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Abstract

Stallings foldings and subgroups of free groups
by

Toshiaki Jitsukawa

Advisor: Professor Alexei Myasnikov

In this dissertation we discuss a number of problems on subgroups of
free groups by using foldings of graphs. Every finitely generated sub-
group of a free group is represented by a labeled directed graph, which
is called the core-graph of the subgroup. Firstly, we prove that any
reasonable graph can be the core-graph of a subgroup of a free group.
Secondly, we farther study the structure of core-graphs and obtain a
number of new partial results on the Hanna Neumann conjecture on in-
tersections of finitely generated subgroups of a free group. Finally, once
malnormality of subgroups of a free group is characterized in terms of
core-graph, we show that almost every set of k reduced words of a free

group generates a malnormal subgroup of rank k.
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CHAPTER 1

Introduction

A group F is called free if it has a subset X with the property that
every element of F' can be written uniquely as a product of X and
their inverses without obvious cancelations. By the Nielsen-Schreier
subgroup theorem, every subgroup of a free group is free. In this dis-
sertation we discuss a number of problems on subgroups of free groups
by using foldings of graphs. This graph-theoretical viewpoint was in-
troduced in the Stallings’ paper [28], and studied in detail in the paper
of Kapovich and Myasnikov [16]. By the useful notion of foldings of
graphs, every finitely generated subgroup of a free group is uniquely cor-
responding to a labeled directed graph, which is called the core-graph
of the subgroup.

In Chapter 3, we describe the precise set of underlying graphs of core-

graphs. Let H = (wy,...,w, ) be a subgroup of F,, = (x1,...,2,).
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For any finitely generated (non-trivial) subgroup H, the core-graph I'y

of H has the following properties:

(I) It is a finite connected graph with a base point.
(11) The degree of each vertex is no more than 2n and is more than

1 except possibly at the base point.

Any graph with these properties can be labeled and oriented so that
it becomes the core-graph of a finitely generated subgroup of F,. Let
G, = { graphs with the properties (I) and (/1) }. Then,

Theorem. Let I' € G,. Then, there exists a finitely generated
subgroup H of the free group F), such that I' becomes the core-graph of
H by assigning labels and directions appropriately.

In Chapter 4, we discuss the Hanna Neumann conjecture on inter-
sections of finitely generated subgroups of a free group. A result of
Howson [10] is that two finitely generated subgroups H and K of a free
group have finitely generated intersection. Then Hanna Neumann [21]

gave a bound for rank(H N K) in terms of rank(H) and rank(K) by



showing that

rank(H N K) —1 < 2(rank(H) — 1)(rank(K) — 1),

and asked if the factor 2 in the right can be dropped. This problem
has come to be known as the Hanna Neumann conjecture and remains
still open in general. We propose a new graph-theoretical approach to
the problem, which is equivalent to Walter Neumann’s strengthened
version of the Hanna Neumann conjecture [22]. We prove that the
strengthened version of the conjecture can be expressed in terms of the
number of trees in the product of core-graphs of two subgroups.

Theorem. The strengthened Hanna Neumann conjecture {H, K}

holds if and only if

T(Ty x ) < (b — hy)(k —ky) + (b — hy)(k — kz),

where h and k are the numbers of vertices, h, and k, are the numbers
of x-edges, and hy, and k, are the numbers of y-edges in I'y and 'k
respectively. T(I'y x U'k) is the number of connected components in

'y x 'k which are trees.
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Then we study the structure of core-graphs and show the following
primary decomposition theorem of core-graphs.

Theorem. Let I'y be a core-graph. Then, up to conjugation, I'y 1s
equivalent to a graph so that each component is a prime graph.

The definition of the equivalence in the theorem and the list of fifteen
prime graphs are given in Section 4.6. We also present an algorithm
which decomposes any core-graph into primes. The primary decompo-
sition theorem of core-graphs and farther study of product-graphs find
some partial results on the conjecture. We classify core-graphs into five
classes [0], [I], [IT], [ITI] and [ITV]. Then

Corollary. The Hanna Neumann conjecture {H, K} holds if

Class(H) = [0].

A source is a vertex of degree 2 with two out-going edges, and a sink
is a vertex of degree 2 with two in-coming edges.

Corollary. The Hanna Neumann conjecture {H, K} holds if the
number of source is equal to the number of sink in at least one of core-

graphs.



Corollary. The Hanna Neumann conjecture {H, K} holds if

Class(H) # Class(K).

An automorphism ¢ of F(X) is called length-preserving if |w¥| = |w|
for any w € F(X). A word w € F(X) is called a fized point of an
automorphism ¢ of F(X) if w? = w.

Corollary. Let ~ : Fy — F5 be any length-preserving automorphism
without non-trivial fixed points. Then, the Hanna Neumann conjecture
{H,K} or {H™, K} holds.

In fact, when trying to solve the conjecture in general, we can always
restrict our attention to subgroups such that all branching vertices in
core-graphs are of degree 3 of the same type.

Corollary. If the Hanna Neumann conjecture is false in general,
then there is a counterexample {H, K} such that all branching vertices
in the core-graphs I'y and 'k are of degree 3 of the same type.

At the end of Chapter 4, we state graph-theoretical conjectures so
that each of which implies a positive solution of the strengthened Hanna

Neumann conjecture.
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Let G be a group. A subgroup H of G is called malnormal in G if
g 1HgN H = {1} for every g € G — H.

In chapter 5, malnormality of subgroups of free groups is character-
ized in terms of core-graphs.

Theorem. H is malnormal in F,, if and only if

rank(H) = b;(T'y x T'y),

where by(I") is the cyclomatic number of I'. The idea of the characteri-
zation is contained in the Stallings’ paper [28], and is discussed also in
Kapovich and Myasnikov [14].

Let B; be the set consisting of all reduced words of length < ¢ in
F,. And let F(t,k) be the set consisting of all k-subsets of words of
By, where k =1,2,3,.... We can turn F(¢, k) into a probability space
introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property @ if

lim Pr (s € F(t, k) such that s has Q) = 1.

t—00
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In Section 5.3, we see that almost every finitely generated subgroup
of F), is malnormal with the probability.

Theorem. Almost every k-subset {wy,...,wy} € F(t, k) is such
that the subgroup {(wy,--- ,wy ) is malnormal.

This shows that it is easy to come up with particular examples of
malnormal subgroups. However, it is much harder to find a non-obvious
example of non-malnormal subgroups.

In section 5.2, we describe a family of multigraphs for which every
labeling and directing gives rise to the core-graph of a non-malnormal
subgroup.

Theorem. Let H be a finitely generated subgroup of F,,. If a con-
nected subgraph A of I'y has one of the following three conditions, then

H is not malnormal.

n{D(A)} —n
(1) D(A) > Vi and V(&) 2 F5rs—
(2)m>n+1and |V(A)] < m—1+ \/7;(7111— 1)(m —n)
B)m>n+1and |[E(A)T] < n(m—1)+ \7/171_(77;— 1)(m —n)

where m = |E(A)Y]| — |[V(A)| + 1.
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D(A) = |E(A)T|/|V(A)] is the density of A, |[V(A)| is the number of
vertices and |F(A)™| is the number of oriented edges in A.

Finally, we have the following corollary related to the strengthened
Hanna Neumann conjecture.

Corollary. Almost every subgroup H of Fy is such that
Z[rank(Hg NH)—1]=rank(H) -1,

where the summation is over a set of double coset representatives g € Fy

for H\Fy/H with rank(HY N H) # 0.



CHAPTER 2

Definitions and preliminaries

1. Free groups

Let X be aset, and X ! be a set of the same cardinality as X. There
is a fixed bijection from X to X~'. For each z € X, the corresponding
element in X ! is denoted by 7. Let 3 be the disjoint union X UX 1.
A word in ¥ is a finite string over 3. A word is reduced if it does not

'z, where z € X and 27! €

contain a subword of the form zax~! or a2~
X 1. The set of all reduced words over ¥ has a group structure. The
product of two words is defined by concatenating them and canceling

L or 271z to obtain the reduced word.

out subwords of the form xx~
The cancelation is called elementary reduction. The empty string is
the identity of the group and denoted by 1. The group is called the
free group on X. We denote this free group by F(X). In particular,
if X = {xy,...,2,} is a finite set, the free group is called finitely

generated, and denoted by F,,(X), or simply by F,.

9
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The following universal property characterizes free groups. Let X
be a set, and let f : X — G be any map from X to a group G, then,
there is a unique homomorphism ¢ : F(X) — G such that ¢|x = f.

Consequently, any group is isomorphic to a quotient group of a free

group.
2. Graphs
DEFINITION. A graph I consists of two disjoint sets V(I') and E(I)
together with two functions

E) — V() x V(') , e (s(e),t(e))

ET)— EIl),e—e

which satisfy, for all e € E(I'), e = €, e # € and s(e) = t(é).

The set V(I') is the set of vertices of I', and the set E(I") is the set
of edges of I'. Let e € E(I"). The vertex s(e) is the starting vertex of e,
and the vertex t(e) is the terminal vertex of e. These two vertices, one
vertex if s(e) = t(e), are called the end points of e. The edge € is the

muverse of e.
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The degree of a vertex v is the number of edges starting at v. A
path in T' of length n is a finite sequence of edges ejes - - - €, such that
t(e;) = s(ejr1) for every i, 1 < i < n. A closed path in T" of length n
is a path ejes - - - e, such that s(e;) = t(e,). A closed path ejes--- e, is
called reduced if e;11 # ¢; for every ¢, 1 < i < n. A graph I' is said to be
connected if, for any two vertices u, v € V(I'), there is a path ejey - - - €,
such that s(e;) = u and t(e,) = v. An orientation of a graph I is a
subset E(I')" of E(I') such that E(T") is the disjoint union of E(I")*
and the inverses E(I')~, i.e., one edge is chosen out of each pair of edges
{e,e}. A treeis a connected graph such that, for any two vertices u

and v, there is a unique reduced path from u to v in any orientation.

DEFINITION. A digraph is a graph together with an orientation.

Every digraph is a graph if we forget its orientation. In practice,
we often illustrate a graph by a diagram of a digraph. A vertex of a
graph is represented by a point, a pair { e, € } of an edge and its inverse
is represented by a line connecting their end points. For each line, we

choose one edge from the pair of edges {e,é} and direct the line by
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an arrow from the starting vertex to the terminal vertex of the edge

chosen. This is a diagram of a digraph.

[

T

Q u

FiGURE 1. An illustration of the graph having two vertices u, v and
four edges e, €, f, f such that u = s(e), v = t(e) = s(f) = t(f). For

this illustration, the orientation { e, f } has been chosen.

DEFINITION. Let I' and A be graphs. A morphism of graphs ¢ :
' — A consists of two maps of sets ¢y : V(I') — V(A) and ¢p :

E(I') — E(A) which satisfy, for all e € E(I'),

pv(sle)) = s(pr(e))

vr(e) = gr(e).

A graph I is a subgraph of a graph A if V(I'), E(I) are subsets of
V(A), E(A) respectively, and the inclusion maps ¢y : V(I') — V(A)

and pp : E(I') — E(A) form a monomorphism of graphs.
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A graph morphism ¢ : I' — A is said to be locally injective if p(e) #
@o(f) for any two distinct edges e, f € E(I') such that s(e) = s(f).
¢ : ' = Ais said to be locally surjective if, for any vertex v € V(I') and
every edge e € F(A) such that s(e) = ¢(v), there is an edge f € E(I)
such that s(f) = v and ¢(f) = e. ¢ is said to be locally bijective if it
is both locally injective and locally surjective. A locally injective mor-
phism, a locally surjective morphism and a locally bijective morphism

are also called tmmersion, submersion and covering respectively.

3. The fundamental group of a graph

A pointed graph I’ is a non-empty graph together with a distinguished
vertex 1p. The vertex 1 is called the base point of I'. Morphisms of
pointed graphs are graph morphisms which preserve base points. The
fundamental group is a covariant functor from the category of pointed
graphs to the category of groups.

A closed path in " of length n is a finite sequence of edges ejes - - - €,
such that t(e;) = s(e;j41) for 1 < i < n, and 1p = s(e;) = t(e,). A

closed path ejes - - - e, is called reduced if e;;1 # ¢€; for 1 < i < n. The
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set of all reduced closed paths in I' has a group structure. The product
of two closed paths is defined by concatenating them and canceling
out subsequences of the form e;é; to obtain the reduced path. The
cancelation is called elementary reduction. The empty path, the path
of length 0, is the identity of the group and denoted by 1. The group

is called the fundamental group of I'. We denote this group by m(T).

DEFINITION. The core of a pointed graph I' is the maximal con-
nected subgraph which has the same fundamental group as of I'. We

denote this by Core(T).

In general, a connected pointed graph I' may contain a connected
proper subgraph I'” which has the same fundamental group as of I'. The
core of I' is the intersection of all such I'. In particular, if I' is finite,
Core(I") can be obtained by deleting vertices of degree one and all edges
incident with them repeatedly until there is no vertices of degree one
except the base point of I'. Thus, the core of a pointed graph I' has no

vertices of degree one except possibly at the base point.
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Core
—

FIGURE 2. A pointed graph I' and its core Core(I).
4. Covering spaces of a graph
DEFINITION. Let I' and A be connected graphs. A morphism of

graphs p: A — I' is called a covering of I' if it is locally bijective.

Let I' be the pointed graph having one vertex v and 2n edges x1,
T1, ..., T, Tp. Then, the fundamental group m1(I") is isomorphic to
the free group F,, = (z1,...,2,). Let H be a subgroup of F,. We
now construct the covering of I' corresponding to H. The vertices are
the right cosets { Hw } of the subgroup H in F,,. The base point is the
vertex corresponding to the coset { H1}. Foreach i = 1,... n and each
pair of cosets { Hv} and { Hw } such that { Hw} = { Hvx; }, there

is a pair of edges [Hv, x;, Hw| and [Hw, Z;, Hv] in the covering graph.
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The two functions are given by
[Hv, x;, Hw] — (Hv, Hw) , [Hw, z;, Hv] — (Hv, Hw)

[Hv, x;, Hw] — [Hw, z;, Hv] , [Hw, z;, Hv] — [Hv, x;, Hw].

We denote this covering pointed graph by I'H. Then, the morphism of
pointed graphs py : 'H — T" defined by { Hv } — v, [Hv, z;, Hw] — x;,
[Hw, z;, Hv] — ; is locally bijective. We call this the covering of I’
corresponding to H.

In particular, if H is a normal subgroup of F},, then the covering
graph I'H corresponding to H is a Cayley graph of the quotient group

G=F,/H.

DEFINITION. The pointed graph Core(I'H) is called the core-graph

of H.

For example,
let H = (y) < Iy, = (x,y), the set of the right cosets of H in F
is V(PH) = {Hw|w € Fy so that the initial letter of w is z or z71},

and the covering graph I'H corresponding to H is the infinite graph:
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And the core-graph Core(I'H) is:
®
@)

5. Finite state automata and regular languages

DEFINITION. A (deterministic) finite state automaton M consists of
two disjoint finite sets S, ¥ and a subset A of S together with two

functions

SxX—=S8,(s,0)— so

SV = S oo 1.
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The finite set S is the set of states of M, the subset A is the set of
accept states, and the finite set X is called an alphabet. The function
SxY — S, (s,0)— sois called the transition function. The set S°
is the singleton set {oo}, thus the initial state 1); of M is selected by
the nullary operation S® — S, co — 1.

Let X be a finite set, and let >* be the set of all strings over ..
A string over ¥ is a finite sequence of elements in ¥. In particular,
the string of length 0 is called the nullstring, and we denote this by e.
The transition function S x ¥ — S can be extended to a function on
S x ¥* in the obvious way. We say that a string w is recognized by M
if 1w € A.

A language over X is a subset of ¥*. A language is called reqular if
it is recognized by some finite state automaton. The regular language
recognized by M is denoted by L(M).

A state s is said to be failure if no accept states can be reached from

the state. We may assume that each of our automata has at most one
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failure state since we can combine all failure states into a single state
without changing the language recognized by the automaton.

we often illustrate an automaton by a diagram. A state of an au-
tomaton is represented by a point, the transition function of an au-
tomaton is represented by labeled arrows. Namely, (s,0) — so is
represented by an arrow from the point corresponding to the state s to
the point corresponding to the state so. The label of the arrow is o.
For example, let H = (z) < Fy, = (x,y). The diagram below repre-
sents a finite state automaton which recognize the subgroup H. This

also can be viewed as a diagram of a digraph.

initial y
& | T - i failure ;
ACCEPY/  -----ovovoeoeoceees - 3
B g -



CHAPTER 3
Stallings foldings
In [28] Stallings studied the category of graphs and introduced the
notion of immersions of graphs. Every finitely generated subgroup of
free groups can be represented by an immersion of a finite graph. By us-
ing graph-theoretical techniques, one can elegantly reprove many clas-

sical facts about free groups.

1. Foldings of a labeled pointed graph

DEFINITION. A labeled pointed graph ' consists of three disjoint sets

V(I'), E(T") and ¥ together with five functions

ET) = V() x V(T) , e (s(e), t(e))

El)— EIl) ,e—e

El) — X%, ,e—le)

I S S

20
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V() — V() , 0o 1Ip
which satisfy, for all e € E(I') and all x € X, e = €, e # €, s(e) = t(e),

r=(x ) x#zland i(e) =I(e) .

The set V(I') is the set of vertices of I', the set E(I") is the set of
edges of I', and the set X is an alphabet. We assume that our alphabet
¥ to be the disjoint union X U X!, where X is a finite set, and X!
is a set of the same cardinality as X. The vertex s(e) is the starting
vertex of e, the vertex t(e) is the terminal vertex of e, and I(e) is the
label of e. The set V(I')° is the singleton set {oo}, thus the base point
It of T is selected by the nullary operation V(I') — V(T') , co +— 1r.

Morphisms of labeled pointed graphs are graph morphisms which

preserve labels of edges and base points.

DEFINITION. Let I' and A be labeled pointed graphs. A morphism
of labeled pointed graphs ¢ : I' — A consists of two maps of sets
ey V(') = V(A) and ¢p : E(I')) — E(A) which satisfy, for all
ee E(I),

pv(s(e)) = s(vr(e))
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wv(lp) = 1A-

CONVENTION. We recall that a digraph is a graph together with an
orientation. Our alphabet ¥ is the disjoint union X U X! of a finite
set X and the formal inverses X 1. Since I(€) = I(e)™! for each pair
of edges {e,ée} in I, there is an orientation E(I')* of I such that the
label of each edge in the orientation is in X. We usually choose this
particular orientation when a graph is represented by a digraph. Every

digraph is a graph if we forget its orientation.

Foldings of labeled graphs are defined by pushouts in the category.
Let A is the graph having three vertices u, ui, us and four edges d,
dy, dy, dy such that u = s(dy) = s(da), uy = t(dy), ug = t(dy) and
[(dy) = l(d2). Let A’ is the graph having two vertices v, w and two
edge f, f such that v = s(f), w = t(f) and I(f) = I(d;) = l(ds). And,

¢ : A — A’ is the morphism such that p(u) = v, p(u1) = p(uz) = w
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and ¢(dy) = ¢(dy) = f. Let ¢p : A — I be a morphism to any labeled

graph I

FIGURE 1. ¢ : A — A

DEFINITION. The morphism ¢ : I' — I" in the pushout A’ Sl

of A & A % Tis called a folding.

A pair of labeled edges { e, f } of T is said to be admissible if s(e) =
s(f), e # f, and I(e) = I(f). In other words, a folding identifies e to f,
t(e) to t(f), € to f. In this case, the quotient graph I" is denoted by
['/ie—f). We note that every non-trivial folding reduces the number of
edges by 2 including the inverses. Foldings of labeled pointed graphs

are defined by foldings of labeled graphs through the forgetful functor.
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DEFINITION. Let I" be a labeled pointed graph. Then I' is folded
provided the following holds: if i(e) = I(f) for some e, f € E(I") so
that e # f, then s(e) # s(f), i.e., there are no admissible pairs of edges

inl.

If a given labeled pointed graph I' is finite, then there is a finite

sequence of foldings

(rbn—l

r=r,%r % KN SN A X

such that any further folding ¢,, 41 : I';, — I',4q is trivial (i.e., bijective).
Since the number of edges in I' is finite and each non-trivial folding
reduces the number by 2, any sequence of non-trivial foldings must
terminate with a folded graph.

Suppose that I' — I'/i._s; and I' — '/}, are two non-trivial fold-
ings. If I'/je—py # I'/ig=p), then I'/io g — T'/je—f—gpy and T'/jg ) —
['/je=f=g=p are two non-trivial foldings.

Thus, if

P2 Pn—1
« o o —)

r oo 2 Ty 25T,
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M P D1 v m
r—-I— - —1I,,—1I,

are two finite sequences of non-trivial foldings which terminate with
folded graphs I',, and I/ | then n = m and '), = I/ . There is a unique
folded graph of I' although the sequence of foldings is not unique.

Let ¢ : I' — A be a morphism of labeled pointed graphs. Then ¢

determines a homomorphism of groups

s s (D) — T (A)

that takes a closed path in I' to a closed path in A up to elementary
reduction. In particular, if ¢ is a folding, then the induced homomor-
phism ¢, is surjective.

Suppose that A is the graph having one vertex v and 2n edges labeled
by x1, 1, ..., Tp, Tp. Then A is folded, and the fundamental group
m1(A) is isomorphic to the free group F,, = (x1,...,x,). In this case,
H = p.(m (")) is a finitely generated subgroup of F,. Let ¢ : ' — I"

be the composition of a finite sequence of foldings terminating with the
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folded graph I"'. Then, since A is folded, there is a unique immersion

o T — A

such that ¢ = ¢’ o ¢. Furthermore, since the induced homomorphism
¢y (L) — m(I7) is surjective, @ (m (")) = pu(m () = H. H is
represented by the immersion ¢ : IV — A.

For any finitely generated subgroup H of F,, we consider all graphs
[' and morphisms ¢ : I' — A such that @,(m (")) = H. Then, the
morphism from the intersection of all terminal foldings of such graphs
[' to A is an immersion. And, the image of the induced homomorphism
is H. The intersection of all terminal foldings of such graphs I' is called

the core-graph of H, and denoted by I'y.

2. Constructing the core-graph of a subgroup

Let H = (wy,...,w,) be a finitely generated subgroup of F, =
(x1,...,z, ), where each w; is a reduced word in F,,. We construct the
core-graph of H as follows: For each reduced word w;, ¢ = 1,...,m,

of length |w;|, we consider an oriented cycle with a base point. Each
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pointed cycle is considered to be a graph having |w;| vertices and |w;|
pairs of edges. Each directed line, which is corresponding to a pair of
edges, is labeled by a letter in X*!' according to the word w; along the
orientation, with starting and ending at the base point. If an edge is
labeled by a letter z; 7' € X!, then we reverse the orientation of the
line and replace the label ;7! by z;. And, we form the pointed union
of m cycles by identifying all the base points of the graphs. Then, at
the base point, if there are two edges so that they have the same label
and the same direction, i.e., outgoing or incoming, we identify them.
We repeat a folding until there are no such pairs of edges at every
vertex. Each folding reduces the number of edges in the graph, and
since the number of edges is finite, this sequence terminates in finitely
many steps. The resulting labeled pointed graph is the core-graph I'j.
Indeed, this is the minimum graph since if we delete any edge from I'g,
then the image of the induced homomorphism to m1(A) is not H. In

other words, Core(I'yy) = I'y.
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%S

FiGUurEe 2. Constructing the graph I'y corresponding to the subgroup

y
y

y
< X
X
Yy x
y
y
1
x
1—‘H
y

H = (zy,ayz~ 'y o) < Fy = (2,y).

Each path in the graph I'y; corresponds to a word in X*! by reading
labels of edges, where if we pass through an edge labeled by x; against
the orientation, we read the label as z;7!. Let g € F,,. Then, if g € H,
there is the closed walk at the base point in I'y so that the correspond-
ing word is g. Conversely, for every closed path at the base point in 'y
without backtracking , there is the corresponding reduced word in H.
Thus, I'y can be viewed as a finite state automaton which recognize

the subgroup H.
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3. Stallings foldings and Petersen’s theorem

Let H = (wy,...,w,) be a subgroup of F,, = (x1,...,x,). For
any finitely generated (non-trivial) subgroup H, the core-graph 'y of

H has the following properties:

(I) It is a finite connected graph with a base point.
(11) The degree of each vertex is no more than 2n and is more than

1 except possibly at the base point.

In this section, we prove that any graph with these properties can be
labeled and oriented so that it becomes the core-graph of a finitely

generated subgroup of F,. Let

G, = { graphs with the properties (I) and (I1) }.

Theorem 1. Let I' € G,,. Then, there exists a finitely generated
subgroup H of the free group F),, such that I' becomes the core-graph of

H by assigning labels and directions appropriately.

We recall some standard terminology in graph theory. Let I' be a

graph. The degree of a vertex v is the number of edges starting at
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v € V(I'). A graph is said to be n-regular if every vertex has degree
n. In particular, a connected 2-regular graph is called a cycle. An edge
e € E(I') is said to be a loop if s(e) = t(e). A 2-factor of a graph
is a spanning subgraph, that is a subgraph containing every vertex of
the graph, so that every vertex has degree 2. A graph is said to be 2-
factorable if the graph can be decomposed into edge-disjoint 2-factors.

2-factorable graphs have been characterized by J. Petersen ([25],
[2]). Certainly, if I is 2-factorable, then necessarily I is regular of even

positive degree.

Petersen’s Theorem. Every reqular graph of even positive degree

s 2-factorable.

Let I be a graph with an orientation. A closed path in the orien-
tation of I' is called a circust if all its edges are distinct. In particular,
a circuit containing all the edges of the orientation is called an Fuler
circuit. A graph is called Fulerian if it has an Euler circuit with some
orientation. A characterization of Eulerian graphs is that a non-trivial

connected graph is Fulerian if and only if each vertex has even degree.
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PROOF OF PETERSEN’S THEOREM. The statement is obvious if I'
is 2-regular. Suppose that I' is 4-regular. We may assume without loss
of generality that I' is connected. Hence, I' is Eulerian and contains an
Euler circuit of even length. We label the edges of the circuit alternately
x and y. With each vertex of I', two z-edges and two y-edges are
incident. I' is decomposed into two 2-factors, one consists of all z-edges
and their inverses, and the other one consists of all y-edges and their
inverses.

Suppose that I' is 2n-regular, where n > 2. Let e and f be two
edges in an orientation of I". We derive a new graph IV by deleting two
pairs of edges {e,e} and { f, f }, and substituting new pairs of edges
{e,e'} and { ', '} so that s(¢)) = s(e), He') = (), s(f') = s(f)
and t(f") = t(e). Then, I' is 2-factorable if so is ['. Suppose that
[V is 2-factorable. If ¢ and f’ are in the same 2-factor of I, I is
decomposed into 2-factors in the obvious way. On the other hand, if
¢/ and f’ are in two different 2-factors of I, we look at the subgraph

of I corresponding to the two 2-factors of I”. Since the subgraph of
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[' is 4-regular graph, it can be decomposed into two 2-factors. Thus,
" is 2-factorable if I” is 2-factorable. Since I' can be transformed into
any 2n-regular graph having the same number of vertices, and some
of them are clearly 2-factorable, every regular graph of even positive

degree is 2-factorable. ]

Lemma 1. Let I' be a finite graph. Then, there exists an even degree

reqular graph T such that T is a spanning subgraph of the graph T.

PROOF. Let m’ be the maximum degree of the vertices of I". And,

let

(

m’, if m' is even,

m' 4+ 1, if m'is odd.

\
First, we add L%eg(v)j pairs of loops to each vertex v of I'. Then, the
degree of each vertex is m or m — 1, and, there are even number of
odd degree vertices since every graph has even number of odd degree
vertices. Second, we pick any two odd degree vertices if there are, and

connect them by a pair of edges. Repeat this connection as many times
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as possible. The resulting graph I is an even degree regular graph and

contains I' as a spanning subgraph. ]

PROOF OF THEOREM 1. Let I' be a finite 2n-regular graph which
contains I' as a subgraph. By Lemma 1, such a graph exists. By the
Petersen’s theorem, we can decompose I into n 2-factors. Then, each
2-factor consists of disjoint union of cycles. Pick a 2-factor of I’ and
label all the pairs of edges by x; and xfl. At each vertex of T, we
have one outgoing xi-edge, one outgoing :L’l_l—edge, one incoming -
edge and one incoming x| '-edge. Similarly, we repeat this assignment
for all other 2-factors with other labels. We now look at the subgraph
I'. T is folded since, for each vertex v € I" and each i = 1,...,n, v
is the starting vertex of at most one z;, x; ledge and is the terminal
vertex of at most one x;, x;l—edge. To obtain a set of generators of
H, we take a spanning tree T of I'. Since T is a spanning tree of I,
for any two vertices v and v of I', there is a unique path P, , from wu
to v in T. Let {ej,€1,...,€m,€n } be the set of edges in I' — T, let

u; be the starting vertex of e;, and v; be the terminal vertex of e;.
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Let 1 be the base point of I'. Then, the set of the reduced words
W ={w;|j=1,...,m} corresponding to the set of the closed paths

{Piuej Py | j=1,...,m} is a free basis for the subgroup H. [

We recall that a tree is defined as a connected graph such that, for
any two vertices and any orientation, there is a unique reduced path
between the vertices. Equivalently, a tree is a connected graph that has
no circuit. A spanning tree of a graph I' is a tree that is a subgraph of
[' including all the vertices of T'.

Every connected graph contains a spanning tree, and it can be con-
structed by several different ways. One of them goes as follows: Let
I' be a connected graph with a base point 1r. An orientation is given
to the graph, i.e., one edge is chosen out of each pair of edges. Let Tj
be the subgraph of I' consisting of the single vertex 1 without edges.
Let Vi = {v e V(I') = V(T,) | there is an edge e between v and 1p =
V(Ty) }. Ty is obtained from T by adding to Tj the vertices V; and, for
every v € V7, exactly one edge e which connects 1p and v. It is easy to

see that T} is tree. Suppose that T;_; is a subtree of I'. Let V, = {v €
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V(') = V(Ty_1) | there is an edge e between v and v € V(Ty_1) }. Ty
is obtained from T} 1 by adding to T}_; the vertices V}. and, for every
v € Vi, exactly one edge e which connects u € V(T}_1) and v. Then

T} is also a tree.

{Ip}=ThycThc---CTpC---

Since I' is connected, every vertex belongs to T} for some k. In par-
ticular, since our graph I' is finite, this sequence terminates in finitely
many steps. The terminal tree T" is a spanning tree of I'.

The spanning trees constructed by the method above has the follow-
ing property: for any vertex v € V(I') = V(T'), the unique path Py, in
T is a shortest path in I' between these vertices. These trees are called
geodesic spanning trees.

Let S be a subset of a free group F(X). S is called Nielsen reduced
if, for any a, b, c € S*!, the following condition hold:

(N1) 1¢58
(N2) a b7 = [ab] > |a], o

(N3) a#bt#c=|abc| > |a| — |b] + ||
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where |a| is the length of a with respect to X.
In the proof of the theorem, we obtained the set of reduced words

44

wj:Plnuj € ij,lp (]zl,,m)

as a basis for the corresponding subgroup H. Since the paths Py, and
Py, 1 are paths in T', if we take a geodesic spanning tree as T', these

paths are shortest paths connecting their end points. In this case,

‘P1F7Uj| < ‘PUj,lr‘ +1 and ‘P1F7Uj| +12> |PU',1F|'

J

Therefore,

j»lFl‘

1
§|w3\ > |P1r,uj‘> P,

Certainly any closed path at the base point 1r can be represented as a
product of these reduced words. Let w,, wy, w, € W*L If wawy # 1,
then |wqwy| > |w,|, |wy| since the middle edges e (j = 1,...,m) are

J

never canceled.

possible cancellation
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And, if w,wy # 1 and wyw, # 1, then |wowywe| > |wa| — |wp| + |we| by
the same reason.

Wa Wb We

possible cancellation possible cancellation

Therefore, the set W is a Nielsen reduced basis for the subgroup H.

For example, we have obtained the core-graph of H = ( zy, zyz 1y lz)

By using a spanning tree of ['y

we have a Nielsen reduced basis { xy, x " 'yx } for the subgroup H.
This argument shows that every (finitely generated) subgroup has a

Nielsen reduced basis and gives an algorithm for finding such a basis.



CHAPTER 4
The Hanna Neumann conjecture
By the Nielsen-Schreier subgroup theorem [24], [26], every subgroup
of a free group is free. Let H and K be finitely generated subgroups of
a free group, and let rank(H N K) # 0. In [10], Howson showed that
the intersection of any two finitely generated subgroups of a free group

is again finitely generated, and gave a bound for rank(H N K) in terms

of rank(H) and rank(K) by showing that

rank(H N K) —1 < 2rank(H)rank(K) — rank(H) — rank(K).

Hanna Neumann [21] improved Howson’s upper bound to

rank(H N K) —1 < 2(rank(H) — 1)(rank(K) — 1),

and asked if the factor 2 can be dropped. This problem has come to be

known as the Hanna Neumann conjecture. Burns [5] further improved
38
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Hanna Neumann’s bound to

rank(HN K) —1 < 2(rank(H) — 1)(rank(K) — 1)

—min{rank(H) — 1,rank(K) — 1},

This proves the conjectured inequality when both subgroups have rank
at most two.

In 1989, Walter Neumann [22] formulated a strengthened version
of the Hanna Neumann conjecture, and extended Burns’ bound to
the strengthened version. All subsequent results have applied to the
strengthened version of the conjecture. In 1992, Tardos [29] proved,
with a deep graphical analysis, the strengthened Hanna Neumann con-
jecture when one of the two subgroups has rank at most two. Then
Dicks [7] showed that the strengthened Hanna Neumann conjecture
is equivalent to a conjecture on bipertite graphs which he called the
amalgamated graph conjecture, and re-proved previously known upper

bounds. In 1996, Tardos [30] used Dicks’ method to improve upon the
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known upper bounds. In particular, he proved that

rank(H N K) —1 < 2(rank(H) — 1)(rank(K) — 1)

—rank(H) — rank(K) + 3.

This implies the conjectured inequality when both subgroups have rank
at most three. In 2000, Dicks and Formaneck [8] improved Tardos’

bound to

rank(HNK) —1 < (rank(H) — 1)(rank(K) — 1)

+ (rank_3(H))(rank_3(K)),

where rank_s(H) = maz{rank(H) — 3, 0 }.
This proves the conjectured inequality when one of the subgroups has
rank at most three.

The Hanna Neumann conjecture remains open in general. In this
chapter, we propose another graph-theoretic approach to the problem,

which is equivalent to the strengthened Hanna Neumann conjecture.
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1. The product of core-graphs

Let H be a finitely generated subgroup of F» = (x,y). Let 'y be
the core-graph of H. We recall that, for every H # { 1}, the core-graph
'y is a finite connected graph with the base point 1r,,. Each edge of 'y

is labeled by z, ¥, 271 or y~! so that I(€) = I(e) ! for every e € E(I'y).

CONVENTION. We recall that a digraph is a graph together with
an orientation. Let I' be a labeled pointed graph with alphabet > =
X UX L Since I(e) = I(e)™! for each pair of edges {e,e} in I, there
is an orientation E(I')* of ' such that the label of each edge in the
orientation is in X, not in X ~!. From now on, we always choose this
particular orientation of graphs and describe them in terms of digraphs.
Therefore, every core-graph of H < F, is represented by a digraph

whose edges are labeled by either x or y.

Let 'y and I'i be the core-graphs of H and K respectively, where H

and K are finitely generated subgroups of I, = (z,y) so that HNK #

{1}
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DEFINITION. The product-graph 'y X 'k is defined as follows:
The vertex set of the product-graph I'y x ' is the Cartesian product
of the vertex sets of I'y and 'k, ie., V(I'g x T'x) = {(u,v) | u €
V(I'r),v € V(I'k) }. And there is an x-edge from (u;, v;) to (ug, v,) in
'y x 'k if and only if there is an z-edge from w; to u, in 'y and there

is an x-edge from v; to v, in I'. Similarly, for y-edges.

We note that, by the definition, there is a closed path in the product
'y x ', which is starting and ending at the vertex 1r, x 1r, and
corresponding to w € Fb, if and only if there is a closed path corre-
sponding to w in both core-graphs I'y and I'x. Therefore, the graph
Core(I'y x I'k) is the core-graph of the intersection of subgroups H
and K. This simple observation re-proves Howson’s theorem [10] that
the intersection of any two finitely generated subgroups of a free group

is again finitely generated.

2. Completions of core-graphs and their product

Let I' be a digraph. The out-degree of a vertex v is the number of

edges starting at v € V(I') and is denoted by od(v). The in-degree of a
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vertex v is the number of edges terminating at v € V(I') and is denoted
by id(v). The degree of a vertex v is the number of edges incident with

v € V(I') and is denoted by d(v), in other words,

d(v) = od(v) + id(v).

The number of z-edges incident with v is denoted by d,(v).
A graph is said to be n-reqular if every vertex has degree n. Since

[y is folded, for every vertex v € V(I'),

1 <d(v) <4,

and d(v) > 1 if v # 1p. d(v) = 1 may occur only if the vertex v is the

base point of I'. A vertex v is called a branching vertex if d(v) > 3.

DEFINITION. Let H be a finitely generated subgroup of F, = (x,y ).
Let 'y be the core-graph of H. An (a,b)-completion of I'y is a labeled
4-regular digraph such that:

e [’y is a spanning subgraph.

o d,(v) +d,(v) =2 for every vertex v € I'y.
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o dy(v) + dy(v) = 2 for every vertex v € I'p.

e od(v) = id(v) = 2 for every vertex v € I'y.

An (a,b)-completion of 'y can be viewed as the core-graph of a
finitely generated subgroup of Fy = (z,y,a,b). We can construct an
(a,b)-completion of I'y by just adding appropriate new edges, which
are labeled by either a or b, to I'y. It is easy to see that, for any I'y,

such a completion always exists although it is not unique.

FIGURE 1. An (a,b)-completion I'%; of the core-graph 'y of H = (zy, 2 yx).

NOTATION. Let I'y be the core-graph of . Then, I'}; denotes any
a,b)-completion of [ . An © denotes the spanning subgraph o
(a,b) letion of Ty. And I'%" d h ing subgraph of I'%,

whose edge set E(I'%")" consists of all a-edges and b-edges in I'%;.
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The vertex sets of the three graphs I'y, '}, Fi}b are exactly the same.

And the edge sets are
E(Ty)t = {z,y-edges }
E(Ti)t ={z,y,a,b-edges }
E(T4")*" = {a,b-edges }.
DEFINITION. Let I'}; be an (a, b)-completion of I'y. And let I} be
a (b, a)-completion of I'x. We emphasize that the latter is not an (a, b)-

completion. We define the product I';; x I}, by the similar manner as

above, i.e., we also take the product for a-edges and b-edges.

The product graph I'j; x I'} has the following interesting property.
Let x(I') be the Euler characteristic of a finite graph I', that is x(I") =

VI | = E@)T.

Proposition 1. x(I'y)x(I'x) + x(I';; x ') = 0.
PROOF. Firstly we simplify notation:

h=[V({Ta)| =V,



Ab

FIGURE 2. T% x ['%, where H = (xy,z 'yz). In this figure, the first
factor of the product appears to the left, and the second factor of the

product appears at the top.

h, =|{z-edges in I'y } | = | { z-edges in I'}; }|,

hy = |{y-edgesin 'y } | = | {y-edges in '} } |,

h, = | {a-edges in I'}; } |,

hy = | { b-edges in I'}; } |.

46



47

Similarly,

k=[V({Ix)|[=[V({I%)|,

ky = |{x-edgesin 'k } | = | { z-edges in '} } |,

ky, = |{y-edgesin ' } | = |{ y-edges in '} }|,

ko = | { a-edges in '} }|,

ky = | { b-edges in '} }|.

Since I'}; is an (a, b)-completion of I'y and I'}; is a (b, a)-completion of

I'x, we have

ho=h—hg, hy=h—hy, ke =k—ky, ky =k — ky.
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Therefore,

X(Ca)x(Tg) +x(Tg x T)
={h — (he + hy) H{k — (ko + k) }

+ {hk — (hyky + hyky + hoka + hoky) }
={h = (he + hy) H{k — (ke + k) }

+ {hk — hyky — hyky, — (h — hy)(k — ky) — (h — hy)(k — k) }
=hk — hk, — hk, — hok + hoky + hok, — hyk 4+ hyk, + hyk,

+ hk — hyk, — hyk, — hk + hk, + hyk — h,k, — hk

+ hky 4 hyk — hyk,

=0.

3. The Euler characteristic of a graph

Let I" be a graph. Let by(I") be the Betti number of I' of dimension

zero, that is the number of components in I'. The cyclomatic number
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b1(I") of T" is the Betti number of dimension one, that is

bi(I) = | E@)" | = [V(I) ] + bo(L).

Let x(I') be the Fuler characteristic of I', that is

X(I) = bo(I) = by (I) = [V(I) | = [ E@D)" .

In the following three lemmas, all graphs are digraphs, and numbers of

edges are numbers of edges in digraphs.

Lemma 2. Let I" be a connected graph. Then, x(I') < 1.

PROOF. It is enough to show that I' contains at least |V(I')| — 1
edges. The proof is by induction on |V(I')|. If |V(I')| = 1, then
x(I') =1—|EM)*| < 1. Suppose it is true for all finite connected
graphs which have less than n vertices, and let | V(I')| = n. Pick an
arbitrary vertex v of I', and let {e;} be the set of edges in the orientation
of I' which incident with the vertex v. Since I' is connected, {e;} is not
empty. We now look at the graph I' — v which is obtained by omitting

the vertex v and the edges {e;}. Although the graph is not necessarily
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connected, by the induction hypothesis, each connected component A;,

sayi=1,...,k, of —v hasat least | V(A;) | -1 edges. Since |{e;}| > k,

k
B2 Y {IVA) | =13+ {e}

k
> > (v}
=n—1.

[ contains at least n — 1 edges. Thus, x(I') < 1. O

Lemma 3. Let I' be a connected graph. Then, x(I') =1 iff I is a

tree.

PROOF. (<) Suppose that I' is a tree, that is a connected graph
which does not contain a cycle. If | E(T')™ | = 0, then |V(T')| = 1 and
the statement is obvious. If | V(') | > 1, then, for any edge e in I', I'—e¢
has exactly two connected component and each of them is a tree. We
repeat this until all of edges are omitted from I'. The resulting graph

consists of | E(I")" |+1 vertices with no edges. Thus, we have x(I') = 1.
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(=) Suppose that I is a connected graph with | V(T') | — 1 edges which
contains a cycle. Let e be an edge on the cycle. Then, I' — e is a
connected graph with |V(I')| vertices and |V(I')| — 2 edges. This

contradicts Lemma 2. ]

Lemma 4. Let I' be a connected graph, and let A be a subgraph of

[. Then, x(I') < x(A).

ProoOF. If A =T, then x(A) = x(I'). Let A #I'. And, let ' — A
be the complement of A in I'. Although I' — A may not be a graph, we
can think it as V(I'=A) = V(I') =V (A) and E(I' - A) = E(I') - E(A),
and define x(I' = A) by |V(I' = A)| = | E(I' = A)" |. Then, the Euler
characteristic of each connected component of I' — A is non-positive
since I' is connected, thus, at least one of the end vertices of an edge

in each component is contributed to V(A). By Lemma 2, we have

x(I) < x(A). O

Lemma 5. Let I' be a graph such that each connected component of

[ is not a tree, and let A be a subgraph of I'. Then, x(I') < x(4A).
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PrROOF. By Lemma 3 and Lemma 4, the Euler characteristic of each

connected component of I' — A is non-positive. Thus, we have x(I") <

X(A). O

Lemma 6. rank(H) =1 — x(I'y) = b:(Cy).

PROOF. Let T be a spanning tree of I'y. Then, |V(T)| = |V (I'y)|.
By Lemma 3,

rank(H) = | E(Ty)* | — | B(T)" |
= — (V@) | = |ECy)" | = [V(D) |+ | E(T)" )
=—(x(Ty) = x(T))
=1—x(Tx)
=1—(bo(Trr) = bs(Trr))
=1-(1-0(Tp))

= b (T').
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4. Intersections of subgroups of a free group

We now recall the Hanna Neumann conjecture [21] on intersections
of finitely generated subgroups of a free group. The conjecture is very

simply stated, and has to do with the rank of subgroups.

Let H and K be finitely generated subgroups of F,,, and let rank(HN

K) # 0. Then, the Hanna Neumann conjecture states that
rank(H N K) —1 < (rank(H) — 1) (rank(K) —1).

We shall say that the Hanna Neumann conjecture {H, K'} holds if the
conjectured inequality is positive for the pair of subgroups H and K.
We can assume without loss of generality that the rank of the ambient
free group is n = 2 since every finitely generated free group is em-
beddable into F». For example, F,(x1,...,z,) — Fy(x,y) defined by

zi— Nyt~ (7 =1,...,n), can be used for this reduction.

By Lemma 6, we can restate the conjecture

rank(H N K) —1 < (rank(H) — 1) (rank(K) — 1)
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X(Te)x(T'x) + x(Tanx) > 0.

And, in Proposition 1, we have seen that

X(Ca)x(Tx) +x(Iy x k) = 0.

Therefore, we have the following proposition.

Proposition 2. The Hanna Neumann conjecture {H, K} holds if

and only if

XTI x ITx) < x(Tank)-

In [22], Walter Neumann proposed the following strengthened ver-

sion of the Hanna Neumann conjecture:
> [rank(H N K) = 1] < (rank(H) — 1) (rank(K) — 1),

where the summation is over a set of double coset representatives g € Fy

for H\F,/K with rank(HY N K) # 0.
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We also have the following version of the strengthened Hanna Neumann

conjecture.

Proposition 3. The strengthened Hanna Neumann conjecture { H, K}

holds if and only if

X(Ty x T5) <> x(Casni)-
ProOOF. By Lemma 6,

> [rank(H'NK) = 1] < (rank(H) — 1) (rank(K) — 1)

X(Ca)x(Tx) + D x(Tasnk) > 0.

In Proposition 1, we have seen that

XTa)x(Tx) + x(Ty x Tk) = 0.

Thus, we have the proposition. ]
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We recall that, for given subgroups H and K, we have three kinds

of product graphs

Ty x T, Ty x T and T x T

Their vertex sets are
V(Ty x Tg) = V(I x Tx) = V(I x 759,

Their edge sets are
E(Tyg x k)t = {x,y-edges },
E(T% xT5)" ={z,y,a,b-edges },
ETS x T%* = { a, b-edges }.
And
BE(ly x Tg)t = E(Ty x Tg)t U BTG x T,
Ey x Tg)"NE[I% x Th* = ¢,

We observe that the product I'}; x I} of the completions is obtained

from the product I'y x I'x of the original core-graphs by adding a
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number of a- and b-edges. We gave a position for each of a- and b-
edges in I'}; x I} when each of I'}; and I}, was constructed. However,
as we shall see, only the total number of a- and b-edges is needed in

essence.

NOTATION. Let I' be a graph. We write 7(I') for the number of

connected components of I' which are trees.

We now have the following theorem.

Theorem 2. The strengthened Hanna Neumann conjecture {H, K}

holds if and only if

T(Ty x Tg) < (h — hy)(k —ky) + (b — hy)(k — kz),

where h and k are the numbers of vertices, h, and k, are the numbers
of x-edges, and hy, and k, are the numbers of y-edges in I'g and 'k

respectively.

PROOF. The right hand side of the inequality is the number of a-

and b-edges in the product I'}; x I'}.. Therefore, we may assume that
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each component of the product I'}; x I'}, is not a tree. Then we apply

Lemma 5.

X(T x Ty) = V(I x D) [ = [ E(Ty x T) " |

=|V({I'u xTg) | — | ETY x T)" |

=|V(Tyg xTg)|—|E(Ty x Tkg)*"|
+| BTy xTg)" | = | E(Ty x Ti)" |

=X(Tm x k) + | E(Cy x T) " | = | E(Ty x T'g) ™|

= Z X(Tgonk) + 7T x ')
+ECh x Tg)" | = [ B x T) ",

where the summation is over a set of double coset representatives g € Fy

for H\F,/K with rank(HY N K) # 0.

Thus,

X(T x Ti) < Y x(Taorw)
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Y xX(Caonx) +7(Ta x T) + [ E(Cw x Tg) ™| = | BTy x Ti) " |

< Z XTI monk)

Ty xTg) <|EQCy xT3) | = |E(Ty xTk)" .
In the proof of Proposition 1, we have seen that
| BTy X T3)* | = | By x D) | = (h— )k — ky) + (= ) (b — ).

Therefore, the strengthened Hanna Neumann conjecture has a positive

solution for H and K if and only if

Ty x Tk) < (h— hy)(k — k) + (b — hy)(k — ky).

5. Elementary moves on graphs

Let I' be a digraph. Each edge is directed by an arrow and labeled by
a letter from an alphabet. In this section, we do not assume digraphs

are connected.
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DEFINITION. The local structure of a digraph I' is the vertex set
V(T) together with the sets of (labeled and directed) edges incident
with each vertex of V(I'). We say that digraphs I' and I have the
same local structure if there is a bijection between V(I') and V(I")
such that the sets of edges incident with the corresponding vertices
are the same. The bijection between the vertex sets does not have to
preserve the base point even if graphs are pointed. We denote this by

=T

For example, the following two graphs have the same local structure.
X X
(e = @
X

NOTATION. For each edge e in I', we denote the starting vertex of e

by s(e), the terminal vertex of e by t(e) and the label of e by [(e).
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DEFINITION. Let e and f be edges in I' so that [(e) = I(f). We delete
e and f from I' and add new edges ¢ and f’ as follows: s(e') = s(e),
s(f') = s(f), t(e') = t(f), t(f') = tle), Ul(e') = l(e) and I(f) = I(f).
This exchange of the terminal vertices of two edges, which are labeled

by the same letter, is called an elementary mowve.

¢ .
I

FIGURE 3. elementary moves

DEFINITION. A digraph IT' is said to be equivalent to a digraph I
if we can obtain I' from I' by applying the elementary moves a fi-
nite number of times. This is an equivalence relation. We denote this

equivalence by I ~ IT".
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Lemma 7. I' ~ IV if and only if I' = T".

PROOF. (=) Any elementary move does not change the local struc-
ture of a digraph. Thus, if I” is obtained from I' by applying the
elementary moves a finite number of times, then their local structures
are the same.

(<) Suppose that the local structures of I' and I'" are the same. Let
v e V(I') and v € V(I") be corresponding vertices. By the definition,
the set of edges incident with v and the set of edges incident with
v' are the same. Let e be an edge so that s(e) = v, and let € be
the corresponding edge incident with v'. If the terminal vertices t¢(e)
and t(e') are corresponding, then we do nothing for them. If ¢(¢’) is
not corresponding to t(e), then there is the edge f’ in I” such that
[(f") = l(e) and t(e) is corresponding to t(f’). In this case, we apply
the elementary move between ¢ and f’ on IV. We can obtain I' from

[ by repeating this deformation. Thus, I" and I are equivalent. ]

EXAMPLE. Let H = (x,y lay) and K = (xy,y 'z ). Then, their

core-graphs I'y and I'x have the same local structure. Indeed, ' can
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be obtained from I'y by applying a single elementary move. In this
example, there is a bijection between the vertex sets of two core-graphs
which preserves the sets of edges incident with each vertex and preserves
the base point although such a bijection is not necessarily preserving
the base point in general.

Ty Tx

5O - 6

X

6. The primary decomposition of core-graphs

Let 'y and I'k be the core-graphs of H and K respectively, where H
and K are finitely generated subgroups of Fy = (z,y) so that HN K #
{1}.

Firstly, we eliminate vertices of degree 1 in both of I'y and I'x by

the conjugation of an appropriate reduced word in F5. For example, let
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p1 be the shortest reduced path from the base point of I'y to the first
branching vertex encountered in I'y, and similarly, p, be the shortest
reduce path from the base point of I'x to the first branching vertex
encountered in I'i. Let p be the longer one of them. Then, the reduced
word corresponding to the path p, say g € F5, can be an appropriate

word.

We notice that the (strengthened) Hanna Neumann conjecture for
a pair of subgroups { H, K } and for a pair { HY, K9} are the very
same. Therefore, up to conjugation, we may assume that the degree of
each vertex of core-graphs is > 2, i.e., there is no vertex of degree 1 in
core-graphs.

For any such core-graphs, vertices may be classified into following

11 types based on the incident edges [id,, od,, id,, od,], where id, is the
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in-degree with respect to x-edges, od, is the out-degree with respect
to z-edges, td, is the in-degree with respect to y-edges and od,, is the

out-degree with respect to y-edges of the vertex.

A =1[1,1,0,0]
B =[0,0,1,1]
1=1[0,1,0,1]
2 =10,1,1,0]
3=11,0,0,1]
4=11,0,1,0]
5=1[1,1,0,1]
6 =1[1,1,1,0]
7=10,1,1,1]
8 =1[1,0,1,1]

C=1,1,1,1].
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TY Ty TY y
—0—> —0—> o —@ —Q—>
X X x T X T X X T X X

y y y y
5 6 7 8 C

Fi1GURE 5. Five types of branching vertex.

We now pick an (a, b)-completion of I'y; by the following particular
instructions: Step 1: Add a loop labeled by b to each vertex of Type

A in FH

—0—> — —0>

Step 2: Add a loop labeled by a to each vertex of Type B in I'y.

~<
~<

—0—>
—0—>
«
[

<
<
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Step 3: If there are two vertices of Type 1 and Type 4, connect them
by two edges labeled by a and b. Repeat this connection as many times

as possible. Choose the appropriate directions for the added edges.

X

y a y
*>$ 1%}( — X9 Z'"ijiziﬂ}(
y y

Step 4: If there are two vertices of Type 2 and Type 3, connect them
by two edges labeled by a and b. Repeat this connection as many times

as possible. Choose the appropriate directions for the added edges.

y
—0® -3 — X T(b
' o

e
y EeY Ty

Step 5: If there are two vertices of Type 5 and Type 6, connect them
by an edge labeled by 0. Repeat this connection as many times as

possible. Choose the appropriate directions for the added edges.

Y, b
X X X X
¢ X l l X v X l !y X
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Step 6: If there are two vertices of Type 7 and Type 8, connect them
by an edge labeled by a. Repeat this connection as many times as

possible. Choose the appropriate directions for the added edges.

1

3y

—
~
o}
~<
—>
)
><‘<

~
~<
~<

Step 7: Add more a-, b-edges appropriately if they are needed to obtain

an (a,b)-completion of I';. We look into this step carefully later on.

CONVENTION. From now on, we always assume that ['}; is an (a, b)-

completion obtained by the instructions above.

In the following Lemma 8, Lemma 9 and Lemma 10, we investigate
connected components in F%’rb. The graph of Figure 6 may help to see
the proofs of the lemmas. In the graph, the eight vertices @), ), ®),
@, ), ©®, @ and represent Types of vertex in core-graphs. Two
vertices are connected by a directed edge labeled by a or b if it is possible

to connect these two Types of vertices in F%’,b by an edge labeled by a
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or b respectively. For example, there is an edge labeled by a from the
vertex (8) to the vertex (2) in the graph of Figure 6. It means that a
vertex of Type 8 and a vertex of Type 2 in a core-graph are possibly

the end points of an a-edge in its (a, b)-completion.

In the graph of Figure 6, there is no vertex corresponding to Types A,
B or C since vertices of these types have no connections with vertices
of other types.

A path in Fah’,b is corresponding to a path in the graph of Figure 6.
It turns out that there are only 15 kinds of connected components in

a,b
e,

Lemma 8. Let A be a connected component of F‘;}b. Then, A is a

vertex, a loop or a path with distinct vertices.

PROOF. We recall that E(FaH’b) is the complement of E(I'y) in E(I'};),

and I'}; is a 4-regular graph. Since the degree of each vertex is at least
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FIGURE 6

2 in 'y, the degree of each vertex is at most 2 in Faf}b. If the degree of
a vertex of A is 0 in F%’,b, then A is an isolated vertex. If the degree of
each vertex of A is 2 in Fa}}b, then A is a loop. If A is neither a vertex
nor a loop, then A is a path with distinct vertices. Since the degree of
each vertex of A is at most 2 in F%b, it contains two vertices of degree
1 and all other vertices are of degree 2. Moreover, let v € V(Fah}b), if
deg(v) = 0in Faf}b, then v is a branching vertex of Type C. If deg(v) = 1
in F%’rb, then v is a branching vertex of Type 5, 6, 7 or 8. If deg(v) = 2

in F%’,b, then v is a non-branching vertex of Type A, B, 1, 2, 3or4. L[]
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Lemma 9. Let A be a connected component of Fa}}b. Then,
| vertices of Type 1 in A| — |vertices of Type 4 in A| =0,1 or —1,

| vertices of Type 2 in A| — |vertices of Type 3 in A|=0,1 or — 1.

PROOF. It is obvious if |V(A)| = 1. Suppose that |V (A)| > 1.
We notice that od,(v) = id,(v) = 1 or ody(v) = idy(v) = 1 only if v
is a vertex of Type A or B. However, by Step 1 or Step 2 of the
instructions, a vertex of Type A or B is the starting vertex and the
terminal vertex of an edge labeled by b or a respectively. Therefore,
if [V(A)| > 1, then every vertex in A is not of Type A or B. If the
degree of a vertex in A is 2 in Faf}b, one of the two edges incident with
the vertex is labeled by a and the other edge is labeled by b. It implies
that, in A, a-edges and b-edges appear alternately.

Let u,v € V(A) be vertices of Type 1. Then, Lemma 8 and the instruc-
tions imply that any path between v and v in A must pass through a
vertex of Type 4 in A. In other words, any alternate closed path start-
ing and terminating at the vertex () in the graph of Figure 6 must pass

through the vertex (@. Similarly, if u,v € V(A) are both of Type 4,
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then any path between u and v in A must pass through a vertex of
Type 1.

If u,v € V(A) are both of Type 2, then any path between u and v in
A must pass through a vertex of Type 3. And, if u,v € V(A) are both
of Type 3, then any path between u and v must pass through a vertex

of Type 2. ]

Lemma 10. Let A be a connected component of Faﬁ’[b. Then, A

contains at most 3 edges.

PROOF. By Step 3, there is at most one vertex of Type 1 and at
most one vertex of Type 4 in A. Similarly, by Step 4, there is at most
one vertex of Type 2 and at most one vertex of Type 3 in A.
Moreover, if a vertex of Type 1 and a vertex of Type 4 are both in A,
then A is a loop of length 2. The same is true for Type 2 and Type 3.
By Lemma 9, we conclude that A contains at most 3 edges. Indeed, if

A contains 3 edges, then it is a path. ]
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By Lemma 8, Lemma 9 and Lemma 10, we can list all possible
connected components in Fa}}b based on types of the vertices in there.

Each connected component of F‘;}b is one of the following 15 types:

(1) A(C): isolated vertex, the vertex is of Type C.

(2) A(A): loop of length 1, the vertex is of Type A.

(3) A(B): loop of length 1, the vertex is of Type B.

(4) A(56): path of length 1 between vertices of Type 5 and 6.

(5) A(78): path of length 1 between vertices of Type 7 and 8.

Y, Y
@ g Jb gi& ®) Xj; """ e ;‘X’
y y y

(6) A(14): loop of length 2 through vertices of Type 1 and 4.

(7) A(23): loop of length 2 through vertices of Type 2 and 3.
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y Yo b
(6) %$’j3$ () X»Is:;f: jﬁﬁiiﬁﬁ‘
y b a y

(8) A(528): path of length 2, the vertices are of Type 5, 2 and 8.

(9) A(547): path of length 2, the vertices are of Type 5, 4 and 7.

(10) A(618): path of length 2, the vertices are of Type 6, 1 and 8.

(11) A(637): path of length 2, the vertices are of Type 6, 3 and 7.

(12) A(5245):
(13) A(6136):
(14) A(7347):

(15) A(8128):

path of length 3, the vertices are of Type 5, 2, 4 and 5.
path of length 3, the vertices are of Type 6, 1, 3 and 6.
path of length 3, the vertices are of Type 7, 3, 4 and 7.

path of length 3, the vertices are of Type 8, 1, 2 and 8.
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(14) i

o) Lo
a “ y Yl

On the vertex set V(I'y) = V(Fi}b), the relation of being connected
in Fa}}b is an equivalence relation. This equivalence relation gives rise to
a partition of the vertex set. Furthermore, for given I'y, the number of
components of each type is uniquely determined as long as we use the

particular instructions of (a, b)-completion.

DEFINITION. We define 15 graphs P;, ¢« = 1,---,15, in Figure 7.

These graphs are called prime graphs.

Let H be a finitely generated subgroup of the free group F5. And,
let I'y be the core-graph of H. Up to conjugation, we may assume that
the degree of each vertex of 'y is 4, 3 or 2. We now have the following

theorem.
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F1GURE 7. Fifteen prime graphs.

Theorem 3. Let I'y be a core-graph. Then, up to conjugation, 'y

18 equivalent to a graph so that each component is a prime graph.

DEFINITION. Let I'y be a core-graph. The graph in Theorem 3,
which is a disjoint union of prime graphs equivalent to I'y, is called the
primary decomposition of I'y, and denoted by S(I'y). We note that
the primary decomposition of a core-graph is unique while we use the

particular instructions for (a, b)-completion.

EXAMPLE. Let H = (27 Yy, zyx?yz 2y ta~t) < B,
The core-graph I'y is:

And its (a,b)-completion I'}; is:



7

The relation of being connected in F%}b gives rise to a partition of the
vertex set. Each connected component is corresponding to a prime

graph. By applying elementary moves, we obtain the primary decom-

position S(I'y) = PP Pyy:
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As long as we use the particular instructions of (a,b)-completion,
every core-graph is equivalent to a unique graph so that each component
is prime. We now reflect on each step of the instructions. We write |A|

for the number of vertices of Type A in a core-graph.
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Step 0: A vertex of Type C is of degree 4 in I'y. Each vertex of
this type is corresponding to a prime graph of Type P;. There are |C|
connected components of Type P; in S(I'y).

Step 1: Add a loop labeled by b to each vertex of Type A in I'y. A
vertex of Type A is corresponding to a prime graph of Type P,. There
are |A| connected components of Type P in S(I'y).

Step 2: Add a loop labeled by a to each vertex of Type B in I'y. A
vertex of Type B is corresponding to a prime graph of Type P3;. There
are |B| connected components of Type P; in S(I'y).

Step 3: If there are two vertices of Type 1 and Type 4, connect them
by two edges labeled by a and b. Repeat this connection as many times
as possible. Each pair of vertices of Type 1 and 4 is corresponding to
a prime graph of Type Ps. There are min{ |1|,|4| } connected compo-
nents of Type F; in S(I'y). After this step, at most one Type of 1 or
4 remains to be completed.

Step 4: If there are two vertices of Type 2 and Type 3, connect them

by two edges labeled by a and b. Repeat this connection as many times
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as possible. Each pair of vertices of Type 2 and 3 is corresponding to
a prime graph of Type P;. There are min{ |2|,|3|} connected compo-
nents of Type P; in S(I'y). After this step, at most one Type of 2 or
3 remains to be completed.

Step 5: If there are two vertices of Type 5 and Type 6, connect them by
an edge labeled by b. Repeat this connection as many times as possible.
Each pair of vertices of Type 5 and 6 is corresponding to a prime graph
of Type Py. There are min{ |5|,|6| } connected components of Type P,
in S(I'y). After this step, at most one Type of 5 or 6 remains to be
completed.

Step 6: If there are two vertices of Type 7 and Type 8, connect them by
an edge labeled by a. Repeat this connection as many times as possible.
Each pair of vertices of Type 7 and 8 is corresponding to a prime graph
of Type P5. There are min{ |7|,|8| } connected components of Type P
in S(I'y). After this step, at most one of Type 7 or 8 remains to be

completed.



81

Step 7: Add more a-, b-edges appropriately if they are needed to obtain
an (a,b)-completion of T'y.

We look into Step 7 carefully.

Lemma 11. Let I'y be a core-graph. Then, at most one of Types

Ps, Py, Py or Py appears in S(T'y).

PROOF. V(P) consists of vertices of Types 5,2 and 8. V(Fy) con-
sists of vertices of Types 5,4 and 7. V(Pyg) consists of vertices of Types
6,1 and 8. V(Py;) consists of vertices of Types 6,3 and 7. If two of
these Types appear in S(I'y), both of 5 and 6 appear in Step 7, or
both of 7 and 8 appear in Step 7. This contradicts Step 5 or Step

6. L]

Lemma 12. Let I'y be a core-graph. Then, at most one of Types

Pis, P13, Py or Piy appears in S(Ty).

PROOF. V(Py3) consists of vertices of Types 5,2,4 and 5. V(P3)
consists of vertices of Types 6,1,3 and 6. V(Py4) consists of vertices

of Types 7,3,4 and 7. V(P;5) consists of vertices of Types 8,1,2 and
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8. If two of these Types appear in S(I'y), both of 1 and 4 appear in
Step 7, or both of 2 and 3 appear in Step 7. This contradicts Step

3 or Step 4. [

7. Products of prime graphs

Fifteen prime graphs P;, ¢« = 1,..., 15, were defined in the previous
section Figure 7. And we have seen that every core-graph is equivalent
to a graph so that each component is prime. The primary decomposi-
tion of a core-graph can be obtained from the core-graph by applying
the elementary moves a finite number of times. An (a,b)-completion of
a core-graph, which is attained by the particular instructions, tells us
how to apply the elementary moves.

We now find the product of every pair of prime graphs. We do not
show all work here, but some important numbers in the product shall
be given as a result of calculations. The work does not amount to

much, and can be checked straightforwardly by hand. The following
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three tables show the deficiency, the supplement and the index of the

product of each pair of prime graphs, respectively.

DEFINITION. The deficiency of a product graph is the sum of the
following two numbers:
e the number of degree 1 vertices in the graph with respect to
x, y-edges.
e twice the number of degree 0 vertices in the graph with respect

to x, y-edges.

DEFINITION. The supplement of a product graph is twice the number
of a, b-edges in the product of completions of the factors. Recall that
we always take an (a,b)-completion of the first factor and a (b, a)-

completion of the second factor.

DEFINITION. The indez of a product graph is the integer after sub-

tracting the deficiency from the supplement, ind = sup — def.
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PP\ Py | Py | Ps | Ps| Pr| Ps| Py| Pro| Pry| Pra|Pis| Pia| Pris
PL1O0OjO0O[O]OJO0O]O]O[O]O]O]O]O0O]O0]O0]O0
P00 (20222 2]2]2 2 12124 4
Ps10]2(0(2/0]2]22]2] 2 2 1414 2 2
Pbi0ojO0(2{010]2|2]1]1]1 1 2 2 2 2
P10 2(0[{010]2|2]1]1]1 1 2 | 2] 2 2
sl 0222244 (44| 4|4 |6]| 6] 6|6
Ploj2(2(22414 (44| 4|4 |6]| 6] 6|6
PBlo|2(2|1 /144 (4|33 |2 |6/ 4] 4|6
PBlo0o|2(2|1 /1443|423 |6]| 4] 6|4
PolO| 22114 4|3|2|4 |3 |4 6] 4|6
PilO0Oy 212|114 /42|3]3 |4 |46 6|4
Pl O 242|266 ]6|6] 4|4 ]10,6 | 8|8
Ps| 0124226 ,6|4|4]6 |6 |6 10| 8|8
Py014]12]2|2]6|6|4]6|4 |6 | 8| 8|10/ 6
Pl 014122266646 | 4] 8| 8] 6 |10

TABLE 1. Deficiency
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PP\ Py | Py | Ps | Ps| Pr| Ps| Py| Pro| Pry| Pra|Pis| Pia| Pris
PL1O0OjO0O[O]OJO0O]O]O[O]O]O]O]O0O]O0]O0]O0
P00 (20222 2]2]2 2 12124 4
Ps10]2(0(2/0]2]22]2] 2 2 1414 2 2
PO O0[210]2]2[22]2] 2 2 2 2 4 | 4
P10 2(0(2/0]2]2(2]2]2 2 14 4] 2 2
sl 0222244 (44| 4|4 |6]| 6] 6|6
Ploj2(2(22414 (44| 4|4 |6]| 6] 6|6
PBRl10|2(2(22|4|4(4|4| 4|4 |6]| 6] 6|6
Pl O] 2212|2444 |4| 4|4 ]6] 6] 616
PolO| 2222|4444 4] 4|6 6] 6|6
PO 21212 24,444 4|46 6] 6|6
Po| 0242 |4]6/6]6|6] 6|6 | 8| 8/]10]10
Ps| 0241246 /6]6|6] 6|6 | 8| 8]10]10
Py 0141214 2]6|]6|]6|6|6 |6 1010 8 | 8
Pl 0142|426 ,6|]6|6|] 6|6 [10/10] 8 | 8

TABLE 2. Supplement
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PP\ Py | Py | Ps | Ps| Pr| Ps| Py| Pro| Pry| Pra|Pis| Pia| Pris
PL1O0OjO0O[O]OJO0O]O]O[O]O]O]O]O0O]O0]O0]O0
L1O0OjO0O[O0O[OJO0O]O]O[O]O]O]O]O0O]O0]O0]0O0
P00 (0{0/0]0]O[O]O]O]O]O0O]0]O0]0O0
P00 0O|O0O|2]0|0]1]1]1 1700 2| 2
1000 2/0]0]0]1]1]1 112121010
Elojojfo{o,o0jo0jo(of{ofojf{oyjojojoy|o
Pr10ojo0o(0{0,0}0j0[{0{O0O}O0O]O0O]0]0]O0]0O0
Bi10oj0o[(O0O|1/1]0|0]0]1]1 210121210
PlO0OjO0O[O0O/1T]1T]0[01]0] 2 1 0O 2110 ]| 2
PplOJO0Oj]O|1|1T]0/0]1]|2]0] 12 01]2]0
P00 0O]1|1T]010]2]1]1 0O[21]0] 0] 2
Pl 0O10]0]02]0,0]0]0] 2 2 | =2 2 | 2 2
Ps|0/0]0]0[2]0/0]2]2]0] 0] 2 |-2|2 2
Py[0]0]0]2]0]0]0]2]02 01| 2] 2/|[=2]|2
Ps{0/0]0]2(0]0J0]0]2]0]2]2|2]2]|-2

TABLE 3. Index
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For example, consider two prime graphs P, and Fk:

;yXy; ’yx
X X X Y

An (a, b)-completion of Pj5 and a (b, a)-completion of Py are:

The product is:

Therefore, def(Pp X Ps) = 6, sup(Pi2 X Pg) = 6 and ind(Pyy x P3) =

6—6=0.
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8. Some partial results on the conjecture

We now formulate some partial results on the conjecture. All results
have applied to the strengthened version of the conjecture. Let H and
K be finitely generated subgroups of the free group F3, and I'y and ',
the core-graphs. Up to conjugation, we assume that the degree of each

vertex in core-graphs is 4, 3 or 2.

DEFINITION. Let S(T'y) = Q1--- Q. and S(I'x) = Ry--- R, be
primary decompositions of I'y and I'g, respectively. Then the indez of

the product I'y x 'k is defined by

n

ind(Dy x T) = izind(Qi x R;)

1=1 j=1

We shall say that the Hanna Neumann conjecture {H, K'} holds if

the conjectured inequality is true for a pair of subgroups H and K.
Theorem 4. The Hanna Neumann conjecture {H, K} holds if
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PROOF. We recall that the index of a product of prime graphs is the

integer after subtracting the deficiency from the supplement.

= i imd(@l X RJ)
i=1 j=1

m n

_ZZSUPQZXR ZZdefQ,XR)

i=1 j=1 i=1 j=1
= (h — hy)(k — k) + (h — hy) )= > def(Qi x R;)

1=1 j=1

< (h—hy)(k—Fky)+(h—hy)(k—ky) — 7Ty x k)

Thus, 7(I'y x ') < (h — hy)(k — ky) + (b — hy)(k — k;), where h and
k are the numbers of vertices, h, and k, are the numbers of x-edges,
and h, and k, are the numbers of y-edges in I'g and 'k respectively.
7(I'y x I'k) is the number of connected components in the product
'y x 'k which are trees. By Theorem 2, the conjecture {H, K'} holds

To extract some special cases from the theorem, We classify core-

graphs into 5 classes. In Lemma 12, we have seen that, for each H, at
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most one of Types Pjo, Pi3, P14, P15 appears in the primary decompo-

sition S(I'g).

DEFINITION. Let I'y be a core-graph. Then I'y belongs to exactly

one of the following 5 classes:

e Class [0]: None of Py, Pi3, Piy, P15 appear in S(I'y)

e Class [I]: Pys appears in S(I'gy)

e Class [II]: P53 appears in S(I'y)

e Class [III]: P4 appears in S(I'y)

e Class [IV]: Pi5 appears in S(I'y)
We write Class(H) = [0] if I'y belongs to Class [0]. Similarly, for Class

[1], Class [II], Class [III] and Class [IV].

Corollary 1. The Hanna Neumann conjecture { H, K'} holds if

Class(H) = [0].

PRrOOF. If Class(H) = [0], none of Py, Pi3, P4, P15 appear in
S(I'y). Table 3 shows that ind(I'y x I'x) > 0. Thus, the conjecture

{H, K} holds by Theorem 4. O
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It is easy to see that Class(H) = [0] if H has finite index in F5. Since
every (branching) vertex in I'y is of degree 4, none of Pis, Pi3, Pi4, Pi5
appear in S(I'y).

Class [0] can be characterized in terms of the numbers of branching

vertices by type. Five types of branching vertex are:

4 1Y

San TS S SO B
5 7 8 C
Then, Class(H) = [0] if and only if
|15 =16] | =[[7]—[8] ],

where |5| denotes the number of vertices of Type 5 in I'y.
Class [0] can be characterized also in terms of the numbers of degree 2

vertices by type. Six types of vertex of degree 2 are:

17 1Y ‘T
Xﬁoﬂx % o $~> —0 BN
y X y X X X $}’
A B 1 2 3 4

Then, Class(H) = [0] if and only if

1] = [4] or [2[=[3].
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We now formulate a special case of Class [0]. A vertex of Type 1 is

called a source, and a vertex of Type 4 is called a sink.

Corollary 2. The Hanna Neumann conjecture {H, K} holds if the
number of source is equal to the number of sink in at least one of core-

graphs.

PROOF. Suppose that the number of source is equal to the number
of sink in I'y. Then class(H) = [0] since |1| = |4|. By Corollary 1, the

conjecture {H, K} holds. O

In particular, if at least one of subgroups has a generating set consisting

of positive words, then both of the numbers are 0. Thus, the conjecture
{H, K} holds.

Another special case of Theorem 4 is the following corollary.

Corollary 3. The Hanna Neumann conjecture { H, K'} holds if

Class(H) # Class(K).

PRrOOF. Table 3 shows that ind(I'y x I'x) > 0 if Class(H) #

Class(K). By Theorem 4, the conjecture {H, K'} holds. O
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DEFINITION. An automorphism ¢ of F'(X) is called length-preserving
if |w?| = |w| for any w € F(X). A word w € F(X) is called a fized

point of an automorphism ¢ of F(X) if w? = w.

Corollary 4. Let = : Fy — Fy be any length-preserving automor-

phism without non-trivial fixed points. Then, the Hanna Neumann con-

jecture {H, K} or {H~, K} holds.

ProoF. If Class(H) = [0], then Class(H~) = [0]. By Corollary 1,
both {H, K} and {H~, K} hold. If Class(H) # [0], then Class(H) #
Class(H™). By Corollary 3, at least the conjecture {H, K} or {H ™, K'}

holds. L]

9. Reduction to a special case

In fact, when trying to solve the conjecture in general, we can always
restrict our attention to subgroups such that all branching vertices in
core-graphs are of degree 3 of the same type. Let H and K be finitely
generated subgroups of F». We assume that all vertices in core-graphs

are of degree 4, 3 or 2.
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We consider the endomorphism « : Fy — F5 defined by

(z,y) — (2, yoy'a™h).

« is a monomorphism since w® # 1 if w # 1, and subgroups of Fj
can be embedded into the subgroup {2 yzytr~!) by a. Then, the

core-graph of a subgroup of (22, yzy1x~!) is the core of a covering of

X

X

Thus, all branching vertices in core-graphs of subgroups of { 22, yzytz71)

are of Type 5.

Y
—0—
X X

We now have the following proposition and immediate corollary.

Proposition 4. Let H be a subgroup of Fs, and let o : Fy — Fy

be the endomorphism defined by (z,y) — (22, yzyta=t). Then, all
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branching vertices of the core-graph of H* are of degree 3 of the same

type.

Corollary 5. If the Hanna Neumann conjecture is false in general,
then there is a counterexample {H, K} such that all branching vertices

in the core-graphs 'y and 'k are of degree 3 of the same type.

Corollary 6. Let H be a subgroup of F5, and let o : Fy — F5 be the
endomorphism defined by (x,y) — (22, yzyta='). Then, each prime

graph in the decomposition S(I'gy«) is Ps, Ps, Pr or Pys.

2 6 7 12

PROOF. I'g« is the core of a covering of the core-graph of { 2%, yaxytz~1).
Therefore, each vertex in 'y« is of Type A, 1, 2, 3, 4 or 5. Only prime

graphs P, Py, P; and Py are consisting of vertices of these types. [
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10. An induction towards the conjecture

In this section, we propose an induction towards the conjecture.

Consider the following set of finite graphs.
g = {F | S(F) consists of PQ, P67 P7 or Plg}.

We recall that S(I") is the graph such that S(I') ~ I and each compo-

nent is prime. We do not assume that graphs in G are connected.
DEFINITION. Let I', IV € G. Then, we say that {I',I"} is positive if

TOXT) < (v=7%)Y —%)+ (v =1)( =%,

where v and 7/ are the numbers of vertices, v, and 7., are the numbers
of z-edges, and 7, and 7, are the numbers of y-edges in I' and I"
respectively. 7(I' x I') is the number of connected components in the

product which are trees.

We conjecture that the following statement is true. It implies the

strengthened Hanna Neumann conjecture.

Conjecture 1. {I', "} is positive for any I', I" € G.
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Proposition 5. {S(I"), S(I")} is positive for any I', T" € G.

PROOF. It is enough to show that {F;, P;} is positive for 7,5 =
2,6,7,12. Table 3 shows that {F;, P;} is positive except {Pi2, Pi2}.

And P12 X P12 18:

Since 7(Pi2 X Pr2) = 4 < (v = %)Y =) + (v =) — ) = 4,

{ P12, P12} is also positive. O

Conjecture 2. 7(I' x I'V) < 7(S(") x S(I")) for any I', T" € G.

Since {I', I'"} and {S(I"), S(I") } have the same local structure, by Propo-
sition 5, Conjecture 2 implies Conjecture 1. We can consider Propo-

sition 5 as the base case of an induction. Therefore, the following
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statement implies Conjecture 2 and the strengthened Hanna Neumann

Conjecture.

Conjecture 3. Let I', IV € G. If {I',1"} is positive, then {I'~ T}
1s positive, where I'™ 1s a graph obtained from I' by applying a single

elementary move.



CHAPTER 5

Malnormal subgroups
In Chapter 3, we considered about underlying multigraphs of core-
graphs. Namely, for every finitely generated (non-trivial) subgroup H
of F,, the core-graph of H is a finite connected multigraph (with a base
point) such that the degree of each vertex is no more than 2n and is
more than 1 except at the base point. On the other hand, we proved
that any such a multigraph can be the core-graph for some finitely

generated subgroup H of F,.

DEFINITION. Let GG be a group. A subgroup H is malnormal in G

if g7t HgN H = {1} for every g € G — H.

In this chapter, after malnormality of subgroups of free groups is
characterized in terms of core-graphs, we describe a family of multi-
graphs so that they can be core-graphs of only non-malnormal sub-

groups. Then, we prove that, in a certain probability space, almost
99
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every set of k£ reduced words of F}, generates a malnormal subgroup of
rank k. We note that malnormality is decidable in free groups (see [1])
although malnormality is undecidable in hyperbolic groups (see [4]).
We also note that, for finitely generated free groups G; and G,, an
amalgamated product of G; and G4 with a finitely generated subgroup
H is hyperbolic if either H is malnormal in G; or H is malnormal in
G (see [16]).

In Section 1, malnormality of subgroups of free groups is charac-
terized in terms of core-graphs, i.e., H is malnormal in F}, if and only
if rank(H) = bi('y x I'y), where b(I") is the cyclomatic number of
I'. The idea of the characterization is contained in the Stallings’ paper
(28], and is discussed also in Kapovich and Myasnikov [14]. We use
this characterization of malnormal subgroups to obtain some statistical
result on malnormal subgroups of free groups.

Let B; be the set consisting of all reduced words of length < ¢ in
F,. And let F(t,k) be the set consisting of all k-subsets of words of

By, where k =1,2,3,.... We can turn F(¢, k) into a probability space
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introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property @ if

lim Pr (s € F(t, k) such that s has Q) = 1.

t—00

In Section 3, we see that almost every finitely generated subgroup
of F, is malnormal with the probability. This shows that it is easy to
come up with particular examples of malnormal subgroups. However,
it is much harder to find a "non-obvious” example of non-malnormal
subgroups.

In section 2, we describe a family of multigraphs for which every
labeling and directing gives rise to the core-graph of a non-malnormal

subgroup.

1. Graph criterion of malnormality

Let H and K be finitely generated subgroups of F,, = (x1,xs,..., 2, )
and let I'y and ' be the core-graphs of H and K respectively.
We recall that the product I'y x ' of core-graphs I'yy and 'k is

defined as follows: the vertex set V(I'y x ') of the product is the
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Cartesian product V(') x V(I'k) of the vertex set of the core-graphs,
and there is an x;-edge from (uq1,us) to (vi,v9) in the product if and
only if there are x;-edges from wu; to v; in I'y and from wus to vy in I'k.

Let 1y and 1x be the base points of I'y and I'y respectively.

DEFINITION. The connected component of I'y x I'x, which involves
the vertex (1p,1k), is called the principal component of the product,
and denoted by P(I'y x I'). The complement of P(I'y x I'y) in the
product, which is consisting of non-principal components, is denoted by

NP(FH X FK)

In particular, if H = K, then the principal component of the product

'y x Ty is a copy of I'y with the vertex set {(u,u) € V(I'y)xV(I'y)}.

DEFINITION. We say that an element g € G — H is readable in I'fy if
there is a walk from 15 € I'y to a vertex of I'y so that the corresponding

label on the walk is g.

Recall that a sequence of edges (e, es,...,¢e,) in a graph is called a

walk from vy to v, if there are vertices vy, vy ..., v, such that e; = v;,_1v;
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for 2 = 1,...,n. If, in addition, the vertices vy, vy ..., v, are pairwise
distinct, the walk is called a path. A walk is called closed if vy = v,,.
Suppose that ¢ is readable in I'y. We look at the core-graphs 'y
and I'g-1g,. The core-graphs I'y and I'j-1p, are the same except the
location of their base points. The base point 1,15, of I'j-1p, is the

terminal point of the walk corresponding to g in I'yy. Since g € G — H,

1 # 1g1p,.

N I'y*

FIGURE 1. Core-graphs I'yy and T',-1p,, where H = (zy, 2 'yz ).

Let G be a group and H be a proper subgroup of G. Recall that
H is a malnormal subgroup of G if g1 HgN H = {1} for every g €
G—H. Malnormality of subgroups of free groups can be characterized in
terms of core-graphs. If the number of the vertices in 'y is one, then

the product I'y X I'y is connected, thus, there is only the principal
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component in the product. And, in this case, it is easy to see that the
subgroup H is malnormal. From now on, we assume that the number of
the vertices in I'y is more than one. Therefore, there is a non-principal
component in the product I'y X I'gy.

The idea of the following theorem is contained in Stallings [28], see
also Kapovich and Myasnikov [14]. We use the characterization of
malnormal subgroups in Section 2 and Section 3.

We recall that by(I') be the Betti number of I' of dimension zero,
that is the number of components in I'. The cyclomatic number by (I)

of I' is the Betti number of dimension one, that is
by(I') = [ E(@)" | = [V(I') | + bo(T).

Theorem 5. Let H be a finitely generated subgroup of F,. Then,
the following statements are equivalent:

(1) H is malnormal in F,.

(2) g *HgN H = {1} for every readable g € F,, — H.

(3) P(L'y—1my x T'yr) is a tree for every readable g € F,, — H.

(4) NP(I'y x ') is a forest.
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(5) rank(H) = by(T'y x T'gy).

PRrOOF. (1) = (2): It is obvious by the definition of malnormal
subgroups.
(2) < (3): There exists a readable g € F}, — H such that g ' HgN H #
{1} © for some readable g € F,,— H, there exists a closed walk at 1,1y,
in I'y-15, and there exists a closed walk at 1y in I'y such that their
corresponding labels are the same < there exists a readable g € F),— H
such that P(I'y-1p, x ') is not a tree.
(3) & (4): Since the core-graphs I'y and I' 17, are the same except the
location of their base points, P(I'y-15,xI'g) is not principal in I'y x 'y
Conversely, every component in NP(I'y x I'y) is P(I'j-1, x I'y) for
some readable g € F,, — H.
(1) < (2): If H is not malnormal, then g -'Hg N H # {1} for some
readable or non-readable g € F,, — H. Suppose that g € F,, — H is a
non-readable element such that g 1 HgNH # {1}. Let s be the shortest
initial segment of g~! such that g7! = st and ¢! is readable in I'y. (See

Figure 2.) Since g 'HgN H # {1}, s is readable in T'y. Therefore, the
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core-graphs 'y, I's—15 and T' (41745 are the same except the location
of their base points. g 'HgNH # {1} = (9s) 'HgsNs 1Hs # {1} =
tHt ' Ns 1 Hs # {1}. Since t~! and s are both readable in Iz, there
exists a non-principal component of I'y X I'y which is not a tree = there
exists a readable element ¢’ € F, — H such that ¢ "Hg' N H # {1}.

4) < (5): bi(Tg xTy) = by (P(Tyg xTy)) + by (NP(Ty x Ty)). If
NP(I'y x I'y) is a forest, then by (NP(I'y x I'yy)) = 0. By Lemma 6,
bi(Cyg xTy) = by (P(Ty xTy)) = b1(T'y) = rank(H). Conversely, if
bi(Cy x I'y) = rank(H), then by (NP(I'y x I'y)) = 0. This implies

that NP(I'y x I'y) is a forest. [

Sfl

g
8
FIGURE 2

2. Core-graphs of non-malnormal subgroups

In Section 3, we will see that "almost every” finitely generated sub-

group of F}, is malnormal. This shows that it is easy to come up with
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particular examples of malnormal subgroups: just pick them at random.
It is also not hard to construct ”obvious” examples of non-malnormal

subgroups, i.e.,

e subgroups which contain a pair of generators of the type v and
u9 with g not in the subgroup,
e subgroups which contain a generator of the type ¢",n > 1, with

g not in the subgroup.

However, it is much harder to find a non-obvious example of non-
malnormal subgroups.

In Chapter 3, we have seen that any graph from

G, = {graphs with (I) and (I1)}

can be labeled and oriented so that it becomes the core-graph of a
subgroup of F},. Indeed, almost every graph of G,, can be core-graphs of
more than one subgroup of F}, by various ways of labeling and orienting.

In this section, we obtain a family of graphs from G,, for which every

labeling and orienting gives rise to the core-graph of a non-malnormal
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subgroup of F,,. By using such graphs, we can construct various non-
obvious examples of non-malnormal subgroups of F,. Roughly speak-
ing, if a graph contains a high density subgraph, then the graph be-

comes core-graphs of non-malnormal subgroups.

DEFINITION. The density D(I") of a graph I is

where |V(I")] is the number of vertices and |E(I")"| is the number of

oriented edges in I

In other words, the density D(I") of I' is the half of the average degree
of the graph I'. It is easy to see that 1 < D(I'y) < n with equality
D(T'y) = 1 if and only if H is cyclic, and equality D(I'y) = n if and
only if H is finite index in F,.

Let x(I') be the Euler characteristic of a finite graph I', that is
\V(T)| — |E(T")*|. Let H be a finitely generated subgroup of F,,. We
denote

D =D(Ty), V=I|V(lg)| and E = |ETx)"|.
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Lemma 13. Let H be a finitely generated subgroup of F,,. Then,

1
x(Tg xTy) <V?— —E%
n
PROOF. Let F,, = (z1,...,2,), and let h; be the number of z;-

labelled edges in I'y (i =1,...,n). Then,

XTu xTy) = V(T xTy)| = [ETy xTy)"| =V = b
=1
Since E =Y | h;,

‘ " (E\’ 1
VQ—thg‘/Q—Z(E) :VQ—EEQ.
1=1

1=1

Proposition 6. Let H be a finitely generated subgroup of F,,. Then,

nD —n

= H 1is not malnormal.
D?2 —n

D> +/n and V >

PROOF. Let P(I'y x I'yy) be the principal component of I'yy x 'y,

and let NP(I'y x ') be all the components of I'y x Iy other than the



110

principal component. Since P(I'y x I'y) is identical to 'y, by Lemma

13,
=X(T'u x Ty) = x(P(T'y x ')
=x('uy xT'y) —{V — E}
o 1o,
<v?-ley o vop
2 -
—V:_V_“E’{E
n
Suppose now that D = % > y/n. Then,

nD —n
V>
- D?2—n

— (D* —n)V?* > (nD —n)V
— E?—nV?>nE —nV

1
— V-V -ZE’+E<0.
n
Thus,

X(NP(T'y x T'g)) <0.
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Assuming that the number of the vertices in I'y is more than one,
by Lemma 3, if x(NP(I'y x I'g)) is not positive, there exists a non-
principal connected component of I'y X I'y which is not a tree. There-

fore, by Theorem 5, H is not malnormal. [

EXAMPLE. Let I' € G5 be a graph such that |[V(I')| = 4 and |E(I')*| >
6. Then, I' can be core-graphs of subgroups of F5. All of them are not

malnormal subgroups. For example, let I' € G5 be the graph:

Since V=4, F =6, D =15 n=2and (nD—n)/(D*—n) = 4,
this graph satisfies the hypothesis of Proposition 6. Therefore, all core-
graphs which can be obtained from this graph are core-graphs of non-

malnormal subgroups.

EXAMPLE. Let I' € Gjpp be a graph such that |[V(I')] = 50 and
|E(T)"| > 548. Then, I' can be core-graphs of subgroups of Fip. All

of them are non-malnormal subgroups.
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Proposition 7. Let H be a finitely generated subgroup of F,,, n > 1,
and let rank(H) = m. Then, each of the following two equivalent

conditions implies that H is not malnormal.

m—1+4+/n(m—1)(m —n)
n—1

n(m—1) + y/n(m—1)(m — n)
n—1

(1) m>n+1andV <

(2) m>n+1and E <

where V- = |V(Cy)| and E = |E(Ty)™"|.

PROOF. Suppose that m > n + 1 and n > 1. Then,

m>n+1
—m(l —n) <1—n?

—m —1<n(m—n)
—Vm — 1 < \/n(m —n)

—vVm — 1Vm —1 < \/n(m —n)vVm — 1

—m — 1< +/n(m—1)(m —n).
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Thus,

m—1—+/n(m—1)(m —n) <O<V§m—1—|—\/n(m—1)(m—n)

n—1 n—1

— -V -2m -1V -(m*-2m—nm+n+1)<0
—nVi-nV - (m+V-17>*+nm+V -1)<0.

Let T be a spanning tree of I'y. In the proof of Theorem 1, we have

seen that m = F — |E(T)*| = E — V + 1. Therefore,
nV2—nV—(m+V-1*+nm+V-1)<0
2 1
=V -V -—-E"+E<O.
n

Therefore, the condition (1) implies that H is not malnormal. Further-

more,

<m—1—|—\/n(m—1)(m—n)

Vs n—1
1 — D (m —
<:>V+m—1§m +v/nlm = D n)+m—1
n—1
e E< n(m—l)—k\/n(n;—l)(m—n).
n_

Thus, (1) and (2) are equivalent. O
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Theorem 6. Let H be a finitely generated subgroup of F,,. If a
connected subgraph A of 'y has one of the following three conditions,

then H 1s not malnormal.

M{DA)} —n
(1) D) > v and V(&) 2 T
(@) m>nt1and V(A) <Y \/7;(7111— 0 (m — n)
(3)m>n+1 and|B(A)] < WD T \7/1"_(? —Dm—n)

where m = |E(A)*| — [V(A)| + 1.

PROOF. Let A be a connected subgraph of I'y with the property
(1). The product of subgraphs of 'y is defined in the obvious way,
and the principal component of the product A x A is identical to A
with the vertex set {(v,v) € V(A) x V(A)}. Then, it is easy to see
that the principal component P(A x A) is a subgraph of the principal
component P(I'y x I'y) and, on the other hand, any non-principal
component of A x A is a subgraph of a non-principal component of
L'y x I'y. If A has the property (1), then Proposition 6 implies that

there exists a non-principal component of A x A which is not a tree.
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Thus, there exists a non-principal component of I';; X I'y which is not
a tree. By Theorem 5, H is not malnormal. Similarly, If A has the
property (2) or (3), then Proposition 7 implies that there exists a non-
principal component of A x A which is not a tree. Thus, there exists a
non-principal component of I'yy X I'y which is not a tree. By Theorem

5, H is not malnormal. ]

3. Asymptotic density of malnormal subgroups

Let Sy be the set consisting of all reduced words of length ¢ in F,.

The spherical growth function is

Ys(t) = |S¢| = 2n(2n — 1) if ¢ > 0,

75(0) = |So| = 1.
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Let B; be the set consisting of all reduced words of length < t in F,.

The growth function is
t
() = 1Bi| = Y 15|
i=0

t
=1+) 2n(2n—1)""!

i=1
n(2n—1)" -1
B n—1 '

Let F(t, k) be the set of all k-subsets of B;, where k is an arbitrary
fixed positive integer. We can turn F(¢, k) into a probability space
introducing the uniform distribution on it. We say that almost every

point in F(t, k) has property @ if

Pr (s € F(t, k) such that s has Q) — 1 as t — oc.

In other words, let £(¢, k) be a subset of F(t,k) for each ¢t. Then we
say that {E(t,k)} = {E(t, k)}:2, is generic in {F(t,k)} = {F(t, k)}2,

if
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We may assume that every (¢, k) is non-empty for sufficiently large ¢
if {£(t,k)} is generic in {F(t,k)}. And, we can also turn £(¢, k) into a
probability space introducing the uniform distribution on it. Then, by
the limit law, if {€(¢, k)} is generic in {F (¢, k)} and {D(t, k)} is generic
in {E(t, k)}, then {D(t, k)} is generic in {F (¢, k)}.

The following lemma shows that
{&(t, k)} = { all k-subsets of B; — B }
is generic in {F (¢, k)} for any real number 0 < a < 1.

Lemma 14. Let 0 < o < 1 be a real number. Then, almost every

k-subset { w1, ..., wy } € F(t, k) is such that min{ |w|, ..., |wi| } > at.

ProoOF. We have that the number of all words in B; is

n(2n — 1) -1

t) = |B| =
V(1) = By m—"

Thus, the number of k-subsets of B; is

Fani= ("))



118

Let 0 < a < 1 be an arbitrary fixed real number. Then, the number of

all words of length < at in B; is

n(2n — 1l — 1

Y(lat]) = 1Byl =

Thus, since the number of all words of length > at in B; is v(t) —

v(lat]), the number of k-subsets of B; — B is

(O -7l

And, the probability that all of & words in a k-subset of F(t, k) have

length > at is
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Let v = v(t) and 7' = y(|at]). Then,

_ === (= k4T
Yy =1 (y—k+1)

T=Yr=7 -1 -7 -k+1
v v —1 vy—k+1
/ / /
gl g gl
= (1-—-)1- ) (1= ——)
gl v—1

— 1l ast—

since — =

~ n(2n—1)lt —1
 on2n—1)—1

— 0 as t — o0.

Therefore, almost every k-subset { wy,...,w; } € F(t, k) has the prop-

erty that min{ |wy/|,..., |wk| } > at. O
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Lemma 15. Almost every k-subset {wy,...,wi } € F(t, k) is such

that the subgroup {(wy, ..., wy) is of rank k.

PROOF. Let 0 < a < 1 be an arbitrary fixed real number, and let

{&(t, k)} = { all k-subsets of B; — By }-

And, let

{D(t, k)} ={{wy,...,wp} € E(t, k) | (wr,...,wy) is of rank k }.

In Lemma 14, we have already seen that {E(t, k) } is generic in {F (¢, k)}.
Thus, it is enough to show that {D(¢, k)} is generic in {E(t, k)}.
Let 0 < 3 < ia be an arbitrary fixed number. For every k-subset

2

{wy,...,w } € E(t, k) , we consider 2k reduced words

—1 —1
W1y evo s Wy Wy e, W

Since each {wy, ..., wy } isin (¢, k), we may assume that |w;| > at for
every i = 1,..., k. We now look at the initial segment of length |3t]

of each of wy, ..., wy,w;',..., w,;l, that is the word consisting of first
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| 5t] letters of each word. We have 2k segments of length |5t] and , in

E(t, k), we consider
Pr (at least 2 of these 2k segments are the same )

= 1 — Pr(any 2 of these 2k segments are different ).

Since we have chosen the uniform distribution on £(t, k), every word
in S| can be an initial segment of a word in £(t,k) with an equal
probability. The number of all words in S| is v, = 7s([8t]) = 2n(2n—

D=1 Thus,

Pr (any 2 of 2k segments are different )

_ ol 2%kl

Ys Vs Vs
1 2 2k — 1
—a-Ho-2ya-2h
Vs Vs Vs

Since v, = v5(|ft]) — 00 as t — oo,

1 — Pr (any 2 of 2k segments are different )

1 2 2k — 1
—1-(1-)1-2)-(1-
( %)( %) ( -

)

— 0 as t — oo.
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This means that every word w; of almost every {wy,...,wi } € E(t, k)
has a non-empty middle segment which can not be canceled out in any
product without w;w; Land w; Lw,. Therefore, the subgroup (wi, ..., wg)

is of rank k for almost every k-subset {wy,...,wy } € F(t, k). O

Proposition 8. Let g be the map on F(t, k) defined by

g({wy, - ;wp}) = (wy, ..., wi ).
Then, the map g is nearly 2% to 1, namely, almost every k-subset

{wy,...,w;} in F(t, k) is such that

g ((we, .. wg) ) | =28,

PRrROOF. Let

{&(t,k)} = {all k-subsets of By — By}

where 0 < a < 1 is an arbitrary fixed number. In Lemma 14, we
have seen that {£(¢,k)} is generic in {F(¢,k)}. Thus it is enough to
show that almost every k-subset {wy,...,w;} € E(t, k) is such that

L9 ((wr, .. wg) ) | = 2P,
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For each k-subset { wy, ..., wy } € E(t, k), we consider 2k reduced words

For each i = 1,...,k and ¢ = +£1, let o(wf) be the maximal initial
segment of w{ so that o(wf) is identical to an initial segment of another

word wjl, where j £ 7 or € # €. We now have 2k initial segments

o(wy),...,o(wg), a(wfl), .. ,a(wlgl)

of wy,...,wp,w;',... ,w;l, respectively. And further, for every ¢ =

1,...,k, let p(w;) be the middle segment of the word w; such that
o (w;) p(w;) o (w; )™ = w;

i.e., any part of the middle segment p(w;) can not be canceled out in
any product without w;w; * and w; w;.
In the proof of Lemma 15, we have seen that almost every { wy, ..., wy } €

E(t, k) is such that

min { p(wq),...,p(wg) } > |at] —2|5t]
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for arbitrary 0 < @ < 1 and 0 < 8 < %oz. This means that the
length of any non-trivial product without w;w; I and w; Lw; is strictly
greater than ¢ for almost every {wy, -+ ,wr} € E(t, k). And, the set

of elements of the group (wy, -+ ,wy ) such that length < ¢ is precisely
{Lw,. ., wg,wity o wg )

for almost every {wy, -+ ,wi} € E(t, k). Thus, to generate the group
(wy, - ,wy, ) by a k-subset of £(t, k), either w; or w; ! has to be chosen
for every i = 1,..., k. Therefore, | g7*({wy,...,w;) )| = 2* for almost

every k-subset {wy,...,w; } € F(t, k) O

Theorem 7. Almost every k-subset {wy,...,wy } € F(t, k) is such

that the subgroup (wy,--- ,wy ) is malnormal.
PROOF. Let
{&(t, k)} = { all k-subsets of B; — B }

where 0 < a < 1 is an arbitrary fixed number. Since {E(¢,k)} is

generic in {F(t, k)}, it is enough to show that almost every k-subset
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{wy,...,w } € E(t, k) is such that the subgroup (wy, -+ ,wy ) is mal-
normal.

Let H = (wy,--- ,wy). By Theorem 5, we have seen that H is non-
malnormal in F}, if and only if the product of the core-graphs I'y x I'y
has a non-principal component which is not a tree.

In the proof of Proposition 8, we defined the segments

p(w1)7 s ,p(UJk)

of words wy, ..., w,. Then, for almost every k-subset {wy,... ,w} €
E(t, k), every non-trivial word in the group (ws,...,w;) has at least
one of segments p(wy), ..., P(wg) as a subword since any part of the
segment p(w;) can not be canceled out in any product without w;w;*
and w, Lw;.

Thus, if H = (wy, ..., wy ) is not malnormal, then there exists a middle

segment p(w;) such that p(w;) can be read along another path on the

core-graph I'y of the subgroup H.
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In the proof of Lemma 15, we have seen that

min {p(wy),...,p(w)} > |at| — 2| 5t]

for arbitrary 0 < a < 1,0 < 8 < %a and for almost every { wy, ..., wy } €

E(t, k). Since |at| —2|f0t] — o0 as t — o0,
Pr (one of p(w;) can be read along another path in I'y ) — 0

as t — oo. Thus, (wy,...,w;) is a malnormal subgroup of rank & for

almost every { wy,...,wi } € F(t, k). O

In Chapter 4, we discussed the strengthened version of the Hanna

Neumann conjecture:
> [rank(H' N K) = 1] < (rank(H) — 1) (rank(K) — 1),

where the summation is over a set of double coset representatives g € Fb
for H\F,/K with rank(HY N K) # 0.

We now have the following corollary related to the conjecture.
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Corollary 7. Almost every subgroup H of Fy is such that
Z[rank(Hg NH)—1]=rank(H) -1,

where the summation is over a set of double coset representatives g € Fy

for H\Fy/H with rank(HY N H) # 0.

PROOF. Y [rank(H' N H) — 1] =rank(HN H) — 1 = rank(H) —

1. [
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