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ABSTRACT 

A dv ise r: P ro fe s so r  M elvin Lax.

A c o n s i s te n t  c l a s s i c a l  L agrangian and H am iltonian no n - 

r e l a t i v i s t i c  th e o ry  o f a r i g i d  n o n -conduc ting  m agnetic  con­

tinuum  in  a m agnetic  f i e l d  i s  p re s e n te d . Tne th e o ry  s t a r t s  

w ith  a L agrangian  d e n s i ty  t h a t  d e s c r ib e s  th e  sy s te m . The 

L agrangian e q u a tio n  o f m otion fo r  tn e  m a g n e tiz a tio n  i s  snown 

to  be t h a t  w hich g e n e ra l iz e s  L arm or's e q u a tio n  to  c o n tin u a , 

nam ely, dm /at = TmxB . The t r a n s i t i o n  to  th e  H am iltonian  

which d e s c r ib e s  th e  system  i s  e f f e c te d  by means of D ira c ts  

th e o ry  f o r  system s w ith  c o n s t r a i n t s .  The H am iltonian  equa­

t io n  o f  m otion f o r  th e  tim e r a t e  o f change of th e  m agne tiza ­

t io n  i s  i d e n t i c a l  w ith  t h a t  o b ta in e d  from  th e  Lagrangian as 

i t  must b e . M oreover, we c a lc u la t e  th e  g e n e ra l iz e d  Poisson  

b ra c k e ts  (known as D irac b ra c k e ts )  o f th e  m a g n e tiz a tio n  com­

ponen ts and f in d  (m. ( z . t ) ,m . ( z ' , t  )}* = re , ..m,, 63 ( z - z ')  .1 j  I J N  rt

Using th e  above r e s u l t s  a s  a g u id e , a  more com plete 

m acroscopic  L agrangian  th e o ry  o f l in e a r  and n o n lin e a r  e le c ­

trodynam ics has been c o n s tru c te d  fo r  an a n is o t r o p ic  m agnetic  

d i e l e c t r i c  p o s s e s s in g  a c o u s t i c ,  i o n i c ,  e l e c t r o n i c ,  m agnetic  

o r  s p in ,  and o th e r  i n t e r n a l  e x c i t a t i o n s .  This th e o ry  i s  

a p p lic a b le  to  a w ide range  o f m a te r i a l s ,  namely in s u la to r s  

w hich a re  fe r ro m a g n e tic , a n tif e r ro m a g n e tic  o r f e r r im a g n e t ic .



iv  -

The th e o ry  s t a r t s  w ith  a L o ren tz ian  m ic ro sco p ic  fo rm u la tio n  

in  term s o f m assive p o in t  charges p o sse s s in g  an i n t r i n s i c  

s p in  and moving in  a vacuum. This i s  co n v erted  to  a lo n y -  

w aveleng th  m acroscopic  th e o ry  by ta k in g  th e  continuum  lim it*  

A L agrangian i s  c o n s tru c te d  from th e  vacuum e le c tro m a g n e tic  

L agrang ian , th e  u su a l  i n te r a c t io n  betw een th e  m a t te r 's  

c h a rg e -c u r re n t- s p in  and th e  e le c tro m a g n e tic  f i e l a ,  a  k in e t i c  

energy  o f  th e  m a t t e r 's  m otion , a m a tte r  s to re d  e n e rg y , ana a 

term  w hich a cc o u n ts  f o r  th e  a n g u la r  momentum o f th e  sp in  ana 

e le c t r o n  o r b i t a l  m otion g e n e ra tin g  th e  m a g n e tiz a tio n . This 

l a s t  term  does no t m a n ife s tly  e x h ib i t  r o t a t i o n a l  in v a r ia n c e .

The s to re d  energy  o f th e  m a tte r  must be in v a r ia n t  unaer 

a r b i t r a r y  body r o t a t i o n s ,  d isp la c e m e n ts , s p a t i a l  r e f l e c t io n s  

and tim e r e v e r s a l .  I t  i s  th e r e f o r e  a fu n c tio n  o f b a s ic  

i n v a r i a n t s ,  nam ely: th e  f i n i t e  s t r a i n  te n s o r ,  boay com­

ponen ts o f th e  i n t e r n a l  c o o rd in a te s  a s s o c ia te d  w ith  p a r t i c l e  

m otion and body components o f  th e  s u b la t t i c e  m a g n e tiz a tio n s  

ana t h e i r  g r a d ie n t s .  The s to re d  energy  i s  expanaed as a 

polynom ial in  th e s e  b a s ic  in v a r ia n t s  w ith  c o e f f i c i e n t s ,  

c a l le d  m a te r ia l  d e s c r ip to r s ,  w hich a re  r e s t r i c t e d  in  form  oy 

th e  c r y s t a l  m agnetic  space group sym m etry. E f fe c t iv e  lo c a l  

f i e l a  e f f e c t s  and t h e i r  p o s s ib le  a b so rp tio n  in to  th e  s to r e a  

energy  a re  c o n s id e re d . A d is c u s s io n  o f th e  n a tu r a l  s t a t e  o f 

th e  m agnetic  c r y s t a l  i s  a ls o  in c lu d e d .

E quations o f m otion fo r  tn e  e le c tro m a g n e tic  f i e l a ,  th e  

a c o u s t ic  f i e l d ,  th e  i n t e r n a l  e x c i ta t io n s  and th e  s u b la t t i c e



m ag n e tiz a tio n s  fo llo w  d e d u c tiv e ly  from  th e  la g ra n g ia n . con­

s e rv a t io n  laws o f  l in e a r  momentum, a n g u la r  momentum and 

energy  a re  fo rm u la te d  u s in g  th e  L agrangian a n d /o r th e  r e s u l ­

t a n t  e q u a tio n s  o f  m o tion . These c o n se rv a tio n  laws a re  a 

d i r e c t  consequence o f  th e  in v a r ia n c e  o f  th e  t o t a l  L agrangian 

u n a e r th e  symmetry o p e ra t io n s  m entioned above w ith  one 

e x c e p tio n : Angular momentum c o n se rv a tio n  fo r  t h i s  system  i s  

not a  r e s u l t  o f  m a n ife s t r o t a t i o n a l  in v a r ia n c e  o f  tn e  

L agrang ian . i t  i s  a ls o  shown t h a t  even though a n g u la r  

momentum i s  c o n se rv e d , th e  s t r e s s  te n s o r  fo r  t h i s  system  i s  

asym m etric .

Tne e q u a tio n s  o f m otion a re  l in e a r i z e d ,  ana  th e  g e n e ra l 

th e o ry  i s  a p p lie d  to  th e  problem  of Raman s c a t t e r i n g  by mag- 

nons o r  th e  magnon-phonon m ixed modes in  a n is o tro p ic  mag­

n e t i c  c r y s t a l s .  T his r e q u ir e s  a s o lu t io n  o f th e  e l e c t r i c  

f i e l d  wave e q u a tio n  w hich i s  accom plished  by means of a 

G re en 's  fu n c t io n  te c h n iq u e . P roper c o n s id e ra tio n  i s  g iv en  

to  th e  n o n c o l l in e a r i ty  o f p ro p a g a tio n  and poynting  v e c to r s  

w hich i s  due to  th e  o p t i c a l  a n is o tro p y . M oreover, su rfa c e  

c o r r e c t io n  f a c to r s  due to  s o l id  a n g le  e x p an s io n , e f f e c t iv e  

s c a t t e r i n g  volume d e m a g n ific a tio n  and t r a n s m is s iv i ty  a re  

accoun ted  f o r .  The Raman s c a t t e r i n g  e f f ic ie n c y  i s  e v a lu a te d  

by means o f th e  f l u c tu a t io n - d i s s ip a t i o n  theorem .
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I .  INTRODUCTION

Some c l a s s i c a l  and quantum th e o r ie s  o f fe rro m ag n e tic

system s a re  based  on th e  H am ilton ian  form alism  and e i t h e r

assume th e  m agnetic  to rq u e  e q u a tio n  o r  d e r iv e  i t  on th e

b a s is  o f assumed comm utator o r  P o isson  b ra c k e t r e l a t i o n s
1 —4 5between th e  sp in  com ponents• Nodvik has p re s e n te d  a 

c l a s s i c a l  H am iltonian th e o ry  of a s in g le  p a r t i c l e  w itn  s p in  

which p o sse s se s  th e  ex p ec ted  Poisson  b ra c k e ts  and m agnetic 

to rq u e  e q u a t io n . However, i t  does n o t appear t h a t  h is  f o r ­

malism can e a s i l y  be g e n e ra l iz e d  to  co n tinuous m edia. The
g

work o f T ie r s te n  and T sa i i s  in d ic a t iv e  of th e  c o n se rv a tio n  

law approach  from  which e q u a tio n s  o f m otion a re  o b ta in e d  

from a c o n s tru c t io n  o f assumed c o n se rv a tio n  law s. A v a r i a ­

t i o n a l  approach  to  th e  problem  of fe rro m a g n e tic  media which 

ta k e s  acco u n t o f  th e  sp in  a n g u la r  momentum in  tn e  v a r i a ­

t io n a l  p r in c ip le  th ro u g h  a v i r t u a l  work term  no t p re s e n t  in
7

th e  L agrang ian , has been perform ed by Maugin and H ringen. A 

more r e c e n t  app roach  to  th e  problem  u s in g  th e  e le g a n t  

m athem atica l fo rm alism  o f th e  p r in c ip le  o f v i r t u a l  power, 

which a p p ea rs  to  y ie ld  b e t t e r  r e s u l t s ,  has been p u b lish e d  by 

Maugin.** G i lb e r t9 and B row n^ make th e  analogy  of a sp in n in g



top  to  th e  s p in  and in tro d u c e  E uler a n g le  c o o ra in a te s  in to

th e  p roblem , in  th e  L agrangian th ey  c o n s t r u c t ,  two moments
11o f  i n e r t i a  a r e  s e t  e q u a l to  z e r o .  K i t t e l  a ls o  perfo rm s a

c l a s s i c a l  c a lc u la t io n  w ith  a L agrangian v a l id  o n ly  fo r

s t a t i c  m agnetic  f i e l d s .  The quantum m echan ica l d e r iv a t io n

o f  th e  m agnetic  to rq u e  e q u a tio n  fo r  a fe rro m ag n e tic  medium

assum ing s p in  d is tu rb a n c e s  o f long  w aveleng th  has been done
1 2i n  th e  c l a s s i c  paper o f H erring  and K i t t e l .

I t  i s  th e  purpose of C hapter I I  to  g iv e  a c o n s is te n t  

c l a s s i c a l  fo rm u la tio n  of a  r i g i d  m agnetic  continuum , and to  

shed  l i g h t  on how one can make th e  t r a n s i t i o n  from  a c l a s s i ­

c a l  th eo ry  to  a quantum th e o ry .  The form alism  i s  based  on a 

L agrangian d e n s i ty  w hich has p re v io u s ly  n o t been c o n s id e re d . 

T his L agrangian d e n s i ty  i s  term ed s in g u la r  i n  t h a t  th e  gen­

e r a l i z e d  v e l o c i t i e s  canno t be e x p re sse d  u n iq u e ly  in  term s of 

th e  c a n o n ic a l momentum d e n s i t i e s .  This i s  due to  con­

s t r a i n t s  imposed by th e  form  o f th e  L agrangian a lo n e .

The q u e s t io n  a ls o  a r i s e s  a s  to  what th e  g e n e ra l iz e d  

c o o rd in a te s ,  co rre sp o n d in g  to  th e  m agnetic  o r s p in  degrees 

o f  freedom  in  a m agnetic  medium a r e .  The answ er t o  t h i s  

q u e s t io n  i s  im p o rta n t in  w r i t in g  down th e  c a n o n ic a l s t r e s s  

t e n s o r ,  s in c e  t n a t  q u a n t i ty  i s  d e f in e d  in  term s of th e  

L agrangian d e n s i ty  and a l l  th e  g e n e ra l iz e d  c o o rd in a te s .  I t  

ap p ea rs  t h a t  th e  ch o ice  o f th e  m ag n e tiz a tio n  components and 

t h e i r  tim e d e r iv a t iv e s  a s  g e n e ra l iz e d  c o o rd in a te s  and v e lo ­

c i t i e s  i s  c o n s i s t e n t .  This i s  th e  prim ary  r e s u l t  of Chapter



I I ,  and i t  m o tiv a te s  th e  d e r iv a t io n  o f th e  s t r e s s  te n s o r  and 

c o n se rv a tio n  laws in  C hapter 111 which d e s c r ib e  an e l a s t i c  

m agnetic  d i e l e c t r i c  c r y s t a l  hav ing  any symmetry and degree  

o f  a n is o tro p y .

The H am ilton ian  of th e  r i g i d  system  i s  o b ta in e d  by 

means o f D i r a c 's 13 -1 a g e n e ra l iz e d  dynamics when a s in g u la r  

L agrangian  i s  in v o lv e d . D irac was th e  f i r s t  to  show t h a t  

th e  a lg e b ra  o f P o isson  b ra c k e ts  d e te rm in es  a d iv is io n  of 

c o n s t r a in ts  in to  two c la s s e s :  th e  s o - c a l le d  f i r s t  c la s s  con­

s t r a i n t s  and second c la s s  o n e s . The f i r s t  c la s s  c o n s t r a in ts  

a re  th o se  t h a t  have z e ro  P oisson  b ra c k e ts  w ith  a l l  o th e r  

c o n s t r a in ts  in  th e  subspace  o f phase space in  which th e  con­

s t r a i n t s  h o ld ; c o n s t r a in t s  w hich a re  no t f i r s t  c la s s  a re  oy 

d e f in i t i o n  second c l a s s .  D irac a ls o  showed how to  re d e f in e  

th e  P o isson  b ra c k e ts  in  such  a way t h a t  a l l  new re d e f in e d  

b ra c k e ts  ( s o - c a l l e d  D irac b ra c k e ts )  o f second c la s s  con­

s t r a i n t s  a r e  z e ro . I t  i s  th e  D irac b ra c k e ts  to  which one 

m ust ap p ly  th e  s ta n d a rd  r u le s  in  going over to  th e  quantum 

th e o r y •

O ther im p o rta n t work in  th e  problem  o f  develop ing  a 

c o n s i s te n t  c l a s s i c a l  H am ilton ian  dynamics when th e r e  i s  a 

s in g u la r  L agrangian d e s c r ib in g  a system  has been done by 

many o th e r s 1 n o tab ly  Bergmann. The in te r e s t e d  re a d e r

i s  a l s o  r e f e r r e d  to  a r e c e n t  and v e ry  com prehensive review  

by Hansen e t  a l . 2&

C hapter IX w i l l  be o rg an iz ed  as fo l lo w s ; in  S ec tion



2 .1 ,  we w i l l  g iv e  th e  L agrangian  d e n s i ty  and d e r iv e  th e  mag­

n e t ic  to rq u e  e q u a tio n . In  S ec tio n  2 .2  we w i l l  g iv e  a b r ie f  

rev iew  o f D ira c 's  m ethod. In  S ec tio n  2 .3 ,  we w i l l  tra n s fo rm  

to  th e  H am iltonian d e n s i ty  and r e d e r iv e  th e  m agnetic  to rque  

e q u a tio n , a ls o  o b ta in in g  th a  D irac b ra c k e ts  between com­

ponen ts o f  tn e  m a g n e tiz a tio n .

R ecen tly  Lax and Nelson developed  an ab i n i t i o  Lagran­

g ia n  th e o ry  d e s c r ib in g  th e  i n te r a c t io n  of th e  e le c tro m ag -
27n e t ic  f i e l a  w ith  an e l a s t i c  d i e l e c t r i c .  The th e o ry  can be 

u sed  to  d e s c r ib e  c r y s t a l s  having  any symmetry ana deg ree  of 

a n is o tro p y , having  any numoer o f  p a r t i c l e s  ( io n s  and e le c ­

tro n s )  p e r  u n i t  c e l l ,  and having  n o n l in e a r i t i e s  of any o rd e r  

in  t h e i r  c o n s t i t u t iv e  r e l a t i o n s .

The c l a s s i c a l  app roach  o f  t h i s  th e o ry  i s  w e ll  j u s t i f i e d  

and has a w ide range  o f a p p l i c a b i l i t y  in  l in e a r  and non­

l in e a r  o p t ic s  and a c o u s t i c s .  N on linear i n te r a c t io n s  of 

l i g h t  and sound f i e l d s  can be fo rm u la te d  w ith o u t q u a n tiz a ­

t io n  o f th e  f i e l d s  when e n e rg ie s  a r e  la rg e  compared to  th e  

quantum . Io n ic  m otions can be t r e a te d  c l a s s i c a l l y  wnen 

d r iv e n  n o n lin e a r  p ro c e sse s  a r e  be ing  c o n s id e re d . M oreover, 

o p t i c a l  a b so rp tio n  a s s o c ia te d  w ith  e x c ito n s  has been s tu d ie d  

w ith  a c l a s s i c a l  t r e a tm e n t .2 0 *29 I t  i s  a ls o  p o s s io le  to  

t r e a t  Raman and B r i l lo u in  s c a t t e r in g  in  a c l a s s i c a l  

f a s h io n .30

A p p lica tio n  of th e  th e o ry  to  th e  p h o to e la s t ic  i n t e r a c -  
31t io n  le d  to  th e  p r e d ic t io n  t h a t  th e  in d ep en d en t e l a s t i c
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v a r ia b le  r e le v a n t  to  t h i s  i n te r a c t io n  was th e  d isp lacem en t 

g r a d ie n t ,  no t th e  s t r a i n  as long b e liev e d *  A p p lica tio n  of

th e  g e n e ra l  th e o ry  to  a c o u s t i c a l ly  induced  o p t ic a l  harmonic
3 2g e n e ra tio n  d em o n stra ted  th e  u s e fu ln e s s  o f the: th e o ry  in  

p r e d ic t in g  in d ire c t ,  c o n tr ib u t io n s  to  th e  o v e ra l l  e f f e c t .  

The g e n e ra l  th e o ry  has a l s o  been u sed  to  d e s c r ib e  th e  e l a s ­

t i c i t y  ana p i e z o e l e c t r i c i t y  in  p y r o e l e c t r i c s ,33,34 m a te r ia ls  

p o sse s s in g  a spon taneous e l e c t r i c  d ip o le  moment.

In  C hapter I I I  th e  th e o ry  i s  ex ten d ed  to  m a te r ia ls  p os­

s e s s in g  a spon taneous m agnetic  d ip o le  moment g e n e ra te d  by

i n t r i n s i c  s p in  and e le c t r o n  o r b i t a l  m o tio n . I t  has long
3 5been e s ta b l is h e d  t h a t  a c l a s s i c a l  t re a tm e n t of m agnetic  

p r o p e r t i e s  i s  s u f f i c i e n t  in  th e  long  w aveleng th  continuum  

l i m i t .  Once th e  g e n e ra l  th e o ry  i s  e x te n d e d , i t  w i l l  be po s­

s i b l e  to  s tu d y  e le c tro m a g n e tic  and a c o u s t ic  waves in  f e r -  

rom agnets , a n tife r ro m a g n e ts  and f e r r im a g n e ts .  M oreover, i t  

co u ld  be de te rm ined  w hether th e  spon taneous m agnetic moment 

o r  f i e l d  w i l l  le a d  to  i n d i r e c t  c o n tr ib u t io n s  to  th e  e l a s t i ­

c i t y ,  m a g n e to e la s t ic i ty , p i e z o e l e c t r i c i t y ,  m a g n e to e le c tr i -  

c i t y  o r  o th e r  phenomena, i t  would a ls o  be u s e f u l  to  a s c e r ­

t a i n  w hether r o t a t i o n s ,  in  c o n tr a s t  to  s t r a i n s ,  woula p lay  a 

r o l e  in  any such  i n d i r e c t  e f f e c t s ,  Tdward t h i s  end i t  i s  

advantageous to  s e t  up th e  th e o ry  in  a g e n e ra l  way t h a t  

in c lu d e s  a l l  l e v e ls  o f n o n l in e a r i t y .

For s im p l ic i ty  we w i l l  om it wave v e c to r  d is p e r s io n  

e f f e c t s  such  a s  o p t i c a l  a c t i v i t y  w hich a re  r e l a t e d  to  e le c -



t r i e  p o la r i z a t io n  g r a d ie n ts .  However, d is p e r s iv e  e f f e c t s  

r e l a t e d  to  m a g n e tiz a tio n  g r a d ie n ts  and d isp lacem en t g ra ­

d ie n ts  ( s t r a i n )  a r e  r e t a in e d .  We a ls o  ex c lu d e  p y r o e le c t r ic  

phenomena, energy  d i s s ip a t io n  mechanisms and a l l  therm al 

phenomena from  th e  p re s e n t  d is c u s s io n .

The concep t o f r o t a t i o n a l  in v a r ia n c e  developed  by Tou- 

p in 36 in  h is  s t a t i c  and dynamic th e o r ie s  o f th e  e l a s t i c

d i e l e c t r i c ,  was f i r s t  a p p lie d  to  m a g n e to e la s t ic i ty  by Vlasov
3 7  3 Q 3 9and Ishmukhametov , Brown and T ie r s te n .  Vlasov and I sh ­

mukhametov d e r iv e  e q u a tio n s  o f m otion d e s c r ib in g  th e  dynamic 

b eh av io r o f m a g n e to e la s tic  a n is o t r o p ic  m edia from  a la g ra n ­

g ia n , and show th e  r o t a t i o n  of volume e lem en ts  o f th e  media 

accompanying e l a s t i c  d e fo rm a tio n s  sh o u ld  be tak en  in to  

a c c o u n t. Brown u se s  a v a r i a t i o n a l  p r in c ip le  t o  t r e a t  th e  

s t a t i c  c a s e , and T ie r s te n  u se s  a continuum  model and th e  

n o tio n  o f a q u a s i - s t a t i c  m agnetic  f i e l d  to  t r e a t  th e  dynamic 

case  in  th e  p re sen c e  o f d i s s ip a t io n  and th e rm a l e f f e c t s .  

The e x p e rim e n ta l r e s u l t s  and a n a ly se s  fo r  y t t r iu m  iro n  g a r ­

n e t  (YIG) by Eastman40 and fo r  th e  a n tife r ro m a g n e t MnF  ̂ by 

M elcher41 were th e  f i r s t  to  show t h a t  a r o t a t i o n a l l y  i n v a r i ­

a n t  n o n lin e a r  d e s c r ip t io n  o f m a g n e to e la s t ic i ty  w<is c o r r e c t  

w h ile  th e  o r i g in a l  l i n e a r  th e o r ie s  o f m a g n e to e la s t ic i ty  o f 

K i t t e l 4 2 , Schlomann4 3 , and A kh iezer, B a r ia k h ta r  and B e le t-  

m in s k ii44 based  on th e  i n f in i t e s im a l  m a g n e to s tr ic t iv e  th e o ry  

o f  Becker and Doring were i n  e r r o r .  The r o t a t i o n a l l y  

in v a r ia n t  d e s c r ip t io n  ta k e s  acco u n t o f  th e  f a c t  t n a t  th e  

m ag n e tiz a tio n  may co u p le  to  th e  e l a s t i c  d e fo rm a tio n s not



o n ly  th rough  th e  s t r a i n  b u t a l s o  th ro u g h  th e  r o t a t i o n a l  p a r t  

o f th e  defo rm ations*

Recent work on r o t a t i o n a l  e f f e c t s  and th e  p ro p ag a tio n

o f  a c o u s t ic  waves in  e l a s t i c  fe rro m ag n e ts  and a n tife r ro m a g -
46n e ts  has been done by K* L* M elcher* Like A khiezer e t  a l ,

M elcher assum es a  H am ilto n ian , assum es th e  to rq u e  e q u a tio n

fo r  th e  m agnetic  moment and assum es th e  c o n se rv a tio n  law s.

M oreover, th e  energy  d e n s i ty  i s  eq u a ted  to  th e  H am iltonian

d e n s i ty .  Only th e  i n t e r a c t io n  o f  a c o u s t ic  waves w ith  mag-
47n e t i c  s p in  waves i s  c o n s id e re d ; no a llow ance  i s  made fo r  

o th e r  i n t e r n a l  e x c i ta t io n s *

Dixon and Eringen employ a c o n se rv a tio n  law approach  

from  w hich th ey  o b ta in  f i e l d  e q u a t io n s ,  jump c o n d it io n s  and 

c o n s t i t u t iv e  e q u a tio n s  fo r  a p o la r  e l a s t i c  d i e l e c t r i c  s u d -  

j e c t  to  d e fo rm a tio n s  and e le c tro m a g n e tic  f i e ld s *  In  th e  

d e r iv a t io n  o f th e  above e q u a t io n s ,  a  d i s t r ib u t e d  ip re n tz  

fo rc e  fo r  each  volume e lem en t i s  assum ed, and F a r r a d a y 's ,  

Ampere's and G auss ' laws a re  a p p lie d *  No i n t r i n s i c  s p in  i s  

in c lu d e d  in  th = n r developm ent, b u t th e  m agnetic  d ip o le  

moment due to  th e  m otion o f th e  bound ch arg es  i s  c o n s id e re d .

49Maugin and E ringen fo rm u la te  a v a r i a t i o n a l  approacn  

to  th e  s tu d y  o f e l a s t i c  s o l id s  in  w hich th e  m a g n e tiz a tio n  i s  

c o n s ta n t  i n  m agnitude* However, e l e c t r i c  f i e l d s ,  c u r r e n t s ,  

ch a rg es  and p o la r i z a t io n s  ( th e  q u a s i-m a g n e to s ta t ic  app roach ) 

a re  ig n o re d , and th e r e f o r e ,  t h e i r  th e o ry  i s  no t a f u l l y  

dynam ical th eo ry *  This i s  e q u iv a le n t  to  say in g  t h a t  th e
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v e lo c i ty  o f dynam ical phenomena i s  sm all in  com parison to  

th e  p ro p a g a tio n  v e lo c i ty  o f  e le c tro m a g n e tic  p e r tu r b a t io n s ;  

and t h a t  boundary o r  jump c o n d it io n s  can be w r i t te n  fo r  s u r ­

fa c e s  w hich may be c o n s id e re d  a s  be ing  s t a t i o n a r y .  Mo 

i n t e r n a l  c o o rd in a te s  ( e x tr a  d eg rees  o f  freedom  o f s t r u c tu r a l  

o r ig in )  a re  a llo w ed  f o r ,  and th e  Lagrangian u sed  i s  n o t th e  

t o t a l  one bu t must be supplem ented  w ith  an  e x p re ss io n  fo r  

th e  v i r t u a l  worX o f  body and s u r fa c e  lo a d s .  Account i s  

ta k e n  of th e  s p in  a n g u la r  momentum in  th e  v a r i a t i o n a l  p r in ­

c ip l e  th ro u g h  a v i r t u a l  work term  no t d e r iv a b le  from  any 

terra  in  th e  L ag rang ian . More r e c e n t l y ,  Maugin**0 nas 

employed th e  e le g a n t  fo rm alism  o f th e  p r in c ip le  of v i r t u a l  

power to  o b ta in  what a p p e a rs  to  be b e t t e r  r e s u l t s .

The c o n se rv a tio n  law approach  i s  u sed  by T ie rs te n  and 

T sa i51 to  o b ta in  th e  d i f f e r e n t i a l  e q u a tio n s  and boundary 

c o n d it io n s  d e s c r ib in g  a f i n i t e l y  d e fo rm a b le , p o la r iz a b le ,  

and m a g n e tiz a b le , h e a t c o n d u c tin g  continuum  in  in te r a c t io n  

w ith  th e  e le c tro m a g n e tic  f i e l d .  T heir model c o n s i s t s  of an 

e le c t r o n ic  charge  and s p in  continuum  coup led  to  a l a t t i c e  

continuum , w hich i t s e l f  c o n s i s t s  o f two in te r p e n e t r a t in g  

io n ic  c o n tin u a . A s im i la r  moael w ith o u t sp in  fo r  th e  case  

o f th e  h e a t  co n d u c tin g  e l a s t i c  d i e l e c t r i c  had been i n t r o ­

duced e a r l i e r  by T ie r s t e n .52 An assum ption  of th e  model i s  

t h a t  s t r e s s e s  a re  p r e s e n t  no t a t  a l l  io n ic  c o n tin u a  boun­

d a r i e s ,  bu t o n ly  a t  th o se  s e p a ra t in g  e lem en ts  o f th e  same 

io n ic  continuum . M oreover, fo r  th e  case  o f more th an  one 

s p in  continuum , i t  i s  assumed t h a t  th e  m agnetic  exchange



i n t e r a c t io n  o c c u rs  o n ly  betw een e lem en ts o f th e  same sp in  

con tinuum . Our model d i f f e r s  in  t h i s  one im p o rtan t a s p e c t :  

i t  ta k e s  in to  acco u n t a l l  p a r t i c l e  and sp in  c o n tin u a  

i n t e r a c t i o n s .  The r e s u l t s  we o b ta in  ap p ea r fundam en ta lly  

d i f f e r e n t  from th o se  of T ie rs te n  and T s a i.  M oreover, th e  

u n d e rly in g  d e s c r ip t io n  seems c lo s e r  to  th e  a c tu a l  p h y s ic a l  

s i t u a t i o n .

Wong and G r i n d l a y 5 ^  a ls o  u se  a c o n se rv a tio n  law 

approach  in  w r i t in g  down th e  e q u a tio n s  o f m otion d e s c r ib in g  

an  e l a s t i c  d i e l e c t r i c  m a te r i a l .  C u rren ts  a re  ig n o re d , but 

th e  ex trem e ly  im p o rta n t concep t o f a s to r e d  energy  con­

s t r u c te d  w ith  due c o n s id e ra t io n  o f symmetry re q u ire m e n ts  i s  

u s e d . However, th e  c o n te n tio n  t h a t  th e  s t r e s s  te n s o r  must 

be sym m etric because a n g u la r  momentum i s  conserved  i s  a t  

odds w ith  o u r f in d in g s .

In  c o n t r a s t  to  T ie r s te n  and T sai and many of th e  o tn e r  

t r e a tm e n ts ,  we beg in  w ith  a m ic ro sco p ic  d i s c r e t e  p a r t i c l e  

model b e fo re  ta k in g  th e  continuum  l i m i t .  This a id s  in  con­

s t r u c t i n g  th e  p ro p e r form s o f th e  i n t e r a c t i o n s .  M oreover, 

i n  our L agrangian  approach  o n ly  th e  L agrangian has t o  be 

c o n s tru c te d ;  a l l  o th e r  q u a n t i t i e s  such  a s  boay fo rc e s  and 

work done on th e  m a tte r  by th e  f i e l d ,  e t c . ,  fo llo w  deduc­

t i v e l y .  There i s  no need to  assume th e  c o n se rv a tio n  law s; 

th e y  fo llo w  a u to m a t ic a lly  and n a tu r a l ly  from  th e  la g ra n g ia n  

o r  i t s  r e s u l t a n t  e q u a tio n s  o f m o tion . There i s  no need to  

assume th e  Maxwell e q u a t io n s ;  th e se  fo llo w  n a tu r a l ly  a s
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e q u a tio n s  o f m otion from  th e  la g ra n g ia n  u s in g  th e  e le c ­

tro m a g n e tic  s c a la r  and v e c to r  p o t e n t i a l s  a s  c a n o n ic a l c o o r­

d in a t e s .  Another advan tage  to  our th e o ry  i s  t h a t  we a re  no t 

l im ite d  to  any s p e c i f i e d  number o f p a r t i c l e s  p e r  u n i t  c e l l .  

T his e n a b le s  us t o  acco u n t fo r  a l l  m a te r ia l  re s o n a n c e s . We 

have a ls o  a d d re sse d  o u rs e lv e s  to  th e  problem  o f th e  lo c a l  

f i e l d s ,  and have made an a ttem p t to  acco u n t fo r  them . There 

a r e  w id esp read  d is c re p a n c ie s  in  th e  r e s u l t s  of th o se  

r e f e r r e d  t o .  Our r e s u l t s  a r e  no e x c e p tio n , bu t we b e lie v e  

our th e o ry  i s  v a l i d ,  and our p ro ce d u res  le s s  l ix e ly  to  in cu r 

e r r o r s  •

C hapter 1X1 i s  o rg a n iz e d  a s  fo llo w s : in  S ec tio n  3.1 we 

w r i te  down a m ic ro sco p ic  L agrang ian . In S ec tio n  3 .2 ,  we 

p a ss  to  th e  continuum  l i m i t  by r e p la c in g  th e  d i s c r e t e  c o o r­

d in a te s  w ith  a s e t  o f fu n c t io n s  o f th e  con tinuous m a te r ia l

v a r ia b le  X. The s e t  o f fu n c t io n s  of th e  p o s i t io n  c o o rd i­

n a te s  a re  th en  tran sfo rm ed  to  a s e t  o f i n t e r n a l  c o o rd in a te s , 

W ith th e  c o n s tru c t io n  in  S ec tio n  3 .3  o f th e  s to re d  energy as 

in v a r ia n t  under a r b i t r a r y  body r o t a t i o n s ,  d isp la c e m e n ts , 

t r a n s l a t i o n s ,  s p a t i a l  r e f l e c t i o n s  and tim e r e v e r s a l ,  we nave 

com pleted  th e  t r a n s i t i o n  to  a m acroscopic  L agrang ian . In 

S e c tio n  3 .4 , we o b ta in  th e  M axw ell-lo ren tz  e le c tro m a g n e tic  

e q u a t io n s ,  th e  c e n te r  o f mass e q u a tio n  of m otion in  S ec tion  

3 .5 .  In  S e c tio n  3 .6  we exam ine lo c a l  f i e l d  e f f e c t s  and f in d

t h a t  th ey  can be ab so rb ed  in to  th e  s to r e d  e n e rg y . The

i n t e r n a l  m otion e q u a tio n s  a re  o b ta in e d  from th e  lag ran g ian  

in  s e c t io n  3 .7 .  A n o n - r o ta t io n a l ly  in v a r ia n t  term
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a cc o u n tin g  fo r  th a  a n g u la r  momentum of th e  s p in  and e le c t ro n  

o r b i t a l  m otion i s  added to  th e  L agrangian in  S ec tio n  3 .8 , 

and th e  m a g n e tiz a tio n  e q u a tio n  of m otion i s  o b ta in e d . Con­

s e rv a t io n  o f  l in e a r  momentum and th e  s t r e s s  te n s o r  a re  f o r ­

m ula ted  in  S ec tio n  3 .9 .  The u n iqueness o f our s t r e s s  te n so r  

i s  e s ta b l is h e d  in  S ec tio n  3 .1 0 . The asymmetry of th e  s t r e s s  

te n s o r  fo r  a m agnetic  d i e l e c t r i c  i s  proven in  S ec tio n  3 .1 1 . 

C onservation  o f a n g u la r  momentum and c o n se rv a tio n  of energy 

a re  p re s e n te d  in  S ec tio n  3 .12  and S e c tio n  3 .13  r e s p e c t iv e ly .

In  C hapter IV th e  e q u a tio n s  of m otion a re  l in e a r iz e d  in  

th e  dynam ical v a r i a b le s ,  and g e n e ra l e x p re s s io n s  f o r  th e  

n o n lin e a r  in t e r a c t io n s  a r e  a s c e r ta in e d .  These r e s u l t s  a re  a 

p re lim in a ry  to  any i n t e r a t i v e  te ch n iq u e  fo r  th e  s o lu t io n  of

th e  n o n lin e a r  e q u a tio n s  o f  m o tion . In  t h i s  l i n e a r i z a t io n
5 4p ro c e d u re , we fo llo w  very  c lo s e ly  Lax and Nelson .

Chapter IV i s  o rg a n iz e d  a s  fo llo w s : in  S ec tion  4 .1 ,

e x p re s s io n s  w hich r e l a t e  d e r iv a t iv e s  in  th e  s p a t i a l  frame to  

d e r iv a t iv e s  in  th e  m a te r ia l  fram e a re  d e r iv e d . In  S ec tion  

4 .2  th e  p a r t i c l e  e q u a tio n s  of m otion a re  re d e r iv e d  v a l id  to  

a l l  o rd e rs  a s  a p re lim in a ry  to  th e  l in e a r i z a t io n  o f th e  

c e n te r  o f  mass and th e  i n t e r n a l  c o o rd in a te  e q u a tio n s  of 

m otion in  S ec tio n  4 .3  and S ec tio n  4 .4 ,  r e s p e c t iv e ly .  In 

S ec tio n  4 .5 ,  th e  m agnetic  e q u a tio n  o f m otion i s  l in e a r i z e d .

In  C hapter V an a p p l ic a t io n  o f th e  th e o ry  i s  made to  

th e  problem  o f th e  n o n lin e a r  i n te r a c t io n  o f l i g h t  a t  o p t ic a l  

f re q u e n c ie s  w ith  m agnon-phonon-photon mixed modes w nicn may
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be r e f e r r e d  to  a s  m a g n e to -p o la r i to n s . The e l a s t i c  degree  of 

freedom  (a c o u s tic  phonons) w i l l  no t e n te r  in to  t h i s  problem  

because o f  th e  h ig h e r  f re q u e n c ie s  in v o lv e d .

Raman s c a t t e r i n g  by sp in  waves or magnons was f i r s t

su g g e s te d  by Bass and Kaganov*3̂3, and by E l l i o t  and Louaon^6 ,
57and has been f u r th e r  a n a ly ze d  by Shen and Bloembergen*" and

C U
a ls o  F leu ry  and Loudon . These l a t t e r  a u th o rs  have con­

c lu d ed  t h a t  one-magnon s c a t t e r i n g  p ro ceed s  th rough  a mechan­

ism c o n s is t in g  of an i n d i r e c t  e l e c t r i c - d i p o l e  co u p lin g  v ia  

th e  s p in - o r b i t  i n t e r a c t io n .  They a ls o  p ropose  an “exchange 

s c a t t e r in g "  mechanism f o r  two-magnon s c a t t e r i n g  w hich can be 

ve ry  s tro n g  in  some a n t i f e r ro m a g n e ts .  E xperim ental r e s u l t s  

f o r  one-and  two-magnon s c a t t e r i n g  p ro c e ss e s  in  th e  a n t i f e r ­

rom agnets Fe F2 ,MnF2 and NiF2 have been re p o r te d  by F leu ry  

e t  a l . 6 9 *6 6 *61 The c o u p lin g  of magnons and pho tons in  a n t i ­

fe rro m ag n e ts  to  form mixed modes c a l le d  "m agnitons" has been 

d is c u s se d  p r e v io u s ly .6 2 *63

In  c o n t r a s t  to  th e  F le u ry -lo u d o n  and Shen-Bloemoergen

t r e a tm e n ts ,  o u rs  i s  e n t i r e l y  c l a s s i c a l .  M oreover, we w i l l

o n ly  c o n s id e r  Raman s c a t t e r i n g  by a  s in g le  m agneto-

p o la r i to n .  The c l a s s i c a l  tre a tm e n t m odels v e ry  c lo s e ly  t h a t
64of Lax and Nelson s fo r  th e  p o l a r i to n .  An e l e c t r i c  f i e l d  

wave e q u a tio n  d r iv e n  by a n o n lin e a r  so u rce  i s  d e r iv e d  fo r  

th e  ca se  o f  a m agnetic  m ed ia . Our th e o ry  e n a b le s  us to  

o b ta in  e x p re s s io n s  f o r  th e  l i n e a r  and n o n lin e a r  p o l a r i z a ­

t io n s  and m a g n e tiz a tio n s . The l in e a r  e x p re s s io n s  o r c o n s t i ­
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t u t i v e  r e l a t i o n s  a r e  u sed  in  th e  l in e a r  p o r t io n  o f th e  wave 

e q u a tio n , w h ile  th e  n o n lin e a r  e x p re s s io n s  a r e  j u s t  th e  b a s is  

f o r  th e  d r iv in g  n o n lin e a r  so u rce  term s in  th e  wave e q u a tio n . 

This wave e q u a tio n  i s  so lv e d  u s in g  a G reen 's  fu n c t io n  t e e n -
c c

nique developed  by Lax and N elson. This s o lu t io n  i s  then  

u sed  to  f in d  an e x p re ss io n  fo r  th e  s c a t t e r e d  power in s ia e  

th e  c r y s t a l .  The d e te c te d  power o u ts id e  th e  c r y s t a l  i s  th en  

c a lc u la te d  from t h a t  in s ia e  w ith  due r e s p e c t  to  s u r fa c e  

c o r r e c t io n  f a c to r s :

1 The s u r fa c e  o f th e  c r y s t a l  a c t s  as an  o p t i c a l  i n s t r u ­

ment t h a t  expands th e  s o l i d  a n g le  o f th e  s c a t t e r e d  

beam.

2 The d e te c te d  power i s  l im i te d  by th e  s o l id  a n g le

p re s e n te d  by th e  d e te c to r  to  th e  s c a t t e r e d  beam.

3 The s u r fa c e  a ls o  a c t s  to  d ec rea se  th e  a p p a re n t s i z e  of

th e  so u rce  volume V .s

The Raman s c a t t e r i n g  e f f i c ie n c y  w hich i s  th e  r a t i o  of 

s c a t t e r e d  to  in c id e n t  powers o u ts id e  th e  c r y s t a l  w i l l  con­

t a i n  c o r r e l a t io n  f u n c t io n s .  These c o r r e la t io n  fu n c tio n s  a re  

c a lc u la te d  by means o f th e  f l u c tu a t io n - d i s s ip a t io n  theorem

in tro d u c e d  i n to  n o n lin e a r  o p t ic s  by B utcher and O^g and
67a p p lie d  to  th e  p o la r i to n  problem  by BarKer and loudon° and 

la x  and N e lso n .&a

C hapter V i s  o rg a n iz e d  a s  fo llo w s : i n  S ec tio n  5 .1 ,  some 

s im p lify in g  assu m p tio n s and t h e i r  j u s t i f i c a t i o n s  a re  g iv e n .
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In  S e c tio n  a .2 ,  th e  l in e a r  c o n s t i t u t i v e  r e l a t i o n s  f o r  th e  

p o la r iz a t io n  and m a g n e tiz a tio n  a re  derived*  The d r iv e n  wave 

e q u a tio n  f o r  th e  e l e c t r i c  f i e l d  i s  developed  in  S ec tio n  5*3, 

and th e  i n s i a e  G reen 's  fu n c t io n  tech n iq u e  fo r  i t s  s o lu t io n  

i s  p re s e n te d  in  S ec tio n  5 .4  In  S ec tio n  5 .5 ,  a b r i e f  d ig r e s ­

s io n  on s u r fa c e  c o r r e c t io n s  i s  made. E xpressions f o r  tn e  

s c a t t e r e d  power and th e  Raman e f f i c ie n c y  in  term s of c o r r e ­

l a t i o n  fu n c t io n s  between components o f  th e  n o n lin e a r  p o l a r i ­

z a t io n  a re  d e te rm ined  in  S e c tio n  5 .6 .  A b r i e f  t re a tm e n t of 

th e  f l u c tu a t io n - d i s s ip a t io n  theorem  i s  p re s e n te d  in  S ec tion  

5 .7 .  In  S ec tio n  5 .8 ,  th e  n o n lin e a r  p o la r iz a t io n  a p p ro p r ia te  

to  a m agnetic  d i e l e c t r i c  i s  d e te rm in e d . The c o r r e la t io n  

fu n c tio n s  between components o f th e  n o n lin e a r  p o la r iz a t io n  

a re  e v a lu a te d  w ith  th e  h e lp  of th e  f l u c tu a t io n - d i s s ip a t io n  

theo rem . With th e  c o r r e l a t io n  fu n c t io n s  e v a lu a te d , th e  

Raman s c a t t e r i n g  e f f i c ie n c y  i s  d e te rm in e d .

T his t h e s i s  ends w ith  C hapter V I, a summary and d is c u s ­

s io n  o f th e  p r in c ip a l  r e s u l t s .



IX. THE RIGID MAGNETIC CONTINUUM

2 » i  The L agrangian  Form alism

We assume t h a t  we a r e  d e a lin g  w ith  a m agnetic  continuum  

w hich i s  o b ta in e d  from a c r y s t a l  l a t t i c e  of one s u b la t t i c e  

p e r u n i t  c e l l  by ta lc ing  th e  a p p ro p r ia te  long  w avelengtn  

l i m i t .  Each p o in t  o f th e  continuum  i s  d e sc r ib e d  by a mag­

n e t i z a t io n  v e c to r  whose m agnitude rem ains c o n s ta n t :

where we have no rm alized  to  u n i t  le n g th  f o r  s im p l i c i t y .  We 

f in d  i t  n e ce ssa ry  to  acco u n t f o r  th e  a n g u la r  momenta of th e  

i n t r i n s i c  s p in  and e le c t r o n  o r b i t a l  m otion which g e n e ra te  

th e  m a g n e tiz a tio n . We assume t h i s  can be done by in c lu d in g

Y i s  i d e n t i f i e d  a s  th e  gy rom agnetic  r a t i o  (assumed h e re  to

|m ( z , t ) |2 = 1 (2 . 1 . 1 )

6 9i n to  th e  L agrangian d e n s i ty  a g y ro sc o p ic  term  of th e  rorm

(2 . 1 .2 )

-  15 -
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be i s o t r o p i c ) ,  ana  e J , J  = 1 ,2 ,3 ,  i s  a s e t  o f u n i t  o rth o g o n a l 

c a r t e s ia n  v e c to r s  w hich a r e  " e x te r n a l" .  By t h i s  we mean 

th ey  a re  f ix e d  in  space and t h e i r  o r i e n ta t io n  w ith  r e s p e c t  

to  th e  i n e r t i a l  fram e o f r e f e re n c e  i s  a r b i t r a r y .  Of c o u rs e , 

m a n ife s t r o t a t i o n a l  in v a r ia n c e  o f  th e  la g ra n g ia n  w i l l  oe 

l o s t  by th e  in c lu s io n  o f th e s e  a r b i t r a r y  v e c to r s .  how ever, 

a s  we w i l l  show, th e  r e s u l t s  o f our th eo ry  w i l l  be in d ep en ­

d en t o f th e se  v e c to r s .  In  p a s s in g , i t  i s  i n t e r e s t i n g  to  

n o te  t h a t  th e  k in e t i c  energy  term  of th e  D o e rin g -G ilb e rt 

L agrangian * may be o b ta in e d  from  Bg. (2 .1 .2 )  by removing 

th e  summation o v e r J  and f a c to r  o f 1/3 and choosing  th e  

r e s u l t a n t  s in g le  e x te r n a l  v e c to r  to  be o r ie n te d  a long  th e  z 

a x is .

The use  o f e x te r n a l  v e c to r s  i s  not a l to g e th e r  unknown
72in  quantum f i e l d  th e o r y .  For exam ple, Zwanziger in  h is  

quantum f i e l d  th e o ry  o f e l e c t r i c  and m agnetic  ch arg es u ses a 

L agrangian  w hich depends on an a r b i t a r i l y  f ix e d  fo u r  v e c to r  

and th u s lo s e s  m a n ife s t L orentz in v a r ia n c e .  however, 

in v a r ia n c e  i s  re g a in e d  under th e  r e s t r i c t i o n  t h a t  v a lu e s  of 

th e  com bination  of e l e c t r i c  and m agnetic charge 

ê n9m “ gnem̂  be <Ju a n t iz e d » rie» m oreover, shows t h a t  angu­

l a r  momentum may be conserved  even though th e  la g ra n g ia n  

i t s e l f  m ight n o t be r o t a t i o n a l l y  i n v a r i a n t .

As th e  b a s is  fo r  our fo rm alism , we u se  th e  lag ra n g ia n  

d e n s ity
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L,= K + m * B - V  + X [|m |2 -  1] , ( 2 .1 .3 )

where B i s  th e  m agnetic  f i e l d  and th e  c o n s t r a in t ,  . 

( 2 .1 .1 ) ,  i s  in tro d u c e d  by means o f th e  undeterm ined  m u lti­

p l i e r  X. V i s  th e  s to r e d  o r p o t e n t i a l  energy p e r  u n i t  

volume w hich in  th e  long -w ave leng th  l i m i t  i s  taKen to  oe a 

fu n c tio n  of th e  m a g n e tiz a tio n  components m  ̂ and t h e i r  f i r s t

s p a t i a l  d e r iv a t iv e s  m. . = d m ./d z .. T his s to re d  energy1 1J 1 J
phenom eno log ica lly  acc o u n ts  fo r  i n t e r a c t io n s  of guantum 

m echanical o r ig in  n o t e x p re s s ib le  in  term s o f e lec tro m ag ­

n e t ic  i n t e r a c t io n s .  These in c lu d e ,  f o r  exam ple, th e  

exchange and m agnetic  a n is o tro p y  in te r a c t io n s  and th e  sp in  

o r b i t  c o u p lin g .

The s to r e d  energy  o f th e  m a tte r  must be in v a r ia n t  under 

a r b i t r a r y  body r o t a t i o n s , d is p la c e m e n ts , s p a t i a l  r e f l e c t io n s  

and tim e r e v e r s a l .  I t  i s  g e n e ra l ly  assum ed t h a t  i t  can be 

expanded a s  a po lynom ial in  m4 and m̂  4 w ith  c o e f f i c i e n t s
X  X  ,  J

w hich a re  r e s t r i c t e d  in  form  by th e  c r y s t a l  m agnetic  space

group sym m etry. In  t h i s  c h a p te r  we a re  not concerned  w ith

th e  e x a c t form of th e  s to r e d  e n e rg y . A ll t h a t  need be

assumed i s  i t s  f u n c t io n a l  dependence on m. and m̂  , ,  and i t s
1 A * J

r o t a t i o n a l  in v a r ia n c e .  The p ro p er c o n s tru c t io n  of tn a  

s to r e d  energy f o r  th e  more co m p lica te d  case  o f an e l a s t i c  

a n is o t r o p ic  m agnetic  d i e l e c t r i c  p o s s e s s in g  a c c o u s t ic ,  io n ic ,  

e l e c t r o n i c ,  m agnetic  o r s p in ,  and o th e r  i n t e r n a l  e x c i ta t io n s  

has been done in  C hapter 111.
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The la g ra n g ia n  d e n s i ty  g iv en  in  Eg* ( 2 .1 .3 )  i s  of

cou rse  not th e  t o t a l  Lagrangian d e n s i ty  o£ th e  system .
7 3I n t e r a c t io n  and f i e l d  Lagrangian d e n s i t i e s  of th e  form 

( r a t i o n a l i z e d  MKS)

* A ( z , t )  -  q ( z , t ) « ( z , t )  , ( 2 .1 .4 )

h'  = 2 e0 -  c 2 B2 ( z , t )] , ( 2 .1 .3 )

shou ld  be in c lu d e d ,  he re  th e  e l e c t r i c  and m agnetic f i e l d  

v e c to r s  £ and B a r e  d e f in e d  i n  term s o f th e  s c a l a r  ana v ec­

t o r  p o t e n t i a l s  9 and A by means of

E ( z , t )  = - V $ ( z , t )  -  , ( 2 .1 .6 )

B ( z , t )  = V x A ( z , t )  , ( 2 .1 .7 )

and j  and q r e p r e s e n t  th e  c u r r e n t  and charge  d e n s i t i e s  

r e s p e c t i v e l y .  However, our p rim ary  concern  in  t h i s  cn ap te r  

being  th e  m agnetic  o r sp in  d e g re es  o f freedom re p r e s e n te d  by 

th e  m a g n e tiz a t io n ,  we w i l l  f o r  s i m p l i c i t y  not c o n s id e r  th e  

i n t e r a c t i o n  and f i e l d  Lagrangian d e n s i t i e s  g iven  ay Egs.

( 2 .1 .4 )  and ( 2 .1 .3 )  a s  they  do not coup le  i n  to  m ( z , t ) .

When a f i r s t ,  o rd e r  space d e r i v a t i v e  i s  p r e s e n t  in  tn e  

la g ra n g ia n  d e n s i ty ,  tn e  Lagrange e q u a tio n  of m otion f o r  a 

g e n e r a l i z e d  c o o rd in a te  q^ becomes



where L = Jlia3z .  Here 8/Sq^ i s  Known as  a f u n c t io n a l  

d e r i v a t i v e .  We choose th e  m ag n e tiz a t io n  components mi ( z , t )  

a s  g e n e r a l i z e d  c o o rd in a te s  f o r  th e  lagrange e q u a tio n  of 

m otion , Eq. ( 2 . 1 . d ) .  Using Eqs. (2 .1*3) and ( 2 . 1 . a )  we 

o b ta in  th e  e q u a t io n  of m otion:

ci  _0K. _ jOK _ „ . _ ^ e ff
d t ^  dm 2 X m  B » ( 2 .1 .9 )cm

where th e  e f f e c t i v e  m agnetic  f i e l a  i s  d e f in e d  by

Be f f  = B ( z , t )  • (2 .1 .1 0 )qv \
J * ?  •

M u lt ip ly in g  Eq. ( 2 .1 .9 )  by th e  gyrom agnetic  r a t i o  T ana  t a k ­

ing  th e  v e c to r  c ro s s  p ro d u c t  w i th  m, we o b ta in  a f t e r  some 

n o n t r i v i a l  a lg e b ra  and use o f  E^. ( 2 .1 .1 )  in  th e  form

in * m = 0 , th e  e q u a t io n

. . _ ^ |T  v J  r “•  m , “* i . . «• \i  o (m * e ) m x (e x m) -  [m (m x e )J (m x e  ) 
3 £

, * ♦  X

•m'21 (m • e J )2

•4 "*ef f= rm x I r “ ( 2 . 1 . 1 1 )

The components o f th e  a r b i t r a r y  e x t e r n a l  v e c to r s  

e ^ ( J  = 1 ,2 ,3 )  may be r e p r e s e n te d  by an  o r th o g o n a l  m a t r ix
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®K = Sk J  * (2 .1 .1 2 )

Eq. (2 .1 .1 1 )  may then  be r e c a s t  i n to  th e  m a tr ix  eq u a tio n

irij = Y(m x 3 ® * ^  , (2 .1 .1 3 )

where

A a i  V S i J  “  m* SicJ mi  ̂ S l J  * €jlKa S*J  Cjcb S° J  mb
J iroj2 -  (m̂ , ) 2

1 (2 .1 .1 4 )

The E in s te in  conv en tion  o f summation ove r  r e p e a te d  in d ic e s  

i s  u t i l i z e d  h e re .

I t  i s  p o s s ib l e  to  e x p re s s  A ^  a s  a  sum o f  two p a r t s :

Ai j  = 8i j  + Vi  mj  * (2 .1 .1 5 )

where

V2 = 3 ^* J

u -  JL 3 °- * §

j m { 2 “ K SKJ>2
t

( 2 .1 .1faa)

m1 S1 J  S2J ” m2^S1 J S1 J  + S3 J  S3J^ + m3 S2J S3J
| i n | 2

■  K s x j ) 2
*

( 2 . 1 . I b b )

ml S1 J  S3 J  ”  m3^S1 J s u  + S2 J  S2J^ + m2 S2J S3J
j m | 2 -  (mk sk J^ 2
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( 2 . 1  . 1 6 c )

In  view o f  th e  c o n s t r a i n t  g iv en  by Eq. ( 2 . 1 . 1 ) ,  m i s  p e rp e n -  

d i c u l a r  to  in. Thus, th e  e q u a t io n  of m otion , Eq. ( 2 .1 .1 3 ) ,  

w i th  th e  he lp  o f  Eq. (2 .1 .1 5 )  s i m p l i f i e s  to

in = Y(m x B6*^) . (2 .1 .1 7 )

This i s  j u s t  th e  g e n e r a l i z a t i o n  o f Larm or's  p re c e s s io n  equa­

t io n  to  c o n t in u a .  We a l s o  n o te  t h a t  th e  r e s u l t  i s  indepen­

den t o f  th e  e x t e r n a l  v e c to r s  e J ( J  = 1 , 2 , 3 ) .

j2.2 Dirac * s  Theory o f  Systems w i th  C o n s t ra in ts

A. S in g u la r  L agrangians

Given a m echanical system  (of N deg rees  of freedom) 

w i th  a Lagrangian L,

L = L (q , q ) , ( 2 .2 .1 )

one d e f in e s  th e  c o n ju g a te  momenta by

Pn = (n = 1 , . . . N )  • ( 2 .2 .2 )
**n

We s h a l l  dw ell on th e  c ase  when th e  e x p re s s io n s  0L/dqn
•  • ,

a re  no t independen t f u n c t io n s  o f  qn . E lim in a t in g  th e  q s



one o b ta in s  a c e r t a i n  number o f Independen t c o n s t r a i n t s  

( c a l l e d  prim ary  c o n s t r a i n t s )

<Pm( q , p )  = 0  (m = 1 ,2 ( 2 .2 .3 )

Thus, k o f  th e  p ' s  a r e  not In d ep e n d en t .  Solving Eg. ( 2 .2 .3 )  

f o r  k such  p ' s  In  term s o f th e  r e s t  we g e t

We f i r s t  In t ro d u c e  s e v e r a l  Im portan t  d e f i n i t i o n s .

Define th e  phase space r  a s  a s e t  whose e lem en ts  a r e  o rd e red  

2M -tuples (g, . . . q Mp,, . . . p M) .  Then, in t ro d u c e  th e  submani-1 , 1 , JN
f o ld  M in  r  w hich , by d e f i n i t i o n ,  i s  th e  s u b s e t  of r  f o r

which th e  c o n s t r a i n t s ,  Eg. ( 2 . 2 . 3 ) ,  h o ld .

The Poisson  b r a c k e t  f o r  two f u n c t io n s  f  and g of th e

q ' s  and p ' s  i s  d e f in e d  by

P a -  *a ( q i P i )  ( u  = 1 » 2 , . •  . k )  , (2 .2 .4 )

where th e  p ^ 's  ( i  = k + 1 ,N) a r e  in d e p e n d e n t .

B. E quations o f  Motion

(2 .2 .3 )

I t  i s  co n v en ien t  t o  in tro d u c e  th e  “t o t a l “ Ham iltonian 

ti* i n  th e  fo l lo w in g  way:
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H# = H + vm <p = p q -  L + V cp , ( 2 .2 .6 )m m n n m m '

wnere th e  vm a r e  a r b i t r a r y  Lagrange m u l t i p l i e r s .  [ I f  a d d i ­

t i o n a l  ("seco n d a ry ")  c o n s t r a i n t s  a re  found l a t e r ,  B j. 

( 2 .2 .6 )  w i l l  have t o  be m od if ied  to  in c lu d e  them .] In th e  

s ta n d a rd  fa s h io n  one i s  le d  t o  th e  e q u a t io n s  of motion

Pn i  = ( P n H'j  !  = -  ---------
a  n » M ^ n

6cpm
vm iqn *

1 - u# i I / .j  ̂ *7 v
S = M = ^ n '  ’ U -2 - 7 '

where our n o ta t io n  i s  in te n d e d  to  emphasize t h a t  th e s e  equa­

t i o n s  hold  in  th e  subm anifo ld  a .  For a f u n c t io n  g o f  pn and 

q n we f in d  th e  e q u a t io n  o f motion

9 i  = (g ,H '}  i  . ( 2 .2 .d )
a  m

hence , h '  a s  g iv en  by Eq. ( 2 .2 .6 )  i s  th e  g e n e ra to r  of time 

t r a n s l a t i o n .

C. F i r s t - c l a s s  ana s e c o n d -c la s s  c o n s t r a i n t s

The c o n s t r a i n t s  <pm must rem ain ze ro  a t  a l l  t im e s ,  wnicn 

im p l ie s :

I  = + = 0 * ( 2 .2 .9 )
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Excluding th e  case  when th e s e  e q u a t io n s  a r e  c o n t r a d ic ­

to ry  e i t h e r  among them se lves  o r w i th  Eg* (2 .2 * 3 ) ,  th e  equa­

t io n s  o b ta in e d  may be (a) a t r i v i a l  i d e n t i t y ,  (b) indep en ­

den t o f th e  v ' s ,  (c)  may in v o lv e  some o£ th e  v 's *

In  case  they  a r e  o f type  ( b ) ,  th e y  r e p r e s e n t  new con­

s t r a i n t s  ( c a l l e d  secondary  c o n s t r a i n t s )  and may be w r i t t e n  

i n  th e  form

P i (q ,p )  = 0 . (2 .2 .1 0 )

We can c o n tin u e  t h i s  p ro ce ss  o f  g e n e ra t in g  secondary  

c o n s t r a i n t s  u n t i l  we a r r i v e  a t  t h e  p o in t  when no more 

independen t e q u a t io n s  of ty p e  (b) a r e  produced* This p ro ­

c ess  must te rm in a te  s in c e  th e  o r i g i n a l  number of f i e l d  v a r i ­

a b le s  i s  f i n i t e .  A fte r  e l im in a t in g  a s  many v ' s  as  p o s s ib le  

from (c) type  e q u a t io n s ,  we can use  th e  rem ain ing  e q u a t io n s  

to  so lv e  fo r  some (or a l l )  o f  th e  v ' s .

Let us deno te  by M th e  subspace  o f phase space in  which 

a l l  c o n s t r a i n t s  hold ( i . e .  bo th  p rim ary  and secondary  o n e s ) .  

We s h a l l  assume th e  i r r e d u c i b i l i t y  o f a l l  c o n s t r a i n t s  w i th  

r e s p e c t  to  M, i . e .  any f u n c t io n  of ^ ' s  and p ' s  v a n is h in g  in  

M must be e x p r e s s ib l e  a s  a  l i n e a r  fu n c t io n  of th e  qi's and 

th e  p 's  w i th  fu n c t io n s  o f q ' s  and  p ' s  a s  c o e f f i c i e n t s *  We 

thus have in  p a r t i c u l a r

H' = h (q ,p )  + Vx (q ,p )  V x (q ,p )  , (2 . 2 .11  )
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where we have deno tea  by a common symbol ^ ( q  »P) a l l  th e  

c o n s t r a i n t s ,  i . e .  = ( (<Pm) ,  ( ) ) .

By d e f i n i t i o n ,  a f i r s t - c l a s s  c o n s t r a i n t  <j>a (secondary 

o r  p rim ary ) s a t i s f i e s

f o r  a l l  ana  thus in  view o f  our i r r e d u c i o i l i t y

h y p o th e s is  th e  Poisson b r a c k e t s  must be fu n c t io n s  o f  th e  

com plete  s e t  o f  c o n s t r a i n t s  Since f i r s t - c l a s s  con­

s t r a i n t s  g e n e ra te  i n f i n i t e s i m a l  c o n ta c t  t r a n s fo rm a t io n s  

( t h a t  do n o t  a f f e c t  th e  p h y s ic a l  s t a t e  of th e  sy s te m ) ,  we 

may e x p ec t  a l i n e a r  Po isson  b r a c k e t  r e l a t i o n s h i p  c h a ra c ­

t e r i s t i c  fo r  g e n e r a to r s  of a Lie group:

Such t r a n s fo rm a t io n s  a r e  term ed gauge t r a n s f o r m a t io n s ,  and 

t h e r e  e x i s t s  a c e r t a i n  amount o f freedom in  choosing  e x p l i ­

c i t  forms fo r  each  gauge .

We c a l l  a  c o n s t r a i n t  s e c o n a -c la s s  i f  i t  i s  notCL ' " *
f i r s t - c l a s s ;  i . e .  i t  has a n o n -v an ish in g  Po isson  b ra c k e t  

w i th  a t  l e a s t  one o th e r  c o n s t r a i n t .

(2 • 2 • 1 2 )

(2 .2 .1 3 )

D. Dirac b r a c k e t s  and q u a n t i z a t io n  

A n a iv e  t r a n s i t i o n  t o  quantum th e o ry  would c o n s i s t  in



im posing th e  c o n s t r a i n t s  a s  c o n d i t io n s  on th e  quantum s t a t e  

v e c to r s  and r e p l a c in g  s ta n d a rd  Po isson  b ra c k e ts  by " -  i "  

tim es  com m utators. But then  i f

^  I a > = 0 ,  *2 | a  > = 0 (2 .2 .1 4 )

we f in d

la > = 0 , (2 .2 .1 5 )

which co rre sp o n d s  to  a c l a s s i c a l  e q u a t io n

( 2 . 2 . 1 b )

Thus, f o r  th e  n a iv e  p assag e  to  quantum th e o ry  t o  be 

p o s s ib l e !  a l l  c o n s t r a i n t s  must be f i r s t - c l a s s .  In case  a 

m echan ica l system  has s e c o n d -c la s s  c o n s t r a i n t s ,  a . th ea
remedy c o n s i s t s  in  r e d e f i n in g  th e  Poisson  b ra c k e ts  in  a 

s u i t a b l e  manner:

The new b r a c k e t ,  i s  c a l l e d  a JJirac b r a c k e t ,

(2 .2 .1 7 )

where Cab i s  d e f in e d  by

(2 .2 .1 b )
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w h ile  th e  b ra c k e ts  on th e  r i g h t - h a n d  s id e  a r e  s ta n d a rd  P o is ­

son b r a c k e t s . I t  can be shown t h a t  th e  new b ra c k e ts  have 

a l l  th e  s ta n d a rd  p r o p e r t i e s  o f Poisson  b r a c k e t s .  Note t h a t  

i f  e i t h e r  g o r  t) i s  a f i r s t  c l a s s  c o n s t r a i n t ,  th e  Dirac 

b ra c k e t  red u c es  to  the: Po isson  b ra c k e t  because of th e  d e f i n ­

i t i o n  , Eq. ( 2 .2 .1 2 ) .

As a consequence of th e  d e f i n i t i o n s ,  Eqs. (2 .2 .1 7 )  and

( 2 .2 .1 8 ) ,  we f i n d  t h a t  th e  Dirac b ra c k e t  of any dynamical 

q u a n t i t y  £ w i th  a second c la s s  c o n s t r a i n t  v a n is h e s :

U .sai* = U ,e a} -  {«,ebjo1JC{ec,aa}

= U * ea i -  U » e b}8ba = 0 . (2 .2 .1 8 )

The c o n s is te n c y  c o n d i t io n  Eq. ( 2 .2 .8 )  and th e  d e f i n i t i o n  o f 

th e  Dirac b r a c k e t ,  Eq. ( 2 .2 .1 7 ) ,  imply t h a t  th e  new b ra c k e t  

may a l s o  be u sed  t o  y i e l d  t h e  H am iltonian  e q u a t io n s  of 

m o tio n :

{9#h } jlj = = 8 • (2 .2 .2 0 )

The passage  t o  quantum th e o ry  can now be made oy 

r e p l a c in g  th e  new b ra c k e ts  by i "  t im es  com m utators.

Then, i n  quantum th e o r y ,  we can ta k e  th e  second  c la s s  co n -  

t r a i n t s  9a = 0 t o  hold a s  o p e ra to r  e q u a t io n s  w ith o u t  any 

c o n t r a d i c t i o n ,  s in c e  in  view  of Eq. (2 .2 .1 8 )  = 0 f o r

any o p e ra to r  g. The f i r s t  c l a s s  c o n s t r a i n t s ,  q>a , can
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c o n tin u e  to  be handled  as  i n  Eq. ( 2 .2 .1 4 )  a s  c o n d i t io n s  on 

th e  s t a t e  v e c t o r .  A l t e r n a t i v e l y ,  gauge c o n d i t io n s  ( to  be 

c o n s id e re d  a s  new c o n s t r a i n t s )  can be imposed so as to  con­

v e r t  f i r s t  c l a s s  c o n s t r a i n t s  i n t o  second c la s s  c o n s t r a i n t s .  

The l a t t e r  can th e n  be handled  by th e  Dirac o ra c k e t  p ro ­

cedure  .

In  summary, once we a g re e  to  use  Dirac b r a c k e t s ,  we 

have e f f e c t i v e l y  tak en  i n t o  acco u n t  c e r t a i n  dependencies 

among th e  f i e l d  v a r i a b l e s  a s  r e f l e c t e d  by th e  second c la s s  

c o n s t r a i n t s .  Thus, we can ig n o re  th e s e  c o n s t r a i n t s  or 

e q u iv a l e n t ly ,  ta k e  th e  second c la s s  c o n s t r a i n t s  = o t o  

hold a s  o p e r a to r  e q u a t io n s  ( t h i s  i s  sometimes r e f e r r e d  to  as  

be ing  " s t r o n g ly "  e q u a l  to  z e r o ) .  We canno t ig n o re  th e  f i r s t  

c l a s s  c o n s t r a i n t s  cpa . The dependencies  among th e  f i e l d  

v a r i a b l e s  r e f l e c t e d  by th e s e  c o n s t r a i n t s  must be accounted  

f o r .  In  quantum th e o ry  t h i s  can be done by imposing th e  

f i r s t  c l a s s  c o n s t r a i n t s  a s  c o n d i t io n s  on th e  s t a t e  v e c t o r s ,  

<Pa | a > = 0 ( t h i s  i s  sometimes r e f e r r e d  to  as  being 

"weakly" e q u a l  to  z e r o ) .  The f i r s t  c la s s  c o n s t r a i n t s  could

a l s o  be acco un ted  f o r  by in t r o d u c in g  new c o n s t r a i n t s  c a l l e d  

"gauge c o n d i t io n s "  which e f f e c t i v e l y  co n v er t  a l l  c o n s t r a i n t s  

i n t o  second c la s s  c o n s t r a i n t s  from which new Dirac b ra c k e ts  

can be de te rm ined  b e fo re  go ing  over  to  quantum th e o r y .

£• G e n e ra l iz a t io n  to  F ie ld  Theory

The g e n e r a l i z a t io n  of t h i s  form alism  to  f i e l d  th e o ry ,  

i . e .  a m echanica l system  w ith  a  c o n tin u o u s ly  i n f i n i t e  number
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o f  d eg rees  o f  freedom , p r e s e n t s  no d i f f i c u l t y *  The impor­

t a n t  th in g s  to  remember i s  t h a t  pn i s  to  be c o n s id e re d  a s  a 

co n ju g a te  momentum “d e n s i ty "  d e f in e d  by th e  f u n c t io n a l  

d e r i v a t i v e  of a Lagrangian

n  5  i  ( 2 . 2 . 2 1 )

and th e  Po isson  b ra c k e t  of two fu n c t io n s  f  and g o f th e  q ',s 

and p ' s ,  no t depending e x p l i c i t l y  on t im e ,  i s  d e f in e d  by

( £ . 9 } ■  j ! • t2 - 2 -22)n=1 °*n o tn ^ n  °^n

Here f  and g a r e  assumed t o  be e x p r e s s ib l e  in  terms o f  den­

s i t y  f u n c t io n s :

f  = S  F d3z ,

g = j  G d3z . (2 .2 .2 3 )

As a r e s u l t  o f Bqs. ( 2 .2 .2 2 )  and ( 2 .2 .2 3 )  we have

( z , t ) , p k ( z ' , t ) }  = (*»*)} = Si k  -£T“ 63 ( z - z ' )
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»t)} = {p± ( z » t ) , p  . ( z '  , t ) }  = o 
1 J 1 J (2 .2 .2 4 )

F i n a l l y ,  th e  g e n e r a l i z a t io n s  o f Bgs • (2 .2 .1 7 )  and

(2 .2 .1 8 )  to  con tinuous system s a r e

J 7  d x '  d y  ( x » y  ) { Q j  ( y ) ,  0 ^ ( x ' ) }  = Si K  .  ( 2 . 2 . 2 7 )

2 , 3, The H am iltonian  Formalism

The f i r s t  task. i s  to  f i n d  a l l  th e  c o n s t r a i n t s  of our 

sy s tem , and w hether they  a r e  f i r s t - c l a s s  o r  s e c o n d - c la s s .  

The momentum d e n s i ty  c o n ju g a te  t o  m  ̂ i s  g iv e n ,  w i th  th e  help  

o f  Eqs. ( 2 .1 .2 )  and ( 2 . 1 . 3 ) ,  by

U ( z ) , n ( z ' ) } *  =  U ( z ) , n ( z ' ) }

-  XX dx dy {<;(z) ,0a (x)} Ca b (x ,y )  { 0b (y ) ,  n ( z ' )}
(2 .2 .2 5 )

ana

Ca b ^ » ^  = t 0a ^ >  9b (y )}” 1 (2 .2 .2 6 )

where th e  in v e r s e  i s  d e f in e d  by th e  c o n d i t io n

£  ^me Se>P ei i k  S1J mk 
J  |m |2 -  (ma  sa J )2

( 2 .3 .1 )
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and t h a t  c o n ju g a te  to  X I s  g iv en  by

( 2 . 3 . 2 )

( I t  snou ld  be remarked t h a t  th e  cho ice  of X as  a dynamical 

v a r i a b l e  i s  somewhat a r t i f i c i a l ,  bu t i s  needed in  o ra e r  fo r  

th e  D irac p rocedure  t o  be a p p l ie d  in  a s t r i c t  f a s h io n ,  how­

e v e r  , th e  same r e s u l t s  y i e ld e d  by t h i s  methoa cou la  be

s t r a i n t  which does n o t  a r i s e  from th e  form o f  th e  i a g r a n -  

g i a n . )

Thus, t h e r e  a r e  fo u r  p rim ary  c o n s t r a i n t s :

(Here we have a n t i c i p a t e d  t h a t  c o n s t r a i n t  22J. ( 2 .3 .3 )  i s  o f 

the  f i r s t  c l a s s  ty p e ,  w h ile  c o n s t r a i n t s  ( 2 .3 .4 )  a r e  of 

th e  second c la s s  t y p e . )

The H am iltonian d e n s i ty  f o r  th e  system  i s  g iven  througn  

Eqs. ( 2 . 1 .2 ) ,  ( 2 . 1 . 3 ) ,  ( 2 .2 .6 )  and ( 2 .3 .1 )  a s

o b ta in e d  by imposing |in}2 -  1 = 0 a s  a second c la s s  co n -

<P0 = P = 0 ( 2 .3 .3 )

0 , i  = 1 , 2 ,3 .  ( 2 .3 .4 )

3 '  = S + ^  Vj + vQ <p0
3
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3

( 2 .3 .5 )

Note t h a t  because m e n te r e d  o n ly  l i n e a r l y  i n  £, Si i s

in depend en t o f  p .  The c o n s is te n c y  c o n d i t io n  £3 . ( 2 .2 .9 )  

combined w ith  £3 . ( 2 .3 .5 )  y i e l d s

s in c e  P has v a n is h in g  Po isson  b ra c k e ts  w i th  e v e ry th in g  

e x ce p t  A. (Mote: th e  c o n s t r a i n t s  may be imposed a f t e r  th e  

Po isson  b r a c k e t  has been c a l c u l a t e d ;  t h u s , tP ,k } P  = 0 . )  A 

secondary  c o n s t r a i n t  has t h e r e f o r e  been g e n e r a te d ,  and i s  

g iv en  by

(Again we have a n t i c i p a t e d  c h a t  t h i s  i s  a second c la s s  con­

s t r a i n t .  )

Supplementing th e  H am ilton ian  d e n s i ty  i&3 . ( 2 .3 .5 )  w i tn  

th e  new c o n s t r a i n t  8 ^ and a g a in  in vok ing  th e  c o n s is te n c y  

c o n d i t io n  Eg. ( 2 . 2 . 9 ) ,  we o b ta in

<P0 = {<P0 , J S ' d 3 z) = { P, J  5 '  d 3z } = | m j 2 -  1 = 0
( 2 .3 .5 )

04 = |m |2 0 . ( 2 .3 .7 )

= (Qi , j ‘ H d 3 z] + ^  Vj {Qi , X 8 j  d3?} = 0 . ( 2 .3 .S )
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For i  = 1 ,2 ,3 ,  i t  sho u ld  be n o ted  t h a t

{ ,  J  3 d 3z} = B®f f  + 21n»i  , ( 2 . 3 . 9 )

which fo llo w s from c o n s id e r a t io n  of Eqs. ( 2 .1 .1 0 ) ,  ( 2 .2 .2 4 ) ,

( 2 .3 .4 )  ana ( 2 . 3 .5 ) .  Moreover,

fo l lo w s  from th e  f a c t  t h a t  3  i s  indep en den t o f  th e  co n ju g a te  

momenta ,

Equation ( 2 .3 .8 )  y i e l d s  fou r  s im u ltaneous  e q u a t io n s  

which may be so lv e d  f o r  th e  unknown m u l t i p l i e r s  v ^ ,v 2 »v3 and 

v 4# These e q u a t io n s  may be w r i t t e n  in  th e  form

{04 . j ’ 3 d3z} = 0 (2 .3 .1 0 )

(2 .3 .1 1 )

4
(2 .3 .1 2 )

where th e  m a tr ix  8 ^  has been d e f in e d  as

ei j  = t 0i»  i ‘ 0j  • (2 .3 .1 3 )

We have e x h au s te d  a l l  p o s s i b i l i t i e s  of g e n e ra t in g  any 

new c o n s t r a i n t s ,  and can now i d e n t i f y ,  a s  we had a n t i c i ­

p a te d ,  th e  c o n s t r a i n t s  8^, i  = 1 ,2 ,3 ,4  as  second c la s s  s in c e



-  3 4  -

they  do no t have v a n is h in g  b ra c k e ts  among th e m se lv e s .  On 

th e  o th e r  hand th e  c o n s t r a i n t  cpQ o f  flg. ( 2 .3 .3 )  i s  o f  f i r s t  

c l a s s  type  s in c e  i t s  b ra c k e t  w i th  a l l  th e  o th e r  c o n s t r a i n t s  

v a n is h e s ,  and we a r e  f r e e  to  choose tn e  “gauge“ X = 0 

w ith o u t  changing th e  dynam ics. h e r e a f t e r ,  we w i l l  com­

p l e t e l y  drop a l l  r e f e r e n c e  to  k and i t s  c o n ju g a te  momentum P 

a s  th e s e  v a r i a b l e s  w i l l  no t c o n t r i b u t e  an y th in g  to  th e  phy­

s i c s  •

•
Now th e  e q u a t io n  of motion f o r  m  ̂ i s  g iven  by

mi  = t mi»  S B d3z} + 2  ̂ Vj {mi , J1 Oj d3z} = v i  , (2 .3 .1 4 )

where th e  f i r s t  term  on th e  r i g h t  hand s id e  v a n ish e s  because 

3 i s  ind ependen t o f th e  p ' s .  The unknown m u l t i p l i e r s

v 1 ,v 2 ,v 3 an<i v 4 a re  d e te rm in ed  by Ngs. (2 .3 .1 1 )  and

( 2 .3 .1 2 ) .  This c a l c u l a t i o n  i s  p r e s e n te d  in  Appendix A. The 

r e s u l t s  o f  (A.6) y i e l d  th e  p re c e s s io n  e q u a t io n

m = Ym x BBe f f  , (2 ,3 .1 5 )

i n  agreem ent w i th  th^  r e s u l t  of th e  Lagrangian fo rm alism .

We now tu rn  t o  a  c a l c u l a t i o n  of th e  u i ra c  b ra c k e ts  of 

th e  m a g n e tiz a t io n  components. h gua tio ns  (2 .2 .2 4 )  ana

( 2 .2 .2 5 ) ,  ( 2 .3 .4 )  and (2 .3 .7 )  y i e l d  tn e  u ira c  b ra c k e t

( m ^ z ) ,  n i j (z ' )}* = + JS dx dy Sia  *>3 (z -  x )  Ca b (x ,y )  6 ^  63 (y -  £*)
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= 0 ^ ( 2 , z ' )  ( i , j  = 1 ,2 ,3 )  . (2 .3 .1 b )

The c a l c u l a t i o n  of th e  m a tr ix  ui j  p roceeds  by n o t in g  t h a t

ai j ( z )  = i ® i ( z ) ,  X Oz'}

= X d z ' t  0 .^(2 ) ,  y j  ( z #)} . (2 .3 .1 7 )

Thus, th e  b ra c k e t  between two second c l a s s  c o n s t r a i n t s  i s  

e x p r e s s ib l e  in  term s o f th e  p re v io u s ly  d e f in e d  m a tr ix  ^ ^ ( z )  

o f  Eq. ( 2 .3 .1 3 ) :

(0 i ( z ) ,  0j (z *)} = 0i j ( z )  S3 ( z - z ' )  . (2 .3 .1 b )

The i n t e g r a l  e q u a t io n  d e f in in g  th e  m a t r ix  j , Eg. 

( 2 .2 .2 7 ) ,  i s  now e x p r e s s ib l e  w i th  tn e  a i d  o f  Eq. (2 .3 .1  a) as

X ay j ( ^ , y ) QjjcCy) = 5iJc • (2 .3 .1 0 )

by i n s p e c t io n ,  th e  s o lu t io n  f o r  th e  m a t r ix  i s

C i j ( x ,y )  = 0 j j ( x )  6 3 ( x  -  y )  . (2 .3 .2 0 )

—1The m a tr ix  i n v e r s e ,  0 ^ ,  has been c a l c u l a t e d  i n  Appendix A 

and ap p ea rs  a s  Eqs. (A. 7) -  (A. 1 0 ) .  From t h i s  and Eqs.
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(2*3 .16) and ( 2 .3 .2 0 ) ,  th e  Dirac b ra c k e ts  a r e  g iven  by 

{m1 (2 , t ) , m j ( z '  , t ) } *  = r  mk ( z , t )  S3 ( z - s ' )  . (2 .3 .2 1 )

The passage  to  quantum th e o ry  cou ld  now be made by 

r e p la c in g  th e  above Dirac b r a c k e t s  by - i  t im es comm utators. 

The secona c la s s  c o n s t r a i n t s  can be s t r o n g ly  (as o p e r a to r s )  

s e t  eq u a l  to  z e r o ,  and th e  H am iltonian  to  be q u a n t iz e d  would 

th en  be g iven  by

H = -  m • B + V . ( 2 .3 .2 2 )

This H am iltonian i s  e s s e n t i a l l y  th e  w e l l  known s t a r t i n g  

p o in t  f o r  sp in  wave o r  magnon th e o r y .  The u su a l  p re c e s s io n  

e q u a t io n ,  ( 2 .3 .1 5 ) ,  fo l lo w s  from Bq. (2 .2 .2 0 )  when th e  Dirac 

b r a c k e t s ,  Eq. ( 2 .3 .2 1 ) ,  a r e  u sed  w ith  th e  Ham iltonian o f Bj • 

( 2 .3 .2 2 ) .  The p ro ceed in g  d e r i v a t i o n ,  Bq. ( 2 .3 .1 4 ) ,  o b ta in e d  

th e  same r e s u l t  w ith o u t  e x p l i c i t  u se  of th e  Dirac b ra c k e t  

fo rm alism .

The a p p l i c a t io n  o f th e  above th e o ry  to  th e  case  of a 

s i n g l e  p a r t i c l e  p o s s e s s in g  s p in  and t r a n s l a t i o n a l  degrees of 

freedoms i s  s im p le  and s t r a ig h t f o r w a r d .  The a p p l i c a t io n  to  

an e l a s t i c  m agnetic  d i e l e c t r i c  having more than  one p a r t i c l e  

p e r  u n i t  c e l l  w i l l  appear in  Chapter 111.



I I I .  TEE ELASTIC MAGNETIC CONTINUUM

3.1_ The M icroscopic  Lagrangian

We c o n s id e r  a c r y s t a l  a s  a m echanical system  c o n s i s t in g  

o f  a s e t  o f  p o in t  p a r t i c l e s  s i t u a t e d  i n  a vacuum. Each p a r ­

t i c l e  i s  lo c a te d  a t  th e  p o s i t io n  xn a , ana  has f ix e d  charge

e a , f ix e d  mass ma and may have a permanent and , t h e r e f o r e ,

spontaneous m agnetic  d ip o le  moment Jlna  which a r i s e s  from th e  

i n t r i n s i c  s p in  and e l e c t r o n  o r b i t a l  m otion . The n o ta t io n  

fo llo w s  t h a t  o f  r e f .  27 . The index  n has th r e e  i n t e g e r  com­

ponen ts  t h a t  name th e  p r im i t iv e  c e l l  n ,  and a l a b e l s  th e  

typ e  o f p a r t i c l e  o r  s u b l a t t i c e .  The p a r t i c l e s  a r e  a c te d  

upon by m echan ica l f o r c e s  (o f  quantum m echanical o r i g i n )  

d e r iv a b le  from a p o t e n t i a l  energy V({xn a ,i?1®} ) where

{xn a ,Hna} deno tes  th e  s e t  of a l l  p a r t i c l e  p o s i t io n s  ana

t h e i r  r e s p e c t iv e  s p in  m agnetic  moments. The p a r t i c l e s  a re  

a l s o  s u b j e c t  t o  fo rc e s  of e le c t ro m a g n e t ic  o r i g i n  whicn a r i s e  

from e l e c t r i c  and m agnetic  f i e l d s ,  e i t n e r  e x t e r n a l l y  a p p l ie d  

o r  p roducea  by th e  ch a rg es  and m agnetic  d ip o le s  th em se lv e s .

The t o t a l  Lagrangian o f  th e  system  has th r e e  p a r t s

-  37  -
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L = Lp + LF + L j  , (3 .1  .1 )

which c o n s i s t s  o f th e  n o n r e l a t i v i s t i c  p a r t i c l e  Lagrangian 

hav ing  th e  form

i* = i i  m“(5na)2 - v({ir““,5n<"}) , (3.1.2)
na

th e  f i e l d  Lagrangian e x p re s se d  in  r a t i o n a l i z e d  MKS u n i t s  of 
,73th e  form

l F = J' %  ^  = 2  e0  ^ [E2 ( z , t )  -  c 2 B2 ( z , t ) ]  dz , ( 3 . 1 . 3 )

and th e  e le c t ro m a g n e t ic  f i e l d - p a r t i c l e  i n t e r a c t i o n  ia g r a n -  
73g ia n  o f  th e  form

LI  = J* ^F1 dz = £ e “ £* ( t )  * A(x ( t ) » t ) -  <6(x ( t ) , t ) J
na

+ I  Hn a ( t )  • B ( ^ a ( t ) , t )  . ( 3 . 1 . 4 )
na

here  dz = dz^ dz^ d z3 i s  a volume e lem ent i n  th e  l a b o ra to ry

c o o rd in a te  sy s tem , and th e  e l e c t r i c  and m agnetic  f i e l d  v ec­

t o r s  E and B a r e  d e f in e d  in  term s o f  th e  s c a l a r  and v e c to r

p o t e n t i a l s  ® and A by means of

2 ( z , t )  = - v  $ ( z , t )  -  , ( 3 . 1 . 5 )
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B ( z , t )  = V x  A ( z , t )  .  ( 3 . 1 . 6 )

3 .2  The Continuum l i m i t  and th e  m acroscopic lauranctian

Since we w i l l  be i n t e r e s t e d  in  th e  i n t e r a c t i o n  or v i s i ­

b le  l i g h t  o r  of lo n g -w av e len g th  e le c t ro m a g n e t ic  r a d i a t i o n ,  

u l t r a s o n i c  waves, and s p in  w aves , t h a t  i s .  phenomena w ith  

w avelength  much l a r g e r  th an  th e  dim ension o f  th e  p r im i t iv e  

c e l l ,  th e  th e o ry  can be a long w avelength  or m acroscopic 

th e o ry .  The passage  to  th e  continuum l i m i t  i s  accom plisneu  

by r e p la c in g  th e  ind ex  n , which names th e  c e l l ,  w i th  a  con­

t in u o u s  v a r i a b l e  Z w h ile  r e t a i n i n g  th e  p a r t i c l e  ty p e  index  a 

a s  a s u b l a t t i c e  in d e x .  The v a r i a b l e  X i s  c a l l e d  th e  

m a te r i a l  c o o rd in a te  because i t  r i d e s  w i th  th e  mass p o i n t .  

Thus, we make th e  rep lacem en t

x n a ( t )  ->  x a ( 3 , t )

ilna(t)  -> ita(x , t )

( 3 .2 .1 )

( 3 .2 .2 )

o f  a  s e t  o f  d i s c r e t e  p o s i t i o n s  and m agnetic  d ip o le s  by a s e t  

o f  f u n c t io n s  o f  th e  co n tin u o u s  v a r i a b l e  X. x “ r e p r e s e n t s  

th e  i - t h  component o f th e  p o s i t i o n  of s u b l a t t i c e  a  ex p re ssed  

i n  a C a r te s ia n  frame c a l l e d  th e  s p a t i a l  f ram e , and X^ 

r e p r e s e n t s  th e  A-th C a r te s ia n  component o f  th e  name Z  in  

what i s  c a l l e d  th e  m a te r i a l  f ra m e . Upper case  L a t in  l e t t e r s  

w i l l  denote  components in  th e  m a t e r i a l  c o o rd in a te  system  and 

lower case  L a tin  l e t t e r s  w i l l  deno te  components i n  th e
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7 4s p a t i a l  sy s te m . This n o ta t io n  fo llo w s  t h a t  of T ru e s d e l l .

In  th e  continuum l i m i t  c e l l  sums become i n t e g r a l s  over  th e  

range o f th e  m a te r i a l  c o o r d in a te ;

I  F(xn a ( t ) )  -> J* F (x a ( X , t ) )  dX , ( 3 ,2 .3 )
n w0

where i s  th e  undeformed volume o f  th e  p r im i t iv e  u n i t

c e l l .

A c e n te r  o f  mass p o s i t i o n  i s  defined by

x ( X , t )  = £  pa x a ( X , t ) / p °  , ( 3 .2 .4 )
a=1

n N „ N  _
P H £ P = 2 ma/« o  . ( 3 .2 .3 )

a=1 a=1

75and a s e t  a = 1 , . . . , N  of i n t e r n a l  d isp lac em e n ts  i s  i n t r o ­

duced

u U(X ,t)  s  x a ( X , t ) -  x ( X , t )  . ( 3 .2 ,6 )

The d i s t i n c t i o n  between th e  m a te r i a l  c o o rd in a te  X of th e  

c e n t e r  o f  mass and th e  s p a t i a l  c o o rd in a te  x o f  tn e  c e n te r  of 

mass w i l l  be m a in ta in ed  th rou gho u t t h i s  c h a p t e r .  In c a lc u ­

l a t i o n s ,  however, i t  w i l l  be co n v en ien t  to  make th e  s p a t i a l  

and m a t e r i a l  fram es i d e n t i c a l  C a r te s ia n  o n e s .  The m a te r i a l  

components XA o f  th e  c e n te r  o f  mass may th e n  be reg a rd ed  as 

e q u a l  to  th e  c e n te r  of mass p o s i t i o n  components xft when th e



body i s  i n  i t s  n a tu r a l  s t a t e ,  t h a t  i s ,  a  homogeneous, tim e 

independen t s t a t e  f r e e  from a p p l ie d  e x t e r n a l  f i e l d s  or 

s t r e s s .  Moreover, i t  w i l l  be assumed t h a t  th e r e  has been no 

i n i t i a l  p l a s t i c  de fo rm ation  so  t h a t  bo th  tn e  s t r e s s  an a  th e  

s t r a i n  w i l l  be z e ro  in  th e  n a t u r a l  s t a t e  in  a n o n f e r r o e la s -  

t i c  m a t e r i a l .

I t  w i l l  be more c o n v en ien t  t o  t ra n s fo rm  th e  x a c o o r a i -  

n a te s  t o  a new s e t  o f  p o s i t i o n  c o o rd in a te s  c o n s i s t in g  of the  

c e n t e r  o f  mass p o s i t io n  x ( X , t )  and i n t e r n a l  c o o ra in a te s  

y ^ ( X , t )  (ji=1, . . .  ,N -1 ) which a r e  d isp lacem en t i n v a r i a n t .  The 

t r a n s fo rm a t io n  i s  d e f in e d  by

y ^ ( X , t )  = £  U^a x a (X ,t ) (3 .2 .7 )
a=1

( 3 .2 .b  )
p=0

where

( 3 .2 .* )
a=1

» ( 3 .2 .1 U)

y ° U , t )  = x ( X , t )  . (3 .2 .1 1 )

Displacem ent in v a r ia n c e  o f  y^ tf^O ) and i t s  laclc f o r  p=0



r e q u i r e

2 U11® = 81*0 . (3 .2 .1 2 )
a=1

An a l t e r n a t i v e  s ta te m e n t  o f d isp lacem en t in v a r ia n c e  d e r iv e d  

from Eq• (3 .2 .1 0 )  would be

Va0 = 1 . (3 .2 .1 3 )

E quations ( 3 . 2 .4 ) ,  ( 3 .2 .7 )  and ( 3 .2 .1 1 )  to g e th e r  imply

U0<x = p“/P °  . (3 .2 .1 4 )

S u b s t i t u t io n s  of Eq. (3 .2 .1 4 )  i n t o  Eq. ( 3 .2 .9 )  y i e l d s

Mv a „av /  0 ,jOv , _ „2, P V / p  = 8 . (3 .2 ,1 5 )
a=1

The d i a g o n a l i t y  o f  th e  k i n e t i c  energy can be r e t a in e d  

by r e q u i r in g

NV „a „ap  „av u fcuv mQ 0 d  i2j p V ^ V -  m*̂  6 , m = p • ( 3 .2 .1 6 ;
a=1

Then we have
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I f  we m u l t ip ly  Eq. (3 .2 .1 6 )  by Uv^, sum over v, and use 

( 3 .2 .1 0 ) ,  we o b ta in  a co n n ec tio n  between th e  t r a n s fo rm a tio n  

and i t s  in v e r s e :

pP VPlA = m11 . (3 .2 .1 b )

The tim e d e r i v a t i v e s  o c c u r r in g  in  Eq. ( 3 .2 .1 7 ) ,  taken  h o ld ­

ing  th e  m a te r i a l  c o o rd in a te  X f i x e d ,  a r e  c a l l e d  m a te r ia l  

time d e r i v a t i v e s .  This i s  i n  c o n t r a s t  to  th e  s p a t i a l  frame 

tim e d e r i v a t i v e  where th e  s p a t i a l  frame c o o rd in a te  z  (or x 

i f  i n  m a t te r )  i s  he ld  f i x e d .  A m a t e r i a l  tim e d e r i v a t i v e  i s  

r e l a t e d  to  i t s  c o rre sp o n d in g  s p a t i a l  frame tim e d e r i v a t i v e  

by

Q glL .t.1  _ J  _ i>F ( x t t )  + ' a g . lx j t l  (3 2 -jg)d t  "  * “ at + xi  4k1 • u . 2 . i s ;

The t o t a l  continuum Lagrangian can be e x p re ssed  in  

term s of a  la g ra n g ia n  d e n s i ty  r e f e r r e d  to  e i t h e r  th e  s p a t i a l  

c o o rd in a te  system  o r  th e  m a te r i a l  c o o rd in a te  system :

L = J  LS dv = J  LM dV . (3 .2 .2 0 )

he re  dv and dV a r e  volume e lem en ts  in  th e  s p a t i a l  and 

m a te r i a l  fram es r e s p e c t i v e l y .  As p re v io u s ly  no ted  in  Sec­

t i o n  3 .1 ,  th e  t o t a l  Lagrangian d e n s i ty  c o n s i s t s  o f  th e  sum 

o f  th r e e  L agrangian d e n s i t i e s  d e s c r ib in g  th e  f i e l d ,  th e  

f i e l d - m a t t e r  i n t e r a c t i o n  and th e  m a t t e r :
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Lr1 = L^ + l{ + , ( j  = s,M) . (3 .2 .2 1 )

The f i e l d  Lagrangian in  th e  s p a t i a l  frame has a l r e a d y  been 

no ted  i n  Eg. ( 3 . 1 . 3 ) .  Using Egs• ( 3 . 1 . 4 ) ,  ( 3 .2 .2 )  and

( 3 . 2 .3 ) ,  th e  continuum i n t e r a c t i o n  Lagrangian i s  g iv en  by

^ 1  = Z q® [x“ (X ,t)  * A(xa ( X , t ) , t )  -  4 (xa ( X , t ) , t )] 
a

+ £  mTa( 2 , t )  • B(xa ( X , t ) t )  , (3 .2 .2 2 )

or

L? = j ( z , t )  * A(z , t ) -  q ( z , t )  $ ( z , t )  + m ( z , t )  • S ( z , t )  ,
A (3 .2 .2 3 )

where th e  charge  and c u r r e n t  d e n s i t i e s  a s s o c i a t e d  w i th  th e

io n ic  m otion a r e  g iven  by

q ( z , t )  = 5) q°" J* 8(z “ Xa(x, t )  ) dv , (3 .2 .2 4 )
a

= £ q a S s ( ?  -  Z“ ( 2 , t ) )  dv ,
a  (3 .2 .2 5 )

and th e  s p in  and e l e c t r o n i c  c o n t r ib u t io n  t o  th e  m agne tiza ­

t i o n  i s  g iven  by
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m ( z , t )  = S  Z mT“ ( X » t )  8 ( z  -  x a ( X , t ) )  dV , ( 3 . 2 . 2 6 )
a

where

q a = e a/Q0  , (3 .2 .2 7 )

and

mTa = jla ( x , t ) / nQ (3 .2 .2 8 )

i s  th e  e f f e c t i v e  m agnetic  moment d e n s i ty  o f  s u b l a t t i c e  a 

from s p in  and o r b i t a l  c o n t r i b u t i o n s .  The s u p e r s c r ip t  T on
r t f

m , s ta n d in g  f o r  t o t a l ,  i s  u sed  to  i n d i c a t e  t h a t  th e  s u d -  

l a t t i c e  m a g n e tiz a t io n s  may p o ssess  a c o n s ta n t  or spontaneous 

p a r t  inSa i n  a d d i t io n  to  a p a r t  ma which may v a ry  because of 

some e x te r n a l  i n f lu e n c e .

In  e i t h e r  o f  th e  form s (3 .2 .2 2 )  and ( 3 .2 .2 3 ) ,  th e  

i n t e r a c t i o n  la g ra n g ia n  c o n ta in s  m u lt ip o le s  o f  a l l  o r d e r .  We 

w i l l  s p e c i a l i z e  to  th e  c a se  o f  th e  m agnetic  d i e l e c t r i c  

m a te r i a l  i n  which tn e  f r e e  charge  i s  z e ro :

£ q “ = 0 . (3 .2 .2 8 )
a

The i o n ic  m agnetic  d ip o le  term  w i l l  be r e t a i n e d  but e l e c t r i c  

q u a d ru p o le ,  and h ig h e r  o r d e r  term s w i l l  be d ropped . Tnis i s  

accom plished  by expanding  th e  f u n c t io n s  of x a abou t x u s in g
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Eq. ( 3 .2 .6 )  and r e t a i n i n g  a l l  term s t o  f i r s t  o rd e r  in  th e  

sm a ll  q u a n t i t i e s  {ua} o r  t h e i r  e q u iv a le n t  { y 11} ( |i  /  0 ) .  We, 

m oreover, use  th e  f a c t  t h a t  a  t o t a l  time (or sp ace )  d e r iv a ­

t i v e  can be d is c a r a e d  from th e  Lagrangian s in c e  i t  cannot 

a f f e c t  th e  e q u a t io n s  of m otion , and f in d  t h a t  tn e  i n t e r a c ­

t i o n  L agrangian  to  d ip o le  o rd e r  i s  g iv en  in  th e  m a te r ia l  

frame by

£ 5 - 2 '

+ £ m T<x(X ,t )  • B ( x ( x , t ) , t )
a

+ 2 '  mTl4( x * t )  * (y ^ (Xjt)  * v) b (x ( x , t ) , t ) ,
(3 .2 .3 0 )

w h ile  in  th e  s p a t i a l  frame we f i n d

+ M ( z , t )  * B ( z , t )  + N J V 3 ( z , t )  , (3 .2 .31  )

where

q ^ Z q "  Va * , q * "  = £ q a VaV (3 .2 .3 2 )
a a
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E = E + x  X B ( 3 . 2 . 3 3 )

-rTp. m —= I  s
a

* * T a  . . a p (3 .2 .3 4 )

2 2  ' p,v
X y v)}

(3 .2 .3 3 )

w ( z , t )  = 2tmT a( x , t )  u “ ( X , t ) / j ( X , t ) j j  = £ ( 2 | t )

= I* [mTli( X , t )  ; ' A( X , t ) / j ( X , t ) ] 2  =
(3 .2 .3 6 )

The e x p re s s io n  fo r  q*1, th e  e f f e c t i v e  charge  a s s o c i a t e d  w ith  

th e  p - th  degree  of freedom and n e u t r a l i t y  of th e  u n i t  c e l l  

a s  g iv en  by Eq. ( 3 .2 .2 9 )  im p l ie s  t h a t  q °  = 0 . A prim ed sum 

i n d i c a t e s  in  th e  above e q u a t io n s  t h a t  th e  p = 0  term  i s  to  

be o m it te d .  The Ja co b ia n  of th e  t r a n s fo rm a t io n  from th e  X 

frame to  th e  x frame i s

J ( X , t )  = d e t  ^ i / 6XA a  d e t  x± A , (3 .2 .3 7 )

where th e  comma d en o te s  d i f f e r e n t i a t i o n  in  th e  l a s t  e x p re s ­

s io n .  Note t h a t  in  a m agnetic  m a t e r i a l  th e  d ip o le  a p p ro x i­

m ation r e q u i r e s  th e  r e t e n t i o n  o f  th e  s p in  q u ad ru po le  moment 

N. The : n o ta t io n  in  Eq. ( 3 .2 .3 1 )  i n d i c a t e s  a c o n t r a c t io n



on two in d i c e s .

The m a t te r  Lagrangian c o n s i s t s  of th e  K in e t ic  energy 

minus th e  s to r e d  e n e rg y .  With th e  a id  o f Egs • ( 4 .2 .1 1 ) ,

(3 .2 .1 6 )  and (3 .2 .1 7 )  t h i s  becomes

L* = ( p ° / 2 ) ( x ) 2  + £ '  lm*V2 ) (y * ) 2  -  p° I  , ( 3 . 2 . 3 b)
n

where £ i s  th e  s t o r e d  energy  p e r  u n i t  undeformed mass o f th e  

c r y s t a l .  Tne e x a c t  form t h a t  £  may taKe w i l l  be d is c u s se d  

i n  S e c t io n  3 .3 .

The Lagrange e q u a t io n s  can be w r i t t e n  in  e i t n e r  tn e  

s p a t i a l  o r  m a t e r i a l  frame depending on which Lagrangian den­

s i t y  in  Eq. (3 .2 .2 1 )  i s  u se d .  Wnen second o rd e r  space 

d e r i v a t i v e s  a r e  p r e s e n t  i n  th e  Lagrangian d e n s i ty ,  tne  

Lagrange e q u a t io n  of m otion in  th e  s p a t i a l  frame fo r  a gen­

e r a l i z e d  c o o rd in a te  q^ i s

aS a ̂  a^ 2
 6 dL _ 6L d dL . d dL I a ' j  A '-t \
d t  d l d ^ T ^ T  “ dq± dZj  Aii f j  »

w here z  i s  th e  in d ep en d en t v a r i a b l e ,  in  th e  m a te r ia l  frame 

th e  L agrangian  e q u a t io n  fo r  th e  g e n e r a l iz e d  c o o r d in a te  q̂  ̂ i s
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where X i s  th e  independen t v a r i a b le *

3 .3  The S to red  Snergy

Tne form t h a t  £  may ta k e  c o n s i s t e n t  w i th  th e  co n se rv a ­

t i o n  laws has been d is c u s s e d  in  d e t a i l  p re v io u s ly  fo r
7fcid i e l e c t r i c  and p y r o e l e c t r i c  m a t e r i a l s .  These same a rg u ­

ments ho la  f o r  th e  case  of an e l a s t i c  m agnetic  d i e l e c t r i c  

a long  w itn  th e  a d d i t i o n a l  symmetry of in v a r ia n c e  or tne  

s t o r e d  energy under tim e r e v e r s a l .  We summarize th ese  a rg u ­

ments h e re .

In g e n e ra l  £ cou ld  be a fu n c t io n  of a l l  th e  deg rees  o r

freedom , x ,  y (p=1 , . . .  ,N- 1  ) ,  m ( a=1 , . . . , t f ) , t h e i r  f i r s t  and

h ig h e r  d e r i v a t i v e s  w ith  r e s p e c t  t o  X and X i t s e l f . Since in

th e  long w aveleng th  l i m i t ,  d e r i v a t i v e s  o f  h ig h e r  o r a e r  th an

th e  f i r s t  make p r o g r e s s iv e ly  s m a l le r  c o n t r ib u t io n s  t o  th e

e n e rg y , th e se  w i l l  be n e g le c te d .  Moreover, we w i l l  omit

wave v e c to r  d i s p e r s io n  e f f e c t s ,  such  a s  o p t i c a l  o r  a c o u s t i c  
77a c t i v i t y ,  which a r e  low est o rd e r  c o r r e c t i o n s  to  tn e  long 

w aveleng th  l i m i t .  This r e q u i r e s  t h a t  we exc lude  th e  depen­

dence o f  2 uP°n tn e  d e r i v a t i v e s  y ^ A = oX^ ( n=1 , . . .  ,M-1 ) .
* * i '  CLWe w i l l  r e t a i n  d e r i v a t i v e s  o f  th e  m ag n e tiz a t io n  m • Tnei A

fo llo w in g  c o n s id e r a t io n s  w i l l  a l s o  r e s t r i c t  th e  c h o ic e ,  tn e  

c o n s t r u c t io n ,  and th e  com bination  of th e  r e l e v a n t  v a n a o l e s  

upon which w i l l  depend:

A. In v a r ia n c e  R equirem ents



(1) Momentum c o n s e rv a t io n  r e q u i r e s  in v a r ia n c e  o f  £  w ith  

r e s p e c t  to  un ifo rm  d isp lac em e n ts  i n  the  s p a t i a l  c o o rd in a te  

system* Since a l l  y^ ( n=1 , . . . )  and th e  f i r s t  d e r i v a t i v e  

of x possess  such  in v a r ia n c e  , £  may be a f u n c t io n  of th e se  

v a r i a b l e s .  The c e n te r  o f  mass p o s i t io n  x ,  however, does no t 

p o sse s s  such  in v a r i a n c e ,  and so  ^  may not be a fu n c t io n  ot  

x .

(2) Angular momentum c o n s e rv a t io n  r e q u i r e s  in v a r ia n c e  of £ 

w ith  r e s p e c t  to  un iform  r o t a t i o n s  in  th e  s p a t i a l  c o o rd in a te  

sy s tem , such in v a r ia n c e  i s  g u a ra n te e d  i f  each  of th e  

independen t v a r i a b l e s  o f  £  i s  i n d iv i d u a l l y  r o t a t i o n a l l y  

i n v a r i a n t .  A com plete  s e t  o f such  v a r i a b l e s  c o n s i s t  of

*̂AB* ^A  ̂ »• • •» o=1 , . . . , N ) ,  and sgn (J ) .

The Green f i n i t e  s t r a i n  t e n s o r  fi^  i s  d e f in e d  by

"'AS = ( CAB “ a  a*

'AB - xi , A xi ,B

(3 .3 .1 )

( 3 .3 .2 )

Summation o v e r  r e p e a te d  in d ic e s  i s  im p l ie d .  The r o t a t i o n ­

a l l y  i n v a r i a n t  i n t e r n a l  c o o rd in a te s  a r e  d e f in e d  by

a y ^  (li=1,«*«, N—1 ) ,  ( 3 . J . 3 )

7 ywhere R.. i s  th e  f i n i t e  r o t a t i o n  t e n s o r  g iv en  by
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The r o t a t i o n a l l y  i n v a r i a n t  m ag n e tiz a t io n  ana m ag n e tiz a t io n  

g r a d ie n t  v a r i a b l e s ,  r ^ a and r “ u , a r e  d e f in e d  byA A) O

r r  b  4 a  r i a  •

r *;B -  mi ,B  RiA  * ( 3 . 3 . to)

Tne s g n ( j )  v a r i a b l e  e n t e r s  th e  d is c u s s io n  i n  th e  f o l ­

lowing manner. Tne s t o r e d  energy depends on th e  v e c to r  

v a r i a b l e s  x . ,x  ~, and x r o t a t i o n a l  i n v a r i a n t s  were
»' I* I*

formed from th e se  g iv in g  us tn e  v a r i a b l e s  however.

a n o th e r  r o t a t i o n a l  i n v a r i a n t  cou ld  be formed by ta x in g  th e

t r i p l e  p ro d u c t  o r  th e  d e te rm in a n t  of th e  components o f th e

th re e  v e c to r s  x . ,x  ~ and x This i n v a r i a n t  i s  j u s t  th e, i ,z ,J
Ja co b ia n  J  o f  th e  t r a n s fo r m a t io n  a s  d e f in e d  by £q. ( 3 .2 .3 7 ) .  

i t  i s  easy to  show u s in g  th e  r u l e s  o f d e te rm in a n ta l  m u l t i ­

p l i c a t i o n  t h a t

J 2  = d e t  CAiJ , ( 3 .3 .7 )

so  c h a t  J  i s  e x p r e s s ib le  up to  a + s ig n  in  terms of tn e  f i n ­

i t e  s t r a i n  t e n s o r  Efiu. Since J  i s  a p s e u d o s c a la r ,  sg n (u )  i s410
+1 i n  r i g h t  and l e f t  hanaed c o o ra in a te  system s r e s p e c t i v e l y .  

[The r e a d e r  i s  rem inded t h a t  th e  p a r i t y  o p e ra to r  whicn 

changes th e  "handedness" o f  the. c o o ra in a te  system  i s  q u i t e  

d i f f e r e n t  from th e  m a te r i a l  in v e r s io n  o p e ra to r  whicn in v e rc s  

the  body. Tnat i s ,  p a r i t y  c o n s e rv a t io n  i s  a com ple te ly  a i s -
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t i n c t  q u e s t io n  no t a s s o c i a t e d  w i th  any m a te r i a l  i n v e r s io n  

symmetry t h a t  a c r y s t a l  m ight p o s s e s s . j  I t  i s  t h e r e f o r e  p o s ­

s i b l e  to  s e p a r a t e  th e  s t o r e d  energy i n to  a pare  i n v a r i a n t  

under a p a r i t y  o p e r a t io n ,  and a p a r t  whicn i s  n o t :

Z = £, + L s g n ( j )  ] 22  > ( 3 . 3 . a )

where ^  and a r e  bo th  i n v a r i a n t  un der a p a r i t y  t r a n s f o r ­

m ation  o f  th e  c o o rd in a te  sys tem .

(3) Although i t  i s  w e ll  Known t h a t  p a r i t y  i s  not p r e c i s e ly

c o n se rv e d ,  we w i l l  n e g le c t  th e  sm a ll  v i o l a t i o n s  of p a r i t y

c o n s e rv a t io n  f o r  our c a s e .  £  must now be i n v a r i a n t  w ith

r e s p e c t  to  in v e r s io n  o f  th e  s p a t i a l  c o o ra in a te  sy s tem . I n i s

n e c e s s i t a t e s  th e  d ropp ing  of th e  sm all  p a r i t y  no n -conserv ing

term  L s g n ( J )  ] Eq» ( 3 . 3 . 8 ) .  We n o te ,  however, t n a t

up to  t h i s  p o in t  i n  i£q. ( 3 .3 .8 )  may c o n ta in  terms wnich

have a p ro a u c t  o f  s g n ( j )  w i th  odd power com binations of 
let ctana I \ . u. Ihe l a t t e r  m agnetic  i n v a r i a n t s  a r e  odd unaerA ti| D

a p a r i t y  t r a n s fo rm a t io n  because of th e  p resen ce  o f  tn e  f i n ­

i t e  r o t a t i o n  t e n s o r  d e f in e d  by 8 g. ( 3 . 3 . 4 ) .

(4) 2 must be i n v a r i a n t  under th e  o p e ra t io n  o f  time r e v e r ­

s a l .  This r e q u i r e s  t h a t  th e  m agnetic  v a r i a b l e s  r* a ana  f®A D
occur i n  even power com bina tions  in  th e  power s e r i e s  fo r  £ .  

C o n s id e ra t io n  o f  t h i s  ana  t h e  s ta te m e n ts  made concern ing  

p a r i t y  c o n se rv a t io n  maKe i t  p o s s ib l e  to  drop s g n ( j )  from tn e  

s e t  o f  v a r i a b l e s  f o r  £ .
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(5) We c o n s id e r  o n ly  homogeneous c r y s t a l s ,  which in  tne

continuum  l i m i t  r e q u i r e s  in v a r ia n c e  o f 2  w i th  r e s p e c t  to  

a r b i t r a r y  t r a n s l a t i o n s  o f th e  m a t e r i a l  c o o ra in a te  sys tem . 

Thus, XA must be removed from th e  s e t  o f  v a r i a b l e s  fo r  2» 

In  th e  language of c o n s e rv a t io n  la w s , homogeneity i s

e q u iv a le n t  to  c r y s t a l  momentum c o n s e rv a t io n .

( 6 ) 2  must be i n v a r i a n t  under th e  o p e ra t io n s  o f  th e  space 

group t h a t  d e s c r ib e s  th e  symmetry o f  th e  c r y s t a l  unaer con­

s i d e r a t i o n .  This w i l l  p la c e  r e s t r i c t i o n s  on th e  expansion  

c o e f f i c i e n t s  t h a t  app ea r  in  th e  power s e r i e s  in  th e  r e l e v a n t  

v a r i a b l e s  t o  be w r i t t e n  down s h o r t l y .

From th e  above c o n s id e r a t io n s  th e  f u n c t io n a l  dependence 

o f  2  may be s t a t e d  a s

2  -  2  < r * “ , r “  B ) , U . 3 .* )

where 2  I s u n d e rs to o d  to  be an even fu n c t io n  of th e  magnetic

v a r i a n l e s  and r® .^ .

a .  Magnetic Space Group and c r y s t a l  Symmetry

A m agnetic  space group i s  form ea from an o r a in a r y  space 

group i n  th e  fo l lo w in g  f a s h io n :  be t G r e p r e s e n t  an o r a i ­

nary  space g roup . Choose any supnroup d of index  2 in  G (by 

ind ex  2 i s  meant th e  o r a e r  o r  numoer of e lem ents  in  G is  

tw ice  th e  o rd e r  o f th e  subgroup H ). M u ltip ly  th e  e lem ents  

o f  G-H by th e  tim e r e v e r s a l  o p e ra t io n  K. Tnen
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G* = H + K(G-H) i s  a m agnetic  space g roup .

The d isp lac em e n ts  { u aJ a r e  even under time r e v e r s a l  

w h ile  the  m a g n e t iz a t io n s  {m } a r e  odd. Tne o p p o s i te  i s  

t r u e  un ae r  th e  a c t io n  of th e  m a te r i a l  in v e r s io n  o p e ra t io n  

which r e v e r s e s  a l l  p o la r  v e c to r s  ouc lea v es  i n v a r i a n t  a l l  

a x i a l  o r  pseudo v e c t o r s .  Under a m agnetic  space group 

o p e ra t io n  S which c o n ta in s  a r o t a t i o n a l  p a r t  r e p r e s e n te d  by 

th e  r o t a t i o n  m a tr ix  S, a p a r t i c l e  o f type  a a t  p o s i t io n  X i s

c a r r i e d  by S i n t o  a p a r t i c l e  o f  ty p e  S (a )  a t  p o s i t io n

S * X + v ( S ) .  Here v (S )  i s  th e  t r a n s l a t i o n a l  p a r t  o f  tn e  

m agnetic  space  group o p e ra t io n  S. Thus, the  new d i s p l a c e -
-# Himent o f  a p a r t i c l e  of ty p e  a a t  X i s  g iven  by

L u £ (X , t )  ] '  = Si J  U® (S_1  '  X -  s “ 1 * v , t )  . (3 .3 .1 0 )

Here i s  th e  th r e e  d im en s io n a l  r e p r e s e n ta t io n  of the  

r o t a t i o n - r e f l e c t i o n  p a r t  o f th e  m agnetic  space group elem ent 

S. This r e p r e s e n t a t i o n  of S i s  u n d e rs to o d  to  be t h a t  which

i s  odd under th e  m a te r i a l  i n v e r s io n  o p e r a to r .  The new mag­

n e t i z a t i o n  o f a p a r t i c l e  of type  a a t  X i s  g iven  by

[ m f(X ,t)  ] '  = I (S )  K(s) S± . m^ (oc) ( s ” 1 * X -  s ’" 1 * v , t )  .
1  1J J (3 .3 .1 1 )

I (S )  = + 1 a cc o rd in g  to  w hether th e  r o t a t i o n a l  p a r t  o f  th e  

o p e ra t io n  S i s  p ro p e r  o r im p ro per .  K(S) = + 1 acc o rd in g  to  

w hether th e  o p e ra to r  S i s  u n i t a r y  o r  a n t i - u n i t a r y .  That i s ,
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K(s) = + 1 i f  S does no t c o n ta in  th e  tim e r e v e r s a l  o p e ra to r ,

and -1 i f  i t  d o e s .  For th e  sake  o f  c l a r i t y  we have

su p p re ssed  th e  t o t a l  symbol T over th e  m ag n e tiz a t io n  in

( 3 .3 .1 1 ) .  By c o n s id e r a t io n  o f  Bqs. ( 3 . 2 . 7 ) ,  ( 3 .2 .1 1 ) ,

( 3 .2 .1 2 ) ,  ( 3 .3 .1 )  - ( 3 . 3 . 6 ) ,  ( 3 .3 .1 0 )  and ( 3 .3 .1 1 )  we o b ta in

th e  t r a n s fo rm a tio n  p r o p e r t i e s  o f th e  i n v a r i a n t s  i n  tn e  form

U A( x , t ) ] # = s 1^“ vs 1 ^ VAy(s“ 1 * X -  S~ 1 * v , t ) ,
A Aa a (3 .3 .1 2 a )

U AB( x , t ) j '  = s s D ecb ( s " 1 • X -  S" 1 ’ v , t )  ,
Aa AC (3 .3 .1 2 a )

[ r “ ( x , t ) j '  = k ( s )  i ( s )  s  r a ( a ) ( s “ 1 • x -  s ~ 1 * v , t )  ,
A (3 .3 .1 2 c )

[ r “ ( x , t ) ] '  = k ( s )  i ( s )  s  s  r a Ca)( s " 1 * x -  s " 1 • v , t )  .
* At- C'* U (3 .3 .1 2 a )(3 .3 .1 2 a )

Tne q u a n t i t y  to  be i n v a r i a n t  under th e  m agnetic  space

group o p e ra t io n  i.s th e  t o t a l  s t o r e d  energy i n t e g r a t e d  over

th e  c r y s t a l ,  Tnat i s ,

S I  <iX = ;  r  ctx = J* 2 '  a ( s " 1 • x -  s " 1 • v) , (3 .3 .1 3 )

where i s  th e  s t o r e d  energy  w r i t t e n  a s  a fu n c t io n  of the  

primed v a r i a b l e s  g iven  i n  Bqs . ( 3 .3 .1 2 ) .  Comparing

in te g ra n d s  i n  Eq. ( 3 .3 .1 3 ) ,  we o b ta in  th e  in v a r ia n c e  

requ irem en t
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2 U J . £ Ji'a
AB' ' A; B '

= 2 ( s AB UHa ,,S~ 1 ( a )v  .vA SB» AC BD CD*

K(S) I (S )  S ( «)
AB B ,K(S) I(S )  S , S r s ""1 t a )\

AC -flu Cju \ 3; 3# w )

I t  was p re v io u s ly  s t a t e d  t h a t  time r e v e r s a l  in v a r ia n c e  

r e q u i r e d  th e  m a g n e tiz a t io n s  a n a /o r  m a g e tiz a t io n  g r a d ie n ts  to  

occur o n ly  in  even power c o m b in a t io n s .  Bguation (3 .3 .1 4 )  

may be w r i t t e n  in  th e  a l t e r n a t i v e  form

U „ J£a _a
2  k .  r r .

_ v vSH (a )v  v
-  2, ( faAii v ab » faAC cd*

c p** (®) e e p® ( u) \ 3
AB B » AC BD C; D ' *

In  tne  above, i t  i s  u n d e rs to o d  t h a t  th e  m agnetic  i n v a r i a n t s  

on ly  ap p ea r  in  even power c o m b in a t io n s .

For purposes o f  d i s c u s s io n  we may expand th e  sco reu  

energy  i n  a power s e r i e s  o b ta in in g

,0  E .  COOO)^ A» t  (u ,o o > H Bab + U O O O ^ v  a v

(0200) u E p + (IIOO)uH Au E
ABCD AB ECD ABC AA BC
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+ (0020)Hafi r Ta r Tp 
nAB Lh

+ (0002 ) Ha0 r a r p (001l) , ,at i  rr-Ca rP
ABCD A;B C;D "ABC aA 1 B}C

+ ( 1 0 2 0 )Htiap .p  r Ta Jl'p . 
ABC A B C ABCO AB *C

+ AP p*«- pi
ABCi) A B ' (3 .3 .1 6 )

u
The tt c o e f f i c i e n t s  a r e  c a l l e d  m a te r i a l  d e s c r i p t o r s  s in c e

they  d e s c r ib e  i n t r i n s i c  p r o p e r t i e s  o f tn e  s o l i d  under s tu a y .  

The num erica l v a lu e s  o f  th e s e  te n s o r s  can be c a l c u l a t e d  only 

from quantum m echan ics . In  th e  p r e s e n t  t r e a tm e n t , we a re  

no t concerned  w i th  such  c a l c u l a t i o n s  and re g a rd  th e  num eri­

c a l  v a lu e s  o f  th e s e  te n s o r s  as  oe ing  de te rm ined  by compari­

son w ith  e x p e r im e n t .  M oreover, i t  i s  im p o r ta n t  to  r e a l i s e  

t h a t  by t h e i r  ve ry  n a tu r e ,  th e  m a te r i a l  d e s c r i p t o r s  cannot 

be fu n c t io n s  o f  any of th e  c h a r a c t e r i s t i c s  o f  any a p p l ie d  

i n f lu e n c e .  Thus, fo r  exam ple, th ey  a r e  frequency  and wave 

v e c to r  in d ep e n d en t .  The f requen cy  dependence of v a rio u s  

m a t e r i a l  t e n s o r s  ( e . g .  th e  p iezom agnetic  t e n s o r )  w i l l  a r i s e  

from th e  s o lu t io n  of th e  tim e dependent dynam ical e q u a t io n s  

o f  motion which r e s u l t  from th e  L agrang ian .

In  Bq. (3 .3 .1 6 )  th e  m a t e r i a l  d e s c r i p t o r s  c o n ta in  numer­

i c a l  p r e s u p e r s c r i p t s  ( x , l ,m ,n )  where X deno tes  th e  numher or 

p o l a r i z a t i o n - l i x e  f a c t o r s  Â1, 1  d en o te s  th e  numoer o f s t r a i n  

f a c t o r s  £ , m deno tes  th e  number o f  m ag n e tiz a t io n  f a c t o r s ,
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and n den o te s  th e  number o f  m a g n e tiz a t io n  g r a d ie n t  f a c t o r s  

i n  th e  term  in  q u e s t io n .  As s t a t e d  p r e v io u s ly ,  th e  sco red  

energy  must be i n v a r i a n t  under c r y s t a l  group o p e r a t io n s .  

S ince th e  v a r i a b l e s  EAl,, r f “ ana f “ a r e  a l t e r e d  ny
A  A d  A  D

c r y s t a l  group o p e r a t i o n s , c o n d i t io n s  a r e  imposed on th e  

s e r i e s  c o e f f i c i e n t s ,  *,y ( 3 .3 .1 5 ) .

Consider a p a r t i c u l a r  term  in  th e  s e r i e s  Eg. (3 .3 .1 b )  

f o r  w hich Eq. ( 3 .3 .1 5 )  le a d s  to  th e  req u irem en t

lt £ AEC A E r C lit a , 6

_ ? Hixa6 rjliTvs ’ 1 (T )vs
"  ^ AEC U V &AA'“Al i , a , p

t , v ,

Av S ^ i a )  s“1((l) » a a . s Ba# r B# e gg» r G#

(3 .3 .1 7 )

I f  we change th e  summation v a r i a b l e s  on th e  r ig h th a n d  s i a e  

from a,E to  s ( a ) ,S ( p )  and compare co rresp ond ing  te rm s , we 

f i n d  t h a t  c r y s t a l  symmetry re q u ire m e n ts  nave imposed tn e  

c o n d i t io n

(1020)riiia3 _ v (1020)HvS (a )S (b )  uvS(Y) s  . s
AEC " \  V e ' c '  U A A V . E  V c  *

V»Y (3 .3 .1 6 )

For th e  s p e c i a l  case  in  which th e  group o p e ra t io n  S does not 

in te rc h a n g e  tn e  s u b l a t t i c e s  [S(a) = a ,S (p )  = p,S(Y) -  if], 

Eq. ( 3 .3 .1 6 )  red u c es  to
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( l 0 2 0 )ul*aP O 0 2 0 ) HpafJ , »
HABC = V b 'C '  SA'A B*B C.jC • (3 .3 .1 9 )

We no te  t h a t  I f  in v e r s io n  symmetry i s  p r e s e n t ,  th e  above 

expansion  c o e f f i c i e n t  v a n i s h e s .  For th e  c ase  in  wnich S 

does in te rc h a n g e  th e  s u b l a t t i c e s ,  th e  r e a d e r  i s  r e f e r r e d  to
OO

th e  com parison made by Lax and Nelson between th e  diamond 

ana N a d  s t r u c t u r e s .  The u se  o f subgroup te c h n iq u e s *14  cou ld  

g r e a t ly  f a c i l i t a t e  any c a l c u l a t i o n  o f  th e  symmetry r e q u i r e ­

ments imposed on th e  expansion  c o e f f i c i e n t  i n  £4 . (3 .3 .1B )

by th e  f u l l  g ro u p .

C. The S to red  Energy and th e  N a tu ra l  S ta te

^ flu 0The cho ice  of a s  ex p ans ion  p a ra m e te rs  f o r  p £. nas 

one drawback. In  th e  n a t u r a l  s t a t e  o f  th e  c r y s t a l ,  i . e .  

when no e x t e r n a l  in f lu e n c e s  a r e  a p p l i e d  to  th e  c r y s t a l  and 

a l l  space  and tim e d e r i v a t i v e s  v a n is h ,

EAB = °* AA = r A;B = 0 bu t r Aa has a spontaneous v a lu e  of

r Aa - Si A mi a ’ (3 .3 .2 0 )

f t f \ 1 |l
This le a d s  to  tn e  spontaneous v a lu e  o f  pu^  and dp l/  

having an i n r i n i t e  s e r i e s  o f te rm s .  This can be a v o ia ed  oy 

in t ro d u c in g  a new q u a n t i t y

r A = ^  “  Fl a ( “ = 1 ......... • (3 .3 .2 1 )

Using Bqs. ( 3 . 3 . 5 ) , ( 3 . 3 . 2 0 )  and (3 .3 .2 1 )  we o b ta in
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r A = (RiA  “  6 iA )mi a + RiAmi  * ( 3 .3 .2 2 )

Equation ( 3 .3 .1 6 )  can now be re e x p re s s e d  as  

po 2  .  ( , 0 0 0 )KJJ A» + lo io o ) K Eab * 1 2 0 0 0 ) ^ ,  A,  AV

+ ( 0 2 0 0 ) k  p  p  + ( 1 1 0 0 ) k u  A U E  + ( 0 0 1 0 ) K a  r a
+ ABCJJ AB CD + KABCAA EBC + KA PA

. (0 0 0 1 ) j,a pa . (0 0 2 0 )Kap r a r 0 + (0 0 1 1 ) f<ati r a r |i
AB A; B AB A B ABC AA 4 B;C

+ (0002)Ka(l „a p +( 1 0 l 0 ) Kua AU r a +(0110)Ka B r  
+ KABCDr A;B C;D + KAB AA PB + KABCEABP

( 1 0 0 1 ) Kua AU r a . ( 0 1 0 1 ) Ka „ r a .
*ABC AA B;C *ABCD ^AB AC;D ( 3 *3 ^ 3 )

E xp ress ions  f o r  th e  new expansion  c o e f f i c i e n t s  ( ^ * OT»n ^K 

i n  term s of th e  o ld  expansion  c o e f f i c i e n t s  can e a s i l y  oe 

found from Eqs. ( 3 .3 .1 6 ) , ( 3 .3 .2 1  ) and (3 .3 .2 3 )  nut they  

w i l l  n o t  be p r e s e n te d  h e r e .  I t  i s  no ted  t h a t  odd power 

term s i n  th e  m a g n e t iz a t io n s  a n d /o r  m a g n e tiz a t io n  g r a d ie n ts  

a r e  p re s e n t  i n  th e  new e x p an s io n .  Tnis a p p a re n t  v i o l a t i o n  

o f  tim e r e v e r s a l  i s  e x p la in e d  by th e  f a c t  t h a t  th e  new 

expansion  c o e f f i c i e n t s  r e l a t i n g  to  th e se  term s a r e  tnem - 

s e lv e s  odd power fu n c t io n s  o f  th e  spontaneous s u b l a t t i c e  

m a g n e t iz a t io n s .  The s t o r e d  energy  i s  now expanded in  r o t a -  

t i o n a l l y  i n v a r i a n t  v a r i a b l e s  which v a n is h  in  th e  n a tu r a l

a 
a
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s t a t e .  The c o n s ta n t  term  in  p°£ which cannot c o n t r ib u te  to  

th e  e q u a t io n s  o f m o tion , has been dropped.

3 .4  Maxwell- Lorentz  eq ua tio ns

The Lagrange e q u a t io n  (3 .2 .3 d )  f o r  th e  s c a l a r  p o te n ­

t i a l ,  r e g a rd e d  as  a g e n e r a l i z e d  c o o r d in a te ,  y i e l d s

eQ V * E = -V * P = q D (3 .4 .1  )

w i th  th e  a i d  o f  Eqs. ( 3 . 1 . 3 ) ,  ( 3 . 1 . 5 ) ,  ( 3 . 1 . 6 ) ,  (3 .2 .2 1 )  and

( 3 .2 .3 1 ) .  The r ig h th a n d  s i d e  of Eq. ( 3 .4 .1 )  i s  th e  d i e l e c ­

t r i c  o r  bound charge in  th e  d ip o le  a p p ro x im a tio n , and th e  

p o l a r i z a t i o n  f  i s  d e f in e d  by

P ( s . t )  = S'  q 11 [ y * W ) / j ( x , t )  . ( 3 .4 .2 )

The Lagrange e q u a t io n  ( 3 .2 .3 9 )  f o r  th e  v e c to r  p o t e n t i a l  

A, re g a rd e d  a s  a g e n e r a l i z e d  c o o r d i n a t e , y i e l d s

V x 3 ( a , t ) / p 0  “ eQ H  = j D + j M + j W , ( 3 .4 .3 )

w ith  tne  a id  o f  Eqs. ( 3 . 1 . 3 ) ,  ( 3 . 1 . 5 ) ,  ( 3 . 1 . 6 ) ,  (3 .2 .2 1 )  ana

( 3 .2 .3 1 ) .  The d i e l e c t r i c  o r  bound charge  c u r r e n t  i n  tn e  

d ip o le  approx im ation  i s  g iv en  by

j D =  + v  x  ( P x  x )  . ( 3 . 4 . 4 )
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The m ag n e tiz a t io n  c u r r e n t  i s  g iven  by th e  c u r l  of th e  sp a ­

t i a l  frame m ag n e tiz a t io n

j M = v x M (z ,t)  , ( 3 .4 .5 )

and th e  i n t r i n s i c  s p in  m agnetic  quad rup o le  c u r r e n t  i s  g iven  

by

j N = -V x ( V • N ( z , t )  ) . ( 3 .4 .6 )

A l t e r n a t i v e ly ,  we cou ld  have o b ta in e d  th e  same r e s u l t s  

i n  Eqs. (3*4 .1) and ( 3 .4 .3 )  by u s in g  th e  i n t e r a c t i o n  .Lagran­

g ia n  c o r r e c t  t o  a l l  o r d e r s ,  Eq. ( 3 .2 .2 3 ) ,  i n  which case  th e  

Lagrange e q u a t io n s  become

eQ V * B = q ( z , t ) , ( 3 .4 .7 )

V x B ( z , t ) / p 0  -  eQ = j ( z , t )  + V x m ( z , t )  . ( 3 .4 .8 )

To d ip o le  o r d e r ,  th e  r ig h th a n d  s id e s  of Eqs, ( 3 .4 .7 )  ana 

( 3 .4 .8 )  reduce  to  th e  r ig h th a n d  s id e s  o f Eqs. ( 3 .4 .1 )  ana

( 3 .4 .3 )  r e s p e c t i v e l y . 8 5

By comparison o f  Eqs, ( 3 .4 .1 )  ana  ( 3 .4 .3 )  w ith  th e  con­

v e n t io n a l  form o f  M axw ell 's  e q u a t io n s ,  we must d e f in e  tn e  

e l e c t r i c  d isp lacem en t v e c to r  2  and th e  m agnetic  f i e l a  h Dy

B = eQ b  + P  , ( 3 . 4 . 9 )
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3 = B/V0 — P X X  — M + V *  N . ( 3 . 4 . 1 0 )

The two rem ain ing  Maxwell e q u a t io n s

V x 2 + d l / d t  = 0 (3 .4 .1 1 )

v • B 0 (3 .4 .1 2 )

a r e  d i r e c t  consequences o f  th e  d e f i n i t i o n s ,  Eqs. ( 3 .1 .3 )  and 

( 3 . 1 . 6 ) ,  o f  th e  2 and B f i e l a s  in  term s of th e  Lagrangian 

c o o rd in a te s  X and <t.

I t  must be em phasized t h a t  we have c a l c u l a t e d  th e  

M axwell-Lorentz e q u a t io n s  i n  t h i s  s e c t i o n  w ith  a l l  q u a n t i ­

t i e s  r e f e r r e d  to  th e  s p a t i a l  f ram e . Id perform  a s i m i l a r  

c a l c u l a t i o n  in  th e  m a te r i a l  fram e , th e  Lagrangian must be 

t ran s fo rm ed  to  t h a t  f ra m e , and new lag ra n g ia n  c o o rd in a te s  

d i f f e r e n t  from A and $ must be chosen . Moreover, a l l  e l e c ­

tro m a g n e tic  q u a n t i t i e s  such  a s  th e  e le c t ro m a g n e t ic  f i e l d s ,  

th e  p o l a r i z a t i o n ,  e t c . ,  w i l l  have d i f f e r e n t  forms when 

e x p re sse d  in  th e  m a te r i a l  fram e . For a com plete  d is c u s s io n  

o f  t h i s  problem th e  r e a d e r  i s  r e f e r r e d  to  lax  and Nelson,

Walfcer e t  a l , 8 7  and T h u rs to n . 8 8

3 .5  Center o f  Mass i&iuation

The m a te r i a l  frame L agrangian  e q u a t io n  ( 3 .2 ,4 0 )  f o r  tn e  

c e n te r  o f  mass p o s i t io n  x y i e l d s
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p°x i  = (p x h ± + (p x 3 ) i  + p * 2 >jL + p * (it x 3 ^ )

+ £ mTcx * (ua * v) flf i  + t.i  A, A » ( 3 .5 .1 )
a

w ith  th e  a id  o f  Eqs. ( 3 . 2 .2 1 ) ,  ( 3 .2 .3 0 ) ,  ( 3 .2 .3 8 )  ana

( 3 .3 .2 3 ) .  Here

i s  th e  d ip o le  moment p e r  u n i t  volume in  th e  m a te r i a l  f r a m e , 

and th e  P io la -K irc h o f f  mixed frame s t r e s s  te n s o r  i s  d e f in e d  

by

In Eq. ( 3 .5 .3 )  £ may be th o u g h t  o f  as  a f u n c t io n  of th e  o r i

from th e  d e f i n i t i o n s  Eqs, ( 3 . 3 . 1 ) - ( 3 . 3 , b )  and Eg. ( 3 .3 .9 ) ,  

The d e r i v a t i v e  i n  Eg. ( 3 .5 .3 )  i s  t o  be tafcen ho ld ing  a l l  th e  

o r i g i n a l  dynamical v a r i a b l e s  f ix e d  ex cep t x. n . With tn e
i ,  A

use  o f  v e c to r  i d e n t i t i e s  and Eqs. (3 .2 .1 9 )  and ( 3 .4 .1 1 ) ,  th e  

c e n te r  o f  mass e q u a t io n  (3*5.1 ) can be r e e x p re s s e d  as

( 3 .5 .2 )

( 3 .5 .3 )

g i n a l  dynam ical v a r i a b l e s  x which i s  c l e a r

p 0  X  i  a T i A > A  + (p * V )  Ei  + (p X  S ) i  +  [ X  X  (p • V) a j i
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* i £  ♦ i  S . W 11 x  • S ( i
p ,v

.  « -?Ta ,-*a • WT*
+ 2j m u  •a

( 3 . 5 . 4 )

This e q u a t io n  can be t ra n s fo rm e d  to  a s p a t i a l  frame e q u a tio n  

by m u l t ip ly in g  by J~^ d e f in e d  in  Bq. ( 3 .2 .3 7 ) ,  and r e a r r a n g ­

in g  te rm s . With th e  use  o f  th e  B u le r -P io la -d a c o b i  id e n -

(•J  ̂ — 0 | ( 3 .5 .5 )

i t  i s  easy to  show t h a t

J _ 1  Ti A ,A = ‘ J j . j  • ‘3 - S- b >

where th e  l o c a l  s t r e s s  t e n s o r  t Xj  i s  d e f in e d  by

fci j  = P xj , B  • ( 3 .5 .7 )

th e  x s u p e r s c r ip t  s i g n i f y in g  t h a t  a l l  v a r i a b l e s  excep t 

a r e  to  he h e ld  f i x e d  w h i le  ta x in g  tn e  d e r i v a t i v e .  The mass 

d e n s i ty  r e f e r r e d  to  th e  s p a t i a l  frame i s  d e f in e d  by

p = J “ 1 p° . ( 3 . 5 . b)

90We s t a t e  f o r  f u t u r e  r e f e r e n c e  a  theorem  r e l a t i n g  m a te r i a l  

and s p a t i a l  tim e d e r i v a t i v e s .  I f  r ( z , t )  i s  any p h y s ic a l
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q u a n t i t y  e x p re ssed  in  th e  s p a t i a l  frame and r ( X , t )  th e  

co rre sp o n d in g  q u a n t i t y  e x p re s se d  in  th e  m a te r i a l  frame 

r e l a t e d  to  one a n o th e r  by

r ( z , t )  = r ( X , t ) / j ( 2 , t )  i
■z=x(if,t)

= ? ( z ft ) / J ( z , t )  , ( 3 . 5 . y)

th en  we have

.  r 1 a m  .  ( 3 < s > 1 0 )

With th e  use  o f  th e  above theorem , we f i n d  t h a t

j " 1p = dP/dt  + V x  (P x x) + (P± x )  ± . (3 .5 .1 1 )

Equation ( 3 .5 .4 )  can then  be pu t  in  th e  s p a t i a l  frame form 

P * \  = [ t j j  + P j  \  + ( 3  * S ) 8 i J  "  Bj ( v  • IA)L

-  I* ‘ BK 6i  j  + \ , i ^  , j

+ q D \  + [ ( J D + JM + J N) X SJ. .  ( 3 . 5 . 1 2 )

3 .6  E f fe c t iv e  F ie ld  C o n tr ib u t io n s

The problem of c a l c u l a t i n g  th e  e x a c t  e l e c t r i c  f i e l d  a t
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a p o in t  i n s id e  a c r y s t a l  has been in v e s t i g a t e d  p r e v i -

f i e l d s  abou t th e  c e n te r  o f mass v a l u e , we d id  so  under tn e  

assum ption  t h a t  th e se  f i e l d s  were s low ly  v a ry in g .  In r e a l ­

i t y  th e  e le c t ro m a g n e t ic  f i e l d s  a r e  on ly  s lo w ly  v a ry in g  i f  

one compares c o rre sp o n d in g  p o in t s  in  a d ja c e n t  c e l l s ,  but 

w i th in  any g iven  c e l l  th e s e  f i e l d s  a r e  r a p i d l y  v a r y in g .  I t  

i s  c l e a r  t h a t  in  c a l c u l a t i n g  th e  f i e l d s  which a c t  on a p a r ­

t i c l e ,  th e  s e l f  f i e l d  due to  th e  p a r t i c l e ' s  charge  and sp in  

d ip o le  must be o m it te d .  Follow ing th e  d e f i n i t i o n  of lax  and 

Nelson, we use  th e  term  e f f e c t i v e  f i e l d  t o  r e f e r  t o  t h a t  

f i e l d  a c t in g  on a p a r t i c l e  which in c lu d e s  th e  l o c a l - f i e l d  

c o n t r ib u t io n  bu t ex c lu d es  th e  s e l f  f i e l d .  Such e f f e c t i v e  

f i e l d  c o n t r ib u t io n s  imply t h a t  th e  e x a c t  f i e l d  can be 

e x p re sse d  a s  th e  sum o f  a m acroscopic  f i e l d  a n d ,  in  th e  t e r ­

minology o f  Born and Huang , 9 2  an " in n e r  f i e l d ” .

For th e  e x a c t  f i e l d  a c t in g  on a  p a r t i c l e  a t  p o s i t io n  

x a , i t  i s  s u f f i c i e n t  t o  mafce th e  rep la ce m e n ts

91 92o u s ly .  9 When we expanded th e  e l e c t r i c  and m agnetic

2 (2 «) -> 2 (xa ) + £  k**  * P** (3 .6 .1  )

B(xK) ->  B(xa ) + I  L
P

( 3 .6 .2 )

where

( 3 . 6 . 3 )
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i s  th e  d ip o le  moment p e r  u n i t  volume a s s o c i a t e d  w i th  a  p a r ­

t i c l e  o f  type  p. The m a t r ic e s  L®*3 and I,®** a r e  p a ram ete rs  

t h a t  d e s c r ib e  th e  s t r e n g th  of th e  l o c a l  f i e l d s  a t  th e  s i t e  

o f p a r t i c l e  a due t o  th e  e l e c t r i c  and m agnetic  d ip o le s  

s i t u a t e d  a t  th e  p o s i t i o n  o f  p a r t i c l e  p. To a f i r s t  a p p ro x i­

m ation L®*3 and 1 ^  a r e  tak en  t o  be c o n s ta n t  m a tr ic e s  fo r  

f i x e d  a and p; t h a t  i s ,  t h e i r  v a lu e s  a r e  assumed to  

co rre sp o n d  to  th o se  o f  th e  s t a t i c  undeformed l a t t i c e  (or a 

homogeneously deformed l a t t i c e ) .  Moreover, i t  w i l l  be 

assumed t h a t  th e  m a t te r  i n t e r a c t s  w i th  th e se  l o c a l  in n e r  

f i e l d s  on ly  th ro u g h  e l e c t r i c  d i p o l e ,  m agnetic  d ip o le  and 

h ig h e r  o rd e r  m u l t ip o le  i n t e r a c t i o n s .

S u b je c t  t o  th e  v a l i d i t y  o f tn e  above a s su m p tio n s ,  we 

may a s s o c i a t e  w i th  th e  Lagrangian a lo c a l  p a r t  o f  th e  form

1 a P  -*a , T ap . **p= -k X q q u L. u HH o c a l  -  2  ^  q q

r  • L f  • mTe

* £  j ‘ !

+ 1  ^  S<X ! ’  ^  ^  *  • "  l 3 ' 6 , 4 >2

where

= q®u®(X, t )  u®(X, t )  , ( 3 . 6 . 5 )
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i s  th e  e l e c t r i c  q uad ru po le  moment moment p e r  u n i t  volume 

a s s o c i a t e d  w ith  a p a r t i c l e  o f  ty p e  a ,  and th e  p a ram ete rs  

L( ^ 2 ) a r e  no t  n e c e s s a r i l y  i d e n t i c a l  to  The r o t a -

t i o n a l l y  i n v a r i a n t  g e n e r a l i z a t io n  o f  th e  term s in  Eg.

( 3 .6 .4 )  w i l l  have th e  same form as te rm s a l r e a d y  p r e s e n t  in  

th e  s t o r e d  energy  and may be ab so rb ed  i n t o  them w ith  o n ly  a 

m o d if ic a t io n  o f  th e  r e l e v a n t  expansion  c o e f f i c i e n t s .  The 

a b s o rp t io n  of th e  in n e r  f i e l d s  i n t o  th e  s t o r e d  energy means 

t h a t  th e  e le c t ro m a g n e t ic  f i e l d s  u sed  in  t h i s  paper a re  in  

f a c t  th e  long w avelength  m acroscopic  Maxwellian f i e l d s .

3 .2  I n t e r n a l  M otion E q u a tio n s

The m a te r i a l  frame Lagrange e q u a t io n  (3 .2 .4 0 )  f o r  tn e  

i n t e r n a l  c o o rd in a te  y ^ i V o )  y i e l d s

0

»•* i ' t  =  q *  \  *  '  5  i  + 2  ( y v  *  3 ^# v

-  P° 6^ /d y ] 1 ( 3 .7 .1 )

w i th  th e  use  o f  figs. ( 3 .2 .2 1 ) ,  ( 3 . 2 . 3 0 ) ,  ( 3 .2 .3 2 ) ,  ( 3 .2 .3 3 ) ,  

( 3 .2 ,3 4 ) ,  (3 .2 .3 S )  and ( 3 .3 .2 3 ) .  In  tn e  n a t u r a l  s t a t e  (MS)

o f  th e  m agnetic  c r y s t a l  3 = BS ( th e  spontaneous m agnetic  

f i e l d ) ,  = 8 iA , and a l l  tim e and space d e r i v a t i v e s  a re

z e r o .  Equation ( 3 .7 .1 )  th en  becomes w i th  th e  he lp  of E j s .

( 3 .3 .3 )  and (3 .3 .2 3 )
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0 =  - S ^ U p 0 ^ ) * * 3 = - 8i A  ( i o ° o ) Kp  ( ( 3 > 7 > 2 )

w hich im p l ie s  t h a t  we may choose ( 1 0 0 0 )KP _ y 2n ^ .

( 3 .3 .2 3 ) •  however, t h i s  r e s u l t  i s  no t t ru e  fo r  p y r o e l e c t r i c
9 4  .m a t e r i a l s ' ^  where a non -ze ro  e l e c t r i c  f i e l d  ( tn e  spontaneous

e l e c t r i c  f i e l d )  i s  p r e s e n t  in  th e  n a tu r a l  s t a t e .

3 .8  Equations o f  Mot io n  fo r  S u b la t t i c e  M agnetiza tions

Although th e  g e n e ra l  s t r u c t u r e  of our th eo ry  does no t 

r e q u i r e  i t ,  we w i l l  assume f o r  s i m p l i c i t y  h e re  t h a t  tn e  sub ­

l a t t i c e  m ag n e tiz a t io n  v e c to r s  a r e  p e r f e c t l y  r i g i d  a long  

t h e i r  l e n g th s ,  i . e . ,

■ ct 1 2 | -rSa 1 2 / ■a u •« \I m | — | m | . 13 .8 .1 )

As d is c u s s e d  in  Chapter IX, i t  i s  n e ce ssa ry  to  acco u n t  fo r

th e  a n g u la r  momenta o f th e  sp in  and e l e c t r o n  o r b i t a l  motion

which g e n e ra te  th e  m a g n e t iz a t io n .  This can be done by sup ­

p lem en ting  th e  m a te r i a l  frame Lagrangian d e n s i ty  o f  th e  s y s ­

tem [Eq. ( 3 .2 .2 1 ) ]  w i th  a g y ro sco p ic  term  which i s  th e  gen­

e r a l i z a t i o n  o f  Eq. ( 2 .1 .2 )  f o r  tn e  case  of more th an  one

p a r t i c l e  pe r  u n i t  c e l l .  This te rm  i s  g iven  by

= i  2  -
a ,  J  r

Im1’* • S3 ) r S T a ,4Tcc ~ «I\n(m x e )1 ( 3 .8 .2 )
-*Tam I2  -  (mTa e J ) 2

where Ya i s  th e  gyrom agnetic  r a t i o  of m agnetic  s u b l a t t i c e  a.
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C onsidering  on ly  t h a t  p a r t  o f  our Lagrangian d e n s i ty  

which in v o lv e s  th e  m agnetic  c o o rd in a te s  , ana p u t t i n g  in  th e  

c o n t r a in t s  by means of u n ae te rm in ea  m u l t i p l i e r s ,  we nave in  

th e  m a te r i a l  frame

? a. v » T?/ —a: . , 0 ^  p  a  /  , -»Ta , z , -*ba , zs
S ag = K E B^x I — I m l iOC QC | , , , \

Xa i s  th e  Lagrange m u l t i p l i e r  f o r  s u b l a t t i c e  a.

We cnoose {mi a ( X , t ) ,mAa( x , t )} a s  m agnetic  v a r i a b le s  to r  

th e  Lagrange e q u a t io n  o f motion (3«3«4U) from which we 

o o ta in  th e  e f f e c t i v e  m agnetic  f i e l d  f o r  s u b l a t t i c e  a:

‘  ‘  2 X “  ‘  § “ e £ f  ’  U - B “ ). -* T a dmdm'

where

5 “  e £ £
om A dm

In  th e  n a tu r a l  s t a t e  of th e  c r y s t a l ,  miu; = u ana  mi a  = m°'a 

so  t h a t  th e  spontaneous e f f e c t i v e  f i e l d  must obey

(§a e f f )^ S = -  2 U a )*S aTSa , ( 3 .d .b )

i  , e . ,  i t  must be a lo n g  th e  s p in  d i r e c t i o n  so  a s  t o  proauce
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usno to r q u e .  This a g re e s  w i th  th e  r e s u l t s  o f Alexander wno 

an a ly z e d  tim e independen t "m agnetic  s t r u c t u r e s "  a t  th e  l i m i t  

o f  z e ro  te m p e ra tu re .  Moreover, in  the  n a tu r a l  s t a t e  

2 (x a , t )  = BS and R. = Sx A. h e re  SS i s  th e  spontaneous mag-X n X A
n e t i c  f i e l d  i n s i d e  th e  c r y s t a l  when no e x t e r n a l  in f lu e n c e s  

a re  a p p l i e d .  Then w ith  th e  a id  o f Mgs. ( 3 . 3 .d ) ,  ( 3 .3 .2 1 ) ,

(3 .3 .2 3 )  and (3 . a . a ) ,  we have th e  c o n d i t io n

M u lt ip ly in g  Mg. ( 3 . a . 4) by Ya and tax in g  tn e  v e c to r
Vl'/rc ro s s  p ro d u c t  w i tn  m , we can perfo rm  th e  same m anipu la­

t io n s  a s  p re s e n te d  i n  S ec tio n  2.1 to  o n ta in  th e  m agnetic  

to rq u e  e q u a t io n  g e n e r a l i z e d  to  e l a s t i c  c o n t in u a j

mTa(X .t )  = x Ba e £ £  . U . o . a )

in  th e  n a tu r a l  s t a t e ,  th e  e q u a t io n  o f  m otion Mg. ( 3 . a . a )  

combined w i th  Mq. ( 3 . a . 7) y i e l d s

ei jX  mj  (Bx ■ KA 6Ka) = u  * ( 3 . a . a )

This means t h a t  on ly  th e  component o f  tn e  q u a n t i t y  m  

p a re n tn e s e s  above which i s  p e rp e n d ic u la r  to  th e  spontaneous 

m agnetic  moment need v a n is h .

Tne c a l c u l a t i o n  o f  th e  u i r a c  b ra c x e ts  between com­

ponen ts  o f th e  s u b l a t t i c e  m a g n e tiz a t io n  p roceeds  in  e x a c t ly
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th e  same f a s h io n  as  p re s e n te d  in  S ec tio n  2*3, th e  r e s u l t  

being

{m£a ( x , t ) ,  mja ( x ' , t ) } *  = Ya ei  m£a SJ (X -  x* ) . ( 3 .d . l u )

For f u t u r e  r e f e r e n c e  we no te  t h a t  t o  th e  e l e c t r i c  

d ip o le  ap p rox im ation ,

2 mTa ’ B(xa ( X , t ) , t )  = V mTa * B ( x ( X , t ) , t )
a a

+ 2 '  * l y ^ x . t )  * vj B ( x ( x , t j , t )  + . . .
* ( 3 . s . 11)

Thus, th e  use o f th e  r ig h th a n d  s id e  of tfg. (3 .B .6 )  i n  con­

ju n c t io n  w i th  (3 .B .11 )  y i e l d s  in  th e  d ip o le  approxima­

t io n

B“ e f£  = B ( x , t )  ♦ (u “ • v)B -  p“ - i f -  ,  4 ^ 2  .
om A an

* (3 .S .1 2 )

3 .y  Momentum C onservation

Momentum c o n se rv a t io n  r e s u l t s  irom tn e  in v a r ia n c e  to  

s p a t i a l  d isp lacem en t o f  th e  e q u a t io n s  of m otion. Tnis i s  

a u to m a t ic a l ly  s a t i s f i e d  s in c e  we have c o n s t r u c te d  in  our 

th e o ry  a Lagrangian which i s  not an e x p l i c i t  fu n c t io n  o f tn e  

p o s i t io n  x .  Momentum c o n s e rv a t io n  may be e x p re ssed  as
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dt dz. = 0 * ( 3 . y . D

where i s  th e  c a n o n ic a l  momentum d e n s i ty  g iven  by

9- = - ^ - ^ -  ^  , U ^ )
« . 1" - )

ana t Aj  i s  th e  c a n o n ic a l  s t r e s s  t e n s o r  g iven  by

<£, = l  { - * £  -  *“i  < ) * * *“iK J -  2 s 6i:1*J a f1 ^\jfa  *A 6W * * O'? ^
*j »j* »*J U . y .3 )

he re  bb i s  th e  s p a t i a l  frame L agrangian  d e n s i ty  reg a rd ed  as

a f u n c t io n  o f th e  i>l f i e l a s  a=1 , 2 , . . . ,  h ) , t h e i r  s p a t i a l

frame time d e r i v a t i v e s  d¥a/ d t  (x he ld  f i x e d ) ,  ana t h e i r

f i r s t  and second space d e r iv a t i v e s

9a . = dVa/oz<  and Va û. = d2 ¥a/a z  . dz .̂, The independen t v a r i -  
• J  — J » J *  “  J *•

a b le s  u sed  i n  t h i s  s p a t i a l  d e s c r i p t io n  a r e  z  ( e q u iv a le n t ly  x 

w i th in  m a t t e r )  and t .

In  o rd e r  to  t ra n s fo rm  any p o r t io n  o f  th e  ^agrangian  

d e n s i ty  from the  m a t e r i a l  to  s p a t i a l  f ram es , we use r q . 

(3 .2 .2 0 )  which im p l ie s  t h a t

= j ’ 1 ( x / 2 )  l m , U . y . 4 )



where J(x /X ) i s  th e  Ja co b ia n  of th e  t r a n s fo rm a tio n  from tne  

m a te r i a l  to  s p a t i a l  c o o rd in a te s  a s  d e f in e d  m  £3 , ( 3 .2 .3 7 ) .  

From £qs. ( 3 . 1 .3 ) ,  ( 3 .2 .2 1 ) ,  ( 3 .2 .3 1 ) ,  ( 3 .2 .3 b ) ,  ( 3 . 3 .b ) ,

(3 .b .2 )  and ( 3 . 9 . 4 ) th e  Lagrangian d e n s i ty  to  oe used  i s  

g iv en  as

where th e  s p a t i a l  frame mass d e n s i ty  a s s o c i a t e d  w ith  tne  

p - th  i n t e r n a l  c o o rd in a te  i s  r e l a t e d  to  th e  correspond ing

+ M ' B  + N : V B  + | e 0  [  £ 2 -  C2 fl2  ]

♦ J _1 2  Aa { |  i i T a  | 2
a

m a te r i a l  frame q u a n t i t y  m1* oy

( 3 . 9 . 6 )

Tne m a te r i a l  time d e r i v a t i v e s  a p p ea r in g  in  £4 . ( 3 .9 .o )  may

oe re e x p re s se d  w i th  th e  a id  of £4 . (3 .2 .1 9 )  as
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* u ^  i  u
yi  * —  -  y i , j  x j ,K  ~  • (3 .9 .7 o )

Ta•nirt. iHUj

axnee we w ish  to  r e f e r  e v e ry th in g  to  th e  s p a t i a l  rrame , th e  

de fo rm ation  g r a d ie n t  xH .. must he re g a rd e d  as  a fu n c t io n  ofX ) J\
X, . a s  must J ~ \  p and p^. The f i e l d s  vtt( x , t )  t n a t  appear 

" i  J
in  Eqs. ( 3 .9 .2 )  end ( 3 .9 .3 )  can he i d e n t i f i e d  as

Xjit y f»  m,l a * Ai » ana «• S u b s t i t u t io n  o f  £6 from £q. ( j . y . h )n i l  X
in to  Eqs. ( 3 .9 .2 )  and ( 3 .9 .3 )  y i e l d s  w i th  th e  a id  or Egs.

( 3 . 1 .3 ) ,  (3.1 . b ) ,  ( 3 . 4 . 9 ) ,  (3 .4 .1 0 )  and ( 3 .3 .7 )

g ^  = P ^  -  ( ?  X S ) ± + Dj Aj  ± , ( 3 . 9 . 9 )

“ i j  = *1J * I»1 x j  -  2 1 EK EX S1J * 2 ^  BK Bk Si j

-  aAi+ (P X B) l X j  ♦ (Ej + — ) Uj -  Hj h j K  ^

♦ Mu  “i . i  - 1» f r -  “ k . i  • ‘“-“-“J

The ahove e x p re s s io n s  a r e  not gauge i n v a r i a n t  and can not 

r e p r e s e n t  th e  p h y s ic a l  q u a n t i t i e s  we a r e  s e e x in g .  The q u e s ­

t io n  o f  un iqueness  o f th e  momentum d e n s i ty  and th e  s t r e s s  

te n s o r  w i l l  now he a d d re s s e d .



3 . 1 0  T o t a l  S t r e s s  T e n so r

In  o rd e r  to  remove th e  non-gauge i n v a r i a n t  term s 

ap p ea r in g  in  th e  c a n o n ic a l  forms o f  th e  momentum d e n s i ty  and 

th e  t o t a l  s t r e s s  t e n s o r , we f i r s t  r e e x p re s s  B^s • (3 .y . t t )  and

( 3 . 5 . 9) w i th  th e  a id  o f Sgs. ( 3 . 1 . 6 ) ,  ( 3 .3 .3 3 ) ,  ( 3 . 4 . 9 ) and

( 3 .4 .1 0 ) ,  i n  th e  forms

P*i + e0 (2 x b )* + Dj (3 .1 0 .1 )

+ 6t ”  Dj  + ^ i , *  ex j l  a l (3 .1 0 .2 )

where

i s  th e  flaxwell v a cu u m -f ie la  s t r e s s  t e n s o r .  When th e  non­

gauge i n v a r i a n t  p a r t s  o f  g£ and t ^ j  a r e  s u b s t i t u t e d  i n t o  tn e  

momentum c o n s e rv a t io n  law ( 3 .9 .1 )  they  y i e l d  a r e s u i t
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whose v a n ish in g  i s  a  consequence of th e  two Maxwell equa­

t io n s  f o r  a  m agnetic  d i e l e c t r i c  t h a t  fo llow  from th e  d i s c u s ­

s io n  i n  s e c t io n  3 .4 :

V * D = 0 , (3 .1 0 .0 )

V X ® = a t  • (3 .1 0 .0 )

The c a n c e l l a t i o n  o f  tn e  non-gauge i n v a r i a n t  term s as  

e x h ib i t e d  in  £q . ( 3 .1 0 .4 )  removes one o f  th e  o b s ta c le s  to

un iqueness  and le a d s  us t o  t e n t a t i v e l y  i d e n t i f y

= Px i  + eQ(£ x B)i  , (3 .1 0 .7 )

a s  th e  t o t a l  momentum d e n s i t /  i n  th e  s p a t i a l  o r  l a b o ra to ry  

frame and

+ B j  + ^  Xj

a s  tn e  t o t a l  s t r e s s  te n s o r  i n  th e  la b o r a to r y  f ram e . To j u s ­
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t i f y  t h i s  i d e n t i f i c a t i o n ,  we employ th e  same l i n e  of r e a s o n -  

ing  pu t f o r t h  by Nelson and Lax i n  a r e c e n t  paper  fo r  th e  

case  o f  tn e  d i e l e c t r i c .  These argum ents a r e  b r i e f l y  summar­

iz e d  below.

The q u a n t i t i t e s  of Lqs. ( 3 .1 0 .7 )  and (3 .1 0 .d )  s a t i s f y  

th e  s p a t i a l  frame momentum c o n s e rv a t io n  law,

&3i r
= °  • U .1U .S )

A p p lic a t io n  of th e  c o n v e n t io n a l  “p i l l  box" argument*^ to  bg . 

(3 .1 0 .y )  y i e l d s  a jump c o n d i t io n  on t £  of th e  form

[ t £ j  J nj = 0 , (3 .1 0 .1 0 )

wnere [ j d eno tes  th e  jump i n  th e  q u a n t i t y  e n c lo se d  in  th e  

b ra c k e ts  a c ro s s  th e  s u r r a c e  c o n s id e re d ,

L t j . J = ( t £ j  )o u t  -  ( t j v  )i n  , (3 .1 0 .1 1 )

and n i s  th e  outward p o in t in g  normal to  th e  s u r f a c e  wnicn i s  

s t a t i o n a r y  i n  th e  s p a t i a l  fram e . Tne boundary c o n d i t io n  L}. 

(3 .1 0 .1 1 )  i s  much more r e s t r i c t i v e  m  de te rm in ing  tn e  t o t a l  

s t r e s s  te n s o r  than  th e  c o n s e rv a t io n  law Ji* • (3.1 u .y )  which 

in v o lv e s  th e  d iv e rg e n c e ,  t'ot exam ple, th e  a d d i t io n  o r  a 

c u r l - l i k e  q u a n t i t y  i n s i d e  tn e  d iv e rg en ce  o f  th e  c o n se rv a t io n  

law y i e l d s  a new s t r e s s  t e n s o r ,



but th e  boundary c o n d i t io n  i s  s t i l l  found to  in v o lv e  on ly
u

t Aj . The t r a n s fo rm a t io n

bh.
(3 .1 0 .1 3 )

(3 .1 0 .1 ^ )

o b ta in s  a new s t r e s s  te n s o r  and a new momentum d e n s i ty  in  

th e  c o n se rv a t io n  law , but t h i s  t r a n s fo rm a t io n  does a f f e c t  

th e  boundary c o n d i t io n  iSq. ( 3 .1 0 .1 0 ) .  The t r a n s fo rm a t io n

where c^ i s  in dependen t of t im e ,  does n o t change th e  s t r e s s  

te n s o r  i n  e i t h e r  th e  c o n s e rv a t io n  law or th e  boundary co n d i­

t i o n .

I t  i s  c l e a r  from th e  above t n a t  th e  boundary c o n d i t io n  

req u irem en t  w i l l  e n a b le  us to  p ro p e r ly  de te rm ine  a unique 

t o t a l  s t r e s s  t e n s o r .  The s c a l a r  p ro d u c t  of th e  s t r e s s  t e n ­

so r  w i th  th e  u n i t  normal w i l l  no t le a d  to  non-uniqueness 

because t £ j  cannot be a fu n c t io n  o f th e  o r i e n t a t i o n  of a 

body s u r f a c e  and because t h a t  o r i e n t a t i o n  (and hence n) i s  

a r b i t r a r y .  Tne p o s s i b i l i t y  rem ains t h a t  an a d d i t io n  to  the  

s t r e s s  t e n s o r  by means o f  one o f  th e  t r a n s fo rm a t io n s  p r e v i ­

o u s ly  d is c u s s e d  cou ld  be con tin u o u s  a t  every  s u r f a c e ,  and

(3 .1 0 .1 5 )
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hence be p a r t  o f  th e  t o t a l  s t r e s s  t e n s o r  w h i le  not a f f e c t i n g  

th e  boundary c o n d i t io n .  Such a t r a n s fo rm a tio n  could  be 

ach iev ed  th rough  fiqs. (3 .1 0 .1 3 )  and (3 .1 0 .1 4 )  w ith  sp a ­

t i a l l y  independen t but l i n e a r  i n  t im e ,  however, sucn  a d d i ­

t io n s  a re  u n o b se rv ab le  ana a r e  p ro p e r ly  ex c lu aeu  from th e  

d e f i n i t i o n  o f  th e  t o t a l  s t r e s s  t e n s o r .  Tne way t o  exclude  

th e se  so  c a l l e d  n u l l  s t r e s s e s  i s  to  d e f in e  a r e f e r e n c e  s t a t e  

f o r  th e  t o t a l  s t r e s s  t e n s o r  which we do by choosing  tn e  

vacuum to  have a t o t a l  s t r e s s  t e n s o r  and momentum d e n s i ty  of

t i j  = mi j  (vacuum) , (3 .1 o .1 o )

3i  -  e0 ^  x ^  (vacuum) . (3 .1 0 .1 7 )

Since our d e f i n i t i o n s  of Bgs. (3 ,1 0 .7 )  and ( 3 .1 0 .a) reuuce

to  th e  above fo r  a vacuum, we a r e  in  a p o s i t io n  to  c la im  

t h a t  th e  q u a n t i t i e s  in  Bgs. (3 .1 0 .7 )  and ( 3 .1 0 .a) a r e  unique 

and r e p r e s e n t  th e  momentum d e n s i ty  and th e  t o t a l  s t r e s s  t e n ­

s o r  r e s p e c t i v e l y .

The t o t a l  s p a t i a l  frame s t r e s s  t e n s o r  o f £*4 . ( 3 .1 0 .a )

r e p r e s e n ts  the  t o t a l  fo rc e  p e r  u n i t  a r e a  a c t in g  in  a a i r e c -  

t io n  de te rm ined  by th e  f i r s t  t e n s o r  index  on an im aginary  

s u r f a c e ,  f i x e d  i n  tn e  la b o ra to r y  fram e , whose normal i s  

de te rm ined  by th e  second in d ex . In  o rd e r  to  f in d  a s p a t i a l  

measure o f  the  t o t a l  fo rc e  p e r  u n i t  a re a  a c t in g  on a moving 

body s u r f a c e ,  we sim ply  ap p ly  p rev io u s  f in d in g s  r e s u l t i n g  

in
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fci j  = b i j  + 9 i  x j  * ( 3 . 1 0 . 1 a )

I t  i s  u s u a l ly  assumea t h a t  th e  n a t u r a l  s t a t e  (iMS) o i a 

boundless p e r f e c t  c r y s t a l  i s  a s t r e s s  f r e e  s t a t e .  Xr we 

adopt t h i s  v ie w p o in t ,  we f i n a  u s in g  £ g s . ( 3 .1 0 .3 )  ana

(3.1U.ti) t n a t

-  4 3 * («s  • s s ) 8 iJ  -  . »  ♦ Bf  b ® / ^  -  7J r  bk 3k
(371 0 .1y)

where th e  spontaneous e l a s t i c  s t r e s s  i s  g iv en  by

«£ , = = SlA  SJlt ( 0 ,0 0 )Kau . U . 10.30)

In th e  p rev io u s  e q u a t io n  we have used  J i js . ( 3 .3 .3 3 ) ,
Uu

( 3 .5 . 7 ) ,  ( 3 . B .7) and th e  r e l a t i o n

< )NS " I  ( s i j  6ab -  sjA 6i a J  • ( j . 10.31)
1 , A

3.11 Asymmetry of T o ta l  s t r e s s  Tensor

I t  nas been shown p r e v io u s ly 1 t n a t  th e  t o t a l  s t r e s s  

te n s o r  f o r  a n o n m a g n e t ic  d i e l e c t r i c  i s  asym metric wnen 

th e r e  i s  more than  one p a r t i c l e  p e r  u n i t  c e l l ,  ana nenee , 

i n t e r n a l  c o o rd in a te s  a r e  needed to  a e s e n n e  th e  m a t e r i a l .  

We w i l l  show t h a t  fo r  th e  case  o f  th e  m agnetic  d i e l e c t r i c ,  

th e  t o t a l  s t r e s s  t e n s o r  i s  asym m etric  even when tn e r e  i s  

on ly  one p a r t i c l e  p e r  u n i t  c e l l .  This i s  because o f tn e
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l i n e a r  momentum a s s o c i a t e d  w i th  th e  s p in  v a r i a b l e s .

Examination o f Eg. (3 .1 U.a) t e l l s  us t h a t  we neea on ly  

c o n s id e r  tn o se  term s which a r e  not m a n i f e s t ly  sym m etric , 

i  «e *,

conv en ien t  fo r  purposes o f  c a l c u l a t i o n  to  in tro d u c e  an 

e q u iv a le n t  s e t  o f  r o t a t i o n a l  i n v a r i a n t s  fo r  th e  sc o red  

e n e rg y . I t  i s  seen  from an ex am ina tion  o f  Egs. (3 .3 .3  ) and

( 3 .3 .4 )  t n a t  s in c e  th e  t e n s o r  C i s  i n v a r i a n t  un aer  r o t a t i o n s  

o f  the  s p a t i a l  f ram e, x H has p r e c i s e ly  th e  same t r a n s r o r -
X 9 A

where EAij i s  th e  Green f i n i t e  s t r a i n  censor ( 3 . 3 .1 ) ,  and 

wnere

(3.11 .1 )
a dm,a

We beg in  by c o n s id e r in g  t * j  d e f in e d  in  Eg. ( 3 . 3 .7 ) , Xc i s

macion p r o p e r t i e s  a s  K. a . T h e re fo re ,  l e t
X • H

(3.11 .3 )

^  -  X V 1*5A = xi  , A X i  » (3 .1 1 .3 )

( 3 . 1 1 . 4 )
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“ *;B = xi ,A  mi , B  * U . n . s )

h e re ,  m*a i s  th e  spontaneous m a g n e tiz a t io n  s u b l a t t i c e  a , ana 

i s  in c lu a e a  in  th e  d e f i n i t i o n  so t h a t  n® v a n isn e s  i n  cne 

n a t u r a l  s t a t e .  Tne i n t r o d u c t i o n  of tn e se  new r o t a t i o n a l  

i n v a r i a n t s  does not change th e  p h y s ic s  but m erely re a r r a n g e s  

th e  n o n l in e a r  term s in  th e  expansion  o f  tn e  s t o r e d  e n e rg y .

Equation ( 3 .6 .7 )  now becomes

t * -  ox ,  s2_ + 5» a L .
i i  “ i .B  L Ox. 0EA , ^  ox. liXj J ,D o®AC ^

a. aou* our
+ y , <£- + I"A jC  _ o £ _  ) j .

S “ i , *  on® ^ i , h  on«;C
(3.11 .b )

We now p roceed  to  d e te rm ine  th e  asym metric p a r t s  con­

t a in e d  in  Eq. ( 3 .1 1 .6 ) .  I t  i s  easy  to  snow, u s in g  Egs.

( 3 .3 ,1 )  and ( 3 .3 .2 )  t h a t  tn e  f i r s t  term  on tn e  r ig n th a n a

s id e  o f  Eq. (3 .1 1 .o )

QV  J&]C  — OX X — — ( J  11 7 J
“ i . u  “ ac "  L*c dEbC ’ U .1 1 .7 J

i s  sym m etric . Tne e q u a t io n  o f  m otion fo r  th e  i n t e r n a l  co o r­

d i n a t e s ,  Eq. ( 3 . 7 . 1 ) ,  i n  term s o f  th e  new r o t a t i o n a l  i n v a r i ­

a n t s  becomes



This can be u sed  to  so lv e  f o r  th e  s to r e d  energy  d e r iv a t iv e

Then th e  second term  on the  r ig h th a n a  s id e  of tig.

(3*11.6) becomes w i th  th e  a id  o f  tigs. (3 .2 * 3 6 ) ,  ( 3 . 4 .2 ) ,

( 3 .5 .B ) ,  ( 3 .9 .6 )  and (3 .1 1 .3 )

px V' - - - f t -  ftX-
J* “ 5  “ i .B

-  pi  8J * «Ki V j  -  r  p“ y f y ' r  1 3 .1 1 . . )

The rem ain ing  two term s on th e  r ig h th a n d  s i a e  o f tig.

(3 .1 1 .6 )  can be r e w r i t t e n  u s in g  -tigs. ( 3 .1 1 .4 )  ana  (3 .1 1 .6 )  

i n  th e  form

OC CL
^ i i  a V  ^ A m n  a X 1px . V (  ft- J&L. + — AlSs - f t i — )

~ bx, . a OX. u .aa i , b dllA i , t i  btl c

= p ¥  + mi . *  ) • d . 1 1 . 1 3 )a am * cm,J J **■

With th e  a i d  o f  tigs. ( 3 .1 1 .1 ) ,  ( 3 .1 1 .6 ) - ( 3 .1 1 .1 0 ) ,  we may

conclude t n a t  th e  t o t a l  s t r e s s  t e n s o r  has th e  asymmetric 

term s
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+ P S ( m
a i

Thus, th e  asymmetry o f  th e  t o t a l  s t r e s s  t e n s o r  r e s a l e s  not 

on ly  from th e  p resence  of i n t e r n a l  c o o r d i n a te s , ou t  a l s o  

from th e  m agnetic  c o o rd in a te s .  Tnis asymmetry and tn e  v a l i ­

d i t y  o f  a n g u la r  momentum c o n s e rv a t io n  a re  no t m u tua lly  

e x c lu s iv e  as  w i l l  be shown p r e s e n t l y .

£*12. C onservation  o f  Angular Momentum

The d e f i n i t i o n  o f  th e  c a n o n ic a l  a n g u la r  momentum a e n -
101s i t y  as  in t ro d u c e d  by Morse and Fesnbach and Lanoau ana

1 02L i f s n i t z  i s  v a l i d  f o r  non-m agnetic  m a te r i a l s  w i tn  on ly  

one p a r t i c l e  p e r  u n i t  c e l l .  T heir  c o n c lu s io n  t h a t  th e  

s t r e s s  te n s o r  must oe symmetric f o r  a n g u la r  momentum c o n s e r ­

v a t io n  to  be obeyed, i s  t r u e  on ly  fo r  such  m a t e r i a l s .  The 

s t r e s s  te n s o r  i s  not symmetric f o r  th e  case  we a r e  c o n s id e r ­

ing  .

The a n g u la r  momentum c o n s e rv a t io n  law may oe round oy 

combining c o n t r ib u t io n s  from tn e  c e n te r  o f mass m otion , each  

o f th e  i n t e r n a l  m o tions , th e  s p in  r o t a t i o n s  ana  tn e  e l e c ­

t ro m ag n e tic  f i e l d s ,  Tne c e n te r  o f  mass c o n t r i o u t io n  i s  

found by forming th e  v e c to r  p ro d u c t o f  iig. ( j . b . 1 2 ) ana x 

and by u s in g  Mg. (3 .6 .1 0 )  to  o b ta in

£>/6t LP(x x x ) J  + d/bz-L [ p (x * i  xxJ
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“  Lei j k  * j  i ' H x  + 2 k  P 1 + ( «  ■ S)»K1 '  B1 Mk  * B X  Nx a , a

-   ̂ ^ a  fla  6k l  + ' k l  ‘k . k U . l

‘  ' i l k  ^ k l  + 2k  B1 -  <“  '  B )6k l  "  S 1 Mk + B1 “k a . a

“  ( 7 * d ) a  Ba ® k l + Ba  ,k^

+ q B(x  x  2 ) i  ♦ tic x  t t j u  + j 1̂  + j ^ )  x  b] )  .  ( 3 .1 2 * 1 )

The c o n t r i b u t i o n  f ro m  t h e  i n t e r n a l  m o t i o n s  i s  r o u n d  by 

f o r m i n g  t n e  v e c t o r  p r o d u c t  o f  t h e  e q u a t i o n  o f  m o t io n  Jig.

( 3 , 7 . 1 )  o f  t h e  i n t e r n a l  c o o r d i n a t e s  w i t h  y ^ t  m u l t i p l y i n g  oy 

, sum m ing o v e r  n f ro m  1 t o  N -  1 , a p p l y i n g  i ig .  ( 3 , b , 1 j )  

a n d  u s i n g  t h e  d e f i n i t i o n  o f  t h e  p o l a r i z a t i o n  Jig. ( 3 . 4 . 2 ) .  

Tne r e s u l t  i s

b»v

w h e r e  t h e  i n t e r n a l  a n g u l a r  momentum i s  a e f m e a  a y

( 3 . 1 2 . 3 )
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The l i n e a r  momentum o f  th e  e le c t ro m a g n e t ic  f i e l d  i s  

o b ta in e d  by forming th e  c ro s s  p ro d u c t  o f  8g. (3 .4 .1 1 )  w itn  

6q 2 ana th e  c ro s s  p ro d u c t  of 8q. (3 .4 .8 )  w ith  8 ana  adding 

th e  r e s u l t s .  A fte r  u se  o f  i£gs. ( 3 . 4 .1 ) ,  (3 .4 .1 3 )  ana

(3 .1 0 .3 )  we f in d

f t  (e S x 5 ) ,  -  «, = V  E, -  l(JU - f 1 ♦ JM) x B] .
J J  ( 3 . 1 3 . 4 )

The a n g u la r  momentum of th e  e le c t ro m a g n e t ic  f i e l d  i s  e a s i l y  

found now by forming th e  v e c to r  p ro d u c t  o f tn e  e lec tro m ag ­

n e t i c  momentum e q u a t io n  ( 3 .1 2 .4 )  w ith  x and r e a r r a n g in g  w itn  

the  r e s u l t

= - q D(x xE)i  -  {x x [ ( j D + TA + j^ )  X  B])i  . (3 .1 3 .0 )

The c o n t r ib u t io n  from th e  i n t r i n s i c  s p in  i s  found 

d i r e c t l y  from Bg. ( 3 . a . a ) ,  m u l t ip ly in g  oy J  and w itn  tne  

use  o f  Kq. ( 3 .0 .1 0 ) .  The r e s u l t  i s

—  + « 7 l s i  * 1 > -  j  ei j x  I  - r  a “ e f£  • d . i x . b )dt

wnere th e  i n t r i n s i c  s p in  a n g u la r  momentum i s  d e f in e d  by

f . J - ' j . - ' V  . (3 .1 2 .7 )
a
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We now ada tn e  c o n t r i b u t i o n s  r e p re s e n te d  by Egs.

( 3 .1 2 .1 ) ,  ( 3 .1 2 .2 ) ,  (3 .1 2 .5 )  and (3 .1 2 .b )  to  o b ta in  a f t e r

rea rrangem en t ana m an ip u la t io n  th e  s ta te m e n t  o f  an g u la r  

momentum c o n s e rv a t io n  in  th e  s p a t i a l  frame

d / b t  £{x x  (p x  + eQ e  x  B )} i  + 1A + s i  j

+ e / O Z j  [ { l t  ♦ S i j  x x -  ei j K  t x j  ♦ X j  P
a ,1

+ L P m'f® + Wa jc ba Sl i  = 0 * (3 .1 2 .0 )a J bm“ , x ,  i

where we have used  Eqs. (3 .0 .1 2 )  ana  ( 3 .1 0 .0 ) .

By argum ents s i m i l a r  to  th o se  o f  S ec tion  3.1U, tne

q u a n t i t y  w i th in  th e  s p a t i a l  frame time d e r i v a t i v e  i s  the

s p a t i a l  frame d e n s i ty  o f  a n g u la r  momentum, and th e  q u a n t i ty

i n  th e  d iv erg en ce  i s  th e  t o t a l  flow o f  a n g u la r  momentum

a c ro ss  a s u r f a c e  f i x e d  in  th e  s p a t i a l  fram e.

I t  shou ld  be em phasized a g a in  t n a t  even tnougn cne

t o t a l  s t r e s s  t e n s o r  i s  no t sym m etric , tn e  t o t a l  an g u la r

momentum o f  a m agnetic  c r y s t a l  i n t e r a c t i n g  w itn  tn e  e l e c ­

tro m a g n e tic  f i e l a  i s  c o n se rv ed .

3.13 Energy C onservation

Energy c o n s e rv a t io n  may be e x p re s se d  a s
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>w .
f  + ^ = °  . ( 3 . 1 3 . 1 )

where W i s  tn e  energy  d e n s i ty  and S tn e  energy flow v e c to r .  

The c a n o n ic a l  energy d e n s i ty  i s  d e f in e d  a s

Wc = I %£---------------- -  I s  . ( 3 . 1 3 . 3 )

A ll q u a n t i t i e s  in  Bq. ( 3 .1 3 .2 )  have p re v io u s ly  been i n t r o ­

duced i n  s e c t io n  3 .9 .  Use o f iSqs. ( 3 . 9 . 5 ) ,  ( 3 . 9 .7 ) ,  ( 3 .4 .9 )  

and ( 3 .1 .5 )  i n  Eq. ( 3 .1 3 .2 )  y i e l d s

Wc = 1  p x * x + 2 '  P^/2 y 1* * y 1* + P £

+ 6n E2/2  + B2/2 u n - M ' * B - W : V B + D  4 ,u J »J / .(3 .1 3 .3 )

where M' = 2 roAa i s  th e  m a g n e tiz a t io n  due to  sp in  ana e l e c -  
a

t r o n i c  c o n t r i b u t i o n s ;  i . e .  M* does not in c lu a e  tn e  io n ic  

c o n t r i b u t i o n .

ihe c a n o n ic a l  energy  flow v e c to r  i s  d e f in e d  as

sc _ 7 ( ,d'bS_ v +  , b A  .

*  S r  *  ( ) , k  1 «  > , k  « * « , 1 •
.J »J* »*J( 3 . 1 3 . 4 )
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Use of Eqs. ( 3 .9 .5 )  and ( 3 .9 .7 )  in  Eg. (3 .1 3 .4 )  y i e l d s

- ( P ' B ) -  (M'  * B) -  (M J VB) ] Xj

_ tX « _ o dS! ^  . , f f l  tKj X* I  P ot ^lj 6t
J

dA
eljK  H1 d t^  ~ Dj  It * (3 .1 3 .5 )

c cThe non-gauge i n v a r i a n t  p a r t s  o f  W and Sj combine i n  th e  

energy  c o n se rv a t io n  law (3 .1 3 .1 )  to  y i e l d

dA
f t  (Dj ®f j )  ~ el j k  dsT" ^ H1  “  oz“  ^Dj  dt^ = 7 (B x 3)

J J (3 .1 3 .6 )

w i th  the  a i d  o f Bqs. ( 3 . 1 . 5 ) ,  ( 3 . 1 . 6 ) ,  ( 3 .4 .1 1 ) ,  (3 .1 0 .5 )

ana ( 3 .1 0 .6 ) .  Moreover, we use th e  v e c to r  i d e n t i t y

dt ^ k l  BJ , 1  + CN1J 'St1 J , j  = " V , j  ' ( 3 . U . 7 )

to  o b ta in  th e  f i n a l  form of th e  s p a t i a l  frame m easures o f  

th e  t o t a l  energy  d e n s i ty  and th e  t o t a l  energy  flow v e c to r :

WL = w + e0 E2 / 2  + B2 / 2 hq + p £  , ( 3 . 1 3 . 6 )



where

w = i  p Z  • Z  + 7  * y  ̂ -  (3' -  v -N)- S
u (3 .13.1U )

By argum ents s i m i l a r  to  S ec tio n  3#10, th e se  q u a n t i t i e s  a r e  

th e  unique and p ro p e r  o n e s .



IV.  LltffiAKIZfiD EQUATIONS Of' MOTION

4 . 1_ Kinematic C o rrec t io n s

I t  w i l l  ne u s e f u l  f o r  a p p l i c a t i o n s  and fo r  any i t e r a ­

t i v e  scnemes in  s o lv in g  th e  n o n l in e a r  e q u a t io n s  to  s e p a ra te  

th e  l i n e a r  term s from th e  n o n l in e a r  ones in  th e  e q u a t io n s  of 

m otion . Ine m a t te r  e q u a t io n s  o f  motion a s  g iven  by Kqs.

( 3 .6 . 4 ) ,  ( 3 .7 .1 )  and ( 3 . 8 . 8 ) ,  a r e  w r i t t e n  w ith  th e  m a te r i a l  

c o o rd in a te  X as  th e  in dependen t v a r i a n l e .  Xnese e q u a t io n s  

a re  coup led  to  the  e le c t ro m a g n e t ic  f i e l d s  wnicn a re  

e v a lu a te d  a t  th e  s p a t i a l  frame p o s i t io n  x .  i-toreover, sp a ­

t i a l  frame g r a d ie n t s  and tim e d e r i v a t i v e s  o f  th e  e le c tro m ag ­

n e t i c  f i e l d s  e n t e r  i n t o  th e  e q u a t io n s  o f  m otion .

I t  w i l l  t h e r e r o r e  be c o n v en ien t  to  ex p re ss  a l l  terms in  

th e  m a t te r  e q u a t io n s  as  fu n c t io n s  o f  tn e  s p a t i a l  c o o rd in a te  

x .  Ib d i f f e r e n t i a t e  Detween th e  same p n y s ic a l  q u a n t i ty  w itn  

x a s  in dependen t v a r i a b l e  r a t h e r  th an  X we add a c a r e t  as in

u ( X , t )  = u ( x , t )  , ( 4 . 1 . 1a )

y ^ X . t )  = y ^ ( x , t )  ,
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( 4 . 1 . 1 b )
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ma ( X , t )  -  ma ( x , t )  , ( 4 . 1 . 1 c )

J ( X , t )  = J ( x , t )  . ( 4 .1 .1 a )

In t ra n s fo rm in g  from th e  m a t e r i a l  to  tn e  s p a t i a l  c o o r -
11)3a in a te  system , K inem atic  c o r r e c t io n s  w i l l  a r i s e  a s  a 

r e s u l t  o f  th e  d i s t i n c t i o n  between d e r i v a t i v e s  w i tn  r e s p e c t  

t o  the  s p a t i a l  and m a te r i a l  c o o ra in a t .e s .  Other Kinematic 

c o r r e c t io n s  a l s o  occur a s  a r e s u l t  of th e  d i s t i n c t i o n  

between m a te r i a l  tim e d e r i v a t i v e s  and s p a t i a l  tim e d e r iv a ­

t i v e s .  however, when a common C a r te s ia n  c o o ra in a te  system  

f o r  bo th  s p a t i a l  and m a te r i a l  system s i s  u se d ,  t h e r e  w i l l  be 

no d i s t i n c t i o n ,  s a y ,  between a v e c to r  component m® and a

co rre sp o n d in g  v e c to r  component m“ .

Some examples w i l l  be g iven  in  o rd e r  to  c l a r i f y  these  

p o i n t s .  For a g e n e r a l  f u n c t io n  F of th e  m a te r i a l  c o o rd i ­

n a te s  , we have

6F_ _ dF_ 111 _ dF_ / ,  + u }
dXA " dXj  oXA dXj  J ,A

6F bF / , \
-  bxa + dXj Uj ,A  » U . 1 . ^ )

where th e  d isp lacem en t v e c to r  u ( X , t )  in  our common C a r te s ia n  

c o o ra in ac e  sys tem , i s  d e f in e d  by th e  r e l a t i o n

x ( X , t )  = X + u ( X , t )  , ( 4 . 1 . b )
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and r e p r e s e n t s  th e  d isp lacem en t  o f  tn e  c e n te r  of mass from

i t s  e q u i l ib r iu m  or u n d i s t o r t e d  p o s i t i o n  X. U n fo r tu n a te ly ,

th e  term  u ,  on th e  r ig h th a n d  s i d e  o f  Bq, (4 . 1 .2 )  i s  a 
J

m a te r i a l  d e r i v a t i v e  so  t h a t  we have no t com plete ly  

t ran sfo rm ed  to  s p a t i a l  d e r i v a t i v e s  y e t .  however, r e p la c e  

th e  fu n c t io n  *' i n  Eq. ( 4 .1 .2 )  w i th  th e  v a r i a b l e  u.^, o b t a i n ­

in g

“ l .A  -  5i , a  + u j ,A  •

Equation ( 4 .1 .4 )  can be r e c a s t  i n t o  tn e  m a tr ix  form

(5i j  -  -  Sl , »  • (4 - ’ ,:,)

Tne unknown u . can be d e te rm ined  now by i n v e r t in g  tn e
J »A

m a tr ix  f a c t o r  6. . -  u . . = (1 -  u ) .  . .  This o b ta in s  th e
1  j  i , j -  — J

e x p l i c i t  s o l u t io n

u. = (1 — u).^. u ui ,A  - ' i j  j , a

= u . + u . . u .  + u .  . u u + • • •i  ,a i »j  j , a  x , j  j , k  x, a  (4 . 1 . b)

Equation ( 4 ,1 .2 )  may now be r e w r i t t e n  w i th  th e  ne ip  of Eq. 

(4.1 .6 ) a s  an e x p l i c i t  t r a n s fo rm a t io n  from a m a te r i a l  

d e r i v a t i v e  t o  an e x p re s s io n  c o n ta in in g  on ly  s p a t i a l  d e r iv a ­

t i v e s  :
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dF 6F . dF / *» \
dXA = dxa " j  J»a UJ»* Ux' a + ”  *

( 4 . 1 . 7 )

Equation ( 4 .1 .7 )  w i l l  e n a b le  us to  w r i t e ,  f o r  example,

mi , A “ “ i , a  + ® i , j  t“ j , a  + “ j , x  *K,a + •••> •

I t  w i l l  a l s o  be n ecessa ry  to  e x p re ss  tn e  Jacob ian  of 

Eq. (3 .2 .3 7 )  i n  a p u re ly  s p a t i a l  fo rm . '&> accom plisn  t n i s , 

th e  Jaco b ian  i s  r e w r i t t e n  in  th e  form

J = set (81a + ui>A)

= 1 * Ui,x + 2 (ui , I  uj ,J  - ui , J  UJ,I>

* dSt “l.A • ( 4 . 1 . a)

where f o r  purposes o f  th e  summation conven tion

I = t,  J = j, e.9., ui>1 .  „1(1 + u2i2 ♦ u3>;a* Witn th e

he lp  of Eq. ( 4 . 1 .b ) ,  we have th e  p u re ly  s p a t i a l  form

J  = 1 + Si , i  + 2 (Si , i  Sj , i  * Si . j  + " "  l 4 . 1 . ' u )

F i n a l l y ,  K inem atic  c o r r e c t io n s  a r i s e  in  the  t ra n s fo rm a ­

t i o n  o f  m a te r i a l  time d e r i v a t i v e s  to  t h e i r  s p a t i a l  c o u n te r ­

p a r t s .  As seen  from th e  g e n e ra l  e x p re s s io n  Eg. ( 3 .2 .1 y ) ,  

th e  m a te r i a l  time d e r i v a t i v e  x.  ̂ i s  c o n ta in e d  on th e  r i g n t -  

hand s id e  o f  t h a t  e q u a t io n ,  and i t  i s  t h i s  d e r i v a t i v e  which
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must be e v a lu a te d  b e fo re  th e  t r a n s fo rm a t io n  i s  co m ple te .  ‘lt> 

do t h i s ,  we s e t  th e  fu n c t io n  F e q u a l  to  th e  v a r i a b l e  X,, ana 

s in c e  by d e f i n i t i o n  th e  m a te r i a l  time d e r i v a t i v e  o f  a 

m a te r i a l  c o o rd in a te  v a n is h e s ,  we have

Solv ing  now f o r  x ^ , we o b ta in

With th e  use of Eqs. ( 4 .1 .3 )  ana  ( 4 . 1 . 6 ) ,  Bq. (4 .1 .1 2 )  may

be r e w r i t t e n  i n  th e  p u re ly  s p a t i a l  form

dXA( x , t )  
= “ xi ,A  Sc (4 .1 .1 2 )

^ •  •  • •
(4 .1 .1 3 )

By choosing  F i n  Bq. (3 ,2 .1 9 )  t o  be e i t h e r  m^w o r  yj^, we 

o b ta in  r e s p e c t iv e ly

. . .  i (4.1 .14)

•ji *Yi . £ l  .
y i  = •5t~ + y i , j  dT" + • • •  » ( 4 . 1 . 1 b )
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where use  of J£q. (4*1 .13) has been made. 'jto c a l c u l a t e  

a c c e l e r a t i o n s  ( m a te r ia l  second time d e r i v a t i v e s ) ,  we cnoose 

F i n  £q. (3 .2 .1 9 )  t o  be th e  c o rre sp o n d in g  v e l o c i t i e s ,  in  our 

* * ucase  x^ ana y £ .  Doing t h i s ,  we o b ta in

. .  „ du4 au_
x \  _ ( _ _ i  + £  — SL )

i  at v a t  i , a  at '

• x au,, a / i  . —  a+  v  — JS —. [  — — ju  j .  q

x j axj  ̂ at i , a at ) + • • •

2 a 2A ^ ^
d ui  . ~ 6 ua .a  w a^ + U . o **■ 2 T7_ 7a. **"••• 9s.a. 2 i  *d va 2 dt

6t dt (4 .1 .1 b )

**ii a , y i  * ~n x * a / dyi  * «u \ y i  = at t a t “  + x j  i ' i . j  > + x j  &T“ < + x k y i  ,k }

2 #%u . 2>  ** ^ ia6 y ;  6 u . ou. <vr .

+ -  i4 - , , , 7 )

a f t e r  maKing u se  o f  i i j s . (4 .1 .1 3 )  ana ( 4 .1 .1 b ) .

I t  w i l l  a l s o  be n e c e s s a r y  i n  th e  l i n e a r i z a t i o n  p ro ­

ced u re  t o  Know th e  s p a t i a l  form  o f  tn e  f i n i t e  r o t a t io n  t e n ­

s o r  d e f in e d  by iSq. ( 3 . 3 . 4 ) .  by u t i l i z i n g  t h i s  e q u a t io n  ana  

JBq. ( 3 . 3 . 1 ) ,  th e  r o t a t io n  t e n s o r  can  oe e x p r e s s e d  in  tn e

form
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RiA "  Xi , B  *■ + 2  ^  ̂BA

-  ^Si b  + Ui , B ^ SBA “ EBA + 2 EBC ECA “ ***^ (4 . 1 # i a )

Tne Green f i n i t e  s t r a i n  t e n s o r  BA£j may be e x p re s se d  w itn  th e

a id  o£ Eqs. ( 3 . 3 . 1 ) ,  ( 3 .3 .2 )  and (4 .1 .3 )  a s

EAB = 2 ÛA,B + UB,A^ + 2 Ui  ,A a i  ,B » (4.1 .19)

so  t h a t  Jij. (4.1 .18) may be r e w r i t t e n  as

1 1  1
RiA = 6iA + 2 ui  , A “ 2 8iB  UA,B ” 2 SiB  UK,B UJC,A

+ 2 6iB  SBC SCA ”  Ui , B  SBA + **• (4 .1 .2 0 )

h e r e ,

SAB “ 2 (UA,B + UB,A^ (4 .1 .2 1 )

i s  d e f in e d  a s  tn e  i n f i n i t e s i m a l  s t r a i n .  The t r a n s fo rm a t io n  

to  th e  s p a t i a l  form i s  accom plisneo  tn rouyh  use o f £ 4  • 

(4 .1 .1 b )  to  y i e l d

Ri a  “ 6i a  + 2  ^ i  ,a  “  ’■‘a , i )

+ 8  ^3 u i , c  u c , a “ u i , c  u a , c “ ^ c , i  u c , a “ ^ c , i  U a »c | 4 * i | 2 2
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The tec h n iq u e s  p re s e n te d  in  t h i s  s e c t i o n  a r e  s u f f i c i e n t l y  

g e n e r a l  to  p e rm it  th e  e v a lu a t io n  of th e  s p a t i a l  form of any 

q u a n t i t y  o f  i n t e r e s t .

4 .2  N onlinear Equations o f  Motion

The e q u a t io n s  o f  m otion f o r  th e  c e n te r  o f  mass ana tn e  

i n t e r n a l  c o o ra in a te s  were d e r iv e d  p re v io u s ly  i n  S e c tio n s  J .o  

and 3.7  under th e  r e s t r i c t i o n s  of th e  d ip o le  app rox im ation . 

Tnat i s  to  say  t h a t  th e  L agrangian was f i r s t  l i n e a n z e a  in  

th e  d isp lac em e n ts  u a b e fo re  th e  e q u a t io n s  of motion were 

d e r iv e d .  Wo g u a ra n te e  e x i s t s  t n a t  a l l  l i n e a r  terms wouia oe 

p re s e n t  a f t e r  l i n e a r i z a t i o n  of tn e s e  e q u a t io n s  o f  m otion . 

N e i th e r  cou ld  th e  f u l l  form of th e  n o n l in e a r  term s be w r i t ­

te n  down from th e s e  e q u a t io n s .  I t  i s  n e ce ssa ry  th e r e f o r e  t o  

d e r iv e  th e s e  e q u a t io n s  o f  m otion v a l i d  to  a l l  o ra e r s  b e fo re  

any l i n e a r i z a t i o n  p rocedure  be a t te m p te d .  Tne m agnetic 

e q u a t io n  of m otion , £4 . ( 3 .d .d )  i s  a l r e a d y  v a l i d  to  a l l  o ra ­

e r s  .

Tne e q u a t io n  o f motion to r  tn e  p a r t i c l e  a e s c r in e a  oy 

p o s i t io n  x “ (2 , t )  w i l l  be g iv en  by

pa x a (X ,t)  = Fa (X ,t)  + £ a e ( x , t )  , (4 . 2 . 1 )

where use  o f  Eqs. ( 3 . 1 . 6 ) ,  ( 3 . 1 . 6 ) ,  ( 3 .2 .1 1 ) ,  ( 3 .2 .1 7 ) ,

( 3 .2 .2 2 ) ,  (3 .2 .3 d )  ana (3 .2 .4 0 )  has been made, here the

m echanica l fo rc e  f a ana  tn e  e le c t ro m a g n e t ic  fo rc e  iT08 a re
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g i v e n  r e s p e c t i v e l y  b y

- p ° &  + p ° & - < $ r - > - <*•*•*>6x ~  A 6k
*"

gae -  q a [ 2 ( x at t:) + x a x  § ( x a , t )  ]

+ I  Lm1'* • B(xs , t )  ] . ( 4 .2 .3 )
dx jj

The e le c t ro m a g n e t ic  fo rc e  if®8 i s  now expanded i n  powers of 

th e  d isp lacem en ts  u a , d e f in e d  by E q . ( 3 .2 .b ) ,  so  t h a t  tn e  

r e s u l t s  a r e  v a l i d  to  a l l  m u l t ip o le  o r d e r s :

? ae = q a [ E(x + u a ) + ( x  + u a ) x  S ( x  + u a ) ]

♦ * z r  I  I ™Til - SC* + 36x a

= q “ E(x) + q “ ( u a * V) E(x)

+ 1  q a u “ u “ I w l ( x )  + q “ (x + u a ) X  I ( x )

♦ J x  ( q a u a • »)  3 ( 2 )  * q % S , x ( u “ • V) B(x)

+ ■‘K ' - £  mTP • (I ( ic )  + (uP • V) 3 ( 2 )  ) 
6 X  0

+ . . .  ( 4 . 2 . 4 )
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We note  t h a t

ct=1 ox“ J

where Bgs. ( 3 . 2 . 7 ) ,  (3 .2 .1 1 )  ana (3 .2 .1 2 )  have been u s e a .  

Thus, d isp lacem en t in v a r ia n c e  (see  Sec . 3 .3-A ) y i e l a s

0=1 dx 

Moreover,

2  * § r ~  ‘  i h  • ( 4 - 2 - 7)0=1 dx A , A

Summing Eg. ( 4 .2 .1 )  over th e  index  a , we o b ta in  th e  c e n te r  

o r  mass e q u a t io n  or morion:

p ° X * ( * , t )  =  F ( X , t )  +  r ' l X . t )  ,  ( 4 .2 .8 )

where

f  =  z  i a  = p °  | j r  ( I I —  > . l . 2 . 9 )a oaA , A

and

= 2  f f  
a
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= (p • V) E± + (p x B)± + [ X x (p * V)B ] .

a

I W  E±

+ £ q a  L u a  x  ( u a  • v ) S j i  + . . .
a

(4 .2 .1 0 )

Xn th e  above, Eqs. (3 .2 * 4 ) ,  ( 3 .2 .2 9 ) ,  ( 3 .2 .3 4 ) ,  ( 3 . 5 .2 ) ,

( 4 . 2 . 2 ) ,  ( 4 . 2 . 4 ) ,  ( 4 .2 .6 )  ana ( 4 .2 .7 )  nave been u s e d ,  rfui-

t i p l y i n g  Eq. ( 4 .2 .1 )  by Vail,ii ^ 0 ,  and summing o v e r  tn e  

ind ex  a , we o b ta in  th e  i n t e r n a l  c o o rd in a te  e q u a t io n s  of 

m o tio n :

= F“(3U> *

where

=  Z  v aiA i a  =
a

and
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+ §  I 2?  I W  J E + X  X  L P ** * 7 j B j i  

+ m£ii * B . + . . .  (4 .2 .1 3 )
,  J.

In  tfte above, E^s. ( 3 . 2 . b ) - ( 3 . 2 . d ) ,  (3 .2  .1 b ) ,  (3 .2  .3 2 ) -

( 3 .2 .3 4 ) ,  ( 4 .2 .2 )  and (4 .2 .4 )  have been u se d ,  and we deb ine

P ^ =  2 q “ u a Va» -  ^  q ^V y V . ( 4 . 2 . 1 4 )
a v

q UV = 2  Vaii VaV , ( 4 . 2 . 1 3 )
a

g.u = I  q a u “ u« v aii
a

= I  ' q1̂  yv yx , (4 .2 . 1 b)
Vi

In  the  absence o f wave v e c to r  d i s p e r s i o n ,  th e  second term  in  

Eq. (4 .2 .1 2 )  v a n is h e s .  We now p roceed  to  o b ta in  th e  l i n e a r  

e q u a t io n s  o f m otion .

4 . 3  L in earized  Center o f  Mass Equation

The fo rc e  i n  th e  c e n te r  of mass E j .  ( 4 .2 .y )  can be 

w r i t t e n  more e x p l i c i t l y  as

N-1 .. .n bR,
i  =  J > _  {  x  i £ _  ♦  Y  - T J U !

>° 0XA * • “ pS, J 0A>} “ a . a
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+ v  &  + Y m« -S 2  j. ,
a=1 j  d r“ ^ i . A  a=1 J ,C  d r“ ^ i . A

B B,c (4 .3 .1 )

where Eqs. ( 3 . 3 . 1 ) - ( 3 . 3 . 3 ) ,  ( 3 . 3 . b) ana ( 3 .3 .2 2 )  have been 

u t i l i z e d .  With tn e  a i a  o f th e  r e s u l t s  o f  Sec tion  4.1 ana 

Eqs. (3 .3 .2 3 )  and (3 .1 0 .2 1 )  tn e  l i n e a r  c e n te r  o f mass f o r c e ,

f k  can  be de te rm ined  as

= j .  u + jP \  y ?
i  i c a a  c ,d a  i j k

* »fjK  Sj‘ .*  * J l“  *1 Sj‘ . 1  ’ U ' * “ ‘ )

wnere

-r  _ (010U)k o  (0200)k + (u l1 0 )Ka Sa g *
i c a a  = aa Si c  + 2 Ka ic a  + Ka i l  mj  6c [J ^ c t

^ (0 0 2 0 ) ,aa , Sa SB+ 2 ^  «i [ j  bb ] a  6C [ *  6l ] a  mj

(0110)k a Sa
cdb 8i  [j b ]a  mj

, 1 (0010)„a  Sa , s / , x R _ « R \ 
8  Kb mj  i b i d  ( 3 6 b c  8j a  j c  ba

"  2 8i j  Sc (a  8o)d

+ 8 ( 3  6 6 - 8 .  5 , ) ^  , (4 .3 .3 )i d '  ac  j a  j c  a a '  J * '
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tU _ (1100) 11 . (1010) |ia Sa , *
J i j k  -  jK i Kjb  ml  i  Ll bjic » ( 4 .3 .4 )

r« _ (0110)Ka (0010) a
i  jk  = Kk i j  + Kb i [ j  b jk

. (0020),, pa 3p , .
bj ml  i  [1 b j k  * (4 .3 . i> )

j «  _ (0101) a (0011) Rpa Bp
J i j k l  2  Kl i j k  + Kb jk  a 6i | a  6b j l

(0001)Ka ,
+ bk 6i [ j  6b ] l  • ( 4 . J . 6 )

In  the above, we have u sea  b ra c k e ts  to  denote  an a n tisy m - 

m e t r iz a t io n  and p a re n th e s e s  t o  denote  a sym m etriza tion  on 

tn e  e n c lo se d  i n d ic e s :

' e y  sl j d  = 2 ( 6c j  6l a  '  6c l  sjd  > •

*c(« *b)a a 2 ‘ ‘c. *ba ♦ ««. «m > •

In a s i m i l a r  f a s h io n ,  th e  l i n e a r  p a re  of th e  e le c tro m a g n e tic  

f o r c e ,  Jig. ( 4 .2 .1 0 ) ,  i s  g iven  by

( * j  ( a* , . 1 4 * . ;  ,
a ’

where Bb i s  th e  m acroscopic  spontaneous m agnetic  f i e l d  

assumed he re  to  be homogeneous a s  in  a boundless magnetic 

medium. Tne v a ry in g  o r  induced  m agnetic  f i e l d  p r e s e n t  in  

Eq. ( 4 . 3 . y) s ta n d s  fo r  BV = 3 -  Ba bu t w i l l  h e n c e ro r tn  be
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denoted  sim ply by B. Tne l i n e a r i z e d  e q u a t io n  f o r  tn e  c e n te r  

o f  mass can  now be w r i t t e n  down:

^  r H  ^ T a  **  (X
~ i c d a  uc , a a  ~ i j k  ^ j ,K  i j x  mj  ,k

-  J i V l  "  Gi  * U .3 .1 0 )

Here th e  n o n l in e a r  fo rc e  i s  g iven  by

2 A d u.
3i  = ( f i  ~ f i  > + ( f i  ■ ^ t ) U ) -  p° ( x ' i  -  ~ r  > »

and can be de te rm ined  to  any o rd e r  of n o n l in e a r i t y  as needed 

f o r  any p a r t i c u l a r  a p p l i c a t i o n .

4 .4  L in e a r ize d  B ju a t io n  fo r  i n t e r n a l  C oord inates

Tne fo rc e  i n  th e  i n t e r n a l  c o o rd in a te  e q u a t io n  (4 .2 .1 2 )  

can be w r i t t e n  more e x p l i c i t l y  as

f ?  = - po i£ _  = - R, pu <£_
by- dAA

 ft f o (2000) AV . (1100)KH K
-  RiA  L 2 AB B ABC BC
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(1010) ua r a (1001)Kiia pa
Ab b AbC b; C

+ .  . .  ]  , ( 4 . 4 . 1 )

where use of Eqs. ( 3 . 3 .3 ) ,  (3 .3 .2 3 )  ana ( 3 .7 .2 )  nas been 

made. With th e  a id  of th e  r e s u l t s  of S ec tion  4.1 ana  bg.

( 3 .3 .2 2 ) ,  th e  l i n e a r  i n t e r n a l  c o o rd in a te  fo rc e  4 0 ,

can be de te rm ined  as

+ (1 0 1 ° )K̂  S « * ( 1 0 0 1 ) ^ 0, - a
1J J 1 J ,t J , ,s  ( 4 . 4 . / )

where

~n _ ( 1 1 0 0 ) ^  . (1010)Kna Sa u  4
Ki j *  = i jK  Ki l  ma j  [a ^ I jk  *

In  a s i m i l a r  f a s h io n ,  th e  l i n e a r  p a r t  o f  th e  e le c tro m a g n e tic  

fo rc e  on th e  n - th  degree  of freedom ( 4 .2 .1 3 ) J i s  g iven

by

= 4 4 “ ( - f - x 5 S )L

A

* < ~ * r  x  > i + mi f  bk ,a  • { * .« .« )
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The l i n e a r i z e d  e q u a t io n  fo r  th e  i n t e r n a l  c o o rd in a te  degrees 

o f  freedom can now be w r i t t e n  down:

d2y ?,U  l i
.2

n n Ei .  q li ( _£L . x ). .  ( x 5 *
dt

-  m ^ S  B ,  . +  2 ( 2 0 0 0 ) K i i V  y  V  +  . u  . ,k )c,i i j  Jfj i j x  j  ,K

( l0 1 0 )Kpa - a
i j  j

(1001 ) ji«
i  j* m . (4 .4 .5 )

Here th e  n o n l in e a r  fo rc e  G^ i s  g iv en  by

G*£  = ( -  ( f £ ) L ) + ( f f  -  ( t f s) L ) -  -
v2~ii

ot 2 )
( 4 .4 .0 )

This n o n l in e a r  lo rc e  can be e a s i l y  de te rm ined  to  any o ra e r  

o f  n o n l in e a r i t y  to  f i t  a p a r t i c u l a r  a p p l i c a t i o n .  An example 

w i l l  be g iven  i n  th e  next c n a p te r  in  r e l a t i o n  to  l i g n t  

s c a t t e r i n g .

i t  i s  i n t e r e s t i n g  to  no te  t h a t  th e  l i n e a r  term s p re s e n t  

i n  th e  c e n te r  of mass Bq. ( 4 .3 .1 0 ) ,  cou ld  nave been o b ta in e d  

from the  co rre sp o n d in g  e q u a t io n  in  th e  d ip o le  approxim ation  

Bq. ( 3 . 5 .4 ) .  Moreover, a l l  th e  l i n e a r  term s p re s e n t  i n  tne  

i n t e r n a l  c o o rd in a te  e q u a t io n ,  Bq. ( 4 . 4 . 5 ) ,  cou ld  a l s o  nave 

been o b ta in e d  from th e  co rre sp o n d in g  d ip o le  approx im ation  

Bq. ( 3 . 7 .1 ) .



4 .5  U .nearizea  Magnetic iSguation or Motion

The e f f e c t i v e  m agnetic  f i e i a  in  th e  m agnetic  e q u a tio n  

o f  m otion , a s  g iven  th ro ugn  iiqs. ( 3 .3 .b )  ana ( 3 . a . a ) ,  may he 

w r i t t e n  more e x p l i c i t l y  as

c le f f  = + ({?a . fl. + _  _ p0 r . a ^ _

A

+ I ”  *■ p°  Ri a  1 * ( 4 . 5 . 1 )
< ; A

In the  above , th e  m agnetic  f i e l d  3 (x a , t )  has been expanaea 

about th e  c e n te r  o f  mass p o s i t i o n  x ,  ana bgs. ( 3 .3 .b )  ana

(3 .3 .2 3 )  have been u se d .  .Employing 3qs . (3 .3 .2 3 )  ana

(3 .3 .9 )  ana th e  r e s u l t s  of s e c t io n  4 .1 ,  tn e  l i n e a r i z e d  mag­

n e t i c  e q u a t io n  of motion may be w r i t t e n :

~  (X

1_ —̂ i  _ ( *Sa _ - a  , S _ (0010) a,
dt x fl)i  i r t  r  (flt  V

♦ a j « s ;  ♦  H t t
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~Sa(0002> «p ^
"  2 ei r t  mr  t a  j d  mj , d a

+ KijJc ^ j ,K  Ki j k l  u j  ,x l

= &“ , ( 4 .5 .2 )

where

~:a -S a  r (Q010),,a K R
ijJc -  i r t  r   ̂ a j  [ t  a ]x

(0020)^ati „ -Sji
+ 2 Kt b  5j [ X  V j *  ml

(0110)Ka
b e t  j ( b  c)K *

Ka -  f mSa r ( ° 0 0 1 )  a K S + (0101 ) Ka 
i  jK l “ i r t  r  *■ b l  j  Lt bjK c a t !  j  ic a jx

^ (0001 ) ^ a  *6$ « ^
+ c t l  ma j  [a c JJc  ̂ * ( 4 .5 .4 )

&a r e p r e s e n t s  th e  n o n l in e a r  to rq u e  on th e  s u b l a t t i c e  m agnet-
•♦fP  nr

i z a t i o n  m . This q u a n t i t y  i s  not w r i t t e n  ou t e x p l i c i t l y ,  

bu t  can be founa r e a d i l y  to  any o r a e r  o f n o n l i n e a r i t y .

We postpone  u n t i l  th e  next c n a p te r  th e  d e te rm in a t io n  of 

th e  e le c t ro m a g n e t ic  wave e q u a t io n  and i t s  l i n e a r i z a t i o n .



V. APPLICATION TO LIGHT SCa TTjSKING

5 .1  S im p l i f i c a t io n s  t o  the Problem

The s p e c i f i c  a p p l i c a t io n  we have i n  mind i s  th e  non­

l i n e a r  i n t e r a c t i o n  o f  l i g h t  a t  o p t i c a l  f re q u e n c ie s  w itn  

magnon-phonon-photon mixed moaes h e r e a f t e r  c a l i e a  mauneto-  

p o l a r i t o n s . We r e s t r i c t  o u r s e lv e s  to  m a te r i a l s  wmcn a re  

m agnetic  i n s u l a t o r s  and wnicn ( i f  a l l  o th e r  mecnanicax 

deg rees  of freedom a r e  su p p re sse d )  possess  magnon d i s p e r s io n  

cu rves  e x h ib i t i n g  an energy  gap in  th e  spectrum  or tn e  o ra e r  

o f  r a d io  f re q u e n c ie s  a t  th e  zone c e n t e r .  We w i l l  be con­

cerned  w i th  s c a t t e r e d  r a d i a t i o n  having  Stoxes and a n t i -  

Stolces l i n e s  s h i f t e d  i n  f requency  from th e  incoming l a s e r  

frequency  by a t  l e a s t  an amount e q u a l  to  th ese  r a d io  f r e ­

q u e n c ie s .  T h e re fo re ,  th e  e l a s t i c  degree  of freedom (acous­

t i c  phonons) which i s  im p o rtan t  on ly  a t  much lower frequency 

s h i f t s  ( B r i l l o u i n  s c a t t e r i n g )  w i l l  be ig n o red  i n  t h i s  

a n a l y s i s .

As a f u r t h e r  s i m p l i f i c a t i o n ,  a l l  s p a t i a l  d e r i v a t i v e s  i n  

th e  m echanica l e q u a t io n s  o f  motion w i l l  oe s e t  e q u a l  to  

z e ro .  Tnis p la c e s  no r e s t r i c t i o n  on our method s in c e  we

-  112 -
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co u ld  h a n d le  t h e s e  te rm s  s im p ly  by c o n s id e r in g  F o u r ie r  com­

p o n e n ts  i n  ic s p a c e .  I t  3.s j u s t  a  c o n v en ien ce  w hich  * i l i  e a se  

th e  c a l c u l a t i o n a l  e f f o r t .  I t  s h o u ld  be n o te d  t h a t  i n c l u s i o n

o f  s p a t i a l  d e r i v a t i v e s  o f  t h e  f i e l d  v a r i a b l e s  w i l l  m a n i fe s t  

i t s e l f  i n  n o n lo c a l  i n t e g r a l  e x p r e s s io n s  r e l a t i n g  p o l a r i z a ­

t i o n  and m a g n e t iz a t io n  t o  t h e  e l e c t r o m a g n e t i c  f i e l d s .

Force  te rm s  a r i s i n g  from e l e c t r i c  q u a d r u p o le ,  and 

h ig h e r  m u l t i p o l e  moments w i l l  be assum ed n e g l i g i b l e  i n  com­

p a r i s o n  to  th e  o t h e r  i n t e r a c t i o n s .  F i n a l l y ,  c o r r e c t i o n  

te rm s  w hich  a r o s e  becau se  o f  t h e  t r a n s f o r m a t io n  o r  tim e 

d e r i v a t i v e s  from th e  m a t e r i a l  to  th e  s p a t i a l  fram e w i l l  be 

assum ed n e g l i g i b l e  and  d i s c a r d e d  h e r e .  Tnis l a s t  s i m p l i n -  

c a t i o n  nas been j u s t i f i e d  f o r  tn e  d i e l e c t r i c  c a se  oy weison 

a n a  r a x .

5.2, L in ea r  C o n s t i t u t i v e  Ttelstinns

In  F q s . ( 4 .4 .b )  and ( 4 . 3 . 2 ) ,  a l l  m e c h a n ic a l  and r i e l d  

v a r i a b l e s  a r e  e v a l u a t e d  a t  t h e  p o s i t i o n  x w hereas  t h e  f i e i u s  

i n  t n e  h a x w e l l - i o r e n t z  e q u a t io n s  ( 3 .4 .3 )  and ( 3 .4 .1 1 )  a r e  

e v a l u a t e d  a t  th e  p o in t  z .  S ince  th e  e l e c t r i c  and  m agnetic  

f i e l d s  wnicn e n t e r  t n e  m e c h a n ic a l  e q u a t io n s  a r e  2 (z )  anu 

B(z) e v a lu a t e d  a t  z = x and  th e  p o l a r i z a t i o n  and  m a g n e t iz a ­

t i o n  w hich  e n t e r  t n e  M a x w e l l - lo re n tz  e q u a t io n s  in v o lv e  y ^ (x )  

ano ma (x) e v a l u a t e d  a t  x = z ,  t h e  two v a r i a o l e s  x and  z can 

be i d e n t i f i e d  f o r  p u rp o se s  o f s o lv i n g  tn e  c o u p le d  e q u a t i o n s .  

They a r e  b o th  s p a t i a l  v a r i a b l e s  and s h a l l  be d e n o te d  oy z
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from here  on.

Since we w i l l  be c o n s id e r in g  in d iv id u a l  frequency  com­

ponents o f  th e  f i e l a s ,  we w i l l  tak e  tO u r ie r  components of 

each  f i e l d  t n a t  ap p ea rs  in  our e q u a t io n s :

y £ ( z , t )  = y£(z,u>) e 1U|C t ( 5 .2 .1 )

~a, -  » <X/"* \ —iiu t /,m ^ tz j t )  = mi ( z f aj) e . ( 5 .2 .2 )

A fte r  d i s c a rd in g  term s c o n ta in in g  s p a t i a l  d e r iv a t i v e s  or cne 

e l a s t i c  degree  o f  freedom u ,  th e  i n t e r n a l  c o o rd in a te  equa­

t i o n  (4 .4 .4 5 )  may oe r e w r i t t e n  w ith  th e  help of figs • ( o .2 .1 )  

and ( 5 .2 .2 )  as

Let us now in tro d u c e  a m echanica l adm ittan ce  m a tr ix  X 

d e f in e d  th rough  th e  r e l a t i o n

e0 *SS ( •>  U ( 2 0 0 0 , K «  -  - • *  ♦ 1 .  .

Com0 1 n a t io n  o f  Lqs. ( 5 .2 .3 )  and ( 5 .2 .4 )  y i e l d s  an e x p re s s io n  

f o r  y
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The l a s t  term  in  Jig * ( 5 .2 .5 )  w i l l  l e a d  to  a n o n l in e a r  p o l a r ­

i z a t i o n ,  a t o p ic  we w i l l  r e t u r n  to  in  S e c tio n  5 .6 .  For now 

we s e t  th e  l a s t  term e q u a l  to  z e ro  s in c e  we a re  on ly  

i n t e r e s t e d  i n  l i n e a r  r e l a t i o n s .

in  s i m i l a r  fa s h io n  th e  m agnetic  e q u a t io n  of m otion , ifiq..

( 4 .5 .2 )  may be r e w r i t t e n  as

2  [ -  “  S l J

Sa (002U) atin S 
K Ki j J “ j

S(1I1010)
r

wnere th e  n o n l in e a r  term  5 “ a s  i n  Eq. (4 . 5 . 2 ) nas oeen s e t  

to  z e r o .  E lim in a t in g  y ^  from Jig. ( 5 .2 .5 )  w i tn  th e  a i a  of 

Eq. ( 5 . 2 . 5 ) ,  we ODtain

Su(UU2U j

( 1 0 1 0 )
( 5 . 2 . 7 )

= l» s a  X B)x
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Let us in tro d u c e  a m agnetic  a d m ittan ce  m a tr ix  I  w itn  tne  

p ro p e r ty

_i fi. iiS fi sP£ _ P f _ (001U) K(i\
P0 Xi j (u,) C Yp Sjx  6 ej x l (Bl  V 6

(0020) s  (1010) ^ ( 1 0 1 0 )  .c
* 2 ' j . X  «£" *£? -  • j r t " ?  <  e0Y£

= 8 a * Si K  . ( 5 . 2 . a )

Combining idgs. ( 5 .2 .7 )  ana ( 5 . 2 . a )  w i l l  y i e l a  an e x p re ss io n  

f o r  tn e  m a g n e tiz a t io n  v a r i a t i o n  ma :

* t -  £  \  •
0 ( 5 . 2 . a)

Using tn e  a e f i n i t i o n  of th e  m a g n e t iz a t io n ,  £q. ( 3 .2 .3 d ) ,  ana 

remembering t h a t  the  Jacob ian  J  = 1 a f t e r  ig n o r in g  th e  e l a s ­

t i c  aeg ree  o f freeaom Lsee iSq. ( 4 . 1 .1 0 ) ] ,  we o o ta in  tn e  

l i n e a r  c o n s t i t u t i v e  r e l a t i o n  fo r  th e  m a g n e tiz a t io n :
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where

(1 “ iSn,1 )iK = 2  ej lK * (5 .2 .1 1 )
a, p J

( x \_________ 1 V r aP e m5*1
' ^me JiK = [i.. i j  ej r t  mr  q I t  *1* *

^  (3 .2 .1 2 )

here  i s  th e  m agnetic  p e rm e a b i l i ty  te n s o r  and i s  one

o f  th e  two m a g n e to - e le c t r i c  t e n s o r s  which depends ve ry  

s t r o n g ly  on th e  m a te r i a l  c o e f f i c i e n t ,  (1 U1 0 ) ^ 1̂  m easuring 

th e  s t r e n g t h  of th e  sp in-phonon  c o u p l in g .

K lim ina ting  m*1 from £q. ( 3 .2 .3 )  by use  of £ g . I 5 .z .y )

and a f c e r  s e t t i n g  th e  n o n l in e a r  term  to  z e ro ,  we o b ta in  tn e  

e x p re s s io n

= Le0 q ^  + ^ i c  c l  l j  j r t  r  *a tq ^ k k J \

en J 1U1U) an SH
+ t -  f Q * c l  * l j  ma  W  Bk  *

Using the  d e f i n i t i o n  of th e  p o l a r i z a t i o n ,  £q. ( 3 . 4 . 2 ) ,  the

l i n e a r  c o n s t i t u t i v e  r e l a t i o n  f o r  th e  p o l a r i z a t io n  i s  found 

to  be
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= e 0 (Ke  -  i )  • £  + Xem • B / ^  , ( b . , 1 . 1 4 )

wnere

^ > i K =  SH.v
li *«IAV V

a  eO u ^ 1 0 1 0 ) P a  a d  S H ^ 1 U 1 U  ̂ v i  vX X+ y Q ^ _ii K* I  m  ̂ K q
n ,v , « .x  C1 1 J J r t fflr  ® ^ aK

“ »** (b .* .1 5 )

(x ) -  — e y  q ^ K^a TaP el2£em'iK = e0 \  q Yi c  c l  1l j  r  j r x  •h* X
(....IS)

here  i s  th e  d i e l e c t r i c  t e n s o r  r e l a t e d  to  tn e  e l e c t r i c  

s u s c e p t i b i l i t y  x„ i n  tn e  u s u a l  way:
v

= i  + xe . ( b . ^ .17)

A lso , xem i s  tn e  o th e r  m a g n e to - e le c t r i c  te n s o r  whicn ag a in  

i s  seen  to  depend on th e  sp in-phonon  c o u p l in g .

The second term  on th e  r ig h th a n d  s id e  o f . l b . 2 .1 5 )  

i s  a m agnetic  c o r r e c t io n  to  th e  e l e c t r i c  s u s c e p t i b i l i t y .  I t  

i s  i n t e r e s c i n g  to  n o te  t h a t  oecause of th e  p resence  or tne  

spontaneous s u b l a t t i c e  m a g n e tiz a t io n s  m*a i n  t h i s  te rm , tn e  

e l e c t r i c  s u s c e p t i b i l i t y  shou ld  show a s t ro n g  tem p era tu re  

dependence f o r  m agnetic  d i e l e c t r i c s  a t  low te m p e ra tu re s .
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5 .3  Tne Drivan Wave B auation

By the  e l im in a t io n  o f  tn e  m agnetic  f i e l d  Between .

( 3 .4 .3 )  and ( 3 .4 .1 1 ) ,  an e q u a t io n  fo r  th e  e l e c t r i c  f i e l d  i s  

o b ta in e d  in  th e  form

(’ * 5) ♦ *2 ^ ! -  '  “o «  • (5-3-1)
C  o t

Under th e  approx im ations  made in  S e c t io n  5.1 , tn e  c u r r e n t  

d e n s i ty  j  i s  g iven  by

-• A p ^
J = dc + '7 x M * ( 5 .3 .2 )

where Bqs. ( 3 .4 .4 )  ana ( 3 .4 .5 )  have been u se d .  Bguacion 

(5 .3 .1 )  i s  now s e p a ra te d  i n t o  l i n e a r  and n o n l in e a r  com­

ponents by w r i t in g

J = (S . 3 . 3 )

( 5 .3 .4 )

S u b s t i tu t in g  i n  th e  l i n e a r  c o n s t i t u t i v e  r e l a t i o n s ,  B^s.

(5 .2 .1 0 )  and ( 5 .2 .1 4 ) ,  i n t o  JSqs. ( 5 . 3 .1 ) ,  ( 5 .3 .3 )  ana

( 5 . 3 .4 ) ,  the  d r iv e n  e l e c t r i c  f i e l d  wave e q u a t io n  i s  o b ta in e d  

in  which a l l  l i n e a r  p r o p e r t i e s  o f th e  e le c t ro m a g n e t ic  medium 

a re  c o n ta in e d  on th e  l e f t - n a n a  s id e  ana  a l l  n o n l in e a r  p r o ­

p e r t i e s  a r e  d is p la y e d  on th e  r ig h t - h a n d  s i d e :
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V  X  [  k ^ 1 •  ( V  X  E )  ]  ♦  ^

C  d t

+ —— v x f x * —— ] — x * ( v x —— )c 2 x L *ine ot J *em ' a t  '

-  "  “o • l a -

In th e  above, we u n d e rs ta n d  t h a t  ~ r  = - i  iu. I t  we use ’ at
a b b re v ia te d  n o ta t io n

K = - i  v , ( o .

i\i I ,
th e  c o n t r ib u t io n  o f  each  s i n g l e  frequency  u» in  j  to  

o u tp u t  f i e l d  E can be o b ta in e d  by so lv in g

a(K,u») * E = P /e 0 , (b .

w h e r e  we d e f i n e

a(K,iu) * 2 = -  n^ s x * (s x E) ] -  Kg * E

+ r- s x jx * E] -  c n  x * (s x 2) , (b .c  *̂ 106 - e m

s = J  , K = \K\ , n = —  , (b .

P = PWL -  ;  s  x MWL . (b .bc

b.b)

tne

b.b)

tne

b .7)

J , d )

a . y )

. 1 0 )
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Tne form of th e  wave e q u a t io n  g iven  Dy Eg. ( b .3 .7 )  i s  p a r ­

t i c u l a r l y  s u i t a b l e  when th e  n o n l in e a r  c u r r e n t  d e n s i ty  i s  

decomposed i n to  F o u r ie r  components m  time and p lan e  waves 

i n  s p a c e .

In  o rd e r  to  so lv e  t h e  wave e q u a t io n  ( b .3 .b ) ,  th re e  sim­

p l i f i c a t i o n s  w i l l  be made:

1 The m a te r i a l s  we a r e  d e a l in g  w ith  have weak m agneto-

e l e c t r i c  e f f e c t s .  Thus, th e  l a s t  two term s on tn e  

l e f t - h a n d  s id e  of Eg. ( d .3 .b )  w i l l  be c o n s id e re d  to  be 

much s m a lle r  th an  the  o th e r  l i n e a r  terms and , nence, 

w i l l  be d is c a rd e d .

2 The d i e l e c t r i c  t e n s o r  k , and th e  m agnetic  p e rm e a o i i i ty

te n s o r  ^  a r e  r e a l  and sym m etric .

3 Tne component v x o f  th e  n o n l in e a r  c u r r e n t  d e n s i ty

w i l l  be d is c a rd e d  in  Keeping w itn  tn e  s im p l ic a t io n s  of
y -*£4Li ulS ec tio n  3.1 (E can be shown to  be a fu n c t io n  or y

and ina ; hence , V x i s  e x p r e s s io le  in  terms o f  spa­

t i a l  d e r i v a t i v e s  o f  y a n d  mtt which we have oeen d i s ­

c a rd in g )  .

As a r e s u l t  o f  (1) and ( 3 ) ,  Eq. ( 3 .3 .3 )  can  be r e w r i t ­

t e n  f o r  th e  case  when th e  e l e c t r i c  f i e l d  i s  being d r iv e n  oy 

a s i n g l e  f requency  component o f  th e  n o n l in e a r  p o l a r i z a t io n  

as
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a ( - i v , u ) )  * E(z,u>)  = e  iU* ' / e (j » ( 5 . 3 . 1 1 )

where

a(-iv ,u») * g (2 ,  u,)

c 2 -
= ~2 V x x ^  "  - e  * K * ( a . 3 .12)

For f u tu r e  c o n v en ien c e , we make a cnange of v a r i a b le s  

by u s in g  the  fo l lo w in g  t r a n s fo rm a t io n s :

2 = k " 1//,d F , (b .3 .1 3 )— m

V- = k “ 1/ 2 V- , z = k l / 2 y , (3 .3 .1 4 )z — -m y — —m

1 / 2where k '  i s  the  symmetric sq ua re  r o o t  o f  x^. S u o s t i tu t io n

o f  £qs. (5 .3 .1 3 )  and (o .3 .1 4 )  ana use of th e  m athem atica l 

theorem

D * [ (j? * A) x (j> * 3) ] = (detD) A x 3 , (5 .3 .1 5 )

where D i s  a ay ad ic  ana A ana 3 a r e  v e c t o r s ,  e n ab le  us to  

e x p re ss  Eq. (5 .3 .1 1 )  i n  th e  form

JiC-iv-fw) ’ F(y,uj) = Pef£"(y) e iiu t / e Q . (3.3.1t>)

here  we d e f in e
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c j --------- v -  x (v -  x F) -  k j £f * F ,
w2 d e t  ( k )  y  y  e

( 5 . 3 . 1 7 )

where

k®f f  = kT1y/2 * k * k“ 1//2 , (5 .3 .1 8 )—e — —m —e —m ' '

and

Fe t f (y) = *S~1/2 • PIJL(y) . (5 .3 .1 9 )

Since a p o in t  z i s  mappea in  r e a l  space i n to  an o th e r  

p o in t  y th ro ugh  th e  t r a u s fo rm a t io n  Bg. ( 5 .3 .1 4 ) ,  we ex p ec t  a 

p o in t  k i n  r e c i p r o c a l  space  to  he t ran s fo rm ed  to  a p o in t  T 

i n  a t ran s fo rm ed  r e c i p r o c a l  s p a c e . Tne co n n ec tio n  i s  g iven  

by th e  r e l a t i o n

k * z = 1 * y , (5 .3 .2U )

which im p l ie s  w i th  th e  help  o f  Bg. (5 .3 .1 4 )  t n a t

T = k * 4 /2  = « » (5 .3 .2 1 )

1 / 2where th e  symmetric p ro p e r ty  o f  k^ has been u t i l i z e d .  i t  

a p lane  wave component F(l,u») e ££ ^ o f th e  t ransro rm eu
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e l e c t r i c  f i e l d  F(y,w) i s  c o n s id e re d ,  tnen  i2q. (5 .3 .1 6 )  may 

be r e w r i t t e n  w i th  th e  ne lp  o f  Kgs. (5 .3 .1 7 )  and (5 .3 .2 1 )  as

j ( I , w )  * F(l,u>) e X* * * = P*£ f (y) e " l u t / e 0 , (b .3 .2 2 )

where

4 ( 1 . «0 s  (ne )2 (1  -  I I )  -  Ke “  , (d .3 .^ 3 )

n.£( _  01----- _  si—7-  = Si a e t  jC1̂  ,
— ---------  1 /2 w ~m ’

"Tn "uj.^|detj<_ u> d e t  K
(b .3 .2 4 )

• S

*m

5 .4  Tne In s id e  Green*s Funo tion

A. Form ulation

When p lan e  waves a r e  no t s u i t a b l e  o r co n v en ien t  t o r  th e  

e le c t ro m a g n e t ic  f i e l d  because of e x p e r im e n ta l  geometry or 

o th e rw is e ,  i t  i s  b e s t  to  use a G reen 's  fu n c t io n  metnod to  

o b ta in  th e  f i e l d  c r e a t e d  i n  re sp onse  to  th e  d r iv in g  non­

l i n e a r  p o l a r i z a t i o n .  The rea so n  th e  wave e q u a t io n  was 

tran s fo rm ed  to  th e  form g iv en  by bkq • ( 5 .3 .1 b ) ,  was so  t n a t  

th e  G reen 's  fu n c t io n  method o f  .tax and ^ te l s o n ^ 4 r o r  an 

a n i s o t r o p i c  d i e l e c t r i c  cou ld  be a p p l i e d  to  tn e  case or a
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m agnetic  d i e l e c t r i c  a f t e r  a p p r o p r ia te  g e n e r a l i z a t io n .  Tne 

s o l u t io n  to  bq. (5 .3 .1 b )  i s  g iven  ny

F(y,u>) = J  G (y ,y ')  * #®f f ( y ' )  d y ' e “i(Ut/ 6 0 , ( 5 .4 .1 )

wnere th e  dyad ic  G re en 's  f u n c t io n  i s  d e f in e d  by

+oo i l  * (y* -  y ' )
G ( y ,y ')  = S  ---------  ^ 3  • ( 5 .4 .2 )

-o o  ji(1 f uj) (2n)

here  ^ ( l , iu )  i s  d e f in e a  i n  iSq. ( 5 .3 .2 3 ) .

Tne r e c i p r o c a l  o f  th e  m a tr ix  j3 nas oeen p re v io u s ly  

shown by Lax and Nelson to  nave th e  e ig e n v e c to r  expansion

r 1 (i,.) = r -ZiL$iaLai---------- it,—  ,
[ ( h t t  ) “ 1 3 ^

^ ( 5 .4 .3 )

where F^ i s  an e ig e n v e c to r  and ( ^ the  co rresp ond ing
n <P

e ig en v a lu e  of th e  homogeneous wave e q u a t io n  f o r  frequency  u> 

ana a i r e c t i o n  of p ro p a g a t io n  £ [ see  iigs. (5 .3 .2 2 )  and

(5 .3 .2 3 )  w ith  Pe f f  = 0 ] ,

( 1  -  I T )  * P v  = ( - J ^ k J 1*  * F * , ( 5 .4 .4 )
%

and tn e  e ig e n v e c to r s  have been cnosen t o  obey th e  w eign tea
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o r th o g o n a l i ty  c o n d i t io n

’ i s ! f f  * »(«P»y = 1 » 2 , 3 )  . ( 5 . 4 . 5 )

In  Eq, ( 5 .4 .3 )  th e  tp = 3 o r  l o n g i tu d in a l  e ig e n v e c to r ,  FJ

p a r a l l e l  t o  I ,  has been s e p a r a te d  because n^ = o o , and th e

l a s t  term  in  Eq. ( 5 .4 .3 )  w i l l  make no c o n t r io u t io n  in  tn e

asy m p to tic  l i m i t  |i? | = jy -  y ' | - >  oo ( a l th o u g h  in  c e r t a i n

n o n l in e a r  d r iv e n  p r o c e s s e s ,  th e  l o n g i tu d in a l  c o n t r io u t io n
1 Obcan be s u b s t a n t i a l  ) .

I f  an  e l e c t r i c  f i e l d  e ig e n v e c to r  E^ i s  d e f in e d  tn rougn  

Eq. ( 5 .3 .1 3 )  by th e  r e l a t i o n

F<P = • 2» , ( 5 .4 .6 )

th e  o r th o g o n a l i ty  c o n d i t io n  Eg. ( 5 .4 .5 )  i n  c o n ju n c tio n  w ith  

Eq. (5 .3 .1 b )  y i e l d s  th e  more f a m i l i a r  b io r tn o g o n a l i ty  co n d i­

t io n

gcp . 5b = gtpb  ̂ ( 5 .4 .7 )

wnere

Uy = Ke * ( 5 .4 .b )

i s  an e l e c t r i c  d isp lacem en t e ig e n v e c to r .  These c o n d i t io n s  

app ly  f o r  cp,b = 1 , 2 ,3 .  Since i s  p a r a l l e l  to  1, Egs.
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(5 .3 .2 5 )  ana ( 5 .4 .6 )  imply t h a t  EJ i s  p a r a l l e l  to  s ,  tn e  

d i r e c t i o n  of p ro p a g a t io n .  Equation ( 5 .4 .7 )  t e l l s  us then
•*1 At h a t  D and 1) a re  p e rp e n d ic u la r  to  s .  f to reover, i r  we taKe 

th e  s c a l a r  p ro d u c t  o f th e  v e c to r  * Fy w ith  the  nomo-

geneous wave e q u a t io n  ( 5 . 4 .4 ) ,  we o b t a in ,  a f t e r  making use 

o f  Eqs. ( 5 .3 .1 d ) ,  ( 5 .4 .5 )  ana ( 5 . 4 . a ) ,  th e  r e l a t i o n

* )S~1 ' = 0 , cp 4 B = 1 ,2 . ( 5 .4 .9 )

-•1 **2Thus, U i s  not p e rp e n d ic u la r  to  D . Since th e  magnetic

f i e l a  i n t e n s i t y  E a s s o c i a t e a  w i th  e ig e n v e c to r  E i s  p a r a l -

l e i  t o  * (v x E1 ) or * (s x E1 ) ,  ana s in c e  s ana E*
-*2 *̂1 a r e  bo th  p e rp e n d ic u la r  to  D , i t  i s  n e ce ssa ry  t h a t  it i s

—i **2 /p a r a l l e l  t o  XV * D , w hich by means of Eq. ( 5 . 4 . y ) ,  im p lie s

t h a t

H1 * D1 = 0 . (5 .4 .1 0 )

-*1Thus, h i s  p e rp e n a ic u la r  to  D . Ey s i m i l a r  a rgum en ts ,  i t
~*2 **2 can  e a s i l y  be shown t h a t  H i s  p e rp e n d ic u la r  to  u .

Let us now t ra n s fo rm  our G reen 's  f u n c t io n  s o lu t io n  ro r  

th e  e l e c t r i c  f i e l d  bacx i n to  term s of wave v e c to r  space x 

ana r e a l  space z .  Using Eqs. ( 5 .3 .1 3 ) ,  ( 5 .3 .1 4 ) ,  ( 5 .3 .1 b ) ,

( 5 .3 .1 9 ) ,  ( 5 .3 .2 1 ) ,  ( 5 .3 .2 4 ) ,  ( 5 .3 .2 5 ) ,  ( 5 . 4 . 1 ) - ( 5 .4 .3 )  and

( 5 .4 . 6 ) ,  we o b ta in

2 ( ? . » )  = J’ s ( z . r )  • P“ L ( r )  o T  , ( a . 4 . 1 1 )
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where

dK+ 0 0  I K  ( z  -  Z )
giZ.2' ) = /  §-------; --------------- - j

- 0 0  ja(K., a») (2 11)
( 5 * 4 . 1 2 )

a n d

a-1 (K,u)) = v c '
S B

cp= 1  ) 2  -  (

n « ( s )

UJ
c K—e

(5 .4 .1 3 )

h e re ,  th e  index  o f  r e f r a c t i o n  i s  d e f in e d  a s  u s u a l  by

n ^ s )  = . ( 5 . 4 . 1 4 a )

These r e s u l t s  appear to  have e x a c t ly  th e  same form as tnose  

o f  Lax and Nelson fo r  th e  d i e l e c t r i c  c a s e ,  however, wnat 

must be remembered i s  t n a t  i s  r e a l l y  not an e ig e n v ec to r  

bu t  i s  r e l a t e d  to  th e  t r u e  e ig e n v e c to r  by Lg. ( 5 .4 .b ) ;  

ano n ^ ls )  i s  no t a t r u e  e ig e n v a lu e  h e re ,  but i s  r e l a t e d  to  

th e  t ru e  e ig en v a lu e  by

n | f f  = n ^ s )  * iSm * s / ^ p e t  kjj . ( 5 .4 .1 4 o )

B. S ta t io n a ry  Phase Method

Since we a r e  i n t e r e s t e d  in  r a d i a t i o n  a t  a la rg e  d i s ­

tance  from th e  so u rce  (k R = k | zT -  z ' i » 1 ) ,  th e  a sym pto tic
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form of G g iven  by th e  s t a t i o n a r y  phase method i s  a p p ro p r i ­

a t e  . The p resen ce  o f  a p o le  r e q u i r e s  th e  re s id u e  i n t e g r a ­

t io n  around th e  po le  to  be perform ed f i r s t ,  a f t e r  wnicn tne

s t a t i o n a r y  phase method can be c o n s i s t e n t l y  a p p l i e d .

we a re  concerned  w ith  e v a lu a t in g  an  i n t e g r a l  of tne

form

g(ff)  = S e iJc ’ * d£ , (5 .4 .1 5 )

in  which h i ( k )  has no s i n g u l a r i t i e s  fo r  f i n i t e  K, ana b(*) 

p o sse s se s  a f i n i t e  number o f  z e r o e s .

A re s id u e  i n t e g r a t i o n  of Eg. (5 .4 .1 5 )  over a component 

o f  it p a r a l l e l  t o  R y i e l d s

g ( S) . 2* i  S  glgfr.v) • R da t (5.4.16)
D=0 iVK u ( k ( u , v ) ) |

where dS i s  th e  e lem ent o f  s u r ra c e  a re a  of th e  su r fa c e

D(ic,w) = 0 .  This s u r f a c e ,  wnich r e l a t e s  w to  K, i s  

p a ram etr ized  by the  s u r fa c e  p a ram ete rs  u and v ; k = K(u,v,ui) 

i s  a u to m a t ic a l ly  on th e  s u r f a c e  . Tne s t a t i o n a r y  pnase con­

d i t i o n

*  '  S = 0 • (5 .4 .1 7 )

s e l e c t s  a p o in t  = K(u0 ,v y ) on th e  s u r f a c e  wnose tan g e n t  

v e c to r s  a r e  p e rp e n d ic u la r  to  K -  i . e . ,  a p o in t  a t  wnich tn e
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STATIONARY PHASE POINT ko

^  x OR y

SURFACE OF FREE 
WAVE k VECTORS .

Fig. 1 The energy surface (k) = of a;free wave is  shown in k space.
The stationary phase condition indicates that rariation in the directio 
R of the detector is  produced primarily by a bundle of rays whose ] 
vector, kQ , is  so chosen that the normal to the surface k (k) at 
k0 is  parallel tof.R, i . e . ,  so that the Poynting vector S (which is  
necessarily parallel to the group velocity  ̂ (k) ) is  in the directio 
of observation.
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s u r f a c e  normal i s  p a r a l l e l  to  th e  d i r e c t i o n  of o o se rv a t io n

R, a s  shown i n  F ig .  1 . Since th e  energy s u r fa c e  i s  a l s o  the

s u r f a c e  tu(ic) = c o n s t a n t ,  th e  u n i t  s u r f a c e  normal t  i s  neces­

s a r i l y  in  th e  d i r e c t i o n  o f th e  group v e lo c i ty

Vgt = iu(K) , (5 .4 .1 8 )

which can be shown to  be i n  tn e  d i r e c t i o n  of th e  Foynting
1 n ov e c t o r .  Thus, th e  wave v e c to r s  t h a t  de te rm ine  th e

i n t e n s i t y  i n  th e  d i r e c t i o n  K come from th e  v i c i n i t y  ox t n a t  

Kq on th e  energy  s u r f a c e  whose Poyn tm g v e c to r  i s  p a r a l l e l  

to  K.

xne c o n v e n t io n a l  s t a t i o n a r y  phase e v a lu a t io n  t n a t  

expands th e  exponent to  second o r a e r  about reduces  tn e  

i n t e g r a l  tiq. ( 5 .4 .1 6 )  to

g(S) = 4*2 (1K0 • K)   , (5 .4 .1 9 )
\ p  I I

where K i s  th e  G aussian c u rv a tu re  of th e  energy s u r fa c e  a t

d e f in e d  by

K = kv , (5 .4 .2 0 )

when u and v a re  chosen in  th e  d i r e c t i o n s  of p r i n c i p a l  c u r ­

v a tu re  and
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6 * ( u 0 ,v 0 )
K  • R/R , (5 .4 .2 1 )
u bu

6 * K »  V0>K 5 ---------- 2-----2 -  • R/R , (5 .4 .2 2 )
v dv

and C = +i o r  +1 a c c o rd in g  to  th e  s ig n s  o f  tne  c u rv a tu re s
2and th e  d i r e c t i o n  o f th e  group v e l o c i t y .  Since on ly  | C { 

e n te r s  th e  power, we s h a l l  ig n o re  C.

In view of Egs. (5 .4 .1 2 )  and ( 5 .4 .1 3 ) ,  we can r e w r i t e  

th e  dyadic  G re en 's  fu n c t io n  a t  l a r g e  R in  the  form

S(5) = I “  )2 2  [ n V 0 H 2 E^I Sq Ig ^ R)  , (5 .4 .2 3 )
C <p=1 ,2 U u u

where th e  dependence of n^ ana on u> i s  not e x p l i c i t l y  

i n d i c a t e d ,  s in c e  u> rem ains c o n s ta n t  i n  our d i s c u s s io n .  What 

rem ains to  be e v a lu a te d  i s  th e  s c a l a r  G reen 's  fu n c t io n

,*(5) = ( - 4 -  )2 S . (5 .4 .2 4 )
n (s 0 ) f r / n 9 ( s ) ]  -  (io/c) -  iO

The g r a d ie n t  o f th e  denom inator i s  g iven  by

v [ — J2 = £ V u> . (5 .4 .2 5 )
K n ( s ) n ( s ) c *

U s i n g  Eq.  ( 5 . 4 . 1 8 )  a n d  t h e  r e l a t i o n



we o b ta in

v t  = v - £ £ -  = £  s -  S& (i_ -  s s )  • v n (s )  . (5 .4 .2 7 )
9 k n ( s )  n n2 s

Thus,

= • ‘5 - “ -28)

where 8 i s  th e  a n g le  between K ana th e  Poynting v e c to r .  

Equation (5 .4 .2 5 )  can now be r e w r i t t e n  as

VK C - r -  ] 2 = 4  ^Ts  s  • (5 .4 .2 9 )
* n ( s )  n2 CosS

Equation (5 ,4 .1 9 )  a p p l i e d  to  Eq. ( 5 .4 .2 4 )  tn en  y i e l d s

n exp ( i  K? * R) 
g'P(it) = f 9 -------- ^ --------  , (5 .4 .3 0 )

where

f » £ _ £ o s ^  # (5 .4 .3 1 )
K0 \ f *

The c a l c u l a t i o n s  o f th e  e l e c t r i c  f i e l d  and th e  s c a t t e r e a  

power w i l l  fo llow  a f t e r  a b r i e f  a ig r e s s io n  on s o l i d  a n g le
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expansion  and source  volume d e m a g n if ic a t io n  c o r r e c t i o n s .

5 .5  S o l ia  Angle Expansion and Source Volume iJem aanifica tion

The r a t i o  of th e  s o l i d  a n g le  o f ray  (Foynting v e c to r )  

d i r e c t i o n s  i n s id e  an a n i s o t r o p i c  medium to  t h a t  o u t s i a e  th e  

c r y s t a l  can be s im p l i f i e d  by w r i t i n g  i t  a s  a p rod uc t o f  two 

f a c t o r s  s

drfn dn5n dr£in  i n  / r  j- . \
dn = k dn * i d . b . i ;awo u t  d cr  ou tm

The f i r s t  f a c t o r  d e s c r ib e s  th e  r a t i o  o f s o l i d  a n g le  in  ray  

space to  t h a t  in  £ v e c to r  space and i s  independen t or tn e  

e x is te n c e  of a boundary . Tne second f a c to r  i s  a pure  ooun- 

dary  e f f e c t  on ic v e c to r  s o l i d  a n g le s .  Lax and i>ielson1uy 

have shown t h a t

dnm
dn!

= KK^/cos 8
m

(5 .5 .2 )

-rr— 2 = ( cos 8 ) ( cos a ) / (  n cosp  ) , ( 5 .5 .3 )
ou t

where p i s  th e  i n s id e  a n g le  of in c id en c e  by th e  ra y  and a i s  

th e  emergence an g le  by th e  ra y  i n t o  f r e e  space • Combining 

Eqs. ( 5 . 5 . 1 ) - ( 5 .5 .3 )  y i e l d s
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= ( ~ ) K c o s a / c o s p  . ( 5 . 5 . 4 )
a(w  °

The above a u th o rs  have a l s o  d e r iv e d  an e x p re s s io n  f o r  th e  

l i n e a r  dim ension 1<, a lo n g  th e  l a s e r  beam w i th in  th e  c r y s t a l  

from which r a d i a t i o n  w i l l  be ad m it te d  by a d e te c to r  w ith  

f i e l d  s to p  o f  le n g th  1^:

• (5 -5 - 5)

where 0̂ , i s  th e  s c a t c e r i n g  a n g le .  A r e p r e s e n ta t io n  of th e  

g e o m e tr ic a l  q u a n t i t i e s  in  t h i s  s e c t io n  a re  shown in  P ig .  2 .

5 .6  The s c a t t e r e d  Power

'i'ne e l e c t r i c  f i e l d  can be computed u s in g  tn e  G reen 's  

fu n c t io n  e q u a t io n  (5 .4 .1 1 )  w i th  th e  help  of E js . (5 .4 .2 3 )  

and ( 5 .4 .3 0 ) :

z, cp\ 2 i(Jc^ * z -  tut)
2(z,u>) = £----------- —̂ -— - ------   , ( 5 .6 .1 )

<p=1 ,2 4 jc eQ j z |

where

C* -  “ j' e " 1** * P^L ( z ' )  d z # . ( 5 .6 .2 )

xiere we have used  th e  f a r  f i e l d  app rox im ation  to  r e p la c e  R 

i n  tn e  denom inator of Sq. ( 5 .4 .3 0 )  w ith  | z | ;  i . e . ,  tne
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FREE
SPACEANISOTROPIC

MEDIUM

LASER
BEAM

Fig. 2 Demagnification corrections when the incident ray, refracted ray.
and surface normal are all in one plane. The detector field stop
is represented in image space by knife edges which accept a
dimension perpendicular to the beam. The portion of the laser 
beam accepted is  determined by the geometrical conditions shown.
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source  dim ension z '  i s  much l e s s  than  th e  d is ta n c e  t o  th e  

p o in t  o f  o b s e r v a t io n .

The m agnetic  f i e l d  i n t e n s i t y  i n s i d e  th e  c r y s t a l  but in  

the  f a r  f i e l d  re g io n  i s  known from M axwell's e q u a t io n s  to  be

3 l a ,» )  = iSjn1 * C v x E(z,iu) ] . ( 5 .6 .3 )

In  e v a lu a t in g  v x E from Eq. (5 .6 .1  ) f two term s a r i s e ,  hut
—1

one i s  sm a l le r  than  th e  o th e r  by a f a c t o r  ~ ( k z ) . Tne

on ly  n o n - n e g l ig ib le  c o n t r i b u t i o n  i s  t h a t  aue to  tn e  r a p i a l y  

f l u c t u a t i n g  p h a se .  Thus,

k - 1 • (a® x I 6 ) c® .
9 4 ic eQ | z j W ^0 ( 5 .6 .4 )

4
The tim e averaged  Poynting  v e c to r  — He (,£* x Hj ta x e s  th e  

form

g 1 £  [x~i •
4 cp,e=1 ,2 (4xj z j ) to ^

He{(G(p)*Gee i ^K0" ^ tP),z } . ( 5 .6 .5 )

Ig n o rin g  th e  r a p i d l y  s p a t i a l l y  v a ry in g  c ro ss  term s ana  u s in g  

Eq. ( 5 .3 .1 5 ) ,  Eq. ( 5 .6 .5 )  may be r e w r i t t e n  as
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s -  £  s*
(p=1 ,2

J  c ( f ) 4 (n ‘p) 5 ( f tp)2
^  * c  ^

(p=1 ,2 (4 rtj a i2 ) €q d e t  1^

• r i ^ i 2s cp- ( ^ (p' s (<,) l c<)J iC cf, i2 . ( 5 .6 .6 )

The s c a t t e r e d  power from moae tp o u t s id e  th e  c r y s t a l  i s  g iven 

by th e  r e l a t i o n

.  | s»  I i z  I2 Ullr T* , ( 5 .6 .7 )

where T 1** i s  t-he t r a n s m is s io n  c o e f r i c i e n t .

We w i l l  now d e r iv e  an e x p re s s io n  f o r  | -S ^ I so as  to  

e l im in a te  i t  from our r e s u l t s .  C o n s id e ra t io n  or ii^s.

( 5 .4 .4 )  and (5 .4 .5 )  y i e l d

«(p * • g*P
^  S t 8- - — i  I ?  i 2 ■ t 3 <P • I ) 2 } = 1 • ( 5 .6 .6 )

—m

Using Eqs. (b .3 .2 5 )  and ( 5 . 4 . b ) ,  i t  i s  easy to  show t h a t

5* I2 = I V> I2 (S* • is,, • S*) , (5 .6 .9 )

(9» '  I ) 2 ■ I 1?  I2
I . *  • K. • s '" )2-=m

s *  • k • s*  -m

(5 .6 .1 0 )
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where i s  a u n i t  v e c to r  i n  th e  d i r e c t i o n  o f  e '*’. Combining 

Eqs. ( 5 . 6 . d ) - ( 5 . 6 . 1 0 ) , we o b ta in

cis c Jc
| 2 <p| 2 = — -=a [(e*- ^  -  ( S * - ^ - . * ) 2] " 1 .

(n } (5 .6 .1 1 )

The time av e rag ed  Poynting  v e c to r  o f an in c id e n t  moae

^  Ke [ (2 9) # x ii9] tak.es th e  form

00 = 2 5£t~ k~ -  ^  '  f®8 "  ®9 ^ 0 * ‘ (5 .6 .1 2 )
—m

Thus,

I3 ®1 °  2 5 &  k ~S IE®!2 l [ 3 e- S S ( S e - e 9 ) ] - k ^ - f f 9- e e ( s 9 - e e ) J > 2
“m (5 .6 .1 3 )

-♦0
I f  th e  Poynting  v e c to r  f o r  mode 0 i s  i n  th e  d i r e c t i o n  t  ,

then  from Eq. ( 5 .6 .1 2 )

4 - [ s 9- S Q( s 9 - e 0 )]
t 9 = --------------- ~    . (5 .6 .1 4 )

{ [ s 0- e 9 ( s 9 *e0 )J [ s 9- e 0 ( s 9*e0)J}2

The s c a l a r  p ro d u c t  between th e  d i r e c t i o n  of p ro p ag a t io n  ana 

th e  r a y  v e c to r  i s  t n e r e f o r e
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Q Q _ -*Qcos 8 = s • t

£ 0*JS^s0- ( S 0 *k2 ‘e 0 ) ( s 0 *e0)—m '  —m ' '
i

{ [s®-e0 ( s 0 , e 0)] [ s 0- e 0 (s 0 ,e 0 ) ]} 2
(5 .6 .1 5 )

Equation (5 .6 .1 3 )  can th en  be r e w r i t t e n

2 (d e t  k )cos8 ^  ^
(5 .6 .1 6 )

Eor beam a re a  A, th e  i n c i d e n t  power in  moae 9 i s

P0 = Aj50 i = P0u t  T0 . (5 .6 .1 7 )

The second form i s  v a l i d  s in c e  we nave made tn e  i m p l i c i t  

assum ption  t n a t  th e  l a s e r  beam i s  not a p p re c ia b ly  d e p le te d  

in  t r a v e l l i n g  th rough  th e  c r y s t a l ;  i . e . ,  we a re  c o n s id e r in g  

n o n -s t im u la te d  l i g h t  s c a t t e r i n g .

Tne r a t i o  o f  s c a t t e r e d  to  i n c i d e n t  powers o u ts id e  tne  

c r y s t a l  i s  o b ta in e d  by combining Eqs. ( 5 . 6 .6 ) ,  ( 5 .6 .7 ) ,  

( 5 .6 .1 1 ) ,  ( 5 .6 • 1 5 ) - ( 5 .6 .1 7 ) :

Po u t  a J  c o s S ^ o s S 9 td e t  Src)2
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[se * i^ * s0- ( s e ‘i ^ #e 0) ( s 9 *eG)] [e’ ‘k n* ^ ( s (f*Kn* ^ ) . ( ê . g < f ) 2 ] 2

(5.6.18)

The g e o m e tr ic a l  f a c t o r s  ( in c lu d in g  th e  so u rce  le n g th  

l s = Vs /A where Vs i s  tn e  so u rce  volume) a re  a l l  c o n ta in e d  

in

i f  T9 (n *  f f ) 2 d t f  1 .  i f  Te  d(lQuf 1„
B = ---------------- 5— - --------- -  = -------- s in B  U , (5 .6 .1 9 )

co s2 S* s in B S

which has been s i m p l i f i e d  w ith  tn e  help  o f  Bgs , ( 5 .4 .1 4 ) ,

( 5 .4 .3 1 ) ,  ( 5 .5 .4 )  and ( 5 . 5 . 5 ) .  Tne n o n l in e a r  o p t ic s  a r e  a l l  

c o n ta in e d  in

j  -  - V - n  v1  i s "  • S  ^  ‘ 2  ? “ * (? .« )  d z  i 2 ,
2 e 2 | 2 ® i2 S Vg

0 S (5 .6 .2 0 )

where i s  th e  p ro p ag a tio n  v e c to r  o f th e  s c a t t e r e d  l i g n t  

i n s id e  tn e  c r y s t a l .  A power r a t i o  i s  more a p p ro p r ia te  in  

our case  than  a c ro s s  s e c t io n  s in c e  we a re  assuming a oeam 

a r e a  sm a l le r  th a n  th e  c r y s t a l .  These r e s u l t s  reauce  to
,109

W  • e V  = s i n S ' P .

th o se  o f Lax and N e l s o n ' w h e n  we s e t  ( i ^ ) i j  = Sj.j anQ

The f i n i t e  sou rce  re g io n  Vg g iv e s  r i s e  to  a pnase

m atching f a c t o r  whose w id th  AK i s  o f o rd e r  (V ana a

l i n e  b re a d th  Aw ~ v AK, where v i s  th e  m a g n e to -p o la r i to n9 y
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group v e l o c i t y .  Since t h i s  i s  n e g l i g i b l e  compared to  

broadening  by damping, we can l e t  V -> oo ana app ly  th eO
W einer-Khinchin theorem to  r e w r i t e  Eq. (5 .6 .2 0 )  as

J - ----------= » ------------- ^ --------------------------------- . ( 5 . 6 . 2 , )
n • i

We d e f in e  th e  s p a t i a l  F o u r ie r  components o f th e  p o l a r i z a t io n  

by

_  i  . . . .

?JL(z,u)) = n 2 |  P±(K|U)) e1* 2 , (5.6.22)

where th e  sum i s  over  th e  d i s c r e t e  s e t  o f  k a llow ed  wnen 

p e r io d ic  boundary c o n d i t io n s  a r e  in tro d u c e d  over a no rm ali­

z a t io n  volume O. T n e re fo re ,  Eq. (5 .6 .2 1 )  can be w r i t t e n  as

e*  e J  <Pt  (£ ’ ,<»)* Pa (** ,« )>
j  = _£__2--------------------- ^ ----------------. (5 .6 .2 3 )

"02 e2 | E e | 2

Equations ( 5 .6 .1 8 ) - ( 5 .6 .2  3) were d e r iv e d  assuming t h a t  

.near p o l a r i z a t io n  j 

( th e  s c a t t e r e d  frequency)

n o n l in e a r  p o l a r i z a t io n  p o sse s se d  a s i n g l e  frequency u> = uĵ

? NL( z , t )  = 1  [ ^ ( z ^ e " 1^  + PNL(z,u>)* e iu)tj
( 5 . 6 . 2 4 )
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When, because of th e rm a l  m o tion , t h e  n o n l in e a r  p o l a r i z a t i o n  

c o n ta in s  a d i s t r i b u t i o n  o f  F o u r ie r  components, i t  i s  

a p p ro p r ia te  t o  decompose J  a c c o rd in g  to

oo
J  = J* J(w) diu/2 it . (5 .6 .2 5 )

0

Only p o s i t i v e  f re q u e n c ie s  ap p ea r  in  Eg. ( 5 .6 .2 5 ) ,  s in c e  our 

e v a lu a t io n  o f  th e  Poynting  v e c to r  S^, Eq. ( 5 . 6 . 6 ) ,  maae use 

o f  bo th  p o s i t i v e  ana n e g a t iv e  f req u en cy  components of E and

3 .

I f  we w r i t e

P ^ K . t )  = i  , ( 5 .6 .2 6 )

o r

(ic , t . ) = P.[+ ) ( k , t )  + p M ( K , t )  , (5 .6 .2 7 )

i t  i s  a p p ro p r ia te  to  make th e  rep lacem en t

<Pi (k,u)(p) Pa (k,u)tp)>

oo oo . .
-> ;  us* s e lu,t0 -oo

x  < p j ^ ( * , U )  p^+ ^ ( k , t ) >  d t  , ( 5 . 6 . 2 8 )
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which red u ces  t o  th e  o r i g i n a l  va lue  o f th e  l e f tn a n a  s i a e  

when th e  form (5 ,6 .2 6 )  a p p r o p r ia te  to  a s i n g l e  frequency  i s  

u se d .  More g e n e r a l l y ,  Eq. ( 5 .6 .2 a )  d e s c r ib e s  tn e  frequency  

spectrum  of P ^ k j t )  fo r  u> > 0 , and v a n ish e s  when uu < 0. 

Indeed , we have u sed  th e  p o s i t i v e  frequency  component 

P^+ ^ ( k , t )  p r e c i s e ly  t o  i n s u r e  t h a t  th e  n e g a t iv e  frequency  

component o f  th e  n o ise  spectrum

2 e<P e <P oq
j(u>) = - g.,0* J '°°eiu , t<p |"’  ̂(k ,0 )  P^ + ) ( k , t ) >  d t (5 .6 .2 9 )

eQ jE | -oo

v a n i s h e s .

The n o n l in e a r  p o l a r i z a t i o n  induced  by th e  l a s e r  e l e c ­

t r i c  f i e l d  peak am pli tude  E0 ( fo r  moae 0 i n s i a e  tn e  c r y s t a l )  

can be w r i t t e n

P ^  ( k ^ . t )  = eQ ^ ( k ' * ’ -  x e » t)  £®(iu0 )

x e
*•0 * -• 0 i k  * z-iu i t (5 .6 .3 0 )

In  Eq. (5 .6 .3 0 )  th e  m a t te r  v i a  s u p p l ie s  th e  wave v e c to r  

£<p _ £0 Wh i Cftf when added to  th e  i n c i d e n t  wave v e c to r  k®, 

y i e l d s  th e  s c a t t e r e d  wave v e c to r  k ^ .  Both s ig n s  o f th e  f r e ­

quency a re  p e rm i t te d  i n  j£at) , s in c e  we assume t n a t  tn e  

m a g n e to -p o la r i to n  f re q u e n c ie s  a r e  l e s s  than  th e  l a s e r  t r e -
ft

quency w so  t n a t  th e  p ro a u c t  s t i l l  r e t a i n s  on ly  p o s i t i v e  

f r e q u e n c ie s .  The r e s u l t i n g  e x p re s s io n  fo r  J(u>) i s  g iven  by
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O O  4*

J(uu + u>0 ) = 2 J“ e iuJt <N(pe(jc,0) N(pe(K ,t)>  a t  , (5 .6 .3 1 )
-oo

where £  i s  e v a lu a te d  a t  k '*’ -  k 0 and

N ^ k j t )  = e ?  x ^ ^ t )  e 0 . ( 5 . 6 . 3 2 )

The c a l c u l a t i o n s  have been e n t i r e l y  c l a s s i c a l  so  f a r .  

The advantage  o f  t h i s  p ro ced u re  i s  t h a t  we have been a b le  to  

d e a l  w ith  a l l  th e  c o m p lica ted  g e o m e tr ic a l  o p t ic s  ana boun­

dary  c o n d i t io n  a s p e c t s  o f  th e  proDlem. The f i n a l  r e s u l t ,  

g iv en  by Eq. ( 5 . 6 . 1d) e v a lu a te d  a t  u> = w + u» ro r

t ^ u t(u) + u,̂ ) A 'o u t ‘ i s  v a i i a  quantum m e c h a n ic a l ly , p ro v iaeu  

th e  o p e ra to r s  i n  tn e  c o r r e l a t i o n  fu n c t io n  fo r  J  a re  p ro p e r ly  

o rd e re a  and e v a lu a te d  quantum m e c h a n ic a l ly .  The o rd e r in g  

has a l r e a a y  been chosen w ith  a p p ro p r ia te  m alice
_L.

a fo r e th o u g n t . A lso ,  h erm itian  co n ju g a tio n  (*) has been used

i n  p lace  o f  complex c o n ju g a t io n .  The time c o r r e l a t i o n  in

Eq. (5 .6 .3 1 )  has n o t  been sym m etrized to  maKe i t  xterm itian.
0however, th e  f i n a l  r e s u l t ,  J(u» + u) ) , can r e a d i l y  be snown

0
to  be r e a l .  The quantum m echan ica l e v a lu a t io n  of J(u> + u» ) 

w i l l  be c a r r i e d  o u t  w i th  th e  help  of th e  f i u c t u a t i o n -

d i s s i p a t i o n  theorem summarized in  th e  nex t s e c t i o n .

1105 . 7  The F lu c tu a tio n - D is s ip a t io n  Theorem

I f  K i s  th e  h a m il to n ia n  of th e  u n iv e r s e ,  h a l f  o f  tn e  

f l u c t u a t i o n - d i s s i p a t i o n  theorem  can be w r i t t e n  in  th e  form
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< B ( t )  A ( 0 ) >  = < A( 0 )  i 3 ( t  + i K p ) >  , ( 5 . 7 . 1  )

where B (t)  = e x p ( iK t /n )  i s  th e  t im e -d e p e n d e n t , ne iseno erg  

o p e ra to r  f o r  B ana <M> means t r a c e  (hpe ) ,  where 

p = exp (-j3K )/trace  exp(-pK) i s  th e  e q u i l ib r iu m  a e n s i ty  

o p e ra to r  a t  a tem p e ra tu re  de te rm in ed  by p = 1 /(K T ). B jua- 

t io n  ( 5 .7 .1 )  can be r e a d i l y  e s t a b l i s h e d  by perm uting  o p e ra ­

t o r s  i n s i d e  th e  t r a c e  .

Equation ( 5 .7 .1 )  g iv e s  us th e  u s e f u l  r e l a t i o n

between s p e c t r a  c a l c u l a t e d  w i th  d i f f e r e n t  o rd e r s  of tn e  

o p e r a t o r s .

i t e s i m a l  fo rc e  o f s t r e n g t h  X to  th e  e q u a t io n  fo r  th e  momen­

tum pA c o n ju g a te  to  A), th e  l i n e a r  re sp o n se  o f B p e r  u n i t  

f o rc e  a p p l i e d  to  A i s  g iven  by

oo ■
S e1 <B(t) A(0)> d t
-oo

x. OO
e^  S  e lluc <a(0) B (t)>  d t ( 5 .7 .2 )

-oo

I f  one r e p la c e s  K by K -  x Ae“ lujC (which aads an in f  i n -

®b a ^ )  5  C < b ^ » X A  "  < B>  ̂ e i u f c / x

oo
( 5 . 7 . 3 )
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where <fi( t ) > AA i s  th e  t r a c e  of B a g a in s t  th e  d e n s i ty  

p computed by f i r s t - o r d e r  p e r t u r b a t i o n  th e o ry  from 

n o ta t io n  (B, A) = [b ,A ] / i b  i s  u sed .

A comparison o f  Eqs. ( S .7 .2 )  ana  ( 5 .7 .3 )  y i e l d s  

oo . .
J’ e 1 <B(t)A(0)> = - i h  tTBA(o)) -  TAa(-o))] [n( u»)
—oo

ana th e  use  o f Eq. ( 5 .7 .2 )  g iv es

OO
J' e 1UJt <A (0)B (t)>dt = - i f i C T ^ U J - T ^ - u O J n U )  , 
-oo

—1where n(u)) = [exp(phtu) -  1] •

One may v e r i f y  t h a t  i f

+ +
A = B, B = A ,

then

-iAfl(«) -  ' W " 1* .

A l t e r n a t i v e ly ,  i f  th e  tim e r e v e r s e d  o p e ra to r s  obey

A ~ 6AA» B = eBB> eAeB " 1 *

m atr ix  

'e * Tne

1] , 
( 5 .7 .4 )

( 5 .7 .5 )

( 5 .7 .6 )

(5 .7 .7 )

(5 .7 .8 )

then  Eq. ( 5 .7 .7 )  i s  obeyed even though n e i t h e r  A nor B a re
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H erm itian .

In view of Eq. ( 5 .6 .3 1 ) ,  our o p e ra to r s  w i l l  obey c o n d i­

t io n  Eq. ( 5 . 7 . 6 ) .  Equation ( 5 .7 .5 )  can thus  be r e w r i t t e n  in  

the  s im p le r  form

oo
j* e iiut <A(Q) B (t)>  d t  = 2hlm TBA(iu)n(oj) . ( 5 .7 .9 )
-oo

Note t h a t  i t  i s  th e  re sp o n se  of th e  time dependent v a r i a o le  

B (t)  to  a fo rc e  on th e  time independen t v a r i a b l e  A t h a t  i s  

measured by

Since

n(-u>) = -[h(iu) + 1] , (5 .7 .1 0 )

the  i n t e n s i t i e s  o f  p o s i t i v e  and n e g a t iv e  frequency  com­

ponen ts  in  a c o r r e l a t i o n  such  as  Eq. ( 5 .7 .9 )  w i l l  nave tn e  

t y p i c a l  a n t i - S to k e s /S to k e s  r a t i o .  The spectrum  Eq. (5 .6 .3 1 )  

can now be e v a lu a te d  in  th e  form

J(u) + u>®) = 4ftn(u))lm T ( i d)  , (5 .7 .1 1 )
N N

where N i s  an a b b re v ia t io n  f o r  N^®, and J  i s  u n d ers to od  to  

v a n is h  f o r  id + u>® < 0 .
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5 .8  Raman S c a t t e r in g  by Magneto- P o la r i to n s  

A. The N onlinear P o l a r i z a t i o n

The n o n l in e a r  p o l a r i z a t i o n  under th e  s i m p l i f i c a t i o n s  of 

S e c tio n  5.1 i s  o b ta in a b le  from & js. (3 *4 .2 )  and ( 5 . 2 . 5 ) s

i f  no s i m p l i f i c a t i o n s  were made, th e  n o n l in e a r  fo rce  e x e r te d  

on th e  i n t e r n a l  c o o rd in a te s  would have th e  form

(5.B.1 )

(2000)KHV ~v 
*iB

( lO I O ^ p a r - a
‘iB  j  jB j  B ' j  jB 2 v "j  , b b , j

-  (1001) K

( 5 . 8 . 2 )



where p° 2 '  r e p r e s e n t s  t h a t  p o r t io n  o f  th e  s to r e d  energy  p°2 

above and beyond th e  q u a d r a t i c  term s* I f  th e  e l a s t i c  degree  

o f  freedom i s  ig n o re d  and a l l  m u l t ip o le  term s above th e  

e l e c t r i c  d ip o le  term  a r e  d i s c a r d e d ,  th e  n o n l in e a r  fo rce  

would have th e  form

Gv. .  _ [  3 ( 3 0 0 0 ) K11VT - V  - r  „  2 ( 2 0 1 0 ) K̂ “  y j  S «

+ 2 ( 2 0 0 1 ) ^ *  « v  - a  ( 1 0 2 0 ) KjAa{J - a  -H
^ * i j k l  y j  mk , l  i  j k  mj  k

+ (1 0 0 2 )Kpap - a  (1 0 1 1 )Kiia{J ~a ~ji n
i  j k l a  mj , k  l , a  + i  j k l  mj  mk , l J k #a<3)

S ince  we w i l l  be d e a l in g  w ith  th e  s c a t t e r i n g  of an in p u t  

e le c t ro m a g n e t ic  f i e l d  ( th e  l a s e r )  accompanied by th e  c r e a ­

t i o n  o r  d e s t r u c t io n  o f a s i n g l e  m a g n e to -p o la r i to n ,  a l l  term s 

in v o lv in g  a p ro d u c t  o f  th r e e  o r  more f i e l d s  must be d i s ­

c a rd ed  a s  i s  r e f l e c t e d  in  Eq, (5*8 .3 )*  Moreover, two f i e l d  

term s in v o lv in g  a  p ro d u c t  o f  two m a g n e tiz a t io n s  can be 

im m edia te ly  d is c a rd e d  s in c e  one o f  th e s e  f i e l d s  must be a t  

an o p t i c a l  frequency  and hence m inute  because o f  i t s  i n a b i l ­

i t y  to  respond  to  such  a h igh  frequency*  With t h i s  in  mind, 

th e  l a s t  t h r e e  term s o f Eq. (5*8*3) may be d i s c a rd e d .  

F i n a l l y ,  we d i s c a r d  th e  t h i r d  term  on th e  r ig n th a n d  s i d e  of 

Eq* ( 5 .8 .3 )  i n  keep ing  w i th  th e  s i m p l i f i c a t i o n  o f  ig n o r in g  

g r a d i e n t  terms* The r e s u l t  f o r  th e  n o n l in e a r  fo rc e  i s  then
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Gf = - t  3 l3000)K f £  y ]  y £  ♦ 2 (2° 10) k£ £  y j  » “ J . ( 5 .S .4 )

We a r e  c o n s id e r in g  a problem  i n  w hich we have two in p u t  

f i e l d s :  th e  l a s e r  f i e l d  a t  frequency  u> which i s  an o p t i c a l

f req u e n cy , and th e  m a g n e to -p o la r i to n  f i e l d ,  th e rm a l ly  

d r iv e n ,  and a t  freq u en cy  u> which i s  much lower than  th e  

l a s e r  f re q u e n c y .  We expand any f i e l d  v a r i a b l e  

2(y*i ,m0C,2 ,  o r  2) i n  a F o u r ie r  expansion

a +oo
2 ( z , t )  = :r £  Z ( z , t ;m ,n )  , ( 5 . a . 5)

m, n=-oo

where th e  i n d iv id u a l  te rm s have th e  form

2 ( z , t ; m ,n )  = Z (z ;m ,n) + nu,) t  . (5.8,fc>)

R e a l i ty  o f  th e  o r i g i n a l  v a r i a b l e  2 i s  g u a ran teed  by th e  

req u irem en t

2 (z ; -m ,-n )  = 2* (z ;m ,n )  * ( 5 .a . 7)

We have in c lu d e d  th e  f a c t o r  ^  in  Eq. ( 5 .8 .5 )  so  t h a t  th e  

magnitude o f  Z (z;m ,n) r e p r e s e n t s  th e  am p li tu d e  a t  i t s  a s s o ­

c i a t e d  freq u e n cy .

I f  th e  expansion  Eq. ( 5 .8 .5 )  i s  a p p l i e d  to  Eq. ( 5 .8 .1 )  

and th e  co rre sp o n d in g  c o e f f i c i e n t s  w i th  th e  frequency  

u>® + u>, i . e . ,  th e  (m,n) = (1 , + 1) c o e f f i c i e n t s  a r e
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compared, we o b ta in  th e  r e s u l t

P iL(1» ± D  = e0 £  q li Ga ( 1 » -  1) *

where a l l  f i e l d  v a r i a b l e s  a r e  u n d e rs to o d  t o  be fu n c t io n s  of 

z and

u)<p = u>8 + u) ( 5 . 8 . y)

I s  th e  a n t i - S to k e s  o r S tokes s c a t t e r e d  f re q u e n c y .  Simi­

l a r l y ,  th e  n o n l in e a r  d r iv in g  fo rc e  can be w r i t t e n  i n  th e  

form

G a t 1 » ±  1 ) = -  3 ( 3 0 0 0 ) K ^  y ^ d  , 0 )  y f ( 0 , + 1 )

_ U 0 1 0 )Kvxa A(1 Q) raa (0 1} ^
aJK J K (5 .8 .1 0 )

Note i n  th e  above t h a t  we have d is c a ra e d  th e  

y X(Q, + 1) m®(1,0) term  s in c e  ma i s  m inute  a t  an  o p t i c a lj  — K
fre q u e n c y .

The h ig h  freq u en cy  component o f  th e  i n t e r n a l  c o o rd in a te  

0) i s  e l im in a te d  by me 

c a l  f r e q u e n c ie s  red u c es  t o

y ^ ( 1 ,0 )  i s  e l im in a te d  by means o f  ISg. ( 5 .2 .5 )  which a t  o p t i -

Y j O . o )  = e0 2 * j £ ( u > 0 ) q Y ac d , o )  . ( 5 . 8 . 1 1 )
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Since th e  e x p re s s io n  ( 5 .8 .1 0 )  i s  a l r e a d y  b i l i n e a r  i n  th e  

f i e l d  v a r i a b l e s ,  we have o m it te d  th e  l a s t  term  in  Eg.

( 5 .2 .5 ) .  When th e  above r e s u l t  i s  i n s e r t e d  i n t o  8 3 .

(5 .8 .1 0 )  and th e  l a t t e r  i n  tu rn  i n s e r t e d  i n t o  8 3 . ( 5 .8 .8 ) ,  

we see  t h a t  th e  n o n l in e a r  p o l a r i z a t i o n  i s  e x p r e s s ib l e  i n  th e  

form

2H,vY,A
<P>

{ g  3 ( 3 0 0 0 ) ^ ^  +  g  .

« J « J (5 .8 .1 2 )

in  th e  abov e , i t  i s  u n d e rs to o d  t h a t  u) can be a p o s i t i v e  or 

n e g a t iv e  f re q u e n c y .  With th e  a i d  o f  Eqs. ( 5 .6 .2 2 ) ,

( 5 .6 .2 4 ) ,  (5 .6 .2 6 )  and ( 5 .6 .2 7 ) ,  th e  n o n l in e a r  p o l a r i z a t io n  

may be re e x p re s s e d  a s

= s0  ( R . t )

+ 2  + Eb (u,B) e " i '"e t  •
“ (5 .8 .1 3 )

where ic = j?**1 -  i s  th e  m a g n e to -p o la r i to n  wave v e c t o r ,  'fne 

c o e f f i c i e n t s  A*jJc and c££c a r e  o b ta in e d  by comparison w ith  

Eq. ( 5 .8 .1 2 ) ,  and th e  term  i n  Ec i s  th e  e l e c t r o n i c  response  

which we have h i t h e r t o  not acco un ted  f o r .  i f  we remember 

t h a t
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= y ^ - i c . t )  ,  ( 5 . 8 . 1<*)

w ith  s i m i l a r  r e l a t i o n s h i p s  fo r  ma and E, we can su p p re ss  th e  

index  ic and w r i t e  th e  second o rd e r  s u s c e p t i b i l i t y  t e n s o r  o f 

Eq. (5 .6 .3 0 )  a s

^ a b  = 2 ^ b c  y c + ^  Gabc mc + Babc  ^c * (5 .8 .1 5 )p a

With th e  a id  o f Eqs. ( 5 .6 .3 2 ) ,  (5 .7 .1 1 )  and ( 5 .8 .1 5 ) ,  tn e  

spectrum  can be e x p re s se d  by

J(u> + u>B) = 4ftn(iu) Im [ U j V ) *  A?, T
1JK vcu+k+

♦ VjK “abc + (C1JK)‘  C L c

* “Ijk  Cabc I |icK+ * (= l j k ) Dabc TcatK+ ]

e ^  e B e B . (5 .8 .1 6 )

The on ly  q u a n t i t i e s  t h a t  rem ain  to  be c a l c u l a t e d  a r e  th e  

resp onse  fu n c t io n s  T.
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B. The Response fu n c t io n s

In  b r i e f ,  T i s  th e  l i n e a r  re spon se  i n  y *  to  th e
vc h r

a p p l i c a t i o n  o f  an i n f i n i t e s i m a l  fo rc e  which a c t s  on th e

H~th i n t e r n a l  c o o rd in a te  a lo n g  th e  R - th  d i r e c t i o n .  T i s
C R

th e  l i n e a r  re sp o n se  in  th e  e l e c t r i c  f i e l d  component £ to

th e  a p p l i c a t io n  o f an i n f i n i t e s i m a l  e x t e r n a l  p o l a r i z a t i o n

P?x t  a lo n g  th e  R - th  d i r e c t i o n .  T i s  th e  l i n e a r
pea R+

resp o n se  i n  th e  s u b l a t t i c e  m a g n e tiz a t io n  m^ t o  th e  a p p l i c a ­

t i o n  o f  an i n f i n i t e s i m a l  e x t e r n a l  m agnetic  f i e l d  (B®)e x t

which a c t s  on th e  a s u b l a t t i c e  m a g n e t iz a t io n .  T . . i s  th e
c h + K+

l i n e a r  re sp o n se  i n  th e  e l e c t r i c  f i e l d  £_ to  th e  fo rc eC JS.
T i s  th e  l i n e a r  re sp o n se  in  th e  s u b l a t t i c e  m ag n e tiz a -

pCH R
t i o n  m£ to  th e  fo r c e  f £ . T . i s  th e  l i n e a r  re sp onse  in

c  *  VCR

th e  i n t e r n a l  c o o rd in a te  y£  to  th e  p o l a r i z a t i o n
VT i s  th e  l i n e a r  re sp o n se  in  th e  i n t e r n a l  c o o rd in a te  y

vc a R
to  th e  m agnetic  f i e l d  (B“ )e x t . T . i s  th e  l i n e a r  respon se

* pcR
d g ict

in  th e  s u b l a t t i c e  m a g n e tiz a t io n  m£ to  th e  p o l a r i z a t i o n  PK ,

T i s  th e  l i n e a r  re sp o n se  in  th e  e l e c t r i c  f i e l d  £ to
c a  R

th e  m agnetic  f i e l d  (B^)e x t .

I f  an e l e c t r i c  f i e l d  i s  d r iv e n  by an i n f i n i t e s i m a l

e x t e r n a l  p o l a r i z a t i o n  Pex<” , i t  obeys a wave e q u a t io n  o f th e  

form

a( j? ,u>)  • 2  = P®x t / e 0  , ( 3 . 6 . 1 7 )
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where th e  dy ad ic  a i s  o b ta in e d  from £3 * (5 .3*12) by matting 

th e  rep lacem en t v ->  i k .  Here p®x t  = p®x t (i?f w) and 

£ = e(£,u>) a r e  c o e f f i c i e n t s  in  an  exp an sion  such  as  i n  £ j .

( 5 .6 .2 2 ) .  The e l e c t r i c  f i e l d  re sp o n se  i s  th e r e f o r e  g iven  by

T c k *  -  Tc k +  =  E=/P “ t  “  (S ) c i / eO - I 5 . B . 1 B )

where th e  s u p e r s c r i p t s  £P a r e  meant a s  an a id  in  remembering 

t h a t  t h i s  i s  th e  l i n e a r  re sp o n se  i n  th e  e l e c t r i c  f i e l d  t o  an 

e x t e r n a l  p o l a r i z a t i o n .  With th e  a id  o f  Bgs • (5 .4 .1 3 )  ana

( 5 .6 .1 1 ) ,  th e  in v e r s e  dyad ic  i s  g iven  by

ip=1 ,2

(d e t -TIL- _C ‘K—m'g* ) ( S

(cK/ui)2 - ( n <p) 2

s cs k
s  S—e

(5 .6 .1 9 )

The d i e l e c t r i c  t e n s o r  kQ shou ld  be th o u g h t  o f as  c o n ta in in g  

an e l e c t r o n i c  c o n t r i b u t i o n ;  i . e .  th e  e l e c t r i c  s u s c e p t i b i l i t y  

o f  Eq. (5 .2 .1 5 )  i s  to  be su p p lim en ted  by th e  background s u s -
g I

c e p t i b i l i t y  x produced  by th e  e s s e n t i a l l y  in s ta n ta n e o u s  

e lec tro n ic?  r e s p o n s e .

The Maxwell e q u a t io n  (3 .4 .1 1 )  e x p re s s e d  i n  term s o f  i t s  

F o u r ie r  components i n  space  and t im e , can be w r i t t e n
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i  K x  E(K,u>) = i  u)§(K,w) • ( 5 . 6 . 2 0 )

Thus, w i th  th e  a i d  o f  £3 . ( 5 .8 .1 8 )  we have

B± = (K/w) ei : j l  Sj TBP+ P |Xt . (5 .8 .2 1 )

The l i n e a r  re sp o n se  in  th e  m agnetic  f i e l a  to  an e x t e r n a l l y  

a p p l i e d  p o l a r i z a t i o n  i s  t h e r e f o r e  g iv en  by

TBP. = V * J Xt = (k/u,) ei 1l  s i tEP+ • (5 .8 .2 2 )i a  1  a  J l a

This re sp o n se  fu n c t io n  w i l l  be o f  help  i n  c a l c u l a t i o n s  to  

f o l lo w .

Wnen an i n f i n i t e s i m a l  fo rc e  o f  th e  form F? e~ lu*' i s  

added to  th e  i n t e r n a l  c o o rd in a te  e q u a t io n  of motion 8 3 . 

( 5 . 2 . 3 ) ,  Eq. ( 5 .2 .5 )  i s  m o d if ied  to

y£  = 6g £  Y j£  [ q X Ec -  Z (1010)k££ mj* + f£  J . (5 .8 .2 3 )

E lim in a t in g  y ^  from Eq. ( 5 . 2 . 6 ) ,  ( th e  m agne tic  e q u a t io n  o f  

m o tio n ) ,  w i th  th e  a i d  o f  th e  above e x p r e s s io n ,  we o b ta in

-  2  i f f  ej r c  m ^ t1 0 1 0 )K ^  r $  ,
n . b t  J
*  ( 5 . 6 . 2 4 )
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where

( 1  “ Kjr,1 ) ilc s  £  * j j  6jifc » ( 5 .b . 25)

(x  \ a ____ i / u ?  r a P e m3 ** ( 1 0 1 0 ) K|»JJ ™ivx X
v m e'iK  = *'^0 „ & v AJ J r t  r  *

P ,l i»X (5 .8 .2 6 )

E lim in a t in g  mp from Eq. ( 5 .8 .2 3 )  by means o f th e  e x p re s s io n

(5 .8 .2 4 )  y i e l d s  f o r  th e  i n t e r n a l  c o o rd in a te

^ i  = e0 (^e^iic  + (&em)iJc **0

+ ( S' e + S' ( / u VY^"  ̂ ^Kv<zI a ^e m**P  ̂ ^ \  pK t* 0 b  '  0 0 i c  ca  a j  j r t  r  “i t * ! *  j FA  V |  T  |  A

“ ,P (5 .8 .2 7 )

where

- ( 1 0 1 0 ) , , ( 1 0 1 0 )
+ 2 (•«✓ >*>«£ c l ^ l j  ej r t mr

“ ,P  (5 .8 .2 8 )

‘SemliK 2  - e0 . 2  • ( S . a . 2 9 )
X, a , p  J J

The p o l a r i z a t i o n  w i th  th e  e x t e r n a l  fo rc e  FX p r e s e n t ,  i s  

o b ta in e d  w ith  th e  a i d  o f  Eqs. ( 3 . 4 . 2 ) ,  ( 5 .2 .1 5 ) ,  (5 .2 .1 6 )
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a n d  ( 5 . 8 . 2 7 ) —( 5 . 8 . 2 9 ) :

pi  "  £ «  -  • o ^ A i A  * ^ iA kV ^ oH

* ‘ \ ? t ( *o / ‘‘O>1(i 2 1' 01 ^ O a l ej r t ” r  “ ' '  “ >ki M t )  1 <

a#P (5 .8 .3 0 )

\ g 5CtThe term  i n  F a c t s  a s  an e x t r a  p , so t h a t

r,,PF _ e x t  ,
W  =  7 t *

(1010) (1010)
£ e04 ^ i *  + * '  0 0 i c  ca a j  j r t  r  Ki t TlK j
VI V |  T

“ »** (5 .8 .3 1 )

i s  th e  l i n e a r  re sp o n se  i n  th e  e x t e r n a l  p o l a r i z a t i o n  F^ to  

th e  a p p l i c a t io n  of th e  fo rc e  f£ .

Wnen an  i n f i n i t e s i m a l  e x t e r n a l  m agnetic  f i e l d  i s  

a p p l ie d  to  th e  s p in  a s s o c i a t e d  w i th  s u b l a t t i c e  0, th e  mag­

n e t i c  e q u a t io n  of m otion ( 5 .2 .9 )  i s  m o d if ied  to

mi  ■ d  -  * ^m a^iK  e0 EK

w h e r e  t h e  d e f i n i c i o n s  g i v e n  b y  E q s .  ( 5 . 8 . 2 5 )  a n d  ( 5 . 8 . 2 b )
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have been used* Note t h a t  t h i s  i s  th e  e q u a t io n  of motion 

o b ta in e d  when a term  £  mT^ * (3*i )e x t  i s  added to  th e  l a g r a n -

g ia n .  When £3 . (5*8*32) i s  u sed  to  e l im in a te  th e  s u b l a t t i c e  

m a g n e tiz a t io n  from th e  i n t e r n a l  c o o rd in a te  e q u a t io n  of 

m otion , Eq. (5*8 .23) w i th  = 0 , and when £3 * ( 3 .4 .2 )  i s  

u s e d ,  we o b ta in  f o r  th e  p o l a r i z a t i o n ,  w i th  the  e x te r n a l  

f i e l d  (B ) p r e s e n t ,  th e  e x p re s s io n

Pi = 2  a 1* y f

(e0/u0) 2 q*1 < l101°,^ i ,.JaJ!»riBj)e*t .
A

a,ti (5 .8 .3 3 )

Again th e  l a s t  term  may be i n t e r p r e t e d  a s  an e x t r a  e x te r n a l  

p o l a r i z a t i o n  w hich , i n  t h i s  c a s e ,  i s  due to  th e  p resen ce  of 

th e  sp in-phonon c o u p l in g .  Thus,

t  = P f V ( B ^ ) eXt
i ,  K 1 K

i c
( 1 0 1 0 )

Kc l Al j  jaK m.Sii

(5 .8 .3 4 )

i s  th e  l i n e a r  re sp onse  in  th e  e x t e r n a l  p o l a r i z a t i o n  to

th e  a p p l i c a t io n  o f  th e  m agnetic  f i e l d  (B^)e x t .



-  159  -

The re sp o n se  fu n c t io n s  ap p ea r in g  in  Bq. (5 .8 .1 5 )  can 

now be e v a lu a te d .  With th e  a i d  o f  tiqs • ( 5 . a . 1 8 ) ,  ( 5 .8 .2 2 ) ,  

(5 .8 .2 7 )  and ( 5 .8 ,3 1 ) ,  th e  l i n e a r  re spo nse  i n  the  i n t e r n a l  

c o o rd in a te  to  th e  fo rc e  f £ i s  g iven  by

— e ( x  rpbP  m P F  ^  rnBP rnFk
0 - e Jc l  l j +  1'»*Ol - e i n 'c l rl j  +

+ ( e  + V ( e ^ / u  ^K^’a X0Ĉ 6  m^*1^e0 xck + v“ - Q'^Q' c i  i a  a j  j r t  r  ‘U t ^ l k '  •
A ,  T

a ,ti  (5 .8 .3 5 )

The l i n e a r  resp o n se  in  th e  e l e c t r i c  f i e l d  t o  tn e  e x te r n a l

p o l a r i z a t i o n ,  T , i s  g iv en  by Eq. ( 5 .8 .1 8 ) .  The l i n e a r
ck

response  i n  th e  s u b l a t t i c e  m a g n e tiz a t io n  to  th e  e x te r n a l
<y p

m agnetic  f i e l d  ( ^ )  i s  g iv en  w i th  th e  a id  of E j s .

( 5 .8 .1 8 ) ,  ( 5 .8 .2 2 ) ,  ( 5 .8 .3 2 )  and (5 .8 .3 4 )  by

T + + = *£ /(fl£ ) 
(jc a k c K

e x t

+ e (x_ ) ^V W c l  TJ a V

j .  c m S a
„ Cj j l k  ral ( 5 . 8 . 3 6 )
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The l i n e a r  re sp o n se  i n  th e  e l e c t r i c  f i e l d  t o  th e  e x te r n a l  

fo rc e  f £  i s  g iven  w i th  th e  a i d  o f  Bgs• ( 5 .8 ,1 6 )  and (5 .8 .3 1 )  

by

T + + S Ec/ FK = (B /P *x t ) (P®Xt/F ^ )  
c n +K+ C K c  J J K

= TEP+ TPF+ . (5 .8 .3 7 )
c j  j j i  K

The l i n e a r  re sp o n se  in  th e  s u b l a t t i c e  m a g n e tiz a t io n  to  th e  

e x t e r n a l  fo rc e  f£  i s  g iv en  w ith  th e  a i d  o f Bgs• ( 5 .8 .1 8 ) ,

( 5 .8 .2 2 ) ,  (5 .8 .2 4 )  ana (5 .8 .3 1 )  by

— rn — 1 /11 f 1 — K~1 1 ^ mPi
=  V  *  ■ / P °  a  ) = J  V  W

+ e (x_ ) ^ T ^
J1 + i „ V

-  ( ^ j  j * j I t . r t , l l 0 1 «  •
a »A (5 .8 .3 8 )

The l i n e a r  re sp o n se  in  th e  i n t e r n a l  c o o rd in a te  to  th e  e x t e r ­

n a l  p o l a r i z a t i o n  P®Xt i s  g iven  w i th  th e  a id  o f  Bg. (5 .6 .2 7 )  

w ith  F* = 0 and Bqs• ( 5 .8 .1 8 )  and ( 5 .8 .2 2 )  by

T + = y > lvcJc

-  •QU b >2i tJ ; + + 1^ 0 ^ m > c l T^ + •
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The l i n e a r  respon se  i n  th e  i n t e r n a l  c o o rd in a te  to  th e  e x t e r ­

n a l  m agnetic  f i e l d  (B®)e x t  i s  g iv en  w i th  th e  a i d  o f Eqs.

( 5 .8 .1 8 ) ,  ( 5 .8 .2 2 ) ,  (5 .8 .3 3 )  and (5 .8 .3 4 )  by

I  + t  5  
vc a x  G K

= e (x )v TEP TPB

+ 1 /a  (x ) V 'p^P TPB
° (j&em)c j f j i + i a +K+

-  (e / u  ) 7 YVX mBa1®0'*V c r  *SrlI l J  j a k  a
(5 .8 .4 0 )

The l i n e a r  re sp o n se  i n  th e  s u b l a t t i c e  m a g n e tiz a t io n  to  th e  

e x t e r n a l  p o l a r i z a t i o n  P^Xt i s  g iv en  w ith  th e  a id  o f Eqs.

( 5 .8 .1 8 ) ,  (5 .8 .2 2 )  and (5 .8 .2 4 )  w i th  f£  = 0 by

tick

i /n 0( i  -  js”1) 8
c j TBP +

j * + ° ^^me ^
5
c j jK (5 .8 .4 1 )

F i n a l l y ,  th e  l i n e a r  re sp o n se  in  th e  e l e c t r i c  f i e l d  to  tn e  

e x t e r n a l  m agnetic  f i e l d  (B®)e x t  i s  g iven  w ith  th e  a i d  of 

Eqs. (5 .8 .1 8 )  and ( 5 .8 .3 4 )  by

•J + + = Ec / ( BJ ) eXt = (B c/P j3* )  (P jX t/ ( t f£ )e X t) 
c a  k J J



E quations ( 5 .8 . 3 5 ) - ( 5 .8 .4 2 )  combined w ith  E js •

( 5 .8 .1 8 ) ,  ( 5 .8 .2 2 ) ,  ( 5 .8 .3 1 )  and (5 .8 .3 4 )  a r e  to  be i n s e r t e d  

i n t o  th e  spectrum  (5 .8 .1 6 )  which i n  tu rn  i s  to  be i n s e r t e d  

i n to  Eq. ( 5 .6 .1 8 )  t o  o b ta in  th e  o u t s id e  s c a t t e r e d  power 

r a t i o  from an a n i s o t r o p i c  m agnetic  medium.



V I .  SUMMARY AMD CONCLUDING REMARKS

A com plete  m acroscopic  L agrangian  theo ry  o f  l i n e a r  and 

n o n l in e a r  e le c tro d y n am ics  has been c o n s t r u c te d  f o r  an a n i s o -  

t r o p i c  m agnetic  i n s u l a t o r .

At f i r s t  g lan c e  i t  m ight be supposed t h a t  an o r i e n t a ­

t i o n a l  average  ove r  th e  e x t e r n a l  v e c to r s  e J  co u la  be p e r ­

formed on th e  symmetry b re a k in g  term  K of Eg. ( 2 .1 .2 )  whicn 

would a ch iev e  r o t a t i o n a l  in v a r ia n c e  f o r  th e  Lagrangian . 

however, such  an o r i e n t a t i o n a l  av erage  v a n is h e s .  Moreover, 

th e  v a r i a t i o n  of an o r i e n t a t i o n a l l y  av e raged  K a l s o  ap p ea rs  

to  v a n is h .  Thus, i t  seems t h a t  t h e  L agrangian  th eo ry  must 

r e t a i n  t h i s  symmetry b rea k in g  te rm .

In  Chapter I I I  where th e  r e s u l t s  o f  Chapter I I  a r e  

a p p l ie d  to  an  e l a s t i c  m agnetic  d i e l e c t r i c ,  i t  appea rs  t h a t  

fundam ental q u a n t i t i e s  f o r  th e  system  such  a s  th e  momentum 

d e n s i t y ,  th e  s t r e s s  t e n s o r ,  th e  energy  d e n s i ty ,  th e  Poynting 

v e c t o r ,  th e  a n g u la r  momentum d e n s i ty  and th e  a n g u la r  momen­

tum flow te n s o r  c o n ta in  no d i r e c t  c o n t r ib u t io n s  which a r i s e  

from th e  symmetry b reak in g  te rm . At p r e s e n t ,  i t  seems t n a t  

th e  only fu n c t io n  t h a t  th e  symmetry b reak in g  term  p ro v id e s ,
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i s  th e  g e n e ra t io n  o f  th e  p re c e s s io n  e q u a t io n  and th e  conse­

q u en t  i d e n t i f i c a t i o n  o f  th e  m a g n e tiz a t io n  m ( z , t )  ana  i t s  

tim e d e r i v a t i v e  m ( z , t ) f a s  g e n e r a l i z e d  c o o rd in a te s  and v e lo -  

c i t i t e s  r e s p e c t i v e l y .  Since a l l  th e  g e n e ra l i z e d  c o o ra in a te s  

and v e l o c i t i e s  d e s c r ib in g  a system  must be i d e n t i f i e d  in  

o rd e r  t o  c a l c u l a t e  th e  a fo rem en tion ed  fundam enta l q u a n t i t i e s  

( th e  s t r e s s  t e n s o r ,  e t c . ) ,  i t  i s  o n ly  i n  t h i s  i n d i r e c t  

fa s h io n  t h a t  th e  symmetry b rea k in g  term  nas he lped  to  d e t e r ­

mine th e se  q u a n t i t e s .

In  Chapter XV, th e  g e n e ra l  th e o ry  i s  l i n e a r i z e d ,  Tne 

r e s u l t i n g  l i n e a r i z e d  e q u a t io n s  o f  m otion a r e  tn e  jum p-off 

p o in t  f o r  d e s c r ib in g  r e l e v a n t  phenomena on th e  l i n e a r  l e v e l .  

I t  rem ains to  a p p ly  th e s e  r e s u l t s  t o  such  problems as  l i n e a r  

m a g n e to e la s t i c i ty  ana  m a g n e t o e l e c t r i c i t y . I t  i s  hoped t n a t  

th e  spontaneous m agnetic  f i e l d  and m agnetic  moment ana tn e  

p ro p e r  c o n s id e r a t io n  o f th e  r o t a t i o n a l  p a r t  o f th e  e l a s t i c  

ae fo rm ation  w i l l  y i e l d  r e s u l t s  no t p re v io u s ly  r e p o r t e d .

The l i n e a r i z e d  e q u a t io n s  o f  m otion a r e  a l s o  th e  s t a r t ­

ing  p o in t  fo r  s tu d y in g  n o n l in e a r  e f f e c t s  by means of an 

i t e r a t i v e  te c h n iq u e .  The s p e c i f i c  n o n l in e a r  e f f e c t  of l i g n t  

s c a t t e r i n g  by m a g n e to -p o la r i to n s  i s  i n v e s t i g a t e d  i n  Chapter 

V.
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Appendix A: C a lc u la t io n  of UnXnown M u l t ip l i e r s

The m a tr ix  e lem en ts  d e f in e d  by . (2 .3 .1 3 )  a r e

e x p l i c i t l y  g iv en  by ( i , j  = 1 ,2 ,3 )

ei j  = {ei»  S

_ i  ?  r ^ i J  6H *  ~ SiJ  ei l k ^  S1J  * 2 m̂x SXJ^ el i l  S1J
3 Y  T 1 m l 2  -  t m e  \ 2J  iml ima Ba J '

2(ma sa J> s l J  mi  -  (»b SbJ> si j J  ~ ei . lK > ,  ~ K :  sc j ) s U ^

and

ai 4  s  t® i* Ja4 d3^  = " 2rni »(i  = 1 »2 *3 ) • (A«2 )

The fo u r  s im u ltaneou s  e q u a t io n s  (2 .3 .1 1 )  and (2 .3 .1 2 )  a r e  

a l s o  e x p l i c i t l y  w r i t t e n  o u t  a s

Qff
B12 v 2 + Q13 v3 “ 2ra1 v 4  = " B1 » (A,3a)

°21 V1 + 023 v 3 ” 2m2 v4 = “ V f f  » (A*3b)

®31 V 1 + s 32 v 2 _ 2m3 v4 = _B3f  » (A.3c)

2m1 v 1 + 2m2 v 2 + 2m 3 v 3  =  0  . (A .  3 a )
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The above e q u a t io n s  a r e  so lv ed  in  a  s t r a ig h t f o r w a rd  

manner y i e ld in g  f o r  th e  unlcnown m u l t i p l i e r s

B®f f  -  nu j£ f fVi = - i — 3----- __„-3 . , 2  ̂ (A#4a)

m Ue f f  -  m US ffm, B. -  m. B^
v 2  = ------5— 1— , U .4D )

m B~eff -  m, B?f f  
v 3  = - 1 — 2----- 5 -------------------- , (A.4C)

, 1 Y ^ 1 2  m3 -  Y 813 m2 . He f f
4 = '  2m1 '  1

where

D = m2 013 + m1 «32 + m3 fc»21 -  y • ( a. 5)

The antisym m etry  of th e  m a tr ix  has been used  i n  red u c in g  

th e  above e x p re s s io n s .  The denom inator D was e v a lu a te d  w ith  

th e  a i d  o f Eq. (A .1 ) ,  th e  p ro p e r ty  o f  o r th o g o n a l i ty  o f the  

m a tr ix  s i j »  and some n o n t r i v i a l  a l g e b r a .  Thus, th e  unxnown 

m u l t i p l i e r s  have been de te rm ined  to  be

v i  =  Y ei j K  raj  ( i  53 1 »2 »3 )  * ( A . 6 )



and v4 i s  g iven  by Eq. (A .4 d ) .

I t  shou ld  be c l e a r  t h a t  i n  so lv in g  th e  sim ultaneous 

e q u a t io n s  (A .3 ) ,  we have a l s o  so lv e d  f o r  th e  m a tr ix  (which 

i s  a l s o  a n t isy m m e tr ic )  in v e rs e  to  i t  fo llow s from

in s p e c t io n  o f  E j s . (A .3) and (A.4) t h a t  t h i s  in v e r s e  may be 

e x p re s se d  as
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