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A bstract

ELECTROMAGNETIC WAVE INTERACTIONS IN FERROMAGNETIC

SEMICONDUCTORS

by

Lorenzo Jose" A bella 

Adviser: P ro fesso r M orris Ettenberg

In th is  th e s i s ,  the  lin e a r sp in  w a v e /h e lic o n  wave in te ra c tio n s  in  

p -ty p e  ferrom agnetic  sem ico n d u c to rs  are  p re sen te d  in  a coup led  norm al­

mode form . To fa c il i ta te  id e n tif ic a tio n  of co n v ec tiv e  and a b so lu te  

in s ta b i l i t ie s ,  the form ulation is  done f ir s t  in  s p a t ia l  dom ain th en  in  tim e 

dom ain. U sing  the normal mode am plitudes of th e  lin ea r c a s e ,  the  sp in  

w a v e /c a rr ie r  w ave in te ra c tio n s  are ex tended  to  the  non linear reg im e. 

C oupling c o e ffic ien ts  b e tw een  the  va rio u s  m odes supported  in  the medium 

are  d e r iv e d , and p o ss ib le  th ree -freq u en cy  d is tr ib u te d  param etric  in te r ­

a c tio n s  are  o b ta in ed . A s p e c ia l c a s e  of p a ram etric  e x c ita tio n  is  in v e s t i ­

g a ted  in  d e ta i l ,  w here the  in tro d u ctio n  of norm al mode am plitudes le a d s  to  

co n sid e rab le  s im p lif ic a tio n  of the  problem . In a d d itio n , som e re c en tly  

perform ed lo n g itu d in a l m a g n e to res is ta n ce  m easurem ents on th e  p -ty p e  

ferrom agnetic  sem iconducto r Agx  C d ^ x  Cr2 Se4 , w here x  = .0 4 5 , are  

p re s e n te d , a s  prelim inary  to  r . f .  experim en ts w h ich  could be done to  co n ­

firm sp in  w a v e -c a rr ie r  w ave in te ra c tio n s  in the m a te ria l.

A dditional re s u l ts  w ith  reg a rd s  to  the l in e a r  sp in  w a v e /c a r r ie r  w ave 

in te ra c tio n s  are  a lso  p re se n te d . T hese in c lu d e  g e n e ra liz a tio n  of the  perm it­

tiv ity  and p erm eab ility  te n so rs  to  in c lu d e  w ave p ropagation  a t  an  arb itra ry  

ang le  6 w ith  re s p e c t to  the  d ire c tio n  of ap p lied  d . c .  m agnetic  f ie ld , some 

com m ents on the  sp in  w a v e /c a rr ie r  w ave in te ra c tio n s  in  n -ty p e  ferrom agnetic  

sem ico n d u c to rs , and num erical in v e s tig a tio n  of th e  w eak coupling  approx i­

m ation in  th e  reg ion  of p h ase  synchronism  b e tw een  sp in  w av es  and  h e lico n  

w aves in  p -ty p e  m a te r ia ls .
i i i
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1

CHAPTER 1. INTRODUCTION

The d isco v e ry  of ferrom agnetism  in  the sem iconducting  chromium 

ch a lco g en id e  sp in e ls  Cd Cr2 S4, Cd Cr2 Se4 and Hg Cr2 Se4 [6 - 9  to  6-11] 

in  1965 has s tim u la ted  co n sid e rab le  in te re s t  in  the in v e s tig a tio n  of the  

s c ie n tif ic  p ro p e rtie s  of th e se  m a te r ia ls . The major stim u lus h as  come from 

o b se rv a tio n s  th a t th e ir  tran sp o rt p ro p ertie s  con tain  num erous an o m alies  w hich  

co rre la te  w ith  ch an g es  in  the  m agnetic  s ta te  of the sy stem  [ 6 -4  to  6 - 8 ] .  The 

s im u lta n eo u s-e x is ten c e  of ferrom agnetism  and sem iconduction  in  the  sam e 

m ateria l w ould  appear to  offer many p o s s ib il i t ie s  for a p p lic a tio n s  [ 6 -12] 

w here the  e le c tro n ic  p ro p e rtie s  cou ld  be m agnetica lly  co n tro lled  and  v ice  

v e r s a . One cou ld  e n v is io n  tu n ab le  m icrow ave o sc il la to rs  and a m p lif ie rs , 

and m ono lith ic  m icrow ave in te g ra te d  c irc u its .  By study ing  th e  in te ra c tio n s  

be tw een  th e  m agnetic  and e le c tr ic a l  p ro p ertie s  of the m ate ria l one would 

o b ta in  su f f ic ie n t know ledge of the  phenom ena to  e v a lu a te  the  p o te n tia l of 

d e v ic e s ,  or o f d ia g n o s tic s  " p ro b e s " , th a t might ev o lv e .

The s tu d y  of th e  band s tru c tu re  of ferrom agnetic  sem iconducto rs  

h a s  b een  an  a re a  of con tin u ed  re se a rc h  * . R esearch  h as  a ls o  b een  d ire c ted  

tow ards the  s tu d y  of w ave in te ra c tio n s  in  th e se  m ate ria ls: ev id en ce  for the 

e x is te n c e  o f a c tiv e  c o lle c tiv e  in te ra c tio n s  betw een c a rrie r w aves and  sp in  

w av es in  p o ly c ry s ta llin e  (p -ty p e) Agx C dx-x  Cr2Se4 h as  b een  p re sen ted  

by Vural and co -w o rk ers  [6 -1 , 6 -8 ] , and re s u lts  in te rp re ted  in  term s of a

^S ym posium  on M agnetic  Sem iconductors,IB M  J. R es. and  D e v e lo p ., 
v o l. 14 , M ay 1970, pp . 2 0 5 -340 .



2

theory  for th e  In te rac tio n  of sp in  w av es  and d rifted  c a r r ie r s ,  f ir s t  d is c u s s e d  

by A khiezer e t . a l .  [ 4 - 1 ,  4 -2 ] and la te r  expanded  by Vural and S tee le  [ 2 - 2 ,  

2 -6 ] . Assum ing a hydrodynam ic model for the  d rifting  c a rrie rs  and a con­

tinuum  m odel for the m ag n e tiza tio n , the  e s s e n c e  of the  approach  of the 

a v a ilab le  theory  has b een  to  lin e a riz e  the  b a s ic a l ly  n o n lin ear sy stem  

eq u atio n s  s o  a s  to  c h a ra c te r iz e  the  medium in the  long w av elen g th  reg ion  

( i . e .  \ v > T ^D eb y e ' a tom *c d is ta n c e s  "a") by p erm ittiv ity  and perm eab ility  

te n s o rs .  This ap p ro ach , how ever, p rec lu d es  the  s tu d y  of any non linear (or 

param etric) e ffe c ts  th a t may be a s s o c ia te d  w ith  sp in  w a v e /c a rr ie r  w ave 

in te ra c t io n s .

M oreover, in  the  s tudy  of w ave in te ra c tio n s  in  charged  ca rrie r 

s y s te m s , i t  is  o ften  d e s ir a b le ,  or indeed  n e c e s s a ry , to  form ulate the 

problem  in  a coupled  norm al-m ode form . If so  fo rm ulated , the  coupling 

m echanism  betw een  w aves would becom e c le a re r ,  the  in te rac tio n  could  be 

ex ten d ed  e a s i ly  to  the  non linear reg im e , and th e  tra n s itio n  from th e  long 

w av e len g th  (or c la s s ic a l)  reg ion  to  the sh o rt w av e len g th  (or quantum  

m echan ical) reg ion  cou ld  be acco m p lish ed  re a d ily . The e x is te n t lin e a r  

theo ry  of sp in  w a v e /c a rr ie r  w ave in te ra c tio n s  la c k s  a coupled  norm al-m ode 

fo rm u la tio n .

In a d d itio n , the  techno logy  for the grow th of more pure and p erfec t 

s in g le  c ry s ta l of C d C r2Se4 has ev o lved  to  the  po in t w here sm all s in g le  

c ry s ta l sam p les  of (p -ty p e) Agx C dx_x Cr2 Se4 have becom e a v a ila b le  in  

vary ing  am ounts of c a rrie r c o n cen tra tio n . Thus experim en tal re se a rc h  of
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the tran sp o rt and m icrow ave p roperties  in  th e se  m a te ria ls  is  now p o s s ib le .

The ju s tif ic a tio n  and need  for fu rther re s e a rc h , bo th  th e o re tic a l 

and ex p erim en ta l, in the s tudy  of e lec tro m ag n e tic  w ave in te ra c tio n s  in 

ferrom agnetic  sem iconductors has ju s t been  o u tlin ed . This th e s is  d e a ls  

w ith  su ch  a s tu d y . We p re sen t in  sev e ra l s e c tio n s  of C hap ter 2 a summary 

of the work o f Vural and S tee le  [2 -2 , 2 - 6 ] .  In S ec tions 2 .2 -1  and 2 .2 -2  

we rev iew , for an in fin ite  sem ico n d u c to r, w ave p ropagation  p a ra lle l to  the 

d irec tio n  of ca rrie r drift and ap p lied  d . c .  m agnetic  f ie ld . In S ec tion  2 .2 -3  

we ex tend  the  a n a ly s is  to  cover w ave p ropagation  and ca rrie r d rift a t  an 

arb itra ry  ang le  6 to  the d ire c tio n  o f ap p lied  d . c .  m agnetic  f ie ld . In 

S ections 2 .3 -1  and 2 .3 -2  w e rev iew , for an  in fin ite  s a tu ra te d  ferrom agnet, 

w ave p ropagation  p a ra lle l to  the d irec tio n  o f ap p lied  d . c .  m agnetic  f ie ld , 

and d is c u s s  the in s e n s it iv ity  of the  e ffec tiv e  perm eab ility  of the sy stem  to  

the type of re la x a tio n  a ssu m ed . In S ection  2 .4 -1  w e rev iew  energy re la tio n s  

in w ave propagating  sy stem s and in  S ec tio n  2 .4 -2  w e sum m arize how th e se  

energy  re la tio n s  w ere  ap p lied  by Vural e t  a l .  to  s tu d y  w ave in te ra c tio n s  in 

an in fin ite  ferrom agnetic  sem iconducto r. W e d is c u s s  a t  the  end of S ection

2 .4 -2  how , con trary  to  w hat is  im plied by Vural e t a l .  [2 -2 , 2 - 6 ] ,  no 

ac tiv e  he lico n  w ave in te rac tio n s  are  p o ss ib le  in n -ty p e  ferrom agnetic  

sem ico n d u c to rs . In S ection  2 .4 -3  we ex tend  the a n a ly s is  to  cover w ave 

propagation  in an in fin ite  ferrom agnetic  sem iconducto r p a ra lle l to  ca rrie r 

d r if t , but a t an a rb itrary  ang le  0 to  the d irec tio n  of ap p lied  d . c .  m agnetic  

f ie ld .

In th e ir  w ork , Vural and S tee le  derived  a d isp e rs io n  re la tio n  for
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a c tiv e  h e lic o n -sp in  w ave in te ra c tio n s , num erically  so lv ed  for the  grow th 

ra te  in  the reg io n  of synchronism  for s lig h tly  lo s sy  c o n d itio n s , and in te r­

p re ted  th e ir re su lts  in  term s of energy  exchange  b e tw een  in te ra c tin g  m o d es. 

In S ec tio n  3 .1  of C hap ter 3 , w e u se  the sam e num erical te ch n iq u es  o f Vural 

and S tee le  to  in v e s tig a te  the v a lid ity  of the  "w eak coupling" approx im ation  

under w hich the  above num erical so lu tio n s  w ere in te rp re te d . Our r e s u l ts  

confirm  th e ir a ssu m p tio n . In S ec tion  3 .2  w e p re se n t ad d itio n a l num erical 

so lu tio n s  for the grow th ra te  in  th e  reg ion  of sy n ch ro n ism , u s in g  a g a in  the  

sam e num erical te c h n iq u e s , but assum ing  r e a l is t ic  lo s s e s  for fe rrom agnetic  

s em ico n d u c to rs . Our co n c lu s io n  is the sam e as  th a t a rrived  a t  by R ob inson , 

Vural and Parekh [3 -8 ] using  an  a lte rn a te  m ethod: w e conclude  th a t no n e t 

ga in  is  p o ss ib le  in p re sen tly  a v a ilab le  ferrom agnetic  sem iconducto rs  v ia  

sp in  w a v e -h e lic o n  w ave in te ra c tio n s .

As m entioned e a r l ie r ,  there  are various a d v an tag es  to  form ulating  

the lin e a r sp in  w a v e -c a rr ie r  w ave in te ra c t io n s , s tu d ie d  s e lf - c o n s is te n t ly  

by Vural and S te e le , in  the coup led-norm al mode form alism  of P ierce  [4 -8 ] 

and L o u ise ll [4 -9 ] . A ccordingly , we proceed  to  form ulate the  in te ra c tio n s  

in C h ap ter 4 in  th is  coup led -no rm al-m ode  form , f i r s t  in  s p a tia l  dom ain in  

S ec tio n s  4 .2 -1  to  4 .2 - 3  and th en  in tim e dom ain in S ec tio n s  4 .3 -1  and

4 .3 - 2 .  U sing th e se  norm al mode am p litu d es , the sp in  w a v e -c a rr ie r  w ave 

in te ra c tio n s  a re  ex ten d ed  for th e  f irs t tim e to  the w eak n o n lin ear reg im e in  

C h ap ter 5 . C oupling c o e ffic ien ts  be tw een  the v a rio u s  modes are  d e riv ed  

in S ec tio n  5 . 3 ,  and p o ss ib le  param etric  in te ra c tio n s  are  ta b u la ted  in
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S ection  5 .4 .  A sp e c ia l c a s e  of param etric  e x c ita tio n  is  in v e s tig a te d  in 

d e ta il  in S ec tio n  5 .5 ,  w here we o b ta in  th resh o ld  cond itions and growth 

ra te s  for the  p a rticu la r in te rac tio n  under c o n sid e ra tio n .

F in a lly , in  C hap ter 6 , we p re sen t som e re c e n tly  perform ed 

lo n g itu d in a l m ag n e to res is tan ce  m easurem ents on s in g le  c ry s ta l sam ples 

of (p -ty p e) A gxC dj.xC rj, Se4 , w here x =  .0 4 5 . T hese me asu rem en ts  are 

com pared w ith  s im ila r m easurem ents perform ed on p o ly c ry s ta llin e  sam ples 

of the  sam e m ateria l by Vural and co -w o rk ers  [6 -1 ,  6 - 8 ] .  In perform ing 

th e se  m easurem ents we s tu d ied  th e  d . c .  c h a ra c te r is t ic s  of s in g le  c ry s ta l 

AgxCdx_x Cr2 Se4 a s  p relim inary  t o r . f .  experim en ts w hich cou ld  be per­

formed in the  future w hen la rg e r sp ec im en s becom e a v a ila b le , to  confirm  

the sp in  w a v e -c a rr ie r  w ave param etric  in te ra c tio n s  in v e s tig a te d  in  th is  

t h e s i s .

C h ap ter 7 offers a sum m ary of the  co n trib u tio n s  of th is  re s e a rc h  

and s u g g e s ts  future e x ten s io n s  of .th is  w ork.
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CHAPTER 2 LINEAR ELECTROMAGNETIC RESPONSE

2 . 1  I n t r o d u c t i o n

It w as poin ted  out in C hap ter 1 th a t in  the long w av elen g th  lim it 

( ^ ^ D e b y e ) ' ls  p o s s l^ e to  form ulate the lin e a r e lec tro m ag n e tic  

re sp o n se  of a sy stem  con ta in ing  charge ca rrie rs  by a frequency  d ependen t 

and w ave number d ependen t perm ittiv ity  te n so r 11£ (w,k) II [2 - 1 ,2 -2 ]  . 

S im ilarly , a m agnetic  medium may be c h a ra c te r iz e d , for w av e len g th s  much 

g rea te r than  atom ic d is ta n c e s  ( A ^ a ) ,  by a frequency  dep en d en t and w ave­

number d ependen t perm eab ility  ten so r Hjk (u ,k)  /| [ 2 - 3 ,2 -4 ]  . In a mag­

n e tic  medium w here charge carrie rs  are p re sen t (as in a ferrom agnetic  sem i­

conductor) , one may study  the  lin e a r  e lec tro m ag n e tic  re sp o n se  in  term s of 

the mode spectrum  supported  by a m agnetic  su b sy s tem  c h a ra c te riz e d  by 

Ajlt'iu), k) || , the mode spectrum  supported  by the ca rrie r su b sy s tem

ch arac te riz ed  by //£  (io,k) |j and the p o ss ib le  coupling  be tw een  th e se  two 

mode sp ec tra  [2 -5 ,2 -6 ]  .

In th is  c h ap te r , I s h a ll  develop  f ir s t  the frequency  d ep en d en t and

w ave-num ber d ependen t perm ittiv ity  and p erm eab ility  te n so rs  j]£ (u ,k ) /|

and fl//M'(u,k)# for a ferrom agnetic  sem iconducto r by n eg lec tin g  the

coupling betw een  the ferrom agnetic  and sem iconducting  s u b s y s te m s . Then ,

coupling  w ill be in troduced  and i ts  e ffe c t on the lin e a r e lec tro m ag n e tic

re sp o n se  of ferrom agnetic  sem iconducting  sy stem  w ill be a n a ly z e d . The

eq u atio n s  w ill be developed  for a p a rticu la r o rien ta tio n  of the  e x te rn a l s ta t ic  

f ie ld s , and th en  they  w ill be g en era lized  for any ex te rn a l s ta t ic  m agnetic  

fie ld  o rie n ta tio n .
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2 . 2  S e m i c o n d u c t i n g  S u b s y s t e m

2 . 2 . 1  D evelopm ent of B asic  M acroscop ic  E quations 

C o n sid e r a la rge  number o f free charged  ca rrie rs  (e le c tro n s  or 

ions) in vacuum  in te rac tin g  w ith  th e ir  s e lf -c re a te d  or e x te rn a lly  im posed 

e lec tro m ag n e tic  fie ld  or bo th . O b servab les c h a rac te riz in g  su ch  a sy stem  

experim en tally  are determ ined by an  av erage  b ehav io r of the  en sem b le . 

S tarting  w ith  a po in t charge (m icroscopic) m odel, I f ir s t  in d ica te  the  

d e riv a tio n  of the m acroscop ic  eq u atio n s  d e sc rib in g  the  behav ior of the 

hydrodynam ic m odel. U se of the  hydrodynam ic model [2 -7 ] m eans th a t 

one re p la c e s  the charged  carrie rs  w ith  a charged  flu id  c h a rac te riz ed  by 

a few param eters a s  mean d en sity  wp , mean v e lo c ity  vQ/ d iffu sio n  D , 

and mean fric tio n  c o e ffic ien t ~0c .

M ax w ell's  equ atio n s  in the  p re sen ce  of charg es  a re  g iven  as:

(2 - 1)

(2 - 2 )

V- B -c. (2 -3)

(2-4)

R elating the to  the  dynam ical m otion of 

e lec tro n s  (n ega tive  charges) one o b ta in s  [2 - 8 ,2 -9 ]

(2-5)



8

(2 - 6)

w here
\  i  __

V< -  ---- -  and on,. = - € ,[ & ; •*■1̂ . * 6 ,^  (2-7)

G iven  the large num bers of e lec tro n s  (i -3>om ) ,  assum e a s ta t is t ic a l
> a

d e sc rip tio n . Let th e re  be a d is trib u tio n  function  f(r, v , t ) ,  w here 
> ^

f ( r ,  v , t)d x d y d z  dvx dvy dvz re p re se n ts  the  probable number of e lec tro n s

3 3 ^  ^in  the volum e e lem en t d x d y  d z d v x d v y d v z (dr dv ) a t  the  point ( r ,  v) in  

the s ix  d im en sio n al p h ase  sp a c e . The av erag e  number d e n s ity  n and 

av erage  v e lo c ity  JiL are  given as

(2 - 8)

Jju C y j t )  -  — !- - - - - - -  f  i r  ( 2 _ 9 )

Then define  source term s j>  and j in term s of n ( r , t ) ,  and u ( r , t ) :

J *  ( T /  =  *  I7' ,* ' )  (2-10)

j  t  -  ( 2 - U )

The behav ior of f ( r ,  v ,  t) is d e sc rib e d  by the Boltzman equation

'M. + v . v Tf - i f f  ~v-*i)-V„C =  (-££)
T f c  J  v i  V  b t ' e J l .  (2-12)

The Boltzman eq u a tio n  is e s s e n t ia l ly  the eq u a tio n  of co n tinu ity  for f in
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p h ase  s p a c e .

The m acroscop ic  equ atio n s  of the hydrodynam ic mode are 

ob ta ined  from the m icroscop ic  Boltzm an eq u a tio n  by tak ing  moments of 

the v e lo c ity  d is trib u tio n  and tru nca ting  the system

* f  =  / ( * ) ' ( £ - ) < &  (2-13)

The zero e th  moment (n = 0) le a d s  to  the  eq u a tio n  of con tinu ity :

+  V_ • ^  1^71  (2-14)
b k

w here re p re se n ts  the v e lo c ity  av erag ed  e lec tro n -n u m b er change

ra te  per u n it volume due to  reco m b in a tio n , io n iza tio n  or a ttach m en t. 

Assum ing =  0 one can  w rite  the co n tin u ity  eq u atio n  in term s of

J> and j :

A t -  + V  * f  -  O  (2-15)
b k  > *

The f ir s t  moment of the Boltzm an eq u a tio n  le ad s  to  the equation  

of m otion (or momentum tra n s fe r  equation):

- J L .  ( &  -t- J L ' t - B )  -  i ^ / Z  -  —!—  * I I P H  ( 2 - i 6 )
dLfc 'iw.e

^  J ( u * - V ( u ^ W v

E xact d e sc rip tio n  o f i  P II , the  p re ssu re  te n so r , req u ire s  know ledge of 

the third moment of the  d is tr ib u tio n  fu n c tio n , w hich  is  the equation  for
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the h ea t flow v ec to r q . H ow ever, a t th is  po in t the seq u en ce  of 

moment eq u a tio n s  Is term inated  by assum ing  lo c a l equ ilib rium . This 

perm its the  d e fin itio n  of an  iso tro p ic  p re ssu re  term  re la te d  to  tem pera­

ture (equa tion  of s t a t e ) . T h u s,

Equation (2-18) w as derived  for the c a s e  of free e lec tro n s  and icns in 

vacuum . "F ree” ca rrie rs  in so lid s  can  be tre a ted  in the sam e w ay w hen 

the e ffe c t of the environm ent has been  tak en  in to  acco u n t by: (a) in te r­

in te rac tio n  of th e se  charged  ca rrie rs  w ith  la t t ic e  v ib ra tio n s , (b) by 

in troducing new m asse s  for the e lec tro n s  and h o les  (e ffec tiv e  m ass 

approxim ation) to  acco u n t for th e ir  m otion under the  in fluence  of the 

period ic  p o ten tia l of the c ry s ta llin e  la t t ic e s  [2 -1 0 ] .

C onsider ag ain  a free e le c tro n  in  vacuum  from the  s tan d p o in t 

of w ave m ech an ic s . S ch ro ed in g er's  eq u atio n  for the m otion of a s in g le  

free e lec tro n  is

(2-17)

and Eq. (2-16) is rew ritten

(2-18)

preting  the  c o n s ta n t c o llis io n  freq u en c ies  c  as  accoun ting  for the

(2-19)

The o n e -d im en sio n a l so lu tio n  of Eq. (2-19) y ie ld s
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% .  = A C O S

s in
kx , k a c o n s tan t

w ith  energy  g iven  by

E (2 - 20)

Now co n sid e r an  e lec tro n  moving in a s o lid . E ffective ly  the  "free" 

e lec tro n  moves in a fie ld  of force under the in fluence  of the  period ic  

p o ten tia l of the c ry s ta ll in e  la t t ic e  V( r ) .  S ch ro ed in g er's  eq u atio n  is  

now w ritten  as:

S ince the  energy  Ek o f the  "free"  e lec tro n  is assum ed  g re a te r  than  -eVx 

(o th erw ise  it would be lo c a liz e d ) , (s e e  F ig . 2-1) one can  s t i l l  d e sc rib e  

the  charged  carrie r e n e rg ie s  a s  being  proportional to  kz , a s  they  w ere 

in the  c a s e  of the  free e le c tro n  in vacuum , E q .(2 -2 0 ) , but w ith  a v a riab le  

fac to r of p ro p o rtio n a lity . One d e fin e s  a q u an tity  me , the  e ffec tiv e  

m a ss , w hich  is re la te d  to  the curvature  of E^ v s . k cu rv e . In a 

s im p le -o n e -d im e n sio n a l c a s e ,  one may ex p re ss  E^ as

H ence the  s im ila rity  of Eq . ( 2 -2  0) and Eq. (2-21) a llow s us to  rep lace

V<r *
me by me in E q .(2 -1 8 ) w ith  the  u n d erstand ing  th a t w e a s s ig n  to  me 

none of the  p ro p ertie s  of a m ass o th er th a t it  is  the co e ffic ien t of p ro -

E (2-2 1)*  *

p o rtio n a lity  be tw een  the  ex te rn a l force and a c c e le ra tio n  (assum ing  c
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E io e R i j j  -  -  eV < > )

- e M

(X -  X a . i t ice.

FIG. 2 -1  P o ten tia l energy of e lec tro n  in c ry s ta llin e  so lid .
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and = 0  for s im plic ity ) w hich  s a t is f ie s  E q .(2 -1 8 ) [2 - 1 1 ] .

In sum m ary, the b a s ic  equ atio n s  for an e le c tro n  p lasm a in a 

so lid  are:

7 X  i  =  -  *
b t  <2- 22a>

> ' h i
-r (2-22b)

V - 6  =. O (  & - ( 2- 22c)  

V- D ~ (  £  -  £S ,  & )  (2 —22d)

(2-22e)

J  ~ ~ ( 2- 22f)

j z -  = -  ( e ~  ) -  ^  ^  V /  (2-220)

_ 4 £ _  -y- ^ r '  t  =  °
b J t  *  (2-22h)

2 . 2 . 2  W ave P ropagation  for C arrier Drift. P a ra lle l 

External D . C .  M agnetic  F ield  ( = 0°)

Assume th a t we have a system  of p o s itiv e ly  charged  carrie rs  

(or ho les) d rifting  in an in fin ite  plasm a w ith  a d rift v e lo c ity  vQ. Assume 

th a t I v 0 j'>} |v &| , th a t i s ,  th a t the M axw ellian  d is tr ib u tio n  function  in 

v e lo c ity  sp a c e  has a sm all v e lo c ity  s p re a d , so  th a t one can  co n sid e r 

a ll  the h o les d rifting  a t the sam e v e lo c ity . In th is  c a s e ,  the d iffu sio n  

term jv*j — of Eq„(2-22g) may be n e g le c te d . Assume a ls o  th a t

there  is  an  e x te rn a l m agnetic  fie ld  B0 ap p lied  along the  d ire c tio n  of
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hole d r if t , su ch  th a t the ang le  C7 betw een  B0 and vQ is  z e ro . 

C o n sid er F ig .2 -2 . Let the fie ld  q u a n titie s  vary as

t -  A0 + A , e 1|t 't - kz|

w here  A0 is  the d . c .  component and Ax is the  a . c .  com ponent of the 

f ie ld s .  We are  in te re s ted  in the  lin e a r p lane w ave re sp o n se  of the 

sy stem  d esc rib ed  by Eqs . ( 2 - 22 ) .  In order to c h a rac te riz e  the medium by 

a p e rm ittiv ity  ten so r j}€ (u ,k )/| , we m ust e x p re ss  the charge cu rren t J 

in term s of the  e le c tr ic  fie ld  E. This we do by u sing  Eqs . (2 -2 2 e  ,f  ,g) 

a f te r  l in e a r iz a tio n . C onsider the le f t  hand s id e  of Eq„(2-22g)

^  • t?) i r
it ^

= i  U)XT, + ( l ■+ ^ V .1 d 7 r  '  t

=  LUJV  %  ( - c A ) v ;

C o n sid er the  v x B  term:

K  )  -  Vi + y  * 6b + 7̂  *  itt

H ence Eq. (2-22g)  may be w ritten  as:

i  ( t O- 4 U0i ^  f  OTo * B j  +-(V» ^ (2 -23a)
A

Also E q .(2 -2 2 a) may be w ritten  as:

1 a ABi = ~ ( k z  x El ) (2-23b)
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e.

FIG. 2 -2  F ield  configu ra tion  for 0 = 0 .
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Substitu ting  for Bx from E q.(2-23b) into E q .(2 -2 3 a )  we ge t

^  ^  ♦ -Su

'"V n

Let

Uj =• t f x x  + ^  ^  ^  2 :

E ,=  E t ^  ■+ y* f / S 2

W rite E q .(2 -24) in vector component in order to  so lve  for Vj 

x component:

q >  e l?t

y com ponent: 

z component:

■*Vi

Hence we write  in matrix form

(2-24)

(2-24a)

(2-24b)

(2-24c)

( 2 -2 5 )
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w here Q = ( u - k  v oz -  i “0 ^ )

From E q . ( 2-22e)

J =  ( M . )  ( f o + d i )  =  A  ^  V J ' ,  * A

Hence the f irs t  order a . c .  term Ji is  g iven  as:

From Eq.(2-22h)

A
iw i} ,  -  i(k z) • OT -  O 

f ' '  £

S ubstitu ting  E q .(2 -2  7) in to  Eq.(2~20) we get

Since from E q.(2 -22b):

-»  V «■ -»
- J, _ 0£l. = j; -t i “>££,

define  a perm ittiv ity  ten so r  // S// su ch  tha t

-  l  (O £„£, II £ l | E ,  =  i c o  £>l

^  -A
Hence Dj = C4f ( l)£H E,

and i u  €0€t Hell E, "  L ^  ^>£ / +  ^"i

(2-26)

(2-27)

(2-28)



18

or

l i e n  4  r   ̂ - 1—  ( i ' T l
C «)€*£, (2-29)

_5k ^  J
We have v x in terms of Ex from E q.(2-25) and Jx in terms of Vj from 

E q .(2 -2 8 ) .  After su b s t i tu t io n  we get the perm ittiv ity  tenso r

(2-30)

* <5^ o

- ^ 3 6n O

o ^ 4
where

(*>- i  A )
£ x *  -  c , „  =  /'44 c o [ ( u 3 - c  -PK)X-

£  =   _________

and ouj- _ y v *

e*«,

W e have now c h a rac te r iz ed  the sem iconducting  medium by the 

perm ittiv ity  ten so r  £  (u ,k )  |J , E q .(2 -3 0 ) .  The modes of propagation  

of the sy s tem  are  s tu d ied  by means of the d isp e rs io n  re la t io n  D(u,k) = 0 ,
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w hich  re la te s  the frequency u to the propagation c o n s ta n t  k and is 

ob ta ined  by the s e l f - c o n s i s te n t  so lu tion  of the b a s ic  e q u a t io n s .  There

E q.(2-30) [2 -1 2 ] :  (1) lo n g itu d in a l ,  or sp a c e  ch a rg e ,  w aves  w here  the 

e le c t r i c  field  has a component only para lle l to the  d irec t io n  of pro­

p a g a tio n ,  (2) c ircu lar ly  po larized  t r a n s v e r se ,  or he licon  [2-13] , w aves  

where the e le c t r ic  field has components perpend icu lar  to  the d irec tion  

of p ropagation . Both of th e se  modes are ch a rac te r iz ed  by s ing le  e f fe c t­

ive d ie le c t r ic  co n s tan ts ;  tha t i s ,  for long itud ina l and c ircu lar ly  po larized  

t ra n sv e rse  e x c i ta t io n s ,  the plasm a behaves  like  an  iso trop ic  medium 

w ith  d ie le c t r ic  co n s tan ts  £  zz and £  xx + £, Xy re sp e c t iv e ly  (the 

plus s ig n  app lies  to  the righ t handed c ircu la r ly  po la rized  w av e , and the 

minus s ign  to the  le f t  handed c ircu lar ly  po larized  w ave).

Longitudinal W aves (sp ace  charge w aves)

As mentioned befo re , the  long itudinal sp ac e  charge w aves  have 

an  e le c t r ic  field  component, only in the d irec t io n  of propagation and 

d r if t ,  assum ed  here to be in the +z d ire c t io n .  M aking u se  of the 

perm ittiv ity  tenso r  g iven by E q .(2 -3 0 ) ,  we can  w rite  M axw ell 's  

equa tion  as:

are two sim ple modes supported by a medium c h a rac te r iz ed  by  (w,k)|I,

- C  x //, = i  t o e 4£ / H e n  £ , (2-31a)

(2-31b)

(2-31c)
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r

-  C  - £ «  £ ,  -  £ r ~S)€,
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(2-31d)

Since E = E z and k = k z z then from Eq„(2-31b) we get Hx= 0,

and from E q .(2 -31a)

i y . i t ,  e , ^  =  0

Since E ^ 0 th en ,

= I ---------------------- ^   =  O

(2-32)

( ( t)~  ~

(2-33)

Equation (2-33) is the  d isp e rs io n  equation  for th is  mode e x c i ta t io n ,  

p lo tted  on Fig. 2-3(a) for = 0. Note that;, from E q .(2 -3 2 ) ,  the 

e ffec t iv e  d ie le c t r ic  co n s tan t  is 6 ^ ^  + * - )  .

Equation (2-33) infers two long itud ina l modes w ith  w ave 

number k x and k2 for a g iven  frequency u . These modes a re  ca l led  

fa s t  and slow sp ac e  charge modes s in ce  the  phase  v e lo c i ty  v , ,  for 

mode corresponding  to  ki is  g rea te r  than the  phase  v e lo c i ty  v
PZ

for mode corresponding  to k2, i . e .  , for ~l)^ = 0

IT
0 0 IT -nr °*~ ~  UPI -  —  ------  —  (2-34a)

'fit (top/io)

4 - - -  * 0 1  =  ^  ^ ______  <2 - 34b>
t-f- ( tup /ia )

and y  ôr a 9*ven frequency u . P lotted on F ig .2 -3 (b )  is  the

d isp e rs io n  re la t io n  Eq„(2-33) for a s l ig h tly  lo s sy  c a s e ,  2 Wp. In
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-u).

co to

FIG. 2-3  Space charge w aves  in infin ite  medium (a) v 0 -  0 ,  0,

(b) v 0 = 0 , -V>k« 2  up .
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th is c a s e ,  the  modes may s t i l l  be c la s s i f ie d  a s  fa s t  and slow sp a c e  

charge w a v e s ,  w ith p h ase  v e lo c i t ie s  g iven as

« r* Ct)

^  4 , ^  /  _  **? (< -  (2 35a)
CO

-  ——  - -------------------- ^ 2 * -----------------  (2-35b)

to

C ircu larly  po larized  tra n sv e rse  (or helicon) w aves  

C onsider now the s itua tion  w here the ex c ita t io n  field has com­

ponents  only t ra n sv e rse  to the d irec t io n  of p ropagation , drift v e lo c i ty  

and app lied  m agnetic  f ie ld ,  as shown in Fig .2 -4 .  To obta in  the mode 

spectrum  for th is  particu lar ex c ita tio n  , we go back to M axw ell 's  

e q u a t io n s ,  remembering again  tha t the e ffect of conduction  has b een  

incorporated into the  effec tive  d ie le c tr ic  tenso r // £ ( u ,k )  /( given by 

Eq. (2-30):
r-C* ^

~C A x  = ( , 4 ) 6 , ^  II B.U E ,  (2-31)

- -  t (2-32b)

— - A

f t  • R, -a O  (2-32c)

Jh . e  -  — f t
U ‘ ^ 2 -----  (2-32d)

—* A  A  A
Since Ex = E1X x +  Eiy y by a ssum ption  and k = k z  then from E q .(2-32d)

B * a xj  i = 0. A lso , from Eq, (2~32c) H -  H1X x + Hny y . Now take k x
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E q.(2-32b) and su b s t i tu te  E q .(2 -31a):

-J *
* f i( =. (r  <»£*£ ,)//£ //  £ ,  (2-36)

-i, _i -i A -*
Since k x  k x Ex = (k • E^kj -  k2 Ex = -k': Ei

then  k2 Ex = <o £, £, II £ II £ (

or in ten so r  form

W t‘ " K w ,  f ; -
\ e »3«/ ^ KV '  /  (2-37)

Equation (2-37) is s a t i s f ie d  for E+ = Ex +. iE y . This y ie ld s

J V  -  « >  * > < . « .  e, (  i  £ > < f )  j  E  +  =  o

S ubstitu ting  for the v a lu es  of £-xx and £ x y , we get the d isp ers io n  

equation

(2-38)

Plots of u vs  kre a  ̂ for r igh t and le ft  handed po la riza t ions  are shown in 

F ig .2 -5 ,  assum ing  no l o s s e s .

2 . 2 . 3  W ave Propagation  for C arrier Drift, a t  an Arbitrary 

Angle to External D . C t M agnetic  Field ( & f  0).

Having in v es t ig a ted  the par ticu la r  c a s e  of w ave propagation in a 

sem iconducting  medium p a ra l le l  to the  d irec t io n  of carrie r  drift and ex terna l 

m agnetic  fie ld  , one now g en e ra l iz e s  the trea tm en t for wave propa-
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7

FIG. 2-4  Field configura tion  for helicon w aves

CO 60

(a-) O )

FIG. 2-5  Frequency spectrum  u v s .  kfe for he licon  w a v e s ,  w ith 

= 0 and ho les  a s  charge c a r r ie rs .
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ga tion  a t  any arbitrary  angle  0  Let Q  be the angle  be tw een  the 

ex te rna l m agnetic  fie ld  B0  and the d irec tion  of wave propagation k 

and carrie r  drift v e lo c i ty  v Q„ Refer to Fig. 2-6 Here k is assum ed 

para lle l  to  vQ. For < 9 = 0 ,  we saw  how the medium supported two wave 

e x c ita t io n s  independently  of each  other, i . e . ,  decoupled: longitudinal 

(or space  charge) w a v e s ,  and c ircu lar ly  polarized  tra n sv e rse  (TEM or 

helicon) w a v e s .  For the c a se  0  f  0 the modes supported by the medium 

cannot be c la s s i f i e d  a s  s im ple lo n g itu d in a l ,  TEM, TE or TM modes. In 

f a c t ,  s e l f  c o n s is te n t  so lu t io n  of the  b a s ic  equation  of the hydrodynamic 

model, Eqs.{2-22) shows that a ll three fie ld  components Ex , Ey, Ez are 

needed for wave propagation in the- c a se  &  0. N ev erth e le ss  le t  us

c h a rac te r iz e  the medium by a f-equency-w avenum ber-ang le  dependent 

perm ittiv ity  tenso r / /£  (u>,k,&■)!/ , in a manner analogous to  the c a s e  

0=  0. Assume aga in  a small s igna l m odel, such  tha t a ll q u an ti t ie s  vary 

as
^ ^

A = Aq + Ai exp i(u't. - k • r )

A a. A A
w here k = (k s i n & )x  + (k c o s ^  )z = kx x + k z z ,

A Ar = x x  + z z 

J*
and where Ac  ^  d .c. dependence

Aj a . c .  dependence

A  A A  A
Let vD = (vQ s i n 9-) x +  (vc  cos©- )z = vox x + v oz z . We se e k  to re la te

the d isp lacem en t v ec to r  D2 to the  e le c t r ic  field  vector Ej as
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Vl i

FIG. 2 -6  Field o rien ta tions  for wave p ropagation  at an arbitrary

angle  6

IV
*
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in su ch  a way th a t  M ax w ell 's  equa tions  may be w rit ten  as

=  i  c o ^ € ,  &)(/£}  - -  (2-39a)

V x  6 , =  - £

v . J? = J>,

(2-39b)

(2-39c)

V* //, •= C> (2 - 39d)

w here the  e ffec t  of conduction  has been  incorporated  into the  e ffec t ive  

d ie le c t r ic  tenso r  f 8  ( u ,k ,©  ) ||

Cons id e r :

F - A  ^  ^  c < * - & ) }

Hence ^  _*
V. A, -  -  A|x -  i ^  A, ? - P  • A,

(7 ^ >

C onsider the equation  of motion Eq„(2-22g) w ith^v^J  = 0. The le f t  hand 

s id e  may be w ri t ten ,  a f te r  l in e a r iz a t io n ,  as

**= KJt

dJc dk b* dx )

^  ^  A  \r, +  [  (v4 w j . v^} it,
<tk Z>Jt L

or
~TT *  “T T -  T I u6 k ^ x ^  + ^ 3  : 

or i  ( t o -  ~ V, ( 2 - 4 0a)
dut

C onsider the l in e a r ized  v x B  term

— » . *  1 _ s  . j
v x  B = (vQ+ Vi) x (B0 + Bi) = vQ x Bj + Vi x B0
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Since from E q .(2 -22a)

(7 x E = -  i  k x Ei = - i  u Bj

^  1 ^  ^or Bi = ~  k x El.U)
* -*

then  the l in e a r ized  v x B term is w rit ten  as

W 6 -  - J -  % * ( £ * £ , )  + {2 - 4 Ob)
CO

and the equation  of motion is w ritten  as

* * ) ? , =

■g e “ + 4_ O l n f ' f i ’t S i )  "*■
' aC »  *> (2—41 )K (\

Let <K = (u -  kx v ox -  k2 voz -  i ^  ) ; £*= — . ; u c = “ * Boz-

Then rew rite  (2-41) as

6 o < ^  = - f  ^  (2-42)

C onsider now the current e q u a tio n ,  E q .(2-22f)

Hence

3 , =  A * ? , <■ (2-43a)

From E q .(2 -2 2 h ) , the  continuity  e q u a t io n ,  we ob ta in

i  (o J >{ -  A  * sT, — ̂

or ^  ^
J>  _L  T

I /.I '6o ' (2-43b)

S ubstitu ting  (2-43b) into (2-43a) we ob ta in
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(2-44)

^  3. ■»
Then, w e have exp ressed  v x in terms of Ex in E q .(2 -42) and  Jx in

terms of v x in E q .(2 -4 4 ) .  Hence from the d e fin it io n  of the  perm ittiv ity

te n so r ,  E q .(2 -2 9 ) ,  we are ab le  to  derive  an e x p re s s io n  for //£  ( u , k , & ) / /

After som e a lg eb ra ic  manipulation of E q s .(2 -2 9 ) ,  (2-42) and (2-44) we

obtain:

(2-45)

where

* i  -

r
^  t o

| | ( u , k f£ ) | [  = ^ 2 -1 €-2. 2-

*3 z

* > S (to -A i\r0i ) % C  1

Y  Co ( S - u £ ) to Y  of J

CuftVc (<*>- J
o t tu f l j Q -  * W?-ftjXh# ((Q-

,  - ooil

(o x  (•C '-w ?)

to*- (of*'- a t? )

to X

/ -
of top" (tv  -  *y>t )  1

to *- ( 0 ) 2 : ' )  J
f a ^ i T o *  

to*~ (n'^O 'c' ) J

(2-46a)

(2-46b)

(2 -46c) 

(2-46d)

(2-46e)

(2-46f)



CUf ((/) - ^OX <t>p~((/&- 'iff*^oz

< y ^  ( .«Z- W i - )
(2-46g)

^  top*- (to- - ^,traa.) (2-46h)

AJf" ((o-

4) y  ^
CX&UJ- (2-461)

w here o{ = ( u - k x vo x - k z voz -  i t\  ) = ( u - k  vQ -  1 \  )

y  = ( u -  kz v o z )(u -  kx v ox) -  kx  kz v ox v oz — u((*)-k vQ) 

kx  = k s in  & ; k z = k cos  © ; vox = vQ s in  ©; voz = vQcos © .

To ob ta in  the  d isp e r s io n  re la t io n  D ( u ,k ,©  ) = 0 for th is  c a s e ,  we 

w rite  E q .(2 -39b) a s

V x  V y  = - I  io /A a Vx / f ( (2-47)

S ubs ti tu te  E q .(2 -39a)  in to  (2-47):

V  x v  x ?  r  6>>d € , t j  £ // Ej

or
*<£ *  £, -  gj)£/ m i  E,

or (2-48)

where c2 (A

In matrix form, we write  E q .(2 -48 )  a s :
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In e x p l ic i t  component form w e have:

(•f?3 - - 4L E,̂  - (-A& * ̂  f (J) E|a = O  (2 -50a)

- g l n B„-o. Xco t: — ~r fc>xC* (2-5  Ob)

-(M, ^ e s , )E ,„  (*-»«<«

N o n-tr iv ia l  so lu t io n s  of E q .(2-50) require  th a t  the  de term inan t of the 

matrix co eff ic ien t be zero .

^  *'*■ - ( A r f , » £ e , s )

“ * £TT -
Co1

23 =  O

Expanding the de term inan t y ie ld s  the  d isp e rs io n  eq uation . Using

kx = k s in  6

kz = k cos 0

vox = vo sin e

voz = vo cos  6

we h av e ,  a fte r  expansion :
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+ If4^  - £ c" } <■*-  £ - g

~  ~ r  £* 3 ^ 3 i .  Wl c « e  - < £  £ „ )  *

£/*. ('&***& C#>& t- €i / i j  

+ < a j  jV # *  * £  Z i J t t f / i - e c v o  + n L  e 3̂

-  —  *32.J (2-51)

The d isp e rs io n  equation  (2-51) red u c es  co rrec t ly  to our previous
\

lim iting c a s e  of 0 = 0. For 0 = 0 , from E q s .(2 -4 6 ) ,  we have 

£  is = £23 = £31  = 0 and £ n  = £ 22/ £ 12 = -  € 21. Hence w e w rite  

E q .(2 -51) a s

& i z U * 1-  -* f r  =  0  ( 2 ‘ 52a )

S u bs ti tu ting  for £ n , £ 33 and £ 12, from Eqs . (2 - 4 6 ) ,  we can  fac tor

Eq.(2-52a) a s  fo llows:

1

to.
5 ± L _ ' U . o
H ^ - c-Ok̂ J ]  (2-£(V-(U>-4tf^ 1A>t -cT3K^J j (2-52b)

to  y ie ld  the  d isp e rs io n  eq u a tio n s  of the  long itud ina l and  the c ircu la r ly  

po la r ized  plane w aves  propagating along the  d ire c t io n  of app lied  m agnetic  

fie ld  and ca r r ie r  drift v e lo c i ty ,  E q s . (2-33) and (2 -3 8 ) ,  r e s p e c t iv e ly .



33

2 . 3  F e r r o m a g n e t i c  S u b s y s t e m

2 .3 .1  Developm ent of B asic  M acroscop ic  Equations

Having ch arac te r ized  the  sem iconducting  su b sy s tem  of " free"  

charge carrie rs  by a perm ittiv ity  te n so r ,  we now s e e k  to  c h a rac te r iz e  

the  in su la t in g  ferrom agnetic  su b sy s tem  by a frequency and wavenumber 

dependen t perm eability  ten so r  \\JA. (cj, k) J| .

Many c ry s ta ls  have an  ordered m agnetic  s t ru c tu re .  This means 

tha t in the  ab se n c e  of an  ex te rna l m agnetic  f ie ld ,  the  m ean m agnetic  

moment of a t  l e a s t  one of the atom s in e ach  unit c e l l  of the  c ry s ta l  is non­

zero  below a ce r ta in  c r i t ic a l  tem perature  [2-14] . In compound magnetic  

c r y s ta l s ,  there are  sev e ra l  p o ss ib le  arrangem ents  of m agnetic  moments:

(1) Ferro-m agnetic  a rrangem ent, F ig .2 -7 (a ) ,  in w h ich  the  mean magnetic  

moment of a l l  atoms have  the sam e o rien ta tion  below a c r i t ic a l  tem pera­

tu re ,  the  Curie tem pera tu re , (2) Antiferromagnetic a rrangem ent,  Fig. 2 -  

7(b), w here  a s e t  of m agnetic  s u b la t t ic e s  have nonzero  m ean magnetic  

moment, but com pensa te  each  other w ith in  e ac h  unit c e l l .  This type of 

ordering occurs  if  the  tem perature  of the  an tiferrom agnet is l e s s  than the 

c r i t ic a l  tem pera tu re , known as  the N eel tem peratu re . (3) F err im agnetic  

a rrangem ent, F ig .2 - 7 (c ) ,  w hich  c o n s is t s  of a number of m agnetic  su b ­

la t t ic e s  w hose  mean m agnetic  moments are u n co m p en sa ted ,  thus ex h ib it­

ing spon taneous  m agnetic  moment below the Curie  tem pera tu re .

To unders tand  the origin of the  mean m agnetic  moment, consider 

the s truc tu re  of atoms com prising a m a te r ia l .  We a ssu m e  an dtomic
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F IG .2 -7  M agne tic  moment o r ien ta tions  in m agnetic  m ate r ia ls  

(a) Ferrom agnetic  (b) Anti-ferrom agnetic  
(c) F e rr im agne tic  arrangem ent
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model w here  e lec tro n s  orbit the  nuc leus  w hile  ro ta ting  about the ir  own 

ax is  [2 - 1 4 ,  2 -15] . This e lec tro n ic  m otion, a combination of revo lu tion  

and s p in ,  de term ines  the  magnitude of the m agnetic  moment of fe r r i te s .

A c l a s s i c a l  pa r t ic le  of charge  -e  and m ass  m having orb ita l angular 

momentum L, has  a m agnetic  moment a s s o c ia te d  w ith  its  a rb ita l  motion 

g iven  by

< s ” W a i  -  -  <2 - 5 3 >

The m agnetic  moment a s s o c ia te d  w ith  the sp in  of the  same p artic le  about 

its  own a x i s ,  a s  in F ig .2 - 8 ,  has the form

( 5  m) . = -  S (2-54)' sp in  2m '

where S is the  sp in  angu lar momentum. The co n s tan t  g in the  Lande g 

or s p e c tro s c o p ic  factor and has a va lue  of 2 for a free e lec tro n .  The 

to ta l m agnetic  moment of the  e lec tro n  is then  given as

< « A)  = ( S m)Qrb + ( Sm)sp ln  = ^  (L + gS) (2-55)

How ever, experim ents  [2 -16] show th a t  in ferro and ferrim agnetic  su b ­

s ta n c e s  the  contribution  of the o rb ita l motion to  the to ta l  m agnetic  

moment is  very sm a l l ,  ind ica ting  th a t  the  o rb ita l moment is a lm ost 

quenched  by the c ry s ta l l in e  field produced by the surrounding a tom s.

Spin motion is then  the  major contributor to the  m agnetic  moment of the  

e le c t ro n ,  and the  revo lu tion  about the  nuc leus  may be n eg lec te d .  

Accordingly, we w rite  the  to ta l  e le c tro n ic  m agnetic  moment as
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( $ ' * ' )  S  (2-56)

where 1*1 is c a l led  the gyrom agnetic  r a t io .  In a sy stem  c o n s is t in g  of 

many e le c t r o n s , e a c h  w ith  sp in  Sj and m agnetic  moment ( £ m) j ,  when 

a ll  the m icroscop ic  (6  m)^ a re  randomly o rien ted  in a sm all  volume (dv), 

then there  is no n e t  mean m agnetic  moment [2 -17] . This is  the  c a s e  in 

non-m agnetic  m a te r ia l s . H ow ever, c ry s ta ls  of su ch  e lem en ts  as  F e ,  Ni, 

Co or Cr p o s s e s s  ce r ta in  "order" tha t  tends  to  align  the ( S m) j  in the 

volume (dv), so  th a t  there  is  a mean m agnetic  moment. Such "ordering" 

fo rces ,  a l s o  ca l led  "exchange"  fo rces  [2 - 1 8 ,2 -1 9 ]  , are c h a ra c te r is t ic  of 

m agnetic m ateria ls  and we w ill  co n s id e r  them in more d e ta i l  l a te r  on . The 

volume (dv) c o n s t i tu te s ,  th e n ,  the  m agnetic  su b la t t ice  of the  c ry s ta l .

Let us  co n s id e r  the  behav io r of a m agnetic  moment (£  m) when 

sub jec ted  to  an  ex te rn a l  d . c . m agnetic  fie ld  ^ J 0 HQ [ 2 - 2 0 ] .  A magnetic  

field in the  z d ire c t io n ,  a s  show n in F ig .2 - 9 ,  produces a torque on the 

dipole (Sm ) w hose  magnitude is

TORQUE/VOLUME = ( $ m) x yM0 H0 z (2-57)

The torque c a u s e s  a time ra te  o f  change of angu lar  momentum
.a

| = ( ^ ) x / t H0 z (2-58)

Using E q .(2 -56) w e  get

dJc

Writing E q .(2 -59 )  in com ponent form,

d *  ~ ( 2 - 5 9 )
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FIG. 2 -8  A sp inn ing  e lec tro n  w ith  m agnetic  moment ( )s p jn 

and angular momentum S

FIG. 2 -9  P rec e ss io n  of the  m agnetic  moment ( ) about an

ex te rn a l  m agnetic  fie ld  HQ z
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(2-60a)

(2 -6  Ob)
i t

<£, __ £ ) (2-60c)
d fc

W e s e e  th a t  the  z  component of the torque is  z e ro ,  the  y component is 

p o s i t iv e  w hile  the  x com ponent is  n e g a t iv e ,  so  th a t  the tra n sv e rse  

components are  90 deg rees  out of p hase  w ith  e a c h  other in time and

som etim es ca l led  the Larmor frequency [2-21] .

In order to  s tudy  the re sp o n se  of a m agnetic  m ateria l to  an 

ex te rna l perturbation  "exac tly"  , a pa r t ic le  (or quan tum -m echanical)  

a n a ly s is  would be n c e s s a ry ,  tak ing  in to  acco u n t in te rac t io n  of the  e x c i t ­

a t io n  w ith  the indiv idual e lec tro n ic  sp in s  [2 -6 ] . H owever, a s  we are 

in te re s te d  in ex c i ta t io n  of w aveleng ths  much g rea te r  than  atom ic d is ta n c e s  

(7 V » a)/ the re sp o n se  of the  sp in  sy s tem  is co h eren t ,  so  tha t a continium 

theory is appropria te .  This means th a t  from th is  m acroscop ic  point of 

v ie w , it  is  p o ss ib le  to  define  the m agnetic  moment d e n s i ty ,  c a l led  m agnet- 

iz a t io n  M ( r ) ,  of a ferro or ferrim agnetic  media a t  a point r in sp a c e  by 

the  sum [2-19]

s p a c e .  For th is  re a so n  the d ipole  moment (Sm)  w il l  p ro cess  about the

d irec tion  of the  app lied  m agnetic  fie ld  w ith  a frequency

(2-61)
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w here \ i r |  w as  defined  by E q.(2-56) and Sj is  the  angular momentum 

(or spin) of the  i**1 atom lo ca ted  a t  r* in the c ry s ta l  l a t t i c e .  Equation 

(2-59) may then  be w rit ten  as

(2-63)

where He is the e ffec t ive  m agnetic  fie ld  ac t in g  on the  m agnetiza tion  

M ( r ) .  The fie ld  in ten s i ty  He is defined  a s

sy s te m . Equation (2-63) implies th a t  the various  in te rac t io n s  in a ferro - 

m agnet can  be taken  in to  co n s id e ra t io n  phenom elog ica lly , i . e . , b a sed  on 

observed  phenom ena, by assum ing  th a t  the sp in s  p re c e ss  not about the
A

ex ternal m agnetic  fie ld  H0 but about some in te rna l He eq u iv a len t  in

its  ac tion  to  the ex te rna l f ie ld .

In g e n e ra l ,  M( r )  g iven  by E q .(2-62) is  not uniform throughout

the  spec im en . The to ta l  energy of the  sy s tem  to ta l  ^ e Penc*s then  not

only  on the  ac tu a l  M( r )  but a l s o  on its  s p a t ia l  d e r iv a t iv e s .  Three types

of forces should  be d is t in g u ish ed  th a t  lead  to  an  in c re a se  in the energy  of
a ^

a m agnetic  s u b s ta n c e  due to non-uniform ity in  M( r )  [2 -19] . F irs t  are 

the  forces due to  c ry s ta l lo g rap h ic  an iso tro p y . They g ive r i s e  to  a  term

to ta l 
b M

(2-64)

where is the  to ta l  energy (or Hamiltonian) of the  m agnetic
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in the  to ta l energy  of the sys tem  w hich  depends on the ang les

betw een  the m agnetiza tion  and the c r y s ta l 's  princ ipal a x e s .  Second are

the (long range) forces th a t  lead  to an  in c re a se  in the  energy d e n s i ty  a t

a point c au sed  by non-un iform ities  over the whole volume of the sam ple .

These fo rces  tend to dem agne tize  the spec im en  and they a re  rep resen ted

in a dem agnetiz ing  energy  term , ^ 0 cjem • Third are the (short range)

"exchange"  forces for w hich the  energy d en s ity  of the  non-un ifo rm ities  a t

a g iven  po in t is determ ined by the d e r iv a tiv e s  of M( r )  only a t  th a t  point.

These fo rc e s ,  rep re se n te d  by the  exchange energy term $ e x  > determ ine

the a c tu a l  e x is te n c e  of m agnetic  order in a cer ta in  tem perature  range .

In add ition  to the  energy terms due to  a non-uniform m agnetiza tion ,

the  to ta l  energy of a ferrom agnet has terms c o n s is t in g  of [2 -1 9 ] :  the

energy of the e lec trom agne tic  fie ld  £  Q; the energy of in te rac t io n  of

the m agnetiza tion  w ith  the  ex te rna l f ie ld ,  ,30 e x t ; ^ e  m a g n e to -e la s t ic

energy j P  „  , w hich  is a function  of the  in te rac t io n  be tw een  them. e .

m agnetiza tion  and  the la t t ic e  v ib ra tions  (or a c o u s t ic  w aves) and s t r e s s e s ;  

the  energy  of the  in te r-dom ain  boundary lay er  w hich depends on the

m ulti-dom ain  s truc tu re  of the specim en; and ano ther dem agnetiz ing  energy
-A - A

term due to  the uniform part of the m agnetiza tion  M( r ). Thus we may 

write  the  to ta l energy  (or Hamiltonian) of a ferrom agnet as

+ J2  + 3 P  + J 2 + &  + ^ H (2-65)^ t o t a l  o ex t dem. a m . e .  ex  d

Let us exam ine the  terms in E q .(2 -65 )  in more d e ta i l .  3 6  o is 

the energy  s to red  in the  e lec trom agne tic  f ie ld s .  It is  a "ze ro -o rd e r"  term
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a
In th a t  i ts  va lue  does  not depend on the m agnetiza tion  M(r ) :

(2 - 66)

C onsider  nex t the energy  of the  in te rac t ion  w ith  the ex te rna l 

f ie ld ,  . W hen a specim en  of m agnetiza tion  M is  p laced  in an
Civl

ex terna l f ie ld  He x t , the energy  d en s ity  of the  spec im en  will be  in ­

c re a sed  by [2-21]

= -M  • H (2-67)e x t  ex t v

Since - V M ( &ext) = V m(M • He x t) = E q .(2 -64) is th u s  made

p la u s ib le .

Part of the energy of the dem agnetiz ing  field [ 2 - 22 ,  2 -23 ]  as

m entioned be fo re ,  is  connec ted  w ith the s p a t ia l  inhomogeneity  of the

m agnetiza tion  M ( r ) ,  part w ith  its  homogeneous com ponent. This energy

a r i s e s  b e c a u se  the m agnetiza tion  has an a s s o c ia te d  m agnetic  f ie ld .

Therefore , the  m agnetiza tion  a t  pos it ion  r in the  spec im en  " s e e s "  the

m agnetic  fie ld  from the m agnetiza tion  a t r*, another point in th e  sample

[2-24] .  Thus the  energy 2 c  ^ e m  should  depend  not only on M ( r )  but

a l s o  on i ts  s p a t ia l  d e r iv a t iv e s .  , may be w ritten^  dem

-  j j t *  ^  • * t)  [  *  ^  ,V3  ^  ^  (2 -6 7 a ,

w here  in teg ra tion  is  over the  w hole sp ec im en . From th is  eq ua tion  ^ d e m
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is s e e n  to  be s h a p e  d ependen t.  W hen the sam ple d im ensions a re  much

grea ter  than  the e x c i ta t io n  w aveleng th  and the point in question  r

is  far aw ay  from th e  su rface  of the  sam ple ( i . e . , when r - *  ) ,  the

dem agnetiz ing  f ie ld  V  • c P  is  c o n s ta n t  and its  abso lu te  va lue  isM dem

much sm a lle r  than  the ex ternal f ie ld  needed for p ro cess io n  a t  microwave

freq u e n c ie s .  In our p re sen t  a n a ly s is  we w ill  a ssum e  r so  tha t

, can be n e g le c te d ,  dem

The fourth term of E q .(2 -65) re p re se n ts  the  energy of the a n is o ­

tropy o f the  c r y s ta l ,  a . It depends  on the  o r ien ta tion  of the  ex te rna l 

m agnetic  field w i th  the preferred d irec t io n s  of e a s h  m agnetization  (along 

w hich the  m agnetiza tion  is orien ted  in  the  a b se n c e  of an ex ternal fie ld ) .  

This energy  can be  rep resen ted  in  the form of an  exponentia l se r ie s  

w ith  r e s p e c t  to th e  d irec tion  c o s in e s  of the m agnetiza tion  v ec to r  re la t iv e  

to  the  c ry s ta l 's  p rinc ipa l axes  [2 -19] . For u n iax ia l  c ry s ta l  has

the form (to f i r s t  order an iso tropy)

sP =  'L- K — -L- K /A* ~ -J- ( a  •**) (2 - 68)

where is th e  angle  betw een  n , the  unit v ec to r  along the d irec tion

of e a s y  m agnetiza tion  and M ; Kj is the  an iso tropy  c o n s ta n t .  In the
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majority of c a s e s  the  an iso tropy  field ^ 0 ^  is s ev e ra l  ten s  of g a u s s ,  

so  it is  sm all com pared w ith  the  ex te rna l m agnetizing  f ie ld .  Hence 

is  n eg lec ted  in our a n a ly s i s .

The m a g n e to -e la s t ic  energy  term of Eq . ( 2 - 65) ,  ^  me , o rig inates  

from the in te rac t io n  of the sp in s  w ith  the v ib ra tiona l motion of the  atoms 

in the  ferrom agnet. This v ib ra tiona l motion can  be coheren t in the  micro­

w ave frequency ra n g e ,  leading  to a co u s t ic  w aves  tha t  may in te ra c t  w ith  

the m agnetiza tion  a s  it p re c e s se s  about the  ex te rna l m agnetic  f ie ld .  The 

in te rac t io n  may be of importance in cer ta in  reg ions  of the  d isp e rs io n  

diagram  u v s .  k [2 - 2 5 ,2 -2 6 ]  . However, as  w ill  be ju s t i f ie d  la te r ,  in 

our u -k  reg ion  of in te re s t  (where there is  an  in te rac t io n  b e tw een  the 

m agnetiza tion  and the  drifted  carrie rs  in a ferrom agnetic  sem iconduc to r) , 

the  e ffec t  of the m a g n e to -e la s t ic  energy is sm all .  In f a c t ,  i t  may be 

accoun ted  for phenom enolog ica lly  by means of a re lax a tio n  frequency.

On the o ther hand , the  s ix th  term of E q .(2 -6 5 ) ,  the  exchange  

term is important to  co n s id e r  a s  it  is  re sp o n s ib le  for the  e x is te n c e  of 

m agnetic  order in the  c ry s ta l .  To unders tand  the orig in  of th is  term , 

co n s id e r  f i r s t  a hydrogen m olecule  H2 in w hich  the  two e lec tro n s  in te r­

a c t  e le c t ro s ta t ic a l ly  both w ith  e a c h  other and w ith  the two protons [2-15] . 

Quantum m echan ical a n a ly s is  of su ch  a sy s te m , allow ing for in d is tin g u is li­

ab il i ty  of e lec tro n s  when the ir  coord ina tes  are exchanged  show s th a t  the 

energy  of the sy s tem  depends c r i t ic a l ly  on the d is ta n c e  be tw een  nu c le i  

( i . e . ,  on o rb ita l o verlap ) .  Furthermore, the  energy s ta t e s  a re  low er when
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the sp ins  of the e lec tro n s  a re  a n t i -p a ra l le l  than  w hen they  are  p a ra l le l .  

In c o n tra s t  to  the  hydrogen m olecu le , in m agnetic  m a te r ia ls ,  the  s ta te  

w ith  p a ra l le l  sp in s  can  be thought of having the lower energy . As the 

in te ra tom ic  d is ta n c e  r is  d e c r e a s e d ,  the sp in  moments a re  m ain ta ined  

p a ra l le l  by in c reas in g  fo rce s .  As s e e n  from F ig .2 -1 0 ,  as r is  

d e c re a se d  s t i l l  further, th e se  exchange  forces d e c re a se  until f ina lly  

they  p a ss  through zero  and an  a n t i -p a ra l le l  sp in  o r ien ta tion  is favored . 

T h u s , we can  write

w here Jy is the  exchange  co n stan t  and is a m easure  of a rb ita l  overlap .

If Jjj is p o s i t iv e ,  E q .(2 -69a)  favors a pa ra l le l  alignm ent of the  sp in  

moments of an  iso la te d  pair of m agnetic  ions (ferrom agnetic  a rrangem ent) . 

If Jy is n eg a t iv e ,  an a n t i -p a ra l le l  a lignm ent is favored (an t i - fe r ro ­

m agnetic  a rrangem ent) . Furthermore, a s  the  tem perature  of the  ferro­

m agnet is  in c re a s e d ,  the fo rces  c au sed  by thermal a g i ta t io n  in c re a se  and 

w hen they ex ce e d  the nega tive  energy  contribu tions  of the exchange 

fo rces  the  spec im en  becom es d em agne tized .

It is  p o s s ib le  to  m anipulate  E q .(2 -6 9 a )  to ge t an  idea about the 

" lo n g -w aveleng th"  form of th is  exchange energy  [2-6] . This m icroscopic  

procedure a ssu m e s  con tribu tions  from n e a re s t  neighbor s p in - s p in  in te r­

a c t io n  and expands the  sum about a cen tra l  ion . In the l im it ,  a s  the 

ex c i ta t io n  w av e len g th s  become mugh g rea ter  than  atom ic d im ensions

(2-69a)
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FIG. 2 -1 0  Exchange energy  v e rsu s  In tera tom ic  d is ta n c e  for p a ra lle l ( f f )  
and a n ti-p a ra l le l  ( ) arrangem ents in a m agnetic  m a te ria l.

FIG. 2-11 E ffect o f h(t) on the  p re c e s s in g  sp in s  in  a ferrom agnet 
>  ^

(a) hQ = c o n s ta n t (b) h(t) ^  c o n s ta n t
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a ) /  the  e x p re ss io n  thus o b ta ined  red u ces  to  the d e s ired  " lo n g - 

w av elen g th "  form. An a l te rn a te , m acroscop ic  approach  may be follow ed 

to  d e riv e  the " lo n g -w av elen g th "  form of the ex ch an g e  energy  [2 -1 9 ] .

This a lte rn a te  procedure a ssu m es  the  m ag n etiza tio n  M a t a point r in  

the  sp ec im en  to  be nonuniform . As d is c u s s e d  p rev io u s ly , the non­

uniform ity in m ag netiza tion  o rig in a te s  energy  term s in te rp re ted  a s  con­

trib u tin g  to  (a) the dem agnetiz ing  energy  ^  d em ' dep en d en t upon the 

d is tr ib u tio n  of the  no n -u n ifo rm itie s  over the  w hole  volume of the sam p le ,

(b) the  an iso tro p y  energy , d ep en d en t upon c ry s ta l o rie n ta tio n , and

(c) the  iso tro p ic  ex change  energy  due to  non-un iform ity  a t the point in 

q u e s tio n . T hus, the  form sough t for the energy  d e n s ity  i s ,  for conven- 

ie n c e , to  be th a t of lo w e st order in  the  d e riv a tiv e s  of M only a t th a t 

po in t (thereby  ru ling  out co n trib u tio n s  from dem^ w hich  is  invarian t

to  ro ta tio n s  of coord ina te  ax es  (thereby  ru ling  ou t con tribu tions from «£*>■ 

Both m ethods y ie ld  the follow ing e x p re ss io n  for the  exchange energy:

ex  = -A M  • ( ) (2-69b)

w here A is  a c o n s ta n t re la te d  to  , the  quantum  m echan ical exchange 

c o n s ta n t. For a ferrom agnet of cu b ic  sym m etry w ith  n e a re s t neighbor 

in te ra c tio n  A is  g iven  a s  [2 -19]

kB Tc a*
A = ------------- (2 -69c)

o

w here kg is  the  Boltzm an c o n s ta n t ,  Tc is  the  C urie tem p era tu re , a 

is  th e  la t t ic e  c o n s t a n t , g  is the  Bohr m agneton and Mc  is  the
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sp artan eo u s  m ag netiza tion  of the  specim en  a t a b so lu te  zero  (the s a tu ra ­

tion  m ag n e tiza tio n ).

F in a lly , co n sid er the  la s t  term o f E q .(2 -6 5 ) , the  energy  of the  

in te r-d o m ain  boundary lay e r % If the  ex tern a l fie ld  is  s trong  enough 

to  m agnetize  the  specim en  to  a s ta te  approaching  s a tu ra tio n , then  the  

behav io r of the  specim en  is  s im ila r to  the  behav ior of one reg ion  of 

sp o n taneous m ag netiza tion  (a s in g le  dom ain). In su ch  a c a s e ,  * d  

can  be n e g lec te d .

C o n sid er then  a ferrom agnetic  m ateria l on w hich  a sm all tim e
-A

varying  m agnetic  fie ld  h ( t )  a c ts  on top of a c o n sta n t m agnetic  fie ld  Hq 

d ire c ted  a long  the z ax is  su ffic ie n tly  strong  to sa tu ra te  the sp ec im en . 

Assume th a t the  d im ensions of the sam ple are  much g rea te r than  the 

e x c ita tio n  w av e len g th . In su ch  a c a s e ,  we may w rite

e - e + I A H ' H - a m - h ov - a m * v* m

from w hich  the  e ffec tiv e  m agnetic  fie ld  is w ritten  as
- A

k [ * )  +  (2-70)

In F ig . 2 - 1 1(a) we have draw n s u c c e s s iv e  sn ap sh o ts  of an ind iv idua l 

sp in  moment in  a ferrom agnet tak en  a s  in te rv a ls  tn p re c e ss in g
I \ I -A

abou t an ex te rn a l fie ld  H0 + hQ w here hQ = c o n s t .  « |Ho and ls  

d ire c ted  a t  r ig h t ang le  to  H0 . In a p h y s ica l s a tu ra tio n  hD may re p re se n t 

the very  sm all an iso tro p y  fie ld  or the  dem agnetiz ing  f ie ld . In our id ea l 

s itu a tio n  hD is assum ed  e x te rn a l. The sp in s ' cum ulative  e ffec t is  th a t
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of a m agnetiza tion  v ecto r M p re c ess in g  abou t Hc . In F ig. 2—11(b) we

have draw n th e  ind iv idual sp in s  p re c e ss in g  about an  ex te rn a l fie ld

HQ + h ( t ) ,  w here h ( t )  is  assu m ed  s in u so id a l a t rig h t an g les  to  H0  ,
a

for c o n v en ie n c e . As h( t ) v a rie s  , the a x is  of gy ra tio n  changes but the 

m agnitude of the  ind iv idual sp in s  rem ain the  sam e; only th e ir ang le  w ith  

re s p e c t to  the  o rig inal o rien ta tio n  (th a t of H0  ) c h a n g e s . The m otion of 

the  m ag netiza tion  is governed by E q .(2 -6 3 ) , w here He is  g iven  by 

E q .(2 -7 0 ) . H ow ever, the  eq u a tio n  of m otion of the  m ag n e tiza tio n , 

E q .(2 -6 3 ) , d oes not co n ta in  term s to  acco u n t for the re la x a tio n  of the  

m ag n etiza tio n  in  the a b se n c e  of e x te rn a l f ie ld s  to  i ts  equilibrium  

p o s itio n  (along H0  w hen h ( t )  = 0 or a long  the  d ire c tio n  of spon taneous 

m ag n etiza tio n  M0  when both  H0  and h ( t )  are zero  and T < Tc ) [2 -2 7 ] .  

Put in  ano ther w ay , w hen there  is a tim e vary ing  fie ld  h (t)  a c tin g  on the 

m ag n etiza tio n  a t  a frequency  near the re so n a n t frequency  of p re c e ss io n  

uo = (n eg lec tin g  dem agnetiz ing  f ie ld s ) ,  E q .(2 -6 3 ) le a d s  to

la rg e  v a lu es  for the m ag netiza tion  v ec to r so  it  d oes not d e sc rib e  the 

m easured ab so rp tio n  of the  e lec tro m ag n e tic  f ie ld 's  energy  by the spec im en . 

This ab so rp tio n  may be c au se d  by in te ra c tio n s  in the  sp in  sy stem  i ts e lf  

(for exam ple m agnetic d ip o le  -  d ip o le  in te rac tio n s) and  by in te rac tio n s  

betw een  the  sp in  system  and  its  m ate ria l su rround ings (for ex am p le , the 

in te ra c tio n  o f the m agnetiza tion  w ith  the v ib ra tio n a l modes of the  a to m s, 

i . e . , the sp in -phonon  in te ra c tio n  of £  m g in E q .(2 -6 3 ) ) [2 -27] .

From our m acroscopic  po in t of v iew , how ever, th e se  m icroscop ic
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in te ra c tio n s  can  be d e sc rib e d  phenom enolog ically  by the L an d au -L ifsh itz  

or the Bloch eq u a tio n  [2 -1 9 ] .  The e ffe c t of the  L an d au -L ifsh itz  

re la x a tio n  term , w ritten  as

re la x a tio n  term s = -  2 - f f M x M x  He (2-71)

is  to  d e c re a se  the  ang le  betw een  M and He w h ile  keep ing  M con­

s ta n t so  th a t the  p re c e ss io n  w ill dam p ou t. See F ig .2 -1 2 .

The Bloch re la x a tio n  term s , w ritten  as

r e t e r m s * 0 "  =  '  X  ^  * 3  3  ‘  * • )  *  < 2 ‘ 7 2 >

assu m es  d iffe ren t re la x a tio n  freq u en c ies  in the  tra n sv e rse  and  lo n g i­

tu d in a l d ire c tio n s . For w eak r . f .  f ie ld s  ( / h ( t) |^ .< |h o\ ) w hen the 

specim en  is  s a tu ra te d , the  L an d au -L ifsh itz  and Bloch eq u a tio n s  are 

e q u iv a le n t. The c a lc u la te d  shape of the ab so rp tio n  lin e  is  th e  sam e in  

bo th  c a s e s  and  n o t s e n s it iv e  to  the  form of dam ping in the eq u a tio n  of 

m otion. In s trong  r . f .  f ie ld s ,  w hen n o n -lin ea r e f fe c ts  becom e s ig n if i­

c a n t, p reference  for one or other type  of re la x a tio n  m ust be g iven  only on 

b a s is  of ex p erim en ts . The lin e  w id th  of m agnetic  re so n an ce  ab so rp tio n  

is  understood  to  be the  d is ta n c e  A H on the f ie ld  s c a le  a t  u=  c o n s ta n t, 

or the d is ta n c e  A u on the frequency  s c a le  a t  H0  = c o n s ta n t be tw een  

the  s id e s  of the re so n an c e  ab so rp tio n  curve a t m id -h e ig h t. In term s of 

the  lin e  w id th , we may w rite  the  L an d au -L ifsh itz  and Bloch re la x a tio n  

c o n s ta n ts  in E q .(2 -7 1 ) and Eq. (2 -72) re s p e c tiv e ly  as
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/A* H,

FIG. 2-12  R elations of M , M x He and M x M x He
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(2-73a)

and

=  H . *  -  A >  IW (2 - 7 3b)

To sum m arize th e n , the eq uation  governing the  behav io r of the 

m ag n etiza tio n  M (r)  In a s a tu ra te d , In fin ite  and iso tro p ic  in su la tin g
a  —>

ferrom agnet w hen su b jec te d  to  an ex tern a l m agnetic fie ld  H0 + h ( t )  i s ,  

a ssum ing  L an d au -L ifsh itz  re la x a tio n  term s

=  -  S o l t i  (  ) - ■ -----    M
d t  J I T  I * ! 1-

(2-74)

or assu m in g  Bloch re la x a tio n  te rm s,

)fr) (2 -75a)
d t t

d A ^ _ ,  -  O a - < )
dUtr

(2 — 75b)

-a ^  ^
w here He = HQ + h( t ) + A M

and U l  , A, , l )  t and 7 )  mj are defined  by E q s. (2 -5 6 ) , (2 -69c) 

and (2 -7 3 ). The s e l f  c o n s is te n t so lu tio n  o f the problem  of o b ta in ing  the  

e lec tro m ag n e tic  e x c ita tio n  spectrum  in  an  in su la tin g  ferrom agnet (w ithin  

the  sco p e  of our assu m p tio n s) req u ires  the  s im u ltan eo u s so lu tio n s  of 

E q s .(2 -75) (or E q .2-74) and M ax w ell's  equ atio n s

\ 7 y  E  -  -  A -  & (2 -76a)
d t

V *  f t  =r A L  (2-76b)
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V '  & (2 -76c)

E  — o  (2-76d)

(2-76e)

2 . 3 . 2  W ave P ropagation  Along E xternal D . C .

M agnetic  F ield  ( 6  = 0)

W e a re  now in te re s te d  in th e  e lec tro m ag n e tic  spectrum  of an

in su la tin g  ferrom agnet w hen su b je c te d  to  an  e x te rn a l e x c ita tio n  p a ra lle l

to  an  ex te rn a lly  ap p lied  d . c .  m agnetic  fie ld  of in te n s ity  HQ . In order to

so lv e  the  w ave eq u a tio n  (as deriv ed  from M ax w ell's  e q u a tio n s , E q .(2 -76 ))
^  A

w e m ust e x p re ss  f ir s t  M in term s of H . W e do th is  e ith e r u sing  Landau- 

L ifsh itz  re la x a tio n , E q .(2 -7 4 ) , or Bloch re la x a tio n , E q .(2 -7 5 ) .

For L an d au -L ifsh itz  re la x a tio n ,

Let the  ferrom agnet be s a tu ra te d  by the  a p p lic a tio n  of a m agnetic  fie ld
A

H0  = Hq z .  W e w rite

/A  = ^  2
A / .  A
3 + ( °+/*V)2 (2 -77a)

/+ =  A ^ * +
(2-77b)

+ A N \ (2 -77c)

Then, to  f ir s t  o rd er, |m | 2 = M • M = M02 , and

bf\ Mg, — K  K  *  -  * £  He, (2-78)
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S u b stitu tin g  the d e fin itio n  o f t ? , from E q .(2 -7 3 ) , and  E q .(2 -7 8 ) in to  

E q .(2 -74 ) w e w rite

A / W  i 'K + '+ e )  ^  M& (2 -7 9)

Assume now th a t e x c ita tio n  is  of the  form exp i (u t  -  k z ) . H ence w e may 

su b s titu te  for —  , i u  and for V  , - i k .  W rite  E q .(2 -7 7 c ) a s

He = H -  Ak2 M

and s u b s titu te  in to  E q .(2 -7 9 ) . Then E q .(2 -7 9 ) may be w ritte n , to  f irs t 

o rd er, in  com ponent form as

* h £ j £ )+ i^  + 5T  (2-80a)

) <w^ =  "**« ^  (2-80b)

i m2 = 0 (2-80c)

w here u0 = JJL0 I&I H0  = Larmor p re c e s s io n  frequency  (2 -81a)

wm = A>l*l M0  = m ag n etiza tio n  frequency  (2-81b)

|y |M 0 A
uex  = ----- 2— = ex change  frequency  (2 -81c)Q

From E q .(2 -8 1 c ) and  the d e fin itio n  of A, E q .(2 -6 9 c ) , w e may d eriv e  an  

e ffec tiv e  ex change  fie ld  Hex  :

QQ __ (&I i*oA _  \ * \ 4 j r c
^  e -  ~  M&

Let wex  = /»* (if Hex  , hence
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kBTc

E quations (2 -80) ex p re ss  m in term s of h . In com ponent form.

(2-82)

(JO.
/Ml =

0 ^ . * < o ^ £ ( t o -  ii>_ «as££.)

W«
»

-  t  « U > i»  *  ^  (<•> q g g )  ,  < « * > # , ,

+  ( 6 U ~ L ^ -
*>0

-=s  O

or in  m atrix  form

On

X.. iz \

o

7 -^ i y

k = u t : \ i k (2-83)

w here

Û ~ ) + CUJ• ia
Ofe

C **  - ( * > - £  ;  TV  ^ t e £ £ z)
w«

U>B

% 3 i = °
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U sing Bloch re la x a tio n , w e may a ls o  e x p re ss  m thus:

d & y  > o  M  ( £

JL/H.

dLfc
-  "VLj* ( A ^ - A 10)

( 2 - 7 5 a )

(2-75b)

w here M and He a re  w ritten  ag a in  a s  in  E q .(2 -7 7 ). Assume a g a in  

e x c ita tio n  of the  form e x p i ( u t - k z ) .  W e may w rite  (2-75) in  com ponent 

form,

r
6  UJ — O

or in  m atrix  form,

/ T t « K d \

. v
~ ~ c * o

I  o o ^22- j

I - l i t ;  l i t

w here

(2-84)

=  ^ 3 3  =

(&o + ^ i , (  A, ~A- )  

(«)6 + K ( ( U - L

y-hi =  o



56

The c o n s ti tu e n t eq u a tio n  re la tin g  B and H in a m agnetic  

medium is  g iven  by E q .(2 -7 6 e ):

3  - y U ,  (2 -76e)

C om bining E q .(2 -8 3 ) and (2 -76e) g ives

& = > . ) !  r  -  xCj i( t  = *,//>«. (^*>1l L (2-84)

w here

/  t'V 'i-L  0

\  O £  I

w ith

=  / +  — ^ ^  a -  J — je L L

(2-85)

( (Va* ^ \
«*

is  the  p e rm eab ility  te n so r  using  L an d au -L ifsh itz  re la x a tio n  te rm s. We 

may a lso  w rite

X 6  < 2 - 8 6 >

w here

I / A s K A >H =  P * ' J -  ^  »  (2-87)
O 0
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w ith

J tk  ~  I-+Y = I -t-

jlk = X = _____ * > « « (& -  c - v „ t )
*3 (tO0 ■» (JL)  ̂ a? - # )  -  (u>- c 'V j ) ' -

is  the p e rm eab ility  te n so r  using  Bloch re la x a tio n  te rm s.

This com ple tes  c h a ra c te r iz a tio n  of the  medium by a frequency and 

w ave-num ber d ep en d en t perm eability  ten so r \\^a. (u,k)  If . L et us then  

so lve  for the sp in  w ave spectrum  of p ropaga tion  p a ra lle l to  the  ex te rn a l 

d . c .  m agnetic  f ie ld . Let us a ssu m e L an d au -L ifsh itz  re la x a tio n  term s 

and a ssu m e th a t

, h ^  i(u t-k z ) (2_88)
x ,y  x ,y  '

From M ax w ell's  eq u a tio n s  and E q .(2 -8 4 ) w e get:

41 * £  W/aJI k  (2-89a)

~u ^
' f t  Y l\ ^  ~  £o E  (2-89b)

In com ponent form

^  ^  60 ^  r / o to  ^3-) (2-90a)

^  - / , w  &* = y « w  O h  -+ ( 2 _ 9 0 b )

and
( 2 _ 9 1 a )

-  £ 6£o tr^_ (2-91b)
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In troducing  the  c irc u la r ly  po la rized  com ponents

E+ = Ex + iE y (2 -92a)

h+  = hx + i h y (2-92b)

w here  the  minus s ig n  is  for the le f t  handed c ircu la rly  p o la rized  w ave and

the p lus s ig n  for the  rig h t handed c ircu la rly  p o la rized  w a v e , w e can  

w rite  E q .(2 -9 0 ) as

kE  + = + i y „ ( ^  + / a )h +  (2-93)

and E q .(2 -9 1 ) as

k h  + = + i u  £  E+_ (2-94)

Com bining E q s .(2-93) and (2-94) g ives the  re la tio n

\
,E+ = 0 (2 -95)

Cl

2 — / I, e  \-X

k * - & (* < >

w here C| = ) and w here the upper s ig n  a p p lie s  to  the  rig h t

handed c irc u la r ly  p o la rized  w av e . The "e ffe c tiv e"  p e rm eab ility  for th is  

9 = 0  sp in  w ave p ro p ag a tio n , ob ta ined  from E q .(2 -9 5 ) as

( /" 'M  - ^ ' 2- )  (2_96)

assum ing  L an d au -L ifsh itz  re la x a tio n , is  eq u iv a len t to  the  "e ffec tiv e"  

p e rm eab ility  o b ta ined  had w e u sed  Bloch re la x a tio n ) , i . e . :

M b  ( ' %  ! / “ •>».) -  ( 2 ‘ 9 7 )

To show  th is  e q u iv a le n c e , assu m e th a t the  r . f .  e x c ita tio n  fie ld s  a re  

"w e a k " , I h ( t) |< <  ) h o | . For "strong" r . f .  f ie ld s  the  energy  d is s ip a tio n
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may be s u b s ta n t ia l ,  b u t, in our w eak  fie ld  s itu a tio n  we may assum e th a t 

id . The ex change  term  appearing  in  E q .(2 -8 5 ) and (2-87) may be 

w ritten  as

“ex  a 2 * 2 = “ e x <2 , r )2 ( j t ) ‘ <2 - 98>

S ince w e are  in te re s te d  in  " lo n g -w av elen g th "  ( V>> a) e x c ita tio n s  we 

may a ssu m e  th a t u ex  a 2 k2 «  <dQ. H ence near the  Larmor frequency 

w -  idQ , u s in g  E q .(2 -8 5 ) , the  e ffec tiv e  perm eab ility  ^ , - A t ^ }  may be 

w ritten  as

\(U )t ±U>) ■+ i
t .  yLL’\i_  — (  *~ '

11 1 (Of- -  (co - ^

Or

0^ <yvA
— / -t

(  ̂ 0 " M •+ i*

and
^  U)^ (UJ0 -«J+L-U>^)

^ 1 1  -  1 +
((Oq—UJ t o ' U w  ) ( too*  10

(W4 + W - i V ^ )

On the o th er h an d , from E q .(2 -8 7 ) w e ob tain
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A gain, n eg lec tin g  the exchange  term uex  a 2 k2 and assum ing  low 

m agnetic  lo s s e s ,  w e may w rite  near reso n an ce

Thus w e have show n th a t for sm all l o s s e s ,  both  the L an d au -L ifsh itz  and 

the  Bloch re la x a tio n s  le ad  to  the  sam e phenom enological d e sc rip tio n  near 

re so n a n c e . Away from re so n an ce  (su ch  th a t u ^  w0) , the  dam ping term s 

have l i t t l e  e ffe c t on the d isp e rs io n  re la tio n  g iven  by E q .(2 -9 5 ) . This is  

to  be e x p e c te d , s in c e  far aw ay from re so n a n c e , the behav io r of the

m ag netiza tion  v ec to r M is ju s t  governed by Eq . ( 2 - 63) ,  w h ich  ex c lu d es  

re la x a tio n  te rm s .

Let us w rite  the d isp e rs io n  re la tio n  e x p lic itly  in term s of u and 

k . Assum ing ag a in  th a t lo s s e s  are sm a ll, but keeping  the  exchange term 

now w e w r ite , u s ing  E q .(2 -83 ) and E q .(2 -95 )

w here ag a in  the  upper s ig n  a p p lie s  to  th e  rig h t handed c irc u la r ly  p o la r­

iz ed  w a v e . W e se e  th a t the le ft-h a n d e d  c ircu la rly  p o la rized  w ave 

( L H C P W )  is  hard ly  a ffe c ted  by the sp in  system ; it  p ro p ag a tes  in  a

and

'^Scy- ^  =  I +■

CO i
~  O (2 -99)
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" fa s t  w ave" mode w ith  p h a se  v e lo c itie s  near Cj. On the  o ther han d , the 

rig h t handed s e n se  of p o la riza tio n  is s trong ly  a ffec ted  by the m agnetic 

p roperties  of the  sy s te m . N eg lec ting  lo s s e s ,  w hich  assu m es -  0 ,

we find th a t the d isp e rs io n  diagram  is  a s  show n in F ig . 2 -1 3 . The righ t 

handed c irc u la r ly  p o la rized  w ave ( R H C P W )  has two b ranches: one is  a 

" fa s t"  e lec tro m ag n e tic  b ranch  w ith  a phase  v e lo c ity  g rea te r than  Ci, and 

the o ther is  the sp in -w av e  branch  w ith  ph ase  v e lo c itie s  le s s  than  Cj.

The fac t th a t the RHCPW is a ffec ted  by the m agnetic  p roperties  

of the  system  w h ile  the LHCPW is not a ffec ted  may a lso  be exp la ined  

by co n sid erin g  the ro ta tio n  of th e se  w a v e s . The RHCPW ro ta te s  in 

the sam e d irec tio n  as  the n a tu ra l (Larmor) p re c e ss io n  (see  F ig . 2 -1 4 ).

If the  frequency of the r . f .  fie ld  is  made eq u a l to  the  natu ra l frequency 

of the  e lec tro n  u  = u0  (re so n an ce  condition) energy  is  tran sfe rred  to 

the  e le c tro n . The s itu a tio n  is  com parable to  th a t of a d riven  harm onic 

o s c i l la to r .  The LHCP w a v e , on the o ther han d , is ro ta tin g  in  the 

o p p o site  d irec tio n  to  the Larmor p re c e ss io n  and it  p roduces no in te r­

a c tio n , or th e re fo re  no exchange  of energy . Thus it p ropagates 

un d is tu rb ed .
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E

FAST £ L £ c T ftd to * < * h e r ic
U>AVE. Q R A tU C H

SLOUJ SPIK) ^ a u e  8 RAIX-H (&=*)

4 L

FIG. 2 -1 3  C oord inate  s y s te m , fie ld  con fig u ra tio n s  and d isp e rs io n  

d iagram  (u , k y  0) of RHCP and LHCP w a v e s .



63

6P/IOMIMCr
ez.EcwoK) 

PA&C.& SS/ort

FIG. 2 -1 4  R otational m otion of the  RHCP w a v e s , the  LHCP w aves 

and the Larmor p re c e ss io n .
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2 . 4  C o m p o s i t e  F e r r o m a g n e t i c  -  S e m i c o n d u c t i n g

S y s t e m

N eg lec ting  coupling betw een  d iffe ren t s e ts  of m odes, we have 

ch a rac te riz ed  the sem iconducting  su b sy s tem  by a p e rm ittiv ity  ten so r 

ll£  (w,k) | /  and the ferrom agnetic  su b sy s tem  by a perm eab ility  te n so r  

| / ^ ( u ,k )  |  . In the com posite sy stem  ho w ev er, th e se  two su b sy s tem s 

a re  coupled: in  the  in fin ite  (L >> X  ) fe rrom agnetic  sem iconductor under 

c o n s id e ra tio n , the f ie ld s  s e t  up by the p re c e ss in g  sp in s  w ill induce cu rren ts  

in  the  beam  of d rifting  c a r r ie rs . These cu rren ts  a re  accom panied  by tim e 

vary ing  m agnetic  fie ld s  w hich a c t  back on the  p re c e ss in g  s p in s .  The 

induced  cu rren ts  are a forced he licon  mode and are the  coupling  m echanism  

betw een  h e lico n s  and sp in  w a v e s . In  p a r tic u la r , w hich  modes (of th o se  

d is c u s s e d  in  S ec tions 2 . 2 - 2  and 2 . 3 - 2)  w ill  couple  depends on two co n ­

d itio n s : ( 1) the in te rac tin g  m odes should  have  e s s e n t ia l ly  the  sam e fie ld  

co n fig u ra tio n , (2 ) th e ir  p h ase  v e lo c itie s  shou ld  be approxim ately  e q u a l. 

W hen th e se  tw o cond itions a re  m et, then  th e  s e lf - c o n s is te n t  so lu tio n  of 

the  coupled  system  of eq u a tio n s  w ill y ie ld  the  d isp e rs io n  eq uation  D(id,k) = 0 

c h a rac te riz in g  the  re sp o n se  o f the  system  to  p e rio d ic  pertu rba tions p ro - 

portional to  e x p . i(u t -  k • r ).

In g e n e ra l, the  so lu tio n  of the d isp e rs io n  eq u a tio n  may y ie ld  both  

growing (u n s tab le  so lu tion) and decay ing  w a v e s . If the  grow th is  in  tim e 

(id com plex for k rea l) the so lu tio n  is  d e s ig n a te d  a s  an  a b so lu te  or non­

co n n ective  in s ta b il i ty .  For s p a tia l grow th ( k com plex for id re a l) ,  th e  

so lu tio n  is  d e s ig n a te d  a co n v ec tiv e  in s ta b i l i ty .  If there  is  "ap p aren t"



65

grow th , the  so lu tio n  Is  c a lled  e v a n e sc e n t (su c h  a s  w aveguide so lu tio n s  

below  cu to ff) . H ow ever, i t  i s  no t a lw ays p o s s ib le  to  make a  s tra ig h t­

forward d is tin c tio n  be tw een  e v a n e sc e n t and  grow ing w aves by co n sid erin g  

the  d isp e rs io n  eq u a tio n  a lo n e . P h y sica l in te rp re ta tio n  o f the  so lu tio n s  o f 

the  d isp e rs io n  eq u a tio n  is  n eed ed , and th is  we accom plish  w ith  the  h e lp  

of the  k in e tic  power theorem .

2 .4 -1  Energy R elations and the  K inetic Power Theorem

The k in e tic  pow er theorem  [ 2 - 2 8 , 2 - 2 9 ,  2 -3 0 , 2 -3 1 , 2 -3 2 ] is  

P o y n tin g 's  theorem  form ulated  in  term s of the param eters  of a charged  

c a rrie r s tream  in  the hydrodynam ic m odel. This theorem  perm its u s  to  

a sc r ib e  to  the  p a rtic le s  of the  m odulated beam  a "k in e tic  power" w hich  

w hen added  to  the Poynting flux of the a s s o c ia te d  e lec tro m ag n e tic  f ie ld s ,  

a llo w s for energy co n se rv a tio n  in  the  sy s te m . Let us w rite  M ax w ell's  

eq u a tio n s  for the lin e a r iz e d  coupled  system  a s

b t

(2 - 100a)

(2 - 100b)

w here the  c o n s ti tu e n t eq u a tio n s  in  the  medium are

R = s . E, ft

8 ,  = A  *  * . )

(2 - 1 0 0c)

(2 - 100d)

and w here
(2 - 1 0 0e)
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(2 - 100 f)

The te n so rs  in  E qs. (2 -100e) and (2-100f) a re  g iven  by Eqs. (2 -30) and 

Eq. (2 -8 3 ) , re s p e c tiv e ly . The Poynting theorem  follow s from the  v ecto r 

Id en tity

S u b stitu tio n  of E qs. (2 -1 0 0 a ,b )  in to  Eq. (2 -101) and in te g ra tio n  over a
t

fixed  volum e V e n c lo se d  by a s ta tio n ary  su rface  S y ie ld s

The f ir s t  term  on the le f t-h a n d  s id e  is  the e lec tro m ag n e tic  pow er carried  

by the  f ie ld s  flow ing ou t of the  volum e through the boundary su rfa c e . The 

second  term  on the  le f t  s id e  i s  the  time ra te  of change of the  e lec tro m ag ­

n e tic  energy  a s s o c ia te d  w ith  th e se  f ie ld s . The righ t hand s id e  re p re se n ts  

the  k in e tic  power lo s t  or g en era ted  w ith in  the  volume due to  the  p re sen ce  

of the p o la rizab le  m edium .

Let us a ssu m e th a t Jm in  E q .(2 -102) is  z e ro , i . e .  assu m e th a t 

we have a n o n -m ag n e tic  sem iconducto r. W e may th en  a s s o c ia te  the  

k in e tic  power d e n s ity  Ej • Je w ith  a w ave energy  a s  fo llow s: We have a 

charged  ca rrie r s tream  drifting  w ith  v e lo c ity  v0  , so  i t  p o s s e s s e s  k in e tic

(2- 101)

v (2- 102)

>
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e n e rg y . An e lec tro m ag n e tic  w ave having  an  e le c tr ic  fie ld  com ponent 

a long  the  d rift m otion can  e ith e r  add  or s u b tra c t energy  from the  s tream . 

The ch o ice  is  determ ined  by the  phase  and  group v e lo c it ie s  of the w aves 

supported  by the  charged  ca rrie r s tream . If we now tak e  an  r . f .  fie ld  

th a t adds energy  to  the  s tre am , we say  th a t a p o s itiv e -e n e rg y -ca rry in g  

mode of the  s tream  is  ex c ited :

Total s tream  energy  = ( d . c .  energy) + ( r . f .  energy  tak en  from w ave)

or & to ta l d . c .

If , on the  o th e r h a n d , the  r . f .  fie ld  i s  ch o sen  so  th a t i t  s u b tra c ts  energy  

from the  s tre am , we s a y  th a t a n e g a tiv e -e n e rg y -c a rry in g  mode of the 

stream  is  ex c ited :

Total s tream  energy  = ( d . c .  energy) -  ( r . f .  energy  lo s t  to  the  w ave)

, .  = x *  -to ta l d . c .

To u n d e rs tan d  how th is  w ave energy  com es a b o u t, w e s tu d y  the 

en ergy -pow er re la tio n sh ip s  in  tw o fram es of re fe re n c e , one a fixed  frame 

of re fe ren ce  (unprim ed) and the  o ther a moving frame of re fe re n c e , 

in d ic a te d  by a p rim e, w hich  moves a long  w ith  the  beam  of charged  ca rrie rs  

of v e lo c ity  v Q [ 2 - 3 3 ] .  By assum ing  a lo s s le s s  or s lig h tly  lo s sy  m edium , 

the  s tre a m 's  energy  lo s s e s  can  be re la te d  to  i t s  in te ra c tio n s  w ith  the 

w av es  i t  su p p o rts . Then, a Lorentz transfo rm ation  of E qs. (2 - 100 ) and 

(2 - 1 0 2 ) from the fixed  frame to  the  moving frame of re fe ren ce  show s the
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follow ing re la tio n s  In  S , the pow er flow d e n s ity  and  , the  w ave

energy  density;

\
S j. -  V ( l -  S j_  (2-103a)

S ', r “/TT«) ( I -  V0/ V j)  | (i {2 —103b)

(tX.)' = f 0 - ( > -  n y r f  (txo (2103c)

- 1
w here % ( l~  ^ a n d  C =  (/*.£») *■ . Vp i s  th e  p h ase  v e lo c ity  u /k  

and Vg is  the group v e lo c ity  d u /d k , both  m easured  w ith  re s p e c t to  the 

fixed frame of re fe re n c e . Equation (2 -103c) show s th a t i f  an  o b server in  

the moving frame of re fe ren ce  m oves fa s te r  th an  th e  phase  v e lo c ity  of the 

w ave (vQ ^  V p ) ,  he o b se rv es  a n eg a tiv e  w ave e n e rg y . C o n v erse ly , i f  he 

moves slow er (vQ ^  v p ) , he o b se rv es  a p o s itiv e  w ave en erg y . As in d ica ted  

b e fo re , the o b serv a tio n  of a n eg a tiv e  w ave energy  does not m ean th a t a b ­

so lu te  n eg a tiv e -en e rg y  s ta te s  e x i s t ,  but ra th e r th a t the  to ta l  energy  of an 

ac tiv e  moving medium has d e c re a se d  a fte r e x c ita tio n  of a  "slow " w ave 

Vp < v Q. Furtherm ore, from Eq. (2 -103b) we o b serv e  th a t the power flow 

may be negative  ev en  though the  group v e lo c ity  i s  p o s itiv e  (vg > vQ) . A gain, 

th is  s itu a tio n  co rresp o n d s to  a  n eg a tiv e  energy  w ave (v ^ <  vQ) carrying 

n egative  k in e tic  pow er. C o n v e rse ly , p o s itiv e  k in e tic  power may be carried  

w hen the  group v e lo c ity  is  n e g a tiv e  (vg < 0). This s itu a tio n  corresponds to  

a p o s itiv e  energy  w ave ( v ^ > v Q) carry in g  p o s itiv e  k in e tic  pow er.

To c la s s ify  the  in te ra c tin g  m odes one la b e ls  e ac h  mode w ith  a parity  

number Pj [ 2 -3 4 ] . The parity  of a  mode is  un ity  tim es the  a lg eb ra ic  s ig n
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of energy  flow . For p o s itiv e  energy  carry ing  m o d es, the  parity  has the 

sam e s ig n  a s  the group v e lo c ity , th a t i s ,

Pi = +1 i f  vgi 7  0

Pi = -1  i f  vgi < 0

For n eg a tiv e -e n e rg y -c a rry in g  m odes, the parity  and  group v e lo c ity  have 

op p o site  s ig n s , th a t  is

Pt = -1  i f  vgi > 0

P i « + 1  if  v g i < 0

Let us assum e th e n , th a t a p o s itiv e  energy  carry ing  mode of parity  

+ 1 , d e s ig n a ted  mode 1 , has b een  e x c ited  in  a lo s s le s s  or s lig h tly  lo s sy  

a c tiv e  medium moving w ith  v e lo c ity  vQ. Assume th a t the  medium can  a ls o  

support a n e g a tiv e -e n e rg y  carry ing  mode of parity  - 1 , d e s ig n a te d  mode 2 . 

W hen mode 1 h as  the  sam e frequency  and w avenum ber a s  mode 2 ,  the two 

w aves becom e u n s tab le  due to  the  energy tra n s fe r  from the  n eg a tiv e -en e rg y  

carry in g -w av e  to  the  p o s itiv e  energy  carry ing  w ave: the  w ave am plitude of 

mode 1 in c re a s e s  a s  i t  g a in s  energy  from mode 2 , w h ile  the  w ave am plitude 

o f mode 2 in c re a s e s  a s  the  medium lo s e s  energy  through mode 2 to  mode 1 . 

This s i tu a tio n , d ep ic ted  in  F ig. 2 -1 5 , i s  c a lle d  co -flow  d ire c t coupling  

of modes 1 and 2 . As show n, the  power lo s t  by th e  a c tiv e  mode is  gained  

by the p a ss iv e  m ode. It is  im p lic it in  th is  d e sc rip tio n  th a t the  modes are 

"w eakly  c o u p le d " , th a t i s ,  th a t w hen the  m odes a re  brought to  in te ra c t th e ir  

f ie ld  con fig u ra tio n s  rem ain  e s s e n t ia l ly  u n -a lte re d , so  th a t if  the  group
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FIG. 2 -15  Coflow d ire c t coupling  of modes 1 and 2 . Pio is 

the  in it ia l  e x c ita tio n  (z = 0) pow er.
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v e lo c itie s  o f the  uncoupled  modes w ere in  some d ire c tio n , w aves in  the 

re su ltin g  coup led  sy stem  are  p ropagated  in  the  o rig inal d ire c tio n , ev en  i f  

the  w aves so  ob ta ined  a re  no longer u n a tte n u a te d . For our exam ple of 

F ig . 2 -15  th e n , s in ce  the  group v e lo c it ie s  o f the uncoupled  modes w ere 

assum ed  to  be in~the sam e (sa y  p o s itiv e  z )  d ire c tio n  the  re su ltin g  

in s ta b il i ty  w ill a lso  p ropagate  in  th a t o rig in a l (p o s itiv e  z )  d ire c tio n .

S ince the w aves then  grow in  s p a c e , the  in s ta b il i ty  is  co n v ec tiv e .

C o n s id e r, on the  o ther h an d , the  s itu a tio n  d e p ic ted  in  F ig . 2 -1 6 . 

The p o s itiv e -e n e rg y  carry ing  mode 1 (Pi = -1 ) h as  group v e lo c ity  o p p o site  

th a t of the  n eg a tiv e  energy  carry ing  mode 2 (P2 = -1 ) .  A gain, in  the  reg ion  

of synchron ism  betw een  the m odes (u and k eq u a l for both  modes) the  w av es  

becam e u n s ta b le  b ecau se  of energy  tra n s fe r  from mode 2 to  mode 1. How­

e v e r , s in ce  mode 1 h a s  n egative  group v e lo c ity  i t  c a rr ie s  power in  the 

o p posite  d irec tio n  and feeds some of i t  to  th e  a c tiv e  m ode. H ence su ch  a 

sy stem  can  le ad  to  o s c i l la t io n s ,  th a t i s ,  a n  a b so lu te  or nonconvective  

in s ta b i l i ty .

W hen the  in te rac tin g  m odes are  b o th  p o s itiv e  energy  carry ing  

modes or n e g a tiv e -e n e rg y -c a rry in g  modes th en  the  coup ling  is  p a ss iv e  in  

th a t no in s ta b i l i t ie s  w ill e n su e . This s itu a tio n  le a d s  to  e v a n e sc e n t m odes, 

su ch  a s  th a t d ep ic ted  in  F ig . 2 -1 7  or F ig . 2 -1 8 . In F ig . 2 -1 8  we s e e  th a t 

for re a l u ,  the  co u p led -sy s tem  d isp e rs io n  eq u a tio n  (p ic to ria lly  d eno ted  by 

the  d a sh ed  lin e s )  w ill y ie ld  a com plex p ro p ag a tio n  c o n s ta n t k , In d ica tin g  

“apparen t"  g a in , or an  e v a n e sc e n t m ode.
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FIG. 2 -16  C ontraflow  d ire c t coupling  of m odes 1 and 2 .
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FIG. 2 -17  C oupling of p o s itiv e -e n e rg y -c a rry in g  m odes w ith
group v e lo c itie s  in  the  sam e d ire c tio n .

FIG. 2 -1 8  C oupling o f p o s itiv e -e n e rg y -c a rry in g  m odes w ith  
op p o site  group v e lo c i t ie s .
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It is  now c le a r  the  procedure to  be follow ed in  order to  ca teg o rize  

the in te ra c tio n s  betw een  modes in  a ferrom agnetic  sem iconductor:

(1) F irs t determ ine w hich  modes in  the uncoupled  ferrom agnetic  

and  sem iconducting  su b sy s tem s  have the  sam e fie ld  con fig ­

u ra tion  .

(2) Then c la s s ify  th o se  modes in  the  uncoupled  su b sy s te m s  as  

e ith e r p o s itiv e -e n e rg y  or n eg ative  e n e rg y -ca rry in g  m odes, 

accord ing  to  w hether they  add  or su b tra c t energy  from the  

su b sy s tem .

(3) D eterm ine the  s ig n s  o f the  group v e lo c it ie s  in  the  reg io n  of 

synchron ism .

W ith  the  inform ation thus o b ta in e d , one co n c lu d es  w hether the  coupled  

sy stem  w ill p o s se s s  e v a n e sc e n t or growing w a v e s .

2 .4 -2  W ave P ropagation  and Mode C oupling for 0 = 0

Let us c o n sid e r f ir s t  mode coupling  for w av es  p ropagating  in  a 

ferrom agnetic  sem iconductor p a ra lle l to  the  d irec tio n  of a p p lie d  m agnetic  

f ie ld  and  (hole) ca rrie r d rif t v e lo c ity . In S ec tions 2 .2 -2  and  2 .3 -2  we 

s tu d ied  the  modes supported  by the  uncoupled  sem iconducting  and  ferro ­

m agnetic  su b sy s tem s of su ch  a sy stem . W e saw  th a t the  sem iconducting  

su b sy s tem  can  support lon g itu d in a l (or sp ac e  charge) w av es  and tra n sv e rse  

c irc u la r ly  p o la rized  (or he licon) w a v e s . The ferrom agnetic  su b sy s te m , on 

the  o ther han d , can  support only tra n sv e rse  c ircu la rly  p o la rized  w a v e s .
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To c la s s ify  th e se  w av es  a s  p o s itiv e  or neg a tiv e  energy  carry ing  

m o d es, we make u se  of the co n se rv a tio n  re la tio n  [ 2 -3 3 ] (the d e riv a tio n  

is  in  Appendix A):

A i l  • C + p *  )  =  J W i  * P ^  (2 -104)

w here k^ is  the  im aginary  p a rt of the com plex p ropagation  c o n s ta n t 

k = kj. i kj and is  the  im aginary  p a rt of the  com plex frequency 

u = Uj. + i Wj , w ith  ui <£< Wj. and  k^«  kr (a s lig h tly  lo s sy  m edium ).

Prom th e  co n se rv a tio n  re la tio n  Eq. (2 -104) we may say ; Pem is  the  tim e 

av erag e  e lec tro m ag n e tic  power flow:

= -L X (2 -105a)

Wem is  th e  tim e -av e rag e  e lec tro m ag n e tic  energy d en sity :

^  ^  £° ^ ,Z_ (2-105b)

P j ĵ i s  the  tim e -av e rag e  pow er d e n s ity  due to the  p re sen ce  of the p o la r iz -  

ab le  medium:

WM is  th e  tim e -a v e rag e  energ y  d e n s ity  a s s o c ia te d  w ith  the  medium:

-r.-, . .  iN». n . i i. . t * .  V to/iyJilf) ti
i 6> ~ T Z  Y to  (2 -105d)
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and P(j is  the  tim e-av e rag e  lo s s  a s s o c ia te d  w ith  th e  medium:

• <• | * e ||* £  i  || ^  || , u  ^  (2-105e)

(| and || 1| are  herm itian  and  an tih e rm itian  parts  of the

s u s c e p tib il i ty  te n so r , re sp e c tiv e ly .

For w aves in  the  sem iconducting  su b sy s te m , and n eg lec tin g  lo s s e s  

( = 0 ), w e have

II l| =  I (2-106a)

H ^ l l  =  °  =  II (2-106b)

and

IIXJ' II =  y -  =  £  - I   ------------------  (2-107)
*

for lo n g itu d in a l w a v e s , and

II X i l l  « [ ( * . *

for tra n sv e rse  w a v e s . In ob ta in ing  E qs. (2-107) and (2-108) w e made use

of the  d e fin itio n s  of S  &  xy anc* & z z  a s  g iven  by Eq. (2 -3 0 ).

H en ce , from Eq. (2 -105c) we find the tim e av erag e  pow er d e n s ity  a s

P.

- TE 43uJp*' c  e *
— ---------e— r "  2 2- ( 2 - 109)
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for lo n g itu d in a l (sp a ce  charge w aves) and

P* f -  -  -  t  e= E * ' E *  * f t o B ^ l l )
>>-k

— -t £?_ ET + 'E*. tty £oe.
+ ( ( o - 4 u-0 ? a r f

— + £ t *E+  t°p 'mt£a)^
(2 - 110)

for the  tra n sv e rse  c ircu la rly  p o la rized  h e lico n  w a v es . It is  e a s y  to  see  

th a t pow er flow is  n egative  for the slow  sp ace  charge w ave (v ^ <  vQ ) 

and th e  r ig h t-h an d e d  c ircu la rly  p o la rized  he licon  w ave. T h e n ,s in c e  

Vg = 0 In  bo th  modes (se e  F ig s . 2 -3  and 2 -5 ) , we say  th a t  th e se

modes are n eg a tiv e -e n e rg y -c a rry in g  m odes. On the o ther h an d , the  power 

flow is  p o s itiv e  for fa s t  sp ace  change w ave ( v ^  vQ ) and th e  le f t-h a n d e d  

c ircu la rly  p o la rized  h e lico n  w ave. A ccordingly , th e se  are  p o s itiv e -e n e rg y - 

carry ing  m odes.

For w aves in  the ferrom agnetic  su b sy s tem , ag a in  n eg lec tin g  

lo s s e s  ( ^  = 0 ), we have

II II - I  ( 2 - l l l a )

N t *  I t  ~  °  ~  It N ( 2 - l l l b )

and

II II “ [_^Ah - A u )  - Q  -
(U)ti ;  ^  + ( 2 - 1 1 2 )
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T hus, from Eq. (2 - 1 05c) w e find the  tim e average  pow er d e n s ity  as

(2-113)4

The tra n sv e rse  sp in  w ave modes are  thus s e e n  to be p o s itiv e -e n e rg y -c a rry ­

in g  m odes.

As d is c u s s e d  in  S ec tion  2 .4 - 1 ,  in te ra c tio n  be tw een  p o s itiv e  and 

n e g a tiv e -e n e rg y -c a rry in g  modes having the  sam e fie ld  configura tions can  

le a d  to  u n s tab le  w aves in  the reg io n  of w ave synchronism  betw een  th e  m odes. 

One ex p ec ts  th e n , the  p o s s ib il i ty  of an  in s ta b il i ty  in  a  ferrom agnetic  sem i­

conducto r due to  the " ac tiv e "  in te ra c tio n  be tw een  the  tra n sv e rse  p o s it iv e -  

en e rg y -ca rry in g  sp in  w av es  and the  tra n sv e rse  n eg a tiv e -en e rg y  carry ing  

h e lic o n  m odes [ 2 - 6 ,  2 -3 6 , 2 -3 7 ] .  In the  P -ty p e  fe rrom agnetic  sem i­

conductor under c o n s id e ra tio n , the  tra n sv e rse  w aves supported  by the  

medium th a t le ad  to  a p o s s ib le  in s ta b il i ty  are  the r ig h t-h an d e d  c ircu larly  

p o la rized  w av es  having a d isp e rs io n  re la tio n  w ritten  a s

w here ^ e f f  i s  the  e ffe c tiv e  s c a la r  p e rm ittiv ity  £ -e ff = ( £ xx + ^ x y )  an<  ̂

j/ ^ e {{ is  the  e ffe c tiv e  s c a la r  p e rm eab ility  y l c  e ff = (yU n  +/A 12) • E-xx* ^ x y  

a n d a n d  12 are  defined  in  E qs. (2 -30) and (2 -8 5 ) , re s p e c tiv e ly . 

Equation (2 -114) h as  b een  ob ta ined  by so lv in g  M ax w ell's  eq u a tio n s  (2-100) 

for a medium c h a ra c te r iz e d  by a p e rm ittiv ity  ten so r |/ £ (u ,k)j/ = I +||X-e |\

(2 -114)
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and  a p e rm eab ility  te n so r  |J/iL (u ,k )  || = I + IIXm || a s  defin ed  by

E qs. (2 -30 ) and (2 -8 5 ) , re s p e c tiv e ly . S ubstitu tin g  the  e x p re ss io n s  for

Q u an titie s  in  Eq. (2 -115) have b een  defined  in  S ec tio n s  2 .2 -2  and 2 .3 - 2 .

N eg lec tin g  lo s s e s ,  th a t i s ,  for »  = 0 = V. , the d isp e rs io n  

diagram  in  the reg io n  of synchron ism  is  show n by the  d a sh ed  l in e s  in  Fig. 

2 -1 9 . The so lid  l in e s  re p re se n t th e  d isp e rs io n  eq u a tio n s  of the  uncoupled  

m odes, g iv en  by E qs. (2-38) and (2 -99) re s p e c tiv e ly .

The sou rce  of energy  for the  in s ta b il i ty  is  the  d rif t m otion of the 

c a r r ie rs . In order to  ex p la in  the  energy  exchange  in  th is  c a s e ,  w here the  

w ave h a s  no f ir s t  o rder e le c tr ic  f ie ld  a long  the  d ire c tio n  of d rif t m otion, 

one has to  c o n sid e r the  second  order r . f .  e le c tr ic  fie ld  along  the  d rif t 

m otion [ 2 -2 8 , 2 -3 8 ] . This Lorentz f ie ld , a ssum ing  the  c a rrie rs  to  be 

h o le s , i s  g iven  a s

£  e ff and  yU- e ff we w rite  (2-114) a s

K  -i- ( D j t j f  -00

(2 -115)

w here v+ = (vx  +_ i vy ) are the  c ircu la rly  p o la rized  tra n sv e rse
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v e lo c i t ie s  and B + = (Bx + i By ) are the  c ircu la rly  p o la rized  tra n s ­

v e rse  m agnetic  f ie ld s .  S ince from Eq. (2 -25)

V
'trt.

*  K  <«[

w e may w rite

(2-117)

(2-118)

t r + - E  + (2 -119)

w here  E *  = (Ex  + i  Ey). A lso , B+ is  re la te d  to  E+ through M ax w e ll's  

eq u a tio n

^  £-£ ~  -r 60 ^  -  (2 -120)

Then rew riting  (2 -116) w ith  the a id  of E qs. (2 -119) and (2 -120) we g e t

*

4 ? ( 0 ) - M a)

(A

E. E=_ (2 - 121)

C o n sid e ra tio n  of the  uncoupled  d isp e rs io n  eq u a tio n s  for the r ig h t 

and  le f t  handed  c irc u la r ly  p o la rized  h e lico n  m odes of Eq. (2 -3 8 ) , show s 

th a t  th e ir  lo s s le s s  beh av io r ( Vĥ  °  ) in  th e  m icrow ave reg io n  is  a sy m p to tic , 

i . e . , for rig h t handed  c irc u la r  p o la riz a tio n

Co -  M  ^  *  UJC -  O ( 2 - 1 2 2 )
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w hile  for le f t-h a n d e d  c irc u la r  p o la riza tio n

(V ^  ~  O  (2-123)

H en ce , we may w rite  the  seco n d  order Lorentz fie ld  of Eq. (2 -1 2 9 ), in  a 

lo s s le s s  s i tu a tio n , ( v |~ D ) ,  a s

£   (2-124a)

w here the  upper s ig n  d en o tes  the  Lorentz fie ld  for rig h t handed p o la riza tio n . 

S ince from our d e fin itio n  of E+ we have

and  s in c e

E , s  * -t ^

and

I* I* -  *  E , .  B |

th en  E  ^15,'E , and w e rew rite  (2 -124a) as

e  ,  _  <-e  "fe e.,»E,
;# t n a O

(2-124b)

An e x a c t num erical a n a ly s is  o f the co u p led -m o d e-d isp e rs io n  re la tio n  

Eq. (2 -1 1 5 ), a s  w e ll a s  the  d ep en d en ce  o f the  so lu tio n  on the  va rio u s  

c irc u it p a ra m e te rs , i s  g iven  in  C hap ter 3 . H ow ever, in  c e r ta in  c a s e s ,  the 

order of the  d isp e rs io n  re la tio n  (e ith e r in  k or in  u  ) may be red u ced  and 

an  a n a ly tic a l e x p re ss io n  for the  grow th ra te  may be so u g h t. One su ch  case  

is  the  c o llis io n  dom inant s itu a tio n  »  w [ 2 -6 ] .
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As m entioned e a r l ie r ,  the foregoing d is c u s s io n  of a lo s s le s s  or 

s lig h tly  lo s sy  system  is  u se fu l in  u n d erstand ing  the  nature o f the  in s ta b il­

i ty .  This w e ak -c o u p lin g , "en e rg e tic "  point of v iew  a llow s us to  inden tify  

a tte n u a tio n  or grow th of a w ave w ith  p o s itiv e  -  n eg a tiv e  -  energy  carrying 

mode in te ra c t io n s . The ro le  of c o llis io n s  is  to  a lte r  the  ra te  o f growth of 

the  in s ta b il i ty :  in  a lo s sy  s itu a tio n  the  s tream  of charged  c a rrie rs  lo s e s  

energy  not only  b e ca u se  of in te ra c tio n  w ith  the  n eg a tiv e -e n e rg y -c a rry in g  

w a v e , but a ls o  b e ca u se  of in te ra c tio n  w ith  the  la t t ic e  and the  surrounding 

m ed ia . The p re sen ce  of c o llis io n s  thus a ffe c ts  the phase  and  m agnitude of 

the  seco n d  order Lorentz fie ld  needed  for energy ex ch an g e , a s  may be no ted  

from Eq. (2 -1 2 1 ), bu t th e re  i s  s t i l l  a b a s ic  in s ta b il i ty  p re sen t due to  the 

in te ra c tio n  of the n e g a tiv e -e n e rg y  carry ing  mode w ith  the p o s itiv e -e n e rg y -  

carry ing  m ode. H en ce , w e are  d ea lin g  w ith  a c o llis io n  m odified in s ta b il i ty .  

We sh a ll  now determ ine the  grow th ra te  for a c o llis io n  dom inant s itu a tio n , 

th a t i s ,  we sh a ll assu m e th a t VK and k v Q. We a lso  a ssu m e  th a t

u0 »  u ex a2 k2 (a s  d is c u s s e d  in  S ec tio n  2 .3 -2  th is  i s  true in  the  m icro­

w a v e , "long w aveleng th"  reg io n ). W ith  th e se  a ssu m p tio n s , the  d isp e rs io n  

re la tio n  Eq. (2-115) red u ces  to  a seco n d  degree in  k ,  w hich  can  be so lv ed  

a n a ly tic a lly . The sim p lified  d isp e rs io n  eq u atio n  is

( 2 - 1 2 5 )

The s o l u t i o n s  o f  Eq. ( 2 - 1 2 5 )  are
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iaJI’-If  A*( î. t i i i ^ T . ^ _ t o L l i  
*- *■ c f  l^ S v ^ -)  J  cl (f»cV v^ J (2-126)

w here
«/,

Assum ing f t * e f f  la rg e , w hich  Is  the c a s e  for (W q -u ) /^ ^  1 and 1,

and  assu m in g  I and » m akes one of the

so lu tio n s  kj -  0 , w hile  the o ther one is

(2-127)

In troducing  the e x p re ss io n  f o r ^  e ff in to  Eq. (2-127) and sep a ra tin g  in to  

re a l and im aginary  parts  g iv es

IT,Oh
2.

"I

^ Pv^ .  r

C<0cv ^ )  L
I

(m^  ( u)a-  u j)  ̂ V„ 

(w -w 'iV v J *

+ t woa

<?

( h - ^ ) t&U),
(2 -128)

For a m ateria l w ith  a narrow lin e  w idth  su ch  th a t term s proportional to  

may be d ropped , we find th a t the  re a l and im aginary term s o f the  com plex 

p ropagation  c o n s ta n t k are  proportional to  the e x p re ss io n



-«4

FIG. 2 -19  S chem atic  d isp e rs io n  diagram  show ing in te rac tio n  in 
synchronous re g io n .

/t>

FIG. 2 -2 0  The fu n c tio n  F(u , uc ) as  a func tion  of norm alized

frequency  d e r iv a tio n , w ith  = 20  as p a ram eter.
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F { tO j  OJ0)  -  I +  ------ ^  (  ^ ( T 00) -----

(I0f.u>) %  Vj-

w hich  is  p lo tted  in  F ig . 2 -2 0  w ith  um/ ^  = 2 0  a s  a p a ram eter.

It sh o u ld  be po in ted  out th a t a c tiv e  re so n a n t coupling  be tw een  

6 = 0 ° -  sp in  w av es  and d rifted  h e lico n  w aves o ccu rs  only in  P -ty p e  ferro ­

m agnetic  sem ico n d u c to rs . We s h a ll  now briefly  dem onstra te  th is  using  

sim ple p h y s ica l argum ents:

The propagation  c h a ra c te r is t ic s  of h e lico n  w aves w ere derived  in  

S ection  2 .2 -2  assu m in g  h o les a s  the  free charge c a r r ie rs . A sim ila r h e lico n  

mode spectrum  may be derived  if  we assum e e lec tro n s  to  be the free charge 

c a r r ie rs . Let us then  c la s s ify  the  h e lic o n  -  0 = 0 ° - s p i n  w ave in te ra c tio n s  

in  bo th  p - and n -ty p e  ferrom agnetic  sem ico n d u c to rs . To th is  e n d , we show  

in  F ig . 2-21  the  coord ina te  s y s te m , and the  d ire c tio n s  of the  ap p lied  f ie ld s  

and the  w ave propagation  v ec to r k . We a lso  show  the se n se  of ro ta tio n  

of the  c irc u la r ly  p o la rized  w a v e s , the  n a tu ra l s e n s e  of p re c e ss io n  of the 

m ag n etiza tio n  (Larmor p recess io n ) and the ro ta tio n  of the free c a rrie rs  

around the  m agnetic  f ie ld . T hese re la tiv e  s e n s e s  of p re c e ss io n s  can  

e a s i ly  be d e riv ed  from the  eq u a tio n  of m otion of th e  m agnetiza tion  and the  

momentum tra n s fe r  eq u a tio n  of the  free c a r r ie rs . W e see  th a t the Larmor 

p re c e ss io n  is  in  the sam e d irec tio n  around the m agnetic  fie ld  a s  the r ig h t-  

h a n d e d -c irc u la r ly -p o la r iz e d  (RHCP), E+ w av e . On the o ther han d , the 

ho les  ro ta te  around the m agnetic  fie ld  in  op p o site  se n se  a s  th a t com pared 

to  the  e le c tro n s ,  and in  the  sam e s e n s e  a s  the le f t-h a n d e d -c irc u la r ly -
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FIG. 2

O )

(b)

%

>
M ,

21 C oord inate  sy s te m , fie ld  co n fig u ra tio n , p re c e ss in g  
ca rrie rs  and th e ir  re la tiv e  s e n s e s  of ro ta tio n
(a) Sem iconducting su b sy stem  of free charge ca rrie rs
(b) Ferrom agnetic  su b sy s tem  of bound e lec tro n s
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p o la rized  (LHCP), E_ , w av e . Now, w hen a RHCP w ave is  e x c ite d  w ith  a 

p h ase  v e lo c ity  vp  = u /k  abou t equal to  (but le s s  than) the  beam  d rift 

v e lo c ity  v__ , the  h o le s  on the  average  w ill s e e  a d e c e le ra tin g  second
v Z

order Lorentz fie ld  g iv en  b y E q . (2-121) a s

for h o le s: E  = -------— --------- ^ » , £ »—  (2-129)
A uj-l ( o>-

Thus the  ho le  beam  w ill lo se  some of i t s  k in e tic  energy  to  the  e x c ita tio n  

and a n e g a tiv e -e n e rg y  carry ing  RHCP h e lico n  w ave w ill p ropagate  and  th en  

coup le  a c tiv e ly  to  the  RHCP 0 = 0 ° - s p in  w av e . The free e le c tro n s , on 

the  o th er h a n d , ro ta te  in  the sam e se n se  a s  the  e x c ita tio n , and they  w ill 

s e e  on the  av erag e  an  a c c e le ra tin g  fie ld  g iven  a s

for free  e le c tro n s : E  -    (2-130)
4*+  tou

Thus the  e le c tro n  beam  w ill e x tra c t energy  from the so u rce  and a p o s it iv e -  

en erg y -ca rry in g  RHCP h e lico n  w ave w ill p ro p ag a te . C oupling  to  the  RHCP 

g = o ° -s p in  w ave w ill be p a s s iv e .

W hen the  LHCP E_ w ave is  e x c ite d , the  s itu a tio n  is  rev e rsed : a 

hole s tream  su pports  p a ss iv e  LHCP h e lico n  modes w hile  an  e le c tro n  stream  

su p p o rts  a c tiv e  LHCP h e lic o n  m odes. H ow ever, an  LHCP e x c ita tio n  is  

not supp o rted  in  the m agnetic  su b sy s tem  as  a re so n a n t 0 = 0 ° -s p in  w ave 

s in c e  here  the  n a tu ra l s e n se  of p re c e ss io n  (Larmor p recess io n ) of the  

m ag n etiza tio n  is  o p posite  the  LHCP e x c ita tio n  (se e  F ig . 2 -2 1 b ) . The
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e x c ita tio n , th e n , p ro pagates v ir tu a lly  u naffec ted  by the p ro p ertie s  of the 

sp in  sy stem  a s  a " fa s t"  e lec tro m ag n e tic  m ode. The d isp e rs io n  c h a ra c te r­

i s t i c s  for th is  mode are show n in  F ig . 2 -1 3 . Synchronism  b e tw een  th is  

f a s t  EM mode and the  n e g a tiv e -e n e rg y -c a rry in g  LHCP h e lico n  can  only  

occu r in  the low  frequency  -  very  long  w aveleng th  lim it. This synchron­

ous co n d itio n , in  g e n e ra l, is  not p h y s ica lly  re a liz a b le  in  so lid s  b e ca u se  

of re s tr ic tio n s  on the  sam ple s iz e  (d im ensions of sam ple e x c ita tio n  

w aveleng th ) and am ount of cu rren t th a t can  be p a s s e d . If the  medium is  

no longer " in f in i te " ,  i . e . , i f  the e x c ita tio n  w aveleng th  becom es com par­

ab le  to  the sam ple  s iz e ,  the  sp ec im e n 's  in te rn a l dem agnetiz ing  f ie ld s ,  

here to fo re  n e g le c te d , determ ine the low frequency  re s p o n se . S ince th e se  

dem agnetiz ing  f ie ld s  are sh ap e  d ep en d e n t, th e  low frequency  re sp o n se  w ill 

not be un ique .

Table 2-1 p rov ides a summary of p o ss ib le  sp in  w a v e /h e lic o n  w ave 

l in e a r  in te ra c tio n s  in  both  p -  and n -ty p e  ferrom agnetic  sem ico n d u c to rs . 

P a s s iv e  in te ra c tio n s  le a d  to  energy  a b so rp tio n  from the e x c ita tio n  so u rc e . 

A ctive in te ra c tio n s  may cau se  grow th of the  e x c ita tio n  s ig n a l , a s  w e ll a s  

o sc il la to ry  in s ta b i l i t ie s  (depending  upon the  re la tiv e  s ig n s  of the  group 

v e lo c i t ie s ) ,  a t th e  ex p en se  of the  b eam 's  k in e tic  en erg y .
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1

Sense  of p - ty p e  ferrom agnetic  
sem iconductor Type of 

in te ra c tio n

i

c ircu la r
p o la riza tio n ferrom agnetic

sub sy stem
sem iconducting

su b sy s tem

RHCP 0=0° - s p in  wave h e lico n  w ave ac tiv e

E+ (+) (-)

LHCP fa s t  EM w ave h e lic o n  w ave p a ss iv e

E_ (+) (+)

n -ty p e  ferrom agnetic  sem iconductor

RHCP 0=0° -s p in  w ave h e lic o n  w ave p a ss iv e

Ef (+) (+)

LHCP

E_

fa s t  EM w ave 

(+)

h e lic o n  w ave 

(-)

a c t iv e ,  but 
not p h y s ica lly  
re a liz a b le  in  
so lid s

— —..  i

Table 2 -1 . Summary of lin e a r sp in  w ave -  h e lico n  w ave 

in te ra c tio n s  in  ferrom agnetic  sem ico n d u c to rs . 

(+) d en o tes  a p o s itiv e -e n e rg y -c a rry in g  mode 

w hile  (-) d en o tes  a n eg a tiv e -e n e rg y  carry ing  

mode
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2 .4 -3  W ave P ropagation  a t  an  Arbitrary Angle Q f  0

In order to  g en e ra liz e  the problem  of mode in te ra c tio n s  in  a fe rro ­

m agnetic  sem iconducto r, we m ust co n sid e r w ave p ropagation  a t an  a rb itra ry  

ang le  0 w ith  re s p e c t to  the d irec tio n  of ap p lied  m agnetic  f ie ld . In S ection  

2 .2 -3  we m entioned th a t the  w aves supported  in  th is  c a s e  in  the sem i­

conducting  sub sy stem  had a ll  th ree  fie ld  com ponen ts. The ta sk  of c l a s s i ­

fying th e s e  d is tu rb an ces  a s  p o sitiv e  or n eg a tiv e  energy  carry ing -m odes 

b eco m es , a t  b e s t ,  an  ex trem ely  d iff icu lt o n e . In su ch  a c a se  one tu rns 

from th is  en e rg e tic  v iew poin t and seek s  ano ther app roach  for p h y s ica lly  

in te rp re tin g  the so lu tio n s  of the  d isp e rs io n  e q u a tio n .

A gain, a t the roo t of the  problem  is  d is tin c tio n  among e v a n e sc e n t 

w aves and  nonconvective  and convec tive  in s ta b i l i t ie s .  U sefu l m athem atica l 

c rite r ia  and  procedures have been  developed  [ 2 -39  to  2 -4 2 ] . One such  

approach  [ 2 -4 1 , 2 -42] e s s e n t ia l ly  reduces, the  problem to  th a t of study ing  

the behav io r of the roo ts  of the d isp e rs io n  eq u atio n  in  the  com plex k sp ace  

w ith  com plex u  a s  a param ete r. This app roach  is  p a rticu la rly  su ita b le  for 

num erical so lu tio n  v ia d ig ita l com puter,

g iven  the d isp e rs io n  re la tio n  . In th is  s e c t io n , le t  us 

d evelop  the  d isp e rs io n  eq u a tio n  D (u, k , 0) = 0 for w ave p ropaga tion  in  a 

ferrom agnetic  sem iconductor p a ra lle l to  the d irec tio n  of ca rrie r d r if t ,  but 

a t  an  a rb itra ry  ang le  0 ^ 0  w ith  re s p e c t to  the  d ire c tio n  of ap p lied  m agnetic 

f ie ld .

C o n sid e r, th e n , the  coord inate  sy stem  of F ig . 2 -  t>. W ave p ro -
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p ag atio n  a long  k in  a ferrom agnetic  medium c h a rac te riz ed  by a perm ittiv ity  

te n so r  IjC (u , k , 0) If and a perm eab ility  ten so r (u , k f 0) H is  

governed  by M ax w ell's  e q u a tio n s , w ritten  a s

=■ 6o/40 | |/ a (u> ,A ,0 )U  (2 -131)

#  K « , =  -  « ^  II £ K * ' w # 4  (2 . 132)

^  A ^  ̂ .
w here k = (kx x + kz z) = ( k s i n 0 x  + k cos 0 z) and w here H €  ( u , k , 0) || 

and  H/\ (U/ k# 6) I are  defined  by Eqs. (2 -45) and (2 -8 5 ) , re s p e c tiv e ly . 

S ince B0 is  p a ra lle l to  z , we c an  use for ///< (cj, k , 0) // the  form of 

Eq. (2 -85) by le ttin g  k2 = (kx2 + kz2).

From Eq. (2 -131) we w rite

' V

-  LA x .  ^ ii 0  (2-133)

W riting  Eq. (2 -133) in  com ponent form

x com ponent: ( ^ n  (2 -134a)

y com ponent: ^  ^  £ ,  J  r  Co^o ( - * ,*  ^  (2-134b)

z com ponent: r  & / i 0 (2-134c)

Solving E qs. (2 -134) for Hx , Hy. and Hz w e g e t

<vy 3 * ^
** o i i  i
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U. H , * )
" / *  -  *

M _  ~~ £ n  ~~ £i>.) - c  A l l  ■% a £ t j

^ J 'o  (yU->i1'- -A ii" )

/ f »7r Oĵ o

From Eq. (2-132) we have

(2-135a)

(2-135b)

(2-135c)

f A *

0

/ e .

<x.

t t l .
1

^•/2_ ^ z \  I ^

^ i t -  ^ 2 }

^i.3  ^31/

(2-136)

W riting  Eq. (2-136) in  com ponent form and su b s titu tin g  for Hx , Hy and Hz 

from E qs. (2-135) w e g e t

x  com ponent:

+ ^  [ 6 * * A u + ~  ^ ' i V / i 4,) ^ r )
L tf,

+ | A M ,  * 4  £.* = °  <2‘ 137a>
-  J

y com ponent:

[ -  + « - M )  Q  E,y. t  ^  (A ,rJ* ,Z ) -  ^ V „  + K - > * y  £u -

+ [ ^ 2 ^ ^  + A*h\ A £ )  SAS1 e  =. o  (2—137b)
/  £ -*



93

z com ponent:

[ /> „  ^  £ ,*  +  ± .  ( K - M )  £ 3^ E |j

•+ ['■*.! * *  *  i d  [ * , } - * £ ')  £iv"] £ ; j  - c. (2-137C)

For n o n -tr iv ia l so lu tio n  the  d e term inan t of the  c o e ff ic ie n ts  m ust be z e ro . 

Expansion of the  determ inan t then  y ie ld s  the d isp e rs io n  e q u a tio n . T hus,

D K * ,  f r )  -

t * i v  £ « - > i ) « „ ■ ]  [ c f t ;  a „  t  £  ( V - A , e t l ]  -  u f  C,5J

K v-*.£) ^

3 > . v . 9  C |

-  0  (2-138)

This de term inal eq u a tio n  Eq. (2-138) red u ces  co rrec tly  to  our previous 

e x p re ss io n s  in  the  lim iting  c a se  0 = 0 ° . For 0 = 0 w e have

© -  o  ^?i= 'fce*© = ^

e '3 ^ f a a r  ^ 3 a  ~  °

(2-139a) 

(2-139b)
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€ i'= € ajLe ‘ e ^  €l l -  K *  (2-139C)

2̂ - 139d>

w here £-x x , £-xy and £_zz are  defined  by Eq. (2 -3 0 ) . We th en  w rite  

Eq. (2 -1 3 8 ) , w ith  the  h e lp  of Eqs. (2 -1 3 9 ), as

[-«A- <4 i.[*X* £ £*»w;O o
J

6 [ -  * X  - j £  K r- A 1,L) £ x ^ )  [ " - * > „  +  ^  K x- A t J  ^ X > 1  O

O  O

=  o  (2_140)

Expanding Eq. (2 -140) we g e t

- f f  (A ?--A £) O * "  [ * A t * - £ £  / A . V 'i )  |  "  °

w h ich  may be fac to red  as

M ( * v'  ?  / £ “ _ c ^ ' j  ~ * 2_ 141)
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S e ttin g  each  b rack e t in  turn  eq u a l to  zero  we get

(2 -142a)

U S 0  (2-142b)

^ - £ k̂ ) - o  (2 -1 4 2 c)

Equations (2 - l4 2 a ,b )  may e a s i ly  be reco g n ized  as  Eqs.. (2-33) and (2-114) 

d e sc rib in g  the lo n g itu d in a l sp ac e  charge spectrum  and the RHCP h e lic o n /

0 = 0 °  -  sp in  w ave sp ec tru m , re s p e c tiv e ly . Equation (2-142c) d e sc r ib e s  

the  LHCP h e lic o n /fa s t  EM w ave spectrum  m entioned in  S ec tion  2 .4 - 2 .
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CHAPTER 3 SOLUTION OF 6 = 0 ° -SPIN WAVE/HELICON 

WAVE DISPERSION RELATION

3 . 1 I n t r o d u c t i o n

In a ferrom agnetic  and sem iconducting  medium supporting  both  h e lico n  

w aves and  0 = 0 ° -s p in  w a v e s , we may ex p ec t d ire c t coupling  be tw een  th e se  

w a v e s , provided th ey  have the  sam e s e n s e  of p o la riza tio n  and are  n ear 

sy n ch ro n ism . As d is c u s s e d  in  C hap ter 2 , an ac tiv e  h e lic o n -0  = 0 ° -s p in  w ave 

l in e a r  in te ra c tio n  can  th en  occur be tw een  the n eg a tiv e -e n e rg y -c a rry in g  

h e lico n  w ave and the  p o s itiv e -e n e rg y -c a rry in g  0 = O °-sp in  w av e , le ad in g  to  

energy  ex change  (or in s ta b ility )  be tw een  e lec tro m ag n e tic  fie ld s  of the proper 

p o la riz a tio n  and the d riftin g  c a r r r ie r s . W hen the  group v e lo c itie s  of the 

in te ra c tin g  modes are  in  the  sam e d ire c tio n , a co n v ec tiv e  in s ta b il i ty  is  

in d ic a te d . W hen th e  group v e lo c itie s  of the tw o modes a re  o p p o s ite , an  

a b so lu te  in s ta b il i ty  is  p o ss ib le  [ 3-1] .

In g e n e ra l , one a ssu m e s  th a t the  modes are w eak ly  coup led  so  th a t 

th e  coupling  d o es  no t a ffe c t s u b s ta n tia lly  the fie ld  co n figu ra tion  of the  un ­

coupled  m o d es . Then the  coupled  sy stem  can  be d e sc rib e d  by sm all p ertu rb ­

a tio n s  on th e  fie ld  con figu ra tion  of the is o la te d  modes [ 3 -2 ] . In th is  c h a p te r , 

w e f irs t in v e s t ig a te  th is  w eak coupling  approxim ation by so lv ing  e x a c tly , 

u sing  num erical a n a ly s is ,  the d isp e rs io n  e q u a tio n , E q .(2 -1 2 5 ) , of the  coup led  

sy stem . By com paring the  so lu tio n  of the  coupled  d isp e rs io n  eq u a tio n  to  th o se  

ob ta ined  for the  uncoup led  sy s te m , we draw co n c lu s io n s  a s  to  the  v a lid ity  of 

th e  approxim ation  [ 3 -2 ] . L a te r, in  S ec tio n  3 . 3 ,  we find the  d ep en d en ce  o f the 

e x a c t so lu tio n  of the  coupled  d isp e rs io n  eq u a tio n  on th e  sy stem  p a ram ete rs .
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3 . 2  V a l i d i t y  o f  t h e  W e a k  C o u p l i n g  A p p r o x i m a t i o n

The f ie ld s  d is tr ib u tio n s  in  a coupled-m ode sy stem  w ill be e s s e n tia l ly  

the  sam e a s  th e  fie ld  d is trib u tio n s  of the o rig inal w av es  w hen the  p ropa­

g a tio n  c h a ra c te r is t ic s  of the  modes supported  in  the  sy stem  rem ain 

e s s e n t ia l ly  u n a lte red  in  the  p re sen c e  o f cou p lin g . T hus, the  problem  of 

s tudy ing  the  v a lid ity  of the  w eak coupling  approxim ation  may be red u ced  

to  th a t of in v e s tig a tin g  the  d isp e rs io n  re la tio n  for the  coupled  sy s te m . In 

our s y s te m , a ssu m in g  the charged  ca rrie rs  to  be h o le s , the  coup led  d is ­

p e rs io n  Eq. (2 -125) is  w ritten  for rig h t handed c irc u la r  p o la riza tio n  a s

W e s h a ll  so lv e  Eq. (3 -1) num erically  for p a rticu la r v a lu e s  of the  param eters 

H0 , vo z , Up, and  um . F ir s t ,  in  order to  g a in  in s ig h t in to

w hat to  ex p ec t from our num erical so lu tio n , le t  us exam ine Eq. (3 -1) in  

som e d e ta i l .  L et i s  n e g lec t the  exchange term  uex  a 2k2 and  a ssu m e a 

lo s s le s s  so lu tio n  2 ^* =  0 = • The coupled  d isp e rs io n  diagram

u v s .  kre a j may be deduced  then  a s  fo llow s: (a) Equation (3 -1 ) has an 

asym pto te  a t  u = u>0 , s in c e  a s  u-*- u0 , the f ir s t  b ra c k e t —*«*•> and 

k —*  . (b) For k = 0 w e h a v e , s e tt in g  the f ir s t  b rack e t in  Eq. (3-1)

eq u a l to  z e ro ,

(w 0-#- i  ̂ ) + ddjy t 4 t  - u )

“ i = wo + wm (3-2)

and s e tt in g  th e  seco n d  b rack e t in  Eq. (3-1) eq u al to  z e ro ,
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(3-3)

w here th e  p lus s ig n  of the  square  roo t has been  assu m ed  to  a llow  for 

Wi#2 0 ; (c) If the c a rr ie rs  are  not d r if te d , i . e . , i f  v oz = 0 , w e have 

from Eq. (3 -1 ) th a t

A ssum ing (w2p /u)Q2) ' ^  1 , k is  im aginary  for w <  w0 and re a l for 

wQ < w <  + wm) , i . e . , th e re  is  a s to p  band for w <  wQ and a  p a ss

band for w0 < w <  (wQ + wm) in  the  w v s .  kfe a j d iagram . In  the  fre ­

quency  in te rv a l ( wD+ wm) ^  w <  Wpj there  i s  ano ther s to p  b an d , w hile  for 

w ') wH the  d isp e rs io n  eq u a tio n  has asy m p to tes  g iven  as

U sing  th is  in fo rm atio n , we th en  ex p ec t the  d isp e rs io n  diagram  of Eq. ( 3 -1 ) , 

in  the  a b se n c e  of d rift ( voz = 0) and c o llis io n s  ( = 0 = ) ,  to  be a s

show n in  F ig . 3 - l ( a ) .  H ow ever, near the  re so n a n t frequency  w = wQ the 

w av elen g th s  becom e very  sm all ( la rg e  k ^ a i )  , so  th a t the  exchange  term 

wex  a ? k2 can  no longer be n e g le c te d , and the d isp e rs io n  diagram  is  m odified 

a s  show n in  Fig. 3 - l ( b ) .

On com paring F ig .3 - l ( b )  w ith  the "pure" 6=  0 ° - s p in  w ave d isp e rs io n  

d iag ram , show n in  F ig . 3 -2 , we note th a t the  p re sen ce  of the  c a rrie rs  (Wp^O)

£ o = t  - k o (3 -5 )
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CO lO

( . * . )  U) h - O j <x > ) » U)> ( t )  U!> f ± 0 ) U / f '& U i J -

FIG. 3-1  D isp ers io n  d iagram s of E q .(3 -1 ) for v oz = 0 , “̂ = 0  = ' ^ n , 

a ssum ing  (U p/u02)> }  1

(A>

FIG. 3 -2  0 = 0 ° -s p in  w ave d isp e rs io n  diagram  for RHCP
e x c ita tio n .
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h as  m odified the  sp in  w ave d isp e rs io n  for low  v a lu es  of k (large  w av elen g th ). 

In f a c t ,  n ea r the re so n an t frequency  u ^  uQ the  sp in  w ave can  be a b a c k ­

w ard w ave w ith  i ts  group v e lo c ity  v a = ( w/ b kr  ) o p p o site  i t s  phaseys . w .

v e lo c ity  v^ = u /k r . To determ ine w here th e  group v e lo c ity  Vgg w of th is  

"hybrid" sp in  w ave ch an g es  s ig n , we w rite  the  to ta l d iffe ren tia l o f E q .(3 -1 ) , 

w ith  voz = 0 and  ^  = 0 = l>k , a s

a * ? *  -  f ,  <a-«)

w here

f, = i
(Am

(0>o r  ~ U>

and

4 1 =  u ?  -  —
J*

From Eq. (3 -6 ) we th en  g e t the  e x p re ss io n  for the  group v e lo c ity  v a
•  W«

\T  ^
A #  ~ p

(3 -7)

y

w hich  can  be ev a lu a te d  in  the re so n a n t reg io n  u  = uQ + A w, w here 

(A w /u 0) «  1, w ith  (u>p2/Wq ) ^  1. The re s u lt  is
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X - * f  _  ■fU'c'( ( &o> ) *• I
^ (cm+cu^6})* J

From Eq. (3 -8 ) w e g e t th a t Vgg w = 0 for

(3 -8 )

E

^ 1- t»o 0).
(Ui'+UO

(3 -9 )

2 ,2
A.ar wex a *w here w e assu m ed  ( 13^ -)  «  ( — —) near re s o n a n c e . T hus, for 

(w p2/ u o ) »  1' t *ie 9rouP v e lo c ity  c an  change s ig n . Let u s  now assum e 

th a t  (up2/ u 02) «  1. Then wp2 «  (u c /2 ) 2 and u H is  g iven  by Eq. (3 -3 ) a s

-  - t &t  ( 3 - 1 0 )

In  th is  c a s e  the  d isp e rs io n  diagram  of Eq. ( 3-1) for a d r if t le s s  (vQZ = 0 ), 

lo s s le s s  ( =  0 = ^  ) sy stem  is  a s  show n in  F ig . 3 -3 . We note th a t now 

th e  group v e lo c ity  for th is  "hybrid" sp in  w ave i s  a lw ays p o s itiv e . To find 

th e  v a lu e  of u p needed  for n eg a tiv e  group v e lo c ity  we s e t

COH y 0 )o (3 -11)

w h ich , u sing  Eq. (3 -3 ) , g iv es  us

>  W o(0)0 +<»c.) (3-12)

a s  a n e c e s sa ry  co n d itio n  for the e x is te n c e  of a hybrid backw ard  sp in  w av e .

W hen the  charge ca rrie rs  a re  d rifted  (vQz^  0) th e n  there  is  a 

p o s s ib il i ty  of an  in te ra c tio n  be tw een  the  n eg a tiv e -e n e rg y -c a rry in g  h e lico n
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CO

FIG. 3-3  D isp e rs io n  diagram  of Eq. (3 -1 ) for voz = 0 , ‘̂ = 0  = ‘̂ n , 

assum ing  (Up2/w 02 ) 1 .
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m odes and  the  p o s itiv e -e n e rg y -c a rry in g  6 = 0 °-h y b rid  sp in  w ave m odes.

To in v e s t ig a te  the d isp e rs io n  re la tio n  Eq. (3 -1 ) e x a c tly  we programmed th is  

eq u atio n  for num erical so lu tio n . For p o ly c ry s ta llin e  p -ty p e  Agx C d |_x  Cr2Se4, 

the follow ing v a lu es  w ere re p re se n ta tiv e  [ 3 -3 ,  3 -4 , 3 -5 , 3 -6]

= M s = 4200 g au ss
A  1*1

C = 10xo c m /s e c

* *  -  Tc u rle  * ‘ 30° KA  1*1

°  -7a = 10 A = 10 cm

w here 4 t M = 1 .75  107 —1— ------'  ' s e c -g a u s s

Kg = Boltzman c o n sta n t = 1 .38*  10” *® e rg /°K

M b  = Bohr m agneton = .9 2 7  x 10”^® e r^°  g a u ss

For an  ex te rn a l fie ld  of 3000 g a u s s ,  u0 = 5 1 .5  * 10^ r a d / s e c .  U nfortu­

n a te ly , no inform ation w as a v a ila b le  abou t the  maximum c a rrie r d rift v e lo c ity  

th a t could  be ob ta ined  in  th is  m a te ria l. We o p tim is tic a lly  assu m ed  th a t 

v a lu es  a s  h igh  a s  107 c m /s e c  cou ld  be o b ta in e d . In F ig s . 3 -4  and 3-5  

we show  some com puter r e s u l t s ,  w here  we have p lo tted  the  rad ian  frequency 

u> v e rsu s  the  re a l part of the  w avenum ber kre a j ,  a ssu m in g  a lo s s le s s  

s itu a tio n  ( = 0 = ^  ) . The frequency  and  w avenum ber a re  show n

norm alized  by fac to rs  2 7T* 10^ and  2/T 10^, re s p e c tiv e ly . We note

from F ig . 3 -4  th a t a s  the  p lasm a frequency  wp is  red u ced  from a norm alized



^ - p-3o
•20 
I o

2fc

to

5 0 03 0 0

FIG. 3 -4  N orm alized frequency  v s .  norm alized  w avenum ber

107



C
ot

iO
K

fA

■30

Zo

©R.D. MO AIM ■ - *•*"

AOSS. «o*»w : 2 r w#l  
T̂ * (-'T'ty- ^-liwo5)
Bo*3,O06|. (wto-  J 3S-54)

10

/O'3  *5-

FIG. 3 -5  N orm alized frequency  v s .  norm alized  w avenum ber near re so n an c e

108



109

v a lu e  of 6 2 . 4  to  ze ro ,  the group v e lo c ity  vg of the p ropaga ting  sp in
S • W  •

w ave m odes In th e  long w av elen g th  (sm all k) reg ion  changes s ig n . How­

e v e r , a s  s e e n  in  F ig . 3 -5 , vary ing  uD does not a ffe c t the  s ig n  of v gr  s «w «

n ear the reg ion  w here  the  phase  v e lo c ity  of the  sp in  w aves e q u a ls  th e  phase  

v e lo c ity  o f the h e lic o n  w a v e s , i . e . , the  group v e lo c ity  of th e  sp in  w aves in  

th e  reg io n  of synchron ism  w ith  the h e lico n  w aves is  u naffec ted  by the  

p re sen ce  o f the c a r r ie r s .  This m eans th a t the  "hybrid" sp in  w ave modes 

(u)p f  0) resem b le  "pure" sp in  w ave m odes (up = 0) n ear the in te ra c tin g  

re g io n . N ear th is  re g io n , one can  id en tify  the  propagating m odes in  the 

coup led  mode s itu a tio n  a s  e ith e r sp in  w ave or h e lico n  w ave m odes of the 

ty p e  d is c u s s e d  in  C hap ter 2 (s e e  F ig . 3 -5 ) . At synch ron ism , the  p ropagat­

in g  modes are  a m ixture of both sp in  w aves and  h e lic o n s .

S ince coupling  be tw een  the  is o la te d  modes (sp in  w av es  and  he lico n s) 

h a s  not a lte re d  th e ir  p ropagation  c h a ra c te r is t ic s  n ear sy n ch ro n ism , we may 

assu m e the  m odes w eak ly  co u p led . In su ch  a c a s e ,  a co n v ec tiv e  in s ta b il i ty  

i s  in d ic a te d , g iv en  th a t th e  group v e lo c it ie s  of the  iso la te d  m odes a re  in  

th e  sam e d ire c tio n  but th e ir  p a r itie s  a re  of o p p o site  s ig n . The w eak coupling  

a ssu m p tio n  w ill be  confirm ed i f  a t  synchron ism  the  coupled mode propagation  

c o n s ta n t k is  g iv en  as

(3—13a)

w ith

/*'l ( 3 —13b)

w here kN is  the  p ro p ag a tio n  c o n s ta n t of the  is o la te d  m odes.
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3 . 3  D e p e n d e n c e  o f  G r o w t h  R a t e  o n  S y s t e m  P a r a m e t e r s  

The so lu tio n  of the coupled  mode Eq. (3 -1) in  the  synchronous 

reg io n  y ie ld s  a  com plex p ropagation  c o n s tan t k . For a g iven  ex te rn a l 

m agnetic  f ie ld  and  ca rrie r d rift v e lo c ity  vo z , the  im aginary p a rt o f k is  

s trong ly  d ep en d en t upon the  hole p lasm a frequency  up and upon lo s s e s  in  

th e  s y s te m , bo th  sem iconducting  and  m agnetic .

U sing the sam e ty p ic a l v a lu e s  g iven  above for Agx Cd1_x Cr2 Se4 , 

w e in v e s t ig a te d  th is  dependence  u sing  num erical so lu tio n s . In  F ig s . 3 -6 ,  

3 -7  and  3 -8  w e have p lo tted  the im aginary p art of the norm alized  w ave­

number v e rs u s  norm alized  frequency  in  the reg io n  of in te re s t ,  w ith  p lasm a 

frequency  wp , m agnetic  lin e  w idth  ( ) and carrie r c o ll is io n

frequency  a s  p a ra m e te rs , re s p e c tiv e ly . As ex p ec ted  [ 3 -7 ] , in c re a s ­

ing  the  p lasm a frequency  in c re a s e s  the  sp a tia l  ra te  of growth k j ,  w hile 

in c re a s in g  th e  lo s s e s  d e c re a se s  k j. In F ig . 3-g  we s e e  the e f fe c t  on kj 

of in c lu d in g  bo th  e le c tr ic  and m agnetic  lo s s e s  in  the sy stem . W e note th a t 

ev en  for a lin e  w id th  of 1 g a u ss  and  ca rrie r c o llis io n  freq u en c ies  a s  low  a s  

.396 x 10l°  r a d / s e c ,  the  im aginary  part of the  growth ra te  i s  n e g a tiv e , 

in d ic a tin g  th a t no g a in  is  p o ss ib le  under th e se  co n d itio n s .

Our num erical so lu tio n s  show  th a t in  the  synchronous reg io n  of 

in te r e s t ,  the  com plex p ropagation  c o n s ta n t i s  approx im ately

2 K F -  +• +  1 <***>
w ith  A  k* vary ing  a s  show n in  F ig s . 3 -3  to  3 -6 . S ince

w e w ere ju s t if ie d  in  assu m in g  the  n e g a tiv e -e n e rg y -c a rry in g  h e lico n s  and  the 

p o s itiv e -e n e rg y -c a rry in g  sp in  w aves w eakly  coupled  n ear synch ron ism .
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CHAPTER 4 . NORMAL MODE FORMULATION OF SPIN WAVE -  

CARRIER WAVE INTERACTIONS IN FERROMAGNETIC SEMICONDUCTORS

4 . 1 I n t r o d u c t i o n

The sp in  w a v e /c a rr ie r  w ave lin e a r In te ra c tio n s  in  m agnetic  sem i­

conducto rs have b een  the  o b jecf of some in v e s tig a tio n s  [ 4 -1  to  4 - 7 ] .  In 

C hap ter 2 we provided a summary o f the theory  a v a ila b le  in  the  l i te ra tu re , 

g e n e ra liz e d  th e  a n a ly s is  to  p ropaga tion  a t  an  ang le  0 w ith  re s p e c t  to  the  

d ire c tio n  of ap p lied  m agnetic  f ie ld , and no ted  the  d iff icu lty  in  ob ta in ing  

an  a c tiv e  in te ra c tio n  in  n -ty p e  ferrom agnetic  sem ico n d u c to r. In th is  

c h a p te r , we sh a ll  form ulate the  lin e a r  p lane  w ave e lec tro m ag n e tic  re sp o n se  

of a ferrom agnetic  sem iconducto r in  norm al mode form [ 4 - 8 ] .  W e sh a ll  • 

a ssu m e  th a t the  m ate ria l is  m agnetized  to  sa tu ra tio n  by the  a p p lic a tio n  of 

an  ex te rn a l m agnetic  f ie ld  and  th a t the  free  c a rrie rs  are d rifted  p a ra lle l to  

the  m agnetic  f ie ld . W e s h a ll  be m ainly in te re s te d  in  p lane  w ave e x c ita tio n s  

p ropagating  p a ra lle l to  the m agnetic  f ie ld .

The a d v an tag es  of the m ethod of c o u p led -n o rm a l-m o d e s , u sed  

e x te n s iv e ly  in  the trea tm en t of w ave in te ra c tio n s  in  e lec tro n  d e v ic e s  [ 4 -9  

to  4 -1 3 ] , a re  v a r io u s . F ir s t ,  w hen M ax w ell's  eq u a tio n  and the  lin e a riz ed  

eq u a tio n s  o f m otion of the c a rrie rs  and the  m ag n etiza tio n  are  c a s t  in  a 

coup led -no rm al-m ode  form , the  coupling  m echanism  be tw een  w aves 

becom es c lea re r: coup ling  c o e ff ic ie n ts  a re  o b ta in ed  in  term s of sy stem  

p a ram ete rs . S econd , sho u ld  a m ic ro sco p ic  trea tm en t of the  in te ra c tio n
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be of in te r e s t ,  the coup led-norm al-m ode  form ulation is  d ire c tly  a p p lic a b le , 

g iven  th e  co rrespondence  betw een  th e se  c la s s ic a l  normal mode am plitudes 

and  quantum  m echan ica l o ccu p a tio n  number opera to rs  (or c rea tio n  and 

d e s tru c tio n  opera to rs) [ 4 -14] . F in a lly , the  in te ra c tio n  may be e a s i ly  

ex ten d ed  to  the  n o n lin ear regim e u s in g  the  norm al mode am plitudes o f the  

lin e a r c a s e  [ 4 -1 5 , 4 - 1 6 ] .  This l a s t  problem  w ill be tre a ted  se p a ra te ly  in  

C hap ter 5 .

The follow ing q u e s tio n  may now a r is e : W hat do we mean by 

co u p led -n o rm a l-m o d es? C o n ce p tu a lly , the  coupled  mode app roach  to  the  

so lu tio n  o f a la rge  c la s s  o f problem s is  qu ite  sim ple [ 4 - 9 ] .  A com plicated  

sy stem  (a s  a ferrom agnetic  sem iconductor) i s  f ir s t  d iv ided  up in to  a number 

of Is o la te d  parts  or e lem en ts  (m agnetic  and sem iconducting  s u b sy s te m s) . 

The e q u a tio n s  governing the  s ta te  o f m otion of the  is o la te d  e lem en ts  (or 

su b sy s tem s) are  th en  so lv ed  e x a c tly , and the  so lu tio n s  are  c a lled  the  

normal m odes of the e lem en t (or su b sy s te m ). The o rig inal com plex coup led  

sy stem  is  th en  assu m ed  to  be made up of the  is o la te d  e lem en ts  "w eakly  

coup led" to g e th e r. The coupling  pertu rbs th e  ( s ta te  of) m otion of e ac h  

e lem en t s lig h tly  and the  m otion o f the  o rig inal coupled  sy stem  is  d e sc rib e d  

by th is  pertu rb a tio n  on the  m otion o f the  is o la te d  e lem en ts .

The coupled  mode approach  w as im p lic it in  C hap ter 2 in  our 

c h a ra c te r iz a tio n  of the  fe rrom agnetic  sem iconducto r by a  perm ittiv ity  and  

p erm eab ility  ten so r ||£ (w ,k )/| and  |j# ,(u ,k ) | , re s p e c tiv e ly , and in

the  "w eak  coupling" of th e  carrie r and  sp in  w aves in  the  reg ion  of sy n ch ­
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ro n ism . The c a rrie r and  sp in  w ave modes re p re se n te d  in d ep en d en t 

so lu tio n s  of the  w ave eq u a tio n  in  the  ferrom agnetic  and  sem iconducting  

su b sy s te m s , re s p e c tiv e ly . The coupling  w as "w eak" in  th a t i t  w as 

a ssu m ed  th a t the  coupling a lte red  only s lig h tly  the  fie ld  d is tr ib u tio n s  of 

the  o rig in a l w a v e s . If the e lem en ts  are  not w eak ly  coupled  the  so lu tio n s  

for the  coup led  sy stem  w ill be su ffic ie n tly  d iffe ren t from the uncoupled  

so lu tio n s  th a t a know ledge of the  so lu tio n s  for the is o la te d  e lem en ts  may 

no t be u se fu l.

The m athem atics of the  coupled  mode app roach  can  be made more 

e x p lic it  than  th ey  w ere in  C hap ter 2 . C o n s id e r, for ex am p le , the 

is o la te d  sem iconducting  su b sy s tem  of d rifted  c a rrie rs  d e sc rib e d  by 

E qs. (2 -2 2 ). W hen th e se  eq u a tio n s  are  l in e a r iz e d , they  c o n s ti tu te  a s e t  

of f ir s t  order d iffe ren tia l eq u a tio n s  re la tin g  the  v a rio u s  fie ld  q u a n titie s
A •* -*
v ,  E and  H. A ssum ing a tim e dep en d en ce  of the  form e x p . i u t  , we 

may w rite  E q s . (2 -22) a s  a s e t  of d ecoup led  f ir s t  o rder d iffe ren tia l 

eq u a tio n s  g iven  a s

w here  a m is  a "norm al mode am plitude" p roportional to  the  v ec to r com - 

p onen ts  of the fie ld  q u a n titie s  v m , Em , of a g iven  p o la riz a tio n  m,
-A

and  w here kmn is  the  norm al-m ode propagation  c o n s ta n t s a tis fy in g  a

d isp e rs io n  re la tio n  D (u, km) = 0 . S ince in  g en era l th e re  is  more th an  one 

v a lu e  of km sa tis fy in g  the  d isp e rs io n  re la tio n  D (u, km) = 0 , the a m

&

(4 - la )
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norm al mode may be d e g e n e ra te , i . e .  i t  may have d ifferen t p ropagation  

c o n s ta n ts  km i, k m2, km3, . . .  k mn for the  sam e frequency w. H ence the 

s u b - in d e x  n is  determ ined  by the  order o f km in  the d isp e rs io n  re la tio n . 

Equation (4-1) th en  determ ines th e  s p a tia l dependence  of the  a m m ode.

On the  o th er h an d , by assum ing  propagation  of the  form exp - i k  • r  , 

one may w rite  E qs. (2 -22) a s  a s e t  of decoup led  f irs t order d iffe ren tia l 

e q u a tio n s  in  tim e g iven  as

_ e ta) n  ( 4 - lb l— --  M -x '

w here a g a in  wmn s a t i s f ie s  the  d isp e rs io n  re la tio n  D(um n, k) = 0 . Now 

a m is  d e g en e ra te  in  u -s p a c e  and  Eq. (4 -2 ) y ie ld s  the  tim e dependence  

o f the  a m norm al mode am p litu d e . T hus, e ith e r  a sp a c ia l dom ain or a 

tim e dom ain a n a ly s is  o f the problem  is  p o s s ib le .

G e n e ra lly , in  a com posite  sy stem  supporting  tw o is o la te d  norm al 

m odes a* and a 2 , we can  w rite  the  coup led -norm al-m ode eq u a tio n s  in  

tim e dom ain a s

da!
~ c ii a i + C12 a 2

d a 2 _  
jjj. “  C21 a l + c 22 a 2

w here th e  1 re fe rs  to  th e  normal mode of e lem en t 1 and  the  2 re fe rs  to  the 

norm al mode o f e lem en t 2 ,  and th e  C ^ 's  are  the  coupling  mode c o e f f ic ie n ts . 

If we ch o o se  th e  am plitude a^ to  be su ch  th a t the to ta l energy  of mode i 

i s  g iven  by a^ a *  = ( a i |2 w here i = 1 ,2  , th en  the to ta l energy of the
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(com posite) sy stem  may be w ritten  a s

Et o t a l = M  + | a2( + C o u p lin g  (C u / ° 2l)

w here Ecoupi i ng (c i2»c2i) re p re se n ts  the  energy  a s s o c ia te d  w ith  the 

coupling  m echan ism , and  is  a func tion  of the  c o e ffic ien ts  c 12 and c2i .  

"W eak coupling" b e tw een  m odes th en  m eans th a t ECOupling ( c 12/ c21) 

is  sm all com pared to  ^ a j 2 and |a jJ 2 su ch  th a t the  to ta l energy  Eto ta j  

may be w ritten

Eto ta i =■ ( ai| 2 + | a 4 2 = c o n s ta n t (4 -2a)

If one form ulates the  coup led  mode problem  in  sp a tia l  dom ain , th en  w hen 

the  tw o modes a re  w eak ly  co u p led , the  to ta l power carried  in  the  com­

p o s ite  system  is  eq u al to

Pto ta l~  ^a i | 2 +  = c o n s ta n t (4-2b)

w here \ a^| is  th e  power ca rrie d  by the  a^' th  m ode.

In th e  fo llow ing we s h a ll  form ulate h e lic o n -sp in  w ave in te ra c tio n  

in  ferrom agnetic  sem iconducto rs  e x p lic itly  in  coup led-norm al-m ode form , 

bo th  in  sp ac e  and  in  tim e dom ain . The coupling  be tw een  the  free ca rrie r 

su b sy s tem  and th e  sp in  (or ferrom agnetic) su b sy s tem  w ill f i r s t  be n eg lec ted  

and is o la te d  norm al-m ode am p litu d es  w ill be d e fin e d . Then coupling  w ill 

be in troduced  and  the so lu tio n  to  the  coup led-m ode eq u a tio n s  w ill be 

sough t in  reg io n s  of in te re s t .
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4 . 2  S p a c e  D o m a i n  A n a l y s i s

4 .2 -1  The Spin W ave (or M agnetic) M odes

The eq u a tio n s  governing sp in  w ave p ropagation  in  a  ferrom agnetic  

medium are the  eq u a tio n s  of m otion of the m ag n etiza tio n  and M ax w ell's  

e q u a tio n s , E qs. (2 -75) and (2 -7 0 ) , re s p e c tiv e ly , w ritten  a s

^ . 2  -  -  (4 -3a)
d t

9 x t  s '  #  = - A & ( * * * ' (4-3b)

h L  (4 -3c)
6 aT

V  • B =  O  (4-3d)

V'  E  =  o  (4 -3 e)

w here  Hg = HQ + K.(t) + A V^M . N eg lec ting  the  tim e d e riv a tiv e  of the 

lo n g itu d in a l com ponent of the  m ag n etiza tio n  Mz is  in  agreem ent w ith  our 

assu m p tio n  th a t the  medium i s  s a tu ra te d  in  the d irec tio n  of ap p lied
-4 A

m agnetic  f ie ld , H0 = HQZz . Equation (4 -3 a) show s th a t we c h o o se , for 

c o n v en ie n c e , a B loch re la x a tio n  term  in s te a d  of a L an d au -L ifsh itz . As 

no ted  in  C hap ter 2 , the  tw o a re  e q u iv a le n t.

The sp in  w aves supported  by the  medium are  c ircu la rly  p o la rized  

p lane  w aves: rig h t handed c irc u la r ly  p o la rized  (RHCP) w aves and le f t -  

handed  c ircu la rly  p o la rized  (LHCP) w a v e s . Let us th en  re -w rite  E q s .(4-3) 

in  term s of c irc u la r ly  p o la rized  com ponents A+ = Ax + i Ay w here 

A = Ax x  + Ayy is  any  fie ld  v e c to r . The p lu s s ig n  d en o tes  a RHCP w ave
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w hile  the  minus s ig n  d en o tes  a  LHCP w av e .

In com ponent form, Eq. (4 -3 a) may be w ritte n , a fte r  lin e a r iz a tio n ,

a s

-  <4 . ^ 3  *  ^  Kr  (4-4a>
OK

*  -  u>„ K  + UJ>'yA* * ^  7 ~v** (4 ' 4b)

w here M j = mx x + my y and w here u0 , wm and uex  a2 w ere defined  by 

E qs. (2 -8 1 ). Forming the  com binations

__ + i

b * :  b *  b t r

w e may w rite  E q s . (4-4) as

(4 -5a)

A sim ila r procedure a llow s us to  w rite  E qs. (4b-4e) a s

+- ; ^ k ±  ,
T T  ' ' X T  s *  S T  ( 4 - 5 b )

c)k+ -  - c  ^TT = " 0 <4-5c>
_  £>

^  E* -  O

(4-5d)

(4 -5e)

Let u s  now decouple  Eqs. (4 -5 ) by assum ing  a tim e dependence  of the  form
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ex p  i u t  and  defin ing  the  RHCP and LHCP m ag n etic-no rm al-m odes a ^ + 

by a lin e a r  com bination  of h^ and  E+. , g iv en  a s

(4-6)

w here  p+ and  q+ are co n s ta n ts  to  be found . T hus, E qs. (4 -5 ) w ill be 

w ritten  a s

- . - K t  <4- 7>

w here we have n eg lec te d  the  exchange  term  wex  a 2 v 2 m+ in  E q .(4 -5 a ) . 

S ince we a re  in te re s te d  in  coupling  in  the  long  w av elen g th  ( X »  a - ) re g io n , 

th is  is  a v a lid  approx im ation . Then we w rite

r  ------------------------   K t  (4- 8)
+ eo  i i

S u b s titu te  Eq. (4 -6 ) in to  (4-7) to  g e t 

?±  * i t  I k  =  - c  (P *  k *  + 3 *  E + )  (4-9)
*2- f  I  2  T '  "

Now su b s ti tu te  E q s. (4 -5 b ,c )  in to  (4-9) and w ith  the  a id  of Eq. (4-8) we 

g e t

-  r */*0(o ( < * > + u 
t  p+ e +  ■+ i +  - 2- 2— r -------- n  :------------- n t

(4 -10)

Equating the  c o e ffic ien ts  in  E+ we get:

(4-11)
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Equating the  c o e ff id  en ts  in  h+ we get:

(4 -12)

S u b stitu tin g  (4 -11) in to  (4 -12) w e have the  d isp e rs io n  re la tio n s

M . i +
ul

-  Ck (4-13)

A rbitrarily  se ttin g  p+ = 1 we w rite , from Eq. (4 -1 1 ),

(4 -14)

T h u s , th e  c ircu la rly  po la rized  m agnetic  norm al modes a re  g iven  a s

a * ±  =- 1
£0U) (4-15)

* hA+

w here k j^ + s a t is fy  d isp e rs io n  re la tio n s  g iven  by Eq. (4 -1 3 ) . The so lu tio n  

of Eq. (4 -7 ) y ie ld s  the  sp a tia l  d ependence  of the m agnetic  normal mode 

a m p litu d e s ,

(4-16)

We w ill need  the  e x p re ss io n  for the  power Pj^+ carried  by th e se  

normal m odes. The tim e av erag e  to ta l power flow is  g iv en  a s

? HM -  f  ( 4 - 1 7 )

Since E = Ex x + Ey y  and H = hx x + h y  y  , we may w rite  (4-17) a s
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p * =  x a . O . y -  e ? A ; ] a  < « -»>

or in  term s of c ircu la rly  po la rized  f ie ld s ,

P* = x  A * - K A.‘ )]  <4’19>

R ecalling  th a t E_ = E+ and h+ = (h_* ) ,  w e may w rite  Eq. (4 -19) a s

-  JL ft*. (4-20)

Now le t  us ex p re ss  E+. and h+- in  term s o f the norm al mode am plitudes

a . ,  . If only a . . .  is  e x c ite d , from Eq. (4-15) w e w rite
M+ m +

=■ •+ c S
T Z

S ince from Eq. (4 -5c)

~  %Co

s W £  (4-21)

(4-22)

th en  we have

or

n . _  *  e .cO

m +  ■  —  +  ■ ( 4 ’ 2 3 )

C  -  ^  * 4  /T
+  ”  i  (4 - 24>6 £0

S u b stitu tio n  of Eq. (4 -24) in to  (4 -22 ) y ie ld s

A + ^  (4 -25)

S u b stitu te  E qs. (4-24) and (4-25) in to  Eq. (4 -20) to  w rite

A

Iz
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or

y. *  A
( 4 - 2 6 a )

A s im ila r procedure y ie ld s  the pow er carried  by the LHCP mode

(4-26b)

N otice th a t for forward trav e lin g  modes

Hence P ^ + y  0 and P j^ _ ^  0 , i . e .  both th e  RHCP and LHCP sp in  w ave 

modes are  p o s itiv e -e n e rg y -ca rry in g  or c irc u it- l ik e  m odes.

4 .2 -2  The C arrie r W ave M odes

The eq u a tio n s  governing carrie r w ave p ropagation  in  a free c a rrie r 

sy stem  a re  the  eq u a tio n s  of m otion of the c a rr ie rs  and M ax w ell's  e q u a tio n s , 

Eqs. (2 -2 2 ). A ssum ing ho les a s  charged  c a r r ie r s ,  l e t  us w rite  E q .(2 -22g) 

in  com ponent form , a f te r  l in e a r iz a tio n , as

The h e lic o n  w aves are  RHCP or LHCP carrie r w aves p ropagating  along the  

a p p lied  m agnetic  f ie ld . Let us th en  w rite  E q s. (4 -2 7 a -c )  in  term s of

(4 -27a)

(4-27b)

(4-2  7c)

c ircu la rly  p o la rized  fie ld  com ponents A + = Ax + i Ay. T h u s , we w rite
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»

' L ^ V z  . < « -* * o

- ^ 5 l _ - h v  -  7 *- e  -  v  i t
b *  ^  d ir  7  ^  K *  ( 4" 27e>

i.
The cu rl E e q u a tio n , Eq. (2 -2 2 a ) , may be w ritten  a s

. • . c ik±
—  s t t S ' - 5 T -  ( 4 - 2 8 )

A
The cu rl h e q u a tio n , Eq. (2 -2 2 b ), in  com ponent form , is  g iven  a s

(4 -2 9 a ,

<4- 29b>

6  =  V  f o£ , ^  */.«& » r / . V  % * , - & .  (4. 29c)

w here J w as w ritten  a s  per Eq. (2 -22e)

Since from Eq. (2-22d)

V' ( €o£, E ) - / ,

or J 1, :  (4-3°)

w e may re -w rite  E qs. (4 -29) in  term s of c irc u la r ly  p o la rized  fie ld  com­

p o n e n ts , w here is  g iv en  by Eq. (4 -3 0 ) . T hus,

,  ; i / 0Vj i  C €.£, 4 ^ -  (4-Sla)
b l  '  b i t

0  =  ^  ( 4 - 3 1 b )
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W e note th a t E qs. (4 -2 7 d ) , (4-28) and  (4 -31a) are  f ir s t  o rder d iffe ren tia l 

eq u a tio n s  in  v+ , h+ and E+. E quations (4 -2  7b) and  (4 -3 lb ) are  a lso  

f ir s t  o rder d iffe ren tia l eq u a tio n s  in  v z and Ez . L et us assum e a  tim e 

v a ria tio n  of the  form ex p . i u t .  We can  then  u se  th e se  tw o s e ts  of 

eq u a tio n s  to  define e le c tr ic  norm al mode am plitudes a s

+ °<± E± ^  k (4-32)

and

-  ^ A  + (4-33)

w here of* , and  ^  are  c o n s ta n ts  to  be found. The + and  -

su b sc r ip ts  denote the  r ig h t and le f t  handed  p o la r iz a t io n s , re s p e c tiv e ly , 

of the  tra n sv e rse  (helicon) m odes. The f and s su b sc rip ts  deno te  the 

" fa s t"  and  "slow " p h ase  v e lo c i t ie s ,  r e s p e c tiv e ly , of the lo n g itu d in a l 

(or sp a c e  charge) m o d es. The e le c tr ic  norm al m odes defin ed  by E qs. 

(4 -3 2 , 4 -33) w ill obey f ir s t o rder d iffe ren tia l e q u a tio n s  w ritten  as

b l .
(4-34)

_ _ /  >£ n  
— — = 0 “ ' i f , A  (4 -35)

02 :

w here k is  the  norm al mode propagation  c o n s ta n t. L et us now find  the 

c o n s ta n ts  o/± , and • W e w rite  Eq. (4 -3 4 ) , using  the

d e fin itio n  for ag+ g iv en  in  Eq. (4 -3 2 ) , as

+ **4 — f  -4. (4-36)
b i  -  b%r 1 '  d i

x  —0 'fist ^  —
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W e su b s ti tu te  on the le f t-h a n d  s id e  of Eq. (4 -36) th e  e x p re ss io n  for

, b t t / f c  and  b k i/b t  from E qs. (4 -2 7 a ) , (4-28) and  (4 -3 1 a )f 

and w rite  Eq. (4-36) a s

5  { - £ * A i  < w ] E + -  

i  r  £ a a *  - / • “  • ‘ ■ t ]  u

(4 -37)

w here w e le t  

Eq. (4 -37) we g e t

i u . Equating the  c o e ff ic ie n ts  of v+ and E+. in

and
A

(4-38)

1 ^ ) |  (4 -39)
~  L

w here wp2 = €t£i • Equating the  c o e ffic ien ts  o f h + i n  E q .(4 -37 ) 

w e th en  g e t

= £ £A » T * -,A k >  " 4 ^  (4 -4 °)

S u b stitu tin g  the  e x p re ss io n s  for and from E qs. (4 -3 8 , 4-39)

w e th en  g e t a d isp e rs io n  re la tio n  in  k^+ w ritten  a s

to-
c  _  U)

to ^ (  to -  Vlfo*
-  O  (4-41)
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To f i n d ^  f s  we su b s titu te  the  d e fin itio n  of a z  ̂ g , g iven  by Eq. (4 -3 3 ) , 

in to  Eq. (4 -3 5 ) . Thus we w rite

- T T *  +  =  (4 - 42>

S u b stitu te  for and  from E qs. (4 -27b) and  (4 -2 9 c ) ,

w here  w e le t  o / ^ - a  Ltd , to  g e t

_ [ j L  u . i . v . )  ♦  - W A _ ~ | I T , + [ j l .  e  ,U.A Vlir„ J 4f'^ [ ^  J if,*

=  - C  - i  e „ , a  <4- 43>

Equating th e  c o e ffic ien ts  in  v  f we g e t
Z  I  f s

- S  = -------------------------------------------  (4 -44)

Equating th e  c o e ffic ien ts  in  Ez f <s  , we g e t a d isp e rs io n  eq u a tio n  in  u 

and  kz ,

/ -  -------------------- -Z --------------------- =  o  (4-45)

w here kZf and  kzs  are  the  so lu tio n s  of Eq. (4 -45) th a t make phase 

v e lo c ity  u / k z g rea te r th an  ( i . e .  fa s te r) th an  or sm alle r th an  ( i . e .  slow er) 

th an  the c a rr ie r  d rift v e lo c ity  v QZ.

The so lu tio n  of E q s .(4 -3 4 ,4 -3 5 )  y ie ld s  the  s p a tia l  dependence of the

e le c tr ic  norm al mode a m p litu d e s , , ^

a £ i (l)S 4 e t  (b)e'° (4-4G) .

( 4 - 4 7 )
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We w ill a ls o  need  the  e x p re ss io n  for the  power Pg+ ca rried  by the  c ircu la rly  

p o la rized  tra n sv e rse  (helicon) e le c tr ic  m o d es. From Eq. (4 -20) we may 

w rite  th e  to ta l average  power flow Pt = (Pg+ ) z as

i t » - t ^ i 1 ^ ] z  ( 4 ' 4 8 >

w here now Ef and h f  m ust be e x p re ssed  in  term s of a ^ .  A ssum ing f ir s t  

th a t  Ju st the  a ^  mode is  e x c ited  we w r ite , from Eq. (4 -2 7 d)

0 - - L  V  r,*  (4 -4 9 a)

from Eq. (4 -2 8 ) ,

O c. * I  k  +  (4-49b)

and  from the  d e fin itio n  of a £+ , Eq. (4-32)

■h L -I

'  r ^ - T f<U' * 6-Vl' ^  (4 - 4 8 0
J o Uoj. I  J

S im ultaneous so lu tio n  o f E qs. (4-49) g iv es

E = -t a (4.50a)

L ^ ' \ A 4+m>c- ^ k>) ]

k  . =  (4 .5 0 b )
r  (*>.-< n o  r »  ^ ^
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S u b stitu tio n  of E qs. (4 -50) in to  Eq. (4-48) g ives the  to ta l  av e rag e  power 

c a rried  by th e  aj?+ mode a s

5 4  =  -  7 ^ F ) --------------------< 4 - 5 1 )

Sim ilar sim u ltaneous so lu tio n s  o f E qs. (4 -2 7 a ), (4 -28) and  (4 -3 3 ) , a ssu m ­

in g  th a t only the  a£_ mode is  e x c ite d , y ie ld s  th e  follow ing e x p re ss io n  for 

th e  to ta l  av erag e  power carried  by the aj?_ mode

p -  I (4-52)
e '  i y ^ )

A gain, s in ce  a l A t ]  >  O and  > o  for fo rw ard -trav e lin g

m o d e s , we o bserve  th a t the  RHCP e le c tr ic  normal mode is  a n e g a tiv e -  

e n e rg y -c a rry in g , w hile  the  LHCP e le c tr ic  normal mode is  a p o s i t iv e -  

en e rg y -ca rry in g  m ode.

4.2~3.~»G oupling Between M odes

It is  e s s e n t ia l  for mode coup ling  th a t th e  fie ld  co n fig u ra tio n s  of the 

norm al m odes be s im ila r . It is  o b v io u s , th e n , th a t only  the  c irc u la r ly  

p o la riz ed  e le c tr ic  modes w ill coup le  to  the  c ircu la rly  p o la rized  m agnetic  

m o d es. The lo n g itu d in a l e le c tr ic  modes are not co u p led , a t  l e a s t  l in e a r ly , 

to  the  m agnetic  m odes. In the  ferrom agnetic  sy stem  under c o n s id e ra tio n , 

th e  f ie ld s  s e t  up by the p re c e ss in g  sp in s  w ill induce  cu rren ts  in  th e  beam 

of d rifting  c a r r ie r s . T hese induced  cu rren ts  are accom pan ied  by tim e v a ry -
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ing  m agnetic  f ie ld s  w hich  a c t back  on the p re c e ss in g  s p in s . A ssum ing, 

a g a in , c irc u la r ly  p o la rized  plane w a v e s , the sy stem  is  d e sc rib e d  by the  

fo llow ing eq u a tio n s:

BojUV t  (4-53a)
b k  ** h i  ( L " J

(4-53b)

t  i f i 0 ( t ' - L  + (4-53C)
b z  '  b k  K '

(4-53d)

W e s h a ll  n e g lec t the ex change  term  uex  a2 v z m+ in  Eq. (4 -5 3 b ). Assum ­

in g  a tim e dependence  e x p . iw t ,  le t  us w rite  the  system  eq u a tio n s  (4 -53)

in  term s o f ag+ and 9 ^ + *  F irst form the  lin e a r  com bination

A  j £(£-± fi . _
h +  -  -T—-  1- X t  — V--- + p t  —:- (4-54)

~ b z  d z  d z

S u b s titu tin g  for and from E qs. (4 -5 3 ) , we may

w rite  Eq. (4 -5 4 ) , w ith  th e  help  of E q s. (4 -3 8 , 4 -3 9 ) , as

A +  -  - t  . ^ E t  ^  ;

H ow ever, by d e fin itio n  of a E+ , Eq. (4 -3 2 ),

+ ~  ’1T+ -f V  + £+_ -f- ^3).+ +

hence

c)V ±  J A a  =  ----------- + ^ —  ---------= r \
d i  d i .  ~ d z  d i r
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and  therefo re

S im ila rly , by forming the  lin e a r com bination

(4-56)

w e can  w rite , u tiliz in g  Eqs. (4 -5 6 ), (4 -53) and (4 -3 3 ),

+ LJ*o (4-57)

T hus, we observe  th a t in  the  a b se n c e  of c a rrie rs  ( /£  = 0 ) , Eq. (4-57) 

becom es Eq. (4 -7 ) d e sc rib in g  the  sp in  w ave sp ec tru m . On the o ther hand , 

in  the  a b se n c e  of m ag netiza tion  (m+ = 0 ) , Eq. (4-55) re d u c es  to  E q .(4 -3 4 ), 

d esc rib in g  the  h e lico n  w ave spec trum .

In order to  so lv e  the  sy stem  eq u a tio n s  (4 -55) and (4-57) w e m ust 

e x p re ss  v+ and m+ in  term s of the  uncoupled  norm al mode am plitudes 

a E+ and  a ^ j+ . After qu ite  a b it of a lg eb ra  we g e t the  fin a l form of the 

coup led  mode eq u a tio n s  (the  d e riv a tio n  of the  coupling  c o e ff ic ie n ts  i s  in  

A ppendix B):

■A-

M - (4 -58a)
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h i

— = *• *M- a-M- -  ̂ C43 %  - <• ^  * e r

w here th e  coupling  c o e ffic ien ts  Cjj are  g iven  a s  

r - "fle.+'fe /*+ *0™ (4) - la+^a, <-•»<.'L vk  )
/ »  -

A ^

* c , *

C A \ ~ * 4 . -

^  m-t

} *

c * 5 -  c4 3  =

[itMp*’- ( u w £ ) (W—Aĝ Voi-r ^ ) ]

L * * * )

C3<v“
i * i .) * (‘flm ^*&*>* (to-AK^vt-We.- '■VJ

A ' rt% ( 4 * -  *>-'''& *)

C 3 »  = 34
£Ll_

(4 -58c)

(4-58d)

(4-59a)

(4-59b)

(4 -59c)

(4-59d)

( 4 -59e) 

(4—59f)
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—i k zIn order to  so lv e  E q s. (4 -58) we assu m e a j (2 ) = a z (0) e , 

w here J = E+ , M+. E x isten ce  of n o n -tr iv ia l so lu tio n s  requ ire  th e  d e te r­

m inant o f the  c o e ffic ien ts  of aj(z) to  be z e ro , from w hich  a co u p led -m o d e- 

d isp e rs io n  eq u a tio n  is  arrived  at:

( * » . - * )  ( - * « . - * '>  ( K - * )  =

-  ^  < 3 .  ( -* .% •* :>

~  ( " * e -  ■*& )('& *-

~ - " & ) ( (4-60)

W e no te  th a t  in  the  a b se n c e  of c a rrie rs  = 0) or m ag netiza tion  (um = 0 ), 

Eq. (4 -60) is  deco u p led  and  the  modes e x is t  in d ep en d en tly . W e have now 

the  com plete s e t  of coup led  mode e q u a tio n s , E qs. (4 -5 8 ) , th e  coupling 

c o e ffic ien ts  e x p re sse d  in  term s of the  sy stem  p a ram ete rs , Eq. (4-59) and 

the  d isp e rs io n  e q u a tio n , Eq. (4 -6 0 ). We w ould lik e  to  po in t out some of 

the  inform ation  co n ta in ed  in  th e se  eq u a tio n s:

(1) I t is  in te re s tin g  to  note the coupling  be tw een  th e  " s ta rred "  

and  "u n sta rred "  m odes, e . g . ,  the  RHCP -  h e lic o n  w ave m ode, a ^  , is  

no t only  coup led  to  the  RHCP sp in  w ave m ode, a j^ + , but i t  is  a lso  

coup led  to  • This may be in te rp re te d  a s  fo llow s: The mode am p-

litu d e  a ^  is  the  con jugate  com plex o f the  L H C P-spin  w ave mode
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0 am plitude a ^  . S ince we a re  w orking in  the s p a tia l  dom ain , a ^  re p re ­

se n ts  the  am plitude of a w ave trav e lin g  in  the  op p o site  d ire c tio n . S ince a 

c irc u la r ly  p o la rized  w ave ch an g es  i t  s e n se  of ro ta tio n  w hen i t s  propagation  

d irec tio n  is  re v e rs e d , a^j_  is  a R H C P-w ave. H ence i t  i s  not su rp ris in g  

th a t i t  coup les to  a ^ .  H owever th is  fea tu re  of the  in te ra c tio n s  becom es .. 

tra n sp a ren t only  in  the  norm al mode form ulation .

(2) If w e are  m ainly in te re s te d  in  the  a c tiv e  in te ra c tio n s  betw een  

the  n eg a tiv e -e n e rg y -c a rry in g  h e lico n  w av e , a ^  , and  th e  p o s itiv e -e n e rg y -  

carry ing  "slow " sp in  w a v e s , a ^ + , w e may sim plify  the coup led  mode 

eq u a tio n s: L et us assum e th a t the  synchronous frequency  u = u>s is  g iven

a s  u>s d u 0 s in c e ,  a s  noted  in  C h ap te r 2 , the  above m entioned in te rac tio n  

is  e sp e c ia lly  s trong  in  th is  reg io n  of frequency . From Eq. (4-59b) we 

w rite

j .  *■

“V  S *  ~ i ~ ~  <4- 59b>

We can  show  th a t C 14^ <  C12 by co n sid erin g  the  d isp e rs io n  eq u a tio n s  of

the  a and a m odes, Eq. (4 -1 3 ) , sk e tch ed  in  F ig. 4 - l ( a )  for the
M-t M-

lo s s le s s  ( =  0) s itu a tio n . For u g = u>0 -  A u ,  w here A u/U q «  I , 

we w rite

JO ^  to*" I , ~ \ _  tva £<JL_~  —  I — 2-------- 2 2 -  (4-61)

and

K -  - ^ f i t  <4- 62>«• L tV,‘M J



M-

U>

' E -

FIG. 4 -1  D isp e rs io n  diagram  of (a) m agnetic  m o d es, E q .(4 -13 ) 

(b) tra n sv e rse  e le c tr ic  m o d es, E q .(4 -4 1 ) .
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From E qs. (4-67) and (4-62) we have

'f th -

i0,

AL
(4-6 3 a)

If u> C: u_ and um ' » ‘vL (w hich is  the c a se  in  ferrom agnetic  sem iconduct- m o m '

o rs for o p era tio n  in  the X -band re g io n ) , then  we w rite  Eq. (4 -6 3a) a s

~  f  A . A i  V-m ^  <_ \ ^
M0 oj0 J

~ /V \  +

«  I (4-63b)

H ence
c m  ^  c /a.

W e c an  a ls o  show th a t C23 « C 2i .  From Eqs. (4 -59c) and (4-59d) w e 

w rite

' A 3

'd \ ( # £ c )  ^ < 0^ -
(4 -64)

w here

(4-65)

(4-66)

From Eq. (4 -41) w e w rite  for the a^,_ mode

-  o (4 -67)
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w hile  for th e  a ^  mode

*
T- T.
c. -  10 I - = -0 (4-68)

The above E qs. (4 -6 7 , 4-68) are of th ird  degree in  k . They have been  

sk e tc h e d , approx im ate ly  in  F ig . 4 - l(b )  for = 0. For w = w0 -  a u  , 

w here Aw/w0 <£< 1 w e can  see  th a t

< <  «Jo (4 -69)

so  th a t

(4-70)

(4-71)

(See F ig . 4 - lb ) .  Let us rew rite  Eq. (4-64) as

Q>* ^  ~ ^  J

I A uJe\  -  J /, J

w here we made u se  of E q s. (4-67) and (4-68) to  w rite , le ttin g

w = wQ -  aw ~  wQ;

(4-72)

(4 -73a)

(4 -7 3 b )

Since
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" s  -  K -  ^ U ) 0 -  C 1/A (4 . 74)

■+ (4 -75)

w e can  use E qs. (4 -6 9 , 4 -70) to  w rite  E q s . (4 -75) a s

U>z  ~  ( k U ) -  I (4 -76a)

% . — ( UJt)-oU€.') -  ^ ^  (4-76b)

S u b stitu tin g  E qs. (4 -76) in to  Eq. (4-72) w e th en  w rite

(4-77)_ ( f t s - ) *  UJP L(V t'V i)  ■+ Vk_________

^ C  •* *"• ̂ p2-- <■- \] *“
from w hich  we deduce  th a t , s in c e  kg -  k g ^ , th en

6 « » «  S i  < 4 - 7 8 )

Having thus show n th a t n ear u  -  u Q C u  < < C 22 and  C2j « C 2i# 

w e now w rite  the  coupled  mode eq u a tio n s  a s  fo llow s

&&E.4
b l r

-  -   ̂ -+ C (4 -79a)

(4-79b)

w here

b l r

s ,  - a ( 4 -8 0 a )

C „  -  - — ~ ~ r ~
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In w riting  E qs. (4 -5 9 a ,c )  in  the  form g iv en  by E qs. (4 -8 0 ) , w e made use  

of Eq. (4 - 6 3 b ), Eq. (4 -7 1 ) , and Eq. (4-68) w ritten  a s

Equations(4-79) le a d  to  a s im pler d is p e rs io n  eq u a tio n  g iven  a s

»  • ( * - & * + ) -  c , « < » , =  °  ( 4 ' 8 1 )

N ear the  re so n a n t frequency  u  - u 0 , both  the  a ^  and  a ^  m odes are  in  

syn ch ro n ism . W e may assu m e — kj^+ d .  (w0 + wc ) /v 0Z = kg to  o b ta in  

from so lu tio n  of Eq. (4 -81)

^  2 : £  L <4" 82)

S u b stitu tin g  the  e x p re ss io n s  for C12 and  C2i from Eq. (4 -80) in to  E q .(4 -8 2 ) , 

we g e t
IK * * * )  +

L
(4-83)

In  fe rrom agnetic  sem ico n d u c to rs , u0 , k s v oz ( i . e . ,  a c o llis io n

dom inant s itu a tio n  e x i s t s ) . Let us w rite  k = k s + i  k j w here kj = \ j C i 2C2i . 

In a c o llis io n  dom inant s itu a tio n  th en

" i  =  I 10- t i f n  + K - W t , )  -  K )  (4 -84)

and  we w rite

C C JC iVj ~ <  (to- H  - *c)
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S ince <cc > > (u Q- u )  n ear synch ron ism , and  assum ing  wp2 > »w  w e then  

g e t

or

c ^ tO c + tu J  (ujt- t o ) \  y j -

-  -  ( V*  *

A ssum ing — z —  «  1 (or wc Vt ) and (uQ -  w) *  near synchron­
ic

ism  we g e t

-ZLA .

V  »<- J
,,2 V*.

Up u c

15̂
( l - 0  ^

(Wn-UJ)

K - W) V ^

K - ^ c . )

from w hich  we can  w r ite , for (id0 -u ) )^  0

J 7 T -1 =
o  [

and  for (u0 -  u) ^  0

c l

Thus k* is  found to  be proportional to  the fu n c tion  G (u , u 0) w here 

G (u , u0) is  d e fin ed  to  be

(4 -85a)

( 4 -8 5 b )
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(4 - 86)

Equation (4 -86) h as  b een  p lo tted  in  F ig . 4 -2  for the  v a lu e  = 20 .

The shape  of th is curve is  the sam e a s  th a t p rev iously  ob ta ined  by S te e le , 

e t .a l .[  2 -6  ] under the  sam e assu m ed  c o n d itio n s .

Returning to  the s im p lified  coup led  mode Eqs. (4 -7 9 ) , and  a ssu m ­

ing  n eg lig ib le  l o s s e s ,  we re la te  the  coup ling  c o e ffic ien ts  to  e ac h  o th e r. 

The w eak coup ling  a ssu m p tio n  o f Eq. (4 -26) req u ire s  th a t the  to ta l  av erage  

pow er Ptoj  be g iv en  approx im ate ly  by

*’ *
p to ta l = A M + aM+ - aE + aE+ -  c o n s ta n t (4 -87)

w here  A j ^  and a re  th)e no rm alized  norm al mode am plitudes defined  a s

A  I  + ^  _ 1 ^  (4-89)

^  ~ V **■
One can  e a s i ly  s e e  th a t the  pow er ca rried  by th e  RHCP m agnetic  mode is  

mt
g iven  as  Aj^ A j^  by s u b s titu tin g  Eq. (4 -88) in to  Eq. (4 -2 6 a ). S im ilar

A
s u b s titu tio n  of Eq. (4-89) in to  Eq. (4 -51) g iv es  -A gA j^ as the  power 

ca rried  by the  RHCP e le c tr ic  m ode. This re -n o rm a liza tio n  w as n eed ed  a s

W )  L , J
I «v\i f (“>-•"• ) /v̂ ~) \L J
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FIG. 4 -2  The fu n c tio n  G (u , u0)
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a re s u lt  of hav ing  a rb itra rily  eq u a ted  to  one the co effic ien ts  of h+ and v+ 

in  th e  d e fin itio n s  o f a M+ an d  a ^ ,  re s p e c tiv e ly . We then  re -w rite  E qs. 

(4 -79) as

= -  i  ^ 6 .  * 1 S t  —  A*+ <4-90a>
d a-

-  ~ L -  L (4 -9 Ob)

From Eq. (4 -87)

- ^ - ( A « + A «*  * A e + A e t )  -  ©  (4-91)

W ith  the a id  of E qs. (4 -90) w e then  w rite  Eq. (4 -91) as

d f e * *  — L - £  '  b'E.A Ae.+ A B+.
*3b

+  - ^ - ) A E * A m  =  O  (4-92)

N ear synchronism  k ^  -  kM+ ^  (uQ + wc ) / voz i s  a re a l q u a n tity . Thus 

Eq. (4-92) is  w ritten  as

( -  ‘ c-  T -  -  ‘ V t C )  A * r  +  S S  =  O  (4-93)

S ince the p h a se s  of A£+ and  A j^  are a rb itra ry  Eq. (4-93) i s  s a t is f ie d  

i f  and  only i f
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« | '  «2. /
(4-94)

L et us now su b s titu te  for C12, C2i ,  and from E qs. (4 -8 0 ) ,

(4-88) and  (4-89) and find under w h a t co n d itio n s  Eq. (4 -94) i s  s a t i s f ie d .  

W e w rite  Eq. (4-94) a s

I -  ̂ 4t I
-L C

' z '  M 1-

w hich  may be w ritten  a s  

£  -  ~C AJ aeue, to

+ t, cn
I v j 2-

-  O

[ l ^ J L  a   J ( }

L et v  = u)Q -  ( a w) and kE+ ^  (u>0 + uc )/ vo z . E quation (4 -95) le a d s  to  a 

seco n d  deg ree  eq u a tio n  in  ( A to) w ritten  a s

Ua,)>- „  ^  ( a * )  -  =  £>
Ŵp*-. O f )  4 (  V - < )

This can  be so lv ed  a s

(4-96)

■ J *
(4-97)

S ince ( a  w) <;< u Q n e a r synch ron ism , tak e  + s ig n  in  Eq. (4 -9 5 ) . Then for 

th e  d iffe ren ce  to  be sm all we have th a t



148

w hich  can  be w ritten  a s

«  & ?  (  /  + ___ ^ -------- )  (4-98)
y

le ad in g  to  the  requ irem en t up < uQ i . e . , th a t the  c a rrie r p lasm a frequency  

Up be le s s  than  the  Larmor p re c e s s io n  frequency  uQ. This co n d itio n  m ust 

be met for c o n se rv a tiv e ly  d is tr ib u te d  energy  ex change  ( = 0 ), be tw een

the  Am + and  A£+ norm al m odes. A lte rn a tiv e ly , w e can  a ls o  show  th a t 

Am + arK* aE+ are  in d eed  w eakly  coup led  w hen up <  uQ by co n sid erin g  the 

so lu tio n  to  the coup led  mode eq u a tio n s  (4 -79) n ear synch ron ism . Rrom 

E qs. (4 -8 2 , 4 -83) w e w rite , n eg lec tin g  lo s s e s ,

^  (4 -99a)

(4-99b)

w here k g -i. kr = [ (u0 + u c) /v o z ] and  k* = J  C 12 C 2l\  W e know th a t the

p o s itiv e -e n e rg y -c a rry in g  m agnetic  mode g row s, g iv en  the  proper c o n d itio n s ,

a t  the  ex p en se  of the  n e g a tiv e -e n e rg y -c a rry in g  e le c tr ic  m ode. One n e c e s sa ry

co n d itio n  for an  in s ta b il i ty  (or energy  exchange) is  th a t  ki be r e a l ,  o r 'th a t

C 12C21 be a p o s itiv e  num ber. In a d d itio n , in  o rder for the  f ie ld s  of the

uncoup led  modes to  be ju s t  s lig h tly  pertu rbed  during  energy  exchange

( i . e . ,  w eak ly  coupled) we need  k* «  kr . Thus C 12C21 m ust a ls o  be a

sm all num ber com pared to  kr2. We w rite  n ear synch ron ism  u  = uD -  4 u ,

w here  «  1. From E qs. (4 -8 2 , 4 -83) w e have
uo

_ / fo* \f~ - (tu )  ■+ U/f evc j" ~1
. f i x .  V a < o / L  J  L ( U f o + U / J l  J
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Since vQZ/C  < <  1 , th en  w hen

(u*b-t to,?)1- 0(, - ^ o  ■* (4-100)

we w ill have (C i2 C21/ k r2) < <  1. Thus, from Eq. (4-100) we w rite

top toc  ^

to?
i t  u>) (&to) (tot-tWc)2- (4 - 101)

For a charged  ca rrie r w ith  an  e ffec tiv e  m ass equal to  the  e le c tro n ic  m ass me , 

we have uD = uc . S ince ( a u / u 0) << 1 w e have th a t  ag a in  the  cond ition

m ust be s a tis f ie d  for w eak cou p lin g . This cond ition  i s  a ls o  in  acco rd an ce  

w ith  the  im p lic it a ssu m p tio n  th a t th e  group v e lo c itie s  o f the in te ra c tin g  

m odes is  the  sam e d ire c tio n . As no ted  in  C hap ter 3 , the  p re sen ce  of 

c a rr ie rs  a lte rs  the  long  w aveleng th  b ehav io r of the uncoupled  (vo z , v+ = 0) 

sp in  w ave. T h u s, in  the synchronous reg io n  the "m odified" or hybrid 

sp in  w ave may have p o s itiv e  group v e lo c ity  w hen up < u 0 or n eg a tiv e  : 

group v e lo c ity  w hen up y  u 0 .

In som e s itu a tio n s  u p y  uQ. S ince in  th is  c a s e  the  group v e lo c ity  

of th e  "m odified" or hybrid p o s itiv e -e n e rg y  carry ing  sp in  w ave is  o p posite  

the  group v e lo c ity  o f  the n e g a tiv e -e n e rg y -c a rry in g  h e l ic o n s , we have a 

p o ss ib le  a b so lu te  (or nonconvective) in s ta b il i ty .

For the  trea tm en t o f ab so lu te  in s ta b i l i t ie s ,  i t  i s  more su ita b le  to 

carry  out the  norm al mode form ulation in  tim e dom ain. The tim e form ulation
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perm its e a s i ly  the  in c lu s io n  of ex change  e f f e c t s . 

frequency  co n v ersio n  due to  n o n linear in te ra c tio n s  

fo llow s read ily  from the  tim e dom ain fo rm ulation .

Param etric  (or nonlinear) 

be tw een  the  m odes a lso
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4 . 3  T im e  D o m a i n  A n a l y s i s

As noted  in  C h ap ter 3 , the  p re sen ce  of c a rr ie rs  in  a ferrom agnetic  

m aterial a lte rs  the  very  lo n g  w av elen g th  (sm a ll k ) behav io r of the  uncoupled  

modes supported  in  the m agnetic  su b sy s te m . For up « t J 0 the m agnetic  

modes a re  approx im ately  "pure" sp in  w ave m odes. Figure 4 -3(a) show s the  

RHCP sp in  w ave m odes for wp« .  u>0 , a ssum ing  no lo s s e s ,  but inc lud ing  

exchange te rm s. H elicon  modes of drift v e lo c i t ie s  vozl or vqz2 (deno ted  

in  F ig . 4-3(a) by d a sh ed  lin e s )  can  in te ra c t a t po in ts I or I I , in d ica tin g  in  

both c a s e s  a p o ss ib le  co n v ec tiv e  in s ta b il i ty .

W hen <Jp-^u0 the  m agnetic  w aves are hybrid m odes w ith  a d is p e r ­

sion  re la tio n  a s  p lo tted  in  F ig . 4 -3 ( b ) .  S im ila rly , a h e lico n  mode (d ash ed  

lin e s ) of d rift v e lo c ity  v QZ1 can  in te ra c t w ith  th e  hybrid sp in  w ave in  reg io n s  

w here the  hybrid sp in  w ave has p o s itiv e  group v e lo c ity , for exam ple a t 

point I ,  in d ica tin g  a p o s s ib le  co n v ec tiv e  in s ta b il i ty .  On the  o ther h an d , 

in te rac tio n  of a " fa s te r"  h e lico n  mode of d rift v e lo c ity  vQZ2^  vozl w ith  a 

hybrid sp in  w ave mode in  reg io n s  w here the  hybrid mode has negative  

group v e lo c ity , for exam ple a t  p o in t I I , may le a d  to  an  a b so lu te  or non- 

convec tive  in s ta b il i ty .  In a r e a l i s t ic  s i tu a t io n , how ever, the  h e licons 

can  not be d rifted  fa s t  enough  for a n  ab so lu te  in s ta b il i ty  to  develop: For

hybrid m agnetic  m odes the  group v e lo c ity  is  n eg a tiv e  for v a lu es  o f k l e s s  

than  k ^ j .  , g iven  by Eq. (3 -9 ) a s

(4 -102)
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^£>4.^ >  "^4 1

(vr ^>u>0

FIG. 4 -3  (a) Sp in  w ave spectrum  (so lid  lin e s )  and synchronous he licon  

(d a sh ed  lin e s )  (b) H ybrid sp in  w ave spectrum  (so lid  lin es) 

and synch ronous h e lico n s  (d ash ed  l in e s ) .
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N ear re so n an c e  (u ~  u Q) , the RHCP h e licons obey  the a sy m p to tic  d isp e r­

sion  re la tio n  Eq. (2-122) g iven  a s

°

so  th a t for h e lico n -h y b rid  sp in  w ave in te ra c tio n  in  the n eg a tiv e -g ro u p  

v e lo c ity  re g io n s , the h e lic o n  d rif t has to  be la rg e r th an  a c r i tic a l v e lo c ity  

g iven  a s

V0 J  =  - ----------- (4-103)
— ' K r - . t

S u b stitu tin g  (4-102) in to  (4-103) we g e t

"  (w t+ “i.) ----------CU,  n  4 (4 -104)
-I ^  (K + U'J J

T ypical v a lu e s  for Agv Cd. C r Se , the ferrom agnetic  sem iconductor o f
X  1 —X  2 4

h ig h e s t known v e lo c ity , a re  [ 3 -3 ,  3 -4 , 3-5]

wm = 2 7T * 12 x 109 s e c '1 (Mo z ~  4200 9a u s s )

C -  1010 c m /s e c .

a = 10“ 7 cm

u>ex = 2 7F x 1 .2 8  x 1013 s e c '1 (a t  130° K)

9  lFor o p era tio n  in  the X -band re g io n , wQ = 2 IT x 8 * 10 s e c  , the 

m agnetic  fie ld  needed  i s  abou t Hoz = 3100 g a u s s .  S inceoz
e 

m.®oz = /•«> (^ o z  + M oz) in  the  m a te ria l, then  uc = ——  Boz = 2 /T* 19 * 10 s e c -1
h

( if  = free e lec tro n  m ass) and
r j

vo z ] -  5 x 10 c m /s e c
J c r i t .
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Such a h igh v a lue  of ca rrie r d rif t is  not a tta in a b le  in  p re sen t day ferro ­

m agnetics  sem ico n d u c to rs .

In th is  s e c t io n ,  we develop  the  tim e dom ain normal mode formu­

la tio n  o f sp in  w a v e -c a rr ie r  w ave in te ra c t io n s . We assum e th a t the  m ag­

n e tic  modes a re  approx im ate ly  pure sp in  w aves of group v e lo c it ie s  in  

the  sam e d irec tio n  a s  the  h e lico n  w ave m odes. The re s u lts  o b ta ined  from 

th is  a n a ly s is  th en  a re  ap p lic ab le  a lw ays for u p < uQ, and  for up y  u0 

w hen the  carrie r d rift v e lo c ity  v QZ (uo + u c ) /^ c r i t  “ a m ost r e a l is t ic  

s i tu a tio n . The running  w aves are  a ssu m ed  to  have normal mode am plitudes

If the  v a ria tio n  in  tim e is  e lim in a ted  from the  b a s ic  system  e q u a tio n s , the  

coupled-m ode eq u a tio n s  have the  form a lread y  ob ta ined  in  the  previous 

s e c tio n ,

w here a ll  the coupling  term s are  c o lle c te d  in  the  b rack e ts  on the  r ig h t-h a n d  

s id e . W hen the  sp ac e  v a ria tio n  is  in s te a d  e lim in a ted  from the b a s ic  sy stem  

e q u a tio n s , the coup led  mode eq u a tio n s  in  tim e dom ain could  re a d ily  be 

o b ta in ed  from Eq. (4 -105) a s  [4 -1 7 ]

a m n ( z , t )  = a m n( 0 ) e l(u mn^ " ^mnz )

COUPLING TERMS (4-105)

COUPLING TERMS (4-106)

w here Vgmn is  the group v e lo c ity  o f the  a mn w av e , and the  coupling  term s
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are  unchanged  from Eq. (4 -1 0 5 ). The form o f Eq. (4 -106) is  ju s tif ie d  by 

noting th a t if  a mn a mn is  the power flow , th en  [ a mn a mn / v gmn] is  the  

s to red  energy per u n it len g th  in  the  w av e-p ro p ag a tin g  sy s te m . We now 

derive  the tim e-dom ain  coup led  mode eq u a tio n s  d irec tly  from the  b a s ic  

eq u a tio n s  under the  above a ssu m p tio n s  and  show , for the c a se  of sp in  

w ave -  h e lico n  w ave a c tiv e  in te ra c t io n s , th a t the  coupled-m ode eq u a tio n s  

may be w ritten  a s  in  Eq. (4 -1 0 6 ).

4 .3 -1  The norm al modes

We f ir s t  co n s id e r the  is o la te d  modes supported  in  the  sy s te m . The 

ferrom agnetic  su b sy s tem  is  d e sc rib e d  by M ax w ell's  eq u a tio n s  and the  

eq u atio n  of m otion of the  m a g n e tiza tio n , Eqs. (4 -5 ) . By assum ing  a sp ace  

dependence  e x p . ( - i  kz) w e may e lim in a te  the sp ac e  v a ria tio n  from 

Eqs. (4-5) and w rite  them  a s

w here q+ and r '+ a re  c o n s ta n ts  to  be found su ch  th a t E qs. (4-107) may be 

decoup led  and w ritten  a s

(4 -107a)

  —  =  +  — (4-107b)

^  ,  r J L K ±)>Et
b k

(4-107c)

We define  RHCP and  LHCP m agnetic  m odes a ^ j+ a s

(4-108)
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b d .

i / t
(4 -109)

w here u  i s  a  c o n s ta n t. To find q '+ , r '+ and u , , , w e su b s titu te
M+ — _  M+

the  d e fin itio n  of a ^ + , Eq. (4-108) in to  Eq. (4 -1 0 9 ). W ith  the  a id  of

Eqs. (4-107) we then  find th a t

(p0 + A1'
i t  =

f  + (gj^t  - L ^

(4-110a)

(4 -11  Ob)

w here to .., s a t is fy  d isp e rs io n  re la tio n s  w ritten  as  M+

4 t  -  - i & > t  =  ■ ( 4 - l l l a )

w here

A  + -
’e + + (U>Mt

(4—111b)

and

^  ( a  O ' ' ( 4 - 111c).

We w ill need  the  av erage  energy  d e n s ity  of the  ferrom agnetic  su b ­

sy s te m , W |^+ . From Eq. (2 - 1 15d) we w rite

\ a 7 -  1 U k *  I
A\t ~ ^ A  K t  r • n + (4 -112)

w here JL = /6 l*  -  1. To e x p re ss  h+ in  term s of a ^ + , we u se  Eqs. (4-lO a),
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(4-107c) and (4-108) and so lv e  them s im u ltan eo u s ly  for h+ , assum ing  th a t 

1 and >> « u Q, uM+ . We th en  w rite

(m, i ? 60* t )  / \   ̂ ^ _____ ~1
'  A t /  A  0 j

(4-113)

S u b stitu tin g  E q s . ( 4 - l l l b )  an d  (4-113) in to  (4-112) we th en  g e t the  d e s ired  

e x p re ss io n  for the average  energy  d e n s ity  a s

a^y-

*

K
-  (4-114)

The sem iconducting  su b sy s tem  is  d e sc rib e d  by M ax w ell's  equ atio n s  

and the  eq u atio n  of motion of the c a r r ie r s ,  E qs. (4 -2 7 ), (4 -28) and (4 -3 1 ). 

Again w e e lim in a te  the  sp a tia l  d ependence  from th e se  equ atio n s  by a ssu m ­

ing a v a ria tio n  of the  form ex p . ( - i  k z ) . W e then  w rite  them  as

* t ' e ± 1 ‘ t ' / » . « ,  A .  (4-115a)

i  _ — & p
b k  A  “ 

- ¥ i r t 7 T ,' t  -  Vi

_  P> it _ / Jb jf £  _ _ _  t *ir0J t

(4 -1 1 5b)

(4-115C)

(4-115d)

(4-115e)
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W e d iffe ren tia te  be tw een  tra n sv e rse  c irc u la r ly  p o la rized  modes (E qs. 4 

c and d) and  lon g itu d in a l m odes (E qs. 4 - 1 15b ,e) by defin ing  c ircu la rly  

p o la rized  mode am plitudes a £+ and lo n g itu d in a l mode am plitudes

a Z f , s  a s

(4-

<L

a E+ • ( 4 -1 1 6 ) /  transform s E q s. ( 4 - 1 1 5 a ,c a n d  d) in to

w hen

\
-

and

w ith  ue+ sa tis fy in g  d isp e rs io n  re la tio n s  g iven  a s

4$ V  -  £  +  -  O

(4-

(4-

(4-

(4-

(4-

w here

* r  =
^ ( V e t

c z =

(4-

(4-

-1 1 5 a ,

116)

117)

118) 

119a)

119b)

119c)

119d)

119e)
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The fa s t and  slow  norm al mode am plitudes a „ ,  , Eq. (4 -1 1 7 ) ,
Li i  i  S

transform s E qs. (4 -1 1 5 b ,e )  in to

i i a i  =  ,coi(A ( 4 - 1 2 0 )

w hen

K U ) ' >Z~ - i ^ / ^  (4 -121a)

5 / t  = + '  ^ / J J  (4-121b)

w ith  (jn ( sa tis fy in g  d isp e rs io n  re la tio n s  g iven  as
L* I  $ S

& a f  3  -fe\Toa + * t 'X / i  (4-121C)

a "  + ^ ^ / z .  (4-121d)

We w ill n eed  an  e x p re ss io n  for the  averag e  energy  d e n s ity  in  the 

c ircu la rly  po la rized  e le c tr ic  m o d es, Wj?+ . From Eq. (2-115d) we w rite

U >E„ r  —  £,£■ E *  . , £ _ .  (4-122)
4 ^  WEt

T/*-w here JC+ = C+ -  1- W riting  E+. in  term s of a£+ from Eqs. (4 -1 1 5 c ,d ) 

and  (4-116) where f y b k —► 1 ue+ ' anc* a ssu m ing ^<C < '(UE + ) ' w e o b ta in  

w ith  the a id  o f E qs. (4 -1 1 9 c ,d )

\ J  = -  paio?  [ ;  ( 4 _ m )
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4 .3 -2  C oupling  Between Normal M odes

The coupled  system  of Eqs. (4 -53) may be rew ritten  keep ing  only 

tim e d e riv a tiv e s  by assum ing  a s p a tia l v a ria tio n  of the  form ex p . ( - i  k z ).

W e rew rite  E qs. (4 -53) a s

1 V ^ M k ^ ' v n t )  (4 -124a)
i t

-  t i  tV*»u + U)^ h ± t  ~  ^  t  (4-124b)

( t * t  + K + 'j- - i  J L -  £ t  (4-124C)

1 - J -L - .V -+  (4-124d)

In a m anner an a lo g o u s to  Section  4 .2 - 3 ,  we may rew rite  E qs. (4 -124) u sing  

the  d e fin itio n s  of the  normal mode am plitudes a j^ + and  a ^  , E qs. (4-108) 

and (4 -1 1 6 ), re s p e c tiv e ly . The re s u lt  is

^  = iU)Mt <Lm± * (eom i. -  t 'H j ]  UV (4 -125a)

-  i  U)£ t  K * )]0*  + (4-125b)
b t  "  J J f t  L J

W e may e x p re ss  v+ and m*. in  term s of the uncoupled  am plitudes a ^ + and  

a M+ * d e riv a tio n  in v o lv es  some a lg e b ra ic  m an ipu la tion  w hich  is  in -  

e lu d ed  in  Appendix C . The re su lta n t coup led  mode eq u a tio n s  in  tim e 

dom ain are th en  w ritten  as:



b d e .*
b t

-  ^ £ + + L <1,^ d-fA -t
Mr

-  ^ ^  n \-

b k
-  C -  <*-2 i  < C

h i . £

b jr
= .  LOO*<L*C- £ - + 6 ^ J z

t *
— L<k-

34- M'

b a £ i
b kr

*- Mr- 

= - C% -  «**-
-  c ( L .

4 1
-  6- <5* 4 , 1

4 3

w here

- t t

X

d L -  l  \  *  A  < * ? /'<{- / a  1 6>2»toj,.\»/ t ^ cv y

r * T A  v 7

d a i r
6>(i)' «+

( » E. a y - < ^ V  £ ) *

A  -  A  ( 0*0. 0* % £ . )
*•-> <*J (., - .■) t  4>, \i*rl.'V  w -  a/,1- + * c —S-) r  <«E_ y

dL = <£ - < & *-)
3*  '*  ( • W * -  v  * / * , )

(4-126a)

(4-126b)

(4-126c)

(4-126d)

(4-127a)

(4-127b)

(4-127c)

(4-127d)

(4-127e)
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< i3A -  ^  ( 4 . 127f)
iras - toe* * w  )

d Al -  <£,. I (4-127g)
41 *f / v,-v*i-

^  C (4-127h)

V  /

and  w here

*4=  ^  (4-128a)/ -  1 ** «. n. -r -

-  (tfb + u > ^ £ j t  -  C ^  (4-128b)

^ 3 = (4-128c)

(4-128d)

C o n sidering  E qs. (4 -1 2 6 a ,b ) ,  we can  n e g le c t coupling  to  the  

s ta rre d  modes ( a ^ J  and (a E ) by show ing th a t d 14« d i 2 and th a t 

d23 «  d21. To do th is  c o n sid e r F ig . 4 -4 a , w here we have draw n the  d isp e r­

s io n  diagram s for the  LHCP a ^  mode and  the RHCP aM + m ode. W e 

no te  th a t near re so n an c e  UM|_~u0 -  4 u  i w h ile  W|^j_->^cj0 . From 

Eq. (4 -12  7b) we w rite



£-

FIG. 4 -4  D isp ersio n  d iagram s of (a) m agnetic  m o d es , E q .(4-111) 

(b) tra n sv e rse  e le c tr ic  m o d es, Eq. (4 -1 1 9c).
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d „  _ (4-129)

Since from Eq. (4 -111) we have

K -

OXp̂  /v/

+  1 ~ f  / ^  « u  1
L ^V"V)J [ -awJ

then  Eq. (4-129) i s  w ritten  a s

/ , .  * V ,J )
,  k “>> ' V Afc> /  (4-130)

Assuming synchronism  be tw een  the a j^ + and a j^  in  the re so n an t reg io n , 

then  ks (u)Q +wc) / v o z . Also assum ing  th a t Uit~ u2 ~  u Q ( i . e . , we

n eg lec t the sm all ex change  term  uj a2 ke2 ) we may w rite  Eq. (4-130) as
6 X  S

<£/+ _ Vox Vm (4-131)
A. C

Since (vQZ/C ) «  1 and wm is  of the  order of m agnitude of uQ and  uc ,

then  d14 «  d12. To show th a t d23«  d 21 we w rite  Eq. (4-127d) a s

K _ v  -S r)* "
(4-132)

N ear k = ks , the a£+ m odes follow  their a sy m p to tic  behav ior (s e e  F ig .4 -4 b )
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UE+ " ks v oz ±  wc = 0 

so  th a t we may w rite  near the  re so n an ce  uj;+ cjq -  ( a w) a t

ks C: (wG+ wc) / voz '

*  O

S ubstitu tin g  Eqs. (4 -133) in to  Eq. (4-132) we g e t 

^•<3 ^  . ( (o*y too I \ 1 / c

From th is  Eq. (4 -134a) we s e e  th a t w hen

tu„ nV- Up t (a^-nujx / C \ v  **> ^  i
*> J  dJ0 d u f \W to

th en  d23^  d21. For a g iven  s e t  of v a lu es  of p a ram e te rs , th en  E q .(‘ 

d e term ines the frequency  d e v ia tio n  (A  w):

A“ ' «  I

( ? / *

Returning to  E qs. (4 -1 2 6 a ,b ) ,  we can  th en  w rite  them a s

_  t .1 1 )  / I  -4- L /}

&it

=• 6 ^^1+ ^ 4 a i - t

(4 -133a)

(4-133b)

(4-134a)

(4-134b)

-134b)

(4 -135a)

( 4 - 1 3 5 b )



w here n ear re so n an ce  (u>m + -  u Q -  A u) and  synchronism  (wm+ 2: 

d12 and d2i are  g iven  a s

<4,a  -  — l—  &3 (4-136a)
✓ar?c

4 * ,  -  A * C ~  (4-136b)

A ssum ing tim e dependence  of the form a ^ t)  = a^O) e iu t  , w here i = E+ , M +, 

we have from E qs. (4-135)

i Out
< '(» 'a'e+) & e .J o )  e. -  d lz d L ^ J b )  e  =  O (4-137a)

' J L o u t  . . i t o t
0 *-*\ d 'z - t/o )  & + t. ( (* i-W ^ )d L MTIO)c, d  O (4 -1 3 7b)

N ontriv ia l so lu tio n  [ a^O) j- 0] of E qs. (4-137) req u ire s  the determ inan t of 

the  c o e ffic ien ts  of a^O) to  be z e ro , from w hich we w rite

( u - U £ + )  ( u  -  U j y j + )  +  d J 2  d 2 i  =  0

Solving for u w e get

N ear synchron ism  w = ws ^e+ -  wM+ — wo so  t l̂a t

60 -  <*>0 I ( 4 - 138a)

w here
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Equations(4-135) have to  be norm alized  so  th a t Aj^+ Aj^+ and  

-A j^  Ag+ re p re se n t the e n e rg ie s  s to red  in  th e  RHCP m agnetic  and 

RHCP e le c tr ic  m odes, re s p e c tiv e ly , w here we d efine  A ^ + and Aj?+ a s

A -  1 /r (4 -139a)
/V\+ -  m  ♦

=  - J —  & £  + (4-139b)
(**■

From the  e x p re ss io n  for the  to ta l energy  in  th e  RHCP m agnetic  modes 

W M+ , Eq. (4 -1 1 4 ), we se e  th a t

WM+ = AM+ AM+

w hen w e d efine

J   A J  I________
A, “  I f~ti*  -«»*) (.

L J_ v m^J

S im ila rly , the  to ta l energy  in  the  RHCP e le c tr ic  modes W]?t , E q .(4 -1 2 3 ), 

i s  g iv en  a s

WE+ = -  aE+ aE+

w hen w e d efine

h <  [ - <  ♦ * « .< « * ♦ -* * » *  « o :i ( 4 _ u o b )

(4-140a)

I t  is  w orth  noting a t th is  po in t th a t the av erage  energy  d e n s ity  co n ta in ed  in  

th e  m agnetic  modes Wj^j+ , Eq. (4 -1 1 4 ), i s  p o s itiv e  for bo th  p o la r iz a tio n s ,
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rig h t handed  (+) and le f t  handed ( - ) .  On the o ther h an d , the av erag e  

energy  d e n s ity  co n ta in ed  in  the  tra n sv e rse  e le c tr ic  m odes Wg+ , E q .(4 -1 2 3 ), 

is  n eg a tiv e  for rig h t handed  p o la riza tio n  (+) and p o s itiv e  for le f t  handed 

p o la riz a tio n  ( - ) .  The s ig n  of Wg+ in  Eq. (4-123) is  de term ined  by the  sign  

of the  b rack e ted  qu an tity  in  i ts  num erator. Let us define  Q+ a s  th a t 

b ra c k e te d  q u a n tity , w ritten  a s

(4-141a)

Q  i  ( « ^ e .  -  (4-141b)

It i s  e a s y  to  show  th a t Q+ > 0 n ear synchron ism  b e tw een  the  m agnetic  and 

e le c tr ic  m odes. N ear synchron ism  Wg+ — and ks — (ug+ + u c ) / v oz • 

E quation (4 -141a) can  be w ritten  a s

-  -  <  +  O Jj +

-  +  (*>1 t  ^  0>A(U^ >  O

Equation (4-141b) can  be w ritten  a s

= [ » M i *«. + ̂  - [ + Ma a£]

= ( " « > + > o

H ence a M +' a M_ anci a E are p o s itiv e -e n e rg y  carry ing  m odes w hile  

a£ + is  a n eg a tiv e -e n e rg y  carry ing  m ode.

L et us now re tu rn  to  E qs. (4-135) and rew rite  them  in  term s of our 

d e f in itio n s  for A ^ + and Ag+ . From E qs. (4 -135) and (4-139) w e have
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b ^E -f
b j t

b h
* I A * .

t  ^ 4 * . A /*+
P*

i t t W  A m+ -  L^d.\ j b i  A e .+ (4-142b)

(4-142a)

w here d 12;d2ij £ i and £ 2 are  g iven  by E qs. (4 -136) and ( 4 - 1 4 i ) ,  r e s p e c t­

iv e ly . W e could  have w ritten  E q s. (4-142 ) from the  norm alized  h e lic o n -sp in  

w ave coup led  mode eq u a tio n s  in  s p a tia l  dom ain , E qs. (4 -9 0 ) , by m ultip ly ­

ing  the  coupling  term s in  E qs. (4 -90) by the  group v e lo c ity  of e a c h  m ode. 

Prom E qs. (4-90) and  (4-106) we have

and m agnetic  m o d es, re s p e c tiv e ly . A ssum ing a tim e v a ria tio n  of the form

w here v g ^  an(* v 9 m + are  *ke group v e lo c it ie s  of the  tra n sv e rse  e le c tr ic

Aj(t) = Ai(0) e lu)t , w here i = E+, M +, we may w rite  from so lu tio n  of Eqs* 

(4 -1 4 2 ) near synchronism  (ue+ -  WM + -  uo)

(4-144)

w hile  from so lu tio n  of E qs. (4 -1 4 3 ) near synchronism

(4-145)

Let us show  th a t

(4-146)



170

N ear synch ro n ism , the  tra n sv e rse  RHCP e le c tr ic  m odes have an  approxim ate 

d isp e rs io n  re la tio n  w ritten  a s

u -  k vQZ + wc = 0

from w hich  we g e t

VZ- = —— = C ,. (4-147a)

The d isp e rs io n  eq u a tio n  for the  RHCP m agnetic  modes is  g iven  by E q .(4 -13) 

a s

-  a r f  i *  - J Os - 1  ^  o  L J
Im p lic it d iffe ren tia tio n  y ie ld s

C & a -u ))7- ' (W0-u>) J
from w hich  we g e t

y -  _  -  A f t  £

W i  *  - 2 = 9 “)

n ear re so n an c e  u ws -  u Q -  a u .  Assum ing (um/  a u ) '> >  1 we w rite

t n  ~  (4 _ 147b)
9 + «>~ V 0 S J

U sing th e  e x p re ss io n s  for C 12 and  C21 from E qs. (4-80) w e w rite , w ith  the 

a id  of E qs. (4 -1 4 7 )

i r  t T e c  < V * * »  )
l E + g * .  1441- ^  ^  '
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This e x p re ss io n  Is  Id e n tic a l to  d 12d21 a s  w ritten  In  Eq. (4-138b) i f  we
u a2 k2» , ex  a  u

reco g n ize  th a t idj = uQ + a 2 kz = wf t( l  + ----- ;----- ) -  u0 ( l  + •) Clw CA w UJq w (Jq
U)e “ Wq

wQ(l  + —- — ). S olu tion  of E q s . (4 -1 4  ) or (4 -1 4  ) are th u s  proven to

y ie ld  the  sam e re s u lt  n ea r the synchronous reg io n  of In te re s t .  If w e define 

11? | to  be the  tim e grow th r a te  \J  d12d2i '  and  | P | to  be the s p a tia l  

grow th ra te  \ J  C i2C2i '  we th e n  can  w rite
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CHAPTER 5 NONLINEAR INTERACTIONS IN FERROMAGNETIC

SEMICONDUCTORS

5 . 1 I n t r o d u c t i o n

In C h ap ter 2 we s tu d ied  the lin ea r e lec tro m ag n e tic  re sp o n se  of a 

ferrom agnetic  sem iconductor to  ex te rn a l e x c ita tio n s . We acco m p lish ed  

th is  even  though , b a s ic a l ly , the  eq u a tio n s  governing w ave p ropagation  in  

the  medium are  n o n linear m athem atica l eq u a tio n s  invo lv ing  su ch  term s a s  

v x  B in  Eq. (2 -2 2 f) , v in  Eq. (2—22 j) or M x H  in  Eq. (2 -5 ) . In the 

a n a ly s is  of C hap ter 2 , fie ld  q u a n titie s  Aj w ere w ritten  a s  the sum of a 

d . c .  (or equilibrium ) part A^°^ and a n a . c .  (or fluc tua ting ) p a rt Aj. U se 

of the  sm all s ig n a l a ssu m p tio n

K \  «  I a H  (s-1)
'

th en  allow ed  us  to  w rite  Â  a s  a f ir s t  order term

A -  ~  A '  ( 5 - 2 )

* (2) * (1) * (1) and  to  n eg lec t h igher order term s su ch  a s  A^v -  Aj x  \  . This pro­

cedure  re su lte d  in  the  l in e a r iz a tio n  of the b a s ic  eq u a tio n s  and the s u b s e ­

q u en t c h a ra c te r iz a tio n  of the  medium by p erm ittiv ity  and perm eab ility  te n so rs  

/ / £( u, k) K and  (to,k)/I , re sp e c tiv e ly .

There a re  in s ta n c e s ,  how ever, w hen th is  lin e a riz a tio n  o f the  problem  

is  no t v a lid . For ex am p le , w e may ex c ite  the  spec im en  w ith  la rg e  am plitude 

f ie ld s  such  th a t the  sm all s ig n a l approxim ation  of Eq. (5 -1 ) is  no longer 

c o rre c t. If we w rite  the  fie ld  q u an tity  Ai as
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(5 -3)
i\-1

th en  w hen Eq. (5 -1 ) is  not s a t is f ie d  we may have to  co n sid e r p rev iously

may s t i l l  be a v a lid  a ssu m p tio n , bu t w e may h a v e , from E q .(5 -3 ) , th a t

m eaning th a t the  lin e a r  in te ra c tio n  may be w eaker th an  the  seco n d  order 

e ffe c t in  c e r ta in  reg io n s  of in te r e s t ,  ev en  a t  lo w -le v e l e x c ita tio n . Such 

may be the  c a se  for © = 0° -  sp in  w a v e /c a rr ie r  w ave in te ra c tio n s  far 

aw ay in  w-k sp a c e  from th o se  reg io n s  w here the a c tiv e  lin e a r  in te ra c tio n  

of S ec . 2 .4  is  ^strong [ 5-11] . In bo th  of th e se  in s ta n c e s ,  lin e a r iz a tio n  of 

Eqs. (2 -22) and  (2 -75) may prove to  y ie ld  in co rrec t r e s u l t s .  It is  th is  

p rob lem , th e n , w hich  we sh a ll  tre a t  in  th is  c h ap te r , n am ely , the  so lu tio n  

of the  b a s ic a l ly  n o n lin ear eq u a tio n s  (2 -22) and (2-75) d e sc rib in g  © = 0° -  

sp in  w a v e /c a rr ie r  w ave in te ra c tio n s  in  p -ty p e  ferrom agnetic  sem iconducto rs 

As may be s u s p e c te d , th e se  n o n lin ea r eq u atio n s  (2 -22) and (2-75) 

le a d  to  an  in fin ite  h ie ra rch y  of d iffe re n tia l e q u a tio n s . C o n sid er for exam ple 

E qs. (2 -2 2 ). From Eq. (2 -22a) we w r ite , to  f ir s t  o rd er,

n eg lec te d  term s su ch  a s  A^2  ̂ = A j^  A j.^ . On the  o ther hand E q .(5—1)

(5-4)

(5 -5a)

S ince from Eqs. (2 -2 2 b ,c )  we have
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th en  su b s titu tio n  of Eq. (5~5b) in to  Eq. (2 -22b) g iv es  the seco n d  order 

co rrec tio n  to  the  e le c tr ic  fie ld :

- > . £ [ - / ' V " ]  (5 . 5c)

From Eq. (2 -2 2 g ), n eg lec tin g  c o llis io n s  ^  , d rift v ^  and d iffu sio n  Vq, 

we w rite  the  seco n d  order co rrec tio n  to  the v e lo c ity  v as

^  =  <5 - 5d >
0 >t

and from Eq. (2 -2 2 a) a g a in , we w rite  the  seco n d  order co rrec tio n  to  the 

m agnetic  fie ld  H a s

\ 7 X 7 X  5 ^  ^  €b/i0 J>('} t r 0 ’̂  (5-5e)N
-

b*
But now the e le c tr ic  fie ld  has a th ird  order co rrec tio n  g iv e n 'a s

w hile  the  m agnetic  fie ld  has the th ird  order co rrec tio n

^  =  -  f (>) v- ^  v  A £_  (5-5g)
'  b f r

and th e  v e lo c ity  has the  th ird  order co rrec tio n

.  7 *  > H V  ( 5 . 5 h )

ht

The p ro c e ss  may be re p e a te d  ad in fin itum . H ow ever, if  one is  to  so lve 

E qs. (5 -5 ) , the  s e r ie s  g iven  by Eq. (5-3) m ust be tru n c a ted . In  the

a n a ly s is  to  fo llow , we w ill be co ncerned  only  w ith  second  order n o n lin ea r­

i t ie s :  the  in fin ite  s e r ie s  of Eq. (5-3) w ill be tru n ca ted  a t  n = 2 so  th a t
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fie ld  q u a n titie s  w ill be g iven  as

Ac = A I** + ° < ,A l0) •+ (5-6)

The tru n ca tio n  a t  n = 2 is  eq u iv a len t to  d ea lin g  w ith  th ree  frequency

param etric  p ro c e sse s  [5 -1 ] , in w hich the  f ie ld s  are expanded abou t a

la rg e -am p litu d e  "pump" fie ld  [ 5 - 2 ] .  This p ro ced u re , how ever w idely

u sed  in the  s tu d y  of n o n lin ear [5 -3 , 5 -4 ] and param etric  in te ra c tio n s

[5 -5  to  5 -9 ] in s o l id s ,  is  only va lid  if the s ig n a l le v e ls  a re  not too  la rg e

nor the  n o n lin e a ritie s  too s tro n g . It a s su m e s , in fa c t , a "w eak" n o n lin ear
-1 ( 2)

e ffe c t . The o b je c t , th e n , is  to  ex p re ss  seco n d  order term s Aj a s  the
^ (j)

(dot or c ro ss) p roduct of two f ir s t  order lin e a r term s Aj . W e s h a ll be 

concerned  w ith  0 = O °-sp in  w a v e /c a rr ie r  w ave n o n lin ear in te ra c tio n s  in 

w hich  the d ire c tio n  of ap p lied  m agnetic  f ie ld , c a rrie r d rift v e lo c ity  and 

w ave p ropagation  are  a long  the +Z d ire c tio n . As we sh a ll s e e ,  by c a s t ­

ing the  n o n lin ear eq u a tio n s  governing w ave p ropagation  in the medium in 

a coup led -no rm al mode form we make no t only th e ir  so lu tio n  am en ab le , but 

the p h y sica l in te rp re ta tio n  of the  re s u lts  tra n sp a re n t. The tim e dom ain 

normal mode form ulation  w ill be follow ed s in c e  th is  perm its e a s i ly  the 

in c lu s io n  of exchange  e ffe c ts  in to  th e  norm al mode d e f in itio n s . The 

re s u lts  thus d e riv ed  can  be read ily  e x ten d e d , by v irtue  of E q .(4 -1 0 6 ), to  

cover growth is  s p a c e ,  if  so  d e s ire d . In S ec tio n  5 .2  w e p re sen t the  non­

lin e a r d iffe ren tia l E qs. (2 -22) and (2 -7 5 ) , and rew rite  them  in term s of the  

w ave p o la riza tio n s  of the va rio u s  m odes supported  in the medium for the 

c a s e  a t  h an d , 0 = 0 ° .  In S ec tio n  5 .3  w e c a s t  th e se  eq u atio n s  in  normal
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mode form and d erive  coupling  c o e ff ic ie n ts . In S ec tion  5 .4  w e iso la te  

p o ss ib le  n o n linear in te ra c t io n s , w hile  in  S ec tion  5 .5  we s tu d y  the 

so lu tio n  to  p a rtic u la r  in te ra c t io n s . This sy s te m a tic  approach  is  r e ­

qu ired  in v iew  of our assu m p tio n  th a t only any th ree  modes may in te ra c t 

a t a tim e , ou t of the  s ix  d iffe ren t modes supported  in the medium:

a M+ '  a E+ and aZf , s  ’
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5 . 2  B a s i c  N o n l i n e a r  E q u a t i o n s

C o n sid e r a p -ty p e  ferrom agnetic  sem iconducto r m agnetized  to  s a tu ­

ra tio n  in  the  + z d irec tio n  by th e  a p p lic a tio n  of an  ex tern a l m agnetic  fie ld  

/U0 Hoz , w here the  h o le s  are d rifting  p a ra lle l to  the  d irec tio n  of w ave p ro - 

pag a tio n  k , a ls o  a long  the  + z  d ire c tio n . See P ig . 5 -1 . The eq u a tio n  of 

m otion of the  c a r r ie rs , Eq. (2 -2 2 g ), n eg lec tin g  d iffu sio n  v 0 , i s  w ritten  a s

w here

Also

w here

so  th a t

B *  t  13^2 + ( S A i -+6ar' ) i

(5-7)

Xr -  -*■ + V l )  & (5—8a)

£ = * = > » *  + 5 * 1 (5—8b)

(5-8c)

+ k - ( - A0 + ' m )  (5 -9a)

j\ = (5—9b)

=. -+■ ^ 1- i  (5 -9c)

M0 -  M#it 5fc (5-9d)

A, -  h *  £  (5 -9e)

^ O i  = / o  ( ^ 0 2 +  (5-9f)
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FIG. 5-1 C oord inate  sy stem  and d ire c tio n s  of hole d rift
a

e x te rn a l m agnetic  fie ld  f a  HQ, sa tu ra tio n  m agnet!' 

z a tlo n  M0 , and w ave p ropagation  k .
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In ad d itio n  = e / mh ' w^ere  mh *s t îe e ^ e c t^ve m ass and 

is  the  hole c o llis io n  frequency . C onsider the term  (v • V ) v  . By 

a ssu m in g  a sp ace  v a ria tio n  of the  form ex p . ( - i k z )  we w rite

(  >  • V) -

+ |V6 l + v t ) =  - i ^ k  (*>*->■

so  th a t

(ir . V) \r =

. [ ( ' W’'.)*}')-} * [(».*-nri ),rii K  (5_10)

C o n sid e r the  term v  * B . W e w rite

U-*B = jV,{ v [ B,1 ♦ 3 ^  + ( S . ^ S j i ]

-  ( v 3  S . *  - e 3  r  v 3  Bj >  -  ^  B 3 )  X

■+ K V 1'*

+  (5-11)

W riting  Eq. (5-7) in  com ponent form , w ith  the  a id  of E qs. (5 -1 0 ) .and  (5 -1 1 ) , 

w e get

(5 -12a)

( 5 " 1 2 b )

' “A  <5- 12o>
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Let us w rite  Eqs. (5 -12) in  term s of the  c irc u la r ly  p o la rized  modes 

A+ =  Ax.+ iA y . We have th a t s in ce

( E

(E

we w rite  th e  l a s t  term  o f the  rig h t hand s id e  of Eq. (5 -12c) a s

1

[u; b+- ■wvs.-t *-4] ^  ̂  ̂  - i/: v  v_ ̂
•*

-  2 V +6. +  * « L 6 ^  ^  i L  (  ^  6  -  &C. (5

H ence E qs. (5-12) a re  w ritte n , w ith  the  a id  of E qs. (5 -1 3 ) , a s

i f j -  ^ e ,  -  r  i  * ‘Y M . - t O  (5

Note th a t th e  la s t  tw o term s on the  rig h t hand s id e  o f E q s. (5 -14) are  

seco n d  order n o n lin ear te rm s.

- 1 3 a )

-13b)

-1 3 c)

-14a)

-14b)

- 1 4 c )
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The eq u atio n  of m otion of the  m ag n e tiza tio n , Eq. (2 -7 5 ) , a ssum ing  

Bloch re la x a tio n  te rm s , is  g iv en  a s

- S o l t i  ^ M
dJt

dUr

(5 -15a)

(5-15b)

w here

and  h and Hq are  g iven  by E qs. (5-4b) and (5 -9 e ) . C o n sid e r the  term  

M *  Hg. Assum ing a sp ace  v a ria tio n  of the form exp  ( - i k z ) ,  w e w rite

M  x ff c  -

/v
*

or

M x l  - ( -  *•» V  A V  k z )  *

-I*- (*y' * ^ ̂  ^ x )  2 (5-16)

W e may th en  w rite  E q s . (5 -15) in  com ponent form a s
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Y _  x
— -=■ ^  - > , Iii ( ^  ( 5 - 17a)

^  + *<*£'*'’'> * » -^ y S t l r l  h i K c - ^ S )  ( 5“ 17b>

“ > L t '" ,a - / * o M  (5-17c)

w here  uQ/ wm and wex w ere defined  by E q s . (2 -81) a s

wo = A W  ^ o z

wm = A I  ^  ^ o z

_ I y I Mo z A
uex  ~ -.2a

Let u s  In troduce  c ircu la rly  p o la rized  v a ria b le s  A+ = Ax  +_ iA y . From 

Eq. (5 -13) w e can  w rite

(mx hy -  ny hx) = j  (m+ h_ -  m_ h +) 

so  th a t E qs. (5 -17) are now w ritten  as

; ( v  - ; w ^ k + - ^ . I r i a ^ - ^ k . - )  (5-18a)

0 -► C cu ^k_  -£ /* » /* / -  *» K J ( 5 - 18b)

(5-18c)

_

b k
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If we a ssu m e the spec im en  m agnetized  to  s a tu ra tio n , then  

so  th a t from Eq. (5 -18c) we have

0<v\ -  -  V *  l*L_ (n* i - w . L )  (5 -19a)
*

Since 7 .  B = -/« 0 k(hz + mz) = 0 th en  we have

~ (5-19b)

Equations (5-18) are th e n  w ritten  w ith  the a id  of (5-19) a s

-  i  (U)b+ U)h <1:£+ i  L o^

-  k  k- " ^ +) + a o  (5-20a)

= i  ( - « V  LV j ) '* -  + L * L  K
*

-H A ^ —  - *V*_k+') (w _  -t- k_) (5 -2 Ob)

W e note th a t th e  n o n lin ear term s of Eqs. (5 -20) are  o f th ird  order.

M ax w ell's  eq u a tio n s  in  the p re sen ce  of charge carrie rs  and 

m agnetiza tion  are  g iven  a s

V* E - - M a ~ r  ( k  + ) (5 -21a)
'  b it

V>c« :  J  + E.6 - 4 ^ -  (5-21b)
1 die

V.E = ^  (5-21c)
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/AaV . (k-*- ' & ) - € > (5-21d)

and  the  co n tin u ity  eq u a tio n  is  w ritten  as

V . J . ^ = o (5 -22a)

w here

(5-22b)

Assum ing a sp a tia l  v a ria tio n  ex p . - i k z  and in troducing  c ircu la rly  po la rized  

v a ria b le s  A+ = Ax + iAy , we rew rite  Eqs. (5 -2 1 ) , w ith  the  a id  o f E qs. 

(5 -2 2 ) , as

W e note th a t the  l a s t  term on the r ig h t hand s id e  o f E q s. (5 -2 3 c ,d  and e) 

a re  n o n linear seco n d  order te rm s.

We have now the  com plete s e t  of seco n d  order e q u a tio n s , Eqs. 

(5 -1 4 ) , (5-20) and  (5 -2 3 ). The m ethod of so lu tio n  fo llow s d ire c tly  from 

th e  coupled  mode theory  of C hap ter 4.

(5-23a)

^  E -  = A  (/"L + h j ) (5-23b)

(5-23e)

(5-23c)

(5-23d)
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5 . 3  N o n l i n e a r  ( o r  p a r a m e t r i c )  c o u p l e d  m o d e  e q u a t i o n s

Our o b jec t is  to  e x p re ss  the second  order q u a n titie s  of E q s .(5 -1 4 ) ,

(5 -20) and  (5-23) in  term s of the f ir s t  order q u a n titie s  of the lin e a r p rob lem s.

In S ec tio n  4 .3  we derived  the tim e dom ain norm al mode am plitudes of the

uncoup led  lin e a r problem . Let the  sp ac e  v a ria tio n  of the  J**1 mode be

e x p . - i k j Z  , w here j = EL+. , m+, z^ . Then for the  is o la te d  sem ico n d u c t- 
J — ~  s

ing  su b sy s tem  (m +?0), n eg lec tin g  n o n lin e a r i t ie s , E qs. (5-14) and (5-23) 

w ere  rew ritten  a s

(5-24a)
b k

-  C eOf. d c  (5-24b)
b i r  ~ ~

(5 -24C )

0(0 dL. (5-24d)

w here

b k  ~ *A

(J.e +  -  v  -L& & A . (5 -25a)

-  V  -  * £ *  E_ -r- h  (5-25b)
^  ^E-

d  i f f , -  i - ^ -  a .  E, (5-25o)

o

= %  *  ± ¥ l - "<• e i  <s - 25d>A

an d  w here
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01

(5 -26a)

(5-26b)

(5-26c)

(5-26d)

-- « -  vh ) 'h  - a * / *

UE+ ' WE / Wz f  and wz s  sa tis fy in g  d isp e rs io n  relations? g iv en  as?

«VL( ^ £i  '  4 e+V0̂c u t
to.

'fit
-  O

U).
* i , A  =  ^ , A  t  « -  *■ i H , /

(5 -27a)

(5 -2  7b)

For the  iso la ted  ferrom agnetic  su b sy s tem  (v+ , vz =0) the lin e a riz e d  

form o f E qs. (5-20) and (5 -23) w ere rew ritten  in  S ection  4 .3  in  term s of 

tim e-dom ain  normal mode am plitudes a s

ba.,
6 k.

^ W#\+

b k

(5 -28a)

(5-28b)

w here

-  On
d>. A

(5 -29a)

(5-29b)
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and w here

U J.-W o -<■ + i

and w here u . ,  and to s a t is fy  d isp e rs io n  re la tio n s  
M+ M -

(5-30a)

(5-30b)

I t
OIL4VS

-  O (5-31)

In order to  c a lc u la te  the  non linear coupling  be tw een  th e se  s ix

m odes a ^  , a ^ j+ and a „ f , we c o n sid e r the  non linear eq u a tio n s  (5 -1 4 ), 
— — s

(5-20) and (5 -2 3 ). For the  RHCP a ^  mode we have th a t the  non linear 

con trib u tio n  from the  e q u a tio n , Eq. (5 -1 4 a ) , is

- I r L  =  +
(5-32)

V, t-r “  T  i c  ' ’’/
tlMEAfl.

w hile  the  n o n lin ear con tribu tion  from the  cu rl h+ e q u a tio n , Eq. (5 -2 3 c ) , is

(5-33)

S ince a ^  v+ w hile  a ^  — I  E+ w e w rite  th a t

i .% ) :
i S L *  ^  6 t ' a -L-

A b k ^  A)u

H ence we w rite  for the  RHCP aj^_ mode
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b t
b t

f t
r V * -

(5 -34a)

S im ilar c o n s id e ra tio n s  a llow  us to  w rite  the rem ain ing  s e t  of non linear 

eq u a tio n s  a s

Cu)e-&£- ~ 8  + £^V_ (5-34b)

- c C Q ^d .^  -  c  ̂  tr?u-4 + - £  ( u ; C - tc 8 * ) <- (5 - 3 4 c)

' ^ - CuJ* a-* 4 = Ch A 'riVi * f h C - v- 5- )  ~  (5-34d)

- ^ ± 1  - i t o  A „ + _ -  ( * v C -  + L+) (5 -34e)
b *

_  Lu) -  S ' l * 1—  (4»^ h * -  ^ _ h * ) ( Â  * i  ) (5-34f)

In g e n e ra l, E qs.(5 -34) shou ld  co n ta in  term s e x p re ss in g  the  lin e a r  

coupling  betw een  the  tra n sv e rse  e le c tr ic  and m agnetic  m odes, a ^  and 

a M+ • r e s p e c tiv e ly , a s  in  E qs. (4 -1 2 6 ). T hese term s are ignored  in  th is  

a n a ly s is  b ecau se  the  l in e a r  6=  0 ° -s p in  w a v e /h e lic o n  w ave in te ra c tio n s
j*

a re  w eak  w hen the  e x te rn a l m agnetic  f ie ld  ^  H0 , or the  ca rrie r d rift 

v e lo c ity  v Q ,a re  a d ju s ted  to  a llow  in te ra c tio n s  by the  p ro cess  we are co n ­
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sid e rin g . To properly e x p re ss  th e  coupling  betw een  the  v a rio u s  m o d es, the 

q u a n titie s  v+ , Ef , B+ , h+ *, m*. , v 2 and Ez in  the n on linear term s

of Eq. (5 -34) are e lim in a ted  by m eans of our lin e a r  re la tio n sh ip s  betw een  

th e se  q u a n titie s  and the  normal m odes, Eqs. (5-25) and (5 -2 9 ). This 

invo lves ra th e r len g th y  a lg eb ra ic  m anipu lations w hich  are o u tlin ed  in  

Appendix E. We point o u t, in  a d d itio n , th a t s in ce  we are in te re s te d  in  

second  order n o n lin e a r it ie s , the th ird  order non linear term s of E q s .(5 -3 4 e ,f )  

are n eg lec te d . W e now sum m arize the  coupled mode equ atio n s  for n o n lin ear 

0 = 0 ° -s p in  w a v e /c a rr ie r  w ave in te ra c tio n s  in  p -ty p e  ferrom agnetic  

sem ico n d u c to rs .
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b t
— iu b . + -1, c i3 A£ -

C'H *■***£--* *>S4 ^ 4 B4 + *»«►**»

ca. a.* + c £, &*
17 *A E- I? 2* A- ( 5-35a)

^ 7 ; -  —  ^ ^ e -  < * - g -  "  C o?V ^ ^ C - r  +  +  C j *  * * f
i t

*  c*4 4 2 f  ^M - * C* 5 ^ 2 4 .^ 5 +  + C*fe4 2A <l* +  (5 -3 5 b )

+ Col7 ^/4 . ^ E -  * ^ h -

V l*fr * i*

b*r

+ c34afit<t*- f  c3? *e+ am+ + S<.*e- ^ * t

•*■  ̂ *
'*‘c'37 **E- *̂V»-

*3/0 *e- A-*_ +CjU •+ f i l l ' S f  * £ 4

(5-35c)

ĉ *-,■2A _ i  u \ A &-te  -  <4i«-6C4 e* + Ae -  *■**

-* C4 4 ^ e+ 4 M- ■*C4S4 '6 + <t* + '+ C4U

tf * *- /■ A * *
47 ^g- d.^-* 41 *£♦-v C

_ f  £ ^"n- ■’'
4/0 "

»<fr
A4 _

C4ll ^ 2 A *  C4 l t ^ i f 4 2-4

_ <:#>*. < t * .  = 0
*fc

(5-35d)

(5-35e)

(5-35f)
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*“i*5 -  *'
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• I  K ,  J
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5 . 4  P o s s i b l e  P a r a m e t r i c  I n t e r a c t i o n s  a n d  F r e q u e n c y

C o n v e r s i o n

We have so  far form ulated  the  problem  of 0 = O °-sp in  w a v e /c a rr ie r

w ave non linear in te ra c tio n s  in  p -ty p e  ferrom agnetic  sem iconducto rs in  term s

of the  norm al modes of the uncoupled  sy s te m . A gain, the n o n lin ea ritie s

a r is e  b e ca u se  of the n o n linear na tu re  of term s su ch  a s  v  x B or M * He

in  the  eq u a tio n  governing w ave p ropagation  in  the  m edium , E qs, (2 -22) and

(2 -7 5 ) . The medium supports s ix  is o la te d  norm al m odes: two tra n sv e rse

e le c tr ic  ( a r  ) ,  tw o lo n g itu d in a l e le c tr ic  (a_f ) and tw o tra n sv e rse  m agnetic  
— s

m odes ( a y +) . In the  com posite  sy s te m , the n o n lin e a ritie s  p re sen t couple 

a ll  s ix  modes in  the m anner d e sc r ib e d  ( to  seco n d  order) by E qs. (5 -3 5 ).

It is  in  the broad sen se  th a t the  term  "param etric"  is  u sed  h e re , nam ely , to  

d e sc rib e  the  coupling  w hich  o c c u r s , b e c a u se  of the  n o n lin e a ritie s  in  our 

d iffe ren tia l e q u a tio n s , be tw een  a num ber of running w av es  a t  d iffe ren t 

f re q u e n c ie s . These normal m odes or w aves may be s im u ltan eo u sly  dam ped 

or a tte n u a te d  by lo s s e s  in  the  sy stem  ( or ) bu t the  lo s s e s  them ­

se lv e s  are  assum ed  to be l in e a r .

The m ethod of so lu tio n  of E qs. (5 -35) to  be follow ed here is  b a sed  

upon the  assu m p tio n  th a t our p a ram etric  sy stem  h as  a H am iltonian w hich  

can  be e x p re ssed  in  a pow er s e r ie s  of the  normal mode am p litu d es .

A lthough th is  approach  h as  no t been  fo llow ed e x a c tly  in  the p a s t ,  the  

g en era l approach  c e rta in ly  h as  s u b s ta n tia l  a n te c e d e n ts  [ 5-10 to  5-15], Let 

us th en  assum e th a t the H am iltonian  for our param etric  sy stem  can  be
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w ritten  a s  a pow er s e r ie s  in  the  normal mode a m p litu d es , in  the form [5 -1 ]

w here the  a^, a j ,  and ar are  the  am plitudes of the  normal m odes o f the

m and n can  tak e  on two v a lu e s , e ith e r 0 or 1, in d ica tin g  no co n ju g atio n  or 

co n ju g a tio n , re s p e c tiv e ly .

The f ir s t sum m ation in  Eq. (5 -36) re p re se n ts  the  uncoupled  norm al 

modes of the  dynam ical sy s te m , ignoring  n o n lin e a ritie s . The second  term  

of Eq. (5 -3 6 ) , the  double sum m ation , is  in tended  to  in c lu d e  a ll  p o ss ib le  

th ird  order com binations o f a i# aj and ar . Typical term s might be

w ith  eq u a tio n s  o f m otion for the can o n ic a l co o rd ina tes  p and q w ritten  a s

« £ T o t a l .

(5-36)

v arious f re q u e n c ie s , and ( i ,  j ,  r) = E+ , M+ , Z* . The su p e rsc r ip ts  1 ,

(1 m n)
Here the  j r are  the  param etric  coupling  c o e ff ic ie n ts . From c la s s ic a l  

m echan ics [ 5-16] any co n se rv a tiv e  sy stem  having a H am iltonian <£. (P/q)«

(5 -37a)
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(5-38a)

a ls o  has a H am iltonian , a ) ,  w here a*  and a are  lin e a r tra n s ­

form ations of p and q g iven  a s

a = Ap + i B q 

*a = Ap -  i B q

w ith  a and a obeying eq u atio n s  of m otion w ritten  as

it 'b&r
(5 -39a)

^ I f * -*  ^  (5-39b)
<&T

w here A and B are  a rb itra ry  c o n s ta n ts . Com paring Eqs. (5-39) above w ith  

our is o la te d  normal mode e q u a tio n s , E qs. (5 -24) o r (5 -2 8 ), we note th a t 

the  H am iltonian  eq u atio n s  of motion for the  j**1 is o la te d  normal mode are 

w ritten

^ * 7  - I to-   (5 -40a)
d t  ~ b a f

^ —  (5-40b)
ik * bay

C o n v erse ly , g iven  the tim e d e riv a tiv e  of the j**1 m ode, we may w rite  the  

H am iltonian  o f the mode a s

(5-41)
id).-
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The to ta l H am ilton ian  is  then  g iven  a s

total
(5 -42)

In our problem  we may equate  Eq. (5-42) above w ith  Eq. (5 -3 6 ) , w here the  

various (d a j /d t )  are a s  g iven  by our coupled norm al mode e q u a tio n s ,

Eq. (5 -3 5 ). This is  v a lid  so  long a s  the la rg e s t  value of f c a |  or | c a* ( 

for any  pair of c and  a appearing  in  th e se  eq u a tio n s  is  sm all com pared 

to  any  <Jj, i . e . , so  long  a s  the  n o n lin ea ritie s  are not too  s trong  nor the 

s ig n al le v e ls  p re sen t too  la rg e  [ 5 -1 ] . T hus, the  to ta l H am iltonian  in  our 

sy stem  is  w ritten  a s

w here

(5 -44a)

(5-44b)

(5-44c)

(5-44d)
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(5 -44e)

(5-44f)

L et us w rite  the  term s in  Eq. (5 -44a) e x p lic it ly . From E qs. (5 -44a) and 

(5 -35a) we g e t

The f ir s t  term  on the r ig h t hand side  of Eq. (5 -45) re p re se n ts  the  lin ea r

o sc il la to ry  m otion of a ^  in  the ab sen ce  of any param etric  coup ling . The

rem ain ing  term s re p re se n t the param etric  coupling  of the  a E+ mode to  the

o ther m odes of the  sy s te m . C o n sid e r, for ex am p le , the  second  term  in s id e

the  sq u are  b ra c k e ts , m ultip ly ing  the  c o e ffic ien t c l2. S ince  a z  ̂ v a rie s  as
*-

ex p . ( i u z j t ) ,  a ^ j+ v a rie s  a s  exp . ( iu j^ +t) and  a ^  v a rie s  a s  

ex p . (-iu)£+t) ,  then  the  en tire  term v a rie s  a s

In a lo s s le s s  or a s lig h tly  lo s s y  sy stem , the  to ta l energy  of the system

i(u z f + u M+ - u E+)t
e
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rem ains c o n s ta n t. This m eans th a t the  H am iltonian  m ust be tim e in v a ria n t, 

or d . c . , from w hich  we w rite  th a t

-  °  <5- 46>

Sim ilar co n sid e ra tio n s  for the rem ain ing  term s of Eq. (5-45) force us to  

w rite  the  follow ing re la tio n sh ip s  be tw een  freq u e n c ie s . For term s p ro ceed ­

ing

c i r  ^  = 0  (5-47a)

c 'z-' + ~ aJ£ i. - 0  (5 —47b)

c i2>; =  o  (5-47c)

-  0)M.  = O (5-47d)

~ =  °  (5-47e)

C/t>; Coi/L+ (5-47f)

C17: *>e- -  — O (5—47g)

CtS : (5-47h)

Only one of th e se  re la tio n sh ip s  of E qs. (5 -47) w ill hold  for a p a rticu la r 

th ree -freq u en cy  param etric  in te ra c t io n . For exam ple , if  the (RHCP) tra n s ­

v e rse  e le c tr ic  mode ag+ is  in te ra c tin g  param etrica lly  w ith  the  (LHCP) 

tra n sv e rse  m agnetic  mode a j^_  and th e  fa s t  lo n g itu d in a l e le c tr ic  mode a z f,
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only Eq. (5-47d) w ill y ie ld  the  proper frequency re la tio n  in  a lo s s le s s  co n ­

se rv a tiv e  or a s lig h tly  lo s sy  sy stem . The term  in c lu d in g  the  c o e ffic ien t 

Cu , c a lle d  the  "synch ronous" term  th en  d e sc r ib e s  the  in te ra c tio n . The 

rem ain ing  te rm s , c a lle d  "n o n sy n ch ro n o u s" , are n e g le c te d . Even i f  sy stem  

is  n e ith e r co n se rv a tiv e  nor s lig h tly  lo s s y ,  i t  w ill s t i l l  be a v a lid  m athe­

m atica l and p h y s ica l approxim ation  to  n e g lec t th e se  nonsynchronous term s 

in  the eq u a tio n s  of m otion, so  long a s  the la rg e s t  v a lu e  of |c a /  or |c a * |  

for any p a ir of c and a appearing  in  th e se  eq u a tio n s  i s  sm all. For 

s im p lic ity , how ever, we w ill assu m e in  the  follow ing th a t our system  is  

lo s s le s s  or s lig h tly  lo s s y .

By s im ila r c o n s id e ra tio n s , we may w rite  the fo llow ing frequency  

re la tio n s  for the  p a rtia l H am iltonian , Eq. (5-44b): For term s pro -t ”

ceed ing  the v a rio u s  coupling  c o e ffic ien ts  we h a v e , for

(5-48a)

(5—48b) 

(5 -48c)

(5-48d)

(5-48e)

(5-48f)

(5-48g) 

t5 -4 8 h )

c*r

c<23 r

c •<a*V» %  +

Co ir : UJtA ~ “>E + = °

W

: V  “V  - *£_ * O

C<3£ *
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S im ilarly / th e  follow ing frequency  re la tio n s  m ust hold w hen co n -

ngs id erin g  the  p a rtia l H am iltonian . W e h a v e , for term s proceed

' i f

' 3 S ’

C3 b l

C3 7 l

I t '

r

' - n o  : 

C$H '

^ 3 /z .

-  ^  o

*°E+ - ^ 44: - o

(V„ - —  (ju -  o*lf- — 0

f  -  0 U ^ - O<=+ T

-
E f  ' “"A ’" '.i f

*fe- + “ V f  - " a *  = °

- ® 6 _ -  " * +  - " » f  =■»

-« > E.  + « V  - « > M  =  o

“ f e f  ' “ V

* 4 .  - * V  '

-  UJ

Sim ilar re la tio n s  are  w ritten  from the  p a rtia l H am iltonian  %

'45k'

/  0 S3*

*v» *«V. ’ V s t

« ^ = o

5-49a)

5-49b)

5-49c)

5-49d)

5-49e)

5-49f)

5-49g)

5-49h)

5-49i)

5-49J)

5-49k)

5-491)

iS

5-50a)

5-50b)

5-50c)
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V *  (5_50d )

C+S: + t o ^  — c> (5-50e)

Cu : ^ 6 -  + * V  -  * % . - o  (5-50f)

^ 4 7 ; ' “ fe- + ~  "4/2- ~  °  (5-50g)

W  ~ “£ -  ~  ^ * A - 0  (5 -5  Oh)

V  -« fe *  -  ^  o  (5-501)

S / o J ^ 6 -  -  ^ 2  (5-50J)

S #  ; % L  + ^  = O (5—50k)

*1/2? * * (-  +  =  O  (5-501)

The p a rtia l H am ilton ians » E qs. ( 5 - 4 4 e ,f ) ,  do not con tribu te

any param etric  term s to  the  to ta l  H am iltonian  a s  e x p re sse d  by Eq. (5 -3 6 ).

As m entioned b e fo re , w hen con sid erin g  a p a rtic u la r  in te ra c t io n , we 

may ta lk  about synchronous and  nonsynchronous term s in  the  to ta l 

H am iltonian of Eq. (5 -3 6 ). F irs t w e note th a t th e re  is  no one frequency  

re la tio n sh ip  common to  E qs. (5 -4 7 , 5 -4 8 , 5-49 and  5 -5 0 ) . We m ust assum e 

th en  th a t e ither:

(a) the H am iltonian  d o es  n o t co n tribu te  any synchronous te rm s ,

so  th a t we exam ine the  synchronous co n trib u tio n s  of and ^ 6 ^  , or
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(b) the £  H am iltonian does no t co n tribu te  any  synchronous te rm s, 

so  th a t we exam ine the synchronous co n trib u tio n s  o f J ^  , ^  and  •

The frequency  re la tio n s  re su ltin g  from n eg lec tin g  e ith e r  or 3 2 .  / ln  

tu rn , a re  a lread y  co n ta in ed  in  (a) or (b) a b o v e . Follow ing (a) a b o v e , we 

o b ta in , for ex am p le , the  p o ss ib le  frequency  com binations:

( i)  From E qs. (5-47b) and  (5 -4 9 c ) ,

^  +  “ V  -  =  O

m eaning param etric  in te ra c tio n s  betw een  a 2  ̂ , a ^  and a ^  m odes. This

i s  co n sid e red  to  be a p a rticu la r synchronous co n d itio n , a ll  the o thers  now

c la s s if ie d  a s  nonsynch ronous.

(ii) From E qs. (5-47d) and (5 -49a) we have 

■+ COM. -  =  O
and  assu m e  the  above re la tio n sh ip  to  be the  synchronous cond ition  for p a ra ­

m etric  in te ra c tio n s  b e tw een  a ^ ,  a ^  and  a z  ̂ m o d es, a ll  o thers  being  

c la s s if ie d  a s  n o n sy n ch ro n o u s.

Term by term  com parison  of Eqs. (5 -4 7 , 5 -4 8 , 5 -49  and  5-50) perm its u s to  

l i s t  the  p o ss ib le  th ree  frequency  param etric  in te ra c tio n s  betw een  a ll  the 

m odes a ^  , a ^ + and a 2 f s * Table 5-1 p rov ides a summary of p o ss ib le  

0 = O °-sp in  w a v e /c a rr ie r  w ave n o n lin ea r (th ree  frequency) in te ra c tio n s  in  

ferrom agnetic  sem ico n d u c to rs , a lo n g  w ith  the  re s p e c tiv e  frequency re la tio n s . 

The coup ling  c o e ffic ien ts  p e rta in ing  to  th e se  in te ra c tio n s  w ere derived  

assu m in g  p -ty p e  co n d u ctio n . For n - ty p e  con d u ctio n  we re p la ce  £  by 

-  and  j >q by -J>0 .
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in te ra c tin g  modes in  synchronism frequency

re la tio n

coupling

c a se E+ M+ M -E- zs

M+ E+zs

'js s" wM -" wE t

M - E -

-  id.M+ E-zs

i +(d.. -id_ = 0z s  M - E-

Table 5 -1  Frequency re la tio n s  and  in te ra c tin g  m odes in  

n o n linear 0 = O °-sp in  w a v e /c a rr ie r  w ave in te ra c tio n s
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The frequency  re la tio n s  of Table 5 -1 , for a p a rtic u la r  param etric  

in te ra c tio n , m ust hold in d ep en d en tly  o f the ph ase  of the  p ropagating  w a v e s . 

C o n sid e r for exam ple c a s e  1. The p h a se s  of the  a£+ , a ^ + and a z f 

modes a re , re s p e c tiv e ly ,

= *  (5 -5 la )

0*i .  =  (5-51b)

“  ‘“ i f *  '  K (  *  <5- 61c>

The re la tio n sh ip

~~ (5-52)

m ust hold  for any a rb itra ry  v a lue  of z in  Eqs. (5 -5 1 ) . By requ iring  th a t

= ^ n +  (5-53)

we th en  s a t is fy  Eq. (5 -52) w hen

A *  = K .  ( 5 - 5 4 )

Equation (5 -54) is  the  co nd ition  on the  w ave num bers kE+, kj^+ and  kz f 

for c a s e  1 of Table 5 -1 . W e can  say  th e n , th a t w hen Eqs. (5-52) and  (5-54) 

are s a t is f ie d  s im u lta n eo u s ly , param etric  in te ra c tio n  be tw een  the  a£+ , a^ j+ 

and a z f m odes becom es p o s s ib le . In genera l for an y  s e t  o f w aves i ,  j ,  r 

w here ( i ,  j ,  r) = E f, M+ , Z* we have th a t , for cum ulative  param etric  

co u p lin g , the  w ave freq u en c ies  and w ave v e c to rs  m ust s a tis fy  the  s e t  of

eq u a tio n s

+ ^ -r -  (5 -55a)

M C -  (5-55b)
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A s e t  of v e c to rs  i s  defin ed  [5 -9 ] a s :
\  A ^

-  Z  -  4  -+ u)L CO (5 -56a)

J  = i  + I O J &  (5 56b)

r  •+
+ (5 -57  )

w here k and  u  are  un it v ec to rs  in  the k , u  p la n e . E quations (5-55) c an  th en  

be e x p re sse d  in  term s of th e se  v e c to r s ,  E qs. (5 -5 6 ) , as

f  n  3  +  R  (5 -58)

Equation (5-58) can  be so lv ed  g rap h ica lly  on the d isp e rs io n  diagram  to  find

w hat com bination  of w aves can be param etrica lly  co u p led . This i s ,  in

e f f e c t ,  eq u iv a len t to  draw ing a para lle logram  in  u -k  s p a c e . Each of th ree  

co rners of the  para lle logram  re p re se n t po in ts (u^, k j) ,  (uj ,  kj) and (uj., kr ) 

in  the  d isp e rs io n  re la tio n  for the i**1, j1*1 and r**1 m odes. The fourth 

co rner is  p laced  a t the o rig in  of the  u -k  p lo t. In F ig s . 5 -2  to  5-7 w e have 

draw n sev e ra l of th e se  p a ra lle lo g ram s, co rresponding  to  coupling  c a s e s  1,

2 , 3 , 5 , 7 and 8 of Table 5 -1 .
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FIG. 5 -2  P o ss ib le  u -k  para lle log ram  s a tis fy in g  the param etric  re la tio n s

for c a se  1 of Table 5 -1 ,  u . . ,  = u>„, - u  , and k . , ,  = k_, - k  ,M+ E+ z f M+ E+ zf
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e +

e+

-u>,

FIG. 5 -3  Paralle logram  s a tis fy in g  the param etric  re la tio n s  for c a se  2 

of Table 5 -1 ,  % _  = “ zf -  “ E+ a nd kM -  = kz f ' kE+
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FIG. 5 -4  P aralle logram  sa tis fy in g  the  param etric  re la tio n s  for c a se  3

of Table 5 -1 ,  u - ., = (*>_.-<*> and  kmjr. = k„ - kM+ E+ zs  M+ E+ zs
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E -

E -

FIG. 5 -5  Paralle logram  sa tis fy in g  the param etric  re la tio n s  for c a s e  5

of Table 5 -1 ,  u , , ,  = u  f - u p and k . , ,  = k , -  k_M+ zf  E-  M+ zf E-
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FIG. 5 -6  Paralle logram  sa tis fy in g  the param etric  re la tio n s  for c a se  7

of Table 5 -1 , u . . .  = w - u _  and k ,  = k -  kM+ z s  E- M+ z f E-
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6 -

2S

E -

FIG. 5 -7  P aralle logram  sa tis fy in g  the param etric  re la tio n s  for 
c a se  8 of Table 5 -1 ,  -  = wzs and  = k.£_ -  kzs
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5 . 5  S o l u t i o n  o f  N o n l i n e a r  E q u a t i o n s  f o r  a P a r t i c u l a r  

I n t e r a c t i o n  a n d  D e t e r m i n a t i o n  o f  G r o w t h  R a t e

W e may s tu d y  th ree  frequency  param etric  coupling  b e tw een  modes 

for any  one of the e ig h t c a s e s  of Table 5-1  by assum ing  a p a r tic u la r  sy n ch ­

ronous in te ra c t io n , and n eg lec tin g  a ll o ther ( non synchronous) te rm s . As 

an  ex am p le , c o n s id e r c a se  7 , w ith  frequency and w avenum ber re la tio n s  

g iven  a s

"W** =  <5- 59a>

= • # $ * -  <5- 59b>

The re la tio n s  of E qs. (5 -59) are  re p re se n te d  p ic to ria lly  in  th e  u -k  diagram  

of F ig . 5 -6 . N eg lec ting  a ll  non -sy n ch ro n o u s te rm s , the  co u p led  mode 

eq u a tio n s  d e sc rib in g  the  in te ra c tio n  of c a se  7 a re  w ritte n , from 

E qs. (5 -3 5 ) , a s

=• (5 -60a)

T S ^ - ^ * 3*  =  (5_60b)

== c> (5-60c)

w here c2e and  c46 are  the  coupling  c o e ffic ien ts  p rev iously  d e fin e d . In 

g e n e ra l, th e se  c o e ffic ien ts  co n ta in  term s in  (u>m+» ^M +)'  (WE+ * ^E+) an(* 

(u2 s f i  kz g j ) .  H ow ever, we w ant to  n e g lec t coupling  to  th e  a j^_  , a g | 

and a z f m odes, s in ce  param etric  in te ra c tio n s  w ith  th e se  m odes a re  assum ed  

n o n -sy n c h ro n o u s . W e m u st, th e re fo re , w rite  th e  coupled  mode e q u a tio n s .
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from E q s .  ( 5 - 3 4 ) ,  a s

u ; u :  -  i f  «s s .  *  c (  (5.6U)
>T6

^ f/ L _  i  j £ -  iT  B *  (5-61b)d , t  r ^  A

= o  (5-610

S u b stitu tio n  of v _ , B_, v z and  Ez in  term s of a g . ,  a j^ + , and a z in  

E qs. (5 -6 1 ) , and keep ing  only synchronous c ro ss  te rm s , w ill y ie ld  the 

coup led  mode eq u atio n  (5-60) w ith  c2S and  c4e in  term s of (u>m +« kM +)' 

(“ E - ' kE_) and (wz s * k2 s ) o n ly .

Let us find the  coupling  c o e ff ic ie n ts  c2S and  c4a by the  above pro­

c ed u re . From the d e fin itio n  of a j^ + , and m om entarily n eg lec tin g  lo s s e s ,  

we have

= /m  . + ^  ^  ± * z ± -  ( V ’ * * * ) . t=
+ * A  d 'A W  f

w here

w, = ^  -f 6^#* Ah-/?1* 

w hich  w e can  w rite  as

a , *  =  w  4 . .  )*  l  .  i ^ s l  e .  (5. 62)

w here % d en o tes  co n ju g a tio n .

From the  d e fin itio n  of a£_ we h a v e , tem porarily  n eg lec tin g  lo s s e s ,

<tE - = V .  h- ( * ° e - “Jp1)  /t_ (5-63)
/o  a -we-

w here
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— £Ug_ -  — ^4.

From the momentum tran sfe r e q u a tio n , a ssum ing  a . c .  v a ria tio n  of the form 

e x p . i(u g  t -  kE z )  we w rite

CO+ (U+ ~ (5-64)

From the eq u atio n  of m otion of the  m ag netiza tion  we w rite , assum ing  a . c .  

v a ria tio n  o f the  form exp . i(wM+t -  kj^+ z)

= t(D 0 '>r>+ -<■' 

w hich  may be w ritten  a s

/M« &W [
"  ~~F,— ;— Vs- K~ (5-65)

F in a lly , from the c o n s ti tu e n t re la tio n  be tw een  B_ and h_ we have

B +  = / io (*»+ (5-66)

Solving E qs. (5 -62) to  (5-66) s im u ltan eo u sly  y ie ld s , for B_ :

Wj — AJi —

£ _  -  ----- !— —---------=—  (5 - 6 7a)

and for v

ip  -  ~ (5-67b)

w here

= jU0 (l+s)(<*  -  u (5 -68a)

yUo r ( / * S )  (5-68b)

" ---------------------------------------------------------------------------- (5-68c)
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w here

-  - 2 P & S - T S o( '+ * ) + * ( * + ^ 4 ?  (5-68d)
4 t

D - ^ t / ' o T N  + C t + $ ) ( «  - i  (5 -68e)

2  =  (5 -69a)r  /.> if

r =  _ i  (5-69b)
/«o &,*

<*_ _  6 (5 -69c)

/a ± ^ £ i_  (0)f e (5-69d)
A

3 =  _**= -----*. (5 -69e)
(«*>,-<yw+)

A lso , from the d e fin itio n  of a z s , n eg lec tin g  lo s s e s ,  we have 

'2/* "  ' *  A
-  tr_  +- * ^  E£  (5-70a)

and

<JL* =  IT (5-70b)
Z  J>o e

Com bining E qs. (5 -70) we can  w rite

B ± = — £ n r  ( * * • - - * . * )  ( 5 - 7 l a )

= -T - L^'Z/O.’* * Z A  )  (5-71b)
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S u b s titu tio n  o f Eqs. (5-67) and (5-71) in to  the coup led  mode eq u a tio n s  

Eq. (5 -6 1 ) , and keep ing  synchronous term s o n ly , g iv e s  e x p re ss io n s  for the 

coup ling  c o e ff ic ie n ts  c2& and c4e as

^ a t  -  L \  UJf  7 P (5 -72a)

* Ini'- * (5-72b)

w here  N j, N3, N4 and D have been  defined  in  E q s . (5 -68) in  term s of 

(WM+ • k M +)' (WE _ ' kE_) a n d K s <  kz g) *

R eturning to  E qs. (5 -6 0 ) , we may w rite  the  param etric  coupled  mode 

e q u a tio n s  in  sp ace  dom ain [ 5-1] as

V
:  # 6 .

h i t/0. H\ *■ (5 -73a)

V

bd.
b l

*LL -+

(5-73b)

(5 -73c)

w here  v „ P , v_ and v _ w  are the  group v e lo c i t ie s  of the  ap * a and y-6-  9zs 9M+ -  z s

a M+ mocdes» r e s Pe c t iv e ly . S ince aa w as energy  s to re d , then  V g ( a a * " ) 

i s  th e  pow er flow  per u n it le n g th . Let us define  no rm alized  normal-mode 

am plitudes Aj , w here j = E -, M+, z s ,  su ch  th a t the to ta l  power flow 

c a rried  by the j4*1 mode is  g iven  as

Pj = l*,i lA ;V  (5-74)



220

The power carried  by the  RHCP aj/j+ mode can  be o b ta in e d , from 

Eq. (4 -1 1 4 ), a s

%  - u o ] j

a  l (Q ^ \
(E

The power carried  by the  LHCP ag mode can  be o b ta in ed , from E q.(4

a s

p e -  = v w £ _

(J
A I fo)£-l &£- <£g_

The power carried  by the  slow  lo n g itu d in a l mode a 2 s can  be w ritte n , 

th e  help  of Eq. (2 - 1 15d), a s

p*  = -  f V i ^  E*E* (!

w here

2 * -' i - i

»—75) 

-1 2 3 ) ,

-76)

w ith

>-77)
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W e  c a n  wr ite  Eq. ( 5 - 7 7 )  a s

P _ JL (5 -78)

From the  d e fin itio n  of a z s , Eq. (5 -70a)

(L. -  t r  2

and the  z com ponent of the  m om entum -transfer equation

( c w ^ -  c - f i ^  «■„■) %  =  \ *  e s

we can  w rite  Ez in  term s of a z a s

E  -  ^ P* ^ ^ 0 .^ 0 A-) £
[<v_ **

w h ich , w hen su b s titu te d  in  Eq. (5-78) y ie ld s  the d e s ired  e x p re ss io n  for 

the  pow er carried  by the  a z s

P . = _ !-  -L-1T «>, ~  ■PijO. TJq%)

I  a y --

X
+ -A z A  

Lu>±a  - # * 4 % ^
£ *  a>d

(5-79)

W e can  now define the  norm alized norm al mode am plitudes
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^  t t t ;  d '*>- < 5 ' 8 0 a )

v.w« )

A g_ = —I—  ll e _ (5-80b)

(*»»-)

^  =  T —  * * *  < 5 - 8 0 c )
( M

such  th a t  w hen Eqs. (5 -8 0 a ,b  and c) are s u b s titu te d  in  E qs. (5 -7 5 ) , (5-76) 

and (5 -7 9 ) , r e s p e c tiv e ly , the power carried  by the  mode is  Wj Aj Aj , 

a s  d e s ire d , w here j = M +, E - , z s .  We can  th en  w rite  the  coupled  mode 

e q u a tio n s , Eq. (5 -7 3 ) , inc lud ing  lo s s e s ,  as

AE. * i - f c E- A E_ = - £ i t -  A * .A  *
? -

*/«
d i

V *

TU
b *  '

(5 -81a)
$E— ^ 5 -

A « t  A e .  (5—81b)

A*i+ L — O  (5-81c)

w here lo s s e s  in  the sem iconducting  system  have b een  re p re se n te d  by a 

c o ll is io n  frequency  term  , and  lo s s e s  in  the  m agnetic  system  have 

b een  re p re se n te d  by a Bloch re la x a tio n  term

Let us now so lv e  the  coup led  mode e q u a tio n s  (5-81). We no te  th a t 

the  RHCP m agnetic  mode Aj^+ a c ts  as  the pump m ode, s in c e  i t  coup les 

the  LHCP e le c tr ic  mode Ar_ to  the lo n g itu d in a l e le c tr ic  mode A . The
"  Z  5

group v e lo c i t ie s  of bo th  the  Ag_ and  Az s m odes are  in  the  sam e d ire c tio n .
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but Ag_ ca rrie s  p o s itiv e  energy  w hile Ag. s c a rrie s  negative  energy  [ 5-17] ,

5 -1 8 / 5 -1 9 ] .  A ccordingly , we may have coflow  sk ew -h erm itian  param etric  

coupling  [ 5-22], and both the Ag_ and Az modes can  grow in  am plitude 

w ith  d is ta n c e . Power ga in  on e ith e r  mode is  p o ss ib le  a t  the ex p en se  of 

the  pump mode [ 5-22}. The M anley-R ow e co n se rv a tio n  re la tio n s  [5 -2 0 ,5 -2 1 ] in 

th is  c a se  may be w ritten  a s

£> f  fc -  24t) 1  -  o
> T  ( 7 e £ j  ^  J  ( 1

Pfe-to, COt^) _  (5_82b)
/Wg.) Io j^ I  IUJ±-\

w here L is  the  len g th  of the  in te ra c tio n  re g io n . The genera l so lu tio h s  of 

E qs. (5 -81) can  th en  be w ritten  [ 5-22] a s

As- C&oJ\ *  2  -  L ( £ / Ao<) i j

e  (5 -83a)

and

-  A  2A  ( ? ;  ~ j ^ A  E -( V s - )  [ L I 1* * / * )  «  2 ]

J) L -fi*)
« 4  4  i  0< ^ J  > 0 .  (5-83b)

w here f  s a t i s f ie s  the eq u a tio n
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r '  + p L *
^ - V  >5

and

w ith

3 eJW

I A iH+(&) 1 K)*»

* § £ -

*  =  [ 0 0 9 *  -  w - ] ’^

J L -  i » ( r )  
*

r  O (5 -84a)

(5-84b)

(5-84c)

The c o e ff ic ie n ts  c2'g and c ie are defin ed  by Eq. (5-72) if  we re p la ce  

( - ik £ _ )  by (-ik j?_  + P ) and ( - i k z s ) b y ( - i k z s + P ) .  The fac to r ji> i s  a 

m easure of the  deg ree  of asy n ch ron ism  be tw een  the m odes. For pow er g a in , 

we have the  th re sh o ld  cond ition

i*k
(5-85)

From Eq. (5 -84B ), we can  find an  eq u a tio n ,in  P . L et us assum e a 2 s to
/

be the d riven  mode a t  a frequency  tw ice  the  frequency  of the pump m ode, 

w hich  is  b ia se d  a t  the  sp in  w ave re s o n a n c e , i . e . , le t  u = 2u>m + — 2u0 .£* S

In th is  c a s e ,  from Eq. ( 5 - 5 9 a), wE C: u0 . We th en  u se  the d e fin itio n s  of 

the  coupling  c o e ff ic ie n ts  c2'e and c4’6 and  assu m e v gE_C: voz and

v g z s -  voz to  w rite

IT,62-
Vl _ Jfiii

4
&** (o)l *- (5-86)
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w here

and w here we w ro te , from Eq. (5 -8 0 a ) , aj^j+ = Nj^+ Aj^+ . In obtain ing  

Eq. (5 -86) we a lso  a ssu m ed  th a t u p (u0 , uex  a 2 k |^ + , ) and th a t

| kE -| «  k M+ • For maximum power g a in ,

w h ich  th en  y ie ld s  the th re sh o ld  co n d itio n , from E qs. (5-85) and  (5-86)

w h ich  can  be in te rp re ted  a s  a cond ition  on the  pump norm al mode am plitude

£ »  ( p ) - o

d  ^  -  v y  p ,
f a r *  a

w h e re , from Eq. (5-87)

we can  w riteAssum ing um uex
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w hich  g iv es  a sim pler e x p re ss io n  for |ajyi+(°)

I
/  -r--------------------------------------------------------------------- =- (5-88a)

For |a M+(° ) |=  |a M+(° ) |c r i t ' the V  and  Azs m odes Propagate w ith  

c o n s ta n t am plitude w hile  for | a M+(° ) | ^ | a M+ (°) | Cr i t  '  t îey  9row in  

am plitude . A ssum ing p erfec t synchronism  for maximum power g a in , i . e .  

t a [ r  ] = o , we h a v e , from Eq. (5-86)

:= r  r  —— |— • ~  n e p e rs /u n it  le n g th  (5-88b)

'o n t.

S ince Az s  is  a ssu m ed  to  be the  d riven  mode (or signal) and A]?_ the

undriven mode (or id le r  ) we have

PE- °  ( 5 - 89a>

4- o  (5-89b)

We th en  w rite  the power in  the lo n g itu d in a l e le c tr ic  mode a s

(?) ^ -2 a ) -  I I A & l  (*> (2-y

w h ich , from Eq. (5 -8 3 b ) , can  be rew ritten  as

P2a ( ^ ^ a )  = [ ; ^  (5-90)

Sim ilarly  we w rite  the  pow er in  the  LHCP e le c tr ic  mode a s
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w hich  can  be re w ritte n , w ith  the a id  of Eq. (5 -8 3 a ) , a s

« * ) A i/t_lt>t<D^)Ajt>,l>^) (5-91)

From our d e fin itio n  of power in  term s of the mode am plitudes we have

so  we can  w rite  Eq. (5-91) as

Equations (5-90) and  (5 -92) d e sc rib e  the  grow th of bo th  the  A£_ 

and  Az s m odes w hen  they  are p a ram etrica lly  coupled  through the pump 

mode Ajyi+ . A gain, the pump am plitude aj^+(0) = Nm + Aj^+ m ust be 

su ff ic ie n tly  strong to  s a tis fy  the  th re sh o ld  cond ition  g iven  by Eq. (5 -8 5 ).

Far aw ay from sy n ch ron ism , th e re  is  p e rio d ic  growth and d ecay  on both 

m odes. At synchron ism , the  frequency  and  w avenum ber re la tio n s  c o rre s ­

ponding to  th is  in te ra c t io n , g iv en  by E q s. (5 -5 9 ) , w ill be s a t is f ie d  only i f  

w e can  draw  a para lle logram  in  the  u -k  d iag ram . H ow ever, F ig. 5 -8  show s 

th a t if  the  ex te rn a l d . c .  m agnetic  fie ld  J j.  0 H0 is  in c re a se d  beyond a 

ce r ta in  c r itic a l v a lu e  th en  the  frequency  and w avenum ber re la tio n s  of 

Eq. (5 -59) are no longer s a t i s f ie d .  In th is  c a s e ,  param etric  in te ra c tio n s  

be tw een  Ag_ , Az s and Aj^+ a re  not p o s s ib le . Let u s  o b ta in  an e x p re ss io n  

for th is  c r i t ic a l  v a lu e  of ex te rn a l m agnetic  f ie ld . In the  reg ion  of in te r e s t ,
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E-

Ui.

E-

i s

FIG. 5 -8  E ffect of in c re a s in g  ex te rn a l d . c .  m agnetic  fie ld  on the  param etric  
in te ra c tio n  for c a se  7 of Table 5 -1 . (a) H = H01 (b) H = H Q2
(c) H = H03, w here  H0, <  HC2^  HQ3
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the slow  branch  of the RHCP sp in  w ave can  be approxim ated  by the

re la tio n sh ip

(5-93)

The slow  lo n g itu d in a l e le c tr ic  mode A is  approx im ate ly  g iven  a s£* b

(5-94)

From Eq. (5 -59a) we w rite

(5-95)

Let u s  find for w hat va lue  of k is  td£_ maxim um . W e w rite  from E q s .(5 -9 3 ) , 

(5-94) and (5-95)

0JE.  -  -  ( ^ 0+6t4 ) (5-96)

E quation (5-96) i s  maximum for

i n
(5-97)

S u b stitu tin g  th is  va lue  k in  Eq. (5-96) y ie ld s

z

Ob- I r  --------------------  Off, - K  (5-98)

The c r it ic a l  v a lu e  of B0 is  th a t w h ich  m akes Eq. (5-98) ze ro . Thus

B, 1
/ I J

A  1*1
p

_  4 ^  _

( 5 -9 9 )

A lte rn a tiv e ly , if  in te ra c tio n  is  d e s ired  in  a p a rticu la r frequency  range
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determ ined by wD = A  I*1 Bq , e .g .  for in te ra c tio n  in  the X band ,

B0 Cr 2 -  4 K g a u s s , th en  the ca rrie r d e n s ity  m ust s a tis fy  the  cond ition

7T L
COp <  (5-100)

For 2: u0 then

W

(Up ~  ------ (5-101)
P 4 0 ^

In c o n c lu s io n , in  a p -ty p e  ferrom agnetic  sem iconducto r, param etric  

coupling  is  p o ss ib le  be tw een  the LHCP e le c tr ic  mode Ag_ and the slow  

lo n g itu d in a l e le c tr ic  mode , w ith  the RHCP m agnetic  mode A ^  

ac tin g  a s  a pump m ode. The in te ra c tio n  is  co -flow  skew  h e rm itian , and 

power g a in  is  p o ss ib le  if  the  pump am plitude a ^ +  = Nj^+ Aĵ j .̂ s a t i s f ie s  

the  th re sh o ld  cond ition  g iven  by Eq. (5 -8 5 ). W hen the  pump mode frequency  

is  near the sp in  w ave re so n an c e  u>0 and the  s ig n a l is  ap p lied  a t  tw ice  the 

sp in  re so n an t frequency  u0 , th en  the maximum growth ra te  p o ss ib le  is  

determ ined  by Eq. (5 -8 8 b ). For maximum power gain  w ith  minimum pump 

en e rg y , the system  param eters shou ld  be a d ju s ted  to  s a tis fy  the th resh o ld  

co nd ition  on a j^ +(0 ), Eq. (5 -8 5 a ) . H ow ever, cum ulative in te ra c tio n  is  only 

p o ss ib le  if  the ex te rn a l d . c .  b ia s in g  m agnetic  fie ld  is  l e s s  than  th e  c ritic a l

v a lue  g iven  by Eq. (5 -9 9 ). A lte rn a tiv e ly , w hen the frequency  range of the

in te ra c tio n  is  fix ed , e . g .  due to  lim ita tio n s  of s ig n a l g en era tio n  and  d e te c t­

io n , th en  the  ca rrie r p lasm a frequency  Up m ust s a tis fy  E q .(5-100) for 

cum ulative  param etric  power g a in .
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CHAPTER 6 CONDUCTIVITY AND MAGNETORESISTANCE 

OF P-TYPE Cd Cr2Se4

6 . 1  I n t r o d u c t i o n

In C hap ter 2 , 3 and 4 we s tu d ied  the l in e a r  sp in  w a v e /c a rr ie r  w ave 

in te ra c tio n s  In ferrom agnetic  sem ico n d u c to rs , and in C hapter 5 w e carried  

the a n a ly s is  to  the  n o n linear reg im e. These lin e a r  and n o n lin ea r in te r­

a c tio n s  be tw een  th e  modes supported  in the m edia should  have an  o b serv ­

ab le  e ffe c t on the  p ropagation  c h a ra c te r is tic s  of the sp ec im e n s . Vural e t 

a l .  [6 -1 ] made m icrow ave (X-band) tra n sm iss io n  m easurem ents on po ly­

c ry s ta ll in e  Agx C d j-x  Cr2 Se4, a p -ty p e  ferrom agnetic  sem ico n d u c to r, a s  a 

function  of the  ap p lied  m agnetic  and e le c tr ic  f ie ld s . No n e t g a in  w as 

o b se rv ed , but a 40 d . b .  change in th e  tran sm iss io n  c h a ra c te r is t ic s  w as 

noted  [6 -2 ] . The re s u lts  w ere in te rp re ted  in term s of a c tiv e  h e lic o n -sp in  

w ave lin e a r  in te ra c t io n s , and the agreem ent be tw een  theory  [ 6 - 3 ,  6 -4 ] and 

experim ent w as found very  good q u a lita tiv e ly .

R ecen tly , som e sm all s in g le  c ry s ta l spec im ens of p -ty p e  C d C r2Se4 

becam e availab le"*  in  vary ing  am ounts of c a rrie r c o n cen tra tio n . Although 

th e se  sam p les  w ere  too  sm all for r . f .  tra n sm iss io n  m easu rem en ts , they  

w ere u sefu l in  the  s tudy  of som e d . c .  tran sp o rt p roperties  of s in g le  c ry s ta l 

ferrom agnetic  sem ico n d u c to rs . The e le c tr ic a l  tran sp o rt p ro p e rtie s  [6 -5 ,  6-6] 

of p o ly c ry s ta llin e  C d C r2 Se4 , and the  m agnetic  c h a ra c te r is t ic s  [6 -7  to  6-9]

^ th ro u g h  RCA L a b o ra to r ie s , P rin ce to n , N .J .
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and co n d u ctiv ity  [6 -10] of the  sam e m ateria l in s in g le  c ry s ta l form have 

been  reported  by various a u th o rs . M ag n e to re s is ta n c e  m easurem ents have 

been  made on p o ly c ry s ta llin e  C d C r2Se4 [6 -5 , 6-11] but no su ch  m easu re ­

m ents have b een  reported  on s in g le  c ry s ta l sam p les .

In th is  c h a p te r , we p re sen t some co n d u ctiv ity  and m a g n e to re s is t­

an ce  m easu rem en ts , made in  the  course  of our re s e a rc h , on s in g le  c ry s ta l 

sam p les  of Agx Cdj_x  Cr2 Se4 , w here x =  .0 4 5 . T hese m easu rem en ts , done 

for the  ap p lied  d . c .  m agnetic  fie ld  p a ra lle l to  the d irec tio n  of cu rren t as  

function  o f tem peratu re  and ap p lied  d . c .  e le c tr ic  and m agnetic  f ie ld s ,  a re  

c o n tra s te d  to  s im ila r m easurem ents rep o rted  on p o ly c ry s ta llin e  sa m p le s . 

Our m easurem ents helped  us develop  experim en tal com petence in  the a rea  

and w ere prelim inary  to  a s e t  of r . f .  tra n sm iss io n  m easurem ents w hich can  

be perform ed, w hen la rg e r s in g le  c ry s ta ls  becom e a v a ila b le , to  confirm 

sp in  w a v e -c a rr ie r  w ave in te ra c tio n s  in  ferrom agnetic  sem ico n d u c to rs .
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6 . 2  E x p e r i m e n t a l  P r o c e d u r e  a n d  R e s u l t s

The s in g le  c ry s ta l spec im ens u sed  in  our m easurem ents w ere

o c ta h e d ra l-sh a p e d  sam ples of Agx C d1-X Cr2 Se4 , of approxim ately

.0 2 0  s q .c m . c ro s s  s e c tio n a l a rea  and .0 5 0  cm . th ic k n e s s . See F ig .6 - l a .

T hese sam ples w ere  provided by the  RCA L aborato ries  m agnetics group.

Their a n a ly s is  show ed [6-12] a 4 .5%  s ilv e r  su b s titu tio n  of cadm ium , i . e . ,

x =  .0 4 5 . We f i r s t  a ttem pted  to  make ohm ic c o n tac ts  to  the  sam ples by

app ly ing  In [6 -5 ] to  the  su r fa c e s . The re su lta n t c o n ta c ts , how ever,

proved to  have u n d esirab le  rec tify in g  p ro p e rtie s . We th en  proceeded
o

in s te a d  to  evap o ra te  2000 A of chromium on the  c ry s ta l su rface  heated  to 

350° C , fo llow ed by one m icron of gold  on top  of the chromium co n tac t to  

fa c i l i ta te  m e ta llic  bonding [6 -10 ] . The c o n tac ts  had a c ircu la r cross 

s e c tio n  of .050  cm in d ia m e te r , a s  show n in  F ig . 6 - l a .  Before evapo­

ra tin g  the  c o n ta c ts ,  the sam ples w ere  b o iled  in  tr ic h lo ro -e th e ly n e , r in sed  

in  a ce to n e  and a lc o h o l, and e tch ed  in  a 1:1 so lu tio n  of HC1 and e thano l 

to  d is so lv e  any su rface  im purities and  oxide la y e r s .  The co n tac ts  thus 

ev ap o ra ted  proved to  be ohmic and of good m echan ical q u a lity .

It w as d e s ire d  to  conduct m ag n e to res is tan ce  and conductiv ity  

m easurem ents on our s in g le  c ry s ta l sam p les  a t  tem peratu res  be tw een  liqu id  

n itrogen  (77°K) and room tem peratu re  (300°K ). Of p a rticu la r in te re s t  w as 

th e  range  around the  C urie tem peratu re  (130°K) w here "an o m alie s"  in the  

tra n sp o rt c h a ra c te r is tic s  had b een  o b serv ed  [6 -5 , 6 -11] on p o ly c ry s ta llin e  

sam p les  o f the sam e m a te ria l. A sim ple  but e ffec tiv e  tem peratu re  s ta b i l i -
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za tio n  sy stem  w as d esigned  as  fo llow s for th is  tem peratu re  range:

After ev ap o ra tin g  the  c o n ta c ts , the  sam p le , show n in F i g .6 - l a ,  w as la id  

f la t on a ceram ic  sam ple ho lder provided w ith  Au c o n tac t s t r ip s ,  a s  show n 

in  F ig . 6 - l b .  C o n tac t betw een  the  sam ple and the c o n tac ts  s tr ip s  w as 

acco m p lish ed  by apply ing  In . The sam ple  thus m ounted, w as secu red  on 

a so lid  (nonm agnetic) cy lin d rica l s ta in le s s  s te e l  b a se  th a t had been  

m achined to  su ch  dim ension  so  a s  to  accom m odate the ceram ic  sam ple 

h o ld e r, a s  s e e n  in  F ig s . 6 - 2 a ,b .  A hollow  s ta in le s s  s te e l  cy lin d er w as 

f it ted  around the  so lid  b a s e , to  make the  o v era ll lon g itu d in a l d im ension  

of th is  supporting  s tru c tu re  (s e e  F ig s . 6 -2 a ,b )  about 16 in c h e s . The 

ceram ic ch ip  w as held  in p lace  on the  so lid  b a se  by m eans of two b rass  

a llig a to r c lip s  (F ig . 6 -2 c ) , w h ich  had b een  screw ed  on the  so lid  s ta in le s s  

s te e l  b a se  w ith  nylon sc re w s . This s ta in le s s  s te e l  supporting  s tru c tu re  

w as then  sp a c e d  in s id e  a b ra ss  tube  w hich  had been  s e a le d  off a t  one en d , 

a s  see n  in  F ig . 6 -2 (d ). The b ra s s  tube in turn w as su sp en d ed  in s id e  a 

therm os dew ar w h ich  w as kept f illed  to  the top w ith  liq u id  n itro g en , as 

show n in F ig . 6 -3 . By p lacing  the  sam ple as  far below a s  p o ss ib le  from 

the  lev e l of the  liq u id  n itro g en , the  sam ple w as coo led  to  approxim ately  

the  liqu id  n itro g en  tem p era tu re , bu t w as not in  d ire c t c o n tac t w ith  the 

liq u id  i t s e l f .  A heatin g  ta p e , w hich  had been  p rev io u sly  wound around the 

s ta in le s s  s te e l  supporting  s tru c tu re , w as u sed  to  bring the  tem peratu re  of 

the  sam ple up to  any d esired  le v e l .  A platinum  elem en t tem peratu re  sen so r 

w as p laced  in  therm al co n tac t w ith  the  sam ple by apply ing  Dow Corning
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340 h ea t s in k  com pound. A ca lib ra ted  Artronix 5301-U  feedback  tem pera­

tu re  co n tro lle r re g is te red  the tem peratu re  and reg u la ted  au to m atica lly  the 

am ount of power to the hea tin g  ta p e .  At tem pera tu res c lo se  to  th a t of 

liq u id  n itrogen  the tem perature con tro l w as very  good. H ow ever, a t 

h igher te m p e ra tu res , the g rad ien ts  w ere la rger and s ta b il iz a tio n  w as 

h a rd e r. N o tw ith stan d in g , our sy stem  provided s ta b le  tem pera tu res for 

p eriods o f tim e b e tte r th a n  20 m inutes e a c h , w ith  tem peratu re  re so lu tio n s  

of 1°K  or b e tte r .

B ecause  of the sm all s iz e  of the sam ples ( . 2 0  s q .c m . c ro ss  sec tio n  

by .050  cm th ick n ess) w e d ec id ed  to  m easure th e ir  conduction  c h a rac te r­

is t ic s  u s in g  v o ltag e  p u ls e s .  P u lse  w id ths betw een  .2  and . s e c s  and 

re p e titio n  freq uencies be tw een  10 and 30 Hz w ere u sed  to  avoid  burning of 

th e  sam ple due to  e x c e s s iv e  i 2R h e a tin g . The v o ltag e  p u lse  cam e in 

c o ax ia lly  to  w ith in  1 in . of the ceram ic  ch ip . Then the  ou ter and inner 

conducto rs  w ere sep a ra te d  and so ld ered  to  the sam e b ra s s  a llig a to r  c lip s  

th a t  held the  ceram ic sam ple  h o ld er in  p la c e . T hus, one s id e  of the  

sam ple w as a t geound p o te n tia l. A sm all v a ria b le  (10 or lOOfl) r e s is to r  

w as p laced  in  s e r ie s  w ith  the sam ple  to  reco rd  the  am ount of cu rren t flow ­

ing  a c ro ss  the  sam p le . The w iring  diagram  is  show n in F ig .6 -4 . The 

sam ple  re s is ta n c e  v aried  from 233011 to  2711 a s  its  tem peratu re  in c reased  

from liq u id  n itrogen  to room tem p era tu re . By co n n ec tin g  tw o 100H 

re s is to r s  a s  shown in F ig . 6 -4 ,  th e  C ober 650P Voltage P u lse r w orked 

in to  approxim ately  2 0 0 H ,  the p u ls e r 's  lo ad  im pedance needed  for optim al
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o p e ra tio n . To m inim ize ring ing  e ffe c ts  on the  p u ls e s , a ll  r e s is to r s  u sed  

w ere  n o n -in d u c tiv e  and w ere  m ounted in a grounded c h a s s is  box . E xcept 

for the  co nnec tions to  the  b ra ss  a llig a to r  c l ip s ,  a ll co n n ec tio n s  w ere 

c o a x ia l. M easurem en ts w ere tak en  a s  fo llow s: The v o ltag e  a c ro ss  the  

cu rren t r e s is to r  w as proportional to  th e  output of the f ir s t  d iffe ren ce  am p­

lif ie r  (refer to  F ig . 6 -4 ) . W ith  the  m agnetic  fie ld  tu rned  o ff, the  output 

from th e  seco n d  d ifference  am plifier w as lo c a te d  m idscreen  on an  o s c il lo ­

s c o p e . Turning on the  m agnetic  f ie ld  produced a (sm all) change in curren t 

a c ro ss  the sam p le , w hich  then  sh if te d  the tra c e  on the  o sc illo sc o p e  by an 

am ount proportional the  change in cu rren t A Is* We defined  the  lo n g i­

tu d in a l m ag n e to res is tan ce  co e ffic ien t mjL as

w here Is and Iq w ere the sam ple cu rren t p u ls e s  w ith  and w ithou t app lied  

lo n g itu d in a l m agnetic  f ie ld , re s p e c tiv e ly . Knowledge of the  g a in s  Gj and 

G2 of the  two d iffe ren ce  am plifie rs  a llow ed  us  to  com pute Iq and A Is 

for a g iven  v a lu e  of Vsam pje a t  a p a rtic u la r  tem p e ra tu re . The above 

arrangem ent provided a c c u ra c ie s  of 1 /1 0  of .5  p e rcen t.

W ith no ex tern a l m agnetic  fie ld  ap p lied  (B = 0 ), the  sam ple  curren t 

w as p lo tted  v e rsu s  sam ple  v o lta g e , a s  show n in F ig . 6 -5 ,  a t  various 

tem peratu res from 3 0 0 ° K to  7 7 ° K. From th e s e  c u rv e s , a sem i-lo g  plot 

w as made of re la tiv e  co n d u ctiv ity  v e rsu s  re c ip ro c a l te m p e ra tu re , shown 

in  F ig . 6 -6 . This seco n d  plot in d ica ted  a lin e a r  re la tio n s h ip , w ith  the 

s lo p e  of the  curve show ing a b reak  n ear the C urie  tem peratu re
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(TCUrie  = 1 3 0 ° K). The a c tiv a tio n  en erg y , e v a lu a ted  from the  s lo p e  of the  

s tra ig h t lin e  p o rtio n s , d e c rea se d  from .0632 eV. to  .0313 eV. a s  the  

c ry s ta l changed from the param agnetic  to  the  ferrom agnetic  s t a t e . These 

v a lu es  a re  sm alle r than  th e  corresponding  v a lu es  for p o ly c ry s ta llin e  

sam ples [6 - 5 ] .

The tem peratu re  dependence  of the  lo n g itu d in a l m ag n e to res is tan ce  

ex h ib ited  the  b ehav io r show n in F ig .6 -7 . At high te m p e ra tu res , w here 

there  w as no m agnetic  o rd erin g , the m ag n eto res is tan ce  c o e ffic ien t 

w as zero  as  ex p ec ted  for an  iso tro p ic  sem iconducto r. H ow ever, w hen the  

m agnetic  order s ta r te d  s e tt in g  in , becam e fin ite : f irs t i t  w as

p o s itiv e  and then  n e g a tiv e , w ith  the  tra n s itio n  occurring  in  the neighborhood 

of the C urie tem p era tu re . This behav io r is  s im ila r to  th a t of p o ly c ry s ta llin e  

sam ples [6 -5 , 6 -11] , only th a t the  tra n s itio n  in the la te r  sam ples occu rs  

a t  low er te m p e ra tu re s .

Figure 6 -8  show s th a t  for c o n s ta n t v o ltag es  and tem p era tu res  above 

the m entioned tra n s itio n  tem p era tu re , the  m ag n e to res is tan ce  c o e ffic ien t 

in c reased  lin e a rly  w ith  m agnetic  f ie ld . Below the  tra n s itio n  tem p era tu re , 

how ever, w as n eg a tiv e  and it  f ir s t  in c re ase d  p roportionally  w ith

m agnetic  fie ld  u n til i t  s a tu ra te d  a t a v a lu e  dependen t upon the sam ple  

tem p era tu re . W hile  th is  m agnetic  fie ld  dependence  is c o n s is te n t w ith  

m easurem ents made on p o ly c ry s ta llin e  sa m p le s , the  e le c tr ic  fie ld  d ep en d ­

ence  is  n o t. In c o n tra s t to  m easurem ents made on p o ly c ry s ta llin e  sam p les  

where w as p o s itiv e  [6 - 1 1 ] ,  here w as a lw ays neg a tiv e  for
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c o n s ta n t d . c .  m agnetic  f ie ld . W ith  in c reas in g  d . c .  e le c tr ic  fie ld  ap p lied  

to  the  sam p le , our m easurem ents show  M £, d e c re a s in g  below the

tra n s itio n  tem perature  (s e e  F ig . 6 -9 ) .  H eating  e ffe c ts  a s s o c ia te d  w ith  

our low re s is t iv i ty  sam ples d id  not perm it us to  in v e s tig a te  the h igh  

e le c tr ic  fie ld  behav io r of the m ag n e to res is tan ce  c o e ff ic ie n t.

A com plete th e o re tic a l in te rp re ta tio n  of a ll  the  fea tu res  in  th e se  

e le c tr ic a l  tran sp o rt p ro perties  has no t y e t  b een  p u b lish e d . S im plified 

m odels of conduction  m echanism s b a se d  on sp in  d iso rd e r sc a tte r in g  [6 -1 3 ,

6 -14] and sp in  w a v e -c a rr ie r  w ave in te ra c tio n s  [6 -4 , 6 -15  to  6 -1 7  ] have 

b een  p roposed  but no s in g le  model has b e en  ab le  to  accoun t for a l l  the 

v a g a r ie s  o b se rv ed . It is c lea r  th a t fu rther th e o re tic a l in v e s tig a tio n  is 

s t i l l  req u ired  before  i t  can  be s a id  th a t th e  full range  of observed  tran sp o rt 

phenom ena h as  been  un d ers to o d .
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CHAPTER 7 . CONCLUSIONS

In th is  l a s t  c h a p te r , a summary of the  co n trib u tio n s  of the  re se a rc h  

p re sen te d  in  th is  th e s is  i s  g iv en . In a d d itio n , p o ss ib le  e x ten s io n s  of the  

p re se n t work are  su g g e s te d .

7 . 1 .  C o n t r i b u t i o n s  o f  t h e  R e s e a r c h

In th is  re s e a rc h  the  lin e a r  sp in  w a v e /h e lic o n  w ave in te ra c tio n s  in  a 

P -ty p e  ferrom agnetic  sem iconducto r have been  form ulated in  a coupled  

norm al-m ode form , both  in  tim e and sp a tia l  do m ain s . The coup led  mode 

e q u a tio n s  are in v e s tig a te d  in  the reg io n  of p h ase  synchron ism  be tw een  the 

n e g a tiv e -e n e rg y -c a rry in g  h e lico n  mode and the  p o sitiv e -en erg y -carry in g  sp in  

w ave m ode. If th e se  m odes a re  w eak ly  co u p led , a co n v ec tiv e  in s ta b il i ty  i s  

in d ic a te d  w hen the  ca rrie r p lasm a frequency  up is  l e s s  th an  the  sp in  p re­

c e s s io n  frequency  uQ. On the  o ther h a n d , w hen u p is  g re a te r  than  u0 , the 

sp in  w ave modes are hybrid and in te ra c tio n s  of h e lic o n  w aves w ith  backw ard 

hybrid sp in  w av es  are  p o s s ib le , po in ting  to  an  a b so lu te  in s ta b il i ty .  These 

backw ard  w ave in te ra c t io n s , how ever, are  not p re sen tly  re a liz a b le  s in ce  th ey  

req u ire  ca rrie r d rift v e lo c itie s  much h igher th an  th o se  o b ta in ab le  in  cu rren tly  

a v a ila b le  ferrom agnetic  sem ico n d u c to rs .

Another m ajor con tribu tion  o f th e  re s e a rc h  is  the  e x ten s io n  of the 

a n a ly s is  of the  sp in  w a v e /c a rr ie r  w ave in te ra c tio n s  to  the  n o n lin ear reg im e. 

B a s ic a lly , the eq u atio n s  governing  w ave p ropaga tion  in  the  fe rro m ag n e tic - 

sem iconducting  sy stem  are n o n lin ea r. By e x p re ss in g  seco n d  order c ro ss
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products in  term s~of the  normal mode am plitudes of th e  lin e a r  c a s e ,  we 

s tu d y  the  v a rio u s  th ree -freq u en cy  d is tr ib u te d  param etric  in te ra c tio n s  th a t 

a re  p o ss ib le  be tw een  the modes supported  in the s tru c tu re , for w ave pro­

pag a tio n  p a ra lle l to  the  d ire c tio n  of ap p lied  d . c .  f ie ld s  (0 = 0 ). The 

approach  follow ed here is  b a se d  upon the  assum ption  th a t the  param etric  

sy stem  has a H am iltonian  w hich  can  be e x p re ssed  in a power s e r ie s  of the  

normal mode am p litu d e s , and w hich  is  ob ta ined  from the tim e evo lu tion  of 

the  norm al mode a m p litu d es . By assum ing  th is  H am iltonian  tim e in v a ria n t, 

synchronous (or cum ulative) in te ra c tio n s  a re  e a s i ly  id e n tif ie d . One of 

se v e ra l param etric  in te rac tio n s  is  in v e s tig a te d  in d e ta i l ,  and e x p re ss io n s  

are  deriv ed  for the  th e o re tic a l power g a in , th resh o ld  cond ition  and maximum 

grow th ra te  p o s s ib le  for th is  p a rtic u la r  exam ple .

In the  c a s e  of the  high m obility  ferrom agnetic  sem iconducto r 

A g x C d j.jjC rjS e*  , th e se  sp in  w a v e -c a rr ie r  w ave in te ra c tio n s  should  have 

an  o b serv ab le  e ffe c t on the  p ropagation  c h a ra c te r is t ic s  of the  sp ec im en .

In th is  th e s i s ,  w e s tu d ied  som e d . c .  tran sp o rt p ro p ertie s  of r e c e n tly -  

grown sm all s in g le  c ry s ta l sam ples of A g x C d j.x  Cr2 Se4 , w here x =  .0 4 5 , 

a s  p relim inary  to  r . f .  tra n sm iss io n  experim ents w h ich  can  be perform ed in 

the  future w hen la rg e r s in g le  c ry s ta l spec im ens becom e a v a ila b le . In the 

r e s e a rc h , co n d u c tiv ity  and lo n g itu d in a l m ag n e to res is tan ce  m easurem ents 

w ere made on s in g le  c ry s ta l sam ples of A g x C d j^ C n , Se4 , w here x =  .0 4 5 , 

a s  fu n c tio n  of te m p e ra tu re , ap p lied  d . c .  e le c tr ic  and  m agnetic  f ie ld s .

The coup led  ncrm al-m ode form ulation of sp in  w a v e /h e lic o n  w ave
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in te rac tio n s  in p -ty p e  ferrom agnetic  sem ico n d u c to rs , the  developm ent of a 

theory  of param etric  e x c ita tio n  of 0 = 0 - s p in  w aves and ca rrie r w aves in 

th e  sam e m a te ria ls , and the  m easurem ent of lo n g itu d in a l m ag n e to res is tan ce  

in  s in g le  c ry s ta l A g x C d j^ C r j  Se4, a re  the m ajor con tribu tions of the 

re s e a rc h . A dditional r e s u lts  of the re s e a rc h  inc lude  (i) th e  s tu d y , in  an 

in fin ite  ferrom agnetic  sem ico n d u c to r, of w ave p ropagation  p a ra lle l to  the  

d ire c tio n  of ca rrie r d rift but a t an a rb itra ry  ang le  0 w ith  re s p e c t to  the 

d ire c tio n  of ap p lied  d . c .  m agnetic  f ie ld , (ii) a d em onstra tion  of the  

in se n s it iv ity  of the e ffe c tiv e  perm eab ility  te n so r  to  the type of re la x a tio n  

u s e d ,  e ith e r  Bloch or L a n d a u -L ifsh itz , (ill) a d is c u s s io n  of the  re a so n s  

for the  a b sen ce  of a c tiv e  h e lico n  w a v e -sp in  w ave in te rac tio n s  in  n -ty p e  

ferrom agnetic  sem ico n d u c to r, and (iv) a num erical in v e s tig a tio n  of the 

w eak  coupling  approxim ation  in  reg io n  of p h ase  synchronism  betw een  

sp in  w aves and h e lico n  w a v e s , and dep en d en ce  of the growth ra te  on 

p lasm a frequency wp and lo s s e s  of p re sen tly  a v a ilab le  ferrom agnetic  

sem ico n d u c to rs .
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7 . 2  S u g g e s t e d  E x t e n s i o n s

The th e o re tic a l fo u n dationso f 9 = 0 ° -s p in  w a v e /c a rr ie r  w ave 

non linear in te ra c tio n s  in  ferrom agnetic  sem iconducto rs  a re  d is c u s s e d  in 

th is  th e s i s .  W hile the  re s e a rc h  in d ic a te s  the p o s s ib il ity  of sev e ra l para­

m etric  in te ra c t io n s , only one is  s tu d ie d  in d e ta i l .  A su g g es te d  ex ten s io n  

of the  p re sen t work is  to  in v e s tig a te  e a c h  one of the rem ain ing  in te rac tio n s  

in  d e ta i l  in  o rder to  determ ine the s tro n g e s t e f fe c t .  The q u e s tio n  of p a ra ­

m etric  am p lifica tio n  of w aves in ferrom agnetic  sem iconducto rs  could be 

approached  th e n , w ith  a v iew  tow ards the  d e s ig n  and o p tim iza tio n  of a 

sp in  w a v e /c a rr ie r  w ave param etric  am p lifie r.

Experim ental v e rif ic a tio n  of the  e x is te n c e  of th e se  param etric  

in te ra c tio n s  is  n eed ed . At p re sen t s in g le  c ry s ta l sam ples of 

A g x C d j-x C rjS e4 a re  av a ilab le  on very  lim ited  q u a n ti t ie s ,  through p rivate  

c o n ta c t , from RCA L ab o ra to rie s . M icrow ave x -b an d  m easurem ents could 

be done on th e se  sam ples to  determ ine the  s ig n a l s tren g th  dependence  on 

a p p lied  d . c .  f ie ld s ,  tem perature  and deg ree  o f asy n ch ro n ism . A c o rre la t­

ion of experim en tal d a ta  in term s of the  param etric  theory  developed  could 

th en  be m ad e .

Further re s e a rc h  is  a lso  needed  w ith  reg ard s  to  the  experim ental 

confirm ation  of sp in  w ave a m p lif ic a tio n , v ia  lin e a r  sp in  w a v e /h e lic o n  

w ave in te ra c t io n s , in  ferrom agnetic  sem ico n d u c to rs . M icrow ave tra n s ­

m issio n  m easurem ents could  be m ade on the  above m entioned s ing le  

c ry s ta l sam p les  of A g x C d ^ x C ^  Se4 , a s  func tion  offrequency and app lied
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d . c .  f ie ld s . The re s u lts  could be com pared then  w ith  s im ila r m easu re ­

m ents a lread y  perform ed on poly c ry s ta ll in e  sam ples of the  sam e m a te ria l, 

and d is c u s s e d  in  co n n ec tio n  w ith  lin e a r sp in  w a v e /h e lic o n  w ave 

in te ra c tio n s .

A c o n s is te n t  th e o re tic a l in te rp re ta tio n  o f a ll  the fea tu re s  in  the 

e le c tr ic a l  tra n sp o rt p ro perties  of ferrom agnetic  sem ico n d u c to rs , inc lud ing  

the m easured m ag n e to res is tan ce  e ffe c ts  h as  not y e t  been  a tta in e d . Further 

th e o re tic a l in v e s tig a tio n  is  s t i l l  req u ired  before i t  can be s a id  th a t the 

full range of o b serv ed  tran sp o rt phenom ena has b een  understood .
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APPENDIX A: CONSERVATION RELATION IN MEDIA WITH

SPATIAL AND TIME DISPERSION

M ax w ell's  eq u a tio n s  in  a media th a t is  both e le c tr ic a lly  and 

m ag n etica lly  p o la riz ab le  may be w ritten  a s  in  Eq. (2 -1 0 0 ),

^  -  j r  -  <A- U >

(A -lb)

and P oy n tin g 's  theorem  has the  form

-  7 . l t ) =  & • £ ,* £ •  ^  (A- l c )

In th e se  eq u a tio n s  the p re sen ce  of the  medium is  re p re se n te d  by 

the  v ec to rs  Jm and Je . In our lin e a riz e d  d e sc r ip tio n  of the  medium 

Jm and  Je a re  l in e a r  fu nc tions o f the  f ir s t  o rder f ie ld s . From E q s.(2 -4 4 ) 

w e no te  th a t Je is  a  function  of E, w h ile  from Eq. (2-83) Jm is  seen

to  be a function  of H on ly . We Fourier an a ly ze  the  f ie ld s  in  tim e and

^ i
sp a c e  w ith d ep en d en ces  ex p . i (wt -  y • r  ) ,  w here u  = ur  + i Uj and

> i  ^
^  = kf ♦ i kj . From Eq. (2 -39a) w e have

V x  8  ~  i  <*> v ,  II e .( j» A ,e l l  •£  (A-2 )

and  from (A -lb)

£  E +  J ,  (A-3)O ^
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So we w rite  from Eqs. (A-2) and (A-3)

l l X J  . £  (A-4)

w here

I I Xe . l l  =  IM  f a d ,  B) n -  Z  (A-5)

S im ilarly , from E qs. (A -la ) and (2-83) we can  w rite

o<uy l U | X „ l | . H  <a - 6>

Let u s  o b ta in  the  re a l tim e av erag e  of Eq. (A - lc ) . To do th is  we re c a ll

th a t  g iven  a com plex q u an tity  A, then  2Re(A) = A + A . W e then  form

the  Poynting theorem  for com plex f ie ld s  from Eq. (A -lc ) a s

-  c .c .)  ^ - ^ f )
df c

-  E - J *  H • T *  *  c . c .  (A -7)

w hich  may be w ritten  a s

H f r + i i i )  C . c  . ) - L  —  - A - 1* ? )

i e . '" .  t Z c i i . e

A
+  fc/f0 tt • K X*JI * //  • e-. (A -8)

The re a l p art of Eq. (A -8 ) is  g iven  a s
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. R i ( 6 * h '. )  J g £  ^ a - 4 ^ )

= -  &. |  SJE' E* . [i Lu>t + C OtHXjf} * £

■*-/*rrU  • [ ‘• ( « W « ' i ) / I X j l ]  • / /^ j -  (A -9 )

To e v a lu a te  the  r ig h t s id e  of Eq. (A-9) we expand  |J x g m (( in to  a 

Taylor s e r ie s  and re ta in  f ir s t  o rder te rm s. The approxim ation  i s  v a lid  i f  

ui «  ^ r  anc* «  kr  , w hich  im p lies  th a t  the medium i s  s lig h tly  lo s s y .  

Thus, we w rite

11= I U . , .  +  * * * * * - { L o ld

< ^ } M .  U H i )  +  ■■■ (A-XO)
dA~r

and we w rite  the  b rack e ted  term s on the  r ig h t hand s id e  o f Eq. (A-9) a s

[ i ( i o , - .  ^ n ) l i x * , w i i ]  =  i  uJk  i ix . ,> ,(  " a ,  A O h

-  IIX.,v II - r r -
OiHr- d f t r

-  iA)L \\ X*,r* (.u)r , ^ )  || -  i ( D ?  \ \ x ^ l \

(A - l l)

Since Uj «  wr and  kj «  kj. , we may n e g lec t the  l a s t  two term s of 

Eq. (A - l l )  w hen com pared to  the  seco n d  and th ird  te rm s. We a ls o  

com bine th e  seco n d  and fourth term s and  w rite
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4* "

_  Jp 2>QUrlX*,».l|) ^ ( ^ / I W )
** T j!---------------- u----------- -------------

**"<- bC 0^

C o n sid e r —Ux a s  g iven  in  Eq. (2 -83):

(A-12)

w here

H*- »H  = ( „  I  (A-13a)
^  N -  OS-

*  * x- -  (» i i mv* ^ ------—  : 7 -7 T  - (A-13b)

%  -  C
*3- ~ ^  -  ( c u - c ^ r

(A-13c)

w here we have n e g lec te d , for s im p lic ity , the  exchange term  u>ex  a 2 k2. 

W e w an t to  o b ta in  the herm itian  and a n ti-h e rm itian  (or skew  herm itian) 

parts  Of E q .(A -13a), //xm||^  and  / I x j J * ' , r e s p e c tiv e ly . We rew rite  

x ^ x  and x ^  from E q .(A -1 3 b ,c) as

?  „  [ » . « ! » i  p _  , ^  (A_u a )

** (Ojf-U)'"- ^ L) +

^  - a ; j / 1̂ (K-U & tj’)] A (A-14b)

V ^) + W "  V j*
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We rew rite  Eq. (A-13), u s ing  Eqs. (A-14), a s

( 5  +CR)

iP-CQ.)

-IQ. S

- £ 0 . ) =  W l <-  S

Since

f  P C R

P

* T
P £ K

U K

w here T d en o tes  the tra n s p o se , | | X„JJ is  he rm itian . Also

v * T

-< >

COL

-  5

s

-  5  - c '4

th en  l |x m j |A' i s  a n ti-h e rm itia n . In ad d itio n  no te  th a t in  a lo s s le s s

s itu a tio n , ( ")>/*= 0) )| x m|[ = 0. S im ilarly  we w rite

IIX J  =  II Xe || K +  II X j * ~ (A-15)

w here  the  a n ti-h e rm itia n  p a rt of the  e le c tr ic  s u s c e p tib il i ty  te n so r , |lx e | |A' ,
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h as term s proportional to  the  c o llis io n  frequency  . The lo s s e s  w ill 

th en  be co n ta in ed  in  th is  a n ti-h e rm itia n  p a rt of II xe |[ . S ince the 

lo s s e s  a re  assum ed  sm a ll, to  f ir s t  order in  || x6 / m , we may assu m e

from Eq. (A-12) th a t

& .[ t ( ^  ) li -  &  ( C H II «-)

_ A  (A. 16)

S u b stitu tin g  Eq. (A -17) in to  (A-9) w e g e t, a f te r  tim e averag ing

*«•

*  b f r

« a / 2. w . b(*>Th**tlh)
dlDy

(A-17)
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Equation (A-17) can  then  be w ritten  a s  Eqs. (2-114) an d  (2 -115). 

Equation (A-17) e x p re s se s  the  co n se rv a tio n  o f energy to  firs t order in  

th e  q u a n titie s  | | xe , m f | ^  • “ i anc* ki in  a medium th a t is  both 

e le c tr ic  and m agnetica lly  p o la r iz a b le .
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APPENDIX B: EVALUATION OF SPATIAL DOMAIN

LINEAR COUPLING COEFFICIENTS

From S ection  4 .2 -3  w e w rite  th e  sp a tia l  coupled  mode eq u a tio n s  

(4-55) and  (4-57) a s

a  . /  'A c.*0** _  , n— -----  ~ -  L r:£.+a't+ •+■ L  r— ----(B -la )
d t  *

- i / A  (B- l b >

?e . <t*_ -  t (B -lc )
bt= -A>^o»

^  + iJ>0yf_ (B -ld )
b *

w here 103 = (w -  kg+ voz + u)q- i ) 

w4 = (u -  k£ _ voz -  wc -  i ^  )

W e w ant to  ex p re ss  m+ and  v+ in  term s of th e  uncoupled mode am plitudes 

a ^ + and  a £+ , so  th a t E qs. (A -l) show  e x p lic itly  coupling  be tw een  norm al 

mode a m p litu d es . From Eq. (4 -32) w e w rite

< tE+ * * -«+  E+ (B -2 )

w here & t  and are  defined  in  Eqs. (4 -3 8 ) and  (4 -3 9 ).



From Eq. (4 -2 8 ) , assum ing  an  a . c .  v a ria tio n  of the  form

ex p . i(u t -  Jcg+ z ) , we w rite

£ -t (B—3)

We e lim in a te  E+ from Eq. (B—2) by using  Eq. (B—3).  We th en  w rite

W e cou ld  now assu m e th a t of the  tw o tra n sv e rse  e le c tr ic  m odes ag^., on^y 

ag+ is  e x c ite d , and we could  so lve  for v+ in  term s of ag+ only by su b ­

s titu tin g  for h+ from Eq. (4 -3 1 a ). However we sh a ll  assum e th a t the  ag_ 

mode is  a ls o  e x c ited  s im u ltan eo u sly  w ith  the ag+ m ode, a s  w e sh o u ld , 

s in c e  in  re a l i ty  the  ex c itin g  fie ld  is  in  a ll  p ro b ab ility  lin ea rly  p o la riz ed . 

Then the  LHCP fie ld s  w ill be p re sen t along w ith  th e  RHCP f ie ld s .  T hus, 

from Eq. (4 -32) we w rite

w here and  £>_ are defined  in  E qs. (4 -3 9 , 4 -3 9 ) . From E q .(4-28)

w e w rite

(B-4)

4 -c - -  tC + o<_ E_ + /3_ k_ (B—5)

(B-6 )

W e e lim in a te  E_ from Eq. (B-5) u s in g  (B -6) and w rite



265

and

£ .  =  -  1 - h / 1*  (B- 8b)

We th en  rew rite  E q s . (B-4) and  (B—7),  a s

^ E +  ~ V V +  /-f  ^-+

<tE -  , -  c f . r  k _

(B-9a)

(B-9b)

w here we used  the  re la tio n s  v -  = v+ and h_ = h+. From Eqs,

(B-9) we then  have

% =  f z  (B-10a)
f  *  + ^

and

IF - IT*-   £ * « »  ~ f *  (B-lOb)
~ f . - f S

To w rite  m+ in  term s of a m+ , we use  th e  d e fin itio n s  o f a m+ , E q s . 

(4 -6 ) and w rite

^  +  -i f i £ L  E + <B- l l a >

V *  -  K _  E + (B - llb )

Solving for h+ we g e t

U — + ~ (B-12)
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From the  eq u atio n  of m otion of th e  m a g n e tiza tio n , Eq. (4 -5 a ) , assum ing  

an  a . c .  v a ria tio n  of the form ex p . i (ut -  kj^+ z ) ,  we w rite

^4^  I
' * +  = t  r r  +  (B_13)(ft'o - u) + l' ^ J

S u b stitu tin g  (B—12) in to  (B-13) w e g e t the d e s ire d  e x p re ss io n s

^ 7 - L  (B-14a)

*yr\ — (B_14b)
(tu0-u> + *->^)

Let u s  now su b s titu te  E qs. (B-10) and  (B—14) in to  Eqs .  (B- l ) .  We w rite

^<t£+ . *  „  ; Vs UJ*  £ * +  * * +
i t  0 E+ £-*

t ^  ^  ^  * » .-__________   (B-15a)
_AUi* ( * ^ - p + )

% =  + i  A  . f t -  t *  (B-i8b)
0 *  T- " T+ f -  -  f+

Since aj?+ and  a m+ are  coup led  to  e a c h  o ther and to  the co n ju g a tes  of 

a m_ and  ag_» re s p e c tiv e ly , w e w rite  th e  con ju g ate  of E qs. (B - lc ,d )  

in s te ad :
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' e" ( W o - * - ^  ) ( * * , - * « ? )

con i 'fern- d-*. (B-15c)

a.E f -Ah
f * - f +

(B-15d)

*
Equations (B-15) becom e E qs. (4 -58) w hen w e su b s titu te  for f_ and f+ 

from E qs. (B -8 ) , (4-38) and (4 -3 9 ).
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APPENDIX C . EVALUATION OF TIME DOMAIN

LINEAR COUPLING COEFFICIENTS

The d e riv a tio n  of the tim e dom ain coupling  c o e ff ic ie n ts  fo llow s 

very  c lo se ly  the d e riv a tio n  of the  sp a tia l dom ain coup ling  c o e f f ic ie n ts , 

ou tlin ed  in  Appendix B. Our o b je c t here is  to  e x p re s s  111+ and v+ of 

Eq. (4 -125) in  term s of th e  tim e dom ain normal mode am plitudes a M+ and 

aj?+ , defin ed  in  Eqs. (4-108) and  (4 -116 ).

To so lve  for m+ / we w rite  from E qs. (4 -108)

w here q+ and r'+ are defined  in  Eqs. (4 -1 1 0 ). S ince  Eq. (4-107c)

1WM+ E+ = I T  h+ 

su b s titu tin g  Eq. (C -2) in  Eq. ( C - l )  g iv es

a M+ = m+ + <?+ hf + r ;  E+ (C - l)

a M+ "  m+ + 9+ h+ (C-3)

w here

or

(C -4)

S im ila rly , from Eq. (4-108) ag a in  we w rite

a M_ = m-  + Q'_ h_ + r'_ E_ (C—5)
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w here q'_ and r l  are  defined  in  E q s. (4 -1 1 0 ). Since we can  ex p re ss  E_ 

from Eq. (4 -107c) a s

1 UM - E-  ”  ‘  h - (C -6 )

su b s titu tin g  Eq. ( C - 6 ) in  Eq. (C -5) and tak ing  the  com plex con}ugate 

g ives

a M - = m+ + g -  h- (C -7)

w here

or

g_ = q'_ +
i k r ’

M -

g_ =
u , .  + u, M - 2

W2
1 + k2 c2

to M -
( C - 8)

We can  now so lve E qs. (C -3) and  (C -7) for 111+ . The re s u lt  i s

m +  =

** *-
9_ a M+ " 9+ a M _

_g_ - g+
(C -9a)

*  g -  a M+ " 9+* a M - m_ = m+ = ---------------- ---------
g- - g+

(C -9b)

To so lve for v+ in  term s o f a E+ , we w rite , from the  d e fin itio n

of a E+/ Eq. (4-116)

a E+ = v + + E+ + P+ h +
(C-10)

w here o(^ and a re  defined  in  E qs. (4 -1 1 9 a ,b ) . From Eq. (4-115d)
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w e  c a n  w rite

i e0£, u £+ E+ = k h+ v+ ( C - l l )

and su b s titu tin g  for E+ in  Eq. (C -10) from Eq. ( C - l l )  w e have

W3
a E + =  < l  +  - ^ 7 > v +  -  ( C - 1 2 )

w here

K ~  + <c - 13>

S im ilarly , from E q .(4-116) a g a in  we have

\

E- V_ + «1 + P>_ h f (C -14)

w here o<2 and  ^  are  d e fin ed  by E q s . (4 -1 1 9 a ,b ) . From E q .(4 -1 1 5d) 

we can  w rite

i wr  E = -  - 7 -7 - h + -A- v_ (C -15)
E“ -  *#*,/• ‘  e0e,

S u b stitu tio n  of E_ from E q .(C -1 5 ) in  Eq. (C -1 4 ), and tak in g  the  com plex 

con jugate  y ie ld s

=  a  +  f  v +  +  f  h+ ( c - i 6 )
WE-

w here

£ -  ‘ A k o + ( C - l 7 >

W e now so lv e  E qs. (C -12) and  ( C -16) for v+. W e g e t
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U -  =  ---------- A - a '* +  '  ^ -------  ' (C -18a)

*  i .  dLfi—
I T  = IT  -   -------------^ ^ -------------  ( C - l 8b)

W hen w e s u b s t i tu te  E qs. (C -9) and  (C -18) in  Eqs. (4 -1 2 5 ) , we o b ta in  the  

coupled  mode E q s . (4  -1 2 6 ).
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APPENDIX D -  EVALUATION OF NONLINEAR COUPLING

COEFFICIENTS

W e would lik e  to  e x p re ss  the  f ie ld  q u a n titie s  v+ and  B+ in  term s 

of the norm al mode am plitudes a r ,  and a . , ^ .  To do th i s ,  we u se  the

d e fin itio n s  of ag+ and a j^+ Equations (5 -2 5 a ,b )  and (5 -2 9 ), r e s p e c t-
~  “  ^  

iv e ly , a s  w e ll a s  the  c o n s ti tu e n t re la tio n  be tw een  B and h :

A -  : E-t = tr+ + £ + f  ^ (D -la )

*r
-  vz. t

ft
« ;  £ .  -  a  8 - (D -lb )

= -vr + E-  * f i - (D -lc )

* £ - f (D -ld )

- r  e „  * £ (D -le )

=. /w_
\ *  v*  1

n  £ -  +  K- (D -lf)

-  /»»!_ ■+ TT E_ + £  A._
(D -lg )

<Lm- - + (D -lh )

%  ~ / o L ™ *  +

B _  -  /* o  ( ' HL  *  L S )

(D -li)

(D -lj)

w here

A # ,
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o f  = = (0£ JO  -  <»b) (D-2b)
/ •  J  r ~  A * b -

q ' _ fy-tOiM- ■ < y j  _  & +  (w t ~£*Jp\-r) (D -2c)

CO,  J * A

0  -  <• 7“ _ (D-2d)
^  ~ /**

w ith

0Jt -  (D -3a)

^  -  <* >+y (D-3b)

^ e +  ~ ^ E +  ^ 4  +  ^  J  * L  (D -3c)

<% -  ^ e -  '  ^ « -  ^  ” 6 *K  (D-3d)

W e now so lve  Eqs. (D— 1) s im u ltan eo u sly  for B+ and v+. The re s u lt  is

0  — ~ fci^e-t -  - £i d'#\+ (D -4a)

3  -  A *  dL*- ~ D| <̂ A|~ ^  (D-4b)

/  *r |ir

l r  -  * ^ 3  + &A d ' S . - (D -4c)

. *  -  , *  *
■jj- __ °~t ~t~ (r$ d'in+ •+ b - £& - * b*. &**- (D -4d)

c ^ r

w here
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G l a i
G _ g,

to*< A
3

D , = - F

A
V * V  to, /

t= _ _

V -
_ A>£a

jUirfUj+w^.-U^uf) cv+uJth)
^ e -

\  CVM-UJ, J

(y4  =

F  =
’* • - (—  ')yfr«- ^  /

V

(D -5a)

(D-5b)

(D -5c)

(D-5d)

(D -5e)

(D-5f)

(D-5g)

(D-5h)

To e x p re ss  vz and Ez in  term s of a Z S f f we u se  th e  d e fin itio n s  

of E qs. (5 -2  c , d )  to  w rite
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l r  _ 6 60 ^ 5* p
1 A  2

(D-6a)

- 2T —̂ 6 g*^ £

4  - A  *
w here

^  =  o , ‘ -  ^ a ) ' ^  - i  y . / j .

(D -6b)

(D -7a)

(D -7b)

W e so lv e  E qs. (D -6) for v z and Ez and w rite

+ W S  )

C *  * i )

(D -8a)

(D -8h)

The non linear term s in  the equ ilib rium  eq u a tio n  for a ^ ,  Eq. (5 -3 4 a ) ,

are

M o v j -

T £ .«  r»\ 5

z  I k (D -9)

S u b stitu tin g  f ir s t  Eqs. (D -8) in  Eq. i (D-9)  we get

h )b b )L l  u s .  a r  _  
T ernvS v i

(»s+K)
G>+ (D -10)
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Substitu ting  for v+ and B+ from Eqs. (D -4 a ,c )  in  Eq. (D-10) we

have

K)o o u h>b .m . _
TtE jRM  $ 6-F

^ e  +

1 -  Y  «*■*>. a- <L
(^ ■ r(r4)  | /  W < y 7 » V / B  +

V»

I (*)>*>* 6- _ f  “*> 6I, (J o,
Or*«J») («>rt«V') J  ’ *■+

+  d f ^ s _  <*«■>»> f r  +  f  V T ]  <i .  < £ _
•L (ujj+u>t) fu tr t to ^ d  »

*  ^  £. -4-

L  a .  t 0 s +«fc) 1

| j ^ _  M L 4  ^ £ » K  * ,

* 1 (
( < V * ^

<JU d t*  
^  £ -

*<«■ K - " J  6. + . f ”A
J * -  ^

6- & 1 
*A * - ( D - l l )
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W hen we su b s titu te  the e x p re ss io n s  for G1# G2, G3, G4, D x, Ex and E2 

from E qs. (D -5) in to  Eq. ( D - l l ) ,  we g e t Eq.  (5 -3 5 a ). S im ilarly , we can 

w rite  e x p re ss io n s  for the n o n lin ear term s of the eq u a tio n s  in  a j-_ , a z f  

and  a z s , Eqs. (5 -3 4 b ,c ,d )  re s p e c tiv e ly . After s im ila r a lg e b ra ic  m ani­

p u la tio n s , the  re s u lta n t eq u a tio n s  are Eqs .  (5 -3 5 b ,c  and d ) .

I
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