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Abstract

One-Variable Equations In Torsion-Free Hyperbolic 
Groups

b y

Alexei Kvaschuk 

Advisor: Alexei Miasnikov

Let G be a torsion-free hyperbolic group. The m ain result o f th is  thesis describes the 

solution sets o f one-variable equations in  G. I t  turns out tha t every such solution set 

is given by a fin ite  set o f param etric solutions o f the form  f ag, f ag/3h, or f ag f~ ah for 

some f ,g ,h  £ G when parameters a  and /3 run over 7L. In  addition, an algorithm  for 

find ing these param etric words is given. This a lgorithm  is based on the Big Powers ( BV) 

property o f hyperbolic groups. The second part of the thesis contains some general results 

on the class Cbv o f groups satisfying B V  condition. We show tha t the class C$v is closed 

under free products w ith  amalgamation and H N N -e x tensions provided the amalgamated 

(associated) subgroups satisfy some very natura l conditions.
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1 M ain results

Let G be a group.

A  one-variable equation in  G  is an equation o f the form :

S(x) — X £lU \ X £2U2 ■ ■ • x £nun =  1

where u \ , . . . ,  Un  G G, e, e {1 , - 1 }  and if  U i  =  1 then e* ^  —£i+ i.

The solution set o f 5(a;) =  1 in  G is defined as

VG(S) =  { g € G  | % )  =  !} •

The theorem below gives an effective description o f Vq (S) fo r a one-variable equation 

S =  1 in  a torsion-free hyperbolic group G.

T h e o re m  33 (K vaschuk, M ya sn iko v ) Let G be a torsion-free hyperbolic group and

S(x) =  1 be an arbitrary one-variable equation in  G. Then there is a constant C (which

can be found effectively) and there are fin ite ly  many elements f  andg (which can be found 

effectively) such that an arbitrary solution x  o f S =  1 has one o f the following forms:

1) |rc| <  C;

2) x  =  / “ </ fo r  some g' €  G such that \g'\ <  G ;

3) x  =  ( f W  where \g'\ <  G;

1
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4) x  =  ( ( f ag )f~ a)g / fo r  some g' G G such that l^ 'l <  C ;

where a  and (3 are integers.

More precisely, one can describe solutions o f S — 1 in  term s o f coefficients o f S =  1 as 

follows.

Theorem 32 Let G be a torsion-free hyperbolic group and x  is a solution o f an arbitrary 

one-variable equation

X£lU\X£2U2 ■ ■ ■ x £nUn =  1

a n d l =  max

Then there is a constant G — C(6, l)  (which can be found effectively) such that one o f the 

following holds:

1) \x\ <  C ;

2) x  =  (u fg1) ^ ,  where \g'\ <  C ;

3) x =  ((u fg ')u f_1) ±1, where \ff\ <  C ;

4) x  =  ( ( u i f f f i jpu i- ig ') u f ) ± l , where \g'\ <  G and a  • (a  — ff) >  0;

5) x — ( [ u ^ u ^ v n  • f f ) u ja^ , where |</| <  C ;

, -—----a —  a v ±1
6) x  =  { u r 1 (u jU i1 (g1 ■ U jU i1 )) J or

x  =  ( u i 1 (u?Uj~a(g' • u f u ° ) ) J  , where \ g ' \ < C ]
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where a  and (3 are integers, g is the maximal root o f g.

I t  follows from  the theorem above tha t the solution set Vg (S) o f a one-variable equation 

S(X)  =  1 in  G can be described by a fin ite  set o f parametric solutions of the form  f ag, 

f ag^h, or f ag f~ ah for some f , g , h  E G when the parameters a  and (3 run over Z. We 

develop a resolution method to  find  quickly the param etric solutions o f S(x) =  1. This 

method is based on the notion o f groups w ith  "b ig  powers condition” .

Let BV  be a class o f a ll groups which satisfy the big powers condition. The second 

part o f this thesis contains some general results on groups from  BV. I t  turns out tha t 

B V  is closed under free products w ith  amalgamation and H N N -extensions provided the 

amalgamated (associated) subgroups satisfy some very natura l conditions.

T he o re m  28( K vaschuk, M ya sn iko v ) Let G , H  E B V  and A, B  are isomorphic sub­

groups of G and H . I f  A  and B  are strongly isolated and, at least, one o f them is 

malnormal in  G or H , then the free product with amalgamation

G *a=bH

is in  BV.

T he ore m  27 (K vaschuk, M ya sn iko v ) Let G E B V  and A, B  be conjugately separated 

isomorphic subgroups of G. I f  A  and B  are strongly isolated in  G and either A  or B  is

3
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malnormal in  G then the HNN-extension

( G J l t A t - 1 =  B)

is in  BV .

The next two theorems, whose proofs are given in section 9, give a description of 

irreducible algebraic sets and the ir coordinate groups over torsion-free hyperbolic groups.

T h e o re m  36 (K vaschuk, R em eslenn ikov) Any coordinate group Gy of an irre­

ducible algebraic set Y  C G1 satisfies one o f the following.

a) G y  “  G;

b) G y =  (G , t  | [g,t] — 1), where g is a root element o f G;

c) G y ~ G *  {x );

d) Gy =  G*(g)=(g’) { f ,  g'), where ( / ',  g') =  ( / ,  g) fo r  some root elements f , g e  G;

e) Gy =  (H, s | s-1 /s  =  / ')  where H  =  G*<g)=(s'), where { / ',  g') =  ( / ,  g) fo r  some 

root elements f , g £  G;

Let M  = <  f , g \ r ( f , g ) , r  G R  >  be a subgroup o f G generated by root elements 

/ ,  g E G .  We introduce the follow ing systems

Sm  =  { r { f , x )  -  1; r  G R }  and S'M =  { r f r ^ f x ,  g) =  l \ r £  R} .

4
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Theorem 38 (Kvaschuk, Remeslennikov)

Let G be a torsion-free hyperbolic group and V  — Vx U • • • U Vk be the decomposition of 

an algebraic set V  from  G 1 in to  irreducible components. I f  V  ^  G 1, then every V , up to 

isomorphism, has one o f the following forms:

a) Vi is a point;

b) Vi — fC (g ) ,  fo r  some elements f , g , G G;

c) Vi =  VG(SM) =  { x  G G | |* | <  C i, or x  — { f aX i )± l , or  x  =  f ax xf ,  or x  =  

f ~ ax i f a fo r  some |a?i| <  Cx},  fo r  some M  = <  f , g \ r ( f , g ) , r  G R >  and Cx =  

Ci(S, { f ,  g))

d ) V i  — Vg(*S"m) =  { x  E G \ \x\ <  C2 , or x  — f ax  1 or x  — x xg^, or x  =  f ^ i g 13 fo r  

some |a?i| <  C2 such that V i x f ^ f x  1, g) =  1 V r ' ( x ~ xf x , g ) =  1 G S 'm } ,  fo r  some 

M  = <  f , g \ r ( f , g ) , r  < = R >  and C2 =  C2{S, ( / ,  g))

Corollary Let G be a torsion-free 2-free hyperbolic group, then every irreducible algebraic 

s e tV  ^  G over G is isomorphic to a point or to the centralizer o f some element.

5
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2 H yperbolic groups

The class o f hyperbolic groups was firs t introduced and studied by M . Gromov in  his paper 

’’Hyperbolic Groups” published in  the volume ’’Essays in Group Theory”  [G]. Since then 

hyperbolic groups have been a subject fo r intensive investigations.

This class o f groups is defined in  geometric terms, making reference to  the Cayley graph 

o f a fin ite ly  generated group. The aim  o f the theory was to  generalise results obtained 

fo r the fundam ental groups o f closed compact hyperbolic manifolds to  some larger class, 

where techniques sim ilar to  those used in  studying K lein ian groups may be useful.

The p rinc ipa l reference in  th is  area is the o rig ina l tex t o f Gromov [G], however several 

other authors have worked on producing more accessible versions [ABC], [Ger], [GH].

2.1 Alternative definitions of hyperbolic groups (spaces) and 

examples of hyperbolic groups (spaces)

We sta rt w ith  the notion o f hyperbolic ity fo r geodesic m etric spaces.

A  m etric space (X ,d) is called geodesic i f  fo r a ll pairs o f points x ,y  in  X  there is an 

isom etric im bedding /  : [0, d(x, y)} — > X  taking  the end points o f the interval to  x  and 

y. The image o f /  is called a geodesic segment connecting these point, or more simply, a 

geodesic, and is denoted by [x,y].

6
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The example of a geodesic m etric space we are interested in  is a Cayley graph o f a 

fin ite ly  generated group G. Suppose th a t X  is a fin ite  set o f generators for G, in  the sense 

tha t every element o f G can be w ritten  as a fin ite  product o f elements o f X  and the ir 

inverses. The Cayley graph Tx(<?) has a vertex for each element o f G, and an oriented 

edge labeled x  from  g to gx  fo r each element g € G and each x  €  X .  The group G  acts 

on T x(G ) by m ultip lica tions on the le ft.

A  m etric is defined by assigning u n it length to each edge, and defining the distance 

between two points to  be the m inim um  length o f paths jo in ing  them. W ith  th is  m etric 

the graph Tx(G)  becomes a geodesic m etric space and le ft translations by elements o f G 

become isometries.

Now we give a collection o f equivalent definitions o f hyperbolic geodesic m etric spaces.

Definition 1 Inner (Gromov) product [G] .

Let (X , d) be a metric space. Given a base point w G X , we define an inner product 

on X  by

( *  • V)* =  w) +  d(w, y) -  d{x, y)).

I f  there is a constant 5 > 0  such that

\/x, y ,z  E X ,  (x - y)w >  m in { { x  • z)w, (z ■ y)w}  -  8

7
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we say that the inner product is 6 hyperbolic.

I t  is not hard to  prove [G] tha t th is defin ition is independent of the base point, more 

precisely, i f  the inner product is 5-hyperbolic w ith  respect to  one base point, then it  is 

25-hyperbolic w ith  respect to  any other base point.

Definition 2 Slim  triangles (Rips) [ABC] -

Let (X , d) be a geodesic metric space. Given any three points x, y, z in  X ,  we say that 

a triangle xyz o f geodesics jo in ing  these points is 5-slim  i f  fo r  any point w on [re, y] we 

have that

m in {d(w,  [x, z]), d(w , [y, 2]) }  <  5.

We say that triangles are slim  in  X  i f  there is a constant 5 such that a ll geodesic 

triangles in  X  are 8-slim.

The geometric meaning o f th is  defin ition is clear: a triangle is 5-slim  i f  each side is 

contained in  the union o f 5-neighbourhoods o f two other sides.

Definition 3 Thin triangles [ABC] • Let (X , d) be a geodesic metric space. Given a 

triangle A  =  xyz in  X ,  let A ' =  x 'j /z ' be a Euclidean comparison triangle with sides o f 

the same lengths. Let f  : A — > A 1 be a natural identification map and t& : A ' — > Ta is 

a unique isometry o f the A ' onto a tripod T&. Consider /a  =  t a ° /  : A — > Ta-

8
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Figure 1: Slim triangle

Cz' Cx’

Uz)

Figure 2: T h in  triangle
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We say that xyz is 6 - th in  i f  the fibres o f /a  have diameter at most 6 in  X . (  i.e. 

h ip )  =  h { q )  = »  dx (p,q) <  S).

We say that triangles are th in  i f  there is a constant S such that all geodesic triangles in  

X  are 5-thin.

Remark I t  is worth to  note th a t in  some lite ra tu re  ’’ slim ” triangles are called ’’ th in ” 

and vice versa.

I t  turns out, and not hard to  prove using elementary methods [ABC], th a t a ll three 

defin itions above are equivalent.

T h e o re m  1 [ABC ]

The following are equivalent fo r  a geodesic metric space X .

( i)  Triangles are slim.

( ii)  Triangles are thin.

(Hi) The inner product on X  is hyperbolic with any choice o f base point.

To demonstrate a technique o f working w ith  hyperbolic m etric spaces we give a proof 

o f the equivalence o f the firs t two definitions.

Proof. I t  is clear tha t ’’ th in ” im plies ’’ slim ” . Suppose now tha t a ll geodesic triangles 

in  X  are d-slim. Let xyz  be a geodesic triangle, and le t Cx, Cy, cz be the internal points.

10
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Consider the point cz on [x,y\. There is a po in t t  on [a;, z] U [y, z] such tha t d(cz, t ) < 5. 

W ithou t loss o f generality, suppose th a t t lies on [x,z\. Then

d(x, t) +  5 >  d(cz, x) =  d(cy, x) and d(x, t) < d(x, cz) + 5

and so d(t, Cy) =  d(x, cz) — d(x, t) <  S, and d(cz, Cy) <  26.

A sim ilar argument shows th a t cx is a t distance not more than 25 from  one o f cz and 

Cy. I t  follows tha t diam{cx,Cy,cz}  <  45.

Let u be a point on [x,Cy] and v  a po int on [x,cz\ such th a t d(u,x) = d(v,x). As 

geodesic triangles are 5-slim,

d{u, [x, cz} U [cy, cz}) <  5.

I f  there is a point t G [x, cz] such tha t d(u, t ) < 5, then d(t, v) = d(u, x) — d(x, t ) <

d{u, t) <  6, so tha t d(u, v) <  25. Thus if  d(u, v ) > 25, i t  follows th a t there are points tu,

z

yX Cz

Figure 3: Slim  Th in  

11
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Figure 4: Slim  <*=>■ Th in  

tv G [Cy,cz] such tha t d(u,tu) < S and d(v,tv) < S, and

d{u, u) < d(tt, i u) + d(v, tv) + d(£u, < 6d.

Therefore triangles are th in .

Examples.

1. I t  can be shown th a t in  the hyperbolic upper ha lf plane H  triangles are ln ( l +  \/2 )- 

slim .

2. Every sim plicia l tree (i.e a 1-dimensional contractible sim plic ia l complex w ith  the 

path m etric, where each edge has length 1) is O-hyperbolic.

3. Any bounded geodesic m etric space is D -hyperbolic.

4. The Euclidean plane E  is not ^-hyperbolic fo r any choice o f 6.

5. E-trees (see [Ch] fo r the defin ition o f E-trees) are 0-hyperbolic m etric spaces.

12
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Definition 4 Word hyperbolic group.

We say that a group G is word hyperbolic i f  i t  has a fin ite  set o f generators X  such 

that the corresponding Cayley graph Tx (G )  is a geodesic m etric space with a 8-hyperbolic 

inner product, fo r  some 8 >  0.

To show th a t hyperbolic ity is a group theoretic property we must show th a t the Cayley 

graph rx '(G )  fo r any other fin ite  set o f generators X '  o f G is ^'-hyperbolic fo r some 8' >  0. 

This fact can be deduced from  the properties o f quasi-geodesics.

Definition 5 Quasi-isometry.

A  (A, e) quasi-isometric mapping f  : (X , d) — > ( X 1, d') between two metric spaces 

(X , d), (X ', d') is a function f  (in  general discontinuous) satisfying the inequalities

\  d ' { f {x ) ,  f { y )) -  e <  d(x, y ) <  A d ' ( f (x ) ,  f { y ) )  +  e 

fo r  a ll x , y  G X ,  and some constants A >  1 and e >  0.

A  (A, e) quasi-geodesic mapping o f an in terva l [a, b] C R  in to  (X , d) is called a (A, e) 

quasi-geodesic.

Two m etric spaces (A , d) and (A ', d') are quasi-isometric i f  there are numbers A >  1, 

e >  0, and C >  0, and a (A, e) quasi-geodesic mappings /  : (A , d) — > (A ', dl) and 

f  : (A ', d!) — * (A , d) so th a t both compositions /  o / '  and / '  o /  are w ith in  G o f the

13
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appropriate id e n tity  map. Thus d ( f ' ( f ( x ) ) ,  x) <  G fo r a ll x  £ X  and sim ilarly fo r the 

other composition.

Examples

1. (Z , d) and (M, d) are quasi-isometric, where d is the usual m etric : d(x,y) =  \x — y\. 

The natura l embedding Z  — ► R is an isometry, so a (1 ,0)- quasi-isometry. I t  is not 

surjective, but each point o f R. is at most \  away from  Z. We can define a (1, | ) -  

quasi-isometry /  : R  — > Z  by f (x )  =  x ’rounded to  the nearest integer’.

2. Every bounded m etric space is quasi-isometric to  a point.

3. I f  S and T  are fin ite  generating sets for a group G, then (G, ds) and (G, dr )  are 

quasi-isometric. Indeed, le t A be the maximum length o f any element of S expressed 

as a word in  T  or vice versa. Then the iden tity  map G — > G  is a (A, (^-quasi- 

isom etry from  (G, ds) to  (G, d r)  and vice versa. Hence, when we are discussing 

quasi-isometry in  the context o f fin ite ly  generated groups, we can om it mention of 

the particu lar generating set, and make statements like ’G is quasi-isometric to  H ’ 

w ithout ambiguity.

We say tha t two subsets A  and B  o f the m etric space (X , d) are at fin ite  Hausdorff 

distance i f  there is a constant H  >  0 such th a t B  is contained in  the //-neighborhood of 

the set A  and A  is contained in  the H -neighborhood o f B.

14
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The basic result concerning quasi-geodesics in  hyperbolic m etric spaces is the following.

T h e o re m  2  [ABC], [G ]

Let X  be a 6-hyperbolic geodesic metric space. Then there is a function H (A, e) >  0 

so that fo r  any two points x, y £  X ,  any (A, e) quasi-geodesic f  : [a, b] — >■ X  with end 

points mapped to x, y, and any geodesic segment 7  with the same end points x , y one has 

the image o f f  and the image 0 / 7  are at fin ite  Hausdorff distance at most H (A, e) >  0 

from  each other.

The next theorem states th a t a quasi-isom etry preserves hyperbolicity.

T h e o re m  3 [G ]

Let (X , d) and (X ', d') be quasi-isometric geodesic m etric spaces. I f  (X , d) is 8- 

hyperbolic, then there exists 8' >  0 so that (X ', d') is 8'-hyperbolic.

Using the theorem above, and the fact th a t any two Cayley graphs for the same fin ite ly  

generated group are quasi-isometric geodesic m etric spaces, we prove th a t hyperbolicity 

is indeed a group theoretic property.

Another difference o f geometrical nature between hyperbolic and Euclidean geometries 

is the ra tio  o f area to  circumference o f a polygon. I t  is well known tha t in  the Euclidean 

plane the area is a quadratic function o f the circumference, whereas in  the hyperbolic 

plane it  is a linear function.

15
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Once we form ulate an appropriate concept o f area in  a group th is  gives us another 

characterisation o f a hyperbolic group.

Definition 6 Linear isoperimetric inequality.

Let <  X  | R >  be a fin ite  presentation o f the group G. I f w  is a reduced word in  F ( X )  

o f length l (w) such that w  = q 1 then there are words Pi E F ( X ) ,  relators d  E R  and 

d  =  ± 1  such that

w  =  U ^ iP it i^ p F 1 in  F ( X ) .

I f  there is a constant K  such that fo r  a ll such words m inim al number N  is s tric tly  less 

than K  ■ l {w),  we say that G satisfies a linear isoperim etric inequality.

I t  is known [G], [ABC] th a t the class o f fin ite ly  presented groups which satisfy a linear 

isoperim etric inequality and the class o f hyperbolic groups coincide.

Definition 7 D ehn’s algorithm.

A Dehn presentation fo r  the group G is a fin ite  presentation <  X  \ R >  such that any 

non-triv ia l word in  F ( X )  which represents the identity element o f G contains more than 

half o f some word in  R. A group is said to have a Dehn’s algorithm i f  i t  has a Dehn 

presentation.

In  other words, i f  a group has a Dehn presentation, then any word which represents 

the tr iv ia l element may be shortend by use o f one re la tor (from  a fin ite  fis t o f relations),

16
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which solves a word problem for th is  group. Indeed, given a word one reduces it  u n til the 

word can not be shortened. I f  the obtained word is em pty the orig ina l word represents 

the identity, otherwise the word represents a non triv ia l element.

I t  is clear th a t a group w ith  a Dehn’s a lgorithm  satisfies a linear isoperim etric inequality 

(w ith  m u ltip lica tive  constant 1).

I t  was established, for example, by Lysionok [Lys] tha t a group is hyperbolic i f  and 

only i f  it  has a Dehn’s algorithm .

Summarizing a ll o f the above we have the follow ing theorem.

T h e o re m  4 Let G be a fin ite ly  generated group, then the following are equivalent

1) G is word hyperbolic.

2) Triangles are slim in  Vx{G).

3) Triangles are th in in  I \ { G ) .

4) G satisfies a linear isoperimetric inequality.

5) G has a Dehn presentation.

Recall tha t an action o f a group G on the topological space X  is a mapping G x 

X  — > X ,  denoted by (g,x)  — * gx, so th a t X  is a G-set (th is  means th a t l x  =  x, and

17
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g'(gx) =  (g'g)x for a ll g,g ' £ G, x  e X )  and so tha t for each g £ G the map x  — > gx is 

a homeomorphism o f X  onto itself.

The action is called properly discontinuous i f  fo r each compact subset K  o f X  the 

collection o f group’s elements {g  £ G \ g K  f l K  0 }  is fin ite .

The action is called cocompact i f  the o rb it space G \  X  is compact.

The m etric space (X , d) is called proper i f  a ll balls o f fin ite  radius have compact 

closures.

The follow ing result o f Troyanov has many im portant corollaries.

T h e o re m  5 [T ] Suppose that the group G acts properly discontinously and cocompactly 

by isometries on the proper geodesic metric space (X , d). Then G is fin ite ly  generated, 

and G with any word metric and (X , d) are quasi-isometric metric spaces. Therefore since 

quasi-isometry preserves hyperbolicity G is hyperbolic i f  and only i f  (X , d) is hyperbolic.

The class o f hyperbolic groups is fa irly  extensive, which is shown in  the follow ing 

examples.

E xam ples.

1. I t  was proposed by Gromov [G] and proved by O l’shanskii [O l’sh], th a t in  some 

natura l probabilistic sense almost every fin ite ly  generated group is hyperbolic.

18
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2. Given a fin ite  presentation V  = <  X  \ R  > , le t R  denote the cyclic closure o f R, 

i.e. the set o f cyclic conjugates o f elements o f R  and the ir inverses. A  piece is a 

non -triv ia l

word v G F ( X )  such tha t there are two different relators r i , r 2 G R  such tha t 

r \  =  v r ' i  and r 2 =  v r '2-

We say tha t V  satisfies the C{p) condition i f  no element o f R  is a product o f fewer 

than p  pieces. We say tha t V  satisfies the C'(^)  i f  for each piece v occuring in  the 

re la tor r , p l ( v ) <  l ( r ) .  Thus i f  the C'(F) condition holds, then so does the C ( p + 1) 

condition.

I t  is well known tha t a group which satisfies C "(|) (C (7)) sm all cancellation condi­

tions satisfies a linear isoperim etric inequality and thus is hyperbolic.

I t  follows tha t fundam ental groups o f closed orientable surfaces o f genus at least 2 

or closed nonorientable surfaces o f genus at least 4 are hyperbolic. Notice tha t the 

presentation V  = <  x , y , z \  x 2y2z2 >  fo r the fundam ental group o f the nonorientable 

surface o f genus 3 does not satisfy condition C "(|). However using arguments o f a 

different k ind  i t  can be proved th a t th is group is hyperbolic.

3. F in ite ly  generated free group is O-hyperbolic.

4. An a rb itra ry  fin ite  group is hyperbolic.
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5. I f  G  is the fundam ental group o f a closed Riemannian m anifold a ll o f whose sectional 

curvatures are s tric tly  negative, then G  is hyperbolic.

The next two examples are consequences o f Troyanov’s theorem 5.

6 . I f  H  is a subgroup o f fin ite  index o f the f.g. group G, then H  is hyperbolic i f  and 

only i f  G is hyperbolic.

7. Hyperbolic n-space HP is defined as { (a ^ , . . .  , x n) €  K ” |a;n >  0 } w ith  the Rieman­

nian m etric

x j  +  - - - + x 2n
Hn ~  r 2 ~  ~2 ’

n n

where is the Euclidean m etric. A  (closed) hyperbolic n-m anifold can be defined 

as the quotient o f HP by a cocompact properly discontinuous subgroup o f isometries 

acting freely on HP.

Therefore by Troyanov’s theorem i f  G is a subgroup o f the group o f isometries of HP 

which acts properly discontinuously and cocom pactly on HP, then G is hyperbolic.

2.2 Properties of hyperbolic groups

The fo llow ing theorem shows th a t hyperbolic groups are fin ite ly  presented.

20
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T h e o re m  6  [ABC ]

Let G be a hyperbolic, in  the sense that geodesic triangles in  the Cayley graph Tx(G ) 

are 5-thin. Let

R =  {w  G F ( X ) | l(w ) <  85 and p(w) =  1},

where p : F ( X )  — »• F ( X ) / N  =  G is a natural epimorphism.

Then <  X  \ R >  is a Dehn presentation fo r  G.

A  simple consequence o f the existence o f a Dehn presentation is the follow ing theorem 

which we state w ith  a proof.

T h e o re m  7 [GH]

In  a hyperbolic group, there are only fin ite ly  many conjugacy classes o f elements of 

fin ite  order.

Proof. Let A  be a fin ite  set o f generators fo r the group G and le t p : F ( X )  — > G be a 

na tura l surjection, where F ( X )  is the free group on X .  Consider a Dehn presentation of 

G. Let g be an element o f fin ite  order, and le t [5 ] be the set o f a ll conjugates of g in  G. 

Let w b e a  word in  F ( X ) ,  chosen to  be shortest over a ll v G F ( X )  such th a t p{v)  G [3]. 

Let n  be the order o f p(w).  As p(w n) =  1 , there m ust be some subword o f wn which is 

more than h a lf of a word r  G R. This im plies th a t l (w) <  l ( r ) ,  otherwise w, o r some
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cyclic conjugate of w, can be shortened. (In  fact w  is contained in  a cyclic conjugate o f a 

re lator.) Thus the number o f conjugacy classes o f elements o f fin ite  order is less than the 

number o f elements o f length at most max l (r ).
r£R

The follow ing im portant technical result was proved by Gromov.

T he o re m  8  [G ] Let g be an element o f in fin ite  order in  a hyperbolic group G. Let a  be 

a path from  the vertex corresponding to the identity element to the vertex corresponding 

to g. Then the bi-infinite path (..., p-1 **, a ,g a , ...) is a quasigeodesic.

The next result shows tha t in  a hyperbolic group a eentralizer o f an element o f in fin ite  

order is cyclic-by-fin ite.

T he o re m  9 [GH]

Let G be a hyperbolic group and let g be an element o f G o f in fin ite  order. Let C(g) 

denote the eentralizer o f g. Then C(g ) /  <  g >  is fin ite.

I t  easily follows from  the theorem above th a t no hyperbolic group contains Z  x Z  as

a subgroup.

The next two theorems describe some algorithm ic properties o f word-hyperbolic groups. 

T he o re m  10 [DA]

I f  a group has a Dehn presentation, then there is an algorithm fo r  solving the word

problem which is linear in  terms o f the length o f the input word.
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T he o re m  1 1  [G ]

I f  elements g and h are conjugated in  a 5-hyperbolic group G, then aga_1 =  h fo r  some 

a G G such that |a| <  2 (|<?| +  |h| +  85). So there is an algorithm fo r  solving conjugacy 

problem in  a hyperbolic group.

The next property o f torsion-free hyperbolic groups is a very effective technical too l in  

solving equations over hyperbolic groups, and discrim ination and com pletion o f hyperbolic 

groups.

Definition 8 A group G satisfies the b ig powers condition (BP) i f  fo r  any fin ite  sequence 

of elements u  =  ( « i, ...,u k) such that [tij,U j+i]  ^  1 fo r  every i  — 1,..., k — 1 there exists 

number n (u ) such that fo r  any integers cki, ..., a k >  n (u ) iq " 1. . .  ukak ^  1 .

T he o re m  12 [Oil]

Every torsion-free hyperbolic group is a BP-group

D e fin itio n  9 I f  X  is a geodesic metric space then a subset A  is s-quasiconvex i f  fo r  a ll 

geodesics [a, 6] with endpoints a,b G A, [a, b] C Ne(A). A subgroup of a fin ite ly  generated 

group is said to be quasiconvex i f  the vertices in  the subgroup fo rm  a quasiconvex subset 

of the Cayley graph.

Lem m a 1 [CDP]
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A quasiconvex subgroup H  of a hyperbolic group G is fin ite ly  generated, and in  fact is 

also hyperbolic.

A  theorem o f Rips [R] states th a t given any fin ite ly  presented group G there is a short 

exact sequence o f groups

1 — > N — > E — > G — >1

where E  has a fin ite  presentation satisfying the sm all cancellation condition C "(|) and 

where N  is a norm al subgroup which is fin ite ly  generated as a group. In  Rips’s construc­

tio n  the group N  is never fin ite ly  presented except in  tr iv ia l cases, so th is gives examples 

o f fin ite ly  generated subgroups o f hyperbolic groups which are not fin ite ly  presented and 

therefore no t hyperbolic. N. Brady [Brady] has given an example o f a fin ite ly  presented 

subgroup H  o f a hyperbolic group G where H  is not hyperbolic.

The follow ing well-known statement is due to  Gromov.

T h e o re m  13 [G ]

Let G be a torsion-free word-hyperbolic group. Then G contains only fin ite ly  many 

conjugacy classes o f non-cyclic freely indecomposable two-generated subgroups.

I t  is not hard to  see, using R ips’s construction, th a t the sim ilar result fa ils for three­

generated subgroups. However, recently G. Arzhantseva [Arzh], and independently I.
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Kapovich and R. Weidmann, proved the follow ing general result.

T h e o re m  14 For any 8 >  0 and an integer L  >  0 there exists a number M  =  M(8 , L ) >  

0 with the following property. Let G be a 8-hyperbolic group and H  be a subgroup of G 

generated by h \ , . . .  ,h i,. Then at least one o f the following assertions is true.

( i)  H  is free on h i , . . . , h i ,  and quasiconvex in  G;

( ii)  The tuple h \ , . . . h L  is Nielsen equivalent to an L-tuple h ! \ , .. . , h rL with h'\ conjugate 

to an element o f length at most M  in  G.

The constant M  =  M ( 8 , L ) can be calculated explicitly.

Beyond these results there is almost noth ing known about the subgroup structure of 

general hyperbolic groups.

3 Free Constructions

In  th is  section we give the definitions and properties o f the products o f groups which are 

basic to  com binatorial group theory. A  m otivation fo r studying these

constructions came from  topology as these constructions appear in  the special case of 

Seifert-van Kampen Theorem. We refer to  two classical books on com binatorial group 

theory ([M KS], [LS]) fo r the detailed presentation o f th is subject.
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3.1 Free products

D e fin itio n  10 Let A  and B  be groups with presentations A  = <  Oi, . . .  | r i , . . .  >  and 

B  = <  61, . . .  | S i , . . .  >  respectively. The free product, A *  B , o f the groups A  and B  is 

the group

A * B = <  a1?. . . , & i , . . .  | r 1 } . . .  >  .

The groups A  and B  are called the factors o f A *  B .

R e m a rk  Free product is independent o f the choice o f the presentation chosen or A  

and B. Also, A  * B  is generated by subgroups A  and B  which are isomorphic to  A  and 

B  respectively, and such th a t A  n  B  — 1.

Now we tu rn  to  the basic theorem about free products.

D e fin itio n  11  A  reduced sequence (or norm al form,) is a sequence gx, . . . ,  gn, n  >  0, of 

elements o f A *  B  such that each gi A  1, each gi is in  one o f the factors, A  or B , and 

successive gi,gi+x are not in  the same factor. (We allow n  =  0 fo r  the empty sequence).

T he o re m  15 [LSJ (The Normal Form Theorem fo r  Free Products)

Consider the free product A *  B . Then the following two equivalent statements hold.

( I)  I f  w  =  <?!... gn, n >  0, where gx, . . . ,  gn is a reduced sequence, then w /  1 in  A * B .

( I I )  Each element w  o f A *  B  can be uniquely expressed as a product w =  g \ . . .  gn where 

gx, . . . ,  gn is a reduced sequence.
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The Norm al Form Theorem allows us to  define a length fo r elements o f free products. 

I f  an element w  o f G =  A  *  B  has norm al form  g \ . . . g n then the length o f w, w ritte n  |w|, 

is defined to  be n.

3.2 HNN extensions and Free Products with Amalgamation

HNN extensions were introduced by G. Higman, B.H. Neumann and H.Neumann in  1949. 

We now tu rn  to  the defin ition.

Definition 12 Let G be a group, and le i A  and B  be subgroups o f G with (f) : A  — > B  

an isomorphism. The HNN extension o f G re lative to  A, B  and <p is the group

G* = <  (7,1 1 t ^ a t  =  <j)(a), a e  A >  .

the group G is called the base of G*, t  is called stable le tte r, and A  and B  are called the 

associated subgroups.

Now i f  w  is an element o f G*, then we can w rite  th is element in  a reduced form

w  =  g0t £lg i . . .  t £ngn (n >  0 ),

where in  the sequence

go,tei, g u - - - , t £n,gn
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there is no consecutive subsequence t , g ^ t  1 w ith  gi E A  or t  1, g j , t  w ith  gj € B.

Now we state the so called B ritto n ’s lemma.

L em m a 2  [LSJ I f  the sequence g0, t ei, g i, . . . ,  i f n, gn is reduced and n >  1, then

gQt£lgi ■ ■ ■ t £ngn +  1

i n G * .

We assign a length to  each element 2 o f G* as follows. Let w  be any reduced word of 

G* which represents z. I f  w  =  gat f 'g i . . .  t£ng„, the length o f z, w ritte n  \z\, is the number 

n  o f occurrences o f t ± l  in  w. I t  can be shown th a t \z\ is well defined.

We now tu rn  to  free products w ith  amalgamation (introduced by Schreier in  1926).

D e fin itio n  13 Let G  = <  X i , . . .  \ r i , . . .  >  and H  = <  y i , . . .  | s j , . . .  >  be groups. Let 

A < Z G  and B  C G be subgroups, such that there exists an isomorphism <fi : A  — > B . Then 

the free product o f G and H , amalgamating the subgroups A  and B  by the isomorphism 

4> is the group

<  x i , . . . ,  y u . . .  | n , . . . ,  s i , . . . ,  a =  4>{a), f l G i > .

The basic idea o f the free product w ith  amalgamation is th a t the subgroup A  is 

identified w ith  its  isomorphic image <f>(A) C H . The free product w ith  amalgamation
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depends on G , H , A, B  and the isomorphism <j>. The groups G and H  are called factors o f 

the free product w ith  amalgamation, while A  and B  are called the amalgamated subgroups. 

We w ill sim ply w rite  free products w ith  amalgamation as

P  = <  G *  H \a  =  4>{a), a e  A  >  .

We can view P  as the quotient o f the free product G * H  by the norm al subgroup generated 

by { a4>(a)~l \ a €  A }.

D e fin itio n  14 A sequence Ci ,. . . ,  Cn, n >  0, of elements o f G *  H  w ill be called reduced

i f

(1) Each Ci is in  one o f the factors G or H .

(2) Successive c ,̂ Ct+i come from  different factors.

(3) I f n  >  1, no Ci is in  A  or B .

(4) I f n  =  1, c i #  1.

I t  is clear tha t every non -triv ia l element o f P  is equal to  the product o f the elements 

in  a reduced sequence. On the other hand we have.

T he o re m  16 [LSJ (Normal Form Theorem fo r  Free Products with Amalgamation)

I f  Ci,. . . ,  Cn is a reduced sequence, n  >  1, then the product c \ . . .Cn ^  1 in  P.  In  

particular, G and H  are embedded in  P  by the maps g — ► g and h — > h.
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We mentioned in  the previous section the notion o f a BP-group. The class of BP- 

groups is quite broad. In  particu lar, any torsion-free hyperbolic group, or any subgroup 

o f it ,  is a BP-group. The next results, proved in  section 6 , show tha t many groups, beyond 

the torsion-free hyperbolic ones, are BP-groups.

T h e o re m  (K vaschuk, M ia s n ik o v ) A free product G *  H  is a BP-group i f  and only i f  

G and H  are BP-groups.

Now we introduce a re lative form  o f the big powers condition, the BP-condition modulo 

a subgroup. Recall also tha t a subgroup A  o f a group G is called isolated i f  for every g E G 

i f  gh £ A  for some non-zero number k  then g £  A.

Let G be a group, A  be a subgroup o f G and u  =  ( « i, ..., Uk) be a generic sequence of 

elements o f G. We say tha t:

1) u  is A-generic i f  there exists i  such tha t it* 0  A;

2) u  is A-independent i f  there exists an integer n  such th a t fo r any integers a \ , . . . ,  ak >  

n

u ^ - . u l ^ A .

D e fin itio n  15 Let G be a group. A  subgroup A  o f G is called strongly isolated i f  every 

A-generic sequence of elements o f G is A-independent.

Observe, th a t a strongly isolated subgroup is isolated.
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T he o re m  (Kvasch.uk, M ia s n ik o v ) Let G be a torsion-free hyperbolic group and A  be 

a quasi-convex isolated subgroup o f G. Then A  is strongly isolated.

To state the sim ilar results about free product w ith  amalgamation and HNN-extensions 

we need to  introduce some definitions. Recall firs t th a t a subgroup M  o f a group G is 

malnormal i f  fo r any g €. G \  M  g~l M g  f i M  =  1. Follow ing [K M l] we say tha t two 

subgroups A, B  o f a group G are conjugately separated i f  fo r any g G G g~*Ag f l  B  =  1.

T h e o re m  (K vaschuk, M ia s n ik o v ) Let G and H  are BP-groups and A, B  are isomor­

phic subgroups o f G and H . I f  A  and B  are strongly isolated and, at least, one o f them is 

malnormal in  G or H , then the free product w ith amalgamation G *a=b H  is a BP-group.

T h e o re m  (K vaschu k, M ia s n ik o v ) Let G be a BP-group and A, B  be conjugately sepa­

rated isomorphic subgroups o f G. I f  A  and B  are strongly isolated in  G and either A  or 

B  is malnormal in  G then the HNN-extension

(G , t  I t A r 1 =  B )

is a BP-group.
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4 Equations in Groups

Let G be an a rb itra ry  group and F ( X )  be a free group freely generated by X  =  { x \ , . . . ,  x n}. 

Then we can view

G[X\ =  G[xx, . . . , x n] =  G * F { X )

as a non-comm utative analogue o f a polynom ial algebra over a un ita ry  commutative ring  

in  fin ite ly  many variables. We th in k  o f subsets S  C G *  F ( X )  as systems o f equations 

with coefficients in  G  and say th a t a tuple (<71, . . .  ,gn) £  Gn is a solution o f a system S 

i f  i t  satisfies each equation from  S.

We refer to  the papers by Roger C. Lyndon [Lyn] and Grigorchuk and Kurchanov 

[GK2] fo r a survey o f general results about equations in  groups.

The two natu ra l questions about systems o f equations in  groups are:

1. Is i t  a lgorithm ically decidable whether a given system has a t least one solution ? 

(D iophantine problem)

2. How to  describe the solution set ?

Both these questions have been answered in  affirm ative in  the case o f free groups.

32

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.1 Equations in free groups

In  1982 Makanin [Mak] proved the crucial result about the algorithm ic decidability of 

Diophantine problem over free groups. He proved th a t i f  a given equation over a free 

group F  has a solution in  F , then th is  equation has a solution of bounded length ( and 

th is bound can be effectively computed from  the equation itse lf). In  his proof Makanin 

introduced, what is called now, M akanin’s process. This method was fu rthe r developed 

by I. Rips to  prove classification theorem o f free actions o f fin ite ly  generated groups on 

R-trees.

I t  is w orth to  note th a t M akanin’s proof is extremely complicated and gives a very inef­

fective decision algorithm . Indeed, Koscielski and Pacholski [KP] noticed th a t it  is not 

even p rim itive ly  recursive.

G. Sabbagh and independently L. Comerford asked the follow ing question: does an 

equation in  F  has a solution i f  and only i f  i t  has a solution in  any fin ite  quotient o f F  ? A  

positive answer to  th is question would have yielded an alternative solution o f Diophantine 

problem.

T . Coulbois and A . K h e lif [CK] showed th a t the question o f Sabbagh-Comerford has a 

negative answer. They considered the follow ing equation

[:x2a , y _1z26y] =  t 3 
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were a, b are d is tinct members o f a set o f free generators o f F , and gave a short and 

elegant proof o f the fact th a t th is equation has a solution in  any fin ite  quotient o f F , but 

has no solution in  F.

A. Razborov [Raz] described solution sets o f a rb itra ry  systems o f equations over free 

groups in  term s of, so called, fundamental sequences. More precisely, le t G be a free 

non-Abelian group, and S C G[X\  be a system o f equations over G, and Y  =  Vq (S) be 

its  solution set. Then we define the radical ideal o f system S  (or o f algebraic set Y )

R (S ) =  Rad(S) =  { f e  G[X] \ f (p )  =  lV p  e Vfc(S)}.

The factor group Gr(s) =  Gnad(s) — G [X ] /Rad (S ) is called the coordinate group o f the 

system S (o f algebraic set Y ).

Definition 16 A fundamental sequence of length k fo r  a system o f equations S is a triple

(M ,  Horn, A u t),

where M . consists o fk  systems o f equations Si =  1, . . . ,  5* =  1, S  =  and Sk is an empty 

system. Horn is a collection o f k — 1 homomorphisms tti, . . . ,  i ik - i  where TCi : F^Si) 

FR(si+1), and iVi is a retract on F . A u t is a collection o fk  fin ite ly  generated automorphism 

groups P i, . . . ,  Pk of the groups FR(Sl), • • •, FR(sk) respectively. A  fundamental sequence 

S =  (M ., Horn, A u t) is effectively given i f  the systems in  A i,  homomorphisms from  Horn,
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and automorphisms from  A u t are effectively given. To effectively define a homomorphism 

from  Fj^s) Fr(T) means to define the images o f the generators of the group F R(Sy

I f  $  is some fundam ental sequence o f length k  fo r the system S =  1, x  : Fn(sk) —»■ F  

a homomorphism o f free groups, and a \ ,<72, . . . <Tk are automorphisms from  P i ,P 2. . . ,P k  

respectively, then the com position

Fr(s) Fr(S) FR(s2) FR(s2) . . .  F R(Sk) FR(Sk) F  (1)

equals ttx fo r some solution X  o f the system S. We say tha t $  describes a solu­

tio n  X  o f the system S i f  7Tx  can be represented in  the form  (1) fo r some choice of

7Ti, . . . j 7Tfc, (T\ 5 * • • 0/s*

Razborov [Raz] proved th a t one can effectively construct a f in ite  fam ily  o f fundam ental 

sequences such th a t any solution o f the equation can be obtained from  one o f these 

sequences.

Now we tu rn  to  a more precise description o f solution sets which is based on the notion 

o f quadratic equations.

Definition 17 Let G be an arbitrary group and S ( x i , . . . , x n) G G[xu . We say

that equation S ( x i , . . .  , x n) =  1 is quadratic (strongly quadratic) i f  every variable appears 

in  S (x  1, . . . ,  x n) not more than twice (exactly twice).
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The study o f quadratic equations in  non-free groups was in itia ted  by P. Schupp [Schupp]

Let F  be a free non-Abelian group. Let . . .  ,X m be d isjo int tuples of variables. A  

system U ( X 1}. . . ,  X m) =  1 (w ith  coefficients from  F )  o f the follow ing type

S1( X 1, X 2, . . . , X m) =  l

S2( X 2, . . . , X m) =  1

Sm(X m) =  1

is said to  be triangular quasi-quadratic i f  fo r every i  the equation

Si (X i , . . . , X m) =  l

is quadratic in  the variables from  X{.

Denote by Gi the coordinate group o f the subsystem Si =  1, . . . ,  Sm =  1 o f the system 

U =  1:

Gi =  F [ X i , . . .  X m] /R (S i(X i ,  . . . , X m) , . . . ,  Sm(X m)) (i  =  1, . . . ,  m  +  1),

in  particu la r, Gm+i  =  F  and G\ =  FR(uy The system U — 1 is said to  be non-degenerate 

i f  fo r each i  the equation S i (X i , .. . , X m) =  1 has a solution in  Gi+1 (w ith  elements from  

X i  considered as variables and elements from  X i+ i , . . . ,  X m as coefficients from  G{+1).
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Observe, th a t i f  the system U — 1 is non-degenerate then the coordinate group G i+i 

is embeddable in to  Gi ( i — 1 , . . . ,  m) ([K M 2]), i.e., we have a chain o f groups

F  =  Gm+1 <  Gm <  . . .  <  G i =  FR(u).

To solve the system { 7 = 1  over F  one needs to  solve the last quadratic equation Sm(X m) =  

1 over Gm+1 =  F , then the previous one (which is again quadratic!) Sm- i ( X m- i ,  X m) =  1 

over the coordinate group Gm, and continue the process going up along the triangu lar 

system u n til the firs t equation S i ( X 1}. . . , X m) =  1 has been solved in  the group G2- 

The crucial result o f 0 . Kharlam povich and A . M iasnikov [KM 2], [KM3] describes 

the solution set in  a free group F  o f an a rb itra ry  system S(X )  =  1 w ith  coefficients 

from  F:  fo r any such S(X)  =  1 one can effectively find  a fin ite  fam ily o f non-degenerate 

triangu lar quasi-quadratic systems U ffY i) =  1, . . . ,  Un(Yn) =  1 (here Y i’s are d isjo in t 

tuples o f variables of, possibly, different length) and word mappings P i (Y j ) , . . .  ,p n(Yn) 

such tha t

VF(S) =  P i iVp iU i) )  U .. .  U Pn(VF (Un) l  

where Vf (S) is a solutions set o f a system S  in  F.

This description shows tha t solution sets defined by quadratic equations 

are build ing blocks for construction o f arbitrary solution sets over F.

We remind th a t a standard quadratic equation over a group G is an equation o f the 

one o f the follow ing forms:
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U K  Vi] =  1, n  >  0;
1= 1

n m

J J fe j y%[Y\_Zi~l CiZid~l  =  1, n ,m  >  0 , m  +  n  >  1 ;
z=l i=1

n

J J a ;,2 =  1 , n  >  0 ;
i—1

n m

IT Xj2 II =  1 , n, m  >  0 , m  +  n  >  1 ;
i= l i= l

where d, Ci axe non -triv ia l elements jErom G.

A  description o f solutions o f standard quadratics equations in  free groups was obtained 

independently by Comerford and Edmonds [CE] and R. Grigorchuk and P. Kurchanov 

[GK]. We w ill give the precise form ulation o f th is description later.

This finished o ff the quadratic case, because i t  follows from  the work o f A. Hoar, A . 

Karras and D. So litar [H K S l], [HKS2] th a t every strictly  quadratic equation is autom or- 

ph ica lly equivalent to  a standard one. More precisely: le t S ( X , Y )  — 1 be a strictly  

quadratic equation in  variables X  over F. Then there is an automorphism 0 o f the free 

group F  *  F {X  U Y ) such tha t (j> fixes a ll the letters from  Y  and a ll the elements from  F  

and such tha t <fr(S) =  1 is a standard quadratic equation over F.
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R.Lyndon [L y n l] investigated one-variable systems o f equations over free groups and 

proved th a t the set o f solutions o f a single equation can be defined by a fin ite  system of 

“param etric words” . Further progress in  th is  d irection was made by Lorents [Lor] and 

A ppel [Ap] who described the exact form  o f the param etric words. Lorents showed th a t 

the set o f solutions is given by a fin ite  set o f param etric words o f the form  alfcd?  in  

two parameters fx and u. Appel showed tha t the set o f solutions fo r a single equation in  

one unknown is given by a fin ite  set o f words o f the form  a lfc  in  a single parameter fx, 

and Lorents established the same fo r fin ite  systems o f equations in  one unknown. U nfor­

tuna te ly  A ppel’s published proof has a gap and Lorents announced his results w ithou t 

proof.

I. Chiswell and V . Remeslennikov [CR] gave a fu ll argument, and suggested a new 

approach fo r describing the set o f a ll solutions o f a one-variable system in  a free group. 

Instead o f working d irectly  w ith  solutions, they work only w ith  the coordinate groups of 

irreducible algebraic sets. We w ill discuss th is  approach in  details in  the next section.

I t  w orth to  mention tha t none o f the results above gives an effective description o f the 

solution set o f a one-variable equation in  a free group. Therefore the follow ing problem 

arises :

P ro b le m . How to find  these one-parametric words effectively ?

I t  was proved by Appel [A p l] th a t an equation in  two (or more) unknowns need not
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have i t ’s solutions given by any fin ite  set o f param etric words. Specifically, over F(a, b) 

free w ith  basis {a , 6}, the equation

[x, y} =  [o, 6]

adm its among its  solutions a ll instances o f the follow ing param etric words:

(a, 6), b), (fr^a , (&Mla)l/16), (((6^1a )^ 6)M ^ 1a, . . . .

I t  is not d ifficu lt to  see tha t not a ll instances o f these are instances o f any fin ite  set o f 

param etric words.

However Ozhigov [Ozh] was able to  handle equations in  two variables.

D e fin itio n  18 A group G is said to be equationally Noetherian i f  fo r  any system of 

equations there is a fin ite  subset Sq

of S which is equivalent to S (i.e. S and So have the same solution sets).

The paper [BMRO] contains a detailed discussion about equationally Noetherian 

groups as well as examples o f various kinds. I t  was proved by Guba [GV] tha t free 

groups are equationaJly Noetherian.

Now we w ill discuss the technical tric k  which shows how to  reduce an arbitrary  system 

o f equations over a free group to a single equation.
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I t  was conjectured by Vaught tha t

2 2 2 1x  y z — 1

im plies xy — yx, or, equivalently, th a t x, y, z a ll he in  a cyclic subgroup o f F.

The firs t proof o f Vaught’s conjecture was given by R. C. Lyndon [Lyn2].

Let F  be a non-Abelian free group and a, b be a rb itra ry  non-comm uting elements in  

F. Then it  is not hard to  prove, using Lyndon’s result, th a t the equation

x 2ax2a~l =  (ybyb~1)2

has only a tr iv ia l solution in  F, i.e. x  — I  and y — 1.

Now a system which consists o f two equations S i ( x \ , . . . ,  x n) — 1 and S ^ i ,  • • •, x n) =  

1 is equivalent to  the equation

(S i(xu  ■■■, x n)2a)2a~2 =  {{S2( x i , x n)b)2b -2)2,

and a general case follows by induction.

4.2 Equations in hyperbolic groups

In  the class o f hyperbolic groups the situation is the follow ing.

E. Rips and Z. Sela [RS] were able to  develop a theory of, so termed, canonical repre­

sentatives, which allows one to  reduce a system o f equations in  a torsion-free hyperbolic 

group to  a fin ite  set o f systems in  a free group.
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Let G = <  Q 111 >  be a fin ite  presentation o f a torsion-free hyperbolic group, F(Q)  

be a the free group generated by the elements o f Q and j i  : F(Q)  — ► Q be a canoni­

cal epimorphism. We know th a t geodesic triangles in  the Cayley graph o f G are th in , 

however the ” combinatorial”  d istinction  between the three geodesic segments defining the 

triangle is not com pletely clear. Canonical representative are a fam ily  o f quasigeodesics 

constructed to  have several s ta b ility  properties which are useful whenever one needs to 

control combinatorial ( or symbolic) properties o f paths in  the Cayley graph.

Let S C G[X\  where X  =  { x i , . . . , x n}  be a fin ite  system o f equations in  G:

S j ( x i , . . . , x n,gu . . . , g k) =  1 1 < j < q

Since G is torsion-free, and in  particu la r has no 2-torsion, it  is always possible to  w rite  S 

using triangular equations i.e. equations containig exactly 3 terms. Namely, i f  I =  n  +  k 

and we le t z\ =  X i , . . . , z n — x n and zn+1 =  a1}. . . , zi =  we can w rite  each o f the 

equations in  the triangu la r form  as:

Sj(Zlj ■ • ■ , Zi)  ^ t(j,l)^ ’i( i,2 )^ i( jI3) 1 1 — j  — Q- (*)

From now on we assume tha t equations from  S  are triangu la r and S has a form  (*).

Due to  a great number o f technical details we om it a precise defin ition o f canonical 

representatives and give a description o f canonical representatives o f an a rb itra ry  solution 

o f system S.
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Let w  =  (w\, Wi € G be an a rb itra ry  solution o f the system S (clearly wn+\ —

a i , . . . ,  wi =  ak).

Proposition (Corollary 4.4. [RS])

Let w be an arbitrary solution o f S. There exist a constant X(S),

words yi,c>a e F{Q)\  1 <  j  <  q\ 1 <  a <  3, 

and a map 9mo : G  — ► F(Q)]  m 0 G { 1 , . . . ,  A(S) }  (such that p o 9 mo =  id G)  fo r  which:

(i)

9mo(vJi(jl))  =  d d  ( v i y 1

9m 0(wi{j>2)) =

9mo{wi(j,3>) =  yi^ivi)

length{da) <  C {S , G) 

where C(G, S) is some constant which depends only on S and G

(Hi)

cidd  £ nd(TZ) 
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y2

yi c 3 y3

Figure 5: Canonical representatives

The words 9mo(wHj,k)) are called canonical representatives o f elements Wi(j,jt) w ith  re­

spect to  the section mo. We see tha t canonical representatives are chosen so tha t they 

agree outside some globally bounded neighborhood o f the inscribed triangle (Fig. 5).

Now le t y l denote the unknowns fo r the systems Tr  (1 <  j  <  q\ 1 <  a <  3) over the 

free group

F(Q).  A lthough, canonical representatives are assigned to  elements in  the hyperbolic 

group G and not to  the unknowns z i , . . . ,  zi, we denote by 0mo(z i ) , . . . ,  9ma{zi) the canoni­

cal representatives assigned to  a particu lar solution o f the orig inal system S by proposition 

above (the particu lar index mo depends on the solution we pick). For each j  we get the fo l­

low ing identities between the canonical representatives o f the orig inal unknowns z \ , . . . , z i  

in  F{Q)  and our new unknowns yJa'.

0mO{zi(j,i)) =  yi4(yi)
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QmMijft) = yi4{vi)

Omo(Zi(j,3)) =  u i 4 { y i )  1

where E ncl{lZ) and length(c?a) is globally bounded. Since there is an effective

procedure to  solve the word problem in  G, one is able to  produce a ll possible trip les 

fo r {c i, C2, C3 }. The equations belonging to  each o f our new systems Tr come from  the 

identities 0mo(zi(j,a)) =  &m0(zi(j',a')) i f  i ( j ,  a) =  i ( j ' ,a! ) .  In  addition, we have to  substitute 

the canonical representatives fo r the coefficients <21, . . .  , 0* w ith  respect to  the criterion 

m 0, so tha t we w ill be able to  add the equations:

@mo(zi—k + l )  ^ 7 n o ( ® l ) j  • • • 5 @mo(zi) •

I t  is shown in  [RS] th a t given mo the canonical representatives for the coefficients 

d t ( l < t < k )  can be found effectively.

F inally, each system Tr ; 1 <  r  <  a(S) w ill have the equations indicated above, where 

fo r each r  one picks a different choice fo r the

coefficients c£(l <  j  <  q\ 1 <  a <  3) and fo r the canonical representatives #mo(at); (1 <  

t <  k).
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The way each system Tr is constructed, guarantees th a t every solution o f such system 

projects in to  a solution o f S under the na tu ra l homomorphism F{Q)  — ► G. P roposition 

above proves the converse, namely shows th a t fo r each solution w  =  (w\ , . . .  ,w i) o f the 

orig ina l system S  there exists a solution o f one o f the Tr , such th a t 9mo(zq) projects on 

wq ( l  <  q <  I).

In  particu la r, the orig ina l system S  is consistent i f  and on ly i f  one o f the systems 

Tr over free group F(Q) is consistent. Since the la tte r is a lgorithm ica lly decidable using 

M akanin’s a lgorithm  there is an a lgorithm  recognizing the so lvab ility o f any system o f 

equations in  a torsion-free hyperbolic group.

Observe, th a t i f  S (X )  =  1 is a one-variable equation in  a torsion-free hyperbolic group, 

then Rips-Sela reduction provides an equation in  free group which is not, in  general, one- 

variable.

Recently Z. Sela (unpublished) proved th a t torsion-free hyperbolic groups are equa- 

tiona lly  Noetherian.

In  [Lys] an algorithm  was given which determines the so lvab ility  o f a quadratic equa­

tion  in  a hyperbolic group. La te r R. G rigorchuk and I. Lysenok [GL] described the set of 

solutions o f a quadratic equation in  a hyperbolic group. In  order to  form ulate th is  result 

we shall in te rpre t quadratic equations and th e ir solutions in  the follow ing way.

Let C  and X  be two d is jo in t in fin ite  sets whose elements are called constants and
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variables, respectively. Elements o f C  U X  are called letters and elements o f the group 

alphabet G±l U X ± l are called signed letters. For a word W , L (W ) denotes the set o f a ll 

le tters occuring in  W . A  quadratic word is a cyclica lly reduced word S in  the alphabet 

C±x U A ±1 such tha t every variable which occurs in  S occurs exactly tw ice and every 

constant which occurs in  S occurs exactly once.

Given a quadratic word S, we define an associated group Cs by

Cs = <  L ( S ) \ S = l > .

A  quadratic equation in  a group H , w ritte n  as (S' =  1, (5), is a pair consisting o f a 

quadratic word S and a coefficient map (3 : L{S)  f l C  — >■ H.  A  solution o f a quadratic 

equation (S =  1, (3) in  H  is any homomorphism A : Cs — ► H  such tha t cA =  c(3 fo r a ll 

c £  L(S)  n  C.

Given a quadratic word S, le t A(S)  be the group o f a ll automorphisms a  £ AutCs  

such th a t ca =  c fo r a ll c £ L(S)  f l C. C learly i f  A is a solution o f a quadratic equation 

(S =  1, (3) in  a group H  then fo r every a  £ A(S), aX is also a solution o f (S =  1 , 0). 

Thus the set o f a ll solutions o f quadratic equation (S =  1, f3) in  a group is divided in to  

orb its under the action o f A(S).

We introduce a class o f param etric solutions o f quadratic equations in  a group H. 

Given a subset B  C H,  a fin ite  set T  o f parameters, and a map b : T  — > B, we define 

and HNN-extension Hr,b o f H  by
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HT,l = { H , T \ t m = m t

Let (S =  1, /3) be a quadratic equation in  H . We call a homomorphism ip : Cs — > H r, b 

a •parametric solution o f (S =  1, /3) i f  op =  c/3 fo r a ll c G jL(<S')nC'. A  parametric evaluation 

map is any homomorphism w : H t<b — >• H  which is id en tity  on H . I f  ip is a param etric 

solution o f (S' =  1, /3) and w  is a param etric evaluation map then ipw is 

obviously a solution o f (S =  1, /3). We call ipw a specialization o f ip.

Now we form ulate the main result o f [GL]. We call a set {ipi | i  G I }  o f param etric 

solutions o f a quadratic equation (S  =  1, /3) in  H  fundamental i f  every solution o f (S =  

1, (3) equals to  aipiW for some a  G A(S), i  G I  and parameters evaluation map w.

T h e o re m  17 [GL].

Given a hyperbolic group H  and a standard quadratic equation (S =  1, /3) in  H , there 

exists and can be constructed effectively a fin ite  fundamental set o f parametric solutions 

of the equation. I f  the group H  and the quadratic word S are fixed then the running time 

of the algorithm is bounded from  above by a polynomial function on the tota l length of 

words representing the elements c/3, c G L (S ) D C.

We fin ish th is  section w ith  one o f the main results o f th is thesis. As we 

mentioned above, classical results about one-variable equations in  free groups do not 

give an effective description o f solution sets.
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The next two theorems, which we prove in  section 7, solve th is  problem fo r the class 

o f torsion-free hyperbolic groups.

T h e o re m  (K vaschuk, M ia s n ik o v ) Let G be a torsion-free hyperbolic group and

S(x) =  X£lUiX€2U2 . . .  x Snun =  1

be an arbitrary one-variable equation in  G. Then there is a constant C  (which can be found 

effectively) and there are fin ite ly  many elements f  and g (which can be found effectively) 

such that an arbitrary solution x  o f S(x)  =  1 has one o f the following forms:

1) | a; | <  C ;

2) x  — f ag' fo r  some g' G G such that \g'\ <  G;

S) x =  (/ V V  where W\ <  C;

4) x  =  ( { f ag ) f~ a)g ' for  some g' E G such that \g'\ <  C ;

where a  and f3 are integers.

Notice tha t contrary to  the free group case, two-parametric solutions appear in  the 

case o f an a rb itra ry  torsion-free hyperbolic group G. In  the section 7 we give particu la r 

examples o f torsion-free hyperbolic groups which have two-param etric sets of the form  

f agP or f ag f~ a as solutions o f some one-variable equations.
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Notice also th a t the theorem above gives a necessary condition fo r £ to  be a solution o f 

S (x ) =  1. Then one needs to  check tha t a given element x  is indeed a solution o f S(x) =  1, 

which is a lgorithm ica lly solvable. To find  quickly parametric solutions o f S{x) — 1 we 

develop a, so called, resolution method (see section 8 ). This method is based on the BP- 

property o f torsion-free hyperbolic groups. Therefore, there is an algorithm  which finds 

a ll solution o f one-variable equations in  torsion-free hyperbolic groups.

5 Elem ents o f A lgebraic G eom etry Over Groups

In  th is  section we present some basic notions o f algebraic geometry over groups which were 

introduced and studied in  the paper by G. Baumslag, A . M iasnikov and V. Remeslennikov 

[BM R 1].

D e fin itio n  19 Let G be a fixed group. A group H  is called a G-group i f  G is a fixed 

subgroup o f H .

The class o f G-groups forms a category in  the obvious way, in  pa rticu la r a group 

homomorphism y? : H i — > H 2 between two G-groups is term ed a G-homomorphism i f  

ip(g) =  g fo r a ll g €  G.

D e fin itio n  20 Let X  be a set and G a group. The group G  *  F ( X ) ,  where F ( X )  is the 

free group on X ,  is called the free G-group on X  and is denoted by G[X].
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W ith  the obvious embedding o f G , G [X ] is a free object, in  the usual sense, in  the 

category o f G-groups. A  G-group H  is called a free G-group i f  i t  is isomorphic as a G- 

group to  G [X ] fo r some set X ,  and X  is then called a set o f free G-generators for H . I f  

X  has a single element x, we denote G [X ] =  G *  {x) by G[x\.

D e fin itio n  2 1  The set Gn =  {(<?i,. . . ,  gn) | ^  £ G }  is called affine n-space over G; when 

n  — I ,  G l =  G.

Suppose X  =  { ® i , . . .  , £ „ }  is a fin ite  set. Using the norm al form  theorem fo r free 

products and fo r F (X ) ,  an element /  G G[X]  may be viewed as a word in  the elements 

o f G and X * 1, which we view as a monomial in  the variables X ±J w ith  coefficients in  G. 

Given p — (<?i, • • •, <?„) G G” , we can substitute g f 1 for x f l  in  /  to  obtain an element 

f (p )  G G. (More form ally, there is a homomorphism : G [X ] —► G which is the id en tity  

mapping on G and sends Xi to  and f {p )  means I f  f ip )  =  1, we th in k  o f p  as a

solution o f the equation /  =  1, and sometimes ca ll a subset o f G [X ] a system o f equations 

over G. The definitions which fo llow  are made by analogy w ith  the situation fo r affine 

algebraic sets over a field.

D e fin itio n  22 Let S  C G [ I j,  where X  =  { x \ ,  Then the set

VG(S) =  {p  G G " I } {p )  =  1 for a ll /  G S }

is termed the algebraic set over G defined by S.
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Typical Examples.

(1) Every singleton {<?} is an algebraic set: VG(xg~1) =  {$ } (here n  =  1 and X  =  {a:}).

(2) For any subset M  Q G , the centralizer Cg (M )  is algebraic, being equal to  VG([x, m] \ m  

M ).

(3) More generally, for any g €  (7, the coset

CG(M )g  =  VG([xg~l ,m \ \ m e  M )

is algebraic.

Definition 23 Let S  C  G [X ] be a system of equations over G, and put Y  =  VG(S ). Then 

we define

Rad(S) =  R ad(F ) =  { /  e G [X ] \ f ( p )  =  lV p e  Y } .

Call Rad(5 ) the radical ideal defined by the system S (or by y ) .  We can view Rad(S') 

as a set o f a ll consequences o f a system S. C learly Rad(5 ) is always a norm al subgroup 

o f G [X].

Definition 24 The factor group G y  =  Gs =  G [X ]/R a d (1Sl) is termed the coordinate 

group of the algebraic set Y .

Examples. Let G =  F  be a non-abelian free group and X  =  {x } .
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(1) I f  Y  =  VF (xg x) =  {g }, then G y  =  F [x )/n d {x g  S  F.

(2 ) l£ Y  =  CG{g) =  VF {[x ,g )),tiie n

Gy =  F[® ]/ncl([a;,p]) =  (F ,t  \ [g,t] =  1).

The proof is done by using the Norm al Form Theorem for HNN extensions. Such 

an HNN extension is called a free extension o f centralizers o f rank 1 .

Definition 25 Let G be a group and let Y  C G71, Z  C Gp be algebraic sets. Then a map

<f> : Y  —»■ Z  is termed a morphism o f the algebraic set Y  to the algebraic set Z  i f  there

exist / i , . . . , / p €  G [£1; . . . £ „ ]  such that fo r  any point 6  F ,

• • • On) =  ( / i ( O i ,  . . . O n ) , . . .  / p ( a l5 . . . O n )) G Z .

Definition 26 Two algebraic sets Y , Z  are said to be isomorphic i f  there exist morphisms 

<f> : Y  —> Z , 6 : Z  — such that 9<j> =  ly  and <j)6 =  1 z-

Let ASg be the category o f a ll algebraic sets over G, w ith  morphisms as defined above 

(so the use o f the term  isomorphic is consistent w ith  th a t in  category theory). Denote 

by AG g the category o f a ll coordinate groups o f the algebraic sets from  ASg , where 

morphisms are G-homomorphisms. The follow ing is Theorem 4 in  [B M R lj.

Theorem 18 The categories ASg ond AG g ore equivalent.
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From the theorem follows a very im portant fact: to  classify algebraic sets up to  iso­

m orphism , it  is enough to  classify coordinate groups o f the corresponding algebraic sets.

Typical Examples.

(1) Let V  be an algebraic set in  Gn. Then fo r any two points p, q £ Gn the set pVq  is 

also an algebraic set which is isomorphic to  V. Let p  =  (p i, . . .  ,pn), q =  (? i , . . . ,  q„), 

and le t S (x  i , x n) be the system o f equations th a t defines V . Then S (y i, . . . ,  yn), 

where pi =  p ^ x iq ^ 1 defines pVq  and the map (j) : V  —► pVq, , On) =

(p id iq i, . . .  ,pnctnQn) defines the isomorphism between V  and pVq. In  particu lar,

( la ) Any two points p i, P2  o f Gn are isomorphic to  each other (as singleton algebraic 

sets).

( lb )  E  C q {M ) is the centralizer of a subset M  and / ,  g G G  then C g (M ) is isomorphic 

to  fC G(M )g .

(2) E  V  C  G 1 is an algebraic set and V  is isomorphic to  G1, then V  =  G1. For by 

Theorem 18, an isomorphism from  V  to  G l  induces a G-isomorphism (j> : G [x} —> 

G[y\ o f two free G-groups o f rank 1, where G[x\ is the coordinate group o f G and 

G[y] is the coordinate group o f V. Then (f>(x) =  pyeq, where e G { —1,1}, p, q £  G. 

Further, <j> defines an isomorphism <f>* between G and V  in  the follow ing way (see 

the proof o f Theorem 18 given in  [BMR1] ): <p*{g) — pgq. Therefore V  =  G.
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We recall a de fin ition  of an equationally Noetherian group.

D e fin itio n  27 A group G is said to be equationally Noetherian if, fo r  every n  >  0 and 

any subset S of G [x i , . . .  xn\, there exists a fin ite  subset So o f S such that V g ( S )  =  Va(So).

I f  G is a torsion-free hyperbolic group, i t  is possible to  introduce on Gn the so-called 

Zariski topology, by taking  the set o f a ll algebraic sets as the set o f closed subsets. One 

can therefore define the notion o f irreducible algebraic set. (A  non-empty subset Y  o f a 

topological space X  is called irreducible if  it  cannot be expressed as a union Y  =  Y  U >2 

of proper subsets, each o f which is re la tive ly closed in  Y ).

T h e o re m  19 [B M R lJ

Every algebraic set V  over an equationally Noetherian group H  is a fin ite  union of 

irreducible algebraic sets, which are uniquely determined by V , up to order. (They are 

called the irreducible components o f VJ.

T h e o re m  20 [BMR1]  Let G be an equationally Noetherian group and le tV  =  V i U . . .U l4  

be the decomposition o f an algebraic set V  in to its irreducible components. Then the 

coordinate group o f V is  canonically embedded in  the direct product o f the 

coordinate groups o f the V,, G y  *—»■ Gyx x  . . .  x  GVk.

In  the previous section we mentioned a result o f Chiswell and Remeslennikov about 

description o f solutions sets o f one-variable equations over free groups. Instead o f working

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



directly w ith  solutions, they work only w ith  the coordinate groups o f irreducible algebraic 

sets.

The follow ing fundam ental theorem on which th is approach is based was proved in  

[BMR1].

Theorem 21 [BM R1]

Let G be an equationally Noetherian group. Then fo r  any countable in fin ite  set I  and 

any non-principal u ltra filter D  over I ,  the ultrapower G1 /D  has the following properties:

1. G1 / D  is a G — group, where G is embedded in  G1 /D  via the diagonal mapping;

2. Every coordinate group o f an irreducible algebraic set over G is embeddable in  G1 /D ;

3. Every fin ite ly  generated G-subgroup of G1 /D  is isomorphic to the coordinate group 

of some algebraic set Y  over G.

Theorem 22 [CRJ

Any coordinate group FY of an irreducible algebraic set Y  C F 1 satisfies one of the 

following.

a) F y  =  F ;

b) Fy  =  {F ,t  | [u, t] =  1), where u is a root element o f F ;

c) F y  =  F *  {x ) .  

56

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem 23 [CR]

Let F  be a non-abelian free group and let V  =  V\ U . . .  U V* be the decomposition of 

the algebraic set V  from  F 1 in to its irreducible components. I f V ^ F 1, then every Vi has 

one of the following forms:

a) Vi is a point;

b) there exist elements f , g , h & F  such that V  =  fC p (g )h .

The next two theorems, whose proofs are given in  section 9, give a description of 

irreducible algebraic sets and th e ir coordinate groups over torsion-free hyperbolic groups.

Let G  be a torsion-free hyperbolic group and S Q G *  (x) any system o f equations 

w ith  one variable over G such th a t VG(S) ^  0 .

Theorem (Kvaschuk, Remeslennikov) Any coordinate group G y o f an irreducible 

algebraic set Y  C G 1 satisfies one o f the following.

a) Gy  =  G;

b) Gy =  (G ,t | [<?,£] =  1), where g is a root element o f G;

c) GY =  G *  {x );

d) Gy  — G *(s)=(g/) ( / ',  g'), where { / ',  g') =  ( / ,  g) fo r  some root elements f , g £  G;
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e) Gy  =  (H , s |s  1f s  =  / ')  where H  =  Gr*(g)=(ff'), w/iere ( / ',  </) =  ( / ,  <7) /o r  some 

roof elements f , g €  G;

Let M  = <  / ,  g | r ( / ,  g ) ,r  £ R  >  be a subgroup o f G  generated by root elements 

/ ,  g £ G. We introduce the follow ing systems

Sm  =  { r { f , x )  =  1 ] r  £ R }  and S'M =  { r {x~ l f x , g ) =  1 : r  £ R }.

Theorem (Kvasch.uk, Remeslennikov)

Let G be a torsion-free hyperbolic group and V  =  V\ U • • • U Vk be the decomposition o f 

an algebraic set V  from  G1 in to irreducible components. I f  V  ^  G l , then every Vi; up to 

isomorphism, has one o f the following forms:

a) Vi is a point;

b) V  =  fC (g ) , fo r  some elements f , g , £ G;

c) Vi =  Vg (Sm ) =  { x  £ G | |a;| <  G\, or x  — ( f aX i )±1, or x  =  f ax \ f^ ,  or x  =  

f ~ aX i f a for  some |a;i| <  C i } ,  for some M  = <  f , g  \ r ( f , g ) , r  £ R  >  and C\ =

Ci(6, ( f ,  g))

d) Vi =  Vg {S 'm ) =  { x  G G | |a;| <  C2, o r x  =  f ax  1 or x  — x \ g o r  x  — f ax \g& fo r  

some |rri| <  C i such that ^ ( x ^ f x i ,  g) — I V  r ' l x -1 fx ,g )  =  1 G fo r  some
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M = <  f ,g  | r ( f ,  g ) , r e R >  andC2 =  C2(S, ( f ,  g))

C o ro lla ry  Let G be a torsion-free 2-free hyperbolic group, then every irreducible algebraic 

s e t V ^ G  over G is isomorphic to a point or centralizer o f some element. In  particular 

i f  G is a non-abelian f.g. free group, then we get Chiswell-Remeslennikov theorem.

6 B ig Powers and Free Constructions

6.1 Introduction

In  th is section we study a class o f groups satisfying the so-called big powers condition. We 

show tha t HNN-extensions and free products w ith  amalgamation preserve the big powers 

condition under some natura l requirements on associated (amalgamated) subgroups.

Let G be a group and u  =  ( u i , ...,Uk) be a sequence o f non -triv ia l elements o f G. We 

say tha t:

1) u  is in  a general position i f  neighbors in  u  do not commute:

^  1 f o r  every i =  1, ...k -  1;

2) u  is independent i f  there exists an integer n  such th a t fo r any integers o c i , . . . , c c k > n

m a\ . .u Qkk ±  1.
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Sometimes we refer to  a sequence in  a general position as to  a generic sequence, or 

a commutation-free sequence. The positive integer n  from  2 ) ( if  it  exists) is called a 

separation boundary or a no-retum  boundary fo r u.

D e fin itio n  28 A group G satisfies the big powers condition (BP) i f  any sequence of 

elements o f G in  a general position is independent. Such groups are called BP-groups.

I t  is clear tha t (BP) is a local property, i.e., a group G satisfies (BP) if  and only if  

every fin ite ly  generated subgroup o f G does. Since a single no n -triv ia l element forms a 

generic sequence it  im plies th a t every BP-group is torsion-free. One can m odify s ligh tly 

the defin ition o f a BP-group (requiring th a t a ll elements in  a generic sequence should 

have in fin ite  order) to  accommodate torsion, bu t we elected to  consider here only torsion- 

free groups, leaving the general case for the future. This allows us to  demonstrate basic 

techniques avoiding some painfu l technicalities.

The class o f BP-groups is quite broad. For example, any torsion-free hyperbolic group, 

or any subgroup

o f it ,  is a BP-group. To describe some other examples o f BP-groups recall th a t a 

group G separates (discriminates) a group H  i f  fo r any non -triv ia l element h £ H  (any 

fin ite  set o f non triv ia l elements h i , . . . ,  hk € H )  there exists a homomorphism (j): H  —> G 

such tha t h* 7  ̂ 1 (h f ^  1 fo r i  =  1 , . . . ,  k). I t  turns out tha t any group discrim inated 

by a BP-group is a BP-group (Proposition 2 ). Every torsion-free abelian group satisfies
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(BP) since one-element sequences are the on ly generic ones in  abelian groups. Moreover, 

according to  Theorem 24 from  Section 6.2 a BP-group satisfying a no n -triv ia l id e n tity  has 

to  be abelian (th is puts also some restrictions on subgroups o f BP-groups).

The big powers condition has been used in  various forms in  different areas o f group 

theory. Lyndon and Appel used it  (though im p lic itly ) for solving one-variable equations 

in  free groups ([L I], [Ap]).

Makanin applied (BP) in  his sem inal work [Mak] on decidab ility o f equations in  free 

groups in  the form  o f ” B u litko ’s lemma” .

G.Baumslag used some form  o f the (BP) condition in  free groups to  prove residual 

freeness o f surface groups [BG]. In  [O il] O l’shanskii introduced the (BP) condition ex­

p lic itly  in  the (equivalent) form  o f a separation condition (S) (see Section 6 .2 ) and proved 

th a t (S) holds in  torsion-free hyperbolic groups.

Myasnikov and Remeslennikov showed th a t the Lyndon’s Z [t]-com pletion F z ^  o f a free 

group F  is a BP-group, and used th is  to  construct free Lyndon length functions on F z ® 

[MR3]. I t  turned out th a t a sim ilar technique can be applied in  studying Z  [^-com pletions 

o f a rb itra ry  torsion-free hyperbolic groups [BM R3].

The method o f b ig  powers became extrem ely useful in  algebraic geometry over groups, 

in  particu lar, in  characterizations o f the coordinate groups o f irreducib le algebraic varieties 

over torsion-free hyperbolic groups [B M R l]. In  [KM2] and [KM 3] Kharlam povich and
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Myasnikov described some canonical forms o f coordinate groups o f irreducible varieties 

over free non-abelian groups, the BP-m ethod was one o f the key technical ingredients o f 

the ir proof.

The main goal o f th is section is to  show th a t many groups, beyond the torsion-free 

hyperbolic ones, are BP-groups.

In  Section 6 .2  we discuss equivalent defin itions and basic properties o f BP-groups.

The m ain result o f Section 6.3 is Theorem 25 which states th a t a free product o f two 

BP-groups is a BP-group. Here, follow ing [MR3] we introduce an im portant technical 

notion - the separation condition (CS), which allows one to  control cancellation in  BP- 

groups.

In  Section 6.4 we introduce a relative form  o f the big powers condition, the (BP)- 

condition modulo a subgroup. Subgroup o f th is  type are called strongly isolated subgroups. 

I t  is not hard to  see th a t centralizers in  BP-groups are strongly isolated (Lemma 5). 

Theorem 26 claims tha t every isolated quasi-convex subgroup o f a torsion-free hyperbolic 

group is strongly isolated.

In  Sections 6.6 and 6.5 we prove the follow ing two theorems, which are the m ain results 

o f th is section. To explain it  recall th a t a subgroup M  o f a group G is malnormal i f  fo r 

any g E G \ M  g~xM g  f l M  =  1. Following [KM1] we say th a t two subgroups A, B  o f a 

group G are conjugately separated i f  fo r any g E G g~l Ag  f l  B  =  1.
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T he ore m  28 Let G and H  are BP-groups and A, B  are isomorphic subgroups o f G and

H . I f  A  and B  are strongly isolated and, at least, one o f them is malnormal in  G or H , 

then the free product with amalgamation G * a = b H  is a BP-group.

T he o re m  27 Let G be a BP-group and A , B  be conjugately separated isomorphic sub­

groups o f G. I f  A  and B  are strongly isolated in  G and either A  or B  is malnormal in  G 

then the HNN-extension

(G ,t | t A r 1 =  B )

is a BP-group.

6.2 Elementary properties of BP-groups

The follow ing condition (S) was introduced in  [O il].

D e fin itio n  29 A group G satisfies the separation condition (S) i f  fo r  any positive integer 

k and any tuples u =  ( t i i , . . . ,  U k) and g =  (g i, . . . ,  gk+i) o f elements from  G such that

[ u f +1, U i + 1] /  1 f o r  * =

there exists an integer n(u, g) such that

g iu °1g2 ■ ■ • gku lkgk+x ±  1 (1)

fo r  any integers c t i , . . . ,a k  >  n (u ,g).
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I t  turns out th a t the conditions (BP) and (S) are equivalent. To prove th is  we need the 

follow ing lemma.

Lem m a 3 Let G be a BP-group, u  =  (gi,...gk) £ Gk be a commutation-free tuple, and 

h £ G .  Then there exists a constant n (u /h ) such that

9 ia i ■ ■ ■ 9kak h

fo r  every c t i , . . . , a k >  n (u /h ).

Proof. Suppose th a t fo r any integer n  there exist integers n \ , . . . ,  rik >  n  such tha t

gin i . . .9knk =  h.

Observe th a t the tuple

w  • • • j  9ki 9k—1 J • • • 5 9 i  )

is commutation-free. Let n{w) be a boundary o f separation fo r u. By our assumption 

there are au , . . . ,  oik >  n(w) such tha t

9 ^ . . . g k^  =  h.

Sim ilarly, there are some (3i, . . . ,  fik >  n (w ) +  ak such tha t

g / 1 •■■gk01' =  h.
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So

• • • 9kPk~ak{9k -i~ 1)ak~1 • • • f o r 1)*1 =  1 

and a ll the exponents above are greater than n(w) - contradiction.

P ro p o s itio n  1 A group G satisfies the big powers condition (BP) i f  and only i f  i t  satisfies 

the separation condition (S).

Proof. Obviously, (S) im plies (BP) (pu t g — (1, . . . ,  1) in (S)).

Assume now th a t (BP) holds in  G. Consider tuples u =  and g =

(g1, . . . ,  gk+ i) o f elements from  G  and suppose tha t for any integer n(u, g) there are in te­

gers o; i , . . . ,  Ofc >  n(u, g) such th a t

9 i U i 1 9 2  ■ ■ ■ g k u Z k 9 k + i  =  1.

We need to  show th a t [« f+1,« i+ i] =  1 fo r some i  (1 <  i  <  k — 1). Observe, tha t

1 =  g iu ? g 2 . . .  gt u l “ gt+1 =  ( u f  > ■  ( « ? ' ) “ »• • ■ ( u f " ’ ' '  P fh  • • • f t+ i (2 )

Hence

(t<?') « ( « ?  , , r ‘ r . . .  ( u f v ' ) «  =  (9 l . . .  s t+ i) - 1.

I t  follows from  Lemma 3 th a t the tuple

( u f ,  ( u f - 9' 1)"*)
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has com m utation, i.e.,

fo r some i  (1 < i  < k  — 1). Conjugating by g\ . . .  we obtain

as desired.

The follow ing proposition provides a host o f examples o f BP-groups.

P ro p o s itio n  2 1) A subgroup of a BP-group is a BP-group;

2) A  group discriminated by a BP-group is a BP-group;

3) Every torsion-free hyperbolic group is a BP-group.

Proof. 1) is obvious.

To prove 2) suppose H  is discrim inated by a BP-group G. I f  u =  (h i , . . . ,  h^) £ H k is 

a com mutation-free sequence in  H , then there exists a homomorphism <f> \ H  G such 

tha t v  =  <f(u) is com m utation-free in  G. Therefore there exists a constant n(v) such tha t

( h * r > . . .  ( h t r  + 1

fo r any a i >  n(v). Hence

i
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for every such a*. This shows tha t H  is a BP-group.

3) has been proven in  [O il].

P ro p o s itio n  3 1) Direct product o f two non-abelian groups is not a BP-group;

2) Direct product o f a BP-group and a torsion-free abelian group is a BP-group.

Proof. Let G  and H  be non-abelian groups. Suppose a,b E G and x ,y  E H  are two pairs 

o f non-commuting elements. Put

i l l  =  ( l ,y ) ,« 2  =  ( a , ® ) , « 3  =  =  ( l , y _1),« 5  =  ( & - 1 , x ) , t i 6  =  ( a - 1 , ® - 1 ) .

Then u  =  ( u i , . . . ,  ue) is commutation-free. B ut for an a rb itra ry  large n  we have

« ? . . .« ?  =  1.

Hence G x  H  is not a BP-group.

2 ) is straightforward.

R e m a rk  1 The firs t statement above shows, in  particular, that a group separated by a 

BP-group may not be a BP-group. And the second one implies that there are non-abelian 

BP-groups with non-triv ia l center.

Lem m a 4 Let G be a BP-group. Then the following holds:
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1) For any elements x ,y  £ G and any non-zero integers n ,m  i f  [xn,y m] =  1 then

[x,y] =  l ;

2) Extraction o f roots is unique (wherever defined) in  BP-groups.

Proof. Let [xn,y m] — 1 fo r some non-zero integers n,m . E  [x,y\ ^  1 then the tuple 

is commutation-free. B ut for any k >  0 we have

x nhymkx - nky - mk =  1

- contradiction. This proves 1). 2) follows easily from  1).

T h e o re m  24 Every BP-group satisfying a non-triv ia l identity is abelian.

Proof. Suppose th a t a BP-group G  satisfies a non -triv ia l iden tity

W (x i , ...x n) =  x h k l . . . x itkl =  1,

where Xi. €  { x \ , . . .  , 3^ } , ^ .  ^  ^  there exist n  pairwise non-commuting elements

a i , G  G  then the tuple ..., O if1) is commutation-free, but for any k >  0 we

have

W (a1k,...,a nk) =  ai l k' k...ai k'k =  1

- contradicting (BP). Thus, i t  suffices to  show th a t if  G is non-abelian then there are n  

pairwise non-commuting elements in  G. Suppose x ,y  G G such th a t [x, y] ^  1. We claim  

tha t the elements x y ,x y 2, ...,xyn are pairwise non-commuting.
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Indeed i f  s /  t and [xys,xyt] =  1 then

1 =  [xys, xyl] =  xy1} =  [xy\ x y *f [ys~ \  xy1} =

=  [ys~\ V ]  =  Is f W H y '" * .® ]  = \sf~\A

and by Lemma 4 [x,y\ — 1 - contradiction. This shows tha t G is abelian, as desired.

6.3 Free products of BP-groups

In  th is  section we show th a t a free product o f two groups is a BP-group i f  and on ly if  

each factor is a BP-group.

Let G  and H  be groups. By G  *  H  we denote a free product o f G and H . Every 

element w € G *  H  can be uniquely expressed in  a reduced normal form  w — Ui ■... • un, 

where Ui 1, is in  one o f the factors G or H, and Ui,Ui+1 are not in  the same factor. 

The number n  is called the length o f w  and it  is denoted by |w|. I f  u ,v  €  G *  H  such 

th a t the reduced forms o f u -1  and v begin w ith  elements from  different factors then we 

sometimes w rite  u o v  instead o f uv. Cleaxly

uv =  u  o v \uv\ =  |«| +  |i>|.

Put

c(u,v) =  ^ (M  +  M  -  | H ) -  
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Observe tha t c(u, v ) is either a non-negative integer n  o r a ra tiona l number of the form  

n + 5 . The number c(u, v) measures the length o f cancellation in  the product uv. Now, for 

a non-negative ra tiona l number a  we denote by uoav the product uv provided c(u, v )  <  a ,  

i.e.,

uv =  uoav ■<=>• c(u, v) <  a.

In  particu lar, i f  a  =  0 then uoav =  uov. Also, i f  u — Ui o / l5 v =  / 2 o v i, where / 2 from

the same factor (G or H )  and / 1 / 2  /  1, then uv — u o iv .

Lem m a 5 The following equivalence holds fo r  every positive integer n

U On V <==> U =  U\ O U2 , V =  ViOV2 , |U2 |, |v i| <  n, uv =  U\ o (u2u i) o u2-

Proof By a straightforw ard verification.

D e fin itio n  30 Let u ,v  G G *  H . Set

Coq(u , v) =  limsupk-*<xc{uk ,v k)

I f  Coo{u,v) is fin ite  then we say that (u, v) satisfies separation condition (SC) and denote 

by k — k (u ,v ) a positive integer (in  this case i t  exists) such that

Coo(u,v) =  c(uk,v k)

and fo r  every m , n > k

c(un,v m) < c ( u k,v k).
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An element w — u x ■. . .  - un £ G *  H  is called cyclically reduced (c.r.) i f  un and ux 

are in  different factors or n  <  1. We call w weakly cyclically reduced (w.c.r.) i f  either 

un 'f- or n <  1. Every element w £ G *  H  can be uniquely presented in  the form

iu =  wc 1 o w o wc,

where w  is w .c.r. This element w  is called the w.c.r. part o f w.

Lem m a 6  I f u , v  £ G *  H  and either |m| <  1 or |t;| <  1 then Coo(u,v) <  oo.

Proof. If, say, |u| <  1 then for any m

\um\ — |u^uT'Ucl <  \u~1;auc\ =  \u\.

Therefore for every m

c(um,v n) <  \um\ <  |«|,

hence c ^ U j V )  <  |tt|.

Lem m a 7 Let u £ G *  H  and |«| >  2 then:

1) |ttfc+1| >  |wfc| +  jtij — 1;

2) |ttfc| > fclfil — k +  1 .

Proof is obvious.

Lemmas 5 and 7 im p ly the follow ing result.
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Lem m a 8  Let u ,v  £ G *  H  and |tt|, |u| > 2 . Ifcoo(u,v) <  oo, then fo r  every

e >  max{coo(?x, v), k(u,  w)} 

and every m , n >  e the following holds

n.nnjn  7 i— e  _  njn —eu v  = u  o |lle|+ i ( «  V  .

Proof. Let e >  max{coo(tt, v), k(u, u )} and le t m , n >  e. Then by defin ition c(un, vm) <  e. 

We have

un =  uZ1 o un~e 01 ue o «c vm =  vZ1 o v™~e o i ve o yc. c 2 C 2

Since |«|, |t?| >  2 it  follows from  Lemma 7 tha t

| ue o u c\ >  e >  c(un, vm), |ue o uc| >  e >  c(u” , um).

By Lemma 5

unvm =  uZ1 o « n_e o i o i  vm~e o v,
c  2 c  2

The equality above can w ritten  in  the form

unvm =  {uc 1 o e o Uc) o|ttc|+i («c V u cuc V «c) o|l)e|+i (vc 1 o e o Vc)

=  un e o|uc|+i («V ) %c|+a e,

as required.
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Lem m a 9 Let u ,v ,w  £ G *  H . Then

C o o (u ,v )  <  OO ■<=>■ C o a i w ^ u w ^ w ^ v w )  <  OO.

Proof. Let u — u~l  o u o uc,v  =  v~x o v o vc. In  view o f Lemma 6 we can assume tha t 

\ u \ ,  |u| >  2.

1) We show firs t tha t

Coo(u, v) <  OO <t=>- Coo(u, UcV U ~ l ) <  OO.

There exists I such th a t

Iv~1;ul \ >  |uc|, \vlvc\ >  |«c|.

Then fo r any n  >  1

U c V ^ u - 1 =  ucvl o|0e|+i vn oM + i v lu - \

This im plies tha t

c(um+l, ucvn+lu~l ) <  c(um+l o uc, v ^ u ^ 1) <  c(um+l, ucvn+lu~l ) +  |«c| (3)

Now, fo r every m , n >  k (u ,v ) +  1

c ( u m , ( u c v u z 1) ^ 21)  =  c {u rn, u cv n+2lu-c l ) <  c ( u m o Uc, v n+2lu - 1) =  

c(WcM°|Uc|+i ltra-1,t;B+1 0|„c|+ i VlU ~ l )  =  c ( u m~ 1, V n + l ) <  Coo(u,v).
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I t  follows tha t

C o o f a U c V U c 1 )  <  C o o i u ^ v ) .

Reversing the argument above and using (3) one can show tha t

C o o fa U c V U c 1) +  |«c| > C o o (u ,v ) .

This proves 1).

2) In  view o f 1) we can assume now th a t u =  u. S im ila rly to  the argument in 1), one 

can easily show tha t i f  u =  p o i q then

Coo(w, v )  <  oo Coo(gp,p_1up) <  oo.

3) Observe, th a t the w.c.r. pa rt o f w~xuw  is a cyclic perm utation of u  =  u, i.e.,

w ^ u w  =  qp

fo r some p, q such th a t u =  p o i q. I t  follows from  1) and 2) now tha t

C o o (u ,V )  <  OO •<=>■ C c o (w ~ ^ U W , W ~ ^ V W )  <  OO.

This proves the lemma.

Lem m a 10 Let u , v  be cyclically reduced elements o f G *  H  such that |«|, |u| > 2. I f  fo r  

some m , n >  1

c(um, v ~ n )  >  |«| + |u|
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then u and v are both powers o f one and the same element from  G *  H . In  particular, i f  

both u and v are not proper powers then u =  v.

Proof. I f  |u| — \ v \ > 2  then obviously u  =  v. Let now |u| >  |w| and le t |t>| =  s|it| +  k , for 

some integers 1 <  s, 0 <  k <  |w|. Let u  =  u\ o « 2 where |« i| =  k. Then v =  us o u\ and 

hence u  =• w2 °  Ui. So [u2 ,u \] =  1. Since |«| >  2 we deduce th a t «2, U\ both are powers of 

some w  €  G *  H . Therefore u  and v are also powers o f w. I t  follows tha t u  =  v =  w  in  

the case when u  and v are not proper powers.

P ro p o s itio n  4  Let G, H  be arbitrary groups, and u, v be elements of 

G *  H  such that [u,v] 7  ̂ 1. Then Coo(u,v) <  00 .

Proof. Suppose (u, v) is a counterexample to  the statement above w ith  a m inim al possible 

to ta l length |u| +  |v|. Observe tha t by Lemma 6 \u\, |i)| >  2 . B y Lemma 9 every pair 

conjugate to  (u, v ) is also a counterexample. Assume th a t at least one o f u, v, say u, is 

not a w .c.r. element, i.e., u =  u " 1 o u o uc and uc 1. Then the pair {u ,ucvu~l ) is a 

counterexample o f the length

|€t| +  |ucvu~1\ <  |«| +  |wc| +  |v| +  ImJ1] =  |«| +  |u|.

The equality above holds i f  and only i f  ucvu~l  =  uc o v o u j1. Therefore ucv — uc o v  and 

hence fo r every m ,n  >  0 unvm =  un o vm, i.e., Coo(u,v) =  0, - contradiction. This shows 

tha t both u  and v are w.c.r. Assume now th a t at least one o f u, v, say u, is not cyclically
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reduced. In  th is  event, u  =  a\ o u ' o 0 ,2 , where 01,02  are non -triv ia l elements from  

the same factor, say G, and 01 /  0 J1. Notice, th a t v  starts w ith  a non -triv ia l element 03 

from  the same factor G (otherwise there is no cancellation between u and v, as well as 

between un and um), so v  =  a3 o v '. I f  0203 7  ̂ 1 then unvm =  un o± vm, and c ^ u ,  v ) <

- contradiction. Hence a3 =  d^1. In  th is case the element a2« a j1 =  a2a i o u ' has smaller 

length then u, bu t the element 02^aJ1 =  va^1 has length a t most equal to  the length 

o f v - contradiction. I t  follows th a t both elements u  and v are cyclically reduced. Since 

Coa(u, v) =  00 we have c(um,v n) >  |w| +  |v| fo r some big enough m ,n . This imphes th a t 

(u~1)m and vn has common in itia l segment o f length \u\ +  |v|. B y Lemma 10 [ti, v\ — 1 - 

contradiction. This shows tha t (u , v ) satisfies (SC).

Theorena 25 A free product G * H  is a BP-group i f  and only i f G  and H  are BP-groups.

Proof. Let G and H  be BP-groups. To prove th a t G *  H  is a BP-group we have to show 

th a t an a rb itra ry  generic sequence o f elements from  G *  H  is independent. I t  suffices to  

consider only sequences o f elements which are not proper powers. Let u =  ( t t i , . . . ,  Uk) be 

such a generic sequence. We divide our proof in to  three cases.

1) Let Ui =  w f 1 og i o  Wi, and \gi\ ^  1 (i.e., gi G G U / / ) ,  i  =  l , . . . , k .

For elements g, h o f a torsion-free group w ith  g 7  ̂ 1 by n(g/h)  we denote a m inim al 

positive number such th a t gn 7  ̂h fo r any integer n >  n (g / h ) (such number n ( g / h ) always 

exists). Now, fo r every i  we define numbers rr ii,n i as follows. Suppose gi € G. I f  the
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reduced form  o f W i-\w J l  ends on an element from  H  then rrii =  1; i f  th is  form  ends on 

some g £ G then m* =  n (g i/g ); i f  W i-iW ^1 =  1 and i  £ G then To; =  if

W i-iw J1 =  1 and <fc_i G / /  then rrii — 1. S im ilarly, i f  the reduced form  o f starts

w ith  an element from  H  then n* =  1; i f  the form  starts w ith  an element g £ G then

rii =  n(gi/g)-, i f  W iW ^  =  1 then rii =  n(g i/g i+ i). In  the case when gi £ H  we define

numbers rrii and rii in  the same manner, ju s t interchanging G  and H. For un ifo rm ity  put 

m y =  nk =  1. I t  is easy to  see tha t

n(u) =  m a x{m i, . . . ,  rrik, rik}

is a separation boundary fo r the tuple u , so u is independent.

2) Let |«i| >  2 fo r a ll i  =  1 , . . . ,  k. By Proposition 4 fo r a ll pairs (u i,U i+1) one has 

Coo(ui,Ui+i ) <  oo. Denote by d  any number

satisfying the inequality from  Lemma 8 for the pa ir U i,u i+\. Put

t  =  m a x { e i , . . . , e k - i } .

Then fo r a rb itra ry  integers rii > 2 t  +  2 the follow ing holds

« 1 1 • • • • • < *  =  UT ~ t ° a i  °«2  y ^ ~ 2t ° a 2 « 2 « 3  • • • ^ - 1 ^  °ak- l  4 - l 4  ° a fc

where a* <  ||« i|. This shows th a t u "1 . . .  u^k ^  1 and the sequence u is independent.

3) Suppose now tha t u  =  ( « i , . . . ,  Uk) is an a rb itra ry  generic sequence. We can divide 

u  in to  segments u =  i>i U . . .  U vm such tha t each segment Vj is either o f the type 1) or
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the type 2 ), and successive segments Vi,Vi+1 are o f different types. As we showed above, 

fo r every Vi there exists a separation boundary fcj. We use these numbers ki to  obtain a 

separation boundary fo r u. Suppose th a t Vi is o f the type 1) and Vi+1 is o f the type 2). 

We start w ith  defining some auxilia ry numbers <&, r i+ ] . Let w~l gw be the last element of 

the sequence Vi and /  be the firs t element o f the sequence Uj+i. Denote by r ;+i a positive 

integer such tha t | / r‘+1 j >  |tw| + 1 . I f  the reduced form  o f w f ri+x starts w ith  an element a 

from  the same factor as g then put g* =  n(g/a ), otherwise =  1. S im ilarly, i f  v* is o f the 

type 2) and Vi+ 1 is o f the type 1) then we define numbers Si,pi+1 as follows. Let now /  

be the last element o f the tuple Vi and w~l gw be the firs t element o f the tuple Vi+\. Put 

Si be a positive integer such tha t | / Si| >  |w| +  1. I f  the reduced form  o f f Siw  ends w ith  

an element a from  the same factor as g then put Pi+\ =  n (g /a ), otherwise Pi+\ =  1 . This 

way fo r every index i  we defined some o f the numbers p^ r^, S{. For un ifo rm ity uniform  

we assume a ll other yet undefined numbers to  be equal to  1. Put

n(u) =  m a x {h  + P i +  qi +  r i  +  Si \ i  =  1, . . . ,  m }.

I t  is not hard to  see tha t n(u ) is a separation boundary fo r u. This shows tha t G *  H  is 

a BP-group, as desired.

The converse statement is obvious, since G and H  are subgroups o f G * H .  This proves 

the theorem.
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6.4 Big Powers Condition Modulo Subgroups

Recall th a t a subgroup A  o f a group G is called isolated i f  for every g £ G  i f  gk £ A  for 

some non-zero number k then g £ A.

Let G be a group, A  be a subgroup o f G and u  =  (tq , . . . , Uk )  be a generic sequence of 

elements o f G. We say tha t:

1) u is A-generic i f  there exists i  such th a t Ui A;

2 ) u  is A-independent i f  there exists an integer n  such th a t fo r any integers au,. . . ,  a * >  

n

u xa\ . .u Qkk £ A .

D e fin itio n  31 Let G be a group. A subgroup A  of G is called strongly isolated i f  every 

A-generic sequence o f elements o f G is A-independent.

Sometimes, i f  A  is a strongly isolated subgroup o f G we say tha t G  satisfies (BP) modulo 

A.

Observe, th a t a strongly isolated subgroup is isolated.

Lem m a 1 1  Let A  be a subgroup of a group G. I f  u =  (u \ , . . . ,  Uk) is an A-independent 

sequence o f elements from  G then fo r  any element h £  G there exists a number n  =  nA,h(u)
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such that fo r  any integers a . i > n

Uia i . ..U kakh £  A.

Proof is sim ilar to  the one o f Lemma 3.

P ro p o s itio n  5 Let G be a BP-group. Then any centralizer in  G is strongly isolated.

Proof. Let A =  Cg (X )  be a centralizer o f a subset X  C G and le t u  =  ( « i , . . .  ,Uk) be an 

A-generic sequence from  G. Assume u  is not A-independent and k is m inim al w ith  th is  

property. Then ui  £  A.  Indeed, i f  u\  G A  then the sequence («2, • • •, Uk) is s till A-generic 

and it  is not A-independent, since fo r any integers a*

K ‘... u f , *] = i <— » K J. ■ • u f, x) = i.

This shows th a t there exists y  G X  such th a t [ui ,y]  ^  1. Now i f  [uk,y] — 1 then fo r any 

integers a*

K 1 y] =  1 <— »■ K 1 • • • i C i 1, y] =  1.

Taking («1?. . . ,  uk- 1) instead o f u, i f  necessary, we may assume th a t [uk, y] ^  1. Now, the 

sequence

is generic, but i t  is not independent, since fo r every integer n  there are integers ct i , . . .  ,otk >  

n  such th a t
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in  particu la r for every integer m

[ u ? . . . u ° \ y m] =  1.

This contradiction shows th a t A  is strongly isolated.

P ro p o s itio n  6 A free facto r o f a BP-group is strongly isolated.

Proof. Let G *  H  be a BP-group. We need to  show th a t G  is strongly isolated. Let

u — (u i, . . . ,  Uk) be a generic sequence from  G * H .  In  the proof o f Theorem 25 we showed

th a t the syllable length o f the element

goes to  oo when a ll oti go to  oo, unless each element Ui has the cyclica lly reduced length 

equal to  1, i.e., |«i| =  1. This shows th a t i f  u is G-generic and it  is not G-independent 

then =  1 fo r i  — 1 , . . . ,  k. Moreover, it  can be easily seen from  the proof o f the case 1) 

o f Theorem 25 th a t in  th is case a ll Ui have to  be from  the same free factor, in  fact from  

G, otherwise |uQ| >  1 for big enough a*. Further analysis shows tha t Ui £  G fo r every 

i  — . . .  ,k  - contradiction w ith  A-genericity o f u. This proves the result.
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Now le t G be a torsion-free hyperbolic group w ith  a fin ite  generating set S. For 

elements g ,h  E G denote by d(g,h) =  ds (g ,h ) the length o f a geodesic path from  g to 

h in  the Cayley graph T(G ,S) o f G  w ith  respect to  S. Denote 1(g) =  d ( l,g ) . Given 

x ,y ,w  E G we define an inner product (x  ■ y )w by

(® • V)w =  w) +  d(y , w) -  d(x, y )).

In  particular, i f  w =  1 then we denote (x ■ y )\ by c(x, y).

We need the follow ing known results.

Lemma 12 [O il]  Let G be a torsion-free hyperbolic group andg ,h  E G such that [g,h) /

1 . Then there exists a constant C  =  C (g,h) such that fo r  any m, n  c(gn, hm) <  C.

Lemma 13 [ABC ] Let g be an element o f in fin ite  order in  a hyperbolic group G. Then 

there exists an integer N (G ) such that l(gNm) >  m  fo r  any positive integer m.

For x ,y  E G by [x,y\ we denote a geodesic segment from  x  to  g in  T(G ,S). Let 

[cci, ...,a;n] be a broken fine which connects points x \ , . . .  ,x n in  T(G, S) by the geodesic 

segments

In  particu lar, [a?i, . .. ,x „ ,2;i] is a geodesic n-gon in  T(G ,S).

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lem m a 14 [012] Let G be a torsion-free hyperbolic group w ith a hyperbolicity constant 

S. I f  c >  146 , ci >  12(c +  5), and a geodesic n-gon [x i, . . . ,  xn, Xi] with n >  3 satisfies the 

following conditions: |rci_i — Xi\ >  Ci fo r  i  =  2 , . . . ,  n

and (x i- 2  ■ £t)zi_i <  c fo r  i  =  3 , . . . ,  n. Then the broken line p =  [x\, is con­

tained in  the closed 2c - neighborhood o f the side [xn,X i] and the side [xn,x i\  is contained 

in  the closed 146-neighborhood o f p.

D e fin itio n  32 A subset A  C T(G , S) is quasi-convex i f  there exists a real number e >  0 

such that every geodesic [a, 6] with endpoints a ,b €  A  is contained in  e-neighborhood o f A.

T h e o re m  26 Let G be a torsion-free hyperbolic group and A  be a quasi-convex isolated 

subgroup o f G. Then A  is strongly isolated.

Proof. Assume th a t a quasi-convex subgroup A  is not strongly isolated in  G. Let u  =  

(g i, . . . ,g k ) be an A-generic sequence from  G which is not A-independent o f m inim al 

length k. I t  follows th a t g\ A. B y our assumption fo r any positive integer n  there 

exist integers n i , . . . , n k  >  n  such th a t g\ni ■ .. .-  gknk € A . We consider now a k +  1-gon 

[rc i,. . .  ,£fc+i] ,  where =  1 and fo r i  =  2 , k  +  1

sr>. ---  iO ^1 /-] n2 / j ,  —1x i — y i 9 2  - * * 9%-1

Notice tha t

(%i—2) =  c{gi— l ” * 1 i9 i *))

83

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



so by Lemma 12 there exists a constant <7, =  C i(g i~ i,g i) such tha t for any n i- i , r i i  we 

have

(*£»—2) ^  Ci*

Let £ be a constant o f hyperbo lic ity  o f G. Put

G =  m ax{C i \ i  =  1 , . . . ,  k }, C i =  12{C  +  8 ), C2 =  max { Is ll} -
0 < t< k ,  0 < r < N

L e t’s take n  =  (C i +  C2)N  where N  is the constant which appears in  Lemma 13. Then 

fo r every rii >  n  we have r ii =  k N  +  r , where k >  C\ +  C2 and 0 <  r  <  N ,  so by Lemma 

13

d i x i ^ x i )  =  | # |  =  \ g f + r \ > C 1 +  C2 -  |5[| > C X =  12(C  +  6 ), i  =  2 , . . . , k  +  l,

This im plies th a t there exists a number n  such tha t fo r any m  >  n  the (k +  l)-gon  

[jci, .. -,Xk+1] satisfies the conditions o f Lemma 14. Hence the element g™1 is contained 

in  the closed 2C-neighborhood o f the geodesic segment [ l , g ini ■ ■■gknk], and therefore in  

e +  2C-neighborhood o f A  (here e is a quasi-convexity constant for ^4). I t  means th a t 

there exists u  6  G  such th a t g in iu £  A  and l(u ) <  £ +  2C. Since there are only a fin ite  

number o f elements u  w ith  length less than or equal to  e +  2(7 and there are in fin ite ly  

many such n  i  (a t least one fo r every n) we see th a t there are n ^ m  such tha t gC u £ A  

and g\mu £ A. I t  follows th a t g in~m £ A , but because
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A  is isolated we deduce tha t g\ £ A  - contradiction. This shows th a t A  is strongly 

isolated.

6.5 H N N  Extensions and Big Powers Condition

In  th is  section we show th a t under some conditions on associated subgroups H N N  

extension o f a BP group is again BP .

Consider H N N  extension G* o f a group G re lative to  i t ’s associated subgroups A  

and B  and isomorphism d>: A  — ► B . So G* = <  G , t lta t - 1  =  4>(a), a £ A >  .

Now if  w  is an element o f G*, then we can w rite  th is element in  a reduced form

w  =  goteig i • • • t £ngn (n >  0 ),

where in  the sequence

9 o j t  5 Qi j • • ■ j t , gn

there is no consecutive subsequence w ith  gi G A  or t _1 ,g j, t  w ith  gj £ B.

Now we state the so called B ritto n ’s lemma.

Lem m a 15 [LSJ I f  the sequence go, i f 1, g i , . . .  , 1f n, gn is reduced and n >  1 , then 

gotElgi ■■■t£ngn 7^1 

in  G*. 
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Reduced form  o f the element o f G* is not a norm al form , which means th a t the products 

o f the elements in  two d istinct reduced sequences may be equal in  G*. Let choose a set 

o f representatives o f the righ t cosets o f A  in  G, and a set o f representatives o f the righ t 

cosets o f B  in  G. We w ill assume tha t la  is the representative o f both A  and B.

D e fin itio n  33 A normal form  is a sequence go, tei, g i , . . . ,  t£n, gn (n >  0) where

(i)  go is an arbitrary element of G,

( ii)  i f  £i =  — 1 then gi is a representative o f a coset o f B  in  G,

(in ) i f  £i — 1 , then gi is a representative o f a coset o f A  in  G, and 

(iv) there is no consecutive subsequence t f ,  1 ,t~ e.

I t  is known th a t every element w  o f G* has a unique representation as

w  =  got£lg i . . .  t £ngn

where

go, t£ l , g i , . . . , t £n, g n

is a normal form . I f  now

w  =  got£1g i . . . t £ngn 
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is a reduced form  o f element w, then we can assign to  element w  the length |w| =  n  which 

is a number o f occurrences o f t^ - 1 in  w. Then |w| is a well defined length function on G*. 

C learly th is  length function has a kernel which is the group G.

An element

w -  got£lg i . . .  t £ngn 

is cyclically reduced i f  a ll cyclic perm utations o f the sequence

go)  t i gi 5 • • •  > t  j  g-n.

are reduced. Clearly, every element o f G* is conjugate to  a cyclica lly

reduced element. As always we w rite  w  =  w \ o v) o W i-1 , where w  is the cyclically 

reduced part o f w.

Like in  a free product case we can define the notion o f separation condition for two 

elements o f G* and prove the follow ing lemma.

Lem m a 16 Let u ,v ,w  € G*. I f ( u ,v )  satisfies (SC) then (w ^ u w , w ^ v w )  satisfies (SC).

Lem m a 17 Let u ,v  E G* such that |tt|,|w | >  1 and [u, v] ^  1. Then these elements 

satisfy separation condition.

Proof. As in  the proof o f sim ilar lemma for free product we can reduce a general case to  the 

cyclica lly reduced one. So le t u  and v  be cyclically reduced elements where |u|, |u| >  1.
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Le t’s assume th a t pa ir (u, v) does not satisfy (SC) condition and cancellations go to 

’’ in fin ity ” .

Suppose th a t element u  has the follow ing form  u  =  u\ o v~k where the number \k\ is 

m axim al (case v — u~lovi is sim ilar). Now consider the product u 2v k + 2  =  (u\ov~koui)vov, 

but u \v  =  u\o\v\v so there may be cancellations i f  |« i| <  |u|. In  th is case cancellations 

w ill keep going i f  u \ =  av i -1 where a E G  and v — v \o  v2. So we have u  =  avi -1 o v~k 

and v — V \o v2. Now

u 2 v k + 2  =  (au i-1 o v~k)a(v2 0 ^ 0 ^ )  =  (ou i-1 o v2~l o . . .  o v2 - 1  o t?i-1 )a(t72 °  Vi °  v2).

Case 1. |i/i| >  \v2\. Then fo r fu rther cancellations V\~l  has to  have the follow ing form  

Ui-1 =  v 'i  o v 2 - 1 a _ 1 . So now

u2v k + 2 =  (au i-1 o v2~l  o ... o v2 _ 1  o v \ ) ( v i  o v2).

B ut

|u2_1 o u'x] =  |t)x| and i f  there are fu rthe r cancellations then we have v2~l  o v \ v i  =  a' 

where a' E G , so

u 2v k + 2  =  (avi _1 o u2-1 o ... o U i-1 )a '(t;2) =  (a ^ i-1 0 ^2-1 0 0 v \  o v ^ a ^ a ' f a )

, and therefore a' =  a. And we have (v2~l  o v \ ) v i  — a so V\ =  v 'i~ x o u2a. So we have the 

follow ing equation

/  - 1  /  - 1av2 o v i  = v i  o v 2a =  v i.
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Now we’l l  show th a t u  =  av\ 1 o v  k and v — v\ o v 2 commute.

I t  is enough to  show tha t [au i-1 , v] =  1. We have

a u i-1 • v — (av11 o v2 ~l a~1)(av2 °  v '{~ 1 o v2) =  av-2

on the other hand

v ■ av i _1 =  (av2  o v \ _1 o v2 )av 'i o ^ _1a_1 =  an2 0 °  =  a^2

, so

[aui-1 ,-?;] =  1. Therefore [«,u] =  1. Contradiction.

Case 2. |i^ | >  |v i|. In  th is case we have v2 =  a_ 1v i  o v ’2. And applying the same 

considerations as above we have v2 — v ' 2 o v \a-1 . So we have the follow ing equation 

a~l V\ o i/ 2  =  7/2 o u ja -1 . Again we can show th a t [aui_1,v ] =  1. Indeed av\~l v =  av2 =  

v\ o v '2, on the other hand

vav\~ l = v ± o  v2 av{ ~ 1 =  v \o  v ' 2 o u io -1a v i_1 =  ^ 1 0  v '2.

So again we have [w, v\ =  l .  So what we get is the fact th a t s tarting from  some big number 

k  in  the product ukvk a ll cancellations stop, which gives us the separation condition for 

u  and v.

I f  neither u — U \o  v~k nor v =  u~l o vx fo r some numbers k and Z, then uo|1)|_1t;n and 

wno|u|- i^  fo r any n  and m. Obviously in  th is  case (u ,v) satisfies (SC).
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Definition 34 Let G be a torsion-free group and A ,B  are subgroups o f G. We say that 

A  and B  are conjugately separated, i f  fo r  any element g E G  gAg~l  f l  B  =  {1 g }-

Theorem 27 Let G be a torsion-free BP-group, A, B  are conjugately separated isomor­

phic subgroups o f G with <f>: A  — »• B  an isomorphism, and either A  or B  is malnormal 

in  G. Suppose also that G has a B P  condition modulo A  and modulo B . Then

(G, t  J ta t-1  =  0(a), a E A)

is a BP-group.

Proof. Suppose tha t B  is m alnorm al in  G. To prove th a t G* is a BP-group we have to  show 

tha t an a rb itra ry  com mutation-free tuple o f elements o f G* satisfies the BP condition. Let 

u — ( u i , . . . , U m )  be a commutation-free tuple o f elements from  G*. We w ill show how to 

find a separation boundary fo r u. F irs t o f a ll we divide our tuple u  in to  subsequences of 

different types which we are going to  describe.

1) Consider the subsequence u' — o f m axim al length where

Uik =  Wj o gik o w f 1 , k E { 1, . . . ,  j } .

Note th a t we can assume th a t Wj ends on i f ,  where e =  ± 1 . Suppose tha t Wj ends on 

t, then every element doesn’t  belong to  A. In  th is  case, using the fact tha t G is BP 

modulo A, we associate w ith  the tuple u' a number n ^ ^ ) ,  where

g-u' — {gin
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Cleaxly nA{gu') is a separation boundary for the tup le  v! which we denote by n(u '). 

S im ilarly, i f  Wj ends on f _1 then n{u ') =  n s (< v ).

2) Consider the subsequence u" =  (u ^ , ...,Uj,) o f u  o f m axim al length such th a t for 

every i  G { 1 , / }  u '^  ^  u ' j i+ 1 1  where Uj{ =  u 'j{ o gj{ o u ' j~ x. Now for every i  we define 

numbers rrii, rii as follows.

Consider u 'i o g{ o u 'i~ xu 'i+ i °  <7i+i ° u 'i+ i - 1 .

Case a. I^ 'il >  1 . Suppose th a t u 'i  ends on t, so g i A. I f  u ' i ~ l u ' i+ \  starts from  gQt ,

then rr ii =  1 . I f  u ' i ~ l v ! i+ \  starts from  got~x, then r r ii =  n,A,go{g i) - Suppose now tha t 

u 'i+i  ends on t. I f  « /i ~1«/i+ i ends on t~ xgo then rii =  1. I f  u 'i~ l u 'i+i  ends on tgo, then 

rii =  riA,g0 (gi+i)- A ll other cases can be done in  the same manner.

Case b. u 'i =  1. I f  i  — j i ,  then we have (fc it'i+ i 0 <?i+i °  u 'i+1_1. Note tha t in  th is  case 

u 'i+ i  ^  u 'i — 1. In  this case we take rrii — fh  =  1.

Let now i  >  j \ .  Consider u 'i - 1 o g ^  o u 'i - 1_1 gi u 'i+1 °  ^i+1 o w'i+1_ 1 . Suppose th a t 

w ritten  in  the norm al form  ends on t~ xg and Ui+1 starts from  g~H. In  th is case g £  B

and i f  gi G B , then using m alnorm ality o f B  in  G we take rrii =  r ii =  1- I f  gi & B  and

ggig~l £  B , then since B  is isolated we take rrii =  r ii — 1-

Suppose th a t U i- i ends on tg and Mi+1 starts from  g~l t~ l  and gi G B. Here we can use

the fact th a t A  and B  are conjugately separated and take rrii — rii =  1-

Now suppose th a t u^-i ends on tg  and Ui+i starts from  g~xt~ x and gi =  a G A. So we
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have

Since A  is not m alnorm al in  G i t  m ight happen th a t gag^ 1 =  a1 £  A  so we have ta 't - 1  =  

b £ B . Le t’s consider the case when e — — 1 and 6 = 1 . C learly there exists I such 

tha t fo r any k >  I gn- ib kg 'l  £  B . Indeed otherwise gn- ib sg 'i € B  for some s >  0 and 

gn- ib tg \  £ B  fo r some t  >  0, so gn- \b s g n -G 1 £ B , bu t B  is m alnorm al in  G. So we take 

m,i =  I, rii =  1 . A ll other cases can be done using the same considerations.

I t  is easy to  see th a t n(u") =  m a x{m i, n i , m /_ i, rz/_x} is a separation boundary for u " .

3) Consider the subsequence u"' =  (us i, . . . ,u si) o f u o f m axim al length such tha t 

| t t j  >  1 fo r every i  =  1, I. Then like in  free product case using Lemma 17 we can fin d 

a separation boundary n(u"') fo r u'".

Now we can divide u in to  segments u =  v\ U ... U vm such th a t each segment Vj satisfies 

either 1) or 2 ) or 3) and successive segments Vi, Vi+ 1 are o f different types. As we have 

shown above fo r every tup le Vi there exists a separation boundary k{. Now for each pa ir 

(ui,V j+1) we define numbers k and Ti to  construct a separation boundary for u.

I f  Vi G 1) and Vi+i  e 2 ) (or Vi £ 2) and vi+x £ 1)) then considering the last element o f %\  

and the firs t element of t >i+1 we define numbers k  and r i exactly in  the same manner as 

we defined rrii and rii in  2 ).

Let now Vi £ 3) and Vi+\ £ 2). Let Uj be the last element o f subsequence Vi and w ogow ~ x
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be the firs t element o f Vi+1, where |w| >  1 .

Case 1. Let w  =  Uj~k o w'. Then we can take s >  k +  2 . Consider the product

U j s( w  O go  W ~ x)  =  U j s~ k ox w ' 0 go  w ~ X

where x  <  |tt|. Now i f  w' doesn’t  cancel out then we take k  =  s, n  =  1. Suppose th a t w' 

cancels out then we can consider th is product in  the following form  us ~ k ~ 2 o {u2w')g ow~l . 

I f  w~l  starts from  t  (note tha t in  th is case g ^  B) and u2w' ends on t~ 1go then we take 

k — s, Ti =  nB,go(g). A ll other cases can be done using the arguments above.

Case 2 . Suppose th a t we have Uj =  v! o w~l . So u2(w ogo  w -1 ) =  uoau'g o w -1 . And we 

can take k  =  2 and find using the arguments above.

We take

n(u) = m a x { r i , l 1 ,n (v i) , . . . , rTn- 1 , lm- 1 ,n (v m -i) ,n (v m)}.

I t  is not hard to  see tha t n(u) is a separation boundary for u.

6.6 Free Products W ith Amalgamation and Big Powers

Following the strategy outlined in  [GKM] we obtain sim ilar results fo r amalgamated prod­

ucts as corollaries o f Theorem 27.

Lem m a 18 [G K M ] Let A  and B  be subgroups o f groups G and H  respectively, <p : A —* B  

an isomorphism. The groups A  and B  can be considered as isomorphic subgroups o f the
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free product G *  H . Let us denote by

E  (G, H,<j>) =  ( G * H , t  | t~ l at =  <f>(a))

the HNN-extension, associated with <f>, o f the group G *  H . The amalgamated product 

G * 4  H  is embeddable in  E  (G, H , <f).

Proof. The subgroup {G*, H )  generated in  E  (G, H, <f) by the t-conjugate o f G and H  is 

isomorphic to  G * (p H . I t  can be easily verified using the norm al forms o f elements in  

E(G ,H ,4>).

T h e o re m  28 Let G and H  be BP-groups, A  and B  are strongly

isolated subgroups respectively in  G and H , and either A  is malnormal in  G o r B  is 

malnormal in  H . Then the free product w ith amalgamation G * a = b H  is a BP-group.

Proof. I t  suffices to  show tha t the HNN-extension E  (G, H , f>) satisfies a ll the conditions 

o f Theorem 27. Indeed, in  th is  case E  (G, H , <f) is a BP-group and by Lemma 18 G * a = b H  

is a subgroup o f E  (G, H , 0 ), hence it  is also a BP-group.

F irs t, we claim  tha t either A  or B  is m alnorm al in  the free product G *H . M alnorm ality 

is transitive: i f  X  is a m alnorm al subgroup o f Y  and Y  is a m alnorm al subgroup o f Z, 

then X  is a m alnorm al subgroup o f Z. So we need only to  point out th a t the factors of 

a free product are malnorm al in  the product [LS]. Then we need the fact tha t A  and B
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axe conjugate separated, i.e. A  f l  B x =  1 fo r a ll x  G G * H . I t  is enough to  prove th a t G 

and H  are m utua lly conjugate separated in  th e ir free product, and th is is easily verified 

using norm al forms. Next, we need the fact th a t the class o f BP-groups is closed under 

free products (Theorem 25). To complete the proof, we note th a t A  and B  are strongly 

isolated in  G *  H . Indeed, it  is easy to  see th a t strong iso lation is transitive, and the 

result follows from  Proposition 6 , which says th a t free factors o f BP-groups are strongly 

isolated.

7 One-variable equations in torsion-free hyperbolic  

groups

7.1 Preliminaries

In  th is  subsection we fis t some properties o f torsion-free hyperbolic groups which we w ill 

use in  the sequel, some o f these properties were already mentioned in  the section 1 .

Let G be a ^-hyperbolic group, such th a t an inner product is 5-hyperbolic. We fix  the 

follow ing notations

l(g ) =  \9\ =  d ( l,g ) ,  

c(g, h) =  {g- h ) i =  i ( % )  +  1 (h) -  l ig ^ h ) )
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and

goah <*=$► c{g~1 ,h ) <  a.

Lemma 19 [G ] For any nontriv ia l element g o f a torsion-free hyperbolic group G there 

exists g that is not a true power in  G and a natural number m  such that g — gm; g and 

m  are uniquely determined. In  addition, C(g) —<  g > .

We call g 6  G  a root element if  i t  is not a proper power in  G.

Lemma 20 Any torsion-free hyperbolic group satysfies C SA condition, so commutativity 

relation is an equivalence relation on G — { 1 g } -

Lemma 21 [Oil]

Let G be a torsion-free hyperbolic group and g ,h  £  G such that [g , h\ 1 . Then 

gn ° c (g,h) hm, gs ° C(g) g* and hs oc(h) hl 

fo r  some constants C(g, h), C(g) and C (h ) that doesn’t depend on m,n,s,t provided st >  0. 

Lemma 22 [G ]

I f  g is an element o f in fin ite order in  a hyperbolic group G and a  be a geodesic path 

from  the vertex corresponding to the identity element to the vertex corresponding to g. 

Then there is a constant H (g) which is a Hausdorff distance between [1, gn\ and bi-infin ite  

path (...,g~ l a .,a ,ga , .. .) ; fo r  any integer n.

96

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lem m a 23 [Lys] [G ]

I f  in  8 -hyperbolic group G elements g and h are conjugated, then there exists an element 

a such that g =  a~xha and |a| <  2 (|<?| +  |/i| +  85).

7 i and 72

7.2 Main technical results

Let G be a torsion-free hyperbolic group. To sim plify computations we assume tha t 

5 =  m ax{5siim, 8 thin-, dinner product}- Therefore, for example, we w ill have no qualms about 

saying tha t triangles are 5-th in while at the same tim e inner product is 5-hyperbolic. The 

next simple lemma follows from  the fact th a t inner product is 5-hyperbolic.

Lem m a 24 Let (a, b, c) be a trip le o f natural numbers such that

a >  m in(b, c) — 8 , b >  m in(a, c) — 8 , c >  m in(a, b) — 8 .

Then \x — y\ < 8  and z > x , y ,  fo r  some x ,y ,z  € {a , 6, c} .

Lem m a 25 Let v i, . . . ,v n G G, n  >  2, |t>i| >  2(c +  5) and fjO ct;i+1. Then (v i-  

vn-i)°c+ 5 Vn- In  particular, |v i • . . .  • w„| >  2c +  45 and Vi • . . .  • vn ^  1.

P ro o f. P roof is done by induction on n. Case n — 2 is triv ia l.
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Let ( ^ i vn- 2 )oc-^svn- i-  So |w i vn- 2 \-\-\vn- i \ - \ v i ........ v „_ i| <  2(c +  5). Consider

the follow ing trip le

(c((vi ■y„_1)_1,n7l),c((i;i........«n-i)_1,t>n-r1),c(i;B_:r 1,uB)) =  (a,(3, j) .

From the hyperbolic ity o f group G th is  trip le  satisfies conditions o f the lemma above. We 

have

P =  ^ ( |« i......... «b_i| +  K _ i|  -  |w i vn_2\) >  ^ ( 2 |v„_1| — 2c — 28) >  c +  5

and 7  <  c. Now the case when \@ — 7 I <  5 is impossible, therefore by the lemma above 

| a  — 7 I <  5 and hence a < 7  +  5 < c  +  5.

Hence 1 ^  i;n_ i| +  |v„| -  \ v i  vn\ <  2(c +  S), and

|v i vn\ >  |« i vn—i | +  \vn \ -  2(c +  8 ) >  2c +  46 +  |wn| -  2(c +  6 ) >  2c +  45

as desired.

The next lemma shows th a t in  the case o f three factors we ju s t need a m iddle element 

to  be ’’ long” .

Lemma 26 ( i)  For any u ,v : w £ G such that uocivoc2w i f  |u| > c\ + c2 +  5, then 

(uv)oC2+sw and uoCl+s(vw ).

( ii)  For any u ,v ,w  £ G i f  (uoClv)oC2 w, then uoClvoCl+C2w and uoCl+C2 (voCl+C2w).
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P ro o f, (i) C learly c(u_1, (m>)-1 ) >  c2 +  5. Suppose now th a t c((uu)_1,u>) >  C2 +  5, 

then since the inner product is 5-hyperbolic c(u_1,w ) >  c2 contrary to  the conditions. 

Therefore c((uv)~ 1 ,w ) <  c2 +  5. S im ila rly we show th a t c(m_1, v w ) <  c i +  5.

( ii)  B y assumptions |«| +  |u| — |uu| <  2c\ and |w | +  |tw| — \uvw\ <  2 c2. We have

2 c(v~1 ,w )  =  |v| +  \w\ — \vw\ <  |u| +  |u| +  |u>| — \uvw\ <

<  |«| +  |u| -  \uv\ +  2c2 <  2 (ci +  c2).

S im ila rly we prove the second statement.

The next im portan t lemma says th a t i f  there is a ” big” cancellation in  the product 

tu t~ l  then we can pick out a ” big” power o f u in  element t, i.e. t  =  t 'o cua fo r some 

constant c.

Lem m a 27 Let t ,u  G G such that c(t~ 1 ,u t~ 1) =  §(13|w| +  685) +  f3, then t  — tfocua 

where C(u) —<  u > ,  c <  4|«| +  325 and |u“ | >  j3. Therefore c{t'~ l ,ut?~l ) <  y |w | +  985.

P r o o f .  Suppose tha t d([a,b\, [o,c]) <  5|w| +  345 +  /3, then there exist 

y  G [a,b] a n d x  G [o,c] such th a t d (x, y) <  5 |« |+ 3 4 5 + /? . C learly |[o, x] | >  \t\ — |[a;,a]| >  

\t\ — d (x ,y )  -  |«|. S im ila rly |[®,c]| >  \t\ -  d{x,y) -  |«|, so |[o,c]| >  2 (|i| -  d (x ,y ) -  |u|). 

We have

2 c(t~ l ,u t~ l ) — |£| +  |«£-1 | — |[o,c]| <
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Figure 6 : Lemma 27 

<  |« t-1 | +  |t| — 2 \t\ + 2 (d (x ,y) +  \u\) =  -  \t\ +  2 (d (x ,y) +  |«|) <

<  3|u| +  10|u| +  685 +  2/5 =  13|«| +  685 +  2/5.

C ontradiction.

Therefore d([a, 6], [o,c]) >  5 |ti| +  345 +  /5 >  25 and [o,c] C  02<s([o, a] U [6, c]), so we 

have 2: G [o, c] such tha t d(z, w) <  25 and d(z, v ) <  25 for some points w  G [o, a] and 

u G [5, c]. Let |tu — a\ >  \b — v\ then we take v' G [b, c] such th a t |w — a| =  \b — v'\. Then 

\v — v'\ =  \w — o| — |u — 6| <  |«| +  45 and \w — v'\ <  45 +  |w| +  45 =  85 +  |«|. Therefore 

there exist elements t \  and i 2 such tha t t  =  £2 0 h  and \ t iu t i~ 1] <  |u| +  85. And clearly 

5|w | +  345 +  j3 <  d(z, [a, 6]) <  |t i| +  25 +  |m| and hence \ti\ >  4\u\ +  325 +  /5.

B y Lemma 23 there exist s G G such th a t |s| <  2(|w| +  |u| +  85 +  85) =  4|tt| +  325 

and t i u t i - 1  =  sus~x. So s~Hi =  ua and we have t  =  t 2 SS~xt i  — i!ocua where c <  s <  

4\u\ +  325. Note also tha t |uQ| =  |s_1̂ i| >  \ti\ — |s| >  /5.
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o

Figure 7: Lemma 28 

Now, since |i'| +  \ua \ — \t'ua \ <  2c we have

2 c(t~1 ,u t~ 1) =  |i| +  — |t 'u t '~ l \ — \t'ocua\ -1- \uu~at'~ 1\ — \t'u t'~ l \ >

>  |£'| +  |w“ | — 2c +  \ut'~1\ — 2 \u\ +  |«a | — 2c — \t'u t'~1\ =

=  2 lU t'-1 ) +  2\ua\ — 2\u\ —4 c >  2c(t/~1 ,u t '~ 1) +  2(3 — 2|u| — 4c.

Therefore

c(£'- 1,u t/-1 ) <  ^(13|u| +685) +  |it| + 2 c  <
Z

1 31
<  -(1 3 |« | +  68(5) +  \u\ +  8 |u| +  645 =  —  |u| +  985.

Z z

Lem m a 28 Let t ,u  € G and c ( i- 1, t i“ ) =  35 +  H (u ) +  |«| +  P, where P >  0. Then 

t  =  t io clu~ai where c\ <  25 +  H (u ) +  |u|, a i ■ a  >  0 and |u-Q1| >  P- Therefore 

tua — t\o cua~a i, where c <  55 +  2H (u) +  2 |u| +  C(u).
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P ro o f. d(a, [0 , 6]) >  (o, b)a =  c (t_1, ua). In  particu la r d(a, [0 , 6]) >  S. Therefore there 

are t 2 € [o, a] and x  € [a, b] such th a t d(t2, [o,c]) <  6  and d(x,[o,c]) <  S. So \t2x\ <  25 

and by the Lemma 22 x =  uaiv where v <  H (u )  +  |tt|. We have t2 — gv~l u~ai where 

g =  t2x,  and hence £ =  t \o (gv~xu~a i ) — where C\ <  |<?| +  M  <  2 5 + H ( u )  +  \u\.

Now

W~ai \ >  \t21 -  | ^ _1| >  \t2\ -  \g\ -  \v\ >  \t2\ -  (25 +  H (u ) +  |tt|) >

> 2 5  +  H (u ) +  \ u \ + 0 -  (25 +  H (u ) +  |tt|) =  p.

Now by Lemma 21 c(u~a, u13) <  C (u ) fo r a  ■ (3 >  0.

We have

2 c(t~ 1 ,u a) =  |iio Cl«_ a i| +  |«“ | — |£iw“ _Q:i| >

 -------------------------------

>  |*i| +  K a i\ -  2d  +  |uQl| +  |«“ " a i| -  2C(u) -  \t\ua~a i| =

=  2c ( t r \ u a~a i) +  2 |u- a i| -  2c i -  2C(u) >  2 c(t1 - \ u a- a i) +  20 -  2ci -  2C(u). 

Therefore

c ( t r \ ua~a i) < 3 5  +  H (u ) +  \u\ +  c i +  G(u) < 5 5  +  2H (u )  +  2 \u\ +  C(u).

D e fin itio n  35 A word W  is termed reduced provided ||W || =  |W |. A word W  is called

cyclically reduced i f  fo r  any word V  the conjugacy o fV  and W  in  G implies that ||W || <
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A ny subword o f a power o f some word B ^ 1 is termed a B-periodic word.

L em m a 29 [O i l ]  There is a constant Ao =  Xq(G) such that i f W  is a B-periodic word, 

where B  is cyclically reduced word, then

\W\ >  \WX\ +  \W2\ -  Ao

fo r  every factorization W  =  WXW2.

W hen element W  is ’’ long enough” the value o f constant Ao is easy to  find.

L em m a 30 Let W  be a cyclically reduced word, such that \ W \ >  2(5+1) then c(W ~1, W ) <  

5 +  1 .

P ro o f. Since |W | >  2(5+1) there is a decomposition W  =  WXW2 W3 such th a t \WX\ =  

\W2\ =  5 +  1 . Therefore i f  c (W ~ \ W ) >  5 +  1 then \WZW ^ <  5. Hence |W ^ W W ^ 1] =  

IW3W 1W2 I <  \W2\ +  5 <  \W\. Contradiction.

Let c(5) =  |A 0.

Notice th a t i f  u  is a cychcally reduced element and H (u ) is a constant which appears 

in  lemma 6 , then i t  follows from  theorem 2 (see section 1) th a t H (u ) — X\(G) does not 

depend on element u.

L em m a 31 Let t ,u  E G  where u  is a cyclically reduced element and

c (t- 1,u ") =  35 +  A i +  ]3, where (3 >  0 and A i(G ) =  H (u).
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Then

t  t 'o Xl+2Su1~1u~ai and tua =  t'o5S+2\ 1+c(8)u C 1ua~a i, 

where |t t i_1«_ a i| >  (3 and u =  U\U2 -

P ro o f. We may assume th a t a  >  0. As in  the proof o f Lemma 28 we consider 

geodesic triangle [o, a, 6]. We have d(a, [o, b]) >  (o,b)a — c (f_1, ua) >  6 . Therefore there 

are fa G [o, a] and x  G [o, 6] such th a t d(fa, [o, c]) <  5 and d{x, [o, c]) <  S. So fax =  g and 

\h%\ — |<7l <  25. Path x  =  ua iu iv  where |w| <  Xi and u  =  U\U2 - So fa — gv~1u \~ l u~ai 

and t  =  fao (gv~1u i~ 1u~ctl) =  t 'o \ l+ 2SU\~l u~a i. We have

>  \fa\ — |<7w-1 | >  c(^-1 ,« a) — 5 -  25 — Ai =  /?.

Note th a t ua =  ua iu \ ■ u \~ lua~ai and |w“ | >  |wQ1« i| +  I'lti-1 !/01-'*1! — Ao- Now 

2c (t_1, i ia) =  |iip t;- 1 oAl+2«(« i—1«—011) | +  |«Q| -  | t i0 tT 1u r 1«a-a i | >

>  |fa g v ^ l +  Iw r 1̂ " 1! +  \ua\ — I fa g v ^ u i^ u 0-01] — 2Ai — 45 >

>  |iip v _1| +  |'Ui~1t r “ 1| +  | « r 1tta_a i| +  |wa iwi| — Ao — \fagv~l u \~ l ua~a i\ — 2Ai — 45 — 

— 2 c((fagv~1) 1 ,u i~ 1ua~OL1) +  2 \u1 ~1u~a i\ — Ao — 2Ai — 45 >

>  2 c((fagv~1) 1, +  2/3 — A0 — 2 Ai — 45.

Therefore we have

c((fagv ■'■) *ua a i) <  35 H- A i +  f3 — f3 +  c(5) -t- A i +  25 =  55 +  c(5) +  2Aj.
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Let’s make the follow ing notations:

c i(it) =  ^(13 |it| +  685), c i(u ) =  4|tt| +  325,
Z

c 'i( it)  =  ^ | i t |  +  985 ,c2(it) =  35 +  H (u) +  |u|, 

c2( it) =  25 +  H (u ) +  |it|, c'2 ( u ) =  55 +  2H (u ) +  2 |u| +  C(u).

Lem m a 32 Let t ,u ,v  G G such that [u, v \ ^  1 and

c(t, u t) >  c i (it) +  c i (it) +  C(u, v ) +  5.

Then c(t, v t) <  Ci(v) +  ci(i?) +  C (it, v ) +  5.

P ro o f. B y Lemma 27 t  =  uao^1^ t ' ,  where |ita | >  c i( it)  +  C(u, v) +  5. I f  c ( t,v t) <

then we axe done. Suppose now tha t c(t, v t) =  ci(i?) +  /3, where j3 >  0, then t  =  v1o

and |u7| >  (3. By Lemma 26 (i)

v~y ■ t  =  iT 7 • (uat')  =  oc{u v)Jt&t.

On the other hand

2c(tP ,t) =  ItPI +  \t\ -  \t"\ >  |tF | -  |*"| +  \iP\ +  |*"| -  2c i(u ) =

=  2|tPr| - 2 c i( i ; ) > 2 i0 -2 c i( v ) .

Therefore (3 <  c\(v) +  C(u, v) +  5 as desired.
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Lemma 33 Let c (t,u t) <  c, then c ivP .t) <  c2(S) + c  +  2c2 (u) +  |w| fo r  any number 0, 

where C (u ) = <  u  > .

P ro o f. I f  c(fuP,t) <  c2(tt), then we are done. Let c(fuP,t) =  c2 (u) +  b,b >  0 . Then by

Lemma 28 we have t  =  u~^lo c2(u)ti >  b. So t~ l u t =  t j ^ u t i .  We have

c (t,u t) =  ^ ( |t| +  \ut\ — =

=  ^(I«_/3i °c2(S)̂ i | +  M « _/3loc2(S)£i)l -  I t r ^ i l )  >

>  ^(|w _/3l| +  |t l| -  2c2(«) +  \u~^oc2(S)t i|  -  |li| -  I t r ^ t i l )  >

>  ^ (2 |tt-/3 l| +  2\ti\ -  4|c2(u)| -  |u| -  I t r 1̂ ! )  >

> I(2 |5-a | + 2|t!| -  A\c2(u )\ -  Itil -  21̂ 1 -  |«|).

So we get c >  \u~l3l\ — 2 c2 (u) — |«| and b <  c +  2c2 {u) +  |«|. Therefore c(fuP,t) <  

c2 (u) +  c +  2 c2 (u ) +  M  as claimed.

Let cz{u) =  c2(u) +  ^ (u )  +  2c2(«) +  |w|.

Lemma 34

(i) Let c (t_1, u t~l ) <  c, then c(£_1, uH -1 ) <  Ci(uk) +  c +  |«| +  2c1 (uk), where C (u ) = <  

u > .

(ii)  Let c(t~l ,u t~ l ) <  c'1(u ), then <  c±(u), where c4(«) =  Ci(2cs(S) +2d) +

d-y{u) +  2ci(2c3(ft) +  2d) +  |«|. Notice that c4(2) does not depend on k.
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P ro o f, (i) Suppose tha t c(t 1 ,u kt  1) =  c\(uh) +  (3 (otherwise lemma is obvious), 

where (3 >  0. Then by Lemma 27 t  =  t'o^~kfua , where \ua\ >  (3. We have now

c >  |t| +  l ^ r 1! — |t 'u t '~ l \ >  2 (\t'\ +  |S“ | — 2 c i(« fe)) — |w| — \t'u t'~ l \ >

>  2\ua\ -  4ci(S fe) -  2\u\ > 2 ( 3 -  (4c!(«fc) +  2|t*|).

Therefore (3 <  c +  2c\ (uk) +  |w| which proves (i).

( ii)  Since c(t~ l ,u t~ l ) <  dx{u) by the previous lemma c ( f_1,w7) <  c3(S7) fo r any 7 . 

Suppose firs t th a t |wfc| >  2c3( m7 ) + 5 . Then by Lemma 26 t?°c3 (ui)+s(uktf~ l ). which clearly 

proves (ii).

Let \uk\ <  2c3(«7) +  5. By the part (i) o f th is Lemma we get c(£- 1,5 fct -1) <  Ci(u).

Let

d =  55 +  Ao +  2Ai, d1 =  2d +  5, d \  =  C3 (ĉ r) , 

d i =  01(20?') +  dx(d!) +  d' +  2c i(2d') +  d’ , e =  d i(d ') , ei =  c4(<i').

Lemma 35 Let t  € G, then

(i) t  =  t iO t f io j t i 1 =  t i o ^ i t i 1), where t  is some cyclically reduced element from  G.

(ii)  t  ■ t  =  ( t it)o d l( t t i)  and i f  c{tT 1 , t )  =  di +  P where (3 >  0, then |£i| >  (3.

( iii)  tn =  t io ei( int x v) =  t x o j i j r o j i j f 1 fo r  any n.
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Also

\ t t? \  >  j : \ t \ -  d! and |ti£] >  ^ |t| — d1.
Z Zj

P ro o f. F irs t, note tha t element t  is conjugated to  some cyclically reduced element t, 

so t  — t i t t i " 1.

Case (i) \t\ > 2d +  5.

Suppose th a t fo r some a  >  0 we have c ( t =  35 +  Aj +  /? where f3 >  0. By Lemma 

31 we have

h  =  t/ox1+2sii1t~ai =  lfoXl+2 s ( ii% 1ociS)t i 1f~ai+1)

where t  =  t i t 2. Therefore by Lemma 26 (ii)  t'o 2s+c(s)+>iJ i 1t 2 1 or equivalently h ti^s+ cW +xJ ' - 1  ■ 

Also by Lemma 31 we have t i t a =  t'o 5S+ĉ +2Xlt ^ 1:ta~a i, so t'o 55+Xo+2Xli 2 i \ .  We have now

h - t -  t r 1 =  ■ t  ■ =  t ' i 2 i l t l~l  =  t'o5S+Xo+2Xl t 2t i  oas+cC^+Aj t '~ l

and note th a t t 2 t \  is also cyclically reduced. S im ilarly we consider the case when c(ti _1, ta) =

35 +  Ai +  /3 where /? >  0 and a  <  0.

Suppose now, tha t c ( ii- 1, t a) <  35+Ai for any a. Then t i o3<5+c(5)+a1 t and t \ o3<5+c(5)+a1 t ~ 1 •

So we have

t i  ■ t  ■ t i -1  =  tiOzs+c^+xJOss+cW+Xxti1 ■

Summarizing a ll o f the above we see tha t there is t i  £ G  such th a t t  — tio^,odt i~ l  and 

by Lemma 26 (i) t  =  =  ( t i f y j+ s t i* 1.
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And

t  • t  =  t\Odtoc(g)todt \  — t \ ° d t ° c ( S ) Ji S { t t \  )  { t i t ) °c(<5)+25{ tt i )■

Also i f  c (t- 1, t)  =  d i +  (3 then

2 c { r \ t )  =  2 \t\ -  \t2\ <  2 \ti\ +  |*i*| +  l* V l -  \t2\ <  2 |* i| + 2di

and |£ij >  (3.

Now t io di nodt 1 ~ '1 fo r any n  and since \t\ >  2 d +  5 >  26 +  2  by Lemma 30 £o5+1£ and 

by Lemma 25 |£"| > 2  d +  8 . Therefore tn =  t io d+s{int \~ l ).

Case ( ii)  |£| <  2d +  5.

Using Lemma 27 t  — t i t t \ -1  =  =  ( t [ t ) ° c’1(d')fi~ 1 =  i3i0 d'i°d't'i 1 fo r some

<i €<?.

And by Lemma 34 (i) t  ■ t  — (t$)od 1 {tt?i~1)- Therefore

2c ( r \ t )  =  2 \t\ -  |£2| <  2 |«i| +  \t\t\ +  |« i| -  |£2| <  2 |t j| +  2 d\

and 1̂ 1 >  (3.

Now by Lemma 33 and Lemma 34 (ii) tn =  t\o ei (£” £ i_1) =  t i o ^ ^ o # ^ 1 for any n, where 

e\ =  c±{d!) and d'\ =  C3(d').

For both cases above

\t\ =  < \ t i \  +  i^ r 1! < i^ r 1! + 2d! -  |t| + 1t t r ' i  <  2\tt1~l \ + 2d'
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and hence \tt\ *| >  §|£| — d'. Similarly \tit\ >  \\t \ — d'.

C o ro lla ry  1 ( i)  Let t  be any non-triv ia l element from  G then

\t2\ >  \t\ -  Ad' -  2 d\.

In  particu lar c(£_1, t )  <  \ \ t \  +  2d' +  d\.

( ii)  |£” | >  |£| — 2 (e i +  d'\ +  c(8 )) fo r  any number n.

P ro o f, (i) Prom the previous lemma i t  follows th a t

2\ti\ +  2\t\ -A d ! -  \t2\ <  |£x£| +  | i t x| -  \t2\ <  2 dx.

Hence

|£ |̂ ^  2|£x| -t- 2|£| — Ad' — 2d\ ^  |£| +  |£] — Ad! — 2d\ >  |£| — Ad! — 2dx.

Therefore

2c(£ \£ )  =  2\t\ — |£ |̂ 5; 2|w| — |£| — |£| +  Ad! -F 2d\ — |£| — |£| +  Ad! +  2d\ <  |£| +  Ad' +  2d\ 

as desired.

(ii)

|£"| =  |£x£n£x 1| >  |£x£"| +  |£x| — 2ex >  |£x| +  |£” | +  | ix| — 2 (ex +  d'f) >

>  |£iI +  |£| +  |£i| — 2 (ex +  <f i  +  c(8 )) >  |£| — 2 (ex +  d \  +  c(d)).
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Lemma 36 Let t ,u  G G and c(t *, u t) = d i+ \ u \ +  0  where 0  > 0. Then

t  =  =  U-1 (tiO e( t t i-1 ))

and

t - u - t  =  w-1 ( ( iii) o d l( t t i_1)) where\ti \ >  0 .

Proof.

Since c(£-1 , trf) =  d\ +  [w| +  0  we have c{{u t)~ l ,u t)  >  d i +  \u \+  0  — |tt| =  d\ +  0. So 

by the Lemma 35 u t =  t io ^ to ^ t i - 1  where |£i| >  0.

A n d  w e get

t  — «_1(£iod/£od/£1_1) =  1(£ioe ( t t i-1 ))

and t -  u - t  =  u~l (u t • u t) =  w_1((£ ii)o cil( t t i_1)).

Recall [MR3], tha t a length function I : G — > Z  is regular i f  fo r any elements « , v G G 

we have

U — U \ O W ,  V — W - 1  OV2,  U  ■ V  =  U \  O V2-

Here

w =  u o v  •<=>■ w =  uv &  l(w ) =  l(u )  +  l( v )

Clearly, the natura l length function on a non-abelian free group is regular.

The theorem below is one o f the m ain technical tools we use in  th is  paper. I t  shows 

tha t a word length function d( 1, g) — |<?| on a hyperbolic group G is ’’ almost” regular.

I l l
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Figure 8: Theorem 1 

T h e o re m  29 Let u ,v  £ G and suppose that

|w| — c(«-1 ,u ) >  Ci +  25 and |u| — c(u~l ,v )  >  C2 +  25.

Then u — ux o u 2 and v =  vx o v 2 where

c(u_1,u) - 5  <  \u2\ =  |v i| <  c(tt_1,v ) +  25, |rti| >  c i, |u2| >  c2.

And uv  =  t i i° 3<s(ti2Vi • v2), where \u2 Vi\ <  45.

P ro o f. I f  c(u~l , v) <  5 then uosv and we take u 2 — v \ ~  1.

Let now c(u~l ,v ) >  5. Then |ac| >  c(n-1 ,w) >  5. Then there exist c G [o, b], U2 G [o, a] 

and u 'i G [a, 6] such tha t d(c,U2 ) <  5 and d (c ,v \)  <  5.

Let j"Zi21 > K i|, then vx = v \  o v "\ where |u i| = |«2[. Therefore |u "i| = |u2| — |u 'i| < 

25. So le t ’l l  <  45 and |«2| =  |^ i| >  |oc| — 5 >  c{u~l ,v) — 5. Therefore we have 

uv =  U i(u2Vi ■ v2), where u — U io u 2 and v =  vx o v2.
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N o tic e  th a t

2 c(u~l ,v ) =  |w| +  |u| — |uu| >  2 c(u~1 ,v ) — 28 +  |it i| +  |w2| — \uv\,

so |« i|  +  \v2\ — |« v | <  28 a n d  |u i|  +  \u2V\ ■ v2\ — \uv\ <  65. T h e re fo re  c ( « i - 1 , u2V\V2) <  35. 

Suppose th a t  \u2\ =  |u i| >  c(u~l ,v) +  25. T h e n

2c(u~1,v ) =  |«| +  |u| -  |uu | >  |« i|  +  |u2| +  2 c (u - 1 ,u )  +  4 5 — |u i|  -  \v2\ -  \u2v\\ >

>  2c(u~1, v) +  45 — 45,

a n d  we g e t a  c o n tra d ic t io n .

W e have n o w  c(w- 1 ,u )  — 5 <  \u2\ =  |u i| <  c (u - 1 ,u )  +  25.

B y  assum p tio ns  |u| — c (u _1,u )  >  C\ +  25, so |u i|  >  c{u~l ,v ) — \u2\ +  c i +  25 >  

c (u _1,u )  — c (u ~ \ v) — 25 +  c i +  25 =  c i th e re fo re  |« i|  >  Ci. S im ila r ly  \v2\ >  c2.

T h e o re m  30 Let v \ , . . .  ,vn G G such that

^ ( |u i_ iU iU i+ i |  -  |u i_ i|  -  Iw f+ il +  |v i|)  > y  fo r  every i  G { 2 , . . .  , n  — 1 }.

Then

V y  ■ . 'V n  =  . . .  0 3(5w ' „ _ 2° 3 5 w '„ _ i ,i ( SVn>2) ,

where \v'2\ , . . . ,  | t / „ _ 2 |, |v n - i . i l  >  y - 85 and |s| <  45, vn =  ure, io u n>2, u „ _ i  =  un_ i, io u n_ i i2; 

s'u„_i,2 =  u 'n-1,1 o u'„_ii2, |s'| <  45, |u'„_i,2| =  |u„,l|, u'„_i,2 • VB>1 =  s.
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P ro o f. We use induction on n.

K  =  Vy. . .-vn =  Vn_ i ■ Vn =  v \o 35 • • • 035V/7i-303<5W/n- 2 , l03<5(siW„-ll2) ' «„» 

w he re  | i / 2| , . . . , | t / n_ 3 | , ! ^ n - 2 , i l  >  y  -  85, a n d  |S ij <  45,

Vn- 1  =  ^71-1,1 °  V n - 1,2? ^n-2 =  ^n-2,1 °  Wn-2,2,

s ' l V n - 2,2 =  ^ n —2,1 °  v ' n - 2,2, l ^ i j  <  4(5, | l / n- 2,2 | =  |V n - l, l| ,  v ' n- 2,2 ‘ Vra-1,1 =  Si- 

We have

2y <  \vn-.2V n - lV n \  -  K —2 I -  K| + K —ll < l̂ 'n-2,1 ' SiU„_i>2 • Vn \ + K - 2,l| +

+ 4 5  — |Un-2,l| — Js7! 1(v'n-2,l °  v'n- 2,2)\ — I^tz] “h 1^71-1,11 +  |^7 i-l,2 i <

<  |u/n- 2,l ■ S \V n - l ,2 ' U„| + 4 6  — \v 'n- 2, \  \ ~  I^ti-2,21 +  4 5  — |v„| +  1̂ 71-1,1] + 

+ | s iv b_ i,2 | +  45 =  | t / B_ 2, i  • Si^-1,2 • v n \ +  126  -  | r /B_ 2>i |  -  |v»| +  |S lV „_ l,2|-

So we get \v 'n - 2, \  ■ S iV n- y 2 - v n \ -  |t /B_2,i| -  |t>n| +  |siVB_if2| > 2 y -  125. Now, by the 

previous theorem (s iun_ i,2)?;ra =  i / n- i , i03s ( s v „ i2)  where s iw „- i,2 =  v ' n- i , i  ° ^ - 1,2, and 

v „  =  WB ,1 o Vni2, |s| <  45, | i/n—1,2| =  |wB|l|.

Therefore

^ n - 2 >l 03<s(Sl^7l - l ,2 )  • Vn =  v’n-.2,l0ZSv'^yiO^SVn^)■
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T h e n

2y  -  125 <  K n -2 ,1  • SiVn-1,2 • Vn\ -  | l / „ _ 2 , l |  ~  M  +  |S it/» _ i|2| <

<  K n - 2 , l |  +  K n - l , l |  +  |sUn,2| _  K n -2 .l l  — |^n ,l | — lvn,2| +  K n - l , l |  +  K n - l ,2 | <

<  +  45,

a n d  hence K n _ i . i l  >  y - 8 5 .

F in a l ly

Vn =  v 'lO t f  .  .  .  03Sv 'n- 3 0 3s v 'n -2 ,l0 3 S v 'n - l, l0 38(sVn,2) =

=  K i ° 3 i  . . . °3<5'y/n -2 03 < K n _ l,l03<$(S'yn,2)-

7.3 Description of solutions

L e t ’s co n s id e r an  a r b it r a r y  o n e -va ria b le  e q u a tio n  in  G .

X£lUiX£2U2 ■ ■ ■ XSnUn =  1 (4)

w here  u \ , . . .  ,Un €  G a n d  i f  Ui =  1 fo r  some in d e x  i  th e n  £{ ^  —£ j+ i.

T h e  fo llo w in g  te c h n ic a l re s u lt says th a t  a  g iv e n  o n e -va ria b le  e q u a tio n  S(x) =  1 in  

a  to rs io n -fre e  h y p e rb o lic  g ro u p  G has a  su b w o rd  o f  le n g th  th re e  in  w h ic h  th e  m id d le  

o ccu rre nce  o f  x  cancels o u t  ’’ a lm o s t c o m p le te ly ” .
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T he o re m  31 Let x £lU \x£2U2 ■ ■ ■ x EnUn =  1, then there exists an index i  such that

— | £ £<-1U i_ i |  — \ i i i X £ i+ 1 \ +  |® £ i |)  <  245 +  41,

where I =  max { |« i|} .
i=l,...,ra

P ro o f. Let Vi =  o f{Ui. Notice th a t \vj\ — 2 l<  |uj| <  \vj\ +  21 for any i,  j  , n }.

NOW X £1U i X e2U 2 ■. ■ a fnun =  V y .  . .-vn.

Suppose th a t 5 (|wi_iViVi+ i| -  | -  |ui+ i| +  |uj|) >  245 +  2Z fo r every i  € { 2 , . . .  ,n  — 1}.

Then by theorem 30

V y .  . . -Vn =  V \ 0 3 S  • • • °35W/„-2035l'/n -l,l0 3<s(ŝ n,2),

where |u'2| , . . . , |v'n_2|, |v'„_i,i| >  245 +  21 - 8 8 =  165 +  21 and |s| <  45, vn =  vUil o vn>2, 

Vn- 1 =  Wn-l,l°^n-l,2 , s'un_l ,2 =  v 'n- l , l ° v ' n - l , 2 , |s'| <  45, |w'n_1>2| =  |vn,i|, ^ - ll2^„,l =  S. 

Since

IVn.ll +  K 2I =  \vn\ >  K - l l  -  2 1  >  \vn- 1>2\ -  2 1  >

>  |s 'v „- i,2| - 4 5 - 2 l >  +  |t/n- i, 2| - 4 5 - 2 1

we have

|svn>2| >  \vn fi\ -  45 >  |t /„_ i, i| -  85 -  21 >  85.

S im ilarly from  the proof o f the previous theorem it  follows th a t |u'i| > |u'2| — 21 — 45 and 

therefore |w'i| >  165 +  21 — 21 — 48 =  125.
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Therefore the length o f each element in  the product

v'lOZS . . . O^sv'n-2 °zsv'n-l,l°zs{svnt2 )

is greater than 85, and hence by Lemma 25 th is  product is not triv ia l. Contradiction.

So there exists index i  such th a t

-  |i*_ i| -  Itfc+il +  M  <  245 +  21.

We have

485+4/ >  \xFi~1U i-ia fiUixFi+1 'Ui+ i \ —\(ifi- 1U i- i\—\x£i+1Ui+i\+ \x £iu i \ >  \x£i- 1U i- ix eiuix Ei+1 \— 

K +i| -  |a;e*—1iAi_i| -  Itii®**1! -  |ui| -  |ti*+i| +  \xEi| -  |«i|.

So

Ix ^ ^ U i- ix ^ U iX ^ *1] — |xei_1« i_ i| — \uiXSi+1\ +  |rr£<| <  485 +  81.

D iv id ing  both sides by 2 we prove the theorem.

Now we tu rn  to  a description o f the solutions o f Equation 4. We need the follow ing

technical

Lem m a 37 Let u ,v ,w  € G such that

^(\uvw \ -  |u| -  M  +  M )  <  y.

(i) Suppose that uvw  =  (u'oClv')oC2w ' where v =  (v\odlv ')od2v2 , u =  v! ■ U\, w  =  w\ • w ' 

and |u i| =  |u i|, \v2 \ — |w i|- Then |i/| <  y  +  c i +  c-i +  d i +  c/2-
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( ii)  Suppose that uvw  =  u'oClv'oC2 w' where v — {v\odlxf)od2v2, u  =  v! ■ u i, w  =  w i ■ w' 

and |ux| =  |u i|, \v2\ =  |ttfi|. Then |u'| <  y +  cx +  c2 +  8  +  d i +  d2.

P ro o f, (i) We have

2 y >  \uvw\ — |u| — |tu| +  |t>| >  |u V | +  |u /| — 2c2 — |m| — |w| +  H  >

>  \u'\ +  \v'\ -  2 ci — 2c2 +  \w'\ — \u\ -  \w\ +  \v\ >

>  |u '| +  |t/| +  |w/| -  2(ci +  c2) -  |ti'| -  |wi| — |w i| — |« /| +  |v i| +  \v'\ +  |v2| -  2 (di +  d2) =

=  2|,y/| — 2(ci +  c2 +  d\ +  d2).

So |u'| <  y  +  c i +  c2 +  d\ +  d2 as desired.

(ii)  Suppose th a t

|t/| >  y  +  Ci +  c2 +  25 +  d\ +  d2 >  Ci +  c2 +  28.

Then using Lemma 26 (i) we have uvw  =  (u'oClv ')oC2+svd and by the firs t part \v'\ <  

y +  C i+  c2  + 8  +  d i+ d 2. C ontradiction.

Le t’s fix  the follow ing notations

Cj =  a ( l)  =  -(131 -F 685), Ci =  ci(Z) =  41 +  325, d i — d i ( l ) =  ——I T  985,
St z

where I — max { | t i i| } .  Also
i=l,...,n

c2 =  m ax{  max c2 (ui), max c2 (u ~ \u iU i- i) } ,
1= 2 , ...,n
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C2 =  m ax{ max c2 (ui), .max C2 {uid1U iU i-i)} ,
i=2,...,n

d 2 =  m ax{  max d 2 (ui), max d  ■>
t=l,...,n i=2 n

and C3 =  C2 +  d \ +  2c2 +  I.

Let also C(g) fo r any g £ G  be a constant which appears in  Lemma 21 then we make 

the follow ing notation

C  =  max C (u ~ \u iU i- i) .
i=2,. .. ,n

Now we tu rn  to  a description o f a solution x  by considering a ll different forms o f the 

trip le  x £i~ 1U i - i x £ i i i i X £ i+1.

Lem m a 38 Let

^ d x u i- iX ^ U ix ]  — \xv,i-i\ — \uix\ +  |a;|) <  245 +  41, 

fo r  some index i  then x  has one of the following forms:

1 )  \x\ <  C ^

2) x  =  u fo ^ x ' where \x!\ <  C \;

3) x  — 3fo diuf_x where |x '| <  C \;

4) x  =  where \od\ <  C \; 

fo r  some constant C i (5 ,1).
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P ro o f. L e t’s consider the follow ing product x u i- ix  1UiX.

Let c{x~l lU i- iX -1) <  Ci and c(x,UiX) <  c i. So we have

xocl (ui- 1x~ 1 )ocl+luix.

A pplying Lemma 37 (ii)  we have

|iti_ i2; *| ^  245 +  4 1 +  C1 + C 1 + 1  +  8  +  1

and therefore

\x\ <  255 +  71 +  2ci.

Suppose now tha t c(x~1, U i- i® -1 ) <  Ci and c(x, UiX) =  Ci +(3 where (3 >  0. By Lemma 

27 x  — u fo ^ x '.  So

x o ^ iu i - i x ^ m x  =  {x u i-1) oCl + il+ 2 ix '~ l od l (m x').

By Lemma 37 (ii) we have

12/ 1 ^  245 +  41 +  C\ +  C\ +  21 +  d \ +  5 +  Ci.

Suppose th a t ^ a T ^ it i- ia T 1) =  c \+  (3 and [3 >  0 then by Lemma 27 

x  =  x 'oc jU f.j where u?_x >  (3 and x u ^ x ^ 1 =  x 'o ^ (u i- ix '~ l ).

We have now

XUi-\X~l UiX — x 'o ^  {u i- ix '~ l )u i(x 'oZlu f_ i).
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Let c {x \u ix ')  <  c i, then

xU i-iX ^U iX  =  (^ u i-i)o^ i+ i^ ~ 1on (uix,)o£l+luf_1.

Suppose th a t \xf\ >  C\ +  Ci + 1 +  6  + 1 then by Lemma 26 (i)

x u i- \x ~ lUiX =  ( x 'u i- !) + io /- 1 ocl +(5 (u ix ’uf_ j  ) .

And by Lemma 37

\x'\ ^  8  +  4Z +  c 'i +  i  +  c i+ (5  +  5 +  Ci.

Hence x  =  x'odluf_ 1 where

|a/1 <  265 +  5l +  cf1 +  ci +  c i.

Let c(x ',U ix ’) =  Ci +  A  and A  >  0 then by Lemma 27 x ' =  u fo ^ x "  where |u f| >  A  

and xt~ l Uix' =  a;"-1 0^ ( 1̂ a/').

Now a; has the follow ing form

x  =  ( t i f  oa1a;/ / ) o £ l:ue_1 =  S f  o6l a ;"o2g l« f _ 1.

and

X U i —] a; Z liX  ( X U j ,—1) 4~C1-\-2lX ) ° 2 c i + ^ i —1*

Suppose tha t

\x"\ >  Cj +  2ci + 1 +  8  + 1.
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XUi-IX l UiX =  {^ U i-i)o dx+tl+2lx" 1odi+s(uix"u?_1).

And hence by Lemma 37

\xn\ ^  268 H~ 6 / +  2 c j -|- 3 c i.

Lemma 39 Let

^(\xui-ixuix~1\ -  \xui-i\ -  |wia;_1| +  |m|) <  245 +  41, 

fo r some index i  then x has one of the following forms:

1) |a?| <  C2;

2) x — x'ocfuf, where \x'\ <  C2;

3) x  =  where \x'\ <  C2 and a  ■ (a  — P) >  0 ;

4) X =  {u~}l u faui- io d+&2x )o ^ u <f  where \x'\ <  C2; 

fo r some constant C2(S,l).

P ro o f. Consider the follow ing product x u i- ix u ix -1 .

Let c{x~1,u ix~1) <  c\. We have then

XUi-\XUiX-1  =  XUi-iXO^UiX-1  =  U ~ \  ( (xx '±” 1)) • UiX~X =
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- u ^ x ia ;)o d l+ i(a;a;i cl+e+lUiX 1.

B y Lemma 37

\xx '\ 11 <  248  +  4Z +  d i +  £ +  c i + e  +  Z +  5 +  e +  Z =  ./4,

and

[a?[ <  1\xx'\ | +  2{d! + 1) <  2 A  +  2(df + 1).

Suppose th a t c(x~l ,UiX~l ) ■= cx +  f i i where f3x >  0. We have then x  =  x 'o ^ u f  and 

therefore

xUi-iXUiX_1 =  x u i- \{x 'o ^ u ix '-1 ) =  x'odlu f  ■ u ^ x 'U ix '~ l .

Let c(Ui_}xU iaU i- i,x ')  <  C2 - Then

xUi-iXUiX  1 =  x ' Oc1+iU iU i-\oC2+ix ' o^UiX1 \

< c x + l  +  C2 +  l  +  8  +  l  =  B  then applying the same arguments as in  the previous 

case we get

|a/| 2(25£ +  71 -F dx +  3B  +  cx +  2e +  c i) +  2{d! +  B  4 -1).

Let |« f“ | >  B  then by Lemma 26 (i)

X U i - i X U i X - 1  =  ( x ' u <* U i - i ) o C2Jri+ s x 'o d l U i x '~ l .
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Therefore by Lemma 37

\a f\< 2 4 6  +  41 +  C2 +  l  +  6  +  d 1 +  6  +  cv

Suppose th a t c i u ^ u ^ u ^ i ,  x ') =  c2 +  /32 where /% >  0, then by Lemma 28

x ' =  \oZ2x "  where a  • /? >  0 .

Notice th a t since xfoĉ Uix'~l  by Lemma 33 xfoC3uJ fo r any 7 .

We have now

x  =  x 'o^u?  =  ( u j l ^ U i ^ o ^ x " )  odlu f,

and

—1 / ~ a —B n I—1
X U i - i X U i X  =  X  Ocs+lU i ^ U i ^ O ^ i X  o-C2+dU iX  .

Suppose tha t

| ^ U i - i  | > C3 + Z + cJ> + £ + 5 = Co-

Then by Lemma 26 (i)

— 1 / I—a —B \ n / —I
X U i - i X U i X  ~  [ X U i  ^ U i - i ) 0 ^ + i+sX  O ^ ^ U i X  .

And applying Lemma 37 we have

\x"\ <  245 +  4Z -t- d} I T  5 -f- c2 -F Cj +  8  +  c2 +  c\ =  C.
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We have now

x  = ( u ^ i U ^ U i ^ o ^ x " )  o£l u ° ,

where |a/'| <  C.

Suppose tha t (a — f i)  ■ a  <  0. We have

x  =  =

=  ( K r- i« r a°c+z+c2 Oqtz?-

Then

/ /"“ I  /   1 —rv /  —1 '"-O'—/3 / / \ \  t
X O ^ U i X  =(«<_!«< î-l°c+Z+c2(Wi-lUi «i-l£ ) ) ° c ' U i X

Therefore

—1 /  ~ a — B  n  / —I
x u i - ix ^ x  =  a; o^+z+c^ o^+a+a+c!!^*® •

Therefore by Lemma 37 (ii)  we have

i^ ck—i3 //it ii—xa? <

<  245 +  41 +  C3  +  I +  C  +  c[ + C  +  21 +  C2 + 5 +  C  + 1 +  C2 + C i — D. 

Hence element x  has the follow ing form

x  =  (uZl1U ia'ui- 1 o5 +-2x*)o£lu?

where |$*| <  D  + 1.
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Let’s consider the case when \u* <  Co. We have

—1 /  —1 ~ —3 f / \  ~ ol—Q /  it t—1\
xU i^xU iX  — («*_!«* U i- I0 c2% ) • Ui HUi- 1 • (a; ).

Let c(z"~\S?"/V 1s") <  +  C0. Then

—1 —1 /3 // —a—3 // /—I
—iXZLiX — riL̂  I t i —x O ^ X  /llji—\ X  ^C2~\"CI\-\-Cq^ v^

Suppose tha t \xf'\ >  C2 +  d i +  Go +  S. Then

xUi—\xUiX~  ̂=  (u^1UiPui^1x',)odl+Cô sv^-l3Ui.1x,'o^+c,1+CoUix'~1.

And

a; =  ( t C \ ^ “0^+Co«i,“P«t-i®,,)°ciSr

using Lemma 37 we have

|it“  26d +  4Z +  d\ +  3Co T  2c2 T  Ci -f- Cj =  E

and element x  has the follow ing form

x  =  { u l \ u i aU i- i °a2+Co+/^)°c1 «?

where |rc*| <  E.

Suppose th a t c(x//_1, u "'_/3ui_12;//) =  d i +  C0 +  p3  where /?3 >  0. Then by Lemma 

36

= «r_i1s f - “ ( ( * " 1* " ) ° 4  ( z v r 1)),
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x" = (w T'V l)-1 (x"1»J,x"od,x " i ' )  =

Therefore we have

U ^ U ^ U i - j  0 c2+e+C o (S“ _/3« i - l ) _1 ( ^ 'W ')

and since x"oc2+c, 1U iX , ~ 1 we have x " x " i 1oe+Co+d<2+c,1uix '~ 1. Suppose tha t

J ̂ //£c//j  1 j >  C2 +  6  +  Co +  d\ +  Co +  5 +  Co 

then applying Lemma 26 we get

X U i - i X U j X _1  =

l°C2 +e+Co(^i l )  1® )®di+Co(® ® 1 ) °e+Co+C2 + c 'iU {X

=  (u ^u T ®  • ^ //i ^ /)°di+Co+<s(^//a:/T 1)0e+Co+c2+c'1Mi®'“ 1.

And x  has the follow ing form

x  =  o ^s ") o£l u f  =

=  ( ^ s r V i ^ f ^ V i r v ! 0^ ^ : 1) ) ^ ^  =

=  ( ( ^ i — l ° C2 + e + Co ( ^ i  l )  ®  l ) 0 C2+Co+e(^' ®  1 ) ) ° c i ^ i

where the last equality follows from  Lemma 26 (ii).

Now applying Lemma 37 we have

\x "x '\  | <■ 265 +  4Z +  d i +  3 Co +  2e +  2c2 +  +  Ci =  Fq
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and

\x"\ <  2 \x " x " f1\ +  2 (d! +  Co) <  2 Fq +  2(d' +  C0) =  F.

This shows tha t element x  has the follow ing form

x  =  • u j \u ° ~ &U i- ix " )o ^ u f  =  ( u i \ u J aUi-io-C2^c 0+ix*)o-Clu^

where

|a;* | <  |a;"| +  Co + 1 ^  F  +  Cq + 1.

Lem m a 40 Let

\-(\xu i-.1 xu ix\ -  |a;«i_i| -  \mx\ +  |z|) <  245 +  41,
Zt

fo r  some index i  then x  has one o f the following forms:

1 )  |a;| <  C3;

2) x  =  u f }x[u jaoe+^ {x U j~ af ) , where \x'\ <  C3;

3) x  =  u f f 1 (ui - 1uj au f* 1 0 e+3 dl( x u i- iu j ~au f f1)) , where \x \ <  C3;

4) x  =  u f \ { u j u f \  o U j U f \  ) ) , where \x \ <  C3;

(5) x  =  oei+2£l(x u ^ fu j  “ ) ),  where |a/| <  C3;

fo r  some constant C3 (S, I) and index j .
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P ro o f. Consider the product XUi-iXUiX, and suppose tha t ttj_ i ^  U{.

Let ix )  >  d i +  l. Then

x  =  u jliix iO flX O tfX -T1) =  u^ iC O ri^O eZ i-1 ),

and x u i- ix  =  u j \ ( x ix ) o d l(xx \~ l ). Let c (x i^U iU ^X i)  >  2c\ >  C \{2 1 ) . Then 

U iU ^  o2 1̂a/ 1 and x ^ U iU ^ X i =  x ' i l o2d l(ui u^}1x '1).

P ut

A  == 275 -(- Ql -j- d\ T  2df -F 6ci T  2e

and suppose th a t

\x '\ | >  A  -(- 2 (d! -(- 2ci) >  2d i  -F 25 T  2ci T  Al T  e >  d* T  2ci -F 2d \  ~F 5. 

A pp ly ing  Lemma 26

2'°<//+ 2 c i3 ' 1° 2J M i l l ^ X  1 ) ° e + 2 c i + 2 /^ 2 ' l  =

— ( X X  l)°2c'i+<s(^i‘̂ j_ i3 ' l ) ° e + 2 c i+ 2 l 'K 3 '  1 =

=  (xx ’j o ^ z i u i u ^ x ' . x x 1: 1).

We have

X U i —i X U i X  — (^XX j  ) ^2c; ] -}'C2 S ] X X  ^ ) •
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And

3 =  1 ^ /l)°e+/+2c1+ d '^ /r 1)°e+2c1'« i^:l 1l •

Now by Lemma 37 (ii)  \xx!~[l \ <  A  and therefore

l^ i I  <  1®®^! +  2(d; +  2ci) <  A  +  2 (d! +  2c i).

The obtained contradiction shows th a t \x \ \  <  A  +  2(d' +  2cj)

Let x ' i 1uiu^}1x /1 =  v, then

\v\ <  2 {A  +  2(d' +  2c i)) +  21 =  B.

Let c(x~x,vx )  >  d\ +  B  then

x  =  v~ l (x ix )o e+Bx ^ x and xvx  =  i>_1( ^ if ) o dl+B( f ^ 1).

Now (u 'A iX ix)odl+d,+ix , therefore ( u ^ x ix ^ c v ^ x id ; ,  where C =  d i +  d1 + 1 +  e +  B . We 

have

XUi-iXUiX =  (u ^X ^O c V ^X iX O ^+ B X X ^O j+ e + B X -r1.

Suppose th a t

\v~xx i%| >  265 +  Al +  SC +  d\ +  B  — D,

then l ^ 1! > d i  +  B  +  d' +  e +  B  +  S. Under these assumptions applying Lemma 26 (i) 

we have

XUi-iXUiX =  (u]~l1X ix)oc v~1Xi5odl+B+s(x x ^ X i~ 1).
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I t ’s not hard to  show tha t

Therefore by Lemma 37 \v~xx i^ \  <  D . Contradiction. Hence

|x| <  |w_1x i£ | +  |x i| <  \v~l x \x \ +  |v-1X if  | +  2d! +  B  <  2D  +  2d! +  B  

and element x  has the follow ing form

X  =  U i \  0 2c1 + e ( x * U iU j } - y  ) )

where |x*| < 2 D  +  2d' +  B  +  B - 2 l  =  E .

Le t’s now consider the case when U i- i =  Uj. We have

X U i —] X U i —\ X  —  {u%—] X \ X ) 'i-lyd' XO X X \

And x  =  (u l\x i° d '+ ix ) ° e+ ix±~1. Then by Lemma 37

\x\ <  255 +  71 +  2di + 3 d' +  e =  F.

Le t’s substitute x  — u}l \ ( x ix x i-1 ) in to  the orig inal equation 4

X£1Ui X£2U2 - • • x £nUn =  1

and consider it  as an equation on x \. Then there is an index j  such tha t in  one of the 

follow ing products m iddle element x i±x concells out ’’almost completely” :
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(1) (x ix )o ex \~ l  ■ UjXi  or x \~ l Uj ■ £ io e(5- 1a;i-:1), where Uj 7  ̂1 ;

(2 ) (a;i®_1)oea;i_1 • U i-\U jU ~ \x \ or X i~ l ui-\U jU~}l ■ x io ^ x x i-1 ), where u j 7  ̂ 1;

(3) ( x - ix jo ^ i ^ 1 ■ U jU ^ X i or X i^ U jU ^ i • ® i° e ( ^ i_1), where Ui- 1 7  ̂Uj\

(4) (x iX '^O e X i^ U i- iU jX i or x \ _1U i-iU j ■ x io ^ x ^ x i -1 ) where Wj_ 1 7  ̂ t i j -1 ;

(5) (x \x k)oeix \^ -U jU ^ iX i  or {x \x~ k)oeix i ~ 1 -Ui-\UjX\^ where U i-i 7  ̂Uj and U i-\ /  u f l  

respectively ;

or

X e iU i X £2U 2 ■ ■ ■ X £nu n = X i X ~ nX i 1U i - i  - u n — 1 

( X £ lU \ X £2U2 ■ ■ ■ X £nu n = U i ^ x X i X ^ X i 1 • Un = 1 ),

in  which case by C orollary 1 (ii) o f Lemma 35

|x | <C 2 (ex -}- d!\ T  c(8) -t~ I j  -\-1.

For cases ( l)-(5 ) le t L  — n - F .  Then applying the same arguments as in  Lemma 38 

we get:

(1) |a;| <  G o r x  =  (u jaoe+il(x*uj ~a)'), where \ x * \ <  H]

(2) |a;| <  G o r x  =  (u i- iU jaU i \o e+3dl(x *U i-^ u fau l\ ) ) , where |o;*| <  H;
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(3) |jc| <  G o r x  — (u jU ~ \ oe+2cAx *uj ui - i  ))> where \x*\ <  H :

(4) \ x \ < G  or x  =  (u ^ iU j0 oe+2c! (x *u ^ [u j “ ) ) ,  where \x*\ <  H \

(5) |®| <  G i o r x  =  u i2 i( u jU i \  oei+^ ( x * U jU f \  )) or

x  =  o ^ ^ ^ x * u ^ U j  “ )), where |x*| <  H i,

where G — I +  F  2(255 -f- 4L  +  e T  3ci), H  — F  2(255 +  AL -f- e +  6ci -F 3c/i), and 

G\ =  I +  F  +  2(255 +  AL -F e\ -F 3ci), H \ — F  -F 2(255 -F AL +  6 1 +  6ci -F ^d f).

The three lemmas above give the follow ing description o f solution sets o f one-variable 

equations in  torsion-free hyperbolic groups.

T h e o re m  32 Let G be a torsion-free hyperbolic group and x  is a solution o f an arbitrary  

one-variable equation

XeiUiX£2U2 ■ ■ ■ x Enun =  1

where u i , . . . , u n G G and i f  Ui =  1 fo r  some index i  then Si — ei+ i,  and I =  max
i= l "

{ k l } -

Then there are constants G =  C (6 ,1) and D  =  D(S, I) (which can be 

found effectively) such that one of the following holds:

1) |2 | <  C;
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2) x  — (u f odx1) ^ ,  where \x'\ <  C  ;

3) x — {{U iX ')oDUi_^)±X, where \x'\ <  C ;

4) x  =  /3ui - iX ,)oDu f ) ±1, where \xf \ <  C  and a - ( a  — ft) >  0;

5) x  =  • od)oDU j°^ , where |a/| <  C ;

,  ----------— a - — ' — • " a  ± 1

6 )  x  — ( u f 1 ( u ju f 1 o£,(a/ • U jU j1 ) ) j  or

x  =  ^u,"1 { u f u f a oD{x' • 5 ^ “ ) ) )  , where \x'\ <  C;

We can w rite  the above theorem in  the follow ing compact form .

T h e o re m  33 Let G be a torsion-free hyperbolic group and

S(x) — x£lu 1x£2u2 . . .  x £nun =  1

be an arbitrary one-variable equation in  G. Then there is a constant C  (which can be found 

effectively) and there are fin ite ly  many elements f  and g (which can be found effectively) 

such that an arbitrary solution x  o f S(x) =  1 has one o f the following forms:

1) \x\ <  C ;

2) x  =  f ag' fo r  some g' € G such that |p'| <  C;

3) x =  { f agfi)g' where \g'\ <  G ;
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4 )  x  — ( ( f ag ) f  “ ) g 'fo r some g1 E G  such that \g'\ <  G; 

where a  and ft are integers.

8 R esolution m ethod

In  this section we develop a method fo r find ing parametric solutions o f one-variable equa­

tions in  torsion-free hyperbolic groups. In  fact, the only two properties o f hyperbolic 

groups we use here are BP (big powers) property and CSA (commutative-transitive) prop­

erty.

Let G be a CSA non-abelian BP-group (notice th a t in  th is case G is torsion-free). We 

need the follow ing technical lemma.

Lem m a 41 Let G be a commutative-transitive BP-group. Then fo r  any tuple s & Gk i f  

the equality

« . . . s £  =  1

holds fo r  in fin ite ly positive integers n  then there exists a segment S ij =  (s^,. . . ,  Sj) of 

length at least 2  ( j  — i >  1), such that

(*) Si . . .  Sj =  1, [sp, sq) =  1 f o r  any p , q e { i , . . .  , j } .

P ro o f. We can assume tha t a ll Si-s are non -triv ia l. Since G satisfies a BP condition s
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has a commutation, say [s„j, sm+ i] =  1. Now

s"S2 .. • (smsm+i) ra. . .  Sfc =  1.

I f  smsm+1 =  1 then we are done. Otherwise, by induction, there exists a segment t  =  

(s/1#. . . ,  sj2) o f the sequence ( s i , . . . ,  smsm+i,  . . .  St) for which the condition (*) holds. 

I f  smsm+1 is not in  t  then we are done. Otherwise, from  tra n s itiv ity  o f com m utation 

[Sp, SmSf/i-fi] — 1 &  [SttjSttH-I) Sm] — 1 * [®p? [®pi ®in+l] I  f®̂ " P ^  ■ j fe}*

This proves the lemma.

Now we tu rn  to  a description o f what we call a BP-resolution. Let us describe precisely 

an elementary step (we ca ll i t  a BP-reduction) o f th is method. Consider an a rb itra ry  one- 

variable equation in  G

f ( x ) =  x eiu ix e2u2 . . .  x 6nun =  1 (5)

where u i , . . . , U n  G G  and i f  U i  — 1 fo r some index i  then e* ^  —£i+i- A n equation 

f ( x )  — 1 is called homogeneous i f  / ( l )  =  1, i.e., 1 e Lg( / ) -  Observe, th a t the equation 5 

is homogeneous i f  and only i f  ux . . .  un =  1.

Suppose tha t C  =  { f k} C V a (f(x ))  fo r in fin ite ly  many integers k and some 1 /  /  G G. 

Rewrite f ( x )  =  1 in  the form

( x ^ i x ^ X x 63̂ 1) . . . . . . U n  =  1.
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Since

... ( f ^ u - i lU~ i2 ...u-^kU i U 2  " m U n  =  i

holds fo r in fin ite ly  many powers o f /  it  follows from  lemma 3 tha t U1U2 . ■ . un =  1, hence 

f ( x )  — 1 is homogeneous.

Consider now the equation

1 .. -1  . . -151. . .  sn =  1, Si =  aj£,ui-i"i-2- ui =  1).

B y lemma 41 there exists a segment Sij =  (s*,. . . ,  Sj) w ith  j  >  i  (we call i t  a cancel­

la tion segment) such tha t

51. . .  Sj =  1, [sp,sg] =  1  p,q € { i , . . . , j } .  (6) 

R ew riting equalities 6 in  terms o f x  and Ui-s we see th a t

[££pUp-r"Ul 1,afp+lÛ1"'’Ul 1] = 1

fo r each p  =  «, .. .  j  — 1. A fte r conjugation we have

[afp, z£p+1Upl] = 1

which im plies, due to  CSA property, the follow ing relations

[®,«i] = 1, ..., [x, U j-1] = 1, [tip, uj = 1, -  1}.

Observe, th a t at least one o f the coefficients Ui , . . . ,  U j- i is
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non -triv ia l, otherwise the equality Si . . .  Sj =  1 would im ply tha t the equation f ( x )  =  1 

is not reduced.

Therefore the system 6 is equivalent (over C  =  { f k}  !) to  the condition £,•+.. . +£ j  =  0 

and the follow ing system o f equations

[37, Uj] 1 , . . . ,  [a?, Uj_i] 1. (7)

The equations in  7 are called resolvents o f the ij-red uction . Now we can replace the 

equation s i . . .  sn =  1 by a shorter equation (obtained by deleting Sij from  the in itia l one)

S i... Sj—iS j+ i . . . sn 1. (8)

We ca ll th is  equation the residual equation and denote it  by f i j  =  1. These arguments 

prove the follow ing lemma, which is one o f the m ain technical tools o f what follows in  the 

sequel.

L em m a 42 (Resolution Lemma) Let G be a CSA BP-group and f ( x )  =  1 be a one- 

variable equation in  G. I f  the solution set of f ( x )  — 1 contains a set C  which consists 

of in fin ite ly  many powers o f some non-triv ia l element f ,  then there exists an elementary 

ij-reduction  o f f ( x )  — 1 such that f ( x )  =  1  is equivalent over C  to the system consisting 

o f f i j  — 1 and a ll ij-resolvents o f f ( x )  — 1.

One can continue the resolution process and apply a BP-reduction to  the equation 

f i j  =  1, provided it  is non -triv ia l (observe, tha t f i j  =  1 also contains C  in  its  solution
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set). In  fin ite ly  many steps (which depend on C)  we sp lit f ( x ) =  1 in to  a system of 

resolvents Rc — 1 which is equivalent to  f ( x )  =  1 over C.  Any such particu lar way of 

sp littin g  f ( x )  =  1 is called a resolution o f f ( x )  =  1. Notice, th a t the system Rc  — 1 

is completely defined by the choices o f pairs o f indexes i , j  on the elementary steps. So 

there are only fin ite ly  many possibilities to  make a resolution o f f ( x )  — 1, and one can 

effectively produce them w ithou t any knowledge o f the set G. We w rite  down the output 

o f the discussion above in  follow ing proposition.

P ro p o s itio n  7 Let G be a non-abelian CSA BP-group. Then fo r  any one-variable equa­

tion f ( x )  — 1 over G one can effectively find  a fin ite  set 'R .(f(x)) =  {R i =  1 , . . . ,  Rn =  1} 

of systems o f BP-resolvents such that i f  a non-triv ia l set C which consisits o f infin ite ly  

many powers o f some element f  belongs to the solution set o f f ( x )  =  1 then Rc  € 7Z(f (x) ) .

Notice th a t i f  a non -triv ia l element /  satisfies some resolution from  7Z( f (x) ) ,  then 

G ( f )  c  Vc{ f {x ) ) ,  where G ( f )  is a centralizer o f element / .

C o ro lla ry . Let G be a non-abelian CSA BP-group, and f ( x )  =  1 be a one-variable 

equation in  G such that C  C V c (f(x ))  where G consists o f in fin ite ly many powers o f some 

non-triv ia l element f .  Then C ( f )  C V d f ix ) ) .

Now we discuss in  more details the resolution process and the systems Rc- Observe 

firs t, th a t a cancellation segment has to  satisfy the follow ing conditions: the sum of
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^-exponents along the segment is equal to  0 and the coefficients U i , U j - i  pairwise 

commute (the la tte r holds since G is CSA). A n ij-re d u c tio n  apphed to  f { x )  =  1 gives one 

resolvent o f the type: [x,Up] =  1. Deleting a cancellation segment during an ij-re d u c tio n  

may produce a new cancellation segment in  f i j  which was not a segment in  the in itia l 

equation. For example, after an r?-reduction the pa ir (s i_ i, sy+i) may form  a cancellation 

segment fo r f i j .  These new types o f cancellation segments result in  the equations o f the 

type

[X, U i-1 . . . U j]  =  1, [ t t i- l • • • U j , U l - i  . . . U m ] =  1,

fo r suitable indexes

I t  follows from  the discussion above th a t the system R c  consists o f com m utator equa­

tions o f the type [x, Up. . .  uq] =  1, say

R c  =  { \ x , U p U v + 1 . . . u q] =  1 | (p, q) e  I  C N 2}

Since the group G  is CSA th is  system is equivalent over G to  the union o f a single a rb itra ry  

equation from  Rc  and the follow ing one

R c  — {[^P^P+l • • • ^95 UlUlj. l  . . . Wm] 1 | (P) Q)j if  j Utl) G I \ .

The single equation can be always choosen o f the type [x, Up] — 1 fo r some coefficient Up 

o f f { x )  =  1. Indeed, equations of th is  type always occur on the firs t step o f a resolution.
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8.1 Application of resolutions for finding solutions of one-variable 

equations in torsion-free hyperbolic groups

Now we describe an algorithm  for finding a ll solutions of one-variable equation 5. Note 

tha t by theorem 32 i f  £ is a solution o f 5 then it  takes one o f four possible forms:

1.) x  has a bounded length \x\ <  C ;

2.) x  =  / “ a/, for some /  and \x'\ <  C\

3.) x  =  { f ax ! f~ ax " )± l , fo r so m e /,a /,a /' G G, where |a/|, \x"\ <  C.

4.) x  =  ( / “ a / j/V ') * 1, fo r some / , g, x ', x "  G G , and |a/|, \x"\ <  C\

fo r some constant C  which depends on equation 5, and elements /  and g which are 

described precisely. Now, depending on the form  o f element x, we give an algorithm  

which checks, whether a; is a solution o f 5.

Case 1 .) Let \ x \< G  fo r some constant C  which appears in  theorem 32. Since there are 

only fin ite ly  many elements o f length less than C, in  fin ite ly  many steps we w ill find  a ll 

such solutions.

Case 2 .) Let x  =  f ax ', for some f  ^  1 and |a;'| <  C. Consider the follow ing equation

f * (y )  =  (yx>Y1U i(yx 'Y 2U2 . . .  { y x 'f nun =  1.
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Then y  is a solution o f / *  (y) =  1 i f  and only i f  x  =  xfy is a solution o f an orig inal equation

/(® ) =  I-

Let R ( f* (y ) )  be a fin ite  set o f BP-resolvents o f f * (y )  =  1 then by proposition 7 / "  is 

a solution o f f * ( y )  =  1 fo r every a  G Z  (or we ju s t say one-parametric solution ) i f  and 

only i f  /  satisfies at least one resolvent R j G 7 l( f* (y ) ) .  Therefore, since there are only 

fin ite ly  many elements o f length less than C , we can effectively find  a ll one-parametric 

solutions o f f ( x )  =  1 o f the form  x  =  / “ a/.

Suppose now th a t x  =  f ax ' is not a solution o f f ( x )  =  1 fo r every 

a  G Z. Nevertheless, there may be solutions o f the form  x  =  f kx ' fo r some k  G Z. 

Since G is a torsion-free hyperbolic group, there exists a constant c ( /) , which can be 

found effectively ([O il]), such tha t if  f * ( f l ) =  1 for any I >  c ( f)  then / “  C V a(f*(y )). 

So we ju s t need to  check a ll elements o f the form  x  =  f kx! fo r k <  c (f) .

Case 3 .) Let x  =  f ax 'f~ ax", fo r some / ,  x ', 2/ '  G G, where \x'\, \xf'\ <  C. Consider the 

follow ing equation

f * ( y )  =  {yx'y~lx")£lui{yx'y~1x"Y2U2 . . .  (yx'y~1x,l)£riun =  1

then, clearly, f kx 'f~ kx "  G V g(/(o ;)} <£=» / fc G VG (f*(y)), fo r any k G Z. And we apply 

resolution method to  /* (y )  =  1 to  check whether f Qxf f~ ax "  is a one-parametric solution 

o f f ( x )  =  1.
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Again, there m ight be solutions o f the form  f kx 'f~ kx "  fo r some k £ I .  As in  the 

previous case, there exist a constant c ( /) , which can be found effectively, such tha t i f  

f * ( f l ) =  1 fo r some I >  c ( f ) then / “  C  V a (f*(y )). And we ju s t need to  check a ll

elements o f the form  x  =  f kx ' f ~ kxf' fo r k <  c (f) .

Case 4 .) Let x  =  f ax'g®x'\ where |a;'|, \x"\ <  C. Let

f y ( x )  =  ( x x ,y x " ) e iU i ( x x ,y x ,,) £2U2 ■ ■ ■ (xx 'yx ")£nun =  1.

Considering y  as a parameter we can effectively construct a set o f a ll BP-resolvents o f 

£ ( * )  =  1:

where R { =  { [x .u 'i^ y )}  — 1 A R*(y) =  1}, where u 'j(y )  are coefficients o f equation 

/,* (* ) =  1-

Let f axfg^x!' is a two-param etric solution o f f ( x )  =  1 then for every k equation f * gk(x) =  

1 has / “  in  i t ’s solutionset. Therefore fo r some index l(k )  there exist R {^  £ TZ(f*(x)) such 

th a t R f^  — { [ / ,  u 's(fc)(^ fc)] =  1 A R*(k)(gk) =  1}- Therefore there exists a BP-resolvent 

R j (a;, y) such th a t ( /,  gk) C  Va(R j ) fo r in fin ite ly  many integers k. Hence by corollary

o f proposition 7 Q V c(R j )■ And vice versa, i f  there is a BP-resolvent R j such

tha t ( / ,  g13) C  Va(R j ), then x  =  f ax 'g l3x "  is a two-param etric solution o f f ( x )  =  1. And 

we use resolution method again to  find such BP-resolvent.
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Now suppose th a t f axfg0x!' is not a two-param etric solution o f f ( x )  =  1, then there 

may exist integers k and I such th a t f kx 'g lx "  is a solution o f f { x )  =  1. Since G is a 

torsion-free hyperbolic group and satisfies a BP-condition, there exists a constant 

which can be found effectively, such th a t i f  f qxfgrx "  G VG( f( x ) )  fo r some q ,r  >  c ( f,g ), 

then f aafg^x" C V g (/(z )) is a two-param etric solution o f f ( x )  =  1. Therefore it  is enough 

to  check a ll elements o f the form  x  =  f kx 'g lx "  for k j  <  c (f, g).

9 Irreducible algebraic sets and their coordinate groups

In  th is  section, fo llow ing paper [CR], we use ultrapowers fo r studying coordinate groups 

o f irreducible algebraic sets.

9.1 Ultraproducts and coordinate groups of irreducible alge­

braic sets.

Let 7 be a set and le t V ( I ) be the Boolean algebra o f a ll subsets o f 7. A n u ltra filte r over 

7 is a subset V  o f V { I )  such tha t

(i) A  G V  and AC . B  Q I  implies B  G V

(ii) A, B  E V  implies A  D B  G V
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(iii) for a ll A  G P ( I ) ,  exactly one of A, I  \  A  belongs to  V.

Definition 36 Let { X i  | i  € 1} be a fam ily o f sets indexed by I ,  and let V  be an u ltm filter 

over I .  The ultraproduct is defined to be the quotient set ~> where

{x i)m  ~  (vd ie i i f  and only i f { i £ l \ x i  =  y i]  G V.

This is easily checked to  be an equivalence relation. We shall denote the equivalence 

class o f an element (Xi)i&i  G rL e /-^ *  by {x i) i€i,  and usually abbreviate th is to  (xf). I f  

a ll X i  =  X ,  a single set, then the u ltraproduct X 1 I'D  is called an ultrapower o f X .  Note 

tha t X  embeds via  the diagonal mapping in  X 1 I'D, by mapping x  to  (xf), where Xi =  x  

for a ll i  G I .

Denoting the ultrapower X 1 / V  by X ,  given a function /  : X n —> Y  o f n  variables, 

we obtain an extension to  a function f  : (X )n —* Y  by defining f ( x ^ \ .  ..,x<n>) =  

( f ( x j1\ . . . , x ^ ) ) ,  where x 1 =  (x j) , etc. Thus i f  X  is a group, then we can define a 

m u ltip lica tion  in  X  by (X i){y i) =  (Xipi), and this makes X  in to  a group. I f  X  is abelian, 

so is X 1 I'D , and i f  X  is an ordered abelian group, then X 1 / V  can be made in to  an ordered 

abelian group by defining (xf) <  (yf) i f  and only if  { i  G I  | Xi <  y i}  G V. This can be 

proved directly, or using Los’s Theorem (see [CKe]).

Now the diagonal embedding o f X  in to  X 1 / V  is clearly structure-preserving ( if X  is 

a group, i t  is a group homomorphism).
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A n u ltra filte r V  over I  is called principal i f  some fin ite  subset o f I  belongs to  V .

This is equivalent to  saying there is an element j  £ I  such th a t j  £ A  for a ll A  £ V . In  

th is case, the canonical embedding X  —* X 1 / V  is surjective and so identifies X  and X 1 I'D. 

On the other hand, i f  I  is countable and V  is non-principal, the canonical embedding is 

not surjective.

In  the in troduction  we mentioned a result o f Chiswell and Remeslennikov about de­

scription o f solutions sets o f one-vaxiable equations over free groups. Instead o f working 

d irectly  w ith  solutions, they work only w ith  the coordinate groups o f irreducible algebraic 

sets.

The follow ing fundamental theorem on which this approach is based was proved in  

[BMR1].

T he o re m  34 [BMR1]  Let G be an equationally Noetherian group. Then fo r  any count­

able in fin ite set I  and any non-principal u ltra filte r D  over I , the ultrapower G1 /D  has 

the following properties:

1. G1 /D  is a G — group, where G is embedded in  G1 /D  via the diagonal mapping;

2. Every coordinate group o f an irreducible algebraic set over G is embeddable in  G1 /D ;

3. Every fin ite ly  generated G-subgroup of G1 /D  is isomorphic to the coordinate group 

of some algebraic set Y  over G.
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Theorem 34 says th a t fo r any countable in fin ite  set I  and any non-principal u ltra filte r 

D  over / ,  the ultrapower G1 /D ,  in  a sense, almost universal fo r the category o f a ll 

coordinate groups o f irreducible algebraic sets (a subcategory o f A G g)•

9.2 Length functions.

D e fin itio n  37 Let G be a group and let A be an ordered abelian group. A mapping 

Z ,: G —> A is called a Lyndon length function i f

(1)  1 (1) =  0

(2) fo r  a ll g £ G ,  L(g) =  L(g~ l )

(3) fo r  a ll g, h, k 6 G, c(g ,h ) >  m in{c (h ,k ) ,c (k ,g )} } where c(g,h) is defined to be 

i (L (g )  +  L(h ) -  L (g~ 'h )).

(Thus c(<7, h) is an element o f the ordered abelian group |A , which in  tu rn  is a subgroup 

o f the ordered abelian group <Q> ®z A).

Axiom  (3) means th a t at least two o f c(g, h), c(h, k ), c(k, g) are equal, and not greater 

than the th ird , fo r a ll g, h, k G G. Such a trip le  (c(g,h ), c(h ,k), c(k,g )) is called 

admissible.

I t  is easy to  verify tha t these axioms im ply:
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(4) for a ll g, h E G, 0 <  c(g,h ) <  L(g). In  particu lar, since c(g 1,h ) >  0, we obtain 

the triangle inequality,

(5) for ah g , h e G ,  L{gh) <  L{g) +  L (h ).

E xa m p le . Take a free group F  w ith  basis X ,  and define L  : F  —> Z  by L(g) =  d( 1, g) 

the length o f the reduced word on X * 1 representing g. Then L  is a Lyndon length 

function, and c(g, h) is the length o f the largest common in itia l segment o f the reduced 

words fo r g and h  (th is is the reason fo r the factor |  in  the defin ition o f c).

D e fin itio n  38 A Lyndon length function L  : G —» A is called free i f  fo r  a ll g e G, g ^  1, 

L (g2) >  L(g).

D e fin itio n  39 Let L  be a Lyndon length function on a group G. A sequence (g i, . . . ,  gn), 

o f elements o f G is reduced relative to L  i f  L (g) =  L{g f) +  . . .  +  L(gn). We write g =

9 i  ° ■ ■ ■ °  9 n  to mean g =  g i . . .  gn and ( p i, . . . ,  gn) is reduced.

9.3 Main technical results.

Let G be a torsion-free hyperbolic group, then for an a rb itra ry  countable set I  and a 

non-principa l u ltra filte r V  we can consider ultrapower G  o f G.

Let l '(g ) =  d ( l, g). There is an obvious coordinate-wise extension of function I ' :

G — ► Z  to  ultrapow er G, therefore we obtain a function V : G — * Z . Notice th a t V is
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not a length function on G, although due to  hyperbolic ity o f G, I' enjoys the follow ing 

property

d(g, h) >  m in {d (g , / ) ,  c'(h, f ) } - 8  V#, h, f  G G (*),

where d(g, h) =  f  (/'(# ) +  l'(h )  -  I ' ig ^ h ) ) .

However we can introduce a length function on G by ’’ factoring out”  constant 

8. Namely, i t  is easy to  see th a t Z  is a convex subgroup o f an ordered group Z, therefore 

we can define an ordered quotient group Z /Z . This defines a function I : G — > Z /Z , 

where 1(g) =  l'(g ) +  Z. For th is  function inequality (*) becomes

c(g, h) >  m in{c(g , / ) ,  c(h, / ) }  Vg, h, f  G G (**),

where c(g, h) =  l ( l ( g )  +  1(h) -  Z(p-1 fe)).

Thus I satisfies a ll Lyndon length function axioms. C learly K e r I =  {g  G G \ 1(g) =  

0 } =  G, therefore I is not free (in  the sense o f de fin ition 38), however by C orollary 1 

(see section 7) l(g 2) >  1(g) for any g G G \G .  Also i f  t  G G \  G  and u  G G then 

l( t )  =  l(tu ) =  l(u t)  ^  0.

We introduce the follow ing term inology. Elements t  G G \  G are termed big elements, 

and n  G Z \Z  are termed superinteger numbers. Element / “ G(?  where a  G Z /Z  is called 

a big power o f element / .

The follow ing lemma follows from  lemma 25.
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Lemma 43 Let v i , . . . , v n are big elements, and Vi o vi+ \ fo r  any i  G { 1 , . . . , n } .  Then 

the sequence ( v i , . . . ,  vn) is reduced. In  particular V\ o . . .  o vn is a big element.

Lemma 44 Let f ,g  G G and a, j3 G Z. Then

i- )  f a ° g 13

2.) f a o providing aj5 >  0

3.) / “  o u o fP  fo r  any u £  C ( f ) ,  u  G G

4-) g13 o u  o / “  providing C(g) ^  u C (f)u ~ 1, u g G .

Proof. Parts 1.) and 2.) are direct consequences o f lemma 21. To prove 3.) and 4-) 

i t ’s enough to  notice tha t [ /,  u fu -1 ] ^  1 for any u $  C { f) .

Definition 40 Let s , t  G G, then we say that pa ir (s, t ) has big cancellation i f  2c(s~1, t) 7^

0.

Definition 41 Let t, s G G. Then t  ~  s i f  there are elements g, h & G such that t  =  gsh.

We denote equivalence class o f element t  G G  by [t\. Obviously i f  elements s and t  are 

equivalent then < G , t  > = <  G ,s >.

The next theorem is a consequence o f theorem 32.
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Theorem 35 Let t £ G and

tE1U\te2U2 ■ ■ • t£nUn =  1

where u i , . . . , u n £ G and i f  Ui =  1 fo r  some index i  then e* ^  —£»+i. Then one of the 

following holds:

1.) t  £  G;

2.) [£] contains an element / “  - a big power o f element f  £ G;

3.) [<] contains an element f a o g13 fo r  some f ,  g £ G  and [ / ,  g] ^  1;

4-) [i] contains an element / “  o g o / “ “  fo r  some f ,g  £ G such that [g, f ]  ^  1;

To prove th is  theorem we need the follow ing simple lemma.

Lem m a 45 Let I  be a set, T> be an u ltra filter over I  and D  £ V . Suppose that

D  =  D i U . . .  U D n , 

then D i £ V  fo r  some i  £ { 1 , . . . ,  n }.

P ro o f. I t  is sufficient to  give a proof fo r n  =  2 and the general case follows by induction. 

Therefore, le t D  =  D i U D 2 where D  £ V . Suppose th a t neither D \ nor D 2 belongs to  V, 

then both D \ and D 2 are from  V  and D  — D \  D D 2 € V . Contradiction.
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Proof. (Theorem 35) Consider an equation

t e i U \ t E2U2  ■ ■ • f n U n  =  1.

Let

D  =  { i  e  1 1 tE1u1t f 2u2 . . .  t \nun =  1}

where t  =  {U}, then D  £ V . By  theorem 32 fo r each i  & D  there are constants C' — C'(5,1) 

and D ' =  D'(§, I) such tha t U has one o f the follow ing forms:

1) <  C";

2) U =  f ag for some g £ G where l'(g) <  C'\

3) U =  ( f a°D'gl3)gl fo r some / ,  g e G  where l'(g ), l'(g ') <  C ' and [/,  g] ±  1;

4) U =  { { f ag)°D>f~a)g ' for some / ,  g, g' G G where V(g), l ' ( f ) ,  l'(g ') <  C  ;

Indeed, theorem 32 says th a t element U  has one o f six possible forms. For example, it  

may have the follow ing form

U  =  U j 1 ( u j U i 1 0 D ( x '  ■ U j U ~ l  ) ) .

We can rew rite element U  as follows
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t i =  (tti 1uj ui l Ui) Ui 1x 'u i (ui 1UjUi V )  U i1 =  ( ( f ag )°D' f  a)g ’ 

where /  =  i t f  g =  and <?' =  u f 1.

Therefore we have the follow ing decomposition o f the set D

D  =  £>i U D 2 U D 3 U D 4 ,

where D j =  { i  £ I  \U has a form  j  G { 1 , . . .  4 } from  the lis t above}.

B y the lemma above there exists j  such th a t D j E V  which proves the theorem.

9.4 Coordinate groups of irreducible algebraic sets

Let G  be a torsion-free hyperbolic group and S  C G  * (x) any system of equations w ith  

one variable over G  such th a t VG(S) ^  0 .

T h e o re m  36 Any coordinate group G y of an irreducible algebraic set Y  C G1 satisfies 

one o f the following.

a) G y  “  G ;

b) G y  =  (G , t  | [g,t\ — 1), where g is a root element o f G ;

c) G y  =  G *  (x );
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d) G y  =  G*{g)=(g')(f, 91), where ( / ',  g')  =  ( / ,  g) fo r  some root elements f , g E  G;

e) Gy  =  (H , s \ s _ 1 / s  =  f )  where H  =  G *{g)={g>), where ( / ',  g') =  ( /,  g) fo r  some 

root elements f , g € .  G;

Corollary Let G  be a torsion-free 2-free hyperbolic group, then every irreducible algebraic 

s e tV  ^  G over G is isomorphic to a point or centralizer o f some element. In  particular 

i f  G is a non-abelian f.g. free group, then we get Chiswell-Remeslennikov theorem. 

Proof, (theorem  36)

B y theorem 34 coordinate groups o f irreducible algebraic sets Y  C G1 are isomorphic 

to  one generated G-subgroups o f G and vice versa. Therefore it  is sufficent to  classify up 

to isomorphism a ll groups o f the form  (G, t) where t  E G.

W hen t  E  G  then (G, t)  =  G. Let now i  be a big element. Then by theorem 35 

(G, t) =  G *  (t) unless [t] contains an element o f one o f the follow ing forms:

1.) t  E  G;

2.) t  =  f a where f  E  G and a  E  Z  \  Z;

3-) t  — f a °  gP for some / ,  g E  G such tha t [ /,  g\ ^ 1  and a, (I E  Z  \  Z;

4 .) t  =  f a o g o  f~ a fo r some / ,  g E  G such th a t [ /,  g] ^  1 and a E  Z \  Z;

Lemma 46 Let t  e G \ G  and t  ~  / “  where a  E  Z \  Z. Then (G, t) =  (G, s \ [s, / ]  =  1).

154

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. Clearly (G, t) =  (G, / “ ). Let / /  =  (G, s | [s, / ]  =  1) then there is an ob­

vious epimorphism <j> : H  — ► (G, / “ ) which sends s to  / “ . Since H  is an HNN- 

extension o f a group <7, any non -triv ia l element h £ H  can be presented in  a reduced 

form , so th a t h =  UiS£lU2 SE2Us. . .  s£nw„, and if  Ui G G (f)  then e, ^  —£i+i- To prove 

tha t 0  is an isomorphism we need to  show th a t i f  h is a reduced element then (f>{h) =  

u \ f aBlU2 f a£2u z .. -QSn un 1. Notice tha t by lemma 44 any pa ir ( f aEi,U i+ ifaEi+1) is re­

duced. Therefore by lemma 43 <f){h) =  U \faEl ou2f aE2 ° . . .  o un- \ f aEnun which proves th a t 

element <f>(h) is big and hence is non triv ia l.

Lem m a 47 (?) Let t  ~  f ag& where a, (3 G Z  \  Z , / ,  <7 G G and g is not conjugated with  

/=“ . Then (G, t) =  (H, s | s_1/s  =  / ')  where H  =  G *{g)={gl)( f , g '), where { / ',  # ') =  

( A  5 > -

(??) Le i t  ~  f au fP  where a, f3 G Z  \  Z  snch fha£ a  +  /? G Z  \  Z  and /  G G. Then 

(G, f)  =  ( tf ,  s | s_1/s  =  / '}  where H  =  G *(u/tt_ i>={g/) { / ',  e/'), where ( / ',  5 ')  =  ( / ,  n /u -1 ).

Proof. (?) Notice firs t tha t since g is not conjugated w ith  a pa ir ( / “ , ug13) is reduced 

for any element u G G. Let # 1  =  G*<s)=<g/)(/', </}, where ( / ',  5 ')  =  { / ,  5 ) and H  — 

(H i, s | s-1 /s  =  / ')  - HNN-extension o f group H i.

I t  is not hard to  see what are defining relations o f H . These are relations o f G plus 

relations o f the follow ing type:
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s 1f k lsgl l s 1f k2s . . . s  1f knsgln — 1

where f k l^ f k2 . . .  f kngln =  1 is a definig relation o f ( / ,  g). C learly (G, t  =  f ag^) has 

relations o f the same k ind  w ith  s replaced by t. Therefore there is an obvious epimorphism 

4>: H  — > {G, t)  which sends s to  t. To show th a t 0  is an isomorphism we need to  prove 

th a t h 7̂  1 im plies 4>(h) ^  1. Since H  is an HNN-extension o f H i any non triv ia l element 

h can be presented in  a reduced form  h =  gis£lg2s£2g2 . . .  gn-\S £ngn where gi E H 1 for 

every i, and there are no subwords o f the form  s / /fcs-1  or s- 1/ Js.

Since H i is a free product w ith  amalgamation each gi can be w ritte n  in  the normal 

fo rm  gi — gl is i r i . . .  smir Tni where Sj is a representative o f a coset o f (g) in  G and r j  is a 

representative o f a coset o f {g') in  ( / ',  g'), in  add ition s i or r ^  may be triv ia l.

Since <p(s) =  t  we have <j>(f) =  g~l3fg 13 and therefore fo r any r j  1

<P(r j ) =  <f>(fkl9h f k29h ■ ■ ■ f ,kp9lp) =  9~lif kl9h f k29l2 ■ ■ ■ f kp9lp913 =  g ^ h jg 13 

where h j (g). Hence fo r any gi E H i

4>(9i) =  9Usig~phig^s2 . • ■ S r^ g ^ h m ^

where each h j £  {g) for j  E { 1 , . . . ,  r r i i - i }  and Sj {g} for j  E { 2 , . . . ,  m i}.

Le t’s show by induction on k tha t
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(j>(h) — h ' o ^ o g 0 when £k =  1,

cp(h) =  ft' o f  “  when s* =  —1

for some ft' G G. In  particu la r element <p(h) is big and hence nontriv ia l.

Case 1.) Let =  1? £k — L

a.) Si 7  ̂ 1, /imfc_1 - f-1. In  th is case

</>(ft) =  ( f t "  o / “  o / )  • • / V  =

=  (ft" o / “  o g‘3)glk- 1sig~0h ig0s2 . . .  S m ^ g ^ h m ^ g 0 ■ f ag0 =

=  ft" 0 / “  0 /  °  °  • • • °  smk̂ g ~ 0 0 h m ^ g 0 o f a og0 =  h ' o f a og0

b.) s i =  1, ftTOfc_! 1. In  th is case

<£(ft) =  (ft" o / “  o g0)glk- 1g~0h1g0s2. . .  ^ 5 " ^ /  ’ / V  =

=  ft" °  / “  0 0 ifc_1f t i /  0 • • • smfc_i g~0 o ftmfc-1/  o / “ o /  =  ft' o / “  o /

c .j Si /  1, hrnk_1 =  1. In  th is case

0 (ft) =  (ft"  o /<* o g0)g lk- 1s i g - % g l3S2 . . .  0 -/3ftm*_2/ s mfc_i • /  V  =
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=  h" o / “  o gP o glk~l Sig P o . . . o g  13 o hmk_2g^ 0 w /  °  /  =  t i  o / “  0 g*

d.) Si =  1, hmk_j =  1. This case is sim ilar to  the cases b.) and c.).

Case 2.) Let £k- \  =  —1, £k =  1- Then 0(h) =  (h" o / _a)<^(^_1) • Suppose

tha t <f>(gk-1) £  G then since h is a reduced element <f>(gk- i )  & C ( f ) and hence 0(h) =  

h" o / - “  o 4>{gk_ i ) f a ogf3 =  h 'o  f a o g&.

Let <j>(gk-1) £  G. Then

0(h) =  (h" o /~ Q) • glh~1sig~l3h ig l3S2 . . .  snk_1g -phmk_1gfi ■ f ag0 =

=  h" o / - “  O t f '- 's ig -P  0 . . . 0  smk_1g~̂ 3 o h m ^ g 13 o f o / ^ h ' o f o /  

S im ilarly we consider the cases £k- i  =  1, £k =  — 1 and £k- i  =  — 1, ek =  — 1.

( ii)  Let now g =  u f u " 1 where u £  G ( / )  and cc +  G Z  \  Z. Let’s show by induction 

on k  tha t

0 (h ) — h 'o  ( / "  o u f ^ u '1), or 0(h) — h 'o  ( f a+/3 o u f^ v T 1) where h! o p  fo r any 7  G Z

when £k =  1,

0(h) =  h; o ( /  ^ o « '/  “ ), or 0(h) =  h7 o ( /  ^ o « '/  (a+^ )  fo r some u ' ^  G ( / )

when £k — —1. 
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Case 1.) Let £k-i  =  1, £k =  1- Then

<j>{h) =  (h" o f Q o u f u  ^ - g ^ s i g  % g ^ s 2 . . .  sk- ig  &hmk_ ^  • ( / “  o u f u  x). 

a.) Suppose th a t s i ^  1 , hmfc_1 ^  1. S im ila rly to  the corresponding case in  ( i)  we have 

0 (h) =  h " o f a o u f u - 1 o glk~1Sig-P o hxg0 o . . . o g ~ p o h m ^ g 0 o f Q o u f u _1 =

=  h' o ( f a o u f u ~ 1),

where h ' o p  fo r any 7  G Z  (th is  is because h ' ends w ith  g13).

b.) Suppose tha t Si =  1, hmk_1 7  ̂ 1. In  th is  case

0 (h) =  (h " o / “  o u f u - 1) ■ u f - l - ^ u - 1h i u f u - 1s2 . . .  g ^ K i ^ f  • ( / “  o u f u - 1) =

=  (h" o f P u f ^ u ^ h i u  ■ p l3u~1s2. . .  S k - ig ^ h m ^ f  ■ ( / “  o u f u - 1).

W hen u f lk~1u~1 h \u  $  G ( f )  we have

0 (h) =  h" o f au f k- 1vT1h1u  o f u ~ 1s2 0 . . . 0  Sk-ig-13 o h r a ^ f  o / “  o =

=  h ' o ( / “  o u f u - 1)

as desired.

Suppose th a t u f - ' u ^ h i u  =  f ^ 1. In  th is  case

0 (h) =  h" o f a+‘3u~1s2 0 . . . 0  S k-ig -0 o hmk_.,g& o / “  o u / ^ -1 =  t i  o ( / “  o m / 'V 1).
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c.) Suppose that si ^  1, =  1- Then

<f){h) =  (f i"  o / “  o u f^ v T 1) o t f k- i s i g - p o h ig13 o . . . o g ~ p o hmk_2u f u - xsk- i  ■ f a o u f u ~ x.

I f  u ^ S k - i & C ( f ) then f ^ u ^ S k - i °  / “  and <j){h) =  h! o ( / "  o u f^ u -1 ).

Let u _1Sfc_i G C ( / )  then <£(fi) =  h! o / “ +/3 o uf& u~ l .

A ll other cases are done by the straightforw ard verification using the arguments above. 

In  any case element 4>(h) is big and hence non triv ia l.

Notice th a t i f  £ ~  f ag f13 where a  +  (5 G Z  then fH =  —a  +  fc, fc G Z  and therefore

i  ~  / “ <?/"“ •

Lem m a 48 L e tt  G G \G  andt ~  f ag f~ a where a  G Z \ Z .  Then {G, t) =  {?*(/)=(/') (/* , S'7); 

w/iere { / ',  p ') ^  ( / ,  5 ).

P ro o f. Consider a group H  =  (?*(/)=</') { / 7, </)> where { / ',  5 ') =  ( / ,  #). Then there is 

an obvious epimorphism 0 : H  — » (G, t  =  f ag f~ a) which sends g' to  t. Any non triv ia l 

element h G H  can be w ritte n  in  a norm al form  h =  f kS\ tx. . .  Sktk where each s* is a 

representative o f a coset o f ( / )  in  G  and each L  is a representative o f a coset o f ( / ')  in  

</', 9')-

Then <f>(ti) — f a o hi o where hi $  C( f ) .  Therefore fo r any 1 we have

Hh) =  / * s 1 o / “ o o / - “ o . . .  o Sfc/ a o fife o ^  1,
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which proves tha t 0  is an isomorphism.

Summarizing the results o f three lemmas above we get a proof o f theorem 36.

9.5 Description of irreducible algebraic sets

Le t’s now describe the irreducible algebraic sets o f G1. F irs t we find systems o f equations 

solutions sets o f which are irreduible algebraic sets.

D e fin itio n  42 Let G be a group, S C G[X]  and V g ( S ) /  0 . Then we say that system S 

satisfies the Nullstellensatz over G i f  Rad(VG(S)) =  nclG\x](S)-

T he o re m  37 [BMR1] Let G be a group, S C G[X]  and Vb(iS') 0 . Then system S 

satisfies the Nullstellensatz over G i f  and only i f  G [X \/nclG [x](S) is G-separated by G.

Let M  = <  / ,  g \ r ( f , g), r  G R  >  be a non-free subgroup o f G generated by some root 

elements f ,g  G G. Consider the follow ing system Sm  =  i r ( f ,  x)  — 1 ; r  G R }. Notice 

tha t G y  =  G*(g)={g i){f, g'), where ( / ',  g') =  ( / ,  g) is isomorphic to  G [X ]/nc l(S M). But 

G y  being a coordinate group o f some irreducible algebraic set is G - discriminated by

G.  Therefore by the theorem above Sm satisfies the Nullstellensatz and hence G y  is the 

coordinate group o f an algebraic set V g ( S m ) -

Sim ilarly, le t M  = <  / ,  g \ r ( f , g ) , r  G R  >  be a non-free subgroup of G generated by 

some root elements f , g  G G. Consider the system S 'm  — { r i x ^ f x ,  g) =  l ; r  G R}.  Then
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Gy =  (H, s | s_1/s  =  / ')  where H  =  G *(g)=(fl/), where ( / ',  (/) =  ( / ,  5 ) is a coordinate 

group o f Vg (S '(M )) .

Now we tu rn  to  a description o f solution sets o f systems Sm  and S 'm - Since torsion- 

free hyperbolic groups are equationally Neotherian we can assume th a t Sm  and S 'm  are 

fin ite  systems.

A n  a rb itra ry  equation from  Sm  has the fo llow ing form

x h f klx h f k2. . .  =  1 , where gh f klgh f k2. . .  g ^ f ^  =  1.

Since the number o f equations is fin ite , by theorem 32 there is a constant C\ =  G\ (5, ( / ,  g)) 

such th a t

Vg (Sm ) =  {® € G I |a?| <  C i , or x  =  ( / “ s i) * 1, or x  =  f ax xf , 

or x  =  f ~ ax i f a fo r some |a?i| <  C i } .

A n  a rb itra ry  equation from  S 'm  has the follow ing form

r '(x ~ l f x , g) =  gl lx~1f klxghx~1f k2. . .  x g ^ x ^ f ^ x  =  1 ,

where gh f klgh t 2. . .  =  1.

By theorem 31 there are i  and j  such th a t in  one o f the follow ing products

xglix~ l f ^ x ,  or x~ l f kjxgli+1x~ l 
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the m iddle occurence o f x  is cancelled out almost completely. To describe a form  of 

element x  we use lemma 38 from  section 7.

Lem m a 38 Let

\-(\xux~xvx\ — \xu\ — \vx\ +  |a;|) <  C (8,l), 

then x  has one o f the follow ing forms:

1) |a?| <  D ;

2) x  =  vaX\ where \x\ \ <  D ;

3) x  — X\Ua where |a;i| <  D ;

4) x  — {xPx\)ua where |a?i| <  D ;

fo r  some constant D  — D(5, l ) .

Since the number o f equations is fin ite , by lemma 38 there is a constant C2 =  

C2{8, { / ,  g)) such tha t

|x| <  C2 , or x  =  f ax  1, o r x  =  Xig13, or x  =  f ax i(p  fo r some |a;i| <  C2.

I t  is easy to  see th a t r '^ x f1 f x \ ,  g) =  1. Indeed, fo r example, when x  — f aX\g^ we have

1 =  r \ x ~ xf x , g) =  ghg~lix f l r af k' r x l g!igl->g-l3x f 1r af k>. . . g ^ g - ^ n f ^ f ^ g 0.
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Therefore

1 =  • • • X i g ^ x ^ f ^ X i  =  r ' ( x ^ f x i ,  g ) .

Finally,

Vg{S 'm ) =  { x  £ G  | \x\ < C 2, or x =  f ax i ,  or a; =  a ^ ,  or a; =  f ax ig p 

fo r some \xi\ <  C2 such th a t r ' f x ^ f x i ,  g) =  1 V r '{x ~ xfx ,g )  =  1 6 5 ' ^ } .  

Summarizing a ll o f the above we get the follow ing result.

Let M  = <  / , p | r ( / , y ) , r  £ R  >  be a subgroup o f G generated by root elements 

/ ,  g £ G. We introduce the follow ing systems

SM =  { r { f , x ) =  l ; r  G R }  and S’M =  { r ( x ~xf x , g )  =  l ; r  G R} .

T h e o re m  38 Let G be a torsion-free hyperbolic group and V  =  Vi U • • • U 14 be the

decomposition o f an algebraic set V  from  G1 in to  irreducible components. I f  V  G1,

then every Vi} up to isomorphism, has one o f the following form s:

a) Vi is a point;

b) Vi =  fC {g ) , fo r  some elements f , g , £ G;

c) V  — VG(SM) =  { x  £ G  | \x\ <  C i, or x  =  ( / “ s i) * 1, or x  =  f aX i f p, or x  =  

f ~ ax \ f a fo r  some |a:i| <  C i } ,  fo r  some M  = <  f , g  \ r ( f , g ) , r  £  R  >  and C\ =  

Ci(S, { / ,  g))
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d) Vi =  Vg (S 'm ) =  { x  G G | |rc| <  C2, o r x  =  f ax i  o r a; =  o r a: =  / “ a ^  fo r  

some |x i| <  C2 such that r ' { x f l f x \ ,  g) — I V  r ' { x~ l f x , g )  =  1 G S ' m }? /w  some 

M = <  f , g \ r { f , g ) , r  G i? >  andC 2 =  C2{5, ( f ,  g))
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