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il

ABSTRACT

LIGHT SCATTERING STUDY OF SALOL:
EXPLORING THE EFFECT OF

ROTATION-TRANSLATION COUPLING

by
Hepeng Zhang

Advisor: Professor H.Z. Cummings

Extensive light scattering experiments, including Brillouin, Raman and photon correlation
spectroscopies, have been done to study the rotational and translational dynamics and their
coupling in a glassforming liquid of anisotropic molecules, Salol. Pick-Franosch theory was used
to fit the full set of data.

VH backscattering spectra were first fit with a hybrid function. This part of the analysis,
together with photon correlation data, fixed all the parameters characterizing the pure rotational
dynamics. The obtained rotational relaxation times agree with the results of dielectric and other

experiments in the literature.
In VH 90° fitting, the Pick-Franosch theory can produce excellent fits to all 23 spectra from

380 K to 210 K. At temperatures from 380 K to 310 K, the static shear viscosity values obtained
from the fits agree with published rheological results. From 280 K to 210 K, the relaxation time for

shear viscosity was found to be proportional to, and 15 times smaller than, the rotational relaxation

time. The stretching coefficient £ for shear viscosity is smaller than that for rotational relaxation

and the strength of rotation-translation coupling increases with decreasing temperature.
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v
The difference spectra between VV 90° and VH backscattering spectra were analyzed last

with the help of parameters obtained from both VH backscattering and VH90° fittings. The

difference spectrum shows negative region-VV dip-at high temperatures and low frequencies. The
difference spectra were first analyzed by a density-fluctuation-only model, which neglects the
rotation-translation coupling. It can fit difference spectra well except where VV dip is. However,
the Pick-Franosch theory, which includes rotation-translation coupling, can fit all the difference
spectra including the VV dips. Thus we conclude that the VV dip is a consequence of

rotation-translation coupling and related to -- but less apparent than -- the Rytov dip in the VH
90" spectra. The bulk viscosity was found to be roughly equal to the shear viscosity from 250 K

to 350 K. Compared with the shear viscosity obtained from density-fluctuation-only fits, we found

that rotation-translation coupling reduces the shear viscosity by roughly 15%.
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Chapter 1

Introduction

In simple liquids composed of isotropic molecules, the polarized (VV) light-scattering
spectrum exhibits the familiar Rayleigh-Brillouin triplet due to density fluctuations,
while the depolarized (VH) spectrum is much weaker, arising from higher-order pro-
cesses such as various collision-induced effects [1]. For liquids of anisotropic molecules,
an additional broad quasielastic component is observed in both VV and VH spectra
with similar intensity and attributed to rotational dynamics.

In the late 1960’s, Fabelinski, Starunov et al [2], [3], [4] and Stegeman and Stoicheff
[5], while studying this rotational component in the VH spectrum of liquids composed
of anisotropic molecules, discovered a previously unknown feature - a narrow dip
centered at w = 0. The possibility of such a dip had been previously suggested
by Leontovich [6] and Rytov [7] based on concepts of generalized hydrodynamics.
Initially, the appearance of the dip was interpreted as evidence for propagating heavily
damped shear modes. However, it was soon recognized that the origin of the "Rytov
dip" is rotation-translation (RT) coupling whose most familiar consequence is the
flow birefringence of liquids subjected to shear flow [8].

A theoretical analysis based on a two-coupled variable version of the Zwanzig-Mori
formalism, which predicts the central dip observed in the high temperature VH spec-

tra, was proposed by Andersen and Pecora [9] and by Keyes and Kivelson [10], [11],
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[12]. In this approach, depolarized light-scattering is assumed to originate entirely
from the rotational dynamics of the optically anisotropic molecules which is, however,
modified by the RT coupling. While the Andersen-Pecora equations were originally
derived using the Zwanzig-Mori formalism, Wang, in the small-q limit appropriate to
continuum hydrodynamics, showed that they can also be derived phenomenologically
if the conventional hydrodynamic equations of motion of the liquid are extended to
include rotational dynamics as well as coupling of rotational motion to shear flow
[13], [14]. We note that in Andersen-Pecora theory rotational dynamics is described
by a purely relaxational equation.

With decreasing temperature, the central (Rytov) dip in the VH spectrum disap-
pears as the broad quasielastic line narrows; eventually a pair of symmetrically placed
bumps appear on the wings of the rotational line and sharpen into well-defined trans-
verse acoustic modes. This temperature evolution of the VH light-scattering spectra
from doublet to singlet to triplet was studied in a series of papers by Wang et al
[13], [14], [15], [16] who generalized the Andersen-Pecora analysis by explicitly intro-
ducing viscoelasticity, i.e. by replacing the shear viscosity constant 7, by a memory
function 7,(t). However, as Wang noted, a similar viscoelastic generalization should
also be included for the other transport coefficients in the dynamic equations [15],
[16]. Dreyfus, Pick and their coworkers have further extended the phenomenolog-
ical theory of depolarized light-scattering by introducing memory functions for all
transport coefficients and writing the equation of motion of the rotational variable
as a damped oscillator equation rather than a simple relaxation equation as used in
the Andersen-Pecora theory. Their approach has been applied, so far, to depolarized
light-scattering studies of the molecular glassformers metatoluidine [17], [18], [19] and
ortho-terphenyl [20], [21].

While the VH spectrum is determined by rotational dynamics, the VV spectrum
and its evolution with temperature primarily reflects the interaction of longitudinal
sound waves with ¢ ~ 10° cm™! with structural relaxation. Typically, for liquids of

isotropic molecules, as T' decreases from above the melting temperature 7), to be-
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low the glass-transition temperature 7, the Brillouin linewidth Awp first increases,
passes through a maximum, and then decreases again, while the Brillouin peak po-
sition wp shifts monotonically to higher frequencies. The frequency increase occurs
predominantly in the temperature range where Awp is largest. As this temperature
evolution occurs, another central component- the Mountain mode-due to viscoelas-
ticity in supercooled liquids, appears, centered at w = 0, and narrows as T' decreases,
eventually disappears inside of the instrumental resolution function.

For liquids of anisotropic molecules, as we have mentioned above, a broad quasielas-
tic component due to rotational dynamics is present in the VV spectrum. It has been
assumed in the literature for a long time that the VV spectrum is simply a sum of
this rotational component and a typical density fluctuation spectrum appropriate for
a liquid of isotropic molecules. This assumption is correct if rotational and transla-
tional motions are independent. However, as shown by flow birefringence and by the
Rytov dip and transverse acoustic modes in the VH spectrum, these two degrees of
motion are actually coupled. Thus Wang [16], Dreyfus et al [18], and Chappel and
Kivelson [22] suggested the existence of RT coupling should invalidate the conven-
tional assumption in analyzing the VV spectrum. Approximate expressions for the
VV spectrum including rotation-translation cdupling were given in Refs. [16] and [18].

Recently, Pick, Franosch, Dreyfus, and Latz, have undertaken a new unified anal-
ysis of both VV and VH light-scattering spectra using both a phenomenological anal-
ysis [18], [23] and a microscopic Zwanzig-Mori approach [24]. Their analysis provides
a consistent theory of both VV and VH light-scattering spectra that includes all
the effects of RT coupling and viscoelasticity. The light-scattering investigation of
Salol reported in this thesis was undertaken primarily to see if the VV and VH light-
scattering spectra of this much-studied molecular glassforming liquid could be suc-
cessfully analyzed using this new formulation, and, in particular, to see if the effects
of rotation-translation coupling on the VV spectra could be unambiguously demon-
strated. As we will show, the theory is able to consistently describe our three sets

of Salol spectra: VH backscattering, VH 90°, and VV 90°. In particular, we looked
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for - and observed - the signature of RT coupling in the VV spectrum predicted by
these papers: a "VV-dip" feature in the g-dependent part of the VV spectrum which
becomes negative at high temperatures and low frequencies.

The research in this thesis is also relevant to the ongoing effort to fully understand
the dynamics of the liquid-glass transition. The fundamental quantitative theory of
this transition is Mode Coupling Theory (MCT) which is primarily a microscopic
theory of density fluctuation dynamics. Often, however, experimental data that is
compared to MCT predictions mainly reflects orientational dynamics (as in our de-
polarized Salol spectra or dielectric spectroscopy). Thus, a detailed understanding of
the interaction between orientational and translational dynamics should be included
in the comparison of such data with MCT.

This thesis is organized as following. Chapter 2 is a brief review of the field of
supercooled liquids and liquid-glass transition, including the basic phenomenology,
features and a microscopic theory of the liquid-glass transition: Mode Coupling The-
ory(MCT), which provides important guiding information on how to model memory
functions in data analysis. In Chapter 3, we discuss the theory of low-frequency in-
elastic light-scattering in liquids and focus on the Pick-Franosch theory. In Chapter
4, the experimental apparatus, including Brillouin, Raman and photon correlation
spectroscopies, and our raw data are shown. In Chapter 5, we discuss how all sets of
spectra are analyzed using the Pick-Franosch theory. Finally, we conclude in Chapter

6.
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Chapter 2

Supercooled Liquid and The
Liquid-(Glass Transition

In everyday language, glass designates a fragile and transparent material, silica, well-
known since antiquity as well as certain objects made of this material. In scientific
language, especially in physics, glass is a non-crystalline solid that lacks the periodicity
of crystals. This modern definition has gone far beyond its meaning in everyday
language and, besides silica, includes the large group of molecular and polymeric
glass, also more exotic materials such as amorphous metals.

Glass belongs to the oldest materials used by mankind [25]. Already in prehistoric
times, our early ancestors used obsidian, a volcanic glass, to manufacture knives and
arrow tips. Man-made glass is believed to have first emerged in the near east, some
thousands of years BC in the form of glass beads. Nowadays glasses are almost
ubiquitous in common lives, like window glasses and plastic soda bottles. Also glasses
are materials of paramount importance in technology. Optical fibers are made of very
pure amorphous silica, carefully doped. Some metallic glasses and alloys are of great
technological importance [26]. Also glass is crucial in the processing of food [27] and
preservation of insect life under extremes of cold and dehydration|28]. It is possible

that most water in the universe is in glassy state [29].
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Glasses are commonly made from supercooled liquids cooled through the liquid-
glass transition. This Chapter is a brief review of the field of supercooled liquids and
the liquid-glass transition. We will review the phenomenology in Sec.[2.1], together
with ideas of potential energy landscape, which is a good way to get qualitative pic-
tures of the phenomenology and some of the features discussed below. In Sec.[2.2],
We list some basic features of supercooled liquids and the liquid-glass transition, in-
cluding dynamics, relaxation, thermodynamics, heterogeneity and aging. In Sec.[2.3],
Mode Coupling Theory, which is the only microscopic dynamical theory in this field
and provides important quantitative information about the relaxation processes in
supercooled and glassy materials, is discussed.

Excellent reviews can be found in the literature. References [30] and [31] are good
general introductions for nonspecialists. A thorough coverage of topics and detailed
discussions can be found in [32] and [33]. The relevance and usefulness of energy
landscape idea in this field are elaborated in [34] and [35]. Besides these reviews, a

few monographs, for example [25] and [29)], are worthy of attention too.

2.1 Sketch of the Phenomenology and Potential
Energy Landscape Description

The specific entropy s as a function of temperature for a typical system, which can
both crystallize and form a glass, is shown in Fig.[2-1] (a). Upon cooling from high
temperatures, crystallization may happen at the melting temperature 7,,, which is a
first order phase transition and is marked by a discontinuous change in s. However,
crystallization can be avoided by fast quenching. A liquid that manages to get below
T.., without crystallization is called a supercooled liquid. Instead of the discontinuous
change observed in crystallization, s changes smoothly in a supercooled liquid and is
initially what would be expected by extrapolating the value of the liquid above T,,,.

As a supercooled liquid is cooled to lower temperatures, its dynamics slows dra-
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matically. Typically, viscosity increases by 15 orders of magnitude, as shown in Fig.[2-
3]. At some temperature around 7}, the system will fall out of equilibrium when the
molecules move so slowly that they do not have a chance to rearrange significantly
before the temperature is lowed further. Thus, the experimentally observed s will
begin to deviate from the equilibrium value at this point. At temperatures not much
lower than this, the time scales for molecular rearrangements become extremely long
compared to the time scale of the experimental observations. The structure of this
material is “frozen” for practical purposes, and we call it a glass.

It is important to emphasize that the glass transition is not a phase transition,
because it doesn’t involve discontinuous change or divergence in any physical prop-
erties, such as the heat capacity C,, correlation time 7, or correlation length ! and
there is no known order parameter. It is purely a kinetic event which marks the
crossing of the time scale of the experimental observations and the time scale for
molecular rearrangements. Furthermore, glasses are not crystals or liquid crystals.
They are liquids which are “frozen” on the time scale of experimental observation
with microscopic structure indistinguishable from liquids. As indicated by Fig.[2-1]
(a), different cooling rates will lead to system arrested in different glassy states. The
slower a liquid is cooled, the longer the time is available for configurational sampling
at each temperature, and hence the lower the temperature it can reach before falling
out of liquid-state equilibrium. Consequently, T,, which is approximately 0.67,, [25],
increases with increasing cooling rates. The properties of a glass, therefore, depend
on the process by which it is formed. In practice, the dependence of T, on the cooling
rate is weak ( T}, changes by 3 — 5 °C' when the cooling rate changes by one order of
magnitude [32]), and the transformation range is narrow, so that T} is an important,
though approximate, material characteristic.

After this summary of basic phenomenology, we will discuss the concept of the
potential energy landscape, which provides a convenient framework to understand the
complex phenomenology in supercooled liquids and glasses. More than thirty years

ago, Goldstein [36] pictured a glass-forming system as a point moving in a Potential
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Figure 2-1: a) Specific entropy as a function of temperature for a liquid which can
both crystallize and form a glass and the separation of temperature regions according
to the role PEL plays. T,, is the melting temperature, T,; and Ty are glass transition
temperatures under two different cooling rates, Tk is the Kauzmann temperature. b)
Schematic PEL(Potential Energy Landscape) description of supercooling and glass

formation. ( after [32] )
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Energy Landscape(PEL), which is the name generally given to the potential energy
function of an N-body system F(7,...,7y), where the vectors 7; comprise position,
orientation and vibration coordinates. In condensed phases, whether liquid or solid,
every molecule experiences simultaneous interactions with numerous neighbors. Thus
the landscape is a complex hyper-surface in a multidimensional space. For the case of
N structureless particles, possessing no internal rotational and vibrational degrees of
freedom, the landscape is a 3N-dimensional object. One PEL is shown schematically
in Fig.[2-1] (b), where the total potential energy F(r1,...,7n) is the vertical axis and
the horizontal axis represents all the coordinates (77, ..., 7y). Goldstein suggested to
focus on the local minima, of the PEL, in which the system is supposed to be trapped
at low enough temperature, in deeply supercooled and glassy regions. The system
relaxes via occasional hoppings between neighboring minima. In the early 1980s,
Stillinger and Weber [37] formulated this idea by partitioning the PEL into *basins’,
which are called inherent structures and are essentially local minima as shown in
Fig.[2-1] (b).

In [38], Sastry et al showed how the PEL is sampled in different temperature re-
gions through detailed analysis of temperature dependence of the inherent structure
system visits. From this work, the role of the PEL can be clearly seen. Fig.[2-2] shows
the average inherent structure energy for a mixture of unequal-sized atoms, as a func-
tion of the temperature of the liquid [38]. In this calculation, molecular dynamics
simulations of the binary mixture were performed to generate configurations. Peri-
odically, the system’s potential energy was minimized locally by Steepest-Decent or
other standard minimization procedure, yielding inherent structures, the average en-
ergy of which is reported in the Fig.[2-2]. At high temperatures the inherent structure
energy is virtually temperature-independent, and appears to have reached a plateau,
when the system has sufficient kinetic energy to sample its entire energy landscape.
In this regime, the system point can diffuse freely in the PEL. But as the temper-
ature decreases below about T = 1, the system is unable to surmount the highest

energy barriers due to the decreasing of kinetic energy, and is therefore forced to
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Figure 2-2: Average energy of inherent structure as a function of temperature of liquid

from which the inherent structures were generated by potential energy minimization.
(From [38])

sample deeper minima. When this happens, structural relaxation changes from expo-
nential to stretched exponential(see below), and the activation energy (and entropy)
associated with structural relaxation becomes super-Arrhenius [38]. Thus the PEL
properties start to influence the dynamics. This calculation established a connection
between changes in dynamics and the manner in which the static and thermodynamic
energy landscape is sampled as a function of temperature. Fig.[2-2] also shows that
at a low enough temperature the system becomes stuck in a single minimum, the
depth of which increases as the cooling rate decreases. These correspond to different
glassy states. The whole temperature-evolution picture is also shown schematically
in Fig.[2-1].

A further approach, based on the idea of PEL and beyond the inherent structure
analysis, has been introduced [39],[40],[41]. This approach studies saddles of the PEL
and provides new insight in the analysis of the dynamic crossover taking place on
lowering the temperature.

Recently, a "universal" concept of "jamming" has emerged to describe a many-
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body system blocked in a static configuration far from equilibrium, from which it takes
too long a time to relax on the experiment time scale. The concept of "jamming" is
thought to cover a diverse range of systems from the thermal systems like structural
and spin glasses to non-thermal systems like granular matter and colloid (or emulsion)
glass, where extremely slow relaxation can be found. Discussion of this concept is

beyond the scope of thesis and can be found in several reviews [42], [43], [44].

2.2 Basic Features of The Glass Transition

In this subsection, some of the basic aspects of the glass transition, including dynam-
ics, relaxation, thermodynamics, heterogeneity and aging, will be discussed. Among
these five aspects, the discussion of dynamics and relaxation is closely related to our
data analysis, while the others are less important and are included for the sake of

completeness.

2.2.1 Dynamics

On approaching the glass transition, the dynamics in supercooled liquids slows down
rapidly. The temperature dependence of viscosity for several glassforming liquids is
shown in Fig.[2-3], in a so-called Angell plot. In this type of Arrhenius plot, tem-
perature is scaled so that T, for each liquid occurs at the right edge of the graph
(z = T,/T = 1) and the viscosity axis is logarithmic. One definition of T, is the
temperature at which the shear viscosity reaches 10'® Poise (102 Pa - s). Super-
cooled liquids near 7, flow extremely slowly, compared to 102 Poise for liquids like
water, benzene, and ethanol at room temperature. The liquids shown in Fig.[2-3]
have different temperature dependences as T is approached. The viscosity of net-
work glasses like S;0; has almost an Arrhenius dependence while the viscosity of
molecular liquids like o — terphenyl is quite non-Arrhenius. People found that almost

all materials fall between these two curves in this type plot. On the basis of this
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property and others, supercooled liquids have been classified by Angell as strong or
fragile [45]. Strong liquids (e.g., S;03) show Arrhenius temperature dependence and
typically have three-dimensional network structures of covalent bonds. Fragile lig-
uids (e.g., o — terphenyl) have quite non-Arrhenius behavior and typically consist of
molecules interacting through nondirectional, noncovalent short-range interactions.

A property intimately related to the viscosity is the relaxation time for various
processes, which also increases dramatically as a supercooled liquid is cooled toward
T,. This is illustrated in Fig.[5-5], where rotational relaxation time, measured by
light-scattering techniques for Salol, are shown. The relaxation time at T, is about
102 s. This is an astoundingly long time compared to the picosecond or nanosecond
relaxation times observed in “typical” liquids above Tj,.

The temperature dependence of relaxation times (or the viscosity) for supercooled

liquids is often described by the Vogel-Tammann-Fulcher (VTF) equation:

B
=7, 2.1
T = To exXp(7—7-) (2.1)

When T, = 0, the familiar Arrhenius equation is recovered. Since 7 in the VFT
equation diverges when T = T, people [29] argued that it reveals a real phase
transition at T, which is typically tens of degrees below T, and is close to the
Kauzmann temperature Ty discussed below. But current experimentally accessible
liquid temperatures usually can’t go below Ty, due to the extremely long relaxation
time there. Thus this argument depends on a large temperature extrapolation, and
is therefore questionable [29], [46].

In practice, the VTF equation, a three-parameter expression, is found to be able
to fit the relaxation time over a limited temperature range. Free-Volume theory [47]
gives a four-parameter formula, which has been shown to be able to cover the whole
temperature range from above T,, to T,. The curve in Fig.[5-5] is a free-volume fit to

the data by Eq.[2.2]
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Figure 2-3: T, scaled Arrhenius plot for viscosity of different glassforming liquids
(Angell plot) showing the spread between strong and fragile limits. (From [32])
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log(t) = A+ B 7 (2.2)
T —Ty+ [(T - Tp)* + CT]

where if C' = 0, the VFT is recovered.

2.2.2 Relaxation

Besides the dramatic increase of relaxation time, relaxation processes in the super-
cooled and glassy region also have other complicated and interesting aspects. The
evolution with temperature of the density-density correlation function [48] for a su-
percooled Lennard-Jones binary mixture is shown in Fig.[2-4]. We notice that, with
decreasing temperature, the relaxation changes from a single-step process into a two-
step one. The first decay is single particle motion on a microscopic scale and depends
only weakly on the temperature. The second relaxation, which depends strongly
on temperature, usually involves many particles moving together collectively and is
called « relaxation or structural relaxation. This two-step relaxation scenario will be
discussed in detail later as an important prediction of Mode Coupling Theory.
Quantitative analysis of a relaxation reveals a striking and universal feature: it
is non-exponetial. Often the Kohlrausch-Williams-Watts (KWW) or stretched expo-

nential function is used to characterize o relaxation:

B(t) = e~/ (2.3)

where 3., is a value between 0 and 1. If 5,,,,, = 1, a single exponential is recovered.
The smaller the value of §5,,,,, the less exponential the correlation function. For
experiments in the frequency domain, where the spectral density is usually measured,

a Cole-Davison function

CD(w) = é[1 (1 i) P (2.4)
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which is approximately the Fourier transform of the KWW function, is frequently
used to analyze data. The relations between parameters in Eqgs.[2.3] and [2.4] are
given in [49] and Appendix D. A rough correlation has been noted between the value
of f3,.,,, and the extent to which the temperature dependence of the relaxation time is
non-Arrhenius. Generally, systems whose temperature dependences show the largest
deviations from Arrhenius behavior (more fragile )also have very nonexponential re-
laxation functions[32]. In [34], Debenedetti and Stillinger associate the fragility and
degree of stretching to the topographic characteristics of the PEL, namely the diver-
sity of deep landscape traps and of the pathways of configuration space connecting

the traps.

2.2.3 Thermodynamics

The most interesting thermodynamic quantity of a supercooled liquid is the specific

entropy, s. Even though the system is not in state of lowest free energy, s can
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Figure 2-5: Isobaric heat capacities of the crystalline (circles), glassy and liquid (tri-
angles)state of (CH3COs), M, - 4H,0 as a function of temperature. ( From [50])

be determined in the usual way by integrating over the specific heat, which can
be measured experimentally by differential scanning calorimetry. Fig.[2-5] shows a
typical specific heat curve for the crystal (circles), liquid, supercooled liquid, and
glass (triangles) from differential scanning measurements. On cooling, the specific
heat C,(T') drops rapidly near T}, due to the fact that many degrees of freedom have
been frozen’ during the transition from liquid to glass. The position of this drop can
be used to define Tj,.
The thermodynamic relation:

S(Ty) — s(T)) = /T 2 CP:(FT)dT

allows a determination of the entropy from such C,(T') data. The typical result is
shown schematically in Fig.[2-1] (a). The slope of s versus T' is larger in the liquid
phase than in the crystal. Thus, as the temperature drops, the entropies of the
supercooled liquid and the crystal must approach one another. If the specific heat
did not drop at T}, and the rapid decrease of the liquid entropy were to continue to

arbitrarily low temperature, then the liquid would eventually have the same entropy
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as the crystal. This extrapolated point is known as the “Kauzmann temperature”,
Tx. The vanishing entropy difference between the liquid and crystal led Angell et al
[50] to propose an ideal glass transition. Contrary to the experimentally observed
glass transition, this ideal glass transition would be a true thermodynamic transition
that occurs precisely at Tx. At Ty, the entropy of the liquid is the same as the
entropy of the crystal; therefore the system must be settled into the deepest of all the
amorphous potential minima shown in Fig.[2-1] (b), which has been separated from
other comparable deep minima, if there are any. It is this mutual inaccessibility that
makes the entropy of the disordered ideal glass equal to that of the ordered crystal,
assuming that difference of vibrational entropy in ordered and disordered system is

small at this temperature. Both entropies would then approach s =0 as T — 0.

2.2.4 Heterogeneity

The nonexponentiality of o relaxation, discussed in Sec.[2.2.2], can be explained
in two fundamentally different ways, as shown in Fig.[2-6]. One can imagine that
a heterogeneous set of environments exists in a supercooled liquid; relaxation in a
given environment is nearly exponential, but the relaxation time varies significantly
among environments. Alternatively, one can imagine that supercooled liquids are
homogeneous and that each molecule relaxes nearly identically in an intrinsically
nonexponential manner. Evidences from optical-hole burning [52], NMR, [53], single
molecule spectroscopy [54], and computer simulation [55] indicate that the dynamics
in the supercooled and glassy regions is spatially heterogenous.

One other interesting problem related to heterogeneity is the decoupling of trans-
lational and rotational diffusion from viscosity, in supercooled liquids below approx-
imately 1.27, [52], [56], [57]. At higher temperatures, the translational diffusion
coefficient and the rotational relaxation time are related to the shear viscosity 1, by

the Stokes—Einstein equation:
_ kgT
Ns = 1D
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Figure 2-6: Heterogeneous and homogeneous explanations for a nonexponetial re-
laxation function. Different locations in the figure represents different locations in
the sample. Observation of only the ensemble averaged relaxation function can not
distinguish between these explanations. (From [51])

where [ and D are the effective length and the diffusion coefficient of the molecule
and by the Debye equation:
kgT

where V and 7x are the volume and the rotational relaxation time of the molecule.
Below approximately 1.27,, the inverse relationship between translational motion and
viscosity breaks down, the so-called decoupling between 7, and D. Near T, it is found
that molecules translate faster than expected value from Stokes—Einstein equation and
their viscosity, by as much as two orders of magnitude, whereas decoupling between
rotational motion and viscosity is much weaker [53], [58]. This therefore means that,
as the temperature is lowed, molecules on average translate progressively more for
every rotation they execute. One plausible explanation comes from a heterogeneous

picture of supercooled liquids. The basic idea is that translation and rotation average
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in different ways for a spatially heterogenous system [56].

2.2.5 Aging

For a system close to and below T}, the thermodynamic state of the system deviates
from that anticipated by extrapolations of higher temperature measurements because
the system has lost equilibrium and the system is arrested in some quasi-equilibrium
state as shown in Fig.[2-1]. Because this arrest is purely kinetic in nature, a period of
waiting at a temperature not too far below T, will allow the system to find the state
that is preferred by the thermodynamic driving forces, so the system will be observed
to “relax”. This means that any property of the system (e.g., specific entropy s)
will show a time dependence. Because relaxation times depend upon the values of
properties like s (see eq 5), the rate at which relaxation occurs will also vary with
time. Provided T is not too far below T, and after sufficient time, all properties
should ideally attain values expected from extrapolation of liquid properties above
T,. This process is called “annealing” when it is something which we can manipulate
to our advantage (for instance, in stabilizing refractive index or enhancing mechanical
strength and relaxing internal stress), or “aging” when it is happening naturally under
conditions in which we would prefer it not to happen at all. Aging constitutes a serious
practical problem in systems which have strongly nonexponential relaxation and T,
not too far above ambient, which unfortunately is the case with many chain polymers
used in practical applications. Because of aging, the polymer properties will change
over time to the detriment of such things as the original molded dimensions and in

some cases the mechanical strength.

2.3 Mode Coupling Theory

After this brief review of the basic phenomenology and features of the liquid-glass

transition, we now discuss some theoretical aspects of the field. The lack of transla-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

tional symmetry in supercooled liquids and glasses prevents the use of those sophis-
ticated and powerful analytical methods used for the crystalline state and poses a
great, theoretical challenge for physicists, as commented on by P. W. Anderson [59]
in 1995 :"The deepest and most interesting unsolved problem in solid state theory is
probably the theory of the nature of glass and the glass transition."

Several phenomenological theories, e.g. Gibbs’ cooperative relaxation and entropic
theory [29], [60], and Cohen’s free volume theory [29], [47], have been proposed and
can successfully reproduce some of the features. However, before 1984 there was no
microscopic theory which, starting from a microscopic Hamiltonian specified by the
intermolecular potential, can both explain the occurrence of the glass transition and
provide predictions for static and dynamic properties.

Beginning in 1984. a microscopic theory of the liquid-glass transition, usually
referred to as the Mode-Coupling Theory (MCT), has been developed by W. Gotze, L.
Sjogren and their coworkers [61], [65]. MCT is based on the Zwanzig-Mori theory and
analyzes the nonlinear interaction between density fluctuation modes. The resulting
equations were found to predict a dynamic transition from a normal liquid state to a
structurally-arrested glass state and to also provide a detailed quantitative description
of the dynamics.

In this section, we will discuss the "ideal" version of MCT. First, the statistical
mechanics of many-body system is reviewed. Then, the Zwanzig-Mori formalism,
which is the basis of MCT, is discussed. In subsection [2.3.3], the ideal version of

MCT is derived and the predictions related to our data analysis are discussed.

2.3.1 Statistical Mechanics

We consider a system of N identical classical particles of mass m, contained in
a volume V. The 6N-dimentional phase space is spanned by the particle posi-
tions 7 ¢ and momenta pJ, i,j = 1...N. The particles i and j interact via a pair

potential (7" — 77). Dynamical variables, A(6), are functions defined in the
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phase space, where 6 represents all the coordinates and momenta in phase space:

-

©=71_.,7N, P .., PN, The Hamiltonian

l—)i‘Q N-1 N

H(B) =3 Y Y (T =T

i=1 j=i+1

plays the most important role in the system. First, it determines (A), the statistical

average of A, via the phase space density distribution
p(6) o< exp(—H(6)/ksT),

where T is the temperature. Also, the Hamiltonian determines the time evolution of

A(t), via the canonical equation of motion:

Ei.%gl — (H, A(t)} = iLA(t) (26)

where {...} is the Poisson Bracket and L is the Liouvillian, which is the Hermitian

generator of the time evolution operator:

A(t) = exp(iLt)A (0)

2.3.2 Zwanzig-Mori Formalism

Taking the complete set of dynamical variables as vectors, a Hilbert space can be
constructed if we define the inner product properly. In this thesis, following Gotze

[61], the inner product is defined as the statistical average normalized by kpT"
(AIB) = (4B /(kaT) = [ dTp(8)A'(B)B(6)/(ksT) (27)

The fundamental idea of the Zwanzig-Mori Formalism is, first, to select a limited set of

dynamical variables of interest in the Hilbert space, the so-called selected variables.
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Then the time evolution of these selected variables is split into a part within the
subspace spanned by them and a part orthogonal to them. The complicated dynamics
of the orthogonal part can be represented by memory kernels, which can be further
transformed and approximated. Finally the closed set of dynamic equations of the
selected variables can be obtained.

First, we consider the simple case with one selected variable A(t). In this case,
we define a projection operator

B = [A0){A)]

TA(0)A(0)) (28)

which projects any vector onto A(0), the initial value of the dynamical quantity A(t).

This operator has the following properties:

~—r

|A(0)) = A(0)

S
M)

(®)]

9y ™

[ A(0))* = (A(0)|P|B (1))

—~
O

~

—~
&

Properties (b) and (c) are necessary and sufficient conditions for an operator to be a
Hermitian projection operator. An operator that projects vectors onto the subspace

orthogonal to A (0) can be defined as
Q=1-P. (2.9)

The Zwanzig-Mori Formalism (see [1], [62], [63] and Appendix A) gives an equa-

tion of motion for a dynamical variable A (1) as:
dA ¢
_iﬁznguw—/}hmpqmqﬂ+pa) (2.10)

which has the form of a generalized Langevin equation. € is the vibration frequency,
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defined as

- (A(0)|A(0)) - (A(0Y]A(0))

which vanishes if A(0) has definite parity. F'(t) is the random force:
F(t) = exp(iGENQIA))
which is orthogonal to A (0), namely (F (t) |A (0)) = 0. II(¢) is the memory function :

(F(0)] exp(—iQLQ1)|F (0))
(A(0)14(0))

() =

which is basically the time correlation function of the random force evolving in time
via a "Projected Liouville Operator": @f@ If we take the inner product of both
sides of Eq.[2.10] with |A (0)) we get the equation of motion for the autocorrelation
function:

dC(t)

_tzz'QC(t)—[dTH(t—’f)C(T)

d
where C(t) = (A(t)]A(0)) and the last term F(t) in Eq.[2.10] vanishes because
(F()|A0)) = 0.

We can extend the Zwanzig-Mori Formalism from a single selected variable, 4, to

Ay

set of selected variables, which can be represented by a column vector: A=

The correlation matrix can be defined as:

‘T (t) = (A(t)|A(0)), such that Cy(t) = (A;(t)|A;(0)) .
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Similar to the single variable case, we define projection operators as:

P = (.| A(0)) x (A(0)|A(0))~" x A(0) (2.11)
P

~

O
I

where X stands for matrix multiplication. P acts on any arbitrary vector B and
projects it onto the subspace spanned by A’(O) In this case, the equations of motion,

written in a vector form, are:

%Et) =i x At) - / t dr T (t — 7) x A(r) + F (1) (2.12)
where . _ R B
@ = LAOIAO) _ . (A0)]A0) , (213)
(A(0)|A(0)) (A(0)|A(0))
F(t) = exp(0L)Q) A4 (0)) (2.14)
and

e (F(0)] exp(~iQLQY)|F(0))
(A(0)]A(0))

(2.15)

In most applications of the Zwanzig-Mori formalism [1], the selected variables are
chosen to be "slow" variables and the Markov approximation is made for the mem-
ory matrix. Finally, a set of ordinary kinetic differential equations for the selected

variables are obtained.

2.3.3 Mode Coupling Theory

In this subsection, we review Mode Coupling Theory (MCT) [61], [64], [65], which,
in its simplest form, analyzes interactions between different modes of the density au-
tocorrelation function in a liquid of spherical molecules. More elaborate versions of
MCT that include orientational variables have been described but will not be con-

sidered here [115], [116]. First, the dynamical equations [2.30] of density-density
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autocorrelators, namely mode coupling equations, are derived from the Zwanzig-Mori
formalism. Then the memory kernel in Eq.[2.25] is expressed as a function of prod-
ucts of the different modes of the density autocorrelation function. After making four
approximations the resulting mode coupling equations are closed. In the third subsec-
tion, one important prediction of MCT, the two-step relaxation scenario, is discussed
in detail. Finally, one semi-empirical function, the hybrid model, which mimics the

two-step relaxation scenario and will be used in our data analysis later, is discussed.

Mode Coupling Equation

The particle density fluctuation is the central quantity of mode coupling theory. The

conservation of particle density reads :

—

Sp(F,t) = 7 - J(F, 1) (2.16)

—

where 0p(7, t) and J(7,t) = p(7, t)d(7, t) are the local particle density fluctuation and

density flux respectively. If we do the spatial Fourier transform

ﬂ@:/ﬁmmamﬂm (2.17)

to Eq.[2.16], we will get

opT,t) = ~iq- T (@) ,
which says that local density fluctuation couples directly to the longitudinal flux:
JGH =7 T (@ 1).

In this subsection, we choose §p (q,t) and JL (g,t) as the selected variables and
write down their equations of motion using the Zwanzig-Mori formalism. By elimi-
nating JZ (¢, t), we end up with the Mode Coupling Equation, which is the starting
point of MCT calculations. Readers not interested in mathematical details may go
directly to Eq.[2.30].

Let’s first write down some related static averages. The normalization of dp (g, t)
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is given in terms of the structure factor

{|6p(q,0)*)

Sq = N

(2.18)

Thus:
(0p(q,0)|6p (g, 0)) = NS,/ (kpT)

Also S, is related to the pair distribution function

by
Sy = 1+n/df'exp(z’§-f‘)[g(r) —1]

The Ornstein-Zernike equation relates .S, to the direct correlation function Cy :.
Sq=1/[1-nC,]

Where n is the average density: n = N/V.

Since the average velocity: (u;(7,0)*u;(7,0)) = v?, where v = /kgT/m is the
thermal velocity, we have (J, (¢,0)|J5(@,0)) = Ndng/m. Because of the time inver-
sion symmetry, the inner products, like (6p(q,0) |J* (7,0)), (6p(d,0)|dp(g,0)) and
<JL (4,0) |JE (g, O)> , are zero. However (6p(q,0)|J%(q,0)) and (J*(q,0)|p(,0))
ate nonzero: (8)(3,0) 7% (¢,0)) = (J (¢,0)190(3,0) ) = —iq (J* (¢,0) |72 (,0)) .
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> | dp(dt) o .
Suppose A = . , thus the normalization matrix is
t)

~
2y

(60(3,0)160(3,0))  (6p(3,0)|7* (3,0))

A(0)| A(0)) =
(A(0)[4(0)) (JF(§,0)6p(q,0)) (JE(g,0)|JE (,0))

(2.19)
[ NS/ (kgT) 0O
0 N/m
Following the definition Eq(2.11), the projection operator is
PB = (..]A(0)) x (A(0)|A(0))~" x A(0)
: = By
and acts on an arbitrary B = ,
Bs
PB— (0p(4,0) |Bl>vasfl5P(ffa 0)) + (J* (,0) |B1) }1J* (,0)) _ PLB
(60 (4,0) | B2) {160 (,0)) + (J* (4, 0) | B2) 7% (¢, 0)
where P£ = %2216 (,0))(3p (q,0) | + 2[J% (,0))(J- (4,0)
(2.20)

This means the matrix of projection operator Pis equivalent to a scalar operator
PL. This is due to the fact (6p(g,0)|J- (7,0)) vanishes, which means the directions
of |p(q,0)) and |J* (q,0)) are orthogonal to each other in the Hilbert space. We can

project the vector independently into two directions.
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With all the static averages above, we can write

o ( (37 (@) 3 (,0))  (67(d0) 1" (4,0) ) )
(JE@0) 160G 0) (I (@0) 1" (3,0)
<<ap<:o>|5p<:o>> <5p<~:o>JL<1o>>)l -
(TH@0)]60(3,0) (I (@0) 17+ (7,0) |
0 ¢
s

The random force is

(@) = exp(i0"T1)D" A = exp(iQ*T1) 0" ( P, O)) ) (2.2

JL(g,0
0 p 7 A 0(4,0 0
where QY =1 — PL. Thus F; (¢,0) = QF |P( ) = :
|75 (7,0)) iL|F (7,0))
[F(d,0)) = mQ"LIJ* (2,0)) (2.23)
Therefore the memory matrix is
T (1) = POlewO IRMAE) _ 0 0
<A(0)|A(0)> 0 <F ((T, 0) | eXp(“"'LQLLQLt)‘F (q», O)> ]\;[771

o o
\ o M@

where

(2.24)

MGt = (F(q,0) |exp(—]ivc72:LQLt)|F (7.0) (2.25)

Finally the equations of motion read as follows:
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+igJ (§,t) =0
o 9] (@) (2.26)
JH(q ) +i(T5) 7 (41)

With the Laplace transform convention

F(z) = / exp(izt) F(t)dt (2.27)
0
applied to the above two equations and eliminating J* (g, z); we obtain
7,0
p(¢,0) (2.28)

p ((Ta Z) = 02
—1z+ —iz-+M(q,z)

where
02 = qszT
d Sym

The normalized autocorrelation function of density fluctuation is defined as:

(p(q,t)10p(q,0))
g,t)16p(3,0))

whose Laplace transform is

¢(q,2) = (0p(q, 2) |00 (4, 0)) /N 55 .

Inner multiply both sides of Eq.[2.28] with |§p (&, 0)):

! (2.29)

¢(q,2) = ) oz
—Z+ TG

Eq.[2.29] is the Laplace transform of

.. t .
a0+ PG, 1) + /0 M ()t — ) $(d@ t)dr =0 (2.30)
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where M (q,t) is defined in Eq.[2.25]. Eq.[2.30] is the standard Mode Coupling Equa-
tion and is the starting point of Mode Coupling theory.

Mode Coupling Approach

In order to solve the mode coupling equations Eq.[2.30] which is exact, we have to
construct an analytic approximation for the random force. Following Kawasaki [66],
the standard approach is to project the memory function M(q,t) in Eq.[2.25] onto the
subspace of products of selected variables. In this subsection, we will show M (q,t) can
be expressed as a sum of products of density fluctuation modes, shown in Eqgs.[2.39],
[2.40] and [2.41], under four simplifications. Again, readers not interested in details
can skip the mathematics and go directly to Eqgs.[2.39], [2.40] and [2.41].

Since QL6p (§,0) = 0, F (7,0) = mQ¥LJ* (g,0) has no overlap with dp (,0). The
simplest combination of dp (g, 0), which has overlap with F (g,0) is pair products:

A(E,5 =dp (E, 0) op (E O) .

So the first simplification is to project F'(q,0) on to the subspace spanned by the

pair products, neglecting higher-order contributions:

F(3,0) = ¥ §EET) (AR, DIF®) AR (2.31)
KLE'T

where g is the normalization matrix:

- —

> (AR, DIAGD) T @, ET) = b5 0 (2.32)

—

1
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Insert Eq.[2.32] into Eq.[2.25]:

212
1F(3,0)) (AR, B)| exp(~iQ LR )] ARy, b))
(2.33)
In order to evaluate <A(l;1, )| exp(—iQFLQEt)| Alke, l—é)>, we have to make the

k 1
(A, D)IF@0) (AR, L)

second simplification: factorizing the averages of products, evolving with generator

@LZ@L , into products of averages:

<A(E1,z})| exp(—z@LE@Lt)|A(E2,z;)> ~ <5p (El,t)* 5p (E2,0)> <5p (z},t)*ap (z;o)>
(2.34)
This approximation, factorizing the averages of products into products of averages, is
the so-called mode-mode-coupling factorization first applied by Kawasaki [66] to
explain liquid-vapour critical phenomenon in the 1970s. Thus the left side of Eq.[2.34]

can be calculated
<5p (El, t>* dp (Eg, 0)> = 5];‘1’E2Sk¢(l_€'1, t) (2.35)
where Sy, is defined in Eq.[2.18]. Put Eq.[2.35| into Eq.[2.34] and set ¢ = 0:
<A(1¥;’, BlAGR,T )> = 6 p b7 p N2S,S, kT .

Therefore one finds

g(lg ,k l_’) = k‘BT(SE’E/él-;l-v/[NZS}gSI] .

Thus we have:

M(@1) = /M) S [(F@OIAGD ) /INSisi| Ssios@) (230)

kl
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Next we calculate the inner product

(F@OIARD) = m((1—PHLI*(G0)AGK])
= [(mLI" (@ 0)|AGRY) - (mPPLI" (G,0) |AGD)] -

We calculate these two terms one by one. The first term <mZJL (q,0) |A(E5> can

be evaluated exactly as :

<mEJL (7,0) |A(kp >

In the first step, we have used the Yvon Theorem: <A|IA,B > = —i ({A*, B}), where
{- - -} is the Poisson bracket. The last step follows from the Ornstein-Zernike Equation
Sk - ﬁ

Since LJ (§,0) has different time reversal symmetry than J% (q,0), the second

term:

(mPLLI (3,0)| AL )
—m <kBT 109(,0))(6p (4 0) % (g, 0) | A(KT))

185, (90(@ 0 I27(60)) (50(3,0) 50 (%,0) dp (£,0) )
= N6 5, %515 + C(, kD)

(2.38)

where C(, k, l—j is a triple correlation, which is irreducible and will be neglected. This
is the third simplification. Finally, there are, of course, other contributions, such as
from intramolecular degrees of freedom, to the kernel. As the fourth simplification

they are replaced by a white noise term v. After all these steps, we obtain the following
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expression for the memory function:
M (q,t) = vo(t) + Q2m(q, t) (2.39)

m(g,0) = (1/2V) 3 V (3. 50) se0)xt) (2.40)

F=k+1

v (a51) =ns,55 {7 [Fou+ ) /q}2 r (2.41)

m(q,t) in Eq.[2.40] is usually called the mode coupling functional and consists of a
sum of products of density fluctuation modes ¢z(t)¢{t) with the coupling vertices
V ((j’, l_c',lv determined by the structure factors Sy, S; and S,.

Equations [2.30], [2.39], [2.40] and [2.41] constitute the simplified (or idealized)
version of MCT, given as a closed set of equations. If the intermolecular potential
is known, the structure factors can be computed with well-established approxima-
tion methods (e.g. the Percus—Yevick equation) and used to evaluate the vertices
1% ((j’, E, f) The equations are then solved self-consistently for a discrete set of wave
vectors (typically 100 to 400). A numerical solution of the full MCT equations was
first carried out for a system of particles interacting via a Lennard-Jones potential by
Bengtzelius [67] and has also been performed for the hard-sphere system [68], [69].
Most recently, it has been used for the Baxter model of sticky hard spheres by Fab-
bian et al [70]. This analysis predicted a surprising reentrant glass transition which
was subsequently observed in experiments [71], [72]. Fig.[2-7] shows the numerical
solution of MCT equations for the hard-sphere system ! with structure factors calcu-
lated via the Percus—Yevick equation for two g-values. The different curves represent

different packing fractions labelled with the index n, where ¢ = ¢,(1 & 10~/3). The

!, The hard-sphere model mimics non-themal system like a colloid or emulsion glass. In such

systems, the constituent particles interact with each other only when they touch. Also the constituent
particles are so large and heavy that thermal exicitation plays a minor role. Thus the control
parameter in these system is the volume fraction, instead of temperature in normal thermal systems,
and the complete structural arrest, predicted by MCT, can be observed experimentally.
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Figure 2-7: Solutions to the MCT equations for a hard-sphere system at two wavevec-
tors ¢, = 7.0 and and g, = 10.6. The dark curves labelled c are at the critical packing
fraction c. The other curves are labelled with an index n where ¢ = ¢,(1 + ¢) and
e = %103 . From [68]

result for the critical packing fraction ¢, is indicated by the dark curve labelled ¢ and
¢. = 0.5318 is close to experimental results 0.55. Note that for¢ > ¢_, the correlators
do not decay to zero, showing that the structure has been arrested.

Thus simplified MCT predicts a complete structural arrest under critical condi-
tion, like critical volume fraction ¢, in colloid system and critical temperature T,
in thermal molecular or polymeric system, which is usually called the MCT critical
temperature T,. However, this complete structural arrest usually can’t be observed
in thermal systems and the correlation function ¢, (t) always decays to zero after a

sufficiently long time, in contradiction with the simplified MCT’s prediction. The

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

reason for that is the simplified MCT contains only nonlinear interaction among the
density fluctuation modes and the possibility of activated processes has been left out.
Following a suggestion by Das and Mazenko [73], Gotze and Sjogen [74] added the
leading correction terms, a temperature-dependent hopping parameter to represent
the activated transport processes, to the memory function and developed the extended
MCT.

The breakdown of the Simplified MCT below 7T, has recently been confirmed by
computer simulation analysis of the saddles in PEL [39],[40],[41], which shows the

system starts to be trapped in the local minima at 7.

The two-step relaxation scenario

One of the important successes of the simplified MCT is the prediction of a two-step
relaxation scenario, which has been mentioned briefly in Sec.[2.2.2]. As shown in
Fig.[2-7], we can see that at low volume fraction (or high temperature), ¢(t) decays
to zero within a time window of about one decade, which is essentially a microscopic
transient. As volume fraction increases (or temperature decreases in thermal system),
the microscopic transient is followed by decay towards a ‘plateau’, which is followed
by a second decay ending in the familiar a-relaxation process. As volume fraction
increases further, the plateau extends to longer times as illustrated in Fig.[2-7], e.g.,
for n = 12. This splitting off of the structural relaxation from the initial microscopic
transient produces the two-step relaxation scenario in the region between the mi-
croscopic dynamics and the a-decay, which has been observed in many experiments
and computer simulations. In MCT, the transition region centered at the plateau is
designated as the S-relaxation region.

The development of the intermediate two-step decay as low volume fraction in-
creases (or T' decreases) reflects the growing strength of the ‘cage effect’, i.e. tem-
porary localization of a particle in the transient cage formed by its neighbors. One

can roughly view the sequence of dynamic regimes of the relaxation process as an
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Figure 2-8: (a) Mean square displacement (r? (t)) of species A particles in a binary
L-J simulation. {r?(t)) is plotted as function of time for several temperatures. (b)
Non-Gaussian parameter as (t) as function of time for the same values of temperatures
as in (a). ( From [75)] )
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initial microscopic motion of each particle within its transient cage followed, in the
plateau region, by collective motion of the cage. The beginning of the decay away
from the plateau, called the von Schweidler decay, corresponds to the initial break-up
of the cages which is followed, finally, by the long-time a-relaxation. Besides correla-
tion functions, the study of mean square displacement (r? (¢)) also indicates the same
"cage" picture. In Fig.[2-8] (a), (r? (t)) of one species in a L-J binary mixture simula-
tion is shown [75]. At the earliest time, particle motion is ballistic ({r? (t)) x t?), as
they have not moved far enough to encounter the cage formed by their neighbors. As
the displacement increases, their motion is impeded by the cage, leading to a plateau
in the plot. This plateau becomes more long-lived with decreasing temperature, pre-
sumably because cage rearrangements involve cooperative rearrangements of a larger
number of particles and relaxation time increases as the glass transition is approached.
Finally the cage is broken and cage rearrangement leads to an upturn at the end of
plateau. The motion becomes diffusive with (r? (¢)) o ¢t. A non-Gaussian parameter
oz (t), which describes the degree of deviation of the displacement distribution at
time ¢ from a Gaussian distribution, is shown in Fig.[2-8] (b). a3 (t) is essentially zero
in the short and long time limits, which means the displacement distribution in these
time windows is Gaussian, and non-zero in the "plateau" region, which indicates the
distribution there is non-Gaussian and there are broad tails. In the PEL description,
3 relaxation occurs when the system hops between adjacent minima, and « relaxation
means hopping between two separated minima, as shown in Fig.[2-9].

The plateau level in ¢(t) for ¢ > ¢ (or T < T.) is f¢(T), which shows a square
root cusp behavior as a function of temperature separation. As 7" approaches T,
fe(T)remains close to f¢ = f$(T.). In the region close to T¢, namely (T — T¢) /T. < 1,
the MCT equations can be expanded in the small parameter ¢(q,t) — f;.

First, one finds that

¢(G,t) — f = hyG () (2.42)

This factorization result predicts that the g-dependence of ¢(t)~ f; in this asymptotic
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=

Figure 2-9: Two-step relaxation in PEL description, where /3 relaxation corresponds
the system hoping between two adjacent minima and « relaxation means hoping
between two separated minima.

region is completely specified by h,, while the time dependence of all correlators is
given by the same g-independent function G(t), which is called the S-correlator. G(t)

is the solution to the equation
d ¢ ! / !
MG () +o =3 / Gt — £ )G( )dt (2.43)
0

Solving Eq.[2.43] for 0 < 0, where 0 = T — T, is the temperature separation, one
finds that G(t) first decays to zero as t~%(the critical decay), and then decreases as
—t*(von Schweidler decay). The two exponents a and b are related to each other via

an exponent parameter A (1/2 < A < 1) by
A =T%(1/a)/T(1 — 2a) = T%(1 + b) /T(1 + 2b) (2.44)

where ['(z) is gamma function. Eq.[2.43] is the leading-order asymptotic result usually
employed in comparing experimental data with MCT. The exponent parameter X is

the only material-dependent quantity, and is usually treated as an adjustable fitting
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parameter. For the hard-sphere system, A was calculated with the Percus—Yevick
approximation to be A = 0.74.

In the frequency representation, the above two-step relaxation scenario will have
the following structure. The susceptibility spectra in hard sphere system, which are
obtained by dividing the intensity spectrum by the boson factor, see Eq.[4.7], are
shown in Fig.[2-10]. The a-peak, corresponding to the a-decay in the time domain,
exists in low frequency region and moves to lower frequency as the system approaches
T.. In the high frequency region, there are microscopic peaks. Between the a-peak
and the microscopic peaks, there are minima, which corresponds to the 3 region and

can be described by two-power law scaling to leading-order approximation:

a —b
” " w w
= %in | D

The two-power law scaling has been tested by numerous experiments and simulations

[76], [77), [78], [79].

1
a+b’

Hybrid model

Several recent publications [80],[81], have utilized a convenient semi-empirical func-
tion to model the two-step relaxation scenario predicted by the Simplified MCT in
supercooled liquids. The hybrid function consists of the Cole-Davidson function,
Eq.[2.4], representing the a relaxation, plus a power-law term w®, which represents

the fast relaxation processes related to the ¢~ critical decay of MCT.

H(w) = Hep(w) + Herar(w)

In order to avoid having the t~* term contribute in the o peak region, a cutoff term

e~4/7ep can beincluded : H,,;(t) = Bt~%e~%/7¢p. The resulting hybrid model memory
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Figure 2-10: Susceptibility spectra for the correlation functions shown in Fig.[2-7].
[68]
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function is then given by
Hw)={[1-(01+ in)_B] +iwp(t™! +iw)* '} (2.45)

where the Laplace transform convention of Eq.[3.36] has been used. Both real and
imaginary parts of one hybrid function generated numerically are plotted in Fig.[2-
11], using the parameters obtained from the hybrid fit to the Salol backscattering
susceptibility spectrum at 295 K. The imaginary part mimics the MCT susceptibility
spectra in Fig.[2-10].

The asymptotic behavior of the hybrid function can be evaluated. For the low
frequency limit, where wr < 1, the critical part doesn’t contribute due to the cut-off.
Thus we have

H(w) grzq twTh - (2.46)

For the high frequency limit (w7 > 1), we have :

H(w)g1 {1 + pw®sin [g (1- a)] } +1 {(un')_[3 sin <125—> + pw* cos [—g (1- a)] }
(2.47)
Eq.[2.47] diverges at very high frequencies. However, that is not important for us
because it doesn’t diverge in the frequency range of the experiment (0-1000 GHZ),
as shown in Fig.[2-11]. In high frequencies in our windows, we can see that the
real part of H(w) is basically constant, which indicates pw®sin [Z (1 — a)] < 1. Yet
the critical contribution to the imaginary part is comparable to the tail of CD part,

(wr) 7P sin (%g) ~ pw® cos [% (1 - a)], which produce a minima around 100 GHZ.
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Figure 2-11: Real (dotted line) and imaginary (solid line) part of hybrid function,
generated numerically with 7 = 1.23, 8 = 0.74, p = 0.0062 and a = 0.3 in Eq.[ 2.45]
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Chapter 3

Theory of Low-Frequency Inelastic
Light-scattering in Liquids

When lights impinges on matter, the electric field of the light induces an oscillating po-
larization in the molecules. The molecules then serve as secondary sources of light and
subsequently radiate (scatter) light. The experimentally measurable light-scattering
characteristics, such as frequency shifts, the angular distribution, the polarization and
the intensity of the scattered light, are determined by the molecular properties and
dynamics in the scattering medium. Therefore, with the help of electrodynamics and
the theory of statistical mechanics, useful information about the molecular properties
and dynamics can be extracted from experimental data.

More than one century ago, Rayleigh [82] developed a theory of light-scattering
from gases of molecules, in which each molecule is treated as an independent scatter-
ing object. But it was soon found that the intensity of light-scattering by condensed
phases was less than the prediction of his theory by more than an order of mag-
nitude. This effect was correctly attributed to the destructive interference between
the wavelets scattering from different molecules. But the means of how to calculate
the extent of this interference was not known until Smoluchowski [83] and Einstein

[84] elegantly circumvented this difficulty by considering the liquid to be a continu-

43
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ous medium in which thermal fluctuations give rise to local density fluctuation and
thereby to dielectric fluctuations. This theory is called the fluctuation theory of
light-scattering. According to this theory, the intensity of the scattered light can be
calculated from the mean-square fluctuations in density which in turn can be deter-
mined from thermodynamic properties such as the isothermal compressibility via the
equipartition theorem of statistical mechanics.

Most of the early studies mainly focused on the integrated intensity of the scat-
tered light. Inspired by the idea of Smoluchowski and Einstein, Leon Brillouin [85]
predicted a doublet in the frequency distribution of the scattered light, considering
the thermal density fluctuations as sound waves. This doublet is now known as the
Brillouin Doublet. In the early 1930s Gross [86] conducted a series of high-resolution
light-scattering experiments on liquids and first observed the predicted Brillouin dou-
blet. He also noticed the presence of another unshifted central component, which is
now called Rayleigh line. The spectrum that Gross observed, consisting of a cen-
tral Rayleigh line and a symmetrically shifted Brillouin Doublet, is usually called the
Rayleigh-Brillouin spectrum. Landau and Placzek [87] suggested a theoretical expla-
nation of the Rayleigh-Brillouin spectrum, based on hydrodynamics, and attributed
the Rayleigh line to nonpropagating temperature fluctuations. The full analysis was
later written down by Mountain [88].

Beyond the original hydrodynamics approach, which mainly deals with a simple
liquid of spherical molecules, two more elements have been added to the theory of
light-scattering from liquids since the 1950s. One is viscoelasticity, introduced by the
Mountain [88], which leads to a new central line called the Mountain mode. Another
is molecular anisotropy, which is responsible for the broad rotational background in
both VV and VH spectra and also the well-known "Rytov dip". In a glassforming
liquid of anisotropic molecules, both viscoelasticity and molecular anisotropy exist.
Several theories [9], [10] [13] have been developed to incorporate these two elements
into the interpretation of VV and VH spectra. But there was no complete theory,

taking into account both viscoelasticity and molecular anisotropy consistently and
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completely, until recently. Pick, Franosch, Dreyfus, and Latz have undertaken a new
unified analysis of light-scattering spectra using both a phenomenological analysis
[18], [23], and a microscopic Zwanzig-Mori approach [24] for glassforming liquids of
anisotropic molecules.

In this Chapter, we will review the theory of light-scattering. Some basic facts
about light-scattering are discussed in Sec.[3.1]. Then the usual Rayleigh-Brillouin
spectrum in simple liquids of spherical molecules will be derived by the hydrodynamic
approach in Sec.[3.2]. The focus of this chapter is Sec.[3.3], where the light-scattering
from a system of anisotropic molecules is discussed. We first consider the situation,
where the rotational and translational motions are independent with other. Then
Pick-Franosch theory, which includes rotation-translation coupling, is discussed in

detail.

3.1 Basics of light-scattering

The light-scattering experimental arrangement is shown schematically in Fig.[3-1].

The incident light, which is assumed to be monochromatic,
E‘z(’l:’, t) = ﬁiEO exp [Z (Ez' CF— wﬁ)]

with wave vector l—c'z-, polarization 7; and frequency w;, is scattered by the scatter-
ing object. The scattering object is a nonmagnetic, nonconducting, nonabsorbing
medium with average dielectric constant 9. Thus the dielectric tensor at space-time

point (7,t) can be written as
D (Ft)=e0 I +06F (7)1)

where § €’ (7, t) is the dielectric fluctuation tensor. The detector collects the scattered

light along the direction of Ef with polarization 7i;. The scattering angle between k;
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polarizer

!
|

polarizer 7

Figure 3-1: Light of polarization 7i; and wave vector k; is scattered in all direction.
Only scattered light with polarization 7y and wave vector kj is collected. The scat-
tered wavevector ¢ = k; — ky is defined by the geometry. The angle between k; and
]C f iS 9 .

and Ef is 6. The scattering vector is § = ki — Ef. The scattered light reaching the
detector, which is R away from the scattering center, has the spectral distribution
L;#(d, wy, R). Electrodynamics [1] gives the spectral distribution of the scattered light
as:

| Eo|” k&

Lii(Qws, R) = | —5753
16m2R%3

o Re /_ "t (bess (3,0) 81y (7,1)) exp (i (wy — wi) t)
(3.1)

where de;; (§,t) is the ¢ component of the spatial Fourier transform of de;f (7,1)

(SEif(F,t):ﬁi'(s?(F,t)'ﬁf

(3.2)
deip (@,t) = [, dPexp(iq - 7)deqs (71)

Eq.[3.1] tells us that, apart form the prefactor k?, the frequency distribution of Iy

depends only on the difference between w; and w; :

W= wWp—wj .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



47

The spectrum of the scattered light, with frequency shift measured respective to w;,
is :

L;(q,w,R) = A% Re {/_00 dt (35 (4,0) deif (4, t)) exp (iwt)} (3.3)

oo

where \
| Eol” k5
16m2R2e%

Since the range of frequencies of interest is very small compared to w;, A is effectively
constant.

The expressions above are written in general tensor notation and are independent
of any specific laboratory coordinate system. However, it is convenient for many
applications to use a specific scattering geometry. The one commonly used is shown
in Fig.[3-2] [1]. The plane defined by k; and k; is called the scattering plane. In
Fig.[3-2], the X Z plane is the scattering plane, the angle, 8, between k; and k ¢+ is the
scattering angle and the scattering vector ¢ = l;:'i -k ¢ is along the Z axis.

The subscriptions V and H are commonly used to indicate the polarization set-
tings in a light-scattering experiment. V and H correspond to the directions which
are perpendicular (vertical) and parallel (horizontal) to the scattering plane. Iyy
is usually called the polarized component and Iy y is called the depolarized compo-
nent, where the first subscript is for the incident polarization and the second is for
the collected polarization. Using the geometry in Fig.[3-2|, we can write down the

components of the dielectric tensor involved in Iyy and Iy g according to Eq.[3.2]
(Séivv (7—", t) = 56yy (’F, t) (34)

Sevi (Fyt) = dey, (7, 1) sin (0/2) — de,. (7, t) cos (8/2) (3.5)

where de,, (7,t), dey, (7,t) and de,, (7, t) are in the laboratory frame in Fig.[3-2].
In this thesis, we assume the molecules are rigid, both mechanically and dieletri-

cally, which means that distortions in the inertia and dielectric tensors due to collisions
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»

Figure 3-2: Scattering geometry used in this thesis, where the X Z plane is the scatter-
ing plane, the angle (l;i, l;f) is the scattering angle and the scattering vector § = k—k T
is parallel to the Z axis. (following [1])

between molecules are negligible. If, in the liquid, there are N identical molecules at
positions: 7 (t), 7 (t)...7x (t), the jth molecule has the polarizability tensor i’; ()
in the laboratory fixed frame and depends on its orientation at time t, the local

dielectric tensor can be written as:

N
TE =Y W) 6775 (1)
j=1
For a liquid of spherical molecules, whose molecular dielectric property is isotropic
and the polarizability tensor 7’; (¢) reduces to a scalar p, the local dielectric tensor is
proportional to the local density : € (,¢) = up(F, t)?, where p is the polarizability
of single molecule and p(7,t) is the number density. In this case, only the polarized

light-scattering spectrum [,,,(q, w, R) exists and is proportional to the spectral density
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of density fluctuation:

(o]

Lov(@w) = A Re L [ dt (6p(3,0) 5p (d1)) exp (ict) (3.6)
2w

—00

which gives the usual Rayleigh-Brillouin spectrum as discussed in next section. (There
will be a weak depolarized spectrum due to higher-order scattering processes, but we
will not consider that here.) In the case of liquids of anisotropic molecules, the

situation will be more complicated as discussed in detail below.

3.2 Brillouin Scattering in Simple Liquids of Spher-
ical Molecules

After introducing the basics of light-scattering, we discuss how the Rayleigh-Brillouin
spectrum can be derived from hydrodynamics in a simple liquid with spherical molecules
following the analysis of Mountain [88]. Since the wavelength X of visible light, which
is commonly used in the light-scattering experiment, is much larger than a typical in-
termolecular separation d in condensed phases (A ~ 5 x 10%A, A ~ 10A). Also we are
working in a relatively low frequency domain (below 103GHZ). Thus we can model
the scatterer as a continuous medium, which can be divided into volume elements
characterized locally. These volume elements are macroscopically small compared to
the wavelength and microscopically large enough to contain mary molecules. Each
volume is equilibrated and thermodynamic relations can be applied locally.

Now let’s first consider the simplest liquid: a monatomic liquid of spherical
molecules. This system can be described by conventional hydrodynamics arising from
conservation equations. The mass, momentum and energy conservation equations can
be written as [1], [62], [89], [90], :

.@gﬁ +V-[p(Ft)a(rt)=0 (3.7)
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8 [mp (7, t) @ (7, £)]

5 +V - [mp(Ft) @ (7 )@ (7 t) - o (7t)] =0 (3.8)

de (7,1)
ot

+V- {ﬁ(m) +e(Ft)a(Ft) — T(Ft)- ‘?(m)] =0 (3.9

Eq.[3.7] is the mass conservation equation, where p(7,t) and @ (7,t) are the local
particle density and velocity. Eq.[3.8] is the momentum conservation equation, where
m is the mass of one molecule and “o” (7,t) is the stress tensor. Eq.[3.9] is the energy
conservation equation, where e (7,1) is the energy density, and H (7,t) is the heat
flux.

In order to close the equations, we have to introduce the constitutive equation

relating the stress tensor ‘0" (7,t) to velocities @ (7,t) :
> /> — — (= A Ly d
o (Ft)=(=p("t)+n,V-d(rt)) I +n,7 (3.10)

where 1, and 7, are the shear and bulk viscosities, p is the pressure, and 7 is the

traceless strain rate tensor:

. Bui + Buj
o ail'j 6.’1,'1'

Tij

2
- §(V - 4)dij (3.11)
The heat flux H is related to the temperature gradient VT (7, t) by Fourier’s law:
H=-\VT(7,t) . (3.12)

From Eq.[3.6], we know the spectrum of density fluctuation is our ultimate interest
in this case, which can be solved from Eqs.[3.7] to [3.12]. We linearize Eq.[3.7],
Eq.[3.8] and Eq.[3.9] up to the first order of fluctuations, with Eq.[3.10}, Eq.[3.11]
and Eq.[3.12] plugged in, and end up with the following equations if we assume there
is no macroscopic flow, namely (i (7,t)) = 0:

86p (7,1)

P+ oV - [ (7 0)] = 0 (3.13)
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o[ (7, 2 1
mpo_*_[“égz’ N Vsp )4 n a0 + (n,, + gns) V(V-a(rt)  (3.14)
Q(Sea(tﬁJr (e, +p,) V - 4 (7,1) = \V*6T (7, 1) (3.15)

where pg, e,, p, are the averaged density, energy density and pressure; dp(7,1),
de(7,t), 6T (7 t) are the fluctuations of density, energy density and temperature.

Eliminating V - [@ (7, t)] in Eq.[3.15] by Eq.[3.13], we get:

Oh (7,t)
ot

— AWV 0T (7,1)

where h (7, t) = de (r,t) — Eﬂ;—gﬁd p (7, t) is essentially the fluctuation in heat density.
It can be written in terms of entropy density: h (7, t) = TpdS (7,t), where 65 (7,t)
is the fluctuation of entropy density. Thus the energy conservation equation can be

rewritten as:
968 (7,t)

Tr—,

= AV’6T (7, 1) (3.16)

Introducing two thermodynamic relations locally:

, where the partial differentials like (g—i)T can be expressed in terms of measurable

thermodynamics quantity [1], we can eliminate 65 (7,t) and dp (7, t) from Eq.[3.13],
Eq.[3.14] and Eq.[3.16]. Then this set of equations can be closed and solved with
Fourier-Laplace transform with appropriate initial condition [1], [62]. The final spec-
tral expression, correct to the order ¢2 [1], [62], can be written as:

= 0p(@w)sp(d0) __ 177 2 1 Dyg?
S (@) = Gy = 1V obks T (1~ 3) [t

1 qu l"q2
+'V ((‘*)—C'oq)2+[l‘q2]2 + (w+C’oq)2+[rq2]2) (3.17)

1 wTg? w=Tg”
+7b(q> ((w.Jrl“qz)2+[I‘q2]2 + (w—Fq2)2+[Fq2]2>}
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where x, is the isothermal compressibility, Dy = A/(mp,C;) is the thermal diffusivity,
Cy = (g—ﬁ) is the isothermal sound speed, C, is isobaric specific heat and I' =
T

1 G=0r | (mtin.)
2 | mpgCyp ™mpo ’

Except for the last term, which is usually small and difficult to observe experimen-
tally, the light-scattering spectrum, given by Eq.[3.17], is the sum of three Lorentzian
lines. The first term represents the unshifted Rayleigh line due to the heat fluc-
tuation which is a Lorentzian line with half-width at half maximum Aw, = Dr¢?
(typically 1072 GHZ) . Aw, is usually smaller than the instrumental resolution (0.2
GHZ for the 6-pass tandem FP interferometer). The next two terms represents the
symmetric doublet Brillouin Doublet. These are two Lorentzians, with half-width
Awy = I'q?, symmetrically shifted by +Cqq.

Physically, the Rayleigh-Brillouin spectrum arises from the inelastic interaction
between a photon and the hydrodynamic modes of the fluids. These hydrodynamic
modes are the result of conservation laws [1], [62], [89]. The Brillouin Doublet is
due to the inelastic collision between a photon and the "phonons" or sound modes,
which are longitudinal collective motions of the molecules in the fluid, producing a
frequency shift +£Cyg. The width of these components gives the lifetime (Fq2)_1 of
this "phonon" with wave vector ¢. The Rayleigh line, on the other hand, represents
the scattering of light due to entropy fluctuation via its coupling to density, which is

a purely diffusive mode of the fluid.

3.3 Brillouin Scattering in Glassforming Liquids of
anisotropic Molecules

In Sec.[3.2], we have discussed the Rayleigh-Brillouin spectrum in a simple liquid
of spherical molecules. Now let’s consider a system of anisotropic molecules. If a
molecule has an anisotropic shape, both its mechanical (inertia tensor) and dielec-

tric ( dielectric tensor) properties will be anisotropic. Thus the immediate effect of
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Figure 3-3: Hllustration of RT coupling in dense liquid

anisotropy is that the dielectric tensor has non-zero off-diagonal term, which means
a new light-scattering channel is opened and the depolarized light-scattering inten-
sity is non-zero. The anisotropic inertia tensor also has consequences. In condensed
matter, the rotational motion of the molecules will couple to the shear motion, as
shown in Fig.[3-3]. When a molecule is in a shear flow, its neighbors will exert a
torque through the molecule-molecule collisions. And this molecule will tend to align
in the direction of flow. This is rotation-translation coupling (RT coupling), whose
most well-known effect is flow birefringence [8]. In a dilute system, molecule-molecule
collisions are infrequent and the RT coupling can be neglected. Therefore rotational

and translational motions can be treated independently.

3.3.1 Dilute system of anisotropic molecules [1]

In this section, we consider the case of a dilute system. In this system, there are N

identical scatterers with polarizability tensor & (t) at positions: 7 (t), 7 (t)...7n (t).
) )
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Figure 3-4: The laboratory-fixed axes are XY Z and the symmetry axis of the dielec-
tric ellipsoid points to (6, ¢)

Thus the dielectric tensor can be written as:

EHGOEDSNTHORIGIO) (3.18)

j=1

We assume that, in this dilute system, light-scattering mainly comes from indi-

vidual scatterers and the contribution of the average background is negligible, i.e.
€ (7,t) = €’ (¥,t). Thus the light-scattering spectrum can be written as:

— 1 o0 - .
L (qw) = %/ dtlif (q,t) exp (iwt)

and

L (@) = | Bol® ) (pily (0) il () exp (3 [75 (1) 75 (0)])

J=l1
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where 1/ ¢ (t) depends on the orientation of object j. In dilute systems, the rotational

motion is independent of the translational motion and we will have
N
— 2 j ] ] — —
L (@) = |Bol* Y (pidy (0) el (1)) {exp (47 [75 (2) = (0)])) -
i=1
Because the scattering objects are identical, we finally have:

Lif (§,t) = | Eo|* N (g (0) iy (2)) (exp (i~ [7(8) = 7 (0)]) (3.19)

Now we assume the scattering object is cylindrical. Therefore the dielectric ellip-
soid is symmetric; its component parallel to the symmetry axis is #y and component
perpendicular to the symmetry axis is p, . The spherical polar coordinates specifying
the symmetry axis in the laboratory-fixed frame are (6, ¢) as shown in Fig.[3-4]. Under
this geometry, we can express components of the dielectric tensor in the laboratory-

fixed frame as function of ), s, and (6, ¢). For example

1/2
po=at () A 0.0) 320
om\ 1/
e =i (5) P 08) 47, 0,0) 321

where Y, ,, is the spherical harmonic of order (m,n). In Eq.[3.20],

== (1 +2n)

Wi —

is 1/3 of the trace of the dielectric tensor and represents the isotropic part the dielec-

tric tensor which is independent of the orientation, and

B = (M” - :U'J_)

measures the anisotropy of the dielectric tensor. These two parameters determine the
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intensities of the different component of the light-scattering spectrum for this system.
Inserting the components of the dielectric tensor in the laboratory-fixed frame into

Eq.[3.19], we get:

L @) =N o+ () # (R 0) [ e FO O @22

ton (@.0) = () 6° [F2) )+ F2, )+ £, 0+ P2, 0] (exp 7 7 )~ 0)
(3.23)

where

FO. () = (Y2 (6(0),0(0)Y,,. (0(1),6(1))

are the rotational correlation functions which reflect how the angles 8 (t) and ¢ (t)

change with time. Eq.[3.22] can be rewritten as
IVV (q_; t) = Iiso ((7; t) + Ianis ((T, t) (324)

where I;;, (G, ) is the isotropic term due to the translational motion of the center of

mass

Iiso (q‘a t) = NO[2 <6Xp (’L(T [F(t) _F(O)]»
and I,n:s (4,1) is the anisotropic term due to the rotational dynamics:

167

s (@) =N
Ia.ms(Q: ) (45

2
)8 (R @) (exp a2 ) -7(O) -
Thus, without RT coupling, the polarized spectrum is a simple summation of the
isotropic and anisotropic contributions.

If the rotational dynamics is assumed to be described by rotational diffusion, it

can be proved that I, (¢,t) in Eq.[3.24] is proportional to Iy g (4, t) in Eq.[3.23][1]:

Tonis(0,8) = 5Ty (@1) < exp (~600) (exp (ig- [7(1) =7 (O))
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where © is the rotational diffusion coefficient. If (exp (¢7- [7(t) — 7(0)])) also exhibits
simple exponential decay, which is the case for translational diffusion in the simple
liquid described by hydrodynamics, Eq.[3.17] in Sec.[3.2], Iyy (§,t) will be a simple
exponential decay too, which means that the spectrum Iy gy (¢,w) has a Lorentzian

line shape in the frequency domain.

3.3.2 Pick-Franosch Theory

The discussion for dilute systems is based on the assumption that rotational motion
is separable from translational motion. This assumption becomes invalid in a con-
densed phase, where the two degrees of freedom are coupled. As shown in Fig.[3-3],
a molecule, under a shear flow, prefers to orient parallel to the flow direction, due
to the torque produced by its neighboring molecules. Therefore, we have rotation-
translation (RT) coupling.

One of the consequences of RT coupling in depolarized light-scattering is the so-
called Rytov dip. The salol VH 90° (scattering angle) spectra at temperatures from
380 K to 220 K are shown in Fig.[3-5]. Instead of a simple Lorentzian line shape, at
high temperatures, we have a small dip centered at w = 0. This small dip is usually
called the Rytov dip and has been discovered by Fabelinski, Starunov et al [3] and
Stegeman and Stoicheff [5] around 50 years ago. Even before the first experiment,
the possibility of such a dip had been suggested by Leontovich [6] and Rytov [7]
based on concepts of generalized hydrodynamics. Later, A theoretical analysis based
on a two-coupled variable version of the Zwanzig-Mori formalism, which predicts the
central dip observed in the high temperature depolarized spectra, was proposed by
Andersen and Pecora [9] and by Keyes and Kivelson [10]. In this approach, depolar-
ized light-scattering is assumed to originate entirely from the rotational dynamics of
the optically anisotropic molecules which are, however, modified by the RT coupling.
While these equations were originally derived using the Zwanzig-Mori formalism, in

the small-¢ limit appropriate to continuum hydrodynamics, Wang showed that they
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Figure 3-5: Spliced raw 90° depolarized spectra of salol. (a) High temperature spectra,
in linear-linear plot, from top to bottom: 380 K,370 K,360 K, 350 K, 340 K,330
K,320 K. (b) Mediam and low temperature spectra in Log-linear plot, from top to
bottom: 295 K, 285 K, 280 K,270 K, 260 K,240 K,220 K. (The spectra have been

shifted along Y axis for clarity.)
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can also be derived phenomenologically if the hydrodynamic equations of motion of
the liquid are extended to include rotational dynamics as well as coupling of rotational
motion to shear flow [13], [14].

With cooling of the material through the melting temperature and into the su-
percooled region, the central (Rytov) dip in the depolarized light-scattering spectrum
Iyy(w) disappears ! as the broad quasielastic rotational line narrows; eventually a
pair of symmetrically placed bumps appears on the wings of the rotational line and
sharpen into well-defined transverse acoustic modes. This temperature evolution of
Iyp(w) from doublet to singlet to triplet was explained by Wang [13], who realized
that memory effects must be taken into account in the supercooled region. He gen-
eralized the Andersen-Pecora analysis by explicitly introducing viscoelasticity, i.e. by
replacing the shear viscosity constant 7, with a memory function 7 (t). However,
as Wang noted, a similar viscoelastic generalization should also be included for the
other transport coefficients in the dynamic equations[15]. Dreyfus, Pick and their
coworkers have further extended the phenomenological theory of depolarized light-
scattering by introducing memory functions for all transport coefficients and writing
the equation of motion of the rotational variable as a damped oscillator equation.
Their approach has been applied, so far, to depolarized light-scattering studies of the
molecular glassformers metatoluidine [17], [18], [19] and ortho-terphenyl [20], [21].

Although the effect of RT coupling has been demonstrated clearly in the VH spec-
trum by the Rytov dip and transverse modes, it was conventionally ignored in the VV
spectrum analysis. In the literature, the polarized Brillouin spectra have usually been
analyzed assuming that the rotational contribution is simply added, as a background,
to a typical density fluctuation spectrum Iy (w) appropriate for a liquid of isotropic
molecules, with structural relaxation effects incorporated in a frequency-dependent
longitudinal viscosity 7,(w) [81], [92], [93]. This assumption would be true, if the

RT coupling didn’t affect the longitudinal motions characterizing Iy (w). However,

IThe Rytov dip disappears because of the instrumental resolution, namely it becomes too narrow
to be detected. In principle, it is alway present in the spectrum.
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longitudinal motion is a superposition of pure compression and shear motion, and the
shear component can couple to rotational motion. Thus Dreyfus et al [18], Wang [16],
and Chappel and Kivelson [22] suggested the existence of RT coupling in longitudinal
motions should invalidate the conventional assumption in analyzing Iy (w). Approx-
imate expressions for the polarized spectrum Iyy(w) including rotation-translation
coupling were given in Refs. [18] and [16].

Recently, Pick, Franosch Dreyfus, and Latz, have undertaken a new unified anal-
ysis of both polarized and depolarized light-scattering spectra using both the phe-
nomenological analysis [18], (23], and a microscopic Zwanzig-Mori approach [24].
Their analysis provides a consistent theory of both polarized and depolarized light-
scattering spectra that includes all the effects of RT coupling and viscoelasticity. In
particular, the theory predicts that the rotational degree of freedom will change the
lineshape of a polarized spectrum through the RT coupling, besides providing a broad
background.

In this subsection, we will review the Pick-Franosch theory in detail both phe-
nomenologically and microscopically. First, we will generalize the hydrodynamic
equations to include non-hydrodynamic rotational dynamics and introduce a sym-
metric second rank tensor 6) to characterize the local anisotropy and write down
phenomenologically a damped oscillator equation for it. 6 and the traceless strain
tensor are linearly coupled, again phenomenologically. Thus, the ordinary hydrody-
namic equations and the equation for 6 form a complete set. Then we solve this set
of equations analytically to get expressions for the spectra. Finally, we will discuss the

microscopic approach, from which all the phenomenological results can be derived.

6 parameter and phenomenological equations

For linear (or axially symmetric) molecules in Fig.[3-4], if P(6, ¢, 7, t) is the probability
of finding a molecule at 7 with its symmetry axis pointing in the direction (6, ¢),

an additional non-hydrodynamic variable, required to describe the departure from
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isotropy of the average molecular orientations within a small volume element, can be

defined as
— . — A ~ 1
Quy(F ) = / sin 0486 P(0, 6,7, 0)[i(6, 8)05(6, 6) ~ 353 (3.25)
\74

which forms a symmetric traceless second-rank tensor 6 More general molecular
shapes can be analyzed also. The resulting equations are identical to those derived
for the axially symmetric case, but the microscopic definitions of the parameters are
modified [91].

In order to generalize the hydrodynamic equations to include 6, one needs to
construct an equation of motion for <_Q-> Pick and Franosch et al used a damped

harmonic oscillator equation

Qi (7,1
ot?

=20y (7)) - P2 s ) s20)

where w,, is a librational frequency, I" is the rotational friction coefficient, y is the
RT coupling constant, A’ is a constant required because (s (7, t) has different units
than p (7,t), and the last term incorporates the coupling of orientation to shear flow.

On the other hand, RT coupling also modifies the stress tensor in Eq.[3.10]:

O

A > /o —
<E>(’F)t) = (_p(F7t) +773 \% 'U(’I‘,t)) I +775 T (T)t) _:u’é; Q (Tat) )
which can be linearized for small fluctuations:
5 (7,t) = (~dp+mp V- d(50) T 4n, 7 (1)~ por @ (1) (320)

where dp = C23p(7,t) is the pressure fluctuation. Eq.[3.26] and Eq.[3.27] can be

completed with the linearized hydrodynamic equations for small fluctuations:

8p (7,1
-8—%(;—’—) + oV - @(Ft) =0 (3.28)
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8 (7, )
Po at

~ V-8 (7t) =0 (3.29)

We neglect the energy conservation equations, because it only leads to a narrow
Rayleigh line, which is beyond the resolution of our instrument.

We note that in the publications of Wang [13], [14], the equations of motion for
6 was assumed to be a first order relaxation equation rather than a second-order
damped oscillation equation. This form reduces to the Anderson-Pecora theory at
high temperatures where it is correct. However, at low temperatures when memory
effects are important, it leads to anomalies in the memory functions as discussed by
Franosch et al [24].

As we have discussed in Chapter 2, relaxation in the supercooled and glassy
region is ultra-slow. And the memory effect must be taken into account in the fre-
quency region of our experiment, which means we have to deal with viscoelasticity.
A viscoelastic liquid shows liquid-like rheological behavior under low frequency per-
turbation and solid-like behavior under high frequency perturbation. For example,

with a shear perturbation, e.g. V =V, (2) ], the shear strain is Yy (1) = di’i—(zt)

the shear rate is 7., (t) = %z(t) = 7, (t). For a simple liquid, the shear stress is

and

Oy> (1) = N,Tyz (t) = 1Y, (t), whose frequency representation, using the Laplace

transform convention in Eq.[3.36], is

Oys (W) = MW7, (W) (3.30)

and for an ideal Hooke’s law solid, the shear stress is oy, (t) = Gyv,, (t), whose

frequency representation is:

Oyz (w) = GS’sz (w) . (331)

In Eq.[3.30] and Eq.[3.31], n, and G, are the shear viscosity and shear modulus
respectively and v,, (w) is the Fourier transform of the shear strain v, (t) = %Q.

We can incorporate viscoelasticity by generalizing either n, or G, into a memory
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function [62]. In our case, we start from a liquid formalism. Thus the generalization

can be made to 7,, for V = V, (2) 7:

dVy(

0= [ 06/ 2 00t =, (04, 1) 3:32)

where the symbol ® stands for convolution. In principle, the memory function 7, (¢)
can be determined microscopically by the Kubo relation [62]: 7, (1) = 325 (02 () 022 (0)),
However, in practice, 7, () is usually modeled phenomenologically [62], [88], [94]. The
constraint of the generalization is that Eq.[3.32] has solid- and liquid-like behavior in
the high and low frequency limit respectively, as shown in Eq.[3.30] and Eq.[3.31].

In the frequency domain, Eq.[3.32] reads:

Oyz (W) = wis (W) Yy (W) -

In order to satisfy the constraints in the low and high frequency limits (Eq.[3.30] and
Eq.[3.31]), we must require 7, (w) — i, (wr < 1) and n, (w) — £ (wr > 1), where
7 is the characteristic relaxation time. One expression satisfying these requirements

is :
_ iGT
14 dwr

Ns(w)

which was first introduced in the study of viscoelasticity by Maxwell [62], [94] and
gives 7, = G (the Maxwell relation). In the Maxwell model 7, (t) decays exponen-
tially.

In the Pick-Franosch theory, all transport coefficients are generalized following

Eq.[3.32], and the constitutive relation is written as

55 (7,0) = (~Cop (1) + m (0 @ V i (7,1)) T, (08°F (7 1) (002 T (1)
(3.33)
and Eq.[3.26] is:
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20).. (7 5 (7,
5____Qgt§7" Do 2@y -T () ® w”a—im) +ApM @151 (334)

where 0, (1), 1, (t), p(t) and I" (t) are, respectively, the bulk and shear viscosities, the
RT coupling and the rotational friction functions.

After discussion of the dynamics, let’s look at the dielectric properties. From
symmetry considerations, the diagonal elements of 6 can couple to fluctuations
in both density and orientation, while the off-diagonal elements can couple only to

orientation:

5 (7, 1) = adp(r,t) T +bQ (r,1) (3.35)
where a and b are material-dependent constants.

Spectral expressions for polarized and depolarized scattering

After laying down the close set of equations, in this section we will solve Egs.[3.28],
[3.29], [3.33] and [3.34], to get the spectral expressions by Fourier and Laplace trans-

formation:
F(q,w) = LFT (F (7,1)) = i / dt exp (—iwt) / dFexp (ig- 7) F (7, 1)
0

where

LT.(F (F.1)) = i / " dtexp (—iwt) F (7 1) (3.36)

is the Laplace transform? and

PT.(F (71) = / direxp (iq- 7) F (7, ) (3.37)

2This follows R. M. Pick’s convention, which is different from the one used in MCT derivations
Eq.[2.27] and the conventional definition : LT.(F (7,t)) = [, dtexp (—st) F (7,t). This convention
is used in the derivation of Pick-Franosch theory.
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is the Fourier transform. The appropriate initial conditions are : @(g,0) = 0,
H —
From Eqs.[3.3], [3.4], [3.5] and [3.35], we can express the polarized and depolarized
spectra using this Fourier-Laplace transform convention as:
ATm{a® (3p (q,w) 0p (4, 0)) +

IVV(‘T, w) — (3.38)
2ab (Qyy (7,0) 0p (4, 0)) + b (Quy (¢, w) Qyy (7,0))}

Ivp(q,w) = Abzl'm{ (Quy (§,w) Quy (¢,0)) sin (6/2)

—2(Quy (¢, w) Qyz (4, 0)) sin (6/2) cos (8/2) + (Qyz (¢, w) Qy= (¢, 0)) cos (6/2)}
(3.39)

2,4
where Zm{...} stands for the imaginary part, A = 3§le2 } and 0 is the scattering
0]

angle. In Eqgs.[3.38] and [3.39], Q,; is the element of @ tensor, Q;; (7,0) is the Fourier

transform of the initial value of Q;; (7,1)
Qi (4,0) = /dFeXp (iq- 7) Qi; (7, 0)
and Q;; (¢,w) is the Laplace-Fourier transform of Q;; (7, t)
Qi (q,w) = LFT (Qy; (7,1)) -

Thus the calculation of the spectrum boils down to calculating the averages like
(0p(q,w) 6p(4,0)), (Quy (§,w) Quy (§,0)) and so on, which can be obtained from the
set of dynamical equations. For completeness, we show most of the mathematical
details. Readers can skip the derivations and go directly to Eq.[3.55] and Eq.[3.60]
for the VV and VH spectral expressions.

Apply V- to Eq.[3.29]:

p08 (V-4d(7,1))

= —V (V-5 (7)) =0 (3.40)
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and V - (V-) to Eq.[3.33]:

V- (V-85 (7t) = & ((v 8T (7))
VR (~CRop () + 1y () © 7 5 () (3.41)
+47, () @ VE(V - 4 (7 1) — u(t) ® 0;{0:[0,Q; (7))}

8. Thus we can eliminate §°” (7, t) by inserting Eq.[3.41] into Eq.[3.40] and then do

Laplace-Fourier transform:

() [oo = (1) + 50 69| - CB0D @) = ot () Qe G1) =0
(3.42)
where

U (§,w) = LET (V - (7, 1))

and only (), (¢, w) survives, see Appendix B. Laplace-Fourier transform Eq.[3.34] for

1=j) =2z
(A)2 '
sz ((j, LU) = % (1 - TIL)) sz (q_; 0) —iA %%%‘II ((T, LU) (343)
where
D(w) =w? +wl(w) —w? . (3.44)

Laplace-Fourier transform Eq.[3.28):

~i(wdp (q,w) — p(q,0)) = po (3.45)

3Sum over the repeated indices.
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Solving Eqgs.[3.42],.[3.43] and [3.45], we will have

6p(4,w) = L1 (w) [C38p(,0) — 7 (w) w2 Qx (7, 0)] (a)
¥ (g w) = 5¢°R () [C3p(3,0) — 7 () 2Q-- (7,0)] (®
Q.. @) =1 (1- 58) Q.. 3.0)
~if 434 {12 R () [C30p (3,0) — 7 () w2Qx. (3.0)] | ©
(3.46)
where ; »
P(w) = [w2 - Z—O (Copo +wmy (w))] ) (3.47)
e (@) = wmy ) + 5 (m, (@) = A7 (@) D ()
and
r(w) = w%%‘% . (3.48)

Laplace-Fourier transforming Eq.[3.34] for ¢ = j = 2 and plugging in Eq.[3.46].(b), we

have:

2 ,

Qu (7:) =7 (1= 5 ) Qu (@0 +5 L 0P R ) [CB0 (3:0) - 7 () 201 (3.0
(3.49)
Substituting Eq.[3.49] and Eq.[3.46] in to Eq.[3.38], we will be able to express
the polarized spectrum in terms of various static averages like <|5p (q, O)]2> and
(6p(7,0) Q.- (4,0)), which are actually related. Let’s look at various static aver-
ages. First, due to the different rotational symmetry of dp(q,0) and Q.. (4,0), cross
terms like (dp (4, 0) Q.. (g, 0)) are negligible. Second, because 6 is a traceless, second

rank tensor and the liquid is isotropic macroscopically, we have

(Qi; (§,0) Qni (7,0)) = ®*Ayjm (3.50)
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where A;; 1 is a fourth-rank tensor,

Ajjr = <5ik5jz + 030 — §-5ij5kz) (3.51)

Thus we have
(1Q:= (@O = (10w (,0)) = 527 (3:52)
(@ (@ 0)Qu: (7,0)) = 5 (1803 @ 0)F) (353)

Also, due to the time reversal symmetry of the system or microscopic reversibility

(see P. 508 in [63]):

(0p (4, w) Quy (4, 0)) = (Qyy (§,w) 6p (7,0)) .

Thus from Eq.[3.46] (a) and Eq.[3.49], we can easily get:

2N C3

(Qu (4,0) Q- (,0)) =—§p—w—5<l 0)I*) . (3.54)

Thus only the single quantity @ is needed to characterize the static averages, as seen
from Eq.[3.52], [3.53] and [3.54].4
Finally inserting Eq.[3.49] and Eq.[3.46] into Eq.[3.38] and simplifying the expres-

sion using the static average relations given above, we obtain:

Iy (qw) = —f;l’m{bgg (1 — DL(RS) + K%ﬂ ¢*P (w) ( 23‘/;0% (w)) } (3.55)

where I = A®?, r (w), D (w), and the longitudinal phonon propagator P, (w), are
defined in Eq.[3.48], Eq.[3.44] and Eq.[3.47] respectively.

Following the same Laplace-Fourier transform method, one can easily get the

Wz 2
4We can see from Eq.[3.50] to Eq.[3.54]: %ﬁ‘l <]6Q33 (q, 0)|2> = %01 <|5p (g, O)|2>, which indicates

the equipartition of energy between the translational and rotational motions.
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expression for @, (¢,w) and Q,, (§,w) as:

2

Quy (7,w) = % (1 - %) Quy (7,0) (3.56)

m

w? ' 2
@ (@) = {% (1-575) + 1ot (5o @) B<w>}@yz @0) (357

where P, (w) is the transverse phonon propagator:

2 -1

P (w) = [ 2_ 4 (wns (w) — A'r? (w) D (w))] . (3.58)
Po

From Eq.[3.56], we can see that the normalized autocorrelation function of Q., (¢,w)

(Quy (€)@ (@ 0) _ . [1(, w2
(©ey (.0)Quy G0)) {w (1 D(w))}- (3.59)

Inserting Eq.[3.59] into Eq.[3.39], and again simplifying the expression using the static

is:

averages, we obtain:

WQ / 2
Iyn(qw) = él’m{b2 (1 -5 (’;)> + (cos® (6/2)) Z—%‘,wiqg <%%O—br (w)) P (w)
(3.60)

where I = A®?2, and the transverse phonon propagator P, (w) is defined in Eq.[3.58].
If we neglect the RT coupling, by setting  (t) = 0 in both Eq.[3.33] and Eq.[3.34],

the spectral expression can be worked out easily:

Ivu(Gw) = -:%Im{bz (1 - D“@)} (3.61)

and

fw@w):ézm{bzg (1— “i)) <I>2+a2q2033d(w)<|6p(c.7;0)|2>} (3.62)

-
S
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where

P ) = {u = £ |Gt wmfe) + 3 lomaol] } .

In this case, the VH spectrum is purely rotational and ¢ independent and the VV
spectrum is a sum of rotational and translational contributions as expected. The
second term in Eq.[3.62] is equivalent to the term proportional to a2 in Eq.[3.55],
considering the relation between the static averages from Eq.[3.50] to Eq.[3.54].

Both the polarized (Eq.[3.55]) and depolarized (Eq.[3.60]) spectra contain two
terms. The first term in Eq.[3.60] is

w2
IBu(q,w) =T -0*Im{R(w)} ,where R (w) = é (1 -5 (*; )) (3.63)

which can be looked at in two ways. First, it is exactly the backscattering depolarized
spectrum, easily seen by setting § = 7 in Eq.[3.60]. Second, from Eq.[3.59], we see it
is the spectrum of Q,, (¢, w), which doesn’t couple to the translational motion. Thus
IB(q,w), the backscattering depolarized spectrum, describes the pure rotational

decay. In the IZ,(q,w) data analysis Sec.[5.2], R (w) is modeled by a hybrid function:
R(W) = RO {[1 — (1 + inR)_ﬂR] +pR[iw(TE1 + iw)‘“"-“l]} .

Also 4/3 of the same term appears in the polarized spectrum in Eq.[3.60], which
provides a background for the polarized spectrum. In addition to the pure rotational
term, there is a second term in the depolarized spectrum, Eq.[3.60], which is due to
the RT Coupling and produces the Rytov dip at high temperatures and the transverse
modes at low temperatures, as seen in Fig.[3-5]. In polarized spectrum, besides the
background, the rotational motion also changes the lineshape of the g-depedent term
via RT coupling, which can be seen from the second term in Eq.[3.55]. It contains a
term proportional to a?, corresponding to the contribution of translational motion.
It also contains the term proportional to b%, which is the contribution of rotational

motion, and a cross term proportional to ab.
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RT coupling also causes a modification of both the transverse and longitudinal

phonon propagators, Eq.[3.58] and Eq.[3.47], namely it reduces the shear viscosity
by A'r? (w) D (w).

Spectral expressions for fitting

Due to the existence of four memory functions, the spectral expressions, Eq.[3.55]
and Eq.[3.60], contain too many parameters to be fit directly to experimental data.
However, as shown below, two of the memory functions, p(w) and I'(w), can be
reduced to a single fitting parameter under one plausible assumption.

The spectral region of interest (0 — 50 GHZ) is far below the microscopic vi-
brational frequency wg (~ 103 GHZ); thus w? << w%. It can also be proved that
w? << wl'(w)?, so we approximate D(w), in Eq.[3.44], by

D(w) =~ wh + wl(w) ,

which means

Next, we assume that the transport coefficients u(w) and I'(w) have the same fre-
quency dependence and their ratio z is therefore a constant, which depends on tem-

perature, but not on frequency:

u(w)/T(w) = 2 (T) . (3.64)

SThis can be checked numerically by using the fitting results from the Hybrid fit to backscattering
2

w

spectra, see Sec.[5.2], where R () = (1 - —Q—B—> is modelled as hybrid function and all

whtol(w)—w?
the parameters are known. If we assume w, ~ 103GHZ, we can calculate wI'() numerically,
whose imaginary and real part are both 2-3 orders larger than w? in frequencies below 100 GHZ.
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Eq.[3.48] for r(w) thus becomes:

wp(w)  wl(w) ZwI‘(w) _ ZD(w) — w3 . wh
iy el E  ml B

r(w) =

Eq.[3.64] is exact at high temperatures, where the frequency dependence of both
p(w) and I'(w) disappears within the frequency range of our experiment. Yet, at
low temperatures, where memory effects must be taken into account, there is no

theoretical or experimental proof of Eq.[3.64]. Combining Eq.[3.63] and Eq.[3.65]:
r(w) = zR (w) (3.66)
Inserting Eq.[3.66] into Eq.[3.60]:

Iyp(qw) = 3Im[R(w) + (cos? (6/2)) A(g*/p) R*(w) P; (w)]

1 (3.67)
and P, (w) = {w? — (¢*/po){wn,(w) — AR*(w)/[1 - R(w)]}}~

where Iy = I -b* and A(T) = wkA'2z%. Note that A(T) is now the RT coupling
constant. Putting Eq.[3.66] into Eq.[3.55]:

Iy (w) = 2Tm {ﬁ;R(w) +ZA[S+2Rw)* R (w)}
and By (w) = {0 — £ [0C} +wm(w) + 4 [on,(w) ~ AR@)/[1 - R@)]]}

-1

(3.68)

where S = ap/A'bz.
In order to apply Eq.[3.67] and Eq.[3.68], we have to model the memory functions
of the shear and bulk viscosities. The shear viscosity 7, (w) and bulk viscosity 7, (w),
describe how the simple shear and isotropic compression relax and can be measured
directly in experiment. In dynamic viscosity measurements, Menon et al [58] showed
that 7, (w) has a stretched exponential behavior, as shown in Fig.[3-6]. Because of
the strong coupling to structural relaxation, we assume 7, (w) exhibits the same short

time characteristics as structural relaxation predicted by MCT, namely the critical
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Figure 3-6: Real (circle) and imaginary (square) part of dynamic viscosity of glass-
forming liquid di-n-butylphthalate. The line is a Cole-Davision fits with 8 = 0.34

part in the high frequency region. Thus we model 7, (w) by the hybrid function
Eq.[2.45):

wn, (w) =12 {[1 —(1+ ins)_ﬁS] +ps[iw(’r;1 + iw)as_l]} ) (3.69)

From the limiting values of the hybrid function discussed in Sec.[2.3.3], we can see
7, (w) has liquid-like behavior in the low frequency limit and solid-like behavior in
the high frequency limit in our frequency window.

In the VV analysis, we further assume the bulk viscosity 7,(w) is proportional to

ng(w). Thus

M) + 37,0) = Vi () (.70
where
_ ) 4
n(w) 3

Beyond the coupling between the viscosities and structural relaxation, which is es-

sentially inter-molecular motion and is represented by the hybrid function, there are
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other processes like intramolecular motion, attenuating the longitudinal sound wave.
We use a constant, which is the "regular" sound attenuation coefficient, to represent

these processes. Thus the modified longitudinal phonon propagator reads:

&(w)z{w?—wz—wro—?—;— Vi (w )—%A;—}%]}_l (3.71)

where w, = qCy and T’y is the "regular" sound attenuation coefficient.

One immediate test of the theory is that, at high temperatures, the second term of
Eq.[3.67] for I, (¢, w) should be negative around zero frequency to produce the Rytov
dip in our frequency window ( several GHZ ). For high temperatures, all frequency-
dependent memory functions can be replaced approximately by their w — 0 limits

(wr << 1 for all processes at high temperatures in the range of several GHZ ):

R(w) — iR%pATR

wr<<1

wny(w) — iwn,

w7’<<1

where 7, is the static shear viscosity. The modification term to the shear viscosity
in the denominator of Eq.[3.67] can be ignored, since R*(w) o (w7)? << 1. Thus the

second term in depolarized spectrum, Eq.[3.67], becomes

Iy (cos? (0/2)) A(¢?/ py) R2(w)
EI”"”{ —<q2/po>{o€n/s<))) (Afzﬂ /0 — R(w ]}} (3.72)
I (7 {( 2 (6/2)) A/ po) zRmef}
" = (@ o) {wns(
B
W+ (1,62, )?

1(ROBr )2
where B = @Eq—gw cos® (0/2) . This is a Lorentzitian with negative sign, which
0
is consistent with Andersen-Pecora theory [9], [1]. We note that, at any temperature,
wT << 1 can always be satisfied at extremely low frequencies. Thus Eq.[3.72] holds

there, which means there is always a Rytov dip at sufficiently low frequencies in the
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VH spectrum, although it may be too narrow to be detected experimentally.

Microscopic derivation of the Pick-Franosch Theory

In this section, we will discuss briefly the microscopic derivation [24]. The microscopic
approach is based on projection formalism identical to the Zwanzig-Mori formalism
discussed in Sec.[2.3.2] and Appendix A. In this approach, the selected variables are
5p(7,0), J(q,0), 6 (4,0) and 6 (¢,0) which are the density fluctuation, momen-
tum, anisotropic parameter, and the time derivative of the anisotropic parameter,

respectively. The static averages of the selected variables are:

(|60 (@ 0)) = =55
(i (,0) J; (¢, 0)) = &, ym*v*
(@i (7,0) Qu (g, 0)) = ‘I’ZAij,kl
<Qz‘j (7,0) Qs () 0)> = Wi A

where v = /kgT/m is the thermal velocity, Cy = v*/S (¢ — 0) is the isothermal

(3.73)

sound velocity defined in terms of the long-wavelength limit of the static structure
factor, w, = \/m is the characteristic frequency (7 is the momentum inertia of
the molecule for a rotation around the axis perpendicular to the molecule symmetry
axis). Other cross-term averages can be shown to vanish; for details see [24].

The projection operator, which projects any vector onto the subspace spanned by

> > -
dp(q,0), J(q,0), @ (¢,0) and @ (,0), can be defined as:

P =1Qi; (7,0))55(Qi; (4,0)| + Qs (q_',0)>'2;1‘2;(Qij (7,0)|

(3.74)
+100 (4, 0)) 525 (00 (2, 0) | + 1 (, 0)) 72 (J: (€, 0) |

=1

Franosch et al [24] showed that the time evolution operator, R (t) = exp (zﬁt) , can

be exactly reformulated as:

Rt)=R@t)P+ / t R(s)PiLR (t — s)ds + R (t) (3.75)
0
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where
R (t) = Qexp (iQLQY) Q
and Q = 1— P. A short proof of this identity, Eq. [3.75], and its equivalence to normal
Zwanzig-Mori formalism, can be found in Appendix B.
With the help of the static averages and Eq.[3.75], the phenomenological equations

can be derived as follows. First, we write down the mass and momentum conservation

laws:

0:6p (4, t) = iqiJi (G, 1)

and

O Ji (G,1) = iquow (4, ¢) (3.76)
— . — . >
where 04, (g, t) is the stress tensor. The traceless part of o is 9 :

T loatonto)y

We also can write the trivial identity:
804 (3,1) = Qi (31) (3.77)

The stress tensor o (§,t) in Eq.[3.76] can be generated by letting R (t) act on its

initial value:

Okl (q_',t) = R(t)dkl ((T,O) .

Inserting these results in Eq.[3.75] and evaluating all the static averages, we have the

final result:

i (§,) = 8,C38p (4, t) + 855 [y my (t — 8) quvw (G, 5) ds

" . ) (3.78)
- fo ns (t —s) 745 (4, 5) ds + fo p(t — s) Qi (q, s) ds + noise

where n, (t) = 27 (P (@.0) I& (1)1p (60 ), 1. (1) = 27 (Y (L) IR (1) ¥, (£,0)).
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p(t) = —= <me (7,0)|R (t) |2y (4, 0)> The noise is a term of random force or-
R

thogonal to the subspace of selected variables and will be cancelled out when calcu-

lating the correlation function. Neglecting the noise term, Eq.[3.78] is equivalent to

the constitution relation Eq.[3.33]. Apply the same procedure to Qz] and we will have

Qij (§,t) = —w2Qy; (q, t)—/t T (t—s) Qi (¢, 8) ds+A /t,u, (t — s) 745 (¢, 5) ds+noise

" ’ (3.79)
where I' () = fg <Qxy (7,0)|R (t) |Quy (4, O)> ,and A" = %%—;. Neglecting this noise
term, Eq.[3.79] is equivalent to Eq.[3.34]. Thus the phenomenological equations of
Pick et al [23] are recovered. Franosch et al [24] further showed that all the relevant
memory functions have well-behaved long-time behavior, allowing the use of simple
modeling functions. It is also possible to show, within the same formalism, that
if general molecular shape is included (rather than requiring axial symmetry), the
same expressions are obtained for the spectra although the microscopic definitions of

memory kernels have to be modified [91].
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Chapter 4

Experiments

In this chapter, we will discuss the apparatus and procedures used in experiments.
In Sec.[4.1], the experimental setups will be discussed. The Brillouin scattering ap-
paratus, based on a Sandercock Tandem Febry-Perot interferometer, is our main
instrument and therefore will be discussed in detail. Two other instruments, Raman
and photon correlation spectroscopies, will be discussed briefly. In Sec.[4.2], we will
show how the above instruments were applied in our work and will present the full

set of experimental data.

4.1 Experimental Apparatus

4.1.1 Brillouin Scattering Apparatus
Fabry-Perot Interferometers

Brillouin scattering spectroscopy using Fabry-Perot interferometers is a well estab-
lished method for investigating the properties of materials. First let us quickly review
the characteristics of a single Fabry-Perot interferometer; more details can be found
in standard textbooks e.g. [95]. A single plane Fabry-Perot interferometer (FPI),
shown in Fig.[4-1], consists of two high quality parallel mirrors separated by the opti-

cal path length D. This is a standard example of a multi-beam interferometer and the
78
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essential aspect of it is that a transmission maximum occurs when light of wavelength

2, incident normally on the mirrors, satisfies the round-trip resonance condition,
niA=2D

where n is any integer. The FPI is a tunable band-pass filter since changing the
mirror spacing shifts the resonance wavelengths.

The finesse F of such an instrument is an important characteristic defined as the
ratio of the frequency separation of adjacent transmission peaks (F.SR) to the peak
width at half maximin(FWHM): F = ﬂEV‘S}JLM. The finesse depends on the mirror
reflectivity and the departure of the mirror surfaces from ideal planes. In a real
system, light is always collected from a finite size source and over a finite solid angle
so that incident light is not perfectly parallel. This effect will cause an additional
broadening of the transmission peak. Taking into account all these factors, a normal

single pass FPI usually has a finesse of about 60. The FPI transmission function is

given by:
Ty

1+ Esi® (D)

T

(4.1)

where T} is the maximum possible transmission of the system. One typical transmis-
sion functions, generated by Eq.[4.1], is shown as a function of D for a monochromatic
incident light in Fig.[4-1]. One useful parameter, characterizing a FPI, is the con-
trast, which is defined as the ratio of the maximum transmission to the minimum

transmission and is related to the finesse F of the system:

The typical contrast for a single pass FPI is ~ 1000.
Although the finesse of a single pass FP system can be increased up to a limit
of about 80, the low contrast limits its application in observing weak signals in the

presence of intense elastically scattered light. This problem can be solved by using a
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Figure 4-1: (a) A sketch of a plane F-P interferometer. (b) The transmission of
monocromatic light through the interferometer as a function of mirror spacing.
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multipass FP system [96], [97]. For an n-pass FP system in which the light traverses

the FP n times at different positions, the transmission is just the nth power of Eq.[4.1]:
T,=(Th)"

The finesse and the contrast of the system are:

_F
(@21/m — 1)

n

Cn = (Cl)n

For a 5-pass FP system, which is commonly used, a finesse larger than 70 and a
contrast larger than 1010 can be easily achieved.

A multi-pass interferometer can provide high finesse and high contrast, However,
like a single-pass FP interferometer, it suffers from the overlapping of neighboring
interference orders. The interference introduces ambiguity to the analysis of the
measured spectra and can even make the measurement impossible, if the spectrum
contains many or broad, features. This problem can be solved by constructing inter-
ferometers consisting of two FPIs of unequal spacing in tandem operation. Light will

be transmitted only when both FPIs satisfy the resonance condition simultaneously:
’I’Ll)\ = 2D1, and ’I’Lz)\ = 2D2 (42)

where n; and ng are integers, and D; and Dj are the mirror separations of the first
and second FPI. The transmission function of a tandem FP interferometer is simply
the product of the transmission functions of the two FPIs. The transmission function
of such a system, where D is slight smaller than Dj, is shown in Fig.[4-2]. We can see
that the nearby transmission peaks have been suppressed. The mirror spacings can
be scanned to produce sensible spectra with this system, only if Eq.[4.2] is accurately

satisfied continuously while scanning. Therefore, while scanning, if D, is shifted by
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Figure 4-2: The transmission of a tandem FP interferometer, where the mirror seper-
ations of two FPIs are different by a small amount.

0D;, 6D, must be shifted by:
0D1 Dy

0Dy = D

(4.3)

A tandem FP interferometer (TFPI) introduced by Sandercock [98] in 1978 pro-
vides a practicable solution to Eq.[4.3]. The Sandercock TFPI, shown in Fig.[4-
3], consists of two FPIs in which the scanning mirrors of both interferometers are
mounted on a common translation stage. The axis of the first FP is along the scan-
ning direction (indicated by the heavy arrow) while the second is rotated by an angle
6. The spacings are adjusted so that Dy = 0 when D; = 0. Therefore, the spacing of
the two FPIs are related by:

Dy = Dy cosf

which automatically satisfied the synchronization condition of Eq.[4.2] while scanning.

Overview of Brillouin scattering instrument

The interferometer used in our brillouin scattering experiment is a Sandercock TFPI.
In this TFPI, the angle between the second FP axis and the scan axis is 18.4% and
the mirror separation range is 0 — 27mm. The scanning mirrors are mounted on a

compound translation stage comprising a deformable parallelogram (for small dis-
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Figure 4-3: Sketch of Sandercock tandem FP interferometer

placements) attached to a crossed roller translation stage (for large displacement).
The latter can be driven by a micrometer screw for obtaining the gross setting of
the mirror spacing. The interferometer is scanned by means of a piezoelectric trans-
ducer acting on the deformable parallelogram. The mirrors in the interferometer are
mounted in mirror holders. The position and orientation of each mirror relative to
the mirror holder can be adjusted via piezoelectric transducers.

To obtain long-time stability of the system, it is necessary to apply some form
of dynamic control in order to maintain both parallel alignment of the mirrors and
correct spacing. Two kinds of feedback are used. First, the mirror spacing is sensed
using a capactive displacement sensor in the scanning stage and the signal is used in a
feedback loop to control the piezoelectric scanning transducer. Besides the capacitive
displacement sensor, the final light-scattering signal is also fed back to an interferom-
eter control box. Fine adjustments are done by the control box, to the transducers
between the mirrors and holders, to maximize the integrated intensity of the central
elastic peak. Therefore, a reference beam, with the same frequency as the excitation
light and with stable intensity, is necessary for this feedback.

The 6-pass TFPI Brillouin scattering apparatus in our lab is shown schematically

in Fig.[4-4]. Single-mode laser light, from a Coherent innova 90 laser running at
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about 250 mW and 5145 A, is split by S1 into two beams: one for reference and
the other for excitation. The excitation beam, going though a shutter (shutter-1)
and polarizer, is focused on the sample in a cryostat. The reference beam, going
through a shutter (shutter-2), focusing lens and neutral filter, reaches beam splitter
S2 together with scattered light from the sample. The combined scattered beam and
reference beam, are focused on a spatial filter, that defines the effective scattering
volume. A telescope is used to help focus the combined beam accurately on the
spatial filter. Then the beam, collimated by a lens, enters the TFPI after a second
polarizer. The combination of the coupling mirror M2, corner-cube and the cat’s-eye
element (f3 and M3) reflects the beam and adjusts the beam positions to complete
the 6-pass (3 x 2) through the TFPI. The scattering configuration in Fig.[4-4] is for
90° scattering. The near-backscattering geometry is achieved by replacing focal lens
f1 by the combination of flat (Mb) and convex (Mc) reflecting mirrors, as shown in
the lower-left corner in the figure.

Because the frequency response of the photomultiplier tube (PMT) is much wider
than the effective free spectral range of TFPI, significant background noise would
be caused by the light outside the free spectral range such as Raman scattering
and fluorescence from the sample and optics, ambient room light, etc. In order to
eliminate these background effects, we use an Amici dispersing prism and a spatial
filter as a final bandpass filter. The signal from the PMT is fed to a discriminator
and preamplifier, whose output is TTL pulses. The count rate of TTL pulses is
proportional to the intensity of light arriving PMT. To maintain linear response,
the count rate must be kept below 40 Kents/sec for our system. Applying the
sawtooth voltage scan to the piezo-transducer, the interferometer scans back and
forth linearly. The whole system acts like a high resolution tunable bandpass filter.
The TTL pulses are recorded by an EG&G multi-channel scaler then stored in a
computer. The EG&G Ortec multi-channel scaler has 1024 channels and is triggered
and synchronized by the tandem controller. In normal operation, sequential scans

are accumulated to build up the spectrum until the necessary signal-to-noise ratio is
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Figure 4-4: Schematic illustration of the 6-pass TFPI Brillouin scattering apparatus.

achieved. The signals are also sent to the tandem controller for feedback purpose and
to oscilloscope for display purpose needed during optical alignment.

The whole Brillouin scattering apparatus is mounted on a compressed air float-
ing optical table, in order to decouple the optics from vibration in the surrounding
environment. To minimize the influence of the air motion between the FP mirrors
and obtain better thermal isolation, a Plexiglas box is used to enclose the entire in-
terferometer. To maintain the high contrast of the multi-pass FP system, masks are
placed at the front and back of both FPIs, in front of the coupling mirrors and corner

cube and in some other places to eliminate stray reflections from imperfect optical

surfaces.
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‘Working mode of shutters, Frequency Calibration and Spectra-splicing

Two shutters are used in the excitation and reference beams, as shown in Fig.[4-
4]. These shutters are controlled by the shutter controller, which is driven by the
computer ! and can function in two different modes. In the first mode, only shutter-1
functions and shutter-2 is always open. As discussed above, a reference beam with
stable intensity is crucial for automatic stabilization. So it is necessary to block the
scattered light, which is fluctuating, while the system scans through the elastic peak.
The two ghosts, weak residues of the nearest transmission maxima, are important in
frequency calibration and we also block the scattered light there. Therefore shutter-1
is closed when the interferometer scans through the central peak and ghosts and is
open in the rest of time, however shutter-2 is always open during the whole scan.
One typical spectrum with shutters working in this mode is shown in Fig.[4-5] (a),
where one depolarized 90° spectrum from salol is recorded with mirror separation 10
mm. In the frequency regions of the central elastic peak and two ghosts, shown by
symbols, the scattered light is blocked.

The direct output of the multi-channel scalar is the intensity as function of channel
number. Thus a calibration is needed to map channel number to frequency in order to
get the spectrum, namely intensity as a function of frequency. In order to achieve that,
first, we find the center of the elastic peak in channel numbers, which is the origin of
the frequency axis, by fitting the elastic peak to Lorentzitian lineshape. The ghosts
can be modeled by a product of two Lorenzitians with slightly different centers. From
this fit, the center of the nearest transmission peaks of the first FPI can be obtained
in channel numbers. The mirror separation of the first FPI, therefore the frequency
separation between the adjacent orders, is known. Assuming the piezo-transducer
scans linearly, we do a linear interpolation between central peak and adjacent peak

to map the channel number to frequency.

1 The latest version of the Sandercock tandem controller has incorporated the shutter controlling
ability, where a separate shutter controller is not needed.
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One obvious shortcoming of the one-shutter mode is that we lose the information
contained in the central part of the spectrum, which is usually as wide as the resolution
of the instrument (~ 0.1 GHZ). Thus contains limited information in usual cases.

However, sometime the central part of the spectrum is important, like the Rytov
dip. In these situations, a second mode must be used. In this mode (two-shutter
mode), the two shutters open and close alternatively in adjacent scans. In a stabilizing
cycle, shutter 1 is closed, shutter 2 is open; the automatic stabilization is active
and the recording system is inactive. Thus the system stabilizes itself but records
nothing. The next scanning cycle is for measurement. In this cycle, shutter 2 is
closed, shutter 1 is open; automatic stabilization is inactive and the recording system
is active. Thus the whole spectrum, including the central part, can be recorded, as
shown in Fig.[4-5] (b). Due to the lack of an elastic peak and ghosts, calibration can’t
be done in this spectrum. Instead, we run the system in one-shutter mode just after
the spectrum in two-shutter mode is taken, which can be calibrated. This calibration
will be used, assuming the system doesn’t change between the two measurements.

Usually we only scan the TFPI slightly more than two orders, to keep two "ghosts"
in the spectra, so that the scanning linearity of the piezo-transducer can be guaran-
teed. Thus the measured frequency range, for mirror separation D, is roughly from
—C/2D to C/2D, where C is the speed of light. Thus a small mirror separation leads
to a larger frequency range. On the other hand, because the total number of channels
in the multi-channel scalar is fixed (1024), the spectra measured with larger mirror
separation have finer frequency steps than with small mirror separation, although
the frequency range is smaller. Thus in order to maximize both the number of data
points and frequency range, we use a splicing approach, shown in Fig.[4-6]. The spec-
tra shown in the upper panel are the depolarized backscattering spectra from salol at
380 K obtained with different mirror separations and with & Raman spectrometer.
They were spliced by optimizing the overlapping frequency region by adjusting the
amplitude factor. Finally we can get a spectrum covering from 0.4 GHZ to 6000

GHZ by combining three Brillouin and one Raman spectra.
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Figure 4-5: Two working modes of shutters. Two 90° depolarized spectra were col-
lected on salol at 380 K with shutters working in different modes: (a) one-shutter

mode; (b) two-shutter mode. See text for details.
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Figure 4-6: Illustration of splicing process, see text for detail.
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Figure 4-7: Instrumental function of TFPI measured with D = 10 mm from the
scattering light from a metal surface.

Instrumental function

With the apparatus described above, we obtain a finesse around 110 at a mirror
separation of 10 mm, a contrast of 10'° and a suppression of neighboring interference
orders of around 300. A typical instrumental function is shown in Fig.[4-7], which
is measured with D = 10 mm using the scattered light from a metal surface. This
instrumental function will be convoluted with the theoretical spectrum for fitting in

the next chapter.

4.1.2 Raman Spectroscopy

Although Raman Spectroscopy doesn’t have as good resolution as a Brillouin setup,
it covers a much larger frequency range. The Raman scattering apparatus is shown
in Fig.[4-8]. The Coherent innova 300C laser operates in single-line multimode with
output power of around 300 mW at 4880 A. The laser beam is focused on the sample
inside the cryostat and the scattered light is collected and focused on an intermediate

slit which is used to eliminate the strong elastic scattering from the edges of samples.
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Figure 4-8: Schematic illustration of the Raman scattering aparatus

The collected light is collimated and then refocused on the entrance-slit of a Spex 1401
tandem grating spectrometer. The openings of the three slits in the spectrometer can
be adjusted to optimize the throughout and the resolution. The settings usually
used are 100um, 200um, 400um. The scattered light is analyzed by the gratings
operated in tandem, which are driven by the stepping motor driver. Finally, the light
is collected by a PMT. Signal from the PMT is sent to the discriminator /preamplifier,
from which the TTL pulses are acquired by a computer equipped with an EG&G Ortec
ACE-MCS multi-channel scalar as in the Brillouin setup.

4.1.3 Photon Correlation Spectroscopy (PCS)

Photon Correlation Spectroscopy can directly measure the relaxation time near T,
where the linewidth is much too marrow to be measured by a Brillouin spectrome-

ter. In PCS measurements, the normalized correlation function of the scattered light
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intensity is measured:

ey = (0 1(®) _ (E*(0)E(0) E* () E (1))
{I(0) I(0)) ((E* (0) B (0)))°

where F (t) is the electric field amplitude of the scattered light. Supposing the electric
field E (t) is a random complex variable with a 2-d Gaussian distribution [1], we will

have :

(E”(0) E(0) E* (1) E(t)) = ((E" (0) E(0)))” + ((E (0) E" (¢)))”

Thus theoretically,

e(t) = 1+ (C(t))* (4.4)
where
(B0 E W)
0= E0EO)

is the normalized correlation function of the scattered field, reflecting the dielectric
fluctuation in the scattering object. However, in practice, we usually collect scattered

light from more than one coherence area and Eq.[4.4] becomes:
) =1+ A(C())? (4.5)

where A is a spatial coherence factor depending on the numbers of coherence areas
collected [1].

Fig.[4-9] is a schematic diagram of the experimental PCS setup. In our PCS
setup, a Spectra Physics 165 Argon laser with a single-mode etalon operating at 4880
A is used as the excitation source. The exciting beam is focused on the sample in the
cryostat. The scattered light is first collimated by a cylindrical lens. After a polarizer,
the collimated light is collected by the fiber optic detection system. The fiber optic
assembly which consists of a micro-collection GRID lens, 1X2 coupler which splits the
input fiber optic to provide two outputs and two FC connectors is made by OZ Optics
(Carp, Ontario, Canada). The focal length of the GRID lens is about 30 cm. The FC
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Figure 4-9: Experimental setup for Photon Correlation Spectroscopy

connector sockets are mounted directly on the PMT assemblies, which each contain a
PMT, discriminator and preamplifier. The use of fiber optics eliminates the pinholes
and lenses used in the traditional PCS apparatus. This fiber optic detection system
was tested on polystyrene suspensions. The spatial coherence factor, A in Eq.[4.5], is
A = 0.98, much closer to the theoretical maximum of 1.0 than what can be achieved
with conventional optics. Thus in the PCS data analysis, we will take A = 1.

The signal from the PMT assembly is sent to a BIF9000AT digital correlator
made by the Brookhaven Instrument Co. (Holtsville, NY). The BI-9000AT has an
ISA computer interface and is installed in a personal computer. This correlator is
constructed with a semi-logarithmic channel layout configuration with a time range
from 0.1 ps to 1000 s, which is crucial in studying the slow stretched dynamics. An
autocorrelation from the signal of a single PMT or a crosscorrelation function from
the signals of both PMTs can be constructed by the BI-9000AT. The crosscorrelation

mode avoids the after-pulse effect of the PMT when fast processes are studied.
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4.1.4 Sample Preparation, Cryostat and Temperature Con-

troller

Salol samples for our light-scattering experiments were prepared by triple vacuum
distillation of stock phenyl salicylate purchased from Sigma Chemical Company. The
final distillation was made into cylindrical glass sample cells which were then flame
sealed under vacuum. The sample was mounted in a copper housing on the cold finger
of an Oxford LN2 cold-finger cryostat with a ITC-4 temperature controller connected
to a platinum resistance thermometer attached near the top of the cold finger. Liquid
Gallium-Indium alloy was used to provide thermal contact between the sample cell
and the bottom of the copper housing. For the PCS experiments, to have more precise
temperature readings, a second platinum resistance thermometer was attached to the
bottom of the copper housing close to the sample and was monitored with an Omega
RTD digital thermometer. The readings obtained with this second thermometer were
~ 1 K higher than the first thermometer, indicating a small temperature gradient in
the cryostat. Brillouin, Raman, and PCS experiments were carried out with the same

sample and cryostat to maintain consistency in the temperature measurements.

4.2 light-scattering Experiments and Raw Data

Salol (phenyl salicylate, T,, = 316 K, T, = 218 K) is a fragile molecular glassforming
material that supercools easily. It has been studied extensively with a wide range of
experimental techniques, so a great deal of information is available in the literature.
Experiments in which the depolarized backscattering spectra of salol were compared
with predictions of the mode coupling theory (MCT) indicated that T, the critical
temperature of MCT, is T = 256 = 5 K [107]. Some of the relevant properties of
salol are collected in Table.[4.1].

There have been several previous polarized and depolarized Brillouin scattering

studies of Salol. The evolution of the depolarized (VH) spectrum from a high-
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Formula C13H100;3
Chemical structure Fig.[4-10]
Molecular weight 214.21
Tor (K) 316
Ty (K) 446
T, (K) 218
Density (gm/cm?) p = 1.4516 — 8.57 x 107*T (K)[99]
Refractive Index n = 1.718 — 4.321 x 10T (K)[99]
Viscosity Eq.[4.6] [103], [104], [105]
Sound Velocity (m/ sec) C, = 2448 — 3.23T (K)[106]
To (MCT temperature) 256 + 5 K[107]; 253 + 4 K[108];
266 K[109]; 250 £ 5 K[110]
A(MCT expponent parameter) 0.70[107]; 0.73 [108], [110]

Table 4.1: Properties of salol

temperature doublet to a low-temperature triplet was studied by Fabelinski et al
[2], [4], [101], Vaucamps et al [102], Enright and Stoicheff [99], and Wang and Zhang
[16]. The polarized (VV) spectrum was studied by Wang and Zhang [16] and by
Dreyfus et al [106].

The total depolarized light-scattering cross section of salol was previously mea-
sured and compared with the estimated value for dipole-induced-dipole scattering,
the major non-rotational contribution to the total intensity [111]. The results indi-
cated that rotational dynamics account for approximately 97% of the total scattering
intensity due to its very anisotropic chemical structure shown in Fig.[4-10], justifying
the use for salol of the theories discussed in Sec.[3.3.2] in which depolarized scattering
due to mechanisms other than rotational dynamics are neglected.

The shear viscosity n, of Salol was measured by Jantsch [103], Laughlin and
Uhlmann [105], and Cukierman et al [104] for temperatures between 416 K and 213
K. In this temperature range, the viscosity increases from 1.2 x 1072P to 4.8 x 1012P.
The combined viscosity data is plotted in Fig.[5-11] together with an extended free-
volume fit to Eq.[2.2]: (which gives 7, in Poise).

logyo(n,) = —2.157 + 123.0/ {T ~ 261.2 + [(T — 261.2)? + 3.98477 "/ 2} (4.6)
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Figure 4-10: Chemical Structure of Salol. ( From [100] )

4.2.1 Brillouin and Raman scattering

Three sets of light-scattering spectra have been measured: 173° VH near-backscattering,
90° VH and VV spectra from salol at temperatures: 380 K, 370 K, 360 K, 350 K, 340
K,330 K,320 K,310 K,300 K,295 K,290 K, 285 K, 280 K, 275 K,270 K, 265 K, 260
K,250 K,240 K,230 K,220 K,210 K. In all experiments, the cryostat was allowed
to restabilize for at least a half hour, after changing the temperature.

In depolarized backscattering measurements, three mirror separations were used:
10 mm, 2 mm, 0.5 mm, and the shutters worked in the one-shutter mode. To ex-
tend the spectra to higher frequencies for analyses, Raman scattering spectra were
obtained. Raman spectra were accumulated in 90° HT geometry, taking ~ 30 min-
utes per run. (At frequencies in the Raman range, depolarized 90° and depolarized
backscattering spectra are indistinguishable). The combined interferometric + Ra-
man VH backscattering intensity spectra are shown in Fig.[4-11]. However, the sus-
ceptibility spectra x” (w), which are related to the intensity spectra I (w) through the
fluctuation-dissipation theorem [63], [89]:

1—exp (—,:’:—T) I

X' (@) = iy ) (4.7)
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Figure 4-11: Spliced backscattering depolarized spectra of salol. From top to bottom:
380 K,370 K,360 K,350 K,340 K, 330 K,320 K, 310 K,300 K,295 K, 290 K, 285
K,280 K, 275 K,270 K, 265 K, 260 K, 250 K, 240 K, 230 K, 220 K, 210 K. The breaks
in low temperature spectra are due to the leakage of polarized scattering.

show more identifiable features than intensity spectra. In our frequency window,

w/2m < 200 GHZ, fw < kT, so that Eq.[4.7] reduces to its classical form:

" w

X (W)= HonT

TW) . (4.8)

The complete set of susceptibility spectra obtained from the data of Fig.[4-11] with
Eq.[4.8] is shown in Fig.[4-12].

In the 90° VH measurements, two mirror separations were used: 10 mm and 2
mm, and the shutters worked in the two-shutter mode. The spectra are shown in
Fig.[3-5]. For the 90° VV spectra shown in Fig.[4-13], two mirror separations were

used: 10 mm and 2 mm, and the shutters worked in the one-shutter mode.

4.2.2 Photon Correlation Spectroscopy

Photon correlation spectra were obtained at temperatures of 221.8 K, 224.4 K, 226.4
K, 2313 K, 236.1 K, 241.3 K, and 246.1 K with a scattering angle of 90°. 488
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Figure 4-12: Backscattering VH susceptibility spectra of salol. From top to bottom:
380 K,370 K,360 K,350 K,340 K, 330 K,320 K,310 K,300 K,295 K,290 K, 285
K,280 K, 275 K,270 K, 265 K, 260 K, 250 K, 240 K, 230 K, 220 K, 210 K. The breaks

in low temperature spectra are due to the leakage of VV scattering.
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Figure 4-13: Spliced raw 90° polarized spectra of salol, from top to bottom: 380 K, 370
K, 360 K, 350 K, 340 K, 330 K, 320 K, 310 K, 290 K, 280 K, 270 K, 260 K, 240 K, 220
K,210 K. (The spectra have been shifted along Y axis for clarity.)
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Figure 4-14: Depolarized photon correlation spectra of salol (scattering light intensity
autocorrelation ). From right to left: 221.8, 226.4, 231.4, 236.1, 241.3 and 246 K.

nm incident laser light from a Spectra Physics 165 Argon laser provided 20mW of
single-mode power at the sample. The incident light was vertically polarized, and
horizontal polarization was selected for the scattered light (VH). Correlation data
was accumulated for 5 to 10 minutes with count rates of 5 to 10 Kcts/sec. At
the lowest temperature, 20 minute runs were necessary. The normalized correlation

functions C(t), are shown with in Fig.[4-14].
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Chapter 5

Data Analysis and Results

After reviewing the Pick-Franosch theory and laying out the experimental details, in
this Chapter, we will show our data analysis. In the analysis, we focus mainly on
two issues: first, whether the Pick-Franosch theory can provide both reasonable fits
and fitting parameters to both VH and VV spectra over the whole temperature range
from above T;,, to below T}; second, whether the signature of RT coupling, predicted
by the theory, can be identified clearly in the VV spectrum.

In order to make our analysis sensible, it is important to limit the number of free
fitting parameters. First, in Chapter 3, we have simplified the spectral expressions for
fitting by assuming I' (w) /p (w) is frequency independent. Second, in the fittings, we
used as much information from the literature as possible, including the refractive in-
dex, mass density, isothermal sound speed, and static viscosity, given in Table.[4.1].
Third, as shown in Fig.[5-1], we divided the whole fitting procedure into four se-
quential steps. In the first step, we analyzed PCS data and the a peaks in the VH
backscattering susceptibility spectra to obtain the rotational relaxation time 7x(T').
The resulting 7(T) values were used to fit the VH backscattering spectrum with the
hybrid function,. In the third step, we fit the VH 90° spectra with the backscattering
parameters fixed from the second step, and determined the coupling constant A and

shear viscosity memory function 7, (w). The VV 90° spectra were analyzed in the

100
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Figure 5-1: Flow diagram of 4-step fitting procedure.

last step to pinpoint the effects of RT Coupling , with all the parameters obtained in
the previous stages fixed, namely the backscattering parameters, coupling constant A
and shear viscosity memory function 7, (w). With this 4-step strategy, we managed
to limit the number of free fitting parameters to no more than 4, and to 3 in most

cases.

5.1 The Rotational Relaxation Time 75(7T)

The temperature evolution of the orientation relaxation time 7(7T') is an important
piece of information and can be obtained by combining the PCS data, from 3 K to

25 K above T, and the o peaks in VH backscattering susceptibility spectra, from
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310 K to 380 K. These two techniques measure the pure rotational dynamics, in the
time and frequency domain respectively.
The normalized autocorrelation function of the scattered field, C(¢), can be mod-

elled as a KWW function:

Ct) = frcexp (- (t/7x) ) -

Thus, the measured intensity autocorrelation function, Eq.[4.5], is:
e(t) =1+ Aexp (2t /7)) (5.1)

where the relaxation time 7y, stretching exponent Sy, and A; = ( fK)Z, were free
fitting parameters in the fits. We fit the correlation functions to Eq.[5.1]; the fits are
shown in Fig.[5-2] together with the experimental €(t) data. The Tgs are plotted in
Fig.[5-5] as circles. The 3 values and amplitudes are nearly constant: Bz ~ 0.635
and A; ~ 0.835, are plotted as functions of temperature in Fig.[5-3]. The fact that
fix = /A1 ~ 0.91 is less than one indicates that there are fast relaxation processes
outside of the time window of the PCS experiment, and it is the a relaxation in the

long time region that we have measured.

The VH backscattering spectrum measures the pure rotational dynamics from
which the spectral density is, according to Eq.[3.67],

W

I8(w) = 2TmR(w)

where 2ZmR(w) is the normalized autocorrelation function of Quy (§,w), shown in
Eq.[3.59], and can be described by the hybrid function in the frequency range below
the microscopic peak (~ 103GHZ):

iR(w) = iRO {[1 — (1 +iwrr) P2] + prliw(rg' + iw)“R“l]}
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Figure 5-2: Depolarized photon correlation spectra of salol (scattered light intensity
autocorrelation ). Scatters are the experimental data and lines are KWW fits. From
right to left: 221.8, 226.4, 231.4, 236.1, 241.3 and 246 K.
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Figure 5-3: Fitting parameters from PCS plotted as a function of temperature. (a)
amplitude of « relaxation Aj; (b) stretching exponent [,
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The susceptibility spectrum, related to the intensity spectrum by Eq.[4.8], in our

frequency range, reads:

Xvg(w) = ig“é‘ff\éH(W)

. (52)
= Achm {[1 - (1 -+ inR)—ﬂR] ‘f"pR[iw(TEl + ’l:w)aR—l]}

where pg is the ratio of the critical contribution to the C.D. contribution, and Ry and
kgT are absorbed into the amplitude A.;. In the a peak region, only the CD part of
Eq.[5.2] contributes:

xop(w) = AZm {[1 = (1 +iwrg) ?#]} . (5.3)

The « region of the susceptibility spectra xZp(w) are shown in Fig.[5-4], for tem-
peratures between 310 K and 380 K where they exhibit a visible a peak. These «
peaks were fit to Eq.[5.3]. A, Tr and By were free fitting parameters. The resulting
B values, which slightly depend on the selected fitting range, vary between 0.77 and
0.80. The resulting 7x values for T between 310 K and 380 K are included in Fig.[5-5]
as squares.

In order to bridge the gap between PCS and VH backscattering data, we carried
out a free-volume fit, Eq.[2.2], to the T7x(T), which is shown in Fig.[5-5]:

log,o(Tr) = —11.05 + 234.81/ {T — 248.44 + [(T — 248.44)* + 6.185T] Y 2} (5.4)

where Tg is in seconds. With this fit, we estimate T, ~ 219.8K. The 7x(T) values
obtained from this fit were used to fix the 77(7T') values in R(w) for the temperatures
from 250 K to 310 K.

Since we have both 7x(T), Eq.[5.4], and 7, (T), Eq.[4.6], the Deybe equation,
Eq.[2.5], can be tested [53], [58]. In Fig.[5-6] 1, in 102 Poise is plotted together with
75+ T in 10~2ns - K, which was scaled by 80 to match 7, at high temperatures, as
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Figure 5-4: Cole-Davison fits to the o peak of VH backscattering susceptibility spec-
tra. Points are experimental data and the lines are fits. From left to right: 320 K,
340 K, 360 K, and 380 K,.
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Figure 5-5: Temperature evolution of the rotational relaxation time, g, in Salol. Cir-
cles are fitting results from VH backscattering spectra; squares are fitting results from
PCS, and the line is the free-volume fit. In the inset, 7 from PCS and backscattering
analyses are plotted together with 74, from [113].
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B,, and 7. Fits were carried out using three different fitting ranges (1 — 5, 1 — 10,
and 1 — 20 GHZ) and two different weighting functions: S [wt(i) = vy, Y ?) and U
[wt(i) = 1]. The resulting fits for each T' were nearly indistinguishable, although
there was slight scatter in the resulting fit parameters. Fig.[5-12] shows one fit for
each temperature from 280 K to 250 K. The (averaged) values of the parameters I,
A, B,, and 7, are given in Part B of Table.[5.2]. For T' < 250 K, the fits showed strong
anticorrelation between I and A. For T' > 280 K where the spectrum is dominated by
the rotational component R(w), the fits obtained through this 4-parameter strategy
are less successful.

In the transition region, the translation-rotation coupling constant A was found
to increase with decreasing temperature, an effect which is presumably due to the
increasing density. We note that a similar temperature dependence for A was ob-
served by Dreyfus et al in ZnCly [118] and metatoluidine [19]. 3, was found to be
smaller than 8 and decreases as the temperature decreases. The small 3,, indicat-
ing very nonexponential behavior of 7, (w), has also been found in dynamic viscosity

measurements [58], where 3, ~ 0.3 was found.

5.3.3 The low-temperature region

For temperatures below ~ 250 K, the I9%;(w) spectra exhibit narrow transverse Bril-
louin components superimposed on a slowly varying background from the rotational
R(w) term. The main features of the spectrum are (1) the amplitude of the Brillouin
line relative to the rotational background, (2) the frequency wp of the Brillouin line,
and (3) the Brillouin linewidth Awpg. These spectra can be fit quite well by damped
harmonic oscillator functions, and the fits show that at the lowest temperatures the
observed linewidth is predominantly instrumental.

Since so little information is contained in these low-temperature spectra, the num-
ber of free fitting parameters must be restricted. We examined the effect of changing

the parameters in Eq.[5.9] for low temperatures, which showed that (a) A: increasing
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Figure 5-12: Pick-Franosch theory fits to the VH 909 spectra in the crossover region.
From top to bottom: 280 K, 275 K, 270 K, 265 K, 260 K, 255 K and 250 K. (The
spectra have been shifted along Y axis for clarity.)

7
06 | Pass) | bt | o[ ¥
A. High-temperture A ns/Pa- s ) Iy x*
380 2.23E-3 639.6 1.56 2.65E-3 | 6.11E+3 | 1.09E+6 | 3.4
370 2.46E-3 638.3 1.46 2.67E-3 | 1.50E+4 | 1.0TE+6 | 7.9
360 2.78E-3 637.1 1.42 3.06E-3 | 1.65E+4 | 1.19E+6 | 8.2
350 3.22E-3 635.8 1.63 4.30E-3 | 1.38E+4 | 1.13E+4-6 | 2.4
B. Transition A B 75 (ns) I X*
280 9.91E-2 627.9 1.64 0.49 0.293 | 147E+6 | 5.8
275 2.09E-1 627.4 1.82 0.30 0.750 | L.37TE+6 | 3.5
270 9.24E-1 626.9 2.03 0.23 2.13 1.19E+6 | 1.1
265 1.63 626.4 2.22 0.21 6.91 1.20E+46 | 2.3
260 6.54 625.9 2.60 0.19 28.6 8.28E+5 | 1.4
255 3.35E+1 625.4 2.60 0.18 157.0 | 8.22E45 | 2.2
250 2.30E+2 624.9 4.90 0.14 1.10E+3 | 4.14E45 | 1.2

Table 5.2: Parameters from Pick-Franosch fits to 90° VH salol Spectra. 7, in the
second column and ¢2/p in the third column were taken from literature values.
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A increases the amplitude of the Brillouin peak (since it appears in the numerator of
R;(w)) and also slightly decreases wg because of the negative term proportional to
A in the denominator. A couples strongly to Iy in this temperature region. (b) p,:
increasing p, primarily increases the linewidth Awp while also slightly increasing wp.
(c) T¢: If B, is fixed, then increasing 7, strongly increases the Brillouin frequency wpg
while also increasing the linewidth Awg.

The choice of "fixed" and "free" parameters is obviously arbitrary. If the con-
straint p, = pg is maintained, then at temperatures below 250K the theoretical
linewidths are too small. To obtain reasonable fits, we can either let p, vary indepen-
dently, or else we can maintain the p; = pg constraint and introduce an additional
damping constant 7, as is frequently done in analyzing Iy Brillouin spectra. We
analyzed the Spectra for 210, 220, 230, and 240 K using both of these approaches.

1. p, free: For these fits, the parameters of R(w) were fixed at the values found
from the VH backscattering spectra. The value of Iy was fixed by plotting the full
VH 90° spectrum and the rotational part £ Im R(w), and adjusting Iy so that the
rotational part %)Q Im R(w) coincides with the data in the frequency region above the
Brillouin peak where only the rotational part survives. 3, was arbitrarily fixed at 0.15.
This left three free fitting parameters: A, 7,, and p,. The resulting fits are shown in
Fig.[5-13]. The corresponding fit parameters are shown in Part Al of Table.[5.2].

2. p, = pr : The second set of low-temperature fits was carried out with the con-
straint p, = pr. An additional "normal" damping <y, was introduced by adding
a damping term iwy, to wn,(w) in the denominator of Eq.[5.9]. For these low-
temperature spectra it was not possible to obtain good fits with the p values in
Table.[5.1]. A reasonable modification was found to be p, = ppr fixed at one-half the
values in the Table. These values are shown in Table.[5.2] in the last column of Part
A2. In the fits, we again fixed Iy by visual scaling. 3, was arbitrarily fixed at 0.15.
This left three free fitting parameters: A, 7, and ;. The resulting values of A and 7
are shown in Part A2 of Table.[5.2]. These fits show that, since so little information is

contained in the low-temperature spectra, the parameters obtained have considerable
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Figure 5-13: Pick-Franosch theory fits [p; free] to the low temperature VH 90° spectra.
From top to bottom: 240 K, 230 K, 220 K and 210 K.

uncertainties.

5.3.4 The interpolation region

% (w) spectra for the temperature range 285 < T < 340K are shown in Fig.[5-
15]. At the highest temperatures in this range there is a slight residue of the high-
temperature Rytov dip at w = 0. At the lowest temperature a slight bulge in the
wings signals the emergence of the TA mode. For these eight spectra, the high-
temperature approximation used for 7' > 350K, where viscoelasticity was ignored
is no longer justified, while the spectra lack sufficient structure to permit use of the
four-parameter fitting procedure used for 250 < T' < 280K. We therefore arbitrarily
fixed the remaining parameters, except for Iy, by interpolation. The R-T coupling
constant A has essentially the same value at T = 350 K (1.63) and 280 K (1.64);
we therefore fixed A = 1.63 for this range. For 85 and 7g, we scaled 85 and 75 to
overlap 3, and 7, for T' < 280 K, with both plotted as functions of temperature, and

took the scaled By and Tg as 8, and 7, above 280 K. This procedure for 7, is shown
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Figure 5-14: The temperature evolution of rotational relaxation time 7 (square)
from Table.[5.1] and relaxation time for shear viscosity 7, (circle) from Table. [5.2]
and Table.[5.3]. In the main frame, Tg are scaled by a factor of 16.8 to match 7.
And we take the scaled 7 values above 280 K as 7, at corresponding temperatures.
The unscaled 75 and 7, are shown in the inset.

in Fig.[5-14], where T is scaled by a factor of ~ 16.8 to match 7, from 280 K to
210 K, where the relaxation time increases by 12 orders. The resulting values of the
interpolated A, 5, and 7, are given in Part B of Table.[5.3]. We then fit the spectra
to Eq.[5.9] by varying Iy only. The resulting fits are shown in Fig.[5-15] as solid lines.
The fits indicate that the parameters obtained by our interpolation process provide
a reasonable description of the data.

We have therefore obtained good fits to the salol I{;(w) spectra over the complete
temperature range from 210 K to 380 K and will now turn to the VV 90° spectra

analysis.
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7
T(K) | ns(Fa-s) 103747/@9 10?Pa lo
Al. Low-temp A G, Ts (ns) I Ds
240 | 247E+4 623.9 12.6 0.1 7.44E+4 | 1.4E4+5 | 1.53E-2
230 | 7.35E+6 623.0 19.1 0.15 | 1.78E+7 | 6.0E+4 | 1.53E-2
220 | 5.55E49 622.0 21.6 0.15 | 1.21E4+10 | 7.0E+4 | 8.51E-3
210 1.04E13 621.1 17.2 0.15 | 2.49E+13 | 9.0E+4 | 2.12E-3
A2. Low-temp A i Ts (ns) I Ds = PR
240 | 247E+4 623.9 7.7 0.1 9.15E+4 | 2.50E+5 | 1.50E-3
230 | 7.35E+46 623.0 13.8 0.15 | 2.04E+7 | 1.00E+5 | 1.10E-3
220 | 5.55E+9 622.0 17.7 0.15 | 1.32E+10 | 1.00E+5 | 6.00E-4
210 1.04E13 621.1 16.9 0.15 | 3.77TE+13 | 3.00E+5 | 1.40E-4
B. interpltn A B, 7* (ns) Iy X
340 3.85E-3 634.6 1.63 0.400 | 8.68E-3 | 1.17E46 0.89
330 4.81E-3 633.4 1.63 0.390 | 1.18E-2 | 9.36E+5 2.0
320 6.41E-3 632.3 1.63 0.380 | 1.72E-2 | 1.08E4-6 34
310 9.38E-3 631.1 1.63 0.375 | 2.76E-2 | 1.21E46 3.5
300 | 1.58E-2 630.0 1.63 |0.370 | 5.08E-2 | 1.14E+6 16
295 2.21E-2 629.5 1.63 0.360 | 7.37E-2 | 1.16E+6 15
290 3.31E-2 628.9 1.63 0.355 | 1.14E-1 | 1.29E4-6 24
285 5.42E-2 628.4 1.63 0.350 | 1.88E-1 | 1.29E+46 8.5

Table 5.3: Parameters from Pick-Franosch fit to 90° VH salol Spectra. 7, in the
second column and ¢?/p in the third column were taken from literature. The numbers
in columns with * were fixed by interpolation.
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Figure 5-15: Pick-Franosch theory fits to the VH 90° spectra in the interpolation
region. From top to bottom: 340 K, 320 K, 300 K and 285 K. (The spectra have
been shifted along Y axis for clarity.)

54 VV 90° Spectra

As discussed in Sec.[3.83.2], the VV 90° spectrum, Eq.[3.68], contains two terms.
The first term, which is ¢-independent, is the pure rotational contribution and the
background of the VV 90° spectrum. On top of the background, there is a second
g-dependent term that contains most of the interesting information. The effect of
RT coupling in the VV spectrum, the difference between full Pick-Franosch theory,
Eq.[3.55], and the density-fluctuation-only model, Eq.[3.62], also lies in this second
g-dependent term.

The VV 90° spectrum and the scaled VH backscattering spectrum at 350 K are
shown in Fig.[5-16] (a) in a log-log plot and in Fig.[5-16] (b) in a linear-log plot.
The VH backscattering spectrum is scaled to match the VV 90° spectrum at high
frequencies (30 — 50 GH Z), where the second g-dependent term dies out:

Iy

Fov()msm = 2T | 3R (5.12)
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where wp is the position of the Brillouin peak. Numerical subtraction of the two
spectra yields the difference spectrum shown in Fig.[5-16] (c), which is negative in
the low frequency range and essentially zero above 20 GHZ. Thus the obtained
g-dependent difference spectrum can be analyzed, according to the Pick-Franosch

theory, by the following expression, as seen from Eq.[3.68]:

Luig () = %Im { ‘—7;1\ {s + gR(w)] 2 PL(w)} (5.13)
where:
Pr(w) = {w2 — w? —jwly — q—: [ans(w) — %AT%] }—1 (5.14)

and w, = qCy is the "bare’ frequency shift due to the isothermal sound response and
I’y is the "regular" sound attenuation coefficient. If RT coupling is ignored, according

to Eq.[3.62], we have

i) = STm{PYw) (5.15)

2 -1
Pi(w) = [w2 — w? —qwly — %ans(w)J (5.16)

where A = Ia2g?C3 {|6p(q, 0)|2>. We will call Egs.[5.15] and [5.16] the density-
fluctuation-only model.

In this section, we analyze the difference spectra obtained by the procedure above,
which are VV spectra with the rotational background removed. First, we characterize
the difference spectra with a damped oscillator model, from which we can get the
position and linewidth of the Brillouin peak. Before proceeding with the detailed
fittings, we fix two parameter: Iy and I'y. Finally, in the last two subsections, we will
carry out the density-fluctuation-only and the Pick-Franosch fits to the difference

spectra I (w) in order to evaluate the changes the RT coupling causes.
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Figure 5-16: Comparation of VV 90° spectrum and VH backscattering spectrum from
Salol at 350 K. VH backscattering spectrum is scaled to overlap VV 90° spectrum
from 30 to 50 GHZ. (a) two spectra in log-log scale; (b) two spectra in linear-log
scale; (c) difference spectrum.
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5.4.1 Damped oscillator fitting

The difference spectrum around the Brillouin peak can be approximately fit by a
damped harmonic oscillator function, from which the position and linewidth of the
Brillouin peak can be obtained. The damped harmonic oscillator function can be

expressed as:

Ipo(w) = %Im {(w® —wh —wlp)™'} (5.17)

where Iy, wp and I'g were treated as free fitting parameters. The values obtained
for wg and I'p are given in Table.[5.4] and plotted as functions of temperature in
Fig.[5-17](a) and (b). As Salol is cooled from above the melting temperature T,
down to the glass transition temperature T}, the position of the Brillouin peak wp
moves monotonically to higher frequencies, see Fig.[5-17] (b), while the width of
the Brillouin peak I'p first increases, and reaches a maximum at around 310 K,
then decreases again, see Fig.[5-17] (a). The relaxation time 71, appropriate for the
longitudinal viscosity, can be estimated at the maximum linewidth, where wg7y ~ 1.
This gives 77, = 0.0224 ns at 310 K, which is consistent with 7, from the VH analysis:
7, = 0.0276 ns.

At high temperatures well above T,,,, where no memory effect exists, wp should be
equal to w, = gCy, which can be calculated from the refractive index and isothermal
sound speed. Calculated w, = qCp values are plotted as a dash line in Fig.[5-17]
(b) and differ from wp by ~ 3% at the highest four temperatures, which is within
experimental error. We arbitrarily increased w, by 3% to agree with wp at high
temperatures as indicated by the solid line in Fig.[5-17] (b). At low temperatures,
wp is much larger than w,, which indicates that viscoelastic effects are important in

the supercooled liquid.
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Figure 5-17: Temperature evolution of fitting parameters in VV 90° analysis. (a) half-
filled circles are linewidth of brillouin peak obtained from damped oscillator fit; solid
line is 7°/600.; (b) half- filled circles are the wg values from damped oscillator fits to
Brillouin peak; Broken line is calculated from ultrasomic data, Solid line is the value
in broken line increased by 3%; open circles are wy values obtained from the full fits,
with Ty = T'/600; triagnles are wy values obtained from the density-only fits, with I'g
= T/600 (c) temperature evolution of V from full fits (circles) and density-only fits
(triangle) .
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5.4.2 Fixing [y and 'y

In the Pick-Franosch theory, Eqs.[5.13] and [5.14], the free fitting parameters are I,
V, To, we and S. The amplitude Iy can be fixed independently. We fit the full %,
spectrum between 40 and 60 GH Z, where the spectrum is purely rotational according
to Eq.[5.12], using the parameters for R(w) given in Table.[5.1]. I, is the single free
fitting parameter and the Iy values obtained from the fits are given in Table.[5.4].
The term I’y in the propagator Eq.[5.14] is conventionally included to represent
“regular” anharmonic damping of the sound waves. Since in the deeply supercooled
and glassy region the structural relaxation time is so long, the Brillouin linewidth at
those temperatures is usually considered to be due to those anharmonic processes.
Therefore 'y can be determined in this temperature region. Since anharmonic damp-
ing processes often tend to become stronger with increasing temperature, I'y may
increase with T. Brodin et al [81] used I'y proportional to T in analyses of Propy-
lene Carbonate Brillouin spectra. We followed the same idea. As shown in Fig.[5-17]
(b), we drew a straight line going through the origin and make it match 'z at the
lowest three temperatures ( 210, 220 and 230 K) as closely as possible. With some

arbitrariness, we obtained a relation
To=T/600 (GHZ) (5.18)

shown by the straight line in Fig.[5-17] (a)

Finally we have only three parameters left undetermined for fitting: V, w, and
S, where V' represents the relative strength of the bulk and shear viscosities, w, is
the "bare" frequency shift and can be compared to the calculated w, = ¢Cy, and
S =(3) (7\’,’—75) is proportional to the ratio between the scattering strengths from
translational and rotational fluctuations. In the next two sections, we will carry out
the fits without and with RT coupling in order to evaluate the changes this coupling

causes.
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5.4.3 Density-fluctuation-only fits

The spectral expression for the density-fluctuation-only model is given by Eqs.[5.15]
and [5.16]. In the fits, we fix the parameters appearing in R (w) from backscattering
fits in Table.[5.1], n,(w) from the I¥%, fits in Table.[5.2] and Table.[5.3] and Ty =
T/600. This is a conventional analysis of Brillouin scattering spectra, similar to that
carried out previously for many other materials (e.g. [80], [81], [92], [122], [119]). A4,
V, and w, are the free parameters. The choice I'y = 7//600, Eq.[5.18], was found
to produce values of w, shown in Fig.[5-17] (b) as triangles which agree with the
adjusted w, shown by the solid line. These "density-fluctuation-only" fits are shown
in Figs.[5-18] and [5-19] by broken lines. While the fits are generally excellent, for
temperatures above 280 K the low-frequency regions of the fits become increasingly
less satisfactory because the spectra become negative while the theoretical fits are
always positive. We found that that V' ~ 1.9, independent of temperature, in the
temperature range 240 K to 340 K, although 7, changes by seven orders of magnitude

in this range.

5.4.4 Fits to the Pick-Franosch theory

Next, we fit the difference spectra using the full theory of Egs.[5.13] and [5.14]. Similar
to the density-fluctuation-only model fits, w,, V, and S are the free fitting parameters.
The fit results for 240 K —300 K are shown in Fig.[5-19], and for 300 K — 380 K
in Fig.[5-18] where we have included both the full fits (solid lines), and the density-
fluctuation-only fits (broken lines). At low temperatures the fits are indistinguishable,
showing that RT coupling is unimportant in the frequency range of our spectra. At
higher temperatures, the low-frequency region is fit much better with the full theory
than with the density-fluctuation-only analysis, showing that RT coupling, which
is ignored in the conventional density-fluctuation-only analysis, is the source of the
negative region. For temperatures below 290 K, the effects of RT coupling are limited

to frequencies too low to be visible within the spectral window accessible to our
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Spectrum

Figure 5-18: Pick-Franosch and density-fluctuation-only fits to the difference spectra
at high temperatures. From top to bottom:380 K, 370 K, 360 K, 350 K, 340 K, 330
K,320 K,310 K,300 K. The low frequency part of spectrum at 350 K is shown in
inset. (The spectra have been shifted along Y axis for clarity.)
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experiments.

The viscosity ratio V' computed from these full fits is included in Table.[5.4], and
is also plotted in Fig.[5-17] (c) as circles. In the temperature range 250 < 7' < 350
K, V ~ 2.2, indicating that in this region 7, and 7, are essentially equal (1, ~ 0.97,).
The values obtained are similar to, but slightly larger than, those found in the density-
fluctuation-only fits, where V' = 1.9. This ~ 15% difference between the two V

Rzgw!

=R’ due to the

values can be attributed to the viscosity modification term,—%A
existence of RT coupling. Although the Vs are different, the w, values obtained
in the two approaches are essentially indistinguishable, as shown in Table.[5.4] and
plotted Fig.[5-17] (b). In Fig.[5-17] (b), we plotted the calculated w, = gCy from
the measure refractive index and ultrasonic results. We found that w, (circles) from
fits match very well the line obtained by moving the calculated w, values up by 3%.
This fact shows that I'y = 600/T" is a good estimate. The S parameter, proportional

to the ratio between the rotational and translational light-scattering contributions,

increases with increasing temperature.

5.4.5 Discussion of the VV dip and RT Coupling

The VV dip phenomenon, shown in Fig.[5-18] and in its inset, is a consequence of RT
coupling. This coupling effect enters the theoretical Iy (w) twice: once in the longitu-
dinal propagator (or response function) Pr(w) where it produces the 7, reduction, the
last term in Eq.[5.14], and also in the optical coupling function (S + 2 R(w))? where S
represents the conventional density fluctuation coupling. Both of these modifications
have the same physical origin: the uniaxial strain that characterizes a longitudinal
acoustic mode is a superposition of compression and shear strain. In liquids com-
posed of anisotropic molecules, the fluctuating longitudinal strain induces rotational
fluctuations resulting both in the reduction of 7, and the opening of new scattering
channel. Referring to the equation of motion for 6 (Eq.[3.34]), the steady-state solu-

tion gives (Q;; proportional to the strain rate 7;;. Therefore, for oscillatory LA waves
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Spectrum

Figure 5-19: Pick-Franosch and density-fluctuation-only fits to the difference spectra
at low temperatures. From top to bottom: 290 K, 280 K, 270 K, 260 K, 250 K, and
240 K. (The spectra have been shifted along Y axis for clarity.)
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T (K)| ¥ | Hi-w-fit | Damped oscil. fit | Density only Full fits
. w r Wo Wo
scaling | Jo aiz | iz |auz | V |auz | S|V
380 0.158 | 9.46E+5 | 5.41 0.94 541 (0984 | 536 | 7.41]|1.42
370 0.179 | 1.02E+6 | b5.57 1.04 5.55 1.21 5.51 | 747 | 1.69
360 0.170 | 1.04E4+6 | 5.73 1.09 5.70 1.26 566 | 7351 1.75
350 0.165 | 9.65E45 | 5.92 1.13 5.88 1.48 5.83 | 6.97 | 2.07
340 0.175 | 1.01E+6 | 6.13 1.31 6.06 1.61 6.02 | 7.01] 220
330 0.155 | 9.43E+4+5 | 6.46 1.50 6.31 1.74 6.28 |6.90 | 2.34
320 0.162 | 9.44E+5| 6.75 1.65 6.51 1.73 6.47 | 6.85 | 2.29
310 0.173 | 1.01E+6 | 7.09 1.70 6.70 1.67 | 6.63 |6.67|2.20
300 0.166 | 1.0bE+6 | 7.49 1.66 6.87 1.68 6.77 | 6.56 | 2.25
290 0.15 | 1.06E+6 | 7.90 1.50 7.01 1.81 6.92 |6.11 | 2.31
280 0.174 | 1.10E+6 | 8.30 1.21 7.12 1.68 7.10 |6.05|1.97
270 0.167 | 9.94E+5 | 8.72 0.967 7.28 191 7.18 |56.72 | 2.30
260 0.178 | 9.41E+5| 9.13 0.769 7.59 1.75 7.51 |5.03|221
250 0.214 | 4.50E+5 | 9.52 0.625 7.81 1.71 7.79 | 5.24 | 2.06
240 0.218 | 1.79E+5 | 9.93 0.520 8.10 1.68 8.10 | 5.10 | 1.68

Table 5.4: Fitting parameters from VV analysis

in the low-frequency limit (where wr << 1), if ép;; is real, then §Q;; is imaginary. In

this limit, the optical coupling function in Eq.[5.13]

becomes

C(w) =[S+ (2/3)RW))*

2 2 4
[S + RW)P—, [S + w3 RoBrT ]’ [S + iz RoBgrs)

—
—

and, Eqgs.[5.13] and [5.14] in this limit give,

Lgi(w)
Iog*An; S S
P

I OqQA
w———:O pwé

(S ¢ _ SiiR ]
77Lp0 Wog 0BRTR

4w,

Po

320

Ky

(5.19)

Its first part represents the Mountain mode detected (up to a scaling factor) by the

density fluctuations. The second part always decreases the corresponding intensity. In
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fact, in this low frequency limit, there will be another positive spectrum contribution
due to the thermal diffusion mode, which is left out in the Pick-Franosch theory.
Thus, although there is always a negative term, it can create a dip only when it
is strong enough to reverse the sign of total spectrum by overcoming the positive
contributions from Mountain mode and thermal diffusion mode. The appearance of
the VV dip therefore requires that the RT coupling and anisotropic light-scattering
contribution have to be strong enough. This is the case for salol, but it is certainly
not a general rule. If the molecules are not sufficiently anisotropic, there will be no
VV dip. This is different from the Rytov dip in the VH spectrum, although the two
dips have the same origin. As indicated in Eq.[3.72], the second ¢ dependent part
is always negative at low frequencies, which means the Rytov dip always exists in
liquids of anisotropic molecules.

Beyond the low-frequency limit, the negative region in the VV dip can be analyzed
along the same line. For density-fluctuation only models, the optical coupling func-
tion is replaced by a real positive coupling constant. In Eqs.[5.15] and [5.16] for I(w),
this constant multiplies the imaginary part of Pr(w); the real part of Pr(w) plays no
role. In Egs. [5.13] and [5.14], with RT coupling included, C(w) = [S+(2/3)R(w)]? is
complex; the real part of C(w) multiplies the imaginary part of Pr(w) and the imag-
inary part of C(w) multiplies the real part of Pr(w); the sum of these two products
determines the spectrum. In Figure.[5-20], we show the 350 K difference spectrum
obtained from the fit (top), the Re and Im parts of C(w) (middle), and the Re and Im
parts of Pr(w) (bottom). At low frequencies, the imaginary part of C(w) is large, and
it multiplies the real part of Pr(w) which is negative, producing the low-frequency
negative region in Iy r(w).

From Table.[5.4], we can see that, for Salol, S in the optical coupling function
has values from 5.5 to 7, depending on the temperature, and are much larger than
Ry = 0.9. This is the reason why the VV dip phenomenon is only observed in low
frequencies at high temperature, where w7g ~ 1 and the imaginary part of R(w) has

a maximum. While, at lower temperatures, the a peaks of R(w) have moved out of
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our frequency window, which means w7g > 1 and the imaginary part of R(w) is very
small. Thus no VV dip is observed in our experiment at those temperatures.

We therefore conclude that the VV-dip phenomenon observed in this experiment
is indeed a consequence of RT coupling as described by the theory [24], [23]. The
reason that it has not been observed previously is suggested by the upper panel of
Fig.[5-16] The VV dip is much weaker than the pure rotational background. It is
only when the difference spectrum is examined that the small low-frequency VV dip

becomes apparent.

5.4.6 Relation between the Mountain Mode and the VV dip

Besides the VV dip, the Mountain mode is an other important temperature-dependent
feature that appears in the IVV-90 spectra. Both of them become much more visible
after subtraction of the pure rotational contribution to give Iy;s(w).

The much-studied "Mountain mode", produced by the coupling of the sound wave
to structural relaxation, is too narrow to be detected by Brillouin spectroscopy at
low temperatures, where wgT; >> 1 and 7, is the relaxation time appropriate for
longitudinal acoustic waves assumed to be equal to 75. As T increases, wpTy, decreases
and the Mountain mode gets broader and detectable for Brillouin spectroscopy. In
Salol, it first appears at the low-frequency edge of the difference spectrum near T' =
260 K and broadens with increasing 7. By T' = 300 K it has become a nearly flat
contribution on the low-frequency side of the Brillouin peak and then gets weaker
above. However, at 300 K, the new "VV-dip" phenomenon begins to appear, causing
the difference spectrum to become negative at the lowest frequencies. By 350 K, the
negative VV-dip region extends up to about 2 GHZ.

The fact that the Mountain mode appears at lower temperatures than the VV-dip
is a result of Tg, which controls the strength of the VV dip, being about 15 times
larger than 7, for Salol. In reference [23], synthetic spectra were generated using

the full theory and were fit with a density-fluctuation-only model with results similar
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Figure 5-20: Illustration of origin of the VV dip. Top: theoretical fit to the difference
spectrum for 350 K (a); Center: real (b) and imaginary (c) part of [S+ (2/3)R(w)}%;
Bottom: real (d) and imaginary (e) part of the propagator: Py, ().
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to those shown here. However, in their calculations, 7; and Tz were assumed to
be equal, so the Mountain mode and the VV-dip occur simultaneously. Fortunately,
the large difference between the two relaxation times in Salol results in a convenient

temperature separation of the two effects.

5.5 Comparison with previous experiments

Salol has frequently been studied in light-scattering experiments before. The temper-
ature evolution of I¥% (w) was first reported by Fablinskii et al using photographic
detection [2]. They found that the "doublet separation" ( the Rytov dip) can be fol-
lowed down to 320 K where it disappears, reappearing again (as TA modes) at ~275
K. Enright and Stoicheff [99] used photoelectric detection and analyzed their spectra
with the two-variable Andersen-Pecora theory [9]. They found that the Rytov dip
disappears on cooling at 335 K, while the TA modes first appear at ~275 K, which is
very close to our results. Wang et al [16] obtained results for I3%; (w) spectrum con-
sistent with those of Enright and Stoicheff. The difference between these results and
those of Fabelinskii et al is presumably due to differences in instrumental resolution.

Sidebottom and Sorensen performed PCS experiments on Salol using small angle
scattering (1.1° and 2.3°). For temperatures between 239 K and 218 K they observed
a mode - which they designated as the "Mountain mode"- that they fit to the KWW
function. The values of Tr and g that they found are in reasonably good agreement
with ours with an apparent temperature offset of about 3 K. We believe that what
they observed was the rotational spectrum which is much more intense that the
Mountain mode. The fact that they found values for 75 and (5 at these small
angles similar to those we found at 90° shows that R (w) is g-independent as we have
assumed.

The temperature evolution of the I9, (w) polarized Brillouin spectrum of Salol
has been studied by Wang et al [16] and Dreyfus et al [106]. Both experiments

found temperature-dependent frequencies and linewidths similar to those reported
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here. Both, however, analyzed the data assuming that the translational and rota-
tional dynamics produce independent spectra which can therefore be analyzed as a
simple superposition. While this procedure gives good fits to the data, the VV-dip

phenomenon reported here shows that it is not strictly correct.
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Chapter 6

Conclusion

Extensive light-scattering experiments, including Brillouin, Raman and photon corre-
lation spectroscopies, have been done to study the rotational and translational dynam-
ics and their coupling in a glassforming liquid of anisotropic molecules, Salol. Three
sets of Brillouin spectra, VH backscattering, VH 90° and VV 90°, were measured
together with VH PCS and Raman spectra, which provide additional information
about the rotational dynamics beyond the Brillouin experiments. the Pick-Franosch

theory of light-scattering was used to analyzed the data under the assumptions:

1. the susceptibility of pure rotational dynamics R (w) and transport coefficients

7 (w) and 7, (w) are all modeled by hybrid functions,

2. two ratios of transport coeflicients, I' (w) /u (w) and n, (w) /7, (w) , are assumed

to be independent of w.

VH backscattering spectra were first fit by the hybrid function to determine R (w).
This part of the analysis, together with PCS, fixed all the parameters characterizing
the pure rotational dynamics, which were used in VH 90° and VV 90° fittings. The
obtained rotational relaxation time Tx (T') agrees approximately with dielectric results
Taie (T) in the literature. With the help of shear viscosity data from the literature,

we showed 7,/(7gr + T') stays constant down to roughly 1.27, and then increases by a
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factor about 4 from 1.2T; to Ty, indicating a low-temperature separation of the time
scales.

In the VH 90° fitting, the 23 spectra were divided into 4 temperature ranges
due to their qualitatively different forms. At high temperatures, where clear Rytov
dips are observed, the static shear viscosity obtained from the fits agrees with the
rheological measurements. In the transition and low temperature range, where the
transverse mode is well-developed, the obtained 7, (T) values are about 15 times
smaller than 7 (T), over a temperature range where the relaxation time changes by
12 orders of magnitude. The stretching coefficients for the shear viscosity, 3,, was
found to be smaller than for ;. The translation-rotation coupling constant A was
found to increase with decreasing temperature, an effect which is presumably due
to the increasing density. In the interpolation range, there is not enough spectral
structure for analysis but the parameters interpolated from the parameters in other
temperature ranges can still fit the spectra.

The difference spectrum between VV 90° and VH backscattering spectra, are
analyzed last with the help of parameters from both VH backscattering and VH
90° fittings. The difference spectrum shows the VV-dip at high temperatures and
low frequencies. The difference spectra were first analyzed by a density-fluctuation-
only model, which neglects RT coupling. This density-fluctuation-only model can fit
difference spectra well except where VV-dip is. However, the Pick-Franosch theory
can fit all the difference spectra including the VV-dips. Thus we conclude that the
VV-dip is a consequence of RT coupling and related to — but less apparent than —
the Rytov dip in VH 90° spectra. The bulk viscosity was found to be proportional
to the shear viscosity from 250 K to 350 K: 7, (w) ~ 0.97, (w). Compared with
n, (w) obtained from density-fluctuation-only fits, we found the RT coupling reduces
the shear viscosity by roughly 15%.

In conclusion, we conclude from the work reported in this thesis : 1. The Pick-
Franosch theory can be used to analyze both depolarized and polarized spectra from

a glassforming liquids of anisotropic molecules consistently and produces reasonable
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fitting parameters; 2. The RT coupling does effect the lineshape of the polarized
spectrum and leads to a VV-dip at low frequencies of the difference spectrum at high

temperatures, which can be described well by the theory.
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Appendix A
Zwanzig-Mori Formalism

Let’s consider a vector space as defined in Sec.[2.3.2] Projection operators are defined
as:
5 _ 1AO)AO)
(A(0)|4(0))

and

A —~

O=1-P

. The Zwanzig-Mori Formalism starts from the following identity:

1 1 1 1
A =283
. Thus
1 1 1 1
St B-43 (A1)

If we choose A = s —iL; B = s — iQL, where L is the Liouvillian, then

1 1 1 A 1
= — + A@PQ — (A.2)
s—iL s—iQL s—1iL s —1QL

141
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Eq.[A.2] is called the Mori identity. The Laplace transform is usually defined as
F(s)= [, F(t)exp (—st)dt. If we do Laplace inversion on Eq.[A.2], we have:

A A

¢

exp (ilt) = exp (iQLt +/ drexp (iL7)iPLexp (iQL (t — 7 A3

(i1t) = e (@Lt) + | drewp (ilr) iPLew (10t =) - (A9
The time derivative of the dynamic variable A (t) = exp (zit) A(0) is:

@c—ﬁ(ﬁ = exp (zf/t) (zf/A (O)) = exp (zf/t) (ﬁ + Q) (z[?A (0)) (A4)

Substituting Eq.[A.3] into Eq.[A.4] and replace P with its definition:

%t(t) =1iQA(t) + exp (zf;t) Q (Zf/A (0)) (A.5)

where

o _ (£A0AQ) __(A0IAO)
= A0IAD) T AOAO)

Replace exp (z[?t) in Eq.[A.5] by Eq.[A.3]:

t
%—gl = 1QA (t)+exp (foJt) QiLA (0)+/ dT exp (Zfﬂ') iPLexp (zQL (t— 7')) QiLA(0).
0
(A.6)
The second term is usually called the random force
F(t) = exp (iQit) QiLA (0) (A7)

which is a vector orthogonal to A (0) :

(F(8)]A(0) =0.
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Because Q is a projection operator, so that QQ =1, we have

exp (z@f}t) Q = Qexp (ZQit) Q = Q exp (fo/Qt) Q
which can be verified easily by expansion of the exponential. The term in the integral
of Eq.[A.6] contains:

(GLQF (1) |A(0))

iPLF (t) = iPLQF (t) = (A(0)]A(0))

|A(0)) -
Because L and Q are Hermitian:
(iLQF (2) |A(0)) = —(F (1) |QiLA(0)) = —(F (t) | F(0))
Thus Eq.[A.6] can be simplified:
dA(t) _

— QA1) - / CdrT(t — 1) A(T) + F(t)

where

(F(0)] exp(—iOTOR) F(0))
T = = 4(0)AQ)) '
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Appendix B

Short proof of Eq.[3.74] and its
equivalence to conventional

Zwanzig-Mori formalism

‘We can write:

R()=R() (13+Q) = Rp(t) + Rg (2)

where Rp (t) = R (t) P and Rg (t) = R(t)Q. From the equation of motion R(t) =
exp (iﬁt),

) (R (t)) = R(t)il
one finds:

dRg (t)

= Rp (t)iLQ + Rg (t)iLQ (B.1)

Differential equation [B.1] can be solved with the initial condition Rg (t = 0) = Q:

Ry (t) = Qexp (zﬂ@t) + /Ot Rp (s)iLQ exp (zi@ (t— s)) ds

144
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.The first term can be written as:
R (1) = Qexp (iLQt) = Qexp (iQ1Q1) Q.

Thus collecting terms, we will have Eq.[3.74] :

~

R(t) =R(t)15+/t1%(s)15¢£1%’ (t—s)ds+ R (t) .

This equation can be proved to be equivalent to the Mori identity Eq.[A.3]. Inserting
Eq.[3.74] into Eq.[A.4]:

dA(t)
5 = iQA(t)+ B
where .
B= {R(t)ﬁ+ /O R(s)PiLR (t — s)ds+ R’ (t)} QiLA(0) . (B.2)

The First term in Eq.[B.2] vanishes because P and @ don’t overlap. The third term
gives the random force F' (t) in Eq.[A.7]. The second term can be shown to correspond

to the memory term: f: drI'(t — 7)A(r), following the same steps as in Appendix A.
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Appendix C

Note on the static averages

We have chosen the scattering vector to be along the 2 direction, which will bring
some simplification. For example, let’s consider the following function: f(z,y,2) =
0;,G (z,vy, z), where i = x or y or z. Let ’s do Fourier transformation on it, according

to Eq.[3.37]:

FT(f(z,y,2)) = FT (%G (z,9,2))
= FT (IQ-VG(:c,y,z)>
= k-@FT(G(z,y,2))
= ¢6,.FT (G (z,y,2))

Thus quite a few derivative terms will vanish during the Fourier transformation in

the derivation in Chapter [3], which simplifies the expressions a lot.
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Appendix D

Relation between parameters in

KWW and Cole-Davision functions

In [49], Lindsey et al gave the following relations between parameters in the KWW
Eq.[2.3] and Cole-Davision Eq.[2.4] functions:

0.9708.p +0.144 (Bep € [0.2,0.6))
0.68380p + 0.316  (B¢p € [0.6,1.0])

and

Tk = Top (118484 — 0.184)
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