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I .  INTRODUCTION

This paper is an attempt to build a model o f economic growth based 

on the in teraction  of the household or non-market sector and the market 

sector. I t  is  hoped that the e x p lic it  in troduction of the household 

sector, as represented by the linear homogeneous production function 

Z = Z(T,X) (T = non-market time, X = consumption inputs) w il l  add new 

ins igh t in to  the growth process. The representation of the market sector 

production function as X* = e t  F(K,L) means that aggregate output X* is  

assumed to be used e ithe r as consumption inputs X or gross investment, I ,  

w ithout e x p lic it ly  d iv id ing the market sector in to  consumption and invest 

ment industries.

Another assumption is that while Hicks neutral technological change 

is  assumed to proceed at an exogenously determined rate in the market 

sector (e *"), no technological change is assumed fo r the household sector

The aggregate time constra in t o f the economy, or population, is 

assumed to grow at exogenous rate n, whereas the share o f to ta l time 

employed in market a c t iv it ie s  is determined endogenously. I ru le out 

corner solutions, so tha t each additional m icro-unit sa tis fies  a sub­

constra in t, a lloca ting  part o f i ts  time endowment to Z production and 

the remainder to X* production. This means, in the context o f an instan­

taneous model, there is no time lag between the addition o f a m icro-unit 

and its  decision making. In other words, there are no ch ildren. Even 

though th is  overs im plifica tion  might be explained by defining a variable 

N as only that part of the population able to decide c-n an a lloca tion , 

assuming N to grow a t an oxogenous rate is s t i l l  a very strong assumption
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However, i t  is  a n a ly tica lly  convenient. I t  would, o f course, be more 

re a lis t ic  to include children as objects of choice, and to make the 

growth rate of N dependent on lagged f e r t i l i t y  decisions. This would 

require an application of the W illis  model, and while I would hope to 

address myself to th is  at some la te r time, fo r the present I re ta in  the 

more convenient assumption.

The paper is divided in to  three parts.

The f i r s t  part deals w ith the derivation of f i r s t  order equilibrium

conditions. At any point in time a welfare function W = W(Z,I) is maxi­

mized subject to the aggregate time constra in t N = T + L, ex isting  stock
C t

o f capita l K, level o f technology e , and the set of production re­

la tions summarized by the market and non-market production functions and 

the welfare "production" function. The decision variables chosen so as 

to maximize W are the labor supply L, and the savings rate s. The f i r s t  

order conditions determining optimum L and s are s im ila r to the conditions 

in  Chase's model. The optimum savings rate equates the marginal benefit 

o f the la s t un it of gross investment to the marginal u t i l i t y  cost o f the 

sacrificed un it o f consumption. The optimum labor supply equates the mrs 

between time and goods to the real wage.

The difference between the Chase model and th is  presentation is 

that the objects of choice here are not consumption, X, le isure , T, and 

gross investment, I ,  but household output Z(T,X) and gross investment, 

k  The marginal u t i l i t y  or benefit o f consumption is not the f i r s t  par­

t ia l  derivative of a u t i l i t y  function U = U(T„X), Ux , but is the marginal 

product o f consumption in household productions, weighted by the marginal

u t i l i t y  o f the extra Z output. That is ,  i f  W = W (Z,I), the marginal

u t i l i t y  o f consumption is W = W 1 .z x
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Setting up the welfare function in th is  way has certain important 

im plications. F irs t,  the welfare function can be mapped in to  (X*,T) 

space. When the optimum conditions are met and W is maximized, the mrs 

between X* and T in the welfare function is  equal to the mrs between X 

(consumption) and T in the Z production function. Therefore, the e q u ili­

brium mrs in the welfare function depends on the X/T ra tio  and is inde­

pendent of the level o f gross investment. I t  is  shown th a t, in general, 

maximizing W is not equivalent to maximizing current Z output because 

in order to sa tis fy  the f i r s t  order conditions fo r maximizing W, the 

f i r s t  order conditions fo r maximizing Z alone must be v io la ted.

Another im plication of setting up the welfare function in th is  way 

is that both the e la s t ic ity  of substitu tion  (between T and X) in the 

household production function, ctz , and the e la s t ic ity  o f substitu tion  

(between Z and I)  in the welfare function, ct , can be introduced as 

parameters a ffecting  the u t i l i t y  maximizing rates o f change in L and s 

over time.

The importance o f the re la tive  sizes o f a z and aw (as well the 

e la s t ic ity  o f substitu tion  between L and K in the market sector pro­

duction function) is shown when the f i r s t  order conditions are d iffe re n ­

tia ted  and labor supply and savings functions are e x p lic it ly  derived.

At any point in time, given N , K , A (= e t ) , the optimum L and
t  t  t  t

Sj. variables are chosen, which also determines net investment endogenously.

Next period, and A are exogenously determined, the net increment

to capita l la s t period is carried forward and the optimizing process is

repeated. Thus, the time rate o f change in the decision variables L 
• • 

and s .̂, depends on the increment to aggregate time, N^, change in



technology and net investment K .̂

The labor supply function is linea r in these three variables:

i )  L = B L n N + Bu A + BU K

as is  the savings function: (time subscripts omitted fo r convenience)

i i )  S .  Bsn N + Bsc k  ♦ Bsk K

The sign of each of these slope coe ffic ien ts  depends on how a

variable, say A, disturbs the f i r s t  order conditions determining 

optimum L. Without going in to  d e ta il,  each of the coe ffic ien ts  in the 

labor function is  fu rthe r broken down in to  d ire c t and in d ire c t components 

This is  because a change in p roductiv ity  a lte rs  the optimum savings ra te , 

in  general, which affects the re la tive  facto r endowment o f the household 

sector. This, in tu rn , provides a secondary disturbance to the f i r s t  

order conditions determining optimum L, which is  separate from the d ire c t 

e ffe c t o f technological change. These secondary disturbances caused by 

induced changes in the savings rate also appear in the remaining co­

e ffic ie n ts  o f the labor function. S im ila rly  i t  is shown that any 

secondary disturbances in the savings function due to induced changes 

in L represent in d ire c t components o f the savings coe ffic ien ts .

I t  is shown that i f  CTz equals aw a ll of the coe ffic ien ts  in the 

savings function become zero, and the model is  characterized by a con­

stant savings rate. In general, any given configuration o f a 2 , o » and 

cj implies certain signs fo r the coe ffic ien ts  in  i and i i .  Unfortunately 

the reverse is  not. true. I f  a pa rticu la r coe ffic ien t is pos itive , th is  

may resu lt from a number o f d iffe re n t configurations.
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In the second section empirical tests are made upon labor supply 

functions fo r d iffe re n t age groups (male on ly). I n i t ia l ly  the labor 

supply functions are set up w ith the pa rtic ipa tion  rate as the dependent 

variable and factor prices as the independent variable. However, since 

the market sector production function is  line a r homogeneous, factor prices 

are dependent upon the k ra tio , which in turn is  correlated with the par­

tic ip a tio n  rate. Therefore performing OLS would lead to biased estimates 

to the extent tha t partic ipa tion  rate fo r any age group were correlated 

with the overall pa rtic ipa tion  rate. The procedure followed was to solve 

fo r the facto r prices in terms of exogenous technical change and the per 

capita stock of ca p ita l, since population and the absolute stock of 

capita l a t any time v/ere considered independent o f current u t i l i t y  maxi­

mizing behavior. The reduced form factor price equations were estimated 

and the predicated values were used as instrumental variables. There 

were three equations estimated fo r each age group - OLS, OLS using 

instrumental variables and an autoregressive transformation using in s tru ­

mental variables. In addition, by substitu ting  the factor price equations 

d ire c tly  into the labor supply sunctions, the labor could be expressed 

in reduced form, and these equations were also estimated fo r each age 

group. In the f i r s t  estimating method the coe ffic ien ts  showed the e ffects 

upon labor force partic ipa tion  of changes in facto r prices, which embodied 

both exogenous technical change and changes in the per capita stock of 

ca p ita l. In the second form the coe ffic ien ts  show the e ffe c t upon par­

t ic ip a tio n  of exogenous technical change and the per capita stock of 

capita l both of which influence both factor prices. An autoregressive 

transformation was also used in the second method.
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The savings functions was also estimated, f i r s t  in terms o f OLS upon 

o rig ina l facto r prices and then with an autoregressive correction. Then 

OLS and the autoregressive correction were used in conjunction with 

instrumental variables. F ina lly  the savings function was put in to 

reduced form by substitu ting  in to  th- savings function the facto r price 

equations, and estimating the coe ffic ien ts  o f exogenous technical change 

and the per capita stock o f cap ita l.

The th ird  part o f the paper deals w ith the time path of the capita l - 

labor ra tio , and s ta b il i ty  conditions are derived in terms o f the sizes 

o f the coe ffic ien ts  o f the labor supply and savings functions. For 

s im p lic ity  i t  is  assumed that these functions are characterized by con­

stant. e la s t ic it ie s  rather than constant slopes. Furthermore, the case 

o f Harrod-neutral technical change in both the market and non-market 

sectors is analyzed in the context of the growth model, as well as the 

case of Hicks-neutral technical change in the market sector only. Both 

o f these models are compared to the standard one sector-growth model 

which assumes constant savings and labor force partic ipa tion  rates. Even 

i f  a ll the s ta b il i ty  conditions of the tra d itio n a l model hold i t  is 

shown that,assuming that the endogenously determined savings rate remains 

constant in equilibrium , a necessary condition fo r s ta b il i ty  is  ' < 0 ,  

where is  defined as:

= r )s k  -  rr (1 -  n l k

■q . = e la s t ic ity  o f savings ra tio  wrt per capita
stock o f capita l

T)<k = e la s t ic ity  o f pa rtic ipa tio n  rate wrt per capita
stock of capita l

n = real income share o f labor
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The tra d itio n a l model can then be considered as a special case where

n ,=n, =0, so that I ' is automatically negative, 
sk Lk '



Derivation o f f i r s t  order conditions and the 

labor supply and savings functions.



I I .  MODEL

A. F irs t Order Conditions:

The equations that form the model are now presented. I begin w ith 

the aggregate welfare function to be maximized:

1) W = W(Z,I)

where Z is the output o f the household production sector and I the level 

o f gross investment. Marginal u t i l i t ie s  are assumed positive  and 

dim inishing:

2) Wz> o, Wzz< o, Wj >0, Wn <0

Further, ow is  defined as the e la s t ic ity  o f substitu tion  between 

household output and gross investment in the welfare function:

-  El -  EZ
3 ) aw "  > 0

where "E“ denotes a percentage change.

In the Chase Model, the present u t i l i t y  value of national income is 

defined as:

4) eSt [ U(c,2) + qk ]

where, in Chase's terminology:



where, in Chase's terminology:

U = u t i l i t y  function

c = per capita consumption

X = percent of labor force in le isure a c t iv it ie s

q = shadow price of gross investment (marginal)
u t i l i t y  value of extra un it o f gross investment)

/  = rate o f time discount

Except fo r setting /  = 0, equations 1 and 4 are analagous, and 

because 4 is add itive , I set the second cross pa rtia l o f the welfare

The output o f the household sector is  produced by a linea r homo­

geneous production function:

where T is the amount o f time absorbed in household production and X is 

the amount of consumption goods inputs. This function is  assumed to 

remain constant over time with no technological change. Marginal products 

are assumed positive and dim inishing.

and because of constant returns:

Ztx = " Zt t  X

Lastly, the e la s t ic ity  o f substitu tion  between the inputs in 

household production is  defined as:

function equal to zero, or W,

5) Z = Z(T,X)

6 ) Z-r >o) 1 ^TT ^ ^ Z < 0
1 X  X X
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8) c2 = ET - EX > 0 = I t  Zx >-0
E Z X -  E7t  Ztx Z

Next, the aggregate market goods production function is  also 

assumed to exh ib it constant returns:

9) X* = A (t) F(K,L)

where X* = to ta l real output, which can be used fo r consumption or gross 

investment. Equation 9 is  the special case o f a two-sector neo-classical 

production model in which the re la tive  factor in tens ities  in the con­

sumption and investment industries are equal.

K and L are the amounts o f capita l and labor (market tim e), 

respectively. A (t) represents the Hicks neutral technology parameter.

Following Shell, technological change is  assumed to proceed at exogen­

ously determined ra te t , with A()) = 1. Therefore, equation 9 can be 

rewritten as:

10) X* = ° t  F(K,L) = Fet

with marginal products positive  and diminishing:

11) f L > 0 .  f L L < 0 ,  f k > 0 ,  f RR< 0 ,  f l k > 0

and w ith the e la s t ic ity  o f substitu tion  between labor and capita l defined 

as:

12) a = EK - EL > 0 = f L f k

* t f L - Efk f LK X*
The national income id e n tity  is :
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13) X* = X + I -  (1-s) F + S e : t  F

where S is the percentage o f real incane saved, and sa tis fie s  the re­

quirement:

14) 0 < S < 1

J.U
The time constraint o f the i household or m icro-unit in the 

economy is :

15) T. + L. = 1i i

and summing up these individual constraints over a ll N households gives 

the aggregate time constraint:

16) T + L = N

That is ,  the to ta l stock o f time in the economy can be allocated to 

e ithe r market or non-market production, and i t  is assumed a ll o f the N 

subconstraints are also sa tis fied .

I t  is fu rther assumed that the number o f m icro-units grows at the 

oxogenous rate n, with N(0) = 1. Equation 16 can be rewritten as:

17) T & L = ent

By d e fin it io n , the net increment to the stock of capita l is :

18) K = I - uK = S F - uK

where u is  the rate o f depreciation.
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Equations 1-18 form the model. At any point in time the aggregate 

time constra int N(t) and level o f technology A(t) are exogenously deter­

mined. The stock o f inherited capita l K(t) represents the sum of past 

accumulations. Subject to these constra in ts, and the set o f production 

re la tions summarized by ( a z , CTW , CTX )» the decision variables L (t)  

and S(t) are chosen to maximize the welfare function, equation 1. Met 

investment is determined endogenously as a resu lt o f th is  u t i l i t y  maxi­

mizing behavior (equation 18). This increment to capital is carried 

forward in to  the next period, where u t i l i t y  maximizing values o f L(t+1) 

and S(t+1) are chosen, subject to M(t+1), A(t+1), K(t+1) and 

(ct7 , ctu. , oy ). Net investment is  maximized subject to 13 and 17.
£. W A

Form the Langrangian:

19) V = W [Z (T, (1-s) Ct F), ScCt F ] -  X (T + L - ' n t)

F irs t order conditions:

20a) Vt  = Wz Zt  = X = 0

b) VL = Wz Zx (1-s) e '  * Fl + Wj Se ^  FL - X = 0

c) vs f e ^ F ( W j  - Wz) = 0

d) VX = T + L - nt = 0

Each of these conditions w il l  be discussed.

a) Wz Zt  - X = 0

Optimal non-market time is achieved when the marginal benefit o f 

non-market time equals the marginal u t i l i t y  cost o f using up the scarce 

resource. The marginal benefit c f household time equals the marginal



13.

product o f time in Z production weighted by the marginal u t i l i t y  o f the 

extra Z output.

b) Wz Zx (1 -s ),  ̂ f L + Wj Sef t  f L - X = 0

The optimal labor supply is also achieved when the marginal benefit 

o f the la s t un it of market time equals the marginal u t i l i t y  cost o f using 

up the time resource, but here the marginal benefit o f market time has 

two components: 1) consumption benefit - an increase in market time 

raises to ta l output by . “ f^ ,  (1-S) percent of which is  absorbed as 

consumption inputs in to  household production. The term Z (1-s) * f  isX
the marginal product o f market time in household production. 2) Invest­

ment benefit - S percent of the marginal increase in output represents 

an addition to the stock of capital that provides fo r increased future 

consumption flows (above the level that would prevail in the fu ture i f  

gross investment were zero). This represents an increase in welfare 

only i f  current decision making is  not independent of future time periods 

(Wj > 0).

c) F(Wj - Wz Zx ) = 0

The optimal savings rates equates the marginal benefit of the la s t 

u n it o f gross investment to the marginal u t i l i t y  cost of the sacrificed 

un it o f consumption, holding aggregate market output constant.

Substituting the condition fo r optimum S in to  the condition fo r 

optimum L, equation 20b becomes:

2 !) W2 I Zx ( l-s )  t ' t  f L + Zx Se 1 f L ]  -  X = 0
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The f i r s t  term in brackets again is  the marginal product o f market 

time in the production of Z output. The second term is the marginal 

product o f market time in the production o f investment output, but 

expressed in units o f the equivalent increase in Z output.

S implifying equation 21, the marginal benefit of market time, L, in 

the welfare function is :

22) W Z 1 f, = W Z.Z X L Z L

The term Z  ̂ is  the " fu l l "  marginal product o f L. That is ,  the 

" f u l l "  marginal product o f market time (consumption plus investment 

output) is  expressed in units o f the potential marginal increase in Z 

output.

The optimal d iv is ion of to ta l time between market and non-market 

employment can be expressed by the ra tio  o f 20a to 22:

23) wz Zy = J j _  = 1
WL ZL ZL

which defines the equilibrium  mrs between T and L in the welfare 

function. Further:

24) - 2-  = - r --T - or - |L -  = e f L
Ll  x f L zx

is the equilibrium  mrs along a welfare indifference curve defined in 

(T,X*) space, assuming a ll f i r s t  order conditions are sa tis fie d . To 

see th is , rewrite equation 24 as:

25) I  - l / '  V ZL
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The marginal benefit o f non-market time appears only because o f the 

contribution to added Z output. The marginal benefit o f market time 

consists o f the consumption and investment benefits. But since the 

added investment output is measured in the same units as consumption out­

put, i t  can be expressed in units o f the potential increase in Z output. 

So what is  being balanced in 25 is the marginal benefit o f T against the 

marginal benefit o f aggregage output, and not ju s t consumption.

I f  th is  were a purely comparative s ta tis  model in which current 

decision making were completely independent o f future time periods the 

in te rp re ta tion  o f 24 would be d iffe re n t. Assuming a model in v/hich 

welfare is  a function o f current Z output only:

26) W = W(Z) = W[ Z(T, (1-s) F) ]

then the f i r s t  order condition fo r maximizing W is :

27) JLL- = (1-s) - *1

Since W, in th is  case, is a monotonic transformation o f Z, then

maximizing the level o f Z output is equivalent to maximizing the welfare

function 26.

When current decision making takes future consumption flows into 

account, then maximizing the welfare function (equation 1) does not 

mean maximizing current Z output. The necessary condition fo r maximizing 

the la t te r  can be expressed as:

28) Zt  = Zx ( l- s )  f L
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ertrtd equations 25 and 28 cannot be sa tis fie d  simultaneously. 

Diagrammatically:

I

X* ;

X*N - transformation curve of T in to  to ta l output, with slope f L

A(
X N -  transformation curve of T in to  consumption, with slope - (1-s)'- f L

The welfare indifference curces labeled VJ(7.̂ ) are monotonic trans­

formations o f the Z isoquants. Because o f constant returns the slopes o f 

these curves depend on the T/X ra tio  only. Mapping from units o f Z in to  

units of W ju s t means attaching a d iffe re n t index number to each Z iso ­

quant, such that Wzz < 0 is sa tis fied  (equation 2).

I f  W W(Z) only i t  implies that future considerations play no role 

in current behavior. Welfare would be maximized by movement along the



along the consumption locus to point A where 28 is  sa tis fied  (Ŵ  = 0).

I f  Wj > 0, welfare is  maximized by movement along the X*N locus u n til 

25 is  sa tis fie d  a t point C. At th is  point the inrs between X* and T in 

the welfare function is  f  , which vio lates the necessary condition 

fo r  maximizing Z output.

Subtracting the u t i l i t y  maximizing level o f gross investment taking 

place at point C returns us to the level o f welfare on the consumption 

locus generated by the new level o f Z output (po int B). This represents 

a lower o f Z output than what was produced at point A (Z2 < Z^). Since 

the slope of the welfare indifference curve at point C is  equal to 

Zt /Zx , i t  is a function o f the T/X ra tio  only. Thus subtracting gross 

investment along ve rtica l B-C leaves the mrs constant.

This can be shown by rew riting the welfare function as:

29a) W = W [Z(T, X* - I ) ,  I ]

Taking the to ta l d iffe re n tia l and setting i t  equal to zero:

29b) dW= WzZt dT+ W2ZX (dX* - d l) + Wjdl * 0

Then imposing the f i r s t  order conditions that must prevail at 

point C:

29 c) dW * W Zt dT + W,ZxdX* = 0 , or dXjl „ •• h
d l " Zx

The f i r s t  order conditions discussed here are s im ila r to those in 

the Chase model, except that in the la t te r  W was im p lic it ly  held

constant and equal to one. I t  w il l  be shown how the re la tionship between

the household production function and welfare function, in terms o f the



re la tive  sizes o f az and cw, a ffe c t the time paths of the decision 

variables L and S.

B. Second Order Conditions, Labor Supply Function:

To ta lly  d iffe re n tia tin g  the f i r s t  order conditions in 20, w ith re­

spect to L, T, K, S, X , and t ,  y ie lds the fo llow ing set o f simultaneous 

equations in matrix form:

30)

A1 B1 c! Di

A2 B2 C2 D2

a3 B3 c3 D3 i K

1
Q \ !

Me C 

I NC C

i a  , ;; Pe £ :

1 1 0  0

0 0 1 0
L

i I
; q\

I R

T is  the derivative o f non-market time with respect to time, etc. The 

f i f t h  row o f 30 is  the d e fin itio n  of net investment (equation 18), 

included so that the number o f equations equals the number o f unknowns.
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Dj: -  (W£ Zjx e t  F + Wzz Zy Zx e * F )

A2 : B2

B2: Wz (1 - S)2 e2 t  {  Zxx ♦ Z2 .■ *  f LL ♦

Wzz (1 - S) 2  Z2  e2  " f 2  + wn  S2 e2vt f 2  

C2 : Wz (1 - S) 2  e2  1  fL fK Zxx + Wz Zx f u  +

WZZ (1 “ S) 2  ^  fL h  + WI I  S2  f L f K

D2 •' -Wz (1 - S) e Zxx p "" ^ZZ Zx (1 - S) 6  F +

Wn  s-e2  t f L F

A3: D1

b3 : d2

C3: B3 f K

fL

D3 : W„ e2^  F2  + Wz h  e2^  F2  + Wzz Z2  e2^  F2

M : -Wz ZTX (1 - S)F - Wzz ZT Zx (1 - S) F

N : -W (1 - S)2 e t  f  Z F - W Z f  -
Z L XX Z X L

Wzz (1 - S)2 Zx e t f L F - Wn  S2 e ^  f L F

p : W Z (1-S) e l  F2 + W Z2 (1 - S) e l t  F2 -
Z XX ZZ X

W e t  S F2 
I I

Q: ent n
R: K
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The determinant o f the coe ffic ien t matrix o f 30 is  equal both in 

absolute value and sign to the determinant o f;

32) A1 B1 D1 1

A2 B2 d2 1

A3 b3 D3 0

1 1 0 0

which is obtained by expanding 30 by cofactors along the f i f t h  row. 

Because 32 is a 4 x 4 matrix, det 30 must be negative fo r a stable 

so lution. That is :

33) A  = -  D3 (Ax - A2) - D3 (B2 - Bi) + (Dj - U2 ) < 0

Using Cramer's rule we can solve f i r s t  fo r the labor supply function;

34) L = ;D3 (A2 - A2) + A3 (Di - D2) /  ea  R +
J

j ~D3 ( - N) - P (D-| - D2); e \ l  e +
I -J yy
| d 3 (C2 -  C j )  +  c3 ( D j  -  K /

A

Direct Population E ffe c t:

The term [D3 (A2 - Aj) + A3 (Dj - D2)] e11̂  n /  A describe the

e ffe c t o f a s h if t  in the aggregate time constraint on the supply of

market time. I t  would seem in tu it iv e ly  obvious that since T + L = N(t)

= en t , any increase in N must have a positive  e ffec t upon the quantities

T and L, assuming them to be normal inputs in the welfare function. This

however, refers to only one part of the population e ffe c t, which is termed 
the d irec t e ffec t and is represented by the term:
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35) D3 (A2 " Aj)

A

To explain n\y reasoning I re fe r b r ie f ly  to the standard two good 

u t i l i t y  maximizing model:

36a) V = U(XY) - X (PxX + PyY - I)

V  Ux ‘  XPx ■ 0

vy = uy “ xpy = 0

VX = PxX + PyY - I = 0

To ta lly  d iffe re n tia tin g  the f i r s t  order conditions:

36b) Uxx dX + Uxy dY ■ d\ 
' X ux = XOPx

Uyx C
L

X + uyy dY •
dX 

' X Dy = XdPy

Ux C
L

X + UY dY = (d l -  XdPk -  YdPy) \

As is  well known, the income e ffe c t on the demand fo r X is : ?

3 7 ) dX = (Uxv Uy - Uvv Ux)
dl A

which is positive  i f  Uxy < 0. Another way to in te rp re t 37 is  to view 

the increased income as i f  i t  were an increase in the value of the "y" 

endowment only. That is ,  view dl as Py dy . The income e ffe c t can be 

treated as a response to the disturbance o f the f i r s t  order conditions.

For example, i f  the increase in income is  e n tire ly  an increase in the 

value of the y endowment, UYU > 0 means the f i r s t  order conditions
Ajr

determining optimum x have been disturbed and optimum x is higher because 

Vx in 36a is now positive at the o rig ina l quantity o f x. Further 

uyy < 0 means the f i r s t  order conditions determining optimum y have been



disturbed such that Vy in 36a is negative at the in it ia l quantity of y. 

(Diagrammatically, the slope of an indifference curve is being evaluated 

le ttin g  y vary and holding x constant).

I presented this less than formal way of looking at a standard re­

sult in order to explain the rational for the grouping of elements in 

equation 35 in particu lar, and in equation 34 in general.

With respect to equation 35, i f  the increase in the aggregate time 

constraint is viewed as an increase in the T endowment only, element A] 

can be interpreted as the disturbance of the f i r s t  order conditions 

determining optimum T. That is , since optimum T is determined by 

Ŵ  Zj - \  = 0, an exogenous increase in the T endowment alters both the 

marginal product of non-market time in household production and the 

marginal u t i l i ty  of the extra Z output. Inspection of 31 indicates that 

Aj is the derivative of Vy w .r .t .  non-market time.

S im ilia rly , element 1S disturbance to the f ir s t  order con­

ditions determing optimum L, when the increase in aggregate time is 

viewed as an increase in the T endowment. The disturbance occurs 

because the exogenous increase in T raises the T/X ratio  at the in it ia l  

labor supply, which raises the marginal product of consumption in the 

household sector, and also alters the marginal u t i l i ty  of the extra Z 

output. Inspection of in 31 shows i t  to be the derivative of f ir s t  

order condition VL w .r .t . T.

The direct population effect can be viewed as analagous to the 

standard income effect. (Diagrammatically, the slope of a welfare in­

difference curve in T, L space is being evaluated letting  T vary and 

holding L constant. The sign of this effect w ill now be examined.
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From inspection of element D3  in 31, this component is unambiguously 

negative. This is not unexpected since D3  is the derivative of the f ir s t  

order condition determining optimum S, w .r .t  S, i . e . ,  . This "own"

effect on f i r s t  order conditions ins analagous to terms like Uxx or Uyy 

in the standard model. D3  is the slope of the own marginal benefit 

schedule of the savings rate. (For this reason the terms A-| and B2  are 

also unambiguously negative, reflecting the effect of T and L on the ir  

own f ir s t  order conditions, respectively). Since i t  has already been 

established that a  < 0  , the sign of the direct population effect w ill 

be determined by whether:

... 38) A2 - Aj ̂  0

( I  w ill derive the conditions that determine the sign of the direct 

and also the indirect population e ffec t, but thereafter w ill present the 

results for the remaining terms without going through the derivations).

From 31, A2  - Aj can be written as:

39) W2  (1 - S) e * \  Zxt + Wzz (1 -S) e Zx Zt f L -

WZ ZTT -  WZZ A i °

Using the defin ition of Z|_ in equation 25, we can write the cross 

partia l Z^j as:

25 ') ZLT = e6*  f L Zxt

which is substituted back into 39, yielding:

40) W (1 - S) Z + W (1 - S) Z2  - W Z - W Z2  > 0
Z Lt zz t  z t t  • zz t  <



Rearranging terms:

41) -  W S + W (1 - S) Z - W Z.. *  0
z z  t  z L t  2 t t  <

Because of constant returns in household production i t  was shown:

7) zt t  “ '  f  2tx

Next, the defin ition of consumption in the national income identity  

(13) is substituted into 7:

‘ F
42) .  ( l - s f "  f L ZTx f L

T j

Using equation 25' again:

43) ztt = -
T

where, because of Euler's theorem:

fkK
yia \ F -  f LL + f kK = L + f r K = L (1 + TH" ) = L

’  "TT  T[  T l L

Substituting 43 into 41 and collecting terms:

45) -Wzz l \s  + Wz ZLt (1-s) [1 + L r  ] > 0

where:

46) 1 + L_ '- T + L = T + y , = f-L- T+T^ =T - T TL tl T -i-

F = real income

Fn = fu l l  or potential income (real income plus the 
market value o f household time)

Next, substitute 46 in to  45 and m u ltip ly  through by the term —
Zt wzto obtain:
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47) - WZZ ZS + Z Z  (1-S) > 0
Wz ^  Ffl - F <

Lastly, 47 is put into e la s tic ity  form by recognizing that:

48> 1 ZLt = 1 Zxt fL = _ 1 _
Z2 zt  zx f L az

The e la s tic ity  of substitution in the welfare function between Z 

and I is defined by:

3) aw .  J L - liL  > 0
EW2 - EWl

But in examining the partia l e ffect of an increase in the aggregate 

time constraint, the level of gross investment is held constant. There­

fore, in the context of this partia l analysis, ctw is equal to:

r 7  . .  1 EWZ sWz Z, i \  -  EZ > 0 , or —  -  -  r—  = ~ —  "Tj—
3 ') w 1 1 Z

Substituting 48 and 3' into 47 gives the fina l result:

«>  5 • £  - s> T T ? r > 0

This expression determines the sign of A2  - A-j. As long as 

0 < S < 1 and Ffl > F , this term w ill be positive. As i t  turns out, 

the direct population effect is the only effect where the sign is inde­

pendent of ctz > aw (except for the tr iv ia l case of oz > ctw

One last comment on the interpretation of A£. As was mentioned, 

this element represents the partial impact on market time's f ir s t  order



conditions of an increase in the T endowment, holding gross investment 

constant. For this reason, any change in the marginal benefit of market 

time appears only as changes in its  consumption benefit.

Indirect Population E ffect:

The term-reflecting the indirect population effect on the labor 

supply is:

50) a3 (d1-d2)

The indirect effect is a population-constant e ffec t. Thus, once 

the increase in aggregate time raises L via the direct e ffe c t, the 

indirect effect either reinforces or works against the former, given 

the increased time constraint.

The indirect effect operates by altering the optimal savings rate. 

Again the increase in the time constraint is viewed as an increased in 

the T endowment. This disturbs the f i r s t  order conditions determining 

optimum S, eetF(Wj _  W2  Zx) = 0. The increased T/X ra tio  raises the 

marginal product of consumption in the household sector, thus raising 

the marginal benefit of consumption re la tive  to the marginal benefit of 

investment and lowering optimum S.

On the other hand, the increased Z production lowers the marginal 

benefit of consumption (by lowering W^), which tends to raise optimal S. 

As w ill be shown, the net effect here depends on the re lative  sizes of 

az and ay.

Assume for the moment that the effect of the enlarged T endowment 

is to lower optimum S. This means that the f i r s t  order increase in the



re lative  time intensity of the household sector's factor endowment 

(which comprised the direct effect) w ill be offset somewhat. The de­

crease in the optimal savings rate leads to a secondary adjustment in 

the household sector's factor endowment, in this case p a rtia lly  lowering 

the time intensity.

The element is the change in the marginal benefit of non- 

market time caused by a change in the savings rate. I f  S were reduced 

(consumption increased) the marginal benefit of household time (W2  Zj) 

is increased because of the increased goods intensity of production. At 

the same time, however, the increased Z output lowers W ,̂ which in turn 

lowers the marginal benefit of non-market time.

The element D2  is the secondary or indirect change in the marginal 

benefit of market time caused by the induced change in the savings rate. 

In this case, because altering savings affects the level of gross invest­

ment, both the consumption and investment benefits of market time are 

affected. A reduced savings rate tends to lower the marginal benefit of 

market time because the increased X/T ratio  lowers Z^, one of the com­

ponents of the marginal benefit. Further, the increased Z output lowers 

the marginal value of the added household production. Ŵ . Lastly, since 

the level of gross investment is lower, its  marginal value w ill be higher 

(Wj), i . e . ,  the marginal investment benefit is increased. These comments 

on the effect of a reduced savings rate on the marginal benefits of T 

and L can be verified by inspecting elements Dj and 02  in 31. I f  the 

s h ift in the aggregate time constraint in i t ia l ly  had raised the optimal 

savings rate rather than lowered i t ,  a ll of these interactions would have 

been reversed.
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I t  now remains to evaluate the sign of the indirect population

effect formally. The exogenous s h ift in the time constraint w ill raise,

leave unchanged or lower the optimal savings rate as Ao > 0  . The
'<

marginal benefit of non-market time, in turn, w ill be raised, remain 

the same or fa ll  re lative  to the marginal benefit of market time as 

Dl ^2 — 0 •

Just looking at element A3  alone:

51} -  W Z e^F -  W Z Z e^F k  0
z xt zz x t  <

Multiply 51 by the term:

52) 7

*t*x  e i-F wzz

to obtain:

63) -  Z Zt „ -  W „ Z  > 0

Zt Zx W2 <

Using equations 8 , 3 and 3 ',  53 can be expressed as:

54) oz -  1 >_ 0

ctz <

In tabular form:

Table 1

A3

°z > °Vi +

CTZ ~ CTW 0

°z < «̂W -
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As an example, i f  cw > ctw, the increased time endowment lowers the 

marginal u t i l i ty  of the extra Z output by more than i t  raises the mar­

ginal product of consumption. Zx fa lls  and the optimum savings rate 

is increased.

The evaluation of Dj - Dg is more complicated.

From inspection of 31, D| -  D£ > 0  , as

-W2 Ztxe<HF -  WzzZt Zxe':‘ F . « z ( t -  Sle' t f !  ZX„F *

55) WzzZ2  (1 - S)e2  ‘ f LF -  W,[ S e2 t  f LF > 0

which is a more involved term then was the case in evaluating the direct 

effect because now both consumption and investment benefits are affected. 

Divide 55 by e *  F and rearrange the order of the terms:

56) -  WzzZt Zx -  W„S t f L - WzZtx + Wz (1 -  S ) e " \ Zxx

+ W Z (I -  S)e& tf  > 0 
zz x l <

Because of constant returns in household production and the national 

income identity , the following relation holds:

57> Zxx = -  Zxt I  * . - * x U --------
x (l-S )e  *F

Substituting 57 back into the fourth term of 56:

58) -WzzZt Zx-  N „ S * ‘ f  - «zZtx - Wz (l-S )e? tf LZtxT

(1-S) e 4F



Expanding the f i f th  term of 58;

591 -  W2 2  Zt  Zx -  W„ S eC>t f L -  W2  Ztx -  W2  Ztx f jT  +

F

W Z2  e ^ f .  -  W Z2  S e ^  f, > 0  zz x L zz x L

and collecting terms:

601 ‘  WZZ zt  Zx  -  S e^ f L (WII + WZ2 ZX> -  WZZt  (1*10
F

♦ Wzz Zx ^ t f L > »

The f i r s t  order condition determining optimum T and L (equation 25) 

is Zj. = Zx e t f^. When this condition is satisfied , the f i r s t  and 

fourth terms of 60 above cancel out, leaving:

61) -  S e < \  (W„ ♦ W2 2  Zx) - W2  Ztx  ( - 2 L )  > 0

p
In order to evaluate the term (Wjj + Wzz Z£) requires a digression. 

By defin ition , the Allen partial e la s tic ity  of substitution between 

Z and I  in the welfare function is:

62) ow = (Wz Z + WT I)  Wz Wi
-Cw2 Wt + w? W )Z I 

z I I  I zz

where W^j, the second cross p a r t ia l,  is zero by assumption.

I f  aw is  evaluated at the point where the condition fo r the optimal 

savings rate is sa tis fie d  (20c), then 62 becomes.



6 3 )  a  »  (WzZ 4 WzZx I ) w | Z x

"  .  f W S W H  t  w l z g  W ) Z I

which simplifies to;

641 . w .  ..( L t f r i l M «_

-  - ( W „  + Wz z Z * ) Z I

and a fte r cross multiplying:

,26 5 )  CWn  + Wzz  Z ‘ ) = -  (Z  +  Zx  * )  Wz Zx

°w Z I

which is substituted back into 61 to obtain:

r- ~
66) Se^f, (Z * Zxl) WZZX - W2 ZTX S i  > 0

«  7 T ' '  <
W

The f i r s t  term in 6 6  can be simplified by applying Euler's theorem:

67} Se^fL (7. + Zx I)WzZx wzzxSe<?tfL ( zt T + zxx + Z>:Q

cw Z I ow Z I

and since consumption and gross investment must add up to to tal output:

68) (Zt T + l xc 1 F) Wz Zx S e ^

°w 1 1

When f ir s t  order condition 25 is satisfied [and using the defin ition  

of gross investment in the national income id e n tity ), 6 8  becomes;
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69) CZt  f LT + Zt F) Wz Zx Se t

ow Z Se 4 F

which simplifies to:

Fa h  Zx wz70)
• » ! F

Substituting 70 back into 6 6 : 

71 j f o..zt  Z.X WZ
aw Z F

_  wz ztx > o
F <

and multiplying through by the term - 1 -----  yields:
Wz ztx

72) IS L
F

°w _ 1 \ > 0

which determines the sign of D] -  Dg 

In tabular form:

Table 2

Dl -  D2

<J_ > a +z w

az = aw 0

< aw -

I f  crz > aw an increase in the optimal savings rate w ill raise the 

marginal benefit of T re lative  to L. I f  o < o., the marginal benefit
Z w

of 1. w ill rise relative to T, and i f  the e la s tic itie s  are equal the rela­
tive  marginal benefits w ill remain unchanged.



The indirect population effect is defined by the term A3  (Pi -  D2 )
A

which is summarized by the following table:

ct2 = aw 

a z  <  a w

I t  turns out that while the signs of the components of the indirect 

effect vary with the 0 2 /aw ra tio , they vary in the same way, so that 

the sign of this effect is independent of the re lative  sizes of the

e la s tic itie s  except for the case = aw .

To illu s tra te , i f  az > aw , an increase in the time constraint 

raises optimal S. The higher savings rate, in turn, raises the marginal 

benefit of non-market time relative  to market time, leading to a partial 

reduction of the labor supply at the higher N endowment. I f  az < aw 

the following occurs: the increased time endowment now lowers optimal S. 

This in turn lowers the marginal benefit of market time re lative  to non-

market time, leading to a reduction in the labor supply which again is an

offset to the positive direct effect.

Table 3

Dl _ P2 A3CD1-D2I/



The direct population effect is shown diagrammatically below:

Ila

(D  N2

Each time constraint is a 45° line in L, T. space. The s h ift in the con­

s tra in t (Nj to N2) is viewed as an increase in the T endowment that 

disturbs f i r s t  order conditions, i . e . ,  along line segment A-B the marginal 

benefit of L increases re la tive  to T, leading to an increase in the 

u t i l i t y  maximizing labor supply at point C.

Next, the indirect effect is shown graphically:
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The indirect effect taken place holding aggregate time constant at its  

higher level, ^  I t  causes a rotation of the entire welfare map, defined 

in L, T space, that acts as an offset to the direct effect (C to D). I f  

°z  = aw » t *ien Point c would be the final equilibrium point.

The total population e ffec t, direct plus ind irect, w ill be referred

to symbolically as B ^ . There doesn't appear to be any theoretical reason

why this term cannot be negative, but i t  becomes less lik e ly  the closer

o , and a... z w

Further, the total population effect on the supply of non-market time 

T, symbolically BTN’ could have been derived, and been shown to satisfy:

73) Bln + Bjn = 1 

which must hold because of the time constraint 17.
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Direct Productivity E ffect:

The total productivity e ffect on the supply of market time is:

74) I  D3  (M-N) -  P (DX - D2) ] e ^

A

which is the second term of equation 34. This e ffect takes place holding 

aggregate time constant. Therefore, whatever this effect turns out to 

be, the productivity effect on the supply of non-market time w ill be 

equal to one minus equation 74. Like the population e ffec t, 74 can be 

divided into direct and indirect components.

The direct effect here is the term:

75} D3  (M -  N)

A

Since D3  and A are both negative, the direct effect is positive,

zero or negative as M - N > 0. I f  M exceeds N, the increase in producti-
<

v ity  raises the marginal benefit of market time re la tive  to the marginal 

benefit of non-market time, inducing an increase in the labor supply. 

Diagrammatically:

CL)
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The direct productivity effect operates by disturbing f i r s t  order 

conditions at point A, i . e . ,  rotating the welfare indifference map. I f  

M is less than N the new equilibrium point w ill be closer to the T axis.

By inspection of -M in 31, the increase in productivity alters the 

marginal benefit of non-market time into two ways: 1) The increased con­

sumption endowment raises the marginal product of T in household 

production due to the cross effect 2) the increased Z output lowers Ŵ .

S im iliarly , the term -N describes the change in the marginal benefit 

of market time: 1 ) the consumption benefit is altered because the

increased consumption endownent lowers Z^, and the increased Z output 

also lowers W£. However, there is a partial increase in the consumption 

benefit of market time because the productivity increase raises one of 

the components of themarginal product of L in household production. 2)

The marginal investment benefit fa lls  because the increased investment out­

put lowers Wj. On the other hand, the technological change raises the 

marginal product of L in the production of investment goods, which tends 

to increase the marginal investment benefit.

Through a derivation sim ilar to the one performed for the population 

e ffe c t, i t  can be shown that the sign of M -  N on whether:

76) (gz (gw -  1) -  ( Fft -  SFn > 0

or Ffl -  SF <

There is no a priori restriction on the sign of 76. This conforms 

to the result of the standard labor-leisure model a t the individual leve l, 

where the outcome depends on the substitution and output effects. Before 

analyzing 76, i t  w ill be shown that this standard result can be viewed as 

a special case of 76.



In the individual model in which a ll income is consumed (S = 0), 

equation 76 would become:

Further, welfare is a function of Z output only, with =  ̂ an<1 

Wj = 0 im p lic itly  assumed. This implies that the set of welfare in d if­

ferences curves in the Z, I quadrant is a series of vertical lines:

with equilibrium points occuring only along the Z axis. The indifference 

curves in IV represent a case where the e la s tic ity  of substitution is 

in fina te , because the mrs remains constant along any curve. Setting 

ctw = « means 77 can be rewritten as:

which is the standard result.

Turning to the general case, the second term in 76 is always negative 

and in general less than 1. I t  represents the ratio  of the fu ll or po­

tentia l value of consumption that would prevail i f  a ll time were used in 

the market, re lative to the value of the actual resource base of the

77} 1 > 0 
<

I IV

11 m

>
o Z

78) oz - 1 > 0



household sector, expressed in units of real output* This ratio  equals 

1 i f  either S = 0, or i f  a ll time is spent in the market, F = Ffi . I f  

S = 1 the ratio  is zero.

The sign of the f i r s t  term in 76 is ambiguous. A necessary con­

dition for the direct productivity effect to be positive is ow > 1 .

A suffic ient condition for the direct effect to be negative is

i . e . ,  for the labor supply curve to be backward bending with respect to

the real wage rate.

The two terms of equation 76 can be interpreted as reflecting the 

substitution and output effects, respectively, in the Z, I quadrant.

To show this diagrammatically, the transformation curve between Z and 

I  is derived.

F irs t, diagram I is reproduced again:
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The X* N locus is the market sector production function. The X N 

curve is the transformation of T into consumption at a given savings rate. 

The indifference curves represent the levels of welfare generated by Z 

output only, and are thus mappings of the linear homogeneous Z isoquants 

into units of welfare. As was mentioned e a rlie r , this implies attaching 

different index numbers to each of the isoquants, with the slopes of the 

curves s t i l l  depending on the T/X ra tio  only. The X* N curve is drawn for 

given endowments of K, N and state of technology. The consumption locus 

is drawn corresponding to the u t i l i t y  maximizing savings rate which is 

determined endogenously.

Next map into the Z, I quadrant, starting with point A in diagram I ' .

V

D

W z, I )  

C '

• B1

A1

zmin zmax



Point A corresponds to point A' in diagram V, where the level of Z 

output is Zp and gross investment is zero. Moving up the consumption 

locus in diagram I '  from A to B, both the levels of Z output and gross 

investment rise. In diagram V, this corresponds to movement along the 

transformation curve from A' to B'. Continuing past point B in I ' ,  the 

level of investment continues to rise , but Z output fa lls  until some 

minimum level at point D (D1 in diagram V). At this point the level of 

investment is the highest.

In general, the welfare maximizing point w ill be located somewhere 

on the negatively sloped section of the Z, I transformation curve, such 

as point e, which is another way of showing that maximizing the welfare 

function 0 )  is not equivalent to maximizing the level of Z output.

The transformation curve in V is not unique, but depends on the 

savings rate (holding a ll other factors constant). I f  S had been higher, 

the consumption locus X N in diagram I '  would have been lower. The cor­

responding change that would take place in the Z, I  quadrant is shown



The dotted lines are the new transformation curve and maximum and minimum 

Z values that would prevail at a higher savings rate. In the lim it , as 

the u t i l i t y  maximizing savings rate approaches 1 , the transformation 

curve behaves as follows:

V II

I

(S 1)

.5-''

r .-

V

3 V

fc->

(S  > 0)

As S approaches 1, the transformation curve gets stretched in a north­

west direction, with maximum Z getting pushed down to Z^. The I-Z  curve 

can take on d ifferent shapes depending on what is assumed about the shapes 

of the Z isoquants, i . e . ,  whether they approach the axis asymptotically, 

cut the axis, or turn parallel to the axis.

Since a diagram such as V represents the optimum solution for the 

system at time t ,  i t  can be used to show the impact of the direct pro­

ductivity e ffe c t, because this effect holds the savings rate constant.



Therefore the direct impact of the productivity change in the Z, I 

quadrant at time t  + 1  is shown for the optimum savings rate that pre­

vailed at time t .

The effect of the productivity change is to sh ift up both the market 

sector production function and the consumption locus:

V II I

W(Z I)

max

(the dotted lines represent the new curves after the technological change)

In diagram V II I  point A is the in it ia l  equilibrium point at time t ,  

and point B corresponds to the welfare generated by the level of Z output.

In the Z, I quadrant, this corresponds to point e in diagram IX below.

Diagram IX shows how the productivity change alters the transformation 

curve between Z and I .  Both the maximum and minimum Z outputs are affected 

( i f  the Z isoquants were asymptotic the minimum output wouldn't be affected).



The new transformation curve is given by the dotted line.

IX

I C'

\

w ; '
W(Z,T)

D

max maxmin min'

The derivation of section C' -̂D' on the new curve in relation to 

section C-D on the old curve is unambiguous. At any given level of Z 

output to the le f t  of point H in diagram V I I I ,  the percentage increase 

in productivity raises the corresponding level of gross investment by an 

amount greater than the rate of technological change. To the right of 

point H in diagram V II I  i t  does not seem clear that this must be the case. 

That is , the upward sloping section of the new transformation curve does 

not l ie  as high above its  original counterpart in percentage terms as 

C'-D' does above C-D, and perhaps may fa ll  below, depending on the shape 

of the Z isoquants.
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The point on the new transformation curve w ill now be located at 

which the direct effect is zero, i . e . ,  the labor supply doesn't respond 

at a ll  to the productivity change.

To find this point, hold T constant and determine the corresponding 

percentage increases in I and Z:

79)

80)

I  = Seet F

1 dl _ e 
I

Z = Z(T, X)

*t«1 «  = Zx (l-S )e  ^
2 d t ZX = TTx Q

I f  the direct effect is zero, the percentage change in gross invest­

ment, ^  , w ill exceed the percentage change in Z output, n where it isx x
the share of consumption in household production. This corresponds to 

point f  in diagram X below:

I

\

. f

o ' min ’ min' Ze Ẑ max max



Only the downward slowing sections of the transformation curves are 

shown. Any level of household production greater than on the new 

transformation curve w ill cause the direct effect to be negative. In 

terms of equation 76, ow ^ is a su ffic ien t condition for this to occur, 

independently of whether o > 1. A necessary, but not suffic ien t con-W s
A necessary, but not suffic ient condition, for the new level of Z output 

to be less than Z  ̂ is > 1 , i . e . ,  a positive direct e ffec t.

There are a number of d ifferent combinations of the e las tic ities  

of substitution that produce different results for the direct effect 

(sign of M -  N) . To explore these, le t  Y = Ffl - 5Fn

and rewrite 76 as:

81) a- > Y ___°!vt_
z < i s.-1

Taking derivatives:

82)
d°w
do2

d2 o2  2  V
Assuming 82 determines a locus of combination of d9  and a,

that set M - N = 0. Diagrammatically:
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(m -  N = 0)

<aw>

All combinations of and above the locus make M - N 0. All 

combinations below the locus make M -  N 0. The d ifferent possibilities  

are presented in theifollowing table:

Table 4

1 (1  < < 1 + Y <5. > i ’ ?
!
I- °W -  aw -

a z < aw -

(aw = 1 + Y ) a 2 > ° w +

a z = Ow 0
a z < a w ;

(1+Y < < 1 ) 
1-Y

a > a z w | +

°z  = °w +

1 <  a. < Hv ?

I o  < 1 z
—

( o w >  1 
1 -V

°z > cw +

a z = a w +

1 <  a z < aw +

V < z < 1 ?

(a2)

XI

4 4°

\

t - ) . ' '
1+Y

1
Y

/

/
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Compared to the result o f the standard labor-leisure model, when

1 < a < 1 » o > l i s a necessary but not suffic ient conditionJ N ■ w  ' * °w 1-Y z

for a positive e ffec t. When a > , <̂  > 1 is a suffic ient but not

necessary condition.

Indirect Productivity E ffect;

This effect is shown by the term:

83) ( 1 - 2) (- P) > -o
<

By inducing a change in the savings rate, the increase in producti­

v ity  alters the relative factor endowment of the household sector which 

least to secondary disturbances of the f i r s t  order conditions determining 

optimum L. These disturbances are separate from those caused by the 

direct e ffec t, which holds the savings rate constant. The sign of 

has already been evaluated in equation 72, and indicates whether an 

increase in the optimal savings rate lowers, leaves unchanged or raises 

the u t i l i ty  maximizing labor supply. The term -P indicates whether the 

effect of technological change is to raise, leave unchanged or lower the 

savings ra te .its e lf .

As a result of technological change, the increased consumption in­

puts lowers both Ŵ and Z^, which tends to raise optimal S. On the other 

hand, the increased investment output lowers Wj, which tends to lower the 

savings rate. The sign of -P can be shown to depend on:

84)
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The d ifferen t possibilities are shown in the following table:

Table 5

D1 -  d2 

° z > °w +

( -  P) ( h  - °2) ( - p ) / *

+
0 0

++

This effect is unambiguously positive, except when oz = aw .

I f  az > aw , the productivity change lowers optimal S and the marginal

benefit of non-market time fa lls  re lative to market time. Thus, the labor

supply w ill increase. I f  a < a , then the savings rate w ill increase,z w
the marginal benefit of market time w ill rise relative to non-market time, 

and the labor supply w ill increase again.

The total productivity effect (d irect plus indirect) w ill be re­

ferred to symbolically as . Because this total effect takes place

holding aggregate time constant, the effect on the supply of non-market 

time must be - B^-^.

Direct Investment E ffect:

The total investment effect is the last term of equation 34:

A

At time t ,  the choice of the optimum decision variables Lt  and St  

automatically determines the level of net investment from equation 18:
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18') K = S e t F - U K = S - L e t f - u K

The net increment to cap ita l, in turn, affects the instantaneous 

rate of change in market time.

The sign of the direct investment effect depends on the term:

which, like  the other direct effects , holds the savings rate constant.

I f  C2 -C1 > 0, the increased stock of capital raises, leaves un­

changed, or lowers the marginal benefit of market time relative to non- 

market time. By inspection of element Cg in 31, the consumption benefit 

is lowered at the in it ia l labor supply because the marginal product of 

consumption inputs and the marginal u t i l i ty  of extra Z output both fa l l .  

Also the marginal value of the extra investment output fa lls . However, 

the increased capital also raises fL at the in it ia l  labor supply because 

of the cross e ffec t, which tends to increase both consumption and invest­

ment benefits. shows the marginal benefit of non-market time rising  

because the increased consumption endowment raises Zy, but the marginal 

u t i l i ty  of the extra Z output fa l ls ,  tending to lower the marginal 

benefit of T.

I t  can be shown that the sign of C2 -C1 depends on the term:

where ox is the e la s tic ity  of substitution between labor and capital in 

the market sector production function. When the direct effects of popu­

lation and technological change were analyzed, the disturbance to the

8 6 ) P3(C2-Ci) > 0

A <



f i r s t  order conditions were investigated at the in it ia l  labor supply, and 

the sign of the disturbance indicated the direction of the response of 

the labor supply needed to resatisfy these conditions. However, i t  is 

only in the investment effect that the ra tio  of capital to labor changes 

at the in it ia l labor supply, so that x p a rtia lly  affects how the f i r s t  

order conditions are disturbed. In the productivity e ffec t, the techno­

logical change was Hicks neutral, and in the population e ffec t, the sh ift 

in the time constraint was viewed as an increase in the T endowment, so 

that in both of these cases the K/L ra tio  was in i t ia l ly  undisturbed.

88) (R2 - Ri) + Y(Rj - 1) > 0
<

where

R2  =  « 2 / o x
Y = Fn -  SFn 

R1 = az/°w  Ffl SF

Therefore:

8 9 )  R2 = Y +  (1  -  Y )  R j  

defines the set of combinations of Rj and R2  which sets C2  -  Cj = 0.



Diagrammatically:

X II

1

V

0
R1

All combinations of Rj above the C2  -  Cj = 0 lin e  make the direct 

effect positive. All combinations below the lin e  make the direct effect 

negative.

The d ifferen t possibilities are summarized in the following table:
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R? > 1 Rl < 1 +
R , . l +
R1 > 1 ?

r2 = 1 Rl < 1 +

R! = 1 0

Rl > I -

tHV
CM

O
HV Rl < 1 ?

Rl = 1 -

' R2 ^ V Rx < 1 -

i Rl - 1 -T-

i
1 Rl > 1 —

I f  ox is very large (R£ very small) i t  becomes more lik e ly  that 

the direct effect w ill be negative because the marginal benefit of L in 

the welfare function is Wz Zx ex t f  (25), and f  would tend not to in­

crease by an amount large enough to offset the decline in the other 

components of 25.



54.

Indirect Investment E ffect;

This effect is represented by the term:

90) C3  (D2  -  02) >o
-  ^

Like the other indirect effects, i t  is the induced change in the 

savings rate that further alters the re la tive  marginal benefits of T and 

L by affecting the factor endowment of the household sector. The term 

Dj -  has already been discussed. Whether an increase in capital 

raises, leaves unchanged, or lowers the savings rate depends on whether 

C3  > 0 , The sign of C3 , in turn, depends on:

91) _£fl. ( 1  —) ^  0

F CTw <

In tabular form:

Table 7

Oz > CTw

° Z  =  CTW 

CTZ <  CTW

I f  cr < ct » net  investment w ill raise the savings rate , the mar- 
z w

ginal benefit of L w ill rise re lative  to T, and the labor supply w ill

increase. I f  CT > 0 , the savings rate fa l ls ,  and the marginal benefitz w
of T fa lls  re lative  to L, again raising the labor supply.

The total investment effect w ill be referred to As B .
LK

C3 ( D1 - d2) c3(d1 -  d2 )/

+ +

0 Q 0

+ +
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92) L = Bln N + Bl A + B1X K = BLN ent R + B ^  K

where each of the slope coefficients contains both direct and indirect 

components.

C. Savings Functions;

Like the labor supply function in 92, the change in the optimal 

savings rate also depends on the s h ift in the time constraint, techno­

logical change and net investment. Whether these three variables raise 

or lower optimal S depends on how the f i r s t  order condition 20c is 

disturbed a t the in it ia l savings rate.

20c) s = e et F(Wj -  Wz Zx) = 0

Diagrammatically, the own marginal benefit schedule of the savings 

rate is:

X II I

with the slope of the curve = Dg < 0. I f  the effect of any one of

these variables is to raise S, the schedule shifts to the right.



Using Cramer's rule, the time derivative of the savings rate is:

931 9 = f  CA 1 - A2 )B3 + CB2 '  B1>A3 3 e " t  M +

eT
I (M-NJ (A3  -  B3) -  (Ax -  A2)P -  (B2  -  BjJP ] e <*, +

[ (Aj -  A2 )C3 + (b2 -  BjlC3 + (C2 -  CjJCAj -  B3) ] K

where each bracketed term reflects the population, productivity and 

investment e ffec t, respectively.

Population O ffice:

This effect is the term:

94} [ (Ax -  A2 )B3  + (B2  -  Bj)A3  ]

A

We shall f i r s t  concentrate on the f i r s t  term of 94 alone:

95) ( Aj - A2 )B3

A

I t  has already been established that when k  ̂ exceeds Ap a s h ift in

the aggregate time constraint w ill raise the labor supply via the direct

effect of equation 35. Element B̂  can be regarded as the s h ift parameter

in the savings marginal benefit schedule due to the population induced

increase in the labor supply. That is - -Vs ■ = Bo.
aL 6

By examination of B3  in 31, i t  is seen that the increased market 

time tends to lower optimal S because of the fa ll  in the marginal u t i l i t y  

of the extra investment output. Working against this is the fa l l  in the



marginal u t i l i t y  of the extra consumption output which tends to raise S. 

The increased labor supply w ill raise, leave unchanged or lower the saving 

rate as B3  > q , which depends on:

r  ~! ! . >
96) . F(! -  F 1 -  -  *  0

! '  T— ,  ■, «•„ , . <

In tabular form:

Table 8

B 3

a z >  crw -

b111b 0z  w

a z  <  a w
+

Although the increase in the time constraint must raise L through 

the direct affect on market time, the induced s h ift in the marginal 

benefit schedule of S may go in either direction.

The second part of the population effect on the savings rate is 

the term:

97) (B2  -  V A 3

A

The sh ift in this time constraint also has a direct effect on the 

supply of non-market time T. The population induced change in the supply 

of T, in turn, acts as a sh ift parameter in the marginal benefit schedule 

of the savings rate, i . e . ,  avs. _ .



Using Cramer's rule, the direct population effect on the supply of

T can be shown to be DjCEJj -  B2) , so that a necessary condition for
_____

this effect to be positive is B2  -  Bj < 0 .

The sign of B2  -  Bj depends on:

98) -  [ Ri + R2 ( I t J L )  ] + V (Ra -  1) 1  0

= o /<L V = F» -  SFfl
1  z / ^  Fq - S F

R2  = o2  ox n f LL f l L + f kK

which can be rewritten as:

99) VRj > Rj + (1 ^ 1 )R 2 + Y
<  Tf

Because Y, in general, must be less than 1 the following holds:

100) YR2  Ri  + 1̂R2  + Y

Therefore, the direct population effect on the supply of T is

unambiguously positive.

I t  remains to show whether the increased T endowment raises, leaves

unchanged or lowers the savings rate, i . e . ,  Ao > 0 , which determines the
<

sign of 97, By inspection of A3  in 31, the increased T raises the 

marginal u t i l i t y  of consumption by the cross effect on Zx, tending to 

lower S, Working against this is the fa l l  in the marginal u t i l i t y  of the 

extra Z output, which tends to raise S. The sign of Â  has already been 

shown to depend on:
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Combining Table 8  with Table 1;

Table 9 A3 B3

az > aw + -

az = CTw 0 0

CTz < aw +

I f  az = aw the sh ift in the aggregate time constraint has no

impact at a ll on the optimal savings rate. I f  az aw , the effect

Is ambiguous. I f  a2  > aw , both T and L rise due to th e ir own direct

effects , with the increased labor supply tending to lower S and the

increased T tending to raise S. I f  az < aw , both T and L rise again,

but here the increased labor supply tends to raise S while the increased

T tends to lower S.

The population effect on savings is an indirect effect only because

i t  affects the optimum condition 20c by induced changes in the L and T

endowments. Symbolically, this effect w ill be referred to as B_...
SN

Direct Productivity Effect:

1 0 1 }  [ ( M - N ) ( A 3 - B 3 )  -  A i - A 2 ) P  -  (B2 -B i) P]
A

which holds the aggregate time constraint constant.

The direct component is:

102) [ ( A i  - A 2 )  +  ( B 2  - B j )] ( -  P) > 0
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The direct effect takes place holding absolute L and T constant as 

well as aggregate time. The term -P represents the s h ift parameter

affecting the marginal benefit curve in X I I I ,  i . e . ,
* t

P.

By inspection of this element in 31, the Hicks neutral technological 

change lowers the marginal u t i l i t y  of consumption by lowering both and 

Z^, raising optimal S. The marginal u t i l i t y  of the extra investment out­

put is also lowered, Wj-, which tends to lower S. The sign of the direct 

effect depends on the sign of -P, which has been shown to depend on:

84) ow > 0

Table 10 -p

az ><*w
-

°Z = aw 0

°z  < aw

Indirect Productivity E ffect: 

The indirect component is:

103) (M - N) (A3  - B3) > 0  

<

The technological change alters the composition of the given 

aggregate time endowment between market and non-market tim e,. a t the 

in it ia l  savings rate. This has already been shown to depend on the 

sign of M -  N. For example, i f  M - N > 0 , the labor supply w ill 

increase, via its  own direct productivity e ffect. The effect of this  

induced change in the composition of the aggregate time endowment on



the savings rate depends on the sign of A3  -  B3  ,

From Table 9 i t  can be seen that A3 and B3  must have opposite signs, 

except when az = ctw . One possib ility is that A3  > 0 and B3  < 0  , 

which means an increase in non-market time T raises the savings rate 

while and increase in market time L lowers the savings rate. I f  the 

productivity change happens to raise L and lower T absolutely (M-N > 0 ), 

then the savings rate w ill f a l l .  I f  A3  < 0 and B3  > 0 , then the same 

direct productivity effect on the composition of aggregate time w ill 

ind irectly  raise the savings rate.

There are a number of d ifferen t outcomes possible, depending on 

the re lative sizes of the e la s tic itie s  of substitution. These are 

summarized in Table I I  below:
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Table I I

M-N

The M ~ N column is reproduced from Table 4, with the addition of

the last three rows where ow < 1 . A3  - B3  is determined from Table 9.

There are only two defin ite  cases where the indirect effect is positive. 

Whenever oz = ctw , the direct effect is zero.

The total productivity effect on the savings rate w ill be referred 

to as Bŝ  ,
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Direct Investment E ffect;

The total effect of net investment on the savings is given by the

term:

104) [ (A1 -A2 K 3  + ( B2 -B1 ) C3  + (C2 -C1 ) (A3 -B3 ) ]

A

which holds the aggregate time endowment constant. Its  direct component 

is:

1051 [ CAi-A2) + (B2-Bi ) ] c3
A

and like  the direct productivity e ffec t, the composition of the fixed 

time endowment between market and non-market employment is also held 

constant.

The sign of this term depends on the sign of C3 , which is the sh ift

parameter of the marginal benefit schedule in X I I I ,  or — -  = C o .
3 K 3

Inspection of C3  in 31 reveals that a net increase in capital lowers the 

marginal u t i l i t y  of the added consumption output by lowering both and 

Zx, thus raising the saving rate. The marginal u t i l i t y  of the added 

investment output is also lowered, tending to lower the optimal S .

The sign of C 3  has been shown to depend on:

* 9 1 ) fCL ( 1  -  ) >  0
F w <
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In tabular form:

Table 12 c3

o z  >  o w -

o „  = 0 . , 0z w

° z <  °W
+

Indirect Investment E ffect:

106) (Ca -  Ci A3- B3)

This effect operates by changing the composition of the given time 

endowment between T and L. I t  has already been shown that the sign of 

C£ -  C-j determines whether the direct impact of net investment on the 

labor supply is positive, zero or negative. This depends on:

V  " r  1
8 7 )  ' q z ( ° w  ° x )  FP ~ S . Ffl Qz -  Qw >  0

L ° *  °w . Fn -  s F /  ... °w _ <

The sign of A3  -  B3 , in turn, has been shown to determine the change 

in the f i r s t  order condition 2 0 c, due to the changed composition of aggre­

gate time. I f  A3  - B3  > 0 , then an investment induced increase in the 

share of total time in market employment w ill lower the optimum savings 

rate. I f  A3  - B3  < 0, then the same change in the division of total time 

between T and L (via the ir own direct investment effects) w ill lead to an 

increase in the savings rate. The various possib ilities are sunmarized 

in the following table:

(
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Table 13 

C2  -  Ci A3  -  b3 CCg—Cl) (A^-Bg)
IS

K2  > 1 R2 < 1 + - +
- 1 + 0 0

> 1 ? + ?
R2  = 1 R2  < 1 + - +

-  1 0 0 0

> 1 - +' +
X < r 2  < 1 R 1  < 1 ? - ?

-  1 - 0 0

> 1 - + +

r 2  £  y Rr < 1 - - -
-  1 - 0 0

> 1 - + +

The only defin ite conclusion is that when oz = ow , there is no

indirect effect onthe savings rate sp illing  over from the direct impact

of investment on the composition of total time. Symbolically, the total 

effect of net investment on the savings rate w ill be referred to as

F inally , the savings function of 93 can be rewritten as:

107> S = bsn " + BSe *  + Bsk *

-  bsn ntntBs e6t + Bs k *



Empirical Section



EMPIRICAL SECTION: GROWTH MODEL

I*  Labor Supply

In testing the functions derived in the theoretical section the labor 

supply equation was written as follows (in  log form).

1) In 0 = rjw lnw + Tjr ln r + U

w = real wage

r = real return to capital

U * stochastic component

0  = participation rate (males only)

tj = e la s tic ity  of 0  wrt factor prices

In the model population was assumed to grow exogeneously, technical 

change was exogenous and the stock of capital at any time was a result 

of past accumulations and could be considered as independent of current 

u t i l i t y  maximizing behavior (although not independent of past behavior).

Assuming the market sector production function to be linear homo­

geneous means both the real wage and the return to capital depend on the 

capital-labor ratio only. The capital labor ra tio  can be written as:

2 ) _ K _ K . N = K
L " L N 0

where R -  absolute amount of capital

L = absolute amount of labor

N = absolute amount of population 

K = per capita stock of capital 

0  = participation rate



So that the independent variables in 0 1  are correlated with the k 

ra tio , which is correlated with 0  and therefore the disturbance term. 

Thus performing OLS on equation (1) would lead to biased estimates.

The market sector production function can be written as

3) X* = F(Le , Ke ' )

X* * aggregate output

K, L = nominal factor units

exogenous rate of technical change assumed for each 
1 factor

The relationship between the real wage w and the effective capital 

labor ration k* can be expressed as

4 ) In w = i t  + In k*

where = share of capital in real income

a = e la s tic ity  of substitution between labor and capital 

k* =* effective capital -  labor ration

^  = 0 i f  technical change is Hicks neutral 

Expanding (4) and using equation 5

6 ) In w = A In K -  / rj ln r 1 Aat 1 A i *  " A Ur

I  Jlk i
‘ H i

Similarly the return to capital can be expressed as
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7) In r  = “ ~ ~  In k*

and expanding

8 ) In r = B In K + Br^ Inw -  Bat + B 2t + B U

( B =  — ^ — >9 ~ S< T) r

Equations 6  and 8  represent 2  simultaneous equations with 2  endogenous 

variables, lnw and In r. Solving equations yields:

i I
9) lnw = (wk In K + '' t  + U*

W

P
ln r = Drk In K + r t  + V*

Explanation of the Coefficients:

Equation 9 represents the reduced form solution for equilibrium  

factor prices given the state of technology and per capital stock of 

c a p ita l.

1. Cwk -  effect on the equilibrium price of labor of a change in K: 

(per capita stock).

Cwk = A(1 + ~nr B)
1 + T)W AB

This takes into account a ll secondary adjustments on the price of 

labor stemming from the cross effects of a change in the price of cap ita l.

P
2 .  ̂ = effect of exogenous technical change on the price of

labor:
.„cwk ♦ U S T M - ^ r - f r u )

W 1 + A B rr  nw
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3. Drk = reduced form effect of a changed per capita stock of 

capital on the return to capital:

Dr k = B( At1w ~ 0
1 + W  A B

4. I * r  . = effect of technical change upon the return to capital

P  r -  a Drk + Sk A 1 + SL B 2)
1 + A B r)r r)w

The procedure followed was to estimate equation 9 and use the predicted 

values of Inw Inr has instrumental variables, independent of the distur­

bance term, in the labor supply function ( 1 ) .

Estimating the Instrumental Variables 

A) Wage ra te :

An OLS regressing of lnw was run upon time and the per capita stock 

of capital (equation 9):

1. l r  w = - 7 . 6 6  -  .018t + 1.45 In K

(-5 .3 ) (-2 .8 ) (8 .2)

r 2  = 98.1

DW = .67

2. Autocorrelation Estimate:

In w = -  .96 + .003t + .64 In K

(-.4 1 ) (.41) (2 .3)

r 2  = 98.8

DW 2.33
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Return on Capital:

OLS on time, per capita stock of capital

1. ln *r = 6 . 6 6  ♦ .002t -1.01 In K

(1.1) (.04) (-1 .4 )

r 2  = 74.7

Dw = .76

2. Autocorrelation estimate:

In r  = 5.65 + .008t -  .895 InK

(.49) (.23) (-.6 5 )

r2 = 77.5

Dw = .93

C = .65

The autocorrelation estimates were performed on the factor price 

equations because the low values of the Durbin-Watson s ta tis tic  led to 

the acceptance of the hypothesis of positively autocorrelated distur­

bance terms, at the 5% and 1% levels of significance. The acceptance 

of the hypothesis of a f ir s t  order autoregressive scheme implies the 

following functional relationship between current and lagged disturbances:

v t  =  v t - i  +  n

0  < < 1  = autocorrelation coefficient

= random component 

E CEt , Ej. -  s) = 0 for S f  0

= 0 2  S - 0



Although OLS would lead to unbiased coefficient estimates, i t  can 

be shown that the sampling variances of the estimates would be under­

estimated, depending on the degree of autocorrelation in the independent 

variables. In economic time series data i t  is much more lik e ly  that 

the explanatory variables would be seria lly  correlated than randomly 

distributed.

Given the specification of the disturbance term the procedure 

followed was to transform the data in a two-stage process so that the 

disturbances, transformed, would be homoscedastic and OLS could be 

performed.

Representing the factor price equations symbolically as:

Yt  = A + bxt  + Vt  Vt  = + et

Yt- 1  = A + bx W  + Vt - 1  

a subtraction of the lagged observation yields:

Yt = A -  a + Y{-_] + bX-j. -

so that an unbiased and e ffic ie n t estimate of could be made. Then

substituting this estimate into the form:

Yt  = Yt - 1  = a^1- ) + b ( xt  " Xt - l )  + 6t

enables OLS to be performed because a ll of the conditions of the general
✓A

linear model are satisfied . The estimates a and b are the autocorrelation 

estimates obtained for the factor price equations.

Turning to the labor supply equations, three types of regressions 

were performed for each age group for comparative purposes.



72.

(1) OLS on original factor prices (no instruments]* In general this 

method yielded the poorest results in terms of the significance

of the coefficients, and the correlation coeffic ient. In addition 

autocorrelated disturbances were usually indicated.

(2) OLS performed on instrumental factor prices. This was done in order 

to eliminate the bias in the estimates due to the correlation be­

tween the independent variables and the disturbance term, which 

stems from the structure of the model. However autocorrelation was 

usually indicated.

(3) An autoregressive procedure, as described above, was performed, using 

instrumental variables. In most cases this las t method produced 

superior results. Following are results of these regressions for 

each age group considered. An alternative estimating form was used 

on each age group in order to separate d is tin c tly  the effects on 

labor supply of changes in the per capita stock of capital and 

technological change.

The 3 equations used were:

1) In 0 = t)wl rw + ln r + U
P

2) In w = Cwk In K + wt  + U A

3) In r = Drk In K + r t  + V*

By substituting 2 and 3 into equation 1:

4) lnw = (r^ Cwk + qr Drk) In K + (T)w w *  r^ P ,.) t  + w*

lnw = In K + r^t + w*

So that represents the effect of K upon labor supply taking into

account its  impact on both factor prices and the labor supply response 

to both price changes. Both OLS and autoregressive estimates were made.
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Summary of Results:

25-34 The r^ increased as a result of the autocorrelation

procedure and the value of the D. W. s ta tis tic  

increased. The capital effect negative and signi­

fic an t, technology effect negative and insignificant.

35-44 Decline in r^ using autocorrelation, negative tech­

nology e ffec t, positive but insignificant capital 

e ffec t,

45-54 Improved r^ and significance of estimates as a result

of correction for autocorrelation. D. W. close to a 

value of 2, Technology effect negative, capital 

effect positive.

55-64 Higher r^ and significance of estimates using auto­

regressive transformation. Technology impact negative 

and capital impact positive.

65 Same comments as 55-64.
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Summary of Results:

25-34 Method (3) resulted in highest r2 , and significant

estimates. The wage rate exerted a negative effect 

and the return to capital a positive e ffec t.

35-44 Method (3) yielded highest r3  and significant co­

e ffic ien ts . Wage rate negative and interest rate 

positive effect.

45-54 Method (3) highest r^ but coefficients not s ig n if i­

cant. A negative significant wage effect was obtained 

in Method (1) at the 5% leve l, but the D. W. was very 

low. Also a positive interest rate estimate occurred

in Method (2) ,  but again the D. W. s ta tis tic  was low.

55-64 Same comments apply as 45-54 group.

65 Method (3) lead to a lower r 2  than Method (1) .  D. W.

inconclusive and a positive interest effect at the 5% 

leve l. Wage rate negative and insign ificant, although 

very significant using method ( 1 ).
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Table 1

Participation Rate 25 - '3 4 '(Log Form)

(1) (2 ) (3)

OLS -  No 
Instruments 

Used

OLS
On

Instruments

Autocorrelation 
Estimate on 
Instruments

Intercept
t 4.65

133.5
4.63

104.5
4.79

134.4

lnw
t -.005

-.48
.007
.51

-.031
-3 .3

Inr
t .029

3.06
.052

4.03
.041

6.5

DW
■a

76.5
.52

85.3
.66

98.1
2.21

.5

Best results were achieved in Method 3 in terms of 
significance of coefficient r2 and value of DW.



Table 2

Partic ipation Rate 35 - 44 (Log Form)

(1) ( 2 ) (3)

OLS -  No 
Instruments

OLS - 
Instruments

Autocorrelation 
Estimate with 

Instruments

Intercept
t

4.74
107.5

4.75
98.1

4.79
159

lnw
t

-.036
- 2.68

-.025
- 1 .6

-.037
-3.98

lnr
t

.002

.17
.030

2.12
.024

2.94

r 2

DW
68.3

1.21
85.8
2.45

91.8
.90

-.40

o
Method 3 yielded highest r  and significance of 
coeffic ient, although DW was low.
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Table 3

Participation rate 45 -  54 (Log Form)

(1) (2) (3)

OLS -  No OLS -  Autocorrelation
Instruments Instruments Estimate

 .................................................   Instruments

Intercept 4.81 ' 4 . 8 2  - 6 . 9 9

t  65.4 69.4 -1.65

lrw
t

-.046
-2.06

-.029
-1.3

.047
1.09

lnr
t

.024
1.2

.068
3.4

.008

.5

72.4
.58

90.5
.80

96.5
1.83
1

Method 3 -  highest r^ and improved DW, but 
significance of coefficient low.
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Table 4

Participation Rate 55 -  64 (Log Form)

Intercept
t

lnw
t

ln r
t

r 2

DW
Acu

( 1 )

OLS -  No 
Instruments

5.24
23.3

-.166
-2 .4

.029
,49

68.4
.45

( 2)

OLS -  
Instruments

5.11
21.8

-.064
-.85

.20
3,01

86.6
.79

(3)

Autocorrelation
Estimate

Instruments

-37.66
-2.7

.24
1.68

.009

.16

95.4
1.34
1

Method 3 -  improved WD and highest r^, but low 
significance of coefficient.



Table 5

Partic ipation Rate 65 (Log Form)

(1) (2) (3)

Autocorrelation
OLS - No OLS - Estimate with

Instruments Instruments Instruments

Intercept 8.28 7.32 5.31
t 2 0 10.3 2.97

lnw - 1 . 1 1 -.73 -.29
t - 8 . 8 3.2 -.70

lnr -.06 .36 .39
t -.49 1.73 2 . 1

r 2 95.0 91.2 94.1
DW .87 .57 1 . 1 1

- - .7

This was only case where Method 3 did not produce 
highest r2, although DW improved.
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Table 6

Partic ipa tion  Rate 25 - 34

( 1) (2 )

Autocorrelation 
OLS Estimate

Intercept 4.30 5.13
t  24:9 21.7

Ink .035 -.07
t  1.65 -2.28

T -,003 -.003
t  -3 .4  -.40

r 2  .085 93.5
DW 1.06 1.46
^  -  .725

Significance of 1 coefficient f e l l ,  but r 2  and 
improved.

i



Tahle 7

Partic ipation Rate 35 - 44

( 1) ( 2)

OLS Autocorrelation
Estimate

Intercept 4.31 4.35
t  23.8 14.9

Ink .034 .029
t  1.54 .82

T -.003 -.003
t  -3.4 -2.1

r 2  86.2 85.8
DW 2.34 2.06A. O

An improved DW was the only real result of 
the second method.
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Table 8

Participation Rate 45 -  54

( 1 ) ( 2 )

OLS Autocorrelation
Estimate

Intercept 3.95 3.30
t  25.5 12.9

Ink .076 .15
t  4.0 5.0

T -.006 -.008
t  - 8 . 1  - 8 . 0

r 2  96.8 98.1
DW 1.16 1.92
& -  .05

Better DW and higher r^ .
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Table 9 

Participation Rate 55

(1)

OLS

Intercept 2.43
t  4.0

Ink .25
t  3.4

T -.017
t  - 6 . 2

r 2  94.0
DW .81

Higher significance of coefficients and 
Better DW.

64

(2 )

Autocorrelation
Estimate

-1.15
-1.7

.68
8.6

-.03
- 11.8

98.7
2.35

.13

higher r2.
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Table 10 

Participation Rate 65

( 1) (2 )

OLS Autocorrelation
Estimate

Intercept 12.98 -7.61
t  3.5 -2.1

Ink -1.13 1.33
t  -2 .5  3.0

T .005 -.06
t  .29 -4 .

r 2  89.4 97.7
DW .50 2.37
' I  -  .51

Higher significance



I I .  SAVINGS RATE

Next estimates of the savings function were made. The savings 

function was written in i t ia l ly  as

Ins = tjsw lnw + rjsr In r lw

F irst regressions were run on factor prices using OLS and a 

correction for autocorrelation.

Summary of Savings Function Estimates:

As a result of an autoregressive transformation both the r^ and 

significance of the estimates improved. The wage and interest rate 

impacts were both positive, with the wage effect larger. When OLS 

and then an autocorrelation procedure, were performed using instrumental 

factor prices the significance of the estimates increased further, as 

well as the r^. The D. W. also improved.



Savings Rate

0 ) (2)

OLS Autocorrelation
Estimate

Intercept .92 - 2 . 2

t 1 . 6 - 1 . 8

lnw .41 1 . 1 2

t 2.4 4.03

lnr .24 .32
t 1 . 6 2.7

r 2 35.1 79.5
DM . 6 6 1.3

The correction for autocorrelation raised significance 
of coefficients, and the r2, as well as the DM s ta tis tics .



Savings Rate

( 1 )

OLS -  
Instruments

( 2 )

Autocorrelation 
Estimate with 

Instruments

Intercept -.52 -1.84
t - . 6 8 -5 .0

lnw .83 1.15
t 3.4 10.4

lnr .49 .57
t 2 . 2 6 . 2

r 2 57.3 93.3
DW 1.5 1 . 8

- 0

Instrumental variables gave better resu lts .in  both 
methods compared to the original factor prices. The 
autocorrelation estimate raised significance levels 
and the r2 noticably and the DW was close to 2.



An alternative form was estimated in terms of the per capita stock, of 

capital and time, in a manner sim ilar to that used in the labor supply 

function, so that given

1 ) Ins = t}sw lrw + t]sr ln r

using the factor price equations we obtain

2) Ins (rjsw + T)sr Dr |,,) IrK + (t) swJ ^  rjsr | (r ) t

ins = r)sk IrK + rjst t

which separates out the influence of technology and changes in capita l.

Both OLS and autocorrelation were run:



SaVihps Rate

(1) (2)

OLS Autocorrelation
Estimate

Incercept 3.6 -14.9
t  1 . 0  - 2 . 2

Ink -.16 2.06
t  -.38  2.6

T .01 -.05
t  .9 -2 .0

r 2  33.1 71.5
DW .99 1.09

.45

Although autocorrelation correction improved the results 
using instruments seems preferable.



Growth model, assuming constant e las tic ities  

in the labor supply and savings functions.



In the standard one sector growth model with Hicks-neutral technical 

change, the capital-labor ra tio  w ill grow at a constant rate only i f  the 

e la s tic ity  of substitution between capital and labor is = 1 ) setting

°LK “ * 1 5  a necessary and su ffic ien t condition for the growth rate 

to be stable and unique. In that model, i t  is assumed that the savings 

rate remains constant, and that the labor supply grows at a fixed rate 

(or that the market share of total time remains fixed .)

With the assumption of Hicks neutral technical change and an endogen­

ously determined savings and participation ra te , relaxing the assumption 

that cr^ = 1 means that the k ratio  could grow at a constant rate only 

I f  the savings rate increased or decreased continuously. For example, 

i f  < 1. not only would the savings rate be changing (S f  0 ) , but the
•"X'

rate of change its e lf  would have to be increasing (dS > 0) in order that
cHf

the k ratio  grow at a fixed rate in equilibrium.

Because the above rate is unrealis tic , I retain the assumption that 

= 1  and further assume that in equilibrium the savings rate does re­

main constant. Thus = 1 s t i l l  remains a necessary condition for 

s ta b ility  but i t  is no longer a suffic ien t condition. This is because 

when the system is in disequilibrium, i . e . ,  when the actual growth rate

of the k ratio  (k ) d iffe rs  from the long run growth rate (k * ) , the

savings rate is changing at a non-zero rate , S f  0. There is no 

guarantee that as b ^  , s w ill approach zero. This depends on the 

sizes of the coefficients in the labor supply and savings functions.

When the market sector and non-market sector production functions 

are written in intensive (per capita) form, and the Lagrangian is maxi­

mized we obtain percentage change in the participation rate:
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n  ’?  = nLK + Ilk k
percentage change in the savage rate:

2> s' - V  + V  T

where the n's refer the e la s tic itie s  of 0 and S with respect to techno­

logical change (v) and changes in the per capita stock of capital (K). 

The changes in these growth rates are:

3 \  d p ^  d lT
3 )  ~ d t  = t 1 l k  s r

4} dS dK
dt =T1LK dt

Because the change in the per capita stock of capital (K) equals 

the change in the absolute stock of capital minus the exogenous rate 

of change in population (K -  R), .

The growth rate of the capital labor ratio  is:

5) k = K - L  = K - ft 

and the change in this growth rate:

«) U - ’Ilk) -

I t  can be shown that the change in the growth rate of the absolute 

stock of capital can be written as:

7) = (S +C -  it k)

where 6  = the percentage rate of gross investment 

it = share of labor in real income
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In the standard model, the participation rate is constant 

0 \ k  = *= 0 ) , and the savings rate is constant (t^ = rjsk » 0 . Thus,

equations 6  and 7 can be rewritten as:

ft! 4L «
8) dt " dt

9) s G K  - nk)
dt

In equilibrium the growth rate of the k ra tio  remains constant, and 

to solve for this rate set = 0 :

*—  r —'

10) = G ( ^  - nk )

or

1 1 ) k* = ^

In order for this growth rate to remain constant, n , the real 

income share of labor, must remain constant, requiring that aLK = 1 .

This rate k* is easily shown to be stable, since for any k < k* ,

—  < 0  and for any k > k* , —  > 0  . 
dt dt

In order to examine the s ta b ility  of k* in the general case, the 
d2 k̂

sign of w ill be evaluated.

From equation 6 :

12) = 1 -  r w )  d£K
dt2  LK dt2

and using equations 4, 6  and 7:

i l l  d2k -  M r, \ dK 1  /'dk") + G * ;
13) ^  ^  “ V  3 t G 3t . '  j
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I '
where j is defined as:

14) ' ' ■ nsk -  « ( i  -  >i Lk)

I f  k > k* and ^  < 0, s ta b ility  requires that the second derivative 

may be positive, in order that k fa lls  asymptotically towards k*. 

Inspection of equation 13 < 0  is a suffic ien t condition for th is .
/-V /

I f  k is in i t ia l ly  less than k* and rising, s ta b ility  requires the 

second derivative to be negative. Here| 1 < 0  is a necessary condition 

for this to occur. Thus, one result is that j '< 0  seems to lead to
r - r

s ta b ility  from above and below the long run growth path. I f  > o , 

there may be in s ta b ility  when k > k* , in the sense that k w ill fa ll  

past k* ; when k is less than k* there w ill definately be in s ta b ility  

in the sense that k w ill rise past k* . All of these results hold 

even assuming a|_K = * •

There are two issues that have been glossed over thus fa r. The 

f i r s t  has to do with the behavior of the savings rate when the system

is not in equilibrium. The second is what guarantees that when k > k* ,
d R ^> o and that when k > k*, dk > 0  , as was assumed in the previous
dt
example.

To examine the savings rate during disequilibrium, return to the 

defin ition of the change in the growth rate of the absolute stock of 

ca p ita l:

15) 5F = 6  (S + “ >

By substituting in equations 1, 2 and 5 and rearranging terms:
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t
16) . -  G (X -  K* 1

where K* is the rate of change in the per capita stock of capital that 

prevails in equilibrium:

17) 'k* - 1-LJtW 8 + * V i
I

and K is the actual rate of change in the per capita stock of capita l.

When the grov/th rate of the capita l- labor ratio  is constant K + K*, 

and by assumption the savings rate w ill also remain constant. That is:

18) S* = t)s + rjsk K* = 0

is a constraint which is imposed to make the model more re a lis tic . 

Therefore equation 2 can be written as:

19) S = r)s +T,sk K + q sk K* - r j sk K* = T!sk ( K - 1 * )

which shows that the savings rate changes only when the system is in 

disequilibrium.

Equation 19 can then be used to show the relation between rate of

change in the k ratio  (K) and the slope of the accumulation path. Since

equations 15 and 16 are identical:

20) S + -  tik = j 1 (K -  K*)

and because of the constraint of equation 19:

2D  t ] s k  ( T -  K*) +  ( 1  -  )  =  P ( K  -  K * )

 ̂ J fwhere k* = —
IT

After rearranging terms:
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2 2 ) OC -  K*) =
TlLK

The slope of the accumulation path is defined as:

23) £  -  ( 1 - H i r 11^ 16 i 7 - 7 t )

and substituting in equation 2 2 :

24) $  s G ; (k _ k*

Thus]^< 0 becomes a necessary condition for the actual growth rats 

to fa l l  from above ( its  equilibrium rate) or to rise from below, when

the constraint S* = 0 is imposed. This d iffers  s ligh tly  from the

e a rlie r  result that* < 0  is a su ffic ien t condition for the actual growth 

rate to fa ll  from above .

To determine what is happening to the savings rate as k approaches 

k* , write:

dS dK _ r ! ty
25) dt = ̂ sk dt " ^ k  G “ K >

and using equation 19:

26) dt = S G f  

Therefore, i f  < 0 , then any positive rate of change is S must beI
diminishing and any negative rate of change must be increasing, as k k*. 

Further these changes in the percentage rates are asymptotic, which can 

be seen by taking the second derivative:

d2S -  ^
27) - j p -  -  (G ) 2  S



Note that a ll of these results hold independently of whether rjs  ̂ > 0 , 

or t, > 1, as long as < 0  , In the standard model, where iqsfc and 

are assumed zero, = -  n, and is automatically negative.
r*

Lastly the implications of > 0 w ill be mentioned. The s ta b ility

of the growth path was shown to depend on the sign of the second deri- 
d2kvative (equation 13). This expression, however, was derived with­

out placing any constraint on the equilibrium rate of change in s (S*).  

With that constraint, the slope of the accumulation path was derived in 

equation 24, which enables us to write:

d*k _ G_ l _  + G dk
28) ^  i -  ^  d+

PI f  i > 0  and k > k*, the slope of the accumulation path is positive. 

The sign of the second derivative is ambiguous, but even i f  k is in­

creasing at a diminishing rate, i t  is impossible for i t  to reach a maximum
dkand fa ll  back, since = 0 only when k = k* . Thus the spread be­

tween k k* must always widen. The savings rate would also be unstable 

since, from equations 26 and 27, a positive rate of change in S wi l l  be 

increasing at an increasing rate (and a negative rate of change would be 

fa llin g  at an accelerating ra te ).

To summarize, the standard one sector growth model, with Hicks 

neutral technological change, constant savings and participation rates, 

was compared to a model in which the savings and participation rates 

were determined endogenously. In the former case, = 1  is a necessary 

and suffic ient condition for the s ta b ility  of the long run rate of growth 

of the long run rate of growth in the k ra tio . In the la tte r  case, the
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constraint was imposed that when the k ratio  is  growing at a constant 

rate , the savings rate remains constant. Then aLK *  1 becomes a neces­

sary condition for s ta b ility , but i t  is no longer su ffic ien t. This is 

because the sizes of the coefficients in the labor supply functions 

determine the time paths of these variables. S ta b ility  is assured when 

| 1 < 0  , and in s ta b ility  assured when > 0  . The standard model can be 

regarded as a special instance of the general case when' ' = -  tr .



Here, the extension is made to the case of Harrod neutral techno­

logical change, where i t  is shown that the same c rite ria  for s ta b ility  

applies as in the Hicks neutral case. That is , when is defined as 

-  n ( 1  -  , as in the e a rlie r paper, ' < 0  is a necessary con­

dition for s ta b ility .

I  assume that Harrod neutral technological change takes place in 

both the market and non-market sector, so that:

^ 1  = rate of technical change in market time

^ 2  = rate of technical change in non-market time

^ 3  = rate o f technical change in capital

^ 4  = rate of technical change in consumption inputs

The labor supply function becomes:

1) 0 * 1 + TlL2 2  + ^1.3 3  + L4 4 + ^Lk K

and the savings function:

S Tls le l +' ^s2 2 + r‘s3 3 + 1ls4 4 + ^ s k ^  

where the n's are the e la s tic itie s  of 0 and S w.r . t .  technological 

change and the per capita stock of capita l.

Equation 1 can be written as:

3) 0 -  ^  + >)LK K

where is a (1 x 4) row vector of coefficients, and vl is a (4 x 1)



column vector of rates of technical change. Sim ilarly the savings function 

can be written as:

4) S = tjs t]sk K

The changes in these growth rates are:

ex M -  -  ’H J L
5) dt Lk dt.

and

dS _ dK6) dt nSk dt

As in the Hicks neutral case, the change in the growth rate of the 

capital-labor ratio  is:

7 ) - <jK _ n  . dlT
dt " ' i/idt -  ^

Now the change in the growth rate of the absolute stock of capital

is:

dK = ~
8) S T  G G

where G is the rate of gross investment. I t  can be shown that:

9) dlT * G [ S - ttJ T +  t t v j  + 0 - n) ^ 3  ] 
dt

it = share of labor in real income 

1 -  rr = share of capital in real income

In the standard model, the savings rate remains constant (S = 0 ), 

and the equilibrium rate of change in the k ratio  is obtained by setting  

equation 9 equal to zero, or:



100.

10) ic" = . + - I L eL o
. 1 tr v  3

1 - tt

In order that this rate remains constant, the ratio  must not

change. Since the ratio  is the share of capital re la tive  to the share

of labor i t  can be written as:

11) D = = * * *  **
n f L* L*

The factors of production are expressed in terms of effective units

and:

f k* = mPK*

^L* = roP̂ *

Equation 11 can be written as:

12) D = k*
TL*

where k* is the effective capital labor ra tio : ke ^ 3 “ ^ *

Holding re la tive  factor shares constant requires:

'  7 ,  '
13> , - F jT -  ♦ k + <f 3 - e l > ’  0

or

(  °LK /

where k is the capita l-labor ra tio  in nominal units.

Thus, the standard result is that when technological change is Hicks 

neutral, = 1  is a necessary condition for keeping re la tive  factor 

shares constant. I f   ̂ t ên Narrow neutral technical change is 

required.
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Assuming equation 14 satis fied , the s ta b ility  of the standard model 

is easily shown by rewriting equation 7 as:
r t —’ ^

ic \ dk _ dK _  ̂ , n . r- k
1 5 1  I T  dt " G I ^  ^  ) 1

where C_* is the weighted average of C a n d ^ ;  k" is the eq u ili­

brium growth rate defined in equatibn 1 0 .

To generalize to the case where the savings rate and participation  

rates are determined endogenously, substitute equations 3 and 4 into 

equation 9 to obtain:

16) ~ W ~  = Gl ' (K -  i?)

where K* is the equilibrium rate of change in the per cap ita ,, and

= Tlsk " " d  -^LK)*

Further, K* is defined by

17) -  ( * 0  *  * )
P

Here, -q is a (1 x 4) row vector, where the i ^  element is

iq $i + it riLi and C. *  are defined as before.

As in the Hicks neutral case, the constraint is imposed that, in

equilibrium, the savings rate remains constant:

1 8 1  S*  -  "s
or

19) S = ^sk (K’ - K * )

Because equations 9 and 16 are identical:
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r '
20) S -  TTk + *  =_ (K -  K*) 

and using equation 19:

2 1 ) CK -  K*) = k")

1 " \ k
Lastly, by substituting back into equation 7: 

dk
221 “dF~ = Cl -  7)LK) G| (K -  K*) = G (k - k")

Thus, even with Harrod neutral Technological change, and the con­

ditions of the standard model satisfied (equation 14), j / <  0  is a necessary 

condition for s ta b ility , I f  this condition is met, then the actual growth 

rate of the k ratio  w ill be approaching its  long run equilibrium value 

asymptotically, while at the same time the rate of change in the savings 

rate is approaching zero. I f  P  > 0 , then the actual growth rate would 

continue to diverge from k" , and the savings rate would either rise or 

fa l l  continuously, even i f  equation 14 were satisfied.


