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Abstract

One-Variable Equations In Torsion-Free Hyperbolic

Groups

by
Alexei Kvaschuk
Advisor: Alexei Miasnikov

Let G be a torsion-free hyperbolic group. The main result of this thesis describes the
solution sets of one-variable equations in G. It turns out that every such solution set
is given by a finite set of parametric solutions of the form f*g, f*¢®h, or f*gf=*h for
some f,g,h € G when parameters a and 3 run over Z. In addition, an algorithm for
finding these parametric words is given. This algorithm is based on the Big Powers ( BP)
property of hyperbolic groups. The second part of the thesis contains some general results
on the class Cgp of groups satisfying BP condition. We show that the class Cpp is closed
under free products with amalgamation and H N N-extensions provided the amalgamated

(associated) subgroups satisfy some very natural conditions.
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1 Main results

Let G be a group.

A one-variable equation in G is an equation of the form:

En

S(z) = 27w z%%uy . .. T U, = 1

where uy,...,u, € G, & € {l,—1} and if u; = 1 then &; # —e&;41.
The solution set of S(z) =1 in G is defined as

Va(S)={g9€G|S(9) =1}

The theorem below gives an effective description of V(S) for a one-variable equation
S =1 in a torsion-free hyperbolic group G.
Theorem 33 (Kvaschuk, Myasnikov) Let G be a torsion-free hyperbolic group and
S(z) = 1 be an arbitrary one-variable equation in G. Then there is a constant C (which
can be found effectively) and there are finitely many elements f and g (which can be found

effectively) such that an arbiirary solution z of S = 1 has one of the following forms:
1) |z| < C;
2) xz = fog for some g € G such that |¢'| < C;

8) z = (f*g%)g’ where |¢'| < C;
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4) z=((f*g)f=)g for some ¢’ € G such that |¢'| < C;

where o and 3 are integers.

More precisely, one can describe solutions of S = 1 in terms of coefficients of S =1 as

follows.

Theorem 32 Let G be a torsion-free hyperbolic group and x is a solution of an arbitrary

one-variable equation
Uz ... Y, =1
and l= e {}ui]}.
Then there is a constant C = C(4,1) (which can be found effectively) such that one of the

following holds:
1) |2l < C;
2) © = (igg')*", where |g'| < C ;
8) z=(@gYiz,) ", where |g'| < C;
4) T= ((ui‘_llﬂi—ﬁw_lg’)ﬁ?)il, where |¢'| < C and a- (a — B) > 0;

+1

5) z= ((uz @i ui - g) U )ﬂ, where |¢'| < C;
(u u"1 g’ uu; ))) or

+1
(uz wu; (g wy ))) , where |g'| < C;

2
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where a and 8 are integers, § is the mazimal root of g.

It follows from the theorem above that the solution set Viz(S) of a one-variable equation
S(X) =1 in G can be described by a finite set of parametric solutions of the form fg,
fegPh, or fegf~=h for some f,g,h € G when the parameters o and 3 run over Z. We
develop a resolution method to find quickly the parametric solutions of S(z) = 1. This
method is based on the notion of groups with ”big powers condition”.

Let BP be a class of all groups which satisfy the big powers condition. The second
part of this thesis contains some general results on groups from BP. It turns out that
BP is closed under free products with amalgamation and H N N-extensions provided the

amalgamated (associated) subgroups satisfy some very natural conditions.

Theorem 28( Kvaschuk, Myasnikov) Let G, H € BP and A, B are isomorphic sub-
groups of G and H. If A and B are strongly isolated and, at least, one of them is

malnormal in G or H, then the free product with amalgamation

G*A=BH

is in BP.

Theorem 27 (Kvaschuk, Myasnikov) Let G € BP and A, B be conjugately separated

isomorphic subgroups of G. If A and B are strongly isolated in G and either A or B is
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malnormal in G then the HNN-extension
(G,t | tAt™* = B)

is in BP.
The next two theorems, whose proofs are given in section 9, give a description of
irreducible algebraic sets and their coordinate groups over torsion-free hyperbolic groups.
Theorem 36 (Kvaschuk, Remeslennikov) Any coordinate group Gy of an irre-

ducible algebraic set Y C G! satisfies one of the following.
a) Gy 2G;
b) Gy = (G,t | g,t] = 1), where g is a root element of G;
¢) Gy = Gx(z);
d) Gy = Gxgy=(h{f', ¢'), where (f', ¢') = (f, g) for some root elements f, g € G;

e) Gy = (H, s|s71fs = f') where H = Gxg—(gn, where (f', ¢') = (f, g) for some

root elements f, g € G;

Let M =< f,g|r{f,g),r € R > be a subgroup of G generated by root elements

f, g € G. We introduce the following systems

Sy = {r(f,z) =1;7 € R} and Sy, = {r(z™"fz,9) = 1;r € R}.

4
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Theorem 38 (Kvaschuk, Remeslennikov)
Let G be a torsion-free hyperbolic group and V = V1 U--- UV, be the decomposition of
an algebraic set V from G* into irreducible components. If V # G*, then every Vi, up to

isomorphism, has one of the following forms:

a) V; is a point;

b) V. = fC(g), for some elements f,g,€ G;

¢) Vi =Ve(Su) = {z € G|la| < O, orz = (fom)*, orz = fou fP orz =
frezife for some |z1| < C1}, for some M =< f,g|r(f,9),7 € R > and C1 =

C'1(63 (f) g))

d) V. =Ve(S'm) = {a: € G| l|z| < Cyy orz = foz1 orz = 3:9°, or T = foz19° for
some |z1| < Cy such that (a7 fz1, g) = 1V r'(z7 fz,g) =1 € S'u}, for some

M =< f,g|r(f,9),7 € R> and Co = C3(4, (f, g))

Corollary Let G be a torsion-free 2-free hyperbolic group, then every irreducible algebraic

set V # G over G s isomorphic to a point or to the centralizer of some element.

t
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2 Hyperbolic groups

The class of hyperbolic groups was first introduced and studied by M. Gromov in his paper
»Hyperbolic Groups” published in the volume ”Essays in Group Theory” [G]. Since then
hyperbolic groups have been a subject for intensive investigations.
This class of groups is defined in geometric terms, making reference to the Cayley graph
of a finitely generated group. The aim of the theory was to generalise results obtained
for the fundamental groups of closed compact hyperbolic manifolds to some larger class,
where techniques similar to those used in studying Kleinian groups may be useful.

The principal reference in this area is the original text of Gromov [G], however several

other authors have worked on producing more accessible versions [ABC], [Ger], [GH].

2.1 Alternative definitions of hyperbolic groups (spaces) and
examples of hyperbolic groups (spaces)

We start with the notion of hyperbolicity for geodesic metric spaces.

A metric space (X,d) is called geodesic if for all pairs of points x,y in X there is an
isometric imbedding f : [0, d(z,y)] — X taking the end points of the interval to x and
y. The image of f is called a geodesic segment connecting these point, or more simply, a

geodesic, and is denoted by [x,y].
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The example of a geodesic metric space we are interested in is a Cayley graph of a
finitely generated group G. Suppose that X is a. finite set of generators for G, in the sense
that every element of G can be written as a finite product of elements of X and their
inverses. The Cayley graph I'x(G) has a vertex for each element of GG, and an oriented
edge labeled z from g to gz for each element g € G and each z € X. The group G acts
on I'y (G) by multiplications on the left.

A metric is defined by assigning unit length to each edge, and defining the distance
between two points to be the minimum length of paths joining them. With this metric
the graph I'x(G) becomes a geodesic metric space and left translations by elements of G
become isometries.

Now we give a collection of equivalent definitions of hyperbolic geodesic metric spaces.

Definition 1 Inner (Gromov) product [G] .
Let (X,d) be a metric space. Given a base point w € X, we define an inner product

on X by

N =

(- y)w = 5(d(z,w) + d(w,y) — d(z,9))-

If there is a constant § > 0 such that

Vz,y,2 € X, (2 Y)w 2 min{(z - 2)w, (2 Y)u} —

7
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we say that the inner product is § hyperbolic.

It is not hard to prove [G] that this definition is independent of the base point, more
precisely, if the inner product is -hyperbolic with respect to one base point, then it is

24-hyperbolic with respect to any other base point.

Definition 2 Slim triangles (Rips) [ABC] .

Let (X, d) be a geodesic metric space. Given any three points z,y,z in X, we say that
a triangle zyz of geodesics joining these points is d-slim if for any point w on [z,y] we
have that

min{d(w, [z, z]), d(w, [y, 2]) } < 6.

We say that triangles are slim in X if there is a constant § such that all geodesic

triangles tn X are §-slim.

The geometric meaning of this definition is clear: a triangle is d-slim if each side is

contained in the union of §-neighbourhoods of two other sides.

Definition 3 Thin triangles [ABC] . Let (X, d) be a geodesic metric space. Given a
triangle A = zyz in X, let A' = z'y/Z' be a Euclidean comparison triangle with sides of
the same lengths. Let f : A — A’ be a natural identification map and ta : A — Tp is

a unique isometry of the A’ onto a tripod Ta. Consider fao =tao f: A — Th.
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A

fy(x) f\z)

Figure 2: Thin triangle
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We say that zyz is § - thin if the fibres of fa have diameter at most § in X. ( i.e.

falp) = falg) = dx(p,g) < 6).

We say that triangles are thin if there is a constant § such that all geodesic triangles in

X are 6-thin.

Remark It is worth to note that in some literature ”slim” triangles are called ”thin”
and vice versa.
It turns out, and not hard to prove using elementary methods [ABC], that all three

definitions above are equivalent.

Theorem 1 [ABC]

The following are equivalent for a geodesic metric space X.

(i) Triangles are slim.
(11) Triangles are thin.
(iit) The inner product on X is hyperbolic with any choice of base point.

To demonstrate a technique of working with hyperbolic metric spaces we give a proof
of the equivalence of the first two definitions.

Proof. 1t is clear that "thin” implies ”slim”. Suppose now that all geodesic triangles
in X are d-slim. Let zyz be a geodesic triangle, and let ¢;, ¢, ¢, be the internal points.

10
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Consider the point c, on [z,y]. There is a point ¢ on [z, 2] U [y, z} such that d(c;,t) < 0.

Without loss of generality, suppose that ¢ lies on [z, z]. Then

d(z,t) + § > d(c;, x) = d(cy,z) and d(z,t) < d(z,c;) + 0

and so d(t,¢y) = d(z, ¢;) — d(z,t) < 6, and d(c;, ¢y) < 20.

A similar argument shows that c, is at distance not more than 24 from one of ¢, and
¢y It follows that diam{c;,cy,c,} < 46.

Let u be a point on [z,¢,] and v a point on [z,c;] such that d(u,x) = d(v,z). As

geodesic triangles are J-slim,

d(u, [il), c:|U [chz]) <d

If there is a point ¢ € [z,c;] such that d(u,t) < 4, then d(t,v) = d(u,z) — d(z,t) <

d(u,t) < 8, so that d(u,v) < 2§. Thus if d(u,v) > 24, it follows that there are points £,

Figure 3: Slim < Thin

11
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Figure 4: Slim < Thin

t, € [cy,c,] such that d(u,t,) < 4 and d(v,t,) < ¢, and
d(u,v) < d(u,t,) + d(v, t,) + d(ty, t,) < 66.

Therefore triangles are thin.

Examples.

1. It can be shown that in the hyperbolic upper half plane H triangles are In(1 + v/2)-

slim.

2. Every simplicial tree (i.e a 1-dimensional contractible simplicial complex with the

path metric, where each edge has length 1) is 0-hyperbolic.
3. Any bounded geodesic metric space is D-hyperbolic.
4. The Euclidean plane E is not d-hyperbolic for any choice of 9.

5. R-trees (see [Ch] for the definition of R-trees) are 0-hyperbolic metric spaces.

12
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Definition 4 Word hyperbolic group.
We say that a group G is word hyperbolic if it has a finite set of generators X such
that the corresponding Cayley graph T'x(G) is a geodesic metric space with a §-hyperbolic

inner product, for some ¢ > 0.

To show that hyperbolicity is a group theoretic property we must show that the Cayley
graph I'x/(G) for any other finite set of generators X’ of G is ¢’-hyperbolic for some §’ > 0.

This fact can be deduced from the properties of quasi-geodesics.

Definition 5 Quasi-isometry.
A (X €) quasi-isometric mapping f : (X, d) — (X', d') between two metric spaces

(X, d), (X', d') is a function f (in generdl discontinuous) satisfying the inequalities

L4(f@), £) - ¢ < d(@,) < ML), 1) +

for all z,y € X, and some constants A > 1 and ¢ > 0.

A (), €) quasi-geodesic mapping of an interval [a,b] C R into (X, d) is called a (), ¢€)
quasi-geodesic.

Two metric spaces (X, d) and (X', d’) are quasi-isometric if there are numbers A > 1,
€ > 0, and C > 0, and a (A, €) quasi-geodesic mappings f : (X, d) — (X', d’) and

(X', d) — (X, d) so that both compositions f o f’ and f’ o f are within C of the

13
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appropriate identity map. Thus d(f'(f(z)), ) < C for all z € X and similarly for the

other composition.

Examples

1. (Z, d) and (R, d) are quasi-isometric, where d is the usual metric : d(z,y) = |z —y|.
The natural embedding Z — R is an isometry, so a (1,0)- quasi-isometry. It is not
1

surjective, but each point of R is at most % away from Z. We can define a (1, 5)-

quasi-isometry f: R — Z by f(z) = = 'rounded to the nearest integer’.
2. Every bounded metric space is quasi-isometric to a point.

3. If S and T are finite generating sets for a group G, then (G,ds) and (G, dr) are
quasi-isometric. Indeed, let A be the maximum length of any element of S expressed
as a word in T or vice versa. Then the identity map G — G is a (), 0)-quasi-
isometry from (G,ds) to (G,dr) and vice versa. Hence, when we are discussing
quasi-isometry in the context of finitely generated groups, we can omit mention of
the particular generating set, and make statements like 'G is quasi-isometric to H’

without ambiguity.

We say that two subsets A and B of the metric space (X, d) are at finite Hausdorff
distance if there is a constant H > 0 such that B is contained in the H-neighborhood of

the set A and A is contained in the H-neighborhood of B.

14
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The basic result concerning quasi-geodesics in hyperbolic metric spaces is the following.

Theorem 2 [ABCJ, [G]

Let X be a §-hyperbolic geodesic metric space. Then there is a function H(A, €) >0
s0 that for any two points z,y € X, any (), €) quasi-geodesic f : [a,b] — X with end
points mapped to x,y, and any geodesic segment vy with the same end points x,y one has
the image of f and the image of v are at finite Hausdorff distance at most H(A, €) > 0

from each other.

The next theorem states that a quasi-isometry preserves hyperbolicity.

Theorem 3 [G]
Let (X, d) and (X', d') be quasi-isometric geodesic metric spaces. If (X, d) is d-

hyperbolic, then there exists &' > 0 so that (X', d') is &'-hyperbolic.

Using the theorem above, and the fact that any two Cayley graphs for the same finitely
generated group are quasi-isometric geodesic metric spaces, we prove that hyperbolicity
is indeed a group theoretic property.

Another difference of geometrical nature between hyperbolic and Euclidean geometries
is the ratio of area to circumference of a polygon. It is well known that in the Euclidean
plane the area is a quadratic function of the circumference, whereas in the hyperbolic
plane it is a linear function.

15
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Once we formulate an appropriate concept of area in a group this gives us another

characterisation of a hyperbolic group.

Definition 6 Linear isoperimetric inequality.

Let < X | R > be a finite presentation of the group G. If w is a reduced word in F'(X)
of length l(w) such that w =g 1 then there are words p; € F(X), relators r; € R and
€; = *1 such that

w =N pir&ipi " in F(X).

If there is a constant K such that for all such words minimal number N is strictly less

than K - l(w), we say that G satisfies a linear isoperimetric inequality.

It is known [G], [ABC] that the class of finitely presented groups which satisfy a linear

isoperimetric inequality and the class of hyperbolic groups coincide.

Definition 7 Dehn’s algorithm.

A Dehn presentation for the group G is a finite presentation < X | R > such that any
non-trivial word in F(X) which represents the identity element of G contains more than
half of some word in R. A group is said to have a Dehn’s algorithm if it has a Dehn

presentation.

In other words, if a group has a Dehn presentation, then any word which represents
the trivial element may be shortend by use of one relator (from a finite list of relations),

16
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which solves a word problem for this group. Indeed, given a word one reduces it until the
word can not be shortened. If the obtained word is empty the original word represents
the identity, otherwise the word represents a nontrivial element.
It is clear that a group with a Dehn’s algorithm satisfies a linear isoperimetric inequality
(with multiplicative constant 1).

It was established, for example, by Lysionok [Lys| that a group is hyperbolic if and
only if it has a Dehn’s algorithm.

Summarizing all of the above we have the following theorem.

Theorem 4 Let G be a finitely generated group, then the following are equivalent

1) G is word hyperbolic.

2) Triangles are slim in T'x(G).

3) Triangles are thin in T'x(G).

4) G satisfies a linear isoperimetric inequality.

5) G has a Dehn presentation.

Recall that an action of a group G on the topological space X is a mapping G X

X — X, denoted by (g,z) — gz, so that X is a G-set (this means that 1z = z, and

17
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g (g9z) = (¢'g)x for all g,¢' € G, z € X) and so that for each g € G the map z — gz is
a homeomorphism of X onto itself.

The action is called properly discontinuous if for each compact subset K of X the
collection of group’s elements {g € G|gK N K # @} is finite.

The action is called cocompact if the orbit space G \ X is compact.

The metric space (X,d) is called proper if all balls of finite radius have compact
closures.

The following result of Troyanov has many important corollaries.

Theorem 5 [T] Suppose that the group G acts properly discontinously and cocompactly
by tsometries on the proper geodesic metric space (X,d). Then G is finitely generated,
and G with any word metric and (X, d) are quasi-isometric metric spaces. Therefore since

quasi-isometry preserves hyperbolicity G is hyperbolic if and only if (X, d) is hyperbolic.

The class of hyperbolic groups is fairly extensive, which is shown in the following

examples.

Examples.

1. It was proposed by Gromov [G] and proved by Ol’shanskii [Ol'sh], that in some

natural probabilistic sense almost every finitely generated group is hyperbolic.

18
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2. Given a finite presentation P =< X |R >, let R denote the cyclic closure of R,
i.e. the set of cyclic conjugates of elements of R and their inverses. A piece is a

non-trivial
word v € F(X) such that there are two different relators ri,72 € R such that
ry = vr'y and rp = vr's.

We say that P satisfies the C(p) condition if no element of R is a product of fewer
than p pieces. We say that P satisfies the C’ (%) if for each piece v occuring in the
relator r, pl(v) < I(r). Thus if the C’(%) condition holds, then so does the C(p+ 1)

condition.

It is well known that a group which satisfies C'(g) (C(7)) small cancellation condi-

tions satisfies a linear isoperimetric inequality and thus is hyperbolic.

It follows that fundamental groups of closed orientable surfaces of genus at least 2
or closed nonorientable surfaces of genus at least 4 are hyperbolic. Notice that the
presentation P =< z,y, z | £%y%2? > for the fundamental group of the nonorientable
surface of genus 3 does not satisfy condition C’(3). However using arguments of a

different kind it can be proved that this group is hyperbolic.
3. Finitely generated free group is 0-hyperbolic.

4. An arbitrary finite group is hyperbolic.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5. If G is the fundamental group of a closed Riemannian manifold all of whose sectional

curvatures are strictly negative, then G is hyperbolic.
The next two examples are consequences of Troyanov’s theorem 5.

6. If H is a subgroup of finite index of the f.g. group G, then H is hyperbolic if and

only if G is hyperbolic.

7. Hyperbolic n-space H” is defined as {(z1,...,%,) € R*|z, > 0} with the Rieman-

nian metric

o  dSgn  Ti4 .-+ 22
Spn = 2 =
5

n n

where dsg. is the Euclidean metric. A (closed) hyperbolic n-manifold can be defined
as the quotient of H” by a cocompact properly discontinuous subgroup of isometries

acting freely on H".

Therefore by Troyanov’s theorem if G is a subgroup of the group of isometries of H"

which acts properly discontinuously and cocompactly on H", then G is hyperbolic.

2.2 Properties of hyperbolic groups

The following theorem shows that hyperbolic groups are finitely presented.
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Theorem 6 [ABC]
Let G be a hyperbolic, in the sense that geodesic triangles in the Cayley graph I'x(G)

are 0-thin. Let

R={we F(X)|l(w) < 85 and u(w) = 1},

where p: F(X) — F(X)/N = G is a natural epimorphism.

Then < X | R > is a Dehn presentation for G.

A simple consequence of the existence of a Dehn presentation is the following theorem

which we state with a proof.

Theorem 7 [GH]
In a hyperbolic group, there are only finitely many conjugacy classes of elements of

finite order.

Proof. Let X be a finite set of generators for the group G and let p : F(X) — G be a
natural surjection, where F(X) is the free group on X. Consider a Dehn presentation of
G. Let g be an element of finite order, and let [g] be the set of all conjugates of g in G.
Let w be a word in F(X), chosen to be shortest over all v € F/(X) such that u(v) € [g].
Let n be the order of p(w). As u(w™) = 1, there must be some subword of w™ which is
more than half of a word » € R. This implies that I(w) < I(r), otherwise w, or some

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



cyclic conjugate of w, can be shortened. (In fact w is contained in a cyclic conjugate of a
relator.) Thus the number of conjugacy classes of elements of finite order is less than the

number of elements of length at most max Il(r).

The following important technical result was proved by Gromov.

Theorem 8 [G] Let g be an element of infinite order in a hyperbolic group G. Let a be
a path from the vertex corresponding to the identity element to the vertex corresponding

to g. Then the bi-infinite path (..., g7 'a, a, ga, ...) is a quasigeodesic.

The next result shows that in a hyperbolic group a centralizer of an element of infinite

order is cyclic-by-finite.

Theorem 9 [GH]
Let G be a hyperbolic group and let g be an element of G of infinite order. Let C(g)

denote the centralizer of g. Then C(g)/ < g > is finite.

It easily follows from the theorem above that no hyperbolic group contains Z x Z as
a subgroup.

The next two theorems describe some algorithmic properties of word-hyperbolic groups.

Theorem 10 [DA]
If a group has a Dehn presentation, then there is an algorithm for solving the word

problem which is linear in terms of the length of the input word.
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Theorem 11 [G]

1 = h for some

If elements g and h are conjugated in a d-hyperbolic group G, then aga™
a € G such that |a| < 2(|g| + |h| + 808). So there is an algorithm for solving conjugacy

problem in a hyperbolic group.

The next property of torsion-free hyperbolic groups is a very effective technical tool in

solving equations over hyperbolic groups, and discrimination and completion of hyperbolic

groups.

Definition 8 A group G satisfies the big powers condition (BP) if for any finite sequence
of elements u = (uy, ..., ux) such that [u;,uip1] # 1 for everyi = 1,....,k — 1 there exists

number n(u) such that for any integers oq, ..., > n(w) wur™ ... up™ # 1.

Theorem 12 [Ol1]

FEvery torsion-free hyperbolic group is a BP-group

Definition 9 If X is a geodesic metric space then a subset A is e-quasiconvex if for all
geodesics |a, b] with endpoints a,b € A, |a,b] C N.(A). A subgroup of a finitely generated
group s said to be quasiconvex if the vertices in the subgroup form a quasiconver subset

of the Cayley graph.

Lemma 1 [CDP]
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A guasiconvez subgroup H of a hyperbolic group G is finitely generated, and in fact is

also hyperbolic.

A theorem of Rips [R] states that given any finitely presented group G there is a short

exact sequence of groups

l1—N—F—5G—1

where E has a finite presentation satisfying the small cancellation condition C’(3) and
where N is a normal subgroup which is finitely generated as a group. In Rips’s construc-
tion the group N is never finitely presented except in trivial cases, so this gives examples
of finitely generated subgroups of hyperbolic groups which are not finitely presented and
therefore not hyperbolic. N. Brady [Brady] has given an example of a finitely presented
subgroup H of a hyperbolic group G where H is not hyperbolic.

The following well-known statement is due to Gromov.

Theorem 13 [G]
Let G be a torsion-free word-hyperbolic group. Then G contains only finitely many

conjugacy classes of non-cyclic freely indecomposable two-generated subgroups.

It is not hard to see, using Rips’s construction, that the similar result fails for three-
generated subgroups. However, recently G. Arzhantseva [Arzh], and independently I
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Kapovich and R. Weidmann, proved the following general result.

Theorem 14 For any § > 0 and an integer L > 0 there exists a number M = M(4,L) >
0 with the following property. Let G be a &-hyperbolic group and H be a subgroup of G

generated by hy, ..., hy. Then at least one of the following assertions is true.
(i) H is free on hy,...,hy and quasiconvez in G;

(1i) The tuple ha, ... hr is Nielsen equivalent to an L-tuple b/, ..., h' with b’y conjugate

to an element of length at most M in G.

The constant M = M(4, L) can be calculated explicitly.

Beyond these results there is almost nothing known about the subgroup structure of

general hyperbolic groups.

3 Free Constructions

In this section we give the definitions and properties of the products of groups which are
basic to combinatorial group theory. A motivation for studying these

constructions came from topology as these constructions appear in the special case of
Seifert-van Kampen Theorem. We refer to two classical books on combinatorial group

theory ([MKS], [LS]) for the detailed presentation of this subject.
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3.1 Free products

Definition 10 Let A and B be groups with presentations A =< ay,... |r1,... > and
B =< by,...|81,... > respectively. The free product, A * B, of the groups A and B is
the group

AxB=<ay,...,b,... |7r1,...,81,...>.

The groups A and B are called the factors of A* B.

Remark Free product is independent of the choice of the presentation chosen or A
and B. Also, A x B is generated by subgroups A and B which are isomorphic to 4 and
B respectively, and such that AN B = 1.

Now we turn to the basic theorem about free products.

Definition 11 A reduced sequence (or normal form) is a sequence g1,...,9n, n > 0, of
elements of A B such that each g; # 1, each g; is in one of the factors, A or B, and

successive gi, gi+1 are not in the same factor. (We allow n =0 for the empty sequence).

Theorem 15 [LS] (The Normal Form Theorem for Free Products)

Consider the free product A* B. Then the following two equivalent statements hold.

(I) Ifw=gy...g,, n>0, where gy,..., g, is a reduced sequence, then w# 1 in A*B.

(II) Each element w of A* B can be uniquely ezpressed as a product w = g . .. g, where
g1,---,9n s a reduced sequence.
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The Normal Form Theorem allows us to define a length for elements of free products.
If an element w of G = A * B has normal form g . .. g, then the length of w, written |w|,

is defined to be n.

3.2 HNN extensions and Free Products with Amalgamation

HNN extensions were introduced by G. Higman, B.H. Neumann and H.Neumann in 1949.

We now turn to the definition.

Definition 12 Let G be a group, and let A and B be subgroups of G with¢: A — B

an isomorphism. The HNN extension of G relative to A, B and ¢ is the group

G* =< G,t|t7'at = ¢(a),a € A > .

the group G s called the base of G*, t is called stable letter, and A and B are called the

associated subgroups.

Now if w is an element of G*, then we can write this element in a reduced form

w = gotlg1 ...t gn (n > 0),

where in the sequence

907t513gl1 R 7t€ns In
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there is no consecutive subsequence ¢,g;,t™! with g; € A or 71, g;,¢ with g; € B.
J 3

Now we state the so called Britton’s lemma.
Lemma 2 [LS] If the sequence go,t%, g1, . .., t°*, g, s reduced and n > 1, then
got' gy ... t7gn # 1
in G*.
We assign a length to each element 2z of G* as follows. Let w be any reduced word of

G* which represents z. If w = got'g; . ..1t*"gn, the length of z, written |z|, is the number

n of occurrences of t*! in w. It can be shown that |z] is well defined.

We now turn to free products with amalgamation (introduced by Schreier in 1926).

Definition 13 Let G =< x3,... |r1,... > and H =< y3,...|s1,... > be groups. Let
A C G and B C G be subgroups, such that there exrists an isomorphism ¢ : A — B. Then
the free product of G and H, amalgamating the subgroups A and B by the isomorphism

¢ is the group

< T1yeeesYlyer- |T1yevny81,---,a=0@(a),a € A>.

The basic idea of the free product with amalgamation is that the subgroup A is
identified with its isomorphic image ¢(A) C H. The free product with amalgamation
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depends on G, H, A, B and the isomorphism ¢. The groups GG and H are called factors of
the free product with amalgamation, while A and B are called the amalgamated subgroups.

We will simply write free products with amalgamation as
P=<G*H|a=¢(a),ac A>.
We can view P as the quotient of the free product G* H by the normal subgroup generated
by {ag(a)" |a € 4}.
Definition 14 A sequence ci,...,cn, n > 0, of elements of G * H will be called reduced
if
(1) Each c; is in one of the factors G or H.
(2) Successive ¢;, c;11 come from different factors.

(3) Ifn>1, noc isin A or B.

(4) Ifn:1; Clrlé]-

It is clear that every non-trivial element of P is equal to the product of the elements

in a reduced sequence. On the other hand we have.

Theorem 16 [LS] (Normal Form Theorem for Free Products with Amalgamation)
If c1,...,co is a reduced sequence, n > 1, then the product ¢;...c, # 1 in P. In
particular, G and H are embedded in P by the maps g — g and h — h.
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We mentioned in the previous section the notion of a BP-group. The class of BP-
groups is quite broad. In particular, any torsion-free hyperbolic group, or any subgroup
of it, is a BP-group. The next results, proved in section 6, show that many groups, beyond
the torsion-free hyperbolic ones, are BP-groups.

Theorem (Kvaschuk, Miasnikov) A free product G * H is a BP-group if and only if
G and H are BP-groups.

Now we introduce a relative form of the big powers condition, the BP-condition modulo
a subgroup. Recall also that a subgroup A of a group G is called isolated if for every g € G
if g* € A for some non-zero number & then g € A.

Let G be a group, A be a subgroup of G and u = (u, ..., ux) be a generic sequence of

elements of G. We say that:
1) wu is A-generic if there exists 7 such that u; & A;

2) uis A-independent if there exists an integer n such that for any integers o, ..., 0x >
n

ulal...ui" ¢ A.

Definition 15 Let G be a group. A subgroup A of G is called strongly isolated if every

A-generic sequence of elements of G is A-independent.

Observe, that a strongly isolated subgroup is isolated.
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Theorem (Kvaschuk, Miasnikov) Let G be a torsion-free hyperbolic group and A be

a quasi-convex isolated subgroup of G. Then A is strongly isolated.

To state the similar results about free product with amalgamation and HNN-extensions
we need to introduce some definitions. Recall first that a subgroup M of a group G is
malnormal if for any g € G\ M g-'MgnN M = 1. Following [KM1] we say that two

subgroups A, B of a group G are conjugately separated if for any g € G g~ AgN B = 1.

Theorem (Kvaschuk, Miasnikov) Let G and H are BP-groups and A, B are isomor-
phic subgroups of G and H. If A and B are strongly isolated and, at least, one of them is

malnormal in G or H, then the free product with amalgamation Gxs-gH is a BP-group.

Theorem (Kvaschuk, Miasnikov) Let G be a BP-group and A, B be conjugately sepa-
rated isomorphic subgroups of G. If A and B are strongly isolated in G and either A or

B is malnormal in G then the HNN-extension

(G,t | tAt™! = B)

1 a BP-group.
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4 Equations in Groups

Let G be an arbitrary group and F(X) be a free group freely generated by X = {z1,...,z,}.

Then we can view

GIX] = Glzy,. ..,z = G* F(X)

as a non-commutative analogue of a polynomial algebra over a unitary commutative ring
in finitely many variables. We think of subsets S C G x F(X) as systems of equations
with coefficients in G and say that a tuple (g1,...,9,) € G" is a solution of a system S
if it satisfies each equation from S.

We refer to the papers by Roger C. Lyndon [Lyn] and Grigorchuk and Kurchanov

[GK2] for a survey of general results about equations in groups.

The two natural questions about systems of equations in groups are:

1. Is it algorithmically decidable whether a given system has at least one solution ?

(Diophantine problem)
2. How to describe the solution set ?

Both these questions have been answered in affirmative in the case of free groups.
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4.1 Equations in free groups

In 1982 Makanin [Mak] proved the crucial result about the algorithmic decidability of
Diophantine problem over free groups. He proved that if a given equation over a free
group F has a solution in F, then this equation has a solution of bounded length ( and
this bound can be effectively computed from the equation itself). In his proof Makanin
introduced, what is called now, Makanin’s process. This method was further developed
by L. Rips to prove classification theorem of free actions of finitely generated groups on
R-trees.

It is worth to note that Makanin’s proof is extremely complicated and gives a very inef-
fective decision algorithm. Indeed, KoScielski and Pacholski [KP] noticed that it is not
even primitively recursive.

G. Sabbagh and independently L. Comerford asked the following question: does an
equation in F' has a solution if and only if it has a solution in any finite quotient of /' ? A
positive answer to this question would have yielded an alternative solution of Diophantine
problem.

T. Coulbois and A. Khélif [CK] showed that the question of Sabbagh-Comerford has a

negative answer. They considered the following equation

(2%, y~2%by] =¥
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were a, b are distinct members of a set of free generators of F, and gave a short and
elegant proof of the fact that this equation has a solution in any finite quotient of F', but
has no solution in F.

A. Razborov [Raz] described solution sets of arbitrary systems of equations over free
groups in terms of, so called, fundamental sequences. More precisely, let G be a free
non-Abelian group, and S C G[X] be a system of equations over G, and Y = V(S) be

its solution set. Then we define the radical ideal of system S (or of algebraic set Y')

R(S) = Rad(S) = {f € GIX]| f(p) = 1Vp € V&(5)}.

The factor group Gr(s) = Graas) = G[X]/Rad(S) is called the coordinate group of the

system S (of algebraic set Y').

Definition 16 A fundamental sequence of length k for a system of equations S is a triple

(M, Hom, Aut),

where M consists of k systems of equations S; = 1,...,5; = 1, § = 5; and S, is an empty
system. Hom s a collection of k — 1 homomorphisms 7y, ..., mg-1 where 7; : Fr(s;) —
Fr(s.,,), and m; is a retract on F. Aut is a collection of k finitely generated automorphism
groups Pi,..., P, of the groups Fgs,), ..., Frs,) respectively. A fundamental sequence

S = (M, Hom, Aut) is effectively given if the systems in M, homomorphisms from Hom,
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and automorphisms from Aut are effectively given. To effectively define a homomorphism

om Frsy — Frery means to define the images of the generators of the group Frs).
R(S) (T) (S)

If ® is some fundamental sequence of length k for the system S =1, 7 : Frs,) — F
a homomorphism of free groups, and o1, 09, .. . 0% are automorphisms from P, P,..., B

respectively, then the composition
Fres) =5 Fres) = Fress) = Frisy) = - Frsy — Fresy — F (1)

equals g for some solution X of the system S. We say that ® describes a solu-
tion X of the system S if w4 can be represented in the form (1) for some choice of
Ty v 3Ty 01,02, - - - O-

Razborov [Raz| proved that one can effectively construct a finite family of fundamental
sequences such that any solution of the equation can be obtained from one of these

sequences.

Now we turn to a more precise description of solution sets which is based on the notion

of quadratic equations.

Definition 17 Let G be an arbitrary group and S(z1,...,%,) € Glz1,...,2,). We say
that equation S(x,...,%,) = 1 is quadratic (strongly quadratic) if every variable appears

in S(z1, ... ,%,) not more than twice (ezactly twice).
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The study of quadratic equations in non-free groups was initiated by P. Schupp [Schupp]

Let F be a free non-Abelian group. Let Xi,..., X, be disjoint tuples of variables. A

system U(X;,...,Xy,) = 1 (with coefficients from F) of the following type
S1(X1, X2, o, Xm) = 1

SZ(X27 ce 7Xm) =1

Sm(Xm) =1
is said to be triangular quasi-quadratic if for every ¢ the equation
Si(Xi, e ,Xm) =1

is quadratic in the variables from X;.

Denote by G; the coordinate group of the subsystem S; = 1,...,5,, = 1 of the system

U=1:
Gi=F[X;,... Xn]/R(Si(Xis- .., X))y -, Om(Xm)) (1=1,...,m+1),

in particular, Gny1 = F and G; = Fry). The system U = 1 is said to be non-degenerate
if for each ¢ the equation S;(X;,...,Xm) =1 has a solution in G;4; (with elements from

X; considered as variables and elements from X;.,..., Xy, as coefficients from G;,;).
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Observe, that if the system U = 1 is non-degenerate then the coordinate group Giy1

is embeddable into G; (1 = 1,...,m) ([KM2]), i.e., we have a chain of groups
F=Gnu1<Gn<...<G1= Fry).

To solve the system U = 1 over F one needs to solve the last quadratic equation S,,(X,,) =
1 over G 41 = F, then the previous one (which is again quadratic!) Sp,—1(Xm-1,Xm) =1
over the coordinate group Gn,, and continue the process going up along the triangular
system until the first equation S1(X1, ..., Xm) = 1 has been solved in the group Gs.

The crucial result of O. Kharlampovich and A. Miasnikov [KM2], [KM3] describes
the solution set in a free group F of an arbitrary system S(X) = 1 with coefficients
from F: for any such S(X) = 1 one can effectively find a finite family of non-degenerate
triangular quasi-quadratic systems U (Y1) = 1,..., Un(Yn) = 1 (here Y;’s are disjoint
tuples of variables of, possibly, different length) and word mappings p;(Y1),...,0.(Ya)
such that

VF(S) = pi(Ve(U)) U... U pa(Vr(Un)),
where Vr(S) is a solutions set of a system S in F.
This description shows that solution sets defined by guadratic equations
are building blocks for construction of arbitrary solution sets over F.
We remind that a standard quadratic equation over a group G is an equation of the

one of the following forms:
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n

H[wia yz] = 17 n > 07
i=1

n

H[xi, Yil Hzi—lcizid_l =1, n,m2>20, m+n=>1;

=1 =1

n
Ha;,-z =1, n>0;
=1

[Iz2 ][z azd™? =1, n,m>0, m+n>1;

i=1 =1

where d, ¢; are non-trivial elements from G.

A description of solutions of standard quadratics equations in free groups was obtained
independently by Comerford and Edmonds [CE] and R. Grigorchuk and P. Kurchanov
[GK]. We will give the precise formulation of this description later.

This finished off the quadratic case, because it follows from the work of A. Hoar, A.
Karras and D. Solitar [HKS1], [HKS2] that every strictly quadratic equation is automor-
phically equivalent to a standard one. More precisely: let S(X,Y) = 1 be a strictly
quadratic equation in variables X over F. Then there is an automorphism ¢ of the free
group F'x F(X UY) such that ¢ fixes all the letters from Y and all the elements from F’

and such that ¢(S) = 1 is a standard quadratic equation over F.
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R.Lyndon [Lynl] investigated one-variable systems of equations over free groups and
proved that the set of solutions of a single equation can be defined by a finite system of
“parametric words”. Further progress in this direction was made by Lorents [Lor| and
Appel [Ap] who described the exact form of the parametric words. Lorents showed that
the set of solutions is given by a finite set of parametric words of the form ab#cd” in
two parameters u and v. Appel showed that the set of solutions for a single equation in
one unknown is given by a finite set of words of the form ab“c in a single parameter u,
and Lorents established the same for finite systems of equations in one unknown. Unfor-
tunately Appel’s published proof has a gap and Lorents announced his results without
proof.

I. Chiswell and V. Remeslennikov [CR] gave a full argument, and suggested a new
approach for describing the set of all solutions of a one-variable system in a free group.
Instead of working directly with solutions, they work only with the coordinate groups of
irreducible algebraic sets. We will discuss this approach in details in the next section.

It worth to mention that none of the results above gives an effective description of the
solution set of a one-variable equation in a free group. Therefore the following problem

arises :
Problem. How to find these one-parametric words effectively ?

It was proved by Appel [Apl] that an equation in two (or more) unknowns need not
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have it’s solutions given by any finite set of parametric words. Specifically, over F(a, b)

free with basis {a, b}, the equation

[z, 4] = [a, 0]

admits among its solutions all instances of the following parametric words:

(a, b), (V"a, b), (b**a, (B#1a)d), (((t"1a)b)*2ba, (V1a)™D),. ...

It is not difficult to see that not all instances of these are instances of any finite set of
parametric words.

However Ozhigov [Ozh] was able to handle equations in two variables.

Definition 18 A group G is said to be equationally Noetherian if for any system of
equations S C Gz, ... ,x,| there is a finite subset Sy

of S which is equivalent to S (i.e. S and So have the same solution sets).

The paper [BMRO] contains a detailed discussion about equationally Noetherian
groups as well as examples of various kinds. It was proved by Guba [GV] that free

groups are equationally Noetherian.

Now we will discuss the technical trick which shows how to reduce an arbitrary system

of equations over a free group to a single equation.
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It was conjectured by Vaught that
2yl =1
implies zy = yz, or, equivalently, that z, y, z all lie in a cyclic subgroup of F.
The first proof of Vaught’s conjecture was given by R. C. Lyndon [Lyn2].
Let F be a non-Abelian free group and a, b be arbitrary non-commuting elements in

F. Then it is not hard to prove, using Lyndon’s result, that the equation
x2a$2a—1 —_ (ybyb"l)z
has only a trivial solution in F,ie. z=1and y= 1.

Now a system which consists of two equations Si(z1,...,%,) = 1 and Sa(z1,...,%a) =

1 is equivalent to the equation
(51(51?1, s axn)2a)2a’—2 = ((SZ(xh L] xn)b)zb_2)27

and a general case follows by induction.

4.2 Equations in hyperbolic groups

In the class of hyperbolic groups the situation is the following.

E. Rips and Z. Sela [RS] were able to develop a theory of, so termed, canonical repre-
sentatives, which allows one to reduce a system of equations in a torsion-free hyperbolic
group to a finite set of systems in a free group.
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Let G =< G|R > be a finite presentation of a torsion-free hyperbolic group, F(G)
be a the free group generated by the elements of G and u : F(G) — G be a canoni-
cal epimorphism. We know that geodesic triangles in the Cayley graph of G are thin,
however the ”combinatorial” distinction between the three geodesic segments defining the
triangle is not completely clear. Canonical representative are a family of quasigeodesics
constructed to have several stability properties which are useful whenever one needs to
control combinatorial ( or symbolic) properties of paths in the Cayley graph.

Let S C G[X]| where X = {z3,...,2Z,} be a finite system of equations in G:
$i (%1, 3 Tny g1, -1 Gk) =1 1<j<q
Since G is torsion-free, and in particular has no 2-torsion, it is always possible to write S
using triangular equations i.e. equations containig exactly 3 terms. Namely, if [=n+k

and we let z; = Z1,...,2, = %, and z,41 = a1,...,2 = a we can write each of the

equations in the triangular form as:

8j(21,-- -, 21) = Zij)2i(i,2)%iG3) = L 1<j<gq. (%)
From now on we assume that equations from S are triangular and S has a form (x).
Due to a great number of technical details we omit a precise definition of canonical
representatives and give a description of canonical representatives of an arbitrary solution
of system S.
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Let w = (wy,...,w;), w; € G be an arbitrary solution of the system S (clearly wyq1 =
ayy..., W = ak).
Proposition (Corollary 4.4. [RS])

Let W be an arbitrary solution of S. There exist o constant A(S),
words 4, ¢, € F(G);1<j<¢;1<a<3,

and @ map Oy : G — F(G); mo € {1,...,A(S) } (such that p 00, = idg) for which:

(i)
omo (wi(j,l)) = U{Ci (y%) -
Ormo (witi2)) = Y36 (43) ™
Ormo(wis3)) = Y () ™
(i1)

length(c) < C(S,G)
where C(G, S) is some constant which depends only on S and G
(iii)
A € nel(R)
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W1 WZ

Figure 5: Canonical representatives

The words 0, (wi(; k) are called canonical representatives of elements wy(; k) with re-
spect to the section mgo. We see that canonical representatives are chosen so that they
agree outside some globally bounded neighborhood of the inscribed triangle (Fig. 5).

Now let 32 denote the unknowns for the systems 7 (1 < j < ¢; 1 < a < 3) over the
free group

F(G). Although, canonical representatives are assigned to elements in the hyperbolic
group G and not to the unknowns z1,. .., z;, we denote by Omy(21), - - - , Omo(21) the canoni-
cal representatives assigned to a particular solution of the original system S by proposition
above (the particular index mq depends on the solution we pick). For each j we get the fol-
lowing identities between the canonical representatives of the original unknowns 21, ...,z

in F(G) and our new unknowns y’:

Ormo(2i5) = Y3C4 (48) ™
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Ormo (2i52)) = Vi (43) ™

Ormo (zi(j,3)) = ygc-?i (y{) -

where cjcjc] € ncl(R) and length(c?) is globally bounded. Since there is an effective
procedure to solve the word problem in G, one is able to produce all possible triples
for {c{, &, (:;} The equations belonging to each of our new systems 7, come from the
identities Oy (2igj,a)) = Omo (25,0 if i(j, @) = (5, a’). In addition, we have to substitute
the canonical representatives for the coefficients aj,...,a; with respect to the criterion

myg, so that we will be able to add the equations:

Orno(Zimtt1) = Omp(01)s - - - 5 Ormo (21) = Oy (0k)-
It is shown in [RS] that given mg the canonical representatives for the coefficients
at(1 <t < k) can be found effectively.
Finally, each system T;; 1 < r < a(S) will have the equations indicated above, where
for each r one picks a different choice for the
coeficients ¢ (1 < j < ¢; 1 < a < 3) and for the canonical representatives 6,,,(a:); (1 <

t < k).
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The way each system T, is constructed, guarantees that every solution of such system
projects into a solution of S under the natural homomorphism F(G) — G. Proposition
above proves the converse, namely shows that for each solution @ = (wy, ..., w:) of the
original system S there exists a solution of one of the Ty, such that 0,,(2,) projects on
we (1< g <.

In particular, the original system S is consistent if and only if one of the systems
T. over free group F(G) is consistent. Since the latter is algorithmically decidable using
Makanin’s algorithm there is an algorithm recognizing the solvability of any system of
equations in a torsion-free hyperbolic group.

Observe, that if S(X) = 1 is a one-variable equation in a torsion-free hyperbolic group,
then Rips-Sela reduction provides an equation in free group which is not, in general, one-

variable.

Recently Z. Sela (unpublished) proved that torsion-free hyperbolic groups are equa-

tionally Noetherian.

In [Lys] an algorithm was given which determines the solvability of a quadratic equa-
tion in a hyperbolic group. Later R. Grigorchuk and I. Lysenok [GL] described the set of
solutions of a quadratic equation in a hyperbolic group. In order to formulate this result
we shall interpret quadratic equations and their solutions in the following way.

Let C and X be two disjoint infinite sets whose elements are called constants and
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variables, respectively. Elements of C U X are called letters and elements of the group
alphabet C*! U X*! are called signed letters. For a word W, L(W) denotes the set of all
letters occuring in W. A quadratic word is a cyclically reduced word S in the alphabet
C*! U X*! such that every variable which occurs in S occurs exactly twice and every
constant which occurs in S occurs exactly once.

Given a quadratic word S, we define an associated group Cs by
Cs=<L(S)|S=1>.

A quadratic eguation in a group H, written as (S = 1, §), is a pair consisting of a
quadratic word S and a coefficient map B : L(S)NC — H. A solution of a quadratic
equation (S = 1, B) in H is any homomorphism A : Cs — H such that cA = ¢f for all
ce L(S)NnC.

Given a quadratic word S, let A(S) be the group of all automorphisms o € AutCg
such that ca = ¢ for all ¢ € L(S) N C. Clearly if A is a solution of a quadratic equation
(S =1, f) in a group H then for every a € A(S), @) is also a solution of (S = 1, 3).
Thus the set of all solutions of quadratic equation (S = 1, 8) in a group is divided into
orbits under the action of A(S).

We introduce a class of parametric solutions of quadratic equations in a group H.
Given a subset B C H, a finite set T of parameters, and a map b : T — B, we define
and HNN-extension Hr, of H by
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Hrp= (H, T|tb(t) = b(t)t (¢ €T)).

Let (S = 1, B) be a quadratic equation in H. We call a homomorphism 9 : Cs — Hr 3
a parametric solution of (S = 1, ) if cyp = cfBfor all c € L(S)NC. A parametric evaluation
map is any homomorphism w : H;, — H which is identity on H. If % is a parametric
solutioﬁ of (S =1, ) and w is a parametric evaluation map then ¢w is

obviously a solution of (S = 1, ). We call yw a specialization of .

Now we formulate the main result of [GL]. We call a set {¢; |7 € I} of parametric
solutions of a quadratic equation (S =1, ) in H fundamental if every solution of (S =

1, B) equals to agb;w for some o € A(S), i € I and parameters evaluation map w.

Theorem 17 [GL].

Given a hyperbolic group H and a standard quadratic equation (S =1, ) in H, there
exists and can be constructed effectively a finite fundamental set of parametric solutions
of the equation. If the group H and the quadratic word S are fized then the running time
of the algorithm is bounded from above by a polynomial function on the total length of

words representing the elements ¢, c € L(S)NC.

We finish this section with one of the main results of this thesis. As we
mentioned above, classical results about one-variable equations in free groups do not
give an effective description of solution sets.
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The next two theorems, which we prove in section 7, solve this problem for the class

of torsion-free hyperbolic groups.

Theorem (Kvaschuk, Miasnikov) Let G be a torsion-free hyperbolic group and

En

S(z) = z2u12%%uy .. . 2" u, =1

be an arbitrary one-variable equation in G. Then there is a constant C (which can be found
effectively) and there are finitely many elements f and g (which can be found effectively)

such that an arbitrary solution x of S(z) = 1 has one of the following forms:
1) |z} < C;
2) x = feg' for some ¢’ € G such that |¢'| < C;
3) x = (fg°)g where |g'| < C;
4) z=((f*g)f~*)g'for some g’ € G such that || < C;

where a and 3 are integers.

Notice that contrary to the free group case, two-parametric solutions appear in the
case of an arbitrary torsion-free hyperbolic group G. In the section 7 we give particular
examples of torsion-free hyperbolic groups which have two-parametric sets of the form

fegP or fegf— as solutions of some one-variable equations.
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Notice also that the theorem above gives a necessary condition for z to be a solution of
S(z) = 1. Then one needs to check that a given element z is indeed a solution of S{(z) = 1,
which is algorithmically solvable. To find quickly parametric solutions of S(z) = 1 we
develop a, so called, resolution method (see section 8). This method is based on the BP-
property of torsion-free hyperbolic groups. Therefore, there is an algorithm which finds

all solution of one-variable equations in torsion-free hyperbolic groups.

5 Elements of Algebraic Geometry Over Groups

In this section we present some basic notions of algebraic geometry over groups which were
introduced and studied in the paper by G. Baumslag, A. Miasnikov and V. Remeslennikov

[BMR1].

Definition 19 Let G be a fized group. A group H is called a G-group if G is a fized

subgroup of H.

The class of G-groups forms a category in the obvious way, in particular a group
homomorphism ¢ : H; — Hj between two G-groups is termed a G-homomorphism if

p(g)=gforalgedG.

Definition 20 Let X be a set and G a group. The group G x F(X), where F(X) is the
free group on X, is called the free G-group on X and is denoted by G[X].
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With the obvious embedding of G, G[X] is a free object, in the usual sense, in the
category of G-groups. A G-group H is called a free G-group if it is isomorphic as a G-
group to G[X] for some set X, and X is then called a set of free G-generators for H. If

X has a single element z, we denote G[X] = G * (z) by G[z].

Definition 21 The set G* = {(g1,---,9n) | g € G} is called affine n-space over G; when

n=1G'=G.

Suppose X = {zi,...,Z,} is a finite set. Using the normal form theorem for free
products and for F(X), an element f € G[X] may be viewed as a word in the elements
of G and X*!, which we view as a monomial in the variables X*! with coefficients in G.
Given p = (g1,...,9.) € G*, we can substitute g for z3! in f to obtain an element
f(p) € G. (More formally, there is a homomorphism ¢ : G[X] — G which is the identity
mapping on G and sends z; to g;, and f(p) means ¢(f)). If f(p) =1, we think of pas a
solution of the equation f = 1, and sometimes call a subset of G[X] a system of equations
over G. The definitions which follow are made by analogy with the situation for affine

algebraic sets over a field.
Definition 22 Let S C G[X|, where X = {z1,...,2,}. Then the set
Ve(S)={peG"| f(p)=1forall f e S}

is termed the algebraic set over G defined by S.
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Typical Examples.
(1) Every singleton {g} is an algebraic set: Vg(zg™) = {9} (here n =1 and X = {z}).

(2) For any subset M C G, the centralizer Co(M) is algebraic, being equal to Ve([z, m] |m €

M).
(3) More generally, for any g € G, the coset
Ca(M)g = Vg(lzg™',m] | m € M)
is algebraic.

Definition 23 Let S C G[X] be a system of equations over G, and put Y = Vg(S). Then
we define

Rad($) = Rad(Y) = {f € G[X]| f(p) =1 Vpe Y}.

Call Rad(S) the radical ideal defined by the system S (or by Y'). We can view Rad(S)
as a set of all consequences of a system S. Clearly Rad(S) is always a normal subgroup

of G[X].

Definition 24 The factor group Gy = Gs = G[X]/Rad(S) is termed the coordinate

group of the algebraic setY.

Examples. Let G = F be a non-abelian free group and X = {xz}.
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(1) ¥Y = Ve(zg™!) = {g}, then Gy = Flz|/ncl(zg™) = F.

(2) Y = Cg(g) = Vr([z, g]), then

Gy = Flz]/ncl(fz, g]) = (F;t | [9,¢] = 1).

The proof is done by using the Normal Form Theorem for HNN extensions. Such

an HNN extension is called a free extension of centralizers of rank 1 .

Definition 25 Let G be a group and let Y C G™, Z C G* be algebraic sets. Then a map
¢:Y — Z is termed a morphism of the algebraic set Y to the algebraic set Z if there

exist f1,...,fp € Gz1,. .. z,) such that for any point a,,...a, €Y,

d(ay,...an) = (filay,-..an),- .- folag,...a.)) € Z.

Definition 26 Two algebraic sets Y, Z are said to be isomorphic if there exist morphisms

¢0:Y > Z,0:Z—Y suchthat 0¢ =1y and ¢0 = 1.

Let AS¢ be the category of all algebraic sets over G, with morphisms as defined above
(so the use of the term isomorphic is consistent with that in category theory). Denote
by AGg the category of all coordinate groups of the algebraic sets from ASg, where

morphisms are G-homomorphisms. The following is Theorem 4 in [BMR1].

Theorem 18 The categories ASg and AGg are equivalent.
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From the theorem follows a very important fact: to classify algebraic sets up to iso-

morphism, it is enough to classify coordinate groups of the corresponding algebraic sets.

Typical Examples.

(1) Let V be an algebraic set in G®. Then for any two points p, ¢ € G™ the set pVq is
also an algebraic set which is isomorphic to V. Let p= (p1,...,Pn), ¢ =(q1,- -+, n),
and let S(z1,. .., Z,) be the system of equations that defines V. Then S(y1,...,¥n),
where y; = p;'z:q; ! defines pVq and the map ¢ : V — pVg, é(ay,...,a,) =

(p1a1q1, - - - ; PnGnGn) defines the isomorphism between V' and pVgq. In particular,

(la) Any two points p;, pp of G* are isomorphic to each other (as singleton algebraic

sets).

(1b) If Cg(M) is the centralizer of a subset M and f, g € G then Cg(M) is isomorphic

to fCG(M)g

(2) f V C G* is an algebraic set and V is isomorphic to G, then V = G*. For by
Theorem 18, an isomorphism from V to G* induces a G-isomorphism ¢ : Glz] —
Gly] of two free G-groups of rank 1, where G|z] is the coordinate group of G and
Gly] is the coordinate group of V. Then ¢(z) = py°q, where e € {—1,1},p, ¢ € G.
Further, ¢ defines an isomorphism ¢* between G and V in the following way (see
the proof of Theorem 18 given in [BMR1] ): ¢*(g) = pgq. Therefore V = G.
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We recall a definition of an equationally Noetherian group.

Definition 27 A group G is said to be equationally Noetherian if, for every n > 0 and

any subset S of Gz, . . . x,), there exists a finite subset Sp of S such that Vg (S) = Ve(Se).

If G is a torsion-free hyperbolic group, it is possible to introduce on G™ the so-called
Zariski topology, by taking the set of all algebraic sets as the set of closed subsets. One
can therefore define the notion of irreducible algebraic set. (A non-empty subset ¥ of a
topological space X is called irreducible if it cannot be expressed as a union Y =Y; U Y,

of proper subsets, each of which is relatively closed in Y).

Theorem 19 [BMRI1]
Fvery algebraic set V' over an equationally Noetherian group H is a finite union of
irreducible algebraic sets, which are uniguely determined by V, up to order. (They are

called the irreducible components of V).

Theorem 20 [BMR1] Let G be an equationally Noetherian group and let V = ViU.. .UV,
be the decomposition of an algebraic set V into its irreducible components. Then the
coordinate group of V is canonically embedded in the direct product of the

coordinate groups of the V;, Gy — Gy, X ... X Gy,.

In the previous section we mentioned a result of Chiswell and Remeslennikov about
description of solutions sets of one-variable equations over free groups. Instead of working
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directly with solutions, they work only with the coordinate groups of irreducible algebraic

sets.

The following fundamental theorem on which this approach is based was proved in

[BMR1).

Theorem 21 [BMR1]
Let G be an equationally Noetherian group. Then for any countable infinite set I and

any non-principal ultrafilter D over I, the ultrapower G* /D has the following properties:

1. G!/D is a G — group, where G is embedded in G'/D via the diagonal mapping;
2. Every coordinate group of an irreducible algebraic set over G is embeddable in G*/D;

3. Every finitely generated G-subgroup of GI/D is isomorphic to the coordinate group

of some algebraic set Y over G.

Theorem 22 [CR]

Any coordinate group Fy of an irreducible algebraic set Y C F! satisfies one of the

following.
a) Fy = F,‘
b) Fy = (F,t | [u,t] = 1), where u is a root element of F;

c) Fy = F x(z).
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Theorem 23 [CR/
Let F be a non-abelian free group and let V =V, U... UV, be the decomposition of
the algebraic set V from F* into its irreducible components. If V # F*, then every V; has

one of the following forms:

a) V; is a point;

b) there exist elements f, g, h € F such that V; = fCr(g)h.

The next two theorems, whose proofs are given in section 9, give a description of
irreducible algebraic sets and their coordinate groups over torsion-free hyperbolic groups.
Let G be a torsion-free hyperbolic group and S C G * (z) any system of equations

with one variable over G such that Vz(S) # 0.

Theorem (Kvaschuk, Remeslennikov) Any coordinate group Gy of an irreducible

algebraic set Y C G satisfies one of the following.

a) Gy = G;

b) Gy = (G,t | [g,t] = 1), where g is a root element of G;

¢) Gy =G+ (a);

d) Gy = G ({f', g'), where (f', ') = (f, g) for some root elements f, g € G;
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e) Gy = (H, s|s7 fs = f') where H = G¥g—(yy, where (f', ¢') = (f, g) for some

Toot elements f, g € G;

Let M =< f,g|7(f,g9),7 € R > be a subgroup of G generated by root elements

f, g € G. We introduce the following systems

Sy = {r(f,z) = 1,7 € R} and S}, = {r(z"'fz,9) = 1;7 € R}.

Theorem (Kvaschuk, Remeslennikov)

Let G be a torsion-free hyperbolic group and V = Vi U --- UV, be the decomposition of
an algebraic set V from G* into irreducible components. If V # G*, then every Vi, up to

isomorphism, has one of the following forms:
a) V; is a point;
b) Vi = fC(g), for some elements f,g,€ G;

¢) Vi =Ve(Su) = {z € G|lz| < C1, orz = (foz)*, orz = foofP, orz =
[z f for some |z;| < C1}, for some M =< f,g|r(f,g),r € R > and C, =

Ci(6, (£, 9))

d) Vi=Va(S'm) = {z € G| |z| < Cy, orz = foz1 orz = 1:16°, or T = fom19° for
some |z1| < Cy such that (z7 fz1,9) = 1V r'(z i fz,g) = 1€ S'm}, for some
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M =< f,g|r(f,g),r € R> and Cy = C3(6, (f, g))

Corollary Let G be a torsion-free 2-free hyperbolic group, then every irreducible algebraic
set V # G over G is isomorphic to a point or centralizer of some element. In particular

if G is a non-abelian f.g. free group, then we get Chiswell-Remeslennikov theorem.

6 Big Powers and Free Constructions

6.1 Introduction

In this section we study a class of groups satisfying the so-called big powers condition. We
show that HNN-extensions and free products with amalgamation preserve the big powers
condition under some natural requirements on associated (amalgamated) subgroups.

Let G be a group and u = (u, ..., u) be a sequence of non-trivial elements of G. We

say that:
1) w is in a general position if neighbors in v do not commute:
[ui,uiya) #1 foreveryi=1,..k—1;
2) u is independent if there exists an integer n such that for any integers a,...,ax > n

’Ll.]c’:1 ...u‘,:" # 1.
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Sometimes we refer to a sequence in a general position as to a generic sequence, or
a commutation-free sequence. The positive integer n from 2) (if it exists) is called a

separation boundary or a no-return boundary for u.

Definition 28 A group G satisfies the big powers condition (BP) if any sequence of

elements of G in a general position is independent. Such groups are called BP-groups.

It is clear that (BP) is a local property, i.e., a group G satisfies (BP) if and only if
every finitely generated subgroup of G does. Since a single non-trivial element forms a
generic sequence it implies that every BP-group is torsion-free. One can modify slightly
the definition of a BP-group (requiring that all elements in a generic sequence should
have infinite order) to accommodate torsion, but we elected to consider here only torsion-
free groups, leaving the general case for the future. This allows us to demonstrate basic
techniques avoiding some painful technicalities.

The class of BP-groups is quite broad. For example, any torsion-free hyperbolic group,
or any subgroup

of it, is a BP-group. To describe some other examples of BP-groups recall that a
group G separates (discriminates) a group H if for any non-trivial element h € H (any
finite set of nontrivial elements A4, ..., hy € H) there exists a homomorphism ¢ : H — G
such that h¢ # 1 (k¢ # 1 for i = 1,...,k). It turns out that any group discriminated
by a BP-group is a BP-group (Proposition 2). Every torsion-free abelian group satisfies
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(BP) since one-clement sequences are the only generic ones in abelian groups. Moreover,
according to Theorem 24 from Section 6.2 a BP-group satisfying a non-trivial identity has
to be abelian (this puts also some restrictions on subgroups of BP-groups).

The big powers condition has been used in various forms in diflerent areas of group
theory. Lyndon and Appel used it (though implicitly) for solving one-variable equations
in free groups ([L1], [Ap)).

Makanin applied (BP) in his seminal work [Mak| on decidability of equations in free
groups in the form of ”Bulitko’s lemma”.

G.Baumslag used some form of the (BP) condition in free groups to prove residual
freeness of surface groups [BG]. In [Ol1] Olshanskii introduced the (BP) condition ex-
plicitly in the (equivalent) form of a separation condition (S) (see Section 6.2) and proved
that (S) holds in torsion-free hyperbolic groups.

Myasnikov and Remeslennikov showed that the Lyndon’s Z[t]-completion FZ1l of a free
group F is a BP-group, and used this to construct free Lyndon length functions on FZIt
[MR3]. It turned out that a similar technique can be applied in studying Z|t]-completions
of arbitrary torsion-free hyperbolic groups [BMR3].

The method of big powers became extremely useful in algebraic geometry over groups,
in particular, in characterizations of the coordinate groups of irreducible algebraic varieties

over torsion-free hyperbolic groups [BMR1]. In [KM2] and [KM3] Kharlampovich and
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Myasnikov described some canonical forms of coordinate groups of irreducible varieties
over free non-abelian groups, the BP-method was one of the key technical ingredients of
their proof.

The main goal of this section is to show that many groups, beyond the torsion-free
hyperbolic ones, are BP-groups.

In Section 6.2 we discuss equivalent definitions and basic properties of BP-groups.

The main result of Section 6.3 is Theorem 25 which states that a free product of two
BP-groups is a BP-group. Here, following [MR3] we introduce an important technical
notion - the separation condition (CS), which allows one to control cancellation in BP-
groups.

In Section 6.4 we introduce a relative form of the big powers condition, the (BP)-
condition modulo a subgroup. Subgroup of this type are called strongly isolated subgroups.
It is not hard to see that centralizers in BP-groups are strongly isolated (Lemma 5).
Theorem 26 claims that every isolated quasi-convex subgroup of a torsion-free hyperbolic
group is strongly isolated.

In Sections 6.6 and 6.5 we prove the following two theorems, which are the main results
of this section. To explain it recall that a subgroup M of a group G is malnormal if for
any g € G\ M ¢g-'Mgn M = 1. Following [KM1] we say that two subgroups A, B of a

group G are conjugately separated if for any g € G g7 'AgN B = 1.
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Theorem 28 Let G and H are BP-groups and A, B are isomorphic subgroups of G and
H. If A and B are strongly isolated and, at least, one of them is malnormal in G or H,

then the free product with amalgamation Gxs—pH is a BP-group.

Theorem 27 Let G be a BP-group and A, B be conjugately separated isomorphic sub-
groups of G. If A and B are strongly isolated in G and either A or B is malnormal in G
then the HNN-extension

(G,t | tAt™ = B)

18 a BP-group.

6.2 Elementary properties of BP-groups

The following condition (S) was introduced in [O11].

Definition 29 A group G satisfies the separation condition (S) if for any positive integer

k and any tuples v = (u1,...,ux) and g = (g1,- .., gr+1) of elements from G such that
[ ua] #1 for i=1,...,k—1,
there exists an integer n(u, g) such that
QU g2 - - - QUL g1 F 1 (1)

for any integers aa,...,ar > n(u,g).
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It turns out that the conditions (BP) and (S) are equivalent. To prove this we need the

following lemma.

Lemma 3 Let G be a BP-group, u = (gi1,...gx) € G* be a commutation-free tuple, and

h € G. Then there ezists a constant n(u/h) such that
9™ g F R

for every o, ..., > n(u/h).

Proof. Suppose that for any integer n there exist integers ni,...,nt > n such that
g™ ... gkt = h.

Observe that the tuple
w=(g1,---, 9k Qk—l—l, R 91_1)

is commutation-free. Let n{w) be a boundary of separation for u. By our assumption

there are aj, ..., > n{w) such that
91 . g™ = h.
Similarly, there are some fi,. .., B > n{w) + ox such that

g?t .. g% =h.
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So

g g P (g DT T () =1
and all the exponents above are greater than n(w) - contradiction.

Proposition 1 A group G satisfies the big powers condition (BP) if and only if it satisfies

the separation condition (S).

Proof. Obviously, (S) implies (BP) (put g = (1,...,1) in (S)).
Assume now that (BP) holds in G. Consider tuples v = (ui,...,ux) and g =
(g1,---,grs1) of elements from G and suppose that for any integer n(u, g) there are inte-

gers oy, . . . ,0x > n(u, g) such that

q1uT ga - .. GrUp Gk = 1.

We need to show that [uf*™*,u;+1] = 1 for some 7 (1 <7 < k — 1). Observe, that

92_191 1)0:2 . ( 9;1"'91—1

-1
1=g1ud'gs ... geug*grys = (u7' ) N (7% )*g1- - - et (2)

Hence
-1 -1 -1 -1 -1
(uft )*(ug? T ) (g T ) = (g1 k1) T

It follows from Lemma 3 that the tuple
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has commutation, i.e.,
[uf"-l"’gl_l,ufﬁl"'g?] 1
for some 7 (1 <4 < k— 1). Conjugating by g: ...¢; we obtain
%t

1= [u,-,uiﬂ] = [u*, uiga),

as desired.

The following proposition provides a host of examples of BP-groups.
Proposition 2 1) A subgroup of a BP-group is a BP-group;

2) A group discriminated by a BP-group is a BP-group;

3) Ewvery torsion-free hyperbolic group is a BP-group.

Proof. 1) is obvious.
To prove 2) suppose H is discriminated by a BP-group G. If u = (hy,...,h) € HF is
a commutation-free sequence in H, then there exists a homomorphism ¢ : H — G such

that v = ¢(u) is commutation-free in G. Therefore there exists a constant n(v) such that

(h)™ ... (R)™ #1

for any a; > n(v). Hence

B R £
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for every such ¢;. This shows that H is a BP-group.

3) has been proven in [Ol1].
Proposition 3 1) Direct product of two non-abelian groups is not a BP-group;
2) Direct product of a BP-group and a torsion-free abelian group is a BP-group.

Proof. Let G and H be non-abelian groups. Suppose a,b € G and z,y € H are two pairs

of non-commuting elements. Put

u = (1L,y),u2 = (a,2),uz = (b,z™),us = (L,y7),us = (b7,2),us = (™', z77).
Then u = (uy, ..., us) is commutation-free. But for an arbitrary large n we have
uy...ug = 1.

Hence G x H is not a BP-group.

2) is straightforward.

Remark 1 The first statement above shows, in particular, that a group separated by a
BP-group may not be a BP-group. And the second one implies that there are non-abelian

BP-groups with non-trivial center.

Lemma 4 Let G be a BP-group. Then the following holds:
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1) For any elements z,y € G and any non-zero integers n,m if [2*,y™] = 1 then

[z,9] = 1;
2) Egtraction of roots is unique (wherever defined) in BP-groups.

Proof. Let [z",y™] = 1 for some non-zero integers n,m. If [z,y] # 1 then the tuple

(z,y,z71,y~1) is commutation-free. But for any k > 0 we have

xnlcymk x—nky—mk =1

- contradiction. This proves 1). 2) follows easily from 1).
Theorem 24 FEvery BP-group satisfying a non-trivial identity is abelian.

Proof. Suppose that a BP-group G satisfies a non-trivial identity

k1

W(.’Bl, 113,,,) =Ty .. CI)ilk’ = 1,

where z;; € {T1,...,%a},%;; # :r,f;il If there exist n pairwise non-commuting elements
ai,--,0n € G then the tuple (a;,*,...,a;") is commutation-free, but for any k¥ > 0 we
have

W(alk, ...,ank) = a,,-l"“"’...ai,'“"c =1

- contradicting (BP). Thus, it suffices to show that if G is non-abelian then there are n
pairwise non-commuting elements in G. Suppose z,y € G such that |z,y] # 1. We claim
that the elements zy, zy?, ..., zy™ are pairwise non-commuting.
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Indeed if 5 # ¢ and [zy®, zy*] = 1 then

s~

1= [zy®,zy'] = [ay'y® ", oyf] = [oyfs 2]y

S

L ay] =

= [y, ] = ol 2] = [y o

and by Lemma 4 [z,y] = 1 - contradiction. This shows that G is abelian, as desired.

6.3 Free products of BP-groups

In this section we show that a free product of two groups is a BP-group if and only if
each factor is a BP-group.

Let G and H be groups. By G x H we denote a free product of G and H. Every
element w € G * H can be uniquely expressed in a reduced normal form w = uy - ... - Uy,
where u; # 1, u; is in one of the factors G or H, and u;,u;4+; are not in the same factor.
The number n is called the length of w and it is denoted by |w|. If u,v € G * H such
that the reduced forms of u~! and v begin with elements from different factors then we

sometimes write u o v instead of uv. Clearly
w =uov <> |uv| = |u| + |y

Put
efu,v) = 5 (ful + Jo] ~ us]).
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Observe that c(u,v) is either a non-negative integer n or a rational number of the form
n+ % The number ¢(u,v) measures the length of cancellation in the product uv. Now, for
a non-negative rational number @ we denote by uo,v the product uv provided c(u,v) < «,
ie.,
Uy = U0V <= c(u,v) < o
In particular, if & = 0 then uo,v = uov. Also, if u = u; o f1, v = fo0vy, where fi, fo from
the same factor (G or H) and f; fo # 1, then uwv = uoLv.
Lemma 5 The following equivalence holds for every positive integer n
UORV ESU=U OU, V=100, [ug],|v1] <m, uv=wuyo0 (ugui)owy.
Proof. By a straightforward verification.
Definition 30 Let u,v € Gx H. Set
Coo (U, ) = limsupy_ooc(u®, vF)

If coo(u,v) is finite then we say that (u,v) satisfies separation condition (SC) and denote
by k = k(u,v) a positive integer (in this case it exists) such that

Coo(u,0) = c(u”,v¥)
and for every m,n >k

c(u™,v™) < c(u,v¥).
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An element w = uy - ... U, € G x H is called cyclically reduced (c.r.) if u, and u;
are in different factors or n < 1. We call w weakly cyclically reduced (w.c.r.) if either

un 7 uy’, or n < 1. Every element w € G * H can be uniquely presented in the form
w=w, 1o w o w,

where w is w.c.r. This element w is called the w.c.r. part of w.

Lemma 6 Ifu,v € G* H and either [a] <1 or || < 1 then ceo(u,v) < 00.

Proof. 1, say, |a] < 1 then for any m

m| =

[u™| = Jug 8™ ue| < Jug ] = Jul.

Therefore for every m

c(™, ") < [u™| < ful,
hence Coo (1, v) < |ul.
Lemma 7 Let u € G* H and |a| > 2 then:
1) W > [l +Jal - 1
2) |uk| > klu| —k+ 1.

Proof is obvious.
Lemmas 5 and 7 imply the following result.
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Lemma 8 Let u,v € G* H and ||, |v] > 2. If ceo(u,v) < 00, then for every

e > max{ceo(u, v), k(u,v)}
and every m,n > e the following holds
u" = w0 g (u0%)op 4 U

Proof. Let e > max{cy(u, v), k(u,v)} and let m,n > e. Then by definition c¢(u®,v™) < e.

We have

u® = u:l o e o1 7€ o Ue, ™ = ,Uc—l o p™m—e o1
2 2

Since |a|, |u] > 2 it follows from Lemma 7 that
|@€ ous] > e > c(u®,v™), |[0°ou]>e> c(u®v™).

By Lemma 5

n,m -1 —=7

wv™ =y, ou" ‘o €

1 (@uvy 1%%) o 17" o,

The equality above can written in the form

-1
c

]

uty™ = (u o™ %o ’U,c) O]‘uc|+'% (u;lﬁeucvc_l't_)evc) OI’UCH'% ('Ugl o™ %o 'vc) =

— g€ €,,€ m—e
= U Opy)4d (uv )Olvc|+% v

as required.
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Lemma 9 Let u,v,w € Gx H. Then
Coolty V) < 00 = Coo(w ™ uw, w™lvw) < o00.

Proof. Let u = u! ot oue,v = v ovowv. In view of Lemma 6 we can assume that
[al, [9] > 2.

1) We show first that
Coo (U, V) < 00 > Coo(, ucvu ') < 00.

There exists [ such that

077" > fucl,  [0ve] > Jucl-

Then for any n > 1

n+21 u- 1

_ 1 n 1, -1
UV e — UcU OI”CH% v °Iw|+% vu, .

This implies that
c(@™ ™, uv™ M) < e(@™t o ue, vt < (@™t uu™ M ul) + fu (3)
Now, for every m,n > k(u,v) +1
(@™, (ucvus )™ = (@™, ucv™ 2 us?) < (@™ o ue, v St =
e(uct Opy 41 w™ o™ oy, 1 vult) = c(w™ v < eoo(u,0).

2
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It follows that

Coo (T, VU Y) < Coo(u,v).

Reversing the argument above and using (3) one can show that
Coo (T U Y) + el > coo(n, v).

This proves 1).
2) In view of 1) we can assume now that u = 4. Similarly to the argument in 1), one

can easily show that if u =p °14 then
CoolU, V) < 00 <=> Coo(qp, P vp) < 0.

3) Observe, that the w.c.r. part of wluw is a cyclic permutation of u = @, i.e.,

w™luw = gp
for some p, ¢ such that 2 =po 1. It follows from 1) and 2) now that
Coo(Uy V) < 00 <= Coo(w  uw, w™vw) < o0.
This proves the lemma.

Lemma 10 Let u,v be cyclically reduced elements of G * H such that |u|,|v| > 2. If for
somem,n > 1
c(u™ v™") 2 |ul + |v|
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then u and v are both powers of one and the same element from G x H. In particular, if

both u and v are not proper powers then u = v.

Proof. If |u| = |v| > 2 then obviously u = v. Let now |v| > |u| and let [v| = s|u| + &, for
some integers 1 < 5,0 < k < |u|. Let u = uy o ug where |ui| = k. Then v =u°owu; and
hence u = ug 0 u;. So [ug,u;] = 1. Since |u| > 2 we deduce that ug,u; both are powers of
some w € G * H. Therefore v and v are also powers of w. It follows that u = v =w in

the case when u and v are not proper powers.

Proposition 4 Let G, H be arbitrary groups, and u,v be elements of

G x H such that [u,v] # 1. Then cx(u,v) < oo.

Proof. Suppose (u,v) is a counterexample to the statement above with a minimal possible
total length |u| + |v|. Observe that by Lemma 6 |a|,[7| > 2. By Lemma 9 every pair
conjugate to (u,v) is also a counterexample. Assume that at least one of u,v, say u, is
not a w.cr. element, i.e., u = u;! o %o u, and u. # 1. Then the pair (&,uvu;?) is a

counterexample of the length
[l + JucvuZ | < fa] + Jue| + ol + ug?| = Jul + Jv].

The equality above holds if and only if u.vu;! = u. o v o u . Therefore u.v = u, o v and
hence for every m,n > 0 u"v™ = u™ o v™, i.e., Co(u,v) = 0, - contradiction. This shows
that both u and v are w.c.r. Assume now that at least one of u, v, say u, is not cyclically
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reduced. In this event, u = a; o v’ o ap, where a;,ay are non-trivial elements from
the same factor, say G, and a; # a;*. Notice, that v starts with a non-trivial element az
from the same factor G (otherwise there is no cancellation between v and v, as well as
between u® and v™), so v = az o v'. If agaz # 1 then u™v™ = u™ o1 v™, and Coo(u,v) < 3,
- contradiction. Hence az = a;'. In this case the element agua;’ = aza; o v’ has smaller
length then u, but the element agva;? = wva;' has length at most equal to the length
of v - contradiction. It follows that both elements u and v are cyclically reduced. Since
Coo(®,v) = 00 we have c(u™,v™) > |u| + |v| for some big enough m,n. This implies that
()™ and v™ has common initial segment of length |u| + |v|. By Lemma 10 [u,v] =1 -

contradiction. This shows that (u,v) satisfies (SC).
Theorem 25 A free product Gx H is a BP-group if and only if G and H are BP-groups.

Proof. Let G and H be BP-groups. To prove that G * H is a BP-group we have to show
that an arbitrary generic sequence of elements from G x H is independent. It suffices to
consider only sequences of elements which are not proper powers. Let u = (uy, ..., ux) be
such a generic sequence. We divide our proof into three cases.

1) Let w; =w; og;ow;, and |g;| #1 (ie.,, s €EGUH),i=1,...,k.

For elements g, h of a torsion-free group with g # 1 by n(g/h) we denote a minimal
positive number such that g* # h for any integer n > n(g/h) (such number n(g/h) always
exists). Now, for every ¢ we define numbers m;,n; as follows. Suppose g; € G. If the
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reduced form of w;_jw; ! ends on an element from H then m; = 1; if this form ends on
some g € G then m; = n(g;/g); if 11),-_111){’1 =1 and g;-; € G then m; = n(g;/g:_1); if
Wim1W; =1 and g;_; € H then m; = 1. Similarly, if the reduced form of w,-w;rll starts
with an element from H then n; = 1; if the form starts with an element g € G then
n; = n(gi/g); if wiw;_ll = 1 then n; = n(gi/gi+1). In the case when g; € H we define
numbers m; and n; in the same manner, just interchanging G and H. For uniformity put

my = ng = 1. It is easy to see that
n(u) = maz{my,n,..., Mk, Nk}

is a separation boundary for the tuple u, so u is independent.
2) Let |a;| > 2 for all ¢ = 1,..., k. By Proposition 4 for all pairs (u;,u;1+1) one has
Coo(Ui, Ui+1) < 00. Denote by e; any number

satisfying the inequality from Lemma 8 for the pair u;, u;1;. Put
t = maz{ey,...,ex1}

Then for arbitrary integers n; > 2t + 2 the following holds

ny—1—21 g —t

ny~t ng—2t t t t
Oqg Uglg - . . Up_ Oaj—; Ug—1Ug Oy U~

t t
u1111 AL Uzk =U Oq; UjUg Oap Ug

where o; < $|u;|. This shows that uf" ... u;* # 1 and the sequence u is independent.
3) Suppose now that u = (uy,...,ux) is an arbitrary generic sequence. We can divide
u into segments u = v; U ... U v, such that each segment v; is either of the type 1) or

7
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the type 2), and successive segments v;, v;+1 are of different types. As we showed above,
for every v; there exists a separation boundary k;. We use these numbers k; to obtain a
separation boundary for u. Suppose that v; is of the type 1) and vy, is of the type 2).
We start with defining some auxiliary numbers ¢;, 7;11. Let w™!gw be the last element of
the sequence v; and f be the first element of the sequence v;4;. Denote by r;4; a positive
integer such that |f™+!| > |w|-+ 1. If the reduced form of wf™+! starts with an element a
from the same factor as g then put g; = n(g/a), otherwise ¢; = 1. Similarly, if v; is of the
type 2) and v;4; is of the type 1) then we define numbers s;,p;1;1 as follows. Let now f
be the last element of the tuple v; and w™'gw be the first element of the tuple v;,;. Put
s; be a positive integer such that |f%| > |w| + 1. If the reduced form of fSw ends with
an element a from the same factor as ¢ then put pi+1 = n(g/a), otherwise p;1; = 1. This
way for every index ¢ we defined some of the numbers p;, ¢;, 7;, s;. For uniformity uniform

we assume all other yet undefined numbers to be equal to 1. Put

n(u) =maz{k+pi+¢+rit+si|i=1,...,m}

It is not hard to see that n(u) is a separation boundary for u. This shows that G x H is
a BP-group, as desired.
The converse statement is obvious, since G and H are subgroups of G H. This proves

the theorem.
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6.4 Big Powers Condition Modulo Subgroups

Recall that a subgroup A of a group G is called isolated if for every g € G if g* € A for
some non-zero number £ then g € A.
Let G be a group, A be a subgroup of G and u = (uy, ..., ux) be a generic sequence of

elements of G. We say that:
1) u is A-generic if there exists ¢ such that u; ¢ A;

2) uis A-independent if there exists an integer n such that for any integers 1, ..., >

n

u gt € A

Definition 31 Let G be a group. A subgroup A of G is called strongly isolated if every

A-generic sequence of elements of G is A-independent.

Sometimes, if A is a strongly isolated subgroup of G we say that G satisfies (BP) modulo
A.

Observe, that a strongly isolated subgroup is isolated.

Lemma 11 Let A be a subgroup of a group G. If u = (us,...,ux) is an A-independent

sequence of elements from G then for any element h € G there exists a number n = nap(u)
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such that for any integers o; > n
w* .. u*h & A.
Proof is similar to the one of Lemma 3.
Proposition 5 Let G be a BP-group. Then any centralizer in G is strongly isolated.

Proof. Let A = Cg(X) be a centralizer of a subset X C G and let u = (u, ..., ux) be an
A-generic sequence from G. Assume u is not A-independent and k is minimal with this
property. Then u; € A. Indeed, if u; € A then the sequence (us,. .., u) is still A-generic

and it is not A-independent, since for any integers «;
Wi . ugk, X =1 [ud?...u*, X]=1.

This shows that there exists y € X such that [u;,y] # 1. Now if [ug,y] = 1 then for any
integers a;

W ugk,y =1 [Pt oy y] =1

Taking (uy,...,ux_1) instead of u, if necessary, we may assume that [ug,y] # 1. Now, the

sequence
v=(u;ly...ur YU, - - Uk, Y)
is generic, but it is not independent, since for every integer n there are integers a;, ... ,0x 2>
n such that
80
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..., X] = 1

in particular for every integer m

[w*...ugk,y" =1

This contradiction shows that A is strongly isolated.

Proposition 6 A free factor of a BP-group is strongly isolated.

Proof. Let G * H be a. BP-group. We need to show that G is strongly isolated. Let
u = (us,...,ux) be a generic sequence from G* H. In the proof of Theorem 25 we showed

that the syllable length of the element

u* =ut .. ugt

goes to 0o when all ¢; go to 0o, unless each element u; has the cyclically reduced length
equal to 1, i.e., |#;| = 1. This shows that if u is G-generic and it is not G-independent
then |@;| = 1 for i =1,..., k. Moreover, it can be easily seen from the proof of the case 1)
of Theorem 25 that in this case all %; have to be from the same free factor, in fact from
G, otherwise |u®| > 1 for big enough ;. Further analysis shows that u; € G for every

1=...,k - contradiction with A-genericity of u. This proves the result.
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Now let G be a torsion-free hyperbolic group with a finite generating set S. For
elements g, h € G denote by d(g,h) = ds(g, h) the length of a geodesic path from g to
h in the Cayley graph T'(G, S) of G with respect to S. Denote I(g) = d(1,g). Given

z,y,w € G we define an inner product (z - ¥) by

(@ 1) = 5(d(z,w) + d(yw) - dz,9))

In particular, if w = 1 then we denote (z - y); by c(z,v).

We need the following known results.

Lemma 12 [Ol1] Let G be a torsion-free hyperbolic group and g,h € G such that [g,h] #

1. Then there ezists a constant C = C(g,h) such that for any m,n c(g",h™) < C.

Lemma 13 [ABC] Let g be an element of infinite order in a hyperbolic group G. Then

there ezists an integer N(G) such that l(gN™) > m for any positive integer m.

For z,y € G by [z,y] we denote a geodesic segment from z to g in I'(G,S). Let
[z1, ..., %] be a broken line which connects points zi,. ..,z in ['(G, S) by the geodesic

segments
[3;13 2;2]: sy [x‘n.—hxn]-

In particular, [z1, ..., Zn, Z1] is & geodesic n-gon in I'(G, S).
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Lemma 14 [Ol2] Let G be a torsion-free hyperbolic group with a hyperbolicity constant
0. If ¢ > 146, ¢ > 12(c+6), and a geodesic n-gon [z, ..., Tn, T1) with n > 3 satisfies the
following conditions: |x;—1 — x| > ¢ fori=2,...,n

and (Ti—g - T:i)z,_, < ¢ fori=3,...,n. Then the broken line p = [z1,...,z,] is con-
tained in the closed 2¢ - neighborhood of the side [zn, 1] and the side [z,, 1] is contained

in the closed 146-neighborhood of p.

Definition 32 A subset A C (G, S) is quasi-convez if there ezists a real number € > 0

such that every geodesic [a, b] with endpoints a,b € A is contained in e-neighborhood of A.

Theorem 26 Let G be a torsion-free hyperbolic group and A be a quasi-convez isolated

subgroup of G. Then A is strongly isolated.

Proof. Assume that a quasi-convex subgroup A is not strongly isolated in G. Let u =
(91,---,9%) be an A-generic sequence from G which is not A-independent of minimal
length k. It follows that g € A. By our assumption for any positive integer n there
exist integers my,...,ng > n such that g™ - ... g™ € A. We consider now a & + 1-gon

[©1,--.,Zry1], where z; =l and fori=2,..,k+ 1

Ti=g1"ge™ ... gi

Notice that
(xi—27 "Bi)zi—l = c(gi—lni_17 gini):
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so by Lemma 12 there exists a constant C; = C;(g;-1, g;) such that for any n;_;,n; we
have

(xi—2> xi):r;_l S C‘i-

Let 0 be a constant of hyperbolicity of G. Put

szaa:{C’, i?:':l,...,k}, 01:12(O+5): Co = max {lgfl}

0<i<k, 0<r<N
Let’s take n = (C} + C2)N where N is the constant which appears in Lemma 13. Then
for every n; > n we have n; = kN + r, where k > C; + Cz and 0 <7 < N, so by Lemma

13

d(zi1,7:) = |g7| = |gF" | > i+ Co— |gf| 2 C1 =12(C +4), i=2,...,k+1,

This implies that there exists a number 7 such that for any m > n the (k + 1)-gon
[Z1,...,Trs1] satisfies the conditions of Lemma 14. Hence the element g7* is contained
in the closed 2C-neighborhood of the geodesic segment [1,g;™ ... gr™*], and therefore in
€ + 2C-neighborhood of A (here € is a quasi-convexity constant for A). It means that
there exists u € G such that g:™u € A and [(u) < € + 2C. Since there are only a finite
number of elements u with length less than or equal to € + 2C and there are infinitely
many such n; (at least one for every n) we see that there are n # m such that ¢g;"u € A
and g1™u € A. It follows that g, ™ € A, but because
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A is isolated we deduce that g, € A - contradiction. This shows that A is strongly

isolated.

6.5 HNN Extensions and Big Powers Condition

In this section we show that under some conditions on associated subgroups HNN
extension of a BP group is again BP .

Consider HNN extension G* of a group G relative to it’s associated subgroups A
and B and isomorphism ¢ : A — B. So G* =< G, t|tat™ = ¢(a),a € A > .

Now if w is an element of G*, then we can write this element in a reduced form
w = gotlgy...t"g, (n > 0),

where in the sequence
9o, tEI) g1, -4, ten) gn

there is no consecutive subsequence t, g;,t~* with g; € A or t71, g;,t with g; € B.
g g 9i b

Now we state the so called Britton’s lemma.

Lemma 15 [LS] If the sequence go,t%, g1, - . - , 1", g s Teduced and n > 1, then

gotigy.. . t"g, # 1

in G*.
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Reduced form of the element of G* is not a normal form, which means that the products
of the elements in two distinct reduced sequences may be equal in G*. Let choose a set
of representatives of the right cosets of A in G, and a set of representatives of the right

cosets of B in G. We will assume that 1¢ is the representative of both A and B.
Definition 33 A normal form is a sequence go,t, 91, - - . ,te"., gn (n > 0) where
(i) go is an arbitrary element of G,
(ii) if e; = —1 then g; is a representative of a coset of B in G,
(iii) if €; = 1, then g; is a representative of a coset of A in G, and
(iv) there is no consecutive subsequence t°,1,17¢.

It is known that every element w of G* has a unique representation as
w= got gy ...t gn

where

gOatEI)g17 e 7t6"7 gn

is a normal form. If now

w = got'gy ...t gy
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is a reduced form of element w, then we can assign to element w the length |w| = n which
is a number of occurrences of {1 in w. Then |w]| is a well defined length function on G*.
Clearly this length function has a kernel which is the group G.

An element

w = got*g1...t""gn

is cyclically reduced if all cyclic permutations of the sequence

gO:t£11gl7 cee ,tena On

are reduced. Clearly, every element of G* is conjugate to a cyclically

reduced element. As always we write w = w; o W o w2, where @ is the cyclically
reduced part of w.
Like in a free product case we can define the notion of separation condition for two

elements of G* and prove the following lemma.

Lemma 16 Letu,v,w € G*. If (u,v) satisfies (SC) then (w™luw, w™lvw) satisfies (SC).
Lemma 17 Let u,v € G* such that |a|,|5| > 1 and [u,v] # 1. Then these elements
satisfy separation condition.

Proof. As in the proof of similar lemma, for free product we can reduce a general case to the

cyclically reduced one. So let u and v be cyclically reduced elements where |u|, [v] > 1.
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Let’s assume that pair (u,v) does not satisfy (SC) condition and cancellations go to
infinity”.

Suppose that element u has the following form u = u; o v=* where the number |k is
k

1 k+2

maximal (case v = u~ov, is similar). Now consider the product u?v**t% = (u;ovFou, Jvov,

but u1v = uj0pv so there may be cancellations if |ui| < |v|. In this case cancellations

1 -k

will keep going if u; = av, ™! where a € G and v = v, 0o v2. So we have u = av; low
and v = v; o v9. Now

1 -1 -1

2ykt+2 — (av;™to fu‘k)a(vz ow0v) = (avy; T owg lo...0vg ™t 0wy H)alve 0 g o).

U

Case 1. |u1| > |ve]. Then for further cancellations v;~! has to have the following form

1

v, =11 ovy~la~l. So now

wv*? = (av; o vy o o 0 1) vy o wa).

But

1

|va~! o v'1| = |v1] and if there are further cancellations then we have v,™! 0 v/yv; = @

where a’ € G, so

w2 = (av; "t oyt o .. ovyY)a (0g) = (avy o vy o 0’y o vy raY)a! (vp)

, and therefore @’ = a. And we have (v, 0v'1)v; = a 50 v; = ¥/; " o wpa. So we have the
following equation
;) —1 ; -1
a0V =01 owea=;.
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1

Now we’ll show that u = av;~! o v~* and v = v; o v, commute.

It is enough to show that [av, ™, v] = 1. We have

av; ™t - v = (av'; o vy ta ") (av, 0 v'1 T o wp) = avg

on the other hand

1 1

-1 _ 7 -1 7 -1 -1 _ ¢ =1 ¢ -1 —1__
v-av;” = (arpoviT om)arvioweTaT =aveoauz 0¥y UiU2 a7 = avp

, SO

[av;7t,v] = 1. Therefore [u,v] = 1. Contradiction.
Case 2. |wo] > |v1]. In this case we have v, = a™'v; o ¥'s. And applying the same
considerations as above we have v, = '3 o v;a™!. So we have the following equation
a~lv; 0 'y = v’y ov;a” L. Again we can show that [av;™!,v] = 1. Indeed av; ™ v = av, =

21 © V9, on the other hand

1

vav;™} = v oveau; = vy 0 v o vialav; T = v 00y,

So again we have [u,v] = 1. So what we get is the fact that starting from some big number
k in the product u*v* all cancellations stop, which gives us the separation condition for

u and v.

k 1

If neither u = u; o v™* nor v = u™ o v; for some numbers &k and I, then uop,_;v™ and

u"0jyj-1v for any n and m. Obviously in this case (u,v) satisfies (SC).
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Definition 34 Let G be a torsion-free group and A, B are subgroups of G. We say that

A and B are conjugately separated, if for any element g € G gAg™* N B = {1¢}.

Theorem 27 Let G be a torsion-free BP-group, A, B are conjugately separated isomor-
phic subgroups of G with ¢ : A — B an isomorphism, and either A or B is malnormal

in G. Suppose also that G has a BP condition modulo A and modulo B. Then
(G,t ]| tat™ = #(a), a € A)
18 a BP-group.

Proof. Suppose that B is malnormal in G. To prove that G* is a BP-group we have to show
that an arbitrary commutation-free tuple of elements of G* satisfies the BP condition. Let
u= (uy,...,Un) be a commutation-free tuple of elements from G*. We will show how to
find a separation boundary for u. First of all we divide our tuple u into subsequences of
different types which we are going to describe.

1) Consider the subsequence 4’ = (u;, ..., %;;) of maximal length where
Uiy, = Wj O Gi, owj'1 ke{l, ...}

Note that we can assume that w; ends on t*, where € = +1. Suppose that w; ends on
t, then every element g; doesn’t belong to A. In this case, using the fact that G is BP

modulo A, we associate with the tuple %' a number 1 4(gy), where

Guw = (giu"':gij)‘
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Clearly na(g.) is a separation boundary for the tuple u' which we denote by n(u').
Similarly, if w; ends on ¢! then n(u’) = ng(gy).

2) Consider the subsequence v” = (uj,,...,u;) of v of maximal length such that for
every i € {1,...,l} '}, # u'j,,, Where u;, = u'j, 0 g, ow';,;”". Now for every i we define
numbers m;, n; as follows.

Consider u/; 0 g; o u',-"lu’,—ﬂ 0 git1 © u’i.H—l.

Yu/; 11 starts from got,

Case a. |w;] > 1. Suppose that u'; ends on t, so g; € A. If v/;~
then m; = 1. If o/; " 'u'sy1 starts from got™2, then m; = nag(g). Suppose now that
w'iy1 ends on ¢. If o/;7'o;y; ends on t1g then n; = 1. If v/ 'u/sy; ends on tgo, then
T = Npgo(gi+1)- All other cases can be done in the same manner.

Case b. v/; = 1. If 4 = j;, then we have g;u';11 0 giy1 © u'iH_l. Note that in this case
;1) # v/ = 1. In this case we take m; = n; = 1.

Let now ¢ > j;. Consider u;_1 0 gi_y 0 %'i_1 ' gi%Wis1 © gis1 © u’i+1—1. Suppose that u;_;
written in the normal form ends on t !¢ and u;y; starts from g~'¢. In this case g € B
and if g; € B, then using malnormality of B in G we take m; =n; = 1. If g; ¢ B and
99:9~! & B, then since B is isolated we take m; =n; = 1.

Suppose that u;_; ends on tg and u;,, starts from g~'¢~! and g; € B. Here we can use

the fact that A and B are conjugately separated and take m; =n; = 1.

Now suppose that u;_; ends on tg and u;y) starts from g~¢#~! and g; = a € A. So we
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have

Ui-1 i Uiy = ...tegn_ltg ag—lt_lgllta....

Since A is not malnormal in G it might happen that gag~! = @’ € A so we have ta't ™! =
b € B. Let’s consider the case when € = —1 and § = 1. Clearly there exists [ such
that for any k > 1 g,_1b*9', ¢ B. Indeed otherwise g,_;b°¢’; € B for some s > 0 and
gn—1b'g'; € B for some t > 0, 50 gn-16°gn—1~! € B, but B is malnormal in G. So we take
m; = [, n; = 1. All other cases can be done using the same considerations.
It is easy to see that n(u”) = maz{m;,ni,...,mu_1,m_1} is a separation boundary for u".
3) Consider the subsequence v = (us,,...,us,) of u of maximal length such that
|ts,| > 1 for every 7 = 1, ...,1. Then like in free product case using Lemma, 17 we can find
a separation boundary n(u”) for u".
Now we can divide u into segments © = v; U ... U vy, such that each segment v; satisfies
either 1) or 2) or 3) and successive segments v;, v;41 are of different types. As we have
shown above for every tuple v; there exists a separation boundary k;. Now for each pair
(v;,v;4+1) we define numbers /; and 7; to construct a separation boundary for .
If v; € 1) and vi41 € 2) (or v; € 2) and v;4; € 1)) then considering the last element of v;
and the first element of v;,; we define numbers I; and r; exactly in the same manner as
we defined m; and n; in 2).

Let now v; € 3) and v;4; € 2). Let u; be the last element of subsequence v; and wo gow™?
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be the first element of v;41, where |w| > 1.

Case 1. Let w =u; % ow'. Then we can take s > k + 2. Consider the product

s—k 1

-1y / _
u;*(wogow ) =u;""o,w ogow

where z < |u|. Now if w’ doesn’t cancel out then we take l; = s, r; = 1. Suppose that w'

s—k—2 1

cancels out then we can consider this product in the following form u o (u2w')gow™!.
If w™! starts from ¢ (note that in this case g & B) and u?w'’ ends on ¢~1g, then we take
li = s, 1i = npg(g). All other cases can be done using the arguments above.

Case 2. Suppose that we have u; = v’ ow™. So v*(wogow™) =uo,u/gow™". And we
can take l; = 2 and find r; using the arguments above.

We take

'I'I/(’(L) = maa:{rl, lly n(”l)) -y Tm—1, lm—l, n(vm-—l); n(vm)}

It is not hard to see that n(u) is a separation boundary for u.

6.6 Free Products With Amalgamation and Big Powers
Following the strategy outlined in [GKM] we obtain similar results for amalgamated prod-

ucts as corollaries of Theorem 27.

Lemma 18 [GKM] Let A and B be subgroups of groups G and H respectively, ¢ : A — B

an wsomorphism. The groups A and B can be considered as isomorphic subgroups of the

93

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



free product G x H. Let us denote by

E(G,H,¢) = (G*H,t |t at = ¢(a))

the HNN-extension, associated with ¢, of the group G x H. The amalgamated product

G x4 H is embeddable in E (G, H, ).

Proof. The subgroup (G%, H) generated in E (G, H,$) by the t-conjugate of G and H is
isomorphic to G 4, H. It can be easily verified using the normal forms of elements in

E(G,H,¢).

Theorem 28 Let G and H be BP-groups, A and B are strongly
isolated subgroups respectively in G and H, and either A is malnormal in G or B is

malnormal in H. Then the free product with amalgamation Gxs-pH is a BP-group.

Proof. It suffices to show that the HNN-extension E (G, H, @) satisfies all the conditions
of Theorem 27. Indeed, in this case E (G, H, @) is a BP-group and by Lemma. 18 Gx4-pH
is a subgroup of E (G, H, ¢), hence it is also a BP-group.

First, we claim that either A or B is malnormal in the free product G*H. Malnormality
is transitive: if X is a malnormal subgroup of Y and Y is a malnormal subgroup of Z,
then X is a malnormal subgroup of Z. So we need only to point out that the factors of

a free product are malnormal in the product [LS]. Then we need the fact that A and B
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are conjugate separated, i.e. AN B* = 1for all z € G * H. 1t is enough to prove that G
and H are mutually conjugate separated in their free product, and this is easily verified
using normal forms. Next, we need the fact that the class of BP-groups is closed under
free products (Theorem 25). To complete the proof, we note that A and B are strongly
isolated in G * H. Indeed, it is easy to see that strong isolation is transitive, and the
result follows from Proposition 6, which says that free factors of BP-groups are strongly

isolated.

7 One-variable equations in torsion-free hyperbolic
groups

7.1 Preliminaries

In this subsection we list some properties of torsion-free hyperbolic groups which we will
use in the sequel, some of these properties were already mentioned in the section 1.
Let G be a d-hyperbolic group, such that an inner product is 6-hyperbolic. We fix the

following notations

l(g) = lgl = d(1,9),

clg,h) = (g B)r = 5(Ug) +1U(h) ~ Ug™h)
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and

goch <= c(g7}h) La.

Lemma 19 [G] For any nontrivial element g of a torsion-free hyperbolic group G there
exists g that is not a true power in G and a natural number m such that g = §g™; § and

m are uniquely determined. In addition, C(g) =< § >.
We call g € G a root element if it is not a proper power in G.

Lemma 20 Any torsion-free hyperbolic group satysfies CSA condition, so commutativity

relation is an equivalence relation on G — {1g}.

Lemma 21 [0Ol1]

Let G be a torsion-free hyperbolic group and g,h € G such that [g,h] # 1. Then
9" oc@m W™ 9 oc(e) g° and h* ooy h*
for some constants C(g, h), C(g) and C(h) that doesn’t depend on m,n,s,t provided st > 0.
Lemma 22 [G/
If g is an element of infinite order in a hyperbolic group G and o be a geodesic path
from the vertez corresponding to the identity element to the vertex corresponding to g.
Then there is a constant H(g) which is a Hausdorff distance between [1, g"| and bi-infinite

path (...,g7'a, @, ga, ...), for any integer n.
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Lemma 23 [Lys/ [G]
If in 8-hyperbolic group G elements g and h are conjugated, then there exists an element

a such that g = a'ha and |a| < 2(|g| + || + 89).

71 and o

7.2 Main technical results

Let G be a torsion-free hyperbolic group. To simplify computations we assume that
0 = maZ {Ostim; Othins Oinner product }- Therefore, for example, we will have no qualms about
saying that triangles are d-thin while at the same time inner product is §-hyperbolic. The

next simple lemma follows from the fact that inner product is d-hyperbolic.

Lemma 24 Let (a,b,c) be a triple of natural numbers such that

a > min(b,c) — 4, b > min(a,c) — 6, ¢ > min(a,b) — 6.

Then |t —y| < & and z > 2,y, for some z,y,z € {a,b,c} .

Lemma 25 Let vy,...,v, € G, n > 2, |v;| > 2(c+ 0) and viocviy1. Then (v - ... -

Un—1)Oct+5Un. In particular, |vi-... v, >2c+40 and vy - ... v, # 1.

Proof. Proof is done by induction on n. Case n = 2 is trivial.
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Let (vy----- Un—2)Oc+8Un—1- S0 JUg--- - Un—a| + |Vn-1| = |1 -+ - Un-1| < 2(c+6). Consider

- N ’Un), C(('Ul """ vn—l)_17 'vn—l—l)) c(vn—1_17 ’Un)) = (a7 IBS ’Y)
From the hyperbolicity of group G this triple satisfies conditions of the lemma, above. We
have

1
ﬁ — .._(’:Ul ..... ’Un—ll 4 ]vn—ll — I’Ul ---- ’Un_2‘) 2 E(Zlv’n"ll —2¢— 26) >c+ 5

and v < c¢. Now the case when |3 — 7| < § is impossible, therefore by the lemma above
o — 7| <6 and hencea < v+ 6 < c+4d.

Hence |v; - - -~ Un—1| + [va| = |1+ -+ Un| < 2(c+ 6), and
lvg oo+ Up| > v - Un—1| + [Ua] —2(c+8) > 2c+ 40 + |vn| —2(c+d) > 2c+ 46

as desired.

The next lemma shows that in the case of three factors we just need a middle element

to be "long”.

Lemma 26 (i) For any u,v,w € G such that uo,vo,w if |[v| > ¢; + co + §, then
(uv)oc,rsw and uo., +s(vw).
(i) For any u,v,w € G if (uoc,V)0c,w, then U0, V0e; e, W aNd UOe, +¢; (VOe, 4, W)-
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Proof. (i) Clearly c(v™2, (wv)~1) > ¢; + 6. Suppose now that c((uv)™,w) > ¢z + 0,

‘1,w) > ¢ contrary to the conditions.

then since the inner product is d-hyperbolic c(v
Therefore ¢((uv) ™", w) < ¢ + 8. Similarly we show that c(u™*,vw) < ¢; + 6.

(i) By assumptions |u| + |v| — |uv| < 2¢; and |uv| + |w| — |luvw| < 2¢,. We have
2c(v™h w) = o] + |w| — Jow| < Ju| + [v] + |w] - juvw| <

< lu| + |v] = |wv| + 2¢c2 < 2(c1 + ¢2)-
Similarly we prove the second statement.

The next important lemma says that if there is a ”"big” cancellation in the product
tut™! then we can pick out a ”big” power of @ in element %, i.e. ¢t = t'o.4* for some

constant c.

Lemma 27 Let t,u € G such that c(t™,ut™) = $(13Ju| + 680) + 3, then t = t'o.u*

where C(u) =< 4 >, ¢ < 4|u| + 328 and |@® > B. Therefore c(t'™",ut'™") < ZL|u| + 985.

Proof. Suppose that d([a,b], [0,c]) < 5|u| + 346 + B, then there exist

y € [a,b] and z € [0, c] such that d(z,y) < 5lu|+346+ 3. Clearly |[o, z]| > [t|—|[z,a]| >
[t| — d(z,y) — |ul. Similarly |[z,c]| > [¢| — d(z,y) — lul, so |[o,c]| = 2(¢] — d(z,y) — |ul).
We have

2(t™,ut™) = [t + Jut ™| — lfo, ]| <
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Figure 6: Lemma 27

< fut ™+ [t] = 20t] + 2(d(z,y) + [ul) = [ut™] = [t] + 2(d(z,y) + |u]) <
< 3lu| + 10Ju| + 688 + 28 = 13|u| + 686 + 20.

Contradiction.

Therefore d([a,b],[0,c]) > 5lu|l + 346 + B > 2§ and [0,¢] C Oas(lo,a]l U [b,c]), so we
have z € [o,c| such that d(z,w) < 2§ and d(z,v) < 2§ for some points w € [o,a] and
v € [b,c]. Let jlw — a|] > |b— v| then we take v' € [b,c] such that |w — a| = |b — ¢'|. Then
lv—v|=|w—a|—|v—>0] <|u|l+46 and |w — v'| < 40 + |u| + 40 = 85 + |u|. Therefore
there exist elements ¢; and ¢; such that ¢ = ¢, o #; and |tjut; ™| < |u| +8d. And clearly
5lu| + 346 + 5 < d(z,[a,b]) < |t1] + 20 + |u| and hence |t1] > 4|u| + 326 + 8.

By Lemma 23 there exist s € G such that |s| < 2(Ju| + Ju| + 85 + 86) = 4|u| + 326
and tyut; ™! = sus™. So s7t; = 4 and we have t = tys571t; = to.u® where ¢ < s <

4|u| + 324. Note also that |a®] = |s71;] > |t1] — |s| > 6.
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Figure 7: Lemma 28
Now, since |t'| + |a®| — |¢'4*| < 2¢ we have
2t~ wt™t) = [t + Jut™Y = [fut’ Y = [Pod®] + Jui | — |tut' | >
> ]+ 5% — 2+ |ut' Y| = 2| + |@%] — 2¢ — [tut' | =
=2c(t'", ut'™") + 2/5°| — 2u| — 4c > 2, ut' ™) + 28 — 2Ju| — 4e.

Therefore

- - 1
e ut ™) < -2-(13]u| +686) + |u| +2¢c <

1 31
< 5(13|u| +680) + |u| + 8lu| + 646 = ?|u| + 984.

Lemma 28 Let t,u € G and c(t™},u*) = 36 + H(u) + |u| + B, where B > 0. Then
t = t10qu™ where ¢; < 20 + H(u) + |ul, a1 -« > 0 and [u=| > B. Therefore
tu® = tyo,u®~, where ¢ < 56 + 2H (u) + 2|u| + C(u).
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Proof. d(a, [0,b]) > (0,b)s = c(t™,u*). In particular d(a, [0,b]) > é. Therefore there
are t; € [o,a] and z € [a,b] such that d(ts,[o,c]) < 0 and d(z,[o,c]) < 6. So [t2x] < 260
and by the Lemma 22 z = u®v where v < H(u) + |u|]. We have t3 = gv~'u~* where
g = tox, and hence t = £;0(gv~tu™*) = t'10,u~*, where ¢; < |g|+|v| < 20+ H(u) + [u].
Now

[ > to] — [gu™"| > [ta] — |gl — lv] > [ta] — (26 + H(u) + |u]) 2
> 20+ H(u)+ |u| + 8 — (20 + H(u) + |u]) = B.

Now by Lemma, 21 c(u~*,u?) < C(u) for a- 8> 0.

We have

2 [ta] + [ = 2e0 + [u] + [u*™*| - 20(w) — [fu®"™] =
= 2c(t; ™1, u) + 2| — 2¢; — 2C(u) > 2c(t; 7, u* ) 4 26 — 2¢; — 2C (u).
Therefore
c(ty™,u* ) < 36 + H(u) + Ju| + ¢ + C(u) < 56 + 2H (u) + 2|u| + C(u).

Definition 35 A word W is termed reduced provided ||W|| = |W|. A word W is called
cyclically reduced if for any word V' the conjugacy of V and W in G implies that ||W|| <
V1.
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Any subword of a power of some word B*! is termed a B-periodic word.

Lemma 29 [Ol1] There is a constant Ao = Ao(G) such that if W is a B-periodic word,

where B is cyclically reduced word, then
(W[ > [Wi|+ [We| = Ao
for every factorization W = Wi W,.
When element W is ”long enough” the value of constant Ag is easy to find.

Lemma 30 Let W be a cyclically reduced word, such that |W| > 2(6+1) thenc(W—1, W) <

0+1.

Proof. Since |W| > 2(6+1) there is a decomposition W = W, W,W; such that |W;| =
|Wa| = 6 + 1. Therefore if ¢(W~=1, W) > § + 1 then |WsW;| < §. Hence |[WaWWs™}| =

|WsW1Ws| < |Ws| 4§ < |W|. Contradiction.

Let ¢(6) = 3 )o.
Notice that if % is a cyclically reduced element and H(%) is a constant which appears
in lemma 6, then it follows from theorem 2 (see section 1) that H (@) = A\;(G) does not

depend on element .
Lemma 31 Let t,a € G where @ is a cyclically reduced element and

c(t™,4%) = 36 + A + B, where B> 0 and X (G) = H(q).
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Then

—— —-l-a—a
)

-1 ’
t = t'oy o518 and tu® = t'ossyon 4e(s)Ur U

where [u; ™14~ > B and 4 = uyus.

Proof. We may assume that o > 0. As in the proof of Lemma 28 we consider
geodesic triangle [o,a,b]. We have d(a, [0,b]) > (0,b), = c(t™!,u*) > 4. Therefore there
are tp € |o,a] and z € [a, b] such that d(t3, [0,c]) < § and d(z, [o,c]) < §. So tez = g and
ltaz]| = |g| < 20. Path z = @*u;v where |v| < )\ and @ = ujup. So ty = gv~lu; 1o~
and ¢ = #; 0 (gv™lu;~a") = oy, rosus a1, We have

luy 7@ > Jto| — g™t > c(t7,4%) — 6 — 26 — A\ = B.
Note that 4* = 4*uy - uy ~1@*** and |4®| > |[a™us| + |ui~1a> | — Ao. Now
2¢(t™,3%) = Jtigu " or2s(un )| + [@%] - [agv T AT 2
> [tigv™Y + Juy T + 80 — [tgy ey T - 2) — 46 >
> |t1gv’1| + |'U.1_117,—all + lul_lﬁa_"‘ll + |ﬁ°‘1u1| - )\0 - Itlgv'lul_lﬁ“'°1| — 2/\1 — 46 =
= 2c((t1gv"1)"1,u1_1ﬁ°‘_°‘1) + 2[u1"1ﬂ“°‘1l — /\0 - 2/\1 - 45 Z
Z 20((tlg’l)_l)_1,ul_1’l,_l,a—a1) + 2,3 - Ao - 2A1 — 44.
Therefore we have

c((tagr ™) u e ) < 36+ A+ B — B+ c(6) + A1 + 20 = 56 + ¢(8) + 2.
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Let’s make the following notations:
er(w) = %(13|u| +685), & (u) = 4ful + 326,
, 31
di(u) = 7 |ul + 985 ,cx(w) = 36 + H(u) + [ul,
Co(u) = 26 + H(u) + |u|, 2(u) =56 +2H(u)+ 2lu| + C(u).
Lemma 32 Let t,u,v € G such that [u,v] # 1 and
c(t,ut) > c1(u) + &1(u) + Clu,v) + 0.

Then c(t,vt) < ¢1(v) + & (v) + C(u,v) + 6.

Proof. By Lemma 27 t = 4%og, (u)t', where [u®| > €1(u) + C(u,v) 4 0. If c(t,vt) < c1(v)
then we are done. Suppose now that c(t, vt) = c1(v) + 3, where B > 0, then ¢ = 770z, (,)t"

and [o7| > B. By Lemma 26 (i)
Tt =077 (@%) = T o0+t
On the other hand
2c(@,8) = [07] + [¢] - |t"| = [@7] = [¢"] + 7| + |¢"] — 261(v) =
= 2[v7| — 26, (v) > 28 — 2¢,(v).

Therefore § < &1(v) + C(u,v) + ¢ as desired.

105

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Lemma 33 Let c(t,ut) < c, then c(@P,t) < co(U) + ¢ + 262(T) + |u| for any number S,

where C(u) =< U >.

Proof. If ¢(@?,t) < cy(), then we are done. Let c(@P,t) = co(%) + b, b > 0. Then by

Lemma 28 we have t = % Plog,gt; and T~ > b. So ¢~ ut = ¢, ut;,. We have
1 -1
oft, ut) = 5(|¢] + |ut] - it~ ut]) =

1, .. —~ _
- §(|u Brogmti] + [u(@™ P ogmtr)| — 101 ut1]) >

1, o ~ _
> "2'(i'u Bi| 4 Jt| — 262(@) + [T Prog@mta| — lul — [t uta]) >
1, o~ -
> ‘2'(2|u Al 4 2lth| — 4lea(@)] ~ |ul — [t ut]) 2
1, _
> 5(2|U Pl 2lt1| — dlea(@)] — |ul — 2Jt1] — Jul).

So we get ¢ > |u~P'| — 26,(%) — |u| and b < ¢+ 2&:(W) + |u|. Therefore c(@P,t) <

c2(u) + ¢ + 26,(1) + |u| as claimed.
Let c3(@) = ca(@) + ¢4 () + 262(a) + [u].

Lemma 34

(i) Let c(t™!,ut™) < ¢, then c(t™, @ t™1) < ¢y (@) + ¢+ [u| + 261 (UWF), where C(u) =<

u>.

(i) Let c(t™,ut™) < ¢,(@), then c(t™1, @) < ca(@), where ca(@) = c1(2c3(T) +20) +
¢ (@) + 221 (2¢5(w) + 20) + [u]. Notice that c4(w) does not depend on k.
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Proof. (i) Suppose that c(t~!,u*t™!) = c(u*) + B (otherwise lemma is obvious),

where > 0. Then by Lemma 27 t = t'og (ik)ﬂa . where Ji®| > 8. We have now
¢ 2 [t + fut ™| — ¢t~ > 2(t'| + 7% - 261 (@) — ul = [t'ut"| >

> 2[7%| - 4ey(@%) — 2lul > 28 ~ (46:(T) + 2]u]).

Therefore 8 < ¢ + 22, (4*) + |u| which proves (i).

(i) Since c(t™1,%t™1) < ¢, (%) by the previous lemma c(t' ™, %) < c3(@?) for any 1.
Suppose first that [&¥| > 2¢3(d") +4. Then by Lemma 26 #'0cy(ry15(@Ft' ™). which clearly
proves (ii).

Let [a*| < 2¢3(W") + 6. By the part (i) of this Lemma we get c(t~!, @*t™1) < c4(%).

Let

d=56+Xo+2\, d =2d+6, d1 = cs(d),

dy = c1(2d) + &(@) + & +26,(2d) + &, e = c(d), e1 = ca(d).
Lemma 35 Lett € G, then
(i) t = tioutoat;? = tio.(ft71), where t is some cyclically reduced element from G.
(i) ¢-t = (tat)oua,(tt1) and if c(t72,t) = dy + B where B > 0, then |t1] > .
(il) t" = t10, (F*t71) = ty0g, 0t} for any n.
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Also

_ 1 1
il > =|t| - d' and |t,E] > <|t| - d.
! 2 2

Proof. First, note that element ¢ is conjugated to some cyclically reduced element £,
so t =ttt L.

Case (i) [t]| > 2d + 4.
Suppose that for some a > 0 we have c(¢;71,%%) = 3§ + A; + 3 where 8 > 0. By Lemma
31 we have

ty = tlox,qosty T = o as(f7 E5 Lousyty T )

where ¢ = #;2,. Therefore by Lemma. 26 (ii) t'005(5)+ a1 5 or equivalently £2810264c(8) +As -1

Also by Lemma, 31 we have t;t* = t’055+c(5)+2,\1t—l“lf°‘“"1, SO /056420420, E2t1. We have now
tl . t_ tl_l = t’fl'lf_"“ . f t_alfltl_l - tlfgt_ltl_l = t’055+)‘0+2)‘1t_gilozg_*_c(‘;)_*_,\ltl_l

and note that Zt; is also cyclically reduced. Similarly we consider the case when c(t; ™2, %) =
30 + A1 +  where >0 and a < 0.
Suppose now, that c(t;71,1*) < 36+, for any o. Then t10354c(s)+, and £1035 ()AL -
So we have
b1 T 817! = 110354 e(8) 121 E038 () BT -
Summarizing all of the above we see that there is ¢; € G such that ¢t = tj04to4t; ! and
by Lemma. 26 (i) ¢ = t10a445(tt17) = (t18)oatsti ™ .

108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



And

t -t = tyogtoqstoat:™ = trogtocs)+s(Eti™) = (t18)ocs)+as(tti ™).

Also if c(t™1,t) = d; + f then
2c(t™1,t) = 2[t| — |63] < 20ta] + |taF] + 18T — |£] < 2[t1| + 2d1

and |t;] > B.

Now t104t"04t; ! for any n and since |] > 2d + & > 26 + 2 by Lemma 30 tosy1t and
by Lemma 25 [*| > 2d + &. Therefore t* = t10445(t"¢171).

Case (ii) |t] < 2d + 4.
Using Lemma 27 t = t1tt, ™ = oy wy(t; ™) = (tif)og @ty ™t = thogtogt; ™! for some
t) €G.

And by Lemma 34 (i) ¢ - t = (£}%)oq, (,"). Therefore
2c(t™1, ) = 2Jt| — |£3] < 2Jth| + JthE] + [eth] — 1£3] < 21t3] + 24,

and ;] > 6.
Now by Lemma 33 and Lemma 34 (ii) t* = t;0,, (£*t1™) = t,04, %04, t;* for any n, where
€1 = C4(dl) and d’l = C3(d').
For both cases above
[t = [troatoats ™| < |ta] + B2 < [B 7Y +2d — [E] + |86 < 2JE 7| + 2d
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and hence [£t,7!| > 1|t| — d'. Similarly [t:¢] > 31t| — d'.

Corollary 1 (i) Let t be any non-trivial element from G then
[£2] > |t] — 4d' — 2d;.

In particular c(t™1,t) < Z[t| + 2d' + d;.

(ii) |t"] > |t| — 2(e1 + d'1 + ¢(8)) for any number n.
Proof. (i) From the previous lemma it follows that
2[t] + 208 — 4d' — |?] < [tad] + [Ba] — [¢7] < 24,
Hence
[2] > 2t1] + 2|] — 4d’ — 2d; > |t| + |E] — 4d' — 2d; > |t| — 4d' — 2d;.
Therefore
2c(t™, 1) = 20t — |t?] < 2Ju| — |t] — ] + 4d' + 2d; = |t| — || + 4d + 2d; < |t| +4d' + 2d;

as desired.
(i)
7] = (471 > [a2"] + [ta] — 260 2 [ta] + 18] + [ta] — 2(ex + d) >
> [t1] + e+ [ta| — 2(ex + d'y + ¢(6)) > [t] — 2(ex + d'1 + ¢(9)).
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Lemma 36 Lett,u € G and c(t™},ut) = di + |u| + B where 5 > 0. Then
t = u!(troatouty ™) = uT (tr10e(Ft1 7))

and

t-u-t=u" ((tif)og (™)) wherelt:| > B.

Proof.
Since c(t™,ut) = dy + |u| + B we have c((ut)™,ut) > di + |u| + B — |u| = d1 + B. So
by the Lemma 35 wut = t;0ytoqt;~! where |t;| > 8.
And we get
t = u" (toglogt; ™) = u (10 (f17Y))
and t-u-t=u"ut - ut) = v ((t1)oq, (& 71)).
Recall [MR3], that a length function ! : G — Z is regular if for any elements u,v € G
we have
U = U3 O W, vzw'lovg, U-v=1U; 0.
Here
w=uov <= w=uw & l(w) = l(u) +1(v)
Clearly, the natural length function on a non-abelian free group is regular.
The theorem below is one of the main technical tools we use in this paper. It shows
that a word length function d(1, g) = |g| on a hyperbolic group G is ”almost” regular.
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Figure 8: Theorem 1

Theorem 29 Let u,v € G and suppose that
lu| — c(u™?,v) > c1 + 26 and |v] - c(u™,v) > cp + 26.
Then u = uy o uy and v = v; o v where
clu™,v) — 0 < |ug| = Jni| < c(w™,v) + 26, |u1] > ¢, |v2| > co.
And uv = uy035(ugv; - Vo), where |uguy| < 44.

Proof. If c(u™?,v) < § then uosv and we take ug = v; = 1.
Let now c{u™!,v) > d. Then |ac| > c(u™!,v) > 6. Then there exist ¢ € [0,d], u2 € [0, a]
and v; € [a,b] such that d{c,us) < § and d(c,v";) <6.

Let |ug| > [v'1], then vy = v'; 0 v"; where |v1]| = |ug|. Therefore [v"1] = |uz| — |V/1] <
20. So |ugvy] < 46 and |up| = |v1] > |ac] = > c(u~!,v) — 8. Therefore we have
uv = Uy (Ug; - Vg), where u = u; o up and v = v; 0 vs.
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\
l

Notice that
2c(u~t,v) = |u| + Jv| = Juv| > 2c(ut,v) — 20 + |ug] + |vo| — |uv],

s0 |ug| + |vo| — |uv| < 28 and Juy | + |ugv; - v2| — |uv| < 68. Therefore c(u; =2, usv1v2) < 36.

Suppose that |ug| = |v1] > c(u™t,v) + 2. Then
2c(u,v) = |u| + [v| — |uv| > |ug| + |va| + 2c(u™,v) + 40 — Ju1] — |va| — Jugwa| >

> 2c(u™,v) + 46 — 44,

and we get a contradiction.
We have now c(u~!,v) — 8 < |ug| = |u1| < c(u™,v) + 26.
By assumptions |u| — c(u™t,v) > ¢; + 26, so |uz| > c(u™lv) — |ug] + ¢ + 26 >

c(u™l,v) — c(u™t,v) — 2§ + ¢1 + 26 = ¢; therefore |uz| > ¢;. Similarly |vg| > co.
Theorem 30 Let vq,...,v, € G such that

1 .

§(|v,-_1v,-'u,-+1| — vica| = Joia| + |vi]) >y for every i€ {2,...,n~1}.
Then

! / !
Vi*. . *Unp = V1035 - . . O35V 2035V n-1,1°36(3Un,2)3

where |V's|, ..., [V 2l [V'n-1,1| > y—80 and |s| < 49, v, = V5 10Un2, Un—1 = Un_1,10Vn_12,

S'Un—l,z = ’U'n—1,1 ov'n12, |s'] < 49, |’U'n-1,2| = |tnal, U'n—1,2 *Un1 = S.
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Proof. We use induction on n.
Vo=vi. Uy =Vo1-v,= ’U'1035- .- 0351"7;—30350’11-2,1036(Slvn-l,z) * Un,
where “Z)Izl, ceay l’U'n_gl, lvln—2,ll >y - 85, and lSﬂ < 45,
Un-1 = Un-1,1 ©Un-12, Un-2 = Un-2,1 0VUn-2,2,

sllv-n.—2,2 = U'n-2,1 ° ’U'n—2,2, |S'1| < 44, |U'n—2,2| = IUn—1,1|, v'n—2,2 *Un-1,1 = S81.

We have
2y < |Vp—2Un_1Vn| — [Vn-2| — [tn| + [Un-1] < |V'n-21" S1Un-12 - Vn| + [Un2:|+

+44 — |'Un—2,1| - IS'1_1('U'n—2,1 o ’U'n—z,z)l - I’Unl + |’Un-1,1| + I’Un—1,2| <
< |Wno21 - 81Un—12 - Un| + 40 — [Vae21]| = [V'n-22| + 40 — |vn| + [vn-11]+
+|81Vn_12] +46 = V' 21 - $1Vn_12 - Un| + 126 — |V 21| — |vn| + |51Vn-1,2|-

So we get [v'n-21* 81Un-1,2 " Vn| = [V'n-21| — |vn| + |81¥n-12| > 2y — 124. Now, by the
previous theorem (81Un—1,2)Un = ¥'n-1,1036(SUn,2) Where $1v,-12 = v'n_1,1 © V'n_12, and
Up = Un1 0 Ung, || <49, |Vn-12| = |vnal
Therefore

v'n—2,1°35(31’0n—1,2) *Up = ’U’n—2,1°3&v'n—1,1°35(5’0n,2)-
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Then
2y—126 < |U’n—2,1 *81Un-1,2 " V| — IU'n—z,ll — |vn| + |S1’Un—1,2| <

< Va2l + [V ne11] + |SUn2] — [VVn-21] — [tn1]| = |Un2] + [Vne11] + [V'nc12] <
S 2|vl'n.——1,1| + 467

and hence |v/p—11| > y — 86.
Finally

/ / / !
Vo =v'1035 ... 035V 3035V n—2,1035V n—1,1°35(S’Un,2) =

! ! 7
= V1035 --935V n—2035V n—1,1°36(3’Un,2)-

7.3 Description of solutions

Let’s consider an arbitrary one-variable equation in G.

Uy . .. 2 U, = 1 4)

where uy,...,u, € G and if u; = 1 for some index 7 then g; # —¢&;41.
The following technical result says that a given one-variable equation S(z) = 1 in
a torsion-free hyperbolic group G has a subword of length three in which the middle

occurrence of z cancels cut ”almost completely”.
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Theorem 31 Let z°'uz%?us ... °"u, = 1, then there exists an index 1 such that
1, .. e e e . .
5(]:{: Sy 125wt — |25 | — gt 4 |2]) < 246 441,

where | = nax {|us]}-

Proof. Let v; = z5u;. Notice that |v;| — 2] < || < |v;| + 20 for any 4,7 € {1,...,n}.
Now z'u12%%uy . .. 252U, = U1-. . .*Un.
Suppose that 1 (|vi1v;vi41| — [vic1] = |viga| + vi]) > 246 + 21 for every i € {2,...,n—1}.

Then by theorem 30
o ’ ’
V1. Up = U'1035 . . . 035V 02036V n—1,1035(5Un 2),

where |va],. .., |v'na|, [V'n-1,1] > 246 + 2] — 85 = 166 + 2 and |s| < 48, Vp = Un,1 © Unyo,
Up—1 = Un-1,1°Un-1,2, S'Un—1,2 = U'n—l,l Ov,n—l,Za |3'| < 44, I'U'n—l,zl = [Un,1|, ’U'n—l,z"Un,l =Ss.
Since

[Un,1] + [Vn2] = |vn] 2> |p-1] = 20 > |vp_go| — 20 >
Z ISI'Un—l,ZI —4§ - 21 2 |'U,n—1,1l + |’U’n_1,2| — 46 -2

we have

IS’Un,QI > I'Un,2| — 44 > I'U,n.—l,ll — 8 — 21 > 86.

Similarly from the proof of the previous theorem it follows that |v/1] > |v/s] — 21 — 46 and
therefore |v';] > 168 + 21 — 2] — 46 = 126.
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Therefore the length of each element in the product
’UI1°36 .. 0357}',,_20351/,,_1,1035(5'0,,,2)

is greater than 84, and hence by Lemma 25 this product is not trivial. Contradiction.

So there exists index 7 such that
1
5(,1),‘-1'0,"1),‘_;.1' - ]1),:.1, - I'U,'.Hl + l’Uil S 246 + 2.

We have

480+4l > |25 U 25U Uy 1 | — |25 Ui 1 | — [ U ||| > [ u o T ua i | —
i | = 25201 ] = st | — |ui| — | + |25 — o]

So

[y 2wzt — |2t | — Jusr®i| 4 2] < 486 + 8L
Dividing both sides by 2 we prove the theorem.
Now we turn to a description of the solutions of Equation 4. We need the following
technical
Lemma 37 Let u,v,w € G such that
1
= (fwvw] — ful — fw] + o)) <.

(i) Suppose that vvw = (u'o,v')o,w’ where v = (v104,v')ogve, v =u"-u, w=w; - '
and |uz| = |v|, [va] = |w1]|- Then || <y+ec1+co+di+da.
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(i) Suppose that uvw = u'o,v'o,w' where v = (v104,V')0g4,v2, u = u' - Uy, W = wy - W

and [uy| = |wi|, |ve| = |wi|. Then [V|<y+c+co+d+dy+ds.
Proof. (i) We have
2 > Juvw] — [u] — o] + o] > o] + /| — 26, — ] — ] + o] >
> [ + V] = 261 = 22 + | — [ul = [w] + o] >
> [u']+ [V + [w'] — 2(e1 + e2) — '] — |wa| — fwn| — Jw'| + Joa] + [V'] + |v2] — 2(d1 + da) =
= 2|v'| — 2(c1 + ¢ + di + do).

So [v'| <y+c1 + ¢x +d;y + dg as desired.

(ii) Suppose that
W|>y+e+e+20+d +dy > +cp+26.

Then using Lemma 26 (i) we have uvw = (u'o.,v")og+6%w’ and by the first part Jv'| <

¥+ ¢ + ¢+ 0 +d; + dy. Contradiction.

Let’s fix the following notations

_ L

S(181+ 685), &1 = &1(1) = 41+ 326, ¢4 = () = -32—11 198,

ca=¢c(l)

where [ = Jax. {|u:|}. Also

¢z = maz{ max ca(ik), irzlaxn@(u-'_llﬁiui_l)},

=1,...
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C2 = maz{ max (%), max G(u; 1)},

=1,..,m

s = maz{ max ¢5(u;), max do(u;Uiui1)},
=1,...,n 1=2,...,n

and cz3=cy + 1+ 26 + 1.
Let also C(g) for any g € G be a constant which appears in Lemma 21 then we make
the following notation

C = max C’(ui"_llﬁ,-u,-_l).

i=2,...,n
Now we turn to a description of a solution z by considering all different forms of the

triple z%-1u;_ 125 u; 51,
Lemma 38 Let
1 -1
3 ([ousm1z™ usg] — |oui | — Jusz] + |z) < 246+ 41,
for some index i then x has one of the following forms:
1) |z| < Cy;
2) ¢ = ufozx’ where |2'| < C1;
8) x = z'oz,ug ; where || < Cy;
4) &= (WPosa')os U2 | where |#| < Ci;

for some constant C1(6,1).

119

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. Let’s consider the following product zu;—1z~ u;z.

Let c(z™Y,u;_1271) < ¢; and ¢(z, u;z) < ¢;. So we have
L0, (Ui1 T )0y 41U
Applying Lemma 37 (ii) we have
lui1z ™t <240 +4l+ ey +1+ 8+

and therefore

|z| < 256 + 71 + 2c;.

Suppose now that c(z 71, u;—127!) < ¢ and ¢(z, u;z) = ¢1 + 3 where § > 0. By Lemma

27 = ufozx’. So
20, (U1 VUi = (TUi—1)0c,4e 4218 Ocr; ().
By Lemma 37 (ii) we have
lz'| <246 +4l+ e+ +2+ 1+ 6+ 6.

Suppose that ¢(z™,u;_127!) = ¢ + B and 8 > 0 then by Lemma 27
z = 3'og UYL | where 4, > B and zu;_ 177! = 3oy (v ).
We have now
Tu-13 " uiz = a0y (i1’ s (205, U ,).
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Let c(z’,uiz") < c1, then
— -1 ~,
TU;— 18 U = (B'Uim1)0g 118’ Oy (wi") 0z 11U 1

Suppose that |7’| > ¢; + & + 1 + d + [ then by Lemma 26 (i)

1

— -1 ~
Ui 12 U = (T'Uim1)0c, 1T Ocy 46(Wik U ;).

And by Lemma 37

lo'| <d+4l+1+l+a+d+0+c.

Hence z = 2oz, ug ; where

|#'| < 266 + 51+ +c1 + ¢

Let c(z’,uiz’) = ¢; + By and B; > 0 then by Lemma 27 ' = ﬂf os,z" where |22 > f
and ' ug’ = :1:”’loc:1 ().

Now z has the following form

o~

(5B Uj ~a __ B " «
T = (U} 0g " )0z Uy = U; 05, T Oz, U ;.

and
-1 ! n—1 " ~
LU 1T UT = (TUim1)og o428 o (1E")oss 11U ;.

Suppose that

2| >y +2e+1+6+1.
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Then

l~a

~1 et =1
U T wT = (T Ui—1)°c’1+61+2193 °c'1+5(ui113 U 1)
And hence by Lemma, 37

lz"| < 260 + 61 + 2¢; + 3¢;.

Lemma 39 et

1
§(|wui_1xuia:‘1| — |Timq| — |wz ™| + |z]) < 246 + 4,

for some index i then x has one of the following forms:
1) |z| < Oy
2) x = x'oz, u, where |z'| < Cy;
3) z = (U0 Pu;_105,2 )0, UE, where |2/| < Cy and - (o — ) > 0;
4) & = (Ui U “ui10p, 5T )0z, U where |7| < Cy;
for some constant Co(4,1).

Proof. Consider the following product zu;_jzu;z>.

Let c(z7 Y, u;z™!) < ¢;. We have then
1

T Zux T = 2120wt = il (@) og, (B2, 1)) - uiz ™t =
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-1 ! = — -1 -1
=U;y ($1$)0d1+1($$1 )061 +eH Wil .
By Lemma 37

IZ2'1 | < U6+ M4+ di+1l+etetl+dtet =4,

7] < 21z, Y+ 2(d + 1) <24+ 2(d +1).

Suppose that c(z™!,u;z!) = ¢; + B where B; > 0. We have then & = 2'o; 4 and

therefore

- -1 ~ / —1
U 12Ut = zu; (2 ogu' ) = x'og Us - w1 T uT

Let c(u;U; “u;—1,2') < cg. Then
—1

~1 ! ~ !
TU_1BUT " = T Ogy 41l Uim1Ocy +IT Ot Uil

If |u;%| < & +1+co+ 1+ d+1 = B then applying the same arguments as in the previous

case we get
|| <2(256 + Tl +d1 +3B+c1 +2e+¢1) +2(d + B+1).
Let |u;*| > B then by Lemma, 26 (i)

-1 Ut / 1—1
TU; 12U = (T/US Uim1)Ocp H4+6T Oty Uil
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Therefore by Lemma 37
|| <240 +4l+ o+ 1+ 0+ 1+ +Gr.
Suppose that c(u;’u; “u;—1,%’) = ¢z + B2 where 3, > 0, then by Lemma 28
¢’ = w4 Pui_105," where o > 0.

Notice that since z'o¢ u;z’ ~! by Lemma 33 #’o,,%; for any 1.
We have now

o ~a -1 ~-fB " ~o
T = oz U = (U U] “Ui—105%" )0z, Us,

and

-1 / ~a—p3 " 1—1
LU;1ZU; L~ = T OggpU; " Uj—1 odﬁ_,x oaz+cflui:2: .

Suppose that

[ Puia] > s+ 1+ +1+8=Ch.
Then by Lemma 26 (i)

1 —B

- -1
U1 TUT " = (T Uie1)0 4146T Ogpic Wi -
And applying Lemma 37 we have

") <246+ 4l +h+H1+6++d+o+a+a=C.
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We have now

-1 ue

— ~=B "
T = (uz—-lui Ui—~105,T )ot':lui )

where |2”| < C.

Suppose that (¢ — 3) - a < 0. We have

T = ((Uf-lﬁi— aui—loéu;—llﬂ?nﬂui—l)052'7"”) Oz, Uj =

= ((uz___llﬂ: a°5+l+52 (a?_ﬂui—lm”)) Oz, Uz -

Then

/ =1 —1~—a, -1 ~o— 1
T O Uil = (ui—lui Ui-19G 1114, (w1

ﬁui_lxﬂ)) Oc’l’uifﬂ,_

Therefore

-1 __ 1 ~a-3_ U o 1
TU1TUT = T Ocgtl+Cl;  Ui-1T Oy 4 50145, Ui

Therefore by Lemma, 37 (ii) we have

a8 Pu;_q2") <

(]

<US+ 4l +cs+l+C++C+2A+E++C+1+6+é=D.

Hence element z has the following form
—1 ~— ~
T = (u;21Y; "‘ui_105+52$*)051u;?‘

where |2*| < D + 1.
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Let’s consider the case when 2% Pu;_1| < C5. We have

-1 _ (,,—1 B ny , ~a—p
TU; 12U = (U3 U; " Ui—105,T ) U

Ui-1 - (95"°éz+c'1ui$'_1)-

Let c(:v"_l,ﬂ‘-’_ﬁui_lx”) < dy + Cy. Then

K]

1

1 ~1~—B " ~a—f " ’—
= U U;  Ui-102,T Ody+CoU;  Ui-1T Ofp+c'1 +Co Uil -

TU;—1TUT

Suppose that |2”| > €, + dy + Co + 6. Then
-1 __ (,,—1~B " ~a—f U 1—1
BU—1 BT = (U3 U Uin1T )Ody +Co+sl; + Win1T Optcly +CoUT -

And

~a—f " ~a
Oz +Coll; + Uim1T )02 U

-1 ~—a
1

z = (u_1u

using Lemma 37 we have
@2 Pu;_1a"| <266 + 4l +dy +3Co + 26+ + ¢, =F
and element z has the following form
T = (U3 U] “Ui—10,+Co+HT " )0, Us:

where |2¥| < E.

Suppose that c(z” -1 7 Py, 1z ) = di + Cp + (3 where B3 > 0. Then by Lemma

(]

36

.’17” . aﬂ —ﬁui_lx” = u:_l 1’(7?_0((37”152")0:11 (Enwul-l)),

T
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= (ﬂ?—ﬂui—l)_l (-’If'”lod'ff”od'af”l—l) — (ﬂ?—ﬁuiq)—l(33"106(57”117”1_1)).

Therefore we have
-1

U P 106 et oo (T Puint) T (2"1E")

. - - -1
and since 2”0z, ¢, ui%’ "' we have Z'2"7 et Corerte, Wik - Suppose that
— -1 —
la:”a:"l l>62+6+00+d1+00+5+00

then applying Lemma 26 we get

U1 U T =

e a=1 =B ~a—fB =1/ = =1 n—-1 =1
= U 1l; Ui 10 et 0o (U im1) T (87127041400 (T'2"1 ) OetCotarren i =
-1 ~— "o =1, n—1 —1

= (% " - 2"12")04, +Co+6(T 21 " )OeCotartey Wi

And x has the following form

_ -1 ~—p " ~a __
T = (U7 U; " ui_105,T" )0 Uy =

— (18 ~c—f3 —1.n =1 n—1 ~ao
= (ui—lui Ui-105, (U ui1) " 2" 10004eE 3" ))Oalui =
~

-1 ~— - _ -1
= ((ui—llui ﬁui—1°Ez+e+Co(?7? ﬂ’ui—l) 1fc”l)°éz+6‘o+e(9’?”3””1 ))Oalui

where the last equality follows from Lemma 26 (ii).

Now applying Lemma 37 we have

7'2"7'| <260+ 4l +dy+3Co +2e+ 26+ + & = Fo
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and

12| < 2"z |+ 2(d + Co) < 2Fy +2(d' + Co) = F.
This shows that element z has the following form

-1 ~—ax -1 ~a- " ~a -1 ~—a * ~a
T = (Uilq U “vic - WU Ui1® )05 U5 = (Uil U “Ui-19% 40T )05 U

where
|z*| < 2"+ Co+ 1< F+Co+1.
Lemma 40 Let
1
§(|$Ui—1$ui$] = |zuia| — |uiz| + |of) <246 + 41,
for some index i then x has one of the following forms:
1) l.’l?l < 03,'
2) © = u; (U;%0ctz, (€' 4;~%)), where |z'| < Cs;

3) x=u (u,-_lftl}au{__lloe+351 (x'ui_lsz"au{_ll)) , where |z'| < Cs;

N QL it ¢ 4

4) o= w7k (i ooz (@ ), where 7] < Cs;
N L

(5) o= uihy (Uioyt; Oertae, (T Uhiyu; ), where |&'| < Cs;

for some constant C3(6,1) and indez j.
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Proof. Consider the product zu;_1zxu;x, and suppose that u;—; # u;.

Let c(z7!,u;_1z) > di + 1. Then
T =y (T100Toa®1 ) = uiy (€1Z)0etr ™),

and zu; 17 = ul(z1Z)og, (B217Y). Let c(zi,usuiyz) > 260 > c1(21). Then z; =
ke 1 1 1 1

— - — S -1,
UU_y Oz '1 and T wu %1 = 27 09, (usu 2'1).

Put

A =276+ 6l +dy +2d + 6¢; + 2¢

and suppose that

Ix’ll>A+2(d’+261)>2c’1+25+2é‘1+4l+e>d’+261+2c’1 + 4.

Applying Lemma 26
= ! -1,/ = -1 __
Tow 426, T 192¢, (Uit _1%'1)Oc 22, +218T 1 =
— (! -1, = 1~1
= (Z2'1)02¢, +8(Wi; 1 T'1)Oc 1oz +21TT ] =
— (! -1 _ 7 =01
= (Zx'1) 090, yos(wiu; 2133’1 ).
We have

a1 = =1 =1 1,0 =01
TU1TUT = U1 T1Z0% +4d+25, (21 )o2e42s(witi1@1Z2') ).
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And

2= ((uhuurly 2'1)0ciion+a T8 ) Octan Ul
Now by Lemma 37 (ii) |Z2'7}| < A and therefore
1] < 82T+ 2(d' + 26,) < A+ 2(d +28).
The obtained contradiction shows that |z'1] < A +2(d' + 2¢;)
Let /T wu} 2’y = v, then
lv| < 2(A+2(d +2¢1)) + 2l = B.
Let ¢(Z7!,vZ) > di + B then
T = v (Z17)oe, pE7 " and ZvZ = v™(Z17)04, + B(ZTZTT).

Now (u;%1%)04, +ar11T, therefore (u;z1%)ocv™ %%, where C =d; +d' +1+e+ B. We
have
TU;_1 2T = (U 212)ocv 81704, 4 BEE] togrrer BT -
Suppose that
|v™'%:%| > 266 +41+3C +dy + B = D,
then |ZZ;!| > dy + B+ d + e+ B + 4. Under these assumptions applying Lemma, 26 (i)
we have
TU; 17U = (u; L 21%)0cv ™ 104, + B+5(22] 21 71).

130

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



It’s not hard to show that
z = (u z100(v171%)) oo (Z1217Y).
Therefore by Lemma 37 [v~'Z;Z| < D. Contradiction. Hence
1Z| < v 3 E| + |21] < wT'EaE| + [vT3Z| +2d + B<2D+2d' + B
and element z has the following form

o = 0 (wuy omsela iy )

where |z*| <2D+2d'+ B+ B—-2l=F.

Let’s now consider the case when u;_; = u;. We have
TUi— 13U 1T = (Ui—121F)0d 4140 TOd +a EL1 ™
And z = (u;710411%) 0121~} Then by Lemma 37
|Z] <256 + 7l +2d; +3d +e=F.
Let’s substitute = = ;" (z1%z;!) into the original equation 4
U 12Uy . .. T U, = 1

and consider it as an equation on z;. Then there is an index 7 such that in one of the
following products middle element z;*! concells out "almost completely” :
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(1) (21Z)oex1™! - ujZ1 or T1 7 u; - 106(Z 7 21 71), where u; # 1;

(2) (@1Z Voex1 ™! - ws_quu 1 or T3 uiquiu ) - 210.(Zz1 1), where u; # 1;
(3) (z1Z)oex1 ™" - uju @1 or 1 uu; - 210.(Tx17Y), where u;1 # uj;

(4) (2:27Y)0em1 ™ Ui 1u;T1 OF T3 U 1U; - T10£ (T 7171) where u;—y # u;7Y;

(5) (218%)0e, 21~ usu; Y 21 or (217 7%)0e, 71 71 w17, where u;—y # uj and uiy # u; ™}

respectively ;

or
T U 22Uy . . T Uy = T T My - Uy = 1

En

(29U 22Ug . . . 2 U, = w1 E 2T U = 1),

in which case by Corollary 1 (ii) of Lemma 35
lz| < 2(e1 +d'1 +c(6) +1) +1.

For cases (1)-(5) let L = n- F. Then applying the same arguments as in Lemma 38

we get:
(1) |z < G or z = u; (4;%0esz, ("4 )), where |z*| < H;

(2) lz|<Gorz= ui‘_ll (ui_lti}“u{__lloe+3al (:c*u,-_lﬁ}_aui"_ll)), where |2*| < H;
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o N — O

(3) lz] < Gorz= ui_-—ll (ujui——ll Oe+2¢; (x*ujui_—ll ))a where |2*| < H;

—_— O

4) |2| < G or & = u ) (Ui1t; Oetas, (T*Ui1u; ), where |z*| < H;

« N — O
(5) Izl < G1or = uiy (wjuiy oevom (T*usuily ) or

— N

I = u{_ll (u,-..luj oel+251(x*m—a)), where |2*| < Hy;

where G =1+ F +2(250 +4L + e+ 3c1), H = F +2(25§ + 4L + e + 6¢; + 3¢1), and

Gi=1+F+2(250+4L +e1+3c1), H = F +2(250 + 4L + e; + 6¢; + 3¢1).

The three lemmas above give the following description of solution sets of one-variable

equations in torsion-free hyperbolic groups.

Theorem 32 Let G be a torsion-free hyperbolic group and x is a solution of an arbitrary

one-variable equation

U %%y ... 2, = 1

where u,...,u, € G and if u; = 1 for some indez i then €; # —€i41, and l = Inax
{lusl}-
Then there are constants C = C(6,1) and D = D(8,1) (which can be

found effectively) such that one of the following holds:

1) |z| < C;
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2) £ = (Weopx’)**, where |z'| < C ;
~B. N e \EL ’
3) z = ((Wz')opud,)  , where |z'| < C;
4) ©= (75 Pwa)optie)™, where |2/ < C and a - (@ — B) > 0;
o\l
5) z= ((u{l'ij—“ui : a;’)oDu,-") , where |z'| < C;

6) == (ufl (o aou(ﬂ?"ujui_la))) or

T = (u{l (@u; %op(z’ - zf,-\zfja)))il , where |7'| < C;
We can write the above theorem in the following compact form.
Theorem 33 Let G be a torsion-free hyperbolic group and
S(z) = 2 u1zuy . .. U, = 1

be an arbitrary one-variable equation in G. Then there is a constant C (which can be found
effectively) and there are finitely many elements f and g (which can be found effectively)

such that an arbitrary solution x of S(z) = 1 has one of the following forms:
1) |z| < C;
2) x = f*g for some ¢’ € G such that |¢'| < C;

3) = (f*gP)g’ where |¢'| < C;
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4) o= ((f29)f~=)/for some g’ € G such that |¢'| < C;

where a and 3 are integers.

8 Resolution method

In this section we develop a method for finding parametric solutions of one-variable equa-
tions in torsion-free hyperbolic groups. In fact, the only two properties of hyperbolic
groups we use here are BP (big powers) property and CSA (commutative-transitive) prop-
erty.

Let G be a CSA non-abelian BP-group (notice that in this case G is torsion-free). We

need the following technical lemma.

Lemma 41 Let G be a commutative-transitive BP-group. Then for any tuple s € G* if
the equality

shsl...st=1

holds for infinitely positive integers n then there exists a segment s;; = (si,...,8;) of

length at least 2 (j — i > 1), such that

(*) 8i...s5=1, [SPaSQ] =1 forany y 2 AS {277.7}
Proof. We can assume that all s;-s are non-trivial. Since G satisfies a BP condition s
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has a commutation, say [sm, sm+1] = 1. Now
S?Sg .o (Sm3m+1)n e Sz = 1.

If s;n8ms1 = 1 then we are done. Otherwise, by induction, there exists a segment ¢ =
(sty,---,81,) of the sequence (si,...,SmSm+1,---Sk) for which the condition () holds.
If 5,,8my1 is not in ¢ then we are done. Otherwise, from transitivity of commutation
[8p SmSm+1] = 1& [SmSmt1, Sm] = 1 — [Sp, Sm] = [Sp, Sm4a] = 1 for any p € {l1,...,x}.
This proves the lemma.

Now we turn to a description of what we call a BP-resolution. Let us describe precisely
an elementary step (we call it a BP-reduction) of this method. Consider an arbitrary one-

variable equation in G

f(z) = 22w 2%%uy . . . U, =1 (5)

where u1,...,u, € G and if u; = 1 for some index ¢ then &; # —e&;4;. An equation
f(z) = 1is called homogeneous if f(1) =1, i.e., 1 € Vg(f). Observe, that the equation 5
is homogeneous if and only if u; ... u, = 1.

Suppose that C = {f*} C Vg (f(z)) for infinitely many integers k and some 1 # f € G.

Rewrite f(z) =1 in the form

(xsl)(xfzul—l)(mssu;lul—l) . (xsnu;ilu;_l_z...ufl)ulu2 cUp = 1.
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Since

I\k
Yujug...u, =1

(fel)k(fEQul_l)k(fesuglui-l)k N (fenu'ilu;lT..uI‘
holds for infinitely many powers of f it follows from lemma 3 that ujus...u, = 1, hence

f(z) =1 is homogeneous.

Consider now the equation

-1 -1 -1
1Y U oYy (

$1...8, =1, s ==z u = 1).

By lemma 41 there exists a segment s;; = (s;,...,s;) with j > ¢ (we call it a cancel-

lation segment ) such that

Si...85=1, [sp,8]=1 pge{s,...,j} (6)

Rewriting equalities 6 in terms of z and u;-s we see that

-1 -1 - -1 —1
[$Epup_1...u1 ,a:cp.;.lup Uy ]: 1

for each p =1,...j — 1. After conjugation we have
[z, g+ | = 1
which implies, due to CSA proﬁerty, the following relations
[z,w] =1, ...,[z,uj—1] = 1, [up,uq) = 1, p,q € {¢,...,5 — 1}.

Observe, that at least one of the coefficients w;, ..., uj-1 is
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non-trivial, otherwise the equality s;...s; = 1 would imply that the equation f(z) =1
is not reduced.
Therefore the system 6 is equivalent (over C = {f*}!) to the condition &;+...+¢&; =0

and the following system of equations
[z, =1,..., [ uj-1] = 1. (7

The equations in 7 are called resolvents of the ij-reduction. Now we can replace the

equation s; ... s, = 1 by a shorter equation (obtained by deleting s;; from the initial one)
§1...8i-158j41+..8p = 1. (8)

We call this equation the residual equation and denote it by fi; = 1. These arguments
prove the following lemma, which is one of the main technical tools of what follows in the

sequel.

Lemma 42 (Resolution Lemma) Let G be a CSA BP-group and f(x) = 1 be a one-
variable equation in G. If the solution set of f(z) = 1 contains a set C which consists
of infinitely many powers of some non-trivial element f, then there exists an elementary
ij-reduction of f(z) = 1 such that f(z) = 1 is equivalent over C to the system consisting

of fij = 1 and all ij-resolvents of f(z) = 1.

One can continue the resolution process and apply a BP-reduction to the equation
fi; = 1, provided it is non-trivial (observe, that f;; = 1 also contains C in its solution
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set). In finitely many steps (which depend on C) we split f(z) = 1 into a system of
resolvents Rc = 1 which is equivalent to f(z) = 1 over C. Any such particular way of
splitting f{z) = 1 is called a resolution of f(z) = 1. Notice, that the system Rc =1
is completely defined by the choices of pairs of indexes 7,7 on the elementary steps. So
there are only finitely many possibilities to make a resolution of f(z) = 1, and one can
effectively produce them without any knowledge of the set C. We write down the output

of the discussion above in following proposition.

Proposition 7 Let G be a non-abelian CSA BP-group. Then for any one-variable equa-
tion f(z) =1 over G one can effectively find a finite set R(f(z))={R1=1,...,R. =1}
of systems of BP-resolvents such that if a non-trivial set C which consisits of infinitely

many powers of some element f belongs to the solution set of f(x) = 1 then R¢ € R(f(z)).

Notice that if a non-trivial element f satisfies some resolution from R(f(z)), then

C(f) € Ve(f(z)), where C(f) is a centralizer of element f.

Corollary. Let G be a non-abelian CSA BP-group, and f(z) = 1 be a one-variable
equation in G such that C C Vg(f(z)) where C consists of infinitely many powers of some

non-trivial element f. Then C(f) C Ve(f(z))-

Now we discuss in more details the resolution process and the systems R¢. Observe

first, that a cancellation segment has to satisfy the following conditions: the sum of
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z-exponents along the segment is equal to 0 and the coefficients u;,...,u;_1 pairwise
commute (the latter holds since G is CSA). An ¢j-reduction applied to f(z) = 1 gives one
resolvent of the type: [z,u,] = 1. Deleting a cancellation segment during an #j-reduction
may produce a new cancellation segment in f;; which was not a segment in the initial
equation. For example, after an ij-reduction the pair (s;-1, sj+1) may form a cancellation
segment for f;. These new types of cancellation segments result in the equations of the
type

[a:,ui_l...u,-] = 1, [u.;_l...u,-,uz_l...um]: ].,

for suitable indexes 1, 7,1, m.
It follows from the discussion above that the system R¢ consists of commutator equa-

tions of the type [z,up ...y =1, say

Ro = {[%, Uptips1 - - ug) = 1| (,q) € I C N*}

Since the group G is CSA this system is equivalent over G to the union of a single arbitrary

equation from R¢ and the following one

& = {luptps1 - . U wv1 - . um] = 1| (p,9), ([, m) € I}.

The single equation can be always choosen of the type [z, u,] = 1 for some coefficient u,

of f(z) = 1. Indeed, equations of this type always occur on the first step of a resolution.
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8.1 Application of resolutions for finding solutions of one-variable
equations in torsion-free hyperbolic groups

Now we describe an algorithm for finding all solutions of one-variable equation 5. Note

that by theorem 32 if z is a solution of 5 then it takes one of four possible forms:
1.) z has a bounded length |z| < C;
2.) = feo/, for some fand |z'| < C;
3.) z = (feo/f~ez")*, for some f,2,z" € G, where |2'|,|2"| < C.
4.) z = (foz'gP2")*!, for some f,g,2’,z" € G, and |7'|, |z"| < C;

for some constant C' which depends on equation 5, and elements f and g which are
described precisely. Now, depending on the form of element z, we give an algorithm

which checks, whether z is a solution of 5.

Case 1.) Let |z| < C for some constant C which appears in theorem 32. Since there are

only finitely many elements of length less than C, in finitely many steps we will find all

such solutions.

Case 2.) Let z = fo2/, for some f # 1 and |z/| < C. Consider the following equation

@) = Wz ) uyz) v ... (y2') " u. = 1.
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Then y is a solution of f*(y) = 1 if and only if z = 2’y is a solution of an original equation
flz) =1.

Let R(f*(y)) be a finite set of BP-resolvents of f*(y) = 1 then by proposition 7 f is
a solution of f*(y) = 1 for every a € Z (or we just say one-parametric solution ) if and
only if f satisfies at least one resolvent R; € R(f*(y)). Therefore, since there are only
finitely many elements of length less than C, we can effectively find all one-parametric
solutions of f(z) = 1 of the form z = f*z’.

Suppose now that z = f*z’ is not a solution of f(x) = 1 for every

o € 7Z. Nevertheless, there may be solutions of the form z = f*z' for some k € Z.
Since G is a torsion-free hyperbolic group, there exists a constant ¢(f), which can be
found effectively ([Ol1]), such that if f*(f') = 1 for any I > c¢(f) then f* C Ve (f*(y)).
So we just need to check all elements of the form z = f*z’ for k < ¢(f).
Case 3.) Let x = fea/ f~*a", for some f,2',2" € G, where |2/|,|2”| < C. Consider the

following equation

-1_n

@) = (yr'y 2" u(yz'y '2") %, . .. (yz'y'2")

En

U, =1

then, clearly, f*z’'f~*z" € Vo(f(z)) <= f* € Va(f*(y)), for any k € Z. And we apply
resolution method to f*(y) = 1 to check whether f*2’f~>2” is a one-parametric solution

of f(z)=1.
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Again, there might be solutions of the form f*z’f~*z" for some k € Z. As in the
previous case, there exist a constant ¢(f), which can be found effectively, such that if
f*(fY) = 1 for some I > c(f) then f* C Vg(f*(y)). And we just need to check all

elements of the form z = f*z’'f~*2z" for k < c(f).

Case 4.) Let z = foz'gPz”, where |7'|,|2"| < C. Let
fi(@) = (z2'yz" ) uy (z2'yz" ) ?us . . . (w2'yz") " u, = 1.

Considering y as a parameter we can effectively construct a set of all BP-resolvents of
f@)=1:
R(f;(z)) = {R ... RL},

where RI” = {[z,u,(y)] = 1 A Ri(y) = 1}, where /;(y) are coefficients of equation
fi(@)=1.

Let f2'gP1" is a two-parametric solution of f(z) = 1 then for every k equation f*«(z) =
1 has fin it’s solutionset. Therefore for some index I(k) there exist R{(;) € R(f;(z)) such
that R,f(;) = {[f,«sw(9)] = 1A Rj,y(¢*) = 1}. Therefore there exists a BP-resolvent
Rf‘ (z,y) such that (f,g*) C V(_;'(Rf) for infinitely many integers k. Hence by corollary
of proposition 7 (f,g?) C VG(ij'). And vice versa, if there is a BP-resolvent Rf such
that (f,9%) C Vo(RY"), then o = fo=/gPz" is a two-parametric solution of f(z) = 1. And

we use resolution method again to find such BP-resolvent.
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Now suppose that fez/gPz" is not a two-parametric solution of f(z) = 1, then there
may exist integers k and [ such that f*z/¢g'z” is a solution of f(z) = 1. Since G is a
torsion-free hyperbolic group and satisfies a BP-condition, there exists a constant c(f, g),
which can be found effectively, such that if f?%2/g"z" € Vg(f(z)) for some ¢, > c(f, g),
then fe2/gPz” C Vo(f(z)) is a two-parametric solution of f(z) = 1. Therefore it is enough

to check all elements of the form z = f*z’g’z” for k,1 < c(f, g).

9 Irreducible algebraic sets and their coordinate groups

In this section, following paper [CR], we use ultrapowers for studying coordinate groups

of irreducible algebraic sets.

9.1 Ultraproducts and coordinate groups of irreducible alge-

braic sets.

Let I be a set and let P(I) be the Boolean algebra of all subsets of I. An ultrafilter over

I is a subset D of P(I) such that
(i) AeDand ACBC I implies B€D

(ii) A, B€Dimplies ANBeD
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(iii) for all A € P(I), exactly one of A, I\ A belongs to D.

Definition 36 Let {X; | i € I} be a family of sets indexed by I, and let D be an ultrafilter

over I. The ultraproduct [1,.; X:/D is defined to be the quotient set [[,c; Xi/ ~, where

el

(z:)ier ~ (Yi)ier f and only if {i € I | z; =y;} € D.

This is easily checked to be an equivalence relation. We shall denote the equivalence

class of an element (z;)ier € [Lic; X: by (:i)ier, and usually abbreviate this to (z;). If

icl
all X; = X, a single set, then the ultraproduct X/D is called an ultrapower of X. Note
that X embeds via the diagonal mapping in X’/D, by mapping z to (z;), where z; = z
foralls e I.

Denoting the ultrapower X?/D by X, given a function f : X® — Y of n variables,
we obtain an extension to a function f : (X)* — ¥ by defining f(z(®,...,z™) =
(f (a;.?), ... ,a:,("))), where z' = (z}), etc. Thus if X is a group, then we can define a
multiplication in X by (z:)(y:) = (z:%:), and this makes X into a group. If X is abelian,
so is X?/D, and if X is an ordered abelian group, then X?/D can be made into an ordered
abelian group by defining (z;) < (y;) if and only if {¢z € I | x; < y;} € D. This can be
proved directly, or using Lo§’s Theorem (see [CKe]).

Now the diagonal embedding of X into X/D is clearly structure-preserving (if X is

& group, it is a group homomorphism).
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An ultrafilter D over I is called principal if some finite subset of I belongs to D.

This is equivalent to saying there is an element j € I such that j € Aforal A€ D. In
this case, the canonical embedding X — X! /D is surjective and so identifies X and X?/D.
On the other hand, if I is countable and D is non-principal, the canonical embedding is
not surjective.

In the introduction we mentioned a result of Chiswell and Remeslennikov about de-
scription of solutions sets of one-variable equations over free groups. Instead of working
directly with solutions, they work only with the coordinate groups of irreducible algebraic
sets.

The following fundamental theorem on which this approach is based was proved in

[BMRL].

Theorem 34 [BMRI1] Let G be an equationally Noetherian group. Then for any count-
able infinite set I and any non-principal ultrafilter D over I, the ultrapower G'/D has

the following properties:
1. GI/D is a G — group, where G is embedded in G*/D via the diagonal mapping;
2. Every coordinate group of an irreducible algebraic set over G is embeddable in G'/D;

3. Bvery finitely generated G-subgroup of G'/D is isomorphic to the coordinate group

of some algebraic set Y over G.
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Theorem 34 says that for any countable infinite set I and any non-principal ultrafilter
D over I, the ultrapower G’/D, in a sense, almost universal for the category of all

coordinate groups of irreducible algebraic sets (a subcategory of AGg).

9.2 Length functions.

Definition 37 Let G be a group and let A be an ordered abelian group. A mapping

L :G — A is called a Lyndon length function if
(1) L(1) =0
(2) for allg € G, L(g) = L(g™")

(3) for all g, h, k € G, c(g,h) > min{c(h,k),c(k,g)}, where c(g,h) is defined to be

3(L(g) + L(h) = L(g™h)).

(Thus ¢(g, h) is an element of the ordered abelian group %A, which in turn is a subgroup
of the ordered abelian group Q ®z A).

Axiom (3) means that at least two of ¢(g, k), c(h, k), c(k, g) are equal, and not greater
than the third, for all g, h, k € G. Such a triple (c(g,h), c(h,k), c(k, g)) is called
admissible. |

It is easy to verify that these axioms imply:
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(4) for all g, h € G, 0 < ¢(g,h) < L(g). In particular, since ¢(g™1,h) > 0, we obtain

the triangle inequality,

(5) for all g, h € G, L(gh) < L(g) + L(h).

Example. Take a free group F' with basis X, and define L : F' — Z by L(g) = d(1, g)
the length of the reduced word on X*! representing g. Then L is a Lyndon length
function, and ¢(g, h) is the length of the largest common initial segment of the reduced

words for g and h (this is the reason for the factor 3 in tke definition of c).

Definition 38 A Lyndon length function L : G — A is called free if for allg € G, g # 1,

L(g%) > L(g).

Definition 39 Let L be a Lyndon length function on a group G. A sequence (gi,. .., ga),
of elements of G is reduced relative to L if L(g) = L{(g1) + ... + L(gn). We write g =

g10...09, to mean g = g1...9, and (g1, --,9n) s reduced.

9.3 Main technical results.

Let G be a torsion-free hyperbolic group, then for an arbitrary countable set I and a
non-principal ultrafilter D we can consider ultrapower G of G.

Let I'(g) = d(1, g). There is an obvious coordinate-wise extension of function I’ :
G — Z to ultrapower G, therefore we obtain a function I’ : G — Z. Notice that [ is
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not a length function on é, although due to hyperbolicity of G, I enjoys the following

property

(g, b) > min{d(g, f), ¢(h, )} -6 Vg, h, f€G (*),

where ¢(g, h) = 1(I'(g) +I'(h) — I'(g1h)).
However we can introduce a length function on G by "factoring out” constant
0. Namely, it is easy to see that Z is a convez subgroup of an ordered group Z, therefore

we can define an ordered quotient group i/Z This defines a function  : G — Z/Z,

where I(g) = I'(g) + Z. For this function inequality (*) becomes

c(g, b) > min{c(g, f), c(h, f)} Vg, h, f€G (%),

where ¢(g, h) = 1(I(g) + l(h) — (g7 h)).

Thus [ satisfies all Lyndon length function axioms. Clearly Ker | = {g € G|lig) =
0} = G, therefore [ is not free (in the sense of definition 38), however by Corollary 1
(see section 7) I(g?) > I(g) for any g € G\G. Alsoift e G\ G and u € G then
I(t) = l(tu) = l(ut) # 0.

We introduce the following terminology. Elements ¢ € G \ G are termed big elements,
and n € Z\ Z are termed superinteger numbers. Element f* € G where o € Z/ Z is called
a big power of element f.

The following lemma, follows from lemma 25.
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Lemma 43 Let v1,...,v. are big elements, and v; o viyy for any i € {1,...,n}. Then

the sequence (v, ...,v,) is reduced. In particular vi o...0v, s a big element.
Lemma 44 Let f,g€ G and o, € Z. Then

1) frog?

2.) f%o fP providing a8 > 0

3) feouo fP foranyu & C(f),ue€q

4.) gPouo f providing C(g) # uC(flu™?, u € G.

Proof. Parts 1.) and 2.) are direct consequences of lemma 21. To prove 3.) and 4.)

it’s enough to notice that [f, ufu=!]+# 1 for any u & C(f).

Definition 40 Lets, t € G, then we say that pair (s, t) has big cancellation if 2¢(s™, t) #

0.
Definition 41 Lett, s € G. Thent ~s if there are elements g, h € G such that t = gsh.

We denote equivalence class of element ¢ € G by [t]. Obviously if elements s and ¢ are

equivalent then < G,t >=< G, s >.

The next theorem is a consequence of theorem 32.
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Theorem 35 Lett € G and

1 2, . . Y, = 1

where uy, ..., U, € G and if u; = 1 for some index © then €; # —€;41. Then one of the
following holds:
1.)teG;

2.) [t] contains an element f - a big power of element f € G;

3.) [t] contains an element f* o g# for some f, g € G and [f,g] # 1;

4.) [t] contains an element f*o go f~* for some f,g € G such that [g, f] # 1;
To prove this theorem we need the following simple lemma.

Lemma 45 Let I be a set, D be an ultrafilter over I and D € D. Suppose that

D=D,uU...UD,,
then D; € D for some i € {1,...,n}.
Proof. It is sufficient to give a proof for n = 2 and the general case follows by induction.
Therefore, let D = D, U D, where D € D. Suppose that neither Dy nor Ds belongs to D,

then both D; and D, are from D and D = D; N Dy € D. Contradiction.
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Proof. (Theorem 35) Consider an equation

S ugt2uy . . Phu, = 1.

Let

D = {i € It *wit?uq. .. t;"u, = 1}

where ¢t = (t;), then D € D. By theorem 32 for each 7 € D there are constants C' = C'(4,1)

and D' = D'(4,1) such that ¢; has one of the following forms:
1) U'(t:) < C%
2) t; = f*g for some g € G where l'(g) < C';
3) ti= (f*opg®)g for some f, g € G where I'(g), I'(f), U'(g') < C" and [f, 9] # 1;
4) t:= ((f*g)op f*)g for some f, g, g' € G where U'(g), I'(f), U(¢) < C";

Indeed, theorem 32 says that element ¢; has one of six possible forms. For example, it

may have the following form

- —~——
ti=u; (wuy' op(a - ujui ).

We can rewrite element ¢; as follows
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P —Q N «

ti= (u uyu w) el (u g ) Tt = ((Fo9)on f)d

N

where f = u; 'uju; s, g = u;'2'; and ¢’ = u;

Therefore we have the following decomposition of the set D

D=D1UD2UD3UD4,

where D; = {i € I |¢; has a form j € {1,...4} from the list above}.

By the lemma above there exists j such that D; € D which proves the theorem.

9.4 Coordinate groups of irreducible algebraic sets

Let G be a torsion-free hyperbolic group and S C G * (z) any system of equations with

one variable over G such that Vg(S) # Q.

Theorem 36 Any coordinate group Gy of an irreducible algebraic set Y C G satisfies

one of the following.
a) Gy 2 G;
b) Gy = (G,t | [g,t] = 1), where g is a root element of G;
¢) Gy = G * (z);
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d) Gy = G (', ), where (f', ') = (f, g) for some root elements f, g € G;

e) Gy & (H, s|s7 fs = f') where H = G¥(g—(y, where (f', ') = (f, g) for some

root elements f, g € G;

Corollary Let G be a torsion-free 2-free hyperbolic group, then every irreducible algebraic
set V # G over G is isomorphic to a point or centralizer of some element. In particular

if G is a non-abelian f.g. free group, then we get Chiswell-Remeslennikov theorem.

Proof. (theorem 36)

By theorem 34 coordinate groups of irreducible algebraic sets Y C G* are isomorphic
to one generated G-subgroups of G and vice versa. Therefore it is sufficent to classify up
to isomorphism all groups of the form (G, t) where ¢ € G.

When ¢t € G then (G, t) = G. Let now t be a big element. Then by theorem 35

(G, t) = G * (t) unless [t] contains an element of one of the following forms:
1) t €G;
2) t=f° WherefeGandaei\Z;
3.) t = f*o g for some f, g € G such that [f,g] #1 and o, B € Z\Z;
4.) t= f*ogo f~= for some f, g € G such that [f, g] #1 and a € Z\ Z;

Lemma 46 Lett € G\ G andt ~ f* where o € Z\Z. Then (G, t) = (G,s | [s,f] = 1).
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Proof. Clearly (G, t) = (G, f*). Let H = (G,s | [s,f] = 1) then there is an ob-
vious epimorphism ¢ : H — (G, f*) which sends s to f*. Since H is an HNN-
extension of a group G, any non-trivial element h € H can be presented in a reduced
form, so that A = u;sugs®us. .. s**u,, and if u; € C(f) then ¢; # —e;1. To prove
that ¢ is an isomorphism we need to show that if h is a reduced element then ¢(h) =
uy [ ug fo%2u3 . . . *" u, # 1. Notice that by lemma 44 any pair (f*%, ;1 f!) is re-
duced. Therefore by lemma 43 ¢(h) = uy f** oug f*%0...0u, 1 f*"u, which proves that

element @(h) is big and hence is nontrivial.

Lemma 47 (i) Let t ~ f*g? where a, B € Z \Z, f, g € G and g is not conjugated with
= Then (G, t) = (H, s|s” fs = ') where H = Gxgy—(sn(f’, ¢'), where (f', ') =
{f>9)-

(i3) Let t ~ foufP where a, B € Z\7Z such that «+ B € Z\Z and f € G. Then

(G’ t) = <H7 ] I S_Ifs = f,> where H = G*(ufu“l)r—(g’) (flv g’>; where (f,7 g,> = (f’ ufu—1>'

Proof. (i) Notice first that since g is not conjugated with f*! a pair (f¢, ug?) is reduced
for any element u € G. Let Hy = Gxg=(n(f', ¢'), where (f’, ¢') = (f, g) and H =
(Hy, s|s71fs = f') - HNN-extension of group H;.

It is not hard to see what are defining relations of H. These are relations of G plus

relations of the following type:
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sTlfkrgglig™l fhag g7l fRnggln — 1

where fkigh fk2  fkagln — 1 is a definig relation of (f, g). Clearly (G, t = fg®) has
relations of the same kind with s replaced by ¢. Therefore there is an obvious epimorphism
¢ : H— (G, t) which sends s to t. To show that ¢ is an isomorphism we need to prove
that h # 1 implies ¢(h) # 1. Since H is an HNN-extension of H; any nontrivial element
h can be presented in a reduced form h = g;5°1¢95°2g;. .. gp-15¢g, Where g; € H; for
every i, and there are no subwords of the form sf™*s~! or s~1fs.

Since H; is a free product with amalgamation each g; can be written in the normal
form g; = gts171 .. . $;n,Tm, Where s; is a representative of a coset of (g) in G and r; is a
representative of a coset of (¢’) in (f, ¢’), in addition s; or r,,, may be trivial.

Since ¢(s) = t we have ¢(f') = g~ fg# and therefore for any r; # 1
$(rj) = (f g g2 [ g?) = g P gt flagh L frrgeg? = g g
where h; & (g). Hence for any g; € Hy
$(¢:) = g"s19 P hag’s2 ... $migPhm.g”

where each h; & (g) for j € {1,...,m;—1} and s; & (g) for j € {2,...,m;}.

Let’s show by induction on & that
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d(h) =h' o f*og® when g =1,

#(h) = h'o f~* when g, = —1

for some k' € G. In particular element ¢(k) is big and hence nontrivial.

Case 1.) Let g1 =1, e, = L.

a.) 81 # 1, hy,_, # 1. In this case

¢(h) = (h" 0 f* 0 ¢°) - $lge-1) - f70° =
= (0 170 )" 1519 M g5 Sy 10 P18 - 5% =
=h"o f*ogPogh-151g7P0...05,,_gPo hmk_lgf" of*ogf =hof¥og’

b.) s1=1, hm,_, # 1. In this case

¢(h) = (B 0 f* 0 P)g*1g™Ph1gPss. .. Smy g PPmy 9 - f9° =
— h” ° fo: o glk_lhlgﬁ o.. _smk—lg—ﬁ o hmk_*lgﬁ o fa Ogﬂ — h’ fo) fa o gﬁ

c.) 81 # 1, hym,_, = 1. In this case

¢(h) = (" o f* 0 ¢P)g"*15197Ph1gP50 ... 0 Phumy 29" Sy - F70° =
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=h'of*ogloghtsigPo...0gP o hm, ,g° 0 5m,  fTog’ =N o f0gP
d.) s1 =1, hp,_, = 1. This case is similar to the cases b.) and c.).

Case 2.) Let ex_1 = —1, & = 1. Then ¢(h) = (K" o f~*)¢(gr-1) - f*g°. Suppose
that ¢(gr-1) € G then since h is a reduced element ¢(gr—1) &€ C(f) and hence ¢(h) =

h'o f~*o@(ge_1)fE 0 g =h o f*ogP.

Let ¢(gk—1) € G. Then

¢(h) = (B" o f°) - g* 15197 PhugPsz . . 5my_, 0 PPy, 07 - fO4° =
=H'of o150 0. . 05m, g o hm, P 0 f*0 g’ =l o f0g
Similarly we consider the cases €x—1 = 1, &, = —1 and g1 = —1, g = —1.

(ii) Let now g = ufu~" where u & C(f) and & + 8 € Z \ Z. Let’s show by induction

on k that
(k) =k o (f*oufPu?), or ¢(h) = ' o (f** o ufPu") where I o f7 for anyy € Z

when ¢, = 1,

d(h) =R o (fPouf%), or ¢(h) = I o (f P o/ f~©@*P) for some v’ & C(f)

when g = —1.
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Case 1.) Let €x—; = 1, e, = 1. Then

$(h) = (K" o f*oufPu™) - ¢* 5197 sz . 519 Phm,_,9° - (f* 0 ufPu™).
a.) Suppose that s; # 1, hm,_, # 1. Similarly to the corresponding case in (i) we have
G(h) = b o feouffut o g-15.gP o hygPo...0gP 0 hy, g% 0 frouffu =
=h o (f*ouffu™),

where K/ o f7 for any -y € Z (this is because &’ ends with g).

b.) Suppose that s; =1, Ay, _, # 1. In this case
d(h) = (B o fEouffu ™) uf1 Py hufPu sy ... g Pl 9P - (fEouffut) =
= (K" o fXYufru - fPusy. .. sk-19 P hme_,9° - (F* o ufPut).
When uf*-1u~thyu & C(f) we have
d(h) = K" o feuf* u~hiuo fPulsy0...08, 1g7P 0 by 9P 0 fEouffut =
= h; o (f*ouffu™?)

as desired.

Suppose that uf%-1u~1hyu = f'*1. In this case

d(h) =h"o foPuls50... 0541 P 0 by, % 0 fEoufPu™t = B o (f* o ufPu?).
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¢.) Suppose that s; 5 1, Am,_, = 1. Then
d(h) = (K" o feouffu)ogh15.97PohygPo...0g7 P o by _ufPuls,_s- f*ouflul.

If u=lsy_; & C(f) then fPu=ls;_; 0 f* and ¢(h) = ' o (f* o ufPu~?).
Let u™'sk_1 € C(f) then ¢(h) = h' o fotP o fPy~1.
All other cases are done by the straightforward verification using the arguments above.

In any case element ¢(h) is big and hence nontrivial.

Notice that if ¢ ~ f*gf? where a + 3 € Z then 8 = ~a+ k, k € Z and therefore

t~ fegf.

Lemma 48 Lett € G\G andt ~ f*gf~ whereaw € Z\Z. Then (G, t) = Gxp=(m(f, 9,

where (', g') = (f, g)-

Proof. Consider a group H = Gx(p=(f’, ¢'), where (f’, ¢') = (f, g). Then there is
an obvious epimorphism ¢ : H — (G, t = f*¢f~*) which sends ¢' to t. Any nontrivial
element h € H can be written in a normal form h = f*s;t;... sitx where each s; is a
representative of a coset of (f) in G and each t; is a representative of a coset of (f’) in
(', 9.

Then ¢(t;) = f* o h;o f~*, where h; & C(f). Therefore for any h # 1 we have

$(h)= fFs10 f*omof™o...osf ohof™#1,
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which proves that ¢ is an isomorphism.

Summarizing the results of three lemmas above we get a proof of theorem 36.

9.5 Description of irreducible algebraic sets

Let’s now describe the irreducible algebraic sets of G*. First we find systems of equations

solutions sets of which are irreduible algebraic sets.

Definition 42 Let G be a group, S C G[X] and Ve(S) # @. Then we say that system S

satisfies the Nullstellensatz over G if Rad(Ve(S)) = nclgx)(S)-

Theorem 37 [BMRI1] Let G be a group, S C G[X] and Vg(S) # @. Then system S

satisfies the Nullstellensatz over G if and only if G[X]/nclgx)(S) s G-separated by G.

Let M =< f,g|r(f,g),r € R > be a non-free subgroup of G generated by some root
elements f,g € G. Consider the following system Sy = {r(f,z) = 1;7 € R}. Notice
that Gy = Gxig—(gn{f’, ¢'), where {f’, ¢’} = (f, g) is isomorphic to G[X]/ncl(Sm). But
Gy being a coordinate group of some irreducible algebraic set is G - discriminated by
G. Therefore by the theorem above Sys satisfies the Nullstellensatz and hence Gy is the
coordinate group of an algebraic set Ve (Sn)-

Similarly, let M =< f,g|r(f,g),r € R > be a non-free subgroup of G generated by
some oot elements f,g € G. Consider the system S’y = {r(z~'fz,g) = 1;7 € R}. Then
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Gy = (H, s|s™1fs = f') where H = Gx(g)~(s), where (f’, ¢') = (f, 9) is a coordinate
group of Vz(S'(M)).

Now we turn to a description of solution sets of systems Sas and S'ps. Since torsion-
free hyperbolic groups are equationally Neotherian we can assume that Sy and S’y are
finite systems.

An arbitrary equation from Sy has the following form
ghfhiglefhe | ghfbn — 1 where gh frrglzfrz | gl fr =1,

Since the number of equations is finite, by theorem 32 there is a constant C1 = Ci(6, (f, g))

such that
Vo(Su) = {z € G| |z| < C1, or z= (foz)*, or z = foz f*,

or £ = "%z f* for some |z1| < C1}.

An arbitrary equation from S’ps has the following form
r(z7 fz, g) = gha  foragaTlfR  pgha T fRrg = 1,
where gt friglefre  glnfhn =1,

By theorem 31 there are 7 and j such that in one of the following products

xglix-lfkix’ or x—lfijglj+1x—l
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the middle occurence of z is cancelled out almost completely. To describe a form of

element z we use lemma 38 from section 7.

Lemma 38 Let

%qu-lm — lou| — vz| + |z]) < C(6,1),

then = has one of the following forms:
1) |z| < D;
2) z = vz, where |z,| < D;
3) © = x4™ where |z;| < D;
4) x = (¥Px1)a™ where |z1| < D;

for some constant D = D(4,1).
Since the number of equations is finite, by lemma 38 there is a constant C, =

Ca(4, (f, g)) such that
|z] < Cy, or & = f%z;, or z = z14°, or x = f®z,9° for some |z;| < Co.
It is easy to see that r'(z7" fz;, g) = 1. Indeed, for example, when z = fz;g° we have

1=r'(z7fz, ) = g"g Par' fof" foaagPgg~Par fo " ghg TP aT O P fo gl
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Therefore
1= ghz! fRaga [ . ogha [P = (a7 fan, g).
Finally,
Vo(S'm)={z€CG||z|<Cy,orz= for;, orz= z149°, or T = foz,9°
for some |z;| < C; such that 7'(z7 fz1, 9) =1V r'(z7 fz,9) =1 € S'u}.

Summarizing all of the above we get the following result.
Let M =< f,g|r(f,g9),r € R > be a subgroup of G generated by root elements
f, g € G. We introduce the following systems

Sy = {r(f,z) =1;r € R} and S}, = {r(z7'fz,9) = 1;r € R}.

Theorem 38 Let G be a torsion-free hyperbolic group and V. = V3 U --- U Vi be the
decomposition of an algebraic set V' from G* into irreducible components. If V # G,

then every V;, up to isomorphism, has one of the following forms:
a) V; is a point;
b) V; = fC(g), for some elements f,g,€ G;

c) V; = Va(Su) = {z € G| |z| < C1, or z = (foz)*, orz = fou P, or z =
=z f* for some |z1| < C1}, for some M =< f,g|r(f,g),r € R > and C) =
01(6: <f7 g))
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d) Vi=Va(S'u) = {z € G| |z| < Ca, or z = foz1 or z = 2:19P, or © = fo129” for
some |z1| < Cp such that (a7  fz1, 9) = 1V r'(z7 fz,9) = 1 € S'y}, for some

M =< f,g|r(f,9),r € R> and Co = Co(é, {f, g))
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