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Abstract

NON-LINEAR FLOW IN POROUS MEDIA
by

-

Sergio J. Rojas

Adviser: Professor Joel Koplik

Numerical solutions of the Navier-Stokes equations in two-dimensional quasi-
periodit and quasi-isotropic random media were obtained to analyze the local and
large scale aspects of finite Reynolds number flow. For Reynolds number less than one,
the results show a first correction to Darcy’s law which is cubic in the Darcy (averaged)
velocity, while for Reynolds number greater than one, the results are in agreement
with Forchheimer equation. That is, the correction to Darcy’s law is quadratic in
the average (Darcy) velocity. The cubic correction to Darcy’s law support Mei and
Auriault’s (1991) theoretical study, based on homogenization theory. In addition,
the results show support to an unifying empirical equation describing fluid flow in
porous media of similar structure, first proposed by Beavers and Sparrow (1969).
Also, the results show agreement, except by a multiplicative constant, with Sangani

and Acrivos (1982) equation for the drag on dilute array of cylinders.
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Chapter 1

Fluid Flow in Porous Media

1.1 Introduction

Fluid flow in porous media is a subject of widespread importance in areas such as:
oil recovery, hydrology, agriculture, and chemical production processes. Examples of
porous materials commonly found in everyday life include ordinary rocks, concrete,
tissue paper, filter materials, and biological tissues (Scheidegger 1974; Dullien 1992).

In a general sense, the simplest and most important question to be inquired in
a porous media flow is: what pressure drop is necessary in order to achieve a specific
flow rate? In the limit of low fluid velocity or vanishing Reynolds number, more
than a century of experimental studies and numerous convincing theoretical analyses
have shown that Darcy’s law (1856) describes with great precision the flow of fluid
through a porous material. Therefore, for static and isotropic porous medium, the
pressure drop (AP) per unit length is then linear in the average flow velocity (V)
with the fluid viscosity (u) divided by the permeability (k) of the porous medium as
the proportionality factor. Darcy’s law can be written in the form (Scheidegger 1974;

Dullien 1992):

VP =—(5)yV (1.1)

The permeability, or resistance to fluid flow, contains all of the dependence of the
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flow on the detailed structure of the porous material, and Darcy’s law provides a

simple empirical way to determine the medium’s permeability.

At finite Reynolds number or high speed flow, however, the situation is far less
clear. Only a relatively limited number of systematic experiments, and a few semi-
empirical correlations can be found in the literature. Most studies only consider flows
which are macroscopically one-dimensional, with constant average velocity. The avail-
able information supports the Forchheimer equation (1901) that considers a correction
term to Darcy’s law in which the pressure drop increases quadratically with the ve-
locity. Thus, for one dimensional flows, the Forchheimer relation has the following

form (Scheidegger 1974; Dullien 1992):
_g = (%)V + bpV? (1.2)
In words, this equation states that the flow resistance is the sum of a viscous resistance
given by the linear term in V and the inertial resistance given by the quadratic term in
V. This equation represents a competition between viscous forces and inertial forces
in defining the flow resistance as the Reynolds number increases, in analogy with the
well established fact that purely viscous flows around cylinders and spheres tend to
disappear at Re of order one and larger, when inertial forces dominate over viscous
forces. However, the no-slip boundary condition at solid boundaries prevents the
elimination of viscous effects around any object, even at very large values of Re. The
coefficient (b) in equation (1.2) is an undefined parameter which, like the permeability
(k), must be a function of the medium’s geometry rather than a universal constant.
As was mentioned earlier, the available experimental work (Beavers and Sparrow
1969; Beavers et al. 1973, Macdonald et al. 1979, Dullien 1992) supports the validity
of the Forchheimer’s equation or any of its variants due to Burke & Plummer (1928)

and Ergun (1952), which provide specific forms for the coefficients of the terms linear

and quadratic in velocity. Moreover, some experimental investigations (Dybbs and
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Edwards 1984, and references therein) indicate the existence of several flow regimes
which can be roughly classified as follows: first, there is the Darcy (creeping) flow
regime dominated by viscous forces at very low Reynolds number (Re). Then, starting
at Reynolds number of about one, the influence of the non-linear term of the Navier-
Stokes equations starts to be noticed by generating a non-linear laminar flow regime
where the inertial forces become significant in the overall flow behavior and that
is described, according to the analysis of the experimental data, by Forchheimer
equation. After that, at larger values of the Reynolds number, an unsteady laminar
flow regime has been observed and is characterized by the presence of laminar wake
oscillations in the pores which take the form of traveling waves of distinct periods,
amplitudes and growth rates. Finally, a highly unsteady and chaotic (turbulent)
flow regime has been noticed for much higher Reynolds number. However, there is
no consensus about the specific values of the Reynolds number between which each
flow pattern can be found. The values of these transition Reynolds numbers are not
unique, and seem to depend on the internal geometry of the porous media.

Although it is plausible that the quadratic nonlinearity in the Navier-Stokes
equations generates the nonlinearity in the Forchheimer relation, there is no convinc-
ing, let alone rigorous, theoretical justification of any of these results. Nevertheless,
some derivations of the Forchheimer equation can be found in the literature by using
different theoretical approaches such as dimensional analysis, capillary models, and
statistical theories (Ahmed and Sunada 1969; Bear 1972; Scheidegger 1974; Cvetkovic
1986; Dullien 1992, Whitaker 1996).

In the past two decades, a relatively new mathematical approach known as
method of homogenization has successfully been applied in deriving, without cumber-
some suppositions, the equations governing and characterizing many aspects of fluid

flow through porous media, including Darcy’s law (Sanchez-Palencia 1980, Keller
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1980, Rubenstein and Torquato 1989, Hornung 1996). One of the merits of the ho-
mogenization approach is that, unlike other models, it provides a microscale boundary
value problem for any constitutive coefficient that appears in the macroscopic law be-
ing derived. This boundary value problem can, in principle, be solved numerically
(as in the work of Zick and Homsy 1982), and a complete macroscopic formulation of
the initial problem can be given without assumption or hypothesis, which sometimes
are hard to justify.

Based in a homogenization analysis, Mei and Auriault (1991) found a first cor-
rection to Darcy’s law due to weak convective inertia of the pore fluid which, for an
isotropic and homogeneous porous media, is cubic in the average (seepage or Darcy)
velocity, while for the case of an anisotropic porous media, they found a quadratic
term in the seepage velocity as leading correction term to Darcy’s law. However, as
pointed out by Mei and Auriault, they did not find any published experimental work
supporting their cubic correction to Darcy’s Law, mainly because such correction
is predicted to be very small and the domain of validity of Darcy’s law extends to
Reynolds number not much smaller than unity.

In this work, we will use numerical solutions of the Navier-Stokes equations in
two dimensional random and periodic media to obtain some qualitative insight into
both the local and large scale aspects of finite Reynolds number flow in quasi-isotropic
"samples” of porous media. Results will be presented which support the division of the
non-linear inertial flow regime into two well defined regions: one where the correction
to Darcy’s law is dominated by a cubic correction term in the seepage (average)
velocity, in agreement with the work of Mei and Auriault (1991), and a second region
where the correction to Darcy’s law is given by the Forchheimer equation. Finally,
it should be mentioned that some of our results are in agreement with those found

by Koch and Ladd (1997). In the rest of this chapter we will present a brief survey
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of some general ideas that have been useful in the understanding of the physics of

complex systems, particularly in the area of fluid flow through porous media.

1.2 General Background

1.2.1 Permeability

The permeability k is one of the most important transport coefficients of interest con-
cerning porous materials, especially in the hydrology and oil industries. A knowledge
of k£ can be used to predict flow rate directly from Darcy’s relation equation (1.1).
Conversely, Darcy’s‘equation provides the simplest and most precise direct way of
knowing a medium'’s permeability (Darcy’s law gives the operational definition of the
permeability). However, direct measurements of k are, in general, difficult and expen-
sive. Therefore, it is desirable to have simple and inexpensive approaches for finding
the permeability of a porous medium when detailed measurement and samples can
not be obtained. Consequently, some theoretical models of porous medium structure
have been devised which aim to predict good estimates of the macroscopic transport
properties (long-scale behavior) of the medium from a knowledge of the small-scale
dynamics. A commonly used semi-empirical relation for estimating permeability is
the so-called Carman-Kozeny relation that relates k& to the porosity ¢ (fraction of
the total volume occupied by the fluid) and the specific surface area based in solid’s
volume S, by the equation: k£ = E,(—lf;—)zgg, where £’ is an adjustable parameter called
the Kozeny constant (Scheidegger 1974; Dullien 1992). In addition, power laws re-
lating k& with ¢ (k < ¢™,1.3 < m < 4) have been found or reinforced by using the
network approach of porous media combined with effective medium and percolation
theory ideas (Koplik 1982; Koplik et al. 1984; Chen and Koplik 1985; Dullien 1992;

Matthews et al. 1993). Other calculations relating the permeability with the mi-
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croscopic geometry of the medium have been carried out (Scheidegger 1974; Koplik
et. al 1984; Lin et al. 1986; Thompson et al. 1987), and some insight about the
appropriate length scales dominating the flow at the pores scales have been obtained
(Johnson et al. 1986; Kostek et al. 1992; Martys and Garboczi 1992). Its relevance
is based in the fact that k£ has units of length squared and a dynamical length scale
(), based on the pore structure, can be used to define the permeability in the form
k = cF¢?, where F = % is called the formation factor and c is a constant scale
factor; oy is the conductivity of the conducting fluid (brine, for example) filling the
porous matrix (considered as insulator) and o is the conductivity of the whole sys-
tem. Furthermore, fractal ideas can be applied in order to study how and under
what conditions the macroscopic properties of the system may be independent of its
microscopic details. For instance, homogeneous porous media are characterized by
well defined and unique pore-space properties such as porosity, pore size distribution
and size independent transport properties (Adler 1992). In spite of these efforts of
previous studies and their relative success in providing some insight about the deter-
ministic behavior of flow through porous media, one should bear in mind that the
complex structure of any porous material makes it very difficult to construct a gen-
eral method for predicting the macroscopic transport properties of the medium. For
example, it has been found that different rock samples with the same porosity have
different transport properties, which may be a consequence of the history of the rock

formation (Thompson et al. 1987).

1.2.2 Network Models and Effective Medium Theory

Roughly speaking, porous media consists of a solid matrix containing interconnected
empty spaces constituted of throats (channels) and pores whose spatial distribution

resembles an electrical random network. Consequently, porous media can be viewed
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as an electrical network (Fatt 1956; Koplik 1981; Koplik 1982; Bryant et al. 1993)
of variable elements on which each node {i} has an assigned voltage {v;} and the
bonds :j, connecting node {i} and node {j}, have an assigned random conductance
gij- Non-existent bonds have g;; = 0. Each bond has a current I;; satisfying the local

equations:

Iij = gij(vi — v;) (1.3a)
S I; =0 (1.3b)

=)

The association with the fluid flow through a porous medium is accomplished by
considering the nodes as the pores, the bonds as the throats connecting the pores,
v; as the pressure at the pore {:¢}, I;; as a fluid flux, and the charge as the mass.
The conductance g;; can be computed from the network geometry using, for instance,
Poiseuille’s law for cylindrical tubes (Fatt 1956; Kirkpatrick 1973; Koplik 1981; Koplik
1982). This idea can be illustrated by an example at low Re. Following Koplik et
al. 1984, the calculation for the fluid flow problem involves the solution of the Stokes
equations on each element (pores and throats) of the network and the match of the
flow fields at the pore-throats boundaries. Neglecting the pore pressure drop, and
considering the particular case of elliptically cylindrical throats of length (h) and
semi-axis (a) and (b), it can be shown that the relation between the fluid flux and
pressure drop across the throat ¢j is given by the linear relation (Batchelor 1967;

Happel and Brenner1983):
9ij
Qij = (f)(AP)ij (1.4)

wa3bd

Th(aZ+59) is the “conductance”, function of the throat geometry only. In

where g;; =

addition, mass conservation at the junctions (the pores) requires:

2 Qij=0 (1.5)

i)
The analogy of equations (1.4) and (1.5) to equations (1.3a) and (1.3b) is rather

clear. Furthermore, comparing equation (1.4), written in the form Au(%) = g(éhf)h,
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with equation (1.1), one can see that k = (£)h is the permeability of a solid matrix

of cross section A having one cylindrical pore on it.

Equations (1.3e) and (1.3b) can be rewritten in matrix form:

G-V=S (1.6)
where V = (V},V,,---, V)T is a column vector of nodes voltages, G is the conduc-
tance matrix, given by:
Gij = 5ij( Z gki) — Gij (1-7)
k—1

and S containing the outside current supplied to nodes, usually through a prescribed
voltage on two opposite edges of the network (Kirkpatrick 1973; Koplik 1981). The
previous equations can be solved directly by setting up a set of cylindrical throats
and finding the current(fluid flux) and voltages(pressure) everywhere and computing

the over all permeability by using:

Qo
k= u() (18)
L

where Quor, AP, A, and L are respectively the total flux, net pressure difference and
cross sectional area and length of the sample. However, this would be awkward due
to the amount of calculations that it involves. A better approach is provided by the
so-called Effective Medium Approximation (EMA) which provides a more treatable
recipe for computing the interesting unknown quantities in the network, based in
the probability distribution function (PDF’) of conductances that results from their
random location in the network. The EMA recipe is as follows (Kirkpatrick 1973:
Koplik 1981; Koplik et al. 1984; Koplik 1990): choose one conductor ¢ and suppose
that the others random’s g of the network have been assigned a single effective medium
value g,,. The voltage (pressure) across the distinguished conductance g will differ
from the field in the other conductances g,, of the network by an amount depending

on the particular value of g. This local fluctuation in the field is averaged over the
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probability distribution of g, and choosing g, such that the averaged fluctuation of
the field is zero. This condition is satisfied by chosen g, as the solution of (Kirkpatrick

1973; Koplik 1981;Koplik 1990):

(gm — 9) _ [ (gm — 9) _
<g+(%—1)gm>p—/0 p(g)(gﬂg_l)gm)dg—O (1.9)

where < --- >, means average respect to p(g), the PDF of local conductances g, and
7 is the lattice average coordination number (number of bonds(throats) meeting at
a node(pore)). Once g, is known, an “effective network” is obtained on which the
averaged properties of the original flow problem remain unchanged. Each conductance
of the “effective network” has the value g,,. Finally, the calculation of the over all
permeability of the network can be found as follows (Koplik 1984): assume that an
average pressure gradient < VP > across the network is produced by a fixed difference
of pressure that is maintained at two ends of the network. Then, the total fluid flux
across any plane P perpendicular to < VP > will be the sum of the individual fluxes
Q» of each bond b intercepting P. Each flux is 9“& times the pressure difference across
the respective bond (see equation (1.4)). Therefore,

Qu=3 Q=3 (Z)<Vp>-L (1.10)

NP NP H

where L, is a vector in the direction of the bond b, with magnitude equal to the bond’s
length. The average velocity V is obtained dividing by the area A(P) of the plane P
(V = 9“’—‘), and using Darcy’s law (equation (1.1)) the permeability is obtained to

A(P)
be:

k= gm(ﬁb%ip Lyh) (1.11)

where 7 is a unit vector along the pressure gradient, but to the extent that the

material is statistically homogeneous and isotropic, any unit vector will do.

The comparison between EMA and the direct solutions of the matrix equation
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(1.6) is accomplished by computing an effective bond conductance g.sf by using:

gosy = 1A8}) (1.12)
e - .
K({1})

where K({gi;}) is the overall conductance of the network with the randomly chosen
gi; and K({1}) is obtained by setting each g;; = 1. The value of K is computed by
using:

I tot
VL — Vg
Lot = 3_(VL — Vi)giL (1.13b)

]

K = (1.13a)

on which V; and Vi represent the applied voltages to the left and right edges of a
planar network (periodically boundary conditions is assumed on the other two edges).
Then, to the extent that EMA is valid, it is expected that g.r; = gm (Koplik 1981). It
has been found that satisfactory agreement (between 5% or better) is achieved, unless
the PDF of conductances is near to the conduction threshold (appreciably near g = 0).
Moreover, it was found that the details of p(g), lattice size, and coordination number
were irrelevant for the agreement. Consequently, EMA provides an inexpensive way
to find the approximated averaged solutions of the network problem in relation to the
considerable computation time required by a direct solution of equation (1.6) (Koplik

1981).

1.2.3 Percolation Theory

The network model of a porous media can be cast into the broad field of percola-
tion theory (regular motion through a random medium), formally introduced in 1956
by Bradbent and Hammersley in order to study the spread of a hypothetical fluid
through a random media. In some sense, percolation can be viewed as a theory that

provides a probabilistic approach to study complex (disordered) systems where the
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connectedness properties of some components dominate the behavior of the system
in consideration. Particular interest in percolation theory ideas in the field of fluid
flow through porous materials may arise due to the similitude between scaling laws,
characteristics of percolation problems, and some semi-empirical power-laws equa-
tions relating the transport coefficients (such as conductivity and permeability) with
the porosity in flow through porous media. For instance, Archie’s law links the con-
ductivity and the porosity by a relation of the form: o = ao,¢™, while & = c%} is
the Kozeny equation that relates the permeability by a power of the porosity (Schei-
degger 1974; Dullien 1992). These equations resemble the behavior in the usual
percolation problem except that they suggest a threshold at ¢ = 0. In addition, part
of the understanding of the displacement and entrapment of one fluid by another in a
porous matrix has been possible through the use of the so-called invasion percolation
model (Lenormand and Boris 1980; Koplik and Lasseter 1985; Chen and Koplik 1985;
Dullien 1992; Sahimi 1994).

Percolation models can be discrete or continuous. In general, discrete percolation
problems are described in terms of d-dimensional grids divided in three main cate-
gories: bond, site and site-bond percolation problems. From the studies that have
been carried out using these models, it seems that site percolation can be considered
as more fundamental than bond percolation because it is always possible to convert a
bond percolation problem into a site percolation problem in a different lattice (Shante
and Kirkpatrick 1971; Stauffer 1992; Isichenko 1992).

For infinite lattice systems, the site(bond) percolation problem is defined by
assigning a probability p that any site(bond) be present in the network and, cor-
respondingly, absent of the network with probability 1 — p. Two nearest neigh-
bor sites are connected if they are both occupied. A conglomeration of connected

sites(bonds) bounded by vacant sites(bonds) is called a cluster. When p is close to
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one, many sites(bonds) will be present and there should be a percolating cluster of
sites(bonds) spanning the lattice in any direction. Conversely, when p is small, only a
few sites(bonds) will be present and it is expected to find only small isolates clusters
with no connected path of sites(bonds) traversing the lattice in any direction. Con-
sequently, there exists a critical(threshold) probability p., such that for p < p. there
is no percolating cluster, while for p > p, it is ensured by the fundamental theorem of
percolation that there will be only one percolating cluster (Kikuchi 1970; Newman and
Schulman 1981). Monte-Carlo simulations and series expansion calculations together
with some exact results, suggest that the critical percolation probability, for the case
of bond percolation in planar and three-dimensional lattice, can be approximated by
pc(b) = @_Ll); (Ziman 1968; Kyazym-zade 1992), where d represents the space di-
mensionality and o is the lattice coordination number (number of bonds meeting at
a node). In the case of site percolation, the situation seems to be a little more com-
plicated. Calculations on the square and the cubic lattice suggest that pc(s) = 57,
while for higher spatial dimensions, the results point in favor of having p.(s) = 5.

In general, p.(s) > pc(b) (Essam 1980, Stauffer 1992).

In addition to the probability percolation threshold, it is also of interest to know
whether a particular site(bond) is contained in the percolating (infinite) cluster.
Hence, a probability P(p) can be defined in order to describe such situation. For
p < p. no percolating cluster exists, therefore P(p) = 0. Just above p., it has been
found that P(p) follows the scaling behavior (Shante and Kirkpatrick 1971; Essam
1980;Stauffer 1992; Isichenko 1992):

P(p) ~ |p — pe|™* (1.14)
where £ is one of the standard universal critical exponents that govern the behavior of
different quantities near a critical point (Domb et al. 1972-1988). It depends only on
the spatial dimension of the problem. In 2-dimensions(2D), 8 = 556’ while 8 = 0.41 in
3-dimensions(3D) (Stauffer 1992; Isichenko 1992). Similar behavior has been observed
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by the so-called correlation length £ of the problem, which represents the typical radius
of the connected cluster for p < p.. That is, it is the maximum size above which the
clusters are exponentially rare. In addition, the correlation length £ can be considered
as the length scale over which the percolating network is macroscopically homogeneous
for p > p.. In other words, for length scales L larger than &, the system will be
macroscopically homogeneous, while for length scales smaller than £ the system will
not be homogeneous and its macroscopic properties will depend on L. Furthermore,
at p = p., the correlation length £ becomes very large (being infinity at p = p.) and
therefore, it will be the only characteristic length of the system in terms of which
all other lengths should be measured (i.e. the system will be invariant under scale
transformation because it does not have characteristic length). Defining by g(r — 1)
the probability that points r and r' be connected by bonds, then, for large |r — r'|
and p < p. (Huang 1987):

glr —r') ~ e T (1.15)

while
§() ~lp—p|™ p=p.+07 (1.16)

where v is another universal exponent. It can be seen from (1.15) that regions
separated by distances greater than the correlation length are essentially independent.
In 2D v = 3 and v = 0.88 in 3D.

Bond percolation can be illustrated by a random resistor network, where p.(b)
separates a conductive phase from an insulating one. An example of site percolation
may be a mixture of magnets and paramagnets. At p.(s) the system changes from a
paramagnet to a magnet. One speaks of site-bond percolation model when both sites
and bonds have, in general, unrelated occupancy probabilities p; and p, respectively.
If p, = 1( or p, = 1), site-bond percolation reduces to bond (site) percolation.

Site-bond can be used to study gelation and epidemic processes in diluted media
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(Herrmann 1986).

Perhaps. the most realistic percolation model proposed to study natural phenom-
ena is the so-called continuum percolation model, where the position of a random
distribution of at least two kinds of components is not restricted to the discrete sites
of a regular lattice. This model can be illustrated by randomly punching holes in a
sheet of conducting material. More sophisticated models have been devised for mod-
eling porous materials. It should be mentioned that all of the proposed percolation
models predict a universal non-zero critical value for the porosity above which fuid
could flow through the porous sample and that has not been observed.

Other applications of percolation theory to the realm of fluid flow through porous
media are exemplified by its usefulness in studying: the transport of a dynamically
neutral tracer injected into a fluid flowing in a porous medium (Koplik et al. 1988);
the displacement, by capillary forces, of one immiscible fluid by another immiscible
fluid, for example oil displaced by water (Chandler et al. 1982; Koplik and Lasseter
1985; Chen and Koplik 1985); the permeability of porous rocks (Wong et al. 1984;
Thompson et al. 1987). Further and more detailed accounts of the applications
and usefulness of percolation theory in describing a variety of disordered systems in
others areas, as well as discussions of the extension of percolation theory in order to
be applied to study finite and/or continuous systems, can be found in the reviews of

Bunde and Havlin 1991; Stauffer 1992; Sahimi 1994.
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Chapter 2

Homogenization, Multiple Scales
Expansions, and Equations of
Porous Media Flow

2.1 Introduction

Homogenization, a relatively new technique developed by mathematicians to study
partial differential equations with rapidly oscillating coefficients (Bensoussan et all.
1978; Sanchez-Palencia 1980; Bakhvalov and Panasenko 1989), can be used in con-
junction with the perturbative technique known as Multiple Scale Analysis (ezpan-
sions) (Nayfeh 1973; Van Dyke 1975; Kevorkian and Cole 1996) in order to derive
“homogenized” or averaged equations from more complicated ones. In particular, ho-
mogenization seems to be the most reliable tool used to obtain results consistent with
the Navier-Stokes equations in an overall (macroscopic) sense without attempting to
obtain detailed information of the field variables (velocity and pressure) everywhere
in the domain of interest. For instance, Darcy’s law, which represents a macroscopic
balance of volumetric flow rates and global pressure gradient through a porous mate-
rial at very low Reynolds number, is an example of an averaged equation which can

be rigorously derived, without cumbersome suppositions, by applying the homoge-
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nization technique to the more complicated Navier-Stokes equations (Keller 1980;
Rubenstein and Torquato 1989; Koplik 1990).

In deriving the equations governing the flow of fluid through porous media, the
method takes into account the existence of two well defined contrasting length scales:
the typical pore size ¢ representing a non-interesting short scale of variation which
is to be eliminated, and the macro-scale L that characterizes the averaged flow and
represents the interesting long (macroscopic) scale of variation which is to be re-
tained. As a consequence, two dimensionless space variables can then be naturally
introduced: z*/L, representing a slow (macroscopic) variable, and z* /¢, representing
a fast (microscopic) variable. Both dimensionless quantities are related by the small
parameter € (¢ = {- < 1), in powers of which one may want to expand the variables
of the original equation(s) when applying perturbation methods. The particular case
of two well differentiated scales can also be found in numerous problems in mechanics
where perturbation methods are the only suitable approach for finding satisfactory
results that are amenable to further analysis (Cole 1968; Nayfeh 1973; Van Dyke
1975; Kevorkian and Cole 1996). Thus, starting from a " microscopic” description of
a problem, one seeks a macroscopic, effective, description of it.

Phenomena characterized by the presence of a diversity of length scales seems to
be one of the most conspicuous property of nature. Illustrative examples are given
by ocean currents that persist for thousands of kilometers, ocean waves that range in
size from less than a centimeter to several meters, and the great variety of granular
materials, usually composed of particles of different sizes, found in our daily lives
(Wilson 1979, Jaeger et all. 1996). In some cases, events distinguished by a great
disparity in size have little influence on one another, and the phenomena associated
with each scale can be treated independently. An example is the famous problem as-

sociated with low Reynolds number flow around an infinite cylinder (Stokes paradox)
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first solved by Oseen in 1910, and then, in 1956, by Proudman and Pearson using a
somewhat, at that time, new perturbative approach known as Matched Asymptotic
Ezpansions. The idea is that near the wall of the cylinder, the flow is described by a
set of equations and boundary conditions which are essentially different from the ones
governing the flow far from the wall. Each situation can be solved independent of
the other, and the matching of both solutions at a certain distance (boundary layer)
from the cylinder wall is then applied in order to have a uniform valid solution in the
domain of interest (Van Dyke 1975). In contrast, Multiple Scale Analysis is a more
general method which, in addition to the situations just described, can, in principle,
be applied in the study of phenomena involving several physical processes evolving si-
multaneously in their own scales with each one influencing the overall (macroscopic)
behavior of the phenomena in consideration. That is, fluctuations over all length
scales are important.This situation is well illustrated by the behavior of a substance
near its critical point where the scale of large density fluctuations becomes infinite,
but the smaller fluctuations are in no way diminished (Wilson 1979). Multiple Scale
Analysis is a so powerful technique that sometimes it is convenient to temporarily in-
troduce, in an arbitrary thought way, the parameter ¢ into a difficult problem having

no small parameters (Bender and Orstag 1978; Murdock 1991).

2.2 The Homogenization Method

The basic idea for the application of the homogenization technique is as follows (Keller
1980; Allaire 1992; Rubinstein and Torquato 1989). Assume we want to solve a phys-
ical problem which can be formulated in terms of partial differential equations with
periodically oscillating coefficients with period € (i.e.. heat conduction in a periodic
composite medium), complemented by appropriate boundary conditions in some do-

main D. Representing by g the partial differential operator and u the respective
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solution with a source f, we have:
g-u=f i D. (2.1)

Assuming that the solution u converges to a limit U, we look for a homogenized

operator G, such that U is the solution of:
G-U=f in D. (2.2)

Homogenization occurs in the steps leading from (2.1) to (2.2). The determina-
tion of the precise form of the homogenized operator G can be achieved through
the application of the Multiple Scale Analysis perturbation technique. In particular,
the so-called two-scales asymptotic expansion has been successfully applied to many
problems involving fluid flow in porous media (Sanchez-Palencial980; Bakhvalov and
Panasenko 1989; Hornung 1996). A version of the method starts by identifying two
(or more) well differentiated scales x and y related by a relation of the form y = x/e,

with € € 1, and then postulating the following ansatz for u:

u=uo(x,y) + eui(x,y) + €us(x,y) + Suz(x,y) + - - -

(2.3)
where each term u;(x,y) is considered to be periodic in y if the problem involves
periodically oscillating operators.

Inserting (2.3) into (2.1) and collecting powers of € leads to a set of equations for
each term u;(x,y). Generally, the average with respect to (y) of the corresponding
equation for ug(x,y) leads to equation (2.2), and the precise form of G is computed
with the so-called cell equation in the unit period (Bensoussan et all. 1978; Sanchez-
Palencia 1980; Bakhvalov and Panasenko 1989). It should be noted, however, that
the implementation of the method is not straightforward and mechanical as the recipe
of its application may suggest. An arbitrary, not well thought selection of the scaling

powers of € may result in a set of inconsistent (unsolvable) equations. Therefore, a
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clear understanding of what is being sought is necessary for guessing the correct forms
of the perturbative expansions which will lead to a satisfactory application of the
procedure. After all, successful application of perturbation techniques is considered
an art that involves a lot of ingenuity.

The theory of homogenization has been successfully applied in branches of applied
physics involving composite media and micro-scale heterogeneities, in areas such as
suspensions, sedimentation, plasticity, etc. (Sanchez-Palencia 1980; Bakhvalov and
Panasenko 1989; Hornung 1996). Although homogenization has been mainly applied
to problems with periodic structures, it is not restricted to those particular cases and

can be applied to any kind of disordered media.

2.3 Equations governing flow through porous me-
dia

[}

2.3.1 Navier-Stokes equations in dimensionless form

Before applying the homogenization approach to the set of equations governing a
particular phenomena one needs to specify the equations in dimensionless form. This
may allow the identification of dimensionless combinations of independent parameters
that dominate the solution of the set of equations describing the physical process
in consideration. For the case of the Navier-Stokes equations, such dimensionless
quantity turns out to be the familiar fluid dynamics parameter known as the Reynolds
Number, which is a measure of the strength of the fluid’s inertia force relative to the

fluid’s viscous force.

To nondimensionalize the steady Navier-Stokes equations one should identify
the appropriate length scale (L) representing the physical distance over which the
velocity changes by an amount proportional to the typical magnitude of the fluid

velocity in the flow domain (U). In general, by setting z* = L, p*(z*) = APp(Z),
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and u*(z*) = Ui(Z), the dimensional steady Navier-Stokes equations:

—

p(u*(c¥) - V*)uk(2¥) = —V*p*(2*) + pV* u¥(c¥)

-, - 2.4
V*-u*(z*) = (24)
can be written in dimensionless form:
U o a(a — e 4 (PO Lo~
(3P)ED) V) = ~Vp@) + (GRPVE@

V-@(%) =0

At this point, the characteristic quantities £, AP, and U are completely general and
need to be associated with their respective counterparts in any specific problem. For
fluid flow in porous media, it seems reasonable to consider that global variations in
pressure (-A{—)), applied at the ends of the porous sample of length (L), induce velocity
variations at the pore scale (¢). In turn, this consideration provides a relation between
L, ¢ AP, and U given by:

AP uU
L2

However, it is still necessary to relate U with a characteristic velocity in the flow,

(2.6)

which can be chosen to be the Darcy (superficial) velocity < #(Z) > defined as the
mass flow rate across a cross section of the porous media sample perpendicular to
the macroscopic flow direction. With these considerations, one can arrives at the

following dimensionless form of the steady Navier-Stokes equations:

p<ulZ)>"¢
U

$)(@@) - V)(@) = ~Vp(#) + (£)(§) V(@)
V-4(£)=0 (2.7)

Furthermore, there are two obvious possible choices for £: the pore scale (¢) or the
porous sample length (L). Each choice defines a particular framework of analysis that
may lead to a solvable set of equations when applying the homogenization process

(Auriault 1991). If £ is chosen to be equal to (L), we will be adopting what can be
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called the macroscopic framework of analysis which implies the introduction of a new

variable § = 7*/¢ = (L/€) = ©/e, ¢ = /L. After the introduction of these new

variables, the application of the homogenization process requires the expansion of the

field variables in terms of functions of the new variables as in equation (2.3). This in

turn implies, by applying the chain rule, the replacement of the operators V and V?
by:

V = Vr+ lVg’

¢ . (2.8)

Vi=V.V = v§+g(vf-vy~+ Vi Vi) + (Z)zvyg

where the subindex £ or g, labeling the Gradient or Laplacian operators, stand for

derivation respect to the spatial variables (z;,z2,z3) or (yi,y2, y3) respectively. In

this approach, y represents the microscopic or rapidly varying scale which is to be

eliminated, while Z represents the macroscopic or slowly varying scale which is to

be retained. In addition, after applying (£ = L), the dimensionless form of the

Navier-Stokes equations (2.7) reads:
eRe(i(Z) - V)i(F) = —Vp(Z) + 2V2i(Z)
V-@(Z) =0

where Re represent the Reynolds number given by (after using relation (2.6) with

(2.9)

U=<d(z) >):

-y = P2
ReEp<u(m)>Z=6pA2€
7 7

On the other hand, the microscopic framework of analysis is adopted by choosing

(2.10)

L to be equal to the pore scale (£). In this case, consistency in the application of
the homogenization process is obtained by introducing a new variable 7 = z*/L =
(L/L)Z = e, and replacing, as required by homogenization, the V and V? operators
by:

V = Vi+ ey

2.11
VP=V-V = Vite(Ve Y+ Ve V) + V2 (2.11)
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In this context, the roles of ¥ and £ are reversed with respect to their definitions
in the macroscopic framework of analysis. That is, T represents the microscopic or
rapidly varying scale which is to be eliminated, while § represents the macroscopic or
slowly varying scale which is to be retained. Moreover, the application of the choice
(£ = ¢) to the dimensionless form of the Navier-Stokes equations (2.7) leads to the

also dimensionless form of such equations:

eRe(T(Z) - V)i(Z) = —Vp(Z) + eV@(Z)

V@) =0 (2.12)

with Re defined as in equation (2.10).

Which framework of analysis (macroscopic or microscopic) should be adopted
seems to be a matter of trial and error. The microscopic approach seems to be
the most suitable for obtaining the governing equations of fluid flow through porous
media. Notice that in the case where only one length scale is important (meaning
that L = ¢ = L, and € = 1), the previous equations (2.9) and (2.12) reduce to the
familiar dimensionless form of the steady Navier-Stokes equations appropriated for

analyzing low Reynolds number flow (Bachelor 1967, Tritton 1992):
Re(d(Z) - V)i(Z) = —Vp(Z) + V2i(Z)

V-@(z) =0 (213)

where now the Reynolds number is given by Re = ( &f%é).

2.3.2 Derivation of Darcy’s Law

In the limit of vanishing Reynolds number, Darcy’s law (1.1) describes fluid flow
through porous media with great precision. This fact together with the linearity of
such relation suggest that the derivation of this important macroscopic relation could
be obtained by the application of the homogenization technique to the steady Stokes
equations which are obtained by dropping the non-linear inertial term in the general

Navier-Stokes equations (2.13). Therefore, in the microscopic framework of analysis,
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the dimensionless form of the steady Stoke’s equations can readily be obtained by

dropping the left hand side of the equations (2.12), and can be written in the form:

eV2i(Z) — Vp(Z) =0 (2.14a)
V-i4(Z) =0 (2.14b)

one seeks solution of the form:

4(Z) = U(Z,9) + etr(Z, §) + 0 (Z,§) + a3(, 9) + - --

p(@) = (& 9) +epi(E9) + EpER) + EPED +

Now, inserting (2.15) and (2.11) into (2.14), and collecting powers of ¢, the incom-

pressibility (2.14b) condition yields the following equation as leading order terms:

Vi - g, ) = 0 (2.16a)
V- Go(Z,§) + Vi - @1(Z,§) = 0 (2.16b)

while the momentum equation (2.14a) yields:

Vepo(Z,5) =0 — po(Z,9) = P(9) (2.17a)
Vi (Z,9) = Vepi(Z,7) + VP(%) (2.17b)
To proceed, it is necessary to average out the fluctuations at the pore scale (£). To

do that, the following average is defined:

(9)z = % v, 9 4% (2.18)

which is taken over a large total volume V' in Z with V; representing the volume
available to the fluid phase. The volume V' can be taken as the volume of a period of
the unit cell representing the porous sample in case of dealing with periodic structures.
In the case of a random media, equation (2.18) represent an average over an ensemble

of representatives realizations of the porous medium.
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Then, averaging equation {2.16b) over an ensemble of realizations of the porous

medium on the micro-scale (Z), and defining U(§) = (@,(Z, 7))z one obtains:
V- U@) + (V- @ (%, §)); = 0 (2.19)

By assuming that the ensemble average is stationary on the x-scale ( meaning that

the averages are x-independent), the second term is given by:

(V0@ D) = 35 f, %0 (@9) = (3 [ [, + [, |49(@) (2. 7)

(2.20)

where the average is taken over a large volume V in z, with outer boundary V" and
internal grain boundaries 3V;. In the last equation S < V?/3, then the first term is
O(V~'/3) and is negligible as VV — oo. Moreover, the second term vanished identically
because u(Z,3) = 0 on the boundaries dV;. Consequently, (V- @ (Z,%)); = 0 and

therefore,
V- U(§) = V- (iio(&, )z = 0 (2.21)

By the same token, (V:-1io(Z,%)); = 0 and the average of equation (2.16a) lead to
an identity (0 = 0).
On the other hand, the solution of the momentum equation (2.17b) can be written

in the form:

io(Z,9) = ~9(&9) - GP(@) (2.222)
p(Z,9) = —7(Z,9) - GP(9) (2.22b)

where m(f,g}') and 7(Z,y) are solution of the following boundary value problem,

obtained after plugging (2.22a) into (2.17b) and (2.16a):

V2U(Z, §) = V(& §)—

2.23
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Or in components:

2 31:' )

Bw,
8:1:l =0

(2.24)

with boundary condition @ (Z, ) = 0 on 8V.. Averaging equation (2.22a) gives:

U(9) = —(8(Z, 9));- VP (§) = —K(7) - VP(§) (2.25)

This is the equation we were looking for (Darcy’s relation), which is to be supple-
mented by the incompressibility condition given by equation (2.21). Also, equations

(2.21) and (2.25) lead to:
Vi (K@) - %P(@) = & (Ky2E) = (2.26)

The permeability tensor % (@) = (w(Z, %))z is defined by the boundary value problem
(2.24) and can be proved to be positive definite and symmetrical (Sanchez-Palencia
1980). For the special case where the medium is statistically homogeneous and

isotropic, the permeability tensor takes the usual form I? (7) = k?, with k& constant.

Dimensional form of Darcy’s relation can be obtained from its dimensionless
form (2.25) by using equation (2.6) together with the fact that § = z*/L, P*(z*) =
APP(9), and U*(z*) = UU(5). With this considerations one obtains:

U (ah) = —il?*(x_;) VP (2.27)

with K- *(z*) = 2 %4 (:z:*7L), which suggests the use of the square root of the perme-

ability as the characteristic length representing the pore scale.

2.3.3 First Correction to Darcy’s Law

In order to find corrections to Darcy’s Law in the limit of vanishing (but finite)

Reynolds number, Mei and Auriault (1991) considered the situation in which the
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Reynolds number (2.10) is in the interval ¢ € Re < 1. In particular, they took
Re = O(/€) in (2.12) obtaining (after using € = 32):
B(@(z) - V)i(E) = —Vp(Z) + B2V%E(T) (2.28a)
V. i4(&) =0 (2.28b)
supplemented by the no-slip boundary condition (#(Z) = 0) at each solid surface.
Consequently, the application of the homogenization technique proceeds, following
Mei and Auriault (1991), by introducing ¥ = 3% and considering :
ﬁ(f) - iZO(£1 g) + ;Bﬁl(fa g) + 132'&.2(57 '!j) + :631—[3(57 g) + -
p(f) - pO(fa i) + :Bpl(£1 37) + :32p2(57 m + ﬂ3p3(fv g') +-- (2 29)

Now, by applying equations (2.11), with e changed by 8, and (2.29) to equation
(2.28) and collecting powers of 3, one obtains up to order O(3*) from (2.28a):

—Vepo(Z,9) =0 (2.30a)
~Vepi(Z,5) =0 (2.30b)
—Vipo(Z,9) — Vep2(Z, §) + Viig(Z,9) =0 (2.30c)
(4o (Z,9) - &)io(Z, 9) = —Vym (T, §) — Veps(Z,9) + Vi (Z,9)
(2.30d)

(to(Z, 7) - Ve)ur(Z, ) + (€1(Z, ) - Ve)Uo(Z, ) =
—Vyp2(Z, 9) — Vepa(Z, 9) + V(T 9) + 2(V5- Vi)io(Z, 7)

(2.30e)
from the continuity relation (2.28b) one gets:
Vi-to(Z,9) =0 (2.31a)
Ve-u41(Z,9) =0 (2.31b)
Vi U(Z, ) + Vi tp(Z,9) =0 (2.31c)
5 Us(Z,9) + Vi-di(Z,9) =0 (2.31d)
Vi Uy(Z, ) + Vg d2(Z, ) =0 (2.31e)
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Also, on each solid surface, the no-slip boundary condition implies @;(Z, ) = 0 for
each:=0,1,2,---
Now, equations (2.30a, b) imply that:

po(Z,9) = R(¥) (2.32a)
n(Z,9) = A(Y) (2.32b)
while the general solution of (2.30¢) can be written in the form:
- Al -
Uo(Z,y) = —K(Z,9) - VFo(¥) (2.33a)
p(Z,9) = —A(Z,9) - VPo(§) + Pa(3) (2.33b)

Following the discussion given when deriving Darcy’s law in section (2.3.2), it can
be seen that (2.33a, b), (2.32a), and (2.30c) are identical to the problem posed by
tip(,y) and pi(Z,7) in that section (compare with equations (2.22a, b), (2.17a, b)),
and hence will lead, after averaging according to (2.18), to the same result, namely
Darcy’s law. For the sake of completeness, some results of section (2.3.2) will be

rewritten below using notation of the present section:

VIK(E,9) = VEA(E,§)- T (2.342)
Vi K(Z,7) =0 (2.34b)
(50(Z, 9))z = (K (& 9))z - Ro(@) (2.34c)
(p2(&, )z = —(A(F, )z R (@) + 6 P(7)
(2.34d)
Vi ((Z,9)); = 0 (2.34€)
Vi (K&, ) R(@)) = £ ((Kiyh2R) =0 (2:341)

where ¢ = V/V} is the porosity. To continue, Mei & Auriault (1991) assumed the
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solution of (2.30d) has the general form:

3
@(&,9) = —(L(EZ ) - ViRo(@) - Ve Po(@) — K&, §) - Pu(@)

(2.35a)
p3(Z,§) = —(BE, ) - VePo(@)) - Vi Ro(@) — A(E, 7) - ViPu(§) + P3(d)
(2.35b)

Where the symbol ¢ means Cartesian tensor of rank n. Using indicial notation the

equation reads:

Then, substitution into (2.316) and (2.30d) leads to the following boundary value
3

problem for L(Z,§) and B(Z, ) (after using (2.31b), (2.30d), (2.33), and (2.34a, b)):

3
e, <, Az «
VZL(Z,¥) = VeB(Z,¥) — (K(Z,9) - V&) K(Z,9)

3 (2.37)
or equivalently,
9B; o
Vil = 52 - Kyt (2.38)
OLiji __ 0 )
oz; —

3
complemented with boundary condition Z(:i:',g]’) = 0 (or Lijx = 0) on any solid

boundary. As can be seen, this problem is of the same type as that for f\; (Z,9)
and A(Z,7) defined by (2.33) and (2.34a, b) and both problems can be solved using
the same technique.. Averaging equations (2.35) and (2.31d) according to (2.18) and
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(2.20) leads to:

(u(f)% = (Lijk)f%g—ff - (Kij>faa§; (2.39a)
(p3)z = (Bik): g0 — (A)z 30 + oP3(¥)
(2.39b)
Vi (@ (F D) = - (ul); = (2.39¢)

Equation (2.39c) can be used to obtain a governing equation for P, (%) after averaging

equations (2.35) and given by:

o (Liji): 520500 = 2-((Kij):58) (2.40)

Now, for an isotropic and homogeneous media with respect to

3
(L(Z, 9))z = Leijeéi€jer (2.41a)
(E(f’ ¥)); = Béijéié; = BT (2.41b)
(K(Z,9)); = kbijéiéy = kI (2.41c)

where L, B, k are constants. The symbols d;; and e;;x represent the Kronecker delta

and the Levi-Civita symbols respectively, which are defined by:

dij=1ifi =7
d;; = 0 otherwise
(2.42)
€123 = €231 = €312 = 1 ; €130 = €213 = €391 = —1
€;jk = 0 otherwise
Then, it can be seen that for an isotropic and homogeneous media:
9Py 0Py __
(Lijk>fa_yf'a'§f =0 (2.43)

In addition, due to the fact that both Py(%) and P, (%) satisfy the Laplace equation

equation when the medium is isotropic and homogeneous , Mei and Auriault assumed
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that P;(y) = 0 which leads to (u(li))x. = 0, after using (2.43). Furthermore, they

derived the identity:
(Liji)z + (Liji)e = 0 (2.44)

which leads to the conclusion that when the global pressure gradient is in one direc-
tion only, say for example only Qafﬂ # 0, then (Ly11); = 0 which implies (u(li))f = 0.
However, (L2;,); and (L3, ); are in general non-zero, given the quadratic correction

to Darcy’s law to be valid for anisotropic media.
Next, Mei and Auriault proceed to find the next correction term given in terms
of (%, %) and p4(Z,7y) and defined by equations (2.30e) and (2.31c). From (2.33)
and (2.31c) one obtains:
auS,"

—_— 8P (9[( a'.!P
_Q. I R () 9

while from (2.33), (2.36), and (2.30e)) it is found that:
~2(pu(E ) + V2 (E,§) = ZPo(§) + Fly SR 0adhy

g dy; Oyx Our
" PR " (0P P Q&B_Pa iv0Fy
Fzﬂcay v T F (ayk dy; + Oy 3yj) ik dy, (2.46)

where:

! . 6L, ik
Fijkl = K322 0z + Lkaaz

"

Fop = —Apdi; + Qa—KE&
N T o (2.47)
Fm _ K aK °
ijk — mk gz 8:1:
v 8 Kk
i = b3+ 2 ()
Then, expressing the solution of of (2.45) and (2.46) in the form:
(’ —K..0P OROROR _ pr" PR _
Kijgy; — Miju gy, gy ur — Miikago;
(9B dP | 0P8R _ privdRy
MU"’ (3yk dy; T o ay-) ij 6.11 (2.482)
— A9 _ ' OROROR _ " PR _
P4 Ajgy: dy; Tk 3y; Fyi Ay 7k 3y ;0y;
" (9B 0B , 0P 0R wdh
Cﬂc(ayk o+ e gm) — CY g + Au(7) (2.48b)
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" .. s 11
where the tensor components M, ikl M s NI'J,C, M, Cjkl, Cis C",;, and C'"’ are

obtained by solving the boundary value problem;

a%szjkl =0 (2.49a)

d?:.M = —Kjg (2.49b)

a%,.ngkl =0 (2.49c)

oM = =2 K (2.49d)

—52-Cin + VEMj = —Fy (2.49€)
~ 2 C + VEM = —Fy, (2.491)
~2-Cji + VEM, = —F};; (2-49g)
2.+ VAM = ~Fi (2.490)

complemented by no-slip boundary condition. Now, after averaging (2.31e) one

obtains:

2 (u$)(Z, 7))z = 0 (2.50)

and by (2.48a) the following governing equation for P,(%) is obtained;

0
Fl oPy\ _ 8Py 9Py AP,
oy (Kij)zg0) = @(_(Mijkl)-"a_y-?_a?s'a_y? — (M uk>5a_°‘y o

— (M), (G50 + Gk 50) — (M. 3R)  (2.51)

The average of equation (2.48) according to (2.18) gives (ug))f and (p,); in terms
of the macroscale gradients Py(%), Pi(¥), and P,(%) which, in the general anisotropic
situation, are given by (2.34f), (2.40), and (2.51). Consequently, it can be concluded
that for a general anisotropic and inhomogeneous medium, the macroscopic field

equations are known up to order 2.
Now, for the special case of isotropic and homogeneous media with respect to

¥, it is found from (2.49g, h), because of the homogeneity assumption in 7, that:

B=ZMp=0 (2.52)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

Therefore, according to (2.48a) the only nonzero contribution to the average (u.(zi) (Z.9));
is due to the first two terms of the right hand side of such equation. The contribu-
tion of (M;; k) and (C k)_ are zero because P(7) = 0, while the contribution of the
isotropic third-rank tensor (M, ]k) vanishes because of its proportionality to the Levi-
Civita symbol. Furthermore, the most general isotropic fourth-rank tensor has the

form:

(Mijr) = A6ijbrs + (bt + Sudji) + v(6ibjt — 6udjx)

(2.53)
which leads to:
OPs (7 -
(ug) (7)) = —k22D — 490 IR (2.54)

where v = A + 2u = (Mj;); and after combining (2.54) with (2.50) the governing
equation for P (%) is obtained:

2P _ 9 (9P, 8Py P =
K 3oy = ~ oy (4t oue o) (2.55)
Likewise,
II 2P
(Pu(Z,D)z = —C F 8 (2.56)

with C;, = C"§;;.
Finally, after combining (2.34c), (2.39a), and (2.54) one gets:

(v (Z, )z = (u(E, D)z + B (& )z + B (7, 9)); + OB

= k(52 + A*52) —16°3250 58 + 0(8°)

9yi Oyi Oy (2.57)

Similarly, after using (2.34d) one gets for the pressure:

(p(&,9))z = (po(Z, 7)) + B p1(Z, D))z + B p2(Z, )z + O(B°)
= Bo(@) + B ((41(Z, Mgy + 0P +O(B) 5 o)
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By taking ( 4;(Z.%)); = 0, equation (2.58) can be rewritten in the form:

(P(Z, D)z = Po(§) + B°Pa(§) + O(B°) (2.59)

and then equation (2.57) takes the form:

_ _ 1P _ g2 8(P)z3(P)z (p); 3

(s = —K=5% = B35 30" " + O(F)
(2.60)

or alternatively,
B>y -

(w)s(1 - S (u(unly) = ~ K222 v 0(8%) (261
which explicitly shows a term cubic in the mean velocity as the leading order cor-
rection to Darcy’s law for low Reynolds number flow in a isotropic and homoge-
neous medium. The coefficients K and < are defined by their respective boundary
value problems (2.34b) and (2.49a, b). Also, K can be proved to be positive defined
(Sanchez-Palencia 1980), while v is proved to be non-positive by Mei and Auriault,
1991. This results are in agreement with the intuitive, and general accepted, idea
that higher pressure gradient is needed to maintain certain flow rate. Finally, either

equations (2.60) or (2.61) need to be combined with the incompressibility condition:

V- (@(Z, )z = 0 (2.62)
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Chapter 3

Numerical Results

3.1 Introduction

The main part of this work is based on obtaining computer solutions of the Navier-
Stokes equations at low and finite Reynolds number for flow through two-dimensional
(2D) quasi-periodic and quasi-isotropic random stationary porous matrix. Attention
is given to 2D flowes through porous media in order to reduce computational work,
and in the belief that the results can be extended to 3D flows through isotropic porous
materials. This assumption is reasonable, since Darcy’s law is applicable to both two
and three-dimensional porous media. The Quasi-periodic geometries are included due
to the fact that Mei and Auriault’s (1991) theoretical results are based on assuming
a porous media composes of a collection of periodic unit cells on which a boundary
value problem, like the one defined by (2.34b) and (2.34a), needs to be solved to find
the undefined coefficients and have a complete solution of the problem. However,
our main goal is to find some insight in the general behavior of fluid flow through
random porous structures, and to see whether our results can be justified by Mei and
Auriault’s (1991) theoretical results.

Numerical solutions of the Navier-Stokes equation were obtained by using the

commercial Computational Fluid Dynamics software called NEKTON, a brief discus-
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sion of which is given in the Appendix. In each calculation, the fluid viscosity (1) and
its density (p) were taken to be one in CGS units. Also, the calculations were carried
out until the results were essentially independent of the number of macroelements
used in defining the sample geometry, and of the number of internal nodes defined by

NEKTON, when defining the computational domain, on each macroelement.

3.2 Problem Setup

Using the NEKTON graphical interface, we were able to set up a suitable geome-
try emulating a porous medium inserted between the walls of a channel as shown
in Fig.-3.1 through Fig-3.10, which resemble the setup used by Beavers and Spar-
row (1969) in their experimental work. Then, the simulated ezperiment proceeds by
specifying a desired flow rate at both ends of the channel, and measuring, after equi-
librium has been reached, the corresponding pressure gradient necessary to achieve
such flow rate. A prescribed flow rate along the channel is achieved by specifying
a Poiseuille parabolic velocity profile at both ends of the channel. The rationality
of such a boundary condition is based in the expectation that far from the porous
medium “sample”, the flow will be of the corresponding Poiseuille type, as is corrob-
orated by the streamlines shown in Fig-3.11 and Fig-3.12. This information allows
us to find the corresponding pressure drop at the porous media sample. Then, the
permeability & is obtained through its operational definition given by Darcy’s law in
equation (1.1) and using data corresponding to low flow rate. An example is given
in Fig.-3.16. The pressure drop (AP) across the porous media sample is obtained by
noting that the total pressure drop across the entire channel is equal to the pressure
drop across the porous media sample plus the pressure drop across the two channel
regions located at both sides of the porous media sample (see for example Fig-3.11),

where the pressure drop is given by the well known Poiseuille equation for flow in a
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channel. Therefore, the pressure drop in the porous media sample is given by:

AP = (p — p1) — (Az — AX) (3.1)

where: p, » is the “measured” pressure at z = 1, 5, Az = |2, —z| is the length of the
channel, and AX is the length of the porous medium sample. A Ppy;seyinie T€presents

the Poiseuille pressure drop in a channel, given by:

AP, Poiseuille K
Ay = 8(w2)vma_,r (3.2)

in which: w represent the channel width, and v,,; is the maximum value of the
parabolic velocity profile specified as boundary condition at both ends of the channel

in the form:
Uz = Umaz(l — (%)2) ; Uy =0 (3.3)

which gives for the averaged velocity (or rate of fluid flow per unit area) V:

V= (g)um,,x (3.4)

The analysis of our results will be based in fitting the data using the following

equation:
—2F = (B)V + bpV2 - CV3 (3.5)

which can be cast in the following dimensionless form after using Re = ’%Y-:

F=2Ek(—AP) =14 (h)bRe + (£)(%)CRe? (3.6)
The following particular cases of the above equation are of interest:
Fy = ,que( AX) =1+ (£2)(p2)CRe (3.7a)
_ pLk, AP k
Fy= o (~Rx) = 1+ (Z)bRe (3.7b)
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Notice that F3 only includes a cubic correction term to Darcy’s law, while F, only

includes a quadratic correction term to Darcy’s law. The undefined coefficient C must

be non-negative in order to have a positive pressure drop at higher flow rates.

These equations will be used to compare our numerical results with theoretical
(Mei and Auriault (1991)) and experimental (Beavers and Sparrow (1969), Macdonald
et al. (1979), Dybbs and Edwards (1984)) work, which respectively predicts and show
the existence of two flow regimes at low and moderated values of the Reynolds number
(Re). Specifically, the arrangement of equation (3.7a) is useful to see the applicability
of Mei and Auriault’s 1991 theoretical results. To reach this goal and be consistent
with the theoretical work, the length scale £ needs to be chosen equal to a microscale ¢
characterizing the porous material. Furthermore, to compare, through F5, our results
with the experimental work of Beavers and Sparrow (1969), the length scale ¢ need
to be chosen equal to the vk. One should notice that the arrangements of terms
in equation (3.7b) defining F3 is slightly different from the one used by Beavers and
Sparrow (1969) which has the form:

feh(-4E) = L 4 bvE (3.8)

However, when £ = V&, f= %. In this situation, the independent coefficient of
equation (3.8) and the coefficient multiplying Re in equation (3.7b) are the same, and
we will be interested in this parameter.

One of the reasons for choosing the experimental work of Beavers and Sparrow
(1969) is because they worked with a set of porous media samples (made up of metallic
fibers) which, besides having high porosity, were of similar structure. Their conclusion
was that equation (3.8) can be considered as a unifying equation for fibrous porous
materials of similar structure with bv/k = 0.074 in the average. Our simulations can
be considered as an emulation of such porous materials. In particular, the quasi-

isotropic random samples shown in Fig.-3.5 through Fig.-3.10 were built starting

from the one shown in Fig.-3.4 by keeping the center of the obstacles in the same
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place and shrinking the obstacles. This makes each sample have the same structure
while increasing the porosity. As already indicated, the porous samples were not
completely isotropic, but, to be precise, were isotropic under finite rotations of ninety
degree. This was verified by first finding the permeability of the sample shown in
Fig.-3.4 with fluid flowing in a particular orientation of the porous medium sample.
Posteriorly, other set of data was taken after rotating the porous media sample ninety
degrees respect to the previous orientation. Comparing the permeability obtained in
both orientations of the sample, it was found that the sample permeability was the

same in both directions by less than three percent respect to the average.

3.3 Presentation of the Results and Discussion

Let’s start with Fig.-3.13 to Fig.-3.15 where we show how F looks when plotted
against the whole range of Re that we were able to obtain. Then, in Fig.-3.16 it
is shown an example of low flow rate used to find the permeability of the medium
according to Darcy’s law in equation (1.1). After that, typical deviation of the data
from Darcy’s law is shown in Fig.-3.17 and Fig.-3.18.

First, we consider the transition from Darcy’s flow, which occurs for moderate

vk
L *

Reynolds numbers, starting at Re = ¢!/2

, with € = where L = 0.8cm is the
length of the porous sample. Some plots corresponding to data taken for such values
of the Reynolds number and fitted according to F3, in equation (3.7a), are shown in
Fig.-3.19 through Fig.-3.21. As observed, the data is very well fitted by F3 which
can be justified by the theoretical work of Mei and Auriault (1991). However, the
fit is not unique in the sense that the data can also be fitted by the equation (3.6),
as shown in Fig.-3.22 through Fig.-3.24. Moreover, though the contribution of the
quadratic correction to Darcy’s law is smaller than the respective contribution due to

the cubic correction term, this contribution is not completely negligible as one may
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expect according to Mei and Auriault (1991) work. Probably it is due to the fact that
our sample is not totally isotropic. It should be noticed that this flow regime was
observed to occur at values of the Reynolds number in the range €'/2 < Re < €® =1,
with € = Vk/L, and L being the size of the porous sample (L = 0.8 ¢m in this case).
Later, below equation (3.9), we will compare the fit of the data in this flow regime
according to F3 and F' by looking at the value of the quantity x? shown in the captions
of the corresponding figures.

Next we consider larger Reynolds number, Re > 1. Fits of some data corre-
sponding to such Reynolds number according to F», in equation (3.7b), are shown in
Fig.-3.25 through Fig.-3.27. This flow regime was observed to occur at values of the
the Reynolds number actually starting at Re > ¢~'/1%. In addition, we also tried to
verify if the data in this flow regime would be fitted by F', in equation (3.6). In this
case, however, the fit of the data by F', some of which are shown in Fig.-3.28 through
Fig.-3.30, clearly indicates that this fit can not be valid in this flow regime, because
the additional (cubic correction) term, added by F, besides being negative, is very
small. Consequently, in this flow regime, the F fit need to be rejected and the data is
best fitted by F3, in agreement with Forchheimer relation, equation (1.2) on page 2.

[t should be mentioned, that a transition region between the flow regime governed
by F3 to the flow regime dominated by F, was also observed. In this transitional
region, for which the Reynolds number was found to be in the range 1 < Re < ¢~!/10,
the data is best fitted by F' in equation (3.6). Some plots are shown in Fig.-3.31
through Fig.-3.33. The data’s goodness of fit can be explored further by computing
the quantity:

X =yl Ve (3.9)
i=l gi
called chi-square. This quantity should be a minimum when a set of NV data points

(zi,:), with normally distributed measurement errors having standard deviation o;,
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are fitted by the function y(z;ay,...,aar) with the appropriated set of M parameters
ay, -.,ap (Press, W.H. et al. 1992). By assuming 0; = o for all points, x? was
computed for the fits shown in Fig.-3.31 through Fig.-3.33. The value of x? for each
fit is shown in the caption of the respective figure. As expected, it was found that the
x? value corresponding to the fit given by F in equation (3.6), X%, has the lowest value
compared with the x? values corresponding the fits according to equations (3.7b), X%@:
and equation (3.7a), x%,. In addition, x%, = 1.8x%, indicating that either fit is as
good as the other. The value of x? can also be used to see how well the data, in the
regime where the correction to Darcy’s law is cubic in the average velocity, is fitted
by F3 compared with the fit obtained using F. The corresponding values of x2 for
each case are shown in the captions of Fig.-3.19 through Fig.-3.24. As can be seen,
x}, is approximately 10x% or less. This suggest that Fj is a good model for the data
in that regime and that the contribution of the quadratic term in the fit given by F
is not very significant.

In Table-3.2 on page 42, there are collected the values of the dimensionless coef-
ficients (£)C and Vkb that appear in equation (3.7a) defining F; and equation (3.7b)
defining F; respectively. As can be seen, the average of bv/k = 0.078. This number is
very close to the experimental value of such parameter found by Beavers and Sparrow
(1969).

Finally, Fig.-3.34 shows a Log-Log plot of the conductivity (¢ /o) Vs the porosity
(¢) indicating a power law relating both quantities according to Archie’s law o o
o™, with m = 2 and the proportionality constant close to one, in agreement with
many experimental cases. However, these values are not entirely universal (Wong et
al. 1984). A plot of the permeability (k/L?) Vs the porosity is shown in Fig.-3.36.
No evidence of a power law relating this two quantities was found. Nevertheless,
it was possible to find some agreement with the theoretical work of Sangani and

Acrivos (1982) who discuss slow flow through a periodic array of infinitely long circular
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cylinders. They provide an equation for the dimensionless drag force per unit length

of a cylinder which, after using Darcy’s law, can be written in the following form:

r _a,l AP a
F=d() -5 ==

cuV’t AX (3.10)

where c is the solid fraction (1 — @) and (a) is the area of one obstacle, (772) for
cylinders, ¢ is the number of obstacles per unit area, and F' is given by (Sangani and
Acrivos (1982)):.

4
—3Ln(c) — 0.738 + ¢ — 0.887c2 + 2.039¢3

F'= (3.11)
In Fig.-3.38 it is shown a plot of % and F " according to equation (3.11) versus
the solid fraction (c). As parameter (a), we use the crossectional area of the square
obstacles used in our simulations. The length of each obstacle is shown in Table-3.1,
on page 42. One can appreciate that the points are displaced by a fairly constant
amount in the vertical direction. Consequently in Fig.-3.39 and Fig.-3.40 we show
plots were 2 was multiplied by 0.7 and 0.175 respectively. In this way we were able
to “fit” the data according to equation (3.11). The multiplicative constant correction
perhaps represents a geometric correction, reflecting the difference between circular
and square solid regions.
It should be mentioned that equation (3.11) was also used by Koch and Ladd
(1997) to analyze the results of their work about fluid flow through periodic and
random arrays of aligned cylinders. They found very good agreement between the

dilute asymptote of equation (3.11) and their data.

3.4 Numerical Precision

As indicated before, we carried out our computations using the commercial Fluid

Dynamics Packages (CFD) called NEKTON based on the spectral element method, a
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Geometry ) k(cm?)  o(oy) obst. length(cm)
Fig.-3.1 0.76172 1.14450E-4 0.36642 0.05000
Fig.-3.2 0.715356 1.27961E-4 0.52169 0.05333
Fig.-3.3 0.46387 4.83278E-6 0.24527 ——-
Fig.-3.4 0.82422 2.10859E-4 0.67687 0.05000
Fig.-3.5 0.88750 3.52703E-4 0.78051 0.04000
Fig.-3.6 0.90112 3.98188E-4 0.80449 0.03730
Fig.-3.7 0.92188 4.83736E-4 0.84233 0.03333
Fig.-3.8 0.95606 T7.07157E-4 0.90798 0.02500
Fig.-3.9 0.98047 1.03882E-3 0.95795 0.01667
Fig.-3.10  0.99297 1.44105E-3 0.98414 0.01000

Table 3.1: Parameters characterizing the simulated porous media samples used in
this work.

Geometry (%)C Wk

Fig.-3.1 0.06269 0.17044
Fig.-3.2 0.02063 0.03273
Fig.-3.3 0.62826 ——-

Fig.-3.4 0.04811 0.10069
Fig.-3.5 0.03768 0.08999
Fig.-3.6 0.03487 0.08706
Fig.-3.7 0.03284 0.08237
Fig.-3.8 0.02776 0.07415
Fig.-3.9 0.02407 0.06198
Fig.-3.10  0.01800 0.05053

ave = 0.078

Table 3.2: Coefficients of the fit according to equations (3.7a) and (3.7b).
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high order finite element technique for solution of partial differential equations. The
accuracy of this package has been tested by comparing its solution of many benchmark
problems with published experimental and/or analytical results (NEKTON v2.85
manual vol. 2).

Basically, there are two steps that need to be carried out to establish a converged
accurate result with NEKTON. First the result needs to be mesh-independent. This
is accomplished by revising the grid and increasing the number of macroelements
(M). Second, the numerical value of the obtained result is improved by using higher
polynomial order (N) to approximate the solution. In the first case the error decrease
as M¥, while in the second case the error decrease exponentially sa e7@V.

Our calculations were carried out until the results were essentially independent of
the number of macroelements used in defining the sample geometry, and of the num-
ber of internal nodes defined by NEKTON when defining the computational domain
on each macroelement. The final grid for each computation was about 400 macroele-
ments. Some illustrations are given in Fig.-3.41 through Fig.-3.43. The refinement
of the grid was done using NORDER = 5. This means that each macroelement (<4
corner element) entered by the user is divided by NEKTON into 5 x 5 nodes (in-
cluding the corners) located at places that correspond to the zeros of the normalized
Legendre polynomial of order V —1. Then we increase the NORDER to 7, and, after
comparing results (like numerical value of the pressure at both end of the channel,
numerical value of the components of the velocity (Ux,Uy) and pressure (P) at some
points inside the porous media, and verifying that the stream lines were continuous)
with corresponding values obtained using NORDER = 5 calculations, it was found
that with NORDER = 5 we were obtaining sufficiently accurate results. Nevertheless,
all the calculation were done using NORDER = 7, and, to be sure, a few cases were

done using NORDER = 9. Table-3.3, on page 45, show some of these results.
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In addition, NEKTON provides parameters that can be varied by the user to
control the numerical precision of the computation. Once specified, NEKTON uses
those parameters together with length scales, computed eigenvalues, and material
properties to convert this physical criterion into numerical convergence criteria for
the iterative loops inside the NEKTON solvers. This ensures optimal efficiency in

the NEKTON solvers.
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Geometry Re NORDER Py P,

Fig.-3.4 8.712E-4 7 -0.11710755E+03 0.11773073E+03
8.712E-4 9 -0.11721326E+03 0.11783702E+03
3.000 7 -0.49220066E+06 0.49682578E+06
3.000 9 -0.49323766E+06 0.49709484E+06
4.840 7 -0.91241156E+06 0.92382569E+06
4.840 9 -0.91649025E+06 0.92267850E+06

Fig.-3.7 3.665E-3 5 -0.14542390E+03 0.14582835E+03
3.665E-3 7 -0.14761411E+03 0.14802690E+03
3.665E-3 9 -0.14770090E+03 0.14811414E+03
2.932E-1 5 -0.11672884E+05 0.11705500E+05
2.932E-1 7 -0.11845116E+05 0.11878952E+05
2.932E-1 9 -0.11852117E+05 0.11886082E+05
1.759 3 -0.75849695E+05 0.75862977E+05
1.759 7 -0.76495234E+05 0.76523125E+05
1.759 9 -0.76539305E+05 0.76565609E+05
4.399 2 -0.22885420E+06 0.22841634E+06
4.399 7 -0.22729022E+06 0.22671700E+06
4.399 9 -0.22774922E+06 0.22659086E+06

Fig.-3.9 2.256 7 -0.33790219E+05 0.33501816E+05
2.256 9 -0.33788258E+05 0.33497473E+05
4.297 7 -0.71440656E+05 0.70100164E+05
4.297 9 -0.71429352E+05 0.70013438E+05

Table 3.3: This table show values of the pressure obtained by using increasing values of
the parameter NORDER. This should be be done in NEKTON to obtain a converged

solution. At this point we already had verified independence of the results with the
refinement of the computational domain. Notice that variations in the numerical
values occur after the second significant digit. This implies a relative error of less

than 1% between the value with high NORDER and the value with low NORDER.

Here P;, refers to the pressure at the left end of the channel, while P,,; refers to the

pressure at the right end of the channel. Fluid is flowing from left to right.
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Figure 3.1: Quasiperiodic porous sample with ¢ = 0.7617 and k£ = 1.14450 x 10~ cm?
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Figure 3.2: Quasiperiodic porous sample with ¢ = 0.7156 and k& = 1.27961 x 10~* cm?

Figure 3.3: Quasiperiodic porous sample with ¢ = 0.4638 and k = 4.83278 x 10~ cm?
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Figure 3.6: Random sample with ¢ = 0.9011, k = 3.98188 x 10~ cm?, ¢ = 0.80449 o
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Figure 3.8: Random sample with ¢ = 0.9561, k = 7.07157 x 10~* cm?2, o = 0.90798 of
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Figure 3.10: Random sample with ¢ = 0.9929, £k = 1.44105 x 1073 cm?, ¢ =
0.98414 0,
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Figure 3.12: Magnified example of stream lines pattern
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Re
Figure 3.13: Typical behavior of ;‘:%Z(—ﬁ—;), in the range of Reynolds number we
were able to reach. This set of data corresponds to the simulation done using the

geometry shown in Fig.-3.2 on page 46. Here, £ = k!/2.
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Figure 3.14: Typical behavior of ;‘:5—;;(—%), in the range of Reynolds number we

were able to reach. This set of data corresponds to the simulation done using the
geometry shown in Fig.-3.7 on page 48. Here, £ = k!/2.
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Re

Figure 3.15: Typical behavior of ,J:'-‘[:T';(_ﬁ_;)’ in the range of Reynolds number we
were able to reach. This set of data corresponds to the simulation done using the

geometry shown in Fig.-3.9 on page 49. Here, £ = k!/2.
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Figure 3.16: Example of straight line fitting low flow rate data (points). In this way,

the permeability (k) of a porous media can be found by using Darcy’s law, equation
(1.1) on page 1.
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Deviation from Darcy’s Law
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Figure 3.17: Typical deviation of data (points) from Darcy’s law (solid line).
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Figure 3.18: Plot of data (points) showing deviation from Darcy’s law (solid line) at
low flow rate.
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Data fitted by: 1.0004 + 0.02063 x ; x = Re

1.01F / c
1.009¢F ‘/’ 4
//
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u‘m
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9//
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1.004 | 4
1.003} //
l./‘ ' 2
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
2
Re
Figure 3.19: % —2%) (points) fitted by F3 (solid line), equation (3.7a) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.2 on page 46. Here, £ = k"/2. x%, = 82107 computed according to equation
(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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Data fitted by: 1.00103 + 0.0328408 x : x = Re

/’0
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e
e
e
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- /
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1.015 /./
1.01f pd
r’/"
/‘/,
0.2 0.3 0.4 7.5 0.6 0.7
2
Re

Figure 3.20: %(—ﬁ{:) (points) fitted by F3 (solid line), equation (3.7a) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.7 on page 48. Here, £ = k'/2. 3, = 3191077 computed according to equation
(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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Figure 3.21: ;#R"; —2£

(3]}
~1

Data fitted by: 1.00067 +~ 0.0240714 x ; x = Re

~

Re

1) (points) fitted by F3 (solid line), equation (3.7a) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.9 on page 49. Here, £ = k'/2. x3, = 381X1077 computed according to equation

a?

(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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Data fitted by =: 0.999159 + 0.00514993 Re + 0.0155275 Re
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Figure 3.22: ﬁzl:_ai —%) (points) fitted by F' (solid line), equation (3.6) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.2 on page 46. Here, £ = k2. x% = w—;‘}“—-g computed according to equation
(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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Data fitted by =: 0.99815 + 0.00937454 Re +~ 0.0255911 Re
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Figure 3.23: %(_Z\_f\)’) (points) fitted by F' (solid line), equation (3.6) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.7 on page 48. Here, £ = k'/2. x} = 32107 compyted according to equation
(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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2
Data fitted by =: 0.997751 + 0.00971644 Re ~ 0.016442 Re
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Figure 3.24: %(—ﬁ%) (points) fitted by F' (solid line), equation (3.6) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.9 on page 49. Here, £ = k1/2. x% = @:}L_B computed according to equation
(3.9) on page 39. See discussion below equation (3.9) for the meaning of this value.
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Data fitted by: 0.987644 + 0.0327308 Re

“N_ r
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Re
Figure 3.25: %(—%) (points) fitted by F, (solid line), equation (3.7b) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.2 on page 46. Here, £ = k!'/2.
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Data fitted by: 0.937415 + 0.08237 Re
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Figure 3.26: f%(—i—i) (points) fitted by F (solid line), equation (3.7b) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.7 on page 48. Here, £ = k!/2.

bData fitted by: 0.954001 + 0.0619799 Re

LLNI.B:
1.2}F
//
11-//
—2 2 6 8

Re
Figure 3.27: fg%";(—%) (points) fitted by F» (solid line), equation (3.7b) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.9 on page 49. Here, £ = k'/2.
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2
Data fitted by =: 0.982213 + 0.0377604 Re - 0.000960949 Re

S
1.04F e
1.02} ]
— TS ; 7 ; T3 ;
Re
Figure 3.28: ‘f:f:—nt(—%f}-) (points) fitted by F* (solid line), equation (3.6) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.2 on page 46. Here, £ = k!/2.
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2
Data fitted by =: 0.935077 + 0.0834952 Re - 0.000112723 Re
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Figure 3.29: ;‘}% —437’;) (points) fitted by F' (solid line), equation (3.6) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.7 on page 48. Here, £ = k!/2.

2
Data fitted by =: 0.942292 + 0.0677069 Re - 0.000548387 Re

1.5¢ /’///‘.

e

-

e 1.3p

2 4 6 8
Re

Figure 3.30: ‘%%3 —-A‘%’:) (points) fitted by F (solid line), equation (3.6) on page 36.

This set of data corresponds to the simulation done using the geometry shown in

Fig.-3.9 on page 49. Here, £ = k'/2.
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Data fitted by =: 0.984922 + 0.0456801 Re + 0.0143042 Re
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Re
Figure 3.31: %(——ﬁ—f\}) (points) fitted by F (solid line), equation (3.6) on page 36.

This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.4 on page 47. The range of Reynolds number corresponds to the transition
from the regime where the flow is dominated by F3, equation (3.7a) on page 36, to
the regime where the flow is dominated by F5, equation (3.76) on page 36. Here,
L=k"2 x% = “’2:—210_7 computed according to equation (3.9) on page 39.
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Data fitted by: 0.965896 + 0.079864 Re

o

Re

Figure 3.32: ﬁ% —‘A\—z) (points) fitted by F, (solid line), equation (3.7b) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.4 on page 47. The range of Reynolds number corresponds to the transition
from the regime where the flow is dominated by F3, equation (3.7a) on page 36, to
the regime where the flow is dominated by F,, equation (3.7b) on page 36. Here,

L=kY2 y3, =33xW07 computed according to equation (3.9) on page 39.
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Data fitted by: 1.01063 + 0.0332358 Re

™

1.04F

Re
Figure 3.33: f%(—%) (points) fitted by F3 (solid line), equation (3.7a) on page 36.
This set of data corresponds to the simulation done using the geometry shown in
Fig.-3.4 on page 47. The range of Reynolds number corresponds to the transition
from the regime where the flow is dominated by F3, equation (3.7a) on page 36, to
the regime where the flow is dominated by F>, equation (3.76) on page 36. Here,

L=kY2 x3 = 3022107 computed according to equation (3.9) on page 39.
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2
Data fitted by: 0.994145 X
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\

0.825 0.85 0.875 0.9 0.925 0.95 0.975
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Figure 3.34: Conductivity (%) Vs porosity (¢) following Archie’s law (solid line):

% = a ¢™ with a close to 1 and m close to 2.

Data fitted by: -0.00496037 + 2.01453 X
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Figure 3.35: Ln| %] Vs in[¢] (points) following Archie’s law (solid line): Ln[;"f-] =
Ln[a] + m Ln[¢] with a close to 1 and m close to 2.
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Figure 3.36: Permeability (£) Vs porosity (¢). L = 0.8cm? is the length of the

porous sample.
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Figure 3.37: Ln[£;] Vs Ln[¢]. L = 0.8 cm? is the length of the porous sample.
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Ln[a/(ck)]

Ln[c]
Figure 3.38: Ln(%) Vs Ln(c) (points) and Ln(F’) Vs Ln(c) (solid line). F is given

by equation (3.11) on page 41. c is the solid fraction.
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Ln[0.7(a/(ck))]

Ln([c]
Figure 3.39: Ln(%72) Vs Ln(c) (points) and Ln(F") Vs Ln(c) (solid line). F” is given
by equation (3.11) on page 41. c is the solid fraction.

3.5F

Ln[0.715(a/(ck))]

Ln[c]
Figure 3.40: Ln(232) Vs Ln(c) (points) and Ln(F') Vs Ln(c) (solid line). F’ is
given by equation (3.11) on page 41. c is the solid fraction.
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Figure 3.41: Mesh used for porous sample geometry shown in Fig.-3.4

Figure 3.42: Expanded version of mesh used for geometry shown in Fig.-3.4

Li1T

Figure 3.43: Mesh used for porous sample geometry shown in Fig.-3.9
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Chapter 4

Summary

Computer solutions of the Navier Stokes equations were obtained in periodic and
random arrays of long cylinders with square cross sections for low and moderate values
of the Reynolds number based on the square root of the permeability of the porous
samples, and the average (Darcy) velocity across the sample. The range of porosity
covered can be considered to be in the dilute limit. At very low Reynolds numbers, we
were able to fit our calculations of the permeability of the samples, based on Darcy’s
law, with analytical results obtained by Sangani and Acrivos (1982). The results
show very good agreement with the theory provided that the data is properly scaled
by a constant. Our results show that when the Reynolds number is less than one, the
correction to Darcy’s law is cubic in the average velocity throughout an isotropic and
homogeneous porous media. This result is consistent with the theoretical conclusion of
Mei and Auriault (1991) based on Homogenization theory. At moderate values of the
Reynolds number, however, our results show that the first correction to Darcy’s law
becomes quadratic in the average velocity throughout the porous media, in agreement
with Forchheimer relation, equation (1.2) on page 2. Though there is not strong
theoretical justification for this behavior, there is considerable experimental evidence

of it. These results can be summarized by the following equation:

VP = (%)g(fee)v (4.1)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where the dimensionless function g(Re) has the limiting behaviors:

1 if Re - 0
g—4 1+bRe? ifRe<1 (4.2)
1+ cRe Re finite

Also, in the limit of finite Reynolds numbers, our results are in very good agree-
ment with the experimental results of Beavers and Sparrow (1969), and show that
fluid through porous media of similar structure is well described by equation (3.8),
with £ = vk and bvk = 0.07. Furthermore, these results also support the idea of
using the square root of the permeability as the characteristic dynamical length rep-
resenting the pore scale. The use of other length scale would lead to different results,
as may be obvious from equation (3.8), on page 37. Moreover, our results show that
the cubic correction to Darcy’s law is valid for Reynolds number greater than %3 but
less than one, while the quadratic regime was observed to occur at Reynolds number
greater than ¢ %!. Recall that e = %, with L representing the porous sample length
(L = 0.8cm in this case). The fact that the flow regime is dominated by F; in Eq.
(3.7a) for €!/2 < Re < 1, is in agreement with the assumption done by Mei and Auri-
ault (1991) in their theoretical work. Many studies have been based on using rough
estimations of the porous sizes, but as is discussed elsewhere (Scheidegger 1974, Dul-
lien 1992), it leads to ambiguities in the range of validity of the different flow regimes
characterizing fluid flow in porous media. This may be in part due to the fact that,
in general, is expensive, both economically or computationally, the determination of
permeabilities. In fact, finding the permeability of the sample used in this study
was the most time-consuming part in cpu usage. On the other hand, we found that
the conductivity of the random samples shown in Fig.-3.4 through Fig.-3.10 follows
Archie’s law with m = 2 as the exponent of the power law in the porosity. However,

the permeability does not show any power behavior. Neither was a simple relation
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with the conductivity of the porous medium was found. Instead, it was found that
the inverse of the product of the permeability and the solid fraction can be adjusted
to follow an equation obtained by Sangani and Acrivos (1982) in the diluted approx-
imation of a regular array of cylinders. We believe, that this result is not fortuitous,
but instead, it shows that Sangani and Acrivos equation can be applied to random
arrays of at less well defined cross section. Finally, though the derivation of Mei and
Auriault 1991 was given by assuming periodic porous media, their validity to random
structures is supported by this work, and its justification may be given in terms of

ensemble-averages like in the work of Rubinsteins and Torquato (1989).
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Appendix A

NEKTON

A.1 About NEKTON

The numerical solutions of the Navier-Stokes equations were carried out by using
version 2.9 of the commercial Computational Fluid Dynamics (CFD) software called
NEKTON. This software can be used to obtain numerical solutions of the full in-
compressible, time-dependent Navier-Stokes and energy (heat transfer) equations,
including subsets of such equations like steady and unsteady Stokes equations, heat
conduction without fluid flow and vice versa, etc..

The spatial discretization used by the numerical computational engine of NEK-
TON is based in the so-called spectral element method, a high-order finite element
method for partial differential equations, in complex 2-dimensional and 3-dimensional
topology used to obtain numerical solution of the specified set of equations in the
domain of interest. In this approach, the computational domain is represented as
a set of macro-elements (defined by the user) with the solution and geometry be-
ing approximated (internally by the program) by high-order polynomial expansions
within each macro-element. Specifically, a local Cartesian mesh, which corresponds to
NxN(xN) (N=5,7,9,...,15) tensor-product Gauss-Lobatto Legendre collocation points

(non-uniformly spaced by distances Az, Ay, (Az)) and clustered near the bound-
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7
aries of the local macro-element, is constructed within each macro-element. The
Gauss-Lobatto Legendre points were chosen because of their accurate approximation,
interpolation, quadrature properties.

Within each macro-element, the dependent variables are expanded in terms of
(N — 1)th order tensor-product Lagrangian interpolant through the Gauss-Lobatto
Legendre collocation points. For example, the temperature is expanded as: T =

N o Tihi , where the h; are Lagrangian interpolant (polynomials that are unity at
the i** Gauss-Lobatto node and zero at all others), and the T; are nodal values of the
temperature.

Convergence to the exact solution is obtained either by increasing the number of
macro-elements (M), which decreases the error by M ¥, or by increasing the order of
the interpolant (V) in which case the error decrease as e *". Any solution should be
verified to be converged (mesh-independent) by repeating the calculation with higher
M and/or N.

For time dependent simulations, NEKTON employs both explicit and implicit
time-integration techniques, and the solution is updated to the new time level using

various combinations of multisteps and multistage schemes.

NEKTON always ensures that the Courant stability restriction:

Az Ay A:r}

luz|” fuy|” [us|

At < C x MINp, { (A.1)

is satisfied. C represent the Courant number (specified by the user), Az, Ay, Az,
are the distances between the spatial collocation points, u,, u,, u., are the z, y, and

z velocities respectively. MINp, refers to the minimum over the entire flow field.
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A.2 Using NEKTON

Basically, three steps are involved in the use of NEKTON. The first step is the
PRENEK session, which is an interactive graphical package where the computational
domain (stationary or moving) is defined. It involves the specification of the geomet-
rical fluid-solid domain (or mesh generation), the specification of the physical param-
eters entering in the problem (material properties, boundary and initial conditions),
and the definition of the numerical(discretization,solver,i/o) parameters. Material
properties such as density, effective thermal expansion coefficients, volumetric latent
heat of fusion at a front, the melting temperature at a front, and the unit vector in the
gravitational field direction are taken to be time-independent and constant (uniform
in space). Other material properties such as the dynamic viscosity, surface tension
coefficient, body force, volumetric specific heat, thermal conductivity, volumetric heat
generation, convection heat transfer coefficient, and the environment temperature can
vary with time, space and temperature (if applicable). The boundary conditions can
be specified either as constants or Fortran functions, and can be of the Dirichlet (es-
sential) type, Neumann (natural) type, or mixed types. In addition, for the case of
fluid flow, the non-slip and non penetration boundary conditions are assumed at any
fluid-solid interface. For time dependent problems initial conditions in the velocity
and temperature fields can be specified as zero initial conditions or in the form of a
Fortran function. Also, it is possible to read results from an earlier simulation, and
use these as initial conditions. All this information is stored as Fortran codes, in files
generated automatically by PRENEK. The next step, called NEKTON, is to use the
computational engine that performs the numerical integration of the Navier-Stokes
and energy equations employing the information generated in the PRENEK session.

There is little influence of the user in NEKTON operation, except by the selection, in
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the PRENEK session, of the specific routines that should be invoked in order to solve
a particular problem by using a particular formulation. Basically two formulations are
available: SPLIT formulation, which determines whether the Navier-Stokes equations
will be solved using the classical first-order splitting scheme (fractional step method),
and the STRESS formulation which determines whether the stress formulation of the
fluid flow equations will be used. The user can select whether or not to use a particu-
lar formulation, although each one of them is recommended for specific problems. For
instance, the SPLIT formulation should be used in time-dependent problems involv-
ing high Reynolds number (Re > 25) because the splitting errors are of order vAt
(v being the dynamic viscosity and ¢ time step). At high Re the viscosity is low and
the time step is small due to stability restrictions. The non-STRESS formulation can
be used for flows ranging from stokes flows (where Re = 0) through transition flows.
However, it is slower than the SPLIT formulation by a factor of approximately four.
It is worth mentioning that a general knowledge of the finite element method would
be of value for an efficient application of the package or for a correct interpretation
of diagnostics. Finally, an interactive graphical package can be used by the user in
order to inspect and analyze the results. This is called the POSTNEK session (more
details can be found in the NEKTON reference manual).

NEKTON can be obtained from:
FLUENT, INC.
10 Cavendish Court
Lebanon, NH 03766
USA
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