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Abstract

Stallings foldings and subgroups of free groups

by

Toshiaki Jitsukawa

Advisor: Professor Alexei Myasnikov

In this dissertation we discuss a number of problems on subgroups of

free groups by using foldings of graphs. Every finitely generated sub-

group of a free group is represented by a labeled directed graph, which

is called the core-graph of the subgroup. Firstly, we prove that any

reasonable graph can be the core-graph of a subgroup of a free group.

Secondly, we farther study the structure of core-graphs and obtain a

number of new partial results on the Hanna Neumann conjecture on in-

tersections of finitely generated subgroups of a free group. Finally, once

malnormality of subgroups of a free group is characterized in terms of

core-graph, we show that almost every set of k reduced words of a free

group generates a malnormal subgroup of rank k.
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CHAPTER 1

Introduction

A group F is called free if it has a subset X with the property that

every element of F can be written uniquely as a product of X and

their inverses without obvious cancelations. By the Nielsen-Schreier

subgroup theorem, every subgroup of a free group is free. In this dis-

sertation we discuss a number of problems on subgroups of free groups

by using foldings of graphs. This graph-theoretical viewpoint was in-

troduced in the Stallings’ paper [28], and studied in detail in the paper

of Kapovich and Myasnikov [16]. By the useful notion of foldings of

graphs, every finitely generated subgroup of a free group is uniquely cor-

responding to a labeled directed graph, which is called the core-graph

of the subgroup.

In Chapter 3, we describe the precise set of underlying graphs of core-

graphs. Let H = 〈w1, . . . , wm 〉 be a subgroup of Fn = 〈x1, . . . , xn 〉.

1
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For any finitely generated (non-trivial) subgroup H, the core-graph ΓH

of H has the following properties:

(I) It is a finite connected graph with a base point.

(II) The degree of each vertex is no more than 2n and is more than

1 except possibly at the base point.

Any graph with these properties can be labeled and oriented so that

it becomes the core-graph of a finitely generated subgroup of Fn. Let

Gn = { graphs with the properties (I) and (II) }. Then,

Theorem. Let Γ ∈ Gn. Then, there exists a finitely generated

subgroup H of the free group Fn such that Γ becomes the core-graph of

H by assigning labels and directions appropriately.

In Chapter 4, we discuss the Hanna Neumann conjecture on inter-

sections of finitely generated subgroups of a free group. A result of

Howson [10] is that two finitely generated subgroups H and K of a free

group have finitely generated intersection. Then Hanna Neumann [21]

gave a bound for rank(H ∩K) in terms of rank(H) and rank(K) by
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showing that

rank(H ∩K)− 1 ≤ 2(rank(H)− 1)(rank(K)− 1),

and asked if the factor 2 in the right can be dropped. This problem

has come to be known as the Hanna Neumann conjecture and remains

still open in general. We propose a new graph-theoretical approach to

the problem, which is equivalent to Walter Neumann’s strengthened

version of the Hanna Neumann conjecture [22]. We prove that the

strengthened version of the conjecture can be expressed in terms of the

number of trees in the product of core-graphs of two subgroups.

Theorem. The strengthened Hanna Neumann conjecture {H,K}

holds if and only if

τ(ΓH × ΓK) ≤ (h− hx)(k − ky) + (h− hy)(k − kx),

where h and k are the numbers of vertices, hx and kx are the numbers

of x-edges, and hy and ky are the numbers of y-edges in ΓH and ΓK

respectively. τ(ΓH × ΓK) is the number of connected components in

ΓH × ΓK which are trees.
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Then we study the structure of core-graphs and show the following

primary decomposition theorem of core-graphs.

Theorem. Let ΓH be a core-graph. Then, up to conjugation, ΓH is

equivalent to a graph so that each component is a prime graph.

The definition of the equivalence in the theorem and the list of fifteen

prime graphs are given in Section 4.6. We also present an algorithm

which decomposes any core-graph into primes. The primary decompo-

sition theorem of core-graphs and farther study of product-graphs find

some partial results on the conjecture. We classify core-graphs into five

classes [0], [I], [II], [III] and [IV]. Then

Corollary. The Hanna Neumann conjecture {H, K} holds if

Class(H) = [0].

A source is a vertex of degree 2 with two out-going edges, and a sink

is a vertex of degree 2 with two in-coming edges.

Corollary. The Hanna Neumann conjecture {H, K} holds if the

number of source is equal to the number of sink in at least one of core-

graphs.
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Corollary. The Hanna Neumann conjecture {H, K} holds if

Class(H) 6= Class(K).

An automorphism ϕ of F (X) is called length-preserving if |wϕ| = |w|

for any w ∈ F (X). A word w ∈ F (X) is called a fixed point of an

automorphism ϕ of F (X) if wϕ = w.

Corollary. Let − : F2 → F2 be any length-preserving automorphism

without non-trivial fixed points. Then, the Hanna Neumann conjecture

{H, K} or {H−, K} holds.

In fact, when trying to solve the conjecture in general, we can always

restrict our attention to subgroups such that all branching vertices in

core-graphs are of degree 3 of the same type.

Corollary. If the Hanna Neumann conjecture is false in general,

then there is a counterexample {H, K} such that all branching vertices

in the core-graphs ΓH and ΓK are of degree 3 of the same type.

At the end of Chapter 4, we state graph-theoretical conjectures so

that each of which implies a positive solution of the strengthened Hanna

Neumann conjecture.
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Let G be a group. A subgroup H of G is called malnormal in G if

g−1Hg ∩H = {1} for every g ∈ G−H.

In chapter 5, malnormality of subgroups of free groups is character-

ized in terms of core-graphs.

Theorem. H is malnormal in Fn if and only if

rank(H) = b1(ΓH × ΓH),

where b1(Γ) is the cyclomatic number of Γ. The idea of the characteri-

zation is contained in the Stallings’ paper [28], and is discussed also in

Kapovich and Myasnikov [14].

Let Bt be the set consisting of all reduced words of length ≤ t in

Fn. And let F(t, k) be the set consisting of all k-subsets of words of

Bt, where k = 1, 2, 3, . . .. We can turn F(t, k) into a probability space

introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property Q if

lim
t→∞

Pr ( s ∈ F(t, k) such that s has Q ) = 1.
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In Section 5.3, we see that almost every finitely generated subgroup

of Fn is malnormal with the probability.

Theorem. Almost every k-subset {w1, . . . , wk } ∈ F(t, k) is such

that the subgroup 〈w1, · · · , wk 〉 is malnormal.

This shows that it is easy to come up with particular examples of

malnormal subgroups. However, it is much harder to find a non-obvious

example of non-malnormal subgroups.

In section 5.2, we describe a family of multigraphs for which every

labeling and directing gives rise to the core-graph of a non-malnormal

subgroup.

Theorem. Let H be a finitely generated subgroup of Fn. If a con-

nected subgraph ∆ of ΓH has one of the following three conditions, then

H is not malnormal.

(1) D(∆) >
√

n and |V (∆)| ≥ n{D(∆)} − n

{D(∆)}2 − n

(2) m > n + 1 and |V (∆)| ≤ m− 1 +
√

n(m− 1)(m− n)

n− 1

(3) m > n + 1 and |E(∆)+| ≤ n(m− 1) +
√

n(m− 1)(m− n)

n− 1

where m = |E(∆)+| − |V (∆)|+ 1.
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D(∆) = |E(∆)+|/|V (∆)| is the density of ∆, |V (∆)| is the number of

vertices and |E(∆)+| is the number of oriented edges in ∆.

Finally, we have the following corollary related to the strengthened

Hanna Neumann conjecture.

Corollary. Almost every subgroup H of F2 is such that

∑
[ rank(Hg ∩H)− 1 ] = rank(H)− 1,

where the summation is over a set of double coset representatives g ∈ F2

for H\F2/H with rank(Hg ∩H) 6= 0.



CHAPTER 2

Definitions and preliminaries

1. Free groups

Let X be a set, and X−1 be a set of the same cardinality as X. There

is a fixed bijection from X to X−1. For each x ∈ X, the corresponding

element in X−1 is denoted by x−1. Let Σ be the disjoint union X∪X−1.

A word in Σ is a finite string over Σ. A word is reduced if it does not

contain a subword of the form xx−1 or x−1x, where x ∈ X and x−1 ∈

X−1. The set of all reduced words over Σ has a group structure. The

product of two words is defined by concatenating them and canceling

out subwords of the form xx−1 or x−1x to obtain the reduced word.

The cancelation is called elementary reduction. The empty string is

the identity of the group and denoted by 1. The group is called the

free group on X. We denote this free group by F (X). In particular,

if X = {x1, . . . , xn } is a finite set, the free group is called finitely

generated, and denoted by Fn(X), or simply by Fn.

9
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The following universal property characterizes free groups. Let X

be a set, and let f : X → G be any map from X to a group G, then,

there is a unique homomorphism ϕ : F (X) → G such that ϕ|X = f .

Consequently, any group is isomorphic to a quotient group of a free

group.

2. Graphs

Definition. A graph Γ consists of two disjoint sets V (Γ) and E(Γ)

together with two functions

E(Γ) → V (Γ)× V (Γ) , e 7→ (s(e), t(e))

E(Γ) → E(Γ) , e 7→ ē

which satisfy, for all e ∈ E(Γ), e = ¯̄e, e 6= ē and s(e) = t(ē).

The set V (Γ) is the set of vertices of Γ, and the set E(Γ) is the set

of edges of Γ. Let e ∈ E(Γ). The vertex s(e) is the starting vertex of e,

and the vertex t(e) is the terminal vertex of e. These two vertices, one

vertex if s(e) = t(e), are called the end points of e. The edge ē is the

inverse of e.
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The degree of a vertex v is the number of edges starting at v. A

path in Γ of length n is a finite sequence of edges e1e2 · · · en such that

t(ei) = s(ei+1) for every i, 1 ≤ i < n. A closed path in Γ of length n

is a path e1e2 · · · en such that s(e1) = t(en). A closed path e1e2 · · · en is

called reduced if ei+1 6= ēi for every i, 1 ≤ i < n. A graph Γ is said to be

connected if, for any two vertices u, v ∈ V (Γ), there is a path e1e2 · · · en

such that s(e1) = u and t(en) = v. An orientation of a graph Γ is a

subset E(Γ)+ of E(Γ) such that E(Γ) is the disjoint union of E(Γ)+

and the inverses E(Γ)−, i.e., one edge is chosen out of each pair of edges

{ e, ē }. A tree is a connected graph such that, for any two vertices u

and v, there is a unique reduced path from u to v in any orientation.

Definition. A digraph is a graph together with an orientation.

Every digraph is a graph if we forget its orientation. In practice,

we often illustrate a graph by a diagram of a digraph. A vertex of a

graph is represented by a point, a pair { e, ē } of an edge and its inverse

is represented by a line connecting their end points. For each line, we

choose one edge from the pair of edges { e, ē } and direct the line by
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an arrow from the starting vertex to the terminal vertex of the edge

chosen. This is a diagram of a digraph.

uv

e

f

Figure 1. An illustration of the graph having two vertices u, v and

four edges e, ē, f , f̄ such that u = s(e), v = t(e) = s(f) = t(f). For

this illustration, the orientation { e, f } has been chosen.

Definition. Let Γ and ∆ be graphs. A morphism of graphs ϕ :

Γ → ∆ consists of two maps of sets ϕV : V (Γ) → V (∆) and ϕE :

E(Γ) → E(∆) which satisfy, for all e ∈ E(Γ),

ϕV (s(e)) = s(ϕE(e))

ϕE(ē) = ϕE(e).

A graph Γ is a subgraph of a graph ∆ if V (Γ), E(Γ) are subsets of

V (∆), E(∆) respectively, and the inclusion maps ϕV : V (Γ) ↪→ V (∆)

and ϕE : E(Γ) ↪→ E(∆) form a monomorphism of graphs.
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A graph morphism ϕ : Γ → ∆ is said to be locally injective if ϕ(e) 6=

ϕ(f) for any two distinct edges e, f ∈ E(Γ) such that s(e) = s(f).

ϕ : Γ → ∆ is said to be locally surjective if, for any vertex v ∈ V (Γ) and

every edge e ∈ E(∆) such that s(e) = ϕ(v), there is an edge f ∈ E(Γ)

such that s(f) = v and ϕ(f) = e. ϕ is said to be locally bijective if it

is both locally injective and locally surjective. A locally injective mor-

phism, a locally surjective morphism and a locally bijective morphism

are also called immersion, submersion and covering respectively.

3. The fundamental group of a graph

A pointed graph Γ is a non-empty graph together with a distinguished

vertex 1Γ. The vertex 1Γ is called the base point of Γ. Morphisms of

pointed graphs are graph morphisms which preserve base points. The

fundamental group is a covariant functor from the category of pointed

graphs to the category of groups.

A closed path in Γ of length n is a finite sequence of edges e1e2 · · · en

such that t(ei) = s(ei+1) for 1 ≤ i < n, and 1Γ = s(e1) = t(en). A

closed path e1e2 · · · en is called reduced if ei+1 6= ēi for 1 ≤ i < n. The
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set of all reduced closed paths in Γ has a group structure. The product

of two closed paths is defined by concatenating them and canceling

out subsequences of the form eiēi to obtain the reduced path. The

cancelation is called elementary reduction. The empty path, the path

of length 0, is the identity of the group and denoted by 1. The group

is called the fundamental group of Γ. We denote this group by π1(Γ).

Definition. The core of a pointed graph Γ is the maximal con-

nected subgraph which has the same fundamental group as of Γ. We

denote this by Core(Γ).

In general, a connected pointed graph Γ may contain a connected

proper subgraph Γ′ which has the same fundamental group as of Γ. The

core of Γ is the intersection of all such Γ′. In particular, if Γ is finite,

Core(Γ) can be obtained by deleting vertices of degree one and all edges

incident with them repeatedly until there is no vertices of degree one

except the base point of Γ. Thus, the core of a pointed graph Γ has no

vertices of degree one except possibly at the base point.
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1
1

Core

Figure 2. A pointed graph Γ and its core Core(Γ).

4. Covering spaces of a graph

Definition. Let Γ and ∆ be connected graphs. A morphism of

graphs p : ∆ → Γ is called a covering of Γ if it is locally bijective.

Let Γ be the pointed graph having one vertex v and 2n edges x1,

x̄1, . . . , xn, x̄n. Then, the fundamental group π1(Γ) is isomorphic to

the free group Fn = 〈x1, . . . , xn 〉. Let H be a subgroup of Fn. We

now construct the covering of Γ corresponding to H. The vertices are

the right cosets {Hw } of the subgroup H in Fn. The base point is the

vertex corresponding to the coset {H1 }. For each i = 1, . . . n and each

pair of cosets {Hv } and {Hw } such that {Hw } = {Hvxi }, there

is a pair of edges [Hv, xi, Hw] and [Hw, x̄i, Hv] in the covering graph.
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The two functions are given by

[Hv, xi, Hw] 7→ (Hv,Hw) , [Hw, x̄i, Hv] 7→ (Hv,Hw)

[Hv, xi, Hw] 7→ [Hw, x̄i, Hv] , [Hw, x̄i, Hv] 7→ [Hv, xi, Hw].

We denote this covering pointed graph by ΓH. Then, the morphism of

pointed graphs pH : ΓH → Γ defined by {Hv } 7→ v, [Hv, xi, Hw] 7→ xi,

[Hw, x̄i, Hv] 7→ x̄i is locally bijective. We call this the covering of Γ

corresponding to H.

In particular, if H is a normal subgroup of Fn, then the covering

graph ΓH corresponding to H is a Cayley graph of the quotient group

G = Fn/H.

Definition. The pointed graph Core(ΓH) is called the core-graph

of H.

For example,

let H = 〈 y 〉 ≤ F2 = 〈x, y 〉, the set of the right cosets of H in F2

is V (ΓH) = {Hw |w ∈ F2 so that the initial letter of w is x or x−1},

and the covering graph ΓH corresponding to H is the infinite graph:
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y

x x x x x x

xxx

x

x

x x x

y

yy

y

y

yy

y

y

y

y

y

H Hx Hxx

Hxy

Hxy

Hx x

Hx y

-1

-1

Hx y

Hx
-1

-1-1

-1-1

And the core-graph Core(ΓH) is:

y

H

5. Finite state automata and regular languages

Definition. A (deterministic) finite state automaton M consists of

two disjoint finite sets S, Σ and a subset A of S together with two

functions

S × Σ → S , (s, σ) 7→ sσ

S0 → S , ∞ 7→ 1M .
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The finite set S is the set of states of M , the subset A is the set of

accept states, and the finite set Σ is called an alphabet. The function

S × Σ → S , (s, σ) 7→ sσ is called the transition function. The set S0

is the singleton set {∞}, thus the initial state 1M of M is selected by

the nullary operation S0 → S , ∞ 7→ 1M .

Let Σ be a finite set, and let Σ? be the set of all strings over Σ.

A string over Σ is a finite sequence of elements in Σ. In particular,

the string of length 0 is called the nullstring, and we denote this by ε.

The transition function S × Σ → S can be extended to a function on

S × Σ? in the obvious way. We say that a string w is recognized by M

if 1Mw ∈ A.

A language over Σ is a subset of Σ?. A language is called regular if

it is recognized by some finite state automaton. The regular language

recognized by M is denoted by L(M).

A state s is said to be failure if no accept states can be reached from

the state. We may assume that each of our automata has at most one
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failure state since we can combine all failure states into a single state

without changing the language recognized by the automaton.

we often illustrate an automaton by a diagram. A state of an au-

tomaton is represented by a point, the transition function of an au-

tomaton is represented by labeled arrows. Namely, (s, σ) 7→ sσ is

represented by an arrow from the point corresponding to the state s to

the point corresponding to the state sσ. The label of the arrow is σ.

For example, let H = 〈x 〉 ≤ F2 = 〈x, y 〉. The diagram below repre-

sents a finite state automaton which recognize the subgroup H. This

also can be viewed as a diagram of a digraph.

initial

accept
&

x

x

y

y

-1

x

-1

x -1

y

y -1

failure



CHAPTER 3

Stallings foldings

In [28] Stallings studied the category of graphs and introduced the

notion of immersions of graphs. Every finitely generated subgroup of

free groups can be represented by an immersion of a finite graph. By us-

ing graph-theoretical techniques, one can elegantly reprove many clas-

sical facts about free groups.

1. Foldings of a labeled pointed graph

Definition. A labeled pointed graph Γ consists of three disjoint sets

V (Γ), E(Γ) and Σ together with five functions

E(Γ) → V (Γ)× V (Γ) , e 7→ (s(e), t(e))

E(Γ) → E(Γ) , e 7→ ē

E(Γ) → Σ, , e 7→ l(e)

Σ → Σ , x 7→ x−1

20
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V (Γ)0 → V (Γ) , ∞ 7→ 1Γ

which satisfy, for all e ∈ E(Γ) and all x ∈ Σ, e = ¯̄e, e 6= ē, s(e) = t(ē),

x = (x−1)−1, x 6= x−1 and l(ē) = l(e)−1.

The set V (Γ) is the set of vertices of Γ, the set E(Γ) is the set of

edges of Γ, and the set Σ is an alphabet. We assume that our alphabet

Σ to be the disjoint union X ∪X−1, where X is a finite set, and X−1

is a set of the same cardinality as X. The vertex s(e) is the starting

vertex of e, the vertex t(e) is the terminal vertex of e, and l(e) is the

label of e. The set V (Γ)0 is the singleton set {∞}, thus the base point

1Γ of Γ is selected by the nullary operation V (Γ)0 → V (Γ) , ∞ 7→ 1Γ.

Morphisms of labeled pointed graphs are graph morphisms which

preserve labels of edges and base points.

Definition. Let Γ and ∆ be labeled pointed graphs. A morphism

of labeled pointed graphs ϕ : Γ → ∆ consists of two maps of sets

ϕV : V (Γ) → V (∆) and ϕE : E(Γ) → E(∆) which satisfy, for all

e ∈ E(Γ),

ϕV (s(e)) = s(ϕE(e))
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ϕE(ē) = ϕE(e)

l(ϕE(e)) = l(e)

ϕV (1Γ) = 1∆.

Convention. We recall that a digraph is a graph together with an

orientation. Our alphabet Σ is the disjoint union X ∪ X−1 of a finite

set X and the formal inverses X−1. Since l(ē) = l(e)−1 for each pair

of edges { e, ē } in Γ, there is an orientation E(Γ)+ of Γ such that the

label of each edge in the orientation is in X. We usually choose this

particular orientation when a graph is represented by a digraph. Every

digraph is a graph if we forget its orientation.

Foldings of labeled graphs are defined by pushouts in the category.

Let Λ is the graph having three vertices u, u1, u2 and four edges d1,

d̄1, d2, d̄2 such that u = s(d1) = s(d2), u1 = t(d1), u2 = t(d2) and

l(d1) = l(d2). Let Λ′ is the graph having two vertices v, w and two

edge f , f̄ such that v = s(f), w = t(f) and l(f) = l(d1) = l(d2). And,

ϕ : Λ → Λ′ is the morphism such that ϕ(u) = v, ϕ(u1) = ϕ(u2) = w
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and ϕ(d1) = ϕ(d2) = f . Let ψ : Λ → Γ be a morphism to any labeled

graph Γ.

u

1

2

u

u

1

2

d

d

f

v w

Figure 1. ϕ : Λ → Λ′

Definition. The morphism φ : Γ → Γ′ in the pushout Λ′
ψ′−→ Γ′

φ←− Γ

of Λ′
ϕ←− Λ

ψ−→ Γ is called a folding.

A pair of labeled edges { e, f } of Γ is said to be admissible if s(e) =

s(f), e 6= f̄ , and l(e) = l(f). In other words, a folding identifies e to f ,

t(e) to t(f), ē to f̄ . In this case, the quotient graph Γ′ is denoted by

Γ/[e=f ]. We note that every non-trivial folding reduces the number of

edges by 2 including the inverses. Foldings of labeled pointed graphs

are defined by foldings of labeled graphs through the forgetful functor.
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Definition. Let Γ be a labeled pointed graph. Then Γ is folded

provided the following holds: if l(e) = l(f) for some e, f ∈ E(Γ) so

that e 6= f̄ , then s(e) 6= s(f), i.e., there are no admissible pairs of edges

in Γ.

If a given labeled pointed graph Γ is finite, then there is a finite

sequence of foldings

Γ = Γ0
φ1−→ Γ1

φ2−→ · · · φn−1−−→ Γn−1
φn−→ Γn = Γ′

such that any further folding φn+1 : Γn → Γn+1 is trivial (i.e., bijective).

Since the number of edges in Γ is finite and each non-trivial folding

reduces the number by 2, any sequence of non-trivial foldings must

terminate with a folded graph.

Suppose that Γ → Γ/[e=f ] and Γ → Γ/[g=h] are two non-trivial fold-

ings. If Γ/[e=f ] 6= Γ/[g=h], then Γ/[e,f ] → Γ/[e=f=g=h] and Γ/[g,h] →

Γ/[e=f=g=h] are two non-trivial foldings.

Thus, if

Γ
φ1−→ Γ1

φ2−→ · · · φn−1−−→ Γn−1
φn−→ Γn
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Γ
φ′1−→ Γ′1

φ′2−→ · · · φ′m−1−−−→ Γ′m−1
φ′m−→ Γ′m

are two finite sequences of non-trivial foldings which terminate with

folded graphs Γn and Γ′m, then n = m and Γn = Γ′m. There is a unique

folded graph of Γ although the sequence of foldings is not unique.

Let ϕ : Γ → ∆ be a morphism of labeled pointed graphs. Then ϕ

determines a homomorphism of groups

ϕ∗ : π1(Γ) → π1(∆)

that takes a closed path in Γ to a closed path in ∆ up to elementary

reduction. In particular, if ϕ is a folding, then the induced homomor-

phism ϕ∗ is surjective.

Suppose that ∆ is the graph having one vertex v and 2n edges labeled

by x1, x̄1, . . . , xn, x̄n. Then ∆ is folded, and the fundamental group

π1(∆) is isomorphic to the free group Fn = 〈x1, . . . , xn 〉. In this case,

H = ϕ∗(π1(Γ)) is a finitely generated subgroup of Fn. Let φ : Γ → Γ′

be the composition of a finite sequence of foldings terminating with the
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folded graph Γ′. Then, since ∆ is folded, there is a unique immersion

ϕ′ : Γ′ → ∆

such that ϕ = ϕ′ ◦ φ. Furthermore, since the induced homomorphism

φ∗ : π1(Γ) → π1(Γ
′) is surjective, ϕ′∗(π1(Γ

′)) = ϕ∗(π1(Γ)) = H. H is

represented by the immersion ϕ′ : Γ′ → ∆.

For any finitely generated subgroup H of Fn, we consider all graphs

Γ and morphisms ϕ : Γ → ∆ such that ϕ∗(π1(Γ)) = H. Then, the

morphism from the intersection of all terminal foldings of such graphs

Γ to ∆ is an immersion. And, the image of the induced homomorphism

is H. The intersection of all terminal foldings of such graphs Γ is called

the core-graph of H, and denoted by ΓH .

2. Constructing the core-graph of a subgroup

Let H = 〈w1, . . . , wm 〉 be a finitely generated subgroup of Fn =

〈x1, . . . , xn 〉, where each wi is a reduced word in Fn. We construct the

core-graph of H as follows: For each reduced word wi, i = 1, . . . , m,

of length |wi|, we consider an oriented cycle with a base point. Each
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pointed cycle is considered to be a graph having |wi| vertices and |wi|

pairs of edges. Each directed line, which is corresponding to a pair of

edges, is labeled by a letter in X±1 according to the word wi along the

orientation, with starting and ending at the base point. If an edge is

labeled by a letter xi
−1 ∈ X−1, then we reverse the orientation of the

line and replace the label xi
−1 by xi. And, we form the pointed union

of m cycles by identifying all the base points of the graphs. Then, at

the base point, if there are two edges so that they have the same label

and the same direction, i.e., outgoing or incoming, we identify them.

We repeat a folding until there are no such pairs of edges at every

vertex. Each folding reduces the number of edges in the graph, and

since the number of edges is finite, this sequence terminates in finitely

many steps. The resulting labeled pointed graph is the core-graph ΓH .

Indeed, this is the minimum graph since if we delete any edge from ΓH ,

then the image of the induced homomorphism to π1(∆) is not H. In

other words, Core(ΓH) = ΓH .
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Figure 2. Constructing the graph ΓH corresponding to the subgroup

H = 〈xy, xyx−1y−1x 〉 ≤ F2 = 〈x, y 〉.

Each path in the graph ΓH corresponds to a word in X±1 by reading

labels of edges, where if we pass through an edge labeled by xi against

the orientation, we read the label as xi
−1. Let g ∈ Fn. Then, if g ∈ H,

there is the closed walk at the base point in ΓH so that the correspond-

ing word is g. Conversely, for every closed path at the base point in ΓH

without backtracking , there is the corresponding reduced word in H.

Thus, ΓH can be viewed as a finite state automaton which recognize

the subgroup H.
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3. Stallings foldings and Petersen’s theorem

Let H = 〈w1, . . . , wm 〉 be a subgroup of Fn = 〈x1, . . . , xn 〉. For

any finitely generated (non-trivial) subgroup H, the core-graph ΓH of

H has the following properties:

(I) It is a finite connected graph with a base point.

(II) The degree of each vertex is no more than 2n and is more than

1 except possibly at the base point.

In this section, we prove that any graph with these properties can be

labeled and oriented so that it becomes the core-graph of a finitely

generated subgroup of Fn. Let

Gn = { graphs with the properties (I) and (II) }.

Theorem 1. Let Γ ∈ Gn. Then, there exists a finitely generated

subgroup H of the free group Fn such that Γ becomes the core-graph of

H by assigning labels and directions appropriately.

We recall some standard terminology in graph theory. Let Γ be a

graph. The degree of a vertex v is the number of edges starting at
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v ∈ V (Γ). A graph is said to be n-regular if every vertex has degree

n. In particular, a connected 2-regular graph is called a cycle. An edge

e ∈ E(Γ) is said to be a loop if s(e) = t(e). A 2-factor of a graph

is a spanning subgraph, that is a subgraph containing every vertex of

the graph, so that every vertex has degree 2. A graph is said to be 2-

factorable if the graph can be decomposed into edge-disjoint 2-factors.

2-factorable graphs have been characterized by J. Petersen ([25],

[2]). Certainly, if Γ is 2-factorable, then necessarily Γ is regular of even

positive degree.

Petersen’s Theorem. Every regular graph of even positive degree

is 2-factorable.

Let Γ be a graph with an orientation. A closed path in the orien-

tation of Γ is called a circuit if all its edges are distinct. In particular,

a circuit containing all the edges of the orientation is called an Euler

circuit. A graph is called Eulerian if it has an Euler circuit with some

orientation. A characterization of Eulerian graphs is that a non-trivial

connected graph is Eulerian if and only if each vertex has even degree.
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Proof of Petersen’s theorem. The statement is obvious if Γ

is 2-regular. Suppose that Γ is 4-regular. We may assume without loss

of generality that Γ is connected. Hence, Γ is Eulerian and contains an

Euler circuit of even length. We label the edges of the circuit alternately

x and y. With each vertex of Γ, two x-edges and two y-edges are

incident. Γ is decomposed into two 2-factors, one consists of all x-edges

and their inverses, and the other one consists of all y-edges and their

inverses.

Suppose that Γ is 2n-regular, where n > 2. Let e and f be two

edges in an orientation of Γ. We derive a new graph Γ′ by deleting two

pairs of edges { e, ē } and { f, f̄ }, and substituting new pairs of edges

{ e′, ē′ } and { f ′, f̄ ′ } so that s(e′) = s(e), t(e′) = t(f), s(f ′) = s(f)

and t(f ′) = t(e). Then, Γ is 2-factorable if so is Γ′. Suppose that

Γ′ is 2-factorable. If e′ and f ′ are in the same 2-factor of Γ′, Γ is

decomposed into 2-factors in the obvious way. On the other hand, if

e′ and f ′ are in two different 2-factors of Γ′, we look at the subgraph

of Γ corresponding to the two 2-factors of Γ′. Since the subgraph of
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Γ is 4-regular graph, it can be decomposed into two 2-factors. Thus,

Γ is 2-factorable if Γ′ is 2-factorable. Since Γ can be transformed into

any 2n-regular graph having the same number of vertices, and some

of them are clearly 2-factorable, every regular graph of even positive

degree is 2-factorable. ¤

Lemma 1. Let Γ be a finite graph. Then, there exists an even degree

regular graph Γ̃ such that Γ is a spanning subgraph of the graph Γ̃.

Proof. Let m′ be the maximum degree of the vertices of Γ. And,

let

m =





m′, if m′ is even,

m′ + 1, if m′ is odd.

First, we add bm−deg(v)
2 c pairs of loops to each vertex v of Γ. Then, the

degree of each vertex is m or m − 1, and, there are even number of

odd degree vertices since every graph has even number of odd degree

vertices. Second, we pick any two odd degree vertices if there are, and

connect them by a pair of edges. Repeat this connection as many times
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as possible. The resulting graph Γ̃ is an even degree regular graph and

contains Γ as a spanning subgraph. ¤

Proof of Theorem 1. Let Γ̃ be a finite 2n-regular graph which

contains Γ as a subgraph. By Lemma 1, such a graph exists. By the

Petersen’s theorem, we can decompose Γ̃ into n 2-factors. Then, each

2-factor consists of disjoint union of cycles. Pick a 2-factor of Γ̃ and

label all the pairs of edges by x1 and x−1
1 . At each vertex of Γ̃, we

have one outgoing x1-edge, one outgoing x−1
1 -edge, one incoming x1-

edge and one incoming x−1
1 -edge. Similarly, we repeat this assignment

for all other 2-factors with other labels. We now look at the subgraph

Γ. Γ is folded since, for each vertex v ∈ Γ and each i = 1, . . . , n, v

is the starting vertex of at most one xi, x−1
i -edge and is the terminal

vertex of at most one xi, x−1
i -edge. To obtain a set of generators of

H, we take a spanning tree T of Γ. Since T is a spanning tree of Γ,

for any two vertices u and v of Γ, there is a unique path Pu,v from u

to v in T . Let { e1, ē1, . . . , em, ēm } be the set of edges in Γ − T , let

uj be the starting vertex of ej, and vj be the terminal vertex of ej.
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Let 1Γ be the base point of Γ. Then, the set of the reduced words

W = {wj | j = 1, . . . , m } corresponding to the set of the closed paths

{P1Γ,uj
ej Pvj ,1Γ

| j = 1, . . . , m } is a free basis for the subgroup H. ¤

We recall that a tree is defined as a connected graph such that, for

any two vertices and any orientation, there is a unique reduced path

between the vertices. Equivalently, a tree is a connected graph that has

no circuit. A spanning tree of a graph Γ is a tree that is a subgraph of

Γ including all the vertices of Γ.

Every connected graph contains a spanning tree, and it can be con-

structed by several different ways. One of them goes as follows: Let

Γ be a connected graph with a base point 1Γ. An orientation is given

to the graph, i.e., one edge is chosen out of each pair of edges. Let T0

be the subgraph of Γ consisting of the single vertex 1Γ without edges.

Let V1 = { v ∈ V (Γ) − V (T0) | there is an edge e between v and 1Γ =

V (T0) }. T1 is obtained from T0 by adding to T0 the vertices V1 and, for

every v ∈ V1, exactly one edge e which connects 1Γ and v. It is easy to

see that T1 is tree. Suppose that Tk−1 is a subtree of Γ. Let Vk = { v ∈
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V (Γ) − V (Tk−1) | there is an edge e between v and u ∈ V (Tk−1) }. Tk

is obtained from Tk−1 by adding to Tk−1 the vertices Vk and, for every

v ∈ Vk, exactly one edge e which connects u ∈ V (Tk−1) and v. Then

Tk is also a tree.

{1Γ} = T0 ⊂ T1 ⊂ · · · ⊂ Tk ⊂ · · ·

Since Γ is connected, every vertex belongs to Tk for some k. In par-

ticular, since our graph Γ is finite, this sequence terminates in finitely

many steps. The terminal tree T is a spanning tree of Γ.

The spanning trees constructed by the method above has the follow-

ing property: for any vertex v ∈ V (Γ) = V (T ), the unique path P1Γ,v in

T is a shortest path in Γ between these vertices. These trees are called

geodesic spanning trees.

Let S be a subset of a free group F (X). S is called Nielsen reduced

if, for any a, b, c ∈ S±1, the following condition hold:

(N1) 1 6∈ S

(N2) a 6= b−1 ⇒ |ab| ≥ |a|, |b|

(N3) a 6= b−1 6= c ⇒ |abc| ≥ |a| − |b|+ |c|
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where |a| is the length of a with respect to X.

In the proof of the theorem, we obtained the set of reduced words

W

wj = P1Γ,uj
ej Pvj ,1Γ

(j = 1, . . . , m)

as a basis for the corresponding subgroup H. Since the paths P1Γ,uj
and

Pvj ,1Γ
are paths in T , if we take a geodesic spanning tree as T , these

paths are shortest paths connecting their end points. In this case,

|P1Γ,uj
| ≤ |Pvj ,1Γ

|+ 1 and |P1Γ,uj
|+ 1 ≥ |Pvj ,1Γ

|.

Therefore,

1

2
|wj| ≥ |P1Γ,uj

|, |Pvj ,1Γ
|.

Certainly any closed path at the base point 1Γ can be represented as a

product of these reduced words. Let wa, wb, wc ∈ W±1. If wawb 6= 1,

then |wawb| ≥ |wa|, |wb| since the middle edges e±1
j (j = 1, . . . , m) are

never canceled.

possible cancellation

w wa b
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And, if wawb 6= 1 and wbwc 6= 1, then |wawbwc| ≥ |wa| − |wb| + |wc| by

the same reason.

possible cancellation

w wa b

possible cancellation

wc

Therefore, the set W is a Nielsen reduced basis for the subgroup H.

For example, we have obtained the core-graph of H = 〈xy, xyx−1y−1x 〉

y

1

x

y

x

L
H

By using a spanning tree of ΓH

1

x

x

we have a Nielsen reduced basis {xy, x−1yx } for the subgroup H.

This argument shows that every (finitely generated) subgroup has a

Nielsen reduced basis and gives an algorithm for finding such a basis.



CHAPTER 4

The Hanna Neumann conjecture

By the Nielsen-Schreier subgroup theorem [24], [26], every subgroup

of a free group is free. Let H and K be finitely generated subgroups of

a free group, and let rank(H ∩K) 6= 0. In [10], Howson showed that

the intersection of any two finitely generated subgroups of a free group

is again finitely generated, and gave a bound for rank(H ∩K) in terms

of rank(H) and rank(K) by showing that

rank(H ∩K)− 1 ≤ 2 rank(H) rank(K)− rank(H)− rank(K).

Hanna Neumann [21] improved Howson’s upper bound to

rank(H ∩K)− 1 ≤ 2(rank(H)− 1)(rank(K)− 1),

and asked if the factor 2 can be dropped. This problem has come to be

known as the Hanna Neumann conjecture. Burns [5] further improved
38
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Hanna Neumann’s bound to

rank(H ∩K)− 1 ≤ 2(rank(H)− 1)(rank(K)− 1)

−min{rank(H)− 1, rank(K)− 1},

This proves the conjectured inequality when both subgroups have rank

at most two.

In 1989, Walter Neumann [22] formulated a strengthened version

of the Hanna Neumann conjecture, and extended Burns’ bound to

the strengthened version. All subsequent results have applied to the

strengthened version of the conjecture. In 1992, Tardos [29] proved,

with a deep graphical analysis, the strengthened Hanna Neumann con-

jecture when one of the two subgroups has rank at most two. Then

Dicks [7] showed that the strengthened Hanna Neumann conjecture

is equivalent to a conjecture on bipertite graphs which he called the

amalgamated graph conjecture, and re-proved previously known upper

bounds. In 1996, Tardos [30] used Dicks’ method to improve upon the
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known upper bounds. In particular, he proved that

rank(H ∩K)− 1 ≤ 2(rank(H)− 1)(rank(K)− 1)

− rank(H)− rank(K) + 3.

This implies the conjectured inequality when both subgroups have rank

at most three. In 2000, Dicks and Formaneck [8] improved Tardos’

bound to

rank(H ∩K)− 1 ≤ (rank(H)− 1)(rank(K)− 1)

+ (rank−3(H))(rank−3(K)),

where rank−3(H) = max{ rank(H)− 3, 0 }.

This proves the conjectured inequality when one of the subgroups has

rank at most three.

The Hanna Neumann conjecture remains open in general. In this

chapter, we propose another graph-theoretic approach to the problem,

which is equivalent to the strengthened Hanna Neumann conjecture.
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1. The product of core-graphs

Let H be a finitely generated subgroup of F2 = 〈x, y 〉. Let ΓH be

the core-graph of H. We recall that, for every H 6= { 1 }, the core-graph

ΓH is a finite connected graph with the base point 1ΓH
. Each edge of ΓH

is labeled by x, y, x−1 or y−1 so that l(ē) = l(e)−1 for every e ∈ E(ΓH).

Convention. We recall that a digraph is a graph together with

an orientation. Let Γ be a labeled pointed graph with alphabet Σ =

X ∪X−1. Since l(ē) = l(e)−1 for each pair of edges { e, ē } in Γ, there

is an orientation E(Γ)+ of Γ such that the label of each edge in the

orientation is in X, not in X−1. From now on, we always choose this

particular orientation of graphs and describe them in terms of digraphs.

Therefore, every core-graph of H ≤ F2 is represented by a digraph

whose edges are labeled by either x or y.

Let ΓH and ΓK be the core-graphs of H and K respectively, where H

and K are finitely generated subgroups of F2 = 〈x, y 〉 so that H∩K 6=

{ 1 }.
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Definition. The product-graph ΓH × ΓK is defined as follows:

The vertex set of the product-graph ΓH × ΓK is the Cartesian product

of the vertex sets of ΓH and ΓK , i.e., V (ΓH × ΓK) = { (u, v) | u ∈

V (ΓH), v ∈ V (ΓK) }. And there is an x-edge from (ui, vj) to (uq, vr) in

ΓH ×ΓK if and only if there is an x-edge from ui to uq in ΓH and there

is an x-edge from vj to vr in ΓK . Similarly, for y-edges.

We note that, by the definition, there is a closed path in the product

ΓH × ΓK , which is starting and ending at the vertex 1ΓH
× 1ΓK

and

corresponding to w ∈ F2, if and only if there is a closed path corre-

sponding to w in both core-graphs ΓH and ΓK . Therefore, the graph

Core(ΓH × ΓK) is the core-graph of the intersection of subgroups H

and K. This simple observation re-proves Howson’s theorem [10] that

the intersection of any two finitely generated subgroups of a free group

is again finitely generated.

2. Completions of core-graphs and their product

Let Γ be a digraph. The out-degree of a vertex v is the number of

edges starting at v ∈ V (Γ) and is denoted by od(v). The in-degree of a
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vertex v is the number of edges terminating at v ∈ V (Γ) and is denoted

by id(v). The degree of a vertex v is the number of edges incident with

v ∈ V (Γ) and is denoted by d(v), in other words,

d(v) = od(v) + id(v).

The number of x-edges incident with v is denoted by dx(v).

A graph is said to be n-regular if every vertex has degree n. Since

ΓH is folded, for every vertex v ∈ V (Γ),

1 ≤ d(v) ≤ 4,

and d(v) > 1 if v 6= 1Γ. d(v) = 1 may occur only if the vertex v is the

base point of Γ. A vertex v is called a branching vertex if d(v) ≥ 3.

Definition. Let H be a finitely generated subgroup of F2 = 〈x, y 〉.

Let ΓH be the core-graph of H. An (a, b)-completion of ΓH is a labeled

4-regular digraph such that:

• ΓH is a spanning subgraph.

• dx(v) + da(v) = 2 for every vertex v ∈ ΓH .
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• dy(v) + db(v) = 2 for every vertex v ∈ ΓH .

• od(v) = id(v) = 2 for every vertex v ∈ ΓH .

An (a, b)-completion of ΓH can be viewed as the core-graph of a

finitely generated subgroup of F4 = 〈x, y, a, b 〉. We can construct an

(a, b)-completion of ΓH by just adding appropriate new edges, which

are labeled by either a or b, to ΓH . It is easy to see that, for any ΓH ,

such a completion always exists although it is not unique.

y
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y

x

L
H

L
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y

x
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*

Figure 1. An (a, b)-completion Γ?
H of the core-graph ΓH of H = 〈xy, x−1yx 〉.

Notation. Let ΓH be the core-graph of H. Then, Γ?
H denotes any

(a, b)-completion of ΓH . And Γa,b
H denotes the spanning subgraph of Γ?

H

whose edge set E(Γa,b
H )+ consists of all a-edges and b-edges in Γ?

H .
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The vertex sets of the three graphs ΓH , Γ?
H , Γa,b

H are exactly the same.

And the edge sets are

E(ΓH)+ = {x, y-edges }

E(Γ?
H)+ = {x, y, a, b-edges }

E(Γa,b
H )+ = { a, b-edges }.

Definition. Let Γ?
H be an (a, b)-completion of ΓH . And let Γ?

K be

a (b, a)-completion of ΓK . We emphasize that the latter is not an (a, b)-

completion. We define the product Γ?
H × Γ?

K by the similar manner as

above, i.e., we also take the product for a-edges and b-edges.

The product graph Γ?
H × Γ?

K has the following interesting property.

Let χ(Γ) be the Euler characteristic of a finite graph Γ, that is χ(Γ) =

|V (Γ) | − |E(Γ)+ |.

Proposition 1. χ(ΓH)χ(ΓK) + χ(Γ?
H × Γ?

K) = 0.

Proof. Firstly we simplify notation:

h = |V (ΓH) | = |V (Γ?
H) |,
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Figure 2. Γ?
H × Γ?

H , where H = 〈xy, x−1yx 〉. In this figure, the first

factor of the product appears to the left, and the second factor of the

product appears at the top.

hx = | { x-edges in ΓH } | = | { x-edges in Γ?
H } |,

hy = | { y-edges in ΓH } | = | { y-edges in Γ?
H } |,

ha = | { a-edges in Γ?
H } |,

hb = | { b-edges in Γ?
H } |.
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Similarly,

k = |V (ΓK) | = |V (Γ?
K) |,

kx = | { x-edges in ΓK } | = | { x-edges in Γ?
K } |,

ky = | { y-edges in ΓK } | = | { y-edges in Γ?
K } |,

ka = | { a-edges in Γ?
K } |,

kb = | { b-edges in Γ?
K } |.

Since Γ?
H is an (a, b)-completion of ΓH and Γ?

K is a (b, a)-completion of

ΓK , we have

ha = h− hx, hb = h− hy, ka = k − ky, kb = k − kx.
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Therefore,

χ(ΓH)χ(ΓK) + χ(Γ?
H × Γ?

K)

={h− (hx + hy)}{k − (kx + ky)}

+ {hk − (hxkx + hyky + haka + hbkb)}

={h− (hx + hy)}{k − (kx + ky)}

+ {hk − hxkx − hyky − (h− hx)(k − ky)− (h− hy)(k − kx)}

=hk − hkx − hky − hxk + hxkx + hxky − hyk + hykx + hyky

+ hk − hxkx − hyky − hk + hky + hxk − hxky − hk

+ hkx + hyk − hykx

=0.

¤

3. The Euler characteristic of a graph

Let Γ be a graph. Let b0(Γ) be the Betti number of Γ of dimension

zero, that is the number of components in Γ. The cyclomatic number
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b1(Γ) of Γ is the Betti number of dimension one, that is

b1(Γ) = |E(Γ)+ | − |V (Γ) |+ b0(Γ).

Let χ(Γ) be the Euler characteristic of Γ, that is

χ(Γ) = b0(Γ)− b1(Γ) = |V (Γ) | − |E(Γ)+ |.

In the following three lemmas, all graphs are digraphs, and numbers of

edges are numbers of edges in digraphs.

Lemma 2. Let Γ be a connected graph. Then, χ(Γ) ≤ 1.

Proof. It is enough to show that Γ contains at least |V (Γ) | − 1

edges. The proof is by induction on |V (Γ) |. If |V (Γ) | = 1, then

χ(Γ) = 1 − |E(Γ)+ | ≤ 1. Suppose it is true for all finite connected

graphs which have less than n vertices, and let |V (Γ) | = n. Pick an

arbitrary vertex v of Γ, and let {ei} be the set of edges in the orientation

of Γ which incident with the vertex v. Since Γ is connected, {ei} is not

empty. We now look at the graph Γ− v which is obtained by omitting

the vertex v and the edges {ei}. Although the graph is not necessarily
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connected, by the induction hypothesis, each connected component Λi,

say i = 1, . . . , k, of Γ−v has at least |V (Λi) |−1 edges. Since | {ei} | ≥ k,

|E(Γ)+ | ≥
k∑

i=1

{ |V (Λi) | − 1 }+ | {ei} |

≥
k∑

i=1

{ |V (Λi) | }

= n− 1.

Γ contains at least n− 1 edges. Thus, χ(Γ) ≤ 1. ¤

Lemma 3. Let Γ be a connected graph. Then, χ(Γ) = 1 iff Γ is a

tree.

Proof. (⇐) Suppose that Γ is a tree, that is a connected graph

which does not contain a cycle. If |E(Γ)+ | = 0, then |V (Γ) | = 1 and

the statement is obvious. If |V (Γ) | > 1, then, for any edge e in Γ, Γ−e

has exactly two connected component and each of them is a tree. We

repeat this until all of edges are omitted from Γ. The resulting graph

consists of |E(Γ)+ |+1 vertices with no edges. Thus, we have χ(Γ) = 1.
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(⇒) Suppose that Γ is a connected graph with |V (Γ) | − 1 edges which

contains a cycle. Let e be an edge on the cycle. Then, Γ − e is a

connected graph with |V (Γ) | vertices and |V (Γ) | − 2 edges. This

contradicts Lemma 2. ¤

Lemma 4. Let Γ be a connected graph, and let ∆ be a subgraph of

Γ. Then, χ(Γ) ≤ χ(∆).

Proof. If ∆ = Γ, then χ(∆) = χ(Γ). Let ∆ 6= Γ. And, let Γ −∆

be the complement of ∆ in Γ. Although Γ−∆ may not be a graph, we

can think it as V (Γ−∆) = V (Γ)−V (∆) and E(Γ−∆) = E(Γ)−E(∆),

and define χ(Γ−∆) by |V (Γ−∆) | − |E(Γ−∆)+ |. Then, the Euler

characteristic of each connected component of Γ − ∆ is non-positive

since Γ is connected, thus, at least one of the end vertices of an edge

in each component is contributed to V (∆). By Lemma 2, we have

χ(Γ) ≤ χ(∆). ¤

Lemma 5. Let Γ be a graph such that each connected component of

Γ is not a tree, and let ∆ be a subgraph of Γ. Then, χ(Γ) ≤ χ(∆).
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Proof. By Lemma 3 and Lemma 4, the Euler characteristic of each

connected component of Γ−∆ is non-positive. Thus, we have χ(Γ) ≤

χ(∆). ¤

Lemma 6. rank(H) = 1− χ(ΓH) = b1(ΓH).

Proof. Let T be a spanning tree of ΓH . Then, |V (T ) | = |V (ΓH) |.

By Lemma 3,

rank(H) = |E(ΓH)+ | − |E(T )+ |

= − ( |V (ΓH) | − |E(ΓH)+ | − |V (T ) |+ |E(T )+ | )

= − ( χ(ΓH)− χ(T ) )

= 1− χ(ΓH)

= 1− ( b0(ΓH)− b1(ΓH) )

= 1− ( 1− b1(ΓH) )

= b1(ΓH).

¤



53

4. Intersections of subgroups of a free group

We now recall the Hanna Neumann conjecture [21] on intersections

of finitely generated subgroups of a free group. The conjecture is very

simply stated, and has to do with the rank of subgroups.

Let H and K be finitely generated subgroups of Fn, and let rank(H∩

K) 6= 0. Then, the Hanna Neumann conjecture states that

rank(H ∩K)− 1 ≤ (rank(H)− 1) (rank(K)− 1) .

We shall say that the Hanna Neumann conjecture {H,K} holds if the

conjectured inequality is positive for the pair of subgroups H and K.

We can assume without loss of generality that the rank of the ambient

free group is n = 2 since every finitely generated free group is em-

beddable into F2. For example, Fn(x1, . . . , xn) ↪→ F2(x, y) defined by

xi 7→ x−(i−1)yx(i−1), (i = 1, . . . , n), can be used for this reduction.

By Lemma 6, we can restate the conjecture

rank(H ∩K)− 1 ≤ (rank(H)− 1) (rank(K)− 1)
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as

χ(ΓH)χ(ΓK) + χ(ΓH∩K) ≥ 0.

And, in Proposition 1, we have seen that

χ(ΓH)χ(ΓK) + χ(Γ?
H × Γ?

K) = 0.

Therefore, we have the following proposition.

Proposition 2. The Hanna Neumann conjecture {H, K} holds if

and only if

χ(Γ?
H × Γ?

K) ≤ χ(ΓH∩K).

In [22], Walter Neumann proposed the following strengthened ver-

sion of the Hanna Neumann conjecture:

∑
[ rank(Hg ∩K)− 1 ] ≤ (rank(H)− 1) (rank(K)− 1) ,

where the summation is over a set of double coset representatives g ∈ F2

for H\F2/K with rank(Hg ∩K) 6= 0.
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We also have the following version of the strengthened Hanna Neumann

conjecture.

Proposition 3. The strengthened Hanna Neumann conjecture {H, K}

holds if and only if

χ(Γ?
H × Γ?

K) ≤
∑

χ(ΓHg∩K).

Proof. By Lemma 6,

∑
[ rank(Hg ∩K)− 1 ] ≤ (rank(H)− 1) (rank(K)− 1)

m

χ(ΓH)χ(ΓK) +
∑

χ(ΓHg∩K) ≥ 0.

In Proposition 1, we have seen that

χ(ΓH)χ(ΓK) + χ(Γ?
H × Γ?

K) = 0.

Thus, we have the proposition. ¤
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We recall that, for given subgroups H and K, we have three kinds

of product graphs

ΓH × ΓK , Γ?
H × Γ?

K and Γa,b
H × Γb,a

K .

Their vertex sets are

V (ΓH × ΓK) = V (Γ?
H × Γ?

K) = V (Γa,b
H × Γb,a

K ).

Their edge sets are

E(ΓH × ΓK)+ = {x, y-edges },

E(Γ?
H × Γ?

K)+ = {x, y, a, b-edges },

E(Γa,b
H × Γb,a

K )+ = { a, b-edges }.

And

E(Γ?
H × Γ?

K)+ = E(ΓH × ΓK)+ ∪ E(Γa,b
H × Γb,a

K )+,

E(ΓH × ΓK)+ ∩ E(Γa,b
H × Γb,a

K )+ = φ.

We observe that the product Γ?
H × Γ?

K of the completions is obtained

from the product ΓH × ΓK of the original core-graphs by adding a
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number of a- and b-edges. We gave a position for each of a- and b-

edges in Γ?
H × Γ?

K when each of Γ?
H and Γ?

K was constructed. However,

as we shall see, only the total number of a- and b-edges is needed in

essence.

Notation. Let Γ be a graph. We write τ(Γ) for the number of

connected components of Γ which are trees.

We now have the following theorem.

Theorem 2. The strengthened Hanna Neumann conjecture {H,K}

holds if and only if

τ(ΓH × ΓK) ≤ (h− hx)(k − ky) + (h− hy)(k − kx),

where h and k are the numbers of vertices, hx and kx are the numbers

of x-edges, and hy and ky are the numbers of y-edges in ΓH and ΓK

respectively.

Proof. The right hand side of the inequality is the number of a-

and b-edges in the product Γ?
H × Γ?

K . Therefore, we may assume that
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each component of the product Γ?
H × Γ?

K is not a tree. Then we apply

Lemma 5.

χ(Γ?
H × Γ?

K) = |V (Γ?
H × Γ?

K) | − |E(Γ?
H × Γ?

K)+ |

=|V (ΓH × ΓK) | − |E(Γ?
H × Γ?

K)+ |

=|V (ΓH × ΓK) | − |E(ΓH × ΓK)+ |

+ |E(ΓH × ΓK)+ | − |E(Γ?
H × Γ?

K)+ |

=χ(ΓH × ΓK) + |E(ΓH × ΓK)+ | − |E(Γ?
H × Γ?

K)+ |

=
∑

χ(ΓHg∩K) + τ(ΓH × ΓK)

+ |E(ΓH × ΓK)+ | − |E(Γ?
H × Γ?

K)+ |,

where the summation is over a set of double coset representatives g ∈ F2

for H\F2/K with rank(Hg ∩K) 6= 0.

Thus,

χ(Γ?
H × Γ?

K) ≤
∑

χ(ΓHg∩K)

m
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∑
χ(ΓHg∩K) + τ(ΓH × ΓK) + |E(ΓH × ΓK)+ | − |E(Γ?

H × Γ?
K)+ |

≤
∑

χ(ΓHg∩K)

m

τ(ΓH × ΓK) ≤ |E(Γ?
H × Γ?

K)+ | − |E(ΓH × ΓK)+ |.

In the proof of Proposition 1, we have seen that

|E(Γ?
H×Γ?

K)+ |− |E(ΓH×ΓK)+ | = (h−hx)(k−ky)+(h−hy)(k−kx).

Therefore, the strengthened Hanna Neumann conjecture has a positive

solution for H and K if and only if

τ(ΓH × ΓK) ≤ (h− hx)(k − ky) + (h− hy)(k − kx).

¤

5. Elementary moves on graphs

Let Γ be a digraph. Each edge is directed by an arrow and labeled by

a letter from an alphabet. In this section, we do not assume digraphs

are connected.
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Definition. The local structure of a digraph Γ is the vertex set

V (Γ) together with the sets of (labeled and directed) edges incident

with each vertex of V (Γ). We say that digraphs Γ and Γ′ have the

same local structure if there is a bijection between V (Γ) and V (Γ′)

such that the sets of edges incident with the corresponding vertices

are the same. The bijection between the vertex sets does not have to

preserve the base point even if graphs are pointed. We denote this by

Γ ≈ Γ′.

For example, the following two graphs have the same local structure.

x

yy

x

~
x

x

~

Notation. For each edge e in Γ, we denote the starting vertex of e

by s(e), the terminal vertex of e by t(e) and the label of e by l(e).
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Definition. Let e and f be edges in Γ so that l(e) = l(f). We delete

e and f from Γ and add new edges e′ and f ′ as follows: s(e′) = s(e),

s(f ′) = s(f), t(e′) = t(f), t(f ′) = t(e), l(e′) = l(e) and l(f ′) = l(f).

This exchange of the terminal vertices of two edges, which are labeled

by the same letter, is called an elementary move.

e
f

e'

f '

e

e'

f '

e f e'f '

f

Figure 3. elementary moves

Definition. A digraph Γ is said to be equivalent to a digraph Γ′

if we can obtain Γ from Γ′ by applying the elementary moves a fi-

nite number of times. This is an equivalence relation. We denote this

equivalence by Γ ∼ Γ′.
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Lemma 7. Γ ∼ Γ′ if and only if Γ ≈ Γ′.

Proof. (⇒) Any elementary move does not change the local struc-

ture of a digraph. Thus, if Γ′ is obtained from Γ by applying the

elementary moves a finite number of times, then their local structures

are the same.

(⇐) Suppose that the local structures of Γ and Γ′ are the same. Let

v ∈ V (Γ) and v′ ∈ V (Γ′) be corresponding vertices. By the definition,

the set of edges incident with v and the set of edges incident with

v′ are the same. Let e be an edge so that s(e) = v, and let e′ be

the corresponding edge incident with v′. If the terminal vertices t(e)

and t(e′) are corresponding, then we do nothing for them. If t(e′) is

not corresponding to t(e), then there is the edge f ′ in Γ′ such that

l(f ′) = l(e) and t(e) is corresponding to t(f ′). In this case, we apply

the elementary move between e′ and f ′ on Γ′. We can obtain Γ from

Γ′ by repeating this deformation. Thus, Γ and Γ′ are equivalent. ¤

Example. Let H = 〈x, y−1xy 〉 and K = 〈xy, y−1x 〉. Then, their

core-graphs ΓH and ΓK have the same local structure. Indeed, ΓK can
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be obtained from ΓH by applying a single elementary move. In this

example, there is a bijection between the vertex sets of two core-graphs

which preserves the sets of edges incident with each vertex and preserves

the base point although such a bijection is not necessarily preserving

the base point in general.

x

L
H

yy

x

~
x

x

y

xx

L
K

~

6. The primary decomposition of core-graphs

Let ΓH and ΓK be the core-graphs of H and K respectively, where H

and K are finitely generated subgroups of F2 = 〈x, y 〉 so that H∩K 6=

{1}.

Firstly, we eliminate vertices of degree 1 in both of ΓH and ΓK by

the conjugation of an appropriate reduced word in F2. For example, let
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p1 be the shortest reduced path from the base point of ΓH to the first

branching vertex encountered in ΓH , and similarly, p2 be the shortest

reduce path from the base point of ΓK to the first branching vertex

encountered in ΓK . Let p be the longer one of them. Then, the reduced

word corresponding to the path p, say g ∈ F2, can be an appropriate

word.

L

H

L

K

1 1

p =  p

1
2p

L

H

L

K

1
1gg

We notice that the (strengthened) Hanna Neumann conjecture for

a pair of subgroups {H, K } and for a pair {Hg, Kg } are the very

same. Therefore, up to conjugation, we may assume that the degree of

each vertex of core-graphs is ≥ 2, i.e., there is no vertex of degree 1 in

core-graphs.

For any such core-graphs, vertices may be classified into following

11 types based on the incident edges [idx, odx, idy, ody], where idx is the
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in-degree with respect to x-edges, odx is the out-degree with respect

to x-edges, idy is the in-degree with respect to y-edges and ody is the

out-degree with respect to y-edges of the vertex.

A = [1, 1, 0, 0]

B = [0, 0, 1, 1]

1 = [0, 1, 0, 1]

2 = [0, 1, 1, 0]

3 = [1, 0, 0, 1]

4 = [1, 0, 1, 0]

5 = [1, 1, 0, 1]

6 = [1, 1, 1, 0]

7 = [0, 1, 1, 1]

8 = [1, 0, 1, 1]

C = [1, 1, 1, 1].
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x x

y

y

y

x x x x

y

yy

A B 1 2 3 4

Figure 4. Six types of vertex of degree 2.

x x
y

y

x x

y

x x
y

x
y

y

x
y

y

5 6 7 8 C

Figure 5. Five types of branching vertex.

We now pick an (a, b)-completion of ΓH by the following particular

instructions: Step 1: Add a loop labeled by b to each vertex of Type

A in ΓH .

x x x x

b

Step 2: Add a loop labeled by a to each vertex of Type B in ΓH .

y

y

y

y

a



67

Step 3: If there are two vertices of Type 1 and Type 4, connect them

by two edges labeled by a and b. Repeat this connection as many times

as possible. Choose the appropriate directions for the added edges.

x
y

x

y

x
y

x

y

a

b

Step 4: If there are two vertices of Type 2 and Type 3, connect them

by two edges labeled by a and b. Repeat this connection as many times

as possible. Choose the appropriate directions for the added edges.

x

y

x

y
x

y

x

y

a

b

Step 5: If there are two vertices of Type 5 and Type 6, connect them

by an edge labeled by b. Repeat this connection as many times as

possible. Choose the appropriate directions for the added edges.

x
y

x

y

x

x x
y

x

y

x

x

b
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Step 6: If there are two vertices of Type 7 and Type 8, connect them

by an edge labeled by a. Repeat this connection as many times as

possible. Choose the appropriate directions for the added edges.

x

y

y

x

y

y

x

y

y

x

y

y

a

Step 7: Add more a-, b-edges appropriately if they are needed to obtain

an (a, b)-completion of ΓH . We look into this step carefully later on.

Convention. From now on, we always assume that Γ?
H is an (a, b)-

completion obtained by the instructions above.

In the following Lemma 8, Lemma 9 and Lemma 10, we investigate

connected components in Γa,b
H . The graph of Figure 6 may help to see

the proofs of the lemmas. In the graph, the eight vertices 1©, 2©, 3©,

4©, 5©, 6©, 7© and 8© represent Types of vertex in core-graphs. Two

vertices are connected by a directed edge labeled by a or b if it is possible

to connect these two Types of vertices in Γa,b
H by an edge labeled by a
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or b respectively. For example, there is an edge labeled by a from the

vertex 8© to the vertex 2© in the graph of Figure 6. It means that a

vertex of Type 8 and a vertex of Type 2 in a core-graph are possibly

the end points of an a-edge in its (a, b)-completion.

x

y

y

x

y

a

8 2

In the graph of Figure 6, there is no vertex corresponding to Types A,

B or C since vertices of these types have no connections with vertices

of other types.

A path in Γa,b
H is corresponding to a path in the graph of Figure 6.

It turns out that there are only 15 kinds of connected components in

Γa,b
H .

Lemma 8. Let ∆ be a connected component of Γa,b
H . Then, ∆ is a

vertex, a loop or a path with distinct vertices.

Proof. We recall that E(Γa,b
H ) is the complement of E(ΓH) in E(Γ?

H),

and Γ?
H is a 4-regular graph. Since the degree of each vertex is at least
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5

6 7

8

1

2

3

4

a

a

a

a

a

a

a

a

a

a

a

b

b

b

b
bb

b

b

b b

b

Figure 6

2 in ΓH , the degree of each vertex is at most 2 in Γa,b
H . If the degree of

a vertex of ∆ is 0 in Γa,b
H , then ∆ is an isolated vertex. If the degree of

each vertex of ∆ is 2 in Γa,b
H , then ∆ is a loop. If ∆ is neither a vertex

nor a loop, then ∆ is a path with distinct vertices. Since the degree of

each vertex of ∆ is at most 2 in Γa,b
H , it contains two vertices of degree

1 and all other vertices are of degree 2. Moreover, let v ∈ V (Γa,b
H ), if

deg(v) = 0 in Γa,b
H , then v is a branching vertex of Type C. If deg(v) = 1

in Γa,b
H , then v is a branching vertex of Type 5, 6, 7 or 8. If deg(v) = 2

in Γa,b
H , then v is a non-branching vertex of Type A, B, 1, 2, 3 or 4. ¤
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Lemma 9. Let ∆ be a connected component of Γa,b
H . Then,

| vertices of Type 1 in ∆ | − | vertices of Type 4 in ∆ | = 0, 1 or − 1,

| vertices of Type 2 in ∆ | − | vertices of Type 3 in ∆ | = 0, 1 or − 1.

Proof. It is obvious if |V (∆) | = 1. Suppose that |V (∆) | > 1.

We notice that oda(v) = ida(v) = 1 or odb(v) = idb(v) = 1 only if v

is a vertex of Type A or B. However, by Step 1 or Step 2 of the

instructions, a vertex of Type A or B is the starting vertex and the

terminal vertex of an edge labeled by b or a respectively. Therefore,

if |V (∆) | > 1, then every vertex in ∆ is not of Type A or B. If the

degree of a vertex in ∆ is 2 in Γa,b
H , one of the two edges incident with

the vertex is labeled by a and the other edge is labeled by b. It implies

that, in ∆, a-edges and b-edges appear alternately.

Let u, v ∈ V (∆) be vertices of Type 1. Then, Lemma 8 and the instruc-

tions imply that any path between u and v in ∆ must pass through a

vertex of Type 4 in ∆. In other words, any alternate closed path start-

ing and terminating at the vertex 1© in the graph of Figure 6 must pass

through the vertex 4©. Similarly, if u, v ∈ V (∆) are both of Type 4,
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then any path between u and v in ∆ must pass through a vertex of

Type 1.

If u, v ∈ V (∆) are both of Type 2, then any path between u and v in

∆ must pass through a vertex of Type 3. And, if u, v ∈ V (∆) are both

of Type 3, then any path between u and v must pass through a vertex

of Type 2. ¤

Lemma 10. Let ∆ be a connected component of Γa,b
H . Then, ∆

contains at most 3 edges.

Proof. By Step 3, there is at most one vertex of Type 1 and at

most one vertex of Type 4 in ∆. Similarly, by Step 4, there is at most

one vertex of Type 2 and at most one vertex of Type 3 in ∆.

Moreover, if a vertex of Type 1 and a vertex of Type 4 are both in ∆,

then ∆ is a loop of length 2. The same is true for Type 2 and Type 3.

By Lemma 9, we conclude that ∆ contains at most 3 edges. Indeed, if

∆ contains 3 edges, then it is a path. ¤
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By Lemma 8, Lemma 9 and Lemma 10, we can list all possible

connected components in Γa,b
H based on types of the vertices in there.

Each connected component of Γa,b
H is one of the following 15 types:

(1) ∆(C): isolated vertex, the vertex is of Type C.

xx

y

y

(1)

(2) ∆(A): loop of length 1, the vertex is of Type A.

(3) ∆(B): loop of length 1, the vertex is of Type B.

x x

b
y

y

a(2) (3)

(4) ∆(56): path of length 1 between vertices of Type 5 and 6.

(5) ∆(78): path of length 1 between vertices of Type 7 and 8.

x
y

x

y
ax

x
(4) x

y

y

x

y

y

b
(5)

(6) ∆(14): loop of length 2 through vertices of Type 1 and 4.

(7) ∆(23): loop of length 2 through vertices of Type 2 and 3.
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x
y

x

y b

x

y

x

y

a

b

(6) (7)
a

(8) ∆(528): path of length 2, the vertices are of Type 5, 2 and 8.

(9) ∆(547): path of length 2, the vertices are of Type 5, 4 and 7.

(10) ∆(618): path of length 2, the vertices are of Type 6, 1 and 8.

(11) ∆(637): path of length 2, the vertices are of Type 6, 3 and 7.

x
y

y
x
y

x

y

x
y

a

b

x
y

y

xx

y

xx

y
x

y

y

xx

y

x

x
y

y

x

y

x

y

ab

a

bb

a

(8) (9)

(10) (11)

(12) ∆(5245): path of length 3, the vertices are of Type 5, 2, 4 and 5.

(13) ∆(6136): path of length 3, the vertices are of Type 6, 1, 3 and 6.

(14) ∆(7347): path of length 3, the vertices are of Type 7, 3, 4 and 7.

(15) ∆(8128): path of length 3, the vertices are of Type 8, 1, 2 and 8.
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x
y

x
y

x

y

x

a

xx

y

x

y

x

y

x

y

x

y
a

x
y

x

b

a

xx

y

a

b

x
y

y

x
y

y

x x
y

x

y

y

x

y

yy

b

a

bb
a

b

(12) (13)

(14) (15)

On the vertex set V (ΓH) = V (Γa,b
H ), the relation of being connected

in Γa,b
H is an equivalence relation. This equivalence relation gives rise to

a partition of the vertex set. Furthermore, for given ΓH , the number of

components of each type is uniquely determined as long as we use the

particular instructions of (a, b)-completion.

Definition. We define 15 graphs Pi, i = 1, · · · , 15, in Figure 7.

These graphs are called prime graphs.

Let H be a finitely generated subgroup of the free group F2. And,

let ΓH be the core-graph of H. Up to conjugation, we may assume that

the degree of each vertex of ΓH is 4, 3 or 2. We now have the following

theorem.
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xx
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xy
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P

P

P

P P

P

PP

P

PP

P P

P

P

1 2 3

4 5 6
7

8 9

10 11

12 13

14 15

Figure 7. Fifteen prime graphs.

Theorem 3. Let ΓH be a core-graph. Then, up to conjugation, ΓH

is equivalent to a graph so that each component is a prime graph.

Definition. Let ΓH be a core-graph. The graph in Theorem 3,

which is a disjoint union of prime graphs equivalent to ΓH , is called the

primary decomposition of ΓH , and denoted by S(ΓH). We note that

the primary decomposition of a core-graph is unique while we use the

particular instructions for (a, b)-completion.

Example. Let H = 〈x−1y, xyx2yx−2y−1x−1 〉 ≤ F2.

The core-graph ΓH is:

And its (a, b)-completion Γ?
H is:
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There are three components in Γa,b
H :

L

H

1

a

b

b

b

a

a,b

The relation of being connected in Γa,b
H gives rise to a partition of the

vertex set. Each connected component is corresponding to a prime

graph. By applying elementary moves, we obtain the primary decom-

position S(ΓH) = P2P7P11:
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11

As long as we use the particular instructions of (a, b)-completion,

every core-graph is equivalent to a unique graph so that each component

is prime. We now reflect on each step of the instructions. We write |A|

for the number of vertices of Type A in a core-graph.
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Step 0: A vertex of Type C is of degree 4 in ΓH . Each vertex of

this type is corresponding to a prime graph of Type P1. There are |C|

connected components of Type P1 in S(ΓH).

Step 1: Add a loop labeled by b to each vertex of Type A in ΓH . A

vertex of Type A is corresponding to a prime graph of Type P2. There

are |A| connected components of Type P2 in S(ΓH).

Step 2: Add a loop labeled by a to each vertex of Type B in ΓH . A

vertex of Type B is corresponding to a prime graph of Type P3. There

are |B| connected components of Type P3 in S(ΓH).

Step 3: If there are two vertices of Type 1 and Type 4, connect them

by two edges labeled by a and b. Repeat this connection as many times

as possible. Each pair of vertices of Type 1 and 4 is corresponding to

a prime graph of Type P6. There are min{ |1|, |4| } connected compo-

nents of Type P6 in S(ΓH). After this step, at most one Type of 1 or

4 remains to be completed.

Step 4: If there are two vertices of Type 2 and Type 3, connect them

by two edges labeled by a and b. Repeat this connection as many times
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as possible. Each pair of vertices of Type 2 and 3 is corresponding to

a prime graph of Type P7. There are min{ |2|, |3| } connected compo-

nents of Type P7 in S(ΓH). After this step, at most one Type of 2 or

3 remains to be completed.

Step 5: If there are two vertices of Type 5 and Type 6, connect them by

an edge labeled by b. Repeat this connection as many times as possible.

Each pair of vertices of Type 5 and 6 is corresponding to a prime graph

of Type P4. There are min{ |5|, |6| } connected components of Type P4

in S(ΓH). After this step, at most one Type of 5 or 6 remains to be

completed.

Step 6: If there are two vertices of Type 7 and Type 8, connect them by

an edge labeled by a. Repeat this connection as many times as possible.

Each pair of vertices of Type 7 and 8 is corresponding to a prime graph

of Type P5. There are min{ |7|, |8| } connected components of Type P5

in S(ΓH). After this step, at most one of Type 7 or 8 remains to be

completed.
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Step 7: Add more a-, b-edges appropriately if they are needed to obtain

an (a, b)-completion of ΓH .

We look into Step 7 carefully.

Lemma 11. Let ΓH be a core-graph. Then, at most one of Types

P8, P9, P10 or P11 appears in S(ΓH).

Proof. V (P8) consists of vertices of Types 5,2 and 8. V (P9) con-

sists of vertices of Types 5,4 and 7. V (P10) consists of vertices of Types

6,1 and 8. V (P11) consists of vertices of Types 6,3 and 7. If two of

these Types appear in S(ΓH), both of 5 and 6 appear in Step 7, or

both of 7 and 8 appear in Step 7. This contradicts Step 5 or Step

6. ¤

Lemma 12. Let ΓH be a core-graph. Then, at most one of Types

P12, P13, P14 or P15 appears in S(ΓH).

Proof. V (P12) consists of vertices of Types 5,2,4 and 5. V (P13)

consists of vertices of Types 6,1,3 and 6. V (P14) consists of vertices

of Types 7,3,4 and 7. V (P15) consists of vertices of Types 8,1,2 and
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8. If two of these Types appear in S(ΓH), both of 1 and 4 appear in

Step 7, or both of 2 and 3 appear in Step 7. This contradicts Step

3 or Step 4. ¤

7. Products of prime graphs

Fifteen prime graphs Pi, i = 1, . . . , 15, were defined in the previous

section Figure 7. And we have seen that every core-graph is equivalent

to a graph so that each component is prime. The primary decomposi-

tion of a core-graph can be obtained from the core-graph by applying

the elementary moves a finite number of times. An (a, b)-completion of

a core-graph, which is attained by the particular instructions, tells us

how to apply the elementary moves.

We now find the product of every pair of prime graphs. We do not

show all work here, but some important numbers in the product shall

be given as a result of calculations. The work does not amount to

much, and can be checked straightforwardly by hand. The following
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three tables show the deficiency, the supplement and the index of the

product of each pair of prime graphs, respectively.

Definition. The deficiency of a product graph is the sum of the

following two numbers:

• the number of degree 1 vertices in the graph with respect to

x, y-edges.

• twice the number of degree 0 vertices in the graph with respect

to x, y-edges.

Definition. The supplement of a product graph is twice the number

of a, b-edges in the product of completions of the factors. Recall that

we always take an (a, b)-completion of the first factor and a (b, a)-

completion of the second factor.

Definition. The index of a product graph is the integer after sub-

tracting the deficiency from the supplement, ind = sup− def .



84

P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

P1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P2 0 0 2 0 2 2 2 2 2 2 2 2 2 4 4

P3 0 2 0 2 0 2 2 2 2 2 2 4 4 2 2

P4 0 0 2 0 0 2 2 1 1 1 1 2 2 2 2

P5 0 2 0 0 0 2 2 1 1 1 1 2 2 2 2

P6 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P7 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P8 0 2 2 1 1 4 4 4 3 3 2 6 4 4 6

P9 0 2 2 1 1 4 4 3 4 2 3 6 4 6 4

P10 0 2 2 1 1 4 4 3 2 4 3 4 6 4 6

P11 0 2 2 1 1 4 4 2 3 3 4 4 6 6 4

P12 0 2 4 2 2 6 6 6 6 4 4 10 6 8 8

P13 0 2 4 2 2 6 6 4 4 6 6 6 10 8 8

P14 0 4 2 2 2 6 6 4 6 4 6 8 8 10 6

P15 0 4 2 2 2 6 6 6 4 6 4 8 8 6 10

Table 1. Deficiency
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P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

P1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P2 0 0 2 0 2 2 2 2 2 2 2 2 2 4 4

P3 0 2 0 2 0 2 2 2 2 2 2 4 4 2 2

P4 0 0 2 0 2 2 2 2 2 2 2 2 2 4 4

P5 0 2 0 2 0 2 2 2 2 2 2 4 4 2 2

P6 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P7 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P8 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P9 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P10 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P11 0 2 2 2 2 4 4 4 4 4 4 6 6 6 6

P12 0 2 4 2 4 6 6 6 6 6 6 8 8 10 10

P13 0 2 4 2 4 6 6 6 6 6 6 8 8 10 10

P14 0 4 2 4 2 6 6 6 6 6 6 10 10 8 8

P15 0 4 2 4 2 6 6 6 6 6 6 10 10 8 8

Table 2. Supplement
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P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11 P12 P13 P14 P15

P1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P4 0 0 0 0 2 0 0 1 1 1 1 0 0 2 2

P5 0 0 0 2 0 0 0 1 1 1 1 2 2 0 0

P6 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

P8 0 0 0 1 1 0 0 0 1 1 2 0 2 2 0

P9 0 0 0 1 1 0 0 1 0 2 1 0 2 0 2

P10 0 0 0 1 1 0 0 1 2 0 1 2 0 2 0

P11 0 0 0 1 1 0 0 2 1 1 0 2 0 0 2

P12 0 0 0 0 2 0 0 0 0 2 2 −2 2 2 2

P13 0 0 0 0 2 0 0 2 2 0 0 2 −2 2 2

P14 0 0 0 2 0 0 0 2 0 2 0 2 2 −2 2

P15 0 0 0 2 0 0 0 0 2 0 2 2 2 2 −2

Table 3. Index
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For example, consider two prime graphs P12 and P8:

y
x y

x y x

x x

y

An (a, b)-completion of P12 and a (b, a)-completion of P8 are:

y
x y

x y x

x x

y

ab b ba

The product is:

x

x

x

x

x

x

x

x

x

x

x

y

y

y

y

y
y

y

y

aa

b

b

ba

b

b

Therefore, def(P12 × P8) = 6, sup(P12 × P8) = 6 and ind(P12 × P8) =

6− 6 = 0.
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8. Some partial results on the conjecture

We now formulate some partial results on the conjecture. All results

have applied to the strengthened version of the conjecture. Let H and

K be finitely generated subgroups of the free group F2, and ΓH and ΓK

the core-graphs. Up to conjugation, we assume that the degree of each

vertex in core-graphs is 4, 3 or 2.

Definition. Let S(ΓH) = Q1 · · ·Qm and S(ΓK) = R1 · · ·Rn be

primary decompositions of ΓH and ΓK , respectively. Then the index of

the product ΓH × ΓK is defined by

ind(ΓH × ΓK) =
m∑

i=1

n∑
j=1

ind(Qi ×Rj)

We shall say that the Hanna Neumann conjecture {H, K} holds if

the conjectured inequality is true for a pair of subgroups H and K.

Theorem 4. The Hanna Neumann conjecture {H, K} holds if

ind(ΓH × ΓK) ≥ 0.
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Proof. We recall that the index of a product of prime graphs is the

integer after subtracting the deficiency from the supplement.

0 ≤ ind(ΓH × ΓK)

=
m∑

i=1

n∑
j=1

ind(Qi ×Rj)

=
m∑

i=1

n∑
j=1

sup(Qi ×Rj)−
m∑

i=1

n∑
j=1

def(Qi ×Rj)

= (h− hx)(k − ky) + (h− hy)(k − kx)−
m∑

i=1

n∑

j=1

def(Qi ×Rj)

≤ (h− hx)(k − ky) + (h− hy)(k − kx)− τ(ΓH × ΓK)

Thus, τ(ΓH × ΓK) ≤ (h− hx)(k − ky) + (h− hy)(k − kx), where h and

k are the numbers of vertices, hx and kx are the numbers of x-edges,

and hy and ky are the numbers of y-edges in ΓH and ΓK respectively.

τ(ΓH × ΓK) is the number of connected components in the product

ΓH × ΓK which are trees. By Theorem 2, the conjecture {H,K} holds

if ind(ΓH × ΓK) ≥ 0. ¤

To extract some special cases from the theorem, We classify core-

graphs into 5 classes. In Lemma 12, we have seen that, for each H, at
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most one of Types P12, P13, P14, P15 appears in the primary decompo-

sition S(ΓH).

Definition. Let ΓH be a core-graph. Then ΓH belongs to exactly

one of the following 5 classes:

• Class [0]: None of P12, P13, P14, P15 appear in S(ΓH)

• Class [I]: P12 appears in S(ΓH)

• Class [II]: P13 appears in S(ΓH)

• Class [III]: P14 appears in S(ΓH)

• Class [IV]: P15 appears in S(ΓH)

We write Class(H) = [0] if ΓH belongs to Class [0]. Similarly, for Class

[I], Class [II], Class [III] and Class [IV].

Corollary 1. The Hanna Neumann conjecture {H, K} holds if

Class(H) = [0].

Proof. If Class(H) = [0], none of P12, P13, P14, P15 appear in

S(ΓH). Table 3 shows that ind(ΓH × ΓK) ≥ 0. Thus, the conjecture

{H, K} holds by Theorem 4. ¤
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It is easy to see that Class(H) = [0] if H has finite index in F2. Since

every (branching) vertex in ΓH is of degree 4, none of P12, P13, P14, P15

appear in S(ΓH).

Class [0] can be characterized in terms of the numbers of branching

vertices by type. Five types of branching vertex are:

x x
y

y

x x

y

x x
y

x
y

y

x
y

y

5 6 7 8 C

Then, Class(H) = [0] if and only if

| |5| − |6| | = | |7| − |8| | ,

where |5| denotes the number of vertices of Type 5 in ΓH .

Class [0] can be characterized also in terms of the numbers of degree 2

vertices by type. Six types of vertex of degree 2 are:

x x

y

y

y

x x x x

y

yy

A B 1 2 3 4

Then, Class(H) = [0] if and only if

|1| = |4| or |2| = |3|.
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We now formulate a special case of Class [0]. A vertex of Type 1 is

called a source, and a vertex of Type 4 is called a sink.

Corollary 2. The Hanna Neumann conjecture {H, K} holds if the

number of source is equal to the number of sink in at least one of core-

graphs.

Proof. Suppose that the number of source is equal to the number

of sink in ΓH . Then class(H) = [0] since |1| = |4|. By Corollary 1, the

conjecture {H,K} holds. ¤

In particular, if at least one of subgroups has a generating set consisting

of positive words, then both of the numbers are 0. Thus, the conjecture

{H, K} holds.

Another special case of Theorem 4 is the following corollary.

Corollary 3. The Hanna Neumann conjecture {H, K} holds if

Class(H) 6= Class(K).

Proof. Table 3 shows that ind(ΓH × ΓK) ≥ 0 if Class(H) 6=

Class(K). By Theorem 4, the conjecture {H, K} holds. ¤



93

Definition. An automorphism ϕ of F (X) is called length-preserving

if |wϕ| = |w| for any w ∈ F (X). A word w ∈ F (X) is called a fixed

point of an automorphism ϕ of F (X) if wϕ = w.

Corollary 4. Let − : F2 → F2 be any length-preserving automor-

phism without non-trivial fixed points. Then, the Hanna Neumann con-

jecture {H, K} or {H−, K} holds.

Proof. If Class(H) = [0], then Class(H−) = [0]. By Corollary 1,

both {H, K} and {H−, K} hold. If Class(H) 6= [0], then Class(H) 6=

Class(H−). By Corollary 3, at least the conjecture {H, K} or {H−, K}

holds. ¤

9. Reduction to a special case

In fact, when trying to solve the conjecture in general, we can always

restrict our attention to subgroups such that all branching vertices in

core-graphs are of degree 3 of the same type. Let H and K be finitely

generated subgroups of F2. We assume that all vertices in core-graphs

are of degree 4, 3 or 2.
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We consider the endomorphism α : F2 → F2 defined by

( x, y ) 7→ ( x2, yxy−1x−1 ).

α is a monomorphism since wα 6= 1 if w 6= 1, and subgroups of F2

can be embedded into the subgroup 〈x2, yxy−1x−1 〉 by α. Then, the

core-graph of a subgroup of 〈x2, yxy−1x−1 〉 is the core of a covering of

:

x

x

x

yy

Thus, all branching vertices in core-graphs of subgroups of 〈x2, yxy−1x−1 〉

are of Type 5.

x x

y

We now have the following proposition and immediate corollary.

Proposition 4. Let H be a subgroup of F2, and let α : F2 → F2

be the endomorphism defined by ( x, y ) 7→ ( x2, yxy−1x−1 ). Then, all
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branching vertices of the core-graph of Hα are of degree 3 of the same

type.

Corollary 5. If the Hanna Neumann conjecture is false in general,

then there is a counterexample {H, K} such that all branching vertices

in the core-graphs ΓH and ΓK are of degree 3 of the same type.

Corollary 6. Let H be a subgroup of F2, and let α : F2 → F2 be the

endomorphism defined by ( x, y ) 7→ ( x2, yxy−1x−1 ). Then, each prime

graph in the decomposition S(ΓHα) is P2, P6, P7 or P12.

x
x

y y

x

xx

y x y

PP PP
2 6 7 12

Proof. ΓHα is the core of a covering of the core-graph of 〈x2, yxy−1x−1 〉.

Therefore, each vertex in ΓHα is of Type A, 1, 2, 3, 4 or 5. Only prime

graphs P2, P6, P7 and P12 are consisting of vertices of these types. ¤
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10. An induction towards the conjecture

In this section, we propose an induction towards the conjecture.

Consider the following set of finite graphs.

G = {Γ | S(Γ) consists of P2, P6, P7 or P12 }.

We recall that S(Γ) is the graph such that S(Γ) ∼ Γ and each compo-

nent is prime. We do not assume that graphs in G are connected.

Definition. Let Γ, Γ′ ∈ G. Then, we say that {Γ, Γ′} is positive if

τ(Γ× Γ′) ≤ (γ − γx)(γ
′ − γ′y) + (γ − γy)(γ

′ − γ′x),

where γ and γ′ are the numbers of vertices, γx and γ′x are the numbers

of x-edges, and γy and γ′y are the numbers of y-edges in Γ and Γ′

respectively. τ(Γ × Γ′) is the number of connected components in the

product which are trees.

We conjecture that the following statement is true. It implies the

strengthened Hanna Neumann conjecture.

Conjecture 1. {Γ, Γ′} is positive for any Γ, Γ′ ∈ G.
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Proposition 5. {S(Γ), S(Γ′)} is positive for any Γ, Γ′ ∈ G.

Proof. It is enough to show that {Pi, Pj} is positive for i, j =

2, 6, 7, 12. Table 3 shows that {Pi, Pj} is positive except {P12, P12}.

And P12 × P12 is:

x

x

x

x

x

x

x

x

x

x

x

y

y
y

y
y

y

aa

b

b

b a

b

b

y

x a

y

x

x

x

a

Since τ(P12 × P12) = 4 ≤ (γ − γx)(γ
′ − γ′y) + (γ − γy)(γ

′ − γ′x) = 4,

{P12, P12} is also positive. ¤

Conjecture 2. τ(Γ× Γ′) ≤ τ(S(Γ)× S(Γ′)) for any Γ, Γ′ ∈ G.

Since {Γ, Γ′} and {S(Γ), S(Γ′)} have the same local structure, by Propo-

sition 5, Conjecture 2 implies Conjecture 1. We can consider Propo-

sition 5 as the base case of an induction. Therefore, the following
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statement implies Conjecture 2 and the strengthened Hanna Neumann

Conjecture.

Conjecture 3. Let Γ, Γ′ ∈ G. If {Γ, Γ′} is positive, then {Γ∼, Γ′}

is positive, where Γ∼ is a graph obtained from Γ by applying a single

elementary move.



CHAPTER 5

Malnormal subgroups

In Chapter 3, we considered about underlying multigraphs of core-

graphs. Namely, for every finitely generated (non-trivial) subgroup H

of Fn, the core-graph of H is a finite connected multigraph (with a base

point) such that the degree of each vertex is no more than 2n and is

more than 1 except at the base point. On the other hand, we proved

that any such a multigraph can be the core-graph for some finitely

generated subgroup H of Fn.

Definition. Let G be a group. A subgroup H is malnormal in G

if g−1Hg ∩H = {1} for every g ∈ G−H.

In this chapter, after malnormality of subgroups of free groups is

characterized in terms of core-graphs, we describe a family of multi-

graphs so that they can be core-graphs of only non-malnormal sub-

groups. Then, we prove that, in a certain probability space, almost
99
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every set of k reduced words of Fn generates a malnormal subgroup of

rank k. We note that malnormality is decidable in free groups (see [1])

although malnormality is undecidable in hyperbolic groups (see [4]).

We also note that, for finitely generated free groups G1 and G2, an

amalgamated product of G1 and G2 with a finitely generated subgroup

H is hyperbolic if either H is malnormal in G1 or H is malnormal in

G2 (see [16]).

In Section 1, malnormality of subgroups of free groups is charac-

terized in terms of core-graphs, i.e., H is malnormal in Fn if and only

if rank(H) = b1(ΓH × ΓH), where b1(Γ) is the cyclomatic number of

Γ. The idea of the characterization is contained in the Stallings’ paper

[28], and is discussed also in Kapovich and Myasnikov [14]. We use

this characterization of malnormal subgroups to obtain some statistical

result on malnormal subgroups of free groups.

Let Bt be the set consisting of all reduced words of length ≤ t in

Fn. And let F(t, k) be the set consisting of all k-subsets of words of

Bt, where k = 1, 2, 3, . . .. We can turn F(t, k) into a probability space
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introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property Q if

lim
t→∞

Pr ( s ∈ F(t, k) such that s has Q ) = 1.

In Section 3, we see that almost every finitely generated subgroup

of Fn is malnormal with the probability. This shows that it is easy to

come up with particular examples of malnormal subgroups. However,

it is much harder to find a ”non-obvious” example of non-malnormal

subgroups.

In section 2, we describe a family of multigraphs for which every

labeling and directing gives rise to the core-graph of a non-malnormal

subgroup.

1. Graph criterion of malnormality

Let H and K be finitely generated subgroups of Fn = 〈x1, x2, . . . , xn 〉

and let ΓH and ΓK be the core-graphs of H and K respectively.

We recall that the product ΓH × ΓK of core-graphs ΓH and ΓK is

defined as follows: the vertex set V (ΓH × ΓK) of the product is the
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Cartesian product V (ΓH)×V (ΓK) of the vertex set of the core-graphs,

and there is an xi-edge from (u1, u2) to (v1, v2) in the product if and

only if there are xi-edges from u1 to v1 in ΓH and from u2 to v2 in ΓK .

Let 1H and 1K be the base points of ΓH and ΓK respectively.

Definition. The connected component of ΓH ×ΓK , which involves

the vertex (1H , 1K), is called the principal component of the product,

and denoted by P (ΓH × ΓK). The complement of P (ΓH × ΓK) in the

product, which is consisting of non-principal components, is denoted by

NP (ΓH × ΓK).

In particular, if H = K, then the principal component of the product

ΓH×ΓH is a copy of ΓH with the vertex set {(u, u) ∈ V (ΓH)×V (ΓH)}.

Definition. We say that an element g ∈ G−H is readable in ΓH if

there is a walk from 1H ∈ ΓH to a vertex of ΓH so that the corresponding

label on the walk is g.

Recall that a sequence of edges ( e1, e2, . . . , en ) in a graph is called a

walk from v0 to vn if there are vertices v0, v1 . . . , vn such that ei = vi−1vi
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for i = 1, . . . , n. If, in addition, the vertices v0, v1 . . . , vn are pairwise

distinct, the walk is called a path. A walk is called closed if v0 = vn.

Suppose that g is readable in ΓH . We look at the core-graphs ΓH

and Γg−1Hg. The core-graphs ΓH and Γg−1Hg are the same except the

location of their base points. The base point 1g−1Hg of Γg−1Hg is the

terminal point of the walk corresponding to g in ΓH . Since g ∈ G−H,

1H 6= 1g−1Hg.

y

1

x

y

x

L
H

y

1
x

y

x

L
H

H

x

Hx

Figure 1. Core-graphs ΓH and Γx−1Hx, where H = 〈xy, x−1yx 〉.

Let G be a group and H be a proper subgroup of G. Recall that

H is a malnormal subgroup of G if g−1Hg ∩ H = {1} for every g ∈

G−H. Malnormality of subgroups of free groups can be characterized in

terms of core-graphs. If the number of the vertices in ΓH is one, then

the product ΓH × ΓH is connected, thus, there is only the principal
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component in the product. And, in this case, it is easy to see that the

subgroup H is malnormal. From now on, we assume that the number of

the vertices in ΓH is more than one. Therefore, there is a non-principal

component in the product ΓH × ΓH .

The idea of the following theorem is contained in Stallings [28], see

also Kapovich and Myasnikov [14]. We use the characterization of

malnormal subgroups in Section 2 and Section 3.

We recall that b0(Γ) be the Betti number of Γ of dimension zero,

that is the number of components in Γ. The cyclomatic number b1(Γ)

of Γ is the Betti number of dimension one, that is

b1(Γ) = |E(Γ)+ | − |V (Γ) |+ b0(Γ).

Theorem 5. Let H be a finitely generated subgroup of Fn. Then,

the following statements are equivalent:

(1) H is malnormal in Fn.

(2) g−1Hg ∩H = {1} for every readable g ∈ Fn −H.

(3) P (Γg−1Hg × ΓH) is a tree for every readable g ∈ Fn −H.

(4) NP (ΓH × ΓH) is a forest.
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(5) rank(H) = b1(ΓH × ΓH).

Proof. (1) ⇒ (2): It is obvious by the definition of malnormal

subgroups.

(2) ⇔ (3): There exists a readable g ∈ Fn−H such that g−1Hg ∩H 6=

{1} ⇔ for some readable g ∈ Fn−H, there exists a closed walk at 1g−1Hg

in Γg−1Hg and there exists a closed walk at 1H in ΓH such that their

corresponding labels are the same ⇔ there exists a readable g ∈ Fn−H

such that P (Γg−1Hg × ΓH) is not a tree.

(3) ⇔ (4): Since the core-graphs ΓH and Γg−1Hg are the same except the

location of their base points, P (Γg−1Hg×ΓH) is not principal in ΓH×ΓH .

Conversely, every component in NP (ΓH × ΓH) is P (Γg−1Hg × ΓH) for

some readable g ∈ Fn −H.

(1) ⇐ (2): If H is not malnormal, then g−1Hg ∩ H 6= {1} for some

readable or non-readable g ∈ Fn − H. Suppose that g ∈ Fn − H is a

non-readable element such that g−1Hg∩H 6= {1}. Let s be the shortest

initial segment of g−1 such that g−1 = st and t−1 is readable in ΓH . (See

Figure 2.) Since g−1Hg ∩H 6= {1}, s is readable in ΓH . Therefore, the



106

core-graphs ΓH , Γs−1Hs and Γ(gs)−1Hgs are the same except the location

of their base points. g−1Hg∩H 6= {1} ⇒ (gs)−1Hgs∩s−1Hs 6= {1} ⇒

tHt−1 ∩ s−1Hs 6= {1}. Since t−1 and s are both readable in ΓH , there

exists a non-principal component of ΓH×ΓH which is not a tree⇒ there

exists a readable element g′ ∈ Fn −H such that g′−1Hg′ ∩H 6= {1}.

(4) ⇔ (5): b1(ΓH × ΓH) = b1 (P (ΓH × ΓH)) + b1 (NP (ΓH × ΓH)). If

NP (ΓH × ΓH) is a forest, then b1 (NP (ΓH × ΓH)) = 0. By Lemma 6,

b1(ΓH × ΓH) = b1 (P (ΓH × ΓH)) = b1(ΓH) = rank(H). Conversely, if

b1(ΓH × ΓH) = rank(H), then b1 (NP (ΓH × ΓH)) = 0. This implies

that NP (ΓH × ΓH) is a forest. ¤

1

1

H

H

L

H s

g

-1

t
-1

g

Figure 2

2. Core-graphs of non-malnormal subgroups

In Section 3, we will see that ”almost every” finitely generated sub-

group of Fn is malnormal. This shows that it is easy to come up with
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particular examples of malnormal subgroups: just pick them at random.

It is also not hard to construct ”obvious” examples of non-malnormal

subgroups, i.e.,

• subgroups which contain a pair of generators of the type u and

ug with g not in the subgroup,

• subgroups which contain a generator of the type gn, n > 1, with

g not in the subgroup.

However, it is much harder to find a non-obvious example of non-

malnormal subgroups.

In Chapter 3, we have seen that any graph from

Gn = {graphs with (I) and (II)}

can be labeled and oriented so that it becomes the core-graph of a

subgroup of Fn. Indeed, almost every graph of Gn can be core-graphs of

more than one subgroup of Fn by various ways of labeling and orienting.

In this section, we obtain a family of graphs from Gn for which every

labeling and orienting gives rise to the core-graph of a non-malnormal
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subgroup of Fn. By using such graphs, we can construct various non-

obvious examples of non-malnormal subgroups of Fn. Roughly speak-

ing, if a graph contains a high density subgraph, then the graph be-

comes core-graphs of non-malnormal subgroups.

Definition. The density D(Γ) of a graph Γ is

D(Γ) =
|E(Γ)+|
|V (Γ)| ,

where |V (Γ)| is the number of vertices and |E(Γ)+| is the number of

oriented edges in Γ.

In other words, the density D(Γ) of Γ is the half of the average degree

of the graph Γ. It is easy to see that 1 ≤ D(ΓH) ≤ n with equality

D(ΓH) = 1 if and only if H is cyclic, and equality D(ΓH) = n if and

only if H is finite index in Fn.

Let χ(Γ) be the Euler characteristic of a finite graph Γ, that is

|V (Γ)| − |E(Γ)+|. Let H be a finitely generated subgroup of Fn. We

denote

D = D(ΓH), V = |V (ΓH)| and E = |E(ΓH)+|.
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Lemma 13. Let H be a finitely generated subgroup of Fn. Then,

χ(ΓH × ΓH) ≤ V 2 − 1

n
E2.

Proof. Let Fn = 〈x1, . . . , xn 〉, and let hi be the number of xi-

labelled edges in ΓH (i = 1, . . . , n). Then,

χ(ΓH × ΓH) = |V (ΓH × ΓH)| − |E(ΓH × ΓH)+| = V 2 −
n∑

i=1

hi
2.

Since E =
∑n

i=1 hi,

V 2 −
n∑

i=1

hi
2 ≤ V 2 −

n∑
i=1

(
E

n

)2

= V 2 − 1

n
E2.

¤

Proposition 6. Let H be a finitely generated subgroup of Fn. Then,

D >
√

n and V ≥ nD − n

D2 − n
=⇒ H is not malnormal.

Proof. Let P (ΓH × ΓH) be the principal component of ΓH × ΓH ,

and let NP (ΓH×ΓH) be all the components of ΓH×ΓH other than the
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principal component. Since P (ΓH × ΓH) is identical to ΓH , by Lemma

13,

χ(NP (ΓH × ΓH))

=χ(ΓH × ΓH)− χ(P (ΓH × ΓH))

=χ(ΓH × ΓH)− {V − E}

≤{V 2 − 1

n
E2} − {V − E}

=V 2 − V − 1

n
E2 + E.

Suppose now that D = E
V >

√
n. Then,

V ≥ nD − n

D2 − n

=⇒ (D2 − n)V 2 ≥ (nD − n)V

=⇒E2 − nV 2 ≥ nE − nV

=⇒V 2 − V − 1

n
E2 + E ≤ 0.

Thus,

χ(NP (ΓH × ΓH)) ≤ 0.
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Assuming that the number of the vertices in ΓH is more than one,

by Lemma 3, if χ(NP (ΓH × ΓH)) is not positive, there exists a non-

principal connected component of ΓH ×ΓH which is not a tree. There-

fore, by Theorem 5, H is not malnormal. ¤

Example. Let Γ ∈ G2 be a graph such that |V (Γ)| = 4 and |E(Γ)+| ≥

6. Then, Γ can be core-graphs of subgroups of F2. All of them are not

malnormal subgroups. For example, let Γ ∈ G2 be the graph:

Since V = 4, E = 6, D = 1.5, n = 2 and (nD − n)/(D2 − n) = 4,

this graph satisfies the hypothesis of Proposition 6. Therefore, all core-

graphs which can be obtained from this graph are core-graphs of non-

malnormal subgroups.

Example. Let Γ ∈ G100 be a graph such that |V (Γ)| = 50 and

|E(Γ)+| ≥ 548. Then, Γ can be core-graphs of subgroups of F100. All

of them are non-malnormal subgroups.
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Proposition 7. Let H be a finitely generated subgroup of Fn, n > 1,

and let rank(H) = m. Then, each of the following two equivalent

conditions implies that H is not malnormal.

(1) m > n + 1 and V ≤ m− 1 +
√

n(m− 1)(m− n)

n− 1

(2) m > n + 1 and E ≤ n(m− 1) +
√

n(m− 1)(m− n)

n− 1

where V = |V (ΓH)| and E = |E(ΓH)+|.

Proof. Suppose that m > n + 1 and n > 1. Then,

m > n + 1

=⇒m(1− n) < 1− n2

=⇒m− 1 < n(m− n)

=⇒√
m− 1 <

√
n(m− n)

=⇒√
m− 1

√
m− 1 <

√
n(m− n)

√
m− 1

=⇒m− 1 <
√

n(m− 1)(m− n).
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Thus,

m− 1−
√

n(m− 1)(m− n)

n− 1
< 0 < V ≤ m− 1 +

√
n(m− 1)(m− n)

n− 1

=⇒ (n− 1)V 2 − 2(m− 1)V − (m2 − 2m− nm + n + 1) ≤ 0

=⇒nV 2 − nV − (m + V − 1)2 + n(m + V − 1) ≤ 0.

Let T be a spanning tree of ΓH . In the proof of Theorem 1, we have

seen that m = E − |E(T )+| = E − V + 1. Therefore,

nV 2 − nV − (m + V − 1)2 + n(m + V − 1) ≤ 0

=⇒V 2 − V − 1

n
E2 + E ≤ 0.

Therefore, the condition (1) implies that H is not malnormal. Further-

more,

V ≤ m− 1 +
√

n(m− 1)(m− n)

n− 1

⇐⇒V + m− 1 ≤ m− 1 +
√

n(m− 1)(m− n)

n− 1
+ m− 1

⇐⇒E ≤ n(m− 1) +
√

n(m− 1)(m− n)

n− 1
.

Thus, (1) and (2) are equivalent. ¤



114

Theorem 6. Let H be a finitely generated subgroup of Fn. If a

connected subgraph ∆ of ΓH has one of the following three conditions,

then H is not malnormal.

(1) D(∆) >
√

n and |V (∆)| ≥ n{D(∆)} − n

{D(∆)}2 − n

(2) m > n + 1 and |V (∆)| ≤ m− 1 +
√

n(m− 1)(m− n)

n− 1

(3) m > n + 1 and |E(∆)+| ≤ n(m− 1) +
√

n(m− 1)(m− n)

n− 1

where m = |E(∆)+| − |V (∆)|+ 1.

Proof. Let ∆ be a connected subgraph of ΓH with the property

(1). The product of subgraphs of ΓH is defined in the obvious way,

and the principal component of the product ∆ × ∆ is identical to ∆

with the vertex set {(v, v) ∈ V (∆) × V (∆)}. Then, it is easy to see

that the principal component P (∆×∆) is a subgraph of the principal

component P (ΓH × ΓH) and, on the other hand, any non-principal

component of ∆ × ∆ is a subgraph of a non-principal component of

ΓH × ΓH . If ∆ has the property (1), then Proposition 6 implies that

there exists a non-principal component of ∆ × ∆ which is not a tree.
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Thus, there exists a non-principal component of ΓH × ΓH which is not

a tree. By Theorem 5, H is not malnormal. Similarly, If ∆ has the

property (2) or (3), then Proposition 7 implies that there exists a non-

principal component of ∆×∆ which is not a tree. Thus, there exists a

non-principal component of ΓH × ΓH which is not a tree. By Theorem

5, H is not malnormal. ¤

3. Asymptotic density of malnormal subgroups

Let St be the set consisting of all reduced words of length t in Fn.

The spherical growth function is

γs(t) = |St| = 2n(2n− 1)t−1 if t > 0,

γs(0) = |S0| = 1.
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Let Bt be the set consisting of all reduced words of length ≤ t in Fn.

The growth function is

γ(t) = |Bt| =
t∑

i=0

|Si|

= 1 +
t∑

i=1

2n(2n− 1)i−1

=
n(2n− 1)t − 1

n− 1
.

Let F(t, k) be the set of all k-subsets of Bt, where k is an arbitrary

fixed positive integer. We can turn F(t, k) into a probability space

introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property Q if

Pr ( s ∈ F(t, k) such that s has Q ) → 1 as t →∞.

In other words, let E(t, k) be a subset of F(t, k) for each t. Then we

say that {E(t, k)} = {E(t, k)}∞t=0 is generic in {F(t, k)} = {F(t, k)}∞t=0

if

lim
t→∞

|E(t, k)|
|F(t, k)| = 1.
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We may assume that every E(t, k) is non-empty for sufficiently large t

if {E(t, k)} is generic in {F(t, k)}. And, we can also turn E(t, k) into a

probability space introducing the uniform distribution on it. Then, by

the limit law, if {E(t, k)} is generic in {F(t, k)} and {D(t, k)} is generic

in {E(t, k)}, then {D(t, k)} is generic in {F(t, k)}.

The following lemma shows that

{E(t, k)} = { all k-subsets of Bt −Bbαtc }

is generic in {F(t, k)} for any real number 0 < α < 1.

Lemma 14. Let 0 < α < 1 be a real number. Then, almost every

k-subset {w1, . . . , wk } ∈ F(t, k) is such that min{ |w1|, . . . , |wk| } > αt.

Proof. We have that the number of all words in Bt is

γ(t) = |Bt| = n(2n− 1)t − 1

n− 1
.

Thus, the number of k-subsets of Bt is

|F(t, k)| =
(

γ(t)

k

)
.
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Let 0 < α < 1 be an arbitrary fixed real number. Then, the number of

all words of length ≤ αt in Bt is

γ(bαtc) = |Bbαtc| =
n(2n− 1)bαtc − 1

n− 1
.

Thus, since the number of all words of length > αt in Bt is γ(t) −

γ(bαtc), the number of k-subsets of Bt −Bbαtc is

(
γ(t)− γ(bαtc)

k

)
.

And, the probability that all of k words in a k-subset of F(t, k) have

length > αt is

(
γ(t)−γ(bαtc)

k

)
(
γ(t)
k

) .



119

Let γ = γ(t) and γ′ = γ(bαtc). Then,

(
γ(t)−γ(bαtc)

k

)
(
γ(t)
k

) =

(
γ−γ′

k

)
(
γ
k

)

=
(γ − γ′)!

k!(γ − γ′ − k)!

k!(γ − k)!

γ!

=
(γ − γ′)!

(γ − γ′ − k)!

(γ − k)!

γ!

=
(γ − γ′)(γ − γ′ − 1) · · · (γ − γ′ − k + 1)

γ(γ − 1) · · · (γ − k + 1)

=
γ − γ′

γ

γ − γ′ − 1

γ − 1
· · · γ − γ′ − k + 1

γ − k + 1

= (1− γ′

γ
)(1− γ′

γ − 1
) · · · (1− γ′

γ − k + 1
)

−→ 1 as t →∞

since
γ′

γ
=

γ(bαtc)
γ(t)

=
n(2n− 1)bαtc − 1

n(2n− 1)t − 1

−→ 0 as t →∞.

Therefore, almost every k-subset {w1, . . . , wk } ∈ F(t, k) has the prop-

erty that min{ |w1|, . . . , |wk| } > αt. ¤
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Lemma 15. Almost every k-subset {w1, . . . , wk } ∈ F(t, k) is such

that the subgroup 〈w1, . . . , wk〉 is of rank k.

Proof. Let 0 < α < 1 be an arbitrary fixed real number, and let

{E(t, k)} = { all k-subsets of Bt −Bbαtc }.

And, let

{D(t, k)} = { {w1, . . . , wk} ∈ E(t, k) | 〈w1, . . . , wk〉 is of rank k }.

In Lemma 14, we have already seen that {E(t, k)} is generic in {F(t, k)}.

Thus, it is enough to show that {D(t, k)} is generic in {E(t, k)}.

Let 0 < β < 1
2α be an arbitrary fixed number. For every k-subset

{w1, . . . , wk } ∈ E(t, k) , we consider 2k reduced words

w1, . . . , wk, w
−1
1 , . . . , w−1

k .

Since each {w1, . . . , wk } is in E(t, k), we may assume that |wi| > αt for

every i = 1, . . . , k. We now look at the initial segment of length bβtc

of each of w1, . . . , wk, w
−1
1 , . . . , w−1

k , that is the word consisting of first
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bβtc letters of each word. We have 2k segments of length bβtc and , in

E(t, k), we consider

Pr ( at least 2 of these 2k segments are the same )

= 1− Pr ( any 2 of these 2k segments are different ).

Since we have chosen the uniform distribution on E(t, k), every word

in Sbβtc can be an initial segment of a word in E(t, k) with an equal

probability. The number of all words in Sbβtc is γs = γs(bβtc) = 2n(2n−

1)bβtc−1. Thus,

Pr ( any 2 of 2k segments are different )

=
γs

γs

γs − 1

γs
· · · γs − 2k + 1

γs

= (1− 1

γs
)(1− 2

γs
) · · · (1− 2k − 1

γs
).

Since γs = γs(bβtc) →∞ as t →∞,

1− Pr ( any 2 of 2k segments are different )

= 1− (1− 1

γs
)(1− 2

γs
) · · · (1− 2k − 1

γs
)

−→ 0 as t →∞.
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This means that every word wi of almost every {w1, . . . , wk } ∈ E(t, k)

has a non-empty middle segment which can not be canceled out in any

product without wiw
−1
i and w−1

i wi. Therefore, the subgroup 〈w1, . . . , wk〉

is of rank k for almost every k-subset {w1, . . . , wk } ∈ F(t, k). ¤

Proposition 8. Let g be the map on F(t, k) defined by

g( {w1, · · · , wk} ) = 〈w1, . . . , wk 〉.

Then, the map g is nearly 2k to 1, namely, almost every k-subset

{w1, . . . , wk } in F(t, k) is such that

| g−1( 〈w1, . . . , wk〉 ) | = 2k.

Proof. Let

{E(t, k)} = { all k-subsets of Bt −Bbαtc}

where 0 < α < 1 is an arbitrary fixed number. In Lemma 14, we

have seen that {E(t, k)} is generic in {F(t, k)}. Thus it is enough to

show that almost every k-subset {w1, . . . , wk } ∈ E(t, k) is such that

| g−1( 〈w1, . . . , wk〉 ) | = 2k.
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For each k-subset {w1, . . . , wk } ∈ E(t, k), we consider 2k reduced words

w1, . . . , wk, w
−1
1 , . . . , w−1

k .

For each i = 1, . . . , k and ε = ±1, let σ(wε
i) be the maximal initial

segment of wε
i so that σ(wε

i) is identical to an initial segment of another

word wε′
j , where j 6= i or ε′ 6= ε. We now have 2k initial segments

σ(w1), . . . , σ(wk), σ(w−1
1 ), . . . , σ(w−1

k )

of w1, . . . , wk, w
−1
1 , . . . , w−1

k , respectively. And further, for every i =

1, . . . , k, let p(wi) be the middle segment of the word wi such that

σ(wi) p(wi) σ(w−1
i )−1 = wi

i.e., any part of the middle segment p(wi) can not be canceled out in

any product without wiw
−1
i and w−1

i wi.

In the proof of Lemma 15, we have seen that almost every {w1, . . . , wk } ∈

E(t, k) is such that

min { p(w1), . . . , p(wk) } > bαtc − 2bβtc
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for arbitrary 0 < α < 1 and 0 < β < 1
2α. This means that the

length of any non-trivial product without wiw
−1
i and w−1

i wi is strictly

greater than t for almost every {w1, · · · , wk } ∈ E(t, k). And, the set

of elements of the group 〈w1, · · · , wk 〉 such that length ≤ t is precisely

{ 1, w1, . . . , wk, w
−1
1 , . . . , w−1

k }

for almost every {w1, · · · , wk} ∈ E(t, k). Thus, to generate the group

〈w1, · · · , wk 〉 by a k-subset of E(t, k), either wi or w−1
i has to be chosen

for every i = 1, . . . , k. Therefore, | g−1( 〈w1, . . . , wk〉 ) | = 2k for almost

every k-subset {w1, . . . , wk } ∈ F(t, k) ¤

Theorem 7. Almost every k-subset {w1, . . . , wk } ∈ F(t, k) is such

that the subgroup 〈w1, · · · , wk 〉 is malnormal.

Proof. Let

{E(t, k)} = { all k-subsets of Bt −Bbαtc }

where 0 < α < 1 is an arbitrary fixed number. Since {E(t, k)} is

generic in {F(t, k)}, it is enough to show that almost every k-subset
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{w1, . . . , wk } ∈ E(t, k) is such that the subgroup 〈w1, · · · , wk 〉 is mal-

normal.

Let H = 〈w1, · · · , wk 〉. By Theorem 5, we have seen that H is non-

malnormal in Fn if and only if the product of the core-graphs ΓH ×ΓH

has a non-principal component which is not a tree.

In the proof of Proposition 8, we defined the segments

p(w1), . . . , p(wk)

of words w1, . . . , wk. Then, for almost every k-subset {w1, . . . , wk} ∈

E(t, k), every non-trivial word in the group 〈w1, . . . , wk 〉 has at least

one of segments p(w1), . . . , P (wk) as a subword since any part of the

segment p(wi) can not be canceled out in any product without wiw
−1
i

and w−1
i wi.

Thus, if H = 〈w1, . . . , wk 〉 is not malnormal, then there exists a middle

segment p(wi) such that p(wi) can be read along another path on the

core-graph ΓH of the subgroup H.
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In the proof of Lemma 15, we have seen that

min {p(w1), . . . , p(wk)} > bαtc − 2bβtc

for arbitrary 0 < α < 1, 0 < β < 1
2α and for almost every {w1, . . . , wk } ∈

E(t, k). Since bαtc − 2bβtc −→ ∞ as t →∞,

Pr ( one of p(wi) can be read along another path in ΓH ) −→ 0

as t → ∞. Thus, 〈w1, . . . , wk 〉 is a malnormal subgroup of rank k for

almost every {w1, . . . , wk } ∈ F(t, k). ¤

In Chapter 4, we discussed the strengthened version of the Hanna

Neumann conjecture:

∑
[ rank(Hg ∩K)− 1 ] ≤ (rank(H)− 1) (rank(K)− 1) ,

where the summation is over a set of double coset representatives g ∈ F2

for H\F2/K with rank(Hg ∩K) 6= 0.

We now have the following corollary related to the conjecture.
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Corollary 7. Almost every subgroup H of F2 is such that

∑
[ rank(Hg ∩H)− 1 ] = rank(H)− 1,

where the summation is over a set of double coset representatives g ∈ F2

for H\F2/H with rank(Hg ∩H) 6= 0.

Proof.
∑

[ rank(Hg ∩H) − 1 ] = rank(H ∩ H) − 1 = rank(H) −

1. ¤
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