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Abstract

ELECTROMAGNETIC WAVE INTERACTIONS IN FERROMAGNETIC
SEMICONDUCTORS

by

Lorenzo José Abella
Adviser: Professor Morris Ettenberg

In this thesis, the linear spin wave/helicon wave interactions in
p-type ferromagnetic semiconductors are presented in a coupled normal-
mode form. To facilitate identification of convective and absolute
instabilities, the formulation is done first in spatial domain then in time
domain. Using the normal mode amplitudes of the linear case, the spin
wave [carrier wave interactions are extended to the nonlinear regime.
Coupling coefficients between the various modes supported in the medium
are derived, and possible three-frequency distributed parametric inter-
actions are obtained. A special case of parametric excitation is investi-
gated in detail, where the introduction of normal mode amplitudes leads to
considerable simplification of the problem. In addition, some recently
performed longitudinal magnetcresistance measurements on the p-type
ferromagnetic semiconductor Agy Cd,-x Cr, Se, , where x = .045, are
presented, as preliminary to r.f. experiments which could be done to con-
firm spin wave-carrier wave interactions in the material.

Additional results with regards to the linear spin wave/carrier wave
interactions are also presented. These include generalization of the permit-
tivity and permeability tensors to include wave propagation at an arbitrary
angle 8 with respect to the direction of applied d.c. magnetic field, some
comments on the spin wave /carrier wave interactions in n-type ferromagnetic
semiconductors, and numerical investigation of the weak coupling approxi-
mation in the region of phase synchronism between spin waves and helicon

waves in p-type materials.
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CHAPTER 1. INTRODUCTION

The discovery of ferromagnetism in the semiconducting chromium
chalcogenide spinels Cd Cr,S,, Cd Cr, Se, and Hg Cr;Se, [ 6-9 to 6-11]
in 1965 has stimulated considerable interest in the investigation of the
scientific properties of these materials.. The major stimulus has come from
observations that their transport properties contain numerous anomalies which
correlate with changes in the magnetic state of the system [ 6-4 to 6-8]. The
simultaneous-existence of ferromagnetism and semiconduction in the same
material would appear to offer many possibilities for applications | 6-12]
where the electronic properties could be magnetically controlled and vice
versa. One could envision tunable microwave oscillators and amplifiers,
and monolithic microwave integrated circuits. By studying the interactions
between the magnetic and electrical properties of the material one would
obtain sufficient knowledge of the phenomena to evaluate the potential of
devices, or of diagnostics "probes”, that might evolve.

The study of the band structure of ferromagnetic semiconductors
has been an area of continued research ¥ . Research has also been directed
towards the study of wave interactions in these materials: evidence for the
existence of active collective interactions between carrier waves and spin
waves in polycrystalline (p-type) Agy Cd,-x Cr,Se, has been presented

by Vural and co-workers [6~1, 6-8] , and results interpreted in terms of a

fSymposium on Magnetic Semiconductors,IBM J. Res. anﬁ"Develop. '
vol.14, May 1970, pp. 205-340,



theory for the interaction of spin waves and drifted carriers, first discussed
by Akhiezer et.al. [4-1, 4-2] and later expanded by Vural and Steele [ 2~2,
2-6] . Assuming a hydrodynamic model for the drifting carriers and a con-
tinuum model for the magnetization, the essence of the approach of the
available theory has been to linearize the basically nonlinear system
equations so as to characterize the medium in the long wavelength region
(1.e.7\>> R‘Debye' atomic distances "a") by permittivity and permeability
tensors. This approach, however, precludes the study of any nonlinear (or
parametric) effects that may be associated with spin wave/carrier wave
interactions.

Moreover, in the study of wave interactions in charged carrier
systems, it is often desirable, or indeed necessary, to formulate the
problem in a coupled normal-mode form. If so formulated, the coupling
mechanism between waves would become clearer, the interaction could be
extended easily to the nonlinear regime, and the transition from the long
wavelength (or classical) region to the short wavelength (or quantum
mechanical) region could be accomplished readily. The existent linear
theory of spin wave/carrier wave interactions lacks a coupled normal-mode
formulation.

In addition, the technology for the growth of more pure and perfect
single crystal of Cd Cr; Ses has evolved to the point where small single
crystal samples of (p-type) Ag, Cd,.xCr;Ses have become available in

varying amounts of carrier concentration. Thus experimental research of



the transport and microwave properties in these materials is now possible.

The justification and need for further research, both theoretical
and experimental, in the study of electromagnetic wave interactions in
ferromagnetic semiconductors has just been outlined. This thesis deals
with such a study. We present in several sections of Chapter 2 a summary
of the work of Vural and Steele [2-2, 2-6]. In Sections 2.2-1 and 2,2-2
we review, for an infinite semiconductor, wave propagation parallel to the
direction of carrier drift and applied d.c. magnetic field. In Section 2.2-3
we extend the analysis to cover wave propagation and carrier drift at an
arbitrary angle 6 to the direction of applied d.c. magnetic field. In
Sections 2.3~1 and 2.3-2 we review, for an infinite saturated ferromagnet,
wave propagation parallel to the direction of applied d.c. magnetic field,
and discuss the insensitivity of the effective permeability of the system to
the type of relaxation assumed. In Section 2.4-1 we review energy relations
in wave propagating systems and in Section 2.4-2 we summarize how these
energy relations were applied by Vural et al. to study wave interactions in
an infinite ferromagnetic semiconductor. We discuss at the end of Section
2.4-2 how, contrary to what is implied by Vural et al. [2-2, 2-6], no
active helicon wave interactions are possible in n-type ferromagnetic
semiconductors. In Section 2.4-3 we extend the analysis to cover wave
propagation in an infinite ferromagnetic semiconductor parallel to carrier
drift, but at an arbitrary angle 8 to the direction of applied d.c. magnetic
field.

In their work, Vural and Steele derived a dispersion relation for



active helicon-spin wave interactions, numerically solved for the growth
rate in the region of synchronism for slightly lossy conditions, and inter-
preted their results in terms of energy exchange between interacting modes.
In Section 3.1 of Chapter 3, we use the same numerical techniques of Vural
and Steele to investigate the validity of the "weak coupling” approximation
under which the above numerical solutions were interpreted. Our results
confirm their assumption. In Section 3.2 we present additional numerical
solutions for the growth rate in the region of synchronism, using again the
same numerical techniques, but assuming realistic losses for ferromagnetic
semiconductors. Our conclusion is the same as that arrived at by Robinson,
Vural and Parekh [3-8] using an alternate method: we conclude that no net
gain is possible in presently available ferromagnetic semiconductors via
spin wave-helicon wave interactions.

As mentioned earlier, there are various advantages to formulating
the linear spin wave-carrier wave interactions, studied self-cansistently
by Vural and Steele, in the coupled-normal mode formalism of Pierce [4-8]
and Louisell [4-9]. Accordingly, we proceed to formulate the interactions
in Chapter 4 in this coupled-normal-mode form, first in spatial domain in
Sections 4.2-1 to 4.2-3 and then in time domain in Sections 4.3-1 and
4.3-2, Using these normal mode amplitudes, the spin wave-carrier wave

interactions are extended for the first time to the weak nonlinear regime in

Chapter 5. Coupling coefficients between the various modes are derived

in Section 5.3, and possible parametric interactions are tabulated in



Section 5.4. A special case of parametric excitation is investigated in
detail in Section 5.5, where we obtain threshold conditions and growth
rates for the particular interaction under consideration,

Finally, in Chapter 6, we present some recently performed
longitudinal magnetoresistance measurements on single crystal samples
of (p-type) Agy Cd,.xCr,Se,, where x = .045. These me asurements are
compared with similar measurements performed on polycrystalline samples
of the same material by Vural and co-workers [6-1, 6-8]. In performing
these measurements we studied the d.c. characteristics of single crystal
Agy Cd,-x Cr,Se, as preliminary tor.f. experiments which could be per-
formed in the future when larger specimens become available, to confirm
the spin wave~carrier wave parametric interactions investigated in ithis
thesis.

Chapter 7 offers a summary of the contributions of this research

and suggests future extensions of.this work.



CHAPTER 2 LINEAR ELECTROMAGNETIC RESPONSE

2.1 Introduction
It was pointed out in Chapter 1 that in the long wavelength limit
). it is possible to formulate the linear electromagnetic

(A>>A

response of a system containing charge carriers by a frequency dependent

Debye

and wave number dependent permittivity tensor ll€ (w, k) Il [2-1,2-2].
Similarly, a magnetic medium may be characterized, for wavelengths much
greater than atomic distances ( 7\>)a) ., by a frequency dependent and wave-
number dependent permeability tensor I (w,k) || [2-3,2-4] . In a mag-
netic medium where charge carriers are present (as in a ferromagnetic semi-
conductor), one may study the linear electromagnetic response in terms of
the mode spectrum supported by a magnetic subsystem characterized by

ll/t- (w,k) I , the mode spectrum supported by the carrier subsystem
characterized by )| € (w,k) I’ and the possible coupling between these two
mode spectra [2-5,2-6].

In this chapter, I shall develop first the frequency dependent and
wave-number dependent permittivity and permeability tensors } € (w,k) Il
and |M(w,k)l for a ferromagnetic semiconductor by neglecting the
coupling between the ferromagnetic and semiconducting subsystems. Then,
coupling will be introduced and its effect on the linear electromagnetic
response of ferromagnetic semiconducting system will be analyzed. The

£

equationsfwill be developed for a particular orientation of the external static
fields, and then they will be generalized for any external static magnetic

field orientation.



2.2 Semiconducting Subsystem

2.2.1 Development of Basic Macroscopic Equations

Consider a large number of free charged carriers (electrons or
ions) in vacuum interacting with their self-created or externally imposed
electromagnetic field or both. Observables characterizing such a system
experimentally are determined by an average behavior of the ensemble.
Starting with a point charge (microscopic) model, I first indicate the
derivation of the macroscopic equations describing the behavior of the
hydrodynamic model. Use of the hydrodynamic model [2-7] means that
one replaces the charged carriers with a charged fluid characterized by
a few parameters as mean density wp, mean velocity Vor diffusion D,

and mean friction coefficient 'l)c.

Maxwell's equations in the presence of charges are given as:

5N a >
VXE =~ ¥y C to the dynamical motion of
) - _ a a AN
v““")*b—,gb (2-2)
—
V’ B =0 (2_3)
-
Relating the vV-b —_)D (2-4)

>
Relating the source terms J and j to the dynamical motion of

electrons (negative charges) one obtains [2-8,2-9]

P L) =L -2 S+ -7 @] (2-5)



78 =T ey S -] -9
where
N 2 > > -
o 9k and  m, P - _e[E +UiaB)  (2-1)
&t W

Given the large numbers of electrons (i =¥~ ), assume a statistical
description. Let there be a distribution function f(r>, \7\, t), where

f(r>, \7, t)ydxdydzdv, dvy dv, represents the probable number of electrons
in the volume element dxdydzdv, dvy dv, (dr?dv?®) at the point (?, \'15) in
the six dimensional phase space. The average number density n and

D
average velocity 4 are given as

m(E k) = fa‘(*r 4) My (2-8)

o (F k) = ( jv— £(= 3) v (2-9)

Then define source terms f and j in terms of n(r t), and u(r t):

A a
'P (\i/ t) = -e2m (r/t) (2-10)
JEHE 2Nk (FE) (2-11)

The behavior of f(?, \7, t) is described by the Boltzman equation

éi “+ ’G“-V.rf - X (E-«-‘\?’ xg)'vv§ = <__bi

St b 2t/ ety (2-12)

The Boltzman equation is essentially the equation of continuity for f in




phase space.
The macroscopic equations of the hydrodynamic mode are
obtained from the microscopic Boltzman equation by taking moments of

the velocity distribution and truncating the system

g(i) —ﬁd}f +j(ﬁ')m1;. Vrf dfr
@[5 Gt v gz - B oy
< Ot /oot
The zeroeth moment (n=0) leads to the equation of continuity:

On L v (mi) =D
on A = Un 2-14

where ‘D‘, represents the velocity averaged electron-number change

rate per unit volume due to recombination, ionization or attachment.

Assuming 7)p Z 0 one can write the continuity equation in terms of
>

P and j:

‘?f‘ + Vel =0 (2-15)

The first moment of the Boltzman equation leads to the equation

of motion (or momentum transfer equation):

i 2 (Ey peB)-RE - v -lPI (2-16)
dk Me Nme

O > A 3
where |[[Pf| =nmg | (U-v): (u-v)id’v
Exact description of I P ” , the pressure tensor, requires knowledge of

the third moment of the distribution function, which is the equation for



10

the heat flow vector q) . However, at this point the sequence of
moment equations is terminated by assuming local equilibrium. This
permits the-definition of an isotropic pressure term related to tempera-
ture (equatic;n of state). Thus,
hPh = /ks Ten(s %)= UQ& M m (Z4) (2-17)
and Eq. (2~16) is rewritten
%:'iCE"'ﬁ‘g)'jﬁi ""U;L}LV,.') (2-18)
Equation (2-18) was derived for the case of free electrons and ims in
vacuum. "Free" carriers in solids can be treated in the same way when
the effect of the environment has been taken into account by: (a) inter-
preting the constant collision frequencies D ¢ as accounting for the
interaction of these charged carriers with lattice vibrations, (b) by
introducing new masses for the electrons and holes (effective mass
approximation) to account for their motion under the influence of the
periodic potential of the crystalline lattices [2-10].
Consider again a free electron in vacuum from the standpoint

of wave mechanics. Schroedinger's equation for the motion of a single

By =0 (2-19)

free electron is
v* t,b + Me
kt

The one-dimensional solution of Eq. (2-19) yields
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(‘b sin
k = A kx, k a constant
cos

with energy given by
T e
E AR

= o

(2-20)

Now consider an electron moving in a solid. Effectively the "free"”
electron moves in a field of force under the influence of the periodic
potential of the crystalline lattice V(T). Schroedinger's equation is

now written as: .
vt _;"Tc[e - 2V(R)] ¢=0

Since the energy E) of the "free" electron is assumed greater than -eV;
(otherwise it would be localized), (see Fig. 2-1) one can still describe
the charged carrier energies as being proportional to k? , as they were
in the case of the free electron in vacuum, Eg.(2-20), but with a variable
factor of proportionality. One defines a quantity m: , the effective
mass, which is related to the curvature of Ey vs. k curve. In a
simple-one-dimensional case, one may express Ep as
E, . A4
4%*

Hence the similarity of Eq.(2-20) and Eq. (2-21) allows us to replace

(2-21)

”» ”
me by mg in Eq.(2-18) with the understanding that we assign to mg

none of the properties of a mass other that it is the coefficient of pro-

portionality between the external force and acceleration (assuming D c
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A
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FIG. 2-1 Potential energy of electron in crystalline solid.
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and v, =0 for simplicity) which satisfies Eq.(2-18) [2-11].

In summary, the basic equations for an electron plasma in a

solid are: R
VXE = - “j'%' (2-22a)
O bt = 5 + _@f__ (2-22D)
V-g=o0 ( g:/,,ﬁ) (2-22c)
v D= (b=¢gg E) (2-22d)
P—am (2-22€)
j = —j'ﬁ' (2-22f)
cﬁ T f:;' (E+Fx8) =RV +(R] L v p (2-229)
sk i i =° (2-22h)

2.2.2 Wave Propagation for Carrier Drift Parallel
External D.C. Magnetic Field ( = 0°)

Assume that we have a system of positively charged carriers
(or holes) drifting in an infinite plasma with a drift velocity ‘—IZ. Assume
that (\7‘015) l\?e’ , that is, that the Maxwellian distribution function in
velocity space has a small velocity spread, so that one can consider
all the holes drifting at the same velocity. In this case, the diffusion
term F/;I j— V. P of Eq.(2-229) may be neglected. Assume also that

>
there is an external magnetic field By applied along the direction of
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> A
hole drift, such that the angle 6 between Bo and v, s zero.

Consider Fig.2-2. Let the field quantities vary as

2 RN A -
A=A +A ei(wt kz)

> Y
where A, is the d.c. component and A, is the a.c. component of the

fields. We are interested in the linear plane wave response of the

system described by Eqs.(2~22). In order to characterize the medium by
>

a permittivity tensor [|€ (v,k)/] , we must express the charge current J

N
in terms of the electric field E. This we do by using Egs.(2-22e,f,9)

after linearization. Consider the left hand side of Eq.(2-229)

0k

= (WU (1/ J +l?°V
= ¢cWV + 03—5—2-_ ! )‘U,‘

ar

~ > BN
= LWV + Ut;z (“"’/Q)‘U;

a A
Consider the vxB term:

Hence Eq.(2-22g) may be written as:

) N T N - N S,
i (w-RY, W)y, = ;E[E\* (v,%8,) +{v; *3«)] (2-23a)

Also Eq.(2-22a) may be written as:

P N

AN
B, = %(k% x E;) (2-23b)
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FIG. 2-2 Field configuration for 6 = 0,
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Substituting for B; from Eq.(2-23b) into Eq.(2-23a) we get

L(o-RG - V)T = 2 B« 2 4« (R«E)

* -
A ot
2 > =
+? v By (2-24)
Let
N A A
U‘,:'\);xx +'U';J*9 - U-/iz

Y 2
Write Eq.(2-24) in vector component in order to solve for v;= \Z(El):

X component:

2 W~ RV
L @0- V=i D) U + W Uiy = = ( b2) Elx (2-24a)
A w
y component:

(w- ’&Un _
~0, U, + {(w-hRJIyy - ¢ ,\)v,g_ = :::; " E,; (2-24b)
z component:

¢ (w-Ryy - - = 2-24c
(w-R 02 "¢ %) Uy e Elz ( )
Hence we write in matrix form
cL W, D (UM - Rsa E,.
" ©
- w, cA o | Yy =’( w- AJduz B,y (2-25)
0w
(&} (6 e f\T E




where Q = (w-kvoz—i’l)h)

£ % L
We = B s —
c” mF “oz ? =

h e

From Eq.(2-22e)

g oo -~ - - - S
J:()Of}.)/lf‘o-r ,_):'}OU" +‘l/;/} + AU, +AHY

Hence the first order a.c. term J; is given as:

A D
U;:/Ou}-r)lvs

From Eq.(2-22h)
A D

iwg f, - i(kz)oJ"' =0
J

or P = &

{
w 2

Substituting Eq.(2-27) into Eq.(2-20) we get

i

> -3 AN
J; }o‘y"'u\%jll-

[~

Since from Eq.(2-22b):

i -
+ ( WEE E,

M

VXH' = J| -+ b‘b.l_— b=
Ot

define a permittivity tensor I/ 8” such that
P - .
UxH, ={weseg NENE = LwD,

> PN
Hence D, = ¢ NEN E

-

- E >
and iw &€, en € = L w €D€I , + :T,

b
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(2-26)

(2-27)

(2-28)
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or

1EN A T + —— T, (&Y
Cw &E, (2-29)

KN S = D
We have v, in terms of E; from Eq.(2-25) and J; in terms of v, from

Eq.(2-28). After substitution we get the permittivity tensor

gxx !:fxy_ o
(E@RI = [,

¢€xy Eygy o (2-30)
o o) €:2
where
Eve = &gy = We (0= ¢ Dh)
Y w [[(w-¢ V) =w,t)
kR
Exy = Wp We
(1){((1)—& _l)k)‘-" WJ']
W,
gez =

| =
(- Ry, ) w-RUyg -0 )
and wt - JE

We have now characterized the semiconducting medium by the
permittivity tensorJE (w, k) l| , EG.(2-30). The modes of propagation

of the system are studied by means of the dispersion relation D(w,k) =0,
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which relates the frequency w to the propagation constant k and is
obtained by the self-consistent solution of the basic equations. There
are two simple modes supported by a medium characterized by /{8 (w, k)N,
Eq.(2-30) [2~12]: (1) longitudinal, or space charge, waves where the
electric field has a component only parallel to the direction of pro-
pagation, (2) circularly polarized transverse, or helicon [2-13] , waves
where the electric field has components perpendicular to the direction
of propagation. Both of these modes are characterized by single effect~
ive dielectric constants; that is, for longitudinal and circularly polarized
transverse excitations, the plasma behaves .ike an isotropic medium
with dielectric constants & ,, and &  + & xy respectively (the
plus sign applies to the right handed circularly polarized wave, and the

minus sign to the left handed circularly polarized wave).

Longitudinal Waves (space charge waves)

As mentioned before, the longitudinal space charge waves have
an electric field component only in the direction of propagation and
drift, assumed here to be in the +z direction. Making use of the
permittivity tensor given by Eq.(2-30), we can write Maxwell's
equation as:

LN

xH = ¢ WEE NN E (2-31a)

)

-C

X

~
=-cwhh (2-31b)

Mmy

)
[ it}
-

#H =0 (2-31c)
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-
—c R E = '{%" (2-31d)

0~

— BN A - A
Since E = E'% z and k =k, z then from Eq.(2-31b) we get H;= 0,

and from Eq.(2-31a)

Y A ’h -
R =KW =-wE € €y, (w, ) E =0 (2-32)
Since E , #0 then,
2
%
E%J_: [ - =0 (2-33)

(- RUy3) (- Ry, - ¢ V)

Equation (2-33) is the dispersion equation for this mode excitation,
plotted on Fig. 2-3(a) for 7);‘ = 0. Note that, from Eq.(2-32), the
effective dielectric constant is &,€ Ea, [w, #),

Equation (2-33) infers two longitudinal modes with wave
number k; and k, for a given frequency w. These modes are called
fast and slow space charge modes since the phase velocity v for

A

mode corresponding to k; is greater than the phase velocity v

pe
for mode corresponding to k,, i.e., for 'I),‘ =0
U,

w _ U, =T, = o=

LW - Uy, - (2-34a)
R, P /- (”Jp/a))

Lo Uy, = Uy = Usa (2-34b)
R 1+ (wp/w)

and V¢§ > Vs for a given frequency w. Plotted on Fig.2-3(b) is the

dispersion relation Eq.(2-33) for a slightly lossy case, —Dh< 2wp. In
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(b)

FIG. 2-3 Space charge waves in infinite medium (a) vg = 0, 'l)'\= 0,

(b) vg =0, 'Dk«z wp -
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this case, the modes may still be classified as fast and slow space

charge waves, with phase velocities given as

w Vo
e - — 2
= = 2-35
41 R s | % (1= DX ap)™ (2-39a)
(73
Ups = 2 Yoz (2-35b)

Boed [+ e (= I T
W

Circularly polarized transverse (or helicon) waves

Consider now the situation where the excitation field has com-
ponents only transverse to the direction of propagation, drift velocity
‘and applied magnetic field, as shown in Fig.2-4. To obtain the mode
spectrum for this particular excitarion , we go back to Maxwell's
equations, remembering again that the effect of conduction has been

incorporated into the effective dielectric tensor || €£(w,k) || given by

Eq.(2-30): -

-~ - S

~cRx H =l wee, I el E (2-31)
. A - N

~(hxE, =- Cwpy By (2-32b)

R .H =0 (2-32c¢)
D S

. - |

- v b B = ‘i—— (2-324d)

2 A A
Since E; =E;4x x+ Eny y by assumption and k = kg then from Eq.(2-32d)
S A A Y
fl = 0. Also, from Eq.(2-32c) H=H,, x+ Hy v . Now take k x
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Eq.(2-32b) and substitute Eq.(2-31a):

P I T N
RxLxE = wu, (-wee,)len E, (2-36)
- D N QA = A Py

Since kxk x El = (k . El)kl - szl = ‘k’:El

N
then K*E, = @' lo 6 €, €Ml E,

or in tensor form
E\y X Exn ¢ Exa, E\y
(o) =omes [
Evy by Eax By (2-37)
Equation (2-37) is satisfied for E+ = Ex + iEy. This yields

{'K’t-w‘ﬂoeaf, (€ t s,})j E+=0

Substituting for the values of £, and éxy, we: get the dispersion

equation

*pl—ﬁ:—[l _ wpl(w—ﬂl)'oa) ] =6
< - 7),\)

w(w-RJse T, (2-38)

Plots of wvs km&11 for right and left handed polarizations are shown in

Fig.2-5, assuming no losses.

2.2.3 Wave Propagation for Carrier Drift at an Arbitrary
Angle to External D.C. Magnetic Field ( & # 0).

Having investigated the particular case of wave propagation in a
semiconducting medium parallel to the direction of carrier drift and external

magnetic field, one now generalizes the treatment for wave propa-
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A

(S
B,
E —
3 >
2

¢

FIG.2-4 Field configuration for helicon waves.

(&) (e

FIG. 2-5 Frequency spectrum w vs. K for helicon waves, with

real
‘Dk = 0 and holes as charge carriers.
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gation at any arbitrary angle © Let © be the angle between the

A A

external magnetic field B, and the direction of wave propagation k
A A

and carrier drift velocity Voo Refer to Fig.2-6 Here k is assumed

A
parallel to v For @ = 0, we saw how the medium supported two wave

o°
excitations independently of each other, i.e., decoupled: longitudinal
(or space charge) waves, and circularly polarized transverse (TEM or
helicon) waves. For the case ® # 0 the modes supported by the medium
cannot be classified as simple iongitudinal, TEM, TE or TM modes. In
fact, self consistent solution of the bas:c equation of the hydrodynamic
model, Egs.(2-22) shows that al! three fie!d components Ex, Ey, E, are
needed for wave propagation in the case & # 0. Nevertheless let us
characterize the medium by a frequency-wavenumber-angle dependent

permittivity tensor J| € (w,k,e)l , in a manrer analogous to the case

O= 0. Assume again a smaill signal model, such that all quantjties vary

as

Y A Y 20N

A=A t+ A exp i(ut-k-r)

A A A A A
where k =(ksin®)x + (k cosB)z =k, x+kzz ,

A A

r =xx+tzz

A
and where A, = d.c. dependence

-

A, = a.c. dependence

Y N A N A
Let vy = (Vg sin® ) x+ (v5C088 )z = vou X + v, 2. We seek to relate

~ >
the displacement vector D; to the electric field vector E, as

N -
D, = §€, NE(WR, I E,
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-
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¢

FIG. 2-6 Field orientations tor wave propagat.on at an arbitrary

angle 6 .
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in such a way that Maxwell's equations may be written as

LY ~ . ~
VuH =i we, €, lelwRBIE = ¢ WD, (2-39a)
-h -
Vx B = -cw b (2-39D)
V. D, =P (2-39¢)
-
Vet = O (2-39d)

where the effect of conduction has been incorporated into the effective

dielectric tensor [ £ (w,k,2 ) I

Consider:
(_A % u_(% g).[&-fﬁ\,z,(ﬁ.a(wt-&xx-k&&)]
Hence o A R AL =i B, Aa =-—£1QA-Z\.>,
o > —i R

Consider the equation of motion Eq.(2-22g) w.it:hlx?e) = 0. The left hand

side may be written, after linearization, as

I _ 2 G, +[(v,+\r) v 7o,

)Y o
EN 2 AN
or i‘*‘_’; = ét_):\._ + ("JM bl?\ Y oY, )
: dk 01& Ox 2 Oz
N Y
or de _ (w0 R - R, Y, (2-40a)
ak ‘
Consider the linearized va term
—_— 2 kS . ) Y Y - J Y

VX B = (votvy) x (BgtBy) = vy x B + vy xBg

o
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Since from Eq.(2-223a)

> K
then the linearized v x B term is written as

A A ey 2 oy ~
Txb = —= hx(RxE)+ UG (2-40b)
and the equation of motion is written as
. N
§ (0 RBoy= R, %, ~¢ DY =
. N N = Q02
L2 ‘+_-°—_J_ s % (- xE,)-ﬂ'—Q—_‘J—UN‘Bb
e m:a) " W (2-41)
Let = (w- ky Vog - Ky Vo, - 1 Dh ) : *=£-‘°w=-§—B
( X Yox 2 Yoz =" A z mp¢ ' ¢ mp* 0z

Then rewrite (2-41) as

’ A — L P A Ay - A A

[y =7 & * A= [/Vo- £) - (% -Q)E,}*w@ (U,x2) (2-42)
Consider now the current equation, Eq.(2-22f)

LY . : A Y
T = (PP AGT ) = Ahy + AT, w27« 2D,

Hence

- Y
T, = A0, + I3, (2-43a)

From Eq.(2-22h), the continuity equation, we obtain
~

Lrll)j‘— k~7'=.'0
or n =D
P = w R 3, (2-43b)

Substituting (2-43b) into (2-43a) we obtain
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2

B D -~ -
T = oV + L 2.3 (2-44)

Y > KY
Then, we have expressed v; in terms of E; in Eq.(2-42) and J; in

S
terms of v; in Eq.(2-44). Hence from the definition of the permittivity
tensor, Eq.(2-29), we are able to derive an expression for [[€ (w,k,é)// .

After some algebraic manipulation of Egs.(2-29), (2-42) and (2-44) we

obtain:
EH E 12 613
w.k,8)| = €., €22 E,3 (2-45)
2'3: 63?. E&S
where
<
€y =|1- wlo Rl R e (2-46a)
Y w (#-f) WY
Rl B CACE RaUsa)(W-Rx U= Ratha) (2-46b)
la~
Yo (x> )

(- Revia Y Ry W RaVue (0= Ridux (2-46c)
El.’b= +

Wy (X=w) @< |
i e (0o Raboa) (2-46d)
Q- ot (0(1“— (0,:‘)
S <0 (- RuUox=Ra 'Vn)] (2-46e)
a3 o (o(l—w:)

€ :—é[ 2", Ry Voa ]
' )

Wt [« wr (2-461)
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Es - W,l /(l)— ﬁxu.ox) 1@; Vpx + X ’Jﬁz{w' ﬁ}(foz.) 'ﬂ,, Iroz (2-469)
i W o J L (Xz-wcz)
€ 20| __Yws (W RV - RaVor) Rives (2-46h)
3a yw (“z_ IUJ)
N L 2z
A . W' (0- Ry00x) " xRl Voa J (2-461)
WY Fw («2wd)

where °(=(w'kxvox'kz"02'17);\ )=(w-kv°-i'D,\)
Y = (- kzVor)(W-kyVox) - kx Kz Vox Voz = Ww=-k vg)
ky =ksind ; kz =k cos® | Vo =V, sin®; vy, =v,C088,

To obtain the dispersion relation D(w,k,® ) = 0 for this case, we
write Eq.(2-39b) as
- . N
V% 9 x E, = —¢ WM, IxH, (2-47)

Substitute Eq.(2-39a) into (2-47):
VxVxE:: Wi, € € N <l E'?,

or - s . A
~R xR =E, =wou, €, 10 E,
or _ N F a (2-48)
~(RE)R+KE = MENE
[
where ¢ = (}4., E,g,)"
In matrix forrh, we write Eq.(2-48) as:
p,( E\y- En En. £:3 E\y.
- 1 &)L ¢ \ 52-). 5&3 E|
-(A-E.) o |LA [ By |= L[5 P\ (2-49)
*} Ell CL 23, Eao 533 E\%
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In explicit component form we have:

Rl 8 - 2
(’Ra _% Ell) E\y~ ‘%‘ 12 0; (& % 5/3) E':_ - (2-50a)
1 T
- R - @ =
61 1% + <ﬁ Cz 11) Eg. ?" 623 E'a =0 (2-50b)
—(4 + Wt _ 2_or -
( )(ka T 53,) E'X- % '3‘ + (»)Q % QD) ElE:D (2-50c)

Non-trivial solutions of Eq.(2-50) require that the determinant of the

matrix coefficient be zero.

oWt . ot
(’Qz = g") T et €2 (’k # -: ,3)
cr A z{ zz.) ? 23
7 w® R -
—(’pxks“' %’ e_;,) 632. ( ESS
Expanding the determinant yields the dispersion equation. Using

=~
~
"

=~
N
It

k sin 6

k cos 6

= Vo sin 6

v, cos 6

o

we have, after expansion:
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2 4
633[(&"“’“6 —_z_);' 6“ )(ﬁ"_ % éa_;) - % g/;, g;,] —

.M [(ARL Coe & - — En) (A - _ Ey.) E”_g']

W™/

wl—
- = 80&83,_(&%;9 -2 g,

(A cl-

E/:_ (‘k?‘«lD (o6 + _Q_L €3,)]

‘1-

R Gl 2 :
{_ﬁ".;“;z__’ ][(*Q~__ E,_,_)(‘ﬂ/a,wec,g,p_a_):g‘?)
‘._ 4

4
(/3]
T 52.4532:) (2-51)

The dispersion equation (2-51) reduces correctly to our previous

1

limiting case of 8 =0, For 6 = 0, from Eqs.(2-46), we have
Ep=€Ex=E3=0 and £, = £22, E12 = - €21. Hence we write

Eq.(2-51) as

1 A T
E 3(:(42’-_%&") - -CB’_- E,,_Ez,] =0 (2-52a)

Substituting for €,,, & and &,;, from Eqs.(2-46), we can factor

Eq.(2-52a) as follows:

w® Y | - 2" (0-RVsa.)
T (- R )@ Ry -9 ¢ wh(w-RY, * c—w:} (2-52b)

to yield the dispersion equations of the longitudinal and the circularly

polarized plane waves propagating along the direction of applied magnetic

field and carrier drift velocity, Eqs.(2-33) and (2-38), respectively.
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2.3 Ferromagnetic Subsystem

2.3.1 Development of Basic Macroscopic Equations

Having characterized the semiconducting subsystem of " free"
charge carriers by a permittivity tensor, we now seek to characterize
the insulating ferromagnetic subsystem by a frequency and wavenumber
dependent permeability tensor /| /a (w, k)|

Many crystals have an ordered magnetic structure. This means
that in the absence of an external magnetic field, the mean magnetic
moment of at least one of the atoms in each unit cell of the crystal is non-
zero below a certain critical temperature [2-14]. In compound magnetic
crystals, there are several possible arrangements of magnetic moments:
(1) Ferro-magnetic arrangement, Fig.2-7(a), in which the mean magnetic
moment of all atoms have the same orientation below a critical tempera-
ture, the Curie temperature, (2) Antiferromagnetic arrangement, Fig. 2-
7(b), where a set of magnetic sublattices have nonzero mean magnetic
moment, but compensate each dther within each unit cell. This type of
ordering occurs if the temperature of the antiferromagnet is less than the
critical temperature, known as the Néel temperature. (3) Ferrimagnetic
arrangement, Fig.2-7(c), which consists of a number of magnetic sub-
lattices whose mean magnetic moments are uncompensated, thus exhibit-
ing spontaneous magnetic moment below the Curie temperature.

To understand the origin of the mean magnetic moment, consider

the structure of atoms comprising a material. We assume an atomic
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model where electrons orbit the nucleus while rotating about their own
axis [2-14, 2-15]. This electronic motion, a combination of revolution
and spin, determines the magnitude of the magnetic moment of ferrites.
A classical particle of charge -e and mass m having orbital angular
momentum -I.:, has a magnetic moment associated with its arbital motion
given by

(Sm)

= e 7 2-53
orbital =~ ~ 2mL (2-53)

The magnetic moment associated with the spin of the same particle about

its own axis, as in Fig.2-8, has the form

3 _ e 2 _
(& m) _-meS (2-54)

spin

3
where S 1is the spin angular momentum. The constant g in the Landé g
or spectroscopic factor and has a value of 2 for a free electron. The

total magnetic moment of the electron is then given as

A
(Sm) = (Sr’n)orb. +(Sm) =§I-en(f+ gS) (2-55)

spin

However, experiments [2-16] show that in ferro and ferrimagnetic sub-
stances the contribution of the orbital motion to the total magnetic
moment is very small, indicating that the orbital moment is almost
quenched by the crystalline field produced by the surrounding atoms.
Spin motion is then the major contributor to the magnetic moment of the
electron, and the revolution about the nucleus may be neglected.

Accordingly, we write the total electronic magnetic moment as
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-

Y
(g":) =—$_35=-MS (2-56)

where M is called the gyromagnetic ratio. In a system consisting of
many electrons, each with spin 31 and magnetic moment (5&‘1)1, when
all the microscopic (S r’x\l)1 are randomly oriented in a small volume (dv),
then there is no net mean magnetic moment [2-17]. This is the case in
non-magnetic materials. However, crystals of such elements as Fe, Ni,
Co or Cr possess certain "order" that tends to align the (S?n)i in the
volume (dv), so that there is a mean magnetic moment. Such "ordering"
forces, also called "exchange" forces [2-18,2-19], are characteristic of
magnetic materials and we will consider them in more detail later on. The
volume (dv) constitutes, then, the magnetic sublattice of the crystal.

Let us consider the behavior of a magnetic moment (5 r'}m) when
subjected to an external d.c. magnetic field /u,, ?Io [2-20]. A magnetic

field in the ’z\ direction, as shown in Fig.2-9, produces a torque on the

dipole ($ ﬁ) whose magnitude is

TORQUE/VOLUME = (& m) x JioHy 2 (2-57)

The torque causes a time rate of change of angular momentum
Y

S - (§mx MHE (2-58)
Using Eq.(2-56) we get
§m) w) % 2
da(,e [ (R e ne ] 5259

Writing Eq.(2-59) in component form,
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FIG. 2-8 A spinning electron with magnetic moment ( 5#\ )spin
>

and angular momentum S
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FIG. 2-9 Precession of the magnetic moment ( 67': ) about an

A
external magnetic field /“o Hy z
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A (§%)

CPX = ol g W, (§9), (2-602)

_d%’-':‘lt = X Ry (8M) (2-60Db)

_‘{'_/.S_’;“_)_‘E = O (2-60c)
a4
We see that the z component of the torque is zero, the y component is
positive while the x component is negative, so that the transverse
components are 90 degrees out of phase with each other in time and

space. For this reason the dipole moment (S r?)) will process about the

direction of the applied magnetic field with a frequency
wo = M, J¥l Hy (2-61)

sometimes called the Larmor frequency [2-21].
In order to study the response of a magnetic material to an
external perturbation "exactly", a particle (or quantum-mechanical)
analysis would be ncessary, taking into account interaction of the excit-
ation with the individual electronic spins [2-6]. However, as we are
interested in excitation of wavelengths much greater than atomic distances
(7\)7 a), the response of the spin system is coherent, so that a continium
theory is appropriate. This means that from this macroscopic point of
view, it is possible to define the magnetic moment density, called magnet-
BN

2
ization M(r), of a ferro or ferrimagnetic media at a point r in space by

the sum [2-19]
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ME) =7 (%), S(wﬁ-ﬂ)ri& M & §(F-7) (2-62)

A
where \X' was defined by Eq.(2-56) and Sj is the angular momentum

B
(or spin) of the 1th atom located at rj in the crystal lattice. Equation

(2-59) may then be written as

d M R (2 7
.Y
where },40 Hy is the effective magnetic field acting on the magnetization

S0
M(r). The field intensity Hg is defined as

d
I?eA: _ §total (2-64)
M

where y total is the total energy (or Hamiltonian) of the magnetic
system. Equation (2-63) implies that the various interactions in a ferro-
magnet can be taken into consideration phenomelogically, i.e., based on
observed phenomena, by assuming that the spins precess not about the
external magnetic field ﬁo but about some internal ﬁe equivalent in
its action to the external field.

In general, Is_/\l( rA) given by Eq.(2-62) is not uniform throughout
the specimen. The total energy of the system X total depends then not
only on the actual f\\/l( ?) but also on its spatial derivatives. Three types
of forces should be distinguished that lead to an increase in the energy of
a magnetic substahce due to non-uniformity in I-\\/I(Ar) [2-19] . First are

the forces due to crystallographic anisotropy. They give rise to a term
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Xa in the tot;l energy of the system which depends on the angles
between the magnetization and the crystal's principal axes. Second are
the (long range) forces that lead to an increase in the energy density at
a point caused by non-uniformities over the whole volume of the sample.
These forces tend to demagnetize the specimen and they are represented
in a demagnetizing energy term, f dem. * Third are the (short range)
"exchange" forces for which the energy density of the non-uniformities at
a given point is determined by the derivatives of I\A/I('r;) only at that point.
These forces, represented by the exchange energy term 9? ex * determine
the actual existence of magnetic order in a certain temperature range.

In addition to the energy terms due to a non-uniform magnetization,
the total energy of a ferromagnet has terms consisting of [2-19]: the
energy of the electromagnetic field f o' the energy of interaction of
the magnetization with the external field, y ext: the magneto-elastic
energy 2 m.e. * which is a function of the interaction between the
magnetization and the lattice vibrations (or acoustic waves) and stresses;
the energy of the inter-domain boundary layer % d- which depends on the
multi-domain structure of the specimen; and another demagnetizing energy
term due to the uniform part of the magnetization I?A(;A) . Thus we may

write the total energy (or Hamiltonian) of a ferromagnet as

ytotal =yo.k‘ﬁext"-?dem. +‘ra +ym.e +rex+ d (2-65)

Let us examine the terms in Eq.(2-65) in more detail. 2 o is

the energy stored in the electromagnetic fields. It is a "zero-order” term
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A
in that its value does not depend on the magnetization M(r):

I §
K=LgEE+ L s H-H (2-66)

Consider next the energy of the interaction with the external
AN
field, £ . When a specimen of magnetization M is placed in an

external field H the energy density of the specimen will be in-

ext’

creased by [2-21]

X M. H

ext =~ M Hon (2-67)
2- =Y AN N

Since - M( ext M(M . Hext) = Hext’ Eq.(2-64) is thus made

plausible.
Part of the energy of the demagnetizing field [2-22, 2-23] as

mentioned before, is connected with the spatial inhomogeneity of the

LGN
magnetization M(r), part with its homogeneous component. This energy

arises because the magnetization has an associated magnetic field.

-
Therefore, the magnetization at position r in the specimen "sees" the

Y
magnetic field from the magnetization.at r, another point in the sample

2 0N
2-24] . Thus the energy )Q should depend not only on M(r) but
dem

also on its spatial derivatives, x dem may be written

>

R, - HDW) D[R e A 4D (2-67a)

IEX]]

where integration is over the whole specimen. From this equation ﬁ_ dem
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is seen to be shape dependent. When the sample dimensions are much

AN
greater than the excitation wavelength N, and the point in question r
AN

is far away from the surface of the sample (i.e., when r-» oe ), the

dem

much smaller than the external field needed for procession at microwave

demagnetizing field V M x is constant and its absolute value is

D
frequencies. In our present analysis we will assume r -® o= so that

X

dem can be neglected.

The fourth term of Eq.(2-65) represents the energy of the aniso-
tropy of the crystal, 2 a It depends on the orientation of the external
magnetic field with the preferred directions of eash magnetization (along
which the magnetization is oriented in the absence of an external field).
This energy can be represented in the form of an exponential series
with respect to the direction cosines of the magnetization vector relative
to the crystal's principal axes [2-19]. For uniaxial crystal Xa has
the form (to first order anisotropy)

R > 2 K A AR
X&-:‘}i KlMLQN\vM‘, = %:K,M. -+ (K3 (2-68)

Fa)
where (Q is the angle between n , the unit vector along the direction

N
of easy magnetization and M ; K; is the anisotropy constant. In the
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majority of cases the anisotropy field V, - )e,J is several tens of gauss,
so it is small compared with the external magnetizing field. Hence £a
is neglected in our analysis.

The magneto-elastic energy term of Eq.(2-65), )e me originates
from the interaction of the spins with the vibrational motion of the atoms
in the ferromagnet. This vibrational motion can be coherent in the micro-
wave frequency range, leading to acoustic waves that may interact with
the magnetization as it precesses about the external magnetic field. The
interaction may be of importance in certain regions of the dispersion
diagram w vs. k [2-25,2-26]. However, as will be justified later, in
our w-k region of interest (where there is an interaction between the
magnetization and the drifted carriers in a ferromagnetic semiconductor),
the effect of the magneto-elastic energy is small. In fact, it may be
accounted for phenomenologically by means of a relaxation frequency.

On the other hand, the sixth term of Eq.(2-65), the exchange
term is important to consider as it is responsible for the existence of
magnetic order in the crystal. To understand the origin of this term,
consider first a hydrogen molecule H, in which the two electrons inter-
act electrostatically both with each other and with the two protons[2-15].
Quantum mechanical analysis of such a system, allowing for indistinguish-
ability of electrons when their coordinates are exchanged shows that the
energy of the system depends critically on the distance between nuclei

(i.e., on orbital overlap). Furthermore, the energy states are lower when
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the spins of the electrons are anti-parallel than when they are parallel.
In contrast to the hydrogen molecule, in magnetic materials, the state
with parallel spins can be thought of having the lower energy. As the
interatomic distance r is decreased, the spin moments are maintained
parallel by increasing forces. As seen from Fig.2-10, as r is
decreased still further, these exchange forces decrease until finally
they pass through zero and an anti-parallel spin orientation is favored.

Thus, we can write

—_ -
X - 2 D‘CJ SL-SJ. (2-69a)
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where Ii] is the exchange constant and is a measure of arbital overlap.
If ]” is positive, Eq.(2-69a) favors a parallel alignment of the spin
moments of an isolated pair of magnetic ions (ferromagnetic arrangement).
If IiJ is negative, an anti-parallel alignment is favored (anti-ferro-
magnetic arrangement). Furthermore, as the temperature of the ferro-
magnet is increased, the forces caused by thermal agitation increase and
when they exceed the negative energy contributions of the exchange
forces the specimen becomes demagnetized.

It is possible to manipulate Eq.(2-69a) to get an idea about the
"long-wavelength” form of this exchange energy [2-6]. This microscopic
procedure assumes contributions from nearest neighbor spin-spin inter-

action and expands the sum about a central ion. In the limit, as the

excitation wavelengths become mugh greater than atomic dimensions
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FIG. 2-10 Exchange energy versus interatomic distance for parallel ()
and anti-parallel (N/ ) arrangements in a magnetic material.
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()L)) a), the expression thus obtained reduces to the desired "long-
wavelength" form. An alternate, macroscopic approach may be followed
to derive the "long-wavelength" form of the exchange energy [2-19].
This alternate procedure assumes the magnetization I\? at a point rA in
the specimen to be nonuniform. As discussed previously, the non-
uniformity in magnetization originates energy terms interpreted as con-

tributing to (a) the demagnetizing energy X dem’ dependent upon the

distribution of the non-uniformities over the whole volume of the sample,

(b) the anisotropy energy X a’ dependent upon crystal orientation, and
(c) the isotropic exchange energy due to non-uniformity at the point in
question. Thus, the form sought for the energy density is, for conven-
ience, to be that of lowest order in the derivatives of 1\’2 only at that
point (thereby ruling out contributions from 2 dem’ which is invariant
to rotations of coordinate axes (thereby ruling out contributions fromﬂ a) .

Both methods yield the following expression for the exchange energy:
N A
Kox = -AM - (V' M) (2-69b)

where A is a constant related to Iij , the quantum mechanical exchange
constant. For a ferromagnet of cubic symmetry with nearest neighbor
interaction A is given as [2-19]

kg T a°

A= —— (2-69¢)
ArsMo

where kp is the Boltzman constant, T is the Curie temperature, a

is the lattice constant, /lb B is the Bohr magneton and Mg is the
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spartaneous magnetization of the specimen at absolute zero (the satura-
tion magnetization).

Finally, consider the last term of Eq.(2-65), the enefgy of the
inter-domain boundary layer 2 d- If the external field is strong enough
to magnetize the specimen to a state approaching saturation, then the
behavior of the specimen is similar to the behavior of one region of
spontaneous magnetization (a single domain). In such a case, 2 d

can be neglected.

Conslider then a ferromagnetic material on which a small time
a S
varying magnetic field h(t) acts on top of a constant magnetic field Hg,
directed along the '2 axis sufficiently strong to saturate the specimen.

Assume that the dimensions of the sample are much greater than the

excitation wavelength. In such a case, we may write

x L ¢ - D X a0 KNS N " Y
total - 2 s E E+§,‘°H'H—}‘°M'Hext-AM‘VM
from which the effective magnetic field is written as
o R e N
He = _VM'DQW = Alo-r A &) + AV M ‘ (2-70)

In Fig. 2-11(a) we have drawn successive snapshots of an individual

P
spin moment in a ferromagnet taken as intervals t, = (E-)"\, precessing
(-]

- D - a
about an external field H,+ h, where l hol = const.{_(,Ho] and is

Y -
directed at right angle to Hgy. In a physical saturation hg, may represent

the very small anisotropy field or the demagnetizing field. In our ideal

D
situation hg is assumed external. The spins' cumulative effect is that
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N N
of a magnetization vector M precessing about H,. In Fig. 2-11(b) we

have drawn the individual spins precessing about an external field

P . 3 N S
Hy+h(t), where h(t) is assumed sinusoidal at right angles to Hg, ,

for convenience. As ﬁ( t) varies, the axis of gyration changes but the
magnitude of the individual spins remain the same; only their angle with
respect to the original orientation (that of ﬁo ) changes. The motion of
the magnetization is governed by Eq.(2-63), where ge is given by
Eq.(2-70). However, the equation of motion of the magnetization,
Eq.(2-63), does not contain terms to account for the relaxation of the
magnetization in the absence of external fields to its equilibrium

position (along I-;o when R(t) =0 or along the direction of spontaneous
magnetization 1\70 when both ﬁo and 1'>1(t) are zero and T Tg) [2-27].
Put in another way, when there is a time varying field -l:(t) acting on the
magnetization at a frequency near the resonant frequency of precession
We = /“olﬂ H, (neglecting demagnetizing fields), Eq.(2-63) leads to
large values for the magnetization vector so it does not describe the
measured absorption of the electromagnetic field's energy by the specimen._
This absorption may be caused by interactions in the spin system itself
(for example magnetic dipole - dipole interactions) and by interactions
between the spin system and its material surroundings (for example, the
interaction of the magnetization with the vibrationallmodes of the atoms,

i.e., the spin~phonon interaction of x e in Eq.(2-63) ) [2-27].

From our macroscopic point of view, however, these microscopic
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interactions can be described phenomenologically by the Landau-Lifshitz
or the Bloch equation [2-19]. The effect of the Landau-Lifshitz

relaxation term, written as

1 P § A
relaxation terms = - 27 l M x M x Hg (2-71)

S — RN
is to decrease the angle between M and Hg while keeping M con-

stant so that the precession will damp out. See Fig.2-12.

The Bloch relaxation terms, written as

laxati "
ret:;c;S o= =V M % - 7),,“3 Mas - YA CMt' M,)i (2-172)

assumes different relaxation frequencies in the transverse and longi-
tudinal directions. For weak r.f. fields ( I_I:(t) lL(lI-?O\ )} when the
specimen is saturated, the Landau-Lifshitz and Bloch equations are
equivalent. The calculated shape of the absorption line is the same in
both cases and not sensitive to the form of damping in the equation of
motion. In strong r.f. fields, when non-linear effects become signifi-
cant, preference for one or other type of relaxation must be given only on
basis of experiments. The line width of magnetic resonance absorption
is understood to be the distance 4 H on the field scale at w= constant,
or the distance A w on the frequency scale at Hgy = constant between
the sides of the resonance absorption curve at mid-height. In terms of
the line width, we may write the Landau-Lifshitz and Bloch relaxation

constants in Eq.(2-71) and Eq. (2-72) respectively as
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L= WM ..‘L)
= =/ °\UH, (2-73a)
and
Pne = Pop = M, |¥] AR (2-173b)

To summarize then, the equation governing the behavior of the
-
magnetization M(r) in a saturated, infinite and isotropic insulating
.Y -
ferromagnet when subjected to an external magnetic field Hy+h(t) is,

assuming Landau-Lifshitz relaxation terms

o Y
AM _ _ alel (i wfe) - — A x i whs (2-74)
at 2 [l
or assuming Bloch relaxation terms,
d‘ﬁ/’\ S A S
WT = -—/ao ]b') (M X”e) - vout M.‘. (2-75a)
- -
% = wm Al (Mi& M,,) (2-75b)

k
S S0 Y
where Hg = Hy+ h(t) + AVZ M

and |¥| ,A, ,D _, and D _, are defined by Eqs. (2-56), (2-69c)

m
and (2-73). The self consistent solution of the problem of obtaining the
electromagnetic excitation spectrum in an insulating ferromagnet (within

the scope of our assumptions) requires the simultaneous solutions of

Egs.(2-75) (or Eq.2-74) and Maxwell's equations

UxbE= -2 & (2-76a)

t
—
v B = & OF (2-76b)
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-
Vo B =0 (2-760)
v.E =0 (2-76d)
g"/“o (R« F‘\) (2-176e)

2.3.2 Wave Propagation Along External D.C.
Magnetic Field (8= 0)

We are now interested in the electromagnetic spectrum of an
insulating ferromagnet when subjected to an external excitation parallel
to an externally applied d.c. magnetic field of intensity I?o . In order to
solve the wave equation (as derived from Maxwell's equations, Eq.(2~76))
we must express first ﬁ in terms of‘ I-? . We do this either using Landau-
Lifshitz relaxation, Eqg.(2-74), or Bloch relaxation, Eq.(2-75).

For Landau-Lifshitz relaxation,

-~ oD
l ﬁ\xMx/Ic

(2-174)

QE: - Ma | (iﬁ*ﬁ;) -
ax

AT IR
Let the ferromagnet be saturated by the application of a magnetic field

= A
Ho = Hyz. We write

M= m R+ m.aa + (M°+»m*)3 (2-77a)
F= At +hyd+ (hehe)i (2-77b)
-~ Y S

Ho= B + A<M (2-77c)

.

Then, to first order, [M/? = M:M=MZ2, and

- o — > 2 D
MxmvwHe = MibyMm - M H, (2-178)
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Substituting the definition of T°, from Eq.(2-73), and Eq.(2-78) into

Eq.(2-74) we write

DI oyl (Rxip) = B+ ¥ Mo B (2-719)
d& H

Assume now that excitation is of the form expi(wt-kz). Hence we may

substitute for d_dt. , iw and for V , -ik. Write Eq.(2-77c) as
AN
He = H- AK* M

and substitute into Eq.(2-79). Then Eq.(2-79) may be written, to first

order, in component form as

(:(w-ivﬁ-f,vm M)M -+ {%-ﬁw&d}‘kl)m =~Dm\“l‘ A -r‘U ‘\ (2-80a)
wy x J J

- - 1) -C -
(@0 @ fE) m + £ (-0~ w»,ei-ﬁ ot R ) oy = - 4, hy + ”u“-fg:—“} (2-80b)

imy, =0 (2-80c)
where w, = /U, ¥ H, = Larmor precession frequency (2-81la)
Wy = /“olb’] M, = magnetization frequency 2-81b)
m o
|¥| Mg A
Wex = ——a—z-= exchange frequency (2-81c)

From Eq.(2-81c) and the definition of A, Eq.(2-69c), we may derive an

effective exchange field Hgy :
w“)‘ - {&’ MoA - /u° ‘XWQTC
Let Wex :/'. {J, Hex « hence
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kpT
B c (2-82)

Hex =
ex Ug
B Y

Equations (2-80) express m in terms of h.

In component form,

L
[t R 2 (- 22 WY L

/m)‘:
Cw,-l- ‘A ) - (w— V- iV, Wax &l &z)
) 20,

, OIS N @ ,2—&’) w7
”“3_"—'- -ba)mw‘\y,-f- (Um[ws*wnd‘ﬂ -f—a-'!’?-(lwr _‘Aw‘_ + ¢ _;?—)Ar
(Wo+ Wy SR = (W= LWy - iV, W 1)'-
%y

/M2= o

or in matrix form
xn :' z"_ 0 -0 . N
RS MM
m = ‘LG_ 1“1! o L\‘ = ” ZL ” k (2-83)

o o Y~33

Y,

where
(‘+ w’*&ﬁ )+ C WV
Wo

X wﬁ[wo-r w"aﬁ,"kl-r
(I (@ tw o ) -(w_n) -0 v, WyTRY)*
Wo

w,, O

1 2. = - "
’ (0ot Wy kY = (=W =LY, Wl AT
Wwo

133: O
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Y
Using Bloch relaxation, we may also express m thus:

d,ﬂ\'\T - — Mo ¥ (ﬁ whHe) — D My (2-175a)
dk

M
d'Mz = - Var (M-my) (2-175b)
R AN

where M and He are written again as in Eq.(2-77). Assume again
excitation of the form expi(wt-kz). We may write (2-75) in component
form,

L (w- ¢ Vot )’Mx + (W, +wn,‘43’ﬂz‘)fma = U, Aa/

~ (@, + wo & R) M, + ¢ (W= Vue) ,,"2 e, A&

C (()/m2 =0
or in matrix form,
/LXX 2113 O
- S
> . m
m = ““Y’*‘J 133 O th= N ‘KB ” h (2-84)
o o Xiu
where
711,4 = )( Wau () + s, aA*)

N7 (w0 +wag k) (- Vi)

Z Do, (-0 Vye)

x3: 2 a2\ & . +
(@ + W, &4 *= (W =iV )

Y, =0

&2
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= N
The constituent equation relating B -and H in a magnetic

medium is given by Eq.(2-76e):

~ ~ N
B =4 (H+M) (2-176e)
Combining Eq.(2-83) and (2-76e) giv‘es
XN o N
B=_ Ml T+ Xl h =ppll (w0l (2-84)
where
M“ CM'L 0
ok, (0] = (e, oy o -
o Fa) 1 (2-89)
with
) 3 2 sz’ . lﬂl' ‘
Mu=1+% = [+ ww( brama R -“—’*_</ ~% )"’w%)a?’]
(W + W A) T (@0 =C Vo VY, Wi A)™
Wy
@,.,
’unty’hﬁ
(wo'f‘ w‘!“‘-#)') Z__ (w-‘;vm.— ‘:vm w LAL)L

s,
is the permeability tensor using Landau-Lifshitz relaxation terms. We

may also write

B = e l Ho(w, (2-86)

where

g (BN = (~thxy 4wy D (2-87)
5 o
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with

. = Iy . b (W + Wan 4= K")
Yy = Xy = I 2
/Wo"wcx‘fﬁl)‘/w-f )

w"u (0‘ ¢ vmt.’)
X
9 (wo" w‘! 4—1&1) - /w" [ vM)L

>
x
Qs
<
"

is the permeability tensor using Bloch relaxation terms.

This completes characterization of the medium by a frequency and
wave-number dependent permeability tensor Il/a (w,k) J . Let us then
solve for the spin wave spectrum of propagation parallel to the external
d.c. magnetic field. Let us assume Landau-Lifshitz relaxation terms

and assume that

E:’y ' ix’y W Glut-k2) (2-88)
From Maxwell's equations and Eq.(2-84) we get:
ReE = wB = (7 X (2-89a)
4'5 yi € e, E (2-89b)
In component form
’REG/%“’ '33 THMe 0 (“:/"’n. Ax’*"“’u }‘;L) (2-90a)
)RE3-= VAl Sk by= 2w (""" I‘* -+ C"”"-A‘ar> (2-90b)
and
Rh = - &w Eé' (2-91a)

/kl\gz g, W E% (2-91b)
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Introducing the circularly polarized components

tr3

+

]
tm
<+
[V
tm

+ = Ex + iEy (2-92a)
h+ = hye + ihy (2-92b)

where the minus sign is for the left handed circularly polarized wave and
the plus sign for the right handed circularly polarized wave, we can
write Eq.(2-90) as

kEx =+1w 4 (o X p,) 0t (2-93)
and Eq.(2-91) as

kh+ = + {w & E+ (2-94)

Combining Eqs.(2-93) and (2-94) gives the relation
kz-“’z( t e YEs =0 (2-95
o (T Aa) B )

where ¢;? = (/4020 )'l and where the upper sign applies to the right
handed circularly polarized wave. The "effective" permeability for this

6 = 0 spin wave propagation, obtained from Eq.(2-95) as

assuming Landau-Lifshitz relaxation, is equivalent to the "effective"

permeabil ity obtained had we used Bloch relaxation), i.e.:

Mo (A T ML) = Ao (/‘"xx 1/*xg_> (2-97)
To show this equivalence, assume that the r.f. excitation fields are

— =
"weak", / h(t)l(( 'Hol . For "strong" r.f. fields the energy dissipation
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may be substantial, but, in our weak field situation we may assume that
V,M <¢ w . The exchange term appearing in Eq.(2~85) and (2-87) may be
written as

ey a2 K2 = Wy (2T )2 ({‘—)z (2-98)

Since we are interested in "long-wavelength" ( )0) a) excitations we
may assume that wgy a’k? wy- Hence near the Larmor frequency

w¥uw , using Eq.(2-85), the effective permeability éa.” L’A,,_) may be

o

writtén as

[(wytw) + ¢ V)

a’o‘L— (w’ ¢ _vﬂ)'-

W (AW +i Von)
(wo"wf‘(: vmﬁ) (wo‘? w —"-vﬂ)

") Wan
= |+
(Wo-w+ V)
and ( -
@ Wy =W 4V
Moy g E O+ - ).
(Wy—w +L V] (Wt W +L V)
A | + W

On the other hand, from Eq.(2-87) we obtain

Q,M[{wﬁw,, &Rt /w-.;v,.)]

[( Wy Wae & A™) T (1) = eV =iV wnxa‘ht)j
wy

AL oy ‘1,&*3’: I+
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Again, neglecting the exchange term wgy a’k?* and assuming low

magnetic losses, we may write near resonance

~ Wor (Wt w-i Vo) Yo,
v +/u* = l+ =)+
X 3 {w,,-wnv,,,)(wo-oa)- V) ( W,-w (Vo)
and
~ w W=~ -t ¢ ‘VM) ~ 47
Am Mg % |+ d (e =
(Wy~w+i V) 2, +0 = V) (w,~w-i vm)

Thus we have shown that for small losses, both the Landau-Lifshitz and
the Bloch relaxations lead to the same phenomenological description near
resonance. Away from resonance (such that w }/ wo) » the damping terms
have little effect on the dispersion relation given by Eq.(2-95). This is
to be expected, since far away from resonance, the behavior of the
magnetization vector 1\7 is just governed by Eq.(2-63), which excludes
relaxation terms.

Let us write the dispersion relation explicitly in terms of w and

k. Assuming again that losses are small, but keeping the exchange term

now we write, using Eq.(2-83) and Eq.(2-95)

T
’/QL- ﬁ‘_—[l -+ ~— (2-99)
c @ 4%,‘4,,& T (@ +iV)

where again the upper sign applies to the right handed circularly polar-

ized wave. We see that the left-handed circularly polarized wave

(LHCPW) is hardly affected by the spin system; it propagates in a
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"fast wave" mode with phase velocities near c;. On the other hand, the
right handed sense of polarization is strongly affected by the magnetic
properties of the system. Neglecting losses, which assumes -Dm 20,
we find that the dispersion diagram is as shown in Fig. 2-13. The right
handed circularly polarized wave (R HCPW) has two branches: one is a
"fast" electromagnetic branch with a phase velocity greater than c¢;, and
the other is the spin-wave branch with phase velocities less than c;.
The fact that the RHCPW is affected by the magnetic properties
of the system while the LHCPW is not affected may also be explained
by considering the rotation of these waves. The RHCPW rotates in
the same direction as the natural (Larmor) precession (see Fig. 2-14).
If the frequency of the r.f. field is made equal to the natural frequency
of the electron w = w, (resonance condition) energy is transferred to
the electron. The situation is comparable to that of a driven harmonic
oscillator. The LHCP wave, on the other hand, is rotating in the
opposite direction to the Larmor precession and it produces no inter-
action, or therefore no exchange of energy. Thus it propagates

undisturbed.
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FIG. 2-13 Coordinate system, field configurations and dispersion
diagram (w, k > 0) of RHCP and LHCP waves.
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FIG. 2-14 Rotational motion of the RHCP waves, the LHCP waves

and the Larmor precession.
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2.4 Composgite Ferromagnetic - Semiconducting

System

Neglecting coupling between different sets of modes, we have
characterized the semiconducting subsystem by a permittivity tensor
HE (w, k) and the ferromagnetic subsystem by a permeability tensor

ll/k( w,k) 1 . In the composite system however, these two subsystems

are coupled: in the.infinite (L > N\) ferromagnetic semiconductor under
consideration, the fields set up by the precessing spins will induce currents
in the beam of drifting carriers. These currents are .accompanied by time
varying magnetic fields which act back on the precessing spins. The
induced currents are a forced helicon mode and are the coupling mechanism
between helicons and spin waves. In particular, which modes (of tho’se
discussed in Sections 2.2-2 and 2. 3-2) will couple depends on two con-
ditions: (1) the interacting modes should have essentially the same field
¢onfiguration, (2) their phase velocities should be approximately equal.
When these two conditions are met, then the self-consistent solution of

the coupled system of equations will yield the dispersion equation D(w,k)=0
characterizing the response of the system to periodic perturbations pro-
FR

portional to exp. i(wt ~k-r).

In general, the solution of the dispersion equatioﬁ may yield both
growing (unstable solution) and decaying waves. If the growth is in ﬁme
(w complex for k real) the solution is designated as an absolute or non-
connective instability. For spatial growth ( k complex for w real), the

solution is designated a convective instability. If there is "apparent"
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growth, the solution is called evanescent (such as waveguide solutions
below cutoff). However, it is not always possible to make a straight-
forward distinction between evanescent and growing waves by considering
the dispersion equation alone. Physical interpretation of the solutions of
the dispersion equation is needed, and this we accomplish with the help

of the kinetic power theorem.

2.4-1 Energy Relations and the Kinetic Power Theorem

The kinetic power theorem [ 2-28,2-29, 2-30, 2-31, 2-32] is
Poynting's theorem formulated in terms of the parameters of a charged
carrier stream in the hydrodynamic model. This theorem permits us to
ascribe to the particles of the modulated beam a "kinetic power" which
when added to the Poynting flux of the associated electromagnetic fields,
allows for energy conservation in the system; Let us write Maxwell's

equations for the linearized coupled system as

Vx & OH M - (2-100a)
X + o Z AL =-My T\ = - J’ \e= a
T e S = =
yx it - €, ,b__é.‘. = _b__é = i . -10
\ v > y3 (2 Ob)

where the constituent equations in the medium are

v

= & E + i; (2-100c¢)

i a
B, = Ao (H + M) (2-100d)

and where

m =l L ol :'. (2-100e)
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P=ell X0l E

-
= Eo “ Q(N/h) _Iu El (2-100f)
The tensors in Eqs. (2-100e) and (2-100f) are given by Egs. (2-30) and
Eq. (2-83), respectively. The Poynting theorem follows from the vector
identity

S - A 2 S
Ve (B« ) = R (7xE) - E* (VxH) (2-101)

Substitution of Eqs. (2-100a,b) into Eq. (2-101) and integration over a

’

fixed volume V enclosed by a stationary surface S yields

- - > L Y
.&;(Ecxm) do. + _O%S( & E + %Mo “.a) dar
v (2-102)
S B Y - -~
:‘J E,'U—C.M -.S’ H‘"Jm‘ 41)—
Vv A\
The first term on the left-hand side is the electromagnetic power carried
by the fields flowing out of the volume through the boundary surface. The
second term on the left side is the time rate of change of the electromag-
netic energy associated with these fields. The right hand side represents
the kinetic power lost or generated within the volume due to the presence
of the poiarizable medium.
' >
Let us assume that J . in Eq.(2-102) is zero, i.e. assume that
we have a non-magnetic semiconductor. We may then associate the
L

>
kinetic power density E;* Jo with a wave energy as follows: We have a

£
charged carrier stream drifting with velocity v, , so it possesses kinetic
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energy. An electromagnetic wave having an electric field component
along the drift motion can either add or subtract energy from the stream.
The choice is determined by the phase and group velocities of the waves
supported by the charged carrier stream. If we now take anr.f. field
that adds energy to the stream, we say that a positive-energy-carrying

mode of the stream is excited:

Total stream energy = (d.c. energy) + (r.f. energy taken from wave)

=xd.c * a¥

or total .

If, on the other hand, the r.f. field is chosen so that it subtracts energy
from the stream, we say that a negative-energy-carrying mode of the

stream is excited:

Total stream energy = (d.c. energy) - (r.f. energy lost to the wave)

or X = Yd - a¥d

total .C.

To understand how this wave energy comes about, we study the
energy-power relationships in two frames of reference, one a fixed frame
of reference (unprimed) and the other a moving frame of reference,
indicated by a prime, which moves along with the beam of charged carriers
of velocity 30 [ 2-33). By assuming a lossless or slightly lossy medium,
the stream's energy losses can be related to its interactions with the
waves it supports. Then, a Lorentz transformation of Eqs. (2~100) and

(2-102) from the fixed frame to the moving frame of reference shows the
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AN
following relations in S, the power flow density and AR, , the wave

energy density:

a0 N

, =Y (l- ‘v-o/'lrg) S, (2-103a)

A\ 2 Y

Sy =¥ (1= T/uy) (1- Vo/uy) S, (2-103b)
(a8 = ¥ (-Vowp) (- R/ ) (av) (2-103¢)

-1 "
LS

where X:(l-"':/c" *and C= () *. vp is the phase velocity w/k

and v, is the group velocity dw/dk, both measured with respect to the

g
fixed frame of reference. Equation (2-103c) shows that if an observer in

the moving frame of reference moves faster than the phase velocity of the
wave (vo > vp) ., he observes a negative wave energy. Conversely, if he
moves slowex_' (vo € v¢) , he observes a positive wave energy. As indicated
before, the observation of a negative wave energy does not mean that ab-
solute negative-energy states exist, but rather that the total energy of an
active moving medium has decreased after excitation of a "slow" wave

v¢ { Voo Furthermore, from Eq. (2-103b) we observe that the power flow
may be negative even though the group velocity is positive (vg) Vo). Again,
this situation corresponds to a negative energy wave (Vp<vo) carrying
negative kinetic power. Conversely, positive kinetic power may be carried
when the group velocity is negative (vg< 0). This situation corresponds to
a positive energy wave (Vp YVo) carrying positive kinetic power.,

To classify the interacting modes one labels each mode with a parity

number Pj [2-34] . The parity of a mode is unity times the algebraic sign
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of energy flow. For positive energy carrying modes, the parity has the

same sign as the group velocity, that is,

Py = +1 i vg, 7 0

Py = -1 if vg ¢ 0

For negative-energy-carrying modes, the parity and group velocity have
opposite signs, that is

P.'l = +1 if Vgi< 0

Let us assume then, that a positive energy carrying mode of parity
+1, designated mode 1, has been excited in a lossless or slightly lossy
active medium moving with velocity ?z\o. Assume that the medium can also
support a negative-energy carrying mode of parity -1, designated mode 2,
When mode 1 has the same frequency and wavenumber as mode 2, the two
waves become unstable due to the energy transfer from the negative-energy
carrying-wave to the positive energy carrying wave: the wave amplitude of
mode 1 increases as it gains energy from mode 2, while the wave amplitude
of mode 2 increases as the medium loses energy through mode 2 to mode 1.
This situation, depicted in Fig. 2-15, is called co-flow direct coupling
of modes 1 and 2. As shown, the power lost by the active mode is gained
by the passive mode. It is implicit in this description that the modes are
"weakly coupled”, that is, that when the modes are brought to interact their

field configurations remain essentially un-altered, so that if the group
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FIG. 2-15 Coflow direct coupling of modes 1 and 2.

the initial excitation (z =0) power.
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velocities of the uncoupled modes were in some direction, waves in the
resulting coupled system are propagated in the original direction, even if
the waves so obtained are no longer unattenuated. For our example of
Fig. 2-15 then, since the group velocities of the uncoupled modes were
assumed to be inthe same (say positive z) direction the resulting
instability will also propagate in that original (positive z) direction.
Since the waves then grow in space, the instability is convective.

Consider, on the other hand, the situation depicted in Fig. 2-16.
The positive-energy carrying mode 1 (P, = -1) has group velocity opposite
that of the negative energy c;arrying mode 2 (P, = -1). Again, in the region
of synchronism between the modes (w and k equal for both modes) the waves
became unstable because of energy transfer from mode 2 to mode 1., How-
ever, since mode 1 has negative group velocity it carries power in the
opposite direction and feeds some of it to the active mode. Hence such a
system can lead to oscillations, that is, an absolute or nonconvective
instability.

When the interacting modes are both positive energy carrying
modes or negative-energy-carrying modes then the coupling is passive in
that no instabilities will ensue. This situation leads to evanescent modes,
such as that depicted in Fig. 2-17 or Fig. 2-18. In Fig. 2-18 we see that
for real w, the coupled-system dispersion equation (pictorially denoted by
the dashed lines) will yield a complex propagation constant k, indicating

"apparent” gain, or an evanescent mode.
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FIG. 2-16 Contraflow direct coupling of modes 1 and 2.
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FIG. 2-17 Coupling of positive-energy-carrying modes with
group velocities in the same direction.
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FIG. 2-18 Coupling of positive-energy-carrying modes with
opposite group velocities,
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It is now clear the procedure to be followed in order to categorize

the interactions between modes in a ferromagnetic semiconductor:

(1) First determine which modes in the uncoupled ferromagnetic
and semiconducting subsystems have the same field config-
uration,

(2) Then classify those modes in the uncoupled subsystems as
either positive-energy or negative energy-carrying modes,
according to whether they add or subtract energy from the
subsystem.

(3) Determine the signs of the group velocities in the region of
synchronism.

With the information thus obtained, one concludes whether the coupled

system will possess evanescent or growing waves.

2.4-2 Wave Propagation and Mode Coupling for 8 = 0

Let us consider first mode coupling for waves propagating in a
ferromagnetic semiconductor parallel to the direction of applied magnetic
field and (hole) carrier drift velocity. In Sections 2.2-2 and 2.3-2 we
studied the modes supported by the uncoupled semiconducting and ferro-
magnetic subsystems of such a system. We saw that the semiconducting
subsystem can support longitudinal (or space charge) waves and transverse
circularly polarized (or helicon) waves. The ferromagnetic subsystem, on

the other hand, can support only transverse circularly polarized waves.,



75

To classify these waves as positive or negative energy carrying

modes, we make use of the conservation relation [ 2~33] (the derivation

is in Appendix A):

»OV

&’Ew(

-~

+P. )= Qe (WR_% + WM) + P‘_ (2-104)

-
where ki is the imaginary part of the complex propagation constant

- KN S
k =k, +1kj and w; is the imaginary part of the complex frequency

w=w +1iw , with wj &L and k; ¢ k; (a slightly lossy medium),
From the conservation relation Eq. (2-104) we may say; Py, is the time

average electromagnetic power flow:
A

Rz + R[ E x H¢] (2-105a)

Lm

wem is the time-average electromagnetic energy density:

W, = ;,rl- € |EL*~ ol [RI™ (2-105b)

S
PM is the time-average power density due to the presence of the polariz-

able medium:

2 2% Swh¥i) ¢ 2a MwlXah) T
Pw\:-t £°E 0,~3’T.—) uE - i’}‘o“ . —-(—a&_-)— . ‘+ (2-1050)
- r

W, . is the time -average energy density associated with the medium:

M

e Jwidy 2 S dwhkeat) D
'WM: 'L'E'E ' -—b——-—-E * -‘;/‘o“ y -Tw—-)-"“ (2-105d)

w



76

and Py is the time-average loss associated with the medium:

N .. | B
Pu= L e iedn& « &% cuvdi-i)

(2-105e)

| x ::’ I and x:’m || are the hermitian and antihermitian parts of the

susceptibility tensor, respectively.

For waves in the semiconducting subsystem, and neglecting losses

( \1‘ = 0), we have

e =1
@

e, Il= o=lXxcl

and
<
[ 3 Y- 22 ——J_—_(w_‘ku_o)k

for longitudinal waves, and
e[, )a) = - 2 (0 R

(w-Ry, T w,)

(2-106a)

(2-106b)

(2-107)

(2-108)

for transverse waves. In obtaining Eqs. (2-107) and (2-108) we made use

of the definitions of & <%t e xy and € ,, as given by Eq. (2-30).

Hence, from Eq. (2-105c) we find the time average power density as

P

=~ L *
Mz 4 & Ez Ez b—iﬁ (thé)
= _15. wwp" Ez E:
4.

£ (g3

(2-109)
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for longitudinal (space charge waves) and

- D &
Fur=-+ & EvE, 2(wixel)

DR
2 A
= = % E.:'Ef U U We
= FY
w(w- Ry W)
_ = A
= & EpE, 4 g e (2-110)
4 wR* (Vg-u; %)L

for the transverse circularly polarized helicon waves. It is easy to see
that power flow is negative for the slow space charge wave (v¢< Vo )
and the right-handed circularly polarized helicon wave. Then, since

vg = %f) 0 in both modes (see Figs. 2-3 and 2-5), we say that these
modes are negative-energy-carrying modes. On the other hand, the power
flow is positive for fast space change wave (vp Y Vo ) and the left-handed
circularly polarized helicon wave. Accordingly, these are positive-energy-
carrying modes.

For waves in the ferromagnetic subsystem, again neglecting

losses (), = 0), we have

IxMi =1 (2-111a)
(ta I = 0 =% (2-111Db)
and
Ay + ) = W,
W 1= L Oy 200) 1) (2-112)

(w3 w +w,&RY)
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Thus, from Eq. (2-105c) we find the time average power density as

Pu ==+ 44 TOTI-YCI B2 )

dR
- Lo [Itﬁt“ 20 W& A i
4 (3 © + i B) (2-113)

The transverse spin wave modes are thus seen to be positive-energy-carry-
ing modes.

As discussed in Section 2.4-1, interaction between positive and
negative-energy-carrying modes having the same field configurations can
lead to unstable waves in the region of wave synchronism between the modes.
One expects then, the possibility of an instability in a ferromagnetic semi-
conductor due to the "active" interaction between the transverse positive-
energy-carrying spin waves and the transverse negative-energy carrying
helicon modes [ 2-6, 2-36, 2-37]. In the P-type ferromagnetic semi~
conductor under consideration, the transverse waves supported by the
medium that lead to a possible instability are the right-handed circularly

polarized waves having a dispersion relation written as

A - wt Eotf Mgy = O (2-114)

cF
where &g is the effective scalar permittivity & o¢r = (€ xx + Exy) and

/U"eff is the effective scalar permeability/u eff = (At Ap). € xx’ E xy
and/xu and AL,, are defined in Eqs. (2-30) and (2-85), respectively.
Equation (2-114) has been obtained by solving Maxwell's equations (2-100)

for a medium characterized by a permittivity tensor || € (w, k)] = I+[¥%ell
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and a permeability tensor ||/4L (w,k)J =1+ UXyp || as defined by
Eqs. (2-30) and (2-85), respectively. Substituting the expressions for

€ eff and A& ¢ We write (2-114) as

’ki o - [l -+ e
q* (Wy+iV,) + W, 4 k" -w

x[l _ wp* (- R%) \) =0 (2-115)

wr (w- R U+ W, - )

Quantities in Eq. (2-115) have been defined in Sections 2.2-2 and 2.3-2.

Neglecting losses, that is, for ))M =0= ))h , the dispersion
diagram in the region of synchronism is shown by the dashed lines in Fig.
2-19, The solid lines represent the dispersion equations of the uncoupled
modes, given by Egs. (2-38) and (2-99) respectively.

The source Qf energy for the instability is the drift motion of the
carriers. In order to explain the energy exchange in this case, where the
wave has no first order electric field along the direction of drift motion,
one has to consider the second order r.f. electric field along the drift

motion [ 2-28, 2-38]. This Lorentz field, assuming the carriers to be

holes, is given as

—_
E,= U * % = (Vs BQ-V‘;BJ% = £ (vg -ve)2 (2-116)
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velocities and B4 = (B +1i By) are the circularly polarized transF

verse magnetic fields. Since from Eq. (2-25)

U= & (0- k) [ L0 R0, - E,] (2-117)
" w [ (- R =Y )2 wc.a__]
e - & _(0-RV) |06, —ie-Ra-cn)e]
- -
”‘A CO[ (w—'h\fo&'i«v,\)"_w:] (2-118)
we may write
. (w- R
U= -t ba) Ex (2-119)
= M w(w-R, Tw-iv)
where E« = (Ex +1i Ey) . Also, B.".'. is related to F’L through Maxwell's
equation
RE, = ¢ wBs (2-120)

Then rewriting (2-116) with the aid of Eqs. (2-119) and (2-120) we get

[} - * -
E._Le R (w-RYja) [ E.E, - E. £ ] (2-121)
2 &M: wr (‘”‘ﬂ"o{’ w -y (w-huu-w,_—w,,) J

Consideration of the uncoupled dispersion equations for the right
and left handed circularly polarized helicon modes of Eq. (2-38), shows
that their lossless behavior ( )% © ) in the microwave region is asymptotic,

i.e., for right handed circular polarization

w-RYG, +w, =0 (2-122)
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while for left-handed circular polarization

w-RV,, - w_ = O (2-123)

Hence, we may write the second order Lorentz field of Eq. (2~129), in a

lossless situation, (M, ~0), as

Le 'R( w- ’RU;}) Et E** (2_1243)
2t R")ﬁ: AL (w_,ﬂ‘ro‘ + 3

where the upper sign denotes the Lorentz field for right handed polarization.

Since from our definition of E+ we have

* . ’
E B, = (B+ iRy (By-t By) = €+

and since

e

Ex+ E

= \
E, * s 9

and .
- Zz L T

then E_'_ Ef =€‘.€‘ and we rewrite (2-124a) as

1 A > .
= ce R (w-RYpa) E,*E, (2-124b)
¢t -?-m,f w* (w—//Quu -;w‘_) '

An exact numerical analysis of the coupled-mode-dispersion relation

Eq. (2-115), as well as the dependence of the solution on the various
circuit parameters, is given in Chapter 3. However, in certain cases, the
order of the dispersion relation (either in k or in w ) may be reduced and
an analytical expression for the growth rate may be sought. One such case

is the collision dominant situation Y, >> w [2-6].
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As mentioned earlier, the foregoing discussion of a lossless or
slightly lossy system is useful in understanding the nature of the instabil-
ity. This weak~coupling, "energetic" point of view allows us to indentify
attenuation or growth of a wave with positive - negative - energy carrying
mode interactions. The role of collisions is to alter the rate of growth of
the instability: in a lossy situation the stream of charged carriers loses
energy not only because of interaction with the negative-energy-carrying
wave, but also because of interaction with the lattice and the surrounding
media. The presence of collisions thus affects the phase and magnitude of
the second order Lorentz field needed for energy exchange, as may be noted
from Eq. (2-121), but there is still a basic instability present due to the
interaction of the negative-energy carrying mode with the positive-energy-
carrying mode. Hence, we are dealing with a collision modified instability.
We shall now determine the growth rate for a collision dominant situation,
that is, we shall assume that Y, 5w and kv,. We also assume that
Wo ) Wey a’k? (as discussed in Section 2.3-2 this is true in the micro-
wave, "long wavelength” region). With these assumptions, the dispersion
relation Eq. (2-115) reduces to a second degree in k, which can be solved

analytically. The simplified dispersion equation is

. “w-
t "@[H v 1[' ol B (2-125)
< (Wy= w+ iV,,) Wt (W,- ),

The solutions of Eq. (2-125) are
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R,p= 22y, o (ur k)

a
¢ - w"l_‘, VI\Z

' v . X a . L
: (A‘“)/z[-i-/{%{qs;. Wy (Ww~+cC VA)} _wtw(wo*"vh)+ w* } a (2-126)

@ llop) J e @

where
ww\

(wf w) + L Vrm

Assuming /“’eff large, which is the case for (wo-w)/vmz 1 and wm/\;‘“» 1,

'a’%:l+

and assuming “Jc/l',, =W >l and w'_“ >» @w,_ , makes one of the

solutions k, = 0, while the other one is

&

= (2-127)
. 6‘1’ w‘:l'-b v'\'L

Introducing the expression for/& eff into Eq. (2-127) and separating into

real and imaginary parts gives

,k A 'U“ol_ wP\-w(a r ' -+ w—m ( wo' w) N vw\ vh w’h
a2

(wcL-f V) l_ ( w,- w\".f vq:' o, (u{, _w)1.+ Vv :
+L Yoa %L)’,‘ | + w“"( %-w) _ V,, U Wy
CIL w(,L" )’;\L /l{/o—w} L.f V’)\‘L ){‘ (ul;—u*l.} \)"v:: (2 - 1 2 8)

For a material with a narrow line width such that terms proportional to
may be dropped, we find that the real and imaginary terms of the complex

propagation constant k are proportional to the expression
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FIG. 2-19 Schematic dispersion diagram showing interaction in
synchronous region.
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FIG. 2-20 The function F(w, wy) as a function of normalized

frequency derivation, with wm/-DM =20 as parameter.
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F.(('UJ wo) = | + Lo ( wo-w)

[wo"UJ) l.t VJ

which is plotted in Fig. 2-20 with “’m/ﬂ.\ = 20 as a parameter.

It should be pointed out that active resonant coupling between
0 = 0° - spin waves and drifted helicon waves occurs only in P-type ferro-
magnetic semiconductors. We shall now briefly demonstrate this using
simple physical arguments:

The propagation characteristics of helicon waves were derived in
Section 2.2-2 assuming holes as the free charge carriers. A similar helicon
mode spectrum may be derived if we assume electrons to be the free charge
carriers. Let us then classify the helicon - @ = 0° - spin wave interactions
in both p- and n-type ferromagnetic semiconductors. To this end, we show
in Fig. 2-21 the coordinate system, and the directions of the applied ﬁelds.
and the wave propagation vector -1: . We also show the sense of rotation
of the circularly polarized waves, the natural sense of precession of the
magnetization (Larmor precession) and the rotation of the free carriers
around the magnetic field. These relative sen'ées of precessions can
easily be derived from the equation of motion of the magnetization and the
momentum transfer equation of the free carriers. We see that the Larmor
precession is in the same direction around the magnetic field as the right-
handed-circularly-polarized (RHCP), E, wave. On the other hand, the
holes rotate around the magnetic field in opposite sense as that compared

to the electrons, and in the same sense as the left-handed-circularly-
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FIG. 2-21 Coordinate system, field configuration, precessing
carriers and their relative senses of rotation
(a) Semiconducting subsystem of free charge carriers
(b) Ferromagnetic subsystem of bound electrons
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polarized (LHCP), E_, wave. Now, when a RHCP wave is excited with a
phase velocity vp = w/k about equal to (but less than) the beam drift

velocity v the holes on the average will see a decelerating second

oz '/

order Lorentz field given by Eq. (2-121) as

I =N
E, = —+% RY(Vy-Von) E-E (2-129)

for holes: 2+ = -
d—mk w'\.( w- hu;i + w(_)

Thus the hole beam will lose some of its kinetic energy to the excitation
and a negative-energy carrying RHCP helicon wave will propagéte and then
couple actively to the RHCP 0 = 0%-spin wave. The free electrons, on
the other hand, rotate in the same sense as the excitation, and they will

see on the average an accelerating field given as

. m _ - -
for free electrons: E, = <& R (Ve-Un) E, - E (2-130)

Z —
Toams W (W-RYU,, ~w,)

Thus the electron beam will extract energy from the source and a positive-
energy-carrying RHCP helicon wave will propagate. Coupling to the RHCP
0 = 0°-spin wavé will be passive.

When the LHCP E. wave is excited, the situation is reversed: a
hole stream supports passive LHCP helicon modes while an electron stream
sui)ports active LHCP helicon modes. However, an LHCP excitation is
not supported in the magnetic subsystem as a resonant 8 = 0°-spin wave
since here the natural sense of precession (Larmor precess‘ion) of the

magnetization is opposite the LHCP excitation (see Fig. 2-21b). The
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excitation, then, propagates virtually unaffected by the properties of the
spin system as a "fast" electromagnetic mode. The dispersion character-
istics for this mode are shown in Fig. 2-13. Synchronism between this
fast EM mode and the negative-energy-carrying LHCP helicon can only
occur in the low frequency ~ very long wavelength limit. This synchron-
ous condition, in general, is not physically realizable in solids because
of restrictions on the sample size (dimensions of sample y>> excitation
wavelength) and amount of current that can be passed. If the medium is
no longer "infinite", i.e., if the excitation wavelength becomes compar-
able to the sample size, the specimen's internal demagnetizing fields,
heretofore neglected, determine the low frequency response. Since these
demagnetizing fields are shape dependent, the low frequency response will
not be unique.

Table 2-1 provides a summary of possible spin wave/helicon wave
linear interactions in both p- and n-type ferromagnetic semiconductors.
Passive interactions lead to energy absorption from the excitation source,
Active interactions may cause growth of the excitation signal, as well as
oscillatory instabilities (depending upon the relative signs of the group

velocities), at the expense of the beam's kinetic energy.
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Sense of semiconductor Type of
circular interaction
polarization ferromagnetic semiconducting
subsystem subsystem
RHCP 0=0° -s pin wave helicon wave active
E+ (+) (-)
LHCP fast EM wave helicon wave passive
E_ (+) (+)
n-type ferromagnetic semiconductor
RHCP 6=0° -spin wave helicon wave passive
E+ (+) (+)
LHCP fast EM wave helicon wave active, but
not physicall
E- (+) (-) e Y

realizable in
solids

Table 2-1, Summary of linear spin wave - helicon wave

interactions in ferromagnetic semiconductors..

(+) denotes a positive-energy-carrying mode

while (-) denotes a negative-energy carrying

mode
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2.4-3 Wave Propagation at an Arbitrary Angle 0 # 0

In order to generalize the problem of mode interactions in a ferro-

magnetic .semiconductor, we must consider wave propagation at an arbitrary

angle @ with respect to the direction of applied magnetic field. In Section
2.2-3 we mentioned that the waves supported in this case in the semi-
coﬁducting subsystem had all three field components. The task of classi-
fying these disturbances as positive or negative energy carrying-modes
becomes, at best, an extremely difficult one. In such a case one turns
from this energetic viewpoint and seeks another approach for physically
interpreting the solutions of the dispersion equation.

Again, at the root of the problem is distinction among evanescent
waves and nonconvective and convective instabilities. Useful mathematical
criteria and procedures have been developed [ 2-39 to 2-42]. One such
approach [ 2-41, 2-42] essentially reduces. the problem to that of studying
the behavior of the roots of the dispersion equation in the complex k space
with complex w as a parameter. This approach is particularly suitable for
numerical solution via digital computer,

given the dispersion relation . In this section, let us
develop the dispersion equation D(w, k, 8) = 0 for wave propagation in a
ferromagnetic semiconductor parallel to the direction of carrier drift, but
at an arbitrary angle 8 # 0 with respect to the direction of applied magnetic
field.

Consider, then, the coordinate system of Fig. 2~ &. Wave pro-
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Y
pagation along k in a ferromagnetic medium characterized by a permittivity
tensor |J€ (v, k,8)) and a permeability tensor || 4 (w,k,0) & is

governed by Maxwell's equations, written as

BN A Y

Rx E = wh Ipmlwr,e)ll b (2-131)
N D » >

£ xH = — WEE I &(w & el| E (2-132)

> A
where k = (kyx + kp2) = (ksin® x + kcos © ) and where ¥ € (w,k, O)1

and A (w, k, 6) § are defined by Eqs. (2-45) and (2-85), respectively.
Since B, is parallel fo z , we can use for M (w,k,8) | the form of
Eq. (2-85) by letting k%= (kx® + k).

From Eq. (2-131) we write

A

\2 é\ é A‘l Ah_ o AN
: K -
'p* 0 'k} = w/-lo “tHy, My O ¢ (2-133)
7s
B« B & o6 o 1T e
Writing Eq. (2-133) in component form
X component: - sz,; = Wh, (,u" H,, + ,¢/'2 “‘3) (2-134a)

y component: — (*Rx Eu - kz EN) - w/‘o (-C,uuu'l* Au “’é) (2-134b)

z component: 'px E'} = Wwa, u.'z_ (2-134c)

Solving Eqs. (2-134) for Hy, I-Iy and H, we get
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”,x - - z_/l" El'j - (Mo (’k‘ E'l- ’k; E\v) (2-135a)
w/ab ('u'l\L" '“’n:')
Boo —2uEy-Reby)-cp;RaEy (2-135b)
| J . i w/l'o (’“HL‘ /‘H;:)
A, E, |
#,7__ = —% (2-1350)
Lu/.o
From Eq. (2-132) we have
A A 4 €, €,, €
X 3 2 " 1 <13 B
’p* O ’k} :-WE‘E. 5).| 61_‘_ 523 E'J
U v H'} R, &, £3—3> £33 S
(2-136)

Writing Eq. (2-136) in component form and substituting for Hy, Hy and Hy

from Eqs. (2-135) we get

X component:

[—&:‘-}u + _%‘—. <“'\|L“ 'al;:)fu] El)t -+ [(— k:/hlz + %’; (Au,z'/u'/:) En. E'J.

+[/I‘|l ﬁx'k} + %L- (’a'nl'/“‘/z‘-) £/3 Elz = O (2-137a)

y component:

[_ \:/l)-"_’k: + _&%’ (""ML’/AI:) E.\a Elx + (‘ f: (A"l—/ﬂ,f) - ,ﬁ:/“n + ﬂL (a'll‘}'lt) Cl.z. Elj_
e o =

. T
“f[b/a\l/kgkl + 9_{ (}Al‘l_/a“’:.) 6'13] ElZ:' o) (2-137b)
<

(]
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Zz component:

[’0\\ 'k"kz + W (4 Y nt) € ]E'* +[ %”-& k-' ()" }"") €3.|E

"'l. 'J

—u AT Yl - -
+[ Ay By + % (At £, | E =0 (2-137¢)

For non-trivial solution the determinant of the coefficients must be zero.

Expansion of the determinant then yields the dispersion equation. Thus,

D (U-), 'n, 6) =

LS L v ‘L
[Ra"\w %_ (A=) 6,.] [L L % (A=) En‘) ["’"*xka - t:_:: (A= 2417) 6,3]

.t T o\ * dYiat st . L “ ) .
[w*a o N—»«»)i:.j [ﬂ (e *n)—*mt:*_l (a=42) EA [clﬂ.,_*,ktr%‘_ aimd)e, ;]

=0 (2-138)

This determinal equation Eq. (2-138) reduces correctly to our previous

expressions in the limiting case 8 = 0°. For © = 0 we have

A - ke =0 R,z Reso= R (2-139a)

Elfb:E - € =€ a=._.<> (2-139b)
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€,z Y g“ €y, eu (2-139¢)

(2-139d)

where &, €4y and &, are defined by Eq. (2-30). We then write

Eq. (2-138), with the help of Eqs. (2-139), as

> (w,‘h) =
Fah - & ade, ] LR 4 bta N o
é[- k‘}" -%‘ ("‘\\1"“‘: ) Ex;] [-" 'k.:“'u "'-:’Tl: ("‘ul‘/"::) '3 xy] O
O O €2
(2-140)

= O

Expanding Eq. (2-140) we get

feafof 8- o2 20" (a2 s z,;]‘} =°

‘1.
\ v

which may be factored as

giltk{*\- Q; (M\\*/A.L)@,** f“a)} g'RL‘ -:-’-1:-_ (Ah"‘n.) (5)\&’ i'“))j =0
G (2-141)
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Setting each bracket in turn equal to zero we get

£€.. =0

22 (2-142a)
T .
L a4 (/‘u* /*n.)(gv,;* *}) =0 (2-142b)
c"l..
h‘—%_ (M- 212) (Exy—Exy)=0 (2-1430)

Equations (2-142a,b) may easily be recognized as Egs.. (2-33) and (2-114)
describing the longitudinal space charge spectrum and the RHCP helicon/
0=0°- spin wave spectrum, respectively. Equation (2-142c) describes

the LHCP helicon/fast EM wave spectrum mentioned in Section 2.4-2.



. [2-4]
[2-5]

[ 2-6]

[2-7]
[2-8]
[2-9]
[2-10]
[?‘-11.]

[2-12]

[2-13]

[ 2-14]

96

REFERENCES

D. Pines, "Elementary excitations of solids," W.A, Benjamin,
New York.

M. C. Steele and B. Vural, "Wave interactions in solid state
plasmas,” McGraw-Hill, New York, Chapter 3.

G.V. Skrotskii and L.V. Kurbatov, "Phenomenological theory of
ferromagnetic resonance,” Bulletin Acad. Science, USSR 21,

p. 833; "Ferromagnetic Resonance," S.V. Vonsonskii (ed.),
Pergaman Press, London, Chapters 2 and 7.

A.l1. Ahkiezer, V.G. Bar' yakhtar and S.V. Peletmiskii, “Spin
Waves," John Wiley and Sons, Chapter 2.

W.H. Louisell, "Coupled mode and parametric electronics,"
John Wiley and Sons, New York, Chapter 1.

M.C. Steele and B. Vural, ibid., Chapter 9.

F.J. Blatt, "Physics of Electronic Conduction in Solids,"
McGraw Hill, New York, Chapter 5.

E.H. Holt and R.E. Haskell, "Foundations of plasma physics,"
Macmillan, New York.

W.B. Kunkel, "Plasma physics in theory and appplications,"”
McGraw Hill,New York, Chapter 1.

R.A. Smith, "Semiconductor," Cambridge University Press,
Chapter 2.

A.F. Ioffe, "Physics of semiconductors," Academic Press, Inc.,
New York.

M.C. Steele and B. Vural, ibid., Chapter 4.

J. Bok and P, Nozieres, "Instabilities of transverse waves in a
drifted plasma," J. Phys. Chem. Solids, vol.24, 1963, p.709.

S. Cﬂik’azumi, "Physics of magnetism," John Wiley and Sons,
Chaptgr 1,



[ 2-15]

[2-16]

[2-17]

[2-18]

[ 2-19]

[ 2-20]

[ 2-21]

[2-22]

[ 2-23]

[ 2-24]

[ 2-25]

[ 2-26]

[ 2-27]

[ 2-28]

[ 2-29]

[ 2-30]

97

G. Baym, "Lectures on quantum mechanics,” W.A, Benjamin,
Chapters 14 and 21.

C. Kittel, Physics Review, vol. 71, 1942, p.270; vol.73, 1947,
p.80; vol.76, 1949, p. 743.

M. Javid and P.M. Brown, "Field analysis and electromagnetics,*®
McGraw Hill, Chapter 10,

A.I. Ahkiezer et al, ibid, Chapter 1.

S.V. Vonsowskii, "Ferromagnetic resonance," Pergamon Press,
Chapters 2, 3 and 7.

L.V. Azaroff and J.J. Brophy, "Electronic processes in materials,"
McGraw Hill, Chapter 13.

C. Kittel, "Introduction to solid state physics," John Wiley and
Sons, New York, Chapter 14.

C. Kittel, "On the theory of ferromagnetic resonance absorption,"
Phys. Rev., vol. 73, January 1948, p. 155.

E. Schlomann, "Generation of spin waves in non-uniform magnetic
fields," Parts I and II, J. Appl. Phys., vol.35, Jan. 1965, p.159.

W.H. Louisell, ibid., Chapter 9.

C. Kittel, "Interaction of spin waves and ultrasonic waves in
ferromagnetic crystals,” Phy.Rev., vol.110, 1958, p. 836.

R.L. Comstock and B.A. Auld, "Parametric coupling of the magneti~-
zation and strain in a ferromagnet," Parts I and II, J. Appl. Phys.,
vol. 34, May 1963, p. 1461.

M. Sparks, "Ferromagnetic relaxation theory," McGraw Hill,
New York, Chapter 1.

H.A. Haus and D.L. Bobroff, "Small power theorem for electron
beams," J. Appl. Phys., vol. 28, June 1957, p. 694.

F.L. Chu, "Comments on Kluvev's paer entitled "Small signal
power conservation for irrotational electron beams," J. Appl.
Phys., vol. 30, p. 1618.

E.L. Chy, "On the concept of fictitious surface charges on an
electron beam," J. Appl. Phys., vol.31, p. 381.



[2-31]

[2-32]

[ 2-33]

[2-34]

[ 2-35]

[ 2-36]

[2-37]

[2-38]

[2-39]

[2-40]

[2-41]

[ 2-42]

98

D.L. Bobroff, H.A. Haus and J. Kluvev, J. Appl. Phys.,
vol. 32, p. 749.

A. Bers, MIT Res. Lab. Electron. QPR No. 65, pp.89-93,

T. Musha and M. Agu, "Energy and power flow in moving
dispersive medium," J. Phys. Society Japan, vol. 26, Feb-
ruary 1969, p. 541.

C.W. Barnes, "Conservative coupling between modes of pro-
pagation - a tabular summary," Proc.IEEE, vol.52, January 1964,
p. 64.

A. Bers, "Energy and power in media with temporal and spacial
dispersion," MIT Res. Lab. Electron. QPR No.66, p. 111,

A.I, Akhiezer, V.G. Bar'yakhtar and S.V . Peletminskii,
"Coherent amplification of spin waves," Phys.Lett., March
1963, p. 129,

B. Vural, "Interaction of spin waves with drifted carriers in
solids," J. Appl. Phys., vol. 37, March 1966, p.1030.

B. Vural and S. Bloom, "Streaming instabilities in solids and the
role of collisions," IEEE Trans. on Electron Devices, January
1966, p. 57.

P.A. Sturrok, "Kinematics of growing waves," Phys. Rev., vol.
112, December 1958, p.1488.

O. Buneman, "How to distinguish amplifying and evanescent
waves ," Plasma Physics, J.E. Drummond (ed.), McGraw Hill,
New York.

A, Bers and R.]J. Briggs, "Criteria for determining absolute
instabilities and distinguishing between amplifying and evanescent
waves," MIT Res. Lab. Electron. Q.P.R. No.71, October 1963,
p. 122.

M.C. Steele and B. Vural, ibid., Chapter 5.



99

CHAPTER 3 SOLUTION OF 6 = 0° -SPIN WAVE/HELICON
WAVE DISPERSION RELATION

‘3.1 Introduction

In a ferromagnetic and semiconducting medium supporting both helicon‘
waves and 6 = 0°-spin waves, we may expect direct coupling between these
waves, provided they have the same sense of polarization and are near
synchronism. As discussed in Chapter 2, an active helicon-6 = 0°-spin wave
linear interaction can then occur between the negative-energy-carrying
helicon wave and the positive-energy-carrying 6 = 0°-spin wave, leading to
energy exchange (or instability) between electromagnetic fields of the proper
polarization and the drifting carrriers. When the group velocities of the
interacting modes are in the same direction, a convective instability is
indicated. When the group velocities of the two modes are opposite, an
absolute instability is possible [ 3-1].

In general, one assumes that the modes are weakly coupled so that
the coupling does not affect substantially the field configuration of the un-
coupled modes. Then the coupled system can be described by small perturb-
ations on the field configuration of the isolated modes [ 3-2] . In this chapter,
we first investigate this weak coupling approximation by solving exactly,
using numerical analysis, the dispersion equation, Eq.(2-125), of the coupled
system. By comparing the solution of the coupled dispersion equation to those
" obtained for the uncoupled system, we draw conclusions as to the validity of
the approximation [ 3-2] . Later, in Section 3.3, we find the dependence of the

exact solution of the coupled dispersion equation on the system parameters.
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3.2 Validity of the Weak Coupling Approximation
The fields distributions in a coupled~-mode system will be essentially

the same as the field distributions of the original waves when the propa-
gation characteristics of the modes supported in the system remain
essentially unaltered in the presence of coupling. Thus, the problem of
studying the validity of the weak coupling approximation may be reduced

to that of investigating the dispersion relation for the coupled system. In
our system, assuming the charged carriers to be holes, the coupled dis-

persion Eq. (2-125) is written for right handed circular polarization as
7 ot Win -l
‘R - |+ . [y
(Wo+ EVan ) +Wsy &R~ J
X1 = wp (- Rsa) ]': o -(3-1)
G (W= RUpg +W, +£>)A)J

We shall solve Eq. (3-1) numerically for particular values of the parameters

Ho, Vg Wps Yo vk and wy. First, in order to gain insight into

what to expect from our numerical solution, let us examine Eq. (3~1) in
some detail. Let is neglect the exchange term wg, a’k® and assume a
lossless solution D,,,\= 0= )),\ . The coupled dispersion diagram

w vs. k may be deduced then as follows: (a) Equation (3-1) has an ;

real

asymptote at w = w,, since as w-» w,, the first bracket —see and

o
k —»e2 , (b) For k=0 we have, setting the first bracket in Eq. (3~1)
equal to zero,

Wy = Wyt Wy (3-2)

and setting the second bracket in Eq. (3-1) equal to zero,
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.
L N

@,

;) +apf (3-3)

% .\

where the plus sign of the square root has been assumed to allow for

- -

w2 2 0; (c) If the carriers are not drifted, i.e., if v,, = 0, we have

from Eq. (3-1) that

O o [ wftw ] .
PP G PR D

Assuming (wzr /wo") >> 1, k is imaginary for w ¢ wy and real for

wo< W (w, *+wp), i.e., there is a stop band for w £ w, and a pass

band for wWo< W < (Wo * Wy) inthe wvs. k... diagram. In the fre-

rea
quency interval (wo+ wp) ¢ w< wy there is another stop band, while for

wYy Wy the dispersion equation has asymptotes given as

w = Iko (3-5)

Using this information, we then expect the dispersion diagram of Eq. ( 3-1),
in the absence of drift (v, = 0) and collisions ( vM =0= V,\ ) , to be as
shown in Fig. 3-1(a). However, near the resonant frequency w = Wo the
wavelengths becomé very small (large kreal) , so that the exchange term
Wox a?k? canA’ no longer be neglected, and the dispersion diagram is modified
as shown in Fig. 3-1(b).

On comparing Fig.3-1(b) with the "pure” 8= 0°-spin wave dispersion

diagram, shown in Fig. 3~2, we note that the presence of the carriers (wp #0)
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has modified the spin wave dispersion for low values of k (large wavelength).
In fact, near the resonant frequency w = w, the spin wave éan be a back~
ward wave with its group velocity vgs.w. = ( ) w/ ® ky ) opposite its phase
velocity Vﬁ) = w/kr. To determine where the group velocity vgs w. of this
"hybrid" spin wave changes sign, we write the total differential of Eq.(3-1),

with vy, =0 and 2),,,‘=0=))k , as

aREap - §, (%L“)‘ ;1(%&—@ -+ -—i—fé—d.k) =0 (3-6)
where |
fi=1+ e

: (0o +wy, &47) - w

and

f - w,' - __a_JLt‘i_._
* ()

From Eq. (3-6) we then get the expression for the group velocity Vs w

dw _ a :

- S " st

Ués.w.‘ R " R

‘ktct ( w, -w) ‘( w.‘”t.) £ -+ 0)“(“’0"""&)‘ wp‘l‘)] [wa’; ‘}k‘(‘ﬁ“")‘ (“-’o +a)¢.)]

(w.fw,‘-w)(p;w)[-\m (w+. )= er“’J + W, (ana),_)[ wr(w+ @) - w,,'-:o]

(3-7)

which can be evaluated in the resonant region w=w, + A w, where

(Aw/wg) <K 1, with (vg/wl)Py 1. The result is
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U = A | ek (amt A (o) (a0)* ] 3-8
de0” & (0o + et RY)? wp* &y iy, J (3-9)

From Eq. (3-8) we get that Vas w. = 0 for

$
. ,_ &
R =[”"'W°”‘“ ] (3-9)

w‘uﬂ" <& (wo'*‘q-)
2 .2

aw Wexd K
where we assumed (130—) <L (T near resonance. Thus, for

(wpz/woz) > 1, the group velocity can change sign. Let us now assume
that (wpz/woz)« 1. Then wf& (we/2)® and wy is given by Eq. (3-3) as

“
w, ~ 2

A o (3-10)

In this case the dispersion diagram of Eq. (3-1) for a driftless (v, = 0),

lossless (22,.\ =0=)Y, ) system is as shown in Fig. 3-3. We note that now }

the group velocity for this "hybrid" spin wave is always positive. To find

the value of w,, needed for negative group velocity we set

p

w, > W, (3-11)
which, using Eq. (3-3), gives us

Wyt > W, (U+,) (3-12)

as a necessary condition for the existence of a hybrid backward spin wave.
When the charge carriers are drifted (vozqﬁ 0) then there is a

possibility of an interaction between the negative-energy-carrying helicon
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FIG. 3-3 Dispersion diagram of Eq. (3-1) for vy, = 0, ‘I)'\=0=7’ )
assuming (wg'/wg) L 1.
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modes and the positive-energy-carrying 6 = 0°-hybrid spin wave modes.
To investigate the dispersion relation Eq. (3-1) exactly- We programmed this
equation for numerical solution. For polycrystalline p-type Agy Cd,-x Cr,Se,,

the following values were representative [ 3-3, 3-4, 3-5, 3-6]

(/)%
——— = M, = 4200 gauss
Mo ¥ .S s

C = 10'° cm/sec

Way

(o]
—_—— = 130" K

= Teurte

e -7
10A =10 cm

a

_ 7__rad
where Md=1.7 10 sec-gauss

-16

Kg = Boltzman constant = 1.38x 10 erg/°K

Mg = Bohr magneton = ,927 x 10720 s
gauss

For an external field of 3000 gauss, wg = 51.5 = 109 rad/sec. Unfortu-
nately, no information was available about the maximum carrier drift velocity
that could be obtained in this material. We optimistically assumed that
values as high as 107 cm/sec could be obtained. In Figs. 3-4 and 3-5

we show some computer results, where we have plotted the radian frequency
w versus the real part of the wavenumber K o5}, @ssuming a lossless
situation ( ¥, =0-= ?’,\ ). The frequency and wavenumber are shown
normalized by factors 2T «x 109 and 2T » 102, respectively. We note

from Fig. 3-4 that as the plasma frequency Wp is reduced from a normalized
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value of 62.4 to zero, the group velocity vgs w. of the propagating spin
wave modes in the long wavelength (small k) region changes sign. How-
ever, as seen in Fig. 3-5, varying Wp does not affect the sign of vgs.w.
near the region where the phase velocity of the spin waves equals the phase
velocity of the helicon waves, i.e., the group velocity of the spin waves in
the region of synchronism with the helicon waves is unaffected by the
presence of the carriers. This means that the "hybrid" spin wave modes
(wp # 0) resemble "pure" spin wave modes (wp=0) near the interacting
region. Near this region, one can identify the propagating modes in the
coupled mode situation as either spin wave or helicon wave modes of the
type discussed in Chapter 2 (see Fig. 3-5). At synchronism, the propagat-
ing modes are a mixture of both spin waves and helicons.

Since coupling between the isolated modes (spin waves and helicons)

has not altered their propagation characteristics near synchronism, we may

assume the modes weakly coupled. In such a case, a convective instability
is indicated, given that the group velocities of the isolated modes are in
the same direction but their parities are of opposite sign. The weak coupling

assumption will be confirmed if at synchronism the coupled mode propagation

constant k is given as

k=4 + (A&)‘ (3-13a)
with
[oR ] << |R] (3-13b)

where k\ is the propagation constant of the isolated modes.
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3.3 Dependence of Growth Rate on System Parameters

The solution of the coupled mode Eq. (3-1) in the synchronous
region yields a complex propagation constant k. For a given external
magnetic field and carrier drift velocity v,,, the imaginary part of k is
strongly dependent upon the hole plasma frequency Wp and upon losses in
the system, both semiconducting and magnetic.

Using the same typical values given above for Agy Cd,-x Cr, Se, ,
we investigated this dependence using numerical solutions. In Figs. 3-6,
3-7 and 3-8 we have plotted the imaginary part of the normalized wave-
number versus normalized frequency in the region of interest, with plasma
frequency wp, magnetic line width ( Ym/As 15! ) and carrier collision
frequency 7’,‘ as parameters, respectively. As expected [3-7], increas-
ing the plasma frequency increases the spatial rate of growth kj, while
increasing the losses decreases k;. In Fig. 3-9 we see the effect on kj
of including both electric and magnetic losses in the system. We note that
even for a line width of 1 gauss and carrier collision frequencies as low as
.396 x 10'° rad/sec, the imaginary part of the growth rate is negative,
indicating that no gain is possible under these conditions.

Our numerical solutions show that in the synchronous region of

interest, the complex propagation constant is approximately

A .
2w 4, + L (A*':')
with A ki varying as shown in Figs. 3-3 to 3-6. Since
|ak:)
4\
we were justified in assuming the negative-energy-carrying helicons and the

<< |

positive-energy-carrying spin waves weakly coupled near synchronism.
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CHAPTER 4. NORMAL MODE FORMULATION OF SPIN WAVE -

’RRIER WAVE INTERACTIONS IN FERROMAGNETIC SEMICONDUCTORS

4.1 Introduction i

The spin wave/carrier wave linear interactions in magnetic semi~
conductors have been the object of some investigations [ 4-1 to 4-7] . In
Chapter 2 we provided a summary of the theory available in the literature,
generalized the analysis to propagation at an angle 0 with respect to the
direction of applied magnetic field, and noted the difficulty in obtaining
an active interaction in n-type ferromégnetic semiconductor. In this
chapter, we shall formulate the linear plane wave electromagnetic response
of a ferromagnetic semic,o;xductor in normal mode form [ 4-8]. We shall -
assume that the material is magnetized to éaturation by the application of
_ an external magnetic field and that the free carriers are drifted parallel to
the magnetic field. We shall be mainly interested in plane wave excitatlions
pro;;agating parall‘el to the magnetic field.

The advantages of the method of coupled-normal-modes, used
extensively in the treatment of wave interactions in electron devices [ 4~9
to 4-13], are various. First, when Maxwell's equation and the linearized
equations of motion of the carriers and the magnetization are cast in a
coupled-normal-mode form, the coupling mechanism between waves
becomes clearer: coupling coefficients are obtained in terms of system

parameters. Second,.should a microscopic treatment of the interaction
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be of interest, the coupled-normal-mode formulation is directly applicable,
given the correspondance between these classical normal mode amplitudes
and quantum mechanical occupation number operators (or creation and
destruction operators) [ 4-14] . Finally, the interaction may be easily
extended to the nonlinear regime using the normal mode amplitudes of the
linear case [ 4-15, 4-16]. This last problem will be treated separatel;} in
Chapter 5.

The following question may now arise: What do we mean by
coupled-normal-modes? Conceptually, the coupled mode approach to the
solution of a large class of problems is quite simple [ 4-8]. A complicated
system (as a ferromagnetic semiconductor) is first divided up into a number
of isolated parts or elements (magnetic and semiconducting subsystems).
The equations governing the state of motion of the isolated elements (or
subsystems) are then solved exactly, and the solutions are called the
normal modes of the element (or subsystem). The original complex coupled
system is then assumed to be made up of the isalated elements "weakly
coupled” together. The coupling perturbs the (state of) motion of each
element slightly and the motion of the original coupled system is described
by this perturbation on the motion of the isolated elements.

The coupled mode approach was implicit in Chapter 2 in our
characterization of the ferromagnetic semiconductor by a permittivity and
permeability tensor [€ (w,k)/I and ly;,(w,k)l ., respectively, and in

the "weak coupling” of the carrier and spin waves in the region of synch-
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ronism. The carrier and spin wave modes represented independent
solutions of the wave equation in the ferromagnetic and semiconducting
subsystems, respectively. The coupling was "weak" in that it was
assumed that the coupling altered only slightly the field distributions of
the original waves. If the elements are not weakly coupled the solutions
for the coupled system will be sufficiently different from the uncoupled
solutions that a knowledge of the solutions for the isolated elements may
not be useful.

The mathematics of the coupled mode approach can be made more
explicit than they were in Chapter 2. Consider, for example, the
isolated semiconducting subsystem of drifted carriers described by
Eqs. (2-22). When these equations are linearized, they constitute a set
of first order differential equations relating the various field quantities
\7, E and I-; Assuming a time dependence of the form exp. iwt , we

may write Eqs. (2-22) as a set of decoupled first order differential

equations given as

-
dd.,,\ = -t /k,mm Aom (4-1a)

————

dr

where an is a "normal mode amplitude" proportional to the vector com-

- K Y
ponents of the field quantities ;m' Em, Hm of a given polarization m,

-

and where kmn is the normal-mode propagation constant satisfying a

N
dispersion relation D(w, km) = 0., Since in general there is more than one

A 5
value of Km satisfying the dispersion relation D(w, km) =0, the ap,
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normal mode may be degenerate, i.e. it may have different propagation

k k k for the same frequency w. Hence the

constants k

ml1’ ma’ m3? *** "mn

-
sub-index n is determined by the order of k., in the dispersion relation.
Equation (4-1) then determines the spatial dependence of the ap mode.
-

On the other hand, by assuming propagation of the form exp -ik- ? '

one may write Eqs. (2-22) as a set of decoupled first order differential

equations in time given as

d .
;'tm L, G (4-1b)

2 Y
where again w satisfies the dispersion relation D(wmn, k) = 0. Now

mn
ap, 1s degenerate in w-space and Eq. (4-2) yields the time dependence
of the aj, normal mode amplitude. Thus, either a spacial domain or a
time domain analysis of the problem is possible.

Generally, in a composite system supporting two isolated normal

modes a, and a, , we can write the coupled-normal-mode equations in

time domain as

ci1a1 t ¢p; @

Ca1ay tC; a;

where the 1 refers to the normal mode of element 1 and the 2 refers to the
normal mode of element 2, and the Cij's are the coupling mode coefficients.
If we choose the amplitude aj to be such that the total energy of mode 1

is given by aj ai* = (a1|z where 1 = 1,2 , then the total energy of the




120

(composite) system may be written as
2 2
Etotal = lal‘ * lazl + Ecoupling (12, ca1)

where Ecoupling (c12.Cz1) represents the energy associated with the

coupling mechanism, and is a function of the coefficients c¢;, and c;;.

"Weak coupling” between modes then means that Ecoupling ( ¢z, Ca1)
2 2

is small compared to (a,j and [a]” such that the total energy Etotal

may be written

E ta] = {axlz + laz\z = constant (4-2a)

If one formulates the coupled mode problem in spatial domain, then when
the two modes are weakly coupled, the total power carried in the com-

posite system is equal to

2 2
PtotaI: (a;l + [azl = constant (4-2Db)

where lailz is the power carried by the a;'th mode.

In the following we shall formulate helicon-spin wave interaction
in ferromagnetic semiconductors explicitly in coupled-normal-mode form,
both in space and in time domain. The coupling between the free carrier
subsystem and the spin (or ferromagnetic) subsystem will first be neglected
and isolated normal-mode amplitudes will be defined. Then coupling will
be introduced and the solution to the coupled-mode equations will be

sought in regions of interest.
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4.2 Space Domain Analysis

4.2-1 The Spin Wave (or Magnetic) Modes

The equations governing spin wave propagation in a ferromagnetic
medium are the equations of motion of the magnetization and Maxwell's

equations, Eqs. (2-75) and (2-70), respectively, written as

A S
= a" _ 2
vxE = LR = & (Ar M) (4-3b)
S ~
Ux K= E %—%— (4-3¢)
-
7.8 =0 (4-3d)
.y
V.-E=0 (4-3e)

>

where ?le = I?o + R +aA v M. Neglecting the time derivative of the
longitudinal component of the magnetization Mz is in agreement with our
assumption that the medium is saturated in the direction of applied
magnetic field, ﬁo = H,, 2 . Equation (4-3a) shows that we choose, for
convenience, a Bloch relaxation term instead of a Landau-Lifshitz. As
noted in Chapter 2, the two are equivalent.

The spin waves supported by the medium are circularly polarized
plane waves: right handed circularly polarized (RHCP) waves and left-
handed circularly polarized (LHCP) waves. Let us then re-write Eqs.(4-3)
in terms of circularly polarized components Ai = Ax +i Ay where

-
A= Axfc + AY’}) is any field vector. The plus sign denotes a RHCP wave
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while the minus sign denotes a LHCP wave.
In component form, Eq. (4-3a) may be written, after linearization,

as

</

. k _ 2 LA -V
T T ey T U YT T Y Mg v Ty (4~a)

éﬁ&. = ~Woh, + W, m, + 4, a Vom, = Vs, fmg_ (4~4b)
k
- N A 2

where Mg = my x + m,y and where w5, Wy and wg, a° were defined by

Eqs. (2-81), Forming the combinations

M_t_-_- dMy =+ CML
DA dA dt-

we may write Eqs. (4-4) as
DMe _ rimemy Filh, WAy, ~Ym (4-50)

A similar procedure allows us to write Eqs. (4b-4e) as

"aEi + B'\ B

53 - ¢ Mo b; = M, bﬂ: (4-5b)
)k: - =( & bEt

b} - * 0 di (4-5¢)
8

de

"f =0 (4-5e)

Let us now decouple Eqs. (4-5) by assuming a time dependence of the form
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exp iwt and defining the RHCP and LHCP magnetic-normal-modes LI

by a linear combination of hy and E, , given as
A
Aue = Ps “t * 4. By (4-6)

where p, and q, are ccnstants to be found. Thus, Eqs. (4-5) will be

written as

Qwe k., a,. (4-7)
d2

where we have neglected the exchange term wg, a’ ¢v® my in Eq.(4-5a).
Since we are interested in coupling in the long wavelength (A\>> a ) region,
this is a valid approximation. Then we write

., = o hs (4-8)
T (% zw i)

Substitute Eq. (4-6) into (4-7) to get

Px 3‘_*4 5E+ = -iRpy (Prhe * 94 EL) (4-9)

Now substitute Eqs. (4-5b,c) into (4-9) and with the aid of Eq. (4-8) we

get

T My (W Wy + L, ~w) ]
PgwE +q[ (W, W, Fw) ht

='-[’k0|t P-:Lt 'Lkmt ?"_’Ei’ (4-10)

Equating the coefficients in E4y we get:

tp,qw=-<Rpr g2 (4-11)
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Equating the coeffid ents in hy we get:

@,

. (:/Ao“’)(“ wo,_;,“ :w] - -t /knt. P+ (4-12)

Substituting (4-11) into (4-12) we have the dispersion relations

/k':t' ﬂf{h& o \—0

= (4-13)
- Wyt ¢V 3 w) J

Arbitrarily setting p;y = 1 we write, from Eq. (4-11),

g~ 711 S0 (4-14)
Rnt

Thus, the circularly polarized magnetic normal modes are given as

#

A, = he 20 S0 E
Boms

where kM+ satisfy dispersion relations given by Eq. (4-13). The solution

+ (4-15)

of Eq. (4-7) vields the spatial dependence of the magnetic normal mode
amplitudes,

Ay (2)= Gps [0) Sxp- - Ryy 2 (4-16)

We will need the expression for the power Py carried by these

normal modes. The time average total power flow is given as

Ew = L Re( Exit*] (4-17)

—‘_ A A S A A
Since E=E_ x + Eyy and H= h,x +hy Y , we may write (4-17) as
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KN
= L [E * _ *'_] ° (4-18
P)t Y Ra " ;\3 Ey A)‘ 2 )
or in terms of circularly polarized fields,
S . * “ (4-19)
Pk= 4 Re L(E-r hye - E_h_ )]
>~ Acl :
e
Recalling that E_ = E; and h, = (h_" ), we may write Eq. (4-19) as
P, +4 fla[t‘, (e kf):) 4-20
A = Y +* - ( = )
Now let us express Ei and hi in terms of the normal mode amplitudes
aMi'. . If only A+ is excited, from Eq. (4-15) we write
Am+ = l\+ + ¢ W =3 (4-21)
m+
Since from Eq. (4-5¢)
_l:‘km_,, I'l+ - Eow E-f (4_22)
then we have
’ C REW
Ay, = ,ﬁ“ E, (4-23)
A+ .
or &
E = _TM g
-+ L RE w M+ (4-24)

Substitution of Eq. (4-24) into (4-22) vields

hy= Laz (4-25)
o

Substitute Eqs. (4-24) and (4-25) into Eq. (4-20) to write

B = & R ¢ (s a) (L) |2 '
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or

(4-26a)

A similar procedure yields the power carried by the LHCP mode

S
R A
p = 1 _Re[nd Ay Ay 2 (4-26b)
M ¥
€°u_\
Notice that for forward traveling modes Rz(:k mne | DO and Rn{‘kh_—l S0

Hence Py, > 0 and Pps_% 0, i.e. both the RHCP and LHCP spin wave

modes are positive-energy-carrying or circuit-like modes.

4.2-2 The Carrier Wave Modes

The equations governing carrier wave propagation in a free carrier
system are the equations of motion of the carriers and Maxwell's equations,
Eqs. (2-22). Assuming holes as charged carriers, let us write Eq.(2-229)

in component form, after linearization, as

3{

Y b = 4( (Ex +1r38°2 B Mo ;) v, (4-27a)
‘S& % 3 - v;g Boz + 7!;‘/‘0 }“) - vk \J"g‘ (4_27b)
W, Ve “ A
S/_:_ toa 2 - 1 B2 %% (4-27¢)

The helicon waves are RHCP or LHCP carrier waves propagating along the
applied magnetic field. Let us then write Eqs. (4-27a-c) in terms of

circularly polarized field components A+ = A, + 1 Ay. Thus, we write
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OV L. OV =7 (B FEBoUr it hhy) Y0y

bk 0z b . (4-27d)
blf‘. b'lrg »*
— E - v .
>k + 7Y, 32 7 F:” WY (4-27e)
The curl L’) equation, Eq. (2-22a), may be written as
55: akt
32 =+ /4 T—- (4-28)
The curl l-'\x equation, Eq. (2-22b), in component form, is given as
She L T, gc O = pv « €€ L, (4-29a)
2 ¢ P SR Ty eE T2
A
_2_3_=7)‘+g‘)g, U;+g°gl-%sl (4~29b)
- be
o = j‘;* €€ } = FiVa "'jo + €«.\E,%;t:iL (4-29c¢)

where J was written as per Eq. (2-22e€)

J = ())0*)1)(1/02 AZ""J;)
Since from Eq. (2-22d)

V' (506, é ).;fl
or Pz ge bE‘ (4-30)

we may re-write Eqs. (4-29) in terms of circularly polarized field com-

ponents, where f, is given by Eq. (4-30). Thus,

Ohs = -/ ok
52 = -;Lfo'(ft +¢ E°€I b,tt (4-31a)
B2 . _p 1 JE
0= + SL—T, 4 — =2 -
LFY 2€, Vo ¢ Ug oL (4-31b)
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We note that Eqs. (4-27d), (4-28) and (4-31a) are first order differential
equations in v, , hi and Ei Equations (4-27b) and (4-31b) are also
first order differential equations in v, and E,. Let us assume a time
variation of the form exp. iwt. We can then use these two sets of

equations to define electric normal mode amplitudes as
o
J,Et 2 U, + % E, = /Atk: (4-32)
and

| a
Adaga = Vaga ¥ 5 (4-33)

E
fp B HA

where <, , L+ and S;’A are constants to be found. The + and -
subscripts denote the right and left handed polarizations, respectively,
of the transverse (helicon) modes. The f and s subscripts denote the
"fast" and "slow" phase velocities, respectively, of the longitudinal
(or space charge) modes. The electric normal modes defined by Eqs.

(4-32, 4-33) will obey first order differential equations written as

Oes . _i g+ Ae+ (4-34)

Zf R (4-35)

where k is the normal mode propagation constant. Let us now find the
constants o/, , /a_!_ and jﬁﬂ- . We write Eq. (4-34), using the

definition for ap, given in Eq. (4-32), as

av—: + aEt b‘\t
Y Tow > - +Pe- z (4-36)

zoiRee U Rep Ax By ~iReopuhy
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We substitute on the left-hand side of Eq. (4-36) the expression for
OV:/dz , dE+/ds and Oh#fda from Eqs. (4-27a), (4-28) and (4-31a),

and write Eq. (4-36) as

[.:, (Wiw - %) zjop;lut *[—3:: A 5;«;]5_,,
Ya N

Yz

';’_KU‘o’l* - Mo «-:} he

= -iRep Vu - Re oy Uy - Re Br Ky
(4-37)

where we let d/y+ — 1iw. Equating the coefficients of v4 and E; in

Eq. (4-37) we get

- tw, -V,
Ppocr (% Rez TWe- O4) (4-38)
- AV,
and i ,
o(..,:TE-L;G"—;—'—[wpt‘w(w"REtUoztwc";vA)] (4-39)
- o Ket Yoz

where wpz =}J°7L“/soe, . Equating the coefficients of ht in Eq.(4-37)

we then get

~iRes ps = [‘}‘o’(*-/l. w u-:J (4-40)
Substituting the expressions for «, and /!,,, from Eqs. (4-38, 4-39)
we then get a dispersion relation in kg, written as

,p: 2 WPL(‘U’ ’kg{UBa-)

tCL - wl]- =0 (4-41)
w(@- Ry Vog £, -V
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To findj f,s We substitute the definition of a,; _, given by Eq. (4-33),

£,
into Eq. (4-35). Thus we write

du; OEasp _ . .
B e ¢ a: = - iRugaUpga -t pzﬁﬂjﬁr%m o

Substitute for a"fl-/bzr and bEz/()z,— from Eqs. (4-27b) and (4-29¢),
where we let b/bt‘* cw , to get

-[-;_w(m-.;v..).r_if& (PR +{-_1_- éﬁL“’] Esfa

Eo€4 Yoz Va; U;)l
—--c —
R, e Vz 0 -t kz £A S;,,‘ El»-F,A (449
Equating the coefficients in Vg g We get
i 1"
S = - 4-44)
24 (- Eﬁ) Usz) (

Equating the coefficients in E, £,5 » We get a dispersion equation in w
"and k, ,
1
Wy _
(- RY,, ) (w- Ry, ¢ A)

) (4-45)

where k,y and k,o are the solutions of Eq. (4-45) that make phase
velocity w/k, greater than (i.e. faster) than or smaller than (i.e. slower)

than the carrier drift velocity Voz*

The solution of Eqs.(4-34,4-35) yields the spatial dependence of the
electric normal mode amplitudes, s
- b’ke-_\_- 2— -

de+(3)= 2ey(0) e (4-46)

~CRyc 2
Laga@) = L2sa(e 29 (4-47)
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We will also need the expression for the power Pg, carried by the circularly
polarized transverse (helicon) electric modes. From Eq. (4-20) we may

write the total average power flow P, = (Pg + )z as

e = TRl (B¢ k)2 (449

where now E. and hy must be expressed in terms of ag, . Assuming first

that just the ag, mode is excited we write, from Eq. (4-27d)

2 -i (W-ReNat WV 4 B+ Cam® g ) (4-492)

from Eq. (4-28),

Oz ¢l Rey E, = Ay hy (4-49b)

and from the definition of ag, Eq. (4-32)

. €€ .
deg,=Ve =+ ¢ R ;rw[wpi"w(“’"ke-f"oz"’wc—"x\)] &y
0N e
- e [(wfﬂevog “w, dl’:)-] k., (4-49¢)
o

Simultaneous solution of Eqs. (4-49) gives

2 v Y
. ‘\r v 0&
E - - *5* [4 [(w ﬁs oa tW.- ¢ ) (4-50a)

T 7 (-
) -c YY) w-
. [ (N he}%;ﬂu ~-i '\)\

‘\ - E 'RE* [wP w(w &E* + —(,v'\)j d
N 7 <a) -t l),\) W - wPL
(W'RE,, (¥ -rﬂ/ Y, )

(4-50b)
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Substitution of Eqs. (4-50) into Eq. (4-48) gives the total average power

carried by the ag+ mode as

] N
—_ I a}/(‘()‘ke*‘u,‘*w‘— L'vl\)l & R o
l B4 = - d 4l¢ A (4-51)
.7/07,5 (W' V,») [‘ 178"

Similar simultaneous solutions of Eqs. (4-27a), (4-28) and (4-33), assum-

ing that only the ap. mode is excited, yields the following expression for

the total average power carried by the ap_ mode

I wl(w- ReNpa-wi-i W) | * “
Ps = - [w- ReVon )| Ra[l?;xas.@_ (4-52)
- * (Wt V)
* “
Again, since &[&;A >0 and Q«[‘p_:_-l)o for forward-traveling
modes, we observe that the RHCP electric normal mode is a negative-

energy-carrying, while the LHCP electric normal mode is a positive-

energy-carrying mode.

4.2=3...Coupling Between Modes

It is essential for mode coupling that the field configura;ions of the
normal modes be similar., It is obvious, then, that only the circularly
polarized electric modes will couple to the circularly polarized magnetic
modes. The longitudinal electric modes are not coupled, at least linearly,
to the magnetic modes. In the ferromagnetic system under consideration,
the fields set up by the precessing spins will induce currents in the beam

of drifting carriers. These induced currents are accompanied by time vary-
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ing magnetic fields which act back on the precessing spins. Assuming,
again, circularly polarized plane waves, the system is described by the

following equations:

O g r | g B, 38w, % (he M) | Y, (4-53a)
bt 0% bz

g::i s timy T (W hy WA VML =Y, g (4-53b)
izz =t ip, Sé_k(kt tomy) (4-53c)
oA e
LS 36 B}f; (4-53d)

We shall neglect the exchange term wg, av? m+ in Eq. (4-53b). Assum-
ing a time dependence exp. iwt, let us write the system equations (4-53)

in terms of ag + and a,, +° First form the linear combination

A b"rz AEQ + /&t é,\t

4-54
P (4-54)

Substituting for é‘fi/bz ’ ,bgt/«)z- and h t/bz- from Eqs. (4-53), we may

write Eq. (4-54), with the help of Eqs. (4-38, 4-39), as

A, = -i PEt a, +; 'kst(w'/’?s*‘%*tw‘-'”“)mt
ALV

However, by definition of ag, « Eq. (4-32),

hence
e - oV ol QE= P Ohe = At
22 oz ~  d= - 02
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and therefore

de: Zha

. ’PE:(“”"QE-;Vo}tw'_- i_v,\) m

Riha (4-59)
Similarly, by forming the linear combination
Oh 2E
C..‘. = t -+ __: 4~-56
we can write, utilizing Egs. (4-56), (4-53) and (4-33),
LY ,
b - _wﬁ,,,_¢mi 3 AU (4-57)

o2
Thus, we observe that in the absence of carriers ( 2 =0), Eq. (4-57)
becomes Eq. (4-7) describing the spin wave spectrum. On the other hand,
in the absence of magnetization (mi =0), Eq. (4-55) reduces to Eq.(4-34),
describing the helicon wave spectrum.

In order to solve the system equations (4-55) and (4-57) we must
express Vi and my in terms of the uncoupled normal mode amplitudes
ag, and amM, - After quite a bit of algebra we get the final form of the
coupled mode equations (the derivation of the coupling coefficients is in
Appendix B):

g &454

S = Rerbp, +C @, -CCy ap™ (4-58a)
- e 4 *
aa’ﬂ* = - L«'km‘_ d—”u_ - ¢ C“ Qe+ - L Cds a,E_ (4-58b)

o2
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p
215, _ * A . + ) _58
SE- P a,’ 4G A (4-58¢)
~ *
5&,..- . ~ =
—&_z_ = (’kb\- a’p... -t C43 6&5_ -C &4 Qa-r (4-584d)
where the coupling coefficients Cij are given as
- ’k:-&-'bmc— Do (W -Re Vpa tw, - iv;\) (4-59a)
a =
’ '/00%% (/RM_,"ka)(wo-w*‘:v‘m)
F 3
.C,‘+ = ¢ M- (4-59b)
Ry
Car= C4 =
”*
(0w - (s ) (0-Re Yya=we- 634) ]
T a *
o (Re: < ),, (4-59¢)
[w“:-_ (u‘-.p»ké & ) ((0~ k;_\]o&- wc—w;ﬂ +[ww;“_ (m‘.ggz‘ c")(w-ks,\r“-ow(_-c \’,‘ﬂ
(Ree) N (Rey )
C13= %3 =
(ww,"- (w"‘.. RQ:Z') (w-»kg.,l&g W~ (;V,.)-]
('kE-rL‘-L)
So — —  (4-594)
' (_‘0 W= (w R 57: ) (w ‘p:auu,"w(.""@_'_ (_a"'vl‘ (o +Re-C){ - ns.\’o a Y- an)]
(Rt ) (Re=)”
[ ”* |
. z R Upa ~l =),
C34 - (/g_E-) ('kh ) *wnn (ll) E-V03 '\) (4_59e)
/Dc\/;; (&M— - pn.) (wo'fw-’"f ‘M)
C3a - ¢ 'pm_-_f (4-59f1)

349 ’km*
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In order to solve Eqs. (4-58) we assume aj(z) = a, (0) eTtkZ

where j = E4 , M;. Existence of non-trivial solutions require the deter-
minant of the coefficients of aj(z) to be zero, from which a coupled-mode-

dispersion equation is arrived at:

('ksf’h) (’kmf R) (’ke‘: +R) (R, + 'h) =

Caa%s (Rem R (R, R)
T GG, (RecR) (R, +R)
= €, (R +R)(Rys +K)

= (lu C4| (&E: ‘f’k)(’km-r_’h‘) (4-60)

We note that in the absence of carriers ( R = 0) or magnetization (v, =0),
Eq. (4-60) is decoupled and the modes exist independently. We have now
the complete set of coupled mode equations, Eqs. (4-58), the coupling
coefficients expressed in terms of the system parameters, Eq. (4-59) and
the dispersion equation, Eq. (4-60). We would like to point out some of
the information contained in these equations:

(1) It is interesting to note the coupling k;etween the "starred"
and "unstarred" modes, e.g., the RHCP - helicon wave mode, ag, is
not only coupled to the RHCP spin wave mode, ap+ but it is also
coupled to aJ_ . This may be interpreted as follows: The mode amp-

»
litude apg. is the conjugate complex of the LHCP-spin wave mode
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amplitude a), . Since we are working in the spatial domain, aM'i

sents the amplitude of a wave traveling in the opposite direction. Since a

repre-

circularly polarized wave changes it sense of rotation when its propagation
direction is reversed, aMt is a RHCP-wave. Hence it is not surprising
that it couples to ag, However this feature of the interactions becomes

transparent only in the normal mode formulation.

(2) If we are mainly interested in the active interactions between
the negative-energy-carrying helicon wave, ag, and the positive-energy-

carrying “slow" spin waves, , we may simplify the coupled mode

M+
equations: Let us assume that the synchronous frequency w = Wg is given
as ws’_‘: wo since, as noted in Chapter 2, the above mentioned interaction
is especially strong in this region of frequency. From Eq. (4-59b) we
write

¢ =¢C 'R.\

e~ "I& %
M

We can show that C;4{{ C;; by considering the dispersion equations of

(4-59b)

the a + and aM modes, Eq. (4-13), sketched in Fig. 4-1(a) for the
lossless (1),”\ = 0) situation. For wg = w, - Aw, wWhere Buwfwg <L |,
we write
v
'K’:* = LZ: [ ! +(::;.;X: z): (:u«:v,,) (4-61)
and

L wr w
- 2]+ s -
" <+ [ W, + i.v.,,,.) (4-62)



- &

FIG. 4-1 Dispersion diagram of (a) magnetic modes, Eq.(4-13)

(b) transverse electric modes, Eq.(4-41).
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From Eqs. (4-67) and (4-62) we have

!
o, N
h- ~ (a bt tVm (4—633)
'km | =+ .
M A+ CVm
I w,< w, and wy >>\>,,,\ (which is the case in ferromagnetic semiconduct=-

ors for operation in the X-band region), then we write Eq. (4-63a) as

L
o (8 . & L iV L, iva)E 4-63b
[wm o o o << | ( )

’Rnw

Hence
Ciy << C g

We can also show that C,3 {£ C;,. From Egs. (4-59¢) and (4-59d) we

write
3
Cu _ (.pef CL) (d)WpL - ‘()L% - ﬁsl:clﬂﬁ) (4 64)
~ -
Co\\ (ﬂ;:t) (‘U‘D,L_ &)La/*—ﬂe- “Lw‘)
where
Wy= w-Re Uyu-w, - L, (4-66)
From Eq. (4-41) we write for the ap_ mode
L o L T v
ﬁE- ¢ =~ wt / — W (w R 0&) =0 (4-67)

wL/ w- /RE—UOé-wc' 279)
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while for the ag, mode

L
B+ cewt | 1= wp (w-Re. Vo) | g (4-68)
W W= R Uy =t )

The above Eqs. (4-67, 4-68) are of third degree in k. They have been
sketched, approximately in Fig. 4-1(b) for V‘\ =0. For w=wy - 8w,

where Ow/wy << 1 we can see that

Re-Vpa << W, (4-69)
Re Uy * (Wtw,) (4-70)

so that
Ke. << (4-71)

ﬂE-&

(See Fig. 4-1b). Let us rewrite Eq. (4-64) as

* "
C.\s - (4(75.‘7 (Rw,,zup‘t-_aa/, Wy — wplﬂs* uoé) (4-72)
N ~ *
Y #er) (Gua™ay W, - W R %)
. where we made use of Eqs. (4-67) and (4-68) to write, letting
W=Wy - AW = W,
« '\-w . R - z 2
E-C W = Wty W, W, +u, Re_ Yoo (4-73a)
T - T E T
(4~-173b)

Since
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ws = /Wo— Aw) -»ﬁe_.voz-o w, - 4;1/,\ (4-74)
Wys (Wy—aw)+ ReVop-tth~ cV, (4-175)

we can use Eqs. (4-69, 4-70) to write Eqs. (4-75) as

w, =~ (bw-i)) (4-76a)
W, = (W-w,)- <Y, (4-76b)

Substituting Eqs. (4-76) into Eq. (4-72) we then write

G | Bl i(aw) 4 cany,

z . (4-17)
4 ﬂ,‘._:'_* C R Ly (sz" ‘UOL' wowo) - Mt y’\]
from which we deduce that, since kg - <K kE+' then
Ca3<< S (4-78)

Having thus shown that near w Zw, Cu <¢Cyz and C;;3 <<Cy,

we now write the coupled mode equations as follows

s _ _:Ag. Ae +0C S, (4-79a)
O
oA : -
___‘i-&'bk'\*d'mc*‘ "Colld'E-f (4-79b)
de
where
C ~
o =L (4-80a)

~
C. &~ Lo W W, - (- R e.Via)

12 —— (4-80b)
(Wy=w)+ iV, ) C'L'QE*U;&



142

In writing Eqs. (4-59a,c) in the form given by Eqs. (4-80), we made use

of Eq. (4-63b), Eq. (4-71), and Eq. (4~68) written as

- \ -
Re, Wy, = — [“’ “ - Wp"(“""e-.\fo;)]
. c »pe_',

Equationg4-79) lead to a simpler dispersion equation given as
- - : 4-81
(R RE-v) (R- Rms) = €136, =0 (4-81)
Near the resonant frequency w=uw,, both the aM, and ap, modes are in

synchronism. We may assume kg = ky, = (wo+we)/Voz = kg to obtain

from solution of Eq. (4-81)
R = /ks i TY (4-82)

Substituting the expressions for C,, and C;, from Eq. (4-80) into Eq.(4-82),

we get
A = (W+th) 4
Voo - L
l: [ Wy, _) w*” (W -ki‘lf.!:h)‘_-ivh)‘“’p‘.(“ ’&_{UOi) -] a (4-83)
(Womwd + Va0 < RV

In ferromagnetic semiconductors, \)k >> Woe ks Voz (l.e., a collision
dominant situation exists). Let us write k =kg + ik where k; = \)CuCu.

In a collision dominant situation then

Wy = (W= RSy +W,-iV0) = (W =i W) (4-84)

and we write

W, x (W= V) ~ Wt (- oy - W)

Cllc
(lllo"a)) +ilm c (Wo-ra)‘)

A\ =
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Since wg >» (wy-w) near synchronism, and assuming wg S>>w* we then

get
C = W wa"-w‘_ -’ Vk
(ERr Y (Wo=w) +( Va, Ct (wy=+ W)
or
Cl& ca\ = b, A " U, WY Wan, )

W, ~w -
cH{wy+w,,) (w,-w) % Vak L< Wt w,

o (e Al ﬂ

W Ve
Assuming — o <L 1 (or wgaV,) and (Vg -w) = V. near synchron-
p c

ism we get

LGy = W™ “ (-¢) Uy (- w)
L
\ C"- (wo_' w“) (wo_w) l+ vM-'-

from which we can write, for (w,-w)> 0

.’ \ “Q [ We (l c.)“i-[ bk (Wp—u ] (4-85a)

\a on .+w"-) (W —w) ]) Ny

and for (wg-w)  ©

w & L% P X
‘jC Y P (2 A Lt‘— o (W —w) ) -
12y = < [(% g (=+0) (4-85b)

[ (w24 v,2 |
Thus kj is found to be proportional to the function G(w, wp) where

G(w, wy) is defined to be
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wa o [ (4-w) /v L
(T“_) (%2)> 4 ] e
G(W,wo = ) Yo
a’m"i_r A(w'wo)/ym—\"‘)_ w>wo
(”«) i (i‘lﬁ-)’-.n J
(4-86)

Equation (4-86) has been plotted in Fig. 4-2 for the value wm/y’\ = 20.
The shape of this curve is the same as that previously obtained by Steele,
et.al.[ 2-6 ] under the same assumed conditions.

Returning to the simplified coupled mode Eqs. (4-79), and assum-
ing negligible losses, we relate the coupling coefficients to each other.
The weak coupling assumption of Eq. (4-26) requires that the to_tal averagé

power Py be given approximately by

* *
l:‘total =AMy AMy - Ap, AE+ 2~ constant (4-87)

where Ay, and Ap  are the normalized normal mode amplitudes defined as

A e [Rn.] l
A, = /____.% E'“w Cyr=— %ms (4-88)
oy '

Ay & \[ wloRedop vt " BARe) g o g, (489

- 01/'01”1 w(} D(z_

One can easily see that the power carried by the RHCP magnetic mode is

”®
given as Ap, AM, by substituting Eq. (4-88) into Eq. (4-26a). Similar
>«
substitution of Eq. (4-89) into Eq. (4-51) gives -ApAg, as the power

carried by the RHCP electric mode. This re-normalization was needed as
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AC’(w)wo)

30 7/-\1,\

20 I \\ﬁ-—
322120

4

(wo-w)/ 1>nu

S

FIG. 4-2 The function G(w, wy)
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a result of having arbitrarily equated to one the coefficients of hy and v,

in the definitions of M+ and ag, s respectively. We then re-write Egs.

(4-179) as
QAEr __ iR, Aey + ¢ Gp S Ams (4-90a)
o2 %
>4 |
a;” = =C Ryy Ame ~° Ca T Ag 4+ (4-90b)
From Eq. (4-87)
P *
bb:&’ = ); (Am+An+ - AE+A’E‘;) = O (4-91)

With the aid of Eqs. (4-90) we then write Eq. (4-91) as

bbpw = ¢ ('k!: "ka)A.‘, A;; ~-c (‘RE: 'kEd-) AE¢ Ag.:’
3

T Y —) Ae. Anr
* Q(* . o * '
(e 2 _ig, _.(_"__)AE, Ay, =0 (4-92)

Near synchronism kE+"_’ kM+ = (wo+ wc)/voz is a real quantity. Thus

Eq. (4-92) is written as

BPW ( -l :;) AE* AM: +¢¢ =0 (4-93)

E A
Since the phases of Ap, and AM+ are arbitrary Eq. (4-93) is satisfied

if and only if
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’ ol . o, \*
¢, = = - (L €2 ~ ) (4-94)

Let us now substitute for C,;, C;1, «  and x, from Egs. (4-80),
(4~88) and (4-89) and find under what conditions Eq. (4-94) 1is satisfied.
We write Eq. (4-94) as

. [ .
4 ...___+LC* ! = 0

2¢ ,NJL 12 Io( 17-

S

which may be written as

- p R\ Ra,
O:—oﬂ——&%‘?}‘g- -+

e[ N -y~ Pe Vsa) Y- Re.thu i)™ R‘HQ] (4-95)
(Wy-w) A Cl‘kgf'uoz dL 24, 1‘*" wr

Let w=wo- (Aw)and KE, = (Wo*twy)/vy,. Equation (4-95) leads to a

second degree equation in ( A w) written as

: 4
(8w)* Y aw) _ “p 4 (Hrle) - O (4-96)
(wp™ at) 4( wpl‘ w2 ) e, ,,
This can be solved as
wr I 2 2 4
A= — P We + &y, {I+ [Wp—ﬂ', )/”5"”4) b (4-97)
2 (wy-wy) 2 (w0} @' w,,

Since (A w) ¢ Wy near synchronism, take + sign in Eq. (4-95). Then for

the difference to be small we have that

(wpt-wol) (W, -4, )

N Wopn

<< |
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which can be written as

3 |
W~ &< wE ( [ + __“’_‘“_.__) (4-98)
@, +w,

leading to the requirement Wwp < Wg i.e., that the carrier plasma frequency
Wp be less than the Larmor precession frequency w,. This condition must
be met for conservatively distributed energy exchange ( ég‘b‘: = 0), between
the Ay, and Ap, normal modes. Alternatively, we can also show that

Apm . and Ag , are indeed weakly coupled when Wp < Wo by considering the

solution to the coupled mode equations (4-79) near synchronism. From

Eqs. (4-82, 4-83) we write, neglecting losses,

Re, = R - (4-992)
&M+

"

R + iR (4-99b)

where kg = 4kr = [(wo*+we) /vyl and ki = J C12Cz. We know that the
positive~energy-carrying magnetic mode grows, given the proper conditions,
at the expense of the negative-energy-carrying electric mode. One necessary
condition for an instability (or energy exchange) is that kj be real, or that
C12C,; be a positive number. In addition, in order for the fields of the
uncoupled modes to be just slightly perturbed during energy exchange

(i.e., weakly coupled) we need kj << kr. Thus C;;C;; must also be a

small number compared to kZ. We write near synchronism w= Wo - dW,

where %"—-« 1. From Eqs. (4-82, 4-83) we have
(o]

Sl = <wm)[ - %t (aw) -+w,'-w,,][ Uo: ]
’k‘} aw c? (wo'f‘/r.) (wptd, )2
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Since voz/C << 1, then when
. Z k3
(Bw) (w80 2 =ty (a0) + Uy L, (4-100)

we will have (Cy; Ca1/k,%) << 1. Thus, from Eq. (4-100) we write

wr W A (aw)  (sw) (wrw)* (4-101)
u- W, w, w, -

For a charged carrier with an effective mass equal to the electronic mass mg,

we have wgy = wg. Since ( 6w/wg) <K 1 we have that again the condition

_2.(1

Wo

must be satisfied for weak coupling. This condition is also in accordance
with the implicit assumption that the group velocities of the interacting
modes is the same direction. As noted in Chapter 3, the presence of
carriers alters the long wavelength behavior of the uncoupled (vpz, v+ = 0)
spin wave. Thus, in the synchronous region the "modified" of hybrid
spin wave may have positive group velocity when Wy < Wy Or negative .
group velocity when Wy > Woo

In some situations Wp > Wy Since in this case the group velocity
of the “modified" or hybrid positive-energy carrying spin wave is opposite
the group velocity of the negative-energy-carrying helicons, we have a
possible absolute (or nonconvective) instability.

For the treatment of absolute instabilities, it is more suitablevto

carry out the normal mode formulation in time domain. The time formulation
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permits easily the inclusion of exchange effects. Parametric (or nonlinear)
frequency conversion due to nonlinear interactions between the modes also

follows readily from the time domain formulation.
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4.3 Time Domain Analysis

As noted in Chapter 3, the presence of carriers in a ferromagnetic
material alters theA very long wavelength (small k) behavior of the uncoupled
modes supported in the magnetic subsystem. For Wy Kw, the mag‘netic
modes are approximately "pure" spin wave modes. Figure 4-3(a) shows the
RHCP spin wave modes for Wl Wy assuming no losses, but including

exchange terms. Helicon modes of drift velocities v ,, or v (denoted

oz2
in Fig. 4-3(a) by dashed lines) can interact at points I or II, indicating in
both cases a possible convective instability.

When wp7) Wy the magnetic waves are hybrid modes with a disper-~
sion relation as plotted in Fig. 4-3(b). Similarly, a helicon mode (dashed
lines) of drift velocity Vozy Can interact with the hybrid spin wave in regions
where the hybrid spin wave has positive group velocity, for example at
" point I, indicating a possible convective instability. On the other hand,
interaction of a "faster" helicon mode of drift velocity v,,™> Vgz, Wwitha
hybrid spin wave mode in regions where the hybrid mode has negative
group velocity, for example at point II, may lead to an absolute or non-
convective instability. In a realistic situation, 4however, the helicons
can not be drifted fast enough for an absolute instability to develop: For
hybrid magnetic modes the group velocity is negative for valu.es of k less

than ky¢ » given by Eq. (3-9) as

cri

L

,k . = Wy Wy, : : (4-102)
et W, & ¢ (Wy+w)
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A
A

(a)

» &

(b)

FIG. 4-3 (a) Spin wave spectrum (solid lines) and synchronous helicon
(dashed lines) (b) Hybrid spin wave spectrum (solid lines)

and synchronous helicons (dashed lines).
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Near resonance (w & wg), the RHCP helicons obey the asymptotic disper-

sion relation Eq. (2-122) given as
@, - 'kv;)a- +%, O
SO fhat for helicon-hybrid spin wave interaction in the negative-group

velocity regions, the helicon drift has to be larger than a critical velocity

given as

(W +w.)
U”] = — (4-103)
Substituting (4-102) into (4-103) we get
U a,t w, W —] #
ox = (Wt ) oo Do (4-104)
it U, a* < (Wyta))

Typical values for Ag. Cd Cr. Se. , the ferromagnetic semiconductor of
gx X 2 4

1-
highest known velocity, are [ 3-3, 3-4, 3-5]

wy = 2T x 12 x 109 sec™! (Mg, = 4200 gauss)
c =~ 100 cm/sec.
a = 1077 cm

Wex = 2T x 1.28 x 10" sec™! (at 130° K)

9 sec-!, the

For operation in the X-band region, wy =2 M x 8 x 10
magnetic field needed is about H,, = 3100 gauss. Since
Boz = Mo (Hoz +M,,) In the material, then wg = ﬁ Bog = 21T« 19 x 109 sec™

(if m‘;l = free electron mass) and

Voz] ~ 5x 10 cm/sec
crit.
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Such a high value of carrier drift is not attainable in present day ferro-
magnetics semiconductors.

In this section, we develop the time domain normal mode formu-
lation of spin wave-carrier wave interactions. We assume that the mag-
netic modes are approximately pure spin waves of group velocities in
the same direction as the helicon wave modes. The results obtained from
this analysis then are applicable always for wp Z Wy and for Wy Y Wo
when the carrier drift velocity v, { (wytwg)/k 4, - @ most realistic

situation. The running waves are assumed to have normal mode amplitudes

{(wmnt -kKmnz
amn(z.t) = ayn(0)e (©mnt - kmnZ)

If the variation in time is eliminated from the basic system equations, the
coupled-mode equations have the form already obtained in the previous

section,

%"—;‘.1 + L ’k’m 4 =[ COUPLING TERMS] (4-105)

where all the coupling terms are collected in the brackets on the right-hand
side. When the space variation is instead eliminated from the basic system
equations, the coupled mode equations in time domain could readily be

obtained from Eq. (4-105) as [ 4-17]

! O, _ LW,,, Ay, | =| COUPLING TERMS|  (4-106)
75.."‘ bt

where vgmn is the group velocity of the ap, wave, and the coupling terms
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are unchanged from Eq. (4-105). The form of Eq. (4-106) is justified by

”® ”»
mn @mn 1S the power flow, then [ap, apn /Vgnpl 1s the

noting that if a
stored energy per unit length in the wave-propagating system. We now
derive the time-domain coupled mode equations directly from the basic
equations under the above assumptions and show, for the case of spin

wave - helicon wave active interactions, that the coupled-mode equations

may be written as in Eq. (4-106).

4.3-1 The normal modes

We first consider the isolated modes supported in the system. The
ferromagnetic subsystem is described by Maxwell's equations and the
equation of motion of the magnetization, Eqs. (4-5). By assuming a space
dependence exp. (-i kz) we may eliminate the space vériation from

Eqgs. (4-5) and write them as

OBt sl (wy+ wy R F U hy —Iy my (4-107a)
Y
dhs dms _ . R
- ybiil E. (4-107b)
dEs - F R A+ ‘
ster b (4-1070)

‘We define RHCP and LHCP magnetic modes ap+ 38

he + », E (4-108)

A \
Ay, & My + ¢ R

M+
where q} and r', are constants to be found such that Eqs. (4-107) may be

decoupled and written as
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bd—nt c W, ., d
Yl me us (4-109)

where wM+ is a constant. To find q'i ' r'i and wMi , we substitute

the definition of a Eq. (4-108) into Eq. (4-109). With the aid of

M+’
Eqs. (4-107) we then find that

W+ W R 7 (Whe = V)

{+t= (4-110a)
(W) + ), a7 L V,,)
R = H R “rend 3 (ne i) (4-110b)
) M Wp+ (%* Wa, a¥ RE 2t W)
where w satisfy dispersion relations written as
M+ :
2 * 4
R — 22 py =0 (4-111a)
<
where
w,
A =1+ = (4-111b)
- t R
Wor h &R 5 (Whyy =CVpy)
and
_ -
= (Me) (4-1110).

We will need the average energy density of the ferromagnetic sub-

system, WMi’. . From Eq. (2-115d) we write
Wy == hy- Mene X3 ) che (4-112)
4 dw o

™ :
where X*=,u: -1, Toexpress h, in terms of ayyy ¢+ We use Egs. (4-10a),



(4-107c) and (4-108) and solve them

b/bt — 1wMi and ))‘h<< Wor wMi .
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simultaneously for h+ , assuming that .

We then write

h, =

a .
ne (4-113)
r(wo"wq‘:'kt 7 Wn t) £< - \ W,
[+ =——]+
| (e wmap) O] (w0, )

Substituting Eqs. (4-111b) and (4-113) into (4-112) we then get the desired

expression for the average energy density as

*
\/\7 - Mo (Do tina ) Ans Amz (4-114)
me” 4(wfm..a.k f“&) l—(»uaa,,tk I w,t)( . #é> Wen S
|_ (@o+ w, a* k) Cnt (0, + Wael R — Wpe)

The semiconducting subsystem is described by Maxwell's equations

and the equation of motion of the carriers, Eqs. (4-27), (4-28) and (4-31).

Again we eliminate the spatial dependence from these equations by assum-

ing a variation of the form exp. (-ikz). We then write them as

M
0k = (LR 7%, Hoa = Q) Ve + 77

oY, . P
bt‘ = (bkﬁoz- )’,\)‘U‘z +7 Ez_
2‘\:‘. = 7 'k F,,

bk Mo

e . A p

YRR LU Tl
L1 = /B’ U™, - (R

ok (X3

E, t c? U, U, At (4-115a)
(4-115b)

(4-115¢)

(4-115d)

(4-115¢)
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We differentiate between transverse circularly polarized modes (Eqs. 4-115a,
¢ and d) and longitudinal modes (Eqs. 4-115b,e) by defining circularly

polarized mode amplitudes ag and longitudinal mode amplitudes

+
azf s as
e, 2 Uy + o, Ey +p he (4-116)
4 L/ E (4-117)
Zfi" R 52{',4 z

ag, « Eq. (4-116), transforms Egs. (4-115a,c and d) into

3::‘ = (W, de, (4-118)
when
o, = -i %9- We ,~ RO, *+w -y (4-119a)
and
lé: = I"i’%&'[%: (@, -k, te - w,\)-w,:} (4-119b)
with WE, satisfying dispersion relations giver; as
A& - we, E+=0 (4-119¢)
where
"(T. - WPL( We s "k w,;) ] (4-119d)

0 (We,- R, T =Y, J

c?=z (4¢c€)! (4-119e)
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The fast and slow normal mode amplitudes 3¢ gt Eq. (4-117),

transforms Eqs. (4-115b,e) into

Olaga _ )

4-120
a,{_— = 2.;“4 43 ‘F,A’ ( )
when
. + iy .
Sf = -0 i}é__[ (wt= Y /a)'™ _bvh/,_:) (4-121a)
- ; soE T4+ He -
S,a- =+l 2| (%) m’n/z.] (4-121b)
o
with Wy s o satisfying dispersion relations given as
Wy, = R, + (W= V)= o Ny (4-1210)
Y, .
Wy, =R, = (@ %%)" + in/z (4-121d)

We will need an expression for the average energy density in the

circularly polarized electric modes, Wg, . From Eq. (2~115d) we write

d(WeellXell) | £ (4-122)
d Wey B

{ %»%
we::;‘iag,Et'

2
where x+ = Ei‘ - 1. Writing Ei in terms of ag, from Eqs. (4-115c,d)

and (4-116) where a/gk-—» iwp, , and assuming ))k &« (wE+), we obtain

\

with the aid of Eqs. (4-119¢,d)

[., Wge tRY, (20, -ky,+ w&] der de, (4-123)

Z
W = Rl
* Q¢

X
&) (wst-ktf.,ttw,) [4?‘(."— “’;t -2, (We+ - Rz W) - “’:



160

4.3~2 Coupling Between Normal Modes
The coupled system of Egqs. (4-53) may be rewritten keeping only
time derivatives by assuming a spatial variation of the form exp. (~i kz),

We rewrite Eqs. (4-53) as

U

s = (R i vt Er 24t Veapo(he v my) (4-124a)
bb:t zrimmy Sw, hy twudkT - m, (4-124b)
_&(/m: +he)= -i f E, (4-1240)
%+ _ , R h
- . - LU, -
YRl ’.«,% s (4-124d)

In a manner analogous to Section 4.2-3, we may rewrite Eqs. (4-124) using
the definitions of the normal mode amplitudes ap;, and ag, , Eqs. (4-108)

and (4-116), respectively. The result is

—i‘;* = 0y, Ly F/RE[(Mop @ R) 3 (Way - V)]V (471253)
__bae: = c wE: d'E'!. z ! E)e':wm: @tf.k‘&ttwfq‘)_wr}(whf kd;j-)‘m t (4-125b)
Dt X 2 )

We may express v4 and my in terms of the uncoupled amplitudes ag, and
am, - The derivation involves some algebraic manipulation which is in-
cluded in Appendix C. The resultant coupled mode equations in time

domain are then written as:




*
%"_: L'CUE__‘_ dg_', + C d' elm+ - ¢ d/‘la'm'

ot

i ’*
34m+__£w ay, ., “:J'Zl Xey ~° d23a

" —
ids‘ Lw-_ ¢“_ + L Asz d’M'f‘ v Ag4 d""
Y 2
i “w W - - ¢ d ¢ -
%::f -ty a, Ay 4
where
d ! A ) Wy W, () Wyt w, )
Rzﬁﬁz(” 027 TR L, = T L
s RC
[ty (. *‘:‘)*
% WpZ
oy otia N | UX o w“' 1+
v, / w,,,
-
d w...
14— 1 w‘_w.- ( *1"& ¢
( », wm:—
"
d, = prS L (@e-wy-wp . <

we_
T R 2 B

d/ = A. 5 Ws “WPL"*LL wy)

( - W, —01 + bt (0.,)

N T
L=

!
2 (b e, 0, 4, - wrtn,)
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(4-126a)

(4-126b)

(4-126¢)

(4-126d)

(4-127a)

(4-127b)

(4-127c)

(4-127d)

(4-127e)
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2N —uht *
da= 4y (45 Rl b4 8400 "44 " 20 -) (4-1279)

T ks
(w' ’kl’;a * g, Wy wp =Y Y, )

Wy +Wy- “
d =d _(___Z‘”*“'“‘ (4-127g)

4| a W, -Wnye
“ilny )

Wy +wy- \*
qu= da; L__“’J.“_’n:_)_ (4-127h)

o M ¥ = )
Wy

and where
W= w,+ W, &R+ Y, (4-128a)
W= ), + W R~ C Y, (4-128b)
Wy= W, = Ripy +a - LY, (4-128¢)

(4-128d)

Considering Eqs. (4-126a,b), we can neglect coupling to the
starred modes (aM_)* and (aE_)" by showing that d;4&« d,; and that
d;3¢& dz3. To do this consider Fig. 4-4a, where we have drawn the disper-
sion diagrams for the LHCP a)p;_ mode and the RHCP apj, mode. We
note that near resonance wp *Wo - 8w , While wpg_ SHwy. From

Eq. (4-127b) we write
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>&

(b)

FIG. 4-4 Dispersion diagrams of (a) magnetic modes, Eq.(4-111)

(b) transverse electric modes, Eq. (4-119c).
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4'4 - (I_ a;:‘ U*'f%?-)

= (4-129)
4 - Wey * klcl L3
> (‘ LR )(H Wt )
Since from Eq. (4-111) we have
T o2
’é < =~ [/ + ]z |
w“‘: Wyt Wy,
L
R — ¥ [I —+ ._L] o TR
w"* (“’o'wlw) @~ -aw
then Eq. (4-129) is written as
| Wyt s ( 2- W
dit = (l o ) e (4-130)

o A0

L3

Assuming synchronism between the am, and ag, in the resonant region,
then ks - (wo+wc)/voz. Also assuming that W2 W2 T Wo (l.e., we

neglect the small exchange term We 5 a? ksz) we may write Eq. (4-130) as

d iy _ Ve U,

- - (4-131)
4 C (wy+a)
Since (VOZ/C) 1l and wy, 1s of the order of magnitude of We and wg,
then dj4 ¢ djz. To show that d;3<< dz; we write Eq. (4-127d) as
Ao _ (Werlt- e £ ) (4-132)
4y, (We_l'/,,- f//p”-rﬂlo" 7:’:' «

Near k = kg, the ag, modes follow their asymptotic behavior (see Fig.4-4b)
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wE+-ksVoz * wg =0
so that we may write near the resonance wg, 2 W, - (4 w) at

kg = (ot we)/Voz o

w, = R Uy +w = (sw) (4-133a)
w, = We -~ 'deoa- -w,_x O (4-133b)
Substituting Eqs. (4-133) into Eq. (4-132) we get
( z Alu _ /w,-'w‘\’-( g)'- AW (4-134a)
Wp \ % / \(ug/) o
From this Eq. (4-134a) we see that when
”’/ wo Vo

e

then d;3{( dz;. For a given set of values of parameters, then Eq.(4-134b)

determines the frequency deviation (A w):

AW )
W, BV e |
(‘”p) ( “p / (%z-/

Returning to Eqs. (4-126a,b), we can then write them as

i

<< |

DY W a, +id,a,, (4-135a)
2=
4. . :

Olar - ) ap, - idy e, (4-135b)



166

where near resonance (WM = Wg - A W) and synchronism (wy e “’E+)

d;; and d;; are given as

{
dla - PR (w”qéu"" g, Wy iy, 'Wl’lwm-r)' (4-136a)
w,- W ' |
d’-u = AR (- tar) (4-136b)
&, oy

wt

Assuming time dependence of the form ai(t) = ai(O) ei , where 1 = E,_, My,

we have from Eqgs. (4-135)

. (wk c wk
L(w-We,) A, (0) e ~cd, d,.,l)e -0 (4-137a)

) o

. XN (Wt
¢ 4y dag,fo) €& + C(w-Wy,) 4y l0)Ee =0 (4-137b)

Nontrivial solution [ a;(0) # 0] of Eqs. (4-137) requires the determinant of
the coefficients of a;(0) to be zero, from which we write
(w-wg,) (w-wp,) +dizdyy =0

Solving for w we get

Wg, ~+Wy,) \[ (Wes +Ume)®
w = L———:{_L t e & *) + Alad'o\l— wM-erf

Near synchronism w2 Wg & WE, & WM, T wy SO that

w = w, thd,,aAa' (4-138a)

where

w,- z
4.4, = (b & (9 Roy + W 0y~ w*a) (4-138b)
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Equations(4-135) have to be normalized so that Ay Ay,  and
"
-Ap, Ag, represent the energies stored in the RHCP magnetic and

RHCP electric modes, respectively, where we define Apf, and Ap + as

A !
Am: 7 Ay, (4-139a)
Ae, = —— %er (4-139b)

From the expression for the total energy in the RHCP magnetic modes

WM+ , Eq. (4-114), we see that

*
WM+ = AMy AMy

when we define

&

e g.%("’o*"’l&t) |
T ) Mot e, )t [ (s (.+£_z.‘_-7 - Lo 1

(w,+ wWak R) wyr (0, + Wy R =W, *)J

(4-140a)

L
P
Similarly, the total energy in the RHCP electric modes WE+, Eq.(4-123),

is given as
»K

WE+ = -AE«l- AE+

when we define

1
! _)owpl [° wS: -+ kJOI- (a‘oiv-*%}f w‘-)j &
y — < (4-140b)
p; 18 6I (&05 ,-ﬁu“+w‘) [d‘c"- w!: -awe’ (we;*d“-v w, -ul;]

(11 4

It is worth noting at this point that the average energy density contained in

the magnetic modes Wy . Eq. (4-114), is positive for both polarizations,
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right handed (+) and left handed (-). On the other hand, the average

energy density contained in the transverse electric modes Wg + Eq.(4-123),
is negative for right handed polarization (+) and positive for left handed
polarization (-). The sign of Wg,_ in Eq. (4-123) is determined by the sign
of the bracketed quantity in its numerator. Let us define Qi as that

bracketed quantity, written as

2

Q_._ 2 - We, + RY,, (awg, - fvoy + &) ) (4-141a)
Q 2 wo - R, (3w - KUy -ul) (4-141b)

It is easy to show that Qi % 0 near synchronism between the magnetic and
electric modes. Near synchronism wp, = wy and kg= (wg, * we)/Vogz -
Equation (4-141a) can be written as ‘

Ry =~ W+ (Wy+w) (aw)y- Wy-w, +.)

= ‘WOL+ w:'-r wowc = w,w, o)

Equation (4~141b) can be written as
Q = [(»deoz r w‘)‘] - [psuoz (2&002 +2d) - Ry, " w‘_)]
= [ ('RSU“,)L* 2 psdo; v, + qu - [(*S%&)t * 'qu"i (0,_-)
= (wX+ RYUy) SO
Hence ap,, a)q_ and ag_ are positive-energy carrying modes while
ag, is a negative-energy carrying mode.

Let us now return to Eqs. (4-135) and rewrite them in terms of our

definitions for Ayj, and Ag, . From Egs. (4-~135) and (4-139) we have
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oA . :

bx? = (W, Ap, + Ly .,%. A my (4-142a)
A ‘ - A

_ﬁ e CWp, A‘p... - Aal f‘_ E+ (4-142b)

where dlz)du, p1 and b, are given by Eqs. (4-136) and (4-141), respect-
ively. We could have written Eqs. (4-142) from the normalized helicon-spin
wave coupled mode equations in spatial domain, Eqs. (4-90), by multiply-
ing the coupling terms in Eqs. (4-90) by the group velocity of each mode.

From Eqs. (4-90) and (4-106) we have

BA!? ’ ’ ol
- = c el 4-143a
SEC - iWes Aea = Yo, (6n) T AL, G
A , .
—_ ‘_f - wa AM‘f = \GM_'_ (— L Cl') . A E+ (4-143b)
DA ,
where ng+ and Vgpe are the group velocities of the transverse electric

and magnetic modes, respectively. Assuming a time variation of the form
Ai(t) = Ay(0) et , where i = E+, M+, we may write from solution of Eqs.

(4-142) near synchronism (wg, = wp, = Wo)

whtle from solution of Eqs. (4-143) near synchronism
-~ ' ,/L .
w= W, o (UQE+ ém.,) \1 Sa Ca (4-145)

"Let us show that

dindy, = (UEE_'_ Vg me) S2Ca, (4-146)
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Near synchronism, the transverse RHCP electric mbdes have an approximate
dispersion relation written as

w=-kvgy, + ofc =0
from which we get

Uge. = _g%_ = U, (4-147a)

The dispersion equation for the RHCP magnetic modes is given by Eq.(4-13)

as

4= - w"[“ L ]-:. o
o), ~w

. Implicit differentiation yields

AR AR = Wm Ao .4.<,+ L )awo&o

(Wy—w)? (W)

from which we get

_ oW _ AR
U%M-\- - ba - o™ . P
[ (Wy=w) = * AW <' ‘ Wo-w )]

near resonance W = Wg™ Wy -4 W. Assuming (wy,/ Aw)>> 1 we write

g =
~ R'#_sc ( (N2AN (4-147b)

U
M -
Using the expressions fof C,; and C;; from Eqs. (4-80) we write, with the

aid of Eqs. (4-147)

AW, -, Wy Ry +WE W, - W O
Uéa‘%‘n*cuc.“z zu 5) (U RVoa “é%s p % ) (4-148)
A
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This expression is identical to d,,d;; as written in Eq. (4-138b) if we
w.. atk?

ni that - + 2 kZ = 1+ L -~ 1+ _i(‘_). ~

recognize that w; = wg + Wy @ —wo( o ) T we( ‘*’o) ~

ws ~ Wo

wo(l + ). Solution of Eqs. (4-14 ) or (4-14 ) are thus proven to

(o]

yield the same result near the synchronous region of interest. If we define
|®] to be the time growth rate \’ d;»d;; and |[‘| to be the spatial

growth rate \/ C,;C;;  we then can write

ltl 2(%&-%1“) |r|
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CHAPTER 5 NONLINEAR INTERACTIONS IN FERROMAGNETIC
SEMICONDUCTORS

5.1 Introduction

In Chapter 2 we studied the linear electromagnetic response of a
ferromagnetic semiconductor to external excitations. We accomplished ~
this even though, basically, the equations governing wave propagation in
the medium are nonlinear mathematical equations involving such terms as
O a A 2
vx B inEq. (2-22f), P Vv inEq. (2-22j) oo Mx H in Eq. (2-5). In the

2
analysis of Chapter 2, field quantities A; were written as the sum of a
a\

b Y
d.c. (or equilibrium) part Ai(o) and an a.c. (or fluctuating) part A;. Use

of the small signal assumption

2\
> (o)
A;| <<|A; (5-1)
then allowed us to write 31 as a first order term
A > (1)
A. = A, (5-2)

and to neglect higher order terms such as 31(2) = E\j( 1) x Rr(”. This pro-
cedure resulted in the linearization of the basic equations and the subse-
quent characterization of the medium by permittivity and permeability tensors
e (v, k) and A (w, k)N , respectively.
There are instances, however, when this linearization of the problem
is not valid. For example, we may excite the specimen with large amplitude
fields such that the small signal approximation of Eq. (5-1) is no longer

S
correct. If we write the field quantity Aj as
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G IR - 2 (0 3
A = A + A, = A?)"‘“‘AC +o(,_A¢ + 0(3/-\,:(5)_*...
> (o) o~ 3 :
= A"+ 2 oA (5-3)

m=|

then when Eq. (5-1) is not satisfied we may have to consider previously
neglected terms such as Ai(z) = Aj(l) Ar(l). On the other hand Eq.(5-1)

may still be a valid assumption, but we may have, from Eq.(5-3), that

o, << oy (5-4)

meaning that the linear interaction may be weaker than the second order

effect in certain regions of interest, even at low-level excitation. Such

may be the case for 6 = 0° - spin wave/carrier wave interactions far

away in w-k space from those regions where the active linear interaction

of Sec. 2.41is strong [ 5-11] . In both of these instances, linearization of

Eqgs. (2-22) and (2-75) may prove to yield incorrect results. It is this

problem, then, which we shall treat in this chapter, namely, the solution

of the basically nonlinear equations (2-22) and (2-75) describing & = 0° -

spin wave/carrier wave interactions in p-type ferromagnetic semiconductors.
As may be suspected, -these nonlinear equations (2-22) and (2~75)

lead to an infinite hierarchy of differential equations. Consider for example

Eqs. (2-22). From Eq. (2-22a) we write, to first order,

N 2 () .
ux " < u, bali_' * (5-5a)

Since from Eqs. (2-22b,c) we have

2 - EY a(l)
ox i ) - _( IO j,m 1/’°’+j>’” 1)},(/)] + gs,ba_it_ (5-5b)
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then substitution of Eq. (5-5b) into Eq. (2-22b) gives the second order

correction to the electric field:

= /) a u) > (;) ‘
VxvV x E = — M B—é[“) v ] (5-5¢)

>
From Eq. (2-22g), neglecting collisions ){\ , drift ?1(0) and diffusion Vg

we write the second order correction to the velocity :r as

D;;,:) % O 3o ' (5-5d)

and from Eq. (2-22a) again, we write the second order correction to the

magnetic field H as

/1 ) ny 2 : '
VX V% < g2 | 2 po m] (5-5€)
2t ‘
But now the electric field has a third order correction gi\}én’as
A oY
oxvrE® <y pt oG (5-51)

E

while the magnetic field has the third order correction

32 ) ~(3) '
VxHT = L pUF M, ge 0E (5-59)
Y=
and the velocity has the third order correction
da-t) .t g @

Se - 1 h (5-5h)

The process may be repeated adinfinitum. However, if one is to solve
Egs. (5-5), the series given by Eq. (5-3) must be truncated. In the
analysis to follow, we will be concerned only with second order nonlinear-

ities: the infinite series of Eq. (5-3) will be truncated at n=2 so that
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field quantities will be given as

)
- 2 Q) A
A, = A£°‘ + X, AT 4 o, A (2 (5-6)

The truncation at n=2 is equivalent to dealing with three frequency
parametric processes [5—1] , In which the fields are expanded about a
large~amplitude " pump" field [5-2] . This procedure, however widely
used in the study of nonlinear [5-3, 5~4] and parametric interactions

[5-5 to 5-9] in solids, is only valid if the signal levels are not too large
nor the nonlinearities too strong. It assumes, in fact, a "weak" nonlinear

Y
effect. The object, then, is to express second order terms Ai(z)

as the
(dot or cross) product of two first order linear terms Xj(" . We shall be
concerned with 8= 0°-spin wave/carrier wave nonlinear interactions in
which the direction of applied magnetic field, carrier drift velocity and
wave propagation are along the +Z direction. As we shall see, by cast-
ing the nonlinear equations governing wave propagation in the medium in

a coupled-normal mode form we make not only their solution amenable, but
the physical interpretation of the results transparent. The time domain
normal mode formulation will be followed since this permits easily the
inclusion of exchange effects into the normal mode definitions. The
results thus derived can be readily extended, by virtue of Eq.(4-106), to
cover growth is space, if so desired. In Section 5.2 we present the non-
linear differential Eqs. (2-22) and (2-75), and rewrite them in terms of the

wave polarizations of the various modes supported in the medium for the

case at hand, 8=0°. In Section 5.3 we cast these equations in normal




178

mode form and derive coupling coefficients. In Section 5.4 we isolate
possible nonlinear interactions, while in Section 5.5 we study the
solution to particular interactions. This systematic approach is re-
quired in view of our assumption that only any three modes may interact

at a time, out of the six different modes supported in the medium:

aMy ¢ 3g, and azf,s *




179

5.2 Basic Nonlinear Equations

Consider a p~type ferromagnetic semiconductor magnetized to satu-
ration in the +z direction by the application of an external magnetic field
/U° Hoz , where the holes are drifting parallel to the direction of wave pro-
pagation i , also along the +2z direction. See Fig. 5-1. The equation of

motion of the carriers, Eq. (2-229g), neglecting diffusion Vg is written as

§$ + (1'; v)’f,‘-- *(E+‘G‘x€)-))1; (5-7)
% DA '
where
P N A A 2
U= Vux VY- (UZI-'.U;')E (5-8a)
E =E +Eyd « E 2 (5-8b)
&= 87+ 8- (8,002 (6-8)
Also
B= po (hk o+ for i) (5-02)
where
P " A
‘\:Aﬂ): -+ A93+ hz_l (5-9b)
4—:\ = ’Mx; -+ ’M;s + Wzg (5—90)-
.Y — A
M, = M"2 z (5-9d)
D LY
Ao = H’oa 2 (5-98)
so that

Boz = Mo (Moz*' H'crz-) (5-91)
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E,, h v,
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T

FIG. 5-1 Coordinate system and directions of hole drift vg,
Y
external magnetic field /tlb H,, saturation magneti-
-

.}
zation Mg, and wave propagation k.
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In addition 7(*= e/ m; , Where mr’l‘ is the hole effective mass and
""k is the hole collision frequency. Consider the term (\'7 . V)\7 . By

assuming a space variation of the form exp. (-ikz) we write
(r.v)=

[vost v 3a (vprvdd [ [-chE) = =ik (Ur )
so that

('U)"'V){: =

iR {[ (Voat¥3) Uy % + [Maa ‘fa.)"'ﬂ*; + [("oz“’e)%i]} (5-10)

D
Consider the term v x B . We write

UrB = [vxx + 0’33 * w"i""fg)s]x[ B";+ 8394 M (6”?6‘)&]

= (U‘QB& - U, !39 + UQBa-_U;Bg) ;
+ (% B B, + VB~V 8) 4
A
+ (N, -uy B, ) 2 (5-11)

Writing Eq. (5-7) in component form, with the aid of Eqs. (5-10).and (5-11),

we get

—5512 - (R U 2 7 (Ecr Uy By ha By) ~ W VUx +iRUY -7 3By (5-12a)

o9y _ ekv,,grb: 7 (By TV, 8, -7, )- g * (RY,

L rq By (5-12D)

%
2V

oK

StV gTE, Y, R’Q’&*?"(?&Bg"@ B.)  (5-120)



182

Let us write Eqs. (5-12) in terms of the circularly polarized modes

=Ax*1iA, . We have that since

A, = _’__ (A* +A) (5-13a)
Am=-L_ -A
y=-i (A7) (5-13b)
we write the last term of the right hand side of Eq. (5-12c) as
-, B, = i (50 64 (8- ) G (4) (806
<L \(ne, ms_+mrs,,—ws.']-["aﬂnme.-'f.a;nr.af)}
- ‘i—{-amejau:&% = %.(146_-1/:3*) (5-13c)

Hence Eqs. (5-12) are written, with the aid of Eqs. (5-13), as

Uy

e Y =B VB (0gB) -V, (ALY, 4P, (5-140)

A iRy = (B LBV (U B) - VUL« CRY -yt (5-14b)
ok -
%—‘If— "':kvozuz.= 1*52 - Y, U'l_ + e Rv&fé ¥ ‘:1(*6,1-8\‘?!; B_,,) (5-14c)

Note that the last two terms on the right hand side of Eqs. (5-14) are

second order nonlinear terms.
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The equation of motion of the magnetization, Eq. (2-75), assuming

Bloch relaxation terms, is given as

- N a
t’:* = - Ml (f\x#e)_,_ -V My (5-15a)
dhy _ i N4 - ; (5-15b)
ral Ml (mr by 2 =), (My-M52) -
where
KN N -
#e, = A+ Kk~ AV?'N\\

o A A
ﬁ\ = M+ Moez = M -#’rr\a-s-r (myr Moa) 2

S KN
and h and H, are given by Eqs. (5-4b) and (5-9e). Consider the term

- A
M x Hp. Assuming a space variation of the form exp (;-ikz) , We write

A A A

N m ’M? (""e" Moa)

(At Akm) (hyehRmg)  (hyoh, 2 Atim)
1 ]

or
. A
M x e = (’»‘g”ba- Moz}\ - Ai’kzmu'mg t+m A! - ’"3“3) %
+ (Mo;l\x + AkLMot'”‘K- " HW—*’M?AX‘ ™) 3
+(’"‘xl\g m My "x) 2 (5-16)

We may then write Eqs. (5-15) in component form as
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= M} +W, k.3+w.xo.km3—v m -1 (M’ )\!-’Mik}) (5-17a)

t

3wk w W v, m

iy =W h, + WOm + ”6,6.* M= Vo J‘/‘o“l ’\ Mk) (5-17b)
Me = o) m e y] (M Ry - m, A 5-17
Dk Y Mt olY x hy 3 &) ‘ ( c)

where wg, wm and w,, were defined by Eqs. (2-81) as

wo ='/Ao,xl HOZ

Wy =M1V Moz

(¥] Mgz A

1) =
ex aZ

Let us introduce circularly polarized variables Ay = Ayx + iAy. From

Eq. (5-13) we can write

(mehy - myhy) =3 (my h_-m_hi)

so that Eqs. (5-17) are now written as

bb’:* = (W g R+ ) m —iw, hy + Sl (hom, - m h,) (5-18a)

Dm-
dk

= C (90" Ol R V) + Ch b —mldl (hym —m k) (5-18b)

d B
;: = =Y, m, - ﬁlL“'(mﬁ‘k_-m_k*) (5-18¢)



If we assume the specimen magnetized to saturation, then

om,
ok

so that from Eq. (5-18c) we have

=0

my oz LAl (k)

2 g

>
Since Ve« B = -m k(h, +m,) = 0 then we have

Equations (5-18) are then written with the aid of (5-19) as

Om+
>

= t'.(wo-o-w,‘al‘kt-f 5 M, —( W "\_,_

_ Al (m, h-tmh ) (m, + b))
Jvml + “+

D’M- - L(— wb' wgﬂﬂj-kl‘* (-'VM)M_ + (: w,“ ‘\-_

Ok

H%%:L (m.h, =T b))+ h)

"We note that the nonlinear terms of Eqs. (5-20) are of third order.

Maxwell's equations in the presence of charge carriers and

magnetization are given as
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(5-19a)

(5-19b)

(5-20a)

(5-20b)

(5-21a)

(5-21b)

(5-21c)
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,a,,v.(L»‘%): o (5-21d)

and the continuity equation is written as

v.T +_§f)é_= S (5-22a)
where
T= pv = (prf)(Ya+ ¥;) (5-22b)

Assuming a spatial variation exp. -ikz and introducing circularly polarized

variables Ar = Ay ¥ 1Ay , we rewrite Eqs. (5-21), with the aid of Eqs.

(5-22), as
-RE, =M, —bék-(zm+ +h,) (5-23a)
RE_= p, _D__bk (m_+ h) (5-23b)
gfl%:kh*-)&‘j‘* -+ 80€, & EZV; (5"230)
§ bE__ R
3 Y h.—- PV + 55 R E, U (5-23d)
&€ %ff =Y + g, ‘ka,,EEé + g g RE U, (5-23e)

We note that the last term on the right hand side of Eqs. (5-23c,d and e)
are nonlinear second order terms.

We have now the complete set of second order equations, Egs.
(5-14), (5-20) and (5-23). The method of solution follows directly from

the coupled mode theory of Chapter 4.
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5.3 Nonlinear (or parametric) coupled mode equations
Our object is to express the second order quantities of Eqs.(5-14),

(5-20) and (5-23) in terms of the first order quantities of the linear problems.

In Section 4.3 we derived the time domain normal mode amplitudes 9f the

uncoupled linear problem. Let the space variation of the jth mode be

exp. -1 kj z , where j=E; , m4, zz . Then for the isolated semiconduct-

ing subsystem (m +=0), neglecting nonlinearities, Eqs. (5-14) and (5-23)

were rewritten as

Béf-r s
= tWe, 4 (5-24a)

Y e+ et
0be- . ‘w, 4 (5-24b)
Ok B

)} )
ﬁ" = (Wa Ay, (5-24c)
Maa -

o Wyp Ay, (5-24d)

where

- _ L& o€ €

Gy =V - L5520 g | el (%0, -wp) b _ (5-25b)

dzf =0, - "i:g' wg Ey (5-25¢)
Lopp= Uy + —Lj‘f' w, E, (5-25d)

and where
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Wy= We, - Relyy + ) - < (5-26a)
w‘l: We- - ke-?fo; -4 - ))'\ (5-26Db)
L 4 /) .
We = (Wt VA/4)/‘ /3 (5-26¢)
L e,
W, = (4=%/e)" 2 ), (5-26d)
WE, + WE_ » Wy and w, o satisfying dispersion relations given as
a w’: w,t( v - 4 + U,
‘kE: - —5;— | - \.’ (@ 22 U ) =0 (5-27a)
c wE: (wgt -’kEt Yoo I‘U(_"‘:))A
w. = 2 "2 , 5-27b
264 /kz.f',a_ z (/(/,, = Ya/4) + iV /= ( )

. For the isolated ferromagnetic subsystem (v4, v, = 0) the linearized
form of Eqs. (5-20) and (5-23) were rewritten in Section 4.3 in terms of

time-domain normal mode amplitudes as

&Tr = LW, Gy (5-28a)
dam- _ {4 -28b
Y (6-258)
where
A, =m_+ ﬁ’_';‘iu_;‘...i Rme OB E (5-29a)
M w| + Mo w:”n-r M
Gp =m_ + _"’%‘l’s_ N R s+t E (5-29b)

\ Mo @, Wy _



189

and where
W=, + W&k + VY, (5-30a)
T -
Wy= thy+ W, d R = (5-30b)
anq’wh_ere wM+ and wM_ satisfy dispersion relations
1 a)z | @
R - Aty o (5-31)

+ M z : —l =0
Mt et 6Uo-r w‘_‘ a R _(w‘.t-—u .‘)‘l

In order to calculate the nonlinear coupling between these six
modes aEi’. ' aMi and azg , we consider the nonlinear equations (5—14),‘
(5-20) and (5-23). For the RHCP ag, mode we have that the nonlinear

contribution from the (5172/50 equation, Eq. (5-14a), is

o , , ,
( b; NoN = (L *E-rv—zv-r + ‘1(*7}&‘ 6,,_) (5-32)
LINEAR,

while the nonlinear contribution from the curl h, equation, Eq. (6-23c), is

Ok
LINBAR.

OF .
()., < ctus

Since ag, ~. v, while ap ~ _Li%ﬂ E; we write that
°

_&A) A _é'_{t _ A4 (95? )
Ok /uow Ot )y R Y

LINEAR

Hence we write for the RHCP a E, mode
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ey | . %)
| abt‘ 0T = iR GG . L " %8 + £.6 2 Kee 5% - (5-34a)

[

Similar considerations allow us to write the remaining set of nonlinear

equations as

345- - ‘:wE'QE- = dﬂE.‘lJ;u: _ i"(*”; g2 _M‘ EEU'_ (5-34b)

ot A

XMy :
BYS —Lwﬁ—az;: LJQqUiU'

. L
Y v (np-vel) . ﬁiﬂ?ﬂ Ew,  (5-340)

a I . * SQE' R
%ié- CWyady, = iy, yn, - (v 8] -w8f) - __;"_&gu; (5-34d)

244 W, Ay, = — Lo fol = e = (m+A**' m_A* )(’m-f*,‘-*) (5-34e)

dk * Y,

\A;/: -lwa, = —'ﬁ.:;;/_”i (M S B (% + 4) (5-34f)
ml >

In general, Egs.(5-34) should contain terms expressing the linear
coupling between the transverse electric and magnetic modes, ag, and
aM, . respectively, as in Eqs. (4-126). These terms are ignored in this
analysis because the linear 6= 0°-spin wave/helicon wave interactions

A

are weak when the external magnetic field M, H,, or the carrier drift

Y
velocity v, ,are adjusted to allow interactions by the process we are con-
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sidering. To properly express the coupling between the various modes, the

quantities Vi E+ , Bi . hi.' mi 'V, and E, in the nonlinear terms

of Eq. (5-34) are eliminated by means of our linear relationships between
these quantities and the normal modes, Eqs. (5-25) and (5-29). This
involves rather lengthy algebraic manipulations which are outlined in
Appendix E. We point out, in addition, that since we are interested in
second order nonlinearities, the third order nonlinear terms of Eqs.(5-34e,f{)
are neglected. We now summarize the coupled mode equations for nonlinear
8 = 0%-spin wave/carrier wave interactions in p-type ferromagneiic

semiconductors.
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"
‘,;45*+ Ca a,“a.,“ + Ci3 0'29 dg.

ot
*
—+ cl'&d'i;a—M_-l' clsarzp dE-i» + C”.a'e)‘ a‘M‘t
* #®
+ c'_, au a.E- + Cnr o.h @, ( 5-35a)
Bd. - , ” L
—57,—:_ —tWg g = G Q. + Gty +Ca3 Fag e~
”® "
*Co Bagly .+ Cas@oy Al + Sy 0, Any (5-35b)
+Co d'i‘,ca's- * Gy Con Cp -
2a * 4" "
¥ _ -
—S-;- - qud.a; =€ Apa e + G305, %+ €33 e me
o
+C3q %gedy t €35 0es Lmy * SelE- Amt
[ 3 “ ”® * *
+C3 g dps +Cyy apau. *C39 s - (5-35¢)
¢
* 6310 dg. &y, _ am "e.; aaf = ‘:m.sz da,a
* & o
bblaﬂv —‘;a)z‘,d?d: Cq_‘d.s‘d.s_ + c“_cte¢ d,E_ -+ C4,3 d'af Apy
[ ]
4 Calebn *Cglerdpy,™ G LE- Amd
L * * ®
* €y Qg it Gyl dp-* g L din-
*
d -
+ G P Can G by Byt G0y 4, (5-35d)
24 , =
Mt _ (@), Ay = O (5-35e)
ot ’
dom- (0. Gy =0 (5-35f)

dk
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where
ot [hafsem gk
n=v (s-r(u L&B\a-rwb} WF

S (6+ i;e(: f-’l{%h + s ) { %:':_:—:)f:,:;;:f (@ - o2 - (w50 +“"+“’r‘)]

Wn-

~oyw _:i}
s*wb
C.=t ! (E’-I‘%*w‘)é - _‘tk_‘)b&"_.F
13 b, | 2 (wsrw,) > (we+wy)

€= .&.&.— Cll
Yoo,

! rksa [ @s- ws) - Z* YeRne
6,16, I_ A \wsew, G’ (wgem) F
- LT {"s Wy [ (@0,0e> 0,0p°) - (W30, 0 - “""r>]

C,6 =
"' @ww(n One B “’~ s
_”;-w w +w -}
,-.w‘, .

N
-

- ! *E-b IWS"(’J)G _ kwg-k + F
17 = bl | A \werw,) 2 W

Wy, O,
C‘x —_— % Cie

w,,_w,

o | Re [Warw ?w..ﬁ :
C. = € (WatWe \(, _ m
a=t (,|+6,l[a. \Ws+w, ) ! Wg+ W) F

sl ME[an “’4*4[@!»0) «s%‘-*“ (ot 4"»)]

Caaz= (m ‘)(H Waes W g+
W, W, > :
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{ &- Wy +Wy \(’ e *ws kﬂ ]
Cas=C 6,165 [A (“’s*‘"ﬁ/ * (ws +&)
C‘q Dar @, Ca
Wa_ Wy, . .
Cocmi I_’kﬁ' [Ws - G, — A wsRuy F
s = 6’,1’6'* L& w;-'-ﬂ‘ (Wg-ruo)
. Rs- - wi
C, .= —t MoEs /R) 'y A s ‘ﬁ"(wsa)*ws.—wsw;-)-’—:— (”s“#wa? ll‘_m‘,
T (6.*&.)Q+ Dy W “’*) “'5*‘”"’. B
wb\- w' ) '
+ wrw LtWa ‘
rs et

RN k
Cob,==-C. = ~ (', 4——RM+_F_

' /"oq‘/al:. oF | 00 -0yt wyg - n,
Ciy=-C3g5t (G‘-;QS\(H % "("Ru _LLE—_L’-‘RE_ ———f—B——“*

oy,

+ 6, w;‘(wgw,)}
==C, = Dm0 .,
34 = 39 wh-wa

- v
C. =, XNV “l“’RMF[“’WWE-'“’s"L" _ ‘”&“:"'EL""'EL]
=—C_=¢ MY T ™ .
™ (eI E

= (’aw; (w3 ”ﬁ )S
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Cow = Cip , A=123% ... 10
Rey
Can = 2 Cay
al
¢, - Ru
27 Ry "
and where
[ . i
R _( \ __) o,
F = n a)m' [/iN _ wM, Wy,
R+ (I+ ___w,\...w,_) (( + Ln-t)
wh-a)l Wy, Wa
- -
- & F ‘RO\-C» |
G=- W, — we_w,-w2) F
' j:° 4 kE- ( &-"% P)

- -
(:..' - ;° Wy % (b 00y w3 F
[ Y E*

e -
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5.4 Possible Parametric Interactions and Frequency

Conversion

We have so far formulated the problem of 6= 0%spin wave [ carrier
wave nonlinear interactions in p-type ferromagnetic semiconductors in terms
of the normal modes of the uncoupled system. Again, the nonlinearities

- S a a S

arise because of the nonlinear nature of terms suchas v x B or M x Hy
in the equation governing wave propagation in the medium, Eqs. (2-22) and

(2-75). The medium supports six isolated normal modes: two transverse

electric (ag, ), two longitudinal electric (azf ) and two transverse magnetic
z S

modes (aM +) . In the composite system, the nonlinearities present couple
all six modes in the manner described (to second order) by Eqs. (5~35).
It is in the broad sense that the term "parametric” is used here, namely, to
describe the coupling which occurs, because of the nonlinearities in our
differential equations, between a number of running waves at different
frequencies. These normal modes or waves may be simultaneously damped
or attenuated by losses in the system ( 7{\ or V,, ) but the losses them-
selves are assumed to be linear.

The method of solution of Eqé. (5-35) to be followed here is based
upon the assumption that our parametric system has a Hamiltonian which
can be expressed in a power series of the normal mode amplitudes.
Although this approach has not been followed exactly in the past, the
general approach certainly has substantial antecedents [ 5-10 to5-15], Let

us then assume that the Hamiltonian for our parametric system can be
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written as a power series in the normal mode amplitudes, in the form [5-1]

XTOTAg = ZL a’é 4’.;*

|
L[ LA
Ceyr a, a,a,a.r (5-36)

l,‘w‘l‘)\=o ZJT

where the ay, ay, and a, are the amplitudes of the normal modes of the
various frequencies, and (i, j, r) = E_..._ ’ Mi R Zg . The superscripts 1 ,
m and n can take on two values, either 0 or 1, indicating no conjugation or
conjugation, respectively.

The first summation in Eq. (5-36) represents the uncoupled normal
modes of the dynamical system, ignoring nonlinearities. The second term
of Eq. (5-36), the double summation, is intended to include all possible

third order combinations of 3+ 4 and a,. Typical terms might be

lo, 0,1)

+»*
2eE+E4 aéf a'Ef a’Ef

(o,1,1) a -»* ”*
20 M-E+ Eﬂa'h—d'f'-r
(OIOJI)
CE'M'!’E“ dE‘ ‘M“' 42;

(1 mn)
Here the Ci ir are the parametric coupling coefficients. From classical

mechanics [5-16] any conservative system having a Hamiltonian £ (P,q).

with equations of motion for the canonical coordinates p and q written as

de IRy

at dP

(5-37a)
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dp 2R (rPe)

y T 54 (5-38a)

also has a Hamiltonian k (& ,a), where a® and a are linear trans-

formations of p and q given as
a=Ap+iBg
»*
a =Ap-1iBg

*®
with a and a obeying equations of motion written as

_‘ﬁb” = . AAD ngz;a.) (5-39a)
o _ . ann _2KR(«54) (5-39b)
ot da

where A and B are arbitrary constants. Comparing Eqs. (5-39) above with
our isolated normal mode equations, Eqs. (5-24) or (5-28), we note that

the Hamiltonian equations of motion for the jth isolated normal mode are

written
ﬁeﬁi = (W _B;J_Q__ (5-40a)
o g DR (5-40b)
Ak ¢ ba?-

Conversely, given the time derivative of the jth mode, we may write the

Hamiltonian of the jth mode as

(5-41)

S
I
—
s
r&;
Q;{‘}
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The total Hamiltonian is then given as

= Z 3@5 (5-42)
D)

TOTAL

In our problem we may equate Eq. (5-42) above with Eq. (5-36), where the
various (d aj/dt) are as given by our coupled normal mode equations,

Eq. (5-35). This is valid so long as the largest value of [ca| or |ca"(
for any pair of ¢ and a appea'ring in these equations is small compared
to any Wy, i.e., so long as the nonlinearities are not too strong nor the
signal levels present too large [5-1]. Thus, the total Hamiltonian in our

system is written as

2,{m= XH + Rp_+ 993; +ge&ﬂ+)e,,+ +3€n_ ~ (5-43)

where
b fier e
XE. = “:)E_( id:’ ag. (5-44b)
ng = ; 0: b:;;) ‘Lz: (5-44¢)
25
Ko = ;al)a (3;: ‘e (3-44d)
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! /Mh-r +
= a4 -
%M*_ ‘:wM+ \ EY! ) h+ (5-44e)
Y _ ! 54.«;\4 x (5-441)
h- = Lw,. \ ot/ "

Let us write the terms in Eq. (5-44a) explicitly, From Eqs. (5-44a) and

(5-35a) we get

*

/
X, = e, a* +— Cudg g, 4y,

E+ + g
W,

s o ®w x
+ Cladii_a-“‘*d,a_* + 6,34.2_{_0.5_ A, + 6’4 d.l;_d. Aea

. 4

_ * *
+ g dyg, A, + < 4'2,4 a,»‘+¢5+ + 6/7 aa de_a,,

3 L3

The first term on the right hand side of Eq. (5-45) represents the linear
oscillatory motion of ag, in the absence of any parametric coupling. The
remaining terms represent the parametric coupling of the ag N mode to the
other modes of the system. Consider, for example, the second term inside
the square brackets, multiplying the coefficient c;;. Since a, s varies as

e
exp. (1(..)Zf t), My varies as exp. (i wM+t) and ag, varies as

exp. (-i wE+t), then the entire term varies as

Hwzf + WM+ ~WEHE
e

In a lossless or a slightly lossy system, the total energy of the system
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remains constant. This means that the Hamiltonian must be time invariant,

or d.c., from which we write that

w{; + Wy, ~Wg, =0O (5-46)

Similar considerations for the remaining terms of Eq. (5-45) force us to

write the following relationships between frequencies. For terms proceed-

ing

cys Wap + e, - Wy, =0 ' (5-47a)
Cras Wap + Wy, ~wy, =0 (5-47b)
Cia? wé_F - Wg_ ~Wg, =O (5-47¢)
PR Xg - W,. -Wg, =0 (5-47d)
<5t Woy+ Wy, -Wg, =0 (5-47e)
Cro? Wi+ Dy, ~Wp, =9 (5-47f)
<yt W,- Wg_ - #,_ =o (5-419)
<3¢ Wy~ - W, =0 (5-47h)

Only one of these relationships of Eqs. (5-47) will hold for a particular
three-frequency parametric interaction. For example,l if the (RHCP) trans-
verse electric mode ag, is interacting parametrically with the (LHCP)

transverse magnetic mode ajp;_ and the fast longitudinal electric mode a, f
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only Eq. (5-47d) will yield the proper frequency relation in a lossless con~
servative or a slightly lossy system. The term including the coefficient
Ci14 . called the "synchronous” term then describes the interaction. The
remaining terms, called "nonsynchronous", are neglected. Even if system
is neither conservative nor slightly lossy, it will still be a valid mathe-
matical and physical approximation to neglect these nonsynchronous terms
in the equations of motion, so long as the largest value of [cal or ,ca*l
for any pair of ¢ and a appearing in these equations is small., For
simplicity, however, we will assume in the following that our system is
lossless or slightly lossy.

By similar considerations, we may write the following frequency
relations for the partial Hamiltonian ye_ . Eq. (5-44b): For terms pro-

ceeding the various coupling coefficients we have, for

Cart “’e,c - W, - 4()5_ =0 N (5-48a)
Caa’ wz; S Wy, -Wg_ =0 (5-48b)
Caz: ‘Uz_; TWe -w_ =0 (5-48c)
Cay’ Way + W, - wg =20 (5-48d)
Cist wzﬁ - W, ~Wg_=0 (5-48e)
e Wy = Up, ~wg.z0 (5-481)
Cyq+ Dpa + Wy ~W_=0 (5-48q)

Caz ©rp vy, -We-=0 (5-48h)
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Similarly, the following frequency relations must hold when con-

sidering the partial Hamiltonian fz 5

c, -,

3) 5_-405_-&0“:0
C3a W , tW_ -W =0
Caat We, - Wyy w;; =0
634 W, t W, -we‘;:o
C3¢° - W, W, , Wy =0
€36° Wg. + Wy, ~W,, =0
37: -wE_- wM+—waF=o
C38: -wE_ +(,0M_ _waf_o
| 637: Wy mWy  —W =
€310 ¢ Wy =y we{-o
| “au B Vi Thier Ve
C32: ‘”a('* wtﬂ 24 =
Similar relations are written from the partial Hamiltonian
4 ~We ., The - Wy =0
64-&: Wy, +ws_-wé/‘=_°
ant wE-f T Wy =

We have, for terms proceeding

(5-49a)
(5-49b)
(5-49c¢)
(5-49d)

" (5-49€)
(5-491)
(5-499)
(5-49h)
(5-491)
(5-499)
(5-49K)

(5-491)
Ry o
(5-50a)

(5-50b)

(5-50c)



Cag’ We, + Wy "W, = 0
s TUEr T Wiy Wy, =0
%o Wg- ¥ Wy, ~ Wyg o
€4 ~Wg. Wy, T wz,a =0
643: - "‘Um - we,a =0
Caq' ~Wes ,u)"_ ~Wye =0
410 We- ~Wy. —Wp=o0
“n ot By - y,=0
(‘H?—" wép t W, , - wzﬁ__-_-_o

The partial Hamiltonians Xﬂ\* '
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(5-50d)

(5-50e)

(5-50f)

(5-509)

(5-50h)

(5-501)

(5-509)

(5-50k)

(5-501)

Egs. (5-44e,f), do not contribute

any parametric terms to the total Hamiltonian as expressed by Eq. (5-36).

As mentioned before, when considering a particular interaction, we

may talk about synchronous and nonsynchronous terms in the total

Hamiltonian of Eq. (5-36). First we note that there is no one frequency

relationship common to Eqs. (5-47, 5-48, 5-49 and 5-50), We must assume

then that either:

(a) the YE " Hamiltonian does not contribute any synchronous terms,

so that we examine the synchronous contributions of £._ , Xz_; and X;‘ , or
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(b) the XE— Hamiltonian does not contribute any synchronous terms,

so that we examine the synchronous contributions of Xg ' )g 5 and X: .

The frequency relations resulting from neglecting either XE’( or r;,o . In
turn, are already contained in (a) or (b) above. Following (a) above, we
obtain, for example, the possible frequency combinations:
(1) From Egqs. (5-47b) and (5-49¢),
Wpp + D, ~Wg, =0
meaning parametric interactions between a,¢ 1 B, and ag, modes. This
is considered to be a particular synchronous condition, all the others now

classified as nonsynchronous.

(ii) From Egs. (5-47d) and (5-49a) we have

g, + Wp- = Way =0
and assume the above relationship to be the synchrm ous condition for para-

metric interactions between ap, s aM_ and a, ¢ modes, all others being

classified as nonsynchronous.

Term by term comparison of Eqs. (5-47, 5-48, 5-49 and 5-50) permits us to
list the possible three frequency parametric interactions between all the
modes ari ' aM."; and az f,5° Table 5-1 provides a summary of possible
8=0%-spin wave/carrier wave nonlinear (three frequency) interactions in
ferromagnetic semiconductors, along with the respective frequency relationé .
The coupling coefficients pertaining to these interactions were derived

assuming p-type conduction. For n -type conduction we replace l" by

—'I* andﬂ by =fo -
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coupling frequency
case aps ag. v+ | M- %zf 8,9 relation
e
1 WptWp e ~Vp, =0
2 szf-wM_-wE+=0
3 “zs+“M;-""E+=0
4 Wzg = Wph—"Wg, =0
5 wzf-wM+-wE_=0
6 wzf+wM_-wE_=0
7 W, o wM+_wE-_0
+ - =
8 zs wM_ wE_ 0

Table 5-1 Frequency relations and interacting modes in

nonlinear 6=0°-spin wave/carrier wave interactions
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The frequency relations of Table 5-1, for a particular parametric
interaction, must hold independently of the phase of the propagating waves.
Consider for example case 1. The phases of the ag, « AaM, and a,¢

modes are, respectively,

Oe, = W & - Re, 2 (5-51a)
¢M+ =Wk -R,, 2 (5-5'1b)
bip = Wyt - R, 2 (5-51c)
The relationship
We, = Wy, +Wag (5-52)

must hold for any arbitrary value of z in Egs. (5-51). By requiring that

¢E+ = Pme *t Py (6-53)

we then satisfy Eq. (5~52) when

Equation (5-54) is the condition on the wave numbers kg;, Ky + and k¢
for case 1 of Table 5-1. We can say then, that when Eqs. (5-52) and (5-54)
are satisfied simultaneously, parametric interaction between the ag, + A,
and a, ¢ modes becomes possible. In general for any set of waves i, j, r
where (i, j, 1) = Ei ' Mi . Zg we have that, for cumulative parametric
coupling, the wave frequencies and wave vectors must satisfy the set of
equations

W =W + Wy (5-55a)

R, =R + Ry (5-55b)
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A set of vectors is defined [5-9] as:

a A
- T4k +wo (5-56a)
S A A
J=R bk +a;w (5-56b)
5N I A
- R
R ‘k‘,ﬂ + Dy (5-57 )

where k and w are unit vectors in the k, w plane. Equations (5-55) can then

be expressed in terms of these vectors, Eqs. (5-56), as

LN D -~
I =TJ7 + R (5-58)

Equation (5-58) can be solved graphically on the dispersion diagram to find
what combination of waves can be parametrically coupled. This is, in
effect, equivalent to drawing a parallelogram in w-k space. Each of three

corners of the parallelogram represent points (wi, ki), (wj  Kj) and (wr, ky)

jth th

in the dispersion relation for the ith, and r**' modes. The fourth
corner is placed at the origin of the w-k plot. In Figs. 5-2 to 5-7 we have
drawn several of these parallelograms, corresponding to coupling cases 1,

2, 3,5, 7and 8 of Table 5-1.
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FIG. 5-2 Possible w-k parallelogram satisfying the parametric relations

for case 1 of Table 5-1, Wy = W and k +=k -kz

E+ Yzt M+ “E+ zf
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A

FIG. 5-3 Parallelogram satisfying the parametric relations for case 2

.of Table 5-1, w _=kz -k

=, -W and k £ B+

M- Tzf TE+ M



211

FIG. 5-4 Parallelogram satisfying the parametric relations for case 3

of Table 5-1, w., ~w and k =k

WUnm+ T YB+ T ¥5g M+ = Kp+ " Kgg



212

o

FIG. 5-5 Parallelogram satisfying the parametric relations for case 5

of Table 5-1, wM+= wzf_wE- and kM+ = sz_ kE-
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FIG. 5-6 Parallelogram satisfying the parametric relations for case 7

of Table 5-1, w =W -Ww and k =k _=-k
zZS z

M+ E- M+ f E-
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W

/

FIG. 5-7 Parallelogram satisfying the parametric relations for
case 8 of Table 5-1, wp-=w,g and kM_=kE_'kzs
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5.5 8Solution of Nonlinear Equations for a Particular

Interaction and Determination of Growth Rate
We may study three frequency parametric coupling between modes
for any one of the eight ca;es of Table 5-1 by assuming a particular synch-
ronous interaction, and neglecting all other ( nonsynchronous) terms. As
an example, consider case 7, with frequency and wavenumber relations
given as
Wy, = W

+ 20

2, = oy - Re- (5-59b)

- Weg. (5-59a)

The relations of Eqs. (5-59) are represented pictorially in the w-k diagram
of Fig. 5-6. Neglecting all non-synchronous terms, the coupled mode
equations describing the interaction of case 7 are written, from

Eqs. (5-35), as

- . »®
bg‘; i be = S,a5,a,, (5-60a)
Qdan ¢
7;:&_ (W, d,,= Cap X 4y, (5-60b)
%ﬁ - Wy, Ay, =0 (5-60c)

where c;, and c4g are the coupling coefficients previously defined. In
general, these coefficients contain terms in (WM+, kM+)' (“’E+ ’ kE+) and

(w kz s,f)' However, we want to neglect coupling to the apq_ . ag,

zs,f’

and a,f modes, since parametric interactions with these modes are assumed

non-synchronous. We must, therefore, write the coupled mode equations,
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from Eqs. (5-34), as

é dg.

- c'.u)E_d,E_ = JkE_ VUL - ;zﬂ AN Y .‘_iﬁ_ﬂ&_ﬂ_s_-_ E;u: (5-61a)

ok
(-
it (w4 - i T ve®
e Wady=-i el (5-61b)
Bbd:“ ) Lwﬂ*a*m-r =0 (5-61c)

Substitution of v_, B_, v, and E; in terms of ag_, ap, » and a, o in
Egs. (5-61), and keeping only synchronous cross terms, will yield the
coupled mode equation (5-60) with c;¢ and cse in terms of (wmy, kpg,)
(wg_., kg_) and (w; 5, k, ) only.

Let us find the coupling coefficients c;s and c4g by the above pro-
cedure. From the definition of apg,, and momentarily neglecting losses,

we have

a‘Mf - M+ + (a):"whf) k+ - é’kﬂ# ((UI';)UMr) 4
4 Ho Wloms

where
w, = W, + W at R

which we can write as

“ .o »
A TG0 U T S
w; /“O w/wn*

where X denotes conjugation.

From the definition of ap_ we have, temporarily neglecting losses,

Xp_ = - L‘}_ﬁﬁ_E_ + .,A‘/fj?_:(we_w,f- Wyt h_ (5-63)

where
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Wy = We. - ReVpy —t

From the momentum transfer equation, assuming a.c. variation of the form

exp. i(wg_t - kp_z) we write

- ir* “Jg
= -“2 ¢ __’(7:3_5_ (5-64)

Wy -
From the equation of motion of the magnetization we write, assuming a,c.
z)

variation of the form exp. 1(wM+t - kM+

CWy, M, = CWym, ~¢ w,,,,h,-;w,,‘a."kz
which may be written as
WOma

’"1_ = m t\_ (5_65)

Finally, from the constituent relation between B_ and h_ we have

By =m0 (he +omu) (5-66)

Solving Egs. (5-62) to (5-66) simultaneously yields, for B_

N‘ a—h: - N‘ ds_

B_ = 5-67a)
5 (
and for v_
”"-
U Ny dyr - My - (5-67D)
D
where
Ny = g (#9(x~ ¢ 37w) (5-68a)
Ny= Mo 7 (1+9) (5-68b)
N, = — 2% 1+35) +« ¢ PA-
3 d ~«+ 5-68
. ol = (5-68¢)



N, = __?rl_l_f&-,-}, (1+5) + ¢ (g+9) -
4 — o (¢ j&

%

D= 2 uor(149) + (449 (x = L) ~pr

where
? - w' had w o~
w*
e - R (D-0n)*
Mo 07 wy¥

/3 s LBl (v Wy- agt)

A fe.
. P
i (wr'wm)*
Also, from the definition of ay g7 neglecting losses, we have
Yoo = Ve iy e
and
* L EoE,

a?ﬂ = lfz__ _._;%_.a/’,Ez

Combining Eqs. (5~70) we can write

E, =- L (2, azs")

& Sl) Ep wp

U = —I,j- (4op+ 43™)
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(5-68d)

(5-68e)

(5-69a)

(5-69b)

(5-69c¢)

(5-69d)

(5-69¢)

(5-170a)

(5-170b)

(5-T1a)

(5-"71b)
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Substitution of Eqs. (5-67) and (5-71) into the coupled mode equations
Eq. (5-61), and keeping synchronous terms only, gives expressions for the

coupling coefficients c;a and c4g as

Co, = ﬂ_( wWe-wy \ N3 (N

ae="¢ [E % 7D 5 (5-72a)
b *

‘46 = 2 Ipl* Ny N, (5-72b)

where N;, N3, Ny and D have been defined in Egs. (5-68) in terms of
(wM+, kM+) ' (wE_, kg_) and (wz s kz s).
Returning to Eqs. (5-60), we may write the parametric coupled mode

equaﬂons in space domain [ 5-1] as

oa i
E~ - - »°
Ve | ihe ten |= Gt ] (5-130
ddan  ; i
a - -
1’52,4 " +u4?2)4 2’4J- Cho Amy A (5-73b)
ﬁt ¢ 4? a =0
gm.,. b} + e+ — (5-73¢c)
where VgE_+ ngs and ng+ are the group velocities of the ag_, a,q and

aM, modes, respectively. Since aa* was energy stored, then vg(aa"‘ )
is the power flow per unit length. Let us define normalized normal mode
amplitudes Aj , Where j = E-, M+, zs, such that the total power flow

carried by the jth mode is given as

Pj = lw;l Aj A (5-74)
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The power carried by the RHCP aypg + mode can be obtained, from

Eq. (4-114), as
M+ m+

P,M=1)5 AW

»>
l/4 /Il %M"' w,,“ (w #W),‘A}‘k:;-wa *)avﬁw-d'lf

R"o "’AAL&M""A*)/ Ry o) ‘]
+* I. .
{a’. Mk’" " ’I_ (w,+ wp o Rm-) k ""1' * (» *w‘x“kl* Wae)

A IwM+I dh"&”f

(Nn)*

1)

(5-175)

The power carried by the LHCP ag_ mode can be obtained, from Eq.(4-123),

as

PE - SE'wE~

Va Ui Awg] % -4V pwe - ReVia 0|ty 2"
X
E"gl {( wf-_ *E -'-\fb Q-wo{ﬂst c"- WS_L - awE- (wE-‘ &5’\’6{'“)‘) _wp'&)}

1’4

l a’E—’ @E-— dg.*
(Ng )t

The power carried by the slow longitudinal mode a, g can be written, with

(5-176)

the help of Eq. (2-115d), as

v 4 ¥
PZA = ’U:éi,awzﬂ = %%tﬂ%w_& (%Xz&) E.E (5-77)
where
L a,"'
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We can write Eq. (5-77) as

= | ) @ w “+ % 'Ua;)
Fon= & Vg2a% § 20 (gn = oe (5-78)
From the definition of a, g Eq. (5-70a)
- . €o€|
L= T2+ ——%E

and the z component of the momentum-transfer equation
, - _ o
(twaa-cRp, %3) e =4 E,

we can write E; in terms of a, as

E - <P (Wao- Ran?rz) a
2 gg [w~ Wp (@i Ay ‘Uoz)] =

which, when substituted in Eq. (5-78) yields the desired expression for

the power carried by the a, ¢

U, w> JD’L { (Waa - Raavha)
Wpt= o (g - Roole)

Woo (oot ’k&A Voa) a a *
X 3 24 24
(wz; - ’pQA voa)

3
= ——’—a—)—hiz- 42}4 d@g (5-79)
(Nze)

We can now define the normalized normal mode amplitudes
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AM-} g | d’ﬂf (5-80a)
(MM'})
Ao 2 ' _a -
.2 - (5-80b)
(W)
AL &2 4 (5-800)

24 ("2&) 24
such that when Eqs. (5-80a,b and c¢) are substituted in Eqs. (5-75), (5-76)
and (5-79), respectively, the power carried by the jth mode is Wy Aj Aj .
as desired, where j = M+, E-, zs. We can then write the coupled mode

equations, Eq. (5-73), including losses, as

BAe- 9;‘ . ,k C N (N )* w
- -l - A = 26 24 ks -
e R Ae g- Pe- Ve e Az An, (5-81a)

)A“+ L) Auq-l:RuAg-‘: Cae_ Nme Ne- Auns Pe- (5-81b)

’2 Y2a Vt2a Ne g

O = Vo A ik A = O

3y + Va me = “TBmaipy = (5-81c)
mt

where losses in the semiconducting system have been represented by a
collision frequency term %, , and losses in the magnetic system have
been represented by a Bloch relaxation term Y. .

Let us now solve the coupled mode equations (5-81). We note that
the RHCP magnetic mode AM+ acts as the pump mode, since it couples
the LHCP electric mode Ap_ to the longitudinal electric mode A, s The

group velocities of both the Ap_ and A, ; modes are in the same direction,
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but Ap_ carries positive energy while A, o carries negative energy [ 5-17],
5-18, 5-19]. Accordingly, we may have coflow skew-hermitian parametric
coupling [ 5-22], and both the Ap_ and A, , modes can grow in amplitude

with distance. Power gain on either mode is possible at the expense of

the pump mode [5—22]._ The Manley-Rowe conservation relations [5-20,5#—21] in

this case may be written as

P) Fa (2, we) _ Pae(z, w2e) ( - 6 (5-82a)
d2 |Ws_| [Waa]
Peltion) _ Poa(tas) _ Peloywe)  Pan(o020) (5 g,
(W |Waal IWe-| (Wga

where L is the length of the interaction region. The general solutions of

Eqs. (5-81) can then be written [ 5-22] as

Aa-@/ws-)z{As_ (o,w,,_)[CooA a2 -i (B/ax)0emk 0{&]

¢ (we k-t
+Rop (Da)|- & (/) amh o«aﬂ e +ﬁ2)(5—83a)

and

- Aaa(Fwpn)= AE—(O;“’E—)[ LM )raonh o 2] -

P (wt-Ry 2 -p2)
e (5-83b)

+ Ae‘,(o,w“)[(:nl\ %2+ é(ﬂ/eu)Mo(zj}

where ' satisfies the equation
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2
I-pz +( h_ ., DIy )+ v,‘
Vge- vﬁu U,

YeYy2p
_ C;‘-Ci\é (AM.,_(D)\'-N»H ")A’: -0 (5-84a)
Uge- Vgze
and
a z 'z
o = {[Re.(")] — (Bh) } - (5-84b)
with

—é— = Tm (M) (5-84c)

The coefficients c,s and cis are defined by Eq. (5-72) if we replace
(-ikg.) by (-ikg_+0I)and (-ik,g) by (-1 k, g +P"). The factor /3 is a
measure of the degree of asynchronism between the modes. For power gain,

we have the threshold condition
(ﬁz_)" - {Im (m]" = [ Re UﬂT (5-85)

From Eq. (5-84a), we can find an equation.in [ . Let us assume a,g to
be the driven mode at a frequency twice the frequency of the pump mode,
which is biased at the spin wave resonance, i.e., let w, = 2upmy = 2w,.
In this case, from Eq. (5-59a), “"E_/—\‘ Wy. We then use the definitions of

the coupling coefficients Czle and c4'6 and assume ng_ﬁr Voz and

ngs:-' Voz to write

2 T
/77' - o'lvh ," -+ ,_vn: - 71/'17' la:lu(())l F =0 (5-86)
Vpp Lvo2 4 w0, U
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where

F'z{ #ﬁ-fv;! (w&;d'-kp:; -N:Vm)i (,w,,.i'whtﬁ":)* - yM'L]
W,

+ (Ut Uy - R = €9, ) [(d Kot D) 41 wﬂ} (5-87)

and where we wrote, from Eq. (5-80a), app, = NM+ Apy - In obtaining
Eq. (5-86) we also assumed that wp S> (Wo, Wey al ki/l+ . vm ) and that

l kE-‘ << kM+ . For maximum power gain,
_7:0“ (l") = O

which then yields the threshold condition, from Eqs. (5-85) and (5-86)

RQ v}\‘. _ 711}14: Idvnf(b)lhlp =6

[Ny 4+  Balvy

which can be interpreted as a condition on the pump normal mode amplitude

X T
a2 _ 4 ) U,

wke AT R(F)

|9

where, from Eq. (5-87)

Bo(r)e Pasths (o ta2) [ (mrthi it )= 1)

Wy

= o b
- (w”»,w,,f—#h:)[w.wm»« (w, ER )‘..v,};] + QU A,

Assuming W > Wex at k?iVI+ , We can write

Y LR ) (ot .
Rup)s Hotn (e RNO2) | o (i o (i)
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which gives a simpler expression for

ap+(0)

crit

2 (R N
[4n (I, = 4\’)';‘7_‘;"_“""
)

l

{*n Voa (Wad R i) + @ 0, B0, + (Wra R ) - 9}]}

X (5-88a)

For laM+(0)|= laM+(0),cr1t' the Ap_ and Azs modes propagate with

?

amplitude. Assuming perfect synchronism for maximum power gain, i.e.

constant amplitude while for ’a , they grow in

am+ (O ' crit.

M+(®
Im[r] = 0, we have, from Eq. (5-86)

‘ a
e l = = l m(o)| Z"
o [emtn |, 7

nepers/unit length (5-88b)

Since A,  is assumed to be the driven mode (or signal) and Ag_ the

undriven mode (or idler ) we have
P.. (o,we) =0 (5-89a)

Poa (0¢,) £ 0 (5-89b)

We then write the power in the longitudinal electric mode as
*
which, from Eq. (5-83b), can be rewritten as
Pan(2020) = [ 1+ (P/o) oh 2 ] Bau(Q000)  (5-90)

Similarly we write the power in the LHCP electric mode as
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PE—- (Z, wE—) - /wE—’ A E- (2’/ wE") A“ (2, ‘bf‘)

which can be rewritten, with the aid of Eq. (5-83a), as
*
P;_.-_(Z,.wE_); lwe_\[/”/%x‘ wwh a2 Ay, (0w, )A, Jow,) (5-91)

From our definition of power in terms of the mode amplitudes we have

A;_‘)‘L [0.00,4) A;/o, W,) = Faloftes)
I, |

so we can write Eq. (5-91) as

Pe(3,0e) = /I_:’fi' [ 1P/ anlh z] B loWe) (5-92)

Equations (5-90) and (5-92) describe the growth of both the Ag_
and A, ; modes when they are parametrically coupled through the pump
mode Ay, . Again, the pump amplitude apf+(0) = Npg, Apgy must be
sufficiently strong to satisfy the threshold condition given by Eq. (5-85).
Far away from synchronism, there is periodic growth and decay on both
modes. At synchronism, the frequency and wavenumber relations corres-
ponding to this interaction, given by Eqs. (5-59), will be satisfied only if
we can draw a parallelogram in the w-k diagram. However, Fig. 5-8 shows
that if the external d.c. magnetic field /L oHp 1s increased beyond a
certain critical value then the frequency and wavenumber relations of
Eq. (5-59) are no longer satisfigd. In this case, parametric interactions
between Ap_ , A, g and Appy are. not possible. Let us obtain an expression

for this critical value of external magnetic field. In the region of interest,
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FIG. 5-8 Effect of increasing external d.c. magnetic field on the parametric
interaction for case 7 of Table 5-1. (a) H=Hp, (b) H=Hg,
(c) H=Hop;, where Hg, H02< Hgs,



229

the slow branch of the RHCP spin wave Ay, can be approximated by the

relationship

N
Wy, = Wo+ W R, (5-93)

-+

The slow longitudinal electric mode A.z s is approximately given as

Wap = Ry U3y = (5-94)

From Eq. (5-59a) we write

We-= W, - W, , (5-95)

Let us find for what value of k is wg_ maximum. We write from Eqs.(5-93),
(5-94) and (5-95)

We. = (RUz-wp) - (Dot a2 H) (5-96)

Equation (5-96) is maximum for

h= Loz (5-97)
0'((0,.,\0."

Substituting this value k in Eq. (5-96) yields

T
Usa
wE'l = - Wy —w, (5-98)

ey 4yl

The critical value of B, is that which makes Eq. (5-98) zero. Thus

T
! Uha

= (5-99)
k. Aolal | 4wd

-w,

o

Alternatively, if interaction is desired in a particular frequency range
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determined by w, = A 'a—l B, . e.g. for interaction in the X band ,

By~ 2 - 4 Kgauss, then the carrier density must satisfy the condition

_UL
w 2 _ _w 5-100
P < g y ( )
For wp_. & wgy then
W, = You _ _ AW, (5-101)
AW, &

In conclusion, in a p-type ferromagnetic semiconductor, parametric
coupling is possible between the LHCP electric mode Ag_ and the slow
longitudinal electric mode Ag_ , with the RHCP magnetic mode App,
acting as a pump mode. The interaction is co-flow skew hermitian, and
power gain is possible if the pump amplitude apm4 = Nyg4 App+ satisfies
the threshold condition given by Eq. (5-85). When the pump mode frequency
is near the spin wave resonance Wo "and the signal is é;pplied at twice the
spin resonant frequency wg, then the maximum growth rate possible is
determined by Eq. (5-88b). For maximum power gain with minimum pump
energy, the system parameters should be adjusted to' satisfy the threshold
condition on ap+(0), Eq. (5-85a). However, cumulative interaction is only
possible if the external d.c. biasing magnetic field is less than the critical
value given by Eq. (5-99). Alternatively, when the frequency range of the
interaction is fixed, e,g. due to limitations of signal generation and detect-
ion, then the carrier plasma frequency wp must satisfy Eq.(5-100) for

cumulative parametric power gain.
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CHAPTER 6 CONDTICTIVITY AND MAGNETORESISTANCE

OF P-TYPE Cd Cr,Se,

6.1 Introduction

In Chapter 2, 3 and 4 we studied the linear spin wave/carrier wave
interactions inferromagnetic semiconductors, and in Chapter 5 we carried
the analysis to the nonlinear regime. These linear and nonlinear inter-
actions between the modes supported in the media should have an observ-
able effect on the propagation characteristics of the specimens. Vural et
al. [6-1] made microwave (X-band) transmission measurements on poly-
crystalline Agy Cd,-x Cr, Se,, a p-type ferromagnetic semiconductor, as a
function of the applied magnetic and electric fields. No net gain was
observed, but a 40 d,b. change in the transmission characteristics was
noted [6-2] . The results were interpreted in terms of active helicon-spin
wave linear interactions, and the agreement between theory [6-3, 6-4] and
experiment was found very good qualitatively.

Recently, some small single crystal specimens of p-type CdCr,Se4
became available+ in varying amounts of carrier concentration. Although
these samples were too small for r.f. transmission measurements, they
were useful in the study of some d.c. transport properties of single crystal
ferromagnetic semiconductors. The electrical transport properties [6-5, 6-6]

of polycrystalline Cd Cr,Ses, and the magnetic characteristics [6-7 to 6-9]

+ through RCA Laboratories, Princeton, N.]J.
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and conductivity [6-10] of the same material in single crystal form have
been reported by various authors. Magnetoresistance measurements have
been made on polycrystalline CdCr,Ses [6-5, 6-11] but no such measure-
ments have been reported on single crystal samples.

In this chapter, we present some conductivity and magnetoresist-
ance measurements, made in the course of our research, on single crystal
samples of Ag,Cd,_, Crz Se4 , Where x= .045. These measurements, done
for the applied d.c. magnetic field parallel to the direction of current as
function of temperature and applied d.c. electric and magnetic fields, are
contrasted to similar measurements reported on polycrystalline samples.
Our measurements helped us develop experimental competence in the area
and were preliminary to a set of r.f. transmission measurements which can
be performed, when larger single crystals become available, to confirm

spin wave-carrier wave interactions in ferromagnetic semiconductors.
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6.2 Experimental Procedure and Results

The single crystal specimens used in our measurements were
octahedral-shaped samples of Agy Cd,_x Crz Se4 , of approximately
.020 sq.cm. cross sectional area and .050 cm. thickness. See Fig.6-la.
These samples were provided by the RCA Laboratories magnetics group.
Their analysis showed [6-12] a 4.5% silver substitution of cadmium, i.e.,
x=.045. We first attempted to make ohmic contacts to the samples by
applying I, [6-5] to the sﬁrfaces. The resultant contacts, however,
proved to have undesirable rectifying properties. We then proceeded
instead to evaporate 2000 X of chromium on the crystal surface heated to
350°C, followed by one micron of gold on top of the chromium contact to
facilitate metallic bonding [6-10] . The contacts had a circular cross
section of .050 cm in diameter, as shown in Fig. 6-1la. Before evgo-
rating the contacts, the samples were boiled in trichloro-ethelyne, rinsed
in acetone and alcohol, and etched in a 1:1 solution of HCl and ethanol
to dissolve any surface impurities and oxide layers. The contacts thus
evaporated proved to be ohmic and of good mechanical quality.

It was desired to conduct magnetoresistance and conductivity
measurements on our single crystal samples at temperatures between liquid
nitrogen (77°K) and room temperature (300°K). Of particular interest was
the range around the Curie temperature (130°K) where "anomalies" in the
transport characteristics had been observed [6-5, 6-11] on polycrystalline

samples of the same material. A simple but effective temperature stabili-



236

zation system was designed as follows for this temperature range:

After evaporating the contacts, the sample, shown in Fig.6-1la, was laid
flat on a ceramic sample holder provided with Au contact strips, as shown
in Fig, 6=1b. Contact between the sample and the contacts strips was
accomplished by applying In. The sample thus mounted, was secured on
a solid (nonmagnetic) cylindrical stainless steel base that had been
machined to such dimension so as to accommodate the ceramic sample
holder, as seen in Figs. 6-2a,b. A hollow stainless steel cylinder was
fitted around the solid base, to make the overall longitudinal dimension

of this supporting structure (see Figs. 6-2a,b) about 16 inches. The
ceramic chip was held in place on the solid base by means of two brass
alligator clips (Fig. 6-2c), which had been screwed on the solid stainless
steel base with nylon screws. This stainless steel supporting structure
was then spaced inside a brass tube which had been sealed off at one end,
as seen in Fig. 6-2(d). The brass tube in turn was suspended inside a
thermos dewar which was kept filled to the top with liquid nitrogen, as
shown in Fig. 6-3. By placing the sample as far below as possible from
the level of the liquid nitrogen, the sample was cooled to approximately
the liquid nitrogen temperature, but was not in direct contact with the
liquid itself. A heating tape, which had been previously wound around the
stainless steel supporting structure, was used to bring the temperature of
the sample up to any desired level. A platinum element temperature sensor

was placed in thermal contact with the sample by applying Dow Corning
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340 heat sink compound. A calibrated Artronix 5301-U feedback tempera-
ture controller registered the temperature and regulated automatically the
amount of power to the heating tape. At temperatures close to that of
liquid nitrogen the temperature control was very good. However, at
higher temperatures, the gradients were larger and stabilization was
harder. Notwithstanding, our system provided stable temperatures for
periods of time better than 20 minutes each, with temperature resolutions
of 1°K or better.

Because of the small size of the samples (.20 sq.cm. cross section
by .050 cm thickness) we decided to measure their conduction character-
istics using voltage pulses., Pulse widths between .2 and .5/(« secs and
repetition frequencies between 10 and 30 Hz were used to avoid burning of
the sample due to excessive i%R heating. The voltage pulse came in
coaxially to within 1 in. of the ceramic chip. Then the outer and inner
conductors were separated and soldered to the same brass alligator clips
that held the ceramic sample holder in place. Thus, one side of the
sample was at geound potential. A small variable (10 or 100?) resistor
was placed in series with the sample to record the amount of current flow-
ing across the sample. The wiring diagram is shown in Fig.6-4. The
sample resistance varied from 2330 to 27Q as its temperature increased
from liquid nitrogen to room temperature. By connecting two 100Q
resistors as shown in Fig. 6-4, the Cober 650P Voltage Pulser worked

into approximately 20082, the pulser's load impedance needed for optimal
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operation. To minimize ringing effects on the pulses, all resistors used
were non~-inductive and were mounted in a grounded chassis box. Except
for the connections to the brass alligator clips, all connections were
coaxial. Measurements were taken as follows: The voltage across the
current resistor was proportional to the output of the first difference amp-
lifier (refer to Fig. 6-4). With the magnetic field turned off, the output
from the second difference amplifier was located midscreen on an oscillo-
scope. Turning on the magnetic field produced a (small) change in current
across the sample, which then shifted the trace on the oscilloscope by an
amount proportional the change in current A Ig. We defined the longi-
tudinal magnetoresistance coefficient Ml. as

M, & - (T,-T)/L, = - (oTI/T,
. where Ig and I, were the sample current pulses with and without applied
longitudinal magnetic field, respectively. Knowledge of the gains G; and
G; of the two difference amplifiers allowed us to compute I, and A Ig
for a given value of Vsample at a particular temperature. The above
arrangement provided M g accuracies of 1 /10 of .5 percent.

With no external magnetic field applied (B=0), the sample current
was plotted versus sample voltage, as shown in Fig. 6-5, at various
temperatures from 300°K to 77°K. From these curves, a semi-log plot
was made of relative conductivity versus reciprocal temperature, shown
in Fig. 6-6. This second plot indicated a linear relationship, with the

slope of the curve showing a break near the Curie temperature
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(T = 130°K). The activation energy, evaluated from the slope of the

curie
straight line portions, decreased from .0632 eV. to .0313 eV. as the
crystal changed from the paramagnetic to the ferromagnetic state. These
values are smaller than the corresponding values for polycrystalline

samples [6-5].

The temperature dependence of the longitudinal magnetoresistance
exhibited the behavior shown in Fig.6-7. At high temperatures, where
there was no magnetic ordering, the magnetoresistance coefficient M 2
was zero as expected for an isotropic semiconductor. However, when the
magnetic order started setting in, Mg  became finite: first it was
positive and then negative, with the transition occurring in the neighborhood
of the Curie temperature. This behavior is similar to that of polycrystalline
samples [6-5, 6-11], only that the transition in the later samples occurs
at lower temperatures. |

Figure 6-8 shows that for constant voltages and temperatures above
the mentioned transition temperature, the magnetoresistance coefficient
increased linearly with magnetic field. Below the transition temperature,
however, ML was negative and it first increased proportionally with
magnetic field until it saturated at a value dependent upon the sample
temperature. While this magnetic field dependence is consistent with
measurements made on polycrystalline samples, the electric field depend-
ence is not. In contrast to measurements made on polycrystalline samples

where M, was positive [6-11], here Mﬁ. was always negative for
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constant d.c. magnetic field. With increasing d.c. electric field applied
to the sample, our measurements show Mg decreasing below the
transition temperature (see Fig. 6-9). Heating effects associated with
our low resistivity samples did not permit us to investigate the high
electric field behavior of the magnetoresistance coefficient.

" A complete theoretical interpretation of all the features in these
electrical transport properties has not yet been published. Simplified
models of conduction mechanisms based on spin disorder scattering [6-13,
6-14] and spin wave-carrier wave interactions [6-4, 6-15 to 6-17] have
been proposed but no single model has been able to account for all the
vagaries observed. It is clear that further theoretical investigation is
still required before it can be said that the full range of observed transport

phenomena has been understood.
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CHAPTER 7. CONCLUSIONS

In this last chapter, a summary of the contributions of the research

‘presented in this thesis is given. In addition, possible extensions of the

present work are suggested.

7.1. Contributions of the Research
In this research the linear spin wave/helicon wave interactions in a
P-type ferromagnetic semiconductor have been formulated in a coupled

normal-mode form, both in time and spatial domains. The coupled mode

‘equations are investigated in the region of phase synchronism between the

negative-energy-carrying helicon mode and the positive-energy-carrying spin
wave mode. If these modes are weakly coupled, a convective 'instability is
indicated when the carrier plasma frequency wp is less than the spin pre-~
cession frequency w,. On the other hand, when Wp is greater than wg,, the
spin wave modes are hybrid and interactions of helicon waves with backward
hybrid spin waves are possible, pointing to an absolute instability. These
backward wave interactions, however, are not presently realizable since they
require carrier drift velocities much higher than those obtainable in currently
available ferromagnetic semiconductors.

Another major contribution of the research is the extension of the
analysis of the spin wave/carrier wave interactions to the nonlinear regime.
Basically, the equations governing wave propagation in the ferromagnetic-

semiconducting system are nonlinear. By expressing second order cross
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products in terms-of the normal mode amplitudes of the linear case, we
study the various three-frequency distributed parametric interactions that
are possible between the modes supported in the structure, for wave pro-
pagation parallel to the direction of applied d.c. fields (6=0). The
approach followed here is based upon the assumption that the parametric
system has a Hamiltonian which can be expressed in a power series of the
normal mode amplitudes, and which is obtained from the time evolution of
the normal mode amplitudes. By assuming this Hamiltonian time invariant,
synchronous (or cumulative) interactions are easily identified. One of
several parametric interactions is investigated in detail, and expressions
are derived for the theoretical power gain, threshold condition and maximum
growth rate possible for this particular example.

In the case of the high mobility ferromagnetic semiconductor
Agx Cd, _y Cr, Se, , these spin wave-carrier wave interactions should have
an observable effect on the propagation characteristics of the specimen.
In this thesis, we studied some d.c. transport properties of recently-
grown small single crystal samples of Agy Cdl_x Cr, Se, , where x=.045,
as preliminary tor.f. transmission experiments which can be performed in
the future when larger single crystal specimens become available. In the
research, conductivity and longitudinal magnetoresistance measurements
were made on single crystal samples of AgxCd,_, Cr,Se,, where x= .045,
as function of temperature, applied d.c. electric and magnetic fields.

The coupled narmal-mode formulation of spin wave/helicon wave
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interactions in p-type ferromagnetic semiconductors, the development of a
theory of parametric excitation of © = 0-spin waves and carrier waves in
the same materials, and the measurement of longitudinal magnetoresistance

in single crystal Agx Cd,_xCr, Se,, are the major contributions of the

-research. Additional results of the research include (i) the study, in an

infinite ferromagnetic semiconductor, of wave propagation parallel to the
direction of carrier drift but at an arbitrary angle 6 with respect to the
direction of applied d.c. magnetic field, (ii) a demonstration of the
insensitivity of the effective permeability tensor to the type of relaxation
used, either Bloch or Landau-Lifshitz, (iii) a discussion of the reasons
for the absence of active helicon wave-spin wave interactions in n-type
ferromagnetic semiconductor, and (iv) a numerical investigation of the
weak coupling approximation in region of phase synchronism between
spin waves and helicon waves, and dependence of the growth rate on
plasma frequency Wp and losses of presently available ferromagnetic

semiconductors.
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7.2 Suggested Extensions

The theoretical foundationsof 8 = 09-spin wave/carrier wave
nonlinear interactions in ferromagnetic semiconductors are discussed in
this thesis. While the research indicates the possibility of several para-
metric interactions, only one is studied in detail. A suggested extension
of the present work is to investigate each one of the remaining interactions
in detail in order to determine the strongest effect. The question of para-
metric amplification of waves in ferromagnetic semiconductors could be
approached then, with a view towards tﬁe design and optimization of a
spin wave/carrier wave parametric amplifier.

Experimental verification of the existence of these parametric
interactions is needed. At present single crystal samples of
AgyCd;.x Cr, Se, are available on very limited quantities, through private
“contact, from RCA Laboratories. Microwave x-band measurements could
be done on these samples to détermine the signal strength dependence on
applied d.c. fields, temperature and degree of asynchronism. A correlat-
ion of experimental data in terms of the parametric theory developed could
then be made.

Further research is also needed with regards to the experimental
confirmation of spin wave amplification, via linear spin wave/helicon
wave interactions, in ferromagnetic semiconductors. Microwave trans-
mission measurements could be made on the above mentioned single

crystal samples of AgxCd,_xCr,Se, , as function of fequency and applied
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d.c. fields. The results could be compared then with similar measure-
ments already performed on polycrystalline samples of the same material,
and discussed in connection with linear spin wave/helicon wave
interactions.

A consistent theoretical interpretation of all the features in the
electrical transport properties of ferromagnetic semiconductors, including
the measured magnetoresistance effects has not yet been attained. Further
theoretical investigation is still required before it can be said that the

full range of observed transport phenomena has been understood.
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APPENDIX A: CONSERVATION RELATION IN MEDIA WITH
SPATIAL AND TIME DISPERSION

- N ) -

Maxwell's equations in a media that is both electrically and

magnetically polarizable may be written as in Eq. (2-100),

> N N
VxE + gi = — M, i: = = T (A-1a)
> 2E P_ T
VxH - €, —b—k_- = —-——2t = Jc (A-lb)

and Poynting's theorem has the form

L S

- v (Ex Te)-'—f;(i-‘,a,lﬁl“-.. L lél’—)= R +£0 T, (A-1c)

In these equations the presence of the medium is represented by

A S
the vectors J,, and J, . In our linearized description of the medium

>

>
Jn andJe are linear functions of the first order fields. From Egs.(2-44)

K-S 3
we note that J, is a function of E, while from Eq. (2-83) I, 1is seen
to be a function of H anly. We Fourier analyze the fields in time and
space with dependences exp. i (wt - } . } ), where w=uw +1iw and

> 2

Y
Y = kr +1k; . From Eq. (2-39a) we have
> . A
Vxh =W g, fe(wR,0ll -E (A-2)

and from (A-1b)

-
VXH=(w g E+ T, (A-3)
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So we write from Eqs. (A-2) and (A-3)

Y

T, = cweg X -E (A-4)
where
Xl = lg(w4e)li- T (A-5)

Similarly, from Eqs. (A-1la) and (2-83) we can write

— >
Ton = C_flo Il ¥opull - H (A-6)

Let us obtain the real time average of Eq. (A-1c). To do this we recall
”*
that given a complex quantity A, then 2Re(A) =A+ A . We then form

the Poynting theorem for complex fields from Eq. (A-1c) as

(EI* e
i)

O (Exh ) - 26 B

-

=E. T+ A T2 4+ coc (A-7)

which may be written as

"(‘k ""‘p) (E"‘H + c.c. )- (wk-n.w)(c IE/ + p /H/L)

= ':EOE‘ Eﬁ. (wk*‘ «:w,;) ” Xell o é

+ i B (Wi Nl - H o <.c. (A-8)

The real part of Eq. (A-8) is given as



258

.‘MQ Re (ExH*) — w; (% LE /Hl")

= - Rn.{é,gl E*.[é (w‘+6w,;)l\x‘n]-g

_._M*.[c(w,«,cw;)nx,.ll] . /7} (A-9)

To evaluate the right side of Eq. (A-9) we expand || Xe m i into a
Taylor series and retain first order terms. The approximation is valid if
wj << wr and k; << k., which implies that the medium is slightly lossy.

Thus, we write
e Il < 1 X (2, &)+ 5’“‘*" (Cwe)

" Lg’i'fﬂ_(tkc)-p (A-10)

"and we write the bracketed terms onthe right hand side of Eq. (A-9) as
[ﬂ (e W) Xemll ) = & We I Xam ( W, Rl
) )
W, e Wall — R I Xe,m |
~ w; | Xom (W, R - CW 7)%' X e, m i}

- Lw;& —aa—*: | X.e,m N\ (A-11)

Since w; £ W and kj << kr , We may neglect the last two terms of

Eq. (A-11) when compared to the second and third terms. We also

combine the second and fourth terms and write
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[ (wr=ctd) Xe) = cag N X, (w0, 21

PR ICA R _w, 2% ¥emh)

v

YR bﬂ).,‘ (A-12)
Consider —{{x_|{ as given in Eq. (2-83):
X, ¢ ¥,“}
I, 0 = <y " (A-13a)
x4 ¢
where
x = X = Lo Womn A-13b
¥y 33 W - (w-iv,) L )
Xxg, = Won (- Vo) (A-13¢)

Wt~ (W= Van)©
where we have neglected, for simplicity, the exchange term Wex a® k2,
We want to obtain the hermitian ‘and'anti-hermitian (or skew hermitian)
parts of Eq.(A-13a), ”xm"k and uxm”a' , respectively. We rewrite

xxx'and Xxy from Eq.(A-13b,c) as

7.~ [ (mrwte02) - ¢ [rommpwon] s
"" (Ww™ AE) + 4w hE -

-t G (A-14a)

x _ {%(O (w.‘.w"., v,,::) -2 wwm)’”"] -i[aw"' Vauly, -wnvo-\ (wf-wﬁv.,:')—_) é R =L S

(A-14b)
*3 (-t W) + 4w PF
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We rewrite Eq. (A-13), using Eqs. (A-14), as

(P-c &) (5+¢R)
2 =
b \ — (s+C R) (P—(Q)
P (R -8 S
h
= . -iR P =+ - -Q = “xm\l + “\Km“‘.
Since
PR\ Po-¢R\T P iR
g v) T r p) T L b

where T denotes the transpose, "xm"k is hermitian. Also

& s \T C& s\~ ~& g

(l
[

5 - -s  iaq -5 -ia

then | xm”" is anti-hermitian. In addition note that in a lossless
situation, ( 1),,,\= 0) " xm“a' = 0, Similarly we write
nd,

X =) Xe”h + ll Xe (A-15)

where the anti-hermitian part of the electric susceptibility tensor, || x| &,



has terms proportional to the collision frequency 7)1\ .

then be contained in this anti-hermitian part of l| x ||

losses are assumed small, to first order in || xg  \*
4

from Eq. (A-12) that

Ro] ¢ (4 +cwi) lxamh] = Re (£ &, ke mh®)

> (w, ”km"“)
DR~

-,

o xomil )
3w,

[3
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The losses will
Since the

, We may assume

(A-16)

Substituting Eq. (A-17) into (A-9) we get, after time averaging

A

2R [R..L(Em‘)] _ k.55 B

d(wr ixel) | B

O~

Y 2] ™ ﬂlh >
R &Gt a(w;:/ ).} =
— w | 418 Le)Ai]
— wé[% et 2ledral]) )
Ow,

_ -+ w;&,é'az H*.

L, {ga"’- O LN ol =R T T [ SO ‘-H]

dwe¥ml*)

]

dwe

(A-17)
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Equation (A-17) can then be written as Eqs. (2-114) and (2-115).
Equation (A-17) expresses the conservation of energy to first order in
the quantities || xg || “, wy and kj in a medium that is both

electric and magnetically polarizable.
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APPENDIX B: EVALUATION OF SPATIAL DOMAIN

LINEAR COUPLING COEFFICIENTS

From Section 4.2-3 we write the spatial coupled mode equations

(4-55) and (4-57) as

.Y ' '*54.60
OTE (Mg, + ¢ TEETS om B-la
o2 Eee A Upa + ( )
bd,..,. = —‘.’*M«r e = L Py Uy (B-1b)
d2
- - _iRe.a,. - Re- m_ (B-1c)
b Y PyVoa
bb“"= Sl A+ L P (B-1d)
Y

where w; = (w - kpy Vo + W= 1Y, )
w4=(w"kE_ Voz -wc"ivh)

We want to express my and v4 in terms of the uncoupled mode amplitudes

aM+ and ap, » SO that Eqs. (A-1) show explicitly coupling between normal

mode amplitudes. From Eq. (4-32) we write
d’E‘* - ‘\f.'. 'f' °(_‘. E+ +B*;\+ (B-z)

where o, and /‘;‘r are defined in Eqs. (4-38) and (4-39).
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From Eq. (4-28), assuming an a.c. variation of the form

exp. i(wt - kg+ 2), we write

E, :-_43_:’7_#\,, (B-3)

We eliminate E; from Eq. (B-2) by using Eq. (B-3). We then write

Ae, =5 +[-cﬁﬂﬂ+/ﬂk+ (B-4)

We could now assume that of the two transverse electric modes ap,, only
ag+ 1is excited, and we could solve for v; in terms of ap, only by sub-
stituting for h, from Eq. (4-31la). However we shall assume that the ap_
mode is also excited simultaneously with the ap;y mode, as we should,
since in reality the exciting field is in all probability linearly polarized.
Then the LHCP fields will be present along with the RHCP fields. Thus,

from Eq. (4-32) we write

Ae. = U, + o_E_ + f h_ (B-5)

-

where o and p- are defined in Eqs. (4-39, 4-39). From Eq.(4-28)

we write

E_ o (e K (B-6)
Pe-

We eliminate E_ from Eq. (B-5) using (B-6) and write

Le = U 4 [e :i-fi”_ +/s_] h (B-7)

£= 2 ;Eﬁ-ow +/B_ (B-8a)

Let
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and
. ¢: Ay fo) -
f, = - _7-L_ + Lt (B-8b)
Ba
We then rewrite Eqs. (B-4) and (B-7), as
* Y
Lde- =V, +(E) h (B-9b)
“*
where we used the relations v-‘ =v4 and h_ = h,. From Egs.
(B-9) we then have
» *
U, = 5 4‘: frae (B-10a)
‘f. + ‘}1.
and
e ® %
(LR Sl S (B-10b)

f- = fJ-‘

To write m4+ in terms of ap4+ , We use the definitions of ap, . Egs.

(4-6) and write

Ap. =A+ + _L € E,
. Ry

d’h—*=}\ _ fLw E
) £ar 7

Solving for hy we get

*
h. = Rns Ame - ’km-dmf
*

/RM -+ - ’ﬂ‘\f

(B-11a)

(B-11b)

(B-12)
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From the equation of motion of the magnetization, Eq. (4-5a), assuming

an a.c. variation of the form exp. i (wt - kygy 2 ), We write

2
my = _ hs . (B-13)
(010 -+ GVM)

Substituting (B-12) into (B-13) we get the desired expressions

*® ~
m, =2 (Rmsdme ~Rm® Ln") (B-14a)
(wo" Wt Vo) ( Ry ‘ﬁmf )
“~ &
/yy\_ = "M: = Wom (/p“f Lar - *“_ d"") (B-14b)

(Wo-w +5m) ( Ry - Rm=)

Let us now substitute Eqs. (B-10) and (B-14) into Egs. (B~1). We write

B‘vﬁ§ _ e R a . Re, Ws Do Rome Lot
b ey = - B+ E- )o U‘o; (WO'w -fl:y"\) (R.\*'&n:)
“* A
_i ‘kE+ W W, An- An- (B-15a)

P (mwriVm) (R Pu’)

Xt _ iRy Lt a, + __ﬁ—ﬁ“—at; (B-15b)
f f

Since agp; and a, are coupled to each other and to the conjugates of
a,. and ag_, respectively, we write the conjugate of Egs. (B-1c,d)

instead:
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bde_ _ 195.‘ (d: Woy Rme Ams
' = ‘Re- e +¢
R Jo Upa  (Wo-w+iva ) (R, -Ru")
. 4 % &
_ ‘,’ ’ks_ a),, won 'kM- dn- (B-15C)

}o"bz (wo—w -'-Lvm) (’k“\.‘." ka)

b;;- = l*k»: d,,.: _L‘f_{__— _Lf_f—— a (B-15d)

*
Equations (B-15) become Eqs. (4-58) when we substitute for f_ and f+

from Eqs. (B-8), (4-38) and (4-~39).




APPENDIX C.

EVALUATION OF TIME DOMAIN

LINEAR COUPLING COEFFICIENTS

268

The derivation of the time domain coupling coefficients follows

very closely the derivation of the spatial domain coupling coefficients,

outlined in Appendix B. Our object here is to express m, and v4 of

Eq. (4-125) in terms of the time domain normal mode amplitudes aMs+ and

ap, ¢ defined in Egs. (4-108) and (4-116),

To solve for my , we write from Egs. (4-108)

am+ = Myt gy h +rl Ey

where q.',; and r', are defined in Eqs. (4~110). Since Eq. (4-107c)

in+

-k
Eem gt

substituting Eq. (C-2) in Eq. (C-1) gives

apm+ = M+ + gy hy

where

g+ =

or

9+

Similarly, from Eq. (4-108) again we write

aM_

=m_+q_h_+r'_E_

(C-1)

(C-2)

(C-3)

(C-4)

(C-5)



269

where q'_ and r_ are defined in Eqs. (4-110). Since we can express E_

from Eq. (4-107¢) as

ko
tuy E.=-g b . (C-6)

substituting Eq. (C-6) in Eq. (C-5) and taking the complex conjugate

gives
* ” . :
aM_ = m+ + g_ h_ . o (C-7)
where
ik
= ] + ]
9- - E,,wM_ =
or
w + w
M- 2 2 2
9. = "0 1+ l:)zc (C-8)
2 M_

We can now solve Eqs. (C-3) and (C-7) for my . The result is

» *

gd. aM+ ~ 9+ M-
m, = C-9a
+ gl - g4 ( )

g a *.g * a
* - + 2+ M-

m_ =m, = M " (C-9b)

g. - 94

To solve for v4 in terms of ap, , we write, from the definition

of Ay s Eq. (4-116)

AY
ap,, =v,* o, E + f h (C-10)

E+ +

where 0(: and /5; are defined in Eqs. (4-119a,b). From Eq. (4-115d)
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we can write

i €€, v, E, =kh - Av, (C-11)

and substituting for E, in Eq. (C-10) from Eq. (C-11) we have

.
Ay = (1+ wEr )V+ - ﬁ*h+ (C-12)
where
_ 1 2 2.2 W - »
11’ T e e k“c “’E+\) h, (C-13)

Similarly, from Eq.(4-116) again we have

ag. = v.+ o +f h (C-14)

where o<: and /3\ are defined by Egs. (4-119a,b). From Eq.(4-115d)

we can write

k
fw., E = - h + -,/3°- v C-15
E- - EEHh ~ T T ( )

Substitution of E_ from Eq.(C-15) in Eq. (C-14), and taking the complex

conjugate yields

W -”»°
ag = (1 +TOEL)*V++ L h, (C-16)
where
2 - i S+ rEat -
- Pk Wp_ W, = Wy + kc og. (C-17)

We now solve Eqs. (C-12) and (C-16) for v4. We get
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%*%
/é-* ae.'. -+ ’é‘f‘ 45_

'U"* = p Y (C-18a)
(H» -;;i)l_* + (I-r w;) l_,_

U= CLan 8] gk (C-18b)
U:. = Y, - ( s ‘l [ 2 )/Qve
. l,‘f we*) ~ T ( -+ UJE- +

.

4

Wher_l yve‘substitute Egs. (C-9) and (C-18) in Egs. (4~125), we obtain the

coupied mode Eqgs. (4-126).
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APPENDIX D - EVALUATION OF NONLINEAR COUPLING
CCOEFFICIENTS

We would like to express the field quantities v+ and B, in terms

of the normal mode amplitudes ag, and a To do this, we use the

M+

definitions of ag, and ap+ Equations (5-25a,b) and (5-29), respect-

Y Y
ively, as well as the constituent relation between B and h:

aE-r =V, *+ x, £, + P‘f- B, (D-1a)
” < Nl
Ag, =V t+ o E_+ £ B_ (D-1b)
N \
Adp. = VI + o E. + A B (D-1¢)
< ol i
2 =V, + x E, t A B, (D-1d)
\ AN
a‘M-r =m, v T, By # . h’+ (D-1e)
* N Nt
Awe =m =+ 7, E_ ~4, h_ (D-1f)
\ \ }L
Gp. = m +7E +L L (D-1g)
E %
d,,,f =m, +7 Ei g A"" (D-1h)
B, = o (™. * k) (D-11)
B = o (. + k) (D-11)
where
. L'E,E, W, . \ &€ (w @ .,(07.) D-2
= ———— = - E+ 9 P ( a)
== P /iRes
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. € w w
o = £€ Wy J é = 5% (wg ., - wp) (D-2b)
fo /o RE-
g‘+ = AWy 7;‘: Rme (4 -Wny) (D-2¢)
w, /0 w, wM+
{_ = Llas .o Rn- _(Hhvn) (D-2d)
w& Ao w}w’.-
with
(O
W= W+ Wy & Ry, + Wy (D-3a)
+ L 2 -
W= W) + Wy &Ryl =V, (D-3b)
%'—'- We ., "'QE+ UE& +W, — ¢ ))’\ (D-30)
W, = wE_—’ﬁ,E-U,)z RN (D_:id)_

We now solve Eqs. (D-1) simultaneously for B, and v,. The resultis

* “®
B+ - D,GLE_ - Dld’E+ -+ Ekafm- - E, d'M-f (D-4a)
(61"’6'*)
- “at cEN am- B an?
R - Dide —D Ze. +E Am-"E 2y (D-4b)
(6'.'*6-&)*
* ”w
1;1-' = 6 Te, + 63 dm+ *é'a 45"‘"644"\- (D-4c)
* " é‘s'.ré;;) ”* *
fb—_ - él ¢5‘f 1 63 a’ﬂ-r -+ éa. 45’*6‘4 Am- (D-4d)
(6,14,)°

where
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~ -
G - & kM-r 2
T @y (“e-wy- ) (D-53)
Do i e |
E, [~ ]
(’-\ el BT ﬁh (“evy- ) (D-5b)
f“ | E+ J
- D =- £, F (D-5¢)
- /'Oeo (w-s"' w") (D_sd)
! (, Wy Wi )
Wp- W,
E - _ % £ (D-5¢)
R wﬂl— a4 !

(ws‘% w; ~Uut) (e, - 2 W) 1

G=— ﬁgipt Kes (D-5f)

3 A <l-r Wae Wa
i Wm-w, |
Gym - Lastn ¢ -5
Wh-w,
P’km-(u c > ( A ) ]
F = 'pM'f w.'f wl + wﬂ‘ wi (D_Sh)
CECop=
W, Wy Ly W

To express V

, and E; interms of a,g f We use the definitions

of Eqs. (5-2 c¢,d) to write
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- L & E, 2
dz; = U - A, L E, (D-6a)
a, frnd (: E.{, w‘
20 = U e E, (D-6b)
where
Wy = (W= /)" ~ Y )a (D-"7a)
w, = (W= ¥/e)"™ o Dy (D-7b)

We solve Eqs. (D-6) for v, and E, and write

E. =_t/l (472; -, (D-8a)

-~ F £ (We+a)

(e + @)

U

2 (D-8h)

The nonlinear terms in the equilibrium equation for ag, , Eq. (5-34a),

are
Now - . .
Liveme = U /ka+0-; Up + ¢ 7* b; B+ + £ % 4 ’QE* E?Jf* (D-9)
TERMS /bo

Substituting first Eqs. (D-8) in Eq.:(D-9) we get

NenLivear :[ﬁ—fe—*- (4+ @) g + &—(‘%“"J%@]‘&

TERMS (@s + 2, (ws+ay)

(D-10)
({”5-! 10‘) +
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Substituting for v, and B, from Eqs. (D-4a,c) in Eq. (D-10) we

have
vovLwear _ | ¢ l-‘;?u(w‘,-rw-, )6': - i‘&%a a
TERMS 0F 2 . 2 E+
4E+ (GT""'&) L Do e (Or o)
. -’RE-\- (we+ws) 7 W, E 7
i cilfer oon (o guels g
= ( r+ie) (“’;*“’b)_l

-p!:_+ ‘w,-o 0)3) (’_ - “w D— a L3

a__
L2 (uw) % (gl FE

—

Re,  (wetwy) ¢ + 7%, E d'e{—d‘:—

- L2 (Wgewy) (Ws+p)

é,ca 3

: [« wswy) o _ T

(V+0,) L @)

L Ree (0503) ( _ 7esE, Jd'epa'w-

L)‘ (Ogw) (py+a,)

WJ-QU)Q) w_r*wb\

o lRee (Wswy ¢ b N PR (D-11)
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When we substitute the expressions for G,, G;, Gis, G4, D;, E, and E;
from Eqs. (D-5) into Eq. (D-11), we get Eq. (5-35a). Similarly, we can
write expressions for the nonlinear terms of the equations in ag_, a,f

and a, g, Egs. (5-34b,c,d) respectively. After similar algebraic mani-

pulations, the resultant equations are Eqs. (5-35b,c and d).
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