us toO tentatively identity

n
ko]
x
+
[1:]

(Ex B); (3.1047)

as tne total momentum density in the spatial or laboratory

frame and

b X +m,. + B P, +M B 5 .-M B3 -(V°*N B 8

ij = "ij ij i 7] K “K "ij i “j =K K i)
+ (v g)i By ™ NlJ Bl,i -y xJ

as the total stress tensor in the laboratory trame, To jus-—
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tify this identification, we employ the same line of reason-

ing put forth by Nelson and Lax?® in a recent paper tor the
case of tnhe dielectric, These arguments are briefly summar-

ized below.

The guantitites of £qs. (3.10.7) and (3.10.8) satisry

the spatial frame momentum conservation law,

g .
EEL - i},J =0 . (3.1Ue9)

7

Application of the conventional “pill box" argument?’ to .
(3.10.9) yielas a jump condition on tfj of the form

L . .

L 5 ] ny=0 , (3.10.10)

where [ ] denotes the jump in the yuantity enclosad in the

brackets across the surrace considered,

ou L in
)ouE - )

L tfj ] =« tfj ( £y , (3.10.11)
and n is the outward pointing normal to the surface wnicn 1s
stationary in the spatial frame. (he boundary condition nj.
(3.10411) is much more restrictive in determining the total
stress tensor than the conservation law £4. (3.10.Y) whicn
involves the divergence. rOr example, the adaition of a
curl-like guantity inside the divergence of the conservation

law yieldas a new stress tensor,



L s

iji 7 %kl (3.10.12)

L.
(efy ) =¢ L1,k °

but the bounaary condition is still found to involve only

tfj. The transformation

dh,

L o _ L e % 4 .
( ey ) o=yt , (3.10.13)
g°; =95 + hij 5 o (3.10.14)

obtains a new stress tensor and a new momentum density in
the conservation law, but this transformation does atrect

the boundary condition Ej. (3.10.10). The transformacion
9y =93t ¢ (3.10.15)

where ¢y is indepenaent of time, does not change the stress
tensor in either the conservation law or the pounaary condi-

tion,

it is clear from the above that the bounuary condation
requirement will enable us to properly determine a unijue
total stress tensor., The scalar product oL the stress ten-
sor with the unit normal will not lead to non-uiligueness

L
because ti 3

cannot be a function of the orientation of a
body surface and because that orientation (ana hence H) is
arbitrary. Tne possibility remains that an adaition to the
stress tensor by means Of one of the transformations previ-

ously discussed could be continuous at every surrace, ana



hence be part of the total stress tensor while not atfecting
the bounaary condition., such a transformation coula be

achieved through Egs. (3.10.13) and (3.10.14) with h, . spa-

J
tially independent but linear in time. rOwever, sucn adai-
tions are unobservaple and are properly excluaea rrom the
definition of the total stress tensor. Tne way to excluae
these so called null stresses is to aerine a referance state

for the total sctress tensor which we do by c¢choosing tne

vacuum to have a total stress tensor ana momentum density Of

tfj =my (vacuum) , (3.10.10)
9, = eo(E x B) (vacuum) . (3.10.17)

since our definitions of Egs. (3,10.7) and (3.10.3) reauce
to the above for a vacuum, Wwe are in a position to claim
that the guantities in B3s. (3.10.7) and (3.10,8) are unique
and represent the momentum density and the total stress ten-

sor respectively.

“he total spatial frame stress tensor Of ©j. (3.10.3)
represents the total force per unit area acting 1in a alrec—
tion determinad by the first tensor index on an imaginary
surface, fixed in tne laporatory frame, whose normal is
determined by the second index. In order to tina a spatial
measure of the total force per unit area acting on a movany

g

body surface, we simply apply previous r.'indings9 rasultiny

in



B _ L .

tij = tiJ + gl X. o (5010.15)
it is usually assumea that the natural state (NS) ot a

bounaless perfect crystal is a stress Iree state. IL we

adopt this viewpoint, we fina using #js. (3.10.3) ana

(3.10.8) tnat

L NS _ S -5 o =25 - uS oS s _S . S &5
(tij) = tij + (M BY) 8, My BJ + BJ BJ/pU 5;; B, B’ &
(3510.19)
where the spontaneous elastic stress is yiven by
S _ (. X (NS _ (0100) .
tij = (tij) = 8, Sjn Kuy * (3.10.20V)

In the previous equation we have used Bjs. (3.3.23),

(3¢5.7), (3.8.7) and the relation99

2R .
iB \Ns _ 1 -
(3x= ) =3 (85 8,5 = 85, 855) . (3010.21)
i,A
3.11 Asymmetry of Total stress Tlensor

o that the total stress

it has been shown previously10
tensor for a non-magnetic dielectric is asymmetric when
there is more than one particle per unit <cell, ana nence,
internal coordinates‘;“ are needed to aescribe the material.
We will show that for the case of the magnetic aielectrac,

the total stress tensor is asymmetric even when there is

only one particle per unit cell., This 1s because Of tne
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linear momentum associated with the spin variables.

Examination of BEj. (3.10.8) tells us that we neea only
consider those terms Wwhich are not manitestly symmetric,

ioeo,

(3.11.1)

We begin by considering tf defined in BEj. (3.5.7), it is

J
convenient for purposes of calculation to introauce an
equivalent set o0f rotational invariants for the storea
eneryy . It 1s seen from an examination of tys. (3.3.<) ana
(3.3.4) tnat since the tensor C is invariant under rotations
of the spatial frame, xi,A has precisely the same transtor-

mation properties as Ry Therefore, let

A

)

L= Z(EAdv §K. “:o QA;B ’ (3.11.2)

where E, 18 the Green finite strain censor (3.3.1), ana

whare
B B
Sa =2 Xi,aYi (3011.3)
a _ Ta . S« .
QA_-;xi.A ml mA ’ (501104)



a frd .
“A;B:xi'A ml’B . (3.11.3)
Here, mza is the spontaneous magnetization sublattice a, and

is dincluded in the derfinition so that u;f vanishes in tnhe
natural state. Tne introduction of tnese new rocationad
invariants does not change the physics but merely rearranges

the nonlinear terms in the expansion 0of the stored eneryy.

Equation (3.5.7) now pbecomes

: s )
2. = px. L ®Zac )N + 5 —_ai‘é. Ke)
ij j.B °x1,5 Ok, m °xi,B °€X
[0 4 a
ofl o il
+ Z ( A 02) + A:C oV ) J .
X a ax . a
a i,8 on, i,s °“A;C

(3.11.0)

We now proceed to determine the asymmetric parcs con-
tainea in Eg. (3.11.6). It is easy to show, using bys.
(3.3.1) ana (3.3.2) that tne first term on the rigathana

side of Eg. (3.11.0)

0B,
aC o px on . (3.11.7)

PX = X. ’
JyB bxi'ﬂ OEAC J,B T1,C °Esc

is symmetric, 'ne equation of motion ror the internal coor-
dinates, Eq. (3.7.1), in terms of tne new rotational invari-

ants becomes



e _ B “Tp o 2 _ 0 2k :
Y i = q Li +m B.l P xi,A oap . (3.11.6)
A

This can be used to solve £or the stored

energy aerivative
bZ/o&X. ‘‘nen

the secona term on the rignthana side Of &j.

(3011-6) becomes with the aia of Eqs. (504050)’ (3-‘*02),

(3¢548), (3+9.6) ana (3.11.3)

YN
px_ . 3 ——A_ o)
JyB & ox, B
N i,38 Or;A

- o] - D BB o' ;
= Py Ej + My Bx'j % PUYi Y (3.11.9)

The remaining two terms on the

(3.11.0) can

righthand siae Of &Bj.

be rewritten using 53s5. (3.11.4) ana (3.11.5)
in the form

) . (3.11-10)

With the aid of kgys. (3.11.1), (3.11.0)=(3.11.10),

conclude that the total

we may

stress tensor has the asymmetric
terms



¢ o T (mi%&_y ¥ L & R 4y

@ Kyl
X amn ,
Jak Kyl (3e11411)

Thus, the asymmetry of the total stress tensor' results not
only from the presence of internal coordainates, but also
£rom the magnetic coordinates. ‘Inis asymmetry and tne vali—
dity of anguiar momentum conservation are not mutually

exclusive as will be shown presently.

3.12 Conservation of aAngular Momentum

The definition of the canonical angular momentum daen-

101

sity as introauced by Morse and Fesnbach and Lanaau ana

102 is valia for non-magnetic materials witn only

Lifshitz
one particle per unit cell. Their conclusion that the
stress tensor must pe symmetric for angular momentum conser-
vation to be obeyed, 1s true only for such materials, ‘the

stress tensor is not symmetric for the case we area consider—

ing.

The angular momentum conservation law may oe rouna 0oy
compining contributions from tne center Oof mass motion, each
of the internal motions, the spin rotations ana the ejleac-
tromagnetic fielas, Tne center of mass contrioution 1s
founa by forming the vector product Of Eje. (3.5.1¢) ana X

and by using Ej. (3.5.10) to obtain

o/dc Lp(X x X)y] + o/ezy [p(X % X)y %]
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Leg o x5 (g + B Py + (0" Blog = 8) M + By N, o
= (v ' H), B 8y + gy 8 3]
= &k {tﬁl + B P o+ (F * §)5Kl = By Mg * B Neaoa
= (M), BBty By
+qP(X x E)i + {X X [(ED + 3“ + IN) x Bl} . (3.1201)

'he contribution from the internal motions is round by
forming the vector product of the eguation of motion iy.
(3.7.1) of the internal coordinates with §“ﬂ multiplying by
J’1, summing over p from 1 to N = 1, applying £3. (3¢5.19)
and using the definition of the polarization Bje. (3e4.2),

Tne result is

L] - - e e R 0
o/t (L;) + o/ez)(Lix)) = (B x B)y = 37 e z vy oopd Yoyl
—1 ’ p 'lop
*J eijké yymy© B«
e - LS -»
+ 37V etk (Y x B, (3.1242)

By V

where the internal angular momentum 1s aefinea by

-

T=) pPyPxy? . (3.41243)
B



The linear momentum of the electromagnetic fiela is
obtained by forming the cross proauct Of Hj. (3.4¢11) with
€ E ana the cross product of Eg. (3.4.8) with 8 ana adainy
the results. After use Of B3S. (3e4e1), (3.4.12) ana

(3.10.3) we fina

= = D - -l g\
& (e, Ex B), - ==Y E - LY+ 7"+ Y x B]

m. . , [
13,3 (3%12.4)

The angular momentum of the electromagnetic fiela is easily
found now by forming the vector product or tne electromag-

netic momentum equation (3.12.4) with X and rearranging witn

the result
_é_,-o - - - -
Solx x (e0 E x B)Ji b/azl Leijx Xy mxlj
= (X xB); -~ (£ x((G°+ 7"+ T < B, . (3412.5)

he contribution from the intrinsic spin 1is founa
directly from . (3.8.8), multiplyiny by J™' ana witn tne

use of Ej. (3.5.10). 7Tne result is

(3.1200)

wnere the intrinsic spin angular momentum is aerinea by

§=za1 yateye (3412.7)
(¢4
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We now ada tne contributions represented by =5£js.
(301201), (3.12.2), (3012.5) and (3.1206) €O optain arter
rearrangement ana manlipulation the statement of angular

momentum conservation in the spatial tframe

o/t [{X x (pX + €y E x ﬁ)}l +1; +58; ]

. _ . L NN
am
a,l
Ta _d - Q4
+ 2 o) mJ ;;%—— + Ny By Slj 14 =0 (3e12.0)

where we have used Egs. (3.8.12) ana (3.10.8).

By arguments similar to those ©0f Section 3.,10, tne
guantity within the spatial £frame time derivative is the
spatial frame density of angular momentum, and the guantity
in the divergence is the total flow Of angular momentum

across a surtace fixed in the spatial frame.

It shoula be emphasized again tnat even tnougn thne
total stress tensor is not symmetric, the total anguiar
momentum of a magnetic Ccrystal interacting with tne e<lec—

tromagnetic field is conserxved,

3.13 LEnexrgy Conservation

Energy conservation may be expressed as



3OS .
oW ;
w*teE, =0 (3.13.1)

where W is tne energy density and S tne eneryy Llow vector.

The canonical energy density is defineu as

- L [ (501304)

All quantities in Eg. (3.,13.2) have previously been intro-
duced in section 3.9. Use Of Egse (3.9.5), (3e¢9.7), (3.4.9)

and (301 05) in E‘lc (3.13.2) yielas

W=tk X+ eyt it ]
B
-2 -02 -, 4 = e
t ey E /2 + B /2u0 - M B-Noe:VB+D ¥ ’
J 0 (3,13.3)

- U\ . . .
where M’ = z ﬁla is the magnetization due to spin ana elec—
«

- . A
tronic contributions; i.e. M’ does not incluae tne ionic

contribution.

whe canonical energy flow vector is derinea as

oy 2T QB0 2wt oSy, oy el®
J o boot L@ ot oy 'K ot ‘'K a ¢

»J »JK KJ (3,13.4)
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Use of Egs. (3.9.5) and (3.9.7) in Eje. (3.13.4) yielas

0£+2' pp/zip'oip'
B

[ WP 's ]
]
—
Nf=

a;.

- -

-(P'E)-(ﬁ”é’)-m:va)J;J

X
. Ry am oB
- X - 0% K _
By ¥k T L P g g Y Ny &
@ ang
’

0A
- K _ 2@ : ;

c

3 combine in the

The non—gauge invariant parts of W€ and s

energy conservation law (3.13.1) to yield

24
> . 2 , Ky _ 2 28y o e (=L o
o (D @ 4) = €156 oz Wy 3o ~ om0y 55 = 9 ° (Ex H)
J J (3.13.6)

with the aid of 8. (3e¢1¢5), (361¢6), (3e4e11), (3e10.5)

ana (3.10.6). Moreover, we use the vector identity

oB ON, .
2 Ly o (=2l g
3t N1 Be),y * vy 3o7) 5 = - (G By *(3e1347)

to obtain the final form of the spatial frame msasures oL

the total energy density and the total eneryy flow vector:

wL =w + e0 ﬁz/z + 32/2u0 +p Yy , (3.13.8)



< . M. g Ay
- tey Rk * (Ex ), - B, ==L - 3% p ) o

J K ot « ’
« Ky j ‘
’ (3.13.9)
where
1 %, % Ll STt -, . =
w=zspx X+ )X sY "y - (B = v °N)* B .
& A

(3.13.10)

By arguments similar to Section 3.10, these Juantities are

the unique ana proper ones.



IV, LINEARIZED EQUATIONS OF MOTION

4.1 Kinematic corrections

It will pe useful for applications and for any itera-
tive scnemes in solving the nonlinear equations to separate
the linear terms from the nonlinear ones in the eguations of
motion. Tne matter equations of motion as given by LBjs.
(3.544), (3.7.1) ana (3.8.8), are written with the material
coorainate X as the independent variable, ‘[nese equations
are coupled to the electromagnetic <fielas wnicn are
evaluated at the spatial frame position x. Moreover, spa=—
tial frame gradients and time derivatives Of the electromag-

netic fielas enter into the equations of motion,

it will thererore be convenient to express all terms in
the matter equations as functions Orf the spatial coorailnate

X. 70 dirferentiate petween the same pnysical guantity with

X as inaependent variable rather than X we add a caret as in

(4-1 o1a)

1
€4
P,
=xi
Pl

a(X,c)

y¥(R,t) = ¢ (44141b)

]

L4
T

P

o]
-

c
S
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n¥(X,t) = a¥(x,t) |, (4s1e1C)

J(x,t) (4.1010)

i
<
—
xi
o
~—
.

In transforming from the material to the spatial coor-

103 will arise as a

ainate system, Kinematic corrections
result of the distinction between derivatives witn respect
to the spatial and material coorainates. Uther Kinematic
corrections also occur as a result of the distinction
between material time derivatives and spatial time aeriva-
tives. However, when a common Cartesian coorainate system
for both spatial ana material systems is used, there will bpe

no distinction, say, between a vector component nﬁl and a

corresponding vector component m%,

Some examples will be given in order to clarily tnese
points. For a general function F of the material coorai-

nates, we have

oF  _ of %y _ oF (5. +u. )
oX, = ox | oK, T ax; ‘%3a T Uj,a
_ F_ , eF_
= axa + OXJ uj,A ’ (4.1.&)

where the displacement vector u(X,t) in our common Cartesian

coorainace system, is defined by the relation

x(X,t) = R + 3(X,&) , (4¢103)



and represents the displacement of the center of mass trom
its eguilibrium or undistorted position X Unfortunatcely,

the term u on the righthand side of Eg. (4.1.2) is a

Jsa
material derivative sO that we have not compietely
transformed to spatial derivatives yet, mwwever, replace
the function ¢ in Eg. (4.1.2) with the variable u,, obtain=

ing
(4e1e4)

ui’A=ui'a+ui'J uJ,A .

Equation (4.1.4) can be recast into tnhe matrix form

(Sij - ui,j)uj,A =d; 5 . (44145)

The unknown uj A can be determined now by inverting the
’

matrix factor °ij Uy oy = (1 - g)ij. This obtains the

explicit solution

- - ~ —1 L)
uioA =@ Ll)lJ' J,a
= G + G . E + G . G G * seoe
i,a i,j "J,a 1,] JsK K,a (4e140)

Equation (4.1.2) may now be rewritten with the nelp O .
(4.1.6) as an explicit transformation from a material

derivative to an expression containing only spatial aeriva-

tives:



oF  _ OF oF [~ ~ ~
OXA = bxa + dxj(uj ’a + uJ’K uK.a + ....) . (4.1.7)

Equation (4.1.7) will enable us to write, for example,

”~
+ u

j,a j,k Yk,a toeeed o (44108)

It will also be necessary to express the Jacobian of
Egs (3.2.37) in a purely spatial form. 1o accomplisn tnis,

the Jacobian is rewritten in the form

J = det (3, + ui,A)
=1 +u, + 1 (a, u - u, u )
i,I 2 i,I %j,J i,J 7j,1
+ det Ui,a (4.1.9)
where for purposes of the summation convention
I =1, J= 3, €@, ui,I = u1’1 + uz'2 + u3’3. Wwitn the

help of Eqe. (4.1.0), we have the purely spatial form

J=1+G..+l(ﬁ a

+ d
i,i 2

i1 95,3 i3 Sj'i) * eane (4e1410)

Finally, Kinematic corrections arise in the transforma=
tion of material time derivatives tO their spatial counter—.
parts., As seen from the general expression Eg. (3.<.19),
the material time derivative ii is contained on the riynt-
hand side of that equation, and it is this derivative whichn
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must be evaluated before the transformation is complete., 1O
do this, we set the function F squal to the variabpble xA ana
since by definition the material time derivative or a

material coorainate vanishes, we have

dx 2K, (X,t) X, (X,t) .
A _ _ AN AN
d‘—E“ =0 = ot + 0x1 xl . (4.1 n11)
Solving now for x,, we obtain
. oxA(EE,t) ,

With the use of Egse. (4.1.3) ana (4.1.6), £y, (4.112) may

be rewritten in the purely spatial form

23

Oua

X 0= (854 + 9y 4) 3

o o,
bui -~ -~ -~ + ) ——-§-
= —— (u . + L 4 Ot .

ot i a " %i,b ", a (401013)

Ya

By choosinyg F in BEy. (3.,2.19%) to pbe eitner m;“ or y{ﬂ we

obtain respactively

~ X -~
a4 o ;
o ] S 3 ol S § ;
mi¢ = 3= ¢ ml.J STt eer (4¢1014)

o,
B v B .
Yi —-SE-+Yi,j -O-E-J-+ e ’ (40101:)



where use of kKj. (4.1.13) has been made, 70 calculate
accelerations (material second time daerivatives), we choose

F in Eg. (3.2.19) to be the corresponding velocities, in our

L] [ ]
case x; ana yf. Doing this, we obtain

.o oa Y
o -1 3 -2
xj=5x (v 05 )
. aﬁ. OG
=2 — a3 -
Ty % (g~ *Uj,a 3T )+ ees
2 2 ~
o u. ou ol . (o8
= 1 + R a + 2 ——hé.——a. + oo ’
ot i,a m._2 ot ot
(4e1410)
[} a§ [ . 0; .
B i ~13 i >k
Yyi=3ax = +xjyi,j)+xjdxj(ot X Yy )
2"}-\ 2—* ~ ~4
oy o u - SR VAR
= i + j‘?}l R 2 "‘_J"——}-'."J' + '] (4.1017)
at2 ot i,j ot ot

after making use Of Bys. (4.1.13) and (4+1.15),

it will also be necessary in the linearizataon pro-
cedure to know the spatial form of tne rinite rotation ten-
sor defined by E£q. (3.3.4). 8y utilizing this eguation ana
Eg. (3.3.1), the rotation tensor can be expressed in tne

form
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(85 +uy g8y, = Eyy (4:1.18)

Tne Green finite strain tensor L, 6 may be expressed witn the

A
aid of Egs. (3.3¢1), (3.3.2) and (4.1.3) as

b

AB = 3 (uA,a + uB’A) * 7Y 4% ,8 o (4e1019)

50 that Eg. (4.1.18) may be rewritten as

1 1 -1
Ria=8ia*t 749 a~2%pY%,8 " 7 %BY%,s %%,a
+3 5,8, 8., =u, S, + (4¢1,20)
2 %iB ®8C ®ca i,B ®Ba "~ °*°° ol
tere,
.1 ,
San = 3 (“A,B + uB,A) (4e1421)

is defined as tne intinitesimal strain., ‘“The transiormacion
to the spatial form is accomplisnea through use Of £y.

(4.1.10) to yield

(4 3

1
ia = 8ia * 7 U3 4 —Ya,;)

”~ -~ ~ ~ ) -~ »

1 u -
+ L ) el - - .
(3a u Yi,c Ya,c %,1 Yc,a"bc,i ua,cz

+
i,c “c,a e

delel2)
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The techniques presented in this section are sufficiently
general to permit the evaluation of the spatial form of any

guantity of interesc,

4.2 honlinear Eguations of Motion

“he equations of motion for the center of mass ana tne
internal coorainates were derived previously in Sa2ctions 3.0
and 3.7 under the restrictions of the dipole approximaction.
That is to say that the Lagrangian was first linearizea in
the displacements u® perfore the equations of motion were
derived, No guarantee exists tnat all linear terms would pe
present after linearization of these eqguations of motion,
Neither could the full form of the nonlinear terms be writ-
ten down from these equations. It is necessary thereiore to
derive these equations of motion valid to all oraers berore
any linearization procedure be attempted. The magnetic
equation of motion, Ejy. (3.8.8) is already valid to all ora-

ers.,

The equation of motion ror the particle aescribea Dy

position X%(X,t) will be given by

« .

p% X X(R,e) = FXR,e) + EC(X,e) , (40241)

where use Oof EdS. (3e¢1e9), (3e1.6), (3.ce11}, (3.2.17),

(3¢2422), (3.2.38) ana (3.2.40) has been made, Here the

mechanical force £% ana tne electromagnetic force £® are
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given respectively by

fa - -po .i‘;a 4 po gx ( :}ga ) » (4.2.2)
A

A

’

T® - g% [ B(R%c) + *% x B(RYt) ]

>a

+ 22— 7 (a¥® e B(XPe) ] . (402.3)
oxX B

The electromagnetic force £® is now expanded in powers ot
the displacements u%, aefined py BJ.(3.2.6), SO that tne

results are valid to all multipole orders:

7@ - g% [ B(X + T%) + (X + &%) x B(F + 7% ]

= g% B(X) + %% * v) E(X)
A A ~A

-, = 2% LN -, -
+ % qg® A% a% ¢ wE(X) + q%(x +u% x B(x)

- -, - Y - -, -
EF% ¢ v) B(X) +q%u®x (@%* v) B(X)

+
NKie
»
P
(e}
[+

(B(X) + (@B » v) B(x) )

+
o
w i)
8
=]
T«
-

* eee (4.2.4)
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We note that

a_ _ ,
) ox? = 3;; (4¢245)

Bz

where Egse. (3¢2.7), (3.2.11) ana (3.2.12) have been usea,

Thus, displacement invariance (see Sec. 3.3-A) yielas

Z% o*a = gé =0 . (442.0)
a=1 ox
Moreover,
N
5 6}?‘« =_§§.__ . (402.7)
a=1 éx’A 2A

summing Eq. (4.2.1) over the index a, we obtain the center

of mass equation Of motion:
%% (R,e) = E(Xye) + B2 (Xe) (4.2.8)

wherxe

? (4’.2.9)

ry
i
R
rhy
I

and
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=F " VE +ExB), +[Xx (F* W]

+ eee (4e2410)

In the above, 538. (3.2.4), (3e2¢29), (3¢2¢34), (3.5.2),
(4¢242), (4¢2.4), (4¢2.6) ana (4.2.7) nave been used, Mul-
tiplying Eqe. (4.2.1) by V¥,u # 0, and summing over tne
index «, we obtain the internal coordinate equations of

motion:
%° - - - - -
nPy P(X,t) = TR (X,t) + ¥ (X,¢), (4.02411)

where

P Z yee F& o —po -6-2—— + po 2 ( Ozu ) (4e2412)
[0 4

and

i
]

ap g0
=y v L]

{q“’E+i§“’xB+[§“'VJE
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(u¥ ¢ w] E+xx [p¥*°*v] 8B

+
N =

5y

+ @i . B I (442.13)
]

Iin tne above, Eys. (3.2.6)=(3.2.8), (3e2410),(3ede32)-

(3:2.34), (442.2) and (4.2.4) have been used, and we derine

" = %q“ a% v o (.; a7y, (402414)
" = % q® v v (4e2415)
gP = ¥ % U g% yau
[44
= 53\' LA (442416)
g¥v = Eq“ v g e (402417)

In the absence of wave vector dispersion, the second term in
Eq. (4.2.12) vanishes. We now proceed to obtain the liinear

equations of motion,

4.3 Linearizea Center of Mass Ejuation

The force in the center of mass £j. (4.2.Y) can be

written more explicitly as

£. 2 N=-1 OR .
‘%‘gx {xisgz + L oyh2 T
P A ’ as  p=1 oah T1,a



- E m'l‘ac oE N m“c 'OE: Q:R] i ,
@ s C « ‘
OPB 1 A a=1 OFB;C i,

where Eqs. (3.3.1)-(3.3.3), (3.3.6) ana (363.22)

(403.1)

have peen

utilized, With the aia of the results of Section 4.1 ana

Egs. (3.3.23) and (3.10.21) tne linear center of mass torce,

ff can be determined as

Ei = YJicaa ac,da * ijx 9?,&
* Jgjx a?,x * Jf}nl a;,xl !
where
Jicda E (0100)Kda 8ic * (OZOO)Kalca (0110)Ka11
* (0040) gg 5i[_j 5pla c[K %1}Ja ™ ?a miﬁ
+ (0110)chb 5i[; %bla mba
* 1 (0010) g ;a 184 (38,¢ 8ja T Spa )
=28y %:(a %o)a

* 8,03 8¢ sja - 8_jc 8aq) Yo,

(463.2)

Sa 5

my~ 8y 8

Lla

(403.3)
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B _ (1100) 8 (1010) px _Sa .

JlJK = KJKi + KJb ml bl Ll ob]K » (4.3.4)

a _ (0110)_ a (0010) a .

Jijk = Keig * Kp 85 [ %ojk

(0020) Ba _SB .
a _ (0101) (0011) Ba Sp . N
Jijki 2 Kl ¥ Kpjk Ma %ija %p]1
s (0001) a0 (4¢3.6)
bk “i{j “bJl * e

In che apbove, we have used brackets to denote an antisym=
metrizacion and parentheses t0O qenote a symmetrization on
the enclosed indices:

(403.7)

‘ S N
8cj %1]a =22 8y %1q = 8¢y 854 ) o

5 (403.8)

~l(66+66)
c(a “b)a 2 ca “ba cb “ad *

In a similar fashion, the linear part of the electromagnetic

force, Eg. (4.2.10), is given by

e L _ . 2 =5 sa v
(£ )7 = (vOt x BY ), + é My By o (4e349)

where ﬁb is the macroscopic spontaneous magnetic [fielu
assumed here to be homogeneous as in a pounaless magnetic

medium, 1nhe varying or inauced magnetic fiela present in

S

Eq., (4.3.9) stanas for BY = B - B® but will hencerortn be
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denoted simply by B. Tne linearized egquation for tne center

of mass can now be written down:

- ~ - gh B 4@ pa

icda Yc,aa " Yijk ¥,k T Yijk My,

& ~Q

- JiJ.Kl mj,Kl =G . (443410)

Here the nonlinear force Gi is given by

o“d
L e evboy 0 00 i
s = (g = £f )+ (5 - DMy =P (k==

(4¢3.11)

and can be determined to any order of nonlinearity as neeaed

for any particular application.

L
L
+

linearizea fgjuation for Internal Coorainates

Tne force in the internal coorainate equation (4.2.12)

can be written more explicitly as

ff = =pY 2 _ g V-

= -R;, p
oy} AT aak
= -r, [ 2(2000)wv ;v . (1100)gw
- 1A AB B ABC TBC
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(1010) pa .« (1001) , pa «
* Ky T ¥ Kasc Ts;c¢

* eee 1 (4¢4e1)

where use of Eqs. (3.3.3), (3.3.23) and (3.7.4) nas been

made . With the aid of the results of sSection 4.1 ana £g.

(3.3.22), the linear internal coordinate force [fﬁ]h,u #0,

can be determined as

2 b - 2(2000)K:g ;; + Rf}x GJ,K
R TR A P
where
Rfjk _ (1100)Krjx . (1010)Kff msa 5[ S1jx * (40443)

In a similar fashion, the linear part of the electromagnetic

force on the p—~th degree of freedom (EJ. (4.2.13)) is given

by

(4e4e4)
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The linearizea equation for the internal coordinate degrees

of freedom can now be written aown:

°2§u 4 o
B i _ _p B o =5 IR - -) 25
"2 ¢ B mam (=2 87 )y = (e x B )y
_ WS (2000) 4V ~v , =u =~
Me Be,i v 2 Kij¥5 T Ky Yk

(1010)  pa ~x . (1001), pa o~« B )
Here the nonlinear force Gf is given by
N
of = Cxf - DY)+ (€ff - @Y -ty fo )
o
(4ed4e0)

‘This nonlinear rorce can be easily aetermined to any oruer
of nonlinearity to fit a particular application, An example
will be given 1n the next chnapter in relation to lignt

scattering.

it is interesting to note that the linear terms present
in the center of mass . (4.3.10), coula nave been obtainea
from the corresponding egquation in the dipole approximation
Eqe (3e5.4). Moreover, all the linear terms present in tne
internal coorainate equation, Ejq. (4.4.5), could also nave
been obtainea from the corresponainy dipole approximation

Eqe (34741)
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4.5 lanearizea Magnetic Eguation of Motion

The effective magnetic field in the magnetic eguation
of motion, as given througn Eys. (3.8.5) ana (3.8.8), may be

written more explicitly as

« eff _ -q o _ 0 oy
Bi = By + (u v) By * eue PRy —uaf
or
A
P .l
o+ 2—-—— po R —-—L——O ] ° (405.1)
be 18 or®
Bj A

In the above, the magnetic field B(Xx%,t) nas been &xpandea
about the center Of mass positlon X, and £ysS. (3.3.0) ana
(3.3.22) have been used, Employing o&4se (3+43423) ana
(3.3.9) ana the results of section 4.1, tne linearized may-

netic equation of motion may be writtens

~Q
am A
i i _ (3« = _ ~a .S _ (0010) .«
(% oC (™ x B)y = e mp (B Ke
+ 2'E(OOZO)KCH:} ﬁScz {ﬁb + € mba(1010)Kpa ~l
irc tj I J irt 'r it YJ
- asa ( (0011)K8a - (0011)Kaﬁ ) oy
irt 'r jta tja j,a
~un(1001) ~
- ey, RSE gbE gw

irce Mr jta Yj,a



-2 firt afa Kgfgd h? da
* ESBK AJ,K - RfJKl AJ,Kl
=6
where
Kfjx Z €y @ hba L (0010)K 8j[t ajk
TRl SRR o
* (0110)Kgcc 8j(b 8c)x T
Rfjxl = &irt ar (0001)K§1 it %ok
v (OO0 BR3P 8 Sk 1
by *4

5

N -b'
ization mTa.

- 11

(0002)

(4e542)

(0101)Ka

+
cacl

8 e

(4e943)

represents the nonlinear toryue on the sublattice magnet-—

This guantity is not written out explicitly,

but can be founa readily to any oraer of nonlinearity.

We postpone until the next chapter the determination of

the electromagnetic wave equation and its linearization,

8

Ix



V. APPLICATION TO LIGHYT SCATTERLING

5.1 simplifications to the Problem

The specific application we have in mind is the non-
linear interaction of 1light at optical freguencies with
magnon—~phonon—-photon mixed moaes hereafter callea magnego-
peolaritons. We restrict ourselves to materials wnicn are
magnetic insulators and which (if all other mecnanicad
degrees Of freedom are suppressed) possess magnon dlspersion
curves exhibiting an eneryy gap in the spectrum Or tne oraer
of raaio frequencies at the zone center. wWe will be con-
cernea with scattered raaiation having Stokes and anti—-
Stokes laines shifted in freguency rLrom the incoming laser
freguency by at least an amount egual to these raaio Ire-—
guencies. Therefore, the elastic degree of freedom (acous-
tic phonons) wnich is important only at much lower trequency
shifts (Brillouin scattering) will be 1ignored in ctiis

analysis.

As a further simplification, all spatial aerivatives in
the mechanical eguations of motion will oe set egual to

zero., ‘Inis places no restriction on our methoa siace we

- 112 -
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could handle these terms simply by considering Fouraer com-
ponents in K space, It 18 just a convenience which will ease
the calculational effort. It should be noted that inclusion
of spatial derivatives of tne field variables will manifest
itself in nonlocal integral expressions relating polariza-

tion and magnetization to the electromagnetic fielas,

Force terms arising from electric guadrupole,- and
higher multipole moments will pbe assumed negligiple in com-
parison to the other intéractions, Finally, correction
terms which arose because oOf the transrormation OL time
derivatives from the material to the spatlal frame willi pe
assumed negligiple and discarded here. Tnis last simpliii-
cation nas been justifiled for tne dielectric case py Welson

and Lax. 3

5.2 idpnear Constitutive Relations

in Bgs. (4.4.0) and (4.5.2), all mechanical and Iiela
variables are evaluated at the position X whereas tne Lielus
in the Maxwell-lorentz equations (3.4.3) ana (3.4.11) are
evaluated at the point Z. since the electric ana magnecic
fields wnicn enter tne mechanical eguations are E(E) ana
5(2) evaluated at z = x and the polarization and magneciza-
tion which enter tne Maxwell-iorentz equations invoive f“(f)
ana ﬁa(i) evaluated at x = 2, the two variaples X ana z can

pe identified tfor purposes Of solving the couplea equations.

'hey are both spatial variables and shall be denotea by z
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from nere on.
Since we will be considering individual freguency com-
ponents oOf the fielas, we will take lourier components ot
each fiela tnat appears in our equations:

yHZ,e) = yPZ,0) e, | (5.241)

~Q, [+ ld -iwt . )
mi(z,t) mi(z,w) e ¥ . (Dece2)
ALter discarding terms containing spatial derivatives Or ctne
elastic deyree of freeaom u, the internal coorainate egua-
tion (4.4.45) may pe rewritten with the nelp OrL BjSe (Deds1)
and (5.2.2) as

(2000) pv _ B 2 BV, . v S, v
[2 Kij m- w8 °ij + iwgqg elJK B‘] Y

_ b _ (1010) 8@ _a o .
= qQ bi KlJ mJ + (’1 . (Dodod)

Let us now introauce a mechanical admittance matrix X

defined througnh the relation

WV ,(2000) ,vA _ B 2 VA . VA Sy _ pA
€y Yaj (w) [2 Kjx m™ W § SJK + iwgq eJKlBlJ -&56‘d 2%“ .

Compination of Egs. (5.2.3) ana (5.2.4) yields an expression

for ;“:



= 115 -

b e WV v o (1010),v8 o B G;] . (5¢245)

J Ji
The last term in By. (5¢2.5) will lead to a nonlinear polar-
ization, a topic we will return to in Section 5.8, FOIr now

we set the last term equal tO zero sinCe wWe are only

intcrested in linear relations.

In similar fashion the magnetic eguation of motion, .

(4.5.2) may be rewritten as

T (- i% 813 §%B - eijt(BS - (0010)K£) sap

€L mia (0020) aﬁl m

Sa(1010)

2 PT: S
x B)i Cire M ch Y%b

wnere the nonlinear term ¢% as in sg. (4.5.2) nas Dpeen set
to zero. gliminatcing f“ from B4y. (5.2.0) witn the aia ot

Ege (942.5), we optain

6)

0020)
_ iw ap _ s _ (1010) .8 ap Suc( ap
§ { o 813 8 eijt(Bt KE) 8%F + 2 ¢, m/ K3
1010 1010
- Z €. m ( ) e ( )K AP] b
g A irt 'r it So lc C j J (5.2.7)
(1010)
-5 Q _ S Ba pA
= | x B); L eipe My Kicey g a™ 5 .
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Let us introduce a magnetic admittance matrix I with thne

property

1 pap _ iw BE _ s _ (0010} 8, .BS
™ iy ( ) [ .5 SJK 5 eJKl(Bl Kl)o
(0020) (1010) (1010)
KB& - Sg B B
2 Jal a lK ethmr ch Oqlc ch
- 5%
= 8 81K . (5.2.8)

Combining £gs. (9.<.7) ana (5.¢.8) will yiela an expression

. . . -
IOor the magnetizatcion variation ma:

a _ 1 -xp Sg
m = B IlJ ele 'y By

6
- =9 B SB (1010) up uA A
+ [ Ilj jre My lc T 4] E
b0 (5.02.9)

Using tne aefinition of the magnetization, Ej. (3.<4.3>), ana
remembering that the Jacobian J = 1 after ignoring the elas-—
tic degree of freedom (see ig. (4.1.10)], we ootain cne

linear constitutive relation for the magnetization:

-1) c Bl x ‘e B , (5.2410)
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where
_ . _ .ap Sp oo
(l &'ﬂ )J.K = z llJ ele ml ’ (301011)
Xy B
1 - &P Sp k(101u) BR arbA
( Bpe )ig =~ oy DX Lij &re M 4 Kic fic
0 &8,
My A (0e2e12)
is one

tensors

Here Em is the magnetic permeability tensor and e
two magneto—electric which aepends very
(1U1O)K“p, measuranyg

of the
strongly on the material coefficient,

the strength of the spin—phonon couplinge.
(Dedey)

Eliminating nP from Eqe (Deled) by use of £y
anda after settinyg the nonlinear term tOo zero, we obtain tne

expression
B F PPy S eé ux(1010) AX..ap 55(1010) vi grv&
y; = lega® ¥+ Bg Yic Ke1t1y€re™r Koed Y B
€ (1010)
= U apba Ax _ap _Sp . ,
+ { Ry Vic Ko} Ilj L ejaK] B . (262413)
(3.4.2), the

Using the definition of the polarization, £j.
relation for the polarization is touna

linear constitutive

to be

ol
i
m

C
I
©
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= ey lkg = 1) " E+x, * B/n, , (5e¢014)
where
— B oAV _V
ByV
b3 g f_.,ue“ow)xaa ap sg(1010) K Vg VA N
Py ¥y £y A ) - Tel lJ jre r ac axd
%P (5e2415)
(1010)
= = B AnbA Ax cap _Sp
(Zomlix = = € n;; Q" ¥g o1 11 ™r Srx
1
%P (9e2416)

Here 5e is the dielectric tensor relatea to the edlectric
susceptibility Xo in the usual way:

= l + X . (504017)

j-‘-e =e

Also, x is the other magneto—electric tensor whicn agaia

“em
is seen to depena on the spin-phonon coupling.

Yhe secona term on the righthand side Oof Eje. (5.2.15)
is a magnetic correction to the electric susceptibility. It
is interesting to note that pecause& Orf the presence OIL tne
spontaneous sublattice magnetizations mﬁa in this term, the
electric susceptibility should show a strony temperature

dependaence ror magnetic dielectrics at low temperacures.
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5.3 Tne Drivan wave iguation

s o b

By the elimination of the magnetic tiela between tgs.
(3¢4.3) and (3.4.11), an equation for the electric field is

obtained in the form

2% ord
= oI e} )
Vvx (Vvx E) + 15 —:5 = = Wy 3& . (5.3.1)
c” o

Under the approximations made in Section 5.1, the current
density 3 is given by
. 2B .
3:"OE'+VXM Iy (5.5.‘)
where E£gs. (3.4.4) ana (3.4.5) have bpeen used. gjuation
(b¢3.1) is now separated into linear ana nonlinear com—

ponents by writing

- e d ) 2
J = J + JNL ] (50-’.5)
Pt ?)
-l _ P -1, A
= -—Ot + VXM . \5.304)

Substituting in the linear constitutive relations, &jS.
(502410) ana (5.2.14), into His. (5.3¢1), (5.3.3) anau
(5.3.4), the driven electric fiela wave eguation 1is obtainea
in which all linear properties oOf the electromagnetic mealum
are contained on the left—-nana side ana all nonlinear pro-

perties are displayed on the raight—hana sidqe:
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3

-1 - 1 °E

vx [k ' *(VxXE)] +>5xk, °—

-m c2 <] ot2

i Y- . oE
* c2 v x { éme ot 1 5em ( vx ot ).
=L

- - 217" e
= By ot . (5e3e5)

In the above, we understanda that %{ = =i w, IL we use tne

apbbreviated notation

K==-iv , (543.0)

the contribution of each single frequency w in ENL tO tne

output fiela E can be obtained by solving

a(K,w) * E = F/e0 , (5e3.7)

where we aefine

a(,w) * B=z-n%5x [5;1 * (8 x B) ] - 5, ° E

+ 28 x ix, "E) -enx, " (§xE , (5e3.8)
528, k=R ,n=88 (50309)
Bz B -Rgyxft | (503.10)
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Tne form Oof the wave eguation given py #j. (5.3.7) is par-
ticularly suitable when the nonlinear current density is
decomposed into Fourier components in time and plane waves

in space.,

In order to solve the wave equation (5.3.5), three sim-

plifications will be made:

1 ‘“he materials we are dealinyg with hnave weak magneto-
electric effects., Thus, the last two terms on tne
left-nand side of Ey. (5.3.5) will be considerea to be
much smaller than the other linear terms and, nence,

will be discaraed,

2 The dielectric tensor 53, ana the magnetic permeanlllly

tensor kK are real ana symmetricC,

L

- . - - K
3 ine component V x M™ of the nonlinear current aensity

will bpe discarued in Keeping with the simplications of

section 5.1 (ENL can be shown to be a function oL f“

and ©% hence, Vv x M

is expressibple i1in terms Of spa=-
, . . -1 g’ S . o .
tial derivatives of y© and m wnich we have peen ails-—

caraing).

as a result of (1) ana (3), £g. (5.3.5) can be rewrit-
ten for the case when the electric field is being ariven oy
a single frequency component of the nonlinear polarization

as
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a(-iv,0) * E(Z,w) = BV(E) e /e, , (5¢3.11)
where
a(-iv,w) * E(z,w)
= 93 vV X Q%n * (vx E)] -k *E. (9e3,12)
w2 “e

For future convenience, we make a cnange of variables

by using the following transformations:

Egl_c;‘/‘ Fo, (543413)
I V2R - A/ - < 4.
Vz :)_Srn VY ’ 2 = }_{_n‘ Y ’ (503014)
1/2 . . .
where Em is the symmetric sguare root oL K.+ Supstitution

of Egs. (9+3.13) and (5.3.14) ana use of the mathematical

theorem

1]

D*[(D*A)x (p*B)] = (detp) Aax 5B , (543415)

- -
where D is a ayadic ana A anda B are vectors, enaple us to

express Eg. (5.3.11) in the form
B(=19z,u) * F(F,0) = FFE(G) T e (5.3.16)

Here we define
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ﬁ("iV;’w) * E(ng)

2

(5.3417)
where
_fo - 5;1/2 ‘K, 5;;1/2 ' (5.3.18)
and
PR = k2 BV (5.3.19)

-m

Since a point z is mappea in real space into another
point f through the tra.sformation BEj. (5.3.14), we expect a
point K in reciprocal space to be transformed to a point L
in & transformed reciprocal space, <The connection 1s gaven

by the relation
E ¢ -Z'. = I * ; ’ (303040)
whicn implies with the help of Bjy. (5.3.14) tnat

> _ = V/2 _ 1/2 .,
L=k Em = Kn

Ay

H (5.3.21)

1/2

k' “ has peen utilized. it

il

where the symmetric property of

-
a plane wave component F(I,w) e Y of the transrormeu
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electric fiela F(y,w) is considered, tnen 8j. (5.3.16) may

be rewritten with tne nelp of £3s. (5.3.17) and (5.3.21) as

B(I,w) * F(I,w) el Ty §etr(;) e-lwr'/e0 ’ (0.3.22)

where
p(I,w) = (n®F)2(1 - I) - 5%, (543.23)
neff _ el __ _ cl 75 - % det &;1/4 ,
W, ‘aet)_c_m w det )_gm

. (Do-“od‘k)

. I 7 /¢ 8
=7 = = = - (943425)

e s

5.4 tne Inside Green’s runction

A, Formulation

wWhen plane waves are not suitable or convenient ror the

electromagnetic fiela because o0of experimental jeometry or

otherwise, it is best to use a Green’s function method toO

obtain the field created in response to the driving non-—

linear polarization, The reason the wave eguation was

transformed to the form given by Eg. (5.3.16), was so tnat
104

the Green’s function method of i1Aax ana Nelson tor an

anisotropic dielectric coula be applied to tne case or a
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magnetic dielectric after appropriate generalizacion. ‘ne

solution to Eq. (5.3.16) is given by
F,0) = f a@§) * BPEE) o e %/g, ,  (5.41)

wnere the dyadic Green'’s function is aefined by

- voo il * (7 -¥) 41
sly,y') = f E——rf di (5.402)
—00 pll,w) (2x)

Here p(Il,w) is defined in Bg. (5.3.23).

The reciprocal of the matrix B nas Dpeen previously

shown by IAX and Nelson to have the eligenvector expansion

2—1 (1’,‘”) = z\ F¢(i"w) i‘:(p(i.lu)) - Ir
1

eff . - erft ’
= I * Kk ° I
=122 [ ggfg 3% - 1] =e

A (0e4e3)

where F® is an eigenvector and (»;ff)4 the corresponding
n

P
eigenvalue ©If the homogeneous wave equation for rreguency w

ana airection of propagation 1 [ see Bjs. (5.3.42) ana
=eff

(543.23) with P = 0],
(1 - 1) « §0 = (L)%StE - B, (504.4)
n
9

and tne eigenvectors have been chosen to obey the weiyntea



orthogonality condition

FO » kS50« B9 2 599 (g0 = 1,2,3) . (544.5)
In Eg. (5.4.3) the ¢ = 3 or longitudinal eigenvector, 3
parallel to I, has been separated because ngft = 0o, and the

last term in Eg. (5.4.3) will make no contripution in tne
asymptotic limit };y} = |y —y |=> oo ( although in certain
nonlinear driven processes, the longitudinal contripution

can be substantial‘oj).

If an electric field eigenvector EY is derinea tnrougn

Eq. (5.3.13) by the relation
=p _ . 1/2 « =9
k = &'ﬂ I (5.4.6)

the orthogonality condition Ej. (5.4.5) in conjunction with

Eqe (5.3.18) yielas tne more familiar biortnogonality conai-

tion

Be « B9 = 8% (Sedke7)
wnere

IVid =K ° E° (Seden)
is an electric displacement eigenvector. ‘fhnese conaitions

=3

apply for ¢,8 = 1,2,3. since F° is parallel to I, ujs.
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(5.3.25) ana (5.4.6) imply that E- is parallel to &, the

direction of propagation, Equation (5.4.7) tells us tnen

that 31 and D% are perpendicular to Se Moreover, ir we take
the scalar proauct of the vector 5:tt ¢ Fa with the nomo-

geneous wave equation (5.4.4), we obtain, after maxing use

of Egs. (5.3.18), (5.4.5) ana (5.4.8), the relation

3O . £;1 * D=0, 9£06=1,2 . (5.449)
Yhus, D' is not perpenaicular to D?., Since the magnetic

1 1

fiela intensity H' associatea with eigenvector E' 1s paral=-

lel to 5;1 * (vx B') or 5;1 * (8 x B'), ana since § ana B
are both perpendicular to D%, it is necessary cthat H 18
parallel to 5;1 * 52, which by means of Bj. (5.4.9), impiles
that
H1 * 31 = 0 . (504.10)
Thus, H' is perpenaicular to D'. By similar arguments, it
2 2

can easily be shown that H° is perpenaicular to D°.

let us now transform our Green’s function solution IoOr
the electric fielda back into terms of wave vector space K
ana real space z. Using Eis. (5¢3.13), (5.3.14), (5.3.18),
(5¢3019), (9¢3421), (5e¢3424), (543425), (De4el1)=(de4.3) ana

(5.446), we obtain

(304011)



where
+00 ik * (z - 2’ -
- -, d
6lz,z2°) = £ ~ £, (5.4.12)
=00 a(k,w) (2=)
and
20 2o 58
-, E
a Rz (2) 3 e BB
9=142" ( T ) - c ) 5 & 8
n*(s) (504413)

tiere, the index of refraction is definea as usual by

k?
w

n?(8) = & (Sedet4a)

Tnese results appear to have exactly the same Lorm as tnose
of LAx and woelson for the dielectric case., however, wnat
must be remembered 1s tnat LY is really not an eigenvector
but is related to the true eigenvector Fe by B4e (De4e0);
ana n¢(§) is not a true eigenvalue here, but is relatea toO

; 9 .
the true eigenvalue N ey DY

n;pff = n‘p(g) \lg * 5’1“ * g /\!Q;t l<_[n S (5.‘*.140)
B. Stationary Phase Methoa

Since we are interested in radiation at a largye ais-

. - -, .
tance from the source (kKR = k|z = z°}{>>1), the asymptotic
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form of G given by the stationary phase method is appropri-
ate, The presence of a pole requires the residug integra-
tion around the pole to be performed first, after wnicn tne

stationary phase methoa can be consistently applied.

we are concerned with evaluating an integral of tne

form

g(&) = J ;‘;(“ el TR g2 (5.4.15)
in which N(K) has no singularities for finite K, ana D(K)
possesses a finite number of zeroes,

A residus integration of Ej. (5.4.15) over a component

of K parallel to R yielas

N(€(uuv))  (iR(u,v) * R g4

D=0 |V, D(R(u,v))i

’ (5.44106)

g(K) = 2n i

where dS is the element Of surrace area oOf the surrace
b(K,w) = 0. This surface, wnich relates w to K, is
parametrized by the surface parameters u and v; K = E(u,v,w)
is automatically on the surface. 7Tne stationary pnase con=-

aition

'R:%'R:O P (504017)

g%,

selects a point EO = E(uo,vu) on the surface wnose tangent

vectors are perpenaicular to R - i.e., a point at wnich tne
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STATIONARY PHASE POINT ko

o x OR vy

: SURFACE OF FREE
WAVE k VECTORS .

The energy surface (k) = of aifree wave is shown in k space.
The stationary phase condition indicates that rariation in the directio
R of the detector is produced primarily by a bundle of rays whose |
vector, kg ,is so chosen that the normal to the surface (k) at
ko is parallel to/.R, i.e., so that the Poynting vector S (which is
necessarily parallel to the group velocity (k) ) is in the directio
of .observation.
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surface normal is parallel to the direction of opservation

R, as shown in Fig, 1. SincCe the energy surrace is also the
- - .

surface w(K) = constant, the unit surface normal t is neces-

sarily in tne direction of the group velocity

& = v ulE) (5.4.18)

which can be shown to be in the direction ©0f the Proyntiny

vector,100-108

thus, the wave vectors that aetermine the
intensity in the direction R come from the vicinity Orf tnat
EO on the energy surface whose Poyntiny vector is paratilel

to R,

ihe conventional stationary phase evaluation tnac

-y
expands the exponent tO second oraer about KO reduces thne

integral Bg. (5.4.16) to

- o N(<,,)
an® (1R, * H) == o , (544.19)

\R 1 90(&0) |

where K is the Gaussian curvature or the eneryy surface ac

g(R)

EO defined by
K=K, K, (5.4.20)

when u and v are chosen in the directions of prancipal cur=

vature and



2 -
> K(uu,vo)

u bud
2% E(uo, vo) R
K, = 2 * Rmr (5.4.22)
ov
and C = 1 or +1 accoraing to the signs of the curvatures

and the direction of the group velocity. Since only | C {2

enters the power, we shall ignore C,

In view of Kjs. (5.4.12) and (5.4.13), we can rewrite

the dyadic Green’s function at large R in the rorm

oy
el
] )
i
Qle

)2 z. [n®(5)1% B%(5,)E%(5)e%(R) , (5.4.23)
=1,

- - : :
where the depenaence of n?ana EY on w is not explicitly
inaicated, since w remains constant in our discussion. Wwhac

remains to be evaluated is the scalar Green'’s function

g¢(§) = ( 1 )2 f __géa_iig_L.ElQELL;zli__ . (5e4424)
n®(3,) k/n®(5)1% - (w/e)? - 10

The yradient of the denominator is given by

v (2122 1g W, (5.4.25)

Using Xg. (5.4.18) and the relation
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;;S?f=3£;(:‘l)=,1'2(81j-si s;) (5.4.26)
we obtain
vg €= % nc(:g) =%§'§§ (1L -588) ° v n(s) . (5.4427)
Thus,

Vg = = co;S ’ (5.4.28)

where 8 is the angle between K ana the Poynting vector.

Equation (5.4.25) can now be rewritten as

K 2 2 K =
v [—1° =~ £ . (5.4.29)
K n(S) n2 COSS

Egquation (5.4.19) applied to . (5.4.24) tnen yields

g®R) = £¢ TR , (544.30)
where
P
f‘p = '£9§"§- (504031)

-Kg\j_x'

The calculations of the electric¢c field and the scatterea

power will follow after a brief aigression on solid anyle
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expansion and source volume demagnification corrections,

5.5

Solia Angle ExXpansion and source Volume uemagnitrication

The ratio of the solid angle of ray (Poynting vector)
directions inside an anisotropic medium tO that outsiae the

crystal can be simplified by writing it as & product of two

factors:
r L K
day ) day, dog, (5.5.1)
daom: dn?n dnour.

The first factor describes the ratio of solid anyle in ray
space to that in K vector space and 1s inQependent OL tne
existence of a boundary. Tne second factor is a pure poun=-
dary effect on K vector solid angles., Lax ana Nelson1UB

have shown that

KKZ/COSS ’ (505.2)

i

in _ ( coss ) ( cosa )/( n® cosg ) , (5.5.3)

where B is the inside angle of inciaence by the ray and a is
the emergence angle by the ray into rree space. Combining

Egse (5¢5¢1)=(5.5.3) yielas
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da;
in w 2 5.5.4)
= (% )° K cosa/cosp . (5¢5.4)
dﬂout c

The above authors have also derived an expression for tne
linear dimension ls along the laser beam within the crystal
from which radiation will be admitted by a detector with

fielda stop of length lD:

L ,
D COSE =
lS = —_—sines cosa ! (565.5)

wWhere Oy is the scattering angle. A representation oL the

geometrical guantities in this section are showh 1n Fig. 2.

5.6 Tne scatterea Power

Yne electric fielu can be computea using the Green’s
function eguation (5.4.11) witn the help of £38. (5.4.23)

and (5.4.30):

. -.‘p . - -
(Ktp)Z 1:-(9 el(K 2 (.Ut)

E(Z,ID) = Z -y :&.(P C(p ’ (506.1)
¢=1,2 4% € iz |
where
" @ o o =ik? * 2% Sl ey e
C = % ¢ J e P (z ) Qz . (5.602)

sere we have used the far field approximation to replace R

in the denominator of £3. (5.4.30) with | z l; 1.e., tne
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ANISOTROPIC A s§§§§
MEDIUM

LASER
BEAM

&»
s
&

AN

Oh

N
NN\

\
P
AN

5 A sin Gs/éos B = Lfcos B = Lplcos a

Fig. 2 Demagnification corrections when the incident ray, refracted ray.
and surface normal are all in one plane. The detector field stop
is represented in image space by knife edges which accept a
" diniension perpendicular to the beam. The portion of the laser
beam accepted is determined by the geometrical conditions shown.
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source dimension z’ is much less than the distance to the

point of observation.

Tne magnetic field intensity inside the crystal put in

the far fiela region is known from Maxwell’s eguations to be

E(E’W) = Ia:‘;; 51;1 * [ vV X E(E,U)) ] N (5.6.3)

In evaluating Vv x E from Eg. (5.6.1), two terms arise, but
one 1is smaller than the other by a factor = (Kz)-1. Tne
only non-—-negligible contripution is that aue to tne rapialy

fluctuatiny phase., 'thus,

L (K z-uwt) 0, 6y3 _ R
H(E’w) = Z el 2 fw(); ) 5m1 . (Se X %G) Ce .
S 0 (5.6.4)

The time averaged Poynting vector % Re [E* x H] takes the

form
- 2., 9y3-9-0_ - ~
g = ,12 (x l (}zc ) fzt .g“’x[gm"(sex:%e)]
¢,6=1,2 (4miz})” w ey,
0 i(K9-R¥) 2
re{ (c?) #*c% }e. (5.6.5)

Ignorinyg the rapidly spatially varying Cross terms ana usilng

Eqe (543¢15), Ege (5.6.5) may be rewritten as
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1 c®)4m®(£%?

- 2 2
¢=1,2 (4n52}2)eo det k. “m
© [1ZP12E9- (BP0 B ¥y (5.6.6)

The scattered power from moae ¢ outside the crystal is given
by the relation

-ol2
i

| 894 2 ant ¢ (5.6.7)

where T? is the transmission coefricient.

We will now derive an expression for | -5 ® | so as to
eliminate it from our results, Consideration OL LKjs.

(5.4.4) and (5.4.5) yiela

(n%)? s {13°12-(3°1)%¢1 =1 . (5.64.8)

Using Egs. (5.3.25) and (5.4.6), it is easy to show that

942 = | B2 (@0 g v Y (5.649)

é‘(P . . gq))Z

K

= , (5.6.10)
K

3

(5‘9-1)2-—-:%"’&2(

59 -
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where €9 is a unit vector in the direction of EY, Combining

Egs. (5.6.8)=-(5.6.10), we obtain

aet Kk -
2 —_— o 2@ o 2PV (DPe o2V _ (3Pe, 291271
[E® k. * 89)(E%k 8% - (8% *89°]

A -
| =
(n®)2

(506.11 )

The time averaged Poynting vector of an inciaeat moue

% ke [(BE®)* x #® takes the form

)
- C € n - . n n - A )
8° - % detok 1292 E; + [89-895° 29 . (5.6412)

=m
Thus ,
cn® e 1

=6 1 =g ~B_~8/» .Ae o r~8 A8 562 2
s = 3 agg—;—g 1E%2 {[89-8%(5%°8%)1 k2" 8 %-29s%aon® .

o (5.6.13)

If the pPoynting vector for mode 8 is in the dqirection Ee,

tnen from £ge. (5.6.12)

o K2+ (5%-2%(5%+59)]

. (5.6014)

ct
H]

1

The scalar proauct between the direction of propagation and

the ray vector is tnerefore
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cosSe

il
t

20, o“e_ ~B,4, 2420 ~0,~0
§7°k ‘s (s k. ‘e J(87%e”)

1
{D;e_ne(ge.ge)].ﬁg.[ge_ge(ge.ge)]}z

(546.15)
Equation (5.6.13) can then be rewritten
<] 20,2
c n € :E { ~ ”~ ”~ ~ ”~ ”~
lge= =% 0 5 [se.ﬁﬁ.se_(se.l%ﬁ.ee)(se.ee)] .
(det Em)coss : _
(5.6.16)
For beam area A, the incident power in moae © is
p® = a}3% = % 1° |, (5:6417)

The second form is valid since we nave made the implicitc
assumption that the laser beam is not appreciably aepleted
in travelling throuyn the crystal; i.e., we are consiaeriny

non-stimulated light scatteriny,

Thne ratio of scatterea to incident powers outside the
crystal is obtained by combining kgs. (5.6.6), (5.6.7),
(506.11), (506.15)-(506017)3
)2

0] %) o
Plut (Q)4 . cos 8 ¥cos §° (det Ko
c

o - 81@n“’ne

Pout



- 139 -

[g(po&io ’s“P_(g‘p'E:\ oé“P) (§¢0g¢)]

[ge.ﬁé.ge_(ge.ﬁé.ge)(ge.ge)][éw.ﬁm.gw(gw.ﬁm.g¢)_(g¢.5m.gw)zl2
(5.6.18)

The geometrical factors (including the source length
1, = Vg/A where Vg is tnhe source volume) are all contained

in

19 ¥(n® £9)2 4f 1y »* 7° dig,e 1p
B = = - (5.6.19)
2 9 sinB. ' *Te
cos“ § S

which has been simplified with the help of iHs. (5.4.14),
(5¢4¢31), (5.5.4) and (5.5.5). 'tne nonlinear optics are all

contained in

where K? is the propagation vector of the scattered lignt
inside the crystal, A power ratio is more appropriate in
our case than a Ccross section since we are assuming a bpeam
area smaller than the crystal, These results reduce toO

109

those of LAax and Nelson when we set ana

(g)yj = 85
89 « &9 = sins®,

The finite source regaion VS gives rise to a pnase

matching factor whose width Ak is of order (Vs)—1/3, ana a

line breadth Aw ~ vy OK, Where v, is the magneto-polariton
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group velocity. since +this is negligiple compared to
broadening by damping, we can let Vg ->» 00 ana apply the

wWeiner-Khinchin theorem to rewrite . (5.6.20) as

- ..‘p . -> H [,y - i -
fe? f e ik 2B (0,0)" BYM(Z,w)> aZ
J = 20 . (5.6021)

Zegiﬁeiz

We define the spatial Fourier components of the polarization

by

§?L(2,w) = {1

- -
.

g B (Kyu) et " 2 (546.22)

=

where the sum 1s over the discrete set of K allowea wnen
periocaic boundary conditions are introduced over a normali-

zation volume (1., Tnerefore, Bjy. (5.6.21) can be written as

L9 9 - ¥ ¢
S - e ey <Pi(x » ) Pa(x yW)D
Zeg lﬁe{ <

Equations (5.6,18)—(5.6.23) were derived assuming that
nonlinear polarization possessed a single freguency w = w?

(the scattered frequency)

BL (2 t) = -12- (B, w)e™te® 4 pNL(Z )" gluwe] .
w:ww
(5.6.24)
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When, because of thermal motion, the nonlinear polarization
contains a distribution of Fourier components, it is

appropriate to decompose J accoraing to

oo
J = g J(w) dw/2x . (546425)

Only positive freguencies appear in BEj. (5.6.25), since our

evaluation of the Poynting wvector §w, Eye (5.6.6), maae use

>

of both positive and negative freguency components oL E anda

-

H,

If we write
P (Rye) = 1 (2, (0% 79 4 o (Ru®) &9, (s.6.26)
or

P, (R,e) = p{PV(®R,e) » {7V (Re) (546427)

it is appropriat= to make the replacement
<p, (K,0®) P, (R,u?)>

iuwt

N

ale
o

e
U]

00
-> J‘
0

X <P§')(E,o) P§+)(E,t)> ac (5.6.28)



- 142 -~

which reduces to the original value of the leftnand siae
when the form (5.6.26) appropriate to a single frequency is
used. More generally, Eq. (5.6.28) describes tne <freguency
spectrum of Pi(E,t) for w > 0, and vanishes when w < U,
Indeea, wWe have used the positive frequency component
Pé+)(ﬁ,t) precisely to insure that the negative frequency

component of the noise spectrum

o0 -) = -
{ooe“’t<P§ )(%,0) Pé*)(x.t» at  (5.6.29)

vanishes,

The nonlinear polarization induced by the laser elec-
tric field peak amplitude E® (for mode 6O insiae tne crystal)
can be written
(R® - R%¢) £2(u®)

p TR E) = ¢ 2,

x eik z-iw't | (5.6430)

In Eg. (5.6.30) the matter via X,  supplies the wave vector
R® - R® whicn, when added to the incident wave vector S,
yields the scattered wave vector K?® both signs of the fre-
gquency are permitted in Xab » Since we assume that tne
magneto~polariton frequencies are less than the laser fre-
guency w® so tnat the proauct still retains only positive

frequencies., The resulting expression for J(w) is given by
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00 t
Jlw+wd) =2 [ &M Ww¥®R,0) NOR,e)>at , (5.6.31)
=00

where K is evaluated at R® - &° and
8, - (=] - .
NP, e) = ef xij(K,t) e (5.6432)

The calculations have been entirely classical so rar,
The advantage of this procedure is that we have been aple to
deal with all the complicated geometrical optics ana boun-
dary condition aspects of the proolem. ‘fhe final resultc,

given by Eg. (5.6.18) evaluated at W= w+ we ror

e

out? 1is valia quantum mechanically, proviaed

Pgut(w + wd)/p
the operators in the correlation function for J are properly
orderea and evaluated guantum mechanically. ‘The orueriny
has alreaay been chosen with appropriatce malice
aforethought. Also, Hermitian conjugation (f) has been used
in place of complex conjugation. The time cCorrelation an
Eg. (5.6431) nas not been symmetrized to make it dermitian.
dowever, the final result, J(w + we), can readily be snown
to be real. The guantum mechanical evaluation of J(w + we)
will pbe carried out with the help of the <£fluctuation-
dissipation theorem summarized in the next section.

5.7 1ne rluctuation-—-Dissipation theorem’ 'Y

If K is the hamiltonian of the universe, half of ctne

fluctuation—-dissipation theorem can be written in the form
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<B(t) a(0)> = <a(0) B(t + iHB)> , (5.741)

where B(t) = exp(iKt/H) is the time-dependent, Heisenovery
operator for B ana <M)> means trace (Mpe), where
Pg = exp (=pK)/trace exp(—pK) is the equilibrium aensity
operator at a temperature determined by B = 1/(kT). i&ua-

tion (5.7.1) can be readily established by permutiny opera-

tors inside the trace.

Equation (5.7.1) gives us the useful relation

o0 .
J e*"t (B(t) a(0)y at
-00

QO .
= B PTULIWE ((0) B(e)> dt (5.7.2)
-00
between spectra calculated with aifferent oraers oI the

operators.,

If one replaces K by K = A ae *% (wnich agds an inrin-
itesimal force of strength A to the equation for the momen-

tum p, conjugate to A), the linear response of B per unit

force applied to A is given by

TBA(N) = [ <B(t)>)~A - <B ] eim/}\

- - £°° el 4¢ <(8B(t),A)> , ' (5.7.3)
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where <B(t)>AA is the trace of B against the density matrix
p computed by first-order perturbation theory £from Poe The

notation (bB,A) = [B,a)/ih is used.

A comparison of Egs. (5.7.2) ana (5.7.3) yields

20 iut
J emT <(e)al0)> = -ih [1,,(w) = T, (-w)] [p(e) +1] ,
=00

(5.7.4)

and the use of Eg. (5.7.2) gives

7 1R a(o)s(e)rat = ~iBIT,, (w)-T, (-w)ln(u) 5  (5.7.5)
o e <a(0)B(t)>dat = -i pal®)=T, (-w)lnlw) , o7

where n(w) = [exp (phw) - 1]—1.

One may verify that if

t +

A = 8, B =A , (5.7.6)
then

TAB(U)) = TBA(w)* . (5.7.7)

Alternatively, if the time reversed operators obey

iy T 1

A" = €A, B = eyB, e€pe, = (5.7.8)

’

then £ge. (5.7.7) is obeyed even thougnh neitner A nor B are
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Hermitian,

In view of Eq. (5.6.31), our operators will obey condi-
tion Eq. (5.7.6)s Equation (5.7.5) can thus be rewritten in

the simpler form

QO .
e <a(0) B(£)> at = 2hIm Ty, (w)n(e) . (5.7.9)
=00

Note that it is the response of the time depenaent variaple
B(t) to a rorce on the time inaependent variable A that is

measurea by LBA.

since
n(-w) = -[n(w) + 1] , (5.7410)

the intensities of positive and negative freguency com-
ponents in a correlation such as ifg. (5.7.9) will nave the
typical anti-sStokes/stokes ratio. The spectrum Hje (5.6.31)

can now be evaluated in the form

J(w + 0°) = akn(w)in T, (o), (5.7.11)

where N is an abbreviation for Nwe, and J is understooa to

vanish for w + we <0 .
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5.8 Ramap Scattering by Magneto-Polaritons
A, The Nonlinear Polarization
The nonlinear polarization under the simplifications of

Section 5.1 is obtainable from bgs. (3.4.2) and (5.2.5):

If no simplifications were made, the nonlinear force exerted

on the internal coordinates would have the form

B 2 _ 04 02_
G{' = = (Ry, biA)p 5T P 8,
OAA bAA

- 5(2000), u ~V

- (11000 (e & (@, g p)]

>~

101 :
- 010t a0y 5 @) 5oy, )]

i~ JB)-.-mba(R

- (1001)  p«a a
& c(ru c 85,098

h

+

fPeﬂlub -q (EE_XB ) -mESBK 3

.o, 2P
( xB )i—mu('x' jl.L;;—z_-) ’ (508.2)
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where po Z' represents that portion of the stored eneryy poz

above and beyond the gquadratic terms., If the elastic degree
of freedom is ignored and all multipole terms above the
electric dipole term are discarded, the nonlinear force

would have the form

B (3000) ,13vY ~v ~Y (2010) ,uva ~v ~a
G = -3 Kiju ¥y ¥ * 2 Kijk Y5 B

,(2001) pva FY R (1020) gpap ~a ~p

M ikl ¥j Mk,1 ijk 5

(1002) gpaB  pa =B (1011) cpad  ga gp
¥ Kijkia ™3,k ®r,a T “{jkL M3 M, (5.8.3)

Since we will be dealinyg with the scattering of an input
electromagnetic field (the laser) accompanied by the crea-—
tion or destruction of a single magneto-polariton, all terwms
~ involving a product of three or more fields must be dis-
carded as is reflected in Egq. (5.8.3). Moreover, two fiela
terms involving a product oOf two magnetizations can bpe
immediately discarded since one of these fields must be at
an optical frequency and hence minuté because 0f its inabil-
ity to respond to such a high frequency. With this in mind,
the last three terms of Eg. (5.8.3) may be discaraed.,
finally, we discara the third term on the righthand siae of
Eqe (5.8.3) in keeping with the simplification of ignoring

gradient terms. The result for the nonlinear force is then
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Gl = —[ 3030000, Bk 5¥ gk 4 R(20TONVEGY FE ] L (5.8.4)

We are considering a problem in which we have two input

© which is an optical

fields: the laser field at frequency w
frequency, and the magneto-polariton field, thermally
driven, and at frequency ww which is much lower than the
laser frequency. We expand any fiela variable

Z(y*,m%,E, or B) in a Fourier expansion

+
Z(z,t) = % %P 2(5,t;m,n) ’ (5.8.5)
m,n=~-00

where the individual terms have the form

. <]
2(Z,t3m,n) = Z(Z;m,n) g~i(mu™ + nw)t . (5.8406)

Reality of the original variable Z is guaranteed by the

requirement

Z(Z;-m,-n) = Z¥(Z;m,n) . (5e847)
We have included the factor % in Ege. (5.8.5) 8o that the
magnitude of Z(E;m,n) represents the amplitude at its asso-

ciated frequency.

If the expansion Eq. (5.8.5) is applied to Byje (5.8.1)
and the corresponding coefficients with the frequency

wo o+ w, i1l.e., the (myn) = (1, + 1) coefficients are
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compared, we obtain the result
o h's _
PiU(1, £1) = ¢ pz,v q? Tf;’(w“’) Gy (1, + 1) (5848)
’

where all field variables are understood to be functions of

2 and
W = 0® + (54849)

is the anti—Stokes or Stokes scattered frequency. Simi-
larly, the nonlinear driving force can be written in the

form

GY(1, x 1) = - 3(3000)¥AE 424 0) yE(0, £ 1)

- (2010) vaa A

agk ¥3(1,0) mi0, £ 1)

) (5.8410)

Note in the above that we have discaraed the

Y?(O. + 1) mﬁ(1,0) term since m<

is minute at an optical

frequency.

The high frequency component of the internal coorainate
f*(1,0) is eliminated by means of Bjye. (5.2.5) which at opti-

cal frequencies reduces to

yj‘(1,o) = & gfrg‘:(we) a¥ E,(1,0) . (5.8.11)
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Since the expression (5.8.10) is already bilinear in the
field variables, we have omitted the last term in By.
(54245)0 When the above result is inserted into .
(5.8,10) and the latter in turn inserted into Ey. (5.8.8),
we see that the nonlinear polarization is expressible in the

form

Pfh(ww) = - eg X cq“’va(mW) Ykr(w ) q
By v
YoM

{y 3(3000)K;A€ YE(W)'+ g (2010)&:Aa a(w)}h (0?) .
g « (5.8412)

In the above, it is understood that w can be a positive oOr
negative freguency. With the aid of Bis. (5.6.24),
(5.6624), (5+6.26) and (5.6.27), the nonlinear polarization

may be reexpressed as

oy
c‘;g‘c JK,e) + Eo(Kst)] £5(0%) 72 %

(5¢8413)

where K = R? - k® is the magneto-polariton wave vector. ‘e

coefficients Aggc and agc are obtained by comparison with

Eqe (5.8.12), and the term in E

c 18 the electronic response

which we have hitherto not accounted for. If we rememober

that
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Y (Kye) =y (-K,t) ’ (5e8.14)
with similar relationships for mn<% and E, we can suppress the

index K and write the second order susceptibility tensor of

Eqe. (5.6.30) as

« « .
,Xab = § A:bc yg * § Cabe e ¥ Dape B o (5.8.15)

With the aid of Eqs. (5.6.32), (5.7.11) and (5.8.15), tne

spectrum can be expressed by

2 B v o
J(w + w?) = 4hn(w) Im [(AF,) f\
i k) “abe veutt
+* mt 3* B
* Dk Pape Tok * (Cijk) Gabe Tﬁcafo
+* +#*
ijk abc cu*k* ijk bc pcu*ic"'

@ gFov .
* (Ck) Ape T 4oy

3%
+ D A;’ T
ijk “abc ok

vek T

+

*
+ D ck_ . T + (c..)" D T ]

ijk Tabe ﬁcxf 1ijk abc catk?
2P O ¥ 9 .
efepejel . (548416)

The only quantities that remain to be calculatea are the

response functions T,
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B. The Response Functions

In brief, T 4+ 18 the linear response in y; to the
Yvep K

application of an infinitesimal force F:'which acts on the

u—th internal coordinate along the K=th direction. T + 18
CK
the linear response in the electric field component %c to

the application of an infinitesimal external polarization

PEXt along the Kk—th direction. T + 4 L8 the linear
Bca k

response in the sublattice magnetization mg to the applica-

tion of an infinitesimal external magnetic fiela (B::)eXt

which acts on the a sublattice magnetization. T + 4 is the
cp K
linear response in the electric field dc to the force EE.

T - is the linear response in the sublattice magnetiza-
BCK K
tion mg to the force FF. T is the linear response in
vek?
Jext

the internal coorainate yJY to the polarization FL .

. . . v
T + + is the linear response in the internal coorainate Yg
vca kK

to the magnetic field (B T is the linear response

gek*
ext

in the sublattice magnetization mg to the polarization P _"".

ayexc
K) *

T + 4 is the linear response in the electric field B, to
cx K

the magnetic field (Bg)GXt.

If an electric field is driven by an infinitesimal

exc

external polarization P s Lt Obeys a wave eguation of the

form

a(k’,w) ¢ E = PeXt/eo ’ (505.17)
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where the dyadic & is obtained from Eje. (5.3.12) by makinyg
the replacement V => iK. Here FeXt _ §eXt(E,w) and
E = E(E,w) are coefficients in an expansion such as in Ej.

(5.6422)s The electric field response i1s therefore given by
where the superscripts EP are meant as an aid in remembering
that this is the linear response in the electric field to an

external polarization. With the aid of Ejgs. (5.4.13) ana

(5.6.11), the inverse dyadic is given by

Q@[ (SPe, +59) (SPe 020y _ (2P, o221
(detk)ee&[(e E‘Ee)(s }_cms)(% ém_s*')-'

q,ﬁ‘,z (ck/w)2-(n?)2
. (5.8.19)

The dielectric tensor 53 should be thought of as containing
an electronic contribution; i.e. the electric susceptibility
of Eqe (5.2.15) is to be supplimented by the backgrouna sus-

el

Ceptibility x produced by the essentially instantaneous

electroni¢ response.

The Maxwell eguation (3.4.11) expressed in terms of its

Fourier components in space and time, can be written



iKx B(K,w) =i wB(K,w) . (58420)

Thus , with the aid of Bj. (5.8.18) we have

EP _ext '
B, = (k/uw) € s; T p . (5.8.21)
i i3l ®j 1at 2

The linear response in the magnetic fiela to an externally

applied polarization is therefore given by

BP ext EP .
T = /P = . . ° 568422
jat = By /Py (</w) €ij1 %; rla* ( )

This response function will be of help in calculations ¢to

follow.

When an infinitesimal force of the form £} e s
added to the internal coordinate equation of motion Hj.

(5.2¢3), Eqe (5.2.5) is modified to
YR = 6o £ Vkd Lok - z (1010028 B & g2 ] . (5.8.23)

Eliminating y? from Eq. (5.2.6), (the magnetic equation of

motion), with the aid of the above expression, we obtain
a -1,\a a
my o= (L= kn Jik Be/¥o * (Xpelik €0 Ex

(1010)
a S A A
- (eg/ug) ¥ 11? €jrc Mg KIE e o

(5.8¢24)
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where

a sg (1010) BN A
(Knedix = ~1/mp % ij €ire O ( Kuﬁ ik 47 o
Boits 2 (508426)

Eliminating @P £rom Ede (5.8.23) by means of the expression

(5.8.,24) yields for the internal coordinate

B
v = e (%)ik Be + (Xom)ik Be/Mg
(1010) (1010)
C BA 2 uv va. aﬁ TPBanl A
+ ( % LIS o +v,§,h(e of v )Y Keata; thmr Kiowess
g (5.8427)
where
(58)y,c = 2 v g7
v
.(1010) {(1010)
u; ‘ garap S8 vp
*v Z A(Go/no) ic KClIlJeth r Kat aK
259
P (5.8428)
(1010)
| HA Aarap. S5 i
(}—‘em)ik = GO 2 ’Y‘ic Kclllfmr e_]rk . (5.8.29)

Ny Xy B

3.8

The polarization with the external force F” present, is

obtained with the aid of Hgs. (3.4.2), (5e2¢15), (5.2.16)
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and (5 .8.27)-(5.8029)3

— u p — Y
Py = E‘l Yi = gl )y + (xgp)y 8¢/ 1

(1010) . (1010)
LB A v va.ap S
+1 2 504 UYfk * Z (eo/“o)yfé K'caIajejrtmr t
By A v, T
%P (5.8430)
The term in F™ acts as an extra P°X%, so that
PF ext , A
T = P.7T/F
ikt i K
(1010) , ..(1010)
_ [LNT9 S v V& XB S3 TRpTA
- Eeo“ (¥j ¢ +vzr(e0/pb)qlc Kca;aj°jrtmr Ke¥i
’
% B (5.8431)
is the linear response in the external polarization PiXt to

the application of the force £,

Wnen an infinitesimal external magnetic <fiela is
applied to the spin associated with sublattice g, the mag—-

netic equation of motion (5.2.9) is modified to

a -« «
mit= (L= k)i Be/ug (o )ik €08k

ap S, Byext
* g Iij€51k ™1 (Bg)

| ] (5.8032)

where the definitcions given by Eqse. (5.8.25) and (5.8.20)

TBAATAY 1 o
Ky Yik)}bn
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have been used., Note that this is the equation of motion

obtained when a term Z ETB ’ (gp)ext is added to the lagran-—
B

gian. When Ej. (5.8,32) is used to eliminate the sublattice
magnetization from the internal coorainate equation of
motion, Eq. (5.8.23) with P = 0, and when £j. (3.4.2) is
used, we obtain for the polarization, with the external
field (EB)eXt present, the expression

I R
Pi"éq Yy

eo( )1k K + (Kem)ik K/“O

(1010)

- (eo/uo) Eq P gfeJaK SE(pP)ee

“'“ (5¢8433)

Again the last term may be interpreted as an extra external
polarization which, in this case, is due to the preseance of

the spin-phonon coupling., Thus,

PB ext ;.. .pext
T = P;7/(87)
ib+K+ i K
(1010)
= uh AL AP S8
B (eo/“bz i q“M hClIlJ jak Ma
Prhy (5.8434)

Pth to

is the linear response in the external polarization
the application of the magnetic field (BS)BXt.
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The response functions appearing in Eq. (5.8.16) can
now be evaluated. With the aid of Egs. (5.8.138), (5.8.22),
(5.8,27) and (5.8.31), the linear response in the internal

coordinate to the force FL" is given by

T =y /FP
vepti? c/ *k

,J:-P F v BP PP
eolxq )cl" ™ ¢ TV uglxg + T

1% etk lJ in'k”
(1010) (1010)
Vi ag 5B o
*+ (e o ‘Y‘ck * 2 (eo/“o) K.1.a]:a‘_-, €5reMr Kl.t.-. )
“'“ (5.8.35)

The linear response in the electric field to the external

polarization, 1 is given by Eg. (5.8.18). The linear

’

ck”
response in the sublattice magnetization tO0 the external
magnetic field (B;:)e"t is given with the aid of B838.

(95.8.18), (5.8.22), (5.8.32) and (5.8.34) by

B/ (a&)eXt
m/(B))

gc a+K*

(L - kN8 (1/u,)788, o¥8
=m ‘cl 0 lj+ ja+x+

<+

e ) 0 EP TPB
0 Xnelc lj ja+k+

+

Ba Sa = e
§ ICJ ejlk ml . (D.B.Jb)
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The linear response in the electric fiela to the external

force FX is given with the aid Of Ejs. (5.8.18) and (5.8.31)

by
i t ext , .1
T = E /FP = (£_/p%¥ poXt /5
eptict = o/ Fe = ( c/ j ) ( 3 /E)
= TEP+ TPF+ " . (508037)
cj Jjpk

The linear response in the sublattice magnetization to the
external force FS is given with the aid of Ejs. (5.8.138),

(5.8422), (58.24) ana (5.8.31) by

" B, b PF
i\ =m/F = 1/p, (1 - ) w2F p
ﬁcu+k+ ¢’ *k 0 Jl+ lp*&*
oEP oFF
+ ( T
%ne ) cJ 31+ 1k’
(1010)
- pag Ap
(GO/“O) 2 ch jee™ r l:&EK *

(5.8.30)

The linear response in the internal coordinate to the exter-
nal polarization P, @XL js given with the aid of By. (5.8.27)

with F* = 0 and Egs e (5.8.18) and (5.8.22) by

/Pext

+
H

Yck

€o(%q )ZlTiP * 1/u0(§em)ngf?+ . (5.8.39)
K
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The linear response in the internal coordinate to the exter—
nal magnetic fiela (B::)eXt is given with the aid of iys.

(5.8.18), (5.8.22), (5.8.33) and (5.8.34) by

T
vea'k*

yo/ (B) S

!
m

v ,BP ,.PB
* V/ ug(Bep)ey ™ o Ykt
(1010) .
- ¢ VA ApBa Sa
(eg/ng) AZB Yer Ke1l1ly €jak Ma ¢
?

(5+8440)

The linear response in the sublattice magnetization to the
external polarization PiXt is given with the aid of 5818,

(5.8418), (5.8.22) and (5.8.24) with Ft = 0 by

_ B ext
me/Fy

+
I

pek

1/85(2 - 5;1)6 ™F, + e (5. )8 °F
(5¢8e41)

Finally, the linear response in the electric field to tne
external magnetic fiela (B;:)eXt is given witnh the aid or

Egqs. (5.8.18) and (5.8.34) by

‘ = C _ t t (=
P+ Bo/(8)%%F = (£/P5%) (P575/(8)%°F)
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. (5.8.42)
cj Ja+K+

Equations (5¢8.35)=(5.8.42) <combined with B35 .

(5.8.18), (5.8.22), (5.8.31) and (5.8.34) are to be inserted

into the spectrum (5.8.16) which in turn is to be inserted

into Eq. (5.6.18) to obtain the outside scattered power

ratio from an anisotropic magnetic medium.



Vi. SUMMARY AND CONCLUDING REMARKS

A complete macroscopic lagrangian theory of linear and
nonlinear electrodynamics has been constructed for an aniso~-

tropic magnetic insulator.

At first glance it might be suppOsed that an orienta-

J coula be per-

tional average over the external vectors e
formed on the symmetry breaking term R of BEje (2¢1.2) whicn
woula achieve rotational invariance for the Lagrangian.
However, such an orientational average vanishes. Moreover,
the variation of an orientationally averaged K also appears

to vanish. Thus, it seems that the lagrangian theory must

retain this symmetry breaking term.

In Chapter I1I1II where the results of Chapter 1II are
applied to an elastic magnetic dielectric, it appears that
fundamental guantities for the system such as the momentum
density, the stress tensor, the energy density, the Poyntiny
vector, the angular momentum density and the angular momen-=
tum flow tensor contain no direct contributions which arise
from the symmetry breaking term, At present, it seems that

the only function that the symmetry breaking term proviaes,
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is the generation of the precession egquation and the conse=-
quent identification of the magnetization m(z,t) ana its
time derivative $(E,t), as generalized coordinates and velo-
citites respectively. Since all the generalized coorainates
and velocities describing a system must be identified in
order to calculate the aforementioned fundamental guantities
(the stress tensor, etc.), it is only in this inairect
fashion that the symmetry breaking term nas helped to deter—

mine these quantites,

in Chapter iV, the general theory is linearized. the
resulting linearized eguations of motion are tne jump-off
point for describing relevant phenomena on the lineax level.
It remains to apply these results to such problems as linear
magnetoelasticity ana magnetoelectricity. It is hoped that
the spontaneous magnetic field and magnetic moment anda the
proper consideration of the rotational part of the elastic

deformation will yield results not previously reported.

The linearized equations of motion are also the start-—
ing point for studying nonlinear effects by means of an
iterative technigue. The specific nonlinear effect of lignt
scattering by magneto-polaritons is investigated in Chapter

Ve
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Appendix A: Calculation of Unknown Multipliers

The matrix elements eij defined by Bil. (2.3.13) are

explicitly given by (i,j = 1,2,3)

_ 3=
eiJ - {ei’ .f BJ' d Z}
==l [-(-ELJ €i1ic T Sig Giax) Sag Mt 2lm Sp5) & 81y
Sy &2 = (m, s, 5)2
a “aJd
2(ma SaJ)S;g mk(eJLK[ m, - (mb SbJ) S££] - eiLKLWJ,- (mc SCJ)%1J1%7
(&% = (my s,;0%)°
(A.1)
and
0,, = 18,Jo, a’Z} = —2m (1 = 1,2,3) . (A.2)

The four simultaneous equations (2.3.11) and (2.3.12) are

also explicitly written out as

eff

Oy, V, + 85 V3 - 2m, v, = -5 , (As3a)
8,9 V4 + 6,3 V3 = 2m, v, = ~B,eff , (A.3D)
O34 V4 * 83, V, = 2mg v, = -Bgff , (As3c)

=0 . (Aae3a)

2m1 v1 + 2m2 vz + 2m3 v3 =
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The above equations are solved in a straightforwara

manner yielding for the unknown multipliers

ms B?ff - my Bgff
v, = ) ' (A.4p)
m1 Bzeff - m, B?ff
v o ot T 2%3 7 1 3Ty ert
4 - 2m1 1
Y e . ¥ 9 .
13 eff 12 eff
+ - B, 5% By , (a.qaa)
Wwhere
= : _ 1 5
Dzmy 83 +my 63, + M3 &y =y = (8.5)

The antisymmetry Of the matrix eij has been used in reauciay

the above expressions. The denominator D was evaluated with
the aid of Eq. (A.1), the property of orthogonality ©of the
matrix sij’

multipliers have been determined to be

and some nontrivial algebra., 'Thus, the unknown

v, = Y eiJK mJ Biff (1 = 1,2,3) ’ (A.0)
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and v, is given by Eq. (A.4d).

4

It should be clear that in solving the simultaneous
equations (A.3), we have also solved for the matrix (which
is also antisymmetric) inverse to eij' It follows from
inspection of Eys. (A.3) and (A.4) that this inverse may be

expressed as

9;}(2) =Y &3k m(z) , 1,3 {3 (a.7)
Gl . (et Hate,y (n.8)
05elZ) = : :13 ’ (809)
634(8) = - - :12 . (8410)
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