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1. INTRODUCTION

This paper is an attempt to build a model of economic growth based
on the interaction of the household or non-market sector and the market
sector. It is hoped that the explicit introduction of the household
sector, as represented by the linear homogeneous production function
Z=12(T,X) (T = non-market time, X = consumption inputs) will add new
insight into the growth process. The representation of the market sector
production function as X* = e t F(K,L) means that aggregate output X* is
assumed to be used either as consumption inputs X or gross investment, I,
without explicitly dividing the market sector into consumption and invest-
ment industries.

Another assumption is that while Hicks neutral technological change
is assuned to proceed at an exogenously determined rate in the market
sector (e t), no technological change is assumed for the household sector.

The aggregate time constraint of the economy, or population, is
assumed to grow at exogenous rate n, whereas the share of total time
employed in market activities is determined endogenously. I rule out
corner solutions, so that each additional micro-unit satisfies a sub-
constraint, allocating part of its time endowment to Z production and
the remainder to X* production. This means, in the context of an instan-
taneous model, there is no time lag between the addition of a micro-unit
and its decision making. In other words, there are no children. Even
though this oversimplification might be explained by defining a variable
N as only that part of the population able to decide on an allocation,

assuming N to grow at an oxogenous rate is still a very strong assumption.



However, it is analytically convenient. It would, of course, be more
realistic to include children as objects of choice, and to make the
growth rate of N dependent on lagged fertility decisions. This would
require an application of the Willis model, and while I would hope to
address myself to this at some later time, for the present I retain the
more convenient assumption.

The paper is divided into three parts.

The first part deals with the derivation of first order equilibrium
conditions. At any point in time a welfare function W = W(Z,I) is maxi-
mized subject to the aggregate time constraint N=T+L, existing stock
of capital K, level of technology éit, and the set of production re-
lations summarized by the market and non-market production functions and
the welfare "production" function. The decision variables chosen so as
to maximize W are the labor supply L, and the savings rate s. The first
order conditions determining optimum L and s are similar to the conditions
in Chase's model. The optimum savings rate equates thé marginal benefit
of the last unit of gross investment to the marginal utility cost of the
sacrificed unit of consumption. The optimum labor supply equates the mrs
between time and goods to the real wage.

The difference between the Chase model and this presentation is
that the objects of choice here are not consumption, X, leisure, T, and
gross investment, I, but household output Z(T,X) and gross investment,

[. The marginal utility or benefit of consumption is not the first par-
tial derivative of a utility function U = U(T,X), Uy, but is the marginal
product of consumption in houschold production, weighted by the marginal

utility of the extra Z output. That is, if W = W(Z,1), the marginal

utility of consumption is HX = NZZX.



Setting up the welfare function in this way has certain important
implications. First, the welfare function can be mapped into (X*,T)
space. When the optimum conditions are met and W is maximized, the mrs
between X* and T in the welfare function is equal to the mrs between X
(consumption) and T in the Z production function. Therefore, the equili-
brium mrs in the welfare function depends on the X/T ratio and is inde-
pendent of the level of gross investment. It is shown that, in general,
maximizing W i< not equivalent to maximizing current Z output because
in order to satisfy the first order conditions for maximizing W, the
first order conditions for maximizing Z alone must be violated.

Another implication of setting up the welfare function in this way
is that both the elasticity of substitution (between T and X) in the
household production function, Oys and the elasticity of substitution
(between 7 and I) in the welfare function, o, can be introduced as
parameters affecting the utility maximizing rates of change in L and s
over time.

The importance of the relative sizes of o, and % (as well Oy the
elasticity of substitution between L and K in the market sector pro-
duction function) is shown when the first order conditions are differen-
tiated and labor supply and savings functions are explicitly derived.

At any point in time, given M s Kt’ At (= é‘t), the optimum L, and
St variables are chosen, which also determines net investment endogenously.
and A are exogenously determined, the net increment

t+] t+1
to capital last period is carried forward and the optimizing process is

Next period, N

repeated. Thus, the time rate of change in the decision variables Lt

and S¢» depends on the increment to aggregate time, Nt’ change in



technology At and net investment Kt.
The labor supply function is linear in these three variables:
i) L =B _N+B _A +B8, K

Ln Le Lk

as is the savings function: (time subscripts omitted for convenience)

ii) S = BS‘n N + B, A + BSk K

The sign of each of these slope coefficients depends on how a
variabie, say A, disturbs the first order conditions determining
optimum L. Without going into detail, each of the coefficients in the
labor function is further broken down into direct and indirect components.
This is because a change in productivity alters the optimum savings rate,
in general, which affects the relative factor endowment of the household
sector. This, in turn, provides a secondary disturbance to the first
order conditions determining optimum L, which is separate from the direct
effect of technological change. These secondary disturbances caused by
induced changes in the savings rate also appear in the remaining co-
efficients of the labor function. Similarly it is shown that any
secondary disturbances in the savings function due to induced changes
in L represent indirect components of the savings coefficients.

It is shown that if o, equals o, all of the coefficients in the
savings function become zero, and the model is characterized by a con-
stant savings rate. In general, any given configuration of o,, A and
oy implies certain signs for the coefficients in i amd ii. Unfortunately,
the reverse is not true. If a particular ccefficient is positive, this

may result from a number of different configurations.



In the second section empirical tests are made upon labor supply
functions for different age groups (male only). Initially the labor
supply functions are set up with the participation rate as the dependent
variable and factor prices as the independent variable. However, since
the market sector production function is linear homogeneous, factor prices
are dependent upon the k ratio, which in turn is correlated with the par-
ticipation rate. Therefore performing OLS would lead to biased estimates
to the extent that participation rate for any age group were correlated
with the overall participaticn rate. The procedure followed was to solve
for the factor prices in terms of exogenous technical change and the per
capita stock of capital, since population and the absolute stock of
capital at any time were considered independent of current utility maxi-
mizing behavior. The reduced form factor price equations were estimated
and the predicated values were used as instrumental variables. There
were three equations estimated for each age group - 0LS, OLS using
instrumental variables and an autoregressive transformation using instru-
mental variables. In addition, by substituting the factor price equations
directly into the labor supply sunctions, the labor could be expressed
in reduced form, and these equations were also estimated for each age
group. In the first estimating method the coefficients showed the effects
upon labor force participation of changes in factor prices, which embodied
both exogenous technical change and changes in the per capita stock of
capital. In the second form the coefficients show the effect upon par-
ticipation of exogenous technical change and the per capita stock of
capital both of which influence both factor prices. Fn autoregressive

transformation was also used in the second method.



The savings functions was also estimated, first in terms of OLS upon
original factor prices and then with an autoregressive correction. Then
OLS and the autoregressive correction were used in conjunction with
instrumental variables. Finally the savings function was put into
reduced form by substituting into th- savings function the factor price
equations, and estimating the coefficients of exogenous technical change
and the per capita stock of capital.

The third part of the paper deals with the time path of the capital-
labor ratio, and stability conditions are derived in terms of the sizes
of the coefficients of the labor supply and savings functions. For
simplicity it is assumed that these functions are characterized by con-
stant elasticities rather than constant slopes. Furthermore, the case
of Harrod-neutral technical change in both the market and non-market
sectors is analyzed in the context of the growth model, as well as the
case of Hicks-neutral technical change in the market sector only. Both
of these models are compared to the standard one sector-growth model
which assumes constant savings and labor force participation rates. Even
if all the stability conditions of the traditional model hold it is
shown that,assuming that the endogenously determined savings rate remains
constant in equilibrium, a necessary condition for stability is = < 0,
where is defined as:

= Mgy - v (1 -y

nsk = elasticity of savings ratio wrt per capita
stock of capital

elasticity of participation rate wrt per capita
stock of capital

=2
A
=~
H]

™ = peal income share of labor



The traditional model can then he considered as a special case where

= = -3 1 3
nSk nLk 0, so that; is automatically negative.



Derivation of first order conditions and the

labor supply and savings functions.



II. MODEL

A. First Order Conditions:
The equations that form the model are now presented. I begin with

the aggregate welfare function to be maximized:
1) W o= W(Zz,I)

where Z is the output of the household production sector and I the level
of gross investment. Marginal utilities are assumed positive and

diminishing:

2) My> 0, My,< 0, Wy >0, W, <O

I

Further, o, is defined as the elasticity of substitution between

W
household output and gross investment in the welfare function:

3) w i Egl—éhgég' >0
. Z

where "E" denotes a percentage change.

In the Chase Model, the present utility value of national income is

defined as;
st g
4) e’ [ U(c,2) + qk]

where, in Chase's terminology:



where, in Chase's terminology:

U = utility function

¢ = per capita consumption

A = percent of labor force in leisure activities

q = shadow price of gross investment (margina])
utility value of extra unit of gross investment)

/ = rate of time discount

Except for setting J = 0, equations 1 and 4 are analagous, and
because 4 is additive, I set the second cross partial of the welfare
function equal to zero, or WZI= 0).

The output of the household sector is produced by a linear homo-

geneous production function:

5) Z=1(T,X)

where T is the amount of time absorbed in household production and X is
the amount of consumption goods inputs. This function is assumed to
remain constant over time with no technological change. Marginal products

are assumed positive and diminishing.

6) ZT >0) s ZTT < 0> Zx >0, ZXx <0

and because of constant returns:

7) Liw = "L X

Lastly, the elasticity of substitution between the inputs in

household production is defined as:



10.

8) o, = ET -EX >0 = It Ix >-0
EZx - EZ¢ Lyx L

Next, the aggregate market goods production function is also

assumed to exhibit constant returns:
9) X* = A(t) F(K,L)

where X* = total real output, which can be used for consumption or gross
investment. [quation 9 is the special case of a two-sector neo-classical
production model in which the relative factor intensities in the con-
sumption and investment industries are equal.

K and L are the amounts of capital and labor (market time),
respectively. A(t) represents the Hicks neutral technology parameter.
Following Shell, technological change is assumed to proceed at exogen-
ously determined rateC. , with A()) = 1. Therefore, equation 9 can be

rewritten as:

10) X* = “t F(K,L) =  Fet

with marginal products positive and diminishing:

1) f, >0, f

L <0, f

>0, f,, <0, f. >0

k Tk

LL RR

and with the elasticity of substitution between labor and capital defined
as:

]2) o = _E‘_IS' - EL >0 = fL fk

x f - *
Bfy - By g *

The national income identity is:
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13) X* = X+ 1=(l-s) F+set F

where S is the percentage of real incone saved, and satisfies the re-

quirement:
14) 0 <S< 1

The time constraint of the ith household or micro-unit in the

economy is:
15) T. + L, =1

and summing up these individual constraints over all N households gives

the aggregate time constraint:
16) T+L=N

That is, the total stock of time in the economy can be allocated to
either market or non-market production, and it is assumed all of the N
subconstraints are also satisfied.

It is further assumed that the number of micro-units grows at the

oxogenous rate n, with N(0) = 1. Equation 16 can be rewritten as:

17) Teap=e

By definition, the net increment to Lhe stock of capital is:

18) K=1-uk = S F - uK

where u is the rate of depreciation.
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Equations 1-18 form the model. At any point in time the aggregate
time constraint N(t) and level of technology A(t) are exogenously deter-
mined, The stock of inherited capital K(t) represents the sum of past
accumulations. Subject to these constraints, and the set of production
relations sunmarized by ( O, » O » Oy ), the decision variables L(t)
and S(t) are chosen to maximize the welfare function, equation 1. Net
investment is determined endogenously as a result of this utility maxi-
mizing behavior (equation 18). This increment to capital is carried
forward into the next period, where utility maximizing values of L(t+1)
and S(t+1) are chosen, subject to N(t+1), A(t+1), K(t+1) and
(oz s O 5 Oy ). Net investment is maximized subject to 13 and 17.

Form the Langrangian:

19) VEW[Z (T, d-s) “tF), s try-n(T+L -

First order conditions:

b) Vv =Mz, (1) e VR o+ Se PR -x=0
c) Vo= e St (W - W) = 0
d) W=T+L- "=y

Each of these conditions will be discussed.

a) HZ Zt - X =0

Optimal non-market time is achieved when the marginal benefit of
non-market time equals the marginal utility cost of using up the scarce

resource. The marginal bencfit cf household time equals the marginal
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product of time in Z production weighted by the marginal utility of the

extra Z output.

o _ -
L + NI Se fL A=0

b) W, 7, (1-s)."t ¢

The optimal labor supply is also achieved when the marginal benefit
of the last unit of market time equals the marginal utility cost of using
up the time resource, but here the marginal benefit of market time has
two components: 1) consumption benefit - an increase in market time
raises total output by wf t fL, (1-S) percent of which is absorbed as
consumption inputs into household production. The term Zx(l-s) te s
the marginal product of market time in household production. 2) Invest-
ment benefit - S percent of the marginal increase in output represents
an addition to the stock of capital that provides for increased future
consumption flows (above the level that would prevail in the future if
gross investment were zero). This represents an increase in welfare

only if current decision making is not independent of future time periods

(NI >0).
c) F(wI - N, ,)=0

The optimal savings rates equates the marginal benefit of the last
unit of gross investment to the marginal utility cost of the sacrificed
unit of consumption, holding aggregate market output constant.

Substituting the condition for optimum S into the condition for

optimum L, equation 20b becomes:

21) My 12, (1-s) " P vz, 5ebf 1-2=0
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The first term in brackets again is the marginal product of market
time in the production of Z output. The second term is the marginal
product of market time in the production of investment output, but
expressed in units of the equivalent increase in Z output.

Simplifying equation 21, the marginal benefit of market time, L, in

the welfare function is:

te
22) Wz fo=W,17

The term ZL is the "full" marginal product of L. That is, the
“full" marginal product of market time (consumption plus investment
output) is expressed in units of the potential marginal increase in Z
output.

The optimal division of total time between market and non-market
emplovment can be expressed by the ratio of 20a to 22:

23) Wz Zr . I1 =1
W7t 2y

which defines the equilibrium mrs between T and L in the welfare

function., Further:

AR | AR
24) = ¢ T
ZL Zx fL Zx

is the equilibrium mrs along a welfare indifference curve defined in
(T,X*) space, assuming all first order conditions are satisfied. To

see this, rewrite equation 24 as:

25) Z, =2 f =1
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The marginal benefit of non-market time appears only because of the
contribution to added Z output. The marginal benefit of market time
consists of the consumption and investment benefits. But since the
added investment output is measured in the same units as consumption out-
put, it can be expressed in units of the potential increase in Z output.
So what is being balanced in 25 is the marginal benefit of T against the
marginal benefit of aggregage output, and not just consumption,

If this were a purely comparative statis model in which current
decision making were completely independent of future time periods the
interpretation of 24 would be different. Assuming a model in which

welfare is a function of current Z output only:
26) W=w(z) =W[ZT, (1-s) F)]
then the first order condition for maximizing W is:

27) _%_t_— = (1‘5)<i fL

X

Since W, in this case, is a monotonic transformation of Z, then
maximizing the level of Z output is equivalent to maximizing the welfare
function 26.

When current decision making takes future consumption flows into
account, then maximizing the welfare function (equation 1) does not
mean maximizing current Z output. The necessary condition for maximizing

the Tatter can be expressed as:

28) Zt = Zx(l-s) f
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ahd equations 25 and 28 cannot be satisfied simultaneously.

Diagrammatically:

I
X*
a
X
(O
0 .
ne)
X*N = transformation curve of T into total output, with slope e fL

-

e
X N = transformation curve of T into consumption, with slope - (1-s). fL

The welfare indifference curces labeled W(Zi) are monotonic trans-
formations of the Z isoquants. Because of constant returns the slopes of
these curves depend on the T/X ratio only. Mapping from units of Z into
units of W just means attaching a different index numher to each Z iso-

quant, such that W__ < 0 is satisfied (equation 2).

Y¥A
If W W(Z) only it implies that future considerations play no role

in current behavior. Welfare would be maximized by movement along the
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along the consumption locus to point A where 28 is satisfied (NI = 0).
If wl 2 0, welfare is maximized by movement aiong the X*N locus until
25 is satisfied at point C. At this point the inrs betveen X* and T in
the welfare function is :'J f], which violates the necessary condition
for maximizing Z output.

Subtracting the utility maximizing level of gross investment taking
place at point C returns us to the level of welfare on the consumption
locus generated by the new level of Z output (point B). This represents
a lower of Z output than what was produced at point A (Z2 < Z3). Since
the slope of the welfare indifference curve at point C is equal to
Zt/zx’ it is a function of the T/X ratio only. Thus subtracting gross

investment along vertical B-C leaves the mrs constant.

This can be shown by rewriting the welfare function as:
29a) W= W([zZ(T, X* - 1), 1]
Taking the total differential and setting it equal to zero:

29b) dH = WZydT + W,Zy (dX* - dI)+ Wpdl= 0

Then imposing the first order conditions that must prevail at
point C:
29¢) dW = W, Z4dT + W,Z,dX* = 0, or dx* | - 2t
dT Zy
The first order conditions discussed nhere are similar to those in
the Chase model, except that in the latier w7 was implicitly held
constant and equal to one. It wili be chown how the relationship between

the household produciion functien and weivare function, in terms of the
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relative sizes of o, and o, affect the time paths of the decision

z W
variables L and S.

B. Second Order Conditions, Labor Supply Function:
Totally differentiating the first order conditions in 20, with re-
spect toL, T, K, S, A, and t, yields the following set of simultaneous

equations in matrix form:

30) _— [ )
: ~ - c QL !
; , ¢

Ay By gD 1' T ,: g Me
f ‘ g et .
A B, C, D, 1' L % Ne Qi
Ll
L
1 1 0 o0 0, IS  : Q |

U

0 0 1 0 o0 R

] I

T is the derivative of non-market time with respect to time, etc. The
fifth row of 30 is the definition of net investment (equation 18),

included so that the number of equations equals the number of unknowns.

. 2
31) A]. NZ ZTT wZZ ZT

r

o
Byt W, 2Z (1-S) e fL + wZZ Iy Zx (1-S)e~ f

TT L

At a Tk

L



- (Wg Z7x e tF+ Wzz Z1 Iy et F)

By
(-2 Vg, vz et
g (0 -5)10e f Ly s, e f))
2 9 2. 2 2 2¢t 2

”zz (1 -59) ZX e fL + WII S e fL

Wz (1-5)% €2t i i Zxx + Wy Zy e £y

My (V-2 282 f g ey sPet g gy
My se? B F
Dy

D2
B3 fk

L

20t 2 20t 2 2 2t 2

NII e F* + wz %X e™" F* + wZZ ZX e F

H(1-92ete 7 Fow ozf -
7 L “xx 7 %L

beor-w sPets F

W L 11 L

2 .
77 (1 -59) ZX e

+

Wz (1-s)etr+uw 720 -5) 2.
7 “xx 77 X

W etlsy?
I

UL

K

19.

~t fL F +
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The determinant of the coefficient matrix of 30 is equal both in

absolute value and sign to the determinant of:

32) Ay By D 1

which is obtained by expanding 30 by cofactors along the fifth row.
Because 32 is a 4 x 4 matrix, det 30 must be negative for a stable

solution. That is:
33) a=-D3 (A - Ap) - D3 (Bp - By) + (Dy - Dp)2 < 0

Using Cramer's rule we can solve first for the labor supply function:

34) L= "Dy (Ay - Ap) + A3 (Dy - Dp), et R+
P -

1

,03 (-N)-P(Dy - 02) ele+

03 (C, - C;) + C3 (D) - 02) k.-
L. s

Direct Population Effect:

The term [D3 (Ap - Ay) + Az (D1 - Dy)] e"t n /4 describe the

effect of a shift in the aggregate time constraint on the supply of

market time. It would seem intuitively obvious that since T + L = N(t)
= e"t, any increase in N must have a positive effect upon the quantities
T and L, assuming them to be normal inputs in the welfare function. This

however, refers to only one part of the population effect, which is termed
the direct effect and is represented by the term:
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35) D3 (A ~ Al)

a

To explain my reasoning I refer briefly to the standard two good

utility maximizing model:

36a) Vo= U(XY) = h (X # PYY - )
Vx = Ux - XPX =0
Vy‘—'Uy"XPy:O

VA = PyX + PyY - 1 =0

Totally differentiating the first order conditions:

dx
“36b) Upy dX + ny dy - 3= U, XdPx

dx
Upy dX + Uyy dY - 3= Uy = AdP,

(dI - XdPy - YdPy) %

Uy dX + Uy dY
As is well known, the income effect on the demand for X is:

dX . _(Uxy Uy - Uyy Ux)
dl pay

37)

which is positive if ny‘< 0. Another way to interpret 37 is to view
the increased income as if it were an increase in the value of the "y"

endowment only. That is, view dI as Py dy. The income effect can be

treated as a response to the disturbance of the first order conditions.

For example, if the increase in income is entirely an increase in the

value of the y endowment, ny > 0 means the first order conditions

e o

X

determining optimum x have been disturbed and optimum x is higher because

Vy in 36a 1is now positive at the original quantity of x. Further

Uy

y < 0 means the first order conditions determining optimum y have been
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disturbed such that Vy in 36a is negative at the initial quantity of y.
(Diagrammatically, the slope of an indifference curve is being evaluated
letting y vary and holding x constant).

I presented this less than formal way of looking at a standard re-
sult in order to explain the rational for the grouping of elements in
equation 35 in particular, and in equation 34 in general.

With respect to equation 35, if the increase in the aggregate time
constraint is viewed as an increase in the T endowment only, element Aj
can be interpreted as the disturbance of the first order conditions
determining optimum T. That is, since optimum T is determined by
Wy ZT - X = 0, an exogenous increcse in the T endowment alters both the
marginal product of non-market time in household production and the
marginal utility of the extra Z output. Inspection of 31 indicates that
Ay is the derivative of Vy w.r.t. non-market time.

Similiarly, element Ay is the disturbance to the first order con-
ditions determing optimum L, when the increase in aggregate time is
viewed as an increase in the T endowment. The disturbance occurs
because the exogenous increase in T raises the T/X ratio at the initial
labor supply, which raises the marginal product of consumption in the
household sector, and also alters the marginal utility of the extra Z
output. Inspection of A2 in 31 shows it to be the derivative of first
order condition V| w.r.t. T.

The direct population effact can be viewed as analagous to the
standard income effect. (Diagrammatically, the slope of a welfare in-
difference curve in T, L space is being evaluated letting T vary ard

holding L constant. The sign of this effect will now be examined.
L 4
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From inspection of element D3 in 31, this component is unambiguously
negative. This is not unexpected since D3 is the derivative of the first

order condition determining optimum S, w.r.t S, i.e., %¥§ . This “own"

effect on first order conditions ins analagous to terms like U,, or qu
in the standard model. D3 is the slope of the own margiral benefit
schedule of the savings rate. (For this reason the terms Ay and By are
also unambiguously negative, reflecting the effect of T and L on their
own first order conditions, respectively). Since it has already been
established that & < 0 , the sign of the direct population effect will

be determined by whether:

.. 38) A2 - Al 20
<
(1 will derive the conditions that determine the sign of the direct
and also the indirect population effect, but thereafter will present the
results for the remaining terms wi thout going through the derivations).

From 31, Ay - Aj can be written as:

39) Wy (1-8) eTf Zyg + Mgy (1 =S) e "7, Z4f, -
2
Wy Zpp = Wy 75 30

Using the definition of ZL in equation 25, we can write the cross

partial ZLT as:
25')  zr=et A Iy

which is substituted back into 39, yielding:

40) W (1-S)Z +W (1-8)2-w z -w 2
A Lt 2z t . t
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Rearranging terms:

2

2
t < 0

41) W L SN (1-5)Z, -W 2

tt
Because of constant returns in household production it was shown:

7) Zye = - X Zox

Next, the definition of consumption in the national income identity

(13) is substituted into 7:

F
X el
42) Zy, = - os)e f Itx =_-(-sy ft I )
T
T
Using equation 25' again:
) _ (1-s) L Zrt
43) Ztt ==
T
where, because of Euler's theorem:
. ' fkK
44) _E_=fLL+.f_k_K.__=L+er=L(1+7;r)=L
fL fl T
Substituting 43 into 41 and collecting terms:
45) My, 155 + W, 7y (1-s)[1+ L]0
2z “t z 7Lt T'2
where:
F
46) 1ol Tel Tl MTF 8
T T fLT Q
- F = real income
FR = full or potential income (real income plus the
market value of household time)
Next, substitute 46 into 45 and nultiply through by the term —%«—
ZSW
t'z

to obtain:
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Fa

47 SWpz IS . 21 (1-8) —F4__ > ¢
) FE= t 55— Fa - F

2 t <

Lastly, 47 is put into elasticity form by recognizing that:

48) ZZLt _ ZIxt fL 1

Z% Zt Zx fL i %

The elasticity of substitution in the welfare function between Z

and 1 is defined by:

3) ow:.‘t'_l_:_fim

EWZ - EWI
‘But in examining the partial effect of an increase in the aggregate
time constraint, the level of gross investment is held constant. There-
fore, in the context of this partial analysis, o, is equal to:
EWz M, 1

: 1
-EZ >0, O — _. - == = -
3') B, Oy Ez 5z Wz

Substituting 48 and 3' into 47 gives the final result:

- : F
49) S . 5%- + El (1 - 9) -Fa—:ﬂF—'> 0

z

This expression determines the sign of A, - A]. As long as
0<S<1and Fg> F , this term will be positive. As it turns out,
the direct population effect is the only effect where the sign is inde-
pendent of o, > oy, (except for the trivial case of o, %_ow

One last comment on the interpretation of A2‘ As was mentioned,

this element represents the partial impact on market time's first order
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conditions of an increase in the T endowment, holding gross investment
constant. For this reason, any change in the marginal benefit of market

time appears only as changes in its consumption benefit.

Indirect Population Effect:

The term reflecting the indirect population effect on the labor

supply is:

50) A3 (D1-D2)
o

The indirect effect is a population-constant effect. Thus, once
the increase in aggregate time raises L via the direct effect, the
indirect effect either reinforces or works against the former, given
the increased time constraint. .

The indirect effect operates by altering the optimal savings rate.
Again the increase in the time constraint is viewed as an increased in
the T endowment.. This disturbs the first order conditions determining
optimum S, thF(wI _W, Z,) = 0. The increased T/X ratio raises the
marginal product of consumption in the household sector, thus raising
the marginal benefit of consumption relative to the marginal benefit of
investment and Towering optimum S.

On the other hand, the increased Z production lowers the marginal
benefit of consumption (by lowering wz), which tends to raise optimal S.
As will be shown, the net effect here depends on the relative sizes of
oz and oy.

Assume for the moment that the effect of the enlarged T endowment

is to lower optimum S. This means that the first order increase in the
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relative time intensity of the household sector's factor endowment
(which comprised the direct effect) will be offset somewhat. The de-
crease in the optimal savings rate leads to a secondary adjustment in
the household sector's factor endowment, in this case partially lowering
the time intensity.

The element D; is the change in the marginal benefit of non-
market time caused by a change in the savings rate. If S were reduced
(consumption increased) the marginal benefit of household time (WZ ZT)
is increased because of the increased goods intensity of production. At
the same time, however, the increased Z output lowers WZ, which in turn
lowers the marginal benefit of non-market time.

_ ‘The element D2 is the secondary or indirect change in the marginal
benefit of market time caused by the induced change in the savings rate.
In this case, because altering savings affects the level of gross invest-
ment, both the consumption and investment benefits of market time are
affected. A reduced savings rate tends to lower the marginal benefit of
market time because the increased X/T ratio lowers Zy, one of the com-
ponents of the marginal benefit. Further, the increased Z output lowers
the marginal value of the added household production. Wz. Llastly, since
the level of gross investment is lower, its marginal value will be higher
(NI), i.e., the marginal investment benefit is increased. These comments
on the effect of a reduced savings rate on the marginal benefits of T
and L can be verified by inspecting elements D1 and D, in 31. If the
shift in the aggregate time constraint initially had raised the optimal
savings rate rather than lowered it, all of these interactions would have

been reversed.
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It now remains to evaluate the sign of the indirect population
effect formally. The exogenous shift in the time constraint will raise,
leave unchanged or lower the optimal savings rate as A3 %_0 . The
marginal benefit of non-market time, in turn, will be kaised, remain
the same or fall relative to the marginal benefit of market time as
Dy -D, 20,

1 2 <
Just looking at element A3 alone:
51) cW Z etF-u Z 7 etF2o0
z xt 2z x t <

Multiply 51 by the term:

52)

z
Lily e if Uz

to obtain:

53) -1 Ly - Myl >0
It Iy W, <

Using equations 8, 3 and 3', 53 can be expressed as:

54) oz -1>0
. oz <

_In tabular form:

Tahle 1
A3
0z ? Oy +
0, = Oy 0
oz < oy -
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As an example, if o, > oy, the increased time endowment lowers the
marginal utility of the extra Z output by more than it raises the mar-
ginal product of consumption. wz ZX falls and the optimum savings rate
is increased.

The evaluation of Dy - D, is more complicated.

From inspection of 31, Dj - Do %_0 s AaSs

et “t “'t
W Zeye OF - W7, Zxe"'F + W, (1 - S)e "ty Z,,F +

2 2t 2-°t
55) WZZZX (] - S)e fF- NII Se fLF _>_0

L <

which is a more involved term then was the case in evaluating the direct
effect because now both consumption and investment benefits are affected.

Divide 55'by ¢t F and rearrange the order of the terms:

t
' 56) = Wpply Zy = WpyS f

e
t

L~ "z%tx

+WZ (-9etf >0
2z X LS

Because of constant returns in household production and the national

income identity, the following relation holds:

57) Iyx = - Iyt %- = = Iut T
(1-S)e tF

Substituting 57 back into the fourth term of 56:

58) WygZtZym Wpp S VUF - W Zy, - W (1-5)eRtf Z,, T
(1-5) e 'F
0 _72(1-5)etf, > 0
22%x L3



30.

Expanding the fifth term of 58;

59) ~Wy, Ty Iy - Wpp S et f Wy Ty, - Wy Ty, T4
F
2 Kt | 2 . &
Moy g € FL =Wy 2 S €T 20

and collecting terms:

<t 2
60) "V, L, I,-5Se fL (Wpp + Wy Z3) - W 24 (1+fL7)
F

2 Rt
tW,, I e fL >0
<
The first order condition determining optimum T and L (equation 25)
is Zy = 7, e ' . When this condition is satisfied, the first and

fourth terms of 60 above cancel out, leaving:

61) - s e (g, T

FQ
22 x) - wz th (—F—-—) % 0

In order to evaluate the term (NII + W, Zi) requires a digression.
By definition, the Allen partial elasticity of substitution between

Z and I in the welfare function is:

62) o, = (Wz Z+ W T)WzWI
~-(W2w._+W2W )z1
z I 2zz

11

where NZI’ the second cross partial, is zero by assumption.
If o, is evaluated at the point where the condition for the optimal

savings rate is satisfied (20c), then 62 becomes.
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63) o = (W27 + Wzzy ey
- (WM + Wizk w )1l

which simplifies to:

(Z + Ix 1)Wgly

64) o, =
2
= -(Nqp + Wpp22)11

and after cross multiplying:

65) (Wpp + W, Z2) = = (242, %) W, 2y

2z X
o, L1

which is substituted back into 61 to obtain:

r - .
66) sty 2+ L) Usly -Wpzrx B >0

)

Oy 71

[pu— ———

The first term in 66 can be simplified by applying Euler's theorem:

WoZySe< ) (ZeT 4 X + 2,1)

67) Se tf, (7 + 7, W2,
oy L1 oy 21

-and since consumption and gross investment must add up to total output:

QD
68) (Z,T + Zxé\t F) W, Z, Sé{th

Oy 21
When first order condition 25 is satisfied {and using the definition

of gross investment in the national income identity), 68 becomes:
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L
69) (Zg LT+ Z4F) W, Z, Se 't
oy L setF

which simplifies to:

70) Fa Zt Ix wz
' oy ZF

Substituting 70 back into 66:

ny Fa Zt 1 ¥ _ W Fa 5

oy L F F <

and multiplying through by the term —1 yields:
Wy Zgy

72) o < oLl > 20
F w -

which determines the sign of Dy - D2 .

In tabular form:

Table 2
D1 - D2
o, > 0o, +
o, = o, 0
oy < o, -

If 0, >0, an increase in the optimal savings rate will raise the
marginal benefit of T relative to L. If o, <o, the marginal benefit

of L will rise relative to T, and if the elasticities are equal the rela-

tive marginal benefits will remain unchanged.
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The indirect population effect is defined by the term A3 (D1 - D2)
A

which is summarized by the following table:

Table 3
A3, D1 - Dy As(D1 D2y /a
o, ? o, + + -
g, = Oy 0 0 0
o, < o, - - -

It turns out that while the signs of the components of the indirect
effect vary with the og/0, ratio, they vary in the same way, so that
the sign of this effect is independent of the relative sizes of the
elagticities except for the case oy = o .

To illustrate, if g, >0 an increase in the time constraint

W ®
raises optimal S. The higher savings rate, in turn, raises the marginal
benefit of non-market time relative to market time, leading to a partial
reduction of the labor supply at the higher N endowment. If o, < Oy

the following occurs: the increased time endowment now lowers optimal S.
This in turn lowers the marginal benefit of market time relative to non-

market time, leading to a reduction in the labor supply which again is an

offset to the positive direct effect.
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The direct population effect is shown diagrammatically below:

IIa

(L) N

lpo-‘---. BN B e Pl P e Bl b B WG B SN P G 8, . i e e
0 Tl

(1)
Each time constraint is a 45° line in L, T. space. The shift in the con-
straint (N; to Ny) is viewed as an increase in the T endowment that
disturbs first order conditions, i.e., along line segment A-B the marginal
benefit of L increases relative to T, leading to an increase in the
utility maximizing labor supply at point C.

Next, the indirect effect is shown graphically:
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IIb

(1)

The indirect effect taken place holding aggregate time constant at its
higher level, N2. It causes a rotation of the entire welfare map, defined
in L, T space, that acts as an offset to the direct effect (C to D). If
o, = o, , then point C would be the final equilibrium point.

The total population effect, direct plus indirect, will be referred
to symbolically as BLN' There doesn't appear to be any theoretical reason
why this term cannot be negative, but it becomes less likely the closer
g, and Oy

Further, the total population effect on the supply of non-market time

T, symbolically BTN’ could have been derived, and been shown to satisfy:

73) BLN + BTN =1

which must hold because of the time constraint 17.
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Direct Productivity Effect:

The total productivity effect on the supply of market time is:

78) [ D3 (M-N) - P (D - Dp) Je b

a

which is the second term of equation 34. This effect takes place holding
aggregate time constant. Therefore, Whatever this effect turns out to
be, the productivity effect on the supply of non-market time will be
equal tovone minus equation 74. Like the population effect, 74 can be
divided into direct and indirect components.

The direct effect here is the term:

~75) D3 (M - N)
VAN

Since D3 and A are both negative, the direct effect is positive,
zero or negative as M - N > 0. If M exceeds N, the increase in producti-
vity raises the marginal'bgnefit of market time relative to the marginal
benefit of non-market time, inducing an increase in the labor supply.

Diagrammatically:

(L)

III

N T
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The direct productivity effect operates by disturbing first order
conditions at point A, i.e., rotating the welfare indifference map. If
M 1s less than N the new equilibrium point will be cioser to the T axis.

By inspection of -M in 31, the increase in productivity alters the
marginal benefit of non-market time into two ways: 1) The increased con-
sumption endowment raises the marginal product of T in household
production due to the cross effect 2) the increased Z output lowers wz.

Similiarly, the term -N describes the change in the marginal benefit
of market time: 1) the consumption benefit is altered because the
increased consumption endowment lowers ZX’ and the increased Z output
also lowers W;. However, there is a partial increase in the consumption
benefit of market time because the productivity increase raises one of
the components of themarginal product of L in household production. 2)
The marginal investment benefit falls because the increased investment out-
put lowers wI. On the other hand, the technological change raises the
marginal product of L in the production of investment goods, which tends
to increase the marginal investment benefit.

Through a derivation similar to the one performed for the population

effect, it can be shown that the sign of M - N on whether:

76) (0z (ow - 1) - _(Fa-SFa 54

o, FR - SF <

There is no a priori restriction on the sign of 76. This conforms
to the result of the standard labor-leisure model at the individual level,
where the outcome depends on the substitution and output effects. Before
analyzing 76, it will be shown that this standard result can be viewed as

a special case of 76,
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In the individual model in which all income is consumed (S = 0),

equation 76 would become:

77) 6. -% -1

Further, welfare is a function of Z output only, with wz =1 and
Wp =0 implicitly assumed. This implies that the set of welfare indif-
ferences curves in the Z, I quadrant is a series of vertical lines:
1 v

i it ) i

with equilibrium points occuring only along the Z axis. The indifference"
curves in IV represent a case where the elasticity of substitution is
infinate, because the mrs remains constant along any curve. Setting
oy = =-means 77 can be rewritten as:

78) o, -1>0

<

which is the standard result.

Turning to the general case, the second term in 76 is always negative
and in general less than 1. It represents the ratio of the full or po-
tential value of consumption that would prevail if all time were used in

the market, relative to the value of the actual resource base of the
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household sector, expressed in units of real output. This ratio equals
1 if either S = 0, or if all time is spent in the market, F = F‘2 . If
S = 1 the ratio is zero.
The sign of the first term in 76 is ambiguous. A necessary con-

dition for the direct productivity effect to be positive is oy >1.
A sufficient condition for the direct effect to be negative is
i.e., for the labor supply curve to be backward bending with respect to
the real wage rate.

- The two terms of equation 76 can be interpreted as reflecting the
substitution and output effects, respectively, in the Z, I quadrant.
To show this diagrammatically, the transformation curve between Z and
I is derived. |

First, diagram I is reproduced again:
Il

X*

\
\ AN AN
A N L '
b o wn(zmax)
\\\
. N . \\- ) N \
. e VYA
N ’ TN \
0 e Jy‘%mp . o
N
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The X* N locus is the market sector production function. The X N
curve is the transformation of T into consumption at a given savings rate.
The indifference curves represent the levels of welfare generated by Z
output only, and are thus mappings of the linear homogeneous Z isoquants
into units of welfare. As was mentioned earlier, this implies attaching
~ different index numbers to each of the isoquants, with the slopes of the
curves still depending on the T/X ratio only. The X* N curve is drawn for
given endowments of K, N and state of technology. The consumption locus
is drawn corresponding to the utility maximizing savings rate which is
deterﬁined endogenously.

Next map into the Z, I quadrant, starting with point A in diagram I'.

Wiz, 1)

- —— - - . =D WS TP Y . e T e ek e S e e e
. . .
- o - - " - - T - = W - - S R - > . e - .- -

Znin Z.‘{\ Zmax



a1.

Point A corresponds to point A' in diagram V, where the level of Z
output is Zl’ and gross investment is zero. Moving up the consumption
’locus in diagram I' from A to B, both the levels of Z output and gross
investment rise. In diagram V, this corresponds to movement along the
transformation curve from A' to B'. Continuing past point B in I', the
level of investment continues to rise, but Z output falls until some
minimum level at point D (D' in diagram V). At this point the level of
investment is the highest.

In general, the welfare maximizing point will be located somewhere
on the negatively sloped section of the Z, I transformation curve, such
as point e, which is another way of showing that maximizing the welfare
function (1) is not equivalent to maximizing the level of Z output.

The transformation curve in V is not unique, but depends on the

savings rate (holding all other factors constant). If S had been higher,

‘the consumption locus X N in diagram I' would have been lower. The cor-

responding change that would take place in the Z, I quadrant is shown

below: !
P VI :
I : “ :
] ]
] [}
1 [}
[ ] ]
[ ] [}
! g ]
[} T ]
] ~ ]
[} ~N ]
] N ]
1 AN !
[ ] N~ [ ]
] AR :
]
] \.vl
] [}
] ]
: o
1 .
] ;)
! N
i : ’ >,
| A
1 ] J
] |
] [
1 [}
[} []
] ]
[] ]
] /‘l
L ! . ! 7
o' Min* Min TUTRAXY T MaxX

%
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The dotted lines are the new transformation curye and maximum and minimum

Z values that would prevail at a higher savings rate.

In the limit, as

the utility maximizing savings rate approaches 1, the transformation

curve behaves as follows:

~ VII
6
1 L
5/
Iy
(s 1) N
\
AN
NS
\\
O\
. 3y ?
v e ‘
\ -\\;L\_...\\\/
t N
; /. . o)
’ (2.11) "“'---“v\- e b /
] R )
L oSS - (S----> 0)
) 1 (VN § _ - ‘ P -
g \\\ : \/ ('
0 ”.A Y4 )
1 Y4

As S approaches 1, the transformation curve gets stretched in a north-

west direction, with maximum Z getting pushed down to Z

1 The I-Z curve

can take on different shapes depending on what is assumed about the shapes

of the Z isoquants, i.e., whether they approach the axis asymptotically,

cut the axis, or turn parallel to the axis.

Since a diagram such as V represents the optimum solution for the

system at time t, it can be used to show the impact of the direct pro-

ductivity effect, because this effect holds the savings rate constant.
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Therefore the direct impact of the productivity change in the Z, I
quadrant at time t + 1 is shown for the optimum savings rate that pre-

vailed at time t.

The effect of the productivity change is to shift up both the market

sector production function and the consumption locus:

VIII
1
X1 -
wziy
X* N
N -~ N N
A X\
x| Tl
-~ AN AY

\ B W(Z' oy
‘ h H . \\‘\ w(z )
N max
‘"\\ xi
~_
° N
T T

(the dotted lines represent the new curves after the technological change)
In diagram VIII point A is the initial equilibrium point at time t,
and point B corresponds to the welfare generafed by thé level of i output.
In the Z, I quadrant, this corresponds to point e in diagram IX below.
Diagram IX shows how the productivity change alters the transformation
curve between Z and I. Both the maximum and minimum Z outputs are affected

(if the Z isoquants were asymptotic the minimum output wouldn't be affected).




The new transformation curve is given by the dotted 1line.

|

=l et L L L L L LR T

o

IX

a4,

Y min

The derivation of section C'=D' on the new curve in relation to

section C-D on the old curve is unambiguous.

3
o

3
[
x

At any given level of Z

output to the left of point H in diagram VIII, the percentage increase

in productivity raises the corresponding level of gross investment by an

amount greater than the rate of technological change.

To the right of

point H in diagram VIII it does not seem clear that this must be the case.

That is, the upward sloping section of the new transformation curve does

not lie as high above its original counterpart in percentage terms as

C'~-D' does above C-D, and perhaps may fall below, depending on the shape

of the Z isoquants.
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The point on the new transformation curve will now be located at
which the direct effect is zero, i.e., the labor supply doesn't respond

at all to the productivity change.

To find this point, hold T constant and determine the corresponding

percentage increases in I and Z:

79) I = seetF
1 dI _°
T =
80) Z = 2(7, X)
%
142 7 (15)e Y . Ix X% - w oL

If the direct effect is zero, the percentage change in gross invest-

ment, Q. , will exceed the percentage change in Z output, w R where .
the share of consumption in household production. This corresponds to

point f in diagram X below:

o Min min Lo I max max 7

is
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Only the downward slowing sections of the transformation curves are
shown. Any level of household production greater than Ze on the new
transformation curve will cause the direct effect to be negative. In
terms of equation 76, o, = is a sufficient condition for this to occur,

independently of whether 2 1. A necessary, but not sufficient con-

(o]
W
< .
A necessary, but not sufficient condition, for the new level of Z output
to be less than Z. is ¢ > 1, i.e., a positive direct effect.
There are a number of different combinations of the elasticities

of substitution that produce different results for the direct effect

(sign of M - N). To explore these, let Y = _Fa - 5Fa
Fg SF

and rewrite 76 as:

81) o

Taking derivatives:

: do2 _ i <0
82) doy - oy = 1 )2
d2g2 2\
aow (ow -1)3

Assuming o, > ¥ 82 determines a locus of combination of ¢, and o

that set M - N = 0. Diagrammatically:
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X1
(Oz) b ‘ /45{9
: \
N O) p
S 7
\ S
\\ e
: (-)\ A N (\4.) )
™
1+Y 5 . \\\\\\\\\ (M - N=o0)
Lo
% g[ // ‘\. \J \‘?\,.__ _______ _‘[‘_,,; e m——
ol ” ’ - - (aw)

A1l combinations of and above the locus make M - N 0. Al
combinations below the locus make M - N 0. The different possibilities

are presented in theifollowing table:

Table 4

(I<gqg<1+Y %> 9 -

Ow = Ow i -

gz < oW : -
(ow=1+Y) 0z > Oy ‘
0z = Oy
oz < Oy

(1+Y<qv<_l_£_Y_) o, >0,

1o |+

+

0, = Oy ; +

1<0o, <oy

V< L, < 17

j g, <V -
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Compared to the result of the standard labor-leisure model, when

l . . » s
is a necessary but not sufficient condition
1 < Ow < -—l'_-Y— ’ OZ >1 Yy
for a positive effect. When ¢ > Ti? , § > 1 is a sufficient but not

necessary condition.

Indirect Productivity Effect:

This effect is shown by the term:

83) (1-2) (-P) >0
A <

| By inducing a change in the savings rate, the increase in producti-
vity alters the relative factor endowment of the household sector which
least to secondary disturbances of the first order conditions determining
optimum L. These disturbances are separate from those caused by the
direct effect, which holds the savings rate constant. The sign of Dl-D2
has already been evaluated in equation 72, and indicates whether an
increase in the optimal savings rate lowers, leaves unchanged or raises
the utility maximizing labor supply. The term -P indicates whether the
effect of technological change is to raise, leave unchanged or lower the
savings'rate.itself.

As a result of technological change, the increased consumption in-

puts lowers both Wy and Zy, which tends to raise optimal S. On the other
hand, the increased investment output lowers wI, which tends to lower the

savings rate. The sign of -P can be shown to depend on:

84) Fq - F \~ ( G - 1} >0
F ,“ ‘“(‘k ] <
N /N J
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The different possibilities are shown in the following table:

Table sAv.__-" -
non R (D) (Rra
o, >0, + - +
o, =0, 0 0 0
o, <oyl = L |

This effect is unambiguously positive, except when o, = o, .,
If o, >0,  the productivity change Towers optimal S and the marginal
benefit of non-market time falls relative to mafket time. Thus, the labor
supply will increase. If o, < o, then the savings rate will increase,
the marginal benefit of market time‘will rise relative to non-market time,
and the labor supply will increase again. '

The total productivity effect (direct plus indirect) will be re-
ferred to symbolically as Bic. . Because this total effect takes place
holding aggregate time constant, the effect on the supply of non-market

time must be - B <.

Direct Investment Effect:

The total investment effect is the last term of equation 34:

.

85) ] D3 (C2 - C) + C3 (Dg - DZ)J K

At time t, the choice of Lhe optimum decision variables Ly and St

automatically determines the level of net investment from equation 18:
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18) K=SetF-UK=S-Llet-uk

The net increment to capital, in turn, affects the instantaneous

rate of change in market time.

The sign of the direct investment effect depends on the term:

86) D3(C2-C1) s o
A <

which, like the other direct effects, holds the savings rate constant.

If Cp-Cq %_ 0, the increased stock of capital raises, leaves un-
changed, or lowers the marginal benefit of market time relative to non-
market time. By inspection of element C, in 31, the consumption benefit
is Towered at the initial labor supply because the marginal product of
consumption inputs and the marginal utility of extra Z output both fall.
Also the marginal value of the extra investment output falls. However,
the increased capital also raises f; at the initial labor supply because
of the cross effect, which tends to increase both consumption and invest-
ment benefits. Cj shows the marginal benefit of non-market time rising
because the increased consumption endowment raises ZT, but the marginal
utility of the extra Z output falls, tending to lower the marginal
benefit.of T.

It can be shown that the sign of C»-C; depends on the term:

-

-] f
87) (0, (oy - 9x) '+‘FQ*SF9 ’— 92 - 9w /> o
G J Fq - S f o | <

x 9w \ W

I A

where o, is the elasticity of substitution between labor and capital in
the market sector production function. When the direct effects of popu-

lation and technological change were analyzed, the disturbance to the
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first order conditions were investigated at the initial labor supply, and
the sign of the disturbance indicated the direction of the response of
the labor supply needed to resatisfy these conditions. However, it is
only in the investment effect that the ratio of capital to labor changes
at the initial labor supply, so that x Partially affects how the first
order conditions are disturbed. In the productivity effect, the techno-
logical change was Hicks neutral, and in the population effect, the shift
in the time constraint was viewed as an increase in the T endowment, so

that in both of these cases the K/L ratio was initially undisturbed.

88) (Rz - R1) + Y(Rl -1)>0
<
where
Ry = 0,/c
2 z
* y = _Fa- Sk
“Fq - SF

Rl = 0,/0y a
Therefore;
89) R2 =Y+ (1 -Y) R1

defines the set of combinations of R1 and Ro which sets C2 - Cl = 0.
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Diagrammatically:
XII
R2
450
/
- €2-C41=0
(+) /(+)
/ /./"'
s
o7
e
do |
)
i (-)
A
v :
i
()
$
!
0
R

b
i

A1l combinations of R; R, above the C, - C; = 0 line make the direct
effect positive. A1l combinations below the 1ine make the direct effect

negative.

The different possibilities are summarized in the following table:
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Table 6 €2-C1

Ry > 1 - R <1 +

Ry =1 +

R1>1 ?

Ry =1 Ry < 1 +
Ry =1 0

Ry >1 -

V<R, <1 R <1 ?
3 Ry =1 -
L Rpsv Rp <1 -
: R1 =1 =
: Rp >1 -

If o, is very large (Rz very small) it becomes more likely that
the direct effect will be negative because the marginal benefit of L in

the welfare function is wz ZX éit fL (25), and f, would tend not to in-

L
crease by an amount large enough to offset the decline in the other

components of 25.
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Indirect Investment Effect:

This effect is represented by the term:

90) C; (0; - D) 2
a <

Like the other indirect effects, it is the induced change in the
savings rate that further alters the relative marginal benefits of T and
L by affecting the factor endowment of the household sector. The term
Ql - 02 has already been discussed. Whether an increase in capital
raises, leaves unchanged, or lowers the savings rate depends on whether
C3 %_0. The sign of C3, in»turn, depends on:

M Faqa B 20

F Ow <

In tabular form:

Table 7
C3 (P1 - Day C3(Dy - D2)/ -
oz 2 Ow - + +
o, = Oy 0 Q 0
o, < oy + - +

If °z'< o, * net investment will raise the savings rate, the mar-
~ginal benefit of L will rise relative to T, and the labor supply will
increase. If o, >0, the savings rate falls, and the marginal benefit
of T falls relative to L, again raising the labor supply.

The total investment effect will be referred to As BLK'
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[ . L L Q‘c L)
= = nt ©
92) L= BLN N+ BL A+ BLK K BLN e'* R + BL(\ e+ BLK K

where each of the slope coefficients contains both direct and indirect

components.

C. Savings Functions:

Like the labor supply function in 92, the change in the optimal
savings rate also depends on the shift in the time constraint, techno-
logical change and net investment. Whether these three variables raise
or lower optimal S depends on how the first order condition 20c is

disturbed at the initial savings rate.
= t - =
_ 20c) S g e F(wI W, Zx) =0

Diagrammatically, the own marginal benefit schedule of the savings

rate is:

XIII

o

1
==y
i

i

/

} P
)
*

with the slope of the curve _%!§. = Dy < 0. If the effect of any one of
s
these variables is to raise S, the schedule shifts to the right.

- S e

A e e AT
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Using Cramer's rule, the time derivative of the savings rate is:

-
(4
[ (4-N} (A; -B) - (A -A)P-(B,-B)PTe < +

[ (A = A)Cs + (B, - BICs + (€, - C))(Ag - Bg) 1K/

where each bracketed term reflects the population, productivity and

investment effect, respectively.

Population Office:

This effect is the term:

94) [ (A - Ay)Bg + (B, - By)Ag ]
A

We shall first concentrate on the first term of 94 alone:

a

It has already been established that when Az exceeds Al’ a shift in
the aggregate time constraint will raise the labor supply via the direct
effect of equation 35. Element B3 can be regarded as the shift parameter

in the savings marginal benefit schedule due to the population induced
?dVs
oL

increase in the labor supply. That is

By examination of B3 in 31, it is seen that the increased market
time tends to lower optimal S because of the fall in the marginal utility

of the extra investment output. Working against this is the fall in the
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marginal utility of the extra consumption output which tends to raise S.
The increased labor supply will raise, leave unchanged or lower the saving

rate as Bj ? o , Wwhich depends on:

~ - )
96) FR-F 1-22 =20
: } —‘F*; oy <

In tabular form:

Table 8
B3 ’
c, > oy -
g, = 0, 0
g, <o, +

Although the increase in the time constraint must raise L through
the direct affect on market time, the induced shift in the marginal
benefit schedule of S may go in either direction.

The second part of the population effect on the savings rate is

the term:

97) (8, - 3,)A,
A

The shift in this time constraint also has a direct effect on the
supply of non-market time T. The population induced change in the supply
of T, in turn, acts as a shift parameter in the marginal benefit schedule

of the savings rate, i.e., _9Vs._ _ A
aT 3
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Using Cramer's rule, the direct population effect on the supply of

T can be shown to be D (B, - B,) , so that a necessary condition for
sy

this effect to be positive is B2 - B; < 0.

The sign of B, - By depends on:

98) -IRt R (L2m) p+v (R -1)20
<
Fo _ SFq
R, = o v = 8- %
1% %% Fa-SF

Rg=020x ™  flL fL+fK

which can be rewritten as:

99) VRy > Ry + (L=T)R, + ¥
<

"

Because Y, in general, must be less than 1 the following holds:

1 - nw
Ry + Y
n L 2

100) YRy Ry + (

Therefore, the direct population effect on the supply of T is
unambiguously positive.

It .remains to show whether the increased T endowment raises, leaves
unchanged or lowers the savings rate, i.e., A3 %_0, which determines the
sign of 97. By inspection of A3 in 31, the increased T raises the
marginal utility of consumption by the cross effect on ZX, tending to
lower S. Working against this is the fall in the marginal utility of the

extra Z output, which tends to raise S. The sign of A, has already been

3
shown to depend on:

Oz ~-1>0

S <

54)
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Combining Table 8 with Table 1:

Table 9 A3 B3
g, > o, + -
o, = o, 0 0
,< o, - +

If o, = o, the shift in the aggregate time constraint has no
impact at all on the optimal savings rate. If o, f’ow » the effect
is ambiguous. If o, > o, , both T and L rise due to their own direct
‘effects, with the increased labor supply tending to lower S and the
increased T tending to raise S. If o, < oy , both T and L rise again,
but here the increased labor supply tends to raise S while the increased
T tends to lower S. |

The population effect on savings is an indirect effect only because
it affects the optimum condition 20c by induced changes in the L and T

endowments. Symbolically, this effect will be referred to as BSN‘

Direct Productivity Effect:

101) [(M-N)(A3-B3) - A1-A2)P - (B2-B1) P]
a

which holds the aggregate time constraint censtant.

The direct component is:

102) [(A; - A2) + (B, -~ By)] (-P) >0
- <
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The direct effect takes place holding absolute L and T constant as

well as aggregate time. The term -P represents the shift parameter
aVg
ot

= - P.

affecting the marginal benefit curve in XIII, i.e.,

By inspection of this element in 31, the Hicks neutral technological

change lowers the marginal utility of consumption by lowering both wz and
ZX’ raising optimal S. The marginal utility of the extra investment out-
put is also lowered, Wi» which tends to lower S. The sign of the direct

effect depends on the sign of -P, which has been shown to depend on:

gy  fa-f oW >0
F o, <
'\ " Table 10 P
oz > o:w -
Oz = Ow 0
Indirect Productivity Effect:
The indirect component is: ’
103) (M - N) (A3 -B3) >0

a <

The téchnologica] change alters the composition of the given
aggregate time endowment between market and non-market time,.at the
initial savings rate. This has already been shown to depend on the
sign of M - N. For example, if M - N > 0 , the labor supply will
increase, via its own direct productivity effect. The effect of this

Tnduced change in the composition of the agaregate time endowment on
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the savings rate depends on the sign of A; - B3 .

From Table 9 it can be seen that A3 and B3 must have opposite signs,
except when o, = o, . One possibility is that A3 >0 and B3 <0 ,
which means an increase in non-market time T raises the savings rate
while and increase in market time L lowers the savings rate. If the
productivity change happens to raise L and lower T absolutely (M-N > 0),
then the savings rate will fall. If A3 <O and B3 > 0, then the same
direct productivity effect on the composition of aggregate time will
indirectly raise the savings rate.

There are a number of different outcomes possible, depending on
the relative sizes of the elasticities of substitution. These are

summarized in Table II below:
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Table II
(M - N) (A3 - B3)
M-N 1\3-83 N
(]<Ow<l+‘Y oz>ow ? ?
oz =0, - 0
o, < o, - - N
o, =1+ Y o, >a, + + ;
o, =0, 0 0
o, < o, - - -
(1 +‘v<ow<-1-_1y)" 0, >0, + + -
o, =0, + 0
I o, <o, ? - ?
o, <1 - - -
N 1 i ’ -
O‘N; > 'j:-Y-' ‘ O’z > Ow + +
oz = Oy + 0 0
Ko, <o, + - +
¥< o, <1 ? - ?
o, <1 - '
W Oz ? o + +
0, = Oy - 0 0
oz < Oy - - -

The M ~ N column is reproduced from Table 4, with the addition of

the last three rows where o, <1

A3 - 83 is determined from Table 9.

There are only two definite cases where the indirect effect is positive.

Whenever o,= o, , the direct effect is zero.

The total productivity effect on the savings rate will be referred

to as BSQ..
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Direct Investment Effect;

The total effect of net investment on the savings is given by the

term:

104) [ (Aq-A2)C3 + (B2-B)C3 + (C2-Cq) (A3-B3) )
A

which holds the aggregate time endowment constant. Its direct component

is:

105) [ (Aj-Ap) + (B-By) ] C3
o

and like the direct productivity effect, the composition of the fixed
time endowment between market and non-market employment is also held
constant.

The sign of this term depends on the sign of C3, which is the shift
parameter of the marginal benefit schedule in XIII, or E?%% = C3.
Inspection of C3 in 31 reveals that a net increase in capita] lowers the
marginal utility of the added consumption output by lowering both W7 and
Ly, thus raising the saving rate. The marginal utility of the added

investment output w] is also lowered, tending to lower the optimal S.

The sign of C3 has been shown to depend on:

91) Fa (1-5%)> o0

>
]
F W <
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In tabular form;

Table 12 €3
a, > o, -
o, = 0, 0
o, <o, +

Indirect Investment Effect:

106) - (C2 -C Az- B3)
a

This effect operates by changing the composition of the given time
endonent between T and L. It has already been shown that the sign of
C2 - Cy determines whether the direct impact of net investment on the

labor supply is positive, zero or negative. This depends on:

~ = //> \ “‘_ “{[
87) | 9z (9 9x) k/ Fa-SFa 0 oz-0w > 0
/ Oy Oy Fg-SF | Ow <

— —— e A .

i

The sign of A3 - B3, in turn, has been shown to determine the change
in the first order condition 20c, due to the changed composition of aggre-
gate time. If A3 - B3 > 0 , then an investment induced increase in the
share of total time in market emb]oyment will lower the optimum savings
rate. If A3 - B3 < 0, then the same change in the division of total time
between T and L (via their own direct investment effects) will lead to an
increase in the savings rate. The various possibilities are summarized

in the following table:
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Table 13

piy

'Rz >1 Ry <1 + - +
-1 + 0. 0

>1 ? + ?

Rp =1 Ry <1 + - +
-1 0 0 0

>1 - + +

Y<R2<1 R1 <1 ? - ?
-1 - 0 0

>1 - + +

R2 S Y R]. <1 - - -
-1 - 0 0

>1 - + +

The only definite conclusion is that when o; = o, , there is no
indirect effect onthe savings rate spilling over from the direct impact
of investment on the composition of total time. Symbolically, the total

effect of net investment on the savings rate will be referred to as BSK‘

Finally, the savings function of 93 can be rewritten as:

SN N+ BSe A+ BSk K

107) S =



Empirical Section
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EMPIRICAL SECTION: GROWTH MODEL

I. Labor Supply

In testing the functions derived in the theoretical section the labor

supply equation was written as follows (in log form).

1l g = q,In,+n.Inr+ U
W = real wage
r = real return to capital

U = stochastic component
@ = participation rate (males only)
n

= elasticity of P wrt factor prices

In the model population was assumed to grow exogeneously, technical
change was exogenous and the stock of capital at any time was a result
of past'accumulations and could be considered as independent of current
utility maximizing behavior (although not independent of past behavior).

Assuming the market sector production function to be linear homo-
geneous means both the real wage and the return to capital depend on the

capital-labor ratio only. The capital labor ratio can be written as:

. K _K N K
2) K=T° T '~ 1
where = absolute amount of capital

= absolute amount of labor
absolute amount of population

= per capita stock of capital

=T - . -
1

= participation rate
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So that the independent variables in (1) are correlated with the k
ratio, which is correlated with @ and therefore the disturbance term.
Thus performing OLS on equation (1) would lead to biaséd estimates.

The market sector production function can be written as

3) x* = Flle , k')
X* = aggregate output
K, L = nominal factor units
Q‘i= exogenous rate of technical change assdmed for each

factor

The relationship between the real wage w and the effective capital

labor ration k* can be expressed as

4) lnw = it + _55_.]n k*
g
where Sk = share of capital in real income
¢ = elasticity of substitution between labor and capital

k* = effective capital - labor ration

- Ke(2" 1): = _IS at

S

\B'

0 1if technical change is Hicks neutral

Expanding (4) and using equation 5

- - A g A lt - AU
6) Inw Adn K- 1tn_Tnrl Aot} 58
g :k T\" ‘/‘

Similarly the return to capital can be expressed as
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= .S
7) Inr = ot = In k*

and expanding

8) ITnr = BInK+8Bn 'nw-Bat + =28 ,t + BU
Tw *§;“ 2
Sc
Bz —m 2t
( 0"S<'qr)

Equations 6 and 8 represent 2 simultaneous equations with 2 endogenous

variables, Inw and Inr. Solving equations yields:

9)' Tnw (wk Tn K + Wt + U*
r’l

Drk In K+ .t +V*

Inr

Explanation of the Coefficients:

Equation 9 represents the reduced form solution for equilibrium
factor prices given the state of technology and per capital stock of

capital.

1. Cwk - effect on the equilibrium price of labor of a change in K:

(per capita stock).

Cwk = A(] + Nr B)
1 +n,.ny AB

This takes into account all secondary adjustments on the price of

labor stemming from the cross effects of a change in the price of capital.

"
2. 1 = effect of exogenous technical change on the price of

o . o
(S A1 -Any 3T B)
1+AB Tr T]w

w0k ¥
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3. Drk = reduced form effect of a changed per capita stock of

capital on the return to capital:

g = BlAny - D
1+nm,AB
4, { r- = effect of technical change upon the return to capital

[~1 ros oD+ (Bn, 5y A 1 +s B2
1+A8B M M
The procedure followed was to estimate equation 9 and use the predicted

values of Tnw Tnr has instrumental variables, independent of the distur-

bance term, in the labor supply function (1).

Estimating the Instrumental Variables

A) Wage rate:
An OLS regressing of Inw was run upon time and the per capita stock

of capital (equation 9):

1. lrw= -7.66 - .018t+ 1.45 1nK
(-5.3) (-2.8) (8.2)
rZ = 98.1
D = .67

2. Autocorrelation Estimate:

Inw = - .96 + .003t + .64 InK
(-.41) (.41) (2.3)

rZ = 98.8

D 2.33
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Return on Capital:

OLS on time, per capita stock of capital

1. Inr = 6.66 # .002t -1.01 1n K
(1.1)  (.08)  (-1.4)
2 = 74.7
w = .76

2. Autocorrelation estimate:
Inr = 5.65 + .008t - .895 InK
(.49) (.23) (-.65)

r2 = 77.5
Dw = .93
cC = .65

The autocorrelation estimates were performed on the factor price
equations because the low values of the Durbin-Watson statistic led to
the acceptance of the hypothesis of positively autocorrelated distur-
bance terms, at the 5% and 1% levels of significance. The acceptance
of the hypothesis of a first order autoregressive scheme implies the

following functional relationship between current and lagged disturbances:

Vt = vt-l + et

0< <1 = autocorrelation coefficient
€t = random component
E(Eg. Eg ~s)= 0 forS#0

g2 S=0
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Although OLS would lead to unbiased coefficient estimates, it can
be shown that the sampling variances of the estimates would be under-
estimated, depending on the degree of autocorrelation in the independent
variables. In economic time series data it is much more likely that
the explanatory variables would be serially correlated than randomly
distributed.

Given the specification of the disturbance term the procedure
followed was to transform the data in.a two-stage process so that the
disturbances, transformed, would be homoscedastic and OLS could be
performed.

Representing the factor price equations symbolically as:

~

Yt=A+bXt+Vt Vg = vt-l, + et
Yt-1 = A+ bygep * Ve
a subtraction of the lagged observation yields:

Yt = A - a+ Yt_] + bXt - bxt_l + Et

so that an unbiased and efficient estimate of'ﬁ‘ could be made. Then

substituting this estimate into the form:

enables OLS to be performed because all of the conditions of the general
linear model are satisfied. The estimates 2 and g are the autocorrelation
estimates obtained for the factor price equations.

Turning to the labor supply equations, three types of regressions

were performed for each age group for comparative purposes.
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(2)

(3)
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OLS on original factor prices (no instruments). In general this
method yielded the poorest results in terms of the significance

of the coefficients, and the correlation coefficient. In addition
autocorrelated disturbances were usually indicated.

OLS performed on instrumental factor prices. This was done in order
to eliminate the bias in the estimates due to the correlation be-
tween the independent variables and the disturbance term, which
stems from the structure of the model. However autocorrelation was
usually indicated.

An autoregressive procedure, as described above, was performed, using
instrumental variables. In most cases this last method produced
superior results. Following are results of these regressions for
each age group considered. An alternative estimating form was used
on each age group in order to separate distinctly the effects on
labor supply of changes in the per capita stock of capital and

teéhnological change.

The 3 equations used were:
) Inp = n,lw+ Inp + U
2) Inw
3) Inr

Ck IN K+ t+UA

Dek Tn K+ ot + V*

By substituting 2 and 3 into equation 1:

.

4) Tnw = (ny Cyk *+ mp Dpy) In K + (e, W * M p) t+ W
Inw = g In K + et + wr

So that le represents the effect of K upon labor supply taking into

account its impact on both factor prices and the Tabor supply rezponse
to both price changes. Both OLS and autoregressive estimates were made.
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Summary of Results:

25-34

35-44

45-54

55-64

65

The r2 increased as a result of the autocorrelation
procedure and the value of the D. W. statistic

increased. The capital effect negative and signi-

ficant, technology effect negative and insignificant.

Decline in ré using autocorrelation, negative tech-
nology effect, positive but insignificant capital

effect.

Improved r2 and significance of estimates as a result
of correction for autocorrelation. D. W. close to a
value of 2. Technology effect negative, capital

effect positive.

Higher rZ and significance of estimates using auto-
regressive transformation. Technology impact negative

and capital impact positive.

Same comments as 55-64.
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Summary of Results:

25-34

35-44

45-54

55-64

65

Method (3) resulted in highest rz, and significant
estimates. The wage rate exerted a negative effect

and the return to capital a positive effect.

Method (3) yielded highest r3 and significant co-

efficients. Wage rate negative and interest rate

positive effect.

Method (3) highest rZ but coefficients not signifi-

cant. A negative significant wage effect was obtained
in Method (1) at the 5% level, but the D. W. was very
Tow. Also a positive interest rate estimate occurred

in Method (2), but again the D. W. statistic was low.

Same comments dpply as 45-54 group.

Method (3) lead to a lower rZ than Method (1). D. W.
inconclusive and a positive interest effect at the 5%
level. Wage rate negative and insignificant, although

very significant using method (1).
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Table 1

Participation Rate 25 - 34 (Log Form)

(1) (2) (3)
OLS - No oLS Autocorrelation
Instruments On Estimate on
Used Instruments Instruments
Intercept 4.65 4.63 4.79
t 133.5 104.5 134.4
1nw -.005 .007 -.031
t . —‘48 .5] "‘303
Inr .029 .052 .041
t 3.06 4.03 6.5
re
76.5 85.3 98.1
9[! .52 .66 2.21
Q - - 5

Best results

were achieved in Method 3 in terms of

significance of coefficient rZ2 and value of DW.
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Table 2

Participation Rate 35 - 44 (Log Form)

(1) (2) (3)
oLS - No OLS - Autocorrelation
Instruments Instruments Estimate with
o B Instruments
Intercept 4.74 4.75 4.79
t 107.5 98.1 159
Tnw -.036 -.025 -.037
t -2.68 ~1.6 -3.98
Inr .002 .030 .024
t A7 2.12 2.94
r2 68.3 ‘ 85.8 91.8
DW 1.21 2.45 .90
Qi - - -.40
2

Method 3 yielded highest r® and significance of
coefficient, although DW was low.
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Table 3

‘Participation rate 45 - 54 (Log Form)

(1) (2) (3)
OLS - No oLS - Autocorrelation
Instruments Instruments Estimate
o ' Instruments
4.81 © 4,82 -6.99
65.4 69.4 -1.65
-.046 -.029 .047
-2.06 -1.3 1.09
024 .068 .008
1.2 3.4 .5
72.4 90.5 96.5
.58 .80 1.83
- - ]

Method 3 - highest r2 and improved DW, but
significance of coefficient low.
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Table 4

‘Participation Rate 55 - 64 (Log Form)

(1) (2) (3)
OLS - No oLS - Autocorrelation
Instruments Instruments Estimate
.......... -11vs AT LU . Instruments
5.24 5.11 -37.66
23.3 21.8 =2.7
~.166 ~.064 .24
«2.4 -.85 1.68
029 .20 .009
.49 3.01 .16
68.4 86.6 95.4
.45 .79 }.34

Method 3 - improved WD and highest rZ, but low
significance of coefficient.
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Table 5

Participation Rate 65 (Log Form)

(1) (2) (3)
Autocorrelation
OLS - No oLs - Estimate with
“Instruments Instruments Instruments
8.28. 7.32 5.31
20 10.3 2.97
-1.11 -.73 -.29
-8.8 3.2 -.70
~.06 .36 _ .39
-.49 1.73 2.1
95.0 91.2 94.1
.87 .57 1.11
- - .7

This was gnly case where Method 3 did not produce
highest r¢, although DW improved.
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Participation Rate 25 - 34

80.

(1) (2)
Autocorrelation
OLS Estimate
Intercept 4.30 5.13
t 24.9 21.7
Ink .035 -.07
t 1.65 -2.28
T -.003 -.003
t -3.4 -.40
r2 .085 93.5
DW 1.06 1.46
Q. - .725
Significance of 1 coefficient fell, but rz and

improved.



Participation Rate 35 - 44

Tahle 7

81.

(1) (2)
oLS Autocorrelation
~~~~~~~~ - Estimate

Intercept 4.3] 4.35
t 23.8 14.9
Ink .034 .029
t 1.54 .82
T ~.003 -.003
t -3.4 2.1
r2 86.2 85.8
DW 2.34 2.06
N
O - -.2

An improved DW was the only real result of
the second method.
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" "Participation Rate 45 - 54

82.

Better DW and higher re,

(M (2)
oLS Autocorrelation
Estimate
" Intercept 3.95 3.30
t 25.5 12.9
Ink .076 .15
t 4.0 5.0
T -.006 -.008
t -8.1 -8.0
r 96.8 98.1
9§ 1.16 1.92
Q - -05



Table 9

‘Participation Rate 55 - 64

83.

(1) (2)
Autocorrelation

0Ls Estimate

Intercept 2.43 -1.15

t 4.0 -1.7

Ink .25 .68

t 3.4 8.6

T -=.017 -.03

t -6.2 -11.8

r2 94.0 98.7

DW .81 2.35

) - .13

Higher significance of coefficients and higher r,
Better DW.
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Table 10

‘Participation Rate 65

84.

(1) (2)
oLS Autocorrelation
..... : . - . Estimate
12.98 -7.61
3.5 -2.1
-1.13 1.33
-2.5 3.0
.005 -.06
.29 -4,
89.4 97.7
.50 2.37
- .51

Higher significance
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II. SAVINGS RATE

Next estimates of the savings function were made. The savings

function was written initially as

Ins = 7ng, Tnw + Inr 1w

sr

First regressions were run on factor prices using OLS and a

correction for autocorrelation.

Summary of Savings Function Estimates:

As a result of an autoregressive transformation both the rZ and
significance of the estimates improved. The wage and interest rate
impacts were both positive, with the wage effect larger. When OLS
and then an autocorrelation procedure, were performed using instrumental
factor prices the significance of the estimates increased further, as

well as the r2. The D. W. also improved.
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(1) (2)
oLS Autocorrelation
o o Estimate
.92 ~2.2
116 -108
41 1.12
2.4 4.03
24 .32
1.6 2.7
35.1 79.5
.66 1.3

The correction for autocorrelation raised significance
of coefficients, and the r2, as well as the DW statistics.



Intercept
t

Tnw
t

Inr

DW

"Savings;Rate
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M (2)

OLS - Autocorrelation
Instruments Estimate with
Instruments

-.52 -1.84
-.68 -5.0

.83 1.15
3.4 10.4

.49 .57
2.2 6.2
57.3 93.3
1.5 1.8
- 0

Instrumental variables gave better results_ in both
methods compared to the original factor prices. The
autocorrelation estimate raised significance levels
and the r2 noticably and the DW was close to 2.
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An alternative form was estimated in terms of the per capita stock of
capital and time, in a manner similar to that used in the labor supply

function, so that given

1) Ins = ng, Irw + ng Inr

using the factor price equations we obtain

2)  1Ins

(sw Guk + Msp Dpk) TrK + (n sw[rht Nsr {‘r)t
Ins = ng IrK + ngp t

which separates out the influence of technology and changes in capital.

Both OLS and autocorrelation were run:



"§§Vipgs'Rate
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t

(m (2)
OLS Autocorrelation
- - - - -Estimate
Incercept 3.6 -14.9
1.0 -2.2
Ink ' ~.16 "~ 2.06
t -.38 2.6
T .01 ~.05
t 19 "‘2.0
re 33.1 71.5
DW .99 1.09
- .45

Although autocorrelation correction improved the results
using instruments seems preferable.



Growth model, assuming constant elasticities

in the labor supply and savings functions.
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In the standard one sector growth model with Hicks-neutral technical
change, the capital-labor ratio will grow at a constant rate only if the
elasticity of substitution between capital and labor is ](oLK-= 1) setting
oLk = 1 is both a necessary and sufficient condition for the growth rate
to be stable and unique. In that model, it is assumed that the savings
rate remains constant, and that the labor supply grows at a fixed rate
(or that the market share of total time remains fixed.)

With the assumption of Hicks neutral technical change and an endogen-
ously determined savings and participation rate, relaxing the assumption
that o1k~ 1 means that the k ratio could grow at a constant rate only
if the savings rate increased or decreased continuously. For example,
if ok < 1. not only would the savings rate be changing (g # 0), but the

rate of change itself would have to be increasing (g%_> 0) in order that

the k ratio grow at a fixed rate in equilibrium.

Because the above rate is unrealistic, I retain the assumption that
o g = 1 and further assume that in equilibrium the savings rate does re-
main constant. Thus °LK =1 still remains a necessary condition for
stability but it is no longer a sufficient condition. This is because
when the system is in disequilibrium, i.e., when the actual growth rate
of the k ratio (ﬁ ) differs from the long run growth rate (Q;), the
savings rate is changing at a non-zero rate, /S‘# 0. There is no
guarantee that as b >bk , S will approach zero. This depends on the
sizes of the coefficients in the labor supply and savings functions.

When the market sector and non-market sector production functions
are written in intensive (per capita) form, and the Lagrangian is maxi-

mized we obtain percentage change in the participation rate:
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— . —
1] R TR TR

percentage change in the savage rate:

e - ~
= +
2) S ns& nsk K

where the n's refer the elasticities of @ and S with respect to techno-
logical change (\) and changes in the per capita stock of capital (K).

The changes in these growth rates are:

3) __}Z_ dk_

—~—

Because the change in the per capita stock of capital (K) equals
the change in the absolute stock of capital minus the exogenous rate

of change in population (K - R), g%- = g%- .

The growth rate of the capital labor ratio is:
5) k = K-L = K-¢
and the change in this growth rate:

d
6) H- (1-qpX

It can be shown that the change in the growth rate of the absolute

stock of capital can be written as:

7) = (5 +C - 5 k)

where G the percentage rate of gross investment

o share of labor in real income
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In the standard model, the participation rate is constant
= = i i = = 0. ’
(nLK Mk 0), and the savings rate is constant CHSQ_ Mok Thus

equations 6 and 7 can be rewritten as:
8) =T
puy
9) -d—!s = G(("ﬂk)

In equilibrium the growth rate of the k ratio remains constant, and

to sblve for this rate set %%’ = 0:

-

10) g’% = G (L - wk)
or
M) k* = 5

In order for this growth rate to remain constant, n , the real
income share of labor, must remain constant, requiring that oK = 1,
—
This rate k* is easily shown to be stable, since for any k < k* ,

9—'5<0 and for any k>k*,g—<— >0 .
dt dt

Ih order to examine the stability of k* in the general case, the

-

. 2
sign of g;%- will be evaluated.

From equation 6:

12) 2k = gy ) 9K
) dt2 k! g

and using equations 4, 6 and 7:

?

d?k _ dK
13) a2 - (1 “nLK) it

[~%
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,..—’7
o
where j is defined as:

-~
1 i

1) = g -w(1-m)

If k >rk* and %%j< 0, stability requires that the second derivative
may be positive, in order that k falls asymptotically towards k*.
Inspection of equation 13 ih’< 0 1is a sufficient condition for this.
If /E’ is initially less than ’E; and rising, stability requires the
second derivative to be negative. Here?i’< 0 is a necessary condition
for this to occur. Thus, one result is that f'< 0 seems to lead to

e

stability from above and below the long run growth path. If >0

— ——

there may be instability when k > k* , in the sense that ,L> will fall
past k* ; when Kk is less than k* there will definately be instability
in the sense that k will rise past k* . All of these results hold
even assuming oy g = 1.

There are two issues that have been glossed over thus far. The

first has to do with the behavior of the savings rate when the system

is not in equilibrium. The second is what guarantees that when k > k* ,
dk
dt
example.

> 0 and that when k >'k*, dk > 0 , as was assumed in the previous

To examine the savings rate during disequilibrium, return to the
definition of the change in the growth rate of the absolute stock of

capital:

o~

=G (S+ -mk)

dk
15) at

By substituting in equations 1, 2 and 5 and rearranging terms:
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16) =6 K-k

[«N]=1
(o o

where K* is the rate of change in the per capita stock of capital that
prevails in equilibrium:

17) Kkx = = ( +ng Ly

[ -
i

and i?,is the actual rate of change in the per capita stock of capital.

When the growth rate of the capital- labor ratio is constant K + K*,

and by assumption the savings rate will also remain constant. That is:
18) S* = Ng tngg K¥=0

is a constraint which is imposed to make the model more realistic.

Therefore equatioh 2 can be written as:

19) S = ng tmg K+ Mgk K* - Mgk K* = Nk (X - K*)

which shows that the savings rate changes only when the system is in
disequilibrium.

Equation 19 can then be used to show the relation between rate of
change in the k ratio (E) and the slope of the accumulation path. Since

equations (5 and 16 are identical:

L~

A
= (K- K*¥)

P

20) S+ - wk

and because of the constraint of equation 19:

o~ o~ v [~
21) g, K-%+ 0 -5 [T %

where k* = ¢
w

After rearranging terms:
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— P
’../
« Kk* = !k_'_kt)_
22) (K~K) = S7g-h

The slope of the accumulation path is defined as:

K= (om0 6 (k-1

dk
(1 - nyaE

dk =
23) It

and substituting in equation 22:

d K
28) 5= 6 (k- k*

x

1
Thusy < 0 becomes a necessary condition for the actual growth ratc

to fall from above (its equilibrium rate) or to rise from below, when

the constraint S* = 0 1is imposed. This differs slightly from the

-
earlier result that?A< 0 is a sufficient condition for the actual growth
rate to fall from above .

To determine what is happening to the savings rate as k approaches

Tl —
ds dKk _ !
25) dt = Msk dt - "Mk & (K- K¥)

and using equation 19:

—

' 1
s =~
26) ;,T=se(

Therefore, if :;< 0 , then any positive rate of change is S must be

diminishing and any negative rate of change must be increasing, as k  k+.
Further these changes in the percentage rates are asymptotic, which can
be seen by taking the second derivative:

o~
d2s = -

27) —qxz (6 )?s
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Note that all of these results hold independently of whether Mgk 2 0s
<

or m ¢ z 1, as long as <0 In the standard model, where Mgk andnLK
are assumed zero, = - w, and is automatically negative.

Lastly the implications of?ﬂ > 0 will be mentioned. The stability
of the growth path was shown to depend on the sign of the second deri-
vative g;% (equation 13). This expression, however, was derived with-
out placing any constraint on the equilibrium rate of change in s (S*).
With that constraint, the slope of the accumulation path was derived in

equation 24, which enables us to write:
1
d2k (k-k¥)26 2 L. _dk
28 = - —ar
| ) gz - o dat

If§‘1> 0 and k > k*, the slope of the accumulation path is positive.
The sign of the second derivative is ambiguous, but even if k 1is in-
creasing at a diminishing rate, it is impossible for it to reach a maximum
and fall back, since %%-5 0 only when k = k* . Thus the spread be-
tween kK k* must always widen. The savings rate would also be unstable
since, from equations 26 and 27, a positive rate of change in S will be
increasing at an increasing rate (and a negative rate of change would be
falling at an accelerating rate).

To summarize, the standard one sector growth model, with Hicks
neutral technological change, constant savings and participation rates,
was compared to a model in which the savings and participation rates
were determined endogenously. In the former case, OLK =] js a necessary
and sufficient condition for the stability of the long run rate of growth

of the long run rate of growth in the k ratio. In the latter case, the
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constraint was imposed that when the k ratio is growing at a constant

rate, the savings rate rémains constant. Then °LK = 1 becomes a neces-

sary condition for stability, but it is no longer sufficient. This is

because the sizes of the coefficients in the labor supply functions

determine the time paths of these variables. Stability is assured when

[j < 0, and instability assured when' >0 . The standard model can be
|

regarded as a special instance of the general case when '= - w .

i



98.

Here, the extension is made to the case of Harrod neutral techno-
logical change, where it is shown that the same criteria for stability
applies as in the Hicks neutral case. That is, when | " is defined as
ngp - ¥ (1 -7}, as in the earlier paper,:”’< 0 is.a necessary con-
dition for stability. .

I assume that Harrod neutral technological change takes place in

both the market and non-market sector, so that:

Q1 = rate of technical change in market time

02 = rate of technical change in non-market time
03 = rate of technical change in capital

Q~4 = rate of technical change in consumption inputs

The labor supply function becomes:

and the savings function:

-t

where the n's are the elasticities of §# and S w.r.t. technological

change and the per capita stock of capital.
Equation 1 can be written as:
e T

where  is a (1 x 4) row vector of coefficients, and <. is a (4 x 1)



99.

column vector of rates of technical change. Similarly the savings function

can be written as:

o~

4) s = gl + mg K

The changes in these growth rates are:

g 4L . n _dk

) dt Lk dt.
and

’,/ /‘J

ds_ . dk

6) 5t T g e

As in the Hicks neutral case, the change in the growth rate of the

capital-labor ratio is:

7) Ak
I R TR

Now the change in the growth rate of the absolute stock of capital

ol

)

o d -
8) a4t 0 G @G
where G is the rate of gross investment. It can be shown that:

9) _%,t[(_ = G[S-ﬂk+n"<l+(l-n)@\3]

n share of labor in real income

l - w share of capital in real income

. In the standard model, the savings rate remains constant (S = 0),
and the equilibrium rate of change in the k ratio is obtained by setting

equation 9 equal to zero, or:
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- 1-
10) K = + e

1 " 3

' 1
In order that this rate remains constant, the ratio e must not

change. Since the ratio‘is the share of capital relative to the share

of labor it can be written as:

fix yx
1 = _1-n_ _ k* K
) D w fL* L*

The factors of production are expressed in terms of effective units

and:

fr = mPy,

fL* mPL*

Equation 11 can be written as:

fi*

12) D =
) o

k*

where k* 1is the effective capital labor ratio: ke (63 ’Ql)t

Holding relative factor shares constant requires:
P \ .

- Fyx N

13) K—T[;-; + k o+ ((3-04)=0

I4

or

FOK -1 N
14) k_w._.__/k = (73 -¢;)

where k is the capital-labor ratio in nominal units.

Thus, the standard result is that when technological change is Hicks
neutral, oLk = 1 is a necessary condition for keeping relative factor
shares constant. If oy # 1, then Harrod neutral technical change is

required.
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Assuming equation 14 satisfied, the stability of the standard model

is easily shown by rewriting equation 7 as:

~ r—~ ~
dk . dK_ . K
Bl g Tt SLR -

where € * is the weighted average of € y» and .3 k" is the equili-

3’
brium growth rate defined in equation 10.

To generalize to the case where the savings rate and participation
rates are determined endogenously, substitute equations 3 and 4 into

equation 9 to obtain:

——

dK s =
16) g = Gl (K-k#)
where K* 1is the equilibrium rate of change in the per capita,, and
=gk = (1 -m).
Further, K* is defined by
7). _(n+ %)
[

Here, m is a (1 x 4) row vector, where the ith etement is

Mgij *wmj ¢ and < * are defined as before.
As in the Hicks neutral case, the constraint is imposed that, in

equilibrium, the savings rate remains constant:

~

18) S* - o

s Ty K =0

or

-

19) S = Nsk (E- K*)

Because equations 9 and 16 are identical:
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o

20) S - mk+ *= (K- K¥)

and using equation 19:

21) (K - k*) = (k-k")
LT
Lastly, by substituting back into equation 7:

2) g = Q- k! 6l K-k = 6 (k- k)

Thus, even with Harrod neutral Technological change, and the con-
ditions of the standard model satisfied (equation 14),fj< 0 is a necessary
condition for stability, If this condition is met, then the actual growth
rate of the k ratio will be approaching its long run equilibrium value
asymptotically, while at the same time the rate of change in the savings
rate is approaching zero. If!~'> 0 , then the actual growth rate would
continue to diverge from k" , and the savings rate would either rise or

fall continuously, even if equation 14 were satisfied.



