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Abstract

SYNTHESIS OF MIXED LUMPED-DISTRIBUTED CASCADE NETWORKS

by

Alois J. Riederer

ADVISOR: Professor Louis Weinberg

This work establishes the realizability conditions of
the following mixed lumped-distributed cascade networks involving
uniform, commensurate transmission lines and either a resistance
or lossless termination:

1) 1lossless lines and LC networks

2) distortionless lines and LC networks

3) RC lines and RC networks

4) 1=0 (C=0) lines and "predistorted” RC (IG) networks

Vle also derive a test in terms of rational functions
with which to verify the realizability conditions for the
impedance functions or chain matrices of these cascade networks.

Furthernore we give a synthesis algorithm with which to
realize any impedance (admittance) function or chain matrix that
satisfies the particular realizability conditions as one of the

cascade networks above.
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CHAPTER 1. INTRODUCTION

1.1 INTRODUCTION

The synthesis of filters containing lumped elements has
raised network theory to a sophisticated science. This filter
theory has been well established for a number of decades. Except
for some unsolved problems involving networks without transformers
a fairly complete theory is available. For driving-point functions
Brune's theorem provided a complete characterization, namely, the
necessary and sufficient condition for the realization of a driving-
point function by a network conteining lumped elements is that the
function be rational and positive real. Darlington's theory then
solved the filter problem by releting the driving-point function
to the transmission function of a filter network. Darlington's
results were applicable to a canonic structure of a lossless two-
port network terminated in resistance at both the input and output

ports. This network configuration is shown in Fig. 1.1-1.

j[o ];
— —
AMNA—e Lossless
1\ R3 Lumped T R
v Nipl vee ol SR
Network
Z,

Fig. 1.1-1



For this configuration the input impedance faced by the

generator resistance Rs

Vo »(s)

Zs -—f; ®  qfs)

may be easily related to the reflection function p(s) and the

transmission function t(s) [28, p.586]. The function t(s) is

defined by
2
|t(s)| . Power Output
s=), -~ Available Power
v,|2/R
= 2l L
2
|V1| /hRs

and it is related to p(s) by

|t(s)|2 = 1- ’p(s)lz

s=Jw s=jw
The reflection function in turn is related to %}s) by

Z°-RE
p = Z. + R
° '3

Thus if we define

2o M1+ N1

Rg Mo+ N2

where &1 and N are the even and odd parts of the numerator,

respectively, while Mo and N2 are defined correspondingly for




the denominator, then we have

(o]
(M1+M2) + (N1+N2)
and
lt(s)lz- _ MM Ma- K W)
s8=Jw TMy+ M3 )2 - (N, + N, )2

s=)w
The expression M1 M, - N; N, in the numerator of the above

equation also occurs in the real part of Zo(Jw)/Rg. specifically,
- - M, M, - N N,
Re ZO(S),Rg = sz_ sz
5:3“

Following Weinberg [28, p.229], we designate M; M - N N,

s8=Jw

as the ensignant. It plays an important role in the theoretical
results of this thesis. The Darlington theory realizes Z,(s) in
a lossless configuration by removing a palr or quadruplet of zeros
of transmission in each step. Thus if we formulate a procedure
for realizing z° we have at one and the same time formulated a
procedure for realizing the corresponding transmisson function t(s)
and reflection function p(s).

Another method of formulating the characterization of the
canonic structure in Fig. 1.1-1 is convenient for our purposes.

It is given in terms of the chain matrix of the lossless two-port

network:
v A B] v,




Using Z, = V,/I, we may divide the first of the two equations

represented above by the second equation to obtain

v \' +
Zo = mm—— = A—-a——_B£2
I, CVpo + DI,

RL A + B

RL cC + D

where in the second equation we have divided the numerator and
denominator by 12 and then substituted RL= V2/I2 . In a similar
manner we may obtain t(s) in terms of the chain matrix elements,

A, B, C, D and F and the resistance terminations as

2 \RgRp F

RLA+B+R8RLC+R8D

t(s)

Thus it is clear that a realization procedure for Zo can also be used
to realize a specified chain matrix of a lossless two-port network
terminated in a resistance.

In this thesis we are also concerned primarily with the
configuration shown in Fig. 1.1-1. However, for a variety of
reasons it is desirable to include distributed-parameter elements
in the lossless network. First, the network model can then be used
in the microwave range of frequencies. Secondly, the models for
tunnel diodes and other microwave circuits generally lead to mixed
networks, that is, networks containing both lumped and distributed
elements. Thirdly, when transmission lines of different charac-

teristic impedances are cascaded, shunt capacitances and other



parasitic reactive networks are introduced at the junctions, thus
again making necessary the synthesis of a mixed lumped-distributed
system. Fourthly, the introduction of transmission lines increases
the approximating power of the networks, that is, more powerful
filters become available.

The distributed element we use is the ideal, uniform lossless

transmission line (often referred to as a unit element) operating

in the TEM mode. It is characterized completely by its characteristic
impedance R, and its one-way time delay T. The chain matrix for

such an element, shown in Fig. 1.1-2 is given by

Vi cosh 8T R, sinh sT A
-
I, Rg sinh sT cosh 8T I,
L, Sk
v, v,
Fig. 1.1-2

The network configuration of interest to us is a cascade
of commensurate transmission lines and lumped, lossless, two-port

networks, shown in Fig. 1.1-3.

=1 LN '_'o_{:'-o—_'m —o—{__"}—o --- 1 Ly

R, T
1 1° 71 2 (n+1) R,

Figo lo 1"3



By commensurate transmission lines is meant thet the ratio of the
time delays of any peir of lines is a rational number.

The main result of this thesis is the determination of the
necessary and sufficient conditions on the input impedance Z°
(and hence on p and t) for its realization by the cascade network
of Fig. 1.1-3. 1In establishing these conditions we make use of the
positive real condition on Z, and the conditions imposed by the
cascade configuration.

The solution of this problem also automatically solves a
number of related two-port synthesis problems. For example, it can
be used to realize any specified lossless chain matrix. Thus the
procedure can also be used when the lossless two-port is terminated
in a short circuit or an open circuit. In addition, it is well
known that transformations exist for converting an LC network(and
its impedance function or matrix) to an RC network (and the corres-
ponding RC function or matrix) or to a network with uniform
loss [28, p.92]. Thus the synthesis procedure developed in this
thesis can also be used for the synthesis of the following cascade
networks:

1) distortionless lines (RC=LG) and lumped LC networks,

2) RC lines (L=G*0) and lumped, reciprocal RC networks,

3) inductorless lines (L=0) and "predistorted,” lumped

RC networks (every C is shunted by a proportional G),

and



The lossless cascade network terminated in resistances is a
particularly practical configuration. This i3 especially true when
the given filter function can be realized without transformers. The
conditions for realizations without transformers are part of our re-
sults. The networks obtained include the following important cases:

1) Each lumped two-port reduces to a shunt capacitance, as

shown in Fig. 1.1-4. Such a configuration arises naturally in

Fig. 1.1-4

integrated circuit networks.

This reduction of the lumped two-port, as is clear from the
Darlington theory, requires that the zeros of the real part of Z, all
lie at infinity. This is true since the transmission zeros of the
lumped networks, that is, the capacitances, and those of the trans-
mission lines all lie at infinity. The additional requirement, as we
shall see, is that when Tk‘§0 for each line, the impedance must reduce
to that for a capacitance and a resistance in parallel, that is

—
o| = bs +4d



2) Another specific lumped two-port with all its zeros at
infinity is the low-pass ladder network with inductances in the
series arms and capacitances in the shunt arms.

3) Another transformerless network is obtained when each
lumped two-port is e high-pass ladder, with C's in the series arms and
L's in the shunt arms. Now the ensignant will no longer be a constant
but will be a single nonconstant term so that all the zeros introduced
by the lumped networks lie at the origin.

4) Combinations of the above three network types in a single
lumped two-port or in different two-ports.

The lumped networks next in order of complexity are still re-
ciprocal but require transformers. Finally, the lumped two-ports may
be non-reciprocal networks. The synthesis procedure developed in this

thesis applies to all these networks.



1.2 HISTORICAL BACKGROUND

The presence of transmission lines in combination with lumped
parameters in electric circuits causes the input-impedance function of
such networks to be removed from the realm of rational functions to
that of transcendental functions involving the complex variable
{8 +X or s and exponentials of the form eT1(8) unere £,(s) = Y, (s)ey
(fi(a) is further specified in Chapter 5). At present no general
realization theorem similar to Brune's theorem [4] for rational functions
exists for these particular transcendental functions even for the
primary case under study, that is, where fi(s) is specified as
fi(s) = a;8, However, the realizability conditions for specific
circuit configurations involving transmission lines have been
obtalned:
1.2.1 NON-UNIFORM LINES

Some very interesting results involving non-uniform RC lines
for vhich f;(s) = a;{8’have been obtained by several authors [T, 8].
Of particular interest is their technique of working directly with
the transcendental impedance functions and using theorems in entire
function theory to obtain the desired results.
1.2.2 UNIFORM LINES WITHOUT LUMPED ELEMENTS

For the transcendental input impedance generated by uniform,
lossless transmission lines (fj(s) = o; s), with or without lumped
parameters, almost all results have been obtained by transforming the
transcendental function into either a single-variable or multi-
variable rational function by introducing new variables tJS tanh TJs
where Ty is a time constant. Richards [9]), who was the first to intro-

duce this technique, determined the necessary and sufficient conditions
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for a transcendental function of s to be the driving-point impedance
of a physically realizable network consisting of lumped resistors
and lossless, uniform transmission lines of commensurate lengths.

As a special case he gave the realizability conditions for an
equilength-transmission line cascade terminated in a short or open
circuit. Riblet [11] combined the results of Richards (9] with
Collin's [20] canonical form for the insertion loss function of
lossless transmission-line filters to derive a procedure for the
realization of a particular insertion loss function by an equilength-
transmission line filter possessing either a maximally flat or
Chebyshev performance characteristic. Ozaki and Ishii [10], making
use of Fujisawa's [22) conditions for low pass ladders without mutual
inductance, obtained the realizability conditions for resistance-
terminated, equilength-transmission line cascades with either a
shorted or open-circuited transmission line paralleled at the
Junctions. Saito [12] used the multivariable approach to state the
realizability conditions for a cascade of non-commensurate lines
terminated in a resistance. More generally, Scanlon and Rhodes [14]
showed that any arbitrary positive real impedance function in the
distributed variable t = tanh s may be realized as a cascade of
commensurate, transformerless, coupled-line networks terminated in
a single resistor. Kinariwala [15] attempted a different transfor-
mation t = e ® to establish the realizability conditions for a
chain of commensurate or non-commensurate uniform, lossless lines
but his proof is inconclusive since it does not guarantee termina-

tion of his synthesis algorithm.
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1.2.3 UNIFORM LINES WITH LUMPED ELEMENTS

Scanlon and Rhodes [13] also found the necessary and sufficient
conditions for a multivariable impedance funct;on, linear in each
variable, to be realizable as a cascade of passive, lumped lossless,
two-port networks connected by means of non-commensurate transmission’

lines and terminated in a positive resistance.

Extensive work has been done on the realizability conditions
for & resistance-terminated cascade of commensurate lossless, uniform
lines with shunt capacitances at their junctions. Specifically
Ansell [19] has shown that the input admittance to such a cascade
necessarily satisfies a stronger requirement than that of being a
single variable positive real function and that it must be two-variable

positive real, once the transformation exp(as) = 1-A  has been intro-
1+

duced, while Ott [21] recently showed that the two-variable positive

real condition together with a cascade condition is also sufficient

for a resistance-terminated cascade of two transmission lines shunted

by three capacitances but was unable to extend it to an n-section filter.
More recently, Koga [23] claims to have established the two-

varieble realizability conditions for a resistively terminated lossless,

mixed lumped-distributed cascade. However, his results are disputed

by Rhodes and Marston [24] who present a counter example and a set

of n(n-l) +2 realizability conditions for an n-section cascade.
2
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1.3 THESIS OUTLINE

In contrast with the above transformation approach, we will
wvork directly with the transcendental impedance functions, that is,
ve do not use any transformations of the impedance functions. However,
we will use Kinariwala's [15] synthesis algorithm as a guide in our
study. This will require a knowledge of the analytic properties of
transcendental functions from complex function theory. Of particular
interest will be theorems by Julia-Caratheodory-Varilon-Landau [25],
Phragmén-Lindeldff [26], and Rouch& [27].

In Chapter 2 we derive the necessary conditions for the
realization of a resistively terminated, open-circuited or short-~
circuited cascade of lossless, commensurate transmission lines and
lumped networks. Part of these necessary conditions have been con-
Jectured by Youla and others. One of these necessary conditions is given
in terms of the general positive real condition and the others as a
specification on the ensignant and a matrix formed from the polynomial
coefficients of the input impedance function whose form is also
specified.

In Chapter 3 we derive the analytic properties of the input
impedence functions that result from an imposition of the necessary
conditions on the functions. 1In particular, we replace the general
positive real (p.r.) condition by an equivalent set of necessary and
sufficient conditions for the gencral meromorphic impedance functions
with vhich ve will be dealing. In addition, we show that our specifica-
tions on the ensignant and the specific matrix of Chapter 2 allows us

to rewrite these functions in a form that permits their cyclic
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realization in a cascade configuration.

Chapter L constitutes the sufficiency proof proper of
own main theorem. This proof consists of the demonstration of a
cyclic synthesis procedure for any impedance function satisfying the
necessary conditions. To achieve this we utilize the equivalent set
of p.r. conditions for meronorphic functions and the equivalent form
of the impedance functions of Chapter 3. We conclude this chapter with
several examples that illustrate the synthesis procedure-sufficiency proof
and a set of realizability conditions given in terms of rational
functions only.

Chapter 5 extends the main theorem for lossless mixed cascade
networks to filters involving the transmission lines and lumped-parameter
networks listed above.

We sum up our results and contributions in Chapter 6 and point

out possidble areas of future research.



CHAPTER 2. THE NECESSARY CONDITIONS

2.1 INTRODUCTION

The necessary conditions for the realizability of the input-
impedance function or the chain matrix of each of the filter net-
works enumerated in Chapter 1 are determined from an analysis of
the respective networks, The network configuration that we study
in detail is depicted in Figure 2,1-1 and consists of a resistance-
terninated cascade of lossless, uniform, commensurate transmission
lines interconnected by passive, lumped, lossless two-ports. The
lumped-parameter networks may be reciprocal, non-reciprocal or
mixed reciprocal and non-reciprocal, They may reduce to shunt

capacitances or even to two parallel wires, that is, to a direct

— bt pe ]
| 7 |4 T | ®
I o i e R R s

Figure 2,1-1

cascade connection between two transmission lines. Once the
necessary conditions for the input impedance of this resistively
terminated lossless configuration have been obtained, they can
easily be transformed into necessary conditions on the input-
impedance functions or chain matrices of the cascade filters con-
sisting of distortionless lines with lossless lumped networks, RC
lines with reciprocal, lumped RC networks, and predistorted lumped
networks with general inductance-less (1=0), or capacitance-less

(C=0) lines. This will be fully discussed in Chapter 5.

1L
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The basic properties of the cascade that determine the
necessary conditions are:

1) the network is passive,

2) it has a cascade configuration, and

3) the lossless, lumped networks may be specified (e.g.

shunt capacitances),
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2.2 FORM OF THE INPUT-IMPEDANCE FUNCTION

We begin by determining the form of the input-impedance function
that characterizes the proposed network. The most convenient des-
cription for this network is in terms of the chain matrix since the
circuit configuration is a cascade whose chain matrix can be expressed
as the matrix product of the chain matrices of the individual sections.

The chain matrix

]lﬂ 3 Iki
O——eert }———o0
V.1 VA Ay
‘ e . ) k
Figure 2.2-1
for the two-port shown in Figure 2,2-1 is defined by the relations:
Vi1 1 B v
= g
Te1 F, % D | Tk

For the lossless, mixed lumped-distributed cascade a typical section
consists of a passive, lossless, lumped network and a uniform, lossless

transmission line having the following matrix description:

[4][‘7,] - _‘- 0(k($) pk(’) COSI' 37; Rks’.‘n/‘ ‘ST;
A Y.6) | | R simh T, cosh 5T,

 [EorRAIEE (AT (e e
L(&+&‘,£)%f; LR 4)E (Ryed) L+( A, k+°f< ‘ST

'l
P

A
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We note that a typical element of this matrix [« k] v 1‘] consists of

a sum of exponentials with polynomial coefficients [e.g. (X (s) +

R;l ﬁ k(s) eTo ] and if several of these matrices are multiplied by
each otixer then the. elements of the resulting matrix are again sums of
exponentials with polynomial coefficients, Here [J k] represents the
xth lossless, uniform transmission line with Rk=+fr1:7b—k‘ its character-
istic impedance and T =+ JIC, 1, its electric length or one-way time
delay. [‘{k] represents the k' passive, lumped, lossless network in
the cascade which must satisfy the following realizability conditions:

For reciprocal networks [29]

where

1) )ﬂk, D(k, and d;{ are real polynomials of like parity (i.e.,
all are either even polynomials in s or all are odd polynomials in s)
vhile the real polynomials /Sk and Yk oF¢ of a parity opposite to Vk'

2) oy dy = Pr¥y " [Pklz'

3) o(k + /3k and yp + afk are Hurwitz polynomials (no zeros

in Re [s8] » 0) and
by Ax* By
PR

while for non-reciprocal networks [13]:

is PeTey

1) X, end J , are both even or odd real polynomials in s, ﬂk
and Xk are of a parity opposite to that of 0<k, and (f K is a real
polynomial in s with }ok (s) # 2 28 (-8).

2) & (s)di(s) - Pil=) Yils) = Pyls) P kl=e)s
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3) and 4) the same as for reciprocal networks.
The matrix description of (n+l) such sections (no transmission
line is associated with the (n+1)'P section) is obtained by the matrix

multiplication of the chain mstrices of the individual sections or

o Vs
Bl FAREEAIEm] g

A A B th
F
C D |Tn

—
—

|
with F = ;!L Yk + The input impedance Z, = VOIIO for V., = RLIn+l

is thus equal to

R _A+B
YA =..L.—.

0
RLC+D

Examination of the matrix product of two or more of the ‘section matrices
[P. 16] shows that for a cascade of n transmission lines, each of

electric length To, Z° has the general form:

_tgo a;(s) es5T [2i-n]

A Z = =
b3 bi‘s) e_s'r;, (Zi.-'n]
tx0

where real T,> O and ai(s), bi(s) are real polynomials in s with

Lo, bn] = ﬁi RRk“k*Pk) "R«-n(kk‘w&)}
Laurbl = T TRt sRac fRugo )] R o) R eyl



and Rn'f'l. RL.

In addition, we note that all the polynomial coefficients
8y, bi of Zo except 8 bn and a,s bo are sums of polynomials. To
each of these component polynomials of ay, by, the kth lumped network
contributes e factor of either [(Ryoy +By) + Ry (R Xy +dy)],
[(Rye oy - Fk)'Rk-l("RkKk +dy)], [(Rg oy "’Fk) - Rk-l(Rka "'Jk)] or
[(Rgo(y~ Pi) + Ryo1(~Bi) ik +d )] for all 2{kg n, while the
(n+1)*R contributes either a factor of [(RpXps1 + Pyyy) +
R(RLYn+1 +dne1)] or [(Ry&Xpay +fne1) = R (BpYney *d'ne1)] end the
first lumped network a factor of (Ry(y + py) or (RyX; - B)) to the
component polynomials of a;(s), and the factor (Rlll +d- ) or
(<R ¥1 +d}) to those of by(s).

19
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2.3 PASSIVITY

Two additional necessary conditions on Zo result from the
passivity of the cascade network. Passivity implies that

B) Z, is an arbitrary positive real function (per.) of the
complex varisble s= € +jw for all 0 <T,< co or equivalently

1) 2, is a real for s real,

2) Z, is anaelytic in Re[s]) >0, and

3) Re[Z,]120 for Re[s]»0.
These conditions are independent of T, in O<T°< oo since the cascade
network remains passive independent of the electric lengths of the
trensmission lines in the chain. However, for the case where the
ensignant of Z,, MgMg - NONO = constant, it is sufficient to specify

12
Zy p.r. for only one value of T,. In addition passivity requires that

C) [ap(s) + b,(8)] of an irreducible Zy (no common factor
in both numerator and denominator of Z,) be strictly Hurwitz
(no zeros in Re[s]) 0). Any common, even polynomial in (%, + Py) and
(fx +9k)» 1< k<n+l, must appear in all &y, by of 2, in view of the
composition of these polynomials [pp. 18-19]. But at the same time
(Ryotye + Pre)/ (R ) xc +d ), 1{k{n+l, must be p. r. and thus [a +by]

of an irreducible Zo must be strictly Hurwitz,
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2.4 CASCADE CONFIGURATION CONSTRAINTS

The cascade structure of the network yields two additional
necessary conditions: one condition is on the ensignant of Zo and the
other is on a matrix fcrmed from the polynomial coefficients of Z, with
the ensignant condition replaceable by an equivalent, second condition
on the polynomial-coefficient matrix,

With no loss in generality, suppose the cascade network under

discussion is represented as shown in Figure 2,4=1,

o— %o Ffy
1 Yo Yy

Rl .7 mlTO Z

Figure 2.,4-1
vhere the chain matrix parameters fl’ "‘1' /51, Xl’ and d 1 describe
the initial lumped network in the cascade, qano represents the time
delay of a cascade of m, (1 smlsn) transmission lines each possessing
a time delsy To and the identical characteristic impedance Rl or the
case where o =o'L = l,lsk = Xk= 0 and R, = R, for k=2, 3, eee. m;y-1,

Then multiplication of the two chain matrices and simplification

yields
7 - (Riot+8) ™ (Z,4R) + (Rox,-B)e ™™ (Z,- R)
° Ry eTm (Z4R) - (R )™ ™ (Z,-R)
vhere Z, represents the input impedance of the remainder of the chain.

1
The cascade whose input impedance is Zl may now be represented

by a similar configuration to that in Figure 2,4-1 (assuming ml<n),
th
where the initial lumped two-port is the (m1+1) of the cascade depicted

in Figure 2.1~1, However, in any expansion-synthesis of Z0 it becomes
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the second lumped network to be extracted from Zo, and thus for
convenience we change the labeling so that it appears with the sub-

script 2 and Zl becomes

(Rz Kz+ Ba E‘T' ™ (Zz+ Rz) + (Rzo‘z Qa) e-sTom, (Z Rz)
(Rifa+ &) €™ (Z,4R) - (Royy+ ;)€™ ™ (2,-R,)

Z -

It m+m,<n, then Z, is again of the form of Z, and Z,, and the
expansion may be repeated., It is clear that the cycle may be used a

9
total of q times where Z m;=m.

Lo
From the expression of Z in terms of Z we see that the
ensignant of Z =N /D s(M°+N°)/(M°+N ) [p. 6 ] may be expressed in

terms of the ensignent of Z1 = N, /D, = (M:L + Nl)/(lé + Nl) as
MoM; - NOND = £ [N Nok) Dy (s)) =  R2 [ 6 - £,3:] (MM NN

with the upper sign valid for o, an even polynomial and the lower sign
for «, an odd polynomial. But the input impedances of the subsequent
remainder cescade networks, namely, Zl,
sentation similar to that of Z o? vhere the last cascade remainder net-

22, voey Zq, possess & reprew

work is terminated by Zq+l(8) [RL X 1t ¢Bq+1]/[RL Xq-l-l q+1] a
rational function. Thus the ensignant of Zo is given by

Qi
Q a0 op0
My Mz - NN, = CI_r, (“AQFL',B/EXI)
where ¢ is a constant, In view of the realizebility conditions on the
lumped network matrices [p. 17] we have the first of two conditions

wnich we designate as the cascade conditions:

D) M1°M° - N = F(s) F(-8)
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where F(s) is a real Hurwitz polynomial not identically zero for a
resistively terminated cascade but identically zero for a lossless
termination of the cascade. If for F(s)#0 we place restrictions on the
network configuration or element type or other properties of the lumped
two-ports, then corresponding restrictions exist for F(s). For example,
F(s) is an even or 0dd polynomial and F(s) F(-g) = (F(s)]° or -[F(a)]z,
respectively, if all the lumped two-ports in the chain are reciprocal or
the cascade contains for each non-reciprocal lumped network another non=-
reciprocal network with an identicel ensignant (to within a real constant),
Furthermore F(s)=C (a real, positive constent) if all the lumped networks
are shunt capacitances or have all of their transmission zeros at
infinity (since the zeros of the ensignant are identical with the zeros
of transmission). For F(s)s0 the same restrictions are included in

the second cascade condition.

In order to obtain the second cascade condition and the alternative
condition equivalent to the first cascade condition, we need to know the
relationshipe between a;(s) and b;(s) and between the polynomial sets
{ai(s). bi(s)} of Z, and the polynomial coefficients {a&l)(s), bil)(si}
of Zl. Because, as we indicated previously, Z;, the first of the
remainder functions, also represents the input impedance of a mixed

lumped-distributed cascade, it must possess the same form as Zo or

T % esTo 2 taom)]
z‘ N :—om

5 ' b(,;')(s) es"; [ZL-('n-m,)]

t=0
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Substituting this expression for Z:L into the expression of Z, in terms

of Zl on page 23 yields

- (R, +B)es™™ &, ;e + (R.u.'ﬁ.)e'sr"m' qg' 4, e [2i-(n-m,)]
(R d))eTm "2 ¢ ol2itnm) A TAC I

120 Y

Z,

where for convenience we define ci(s) and di(s) vy
n )
(R a; +R' b ¢

LY N
dz. a - Ro b[

or

(RB) Caom € 4 (R Co @ R ) CrrmifRit B don
0 (R'\‘l + d:) C“".CST.“ ot (R'%. +.{;) Cozm #1 esh (v 21n.+2)+[(R' X.‘*‘.) C’l-h.‘(‘R,x,*d‘.)dn-ﬂ]’(

. es'r,(m-zm,) PO +(R‘x,'ﬁ.)dm,-néST° (m—Zm.+2)+ e (R,M.-{S.) d, és’l'o-n
XeSh(n-2m) + - - (-R,x,-ro“,) dm._|e:s'l‘, (n-2ma2). ... GR,“,'*J;) dae-s‘Vo'n

Comparing this last expression for Zo with that of Zo already specified

[p. 18 ] and given by

Ter-2m 4+
7 = Qy e‘T'“+ s Q.n—-m,.ne.; °(“ 2m, 2-)rd'n-m
0=

b, eSTemy ot B, +1 E’T’(wzm"l)\r Dam, g<Te(n-2m) 4+ b, e Sk

- -sT,
'es‘\‘.(n 2m,)+ ey age S
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we observe that for the definition of (Rlo( l+ﬁl) = fl(s), [Rlxl-f J;l.].
g (s), and thus (R, & - &, )=t fl(-s), [-R, )y ,* (‘fllt;gl(-s) in the light
of the realizability conditions on the lumped networks, with the lower
signs holding for fl(s) an odd polynomial, we must have the following
relationships between the ai(s), bi(s) of Z:

1)

a; (s) - f;(-’) y‘-(o)(s) + f,(—s) 7?)(:)
bis) = 3,6) $P6) - 9,65) 126)

if ve define ?§°)=c §O)=:d1 with the lower sign holding for G, (s)

j-m?’
in the definition of Gl(s)Gl(-s)= fl(s)gl(-s)+ fl(-s)gl(s) an odd

function and the upper sign for all other G,(s). In particular we have
@ o _ . (©) k) o) ©
% = % - s w - - » - ’71_’ ="'=’77L'ﬂ'+l O

2) fo)

; ©
om, 2, = 2 al

e {0) )
V- ¥ 7‘- - ZRI b"

t+m,

with the appropriate signs again dependent upon the nature of Gl(s) and

(o) (o)
cy=e;+R by= i s &;=8;-Ryb,=29 %", Moreover, the following relations

expressed in terms of the quantities above will be made use of later:

3)
93 as) + $.69) bl) s 696 E) y'(e)
9,65) a;ts) - £(s) bs) = G(5) G,65) ()

with ¢ §°)(s)-’2r(£j)_-0 for ell 0 <i¢m=~1 and 1$m;< n. These results
for Z, in terms of Z; may be generalized to the k*® remainder Zy in terms

of the (x+1)* z, . :
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1)
ol (s) - /H/) b )(5) +ﬁ+/(“) ’7“(3)
0‘ ( OSL < 9!‘7?;-....”’(
BS) * 91u) Y:0S) - i) 715)
2) k) e 2 o™

tFMmy,, *

(k) (ks
%*mku ¥ ’71 = Z'Qk-n b[ ?

with the lower signs holding for an 0dd Gy,,(s) in the definition of

(s)G +1(-s)= )ck+l(s)8k+l('s)+ fk*-l('S)gk"‘l(S) and the upper sign

for all other Gk+l(5)' Uow using the results of 1) and 2) above, we

obtain the addition relations of
~9k+l ( -5) a!k) / s) + fkw("s) ba‘(k)a) kﬂ k+1(3) %. (5)
e ( S) d(:) (S) ‘][kﬁ (S) bt(k)(‘s) = Gkn(s) Gkﬂ(—s) 7(:()(5)

k) k)
with . = (s) = 0 for 0gig ~1 and
?L Lf) 7u.m'-...-mkz,_ P+l
K
f < mkﬁﬂ 'nk (ﬂk’ ’n“%o’”") mO’O).
With the aid of these results we can now derive the second

cascade condition. The necessary condition is a specification on the

main diagonal of the matrix obtained from the following 2nX2n matrix by

a series of elementary column operations:




(@, 06 -+ ob, o o |
Qp Qn -~ . b‘vw bn .
ne . b :
_— - o - ) ' o
[bi) t@] = a, - A b, . bn
a, a, a‘r‘ bo l ba b“'\'l
o Q o b,
i O o 0 Qo O e ' 0 b, ]

This 2nx2n matrix, formed from the polynomial coefficients of Zo,
represents the resultant of the numerator and denominator of Z, after
both are multiplied by eBTon and the complex variable z is substituted
for eZSTO. The determinant of the above matrix or the resultant itself
is closely related to the ensignant of 2, M{MZ- N;N; = F(s)F(-s), since
it also contains all the transmission zeros of the network described by
Z, except for those of the last lumped network of the cascade. This we
show when we derive the second cascade condition.

This second necessary cascede condition requires that the
product of the first n main diagonal elements of the derived matrix
Lﬁtik), \fik)], obtained from the matrix [a;,b;] by a series of

elementary column operations, equals

c(6&G ) (GG ™ (6,096, (-s))’"’ £f) # 0
with c a real constant, E(s) a real polynomial and my, Gy (s)Gy(-s)

defined by the series of elementary column operations of the cascade

test procedure presented in the next section.

27
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2.4-1 DERIVATION OF THE SECORD CASCADE CONDITION

From the results of p. 25 we may define aj,, b, in the matrix

), ®) o)

[as, bj] as an(s) = £3(8) P.ls), by(s) = g (s) prils) with yn.g.c.a.{an,bn}
We now add fl(-s)/gl(-s) times the (n+ k)P column of [9‘1. bi] to the
1*0 column of the same matrix and add -gl(s)gl(-s)/Gl(a)Gl(-s) times the
newly obtained kP column to the old (n+ 1) of [ay, b;] for all
l1<k<n to obtain the following expressions for the originally non-zero

elements in any of the respective column peirs:

kth (n+kx)*®
pgl(_s)a.n(s) + fl(-s)bn(a)- _81(_8) -gl(s)an(s) - fl(s)bn(s)-

!
I
. l .
1 gy (-s)ay(s) + £ (-a)by ()] TTEIET3) | gy (s)ay(s) = (s )by (s)
. | ,
I
!

g (-s)a,(s) + £)(-8)by(s) g (s)a (s) - £,(s)b(s)
where we already defined Gl(s)Gl(-s) = £,(s)g,(-8) + fl('s)gl(s)'

If we now define

81(-8)8.1(8) + fl(-s)bi(s) - /.Lf”

g1(s)a;(s) - £,(s)by(s) = VL.“’)

then the column pairs become:

xth (n + k)tB
- S
M ?
: 0 -sl(-s)
1| M YA T (56 (5)
‘M' -
SIT:;)- 0 ' . 1 1
' )
LO J L Vo o

since /a(;’ =Y‘2_1 = 0 for all 0¢i<m - 1 according to the results of

P-25 .



We conclude this series of elementary column operations in our
derivation by deleting all the column factors 1/51(-8) and

-gl(-s)/Gl(s)Gl(-s), adding the (n + k)*® column to the (k + ml)th
and the resulting (k + xnl)th column to ~2 times the (n + k)*B for

all O<k1 $n-my with & resulting matrix:

ﬁ) 0 O o 0o 0 0
© o . 0
n
(] }
. ' A,,\_m' 0 0 a-m,0 0 '
(0) » . : . ’
/aml ' . 0 ’
0
° {o) L) )
Alom An—m, Bn—u. 0
o AW 1) (0)
A° Bo v’ﬁ-'m'
0 0
) . &
(0}
) o o u‘)’ 0 B::) v‘l-f-'
0 o VP
0
©)
0 c 0 0 o0 0 \A
B J

where we define A, (1) =/Lf:m1 z Vf) . Bil) = Ia‘;'ﬂnl 3 v(f) with the lower

sign holding for Gl(s) an odd polynomial and the upper sign for all

other G;(s). Using the results of p. 26

Ai(l) = Gy(s) Gy(-8) [7(;1“1 : 71‘: ] = Gy(s8) Gy(-8) 2 al(l)
5, 4 660 oyl Lyl #1006 G0 2y b, )
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We nov repeat the above scries of elementary column operations

(1) Bi(1)}

on the sub-matrix formed from the set {Ai . by noting that

we may define A‘(‘i&l x fa(s) ?(izml and B(i-)-ml = R,8, (s) Z(:;-).ml

with ;(l) = g.,c.d. {A(l) s B(l) in view of the expressions of
n-mj n-m n-my

A(z') . B(il) in terms of a.i(l), bi(l) sbove and the general results
of p. 26. We obtain the corresponding equations in terms of

1’2(5), nga(s) and 62(3)62(-3) = f2(5)82('s) + fa(-s)gz(s) rather than
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fl(s), gl(s) and Gl(s) Gl(—s), respectively. Thus for Ogign-ml we

have the definitions

(1)

(l) = R go(-s) A(l) + 1,(-s) B(l)=I 2R)G,{s) G (-s) lep(-8)e, " '+1, (- s)b(l)]
- 28,(0,(8) &y (-8)](Gy(s) Cyl-n)]
Y g g0 21,0, (010 (-0 layledal™) - £(amw(™) ]

= 2R,G,(s) G, (-s) 62(5)62(-5)'7(1)

with/((l) =Y(l) 20 for 0<igm, , from the results on p. 26
i n“ml-i

V
ﬂB2

and A(z)
i

My
0<ién-—m1 -ms =M,

(2) (1) - (1)
B /a‘i'l‘mz

with the appropriate signs determined by the nature of Gz(s). The first
o,y main-diagonal elements of the new polynomial matrix are

/lﬁ) = Gl(s) Gl(-s) Vﬁ) and the next n, elements are

/‘:121 = Gy(8) Gy(-s) /r(:n)ll, vhile the inner 2(n-mj-m) x 2(n-my-m5)

sub-matrix is now formed from the polynomial set {Aie), Bj(.a)} .

Ve repeat the series of elementary column operations in terms
of the appropriate fj(s), Ry_jg (s), and Gk(s), and Gk(s) Gy(-s) =
fk(S)sk(-s) + . (-8)g, (s) in each successive, inner metrix until a

new 2n x 2n matrix Vl(k) y'(k)] with elements/ti,ﬂ,(l)---/bi? -1)

results after a total of q such series of elementary column operations.
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In general at any intermediate step of the procedure we have

M ik) = Rexe1(-s) Aik)+ £y 4q (8) Bik)

0gign-my - **° = me=my

V'ik) = Reger () ALK - £, ,, (508

(x) _ (k)
s S SR,

=0 for 0gig mk+1'l

and

(k) _, (k-1) 4  (k-1)
A /uis\mk -V

(k) _ (k-1) + (k1)
Bi ” i+mk - Yi

osi Sn-ml_o .o -mk

with Gk(s) determining the respective signs. The product of the first

n ﬁ;ain-diagonal elements of the new matrix [Iaik), \"ik)] must equal

JPi-1 ...Q/L(q-l) yBg

) m
(ubs) ) (,«Léf;l)"‘e v f}_‘;l. Bomy . . -y

9
with ka'-' n. However, from the various definitions of pp.25-26,31~32
ke
e L)) (-s)b, (s) = G, () G, (-8) ')
/“1 (s) = 31(-5) ai(s) + £, (-s)by (s 1(8) G (-8 501 .

V§°)(s) = g,(s) ay(s) - £,(s)b,(s) = G (s) Gl(-5)7§0) i

/Lil)(s) Ray(-s) A{L) + £,(-8)B) = B g, (-8) (UCht ) +22(-8) (u oy £1D)

= Rygp(-s) G, (s), (-3) (¢ ‘°’)+f2<-s)c,1(s)cl(-s)(fif‘jml; )

14my = 74

6, (85, (~8) [Rygy(-s) 2eit) + £(-8) 2r B\")]

= G, (s)G, (-s) [2R; Gx(s)G,(-s)] vpil) ,
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v ) = 28, 6,(8)6y (-8 G,(s)Gp(-s) 7y {T)

and assuming
kD L G()6 () (2R, 6,6)6,69) -+ (2Rks Gul9) Gef-s)) 4"
P < 6(5) 6,) (2R, G, (9) G ) (2 Riery G (5) Guf-s) 78"

then by induction

/‘(f) = R Ik ( -5) AUL'{) + f k+i (’5) B?) = Kk .91«4/(")[:“ 02.*’)"'/«:1 V!‘ ’iy"ﬁn('s)[/;‘& ) V‘ i)]

H-q ;
/“'(f) = Rk Qi (“)A(f) + f k+i (-s) Be)’ Kk 9:«4/ ")[;aaz;l)"'k 2 Vl"iy"ﬁn 5)[/;‘ t(f:;)ﬁ" 17

« (696,() (2R, GG Rie GNPl £ 157) 4 a9 e %mmvf‘ y
= (6,3)6’(-;))(2 R, 61(3)6,_95)) (2 Ric Gar$) Gieyy ( ")) %_(k)

and similarly
W < (6,05)6,(5)) (2R, Go ()6 (-5)) (2R Gera(3) G (5)) 72" .
We therefore arrive finally at the second ca.scade condition
given below: |
E) The product of the first n main-diagonal elements of
[/“(k) .)’(k)] namely,

()™ (4 0 )™ ta(;l’f), )M . k(5,“)6:?:))”(61(3)@FS))’}T'(G,@67{-5))’”’[@);0

where Gk(s)Gk(-s) are factors of F(s)F(-s) = M; MZ - Ni N; ir F(s)p 0.

We therefore reach the important conclusion that if any of the
Gk(s)Gk(-s) are not present in F(s)F(-s) # O then Z, cannot be realized

by a real cascade network.
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2.4-2 LOSSLESS TERMINATION CASE

For the case of a lossless termination of the mixed lumped-
distributed cascade (e.g. short circuit, open circuit) Zo becomes an
even or odd function of s with either

Z=M;or-N1
o- Ny M

However, we recall that all lossless networks, and not only cascades,
that contain uniform, commensurate transmission lines must possess

the reactance property of Zo(s) = -Zo(-s) with an ensignant M{MZ—N?N; ® 0,
Although not necessary, we may replace the first cascade condition

by another condition, equivalent to it. This condition has already

been established as necessary(pp. 31-32) and specifies that

if yz ik) 2 0 for 0gig m ﬂ-l then the corresponding

V(k)

= -
n_ml "'""mk'i 0 for all 0<kgag-1

with /u.(k), y‘ik) and mk as defined in the above derivation of the
i

(k)

N ,ng)] from [a;, b;].

polynomial matrix [ y

These cascade conditions and [a, + b,] strictly Hurwitz
guarantee that any Zo that satisfies these three conditions can be
cyclically expanded into a mixed lumped-distributed cascade with

Zo and any of its remainder functions in the cyclic expansion

requiring no augmentation. The sufficiency of these conditions

for a cascade configuration is shown in Chapter 3.
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2.4-3 TEST PROCEDURE FOR CASCADE CONDITIONS

The previous derivation was lengthy. However, the test
procedure based on it that determines whether the cascade conditions
are satisfied may now be stated much more simply. For convenience
we repeat the required definitions so that the whole test presented
here is self-contained.

We first list the numerator and denominator polynomials

of Z° in two separate columns

[ a, b,
do 60

and determine the relatively prime rational function fl(s)/gl(s) =
an(e)/bn(s). Next we calculate the column§f4§°)]= gl(-s)ai] + fl(-s)bi],

W] 3,6)0] - 4] and GOGE = 93, +h93,09

- (d"i o) )
M v
) M 0] | v
/‘L‘_] - | A Vc]' :
.
- . L. .
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end check vhether A7 % 0 for 01 m-1 vith 1<m ¢n and V), ® 0
for 0<ism1.1. Additionally, if it is easily done, we check whether
all /a({) and all y‘{’ possess Gl(s)Gl(-s) as a factor. However, this last
check is not necessary if it is too cumbersome since this check is
performed in the next series of tests. If the two columns fail any
of the three tests then Zo cannot be realized as a cascade and the
test need not be continued.

If the three conditions are satisfied, we next obtain the two

columns A(")] =/L(0) ]+ V(o) B(l)] ,/“'i:il] ;Vi(_O)]’

where the lower sign holds if Gl(s) is an odd polynomial

0 ] (0) [ 7 [ ]
A'n-m /”‘ ivn-m] Bm-m, (:) :FV‘f)
. { : .
{1 ) e ) m 4..) )
A)] = A'i, = i*""tv? B] = BL = /u’um, Vf
(}) © }n 0 ok
A e ) e

and determine the relatively prime rational function

(1) ,g(1)
f2(s)/R132(s) = An ml/}3n -y Then we calculate the two columns

M) < Rogut) K] + fo09) BY] V= R, 42 (5) 2] - 42 (5) B
and R, 6, (<) 6,65) = R, 9,69 .fzm* R,9.(5) 7[265‘) .
Note that we are not required to define the value of Rl but deal with

R,&,(8) and that G)(s), Go(s) must be real polynomials.

0] {
/L ‘n-m 0 V _m'
o . / .
/“’L] = : Y‘: = .
(] yg)

—
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Now we check whether

1) /“&n)n = 6,(s)6;(-8) G,(8)G,(-8)E (s) ,
2) /U.il) 0 for 0gigmy-1 with lgmygn-m, ,

3) Y-:(ll) £ 0 for 0gigmy~1 and if convenient

L) whether all/u,il) V(il) contain G, ()G, (-s) GQ(-s)Ga(-s).
If any of these four conditions is not satisfied the test ends with
the conclusion that Zo cannot be expanded in a mixed lumped-distributed
cascade.

This test process is continued at each stage first
calculating A"ﬂ: /‘-‘::2 = V{*")) B(k)] s /L?::{k* y'tk -'), determining the

o alk) (x)
relatively prime f,,,(s)/Ryg, ., (s) An—ml .. .-m:: Bn—ml —eeem

k)y - (k
and then obtaining i ] = ngk'*l('s)A )] + fk+l('5)3(k)],

) = gy (0001 - £, (018™)] b0 cneck wnether

(k)

'u'n-ml-. . .-mk

= G,(8)G, (~8) Gp(8)G,(=8) *** Gy, (8)Gy,y(-8)€, () and

/u_ik)so for 0&i€mey)-1 with 1gm,, (D-m-*'-m =m,

The failure of any of these checks for any O< k<€ q-1 disqualifies
the particular Zo being tested, and the satisfaction of the tests

allows the Zo to be expanded in a cascade.

Examples of this test are found in section 4.5.
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2.5 LUMPED TWO-PORT SPECIFICATION

An additional necessary condition on Z° is required if the
lumped two-ports in the cascade are to be specified as a particular
type of network, whose ensignant is identical with that of another,
different type of network. Thus cascades for which all the lumped
tvo-ports are shunt capacitances, series inductances, or ILC ladders
with series-inductance arms and shunt-capacitance arms all possess a
constant ensignant. The additional necessary condition is most
frequently obtained by specifying the form of Zo T°=0 or placing certain
apecifications on Zo Ty=0 which represents the input impedance to the
cascade network with all transmission lines replaced by a pair of connect-
ing wires. For example, for the shunt-capacitance case the additional

condition specifies that

Z - 8
°1Te%0 = gpeT

wvith a, b real, positive constants.



2.6 STATEMENT OF THE MAIN THEOREM

The necessary conditions derived in the foregoing section will
be proved sufficient in the subsequent chapters by showing that they
permit a cyclic synthesis procedure that yields the proposed cascade
for any input-impedance function that satisfies these conditionms.
In anticipation of this we state these necessary conditions as the
realizability conditions for the input impedance of the lossless
lumped-distributed filter.
Main Theorem: An irreducible

Zo = 2 ay(s) SR

g bi (S) eSTo (2‘--1\)

real polynomials in s and 0<‘I‘°< o represents the input impedance to

with ai(s) and bi(s)

a cascade of passive, lumped, lossless, two-ports and lossless,
uniform commensurate transmission lines if and only if

1) a. Z, is a p.r. function of s for all 0<T < ® . However,

for M; M‘a’ - Ni N; = constant it is only required that Z,

is p.r. for T  any fixed constant (that is, for only one
positive value of T ).
b. [an(s) + bn(s)] is a strictly Hurwitz polynomial.
2) a. The product of the first n main diagonal elements
of the derived polynomial matrix [ ,uik), vi“)] is
k(G6L) (6060)™ - (6,0 66) T E@#0
where k is a real constant, £(s) a real polynomial, and
(x) (k)

mk’la'i ’VI

defined by the cascade test procedure of 2.4-3 with

and ck(a)ck(-s) for k = 1,2,***, q are

G, (s)Gy (-8) € F(s)F(-s) if F(s) # O.



b. Either ,uik) ’Vr(:;r----mk-i 0 0§1igm,;-1

for all 0 kg g-1 (ka'—'n) with 4l 4 (k) "y () the

elements of the matrix E/z(k) (k)]

or equivalently

b! M;M;- Ning = F(s)F(-s) # 0 or 0

where F(s) is a real polynomial. If all the lumped networks are to
have their transmission zeros at infinity, then F(s) must be a constant

or for F(s) 2 0 all G, (s)G,(-s) = constant, 1Lk q+l, with the

relatively prime rationsl function fq+l/5q+1 = (Q-l) +\)Q-{//
/L(q-l) q—l) ( = n_z m )
nq i=0
¢. For the shunt capacitance case:
Z | 8
(o] - B c—
To= 0 = +1

a, b real, positive constants.

We now are at the point where we have the necessary conditions
for the realization of mixed lumped-distributed cascades. But before
we can prove these necessary conditions sufficient, we must find the
properties of Z, that result from an imposition of the necessary

conditions. We do this in the next chapter.
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CHAPTER 3. THE IMPLICATION OF THE NECESSARY
CONDITIONS ON Z,

3.1 INTRODUCTION

The necessary conditions on Z° vwhich were derived in the previous
chapter will also be sufficient if they permit a cyclic synthesis procedure
for Z, that yields the desired cascade network. To establish such a
synthesis procedure for 2, requires a knowledge of the properties of those
Zo that satisfy the necessary conditions of our main theoren.

As our initial step, we must replace the general p.r. conditions
by an equivalent set of p.r. conditions applicable to meromorphic
functions with which we can prove the necessary conditions sufficient.

2, is obviously a meromorphic function of s since both its numerator and
denominator functions are analytic in the entire finite s-plane and hence
the only finite singularities of Zo are isolated poles due to the zeros
of the denoninator function, while at infinity Z, possesses an essential
singularity.

Next we establish that the function zj(s) defined by

z,(8) = a,(8)/oy(s)
= £,(8)/g,(s)

vith f£,(s)/g,(s) relatively prime, is p.r. and non-Foster (non-reactive)
for any Z, that is p.r. for all 0T, < co.

This zl(s) is then shown to represent the input impedance of the
initial, lumped, lossless network of the cascade terminated in the
characteristic impedance of the first transmission line of the chain.

We prove this by demonstrating that any Z° satisfying the cascade
conditions and having [an(s) + b,(s)] strictly Hurwitz can be expanded
in a lumped-distributed cascade with zl(s) representing its initial,

lumped network.
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3.2 EQUIVALENT P.R. CONDITIONS FOR MEROMORPHIC FUNCTIONS

The driving point immittance of any linear, solvable, time-
invarient, passive one-port is necessarily a positive real function
of the complex variable s [5, 43] where a complex function f(s) is
defined as positive real (p.r.) if:

1) f(s) is real for s real in Re[s]> 0

2) f£(s) is analytic in Re[s]> 0

3) Re[f£(s)]30 in Re[s]l>O0

It is pointed out that throughout this work any specification for
Re(s]> 0 or Re[s]> 0 does not imply anything concerning the point 8 = oo
that is, the point at infinity is not included in the intervals or regions.

We recognize these p.r. conditions as essentially Brune's positive
real conditions (condition 2 and 3) except for the additional condition
requiring the analyticity of f(s) in Re[s]) > 0. For socme functions this
analyticity of the function is implied by the condition Re[f(s)]> 0
for Re[s]> 0. This is the case for all meromorphic functions (which,
of course, include the rational functions). These meromorphic functions
possess as their only singularities in the finite s-plane isolated poles,
either finite or infinite in number, but nmay possess either a pole or
an essential singularity at infinity. But in the immediate neighborhood
of a finite and isolated pole of any function we can find points at
which Re[f£(s)] <0[33] and thus any isolated pole in Re[s]> 0 violates
the condition Re[f(s)]> O for Re{s]» 0. For arbitrary functions, however,
this condition no longer guarantees the analyticity of the function

in Re[s]> 0. Thus for

(+-%) & =) g
f(s) 1+ eSH Re[L1+eS M|, 4 in Rels)=Relre™]>0
1-e(g-|-g-|7 * 1-e(s’rg:")
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A
eince o & ® e~ 7 (1-0sV) §ifor 211 r>0 a.nd-_’TL<J‘<+j_f__
2 2

Yet the function is obviously not analytic - at least not on the

positive, real axis (J =0) where e’% (l-cosﬂ') =1

The p. r. conditions above are obviously in a form that makes the
determination of the positive realness of any but the simplest functions
extrenely difficult. Since Z, is a meromorphic function, we nmust
therefore replace these conditions by an equivalent set that will eneble
us to test for the positive real character of meromorphic functions.

This is analogous to what was done to facilitete the application of
Brune's p.r. conditions to rational functions. For this purpose we
require certain results from complex function theory. We express these
results in terms of the following three theorems which are proved in the

literature.

Julia-Caratheodory-Landau-Varilon (J.C.L.V.) Theorem [25]

Let f(s) be p.r. then

1. linm f(s) _ k, Ogk<oo
sl g -

(the angular derivative at infinity) uniformly as |s|-> o
along any ray in Re[s] >0
2. f£'(s) = £f(s) —ks is p.r.

Phregnén - Lindeldff Theoren [26]

Let W(s), a function of the complex variable s =§+jw, be

1) analytic in Re[s]} 0

2) [W(jw)l¢1 for a11 |w|y 0

3) |u(s)] €A™ in a1l Re[s]» 0 for some A>0, B>0 and for all

n>0 °l<i;n [W(o)| =¢¥= 0. hen |W(s)|< 1 for Re[s]y 0.
> 0
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Inverse Function Theorem [Lk4]

1 is p.r. if and only if f(s) is p. r.
1‘135

By making use of the results of these theorems we may replace the
general p. r. conditions by an equivalent set for meromorphic functions:
Theorem 3-1 The meromorphic function g(s) is p. r. if and only if:

1) g(s) is real for s real in Rels]> 0

2) [1 + g(s)] has no zeros in Re[s]) 0.

3) jw(s)| =

4) | 1 ~ g(s)
'1+gs
sone A>0, B>0 with
l-g(6)
1+g (6)

Proof: Necessity: Since g(s) is a meromorphic function of s with

1 - g(s)
1l + gl(s

¢1 on Re[s] =g=0

< A eBlsl in Re{s] >0 for

lim

e~MNS= 0 for a11r7>o.
0<6—> ™

Relg(s))> 0 in Re[s]> 0,the only possible singularities of g(s) in
Re[s]>» 0 are isolated poles on Re(s] = O with real, positive residues
[b4]. While on the portion of Re[s] = O where g(s) is analytic,
Re[g(s)] 30 since Re[g(s)] <O on the analytic portion of Re[s] = 0
would imply Re[g(s)] <0 in Re[s]» 0,for Relg(s)] is a continuous
function of Re[s] for I,[s] constant where g(s) is analytic. Thus
Re[g(s)]> 0 on Re[s] = 0 almost everywhere (Re[g(s)] is not defined at
a pole) while at any pole on Re[s] = O the residue of g(s) is real and

positive. This implies that

|W(s)| = H = 85(:) 'Sl on all of Re[s] = 0
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(1 + g(s)] # 0 in Re(s]) O since g(s) ¥ -1 in Re[s]> O
if Re[g(s)]1) 0 in Re [s]> 0 and lw(s)|<1 on Re(s] = 0.

Similarly |W(s)|< 1<AeB!®) for some A>0, B> 0 1f Relg(s)) 30 in
Re[s)> 0 and |W(s)| < 1 on Re[s] = 0, while lim |W( & )| e=57T= 0 by
the J.C.V.L. Theorem since 1im g(S) _ k¢oo if g(s) is p. r.

0Lg~>00 G
Sufficiency: The meromorphic function W(s) is analytic in Re[s]) 0
since by hypothesis [1 + g(s)] ¥ 0 in Re[s]) 0. This analyticity of
W(s) in Re[s]) O together with the specified conditions 3 and I fulfill
the hypotheses of the Phrogmén - Lindeldff Theorem and thus |W(s)|<1
for Re[s]) O or Re[g(s)]) 0 in at least Re[s]> 0. But any meromorphic
function g(s) with a Re[g(s)] )0 in Re[s] ) 0 must be analytic in
Re(s]) 0. Q.E.D.

This last theorem will be our most important nmathematical tool
in proving the sufficiency of the conditions of the main theorem. With
it we shall be able to prove p. r. the remainder function resulting
from the extraction of a lossless, lumped-parameter network and a
transmission line from Zo' We recognize the first three conditions
of Theorem 1 as the equivalent set of conditions to Brume's p. r.
conditions for rational functions [30]. The additional, fourth condi-
tion is automatically satisfied by all rational functions and thus is
superfluous for these meromorphic functions. For arbitrary meromorphic
functions, however, this "boundedness" condition is required to account
for any essential singularity at infinity. Thus the meromorphic function

g(s) = 1 - cosh s satisfies the first three conditions of
3 +cosh s
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Theorem 3-1 but fails the fourth since 1im W(6 ) e=%l= 1im e%(1-7) 40
0(E>® 0({S>® 2

for °<"l<1 and is therefore not p. r. This is confirmed by the fact
that this g(s) is nct analytic in Re{s]) O since it possesses poles
at W= (2n-1) (n=1,2 ....) and ¢ >0 such that e+ %= 6,

In effect these equivalent conditions replace the extremely
difficult problem of verifying the specification of Re[f(s)]) 0 for
Rels) » 0 by the relatively simpler tasks of determining the boundedness
of W(s) on the Jw -axis and the function's "exponential boundedness"
in Re[s] > 0. However, the rather difficult problem of checking the
analyticity of f(s) and/or the Hurwitz character of [1 + g(s)] in
Re[s]) 0 remains. For the class of meromorphic functions generated
by the Zo of the specified form and which satisfy the cascade
conditions we can reduce the above p. r. conditions to a number of p. r.
tests involving only rational functions as will be shown in Chapter L
after ve have explored the implication of the necessary conditions on
2, in Chapter 3.

Because any single-variable meromorphic function may be
expressed as a ratio of two entire functions [27], the following con-
tention holds for all meromorphic functions. We shall not make use of
it in our study but add it for completeness and as an illustration of
the use of Theorem 3-1.

Theorem 3-2 Let g(s) be a me:_'omorphic function represented as

g(s)_n(s) _ M(s) + Ny(s)
3{_5')' My(s) + Ny(s)

where the numerator and denominator of g(s) are separated into their




odd (N;(s) and Np(s) ) and even (M,(s) and Mp(s) ) parts. Then k(s)
and h(s) defined as

k(s) My(s) + Ny(s) and h(s) , Mp(s) + N)(s)
" #y(s) + Ny (s) ¥ (e) + Nyle)

are p. r. if and only if the following two conditions are satisfiled:
1) g(s) is p. r.

2] hep) o el [ (A7 to Relalyo
n

for some A> 0, B) 0 ando%gmlw(s’ )| €= 0 for a1l > 0.
Proof : The hypotheses of Theorem 1 are satisfied since
1) g(s) and h(s) are real for s real in Re[s]> 0
2) the sum of the numerator and denominator
functions (Ml+ M2 + N1 + N2) is identical for k(s), g(s)
and h(s)
3) the ensignant M, My - N N, is identical for k(s), g(s)
and h(s) and
4) Condition 4 of Theorem 1 is satisfied for both k(s) and

h(s) Q.E.D.

47
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3.3 THE NATURE OF ay(s)/b,(s) OF Z,

A direct consequence of Z, p. r. for all 0<T, < is that
zy(s) = £1(8)/g (s) = a,(s)/b,(s) with £,(s), g,(s) relatively prime is
also p. r. but not necessarily non-Foster (non-reactive) or equivalently,
realizable as a lossless network terminated in a resistance. The non-
Foster property is necessary so that z,(s) can represent the initial,
lossless, lumped network of the cascade terminated in the characteristic
resistance of a uniform transmission line. This property of z,(s) is
established with the aid of the J.C.V.L. Theorem by the following two
lemnas.
Lemma 3-1 Let Z =£oa1(s) e8T°(2i-n)/§obi(s) e8To(2i-0) ye p. r,
for all 0T, < oo, theLn z,(8) = £,(s)/gy(8) = a,(s)/b,(s) with £;(s),
gy(s) relatively prime is p. r.
Proof : Because of the form of Z,, for every arbitrary small €>0 there
exists a sufficiently large T, such that Izo(B)To) - zl(s)ke in all
Re[s]>0, which implies that [Re[2,] - Re[z]|<e in Re(s]>0. Thus if
Re(Zo(8,To) 120 in Re[s]> 0 for all 0 (Ty<oo, then Re{z;]) 0 in Re[s]) oO.
Since zl(s) is a real rational t‘unction; it is p. r. but not necessarily
non-Foster., Q.E.D.

To show zl(s) non-Foster we make use of the J.C.V,L. Theorenm.
Because of this theorem we may extract from any p. r. impedance(admittance)
function with a non-zero angular derivative at infinity (k =o.}é3 £(8)/S,
0¢ k<oo) an inductance (capacitance) with the remainder function r(s)
and its inverse again p. r. This extraction process can be continued,

alternately removing the "pole" at infinity from the impedance and the

admittance functions until the angular derivative at infinity of both
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r(s) and 1/r(s) are zero, assuming such termination possible. The
result of this synthesis procedure is an LC ladder terminated in the

P. r. remainder function r(s). The application of this procedure to

2, yields the next lemma, while in Chapter 4 i1t permits us to show that
any Z, with M; M;- N; N; = constant need be specified p. r. at only one
value of T and not for all OLT o<

Lemna 3-2 Let Z, = 3 a,(s) e’To(ai'“)/éob (s) e*To(21-0) Ly4n n 4 0,
be irreducible (numera::)r and denominator contain no common factors)

and p. r. Then 2,(s) cannot be an odd function of s (z;(s) # - z;(-s) ).

Proof : Assume zl(s) an odd function not necessarily p. r. where

&n(s) fl(s)? (8) (BPSP + "p-l BP‘Z + cee + ag )PO)(B)

ba(8) * gy (s) pl8) (v el 4 bgp 812 4 o v mye) M)

or

(aqsq + aq-z q’- +e00 + @ s)?n(s)

(stP+ bp-2 P2 + ...+ )?”(8)

with 7?(:1)(3) = ‘9-C-d.[an(s), b (s)] and p even, q odd and thus either
P>q or p{q. We now apply the J.C.V.L. Theorem to the p. r. Zo or
p.r. Y, = 1/Zo and extract either a positive inductance L, or
positive capacitance cl dependent upon whether Zo or 1/z° possesses &
non-zero angular derivative at infinity. Either Z, or Y  must possess

a non~-zero angular derivative at infinity since q)>p or p) q and in

fact we must have q= pf 1 by the J.C.V.L. Theorem for Z, and Y 6 p. r.

We observe that L, or C, is entirely determined by fl(s) or gl(s) since

lim 2, lim f£;(s) L orlim Y, lim g(s) ¢Cp,
=

0< 800 = 08>0 = 0<G»0— = §>m
s g, (s) s st,(s)
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The remainder function z(1) = 2o - 814 Or ¥(1) - Y, - 8Cy is again p. r.
but the degree of its an(l)(a) = a (s) - slyb,(s) = [£,(s) - sngl(s)]fﬁ%s)
tor 2(1) or bn(l) (8) = v, (s) - 8C; a,(s) = [g,(s) - sclfl(s))fﬁ%s)
for ¥(1) ig now exactly two less than the degree of a,(s) or b,(s)
since fl(s) is assumed an even (odd) real polynomial while gl(s) is
assumed to be odd (even) and z(1) ana ¥(1) are p. r., 8o that the
degree of an(l) and bn(l) can differ at most by one. We may continue this
extraction process until, after r extraction steps
an(r)(s) = an(r‘l)(s) - eLrbn(r'l)(s) or bn(r) = bn(r'l)(s)—scran(r'l)(s)
is identically zero but bn(r) or an(r) # 0, respectively. At no stage
of this LC ladder expansion of Z, can Z(J) or Y(J) become identically
equal to zero, for this would imply that Z, was a rational function
(n = 0) and thus reducible. But either an(r)(s) or bn(r)(e) =0
but bn(r)(s), or aér) ¥ 0, respectively, and 2(r) or ¥(r) . r.
would contradict the J.C.V.L. Theorem since the angular derivative at
infinity of a p. r. function must be finite. Q.E.D.

Hence by Lemmas 3-1 and 3-2 zl(s) may be realized as a
lossless, lumped network terminated in a resistance [5, 31] and in
fact the cascade conditions and [an(s) + bn(s)] strictly Hurwitz imply
that this zl(s) represents the initial lumped, lossless network of
the proposed cascade network terminated in the characteristic impedance

of the first transmission line in the chain. This will now be established.
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3.4 THE SUFFICIENCY OF THE CASCADE CONDITIONS

In this section we demonstrate that any Z, which satisfies the
two cascade conditions and has {a, + b,] strictly Hurwitz, can be expanded
in a lumped-distributed cascade with Z, requiring no augmentation.

We first establish that any Z, which satisfies a set of reduced
cascade conditions (defined in section 3.4-1) can always be expanded in a
lumped-distributed cascade. However, in general augmentation of Z, by an
even polynomial is required to accomplish the cascade expansion, in which
case the resulting cascade can be shown to be physically unrealizable,

In addition we show the equivalence of the two alternative
cascade conditions, M; MZ -N; NZ = F(s) F(-s) 2 0 or # 0 and
/‘-(k)= y(k) = 0, 0§igm -1, for all 0gkgq-1 (n = n - % m_ )

i N, -L +1 SR o
vhich enables us to combine the two separate cascade condition tests into
the one test of section 2.4-3.

Finelly, we show that the cascade representation of Z, is not

unique. However, the non-uniqueness comes about only when all-pass

functions are present in the lumped networks functionms.
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3.4-1 THE SUFFICIENCY OF THE REDUCED CASCADE CONDITIONS

Basically any Z, which satisfies a;y one of the two alternative
cascade conditions and whose derived matrix [/Lik) ,'V'ik) ] has the
product of its first n main-diagonal elements not identically zero
(these two conditions are defined as the reduced cascade conditions) can
always be expanded in a lumped-distributed cascade if we allow augmenta-
tion of Zo by an even polynomial. The resulting cascade, however, is
physically unrealizable if any augmentation of Z, is required.

This contention is easily verified for the specification of
/Q(k) =V(k) 20, 0¢4¢meyy-1, for all 0k ¢q-1
(g = n - é?; Mg, N, = n) and thereby also for the necessary condition
M1 M - Nl N2 F(s) F(-s) # 0 or ® 0 once the two have been shown
equivalent (section 3.4-2). The augmented Zé s Gy(s) Gy(-s) Nb/Gl(S)Gl(‘B)Do

can always be written as

No G () Ges) -F(s) c‘n’“ {laes) No+f§$)])]es m_} -H L™ {i[‘]‘s)N - {fs) n]ét""}
6666 4™ {[acaNr{Efe ™ 7 969)€ 7 30N,- LoR)e ™

where we define as in section 2.k-3 a (s) = f‘l(s)’o“’) b,(s) = g (s)f(g)
tor P = g c. @ o, vy}, 0y(s) Gy(-8) = £ (8) gy (-0)ety (-0)gy (o)

k
which is not identically zero due to the specification on [)u&)) ?{]

and
NER D [N gD ]e ™o B a0 0, frvfeab, SR
- 'ﬂ-“'m (©) ST; [2L-"""m.)]

.,o /u't.-nn e |
D, «[8,(IN,- (D] ™™ = E 96 aif9 -3 (-:)b-(s)]emfz“("""-)]

- 'ﬂf\. V‘°’ sTo [2i-pr- m)}

is0
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(o)
n-4i

with positive R, an arbitrary constant, sincelﬂéf =Y 20

0gisg m - 1l is specified as necessary. Thus we may interpret the
augnented Z; as the input impedance function of the cascade, shown in
Fig. 3.4-1-1, which consists of a lossless, lumped network (already
proved p. r. ) and a uniform, lossless transmission line (also p. r.)

terminated in the remainder impedance Z; (not necessarily p. r.)

.F 6+ -f,(—s) {,0‘) :f.(-S)
° 2R G 2 [ o 11

> RI ymT, Z'
[J
360746y  g® 1449
| 2R, G () 2G(s) —o—{_ }—0_4 |
7 6 G.-s) Fig. 3.h-1-1

° G, (s) Gks)
The proper sign for the lumped network is determined by the nature of

Gl(s) (section 2.2) for Gy(s) a real polynomial. For Gl(s) a polynomial
with complex coefficients the lumped network is physically unrealizable

and we may choose the upper signs, while

2, N B gy ] T 0 ST

R, R,D, - "‘Z"m(,u'(ct) V(o,) shlac- {‘n—m')] = /ni:"h B{l) sTof2i- (n_m')]

430 “'7" tvo

with positive R, arbitrary and m; en integer. We note that Z; contains
m fewer exponential terms in both its numerator and denominator. This
fact, if similarly true for Zé and the remaining remasinder functions,
implies the eventual termination of the expansion process if it is

continued. In addition, no augmentation of 2, is required if
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()

Ay ,Y@_‘ contain Gy(s) G,(-8) as a factor for all 0gign.

We continue the expansion of Zc'> by rewriting the augmented .

Z\ /R, = R, G2()Gf)HN, /R, Gy(s) 649 D! as

N R 6,06(s) _ fale) e R s9Ni+ ey 9T felR s, (9N -F(9D]ETY
RDIREDGS  Ra0eM™ { g tonrh(A]E™ 7,0 P [afR g N 610]e ™™}

where we define as in section 2.4-3 A1) = f2(s) f(l) ; B(l) =R_g (S)/(l)
n-m 172

y n-my ? n—mln n-my

with fr(in)ll = g.c.d. A:iil ; Bi_]_'i].} , [Bg,(-8)t5(s) + Rgy(s) £(-s))=

RlGa(s)Gz(-s) # 0 by the specification on the main diagonal of

(k) (k)
[/.Li ’ vi 1 end

LM,y

N, £R,D), = [R, 65N+ 49D ] e o™ ml}*“ﬁk gL, (B | Bl

n-wm -y

. /‘Lﬂi,nn,_ o5Te (2ifnm-m)]

L0

N;} R,D, = [R| a,l S)N: - {,_(s) :D'J eST.""z . "‘:Z:*"f R, ,(9) A‘?, ) F’- ) 3(.)':] es"‘, Ri-fp-mm)]

'n.‘m"’mz

-5 V{') esT,[ZL-(n-m,—m,)]

{x0
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1l -
with positive R, arbitrary, since /a(il) = Yr(x-rle-i s -0, Ogisme-l,

is specified. Z_, augmented by Rlcl(a)(}l(-s) Ga(s)Gz(-s), now

represents the following cascade:

£0f6 {0+fe) (06 19380
2R 68 26,® o o2R6® 26() Lo 10—
> R ;Tom, Ryyhm, ]2
o— 3)798) 9#30) | oI Yo D=5k 9 fe)29f9
2R,G(s) 2GP) 2R,G(s) ~ 26)
R,6,(8)G,(-s) Ga () Ga(-5)
* RG,()6,)6,( G, (-9

Fig. 3.hk-1-2

where
-A-M, m, 0 n-m,-m, )
oy _sTo[2¢- n-m - 2) sT 2i~fn-m -
_é' » L-o (/(‘Lu'ma_tv ) ° ( "‘3)] c%; A [ .6' l)]
R, u.zumg ") /,))es'f[zL -[n-m '77'5.)] Tlg‘]l.’m;B{z) sT [2i- (n-m - -m,)]
iso l""’ ir0
and the proper signs of the first network are dependent upon the nature

of Gl(s), that of the second and of Z; upon the nature of G,(s) and

R1 and R2 two arbitrary positive (since eventually we require a

physically realizable cascade) constants. We note that Zé has (m1+m2)
fewer numerator and denominator terms than Z;, that the first lumped

network and transmission line are p. r. but the second section and Zé

are not necessarily p. r. since Z' is not necessarily p. r., and that

no augmentation of Z, is required if/ll. (1)

(1)
Vi contain Ga(s)Ga(—s)
as a factor for all 0¢ig n--m1

This expansion process can be continued until, after q ({'zn =n)
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cycles, we are left with a rational remainder function Z:l' That this final
remainder function is a rational function, is guaranteed by the cascade

(k) _, (k) =
comiit::i.on/l.(,i = Vn-ml—.. -y -1 £0, 0¢1igm,y-1,for all

0< k<€ q-1, since the number of terms in both the numerator and
denominator of each remainder function 2, _; is decreased by m at each
expansion step with %mk = n. The result is a canonic
lumped-distributed cascade of chain matrices whose elements are deter-
mined by the cascade test procedure of section 2.4-3 for any Z, which
satisfies the above reduced cascade conditions with augmentation of
Zo by an even polynomial required, in general. No augmentation of Z,
is required if both the numerator and denominator of every remainder
functions Z;{,
If we now, in addition to the reduced cascade conditions

k=1,2, -+, g-1, possess Gk(s)Gk(-s) as a factor.

discussed thus fer, call upon the specification on the composition of

the product of the first n main-diagonal elements of the derived matrix

[/a(k) s YV !k) ] and also upon the condition that [z, + b,] is strictly
i 1

Hurwitz then we can show that no augmentation of Z,, p. r. for all

0< To<°° , 18 required in its expansion into a lumped-distributed

cascade or equivalently that the resulting cascade is physically

realizable and thus the necessary conditions of the main theorem sufficient.




3.4-2 THE EQUIVALENCE OF THE ALTERNATIVE CASCADE CONDITIONS

However, before establishing this main contention we demonstrate

the equivalence of the two alternative conditions MyM;- N{N;= F(s)F(-s)f
(x), , (k)
or £ 0 and '“'i = Vn"ml""mk £ 0, Osiémk‘_l-l, for 0€kgq-1 and

thereby ensure that the cascade test procedure of section 2.4-3 can be
(-
carried out for a Z, which satisfies MM,-N,N; = F(s)F(-s) # 0 or ® 0.
Lo B« } 0.0
For F(s)F(-s) # 0 we express the ensignant of Z,s MMy NN,
in terms of the coefficient set {ai, bi} of Zo
yielding
m n o
25To(tég+n
4 MM -NND < 2 2 [05(6)Dacjf9) Gni(c)by()] 2043+

ls0 g=0

But for o( 1 Xos oo o(n distinet numbers the functions ea"f, e“zt,...

e%nt  are linearly independent over the field of polynomials [37) end
thus we must have the polynomial coefficients of each e ot identically

zZero or

y 22 [ i) bnej (-5) + an-i () bj(5)] = F(s)Fés) # 0

l=0 4+0
L+7=m

nn

2) Z Z [ai(S) bn.i(—5)+an."_(-s) bd(s)] w0 ) OéﬁéZn} ’ﬁ#‘ﬂ. .
(=0 40
l:*j ‘A N
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Putting the first (n+l) of these equations in a modified matrix

form gives us:

bo(-s) .- bn-i(") o byeis) ba(") | Oon(-8) Qa-y ('S) U Bweif-S) ccGefs) | =

o - - o -+ 0 o6 bfs) o .--0 -0 |0

0 .- o - oaaE b bis) .0 0 |0

. . . ) .

- |

o o . . | . . (s} .

o - .- as) - qf) am b)) b - b?(s) rr0 | o

P Lo : : : - o) o
af + - anl - 4® a,{‘)l b6) b ... b ) ... b Fsks)

|
!

Thus if /a(;)i 0 for 0<igmy=1, then V(r:ii = 0 for the same range of
indices since by(-s)a;(s) + a,(-8)v,(s) = [g;(-8)a,(s) + fl(‘S)bi(s)]V?(s)
if a,(s) = fl(s)sogl b (s) = gl(s)so:)with <f€?= g.c.d. {an, bn} ; and

/a“’i’ %0 for 0$1<m,-1 implies that

a‘“('s) - - Ao (s) - - Qq,(s) - = am,-l(s)
bn (-$) b, (s) b s) ba,- (5)

which, when substituted into the second of the (n+l) equations, yields

an_!(‘.f! - - ao)
b‘n-; (‘-‘ ) b,(s)

or

Qn-i(5) _ anfS) _ _ ao(S) _ _ 46 _ Qnls)

- s e X

bai(-5)  Bfs)  by(9 by by ()
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From the third equation we cbtain, using the last result,

Anales) _ Quuf-s) _ a9 _ aels) , _ QM9 _ _ ...__ %w(S)
b, (-s) bn-o -5)  buf-3) bo(s) blfs) bm,-/ f5)

and by induction

Qupr-n (-9 _ . aafs) 4.8 _ . . _ Qm(3)
ba-fm-4)(-5) Ba()  Bo) bom,1 (%)
or
bols) @n-i-S) + aols) bnifs) = F[9,69) Anild-f,(5) baifS)] 75(5)
=¥ ,foz_ )6) =0 ) 0&igm,-1
since

wl-sfir i, b -sgpo (g4 fo,0]).

But 7{;) # 0 for otherwise we should have ays by Z 0 or a Z, with n terms

rather than (n+l) in both the numerator and denominator, leaving us with

essentially the same problem. Thus /((:)! 0 implies V EQ,

0§1i¢m=-1, for any 2, satisfying the condition MIM) - NlNa = F(s)F(-s)
# 0 and with & (s), bu(s) # 0. A similar relationship between /L (1)

and Y(ln)\ will hold if we can show that 2 /R SZA( JesT [21‘("""’1)V
n-mj-i (=0

A-TR
Zo Bj(.]')eBT (21- (n-m)] also has an ensignant equal to a real polynomial.
L‘

But we have already shown that the augmented Zc', = Gl(s)Gl(-s)NO/Gl(s)Gl(-s)Do
can be expressed in terms of Z, [p.55 ) and therefore the ensignant of

Z; given by [G;(s)Gy(-8)]2F(s)F(~s) = 2RG)(s)G;(-s) Ensignant (2]



and Z'l also satisfies the ensignant cascade condition as will all
(x) %0,
n-my-...-m-1

other Zl". 0<kgq. Thus by induction/l-ik) =y
0g1i¢ mkﬂ-l, for all 0 <k £g-1 and the cascade test procedure of
section 2.4-3 may be carried out, as given there, for any Z  that
satisfies M{M>- NINJ = F(s)F(-s) ¥ 0.

172

Z, (numerator and denominator of Z, contain no common factors) is a

For F(s)F(-s) 2 0, M;MZ- NN 5 0 implies that the irreducible

reactance function or equivalently that Zo(s) = - 2 (-s). Hence
an(s) = * a (-s) and correspondingly b,(s) = 3 b (-8) or at least
anfs) . _ @)
bay — bo(-s)
This implies thatﬂ(‘z = g;(-s)a,(s) + £y(~8)b,(8) 5 0 and
Vlol), = g,(s)a,(s) -~ £;(s)b,(8) = O for the definitions of
ay(s) = £(s) ¢ b, (s) = &) (s) P witn ¢f€?= g.c.d. {an(s),bn(s)}
or that a transmission line of at least length To mey be extracted
from 2, as part of the initial expansion section. However, ,u’;’ 20
for all 0gigm-1 also implies that Y{o.) £ 0 for all 0<i¢m-1 if

N
F(s)F(-s) 5 0. Suppose /A‘:)E 0 for all

60
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0<i€ m-1 but \T f 0 for 1 {i¢{m=~-1. Then we may extract from
zo a uniform, lossless transmission line of electric length To as
part of the first expansion section. The resulting irreducible

remainder function

A

5 A s [20-(n)]

] Le0
Z, "

5 B o<W [2i-(n-]

vith Ail) = AU (oi ¥ )7(0) B(l) 1{:2)1. e g_):ls a.gain an odd

function of s. But for 2\ (s) = - 2} (-s) Am / et =-A 2)('3)/_30)(‘5)

or

/a(a) (0) (S) ) Yg» (’S)
,a‘:;’rs);vf;g_,m Yo (-9)

since we aasmed/a(;_’)! o, V(;)-i # 0 for all 1£i¢ ml-l. This implies

that 4% (s) = 6, (210 (-8) pf) 3 0 or V§ (-8) = Gl(s)Gl(-s)'Z‘g)(-s) 50
and thus that either an(s), bn(s) 2 0 or ao(s), bo(s) 2 0, respectively,
since G (a)Gl(-s) # 0. This contradiction of the specified form of

Z, can only be removed if v@) 20 for all 0 igm;-1. Hence

MIM)- NN =0 and//.ik) = \;“(k)l 0 for all 0§igm, -1 and all
0¢k¢q-1 (m, = 0) are equivalent specifications for any Z, of the
specified form which also satisfies the specification on the main

diagonal of [,a.(k) , ygk’ 1.
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3.4-3 THE CASCADE EXPANSION OF Z,

Turning now to the specification on the product of the first
n main-diagonal elements of the derived matrix [ /{,ik) s V’j(‘k) ], we
have already determined that the real polynomials f,(s), gk(s)
generated by the cascade test procedure of section 2.4-3 satisfy
£,(8), gls) # 0, 1<k ¢q, since ve defined G, (8)G (-8) =
£ (s)g (-8) + £, (-8)g, (s) and the product 'ZZ; Gk(s)Gk(-s) is specified
as not identically zero. While from the various definitions in this
test procedure:

. Kk &
/l-(k) :L'\T(::) = A(”‘)k = 7[k+|(s) 7'11;(

ket Mm,=n-m
= - - ey - m
o K ' k

(k-) 3 k
/an,“-, ::VU,;,:’ = B(,,’k= R jku"'f

Ny

0< k¢ q-1, we obtain the recursion formula:
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b Rernl)Gef) 2 4%,
T e Fuls) + R §x+8) ,

by adding the first two of these relations and substituting the

lék<747

resulting expression for 7(k) into the third equation. Hence,
(x) (k)

if /« = Gkﬂ(s) bl (-s) ‘f'nk with R = 1, o, = n-my-..o-m,

and m, = 0, then

/uﬁfﬁ G(;)G Lo [z/? Giv ()G, (—sﬂ 1<k

uo {u; () +R; jul()]

and the product of the first n main-diagonal elements of | /uj(.k), V§k)]

is

(W)™ (a8 V™ = (600G (66 () " (42) 4
q (hal©)) ™™ (g ()™

for kZ’.mk =n and h (s) = [fk(s) + Rk_lgk(s)]. Hence, as a

consequence of the specification on the main diagonal, every real

polynomial h'ufs) = [£,, (s) + R, gw‘(s)], 1< c q-1, must be a
factor of (f“(s) and thus must be strictly Hurwitz since [a (s)+b,(s)]=
4 (s)"'sl(s)] (f“ is specified strictly Hurwitz. Here it is

inportant to observe that /li” L (s) + R/ Biy (s)] is actually

. (k) ()
independent of R; since by definition B‘"k = [Rk8k+l(°)] e

and Bﬁfz is independent of R_ although, of course, it is dependent
on Ry, Ry, ... R,_;. Hence the product R g, (s) is a real polynomial
vhose coefficients are constants with respect to Rk

We now can demonstrate that any Zo vwhich satisfies the cascade
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conditions and has [a.‘,l + bn] strictly Hurwitz can be expanded as a
lumped-distributed cascade with Z, requiring no augmentation. We
(k) 2 (k)

accomplish this by showing ,a [Gl::-t-l( s)Gk+1(w )],0
V(k) k+l "'S)Gk+1(w )]"Z:{k)' 0<ig n-my=-+..-m, ,for all
0g kg a-1, where Gy,;(8)Gy,,(-s) = Gk+1("3)Gk+1(“’ )G,y (8) with
Gl':-l-l('S) representing all the zeros of G l(s) ,,,1(-5) in the strict RHP

(Rels]1>0), Gg4;(s) those in Re[s]<0, and G, (w?) ell jw-axis
zZeros.

s ‘O) " 2
As our first step we require/ui(s) = [Gi(-s )Gl(w )]f:l
if V‘;)(s) = [Gi(-s )G'l'(wi)]oz - This becomes obvious once we note
o)
that [f1(8)+51(3)]/‘{1(3) +[ £(-s) - gl(-S)] V‘;}(s) = Gl(s)Gl(-s)[a.i(s)-*bi(s)]
with [fl(s) + g;(s)] strictly Hurwitz, if (a,+b,] = [fl(s)+gl(s)]
o
is specified strictly Hurwitz and by definition /L(s )=gl(-s)ai(s) +
3
fl(-s)bi(s))\"io)= (g, (s)ay(s) - £,(s)by(s)].
Next we examine the implication of the necessary condition

M;Mz- N;N; = F(s)F(-s) Z 0 or 0, or its equivalent formulation
/l(k) = V(k) = 0 with 0gigm y-1 for all 0k q-1

"L ) W, ),
on the composition of/u,i, Y . Fork=0 /‘1 =¥na

(o)

0, 0gigm-l

implies that/a 6, (-8 )Gl( w )y?i for all n )iy n-my+1 since v‘;) 50
- n_, (1 =

for these indices, while for k 1/a V‘ n)ll i 2 0, 04igmy-1

implies /ui = Gl(-s)Gl(w’"Hfi, p9 = Gy (-s) M w)y

n - m »1iyn-m-m,+1, since V‘(l) = ngz(s)Ail) —fa(-s)Bil) =

Rie(e) ity V91 - €00 fln 3V = (B8, ()0, () i,

+ [Rygy(s) + fa(s)]v‘;) % 0 for n-m) i) n-my-m, + 1 with

[nga(s) +f2(s)] strictly Hurwitz implies V‘?=[G]'_(-s 6" (w? )]71.
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n-m 31)n-2m + 1, if /f}[cl(-s)cz(w‘)] ¢; for ny4yn-m +1
({ +m = n-m +1). But if v!f[c'(-s)c'l'(wl)]vi for n-my 513 n-2m,+ 1
(my ¢mp) then so must ,a‘ ) contain G)(-3)6)(w") as a factor for the

seme indices. This in turn implies that V‘? = [GJ'_(-a)G"( w")]'vli
for n-m iy n-3m +1 (2m¢my). Continuation of this reasoning

process then ylelds:
« .

A= GGG for mempiznom oy st

@_ ot £ 0S¢ sm-/.
'a""yn-m'-igo or < 2

For k = 2 y(2) = 0 for 0£1i¢ m,-1 implies
e -2 |
) U " 2
y :I. = [G, (-s)Gl(w )]71 and therefore L, = (6,(-s)6) (w )]?i

for n-my-my »1 n-ml-ma-m3+l since

v, (R, 8,6) + O + (R 45(8) ~fs6)) Siem,

,*[ R, 9,6) +{3(S)][R| g 45) +<,:,_(S)] Vi(" )4 [Rzgs(S)*ﬁ(-’)] [R 9, S) f ] /‘ ¢+m

+ EZ,, 9,6)- { k)}[R 9,9 +{§ és)] /l‘mm i[Rzgs(s) i(f):”??, 959 { (-3)] g(") -

n-ml-m2>:l gn-ml-mz-mfl, with the polynomial coefficient of VM,

[Ryg3(8)+r5(s)] [Rygp(s)+ry(s)], strictly Hurwitz, and all other terms
involve indices larger than i and in the range from n to (n—-ml-m2 + 1)

for which /Qi R vé:’l) contain all the zeros of G,(s)G,(-s) in Re[s] > 0.
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Thus, since /‘"1)' 6, (—s)G "(@?)] py it V- [G (-8)6) (w?)] 74

(o} V“') must contain [Gl —s)G '( w2)] as a factor for all

n-m) -, 3 1) n-m; -my-matl.
The same is true for all other 0k q-1 since the polynomial

(o)

coefficient of v in the expression for V ik) » [Rygy(e)42,(s)] -+

(Rygy, (s) + k+1(s)]’ has been shown strictly Hurwitz and all other
terms involve indices in the range of n to n-my---.-m+l for which range
we may assume that /u 1, ‘0) contain all the zeros of Gl(s)Gl(-.s) in

Re[s]) O vhile n-m - -mk y1) nemy-+-+-m .. Hence, by induction
. "
€l =6 (-s)ey (W) y, W, - (',i(--a,)c;'l'(toﬁ)?i for all 0<1i¢ n.

As a result we have

N, £ R,D, = [9,69 No +£,(-5)D,] €™ . Glts) G T G € ShlZichm)]

N7 R, D, = £[9No ~fi(9D]eT™ = + Gle Gt ZZ ; e [2i-(n-m)]

Le0
vith positive R, arbitrary since ,a Y(°) ® 0 for 0£i<m -1 and

the augmented Z_ = Gi(s)NO/Gi(s)Do can be expressed as [p. 52 )

G"(‘) ( ) ST. .-o "? + m STorZ; (“.m‘)] + { ( ).a; 1)‘ ﬂ‘.’[z"‘“"" ))

Do G;(S‘) 9,()€™™ 'j'“" 2 Gom e_sT [2i-(n-m)] 5 3,9 ‘T“" ,,z e [2i(nm)]

1=0




which also represents the cescade of p. 53 except its termination

is Zl where

'n-'m. (\f’wm +1; )e-"r b [2i(n-m,)] ‘E‘m’ a_(::) e [2i-h-m)]

zl - L-_Q

R S (Gupm 7, )™ L2 “’E:’" bl e T L2i-m]

{%0

with

A - .‘_ﬂ =5'/-s>6'zo=mf".3’” RG'/S)G/w‘)b .0¢isnm

v AL = A 290 = GG 2!, B - R, G5 Gl b, 0! cnm.

of the polynomial set {ail), bil)} in view of this set's special

relationship to the polynomial set {Agl), Bgl) } . speciticanry

Al - Rgafo AT +fo) B
- R, Grs)G/w*)[jz(-S)d"’ ﬁ(-‘)b?’]

Y = R,g,6) A% - fals) BY,
= R €696 [4.(97 - 1(5) Y]

= (1) )
with a-n- fz (s) lf ‘n~ ) 95 ) ;e. for 7,,, = 9. d. [ [ N 5 ba-m
and we may conclude thet if the polynomial-coefficient matrix [a.i ’bi]

of Z satisfies the cascade test procedure of section 2.4-3, then the

(1)

polynomial matrix [a. bil)] of Z.l also satisfies the cascade

conditions with the product of the first n-m main-diagonal elements

67
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of its derived matrix [ /L (k) :{k)]l equal to

n ", m
(’“ﬂrmL 7(:-)@-’")’"3... /‘L{’,t:lzm-m-‘”\") L
Gk (66t Gt 6,

. AeesE] a0 6 [l £

vith m_ KZ m = n) and Gy,,(s)G,, (-8) defined by the cascede test
1)

procedure on Zo or Zl'

In addition Z; also has [3(1) + br(i 311 ] strictly Hurwitz

Remy
for arbitrary, positive Rl if Zl is p. r. for all 0< To<oo . Because

[an +b,] = [fl(s) + gl(s)]’o(;) is specified strictly Hurwitz and we

(1 =
define a‘rﬁx?xl = 50 n :7'1"“1 ’ 1 n-szl = 60 n ;’z n-my or

2% = ZGi(s)f"f) = [ar(:l) + R 1) =[£,(s)+R g,(8)] ¢ ()

-my 1 n-my n-my

(1) must be strictly Hurwitz while Z. p. r. for all 0<T oo
(fn-ml 1 o

implies ar(xln)l /b:‘ln)ll = f2(s)/g2(s) p. r. [lemma 1 p. 48]. Thus

(s)] = 0 in Re[s]> O for all R;> 0 and a(l) + b(l)

f + R
{ 2(S) 182 m nemy

is strictly Hurwitz. However, if we specify R =1 (and all subse-

(1)

quent Ry = 1) then [a _ -y + b(l) ] # 0 in Re[s]> 0 without Z; being

necessarily p. r. The fact that Zl is p. r. for all 0<T, < @
is established in the next chapter.

We may therefore continue the cyclic expansion of Z o
augmented by the strictly Hurwitz polynomial [Gi(s). ..G:l(s)], if
necessary, and obtain the lumped-distributed cascade under discussion.

However, no augmentation of Zo is actually necessary in the expansion
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procedure above. Should Zo require augmentation by the strictly
Hurwitz polynomial factor X{s), then by adopting the results of

gsection 2.2

9
X(S) [an"'b-u_l - [FI () + 9, (5)1]1\;[{ 28)+ R}-l 9 ;(‘)] [‘,: I+ () + R“ 3 1”(5)]

9
X6) [a,-be] = [{, (-5)+ 3.&5)] Tr[{ 265)+Ry,9 ['S)] [{-,,.(5 )-Rq 34s 55)]

But the strictly Hurwitz polynomial [fl-n (s) + R,t Bor (8)] must be a
factor of ‘f(;) = g.c.d. {an, bn} tor a1l 1 £ < q-1 and thus both

[fqﬂ(s) + Rq3q+1(°)] and [fqﬂ(s) - ngqﬂ(s)] must contain the

strictly Hurwitz polynomial X(s) as a factor. This implies that the
only remainder function in the cascade expansion of Zo requiring any
augmentation is the final, rational, remainder function Z, = f43(s)/
8q+1(s) vhich represents the input impedance of the terminating lumped
network of the cascade. There is obviously no need to augment this
rationel function in order to expand 2, into a mixed lumped-distributed
cascade and thus ZO requires no augmentation for a cascade expansion.
Moreover, had Z, required augmentation by en even polynomial,
then [fl (s) + Ry 8y (s)] would have to contain a zero in Re[s]> 0
for some .£=pin 1 < £< q+1 (R, = 1) and thus z,(s) = £,(s)/g, (s),

relatively prime, would not be p. r.
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3.5 THE NON-UNIQUENESS OF THE CASCADE

It must be émphasized that the resulting cascade will not be
unique since any one of the characteristic impedances of the transmission
lines may be arbitrarily specified and in addition the expansion
procedure cannot detect whether the impedance function of any of the

lumped networks may be augmented at the expense of the next lumped

network in the cascade. Thus
(£6)+fe 060 ] [x@4xs) X©-X6] [coshsTo smhsT, | [Ee+f f19-[0)
2 G/s) 2Gs) 2X (s) 2 Xis) 26,0 2649
a®-9F) 3043 | | Xor-den  XOats)| | sinhT, coshsT | 40)-5) gphgta
L 2G(9) 26(9) 2 X(s) 2 Xis) L 26 2G,)
[ {(s)+f6s) 606 1 [coshsT, simhsTo | [O#Xes)  X0)-%9)] [+ £9-{:9]
26,65) 26,6) 2X(s) 2 X(s) 2Gf)  26(s)
- 9,(5)-9,(-9) 9(6)+9¢) L.S;nhsTo cosh sTo X9-XE)  XE)es)| | Jd-af) 4+l
“——"—-26’(3) ZG,(s) ] 2 Xs) ZX(S)J _262(5) 26G,(s) |

with X(s) a strictly Hurwitz polynomial.

For the first configuration

the input impedance of the first lumped network is fl(s) /Si(s)

augmented by X(s) with that of the second equal to fa(s)/gz(s) for a

one-ohm termination;

while for the second configuration they are

£)(s)/g,(s) and (X(s) + x(-8)]fo(s) + [X(-8)-X(-s)]gp(s)/[X(s)-X(~5)]f,(s)

+[X(s) + X(-s)]g,(s) respectively, neither of which is augmented. It is

clear from the above that the matrix arising from the augmentation

factor X(s) represents an all-pass network as already pointed out by

Koga[22], who states this condition as both necessary and sufficient.

As a specific example we have:

S

t 0] [coshsT, sinhsT,
sinh <T,

cosh sTe

i 1452
TS 28

s |
LT a+s

S
25 1482

coshsT,  sinh 51:,] [' 0]
sinh ST, coshsT

S |
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3.6 SUMMARY

We have established that any Z, of the specified form which is
p.r. for all 0<T <, has ‘Fl /gl(s) (a.n(s)/bn(s) relatively prime)
p.r. and non-Foster. Furthermore, any ZO that satisfies the cascade
conditions and has [an + bn] strictly Hurwitz can be expanded in a lumped-
distributed caescade with one-ohm transmission lines. For lossless,
uniform transmission lines of arbitrary characteristic impedances in
the cascade, the additional condition of Z0 p.r. for all 0<T0<m
is required since this will imply Zl p.r. for all 0<T0<oo , 88 will be
shown,

Specifically fl(s)/gl(s) represents the input impedance function
of the initial lumped lossless network of the cascade, terminated in
the characteristic impedance of the first transmission line with this
characteristic impedance arbitrary and positive and its electric length
m T, (the integer my»1).

The remainder function Z, which terminates the first section
of the cascade, consisting of the lossless, lumped network and trans-
mission line specified above, automatically satisfies the cascade

conditions if Z. satisfies them, while it has its [aflli + 1))

0 -m, n-m,

strictly Hurwitz if Z, can be shown to be p.r. for all 0<T0<co .

1
Thus to prove the necessary conditions of the main theorem
sufficient at this stage only requires showing Zl p.r. for all 0<Ty<
since such a Zl again satisfies all the conditions of the main theorem
and consequently all subsequent remainder functions similarly satisfy

the main theorem or the caescade resulting from the procedure of

section 2.4.3 will be physically realizable. The proof of Zl p.r. for



all 0< To<°o is carried out in the next chapter.

T2
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CHAPTER IV. THE SUFFICIENCY PROOF

The necessary conditions derived in Chapter 2 and stated as
our main theorem will now be shown sufficient and therefore these
conditions are the desired realizability conditions. We demonstrate
sufficiency by showing that these conditions permit a cyclic expansion-
synthesis of any 2, which satisfies the main theorem, where the result-
ing network is the desired cascade network for which a typical synthesis
section consists of a lumped, lossless network and a uniform, lossless
transmission line.

We give two distinct sufficiency proofs: one for the general
case of arbitrary, lunped networks in the cascade and another for the

cless of Zo (in which are included those Z° for which z; =

siai(%)eST0[2i‘n][é;bi(%)eSTo[ai'n] obeys similar constraints)
vgzch possess a constant ensignent or satisfy the equivalent condition
of /u.(k)n-ml-"'mk strictly Hurwitz for all0gkga.

We also restate the main theorem totally in terms of rational
functions, that is,we replace the verification of Z, p.r. for all
0<T,<o0 by & test on rational functions,and finally we show that the
network realization of Z° is directly obtainable from the cascade test

procedure of section 2.4.3.
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4.1 SUFFICIENCY PROOF OUTLINE

The input impedance function of the desired, lumped-distri-
buted cascade network as expressed in terms of the first cyclie
expansion-synthesis section and the remainder function 2,

is given by

o—o “/‘f, A /‘ﬁ |

Rl ) ml7; zl

Fig. b.1-1

(8)+p, (s)1e™ 5T B+ 1)aln o e)-p. (s)]e2eT 2 ]
. [Rlo(ls py(s)le o(Ry Rllx,s)-pls e O[Rl -1
—

[Ry ¥, (s)+ d(s))emETo(z, /Ry + 1] -[-Ry ¥, (s) +d (s)]e~m18T0[2, /Ry -1]

vhere the polynomial elements of the lossless,lumped network matrix
satisfy the following condition:o(l, d 1s 501 are of like parity and
PI’K y &¥e of a parity opposite to that of ?1 for a(l zfi— Pl xl =
701(5)5&71(-9).

We compare this expression for Z, with the one that is possible
for any Zo which satisfies the main theorem. In accordance with the

results of Chapter 3 we may write:

)™ S G L)1 f ) om 2 1, ¢ ifrm]
0 9 1 (5) es 7;7”' ":i’"f (ﬁ}m'es.ro [2!.‘(’( -rn,); 3, (~$) e. ST; m, '):..2‘11127‘:8 37; [2‘: N (71-771, ) ]

{0

since for 2 = ?4{, e*" {2"'")/5 b; ¢$73[2£-‘n])
2:)=§,6) 4,6 £ f,(-5) 7.1
6:6)=9,5) 4. 7 9, (5) Tus)

06[572)
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with}ﬂi(s),7i(s) real polynomials, [fl(s)gl(-s) + fl(-s)sl(s)] =
Gy(s) G,(~s), the proper sign determined by the nature of G, (s),

and ﬁ"’Zn-i ® 0 for all 04 ( ¢ m -1 with 1{m, < n.

Comparing these two expressions for Zo we see that a
physically realizeble and lossless network section of a lumped two-
port and a uniform transmission line can be extracted from any Zo
which satisfies the main theorem and that this synthesis step can
be repeated until termination after a finite number of steps, if

we first define

F(Y =R+, 5 9,(9) =Ry +,
with

+§,(5)= Rk, 5 £9,(-9) =-R Y+
r 6,(906,(9)= £ 28,[a,d -]

and then demonstrate that
I) Z,(s) = fl(s)/gl(s) is p. r. and represents the input
impedance of a lossless, lumped two-port terminated in the arbitrary

positive resistance Rl and

mem,

Z, . i.go ( e, :!:'nd_) eST;: [Zi'('n-m,)]
R ? ‘(‘fh-m, ¥ ’fu)eﬂo [2i- ('n-'m‘)]

again satisfies the conditions of the main theorem.

II)

Since the above cean be demonstrated, as will be shown pre-
sently, we may take z,(s) = fl(s)/gl(s) = (R + Pl)/(RIXl ﬂ{l) to
represent the input impedance of the initial lumped, lossless network
of the chain terminated in the arbitrary, positive characteristic

impedance R; of the first uniform, lossless transmission line.
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This line is fully characterized by its characteristic impedance

R, and its electric length mlT . In addition, since leRl will also
satisfy the necessary conditions of the main theorem, this synthesis
process can be repeated for 2Z; and therefore for every subsequent
remainder function which is thus also guaranteed to satisfy the

main theorem conditions. In addition, Z; will also contain at least
one less term (m;3» 1) in both its numerator and denominator. This
fact assures the eventual termination of the expansion-synthesis

process.
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4,2 SUFFICIENCY PROOF PROPER
We will now prove the two contentions above:
I) By Lemma 3-1 (Chapter 2, p.48) 2;(s) = f1(s)/g,(s) is
p. r. and by Lemma 3-2 (Chapter 2, p.49) is not a reactance function.
Therefore zl(s) can be realized as a lossless two-port terminated
in the arbitrary resistance R, by various methods (i.e. Youla[5],

Darlington[31]). The chain matrix of this lossless network is

given by: £,6) £ §69) {$) 5 (s
[£] <= “ A SZR.{ £z
] % xl

£ | 60| a0k gP 9k
' 2R, 2
where Gl(s) Gl(-s) = fl(s) gl(-s) + fl(-s) gl(s). The proper sign

for the matrix elements is determined by the nature of Gy(s): for
Gl(s) possessing any Re[s]> 0 zeros X, and cfl are even, real poly-
nomials, Pl(s),b’l(s) are odd and [X 1] represents a non-reciprocal
network; for Gl(s) =t Gl(-s) &, and a"l are even polynomials if
Gl(s) is even, and o, cfl are odd if Gl(s) is odd, with [fl]
representing a reciprocal network; while for Gl(s) a real constant
oy » a" , are even and [€ 1] represents all networks which have all
of their transmission zeros at infinity.

The transmission line that is extracted along with the loss-
less, lumped network is obviously p. r., lossless and uniform, since
it is characterized by the arbitrary, positive Rl and m1T°> 0.

II) Next we must show that Z,/R, satisfies the conditions
of the main theorem:
A) 2, has elready been shown in Chapter 3 (p.68) to satisfy

the cascade conditions and to have its a(l) + b(l) strictly Hurwitz
n"ml n-ml
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if 2, is p. r. for all 0<T <00 .

B) Z]_/Rl is p. r. for all 0<T <00 . To facilitate this

proof we rewrite Zo as

Z = No _ ﬁ(;)eﬂé'm, Kt fls)estm L,
Do g/(5)eSTom K £ g, (__s)o_-sTom L,

with the entire functions

- 9, (-s)No + ﬁ(’S)Do

Z %.nn (=) e.s'l;[zi ~(n-m)]

" 6,6) 6
b ‘Lé; 1:6) gsTe[20-(n-m))] 3%’;:);?5)%
and thus
Z, _ K=*l
R K=l
Zy/R, is p. r. for all 0{T(® according to Theorem 3-1(Chapter 3 p. k)
because
1)

nom, .
Z, _ L.Z:, (‘fum,“‘ Qg)esn[z"(”""')]

R, Z ((f”m - ? :7' [2¢ -('n-'m,)]

is obviously real for s real for all 0<T°<ao since To is real in

this range and 50 g 7 4 are real polynomials.

2) i T (2¢- -
IR -2, L,’ & 7ies°@ from] < AeBH

Rz K| % e
' ‘Z'.o 7””"8.{‘7: [ZL-(n m,)]

for some A(T))> 0, B(T,)> 0 in all of Re[s]) 0 and for all 0<Ty{ oo

since fn(s) Zo



if a,(s) # 0 and X; is strictly Hurwitz for ell 0<T <00 except for
an enumerable set of isolated T, for which Kl and Ll may possess
common g'w -axis zeros with the multiplicity of these jw -axis zeros
of K; equal to or less than the multiplicity of the same jw -axis

zeros of L, (as is shown in 4) below). While for s = € + jw

Am |Ri=Z1| =18, gon | Ameme | 575,
o<t R +Z, ¢ o’f;’n—N)o ‘fn € O wtor a11’7>0

and independent of T, in O<To< oo,

3)
R-2| _|L| _ |e*™ [8,6) No-£.(5) Do ]
RZ, lsuju | Kilg gy 1€7T™[ g ()N, +f{-5) D] 5o
98| (Zoszie| |(Relz-Re[])+@nlZl-InGD) g
9,() . Z.+z,3) Swje (Re [Z,]+Re[z,])+;j (an [Z‘,]‘I'm[z,]) = o

for all 0L T <00 since |gl(s)/sl(-s)| = 1 on Re[s) = 0 while Re[2,]13 0

and Re[z ;]3> 0 for Re[s]) 0 and all 0T < co since both Z, and z,
are p. r. for all 0<KT,< @ .

L) Below we prove that K, is strictly Hurwitz for all
0< T°<oo but an enumerable set of distinct values of To in 0<T°<oo
for which Kl and Ll may possess common d'm -axis zeros with the
multiplicity of these common zeros in Kl less than or equal to the
multiplicity of the same zeros in Ll For these values of To I(l
is Hurwitz (K # 0 in Re[s]> 0). For this purpose we regquire the
modified version of Rouché's Theorem [27] stated below:

Rouché's Theorem [27]:Let p(s) and q(s) be holomorphic in the region

G and on its closed boundary C and let p(s) # 0 on C. Everywhere on

9
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C let lq(s)'(]p(s)l or q(s) = p(s). Then the two functions p(s)
and p(s) + q(s) have the same number of zeros in G.

Proof: It is sufficient to show that

gl ; ,
o (F - )~ [ () e =0
since the number of zeros in G = [1/27j ] ﬁ £'(s)/f(s)ds. This
integral equals #n[1 + q(s)/p(s)], evaluated at the initial and
final points of C. Because the restrictions of |q(s)|<|p(s)| or
p(s) = q(s) on C make the Re[1 + q(s)/p(s)],> 0 for the whole contour,

the An[1 + a(s)/p(s)], is unique and thus the theorem is proved. Q.E.D.

Now to apply the theorem to our case we have
P() = [£©+3,(5)] &% ™ K,
9(s) =4 £ -5, (-] "™ L,

with
P(5) +9() = Ny + Do)

while the region G is the RHP and the contour C is the g'w -axis and a
semicircle of infinitely large radius in Re[s]> 0 [38). We now show
that the hypotheses of Rouch&'s Theorem are satisfied:
a) p(s) and q(s) are entire functions for all 0{T,{o> and
thus holomorphic in G and on C(for the point at infinity circumvented).
b) p(s) # O on the contour for almost all 0<T,&e : Here
we must distinguish between two types of zeros, one independent
of T, or due to a polynomial factor and the other type dependent on
T, and occuring at any fixed point in the s-plane only for distinct

and isolated values of T,[34-36]. If we assume p(s) = O for some s=5'¢01,
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then K, = 0 for this same s =jwl, since [fy(s) + gl(s)]eSToml is

strictly Hurwitz. Now Kl = e~-8Tom [gl(-s N +fl(-s)D ]/Gl ‘S)GI(BL =
implies that Zol o= j; -z4(-8) emjuy OF RelZ,],. 4oy -Re[zllsgdu
and ]'-,,,[ZO]FA'wl = Im[z‘lls=5'“’- . Hence K; = 0 on Re[s] = 0 only

0. But these conditions also make

where Gl(s)Gl(s)
L, = eSToml[gl(s)No-fl(s)DO]/Gl(s)Gl(-s) =0 at s=d'w1.

The multiplicity of this zero of l& at 8 = d'wl is equal to or
less than that of the same zero of Ll
Thus, for any function

o4 _d*
Re [dSZk Z,L-J,w dSZk Re[Zo]

$=gw

while

ki +
I [dz + Zo] d_zk/ e[ ]

ds2k+ S_J,‘, dszkh

Stjw

and the multiplicity of any d'u-a.xis zero of K.L’ identical with that of
[Z,+21(-8)], is determined by the lesser multiplicity of this zero in
Re[Z,+ z,(s)]. But the multiplicity of the s = 4w, zero in Re(Z+ 2, ]
is identical with the lesser of the multiplicities of this zero in
Re[ZO] or Re[=z= l], equal to 2p or 2r respectively, since for Z  and

zl p. r,

>0,
3-5(»

é‘.‘.;. {Re[Z]}

Hence, the multiplicity of the jwl zero of Kl is equal to the least
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multiplicity of the same zero in Rel[z ], Re[z]_] or I (Z - =z 1], which
implies that L; contains the same s = jw, zero of G,(s)G(-s) with
equal or greater multiplicity than Kl. This result is valid whether
this zero in Kl and Ll is due to a polynomial factor or is a function

=[p(s)+q(s)]L =0

of T,. Hence if K = 0 at s = J@; than [N +D,) iy
1

8= 4w
which contradicts the p. r. character of Zo for almost all T ° in
0<T,<o0 . The exceptions are those distinct values of To for which

Gl(S)Gl(-s) and D

ols= d.wl are all zero without N, D

s=jwl o

possessing a common factor (2 ‘ =0/0 can still possess a Re(Z_]30).
03.351. (o]

If for eny of this set of T_, in addition to Ny, D  end G,(s)G,(-s),
Kl is also zero at s= jwl then this zero of K1 must be dependent upon
To and not due to a polynomial factor. On the infinitely large
semicircle in Re[s]> O obviously p(s) # O.

¢) The last hypothesis of Rouché's Theorem to be demonstrated

in our case is that |q(s)/p(s)| < 1 and for }q(s)/p(s)'c = 1 that
c

p(s) = q(s). Now

[{'l (‘S) -d ('S)] e‘STo ™ Lll =
[£(9) +9,)] e*™™ K. o

9(s)

—_ i- z.(-s)l
pes)

{4+ z,(s)!s.j-w

ZO - zu(s)
Z° +Z'(—s)

Ssju

<4

Sejw

since Re[Z 10 and Re[#,]>0, with Re z,(-s) = -Re 2(s), for

Re[s]30 and all 0T oo . If Re[z,]=0, then lq(s)/p(s)l =1 .
s=jwl szd’wl

But p(s) + q(s) = [N°+D°] (Zo is p.r.) cannot possess any fixed

dw-axis zeros for almost all 0KT_<co and thus qa(s) = p(s) at those
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1. On the

points where Re[ z (s)] =0 or lq(s)/p(8)|

ssdml s=ﬂ'm;|_$=
infinitely large semicircle in Re[s)> 0 q(s)/p(s)—> 0.

Since the hypotheses of Rouch&'s Theorem are satisfied for
p(s) and q(s) at almost all 0<T,<c0 , we may use its results.
Hence K, has no zero in Re(s]>» 0 for almost all 0< T <co since
{N,+D,] has none there and K,# 0 on Re[s] = O for these values of T,.
For those zeros of K, and [N°+D°] which are a function of T, their
location in the finite s-plane is & continuous function of To for
0<T <o [34-36]. Thus for the enumersble set of T  in 0T, for
which Rouché&'s Theorem may not be applied or for which K.L possesses
any jw-a.xis zeros, Kl is Hurwitz since the members of this set of
T, are isolated values.

In addition, Ly also contains these same jw—a.xis zeros with
a multiplicity equal to or greater than that in Kl and Zl/Rl is p.r.
for all 0{T,<® , while at the same time possessing at least one
(lsm < n) exponential term less than Zo in both its numerator and
denominator.

We have therefore demonstrated that the necessary conditions of
Chapter 2 are the realizability conditions for a cascade of lossless,

uniform, commensurate transmission lines and lossless, lumped, networks

with either a resistance or lossless termination.
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L.2-1 ALTERNATIVE SUFFICIENCY PROOF FOR Z,'s WITH CONSTANT ENSIGNANTS
An alternative proof of the sufficiency of the conditions

of the main theorem is possible for those Z, whose F(s) F(-s) is a
constant or satisfy the equivalent condition in terms of /"-(k?)u(
-« n
(including those Z, whose 2} =Za&(l/s)e5To[2i"n] /2 bi(l/s)eSTo[Zi’“]
) t=0

satisfy similar conditions). This proof is based on the J.C.V.L.
Theorem of Chapter 2.

As shown in the proof of Lemma 2 (Chapter 3 p.45) for both
types of Z, repeated applications of the J .C.V.L. Theorem to Z, and
its remainder immittances will yield an LC ladder terminated in a

. (r) (r)
P. r. impedance function Zo for which both lim 2 /s and

(r) 0<¢6I> °
lim llsz° are zero.

046> 0 ( )
Thus we may write Zo in terms of this LC ladder and Z()r
or S, ' sTo (2¢-n
CwZsp 2 Ko 4Bl JesTo2im)

TV R (Y +d e A

L=0

—% Pk
| )
—1 J/k:__Slj Zo

Fig. 4.2-1 -1

! dﬂ 1 a" AP
vhere (', are even real polynomial, X,P odd and «'d $y= k>0

for any LC ladder and

™3

Z.('V‘) , Ll e (3i-m)
o = b‘r‘ . Jn(zl:_n) v

T™Ma

Not only 1s z{T) p. r. for a1l 0T <o but it also satisties the
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cascade conditions of the main theorem since

MY 9,(-s) aier+ fil-s)bi(9)= [&'f'_/@’x‘][gn {‘-‘)ari““l[w")b-ri{“y
= (o)
VO = . _ k{“ 7e .
£ = 99 i) - D b = (- By ][906) Cri(5) - frlIbaitS]
=k v

for

ayls) = 7[:{‘) %‘:25) = [’("'ru"'ﬁ%"‘n]’[“'f’" (s)"',B’?r:F‘)] V’(:)
bn(s) = 9,(9 ‘0:’)(3) =[¥'arn? cf'b,.n]-[x'fw(-’) -Hffyf, (s)] :)

where we may define a,, = fy, (s)({(;), b, (s)= g,n(s)so(:) since the
J.C.V.L. Theorem expansion does not affect ?1(10)(3) = g.c.d.[an,bn].

Also:
251y 5) 4an5) bn(6) = (96, 5) Y0 [ TP Tl 3l o5 5T
and for Gl(s)Gl(-s) a factor of F(s)F(-s) a constant, G,(s)G,(-s8) or
£, (s)g, (-s) + £, (-s)g,, (-8) are constants.
Summarizing, we have for z_(s) = £, (s)/g.,(s)
1) aeglt,, (s)] = deg (g, (s)]
due to the repeated application of the J.C.V.L. Theorem and
2) [z, (s) g, (-8) + £, (-s)g, (s8)] = K> 0
as a result of the cascade conditions. These two properties of

Z 4, (s) make zy(s) = R, as is shown in our next lemma.
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Lemma 4-1: If deglfy,(s)] = deglg,, (s)] and £, (s)g,, (-8)+L,, (-8)e,,(s)
= k,> 0, with £..(8), g€, (8) real polynomials, then zy(8) =

£ (8)/gy (8) = B,
Proof: 1If deglf., (s)] = deglg,,(8)] then the real polynomial in s are

-‘)[‘YI(S) = {PSP +{P"$Pd+ vee +£s +7[o
97 (%) ’5P$P+,9P—ISP.'+--' +9,5+9

with £ a
P’ Sp* 0 an

*LinOIn I f0(9920] 0 Ffo b g b o g,.] 5

ot [ado-Fs o0l s afe < 2

This last expression implies that fi’ g = 0 for all 1¢ig¢p or

Zry (8) = £ /g , vhich we define as R, = f,/g,. Q.E.D.
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Lemma L-1 thus implies that &, (s) = ym (s), b, (f?( ) (s)
with the real constant Rl>° since Z‘() ) is p. r.

This last result allows us to extract a lossless, uniform
transmission line with a characteristic impedance of Ry é.nd delay of

m, '1' since Z( r) satisfies the cascade conditions. Specifically
)
/(ff q(f.),,_L- O for all 0<i¢m;-1 and a,,(s) = R, ‘f()(S)' b (s)=¢;)(s)

allows us to express

ari= K, (‘f +7r>
bri = (yﬂ '72,:_))
()

() - .
with (/f)”_f"?,r‘: =0 for 0<idm-1 or

)

@ - (o) T [2i -(n-
Z"") R, [eST'm i?":: 7, 4m, + € sTm “, "Zr ]e‘ [ t= (" ’"}]
- sTom, m, ©. ~Tom, = @7 o5To [24. o ‘)]
Lef £ [nism =€ S .)€

;:o

The remainder function after the extraction of the LC ladier and

lossless transmission line from Zo,

73: uo [‘f‘fh‘m, + 75‘0)]8':7: [2( '6’-"771,)]
[(f (:-i'm = 72(02]657’,[2£-(n—m‘?]

with Ry = lim 2 o? is p. r. for all 0<T <0 by Theorem 3-1
o<6’-’m

since the zeros of [1 + Z]_/R ] given by _ Yﬂru-'m cSTO[ZL-ﬁl"m )] 0
[

are identical with those of [1 + Z/R] given by esfromlz,‘7 ST (2i-(n-my)]

= 0, the ensignant of Z; equals that of Z, and (f(:l)(s) $ 0. In addition,
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Zl also satisfies the cascade conditions because

(e)
© _ Ari+R byl _ oL M
Te 2R, 2R, 2Rk
(p. #5)
() _ ari-Rbri _ v vy
Tri = ZR, ~ 2R, T 2Rk

for £, (s) = Rs By (s) =1

Thus Z1 again satisfies the main theorem conditions and the
synthesis procedure applicable to Z° also holds for Zl and all
subsequent remainders. At each step of this procedure Z, will contain
at least one exponential term less in both its numerator and denominator
than Z,_;, thus assuring the termination of this synthesis of Zo' The
result will be a cascade of LC ladders and lossless, uniform,
comuensurate transmission lines and we have thus proved the conditions
of the main theorem sufficient for the type of network configuration
for which the ensignant of Z° is & constant.

We note that this particular network realization will be
unique or canonic if ideal transformers are not permitted and the
LC ladders and the characteristic impedances are determined by means

of the J.C.V.L. Theorem.

If now in addition, ZOIT o is specified as
=

a
ZJR*°= Sb+l

where a, b are positive constants, then the LC ladder must all reduce
to ehunt capacitances since any series inductances in the cascade

realization of Z, will cause Z°‘T 0 to violate this specification.
°=
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The network realization of any Zo satisfying the hypotheses of the

n

main theorem whose Z; = Ifai(lls)eSTo[ai'n]/ g; bi(lls)eSTo(2i‘n)

=20
possesses a constant ensignant or all of whose Gk(s)Gk(-s) in the

(9-1) ( 'I)

cascade test procedure including u.’ ' .. .m(s) 7 _m€8) -
/‘n ml mq-l n_m]--- L] mq_'
Kﬁ:?_.S?quao Vlzi; -...-mgslo are constants is obtained from

that of Zé by replacing every inductance Lt by the capacitance

c; = 1/L; and every capacitance C; by the inductance L; = 1/C; in
order to account for the transformation of the variable 1/s to s

in the polynomial coefficients of Z;. Therefore this Zo represents
a cascade of CL ladders (that is, ladders with capacitance series
arms and inductance shunt arms) and uniform, lossless (IC) trans-

mission lines.
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4.3 SYNTHESIS OF Z, IN TERMS OF THE CASCADE TEST PROCEDURE

Once any p. r. Z, has been found to satisfy the cascade
conditions of the main theorem, its network realization is available
directly from the rational functions generated by the cascade test
procedure of section 2.4-3.

Specifically in the sufficiency proof of the cascade conditions
in Chapter 3 we showed that if Z1 is p. r. for all 0<T {00 then

because of the cascade conditions the elements of the derived matrix

k) (k)
[/“( » Vg

(k) , bik) th

] cen be expressed in terms of the polynomial-coefficients

of the k™ remainder function Zk of the expansion

procedure or

k+
(k~1) (k-1) () ®
/“i-mki Vo = Al = 17:, G,e(‘) Gel~) a;

/a(k—l) 2V kl _B(k) 77— G (S)G/@(S) 'Qk-,b”‘)

LMy

vhere the negative sign holds for Gk(s) an odd polynomial and

g To (20 -
Z % a¥ e“( Lo
K= ™m .
Z{‘ bi(k)eST;(ZL-‘nk)
t=0
Thus the L (s) gk+l(s) defined by the cascade test procedure

{k«&l(s) - A(k) 2 2% 6 &) GI(J) af,,k

and the fk+l(s), gk+1(s) obtained in the expansion procedure of the
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sufficiency proof of the cascade conditions

k
) finbs)
b%’:‘) Ik+ (3)
are identical sincc the value of R; is deternined in the previous step

of the expansion procedure by the appropriate choice of the characteristic
ipedance of the kth, uniform, lossless transmission line of the cascade.
The rational functions rkﬂ/gkﬂ, 0<k<q, are, of course, all p. r.

since Zk is p. r. for all O<T°<Oo and 0Kk (q.

Hence, once we have found that a given p r. Zo satisfies the
cascade equations we ar¢ able to immediately give its network realiza-
tion by synthesizing: fl(s)/gl(s) as the first lossless, lumped
network terminated in the arbitrary, positive, characteristic impedance
Rl of the first transnission line,

frals) _ Ra Aégk
Fknl$) ) .Bn,:
as the (k+1) lossless, lumped network (2 kg g-~1) with fk+l(s)/5k+1(s)

an impedance function terminated in the characteristic impedance or

admittance of the (k+1)th transmission line in the cascade, and
(9-1) -
‘F?-n(s) _ R? Mg i‘.V(Z )
Ky - (9-1) N
g ls) ny. F yﬁ) )

the final lumped network with the upper sirn determined by the nature of
Gy ©F Gqﬂ(s)Gqﬂ(—s) = rq+1(s)gq_'_l(-s)+rq+1(-s)gq+1(s). The various
lumped networks are interconnected by uniform, lossless, commensurate
transmission lines with their characteristic impedance or admittance
determined by the termination of the lossless lumped networks above

and their electric



(k-1) V(k_l)~

s
i M-yt 0

length kao determined by the cascade condition /u
for 1¢i¢m -1.
In effect then the cascade test procedure of section 2.4-3

also ylelds the realization of any Zo which satisfies the main theorem.
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4.4 MAIN THEOREM IN TERMS OF RATIONAL FUNCTIONS SPECIFICATIONS

Since the cascade test procedure in effect yields the network
realization of any Z, vhich satisfies the coﬁditiona of the main
theorenm, it seems plausible that we could restate the main theorem
enyirely in terms of rational functions specifications or equivalently,
to replace the p. r. specification of Z, by an equivalent specification
on the derived matrix [/uik) . \Vik)].

This is, indeed, possible. From the results of Chapter 3 we
know that any Z, that satisfies only the cascade conditions and has
[an + bn] strictly Hurwitz can be expanded into a cascade of lossless,
lumped, but not necessarily p. r., networks and p. r. uniforn trans-
mission lines. The lunped networks are characterized by the real
polynomials fk+l(s), 3k+1(s) generated by the cascade test procedure
of section 2.4-3, where [f, ., + Ry ]s 0¢kgq, are shovn to be
strictly Hurwitz in section 3.4-3. Hence to guarantee these lumped,
lossless networks p. r., and therefore the cascade physically realizable,
requires the additional specification on the product of the first n

(k) _ (k)
g oV

main-diagonal elements of the derived matrix [/L ] of:

Gk(s)Gk(s)l > O for all Re[s] = 0 and 1< kg q+1 vhere
sadw

Go(8)Gy(-8) = £, ,)(8)ggyy(-8) + £04,68) Bqey (8) is
defined in section 4.3.
Thus we may restate the main theoren as:
Main Theorem: An irreducible
_ :2:0 a;(s) gsTo(2i-n)
s b; (s) e 5T (2i-m)

i=0

0



with ai(s), bi(s) real polynomials and T > O represents the input
impedance of a lossless cascade of lumped networks and uniform,
commensurate transmission lines with a resistance or lossless termina-
tion if and only if:

1) a,(s) + b,(s) is strictly Hurwitz and

2) Z, satisfies the cascade conditions with

Gy (8)G, (-8) 0 on all of Re[s] = 0 and for each 1{k( g+l

mere. folOfgy0 =00 A uli 5 NP v
relatively prime.
It is finally pointed out that the conditions given above are
sufficient conditions for p. r. function of this form to be p. r.
In other words a function of the specified form is p. r. if it

satisfies the conditions of the main theorem.

9L
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4.5 EXAMPLES
Our first example is a Z, which does not satisfy the cascade

conditions [Lb]:

_ (e (Ts+0)E™ +4(-5) + 5 (1-5)* = 2T
(4+)(1+9)(7s41) &> - 64245 - 5(4-5)(1-5) ™™

Z,

The two coefficient-columns are

a,]  [6+)*fsen) b, (@+)1+9)(Ts+1)
a;] = la,| = | 4(1-) bi]- |6, =| -6+24s
a, S(1-sp b -5@-s)(i-s*
for which {'(S) = ( +S) and
9,6) (s+4)
(0)
Al 2(4-s)(1+s)s+) A 0
/“(fy‘ A9 L tofims)itas) ERAV MR #7s)(1-2s)
L ) v 10 (4-8)(1-s)*

0, ()
Ordinarily we would now discontinue our testing since /“(1) and V (1)

do not contain Gy (s)G, (-s) =2(4 -s2) as a factor which shows f:hat it is
necessary to augment Zo by the even polynonial (4-82) in order to
obtain a cascade realization of Z,. However, this fact does not violate
the cascade conditions as yet since /(L(;) = Gl(s)Gl(-s) $0(;) . Now

calculating Aj(_l)} and Bil)] yields for m =1, G,(s)G(-s)=2( 4 -s2)

R R I P
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[z{7g+,,)(3+es+9)J

101 -s (3465 455>

I A‘? 2 (7 S+M)(5+25 ~82- 53)} [ 3"
A:'_)]= [A(‘l’)] ) [’o("’)(5-2$ ~s-s%) B(] B,

for which /a"/

fals) _ (5+2s-5%-§%)
R, 9,(5) (3+65s -52-53)

is

4(7s+1) (-56+954-20 §* +15
0] _
,a.] = 0

[

But/ail) = 4( 75+ 11) (-56 + ?J“ - 20 §* +15) does not contain

Gl(a)Gl(-s) as a factor and thus this Z, fails the cascade conditions

test and does not represent a physically realizable cascade.

Example 2

__6s [(13s+1ss+im)e* - ( 245*+25424)+(65*- 55+6)e* ]
O (545t 815% 13824315 +54) 25 (128 o 1136 5~ Bs +72 {854 274 462 25 1g) €

Cascade Condition Test:

bs (185>+155+18) (545“+%Is’+l38s1+8/s+54)
a] = - 65 (249+25424) b]- {25+ 185 +136 5 1Bs+72)
65 (6s*-55+6) (18s*-2753+4652-2]s+18)
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6s A4 (S) 2
F ‘F.(S) = = =% S G,(-J) =-/25
o 9(®  3s%325+3 b, ) ’ 6.

4] 51 o] o] vE]- 98993 [04]

become
~725 (65 +55+6 o
(,o)__: 2431(631"5'*6) V{:O)] = ‘7252{6S2+3+6)
¢ 0 24s* (6s*-55+6)

Thus m) = 1 and G,(s)G,(-s) = ~128°

1] )
for which A(:’ = /a(z ].. y‘{oy and 3‘ = /“4(‘:)/ ]+ V‘.(o ] ,

-72.5* (4s) ] [~6(7252) (25" +5+2)
)] ) [ z4i*((4:)} Bi’] [ 5(243)(2&-“2)]

i)
he A2 RG,6s) = -125%  ana
R g  BY  6s*+3s+6 )

/fll"j]= [(— 125*)-6s*) 2 4;'

) o
V- [(ﬁzs’)%sz)(- )

with my = l. Hence Zo satisfies the cascade conditions since

()
u" = G669 R Ge) 6,6s) P, -

In addition 2, 1s also p. r. since

t 0

[an(s) + by (s)] = 3(3s2 +8s + 3)(6s2 +58 + 6) is strictly Hurwite
and both Gy(s)G,(-8) = ~12s2> 0 and G,(s)Gp(~s) = (-682)3 0 on Re[s]=0
and f3(s)/Rygg(s) = 24-8/2U+8 = 1/2.
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The network realization of this Zo is thus given by the

following:
The infitial impedance given by
bs
2 f&

o 96) 35242043

represents the initial lossless network below:

cal Bk .
;'ZT ‘EL‘?_ Rei=3

where we choose Rolv 3 to avoid an ideal transformer.

The second lumped network with an input impedance of

(s) 2s
Z,(5)= ho .
9,6) 25*+5+2
is given by
(no ideal transformers)
e %de Roz= 2 ’

while the third and terminating network is a resistance of Ry = 1

since for f3(s)/Ro,_ 53(3) = 1/2 and Ry, = 2

(s)
23(5)8 ‘FS ROZ = i .
9,6)
The network realization of the zo above is therefore:
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CHAPTER 5. THE REALIZABILITY CONDITIONS OF OTHER
CASCADE NETWORKS

Now that we have the realizability conditions for a cascade of
lossless, lumped-parameter networks and lossless, uniform, commensurate
transmission lines with a finite nonzero resistance termination or with
an open or short termination, we can obtain the realizability conditions
for the following cascade networks by suitable transformations:

(1) Lossless lumped-parameter networks and distortionless

lines (RCsLG)
(2) RC lumped-parameter networks and RC lines (L, G=0)

(3) "predistorted" RC lumped-parameter networks and L=0 lines
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5.1 CASCADES WITHOUT LUMPED TWO-PORTS

Before dealing with these particular networks we should point
out that our main theorem and the subsequent theorems of this chapter
also hold for cascades devoid of any lumped-parameter networks or
cascades consisting simply of uniform, commensurate transmission lines.
As a special case our main theorem proves Kinariwala's theorem for
loasless, uniform, commensurate lines:
5.1.1 KINARIWALA'S THEOREM:

% a‘i eS"Z(ZL—n)
Z(S') - 130 a;, by real and

ﬁ bi. es'\"° (2(-7\)

ie0

real, constant To >0 represents the input impedance of a resistance-
terminated cascade of lossless, uniform commensurate transmission

lines if and only if:

1) 2(s) is p.r. and

2) the ensignant MMy - NN, =c 0 or 2 is an odd function,
For this type of cascade as well as for those consisting of
distortionless (RC=LG) lines the a;(s) and bi(s) of our Z reduce to
real constants and thus we can always write, as Kinariwala does, that

5 = MA * MY
by = ¢ - M

'y

a

by

where R, =
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Hence the only result of Chapter 3, that we require is
the equivalence of MY M; - N N; = F(s)r(-s)#0Oors0 and the condition
that if ({ 4 ® 0 for 0€1< (m-1) then the corresponding ‘7n—i = 0, since
this assures that the line we may extract at each synthesis step is an
integer multiple of the elementary electric length T, so that the
synthesis process will terminate after a finite number of lines have

been extracted.




5.2 THE CHAIN MATRICES OF DIFFERENT TRANSMISSION LINES

The chain matrix for a general, uniform transmission line is

cosh X(s) X K

sinh ¥ (s )xg

Zok(s)

Zox(s)sinh Y (8)Xg

cosh X(s)xk

where the propogation function ¥ (s) =\(Lys + Ry) (Cys + Gy )

and the characteristic impedance Zo(s) = Y(sIy + Ry)/(8Cy + Ry)

with Ry, Lx, Cx and Gy tne per unit length immittance parameters that

are independent of the length X (uniform lines). The commensurate

specification of the lines in the subsequent theorems implies that

102

¥ (e)%g = mT, h(s) vith m, & positive integer and T, and h (s) defined

for specific lines in table 1 such that X = Rp/Ix a.ndfs Gy /Cy are

constants for all the lines in a cascade.

Type of Line

m Yy To

h(s)

zok

General

VIl Xy

\‘(a-fo()(s*-ﬂ) \{—F’T J_%}E

Lossless

VIO %,

Vel

distortionless

VixCy X

(s+eX )

Vix/Cx

RC

VR Cx Xy

o

L=0

VRl %

‘Ba

\JRk/(si'ﬁ )C,

C=0

Y IGy X

e

Table 1
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We observe that the determinant of this general matrix is
independent of the functions x(s)xk or zok( s) and equal to one, but
that A, D are in general no longer even functions of s or B, C odd
functions of 8, as is the case for lossless lines. Consequently, for
cascades containing any but lossless lines we may no longer express one
of the cascade conditions in terms of the ensignant of the input impedance
or as MM, - N,N, F(s)F(-s).

However, we may make use of certain transofrmations that permit
ur to formulate the realizability conditions of the cascade networks
listed above in terms of the realizability conditions for mixed lumped-

distributed lossless cascade networks.
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5.3 DISTORTIONLESS LINES
The only difference in the form of the input impedance of the
cascade of lossless, lumped-parameter networks and distortionless
uniform, commensurate transmission lines from that of the same cascade

but with lossless lines occurs in the ’exponentials such that
7. ¢ .'30 ai(s) e&+)To (2i-n)

n )= L,; 3

Eo bL(s)e(s"“)T" (2i-n)

with the parameters defined in Table 1. Here the real polynomials

ay(s) and by(s) are identical for both cascades since Zg(s) is the same
for both types of lines. It should be obvious that if we now substitute
s for (s+o{) in the exponents of Zj_n(s) we obtain a new z;n-zo that must
necessarily be realizable as a cascade of lossless, lumped-parameter
networks and lossless transmission lines. Conversely if a Z;,(s) of
the form above can be realized as a cascade of lossless, lumped-parameter
networke and lossless, uniform transmission lines after the substitution
of 8 for (s+0() in the exponentials of Zin(s), then we obtain the
network repzfesentation of Zi.n(s) from that of Zi n(s)ﬂnzc.(es'r"’, s) by
substituting for the lossless lines distortionless lines characterized
by m 7= VIeCp Xy, =Ry /1y, %Gy /C; and 2y (8)= YT, /Cy. Hence we may
establish the realization conditions of Zin(s) in terms of those of 2,
We therefore have

Theorem 5-1: A driving point impedance

:\Zo a;(s) ds 4T 2i-n)

Zih iy
S b, (s)ets+) T(2i-n)

is0
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vith a,(s), by(s) real polynomials and real T,)> O represents the input
impedance of a cascade of lossless, lumped-parameter networks and
uniform, commensurate and distortionless transmission lines if and only
ir -
2 a9t

Ziﬂ’ m .
3 bis) esTe (zi-n)

is realizable as a cascade of uniform, commensurate, lossless trans-
mission lines and lossless, lumped-parameter networks. The network
realization of Z,,(s) is obtained from that of Z;n(s) by replacing the

lossless lines by appropriate distortionless lines with

m T = Y Cy Xg» 0K =Ric/Ly=Gy/Cy and 2, = VL /Cy.
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S.4 RC LINES

If we compare the chain matrix of a uniform lossless transmission
line with that of a uniform RC transmission line, we note that we can
obtain the lossless or LC line from the RC line matrix by first substi-
tuting A2 for s and then multiplying B(A) and dividing C(X) by A .
Conversely the RC line matrix may be obtained from the LC line matrix
by first dividing B(s) and multiplying C(s) by 8 and then substituting
m for 8. But this corresponds exactly to the transformations for
reciprocal lumped-parameter networks [32].

Thus if we transform the chain matrix or impedance function of a
mixed lumped-distributed RC cascade to a mixed LC chain matrix, then
this mixed IC chain matrix must necessarily be realizable as a lossless,
lumped-distributed cascade. Conversely, if after the appropriate

transformations a 2x2 chain matrix with elements of the form

E 0-;(5') e‘fs’n (2i-n)

2 b‘ (q?) E‘GT"(?‘-’ “)

[S1 ]

or an impedance function of the same form, where a;(VE' ), by(Vs') are

real polynomials in \f8' and real To>» 0, is realizable as a cascade of
lossless lumped-distributed networks, then the original chain matrix
or impedance function represents & lumped-distributed RC cascade whose
configuration cen be obtained from the realization of the transformed
(LC) matrix by the procedure outlined in the following theorem:

Theorem 5-2 The chain matrix
A (V&) B (Va')

¢ (Vs) D (V&)



107

with elements of the form

3‘: a; (5) e T(2i-n)

2 bi(\F)e®Teim)

]
or the impedance function Z, of the same form vhere a; (V8 ), bi(\[? )

are real polynomials in \[s' and real T, > O is realizable as a cascade
of commensurate, uniform RC lines interconnected by means of lumped-
parameter RC networks if and only if Z,

z A(A) +ABR) or 2 =X\2Z. ()

° " CB) + DA) °

A
is realizable as a one-ohm resistance-terminated cascade or Z; as a

lossless terminated cascade of commensurate, uniform, lossless trans-
mission lines and reciprocal, lumped-parameter LC networks. The network
realization of the matrix or impedance function is obtained from that

of 2, or Z; by substituting resistances of equal numerical value for

the inductances, uniform commensurate RC lines with kaO-\fﬁE:; xk,

Rok -m for the lossless lines and deleting the one-ohm termination
for Z,.
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5.5 L=0 (OR C=0) LINES

The above transformation procedure is also possible for cascades
containing only commensurate, uniform L=C transmission lines
(Y(s)= Rka(a-tP )s Z,m W and "predistorted" lumped-parameter
RC networks where each capacitance cik shunted by the proportional
conductance Gyx* Cyq)[28]. These "predistorted" RC networks can
obviously be described in terms of the variable \J(uﬂ) . Thus a typical
chain matrix element or the input impedance function of such a

"predistorted"” mixed RC cascade has a form of

3 a.(Vivp) P o 2imn)
3 b (Ve B Tol2im)

+20
vhere m, T °=Vchk‘ Xy (commensurate), ﬁ =G, /C, and ai(VME )s bylys+f3)
are real polynomials in Ys+/S. We may utilize the realizability conditions

of our main theorem for this network by making the following two
transformations: first we write s'ss+ , thereby changing the predis-
torted lumped-parameter RC networks to RC networks and the L=0 trans-
missinn lines to RC lines. 8Second we set «s—'\ =A . and multiply B()\)
and divide C(A) by A , thus transforming the newly obtained RC networks
to IC networks. If this resultant chain matrix or impedance function
can be realized then the original mixed predistorted chain matrix or
impedance function is realizable or we may write:
Theorem 5-3: The chain matrix _
A(Ys+8) B( Ys+f3)

c(\/_sTrF) D(\fs:,g)_.
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with elements of the form, or the impedance function Z; of the same

form,

‘% a; (Vs+ e@%(z’;’")
2 b, (Vsig) eV T, (2in)

vhere real T,» 0 and ai(\Js-c—B ) bi(\/s-fﬁ) are real polynomials in
Vs+ ﬁ , 18 realizable as a cascade of commensurate, uniform, predis-

torted RC lines (L=0 lines) with mk'ro-\[akck‘ Xic» /S-Gk/ck,
Zox '\ﬁ‘k/ck (s+ ﬂ ) and predistorted lumped-paraneter networks with

capacitances Cik shunted by the conductances G:I.k' Fcik if an only if Zo

a7 AA) +A B(A)
z Az (A) or Z, = _é%_[?'ﬁ'(‘%

A

is realizable as a one-ohn resistance-terminated cascade or Z; as a
lossless terninated cascade of commensurate, uniform, lossless{or LC)
transmission lines and reciprocal lumped-paraneter LC networks. The
network realization of the above matrix is obtained from that of

z by substituting for each inductance I’ik the resistance

(]

Rik(n )=-=L:lk (hy), shunting every lumped-parameter capacitance Cy,
by a conductance Gik’ﬁ Cik('b'), replacing all lossless lines by the

appropriate L=0 lines and deleting the one-ohm resistive termination

for Zo.
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CHAPTER 6. CONCLUSIONS
In the foregoing chapters we established the realizability
conditions for the following mixed lumped-distributed cascade filters
involving commensurate, uniform transmission lines:
(1) 1lossless lines and LC networks
(2) daistortionless lines and LC networks
(3) RC lines and RC networks

(4) L = 0 lines and "predistorted" RC networks

These conditions are given in a single~variable formulation involving
only rational functions [Chapt. 4 p.93] which makes their verification
no more difficult then the realizability conditions for rational func-
tion impedances.

In addition we give a synthesis procedure [Chapt. 4 p.99] for
those meromorphic impedance functions or chain matrices which satisfy
their respective realizebility conditions. We accomplish this without
resorting to a two-variable or multivariable formulation of the problem.

More generally, we derived a set of necessary and sufficient
conditions for the p.r. character of general meromorphic functions.
This particular set should be very helpful in obtaining the realiza-
bility conditions of other network configurations that contain trans-
aission lines.

The transmission lines of the various cascades discussed here
are all specified to be commensurate. These single-variable techniques
should be used pt to obtain the realizability conditions for

the various cascades containing non-commensurate lines. It seems that
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for these non-commensurate line cascades an additional specification
on the input impedance is required. For lossless lines this will most
probably be one on the composition of the electric lengths in the
exponentials [k1].

The most productive approach to the problem of determining the
realizadbility conditions for more general network configurations
involving transmission lines will probably have a two-fold aspect:
for some parts of the problem the use of single-variable techniques
will be convenient and for others multivarisble function theory.

As a last unsolved problem we may mention one that will allow
these filters to be used in some optimal manner, namely, the approxima-
tion problem. Little or nothing has been done in finding methods for
generating optimal filter functions of the functional form specified
in this theeis. The two-variable approximation problem is also almost

completely barren of useful results.
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