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Abstract

RAYLEIGH-SCHROEDINGER PERTURBATION THEORY APPLIED TO A NEW
GROUND STATE WAVEFUNCTION FOR THE HYDROGEN MOLECULAR ION

by

Anthony A, Galitsis

Adviser: Professor Stanley R. Radel

The Geometric Mean (GM) variation function
& = Nexp(— ZRA/2)[2a cosh(ZRu/2) + fl

is used as a zeroth-order wavefunction for perturbation energy calculations on
the ground state of the hydrogen molecular ion. The first order wavefunction
is obtained and used to calculate the ground state energies of Hj to third order.
It is found that for a large range of values of the internuclear distance the
third order energies lie within 1.2 % 106 e/a; of the exact values. The results
are checked by several independent methods during the various stages of the

calculations to insure as great an accuracy as possible.
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CHAPTER 1

THE HYDROGEN MOLECULAR ION

The hydrogen molecular ion, Hj, has been the subject of much theoretical
interest since the introduction of quantum mechanies to the study of physical
phenomena in 1925. The reason for this great interest is that the hydrogen mo-
lecular ion occupies the central position in the theory of molecular structure,
similar to that enjoyed by the hydrogen atom in the theory of atomic structure.

If the energy be measured in units of €?/a;, and the distance measured in
units of a;, then the Schroedinger equation for the electron in the field of two

stationary nuclei of unit charge becomes

1 1 13\ _
<— 5V - = rb)‘l' = EV (1-1)

where we have neglected the internuclear repulsion term, 1/R. V2 is the
Laplacian operator and r, and r,, are the respective distances of the electron
from nuclei A and B.

It was first shown by Burrau! that the wave equation 1-1 is separable upon
transforming to confocal elliptical coordinates (A,u, ) where AR = r, + r,, 4R
=r, — Ty, and ¢ is the angle of rotation about the axis joining the nuclei. The

introduction of these new coordinates transforms equation 1-1 to the following:

of(e_Nerl, aff,_ . A\e¥] [1_, 1 ]ow
I B (B R et

M r2 _ 2
+|:RE(7\ u?)

5 + 237\]\1/ = 0. (1-2)

The usual method for solving equations of this form is to write ¥(\,u, @)
= LOOM(u) &(¢). Then, letting p? = — $R?E, we find that the equation is separa-

ble into three differential equations

2
g—;g’- = - m?d (1-3)
2
d_(ii [()@ - 1)%%] + [A + 2RA — piA? - x}-n:—l]L =0 (1-4)

~1-



-2

4a gy AM 2,2 m? _
d#[(l_“)du]+[—A+p” —1—'_-7;2' M=0. (1-5)
The solution of the & equation leads to m values of 0, £ 1, & 2.,.. The

next step in the procedure for finding the energy consists of finding the relation
between the separation constant A and the parameter p such that M(u) possesses
the properties of a satisfactory wave function. Once this relation is found, it is
used to obtain the characteristic values of p from which the energy may be
obtained.

Burrau! solved these equations for the case m = 0, the ground state of the
ion, by a process of numerical integration. However, because the state of the
art of numerical calculation in 1927 was quite below that of today, Burrau’s re-
sults did not yield energies of as high an accuracy as would have been desired.
Some years later, Hylleras? and Jaffe® managed to get explicit solutions to equa-
tions 1-4 and thus obtained energies accurate to four decimals.

With the advent of the new computers, energies accurate to seven deci-
mals have been obtained by Wind? and to thirteen decimals by Peek®. Both of
these calculations have shown that the equilibrium value of R, R,, is 2.0a,.
However, for all their accuracy, these authors still seem to have missed the
true value of R,. In 1941, ngohnson*‘6 calculated R, as 1.997466ay, and a very
recent calculation’ has yielded an R, equal to approximately 1.9972a,.

Inasmuch as the exact solutions of equations 1-4 and 1-5 presented so
many difficulties, many theoreticians tried to surmount the obstacles by apply~
ing variation or perturbation techniques to simple wavefunctions in hope that
they would give rise to acceptable values of the energy. For example, Pauling®
used a linear combination of atomic hydrogen wave functions (¥, + ¥4; LCAO)
and obtained an equilibrium separation of 2. 5a,, in error by 25 per cent, and a

dissociation energy that was in error by approximately 36 per cent. Finkelstein

*Johnson’s calculation, however, included terms to correct for nuclear
motion.
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and Horowitz® used the same function as Pauling but introduced an effective

nuclear charge Z. Their unnormalized function may be written as follows:
¢ = exp(— Zr,) + exp(— Zry). (1-6)

Minimization of the energy with respect to the parameter Z led to an energy at
R, = 2. 03, in error by about 19 per cent, a big improvement over the Pauling
function. Dickinson!? decided to polarize the 1s orbitals of hydrogen by adding
some 2p character to the wavefunction. The result was a rather complicated
looking molecular orbital which led to energies in error by about five per cent.
Perhaps the most accurate wavefunction to be introduced at the early
stages of the development of molecular structure theory was that of Guillemin

and Zener!!, They used a function of the form:
¢=exp(~ Z'r,) exp(— Z''1y,) + exp(— Z"’r,) exp(— Z’'ry). (1-7)

The energies, as calculated by Kim et al.!?, agreed with the exact to within
0.0003e?/a, for the full range of internuclear separations.

The prime objectives of all the workers who used the variation functions
described above was to design a wavefunction which, while simple in appear-
ance and easy to handle, gave energies that are nearly exact. While almost all
of the functions satisfy the first two objectives none of them satisfy the last as
much as we would like. It was with this thought in mind that Lyon et al. 13,
using the Guillemin-Zener function as their zeroth-order function, applied
Rayleigh-Schroedinger perturbation theory to obtain energies for the hydrogen
molecular ion accurate to six decimals.

Some time later, Radel et al.!! published energies for the H} ion obtained

from the following “geometric mean” variation function:

@ = ol + Uig) + BT Ti0) /2 (1-8a)
Upon transformation to confocal coordinates, this function becomes

@ = (Z°/m1/2exp(—~ ZRA/2)2a cosh(ZRu/2) + fl. (1-8b)

In this function Z is an effective charge, while & and 8 are related through

normalization. It was found that the Geometric Mean (GM) function gave even
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better energies than the Guillemin-Zener function.

Possessing, as we did, a function as accurate as the GM function, it was
deéided to apply Rayleigh-Schroedinger perturbation theory to determine the
energies for the ground state of the hydrogen molecular ion. As will be seen
subsequently, the energy, corrected to third order, agrees with the results of
Wind4 to within 1.2 X 10""e2/a0 for virtually all internuclear separations. It is
the calculation of the third order energy that will occupy us throughout the re-

mainder of this thesis.



CHAPTER 2

THE RAYLEIGH-SCHROEDINGER PERTURBATION THEORY

In the next few paragraphs the salient features of perturbation theory, as
they apply to the present calculations, will be described. The aim here is to fill
the gaps found in the treatments of some of the well-known treatises on quantum
mechanics!®16:23,25 Ap excellent survey of the recent developments in.pertur-
bation theory, replete with references, may be found in references (17) and .
(18).

The main assumption of perturbation theory is that a wavefunction for a

given state ®, may be expanded as a power series!? in some parameter A as

&, = ) Anq,l(‘!n) = o0 + ApdM + A2 4 (2-1)

n=0
Furthermore, we assume that the Hamiltonian and the energy can also be ex-

panded in the same way, viz.:
H2HO + aHD + 2H® + . =HO 4V (2-2)
Eg = e(® + aell) + A% + ..., (2-3)

The reason for performing these expansions is that we are studying a
problem for which the Hamiltonian H is only slightly different from the
Hamiltonian (H'®) of some problem whose solution is known exactly. This being
the case, we assume that the Hamiltonian for the unsolved problem at hand will
be the sum of the operator H® and some correction terms which we label
AHD, A2H®) | etc. This same type of reasoning is used to explain the expansion

of &, and E,. That is, ¢{” and e{?? are approximate solutions to the problem at

hand, and it is expected that the correction terms A@f!) + A2¢f2) + ... and
Aell) + A%e) + ... when added to the approximate solutions will give us

eigenfunctions and eigenvalues, respectively, as exact as we wish for our
actual problem. Thus, it is obvious that as A approaches 0, our actual prob-
lem reduces to the problem for which the solution is known (i.e., the unper-
turbed problem). For these reasons, it is customary to refer to V as a

“perturbation potential,”
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The Schroedinger equation for the perturbed problem is H®y, = Ey$;, or
(H - E )&, = 0. (2-4)

Suppose now that we have in our possession a wavefunction ¢§°) which gives a
good approximation to the energy for the problem at hand. Suppose further that

we can find a Hamiltonian, H'®, such that
HO o0 = e0qiD, (2-5)

If this be the case then H® is the unperturbed Hamiltonian and ¢{? is the un-
perturbed wavefunction. The determination of H'® is, of course, a mathemati-
cal construction* which is necessary if we are to apply the formalism of per-
turbation theory as expressed in équations 2-1, 2-2 and 2-3.

Substituting equations 2-1, 2-2 and 2-3 into 2-4 gives

(H - Ep) @y = [HO 42V - 5 {1 T a0l = 0 (2-68)
or
[HO £ AV — ef® — el — 2% — ... 1l + Mo,‘f’
+ o)+ .. 1=0. (2-6b)

Collecting powers of A we obtain
[HO @0 — eMe0] + 21 A[H — ef”) @) + Vo)
~ nﬁp e oEm] = o0, (2-6¢)
Making use of equation 2-5 gives
;‘é‘ A{[HO — o] oM + Vo) — %:1 e lmnl} = 0. (2-6d)

If this last equation is to remain valid for all values of A, then the coef-
ficient of each power of A must separately be identical to zero. Thus, dropping
the subscript k in order to prevent the notation from becoming tod clumsy, we
find

*That a Hamiltonian, H?), can be found such that equation 2-5 is true
will be shown in Chapter 3.
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[H — e0]p® 4 yoo) - nﬁ; e(m;¢(n-m)_ (2-7)
Placing n equal to 1 in equation 2-7 yields:
[H® ~ e®]pM) 4 v = g p® (2-8a)
which becomes
[HO — oW 4 [V — eD]gp =0 (2-8b)

where the zeroth-order wavefunction is represented by ¢; i.e., ¢ = 99, The
solution of equation 2-8 gives us ¢"?, and from ¢‘? we can find the first,
second and third order corrections to the unperturbed energy e(®,

For example, taking the scalar product of equation 2-8 with ¢, and re-

quiring that {¢, ¢'1) = 0, we find:
(@, HOpMY — e (g oMY + (@, Vo) = Mg, ¢)
or
e = (@, HOoW) + (o, Vo) (2-92)

since ¢ is normalized. As H ig an Hermitian operator, the following is true:

e = (@, Vo). (2-9b)
Letting n = 2 in equation 2-7 we find:
[HO — eM]p?) + Vo) = ¢Wpl) 4 @9, (2-10)

We now take the scalar product of 2-10 with ¢ and integrate over all space.
Again, using the Hermitian property of H®), we find that (¢, H(Dp®)} -
= (@®, HOg) = (¢, eD¢), Cancelling and re-arranging terms gives the

formula for the second order correction to the energy:
e?) = <(,0,V§0(1)». (2-11)

In a similar manner, placing n = 3 in equation 2-7 leads to the following

formula for e’



e® =Ap, (V ~ e1)p@) (2-12a)
= {(V - e(l))?, PLN (2-12b)

From equation 2-8 we find that (V — e®) ¢ = — (H® ~ D)), Substitution of
this into 2-12b, and making use of the Hermitian property of H(® allows us to

perform the following chain of operations:
e®) = — ((H® — @) o) @)y (2-12c)
= — (@) (H(O) _ g(0) 22y, (2-124)

However, from equation 2-10 we notice that — (H{® — e®)p®@) = (Vv = e)) ™
~ e® . Using this relation in 2-12d we find that:

e® = (e (V — )My _ (o) e@)gp): (2-12e)
and taking into account the requirement that (¢, ¢‘1?) = 0, we finally obtain:
e® = (o), (V - eM)pW)y, (2-12f)

Equations 2-9b, 2-11 and 2-12f give the first, second and third order
corrections, respectively, to the energy, and as can be seen, involve only the
zeroth or first order wavefunctions. This is an example of the theorem?¢ which
states that if we know the nth order wavefunction we can calculate the energy
accurate to the (2n + 1) st order. However, before any calculation of energies
(other than the first order energy) can be effected, we must first solve equation
2-8 for o1,

In most treatises on quantum mechanics, the usual procedure of solution
is to assume that @1 can be further expanded in terms of a complete set of

known orthonormal functions ¢y; i.e.;,

Substituting this expansion into equation 2-7 leads to the familiar formulas for
the first, second and third order corrections to the energy (see references
(15), (16), (25)). The method gives an exact solution for the energy of the
hydrogen atom in an electric field. (Stark Effect: see reference (25), pages

191—198.) A recent application of the method* to the hydrogen molecular ion,
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however, does not give results as accurate as one would like, even through
fifth order. This does not mean that the method is not good. On the contrary,
the lack of accuracy was attributed to the inadequacy of the zeroth-order
function at large internuclear separations. Our calculation utilizes the
geometric mean function (1-8) as the zeroth-order approximation and this
function gives very good results for both large and small internuclear
separations“.

Hirschfelder et al. discuss another method!® which permits us to solve
the perturbation equation without explicitly stating the form of e}, The
reasoning behind the method is to let the perturbation potential, V, shape the
form of the wavefunction, and thus eliminate the need to guess the form before
starting the calculations. * Thus, using their method, we let o1 = Fo, where
F is a scalar function of the coordinates to be determined. Substituting into

equation 2-8, and simplifying notation such that H'® = H;, we find:
(Hy — eMFop + (V - eM)o = 0. (2-13)

Then, requiring that (¢, F¢) = 0, substitution of ¢ = F¢ into equations 2-11
and 2-12f gives

e = (@, Vqu) (2-14)
e® = (Fo, (V-eD)Fo). (2-15)

It is the solution of equations 2-13, 2-14 and 2-15 that constitutes the major

portion of this thesis.

*This same method is used in Appendix A to solve the Stark Effect
problem for the hydrogen atom. It will be seen there that the exact solution is
obtained without the labor involved in assuming an expansion intterms of a
spectral distribution of a complete function set.



CHAPTER 3

PERTURBATION THEORY AND THE GEOMETRIC

MEAN VARIATION FUNCTION

In order to apply perturbation theory we need to find an H; and an 89 gsuch
that equation 2-5 is satisfied; i.e., such that Hyp = e'®¢ where ¢, the zeroth-
order wavefunction, is now taken as the Geometric Mean (GM) function 1-8.
e®  of course, will be the zeroth-order approximation to the actual ground
state energy of the hydrogen molecular ion,

Let us begin by constructing a Sternheimer Hamiltonian!?

Hy= -3+ U (3-1)
such that
Hyp = — (Z2/2)¢ = eVg (3-2)

In effect, we wish to construct H, such that the zeroth-order energy is that of

a hydrogen-like system.
Combining equations 3-1 and 3-2 we find that
~ V2o + Ug = - (Z%/2)¢
or

72 igly
U= - =+ 7 (3-3)

Operation on the GM function by V2, followed by the appropriate substitutions

into equation 3-3, ultimately yields the Sternheimer potential

Zlax + ZR(1 — p?)] oZI[ZR(1 - p?) cosh(ZRu/2) — 4usinh(ZRu/2)]

U=- 2RV — p) R(\2 - p2)[2a cosh(ZRu/2) + Sl
(3-4)
The true Hamiltonian for Hj, ignoring internuclear repulsion,. is given by
el 212 (3-52)
2 r, n,

-10-
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_ _ Lo _ 4)
= - £V

R(Z — uf) (3-5b)

If we use the Sternheimer Hamiltonian as our zevoth-order Hamiltonian (see
equation 2-2), the perturbation potential is simply the difference between the

true Hamiltonian and the Sternheimer Hamiltonian; i.e., assuming full pertur-

bation,
V=H-H, (3-62)
= - —Rﬁ#’_‘_—“zy -U (3-6b)

after substitution of equations 3-1 and 3-5b. This is the potential which must
be used in equation 2-8 as well as in the expression for the first, second and
third order corrections to the energy.

The first order correction to the energy is given by equation 2-9b; i.e.,

e) = (o, Vo) (3-7a)
= (g, (H - H)) (3-7b)
= (¢, Hp) — e® (3-7c)
= (@, Ho) + Z%/2, (3-7d)

The integral (¢, Hy) is the energy corresponding to the GM function. This
integral has been evaluated by Radel et al. 14 for various internuclear separa-
tions. In effect, then, e!!) has been determined.

The second and third order corrections to the energy (equations 2-11 and
2-12f) require a knowledge of ¢!?, Hence, the evaluation of these corrections

reduces to the problem of obtaining ¢*) by solving equation 2-8
[Hy — e1p® + [V ~ eM]e = 0. (3-8)

It is possible to separate this equation by making. the substitution (see

discussion on page 9)
oM = @+ F(\, p) ' (3-92)

=@+ [LO) + M@)] (369h)
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where F(\,u) = L(A) + M(p). Substitution of 3-9 into 3-8 leads to the differential
equation

[Hy — e®][L() + M@l + [V — e]p =0 (3-10)

Using H, as defined by equations 3-1 and 3-4, we find that equation 3~10 is
separable in the coordinates A and p; i.e., if we let D be the separation con-

stant, we can obtain the two differential equations:

agi['(xz - 1) exp(— ZRA)%%] = exp(— ZRA) [D - R(2 — Z)A — R%e()?/2], (3-11)

and
d 9 odM, _ 9
a [(1L — p%) (20 cosh(ZRu/2) + B) an 1 = [20 cosh(ZRp/2) + Bl (3-12)
2,24 (1) ; 2R2a(1 — u2
%D+ Reuce . 8aZRy sinh(ZRu/2) + Z°R4B(1 — u?)

2 4[2c cosh(ZRy/2) + g] ’

The separation constant can easily be obtained by integrating equation

3-11 over all A. Keeping in mind that dL/d\ must always be finite, we obtain

i - _
D= Sr(l+ ZR + Z'RY/2) + (2 Z)él + ZR) (3-13)

Equation 3-11 is now solved by integrating twice with respect to A to

yield
2~7 e e DRy
L) = % A —Zz-i In(1 + A) + 57t Fy, (3-14)

where F, is a constant of integration. *
In a similar fashion, we may integrate equation 3-12 once with respect

to u to obtain
2 ,dM . 2 . .
(1 - p)[2¢ coshap + g] e Ty sinh 2ap + Tyu sinh 2ay + T3sinh ay

+ Tyu sinhay + Tgu + Teu® + Top cosh 2ap

*Substitution of A = 1 into the result of the first equation shows that the
first integration constant vanishes, F; is the second integration constant,
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+ Tgucoshap + K = f(u) + K (3-15)

where a = ZR/2 and K is an integration constant, The coefficients T, through

Tg depend on R, Z, @ and 8 and are listed below:

202
Ty = =l 72D — 7% + 1] (3-16a)
2na(l)
T, = LR (3-16b)
408 2, mdn? 2 )
T3 = gy |~ 2DZ% + ZR%/4 — 4Z% + 8e!!)] (3-16¢)
T, = 4°‘ZBR [e) — 72/4] (3-16d)
212 Q2
Ty = ~ DI202 + 2] + 5—1:1—@— (3-16¢)
R? ( 2, (1
Ty = _E[— 7282/2 + 2a2e'D) + Re] (3-16f)
2
Ty = 25122 - o] (3-16g)
Ty = %’é[zzz ~ 4e'1)] (3-16h)

Inspection of f(u) shows that f(—u) = —f(@); i.e., £() is an odd function.
Hence, by requiring that dM/du remain finite at the limits 4 = + 1 we can

easily show that when p = -1

K =-f(-1) = (1) (3-17a)
and when p = +1

K=-1(1) (3-17hb)
where

£(1) = (Ty + T,) sinh 2a + (T3 + T,) sinha + Ty + T + T;cosh2a + Tgcosha
(3-18)
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Clearly, equation 3-17 can be valid only if
K=£(1) =0 (3-19)

All that remains in order to complete the specification of M(u) is to
integrate 3-15. This is an extremely difficult and tedious task, and the pro-

cedure will be described in detail in Chapter 4.



CHAPTER 4

SOLUTION OF THE p EQUATION

Since K = 0, equation 3-15 becomes
(1 — u®[2a coshap + J° (31_1;\;{' = T, sinh 2au + Tyu? sinh 2ap + Ty sinhay
+ Tyu? sinhap + Ty + Teud + Top cosh 2ap
+ Tgcoshap (4-1)
Hence,
M) = TyJX1sinh 2audu + TypfX-1y? sinh 2ap du + T5[X-1 sinhap dp
+ Ty JX-1p? sinhap dp + Tp/Xludp + TefX-1u® du
+ ToJXpcosh2apdp + TgfX 1y coshapdy + Fy (4-2)

where F, is an integration constant and X = (1L — p*)[2a coshap + BI%. Inspection
of equation 4-2 shows that there are eight integrals that need to be evaluated in
order to define M(u). Let these integrals be denoted by T4, T4,...T§. The
procedure to be followed to effect the integrations is straightforward, albeit
long and tedious. To conserve space, we decided to give the complete solution
of only one of the integrals in detail. The other integrals may all be evaluated
using the principles developed from this one solution.

We proceed now with the evaluation of the integral having the constant T,

as its coefficient. This integral, T}, is

A

, pé sinh ap dp _
Ti= f(l — w2)[2a coshap + BJ2 (4-32)

1 pu? sinh ap du )
T 402 ) (1 - p?)lcoshau + g/2al* (4-3b)

.91 K dp -
~ 7 9a 4at / (1 — p¥lcoshau + B/2a] (4-3c)

I.e., determination of T reduces to the problem of integrating

(4-4)

L =/ p dp '
5771 - u?)lcoshau + B/2¢]

We now distinguish three cases:
-15-
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CASE 1.: When /2a < 1, let B/2a = cosg; i.e., g=arccos(3/2a). Using
the following identity®?

ot = e o (455) - ann (2. (@
in equation 4-4 gives . .
ap + I -1
cemll et
cos;cg; futanhu(zn;) futanh “(2)) %du (4-6b)
=SB [Q - @ - @ + Q4 (¢-6c)

where (+) and (=) are (au + ig)/2 and (au ~ ig)/2, respectively. The Q’s are

integrals given by

Q = fEa.‘lP%_Lﬂ du (4-T7h)
Q- jEmLE) g, (a-7b)
Q=S EaTm‘_—(;-'l dp (¢-7c)
Q = f.tﬁl_nhTL;) du (4-7d)

In order to determine the Q’s, we follow Lyon et al. ! and expand the

hyperbolic tangent in the series
tanh (£) = tanh 5"—;& = 4(ap + ig)jéo [@n+1)27% + (au = ig?]. (4-8)

Substitution of equation 4-8 into equations 4-7, interchanging the processes of
summation and integration, expanding into partial fractions, and integrating

term by term ultimately gives

Q= —4@+ign( - p ;Z;OD? + 2(a + ig):ZZODfiln)Q
3 o1 ap + i _
—-42%,@n + 1)7D;* arctan (2—n—+—1% (4-9a)
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@ = -4 - igh( + W § D3 + 2(a — ig) ;E'ZODgilnx+

3 =1 +1 -9b)
+42 (2n + 1)7D;! arctan (—-;54_—1%; (4-9b)

Q; = —4(a — ig)n(1 ~ ) ?;OD# +2(a — ig) ?;ngilnX_

245 o ap — g -
42 (2n + 1)7D;' arctan T (4-9c¢)

cem

Q = —4(a + ig)n(d + p) éo Dyl + 2(a + ig) :Z?;ODIIIHX_

+43 (20 + 1)aD{! arctan H (4-9d)

where
Dy = 2n + )22 + (a + ig)? (4~10a)
D, = @n + 1)%7% + (a - ig)? (4-10b)
X, = 2n + 1)%7% + (ap + ig)? (4-10c)
X_= (2n + 1)27% + (ap — ig)? (4~10d)

Substitution of the Q’s (equations 4-9a through 4-9d) into equation 4-6c gives
I;. A final substitution of I into equation 4-3c followed by the appropriate

operations yields

_ 1 cosecg 9
l’i - —4a2 4i 9a [Q1 - Q2 - Q3 + Q4] (4-113)

Expansion, followed by collection of terms (utilizing series 4-8, identity 4-5
and the additional identity In(1 — u2) = In(1L ~ p) + In(1 + p)), gives

1

190
2 _ =2 YY)
42T = 5 ba cosha+cosg;ln(1 W)
_cosecg O Ja+ig a-—ig _
5T 33 o B, 5, i{lm+m} (4-11b)
cosecg 0 a +1
= -a—é 2n+1)7r3—-+—-; iarctan TR
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ap — i
- e 1

(sinha) (Inl1 — p%)) _ cosecg gi 1 2@+ ig)? .\ 2(a —)2ig)2
D; D, (Dy)? (D,

~ T 2(cosha + cosg)’ 2i n=0

2

' 2cosec g @ a+ig a-—-i ap + i
X }h}g + lnX_g— ——i-—-E:z.zo (2n + 1)1r§—(D—1)% * D )EI zzarctan 2n + 1J)1r

- _ ap — ig _pecosecg R Jatig a - ig Sap.-!-ig ap — ig
aretan B s Dr z i n2=0; D, _ D, } X, | X. z
peosecg & pof L, 10f1 1

+ : 2 (2n + 1) nngi + B X~ X (4-11c)

CASE 2. : When g/2a > 1, let 8/2a = coshg = cosig. Equation 4-4 then becomes

L=/ £
57 Y (1 - u2lcoshap + cosigl

The previous results, obtained for Case 1, now apply here provided that g in
equations 4-5 through 4-11 is replaced by ig.

CASE 3.:When 8/2a =1, g =0 and the preceding formulas cannot be used
since the cosec g becomes infinite. Under these circumstances, equation 4-4
becomes

pdu
pé)lcoshap +1]

Is=f(1__

Using the identity
2cosh? (au/2) = coshap + 1

gives

I = lfp.sech2 (ap/2) du
2 1 - w?
This integral was considered by Lyon et al. and the details may be found in
reference (13).
On page 20 is a summary of the integrals T} through T} (defined
on page 15) for the case 8/2a < 1. Replacement of g by ig gives the integrals

when B/2a > 1. Substitution of these integrals into equation 4-2 will, of course,
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give M(u). In this tabulation, Ay = (coshap + cosg)! and X = (1 — p?)(2acoshap
+ ﬁ)z. Symbols not defined below have been defined previously in the text. Case
3 (8/2a = 1) did not occur in our calculations and we:will not consider it further.
We will see, however, that when /2« = 1 the series solutions for Cases 1 and
2 are sufficiently perturbed so as to give erroneous energy results. In Chapter
5 we will handle this situation numerically using an integrai representation for

the series expansion for M(u).
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T{ = [X~1sinh2apdy = ==II, + A, cosg — 2T)cosgl

2a2

T4 = [X-u? sinh 2ap du = -2-;713 — 2T)cosg

= (el o1
T4 = [X-!sinhapdy = — 1ot A+ T
T = [X~1u? sinhap du = (expression for T} is given on page 17)

T4 = [X-ludp = M[ﬂ — I;cos gl

Tf = [X-1ud du [(P; ~ I;cos g) cosec?g — 1]

4a2

T4 = [X-lu cosh2ap dp = 4}12[ In(l - p?) + cos2gcosec? g(Py — I;cosg)
— 4I; cosgl
T4 = [Xlpcoshaudu = 4—;27[(1 + cosec? g cos? g)I; — P;cosec? gcosgl

where

h E%;g 1
L = fAlsm 2 = Z[Qi + @y + Q + Qyl
I, = [A u____agrsmh de _ _ lln(cosha;x +cosg) + I

2 9 .
- 2 _ _gcosec g [ cosec® g sinh ay
I, = [(AP*udp = = In(coshau + cosg) + alcoshan+ cos g

- %2;4 cosec® gcos g arctan [tanh—é- tanE]

1 Zcosec3 gcosg [} arctan [tanhT tan £ ] dp.

I = [A (1"_(_1‘;2) = coziecg[Qi - Q- Q@+ Qyl
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-8%12 = - %‘(Ai)z (1 + coshacosg) In(l — p?)
1)1 1 2@+ig? 2@ - ig?
+35 gozDi + S () A (PN z;lm + 1nX_§

) a+ig _a- ig ap + i
+2% (@n+ DW; D): ~ Dy ;;arctan -———Hn I

_ ap — ig ® la+ig 6 a-—ig
arctan (2n+1)7r$+“§og D, + D, %

ap +ig  ap — ig
X, X

] 1 1()1 1
-k, (2n+1)2712§-]i—5;$ Z_i._%



CHAPTER 5

NUMERICAL CALCULATIONS

With the solutions for L(A\) and M(u) at our disposal, we are in a position
to calculate the second and third order corrections to the energy, e®) and e®,
However, as the solution for M(u) is in the form of an infinite series, the
integrals involved in the calculations become quite cumbersome. It is
necessary, therefore, to obtain some idea as to the accuracy of the calcula-
tions. The following discussion details some of the problems encountered in the
numerical solution of the M equation along with an analysis of the final results.

At the outset we notice that the various integrals (T} through Tj) in
equation 4-2 possess terms involving In(l — u?); i.e., there is apparently a
logarithmic singularity at the points g = + 1. One can show, however, that
insertion of the expanded integrals into equation 4-2 followed by collection of
terms involving In(1 — p?) leads to the following expression for M(u):

In(l — )

M(U) = m(u) + FZ + 2[2a cosh(ZR/z) + B]Z

{(T1 + T2) sinh 2a + (T3 + T4) sinha

+ T + Tp + Trcosh2a + Ty cosha (5-1)
5 + Tg 7 8

where m(u) contains no singularities within the range of u.

As shown by equations 3-18 and 3-19, the value of the bracketed sum is
exactly equal to f(1) = K = 0, Therefore, the sum of the In(1 — pu?) terms that
arise from the solution of 4-2 is exactly 0. This being the case, we can discuss
the numerical solution of M(1) and/or its component integrals by computing
their values without including the terms involving In(l — u?).

Each of the integrals T} through T} (less the terms containing In(1 — u2))
can be evaluated by direct series solution. For example, the solution of T4 was
evaluated using 500 terms of the series and a computer printout was obtained to
show its behavior upon the addition of each succeeding term. Some of the results
are given in Table I (page 23) for p = 1. This table shows that the value of T}
changes by only 1 X 10-1? as early as the 200th term for R = 2 and the 250th term

-22-~



TABLE Ia. Values of the integral T4 (u = 1) vs the number of terms (N)
_used in its series solution. 2"

-23-

N T4(R = 2) T4(R = 2, single precision) T{(R = 4)

1 . 2540953857 .254199 . 0126766055
50 . 2515921760 .251697 . 0083430549
51 .2515921530 . 251697 . 0083430139
99 .2515918067 .251697 . 0083423985

100 . 2515918049 .251697 . 0083423953
149 .2515917623 : 251697 . 0083423196
150 .2515917619 . 251697 . 0083423189
199 . 2515917508 .251697 . 0083422991
200 .2515917507 .251697 . 0083422989
249 .2515917465 .251697 . 0083422916
250 . 2515917465 .251697 . 0083422915
299 . 2515917446 .251697 . 0083422881
300 . 2515917446 .251697 . 0083422880
349 .2515917436 .251697 . 0083422863
350 .2515917435 .251697 . 0083422863
399 . 2515917430 .251697 . 0083422852
400 . 2515917430 .251697 . 0083422852
449 .2515917426 .251697 . 0083422846
450 . 2515917426 .251697 . 0083422846
499 . 2515917424 .251697 . 0083422842
500 .2515917424 .251697 . 0083422842
TABLE Ib. dyy, for the values in Table.Ia.

Ny agt dygg R =2) dygg R =4)

200 542 x 10-10 964 x 10-10

300 61 x 10-10 109 x 10-1°

400 16 x 10-10 28 x 10-10

500 6 % 10-10 10 x 10-10

2Terms containing In(l — p?) were first subtracted from T4 (see page 22).

b A1l distances are in Bohr radii.
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for R = 4, The factor dyj, gives us the difference between each successive 100
terms, Thus, at R = 4, we see that the value of the series for T4 changes by
109 x 10~1? between the 200th and the 300th terms, but ehanges by only 10 x 10-10
between the 400th and the 500th terms. Furthermore, the increments are seen
to be monotonically decreasing as would be expected for a well behaved function.
On the basis of these results, we felt that it was reasonable to terminate our
series with 400 term accuracy.

In order to check the above procedure, it was decided to compare the
series results with those obtained by a-direct numerical integratién. Thus,
for the integral T4 we subtracted out the singularity and integrated the following

expression by a fifteen point Gaussian scheme:

J?) 1 sinh ay p sinha du (5-2)

(1 — 1% )(2a coshap + B)2 ~ (2a.cosha + B)*
The results of the Gaussian integration were compared with those of the series
solution by evaluating the series at p = 1 and at p = 0 and subtracting these two

values. As mentioned above, 400 terms were used to evaluate the series.
Table II (page 25) compares: the results for each of the integrals T{ through T§.

The values obtained in each case agree to within 1.2 x 1010,
In order to evaluate the energy corrections e’ and e®® from equations
2~11 and 2-12 we need the first order correction to the wavefunction; i.e., we

must determine
e = o[L(N) + M@)] (5-3a)
= o[1) + m(u) + FI (5-3b)

where FO = ¥, + F,, m(u) = M) — Fy, 1(\) = L() — Fy, and ¢ is the Geometric
Mean function (1-8). The constant F? may be determined from the condition

that oM dr = 0 (see page 7). Thus,

A (0 d}-(;zc{fzmm) dr (5-42)
= — [P1dT — [¢*m()dT (5-4b)

-4



TABLE II. Evaluation of the integrals T through T} from p-=0top = 1.%P

R=2
Integral No. Value from series solution Value from Gaussian quadrature
1 0.0082668155 0.0082668155
2 0.0084955554 0. 0084955554
3 —0.0700192513 - 0.0700192512
4 0. 0528981380 0. 0528981380
5 0.0128094570 0. 0128094570
6 0. 0121945550 0. 0121945550
7 — 0. 0424470829 — 0. 0424470829
8 0.0174221196 0.0174221196

2Terms containing In(1 — u?) were first subtracted from integrals (see page 22).
bAll distances are in Bohr radii.
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since ¢ is normalized. Values of ¢ and & = ¢ + ¢ are given in Table III
(page 27) and Appendix B for various internuclear separations. All values in
these tables were computed numerically by a 15 point Gaussian scheme using
the explicit form for m(u); i.e., m(u) was expressed as a series.

An alternate procedure for obtaining ® = ¢ + ¢ involves using an
integral representation for the series m(u). From equations 5-3 and 5-4 we
see that

o = o{1() + m@w) — [P*1N dr ~ [¢Pm(p) dr} (5-5a)
= @{10) + [ dm + m(0) - [@*1() dr — [¢?L[ " dmldr

~ [¢?m(0) d7} (5-5b)

= oI + [ dm ~ [¢*10) d7 ~ [¢%([,* dm]d7} (5-5¢)

since [¢*m(0) A = m(0) f¢?dT = m(0). But, from equation 5-1,
» dM

Jfam=["aM - F) =[] dM = [, & . (5-6)
where dM/du is given by equation 3-15. Hence
o = g + o T du — [P 10T - LI ar) (5-7)

Substitution of dM/du into equation 5-7, followed by numerical integration
using a 15 point Gaussian scheme gives an alternate evaluation for ¢?, .
Table IV (page 29) compares selected values of & = ¢ + ¢!? obtained in this
manner with values obtained when m(u) is expressed as a series. The results
agree to within 1 X 10-¢, A more comprehensive tabulation of integral repre-
sentation & values is given in Appendix C.

In Table V (page 30) we present values for the first order energy (Geo-
metric Mean energy; E(1)), the second and third order corrections to the
energy (€?? and e®), and the total energy corrected to second and third order
(E(2) and E(3)). The values were obtained from a 15 point Gaussian scheme
using the explicit expressions for m(u) and compared to those of Wind? and

Lyon et al. !? where possible. The calculations were checked by replacing the



TABLE ITI. Calculated values of the normalized wavefunctions (series solution). 2P

R=0.2 R = 1. 9972° R=2.0 R=4.0 R=9.0
B Pam & YoM & Paum o Pam o YoM ®
0.0 1.26701 1.27513 0.31858 0.31519 0.31811 0.31473 0.12857 0.12682 0.01264 0.01167
0.2 1.26733 1.25746 0.32360 0.32032 0.32314 0.31986 0.13543 0.13403 0.01631 0.01567
0.4 1.26831 1.25843 0.33904 0.33599 0.33859 0.33554 0.15746 0.15689 0.03060 0.03085
0.6 1.26994 1.26005 0.36604 0.36306 0.36562 0.36265 0,19927 0,.19938 0,06826 0.06962
0.8 1.27223 1.26232 0.40657 0.40305 0.40620 0.40269 0.26962 0.26901 0.16286 0.16449
1.0 1.27518 1.26525 0.46363 0.45820 0.46334 0.45791 0.38325 0.37827 0.39873 0.39686
0.0 1.04376 1.,04076 0.08238 0.08274 0.08214 0.08250 0.01329 0.01301 0.00013 0.00011
0.2 1.04403 1.,04103 0.08368 0,08409 0,08344 0.08385 0,01399 0,01375 0,00017 0.00014
0.4 1.04484 1.04184 0.08767 0.08820 0.08743 0.08796 0.01627 0.01610 0.00031 0.00029
0.6 1.04618 1.04318 0.09465 0.09531 0.09441 0.09506 0.02059 0.02046 0.00071 0.00066
0.8 1,04807 1.04506 0.10513 0.10581 0.10489 0.10556 0.02786 0,02761 0.00170 0.00157
1.0 1.05050 1.04748 0.11989 0.12029 0.11965 0.12004 0.03961 0.03882 0.00416 0.00380
0.0 0.85985 0.85974 0.02130 0.02077 0.02121 0.02068 0.00137 0.00123 0.00000 0.00000
0.2 0.86007 0.85996 0,.02164 0.02111 0.02154 0,02102 0,00144 0.00130 0.00000 0.00000
0.4 0.86074 0.86063 0.02267 0,02214 0,02257 0.02205 0,00168 0,00152 0.00000 0,00000
0.6 0.86185 0.86173 0.02447 0,02393 0,02438 0.02383 0.00212 0,00193 0.00000 0.00000
0.8 0.86340 0.86329 0.02718 0,02657 0,02708 0,02646 0.00288 0,00261 0.00001 0.00001
1.0 0.86540 0,86429 0,03100 0.03020 0.03089 0.03009 0,00409 0.00367 0.00004 0.00003
0.0 0.70835 0.70935 0.70550 0,00507 0.00547 0.00504 0.00014 0.00010 0.00000 0.00000
0.2 0.70853 0.70953 0.00559 0.00516 0.00556 0.00513 0.00014 0.00011 0.00000 0.00000
0.4 0.70908 0.71008 0.00586 0.00541 0.00583 0.00538 0.00017 0.00013 0.00000 0.00000
0.6 0.70999 0.71099 0.00632 0.00585 0.00629 0.00581 0.00022 0.00017 0.00000 0.00000
0.8 0.71127 0.71228 0.00703 0.00649 0.00699 0.00646 0.00029 0.00023 0.00000 0.00000
1.0 0.71292 0.71393 0.00801 0,00738 0.00797 0.00734 0.00042 0,00032 0.04G000 0.00000




TABLE III. (continued)

|

|

R=0.2 R = 1,9972¢ R=2.0 R=4.0 R=19.0

A B Pem ¢ Paum @ Pam @ Pom o Paum %

5. 0.0 0.58354 0.58482 0.00142 0.00121 0.00141 0.00120 0.00001 0.00000 0.00000 0.00000
0.2 0.58369 0.58497 0.00144 0.00123 0.00143 0.00122 0.00001 0.00000 0.00000 0.00000
0.4 0.58414 0.58543 0.00151 0.00129 0.00150 0.00128 0.00001 0.00001 0.00000 0.00000
0.6 0.58489 0.58618 0.00163 0.00140 0.00162 0.00139 0.00002 0.00001 0.00000 0.00000
0.8 0.58594 0.58724 0.00181 0.00155 0.00180 0.00154 0.00003 0.00001 0.00000 0.00000
1.0 0.58730 0.58860 0.00207 0.00176 0.00206 0.00175 0.00004 0.00002 0.00000 0.00000

6. 0.0 0.48072 0.48191 0.00036 0.00028 0.00036 0.00028 0.00000 0.00000 0.00000 0.00000
0.2 0.48084 0.48203 0.00037 0.00028 0.00037 0.00028 0.00000 0.00000 0.00000 0.00000
0.4 0.48121 0.49240 0.00039 0.00030 0.00038 0.00030 ¢©.00000 0.00000 0.00000 0.00000
0.6 0.48183 0.48302 0.00042 0.00032 0.00041 0:00032 0.00000 0.00000 0.00000 0.00000
0.8 0.48270 0.48389 0.00047 0.00036 0.00046 0.00036 0.00000 0.00000 0.00000 0.00000
1.0 0.48382 0.48501 0.00053 0.00041 0.00053 0.00041 0.00000 0.00000 0.00000 0.00000

7. 0.0 0.39601 0.39695 0.00009 0.00006 0.00009 0.00006 0.00000 0,00000 0,00000 0.00000
0.2 0.39612 0.39705 0.00009 0O,00006 0.00009 0.00006 0.00000 0.00000 0.00000 0.00000
0.4 0.39642 0.39736 0.00010 0.00006 0.00010 0.00006: 0.00000 0.00000 0.00000 0.00000
0.6 0.39693 0.39787 0.00010 0,00007 0.00010 0.00007 0.00000 0.00000 0.00000 0.00000
0.8 0.39765 0.39859 0.00012 0.00008 0.00012 0.00008 0.00000 0.00000 0.00000 0.00000
1.0 0.39857 0.39951 0,00013 0.00009 0.00013 0.00009 0.00000° 0.00000 0.00000 0.00000

8. 0.0 0.32624 0.32687 0.00002 0.00001 0.00002 0.00001 0.00000 0.00000 0.00000 0.00000
0.2 0.32632 0.32696 0.00002 0.00001 0.00002 0.00001 0.00000 0.00000 0.00000 0.00000
0.4 0.32657 0.32721 0.00002 0.00001 0.00002 "~0.00001 0.00000 0.00000 0.00000 0.00000
0.6 0.32699 0.32763 0.00002 0.00001 0.00002 0.00001 0.00000 0.00000 0.00000 0.00000
0.8 0.32758 0.32822 0.00003 0.00001 0.00003 0.00001 0.00000 0.00000 0.00000 0.00000
1.0 0.32834 0.32898 0.00003 0.00002 0.00003 0.00002 0.00000 0.00000 0.00000 0.00000

a2 A1l distances are in Bohr radii.

¢Equilibrium separation.



- TABLE IV, Comparison of selected values of & = ¢ + @) by different methods. 2

Values obtained using series solution for m(u). Values obtained using integral representation
for (u). (15 point-Gauss)

n R=2;A=1 R=4;A=1 i » R=2;A=1 R=4;A=1
0.0 0.3147314268 0.1268287867 0.0 0.3147314266 0.1268292817
0.2 0.3198650639 0.1340346899 0.2 0.3198650637 0.1340352129
0.4 0.3355496137 0.1568944633 0.4 0. 3355496135 0.1568950752 [,
0.6 0.3626548287 0.1993861110 0.6 0. 3626548285 0.1993868883 ‘,"
0.8 0.4026933997 0.2690141881 0.8 0.4026933994 0.2690152371
1.0 0.4579172310 0.3782763156 1.0 0.4579172308 0.3782777917

32A11 distances are in Bohr radii.



TABLE V. Results of perturbation energy calculations for the ground state of the hydrogen molecular ion

using the Geometric Mean variation function for the zeroth-order wavefunction. P

R ~-E(1)=-E(G.M.) —e®) X&) -E(©) -E(3) —E(Exact)* —E(Lyon)d
0.2 1.9285375 0.0000729  0.0000002 1.9286105  1.9286103  1.9286202  1.9286203
0.6 1.6711852 0.0003027 0.0000044 1.6714879  1,6714834  1,6714846  1.6714846
1.0 1.4514847 0.0003075  0.0000068 1.4517923  1.4517854  1,4517863  1,4517860
1.2 1.3620291 0.0002846  0.0000068  1.3623138  1.3623068  1.3623078

1.4 1.2840159 0.0002596  0.0000067 1.2842756  1,2842689  1.2842692  1,2842688
1.6 1.2157081 0.0002351  0.0000063  1.2159432  1.2159369  1.2159372  1,2159368
1.8 1.1556023 0.0002234  0.0000061  1.1558148  1,1558088  1.1558092  1.1558088
1.9 1.1282248 0.0002022 0.0000057  1.1284270  1,1284213  1,1284216  1.1284212
1.9972° 1,1031478 0.0001929  0.0000055  1,1033407  1,1033352

2.0 1.1024466 0.0001926  0.0000054  1.1026393  1.1026338  1,1026342  1,1026338
2.1 1.0781463 0.0001828  0.0000052 1.0783301  1.0783249  1.0783254  1,0783250
2.2 1.0552139 0.0001757  0.0000050 1.0553897  1,0553847  1.0553851  1.0553847
2.4 1.0130626 0.0001617  0.0000045 1.0132243  1,0132198  1,0132203

2.6 0.9753020 0.0001503  0.0000042 0.9754523  0.9754481  0.9754486

2.8 0.9413612 0.0001411  0.0000038 0.9415024  0.9414985  0,9414989

3.0 0.9107654 0.0001340  0.0000035 0.9108995  0.9108959  0.9108962  0.9108960
3.2 0.8831168 0.0001287  0.0000032 0.8832455  0.8832422  0,8832426

3.4 0. 8580795 0.0001248  0.0000030 0.8582044  0.8582014  0.8582017

3.6 0.8353673 0.0001223  0.0000028 0.8354896  0.8354868  0.8354871

3.8 0.8147341 0.0001197 0. 0002922 0.8148539  0,8145616  0.8148526

3.8% 0.8147341 0.0001208  0.0000026 0.8148550  0.8148524  0.8148526

4.0 0. 7959669 0.0001202 0. 0000036 0.7960871  0.7960835  0.7960849  0.7960848
4, 0% 0. 7959669 0.0001203 0. 0000025 0.7960872  0.7960847  0.7960849  0.7960848
4.2 0. 7788792 0.0001726  0.0000227 0.7790539  0,7790311  0.7789974

4,2% 0. 7788792 0.0001747  0.0000225 0.7790539  0.7790313  0.7789974

4.4 0. 7633069 0.0001210  0.0000023 0.7634279 0.7634256  0.7634259

4.6 0.7491041 0.0001219  0.0000021 0.7492261  0.7492239  0.7492241

_08_



TABLE V. (continued)

bt et

R ~E@)=-EG.M.) —e® e® —E(2) -E(@3) —E(Exact)e —E(Lyon)d
.8 0. 7361402 0.0001231  0.0000021  0.7362633  0.7362612  0.7362615
0 0.7242978 0.0001243  0.0000020  0.7244221  0.7244201  0.7244203  0.7244202
2 0. 7134705 0.0001255  0.0000020  0.7135961  0.7135940  0.7135943
4 0.7035619 0.0001266  0.0000019  0.7036885  0.7036866  0.7036868
6 0.6944841 0.0001275  0.0000019  0.6946117  0.6946097  0.6946100
8 0.6861574 0.0001281  0.0000018  0.6862856  0.6862837  0.6862837
0 0.6785089 000001285  0.0000018  0.6786374  0.6786355  0.6786357  0.6786355
2 0.6714724 0. 0001285 0. 0000018 0.6716009 0.6715991 0.6715993
4 0. 6649878 0.0001282  0.0000018  0.6651161  0.6651142  0.6651144
6 0. 6590007 0.0001277  0.0000018  0.6591284  0.6591266  0.6591268
8 0.6534619 0.0001268  0.0000018  0.6535887  0.6535869  0.6535871
0 0.6483272 0.0001256  0.0000018  0.6484528  0.6484510  0.6484511
.2 0. 6435566 0.0001241  0.0000018  0.6436807  0.6436789  0.6436791
14 0.6391145 0.0001224  0.0000017  0.6392369  0.6392351  0.6392353
6 0. 6349689 0.0001204  0.0000017  0.6350893  0.6350875  0.6350877
8 0.6310912 0.0001182  0.0000017  0.6312095  0.6312077  0.6312079
0 0. 6274561 0.0001159  0.0000017  0.6275203  0.6275702  0.6275704  0,6275698
2 0. 6240408 0.0001153  0.0000017  0.6241542  0.6241524 - 0.6241526
4 0. 6208251 0.0001107  0.0000017  0.6209359  0.6209341  0.6209343
6 0.6177911 0.0001079  0.0000017  0.6178991  0.6178973  0.6178975
8 0. 6149228 0.0001051  0.0000017  0.6150279  0.6150262  0.6150164
0 0. 6122059 0.0001022>  0.0000017  0.6123081  0.6123064  0.6123066
2 0.6096277 0.0000992  0.0000017  0.6097270  0.6097252  0.6097254
4 0.6071769 0.0000963  0.0000017  0.6072732  0.6072715  0.6072717
.6 0.6048434 0.0000933  0.0000017  0.6049367  0.6049350  0.6049352
.8 0. 6026181 0.0000903  0.0000017  0.6027084  0.6027067  0.6027069
0 0.6004929 0.0000873  0.0000017  0.6005803  0.6005785  0.6005787  0.6005785
2 0.5984605 0.0000843  0.0000017  0.5985449  0.5985432  0.5985434
4 0. 5965143 0.0000814  0.0000017  0.5964958  0.5965941  0.5965943
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TABLE V. (continued)

R -E@1)=-E(G.M.) —e®®) e® T _UE(@Q) —E(3) —E(Exact)c —E(Lyon)d
10.6 0.5946485 0.0000786  0.0000017  0.5947271 0.5947253  0.5947256
- 10.8 0.5928576 0.0000757  0.0000017  0.5929334 0.5929316  0.5929319
11.0 0.5911368 0.0000730  0.0000017  0.5912098 0.5912081  0.5912083
11.2 0.5894817 0.0000703  0.0000017  0.5895520 0.5895503  0.5895505
11.4 0. 5878882 0.0000676  0.0000017  0.5879559 0.5879542  0.5879545
11.6 0. 5863528 0.0000651  0.0000017  0.5864179 0.5864162  0.5864165
11.8 0. 5848720 0.0000626  0.0000017  0.5849347 0.5849330  0.5849332
12.0 0.5834428 0.0000602  0.0000017  0.5835031 0.5835013  0.5835016

—zg_

2A1l distances are in Bohr radii and all energies are in units of €?/a;. The total energy may be obtained by
adding the nuclear-nuclear repulsive energy 1/R.

bStarred results were obtained using an integral representation for m(u). All other results were obtained
using the series expression for m(u).

CExact from Ref. 4.

dRef. 13.

¢Equilibrium separation.
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series expression for m(u) with an integral representation. The energies ob-
tained in this way compared very favorably to those obtained using the series
form for m(u). Some typical results are given in Table VI (page 34). More
detailed tabulations for each of these methods are given in appendices B and C.

An examination of the preceding tabulations shows that when R lies be-
tween 3. 8 and 4.2 Bohr radii, the series results differ from the “exact”
results of Wind4 and the results obtained by using an integral representation
for m(u). We believe this discrepancy arises from the fact that g/2a ~ 1
within this range (3/2a = 1. 0000002 at R-= 3.779420). As mentioned on page 19,
this causes the series solutions for Cases 1 and 2 to be perturbed and
erroneous energy results are obtained. For this reason we have included
integral representation values in Table V for R = 3.8, 4.0 and 4. 2. These
results compare favorably with those of Wind at R = 3. 8 and 4.0, but we have
no explanation for the discrepancy that occurs at R = 4, 2,

All of the above calculations were done in both single and double pre-
cision on an XDS/Sigma 7 computer at Queens College of the City University of
New York. Table VI (page 34) shows that the single precision values agree with
the double precision values of the series solution to within 8 X 10~ over the
internuclear separations R =1 to R = 10. A similar comparison for the integral
representation solution shows even better agreement. The fact that the single
precision results clcsely match those obtained by the use of double precision is

indeed satisfying.



TABLE VI. Selected values of third order energies obtained by two different methods,

Values obtained using series solution Values obtained using integral representation

for m(y). for m(u) (15 point Gauss).
R Single precision Double precision Single precision Double precision
1.0 —1.451802 —1.4517854294 —1.451762 —1.4517854294
2.0 -1,102574 —1.1026338401 —-1.102619 —-1,1026338401
4.0 —0.796855 - 0.7960835542 —0.796083 —0.7960847168
10.0 —0.600578 —0.6005785783 —0.600578 —0.6005785783

2A1l distances are in Bohr radii and all energies are in units of e?/a,.

—vg_
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APPENDIX A

THE STARK EFFECT FOR THE HYDROGEN ATOM: A NEW APPROACH

The Schroedinger equation for a hydrogen atom in an electric field of
strength E acting along the z axis can be written as

_a;:vhl: - %\If + Ez¥ = W (A-1)

where atomic units are used throughout. Equation 2-9b tells us that the first
order correction to the energy is (¢, Ez¢) if we treat the energy of interaction
of the electron with the electric field as a perturbation. For the ground state
(¢ = @y it is easy to show that the above matrix element is zero?}, so that we
must go to second order to calculate the effect of the field on the energy of the
atom,
The second order correction to the energy is given by
e® = (¢, EzpW) (A-2)

where ¢!) is found by solving equation 2-13:

1 1.1 _
~5Vi—2+g oW+ Ezp =0, (A-3)

Following the procedure of Chapter 3, we let ¢ = [L(\) + M(u)]lp,, where the
parabolic coordinates A, ¢ and @ are related to the Cartesian coordinates by

the following formulas:

x =V ALcosa; y =V Alsina; z=7\;p’;r=7\%pﬂ, d7=1‘—}&dhdudoz.

The limits for both A and ¢ are 0 to «, while those for o are @ to 27. In this
coordinate system V = Ez = $E(A ~ p). Substituting into equation A-3 we find

that the differential equation is separated in the coordinates A and y as follows:
ALY + (1 —NL —EA/4=K (A-4)

pM’* + (1 — )M’ + Ep?/4 = - K (A-5)

-37-
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Solutions for these equations which also satisfy the relation {¢f;, ¢?) =0

(see page 7) are found to be

LO) = - %W/z + 221 (A-6)
arid
M) = %{,ﬂ/z + 2] (A-7)

with the separation constant, K, equal to — E/2.

These results lead to a corrected wavefunction of the form

@ = @g+ o1 (A-8a)
= 011 + LN + M@)] (A-8b)
= ¢yl — Ez ~ Fz—zr] (A-8c)

and a corrected energy equal to

- 'é1'+ o) 4 of2) (A-9a)
= 2 4 .

The magnitude of the average dipole moment (4) induced by the field is given by
oW( _ 9

|55 | =3" (4-10
Since the magnitude of the induced dipole is also given by g = @E, where « is
the polarizability, we see that @ = 9/2 in atomic units. This, of course, is
consistent with the accepted value of 9a3/2 in cgs units.

It is interesting to point out that Hassé?! obtained the same value for the

polarizability using a variation function of the form ¢ = ¢,,(1 + Az + Bzr),

Hassé ’s function is virtually identical to our derived function A-8c.



.43 3 [ 3 “ 2

[ ]

(5]

APPENDIX B, PART ! SERIES SHLUTION LISTING 19

EXTe FERTRAN [y, yERSIEN Dng

1e

2e

k1)

he

Se

6.

7e

Be

Qe
10
11,
12
13
14e
15,
16
17
18
19.
20
21e
22
23
24
25,
26
27
?Bc
29
30
31
32,
33,
k')
35
36,
37
38
39.
40.
hye
h2e
43
o
45
46
470
hge

CIUMON ZA/Ry 2+ ALPHASBETA/ZAAA/ES

£aMMah /7P /ERR
2 Jd=l :
6 REAU(108,18) R, FRR
1% CURFAT(2F109)
1F(R.GTs12) GY TR 2CC
4 2 » 1l
1 s [sR

N

A s EXPten)

s ExP(wna/2?

C = EXP(ﬂli.)

D » EXPleRoesl)

Ak ® AS{1e ¢ W)

AJ ® =1e/73 4 D/Rs(1e+r)

S22 ® p%(1s + W + We4/3, )
S11 ® 2 & ZesS22

S12 = CoesA/A9({Cul{3eawas) +Buafli+3¢))

E2ERG ® 7wl/Ce =7

SH & o5He(C=B)

Co ® oS (Cei)

AKA = Aa(ydy =y =le) °
ri1l % 2ewEZEFBe(1e4200A) + 2407, = 2925522
H12 & 2eyAKsSH/R (224}

rpg2 8 AKe (EZERC-2)

PS11Z & 2.#h0deAK/(3,42)

PG12Ls~3.0AKeBa(Cacaln=gs) + W + 2e)/{2ny)

PS22 8 «x#W*AK/(3v8])

PEGZ L “1-

PAKZ = ey upeA
PAgyz = =Js(le *+2esi)

SPAKZ = pDaReAS{ ey,)

SPAJZ = L2.¢Ke(PLYZ+D)
PHY1Z25204pEC2*(1e+2e0AK ) +o e sEZERDUPAKZI+*204PAJZ 20028522 2424P5222
Pr122820sGha(PAKZa{22be)43K) /R4 AKsCHa(2=44)

PHZ2ZsPA«Z24 (EZERDB=Z ) 42K {PEQ7=10)

GPSI11Z = 2e*AeASAKA/(2,02%2)
SEG12ZaSespa/ (204202l (Col{nenamne =ho ¥y eBe )43 (oo, 0y + Teapey
1412000480

EPS222 8 WeAPAKA/(3esZ07)

SPH1102, 4 (1442 #AK) 45, SPLCZOPAKZ+Uo#EZERDISPAKZ42,%5PAU2 =24 %522
Lelea2opSRR2-2%2*5p5222

Sphiaz'a'QSHC‘SDAKZO(Z'RO)420.PAKZ)/R¢2-.CHI(PAKZC( Z'QO)QAK’
1 4eE0ReSHaAK® (2}

SpH222aSpaKZe (ELERBeZ) ¢ ZeapikZe(2=2+) +AK
AA = 511,522 = S124512

HA & 2eaS12eh12 = S11ehZ2 = F116522
CC & Hiy1eh22 = H1zeH1?

DISC = BAeBRe4oseprA«CC
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APPENDIX Rs PART 1! SERIES S?WUTIBN LISTING 40
49 SQRTCT = SGRT(DISC)
80 PAAZ o S11%PS227 + SZ2%FS112 ~ 2e%S5124PS122
E1e SRZE2e*S10%PH1Z242e#H124FS{n2=S11#PHRpl=Hpp#P5112eR]118PSz22=5pp
52 1ha112
530 PCCZ = H11%pH222 +H22+PH11Z =2+ #H124pH127
B4 e SPAAZ® 511-SPSEéZ*Sca~=PS11Z-zo'SiE-SFSIEZ*E-'P5112’P5227 2+¢*PS12
55 12+p5127
E6e SENHL 8 PenS1B¥SPL 12244 +8FS122ePy1Pl4Re % 12%5F512251105P 2242
57 1 PH22ZePS112~h22%SPS1172°H11%GP5222=2e*PSR224PH11Z-522*SPH112
58 SRCCLaH11eGPHRZL4HES#SPHIIZ =P e sHIZ#SPHIEZ+PewpHL179PHR2Z=De apH1 22
59+ 18P4122
6Co PAISCZ 5 pesHHAPEURZ = 4e2AASFCCZ = 4e9CCePAAZ
6% ES 7 o5/aA% (=B3eSCRTOI)
£2e SPAISz ® 2.e(PBU2ePRB2 + FRASFOBZ2) = 4es(2.sPAAZSPCCZ+AASPCC2¢
63 1CC sSPAAZ)
Gl SSIATIL & J5*PBISCZ/SERTOL
65 SOGTUL = =e25#PDISCZePDISCZ/(DISC*SERTDI) +45«SpDISL/SCRID!
€6 PESZ = =eRe(PBBZLPSCTEI)/AA =FAAZRES AL
&7 SPESZ = —-5-(SPBBZ 49?670!)/AA-lolAAGlg.-PAAZoP;SZ*SPAAZ-ES)
68 7 s 2-PrGZ/5PES
€9 IC(AES(DESZ)--COCCCOCI) 16C,1C0sg
70 g JeJd s+t
71 1F(y=~10nC) 1,10C,1CC
72e 1cc THETALE £S 4 1le/R
73 989N (H11=5114ES)/(S124E5-H12)
740 ALPHA = 14/SLURT(S1142¢45124RMN 4 S22.80%,RON)
75 BETA = KOMeALFHA
76° CALL E%ERAY
77 60 19 2
78 cce CALL EYIT
79 END
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)
-3
kI
e
Ge
&
Te
8¢
9e
10
11,
12.
13
1he
ige
16+
17

39
40O
(3%
42
430
4o
L3-8
b6
b7
48
49
S0
51

SUBROUTINE ENERGY
HEALeg N

REAL#, INTLA, INT2A, INTIA, INT4A, INTGA, INT6A, INT7A, INTBA,INTIA

Qual #g INTch,lNTilA,INTigﬁ

REAL #4 INT‘IINTEIKNT3IrNT“I!NTSDINTbL!NT711NTBIINT9

cEﬁLi“ (‘\'TA; I"[Te' X'JTC’ [NTD‘ INTE, INTF
coMMEN ZAAA/ZELERD

CAMMEN  /ABC/G/ABE/CBSG/AED/COSEC/BEC/COSECR/CEF /CRSEL3/BASH/WY
COMMIN sA/R»ZoALPHASBETA/B/EP/C/7EX/C/ALR/E/CL/F /G2

cOMMAN/ 79K /KRR
CARCS(X) » LBG( X + SQRT(X«¢X~=1e) )
ER ® FLERD + oSeZa7
Ee s gU
752 & waGu2ef
AL2 = LBS5(Ce)
CASG 8 «SDETA/ZALPLA
IF(COSGel.Eele) G s ARCHBS(COSC)
IF(CUGSULLEege) E n o = CRSGHCASS
IF(CU564GT,1,0) G = DARCSI(CESE)
Ie (CUSGersTele) E = NSGHCASG = 1o
St = SGRT(E)
C9SEL = ./S1]
COSeC2 = COSECeCHBSEC
cOSEC3 » cPSEC2+CASEC
Ex =« ExPI(Rs2)
C1 % (2e « Z 1/2 + EP/(2e2)
€2 ® EP#Re,5/2
»] ® 2%Q
51 = EXPreWl)
ne = EXP(ce*al)
G3 & COSH(W])
F1 ® FINT1A(RSZ)
Fe » FINTIR(R,Z)
F3 » PSIS2Ul1esRsZaALPHALBETA)
Fih = SINTRA(R»L)
FS = SINT2a(Rs2)
FT18 = SINT20(1,,R,Z,ALPHA,BLTA)
CALL DINA(1esRIZIALPHAIBETASANS)
FY2 = ANS
FR 8 F4
Fg = Fy
FIC = =24eFTIB/(2e2)
IF(CUSGelLEele) SUME = SERIE$(1esR22,ALPHA,RETA)
[ (CBSGeRTege) SUME » SERIED(19aRs2)ALPHA,L,BETA)
SERIES = sUME
FUNCT2 = F3
FUNCT4 = Fle
11l = Q1/W}
FUNCT6 =& F10
APl & 3+1415926535897932384
Al ® o25¢24724Z#ReR*R
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E2¢
53
3
55
56
57
550
59
60
61
62
63
bl o
€5
[-1:-X3
€70
&8 e
69
70
71
72
73
7hs
75
760
77
78¢
79
80
By
82¢
83
84
gge
86
87
88
89
90
Sie
9o
93
4o
SSe
96
97

98¢

99
100

sCé6
9c2

SERIES SALUTION LISTING

FUNCTO = FUNCTY4

VLK =
AREA3
rnEAL
AREAY
EQEAA
AREAE

INTY & 2eV KeAlop3n(cler] + C2%F2)

(Pe%Z = 4o)/R
GAUSS(0es1es15,3)
5AUSS(Cesrler1Sau)
GAUSStGCes1001555)
RAUSEL{Qes10,1528)
GAUSS4(0es14s1%09)

INTZ2 = 244A1svLKaF94AREAS

INT3 = peaVLR®AfsF3eFa |

INTH = 2.0A1eFT2o(CleF4 + C29F5)
I* TS s 2esAlaf 110AREAE

INTE s 244A1eF114FUNCTS

INT7 = PesA)*(F3sAREAA = F]CeAREAR)
INT8 = 2esAle(FReAREA3 = F11sAREA9)

INT9 = e
F2ERD = «INT?7 = INTB

ETwB » INT1 ¢ INTZ + INT4 4+ INTS + FZERO»(INT3 + INTE )

AREA4 s GAUSS(0es1es15s1)
Siytah 8 AREAY
AREAS = [AUSS(0es1es1522)
SUME B ARFAR
AQEA7 = GAUSS4(0eslesl5ac)
IREAL % GALSS4(00s1es1525)
INTA = A1 (AREAZ,FUNCT2 » AREABLFUNCT6),2¢
INTE ® ALe(FPOSUMY = F1l1eSMG e,
INTC = FZEROsF ZERE#INTG »
INTD & 4,sA1%( ARFAA®AREA3 « AREAB#AREAQ)
INTE s 2eef2ERSaINT?
INTE = 2e4F2EXBaINTE

ANARMLs INTALINTRHINTCH+INTD+INTE#INTF

ANBRI = SGRT(ANBRMY)
Ee s ETWA/ANIRM
AREALY = GAUSS4(Ceslesl1527)
AQEAL2 s GAUSS(Qes1e,15s¢) i
INTIA = 2.eAlelyLkaF3eAREALL + ARLABaFTZ2)
INT2A » 2evAle(VLK#F9nAREAL + F11+AREA12)
INT3A » F7eROCFLERG®(INT3 ¢ [AT6)

INTUASLewa a( VLKsAREAI® (C1oF1+C2¢FC)+ AREAGW {pleF4+C2oF5)

INTEA . 2.+FZERSe (INT241NT5)

INTGA &

2+ sFZERBe (INT1 + INTy)

+ INT9

42

)

ETYREEa (INTIA+INT2A P INTIAIATLAS [LTSA+INTGA=EG (ANBRML=INTS))
E3 » ETHREE/ANORMY

RES] = L2ERB + E2

‘RESZ = RESY + EI
~qITE(102,906) R
FORMAT(IX/Z7'R 8 1,F844)
WRITELLICR,902) 202,E2FRD

FORMAT(1X, 'E(CIum242/22",F16¢12,5Xs 'E15EGMRT,F16012)
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101~
102+
103
1Che
105
1C6
107.
1CRe
109«
11Q°
111,
112
113
114,
115
116+
117
118
© 119
120,
121
122
123
124,
125
126+
127«
128+

9C3
9C4
9Cs

1Cq

12
1ca
31

~IITE(I0%,903) EP

FLRNET(txstE(L) u EGlV ¢ 292,2 s '2FlEel)
aR1TE(1Cu,9C4) E2,RESY

CeRMAT(IXI'ER = 1,F16017,5X0'E(2) = VaF16012)
AR1TZ¢10A,905) E3,RES2
CARVAT(IY, ' E3 = 'aFlé-lE:SXJ'E(B) 2 ,FiCe127)
IF{R,ED.RRR) GO 79 23

GY TU ¢
AN = SURT(Zeze2/7API)

wRITE(1~R21C9)
FORMAT(14, TMUY,5X, 'LAMBDA 1, 14X, 'FRT GMY, 14X, tPHI(L)Y)
29 1F X = Co1C
U = oK

IF(LRSG,LEL14C) SERI = SERIE1(U,R,Z,ALPHA,BETA)
IF(c9SGe5Tele0Q) SERI » SERIL2(ysRsZsAPHA,BETA)
9 1z hMA 5 1210
AL s 1eatiA
L a oB*2eRwAL
F = EXPl=a) |

AaA = 1, &+ AL

ALA = C1sLNGCAA) + C2eAL
Fl1 = Fc-\\.(Zt-ALFHAuCﬂSH(-502DRQL) + RBETA)

Fa = SEV] + FZER3 + ALA

TOTAL = Fle(1,0 « F2)/7ANHRM
SRITEC10R,108) ysALsF 12 TETAL
EARMAT (10, Fhe2sBXsFG5e207%)F1€6e10,525F16410)
RETLIN
£ND



4

L)

LR )

we

§3

[ ]

B

1o
2
Je
Y
Se
6o
X}
3
e
1Ce

11. .

12
13
140
1Se
16
17
18
19.
20
21
22
23
che
25
g6
27«
28
29
30
31
32.
33
34
35
36°
37
38
39
40,
hle
420
43
bio
450
LY-3)
Ly X
48
49
50
Sqe

FUNCTION SERIELCUIRSZ,ANE)
IMPLTCIT CANMPLEX#8(A=ksteZ)
REALe4 CAPSEC3
FEALeL FloaAsFIuB,Fl4C FluDsRESXs VALY GAUSSusFIy
REALey AP
REAL®y AAs AR EYIUSRIZSLIEZ2a 1020 AR, FUNC7SFUNCTASFUNCBIPS]
REAL®4 €0SGrA1A2GE»ST,CESECICOSEC2COS26001 1Mo T1sT20T3sT4a T T6
REALy T7,TEIALAMIALSEP
REAL#*y W
Realey, FaCy, SERIE(,SERI
CeMbigN /9/EF
HIMENSIAN ANS (&)

FUNCTL = Qo
FUNCTR2 = C»
FUNCT3 = Co
FURCT4 » Co
FUNCTS = Ce
FURCTe = Co
FUNCTZ = 0o
FULCTE & Co
FUNCTS = Qe
GUNCTY & Co
GUNCT2 = C»
4YNCT3 & Qo
GUNCT4 = Qe
At = Aah

AH = AsH

BE = el

w B 542K
22 = Lol

1 o EP/2pul1042espy4208val) ¢ (2e~Z2)u(10424KR)/2

A2 % e/ (ne¥)

Al 8 CMPLX{Desle)

AP] & 3°14159265358575323¢k4
AP = APlasapl!

FUNC7? » CaSH(Ued)
CUNC7A s SINFlUsh)
FUMECB » 2+ ,A0FUNCT7 + 8
Py s FUNCE#FLNGS

€AS6G » JgeE/A

AtA = Le/Z(FUNCT7+COSG) /%
5 & ARCAS(CBSG)

C = CMPLY(K,G)

n o= CaNg3(C)

Cv & CMpLX{*UsG)

v = CONIS(CM)

€ = 1."CASGHCOSG

5] ® SURT(E)

C9SEC = 1./5!

CosEC? & COSECeCuSEL

COSEC3 s CESECpeCHSEC
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€2

T 53
S4e

G

. L
57

68

59

60

61

‘:» 62
63

640

7 (31
660
€7
€8¢
69
700
71
72
730
74
7S
76°
77
78+
79
ST . 8Ce
Rle
820
3.
Eho
; g5
- ‘ LI

) R7s
88

r 89
90

91

[ 92
S3e

'Y

Lo 95
96«

97

98

99

1COe

-
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€952 = CAS(2esG)
11M & L95(FUNC? + CHSG)
CC = C*C
on = DD
cCM = CMacM
DoV B DlNeny
T 5 2esAAn(=Z2a([+414)+EF)/((Z2#«3)4R)
Tz = AAREDeR/L
T3 5 4esdns(229( =248 1+025672«R¥R =G )+BI2EP)/(R6(2043))
Ty = 4oadRReR/Ze(EPwepGeZ7)
75 ® <la(2,0AA4BR) + 22#R+ReDB# 25
Te = ReRE(=e5eZ24RB4EP 2 (P2 4AAIHB) )¢ 166666666€66666660
T7 = pesdr/22%(22=-EP) .
Tg ® 80'“5/12’(12-2-‘Ep)
Flah s VAL(2R220AB)
FI4B e =COSECP¥CHSGeRESX (LIRS 20A0H)
IF(JeETe0e) FI4C = Qo
Ie(UsnEene) FI4C a GAYSS4(Cesys 151}
F14D « 2+pCBSECInCEHSG/WaFI4C
Fle = Flua ¢ FI42 3 FI4D
28 1 N s 0,400
s ZeN 4+
ALAM & APTaL
LL = LsL
AL = AP*(Y
D1 » AL + CC
p2 & AL + DD
»PLUS = & + CCY
X“INUS = AL ¢ DDM
03 = Cleny
g4 ® p2en2
C1 ® fe/My
G2 = 1</n2
33 = CC/O
04 = DL/D4
g » C/0a
Q¢ = D/D4
N7 = CLS3(XFLUS)
GRM = CLAG(xMINUS)
FUNCL = M+ G8Y
FUNC2 & (N1 + Z2854) « (G2 ¢ 24403 )
G7 = (/D1
G® = C/D2
FinC3 = 77 « QOF
FUNC3A = 07 + Q§
g s AT *C ALAM
210 = 1. ¢ Q9
£11 s 1o =« Q9
Q12 = GglCsall
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101+ ARTNL = G5/A1#CLOG(DLD)
1C2. Q13 = Alsnv/aLAM
1C3. Ci4 = 1. ¢ Q13
1Che Gis = 1+ - G13
105 Cis * Qly/01s5
1C6e LRTNE B «S/AI#CLEGINLE)
107 FUNC4 = ARTN1 = ARTNZ
108 FUNCS = BR + Gé

St w409 FUNCHA = 05 = Qg
110 FuUnCe = 21 ¢ UE
111 FUNCGA = 01 = L2
112 rar a CM/xPLUS
113, GicM = DU/XMINUS
114 FUNES = noM + G10M
115 FUNC10 = 1e/XPLUS » 1e/3MINUS
1169 Fumges = FUNCE =26¢(QR3 ¢ G4)
117. FUNCT1 = ,5#FUNC2sFUNC1 + FUNCTL
118 FUNCT2 = FUNC3*FUNCY + FUNCTZ
119 FUNCT3 = ALAM#FUNCHeFUNCS + FUNCT3
120 FirCT4 s ALSFUNCESFUNCLC + FUNCTS
121. EDAK] = FUNCe = Z24#(03+Q4)
122 FNCTs = BRAKLI#FUNCL + FLNCTE
123 FUNCTE = ALANMSFUNCSHAFUNCYH + FUNCT6
124 FUNCT7 = FUNCIA®FUNCS + FUNCT?
125 FUNCTE = AL#FUNCOASFUMNCLIC + FUNCTS
126« FysCT9 » FUNC3ASFUNCT + FUNCTS
127 GUACT1 = ALAM#FUMCgA*FUNCy + GUNCTH
123 GUNCTZ = Ze®AL AMSFUNCH + GUACTR2
129 GUNCT3 » FUNC34FUNCY1 4 GUNCT3
130 GUNCTa = ALAMSFUNCO®FUNCY ¢ GUNCTH
131, P2 ® FUNCT1 +24#FUNCTI + USFUNCT2 » UsFUNCT4
132 FPz = =Al«CBSECeF2
133 FP3 8 o5, FUNCTS 4+2ewFUNCTE +LyFUNCT? =UsFUNCTR
134 Flz = «SeFUNCTY =GUNCTY
135 FI13 s «QUiM/W + FI2
136 FI1% u =AleCBSEC#( +SsGyUNCT3 = GyhcT4 )
137 FAC s ¢25/AA
138 9 ANG(])sT1e(2esF1242+2COSGeA1A+2¢4COSGHFP2,
139 2 ANS (2)mT2s (2esF [34Ze#CBSGAFP2)
1400 3 ANG(3) = =T, (ALA4FFPE)
141 4 ANS (4)e=TuaFP2
142, S A*S(5)2T5eCOSEC2#(FF3-C0GSGFIE)
143 6 ANS(6) » Téw( COSECRe(FPI-cOSGYF15) = Fl4)
144 7 ANS (71817, (COSECReCHSZGe (FPI=CRSGFIS)=404CBSGeFIE)
145 8 ANS(8) #TR¥(F 15« (1+4CRSEC2+CESGHCOASG)~COSGRCESEC2#FP3)
1464 Sex = C,
1470 D9 13 J = 1s8
148 13 Stn = SER 4, ANS(J)
149 SER]E]1 = FACSREAL(SER)

DY
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150 1 CONTINUE
151 SETURN
© 152 END

47
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b )
2
k)
Ye
e
G
7
8e
=X]
10
11,
12
13
14
ﬂm-
16
17
18
19.
20e
21
-4
23
24
25
26
27
28
29
3Ce
31
32¢
33.
34
35
36
Uﬂ.
38
39
40
b
42
430
b
45
LG
470
LB e
49
50
3

FUNCTION SERIE2(UsRSZsAWE)
REALey 1
ceMieN /3/EP
pIMENSTON ANS(5)
CARCS(X) = LEGL X 4+ SCRT(XaX=1e) )
FUNCTY = co
Funlte od

8 e
ﬂﬁ7ﬂ4w s e
FUNCT&4 = Co
FUNCTS s 2
FUNCTg & Ce
FsCT7 = Co
FUNCTE = 2
FUNCTIO 3 re
GUNCTY = Co .
3UNCI2 = oo
SUNCT3 & %o
3NCTe = ce
AL = Awh
Al & 4eb
83 a bel
~ 8 «Be7sR
22 = 2e2

1 8 EB/22a(1042e0,42e9n80) + (Ze=2)8(1e4Z223)/2
R VALY E)
Al = 1
AP1 = 3°1415926535897932684
AP 3 APlaapl
FUNC? = CcaSK{usW)
FIINCZA = SINpCUER)
FUNCB 8 2e4AaFUNC7 « B
PSt = FUNCR#*FUNCS
CASG = ¢5eB/A
AtA & 1e/(FYNC74COSG) /N
G = DARCS(COBSG)
C oW ¢+ 06
DesWel
CC = CoC
np s Den
nIlr\.’an
OM = UsW =« G
E s CRSGeCOSE = 1,
St = SCRT(E)
CASEC * 14/51
CasEC2 s« COHSECCESEC
CRStC3 = COSECpeL6SEC
C952G ™ CHSH(2esG)
G1iM = L 25(FLNC7 + CRSG)
cecy, = CMacM
DoHv = DMenw
T = 2evaps({=22e¢(1+1)+EP)/((2%+3)4R)



52+
53,
S4e
55+
B&e
570
58+
59
60~
61.
- 620
63
64 e
€Se
&6
YA
&8¢
€9
70,
71.
72¢
73
T4
75
760
770
78
79+
80e
81
820
83
Bhe
85
86
B7e
88
89
90
9.
92
93
94
95
96«
97
S&e
99
100
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To » AA*ECaR/2

TA 8 L4oad; s (20 (mZenlteluelZoRoR-Ue)+8esEP)/ (Ro(Z2493))

T B hoeapJaR/20 (EP=ezGeZp)

T = 'I.'ECQ‘AOHE) + 2eb uRabtRaegS
Tée = KaRe(eoBeaZ:-sBRIEPu(2o0AA+BE) )8016A666666666660666
Ty 8 Znhay12%(L2=EP)

T8 » Bewan/2c*(22=CesEr!

FlgA = yvap(UsRr2,A,8)

FloB n «rBSEC2*COSGSRESY(USRIZIANR)

IC(UEG. N, ) FI4C = O,

Ie(UeNEens) FI4C s GAYUSS4({Cerysr 1E24)

F1uD s 2¢.CASEC3WCASG/7aF 14C

F14 = FIuA + FI4B + FlaD

T8 1 N & Ca4CC .

L = 2eN48

LLAMN & APTeL
LL = Lsl
AL = ARw|

01 = Al + CC

r2 = AL + OO

XELUS = ap + CCM
A1nUS = AL ¢ DDM

%3 = Dleng

T4 ® DEen?

1 o' ge/™y

IR s e/

G2 = CC/D3
Ny = Loy

S ®= C/D3
G6 = L/04

274 = L85 (XPLUS)

taM = LAGAMINYS)

FUNCL = agM + UgM
FUNCE2 &8 (N1 ¢ 2esCl) = (C2 + 2¢¢03 )
37 2 C/0)

92 = D/02

FUNCI s Q7 » Q4
FunC3a ® N7 + b
Qo = CM/ALAM

A2IN] s ATANI(CG)

C13 = DM/ZALAM

ARTNE = ATAN((13)

FUNCL = ARTN1 = ARTNZ2
FUYCS & s ¢+ L6

FUNCeA = 05 = Qg
FurCe = 01 + Q2
FuNgoA s 04 = G2

navY = CU/xXFLLS

£IgM s DV/XMINYS
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101
1C2.
1C3.
1C4e
105
1Cée
1070
1C8e
1090
110
111
112
113.
114
115
{16
117.
118¢
119
12Q-
121
122«
123»
124
125
126+
127«
128
129
13C»
131
132.
133
134
135
134
137
138
139

0N NOCTEF WY

13

FUNCY = n9M + QiCM

FUNCLO = 1e/XPLUS = 1e/XMINUS
FUNC2A = FUNCE =244(G3 + G4)

eunCTe s oSebuNcZerytel ¢ FUrcTl
FULCT2 = FUNC3«FUNCY + FUNCT2
FULCTI s ALAMSFULCueF | NCY + FUMNCTS
FUNCT, = AL#FUNCgoFUNCIC + FUNCT,
BIAKL * FUNCE = Zow((C3+64)

FUNCTS
FOkCTe
FUNCT?
FnCTR
FUNCTO
GUNCTH

BRAK1#FUNCY + FUMCTS
ALAMAFNCEARFUNC S + FUNCTE
FUNC3AFUNCS + FUNCT?
ALSFUNCEASFUMNCIS ¢ FUNCTR
FUNC3AFUNC] + FUNCTY
ALAMSFUNCEACFUNCY + GUNCTI

GUNCTZ » 2e»ALAMAFUNC4 + GUNCTZ
GHNCT3 = FUNC3#FUNCY + GULANCT3
GUNCT4 = ALAMSFUNCe#FUNCH + GUNCTH
P s FUNCTY +2e%FUNCTI » UsFynCT2 = UPFUNCTH
=Al.CASECeP2
e 4FUNCTS 426 aFUNCTE +LwFUNCT? =USFUNCTS
+5sFUNCTY «GUNCT]
“CYiM/¥ ¢+ Fl2
~AT+COSECH( «S5aGUNCTI = GUNCTH )
225 /AA
Tis(2e*F[2+2e0cBS02 L \=2e8(ISGFP2)
ALG(2)aT24(2e4F[3-244CRSG.FP2)
AnG(3) = T3s(A1A =« FP2)
Ata(b)s Tua«FPE
ANS(5) = «T5scUSEC2# (FP3+cO5GaFIE)
ANG(6) ® «TEw(CUSLC2a(FP3+CRSCeFIL) = Fl4 )

Fo2 =
FP3 =
Flg =
Fta =
FIE =
FAC ®
ArS(1)a=

ANS(7) = T7%(CHSEC24CBS2Ga(FP3+CUSGRFIS) -4 eeCHSGaFIS)a(mye)
ANG(5)eeTgo (FI15e(1,«COSEC2*CHSGSCISG)-COSGRCESECR#FP3)

SER =

Ce

Dn 13 J = 148
SER = SER + ANS(J)
SERIL? = FAC*SER

CONTINYFR

RETUKN
END
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1
-3
k)
'YX
He
(X
7.
Se
e
1c.
11
12
13,

FUNCTION FUN&(U,K,2Z)
cymMhel /37 EP
Cl1 ® (2e=2)/2 + EP/(2%2)
Cop = JHeFPeR/L
U4 s UnijulUeU
£ om 1o ¢ 1e/L
Ft « LOG(F)
Fa = Ly1#F1 + C2/U
W ox ZaR/Y
N s EXPley)
FUNY = QeF2/U4
RETURN
‘END

51
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i
2°
kD
4o
Se

FUNCTIAN FUNS{ULRLZ)
A s "U-‘\l“(b‘:F-II)

FUND = Asiey

EE TURN
END

52
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b K
2e
3.
4o
5e
&
7¢
8e
G
10
11
12¢
13
14
15.

16+

17
18
19.
20
21
22
23
24
25
26
e7e
Eg.
29
30¢
31
32.
33.
34
35
36
370
38
39¢
4Qe
41,
420
430
by
45
“60
LY )
4B e
h9e
50
Sy

13

21
22

n
[0

FUNCTION GAUSS4({A,B,MsK)

CAMMEN /87 R,ZHALPHA,PETA

DIMENSTION NPBINT (7),KEY(8)sT(24)2nEIGHT(24)

DATA WPUINT / 203042506210015 /

DATA REY 7 102242638212217025 /

DATA T 7 0e5773502€9,0e0220774596669,C0339921C442C+861136312»
10°0s0°53B4693102009C6179846409233619158640+66120938720°9324695142
20 J4BE74323,0°4333953%4 026794056820 PE5C6336720497390652920000
3¢241156C93997435,¢394151347077563»¢5709721726CB539,272441773136017
4T e E4E2CH5834104279 03372733924 0C7(CHs ¢9B7322518020488 /

DATA WEIGHT / 1eCsCeBRBBEBERD,(eEE5555556,006521451552 0347854845,
10+SHBLRBAIBY )L eU7ELLRET1CeZIFP6ERS5)00467913935,00360761573,
0171324493,00295524225,00269266719,00213086363,0149451349,
3Centh71344,02085782415925561,¢019843148532711151861610C0115562»
be166269205816994,¢13957C67792€61542410715922046717250703660474881C
S8, 03C753241926117 4

SUM s Cen

1 =1

IF (MeEQeMPOINT(L)) GO T8 2

1 s [¢}

IF(1eGTe7) GO TO &

90 Te 3

AUSSY = G0

RETURN

JFIRST = wEytl)

JLAST & KFY(T41) = 1

C & e5*(ReA) .

D » «Se(Bea)

GE T8 (1sR,12021023+25527429531)eK

D% & u s JFIRSTHILAST

IF(TLU)eENeCoC) SUM & SUM + WEIGHT(J)«HOPE (DR, Z,ALPHA,BETA)

JIFLTLL)oNE CaC) SUM 3 SUMSNEIGHT (U) e (KSPE(T(J)wC+D,Ra £, ALPHALBETA)
1 ¢ HOFE( «T(J)eC4DsRsZsALFHALBETA))

Gt T8 SO

D8 9 J = JFIRST,JlLAST

IF(TCU)eENeCeC) SUM = SUM ¢ WEIGHT(J)#FBFX(D)R»2,ALPHA,BETA

IF(T(U)eNF,CeC) SUM 8 SUMHAEIGHT(U)# (FEFX(T(JS)9C+D,RaZ,ALPHA,BETA)
1 ¢ FOFXU =T(JIAC+psRIZHALFHALEETAY)

Gt T6 sC
%6 13 J = JFIRST,JLAST

IFLT{JYeEN,CueC) SUM & SUM + WEIGHT(J)sFEFY{D,R,2Z,ALPHA,BETA)

IF(T(U)sNEoCoC) Sum u SYM+REIGHT(U)# (FEFY(T(J)aC+psRaZsAL PHASBETA)
1 ¢ FOFY( «T(J)aCuDsR,Z)ALPHALEETA)}

59 Te 5S¢

DR 22 J = JFIRST,JLAST

IE(T(G)eEN,CaC) SLM & SUM + WEIGHT(U)*HUPY(D,R,Z,ALPHA,BETA)

IF(T(JU)INESCoC) SyM = SUMIREIGHT (J)# (HBPY (T(J)eC+paRaZsA  FHALBETA)
1 + HOPY( aT(J)9C+D,R,Z,ALFHALEETA))

58 T6 S0

D¢ 24 J s JFIRST,JLAST

IF(T{J) «ECeDe) SUM = SUM + WEIGHT (JI*FUNI(D,R,2)
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82 e4 IF(T(gleNEsQe) SUM aSUM+ WEIGHTI ) (FUNLI(T(J)eC+D)R2ZI4FUNIL
53¢ 1=T{JU)eC*DeR2 )}
Sk G& 18 5n
55 es DC 26 J = JFIKST,J AST
56 IF(T(J)eETe0e) SUM & SUM 4 WEIGHT(J)*FUN2(D,R,2)
57+ € - IF(T(J)evEeCo) SUM = SUMINETCHT (U)o tFUNZITIJ)sC+D)RIZ)+FUND L
€8+ 1eT{JIsC+Dsr02))
59+ g® Tt 8¢
60 27 DE 28 J » UFIRST,JLAST
61 IF(T(J)eESepe) SUM = SUM + WEIGHTIJ)FUNI(DIR,2Z)
€24 28 1E(T(J}aNEeOe) SUM = SUMWEIGHT (U (FUNI(T(J)C+D,RaZI4FUNI(
63 1=T(J)el+D45,2) )
Gy 68 T8 50
€5 29 0f 2C J = JFIKST,JLAST
66° IF(T(J)eEQeOe) SUM = SUM + WEIGHT(J)I#FUNL(D,R,2)
67 ac IF(T(I)erEeDe) Sy m SUMSHEIGHT (S @ (FUNG (T (J)sC+paRaZ)4FUNGL
68 1eT(J1eC+D2R02))
€9 GY9 16 &
70 3t DE 32 J = JFIKST,JLAST
71, [EAT(J)aEQe0e) SUM 3 SUM + WEIGHTIU)#FUNGID,R,2)
72 32 1 (T{J) enFoQe) SUMs SUM+WEIGRTIJ)® (FUNS(T(J)#C+DsR2Z)+FUNSH
730 1T (J)eC4+DsRr2))
ey 5C GAUSS4 = CaSUM
75 RETUKN
760 END
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i
L 2e
k KJ
b
Se
b
7
Be
Qe
10.
i 11
12

FUNCTION cUNCT1tUSRSZ»A,B)
C95G = e5B/4
- JF(COSGeL.Eele) ANS. 3 SERIEI(USRSIZ,A,B)
IF(CEGUEeBTete) ANS =» SERIEZ(L,RSZ)ANE)
Wy 8 4587sReU
gy = Cﬂsu(hl)
PS! = pesAsy + B
PS12 = PSTeFS]
F = ANS#aNS
FUMCT1 = PSI2#F
RETURN
END

55
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1
r-XJ
3.
%)

FUNMCTION FUNCT2(UsRs22A4B)
FUSCTE = FUNCTItULRIZIAIB)sLiel
SETURN

EMD

56
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1e
2
3.
Y]
Se
[X)
Te
8e

FUNCTIOM FUNCT3(ULR,ZaANE)
CASG = +54B/A
1F (CESGe Esle) ANS = SERIE1(U2RS2:A,8)
16 (CUSGeRTels) ANS » SERIE2(UsRsZsAsE)
PS1 % 2e4A3CESH(eSeRaZey) + B
FUNCT2 s PSIwPSIepMS
KE TURN
END

57
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an3 *6
NMNL Sy o o
Sii¥eISde]sgeTd s "LINMS *L
(EYI2¢4eNINAANNY = T4 *9
(2fveZ204¢MN)23]43S = SNY {(eleliten5gD) 3] 1] -
(2f9¢f29570) 131435 = Syv (*1°37°nS8q)) al *H
8 ¢ (NeZeya5e)HSGInve*2 =« [Sd o€
v/a*se = 9563 o2 -
(arvezeden)nganng NOI DN LR}
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)
2%
3
4o
He

FUNCTION FUNCTS(UsRaZaASR)
£t = FUMCTIULR, 2, A4R)
FUNCTS = Flaley

RE TURN

END

S9
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APPENDIX B, PART 1

1
2
Je
'Y
Se
-]
7
8
Ge
10

SERIES SALUTIBN LISTING 60

FUNCTION FUNVMU(U,R,2Z,A0E)
W e o5e74R

Ny = cOSHU{yaw)

L2 s SINH(Usr)

Fi ® 2%2¢B%(1s = Usy)ass
Fg s byspn2esQz /R

PS1 ® 2eeael] + B
CUNyMU = (F1 « F2 )/PSI
RETURN

END
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APPENDIX B, PART 1¢

1e
2e
k)
b
Se
6
7o
8¢
9
10°

11 -

12¢

13¢°

14e
15¢
160
17
18¢
19
20
21
e2*
23
24
25
26
27
28-
29
30
31
32.
33.
34
35¢
36.
37
38
39
40
Wl
42
430
e
45
“6.
47
4R
49e
50
510

10
11

12

SERILS SALUTION LISTING 61

FUNCTIEN GAUSS(A,B,M,K)
CAMMUN say R, 2,ALPHA,RETA

DIMENSIEN \POINT(7)2KEY(8))T(24)swEIGHT (24)

DATA NRBINT , 20304452621C015 /

DATA KEY /7 122040609212+17225 7/

DATA T / ne577350F692GeCa0e77,59646921,03399R1Cy420e8611363122
1C*02C*53848531020°906179846,023861918620+6612053E7,0932469514,
20148274339, 04333953242 (679409568, 028650633675 097350658920002
30201194C093997435, 0394151347¢77563225709721726C8539,972441773136017
4Cr e HbERCARBIU10427,5+9372733924CCT 6 2IE7I9RG13020485 ¢

DATA WEIRHT / 1eCaCe2RB8RBR8I)C555555556,0065214515520347854845,
10+ 5€BERBERES,) 247362867100 e2369268R5,0+467913535,043647015730
2001713249473, 0295524225, 0¢269266719,0¢21908636320+14945)1349,
3006671344, 9202578 241525561, 019843514K53271114018616100C115562,
4e1662C9205R16994, ¢ 139570677926154501071592204671725°07036604748810
58,¢C3C753241996117

SUM = Co

1 =3
{F(MetReNPRINT(I)) GB T 2
[ = I+
IF{1eGTe7) GO TU &
69 TH 3
GAUSS = oo
RETURN,
JPIRST = kEY(I)
JLAST o KEY(T141) = 1
C = QSC(R-A)
D s +5e{Bea)
GO TO (1,8%,€210012514)9K
D6 & U = JFIRSTSJLAST
IF(TUJ)eEQRege) SUM s SUM + WEIGHT(J)I*FUNCT1(DsRsZ2ALFHA,BETA)
IFLT(U) e NE e Do) SUM 5 SUMSREIGHT (U)#(FUNCTI(T(JIwC+DsR,2Z, ALPHA,
1BETA) 4 FUNCTL1(=T(J)aC+psR2ZsALFHALRETAY))
G9 T4 SQ
D2 9 J = OUFIRSTAULAST )
IE(T(J)eEBe0e) SUM & SUM + WEIGHTIJISFUMCT2(D,Rs24ALPHALEBETA)
IF(T(JIeNEeQe) SUM = SUM#*EICHT(J)'(FUNCTE(T(J)'C*UlkaZoALPHA:
1BETA) 4 FUNCT2(=T(J)*C+CsRsZ22ALPHA,BETA))
GA T8 50
D% 7 J & JFIRST,JLAST
IE(T(U)eEGeOs) SUM & SUM + WEIGHT(J)FUNCTI(D,R,Z,ALPHA, BETA)
Ie(T(J)eVEeQe) SuM = SUM+WETGHT (NI ®(FUNCTI(T(J)wC+psRaZ2s AL PHAS
1BETA) 4+ FUNCT3(=T(J)aCsDsRIZ,ALPHALBETA))
8 TE 59
£a 11 J s JFIRST,JULAST
IF(T(J)eEReDe) SUM s SUM + WEIGHT(JISFUNCT4(D)R,Z2ALPHA,BETA)
IF(T(UYeNE2Qe) SUM & SUMHWEICHT (WY (FUNCTH(T(J) eC+DrsR2ZsALPHA,
18ETA) ¢ FUNMCTO(=T(J)uCelsRIZALPHASIBETAY)
G T8 Sp
29 13 J s JFIRST,ULAST
1F(T(J)eERe0s) SUM & SUM + WEIGHT(J)SFUNCTg(DsR, 2,ALPHA,BETA)
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APPEND1x 8, PART 1: SERIES S9LUTIBN LISTING 62

52e
£3°
Sk e
SSe
Ebe
57
B8 e
£9.
60
61
620

13 IF(T(J)eNEeQe) SUM 5 SUMAAEIGHT (J) *(FUNCTS({T(J)4C+DsR,»Z, ALPHA,
AITA) & FUNCTS(=T(J)eC4LsRsZsALFHAPHETN))
5% Ty 50
14 2% 15 J s JFIRST,uLAST
ICCT(J)eECo0e) SUM « SUM ¢ WEIGHY(J)SFUNCI2(DsRs»ZsALFHA,BETA)
15 IFCT(J)eVE«Ce) SUM 3 SUh & WEIGHTIU)®(FUTCI2(T(J)®C+D,R, 2, ALPHA,
13ETA)  + FUNCI2(=T(J)eC+DaRs 21 ALFHAPBETA))
6% 19 S~ :
5c GAUSS = CeSUM
Rz TLRN
£.9



-

e
2
3.
'Y}
Be
be
7.
8e
Ge

10.

11»

12

13

14

FUNCTIEN
Csvnﬁkxlelrggi(u‘q'z,
C1 = (2e=2)/¢ + EP

SR R Ee/s(2+2)
Ut s UsltaUwU

Fe le + 17U

F1 = LOGIF)

F2 = (q*Fy + C2/u
W = 2eR/y

G s EXPlau)

FF & FZer?

FUN] = QerF/U
RETURN Free
END



o

™y
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e
e
3.
ye
Se

FUNCTIBN FUN2IUSRS2Z)
A.» FUN1(UIRS2) -
FUNZ ® aslal

RE TURN

END

64
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b ]
2
3.
'Y

FUNCTIBN FUN3(U,R,2)
FUN3 = FUNLIU,R, Z)wU

RETURN

END

65



APPENDIX 8, PART {3 SERIES SOLUTIEN LISTING 66

e
2
3
o
Se
6

FUNCTION FUNCI2(UsIRZaA,B)
F1 = FUNCT1(UsRsZsAN8B)

F2 = FUNVMULUIRSZ,A0B)
FumClz = FlaF2

RETURN

END



APPENOTX
OIx By PART 13
s PART 13 SERIES SOLUTIBN LISTIN
¢

1e
F-XJ
Je
o
Se
b
Te
8e
Qe
10
11,
12+
13,
1o

FUN
cﬁgngISN RESY(UsR,2,4A,8
£S5 = .4-5/;5.L°G‘ (le+X) /¢
32 s oHani o
1 & TANW{GR)
X = .2SDZ|R§U
F2 ® TANW(X)
F3 = FieF?
:l..l DATANH(F3)
uerY oS;QQZ
13 suUs(C .
Ay sUeCUSEC/WoF 4
END

)

67
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APPENDIX

e
2
kL)
be
Be
(%]
Te
8e
9
10°
11,
12
13
1he
15,
16+
17

8,

PART 1:¢

SERIES SOLUTIAN LISTING

FUNCTISN HBPY(ULRNZ

: : A,B)

ceMiaN sABC/G/ARS 6

oA (X ‘sitéé{CGSGIﬂEF/COSEC

AA W AW
AR = ASE
RR ® pe*n

2 = Ie7
A ¥ 960342

Wil & e25,74K
Fy ® TANW({Usw1)
G2 = ,50%3
F2 = TANS(G?)
£3 s FleF2

Fy 3 DATANHIFI,
HAPY = Fu
RETLRN

END

(Led4X)/(10=X)



APPENDIx B, PART 13 SERIES SSLUTIBN LISTING 69

1e FUNCTI6V RESX(U,R,2,4,8B)
e COMMUN ZABC/L/ABD/CESEC
kK cysSL = OS,B/A

be G2 ® enej

Se F1 & TAN(G2)

6o X = «2%s74RuV

7. F2 = TANH({X)

Re . F3 = Fler2

9e Fu » ATAG(FI)

10 P oSn:.z

11 RESX® 2es#CUSEC/nsF 4
12, . RETURN

13¢ END
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APPENDIX 84 PART 1! SER[Eg SALUTION LISTING
N 70
FUNCTION F
1 A .g.B/SFY(u:RnZ:A:B)
3. Xy ® «SeRaZsy
5: 1 s COSu(X1)
8 F1 = C1 + CHSG
6 FLEFY » UF1
RETURN
8¢ EAD



APPENDIX B, PaRY 13

1.
2
k)
G e
Se
6
T
Be
Qe
10
11
12.
13
1he
15+
160

.

SERI&ES SOLUTION LISTING

FUNCT Ian HBPE(USRS24A2B)
coMFaN ®,ABC/G/AEBR/COSG/ARD/CHSEC
AL ® AWA

AR ® Ae3

£g = B«R

Z2 = 21*2

4 B eB*Re7

Al = e 2geleF
F1 & TANL(U*Wh])

532 = 5.5
Fp » TAN(GR2)
£3 = FlaF?

F4 = ATAN(F3)

HOFE x F&
RETURN
£ND

7
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APPENDIX 8, PART {: SCRIES S4LUTIGN LISTING

i
2e
3o
o
Se
&
7.
8e
9
10¢
11,
12°
13,
140
15
16»
17.
13
19
2Ce
cle

FUNCTION VALIUSR,Z2A0B)

ceMralN 2ABC/G/ASS/CHSG/ARD/CSSEC
CAMMBN /33C/CBSEC2/pEF /CHSECS

G2 ® SR
Iz = 22
AA B APRA
AB ® A*D
AR 8 Be3d
W om eGeZaR
Xt ® Uy,
%2 = oSeyiah
nq ® CES=(Xy)
G2 s SINH(X1)
Fi = L] + CBSG
F2 = LOG(F1)
w2 8 1e/ineu)
FUNL = «09SEC2eF 2042
FiNng = yeacDSECE2eiE/n/F Y
VAL = FUN1 ¢ FUNZ
PETURN
END



O

APPENNTX B H
» A 1 L1 % IES S LU Ie LXS l“
[d=] 8, PARY SER A T N TIMNG

1
2e
3
'Y
e
&e

7 .

Re
Qe

FUNCT
casac-l?2-§3§X(b'R'Z'A'E)
31 s JSepuZey
"1 = CESH(X1)

Fq1 = Gy + COSG
Fe:i s FiaF1

[ ]
QETUGNU/FE
END

73
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APPENDIX 8, PART 11 SERIES SALUTION LISTING . 78

1.
2
3
4o
e
&
7

FUNCTION FINTIA(R,Z)

CAMMSy /C/EX/D/ALR/E/ZQL/F 702
W s Z#R

L3 S XY

FINTIA = Q1oklo(ni+(1,+W1)sAL2=020EX*(1on(2o0W=1,)®K1))
RETURMN
END



APPENDIX Bs» PART 1%

1o
2
< L
be
Se
)
7.
8¢
Qe

SERIES SaLUTIUN LISTING

FUNCTION FINT18(R,2Z)

CAMMEN /7 /G

wn u Z*R

sl % 14/,

W2 8 W

A3 . p 2%

FINTIR = 20201/y3u(1e4yw+eSey2)
RE TURN

END

ey

75



A

2]

L1-4

-

~y

-
:

[a]

APPENDIX 8, PART 93 SECRIES SALUTION LISTING

g
2
k{3
4o
Se
X
7.
8¢
9
10
11»

FUNCTIOBN PSISCU(U,RIZHALE)
Nz ebwlen

Al = 2R

A s AphA

B2 « BaB

ta 8 AsR

C s SINH{2eaUu4)

Ei : SINatUs?)
P.;]:E#U;Va.oAA/u.msooAE/wl-cUU-(EuAMEB)
END

76
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APPENDIX B, PART 3! SFRIES S®LUTION LISTING 77

1.

2

3.

L'Y)

Se

&

7

8

Qe
10.
11.
12
13
1he
15
16¢
17.
18«
19,
20
2le
22¢
23
Che
25
€6
27¢
280
29
30
31
32
33
KLY
35
36
37
3R
39

NI W -

SJAROUTIME DINB(U,R,2Z,A,8,ANS)
o 8 oBaled
x1 = Rel
Y1 = Ush
Yz = LeW}
1 = COSw(Y1)
t2 » cHsatye)
L3 = SINu(Yl)
Cu & SING(YR)

Al & Wleily
A2 = A1SR
AL 3 Ash
AD = Ast
84 = gebt
A3 = A2#7Z
Uz = vl
U3 = LeUsi;
C1 = 2«%AasRR
Ay x ZsRupaR
AS = 2ekeR
RZ R.R
e 3 7,42
Ty = =4espAA/(22R24R)
T2 ® 2evale2/Rs(]1, o 164/A1)
T3 & eZaszeAR/R
T4 s ¢5472,.88
T 8 =ZpeBB#e16666666E66666666666
Tg ® 4eshA/RE
T7 = 16esAB/R2
ANG 1 s N%6aT1
ANS2 5 Q3eT2
ANS 3 s 12433273
ANS 4 s LeTh
ANGE = 113275
ANS 6 s UaR2eTE

ANS 7 5 {jaC1e77

ALG 3 ANSY + ANS2 4 ANS3 + ANS4 + ANSS + ANSH + ANS7
RETURN

EnD
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1
24
3.
4o
Se
1)
7.
8e
G
10
11
12°
13¢
140
15¢
16
17
18
19e
20
21°
2R
23
2he
25
26
27+
28
29
30°
31
32
33
cI'0)
35
36
37
38
39
&40
L3 &
4P
Ll
by o
4Se
460
Y X
LB
49
50
St

FUNCTIBN FxFI(R,2)
DIVENSION £CC(36), X0C(36)
DIMENSION ECI(61),EC2(7C)sXC1(61),X02(70)

CIMENSION EO3(50)» XC3I(SC)
DATA £0C
1 104933087,693224Cs1034C885444831395212225356C5080586210127045349
28623156, 10n478280084560C6s¢9BC7147233583905,¢92291063248373052¢8724
3573131694157, ¢R279334 362735 RE, e 7027756926355 76,+752678020£295871
b2 e72050150658704515+6912453078C28BI15, e 6645C4TRT43RL1C68, 06399492266
6322697, 6173059205526 C7C v+5S63473623231541,+57688207C4#05251C2+5587
64755617C2364225418C49C 14535823, +5259345318947846505110328836740476
7 5 e457¢074B2616443s v 4BITREYATEC2E37 204712925524 R608 140045546756
883131685,+4482566692915380,437611283111840154274873752994281,
9 e4178477732671577,«4CBESSE5600CS6070 23958797 7037797265 39149161
1897035624 +3834651071497194,¢375774539668E8848, +368404298713R854 /

DATA ECYL /
1 «36132R6168882226,03545313797517170s¢34739595347C7185, 34170703
232953284 ¢335650513952996C»+329%2133668814699,¢3241335429648885s 031
3874987810%6143,¢313502C1260€74662,0308B43C3187941875,30352883648598
441, e29R7BN21520324162923418548£237€624475 289734896E065591, 28542110
S676C5018»+2812379121729163,02771753304851186402732397457133851,026
694138L03956638 e26569€77C 1046732+ 2620837402553 185, «258E7¢38496684
728,025515265477685169, «251E263C39623042°2485879444773646, 24543396
810699440, +2423610327385172,¢2393€60132383432, ¢2364459195921340s 23
5359792150455782¢23081933159501034 *22R107596395655%, *22546028798531
113, 22287529630446312+220345821992A746»22178823697628117,+21547074
222475C7Cs213113034281¢92%,+2108C74275813:337, +2(855216657982297,
1 +2063456499010558,020418423387S2001,+202¢724207096828,22¢c00C27586
1399285, ¢197975857646760C» »19599C32861721022,«194045068C47110Cs #1928
2336796€13C057C2 2 19027C047C215C4Es» 18R43B0N37CC5717,«1866415879757465
3,+1843796408339623,+18315120322105€02+1814553170635290,¢179791057+
4053859, 91 7R1575366533868,¢176553859922275%,01749793240740C6320173%
533016244536450171914212452567720370422176284732 4

DATA EC2
1 «1675155916170776,¢1647078767C47833,0161294C1416E76%9,0159369323
261209814 +156RZI4335E01P75,915437025€6292501401519875648307450s 149
36789725C6n241,01474399141665211»
1 1482676029233 886Cse14315914€2542558,0141111669010C26750139122563
24235193201371893461691771,01353C9€7383955449013348133519183364
31317022321783C76s912997C3217123765»01282839381003267+
1 ¢126641n960766328201250401823371386,+1234795998702534+4121957831
€59146120012C4734377905765,+11SCCEC072084111-¢117611356751901C2¢116
32311254823022+¢11488317128606672+,135663674123762,
1 ©1122796392534993,+111C02196134795635+109792354E890153,
101085898836221073s01074136544163723,0106262811996F48044+10513653832
240826, 01043C340503162546,+1C2C845S798U6070se1C189746270431052
3e10CBL19ESEBCEHL09,+CITR4T41592148.53,¢098E532098026C409,¢97878728
h71957763+405692338832298657,0CI5REH272229292440095067905871612340
Se490416670550526139,+093282527149238104¢C974148906E01926C» 09156333
€393G758C6, e CBO9C669587339679,¢CBBINO24437781962,+C8676754541570823
70 ¢0B527953866698414,¢0R3B4177886034595, «0E245185899881711,¢C811074



APPENDIX 8, PART 1: SERIES SPLUTION L°STING 79
S2e 87525831423, 007950641736726444,C785466163c0124712+0773261331389123
53 E4
Ske DATA EG3 7 e07614314897517273,90749959557034253»007386294786642593
EGe 15007220261,6201654429C71753533524452402°C7073436332546581220697438
56 23892351444, 06878(, 76568086320, 2C6784401466R98389,+0669325181834396
57 33,0 CEECHEDLELLPEINLE) o 0€51R129981( 350352 °C64339713311897Rur 063519
58 4645424016360 0627202791 C740524s006194083826443568,061180585201044
59 5374 ¢CEQH3IRIBITES56325 ¢ 058717269718415%65 ¢ 059008 103602556442 05831
6pe 6791399338751,90576437231426234160 005698497991134497,+05634115824436
T 7873,005579175574347673220055094292359¢9709 0 054494309157342260
62 8 035390534 716964754,+053329c4631692088, 20F27649444026250790522126
63 174169€8677,+05167 18724 1655524.:905114217916R8121352«0506232568975€01
bhe 255 ¢ C5(11477079547292, +g49616435083051562 00491279223C66059914 o864
650 3RI53CETC4050 *D48179249652976,95 s c4771854549596084s 404 660449650233
66 4127s0C45541363654505175004452572364680038, ¢C4355446469261788,
€7 S end2e28734375CH852,eCU1733921556C0C622 *QuQB79629757453862 90400594
680 65552344032,053927196935293355,¢03851469884490402 /
€9 DATA >0C /7 020292550300 ¢3550b o045 e500055,080,065,07(275580»
70 1 085,090+ ¢9521°00s10C52101Cr101501¢20510252103001¢350104001045,
71+ 2 1e9Cs1e355106001065,1075,1¢752103C21085,1¢9C,1095 /
72 DATA xC1 v . )
73 1 Ce(022e0502010s20155202C2292512¢3022935,2040,2e452245022055,
The 2 26012045220 70s2075,2080220E52209002¢95,300C»3¢0523010s3¢15,
750 3 6202325530302 356350304) 3450305003055, 3060,30€52307C23075,38(
760 4930£513299,3¢95,
77 1 49C0AHenSsN 0108018540204 0250403024e3%040b0s4+4504480s405%)
78 1 4e6C4eb50407004¢75s5080)40852493C24095,5+0C /
79 TATA xC2 ¢
50 1 S5e10592,503250425e515¢61507:508+5¢9,
81 1 €elC?
82+ 1 601Cs6eP006°300604006050060600607006080,64902700027¢102702047¢30
83 207e¢4Co7°5057e6007¢7Cs7e8G27+9C
84 2 8e0C28010s8e2Cr5e30sR04Cs8e50s8:6022:¢70,8¢80,8020,94000
£S5 19¢1C009¢20+993029¢4C1905C050602907529¢8029¢90210°00210°2021040»
860 C1Ce60s1CeRC211¢0C2112C2110402110602119802120CC 7
B7e DATA x23 ¢ )
88¢ 1 120221204,3206012¢8513¢0113022136¢4213¢6013e8514002140201404s1406,
89 2 14eBr15en,1502s 1504515051508 160021692516045160621648517051702,
90 3 17e8,170h,17%B218BeCs1Re2,1804218061189821900,19¢2,19¢4,19¢6219+8,
91 b 20eCr2Ce5,E1022105,22e022205s230C223¢51240002405,2500 ¢
22 X = 2esZeR .
93¢ DEé g K & 1,36
9% DIFFC = X « X00(K)
95. X1C & ACN(K}
96 €1C = EQn(K)
97 IF(OIFFCeLTeCe) 9 TB 19
98 e CANTINUE
99 D2 1 v s 1,61
100 DIFF1 = X = X01(J)
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101
102
103
1C4e
105
106
107«
108+
1C9e.
110
111,
112
113,
114
115
116
117
118¢
119
120.
121
122
123
124
125

3C
4C

19

x11 = xC1¢g)

£11 s EQ1(J)
IF(DIFF14LTeCe) GO TO 3
CanTINUE
08 2 1 s 1,70

DIFFE = veX02(I)

x12 s X02¢(1)
E12 = £C2¢1)

IF(DIFF2.LTeCe) GO TB S
ConTIMGE
Dy 3C M « 1250
DIFFI & X = XC3(M)

X13 s XC3I(M)

€13 s ECI(M)
IF(DJFF3+LTe00) cB TO 40
CaxTNey

EXPI & DEX(DIFF3,£13,%13,X)
FETURN

EXPI = DEX( DIFFC,EL1C,X1Co X}
e TURN

EXPl = DEX(DIFF1,E11.X11sX)
e TURY

EXPl & DEX(DIFF2,E12,X12,X)
GE TURS:

END

80
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APPENDIX B, PaARY 13

1e
o
3
Ge
Se
he
r A
8e
e
10.
11,
12+ 4
13 3
140
15,
16+
17+

SERIES SOLUTIBN LISTING : 81

FUNCTIGN DEX(DIFF,E1,X1s3)

DIHENSIONY T(SO)

SUM1 = Co
DY & N ¥ 1,50
K = N=jg

IF(KoEfieg) TIN) & DIFF/NG(E14CIFFaak/{(=X1)oaN))
IF(KeNE«C) TIN) = DIFF/Ne(TIK)I+DIFFeok/{(aX1)uaN))
Sl s SUMt 4+ TIN?

c1 8 T(N) = T(K)

7 = ABS(7)

IF(DeLEs1,E=16)GE TO3

CANTINUE

EX] = E1 4 SUML
G = DexP(v)

DEX = =EX1/Q

RETURN
END



Ian)

APPEND X R, PART 13 SERIES SALUTIEN LISTIMG

1e
2°
3'
be
Se
G
Te

FUNCTIBY SIMNT2A(R,2)

CIMMEN /C/ZEX/D/AL2/E/CL/F /752
W s 2R

Al ® le/w
SINTZA = nispls (AL 2-Q2+EX)
Re TURA
EnD

82



€8

3

NMNLZs

(MeeT)acMele = J2LiN]S
lenlM =8 24

. './-I - 11
ey w ¥

1973/ NBuwED

(Z79) Q2LINIS NelLoNA4g

ONILSIT NeldNTeS S3TE3S

8
oL
.9
(33 -
Y
o€
2
o1

:1 l¥vd ¢g X1QN3ddY

~y

(2 ]

(2]

L )
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APPEMDIX B, PART 1% spRIES SOLUTION LISTING

1
2¢
3.
He
Be
X)
7
Be
9
10.
11
12
13
L4
ige
16+
17
18+
19.
2Ce

FUNCTIgN SINTEDIUIRIZsALE)

A s 0Se28R
n1 ® Z*R
#2209 ylewy

W3 = Weeyl

AA = AsA

AR = AeB

8% » Fel
€S & CSwu(Ush)

Css = Ceap(Ueal)
Sl # SInplued)
STH = Sinh(Leal)

FUN2 s Us)alU/3ea(2.0AA+BR)+8esABeLeUsSTIH/ 1
FINT = 2.0AA%UNJSSIHH W =4 en QA YeLSS/A2
Fithg & g4 2ABOSIH/W3e32. 0 ARCUSLS/WR2

FUNE 8 4eeAAsSIHH/AS

FUNCTL = FUN24FUN3LFUNG4FUNE
SINTED 3 =e5elaZaFUNCTY

RETURIv

E.n

84
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APPEXDIX 2, PART 2! SCRILS SALUTIEN RESULTS £S5

R =

«C5C0
E(0)=-Z+2/2% =1.98851C53c614
=sCOSLELCLLTEC

E(1) = EGv + 29772 =

E1=EGHx, =1499397457739¢

€2 = =e(C00CCLEES716 Et2) = =1e993975167112
€3 = =eCOCCCRInE47s £(3) 8 =1e5935751735¢E6
R = -1000
EtD)e=72e2,2: =1+960217356C14 E1sEGMs =1¢978225855625
E(1) = Eg* + Ze,/E = =«C125CR563811
E2 « =+COCCEQ731C32 E¢2) = =1¢97824663C9C7
E3 = «COGCCCCRC72R F(3) ®» =1,97824655C2C6
R s «2000 i
E(O)n=242/28 =1+5734125¢5784 - E1aEGYa = 14928537622873
E(1) = EGM + Ze2/2 = =eCS5n125¢C3709¢
€2 = =.000072587128 E(2) = «149286106099¢3
E3 = «00CCCLeeS314 E(3) = =1+S2861534C077
MUy LAMBHA Pl GM PHI(1)
*00 1.CC 12670115378 102571391669
33 2+2C 1.~437€63851 10407697749
°00 3.0C ¢3598566265 08597441970
[Xe}o) LYol of 07’_‘8351‘4363 7095554375
*00 SeccC 5835411881 5848273497
03 bell «43072228¢9 «48121C6280
*00 7ecC *39601988C2 +3965537695
*00 8.CC «32624189CC +3268789752
*00 SecC 02687586561 02691127230
«00 10.CC *2214C38B64E 2215136708
*10 lecC 142670930455 1.25722C1225
010 2e¢2C 147438335313 1.C408367967
*10 3.CC °3599119416 +8597995612
°10 keCC «7283970051 ¢7€93991171
°10 SeCC *5335787277 *5848650103
*10 6.CC *88C75320¢€1 4815416611
*10 7.CC *3960453564 +39697393318
*19 8.0C 03262628774 +3269CC0249
10 9e0C 02687759455 ¢2691300528
«10 10.CC 2214181076 + 2215279354
20 , 1e0C 12673375993 12574630079
20 2eCC 1e7440349951 1+C41¢378775
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CAPPENAIX 8, PART 2

20
29
020
023
220
23
*20
20
039
*32
«30
030
«30
*3n
*30
*33
230
032
oy
0‘00
(X 7]
[X'%]
040
’“C
[ %]
(X%}
(LT
(X %6}
*50
053
50
«59
[3-Te]
50
[3-1s]
'50
50
50
060
60
60
60
060
60
- 060
60
*60
060

3.CC
belC
SeCC
6.CC
7oCC
8.cC
SOCC
10.CC
l.cC
2ecC
3ec0
4eCC
S'CC
6'CC
7ncc
8ecC
9occ
1CeCC
1e0C
Z'CC
3ecC
4ecC
5occ
6-CC
7+¢C
B.Cc
9-CC
10+CC
1.cC
2¢CC
3oc0
el
SeC0
GQCC
7¢0C
8.cc
9.cC
10.cC
1.cC
2.cC
3ecC
hoer(
Sncc
6.CC
7¢C0
8,¢C
9+.00

10.CC

5

-
4

-~
Y

IES SOLUTIAN ResSULTS

*e24C0779079
70 &533728 4
05836913606
v 028459933
3961217947
+3263756473
+26882782C3
e2214€0a422
1026774529¢9
1e~u463708522
0A603545876
«7~8761657¢
05838791294
«4210C06773
+3962492236
* 3264308236
02689142999
e221532¢342
12683162737
1o 0la412288
SREC7420847
¢70908CE784
25841421038
4312173164
©3964276913
¢ 6577E458
09690354169
+22163186¢¢€
12690507621
1e7L5L4E3017
08612405448
«70545151C3

- ¢5844803834

24314959917
03966572645
«3267669624

2691912166 -

02217€C20R7

14269949032¢C .

1e~46186298¢
v3618501551
47099837089
¢5848940951
$4218368052
+3965380297
+3769982633
02653817578
+2219171768

86

*8599656667
»7CIE3616A4
«5845780007
«4B2C347677
©397C560244
¢3205431789
e2€91820462
»22157C7326
102576678791
1eC413730439
»86CZ42552C
«7C37646172
eS5251663471
4821899693
«3971838553
«327C6E4519
v 2652687153
ep221€4207282
1025843486295
1ecbklas24333
8636302412
7105845225
¢£354300933
24524073019
3973628839
«3272158682
+26939C0R02
02217419709
125916398%6
techRu460942
e861128544C
e 7104959564
¢5857693003
o 4E26RE8155
3975931220
*3274054621
02695461689
»22187(04517
142600555276
10431341263
08617386561
¢7105990143
«SBE1840470
4830285743
03978746328
03276372774
02697370178
02220275443




w

i~

)

™

APPENDIX B, PiRY 2! ScxIES SLUTION RESULTS a7

70 1+0C
70 2+0C
70 3ecC
+70 bocC
*70 SecC
«70 6eCC
+70 7¢C0
«70 8eCC
W 7C 9e¢C
«70 10+CC °
*80 1.0C
«80 2+CC
«80 J.¢0
*80 &eCC
o83 SecC
*82 6ecC
080 7a0c
82 8e.CC
'80 Socc
80 10+¢C
90 - 1eCC
*90 2e0C
*90 300
92 8400
+90 5+00C
3 6’CC
90 7+¢C
90 BegC
90 9e00
+9g 10<cC
1.00 1scC
1.00 2.¢C
1:00 3e¢0
1+00 AecC
100 5.:0C
1+00 6.CC
1000 7¢¢C
1+00 8.cC
100 9e00
* 100 10.cC

.

R s #3000

E(Q)a=202/2s =178523£K47668

Eql) » EGM + Zei/2 =
€2 = =.0001723734z1
E3 = +0000C15233%¢

1.27101142C9
leru706149¢C
WHE25711447
27405876614
258536833943
«4322398937
03972700923
«327271817¢
02656071118
¢222102823%
1.272238325¢
1.74,80Q722242
eR63I4037845
¢711273591¢%
05359484648
s4227C5399%
03976535771
+2758773z24
02698673635
2223172158
12736302142
107492188426
sRE4IHB3BT2
0712051757¢
5865895168
+4332335013
«338088628¢
¢279461282
0270162€1C¢
eP225604448
1e2751876024
1.2505018418
03654653078
¢74292245CC
5873067974
#583824396¢€
3985754087
*32834713%¢
0270452964 C
«22283259¢4

=+CR1284506327

102611096490
1.ch4CBE8E01
8624595585
71159381279
05866744294
4834326622
»3982074818
+3275113681
0269562671C
2222132853

. 102623265968

1«045C643776
+BA3291R1R2
«7128C45900
e5B724C5614
«483£991675
¢398E917460
»3282277976
*2702231E05
«2224277177
10263766516
10462069117
«B642356254
«713C053205¢
«5673825743
«4B44222204
«399C275147
+ 3285866394
«2705186077
«22267¢8911
102652501317
1.CH74847468
+8652912074
+71393c1383
«5886C06171
« 485198336
23995148591
+32858797¢6
* 2706450202
« 22294285619

EysEGMs =1.86654118399

Et2) s «1e2ge713457443
E(3) » =1+866711926053

oo
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APPENDIX 2, PARY.af SERIES SALUTIBN RESULTS 83

R s e 4000

E(0)==202/22 =14492727111344
E(1) = EGM + 2wZ/¢ =
*e 50022137534
«0000C2774823

E2 =
E3 =

R =

E(0)==2072/2s =1+6C6132250C8R
E(1) = EGM + 2e72/2 =
=+00C271737853
«0000C3527476

E2 =
E3 =

L V]
*00
*00
(3e]4)
*00
«0C
*00
00
00
°0C
-+00
193
*10
19
10
12
*10
*10
13
17
*10
20
020
20
«20
20
20
«2G
20
20
20
*30

«5000

LAMBDA
lecC
2¢0C
3-CC

.h-co
SQCC
6¢0C
7e.cC
8¢CC
9'CC

10+CC
1ecC
2.0C
3e¢C
4000
SecC
6+.0C
7.¢C
8+¢C
9.cC
10¢CC
1.¢C
2+0C
3.cC
400C
5.cC
6.0C
7.cC
8.00
9.0C

1000

1.CC

E1=EGMs =1480Ce25423C37
=e 107538311677

€(P) = =1+80C78726C573
£(3) = =1.800754485751

E1=EGMe ~1l73“71“716“25
=0 128532466337

Et2) = =1¢73405,454308
E(3) = ~1¢734982526832

PHI GM

3096812573
*5311550061
©3712741561
02371905904
¢151530547¢
00968061456
6184651526
«0395101248
enpS2L 12663
en161255254
*315011599¢
0581366C47¢
¢714C8338CS
02372767240
01515855745
20968412999
en51867€111
¢0395244726
«n252504324
00161313813
+3110C329CC
05819995942
»37181372¢6¢C
02375352976
01517807657
*N96946E333
or51935C317
¢33955675446
e 1252779492
¢0161489605
+9126583198

PHI(1)

*89965249R9
v5822061324
«3733927103
+2383071436
«1516232334
0962619713
*C€1C152825
«0386246828
eCZ4424LB3RY
0154314529
«89958¢8409
5824186039
¢37352&9764
*2383941107
«1516785675
*0962971027
«0610375512
*0386387803
« 0244337541
«0154370858
«9009662934
5830562962
¢3739379452
*2386551258
01518446418
00964025424
eC611C43863
+0386810910
0244605112
¢0154539917
29026101364
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APPENDIX B, PART 2% SEFRIES énLUTleu RESULTS

«30
«30
«30
30
30
30
30
«3)
«30
40
o4Q
«hQ
[ X T+
X 2e]
40
o &
4
(X 2s!
40
*50
~.5°
50
¢S50
50
*50
S0
*50
*S0
50
o6G
«60
060
260
«60
60
60
«60
63
060
70
¥ &)
75
70
72
70
70
70
70

2+GC
3.¢C
%.0QC
SecC
6¢CC
7.cC

8400

9e0C
10+CO
1.¢C
2.CC
3e¢C
400C
Se0C
6.0C
7-CC
*8ecC
Socc
10+0C
1.0C
2¢0C
3.cC
heQC
SecC
64CC
7-CC
8eCC
9.¢cC
10+CcC
1+0C
2e00
3scC
beCC
SeCC
6400
?.0C
8.0C
9.cC
10.C0O
1.cC
2.0C
3.¢C
&eC0C
SOCC
.6eC0
7.¢cC
8+0C
92.¢C

5830569193
e37248920C41
023796683C6
2 152026453¢
00971229577
en620478457
00356394274
«np83238713%
00161782985
+2149E3C124
«SB45401457
«A734367717
*+238572189%
«15241319¢C¢C
00973700267
622053912
0n397402653
253882928
00162194542
¢2179733299
15864522518
¢71746583316
*¢239352589¢
01529117534
00976885366
624088731
¢n3987026C8
onpS4713412
on1627251C1
*92164338z¢S
05887970773
*37615633¢€4
*2403095988
1535231437
»0980791265
0626584039
«NW00296750
21255731838
en163375728
sQ2599844C5
¢59157933¢7
02779337947
2414451381
0154248589y
*n98542582¢0
e~629544848
20402188279
e n256940253

-

+5B412C0434
+37462C1583
+239¢905308
+1521216736
00965784280
+06121587 44
+0387516694
o C24ECH1LLA
+C154821920
+9049145056
+5856112372
3755765095
+2397¢0R962
+15251C0250
¢ 0968249585
«C613721603
+C33E506068
+CZ45677111
+0155217229
«907&823955
15875318287
+37680E2512
+24Q4870219
+153C162€39
20971425454
$ 0615734467
+03857480308
$C2464829216

- 0155726347

09115176642
«5894843321
3783169998
+2414499386
1536228646
00975315126
«0618199949
00391341061
sC247469824
e 0156349924
19158250391
¢5926718281
*¢38G1047349
02428909092
«1543488C88
00975923974
«c621121252
0393150343
o 248639314
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APPENDIX B, PART 2! SERIES SoLUTION RESULTS

70 10+CC oN164147731
80 l.cC 09310469491
80 2+cC *5948045989
80 3.cC 02799942758
(314 4400 02427614879
8D SecC « 1550895469
*80 6:CC *0990798324
30 7e¢C «~6325771¢¢
*80 8scC 9404380995
«80 9.CC 0“253341051
*80 - 10+CC 1165042658
90 1.¢C 2936799460
. *90 2+cC *5984 793585
9 3ecC 23419164
90 440C 02442612915
(3! 5.¢c0C » 1860477045
*90 6eCC *0996919571
«9; 7+¢C s r53658769%
*90 8.0C 0406879299
90 9ecC «~259937137
«90 10+C0 «n1660623C7
100 1.¢C 02432662819
1200 200 6026109887
100 3.¢C «3349514317
1+00 hsC 02459475607
1430 SeccC . *1571249878%
100 6ecC *10C3801852
100 7'CC 006‘0128‘0‘079
100 8.0C *n4096882¢09
100 9ecC e~261731625
100 10+00 " +0167208726
Rs «6000
E(O)s=Z282/22 =1+S2626C460240

90

«0157¢88756
+92081C1246
+5958979685
«3821738236
*2439114307
«1551889471
oC98E258014
624502172
» 0395330546
002499926758
0157943787
*9264794103
+5995669824
03845269238
e 24541323¢8
«1561445201
»0991324209
00397764437
+¢251531727
*C152916110
0932402508
«6C3¢8365823
+3871671382
*247C983005
01572166002
*0998130485
eCEIZ664007
e C40C495167
« 0253258442
*C16C006969

Ey=EGMe =1+671185327835

Et2) = =14671488041970
E(3) s =1¢67148354932¢

E1sEGMs =1+610884736452

E¢2) » =16112035832°98

Ec1) s EGM + 2%2/2 & ~e164924867591
E2 = =+0003C2714135

E3 = «00CCCU~92649
R = «7G00

E(Q)s*202/2s =1+453:33506566%

E(1) = EgM + 2#72/2 = =«1575L967078%
E2 » e 000318646845

E3 = «COGCO5E34230

Et3) = =1.611198C49067
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APPENNIX B, PART 21 SERIES SALUTIGN RESULTS

R = «ECOQ

E(D)e~"242/2% =1¢3B6%92970¢076R
E(1) = EBM ¢ Ze7/E =

E2 = =+ 0003F17S6747
E3 = «C0OCCEEC1647

2 s «S0C0

E(Q)u=242/2x =1e326068674051
E(1) = E5% + 2#7/2 =

€2 s =e0003166466326
€3 » +00CCC6717517

My LAMBo2
*00 100
0C 2.cC
*00 3.¢C
[Jols] 4e0C
*00 SeccC
«Q0 6.cC
*00 7+00
*0C 8ecC
*Q0 SecC
[Je]¢] 1C«CC
10 1ecC
12 2+CC
*10 3.¢0
o1n 4ecC
210 5e0C
10 6.cC
10 7.0C
«1C 8.cC
e10 900
10 10.cC
20 10C
°2¢ 2+cC
«20 3e0C
020 ~|cc
20 . Se0C
2G 6.CC
020 700G
23 BeCC
20 9¢0C
23 10.CC
30 1¢CC
032 2¢CC

91

E1sEGMa «1+554166175507
~e 167166474739

E(2) = «1.554487532254
E(3) 3 «1.S54481€3C613

E1sEGM= ~1e5C1C7172EC41
*e1744C31C715C

E(2) = =1+50138844&867
E(3) = <1.58G13817317EC

PHT G~

0/368166444
«32E9€59171
0 1470C48612
e~7C63C1846
»n3393508&5
+2163C45055
«0078336881
*enn376378¢C
enNO18083545
ArOREBBLLE
0537471595
«2762807879
01471561445
eN7075287CH
«N339700113
en16321284S
eNO78417498
«A037676593
+0Q18102188
enpCB6273589
06394415699
03072270929
1476108077
e~7€921318¢
0340749672
+~163717118
enp78659782
«~037793¢CC1
20018156084
2CC8724261
06427359562
+308B8CT9188

PHI(1)

»6295985958
*3CT8€643648
01476390452
eCc7011C5809
¢033C533247
*0155C27012
e CC7E4CBEES
*C03I3693443
*00156E5991
*+0C07223318
06302543717
«3C81849€26
01478428455
«C7C1836230
*033C3877585
*0155188561
«0072481335
«CC33728581
«0C15642295
«0CC723¢358
06322241073
«3C91479424
01483056153
«C7C4029380
+0331511855
«0155673793
«CO07£708041
«CC33%834119
«0015691263
e 0007253506
¢6355150375

+31C7568696
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APPENI[X B, FaARY 2! 3eRlis

039
*37
30
[ bo]
*30
«32
e3)
«37
[ X %o}
Q#Q
(174}
(XY
*49
(X Te]
(X 1o}
[X Yo
(X 2o]
e4a
50
[3-7e)
«50
[}-%e)
«50
53
«50
05:
*50
ISC
[Y-1o]
63
b0
60
-1
«62

[X-%)

«6)

«60
«85
«70
70
70
70
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7.¢cC
8.00
9lcc
10.0C
lecC
2+0C
3.¢C
4eC
5¢2C
600C
7.:C
BsC0
9.cC
1000
1.cC
2¢C0
3.cC
heCC
SecC
. 6¢0C
7.cC
8.0C
9.c0
10+CC
1.cC
2+¢C
3ecC
4CC

- l.cc

59 L UTIBN RESULTS

+n000000182
«2¢CD00C019

+2000000002 -

21574660709
00162767951
onn16824834
*1001739133
snpC0179769
«0000018582
*+NQCCC01921
* 0000000499
«NOCO0000E1
+NE000000C2
v1754628922
*0181370775
018747747
*nn01937898
«"0C0200315
«0000020706
*+00C000214C
+0000C00221
*«naC0000023
+00000000Q02
01992724983
205982000
«nn21291741
0002200863
«np00227497
«0000023516
«20C0C024314
¢00Q00000251
»n1C0000026
*+000000000°
093512647235
enNp37874828
0An245884¢7
2n(02541630
«AnC0262721
ongnnL27157
*+"0C0028C7
+0000000290
«£QCOC0003C
0060000003
e2£96207817
en278698909
«nNQ2880827C
e0002977824
+nQ0030/8C9

»

iCo

+0000000015
+,1-00C00002
= +£000000001

+1566944633
+0161051948
+0015254312
eCOC136C46E
+CO0C113538
+0COCCO8599
+C00C000539
+CC0CC0001°
+0000000002
+CC0C000001
+1753132795
10179962332
+CC17049799
¢0001521338
+C00C* 27071
+006C009639
+000C000607
+£.00°7C00"0
+000CC00062
+000C0C0001
+1993801110
00204675567
0019393682
+0001730909
+00CC144638
+0000010980
+000C000692
+000C0C002 3
+0CCGC00C03
+0000000001
+2301668742
0236272256
+0C22386764
. 20001997900
+0C0C166929
+000C012670
«~*CCCCO798
+00000C0027
+0C0CCORZ A3
+000C000001
+299C1418R1
+C276145358
+CC26158910
e 02333567
+COCC19483C
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APPENDIX B8, PART 2% SERIES SOLUTION RESULTS

80 6.CC
«80 7+CC
*80 8.cC
«80 9o
«80 10+CC
«90 1ecC
*90 2¢*0
90 JecC
*90 he00
«90 SecC
*90 6400
«90 7«¢cC
+90 8400
«97 9ecC
[3: 1] 10.0C
100 lecC
1+00 2+cC
1:00 3ecC
1°00 4ec0
1+00 Ssce
100 6ecO
100 7+0C
1+00 8+00
1.00 FecC
100 10.CC

R = ve100C
E(O)urze7/2n

R s 4,2000
ElO)m=242/2x

E(3) = EgM + Z2e2/2 =
E2 = =e000174£959238
E3 » «000C2272384

‘R = 85,3000
E(Q)e=202/2s

=e636629854719
Et(l) u EGM + Z97/C »
E2 = =e000120543669

E3 = +000(C€27989.:5 E(3) =

«e6296177064281

=e6233554317748
E(1) = EgM ¢ 2e2/2 »

E2 =« =e000120¢548¢2
E3 = +000CC2328677

110
1e0000031817 +000C014767
«"CCOC032R9 + 0000000927
*000000034¢ ¢00C. w31

7COC00035 =.CCCCCC00C0H
«00C00U0004 =+000C000001
+3197983199 *3176566593
¢n330565924 »C26CETGRS
enn341686C7 «CC3C875235
en00353201¢C +Q00Z752146
«nnC03650¢2 «0CO.2E9466
*0000037739 *000C017347
+ 20000039} «0COCCC1083
«nN0000004C3 +CCOCOCO034
«2000C000%2 =+000COC0005
+20000000C4H »+CCOCC00201
+3332545894 ¢3782763156
+9396158765 +Q38E274377
e Ank(949742 e 0036744203
e0pC4232852 + 0003271608
nRCO437537 «00CC272244
«NpCO045227 +C00CC26505
e A0COCO4675 «000CcrCc1268
+0NpC0000483 *+COCCOC0038
«n00G0005¢C =+00CCCCCO06
+NN000000CS = +0000000002

E1sEGM= ~+78722388031C
=e15n594025591
Et2) = = e787344143979
=e 787341345074

E1sEGyYs =e778879267265
=e149061502985
E(2) = ®e772C" 3966503
E(3) = =4775031242963
E1sEGMs «e770913213122
*e14755778134%
E(2) = =+771¢33367925
Er3) =

=e771C31479248



)

L

(s }

-

#PPENIIX B, PART 2% 5zFIpe S~LUTIEN RgsULrs ™ 111

R = Leb 00O

E(O)m=202/28 =e(17224364539 E1=EGMs  «474£33C6982379
E(1) = EGHY ¢ 242/2 = .o 14428217840

E2 = «4000121¢15523 Et2) = =e76°,279979C2

E3 » «CCOCCR204%33 Et3) = »e76342%£9C9¢69

R = 4,5C00

E(O)s=2#2/2e =e£11407246375 E1sEGMs  *e756C42BE1394
E(1) = EgM + Ze2/2 = =e14UR3BLT4519

€2 = »eQ0012146164n Et2) » .o 75£164343034

E3 = eCONCC2c44£877 E(3) = =e75c162C9¢ 156

R = Le£000

E(O)weZn72/2= =4rC538783063% E1riGMs  we7491C417179%8
Et1) = EGM + 242/2 = e 143216341162

E2 = =e000121574550 Et2) s =e745226146748

E3 = «000CC2198C49 E(3) = =e74S223748659

R = 447C00 ’
E(O)u=~rv, /2 =eb6CO65CB3R0C7 ElsEgMe  =e742474393795

€(1) = Egit + Zwz2/2 = =e141224155788
€2 » *2000122835¢55 E(2) = 2742597931820
E3 = «00CCC21g6122 £(3) = 4742895375767

R e 408000

E(D)s=222/2s <4595,R1875235 EL1sEGMs  =9734140298324
EC1) = Efp + 2u2/2 = *=¢14n458423C9C

E2 = =e000123134735 E(2) =  +e736263433059

€3 s e00CCC21192%7 £¢3) = ~e736261313962

R 3 449000

EtQ)e=202/2x =4550567356174 EjsEGme  =e730085787152
E(1) = EgM + Zwz/2 = =e123711843C¢974
E2 = =eQ00123749633 T(e) s =e7302C9836785

€3 = «000CC2ca59%927 €t3) » =e73C2C745C858



10000335200¢ - 9000000335.e . 3¢ CE*
8000009000+ 8R0NG0000Ge 00e2 CEe
91402535000+ 2TET02000ue 39 OE*
#820102000+ R£961000030s 00eg CE*
02889223200+ SE0562028ue ey CE*
1G28T8€000¢ LBSE2#H403TGe 00+g OEe
GEEEN4900 66052699 392 OE+
10€26€3860¢ 698EhhHGELe 001 CEe
00202520004 = 23 wewuQlee 32+0t oL
0000062090 = 9000000000 00¢g oee
1000209000¢ = 53000000350 J0+¢g o2e
£0000359099 OR0000000C 00e¢ 02
14€£00352000¢ 2611000080 J20e9 cas
LE26002000¢ €L8LT0090Ce 20eg 02
9018212000+ 264920000 0de 4 ogs,
9E9HH4£0000 658104000 Jds¢ cae
19€2£125000 E891#209C0e 0.2 Dae
£lzsLe2680 SIERE2EDES 001 02e
0000053030¢- 3000000030 33+01 cte
0000032000¢« 0000000004 00%g cte
1000002000 520000000l D0eg Ot
W000034u03¢ 5¢00000005» 20, o} 9
g4E02239000 £21100003Le 22 O1e
0£58000000+ J489100003e 2deg Ote
E919£13090¢ L6725200C5e 20y Cle
612622000+ T10BGRLEDTS. 00eg 0te
145595750 L1E29/950:e 02 Q1.
681922(€83¢ 615h90TGESe 001 (o} &)
00000352220~ 2900000035 0001 C0e
0000003200 090000000¢ 00+6 00+
10003032000« 62000020205 g 0D«
9000003290+ £2000000J0e 03+ 00e
9EE0002300 1211000000 9 - 00e
T1E#8002030 5069190000 J0eg 00
1£22¢15300 T4 n20000e ey 00
#EEBSTEI0Te #0EOTLEOCLe 03e¢ 00
90££9€£500¢ J5EDE9550ue 0.2 00+
#h0GR157800 2nG2604EB e 00t 00.
(1) 1Hd hg ke vighv? Nk
EnL2L1024%92¢= = (E13 £££557250000° = €3
1nl822224428%= s (2)3 9:L89c 9210000~ = 23
§9EG52HEDELETsa = 2/2#7 + 453 = (1)3
GEDDIBLE24SL%= *AD3"13 LIFNERNESIRG - .m\~.~...o“m
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APPENDIX B, PART 2% ScRIES

30
«30
40
‘o kD
40
[13e]
40
[ 2]
&0
Y 3]
40
040
«50
53
50
GSQ
59
-]
50
"e59
50
«50
60
60
«60
260
060
60
»60
69
60
60
*70
*70
*70
«70
70
20

e70.

«7C
70
«70
80
«80
30
[} 1]
«30
89

S.CcC
10.CC
1.CC
2eCC
3.00C
beCC
5-cc
60CC
7.CC
8.cC
9.¢0
10.CC
1e0C
2ecC
3ecC
bacC
Sec0
64CC
7.00
8.cC
9e0C
10.CC
1e0C
2+cC
3.¢0
4.0C
5e0C
6+CC
700
8.¢CC
.00
10.CC
1.0C
2eCC
3¢0C
4+CC
5400
&.CC
7400

8.0C°

9.00
10.CC
1.00
2.¢C
3e¢0C
‘&e0C

- 5460

6.cC

SALUTION REsSULTS 113

+00000000CC
+20C0C00CCC
01131427015
075461781
«CC05032941
«r0C0335675
+NOC0022388
«"pC0001493
«00C00001CO
«0C00C000C7
+0000000CC
«~aC00000GCC
01224285740
«nn8RLA4123
«NO05890836
en (0392853
enNQ00C262CH
«nCOCCO1748
+ 0000000117
«"3C0GC000CE
+00C0000001
«"CLCO000COo
¢15872454"2
N1 05862397
¢0007060563
«AQCO47C909
*00000314¢8
+A000C02055
*n00000014¢C
«nC000000CY
+NC000000C
«CC000C0CC
©1939702269
«n12936374C
«0QC86284(C1
«PRCOE?5477

.+000003838¢2

*+NECOCO2SEC
*0000000171
«~00CC0CO11
+00000000C1
+A0C0C000CC
e240765368¢
«n16058007z
20010709995
«06C071431C
* 0000047644

«2£00C03177

L

*+ 0000000000
=+£00COC0C00
+1131025812
0073741114
* 0004373052
+000CP37508
*COOCC11829
«00CCCO04RE
+0COCOCCC1IC
+000CCC0001
+0CCCOG0000
«C00C00C000
1329448047
«00BE6863ES
+0005143518
*£0600262005
+0000013957
+CC0C0C0571
»000CC00C12
«£00C0G0C01
+«000C0C0000
+CO0CCCO000
»1596399019
«G104097267
«0006178C47
+C00CI3REB2
«0000016787
«£0000C0689
+00000C0015
+0C00cCc0c01
+000U000000
«COCCOCOC00
1949182870
*0127098899
v0007542330
«0C0C413626
«000C0204#81
+00CCOCOB39
«00000C0018
»C00C0C0001
«000C0C0000
«COCCCCOCo0
24 1C384340
«C157192003
«0009323935
+CO0C510880
+0000025253
«CCOCOC1031



~

APPENDIX B, PART 2% schlts

«80. 7+.00
*80 8.¢CC
080 9.¢C
80 10+CC
*90 1e0C
«30 2eCC
«90 3.¢C
290 becC
*90 5.00
[3:1¢} 6e0C
_ «90 7+0C
«90 BeGC
90 9¢¢C
90 10«CC
100 1.cC
1+0C 2.C0
1+00 3ecC
1+00 4ecC
1400 SecC
1+00 6ecC
100 7.cC
1.00 8.0C
1+00 9.0C
1+00 10.CC

R s S¢10C0

E(Q)s=202/28 = 58Z2R(95u7587
~e135512623393

E(l) = EGM + Z#2/2 «
E2 » =e00C124579Cu8
E3 = +Q00CcC2C28970

R = 5,2000

E(0)s=2072/2s =45722253:5C64
=5135245225015

E(1) = EgM + Z2up/2 =
E2 = ~eg001E55£2934
€3 = «000C02C04 325

53000

[ ]

t

(1) = EGH + 292/ =
2's =+00C126127820
I3 s

E
E
E
E +00000195828C26

0)s=287/28 =eS744266272413
1 =e 134000423237

SaLUTICN RgSULTS

+00c00000212
+2200G0G014
+"000000001
*~ACCCOCOCC
*302561615C
201795492
+nC13458885
enCC0ETT7649
-Q000059869
+nAC00C3993
*0000000266
+no00C0C01A
«0¢00000001
+~2G0C0oseCe
*3839171075
«n256(C5605E2
+0017077832
*~nC1139017
*+00C0075368
+~nCOCOS0E?
«~0C0000338
+"0000C0E3
«50000000C2

sn~gCRCOCOCC

ElsEgMs

114

«000C000022
=+000C0C0C02
»+0000000000
=+000CCCOQCO

3011999459

20196358872

¢0011638440

«000CHh36762

*+CO0CC31385

«Q00C001272

*+COCCCCO026
=+000CCCCCO02
=+000C0C0000
=+C0C0Q0CO000

03792607635

eCR472u4367

sC014637615

« 0000799291

*»0C0OCCI0245

*000CN01575

«C000N00030
=+£00C000003
=+0C0C0C0001
=+CCOC00Q0000

=+7187635681590

E(2) = =e718R88547158
E¢3) = =e718886518298

E1sEGM=

«¢713470573C81

E¢P) s =e713596142015
E(3) =  =e713594137630

E1sEGUs =+7C84C7110455

Etz) = =+708533238475
E(3) = =es708531256449
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APPENDIX B, PART 2% zr%lES S2LLYTION SESULTS 115

-

Rs S5¢4000 : :
E(Q)a-2+2/23 =.57072454611c E1sEGMs  =¢7C3561959031
Et1) = EGM ¢ Ze2/2 = *e13P777412915
E2 = *eCON1FBLUETDY €tz2) = -¢70368BBLQE3ER
E3 = ¢ C0NCC19617%4 €t3) = =¢703686643557

R = 5¢5000

Et0)a=2v2/23 =+RE7245C12165 Ef{=EGms  =+£9852441C44C
€¢1) = EgH + 2e2/2 = =e1315753%8272

F2 s =+000127115134 F(2) = =e695CE1526675

€3 +00N0C1943443 Er3) = =e699C495831F2

R s 546000
EL0)w=2v2/22 =+56427C64ERT2 E1sEGus =+6944B4Z246077,
E(1) = Egm + 2wz/8 = =4130353595199
E2 = =.00012753C25e E¢2) =  =+694€11776332
E3 = «000CC18268L¢ E(3) = =e946CIE4I9526

R = 5.7000

E(C)==-247/28 =.cell72457235 E1sEGMs  =eg90231713440
E(1) = EGy » Zwz/E = e 12923125642

E2 = =e0C01278R2422 Et?) = =+ 69CIEI596CEFE

E3 = 000001911733 E¢3) = = e£90357684335

R s 5¢5000 .
E(Q)s-242/2: =.558269871592 E1sEGus =+£861575C7110
E(1) » EgM + Ze2/8 » 4123087635518
E2 =  ~450012B167427 E(Ry = =e&R6285674731
E3 »  «0COCC1£96GI3 E(3) = =e486283776638

R s 5¢9000

E(0)e=-242/2=x e.55525C718111 E1sEGMs =eg82252748372
E(1) = EGM + ZaZ/2 = ~e126962030261

E2 = = 50012838162 E(2) = ~e£823811299°2

E3 = ¢000001685738 E(3) =  =e682375244254
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APPENDIy 5, PART 23 SEYIES SALUTION RZSULTS 116
R s ~ 640000 . :
E(0)e=242/28 =«552:552(R632 ElsEGMe  =+478508970357
ECf) = EGM + 202/2 &  =e125853764724 v
€2 s =,00212;3821211 E12) = «4g72437491569
E3 » ¢ 00JCC1RT74574 E(3) = =e678635616995
.MU LAMBDA PHL GM FHI(1)
«00 1.CC +n830513737 00517217543
*00 2ecC snp22b4261¢ eQC21182497
*00 3.cC *ARC0966399 *0CCC776241
*00 4.0C «nNOC0041246 *C00CC25575
*00 S.¢C *«ARCCO0176¢ «CCCO0Co712
+00 64CC +900000C075 +CCOCT00013
*00 7.0C +10C000CEE2 *<CC0CO00I0C
*00 8.00 «n00000COCe =+ 0C0CN00300
+00 9.¢C «1£00C00CCe =+0CC0O000200
«00 10.0C «20CC0000CC =+ CCCCOCCO00
10 1.0C onGu622917¢ oC534058432
e10 2.00 «0023313353 eCC21874832
10 3.¢C «r0C0995¢ES *0CCCAC2003
°10 AeqC *+00CO042468 *CCOCCR6451
15 S.¢C +nn0C0C1813 +CCOCOCO739
el0 6+0C «N0C0000077 «C000000013
e 10 7.0C «~C0C000C3 =+0C00000C00
«10 8.00 «n0C0C00000 =+0C0C000000
o1n 9.cC +15C0500CCe =+ 0CCC0OC0000
10 10.C0 - +ND0000CHCC =+ 0000000900
20 1.¢CC +n594951811 «0586C407CH
20 2+CC : «np25392862 «0C24013485
029 3.0C «ne01C8BI7EY +0COCBELILEE
. e20 400 *9060C46256 *0C00029148
20 5¢¢C «2000C01974 «C60COC0219
020 600 «0000000084 «0000C00015
20 7.¢C «2CCO0CECOCH =+0C0C000200
020 8.00 «7000000CC0O =+000C000000
020 9.0C «NE000000CC =«0COCGCOI00
20 10.0C +20000000CC ~+0000000000
*3C 1.¢C +"6815688C 0677492751
*30 2+¢0 0029089724 0027777505
*3 3.¢C *30C01241565 «0C01021319
*30 4.0C *n0CG0U5E951 »0000033R84
«30 S.cC »7nC0C0R2262 «0CCCOC0959
*30 600 +0900000097 +000C000018
«30 ° 7.CC «"000CCCOCk =+ 000000000
*30 8.0C +NE00CO00U0 =+0000000000
«30 Wcﬂﬂ

snggcooccce

=+£0G0COC0000
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APPENDIX R, PART 2% SpRIES

030
40
[L10]
o4Q
040
&0
. o4O
47
‘e 40
40
o40
DSO
50
050
«50
50
050
50
50
*50
50
»6)
[X:Ts)
+60
060
060
060
«6)
60
060
060
079
70
" e70
70
«70
70
70
70
70
70
*819
*80
«80
80
80
«80
80

10«CC
1.cC
2.0C
3.cC
4400
5.¢C
6.0C
7.cC
8.CC
9.cC
10.C0O
lecC
200
3.CC'
4400
5.¢0C
6400
7.0C
84C0
FeCC
10.C0
1ecC
200
3ecC
beQ0
S'CC
600
7.CC
be00
9e.cC
10.00
l.cC
2000
3.¢C
LXYo]0]
Soco
6eC0
7.0C
8.00
9.cC
1000
1ecC
2+00
3-cc
4e0C
SecC
6-00
7.¢c

SALUTION RESULTS

+3000C0000C
18147682385
s003477474¢
s NOCILBAZCS
¢ C000C63347
«NOCC0027CY
+20C0000115
«"OCCCCCOCE
«0000000000C
«ArCeCo00CCe
+0000C000CC
«10C791C882
*0C43018176
onC1836039
*0000C76363
«~ARCOC033NE
+NQ00000143
+2CCCCOCOCE
«00000000CC
«NCOCCOC0CC
+20COC0000C
'1280369824
on54€46869
«nnC23323%8
«NOC0099546
«nNCCCO4249
»0000C00181
«AnCCCCCOCE
*«3000C000CC
«20C0oC000Ce

*0000C0000C |

¢1659474195
0070827246
«"(C3C22945
*0000129021
«nC0CCOS5C7
+00C0C00235
+ANCCCO001C
+300000006C
«70CCCOCoOCe
+0000C00000
+2183250186
0093152286
«AnCAT7707¢C
«0000169743
«nNN0CCOT7245E
«n0GOC00309
«760CC00013

117

*+000C0C0OCCO
e 0817C67273
+0033501993
«C001233546
*+000C041045
«00CCCC117C
*«C00CNCO023
«0COCO00CCO
+000C000000
+QCOCOCCoCOo
» 0000000060
01016540257
00041690557
+CCO01536498
»00CC051225
«CO0COCIu6E
*»000COCOCES
+CCOCOCOC00
+000C0OC0000C
«0C0CC000CC
+00CCOCOCCE
v 12940C91R8
*e00530745698
*0001956722
+0000065280
*0COCOC1571
*0000000037
«000C0000CC
+000C0O00CCO
«CO0CO0COG0
»000C0000C0
01674636572
20068682210
¢ 0002531505
20000084414
«0C0C0C2417
+0000CC0OC47
=+£00CCC0CO1
*+000CC00000
*+CCGCCCOGCO0
=+00000C00C0

e2193292610

00085937440

»0C03312473

+0000110287

+CCOCOC3147

+0C00000061

=+CCCO0COCCE



-

3 APPENDIX B, PARY 21 SgRIEs S2LUTIEN ResULTS  1ig
Co *80 8.C0 «00000000C1 «+000C000000
«80 9400 +~0600000CC =+000CCC0000
¥ . *80 1000 +00000000C¢ « 20000000000
) «9¢ 1ecC «29¢4#235319 +2897974646
90 2¢¢C *en123954317 *0118800541
T " «90 3.¢6 «~nC529G437 sCCO4370628
_ *Q0 %.0C 0000225799 +000C145182
*93 5.¢¢C «"100C09637 +000CCCH121
T 090 6.C0 +NOC0C00411 +0C0C0C0C78
99 7+CC «"COC00018 =+C00CC00001
90 8,60 - «00C0000001 =+ CCOCOCOC00
T *90 9.¢C +nCOCN00CCE =+0CCCCCCCOC
90 10+6C *0¢000000CC =+ C00CCO0000
1+00 1ecC * 3394748249 » 3854553739
o 1+00 260 01166229939 *0157961246
1+00 3.cC «nOG7034783 «00058C3341
1+00 4.0C " e0000302R¢Y »000C192225
by 1+00C 5.cC «rRCOC12924 +0C0C005421
1+00 6ecC «00C0000552 +000C000100
1+00 7¢¢0C 5 CO0N0CES =+0006C00502
b 1400 8.C0 «0000C000C1 =+0C0C000000
1.00 9.cC «n000060CC =+C00C00C000
100 10400 «00C00060C0 =+ 000C0C0000
R = &s1C00C
- EtO)s=242/2% «45501559C648n El1=EGM® =96742181C1390
- . Ei1) = EGM + ZeZ/E = =.12476219494¢
E2. = «=,000128583293C E(2) = =.575046685319
T E3 « «000CC1EELUES E(3) & «e67ECH4E2CRIT
-~ -
: R = 4.2C00
EtO)u=2#2/8x «+547785740912 E1sEGMa  =e67147245C517
T E(1) s EgM ¢ Ze2/2 3 =41236267096C5
E2 »  =+00012856ECHS E¢2) ®» ~=e6716C1G186CS
E3 = «002CC1:55373 E(3) = =e671559153227
H . . ) . N .
1 R » 643C00 : Coe
E(Q)s=2e2/28 4545537962902 E1sEGM® =+668164693595
E(1) = EgM & Z#2/2 = =.12262673C693
1 . E2 s =¢000128472694 E¢2) * *+668293166290
E3 = «COCCCIELT 17 E(3) ®  =4442291319133
N. - -
T - : " . . e
"4

T T e




2886911460590« & (E)3 £22212130000¢ .2 €3

6012952460590« o (213 © OF09%2927000%« = 23

HLHTLINFSITT e = 27207 ¢+ W93 = ()]

9L091L9480G9¢%e anD3al3] 1094hGg2B20gSee  22/7282-2(0)3
00C6*? = y

- .

256966983E59°~ = (E)3 299313102000¢ = €3

ET9ETERESESTe= = (2123 9,%902921000%« = 23

8L2E94T4GLIT%e 3 2/207 + WO3 » (1)3

Le1500290ES99a  2n93a13 69914602655 0= w2/742-2(0)3
000ge*9 [ EBY]

014910L€0€75%9¢« & (£13 S£5122102000° . €3

§96225G0E959 = « (213 0659622270000« « 23
331GGYIELslT - = 27282 + K93 = (123,

G2h9228L1959%e 2kD3el) "&E3V 24943/ ESe= w2/2e7=={))3
¢ 000L°? = Y

2798159921557« s (E)3 ¥10£22102000¢ = £3
0283¢(0821659¢= = (2)3 IP£Q0LL£27000%= w23
J9ETnGHESETT s = 2/2e7 ¢ W83 e (1)3

6EhDLL0006590a  2nD3IaTy 640622994655 %« 33/7478{0)3
000%+3 s Yy

S68925190299¢«  » (E)3 152g£2129C00° * £3
9%619E€£9J299¢ = = (213 6LE24IR2T000%= = 23
SH9E4TIGELZT e = 27202 + W93 = ()3

9956T1EGEST99¢=  aWD3sT3 2265LTnRETHGee  82/InZ-%(0)3
, 00059 = ¥

f (Y

*

TT19LTERTIS99 - = (E)3 UhLeE31000C0" = €3
IGELSTI9II5990 e s (2)3 6%££6282T000¢- s 23

) 186214185121 s 2/2«2 ¢ W53 = (1)3
£96658L86499¢a =103al3 mwmo:aaonm:m.o wg/2¢2-3(0)3
00Cn*3 s

maamhdzmmuze~»:43mmuunmm"m»m<a.mxknzmnn<
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APPENDIX B, PART 2: ZERIZS SALUTI®w RESULTS 120

R = 7+00C0

E(0)e=292/2s =ug327280371C3 E1=EGMs =g 48327248902

E(1) = EGM + 2#2/8 = =«115599711793

E2 & *+000125¢11414 E(2) =  =e64B452560316

E3 = «000C01ECE27 Et3) = ~ebkFU51CSE1CE

“yy LAMBDA PH] G- FHI(1)
«00 1e¢C 9331159998 00319120896
«00 2+CC *¢n0C8234C43 «COCE110744
*00 3.cC *n000F+1023 ecCOC181R28
30 “erC enaCD(TO5C2 «000CCC3560
*00 SecO «n0COLTOL75 +0COCO0005%
00 6.2C «nNCCLTICCE «0000CC0000
*00 7scC «NO00CTCOCE »»000C000CO0
«09 BeCC «N000LTA2CC «+CC0C000000
«00 9ecC «00000TA0CC =+000C000000
00 10.¢C e~0CCLTASCC =+C60C000000
«10 1.00 0344741828 ¢0333779716
e1p 2ecC enn093TCYHEY +C00R 485765
*10 3ecC *0D002509C8 +000G190429
19 4eCC +N0COCTETET «00€CC03737
e10 SecC *0000CTA183 +0C0C000057
12 6.CC «"n00CTC005 «000CNC0000
el0 7e.cC *00000000CC =+ 000CC00000
oid 8.cC +N200CCC0OCe =+C00C000G00
«10 9.¢C «N000CTCO0C *4+0000000000
elC 10.¢C «"0C0oCTCOCe =«£CCCHC0000
20 1+¢C *en387275362 «C379450494
*20 2+CC enp 10443033 + 0009653839
«20 .00 20000241847 20006217191
020 LY «A00CT76CH +000CNC42RE
20 SeCO «N000CTO205 «C00C000066
20 6.CC «"Q00CTLOCE +000C0C0C00
. e20 7+6C «0000CTC0COo =+ 000000000
20 8.cC «"000CTICaC «+0C0CC00000
«20 9.¢0 +00000T00CC =+000C000C00
20 10+CC +"0OCOCTSCCC =+000CC00000
30 1+¢C enNub43E3178 0461446911
«3C 2+CC °A12523195 «C011749870
*30 300 *0Q00337986 «000c265127
*33 AecC *nO0CCTI118 *C00COC5266
*30 5400 *«0C00CTI246 +000COCO0H3
«30 6.CC «"000CT30C7 +C00CCCO000
30 + 7.00 «0C000TC00C =+0000000000
*32 8.cC «NCCOCTSOCC =+000C000C00
-go 9.¢0 +00C0CTC000 *«0000000000
«30

10.CC

«n0C0OCTCOCC

=sCCCCCcooCe

*
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APPENDIX A, PART 2% 3cRIES

40
[X'Ye]
*40
ohQ
[L1s]
40
o40
40
40
40
50
50
S0
50
50
50
50
50
(3-1¢]
55
60
LX)
[X-To)
X-1d
060

060'

*60
o6C
60
-6c
70
070
70
«70
70
70
¢70
«70
«70
70
*80
*80
«80
30
80
*80
*80
80

leCC
2+CC
3.00
beCC
5.00
6.CC
7.00
8.CC
9.cC
10.C0
100
2+CC
3.0C
§.CC
Se00
6.CcC
7+CC
8.cC
9.¢0
19.cC
1.¢0
2+C0
3e0C
AOCC
SeC0O
6.cC
7.cC
8.cC
9.0C
19.cC
100
2+cC
3400
4.0C
5.00
6.CC
7+C0
8.cC
9.0C
10.0C
leCcC
2.¢C
3.cC
boecC
5¢00
6.cc
7+0C
8.0C

L.

SALUTIEN RESULTS 128

586232937
onC158154C7
«NpOCH26668
»40C0C11511
«00000G311
«"2C00R00CE
+NNC0OC00CQ0C
MalslololeteloTelol o
«0CC0000000C
«~ACOCCCNCT
+0768899737
«ARENT43397
*n0C0ES9616
«"CnC15097
«NC000004C7
«ARCOCTG0LS
+n0C0OCO000CC
«~RCOCCCOCC
+NNCOGOCQCEe
«naCOCCO0CE
01036487395
«rpE7262324
*00C0754370
¢n5C0C20351
*00C0000549
«nECOCOCO1LE
«0c00G000CO
«nCNCOCOCCe
+00CQ000Q00Q
«ACCOCC00Ce
0§ 424302538
on03842487¢
¢ 0001036627
«nRCOC27966
+00C0000754
«nnCOCO0002C
«00C0C00001
¢AGCOCOQACCC
«20C0C0000C
«20C0000CCCe
«1983515095
ennS3511321
e0CCl%4363C
+NECOC3ET4E
+00COC01051
«ANCOCCCI28
«NECOCO00CY
«nECoCO00CE

+0589411622

+C015C18684

«00003397C5

+000C0CE782

+000C000104

«0005C00C01
*+0C0CCCO00C
=+0000CC0000
=4 CCOCO00OCOC
=+0C0COC00CC
+(778574327
e 0015846245
o C00CH4T5682
*»0000CCICoH
+000COCO145
«C0CCO00001
«cOgcococee
«0Coccoocee
+CCOCCO0CO0
«CC0C000C00
¢1C051712648
+ 0026812268
*C00C6C7605
«CCOCN1218C
*000C000196
«¢COCC00001
+«000C00000G
+C00COCOCN0
+«0000000000
«C00GCCoCe0
e1442081343
«0036760452
¢ 000C832661
*+00CCC16676
* 0000000268
+CCOCOC0002
+C000000000
+000C000NCO0
+000C000000
«CC000COCOC
01997714719
+C05C9C8541
*+0001151896
+G0CCC23016
+0006000368
«C0cco00co2
=+ 000C000C00
=+ COOCCCOCCO
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*80 9.0C +N0COC00000C *+ 0000000000
«80 10+CC «ngccoooace =+£C0COCO000
*90 1+C0 +2787909898 02787694876
*99 2+0C +n0752123¢C5 «00710C9765
90 3ecC 0002029079 *000160435%
30 4e0C «PaCOCS4741 *000OCC31554%
030 S5eCC 9000001477 ¢ C00C0C0506
«93 6.cC +"00000004¢C «0C000C0CO3
»90 7+C0 »70000000C1 =+ CCO0COCO000
99 8400 nnC00000CC =+00000C0000
*90 9+0C +n00000000C =+000C0C000C
«90 1C.CC +~cCO000GCC =+00CC0OC0000
1+00 1.¢C *3943622131 ©3911246518
109 2.cC +n1¢6391139 «£099581229
100 3.0C 0602870223 *CO022460838
1+00 4ecC *«"EC0077433 «000C044570
100 S5e0C «0000002089 *0C0C0C0699
100 6.0CC «ACCOCQ005E «C000N00C04
1+00 7.0C . +0E00000002 =+ 0C00C000000
1+00 8.0C ¢~ 00G00NCC =+000C0NC000C
100 9+¢0 +0000000CC «+0000000C00
1.00 10eCC «~0C00000CC =+0000CC0000
R = 741000 )
“ElQle=292/8a =453126252C%61 E1sEgMs  =4445598761864
E(l) = EGM + Z#2/2 5 «=o114546240903
€2 = «e000124%07C70 E(2) = "o 64602366693,
E3 « «000C01804568 Et3) = »e£46021864366
R = 7+2000
E(O)w=742/22 =,5299517318¢n E1sEGM® =+643556670376
E(1) = EgM + 2e2/2 &= +e11370493857¢
E2 = =e000124135644 E(2) 3 ~+64368CBC6GEQ
E3 » «000C01801242 Et3) = »eg43675004759
R s 73000 . : .
E(Q)e=2w2/23 =.528:216E95%4 E1sEGMs  =e641296635758
E(1) = EGM + Ze2/2 3 =4119775006162
E2 =  =+000123799920 E(2) =  =e€414199357C8
E3 » «000CC1798249 E(3) = e 641418137459



APPENDIx B» DARYT 2% SERIES SALUTIBN RESULTS 123
Rs 7+4000

E{0)u=2072/2x «e5Z7255389077 EL1sEGMs  =.539114g84140
E(1) = EGH + Ze2/2 = =¢111856165091

E2 = ©e 002122422935 Et2) = 2639236957098

E3 s «000CC1795496 Et3) = *e£639235161599

R = 7'5000

E(0)e=7072/2u =5260543202%7 ElsEGys =~637CC654569%
E(L) = EgM + 2e2/2 = =e110948155436

E2 = ~e0012140L547 E(2) * =e£37127991384

E3 = «00000179¢c542 E(3) = =eg37126192842

Row 746000

E(O)u=247/2s =egZ43152C22845 E1sEG“s  *+53494R8843778
E(1) » EGM + 2#2/2 = *+¢110050734533

E2 = =«00012C43S815 E(2) = =e£3EC89379593

E3 = «0000C1794551 Et3) = *¢635CR7585042

R = 77000

E(O)a=~Zu2/2» =¢523Y346L9CR1 E1sEGrs ~«632998284740
E(1) = EGM + Ze2/C = =¢10916367566C
€2 s =eQ00117765%C08 Et2) = =e63311555C2¢€38

E3 = «0000C145507 E¢3) = =s6331145C4761

R = 78000

E(Q)s=2272/2s =522°7453¢877 E{sEgus  =e631091297682
E(1) » EgM + 2#2/2 =  =e10R284766804

E2 = =e0001187£287] E(2) = e £312C9CACE12

E3 = «000CC17883Y¢ 5(3)" =e31207772117

e 79000

E(0)a=Zv2/2s ~»52122:0E513% E1sEGMs  =4429244894630
- E{1) = EGM ¢ ZezyE = ©e 107419809452

E2 = =.0001171C6199 E(2) = =¢£293620CCR19

€3 » +000001785935 E(3) »  »¢629360214885



L]

APPENNIX R, PART 2: SFFIES SALUTION RESULTS 124

R s Bs0000 ’

E(Q)w=242/23 =45205935,33C2 E1sEGus  =427456161001
El1) = EGM + Z2#2/2 ==  =4104562617654

E2 &«  =+009115%07Ct1 Et2) s =e6275720680€3

E3 = «0000C1783752 E(3) = =¢627570284311

My LAMBpA PHl GM PHI(1)
*00 1.cC »"PCU715862 (193868392
«00 2.0C *nOC3451829 »0C03027132
«00 3.cC e~rCOC582C3 «0COGO41CRY
*00 4.CC «00C000C981 +0COCCCO471
*00 S *"30000C017 «000C000I0%
*00 6.CC +n0000000CC =+ 0C0OCCOO0C00
*Qn 7.¢C *«~cCOCOCCCC *«0000C00000
*00 8.0C «"£0000000C =+000C00000C
00 9eCC +~nGOCOCOCC *+0CCCOC0000
000 10C0O »00000000CC =+0006000000
10 1ecC e~p15EREB79 0205944452
10 200 *np03639173 2 000321763C
1o .cC *nCCCE136E *CCCCC43761
(3 (] 4.00 *23n1C0001035 *CCOCCCOSn4
el SecC «neCOC00017 +0CCCNO0004
*10 6.0C *NQCOCOCOCe =+ QCOCOC0CO0
°10 7.cC «2nC0C0UOCC =«CCCCO00000
elc 8.0C «Nc000000CC *+ 0000000000
12 9.cC *+"2CCCOCCCC =+000CC0050¢C
o10 10.0C «£0C0C000Ce =+000C00000C
23 1ecC 251036599 0243973321
020 2+0C e0C4232868 «5003817269
23 3.cC *«nOLCC71373 *000CC52160
20 4.CC «0c00C012C3 +0005CQ0607
22 SeCC *«~0C0000C2C *000CC00005
020 6.¢0 *"E0CC0000C =+ £0000C0000
022 7.¢C «"aCCCO0CCE «+C00CC0CJ00
20 8.CC «n0C00000CC . =»0000000000
25 9.¢C «"0CCG000Ce =+0C0CC000CO
*20 10+CC +n0£00000Ce =+000C000000
3C 1.¢C ¢~31629€6915 *0313675136
230 + 2¢CC e 0CC5333259 e 0004915471
3¢ 3.¢C «NCOCBI9927 +C00CH67505
*30 4.0 *n000001516 *0000000795
32 S+CC «"rCO00CC26 «CCOCO0C007
*30 6.¢C «n6C000000C = +000C000000
30 7.CC «2000COCCCe «+CCCCCOC000
«30 84.0C «72nC00000C0 - =+0000CC0000
30 9.¢C «26CCCCCeCe «+CCCOCCOO00
*30 10¢C0 - «000000000C =+00C0000000
40 1.¢C 0N ,22637445 «0425673693



e

APSENDIX 8, FARY 23 2SIES SALUTION FESULTS

40
(Y1)
[LYs)
o490
o4Q
o4
40
o432
49
(3 h)
50
50
50
50
50
50
+50
S0
S0
[Y:-1o)
o660
6D
o860
60
60
o5C
e60
60
«60
t7o
70
70
«70
*70
70
o723
70
70
70
" «8p
*80
[1: 1)
«80

«80

080
«89
[3:1s)
+80

2+CC
3.¢C
~4+0C
5-CC
6.CC
7.¢cC
B.CC
9.¢¢
10.CC
1.¢cC
2¢CC
3.cC
heCC
SecC
6.CC
7.cC
8.0C
9.cC
10.0C
“1lecC
2«0C
3.¢C
heCC
S5«CC
6eCC
7«CC
8.0C
9.¢cC
10.CC
1.CC
2+C0
3ecC
heCO
S5.CC
6e0C
7.5C
8.C0
9.cC
16+C0
1.cC
2.0C
3.cC
helC
5.CC
6¢CC
7.¢C
8.0CC
9.cC

¢0007126326
000012016
+NC00002026
«~.CCCOCO34

+00C00000C1

+AnC0C000CC
«NOCO0000CC
+"0CGCCO0CCC
+nNO000000CC
+n588(31249
*»0C09915124
«nAC016718 4
*N0C0002819
«~COCOCO4E
+nNC00000CY
«A0C0C000GE
«NOHC000000C
oNECCCO00CC
+00C0C000GC
vAB40Q432276
ennibl70997
*NNCC238945
+00C0004029
«NACCCO0068
+npCCO0LOCHE
+"0COC000CCe
«0cC00000C0
«ACO00CCCe
+000000C0CC
«122249972¢C
0020613251
*n0C0347572
*0000005861
«AC00000°9
*+nC000000C2
+"(1CCCOCOCC
«00000000CC
»N5COCOCOGC
+00000000CC
*+179880856C
+0030330716
ennC0511423
20000008623
«NCCOCOCLALS
«NEC00000C2

"enCOCCO0CE

+N0000000CC
«"0CC000CCC

125

¢00066783a2
*000CC92C60
+0000001094
+£00C0C0210
=+0C0000C000
*+0GQCO000CC
=+000CCGO000
=+C00CCQOCE0

_ =+000CCCO00C

*$5972740%6
sCCO9376444
«C00C129513
«CCOCO01546
+0000C00014
+CCOCOGCCCO
«+000C000300
=¢CCOCCCCNHCC
=+C0OCO0CCC0
*+COCCO0OCCCO
«C855322R4C
*eC013429435
«COCC185581
«000C0C2217
+CCOCCCOC20
+00000C00C0
=e+CCOCCCNCCO
=«0QCCO0000
=+ COQCCCOCN0
=+00QCOCOGCO
e124C651586
e0015475416
«CC0C268951
+0000003209
«C0QOC0O0C28
+C00CC00000
«+CCOCCCOC00
*.0000000000
««000CNCOCN0
«¢ 0000000000
e1B14RBETIES
«002E477243
«0C0C392717
+0000004670
«CCOCOCOCHY
*+0C00000C00
=+CCCCOCOCC0
=+000C000000
=, CCOCNCCCCO



~

B APPENDIX B, PART 2! SFRIES SOLUTION FeSUlTs 126
«80 10.CC «NQC00000CC =+£00C000000
90’ 1.cC 2666763116 «267C822447
p *99 2400 *eNQ4 49657823 0041884495
*90 3.cC *+~nC0758193 «200CE76586
. *90 4egC *NN00C12784 «C00CC06829
” 90 SeCC *"nCOCC0RLE «2C0CGCOC59
90 600 " «n000CO00CH *=+2C0CC00000
»90 7.0 «ARCOCO0ECE *<200CCC0000
. +90 8eCC *20000000CC *=«230C0CC00CO
*90 9ecCC «22C00000Ce =+2000CC0N0
«90 10.CC *+"0C00000CC =+200CCCO000
o 1+00 1egC *3973¢6002¢ +3948160303
100 200 010662919385 «2C61879524
100 3ecc °nn(1129589 *2200A50224
7 100 4ecC *3000C19047 *2000C10026
1.00 SecC +nQCOC00321 «700CCCC085
1.00 6.CcC +N0CO0000CS =+2C0CCCO0CO
o 100 7.cC e ~RCCTOGNCC =eZC0COCOCCC
1+00 8.cC «NCC0G00005 *.2C0C000000
1.00 9.cC «"0C0C000CC =+200CCCCO0C
N 1.00 10+CC +n0000000CC =.200CCC0000

- R s Be10C0

© ElO)e=ze7/2% =e520007329569 El1sEGMs  »e625722346375

E(l) = E5M + Ze2/2 & =e125715C168¢E
o €Ep 3 *eCU0114668616 Etp) s  =egp5B37C149°2
£3 = +C0CCC1781720 Et3) = ~e£25R3ISZIZ21L
o o .
R«  §.2000 ) _
o EtO)w=2072/2s =e¢519164012305 E1sEGMm =e624C40855607
E(1) = EgM ¢ ZeZ/2 s =e104R76E427C3
' E2 = =+000113393971 Et2) = =e 241542495873
o E3 = «005CC177998% E(3) = ~e 2415244910
o
R = 843000 °
E(Q)==2+7/2s =.5lg3g1299432 E1sEGM®  =eg22429240284
C EC1) s EGm + Zaz/72 = =e12404794CBSZ
€2 = *.000112¢86139 Et2) & =.622521326472
El = +GO2CC1778E3% E13) = ~e6225195481°3
(@) R . . .
O ’ R = 3s 4200 ’ ¢ 4
O .
0 . .



. o _ - 00036 = y
£042528%9E1%9%= s (E)3 BESEIL100C00 s g3
Gh22200G9€19% = (2)3 0§9G0LE0T000%~ =23

10480919C060%= = 2/I#7 + 93 s (113

S9G9Te97SET 9 =WO3el 89gL0¢h 42150 «3/242-0(0)3

80068 =Y

"Ihgnz2920519%= & (E)3 L60LLTIO200 * €3
19€0200205T9%= » (203 6522516010000« = 23
FGHOEILEULOT e = 2/207 + WY3 2 (133

211898226419+ 2HO3aly 95991585415 =22/7e¢7.2(0)3
000E*8 = Y

26E190249%919%= = (E£)3 2¥22LL100000° = g3
#L9EERERNGTIee = (2)3 E04285901C00¢ = 23
6£0£G2228U0T*~ = 2/2%Z + w93 = (1)3

1L21C2LEE9T9sa  #W93e]] €6TN6671G5TG = =2/2e7-8(0)3
00042 =y

#GBETHLERLTI9 = (E)3 2GLELLTII000" = €3
95681668419« = (2)3 LLGE6GLOTN00a = 23
289064519101~ s 2/292 + ¥93 » (113

100611644190 aWD3=T YEEENLSLI9TGe 22/7al-m(0)3
00098 =y

E£G0GETHEERTIe- = (E)3 9915421390000 s g3
612016G6E619%« =& (203 #11E85601N00%e = 23

. 2168LELT%cdT°= = 2/Z#2 + W03 = ()3
S01¢25982619¢« =lH3IeT3 £618n169%9150a =2/7e2-=(0)3
00038 = y

950291E6027%- = (€13 . 9299LLTI0C00° » €3

. ERLBEGGEED29%e o (213 792g4L01T000¢a = 23
66959182201« a 2772 + 193 s (1)3

615061628029 #n03s13 v20520L65L15%= 32/7eZ-%(0)3

421 SLnS34 NelANTLS $31k3% 1€ Ayvd ‘H XIGNIdaY
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APPENDIX B, PART 2% 3ERIES SALUTIBN FESULTS

E(Q)na282/2s «,51371203058>

»

E(1) = €6 + 27/ =

E2 =
E3 =

1]
<00
«00
*00
«00
«00
«00
*00
*0C
*00
00
*10
1n
1o
¢10
10
10
10
(35
10
10
«20
020
020
129
«20
20
20
020
020
2D
«30
030
030
30
230
«30
30
«30
«30
30
1Y)
(1 1s]

=¢0001C2245159

e CONCCY76%220

LAMByHA

1.00
ZOCC
3.0C
heCC
5.¢C
6OCC
7.0C
8e.cC
9.¢cC
10+CC
1.0C
EOCC
3.¢0
4.CC
Se.CC
6.0C
7.0C
8.cC
9.0C
10.cC
1.0C
Encc
3.c0
4.cC
S.0C
6.CC
7.0C
B.cC
9.cC
10.¢0
1.00
2+0C
3.00
4eCC
5.¢0
6+0C
7460
8.cC
9ecC
10+CC
1.0C
2+0C

128
E1=EGMs  «,612205965312
=+ 94493234731

E(2) = =e6123C821C471

E£t3) = =e6123C6442271

Pul GM FHI(1)
eN126417137 s0116774864
¢2001320883 «0C01112402
+N000013801 »C00C009271
«"C00CO014y «0C0COC0060
«00000000C2 +00CC000000
«~0C00000QCC =+0C0OC000G00
*¢n3000000CC *+0C0C00000C
*"0NCCO000CC =+0C0C000J00
+0C00000000 *+000C0C0000
«nOCO0000CC =+000G000000
on135138101 «0126324527
«n3014120C5 «0C01204750
2 ONCO014753 *0C00009860
«"CCOCOC154 +0C0C0C0066
20000000002 +C000CC00000
«"RCOCO00Ce =+C000000000
«N0CO0000CC *=+000C000000
«10CC0000CC =+000C000000
*000000000C *+0000000000
+2CCC0000CC =+0000000000
en163147096 20156759583
eNnC1704660 +»CCO14988RS5
20000017811 +0000012368
»NRCOC00LEE +000COQ0CES
«20COC000C2 +00C000000
+n0CCCCOOCC *+CCOCCC0000
«N0N000000CC =+00000G00C0
+10C00G00CC =+000C00C000
¢000000000C =+0000000000
+N000C00CCCe =+ 0C0CN0O0000
0216373224 20213839417
en(CP260798 +00C2C49930
+0000023622 »000C017052
*+n0C0C00247 +000CC00119
*2000C00003 »0000000001
«nOC00000CC =+£COCO0N000
+20C000000C =+ C000000000
*A000C000CC *=+000CCC0000
+OCc0000000C *=+00000C0000
sACOCO0OCCE =«.£CQCCCC000
*N306083655 20308545120
eNC3198148 « 002963022



Y

L

O

APPENDTX

X o]
ok
(110}
40

000'

b3
*40
obhD
«50
50
*50
52
«50
53
«50
«52
«50
50
e60
6D
60
67

060

692
60
[Y-1s}
«60
[1-%]
070
070
270
070
70

070

70
72
70
72
¢80
(3.5
-80
82
80
«80
+80
80
«80
o8C

» PART 20 ZcRIES

3.¢c0O
heCC
5.00
6.cC
7.0C
8.cC
9.C0
1C0.CC
1.¢cC
2+C0
3ecC
4.¢cC
SeCC
&.cC
7.C0
8.c0C
9.cC
10.CC
1.0C
20CC
3.cC
8.¢C
Se0C
6.0C
700
8.cC
9+0C
13.CcC
1.00
2ecC
3ec0
4+¢C
95.00
6.CC
700
8.cC
9.00
10+CC

© 100

2.ccC
3.00
A.CC
5,0C
6.CC
7.0
8.CC
9.¢C
10.CC

SALUTION Rpsulys g

+0000033416
«ARZHC00349
+NGLO0000CH
+~2200000C¢C
+A£C0000000
«ARZOGCOCCC
+nCCO00000C
+~=2CC000CC
«0431268929
«r204715131
«0CC0049267
«~£IC50C515
+2¢C00000CS
+~£CCCO0CLE
+00C000U0CO
+~£C0C00CCE
+nCCO0000CE
«1220C0COCC
0N682662558
+~~27132871
+ACCO074529
+R£23C00779
+£CCO000008
+2r20C0000C
+02CN0000CC
+~2£0C0COCE
+N2COC0L000
+212000C06C
+1029247297

cenn1n963171

NCCO11458¢
+"2T0001197
«NCCO000013
«~rToo0COCe
+0CC000000
«""2000C2CC
+NEG0000G00C
«NZLCC000CC
016286238562
r1?7C16848
0000177802
«ArZ0C01858
*90C0000019
«ArCCCO0CCC
+NnC00000CC
e~2200000CC
«06Z0000000
snoCO00CRCe

€9

+ 0000024781
«0C0CC00175
+00000C0001
«CoOCCCCcaco
«0000000000
+C00C000000
+000£02C0700
«0C0C0C0000
¢ 0455380392
«C004415313
+0C0OC037026
«C00C000263
+0C0C000001
«C0CCOCO000
+000C000000
+0COCOCO000
«0CCCOCO0COo
«0CCCOCOCc00
*C696203578
*0N0&492593
200CCN5615C
«000C000399
-sQ00CH00CH2
+000C0003500
«000C000000
+C0GC000CO0
*00C0C00C00
«00CCNCO000
01066434276
«001G248582
+000C085306
+00CC0006NT
«0000000003
«000C0C0000
+000C00C000
«00CCLCO0NC
+000¢0C0000
«ongceceoceo
*1644992206
«0C15799%61
«000C132216
+0COCC00933
+0000000004%
=400CCCCNSCO
=+0C0£0000C0
=+0C0C0C0200
=+0000000000
=+000C000CN0
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8oL UTIBN RESULTS 130

HT 4
90 1.0C 2543438028 +255C140428
- 2+CC «n026575379 +C024477593
*90 3.0C *nOC0277676 «0000204423
*90 4e0C «"CCCCD29C1 «C00CCO143S
*90 5+00 +n00000003¢ +£00C000007
*33 6eCC " COC000CC =.CcC0Coo0cce
«90 7+00 *+00CC0000CC =« 0000C0O000
*30 8.2C e~ CCTOCOCC =.C00CC000CC
«90 9.00 +n000000000 =+ C00CCCO00C
*90 10+CC «~CCCCOOCC =+C00CCGC000
100 lecC 03937342779 ©3968691955
1+00 2+0C ennh166217C *0C380692R3
100 3.¢0 «nO00%#3%312 +£C0C317291
100 4ecC *ArCOCD454 8 +Ccocnca217
100 Se.0C «NCCO000048 «+CCOC000010
100G 6.cC +rC0OC000CC «+000CCCOCOC
100 740 +~£C0G000CC =+000CC0006C
1.00 8.¢0C ¢~ CCOOUOCE «.0000C0000C0
100 9.00 +7000000000 =,CCOCOCCON0
1+00 10+¢C «~ACCCCOGOCe =,+C0CC000CCO
R 2 91000
EfD)s=7+2/23 =+51315657378¢61 E1sEgMs  =.610900273888
E(1) » EGM + Zw2/2 ¢« =eC97734556027
E2 = =40CR1CC7730=3 E(P) = =e611001546942
E3 = +000C01766830 E13) =  =e£1099928C0€2
R &« 9,2000 - . .
El(D)u=Ze¢7/2a =4512644412994 E1=EGuw  =e6(C9627787205
Et1) « Egq + 2e7/2 = =+09698337421¢C
€2 &«  =e0CCCI9791625 E¢2) = =e£02727C78830
E3 = +000CC1765573 E(3) = =e609725313257
R s §,3000
E(D)r=247/28 =.51214£83572% Ei=EGvus =+6C838713037¢
E(1) 8 EgM + 2e2/2 = *eC94240294642
E? » *s000C97e0323R Ei2) = - £CRLB4O334(C8
€3 = +000001764278 Et3) = =.608483169130
R = 9,4000
E1sEGMs  =+6C71770C3813

EID)w=287/2% «4S11£71777747
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F(1) = EGlv + 247/2 = = CORKLCRERENES

EP = =e¢000096502352 F(P) =  =e607273313164
FA « «N0ICC17€2273 £13) = =e&N727155C171

R s 9.5000

E(O)m=2e2/2x =e85L11Z21RCSELQ E1sEGMs =+<6(05396.78679
Ef(1) » €z + 2u//2 = e COuL?78CRC277

E? » e NNCO4HA1E56L E¢2) = » e £0E0905991242

F3l = e QNCCYIT7617230 tt3) = = 60ECETIR229512

R = 9-6000

E(0)a=707/2x =+S1C7R472069N El1sEGM=s  =+6C4E43492508
Fl1) = Fpit + 2278 = ~eCOur5R771818

EP = =e000C9331k416 E(P) ®  =e604936K06924

£3 = $60LECI76CH" £13) 8 eopOU4D35T4e4T4

R = 9.7000

FtO)s-747/2x =ogll37068744° E1sEGM® *egC3717845165
F(1) » Ffiqa 4 247/ = =eC03347217696

F2 = ~e00CIIH16727 E(?2) s " 603RCT661948

F3 = e, 00CC175S152 €(3) » =e £C3RC790P756

R = 9.2000

FlO)u=732,2x =+5CI974B857881 E1eEGMs »e6C2618155015
Fly) = F5 + Z2e2/2 2 LT Kk YA

EP = = :03C9C321239 EetR) = =eg027085143C3

FI » «NGACC17872.42 £r3) = =e6027CE758361

.

R = qean(:0

EtO)a=787/2x =.5C95965C4CC% E1sEGMs  =e6C1E43555341
Ft1) s Fpt ¢ 290,72 = -+291947(51336 '
€2 s = ONCERRRILDY E¢?) = 601632384834

F3 = o C02CC175¢ 707 £t3) = =epn013CsPR123

R s 16.0065 )
EtO)==797/2s =+5C92347C770° E1sEGUa  =4¢CC492990971
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APPENNIX R, PART pt SCRIES SoLUTION RESULTS
s FhGv ¢ 27/ =
©+000087342373

Ft1)
£2 »
F3 =

MU
200
(e}
00
°0D
=00
[Jelv]
«00
00
00

. *09
10
o 19
o110
10
10
«1C
«10
19
e10
10
«293
23
020
020
+20
022

20

20
20
22
030
*37
«30
03Q
«30
30
«35
«302
30
30
(X 1]
(L%}
[XYo]

«GOOCC175E47y

LABYA
1.0C
2+CC
3e.0C
4ecC
SecC
6.cC
7e.0C
B«CC
9.¢C
10-cC
- 1ecC
2+cC
3.¢C
boCC
S.cC
6.cC
7.CC
8.¢C
9.cC
10.CC
lecC
2.cC
3+CC
"occ
5.0C
6.CC
7+CC
B8.¢C
9+.0C
1C.0C
1.0C
ascC
3.00
he(lC
S.cC
6.cC
7+cC
8s.cC
9.¢0
10.cC
1.0C
2-cc
3.0C

132
~+C91258283269
E1P) = ~e£0C58C333844
Fe3) = » s £GCE78E78373
oLl G4 PHI(1)
enC78442968 *0C69990452
«nCOS04RC1L «CCOCUCLTRI
o£PCO003249 *» 0000001970
e nCceCO002E vcQoOCCCO007
«"nC00000Ce +0C000C0000
«~5L0CCCOCe =«+{COCOCOCOC
« 70000000 =+000C0C0000
«~0COC0cace = CCCCCCOCO0
+N0COCG00CE =+ 0000000000C
«~CCCO0QCe =+CCOCCCO000
.en0BS5Q795¢9 *0077319545
onoCOS475C9 «COOCU44BC BB
*nACO003523 «0000002195
o r2C00C0NEI *»CCCCO0Q0NCE
«"CCC0000C «000C0C0000
«~rCo00Ncece =+ COCCCCCOCC
*«ANCCGC000CO =+£00C000000
[XalotolsIdelo]ofol o =+ 00CO0C00C
*«200C0000Ce =«(000000000
«~mCCCO0OCC =+0CCOCO00C
166715068 «10C984145
o nCChRETue s 0COC5877%2
o ~CCCO04419 *+ (0000002919
«~RLOC000R8 egCOCOCON12
«"0C00000CC «000C0C0000
«"8CQC0o00Ce =+QCCCACO2N0
+"NC000000C =+ CCO0000C00
[Ralololalelolelofof o =+0000CCOQ00
«"CCO0000C =+ COCCO00CCO
«~rCCLOONCE =+ COCCCCOCO0
«n148976318 «0146488341
ArCO956707 «0COC856043
*+NCO00617¢C *+0COCO04303
e ~nCCOCO04C «0CcOCOCOC18
*«NNC00000CC «0C0C000C00
«~rC0C000CC =+ 0CCCOCOCO0
*A0C000G00C =s0C0OCCO0OCC
«~0LCC000CE =+C00COC0000
enNCCO000CC =+C00CCCO0CC
e"rCOLO00CE «+CCOCCCOCOC
| enp2285397¢ ‘e (224638929
e "C1436124 «CCC1315994
*+N0COC09229 *+00CCOCH665
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40
40
40
40
X 3¢}
oh0
47
50
50
50
«50
50
«50
3-1s}
50
50

50 .

260
[Y 3]
oOQ
[X-5)
+60
62
«60
o)
260
060
70
270
70
27D
270
70
70
70
*70
70
80
«80
80
*83
*80
80
«80
*81)
30
«80
«90

“nn
5.00
6.CC
7+.CC
8.cC
9.c0
10.C0
1.¢C
2+¢C
3.cC
4.¢C
8.CC
6.CC
7.cC
8.0C
9.¢C
16+.¢C
1.¢C
2.cC
Uooo
b.¢C
SecC
6.CC
7.¢cC
g.cC
9.cC
10.CC
1.cC
2+CC
3.¢C
4.cC
S.¢cC
€&.CC
7+CC
BR.CC
9.0C
10.cC
1.cC
2.cC
3.CC
ot
SecO
6.CC
7.cC
BeC
9.¢0C
10.CC
1.0C

«rCLCLNCOSS
«"NCCCCC0aC
ennCCLCOCCC
[XaTolof ofoleloolofo]
e« ncccecece
«"0C00Co0Ce
«~rgCeceece
en347561081
e "NCZe36648
«~nCCC14393
«~nL000CoES
+"00CO00CH
s~nCCLCCCCe
«"C00000CE
e ANCLInLLIC
«~ACOT000Ge
ennCCICCOLe
oARE8529721¢
e~nC3E7404
e2nGCl230C6
[afolelaielel 3 LY -]
«nrCCCO00CH
e~nCCCTLOLC
o ~1CCCLGO00
snnCLCCCelC
«NECCCN00CC
enrgCLOCCCC
TLET -2 LTS

«AnCE797179

«nnCCCI73CH
«ARCOLC024C
«~n00CC0002
«ARCCCOUOLE
«nn0C0Co000CC
s~nCCCOCOLe
«An00CCO00C
ennCcCCOCLE
©14733131¢3
snnC9068116C
*«"000C61014
[Ralalof ol l ¥V - hc]
*ANCCCACOC3
enrC0(0COCE
«ANCCCO0CCe
[Xalal A s fslelo]of o
«ANCOCO00CE
«AnCOCT00Ce
«242181202¢

133

«CCCLN0CT28
*0C0COCCI00
=+ 0CCINCCOCO
= CCCCCCOGO0
«e0CLLOLCeCe
=+ 00CCOCO000
«sCLLCCLCo0
0354325097
*CCCEC78CR7
*+0CCCR10559
«CCCLCCOO4S
»0CCCOC0000
-geccceecee
«0CCCO0C000
«CCC200C300
«CCCCCO0000
+0CCLCCOON0
*C567322601
«CLR3327763
*CCCLC16918
«CCCLOCCI71
+0CCC000C00
«CCCLBL02C0
*0C0C000000
+CCCCCCOON0
«0CC20C0000
«CCCICLCCCO
0916417870
«CCCEI73440
«gCcCCC27288
«CCCLRCOL15
«0CL£COC0000
«CCCCO0000C
sccecreeoce
+CCLCCOCST
«0CLCRCCTCOo
=« CCILCLOSCO
* 1485024533
«CCCETZ5355
CCCLCouk224
eceececc1es
«CCCROC0C00
« s CCCOCGCCOC
®«CCLLCCO000
= CCTLAGCO0C
=o COLLACOCRO
=W CCCCco000C
*2425924358
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€3

(&)

vy

1

L]

Ty

APPEN
«90
30
«92
290
«9Z
90
(3]
«9C
90

00
100
100
t.0C
1400
100
1.00
1e0C
1400
1e02

R =
F(0)

E(l) = EGM + 2e72/2 »

Nix /&, PAF
2.cC
3.cC
begl
Se0C
6.cC
7.¢C
e.cC
9.¢C
10.¢C
lecC
2eCC
3.¢C
haegt
Se.cC
6ecC
7.0C
8.cC
W.OO
10.CC

1¢.1000
a=787/Cx

T 2% 502018 SALUTION RESULTS 134
A 15SRS506CR «0C14228627
*ANCO1C0294 «000C071962
e 0C0CTCHLS «CCOCCCO30C
«ANCOCCO0CH «000C000001
ennGClounCe *+LCCCLCOD0C
+nRCO0000CE «=+0000C00000
«~nQCLCLCLe ««CCCCLCO0CC
+nACOCO0CCC =+0C0COC0000
enn(CCCCOCC =eCCCCCCOCCC

' . ¢73993C1443% 23979218231
e nrESET61( 8 s (23284897
«rNC0165361 «0C0C117524
e~rCCCCICEH «COOCCCCu87
«nOC0C000CT7 «000CC00001
alsldfelelois]oi ol o =+CCOCCCOCNC
snnGOCCCOCe =+000CCC0000
ernCglCOCCC . =«(COC20L0000
nANGOCoOGCE =+000GC0000C
«~nCCLO00CC =+COCCCCOCQ0

~eS(R<RAETES EisEpva  =e599465615132

=+ CINGT76557481

Fp = *e1COCEGARER Y Fep) = 0306551477936

E3 a +0006C1754252 E¢3}) = «e5995497236&5

ﬁ s uD'NOOO -

E(Q)s~202/88 =eBCRRR752657 E1sEGur  =¢59846CEEALRE
E(1) s EgM + Ze2/2 & =e(829C2999916

£ = =enQanEL=2¢57R Eq2y) = = e 5IETHHOTT kL

€3 = +000CC1253C44 E(3) = *s59BE432P40RC

. R s 103000

F{0)s=7+7/2s =.5(C3740742600 El1sEGMa =4g974771C6366
E(1) = EGm + Z2ei/C = =+ CR9P36337758

F2 = =e00CERT27374 E£(P) &  =e8A78£0033762

E3 » +000C01751349 Eca) = =+597558281913
R s 30,4000

E(Q)a~7+7/283 =+8C7337514472 E1sEGMes  =e5965144161R1
Ef1) s EGM » Zez/2 = = e CERE76E99289
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Fep = =endaCE1e743n F1p) = = h9EEOEX0CGE]
F3 = +000C0175C468 Et3) » =¢506594139853

R = 105260

FiT)ise7e7/23 «45C7447121283 El1sEGva  =eg952717%4993
F11) a EGy + Ze2/2 = =eC87924613757 :

E2 = =en00CENEI3CHHA Etp) = =+S986512p7558

F3 = «000CC1749507 E(3) = =+59565CC78086

R s 10.6200

FIT)se7e7/22 =+5C73401459K E1sEguas = eGOUE4ESET 244
Fl1t) = FgM + 2e7/C » =eCR7279411263

Fr = =ecCNC7ReCEILR EtP) s =+BY472716C159

E3 = «N0NCC1748353 E(3) = ~e594,7254118C6

R = 10.7¢60

F1T)se?#2/22 =ecl71nF8279%¢4 E1sEGus  =eg937440:C638
FI1) s EGv + Ze2/2 = =~«0RA641222652

FP = *en0NC771R€317 FtP) = ~eR93FP173A949

E3 = «CNCC1747222 E¢3) = ~e593819489727

Rs 10,2000

FiT)we?792/8x & oB8CE*HT674727 ElsRGMe  «¢532F576E415C
ETn) s EGM ¢+ 2#7/2 = *+C8ACCI979423

E? = *en0rL75783564 Ft2) = =e 527933437718

E3 = «00CCC174€6110 E(3) = =¢592931¢916C8

R - 10.9000

E{T)me=792/22 =«S(L4N31£2527 ElsEGve «=«591288776175
Ft1) = EgM ¢ Ze7/2 = =¢CRSIBEE13649

EP = =en0uC745%8C4E2 FiP) = =+ B92C6317160H
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1 PYR224PS112-F284SP5112aH1135FS22 a4 #PS2729Ph112-582#5PH112
Seer2e 11 oSFRRRL 4,229 FH112=P 8 129SPR122+2+¢FH1120F 22720 eP 122
1ePu122

PALSCZ & 2o *EBAPERZ o 44 9AAWFCC2 = 44*CCoPAAZ

ES ® J5/4A#(=BB-SRNTD])
569152 = 2¢#(PEAZePRRZ + FReSFREZ) = h-'(?--PAAZoPch*AA-SPccz+
1CC.QPAAZ)
. PGITD] = «5ePDISCZ/SERTDT

SPGTDT & «425%PDISCZAPDISCZ/IDISC4SRRTID]) +.54SPDISZ/SCRTID]
PEGZ 3 = Se(PEBZ+SCTOII/ZAA «pAAZSES/ZAA

SPES2 = --5'(SP&BZ ¢§PGTD!)/AA-1./AA“(2a0PAAZ'PFSZ¢SPAAZ'ES)

2 = 7-PFS2/SPES?Z

1IF (ABS (PFS2)=400CCCOCT) 100,10Css

g JsJd o+
tF{J=1cnrc) 1s10Cs10C
10¢c . THATAL®2 ©S ¢ 1e/R

RaNS(H11-511%ES)1/(S124ES-H12)

ALPHA = ¢,/SERT(S11+2+e512eR0N + S22eR0NsgRN)
BETA = RONGALPHA
Cal Ll ENERAY

a0 T8 2

Zoc CALL ExIT

END
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e

P

3
T ke

Ke

Ao

T

Re

Qe
100
11
L -1}
13
1he
1650
16
17
1R
19+
0.
Ple
APe
23
Pue
?ql
Phe
Pl
PRe
P9
.30.
k1K)
37
33,
3be
3K
ahe
7.
AR
39

40e

Wle
4P
b3,
Lo
45

L7
4R
49
L
51

SUBXAUTINE FNERCY
REAL®4 N

REAL®4 INTQA, INTRA, TNT AL INTHA, INTSA, INTEA,INTTA, IR TaA.lNTsA

REAL#4 INT1CA»INT11A,INT12A

REAlL ey IMT L INT2, INTS2IRTU» INTES INTE, INTT, INTR, INTO

REAL®4, INTA, INTB, INTC, INTD, INTE, INTF
cuMieh ZRAA/EZERS

CaMMON /aBC/G/ASB/COSG/AED/CESEC/ABC/COSEC2/CEF /COSEC3/BASH/ W1
CaMIAN a/5s 22 ALPASPETASB/ERP/C/EX/T/ALZ/E/GI/F/CE

caMMaN/78R/FRR
DakCS(X) w LEG{ X + SERT(XeX~1e) )
EQ & ELERG + 50242
Eo = EL
262 ® w.GeZ#2
AL? 8 LS3(2)
€985 = +S«BETAZALPHA
1F(COSG. Fele) G a ARCESICESG)
IF(CESGet Evle) E s 1o = COSGHCESE
IF (€£B85GGT,1eC) G » NERCS(CESG)
IF(CHSGeBTege) E & COSGHCHSG = 1o
ST s SLAT(E)
CAsEC = 1,4/51
COLEC? o CESEC#CASEC
€6SEC3 s CBSECZzeCOSEC
£y w EXPItR,2)
C1 % (2¢ « 2 )/2 ¢ FP/(Zs2)
Co » tPaReeB/2

- Wy 8 2R

51 8 EXF(ar1)
N s EX9(2e3U1)
03 s COSH(W1)
Fg s FINTLA(R,Z)
F2 s FINTIS(R,2Z)
Fa = PSISSU(1eaRaZsALPHA,BETA)
Fuo s SINT2A(F»2)
FS & SINT28(Rs2Z)
Fr18 = SIANT2C(1,,R,2,ALPHA,RETA)
CALL DXN“(ialR‘ZIALPHAlBCTﬁlﬁNS)
ET2 & AN®
F8 s F4
Fa s f5
Fio = =2.4FT1B/(2+2)
TF(CSSG,1 Fale? SUMg » SERTE1(142R,Z,ALPHA,BETA)
1P (CESGenTele) Sym6 » SERIE2(1esRaZsA PHA,PETA)

" SERIES s SUVE

“FUNCT2 o F3
FULCTY = FTe
F1l = Ri/We
CUNCTE = FIC

JAPL = 3+31415926535897932384

Al 8 ocSe2e2*7#ReReR
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BPe
R
R4
6%
ke
&7
RRe
g
60
6le
[ X
63,
Fiye
£Re
[
67o
FRe
A9e
76
71
77
73
740
75
A
77
7R e
79
Efe
Rie
R2e
R3
R
RRe

Rao

R7e
RRe
R9e
G0 e
[:3 0
9P
93¢
Qu e
95
9hRe
97

QRO'

G9e
1C0O.

9ce

9¢Cr

FUMCTO = FUNCTS

VLK. ® (Des2 *= 4e)/R .
AQEAZ = 3AUSS(Ces1es15,3)

ARFAp ® RAUSS(Ceslas15sb)

sREAY w ALSS(0er10s15,5)

AREAA a RAUSS4(0es1041528)

AQFAL ® GAUSS4(Qesles1549)

INTY 8 2.#VLK#AL1#F3s(C1nF1 + C2#F2)
TNT2 8 2esAldVLKeFeAREAS
INT3 « P.uvLKeA14F9eF3
TMTY & pesAy®FToe(CyoFy + CoeF5)
INTS = E,8aleF118AREAE
INTE 8 2enAleF11epyNCTO
INT? = 244A10(F3AREAA = F1C4,AREAS)
INT8 8 DesAg*(FpeaARFAl = F1yeAREATD)
INT9 = 1,
F2FRU a <INT7 = INTH ‘
ETWO = INTY « INT2 4 INT4 o INTS & FZERG,(INT3 4 INT6 )
AREAY = GAUSS(gr21e01801)
SUM4 = AREAL
LQFAS 8 mAUSSICes1e21522)
Su4s s AREAS
ARFAZ & 3aLSSH(0es10015s5)
AREAg ® 3AUSS4(Ceslas15s¢)
1ATA = aqe(AREATSFNETE = AFEFBaFACTE) 420
INTR 8 Al (F2sSUMA4 = F112SUMG)e2e
1%7¢ = F2ex04F ZERS#INTY
INTD s 4,5A1%( AREAASAREA3 « AREA3#AREA9)
ISTF 5 2eepZERPeINT?
INTF = 2eoFZERBaINTS
A4AiMLe TVvTASINTIILTCH+ INTDGINTE+INTF  + INT9
ANGRNM = ggRT(ANBRI41)
€2 s ETWH/ANARMY
AREA11 u GAUSS4(Ces1921527)
AFAL12 = GAUSS(Qestes15s4) .
INTIA & 2,8A1*(VLKSFISAREA11 + ARLAL*FT2)
ISNTFA 8 ZeoAlP(V heFQeAQEAL 4 F110AREALR)
INT3A = FERBSF2ERBs (INT3 + IMTE)
[ TuAstoaagn( VLKeARFATe(C1eF14C2sF2)+ ARCAGR (CleaF4tCReFs)
]NTEA n 2,%FZERO(INT2+INTg)
INTRA 3 2eaF2ERBe(INTL + INTy)
ETHREE R (TMT1A4INT2ALINTIALINTUALINTSALINTGA=ER, (ANGRM1=INTI))
E3 ® ETHIFE/ZANORNMY
RESY = E2FRO ¢ E2
RFG2 = RF51 + E3
WRITE(10%2,906) R
FERFAT(4X//'R = 1,FEe4)
WRITE(1Ca,902) 202,C2ERD
FOGMAT (v, 'E(O)n=Z02/25t,F16+12s5Xs 'ELBEGHS1F16012)
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1IN
102
163
1Ch,
108
1Che
107
10R e
169
1100
111,
117
113
1140
11Re
114
117
11Re
119
1200
1P1e
17Pe
193
1?40
1?qo
174
177
1PRe
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€23
524

STS

)

19

1c
178
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A21Te(122,903)  EF
FERMAT{1Xs'E(1) o EGM 4 242/2 = '2F16012)
+21TE(1022904) EZaxFSY
FEORMAT(1%s 'E2 » 13F14412,5X E(E) ®» "2F14012)
JRITE(109,90%) E3,RFS2
FARMAT(IV,'EQ u ',F16012:5X2'E(3) = '2F16412,)
IF{F+ENRRR) GO T8 3
GO T8 31
LN m ST (ZeZeZ/ARTY
WRITE(118,109)
FARMAT (1 ¢, YMU T 5k, PLAMBDA Y, 14X, 'FHT G¥ ' 14X, 'PHI(1IY)
np 12 K s 0,10
U B elsy
1F (CPSG,LEeLe0) SERI & SERIE1(UsR2Z,ALPHA,BETA)
TF(Ce5G6,5Tefeg) SERI = SERTEP(UIRSZ,ALPHA,BETA)
Da 12 NA = 1,10 .
hL'l {es\A
A u o5pZeRnAL
F 2 E¥P(ea)
AA = 1o ¢ AL
ALA = C1aLBGIAA) + C2eaL
Fi1 = FSAMa(248A F ASCBSl+Es2eRpal) + BETA)
F2 = SEO! ¢ FZER2 4 ALA
TATAL = Fls(l1e0 + F2)/ANORM
SRITE(1C2,1C8) UsAL,F1,THTAL
FORMAT(1VaF4e2s5X,F5+22s7XsF1601045XsF16010)
IFTLRN .
END
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1.
P
k)
He
Qe
he
7
Re
Qe
10
t1e
1P
13

FrCTION FLNa(U,R,2)
~AMNON /R/ EP
ClL = (2e=2)/2 + EP/L242)
Ca & Sasrpai/2
Uy & Ueiraliol
F s le ¢+ 12V
£1 = LEGIF)
£2 = Cinpy ¢ C2/7U
« » ZeR/Y
n s EXP(-‘n)
Fiub » QefF2/L4
RETURN
ENU

148
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1e
Pe
3.
bo
K|e

FUNCTIAN FUNS(UNR,2Z)
A = FUNGUIRLZ)
FULE = Aslsy

- RETURN

ENL
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(YL33PVHAIVEZONI0+20(M) L) AdOH) # (P LHDIINEWNS 8 WNS (D¢ xhe(n)L) 2] 2e

(V1390 yHg IV 292 4Q) AdOhe(T)

1FOJ34 + WNS = WNS (040°0V3e ()L} 4]
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LSYIre suldr = 1§ 4@ S
YOQIE e L245L7E2012¢2T707T) gL 49
(Veg)ege = @
(Veu)ele = 3
T « (T+1)A3X ® LSV
(I)A3r = LSY¥1an
NyNL3Y
20 = 456nYY L2
€ 01 69 :
9L 69 (Leunsl)s]
s = ] .
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1 e
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52
53¢
Ghe
K8
Ehe
67
BRe
89
&0
.3 I
P,
AR
hbo
LU
bhe
67
AR
L1
76
74
77
73
The
78
76

eh

e<
26

27
2&

29
3C

N

s¢

IF(TC et FeCe) SUM sSUMe WETGHT( ) (FUNL(T(J)eCeDaRaZ)4FLNI(

A=T(U)*C+D,R22))

a8 TR g»
08 26 J » JFIKST,u AST
1E(T(J)eTneCe) SUM s SUM 4 WETIGAT(J)«FUNZ(DIRNZ)
IF(T(J) enEoge) SUM & SUMSWEIGHT (U)o (FUN2IT(J)sC+DsKaZ)+FUNaL
1=T(u)eC*C,RN2))
6% Tt 50
Ne 28 J w JFIRST,ULAST
IF(T(J)eChoge) SUM & SUM + WEIGHT(J)OFUN3(DIR,Z)
IF(TUU) e FaCo) SUM ® SUMSRETIGHT ()@ (FUNIIT(J) aC+D, Ry ZI+FUNTH
1=T(J)*C*DyRs2Z) }
GR 1€ =0
D& 30 J = JFIRST,JLAST
IE(T(J)eFfeNe) SLM4 & SUM 4 WFIGHT(J)*FUNL(DsR,2Z)
IF(TCI)eNEeDe) SUM & SUMHWETGHT(S)# (FUNLIT(J)#CH+DIRAZ)+FUNGL
1=T(u)eC*nega 2))
G0 10 sg5 .
2% 32 J w JFIFST,LLAST
IF(T(J)erNege) SUM = SUM + WEIGHT(J)FUNE(D,R,2)
IF(T(J) oV FeCe) SULMa SUM+AEIGRT (U)o (FUNS(T(J) #C+D,R2Z) +FUNSL
1=T{ )*C*DIRsZ))
[AYSSY o CeSUA
RETURN
FaD



e

. APPENATX £ PART 13 IMTEGRA REPRESENTATION | ISTING 152
1e FUNCTION FLNETI(USR2242B)

g

N
-

—!
!

1)

s

~
s

O

o

0

De CASG a oSeB/A

e 1P (CESG, Fele) ANS = SERIEN(LIF,Z)A,8)
s 1P (COSGeRTel1e) ANS a SERIEP(LUIRIZIANE)
Se g % JBe7eRel

ho 51 s CbsH(nl)

T P31 = 2esaely + 8

Re PST2 w PSI.PSI

Qe F & AMGsarS

10 FUNCTL s RST2eF

11 RET RN .

12 END
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1 FUNCTIAN FUNCT2(USR2 254, E)
Pe FUNGTZ2 = FUNCTI(U,R,I20A,B) UL

1 =D SETUKN
") END

[

¢

S

O <.

s .

0

')

o .

o -

O .

¢
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| ) FiihCTTON FUNCTI{ULR220ALR)
. Pe CAGG n oS48 /A
e . 1€ (CLSGat Eoge) ANS = SERIEL(LIRSZIAND)
4, IF{CbSG.ATels) ANS & SERIE2(L,R,2/A,2)
5. PET = ZespavcESHA(«SaR8Z0y) + &
Ao FUNCTR = PSI#PSIeaNS
e SR TURN
Re EnNp -
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1
Pe
Qe
e
Re
he
7
Re
Qe

INTEGRAL REPFRESENTATIAN LISTING 155
FULCTIBN FUNCT4(UsIRIZsANE)

CASG & o5#8/7A

PS1 » 2,AsCPSH(.5eRsZsU) ¢+ B
IF(CESGei Eele) ANS & SERIEL(UIRZsASB)
1F(Cu8GeNnTe1e) ANS & SERTE2(LaRaZeA))
Fi = FUNVMULUIRIZ4ALB)

FINCTs = FlePSIeFSTeaNS

RETURN

(11}
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Pe
e
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1% INYEGRAL REPFESEHTATION L1STING
FUNCTIoN SERIELtULIRSZaAsE)

SFRIE1 & GAUSS1(CeasU, 8-7
KRETURN
END

7)

1€6
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e
Pe
3
Ge
S
&e
e
Re
Qe
10
11
17
13
14
‘1Ge
16,
17.
1R
19
20
a1
77,
73
Plhe
o5
¢ Pha
77
PR
79
30,
31
D
33
e

3Re

b
37
3R
39

31

FUNCTION 2RZ(UIR,ZsAsR)
REAL®4 1 o
coMeaN yay EP

IF(UsEQeteCc) GO TH 31

A\ = ASA .
Ad & AsB
3, » bed
72 = 282
L1 w Ep/7Rel1ed2en tnenye,) ¢ (2e=Z)alle4ZaR) /7

A 8 ¢5874R

p = 1./{-_\i',\)

a1 & 7%R

Ty 3 PentaAn(=22a(141e)4EP)/((20032)sR)
T2 = AASEDPWR/Z

T3 ® Lewbne(lpe{=n.nl4.2502psRoR 4o }+BeeEP)/(Re(7243))
T4 & 4, #AReR/2%(EPw,25422)

TS = =In{2.0Al4ug)+2P2RaRepRe 25
To &8 ReR#(=eS®Z2eBEPo(2+0AA+BE) ) »e166666666€66666666
T7 s 2vshpy2E8(22-Fp)
TS =_  BesAB/Z20(22-2++EP)

It s Conplusw)

218 & CasHW)

72 & CAL(yewl)

02A = CASH(W1)

3 % SIvk(UYW)

C3A = SINH(W)

s % STvkiyTwl)

G4uA = SINH{K])

I8 8 (Z2esanl] + E)ea?

CSA » (2.,#2A8C1A ¢ B)ee?

LA B e -

BYNU & QuulTi+UslaT2)+ G3a(T3+UsUsT4) + UslTE4+UsUaT6) + UsT7402

L & UsT8eq

Ak « GuaelTi4Ta) + G3AS(T3+T4) % TG5+T6 +T7eGA + TBeOLA
302 ® DMAU/ZIG6ESNS) = UeAAK/(T69CEA)

QETLRN '
c32 s Co
RETULRN

(1o}
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1, FUNCTTUN GAUSS1(A,B,",K)
P caMMeN /A7 R2ZIALPRASBETA
3 3 DIUFNSTION SPIINT(7)sKEY(B)sT(R4)a4EIGHT(24)
: yo DATA NPOINT / 2532425,6010435 /
5 DATA KFY 7 122049€49212017225 /
3 Ae DATA T / neS577350269sC¢020e7745966692,0333981044208611363120
7 10°0+0°538u693102099CL 179846202 23861918€200£612093R720°93246951 44
Re 20+ 148874339, 0°43339530440°67940956820°8650633672029739¢652910000
T 9e 3¢2n1194C97997435, ¢ 394 151347077563 087(97217260R535, +72441773136C17
10¢ 4os e BUBRCES83410427209372733824007¢65+987922518020485
11 - TATA WEISKT / 1eCaCeBRABERERTICESEDEESGL2CekE21451552¢347854845,
2 1P 10+568888RRR9,Ce47862R671400236926E35,0046791393520+36(7615730
13 2001713244732 0295024225, R69266719,00219CR6363500149451349,
14 300066713440 02025782019255612¢198431485327111»+186161000115562»
o . 15 4o 166259E0RR 16542 «13957067792615420107 1592204671722 207 36604748810
1he £8,003¢753241996117
- . 17 g = Ce
1Re 1 =1
19¢ 3 IF (MeEneNDINT(I)) GE TB 2
R 20e 1 = I+t
N Fle IE(1eGTe7) GA TOH 4 B
- Ga Te 3
. P3e 4 34USS1 « Co
% b RETURM ’ .
25 ? JFIRST = vrY(1)
Phe JLAST = KEY([+1) » ¢
I P74 C 3 «5%(9=A)
PRe D » oEu(B+A) : .
. 29 IF(KeGTe1) GE TH 1
ane G T8 S0 . ) . ) v
KIK) 1 2 5§ J = JFIRST,JLAST
: . 30 IFLT(UIETLGo ) SUM & SUM + WEIGKT(J)*QRZ(D,R,2,ALPHA,BETA)
G 33, 5 IFEr{u)aNE,Co) SUM & SUM+wETIGHT(JI®