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Abstract

LIFTING TOEPLITZ/HANKEL COMPUTATIONS

by

BRIAN JOSEPH MURPHY

Adviser: Dr. Victor Pan

The arithmetic cost bounds for solving a Toeplitz or Hankel linear system of

equations is O(n lg2 n). The progression of algorithmic development that led to

this bound includes what have come to be referred to as “fast” and “superfast”

algorithms. First came the “fast” algorithms crafted by Levinson in 1947, Durbin

in 1959, and Trench in 1964 and 1965. The “fast” algorithms each perform O(n2)

arithmetic operations. Later “superfast” algorithms were devised, in particular

the BYG algorithm by Brent, Gustavson, and Yun in 1980 [BGY80] and the MBA

divide and conquer algorithm by Morf in 1974 [M74] and 1980 [M80] and Bit-

mead and Anderson in 1980 [BA80]. These “superfast” algorithms both require

O(n lg2 n) arithmetic operations and can be implemented numerically with finite

precision.

Unfortunately, numerical instability plagues these Toeplitz and Hankel “super-

fast” numerical linear solvers (see Bunch 1985 [B85]) and some large and important

classes of Toeplitz and Hankel matrices are ill-conditioned (see Tyrtyshnikov 1994

[T94]). Therefore, absent application of exceedingly high precision these “super-

fast” numerical linear solvers produce invalid results for many highly significant

Toeplitz and Hankel linear systems. This dilemma led to the development of al-

gebraic (or symbolic) techniques to simultaneously bound the arithmetic cost and

the precision of computation. Such techniques have resulted in implementations of

the algorithms that are slower, but error free for ill-conditioned Toeplitz and Han-
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kel input matrices. Algebraic (or symbolic) implementations typically rely upon

utilization of the Chinese remainder algorithm (see [GG99]], [PW02], and [WP03]).

Herein Hensel’s p-adic lifting has been leveraged in alternative algebraic meth-

ods for implementing “superfast” Toeplitz/ Hankel linear solvers. This approach

holds important advantages over those using the Chinese remainder algorithm. In

addition, Hensel’s p-adic lifting has been extended to apply q-adic lifting for q =

2s where s is an integer, herein refered to as Binary lifting. This has allowed many

of the expensive modular computations required in the lifting steps to be carried

out often implicitly and practically for “free” as a result of the efficiencies inherent

in this regard by the binary nature of today’s computer hardware.
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1 INTRODUCTION 1

1 Introduction

Algebraic (or symbolic) algorithms for sparse and/or structured linear systems of

equations with integer coeficients are examined herein. Hensel’s lifting, yields the

solution in nearly optimum Boolean time. Furthermore, lifting is performed mod-

ulo a reasonably bounded power of two to implement the algorithms in binary

within a fixed computer precision, (e.g., the IEEE standard double precision),

while minimizing the number of the word operations involved. The study is spe-

cific to solving Toeplitz linear systems and readily extends to some fundamental

computations with various sparse and/or structured matrices as well as computing

univariate polynomial gcds, lcms, and resultants. It also relates lifting to some

popular numerical computations.

This paper combines techniques for lifting and other algebraic (or symbolic)

computations modulo integers as well as computations with sparse and structured

matrices. Included are the details from both areas, e.g., some basic results on

Toeplitz and Hankel matrices and on the reconstruction of the rational solution

from the p-adic solution.

Algebraic (or symbolic) algorithms are a customary tool for the solution of

integer linear systems of equations Mx = b. One of the basic techniques is Hensel’s

p-adic lifting, proposed for solving general linear systems by Moenck and Carter

1979 in [MC79] and Dixon 1982 in [D82] and having strong similarity to Wilkinson’s

popular algorithm for numerical iterative refinement in [S80], [GL96, Section 3.5.3],

[H02] (see Remark 7.1). Lifting is performed with precision of the order of dlg pe

bits, but the exact rational multi-precision solution can be readily reconstructed

from its output.

The basic operation in each recursive step for lifting of a system of linear

equations is multiplication of an input matrix M by a vector and multiplication
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of the precomputed inverse of M modulo a fixed prime p by a vector. This makes

lifting attractive for parallel processing and particularly effective for sparse and/or

structured linear systems for which these multiplications are fast. Such linear

systems can be solved with lifting in time optimal within a polylogarithmic factor

(see Section 8). Here the optimality is in terms of the numbers of both Boolean (bit)

operations involved as well as arithmetic operations performed with the precision

bounded by the length of a computer word, (e.g., with the IEEE standard double

precision).

A boolean time bound nearly as small is supported by Newton’s p-adic lift-

ing, which has a strong similarity to Newton’s iteration for matrix inversion (see,

e.g., [P01, chapter 6] and the biliography therein), but each Newton’s lifting step

doubles the precision of computing, and substantial additional effort is needed to

reverse this expansion to ensure fixed (e.g., double) precision operation.

To enable binary computations obviating the need for many expensive division

and modulus operations for each iteration and to keep computations within com-

puter precision throughout (except, at the last stage during reconstruction of the

exact rational solution, represented by long binary numbers), one should apply

binary lifting, that is initialize Hensel’s as well as Newton’s lifting modulo a prop-

erly bounded power of two. The policy adopted herein is saturated initialization,

that is, lifting is initialized modulo 2d for an integer d chosen to be a little smaller

than the length of a computer word. Compared to the customary initialization

with random primes p, this means stepping on new ground where lifting is done

in rings, instead of fields. In this paper, algorithms are adjusted respectively and

still they are nearly optimal for sparse and/or structured integer linear systems of

equations. Furthermore, this new binary lifting is still simple to analyze and to

implement.
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Exemplified in this study is the highly important case of Toeplitz linear systems

of equations which are treated in some detail, but the algorithms and complexity

estimates can actually be applied to a number of fundamental computations with

various important classes of sparse and/or structured matrices.

The well known correlation between computations with Toeplitz and Hankel

matrices and polynomials enables further extension of these algorithms and their

nearly optimal cost estimates to computing the greatest common divisor (hereafter

gcd), the least common multiple (hereafter lcm), resultant, and Padé approxima-

tions of a univariate polynomial as well as interpolating rational functions.

Lifting is linked to matrix determinants in two ways. It facilitates their alge-

braic (or symbolic) computations and where the determinant is known the recovery

of the exact rational solution from the output of lifting can be simplified.

Finally, comparison and possibly extension of binary lifting to numerical solu-

tion of ill conditioned linear systems of equations leads to some interesting research

challenges (see Section 13).
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2 Definitions and Preliminaries

2.1 Foundation

Definition 2.1. Z is the ring of integers.

Definition 2.2. Q is the field of rational numbers.

Definition 2.3. lg is the base 2 log, i.e. log2.

Definition 2.4. ordq(m), the order of q in m, is the maximal integer l such that

ql divides m.

Definition 2.5. ν(y) is the numerator, and δ(y) ≥ 1 is the denominator in the

ratio y = ν(y)/δ(y) of two coprime integers ν(y) and δ(y).

2.2 Matrices

Definition 2.6. M = (mi,j)
k,l
i,j=1 is a k × l matrix with rational or integer entries

mi,j, M ∈ Qk×l or M ∈ Zk×l, respectively. v = (vi)
k
i=1 is a vector. I is the identity

matrix of a proper size. Il is the l × l identity matrix. MT is the transpose of M .

Definition 2.7. detM and adj M = (di,j)
n
i,j=1 denote the determinant and the

adjoint of an n×n matrix M = (mi,j)
n−1
i,j=0 where di,j = detMi,j and the submatrix

Mi,j is obtained by deleting the ı-th row and the -th column of M . adjM =

M−1 detM if M is nonsingular.

Definition 2.8. For a matrix M = (mi,j)
k,l
i,j=1 and vectors b = (bi)

k
i=0, x = (xi)

l
i=0,

u = (ui)
l
i=0, and v = (vi)

l
i=1, where mij, bi, ui, vi are constants, xj are unknown

values, i = 1, . . . , k; j = 1, . . . , l; k, l ∈ Z; and k, l ≥ 1, define the dot product

of two vectors u · v = u1v1 + u2v2 + · · · + ulvl =
∑l

i=1 uivi, a matrix-by-vector

product Mx = (
∑l

j=1 aijxj)
k
i=1, and the solution x to a linear system Mx = b of k

equations with l unknowns as the set of values sj such that the substitution xj = sj,

for j = 1, . . . , n simultaneously satisfies all equations in the system.
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Definition 2.9. A linear system Mx = b for b 6= 0 has exactly one solution and

is called nonsingular if and only if its coefficient matrix M has inverse M−1 such

that M−1M = MM−1 = I. M is nonsingular if and only if all its rows (columns)

are linearly independent, i.e., no row (column) is a linear combination of other

rows (columns). In this case the matrix M must be a square n × n matrix and

detM 6= 0.

Clearly, if M is nonsingular, Mx = b is satisfied by x = M−1b, but generally

solving a nonsingular linear system Mx = b is a simpler task than computing

M−1.

Definition 2.10. |M | denotes the column norm of a matrix M = (mi,j)i,j, |M | =

||M ||1 = maxj

∑
i |mi,j|. |v| =

∑
i |vi| denotes the `1-norm of a vector v = (vi)i.

α(M) = maxi,j |mi,j|. β(v) = maxi |vi|.

Definition 2.11. vM ≤ 2n2 − n and iM are the minimum numbers of arithmetic

operations sufficient to multiply a given n × n matrix M by a vector and to invert

it, respectively.

Hadamard’s estimate below is known to be sharp in the worst case, but is an

overestimate on the average according to [ABM99].

Fact 2.1. Hadamard’s Bound

|detM | ≤
∏

j

(Σim
2
i,j)

1/2 ≤ (α(M)
√

n)n,

|detM | ≤ |M |n

and

| adjM | ≤ (n − 1)α(adj M),

| adjM | ≤ (α(M)
√

n − 1)n−1(n − 1),

| adjM | ≤ (n − 1)|M |n−1



2 DEFINITIONS AND PRELIMINARIES 6

for an n × n matrix M = (mi,j)i,j.

Hereafter let b 6= 0, n > 2, |M | > 2, and so lg n > 1, lg |M | > 1.

Definition 2.12. For two integers q > 0 and s > 1, a matrix M in Zn×n
qs is

factor-q nonsingular modulo qs if there exists a matrix Q in Zn×n
qs such that

MQ mod (qs) = qI. (2.1)

2.3 Modular Arithmetic

Definition 2.13. Zm is the set of integers modulo m, m ∈ Z, m > 1.

Fact 2.2. For r, n,m ∈ Z, 0 ≤ r < m, r = n mod m is read “r is the remainder

when n is divided by m.” Equivalently, n ≡ r (mod m) is read “n and r are

congruent modulo m.” Each of these implies that m|(n− r), therefore n = r + tm

for t ∈ Z, t ≥ 0.

Theorem 2.1. The mapping from Z → Zm, m ∈ Z is a homomorphism, implying:

(x + y) mod m = ((x mod m) + (y mod m)) mod m,

(x− y) mod m = ((x mod m) − (y mod m)) mod m,

(xy) mod m = ((x mod m)(y mod m)) mod m.

Theorem 2.2. The Chinese Remainder Theorem. x ∈ Z can be uniquely rep-

resented (mod m1m2m3 · · ·mn) given pair-wise relatively prime moduli m1, m2,

m3, . . . , mn and integer remainders r1, r2, r3, . . . , rn such that ri = x mod mi,

for all i = 1, . . . , n.

If 2x < m1 . . .mn, the Chinese Remainder Algorithm provides a method for

determining x given the ri and mi, for all i = 1, . . . , n. One of the many applica-

tions of the Chinese Remainder Theorem allows the result of integer computations
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to be determined by carrying out multiple instances of the computation modulo

different relatively prime moduli and for the result to be constructed from the

resulting pairs of remainders and moduli via the Chinese Remainder Algorithm.

The Euclidean Algorithm finds the greatest common divisor (gcd) of two inte-

gers without need of factoring. It is based on the simple recursion:

Theorem 2.3. g = gcd(x, y) =

{
gcd(y, x mod y) if x mod y 6= 0

y otherwise.

The Extended Euclidean Algorithm, by adding a small amount of bookkeeping

to the computations of the Euclidean Algorithm, not only finds gcds, but as a

by-product of calculating those gcds also determines cofactors s and t such that

g = sx + ty, |t| < x, |s| < y. These cofactors are modular multiplicative inverses

of x mod y and of y mod x if x and y are relatively prime, that is, if g = 1.

Definition 2.14. The modular multiplicative inverse of an integer n mod m, is

that integer n−1 mod m such that (n ∗ n−1) mod m = 1. If the modulus m and

an integer n, 0 < n < m − 1, are relatively prime, i.e., gcd(m,n) = 1, then the

modular multiplicative inverse of n mod m does in fact exist and can be found using

the Extended Euclidean Algorithm. Otherwise it does not exist.

Clearly then, a modulus p, a prime number, has the advantage that each ele-

ment x ∈ Zp other than zero has a modular multiplicative inverse (mod p).

2.4 p-adic Integers

Definition 2.15. p-adic expansion of an integer: Every integer can be represented

as a polynomial in p with coefficients 0, . . . , p−1 represented by a vector. Rationals

can also be represented as p-adics if the denominator is relatively prime to p.



2 DEFINITIONS AND PRELIMINARIES 8

2.5 The Issue of Numerical Instability

Due to their finite nature, computers are limited in terms of the precision with

which they are capable of representing numeric values. Floating point numbers,

which stand as substitutes for real numbers in computer computations, suffer inac-

curacies due to precision issues. Calculations done on floating point numbers can

compound the problem both because the floating point inputs to the calculation

may already be rounded, by necessity, and/or because computations using those

floating point parameters may generate rounding errors of their own. This makes

it quite possible for all bits in a significand, generated by multiple floating point

operations, to fall within the error and therefore be of no significance in expressing

the solution to the problem.

Definition 2.16. The condition number of a matrix is the ratio of its minimal

singular value to its maximal singular value

cond2(M) = σ1/σn = ||A||||A−1||.

A matrix M is considered “ill-conditioned” if its condition number is large.

The condition number of a matrix helps gauge the likelihood of success in

application of numerical methods for solving linear systems of equations. The

rule of thumb is that the output error is the product of the input error and the

condition number. Furthermore, in 1961–65, J. H. Wilkinson proved that for most

fundamental matrix computations, the rounding errors accumulate to an equivalent

of the input error. It follows that the accuracy of the output of numerical matrix

computations is poor where the input matrix has a large condition number.

Conditioning problems can be addressed by using greater machine word size

or wider floating point values and their operations implemented in software. The

hardware solution is prohibitively expensive. The software solution slows compu-
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tations. Yet, each can still fail to provide reliable results, given that the precision

provided by the machine is still finite.

Clearly, it is desirable to bound the precision of computing in such cases. One of

the common means is through modular arithmetic. Computing modulo an integer

m bounds the precision of computing by dlg me.

2.6 Cost Estimates for Convolution and Multiplication

Let m(n) denote the number of field operations needed to convolve two n-vectors,

or equivalently to multiply two polynomials. m(n) ≥ 2n − 1 (the informational

lower bound), m(n) = O(n lg n) over the fields or rings that support FFT, and

more generally,

m(n) ≤ cclassn
2, m(n) ≤ ckn

lg 3, m(n) ≤ (cckn lg n) lg lg n, (2.2)

over any field or ring with unity. Here lg 3 = 1.58496 . . ., cclass, ck, and cck are

three constants, 0 < cclass < ck < cck, and the above bounds are supported by

the classical, Karatsuba’s [K90], and Cantor and Kaltofen’s algorithms; practical

choice among them depends on the degree n (see Bernstein, [B03], and [GG03]).

Bit operation costs are estimated, reflecting arithmetic cost and precision of

computation. To each arithmetic operation performed over integers modulo q, that

is, with d-bit precision, for d = dlg qe, assign the cost of O(µ(d)) bit operations,

where µ(d) denotes the bit operation complexity of multipication of two integers

modulo q, µ(d) ≥ 2d − 2 (an information lower bound),

µ(d) ≤ Cclassd
2, µ(d) ≤ Ckd

lg 3, µ(d) ≤ (Cssd lg d) lg lg d, (2.3)

Cclass, Ck, and Css are three constants, 0 < Cclass < Ck < Css, and the above

bounds are supported by the classical algorithm and those of Karutsuba 1963 and

Schönhage and Strassen 1971; all these algorithms are practically used, depending

on the precision d (see [K98], [B03], [GG03]).
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3 Solving Linear Systems

3.1 Gausian Elimination

Direct methods for solving linear systems of equations and finding matrix inverses

apply only arithmetic operations coupled with comparisons and matrix row (col-

umn) interchange. They output exact results assuming error-free computaions.

The most commonly used direct algorithm for handling linear systems of equa-

tions is Gaussian Elimination. It requires 2
3
n3 + O(n2) arithmetic operations for a

linear system of n equations with n unknowns.

3.2 Complete Recursive Triangular Factorization

Divide and conquer algorithms for matrix computations trace their roots back

at the very least to [S69] and [AHU74]. Such algorithms solve the given matrix

problem by solving “easier” subproblems and build on those results to determine

the sought after solution. In the complete recursive triangular factorization of a

matrix, multiple applications of matrix multiplication are substitued for directly

inverting a matrix. This recursive factorization was used by V. Strassen in [S69]

to prove that the exponent of the arithmetic complexity of matrix inversion is not

greater than that of matrix multiplication.

Definition 3.1. Given an n×n matrix M , M (k) where k ≤ n is a submatrix of M

composed of rows and columns 1, . . . , k of matrix M , i.e., M (k) is a northwestern

(leading principle) submatrix of M . If all submatrices M (k) for k = 1, . . . , rank(M)

are nonsingular, M (k) is said to have generic rank profile. If a matrix M in addition

to having generic rank profile is itself nonsingular then M is a strongly nonsingular

matrix.

An n × n strongly nonsingular matrix M can be represented as a 2 × 2 block
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matrix,

M =

(
M00 M01

M10 M11

)
, (3.1)

where, by Definition 3.1, the k × k submatrix of M , M00 = M (k), is also strongly

nonsingular.

The 2× 2 block matrix above can be factored through block Gaussian elimina-

tion into the lower triangular, diagonal, and upper triangular 2× 2 block matrices

M =

(
I 0

M10M
−1
00 I

)(
M00 0
0 S

)(
I M−1

00 M01

0 I

)
(3.2)

where the (n − k) × (n − k) matrix,

S = M11 − M10M
−1
00 M01, (3.3)

is called the Schur complement of M00 in M and is denoted by S(M00,M).

Theorem 3.1. If a matrix M is strongly nonsingular, then its Schur complement

S = S(M00,M) is strongly nonsingular.

Given the factoriztion of M in (3.2) and its strongly nonsingular M00 and S, it

is easy to see that

M−1 =

(
I −M−1

00 M01

0 I

)(
M−1

00 0
0 S−1

)(
I 0

−M10M
−1
00 I

)
. (3.4)

Since the matrix M00 is strongly nonsingular, its Schur complement S can be

obtained in n − k steps of Gaussian elimination. Expanding (3.3) obtains

M−1 =

(
M−1

00 + M−1
00 M01S

−1M10M
−1
00 −M−1

00 M01S
−1

−S−1M10M
−1
00 S−1

)
. (3.5)

Theorem 3.2. S−1 is the southeastern (n − k) × (n − k) submatrix of M−1.

Due to Theorem 3.1 and given that M is strongly nonsingular, M00 and S

are strongly nonsingular. Therefore, the same block factorizations applied to M in

(3.2) and (3.4) can be applied to both M00 and S. Obviously this downward pattern
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can continue recursively until it ends with the inversion of the 1 × 1 submatrix

M (1) which is a scalar. At this stage the inverse of M (1), its Schur complement S1,

and the inverse of the Schur complement S−1
1 are determined. Actual computation

begins with the 1×1 matrix M (1) and recursively extends its inverse to the inverses

of the matrices M (2), M (3), . . . . For each recursive step of the return sequence,

the inverse of M (2i) is determined using (M (i))−1 and S−1
i as indicated in (3.4) and

S−1
2i is determined via complete recursive triangular factorization.

Fact 3.1. Complete recursive triangular factorization can be extended to compute

the solution x = M−1b to a linear system Mx = b (of course) and detM for

any strongly nonsingular matrix M . Observe that detM = (detM00)(detS) and

successively compute detM00, detS, and detM .

Theorem 3.3. If M is a real nonsingular matrix, then MT M and MMT are

strongly nonsingular.

Fact 3.2. M−1 = (MT M)−1MT = MT (MMT )−1.

Fact 3.3. (detM)2 = det(MTM) = det(MMT ).

Theorem 3.3 and Facts 3.1, 3.2, and 3.3 imply that complete recursive triangular

factorization can be used to find M−1, the solution x = M−1b to a linear system

Mx = b and detM for any real nonsingular matrix M .
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Algorithm 3.1. The Balanced CRTF of a Strongly Nonsingular Matrix.

Input: A strongly nonsingular n × n matrix M .

Output: M−1 and the BCRTF of M and M−1.

Computations: Define the BCRTF tree T (M) = Tn,n, then recursively compute

and invert all matrices associated with its nodes according to the following

rules:

1. The left child of any node is a leading principle block of its parent.

2. Invert each of the leaves (1-by-1 matrices) directly, then recursively in-

vert all other nodes based on factorization (3.4) and its recursive exten-

sion. That is, in each recursive step:

a. first invert the left child;

b. then compute and invert the right child;

c. and finally invert their parent based on (3.4) or its extension.

3. Terminate when the root M is inverted.

Algorithm 3.1 can be extended to compute the solution x = M−1b to a linear

system Mx = b and detM .
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Figure 1: Generic BCRTF tree T8,8 = T (M) for an 8 × 8 matrix M .
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Figure 2: Generic BCRTF tree T5,5 = T (M) for a 5 × 5 matrix M .
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4 Toeplitz and Hankel

4.1 Toeplitz and Hankel Matrices

Clearly an n×n square matrix M can be defined by n2 entries, but there are highly

important cases where the entries of the matrix exhibit a pattern that allows a rel-

atively small number of parameters (on the order of n) to define all entries. For

structured matrices, in particular for Toeplitz and Hankel matrices, the perfor-

mance of the divide and conquer algorithm of Section 3.2 improves dramatically

as multiplying a matrix by a vector upon which they depend is simplified.

Definition 4.1. T = (ti,j)i,j is a Toeplitz matrix if ti,j = ti+1,j+1 for every pair of

its entries ti,j and ti+1,j+1, i.e., entries of a Toeplitz matrix are invariant along each

diagonal. A Toeplitz matrix is defined by the 2n−1 entries of its first row and first

column. Z(v) is the lower triangular Toeplitz matrix defined by its first column v.

For any scalar f and vector v = (vi)
n−1
i=0 , define the n × n unit f -circulant matrix

Zf = (zi,j), zi,i−1 = 1, i = 2, . . ., n; z1,n = f , zi,j = 0 for other pairs (i, j), and

the f-circulant matrix with the first column v, Zf (v) =
∑n−1

i=0 viZ
i
f . (Note that

Zn
f = fI.)

Generating f-Circulant Matrix Zf Toeplitz Matrix




0 0 · · · f

1 0
...

...
...

...
... 0

0 · · · 1 0







t0 t−1 · · · t1−n

t1 t0
...

...
...

...
... t−1

tn−1 · · · t1 t0




Definition 4.2. H = (hi,j)i,j is a Hankel matrix if hi,j = hi−1,j+1 for every pair

of its entries hi,j and hi−1,j+1, i.e., entries of a Hankel matrix are invariant along

each anti-diagonal. Define the reflection matrix J = (jg,h), jg,n+1−g = 0 for g = 0,
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. . ., n − 1, jg,h = 0 for h + g 6= n. (Jv = (vn−i−1)
n−1
i=0 for any vector v = (vi)

n−1
i=0 ,

J2 = I.) (Multiplying the matrix J by any vector reverses that vector v = (vi)
n−1
i=0 ,

that is, Jv = (vn−i−1)
n−1
i=0 , J2 = I.)

Hankel Matrix




h0 h1 · · · hn−1

h1 h2 ..
.

hn
... ..

.
..
. ...

hn−1 hn · · · h2n−2




Theorem 4.1. TJ and JT are Hankel matrices if T is a Toeplitz matrix, and HJ

and JH are Toeplitz matrices if H is a Hankel matrix.

With Toeplitz and Hankel linear systems immediately reduced to one another

attention will be focused on Toeplitz matrices only.

Fact 4.1. For n × n Toeplitz matrices there are 2n − 1 defining entries.

The following well-known results (see, e.g., [P01, Chapter 2]) reduce matrix-

by-vector multiplications for both Toeplitz matrices T and their inverses T−1 to

polynomial multiplication or equivalently vector convolutions. Similar complexity

results can be obtained by relying on the factor-circulant representations of the

matrices T and T−1 (see [P01, Section 2.6 and Exercise 2.24c]).

Theorem 4.2. Multiplication of an n × n Toeplitz matrix T by a vector is a

subproblem of vector convolution between a (2n − 1) dimensional vector and an n

dimensional vector whose entries are given by the entries of the input matrix and

vector, respectively. If the Toeplitz matrix T is triangular then both vectors are n

dimensional vectors.
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Corollary 4.1. An n× n Toeplitz matrix T can be multiplied by a vector in m(k)

arithmetic operations for m(n) in (2.2) and k = 3n − 2; the bound decreases to

m(k) for k = 2n − 1 if T is a triangular Toeplitz matrix.

The next theorem of Heinig 1979 [H79] extends the Gohberg–Semencul formula

of 1972.

Theorem 4.3. Let T = (ti,j)
n−1
i,j=0 be a nonsingular Toeplitz matrix. Let t−n be any

scalar (e.g., t−n = 0), and write ti−j = ti,j for i, j = 0, . . ., n − 1. Let pn = −1,

t = (ti−n)n−1
i=0 , p = (pi)

n−1
i=0 = T−1t, q = (pn−i)

n−1
i=0 , v = T−1e1, e1 = (1, 0, . . . , 0)T ,

u = ZJv. Then T−1 = Z(p)ZT (u) − Z(v)ZT(q).

Hereafter the n × 2 matrix (v,p) for the above vectors p = p(t−n) (for a fixed

t−n) and v is called a generator for T−1.

The next theorem is a corollary of Theorems 4.2 and 4.3.

Theorem 4.4. 4m(k)+n arithmetic operations for m(n) in (2.2) and k = 2n− 1

suffice to multiply the matrix T−1 by a vector provided that T is a nonsingular

Toeplitz matrix and T−1 is given with its generator, that is, the vectors p and v in

Theorem 4.3.

4.2 Displacement Representation of Matrices

Definition 4.3. Displacement operators L of Stein and Sylvester types map a

matrix M into its displacements L(M) = ∇A,B(M) = AM − MB and L(M) =

∆A,B(M) = M − AMB, respectively. A and B are called operator matrices,

r = rankL(M) is called the L-rank or the displacement rank of M . If

L(M) = GHT , (4.1)

where

G = (g1, . . . ,gl) and H = (h1, . . . ,hl) (4.2)
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are l×n matrices and M and L(M) are n×n matrices, then the matrix pair (G,H)

is called a generator of length l for L(M) and an L-generator (or a displacement

generator) of length l for M , l ≥ r. (A pair G, H in (4.1) is nonunique for

a fixed L(M).) If M is an n × n matrix and l is small relative to n (say, if

l = O(1) as n → ∞), then M is said to have L-structure or to be an L-structured

matrix. (Both Sylvester and Stein type operators ∇ and ∆ would suffice herein

[P01]; Sylvester type operators will be used.)

Theorem 4.5. [P01, Theorem 4.6.4]. Given an L-generator (Gl,Hl) of length

l for a matrix M having L-rank r ≤ l, it is sufficient to use O(l2n) arithmetic

operations to compute an L-generator (G,H) of length r for the matrix M .

The following results are immediately verifiable.

Theorem 4.6. Let M be a nonsingular matrix, then

∇A,B(M−1) = −M−1∇B,A(M)M−1.

Theorem 4.7. For two pairs of scalars a and b and matrices M and N of the

same size and any linear operator L (in particular, for L = ∇A,B for any pair of

matrices A and B),

L(aM + bN) = aL(M) + bL(N).

Theorem 4.8. [P01, Theorem 1.5.4]. For a 5-tuple {A,B,C,M,N} of matrices

of compatible sizes,

∇A,C(MN) = ∇A,B(M)N + M∇B,C(N).

Based on the results in this subsection, L-structured n × n matrices M with

n2 entries may be represented in compressed form via 2nl entries of their short

L-generators and operate with them according to the following sequence:



4 TOEPLITZ AND HANKEL 19

COMPRESS −→ OPERATE −→ DECOMPRESS

Theorems 4.5–4.8 support the OPERATE stage, in which, in addition to saving

memory space, usually dramatically decrease computational time. For the DE-

COMPRESS stage, see Theorem 4.10, [P01, Chapter 6], and [PW03].

4.3 Toeplitz-like and Hankel-like Matrices

Theorem 4.9. For any pair of distinct scalars e and f and any Toeplitz matrix

T , there exist nonunique pairs (Ze(u), Zf (v)) and (Z0(w), Z0(x)) such that T =

Ze(u) + Zf (v) = Z0(w) + ZT
0 (x). (Every matrix Z0(v) is lower triangular.)

Definition 4.4. An n × n matrix M is Toeplitz-like if r = rankL(M) is small

relatively to n (r = O(1) as n → ∞), and if M is given with its L-generator of

length l = O(r), where L = ∇Ze,Zf
, L = ∇ZT

e ,ZT
f
, L = ∆Ze,ZT

f
, L = ∆ZT

e ,Zf
for a

fixed pair of scalars e and f . A matrix M is Hankel-like if MJ or JM is Toeplitz-

like (and so the problems of solving Toeplitz-like and Hankel-like linear systems are

reduced to each other).

n × n Toeplitz-like matrices T generalize n × n Toeplitz and Hankel matrices.

They can be represented in a compact form with their displacement generators

made up of O(n) parameters and, like the matrix T−1 in Theorem 4.4, can be

multiplied by vectors fast. The same properties hold for the inverses of nonsingular

Toeplitz-like matrices and for Hankel-like matrices J{T} = {T}J where the matrix

J is from Definition 4.2 and {T} denotes the class of Toeplitz-like matrices (see

some relevant bibliography in Kailath and Sayed 1999 [KS99], Pan 2000 [P00], and

[P01]).

Here is the displacement of T with l ≤ 2 [P01, page 120]:

∇Zf ,Ze(T ) = ZfT − TZe = (Z0Jt− − et)eT
n−1 + e0(fJt− ZT

0 t−)T (4.3)
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for T = (ti−j)
n−1
i,j=0, t = (ti)

n−1
i=0 , t− = (t−i)

n−1
i=0 , and any pair of scalars e and f .

Herein, it is sufficient to use e and f in the set {−1, 0, 1} (see [P04, Appendix

A]).

Theorem 4.10. [P01, Examples 4.4.2]. Given (4.1), then

(e − f)M =

l∑

j=1

Ze(gj)Zf (Jhj) if L = ∇Ze,Zf
, e 6= f,

(e − f)M =

l∑

j=1

ZT
e (Jgj)Z

T
f (hj) if L = ∇ZT

e ,ZT
f
, e 6= f.

Theorems 4.1, 4.5, and 4.10 together imply the following corollary.

Corollary 4.2. An n × n Toeplitz-like or Hankel-like matrix M of displacement

rank r given with its displacement generator of length l can be multiplied by a vector

by using O(m(n)l) ring operations or alternatively O(m(n)r + l2n) field operations

for m(n) in (2.2).

4.4 Compression of a Toeplitz-like Matrix

Definition 4.5. Let m ∈ Z, U ∈ Qk×l, and V ∈ Zk×l. V has the order s =

ordm(V ) in m if s is the maximal integer such that m−sV ∈ Zk×l for V 6= 0,

s = ∞ for V = 0. A prime p is relatively prime to V if ordp(V ) = 0. Let

every entry of U be either 0 or the ratio of two relatively prime numbers. Then

δ(U) is the least common denominator of the entries of U 6= 0, δ(0) = 1. For

Ũ = δ(U)U ∈ Zk×l, gm(U) = ordm(δ(U)), then ordm(U) = ordm(Ũ) − gm(U).

Problem 4.1. Given a generator GV , HV of length l for a matrix V = L(M) ∈

Zn×k of rank r, compute a generator G, H of length r for V such that

gp(G) ≥ 0, gp(H) ≥ 0. (4.4)

The next algorithm solves Problem 4.1, where GV = V , HV = I, l = n.
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Algorithm 4.1. Basic Compression via Gaussian Elimination.

Input: A prime p, a matrix V ∈ Zn×k of rank r, given by its n × k entries.

Output: A generator G, H of length r for V .

Computations: Apply Gaussian elimination with column pivoting to compute

lower triangular matrices UT and L and a permutation matrix P such that

V = LUP and at every elimination step the order in p of the pivot element is

minimum in its row. The output matrices G and H are defined as the n × r

submatrices formed by the first r columns of L and P T U , respectively.

Correctness follows because all diagonal entries of U are relatively prime to p

(by construction of U), U is nonsingular, rank L = rankV = r, and all but the

first r columns of L vanish, so LUP = V .

The algorithm performs O(nkr) arithmetic operations with ratios η/δ of pairs

of relatively prime numbers η and δ > 0 such that ordp(δ) = 0, and if r = O(1),

then lg(|η|δ) = O(lg |V |). Here and hereafter, |V | = |(vi,j)i,j)| = 1 + maxi,j |vi,j|.

Theorem 4.11. For r = O(1), Algorithm 4.1 requires O(nkµ(lg |V |)) bit opera-

tions for µ(d) in (2.3).

4.5 Compression of Short Generators

The following techniques compress a matrix V represented by its short although

not shortest generator (cf. the proof of Theorem 1.1 in [P01]).

Algorithm 4.2. Mulitiplication with Basic Compression.

Input: A prime p, a matrix V ∈ Zn×k of an unknown rank r for k = O(n), given

by its rational generator GV , HV of length l ≥ r.

Output: A shortest rational generator G, H for V satisfying (4.4).
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Computations:

1. Compute V = GV HT
V .

2. Apply Algorithm 4.1.

The algorithm uses O(kln) arithmetic operations. To decrease the precision of

computing at stage 1, first compute the integers

tG = gp(GV ), tH = gp(HV ), t = tG + tH,

and

u = 1 + max{t, dlogp(2|V |)e}, (4.5)

then compute in Zpu the matrices ptGGV , ptH HV (both are relatively prime to p),

ptV = (ptGGV )(ptHHT
V ), and V ; finally recover V in Zn×k from V mod pu. This

yields the precision of du lg pe bits, so the bit cost in Stage 1 is in

B+ = O(nklµ(u lg p)). (4.6)

The latter bound dominates the bound at stage 2 (based on Theorem 4.11).

The next algorithm applies to the same input as Algorithm 4.1 and also com-

putes a shortest generator for V . For l = O(1), it is faster by the factor of k but

instead of (4.4) supports only the weaker bounds of

gp(G) + gp(H) ≥ gp(GV ) + gp(HV ). (4.7)

Algorithm 4.3. Compression via repeated multiplication and basic compression.

Input/Output: As in Algorithm 4.2 but with (4.7) replacing (4.4).

Computations:

1. Apply Algorithm 4.1 to the input matrix G̃V = δ(GV )GV to compute a

generator Ḡ, H̄ of length r̄ = rankGV ≤ l.
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2. Compute the r̄ × l matrix W = H̄T HV and apply Algorithm 4.1 to the

matrix W̃ = δ(W )W to compute its shortest generator Ĝ, H.

3. Compute the matrix G = ḠĜ/(δ(GV )δ(H̄THV )). Output G, H.

Correctness follows from correctness of Algorithm 4.1 and the observation that

the matrices G and H have full rank. The arithmetic cost is O(l2n). For l = O(1),

the precision of computing is O(u lg p). This yields the bit cost bound

B = O(nµ(u lg p)). (4.8)

Remark 4.1. Algorithm 4.3 supports Theorem 4.5 for G1 = GV , H1 = HV com-

plemented with bounds (4.5) and (4.7).

Remark 4.2. Both Algorithms 4.2 and 4.3 can be applied to scaled integer gener-

ator G̃V , H̃V and performed in Zpu. From the (scaled) output generator G, H in

Zpu, the (scaled) output in Z can be recovered because u is large enough.

4.6 The MBA Algorithm

The MBA algorithm [M74], [M80], [BA80] is in essence an extension of the Com-

plete Recursive Triangular Factorization of a matrix specifically redesigned to take

advantage of the aformentioned faster matrix operations available for structured

matrices of Toeplitz type. As noted in Section 3.2, as the recursion fans out and

inverted matrices are determined for each M (k), k = 2, . . . , n, the computational

effort is concentrated on finding the inverse of the Schur complement S through

an additional recursive step coupled with matrix multiplication. While the Schur

complement of a Toeplitz matrix S and its inverse S−1 are neither Toeplitz ma-

trices nor the inverses of Toeplitz matrices, they do exhibit structure and have

a displacement rank of r = 2, which allows for the efficient use of displacement

generators when inverting S at each stage of the recursion. This process requires
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O(n lg2 n) arithmetic operations, which is a significant improvement over Gaussian

Elimination’s O(n3).

However, in numerical implementation the MBA algorithm suffers a signifi-

cant weakness. That weakness is numerical instability. Thus, since the numerical

MBA algorithm is not always able to accurately represent the results of interme-

diate computations the final results for a large class of matrices will be in error.

Significant bits are lost during computations, so that the output bears little or

no resemblance to the solution sought. The bane of the MBA algorithm is ill-

conditioned matrices, as it is just such matrices on which MBA performs poorly

(see Bunch 1985 [B85], Tyrtyshnikov 1994 [T94]). For those cases where numerical

instability wreaks havoc with the MBA algorithm, one can resort to an algebraic

(or symbolic) implementation. Chinese Remaindering is typically leveraged to pro-

vide this algebraic alternative. The linear system in question, Mx = b, is scaled to

achieve integral input matrix M ′ and integer input vector b′. The MBA algorithm

is then performed multiple times, once for each of the prime moduli p1, . . . , ps.

When all remainders have been computed, the Chinese Remainder Algorithm is

employed to determine the result x′ modulo p = p1 · · · ps. For integer inputs M ′

and b′, the solution vector x′ will have all rational entries. Conversion from the

modular integer output x′ mod p to the rational solution x′ is simple. Since the

MBA algorithm computes the detM ′ as a by-product and since (detM ′)x′ is an

integer vector, the reconstruction from (detM ′)x′ mod p requires only a division

by detM ′ for each entry.
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5 Lifting Structured Linear Systems

5.1 Hensel’s p-adic Lifting

Algebraic (or symbolic) algorithms are a customary tool for the solution of integer

linear systems of equations Mx = b. One of the basic techniques is Hensel’s p-adic

lifting, proposed for solving general linear systems by Moenck and Carter 1979

in [MC79] and Dixon 1982 in [D82] and having a strong similarity to Wilkinson’s

popular algorithm for numerical iterative refinement in [S80], [GL96, Section 3.5.3],

[H02] (see Remark 7.1). Lifting is performed with precision of the order of dlg pe

bits, but the exact rational multiprecision solution can be readily reconstructed

from its output.

The basic operation in each recursive step for lifting of a system of linear

equations is multiplication of an input matrix M by a vector and multiplication

of the precomputed inverse of M modulo a fixed prime p by a vector. This makes

lifting attractive for parallel processing and particularly effective for sparse and/or

structured linear systems for which these multiplications are fast. Such linear

systems can be solved with lifting in time optimal within a polylogarithmic factor

(see Section 8). Here the optimality is in terms of the numbers of both Boolean (bit)

operations involved as well as arithmetic operations performed with the precision

bounded by the length of a computer word (e.g., with the IEEE standard double

precision).

Fact 5.1. Hensel’s lifting begins with x0, the solution x modulo a prime p, and for a

fixed h, in h lifting steps computes x(h), the solution modulo ph. x(h) is represented

as x(h) = x0 + (x1)p + (x2)p
2 + · · · + (xh−1)p

h−1 where the xi ∈ Z, 0 ≤ xi < p, p a

prime and h ∈ Z, h ≥ 1.

Because Hensel’s lifting is an algebraic method its computations are done error

free.



5 LIFTING STRUCTURED LINEAR SYSTEMS 26

Given a prime p, a nonsingular integer matrix M , an integer vector b, and

the first term Q in the p-adic expansion of the matrix M−1, the next algorithm

recursively computes the p-adic expansion of x(h) = M−1b mod ph.

Algorithm 5.1. Hensel’s lifting for a linear system [MC79], [D82].

Input: M ∈ Zn×n, an integer p relatively prime with detM , b ∈ Zn, an integer

h > 1, and Q = M−1 mod p.

Output: x(h) = M−1b mod ph.

Initialization: r(0) = b.

Computations:

1. For i = 0, 1, . . ., h − 1,

(a) Compute u(i) = Qr(i) mod p

(b) Compute r(i+1) = (r(i) − Mu(i))/p

2. Compute x(h) =
∑h−1

i=0 u(i)pi.

Herein Hensel’s lifting is utilized for solving Toeplitz linear systems Tx = b.

From Algorithm 5.1 it is plain that matrix-by-vector multiplication is the domi-

nant operation driving the operation count for solving linear systems with Hensel’s

lifting. For this reason, as with the Complete Recursive Triangular Factorization

of a matrix, the substitution of the accelerated O(n lg n) matrix-by-vector mul-

tiplication available for Toeplitz matrices T and their inverses T−1 in place of

general O(n2) matrix-by-vector multiplication provides for a significant speed up

to Hensel’s lifting when applied to finding the solution to a Toeplitz linear system.

Hensel’s lifting has several advantages over the coupled MBA and Chinese Re-

mainder Algorithm. Each Hensel’s iteration is essentially reduced to two matrix-

by-vector multiplications for the two matrices T and Q = T−1 mod p. For Toeplitz
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matrices these require O(n lg n) arithmetic operations. Furthermore, Hensel’s lift-

ing maintains constant dimension throughout all computations, rather than work-

ing with the many various sized auxiliary matrices of the MBA algorithm. This

allows for better parallelization based upon well known parallel implementations of

the fast Fourier transform (FFT). Because T is a Toeplitz matrix and Q the inverse

of a Toeplitz matrix, simple Toeplitz-by-vector multiplication for T and use of the

Gohberg-Semencul formula for Q will suffice. Further, T need only be nonsingular

mod p for Hensel’s lifting rather than strongly nonsingular mod p as required by

the MBA algorithm. Hensel’s lifting also has the advantage of working modulo a

single prime whereas Chinese remaindering requires multiple primes. This implies

that with Hensel’s lifting degeneracy only occurs if matrix T is singular mod p for

a single prime p, whereas MBA with Chinese remaindering suffers degeneracy if

matrix T is not strongly nonsingular for any of several primes.

In order to exploit Hensel’s lifting toward this end, the lifting algorithm must

among its inputs include matrix Q = T−1 mod p for p a prime number. One option

that readily provides Q utilizes an algebraic MBA algorithm. Here though Hensel’s

lifting is applied to a single MBA output for a single prime moduli as opposed to

applying the Chinese Remainder Algorithm to multiple MBA outputs for various

prime moduli. Except at the initialization stage, when coupled with MBA for

initialization, Hensel’s lifting retains all the above benefits except that matrix T

must now be strongly nonsingular mod p and of course, at the initialization stage

only, the MBA algorithm’s working space issue arises.

Because of the digital nature of computer hardware, a significant speed up of

lifting can be attained when the prime chosen is p = 2. This eliminates the need to

perform the modulo and division operations of each step and replaces the divisions

with right shifts. x mod 2h, h ∈ Z+, is equivalent to the bit-wise and operation
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x and (2h − 1). The bit-wise and is often utilized in this way as a bit mask in

place of mod when the modulus is a power of two. No additional effort is required

for general computer hardware to carry out integer operations utilizing all bits

defining integer values up to word size. Bits outside the mask have no influence

on the result. Therefore, it is unnecessary to mask off the extra bits during lifting

iterations for a modulus smaller than word size. The masking can instead be done

once, after lifting is complete.

Clearly though not all nonsingular matrices are nonsingular mod 2. Obviously

half can be expected to fail this test. Since lifting on computer hardware with

any choice of prime other than 2 requires the more expensive modulo and division

operations in every iteration, it was well worth the effort to find new methods that

allow the above mentioned savings while avoiding the above mentioned degeneracy

problem associated with p = 2.

The obvious direction this implied for the research effort was to begin lifting

not from mod p for p = 2, but rather mod q for q = 2k, where k ∈ Z, k > 1. One

such method, that comes to mind quickly, is to employ MBA mod 2k for a k less

than or equal to the bit size of a machine word. On MBA’s output employ lifting.

In essence “skipping” k − 1 lifting steps.

5.2 Generalized Hensel’s Lifting

Herein, the Hensel’s lifting algorithm in [MC79], [D82] is generalized to perform

in the rings Zqs for two integers q > 0 and s > 1. The focus herein will lie mainly

on the case where q and s equal powers of two. In this case, generalized Hensel’s

lifting will be refered to as binary Hensel’s lifting. It is assumed that M is a

factor-q nonsingular matrix in Zn×n
qs (see Definition 2.12) and that the matrix Q

satisfies (2.1) is given. It is sufficient if this matrix is given with a black box for

its multiplication by a vector or with its generator (v,p) in the case of a Toeplitz
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matrix T (see Theorem 4.4). The following algorithm computes the first h terms

in the vector expansion M−1b =
∑∞

i=0 u(i)si, u(i) ∈ Zn
qs, i = 0, 1, . . ..

Algorithm 5.2. Generalized Hensel’s Lifting. (See Examples 5.1–5.3 below.)

Input: a matrix M ∈ Zn×n, a vector b ∈ Zn, three positive integers h, q, and s,

and a matrix Q ∈ Zn×n
qs satisfying (2.1).

Output: the vector x(h) ∈ Zn such that Mx(h) = (qb) mod (qsh).

Initialization: r(0) = b.

Computations:

1. For i = 0, 1, . . ., h − 1,

(a) Compute u(i) = Qr(i) mod (qs)

(b) Compute r(i+1) = (qr(i) − Mu(i))/(qs)

2. Compute x(h) =
∑h−1

i=0 u(i)si.

Example 5.1. M = ( 2 1
3 2 ), b =

(
3
4

)
. So x =

(
2
−1

)
. By applying Algorithm 5.2 for

q = 1, s = 2, r(0) = b, successively compute Q = ( 0 1
1 0 ), u(0) =

(
0
1

)
, r(1) =

(
1
1

)
,

u(1) =
(
1
1

)
, r(2) =

(−1
−2

)
, u(2) =

(
0
1

)
, . . . to define x(3) = x mod 8 =

(
0
1

)
+2

(
1
1

)
+4

(
0
1

)
.

Example 5.2. M = ( 4 1
6 2 ), b =

(
3
4

)
. So x =

(
1
−1

)
. By applying Algorithm 5.2

for q = s = 2, r(0) = b, successively compute Q = ( 0 1
2 0 ), u(0) =

(
0
2

)
, r(1) =

(
1
1

)
,

u(1) =
(
1
2

)
, r(2) =

(−1
−2

)
, u(2) =

(
2
2

)
, . . .. So, x(3) = 2x mod 8 =

(
0
2

)
+ 2

(
1
2

)
+ 4

(
2
2

)
,

(Mx(h) − 2b) mod 2h+1 = 0 for h = 1, 2, 3.

Example 5.3. M = ( 32 2
48 4 ), b =

(
24
32

)
. So, x =

(
1
−4

)
, s1(M) = 2, s2(M) = 16.

Algorithm 5.2 can be applied to M and b for q = 3, s = 2.
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The following theorem shows correctness of the algorithm (see part b) and

bounds the precision of its computations. For q = 1 and a prime s, Algorithm 5.2

and the theorem have appeared in [D82].

Theorem 5.1. For r(i) and x(h) in Algorithm 5.2,

a) r(i) ∈ Zn for all i;

b) Mx(h) = qb mod (qsh);

c) all components r
(i)
j of all vectors r(i) = (r

(i)
j )j satisfy the bounds

|r(i)
j | ≤ |bj|/si + αn qs−1

q

∑i
k=1 s−k < β/si + αn(qs − 1)/(qs − q) < γ

where M = (mi,j)
n
i,j=1, b = (bj)

n
j=1,

β = β(b) = max
j

|bj|,

α = α(M) = max
i,j

|mi,j|, (5.1)

γ = 2αn + β.

Proof.

a) (qr(i) − Mu(i)) mod (qs) = (qI − MQ)r(i) mod (qs), and the claim follows

because MQ = qI mod (qs).

b) Mx(h) =
∑h−1

i=0 Mu(i)si =
∑h−1

i=0 (qr(i) − qsr(i+1))si = qb − qshr(h) = qb mod

(qsh).

c) By definition, all components u
(i)
j of all vectors u(i) satisfy |u(i)

j | ≤ qs − 1,

and so qs|r(i+1)
j | ≤ q|r(i)

j | + αnmaxk |u(i)
k | ≤ q|r(i)

j | + (qs − 1)αn. The claim

now follows by induction on i.

Clearly, the arithmetic computational cost of a lifting step is in mM+mQ+O(n).

Here is an upper bound on the precision of computing.
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Lemma 5.1. Algorithm 5.2 operates with integers in the range [−2d1 , 2d1) where

d1 ≤ dlg(2qsγ)e (5.2)

for γ in (5.1).

Proof. The lemma follows from Theorem 5.1 a) and c) since the vectors u(i) are

computed in Zqs.

The bit precision of computing in Algorithm 5.2 is at most d1 and is only

dlg(qs)e at the stages of computing the vectors u(i). Therefore, each lifting step

requires (mM + O(n))µ(d1) + mQµ(lg(qs)) bit operations. If λ is the length of a

computer word and d1 ≤ λ, then all arithmetic operations in the algorithm are

word operations, that is performed within computer precision. To save lifting steps

and word operations, saturated initialization is used, that is choose q and s so as

to maximize the value d1 subject to the bound d1 ≤ λ.

In Section 6, generalized lifting is initialized, that is, the matrix Q satisfying

equation (2.1) is computed. In Section 7, the rational solution x is reconstructed

from the vector xh.

5.3 Matrix Inversion via Generalized Newton’s Lifting

Extending generalized Hensel’s lifting to matrix inversion actually accelerates it.

Recursively compute the matrices

X0 = qM−1 mod (qs), Xi = Xi−1(2qI −MXi−1) mod (qs2i

), (5.3)

i = 1, 2, . . ., h. Assuming the reduction modulo qs2i
, deduce that

qI − MXi = (qI − MXi−1)
2 = (qI − MX0)

2i

= 0,

that is, qI = MXi mod (qs2i
). For q = 1, this is Newton’s lifting for matrix inver-

sion [MC79], which has obvious similarity to Newton’s iteration for the inversion
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of a matrix M numerically [P01, Chapter 6]:

Xi = Xi−1(2I − MXi−1), i = 1, 2, . . . . (5.4)

The i-th step of (5.4) squares the residual matrix I − MXi−1, thus implying

quadratic convergence of the approximations Xi to M−1.

Generalized Newton’s lifting for matrix inversion recursively computes the ma-

trices X0, X1, . . . such that

MX0 = qI mod (qs), qXi = Xi−1(2qI − MXi−1) mod (qs2i

), (5.5)

i = 1, 2, . . ., h. Deduce that q2i−1(qI − MXi) = (q2i−1−1(qI − MXi−1))
2 =

(qI −MX0)
2i

= 0 mod (qs)2i
and therefore qI −MXi = 0 mod (qs2i

). For q = 1,

this is Newton’s lifting for matrix inversion [MC79], whose ı-th step also squares

the residual matrix I − MXi−1, thus implying quadratic convergence of the ap-

proximations Xi to M−1.

Remark 5.1. A striking similarity can also be observed between the algebraic Algo-

rithm 5.2 for Hensel’s lifting and the celebrated algorithm for iterative improvement

of the numerical solution of linear systems of equations. (Compare Golub and Van

Loan 1996 [GL96, Section 3.5.3], Skeel 1980 [S80], Higham 1996 [H96], and our

Algorithm 9.2.) This similarity was exploited in Pan 1992 [P92] and Emiris et

al. 1998 [EPY98] to improve the solution algorithm. The improvement relies on

performing modular arithmetic with binary rational numbers to avoid computations

with the vanishing leading bits of the residuals.

In h steps, generalized Newton lifting (5.5) achieves as much as generalized

Hensel’s in 2h steps, but the precision of computing is roughly doubled in every

Newton’s step, reaching the level of (2h lg s + lg q)-bit precision in h steps.

Every Newton’s step (5.5) is essentially reduced to performing n × n matrix
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multiplication twice, which is generally an expensive operation, although allowing

a substantial acceleration on multiprocessors.

A boolean time bound nearly as small as that of Hensel’s lifting is supported

by Newton’s p-adic lifting, which has a strong similarity to Newton’s iteration for

matrix inversion (see, e.g., [P01, chapter 6] and the bibliography therein), but

each Newton’s lifting step doubles the precision of computing, and substantial

additional effort is needed to reverse this expansion to ensure fixed (e.g., double)

precision operation.

For a Toeplitz matrix T = (tk−j)k,j = M/q, the iteration is substantially simpli-

fied, because the inverse Xi = qM−1 mod (qs2i
) in Zqs2i , i = 0, 1, . . ., can be repre-

sented with their n×2 generators Xi(e1, t) = (Xie1,Xit) where e1 = (1, 0, . . . , 0)T

and the vector t is defined in Theorem 4.3.

Thus the iteration (5.5) takes the following form,

X0(e1, t) = qM−1(e1, t) mod (qs),

Xi(e1, t) = Xi−1(2qI − MXi−1)(e1, t) mod (qs2i

),
(5.6)

i = 1, 2, . . .. Its every step is reduced essentially to the multiplication of the

matrix T by the n × 2 matrix Xi−1(e1, t) and of the matrix Xi−1 by the resulting

n × 2 matrix. This is still O(m(n)) arithmetic operations (see Theorems 4.2 and

4.3), which is much less than the complexity of n × n matrix multiplication.

Likewise, if T is a Toeplitz matrix, represent the iterates Xi in (5.4) with their

generators and rewrite iteration (5.4) as follows,

Xi(e1, t) = Xi−1(2I −MXi−1)(e1, t). (5.7)

For q = 1 the iteration processes (5.5) and (5.6) are similar to Newton’s it-

eration for numerical inversion of a matrix M [P01, Chapter 6], which takes the

forms

Xi = Xi−1(2I − MXi−1), i = 1, 2, . . . , (5.8)
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for a general matrix M and

Xi(e1, t) = Xi−1(2I − MXi−1)(e1, t), i = 1, 2, . . . , (5.9)

for a Toeplitz matrix M .

In h steps, generalized Newton’s lifting computes the solution modulo qs2h
,

which generalized Hensel’s lifting yields in 2h steps, but the precision of computing

is roughly doubled in every Newton’s step and reaches the level of (2h lg s+lg q)-bit

precision in h steps, so that extended precision is required in quite a small number

of Newton’s steps. The overall asymptotic bit–operation cost estimate slightly

increases versus generalized Hensel’s lifting even where µ(d) = O((d lg d) lg lg d).

The Newton’s approach, however, enables some savings of word operations in the

case where the ratio dlg(2qsγ)e/λ is small initially. Indeed, apply generalized

Newton’s steps as long as the precision of computing stays within a fixed bound

w not exceeding the length λ of a computer word. As soon as it is observed that

the precision at the next Newton’s step would exceeds w, switch to generalized

Hensel’s lifting, thus yielding its saturated initialization.

5.4 Extention to Toeplitz-like

Hensel’s lifting can be easily extended to a Toeplitz/Hankel-like nonsingular input.

If the input matrix is nonsingular, the computations do not change except that

the matrices are represented by their short generators of length in O(1). If the

matrix can be singular, choose the MBA algorithm in [P04] to handle the initial-

ization stage for these singular matrices. The algorithm performed modulo a single

moderately large integer. It begins with its multiplicative preconditioning of the

input and then inverts a nonsingular submatrix of the largest size. At the MBA

stage, many auxiliary matrices are processed and thus there are some additional

problems of degeneracy, but otherwise the advantages of computing the rational
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solution with lifting versus the MBA algorithm are preserved in this approach.

Furthermore, lifting can be initialized with the MBA algorithm. The bit complex-

ity of the initialization is strongly dominated at the subsequent lifting stage. [P04]

elaborates upon some technical details of this approach such as solving the singu-

larity problems in Zq (via recursive scaling) and the compression of displacement

generators in Zq with a low bit complexity. The algorithm is immediately extended

to solving consistent singular linear systems as well as computing the matrix rank

and a vector from (or a basis for) the null space of a Toeplitz/Hankel-like matrix

and hence to computing the gcd, the lcm, and the resultant of univariate polyno-

mials with integer coefficients as well as their Padé approximations (cf. [BP94],

[P96], [P01]).

The algorithms can be readily extended to various other classes of structured

input matrices M . The computational cost estimates are proportional to the arith-

metic cost of the multiplication of M and M−1 by a vector, which is small also

for several other important classes of structured matrices, e.g., of Vandermonde

and Cauchy–Pick types. The matrices of Cauchy–Pick type, however, have non-

integral (rational) entries, and thus are more likely to degenerate in the reduction

modulo a fixed prime power. In this case, it is most promising to begin with their

displacement transformation to the Toeplitz/Hankel-like case [P90], [P01]. Then

with rounding and scaling we arrive at an integer input.

Hensel’s lifting can be replaced by Newton’s (see subsection 5.3). In this case

the number of lifting steps decreases by the factor of h/ lg h for h in Fact 5.1, but

a higher precision of computing is needed, in particular the precision is doubled

in each Newton’s lifting step. This can be an advantage for parallel acceleration

[P00], and enables rapid initial increase of the precision of the lifting computation

until it reaches or nearly reaches the length λ of a computer word (see subsection
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5.3).

While this paper addresses application of Hensel’s lifting to Toeplitz linear

systems, extension to Hankel and more generally to Toeplitz-like and Hankel-like

linear systems is straightforward. Displacement transformations [P90] immediately

allow for extensions to other classes of structured matrices types.

5.5 Extension to the Singular Case and Aplications to

Polynomial Computations

For a singular input matrix M of a rank r, the inverse of its nonsingular r × r

submatrix Mr is sought. Algorithm 6.1 can be immediately extended to compute

the rank r, submatrix Mr, and the matrix Qr such that QrMr mod (qs) = qIr

for appropriate q and s. Then by applying generalized lifting and the customary

techniques in [BP94, page 110], a solution to a consistent linear system Mx = b

and vectors from (as well as the basis for) the null space of the matrix M can

be computed. The asymptotic bounds on the overall computational costs do not

increase.

The MBA algorithm in Zpw , can be extended as well provided the input matrix

M is a Toeplitz matrix of a rank r and has generic rank profile. The generic rank

profile property can be ensured with high probability by shifting to the Toeplitz-like

matrix UML where UT and L are random unit lower triangular Toeplitz matrices

(see Kaltofen and Saunders 1991 [KS91]).

The transition from M to UML involves the generation of 2n random entries

that define the first columns of the matrices UT and L, but otherwise its compu-

tational cost is dominated at the stages of lifting and the reconstruction of the

rational solution. The computations at the latter stages are also more expensive

than the verification that the r × r leading principal submatrix is nonsingular.

Cost estimates for the rank computation, however, are the Monte Carlo random-
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ized bounds (which do not cover the verification that rank M = r).

The latter algorithms and complexity estimates can be extended to the prob-

lems of computing the gcds, lcms, Padé approximations, and rational interpolation

functions where the input is given by univariate polynomials with integer coeffi-

cients. On the extension techniques see [BGY80], [BP94], [P96], [P01, Chapters 2

and 3].
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6 Initialization of Generalized Lifting

In this section, generalized lifting is initialized assuming that both integers q and

s are powers of a fixed prime p. To yield the saturated initialization, the integer

lgp(qs) is maximized subject to the inequality d1 ≤ λ for d1 in (5.2) and λ denoting

the length of a computer word.

Problem 6.1. Initialization of generalized lifting.

Input: a nonsingular matrix M ∈ Zn×n, a prime p, and three positive integers λ,

the length of a computer word, γ in (5.1), and w such that

dlg(2pwγ)e = λ. (6.1)

Output: either FAILURE or two integers q > 0 and s > 1, both powers of p such

that logp(qs) = w, and a matrix Q satisfying (2.1).

Due to Lemma 5.1, the subsequent lifting steps require a precision within λ.

Clearly, with a smaller value of w, some extra lifting steps and word operations

would have been needed, whereas with a larger value of w the length of a computer

word would have been exceeded and would have required extended precision.

6.1 For General Input Matrices

Gaussian elimination with column pivoting enables computation of the solution

to Problem 6.1 for a general matrix M . Block Gaussian elimination would have

yielded some implementation benefits (see, e.g., [GL96, Sections 1.3 and 1.4]) but

at the price of complicating both pivoting and the exploitation of matrix structure

and sparseness.

Algorithm 6.1. Initialization via Gaussian elimination. For a fixed prime p,

compute the integer w in (6.1), and apply Gaussian elimination to invert the matrix
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M . Perform the computations in the ring Zpw . Apply partial pivoting to avoid

divisions by multiples of p, that is at every elimination step interchange the rows

to minimize the order of p in the pivot entry (cf. Definition 2.4 on the order of

p). If at some step the order exceeds w, output FAILURE and stop. (This occurs

where sn(M) mod pw = 0 for sn(M) denoting the Smith leading invariant factor

of the matrix M , which is a divisor of detM [N72] and is typically equal to detM

[ABM99], [EGV00, Corollary 6.2].) Otherwise continue the elimination until the

matrix M is diagonalized. Then choose the integer v equal to the maximal order

in p among all pivot entries (which are the diagonal entries of the output diagonal

matrix). (Under this choice v = ordp(sn(M)).) Finally fix the positive integer

u = w − v and compute the matrix Q satisfying (2.1) for q = pv and s = pu.

The algorithm does not fail if and only if

w > ordp(sn(M)) (6.2)

for w in (6.1). Due to (2.2) it is sufficient if w > n logp |M |. The reader is refered

to [PWa] and the bibliography therein on estimating the failure probability for this

computation under a random choice of p or M .

Algorithm 6.1 uses the order of n3 arithmetic operations performed with the

precision of dlg(qs)e. If (6.1) holds, they are word operations. This cost bound is

the same as or is dominated at the lifting stage.

6.2 For Toeplitz Input Matrices

In the case of a strongly nonsingular n × n Toeplitz or Toeplitz-like input matrix

M , Algorithm 6.1 is replaced by adapting the MBA divide-and-conquer algorithm

by Morf 1974 and 1980 and Bitmead and Anderson 1980 [M74], [M80], and [BA80].

(See Pan 2004 [P04] and the bibliography therein for analysis of this algorithm in

Zpw and cf. also [P01, Chapter 5].) The adaptation to computing in Zpw includes
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the low cost deterministic algorithm in [P01, Section 4.6.2] that compresses the

dispacement generators in Zp wherever they involve extraneous parameters. In the

rings Zpw , pivoting is directed to avoid degeneration in Zpw , caused by divisions

with divisors divisible by p.

It is known that the MBA algorithm works if and only if the input matrix M

is strongly nonsingular. In the case under consideration herein, this means strong

nonsingularity in the field Zp. The following are some relevant results (see [P01]

and [PWa] on the respective probability estimates).

• A random n × n integer Toeplitz matrix is likely to be strongly nonsingular

modulo any fixed prime p >> n.

• If M is not strongly nonsingular in Zp for a random prime p sampled from a

large range, then M is unlikely to be strongly nonsingular even in Z.

• The matrices MT M and MMT are strongly nonsingular in Z if M is non-

singular in Z and are likely to remain strongly nonsingular in Zp for a larger

random prime p. They are Toeplitz-like if the matrix M is as well.

Having the matrices MT M or MMT inverted allows

M−1 = (MT M)−1MT = MT (MMT )−1.

The MBA algorithm uses O(m(n) lg n) arithmetic operations to compute O(n)

parameters that define a displacement generator of its inverse. As a by-product

the algorithm also computes O(n lg n) parameters that define recursive triangular

factorization of a strongly nonsingular input matrix, whose determinant is readily

available from the factorization.

If a Toeplitz input matrix M is strongly nonsingular in Zp, lifting can be

initialized by applying the Levinson–Durbin algorithm (see Levinson 1947 [L47]
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and Durbin 1959 [D59]). It uses the order of n2 operations in Zp. This is more

operations than required by the MBA algorithm, but still translates into a bit–

complexity bound dominated at the lifting stage.



7 RECOVERY OF THE RATIONAL SOLUTION 42

7 Recovery of the Rational Solution

The rational solution of a linear system can recoverd from its value modulo a

sufficiently large integer. Basic recovery techniques are known (and are traced

back to Pan 1987 and 1988 [P87, Appendix] and [P88]), but some details and

specific estimates are provided. The representation of a component of the rational

solution requires up to the order of n lg γ bits for γ in equation (5.1). For a larger

dimension n this is a multiprecision representation, more naturally treated under

the Boolean (bit) model rather than the word model.

7.1 Rational Number Reconstruction

In computer algebra where computations are performed with rational numbers

modulo a large integer q (a prime, prime power, or product of several selected

primes) the last step is to reconstruct the rational output from its value modulo q

[GG99]. Modular rational number reconstruction is the final stage in determining

the solution of a nonsingular linear system of n equations by means of Chinese

Remaindering and p-adic lifting [MC79], [D82], [P02] (see [GG99], [S86], [UP83],

[Z93], [HW60] for other important applications).

Modular rational roundoff is the recovery of a rational number x/y from three

integers k, l, and r = (x/y) mod l provided l and y are relatively prime, x and y

are relatively prime unless x = 0, |x| < k ≤ l, and 0 < y ≤ l/k. ρ(lg l) denotes the

bit–operation complexity of this recovery. Clearly, x = r, y = 1 if k > |r|. The

pair (x, y) is unique under the additional assumption that 2|x| < k [GG03].

Theorem 7.1.

ρ(d) ≤ cd2, ρ(d) ≤ Cµ(d) lg d (7.1)

for µ(d) in (2.3) and two positive constants C and c, c < C.
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Proof. To support the theorem, it is sufficient to apply the algorithms in any of the

papers by Pan and Wang 2002 [PW02], 2003 [WP03], 2004 [PW04], or Monagan

2004 [M04].

The rational coordinates x/y of the solution to a linear system of equations will

be recovered where the pairs of relatively prime integers |x| and y are bounded from

above based on Fact 2.1. Further practical gain can rely on heuristics and early

termination techniques (see [ABM99] and Dumas et al. 2001 [DSV01]). Choose l

and k such that 2|x| < k and the solution is unique.

The recovery problem may be solved by applying the Extended Euclidean Al-

gorithm to the input pair (r0, r1) = (l, r). Here |r1| < |r0|, and the algorithm

stops for the smallest positive i such that ri < k in the remainder sequence r0, r1,

r2, . . .. The remainder sequence can be complemented by two dual sequences of

convergents, denoted s0, s1, s2, . . ., and t0, t1, t2, . . . in [GG03] (cf. also Schrijver

1986 [S86] and Zippel 1993 [Z93]). With modular rational roundoff, the desired

rational solution can be readily obtained from the two triples (ri−1, si−1, ti−1) and

(ri, si, ti), each made up of a remainder and two convergents.

7.2 Deterministic Reconstruction of Rational Components

The unique vector x = qM−1b can be recovered from the output vector x(h) of

Algorithm 5.1 if h is sufficiently large. An estimate on how large can be found as

follows:

Theorem 7.2. Let x = qM−1b denote a unique solution to the linear system

Mx = qb. Assume ρ(d) in (7.1),

d = dlg(2(α
√

n)2n−1nβq)e = O(n lg γ + lg q), (7.2)

and α, β and γ in (5.1). Suppose that in

h = 1 + blogs(2(α
√

n)2n−1nβ)c (7.3)
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steps Algorithm 5.2 computes the vector x(h) =
∑h−1

i=0 u(i)pi = x mod (qsh). Then

it is sufficient to perform B bit operations for

B = nρ(d) (7.4)

and ρ defined in Section 7.1 to recover the vector x from the vector x(h).

Proof. Suppose that the pairs of coprimes νj = ν(xj) and δj = δ(xj) define the

rational components xj = νj/δj of the vector x = (xj)j = qM−1b. Fix the smallest

integer k > 2(α
√

n − 1)n−1nβq. Note that sh > 2(α
√

n)2n−1nβ for h in (7.3).

Recall that M−1 detM = adj M and deduce from Fact 4.1 that l = qsh > 2|νj|δj

and 2|νj | < k ≤ qsh. Then according to Section 7.1 every component xj can be

uniquely recovered from qxj mod (qsh), and the claimed bit–complexity bound for

the recovery follows.

7.3 Deterministic Recovery with Lifting for a Triangular

Factorization

Suppose that lifting of a Toeplitz-like matrix M with the MBA algorithm has been

initialized. As a by-product it computes the recursive triangular factorization of

M mod (qs), which immediately defines (detM) mod (qs) (cf. [P01, Chapter 5]).

By combining the MBA algorithm with recursive application of h lifting steps of

Algorithm 5.2 to all auxiliary matrices defining the factorization, this factorization

modulo qsh can be computed and thus obtains (detM) mod (qsh) and the integer

vector y = (detM)x = (detM)x mod (qsh) where Mx = qb [P00], [P04]. For the

integer components yi of the vector y, |yi| ≤ nq|M |n−1|b|. If qsh > 2|M |n, qsh >

2nq|M |n−1|b|, then these components and the value detM can be immediately

reconstructed, and the vector x = y/detM can be output.

Since det(MMT ) = det(MT M) = (detM)2, det(UML) = detM for unit

triangular matrices U and L, the above technique also covers the case of matrices
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M preconditioned according to Section 5.5.

With this technique the multiplications and divisions by the integer detM are

the only operations in the entire computational process where the operands do not

generally fit computer precision.

The price for the above simplification of the reconstruction stage is that oper-

ations are performed with matrix blocks (rather than just a matrix itself), slightly

increasing the complexity of the computations by at most a factor of lg n. These

minor complications essentially disappear in the case where similar techniques are

applied to general integer linear systems. (In that case lifting is combined with

Gaussian elimination using pivoting rather than with the MBA algorithm.)

Remark 7.1. Assume binary lifting in Algorithm 5.1 for q = 1 and for s = 2v being

a power of two and examine the products σi(x) of detM with the terms u(i)si of the

computed s-adic approximation x(i) to the solution vector x. These products are

the segments in the binary representation of the integer vector (detM)x. Binary

lifting defines them recursively, from right to left. It begins with the trailing segment

σ0(x) = (detM)x mod s, obtained by the truncation of the most significant bits

up to but not including the v rightmost bits. Numerical iterative refinement defines

the same segments from left to right. It begins with the leading segment, obtained

by the truncation of the least significant bits and keeping only a certain segment of

the leading bits. In both lifting and iterative refinement, one yields the next binary

segment of the vector (detM)x by reapplying the algorithm to a linear system with

the same matrix and properly modified right-hand side.

7.4 Las Vegas Versus Monte Carlo Randomization

Unlike deterministic algorithms, which always produce correct output, randomized

algorithms produce correct output with a probability of at least 1 − ε for a fixed

tolerance ε. The randomized complexity estimates are of Las Vegas type if they
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cover the cost of the correctness verification, that is if at the estimated cost one

either fails with a low probability or outputs the correct solution. The other

randomized complexity estimates are of Monte Carlo type. They show the cost

bound under which the output can be erroneous, although with a bounded low

probability.

7.5 Randomized and Heuristic Recovery of the Rational

Solution

By following [P87, Appendix] and [P88] and using Las Vegas randomization, the

recovery of the rational solution is accelerated. The bit–complexity bound in (7.4)

is decreased by a factor of lg d provided µ(d) = O(dlg 3) or µ(d) = O((d lg d) lg lg d)

and ρ(d) is bounded in (7.1), but with heuristic extensions the progress is more

significant (cf. the Victor Shoup’s recipe in part (b) below).

The acceleration relies on two observations:

(a) The vector y = δx is filled with integers provided

δ = lcmj δ(xj), 1 ≤ j ≤ n (7.5)

(for δ(y) in Definition 2.5), that is δ is the least common multiple of the

denominators in all rational coordinates xj of the solution x = (xj)j to

the system Mx = qb. Due to the integrality of the vector y, its recovery

from the vector y mod (qsh) is immediate if qsh > 2δ|x| = 2|y|. Since

δ ≤ sn(M) ≤ |detM | ≤ (α(M)
√

n)n (see Fact 4.1), it is sufficient to use h

of (7.3). Multiplication of the vector x by δ requires the order of nµ(d) bit

operations, thus limiting the theoretical gain versus the estimate B = nρ(d)

in (7.4). The practical gain can be significant, however, because the constant

bounding the ratio ρ(d)/(µ(d)(lg d)) from above can be quite large.
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(b) Computation of the value δ can be accelerated with randomization because

this value is likely to equal the least common multiple of the denominators

in a smaller number K of random linear combinations cT
k x of the coordinates

x1, . . ., xn, k = 1, . . ., K. Moreover, according to the recipe by Victor Shoup

and to empirical evidence, one can typically save further computational work

by using the denominators of some selected coordinates themselves, e.g., the

first, the second, etc., instead of their random linear combinations.

This approach (originated in [P88]) was recently studied in [ABM99], Cooper-

man et al. 1999 [CFG99], Eberly et al. 2000 [EGV00], and Mulders and Storjohann

2004 [MS04]. Elaborating upon it:

Algorithm 7.1. Randomized recovery of the rational solution.

Input: The same as in Algorithm 5.2 and in addition a positive ε < 1, an integer

h = 1 + blogs(2n(α
√

n)
2n−1

ηβ)c (7.6)

of equation (7.3), and the vector x(h) = (x
(h)
i )n

i=1 = qM−1b mod (qsh).

Output: FAILURE with a probability of at most ε or a positive integer δ and an

integer vector y such that

My = δqb. (7.7)

Initialization: Compute

K = 2dlg(1/ε)e, (7.8)

η = d6 + 2n lg (nα)e (7.9)

for α and β in (5.1). Then sample K pseudo random vectors

ck = (cjk)
n
j=1 ∈ Zn

η , k = 1, . . . ,K. (7.10)



7 RECOVERY OF THE RATIONAL SOLUTION 48

Computations:

1. Compute the K integers

wk = cT
k x(h) =

n∑

j=1

cjkx
(h)
j , k = 1, . . . ,K.

2. Recover a unique set of pairs of coprime integers νk and δk such that

(νk/δk) mod (qsh) = wk, 1 ≤ 2δk|νk| ≤ qsh, 2|νk| < qsh, k = 1, . . . ,K.

(7.11)

3. Compute the least common multiple of the denominators

δlcd = lcmk δk, 1 ≤ k ≤ K. (7.12)

4. Compute the integer vector y = (yj)
n
j=1 such that y mod (qsh) = δlcdx

(h)

and 2|yj| < qsh for all j. If My = qδlcdb, output y and δ = δlcd;

otherwise output FAILURE.

Combining equations (7.3), (7.9), and (7.10) with Fact 4.1 implies (7.11). Cor-

rectness of Algorithm 7.1 is implied by the following simple result.

Theorem 7.3. δlcd in (7.12) divides δ in (7.5). Furthermore,

Probability(δlcd 6= δ) ≤ ε.

Theorem 7.3 is deduced similarly to Theorem 2.1 in [EGV00] based on equations

(7.3), (7.8)–(7.12), and the following lemma.

Lemma 7.1. For a prime p, integers K in (7.8), k such that 1 ≤ k ≤ K, δ in

(7.5), η in (7.9), and δk in (7.11), Probability(ordp(δk) < ordp(δ)) is equal to 1/η

for p ≥ η and to bη/pc/η ≤ 1/p for p ≤ η.
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Proof. Let l = ordp(δ) = maxj ordp(δ(xj)) for 1 ≤ j ≤ n. W.l.o.g., let l =

ordp(δ(x1)) and let c denote the first coordinate of the vector c = ck. Then

cTx =
cu

apl
− v

phb
=

cub − avpl−h

abpl

where x = M−1b, l ≥ h, and a, b, u, and v are four integers coprime with

p. Clearly, ordp(δk) for δk in (7.11) never exceeds l; it equals l if and only if

cub − avpl−h is coprime with p. Since ub is coprime with p and since c is random

in Zη, the probability bound follows.

To estimate the bit complexity of performing Algorithm 7.1 in terms of d =

O(n lg γ + lg q) in (7.2), µ(d) in (2.3), ρ(d) in (7.1), and K in (7.8), the following

auxiliary result is needed.

Lemma 7.2. Let j and k be positive integer parameters, j → ∞. Then O(µ(j)k)

bit operations are sufficient to multiply two positive integers u and v such that

u < 2j and v < 2j+k.

Proof. Represent v as
∑k−1

i=0 vi2
ij , 0 ≤ vi < 2j for all i. Compute the products

wi = uvi for i = 0, 1, . . ., k−1. This takes O(µ(j)k) bit operations. Now compute

the sum uv =
∑k−1

i=0 wi2
ij . This takes O(jk) bit operations.

Algorithm 7.1 involves:

• O(Knµ(d)) bit operations at Stage 1;

• O(Kρ(d)) at Stage 2;

• O(Kµ(d) lg d) at Stage 3, and

• O(nµ(d)), O(nµ(lg β)d/ lg β), and O(m(n)µ(lg γ)d/ lg γ) for computing the

vectors δlcdx
(h), qδlcdb, and My at Stage 4, respectively.
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(The two latter bounds are deduced based on Lemma 7.2.) Summarizing, the

following estimate is obtained.

Theorem 7.4. Algorithm 7.1 generates nK random elements in Zη for η in (7.9)

and K = 2dlg(1/ε)e in (7.8). It either fails (this occurs with a probability of at most

ε) or computes the solution y, δ to linear system (7.7). The algorithm involves

B1 = O(Knµ(d) + Kρ(d) + m(n)µ(lg γ)d/ lg γ)

bit operations for d = O(n lg γ + lg q) in (7.2), ρ(d) in (7.1), γ in (5.1), m(n) in

(2.2), and µ(d) in (2.3); it involves o(B1) bit operations for generating nK pseudo

random elements in Zη.
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8 Computational Complexity Estimates

The complexity of the Hensel-based algorithms is surpassed only slightly by the

complexity of the respective Newton-based algorithms. The refined bit (Boolean)

estimates are presented in a theorem and simplified in a table. It is assumed that

the recovery of the rational solution can be obtained by means of the algorithms

in Sections 7.2 and 7.5. The resulting estimates can be adjusted assuming the

techniques of Section 7.3.

Theorem 8.1. For a prime p and its powers q and s, let a matrix M ∈ Zn×n be

q-factor nonsingular modulo qs. Let Q ∈ Zn×n
s satisfy (2.1). Let b ∈ Zn. Then

the rational solution x to the linear system Mx = b can be computed by applying

the algorithms in the previous sections at a bit–operation cost within the following

bounds:

a) O(n3µ(lg(qs))) at the initialization stage for a general matrix M ;

b) O((m(n) lg n)µ(lg(qs))) at the initialization stage for a Toeplitz matrix M ;

c) (mQµ(lg(qs)) + (mM + O(n))µ(lg(γqs)))h at the lifting stage;

d) nρ(d) = O(nµ(d) lg d), d = O(n lg γ + lg q) for the deterministic recovery

of the n coordinates xi of the rational solution x where all xi are recovered

independently of each other;

e) O((hm(n) lg n)µ(lg(γqs))) + nµ(d) for the deterministic recovery of the n

coordinates xi based on lifting the recursive triangular factorization of the

(preconditioned) input matrix;

f) O(lg(1
ε
)(nµ(d)+ρ(d)+m(n)µ(lg γ)

lg γ
d) for the Las Vegas recovery which involves

ndlg 1
ε
edlg(6 + 2n lg(nα))e random bits and may fail with a probability of at

most ε > 0 but otherwise is certified to be correct.
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Here m(n), µ(d), and ρ(d) are defined in (2.2), (2.3), and (7.1), γ and α in

(5.1), d = O(n lg γ+lg q) in (7.2), h = O(n lg(γn)) in (7.3). Futhermore, random-

ized Toeplitz preconditioning M → UML in Section 5.5 enables the extension of

the above asymptotic bit–operation complexity bounds to the solution of a singular

consistent system Mx = b and to the computation of a nonzero vector v from the

null space N(M) = {v : Mv = 0} for a singular matrix M . These are Las Vegas

bounds, which also cover the certification of the correctness of the solution.

Remark 8.1. (Cf. Bini and Pan 1994 [BP94].) The randomized complexity es-

timates of Theorem 8.1 also apply to computing the rank r of the matrix M and

an r × r nonsingular submatrix of the matrix UML in Section 5.5. In this case,

however, they are Monte Carlo estimates. For a Toeplitz input matrix M , the

asymptotic Las Vegas estimates for the bit complexity of computing a vector from

the null space can be extended to the Monte Carlo estimates for computing a short-

est displacement generator of a Toeplitz-like matrix whose columns form a basis

for the null space of M .

Table 8.1 summarizes the bit–complexity estimates in Theorem 8.1. To make

the estimates more observable, the notation “Õ” (which means “O” up to the

factors in (lg lgn)O(1)) and the following simplifying assumptions are employed,

logs γ = O(1), lg(qs) = O(lg n), lg(1/ε) = O(lg n). (8.1)

Here ε is the error probability in the randomized rational reconstruction of the

output.

The bound of Õ(n2 lg2 n) bit operations on the overall randomized complexity

of the initialization, lifting and rational solution reconstruction is record low. Fur-

thermore the bound is nearly optimal assuming a Toeplitz input matrix M and

equations (8.1) because n2 lg n bits are required to represent the n rational output
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Table 8.1: The bit complexity of lifting (for general and Toeplitz input matrices
M) and rational reconstruction (deterministic and randomized), under (8.1), (2.2),
(2.3), (7.1), and (5.1).

Initialization complexity B−1
O(n3µ(lg n)) = Õ(n3 lg n)

(for a general matrix M)
Initialization complexity B−1

O((m(n) lg n)µ(lg n)) = Õ(n lg3 n)
(for a Toeplitz matrix M)

Lifting complexity B0
O(n3µ(lg n)) = Õ(n3 lg n)

(for a general matrix M)
Lifting complexity B0

O(nm(n)µ(lg n)) = Õ(n2 lg2 n)
(for a Toeplitz matrix M)

Reconstruction complexity B1
O(nρ(n lg n)) = Õ(n2 lg3 n)

(deterministic)
Reconstruction complexity B1

O(nµ(n lg n) + ρ(n)(lg n)) = Õ(n2 lg2 n)
(randomized)

Reconstruction complexity B1
O(nm(n)(lg n)µ(lg n)) = Õ(n2 lg3 n)

(with lifting the factorization)

values x1, . . . , xn, and therefore at least as many bit operations are required to

compute these values.

To estimate the number of word operations in the lifting algorithm, including

its initialization stage, but not its recovery stage (which involves long integers),

assume that lg(γqs) = O(lg λ), to have a constant bound on the word complexity

of an operation in Zt where lg t = O(lg(γqs)). Then the bounds (a)-(c) in Theorem

8.1 turn into the following word–complexity estimates:

a) Õ(n3)

b) Õ(m(n) lgn)

c) Õ((mQ + mM)h).

The above estimates show the decrease is only roughly by a factor of λ versus

the bit–complexity estimates in Theorem 8.1. Furthermore, the bounds in part
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c) decrease as s increases, and when ensuring the saturated initialization, s is

maximized.
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9 Nearly Optimal Solution of Structured and

Sparse Linear Systems

Besides the extension to singular matrices in Section 5.5, the lifting algorithms can

be readily extended to any integer or rational input matrix provided it is defined,

nonsingular in Zq, and both it and its precomputed inverse can be multiplied

by vectors fast. Toeplitz/Hankel-like matrices and sparse and/or other structured

matrices are obvious examples. The same initialization and rational reconstruction

algorithms and the study in [PWa] of the degeneration in Zq can be applied to these

matrices as well.

The extension is quite straightforward for structured matrices defined by their

short displacement or semiseparable (rank structured) generators. (See [KKM79],

[GO94], [BP94], [KS99], [P01], [EG02], [BGP03/05], and the bibliography therein

and in [VVGM05] on these classes of structured matrices.) Below are further

comments on the extension to the large and important class of sparse linear systems

(e.g., linear systems arising from the discretization of the PDE’s), to which the

solution algorithms and the complexity estimates are readily extended. Namely,

linear systems whose n × n coefficient matrices M are associated with graphs

having an s(n) separator families for s(n) = O(n3) are discussed. (See the formal

definitions in [LRT79], [P93], or [PR93].) In particular s(n) = O(nh), h = 1 − 1
d

for a d-dimensional grid graph and s(n) = 4bk/2c
√

n for an n-vertex finite element

graph with at most k boundary vertices per element.

For such matrices recursive block triangular factorization into sparse factors is

defined with the techniques of generalized nested dissection in Lipton, Rose and

Tarjan 1979 [LRT79], Gilbert and Hafsteinsson 1990 [GH90], Gilbert and Schreiber

1992 [GS92], Pan 1993 [P93], and Pan and Reif 1993 [PR93]. This factorization

provides preconditioning for the subsequent rapid multiplication of the matrix M−1
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by a vector. Preconditioning enables the initialization modulo a basic integer, and

then the matrix and its inverse can be multiplied by a vector using lifting.

The algorithms in the above papers compute the factorization and then multi-

ply the matrix M−1 by a vector at the arithmetic cost in O(M(s(n))) = O(s(n))3

and s(n)2 + F , respectively, provided a pair of n × n matrices can be multiplied

in M(n) arithmetic operations and the matrix M has F nonzero entries. This

implies the bit–operation cost bounds in Õ(M(s(n)) lg n) = Õ(s(n)3 lg n) at the

initialization stage and Õ((s(n)2 +F )n lg n) at the lifting stage, whereas the stage

of the reconstruction of the rational solution is simplified because the factorization

produces the determinant. For the important class of sparse linear systems asso-

ciated with planar grid graphs, solutions are obtained in Õ(n2 lg n) bit operations,

which is a nearly optimal bound.
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10 Computing Determinants of

General, Structured, and Sparse Matrices

In this section is a review of the computation of the determinants of general, sparse,

and structured matrices M and an observation of its other links to lifting besides

the application at the reconstructon stage in Section 7.3.

First, note that this computation benefits from arithmetic filtering, that is from

applying the faster numerical algorithms first and then, in the rare cases where

these algorithms fail, backing them up with slower, but more reliable algebraic (or

symbolic) algorithms.

Some effective numerical and algebraic (or symbolic) algorithms for deter-

minants rely on the LUP or QR factorization of the input matrix (cf. [C92],

[BEPP99], [PY01], and the bibliography therein). The algebraic (or symbolic) al-

gorithms use low precision to compute the determinant modulo sufficiently many

smaller primes. Then they reconstruct the integer output by applying the Chi-

nese remainder algorithm. The Wiedemann and block Wiedemann algebraic (or

symbolic) algorithms in Wiedemann 1986 [W86] and Coppersmith 1994 [C94] com-

pute detM modulo such primes as the x-free term of the charcteristic polynomial

det(M − xI) obtained from Krylov sequence.

In [P87, Appendix] and [P88] it was proposed to compute the determinant

detM of an n× n general integer matrix M by solving the linear system Mx = b

for a random integer vector b and to employ Hensel’s lifting for the solution. This

approach was ressurected and advanced in [ABM99] and [EGV00] to support the

randomized Monte Carlo computation of the determinant by using (nd lg |M |)1+o(1)

bit operations for d = 3 for the average input matrix M and d = 7/2 for the worst

case input matrix.

The worst case Monte Carlo exponent d = 7/2 was decreased to the Las Vegas
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exponents d = 16/5, based on an adapted block Wiedemann algorithm, and finally

d = 3, in Storjohann 2005 [S05], based on the high order Newton’s lifting.

The MBA algorithm and lifting have been applied to yield the exponent d =

16/5 as well. Kaltofen and Villard 2001 in [KV01] have adapted the block Wiede-

mann algorithm and ended with the exponent d = 10/3 in their main Theorem 2.

The final stage of the (block) Wiedemann algorithm is the solution of a (block)

Toeplitz/Hankel linear system of equations. By incorporating the MBA algorithm

and/or lifting at this stage one can easily decrease the exponent d to 16/5 (see Pan

2002 and 2004 [P02a, Theorem 5.1] and [P04a]). Current progress in lifting enables

amelioration of the resulting determinant algorithm although with no affect on the

exponent d.

One can decrease all of the above exponents d by incorporating the asymptot-

ically fast algorithms in [CW90] for n × n matrix multiplication and/or the LKS

block half-gcd algorithm (due to Lehmer, Knuth, and Schönhage [B03]), but herein

this option is ignored as practically invalid due to the huge overhead constants.

The more customary numerical and algebraic (or symbolic) algorithms based

on the LUP or QR factorization of the input matrix only support the exponent

d = 4, but they are deterministic and for a matrix of a smaller or even moderate

size perform faster and can be the practical methods of choice.

For computing the determinants of sparse and/or structured matrices M one

can obtain dramatic and practically valid acceleration based on either the MBA or

the Wiedemann algorithms, which both output det M and the vector M−1b. The

Wiedemann algorithm supports the exponent d = ν + 1 where the input matrix

can be multiplied by a vector in nν+o(1) arithmetic operations; in particular ν = 1

for Toeplitz input matrices. The MBA algorithm requires the latter property for

the inverses of the input matrix and its leading principal submatrices as well.
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The MBA algorithm loses its efficiency where the structure of the input matrix

is not readily extended to its inverse, which is the case for the multivariate poly-

nomial resultants. In this case faster algebraic (or symbolic) solution (supporting

the record randomized bit–complexity estimates for computing the determinants)

is by means of an adapted (block) Wiedemann algorithm (see [EP03/05]).
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11 Degeneration in the Rings Zm

11.1 The Probability of Degeneration in Zpv for a Random

Prime p

For a fixed nonsingular matrix M , the condition for nondegeneration depends

on the prime p. Assume a random prime p, fix its power v, and estimate the

probability that pv divides detM , recalling that sn(M) is a divisor of det M .

Hereafter ln = loge stands for the natural logarithms (with the base e =

2.718281 . . .) and π(y) denotes the number of primes not exceeding y.

Lemma 11.1. (See also (10.4).) If y > 114, then 1 < π(y)
y

ln y < 1.25.

Proof. See Rosser and Schoenfeld 1962 [RS62].

Lemma 11.2. Let y ≥ 114, then π(y) − π( y
20

) > (1/β̃) y
lny

for

β̃ =
1

1 − α̃
= 1.2049303 . . . , α̃ =

ln 114

16 ln 5.7
= 0.17007650 . . . . (11.1)

Proof. By Lemma 11.1, we have π(y) − π( y
20

) > y
ln y

− 1.25y
20 ln(y/20)

. Observe that

ln(y/20)
ln y

is monotone increasing as y grows. So 1.25
20 ln(y/20)

≤ α̃
ln y

for α̃ in (11.1) and

y ≥ 114. Combine the above estimates.

Lemma 11.3. (Cf. Corollary 7.8.2 in [P01].) Let y, v, h, and k be positive

integers such that

y ≥ 114, 0 < h1/k ≤ y/20. (11.2)

Let p be a random prime selected in the range (y/20, y] under the uniform proba-

bility distribution. Then Probability(h mod pv = 0) < β̃k lny
vy

for β̃ in (11.1).

Proof. Suppose that in the above range there are exactly l distinct primes whose v-

th powers divide h. Then the product of these powers also divides h, and therefore

we have h ≥ ( y
20

)vl because each of the l primes lying in the range [y/20, y] is at
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least as large as y
20

. On the other hand, h ≤ ( y
20

)k by assumption. Therefore,

vl ≤ k, that is, l ≤ k/v. Compare the latter upper bound on l with the lower

bound in Lemma 11.2 on the overall number of primes in the range ( y
20

, y].

Theorem 11.1. (Cf. Corollary 7.8.3 in [P01].) Suppose that ξ is a positive num-

ber, v is a positive integer, M ∈ Zn×n is nonsingular, and a prime p is randomly

sampled from the range (y/20, y] under the uniform probability distribution in this

range where y = nξ ln |M |
vε

≥ 114 and ξ = 16 ln114
16 ln5.7−ln 114

= 16α̃β̃ = 3.278885 . . . for α̃

and β̃ in (11.1). Then we have

P = Probability((detM) mod pv = 0) < ε. (11.3)

Proof. Write h = |det M |, k = n ln |M |
ln(y/20)

, so that h ≤ |M |n and k ln y
20

≥ lnh, which

implies (11.2). Apply Lemma 11.3 and deduce that

P <
β̃k ln y

uy
=

β̃n ln |M |
v ln(y/20)

ln y

y
=

vεβ̃n ln |M |
vn ln |M |

ln y

ξ ln(y/20)
=

εβ̃ ln y

δ ln(y/20)
.

Note that

ln y

ln(y/20)
≤ ln 114

ln 5.7

for y ≥ 114. Therefore

P < ε
β̃ ln 114

ξ ln 5.7
=

16α̃β̃

ξ
ε = ε.

To extend the above results to smaller y, one may exploit the known extensions

of Lemma 11.1, e.g.,

1 +
1

2 ln y
< π(y)

lny

y
< 1 +

3

2 ln y
(11.4)

for y ≥ 59 [GG03, Theorem 18.7]. Refined estimates for π(y) can be found in

Karatsuba 1990 [K90].

Extend Theorem 11.1 to any integer q instead of q = pv. Relying on the

following observation:
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Lemma 11.4. Let p and q be coprime and let u, v, and h be three positive integers.

Then puqv divides h if and only if both pu and qv divide h.

Corollary 11.1. Let p1, . . ., ph be h distinct primes sampled randomly and inde-

pendently in the ranges (yi/20, yi], i = 1, . . ., h, respectively, under the uniform

probability distribution. Here yi = ξn
2uiε

ln |M | ≥ 114 for ξ in Theorem 11.1 and

i = 1, . . ., h; the matrix M ∈ Zn×n is nonsingular; v1, . . ., vh are positive integers,

and

2h − 2 ≤ yi

β̃ ln yi

(11.5)

for β̃ in Lemma 11.2 and for all i. Then

P = Probability(pv1
1 · · · pvh

h divides detM) ≤ εh.

Proof. Corollary 11.1 follows from Lemma 11.4 and Theorem 11.1 for y = yi and

v = 2vi. The primes p1, . . ., pi−1 are excluded from the range (yi/20, yi] for every

i; this decreases the overall number of primes in this range but less than by twice

for i ≤ h because of (11.5) and Lemma 11.2. The effect of this decrease on the

probability estimates is overweighed by the increase of v from vi to 2vi.

Remark 11.1. A random integer matrix M is strongly nonsingular in Rn×n
q for

q = pv or q = pv1
1 · · · pvk

k with a probability which is within the factor of n from the

respective bounds in Theorem 11.1 and Corollary 11.1.
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11.2 The Probability of Degeneration for a Fixed Prime p

Suppose that for a fixed basic prime p, a random integer matrix M , and two

appropriate integers q = pv and s = pu, it is wished to estimate the probability

that the computations can be performed with a precision within the word length

λ.

In the study of computations with general matrices, the following analytic

estimate by Brent and McKay 1987 for the proportion of singular matrices in

Zn×n
pu is useful. (They also supply similar estimates in Zn×n

q for any integer q > 1.)

Theorem 11.2. [BMK87, Corollary 2.2]. Write Pk(r) = (1−r)(1−r2) · · · (1−rk),

r = 1/p. Then the nonsingular matrices make up the fraction Pn+u−1(r)
Pu−1(r)

of all

matrices in Zn×n
pu .

Brent and McKay show specific estimates for their ratios as n → ∞ and q = 1,

. . ., 16. Our Table 10.4 in Section 10.4 shows some statistics of nonsingularity of

random integer matrices in Zq, for n = 5, 10, 50, 100, q = 2g, and g = 0, 1, . . ., 20.

They are in reasonable agreement with the analytic estimates in [BMK87].

For Toeplitz versus general matrices M , the known analytic estimates and the

results of our experiments in Tables 10.1–10.3 in Section 10.4 show a little higher

proportion of nonsingular matrices in Zn×n
q . In Daykin 1960 [D60] and Kaltofen

and Lobo 1996 [KL96] the case of a prime q is studied.

Theorem 11.3. For any pair of a prime p and a positive integer n, the fraction

of 1/p of all Toeplitz matrices in Zn×n
p are singular.

The following corollary is independently interesting.

Corollary 11.2. For any pair of a prime p and a positive integer n, consider the

space of the pairs of polynomials u(x) and v(x) over Zp such that deg v(x) = n,
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deg u(x) < n. Then the pairs of coprime polynomials make up a fraction of 1−1/p

in this space.

Proof. The corollary follows by combining the latter theorem with Proposition 9.1

on page 159 in the book [BP94]. This proposition defines a bijection map of all

pairs (h,H) of h ∈ Zp and nonsingular Hankel matrices H in Zn×n
p to all pairs

of coprime polynomials u(x) and v(x) over Zp where v(x) is monic, deg v(x) = n,

and deg u(x) < n. Combine the bijection J : H ↔ T = HT with Theorem 11.3

to count the number of pairs (h,H) where H is nonsingular in Zn×n
p and extend

this count to the number of pairs of coprime polynomials u(x) and v(x) over Zp to

obtain the corollary.

Theorem 11.4. [KL96, Theorem 5]. For any pair of a prime p and a natural

n, the strongly nonsingular matrices (that is, nonsingular with all their leading

principal submatrices) make up a fraction of (1− 1
p
)(1− p−1

p2 )n−1 in the space of all

Toeplitz matrices in Zn×n
p .

There are no known extensions of the above analytic estimates to the rings Zq

for any integer q > 1. The next results may partly fill this void.

Theorem 11.5. The fraction of at least 1 − n/q Toeplitz matrices in Zn×n
q are

nonsingular.

Proof. There are q2n pairs of univariate polynomials u, v over Zq where deg u < n,

deg v = n, v is monic. These polynomials are not coprime if and only if their

resultant vanishes in Zq. In virtue of the celebrated lemma in Demillo and Lipton

1978 [DL78] (also in Zippel 1979 [Z79] and Schwartz 1980 [S80]), this occurs for

the fraction of at most n/q pairs because the resultant is a polynomial of degree of

at most n in the coefficients of u and v. This means at least (q − n)q2n−1 pairs of

coprime polynomials u and v over Zq. Due to the bijection in Proposition 9.1 on
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page 159 in [BP94], already cited in the proof of Corollary 10.2, we have as many

pairs (h,H) in (Zq, Zn×n
q ) where H is a nonsingular Hankel matrix. Therefore,

there are at least (q−n)q2n−2 nonsingular matrices among a total of q2n−1 Hankel

matrices in Zn×n
q . The bijection J : H ↔ T = HJ extends this count to Toeplitz

matrices.

Corollary 11.3. The fraction of at least 1 − (n+1)n
2q

Toeplitz matrices in Zn×n
q are

strongly nonsingular.

Proof. There are at most iq2n−2 Toeplitz matrices in Zn×n
q with singular i×i leading

principal submatrix for i = 1, . . ., n, due to Theorem 11.5. This makes up at most

∑n
i=1 iq2n−2 = q2n−2n(n + 1)/2 submatrices which are not strongly nonsingular in

the set of all q2n−1 Toeplitz matrices in Zn×n
q .

According to the latter results as well as the results of experimental tests for

nonsingularity of random integer Toeplitz and general matrices in Zn×n
qw for q = 2,

w ≤ 20, and n ≤ 100 presented in Section 11.3, the transition to the rings Zpw for

larger pw keeps the chances of degeneration quite remote on the average.
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11.3 Experimental Computations: How frequently is a

random integer Toeplitz matrix non-singular modulo

a fixed power of two?

In these tests n × n integer Toeplitz matrices M = (ti−j)i,j were randomly gener-

ated. Their entries t1−n, . . ., tn−1 were chosen to be independent of one another

under the uniform random distribution on Zq for q = 2w and for a positive integer

w. The first column in each of Tables 11.2, 11.4, 11.6 and 11.7 shows how fre-

quently in these tests a random n× n integer Toeplitz matrix M was nonsingular

in Zq.

Whenever the test showed singularity, it was repeated recursively (up to at

most four times), each time adding the outer product of two random vectors to

the input matrix. The (1 + i)-th column of each table, for i = 0, 1, 2, 3, 4, shows

for how many out of 100,000 samples the results were positive for the matrices

M − UjV
T
j , for some j ≤ i where Uj , V T

j ∈ Zn×l
q , M ∈ Zn×n

q , q = 2w.

This data motivates using Algorithm 5.2 for smaller i+ and j+. They can be

compared with similar statistics for general, tridiagonal, and five-diagonal matri-

ces. Table 11.4 shows such statistics, although without small rank perturbations.

According to these tests in the case where q = 2w, degeneration is more likely for

five-diagonal than general matrices, and is even more likely for tridiagonal matri-

ces, but even for the latter matrices it is quite rare for larger w. It can also be

seen that for tridiagonal matrices degeneration is substantially less likely where a

shift from q = 2w to q = 5w is made.
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Table 11.1: Number of times the matrix M + Ai for a random 20 × 20 Toeplitz
matrix M and a random 20×20 matrix A of rank at most i is strongly nonsingular
in the ring Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 210 210 210 210 210
2 1165 1335 1418 1480 1528
3 7456 9948 11865 13660 15438
4 22631 32762 40789 47702 53884
5 44823 62750 74087 82002 87421
6 64272 83083 91681 95959 98044
7 79170 93568 97868 99303 99771
8 88441 97860 99522 99907 99976
9 93658 99262 99895 99988 99997

10 96702 99761 99971 100000 100000
11 98312 99922 99994 100000 100000
12 99130 99975 99997 100000 100000
13 99558 99990 100000 100000 100000
14 99759 99997 100000 100000 100000
15 99882 99998 100000 100000 100000
16 99938 99999 100000 100000 100000
17 99977 100000 100000 100000 100000
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Table 11.2: Number of times the matrix M + Ai for a random 20 × 20 Toeplitz
matrix M and a random 20 × 20 matrix A of rank at most i is nonsingular in the
ring Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 50173 59450 66672 72514 77452
2 68814 80808 87785 92256 95133
3 82971 92311 96197 98164 99136
4 90559 96899 98862 99567 99852
5 95079 98809 99671 99907 99973
6 97333 99557 99907 99981 99997
7 98643 99859 99973 99998 100000
8 99302 99948 99993 99999 100000
9 99639 99983 100000 100000 100000

10 99816 99997 100000 100000 100000
11 99903 99999 100000 100000 100000
12 99955 100000 100000 100000 100000
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Table 11.3: Number of times the matrix M + Ai for a random 50 × 50 Toeplitz
matrix M and a random 50×50 matrix A of rank at most i is strongly nonsingular
in the ring Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 1 1 1 1 1
2 4 4 4 4 4
3 186 202 209 214 220
4 2544 3422 4041 4516 5050
5 13528 19755 24892 29560 33979
6 33003 48884 60242 69138 76040
7 55505 75580 86295 92274 95684
8 72981 90415 96482 98685 99532
9 84788 96769 99219 99837 99968

10 91787 98954 99857 99979 99998
11 95671 99700 99971 99997 100000
12 97708 99909 99992 100000 100000
13 98793 99970 99999 100000 100000
14 99413 99992 100000 100000 100000
15 99721 99998 100000 100000 100000
16 99853 100000 100000 100000 100000
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Table 11.4: Number of times the matrix M + Ai for a random 50 × 50 Toeplitz
matrix M and a random 50 × 50 matrix A of rank at most i is nonsingular in the
ring Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 50054 59383 66661 72665 77581
2 68781 80792 87812 92341 95151
3 82842 92263 96282 98203 99139
4 90507 96868 98877 99589 99844
5 95132 98846 99695 99915 99976
6 97440 99597 99912 99981 99994
7 98667 99857 99972 99994 99998
8 99315 99953 99989 99997 99999
9 99653 99985 100000 100000 100000

10 99829 99997 100000 100000 100000
11 99917 99999 100000 100000 100000
12 99967 100000 100000 100000 100000
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Table 11.5: Number of times the matrix M + Ai for a random 100 × 100 Toeplitz
matrix M and a random 100×100 matrix A of rank at most i is strongly nonsingular
in Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 0 0 0 0 0
2 0 0 0 0 0
3 1 1 1 1 1
4 67 70 74 76 78
5 1810 2412 2828 3213 3603
6 10805 16448 21113 25586 29685
7 30625 46536 58189 67402 74571
8 53119 74270 85699 92149 95693
9 71774 90161 96417 98732 99545

10 84225 96749 99266 99839 99954
11 91521 98982 99859 99978 99998
12 95583 99677 99974 99996 100000
13 97764 99904 99995 99999 100000
14 98882 99980 99999 99999 100000
15 99447 99996 100000 100000 100000
16 99721 99998 100000 100000 100000
17 99863 100000 100000 100000 100000
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Table 11.6: Number of times the matrix M + Ai for a random 100 × 100 Toeplitz
matrix M and a random 100 × 100 matrix A of rank at most i is nonsingular in
Zq for q = 2g out of 100,000 samples

HHHHHHg
i

0 1 2 3 4

1 50170 59672 66652 72460 77368
2 68969 80960 87833 92188 95130
3 82799 92261 96240 98128 99122
4 90498 96935 98884 99570 99845
5 94975 98837 99662 99893 99971
6 97255 99547 99898 99970 99991
7 98591 99827 99966 99994 99998
8 99249 99931 99989 99998 99998
9 99616 99976 99997 100000 100000

10 99804 99994 100000 100000 100000
11 99898 99998 100000 100000 100000
12 99948 100000 100000 100000 100000
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Table 11.7: Number of times a random n × n general matrix M is nonsingular in
the ring Zq out of 100, 000 samples for q = 2g

n = 5 n = 10 n = 50 n = 100
g = 0 29,986 28,781 28,940 28,781
g = 1 58,637 57,679 57,884 57,782
g = 2 77,650 76,817 77,047 77,104
g = 3 88,399 87,916 88,000 88,080
g = 4 94,102 93,888 93,943 93,921
g = 5 97,046 96,911 96,963 96,937
g = 6 98,519 98,414 98,483 98,452
g = 7 99,245 99,180 99,212 99,235
g = 8 99,634 99,598 99,590 99,620
g = 9 99,820 99,791 99,783 99,806
g = 10 99,911 99,894 99,892 99,899
g = 11 99,956 99,957 99,950 99,953
g = 12 99,977 99,977 99,978 99,980
g = 13 99,985 99,992 99,991 99,992
g = 14 99,992 99,996 99,993 99,995
g = 15 99,993 99,997 99,996 99,998
g = 16 99,995 99,999 99,999 99,998
g = 17 99,998 99,999 99,999 99,998
g = 18 99,999 100,000 99,999 99,999
g = 19 99,999 100,000 100,000 100,000
g = 20 99,999 100,000 100,000 100,000
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Table 11.8: Number of times a random n × n general matrix M is strongly non-
singular in the ring Zq out of 100, 000 samples for q = 2g

n = 5 n = 10 n = 50 n = 100
g = 0 3,139 93 0 0
g = 1 18,018 3,001 0 0
g = 2 41,353 15,653 5 0
g = 3 63,254 37,406 566 1
g = 4 78,891 59,785 6,440 374
g = 5 88,518 76,762 23,843 5,681
g = 6 94,042 87,455 47,873 22,908
g = 7 96,948 93,386 68,784 46,996
g = 8 98,402 96,580 82,731 68,572
g = 9 99,164 98,253 90,944 82,738
g = 10 99,577 99,121 95,323 90,927
g = 11 99,789 99,553 97,669 95,353
g = 12 99,886 99,769 98,792 97,582
g = 13 99,934 99,877 99,403 98,779
g = 14 99,965 99,947 99,707 99,371
g = 15 99,978 99,967 99,854 99,662
g = 16 99,983 99,984 99,917 98,836
g = 17 99,986 99,990 99,963 99,914
g = 18 99,987 99,994 99,982 99,947
g = 19 99,987 99,994 99,988 99,970
g = 20 99,988 99,995 99,992 99,983
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Analysis of the Results of the Experiments

For fixed q and n, assume that M is singular over Zq with a probability p. Next

estimate p. Let x be a random variable such that

x =

{
1 if detM = 0 mod q;

0 if detM 6= 0 mod q.

Let x1, . . ., xm be the observed values of x. By the Central Limit Theorem,

lim
m→∞

(x1 + . . . + xm) − mp√
mp(1 − p)

= N(0, 1)

where N(0, 1) is the standard normal probability distribution. Therefore, a confi-

dence interval of probability 1 − α for p is

(
x̄ − Zα/2

√
x̄(1 − x̄)/m, x̄ + Zα/2

√
x̄(1 − x̄)/m

)

where x̄ = 1
m

(x1 + . . . + xm), Zα is defined by Probability(N(0, 1) > Zα) = α.

Example 11.1. For g = 8, n = 50, one can be “99.9%” sure that

Probability(Toeplitz matrix M is non-singular) = 0.993 ± 0.001;

Probability(Toeplitz matrix M is strongly non-singular) = 0.731 ± 0.005;

Probability(general matrix M is non-singular) = 0.992 ± 0.001;

Probability(general matrix M is strongly non-singular) = 0.688 ± 0.005.
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12 Alternative Initializations of Generalized

Toeplitz–Hensel’s Lifting Modulo a Power

of a Prime

In this section two alternative algorithms for the initialization of generalized lifting

for factor-q nonsingular Toeplitz linear systems are presented. These algorithms

solve a linear system Mx = qf modulo qs. The integers q and s, both powers of

a fixed prime p, are computed in the process of performing the algorithms. The

bit complexity of these algorithms is estimated and the algorithms are extended

to inverting the matrix Q in (2.3). Finally, these algorithms are compared with

the MBA initialization in Section 6.2.

Given a prime p, its power m = pb, a matrix M , and a vector f = (fi)i,

both of the algorithms first compute the rational vector M−1
0 f for the matrix

M0 = aM + mI and a fixed integer a coprime with m (a = 1 in the second

algorithm). At the final stage of the algorithms, this is extended to computing the

vector qM−1f mod (qs) for appropriate q and s, both powers of p.

12.1 Solving a Linear System with Modular Continuation

Algorithm 12.1. Initialization of Toeplitz–Hensel’s lifting with modular continu-

ation.

Input: A nonsingular matrix M ∈ Zn×n, a vector f ∈ Zn, a prime p, and two

integers m = pb for a positive integer b and λ > 0, the length of a computer

word. (If this length is not bounded, write λ = ∞.)

Output: FAILURE if (detM) mod (qs) = 0 or two positive integers, q and s,

both being powers of p such that qs < 2λ, and the vector y = (qM−1f) mod

(qs).
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Initialization: Choose an integer a > 1 coprime with p such that

γ+ = β(f) + 2(m + aα(M))n < 2λ. (12.1)

(It is assumed that the values of m and a are sufficiently small to have this

bound.)

Computations:

1. Compute the integer r = m−1 mod a and the matrix M0 = mI + aM ;

note that Q = M−1
0 mod a = rI.

2. Let α = α(M0), β = β(f) and choose h in (7.3) or (7.6) to support

deterministic or randomized recovery of the vector M−1
0 f according to

Section 7. Specifically, in the deterministic case we write

h = 1 + bloga(2((a|M | + m)
√

n)2n−1nβ(f)c. (12.2)

Apply Algorithm 5.2 (for q = 1, M replaced by M0, b by f , and s by a)

to compute the vector M−1
0 f mod ah; recover the rational vector M−1

0 f .

3. Compute d = maxj ordm(δ((M−1
0 f)j)). If 2d ≤ b, output the integers

q = pd and s = pb−2d = m/q2; compute and output the vector

y = (aqM−1
0 f) mod (qs) = (qM−1f) mod (qs).

Otherwise output FAILURE.

Correctness of the algorithm follows because as soon as the equation q2s = m

is obtained at Stage 3, M0/q = (m/q)I + (a/q)M = qsI + (a/q)M = (a/q)M mod

(qs), which implies the desired equations

My = aqMM−1
0 f = qf mod (qs).
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The bit operation complexity of performing the algorithm is clearly dominated

at its Stage 2. The estimates in Theorem 8.1 can be applied for

q = 1, s = a, γ = 2αn + β, β = β(f), α = α(M0), (12.3)

so that α ≤ α+ = m + aα(M), γ ≤ γ+ for γ+ in (12.1).

Theorem 12.1. The bit operation complexity of Algorithm 12.1 applied to a Toe-

plitz matrix M is bounded according to Theorem 8.1 where q, s, α, β, and γ are

defined in (12.3).

The following properties should guide us in choosing the integers a and b.

(a) As a grows larger, the number of lifting steps decreases at Stage 2 of Algo-

rithm 12.1.

(b) As b grows larger, the number of bit operations increases in Algorithm 12.1.

(c) As a and/or b grows larger, the number of bits of precision of the compu-

tations increases at Stage 2, but the bound (12.1) is sufficient to keep the

precision below λ + 1.

(d) (12.1) holds for a positive integer b if

b ≤ b+ = dlogp ∆e , ∆ =
2λ − 1 − β(f)

2n
− aα(M) > 1. (12.4)

(e) If the integer b+ is fixed, the word complexity can be minimized by applying

Algorithm 12.1 for b = b+. If b+ ≥ 2d for d in Stage 2, the algorithm produces

the desired output integers q and s and vector y. Otherwise, the algorithm

fails, but the computations can be repeated for distinct a and/or p.

Here are two adverse results of increasing the integer d.
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(f) Algorithm 12.1 fails if 2d exceeds b+.

(g) The number h of lifting steps defined in (7.3) and (7.6) for α = α(M0), β =

β(f) (cf. (12.2)) is roughly proportional to loga α(M0) and loga(aα(M)+m).

Therefore h is roughly proportional to d/ log a if m = pb = p2d dominates

aα(M).

The following theorem estimates d.

Theorem 12.2. d = maxj ordp((δ(M
−1
0 )j) = ordp(sn(M0)) = ordp(sn(M)) ≤

ordp(detM), and so b ≥ 2d at Stage 2 of Algorithm 12.1 if b ≥ 2 ordp(detM).

The latter bound holds if b ≥ 2 logp |det M |.

Proof. The theorem is easily deduced from the definitions of M0, δ(x/y), and

sn(M) and from the bounds (2.2) since a and p are coprime.

In addition to (2.2), recall that for a larger random prime p and/or a random

integer matrix M , ordp(sn(M)) tends to be within a small factor from ordp(detM)

(see Theorem 11.1) and therefore within a small factor from n logp(
√

nα(M)).

Then, by virtue of Theorem 12.2, the integers b and d should be of at most the order

of n logp(
√

nα(M)). This means that for a moderate bound λ and a larger integer

n, Algorithm 12.1 should fail, whereas for a larger λ, that is, for computations with

the extended precision, the number h of lifting steps at Stage 2 of this algorithm

should grow by roughly the factor of n/ log a versus the estimates in (7.3) and (7.6).

Due to this growth caused by the term mI = pbI in M0, the arithmetic, word, and

bit complexity estimates for the initialization with Algorithm 12.1 should exceed by

roughly the factor of n the respective estimates in Theorem 8.1 for the complexity

of the subsequent solution of a Toeplitz linear system. Decreasing h is avoided by

means of increasing the value log a because of the high price for increasing α(M0)

and ∆ in (12.4).
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The above comments apply to the worst case input p and M . For a larger

random prime p and/or a random Toeplitz matrix M , however, the chances for the

failure of Algorithm 12.1 dramatically decrease, because the integers ordp(detM)

and d tend to be in O(logp n) according to the estimates in Sections 11.1 and 11.2.

In this case log(pb) = O(log n), log α(M0) = O(log(aα(M) + n)), and adding the

complexity estimates for the initialization with Algorithm 12.1 would not affect

the overall asymptotic estimates for solving Toeplitz linear systems.

12.2 Solving a Linear System with Variable Diagonal

In Algorithm 12.1 it is not possible to keep the computation of the vector x = M−1f

in binary form because a and s are coprime and thus cannot both equal powers

of two. The next algorithm does not have this deficiency and still uses about as

many lifting steps and bit operations as Algorithm 12.1. The lifting stage of this

second algorithm can be performed numerically with bounded precision. Only

deterministic recovery is specified at Stage 2, although the recipes of Section 7 for

randomized or heuristic acceleration can be immediately extended.

At Stage 2 of this algorithm, numerical rational roundoff is applied: a unique

rational number x/y is recovered from three integers ν, δ, and k provided 1 ≤

y ≤ k, |x| < k, |x| and y are coprime unless x = 0; |x/y − ν/δ| < 1/(2k2), and

|ν| < δ. The bound (7.1) for d = δ is applied to the bit-operation complexity of

this recovery as well [WP03].

Algorithm 12.2. Initialization of Toeplitz–Hensel’s lifting using the variable di-

agonal technique (cf. [P00]).

Input: as in Algorithm 12.1 and c > 1 such that m ≥ c|M |.

Output: as in Algorithm 12.1.

Initialization: Write z0 = 0, r0 = f .
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Computations: (cf. Definition 2.10):

1. Compute the matrices M0 = M + mI and Q = m−1I.

2. Recursively compute the vectors zi+1 − zi = Qri = m−1ri and

ri+1 = f − M0zi+1 = ri − M0Qri = −m−1Mri for i = 0, 1, . . .,

h − 1 and

h = b(2n − 1) logc(|M | + m) + logc(2|f |2/(c − 1))c (12.5)

(cf. (12.2)).

3. Recover the vector z = M−1
0 f from zh deterministically, by using the

numerical rational roundoff algorithms.

4. Proceed as in Stage 3 of Algorithm 12.1 for a = 1 and y = z.

Stage 2 can be implemented numerically as the customary residual correction

algorithm for iterative improvement of the computed approximations to z where

the initial approximation is given by the scaled identity matrix Q = m−1I (see

[S80a], [GL96, Section 3.5.3], [H96]). This algorithm is employed in lieu of Hensel’s

auxiliary lifting.

It has been shown that

M0Q − I = QM0 − I = m−1M ,

z − zh = M−1
0 (f −M0zh) = M−1

0 rh ,

rh = − m−1Mrh−1 = (−m−1M)hr0 = (−m−1M)hf .

Furthermore,

|M−1
0 | = m−1|(I + M/m)−1| ≤ m−1

∞∑

i=0

(|M |/m)i,

and so

|M−1
0 | ≤ 1

(c − 1)m
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since m ≥ c|M |.

Therefore

|z− zh| ≤ (m−1|M |)h|f ||M−1
0 | ≤ (m−1|M |)h|f |/((c − 1)m) ≤ c−h|f |/((c − 1)m)

(12.6)

for m ≥ 2|M |.

To ensure correct recovery of the vector z from zh with using the cited numerical

rational roundoff algorithms, which extend the algorithms in Section 7.1, it is

sufficient to approximate z by zh within the error norm less than 1/(2|M0|2n−1|f |).

This bound is achieved in Algorithm 12.2 due to (12.5)–(12.6) and the inequality

|M0| ≤ |M | + m.

The analysis in the previous subsection (for a = 1) (including Theorems 12.1

and 12.2) is immediately extended. b+ in (12.6) increases since a = 1, and the

parameter c (rather than a) plays the role of the lifting and logarithmic base (cf.

(12.6)).

12.3 Extension from System Solving to Matrix Inversion

and Newton’s Acceleration

To initialize lifting, the matrix Q = (qM−1) mod (qs) is sought. For general

matrix M , this requires the solution of n linear systems of equations with the

coefficient matrix M . In the Toeplitz case, we only solve the two linear systems

Mx = q0t mod (q0s0) and My = q1e1 mod (q1s1) where q0, q1, s0 and s1 denote

the respective values of the integer parameters q and s for these two systems and

where the two vectors e1 = (1, 0, . . . , 0)T and t define the generator of the matrix

M−1 (see Theorem 4.3).

The same basic prime p is chosen for both systems and the choice of q0 = q1
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and s0 = s1 is reconciled by computing

q = q0 = q1 = pσ, σ = max
j

(ordp(δ(M
−1
0 (t, e1))j))

and s = s0 = s1 = m
q

at Stage 3, which is common in Algorithm 12.1 (or 12.2) for

both linear systems with qt and qe1 on the right-hand sides.

If the precision at the lifting steps in Stage 2 in Algorithms 12.1 or 12.2 is

substantially less than λ, lifting can be accelerated by applying Newton’s steps

(5.3) or (5.9), respectively.

12.4 Extension to computations with singular matrices

As a by-product, both Algorithm 12.1 and 12.2 determine whether the matrix M

is singular in Z. Therefore combined with binary search, they can replace the

MBA algorithm for computing the rank r and r × r nonsingular submatrix of a

preconditioned matrix, UML, having generic rank profile (cf. [KS91] and the end

of Section 5.5).

12.5 Comparison with the application of the MBA ap-

proach

Recall that Theorem 12.1 covers the bit complexity of performing both Algorithms

12.1 and 12.2 and implies that the estimated overall cost of Toeplitz solving in-

creases versus Theorem 8.1 by a factor ranging from a moderate constant for the

random average input matrix M to roughly n in the worst case.

Versus the MBA algorithm, Algorithms 12.1 and 12.2 have the advantage of

avoiding divisions, so that they can be performed in the rings for any input matrix

M which can be multiplied by a vector fast and do not fail in Zqs unless the matrix

M
q

is singular.

Initialization with algorithms of MBA type have lower asymptotic bit com-

plexity than the subsequent stages of Toeplitz solving, but Algorithms 12.1 and
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12.2 require simpler code than the MBA algorithm and in particular involve no

auxiliary matrices of smaller sizes.
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13 Final Remarks

Lifting can be applied to numerical solution of a linear system of equations. The

real input values can be rounded to a fixed precision and then scaled to turn them

into integers. This stage should be studied further, e.g., would it be effective to

reapply and modify rounding if degeneration is encountered?

According to estimates in Section 8, the lifting-based overall solution cost is

nearly optimal assuming the exact (long) representation of the rational output. In

numerical computations the required precision of computing is defined by the tol-

erance to output errors and by the conditioning of the problem. For ill conditioned

problems the required precision can approach the precision of the exact output,

and in this case the algebraic (or symbolic) methods become most competitive.

A loosely related research challenge is the combination of lifting with iterative

refinement and, more generally, of modular reduction with rounding, which trun-

cate the binary numbers from two opposite sides (cf. Remark 7.1). Can effective

algebraic (or symbolic) counterparts to various iterative algorithms for linear sys-

tems of equations be found? (See [P92], [EPY98] on some partial progress in this

study.)

The algorithms in the rings Zqs for s = 2u and q = 2v have been experimentally

tested. Extensions to this work could include computing polynomial gcd, lcm, etc.

for the experimental comparison with the alternative computations in Zp for larger

random primes p.

Is it reasonable to decrease the asymptotic bit–complexity estimates? Their

factor of m(n) comes from the basic operation of Toeplitz matrix-by-vector multi-

plication or equivalently polynomial multiplication. It is unlikely that any efficient

algebraic computation scheme for the tasks could dispense with this operation.

This informal argument suggests that improvement of the bit–complexity bounds
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by the factor of m(n)/n is unlikely. The basic operation can be viewed as multipli-

cation of polynomials with bounded integer coefficients, and therefore the binary

segmentation technique of Fischer and Paterson 1974 [FP74] (cf. [BP94, Section

3.9]) could yield theoretical acceleration by the factor of (lg lg n) lg lg lg n. The

resulting complexity bound in O(nµ(n lg n)), however, is not practically attractive

unless n is huge. Indeed the overhead constant Css is large, whereas with Cclass and

Ck in (4.1) the overall bit–complexity bounds become as large as nα for α > 2.5.

Finally, lifting is a general technique of algebraic (or symbolic) computations,

first proposed for polynomial factorization over the integers (cf. [GG03]). Would

generalized and binary lifting be valuable in these applications?
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