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Abstract

SYNTHESIS OF MIXED LUMPED-DISTRIBUTED CASCADE NETWORKS

by

A lo is  J .  R ie d e re r 

ADVISOR: P ro fe s so r  Louis Weinberg

T his work e s ta b l is h e s  th e  r e a l i z a b i l i t y  c o n d itio n s  o f  

th e  fo llo w in g  mixed lu m p e d -d is tr ib u te d  cascade  netw orks in v o lv in g  

u n ifo rm , commensurate tra n sm iss io n  l i n e s  and e i t h e r  a  r e s is ta n c e  

o r  lo s s l e s s  te rm in a tio n :

1 ) lo s s l e s s  l i n e s  and LC netw orks

2) d i s to r t io n le s s  l i n e s  and LC netw orks

3) RC l i n e s  and RC netw orks

U) L=0 (C=0) l i n e s  and " p re d is to r te d "  RC (LG) netw orks

We a lso  d e r iv e  a  t e s t  in  te r n s  o f  ra tio n e d  fu n c tio n s  

w ith  which to  v e r i f y  th e  r e a l i z a b i l i t y  c o n d itio n s  fo r  th e  

impedance fu n c tio n s  o r  ch a in  m a tr ic e s  o f  th e s e  cascade netw orks.

Furtherm ore we g iv e  a  s y n th e s is  a lg o rith m  w ith  which to  

r e a l i z e  any impedance (ad m ittan ce ) fu n c tio n  o r  ch a in  m a tr ix  t h a t  

s a t i s f i e s  th e  p a r t i c u la r  r e a l i z a b i l i t y  c o n d itio n s  as one o f  th e  

cascade netw orks above.
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CHAPTER 1 . INTRODUCTION

1 .1  INTRODUCTION

The sy n th e s is  o f  f i l t e r s  c o n ta in in g  lumped elem ents has 

r a is e d  netw ork th e o ry  to  a  s o p h is t ic a te d  s c ie n c e . T h is f i l t e r  

th e o ry  hew been w e ll e s ta b l is h e d  fo r  a  number o f  d ecad es . Except 

f o r  some unso lved  problem s In v o lv in g  netw orks w ith o u t tra n s fo rm e rs  

a  f a i r l y  com plete th e o ry  i s  a v a i la b le .  For d r iv in g -p o in t  fu n c tio n s  

B ru n e 's  theorem  p ro v id ed  a  com plete c h a r a c te r i z a t i o n , nam ely, th e  

n ece ssa ry  and s u f f i c i e n t  c o n d itio n  fo r  th e  r e a l i z a t i o n  o f  a  d r iv in g -  

p o in t fu n c tio n  by a  netw ork c o n ta in in g  lumped elem en ts i s  t h a t  th e  

fu n c tio n  be r a t io n a l  and p o s i t iv e  r e a l .  D a r l in g to n 's  th e o ry  th e n  

so lv ed  th e  f i l t e r  problem  by r e l a t i n g  th e  d r iv in g -p o in t  fu n c tio n  

to  th e  tra n sm iss io n  fu n c tio n  o f  a  f i l t e r  netw ork. D a r l in g to n 's  

r e s u l t s  were a p p lic a b le  t o  a  canonic s t r u c tu r e  o f  a  lo s s l e s s  tw o- 

p o r t  netw ork te rm in a te d  in  r e s is ta n c e  a t  b o th  th e  in p u t and o u tp u t 

p o r t s .  T h is  netw ork c o n f ig u ra tio n  i s  shown in  F ig . 1 .1 -1 .

i .

Network

L o ss le ss

Lumped

F ig . 1 .1 -1



For t h i s  c o n f ig u ra tio n  th e  in p u t impedance fa c e d  by th e  

g e n e ra to r  r e s is ta n c e  Rg

V0 -pU)

z0 ' X  '

may be e a s i ly  r e la te d  t o  th e  r e f l e c t i o n  fu n c tio n  p (s) and th e  

tra n sm is s io n  fu n c tio n  t ( s )  [2 8 , p . 586], The fu n c tio n  t ( s )  i s  

d e f in e d  by

2
| t ( s ) |   ̂ Power Output

s * J u A v a ila b le  Power

v2 I2/ r u

|Vil2ARg

and i t  i s  r e l a t e d  t o  p ( s )  by

| t ( s ) | 2 -  1 -  | p ( 8 ) | 2
S'ju  8®Ju)

The reflection  function in turn is  related to  Z(s) byo

Z -  R
-2  L
zo + R ,

Thus i f  we d e f in e

zo Ml + N1—  SB
Rg M 2 + N 2

where and %  a re  th e  even and odd p a r ts  o f  th e  n u m era to r, 

r e s p e c t iv e ly ,  w h ile  Kq and N2 a r e  d e f in e d  c o rre sp o n d in g ly  fo r
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th e  denom inato r, th e n  we have

(M x -  VI2 > + <N l -  N2 ) 

( M j + M g )  + ( N1 + N g )

and

| t ( » > I L  = K M 1 M2  -  » x Mg )
8 J u  (M3+ M2  ) 2 -  ( H i  + n] ) J

8»J W

The e x p re ss io n  M2 -  Nx N2 in  th e  num erator o f  th e  above 

e q u a tio n  a ls o  o ccu rs  in  th e  r e a l  p a r t  o f  Z0 ( jw) /Rjy, s p e c i f i c a l l y ,
g*

Re Zo M l \

M1  Ml  “ N1 f SL
M? -  N

s « Ju

Follow ing  Weinberg [2 8 , p . 2 2 9 ], we d e s ig n a te  Mj M2  -  N2 

aa th e  e n s lg n a n t. I t  p la y s  an im p o rtan t r o le  in  th e  th e o r e t i c a l  

r e s u l t s  o f  t h i s  t h e s i s .  The D a rlin g to n  th e o ry  r e a l i z e s  Z0 ( s )  in  

a  l o s s l e s s  c o n f ig u ra tio n  by rem oving a  p a i r  o r  q u ad ru p le t o f  zeros 

o f  tra n sm is s io n  in  each s te p .  Thus i f  we fo rm u la te  a  p rocedure  

f o r  r e a l i z in g  ZQ we have a t  one and th e  same tim e fo rm u la ted  a  

p rocedu re  fo r  r e a l i z in g  th e  co rresp o n d in g  tran sm isso n  fu n c tio n  t ( s )  

and r e f l e c t i o n  fu n c tio n  p ( s ) .

A nother method o f  fo rm u la tin g  th e  c h a ra c te r iz a t io n  o f  th e  

canonic s t r u c tu r e  in  F ig . 1 .1 -1  i s  conven ien t f o r  ou r p u rp o ses .

I t  i s  g iven  in  te rm s o f  th e  ch a in  m a tr ix  o f  th e  lo s s l e s s  tw o -p o rt 

n e tw ork :
' Vo

1
“ F

" A B "

...
...

...
...

— " 
"1

Xo C D la



k

Using Z0  « V0 / I Q we may d iv id e  th e  f i r s t  o f  th e  two eq u a tio n s  

re p re s e n te d  above by th e  second e q u a tio n  to  o b ta in

Vc AVp + BI2
7  S  —  8  fc I. ! c

o T CV2 +  DI2

r l a + B

rl c ♦ D

where in  th e  second e q u a tio n  we have d iv id e d  th e  num erator and 

denom inator by I 2  and th e n  s u b s t i tu te d  R^s  ^2/ I 2  • *n a  s im i la r  

manner we may o b ta in  t ( s )  in  te rm s o f  th e  ch a in  m a tr ix  e lem en ts ,

A, B, C, D and F and th e  r e s is ta n c e  te rm in a tio n s  as

RjA+B+RgRjC+RgD

Thus i t  i s  c l e a r  th a t  a  r e a l i z a t i o n  p rocedure  f o r  ZQ can a ls o  be used 

t o  r e a l i z e  a  s p e c if ie d  ch a in  m a tr ix  o f  a  lo s s le s s  tw o -p o rt netw ork 

te rm in a te d  in  a  r e s i s ta n c e .

In  th i s  th e s i s  we a re  a ls o  concerned  p r im a r ily  w ith  th e  

c o n fig u ra tio n  shown in  F ig . 1 .1 -1 .  However, f o r  a  v a r ie ty  o f  

reasons i t  i s  d e s i r a b le  t o  in c lu d e  d is tr ib u te d -p a ra m e te r  elem ents 

in  th e  lo s s le s s  netw ork . F i r s t ,  th e  netw ork model can th e n  be used 

in  th e  microwave range o f  f re q u e n c ie s . S econd ly , th e  models f o r  

tu n n e l d iodes and  o th e r  microwave c i r c u i t s  g e n e ra l ly  le a d  to  mixed 

n e tw o rk s , th a t  i s ,  netw orks c o n ta in in g  b o th  lumped and d i s t r i b u te d  

e lem en ts . T h ird ly , when tra n sm is s io n  l in e s  o f  d i f f e r e n t  ch a rac ­

t e r i s t i c  impedances a re  casca d ed , sh u n t c a p a c ita n c e s  and o th e r



p a r a s i t i c  r e a c t iv e  netw orks a re  in tro d u c e d  a t  th e  J u n c t io n s ,  th u s  

ag a in  making n ece ssa ry  th e  s y n th e s is  o f  a  mixed lu m p e d -d is tr ib u te d  

system . F o u r th ly , th e  in t ro d u c tio n  o f  tra n sm is s io n  l in e s  in c re a s e s  

th e  approx im ating  power o f  th e  ne tw o rk s, t h a t  i s ,  more pow erfu l 

f i l t e r s  become a v a i la b le .

The d i s t r i b u te d  elem ent we use  i s  th e  i d e a l ,  un iform  lo s s le s s  

tra n sm iss io n  l i n e  (o f te n  r e f e r r e d  t o  as a  u n i t  e lem en t) o p e ra tin g  

in  th e  TEM mode. I t  i s  c h a ra c te r iz e d  com plete ly  by i t s  c h a r a c te r i s t i c  

impedance RQ and i t s  one-way tim e d e lay  T. The ch a in  m a tr ix  fo r  

such an e lem en t, shown in  F ig . 1 .1 -2  i s  g iv en  by

V
«

cosh sT RQ s in h  sT X

I,
r

s in h  sT cosh sT l z

I.

■ €

Lz
—o

F ig . 1 .1 -2

The network c o n f ig u ra tio n  o f  i n t e r e s t  t o  us i s  a  cascade 

o f  commensurate tra n sm is s io n  l i n e s  and lum ped, l o s s l e s s ,  tw o -p o rt 

n e tw orks, shown in  F ig . 1 .1 -3 .

LLN

1 V  T1

LLN

2 R2*  T2

LLN

(n+1 )

Fig. 1.1-3
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By commensurate tra n sm is s io n  l i n e s  i s  meant t h a t  th e  r a t i o  o f  th e  

tim e d e lay s  o f  any p a i r  o f  l in e s  i s  a  r a t i o n a l  number.

The main r e s u l t  o f  t h i s  t h e s i s  i s  th e  d e te rm in a tio n  o f  th e  

n e c e ssa ry  and s u f f i c i e n t  c o n d itio n s  on th e  in p u t impedance ZQ 

(and hence on p and t )  f o r  i t s  r e a l i z a t i o n  by th e  cascade netw ork 

o f  F ig . 1 .1 -3 .  In  e s ta b l is h in g  th e se  c o n d itio n s  we make use  o f  th e  

p o s i t iv e  r e a l  c o n d itio n  on ZQ and th e  c o n d itio n s  imposed by th e  

cascade c o n f ig u ra tio n .

The s o lu t io n  o f  t h i s  problem  a ls o  a u to m a tic a lly  so lv e s  a 

number o f  r e l a t e d  tw o -p o rt s y n th e s is  problem s. For exam ple, i t  can 

be  used  to  r e a l i z e  any s p e c if ie d  lo s s l e s s  ch a in  m a tr ix . Thus th e  

p ro ced u re  can a ls o  be used  when th e  lo s s le s s  tw o -p o rt i s  te rm in a te d  

in  a  s h o r t  c i r c u i t  o r  an open c i r c u i t .  In  a d d i t io n ,  i t  i s  w e ll 

known th a t  tra n s fo rm a tio n s  e x i s t  f o r  c o n v e rtin g  an LC netw ork(and 

i t s  impedance fu n c tio n  o r  m a tr ix )  t o  an RC netw ork (and th e  c o r r e s ­

ponding RC fu n c tio n  o r  m a tr ix )  o r  t o  a  netw ork w ith  uniform  

lo s s  [2 8 , p . 9 2 ] . Thus th e  s y n th e s is  p ro ced u re  developed in  t h i s  

t h e s i s  can a ls o  be used  f o r  th e  s y n th e s is  o f  th e  fo llo w in g  cascade 

n e tw o rk s :

1 ) d i s to r t i o n l e s s  l i n e s  (RC=LG) and lumped LC ne tw o rk s,

2) RC l i n e s  (L*G*0) and lum ped, r e c ip r o c a l  RC ne tw o rk s,

3) in d u c to r le s s  l in e s  (L*0) and " p r e d is to r t e d ,"  lumped 

RC netw orks (every  C i s  shun ted  by a  p ro p o r t io n a l  G ), 

and
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The lo s s le s s  cascade netw ork te rm in a te d  in  r e s is ta n c e s  i s  a 

p a r t i c u l a r ly  p r a c t i c a l  c o n f ig u ra tio n . This i s  e s p e c ia l ly  t r u e  when 

th e  g iv en  f i l t e r  fu n c tio n  can be r e a l iz e d  w ith o u t t r a n s fo rm e rs . The 

c o n d itio n s  fo r  r e a l i z a t io n s  w ith o u t tra n s fo rm e rs  a re  p a r t  o f  our r e ­

s u l t s .  The netw orks o b ta in ed  in c lu d e  th e  fo llo w in g  im p o rtan t c a se s :

1 ) Each lumped tw o -p o rt reduces t o  a  sh u n t c a p a c ita n c e , as 

shown in  F ig . 1.1-1*. Such a  c o n f ig u ra tio n  a r i s e s  n a tu r a l ly  in

-O— 0 - 0 -  

■ Cl R1

-0 '• —j O-

-o— ) l—o-

-o • . .  O' »| O

F ig . 1.1-1*

in te g r a te d  c i r c u i t  netw orks.

T h is  re d u c tio n  o f  th e  lumped tw o -p o r t ,  as i s  c l e a r  from th e  

D a rlin g to n  th e o ry , r e q u ire s  t h a t  th e  ze ro s  o f  th e  r e a l  p a r t  o f  Z0 a l l  

l i e  a t  i n f i n i t y .  T h is i s  t r u e  s in c e  th e  tra n s m is s io n  ze ro s  o f  th e  

lumped ne tw o rk s , t h a t  i s , th e  c a p a c ita n c e s , and th o se  o f  th e  t r a n s ­

m iss io n  l i n e s  a l l  l i e  a t  i n f i n i t y .  The a d d i t io n a l  re q u ire m e n t, as  we 

s h a l l  s e e ,  i s  t h a t  when T^-^O f o r  each l i n e ,  th e  impedance must reduce 

to  t h a t  f o r  a  c a p a c ita n c e  and a  r e s is ta n c e  in  p a r a l l e l ,  t h a t  i s

a
b s  + d

T, =0 k
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2) A nother s p e c if ic  lumped tw o -p o rt w ith  a l l  i t s  ze ro s  a t  

i n f i n i t y  i s  th e  low -pass la d d e r  netw ork w ith  in d u c tan ce s  in  th e  

s e r i e s  arms and c a p a c itan ces  in  th e  shun t arm s.

3) Another tr a n s fo rm e r le s s  netw ork i s  o b ta in e d  when each 

lumped tw o -p o rt i s  a  h ig h -p ass  la d d e r ,  w ith  C 's  in  th e  s e r i e s  arms and 

L 's  in  th e  shun t arm s. Now th e  e n s ig n an t w i l l  no lo n g e r  be a  c o n s ta n t 

b u t w i l l  be a  s in g le  nonoonstant te rm  so  th a t  a l l  th e  ze ro s  in tro d u ced  

by th e  lumped networks l i e  a t  th e  o r ig in .

U) Combinations o f  th e  above th r e e  netw ork ty p e s  in  a  s in g le  

lumped tw o -p o rt o r  in  d i f f e r e n t  tw o -p o r ts .

The lumped networks n e x t in  o rd e r  o f  com plex ity  a re  s t i l l  r e ­

c ip ro c a l  b u t re q u ire  tra n s fo rm e rs . F in a l ly ,  th e  lumped tw o -p o rts  may 

be n o n -re c ip ro c a l netw orks. The s y n th e s is  p ro ced u re  developed in  t h i s  

t h e s i s  a p p l ie s  to  a l l  th e se  netw orks.
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1 .2  HISTORICAL BACKGROUND

The p resen ce  o f  tra n sm iss io n  l in e s  in  com bination v i t h  lumped 

param eters  in  e l e c t r i c  c i r c u i t s  causes th e  inpu t-im pedance fu n c tio n  o f  

such netw orks t o  be removed from th e  realm  o f  r a t i o n a l  fu n c tio n s  t o  

t h a t  o f  t r a n s c e n d e n ta l fu n c tio n s  in v o lv in g  th e  complex v a r ia b le  

nTs + k’ o r  s and e x p o n e n tia ls  o f  th e  form e * where f^

( f ^ ( s )  i s  f u r th e r  s p e c if ie d  in  C hapter 5 ) .  At p re s e n t no g e n e ra l 

r e a l i z a t i o n  theorem  s im i la r  t o  B ru n e 's  theorem  [U] fo r  r a t i o n a l  fu n c tio n s  

e x i s t s  f o r  th e s e  p a r t i c u la r  tr a n s c e n d e n ta l  fu n c tio n s  even fo r  th e  

p rim ary  case  under d tu d y , t h a t  i s ,  where f ^ ( s )  i s  s p e c if ie d  as 

f ^ ( s )  ■ a^ s .  However, th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  s p e c i f ic  

c i r c u i t  c o n f ig u ra tio n s  in v o lv in g  tra n sm is s io n  l i n e s  have been 

o b ta in e d :

1 .2 .1  NON-UNIFORM LINES

Some v e ry  in t e r e s t in g  r e s u l t s  in v o lv in g  non-uniform  RC l in e s  

f o r  which f ^ s )  * ajyfs’have been  o b ta in ed  by s e v e ra l  au th o rs  [7 ,  8 ] .

Of p a r t i c u l a r  i n t e r e s t  i s  t h e i r  te ch n iq u e  o f  w orking d i r e c t l y  w ith  

th e  tr a n s c e n d e n ta l  impedance fu n c tio n s  and u s in g  theorem s in  e n t i r e  

fu n c tio n  th e o ry  t o  o b ta in  th e  d e s ire d  r e s u l t s .

1 .2 .2  UNIFORM LINES WITHOUT LUMPED ELEMENTS

For th e  tr a n s c e n d e n ta l  in p u t impedance g en e ra ted  by un ifo rm , 

lo s s l e s s  tra n sm is s io n  l i n e s  ( f ^ s )  * 04 s ) ,  w ith  o r  w ith o u t lumped 

p a ra m e te rs , a lm ost a l l  r e s u l t s  have been o b ta in e d  by tra n s fo rm in g  th e  

tr a n s c e n d e n ta l  fu n c tio n  in to  e i t h e r  a  s in g le - v a r ia b le  o r  m u l t i -  

v a r ia b le  r a t i o n a l  fu n c tio n  by in tro d u c in g  new v a r ia b le s  t j *  ta n h  T^s 

where Tj i s  a  tim e  c o n s ta n t . R ichards [ 9 ] ,  who was th e  f i r s t  t o  in t r o ­

duce t h i s  te c h n iq u e , de term ined  th e  n e c e ssa ry  and s u f f i c i e n t  c o n d itio n s
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fo r  a  tr a n s c e n d e n ta l fu n c tio n  o f  s t o  be th e  d r iv in g -p o in t  impedance 

o f  a  p h y s ic a l ly  r e a l iz a b le  netw ork c o n s is t in g  o f  lumped r e s i s t o r s  

and l o s s l e s s ,  un iform  tra n sm iss io n  l i n e s  o f  commensurate le n g th s .

As a  s p e c ia l  case  he gave th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  an 

e q u ile n g th - tra n sm is s io n  l i n e  cascade te rm in a te d  in  a s h o r t  o r  open 

c i r c u i t .  R ib le t [ l l ]  combined th e  r e s u l t s  o f  R ichards [9] w ith  

C o l l in 's  [20] can o n ica l form fo r  th e  in s e r t io n  lo s s  fu n c tio n  o f  

lo s s le s s  tro n sm i8 8 io n -lin e  f i l t e r s  t o  d e r iv e  a  p rocedure  fo r  th e  

r e a l i z a t io n  o f  a  p a r t i c u l a r  in s e r t io n  lo s s  fu n c tio n  by an e q u ile n g th -  

tra n sm is s io n  l i n e  f i l t e r  p o sse ss in g  e i t h e r  a  m axim ally f l a t  o r  

Chebyshev perform ance c h a r a c t e r i s t i c .  Ozaki and I s h i i  [1 0 ] ,  making 

use  o f  F u jisa w a 's  [22] c o n d itio n s  f o r  low p ass  la d d e rs  w ith o u t m utual 

in d u c ta n c e , o b ta in e d  th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  r e s i s ta n c e -  

te rm in a te d , e q u ile n g th - tra n sm is s io n  l i n e  cascades w ith  e i t h e r  a 

sh o r te d  o r  o p e n -c irc u ite d  tra n sm is s io n  l i n e  p a r a l le l e d  a t  th e  

ju n c t io n s .  S a ito  [12] used  th e  m u l t iv a r ia b le  approach to  s t a t e  th e  

r e a l i z a b i l i t y  c o n d itio n s  f o r  a  cascade o f  non-commensurate l i n e s  

te rm in a te d  in  a  r e s is ta n c e .  More g e n e r a l ly ,  Scanlon and Rhodes [lU ] 

showed th a t  any a r b i t r a r y  p o s i t iv e  r e a l  impedance fu n c tio n  in  th e  

d i s t r i b u te d  v a r ia b le  t  = ta n h  s may be  r e a l iz e d  as a  cascade o f  

commensurate, t r a n s fo rm e r le s s ,  c o u p le d - lin e  netw orks te rm in a te d  in  

a  s in g le  r e s i s t o r .  K in ariw ala  [15] a ttem p ted  a  d i f f e r e n t  t r a n s f o r ­

m ation t  ■ ea  8 to  e s ta b l i s h  th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  a 

c h a in  o f  commensurate o r  non-commensurate u n ifo rm , lo s s le s s  l i n e s  

b u t h i s  p ro o f i s  in c o n c lu s iv e  s in c e  i t  does n o t g u a ran tee  te rm in a ­

t i o n  o f  h is  s y n th e s is  a lg o rith m .
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1 . 2 . 3  UNIFORM LINES WITH LUMPED ELEMENTS

Scanlon and Rhodes [13] a lso  found th e  n e c e ssa ry  and s u f f i c i e n t

c o n d itio n s  fo r  a  m u lt iv a r ia b le  impedance fu n c tio n , l i n e a r  in  each

v a r i a b le ,  to  be r e a l iz a b le  as a cascade o f  p a s s iv e ,  lumped lo s s l e s s ,

tw o -p o rt networks connected  by means o f  non-commensurate tra n sm is s io n

l in e s  and te rm in a te d  in  a  p o s i t iv e  r e s is ta n c e .

E x ten siv e  work has been done on th e  r e a l i z a b i l i t y  c o n d itio n s

f o r  a  re s is ta n c e - te rm in a te d  cascade o f  commensurate l o s s l e s s ,  un iform

l in e s  w ith  shun t c a p a c ita n c e s  a t  t h e i r  J u n c tio n s . S p e c i f ic a l ly

A n se ll [19] has shown th a t  th e  in p u t adm ittance  t o  such a  cascade

n e c e s s a r i ly  s a t i s f i e s  a  s tro n g e r  requ irem en t th a n  t h a t  o f  b e in g  a

s in g le  v a r ia b le  p o s i t iv e  r e a l  fu n c tio n  and th a t  i t  must be  tw o -v a r ia b le

p o s i t i v e  r e a l ,  once th e  t  reins form at i  on ex p (as) = 1-1  has been i n t r o -
1+A

duced , w h ile  O tt [21] r e c e n t ly  showed th a t  th e  tw o -v a r ia b le  p o s i t iv e

r e a l  c o n d itio n  to g e th e r  w ith  a  cascade c o n d itio n  i s  a ls o  s u f f i c i e n t

f o r  a  r e s is ta n c e - te rm in a te d  cascade o f  two tra n s m is s io n  l i n e s  shun ted

by th r e e  c a p a c ita n c e s  b u t was unab le t o  ex tend  i t  t o  an n - s e c t io n  f i l t e r .

More r e c e n t ly ,  Koga [23] c la im s to  have e s ta b l is h e d  th e  tw o-

v a r ia b le  r e a l i z a b i l i t y  c o n d itio n s  f o r  a  r e s i s t i v e l y  te rm in a te d  lo s s l e s s ,

mixed lu m p e d -d is tr ib u te d  cascade . However, h is  r e s u l t s  a re  d isp u te d

by Rhodes and M arston [2h] who p re s e n t a  c o u n te r  example and a  s e t

o f  n ( n - l ) +2 r e a l i z a b i l i t y  c o n d itio n s  fo r  an n - s e c t io n  cascad e .
2
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1 .3  THESIS OUTLINE

In  c o n t r a s t  w ith  th e  above tra n s fo rm a tio n  approach , we v i l l  

work d i r e c t l y  w ith  th e  tra n s c e n d e n ta l  impedance fu n c t io n s , t h a t  i s , 

we do n o t use  any tra n s fo rm a tio n s  o f  th e  impedance fu n c tio n s .  However, 

we w i l l  u se  K in a r iw a la 's  [15] s y n th e s is  a lg o rith m  as a  gu ide in  our 

s tu d y . T h is w i l l  r e q u ir e  a  knowledge o f  th e  a n a ly t ic  p ro p e r t ie s  o f  

tr a n s c e n d e n ta l  fu n c tio n s  from complex fu n c tio n  theo x y . Of p a r t i c u l a r  

i n t e r e s t  w i l l  be theorem s by Ju lia -C ara th e o d o ry -V arilo n -L an d au  [ 25 ] ,  

Phragm €n-L indeloff [ 2 6 ] ,  and Rouch€ [ 27] .

In  C hapter 2 we d e r iv e  th e  n ece ssa ry  c o n d itio n s  fo r  th e  

r e a l i z a t i o n  o f  a  r e s i s t i v e l y  te rm in a te d , o p e n -c irc u ite d  o r  s h o r t -  

c i r c u i t e d  cascade  o f  l o s s l e s s ,  commensurate tra n sm is s io n  l i n e s  and 

lumped netw orks. P a r t  o f  th e s e  n e c e ssa ry  c o n d itio n s  have been con­

je c tu r e d  by Youla and o th e r s .  One o f  th e s e  n e c e ssa ry  c o n d itio n s  i s  g iven  

in  term s o f  th e  g e n e ra l p o s i t iv e  r e a l  c o n d itio n  and th e  o th e rs  as a  

s p e c i f i c a t io n  on th e  e n s ig n a n t and a  m a tr ix  form ed from th e  polynom ial 

c o e f f i c ie n t s  o f  th e  in p u t impedance fu n c tio n  whose form i s  a ls o  

s p e c if ie d .

In  C hapter 3 we d e r iv e  th e  a n a ly t ic  p r o p e r t i e s  o f  th e  in p u t 

impedance fu n c tio n s  t h a t  r e s u l t  from an im p o s itio n  o f  th e  n e c e ssa ry  

c o n d itio n s  on th e  fu n c tio n s .  In  p a r t i c u l a r ,  we re p la c e  th e  g e n e ra l 

p o s i t iv e  r e a l  ( p . r . )  c o n d itio n  by an e q u iv a le n t s e t  o f  n e c e ssa ry  and 

s u f f i c i e n t  c o n d itio n s  f o r  th e  g e n e ra l meromorphic impedance fu n c tio n s  

w ith  which we w i l l  be  d e a l in g . In  a d d i t io n ,  we show th a t  ou r s p e c i f i c a ­

t io n s  on th e  e n s ig n a n t and th e  s p e c i f i c  m a tr ix  o f  C hapter 2 a llow s us 

t o  r e w r i te  th e s e  fu n c tio n s  in  a  form t h a t  p e rm its  t h e i r  c y c l ic
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r e a l i z a t i o n  in  a  cascade c o n f ig u ra tio n .

C hapter U c o n s t i tu te s  th e  s u f f ic ie n c y  p ro o f  p ro p e r o f  

own m ain theorem . This p ro o f  c o n s is ts  o f  th e  dem onstra tion  o f  a  

c y c l ic  s y n th e s is  p rocedu re  f o r  any impedance fu n c tio n  s a t i s f y in g  th e  

n e c e ssa ry  c o n d i t io n s .  To ach ieve  t h i s  we u t i l i z e  th e  e q u iv a le n t s e t  

o f  p . r .  c o n d itio n s  f o r  meromorphic fu n c tio n s  and th e  e q u iv a le n t form 

o f  th e  impedance fu n c tio n s  o f  C hapter 3 . We conclude t h i s  c h a p te r  w ith  

s e v e ra l  exam ples t h a t  i l l u s t r a t e  th e  s y n th e s is  p ro c e d u re -s u f f ic ie n c y  p ro o f 

and a  s e t  o f  r e a l i z a b i l i t y  c o n d itio n s  g iv en  in  term s o f  r a t i o n a l  

fu n c tio n s  o n ly .

C hapter 5 ex tends th e  main theorem  f o r  lo s s le s s  mixed cascade 

netw orks t o  f i l t e r s  In v o lv in g  th e  tra n sm is s io n  l i n e s  and lum ped-param eter 

netw orks l i s t e d  above.

We sum up o u r r e s u l t s  and c o n tr ib u tio n s  in  C hapter 6 and p o in t  

ou t p o s s ib le  a re a s  o f  f u tu r e  re s e a rc h .
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CHAPTER 2 .  THE NECESSARY CONDITIONS

2 .1  INTRODUCTION

The n e c e ssa ry  c o n d itio n s  fo r  th e  r e a l i z a b i l i t y  o f  th e  input* 

impedance fu n c tio n  o r  th e  ch a in  m a tr ix  o f  each o f  th e  f i l t e r  n e t­

works enum erated in  C hapter 1 a re  determ ined  from an a n a ly s is  o f  

th e  r e s p e c t iv e  n e tw orks. The network c o n f ig u ra tio n  th a t  we s tu d y  

in  d e t a i l  i s  d e p ic te d  i n  F ig u re  2 .1 -1  and c o n s is ts  o f  a  r e s i s ta n c e -  

te rm in a te d  cascade  o f  l o s s l e s s ,  un ifo rm , commensurate tra n s m is s io n  

l i n e s  in te rc o n n e c te d  by p a s s iv e ,  lumped, lo s s le s s  tw o -p o r ts . The 

lum ped-param eter netw orks may be r e c ip r o c a l ,  n o n -re c ip ro c a l o r  

mixed r e c ip ro c a l  and n o n - re c ip ro c a l .  They may reduce to  shunt 

c a p a c ita n c e s  o r  even t o  two p a r a l l e l  w ire s , t h a t  i s ,  t o  a  d i r e c t

F ig u re  2 .1 -1

cascade  co n n ec tio n  betw een two tra n sm is s io n  l i n e s .  Once th e  

n e c e ssa ry  c o n d itio n s  f o r  th e  in p u t impedance o f  t h i s  r e s i s t i v e l y  

te rm in a te d  lo s s l e s s  c o n f ig u ra tio n  have been o b ta in e d , th e y  can 

e a s i l y  be tran sfo rm e d  in to  n ece ssa ry  c o n d itio n s  on th e  in p u t-  

impedance fu n c tio n s  o r  ch a in  m a tr ic e s  o f  th e  cascade f i l t e r s  con­

s i s t i n g  o f  d i s t o r t i o n l e s s  l i n e s  w ith  lo s s le s s  lumped ne tw o rk s, RC 

l i n e s  w ith  r e c ip r o c a l ,  lumped RC n etw orks, and p r e d is to r te d  lumped 

netw orks w ith  g e n e ra l in d u c ta n c e - le s s  (L=0),  o r  c a p a c ita n c e - le s s  

(C=0) l i n e s .  T h is w i l l  be f u l l y  d isc u sse d  in  C hapter 5 .



The b a s ic  p ro p e r t ie s  o f  th e  cascade t h a t  determ ine th e  

n e c e ssa ry  c o n d itio n s  a re :

1) th e  netw ork i s  p a s s iv e ,

2 ) i t  has  a  cascade c o n f ig u ra t io n ,  and

3) th e  l o s s l e s s ,  lumped netw orks may be s p e c if ie d  ( e .g .  

sh u n t c a p a c i ta n c e s ) .
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2 .2  FORM OF THE INPUT-IMPEDANCE FUNCTION

We b eg in  by d e te rm in in g  th e  form o f  th e  inpu t-im pedance fu n c tio n  

t h a t  c h a ra c te r iz e s  th e  p roposed  netw ork . The most co nven ien t des­

c r ip t io n  f o r  t h i s  netw ork i s  in  te rm s o f  th e  ch a in  m a tr ix  s in c e  th e  

c i r c u i t  c o n f ig u ra tio n  i s  a  cascade  whose chain  m a tr ix  can be ex p re ssed  

a s  th e  m a tr ix  p ro d u c t o f  th e  ch a in  m a tr ic e s  o f  th e  in d iv id u a l  s e c t io n s .  

The ch a in  m a tr ix

F ig u re  2 .2 -1

fo r  th e  tw o -p o rt shown in  F ig u re  2 .2 -1  i s  d e f in e d  by th e  r e l a t io n s :

V i
* i _

\ \

*k-l • « Fk > \

F or th e  l o s s l e s s ,  mixed lu m p e d -d is tr ib u te d  cascade a  ty p i c a l  s e c tio n  

c o n s is ts  o f  a  p a s s iv e ,  l o s s l e s s ,  lumped netw ork and a  un ifo rm , lo s s l e s s  

tra n sm is s io n  l i n e  h av in g  th e  fo llo w in g  m a tr ix  d e s c r ip t io n :

* k (s )  U s )  

X.(s) fk(S)

Cosh sT0 Rk s in h sT 0

Rl'shthsZ cosh s i<<7*
0
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We n o te  t h a t  a t y p i c a l  elem ent o f  t h i s  m a tr ix  [a£k ] t 'T g l  c o n s is ts  o f  

a  sum o f e x p o n e n tia ls  w ith  polynom ial c o e f f ic ie n t s  [ e .g .  (® ^(s) +

R^1 j S ^ s )  e* 1® ] and i f  s e v e ra l  o f  th e se  m a tr ic e s  a re  m u l t ip l ie d  by
\

each  o th e r  th e n  th e  elem ents o f  th e  r e s u l t in g  m a trix  a re  a g a in  sums o f  

e x p o n e n tia ls  w ith  polynom ial c o e f f i c i e n t s .  Here r e p re s e n ts  th e

k th  l o s s l e s s ,  un ifo rm  tra n sm is s io n  l i n e  w ith  R j^ + V ^ T ^ k  i t s  c h a r a c te r ­

i s t i c  impedance and Tq=+ 'fl'feCk' l k i t s  e l e c t r i c  le n g th  o r  one-way tim e 

d e la y . Ci£k ] r e p re s e n ts  th e  p a s s iv e ,  lumped, l o s s l e s s  netw ork in  

th e  cascade  which must s a t i s f y  th e  fo llo w in g  r e a l i z a b i l i t y  c o n d it io n s :

F o r r e c ip r o c a l  netw orks [29]

* k  /*k 

^ k  ^ k

where

l )  c< k , and a re  r e a l  polynom ials o f  l i k e  p a r i t y  ( i . e . ,

a l l  a re  e i t h e r  even polynom ials in  s o r  a l l  a re  odd po lynom ials in  s )  

w h ile  th e  r e a l  po lynom ials and ^fk a re  o f  a  p a r i t y  o p p o s ite  to  ^ k . 

2>
3) o( ^  and ^  + ( f  ̂  a re  H urwitz po lynom ials (no z e ro s

in  Re [ s ]  > 0) and

h) ^ k  * f i k  J
v  + s  t s  p . r . ,
q k

w h ile  f o r  n o n -re c ip ro c a l netw orks [13 ]:

1 ) 0( k and cTk a r e  b o th  even o r  odd r e a l  po lynom ials in  s ,  yS k 

and y k a re  o f  a  p a r i t y  o p p o s ite  t o  t h a t  o f  C< k , and <f ̂  i s  a  r e a l  

po lynom ial in  s w ith  (j) k ( s )  4 *  ^ k ( - s ) .

2 )  *  k ( s ) ( / ,k (s )  -  ^3k ( s )  2 fk^8  ̂ "  f  k ^ "8 *̂
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3) and th e  same as  f o r  r e c ip ro c a l  netw orks.

The m a tr ix  d e s c r ip t io n  o f  (n + l) such s e c tio n s  (no tra n sm is s io n  

l i n e  i s  a s s o c ia te d  w ith  th e  (n+ l)*R s e c t io n )  i s  o b ta in e d  by th e  m a tr ix  

m u l t ip l ic a t io n  o f  th e  chain  m a tr ice s  o f  th e  in d iv id u a l  s e c t io n s  o r

v.
I .

_1_ A B Yw '
F

1 O t)
1 I t,*,

w ith  F * TT . The in p u t impedance ZQ ■ Vq/ I o f o r  * RL*n+l
ke| ’

i s  th u s  e q u a l t o

R A+B
Z_ = -L -----

°  RtO+D L

E xam ination o f  th e  m a tr ix  p ro d u c t o f  two o r  more o f  th e  s e c t io n  m a tric e s  

[P . 1 6 ] shows th a t  f o r  a  cascade o f  n tra n sm is s io n  l i n e s ,  each o f  

e l e c t r i c  le n g th  TQ, ZQ has th e  g e n e ra l form:

2  a L(s) e sT° E2i' " r'3
a )  i.*° . --------------------------

£
u o

where r e a l  Tn > 0 and a ^ ( s ) ,  b ^ (s )  a re  r e a l  polynom ials in  s w itho
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and R _ ■ R_. n + 1  L

In  a d d i t io n , we n o te  t h a t  a l l  th e  polynom ial c o e f f i c ie n t s  

a i , b^ o f  Zo excep t aQ> bn and aQ> bQ a re  sums o f  polynom ialb . To 

each o f  th e s e  component po lynom ials o f  a ^ , b ^ , th e  k ^  lumped network 

c o n tr ib u te s  a  f a c to r  o f  e i t h e r  [(R ^o t^  +Pk) + Rk - l ( Rk y k  + ^ k ^ »

[ ( Rk°<k "  pk^"Rk - l^ " Ri5 y k  +<^ k ^ »  K Rk ^ k  +Pk) ” Rk - l^ Rk^fk  +<^"k^ o r  

[ ( RkOCk“ Pk) + Rk - l ( “Rk f tk  +(^ k ^  fo r  811 2 ^ k 4 n » w h ile  th e  

( n + l ) ^  c o n tr ib u te s  e i t h e r  a  f a c to r  o f  [ (R ^ ^ n + l + Pn+1^ +

R-nfRL yn+ 1 + <fn+1) 1 o r  K RL * n + l +M ) "  Ru (M n + l  +<A i+l)J and th e  

f i r s t  lumped netw ork a  f a c to r  o f  (R].0<]_ + f a )  o r  (R^0< ^ -  J^ ) t o  th e

component polynom ials o f  a ^ ( s ) , and th e  f a c to r  ( R i ^ i  *< f^) o r

( - Rl ^  1 +c/'1 ) t o  th o se  o f  b ^ ( s ) .
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2 .3  PASSIVITY

Two a d d i t io n a l  n e c e ssa ry  c o n d itio n s  on ZQ r e s u l t  from th e  

p a s s iv i ty  o f  th e  cascade n e tv o rk . P a s s iv i ty  im p lie s  t h a t

B) Z i s  an a r b i t r a r y  p o s i t iv e  r e a l  fu n c tio n  ( p . r . ) o f  th eo

complex v a r ia b le  s  * ^  + jw  f o r  a l l  0 < TQ< co o r  e q u iv a le n t ly

1) ZQ i s  a  r e a l  f o r  s r e a l ,

2 ) ZQ i s  a n a ly t ic  in  R e [ s ] > 0 ,  and

3) Re[Zo ] ^ 0  f o r  R e [ s ] > 0 .

These c o n d itio n s  a re  independent o f  TQ in  0 <  TQ<oo s in c e  th e  cascade 

netw ork rem ains p a s s iv e  independent o f  th e  e l e c t r i c  le n g th s  o f  th e  

tra n sm is s io n  l in e s  in  th e  c h a in . However, f o r  th e  c a se  where th e  

en s ig n an t o f  ZQ, -  N^Ng s  c o n s ta n t ,  i t  i s  s u f f i c i e n t  t o  sp e c ify  

ZQ p . r .  f o r  o n ly  one va lue  o f  TQ. In  a d d i t io n  p a s s iv i ty  r e q u ir e s  th a t

C) [a u ( s )  + bn ( s ) ]  o f  an i r r e d u c ib le  ZQ (no common f a c to r  

in  b o th  num erator and denom inator o f  ZQ) be  s t r i c t l y  Hurwitz

(no zero s  in  R e [ s ] ^ 0 ) .  Any common, even polynom ial in  and

(j(k +<^k)»  l ^ k i n + 1 ,  must appear in  a l l  a j ,  b^ o f  ZQ in  view o f  th e  

com position  o f  th e se  polynom ials [pp . 18-19l • But a t  th e  same tim e 

(RW*k + P k ) /(Rk ) fk  1 £  k £  n+1, must be  p . r .  and th u s  [ a ^ b ^

o f  an i r r e d u c ib le  ZQ must b e  s t r i c t l y  H urw itz.
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2 .k CASCADE CONFIGURATION CONSTRAINTS
The cascade s t r u c tu r e  o f  th e  netw ork y ie ld s  two a d d i t io n a l  

n ece ssa ry  c o n d i t io n s : one c o n d itio n  i s  on th e  e n s ig n a n t o f  ZQ and th e

o th e r  i s  on a  m a tr ix  formed from th e  polynom ial c o e f f ic ie n ts  o f  ZQ w ith  

th e  en s ig n an t c o n d itio n  re p la c e a b le  by an e q u iv a le n t ,  second c o n d itio n  

on th e  p o ly n o m ia l-c o e ff ic ie n t m a tr ix .

With no lo s s  in  g e n e r a l i ty ,  suppose th e  cascade netw ork under 

d is c u s s io n  i s  re p re s e n te d  as  shown in  F ig u re  2,1*-1,

th e  i n i t i a l  lumped network in  th e  c a sc a d e , tN^Tq r e p re s e n ts  th e  tim e

a  tim e delay  Tq and th e  id e n t i c a l  c h a r a c t e r i s t i c  impedance R^ o r  th e

case where 0<k = = 1 »/®k = ^ k = 0 811,1 ®k “  R1 f o r  k=2» 3 » • • • •  “ i ”1 *

Then m u l t ip l ic a t io n  o f  th e  two chain  m a tr ic e s  and s im p l i f ic a t io n

y ie ld s

where Z^ r e p re s e n ts  th e  in p u t impedance o f  th e  rem ainder o f  th e  c h a in .

The cascade whose in p u t im p e d a n c e  i s  Z^ may now be re p re s e n te d

by a  s im i la r  c o n f ig u ra tio n  t o  th a t  in  F ig u re  2.U -1 (assum ing m ^ < n ) ,
th

where th e  i n i t i a l  lumped tw o -p o rt i s  th e  (m^+l) o f  th e  cascade d e p ic te d  

in  F ig u re  2 .1 -1 .  However, in  any e x p a n s io n -sy n th e s is  o f  Zq i t  becomes

F ig u re  2.1*-1 

where th e  ch a in  m a tr ix  param eters  ,

d e lay  o f  a  cascade o f  ( l ^ m ^ n )  tra n sm is s io n  l i n e s  each p o sse ss in g
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th e  second lumped netw ork to  he  e x t ra c te d  from Zq , and th u s  fo r  

convenience we change th e  la b e l in g  so t h a t  i t  ap pears  w ith  th e  sub­

s c r i p t  2 and becomes

z _ (fU.<x+ fe,-Rx)

I f  m^+ni2 < n ,  th e n  Zg i s  ag a in  o f  th e  form o f  ZQ and Z^, and th e  

expansion may be re p e a te d .  I t  i s  c l e a r  t h a t  th e  c y c le  may be used  a  

t o t a l  o f  q tim es where £  "n..
t«0

Prom th e  e x p re ss io n  o f  ZQ in  term s o f  we see  th a t  th e  

en s ig n an t o f  Z0»NQ/Dq* (M°+N°) / ( M̂ +Ng ) [p .  6 ] may be ex p ressed  in  

term s o f  th e  e n s ig n a n t o f  Z^ = Nj^/D^ * (M  ̂ ♦ N i)/(M ^ + N^) as

w ith  th e  upper s ig n  v a l id  f o r  o<, an even polynom ial and th e  low er s ig n  

f o r  of, an odd p o lynom ial. But th e  in p u t impedances o f  th e  subsequen t 

rem ainder cascade ne tw o rk s, nam ely, Z ^ , Zg, . . . ,  Z^, p o sse ss  a  re p re ­

s e n ta t io n  s im i la r  t o  t h a t  o f  Z , where th e  l a s t  cascade rem ainder n e t -o

work i s  te rm in a te d  by Zq+1U )  -  *  q+1 + £  q+ iV lR j, ^ q+1 + <̂ q+i l »  a

r a t i o n a l  fu n c tio n . Thus th e  en s ig n an t o f  ZQ i s  g iven  by

M . ' M j - N . X *  c J T j x j t f t - f r f r )

where c i s  a  c o n s ta n t .  In  view o f  th e  r e a l i z a b i l i t y  c o n d itio n s  on th e  

lumped netw ork m a tr ic e s  [p . 17 ] ve have th e  f i r s t  o f  two c o n d itio n s  

which we d e s ig n a te  as th e  cascade c o n d i t io n s ;

D) M̂ Mg -  nJ n|  * F ( s )  F (-s )
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where F (s )  i s  a  r e a l  H urwitz polynomial, n o t i d e n t i c a l l y  zero  f o r  a  

r e s i s t i v e l y  te rm in a te d  cascade b u t i d e n t i c a l l y  ze ro  f o r  a  lo s s le s s  

te rm in a tio n  o f  th e  c a sca d e . I f  f o r  F(s)j<0 we p la c e  r e s t r i c t i o n s  on th e  

netw ork c o n f ig u ra tio n  o r  elem ent ty p e  o r  o th e r  p ro p e r t ie s  o f  th e  lumped 

tw o -p o r ts , th en  co rresp o n d in g  r e s t r i c t i o n s  e x i s t  f o r  F (b ) .  F or exam ple, 

F (s )  i s  an even o r  odd polynom ial and F ( s )  F ( - s )  * [ F ( s ) ] 2 o r  - [ F ( s ) ] 2 , 

r e s p e c t iv e ly ,  i f  a l l  th e  lumped tw o -p o rts  in  th e  c h a in  a re  r e c ip r o c a l  o r  

th e  cascade  c o n ta in s  fo r  each n o n - re c ip ro c a l  lumped netw ork a n o th e r  non­

r e c ip r o c a l  network w ith  an  id e n t i c a l  e n s ig n a n t ( to  w ith in  a  r e a l  c o n s ta n t ) . 

F urtherm ore F(s)»C  (a  r e a l ,  p o s i t iv e  c o n s ta n t)  i f  a l l  th e  lumped netw orks 

a re  shun t c a p a c ita n c e s  o r  have a l l  o f  t h e i r  t ra n s m is s io n  ze ro s  a t  

i n f i n i t y  (s in c e  th e  ze ro s  o f  th e  e n s ig n a n t a re  id e n t i c a l  w ith  th e  ze ro s  

o f  t r a n s m is s io n ) .  For F(s)sO  th e  same r e s t r i c t i o n s  a r e  in c lu d e d  in  

th e  second cascade c o n d itio n .

In  o rd e r  t o  o b ta in  th e  second cascade  c o n d itio n  and th e  a l t e r n a t iv e

c o n d itio n  e q u iv a le n t t o  th e  f i r s t  cascade c o n d i t io n ,  we need to  know th e  

r e la t io n s h ip s  betw een a ^ ( s )  and b ^ (s )  and betw een th e  polynom ial s e t s

o f  Z^. B ecause, as we in d ic a te d  p re v io u s ly ,  Zl t  th e  f i r s t  o f  th e  

rem ainder fu n c tio n s ,  a l s o  r e p re s e n ts  th e  in p u t impedance o f  a  mixed 

lu m p e d -d is tr ib u te d  c a sca d e , i t  must p o sse ss  th e  same form as  ZQ o r

o f  ZQ and th e  polynom ial c o e f f i c ie n t s
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S u b s t i tu t in g  t h i s  e x p re ss io n  fo r  2^ in to  th e  e x p re ss io n  o f  ZQ in  term s 

o f  Z^ on page 23 y ie ld s

1*0

where f o r  convenience ve  d e f in e  c ^ (s )  and d^(B) by 

Ct -  aS' +/?, b*;-

4  -  -  f t

o r

£  a (Ri<Xi+fOc -B-m,e*T|>Tt+ " • + ' + f d -v jx

0*,*,+<f.) t*T«"+•••+(f?*, +<() C*. e sT* (*' 2w<+*V[(M,+4)

x e *T .M ~.) + . . .  ^ ( R tv < 8 t) a ^ , . , e ^ M ^ 2V . . . t ( R , o < ^ 0 d oe sT̂  

x e 4r.(t-2*»() + ••• -  (•R1̂ l+<ri)4 w - ie * ra^ ' 2w''+z) — f a , t , + 4 ) d 0e*'sT°/n

Comparing t h i s  l a s t  e x p re ss io n  fo r  ZQ w ith  th a t  o f  ZQ a lre a d y  s p e c i f ie d  

[p . 18  ] and g iven  by

7  ° » ^  -  ■> a .  e -^ T- "

b„ e jT*1i+ -  + b,--m,+i eir*(,l*2V 1)+ b ^ W(e iT° ^ '2w‘)+ .-  + b0e"-sT#u
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we observe  t h a t  f o r  th e  d e f in i t io n  o f  * f  l ^ a ^* ^ ® l^ l+ * ^\}m

61 ( s ) ,  and th u s  ^ ( - s ) ,  [ - I ^ y  . j+ c ^ l - T g ^ - s )  in  th e  lifijht

o f  th e  r e a l i z a b i l i t y  c o n d itio n s  on th e  lumped n e tw orks, w ith  th e  low er 

s ig n s  h o ld in g  fo r  ^ ^ ( s ) an odd po ly n o m ia l, we must have th e  fo llo w in g  

r e la t io n s h ip s  betw een th e  a ^ ( s ) ,  b ^ (s )  o f  ZQ:

a, (*) - f t»  <f?to + f,K) ^ ( t )  

k to  - 3fi) ft*(*) -3,(*) vT®

i f  we define V | °  v i th  the  lover sign  bolding fo r G^(e)

in  th e  d e fin itio n  o f G ^ s jG ^ -s )*  ^ 1 (s)g1 (-s)+  ^ ( - s ) g ^ ( s )  an odd 

function and the  upper s ign  fo r a l l  o ther G^(s). In p a r tic u la r  we have

w ith  th e  a p p ro p r ia te  s ig n s  ag a in  dependent upon th e  n a tu re  o f  G ^(s) and

Ci* ai +Rl b i “  f d^*a^-R ^b^»t7  i °  ̂  * M oreover, th e  fo llo w in g  r e la t io n s  

ex p ressed  in  te rm s o f  th e  q u a n t i t i e s  above w i l l  be  made u se  o f  l a t e r :

3)
a^s) + j,(-s) bL(s) .  6(i) 6 ,fr )  $>(*)

S , ( s )  W  ~ f > M  b .( s ) * 6t (s )  G f s )  y f f ( s )

w ith  i f  i ° ^ ( s ) * ^ ® J * 0  f o r  a l l  0 ^ i £ m ^ - l  and l < m ^  n . These r e s u l t s  

f o r  ZQ in  term s o f  Z^ may b e  g e n e ra liz e d  t o  th e  k th  rem ainder Z^ in  term s 

o f  th e  (k + l) t h  Zk+1:



2  6

1 )

a ? ' ( s)  ■ f a ®  f % )  + f a ( ' * )  f f i s )

v i t h  th e  low er s ig n s  h o ld in g  f o r  an odd Gj^^Cs) in  th e  d e f in i t i o n  o f

Gk + l ( s ) 6k + l(“ 8 )= f k + l^ 8 )8h + l^"s )+  f k + l ^ ^ + l * 8 * *** th e  upper Bign 

f o r  a l l  o th e r  Gk+1 ( s ). L’ov u s in g  th e  r e s u l t s  o f  l )  and 2 ) above, we

o b ta in  th e  a d d i tio n  r e la t io n s  o f

3 k * , ( s )  $ ( s )  ( - 0 ^ %  = 0 Ktf i )  6 K fl( s )  ^ f ( s )

w ith  ^  ^  J t s )  . *• 0  f o r  0 * \ +1“ l  and

/ <  m k +, < 7 1 *  ( * * • * -  ,  ^ lo  •<>).
V ith  th e  a id  o f  th e se  r e s u l t s  we can now d e riv e  th e  second

cascade c o n d i t io n  The n e c e ssa ry  c o n d itio n  i s  a  s p e c i f i c a t io n  on th e

main d iag o n a l o f  th e  m a tr ix  o b ta in e d  from  th e  fo llo w in g  2nX2n m a tr ix  by

a  s e r i e s  o f  e lem en tary  columa o p e ra tio n s :
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o bn o o

[ a L ) ^ i ]
0 O

0-,
<*o a, 
0 do

Ox b,
V , b0 b, 

o b0

o 0 a0 0 0 b0

T his 2nx2n m a tr ix ,  formed from th e  polynom ial c o e f f i c ie n t s  o f  ZQ, 

r e p re s e n ts  th e  r e s u l t a n t  o f  th e  num erator and denom inator o f  ZQ a f t e r

i t  a ls o  c o n ta in s  a l l  th e  tra n sm is s io n  zero s  o f  th e  netw ork d e sc r ib e d  by 

Z0 ex cep t f o r  th o se  o f  th e  l a s t  lumped netw ork o f  th e  cascade . T h is  we 

show when we d e r iv e  th e  second cascade c o n d itio n .

T his second n e c e ssa ry  cascade c o n d itio n  r e q u ir e s  t h a t  th e  

p ro d u c t o f  th e  f i r s t  n main d iag o n a l elem ents o f  th e  d e riv e d  m a tr ix  

o b ta in e d  from th e  m a tr ix  [a ^ .b ^ ]  by  a  s e r ie s  o f  

e lem en tary  column o p e ra t io n s ,  eq u a ls

w ith  c a  r e a l  c o n s ta n t ,  E (s )  a  r e a l  polynom ial and Gk (s)Gjt ( - s )  

d e f in e d  by th e  s e r ie s  o f  e lem en tary  column o p e ra tio n s  o f  th e  cascade  

t e s t  p ro ced u re  p re se n te d  in  th e  n ex t s e c t io n .

b o th  a re  m u l t ip l ie d  by e 8^0n and th e  complex v a r ia b le  z i s  s u b s t i tu te d  

f o r  e^ 8^ 0 . The de te rm in an t o f  th e  above m a tr ix  o r  th e  r e s u l t a n t  i t s e l f  

i s  c lo s e ly  r e l a t e d  to  th e  en s ig n an t o f  ZQ, M^M^- = F ( s ) P ( - s ) ,  s in c e

c ( %(s)0,H ) f l(s)62 ■■■ (Gf ( s ) ( - s j )  1 Efe) £ o
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2.U-1  DERIVATION OF THE SECOND CASCADE CONDITION

From th e  r e s u l t s  o f  p . 25 we may d e f in e  a ^ , hn in  th e  m a trix  

U i ,  h i ]  as a jj(s )  ■ f ^ s )  ^ ( s ) ,  hn ( s )  * g1 (s )  ^ „ ( s )  w ith  c . d . j a ^ . b ^

We now add f i ( - s ) / g ^ ( - s )  tim es th e  (n+ k)**1 column o f  [ a ^  b^] t o  th e  

i**1 column o f  th e  same m a tr ix  and add -g 1 ( s )g1 ( - s ) /G 1 (s)G 1 ( - s )  tim es th e  

newly o b ta in e d  k**1 column t o  th e  o ld  (n+ 1)**1 o f  [ a ^  b ^  f o r  a l l  

1 $ k < n t o  o b ta in  th e  fo llo w in g  ex p re ss io n s  f o r  th e  o r ig in a l ly  non-zero  

elem ents in  any o f  th e  r e s p e c t iv e  column p a i r s :

, th (n + k ) th

g ^ - s j a ^ s )  + f ^ - s j b ^ s )
i

! - gi ( - 8)
g l(8 ) a n ( s )  -  ^ ( s ) b n ( s )

gj^-s!)
g 1 ( - s ) a i ( s )  +  ^ ( - 8 ) ^ ( 8 ) | g i ( s ) G i ( - s )

1

g 1 ( s ) a 1 ( s )  -  f ^ s ^ C s )

g l ( - s ) a 0 ( s )  + f ^ - s j b ^ s ) 1
1

g l ( s ) a o ( s > ” f i < 8 ) * > o < 8 )

w h e r e  w e a l r e a d y  d e f i n e d  G ^ ( s ) G 1 ( - s )  =  f 1 ( s ) g 1 ( - b )  ♦ f ^ - s j g - ^ s ) .

I f  we now d e f in e

(Pi

g1 ( - s ) a i ( s )  + f ^ - s j b ^ s )  * 

g1 ( s ) a i ( s )  -  f ^ s J b j U )  « Y l 

th e n  th e  column p a i r s  become:

kth  (n  + k ) th

g i ( - s )

(o)

A ? ’
■ 0  

0

a 5(
0 *

0

• 
V

1

- g ^ - s )

G1 (s)G 1 ( - s )

s in c e  - y ^ - i 2  0 f o r  a l l  -  1 acco rd in g  to  th e  r e s u l t s  o f

P* 25
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We conclude t h i s  s e r ie s  o f  e lem en tary  column o p e ra tio n s  in  ou r 

d e r iv a t io n  by d e le t in g  a l l  th e  column fa c to r s  l / g ^ ( - s )  and 

-g ^ (-s ) /G ^ (s )G 1 ( - s ) , add ing  th e  (n  + k ) th  column to  th e  (k + 

and th e  r e s u l t in g  (k  + column to  -2  tim es th e  (n + k ) th  f o r

a l l  ( X k ^ n - r n ^  v i t h  a  r e s u l t in g  m a tr ix :

A t !  0 0  0

y #)

6°) 0 • 0
i

0

f i r 1 o

^ _  H-in, o . . .  0 Bf!

0

J 0) ' AW W 1* ^

o  a1;  .

0 • 0
• v<"’O M-WI

o Am: 0 • • • O B'; ■

0 0 -0

0

,W •

0

vf’

where we d e f in e  “/^ i+ o ^  -  V ^ »  B^1 "/ti-H u^ + ^  i  w ith  th e  low er

s ig n  h o ld in g  fo r  G1 (s )  an  odd polynom ial and th e  upper s ig n  f o r  a l l

o th e r  G ^ s ) .  U sing th e  r e s u l t s  o f  p . 26

A i( l )  « G ^ s ) G ^ - s )  ^ i  J * < T > ) G -^ -s) 2 a1 < l)

Bt (1 > .  G1 (s) t y f *  ] -  G ^ s) G1( - 8 ) 2 Bl b/ 11
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We now re p e a t  th e  above s e r ie s  o f  e lem en tary  column o p e ra tio n s  

on th e  su b -m atrix  formed from th e  s e t  by n o tin g  th a t

we may d e f in e  -  f 2 ( s )  f  ^  and B(j ] mi « R ^ g  ( s )

w ith  5 ^  ■ g . c .d .  { a ^  , B ^  i  in  view o f  th e  e x p re s s io n s  o f
f n-mi L n-m^ n-mjJ

A ^  , B ^  in  te rm s o f  a , b . / 1  ̂ above and th e  g e n e ra l r e s u l t s  
l  t 1 1

o f  p . 26. We o b ta in  th e  co rrespond ing  eq u a tio n s  in  term s o f

f 2 ( s ) ,  R1g g (s )  and Gg(s)G2 ( - s )  » f g ( s ) g g ( - s )  + f g ( - s ) g 2 (s )  r a th e r  th an
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f ^ ( s ) ,  g ^ U ) and G ^(s) G ^ - s ) ,  r e s p e c t iv e ly .  Thus f o r  ve

have th e  d e f in i t io n s

Ri «2 ( ' 3) Ai 1J + f 2 (" s )  Bi l ) a  2Rl Gi ( s )  Gl (~s )  t e 2 ^ s ) a l l ) + f 2 ( " s ) b { l ) l

= 2R1 [G1 ( s )  G1 ( - s )][G 2 (s ) G2 ( - s ) ] ^ 1 )

v j 1 ** R jg g ts jA j1 *- f g U J B ^ *  2R1G1 (s)G1 ( - s ) [ g 2 (s )a ^ l )  -  f 2 ( s ) h j l )  ]

= 2R1 G1 ( s )  G1 ( - s )  G2 ( s )G 2 ( - s ) ^ j l )

w i th l A 1  ̂ s y ^ 1  ̂ a  o f o r  0 ^ i 2 m  from th e  r e s u l t s  on p . 26
/  i  n-ro^-i 2-1

and * / ( . ^  + y
i  '  i+nig ”  i

0 < i  ^  n-m^ -  mg

B ( 2 )  a  » ( 1 )  - V' ( l )
B1 A « j  * V i

w ith  th e  a p p ro p r ia te  s ig n s  determ ined  by th e  n a tu re  o f  G2 ( s ) .  The f i r s t  

m a in -d iagona l e lem en ts o f  th e  new polynom ial m a tr ix  a re  

ju f^  » G ^(s) G ^ (-s ) (j>^ and th e  n e x t mg elem ents a re

A {1) = g2 ( s )  g2 ( - s ) / (1 ) , w h ile  th e  in n e r  2(n-mi-m2 ) x 2(n-m^-m2 )
n-m^ /  n-m i

r  ( p )  (2)1
su b -m a trix  i s  now form ed from th e  polynom ial s e t  j  A^ , J .

We re p e a t  th e  s e r i e s  o f  e lem en tary  column o p e ra tio n s  in  term s 

o f  th e  a p p ro p r ia te  f k ( s ) ,  R fc-ig j^s)» and Gk ( s ) ,  and Gk (s )  Gjc( - s )  = 

f k (s )g k ( - s )  + f k ( - s ) g k ( s )  in  each s u c c e s s iv e , in n e r  m a tr ix  u n t i l  a 

new 2n x 2n m a tr ix  w ith  e lem en ts/*£*/*• ‘ ' ^

r e s u l t s  a f t e r  a  to te d  o f  q such s e r i e s  o f  e lem en tary  column o p e ra t io n s .
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In  g e n e ra l a t  any in te rm e d ia te  s te p  o f  th e  p rocedure  we have 

A  * \ g k + l ( - s )  A^k ) + f k+1( - s )  B<k )

0 £ i  4 n-m-^ -  • • • -  mk =

V ‘k) -  (*) * ‘k) -  fkti (s)Bl k>

" “ A 1 ' " “ ‘ ‘ ' ' V i - 1

and

Ai  r  i+mfc - ^ i

* (k )  _ (k -1 )  + J k “1 >

w ith  G ( s )  d e te rm in in g  th e  re s p e c t iv e  s ig n s .  The p ro d u c t o f  th e  f i r s t  

n m a in -d iag o n a l e lem ents o f  th e  new m a trix  t / ip 1) • ] must equal

U ^ ( s ) ) ml  (yU,*1 * )“ 2 • ••  ( / k > )“ k - l  )”^
'  n I n-m1 /n -m 1 . . .-m k /  n-m-j-mg. . .  ~mq_ i

w ith  ^ m . = n . However, from th e  v a r io u s  d e f in i t io n s  o f  pp. 25 -26 ,31-32  
K» I

we have / 0 \
X #)<s> -  6 l (-s) a i ( s )  + f ^ - s j b ^ s )  * G1(s)

= g;L(s )  a i ( s )  -  f ^ s j b ^ s )  = G1 (s )  G1 ( - s ) ^ 0) ,

/ ^ ( s )  = Rlg 2 ( - s )  A<l}  + f 2 ( - s )B ( l )  = R1g2 ( - 8 ) ^ V ^ +f 2 ( - s )(Aiim1± y i) 

-  Rlg2 ( - s )  G ^ s j G ^ s M ^ t ^ ^ ^

= G1 (s)G 1 ( - s )  [R^ggC-s) 2 a ^  + f 2 ( - s )  2R1 b j 1 ^]

= G1 (s)G 1 ( - s )  [2RX G2 (s)G 2( - s ) ]  ^  }
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V ^ 1 )  -  2Rt  Gi ( s ) G i ( - s )  G2 (8 )G 2 ( - 3 ) ^ j l )  

and assum ing

A * ? -  G ,(*)G .(*)(zR ,6Jfm s))- ( z R k.,6,(s)6k(-s)) f['> 

rf-‘> •  G, (s) G, (-,) (Z R, G* («) G, («)■■■ (2 /?*., 6k (s) Gk (•<) ■$"> ,

th e n  by in d u c tio n

/ ?  ■ * *  3 1 - 4 $ + f » ■ M B ; ' ’

. (G,»G;-H2Rk_, G,ms)){RkSM( ^ A

= (6fi>GM)-(ZRk., GJs)6K(-s)f#K3t;t l ( - i)2 a V  + fkf,(-s) Z#K 

* (GfiGh))(2R, W f y t ) )  (ZR„ Gk„(t)  <*„(■*))

and s im i la r ly

v f ; -  (6, (s) 6, (* )) (2R,Gt  W  S2 (->)}■■ (ZRk < W *J eA„  f r ) )  7̂ .

We th e re f o r e  a r r iv e  f i n a l l y  a t  th e  second cascade c o n d itio n  

g iven  below :

E) The p ro d u c t o f  th e  f i r s t  n m ain -d iagonal elem ents o f  

[ / * j k ) , P<k ) l ,  nam ely,

-  (a%1 P  -  *  (6 ,^ f(< k (* )6 & T tf6 flG { 4 p £ to to
where Gk (s)G k ( - s )  a re  f a c to r s  o f  F ( s )F ( - s )  ® M° -  N® i f  F (s )#  0 .

We th e r e f o r e  re a c h  th e  im p o rtan t co n c lu sio n  th a t  i f  any o f  th e  

G j^bJG j^-s) a re  no t p re s e n t  in  F ( s ) F ( - s )  f  0 th e n  ZQ cannot be  r e a l iz e d  

by a  r e a l  cascade  netw ork.
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2.U-2 LOSSLESS TERMINATION CASE
For th e  ca se  o f  a  lo s s l e s s  te rm in a tio n  o f  th e  mixed lumped- 

d i s t r i b u te d  cascade  ( e .g .  s h o r t  c i r c u i t ,  open c i r c u i t )  Zq becomes an 

even o r  odd fu n c tio n  o f  s w ith  e i t h e r

Z *V  I f  o r  * m|

However, we r e c a l l  t h a t  a l l  lo s s l e s s  n e tw o rk s, and n o t on ly  c a sc a d e s , 

t h a t  c o n ta in  u n ifo rm , commensurate tra n s m is s io n  l i n e s  must p o sse ss  

th e  re a c ta n c e  p ro p e r ty  o f  ZQ( s )  ■ -ZQ( - s )  w ith  an en s ig n an t M^M -̂N®N° * 0. 

A lthough no t n e c e s s a ry , we may re p la c e  th e  f i r s t  cascade c o n d itio n  

by  an o th e r  c o n d i t io n ,  e q u iv a le n t t o  i t .  T his c o n d itio n  has a lre ad y  

been  e s ta b l is h e d  as  n e c e ssa ry (p p . 31- 32)  and s p e c i f i e s  t h a t  

i f ^ j k )  « 0 fo r  0 ^  i  < m ^ ^ -1  th e n  th e  co rresp o n d in g

(k)
4 * 0  f o r  a l l  0 < k ^ q - l  n—m —. . . —m —1 

1 k

{v) (v )withyU. , and m^ as d e fin e d  in  th e  above d e r iv a tio n  o f  th e

polynom ial m a tr ix  [ ^ ^  1 from  [ , b A ] .

These cascade  c o n d itio n s  and [Sjj + bn ] s t r i c t l y  H urwitz 

g u a ran tee  t h a t  any ZQ t h a t  s a t i s f i e s  th e se  th r e e  c o n d itio n s  can be 

c y c l ic a l ly  expanded in to  a  mixed lu m p e d -d is tr ib u te d  cascade w ith  

ZQ and any o f  i t s  rem ainder fu n c tio n s  in  th e  c y c l ic  expansion  

r e q u ir in g  no augm entation . The s u f f ic ie n c y  o f  th e se  c o n d itio n s  

fo r  a  cascade c o n f ig u ra tio n  i s  shown in  C hapter 3.



2.U-3  TEST PROCEDURE FOR CASCADE CONDITIONS

The p rev io u s  d e r iv a tio n  was le n g th y . However, th e  t e s t  

p rocedu re  based  on i t  th a t  de term ines w hether th e  cascade c o n d itio n s  

a re  s a t i s f i e d  may now be s t a t e d  much more s im ply . For convenience 

we re p e a t  th e  re q u ire d  d e f in i t io n s  so  th a t  th e  whole t e s t  p re s e n te d  

h e re  i s  s e lf - c o n ta in e d .

We f i r s t  l i s t  th e  num erator and denom inator polynom ials 

o f  ZQ in  two s e p a ra te  columns

V

Ol
b i l -

b l

CLq

1 
' cr

..
o L..

and de term ine th e  r e l a t i v e l y  prim e r a t i o n a l  fu n c tio n  f ^ ( s ) / g ^ ( s ) = 

an ( s ) /b n ( s ) .  Next we c a lc u la te  th e  colum nsyuj0^]= g ^ ( - s ) a ^ ] + f^(-s)b^J,

V°‘] - s, (s) - f, h ) k]  a™L G, (*)G,M - (*)3,H+f,(-s) s, (s)



and check w h e t h e r * 0 fo r  0 ^ i ^  w ith  l ^ m ^ n  and ■ 0

f o r  0 < i  ^  m ^.l. A d d it io n a lly , i f  i t  i s  e a s i ly  done, we check w hether

a l l a n d  a l l  p o sse ss  G1 (s)G1 ( - s )  as a  f a c to r .  However, t h i s  l a s t

check i s  n o t n ece ssa ry  i f  i t  i s  to o  cumbersome s in c e  t h i s  check i s

perform ed in  th e  n ex t s e r ie s  o f  t e s t s .  I f  th e  two columns f a i l  any

o f  th e  th r e e  t e s t s  th e n  Z cannot be  r e a l iz e d  as a  cascade  and th eo

t e s t  need n o t be co n tin u ed .

I f  th e  th r e e  c o n d itio n s  a re  s a t i s f i e d ,  we n ex t o b ta in  th e  two

columns A( D ]  s  A 0 ) ] + / « )  # B( D ]
'  i+m^ i  /  i* 111!  *  1

where th e  low er s ig n  ho ld s  i f  G ^(s) i s  an odd polynom ial

I/P 1n-n a* 'n-w, ’b0) ~Tl-W, s ' 71

V
=

•H 
. 

if
3:1 b(,3 - 3” = 0

V
.

©

t / S , '±vf>_ B'J A , * v»
a“’]

and de term ine  th e  r e l a t i v e l y  prim e r a t i o n a l  fu n c tio n

fo < 8 )/R ,g 0 ( s )  = A*1]  / l A >  . Then we c a lc u la te  th e  two columnsc. 1 2  n-m^ n-m^

y ; ] ' * ,  / d ]  * fz M  B<!>] , y ]  - *, A (s) ri'i] - /z ft) 3 ? ]

and K, Gz (s) GJrs) .  r ,  3zh )  f a )  + K, A  (s) f a s ) .
Note th a t  we a re  n o t re q u ire d  to  d e f in e  th e  v a lu e  o f  b u t d e a l w ith

Rl®2^8  ̂ and thafc g2^8  ̂ mus,t 136 re a l  po lynom ials.
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Now we check w hether

1 )  * G1 (s)G 1 ( - s )  G2 ( s ) G 2 ( - s ) £ , ( s )  j

2) * 0  f ° r  0 ^ i ^ n i g - l  w ith  l^ m g ^ n -m g ^

3) V~ s  0 f o r  0 < i^ m 2- l  and i f  conven ien t

U) w hether a l l y l/f^ ^  , y ^  c o n ta in  G ^(s)G ^(-s) G2 (-s)G 2 ( - s ) .

I f  any o f  th e s e  fo u r c o n d itio n s  i s  n o t s a t i s f i e d  th e  t e s t  ends w ith  

th e  co n c lu s io n  th a t  ZQ canno t he expanded in  a  mixed lu m p e d -d is tr ib u te d  

c a sc a d e .

T h is  t e s t  p ro cess  i s  co n tin u ed  a t  each  s ta g e  f i r s t  

c a lc u la t in g  =/ i + ' l *  V i ' ' \  5 V?"*>determining th e

relatively prime V l <B)/Bkek*l<s) * A'Hi
1 k 1 K

and th e n  o b t a i n i n g ] = Rkgk+1( - s ) A ^ ]  + f k+1( - s ) B ^ ] ,

V^k ) 3 * Rk S k + i(8 )A^ l  “ f k+i ( s ) f i(k ) ] to  check w hether

J U . ^  •  G -^ s jG ^ -s )  G2 ( s ) G 2 ( - s )  •••  Gjt+i(s )G Js+1( - s )€ k ( s )  and
^1 °k

^ ( k )  9 o f o r  0 4 i< m k+i - l  w ith  1 ^ m ^  ^ n -m ^ - - • *-11̂  *  *nk

The f a i l u r e  o f  any o f  th e s e  checks f o r  any 0 ^ k ^ q - l  d i s q u a l i f i e s  

th e  p a r t i c u l a r  ZQ b e in g  t e s t e d ,  and th e  s a t i s f a c t i o n  o f  th e  t e s t s  

a llo w s th e  ZQ to  be expanded in  a  casca d e .

Examples o f  t h i s  t e s t  a re  found in  s e c t io n  U.5.
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2 .5  LUMPED TWO-PORT SPECIFICATION

An a d d i t io n a l  n ecessa ry  c o n d itio n  on Z i s  re q u ire d  i f  th eo
lumped tw o -p o rts  in  th e  cascade a re  to  be s p e c if ie d  as  a  p a r t i c u l a r  

ty p e  o f  netw ork , whose en s ig n an t i s  id e n t i c a l  w ith  t h a t  o f  a n o th e r , 

d i f f e r e n t  ty p e  o f  netw ork. Thus cascades f o r  which a l l  th e  lumped 

tw o -p o rts  a re  shun t c a p a c ita n c e s ,  s e r ie s  in d u c ta n c e s , o r  LC la d d e rs  

w ith  s e r ie s - in d u c ta n c e  arms and sh u n t-c a p a c ita n c e  aims a l l  p o sse ss  a  

c o n s ta n t e n s ig n a n t. The a d d i t io n a l  n ece ssa ry  c o n d itio n  i s  most 

f re q u e n tly  o b ta in e d  by  sp e c ify in g  th e  form o f  ZQ| T _Q o r  p la c in g  c e r t a in  

s p e c if ic a t io n s  on Zq | t  _q , which r e p re s e n ts  th e  in p u t impedance to  th e  

cascade network w ith  s il l  tra n sm is s io n  l i n e s  re p la c e d  by a  p a i r  o f  connec t­

in g  w ire s .  For exam ple, f o r  th e  sh u n t-c a p a c ita n c e  case  th e  a d d i t io n a l  

c o n d itio n  s p e c i f ie s  t h a t

w ith  a ,  b r e a l ,  p o s i t iv e  c o n s ta n ts .
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2 .6  STATEMENT OF THE MAIN THEOREM

The n e c e ssa ry  c o n d itio n s  d e riv e d  in  th e  fo reg o in g  s e c t io n  w i l l  

be proved  s u f f i c i e n t  in  th e  subsequen t c h a p te rs  by showing t h a t  th ey  

perm it a  c y c l ic  s y n th e s is  p rocedure  th a t  y ie ld s  th e  p roposed  cascade 

fo r  any inpu t-im pedance fu n c tio n  th a t  s a t i s f i e s  th e s e  c o n d it io n s .

In  a n t ic ip a t io n  o f  t h i s  we s t a t e  th e se  n e c e ssa ry  c o n d itio n s  as  th e  

r e a l i z a b i l i t y  c o n d itio n s  f o r  th e  in p u t impedance o f  th e  lo s s l e s s  

lu m p e d -d is tr ib u te d  f i l t e r .

Main Theorem: An i r r e d u c ib le

Z  a l C s)esT^ 21* ^

Z °  "  b i (*) e*T* ” l t ' ' a i ( s )  “ d  *’i ( , )
r e a l  po lynom ials in  s and 0<T < oo re p re s e n ts  th e  in p u t impedance to

o
a  cascade  o f  p a s s iv e ,  lum ped, l o s s l e s s ,  tw o -p o rts  and l o s s l e s s ,  

un iform  commensurate tra n sm is s io n  l i n e s  i f  and on ly  i f

1) a .  ZQ i s  a  p . r .  fu n c tio n  o f  s f o r  a l l  0 < T o< ®  . However,

f o r  M® M® -  N® N® * c o n s ta n t i t  i s  on ly  re q u ire d  t h a t  Zq

i s  p . r .  fo r  Tq any f ix e d  c o n s ta n t ( th a t  i s ,  f o r  o n ly  one 

p o s i t iv e  va lu e  o f  Tq ).

b .  [an ( s )  + bn ( s ) ]  i s  a  s t r i c t l y  H urw itz p o lynom ial.

2) a .  The p roduct o f  th e  f i r s t  n main d iag o n a l e lem en ts

o f  th e  d e r iv e d  polynom ial m a tr ix  i s

h . . . (G ,(* )G ,(* )p £ (s )to
where k  i s  a  reed  c o n s ta n t , £ ( s ) a  r e a l  p o ly n o m ia l, and 

and G^(s )G ^(-b ) f o r  k * i , 2 ,* * * ,  q  a re

d e f in e d  by th e  cascade t e s t  p ro ced u re  o f  2 .^ -3  w ith  

Gk (s)Ck ( - s )  e F ( s )F ( - s )  i f  F (s )  # 0 .
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b . E i th e r  / i L ^   - n ^ - i  5 0 0^  1 4 “ k + l”1

f o r  a l l  0 ^  k ^ q - 1  ^  £  m ^ n j w ithy&  | k ̂ , y  th e

elem ents o f  th e  m a tr ix  

o r  e q u iv a le n t ly

b ! M°m| -  NjNg * F ( s )F ( - s )  # 0 o r  5 0

where F (s )  i s  a  r e a l  po lynom ial. I f  a l l  th e  lumped netw orks a re  to  

have t h e i r  tra n sm is s io n  zeros a t  i n f i n i t y ,  th e n  F (s )  must be a  c o n s ta n t 

o r  f o r  F (s )  * 0 a l l  Gk (s )G ^ (-s )  = c o n s ta n t ,  l ^ k ^ q + 1 ,  w ith  th e  

r e l a t i v e l y  prim e r a t i o n a l  fu n c tio n  fq + i/g q + i ~ -  Vo” ^ /

k
z
L*o

c .  For th e  shun t c a p a c itan ce  case :

z ° | t  = 0  = ao sb + 1

a ,  b r e a l ,  p o s i t iv e  c o n s ta n ts .

We now a re  a t  th e  p o in t  where we have th e  n ece ssa ry  c o n d itio n s  

fo r  th e  r e a l i z a t i o n  o f  mixed lu m p e d -d is tr ib u te d  c a sca d es . But b e fo re  

we can prove th e se  n e c e ssa ry  c o n d itio n s  s u f f i c i e n t ,  we must f in d  th e  

p ro p e r t ie s  o f  ZQ th a t  r e s u l t  from an im p o sitio n  o f  th e  n ecessa ry  

c o n d it io n s .  We do t h i s  in  th e  n ex t c h a p te r .
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CHAFFER 3 . THE IMPLICATION OP THE NECESSARY
CONDITIONS ON ZQ

3.1 INTRODUCTION
The n ece ssa ry  c o n d itio n s  on ZQ which were d e r iv e d  in  th e  p rev io u s  

ch a p te r  w i l l  a lso  he  s u f f i c i e n t  i f  th e y  p e rm it a  c y c l ic  s y n th e s is  p rocedure  

fo r  ZQ th a t  y ie ld s  th e  d e s ire d  cascade netw ork. To e s ta b l i s h  such a  

sy n th e s is  p rocedu re  f o r  ZQ re q u ire s  a  knowledge o f  th e  p ro p e r t ie s  o f  th o se  

Z0 th a t  s a t i s f y  th e  n ece ssa ry  c o n d itio n s  o f  ou r main theorem .

As o u r i n i t i a l  s t e p ,  we must re p la c e  th e  g e n e ra l p . r .  c o n d itio n s  

by an e q u iv a le n t s e t  o f  p . r .  c o n d itio n s  a p p l ic a b le  to  meramorphic 

fu n c tio n s  w ith  which we can prove th e  n ece ssa ry  c o n d itio n s  s u f f i c i e n t .

ZQ i s  o b v io u sly  a  meramorphic fu n c tio n  o f  s s in c e  b o th  i t s  num erator and 

denom inator fu n c tio n s  a re  a n a ly t ic  in  th e  e n t i r e  f i n i t e  s -p la n e  and hence 

th e  o n ly  f i n i t e  s in g u la r i t i e s  o f  ZQ a re  i s o la te d  p o le s  due to  th e  zeros 

o f  th e  denom inator f u n c t io n ,  w h ile  a t  i n f i n i t y  ZQ p o sse sse s  an e s s e n t i a l  

s in g u la r i ty .

Next we e s ta b l i s h  t h a t  th e  fu n c tio n  z ^ (s )  d e fin e d  by 

z1 (s )  a an (s)A>n (s )

* f 1 (8 ) /g 1 (8)

w ith  f ^ ( s ) /g ^ ( s )  r e l a t i v e l y  p rim e , i s  p . r .  and n o n -F o ste r (n o n -re a c tiv e )  

fo r  any Z0 th a t  i s  p . r .  f o r  a l l  0 <TQ<c» .

This z ^ (s )  i s  th e n  shown t o  r e p re s e n t  th e  in p u t impedance o f  th e  

i n i t i a l ,  lum ped, lo s s l e s s  netw ork o f  th e  cascade  te rm in a te d  in  th e  

c h a r a c t e r i s t i c  impedance o f  th e  f i r s t  tra n sm is s io n  l i n e  o f  th e  ch a in .

We prove t h i s  by d em o n stra tin g  t h a t  any ZQ s a t i s f y in g  th e  cascade 

co n d itio n s  and hav ing  [ a ^ s )  + bQ( s ) ]  s t r i c t l y  Hurwitz can be  expanded 

in  a  lu m p e d -d is tr ib u te d  cascade w ith  z ^ (s )  re p re s e n t in g  i t s  i n i t i a l ,  

lumped netw ork .
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3 .2  EQUIVALENT P .R . CONDITIONS FOR MEROMORPHIC FUNCTIONS

The d r iv in g  p o in t iram ittance o f  any l i n e a r ,  s o lv a b le ,  tim e -  

in v a r i e n t ,  p a s s iv e  o n e -p o rt i s  n e c e s s a r i ly  a  p o s i t iv e  r e a l  fu n c tio n  

o f  th e  complex v a r ia b le  s  [5 , U3] where a  complex fu n c tio n  f ( s )  i s  

d e f in e d  as p o s i t iv e  reed  ( p . r . )  i f :

1 ) f ( s )  i s  r e a l  f o r  s re e d  in  R e [ s j> 0

2) f ( s )  i s  a n a ly t ic  in  R e [ s ]> 0

3) R e [ f ( s ) ] > 0  in  R e[s] > 0

I t  i s  p o in te d  o u t th a t  th ro u g h o u t t h i s  work any s p e c i f i c a t io n  f o r  

R e [s]>  0 o r  R e [ s ] ^ 0  does no t im ply any th in g  concern ing  th e  p o in t s * oo 

t h a t  i s ,  th e  p o in t  a t  i n f i n i t y  i s  not in c lu d e d  in  th e  in t e r v a ls  o r  r e g io n s .

We re c o g n iz e  th e s e  p . r .  c o n d itio n s  as e s s e n t ie d ly  B ru n e 's  p o s i t iv e  

r e a l  c o n d itio n s  (c o n d it io n  2 and 3) excep t f o r  th e  a d d itio n e d  c o n d itio n  

r e q u ir in g  th e  a n e d y t ic i ty  o f  f ( s )  in  R e [ s ) > 0 .  For saae  fu n c tio n s  t h i s  

a n a l y t i c i t y  o f  th e  fu n c tio n  i s  im p lied  by th e  c o n d itio n  R e [ f ( s ) ) ^ .0  

f o r  R e [ s ] > 0 .  T his i s  th e  case f o r  a l l  meromorphic fu n c tio n s  (w hich, 

o f  c o u rs e , in c lu d e  th e  r a t i o n a l  f u n c t io n s ) .  These meromorphic fu n c tio n s  

p o sse ss  as t h e i r  on ly  s i n g u l a r i t i e s  in  th e  f i n i t e  s -p la n e  i s o la te d  p o le s ,

e i t h e r  f i n i t e  o r  i n f i n i t e  in  number, b u t may p o sse ss  e i t h e r  a  p o le  o r

an e s s e n t i a l  s in g u la r i ty  a t  i n f i n i t y .  But in  th e  im m ediate neighborhood 

o f  a  f i n i t e  and i s o la te d  p o le  o f  any fu n c tio n  we can f in d  p o in ts  a t  

which R e [ f ( s ) ]  < 0 [ 33] and th u s  any i s o la te d  p o le  in  R e [ s ]> 0  v io la te s  

th e  c o n d itio n  R e [ f ( s ) ] > 0  fo r  R e [ s ] > 0 .  For a r b i t r a r y  fu n c t io n s ,  how ever, 

t h i s  c o n d itio n  no lo n g e r g u a ran tee s  th e  a n a ly t i c i ty  o f  th e  fu n c tio n  

in  R e [ s ] > 0 .  Thus fo r

f  ( s ) i  + Re i  + ^
* 1 ~ e H - ji j  J * 1 -  e (i- |£ i>

^  q in  Re[ s  ]=Re[ r e ^ ]  > 0
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s in c e  ^  * I e"  ^^ I-Cbs^  f o r  a l l  r  > 0 and -  "If* /  +
I 2 2

Yet th e  fu n c tio n  i s  o b v io u sly  no t a n a ly t ic  -  a t  l e a s t  n o t on th e  

p o s i t i v e ,  r e a l  a x is  =0) where e " r  ^ " cos1^ ) s  i .

The p . r .  c o n d itio n s  above a re  o b v io u sly  in  a  form t h a t  makes th e  

d e te rm in a tio n  o f  th e  p o s i t iv e  r e a ln e s s  o f  any b u t th e  s im p le s t fu n c tio n s  

ex trem ely  d i f f i c u l t .  S ince  Z0 i s  a  meromorphic fu n c tio n , we must 

th e re fo re  re p la c e  th e s e  c o n d itio n s  by an e q u iv a le n t s e t  t h a t  w i l l  enab le  

us to  t e s t  fo r  th e  p o s i t iv e  r e a l  c h a ra c te r  o f  meromorphic fu n c tio n s .

T his i s  analogous to  what was done to  f a c i l i t a t e  th e  a p p l ic a t io n  o f  

B ru n e 's  p . r .  c o n d itio n s  t o  r a t i o n a l  fu n c tio n s .  For t h i s  purpose we 

re q u ire  c e r t a in  r e s u l t s  from complex fu n c tio n  th e o ry . We ex p ress  th e se  

r e s u l t s  in  term s o f  th e  fo llo w in g  th r e e  theorem s which a re  proved in  th e  

l i t e r a t u r e .

Ju lia -C ara th e o d o ry -L an d au -V arilo n  (J .C .L .V .)  Theorem [25]

L et f ( s )  be p . r .  th e n

1 . l i n  f ( s )  _ v 0<  k < oo 
|s|->® s

( th e  a n g u la r  d e r iv a t iv e  a t  i n f i n i t y )  u n ifo rm ly  as [ s |->  oo 

a long  any ra y  in  R e [ s ]> 0

2 . f ' ( s )  = f ( s )  —ks i s  p . r .

Phragnln  -  L in d e lo ff  Theorem [26]

L et W (s), a  fu n c tio n  o f  th e  complex v a r ia b le  s = <i + jo > , be

1) a n a ly t ic  in  R e [ s ] ^ 0

2 )  |W( j o > ) U l  f o r  a l l  M >  o

3) |w (s)j ^  Ae**** in  a l l  R e [ s ] > 0  f o r  some A> 0 , B> 0 and fo r  a l l

m > 0  lim  J W( €  )l 0. Then |w ( s ) | < 1 f o r  R e [s ]>  0 .
t 0«->oo
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In v e rse  F unction  Theorem [UU]

1 i s  p . r .  i f  and o n ly  i f  f ( s )  i s  p . r .
fTiT

By making u se  o f  th e  r e s u l t s  o f  th e s e  theorem s ve  may re p la c e  th e  

g e n e ra l p . r .  c o n d itio n s  by an e q u iv a le n t s e t  f o r  meromorphic fu n c tio n s : 

Theorem 3-1  The meromorphic fu n c tio n  g ( s )  i s  p . r .  i f  and o n ly  i f :

1) g ( s )  i s  r e a l  f o r  s  r e a l  in  R e [ s ]> 0

2) [ l  + g ( s ) ]  has no ze ro s  in  R e [s ]^ ,0 .

3) |w (s) | ■ 11 -  k ( b ) L l  on R ets] 0
| l  + g ( s ) |

1 -  g j 8 j
1 + g ( s )

^  A e® l8 l in  R e [ s ] ^ 0  f o r

some A > 0 ,  B > 0 w ith

lim  11 -  g (6 ) 1 e-'rK = 0 for a l l ^ O .
0 <«'->» 11 + g ( 6  ) I *

P ro o f : N e c e ss ity : S ince  g (s )  i s  a  meromorphic fu n c tio n  o f  s  w ith

R e [ g ( s ) ] > 0  in  R e [ s ] > 0 , th e  on ly  p o s s ib le  s in g u la r i t i e s  o f  g ( s )  in

R e [ s ] ^ 0  a re  i s o la te d  p o le s  on R e[s] * 0 w ith  r e a l ,  p o s i t iv e  re s id u e s

[HU]. W hile on th e  p o r t io n  o f  R e[s] ■ 0 where g ( s )  i s  a n a ly t i c ,

R e [ g ( s ) ] ^ 0  s in c e  R e [ g ( s ) ] < 0  on th e  a n a ly t ic  p o r t io n  o f  R e[s] » 0

would im ply R e [g ( s ) ]< 0  in  R e [ s ] > 0 , f o r  R e [g (s)]  i s  a  con tinuous

fu n c tio n  o f  R e[s] f o r  I ^ s ]  c o n s ta n t where g ( s )  i s  a n a ly t ic .  Thus

R e [g ( s ) ]> 0  on R e[s] = 0 alm ost everyw here (R e [g (s )]  i s  n o t d e fin e d  a t

a  p o le )  w h ile  a t  any p o le  on R e[s] * 0 th e  re s id u e  o f  g ( s )  i s  r e a l  and

p o s i t iv e .  This im p lie s  t h a t

|W (s)| -  11 -  g ( s )  |< 1  on a l l  o f  R e[s] « 0 
I I  + g ( s )  I
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[1 + g ( s ) ]  4 0 in  R e [ s ] ^ 0  s in c e  g (s )  -1  in  R e[s]>  0 

i f  R e [ g ( s ) ] } 0  in  Re [ s } > 0  and |w ( s ) |< l  on R e[s] * 0 .

S im ila r ly  |w (s ) |^  l ^ A e ® ^  f o r  some A > 0 , B > 0  i f  R e [g (s )]  ^ 0  in  

R e [ s ]> 0  and |w(s)J ^  1 on R e[s] ■ 0 ,  w h ile  lim  [w( S' ) |  0 by

th e  J .C .V .L . Theorem s in c e  lim  g ( 6" ) m k<oo i f  g ( s )  i s  p . r .
0 <e'-* oo s ’

S u f f ic ie n c y :  The meromorphic fu n c tio n  W(s) i s  a n a ly t ic  in  R e [ s ] ^ 0

s in c e  by h y p o th e s is  [1 + g ( s ) ]  f  0 in  R e [s ]^ ,0 .  This a n a ly t i c i ty  o f  

W(s) in  R e [ s ] ^ 0  to g e th e r  w ith  th e  s p e c if ie d  c o n d itio n s  3 and *♦ f u l f i l l  

th e  hypo theses o f  th e  Phrogmln -  L in d e lo ff  Theorem and th u s  |w ( s ) |^ l  

f o r  R e [ s ] ^ 0  o r  R e [ g ( s ) ] ^ 0  in  a t  l e a s t  R e[s]>  0 . But any meromorphic 

fu n c tio n  g ( s )  w ith  a  R e [g (s ) ]^ .0  in  R e [ s ]> 0  must be a n a ly t ic  in  

R e[s]>  0 . Q.E.D.

T his l a s t  theorem  w i l l  be  o u r most Im p o rtan t m athem atical to o l  

in  p rov ing  th e  s u f f ic ie n c y  o f  th e  c o n d itio n s  o f  th e  main theorem . With 

i t  we s h a l l  be a b le  to  prove p . r .  th e  rem ainder fu n c tio n  r e s u l t in g  

from th e  e x t r a c t io n  o f  a  l o s s l e s s ,  lum ped-param eter netw ork and a  

tra n sm is s io n  l i n e  from ZQ. We reco g n ize  th e  f i r s t  th r e e  c o n d itio n s  

o f  Theorem 1 os th e  e q u iv a le n t s e t  o f  c o n d itio n s  t o  B ru n e 's  p . r .  

c o n d itio n s  f o r  r a t i o n a l  fu n c tio n s  [3 0 ] . The a d d i t io n a l ,  fo u r th  cond i­

t i o n  i s  a u to m a tic a l ly  s a t i s f i e d  by a l l  r a t i o n a l  fu n c tio n s  and th u s  i s  

su p e rflu o u s  f o r  th e s e  meromorphic fu n c tio n s .  For a r b i t r a r y  meromorphic 

fu n c t io n s ,  how ever, t h i s  "boundedness" c o n d itio n  i s  r e q u ire d  t o  accoun t 

f o r  any e s s e n t i a l  s in g u la r i ty  a t  i n f i n i t y .  Thus th e  meromorphic fu n c tio n

g (s )  ■ 1 -  cosh s s a t i s f i e s  th e  f i r s t  th r e e  c o n d itio n s  o f
3 + cosh 3
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Theorem 3-1  h u t f a i l s  th e  fo u r th  s in c e  lim  W( 6  ) e “*’t»  lim  **1 ^
o<(T-»c° o«5'-><» 2

f o r  0 <'>£< 1 and i s  th e re fo re  n o t p . r .  T h is  i s  confirm ed by th e  f a c t  

t h a t  t h i s  g ( s )  i s  no t a n a ly t ic  in  R e[s ] > 0  s in c e  i t  p o sse sse s  p o le s  

a t  to ■ ( 2n - l )  (n ■ 1 , 2  . . . . )  and ^ > 0  such t h a t  * e”®" * 6 .

I n  e f f e c t  th e se  e q u iv a le n t c o n d itio n s  r e p la c e  th e  ex trem ely  

d i f f i c u l t  problem  o f  v e r i fy in g  th e  s p e c i f i c a t io n  o f  R e [ f ( s ) ] > 0  f o r  

R e [s } > 0  by th e  r e l a t i v e ly  s im p le r  ta s k s  o f  d e te rm in in g  th e  boundedness 

o f  W(s) on th e  ja> - a x is  and th e  fu n c t io n 's  " e x p o n e n tia l boundedness" 

in  R e [ s ] ^ 0 .  However, th e  r a th e r  d i f f i c u l t  problem  o f  check ing  th e  

a n a l y t i c i t y  o f  f ( s )  a n d /o r th e  Hurwitz c h a ra c te r  o f  [ l  + g ( s ) ]  in  

Re[a ] 0  rem ains. For th e  c la s s  o f  meromorphic fu n c tio n s  g e n e ra te d  

by th e  ZQ o f  th e  s p e c if ie d  form and which s a t i s f y  th e  cascade  

c o n d itio n s  we can reduce  th e  above p . r .  c o n d itio n s  t o  a  number o f  p . r .  

t e s t s  in v o lv in g  only  r a t i o n a l  fu n c tio n s  as  w i l l  b e  shown in  C hap ter k 

a f t e r  we have ex p lo red  th e  im p lic a tio n  o f  th e  necessaxy  c o n d itio n s  on 

ZQ in  C hapter 3 .

Because any s in g le - v a r ia b le  meramorphic fu n c tio n  may be 

ex p ressed  os a  r a t i o  o f  two e n t i r e  fu n c tio n s  [2 7 ] ,  th e  fo llo w in g  con­

te n t io n  ho ld s  f o r  a l l  meromorphic fu n c tio n s .  We s h a l l  n o t make u se  o f  

i t  in  our s tu d y  b u t add i t  f o r  com pleteness and a s  an i l l u s t r a t i o n  o f  

th e  use o f  Theorem 3 -1 .

Theorem 3 -2  L et g ( s )  be  a  meromorphic fu n c tio n  re p re se n te d  as

g ( s )_  n ( s )  M ^ s )  + N its )
d (s )  — 7 - --------— -

M2 ( s )  + N 2 ( s )

w here th e  num erator and denom inator o f  g ( s )  a re  s e p a ra te d  in t o  t h e i r
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odd (N ^fs) and Ng(s) ) and even (M ^(s) and Mgts) ) p a r t s .  Then k ( s )  

and h ( s )  d e f in e d  as

k ( s )  Mj^s) + N g(s) and h ( s )  u Mg(s) ♦
"  i q i s y T u J T )  m1 (s )  + u2 u ;

a re  p . r .  i f  and only  i f  th e  fo llo w in g  two c o n d itio n s  a re  s a t i s f i e d :

1 ) g ( s )  i s  p . r .

2) IW (s)| I d ( - s )  -  n (-a )  ✓AeB ,sl in  R e [ s ]> 0
U |dT s) ♦ n ( s ) "  *

f o r  some A> 0 ,  B> 0 and lim  |w( S '  ) I * 0 fo r  a l l  or) > 0 .
o<€-> oo c

P ro o f : The hypotheses o f  Theorem 1 a re  s a t i s f i e d  s in c e

1) g ( s )  and h ( s )  a re  r e a l  fo r  8 r e a l  in  R e [ s ]> 0

2 ) th e  sum o f  th e  num erator and denom inator

fu n c tio n s  (M^+ Mg + + N^) i s  id e n t ic a l  f o r  k ( s ) ,  g ( s )

and b (s )

3 ) th e  en s ig n an t Mg -  Ng i s  id e n t i c a l  f o r  k ( s ) ,  g ( s )  

and h (s )  and

U) C ondition  k o f  Theorem 1 i s  s a t i s f i e d  f o r  b o th  k (s )  and 

h ( s )  Q.E.D.
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3 .3  THE NATURE OF a ^ s j / b ^ s )  OF ZQ

A d i r e c t  consequence o f  ZQ p . r .  f o r  a l l  0 < TQ <00 i s  t h a t  

z ^ s )  * f i t s j /g ^ ^ ts )  * a ^ s i / b ^ s )  w ith  f ^ s ) ,  g ^ s )  r e l a t i v e l y  prim e i s  

a ls o  p . r .  b u t n o t n e c e s s a r i ly  n o n -F o ste r (n o n -re a c t iv e )  o r  e q u iv a le n t ly ,  

r e a l iz a b l e  as a  lo s s l e s s  netw ork te rm in a te d  in  a  r e s is ta n c e .  The non- 

F o s te r  p ro p e rty  i s  n ece ssa ry  so  th a t  z-j^s) can re p re s e n t  th e  i n i t i a l ,  

l o s s l e s s , lumped netw ork o f  th e  cascade te rm in a te d  in  th e  c h a r a c t e r i s t i c  

r e s is ta n c e  o f  a  uniform  tra n sm is s io n  l i n e .  T h is  p ro p e rty  o f  z ± ( s )  i s  

e s ta b l is h e d  w ith  th e  a id  o f  th e  J .C .V .L . Theorem by th e  fo llo w in g  two 

lemmas.

Lemma 3-1  L et Z * £  &i(8 ) e ^ o ^ ^ V Z b j ^ s )  e B̂ ° (2 i" n ) b e  p . r .
L*o

f o r  a l l  0 < TQ< 00, th e n  z -^ s )  » f ^ s i / g ^ U )  * a ^ U J /b j^ s )  w ith  f ^ s ) ,  

g ^ (s )  r e l a t i v e l y  prim e i s  p . r .

P ro o f : Because o f  th e  form o f  ZQ, f o r  every  a r b i t r a r y  sm a ll €>0 th e r e

e x i s t s  a  s u f f i c i e n t ly  la rg e  TQ such th a t  jz o (s jT 0 ) -  z^ (s) |< £  in  a l l  

R e [ s ] > 0 ,  which im p lie s  th a t  |Re[ZQ] -  R e [ z ] |< €  in  R e [ s j> 0 .  Thus i f  

Re[Zo (s jT o ) ] ^ 0  in  R e [ s ]> 0  f o r  a l l  0 <TQ<oo, th e n  R e [z ^ ]^ 0  in  R e[s]>  0 . 

S ince z ^ (s )  i s  a  r e a l  r a t i o n a l  fu n c t io n ,  i t  i s  p . r .  b u t n o t n e c e s s a r i ly  

n o n -F o s te r . Q.E.D.

To show z ^ (s )  n o n -F o ste r  we make use o f  th e  J .C .V .L . Theorem. 

Because o f  t h i s  theorem  we may e x t r a c t  from any p . r .  impedance (ad m ittan ce ) 

fu n c tio n  w ith  a  non -zero  a n g u la r  d e r iv a t iv e  a t  i n f i n i t y  (k  = lim  f ( s ) / s ,
0 <5 - > w

0 < k < o o )  an in d u c tan ce  (c a p a c ita n c e )  w ith  th e  rem ainder fu n c tio n  r ( s )  

and i t s  in v e rs e  ag a in  p . r .  T h is e x t r a c t io n  p ro cess  can be  c o n tin u e d , 

a l t e r n a t e ly  rem oving th e  "p o le"  a t  i n f i n i t y  from th e  impedance and th e  

adm ittance  fu n c tio n s  u n t i l  th e  an g u la r d e r iv a t iv e  a t  i n f i n i t y  o f  b o th
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r (s ) and l / r ( s )  a re  z e ro ,  assum ing such te rm in a tio n  p o s s ib le .  The

r e s u l t  o f  t h i s  s y n th e s is  p rocedure  i s  an LC la d d e r  te rm in a te d  in  th e

p . r .  rem ainder fu n c tio n  r ( s ) .  The a p p l ic a t io n  o f  t h i s  p rocedu re  to

Z0 y ie ld s  th e  n e x t lemma, w h ile  in  C hapter U i t  p e rm its  us t o  show th a t

any ZQ w ith  M°- N° N° * c o n s ta n t need be s p e c if ie d  p . r .  a t  o n ly  one

value  o f  and n o t f o r  a l l  0 < T  < 00 . o o

Lemma 3 -2  Let ZQ = £  a j ( s )  e 8^ o (2 i-n ) / £  b ^ (s )  e 8^ o ^ * " n  ̂ w ith  n ^ 0 ,
i«o v'O

be i r r e d u c ib le  (num erator and denom inator c o n ta in  no common f a c to r s )  

and p . r .  Then z-^(s) cannot be an odd fu n c tio n  o f  s  (z ^ (s )  i  -  z ^ ( - s )  ) .  

P roof : Assume z ^ (s )  an odd fu n c tio n  n o t n e c e s s a r i ly  p . r .  where

a ^ s )  f ^ s j f n t s )  (a ps p + a p . z s p ' z + * * * + a 0 ) ^ ( s )

bn ( s )  g ^ s )  j p ^ s )  (b^s* + b ^ .z s **'2 + •••  + b i® ) ^ n ( 8 )

or
(a^s"' + a ^ s ^ -1 + ••• + 8^8 ) ^ q (s )

(bpSP + b p - 2 .s p *2 + •••+  a0 ) ^ n ( 8 )

(0)
w ith y> n ( s )  * y c d l a ^ i a ) ,  bn ( s ) J  and p  even , q odd and th u s  e i th e r  

p > q  o r  p < q .  We now app ly  th e  J .C .V .L . Theorem t o  th e  p . r .  ZQ o r  

p . r .  YQ * l /Z Q and e x t r a c t  e i th e r  a  p o s i t iv e  in d u c tan ce  L^ o r  

p o s i t iv e  c a p a c ita n c e  C^ dependent upon w hether ZQ o r  l /Z Q p o sse sse s  a 

non-zero  a n g u la r  d e r iv a t iv e  a t  i n f i n i t y .  E i th e r  ZQ o r Yc  must p o sse ss  

a  n o n -zero  a n g u la r  d e r iv a t iv e  a t  i n f i n i t y  s in c e  q>  p o r  p >  q and in

f a c t  we must have q= p i  1 by th e  J .C .V .L . Theorem f o r  Z0  and YQ p . r .

We o b se rv e  t h a t  L^ o r  i s  e n t i r e ly  determ ined  by f ^ ( s )  o r  g ^ (s )  s in c e  

lim  ZQ lim  f i ( s )  Ijĵ  o r  lim  Y0  lim  g^Cs) C^.
C < & - ? 0 0  ■ 0 <■$■->£» 7  , a  Octj-^oo ■ ■ ■ *  6"-*00 ■ “

8 Sg1 ( s )  S S f ^ s )
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The rem ainder fu n c tio n  ■ ZQ -  sL^ o r  Y ^ )  ■ Y© -  sC^ i s  ag a in  p . r .  

b u t th e  deg ree  o f  i t s  an ^1 ^ (s )  ■ atl( s ) -  sL1bn ( s )  ■ [ f ^ s )  -  s L ^ g ^ s ) ] ^ ! )  

f o r  o r  bQ^  ( s )  * *>n ( s )  “ ®c i  “  t S j / 8 ) “ s C ^ t s ) ) ^ t s )

f o r  Y ^  i s  now e x a c tly  two l e s s  th a n  th e  degree o f  a ^ s )  o r  bn (s )  

s in c e  f ^ ( s )  i s  assumed an even (odd) r e a l  polynom ial w h ile  g ^ (s )  i s  

assumed to  be  odd (even) and and Y ^ )  a re  p . r . , so  t h a t  th e  

degree o f  a ^ ^ )  and bn ^ ^  can  d i f f e r  a t  m ost by on e . We may co n tin u e  t h i s  

e x t ra c t io n  p ro cess  u n t i l ,  a f t e r  r  e x t r a c t io n  s te p s

a ^ ^ U )  » an ^r_ 1 ^ (s )  -  sLrb n ^r “1 ^ (s )  o r  bn ^  « bn ^r “1 ^ (s )-sC r an ^r_ 1 ^ (s )  

i s  id e n t i c a l ly  zero  b u t bQ^r  ̂ o r  a P 0 ,  r e s p e c t iv e ly .  At no s ta g e  

o f  t h i s  LC la d d e r  expansion  o f  ZQ can  Z ^  o r  Y ^   ̂ became id e n t i c a l ly  

eq u a l t o  z e ro ,  f o r  t h i s  would imply th a t  ZQ was a  r a t i o n a l  fu n c tio n  

(n  ■ 0) and th u s  re d u c ib le .  But e i t h e r  a ^ ^ f s )  o r  bn ^r ^ (s )  s  0 

b u t bn ^ ( s ) ,  o r  a^r  ̂ P 0 , r e s p e c t iv e ly ,  and Z^p ) o r  Y^r  ̂ p .  r .  

would c o n t ra d ic t  th e  J .C .V .L . Theorem s in c e  th e  a n g u la r  d e r iv a t iv e  a t  

i n f i n i t y  o f  a  p . r .  fu n c tio n  must b e  f i n i t e .  Q.E.D.

Hence by Lemmas 3 -1  and 3 -2  z ^ (s )  may be  r e a l iz e d  as  a

l o s s l e s s ,  lumped network te rm in a te d  in  a  r e s is ta n c e  [5 ,  31] and in  

f a c t  th e  cascade c o n d itio n s  and [ a ^ s )  + bQ( s ) ]  s t r i c t l y  H urwitz imply 

t h a t  t h i s  z ^ ( s )  r e p re s e n ts  th e  i n i t i a l  lum ped, lo s s l e s s  netw ork o f  

th e  proposed cascade netw ork te rm in a te d  in  th e  c h a r a c t e r i s t i c  impedance 

o f  th e  f i r s t  tra n sm iss io n  l i n e  in  th e  c h a in . T h is w i l l  now be e s ta b l is h e d .
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3.1* THE SUFFICIENCY OF THE CASCADE CONDITIONS
In  t h i s  s e c t io n  we dem onstrate  t h a t  any ZQ which s a t i s f i e s  th e  

two cascade c o n d itio n s  and has [a^  + bn ] s t r i c t l y  H urw itz , can be expanded 

in  a  lu m p e d -d is tr ib u te d  cascade w ith  Z0 r e q u ir in g  no augm entation .

We f i r s t  e s t a b l i s h  th a t  any ZQ which s a t i s f i e s  a  s e t  o f  reduced  

cascade c o n d itio n s  (d e f in e d  in  s e c tio n  3 . ^ - 1 ) can always be expanded in  a 

lu m p e d -d is tr ib u te d  ca sca d e . However, in  g e n e ra l augm entation  o f  ZQ by an 

even polynom ial i s  r e q u ire d  to  accom plish  th e  cascade ex p an sio n , in  which 

case  th e  r e s u l t in g  cascade  can be  shown to  be p h y s ic a l ly  u n re a l iz a b le .

In  a d d i t io n  we show th e  eq u iv a len ce  o f  th e  two a l t e r n a t iv e  

cascade c o n d i t io n s ,  M° -N^ N^ = F (s )  F ( - s )  s  0 o r  t  0 and

S °» ° ^ i ^ mk+ i”1 » f o r  611 O ^ k ^ q -1  ( r^  ■ n -  £  me )

which en ab le s  us to  combine th e  two s e p a ra te  cascade c o n d itio n  t e s t s  in to  

th e  one t e s t  o f  s e c t io n  2 .U-3 .

F in a l ly ,  we show th a t  th e  cascade r e p re s e n ta t io n  o f  ZQ i s  no t 

un ique . However, th e  non-uniqueness comes about on ly  when a l l - p a s s  

fu n c tio n s  a re  p re s e n t in  th e  lumped netw orks fu n c tio n s .



3.U-1 THE SUFFICIENCY OF THE REDUCED CASCADE CONDITIONS
B a s ic a lly  any Z0 w hich s a t i s f i e s  any one o f  th e  two a l t e r n a t iv e  

cascade  c o n d itio n s  and whose d e riv e d  m a tr ix  » V" ] has th e

p ro d u c t o f  i t s  f i r s t  n m ain -d iagona l e lem ents n o t I d e n t i c a l ly  zero  

( th e s e  two c o n d itio n s  a re  d e f in e d  as  th e  reduced  cascade c o n d itio n s )  can 

always be expanded in  a  lu m p e d -d is tr ib u te d  cascade  i f  we a llow  augmenta­

t i o n  o f  Z Q by Gui even po lynom ial. The r e s u l t in g  c a sc a d e , how ever, i s  

p h y s ic a l ly  u n re e d iz a b le  i f  any augm entation  o f  ZQ i s  r e q u ire d .

T his c o n te n tio n  i s  e a s i l y  v e r i f i e d  f o r  th e  s p e c i f i c a t io n  o f  

5 °» ° ^ i < mk + l“1 » f o r  6111 O ^ k ^ q - 1
i  A K

(nk = n -  2  mg, n0 = n) euid th e re b y  a lso  f o r  th e  necesseuy  c o n d itio n  e*o
Mg -  n£ Ng = F (s )  F ( - s )  ♦ 0 o r  * 0 once th e  two have been  shown 

eq u iv ed en t ( s e c tio n  3 .^ -2 ) .  The augmented Z^ » G ^(s) G j^ -s )  N ^ G ^ s jG j^ -s jD o  

cem always be w r i t t e n  as

N. G, t o  G.M .  f.M  t ,%n' &,<*> N»- { ^ ( f o l ­
i o  G fi)  6 ,irs) g,(s )eir^ ^ [ 3 , H ) N o t f H s J e sT",nj - T j ( . j ) e i1;’ '|±[3U )N 0- { 1h P .]e s,'""‘}

where we d e f in e  as in  s e c tio n  2.U -3 ^ ( s )  a  ^ i^ 8 ^ n *  bn^8  ̂ * gl  

fo r  t P ^  a 8* c - d * [  an » bn |  » G i(s )  G1 ( - s )  « f ^ s )  g1 ( - s ) + f 1 ( - s ) g 1 (s )
r  |J(V (K)1

which i s  n o t id e n t i c a l ly  ze ro  due to  th e  s p e c i f i c a t io n  on \ I

and

L*0 * *

* t 2 w i i ) l
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(o) (p)

w ith  p o s i t iv e  an a r b i t r a r y  c o n s ta n t ,  s in c e  JLL^ -  Y n_£ = 0 

0 £ i ^ m ^  -  1 i s  s p e c if ie d  as n e c e ssa ry . Thus we may in t e r p r e t  th e  

augmented as th e  in p u t impedance fu n c tio n  o f  th e  c a sca d e , shown in

F ig . 3 .U -1 -1 , which c o n s is ts  o f  a  l o s s l e s s ,  lumped netw ork (a lre a d y  

proved p . r .  ) and a  un ifo rm , lo s s le s s  tra n sm is s io n  l i n e  ( a ls o  p .  r . )  

te rm in a te d  in  th e  rem ainder impedance Z^ (no t n e c e s s a r i ly  p . r . )

- >

2 R ,G , ( s )  2Gt (s) 

S 'to T S 'i-sy  3 ,m  ±  3,b)

) 
<

1 
~ 

S'

oT
* 

c

2.R, Gt (S) 2 6' (s)

7  G,(s)G,(-s) F ig . 3 .U -1-1
°G,(s)G,fs)

The p ro p e r s ig n  f o r  th e  lumped network i s  determ ined  by th e  n a tu re  o f  

G ^(s) ( s e c t io n  2 .2 )  fo r  G ^(s) a  r e a l  po lynom ial. For G ^(s) a  po lynom ial 

w ith  complex c o e f f ic ie n ts  th e  lumped netw ork i s  p h y s ic a l ly  u n re a l iz a b le  

and we may choose th e  upper s ig n s ,  w h ile

w ith  p o s i t iv e  a r b i t r a r y  and m2 an in te g e r .  We n o te  th a t  Z^ c o n ta in s  

m2 few er e x p o n e n tia l term s in  b o th  i t s  num erator and denom inator. T his 

f a c t ,  i f  s im i la r ly  t r u e  f o r  Z^ and th e  rem ain ing  rem ainder fu n c t io n s ,  

im p lie s  th e  e v e n tu a l te rm in a tio n  o f  th e  expansion  p ro c e ss  i f  i t  i s  

c o n tin u ed . In  a d d i t io n ,  no augm entation o f  ZQ i s  re q u ire d  i f
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/ l * l  , V ^ i c o n ta in  G -^s) G1 ( - s )  as a  f a c to r  f o r  a l l  0 < i £ n .

We co n tin u e  th e  expansion  o f  z'Q by r e w r it in g  th e  augm ented.

z ' . / r, -  r , g» M g, w n ; / r , s 1(S) g1w b : m

N! R, 6 ,W 6,fi)

where we d e fin e  ae i n  s e c tio n  2 .h -3  * f 5 ( s )  f   ̂ aR S0 ( 3 ) f ^  ^n-m-|_ d  I n~m1 n-m  ̂ 1 2  ( n-m-L

f ( l )  = g . c . d . f A ( l )  ; B( l )  1  , [R1g _ ( - s ) f 2 (s )  + R ,g p (s) f p ( - s ) ] =
I n -n^   ̂ n-m^ n-ra-jJ x  2 c

with

R^GgCs)Gg(-s) $ 0 by  th e  s p e c i f ic a t io n  on th e  main d iag o n a l o f  

[ / l £ k ) , y { k ) ] and

-tna
= 2  / i - +m

L»0 '  X

= *21 1 V”ft) e sT̂ 2L*^'7r>r"m^  
1*0



w ith  p o s i t iv e  Rg a r b i t r a r y ,  s in c e  * ^ n - o ^ - i  *

i s  s p e c i f ie d .  ZQ, augmented by R ^G ^(s)0^(-s) G2 ( s )G2 ( - 6 ) ,  now 

re p re s e n ts  th e  fo llo w in g  cascad e :

f(s)tf,fs) {(s):Fffc)
<— Z R t G,(s) 2.G,w -O- XD-H 2R,<5,(s) 2G ,(*)

r > R, )T„'ml ^2
3,(0*9f*> 9,(s)±3H - o - Q - o - ~°i Y~°— ^
2R,G,(0 2G,(s) 2 R,G,(i) 2G,(s)

F ig . 3 .U -1-2

where

^ z  "‘j t ' ^ Y i L 0* y  /O) i-fn-yn-Tnz )] n̂ <  1r>t-
i*o ^ r i + y n i t ' L )  i , 0 L

and th e  p ro p e r  s ig n s  o f  th e  f i r s t  netw ork a re  dependent upon th e  n a tu re  

o f  G ^ s ) ,  t h a t  o f  th e  second and o f  Z^ upon th e  n a tu re  o f  G2 ( s )  and 

R^ and Rg two a r b i t r a r y  p o s i t iv e  (s in c e  e v e n tu a lly  we r e q u ir e  a 

p h y s ic a l ly  r e a l iz a b le  cascad e) c o n s ta n ts .  We n o te  t h a t  Zg has  (m^+nig)
t

few er num era to r and denom inator te r a s  th a n  Zq , t h a t  th e  f i r s t  lumped

netw ork and tra n sm is s io n  l i n e  a re  p . r .  b u t th e  second s e c t io n  and Zg

a re  n o t n e c e s s a r i ly  p . r .  s in c e  Z’ i s  n o t n e c e s s a r i ly  p . r . ,  and t h a t

no augm entation o f  Z* i s  re q u ire d  i f ^ j ^  , V" c o n ta in  G2 (s )G g (-s )

a s  a  f a c to r  f o r  a l l  0 £ i ^ n - m . .
1 4

T h is  expansion  p ro c e ss  can be co n tin u ed  u n t i l ,  a f t e r  q
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c y c le s ,  we a re  l e f t  w ith  a r a t i o n a l  rem ainder fu n c tio n  Z^. T hat t h i s  f i n a l

rem ainder fu n c tio n  i s  a  r a t i o n a l  fu n c tio n , i s  g u a ran teed  by th e  cascade

c o n d itio n  M. = y- = 0 ,  0 ^  i  4 mk+1- l  fo r  ed.1
r n - m ^ . . .-m ^ -i 1

0 ^ k ^ q - l ,  s in c e  th e  number o f  term s in  bo th  th e  num erator and

denom inator o f  each rem ainder fu n c tio n  Zk_-̂  i s  d ec reased  by m̂ . a t  each

expansion  s te p  w ith  2Z m. = n . The r e s u l t  i s  a  canonic
i«i K

lu m p e d -d is tr ib u te d  cascade  o f  ch a in  m a tr ic e s  whose elem ents a r e  d e te r ­

mined by th e  cascade t e s t  p rocedure  o f  s e c tio n  2 .^ -3  fo r  any ZQ which 

s a t i s f i e s  th e  above reduced  cascade c o n d itio n s  w ith  augm entation o f  

ZQ by an even polynom ial r e q u ir e d ,  in  g e n e ra l.  No augm entation o f  ZQ 

i s  re q u ire d  i f  b o th  th e  num erator and denom inator o f  every rem ainder 

fu n c tio n s  Z^» k = 1 , 2 ,  • • • ,  q -1 ,  p o sse ss  Gjt (s)Gk ( - s )  as a f a c to r .

I f  we now, in  a d d i t io n  to  th e  reduced cascade c o n d itio n s  

d isc u sse d  th u s  f e r ,  c a l l  upon th e  s p e c i f ic a t io n  on th e  com position  o f  

th e  p ro d u c t o f  th e  f i r s t  n m a in -d iagona l elem ents o f  th e  d e r iv e d  m a trix  

[ >  V J ancl a ls o  upon th e  c o n d itio n  th a t  [an + bn 3 i s  s t r i c t l y  

Hurwitz th en  we can show th a t  no augm entation o f  ZQ, p . r .  f o r  a l l  

0 < T q <<» , i s  re q u ire d  in  i t s  expansion  in to  a  lu m p e d -d is tr ib u te d  

cascade o r  e q u iv a le n t ly  th a t  th e  r e s u l t in g  cascade i s  p h y s ic a l ly  

r e a l iz a b le  and th u s  th e  n ece ssa ry  c o n d itio n s  o f  th e  main theorem  s u f f i c i e n t .
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3.U-2 THE EQUIVALENCE OF THE ALTERNATIVE CASCADE CONDITIONS
However, b e fo re  e s ta b l is h in g  t h i s  main c o n te n tio n  we dem onstra te

th e  eq u iv a len ce  o f  th e  two a l t e r n a t iv e  c o n d itio n s  M°M*- N^n£» F ( s ) F ( - s )$ 0

o r  * 0 and * 0 , O ^ i^ m . . , - 1 ,  f o r  0 4 k < q - l  and
'  i  n - n ^ - .* k*x

th e re b y  en su re  t h a t  th e  cascade t e s t  p ro ced u re  o f  s e c tio n  2.U -3 can be 

c a r r i e d  o u t f o r  a  ZQ which s a t i s f i e s  M^M^-N^Ng ■ F ( s )F ( - s )  $ 0 o r  •  0 .

For F ( s )F ( - s )  $ 0 we ex p ress  th e  e n s ig n an t o f  ZQ, M°Mg- N°Ng , 

in  term s o f  th e  c o e f f i c ie n t  s e t  1 3 o f  ZQ

y ie ld in g

l«0 J«o

But f o r  U  0^2* • ••  0( n d i s t i n c t  numbers th e  fu n c tio n s  e°* '^ , e .

aye l i n e a r ly  independen t over th e  f i e l d  o f  po lynom ials [37] and 

th u s  we must have th e  polynom ial c o e f f i c ie n t s  o f  each e  id e n t i c a l ly

zero  o r

1 ) 2 2  [<*;(*) K - i  H  +  Ff-S) #  0
i-o j*o 
U j * y i

2) 2 2  [o -i(s) + * 0  J 0 4 & 4 2 n &  + T i .
i-0 i-0
i-+j
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P u tt in g  th e  f i r s t  (n + l) o f  th e se  eq u a tio n s  in  a  m od ified  m a tr ix  

form g iv e s  u s :

U 'S )  .. bu-jf-4) • • bn-M W-s) 1dn(-i) • a*-<:(-s) •• • A»ff) M,

0 • ■ 0 • • o b.(*) 0 • • o • ■ • O 0

0 • • 0 • • ( U S) H » \  
. 1

b.CO
«

b.(s) • . . o • • • 0 
•

0
%

e
0•

o
• op) •

1
• • a £ )  ajfo b;S) bL. p )

0
. . b£) ' • 0

%

»
0

o  „dp) ' ■ ' d-n-i?) • • • «*?> a^ i
1
1

bKS) b JP •
■ . 0  

• •• ty )
0

ptyffo)

Thus i f  0 fo r  0 ^  i  ^  m ^ - l, th e n  * 0 fo r  th e  same range o f

in d ic e s  s in c e  bn ( - s ) a i ( s )  + a ^ - s j b ^ s )  * [g1 ( - s ) a 1 ( s )  + f ^ - s j b ^ s ) ]  < /$ b ) 

i f  a ^ s )  » * !,(•) j p j l  bn*8 * “  S ^ t O j ^ w i t h  g .c .d .  | a Q, bQ̂  ; and 

5 0 f o r  O ^ i ^ m ^ - l  im p lie s  t h a t

dn(~S) _  ^  Up(s) _ ^ Q.i fs) _  . . _ _ O-m, -/ (s)
I \(-S ) ~ b0(s) '  ~  b,(s) b^ rs)

w hich , when s u b s t i tu te d  in to  th e  second o f  th e  (n+ l) e q u a tio n s , y ie ld s

CLn.-i(~s ) 3 _ a c (s )

o r

&n~t ( s )  ^  Onfe) __ d « ( s )  ^  __ &/*) _ ______ _ $■>*,-*fc)

bn-, H  '  \ ( * )  "  "  K  (J> *  ”  V  ^
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From th e  t h i r d  eq u a tio n  we o b ta in ,  u s in g  th e  l a s t  r e s u l t ,

O-n-ifa) _ <W-Jj a aj-s) ^ a _     _ a»ri fa
bn-*, f a )  ^  M  b n fa )  M s )  *>/s)  th»r , f i )

and by  in d u c tio n

ftn-K-/) (-*) _  3 ,  _ d*fr) _  . . .  _  - / f r )

**('*) bo(5) b n r , ( s )

o r

A,£) an-il-sj + a^bn-il-J) . ty * )

'  + d  *  °  , °  < i

s in c e

4 0(s )  = ± { M ) j % } bc f a  * ? $ , & $ )  ( 7l o ) ^ S - c d l % b- } ) ‘

But ^  0 fo r  o th e rw ise  we shou ld  have aQ, bQ * 0 o r  a  ZQ w ith  n term s

r a th e r  th a n  (n+ l) in  b o th  th e  num erator and denom inato r, le a v in g  us w ith

e s s e n t i a l l y  th e  same problem . Thus 0 im p lie s  * 0»

0 ^  i^ m - j-1 ,  fo r  any ZQ s a t i s f y in g  th e  c o n d itio n  -  N^n|  « F ( s )F ( - s )

jt 0 and w ith  an ( s ) ,  bn ( s )  4 0. A s im i la r  r e la t io n s h ip  betw eenyti. ^

and w i l l  h o ld  i f  we can show th a t  z '/R ,  * 2  A^1 ^esT0 [2 i-(n -m 1 ) y
n-m ^-i t«Q 1

2  B ^ ^ e 8^ [2 i- (n -n ^ ]  gj^Q has an  e n s ig n an t eq u a l t o  a  r e a l  po ly n o m ia l. 
l*o i

But we have a lre a d y  shewn th a t  th e  augmented * G ^(s)G ^(-s)N Q/G ^(s)G ^(-s)D q 

can be ex p re ssed  in  term s o f  Ip . 55 1 th e re fo re  th e  e n s ig n a n t o f  

Zq g iv en  by [G1 (s )G1 ( - s ) ] 2F (s )F (-s ) * RRqG ^ s jG -^-s ) E n sig n an t [Z ^  ]
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and a ls o  s a t i s f i e s  th e  e n s ig n a n t cascade c o n d itio n  os w i l l  a l l  

o th e r  Z^, O ^ k ^ q .  Thus by inductionyM .jk  ̂ ■ Y  ^  * 0 ,

0 ^  i ^  Ojj+i-1* fo r  a l l  0 <k ^ q -1  and th e  cascade t e s t  p ro ced u re  o f  

s e c tio n  2.U -3 may b e  c a r r i e d  o u t ,  as g iv en  th e r e ,  f o r  any ZQ t h a t  

s a t i s f i e s  mJm£- n£n° ■ F ( s )F ( - s )  4 0.

For F (s )F (—s ) 9 0 , M^Mg- N°N° * 0 im p lie s  t h a t  th e  i r r e d u c ib le  

ZQ (num erator and denom inator o f  Z0 c o n ta in  no common f a c to r s )  i s  a  

re a c ta n c e  fu n c tio n  o r  e q u iv a le n t ly  t h a t  ZQ(s )  ■ -  ZQ( - s ) .  Hence 

a ^ s )  * ♦ a0 ( - s )  and co rresp o n d in g ly  bn ( s )  * + bQ( - s )  o r  a t  l e a s t

a-n(s) _ _  ao(-s)
bnV) ~ b0(-s)

T his im p lie s  t h a t ■ g ^ ( - s ) a 0 (s )  + f ^ ( - s ) b 0 ( s )  * 0 and 

V °̂n * e i ^ J a ^ s )  -  f ^ s j b ^ s )  * 0 fo r  th e  d e f in i t io n s  o f

an ( s )  « bn ^  * 61^8 ) f ' a  w ith  f ^ n s  «*c# d * { j ^ 8 ^ 15̂ 8 )}

o r  th a t  a  tra n s m is s io n  l i n e  o f  a t  l e a s t  le n g th  Tq may be e x tra c te d

(o)from ZQ a s  p a r t  o f  th e  i n i t i a l  expansion  s e c t io n .  However, JLL ^ 9 0 

fo r  a l l  0 ^ i ^ m , - l  a ls o  im p lie s  t h a t  = 0 fo r  a l l  0 ^ i i  m^-1 i f
%-i

F (s )F ( - s )  * 0 . Suppose 9 0 fo r  a l l
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Ô T 1 ^  m^-1 b u t  V ^  0 fo r  1 < i  ^  m ^ -l. Then we may e x t r a c t  from 

ZQ a  un ifo rm , lo s s le s s  tra n sm is s io n  l i n e  o f  e l e c t r i c  le n g th  TQ as 

p a r t  o f  th e  f i r s t  expansion  s e c t io n .  The r e s u l t in g  i r r e d u c ib le  

rem ainder fu n c tio n

2  e sT» [2 .
—  1 9  l« o  w________________________________________________

L-o *'

w ith  * / ^ i + i  -  V f *  * / ^ i + l  + V ^ l s  a s81*1 811 odd 

fu n c tio n  o f  8 . But f o r  z \  ( s )  ■ -  z \  ( - s )  3  ~ ^ c  (~s)/j£>^(~s)

o r

a£  *  O  .  *?(*)
A W V t v V / s) '  V‘?(-s)

s in c e  we assumed JUL^ * 0 ,  ^ 0 fo r  a l l  l ^ i ^ n ^ - l .  T his im p lie s

t h a t / U ^ { b ) * G1 (s)G 1 ( - s ) y > ^  5 0 o r  V© * G1 (s)G ]L( - s )  ^ \ - s )  5 0

and th u s  t h a t  e i th e r  an ( s ) ,  bn ( s )  * 0 o r  aQ( s ) ,  bQ(s )  5 0 , r e s p e c t iv e ly ,  

s in c e  G1 (s )G ^ (-s )  $ 0 . T his c o n tra d ic t io n  o f  th e  s p e c if ie d  form  o f  

ZQ can o n ly  be removed i f  v ^ i  * ® f ° r  a l l  O ^ i ^ m ^ - l .  Hence 

M^M°- N®N° S 0 and JU. | k  ̂ "  0 f ° r  a11 0 ^  i 4  “ k + l-1  811(1 a11

O ^ k ^ q - l  (Bq » 0) a re  e q u iv a le n t s p e c i f ic a t io n s  f o r  any ZQ o f  th e  

s p e c if ie d  form which a ls o  s a t i s f i e s  th e  s p e c i f i c a t io n  on th e  m ain 

d iag o n a l o f  ] .



3-4-3 THE CASCADE EXPANSION OF ZQ

T urn ing  now to  th e  s p e c i f i c a t io n  on th e  p ro d u c t o f  th e  f i r s t

n m a in -d iag o n a l e lem ents o f  th e  d e riv e d  m a tr ix  ] ,  we

have a lre a d y  de term ined  th a t  th e  r e a l  polynom ials fjt ( s ) ,  gjt ( s )

g e n e ra te d  by th e  cascade t e s t  p rocedu re  o f  s e c t io n  2 .4 -3  s a t i s f y

fk ( s ) ,  gk ( s )  f  0 ,  l < k ^ q ,  s in c e  we d e fin e d  Gk (s)Gk ( - s )  *
Xrfk (s )g k ( - s )  + f k ( - s )g k ( s )  and th e  p roduct ~TT Gk (s)Gk ( - s )  i s  s p e c if ie d
AW

as n o t id e n t i c a l ly  z e ro .  W hile from th e  v a rio u s  d e f in i t io n s  in  t h i s  

t e s t  p ro c e d u re :

< . * <  ■ <  -  / * - »  A
n - 7 n -  -  -  m k

0< k ^  q - l j  we o b ta in  th e  re c u rs io n  form ula:
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* ■ '  '  ’ 1  ’

by adding th e  f i r s t  two o f  th e s e  r e la t io n s  and s u b s t i tu t in g  th e

r e s u l t in g  ex p re ss io n  f o r  in to  th e  t h i r d  e q u a tio n . Hence,
/ Hk

i f  / " n i 1 * W l ( , ) 0 k . l ( - s )  V n ?  u i t h  B°  ■ l * °*  "  n ' “ l  “k
and hIq ■ 0 ,  th e n

* f
yy (s )  G ,( s )  Jlo R i  G in  (s )G j f  i (~s)l y>(o) . K r,

* 7 “  j y i  -  K -  y - i

- r  [ f l Hv  + ^ j J s)]
and th e  p ro d u c t o f  th e  f i r s t  n m a in -d iagona l elem ents o f  v j 1̂ ]

i s

(a ' T -  (a V T 1 --(6M ( - 4 - " ( gi Q gi (-sP  ( W ? * -

f o r  2  ”>|c * n and K k ( s )  * [ f k ( s )  ♦ Hence, as  a

consequence o f  th e  s p e c i f i c a t io n  on th e  main d ia g o n a l, every  r e a l  

polynom ial H ^ |s )  ■ [ f^ +| ( s )  + 1 ^ ( 4  ^- 1 » must  b e  a

f a c to r  o f  y ?^ (s) and th u s  must be  s t r i c t l y  H urw itz s in c e  [an (s)+ bn ( s ) ]«  

[ f ^ ( s )+ g ^ ( s ) ]  i s  s p e c if ie d  s t r i c t l y  H urw itz. Here i t  i s

im p o rtan t t o  o b serve  t h a t  (®) + ( s )3 i s  a c tu a l ly

independent o f  R- s in c e  by d e f in i t i o n  b (H) a  [R^gk+^ ( s ) ]

and i s  independen t o f  R^ a lth o u g h , o f  c o u rs e , i t  i s  dependent

on Rj^, R2 , . . .  R ^ ^ .  Hence th e  p ro d u c t R ^ g ^ ^ C s) i s  a  r e a l  polynom ial 

whose c o e f f i c ie n t s  a r e  c o n s ta n ts  w ith  re s p e c t  t o  R^.

We now can dem onstra te  t h a t  any ZQ which s a t i s f i e s  th e  cascade
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c o n d itio n s  and has [ ojj + t>n ] s t r i c t l y  Hurw itz can be expanded as  a  

lu m p e d -d is tr ib u te d  cascade w ith  ZQ re q u ir in g  no augm entation . We

accom plish  t h i s  by showing * ^Gk+ i^” s )Qk+ l( ^  f  i ^ *

0 < i<  n -n ^— . —mK , f o r  a l l  

O ^ k ^ q - 1 ,  where Git+ i ( 8 )Gjt+1 ( - s )  =» G ^ i ^ - 8 )Gk+i ( w 1 )G£+1 ( s )  w ith  

Gk + l< -8 > re p re s e n t in g  a l l  th e  ze ro s  o f  ^ ^ ( a j G j ^ ^ " 8 ) in  th e  s t r i c t  "RHP 

( R e [ s ] > 0 ) ,  G£+^ ( s )  th o se  in  R e [ s ] < 0 ,  and Gk+i ( u)1) a l l  jw - a x is  

z e ro s .
W

As ou r f i r s t  s te p  we re q u ire y C (^ (s )  = [G ^(-s )G” ( U)2 ) ]

i f  V ^ (s) = [G£(-s )Ĝ (<*)1 )] 0̂   ̂ . This becomes obvious once we note

t h a t  [ f 1 (s)+ g 1 ( s ) ] ^ ^ ,( s )  +[ f j( - s )  - g1 ( - s ) ]  y ^ ( s )  = G1 (s)G 1 ( - s ) [ a i (s)+ b i ( s )3

w ith  [ f j ^ s )  + 6 2 ( a) ]  s t r i c t l y  H urw itz, i f  [a n+t>n l 3 [f]_ (s)+6i ( s ) ] ^
M

i s  s p e c if ie d  s t r i c t l y  Hurwitz and by d e f in i t io n  ^ . ( s ) * g 1 ( - s ) a i ( s )  +

f ^ - s J b j U ^ y ^ s  t g - ^ s j a ^ s )  -  f ^ s j b ^ s ) ] .

Next we examine th e  im p lic a tio n  o f  th e  n e c e ssa ry  c o n d itio n

M^Mg- %Ng * F ( s )F ( - s )  ^  0 o r  » 0 ,  o r  i t s  e q u iv a le n t fo rm u la tio n

/ / ( k) = y  (k) = 0 with O ^i^m . . , - 1  for a l l  0 < k < q - l
'  i  n -n ^ -.. .-m^-i ^ ^ x+i.

on th e  com position  o f  . For k = 0 * °» O ^ i ^ m ^ - l

im p lie s  t h a t  -  G ^(-s )G- (̂ U)z )(j7^ fo r  a l l  n ^ i^ .n -m ^ + 1  s in c e  y ^  3 0 

f o r  th e s e  in d ic e s ,  w h ile  f o r  k = 1 ssV‘̂ ^ _ i  3 0 »

im p lie s  yU. ^ 3 G ^(-s)G ^(co*) = G^(-s)G^'(

n -  m ^ i^ n - m ^ - m g + l ,  s in c e  y ^  3 R^ggUjA^1 ) - f g f - s j B j1  ̂ =

Rl8 2 ( s ) [ / < & ,  i  yW ] -  tzW l /^  * ta1%( . ) - f 2 ( .) ) / 1 S n i

+ [R1g g (s )  + f 2 ( s ) ] y ^  » 0 fo r  n - rn ^  i ^  n-m-j-mg + 1 w ith  

[R lg g (s )  *^2 (3 )] s t r i c t l y  H urwitz im p lie s  V ^3 [G ^ (-s )g ” (u)4 ) ] ^



65

n-m]L̂ i^ n - 2 m 1 + 1 ,  i f  ^ J s l G - ^ - s j G ^  to * )] ^  fo r  n ^ ^ n - n ^  + 1

IM
( i  + s  ti-n^ + 1 ) .  But i f  S ^ 'fG ^-a)G ^(u » 4 ) ] j ^  f o r  n - m ^  i]£ n-2m1+ 1

(o^ th e n  so  m ust c o n ta in  G ^(-s)G^( <0*) as a  f a c to r  f o r  th e

same in d ic e s .  T h is  in  tu r n  im p lie s  t h a t  * [G ^(-s )g"( w* ) ] - ^  

f o r  n-m^ ^  i  n-3m^ + 1 ( ^ ^ ^ m g ) .  C o n tin u a tio n  o f  t h i s  rea so n in g

p ro cess  th e n  y ie ld s :

/ f } ,  6 ; { - s )G ^ ) f . ,v f* G fyG fr)T [ i to r  'H - m ^ i ^ n - T n f - 7 n ^ i  i f  

n . a O  to r  0  4  I  4  W2 - / .
n-wifl

For k * 2 y ( 2 )  5 o f o r  0 ^ i ^ m , - l  im p lie s

V^i “ [G ^ - s J G ^ O ;2 ) ] ^  and th e r e f o r e  * [G ^(-s)G 1 ( cu1) ] ^  

f o r  n-m^-Eig ^  i ^  n-m^-mg-m^+l s in c e

- +fsfl>][R. ± [Pi aiSHiw] [»?. 9/*) A(tv ^

n -m j-m g ^ i^ n -m j-m g -n ^ + l, w ith  th e  polynom ial c o e f f i c ie n t  o f  y ^ ,

[R263^8 ^+ f3^8 ^  [R]_g2^8 +̂ f2^8 ^  * 8 t*,i c t l y  H urw itz , and a l l  o th e r  term s 

in v o lv e  in d ic e s  l a r g e r  th a n  i  and in  th e  range from n to  (n-m^-mg + l)  

f o r  which , y - ^  c o n ta in  a l l  th e  zero s o f  G1 (s)G 1 ( - s )  in  R e [ s ] ^ 0 .
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T hus, s in c e  * [G ^(-s)G 1 ( )] i f  « [ G ^ - s jG ^ W 1 )] ^  4 ,

must c o n ta in  [G ^(-s)G ^( W1) ] a s  a  f a c to r  f o r  a l l

n-m^-c^ ^.i^> n-m ^-n^-m g+l.

The same i s  t r u e  f o r  a l l  o th e r  0 < q-1  s in c e  th e  polynom ial 

c o e f f i c ie n t  o f  y ( ^  in  th e  e x p re ss io n  f o r  , [R^g2(*)+f2 ^ 8 ^  **’

[R ^ g ^ lC s )  + fk+1( s ) ] , has  been  shown s t r i c t l y  Hurw itz and a l l  o th e r  

term s in v o lv e  In d ic e s  i n  th e  range o f  n t o  n-m ^-*• --m^+l f o r  which range 

we may assume th a t  /U ^ \ c o n ta in  a l l  th e  ze ro s  o f  G j(s )G ^ (-s ) in  

Re[ s ] ^  0 w h ile  n-m^- • • • n-m^- • • • - m ^ ^ . Hence, by in d u c tio n

» ^ i  * G ^(-» )o J( w Z ) ^ x  fo r  a l l  0 < i < n .

As a  r e s u l t  we have

N, ± R,r>, -  [ 9,(-s) Ho +{,(-*)!>J  e*1**7' «= G/fr)

N,*R,D, * *C3t(!)Ho-fJs)2>.]es%w‘ -  ±  GfaGfwJP ifieiT*&i'(n*nfl

w ith  p o s i t iv e  R^ a r b i t r a r y  s in c e  ju t°^  = * 0 fo r  0 ^  i  < rn^-1 and

th e  augmented ZQ * G^(s)N0/G ^(s )Dq can  b e  ex p ressed  as  [p . 52 ]

Do G‘,(s> '  s,(i)e5T” v
j*o i*o L
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w hich a ls o  r e p re s e n ts  th e  cascade  o f  p . 53 excep t i t s  te rm in a tio n  

i s  Z1 where

w ith

A*l - / 4 V 6 , U 6 ^ 4 ’j 2 i -  R A H G I M  O itin-m , 
We n o te  t h a t  t h i s  ag a in  s a t i s f i e s  th e  cascade c o n d itio n s  in  term s 

o f  th e  polynom ial s e t ^ a p ^ ,  b^1 ^} in  view o f  t h i s  s e t ' s  s p e c ia l  

r e la t io n s h ip  to  th e  polynom ial s e t  {a^ ,  . S p e c i f ic a l ly

- R, G lh iV W itt-ya U fc -O b 'i]

v'i -  R .3 J) 2"t-

= R, 6t'(.t) <5,V )  [s, ft) - fife) b'i]

and we may conclude th a t  i f  th e  p o ly n o m ia l-c o e f f ic ie n t m a tr ix  [a ^ ,b ^ ]  

o f  ZQ s a t i s f i e s  th e  cascade t e s t  p rocedu re  o f  s e c tio n  2 .U -3 , th e n  th e  

polynom ial m a tr ix  [ a j^  ^, b j ^ ]  o f  Z1 a ls o  s a t i s f i e s  th e  cascade

c o n d itio n s  w ith  th e  p ro d u c t o f  th e  f i r s t  n-m m ain -d iagonal elem ents



o f  i t s  d e riv e d  m a tr ix  e q u a l to

' A l ^ U .. /y * i,....,, ,f
\4 ( -* )G y )J  \  s 'M  G ‘( u * ) )  '

^ - A  ■ [ ¥ S) ¥ ' P  £ /

w ith  m^ ( /£  “  n )  and )G^+^ ( - s ) d e fin e d  by th e  cascade t e s t

p rocedure  on ZQ o r  Z^.

In  a d d i t io n  Zv a l s o  has [ a ^ ^  + b ^ ^  ] s t r i c t l y  Hurwitz■*■ n-rn^ n-m^

fo r  a r b i t r a r y ,  p o s i t iv e  R^ i f  Z^ i s  p . r .  f o r  a l l  0 < T o<oo . Because 

[aQ + bn ] = [ f ^ s )  + g1 ( s ) ] ^ ) ^ i s  s p e c if ie d  s t r i c t l y  H urwitz and we 

d e f in e  a U ^  -  f  n l ^ - m j  • '  <f n I ]  ° r

2 y n '* 2 ° [< •>  -  t a < ^  ♦ 1 - [ f g t . ^ g g t . H  I f  ^  ,

(a ^
7  n-i>ml

must be s t r i c t l y  H urw itz w h ile  Z1 p . r .  f o r  a l l  0 < T o<oo

im p lie s  a^1  ̂ / b ^  = f 0 ( s ) / g 0 ( s )  p . r .  [Lemma 1 p . 1+8]* Thusn-mj_ n-m-L d c.

[ f 0 ( s )  + R ,g0 ( s ) ]  = 0 in  R e[s]^ . 0 fo r  a l l  R, > 0 and a ^ 2  + d x d ± n -0 ]_ n-m^

i s  s t r i c t l y  H urw itz. However, i f  we s p e c ify  R^ ■ 1 (and a l l  subse­

quent Rk, * 1 ) th e n  [ a ^  + b ^  ] f  0 in  R e [ s ] iO  w ith o u t Z-, be in gn-m-  ̂ n-mq

n e c e s s a r i ly  p . r .  The f a c t  t h a t  Z^ i s  p . r .  fo r  a l l  0 < T o <,a>  

i s  e s ta b l is h e d  in  th e  n ex t c h a p te r .

We may th e re f o r e  c o n tin u e  th e  c y c l ic  expansion  o f  ZQ 

augmented by th e  s t r i c t l y  H urw itz polynom ial [G ^(s) . . .G ^ (s ) ]  ̂ i f  

n ecessa ry , and o b ta in  th e  lu m p e d -d is tr ib u te d  cascade under d is c u s s io n . 

However, no augm entation  o f  ZQ i s  a c tu a l ly  n ece ssa ry  in  th e  expansion
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procedure  above. Should ZQ r e q u ir e  augm entation  by th e  s t r i c t l y  

Hurwitz polynom ial f a c to r  X (a ) , th e n  by ado p tin g  th e  r e s u l t s  o f  

s e c tio n  2 .2

<)

m  [ v bJ  * ± f t ^ ) ^ , f e ) ] T 1' [ f ^ + ^ j / 5)] [ + 1 ‘ ' ('s ) ' Rl 3 v !s>]

But th e  s t r i c t l y  Hurwitz polynom ial + e z t i  m ust a

f a c to r  o f  (j>^ -  g .c .d .  | an » fo r  a l l  1< /£ j£  q -1  and th u s  b o th  

[ f q+1(s )  + Rqgq+1( s ) ]  and [ f q+1( s )  -  Rqgq+1( s ) ]  must c o n ta in  th e

s t r i c t l y  H urwitz polynom ial X (s) as a  f a c to r .  T h is  im p lie s  t h a t  th e  

on ly  rem ainder fu n c tio n  in  th e  cascade  expansion  o f  ZQ r e q u ir in g  any 

augm entation  i s  th e  f i n a l ,  r a t i o n a l ,  rem ainder fu n c tio n  Zq = f q+1( s ) /  

gq+1(s )  which re p re s e n ts  th e  in p u t impedance o f  th e  te rm in a tin g  lumped 

network o f  th e  cascad e . There i s  o b v io u s ly  no need  to  augment t h i s  

r a t i o n a l  fu n c tio n  in  o rd e r  to  expand Z0 in to  a  mixed lu m p e d -d is tr ib u te d  

cascade and th u s  ZQ re q u ire s  no augm entation  f o r  a  cascade  expansion .

M oreover, had Z0 re q u ire d  augm entation  by an even po lynom ial, 

th e n  [ f £  ( s )  + Rj . )  g i  ( s ) ]  would have to  c o n ta in  a  zero  in  R e [s ]^ .0  

f o r  some JL in  1 < J l£ .  q+1 (Rq * l )  and th u s  Z p (s )  ■ f  p ( s ) / g p  (s )  , 

r e l a t i v e l y  p rim e, would n o t be p . r .
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3.5 THE NON-UNIQUENESS OF THE CASCADE
I t  must be  em phasized t h a t  th e  r e s u l t in g  cascade w i l l  no t be 

unique s in c e  any one o f  th e  c h a r a c te r i s t i c  impedances o f  th e  tra n sm is s io n  

l i n e s  may be a r b i t r a r i l y  s p e c if ie d  and in  a d d i t io n  th e  expansion  

p rocedu re  cannot d e te c t  w hether th e  impedance fu n c tio n  o f  any o f  th e  

lumped netw orks may be augmented a t  th e  expense o f  th e  n ex t lumped 

netw ork in  th e  cascad e . Thus

9,CQ-9,H)
2G,(s) J

9 ,(s)+SH
2Qfi)

X(Q+X£s) m - # s )  
2 X(s) 2X(s)

XE)-fri) X M + t f s )  

2X(s) 2X(s).

foiksto .smksT* 

^inKsTa CoshiTe

CosksTo AlTtkslJ 

sSinksT- toskiT,

m+Xts)
2 X(s) 2 m

m+m
I 2XC0 2M) J

fy )+ fk*
iGjfs) ZGJs) 

3£)'°£s)
,  2G£) 2 Gfi) _

2Gfi) 2$(s)

. 2 Gt (s) 2Gjs) .*© /•) J

w ith  X (s) a  s t r i c t l y  Hurwitz po lynom ial. For th e  f i r s t  c o n f ig u ra tio n  

th e  in p u t impedance o f  th e  f i r s t  lumped netw ork i s  f ^ ( s )  /g ^ ( s )  

augmented by X (s) w ith  t h a t  o f  th e  second eq u a l to  f 2 ( s ) /g 2 ( s )  f o r  a 

one-ohm te rm in a t io n ;  w h ile  f o r  th e  second c o n f ig u ra tio n  th e y  a re  

i‘1 ( s ) / g 1 ( s )  and (X (s) + X ( - s ) ] f 2 ( s )  + [X (-s ) -X (-s ) ]g 2 ( s ) / [ X ( s ) - X ( - s ) ] f 2 (s ) 

+ [X (s) + X (-s ) ]g 2 (s )  r e s p e c t iv e ly ,  n e i th e r  o f  which i s  augm ented. I t  i s  

c l e a r  from th e  above t h a t  th e  m a tr ix  a r i s in g  from th e  augm entation 

f a c to r  X (s) re p re s e n ts  an a l l - p a s s  network as a lre a d y  p o in te d  o u t by 

K oga[22], who s t a t e s  t h i s  c o n d itio n  a s  b o th  n e c e ssa ry  and s u f f i c i e n t .

As a  s p e c i f ic  example we have:

Ii o] [coshsT,, sinkiT, 1
S | J  (sinks’̂  M skslij 1+5 [n-s* <sj I

2 s l J ~ T+s
I s  1 fcosk/l^ -smksX,

25 H3l J L-s'mA s \  coskifc] I;] t ;l
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3.6 SUMMARY
We have e s ta b l is h e d  th a t  any Z 0 o f  th e  s p e c if ie d  form which i s  

p . r .  fo r  a l l  C K T q < o d ,  has f a  / g ^ s )  (a n ( s ) /b n ( s )  r e l a t i v e l y  prim e) 

p . r .  and n o n -F o s te r . F u rth erm o re , any ZQ th a t  s a t i s f i e s  th e  cascade 

c o n d itio n s  and has [an + bQ] s t r i c t l y  Hurwitz can  be expanded in  a  lumped- 

d i s t r i b u te d  cascade w ith  one-ohm tra n s m is s io n  l i n e s .  For l o s s l e s s ,  

uniform  tra n sm iss io n  l i n e s  o f  a r b i t r a r y  c h a r a c t e r i s t i c  impedances in  

th e  ca sca d e , th e  a d d i t io n a l  c o n d itio n  o f  Zq p . r .  fo r  a l l  0 < T q < o o  

i s  re q u ire d  s in c e  t h i s  w i l l  im ply Z^ p . r .  fo r  a l l  0<Tq<oo , a s  w i l l  be 

shown.

S p e c i f ic a l ly  £ ^ ( s ) /g ^ ( s )  r e p re s e n ts  th e  in p u t impedance fu n c tio n  

o f  th e  i n i t i a l  lumped lo s s le s s  netw ork o f  th e  c a sc a d e , te rm in a te d  in  

th e  c h a r a c te r i s t i c  impedance o f  th e  f i r s t  tra n s m is s io n  l i n e  w ith  t h i s  

c h a r a c t e r i s t i c  impedance a r b i t r a r y  and p o s i t iv e  and i t s  e l e c t r i c  le n g th  

hî Tq ( th e  in te g e r  m ^ l ) .

The rem ainder fu n c tio n  Z, which te rm in a te s  th e  f i r s t  s e c t io n  

o f  th e  ca sca d e , c o n s is t in g  o f  th e  l o s s l e s s ,  lumped netw ork and t r a n s ­

m iss io n  l i n e  s p e c if ie d  above, a u to m a tic a l ly  s a t i s f i e s  th e  cascade

c o n d itio n s  i f  Zn s a t i s f i e s  them , w h ile  i t  has i t s  [ a ^ 2  + b ^ ]0 n-m, n-m,

s t r i c t l y  Hurwitz i f  Z^ can  be shown to  be  p . r .  f o r  a l l  O ^T q ^ co .

Thus to  prove th e  n ece ssa ry  c o n d itio n s  o f  th e  main theorem  

s u f f i c i e n t  a t  t h i s  s ta g e  on ly  re q u ir e s  showing Z^  p . r .  f o r  a l l  0.<Tq<oo , 

s in c e  such a  Z^ ag a in  s a t i s f i e s  a l l  th e  c o n d itio n s  o f  th e  main theorem  

and co n sequen tly  a l l  subsequen t rem ainder fu n c tio n s  s im i la r ly  s a t i s f y  

th e  main theorem  o r  th e  cascade  r e s u l t i n g  from th e  p ro ced u re  o f  

s e c t io n  2.1*.3 w i l l  be p h y s ic a l ly  r e a l i z a b l e .  The p ro o f  o f  Z^ p . r .  fo r



a l l  0 < T q < o o  i s  c a r r i e d  o u t  i n  t h e  n e x t  c h a p t e r .
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The n ece ssa ry  c o n d itio n s  d e r iv e d  in  C hap ter 2 and s t a t e d  as 

ou r main theorem  w i l l  now he shown s u f f i c i e n t  and th e re f o r e  th e s e  

c o n d itio n s  a re  th e  d e s ir e d  r e a l i z a b i l i t y  c o n d i t io n s .  We dem onstrate  

s u f f ic ie n c y  by showing th a t  th e s e  c o n d itio n s  p e rm it a  c y c l ic  expansion - 

s y n th e s is  o f  any ZQ which s a t i s f i e s  th e  main theorem , where th e  r e s u l t ­

in g  netw ork i s  th e  d e s ire d  cascade  netw ork f o r  which a  ty p i c a l  s y n th e s is  

s e c t io n  c o n s is ts  o f  a  lum ped, lo s s le s s  netw ork and a  u n ifo rm , lo s s le s s  

tra n sm is s io n  l i n e .

We g iv e  two d i s t i n c t  s u f f ic ie n c y  p ro o f s :  one fo r  th e  g e n e ra l

ca se  o f  a r b i t r a r y ,  lumped netw orks in  th e  cascad e  and a n o th e r  f o r  th e  

c l a s s  o f  ZQ ( in  which a re  in c lu d e d  th o se  ZQ fo r  which Z^ *

w hich p o sse ss  a  c o n s ta n t e n s ig n an t o r  s a t i s f y  th e  e q u iv a le n t c o n d itio n

We a ls o  r e s t a t e  th e  main theorem  t o t a l l y  in  term s o f  r a t i o n a l  

f u n c t io n s ,  t h a t  is ,w e  re p la c e  th e  v e r i f i c a t io n  o f  ZQ p . r .  f o r  a l l  

0 < T Q<oo by a  t e s t  on r a t i o n a l  functionS j and f i n a l l y  we show th a t  th e  

netw ork r e a l i z a t i o n  o f  ZQ i s  d i r e c t l y  o b ta in a b le  from th e  cascade t e s t  

p ro ced u re  o f  s e c t io n  2.U .3*

obeys s im i la r  c o n s t r a in ts )

o f  ^ ^ n - n i j - *  * s t r i c t l y  Hurwitz fo r  a l l O ^ k ^ q .
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U.l SUFFICIENCY PROOF OUTLINE
The in p u t impedance fu n c tio n  of th e  d e s i r e d ,  lu m p e d -d is tr i­

b u te d  cascade  netw ork as ex p ressed  in  te rm s o f  th e  f i r s t  c y c l ic  

ex p a n s io n -sy n th e s is  s e c tio n  and th e  rem ainder fu n c tio n  

i s  g iv en  b y

F ig . U .l-1  

Z i __ _ ^1

Zo~
[R1l)(1(s)+p1( » ) ] e V To(R1 + l)+ [R 1 o((( s ) - p 1 ( s ) ] e “1!1l sTo[Ri  -  l ]  

[Rl)f|(s)+(/;(s)]eml 8To[Zi/Ri + l ]  - t - R ^ / s )  ^ ( s J l e - ^ o t Z i / R i - l ]

where th e  polynom ial e lem ents o f  th e  l o s s l e s s , lumped netw ork m a tr ix  

s a t i s f y  th e  fo llo w in g  c o n d i t io n : , cf\  a r e  o f  l i k e  p a r i t y  and

P l* X l a r e  o f  a  p a r i t y  °PP°s i t e  t o  t h a t  o f  y7!  fo r  0(^ ( f “

^ l ( s ) ^ i ( - s ) .

We compare t h i s  e x p re s s io n  f o r  ZQ w ith  th e  one th a t  i s  p o s s ib le  

fo r  any ZQ which s a t i s f i e s  th e  main theorem . In  accordance w ith  th e  

r e s u l t s  o f  C hapter 3 we may w r i te :

0 9, (s) e sTo7n> esT° (is) e'sT°w, -(n-m,)]
1,0 ' * t«ot-0

Ti
s in c e  f o r  Z = 2. <L; e.sTt (2 i~n)/ 2Z b: a.s7o[2.L^n] o  l L /  i  L J

di(s) = ft(s) (f>L(S) ± £ (.s) 17. Is)
r  0 6 n

t>i<t)*s,(s) W s) + 9 , h )  I # )
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w i t h ^ ( s ) ,  Y i.(s ) r e a l  p o ly n o m ia ls , [ f 1 ( s ) g 1 ( - s )  + f ^ ( - s ) g ^ ( s ) ]  *

G ^(s) G ^ ( -s ) ,  th e  p ro p er s ig n  determ ined  hy th e  n a tu re  o f  G ^ (s ) , 

and * 0 fo r  n i l  0 < L 4  m^ -  1 w ith  l ^ m ^  n .

Comparing th e se  two ex p re ss io n s  f o r  ZQ we see  t h a t  a  

p h y s ic a l ly  r e a l iz a b le  and lo s s le s s  netw ork s e c t io n  o f  a  lumped tw o- 

p o r t  and a  uniform  tra n sm is s io n  l i n e  can be  e x tra c te d  from any ZQ 

which s a t i s f i e s  th e  main theorem  and t h a t  t h i s  s y n th e s is  s te p  can 

be  re p e a te d  u n t i l  te rm in a tio n  a f t e r  a  f i n i t e  number o f  s t e p s ,  i f  

we f i r s t  d e f in e

f i f a )  -  R . 'X .+ p , ;

w ith

±f(-s)- R,«,-p* j i 9,(-0*-R,#>+<C 
* *  G ,(O G ,H  =
and th e n  dem onstrate  th a t

I )  Z 1 (8) = f - ^ s j / g ^ s )  i s  p . r .  and re p re s e n ts  th e  in p u t 

impedance o f  a  l o s s l e s s , lumped tw o -p o rt te rm in a te d  in  th e  a r b i t r a r y  

p o s i t iv e  r e s is ta n c e  R^ and

1*6 1 T * '
again  s a t i s f i e s  th e  c o n d itio n s  o f  th e  m ain theorem .

S ince th e  above can be d em o n stra ted , as  w i l l  be  shown p re ­

s e n t ly ,  we may ta k e  z ^ s )  = f ^ s J / g j ^ s )  * ( R ^ j*  P i ) / ( R i^ l  1 ) to  

re p re s e n t th e  in p u t impedance o f  th e  i n i t i a l  lum ped, lo s s l e s s  netw ork 

o f  th e  c h a in  te rm in a te d  in  th e  a r b i t r a r y ,  p o s i t iv e  c h a r a c te r i s t i c  

impedance o f  th e  f i r s t  u n ifo rm , l o s s l e s s  tra n sm is s io n  l i n e .
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This l i n e  i s  f u l l y  c h a ra c te r iz e d  by  i t s  c h a r a c te r i s t i c  impedance 

^  and i t s  e l e c t r i c  le n g th  m^T0 . In  a d d i t io n ,  s in c e  Zj/R^ w i l l  a ls o  

s a t i s f y  th e  n ecessa ry  c o n d itio n s  o f  th e  main theorem , t h i s  s y n th e s is  

p ro cess  can be re p e a te d  f o r  and th e re fo re  fo r  every  subsequent 

rem ainder fu n c tio n  which i s  th u s  a ls o  g u aran teed  to  s a t i s f y  th e  

main theorem  c o n d itio n s . In  a d d i t io n ,  w i l l  a lso  c o n ta in  a t  l e a s t  

one l e s s  te rm  (m-^ 1) in  b o th  i t s  num erator and denom inator. This 

f a c t  a s su re s  th e  ev en tu a l te rm in a tio n  o f  th e  e x p a n s io n -sy n th e s is  

p ro c e s s .
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U.2 SUFFICIENCY PROOF PROPER
We w i l l  now prove th e  two c o n te n tio n s  above:

I )  Ry Lemma 3-1 (C hapter 2 ,  p.U 8) Z ^ ( s )  = f ^ s j / g ^ s )  i s  

p . r .  and by Lemma 3 -2  (C hap ter 2 , p . 1*9 ) i s  n o t a  re a c ta n c e  fu n c tio n . 

T here fo re  Z ^ (s )  can be  r e a l iz e d  as a  l o s s l e s s  tw o -p o rt te rm in a te d  

in  th e  a r b i t r a r y  r e s is ta n c e  R-̂  by v a r io u s  methods ( i . e .  Y ou la[5 ], 

D a r l in g to n [3 l] )• The ch a in  m a tr ix  o f  t h i s  lo s s le s s  network i s

f,(s)± f,(-s) +
2R, 2.

3 , (*) *3 ,1*)
2R, 2

where G1 (s )  G1 ( - s )  = f ^ s )  g1 ( - s )  + f ^ - s )  g1 ( s ) .  The p ro p er s ig n  

fo r  th e  m a trix  elem ents i s  determ ined  by th e  n a tu re  o f  G^(s ) :  fo r

G ^(s) p o sse ss in g  any R e [ s ]> 0  ze ro s  (X. ^ and a re  ev en , r e a l  p o ly ­

no m ia ls , pl ( s ) , ^ 1 ( s )  a re  odd and re p re s e n ts  a  n o n -re c ip ro c a l

netw ork; f o r  G ^ s )  = Z G -^-s) and cT-± a re  even polynom ials i f  

G ^(s) i s  even , and o(^» a re  odd i f  G ^(s) i s  odd , w ith  

re p re s e n t in g  a  r e c ip ro c a l  netw ork ; w h ile  f o r  G ^(s) a  r e a l  c o n s ta n t 

c f  a re  even and [o£^] r e p re s e n ts  a l l  netw orks which have a l l  

o f  t h e i r  tra n s m is s io n  zeros a t  i n f i n i t y .

The tra n s m is s io n  l i n e  t h a t  i s  e x t r a c te d  a lo n g  w ith  th e  lo s s ­

l e s s ,  lumped netw ork i s  o b v io u sly  p . r . , l o s s le s s  and u n ifo rm , s in c e  

i t  i s  c h a ra c te r iz e d  by th e  a r b i t r a r y ,  p o s i t iv e  R^ and  m1To > 0 .

I I )  Next we must show t h a t  Z^/R^ s a t i s f i e s  th e  c o n d itio n s  

o f  th e  main theorem :

A) Z^ has a lre a d y  b een  shown in  C hapter 3 (p . 68) t o  s a t i s f y

th e  cascade c o n d itio n s  and to  have i t s  a f^2  + b s t r i c t l y  Hurwitzn-m^ n-m i

g iven  by:

1 f t 1

f , I  <
= G tf
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i f  i s  p .  r .  f o r  a l l  0 < T o < o o  .

B) Z i/R ! i s  p .  r .  f o r  a l l  0 < T o< o o  . To f a c i l i t a t e  t h i s  

p ro o f  we r e w r i te  ZQ as

_  w. K , ±  f , h ) e T°m< L,
• “  2 °  ~ 3, W  K, r  3 , (*

w ith  th e  e n t i r e  fu n c tio n s

K, -
■ * 1 ' G , w  G , ( - S )1 x 0

L, -  £■ n ; (s) eT‘ & -  S‘(s)N°
and th u s

Z, _  K, ±  L,
R i « , hF L,

Z1/R1 i s  p .  r .  f o r  a l l  0 < T Q<oo acco rd in g  to  Theorem 3-1 (C hap ter 3 p . k k )  

because

11 z .  .

i s  o b v io u s ly  r e a l  f o r  s r e a l  fo r  a l l  (X T Q<.oo s in c e  Tq i s  r e a l  in  

t h i s  r a n g e  and (j> ^ ^  ^ a re  r e a l  p o lynom ials .

2)
L,

R,+z, K,
.z T '
i  *o L i______________
J 7’' (o. pST0[ti-fn-m,)] 
Vo 7 l *'mt

4  A t

f o r  some A(Tq)>  0 ,  B(Tq )̂ > 0 in  a l l  o f  R e [ s ] ^ 0  and f o r  a l l  0 < T o < o o  

s in c e  ^ n ( s )  P 0
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i f  a ^ s )  £ 0 and i s  s t r i c t l y  H urwitz f o r  a l l  0 < T o <a> excep t f o r  

an enum erable s e t  o f  i s o la te d  TQ f o r  which and may p o sse ss  

common - a x is  ze ro s  w ith  th e  m u l t ip l i c i ty  o f  th e s e  jw  - a x is  zeros 

o f  equal to  o r  l e s s  th a n  th e  m u l t i p l i c i t y  o f  th e  same - a x is

ze ro s  o f  1^ (as  i s  shown in  4 ) below}. While fo r  s * €  + iw

yiim . 
0 < C-tco

and independen t o f  Tc in  0 < TQ< oo,

1 N

' » Jtim
V Z , f t

0<G-* Oo
t ' V - o >for a l l

3)
R ,- Z , L, e sT0n>,

R , +z , i K S-j<*

3,1s) Ze -Z,(s) (fa.[Zo] -  R e [z ,l)+ i (it* [Zol “Iw  [* ] )
3,(-s)

S.jw Z,(-S) (Re [Z 0] + R c [ z , ] )  +d (l*> tZo]
^ 1

S.ju>

f o r  a l l  0*£T0 <oo s in c e  | ( s ) /gj_(—s ) | = 1 on R e[s] = 0  w h ile  Re[Zo ] > 0  

and R e [ z ^ J ^ 0  f o r  R e [s ]^ ,0  and a l l  0 ^ T o< o o  s in c e  b o th  ZQ and 

a re  p . r .  f o r  a l l  0 < T Q< o o  .

U) Below we prove th a t  i s  s t r i c t l y  Hurwitz f o r  a l l

0<  Tq< oo b u t an enum erable s e t  o f  d i s t i n c t  v a lu e s  o f  TQ in  0 < TQ < co 

f o r  which and may p o sse ss  common j ia  - a x is  ze ro s  w ith  th e  

m u l t ip l i c i ty  o f  th e s e  common ze ro s  in  le s s  th a n  o r  eq u a l to  th e  

m u l t ip l i c i ty  o f  th e  same zeros in  L^. For th e s e  v a lu es  o f  TQ 

i s  Hurwitz (K^ ^  0 in  R e [ s ] > 0 ) .  For t h i s  purpose we re q u ire  th e  

m od ified  v e rs io n  o f  Rouch£’s Theorem [27] s ta t e d  below:

Rouchg's Theorem [ 2 7 ] :L et p ( s )  and q ( s )  be holom orphic in  th e  reg io n  

G and on i t s  c lo se d  boundary C and l e t  p ( s )  f  0 on C. Everywhere on
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C l e t  |q ( s ) |< J p ( s ) | o r  q ( s )  * p ( s ) .  Then th e  two fu n c tio n s  p ( s )  

and p ( s )  + q ( s )  have th e  same number o f  ze ro s  in  G.

P ro o f; I t  i s  s u f f i c i e n t  to  show th a t

s in c e  th e  number o f  ze ro s  in  G ■ [ l/2 7 T j ]JC f * ( s ) / f ( s ) d s .  T his 

in t e g r a l  equals  /C a ll + q ( s ) / p ( s ) ] c e v a lu a te d  a t  th e  i n i t i a l  and 

f i n a l  p o in ts  o f  C. Because th e  r e s t r i c t i o n s  o f  |q ( s ) |< J p ( s ) j  o r

p ( s )  * q ( s )  on C make th e  R e [l + q ( s ) /p ( s ) 3 c > 0 fo r  th e  whole c o n to u r,

s e m ic irc le  o f  i n f i n i t e l y  la rg e  ra d iu s  in  R e fs ]> 0 [3 8 ] . We now show 

th a t  th e  hypotheses o f  RouchS's Theorem a re  s a t i s f i e d :

a ) p ( s )  and q ( s )  a re  e n t i r e  fu n c tio n s  f o r  a l l  0 < T Q<oo and 

th u s  holom orphic in  G and on C (fo r th e  p o in t  a t  i n f i n i t y  c ircum ven ted ).

b )  p ( s )  f  0 on th e  co n to u r f o r  alm ost a l l  0 < T 0 <oo : Here 

we m ust d is t in g u is h  betw een two ty p e s  o f  z e ro s ,  one independent

o f  T0 o r  due to  a  polynom ial f a c to r  and th e  o th e r  ty p e  dependent on 

T0 and  o ccu rin g  a t  any f ix e d  p o in t in  th e  s -p la n e  on ly  f o r  d i s t i n c t  

and i s o la te d  v a lu es  o f  TQ[ 3 ^ -3 6 ]. I f  we assume p ( s )  « 0 f o r  some s*jW^,

th e  /6 n [ l  + q ( s ) / p ( s ) ] c i s  un ique and th u s  th e  theorem  i s  p roved . Q.E.D. 

Now to  app ly  th e  theorem  to  our ca se  we have

P (s) ‘  [ f 'M +3,0)1 K,

w h ile  th e  re g io n  G i s  th e  RHP and th e  co n to u r C i s  th e  ju j - a x is  and a

w ith
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th e n  1^ = 0 fo r  t h i s  same s s in c e  [ f ^ ( s )  + g1 ( s ) ] e 8Toml  i s

s t r i c t l y  H urw itz. Now = e " sTonil  [g ^ (-s )N o+ f^ (-s)D o ]/G ^(-s)G 1 (s ] |s*0.aJ^

im p lie s  th a t  « - Z ^ - s )  o r  Re[Z0 l 85t ^

and 1 ^ ] ^ ^  = ^ ^ 1 ^ - ^ .  • Hence Ki  = 0 OD Ret sJ * 0 on ly

where G jtsjG ^C s) = 0 . But th e s e  c o n d itio n s  a ls o  make 

Lx = e 8Toml [ g 1 (s)N 0- f 1 (s)D 0 ]/G1 (s)G 1 ( - s )  = 0 a t  a = y» v

The m u l t i p l i c i t y  o f  t h i s  zero  o f  a t  s  = { j ^ i  *8 o r

l e s s  th a n  th a t  o f  th e  same zero  o f  L^.

T hus, f o r  any fu n c tio n

Re
12k

ds ik
S - J U )

d zk
d s 1*

R t [ Z j
S - j u >

w h ile

Urn
\d tkH

d s  i k "

d 2k*<
d s* * + i

and th e  m u l t ip l i c i ty  o f  any ^fct-axis zero  o f  K^, id e n t ic a l  w ith  t h a t  o f  

[ZQ+Z1 ( - s ) ] ,  i s  determ ined  by th e  l e s s e r  m u l t i p l i c i t y  o f  t h i s  zero  in  

Re[ZQ+ 2 1 ( s ) ] .  But th e  m u l t i p l i c i t y  o f  th e  s zero  in  Re(Zq+ 2.^ ]

i s  id e n t ic a l  w ith  th e  l e s s e r  o f  th e  m u l t i p l i c i t i e s  o f  t h i s  zero  in  

Re[ZQ] o r  R e[2; ^ ] ,  eq u a l t o  2p o r  2 r  r e s p e c t iv e ly ,  s in c e  fo r  ZQ and 

Z n p . r .

> 0

Hence, th e  m u l t i p l i c i t y  o f  th e  jo 3 ^  zero  o f  i s  equal to  th e  l e a s t
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m u l t ip l i c i ty  o f  th e  same zero  in  Re[ZQ] ,  R e t a i l  o r  I j J Z ^  2  ^ ] , which 

im p lie s  t h a t  L-̂  c o n ta in s  th e  same s  * zero  o f  G^(s )G ^(-s) w ith  

eq u a l o r  g r e a te r  m u l t ip l i c i ty  th an  K^. T his r e s u l t  i s  v a l id  w hether 

t h i s  zero  in  and i s  due to  a  polynom ial f a c to r  o r  i s  a  fu n c tio n  

o f  T0 . Hence i f  = 0 a t  s  = J ^ l  th a n  fN0+Do^s=4<*>i * [p (8 )+cl ( 8 )}
4W1

which c o n t ra d ic ts  th e  p . r .  c h a ra c te r  o f  ZQ fo r  alm ost a l l  Tq in  

0 < TQ< oo . The ex ce p tio n s  a re  th o s e  d i s t i n c t  v a lu es  o f  Tq fo r  which 

G1 (s)G 1 ( - s ) | s!s^ c J i  and a re  a l l  zero  w ith o u t NQ, DQ

p o sse ss in g  a  common f a c to r  ( z l  =0/0  can s t i l l  p o sse ss  a  R e (Z _ ]> 0 ).oij.jfci. u

I f  f o r  any o f  t h i s  s e t  o f  Tq , in  a d d i t io n  to  NQ, DQ and G^CsjG^C-s), 

i s  a l s o  zero  a t  s=-^w^ th en  t h i s  zero  o f  must be dependent upon 

Tq and n o t due to  a  polynom ial f a c t o r .  On th e  i n f i n i t e l y  la rg e  

s e m ic irc le  in  R e[s]>  0 obv io u sly  p ( s )  ^ 0.

c )  The l a s t  h y p o th esis  o f  R ouchi' s Theorem to  be dem onstrated  

in  our ca se  i s  t h a t  [ q ( s ) /p ( s ) |  ^  1 and fo r  [ q ( s ) /p ( s ) J c = 1 th a t  

p ( s )  * q ( s ) .  Now

C f ( - s ) - 3 . W ] e ' iT*’" 'L , 1- Z .f i ) Z o -  Z,(s)
K-o Z 0+z,(-s) < 1

S-jw

s in c e  Re[ZQ] > 0  and R e[» ,1 ] > 0 ,  w ith  Re z ^ - s )  = -R e Z j(s ) ,  fo r  

R e [ s ] > 0  and a l l  0 < T Q<oo . I f  Re[ * i]* 0 »  th e n  |q ( s ) / p ( s ) |  =1
s* J w i I S= d " l

But p ( s )  + q ( s ) = t N0+D0 ] (z0 i s  P*r *) cannot p o sse ss  any f ix e d  

^ w -a x is  zero s f o r  alm ost a l l  0 < T q < o o  and th u s  q (s )  = p ( s )  a t  th o se
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p o in ts  where R e [ * , ( s ) ]  • *0 o r  |q ( s ) /p ( s )  • * 1 . On th e1 8 = / ) ^  I | s - ^ w l

i n f i n i t e l y  la r g e  s e m ic irc le  in  R e [s3 > 0  q ( s ) /p ( s ) - ^ *  0 .

S ince th e  hypo theses o f  R ouch^'s Theorem a re  s a t i s f i e d  fo r

p ( s )  and q ( s )  a t  a lm ost a l l  0 < T Q< oo , we may use i t s  r e s u l t s .

Hence has no zero  in  R e[s]> -0  fo r  alm ost a l l  0 < T Q<oo s in c e

[ N0+D0 ] has none th e r e  and 0 on R e[s] * 0 f o r  th e s e  v a lu es  o f  TQ.

For th o se  ze ro s  o f  and [N0+Dq ] which a re  a  fu n c tio n  o f  TQ t h e i r

lo c a t io n  in  th e  f i n i t e  s -p la n e  i s  a  con tinuous fu n c tio n  o f  TQ f o r

0 < T q < oo  [ 3U-36] .  Thus fo r  th e  enum erable s e t  o f  T q  in  0 <  TQ^oo f o r

which Rouche' s Theorem may n o t be a p p lie d  o r  f o r  which p o sse sse s

any ^ « -a x is  z e ro s ,  i s  H urw itz s in c e  th e  members o f  t h i s  s e t  o f

Tq a r e  i s o la te d  v a lu e s .

In  a d d i t io n ,  a ls o  c o n ta in s  th e s e  same j u - a x i s  ze ro s  w ith

a  m u l t i p l i c i t y  eq u a l to  o r  g r e a te r  th a n  th a t  in  and Z-^/R^ i s  p . r .

fo r  a l l  0 < TQ< 00 , w h ile  a t  th e  same tim e p o sse ss in g  a t  l e a s t  one

( l^ m 1^  n) e x p o n e n tia l term  l e s s  th a n  ZQ in  b o th  i t s  num erator and

denom inator.

We have th e re fo r e  dem onstra ted  t h a t  th e  n ecessa ry  c o n d itio n s  o f  

C hapter 2 a re  th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  a  cascade o f  l o s s l e s s ,  

u n ifo rm , commensurate tra n sm is s io n  l i n e s  and l o s s l e s s ,  lumped, netw orks 

w ith  e i t h e r  a  r e s is ta n c e  o r  lo s s l e s s  te rm in a tio n .
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U.2-1 ALTERNATIVE SUFFICIENCY PROOF FOR Z0's WITH CONSTANT ENSIGNANTS
An a l t e r n a t iv e  p ro o f  o f  th e  s u f f ic ie n c y  o f  th e  c o n d itio n s  

o f  th e  main theorem  i s  p o s s ib le  fo r  th o se  ZQ whose F (s )  F ( - s )  i s  a
Ik)c o n s ta n t o r  s a t i s f y  th e  e q u iv a le n t c o n d itio n  in  term s o f  JtL ^  

( in c lu d in g  th o se  ZQ whose Z ' * £ a  . ( l / s ) e 8^ o t2^"n  ̂ J  b ^ ( l / s ) e sTo f2^"n ^
°  t»0 * t*o

s a t i s f y  s im i la r  c o n d i t io n s ) .  T his p ro o f i s  based  on th e  J .C .V .L . 

Theorem o f  C hapter 2 .

As shown in  th e  p ro o f  o f  Lemma 2 (C hapter 3 p . 1*5) f o r  b o th  

ty p e s  o f  ZQ re p e a te d  a p p l ic a t io n s  o f  th e  J .C .V .L . Theorem to  ZQ and 

i t s  rem ainder im m ittances w i l l  y ie ld  an LC la d d e r  te rm in a te d  in  a

p . r .  impedance fu n c tio n  fo r  which b o th  lim  Z ^ / s  and
(r ) ° 

lim  1 /sZ ^ a re  z e ro . 
o<Oeo °

o r

Thus we may w r i te  Z in  term s o f  t h i s  LC la d d e r  and Zo o

• •  £ [ r ^ ^ ' k ] sST° f 2 l ' n>

(r)

( r )

F ig . 1*.2-1 -1

where oC , <f a re  even r e a l  po ly n o m ia l, y ',p ' odd and $('({ h> 0

f o r  any LC la d d e r  and

Not o n ly  i s  Z^r  ̂ p . r .  f o r  a l l  0 < T o<oo b u t i t  a ls o  s a t i s f i e s  th e

'A
.2
1 * 0

i  b ~ e sT-(z i - n)
ItO
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cascade  c o n d itio n s  o f  th e  main theorem  s in c e

/ « ?  = 3 , H  * & > * £ ( « ) & ( * ) .  [ t ' S ' - P i U 3 r ,  h ) £ r f i ) * { r V k M

-  k

v f  = $.(s) *i(s)-{<(*)>>&) ■
- A vtf

fo r

* * «  • f.fr) $»  - f* '*«+/SV 7 = M ” <fS

where we may d e f in e  a r n  = f rt W s ) s  g r / ( s ) ^ ® ln c e th e

J .C .V .L . Theorem expansion  does n o t a f f e c t  f t / 0 ^ (s )  * g . e .d . [ a  - b l .J n n n

A lso :

and fo r  G^(s)G1 ( - s )  a  f a c to r  o f  F ( s ) F ( - s )  a  c o n s ta n t ,  G1 (s)G1 ( - s )  o r  

tr f  (sJgyi; ( “S) + f r / ( “8 )gr /  ( - s ) a re  c o n s ta n ts .

Sum m arizing, we have f o r  z T,(s )  = f YI ( s ) / g Y,(s )

1 ) d e g [fY |( s ) ]  ■ deg tg T (( s ) ]

due to  th e  re p e a te d  a p p l ic a t io n  o f  th e  J .C .V .L . Theorem and

2) [ f T |( s )  gY |( - s )  + fY1 ( - s ) g v , ( s )] = ^ > 0

as a  r e s u l t  o f  th e  cascade  c o n d i t io n s .  These two p ro p e r t ie s  o f  

2  T1 ( s )  make z t , ( s )  * as  i s  shown in  our n e x t lemma.
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Lemma U - l : I f  d eg [fT | ( s ) ]  * deg[gr) ( a ) ]  and f r , ( s ) g t |  ( - s j+ f^ , ( - s ) g Yl( s )

■ kg> 0 ,  w ith  f T |( s ) ,  g T |( s )  r e a l  p o ly n o m ia ls , t h e n z T|( s ) *

* fTI ( s ) / g T, ( s )  *

P ro o f : I f  d eg [fYl ( s )]  * deg [g Y, ( s ) ]  th en  th e  r e a l  po lynom ial in  s  a re

' ■ f « ( s ) . f l> s r + f IMs ' ~ + . . .  + f , s + f o  

9 n  ( s ) ' 3 r s P *  3 p -< •s'”  +  • • • + 3 , * + 3 °

w ith  f p ,  gp # 0 and

f f r  I (s) 3 n  (~s) + f TI ('s)3 n (s)J

T his l a s t  e x p re ss io n  im p lie s  t h a t  f ^ ,  g^ ■ 0 fo r  a l l  1 4 i<  P or  

z r , ( s )  ■ f“0/g 0 » which we d e f in e  as  ■ * c /go*
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Lemma U -l th u s  im p lie s  t h a t  a ^ U )  * R1 lj> ^  ( s ) ,  b r n ( s )  * (s )
( f  )

w ith  th e  r e a l  c o n s ta n t R^> 0 s in c e  ZQ i s  p . r .

This l a s t  r e s u l t  a llo w s us to  e x t r a c t  a  l o s s l e s s ,  un iform

tra n sm is s io n  l i n e  v i t h  a  c h a r a c t e r i s t i c  impedance o f  and d e la y  o f  
( r )

m  ̂ Tq s in c e  ZQ s a t i s f i e s  th e  cascade c o n d itio n s .  S p e c i f ic a l ly

A r [ *  0 f o r  611 0 < i ^ m 1- l  and a r n ( s )  *

a llo w s us t o  ex p ress

w ith

-n-yn, (0)
W  f t  [e sT° ™' &  i+m, + e

The rem ainder fu n c tio n  a f t e r  th e  e x t r a c t io n  o f  th e  LC la d d e r  and 

lo s s le s s  tra n sm is s io n  l i n e  from ZQ,

w ith  R-. = lim  Z , i s  p . r .  f o r  a l l  0 < T < co by Theorem 3-1 
o °  °

'n"Tni _  f
s in c e  th e  ze ro s  o f  [ l  + Z1 /R1 ] g iven  by  £  £ sToL2i-(n--m,)J _  Q

i * e  '  d  • >n~ml

a re  id e n t i c a l  w ith  th o se  o f  [ l  + ZQ/R1 ] g iv en  by esToml ? ^ ^ e sT [2 i- (n -m i) ]

* 0 , th e  e n s ig n an t o f  Z^ eq u a ls  t h a t  o f  ZQ and a) £ 0. In  a d d i t io n ,
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a ls o  s a t i s f i e s  th e  cascade c o n d itio n s  because 

fa(°) + Ri ^ t L /*■r l ' _
' r i  "  2 /? , * 2 £ ,  "  2 / U

( p .  9 S )

/y,(°) _ C r i -  R , t> r i  V r l _ ^
= 2 /? , ~ 2R, ~ 2R k

f o r  f r , ( s )  * R^, g y< ( s )  ■ 1

Thus ag a in  s a t i s f i e s  th e  main theorem  c o n d itio n s  and th e  

s y n th e s is  p rocedure  a p p lic a b le  to  ZQ a ls o  h o ld s  f o r  Z^ and a l l  

subsequen t rem ain d ers . At each s te p  o f  t h i s  p rocedu re  Z^ w i l l  c o n ta in  

a t  l e a s t  one e x p o n en tia l te rm  l e s s  in  b o th  i t s  num erator and denom inator 

th a n  Z k_ i, th u s  a s su r in g  th e  te rm in a tio n  o f  t h i s  s y n th e s is  o f  ZQ. The 

r e s u l t  w i l l  be a  cascade o f  LC la d d e rs  and l o s s l e s s ,  un ifo rm , 

commensurate tra n sm iss io n  l i n e s  and we have th u s  proved  th e  c o n d itio n s  

o f  th e  main theorem  s u f f i c i e n t  f o r  th e  ty p e  o f  network c o n f ig u ra tio n  

f o r  which th e  e n s ig n an t o f  ZQ i s  a  c o n s ta n t .

We n o te  th a t  t h i s  p a r t i c u l a r  netw ork r e a l i z a t i o n  w i l l  be 

un ique o r  canonic i f  id e a l  tra n s fo rm e rs  a r e  n o t p e rm itte d  and th e  

LC la d d e rs  and th e  c h a r a c t e r i s t i c  impedances a re  determ ined  by means 

o f  th e  J .C .V .L . Theorem.

I f  now in  a d d i t io n ,  z J  i s  s p e c i f ie d  as
I V  0

To*o j b  + l

where a ,  b a re  p o s i t iv e  c o n s ta n ts , th e n  th e  LC la d d e r  must a l l  reduce

to  shun t c a p a c ita n c e s  s in c e  any s e r ie s  in d u c tan ce s  in  th e  cascade

r e a l i z a t i o n  o f  Z„ w i l l  cause Z_| t o  v io l a te  t h i s  s p e c i f i c a t io n .
°  o |T o=0
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The netw ork r e a l i z a t i o n  o f  any ZQ s a t i s f y in g  th e  h y p o theses o f  th e

main theorem  whose Z* « 2  aa ( l / s j e ^ o ^ i - n ]  /  £  b., ( l / s  J e ^ o ^ * ”11)
o  i.»o 1 ' l.o *

possesses a constant ensignant o r a l l  o f  whose Gj£(s )G](( - s ) in  the  

cascade t e s t  procedure i n c l u d i n g . . . mj8 ̂  . . .  -m ̂   ̂ ”

an V (-s) a re  c o n s ta n ts  i s  o b ta in e d  fromn - m  -m,j=o * n - m - . . . - m ^ * o

th a t  o f  Z^ by re p la c in g  every  in d u c tan ce  by th e  c a p a c ita n c e

and every  c a p a c ita n c e  by th e  in d u c tan ce  * 1/C[ in  

o rd e r  t o  accoun t f o r  th e  tra n s fo rm a tio n  o f  th e  v a r ia b le  1 /s  to  s  

in  th e  polynom ial c o e f f i c ie n t s  o f  Z^. T h ere fo re  t h i s  ZQ re p re s e n ts  

a  cascade o f  CL la d d e rs  ( th a t  i s ,  la d d e rs  w ith  c a p a c ita n c e  s e r ie s  

arms and in d u c tan ce  sh u n t arm s) and un ifo rm , lo s s le s s  (LC) t r a n s ­

m iss io n  l i n e s .
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4.3 SYNTHESIS OF ZQ IN TERMS OF THE CASCADE TEST PROCEDURE

Once any p . r .  ZQ has been found to  s a t i s f y  th e  cascade 

c o n d itio n s  o f  th e  main theorem , i t s  network r e a l i z a t i o n  i s  a v a i la b le  

d i r e c t l y  from th e  r a t i o n a l  fu n c tio n s  g en e ra ted  by th e  cascade  t e s t  

p ro ced u re  o f  s e c t io n  2 .U -3 .

S p e c i f ic a l ly  in  th e  s u f f ic ie n c y  p ro o f  o f  th e  cascade  c o n d itio n s  

in  C hapter 3 we showed th a t  i f  i s  p .  r .  f o r  a l l  0 < TQ< c© th e n  

because  o f  th e  cascade c o n d itio n s  th e  elem ents o f  th e  d e r iv e d  m a tr ix

j can b e ex p ressed  in  term s o f  th e  p o ly n o ra ia l-c o e f f ic ie n ts

a^k) f o f  th e  k *̂1 rem ainder fu n c tio n  Z^ o f  th e  expansion

p ro ced u re  o r

-  A? K f ,

where th e  n e g a tiv e  s ig n  h o ld s  f o r  Gk ( s ) an odd polynom ial and

1  a f  e i r “ (2 ; - ’W
^  = L»Q 1_______________ _

*" I* b[k)es%(zi"nt'1C*o L
Thus th e  f^ +^ ( s ) , ( s ) d e f in e d  by th e  cascade t e s t  p rocedu re

1% T  Gji(-s) G/s) Rk
and th e  8^+1 ( s ) o b ta in e d  in  th e  expansion  p rocedu re  o f  th e
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s u f f ic ie n c y  p ro o f  o f  th e  cascade  c o n d itio n s

ePjk .  fk+,(s)
9k+i (S)

are  i d e n t i c a l  s in c e  th e  v a lu e  o f  i s  determ ined  in  th e  p re v io u s  s te p  

o f  th e  expansion  p roced u re  by th e  a p p ro p r ia te  ch o ice  o f  th e  c h a r a c t e r i s t i c  

impedance o f  th e  u n ifo rm , lo s s l e s s  tra n s m is s io n  l i n e  o f  th e  ca sca d e . 

The r a t i o n a l  fu n c tio n s  *^+1/ 81̂ 1 » 0 < k < q , o r e ,  o f  c o u rse , a l l  p . r .  

s in c e  Zjg i s  p .  r .  fo*  a l l  0 < T o <co and O ^ k ^ q .

H ence, once ve have found t h a t  a  c iv e n  p . r .  ZQ s a t i s f i e s  th e  

cascade e q u a tio n s  we arc- a b le  t o  im m ediately  c iv e  i t s  netw ork r e a l i z a ­

t io n  by s y n th e s iz in g :  f ^ ( s ) /g ^ ( s )  a s  th e  f i r s t  l o s s l e s s ,  lumped

netw ork te rm in a te d  in  th e  a r b i t r a r y ,  p o s i t i v e ,  c h a r a c t e r i s t i c  impedance 

o f  th e  f i r s t  tra n sm is s io n  l i n e ,

•f (<■»(*) _  R k  A % i

3k«(s) = 2%
as th e  (k + l)  l o s s l e s s ,  lumped netw ork (2 ^ k ^ q - l )  w ith  f k+ l^8 ^ Ek+ i^3  ̂

an Impedance fu n c tio n  te rm in a te d  in  th e  c h a r a c t e r i s t i c  impedance o r  

ad m ittan ce  o f  th e  (k + l) tra n s m is s io n  l i n e  in  th e  c a sca d e , and

f i - n f c )  _  g  /* ■ % -!  *

5 f « w  *

th e  f i n a l  lunped  netw ork w ith  th e  upper s ip n  determ ined  by th e  n a tu re  o f

Gq+1 ° f  Gq+l(8)V l ("S) * fq+l(s )V l ("8K fq+l (' 8)gq+l( s )* ^  variou8
lisnped netw orks a re  in te rc o n n e c te d  by u n ifo rm , l o s s l e s s ,  commensurate 

tra n s m is s io n  l i n e s  w ith  t h e i r  c h a r a c t e r i s t i c  impedance o r  ad m ittan ce  

d eterm ined  by th e  te rm in a t io n  o f  th e  lo s s l e s s  lumped netw orks above 

and t h e i r  e l e c t r i c
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le n g th  determ ined  by  th e  cascade c o n d itio n  ^  “  ^ 77̂  f -L S ®

f o r  1 < i ^  n ^ - l .

In  e f f e c t  th e n  th e  cascade t e s t  p rocedure  o f  s e c t io n  2.U -3 

a ls o  y ie ld s  th e  r e a l i z a t i o n  o f  any ZQ which s a t i s f i e s  th e  main theorem .
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U.k MAIN THEOREM IN TERMS OF RATIONAL FUNCTIONS SPECIFICATIONS

Since th e  cascade t e s t  p rocedu re  in  e f f e c t  y ie ld s  th e  n e tv o rk  

r e a l i z a t i o n  o f  any ZQ which s a t i s f i e s  th e  c o n d itio n s  o f  th e  main 

theorem , i t  seems p la u s ib le  t h a t  ve co u ld  r e s t a t e  th e  main theorem  

e n t i r e l y  in  term s o f  r a t i o n a l  fu n c tio n s  s p e c i f ic a t io n s  o r  e q u iv a le n t ly ,  

to  re p la c e  th e  p . r .  s p e c i f i c a t io n  o f  ZQ by an e q u iv a le n t s p e c if ic a t io n  

on th e  d e r iv e d  m a tr ix  , Y  3.

T his i s ,  in d e e d , p o s s ib le .  From th e  r e s u l t s  o f  C hapter 3 we 

know t h a t  any ZQ th a t  s a t i s f i e s  o n ly  th e  cascade c o n d itio n s  and has 

[a^  + bQ] s t r i c t l y  H urwitz can be  expanded in to  a  cascade o f  l o s s l e s s ,  

lum ped, b u t n o t n e c e s s a r i ly  p . r . , netw orks and p . r .  uniform  t r a n s ­

m iss io n  l i n e s .  The lumped netw orks a re  c h a ra c te r iz e d  by th e  r e a l  

polynom ials f k+^ ( s ) ,  gk+^ ( s )  g e n e ra te d  by th e  cascade t e s t  p rocedure  

o f  s e c t io n  2 .U -3 , where [ f k+-̂  + RfcSk+l^» 0 £ k < q ,  a re  shown to  be 

s t r i c t l y  H urwitz in  s e c t io n  3 .^ -3 .  Hence to  g u a ran tee  th e s e  lum ped, 

lo s s l e s s  netw orks p .  r . , and th e re f o r e  th e  cascade p h y s ic a l ly  r e a l i z a b l e ,

r e q u ir e s  th e  a d d i t io n a l  s p e c i f i c a t io n  on th e  p ro d u c t o f  th e  f i r s t  n
T (k ) (k ) .

m a in -d iagona l e lem ents o f  th e  d e r iv e d  m a tr ix  J o f :

G j^ s jG ^ s )  ^  0 f o r  a l l  R e[s] = 0 and l ^ k ^  q+1 where

Gq (s)G q ( - s )  * f q+1( s ) c q+1( - s )  ♦ f q+]> )  «q+1<s) i s  

d e f in e d  in  s e c t io n  b.3<

Thus we may r e s t a t e  th e  main theorem  a s :

Main Theorem: An i r r e d u c ib le

a ; ( s )  e *T0(2i-n)
— t*0

0 /n.
I  1*0£  b i ( s ) c s T ^ z i ' ^
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w ith  &£(s ) ,  b ^ (s )  r e a l  polynom ials and TQ> 0 r e p re s e n ts  th e  in p u t 

impedance o f  a  lo s s l e s s  cascade o f  lumped netw orks and u n ifo rm , 

commensurate tra n sm is s io n  l i n e s  w ith  a  r e s is ta n c e  o r  l o s s l e s s  te rm in a ­

t i o n  i f  and on ly  i f :

1 ) a ^ s )  + bn ( s )  i s  s t r i c t l y  Hurwitz and

2) ZQ s a t i s f i e s  th e  cascade c o n d itio n s  w ith  

G]l (s)Gjl ( - s ) ^  0 on a l l  o f  B e[s] = 0 and f o r  each  l ^ k ^ q + 1

r e l a t i v e l y  prim e.

I t  i s  f i n a l l y  p o in te d  o u t t h a t  th e  c o n d itio n s  g iv en  above a re  

s u f f i c i e n t  c o n d itio n s  f o r  p . r .  fu n c tio n  o f  t h i s  form to  be p .  r .

In  o th e r  words a  fu n c tio n  o f  th e  s p e c if ie d  form i s  p . r .  i f  i t  

s a t i s f i e s  th e  c o n d itio n s  o f  th e  main theorem .

where when
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U.5 EXAMPLES

Our f i r s t  example i s  a  ZQ which does n o t s a t i s f y  th e  cascade 

c o n d itio n s  [UU]:

2  _ ( s+ i f  h s * n ) i a ' + 4 H )  *  5  ( i - s f e - uT‘____________

0 fa+s)0-fs)(7s+ll)e*sT‘ -  i + 2 4 s - S ( 4 - s ) ( i - s f e ~ 2sT°

The two c o e ff ic ie n t-c o lu m n s  a re

a L] ,
(lts)(l+s)(7s+/l)

a, c l(i-s) t>i] - * -6+24$

*•. k

f o r  which •f.te) _ (l+ s) 

S.Cs) " ( 5 + 4 )
and

\ x ?
A 9

2(4-s‘)0*s)(7„iij 
I0(l-s)(l+2s) if f .

«

0

2(li+7syi-2s)
0

J yW 
o . jo (4-?)(i-s)x

(o) .  (°)
O rd in a r i ly  we would now d is c o n tin u e  ou r t e s t i n g  s in c e  JU. ^  and V ^

do n o t c o n ta in  G1 (s )G ^ (-s )  ® Z (4 -s 2 ) a s  a  f a c to r  which shows t h a t  i t  i s  

n e c e ssa ry  t o  augment ZQ by th e  even polynom ial ( 4 - s 2 ) in  o rd e r  to  

o b ta in  a  cascade  r e a l i z a t i o n  o f  Z0 . However, t h i s  f a c t  does n o t v io l a te  

th e  cascade  c o n d itio n s  a s  y e t  s in c e  9 G ^(s)G ^(-s) . Now

c a lc u la t in g  and y ie ld s  f o r  ■ 1 ,  G1 (s )G ^ (-s)» 2 ( 4  - s 2 )
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A llil fA1;1' z(ls+U)(s+2s-s'l - s i)'
W -KJ- .A ? .

m
10 (J--*)(£-2s ^ - s * ) 3 f .

z ( 7 s + i i l fa s - ? - $

l0(l-s)(-3i(s+SX-$ )

f o r  which ;  i f

fa )  ( f+ 2 s -sx - s 3)

i s

(3 + Ss - j a - s l)

4 ( 7 s + / l ) ( - s c,+ ? S + - 2 0 $ 1+IS

0

B utJ U . ^  a 4  11) (-S ^  ♦ ~ 20 d*+15) does n o t c o n ta in

G ^(a)G ^(-s) a s  a  f a c to r  and th u s  t h i s  ZQ f a i l s  th e  cascade  c o n d itio n s  

t e s t  and does n o t re p re s e n t  a  p h y s ic a l ly  r e a l i z a b l e  ca sc a d e .

Example 2

z t  6s [(/2s2-+/$s + l8)e2s-(24s*+2s+24)+(6si'Ss+Qe2s]
0 (54s*+ Zls*+ I3S&+VS +54) eas-(7 2 /-/& s3 +136 s1-  I g s + y z y i l S s ^ Z / s h ^ - Z J s + l ^ e

-2s

Cascade C o n d itio n  T e s t:

a

i\s ( fSsl+ISs+l8) (&s4+yf+i3zs'l+m +54)
-6 s (24s*'+ls+24) k]* ~{f2s4- m 3+>%?--m ^ i )

6s (6s* - 5 s + 6 ) (lh4-27sU46si-21s+)B)
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For M 6s

9,Ĉ > 3 s2+2s+3

A 1? ] '  3 , H  « ] + f M ]  > V ? ] '
become

A (r -
-7  2st (6s*+5s+6
2 4 s L( 6 $ l - s+ 6)

0
V] -1U X(  (>s,x+s+(>) 

24sx(  6 s x- 5 s + 6 )

Thus mj * 1 and G1 (s )0 1( - s )  * -1 2 s2

f o r  which A 0/ ] *  a Vh ] -  Vf*]  and = A ^ , ]  + V f ] .

/ • ] . -71s1 (41) 
Z4s% (4‘)

wo] \ - i ( 7 ? s 1)(2 sl i-s+Z) 
£ i j ' \  l ( 2 4 f ) ( 2 s 1- s +l)

Thus / i f e  A"! 2s
R .g p  If] is*+3s+(

^ G x  (s) Gz (~s) = - 1 2  s 2' and

A f ] - 0 >!"] H z s ^ X - s )

w ith  * 1 . Hence ZQ s a t i s f i e s  th e  cascade  c o n d itio n s  s in c e

A ?  *  Gfi) 6,frj) R, Gj?) G2(-s ) fii-m , •

In  a d d i t io n  ZQ i s  a lso  p .  r .  s in c e  

[OqCs) ♦ bn ( s ) ]  ■ 3(3s2 +88 ♦ 3 ) (6 s 2 +5s + 6 ) i s  s t r i c t l y  Hurw itz 

and b o th  G1 (s)G1 ( - s )  ■ -1 2 s2 > 0  and G2 (s)G 2 ( - s )  * ( -6 s 2 )>  0 on R e[s]*0 

and f 3 (s ) /R 2g3 ( s )  * 2U-8/2U+8 * 1 /2 .
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The netw ork r e a l i z a t i o n  o f  t h i s  ZQ i s  th u s  g iven  by th e

fo llo w in g :

The i n i t i a l  impedance g iv en  by

Zt(s) f,«s) ^

r e p re s e n ts  th e  i n i t i a l  lo s s l e s s  netw ork below:

-O-

‘ R . , - 3C 4■ i E 3

where we choose R0 *̂» 3 t o  av o id  an id e a l  tra n s fo rm e r .

H ie second lumped netw ork w ith  an in p u t impedance o f

z J s y f z  ( S) Zs

i s  g iv en  by

c»-t
I

—j—

 1------ 1-----------Q.

R o t*  2.
(no id e a l  tra n s fo rm e rs ) >

w h ile  th e  t h i r d  and te rm in a tin g  netw ork i s  a  r e s i s ta n c e  o f  ■ 1 

s in c e  f o r  f j ( e ) / F 01 8 ^ * )  “  ^ 2 41114 Ro2 * 2

s3e> ‘02

The netw ork r e a l i z a t i o n  o f  th e  ZQ above i s  th e r e f o r e :

i y ? 2 .  3; T0 l j f l  2 , T <

— 0 1 t—O—

0

^ R l * 1
o-
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CHAPTER 5. THE REALIZABILITY CONDITIONS OP OTHER
CASCADE NETWORKS

Sow t h a t  we have th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  a  cascade  o f  

l o s s l e s s ,  lum ped-param eter netw orks and l o s s l e s s ,  u n ifo rm , commensurate 

tra n s m is s io n  l i n e s  w ith  a  f i n i t e  nonzero r e s is ta n c e  te rm in a tio n  o r  w ith  

an open o r  s h o r t  te rm in a t io n , we can o b ta in  th e  r e a l i z a b i l i t y  c o n d itio n s  

f o r  th e  fo llo w in g  cascade netw orks by s u i ta b le  tra n s fo rm a tio n s :

(1) L o ss le ss  lum ped-param eter netw orks and d i s to r t io n le s s  

l i n e s  (RC=LG)

(2)  RC lum ped-param eter netw orks and RC l in e s  (L , G=0)

(3 ) " p r e d is to r te d "  RC lum ped-param eter netw orks and L=0 l i n e s
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5.1  CASCADES WITHOUT DUMPED TWO-PORTS

B efore d e a lin g  w ith  th e s e  p a r t i c u l a r  netw orks v e  sh o u ld  p o in t 

o u t t h a t  o u r main theorem  and th e  subsequen t theorem s o f  t h i s  c h a p te r  

a ls o  h o ld  f o r  cascades devoid  o f  any lum ped-param eter netw orks o r  

cascades c o n s is t in g  sim ply o f  u n ifo rm , conm ensurate tra n s m is s io n  l i n e s .  

As a  s p e c ia l  case  ou r main theorem  proves K in a riw a la ’s  theorem  f o r  

l o s s l e s s ,  u n ifo rm , commensurate l i n e s :

5 .1 .1  KIKASIWALA'S THEOREM:

r e a l ,  c o n s ta n t Tq >0 re p re s e n ts  th e  in p u t impedance o f  a  r e s i s ta n c e -  

te rm in a te d  cascade o f  l o s s l e s s ,  un iform  commensurate tra n s m is s io n  

l in e s  i f  and only  i f :

1) Z (s) i s  p . r .  and

2) th e  en s lg n an t M-jM̂  -  s c04<) o r  Z i s  an odd fu n c t io n .

For t h i s  ty p e  o f  cascade a s  w e ll as f o r  th o s e  c o n s is t in g  o f  

d i s to r t io n le s s  (RC«LG) l i n e s  th e  a ^ (s )  and b 1 ( s )  o f  o u r  ZQreduce to  

re e d  c o n s ta n ts  and th u s  we can always w r i t e ,  a s  K in a riw a la  d o es , t h a t

a ^ ,  r e a l  and

» i ■ Ei f t  ♦ Ri >  

b i  ■ f i  -  y i

where R1 =



1 0 1

Hence the only resu lt o f Chapter 3* that ve require i s  

the equivalence o f M£ Mg -  Nj * F (s ) f ( - s  )ji0ors0 and the condition  

that i t  ± * 0 for O g i ^  (m-l) then the corresponding i£n- i  “ °* flince 

th is  assures that the lin e  ve may extract at each synthesis step  is  an 

integer multiple o f the elementary e le c tr ic  length TQ so that the  

synthesis process w ill  terminate a fter a f in it e  number o f lin e s  have 

been extracted.
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5.2 THE CHAIN MATRICES OF DIFFERENT TRANSMISSION LINES
The ch a in  m a tr ix  fo r  a  g e n e ra l ,  un iform  tra n sm is s io n  l i n e  i s

cosh Zok( s ) s i n h £  (s  )Xk

s in h jf  (s)Xk cosh  ^  (s)X k

zok<‘ >

where th e  p ro p o g a tio n  fu n c tio n  ^ ( s ) ■ >f(LkB + Rk ) (Cks  + G^i  

and th e  c h a r a c t e r i s t i c  impedance Z0 ( s )  * Rk )/(«C k  + Rk )'

w ith  Rk , Ljj, Ck and t h e p e r  u n i t  le n g th  im m ittance p a ram eters  th a t  

a re  independen t o f  th e  le n g th  Xk (uniform  l i n e s ) .  The commensurate 

s p e c i f i c a t io n  o f  th e  l i n e s  in  th e  subsequen t theorem s im p lie s  t h a t  

^ (s )X k * mkT0 h ( s )  w ith  a  p o s i t iv e  in te g e r  and TQ and h ( s )  d e fin e d  

f o r  s p e c i f i c  l in e s  in  t a b le  1 such t h a t  * Rk /Lk * Gjj/Cjj a re  

c o n s ta n ts  f o r  a l l  th e  l i n e s  in  a  cascad e .

Type o f  L ine
m!k To h ( s ) Zok

G eneral > | ( s + c O ( ) - f g - m

L o ss le ss 8

d i s to r t i o n l e s s (s+ o c)

RC >|Rk/  sCk
-
L=*0 i v i h nJ V (8+/ 3 ) ^

C«0 ^ S  +0^ >1 ( s + *  >1^/0^

Table 1
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We observe t h a t  th e  d e te rm in an t o f  t h i s  g e n e ra l m a tr ix  i s  

Independent o f  th e  f u n c t i o n s ^ ( s ) ^  o r  ZQ]c( s )  and eq u a l t o  o n e , b u t 

t h a t  A, D a re  in  g e n e ra l no lo n g e r  even fu n c tio n s  o f  s o r  B, C odd 

fu n c tio n s  o f  a ,  as i s  th e  case  f o r  lo s s le s s  l i n e s .  C onsequen tly , f o r  

cascades c o n ta in in g  any b u t lo s s l e s s  l i n e s  ve  may no lo n g e r  ex p ress  one 

o f  th e  cascade  c o n d itio n s  in  te rm s o f  th e  e n s ig n a n t o f  th e  in p u t Impedance 

o r  as MjMg -  N^Ng „ F ( s ) F ( - s ) .

However, ve may make u se  o f  c e r t a in  tra n s o f rm a tio n s  t h a t  perm it 

us t o  fo rm u la te  th e  r e a l i z a b i l i t y  c o n d itio n s  o f  th e  cascade  netw orks 

l i s t e d  above in  te rm s o f  th e  r e a l i z a b i l i t y  c o n d itio n s  f o r  mixed lumped- 

d i s t r i b u t e d  lo s s l e s s  cascade netw orks.
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5 .3  DISTORTIONLESS LINES

The o n ly  d if f e re n c e  in  th e  form o f  th e  in p u t impedance o f  th e  

cascade  o f  l o s s l e s s ,  lum ped-param eter netw orks and d i s to r t i o n l e s s  

u n ifo rm , commensurate tra n sm iss io n  l in e s  from th a t  o f  th e  same cascade 

b u t w ith  l o s s l e s s  l i n e s  o ccu rs  in  th e  e x p o n e n tia ls  such th a t

E <L,(s) (2i-n)
Z : (s')*  ----------------------------—

b i. ( s ) e ^ +0‘)T o ( 2 ^
w ith  th e  p aram ete rs  d e f in e d  in  T able 1 . Here th e  r e a l  polynom ials 

a ^ ( s )  and b ^ ( s )  a re  id e n t i c a l  f o r  b o th  cascades s in c e  Zo]c( s )  i s  th e  same 

f o r  bo th  ty p e s  o f  l i n e s .  I t  shou ld  be obvious t h a t  i f  we now s u b s t i tu t e  

8 f o r  (s+ o () in  th e  exponents o f  Z^n ( s ) we o b ta in  a  new Z^n*ZQ th a t  must 

n e c e s s a r i ly  b e  r e a l iz a b le  as  a  cascade o f  l o s s l e s s ,  lum ped-param eter 

netw orks and  lo s s le s s  tra n s m is s io n  l i n e s .  C onversely  i f  a  Zi n ( s )  o f  

th e  form above can b e  r e a l iz e d  as a  cascade  o f  l o s s l e s s ,  lum ped-param eter 

netw orks and l o s s l e s s ,  un ifo rm  tra n s m is s io n  l i n e s  a f t e r  th e  s u b s t i tu t io n  

o f  s  fo r  ( s + o ( ) in  th e  e x p o n e n tia ls  o f  Z^n ( s ) , th e n  ve o b ta in  th e  

netw ork r e p r e s e n ta t io n  o f  Z^n (s )  from t h a t  o f  s )  by

s u b s t i tu t in g  fo r  th e  lo s s le s s  l i n e s  d i s to r t i o n l e s s  l i n e s  c h a ra c te r iz e d

*  • i V ' P S  x n . r t - W V 0* “ * zok<s M V ck- Hence we may 

e s ta b l i s h  t h e  r e a l i z a t io n  c o n d itio n s  o f  Z^n (s )  in  term s o f  th o s e  o f  ZQ.

We th e re f o r e  have

Theorem 5 - 1 : A d r iv in g  p o in t  impedance

2  -  4s0 '   ■ -

2  b- (sV 5**) T.(2i-n)
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w ith  a^ C a), b ^ (s )  r e a l  po lynom ials and r e a l  TQ> 0 re p re s e n ts  th e  in p u t 

impedance o f  a  cascade  o f  l o s s l e s s ,  lum ped-param eter netw orks and 

un ifo rm , commensurate and d i s to r t i o n l e s s  tra n sm iss io n  l i n e s  i f  and on ly

Z !  - i f .

1  b;(s)esT*(ai-n)
i*0

i s  r e a l iz a b l e  as a  cascade o f  u n ifo rm , com m ensurate, lo s s l e s s  t r a n s ­

m iss io n  l i n e s  and l o s s l e s s ,  lum ped-param eter netw orks. The netw ork 

r e a l i z a t i o n  o f  Z^n ( a ) i s  o b ta in e d  from t h a t  o f  Z^n ( s )  by r e p la c in g  th e  

lo s s le s s  l i n e s  by a p p ro p r ia te  d i s to r t io n le s s  l i n e s  w ith

“ k V ^ k ^  xk» ^ - % / W ck aa*  Zok * ' /V 5k*
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5.1* RC LINES
I f  we compare th e  ch a in  m a tr ix  o f  a  uniform  lo s s l e s s  tra n sm is s io n  

l i n e  w ith  t h a t  o f  a  uniform  RC tra n s m is s io n  l i n e ,  we n o te  t h a t  we can 

o b ta in  th e  lo s s le s s  o r  LC l i n e  from th e  RC l i n e  m a tr ix  by f i r s t  s u b s t i ­

t u t i n g  X 2 f o r  s  and th e n  m u ltip ly in g  B(X) and d iv id in g  CQO by X • 

C onversely  th e  RC l i n e  m a tr ix  may be o b ta in e d  from th e  LC l i n e  m a trix  

by f i r s t  d iv id in g  B (s) and m u ltip ly in g  C (s) by s and th e n  s u b s t i tu t in g  

<3? f o r  s .  But t h i s  corresponds e x a c tly  t o  th e  tra n s fo rm a tio n s  fo r  

r e c ip r o c a l  lum ped-param eter netw orks [3 2 ] .

Thus i f  we tra n s fo rm  th e  ch a in  m a tr ix  o r  impedance fu n c tio n  o f  a  

mixed lu m p e d -d is tr ib u te d  RC cascade  t o  a  mixed LC ch a in  m a tr ix ,  th e n  

t h i s  mixed LC ch a in  m a tr ix  must n e c e s s a r i ly  be r e a l i z a b l e  as a  l o s s l e s s ,  

lu m p e d -d is tr ib u te d  casca d e . C on v erse ly , i f  a f t e r  th e  a p p ro p r ia te  

tra n s fo rm a tio n s  a  2x2 chain  m a tr ix  w ith  elem ents o f  th e  form

o r  an impedance fu n c tio n  o f  th e  same form , where a^(\/ip ) ,  b^(V s' ) a re  

r e a l  po lynom ials in  \/5P and r e a l  To > 0 ,  i s  r e a l iz a b le  a s  a  cascade o f  

l o s s l e s s  lu m p e d -d is tr ib u te d  n e tw o rk s, th e n  th e  o r ig in a l  ch a in  m a tr ix  

o r  impedance fu n c tio n  r e p re s e n ts  a  lu m p e d -d is tr ib u te d  RC cascade  whose 

c o n f ig u ra tio n  can b e  o b ta in ed  from th e  r e a l i z a t i o n  o f  th e  tran sfo rm e d  

(LC) m a tr ix  by th e  p ro ced u re  o u t l in e d  in  th e  fo llo w in g  theorem :

Theorem 5-2 The c h a in  m a tr ix

A (VT ) B (Vs* )

C (V?) D (VS* )



107

v i t h  elem en ts o f  th e  form
<n

a i (x /s ) e 'l? T ,(2 i ' ^  

1  b L( \ ( ? ) e yT T * ^ - n ')ImO '
o r  th e  impedance fu n c tio n  ZQ o f  th e  same form where a ^ (\fa' ) ,  )

a r e  reed  polynom ials in  \ |P  and re e d  T0> 0 i s  r e a l iz a b l e  as  a  cascade  

o f  com m ensurate, un iform  RC l in e s  in te rc o n n e c te d  by means o f  lumped- 

p aram ete r RC netw orks i f  and on ly  i f  ZQ

zo ■ AW  + o r  2 « X Z :( X )
c M  + d (a )  °

i s  r e a l i z a b l e  as  a  one-ohm re s is ta n c e - te rm in a te d  cascade  o r  ZQ a s  a  

lo s s l e s s  te rm in a te d  cascade o f  com m ensurate, un ifo rm , lo s s l e s s  t r a n s ­

m iss io n  l i n e s  and r e c ip r o c a l ,  lum ped-param eter LC netw orks. The netw ork

r e a l i z a t i o n  o f  th e  m a tr ix  o r  impedance fu n c tio n  i s  o b ta in e d  from th a t  
«

o f  ZQ o r  ZQ by s u b s t i tu t in g  r e s is ta n c e s  o f  eq u a l n u m erica l v a lu e  f o r  

th e  in d u c ta n c e s , un iform  connen su ra te  RC l i n e s  v i t h  mkTQ«^R ^C ^ X^»

RQk * f o r  th e  lo s s le s s  l i n e s  and d e le t in g  th e  one-bhm te rm in a t io n

f o r  ZQ.



108

5 .5  L*0 (OR C-0) LINES

The above t r a n s f o r a a t io n  p ro ced u re  i s  a l s o  p o s s ib le  f o r  cascades 

c o n ta in in g  o n ly  com m ensurate, un ifo rm  L*G tra n sm iss io n  l in e s  

[ ^ K(s)-V 'R kck ( s + ^  and " p re d is to r te d "  lum ped-param eter

RC netw orks where each c a p a c ita n c e  C^k shun ted  by th e  p ro p o r tio n a l  

conductance G^<* C ijJZ f t ] • These " p re d is to r te d "  RC netw orks can 

o b v io u sly  b e  d e sc r ib e d  in  term s o f  th e  v a r ia b le  '/( s + y S ) .  Thus a  ty p i c a l  

c h a in  m a tr ix  elem ent o r  th e  in p u t impedance fu n c tio n  o f  such a  

" p re d is to r te d "  mixed RC cascade has a  form o f

where V ^k^k xk  ( c o ^ e n s u r a t e ) , ^  “O^/Cjj and a^( ^  s+y3 ) » b ^ ( ^ s + ^ )  

a r e  r e a l  po lynom ials in  We may u t i l i z e  th e  r e a l i z a b i l i t y  c o n d itio n s

o f  ou r main theorem  f o r  t h i s  netw ork by making th e  fo llo w in g  two 

tra n s fo rm a tio n s : f i r s t  we w r i te  s '» s + ^ 3 , th e re b y  changing th e  p r e d is ­

t o r t e d  lum ped-param eter RC netw orks t o  RC netw orks and th e  L*0 t r a n s ­

m iss io n  l i n e s  t o  RC l i n e s .  Second we s e t  and m u ltip ly  B(X)

and d iv id e  C(A) b y \  » th u s  tra n s fo rm in g  th e  newly o b ta in ed  RC netw orks 

t o  LC n etw orks. I f  t h i s  r e s u l t a n t  ch a in  m a trix  o r  impedance fu n c tio n  

can be r e a l iz e d  th e n  th e  o r ig in a l  mixed p r e d is to r te d  ch a in  m a tr ix  o r  

Impedance fu n c tio n  i s  r e a l iz a b l e  o r  we may w r i te :

Theorem 5 -3 : The ch a in  m a trix

A( V  s+y$ ) B( V ® + j3 )

C ( V s ^ )  D ( / s  +J9)
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v i t h  elem ents o f  th e  form , o r  th e  impedance fu n c tio n  ZQ o f  th e  same 

form ,

!  b i i ^ ) e ' ^ Z ( 2 i - n )

v h ere  r e a l  TQ>  0 and a^ (Vb+/S ) * V 8+/? )  a re  r e a l  po lynom ials in

, i s  r e a l iz a b l e  as  a  cascade o f  com m ensurate, un ifo rm , p r e d is ­

t o r t e d  RC l i n e s  (L*0 l i n e s )  v i t h  m^TQm Xjj.yQ^G^/C^,

Zok •v/R jj/C^ (B+p i  and p r e d is to r te d  lum ped-param eter netw orks v i t h  

c a p a c ita n c e s  sh u n ted  by th e  conductances i f  an o n ly  i f  Zfi

Z .* * ; < * . )  o r  zc .  * $ ? $ $ $ >

i s  r e a l i z a b l e  as  a  one-ohm re s is ta n c e - te rm in a te d  cascade o r  ZQ as  a  

lo s s le s s  te rm in a te d  cascade o f  conm ensurate, u n ifo rm , l o s s l e s s ( o r  LC) 

tra n sm is s io n  l in e s  and r e c ip ro c a l  lum ped-param eter LC netw orks. The 

n e tv o rk  r e a l i z a t i o n  o f  th e  above m a tr ix  i s  o b ta in e d  from th a t  o f  

Z0 by s u b s t i tu t in g  f o r  each  Inductance  Lik  th e  r e s is ta n c e  

Rik ( 0  (by)* sh u n tin g  every  lum ped-param eter c a p a c ita n c e  Cik

by a  conductance G|ica |S C ^ ( U ) , r e p la c in g  a l l  lo s s l e s s  l i n e s  by th e  

a p p ro p r ia te  L*0 l i n e s  and d e le t in g  th e  one-ohm r e s i s t i v e  te rm in a t io n  

fo r  ZQ.
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CHAPTER 6. CONCLUSIONS

In  th e  fo reg o in g  c h a p te rs  we e s ta b l is h e d  th e  r e a l i z a b i l i t y  

c o n d itio n s  f o r  th e  fo llo w in g  n ix e d  lu m p e d -d is tr ib u te d  cascade f i l t e r s  

in v o lv in g  com m ensurate, uniform  tra n sm is s io n  l i n e s :

(1 ) lo s s l e s s  l i n e s  and LC networks

(2) d i s to r t i o n l e s s  l i n e s  and LC netw orks

(3) RC l i n e s  and RC netw orks

(U) L * 0 l i n e s  and " p re d is to r te d "  RC networks

These c o n d itio n s  a re  g iven  in  a  s in g le - v a r ia b le  fo rm u la tio n  in v o lv in g  

o n ly  r a t i o n a l  fu n c tio n s  [C hapt. k p . 93] which makes t h e i r  v e r i f i c a t i o n  

no more d i f f i c u l t  th e n  th e  r e a l i z a b i l i t y  c o n d itio n s  fo r  r a t i o n a l  func­

t i o n  im pedances.

In  a d d i t io n  we g iv e  a  s y n th e s is  procedure [Chapt. k p.£Q] fo r

th o s e  meromorphic impedance fu n c tio n s  o r  cha in  m a tr ic e s  which s a t i s f y

t h e i r  r e s p e c t iv e  r e a l i z a b i l i t y  c o n d itio n s .  We accom plish t h i s  w ith o u t 

r e s o r t in g  t o  a  tw o -v a r ia b le  o r  m u l t iv a r ia b le  fo rm u la tio n  o f  th e  problem .

More g e n e ra l ly ,  we d e riv e d  a  s e t  o f  n ecessa ry  and s u f f i c i e n t  

c o n d itio n s  f o r  th e  p . r .  c h a ra c te r  o f  g e n e ra l meromorphic fu n c tio n s .

T h is p a r t ie v ila r  s e t  shou ld  be v e ry  h e lp fu l  in  o b ta in in g  th e  r e a l i z a ­

b i l i t y  c o n d itio n s  o f  o th e r  netw ork c o n f ig u ra tio n s  th a t  c o n ta in  t r a n s ­

m iss io n  l i n e s .

The tra n s m is s io n  l i n e s  o f  th e  v a r io u s  cascades d isc u sse d  h ere  

a re  a l l  s p e c if ie d  t o  be commensurate. These s in g le - v a r ia b le  te ch n iq u es  

sh o u ld  be used  •^*®P%%4ygjnpt^ t o  o b ta in  th e  r e a l i z a b i l i t y  c o n d itio n s  fo r  

th e  v a r io u s  cascades c o n ta in in g  non-commensurate l i n e s .  I t  seems th a t
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fo r  th e s e  non-comm ensurate l in e  cascad es  an a d d i t io n a l  s p e c i f i c a t io n  

on th e  in p u t im pedance i s  r e q u ire d . For lo s s le s s  l i n e s  t h i s  v i l l  most 

p ro b ab ly  be one on th e  com position  o f  th e  e l e c t r i c  le n g th s  in  th e  

e x p o n e n tia ls  [1(1].

The most p ro d u c tiv e  approach to  th e  problem  o f  d e te rm in in g  th e  

r e a l i z a b i l i t y  c o n d itio n s  f o r  more g e n e ra l network c o n f ig u ra tio n s  

in v o lv in g  tra n s m is s io n  l i n e s  v i l l  p ro b ab ly  have a  tv o - f o ld  a sp e c t: 

fo r  some p a r ts  o f  th e  problem  th e  u se  o f  s in g le - v a r ia b le  te c h n iq u e s  

w i l l  b e  conven ien t and f o r  o th e rs  m u l t iv a r ia b le  fu n c tio n  th e o ry .

As a  l a s t  u n so lv ed  problem  v e  may m ention one th a t  w i l l  a l lo v  

th e se  f i l t e r s  t o  be vised in  some o p tim a l m anner, nam ely, th e  approxima­

t io n  problem . L i t t l e  o r  n o th in g  h as  been done in  f in d in g  methods fo r  

g e n e ra tin g  o p tim al f i l t e r  fu n c tio n s  o f  th e  fu n c tio n a l  form s p e c if ie d  

in  t h i s  t h e s i s .  The tw o -v a r ia b le  approx im ation  problem  i s  a ls o  alm ost 

com plete ly  b a rre n  o f  u s e fu l  r e s u l t s .
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