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ABSTRACT

TRANSPORT PHENOMENA
AND OPTICAL PROPERTIES

OF A LAYERED ELECTRON GAS

by

Chao Zhang

Advisor: Professor Narkis Tzoar

The high-frequency conductivity of superlattices was investigated. Here, the
systems are under the influence of electromagnetic waves whose frequencies are
high compared to the collision frequencies, and whose wavelengths are long com-
péred to the Bohr (Debye) radius. The treatment rest on the kinetic description for
electron-ion system and on the Kubo’s formula for the conductivity and the tem-
perature dependent Green's function technique. An exact expression for conduc-
tivity, to the lowest order in plasma parameter, is obtained, which depends on fre-
quency, electron-hole mass ratio, electron-LO phonon coupling, spacing between
adjacent layers and density per unit area. We calculate the resistivity numerically

for some typical value of the above four parameters. To examine the effect of finite
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width of the electron distribution, we consider a model function in our calculation

for type-I superlattice and find an increase in the absorption constant.

The Raman scattering cross-section from a two-component layered electron
gas (such as InAs-GaSb, GaAs-AlGaAs superlattices, etc.) has been calculated within
the random-phase-approximation. It is found that for a separation between two
components larger than a critical value, the scattered spectra have two resonant
peaks in the high-frequency regime. For small separation and small mass ratio,
there is a resonant peak due to an ion acoustic mode at the low frequency regime
and to a plasma mode at the high frequency regime. The finite width of the wave
function of the charged particles will reduce the resonant frequencies and enhance

the Raman intensities.
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Chapter 1

INTRODUCTION

In the past several years there has been much interest in the rather unusual
properties of layered structures.!1~3 The static dielectric response of a layered elec-
tron gas has been calculated by Visscher and Falicovi!, The model consists of
parallel equally spaéed planes of electrons or holes. This model was first employed
to approximate Graphite and now finds a good physical realization of semiconductor
superlattices. For the discussion of intrasubband electronic collective modes of a
layered electron gas, in the simplest model one assumes that the electrons (holes)
remain in the lowest sﬁbband; they are allowed to Ihove freely in each plane but

tunneling between planes is completely prohibited.

The research reported in this thesis is the investigation of the optical pro-
perties a layered electron gas and the study of the light scattering from such a
system. In this work, we have applied kinetic theorem, many-body perturbation
theory, finite temperature Green’s function technique and the theory of density-
density correlation to our layered structure. We treat our system as a many-body
system in which charged particles interact via the Coulomb potential. The response
of this structure to an external electromagnetic radiation is studied in terms of a
generalized dielectric tensor and a dynamical conductivity. It is found the optical

properties of a layered electron gas are qualitatively different from that of bulk




material and two-dimensional system. Some new phenomena in light scattering
concerning the resonant modes and line shape are also explored in this work. The

main results of this thesis have been published in Physical Review BM-7,

In the current chapter, we first review the optical properties of a bulk
material as well as two-dimensional system which are well understood. Then we
will briefly describe the structure of a superlattice, although we are not dealing
with the multi-quantum well system, our model can represent the superlattice
structure in lowest approximation ( ie., no tunneling and only the lowest subband
being occupied ). Finally, we present the basic principles and approximations

involved in this research.

L.1. Optical Properties of Electron Gas

The optical properties of a bulk electron gas serves as a valuable guide to
the behavior of such diverse physical system as classical plasmas and degenerate
conduction electrons in metall®. For example, the ground state energy of the elec-
tron gas yields a first approximation to that of a metal® and electromagnetic effect

[10-11}

of plasma oscillation and screening!?~13 jlluminate similar phenomena found

in actual physical system[8'9]. Similarly, the optical properties of a two-

dimensional(2D) electron gas provides a model for that of inversion layers in sem-

[14] [15]

iconductors™™ and surface electrons on liquid He'” or Ne. This later situation is
quite different from the bulk configuration, for a single charged layer can not
screen a test charge effectively, owing to the extended electromagnetic fields in the

surrounding vacuum.




The absorption of electromagnetic radiation in bulk electron gas were exten-
sively studied by many authors fc;r both classical and quantum plasmas. The
absorption in classical plasma has been treated with an elementary model by Daw-

(151 and by Oberman, Ron and Dawson!'® via the Liouville hierar-

son and Oberman
chy. The latter work gave a complete classical derivation of the high-frequency
conductivity of a plasma taking into account properly the collective effect. Another
approach to the classical problem has been given by Perel and Eliashbergm] who
begin with a quantum mechanical diagram technique, but pass to classical limit,
before obtaining any result. A systematic study of absorption of electromagnetic
wave in quantum and classical plasmas was given by Ron and Tzoar'®. Their
treatment rests on the introduction of the temperature dependent Green’s function
and Kubo's formula for conductivity. Dong!'® had generalized the result of Ref[20]
to the case of finite wave number and deduced some results for a classical plasma

(211 and correlation damping. Wolff2Z!

concerning the relative importance of Laudau
studied the high-frequency conductivity of a single component plasma in which
carriers have a nonquadratic energy-momentum relation. In such a medium,
current is not conserved in the electron-electron collision and he found an impor-
tant correction to the conductivity. Gotze and Wolfle!?3} expressed the frequency
dependent conductivity in terms of the regular memory function. This memory
function is calculated in lowest order in the impurity concentration and electron-
phonon coupling. In the presence of a uniform magnetic field, Li et all?! investi-
gated the A.C. magnetoresistance, Hall effect and cyclotron resonance phenomena in

a electron-phonon system. Lee and Tzoar'?S discussed the absorption in a simple

metal consisting of electrons and phonons by using the equation of motion for




Wigner distribution function. For norrow gap semiconductor, Foo and Tzoar'?8! cal-

culated the optical absorption by two-band approximation.

There has been a great deal of interest in the dielectric response and tran-

[27]

sport properties of two-dimensional system Electrons at the interface of a

metal-oxide-semiconductor junctionlzs]

and those trapped at the interface of a sem-
iconductor heterostructure!?® are examples of such systems. Plasmon collective
mode in a two-dimensional electron gas (2DEG) were first discussed by Sterni3%)
who calculated the dynamical polarizability of a 2D electron layer as a model for
the ground state of an electron gas in a surface inversion layer. He found that, in
the non-retarded limit, the frequency of a 2D plasmon @ =~ V 3—, where q is
the wave-vector in the plane. The 2D plasmon, associated with the ground subband
as it is, is essentially an intraband collective mode. Oscillation of two-dimensional

31 Fetter3?) use a hydro-

i TET A

classical plasma was discussed by Platzman and Tzoar
dynamic description to study the electrodynamics of a single layer. The absorption
of electromagnetic radiation in 2D electron gas were also widely studied!33. On the
basis of the w-dependent current-current correlation function, Tzoar, Platzman and
Simons3¥ have calculated the dynamic conductivity in the two-dimensional inver-
sion layer. The complex memory function®®! depends on electron-impurity interac-
tion screened through a temperature- and frequency-dependent density-density
correlation function. They obtained a mass shift and the collision frequency as a
function of temperature and frequency which is in agreement with experimental

results!36),

An intermediate case between the two- and three-dimensional configuration

[1-2]

is a layered electron gas"~“, Here the charges are confined to a regular array of
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parallel planes. This system sérves as a first approximation to the superlattice sys-
tem. More generally the model examplifies the transition behavior between regions
of different dimensionality. For large separation between layers, the optical and
physical properties reduce to that of a sinéle layer, whereas for small separation it
becomes qualitatively similar to that of a bulk continuum. In this project we shall
investigate the transport phenomena and optical properties of such a layered struc-

ture.
1.2. Layered Electron Gas—First Approximation to Superlattices

Superlattices are a novel class of material composed of alternating layers of

[37-40] The development of molecular bean

two (or more) different constituents.
epitaxy (MBE) has made it possible to produce high quality superlattices made
from two different semiconducting materials (e.g., InAs-GaSb, GaAs-AlAs, Ge-GaAs,
etc.) with similar lattice structure and matching lattice parameters. In the direction
of superlattice growth (called the superlattice axis, and taken to be the z-direction),
a number of atomic monolayers of semiconductor A are deposited in an atomically
sharp way on atomic monolayers of semiconductor B to form new superlattice unit

cells. A microscopic sample of such an A-B superlattice is a new bulk material

" with properties-intermediate between those of materials A and B.

There are two types of superfattices whose properties have been studied in
some detail. These are known as type-lI and type-IlI superlattices. Type-l superlat-
tices are typified by GaAs —Al, Ga —, As system, in which the band gap of GaAs
is smaller than, and contained within, that of Al Ga .., As (Fig.1.1), giving rise

to band gap discontinuities in both conduction and valence bands of the resultant




superlattice system. If we dope the Al, Ga,_, As layers with donor impurities
(which is done by "modulation doping" methods), electrons will be released from
the donors to drop into GaAs sids of the band gap discontinuities. The resulting
one-dimensional potential well quantizes the motion of the electron in the z-
direction, and so the conduction band of GaAs will be split up into a series of sub-
bands (if the electron wave functions in adjacent potential wells do not overlap)
or miniband (if they do), each of which represents a continuum of free-electron-
like states in the x-y plane. Thus, as far as electronic properties are concerned,
type-1 superlattices consist of a periodic array of quasi-two-dimensional electron

gases.

In the type-lI superlattices, as typified by InAs-GaSb system, the band
discontinuities at the interfaces are so large that the conduction band edge in InAs
even lies below the upper valence band edge of the GaSb (Fig.1.2). In this case,
there is a transfer of electrons from one layer (GaSb) to the other (InAs), resulting
in a spatial separation of electrons and holes into adjacent potential well, with the
formation of electron and hole subbands. Unlike type-I superlattice where both
electron or hole states are primarily in the GaAs regions, here electrons mainly

exist in InAs layers while the holes are in GaSb layers.

Many aspects of the physics of superlattices have been studied in recent

(36— 39]'

years The electronic collective excitation in semiconductor superlattices

structure were examined in detail by Das Sarma and Quin_n (3 and by Tselis and
Quinn Y. They have shown explicitly the existence of quasi-2D plasmons and
magnetoplasmons for type-l superlattices, and coupled quasi-2D electron and hole

plasmons and magnetoplasmons for type-II superlattices; these modes reduced to




correct behavior in the appropriate limits. They obtained an expression for dielec-
tric tensor the zero of which gives the dispersion relation of collecﬁve modes. The
structure of subband and cyclotron resonance have been investigated by far-
infrared absorption spectroscopy “2~43) and resonant inversion scattering techniques
[44-46) (These experiment were first done on surface inversion layers, subsequent
measurements have also been made on semiconductor superlattices.) considerable
work has been performed on transport process in these system. Raman intensities

fa7]

for bulk and surface plasmons were calculated recently The implications of

type-Il superlattice were first studied by Sai-Halasz, Tsu and Esaki 48] Caicula-
tions of the band structure were performed by Sai-halasz, Esaki and Harrison 59!
and by Madhakar and Nucho 'and by Dohler 52, Experimental studies were also

actively performed in this field 15355,

Interband collective modes, associated with fhe transitions between subbands
(the quantized motions of the electrons in the z-direction), were discussed by Chen,
Chen and Bursteinl®® in a simplified model. More complete treatments of the inter-
subband modes were given by Dahi and Sham®®” and by Eguiluz and Maradu-
din®®, who considered different polarizations and effects of retardation. They
showed that the effect of resonant screening is to shift the resonance energy above
the subband separation; this is the depolarization shift. In a discussion of many
body effect, Vinterl® stressed the importance of vertex correction. Ando'®”!
showed that, in a static local approximation, the wvertex correction introduced
another shift in the resonance energy which almost exactly cancelled the effects of

depolarization shift for typical inversion layer electron densities. This another shift

is known as the "final state interaction" or "excitonic shift", and is associated with




the Hole left in the lower subband. Tselis and Quinn/®! gave a unified model of
collective modes in surface inversion layers, in which the effects of dispersion in
Xy plane on interband modes were given to second order in g, along with the
effects of resonant screening and the vertex correction (the létter evaluated in a
static local approximation). They also included the effects of magnetic fields and
obtained the 2D analogue of hybrid magnetoplasmon mode in three dimensions,
with w’=w2+we2(g), where o, is the cyclotron frequency and w, (g ) is the 2D

plasmon.

The plasmon modes of a two layer system were discussed by Chui, Quinn,
Lee and Eguiluz%? and by Das Sarma and Madhukar'é3) who found, in addition to
the usual 2D plasmon, an acoustical plasmon mode with @ =g, the latter found

to be undamped under appropriate circumstances.

Considerations of multiple layer system have usually been restricted to
one-dimensional array of purely 2D electron gas.[l"3] Fetter®?! has given an exten-
sive discussion of the plasmon modes of such system in a hydrodynamic approxi-
mation. Apostol[“] has done a similar calculation using the equation of motion
method, obtaining results in RPA. Caille/s%] et al considered the effects of LO pho-
nons on interface plasmons in multi-layer system. Mizuno/®®) et al calculated the

effects of magnetic fields and obtained magnetoplasmon modes in these systems.
1.3. Optical Properties of a Layered Electron Gas

The spatial separation between carriers and scatterers in the layered struc-
ture has obvious consequences in the optical properties such as absorption. The

mobility of this structure is higher than that of bulk material because of a




reduction in the carrier-scatterer scattering. Thus, we are particularly interested in
studying the problem of electrical conductivity and the optical absorption process.
Our task is to investigate the dynamical response of such layered electron gas
under the influence of electromagnetic v)aves whose frequencies are high compared
to the collision frequencies and whose wave-lengths are long compared to the Bohr
radius. Once we find the expression of conductivity, we compare it with Drude
formula for conductivity, we can immediately recognize the the effective mass of
the carriers and its relaxation time. The absorption constant can be obtained from

relaxation time or the collision frequency.

The collective behavior in electron or electron-hole plasmas of a lower
dimensionality is quite different from that in three-dimensional system. The
difference occurs because the electric fields remains three dimensional while the
induced charge density have reduced dimensionality. As a part of this research we
will give a determination of plasma frequency dispersions in a two component lay-
ered system. For the first time we show that in such a system there exists two
high frequency acoustic plasma modes. We will discuss the condition for these
modes to exist and how the finite width of the electronic wave function will

affect these modes.

A powerful method for studying the properties of superlattice structure and
space charge layers is Ramam scattering[“‘sﬂ. For type-1I superlattice, there is no
translational invariance between electron layers and hole layers and effective
Coulomb interaction become a tensor. We expect that some new phenomena could
be observed in light scattering. To the best of our knowledge no theory of Ramam

scattering from a two-component layered electron gas exist. In this work, we will
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also present such a theory. We calculate exactly (in RPA) the density-density
correlation function for a periodic electron-hole system. From this correlation func-
tion we calculate the plasma dispersion relation. A full theory of Ramam scatter-
ing cross-section will be given including the line shape and the intensities of vari-

ous collective modes.

We calculate our response function to the lowest order of plasma parameter

ro = ?K,Z where V and K are respectively the potential and kinetic energy

per particle. Therefore our results are valid under the condition that the average

potential energy per particle should be less than the average kinetic energy per

e2

pa-rti_cle. For nondegenerate plasmas, <K > kgT and <V > is roughly e
0" 0

where ¢y is the dielectric constant of the medium through which the particles
move and r is the mean interparticle spacing. The quantity r is about equal to
n'3 (or n¥? for two-dimensional system) where n is the particle density (

volume or surface). Thus our requirement for weakly coupled system is:

2.1 3
2‘;; ~ e "e Bq (1.1)
0

or for two-dimensional system

V> zeznl/qu

s < (1.1a)

where B is the inverse temperature in energy unit. Eq.(1.1) can be rewritten in

another way

<V > o 1 ~ 1
= 3D 1.2
<K > 41erZn <3 N DZ 3 ( ) (12)




11 -

V> o 1 - 1

where rp is the Debye radius:

r= 4ﬂ;jw (3D) (1.3

L =——_7277;Jze (2D) (1.3a)

and Np is the number of particles in the Debye sphere (circle).

~

For degenerate plasmas, <K > Er, therefore

2,1/ 3
V> en Bq_

s Er (1.4)
In Eq.1.4) Ep is the Fermi energy of particles Ep =———-—(3”;:132/ ’ Jiis set to unity
through this work. Or for 2D system we have

V> eV with Ep =270 (1.5)

<K > E()E F 2m*
It is convenient to rewrite Eq.(1.4-1.5) in terms of effective Bohr radius,

€
rs =.-”-l;£-2-, then for degenerate plasmas:

<V >~ 1 - 1

K> TanV3 N3 (3D)

and

<V >~ | 1

XS TaVT N (2D) (1.6)

Therefore the number of particles in Bohr (Debye) sphere ( Bohr(Debye) circle for




12 -

2D system) is required to be large for our model. In our numerical calculation r,
is take to be around 1. This case can be achieved for surface density around 10!

to 10*? per cm 2

Our work will be divided into five chapters: An general introduction is
given is Chapter I. Conductivity due to electron-ion scattering will be discussed in
Chapter IL. In Chapter III, we will investigate the absorption properties of
electron-hole system. The effect of electron-LO phonon coupling on the conduc-
tivity will be considered in Chapter IV. The Raman intensity for a two-component
layered system will be studied in Chapter V. We point out again that out model
is only the first approximation to the real superlattice structure. This is a good
model in the sense that both electronic temperature and their Fermi energy is
small compared to the subband splitting. Also, the photon energy is taken to be
small in comparison with the subband splitting. It is expected that our result
should reduce to that of single layer for large separation between layers and it
should become qualitatively similar to that of a bulk continuum for <inall separa-
tion. Finally, for the conductivity in type-I superlattice system, we have carried a
model calculation beyond the layered approximation. Here we allowed the electron
to spread in the z-direction around their z =la position. Corrections due to the
spreading are only significant when the spreading is larger compared to the inter-

particle distance.




Chapter II

ELECTRON-ION SCATTERING

2.1. Introduction

In this chapter, we shall consider electron-ion layered system and discuss
- the- absorption properties of éuch a system. We give a schematic diagram in
Fig.(1.1) to illustrate the system. We would like to start our work without the
pure 2D restriction. Let the electrons have density per unit area n and mass m,
occupying wells which are positioned at z =la with well width d and the fixed
jons randomly distributed in planes which are positioned at z =na +b ({,n being

any integer and b is the small distance from the well center where the impurities

to be doped b >£21_ ). Thus, our system is formed by infinite electron-ion layers.

Here @ is the period of the superlattice, ie., distance between adjacent electron
layers. To the lowest order approximation, we may assume that the electrons are
all in the ground state and a one band approximation is applicable. We apply a
homogeneous, oscillating electric field to our system and use linear-response theory
to calculate the current response of the system to such an external field. Since here
the motion of electrons in the z-direction is quantized by the potential well, our
model is simplified to a one dimensional array of quasi-two dimensional electron
gases. We calculated, for this model, the general expression of conductivity. By

comparison of the expression with the Drude forrﬂula, we have identified the
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change in the reactive part of the conductivity with a frequency-dependent
effective mass and the expression for scattering time was also obtained by this

comparison.

L4

The simplest microscopic approach to the problem of electromagnetic waves
and plasma interaction is based on a kinetic description of the plasma in a .self—
consistent-field approximation!®2. We will follow such a description in this
Chapter. We start with the equation of motion which is a simplified version of
Martin-Schwinger!®¥! Green’s function formalism. This method, though not a com-
pletely general one, is entirely adequate for the present purpose and has the advan-
tage of closely paralleling the technique that is used in the classical plasma prob-
lem!'617) As in the classical case, the basic approximation is the factorization of a
high order correlation function into products of lower order ones. Such a procedure
is valid when the average interaction energy of particle in the plasma is small

compared to their kinetic energy.

It can easily be shown that in the absence of the ions the long-wavelength
frequency-dependent conductivity is independent of electron-electron scattering[“].
However, here impurities or scatterers play a crucial rule in our interpretation of
such a high-frequency uniform-field-transport effect. These scatterers break the

translational symmetry and reintroduce Coulombic effects into the conductivity[“].

Tzoar et al 13 had calculated the high-frequency conductivity of electrons
in 2D inversion layers. We have added to these results expressions for the conduc-
tivity at very small and large frequencies and extended their work to superlattices.

We will discuss following effects on the absorption such as interference between
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layers and finite spreading of the electron wave function.
2.2. General Formalism of Total Current

Let us assume that the ions are fixed and that the electrons can move freely
on the layers but are quantized by the wells at z =la. The wave function of sin-

gle electron will be given as
& G7z)=e? ¢z ~la) 2.1

For the infinite height of well, &(z-1a) is given as the wave function of single

quantum well:

£z —la) = gcosz(_z_;';)_e ~ta + LW a +L-2) 2.2)

where one-band approximation has been used, ie, all higher energy bands are
neglected because the frequency is smaller compared to the subband gap. 7 and T
are, respectively 2D momentum and position vectors. In Eq.(2.2) 0(x) is the step
function which is unity for x larger than zero and vanishes for x less than zero. .

The wave function of the superlattice is given as

Urz,t) = Yay, e Hz—la) 2.3
i

The Hamiltonian of the system is
H=T +vee 4ye! (2.4

where

(—ig+EA)
T =— 5 ¢ (2.5)
m
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and the electron—eleétron interaction is written as:

.

yve—e — _;_Z e i (2-6)
I'J[(F; —?] )2+(2i —Z; )2]7
The electron-ion interaction is given as:
e—I _ Ze 2
v = -izj T : 2.7
Y[ —R; P + (2, —R, I
In second quantized notation, our Hamiltonian can be written as:
H=H,+H®**® +H! (2.8)
and
- l - - R e =2 —_
H, = ___fdrdz\lf"(r,z)(—thv+_A) U,z )
2m c

Here a ‘l‘l-,. , and a5, Tepresent, respectively, the electron creation and destruction

hir?

2md ? .

operators with momentum 7' on lth layer. The second term in Eq.(2.9)

the energy of ground state for infinite quantum well. This constant energy does
not contribute to the current as we will see shortly. Actually one can drop this

term by including it into background.

He™ = [aruz [aruz v (7Fz2) ¥ (7.2 )x

veTe(F—rz -2 )¥UF,2 ) Ur,z)




-17 -

2
7.7.F

where f (gd I —l') is structure factor arising from the integration in the wells

because of the finite spatial spreading of the wave function.

flgdl-l)=
e 11t 'afdz fdz'g*(z —la )¢+ (2 —lade ™1 1272 V(2 —la )e(z —la )
=5 2 sinh?( & L) 1L H-8,,)

qd y2
(5_)

+ I 2 1+ 2 (1—e™%)

— 8 (21D
lqd 21422y @a P [y [ |
27 27

and

He ! = [aruz v (7.2 W T (F—R z =R, JWF 2 )

2 iq 'R,
pan 9 !

Where R,; is the position of the i th ion on the n th layer. g (¢d ) is the follow-

ing integration:
glgd) = e?'t-ndk-b 'fdze‘q 'z=na=blgx (7 —la )e(z —la)

-1

2

—ﬁsmh( (L8 1+( )2 (2.13)

Now the total average 2D current of the system is defined as
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7=c8H

A

With the help of Eq. (2.9), we get

- _ e,

where
X=Zoe—zwt
and
E ?—BT-

The total average 2D current is given by

}? (0) = 7 (o) + 72(0))

where

7w = ;]21((0) = —if-z—)-fiz:,l<a1‘wam >= lr::e:E
ie.

720) = ol(w)E ( oplw) = ine”
and

Jie) = Eju = %Iz_‘;ﬁ%aa‘waw >,

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

In order to obtain the value of average of the product of two operators we define

the single-electron density matrix element between states < 7',/ | and |7 +k 1 >

as:
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FiG+Ept)= <aty, (t)ayg,)> (2.20)

In Heisenberg representation, the equation of motion for the single electron density

matrix element is
igat_Fl F+Ep2) = <laty ap,5, HI> (2.21)

This equation can be easily worked out with the help of the commutation rules,

we obtain

%FI B +kPs)

~

=(Kpip —Kp) PG Fk 3)+ LB Ee " F,G+k 7 0)

2 - =l la
+Z2ﬂ'€ T e g [1—141 £ (qd 1 —1')x
¢ 9 4 A

<a Tﬁhal—,‘ﬁoh(a ’i‘il aﬁ‘+l?—§’,l - a 1‘}7+§~1 a}—,~+k—"l )>

=

2
_22'”: Z Ze—ql(l—n)a—blg(qd )%
q n

-
—

el B F Gk <y Bt)—F, Gk 5yl (2.22)

i
where we have neglected terms that are not linear in the external field. Here the
kinetic energy of an electron having momentum 7 is

=2
=2
Kp* ——2—’;{)

This is a complicated equation which, through the Coulomb interaction, couples

one- and two-particle operators. To make any progress in solving it one must
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somehow approximate the latter by simpler functions. The usual procedure is to
replace two-particle correlations by suitable products of one-particle functions, let

us write:

@5 0,9 +g2,8 P52 Gpak g1 > = <@g 10540, ><0T5, 0554, >

+ [ Qz”‘l_"lxal_’.+§'lja Tﬁ‘.l aif+l?-—§',l > <a1'p‘,zlaﬁ'+§"[1><z 1'1—,*'1 a}-,*,,_,?_i} >] (2-23)

Here the average of an operator product is expressed as the product of two aver-
ages, plus a second term ( the bracketed portion of Eq.(2.23) ) which represents the
fluctuations about the average values. The key approximation of

sel f —consistent — f ield (SCF) method is to neglect the fluctuation terms in

Eq.(2.23), ie., to make the replacements:

This approximation is equivalent to using an effective Coulomb interaction of the

form

2me? _11-r
Fraqs g ——¢™" © flgdl-t)<aty _grap, > (225

in determining the equation of motion, rather than the interaction given in
Eq.(2.10). The difference between the two interactions is clear. In Eq.(2.10), elec-
trons respond to the instantaneous field generated by other carriers, whereas in
Eq.(2.25) they fell the average field. From this description we can convince our-
selves why the RPA is a good approximation in weakly coupled plasmas. In such

system, many electrons are within range of one another (n Agp >1, or r; <1,
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where Apy is the screening length ) hence the instantaneous field experienced by a
typical electron does not deviate much from the average value. This is precisely

what is required for Eq.(2.25) to be valid.

With the aid of Eq.(2.25) equation of motion takes the form:

RGP ) =Ky —Kp) FIG kB0

—

© _pEeiotF, (3 kP 1)

maow

+

2 - -
+221;e TeT T £ (g 1=y (G )
7 !

-7 Ze"q 1 —n)da—b 'g(qd ) Ze"q'Rm)x
n i

[F,G+k =g pa)—F,+k.p+Fg.z) (2.26)
and n; is the electron density on the { th layer

mGt)=3YF,@+38.t) (2.27)
P

In order to obtain the expression for current, we replace the term with time

derivative in Eq.(2.26) by

i%F, @Gk pr)=wF, Gk p1) (2.28)

The meaning of Eq.2.28) is that the scattering is elastic in energy because of the
infinite mass of ions. Making use of Equations (2.19) and (2.20), we have the fol-

lowing expression for j,(w)
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— —_ 2 - =
ie)= 22 33 27 o =g 1-n)a~b g (g4 Yght, (g ) Fe *n (2.29)
m o g‘l,n q i

where n*;(7,») is the complex conjugate of the electron density n, (7 ,®), and
n*, (7 ,w)=n, (=7 ,w). In order to obtain Eq. (2.29), use has been made of the fact

that

1

n @Gt )n(—=gt)e e £ (ga1-r)=0. (2.30)

ESY BN

zr
7il

Our expression for the average current j,(e), Eq.2.16), is exact and it tells us
that the induced current is uniquely determined by the density fluctuations. In the
following section we shall develop a method to obtain n; (¢ ,©) to the lowest order

in the plasma parameter.
2.3. The Evaluation of the Conductivity

So far we have made no use of the fact that H¢ ™ ,H ™! are weak. We
now evaluate all quantities in Eq.(2.26) to lowest order in the perturbations, ie.,
first order in external field and H ™! in n,(7,0), and in consequence the current
will be first order in external field and second order in electron-ion interaction. We
will neglect the contribution of electron-electron scattering to the conductivity but

include them fully in the screening effect.

Our first approximation is to assume the external field to be zero and seek

for the change of static electron density matrix due to the electron-ion interaction,
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21re?
>

=

—g W =11 — —g 10 =n)a— ig Ry |,.
Te !N 0 (@t)—2Z FetUnlabl 5ol Rn limees
q n i

iy

Isz'p-ﬁc-:ilfﬁ.t)—F,(}ﬁ-ﬁc.ﬁ-F&,t) 2.31)

In this approximation, a term of product in first order will be written as:
(nF )l = nlFo+noF1? (2.32)

where the supscripts O and 1 indicate respectively, the zeroth and first order term
in electron-ion interaction. For a uniform plasma, translational invariance ensures
that the average <a Tﬁ. +735 > Is zero unless g=0. Thus since q=0 is excluded, the
second term of Eq.(2.31) drops out. The first term only gives a contribution if
i =g . This is a characteristic of the RPA: that only the k't FQurier component of
the Coulomb potential contributes to the response of the system at wave vector k.

After reducing the second Coulomb term in Eq.(2.32) in a similar way, we obtain

the final result:

2
) 2we

(Kpi —Ki)le(ﬁ+Frﬁ')=(fﬁ+'k - Iz 7 %

Ze—k li—tyla r (qd,l—l')nlll ®)—Z Yo k 1-n)ab 'g(qd)Zei'—‘.'ﬁ'" (2.33)
ll n i

where use has been made of the approximation
FF+kpa)=f 5 8z,. (2.34)

In Eq(2.34) f, is the Fermi distribution function which is independent of layer

index
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e °? + 1

B is the Boltzman constant and u is the chemical potential. In order to solve
Eq.(2.30) we sum over 7 on both side of the above equation and making use of

Eq.(2.27), we obtain the electron density corresponding to the density matrix F 1.

27e? ) (& 0) Te KT £ (g 1~ n R)

| T
n (k) =
k 4

_Z'Ze-—kI(l—n)a—blg(qd)zeik'im (2.36)

To soive Eq.(2.36) we use the discrete Fourier transformation in [

nlk,) = Yne%" . (2.37)
7

We thus obtain n, (k') for the electrons,

w
—_ a dk } .
n@®)=af? o nTk k,)e™" (2.38)
s
and similarly for the ions:
mw
e X R =afrdkz oK (ma+b) R () (2.39)

T 27

a

Clearly k, is restricted to the first Brillouin zone. By the above transformation we

obtain

21e 2

0 &k 0ZTe™ Ry (k &, g (ga)

1 = —
n @ykz)_ e(k,kz,O)

(2.40)

where




f p+_l‘c_f"'
7)’2 Kﬁ.+k—K—' -0~ «

Q (k ) = (@ — 0"

‘

2n'e

g £, 0) =1+ [ olgd )+(S (g .k, =1 f (gd Qg .0

with

= Yo~k ll-fla ,i@¢-r® . __ sinh(ka)
e = 2e ¢ coshlka J—cos(@)

and

S; = Fek 1€=n)=b 14ilt—nB—8] = 5i0 sinhlk (@ — e ~**sinh(kb )

cosh(ka )—cos6
where 0=k, a and y = %. Here f olgd ), f ,(¢d ) are given as:

0 s s

Folgd)=|2a+——27 ) 2 (U-=e

’ I‘?d 201+ 445 (d ¥ 1499 )7
27 27

and

(Qd)zsmhzc 94,
VA 1(qd)" g
[ 1+( 94 22
27

After simple substitution of Eqs.(2.34-2.42) into Eq.(2.33), we obtain

ze2[ 748 fp-ﬁc—fi’,,izeSI(k O)ggd) & & R®

i

We immediately see from Eq.2.47) that the effective ion potential

screened by the self-consistent field of the electrons.

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

2me?

x €0) s
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Next we look for the time dependent part of the single electron density
matrix element F; X7’ ,p +k 't ) under the influence of the external field and of the

ions. By a linearization procedure we get

GO+ Ky —Kyp5) FAF+E 5 )

- 27Tezze—k l=t'la £ (gd 1 —l')nz2@ »’)(fi‘fi"+7<)

k !
+ m"em KEetv F,\3 3 +k) (2.48)

where terms not linear in the screened jon potential have been neglected. Assum-

ing that all the quantities have same time-dependent factor e *“* , we obtain

(Q+KI_" _Kio_:,‘c)Flz(ﬁ'*‘E.,ﬁ,ﬁ))

= 27;fzz;e“k "te f (gd L= MR @) (f 5= F i)
r

+ L E FNFF+E) (2.49)

where n 2(k’,») is the electron density corresponding to density matrix F2, it is
essentially the induced electron density under the influence of the external field
and of the ions. Moving the quantity (w—K;,z+K5) in Eq2.49) to the left

hand side and summing over 7', using Eqs(2.27) and (2.47), we obtain

n A7 ) = Z’Zezg (g @Fe~* 1118 £ (gd 1 =1 n, %G o))
r
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Sy (k 9)g(ga) Zeu?-i;(e)

2
+ %_— [0 .w~Qg01f d6et® T2 (2.50)
Performing the Fourier transformation, we obtain,
27
2 . 7
nAghw=2_Jg £)4 S;(k 8)g (qa )Te* ™M@ (251

m e? elg 9.,0)g ,6,0)

Using the definition for the dielectric function, our final result for N %7 ,9,0) can

be written as:

S;(g.,0)g (ga)

Ao Yo _ iZe = =
nig 8.0 = TF @S, G AT @)

2

1 4R ©) 2.52
elq 9 0 elg 9 ,©) }; (252
Combining Eqs.{2.29) and (2.52) we obtain
2,4 kg
Filwy==22_["a05 [-% 7 @GE)
Jie® mzmsf—w le'f4772qq q
S;(gH)1glgd)? [ 1 1

7 oqd S, g 0-DF gd) [dg 500 g.9.)

;e 205 o=g 1U-ndab iy, "4, (O)Ze g Raj (2.53)
n i J

We use the identity

t?l?,,, = f a'adkz zk,(na+b)ei¢}"§,(lc,)eik',zae—ikzza (2.54)

"21r

and substitute it in Eq(2.53). We first sum over | and obtain that k,=k', (or

6=0’) Then summing over n gives the last part in Eq.(2.53) to be equal to




S*; (¢ ,9). Upon making use of the normalization!83),

Z ig {R, (k; =R, (k, N _ ng = _Z_ (2.55)

U

where A is 2D area of the system. We finally we have

—o

- 2 o =
7 1le) = t 77719 - 27 f %q .
1S, (q.0)g (gd )12 l 1 B 1 (2.56)
S olgd J+(S,(¢,6 1) fF ,(gd) Ie(q ,0.0) g .0.0)
Add j () and j () together to obtain:
- 27wZe? o . =
= - y hl-E 2.57)
Jj (@) = oyw) — () righ ] _ (
where
o) = f -7 27 fo 4172 7 f fqd +(S, (q -7 l(qd)
1 1
A T | (2.58)

Since our system is isotropic, ie, 7 is parallel to E, conductivity is given in terms

of I (m)—i_z.g. which is given by:
q

5 1S; (g 0)g (ga )1?

1= o s T

1 1

[dg.8.0) “dg.9.0) (2.59)

Therefore our final expressions for the high-frequency conductivity in our model is
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given by
T(@) = af)[1— %;2. I]E . (2.60)

Let us consider some interesting cases of our result.

(a). Pure two-dimensional approximation; Under this approximation, the

wave function is written as:
&z —la)1? = 8(z —la ) | (2.61)

In this case, electrons can only move on the planes at z =la but localized in z-
direction. Eq.(2.61) is equivalent to set d=0 in our result Eq.(2.59). For the limit
d=0, g (¢gd )=f o(¢gd )=f ,(gd =1, thus our result is reduced to that obtained by
Tzoar and Zhang!?,

m =) 2
I(o))=.l_ do g , 185;(¢.0)1 l 1 1

e R U s o o ) Bl - e FO M ey B M

where € is the dielectric function calculated under pure two-dimensional approxi-

mation.

(b) Eq.(2.62) can be reduced further as we approach the limit @ —o . For
very large a, S, and S; reduce to unity and e ~% respectively while the angular

integral

"4

In this case 7 () reduces to:




= ...]l._ > 2e ~2b l 1 — 1
I (w) e f o 94 9% ’ X ) R )] (2.63)

This is the result for the single layer case in which the separation between the
electron and ion is &. Therefore, in the weak coupling case, ie., when the period
of the system a is much larger than the wave-length of density oscillation in the
plane, each layer supports its own electron motion. If we neglect the separation b

in Eq.(2.63), we recover to the result given by Tzoar et all2¢!

I U Y S T
I(w)—%- fo dg q GO ) (2.64)

We will seek an analytical solution of this integral under some approximation in

small and large frequencies.

(c) The difference between Eq{2.59) and (2.62) is only a quantitative one.
We know that the first important - characteristic of superlattice structure is the
layered electron gas arranged in a periodic array. The finite spatial spreading of
the electron wave function in the well is of secondary importance because it exists
in heterostructures or a single layer and this property was studied in detail even
without the existence of other layers. TheI:efore, as we will see later from our
plot, the qualitative behavior of our system will not change if we ignore the elec-

tron wave function. However, the quantitative difference is not small.

(d) As a last point of this section, we consider the lowest order correction
due to the spreading of electron wave function in determining the modes of collec-

tive excitation. The collective excitation is given by




g 9.0 =0 | (2.65)
Now for small gd ( strong coupling system ) f o f ; is given as:

I olgd ) = 1-0.257(¢d )+0.141(gd )? (2.66)
and

I 1(ga )‘ = 1+0.033(gd ) | (2.67)

The long wave length spectrum of density fluctuations is

2
Q (g .») zﬂ_z_ (2.68;"
m o .

From Eq.(2.65), the plasma frequency is obtained:

2 2
o? = - OOMATe” (g ), 2700 (0,14140,0335 (g 8)Xgd (2.69)

where Q, is the plasma frequency for the pure 2D approximation

02 = 2wgnne2 S8 (2.70)

Therefore, the lowest order correction is to shift the plasma frequency downward.
We may note the bulk plasma oscillation at long wavelength is given as

,_ 4wnye?

©p

— which is independent of wavenumber ¢ .

2.4. Scattering Time and Effective Mass
A. Single-layer determination.

For single layer I (w) is expressed by Eq.(2.64). Using this equation we can

write the conductivity as following:
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olw) = gylw) |1+ (271

The high frequency limit is given by the condition 17 (w)] <<w and we thus

obtain the approximate expression for conductivity ( to lowest order of 7 (@) )

2

ole) = S s 2.72)
m X1+ 2228 T (@)+iZT22_ ] (o)
A "ol 2

where 7 ,(e) and 7 5(e) are respectively the real and imaginary parts of 7 (). On
the other hand, Drude formula for conductivity can be written as:

ow)= —ne? ine? | 273)
m* (o + L) mm(1+ﬂ+-—l—)
T m w7

where 7 is the scattering time, m* =m +Am and we have neglected the high

order term r_né% By comparing our Eq.(2.72) with Eq.(273) we can identify

Am — Zr s
and
1 Zrs4K g (
2= 2.75)
: . 72 me 2 : .
where K is the electron Fermi energy, Q- » Ts =— Using the dimen-

sionless variable z= 213 , we can write N(Q ), R(Q g ) as
F
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1 2 1 . EI(Z,Q)
s = d -
N@r)= [z 2? | 2.0 T IO ] (276)
and
RQr)==[a
(@r)=gfaz 2 2z, D+ Fz,0 ] @77

where € and ¢, . are the real and imaginary parts of e(w).

Tzoar et all?®! had evaluated the integrals (2.74) and (2.75) numerically for
a variety of parameters. Here we would like to evaluate these integrals analyti-
cally for small and large Q. By using the RPA result??3! for Q (g ,Q) at tempera-
ture T=0, the integral equation (4.5) after much algebra, can be cast in the form:

(see Appendix 2A)

rsz‘rr

~ 1
R(Qr;)=A + Q for Q < - (2.78)
: 201+, ) 4
and
RQr ) =T for Q >l (2.79)
80
Here
A=", - T’ + (T — arcsin (L)) 2rs T (r. >1)
2° =1 2 rs (rs2=D¥Z
2 4 2 23/ 2
r 3r.4—2r 1+(1—r.%)
A=", - s 45 S 1In( s ) (. <D). (2.80)
27 1-r,? Q-r,H7? s *

Actually, Eq.(2.78) matches the numerical work very well for small Q and Q

beyond 2.0. The integral (2.76) is rather complicated; however, we are interested in




small Q behavior and this can be done by using the dispersion relation

1 oy 2p [ dQ 1
R(_or) =1+ =P [, oo ™gay- (2.81)

We obtain

'pfo - rm(e(m)—Pf0 Qd

- 2 2 1
N (Qrg) szdz oT— Iml—z-“)l—-yl

(2.82)
Use Eq.(2.76) we obtain
2
__ Ts ~ 2B

where B is the slope of R(Q ,r;) for small Q. Equation (4.11) tells us that as Q
approaches zero, the particles will become very heavy, so the mobility goes to zero.
Our analytical results are in full agreement with the numerical calculations of

reference 35.
B. Periodic layered system.

In this case we have to evaluate the following two integrals

_ 1 Td 6 2
R(Q’rsyeg'y)_ —(-z-f_"-—z-Ffdz b4 X

1S;(z,0)g(gd)1? (2 ,6,Q)

2,
F @@ S, CODF Gd) Tz 0.012 (284

and
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1 do
N(Q.rs,9.7)=-(—r,-f—2—”—fdz z2x

1S;(z,8)g (gd )12 1 &(z 8,0

Fogd +S, T H-D7 (gd) [0 Tz 0,012 (285)

Again, a good approximate solution can be obtained for small and large Q by the

same calculation as in Appendix 2A. Algebraic calculation gives us

1

R(Q,rs,0,y)=A,, +B,Q for Q < T (2.86)

for large Q we obtain:

wrg

R(Q,r, 0,y)= 50

lg Gkpd V)12 *F0YO() 4 o Hr@-BWBy (507

Anand B, are expressed as follows ( here m refers to the many-layer system )

r x 1 1S, (z,0)g kpdz )12
An =2 [ a0 [

14 7s (S olga )+(Sez—-1)f 12k p 4z )).‘(1—-22)1/2
(2.88)
and
b = o1, (;:zglfp(zkgf) :(22kp an Z;n?(fkf)frz G?+ -;—)M + %9-
(2.89)
with

rs sinh(2kz a )

O = IR =T G ay T sk a)

M =sinh*2kg (@ —b)) + sinh?(2kz b )
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J = 2sinh(2% (@ —b Vsinh(2kx b ) -~ (2.90)

Clearly as @ —oo,b --0d -0, we have A, —A,B,, -B. We easily see that the
value of the expression in the parentheses on the right-hand side of Eq.(2.87)
approaches unity when frequencies are very high. For the special case a =2b ,this
value is 2 since electrons are scattered equally by two adjacent ion layers. For
finite @ and b, but d —0 our result is just that obtained by Tzoar and Zhang®.
We may estimate the quantitative difference of our result from that of reference

84. To do this we expand Eq.(2.88) to the lowest order of ¢d

2
51 (2 ;9) ! + A4, (291)

(1—-z2)V 2

” 1
Ap = Ap+ta, = [Fag [ az

e

-
14+ 25
Z

where A, is the value of A, |4 and AA,, is the lowest order correction due

to the finite spatial spreading of the wave function which is obtained as:

.514k 4 1 | 0)12
AA, = _Oﬂ%_fﬁ_fo defb zdz rsé (2.8) + AA, (2.92)
[1+ sz" Pl1—z)V 2

It is easy to see that A4,, is a small quantity because the factor 0.514kr d and
z AAp,

are both small compare to one. Numerical calculation shows

about 10 to 20 percent. This small amount of enhancement is due to the collisions
in z-direction. Same estimation can be done for B,,, the difference in B, is much
less noticeable. For high frequency, Eq.2.87) is not suitable for expansion in d
since it appears as a product with v Q which is large in question. But we can see
from our numerical calculation that for Q >>1, there is no difference between

pure 2D system and present treatment.
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Again we are interested in the low-frequency behavior of the change of

effective mass. The dispersion relation gives us
N(Qr) = -25,1n0 (2.93)

We immediately see the mass function of the superlattice has same strong fre-
quency dependence as the single-layer system, particularly at rather small Q it

decreases very rapidly. The origin of this variation was pointed out by Tzoar et

all26l,

'It is difficult to obtain the general solution for R (Qr;) for the whole range
of Q. However, we have calculated the integral (2.84) numerically for several

parameters. The results are plotted in Figures 2.1-2.5
2.5. Discussion

In this chapter, we have derived the expressions for the effective mass and
inverse collision time of type-I superlattices in the long-wavelength and high fre-
quency limits due to electron-ion scattering. Analytical solutions for these integrals
are obtained for low- and high-frequency limits. Numerical calculation reveals the
relative differences between the single-layer case and superlattice case. This
difference is essentially due to interference of different layers. In order to have
noticeable interferences, the form factors S, and S; in the integrands of Egs.(2.84)
and (2.85) should be different from unity. It is easy to see that different layers

become uncoupled if (¢ @) is much larger than unity, where g;:“"
F

is the upper

limit of the integral of Eq.(2.84) and ¢ ., can be written as




Tmax = kp [14+(1+4Q) 2}

At low frequencies, the inverse collision time of the superlattice is reduced relative
to that of the single layer due to an increase in the static screening of neighboring
layers. On the other hand we find an increase in the inverse collision time at
intermediate frequencies. Here the dynamical screening effect of the superlattice
allows the excitations of an electron-hole pair to take place on any layer I, even if
the photon is being absorbed at a specific layer '. This process becomes negligibly
small when the spacing @ increases, and in the limit of @ —oo we obtain the
inverse collision time of the superlattice be identical to that of the single layer.
Finally, for very high frequencies (g maca >>1), as expected we have no interfer-
ence effect between the layers in the superlattice and we find that as w-—oo the
inverse collision time for the superlattice asymptotically approaches that of the

single layer. The quantitative behaviors are shown in Fig(2.1).

In Figures (2.2-2.4) we show quantitatively how the finite spreading of the
electron wave function affects the absorption process. We found that the inverse
collision time increases with the width of electron spreading. The physical
interpretation for this behavior is that the average electron-ion interaction is an
increasing function of the width d . In other words, the quantity g (gd ) is always
great than unit and increase with ¢d . For small gd , the lowest order correction
from g (gd ) is:

glgd) =2

9d 4 1(4qdys
qd 6(2)

2

2

-9’ +(%)2{%— ;1,] (2.94)

Therefore the correction for finite spreading at low energy is proportional to (¢d )

For large gd we have:
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' y_
glgd) = §§2_ e? (2.95)

In this case, the ratio of absorption with spreading to that of a pure two-
dimensional system will be very large. However, the absorption for either system
is asymptotically approaches zero. In Fig.(2.5) we present two plasmon dispersion

curves for two different widths of the electron wave function.

2.6. Appendix 2A

.

We use the two-dimensional polarizability at T =0 as given by Stern'?3), We
denote €; as the real part of the dielectric function and €, as the imaginary part

of the dielectric function.

r

a(Qz) = 1+2 =

s Qv o Qv .
- 2z —C, -\/ (z +?)2—1—c - -\/ (z —-_z.)z—l (2A1)

and

(2A2)

e(Qz) =e—€xp = -2%57 ID_-\/ 1-(z —-ZE)Z—D.,. -\/ 1-(z +-29)2

where C . is nonzero only if 1z z1 >1 and D, is nonzero only if
lzxQ z 1 <1.- At low freciuency, only single particle excitation contribute.

For small © |z £ z | <1 is equivalent to
Q- <z <170- ¢

and Iz £Q z | > 1 is equivalent to
z > 15Q- @

Therefore C_ is definitely zero in the entire region of integration for e,. Since




there is a _;_2 factor in front of the integral we should keep the terms up to ? to
retain the Q-dependence in lowest order. Now

€217 €2 1 1+0- 2 €71

0@,
z%dz z2dz
ez, 0% + e(z,0°

1
R(Q=— —
QJ 0@ z )P + &z, 02 QJ1-0-@

1f1+Q-;(? 2 €11 ]_‘I‘l--Q—(f2 €27

zd i
o-¢ ey ez, Q2 Q'o-¢ ez ¥ + (z,07

Q

1f1+0—mzzdz €91 1 1+ 0- 2
1

5 z2dz 2! (2A3)

—0-e <z, 0 + oz, 07 QJi-o-c &z X + ez, 07

Let’s denote R by LQ[I —II +II1] where I represents the first two integrals in

Eq.(2A3) and II (IID represents the second and third integral in Eq.(2A3). Please
note the difference of the denominators II and IIL Let us consider I first. We see 1

has the property that I =F (Q—F (—Q). Therefore 7 =a Q for small Q and b can

written as:
¢ = 61; gz) ho=0 (2A4)
where
057, [ 1~z =Ly 2
1+ Q-(P s
F = 24 z
(Q fQ_Qz b4 Z(Z s VAR 2Pz 1=z 22 (2A5)

Use the formula

) b() _ b(‘)ag(x,t)
3t Ja@) g(x t)dx = fa(t) ot *




=41 -

8a (¢ )
52

+g(b.t)ab(tt) ~glat)

0

(2A6)

We obtain

[1-(z = )2 v 2
o5 Z

a = s 12 zdz_a_ '(}:0
2 Jo 0t |(z +r Y47 2Pz H1—z D2

- Ty fl z%dz _Ts f zdz ' 1 Ty
0

2 =T+, ¥ 2 =22 74, G P

2r, re?

1— +
Z +r;s (z +r, )

rs d
=5 = (2A7)

These three terms are all elementary integration. The result are in Eq.(2.80)

Next we consider II

-y — Q21172
wog 05 l1=G-27]
u=[ d

(2A8)
~a-p 292 (z +ry Y+r 2z " H(1-2977

The term with € in denominator contribute to absorption with ¢ and can be
neglected. Now we expand III for small Q:

057, [ 1—(z —_2‘2)2 V2

1+ Q-
nr = [~ " dzo

Z 2
T T, Q Ty Q
=z + P11V 2|+ P4+ [ 1z~ 220 ]
z 2z z z ] 4z [ z '

Q
0.5r [ 1-(z =25)2 ¥/ 2
= fl _1:-:;;?2 2dz Zr (2A9)
(z +rg P4r 22 “‘—(1+.p_zs_ — G +_?_)2—1 12
V4

In this integral z is evaluated near 1 so (z +—‘?-)2 is close to 1 and we can treat
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[(z +-i-_)-)2—-1 ¥ 2 as a small quantity. Thus

[1-(z —.9.)2 | — y e———
r 1+ Q-2 r Q
1711 = 5 2d d + s -\/ ) L
2-[1—9—5?2 z (z +r, )? 1 z(z +rg (Z+z) !

(2A10)

We immediately see that the first term just cancel II and finally we should evalu-

ate the second term in Eq(2A10). After letting z=1+x we have for I'=III-1I

T W V@E—x2 - rs2Q (L _ 1 _ 7T 2P
r=r f—ﬂ'f?dx +r, ¥ Q+r, P sin” (1= Qsin™H(1+ Q) Q+r, )
(2A11)

Now we consider the behavior of R () at large Q In this region € can be

approximated as 1 and €,,=0. we have

T Varos _\/ _—-_(')_;
= .2 —(z —== 2A12
R(Q G J?}—o.sdz 1-(z z) ( )

— © 2
Set z =V Q4x and neglect the 19._

o s 0.5 2. s .
R = [ azV1-4z2= % (2A13)

For many layered system, because of the third integration in z-direction, the
expression for a,, can only be obtained in terms of numerical integration which is
given in Eq.(2.88). However the expression for b, can still be obtained analyti-

cally. The equation similar to Eq.(2A11) reads:

o® = prgo 1S;0.2%pa)l?
T 11 = .2 ax v <2 4 2A14)
( )m T's f—Q—-Qz x x f 2 (1+rsSe(6’2kFa))3 (
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The result for x-integration is still # (2. The integral over 6 can be cast into fol-
lowing:

df 151(62kpa)l? = [48 A + Boxd + C o’

(2A15)
27 (141, S,(0,2kp a )y 27 (G — cos8)

where

G = cosh(2kr a) + rysinh(2kz a)
A = cosh(2kp a) [ sinh®(2kp b ) + sinh?(2kr (@ —b ) ]
B = 25sinh(2kr (@ =5 ) sinh(2kp &) — [ sinh®(2kg b ) + sinh?(2kz (@ =5 ) ]

C = 2sinh(2ky (@ —b )) sinh(2kg b )

Or Eq.(2A15) can be rewritten as:

A do B do C do
2A16)
w7 et (G b  27d T ool (

In Eq(2A16), A=A +BG +CG? and B =—B—2CG. The integration in

Eq.2A16) is elementary and the result is shown in the text.




Chapter III

TWO-COMPONENT LAYERED ELECTRON GAS

3.1. Introduction

The calculation on conductivity and resistivity for a two-component elec-
tron gas in bulk system was first performed by Tzoar and Platzman!®6. They par-
ticularly focused their attention on the effect of dynamical correlation. Later on
they extended their discussion to 2D two-component systemP!. If electrons and
holes are located in the alternating layers which are arranged to a periodic array.
The new system should show an intermediate behavior between 3D and 2D plas-

mas, as mentioned in the general introduction.

The real system for such a model is InAs-GaSb superlattice. The junction
between GaSb and InAs is characterized by the unusual situation that the conduc-
tion band of InAs is lower than the upper valence band edge of GaSb ( see Fig. 1.2
). Therefore there is a energy range in which charge carriers crossing the interface
change from electron-like to hole-like character. Unlike type-I superlattice, both
type of carriers (electron and hole) are primarily confined in the GaAs region and
ionized impurities remain in th GaAlAs region, here electrons mainly exist in InAs
while holes in GaSb region. Most theoretical and experimental research was on
electronic properties and subband structure. We have given wide references about

the research in this area in Chapter 1.
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In this chapter, we shall investigate for the first time the response of a
two-component layered electron. gas to a long-wavelength high-frequency elec-
tromagnetic radiation. The high-frequency conductivity of such a system reflects
many of its important physical and optical properties. In Chapter 2 we treat the
ion as fixed scatterers and use a method of kinetic description. That formalism can
be used for the two-component systems only if one accounts for the mobility of
the holes. We choose to use the Kubo's formula for conductivity and the
temperature-dependent Green’s function technique instead. We treat the electrons
and holes on equal footing, and only restrict ogrselvw to the approximation that
both electrons and holes are confined in sheets of zero thickness. If the energy of
the incident photons is less than the energy difference between the ground state
and the first excited state, and the mean spreading of wave function is less than
the layer thickness, our approximation is realistic and can be used as a model for
theoretical calculation which should be valid in and can be compared with real
systems. Within this model, we shall obtain an exact expression for the conduc-
tivity and resistivity. They are dependent on frequency, plasma parameter r, spa-
tial separation ¢ and density per unit area n. We will evaluate the resistivity
numerically. The result will be useful for interpretating the far-infrared Drude

type conductivity of 2D two-component layered electron gas.
3.2. General Formalism Of The Problem

Calculations of the current-current correlations and the conductivity in a
free-electron gas have been worked out in much detail and are well documented

(19] The calculation for the superlattice system is remarkably similar’él We evalu-
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ate the conductivity treating the electron-hole collision within the Born approxima-
tion (high-frequency conductivity), however treating the self-consistent fields of
fluctuating electron and hole gas exactly in the random-phase approximation (RPA)

Our expression will include full dynamical screening of the electrons and holes.

Let us consider electrons of density n, per unit area and mass m, occupy-
ing layers which are positioned at z=jo and holes of density n, per unit area
and mass m; occupying layers which are positioned at z = ja +b. Where j can
be any integer, a is the length of the unit cell in z-direction and b is the separa-
tion between electrons and holes on each cell. We start from the general expres-
sion of long wavelength conductivity for a system of charged particles as given by

Kubo # which reads
o 8
o) = [ etvar [ "< jt=iN;, 0 >dr (3.1)

where o is the frequency of electromagnetic wave and we set % equal to unity for

notational convenience. Here,

j2)=e® j (0) e ! (3.2)
is the current operator in Heisenberg representation and the average of an operator
is defined by

] 3(0+2;l.s N, —H)
<o>=Trle s ol (3.3)

where H is the total Hamiltonian of the system and Q is defined by

B(Xus Ny—H )
e Fl="Trle = ] (3.4)

In Egs{3.3) and (34) u; and N, are, respectively, the chemical potential and
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number operator of s species in the system, and B the inverse of the temperature
in energy units. In order to render Eqn.(3.1) in a more convenient form we

integrate it by parts:

ow@) = [ etar [ < jt=iNj,0 >dxr

°°deiwt B ) ] ]
S [ < =05, >a
= - lka< i L—iN)j,(0) >d A
TaJo S /w7t

e dt PR iy
fo iw TEfO d}‘?87< j =i, >

= 0,5(w) + 0 () 3.5)

where

n, +nh

S (36)

8 . 2
00 (w) = —TIE [, A< (=i N)j 00> = =

m, my
and
o 8
1 __ 1 ot O o i (s i)
ow(@) = -y et ar [ ar < i —i0),0 >
—_1 1% i . 0 <« i (£ —iN);
= 3]0 pi® dtj; d)\b_K<]”(t iN)j, (0 >

=—Lf et ar < j0)),0 - e ~iB),0) >

Now the second term in the bracket can be converted to




< jlt—=iB)j,0) >= <efH j (¢t)BH j (0) >

B(Q—!—Zu, Ng)
Trie s e RH o BH j )R j 0]

B+ Y u, Ny —H)
=Trle s Ju0)j,(2)]

= <j 0;,z)>

and we obtain
oL@ = =1 [ “atetor <[j ()7, > &%)
w iwJo ATy

The wave function for electrons is given by:

\bf('ﬁ,'r’,z)=e"’_"'?§(z—ja) (3.8
and similarly for holes

w}’(ﬁ?,z)=ei;'?§(z—ja—b) (3.8a)

where p';7 are respectively, the 2-D momentum and position vector, j is index
for jth cell. &z —ja ) is defined in following way such that all the particles are

confined in the sheets of zero thickness.
18z —ja)1?=8(z—ja) 39

By this, the current operator and interaction operator can be expressed as

(s) (3.10)

&)= § = Batyg ,(s)ey

Ij
7is Ms

where summation over s means that s can be either electron or hole, and




egeg e 9 /=T la i

atpg,8datpsy ;

(s dag ; (s Jag ;(s) (3.11)
Therefore

oh@) = Lyypi 5

(e <]
' dte*? x
R pubvf,

-(s)a'l‘-.—.j(s)a}?,j(s)> (3.12)

3.3 Relation Between Electrical Conductivity and Finite Temperature

Green’s Function.

Now in order to facilitate the temperature dependent Green’s function for-

malism , we define a function

Yulz) = [ 22 (1—¢75) ¢,,(0) (3.13)
which is analytic in the entire z-plane except for a cut on the real axis ¢, is real
and given as

b = LexplB(H+Tus Ny ~E, <n | j 0) 10 ><n' 1 j,0) In S8(E, —E, —»)

(3.14)
where n and n’ represent eigenstates of Hamiltonian and number operator with
HIn>=E,In> and N, ln >N, "1n> (3.15)

and Ns(") = Ns("') in the above equation due to the fact that j, commutes with

the number operator. If we represent explicitly the average in Eq.(3.14) as a sum
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over states and use the fact that N, = N we obtain
0w@) = ¥ 3(w) (3.16)

where for any function f(z) in the complex z-plane, we denote

 Hw)=lim, ;.nﬂ S (2 with (e=0%) (317
In order to obtain the function Y(z) of Eq.(2.15), we define a Green’s function

M @)= <T(j,)j,0) > with (—B< u <B) (3.18)
where T is the Dyson ordering operator and

juu) = e j (0 (3.19)

It is easy to show that M (u) is a periodic function, ie M (u +B8) = M (u ). There-

fore its "Fourier Transform"” with respect to u

i2mnu

M )= foﬁdu e F M) (3.20)

with n = any integer, and we obtain

M) = [ 88 (1-e75) ¢,,(0) (3.21)

"B

We can now immediately see that the problem of determining Y (w) is now
transformed into that of evaluating first the finite temperature Green’s function

M (u). By comparison of Eq. (3.21) with Eq. (3.13), we realize that Y (z ) is the

analytical continuation of M (n ) from the infinite set of points £27 (4 >0) on

B

the positive imaginary axis of z to the entire upper-half-plane of z. The result is

the desired relation between the electric conductivity and the finite temperature
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Green’s function. There exist an effective perturbation theory method for obtaining
the finite temperature Green’s function and next section is devoted to the evalua-

tion of this function.
3.4. Many Body Perturbation Theory in Layered System

We turn now to the calculation of M (n ) using perturbation expansion, and
then resumming all diagrams which contribute to the conductivity of the quantum
plasma when the number of particles in the Bohr (Debye) sphere is large, the fre-
quency is high compare to the collision frequency and the wave-length of the
incident field is large compare to Bohr (Debye) radius. Thus in reéumming the
diagrams of the perturbation expansion, we consider processes proportional to the
numbers of particles, N, as finite and include them to all orders while those pro-

cess which are not proportional to N are treated small (871

Let us write our Green’s function in the second quantization formalism in

the interaction representation as,

1 eses'
M, (u) = —— P ub vX
“ LA j,f‘zsxmsmv ;;Z,ﬁ* il

<Tlatsz ;(sulay ;(sudatys, (s 0y (s 00U (B>
<U (B>

(3.22)

where Eq.3.10) has been used, L is the total number of cells, A is the 2D area
and the symbol < >, corresponds to the average defined in Eq.(3.3) for nonin-

teracting particles

U (B) = exp [—foﬁduH, (u) (323)
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Using the expansion
U@ =5 O TEC oy Ty lHy G )enHy Gy ) (3:24)
n=0—n!_0“0f 1=ettlin 4 y I 1/emml L] \Up

and Wick’s theorem, we obtain a perturbation expansion for M (z) in which every

term corresponding to a Feymann diagram. There is a theorem shows

1
M )= —— ' X
o I , 5 g PP
<T [a 1‘1—’0_’_"“,] (S U )aﬁ',j (S R7) )a 1-}7—7( N (S' O)Gi'i (S, ,0)[] (B)]>OC (3-25)

in which ¢ indicates that only the contributions from connected diagrams are

taken, and
u(H o~ Xus N, ~u(H o~ L N,)
atlu)=-e s ate s (3.26)
u(H O_Z/"'s N, ) —u(H 0—2“5 N )
alu)=e s a e s (3.26a)

3.5. Basic Rules For Evaluation of Diagram

In techniques for evaluating the diagrams arising from a perturbation
theory expansion of Green’s function, the single particle Green’s function plays an
important and basic role. The basic rules for the perturbation of M (k ,u) were
given by Luttinger and Ward!®®, by their technique we indicate by a solid line
with p,js, {; the jth layer free electron or hole propagator of wave-vector p and

energy {, ( we restrict ourselves to fermions only ).

; - 1
Gp(y.jus) = GO RT=E;(75) (3.27)
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with

(L3Gis)= l—z(%'-l_)- +u; 53 l=any inZege; (3.28)
and

Ep(js)= 2’_’;: (3.29)

and by dotted line the interaction -2&71. to each vertex. We assign a charge e, given

by the s label of the particle. In the high-frequency and long-wavelength region,
we take into account a generalized version of diagrams considered by Ron and
Tzoar ', Our generalization corresponds to considering all species in equivalent

manner, see Fig.3.1.
3.6. Effective Interaction

Using the perturbation expansion of Eq.(3.25), we now use an effective
interaction to represent the electron-electron ( electron-hole ) Coulombic interaction.
Using a wavy line to represent the effective interaction we see that it satisfies the

integral equation represented in Fig.3.1, the analytical expression of which is

s
vi¥i(g.am) =V (g .a,)+ P es? V,ss}l (g) Qs (g 0p) v;l’,](q @n)  (3.30)
J15y

where (e means electron and h means hole in following expressions)

Vjsf'f(q)=‘2qle—g|j_ila (for s=e, s=e or s=h, s=h)

(3.3

or
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V;’,’f(q)=2_q”_e"9'("'f)“_b' (for s=e, s=h) (331a)
and

wy, = 2T (332)
In Eq.(3.30), Q,(¢.x,,) is the density fluctuation of s species given by

Q. (g.op) = 714_ % 713“? Gy €+ 5 ) Gy 5 )

o a6 ras)
=1 [dp Jra s 7y (3.33)
here f 7 is the Fermi distribution function of s species
_ 1
fy= (3.33)

exp(BE (s )—Bu; )—1
In Eqgs.(3.29-3.33), use has made of the fact that G ,Q ,E are independent of layer
index j.
The integral equation (3.30) can be solved as following. We write down

two coupled equations for electron-hole and hole-hole interactions.

vil(gan) =V (gan)+E e? Vi ()Q g an) vt (g an)
i1

+ZeZVf’fjl(q)B(q,ozm)v;‘l’fj(q,am) (3.34)
J1

and

v (g.ap) = V(g ,am)+z e?vie (g)Qlg .a/m)vf’:,;(q )
J1
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+X eV (¢)Blg.an) v (g.ap) (3.35)
Ja
We carry out the following Fourier transformation:

veh (g e,y = T et I=70 ) (3.36)

7
By making use of Eqs.(3.30) and (3.30a), we obtain following two equations,
vh(gk,) = VS + e2VSv (g k,) + e2VBSvH (g k) (337
and |
VA (g k) = VS + e2VSHQuet (g &, ) + e VBSv ™ (g k. (3.38)

where V =%T1r and Q,B refer to, respectively the 2-D density fluctuation of elec-

tron and hole. §' and S are respectively the form factors which can be expressed

as following

= So—gljla, =k ja _ . (ga) 3.39
S zj"e ¢ sinh cosh(ga J—cos(k, a ) (3.39)
and
—ik; a
. ~g tja=b |~k ja _ sinh(q @=b)+e " Siﬂh(‘]b ) 3.40)
S %e ¢ cosh(ga )—cosk, a ) (
After simple algebra we have
e" =_VS 341
vk = ey (341
and
vii(g i)=Y IS —e?V 9(s2— 15 12 (3.42)
Zz

elg &, w)
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Where we have defined a "dielectric function”,

_ 2we?

g K, 0) =1 S (Q (¢ .0)+B(g,w)

27e?

+( ¥Q (g w)B(g,0)(S2— 1S 12) (3.43)

eh

It is easy to obtain v® and v% with the same method, we have:

vV S*

vhe (g k,) = ) (3.44)
and
vee(q,kz)= Vv [S —eZV B(SZ__ Ny |2)] (3.45)

elg £, o)

Because the system has no invariance under translation z —z +na +b&, our
effective interaction becomes a tensor. For type-l superlattice where the periodic
array is formed by only the electron layers ( ions are treated as fixed scatterers)
and the system is invariant under translation z —z +na. The effective interaction

for type-1 superlattices is simply a scalar.

We would like to point out that € in our formalism is not really the total
response function of our system to an external field though we define it as "dielec-
tric function". The induced charge densities can be easily worked out by density-

density correlation calculation and one gets two expressions for electrons and holes,

ve® O [1—e2VB (S —Se ™ ® )] (3.46)

p (‘I ’kz ,0)) = GQ ,kz ,&))

and
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—ik; b .vext B [l_e ZVQ (S _S'*e =ik, b )]

elg &, ,0)

o (g K, ) = £ (3.47)

Again, the induced charge density has two components because the total fields at
electron-layer and hole-layer do not simply differ by a phase factor. However, if
we are interested in the eigenvalues of the collective excitation of the system, we
find them to be given by the roots of &(g .k, ®), the "dielectric function". Also,
one should note that the weighting of the roots of the different components is

different, as can seen from Eqs.(3.46) and (3.47).
3.7. Evaluation of the Conductivity

Now we calculate the contributions of diagrams given in Fig.3.1. We assert
that these are the leading asymptotic terms for long-wavelength (12} Using the
prescription of Luttinger and Ward 88 for many species system under considera-

tion we obtain,

M o, ) =M,k =00,) =

1 € ey N .
— y = Y.y LK (@,,5,].8,8) (3.48)
LA j,jf’sxms ms' ﬁ"ﬁ' K yi =] 144 "

here K}y (@,,j,j .5, ) corresponds to i** diagram of Fig.3.2.

e.2 1
L:‘ Bﬂ%"ffj(q ¥y )8 PP

Kop(on,jjss)=8; ;8

; Gi(gz S ) Gi'(gl +o, ,s )GI—;_;& ({1 +o, ta,, .S ) Gﬁ’-F’q ({z Yo, .S ) (349

2

.. (5 ;
Kpg'(mn v ] ’Svsl)= SJ']I 85.54 Spp' L‘:;B g;nvfs’](q 'O‘m)
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& ZI65 &5 P Gy Gy =8 G (@, —00, ) (3:50)
!

2
Kpp(on,j.jss)=8;;848,, LilB Zv 7(g an)

& IG5 WGy (s ot ) Gy + ) (351)
)
e, Ze 2
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Z G}-,—(L; s ) Gﬁ,({,r —w®, ,S‘) G~ = (g; a{m,S') (3.52)
l

2 2

LZAZB TviEi(g.om ) vi®i(g .0m —0, )

Kpp(w,,j,jss)=

7317 L Gyl 5) Gyl =0, ,5) Gymy (4 =0t 5)
{

2 Gpl;8) Gpllr +0, .8 ) Gp gy Uy oy 8) (3.53)
1)

We now carry out the summation over / and I by converting the sums
into integrals. After some complicated algebra,( see an example in Appendix 3A )

we obtain
M (0, ) =M%, (0,) + M8, (0,) (3.54)

where M ® is the sum of the first three diagrams
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- 4
1 d e
M;I.w (mn) = 3 anz f 4;unDszm ‘ms—sz vjsfj(q 0 ) [Q (a'm +ap, }-Q (o, )]
(3.55)
or we would like to write it in a more symmetric form
Mo, (w,) =— 1 fdzq qzes'4es.2x
we 2L Bo? Y A VG w2
Z vafj (Olm +wﬂ ) vjsf,f (am ) Dss“ (am »p ) (3-56)
J.jim
with
Dy (am Wy ) = [Q; (am +o, J-Q; (., )] [Qy (am +@, Qg ()
and M, is the sum of last two diagrams
My )= L [ g 5o
we 2L Bﬁ)nT 4? # yss’ mg my
T Iviila,) viti(ay, +o, ) Dy (an .0, ) (3.57)
J.jm
Finally the sum of all five diagrams gives
3, 2
1 dq €€y l € €y
M e,) =—- -
up\On m IZFQ;;‘ZVSZS e Ims iy
L rvi (o, +0,) v (0, ) Dy (o, o,) (3.58)

J.im
Taking into account the symmetry of the expression Eq.(3.58) with respect to the

mutual interchange of electron-hole, summing over s and s’, we get,




6 2 =
M ((D ) = - € - dq X
7. v iloy, +0,) v (a,) Dy (e, ©,) (359
j’j’m

Eq.(3.58) or (3.59) shows that the s=s' part in Eq(3.58) just cancels Eq(3.57).
The physical meaning of this cancellation is that the only absorption in our system
is due to the electron-hole collisions, ie., the only possible intermediate states are
an electron pair and a hole pair . Electron-electron or hole-hole interactions does
not contribute to the absorption process but only screens the effective interaction.
Therefore, our conductivity o, vanishes with vanishing electron-hole interaction. In

other words, we will not have any absorption if the parameter » — oco.

Instead of the sum over j and j in Eq.(3.59), we would rather use the

integral over k., for this we use discrete Fourier transformation.

From Eqgs(3.25-3.27), the effective electron-hole interaction can written as:

Ezsl(q,kz)elk:(a(]—j)—b)

o = T adk, g -
vt = = O (3.60)

a

Substituting it into Eq.(3.59), we have,

_ e 1 da a dk' dk,
M kon) = =51 g (m + )zf 4,4 Vf—_—r—S(‘I'kz)S*(‘I'kz)

i(j =7 Xk, ~k'; da Deh (wn X ) (
P 3.61)
J'Z.f ) ‘E € lam &k, ) €g (e +oo, k)

making use of the identity:
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Tl X~ ) 40282 (k. -k, ) (3.62)
j'i

therefore we get the following expression

M“,,(wn)=— il f—z-q,,, ,,f

IS (g &k, )12 es (Ly Ly
Bo? m  my

[0 («,, +0, )~Q (o, )] [B («,, +0, )—B («,, )]
ela, Jele,, o, )

> (3.63)

where the use has been made of the fact

8a (k, —k'; D1y, =, =Xe ijalk, =k ) x, =k, =L
j

Our result given by Eq.(3.63) which is derived from the stm of M? and M®
(Eq.(3.18) and (3.20)) shows cancellation of all contributions thch do not have
simultaneously an electron-pair and a hole-pair in its final state. Thus as expected,
electron-electron or hole-hole interactions does not contribute to a long wavelength

photon absorption.

Eq.(3.63) are not suitable for analytical continuation to the upper z half-
plane. In order to perform the continuation, one has to evaluate the summation
over m 1%, After some algebra and using Eqs.(2.15), (2.17), (2.20) and (3.40) we

obtain

(m)—‘”e"S lm f-z-q#q,,f 1§ (g &, )12 ifdx coth(.gi)

DG*+og)—QxtglIBlx*+wg) — Blxtg)l
ex *+o,q) dx*t.q)
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_DG&"teg) — 0k~ glIBKx*+uq) - B(x~,q))

3.64)
ex *+og) dx",q) (
Here P stands for principal value and
xt=x xin, (n=0)
Now we make use of Eq.(2.5). Our final result for complex conductivity is
olw) = %) + olw) = %w) |1 +L£)_°’2. (3.65)

where

_met |1 1 adk, P . Bx
I () = [, fqdqf_w 15 (g K, )12 [ ax coth(52)

n o lme my,

Q& *+og) —QxtgNIBixt+wg) — Blx*g)l
xt+o,q) ex*t,q)

_D&x*"teg) - Qx4 [Bx*+wg) — B(x",q)l (3.66)
ex *+og ) x",q)

This is the exact expression in which we have used the fact that Q ,B depend
only on absolute value of 7 and that o,,(w) = §,,0(w) for isotropic system. This
result is rather complicated but in principle can be evaluated agalytically or
numerically for specific problem. The result is applicable both for classical and
quantum plasmas for any mass ratio of the species of the system, and for any
.temperature, where the average potential energy of interaction per particle should

be less than the average kinetic energy.
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3.8. Relaxation Time and Resistivity
In order to obtain the relaxation time we rewrite Eq.(3.42) as:

o(w) = o "‘—il/_m‘ (3.67)

1+7 ] ®

The high-frequency limit is given by the condition |7 (0)] <<w and we thus

obtain the approximate expression for the conductivity:

0

o
w

olw) = (3.68)

1

Here I, and I , are respectively the real and imaginary parts of I(w). Now let us

compare Eq.(4.2) with the Drude formula for conductivity:

o) = ine® (3.69)

m* (o + L)
T

We find the effective reduced mass;

m
™ 11 (@) with m=_Teh (3.70)
m me +mh
and the relaxation time:
R
1= 140 (3.71)
[N

Here only linear corrections due to I, and I, are retained. however, using

Eq.(4.1) we obtain for the general case the result:

mt 1 (3.72)




and

A= (3.73)

In the following, we are only interested in absorption properties which related to

1

relaxation time 7. or the collision frequency v=7"'. The absorption properties of

the plasma can be best described by the resistivity, ie., R (w)=Re[RIEJ] where Re
stands for the real part and o is given by Eq.3.42). The frequency dependent

resistivity is given by:

R=—(L1l41pm (3.74)
ne m, mpy

Using the analytical properties of Q ,B, and "dielectric function" respectively, we

can write

2 T
— me ( 1 1 2 d9 9 2
R (o) et )fqdqf_ra.r_ 1§ (q.0)1

% f dx [coth-gi—coth E(xzﬁ-)-] F(x x +o) (3.75)

where 6 =gk, and

F \+F ;+F 4

7
le(x)1Z | elx +0) 12 (3.76)

F(x x +o) =

with

F 1 = [Bx +0)+B )(x )] [{&;(x +0) ;(x M e)(x +0) e3(x ) (Q 5(x +0)+Q ,(x ))
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—(e1(x Je)(x +)—e€)(x +0) ,(x ) (Q ;(x +©)—Q 4(x )] 3.77)
and

F 3 =[By(x )-Bx +0)] [(e,(x +0) e;(x )-ex(x +@) ex(x )) (Q (x +©)—Q ,(x )

—(e1(x Jex(x +w)+€;(x +0) €x(x ) (Q 4(x +©)—Q ,(x )] (378
and

F3= 2B +0)-B,x )]z +eyx ) Qlx +0)

- €1(x )Ez(x +(A)) Q 2(.7(3 )_(Q 1(x +(x))'—Q l(x )) Gz(x ) Ez(x +0))] (3-79)

Where €, and €, represent, respectively, the real and imaginary parts of the
"dielectric function”. Similarly Q; and Q (B, and B,) represent respectively the

real and the imaginary parts of Q (B ). We shall next investigate the effect of the

m,
small mass ratio (i.e. m_e. < 1) on the conductivity at low temperature. We would
h

like to use following dimensionless variablds,

=_9 =_© = _= Q= _..1__.
2T a3y Q=2 X =z aE; B
and
2me 2 27e 2 2me ?
B = B = F=( YF,
q < q Q
where Er is the Fermi energy for electrons, by this we get
_ 16 TdO [ 3 2
R = —35 J-r35Jo z%dz 15 (z B)I
P r- X X+Q
— —_—)— 4,
54X leoth( ) — cotn( XD F (x 04X ) (4.80)
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For the case kT << Er , we can use the limit ( 7 —0) and get:

_ 16 [TdO [ o
R = — I ,,fo 23z 15 (2 9?2 [ ax F(X,0-X)

(3.81)

We would first like to examine the behavior of R qualitatively in the low fre-

‘quency region where the static approximation is applicable 86] We treat the

screening effect due to the self-consistent field statically. This approximation drasti-

cally simplifies F* (X ,Q+X ). Let %:v, we get

_ 32 15(z,0)1°
f-"27 z%dz

(z 0,07

foldv

Using RPA result 3% for Q and B,

BADM)Q A1~ + B £A1—v ) O L) }

Q AA1—v )= sz
4

1+ T g + L )y

and

A= 25 | 1-c -2 ppa- 2Py

-\/ 1—(z + 229 (1-(z + 2P y2) ]
zZ zZ

m,e my

where rg = , o= , and 6(x) is the regular step function, ie.,

F m,

-G - g - K= ) ey
V4 V4

(3.82)

(4.83)

(4.84)
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0(x )=1 for x>0 and 6(x)=0 for x <D (4.85)

We immediately see that Q' ;1 g.0=0 and B';| g-o=0, therefore the lowest order

term at low frequencies is following:

R = A, (3.86) .
with
2
A, = %%{%IQ:O

The coefficient A, can be obtained numerically or analytically. In the later case,
one must take the second derivative after the integration over z and v is done. If
we first take the derivative of the integrand in Eq.(3.82), we obtain a new
integrand which will have singular behavior at z=1. For an analytical result for
A, one has to change the variables z,v to new variables z’,v' for four different
terms in the product Q' ,B , of Eq.(3.82). However, even after carrying out the
transformation we are left with numerical integration and thus we evaluated A,
numerically using Eq.(3.82). We found that A, increases when period or r, are
decreased or when the mass ratio o is increased. These properties can be seen from

our plot, Figs.3.3-3.5.

This & behavior of the resistivity is due to the lack of phase-space for the
absorption process. We should remember that we consider an electron-hole system
in which both electrons and holes have their own Fermi sphere. The photon is
absorbed by mutually exciting an electron pair and a hole pair. The energy sup-
plied by the photon is ®, a negligible quantity, thus the two pairs must be in the

vicinity of their Fermi sea where the density of states is negligibly small. The




momentum to this process is supplied by the Coulomb collision of the electron and
hole which in our formalism is given by q. Thus the momentum q is limited to be
in the range between O and 2kr . As stated above, the density of states vanishes
with vanishing @ and it can be shown, using density of states arguments, that the
joint density of states for electron-hole excitation divided by ® is proportional to

w2

3.9. Discussion

It is difficult to evaluate analytically the resistivity, as given by Eq.(3.81).
Here we take into account dynamical screening of the plasma which is a complex
function of ¢ &, and . Thus one does not necessarily expect that the integral in
Eq.(3.81) will depend solely on the imaginary part of the electron and hole pair
distribution function respectively as it appears in Eq.3.82). Indeed we find that
when the electron and hole can be thought of as scattered by a retarded potential,
we should have the general expression including terms proportional to the product
of two imaginary parté of electron (hole) density fluctuations as fully written in
Eqs.(3.71-3.75). We evaluated Eq.3.81) numerically for some value of parameters
and the results are plotted in Fig.3.3-3.5. Comparing our rtesult with that for
electron-hole droplet obtained by Tzoar and Platzman !¢ the peak in the resis-
tivity at low frequency does not appear here. This peak results from the excitation .
of the low frequency mode of the heavy species screened by the light species,
known as ion acoustic mode. From the analysis of the imaginary part of inverse
dielectric function for two dimensional system which consists of electrons and
holes, we found that the ion acoustic mode carries much less oscillator strength

than in the 3D case.
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If the frequency is very low, or the incident photon energy is in the same
order of magnitude as electronic thermal energy, one can not use the limit 7 —0 in
the calculation. We should also include the contribution to the resistivity from
thermal excitation up to order ®% To do this, we should add to our resistivity fol-

lowing term:

_ 16 Td e 3 2
R = e_z.(_).f_"_ﬂ_fz dz 15 (z,8)1

X+Q)

o) | F X X +01 o (3.87)

P r- X
_ =) — coth
5 f_de coth( 2®) coth(

We see that the only nonvanishing term in F° is F'; at Q=0. The temperature
dependence of Q' ;B ; can be neglected because they will give us high oder terms.

Thus we only consider the temperature dependence of the statistical factor and

expand it as:

1 X X +Q 1 1

sinhA(-£_)
20
Let u =%, we have
_ 32 r746 3 2
R = = _7_27‘/’2 dz 15 (z,0)12x
f ©  gu @z,0u)B (z,0u) (3.89)
0

sinh2( %) | ez ,0,0u)l?
2

Where Q' (z ,0u ) is given in Egs.(3.83),

@iz )= Ty f 1=~ B0 01— - Ry
Z
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17+ 80— + 81y (390
and
Bz fu)=aQ (z,a0u)

Clearly Q' ;1 9=o=0 and B',! =0, the lowest order term in Eq.(3.90) is A,®? as
expected. Therefore we find at low frequency and low temperature, the resistivity

behaves like,
R=A,Q + A,0? : (3.91)

2
Where A, = %gvf. | o=0- Again the explicit form of A, can be obtained numer-

ically or analytically with the similar method for A ;. We have checked the @?
properties and obtained A, numerically. The results are shown in Fig.33 We
finally note that the ¢¥, T2 dependence of Eq.(3.91) is not limited to superlattices

and is quite generall858990]

The dependences of absorption on mass ratio are given in Fig.3.4. We found
the relative magnitude of the maximum absorption decreases as the mass ratio

decreases (i.e., the mass of hole increases). This maximum moves towards the low

: m,
frequency region as expected. For the case _n'ze_=0'01’ we basically recover the the
h

result for type-I superlattices except in the low frequency region. Here we would
like to point out that there is a fundamental difference between electron-hole and
electron-random ion systems. The ions only provide the electrons with a momen-

tum relaxation mechanism. However the holes, besides providing momentum
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relaxation, contribute to the electric current in two other ways; first they carry
current themselves, which results in negligible contribution at large hole mass.
Second, they participated in the screening which for large hole mass manifests
itself in retaining the contribution to the static screening'which influence the con-
ductivity at low and intermediate frequencies. Therefore, as the mass of the hole

becomes much heavier than the mass of the electron we reach the following limit:
[B(x +0)£B (x )] — %in 8(x) (3.92)

and F 3 vanishes while F , equals F, (see Eqs.(3.77-3.79). We must let B(x)
equal to zero everywhere in the "dielectric function”, then we recover our result

for electron-ion system 2!

‘Finally, we have chécked the absorption intensity as a function of fre-
quency for different thickness of unit cell a. For intermediate frequencies, we find
an increase in absorption intensity with decreasing a. First, the scattering fields
increase very rapidly with decreasing a. Second, the dynamical screening effect of
the superlattice allows the excitation of an electron-hole pair to take place on any
cell j, even if the photon is being absorbed at a specific cell j'. The second process
only becomes negligibly small at extremely low and high frequencies. For high
frequencies, the interference effect between the cells becomes unimportant. For
very small frequencies, absorption intensities for different thickness all approach
zero and the difference between them is less noticeable in comparison with type-I
superlattices. However, there is also a difference in period dependence of absorp-

tion intensities between type-I and type-II superlattices at low frequencies. We
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'vscaz|2 | Asth
(-]
I elg, D12

know that the absorption intensity R is proportional to
period changes to a smaller value, both v** and elq,) increases. For type-I
superlattice, the static screening of neighboring layers is dominant and we found a
reduction in the absorption when the period @ became smaller. For type-II super-
lattice, due to the dynamical properties of the holes as mentioned above, the
screening is less effective compared with the increase in scattering potential when

the period is decreased. Therefore the absorption is enhanced by decreasing the

period. The results for period dependence on the absorption are plotted in Fig.3.5.

In conclusion, we have found the conductivity of type-II superlattices in the
high-frequency and long-wavelength limit. We have given the expression§ for
effective reduced mass and relaxation time. We have discussed the dependences of
absorption on mass ratio and spacing of superlattices. The functional form of resis-
tivity at very low frequencies and low temperature is found to be A,P+A ,0?
from our numerical calculation which is consistent with the analysis of phase
space argument. Finally we have pointed out some differences of our present sys-

tem with the 3D electron-hole systems and with type-I superlattices.
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3.10. Appendix 3A

We wish to represent here an example of calculation of one diagram of
Fig.3.1, namely 3.1d. To calculate the contribution of this diagram to M wlo, ) we

first substitute K of Eq.(3.52) into Eq.(3.48) and replace G, by its representation,

Eq.(3.27)

M le,) = 5:;3::’ ,3;31) P v

):_%}n;u;f(am W £t = ) Ly (0 0,5 ) Ly (0t 3, 8 ) €ISV
where
Ly (o 0 18) = ‘;@‘%: TG )—}Ep 5T TGS, “EGT TG )—aml—E,, )

(3A2)

Now to perform the summation we replace {; by { and write L, as an integral

along path C given in Fig.3.6

Ly (@ 0,.8) = L a8 : . 1
prrm 2w C B  T=E, (5] T, —E,(5) T, —E,—, ()

(3A3)

This integral can be evaluated by Cauchy’s theorem to give

Ly (a0, 5) = =0 e X5 #4117 [—a,, —E, _, (s HE, (s ) I

4o e BE, +w, —ps )+ 11" [~o, —ao,, -E,_, (s )+Ep (s) I
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e #Ep ¥or O 4 11—, +atgy +E,p —g (s HE, (s ) 'y, —

E, (s HE,(s) I

(3A4)
If we now realize that
eBwn — eﬁam . ei27r =1
and use the definition of Eq.(3. ), we get
Lp (o), 0, -
[(Xm —o)n.—E}—,-(s )+EI—,0_§~(S )]_1 - [CVm —EI_"(S )‘Eﬁo_i(s ) ]—1 (3A5)
Thus
e, e
M (w,) = e’ dg x
weem nzsz,smsmy ©r )3fq
713. FU 0t W St =5 ) R s 05,5 ) Lot 078 ) (3A6)
m
and
R#(am.wnrs)— f ap'(p "-—‘Iﬂ) fi+¢— e
¥l Pe3
o), —0, —~E5 (s )—Eﬁ_ﬁo(s I = oy, —E5 (s )"Ei—g'(s ) I (3A7)
If we use Eq.(3.33) we obtain
R (o, 0, 5 ) = —é—q p Qg (e —w, ,8) — Q, (s ) ] (3A8)

and finially
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4 =
MW(O),,) m f4172 Qp.QD

n

Vi j(am) v (ap +6, ) Dy (ap, 0, )

and Dy, is defined after Eq.(3.65).

(3A9)




.76

Chapter IV

ELECTRON-LO-PHONON SYSTEM

4.1. Introduction

Early interest in the electron-phonon interaction in quasi-two-dimensional
electron system arose in the context of the transport behavior of silicon electron
inversion layers at room‘ temperatures is limited basically by the electron-acoustic
phonon interaction2®%2], Many of these semiconductor superlattices are made of
weakly polar iII—V or II-VI compound semiconductor materials (eg., GaAs-AlGaAs
and InAs-GaSb). In view of the two-dimensional electron confinement in these sys-
tem, one expects that the effects of the electron-LO phonon coupling on the absorp-
tion properties will be important. In fact, a number of theoretical®>=1%] and exper-
imental works!'®1~1%! have already been done in various aspects of the electron-LO
phonon interaction effects on the polarons and electronic properties of two-

dimensional systems.

In this chapter we shall consider the electron-LO phonon interaction, which
is not of much significance in silicon. Most of the work involving electron-LO pho-
non interaction in the quasi-two-dimensional electron system is no the III-V sem-
| iconductors system like GaAs heterostructure, GaAs-GaAlAs superlattice, InSb space
charged layer, etc. All these materials are weakly polar in nature (the Frohlich

coupling constant is around 0.1 for these materials). However, this weak coupling




-77 -

may very well give rise to some interesting observable effect, particularly because
interaction effects are usually enhanced in systems of lower dimensionality. For
strongly polar semiconductor, we expect that effect of electron-LLO phonon interac-
tion will be very important. We shall calculate the collision frequency of elec-

trons in superlattice systems due to the electron-LO phonon interaction.

We use the Kubo’s formula for conductivity and the temperature-dependent
Green’s function technique. We restrict ourselves to the approximation that elec-
trons are confined in sheets of zero thickness. If the energy of the incident photons
is less than the energy difference between the ground state and the first excited
state, and the mean spreading of wave function is less than the layer thickness,
our approximation is realistic and can be used as a model for theoretical calculation
which should be valid in and can be compared with real systems. Within this
model, we have obtained an exact expression for the conductivity. It is dependent
on frequency, plasma parameter rg, spatial separation a and the electron-LO pho-
non coupling. We have evaluated the relaxation time numerically for a weakly
interacting polar system (GaAs-GaAlAs) as well as a strongly ihteracting polar sys-

tem (PbTe-PbEuTeSe).

The model we use is simple: A purely two-dimensional confined electron
gas is interacting via the Frohlich Hamiltonian with the bulk LO phonons of the
relevant semiconductor material. Here we neglect coupling to all other kinds of
phonons as well as to interface phonon. We have two reasons for ignoring the
effects of the interface phonons. One is experimental--light scattering experi-

[107]

ments seem to indicate that the bulk LO phonon are the only phonons that

couple to the two-dimensional confined electrons. The second one is theoretical—the
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superlattice system that we are considering consist of two lattice-matched semicon-
ductors (eg., GaAs and AlGaAs) with rather similar lattice dielectric properties
which make the existence of purely interface phonon modes (with their own dis-

tinct frequencies) rather unlikely!®3100,
4.2. Hamiltonian of the System

Let us consider electrons of density n per unit area and mass m occupying
layers positioned at z =la (I =0,%1,%2,..) where a is the period of the superlattice
system along z-direction. We' use a simplified model in which electrons can only

move in the x-y planes. The wave function of the electron in [ th layer is
&P Fz)=e?TEgz—la) 4.1

where p',7 are respectively the 2D momentum and position vector along the x-y

plane. & (z ) is defined in such a way that it gives §-function like distribution:

1&(z)1%2 = 8(z—la) @.2)

We define our model by writing down the Hamiltonian which includes a
description of the basic excitations and their interactions. This Hamiltonian of our

electron-phonon system is given as:
H=H, + H,, + H,, + Hgp, (4.3)

where H, and Hp, are the Hamiltonians for the conduction electrons and LO
phonons. The H,, is the electron-electron interaction and H,,, the electron-LO-
phonon interaction in the layered system. We have for these terms the explicit

forms
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H, = Y E,atz, a5, (4.42)
Pl

th = ZO.)Q b T@b-° (4.4b)
g

where Q' =(7",g, ) is a three dimensional vector because our two dimensional elec-
2
tron gas only interact with the bulk phonon of the compound. Here E, ='g_m_ is

the kinetic energy of an electron having momentum 7. oy is the wave number
dependent longitudinal optical frequency and a 'I'I-,. 1 9%y ® Té’.bé') represent,
respectively, the electron (phonon) creation and destruction operators with momen-

tum 7'(Q’) on Ith layer.
The electron-electron interaction is of the form
i'la"'—o_—bz al—,ol a-’;‘l (4-5a)

_2me?

Here the coupling term V, = is the Fourier transform of the Coulomb

(-~

interaction for planar electrons.
For H,,, we have
Heph = _Zc; (i.,qz )(1 1.}74,'9-'1 a}—,o'l (b TQ" + b_Q") (4-5b)
Q1

where C;(7',;) is the Frohlich coupling between planar electron on the %

layer and the bulk LO phonon which is given as:

2 V2 _
C(7g) =i %‘;’i%c_e‘: - L Jaett geoene) (4.6)

For 8-function distribution, Eq(2.6) simply becomes:




1/ 2

1 ig, la
e (- ) e @.7n
(q 2+q22) € €

27re 2w
C,(Fq,)=i o0 (1

Where w; is the longitudinal optical phonon frequency at zero wave-number and
€x» €o are respectively the high-frequency and static dielectric constants of the

relevant semiconductors.
4.3. Evaluation Of The Conductivity

To evaluate the conductivity, we start from the Kubo's”3 formula for con-

ductivity which which reads:
oo 8
0,(0) = fo oiat gy jo < j e =i\, 0 >d\ (4.8)

where @ is the frequency of electromagnetic wave and we set /i equal to unity for

notational convenience. Here,

jut)=e¥ j (0) e™H" (4.9)
is the current operator in Heisenberg representation and the average of an operator
is defined by

B+ Y pug Ny —H)
<o>=Trle s ol (4.10)

where H is the total Hamiltonian of the system and Q is defined by

B( L s Ny —H )
e Fl=Trle = ] (4.11)

In equations (4.10) and (4.11) u; and N, are, respectively, the chemical potential
and number operator of s species in the system, and B the inverse of the tempera-
ture in energy units. In order to render Eqn.(4.8) in a more convenient form we

integrate it by parts and obtain
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owl®w) = 00(w) + 0l(w) (4.12)
where
B8 .
0%(0) = —% J, dn<i =N, 0> = %.2._% » (4.13)
and
oh@) = = [, et <[j 6 ),7,00 > (4.14)

In Eq.(4.13), the square brackets denote the commutator. By this, the current
operator can be expressed as
k)= ZF Patys ;a5 (4.15)
pl ,
Calculation of the current-current correlations and the conductivity in the
layered structure have been worked out in much detail in chapter ‘2 and 3. Here
we will follow the same method as used in chapter 3. We evaluate the conduc-
tivity treating electron phonon collision within the Born approximation (high-
frequency conductivity), however treating the self-consistent field of the fluctuat-
ing electron gas and phonons exactly in the random-phase-approximation. Under
these approximations, we consider the class of diagrams of Fig.4.la-4.1e. Our
expression includes the full dynamical screening of the electron-phonon systems.
The wavy line in Fig.4.1a-4.1e is the effective interaction of an electron in [ th
layer with an electron in /' th layer which is determined by following integral

equation (Fig.4.2):
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Vi (g oey,) = Vi (g) + 3C, (g .9, )C* (g 4, )Dg (o)
4

+ X Cq.4:)C% (g 4: Dz (am)Q (q otm Iy (g s )

2: 41
+ IZVu 0 (g 00 Wy (g s00,) | (4.16)
1
Where
Va(q)=-2éfe—ze'q”" la 4.17)
and
o, = 2T 041,40, (4.18)

In Eq.4.16), Q;(¢.,x,) is the density fluctuation of 2D electron gas which is

independent of layer index given by

1 = Ter—TrF
Q (g .0, )= dp 4.19)
" an? / Eyq~Ep—om
here f 5 is the Fermi distribution function:
f o= 1 (4.20)
P exp(BE; —Bul+1
And Dy (e, ) is the free phonon propagator:
o,
Dy (o) = —2 (4.21)
o —(DQ

Since the momentum transfer q is of order of the Fermi momentum which in

turn is much smaller than lattice momentum, we ignore entirely the dispersion of
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the of the phonons and replace wy by ;g .

Dylom) = Dlap) = 2 (4.22)
U —®i0

Therefore, the summation over ¢, in Eq.(4.16) can be carried out, we obtain,

Velgem) = Vyplg) + ¥y (¢)D (a'm) + zZ'.‘l’zz (¢ )D (O‘m)Q(q e 478 )vlll' (q 0, )

+ XV ,00q .00, dv 1 (g ,0,) (4.23)
1, v
where
2
U (g) = 27 0y, E —Lfear-tia (4.24)
q l € €()

Now the integral equation (4.23) can be solved by Fourier transformation ( note

vy only depend on I —I' )

V(g k0 ) = Tvp (g vy Je X7 (4.25)
t

‘We obtain,

v (q »kz ,O{m) = 1= Q (q o ) [Vq S (q ,kz YF lb(q ,kz D (am )] (4.26)
where

w(q,kz)= Z”eZS(q,kz)a)Lo ’i—_l_l (4.27)

q €0 €

and

S (g k,) = sinh (ga ) 4.28)

cosh(ga ) — cos(k, a)




Let us define a dielectric function
dg.0,)=1-V,Q(q,0,,)5 (g k) (4.29)

and the "true" phonon propagator

- D (o)
Plen) = G DT G )
elg o, )
- 0
= T 00 W 0 G (4.30)
t .LO e(q ro‘m)
therefore
v(g ) = YeS@ka) | W kDD (o) (4.31)

elg o, ) (g 00,y )?

Thus we express our effective interaction by two terms, the first term is the
screened Coulomb potential due to the collective motion of the electrons. The

second term represents the renormalized phonon interaction at a vertex with the

Ulq o, )
th t i i
electron through a screened phonon-electron interaction T After some
algebra, our final result for conductivity reads:
olw) = 6%@) + 0¥w) = W) [1—27 (@] (4.32)

where

_ T 3 adkz ‘b(q ’kz) P : Bx
I@=—"_[q%q [ VSRS Jax coth(EX) Flgx @) (4.33)

where




1 1
dgx) €e(gx)

1
+
g x +o)

Flgxw)=[D&x)—D*(x)] D (x +w)

_ Wlg k)
V,S(gk;)

D (x +w)
g x +w)?

_ | D) _ D*&x)

elg.x) e(g,x) [ D&x)-—D*(x)]

X D(x) _ D*Gx) 1_ 2D +w)
g x ) e*(g,x) g x +w)

D(x) _ D*(&x)

D
+ D +o elg ,x) elgx)

(4.33a)
Here P stands for principal value and
F&)o flx+in) (n-=0) (4.34)

Eq.(4.33) is the exact expression in which we have use the fact that Q depend
only on absolute value of ¢’ and that o,,(w)=8,,06(w) for isotropic system. This
expression is our principal result. This algebraically complicated result can be
evaluated numerically for any frequency, temperature and electron-LO phonon
coupling. Our next task is to investigate the frequency and temperature variation
of the relaxation time and to explore the role of coupling between the LO phonon

and plasma oscillation and other effects presented at finite carrier concentration.
4.4. Relaxation Time and Resistivity

The collision process is described by the real part of the conductivity as
written in Eq.(4.32-33). We see immediately that the only absorption is from the
electron-phonon scattering. The phonon propagator D plays an important role in

our result. The dispersion relation of the coupled plasmon-LO-phonon modes is
~ €eo

given by the poles of D. By using Eqs(4.27)(4.29) and mT20=_6_mfo , We may
0

write D in the following form
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;0 g o)

D (o) = (4.35)

27me ¢

oo

where wyp is the transverse optical phonon frequency. Here & is the half width
of the free phonon'®8. We find that the poles of the the dressed phonon propaga-
tor are identical to the roots of the dielectric function given by:

0 o) = 0’ — oy +i do
(g @) = ey

27re 2
- w) S (g .,k (4.36
— wip +i dw q Qg.0) 5 (g .k;) )

. In our later numerical work we shall use Eq.{4.35) for our calculation of F

of Eq.(4.33b). Let us rewrite Eq.4.30) as:

do)=c|— 1 ' 4.37)
1+ 1-71 ] »

The high-frequency limit is given by the condition |7 (w)| < and we thus

obtain the approximate expression for the conductivity:

0

_ o
olw) = REED (4.38)

w

Here I, and I , are respectively the real and imaginary parts of I(w). The relaxa-

tion time and effective mass are related to conductivity by the Drude formula:

olw) = e (4.39)
m* (m-i--i-)

We find the effective mass;
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I
m* =m | 1412 (4.40)
and the relaxation time:
1= I (o) (4.41)

Here only linear corrections due to 7, and 7, are retained. however, using

Eq.(4.37) we obtain for the general case the result:

m* 1
m* 4.42
™ oar Iy etz e
and
I
1'_1=—2] (4.43)
1+ 21
[A)

Using the analytical properties of Q D, and the dielectric function respectively,

we can write:

| I Tdo _
—= fq3dq f_"—? ¥lg ,0)x

wnm

% f dx coth%i—coth.p%ﬂ F(x ,x +o) (4.44)

where 0 =ak, and
F(x x +0) = Fx x +0) — F 5(x x +o) (4.45)
with

2 ~ 1 ~ 1
I e
VSGE ImD (x ) Im T + ImD (x +w) mm (4.46)

Fx x+o) =




and
Z‘b(q K2 ) b (x +w) *
F X +o) = I ImD
2 (x x +o V. SGE m= —5 m (x)
D(x) 3 _ D(x), D +w)
+ Im—e(_x?'- ImD (x +®) — 2Im =3 Im ) (4.47)

The leading term at high-frequencies is given by F ;. F , will contribute terms to
the conductivity or absorption which are smaller by a factor w2 with respect to
those obtained from F ;. We observe that F , represents simultaneous excitation of
two phonon with a large shift in their energy which makes a small contribution
to the conductivity at high f requencies . Even at frequencies ® = w;y our
numerical calculations indicate that the contribution from F', is still very small.
Therefore, we neglect the contributions from F , Eq{4.44) with Eq.(4.46) is our
general result for the absorption which includes the effect of finite lifetime of the
phonons. It is apparent that instead of having a 6 function behavior for ImD (x ),

we have here a lorentzian like shape. This amounts to an average of the electron

density fluctuation [Im—i- 1 over a range of frequencies of width II'q"l I. For the

purpose of the calculation we would like to use following dimensionless variables,

= q Q= © X = x__.. 0 =
2= aE;

~ 2 2
D =4ED @ = 27 9 F=4g, 2" F,

q € €

where Er is the Fermi energy for electrons. By this we get
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i _ 8”20)140 _ € Wde o 3
— = _____(_2_[1 —é;-]f—ﬂ-—ﬂ‘fo z3dzS (z §)x

X +Q

Ll axlon( 20 - om(Z AP (x 0rx)  @4®)

For the case kT << Ep , we can use the limit ( 7 — 0) and get:

3
0]_"2 49 [ “z%z5 (z 00, "X F X ,0-X) 449)

We will evaluate this inverse collision time numerically for GaAs-GaAlAs and

PbTe-PbEuTeSe systems.
4.5 Mass Shift

In this project, we are mainly interested in the optical absorption in a lay-
ered system due to various mechanism. Therefore we will not give any quantita-
tive result for the mass renormalization. However, here we would like to discuss
briefly the qualitative behavior of &m =m* —m as a function of ®. For

17,1 < 8m can be cast into a simpler form after algebra and reads

1l’(quz | B
dm = 2, [q% g [ 2 — S(qkz)% Jax coth(EX) F g x) (450

where

Fix x+0) = ‘—/T(?:I—’k—)- llmb (x) Re?(.;c_l_*._z)- + ReD (x +) Im_e_(.lﬂ
q z

2¥(g &, ) D (x +o)

a (VQS(q.kz)?l x +w)? mD ()




+ Rel:(T(x)z)- ImD (x +o) — 2Im 4.51)

D)y D(x +w)
elx ) Re x +o) ]

Here the various terms in the integrand Eq.(4.51) have alternating signs, thus large
cancellations do occur. Let us determine the qualitative behavior of 8m as a func-
tion of w. For @ — og e(x ) and elw+x ) may be replaced by unity and D (x +)
asymptotically approaches zero as w2 We thus conclude that for & — oo the
integral in Eq.(4.50) approaches a constant and hence 8m =~ w2 On the other
hand for @ — 0 the integrand Eq.(4.51) behaves as w? and thus &m becomes a

constant when  approaches zero.
4.6. Discussion

In this chapter, we have calculated the high-frequency conductivity and
relaxation time for superlattice system made out of pelar or partially polar sem-
iconductors. Here we treat electron-LO phonon scattering as the dominant scatter-
ing mechanism which contribute to the absorption. Qur general expression for
dynamical conductivity is given in Eqs(4.32) and (4.33). The conductivity depends
on the dressed phonon propagator D which is defined in Eq.(4.35). The poles of D
are identical to the roots which determine the phonon-plasma coupled frequencies (
see Eq.(4.36)). Essentially the same result indicate that the bulk conductivity
depends on D rather than D was derived long ago by Ron and Tzoar!?”), How-
ever, the first calculation that demonstrated the difference of using D rather than

[108]  Our calculation indicates that for

D was given by Katayama and co-workers
weak electron-phonon coupling, for semiconductors such as GaAs-GaAlAs, the
intensity of D resides almost exclusively in the vicinity of the longitudinal optic

phonon frequency. In this case using D rather than D in our expression for the
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conductivity should yield é realistic approximation for the conductivity. 6ur
numerical results indicate it to be true. For the case of strong electron-phonon cou-
pling, for materials such as PbTe-PbEuTeSe, the intensity of D shows two broad
resonances which can be identified as "dressed phonon" and "dressed plasmon". We
find significant difference in our results if we use D rather than D in our expres-
sion for the conductivity. We thus may conclude that for polar material having

strong electron-phonon coupling the dressed phonon propagator should be used.

In our Figures, we have plotted the real part of the conductivity and the
inverse collisioﬁ time as a function of the normalized frequency. From the real
part of the conductivity, one can see clearly the scattering from two coupled
modes. However for the inverse collision time the peak at low frequency is drasti-
cally reduced. This comes about since the inverse collision time is proportional to
®?0y , and the peak is at frequency w, wWhich is smaller than its effective width.

Thus the factor w? strongly suppressed the resonant effect for 7!

at . In
Fig{4.2) We plot the the numerical results of the real part of the conductivity
and the inverse collision time (7! ) for weakly polar material [ GaAs-GaAlAs 1
The difference between using the bare phonon propagator rather than the dressed
phonon propagator is small. The absorption at frequencies below the L.O phonon
frequency is not noticeable for the case of weak electron-phonon coupling. We
note however that the absorption at w larger than ®;, is reduced for the dressed
phonon in comparison with the bare phonon, just as has been reported for the bulk
case'’®8) In Fig.(4.3) we present our numerical results for the real part of conduc-

tivity and inverse collision time for PbTe-PbEuTeSe, which is a strongly interact-

ing electron-phonon system. In this case, we found a large difference in the real
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part of conductivity as well as in the inverse collision time between the bare pho-
non scattering and the dressed phonon scattering. For the case of strong electron-
phonon coupling, the peak in real part of conductivity at low frequencies is due to
the scattering from the low-lying mode in the density fluctuation of the electron-

phonon system. In Fig(4.4) the lower curve is obtained by changing
a—2a,n —2n (—Z-=constant , le, the volume density is fixed ) under this change

both the real part of conductivity and the inverse collision time are greatly
reduced due to the increasing in screening and decreasing in coupling between
layers. In Fig.(4.5) we present our numerical results for the real part of the con-
ductivity and the inverse collision time for PbTe-PbEuTeSe with the same parame-
ters as in Fig.(4.3). Here for finite temperature, 77! is finite in the small frequency
limit, and the real part of the conductivity is greatly increased in this regime. The
physical parameters used in our numerical calculation are the following:
e?7=1333.0, €L7¢=330, ofZT=13.4mev, mPTe =021m, f=12.5,

€5*=10.8, o5*=36mev, m %4 =0.07m , where m is the free electron mass.

In conclusion, we have calculated the high-frequency conductivity of super-
lattice system with electron-LO phonon interaction. General result has been derived
in terms of integral and numerical computation has been done for some typical
parameters for type-I superlattices. We note that our work can be easily general-
ized to calculate, say, the collision frequency due to phonons of the electron and

the holes respectively for type-ll superlattices.




Chapter V
LIGHT SCATTERING FROM

A TWO-COMPONENT LAYERED STRUCTURE

5.1. Introduction

Recently, many light scattering experiments and theoretical investigation
have been done on the superlattice structure which was formed by a layered elec-
tron gas (LEG)36199] QOlego et all6®! observed the bulk plasmon of a LEG by inelas-
tic light scattering from GaAs(AlGa)As heterostructures. This experiment
conﬁrﬁxed the random-phase-approximation (RPA) prediction119 of the bulk
plasmon dispersion relation. By imposing standard electromagnetic boundary condi-
tions at the layers of a semi-infinite LEG, Giuliani and Quinn'" predicted the
existence and dispersion relation of surface plasmons if the dielectric media outside
and inside the semi-infinite LEG are different. Jain and Allen!”” calculated the

Raman intensities of the bulk and surface plasmons.

It has long been known that a two-component plasma has two branches to
its longitudinal oscillation spectrum. In the high-frequency branch, the two carriers
oscillate out of phase with the long wavelength limit at the squafe root of the
sum of the squares of individual plasma frequencies of the two components, while

in the lower branch the carriers oscillate in phase, exhibiting at long wavelengths
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a linear dispersion like that of a sound wave, assuming the two carriers have
opposite charge. Pines!!! first discussed the relevance of these modes to multicom-
ponent, solid state plasma as occurring, for example, in bulk semiconductors. The
high frequency branch has been called "optical plasmon” and the lower branch
"acoustic plasmon”, referring to its sound like long wavelength dispersion. Even
though the mode corresponding to acoustic mode was observed!!2113] in jonic plas-
mas more than twenty years ago, no such acoustic branch has been detected in
solid state plasmas in spite of the considerable experimental efforts!!14. The reason
lies primarily in the large damping associated with this acoustic mode. In bulk
plasma where all the experiments so far have been carried out, this acoustic mode
lies in the low frequency regime and is inside the single particle excitation spec-
trum of the faster moving charge carrier and thus severely Landau damped ( apart
from any collisional damping associated with phonon and impurities, which can be

reduced by woking at low temperature and by using sufficiently pure samples ).

In this chapter we give a microscopic theory for the Raman intensity of the
bulk plasmons in LEG where two different carriers are localized on alternating
layers. We shall determine the resonant modes at high and, low frequencies. Our
method involves the exact construction of the density-density correlation functions
in RPA for such LEG. From this correlation functions, the Raman intensity is cal-
culated. We will also generalize our result to the case of finite width of the elec-
tronic wave function. Finally, predictions will be made about the experimental

condition to observe resonant scattering, -

Results obtained in this chapter will indicate that the ideal solid state sys-

tems to look for the acoustic mode are these new and novel two-dimensional-
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confined, spatially separated, multicomponent structures, in particular the semicon-
~ ductor superlattices. We first find that in such a system all collective mod&s are
acoustic and there always exists a high-frequency acoustic mode (outside the
electron-hole continua of both components). We also find that when the superlat-
ticé period exceeds a critical value, such a system is capable of supporting another
high frequency acoustic mo;ie which is also undamped up to some critical wave
vector. The frequency of the second mode is proportional to the wave vector with
a proportionality constant (i.e., phase velocity ¢) which is higher than Fermi veloci-
ties of both components. In this regime of superlattice period, there is no low fre-
quency collective mode of the system lying between the two electron-hole con-
tinua. Thus by virtue of superlattice parameters, the ordinary plasmon become two
acoustic plasmons. The one with high phase velocity is always undamped and the
other one with low phase velocity will be either damped or undamped depends on
the superlattice parameters. The controllability of the superlattice parameters is the
main advantage of such a system and make it the most suitable candidate for the

experiment to realize the acoustic plasmon in solid state.

The Raman scattering cross-section is completely characterized by the wave
number transfer q and energy loss ® in the scattering event. Here q=k;, —kou
and 0=, —0,, (subscripts in and out refer to incoming and outgoing photons).
For most light scattering experiments from the semiconductor plasmas the wave
number transfer is smaller than the inverse screening length, ie., ¢ A; <1. For a
one component isotropic plasma the cross-section is proportional to the density
fluctuations of the electron gas. For the case ¢ A; <1 the scattered intensity resides

almost entirely in the plasma line.
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S.2. Formaﬁém For Scattering Cross-Section

We use the model of Visscher and Felicov’ for a LEG, which has delta-
function-localized carrier density in a plane. The carriers are free to move in the
plane and the carriers in different planes interact only via the Coulomb potential.
The possibility of tunneling between two planes as well as of interband excitations
within a plane is ignored under the assumption that both carrier temperature and
their Fermi energy are small compared to the subband splitting. Let us consider
electrons of density n, per unit area and mass m, occupying layers which are
positioned at z =ja and holes of density n, per unit area and mass m; occupying
layers which are positioned at z =ja +b, where j can be any integer, a is the
length of the unit cell in the z-direction and b is the separation between electrons

and holes on each cell. The Hamiltonian that describes such a system is given by
H =H, + H; (5.1

where the first term contains the kinetic energy of the carriers and their coupling
to the radiation field. The second term is the Coulomb interaction of the many-

particle system. In second quantized notation, they are given as:

. _ B+ Ay
= 255 ms aty,;(s dag,; (s) (5.2)
and
_ 1
T T%ﬁ*i fZEuij (glesegatyn ;(satysy (¢ ay (¢ ay ;) (53)

where p’ is 2D momentum vector. a T}-,. , and a5, represent, respectively, the elec-
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tron creation and destruction operators with momentum 'p on the I1th layer. We
set % and the speed of light ¢ equal to unity for notational convenience. The
summation over s means that s can be either an electron or a hole. V§%$(g) is the

Fourier transform of the Coulomb interaction,

V;f'j.(q)=2qle‘9'f‘f"“ (for s=e, s=e or s=h, §=h)

(5.4)

or
V;’_’f(q)=_2_q_7_'_e’9'(f‘f)°"b' (for s=e, s=h) (54a)

In calculating the scattering cross-section, we consider only the coupling of the
incoming and outgoing radiation via the A? term in the Hamiltonian. This is a
good approximation when Ep <o, <mc? where E is the Fermi energy. This
essentially nonrelativistic approximation leads to the following expression for the
cross-section for a photon of wave number k; , frequency w;, and polarization €
to be scattered into a state with wave number k., , frequency o, , and polariza-

tion €: ( Appendix 5A )

do 4 12 Qour dt i e * — -
_— ="l el —_— Z _—<n . n . . (=g )>
d od Q “e ©;,, Y-<2r i s memg 1@y l{)

(5.5)

In Eq.5.5), n; 5 (7°) is the Fourier transform of the density operator to the lth cell
for the s species, n; ; (£ J=e™ n;  (0)e ™, the bracket < > represents the usual

e (J=7)% i a coherence term which

thermodynamic ensemble average. The factor e
will generate perpendicular momentum conservation. The scattering cross-section is

given in our Eq.(5.5) in terms of the time dependent density fluctuations of the
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carriers in the different planes. In equilibrium Eq.(5) can be rewritten, using the

fluctuations-dissipation theorem, as

o oo ' . - H .’-n
: ” i

dwd Q [T sy Mgmy

(5.6)

where plw)=(exp(Bw)—1)"! and B is the inverse temperature in energy unit. Here

IT is given as
I ,(j,j)=0@) <Iln; ;@ n; , (=7)]> , ~ 5.7

where 6(t) is the standard step function and it obeys the following integral equa-

tion

M o (j,7)=N08, ; 8/, +II2 Y ese, V He3 | G D (5.8
s F

where M° is the value of II in the absence of the Coulomb interaction.

g ,0) = f (-0 (5.8a)

Here f ,(s) is the Fermi distribution function for s component which is indepen-

dent of layer index

1
“H)

fP(S)= ;'BIE;(S)

=2
where u is the chemical potential and E (s )= an . The dependence on q and ®
S

is suppressed in Eq.5.8). To solve this equation, we make the following Fourier

transformation
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I, ,(j,j )=%ze “asU=r g (g,) (5.9)
q:

2un

where ¢, can assume the values — Here N is the number of planes and

n=0,1,..N-1. ( At the end, we take the limit N — oo). After some algebra, our

result can be written as: (Appendix 5B )

do _ e? 2 ®u \q(plo)+1) A
dwdQ_mi’-'EEI(mm) — ImF (g £, ) (5.10)

e

where A is the area of the plane and

F (g k; 0) = [QU=VSB) + o®B(1-VSQ) — aQBV (§ +5* )] 1~ ‘;,(Z)m o

(5.11)

me 27)’82
Here o=—— )V =

my

and Q,B refer respectively to the 2-D density fluctuation

of electrons and holes, ie. Q =IIY and B =II, . Also, S and S' are the form fac-

tors which can be expressed respectively as

= —gljla ,~k; ja _ Sinh(qa) 5.12
S ge € cosh(ga J—cos(k, a ) (5.12)

and
S = ye¢lia=b | ke Ja _ sinh(q (a =5 ) + e %z sinh(gd ) (5.13)

r cosh(ga )—coslk, a )
In Eq.(5.11) we defined a "dielectric function",

D(gk, 0)=1-V()Ql,0)+B{g.0) .

+VgXQg.wBlg,0(S2—-15 12 (5.14)
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From Eq.5.10) or (5.11), we see that the cross-section is given in terms of
the susceptibilities of the electrons and the holes (i.e. Q and B) of the 2D electron
gas. However, the cross-section is not proportional to the imaginary part of the
inverse dielectric function of LEG formed by the electron-hole system. The light
scattering cross-section depends on the current matrix element while the dielectric
response depends on the matrix element of the density operator. ( see the mass
dependence in our Eqs.(5.5) and (5.6) ). We point out that the light scattering
intensity will peak at the zeros of D (g ,k,.») which defines the resonance fre-
quencies of the density response. However the scattered light intensity related to
these frequencies can not be obtained from the residues of the density response but
rather by using our Egs.(5.10) and (5.11). [ Nevertheless, one can calculate the

Ninduced

cross-section macroscopically using a susceptibility defined by 3
external

provided

the coupling of the external field to the charge density of the s species is made

proportional to m;~! times the usual Coulomb interaction115])
5.3. Dispersion Relation and Resonant Frequencies

The dispersion relation of the plasmon in LEG as well as the collective exci-
tations observed in light scattering are given by the zeros of D (g X, ,w), ie., when
D (g k,,0)=0. This was investigated by Tselis and Quinn’”. Sarma and
Madhukar'®®! had investigated the longitudinal collective spectrum of a spatially
separated, two-dimensional plasma. We have generalized their results for a layered

electron-hole structure.

(A). High-frequency regime (o >> gvg 1, qvr 2)
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Using the high-frequency expression for @ and B, we have

Dqwk,)=1-— iz(o)pze +ok)
®

3Sqme my n,? . ny? )

. (5.15)

S ahue L9 FER O
» de’n,n;, m,2> my

, 2mwngelq ;
where @ =-_’—n-— is the 2D plasma frequency for s
'S

h component. The disper-

sion relation from Eq.(5.15) is

S(wz2+ok)
2

0=

1/ 2

nhz
. (Z5+—5) (5.16)
de“n,n, m,> my

1 3Sqme mp ( nez
2

* (02 +05PS? - 4o 0k[S2—18 12—

Since we are only interested in the long-wavelength behavior of the collective

modes, we shall consider the small ¢ limit, ie., .k_q._ 1. However we still are
F

left with two regions; (i), the intermediate-coupling limit, ie., qa b <<1 and (ii),

the weak-coupling limit, ie., ga .gb >>1.
i). ga ,qgb <K 1 but k, #0. In this situation

= ga 5.17
S 1 — coslk, a) (5.17)

and

.2 (@ —b P+b2+2b (a —b Yos(k, a )

.18
[1 — cos(k, a )PP (5.18)

1S 12 =

Using Egs{17-18) in Eq.(16) we obtain following two collective modes:




- 102 -

0,=C,.q (5.19)

The coefficient C , are given by

1/2

2
__:[ mea  (Me T +J7
Ca ll—cos(kza) m, m, 1 g | (5.20)
with
n, (1 — cos(k 3 2 2
g =1- m, my, n, ny, ( cos(zza)) (1~ 2y~ 7721emh (nQ33 4 nh3)
: a(m,n, +myn,) a de’n,n, m, my,

Both modes are acoustic like, and for the w_ mode, b can not be zero since C _
becomes pure imaginary. The w_ mode can exist as an undamped, stable mode in
the long-wavelengths only in a system where the two components of electron gas

are spatially separated!12] The separation » and the period ¢ must satisfy the

N 2mn,

e

condition by the requirement ( C . >vp = ) which is given by:

b 4 my ne ne my
2 (1-2) > [1+ - (1—cos(k, a )]
a mee? me ny ae *m,*n, z

(5.21)

3memy n,? + n,? )
4e’n,n, m,> my’
For a fixed a, one can find the minimum separation b.. The «, mode always exist

without any restriction.

The case with k, =0 is different from above result. In such a case the term

with the product QB vanishes and

ne + nh
m, my,

(5.22)
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This is just like a three-dimensional plasmon with effective plasma frequency

dmnpg e’ n
=_% | the same form as that of bulk plasmons where ng, =—5- .
a

Qs

myg

ii). ga g6 >>1. In this limit, , are simply the respective two-dimensional

plasma frequencies of the two components.
(B). Low-frequency regime (gvg, > @ > qvp, )

For a system with a small mass ratio (e <<1 ), one may expect that there
is a low-lying mode of the heavy holes screened by the electron. Using the
appropriate limiting forms for the two polarizability functions ( see Eqs(7-8) in
ref.10.) in this regime. one can easily find that there can be just one solution of
Eq.(14) satisfying qvp, >® >qvp, This solution is necessarily complex (indicat-
ing the mode to be a damped one), since the polarization function of the light
species has an imaginary part in this regime due to single particle excitations. For
the collective mode to be éhysically meaningful damping has to be small and we
shall assume this in our analysis. We write the solution of Eq.(14) in this low-

frequency regime in the form

O)=(!)A "'ZSA ’ (5-23)
where
X 1/ 2
S +H(S2—185 1227, Fe
©gf = O — (5.24)
1 + 28r, I;e

and
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Sw}
-S24+ 1512
—_—
M Ty ® ®
by = — 14 2 - (5.25)
7 Is +2r (S2— 15 1)L
q
. . meez .
where kg, is the Fermi wave-vector for the electron and ry = is the elec-
Fe

tronic plasma parameter. For ga <<1, o, and 8, are proportional to q ( k, 0

) and their ratio is

84 Vo ry¥ 2 (kpea P
= 3 732 K (5.26)
0s  lkp,a+argkgibla—=b) 1 %[ 1—cos(k, a J+2rs kp, a ]
54 . :
Here for « <1 and r; <1, ——— can be easily made to be smaller than unity.
A

The proportionality coefficient C4 for ®4 must satisfy the condition

vey <Cu < Vg . This gives the condition for @ and b,

my, a +4bla—-b)rskg, my2 n,

(5.27)
m, 1—coslk,a)+ 2r; akg, m,? Ny

1< rskpe

For ga 4b >>1, o, is just @y, which is proportional to Vg ,and § 4 is approxi-
mately zero. As pointed in Ref{112), this ion acoustic mode can even exist when
the mass ratio is 1 because of the separation between two components. However,
we have checked in this work that the spectral weight of the mode is rather

small when the mass ratio is close to 1.
S.4. Effect of finite spreading of the Electronic Wave Function

We now generalize our result to the case where electronic wave function
has a finite spatial spreading instead of 8-function like distribution. In this case

our differential scattering cross-section can be written as
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do _ 4 12 Qour  plod)+1 e it
= | e€'l el ¢
g = ¢ lee (mm ) — Imf0 dte

[az az z,e""=‘2")231‘_'*‘_(j’_” HEDFSHCDFSICDFLICD (5.28)
i sy MsMMy

where { 7(z ) is the electronic wave function for s species on 1th layer. where II
is still the 2D polarizability and it obeys the integral equation Eq.(5.8). However
the Coulomb matrix element in that equation should be replaced by following

guantities
ss — xS %S ss' ( — s s
v —fdzfdz’§ jEX*3 (2 Vg2 =2 ;(Z2)iz(z) (5.29)

As an example, we again use the model function Eq.(2.2) to study the effect of
electronic wave function: By this function, the Coulomb matrix element can be

obtained as:
58— 217’e 2 —q | J —f la ss' . ot ‘
Vii = 5 rEl-=i) (5.30)

where f % (j—j) is structure factor arising from the integration in the wells
because of the finite spatial spreading of the wave function.

. g 4y ds -
FeEG=j)= (az_)zsmh%iz_) L1+ 7708, 5,

s

qu 2
2 (14 ) 2 _(1—e™")

W ey WSy pp
T 27

-+

8., (5.31)

and
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, S.](qaz!s , s.](qgg)
SS(jemi )= ( (1—~
fFE0G=i) (qu) s \qdy) P 21 8s ¢) (5.32)
1+(=2P 1+(==—)
27 27

where d; is the spreading of the wave function for s component. Now Eq.(5.28)

can be written as

do  _ 4y . 2D plo)+l ® it
= | e€ | dt X
Faza ¢ G imJ, de
: ;o7 H ('7 .') 2 '
Zezk,(j 7a Z s s \J ] g (kzsds'ds') (5.33)
i s Ts T
where
sin kzzds . sin kzzd.'f )
(k. d. d.) = 3.34
g% (k; ,ds dy) X, d, = (Keds Kol 1= (k9% p (334

Using the same method as described in Appendix 5B, our result can be written as:

do _ e? ., 2%u yq(ple)+]) A
dmdQ—mezleel(win) - ImF (¢ &, ,0) (5.35)'
where
Vig)
F y = X

[Q(1~VB)g® + o?B(1-V*Q)ghh — aQB(Vh 4V ehx)gen] (5.36)

In Eq.(5.36) the "dielectric function” is given as,

D,(gk,,0 =1-VeQ(g,0)— V" B(g,0)
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+Q(g.w)Blguw) (Ve ViE — yer yhe)
The quantities V ¥ is defined as follow ing:

ve =V, [ FeE+Hs-Dr ¢ ]

VR =V [ R+ -DF "]
and

Veh =V9S'f eh

‘With
e 2 v2...2 qd, qd, 2712
¢ (qTe) sinh (T) [ 14( o )°]
(2 5 '
Fe = |2 g4 2w 2 (1—e %)
d, d, d
e oLy @de5 [ (P ypp
27 27
and
qd d
, _sioh( q; ) sinh(——-qzh )
eh _— (
f (qde) qde z\qdh ) qdh 2
1+( ) 1+( )
2 27

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

From our result we can that our previous result can be easily recovered by letting

d,—0 and d; 0. We would like to investigate some qualitative effect of finite

width on our optical properties. To lowest order in qd, f ;=1 and f , can be

written as
f olgd)=1—-0257(¢gd )

and
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D, (g k, ) = D(q k, w)+ 0.257¢V, (Q, (w)d,

+ B, (0)d;, )~V ,2Q, (0)B, (0)0.257(d, +d;) (5.44)
Therefore we obtain the shift in plasma frequency

o, = 0,~0128[0lgd, It} (gd,)]

07710l w2 m, m n,? n2
0.257¢ (d, +dj, X0 2~ P~ pe B P d, —Sy—dy —]
705 Tl Te Th (549
3Sqm. my, . n ny*
(02 +03 )S? — 40202 [S2—185 12— C (L + )
pe ph pe Cph 4e2ne n, m::‘ m,?

We found that effect of the width is to shift the resonance to a small frequency.
As we will see from our numerical work, this shift is rather small - ~2—-3%.

For Raman intensity, the chang Im-AFi can amount to 5-10%. Therefore we can

conclude that there is no qualitative effect on Raman intensity.
S.5. Discussion

All the above analytical results for the resonance frequencies are limited for
small range of parameters. We have calculated and plotted the dispersion curves
for arbitrary values of ga ,qb and k,a@. For a=2b and «=0.87 for InAs-GaSb sys-
tem (Fig.5.1), we obtain two acoustic-like high-frequency modes. When ¢ > 0.3kf,,
one of the mode drops into the single particle excitation regime. We may note that
we have w- mode at the separation 4 smaller than the critical separation defined
in Eq.(21). This is because Eq.(5.21) is valid only under the condition ga g6 <1
which is not accurate here. In Fig.5.2, we plot the dispersion curves for case of

a=0.2. The lower solid curve represents the ion acoustic wave.
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The intensity of the Raman-scattered light as a function of its energy loss
for a fixed value of in-plane momentum exchange q is given by the imaginary
part of F (¢ k,,») given in Eq.5.11). k, is the z-component of the wave vector
of photon inside the LEG, a negligible quantity. In our Figs, we have plotted the
dispersion curves and the Raman intensity fof 'several different values of q and
mass ratio. For small value of q ( ie., ¢ <g,, where ¢, is the screening wave vec-
tor of the system ), the scattered light only exhibit the oollective spectrum. If q is
not small, we have scattering due to collective excitation as well as single particle
excitation. If we decrease the value of the hole mass, the plasmon.frequency will

shift upward as expected.

We have calculated the cross-section from Eq.(5.10). An exact expression for
2D polarization function has been given by Stern'®” for infinite electron relaxation
time 7. We use this result in our calculation. When the Landau damping is small,
we introduce a phenomenological collision time 7 to account for the collisional
damping from background impurities and phonon scattering. Using a realistic 7
(117 e compute the dimensionless quantity ImF (g k, ). In Fig.5.3, we plot this
quantity as a function of frequency, the two resonant peaks are respectively at o,

and o_. To relate our results to experiment, we also carried out the integration

over each of the resonances and define

, +A d ©

A ImF (g &, ) Yo (5.46)

I(q,kz,(o,)=fw

which is the area under each resonant peak (w, is the resonant frequency o, or

o_ ). The integrated cross-section can be written as;
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do

d Q

2
_ AR’ x wo.ut )4 (p(m7)r+l) A7k, ) (5.47)

@, m, 2 W

We have denoted these values of I (g ,k, ,», ) on our dispersion curves in Fig.5.1 to

1
see their dependence on q and b. we found that 7,/ _ and the ratio B=TT_

strongly depend on the in-plane momentum transfer ¢ =17 | and the separation b.
We choose carrier surface density n =3.77x10%cm ~%k, =0.45x10%m —1 and
a=0.87 for InAs-GaSb system and use a=2b. For b smaller than 200A the w_ mode
is inside the regime of single particle excitation. For b=300A, most spectral Weight
is carried by the w_ mode and B is an increasing function of q. For b > 400A,
most spectral weight is carried by the w, mode and in this case 8 is a decreasing
function of 'q. The interesting case is at b=350A, in this case the spectral weight of
®, and ®_ mode is about same and B is almost independent of gq. We think this is
the suitable case to observe the w_ mode in experiment. We conclude that w.
mode only appears when b >b., but most spectral weight will be carried by by
o_ mode for‘ the separation slightly greater than 4, . For b is much large than &, ,
o, is the plasma frequency of the holes. In Figs.5.2 and 5.4, we present results of
similar investigation for the ion acoustic mode. Here the ion acoustic mode
described by the resonance at w, will appear for small separation b, together with
the plasma mode w,. We fo_und that the o, mode usually carries more spectral
weight than the w4 mode for the typical mass ratio of semiconductors. We found
that for b=80A and ¢ =0.1kg,, I, is very close to 7 ,. In Fig.5.4 we see that the
peak of ImF (¢ k,,») at @, is even high than that at w,, but the Width of wy
mode is narrow compared to the width of ®w, mode. For b is increased to 120A the

spectral weight of ®, mode increases and spectral weight of w, mode decreases
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since w4, mode is important only at small separations.

From our Figs(5.1-5.4) we find that light scattering can provide us with
experimental verification of the modes of electron-hole superlattice systems. As for
the case of the two-dimensional electron-hole systems, depending on the electron-
hole separation, we obtain either the high frequency acoustic mode w_ or the usual
ion-acoustic mode ®,. The plasma mode, ®,, always exist regardless of the
electron-hole separation. The advantage of scattering experiments using superlattices
is that the relative intensity of the plasmon versus the acoustic mode depends
strongly on b, the separation parameter. Thus is would be possible to verify the
dispersion relation of w_ or w4 . In contrast for the 2D electron-hole systems most

of the intensity seems to resides in the plasma ( w, ) mode.

In Figs(5.5-5.7), we plot the Raman intensity for several different width of
the wave function. As andlytically estimated, the finite width give an increase in
scattering cross-section. This is because the width increases the electron-electron
hole-hole and electron-hole interaction. In Fig.(5.8), we show the Raman intensity
of ion-acoustic mode at low frequencies, we found that the effect of the width is

even small compare to that of high frequency modes.

In conclusion we have calculated the Raman intensity for electron-hole lay-
ered structure. The regimes for different modes to exist are obtained, and our calcu-
lations and plots for the spectral intensity indicate that the w_ and the w4, modes

can be observed experimentally.
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Appendix SA
It has been shown that for multi-component system, the ratio of P-A and
A? contribution to th light scattering matrix element is'3

Mp .4 ~ @
M, mc

- K1 (5A1)

Therefore in our calculation we only consider the A2 contribution. The matrix ele-

ment of light scattering is

M =<IIH,F > (5A2)
el A?
where LF refer to initial and final states and H,=—JF —ats ;(s)a; ;(s)
. s.j mg ’ ’
Using the property of delta-function-like carrier density in a plane and by stan-

dard calculation, we obtain

27e? e %z 2 -
M = )3 <Iln;,@NF > (5A3)
N jis Ms

where n; ;@ )=Xe Z7i5) and 7;(j,s) is the coordinate of ith electron of sth
i

component on jth cell. Now the cross-section can be written as:

ik, ja
do ar Pow N2 e’ - 2
= e Xe | <I in; IF >128(Ep ~E; —»)
0 e(mi’z X€€)§'£ms Iin; (@) (Ef —E; —o
(5A4)
where Ep ,E; are energies of initial and final states. By using the identity
8(Ep —E;—w) = [ _ar e!FrFrmeX (5A5)

We finally obtain
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i, (j=j)a
d (4] 4 (’)out Y e z N
= e (2 XYee€) _ S35 (F.w) (5A6)
dod Q O, Z,JZ:‘” mg mg i

with
S§i5(g.w = f_wdte""" fdﬁif"e“‘ﬂ’f"*) <n;;Filn; ([F)> (5A7)
In Eq.5A7), §,7° are two dimensional vectors in a plane.

Appendix SB

We substitute Eq.(5.9) in Eq.(5.6) and obtain

do _ 4 vy 2¢ Qo plod)+1
= 2wA | e€'l X
- 5 7A eleel ¥ o ) —

|nee (kz)+n,,,, (kz)+ne,, (k, )+n,,e (k,)

Im 5 >
l me my me my, me my,

(5B1)

To obtain the quantities II,, (k, ), Iy, (k, ), 1L, (%, ), T, (k, ), we take Fourier

transformation of Eq.(5.8) and have following coupled equations:

O, (,)=Q +Q ISV I, (k,) = §' V My (k,)] (5B2)
Mk, )=B[-5*V I, (k, )+ S V I, (k,)] (5B3)
My (k,)=Q +Q[S V I, (k,)— S* vV 1, (x,)] (5B4)
Ok, ) =B [-S V My, (k, )+ S V I, (k, ) ] (5B5)

In Egs.(5B2-5B5), the quantities V,S5,5',Q,BD are all defined in the text. The solu-

tions for Eqs.(5B2-5B5) are

I, k,)=Q (1-S Vv B)D™! (5B6)
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M, (k,)=—-—Q B S* D! (5B7)
M, k,)=B(1-SV Q)D™! (5B8)

M, k,)=-Q B S D! _ (5B9)

Substitute Eqs(5B6-5B9) into Eq.(SB1), we obtain Eq.(5.10).
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Captions

L.1.  Schematic diagram for type-I superlattice énd its energy diagram.
1.2. Schematic diagram for type-II superlattice

2.1. Plot of R(Q ry) as a function of normalized frequency € where
re=2Y2d=00, kp=25%x10%m~! and b=0.05x10"%cm. Discrete points
denote single-layer case, solid lines represent superlattice cases(a) a=2.5b.
(b) a=3b. (c) a=6b. (d) a=10b. We notice that if Q is greater than 2, the
value for single layer is almost same as the value of superlattice with
a=10b.

22. Plot of R(Q r,) as a function of normalized frequency € Wwhere
re=2Y 2, kp=2.5%10%m ", a =0.15X10"°cm and b=0.05x10"%cm . upper
curve—d =0.09x10"%cm , lower curve—d =0.0.

2.3. Plot of R(Q ry) as a function of normalized frequency € where
re=2Y 2 kp=25x10%m™!, a=10x10"%cm and b=0.5%10"%m. upper
curve—d =0.6x10"%m , middle curve—d =0.3%x10"%m, lower curve—
d =0.0.

24. Plot of R(Q r,) as a function of normalized frequency € Wwhere
re =2V 2, kp=2.5%x10%m !, a=0.5x10"%cm and b=0.25x10"%m. upper
curve—d =0.3X10"%m , middle curve—d =0.15%10"%m , lower curve—
d =0.0.

2.5. plasmon dispersion relation for type-l1 superlattices. where rg =2V 2,
k, =0.5kg, kr =2.5%x10%m "1, a =0.5x10"%cm and b=0.25%10"%cm . upper
curve—d =0.05x10"%cm, middle curve—d =0.20x10"%m , lower curve—
d =0.35%x10"%m .

. 31. The class of diagrams which contribute the high-frequency conductivity

of a multi-component system
3.2. Integral equation for self-consistent fields.

3.3.  Plot of 1.125¢2R (Qr, ) as a function of normalized frequency Q at low
frequencies, where r,=2Y72% kp=25x10%m~!, b=0.7x10"%m and

a =1.4x10"%m . Z" =1.1 . (@) ©=00, (b)) ©=0.03, () ©=0.05, (d)
®-0.08. ’
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3.4. Plot of 1.125¢ 2R (Qr, ) as a function of normalized frequency €, Where
re =2V 2, kp =2.5x10%m "), b=0.7x10"%cm and a =2.0x10"%cm. o= T

(@) a=L1, (b) a=5.0, (© a=10.0, (d) x=200, (¢) a=1000. )

3.5. Plot of 1.125e 2R (Qr, ) as a function of normalized frequency  where
re =212, kg =2.5%10%m 1, b=0.7x10"5cm and o=1.1 (a)
a =1.4x10"5cm , (b) @ =2.0x107%cm , (c) a =4.0x10%cm .

3.6. The Contour of integration uesd in Eq.(3.52).

4.1. (a-e)The class of diagrams which contribute the high-frequency conduc-
tivity of electron-LO phonon system (f). Effective interaction for electron
LO phonon system.

4.2. Plot of Re(o) (a) and 7! (b) as a function of normalized frequency Q
for GaAs-GaAlAs, where n,=36x10"cm 2, 8=0.004Er and
a =0.5%10"%m . a,bare phonon scattering, b, coupled mode scattering.

4.3. Plot of Re(o) (a) and 777 (b) as a function of normalized frequency Q
for  PbTe-PbEuTeSe, where n,=3.6x10"cm~%  8=001Er and
a =0.5%107%m . a, bare phonon scattering, b, coupled mode scattering.

4.4. Plot of Re(o) (a) and 7~ ! (b) as a function of normalized frequency
for PbTe-PbEuTeSe, a, n, =3.6x10''cm ~2, §=001E; and a =0.5x10"%m.
b, ny=7.6x10"cm 7?2, 8=0.01Er and @ =1.0X10"%m . The x-coordinate is

®

IE where Er is the value calculated by using n, =3.6x10cm ~2
F

4.5. Plot of Re(o) (a) and 77! (b) as a function of normalized frequency Q
for  PbTe-PbEuTeSe for three  different temperatures, where
ng =3.6x10cm 72, 8=0.01E; and a =0.5x10"%m .

5.1. Dispersion curves for two high-frequency modes ®, and .. Here
k, =0.45x10%m "1, n =3.77x10' cm ~?, a=0.87, a=2b. The region below the
upper dotted line is the region for single particle excitation of light mass
particle, and the region below the lower dotted line is the region for single
particie excitation of heavy mass particle. The number above the vertical
bar is the value of I (¢ &, ,w,). (a), b=300A, (b), b=350A, (c), b=400A, (d),
b=450A.

5.2. Dispersion curves for high-frequency and low-frequency modes o, and
w4 . Here k, =0.45x10°%m ~1, n =3.77x10''cm ~2, a=0.2, a=2b. The region
below the upper dotted line is the region for single particle excitation of
light mass particle, and the region below the lower dotted line is the region
for single particle excitation of heavy mass particle The number above the
vertical bar is the value of 7 (¢ k, ,w, ). (a), b=80A, (b), b=120A.
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5.3. Plot of Im F(g,k sub z . ) _as a function of incoming photon energy,
here ¢ =02kgp,, k,=045%10%m ™!, n=377x10"cm™2,  «=087,
v=0.025Ef, and @ =2b. b=350A.

54. Plot of ImF (¢ ,k, .») as a function of incoming photon energy, here
g =0.1k g, , k, =0.45x105cm 1, n =3.77x10'cm 72, =02,
=0.025Ey, and a =2b. b=80A.

5.5. Plot of ImF (¢ ,k,,») as a function of incoming photon energy, here
q =0.2kg,, k,=0.45x10%m ™!, r;=0.1, «=0.87, v=0.025Er, and a =2b.
b=350A. From right to left d, =0.0,1.0,20X10 %m d,, =0.8*d,

5.6. Plot of ImF (g .k, .») as a function of incoming photon energy, here
q =02k, , k, =0.45%10%m "}, r; =0.314, a=0.87, v=0.025E, and a =2b.
b=350A. From right to left d, =0.0,1.0,2.0x10~%cm d, =0.8*d,

5.7. Plot of ImF (g .,k,,») as a function of incoming photon energy, here
q =0.2k g, , k; =0.45x10°%m 7!, r; =0.314, «=0.87, v=0.025Ep, and a =2b.
b=350A. From right to left d, =0.0,0.5,1.0x10"%cm d, =0.8%d,

5.8. Plot of ImF (g .k, ,») as a function of incoming photon energy, here
g =0.1kg, , k, =0.45x10%m 7}, n =3.77x10cm 2, «=0.2,
v=0.025Ef, and a =2b. b=8B0A. Three peaks from left to right
corresponding to the case in which d, =0.0, 304, 60A and d; is chosen to
be 0.3d, .
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