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Abstract
NEW TECHNOLOGY INVESTMENT, SETUP COST REDUCTION,

PRODINCTION COST REDUCTION, AND PROCESS
QUALITY IMPROVEMENT

by
Mohammad Javad Paknejad
Advisor: Professor Georghios P. Sphicas

Recently, Porteus (1985b, 1985d, 1986b) has developed a framework
for anglyzing the economic tradeoffs associated with lower setﬁp
costs. In particuiar, he introduced the option of investing in order
to reduce the setup cost parameter in the classical EOQ model. Plus
he extended the framework to include a feature for certain quality
defect considerations and introduced the option of investing in
process quality improvement in an EOQ model adjusted for quality.

The purpose of this paper is to extend Porteus' framework to a
deterministic inventory model (called the basic model in this paper)
with finite production rate and finite shortage cost. In addition,
the paper extends the framework by introducing the option of
investing in new technology in order to reduce the production costs.
In the extended framework three aspects of advantages of investing in
new technology are analyzed, namely, reduced setup cost, reduced
production cost, and improved process quality. The paper first
considers 'the sole option of investing in new technology in order to

reduce the setup cost. The setup cost parameter of the basic model
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is treated as a decision variable and an appropriate investment cost
is incurred when its value is changed. Explicit results are obtained
in two special cases of investment cost fﬁnction, logarithmic and
power, The paper then goes on to introduce the option of investing
in new technology in order to reduce the production cost per unit
parameter of the basic model with no backorders, and derives explicit
solutions for the case of logarithmic investment cost function. It
also combines the two investment options and carries out an analysis
of the simultaneous selection of the setup cost parameter and the
production cost parameter of the basic model with no backorders.
Using the results of Porteus (1985b, 1986b), the paper then adjusts
the basic model to account for relationship between lot size and
quality. In particular, we assume, as in Porteus (1985b, 1986b),
that while producing 2a single unit of the product, the production
process goes "out of control™, with a given probability, and starts
to produce defective units until the entire lot is produced. We,
then, add a rework cost to the usual setup, production, holding, and
shortage costs included in the basic model,'and derive some explicit
solutions. The paper then examines the option of investing in new
technology in order to improve the process quality, and obtains
explicit results for the special case of logarithmic investment cost
function. It also considers the option of investing in new
technology in order to reduce the setup cost parameter of the basic
model adjusted for quality, and derives explicit solutions in two
special cases of logarithmic and power investment cost functions.

Finally, an analysis of the simultaneous selection of the process
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quality parameter and the setup cost parameter of the basic model
adjusted for quality are carried out. BResults are illustrated with

numerical examples and sensitivity analysis is performed briefly.
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CHAPTER 1
INTRODUCTION

Ever since the introduction of mechanized power in the eighteenth
century, automation has been a major force in the rationalization of
the production process, with the aim of improving productivity and
increasing production volume.

Until recently, automation has been more or less synonomous with
mechanization. Early applications were simply mechanized control of
machines or material~handliﬁg equipment that did not require a human
operator, However, owing to the rigidity of far-reaching
mechanization, there were several limitations in its applicability in
industry. Mechanized production processes required large investments
and, as there was hardly any built-in flexibility in the production
process, a high product volume as well as a high standardization of
products were prerequisites. Before the production of a new product,
the whole production line had to be rebuilt. For these reasons,
automation in the sense of mechanization was mainly applied in
industries with mass production, such as automobiles, household
appliances, and electronic calculators. However, in job-shops, which
produce a high variety and low quanity of specialized products,
mechanization never made any significant inroad. The only way to
maintain the necessary flexibility was through manual operations.

The emergence of advanced manufacturing technology as a result of
the convergence of mechanical engineering and microelectronics is now

changing the whole concept of industrial automation in permitting ,
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for the first time, automation which is both integrated and flexible,
of the production process,

In mass, or assembly line, production, computerized manufacturing
technology will make it possible to increase the flexibility of the
production system in the sense that the system can be used to
manufacture several different product variants with minimal set-up
times. This opens up important potential for dividing large-scale
production into many smaller batches with the obvious purpose of
reducing in-process inventory,

The greatest potential for computerized manufacturing technology
is, however, found in traditional job-shops with small and medium
sized batch production. Until recently, these manually operated but
very flexible job-shops were characterized by large in-process
inventories, low machine utilization, high 1labor costs, and very
little automation. With introduction of new technologies in
production and manufacturing (such as computer-aided design and
manufacturing (capscaM)), it has now become technically and
economically feasible to automate small-batch production and still
obtain flexibility in the production process.

While mechanization was mainly concerned with the decrease of
labor cost per unit, new technologies in production and manufacturing
(such as  just-in-time (JIT), group technology (GT), flexible
manufacturing systems (FMS), robotics, and computer-aided design and
manufactring (CAD/CAM)) have the potential to help to reduce all
items that make up total production cost. However, the introduction

of new technologies in production and manufacturing calls for

significant investment. This type of investment differs greatly
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from traditional investment as it is a decision that influences the
strategic as well as the operational activities of the companies
involed. Although, it brings a number of benefits that can be
quantified in material terms such as:

-Reduction of labor cost per unit of production

-Savings in materials by reducing scrap

-Savings in energy

-Reduction of capital cost and higher capital utilization through

reduction of work in progress and stocks; and

-Reduction in defects
Many of its advantages are more difficult to evaluate in financial
terms:

-Improvement in precduct quality as a result of better design

-Reduction in time required to design a new product; and

-Improvement in customer relations.

Unfortunately, the methods used by many firms to evaluate
investment in new technologies do not even take into account the
easily quantifiable advantages of reducing stock levels even though
it 1is often here that the major savings can be made. The reason for
this, probably, is that there have been few mathematical analyses of

the advantages of investing in new technology.

1.1 PURPOSE:

Recently, Porteus (1985b, 1985d, 1986b) has developed a framework
for analyzing the economic tradeoffs associated with lower setup
costs. In particular, he introduced the option of investing in order

to reduce the setup cost parameter in the classical EOQ model. Plus
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he extended the framework to include a feature for certain quality
defect considerations and introduced the option of investing in
process quality improvement in an EOQ model adjusted for quality.
Those papers assume that the production rate and the shortage cost
are infinite. In addition, they assume that the production cost per
unit is constant.

The Purpose of this paper is to extend Porteus' framework to a
deterministic inventory model (discussed in section 1.3) with finite
production rate and finite shortage cost. We will show that when the
option of investing in new technology in order to reduce the setup
cost and/or the option of investing in order to improve the process
quality are available, the results obtained by Porteus (1985b, 19854,
1986b) may be treated as special cases of the corresponding results
in this paper.

Another objective of this paper is to extend Porteus' framework
by introducing the option of investing in new technology in order to
reduce the production cost per unit parameter of a deterministic
production lot size model with no backorders. The production cost
per unit parameter of the model will be treated as a decision
variable and an appropriate investment cost will be incurred when its
value 1is changed. We also combine the options of investing in new
technology in order to reduce the sSetup cost as well as the

production cost in a deterministic model with no backorders.
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1.2 STRUCTURE OF THE PAPER

This paper will achieve its objective through five major
chapters. Chapter 1 will terminate with a detailed description of
the basic model used in this dissertation in Section 1.3. A brief
description will now be given of the other chapters.

Chapter 2 1s devoted to the subject of investing in new
technology in order to reduce the setup cost. This chapter is
divided into two sections. Section 2.1 discusses the setup cost
reduction in the context of Just in Time (JIT), Group Technology
(GT), and Flexible Manufacturing Systems (FMS). In section 2.2, the
general tradeoffs associated with changing the setup cost parameter
of the basic model are examined. The idea here is simply an
extension of those given in Porteus (1985d), with the main difference
being that both the production rate and the shortage cost are assumed
to be finite, This section is further divided into two
subsections. Subsection 2.2.1 deals with the case when the
investment cost function 1is logarithmic while subsection 2.2.2
examines the power investment cost function case. For each case,

explicit solutions are derived, and related theorems and proofs are

shown. It is also shown that the results of Porteus can be treated
as special cases of ours, The usage of the models are also
demonstrated through numerical examples. The sensitivity of the

solutions to changes in several parameters of the logarithmic
investment cost case is discussed briefly.
In chapter 3, we consider the option of investing in new

technology in order to reduce the production cost parameter of the
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basiec model with no backorders. Here the production cost per unit
parameter is assumed to be a decision variable and an appropriate
investment cost is incurred when its value is changed. This chapter
consists of three sections, Section 3.1 1is introduction. The
optimal production cost model is the topic of section 3.2. Again,
assuming that the investment function is logarithmic, the optimal
solution is obtained explicitly and a numerical example is provided.
This section terminates with a brief discussion of the sensitivity of
the model to changes in the parameter values. Section 3.3 deals with
the simultaneously optimal setup cost and production cost model.
Assuming that both investment functions are logarithmic, the rszlated
theorem and proof are shown. In this section the results and
sensitivity of the model to changes in the parameters are illustrated
with a numerical example.

Chapter 4 examines the possible relationship between lot size and
quality. The main idea in this chapter is simply an extension of
those given in Porteus (1985b, 1986b) to the basic model. This
chapter consists of four major sections. In section 4.1 we adjust
the basic model to include a feature for some quality defect
considerations. In particular, we assume, as in Porteus (1985b,
1986b), that while producing a single unit of the product, the
production process goes "out of control", with a given probability,
and begins to produce defective products until the entire lot is
produced. We, then, add a rework cost, similar to the one used in
Porteus (1985b, 1986b), which is incurred to correct the defective
pieces, to the usual setup, production, holding, and shortage costs

included in the basic model, and derive some explicit solutions.
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1.3 THE BASIC MODEL AND PRELIMINARIES

The basic model considered in this dissertation is the classical
undiscounted, deterministic, single item inventory system for which
planning horizon is unbounded so that an infinite number of
replenishments will occur. This model is not new. For instance, it
can be found in Johnson and Montgomery (1974). However, it is
important to describe it here, since it 1is utilized in the
development of the models of the subsequent chapters. This model is
based on the following assumptions.

-Demand is known with certainty and constant.

-Lead time and other system parameters, such as costs, are
known with certainty, constant and independent of quantity
ordered,

-Inventory builds up gradually.

-Unfilled demand is backlogged.

The behavior of a cycle of the inventory system which conforms to
the assumptions of the basic model is illustrated graphically in
figure 1.3. The model assumes that the item is produced in lots and
goes directly to warehouse. Clearly the system connot operate unless

the production rate is more than the demand rate.
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Section 4.2 introduces the option of investing in new technology in
order to reduce the probability, of process moving out of control,
parameter of the basic model adjusted for quality. Section 4.3
considers the option of investing in new technology in order to
reduce the setup cost parameter of the basic model adjusted for
quality. This section 1is further divided into subsections.
Subsection 4.3.1 examines the special case when the investment
function is logarithmic. Subsection #4,3.2 treats another special
case, in which the investment function is of power form. We then go
on to consider the simultaneous optimization of the process quality
parameter and the setup cost in section 4.4, Again, we show that
when both the production rate and the shortage cost approach
infinity, the results of this chapter become similar to the
corresponding results of Pcrteus (1985b, 1986b) for the classical E0OQ
model. Numerical examples are used throughout the chapter to
illustrate the results.

In chapter 5 we summarize the results of chapters 2,3, and 4 and

recommend areas for future research.
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The following notation will be utilized in the development of the

basic model.

D=

Number of units demanded per unit of time

Number of units produced per unit of time

Setup zost per setup K > 0

Variable production cost per unit C > 0

Inventory holding cost per unit of time, expressed as
TEHC, where H is the inventory carrying cost rate per
unit of time

Shortage cost per unit short per unit of time

Production lot size per setup

Number of setups per unit of time

Ipax= Maximum on-hand inventory level = Q(1-D/P)-W

=
"

£

to

ty

Maximum backorder level

Q/D =Cycle length, the length of time between

placement (or receipt) of replenishment orders.
= W/(P-D) =The time to eliminate backorder position
once production is started.
= Ipax/(P-D) = The time to build an inventory of
Ipax from zero position.

ti+to= Q/P = Production run time; the time

required to produce a lot of size Q units.

= Ipax/D = The time required to deplete the maximum
on-hand'
inventory.

= W/D = The time required to accumulate a backorder

position of W units.
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Figure 1.3: A cycle for the basic model

The average cost per cycle is the sum of the setup, production,
inventory, and shortage costs. This cost per cycle is

K+CQ + HC{Q(1-D/P)-W}2/2D(1-D/P) + P{W2/2D(1-D/P)} (1.3.1)
To obtain the average cost per unit of time, f, we multiply (1.3.1)
by the number of cycles per unit of time, D/Q. Doing this, we obtain

£(Q,W)=KD/Q+CD+HC{Q(1-D/P)-W}2/2Q(1-D/P )+pW2/2Q(1-D/P) (1.3.2)
}

The decision variables in equation (1.3.2) are the order

quantity, Q, and the maximum backorder level W.

If Q% 0 < Q¥ <=» , and W*, 0 < W* <o , minimize the f of
(1.3.2), then it is necessary that Q° and W® satisfy the

following two simultaneous equations.
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8f =-{2KD + (HC+p)W2/(1-D/P)}/2Q2 + HC(1-D/P)/2 = 0 (1.3.3)
oQ

..a.ﬁ.:mc + (HC+P)W/(1-D/P)Q = 0 (1.3.4)
3

The solution to these equations yields

Q* = [_2KD ___ (1/(HC) + 1/P) (1.3.5)
(1 - D/P)
w* = [2KD _ (HC__) (1-p/P (1.3.6)
\/ 5 (HC+§ )

It can be shown that the sufficient conditions for a minimum are

satisfied by this solution.
Substituting (1.3¢5) and (1.3.6) into (1.3.2) yields, after a

little manipulation, the minimum average cost per unit of time

£* =£(Q*%,w*) = cp+ \/EKD(1-D/P)/(1/(HC)+1/6) (1.3.7)

In this paper, we assume that it is possible to change certain
parameters of the basic model, or one of its variations, by investing
in new technology. In particular, we use ay(X) to denote the cost
of changing a given parameter to the level X. Because the basic
model and its variations deal with undiscounted costs, an opportunity

=

cost of iay{X) per unit of time is therefore charged; where i is
the cost of capital per unit of time.

It may be argued that one should use a discounted formulation to
account for time value of money. Utilizing a capital budgeting
approach, Thompson (1975) derived variations of the classical EOQ

formulas, with the main difference being inclusion of time value of

money. He wused the criterion of maximizing present value of after

tax profit for an "indefinite future" planning horizon. Schroeder
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and Kirshnan (1976, 1978) present a return on investment inventcry
model. They use the criterion of maximizing Shareholder's return on
investment. The main difference between this model and Thompson's
formulation is in the form of objective function used. Gurnani
(1983) presents discounted cost analysis of a few inventory models
and studies the effect of discounting rate on the economic order
quantity.

Despite these and other efforts to formulate discounted models
many of the pioneers of inventory theory have argued that optimizing
the average cycle costs ignoring the time value of money will
yieldresults which are very close to, if not the same as, those
obtained by optimizing the discounted costs, particularly if the cost
of capital is 1low and planning horizon is short. For instance,
Hadley and Whitin (1963, p.23) show that the classical economic order
quantity in the undiscounted model gives a first order approximation
to the optimal order quantity in the discounted model. Hiller and
Liberman (1974, p.475) argue that in problems having "short-time
horizons" the discount factor may be assumed to be 1 and thereby
ignored. Ross (1968a, 1968b) proves that certain dicsounted Markov
decision  processes are equivilant to undiscounted Markovian
problems. Porteus (1985c) provides undiscounted approximations of
the discounted average cost in regenerative models that, in part, use
financial holding costs. He then applies the results to the
deterministic EOQ model and shows that as long as 0.12CD > i, the
undiscounted EOQOQ will give a cost that is within one percent of

optimal. Eppen and Fama (1970) also use a financial holding cost in

a discounted dynamiec cash balance problem. Porteus (7i972) proved
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that Eppen and Fama's model gives the same results as those obtained
without the use of any financial holding cost in the formulation of
the discounted cash flows.

In short, because of the difficulty of discounting the periodic
cash flows that ocecur in inventory systems and due to the fact that
the results of undiscounted formulation is almost identical to the

discounted one, it 1is common practice to wuse an undiscounted

formulation.
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CHAPTER 2

NEW TECHNOLOGY INVESTMENT AND SETUP COST REDUCTION

2.1 INTRODUCTION:

Many make-to-stock manufacturers produce different products on
common facilities. These manufacturers produce the products in
batches. The decision faced by managers of such production systems
is the quantity to produce in each batch. The batch quantity (which
can be equivalantly characterized by the length of time the product
is manufactured) and the frequency of production affect inventory
levels and setup costs. With longer production runs, more inventory
is carried and fewer setups are incurred. The optimal batch quantity
can be computed using the results of the basic model discussed in

section 1.3. Recall that the optimal batch quantity for this model

is:

*z __2KD __ (1/(HC) + 1/p
Q \/(1-1:/1») (1/(HC) + 1/B)

the K in the numerator is setup cost. In formulating the model, we
assumed that this cost would be constaht, but it does not have to
be. For example, the Japanese have devoted much time and effort to
reducing setup costs in their Just-In-Time (JIT) manufacturing
environment. Many examples of setup cost reduction efforts in the
Japanese Just-In-Time (JIT) manufacturing environment are cited in
the 1literature. A typical example is reported in Schonberger (1982),
Sugimori et al. (1977), and Chakravarty-Shtub (1985). In that

example, Toyota invested in reducing the setup time of the 800-ton

presses used in making auto hoods and fenders. In 1971 it took an
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hour to setup the press. By 1976 substantial investment and
intensive engineering effort brought the setup time down to 12
minutes. Monden (1981 a,b) reports that Toyota has been able to
reduce setup times to only 3 minutes (single setup) and, in some
instances, to less than one minute (one-touch setup). Other examples
of successful Japanese efforts to reduce setup costs are given in
Hall (1983). He devotes considerable attention to the identification
and implementation of reduced setup times and costs. Schonberger
(1982) presents a set of graphs showing how the EOQ may be pushed
downward by cutting setup time and cost.

In a Group Technology (GT) setting, by taking advantage of the
similarity of parts produced by each machine group, resetting times
and costs can be considerably reduced by the design of group tools
and fixtures and/or by the sequencing of parts within the families.
Examples of the application of GT methods for which data is available
(Knight, 1974) show that setup times are frequently reduced by
amounts in excess of 60 percent. Hyer (1984) has collected data from
twenty U.S. firms relating to the benefits of GT. 35% of the firms
reported that reduction in setup time was a significant benefit.
Dale and Willey (1977) illustrate the type and order of benefits
which have been variously reported by companies which have changed
from a conventional system of manufacture to group technology. They
report an average reduction of 69% in setup costs following the
introduction of GT. Other analysts (e.g., Knight 1974, Astrop 1980,
Dale 1978, Barker 1970, and Craven 19735 have also cited reduction in
setting times and costs as one of the popular reasons for using GT.

In Flexible Manufacturing Systems (FMS), setup and change over
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costs are reduced by processing a variety of different part types
simultaneously under a Numerical Control (NC) program at the various
workstations., The most sophisticated FMS currently in operation is
at Messerschmidt in Augsburg, West Germany. Thompson and Paris(1982)
report the benefits that Messerschmidt has gained from FMS.
Specifically, as a result of lower setup times machine utilization
increased 44 percent while the number of machine tools decreased 4li
percent.

However, adoption of JIT, GT, FMS, or other forms of new
technology calls for significant investment. This type of investment
differs from the traditional approach of investment aimed at capacity
expansion (Gilbert and Harris 1981, Kendrick 1967, Manne 1967, and
Masse 1962) in the sense that in most production systems, production
scheduling is related directly to setup cost. Recently, Chakravarty
and Shtub (1985) have developed a methodology that can be used in
situations where investment decisions interact with production
scheduling problems. Motivated by the observation that the Japanese
have devoted much time and energy to decreasing setup costs, Porteus
(1985d) provided a framework for analyzing such expenditures.
Specifically, he introduced the option of investing in reducing the
setup cost parameter in the standard undiscounted EOQ model.
Furthermore, Porteus (1985a, 1986a) extended this framework to the
discounted EOQ model, The explicit solutions obtained in Porteus
(1985d) were not acheivable in the discounted case.

In the following sections we extend the results obtained by

Porteus (1985d) to the basic model presented in the previous

chapter. It will be seen that Porteus’ models may be treated as
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special cases of what follows.

2.2 THE OPTIMAL SETUP COST MODEL

Investment in new technology will make it possible to add
flexibility to the production system in the sense that the system can
be wused to manufacture different product variants with minimum setup
times and costs. In this section, we consider the option of
investing in new technology aimed at reducing the setup cost
parameter, K, of the basic model. Of course, there are more benefits
to the setup c¢ost reduction than the ones identified in the basic
model alone. For example, process quality might improve as a result
of lower setup times, (This benefit of lower setup times will be
addressed in chapter 4.) However, we focus our attention only to the
tradeoffs identified in this section to see whether or not reduction
in setup costs can be Jjustified solely on the basis of lower
inventory related costs. We consider K to be a decision variable and
pursue the objective of minimizing the sum of the investment cost of
changing K and the inventory related costs. Specifically, we seek to
minimize

g(Q,W,K) = iap(K) + £(Q,W,K) (2.2.1)
subject to
0 <K £ Kp (2.2.2)
where i is the cost of capital, ag(K) is a convex and strictly
decreasing function of K representing the cost of changing the setup
cost to the 1level X, f(Q,W,K) is the total inventory costs given by

equation (1.3.2), and Ky is the original setup cost before any

investment is made. Of course, equation (2.2.1) is a function of the
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lot size, Q, backorder 1level, W, and all the other parameters, not
just K, but we use g(Q,W,K) to represent this equation since only
setup cost is to be varied.

One reasonable approach to this optimization problem is to use a
rather unorthodox technique given by Perteus (1985b, 1986a) for the
general case of minimizing the sum of a convex and a concave
function. Applying this technique, one would ignore the constraint
(2.2.2), fix X, optimize over Q and W to obtain £(Q¥, W) given
by equation (1.3.7), and then optimize over XK. In this case, the
objective is to minimize

z(K) = ia(K) + £(Q%,w* )

where

£Q*,w¥ ) =D + \J/ZKD(1—D/P)/(1/(HC) + 1/p)
Since f(Q*,w*) is strictly concave and increasing in K,
minimizing 2z(K) requires minimizing the sum of a convex and a concave
function. This approach was used by Porteus (August 1985) for the
case of undiscounted EOQ model.

However, rather than using this unorthodox technique, we use the
classical optimization techniques and seek to minimize (2.2.1) over
Q,W,and K. Of course, if the optimal setup cost obtained does not
satisfy the restriction (2.2.2), we should not make any investment,
and the results of the basic model hold. It should be pointed out
that we may not always be able to carry out the minimization.
However, in some cases ag(K) is sufficiently convex and g(Q,W,K)
can be explicitly minimized. Two such cases are treated in the

follwing subsections.
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2+.2+1 THE LOGARITHMIC INVESTMENT FUNCTION CASE

The Japanese goal of single-digit setup times for every machine
in their faétories has received widespread acclaim. There are many
examples of their successful setup time and cost reduction programs
in the 1literature. One of these outstanding programs, given in Hall

(1983, p.86), is diagrammed in Figure 2.2.1.1.
90 4 Start 90 minutes average

Organize, shift internal element to external

Modify equipment for fast change

a5 Introduce operators to one touch
Practice and
standardize

0 N i

May June  August September October

FIGURE 2.2.1.1: The die cast setup program

Source: Hall (1983, page 86)

Considering Figure 2.2.1.1, it seems reasonable to assume that
the setup cost K declines exponentially as investment amount ajp

increases. Thus, we assume

© _sa
K=Kg e K for 0 £ ap< = (2.2.1.1)
where Ko is the original setup cost and § is the percentage

decrease in K per dollar increase in ag. (See figure 2.2.1.2)
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8 ak

Investment

FIGURE 2.2.1.2: Setup cost as an exponential function

of the investment amount.

Now, by performing a logarithmic transformation, we can arrive at
the same investment function as the one in Porteus (1985b, 1985d, and

1986a, 1986b). Taking the natural logarithms from both sides of

equat on (2.2.1.1) yields

ak(K) = a = b.ln(K) fOl" 0 < K ‘<_ Ko (2.2.1.2)
where
a = in{Kq)
)
and
b=1/§

We are now ready to prove the following theorem when ap(K),
represented by equation (2.2.1.2), is used in (2.2.1).

THEOREM 2.2.1.

If Kp and § are strictly positive, then the following hold:

(a) g(Q,W,K,) is striectly convex if
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Q> DK (20201-3)
2ib

(b) The optimal setup cost, optimal production lot size, and

optimal backorder level are given by

kK**= min { Ko, K*} (2.241.b01)
Q**= min { Qo; Q*} (2.2.1.b.2)
w**= min { Wy, W'} (242.14b.3)
Where
Kg= Original Setup Cost
Kk¥%- 2i2 p2 (] + 1)
D(1-D/P) HC P
Qo= 2KqD 1 + 1)
(1-D/P) HC D
* 21ib 1 1
Q= ~< (L o+ )
(1-D/P) HC )
Wo= 2KpD(1-D/P) (_HC
P HC+%
and
w¥= 2ib
P
(e) The resulting optimal maximum inventory level is
Imax**z min{ 2Kn D(1-D/P) ('_'p\_ » _2_1}3} (202.1.@)
HC HC+ HC

The resulting optimal production run time is given by

(d)
tp**=min{ \/_ZKO._D_(.L+ D, 2ib1_,1y} (2.2.1.4)
7 i b

P(P-D) HC p P-D
(e) The resulting optimal cycle length is

tg;!:min{/ 2Kq (s 1),_2ib (14 1)) (2.2.1.e)
D P B

(1-D/P) HC D(1-D/P) HC

(f) The resulting optimal setup cost per unit of time is
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equal to the sum of the optimal holding cost per unit of time and

optimal shortage cost per unit of time and is given by

min { Ko D(1-D/P) »ib 1 (2e241.F)

21 o+ 1
HC D

(g) The resulting optimal total (amortized investment, setup,

production, holding, and shortage) cost per unit of time is given by

g(Q**,w** k**)zmin{fy*,CD+ib[2+1n(Kg /x*) ]} (2.2.1.8)

where

pa

£o% =CD+ \/ 2KoD(1-D/P)

S P
HC P

and K* is the same as the one in part (b).

PROOF OF THEOREM 2.2.1

(a) Let g(Q,W,K) = i(a-b.1n(K)) + £(Q,W,K), for 0 < K < Kp,
where f£(Q,W,K) is given by equation (1.3.2). g(Q,W,K) is strictly
convex if all the principal minors of its Hessian determinant are
strictly positive. We define the Hessian determinant ] H33l of

second-order partial derivatives as

3%g_ 2% 2%

9Q2 93QoW Q3K

| H33] = 3%g_ 2%g 8%
oWeQ w2 aWK

22 2% 8%

2K Q S KW 2K2
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where

, (HC+D )2

32§ - 2KD + (1-D/P)

Q2 Q3

22¢g = 22¢ =_(HC+p)W
IBW aW3Q Q2(1-D/P)

2% = 2% .. D

3Q3K 3K3Q Q2

3% = _(HCsP)
aW2 Q(1-D/P)

3% = 3°g_ - o, and 2%e - ib
WO K 3KaW NG K2

The first principal minor of the Hessian determinant is
|Hi1] = 2%
2Q?2

which is, ofcourse, strictly positive.

The second principal minor of the Hessian Determinant is given by

a;g 52g
aQ QW
| Hap | = o = __2KD(HC+p) > 0
Q4(1-D/P)
p2g 32g
3WNQ g We

which is again strictly positive

Finally, the third principal minor of H33 is

32g 32g 2%
32 2QaW WK

| 33| = 228 _2%_ 2%
awdQ W2 AWK
32g 2% - 2%
3K3Q akaW 5K2

. 2ibD(HC+D) - D2 (HC+D)

k¥ (1-D/P) Q3(1-D/P)

It can easily be shown that |Hy3| > 0, if and only if Q> DK .
2ib
Hence, part (a) holds.
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() If Q% 0 < Q%= , W, 0 < WX , and k¥,
0 < k%~ , minimize the g of (2.2.1), then it is necessary that

Q*, w*, and K*, satisfy the following simultaneous equations:

38 = -__1_ (2kD + _(HC+D)W?) + HC (1.p/p) =0
3Q 2Q2 (1-D/P) 2
38 - .HC + _(HCHDW g
oW Q(1-D/P)
g - . _ib + D =0
9K K Q
The solution to these equations yields:
Q*: Zib (_1_ +, 1 ) (2-201.3)
(1-D/P)HC )
k¥= 2i2p2 (1 + 1) (2.2.1.4)
D(1-D/P) HC P
w*= 2ib (2c20105)

To prove that the stationary point (Q*, w*, k*) is a
relative minimum, it is sufficient to show that it satisfies the
convexity condition of part (a). Multiplying both sides of (2.2.1.4)

by D/(2ib) and comparing the result with (2.2.1.3), we have

_DK* . 9F < Qf
21ib 2

That is, (Q%, w¥, k¥) falls in the convex portion of g(Q,W,K)

and is a relative minimum solution. Therefore, part (b) follows.
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(e), (d), and  (e): These parts are the direct results of
substituting the optimal values of the decision variables into the
appropriate formulas.

(f) Consider the two cases for this part:

(1) Ko< 2i2p2 (1,1
p(1-p/P) "HC ®

(2) Kg> 2i2p2 (1)
D(1-D/P) HC 9P
If (1) holds we should not make any investment to reduce the
setup cost. In this case, substituting Kp for K and (1.3.5) for Q

into the setup cost formula, one obtains the following:

Optimal setup cost KqD(1-D/P)
per unit of time = 2( 1+ 1)
HC P

Comparing this expression with (1.3.7), we can see that at the
optimal, setup cost per unit of time is equal to the sum of holding
cost per unit of time and shortage cost per unit of time.

If (2) holds then, substituting (2.2.1.3), (2.2.1.4), and

(2.2.1.5) into the appropriate formulas, we have

Optimal setup cost per unit of time = DK¥* _ i} (2.241.6)
. Q*
Optimal holding cost = HC[Q¥(1-D/pP)-w¥]2
per unit of time 2% (1-D/P)
= (_P_ ) (2.2.1.7)
HC+p
A ~ g2
Optimal shortage cost = pW
per unit of time 2Q‘(1-D/P)
=ib ( HC (23201»8)
HC+%
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Since (2+2.1.7) and (2.2.1.8) add up to ib, part (f) follows.

(g) The proof of part (g) comes from substituting the optimal
values of Q, W, and K into the total cost formula, noting that
a=bln(Kg), and applying some laws concerning logarithms.

In the development of theorem 2.2.1, we assumed that the
production rate, P, and the shortage cost, 3, are both finite. If

both P and 3 approach infinity, we find the results of Porteus

(August 1985) for the standard EOQ model.

NUMERICAL EXAMPLE

Suppose that an item is currently manufactured at the rate of
1200 units per year for $2 each. The yearly demand for this item is
900 units and the inventory holding cost rate is 20 percent.
Assuming that no backorders are allowed and setup cost is $500, the
problem is whether or not to invest in new technology if each dollar
of investment reduces the setup cost by .2 percent and the cost of
capital is 12 percent.

In this case P=1200, D=900, H=.2, C=2, i=.12, p== , Kg=500,
and § =.002., When we do not have the option of investing in new
technology (i.e., K=500), the resuiting optimal lot size is 3000 and
the total cost per year is $2100. Using the results of theorem
2.2.1, the optimal setup cost becomes 80 which yields an optimal lot
size of 1200 and a total cost of about $2030 per year. Thus, there
is a reduction in total cost of about $70 per year. Reduction in K

from 500 to 80 requires an investment of about $916, which costs

about $110 per year.
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The total return (before the investment cost) amounts to $180 per
year, half of which is due to lower setup costs and half of which is

due to lower holding costs.

SENSITIVITY ANALYSIS

In the discussion of theorem 2.2.1, we assumed that all the
system parameters are Kknown with certainty. In reality, each of
these factors is usually estimated. Because of potential estimation
error, it would be desirable to study the impact on the optimal
values of decision variables and total cest of errors in the
estimates, In what follows, we will simultaneously evaluate the
effect of changing several factors.

In developing the sensitivity analysis model, we will express the
effect of errors or changes in the variables, and/or parameters as a
ratio of the actual setup cost to the estimated setup cost. Recall
from part (b) of theorem 2.2.1 that some reduction in the setup cost

is optimal if and only if Kp 2> K*, where

K* = 20202 (1, 1
D(1-D/P) HC 9P
Let:

it = Actual value of cost of capital

s =1/b' = Actual percentage decrease in K per dollar of
investment

D! =Actual value of demand

Pt =Actual value of production rate
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H' =Actual value of inventory holding cost rate

c! =Actual value of production cost

%' =zActual value of shortage cost

i =Estimated value of cost of capital

) =1/b = Estimated percentage decrease in K per dollar of
investment

D =Estimated value of demand

P =Estimated value of production rate

H =Estimated value of inventory holding cost rate

C =Estimated value of production cost

S =Estimated value of shortage cost

The estimated optimal setup cost, K*, is then represented by
equation (2.2.1.b.1) of part (b), while the actual optimal setup cost

is:

ming Ko, K's 2i'2p'2 (1
D'(1-D'/p') H'C'

+—;W) }

Assuming that Kp is greater than both K' and k* and defining

as the ratioc of the actual setup cost (that is, K') to the

estimated setup cost (that is, K*), then:

2i'p'2 (1, 1)
k= _K' = DQO-D'/P') HC' —B'  (2.2.1.9)
K* 2i2p2 P
D(1-D/P) HC P

We can use expression (2.2.1.9) to evaluate the effect of errors
or variations in the paramenters and/or decision variables. For

instance, assume that for our numerical example the actual
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parameters are exactly equal to the estimated parameters but that the
actual demand, D', is 1000 units, while the estimated demand, D, is
900 units. Substituting into equation (2.2.1.9), we find k=1.35.
Since D'/D =1.1111, this tells us that if the actual demand is about
114 higher than the estimated demand, a 35% increase in the setup
cost would result. Therefore, the optimal setup cost would be 108.
A similar analysis could be performed for errors or changes in the

other paramenters and/or decision variables.,

IMPACT ON TOTAL COST:

Using equation (2.2.1.9), we can evaluate the effects of errors
or changes on the setup coste. Now we wish to evaluate how such
changes affect the total cost, Refering to part (g) of theorum
2.2.1, and assuming that Kg is greater than both K' and K*, we
know that estimated total cost is

g* = CD + ib[2+1n(Kg/K*)]
therefore, the actual total cost would be

g' = C'D' + i'b'[2+1n(Kg/K*)]
since k:K'/K*, we know that K':kK*; therefore, g'- g*, after
some manipulation, can be written as

g'- g*=(C'D'-CD) +(i'b'-ib)[2+1n(K0/K*)]-i'b'lnk (2.2.1.10)

Equation (2.2.1.10) together with equation (2.2.1.9) can be used
to evaluate the effect of errors or changes in the parameters on the
total cost. For instance, in the previous example, we saw that when
demand increases to 1000 units, assuming that all the other
paratmeters are held constant, setup cost increases by 35%. In this

case, g'-g* is about 182, indicating an increase in the total cost
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of about 9 percent.

An interesting special case of equation (2.2.,1.10) is when k is
the result of changes in the parameters other than C, D, i, and b,
In this case
g'-g* = -iblnk ‘ (2e2e1411)
Which 1is positive and increasing at an increasing rate as k
departs from unity from below, and negative and decreasing at a

decreasing rate as k departs from unity from above. (See Figure

2.2.1.4)

=
¥

Figure 2.2.1.4: Graph of g'-g* =-iblnk for a range of values k>0

To illustrate the use of equation (2.2.1.11), assume that in our
numerical example the values of P, S, H, P* ﬁ' and H' are such that
k=1.35. In this caée, holding the other parameters constant, g'-g*
would be about $-18, indicating a decrease of less than one percent
in the total cost. This example shows that although changes in
various parameters may result in the same effect on the setup cost,
however, their effects on the total cost may not be the same.

2.2.2 THE POWER INVESTMENT FUNCTION

We have seen that in the special case where ay is a logarithmic

function of K, the optimal setup cost is given by equation
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(2.2.1eba1)e Another interesting special case, given in Porteus

(1985d), is the power investment function case when

ag(k) = ak=P-d for 0 < K < Kp (2.2.2.1)

Where a,b,d, and Kg (original setup cost) are given positive
constants. In this case, if the first ¢ Ppercent reduction in K
requires a fixed amount of investment, say 6, then every additional ¢
percent reduction requires a fixed percentage, say ), more than the

last one. The parameters are:

b = -ln(1+ A)
In(1- ¢$/100)

a = eKnb
(1-$/100)=b-1

and
d = aKp~P

Equation (2.2.2.1) is diagrammed in figure (2.2.2.1)

Investment

a, (K)

Setup cost
K

ol

Figure 2.2.2.1 THE POWER INVESTMENT FUNCTION
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The following theorem is the result of substituting the power

investment function for ap(K) in equation (2.2.1).

THEOREM 2.2.2 If Kgs 05 ¢» and ) are strictly positive, then
the following hold:
(a) g(Q,W,K) is strictly convex if
Q> g (b+1) (2.2.2.a)
2iab(b+1)
(b) The optimal setup cost, optimal production lot size, and

optimal backorder level are given by:

K** = min{kg, K*} (2.242.b41)

Q** = min{qy, Q*} (2.2.2.b.2)

w** = min{Wgy, W*} (2.2.2.b.3)
where

g*= [ 2(iab)?2 (1 e 1)] 1/(2b+1)

D(1-D/P) HC P

Q- 2KnD (ot L)
(1-p/P) HC P

. (b+1)/(2b+1) 1/(2b+1)
Q =[.(_1.£g.7§) (’:Té" RERY (iab/D)
- P

Wo- /2KgD(1-D/P) (_HC )
P HC+P

and

1/(2b+1) (b+1)/(2b+1 b/(2b+1
W= (iab) * (2/p) * +1) [D(1-D/P)(HC/(HC+D)] (20+1)

(c) The resulting optimal maximum inventory level is

_
Ipax = win{lgay » Igax'}
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where
Tmay = »//ZKnD(1-D/P) (—B )
HC HC+p
and
I %o (b+1)/(2b+1) ~ b/(2b+1) (1 b)1/(2b+1)
e [D(1-D/P)(__P_ )] ia
max & ) ( )(EE?E.)

(d)The resulting optimal production run time is given by

tp**= min {tp ,tp*}

where
 2KaD 1 1
—t =)
\v//P(P-D) HC P
tp*=(D/P?/(2 +1) (20 1 h1 ](b+1)/(2b+1)(iab)1/(2b+1)

P-D HC p

(e) The resulting optimal cycle length is

te™® min {ty ,te'}

te = f20 (1,1,
D(1-D/P) HC D

. (b+1)/(2b+1)(_ ;/(2b+1)
) B(1-D/P7"

te 1)1 iab
(f) The resulting optimal setup cost per unit of time is equal to

where

the sum of the optimal holding cost per unit of time and optimal

shortage cost per unit of time and is given by

min{ fXaD (1-D/P) ,(iab)1/(2b+1) [p(1-p/p)b/(2b+1)} (2.2.2.1)
2 (1 2(_ 1+ 1)
HC P ic P

(g)The resulting optimal total (amortized investment, setup,
production, holding, and shortage) cost per unit of time is

b b
g(Q**,w** k**)=min{fy®, cD+ial(142b)k* )-Ky 1} (2.2.2.8)
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where *
foF = CD + 2Kn D(1-D/P)

(Al

HC P

and

K¥=r _2(iab)2 (_1 1_yq1/(2b+1)
D(1-D/P) i

PROOF OF THEOREM 2.2.2

The proof of this theorem is similar to that of theorem 2.2.1.
In this case, our main objective is to minimize g(Q,W,K) =
i(ak-P-d) + f£(Q,¥,K), subject to O0<K<Kg, where f£(Q,W,K) is given
by equation (1.3.2). Again, we carry out the minimization ignoring
the O0<K<Kp restriction. If the optimal setup cost obtained in this
way does not satisfy the constraint, then the results of the basic
model, discussed in section 1.3, hold

(a) In this case, the Hessian Determinant is defined as

3Q2 3QaW 3Q3K
IH33I = aZg 82g 328
3WQ Y WK
9KaQ KW 3K2
where

32g . 2KD , _(HC+D)W2

3Q2 Q3 Q3(1-D/P)

2% - 2g . ._(HCsD)W_

3QaW W Q2(1-D/P)

32g . 2g _ _D

3Q3K K Q Q2
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32g . (HC+D)
Iy2 Q(1-D/P)
d2g . 32 g - o and 228 = iab(be1)K-(b42)
W K 5KaW 3k2
The first principal minor of |H33| is
lg11] = 2%
3Q2

which is strictly positive,
The second principal minor of |H33 l, which is also striclty

positive; is given by

.?935.. 2%
w
18] = |20 2 Q2 . __2KD(HC+D)
52g 325 QY4(1-p/P)
AW3Q oW

finally, the third principal minor can be written as

2% 22g 22e
9@2 IBW QK
|Hs3| = | 2% 2% 2%
9 Waq W2 IWaK
32g 22g 3%g
9K3Q 3KaW NG
"~ A
= 2iab(bs1)D (HC+P ) . _D2(HC4+p)
K(O+T) Q% (1-D/P) Q3(1-D/P)

It can be shown that IH33| > 0, if and only if

Q> pK (b+1)
2iab(b+1)

(b) The optimum values of the decision variables may be found by

solving the three simultaneous equations given by
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% = - _1 (2kps _(HCD) y2) =0
3Q 2Q2 (1-D/P)

93& = -HC (HC+D) y = 0
W M E i)

98 = -iabg-(b+1) , D =0
3K Q

The solution to these equations yields

k¥ = [ 2(iab)2 (e _11t/(2b+1) (2.2.2.2)

D(1-D/P) HC

(b+1)/(2b+1) . 1/(2b+1)

*alo2D( 14 1 )] [iabj (2.2.2.3)
(1-D/P) HC 5
w*=(2)(b+1)/(2b+1%D(1-D/P)( HC )7 b/(2b+1)(iab)1/(2b+1) (2.2.2.1)
f HC+D

The stationary point (Q*,W*,K*) is a relative minimum if it

satisfies the convexity condition of part (a). From (2.2.2.2)

g*(b+1) - [ 2(iab)2 ( 1, 1=-)](b+1)/(2b+1) (2.2.2.5)
D(1=-D/P) HC P
Multiplying both sides of (2.2.2.5) by D and comparing
2iab(b+1)
the right hand side of the result with (2.2.2.3), we have
pk¥(b+1) - Q*®
2iab(b+1) 2(b+1)

since b is a positive constant

DK*(b+1 ) < *
2iab(b+1)

Therefore, we have a local minimum at (Q*,W*,K*), and part (b)

holds.

(e), (d), (e), and (f): These parts are the direct results of

substituting the experessions for Q*,W*, and K into the
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appropriate formulas.

(g) For the proof of this part, we notice, using the results 6f
parts (b) and (f), that the optimal setup cost per unit of time
(which is equal to the sum of the optimal holding cost and optimal
shortage cost) is equal to iabK =P, By substituting this
expression into the total cost formula, and noting that d:aKo’b,
part(g) follows.

In the development of theorem 2.2.2., we assumed that the
production rate, P, and the shortage cost, S, are both finite. If
both P and 5 approach infinity, the results of part (b) become
similar to those given in Porteus (1985d). Parts (c) through (g) are

all new results and are not given by Porteus.

NUMERICAL EXAMPLE:

To demonstrate the usage of this model, consider the numerical
example treated earlier. (Recall that P=1200, D=900, H=.2, C=2,
iz.12, 8: © , and Kg=500). In this case, the parameters g, 6,
and A appear and are set equal to 10, 50, and .01, respectively. In
other words, the first ten percent reduction in K costs $50, and
every additional ten percent reduction in K costs one percent more
than the last one (i.e. it costs $50 to reduce K from $500 to $450;
$50.50 to reduce it from $450 to $405 and so on.)

Using the results of theorem 2.2.2., the optimal setup cost is
about 97 which yields an optimal lot size of about 1322 and a total
cost of approximately $2033 per year. Thus, there is a reduction in
total cost of about $67 per year. Reduction in setup from 500 to 97

requires and investment of about $836.5 which costs about $100.5
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per year. The total return (before the investment cost) amounts to
about $168 per year, half of which is due to lower setup costs and
half of which is due to lower holding costs.

SENSITIVITY ANALYSIS:

In developing the sensitivity analysis model for this case, we
can take a similar approach as the one used for the logarithmic
investment function. That is, we can express the impact of errors or
changes in the variables, and/or parameters as a ratio of the actual
setup cost (that is, K') to the estimated setup cost (that is,

K*). We omit the details, since the analysis is similar to what

was done before.
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CHAPTER 3

NEW TECHNOLOGY INVESTMENT AND PRODUCTION COST REDUCTION

3.1 INTRODUCTION

Investments in new technology can open the door to a new kind of
factory, a factory where labor requirements are vastly reduced, where
raw materials are more effectively utilized and where, as a result,
goods can be manufactured at a substantially lower cost. Klahorst
(1981) indicates that 55 percent of the benefits of implementing a
flexible manufacturing system can be attributed to lower
manufacturing costs. Houtzeel (1981) notes that application of
computer-assisted process planning results in great reductions in
design and manufacturing costs. ‘ Knight (1974) classifies the
manufacturing costs into pre-production costs and annual running
costs and claims that the application of group technology methods can
readily result in 30-40 percent reduction in these costs. Cook
(1975) argues that computer-managed parts manufacturing can reduce
the cost of machining parts by, perhaps, 80 percent.

Despite the fact that the combined technologies of machines,
material handling and computers can provide major reductions in
manufacturing costs, in formulating the basic model, we assumecd that
the production cost per unit (C) will be constant. In the following
section we assume that we have the option of investing in new tech-
nology to reduce the production cost per unit parameter C, and pursue
the objective of minimizing the sum of the investment cost and the
inventory related costs. Such an investment yields lower production

costs, a larger lot size, fewer setups, and lower holding costs.
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3.2 THE OPTIMAL PRODUCTION COST MODEL

In this section, we consider the special case of the basic model
with no backorders and assume that it is possible to reduce the
production cost parameter C of that model by investing in new
technology. We consider C to be a decision variable and pursue the
objective of minimizing the sum of the investment cost of changing C
and inventory related costs. Specifically, we seek to minimize

g(Q,C) =iag(C) + £(Q,C) (3.2.1)
over Q and C, subject to

0<C<Cp (3.2.2)
where i is the cost of capital, ag(C) is a convex and strictly
decreasing function of C representing the amount of investment needed
to reduce the production cost per unit to the level C, Cp is the
original production cost per unit, and f(Q,C) is the total relevant
inventory costs given by:

£(Q,C)= %P. + CD + HC _g_(1-n/9) (3.2.3)

OQur approach, here, is to ignor restriction (3.2.2), and seek to
minimize (3.2.1) over Q and C. Of course, if the resulting optimal
- production cost per unit c*® turns out to be greater than Cp (i.e.
violates the constraint), we should not make any investment, and the
results of the special case of the basic model (no back-order case)
hold. Explicit minimization of (3.2.1) can be carried out in certain
special cases, one of which is considered in the following
subsection.

3.2.1 THE LOGARITHMIC INVESTMENT FUNCTION CASE

In this case, we assume that the production cost per unit C

declines exponentially as investment in new technology increases.
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Specifically, we assume
"Aac.
C:Coe for 0 -<. ac < -5 (3.2.101)
where Co is the original production cost, a, is the amount
invested, and A 1is the percentage decrease in C per dollar of

increase in ag. A 1logarithmic transformation of the exponential

function (3.2.1.1) yields

ac(C) = A-Bln(C) for 0 < C 5 Co (3.2.1.2)
where
A = ln(CQ)
A
and
B = _1...
A

We are now ready to prove the following theorem when an(C),

represented by equation (3.2.1.2) is used in equation (3.2.1).

THEOREM 3.2,1 If Cop and A are strictly positive, then the

following hold:

(a) g(Q,C) is strictly convex if

__2kpiB 7 1/3 (3.2.1.a)
(nC)2

Q< I

where h = H (1- D)
2 P
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(b) The optimal production cost per unit and optimal production

lot size are given by

c** = min{cy, c*} (3.2014ba1)

Q** = max{Qp, Q*} (3¢2.1.b02)

where

Cg = original production cost per unit

c*- (Kh + 2iB) - [Kh(Kh + 4iB)11/2
2D

———————————

S

and

Q*- 2KD
[Kh(Kh + 4iB)11/2 - kh

(c) The resulting opitimal setup cost per unit of time and

optimal holding cost per unit of time both equal

min {\/KDhCq, iB-c*p } (3.2.1.¢)
where C* is the same as in part (b)
(d) The resulting optimal total (amortized investment, setup,

production, and holding) cost per unit of time is

g(@**,c**)=min{CoD+ /4KDNCy, - c*p+iB[2+1n(Cy/C*) 1} (3.2.1.d)

PROOF OF THEOREM 3.2.1

(a) Let g(Q,Cc) = i(A-Bln(C)) + £(Q,C), for 0 < C < Cy where
£(Q,C) is given by equation (3.2.3). g(Q,C) is strictly convex if

and only if:
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(1) 2g >0
3q2

(ii) _235. >0
ac2

(iii) 3%g 3°g > [_2°%8 1°
aQc aCc 9Q5C

we proceed by computing the necessary second-order partial

derivatives:
3%g - 2KD
3Q2 Q3
32g = iB
ac2 c2
328 =h
3QacC

Thus, _235_ > 0 and _§E§_ >0
3Q2 ace

Simple algebra shows that condition (iii) holds if and only if

Q < [_2KDiB 7 1/3
(hC)2

Hence, part (a) follows
() If Q% 0 < Q*¥ <o , andc¥ 0<c* <=, minimize the
g of  (3.2.1), then it is necessary that Q*¥ and c* satisfy the

following equations

_ig—. = - KD + hC =0 (302.1.3)
9Q Q2

.-a.s._ =S - _J'B + hQ + D = 0 (3.2.1.“)
oC c

Finding C from (3.2.1.3) and substituting it into (3.2.1.4) yields
the following quadratic equation in Q:

-iBhQ2 + KDhQ + KD2 =0
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This equation has two real roots. Examination of these roots reveals
that one is positive and one is negative. Considering the positive
root, after some manipulation, we find Q* of part (b). Direct
substitution into either equations yield c® of that part. To prove
that the stationary point (Q*, C*) is a relative minimum, it is
sufficient to shpw that it satisfies the convexity condition of part
(a). Finding C from equation (3.2.1.3) and substituting it into the

right hand side (RHS) of convexity condition (3.2.1.a), we obtain

1/3

RHS of (3.2.1.a) = [ _-2iBQ 1] Q

KD
Thus, the convexity condition (3.2.1.a) holds if and only if

2iBQ > 1 (3.2.1.5)
KD

which, after substituting Q for Q is equivilant to
Kh + 4iB > [Kh(Kh + 4iB)11/2 (3.2.1.6)

since K, h, i, and B are all > 0, the left hand side of inequality
(3.2.1.6) is always greater than its right hand side, implying that
(3.2.1.5) 1is satisfied by Q¥, and that (Q%, c*) is a relative
minimum, It should be noted that when C* 2> Cp, we will not make
any investment to reduce the production cost per unit. In this case,
the rsults of the special case of the basic model (no back-order
case) hold. Therefore, part (b) holds.

(¢) Substituting the optimal values of the decision variables
(Cp, and Qp when Cg £ c*, and c* and Q* when Cp > C¥)

into the appropriate formulas, we see that at the optimal setup cost

per unit of time and holding cost per unit of time both equal

min { \/ KDhCyp, [Kn(Kh + 4iB)17/2 - Kh;
2
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part (c) follows upon comparing this expression with the expression

for c* given in part (b) of the theorem.

(d) This part is the direct result of substituting the optimal
values of the decision variables into the total cost formulas for the

two separate cases of (1) Cp < C¥, and (2) ¢y > c*.
02 0

NUMERICAL EXAMPLE

To demonstrate the usage of the optimal production cost model,
consider the numerical example discussed in section 2.2.1, with the
addition of the option of investing in new technology in lowering the
production cost, but not in reducing the setup cost. (Recall that
P=1200, D=900, H=.2, Cp=2, i=.12, P=« , and K=500). Suppose that
each dollar of investment reduces the production cost per unit by .01
percent (i.e., A =.0001). The problem is, then, to decide whether or
not to invest in new technology.

We saw that in the absence of an investment option the optimal
lot size is 3000 and the total cost per year is $2100. Using the
results of theorem 3.2.1, the optimal production cost per unit is
about $1.20 which yields an optimal lot size of about 3867 units and
a total cost of about $1925 per year. Thus, there is a reduction in
total cost of about $175 per year. Reduction in production cost per
unit from $2 to $1.20 requires an investment of about $5075 which
costs about $609 per year. The total return (before the investment
cost) amounts to about $784 per year, $34 of which is due to lowsr
setup costs, another $34 of which is due to holding costs, and $717

of which is due to lower production costs.
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SENSITIVITY ANALYSIS

Recall from part (b) of theorem 3.2.1 that some reduction in the

production cost per unit is optimal if and only if Cp > C*, where

c® - (Kh + 2iB) - [Kh(Kh + 4iB)]1/2
2D

In developing the sensitivity analysis model, we will express the
effect of errors or changes in the variables and/or parameters as a
ratio of the actual production cost per unit to the estimated
production cost per units. The notation i, A, D, P, H, h, and K
denotes ‘estimated' value of parameters, and the notation i', A', D',
P', H', h', and K' denotes “actual' value of parameters. If the
ratio of the actual production cost per unit {(that is, C') to the
estimated production cost per unit (that is, c*) is

(K'h'+2i'B')-[K'h'(K'n'+4i'B1)] 1/2

c' - 2D!

(Kh+2iB)-[Kn(Kh+4iB)11/2__
2D (3e24147)

where > 0 is a factor defining departure from the optimum (;,:1),
then the difference between the actual total cost (that is, g') and
estimated total cost (that is, g*), assuming that Cgp is greater
than both C' and C*, is given by
g'-g® = c*(D-pD")+(i'B'-iB)[2+1n ;EQ_J-i'B'lnp (3.2.1.8)
(o
Equations (3.2.1.7) and (3.2.1.8) can be used to evaluate the

effect of errors or changes in the parameters on the production cost

per unit and the total cost. For example, consider our numerical
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example and assume that the actual parameters are exactly equal to
the estimated parameters but that the actual demand, D', is 1000
units, while the estimated demand, D, is 900 units. Substituting
into equation (3.2.1.7), we find p =.917 and g'-g*: $83.51. Since
D'/D = 1.11, this tells us that if the actual demand is about11%
higher than the estimated demand, a 8.3% reduction in the optimal
production cost would result, however the optimal cost would increase
by $83.51. A similiar analysis clearly apply to changes in the other

parameters.

3.3 THE SIMULTANEOUSLY OPTIMAL SETUP COST AND PRODUCTION COST MODEL

We now combine the options of investing in new technology in
order to reduce setup cost and production cost., Here we seek to find
non-negative variables Q, K, and C which minimize

g(Q,K,C) = iap(K) + iag(C) + £(Q,X,C) (3.3.1)

subject to the constraints

where ag(K) = a-bln(K), ag(C) = A-Bln(C), f£(Q,K,C) is the total

relevant inventory costs given by equation (3.2.3), and a, b, 4, B,
Kg» and Cg are the same as before. Our procedure is to first
solve the problem ignoring both constraints. If the minimizing point
so obtained satisfies both constraints it is the optimal solution to
our problem (in this case both constraints are inactive). If it does
not satisfy both constraints, then at least one of the constraints
will be active, In such a situation, we next solve the problem of

finding non-negative Q, K, and C which minimize g subject to the
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constraint K=Kq (ignoring the constraint C < Co)e If the
solution so obtained satisfies C < Cp, it is optimal (notice that
in this case, no investment in reduced setup cos§ is made, and the
results of the optimal production cost model, theorem 3.2.1, can be
used). If it does not, we next find non-negative Q, K, and C which
minimize g subject to C = Cg (ignoring the conmstraint K < Kg).If
the solution so obtained satisfies K < Kp, it is optimal (notice
that in this case, no investment in reduced production cost is made
and the results of the optimal setup cost model, theorem 2.2.1, when
S > can be used). When it does not, we are sure that both
constraints will be active, and we determine the non-negative Q, K,
and C which minimize g subject to the two constraints K = Kp, and
C = Cp (notice that in this case, no investment is made to reduce

either K or C, and the results of the basic model when B &> o can

be used.)

The following theorem is the direct results of solving the

unconstraint problem.
THEOREM 3.3

If Kg» 86 » Cp, and A are strictly positive then the following
hold:

(a) g(Q, K, C) is strictly convex if and only if the following

two conditions are satisfied

(i) Q > DK (3.3.8.01)
2ib
(i1) ¢2 » 4BDK (2ibQ~DK) (3.3.a.2)
H2(1-D/P)bQ

(b) If b<B (or equivilantly s >A ), then g(Q,K,C) has a unique
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minimum given by

Q* = 2bD (3+3.b.1)
H(1-D/P)(B-b)
K* = 2ib2 (3+3.0.2)
H(1-D/P) (B-b)
C* - i(B-b) (3-30b03)
D

1f X® < Ky and C* < Cg, then
(¢) The resulting optimal maximum inventory level is

Igax. =  __2bD (3.3.0)
H(B-b)
(d) The resulting optimal production run time is

' = 2bD (3.3.d)
H(P-D)(B-b)

(e) The resulting optimal cycle length is

te' = 2b (3.3.e)
H(1-D/P)(B-b)

(f) The resulting optimal setup cost per unit of time and optimal
holding cost per unit of time both equal ib.

(g) The resulting optimal total (amortized investments, setup,

producticn, and holding) cost per unit of time is

g(Q*,k*,c*)=1ib(1+1n(Kp/K™*))+1B(1+1n(C/C*)) (3.3.8)

PROOF OF THEOREM 3.3

(a) Let g(Q, K, -C)=i(a-bln(K))+i(A-Bln(C))+f(Q, K, ¢C), for
0 < K £ Kpg, and 0 < C < Cg, where £(Q, K, C) is given by equation
(3.2.3). £(Q,kK,C) is strictly convex if all the principal minors of
its Hessian determinants are strictly positive. We proceed by

computing the necessary second-order partial derivatives:
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50

3°%g - 2KD
5 Q2 Q3
2 2 D

28 = 28 = - -
5 WK 3K3Q Q2

32g = 32g = _H (1-p/sp)

aQa3C aCaQ 2

a’g = ib

3k2 K2

_&2_&_ = 328 =0

aK,yC C3K

2%g - iB

ace c2

The first principal minor of the Hessian determinant is
| Hi1|= 2g |= 2KD_ > o
Q2 Q3
The second principal minor is
3 2g 32g
3 Q2 3@K
IszI = = 2ib D
22g 32g K Q
9KaQ 9K2

Which is strictly positive if and only if condition (i) of part (a)

of the theorem is satisfied.

The third principal minor is

32 2% 2%
3Q2 3®K 3&%C
|H33| = 32¢g 32g QZL_
3K Q 3K2 3KaC
32g 32g 32g
3CaQ 3C3K 5C2
= iBD_ (_2ib_. D ) . H2(1-DsP)2 (_ib))
c2qQ3 K Q 4K2
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It can be easily shown that |H33[ > 0, if and only if condition
(ii) of part (a) of the theorem is satisfied. Therefore, if
conditions (i) and (ii) of part (a) are satisfied, then all the
principal minors of the Hessian Determinant are strietly positive and
g is sﬁrictly'convex.

() If Q% 0 < Q% , k% 0 < K% , and C*, 0<C%=,
minimize the g of (3.3.1), then it is necessary that Q*, K*, and

c® satisfy the following simultaneous equations

08 = - KD & HC ¢+ - D) =0
3Q Q2 2 P
988 - . _ib , D =0
oK K Q

=0

%g .. 4B , HQ(1. D).p
C 2 P

The solution to these equations yields the stationary point
(Q*,K*,C*) given in part (b) of the theorem. This stationary
point is a wunique minimum of g 1if it satisfies the convexity
conditions (i) and (ii) of part (a). Substituting the expression for

*

k* of part (b) into the right hand side (RHS) of (i) of part (a),

we have

RHS of (i) = @72 < Q¥

Hence, condition (i) is always satisfied at this point. Substituting
the expressions for k* and Q* of part (b) into the right hand
side (RHS) of (ii) of part (a), and comparing the result with the
expression for c® of part (b), we obtain

RHS of (ii) = -B.c*
b

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

51



Therefore, condition (ii) is also satisfied at the point
(Q%,k%,c*) if and only if B/b > 1 (or B > b), which is
equivilant to § >A , since b = 1/8and B = 1/A . Hence part (b)
follows. Notice that part (b) gives us the unique minimum solution
as long as each dollar invested in reduced setup results in a higher

percentage reduction than each dollar invested in reduced production

52

cost (i.ee 8> A ). However, from a practical point of view,
restriction § > A does not seem to be a problem, since it is usually
less costly to lower the setup cost than it is to reduce the

production coste.

(¢)-(g) These parts are the direct results of substituting the
optimal values of the decision variables into the appropriate

formulas.

NUMERICAL EXAMPLE:

Consider the numerical example treated in subsections 2.2.1 and
4.2.1, and suppose that we have both of the options for investment in
reducing K and C as specified in section 3.3. Recall that for this
example, P=1200, D=900, H=.2, Cg=2, i=.12, Pz , Ko=500, § =.002,
and A=.0001. The results are given in table 3.3 below, along with

those for the other cases discussed earlier.
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CLASSICAL OPTIMAL OPTIMAL OPTIMAL
PRODUCTION SETUP PRODUCTION  SETUP COST
CHARACTERISTIC LOT SIZE COST COST and
MODEL MODEL MODEL PRODUCTION
COST MODEL
K 500 80 500 126
C 2 2 1.20 1.27
Q 3000 1200 3867 1895
COST 2100 2030 1925 1891
% SAVINGS - 3.33 8.33 9.95

TABLE 3.3 Results of Numerical Example for Theorem 4.3

All columns of table 3.3 except the last have already been
discussed. For instance, the column entitled "Optimal Production
Cost Model"™ gives the results after optimizing over the production
cost per unit while assuming that K=500 and constant. When a
simultaneous optimization is carried out in this case, some
investment in both setup cost reduction and production cost reduction

is made and a reduction of almost 10% in total cost is achieved.

SENSITIVITY ANALYSIS:

Part (b) of theorem 3.3 says that when b < B some reduction in
both the setup cost and production cost is optimal if and only if

Ko > K* and Cg > C*, where

k¥ = 2ib2
H(1-D/P)(B-b)
and
c* - i(B~b)
D

Using the notation i, A, D, Etc. for ‘estimated' value of parameters

and the notation i', o', D', Etec. for “actual' value of parameters,
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we can express the effect of errors or changes in the variables
and/or paramenters in terms of
(i) The ratio of the actual setup cost (K') to the estimated
setup cost (x¥*), and
(ii) The ratio of the actual production cost per unit (C')
to the estimated production cost per unit ch.

Defining K'/k*=xk and cr/c®:z p , the difference between the
actual total cost (g') and estimated total cost (g*), after some
manipulation, can be written as
gv-g*=(i'b'-ib)(1+1n(K0/K*))+(i'B'-iB)(1+1n(co/c"‘))-i'b'ln(k)-i'a'ln P

(3.3.4)

This expression can be used to evaluate the effect of errors or
changes in the paramenters on the total cost.

When k and p are the results of errors or changes in the
parameters other than i,b, and B, equation (3.3.4) will be reduced to

gt-gr=-i(b.1n(k)+B.1n( p)) (3.3.5)

To illustrate the use of equations (3.3.4) and (3.3.5), assume
that in our numerical example demand is changed to 1000 units and
that all the other parameters are held constant. In this case
k=1.5, p=.9, and g'-g¥= $102. Since D'/D =1.11, this tells us
that an increase of 11% in demand results in an increase of 50% in
the setup cost, a decrease of 10% in the production cost per unit,
and an increase of $102 (about 5%) in the total cost. A similar

analysis can be performed for other parameters.
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CHAPTER 4

THE EFFECT OF LOT SIZING ON OUTPUT QUALITY

The basic model presented in section 1.3 fails to account for
several benefits of smaller lot sizes, including scrap/quality
improvement and less rework. In this chapter, we extend the basic
model to show how output quality (defined as the percentage of units
produced that meet the specifications) is improved when the lot size
is reduced. The quality control literature deals with many aspects
of qualivty, such as inspection and measurement; economics of
sampling; process control procedures; repair and replacement;
preventive maintenance programs; quality improvement; and designing
for quality. See Brown (1951), Fetter (1967), Gedye (1968),
Blanchard and Lowery (1969), Peterson (1970), Duncan (1974), Enrick
and Mottley (1978), Moore (1978), Dhavale and Otterson (1980), Baker
(1980), Monahan (1982) and Ross (1982) for a sampling. However,
these references do not address the possible relationship between lot
size and quality. Porteus (1985b, 1986b) models this relationship in
a rather interesting way. He assumes that while producing a single
unit of product, the production process (machine) goes "out of
control", with a given probability, and begins to produce defective
products until the entire lot is produced. Porteus (1985b, 1986b)
assumes that an extra cosﬁ, for rework, etc., is incurred for each
defective unit produced and adds the rework costs per unit of time to
the usual setup cost and holding costs included in the EOQ model to
find the optimal lot size.

In the following section, we extend the results of Porteus
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(1985b) to the basic model of section 1.3, and will see that
his model can be treated as a special case of ours.

4,1 THE QUALITY ADJUSTED BASIC MODEL

Consider the basic model of section 1.3 and assume that while
producing a lot, the production process goes "out of control" with
probability q. We assume that the process is "in control" before
beginning production of the lot, but once it becomes Mout of control"
it begins to produce defective products until the remainder of the
lot has been produced. One interpretation of these assumptions is
that the firm uses the N=2 inspection policy. In the N=2 approach,
the first piece and the last piece are inspected. If the first and
last pieces indicate that the process 1is in control, then it is
assumed that every piece in between was in control. For a detailed
description of this inspection policy see Schonberger (1982, page 70)
and Hall (1983, page 157). To finish specification of the model, we
assume that an additional cost of Cp, for rework, etc. is incurred
to correct each defective piece. The expected number of defectives
in a lot of size Q is proven by Porteus (1985b, 1986b) to be

Q-[a(1-3%)1/q (4a1.1)
where Qq=1-q. The rework costs per unit of time, which equal the
expected number of defectives per lot times the rework cost per unit
times the number of cycles per unit of time, are

DCR-[DCRG(1-32)1/(qQ) (4.1.2)

Using a Taylor series expansion of aQ when @ is close to one in
(4.1.2), Porteus (1985b, 1986b) shows that the rework costs per unit
of time are approximately

(Q/2)DCgra (4.1.3)
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The total cost per unit of time consists of the usual setup,
production, holding, and shortage costs included in the basic model
plus the rework costs. Adding (4.1.2) to the inventory related costs
of the basic model given by equation (1.3.2), the total cost per unit

of time is approximately

F(QpW):KD/Q+CD+HC{Q(1-D/P)—W}2/[2Q(1-D/P)]#SWZ/[ZQ(1-D/P)]+(Q/2)DC q)
R

(4.1.4)

Working with equation (4.1.4) leads to the following results.

THEOREM 4.1
If q is close to zero, then the following hold:
(a) F(Q,W) is striectly convex
(b) The optimal production lot size and optimal backorder level

are approximately

ot = 2KD(1/(HC)+1/D)
\ (1-D/P)+DCRq(1/(HC)+1/P)
Wt 2KDLHC/(HC+p)1(1-D/P)2
p(1-D/P)+DCRqL (HC+p)/ (HC)J

(e) The resulting optimal maximum inventory level is

approximately

Ipax® = 2kD[P/(HC+p)1(1~-D/P)2
HC(1-D/P)+DCrql(HC+z),p]

(d) The resulting optimal production run time is approximately

tp? = 2KD(1/(HC)+1/p)
P(P-D)+P2DCRq(1/(HC)+1/8)

(e) The resulting optimal cycle length is approximately
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* - ~
te = 2K(1/(HC)+1/p)
D(1 -D/P)+D2CRq( 1/(HC)+1/D)

(f) The resulting optimal setup cost per unit of time is equal
to the sum of the optimal holding'cost per unit of time, optimal
shortage cost per unit of time, and approximately optimal rework cost

per unit of time, and is given by

' XD (1-D/P)+DCpa(1/(HC)+1/D)
2(1/(HC)+1/D)

(g) The resulting optimal total (setup, production, holding,

shortage, and rework) cost per unit of time is approximately
F(Q*,W*)=CD+ 2KDL (1=D/P)+DCpq (1/(HC)+1/P)]
(1/(HC)+1/P)

PROOF OF THEOREM 4.1

(a) This part is the direct result of the following:

32F _  2KD+[(HC+P)/(i-D/P)IW2__ 3 o
3Q2 Q3

32F . (HC+p) > 0

w2 Q(i-D/P)

[ 32F ] [22F_1-[ 82F 12=_2KD(HC+D) > o
302 aW2 W Q4 (1-D/P)

(b) If Q% 0<% w , and W¥, O0<W*<w , minimize the F
of (4.1.4), then it is necessary and sufficient that Q¥ and W*

satisfy the following two simultaneous equations

3F . _ KD _ _(HC+p)W2 , HC (1_p/p)+2CRa =0
Q Q2 2Q2(1-D/P) 2 2

F - _HC + _(HC+D)W =0
oW Q(1-D/P)
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The solution to these equations yields Q* and W* given in
part (b) of the theorem.

(e),(d),and (e) These parts are the direct results of
substituting the optimal values of the decision variables into the
appropriate formulas.

(f) Using the results of part (b),

(1) The optimal setup cost per unit of time is

/‘h KDL (1-D/P)+DCgra(1/(HC)+1/D)]
V 2(1/(HC))+1/9)

(2) The optimal holding cost per unit of time is

He (B _H2(1-psp) / 2KD
2 HC*D \ RE(T=575)T5/ (AC+5) 1+50xa

(3) The optimal shortage cost per unit of time is

D _(_HC )2(1-psp 2KD
2 (HC+§) ( ) \ HC(1-D/P) [P/ (HC+B)1+DCRrq

(4) The approximately optimal rework cost per unit of time is

DCpra / 2KD
2 \/ HC(1-D/B) b/ (HC+D) 1+DCRa

It can easily be shown that (1)=(2)+(3)+(4), Hence part (f)
follows.

(g) This part follows directly from (f)

An interesting aspect of these results is that as the
probability q is decreased, (the process quality is improved), the
lot size increases, and the total cost decreases. Of course, if q is
reduced to zero, then the basic model results hold. Thus, the

optimal lot size for the limiting case of this model is no more than

the optimal lot size of the basic model of section 1.3.
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NUMERICAL EXAMPLE

Consider the numerical example given in section (2.2.1).Recall
that P=1200, D=900, H=.2, C=2, i=.12, p== , and K=500. We assume
that Cg=1.5 and q=1/4500. If the quality effects of this model are
ignored, the resulting 1lot size is 3000 units, and average of 811
units per lot (about 27%) are defective, and the exact total cost
(including setup, production, holding and rework) is $2465. Using
the results of theorem 4.1, the optimal lot size becomes 1500 units,
the average number of defectives per lot drop to 225 units (about
15%), and the total cost drops to $2400, which is a 2.6% reduction.
Therefore, although q seems to be quite small, there is only one
chance in 4500 of the process going out of control with each unit
produced, a substantial reduction in the lot size has reduced the
average number of defectives and the total cost.

4,2 THE OPTIMAL PROCESS QUALITY MODEL

In this section, we consider the option of investing in new
technology in order to improve the process quality by means of
reducing the probability gq of process moving out of control while
producing a single unit of the product. If some reduction in the
probability parameter proves to be optimal, it results in a larger
lot size, fewer setups, larger holding costs, larger shortage costs
and smaller rework costs. The idea is simply an extension of those
presented in Porteus (1985b, 1986b) for the case of undiscounted EOQ
model. We consider q to be a decision variable, and pursue the
objective of minimizing the sum of the investment cost of changing q
and the total cost identified in the basic model adjusted for

quality. In general, we seek to minimize

G(Q,W,q) = iag(q) + F(Q,W,q) (4.2.1)
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over Q, W, and g, subject to
0<afaq (4.2.2)

where i 1is the cost of capital, aq(q) is a convex and strictly
decreasing function of q representing the investment cost of changing
the probability to the level gq, F(Q,W,q) is the total (setup,
production, holding, shortage, and rework) cost per unit of time
given by equation (4e1.4), and qp is the original probability
before any investment is made. Our approach here is to ignore the
constraint (4.2.2), assume that the probability q declines
exponentially as investment amount aq increases, and derive
explicit results. Of course, if the optimal probability q*
obtained does not satisfy the restriction (4.2.2), no investment in
new technology is made and the results of the basic model adjusted

for quality hold. Thus, we assume

q =qpe~¥3q for 0 £ ag < = (4.2.3)
where Y is the percentage decrease in q per dollar of increase in
aqge Taking the natural logarithms from both sides of equation

(4.2.3) yields
ag(q) = a - Bln(q) for 0 < g <1 (4.2.4)

where o= 1n(qg)/ ¢ and B =1/ 1Y

Substituting (4.2.4) into (4.2.1) and working with the
resulting equation leads to the following theorem.
THEOREM 4.2

If qp and y are strictly positive, then the following hold.

(a) G(Q,W,q) is strictly convex if

1/3

Q < [ 8}_5. K ] (’-l.Z.a)
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(b) The optimal process quality probability, optimal lot size and

optimal backorder level are

q** = min {QQ, Cl*} (u020b01)
Q** = max {Qg, Q*} (4.2.b.2)
W** = max {Wg, W'} (4.2.b.3)

where

qg = original process quality probability

® _ 42 82 , i [i2 B24 2KD(1-D/P)/(1/(HC)+1/p)11/2

q* =
2
KD2C,
Q = 2KD(1/(HC)+1/p)
(1-D/P)}+DCRqqp (1/(HC)+1/8)
Q¥ = -ig + [i2 82 + 2KD(1-D/P)/(1/(HC)+1/p)11/2
(1-D/P)/(1/(HC)+1/P)
Wy = / ___ 2KD[(HC)/(HC+p)1(1-D/P)2
P(1-D/P)+DCraq [ (HC+p)/(HC)]
and .
W = -i8 +[i2 B2+2KD(1-D/P)/(1/(HC)+1/p)]11/2
P
(¢) The resulting optimal manimum inventory level is
Igax * = max { Ipax0, Ipax ! (4.2.c)
when ’y =
Inax0 = | 2KD[P/(HC+p)1(1-D/P)2
HC(1-D/P)+DCgqqg L (HC+5) /P]
and A
Ipax: = -ig +[i2 B2+2KD(1-D/P)/(1/(HC)+1/p)11/2
HC

(d) The resulting optimal setup cost per unit of time is equal
to the sum of the optimal holding cost per unit of time, optimal
shortage cost per unit of time, and optimal rework cost per unit of

time and is given by
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min{SCy, SC*} (4.2.d)
where
sCo = \v//ﬁ KDL (1-D/P)+DCRaq (1/(HC)+1/p)]
2(1/(HC)+1/%)
SC® = 1/2{i8 +[i2 B2+2KD(1-D/P)/(1/(HC)+1/8)11/2}

(e) The resulting optimal total (amortized investment, setup,
production, holding, shortage, and rework) cost per unit of time is
G(Q**,w**,q**)=min{Fy*, CD+ipln(qg/a®)+[(KD2CR)/(i8)1q*}

(4.2.e)

where

FO* = F(Qo, Wo» q0)= CD+ / 2KD[(1-D/P)+DCRQQ(1/(HC)+1/I‘;)
(1/(HC)+1/D)

PROOF OF THEOREM 4.2

(a) Let G(Q,W,q)=i( a- Bln(q)) + F(Q,W,q), for 0 < q £ qp,
where F(Q,W,q) is given by equation (4.1.4). We proceed by computing

the necessary second-order partial derivatives:

926 . 2KD+[ (HC+p)/(1-D/P) W2
0 Q2 Q3
325 32¢ - _ (HC+D)W
QoW aWaQ Q2(1-D/P)
26 - 322G - DCg
2Q34a 395Q 2
326 . (HC+D)
a2 Q(1-D/P)
326 = _a_Z_G__,, =0
AW q oq W
326 . ig
3q2 q?

The principal minors of the Hessian determinant of G(Q,W,q) are

as follows:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

63



B = 32g 2KD+[ (HC+P)/(1-D/P) JW2
3Q Q3
232G 323G
Q2 QW
|22 | = =__2KD(HC+D)
326 826 @3(1-p/p)
AW Q W2
326 32g 32¢g
3@2 dQPW 9®q
I H33I = BZG 32G aZG
AWdQ W2 aWaq
322G 323G 32G
3g3Q dqaW 342
- D(HC+p) ( 2Ki _ _ _DCg2
Q(1-D/P) Q3¢ y
| H14] and | Hpp | are both > 0. It can easily be shown
that [H33| is also > 0 if and only if inequality (4.2.a) is
satisfied. Hence part (a) follows.
() 1If Q%0 < Q* <o , WY 0 < W' <o and q%,
0 < qf ¢ , minimize the G of (4.2.1) when ag(q) = 4 -B1ln(q),

then it 1is necessary that Q*, w*, and q* satisfy the following

equations
3G - -_DK . _(HC+D)W2 , HC (1.p/p) +.DCRA= 0 (4.2.5)
3Q Q2 2Q2(1-D/P) 2 2
9G - . HC + (HC+B)W =0 (4.2.6)
oW Q(1-D/P)
3G - ._iB ., Q pnc =0 (4.2.7)
34 q 2 R
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Obtaining W from (4.2.6) and q from (4.2.7) and substituting
into (4.2.5) yields the following quadratic equation in Q:

(1-D/P)Q2 + 2iB(1/(HC)+1/p)Q ~ 2DK(1/(HC)+1/p) = O
This equation has two real roots. Examination of these roots reveals
that one is positive and one is negative. Considering the positive
root, after some manipulation, we find Q* of part (b). Direct
substitution into equations (4.2.6) and (4.2.7) yields w* and o*.
To prove that the stationary point (Q¥%, W%, q®) of part (b) is
a relative minimum, we show that it satisfies the convexity condition
(4.2.a) of part (a). Substituting q* of part (b) into the right
hand side of the convexity condition (4.2.a) and comparing the result

with Q* of that part, we have

173 4 2/3
Q* < [2KkD ] Qf (4.2.7)
iR
or
Q¥ < 2KD (4.2.8)

18

In order to show that Q¥ satisfies the inequality (4.2.8), we
multiply the numerator and denominator of the expression for Q*,
given in part (b), by ig +[i2 8242KD(1-D/P)/(1/(HC)+1/p)11/2,

This process, after some simplification, results in

Q* 2KD (4.2.9)
i B+ [i2 g2+ 2KD(1-D/P)/(1/(HC)+1/p)117/2

Since the denominator of the right hand side of (4.2.9) is greater

than ig , therefore Q* < (2KD)/(i g ) and inequality (4.2.8) is
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satisfied. Hence, (Q*, W*, q*) is a relative minimum. It
should be noted that when q* > qp, no investment is made and the
results of the basic model adjusted for quality discussed in section
4,1 hold. Therefore, part (b) follows.

(c)-(e) These parts are the direct results of substituting the
optimal values of the decision variables into the appropriate
formulas.

NUMERICAL EXAMPLE

Consider the example of section 4.1. Recall that P=1200,
D=900, H=.2, C=2, i=.12, ﬁ: » , K=500, Cg=1.5, and qo=1/4500. We
found in section 4.1 that if the option of investing in new
technology is not availablle , then the optimal lot size is 1500
units, the average number of defectives per lot is 225 units (15%),
and the total cost is $2400 per year. Now suppose that we have the
option of investing to reduce the probability parameter q of process
moving out of control. Assume that each dollar of investment reduces
q by .25 percent (i.e. ¥ =.0025 and B=400.) Using the results of
theorem 4.2, the optimal probability is 1/35974, which yields an
optimal 1lot size of about 2558 wunits, an average of about 89
defective units per lot (about 3.5%), and a total cost of about

$2252. Thus, there is a reduction in total cost of about $148.
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4,3 THE OPTIMAL QUALITY ADJUSTED SETUP COST MODEL

Here, as in Section 4.2, we allow the option of investing in
new technology in order to reduce the setup cost. We consider K of
the basic model adjusted for quality to be a decision variable and
pursue the objective of minimizing the sum of the investment cost,
setup cost, production cost, holding cost, shortage cost, and rework
cost. Again, the logarithmic investment function as well as the

power investment function will be discussed.

4.3.1 THE LOGARITHMIC INVESTMENT FUNCTION

In this case, we seek to minimize

G(Q,W,K) =iag(K) + F(Q,W,K) (Ue3e1.1)
over Q, W, and K, subject to

0 <K £Kp (4.3.1.2)

where i is the cost of capital ag(K) = a-bln(K) is the investment
cost of changing the setup cost to K from the original level of Kg,
a and b are the same as those defined in subsection 2.2.1, and
F(Q,W,K) is the sum of all the other costs and is given by equation
(4.1.4). Using the same approach as before and working with equation

(4.3.1.1) leads to the following theorem.

THEOREM 4.3.1

If Kg and b are strictly positive, then the following hold:

(a) G(Q,W,K) is strictly convex if and only if

Q ) DK ) ()4.3.103)
2ib
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(b) The optimal setup cost, optimal production lot size, and

optimal backorder level are given by

K** = min {KO’ K*} (l"l3.1ob.1)
Q** = min {Qg, Q%! (4.3.1.b02)
w** = min {Wg, W*} (3.3.14b.2)
where
K*®= 21262 (1/(HC)+1/p)
D(1-D/P)+D2C q(1/(HC)+1/p)
Qo= 2KQD(1/(HC)+1/p)
(1-D/P)+DCgq(1/(HC)+1/p)
Q*= 2ib(1/(HC)+1/p)
(1-D/P)+DCRa (1/(HC)+1/5)
Wo= / ___2KoDI (HC)/(HC+p)1(1-D/P)2
\/ $(1-D/P)+DCral (HC+¥P)7(HC) ]
W¥= 2ib(1-D/P)

“5(1-D/P )+DCRal (AC+p)/(HC) ]

(¢) The resulting optimal maximum inventory level is

Ipax " = min{Igax0, Ipax ! (4.3.1.¢)
where
Ipax0 = \V/// 2KoDLB/(HC+p)1(1-D/P)2
HC (1-D/P)+DCgql (HC+P) /D]
Ipax = 2ib(1-D/P)

HC(1-D/P )+DCRql (HC+D)/p]

(d) The resulting optimal setup cost per unit of time is equal
to the sum of the optimal holding cost per unit of time, optimal
shortage cost per l;nit of time, and optimal rework cost per unit of
time, and is given by

sc**=min {SCq,SC*} (4e301.d)
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where a
SCq = KnD[(1-D/P)+DCra(1/(HC)+1/p)]
2(1/7(HC)+1/p)

and
sc*=ib
(e) The resulting optimal total (amortized investment, setup,

production, holding, shortage, and rework) cost per unit of time is

G(Q**, W™, k**)=min{Fy*,CD+ib[2+1n(Kg/K")] (4.3.1.e)
where
Fo¥ = CD+ oKD (1-D/P)+DCrq(1/(HC)+1/p)
(17(HC)+1/P)

PROOF OF THEOREM 4.3.1

(a) Let G(Q,W,K)=i(a-bln(K))+F(Q,W,K), for 0 <K < Ko, where
F(Q,W,K) is given by equation (4.1.3). Tne necessary second-order

partial derivatives of G are as follows:

392G - 2kD+[ (HC+P) /(1-D/P) JW2

aQZ Q3

32g - 326G - - (HC+D )W
3QowW 3 WaQ Q2(1-D/P)
32g - 226G = - D

3Q3K 3KsQ Q2

326 - (HC+p)

w2 Q(1-D/P)

32g = 322G =0

AWK aKa W

323G - ib

ak2 K2
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The principal minors of the Hessian determinants of G are

[H11] - | 2% | = 2KD+[(HC4P)/(1-D/R)IWZ_ 5 g
3Q2 Q3
326 926G
8Q2 pQW R
| Ho2| = - 2KD(HC+D) 50
326 326 @3(1-D/P)
awQ Y 3
232G 323G 3 2G
202 2QW 3 QK
| B33 | = 532G 322G 5 2G
aWwQ W2 IWK
326G 5 2G 3 2G
3KQ AW 3 K2
- D(HC+P)  (_2ib . D )
Q% (1-p/P) K Q

Since P>D, if Q > (DK)/(2ib) then | H33 | > 0. Hence part (a)

holds.

(b) If QFf, 0<a% « , W¥, 0<W™<= , and k¥, 0«k*o ,

minimize the G of (4.3.1.1), then it 1is necessary that Q¥, w*,

¥ satisfy the simultaneous equations

and K
( 3G)/(3 Q)=(3 G)/(d W)=(3 G)/(3 K)=0, and it is sufficient that they

satisfy the convexity condition of part (a). In this case, we have

96 - _DK . (HC+D)W2_ , HC ( 1.p/P)+_DCRA =0
3Q Q2 2Q2(1-D/P) 2 2
36 - -Hc.+ _(HCHDW .

Y Q(1-D/P)

3 . . i ., D =90

3K K Q

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The solution to these equations yields Q*, W*, and K¥ of
part (b). Multiplying both sides of k*® of part (b) by D/(2ib) and

comparing the result with Q* of that part, we have

pk* - Q* < Q*
21b 2

Therefore, the convexity condition of part (a) is satisfied at

* #

%, w*, k*). Notice that if K" > Kp, then the results of
theorem 4.1 with K=Kg hold. Hence, part (b) follows.

(¢), (d), and (e) These parts are the direct results of
substituting the optimal values of Q, W, and K into the appropriate
formulas.

An interesting aspect of these results is that as the
probability q 1is decreased (the process quality is improved), the
optimal values of the decision variables are increased, and the total
cost 1is decreased. Ofcoursé, when q approaches zero, then the
results of this theorem become similar to the results of theorem
262010 Thus, the optimal values of the decision variable for the

limiting case of this model are no more than the optimal setup cost

modelkof subsection 2.2.1.

NUMERICAL EXAMPLE:

Once again, consider the numerical example of section 4.1.
Recall that P=1200, D=900, H=.2, C=2, i=.12, D= = , Kg=500,
Cr=1.5, and q=1/4500. Assume that the option of investing in new
technology in order to reduce the setup cost is available and that

each dollar of investment reduces the setup cost by .2 percent
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(i.e. bz=500). In this case, if the results of theorem 2.2.1 are
used, in which the effect of the process quality is ignored in the
optimization (but not in the evaluation of the total cost), then the
setup cost is reduced to 80, the lot size is 1200, the average number
of defectives per 1lot is about 147 (12.2%), and the total cost is
about $2210 per year. If the effect of quality is taken into
consideration, so that the results of theorem 4.3.1 are followed, the
optimal setup cost is reduced to 20, the optimal lot size is 300, the
average number of defective parts per lot is about 10 (3.3%) and the
total cost is about 2113 per year. Thus, in this example, when the
effect of quality is taken into account, we have a reduction in total

cost of about $97 per year.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

72



4.3.2 THE POWER INVESTMENT FUNCTION

In this case, we seek to minimize
G(Q,W,K)=i(aK-P-d)+F(Q,W,K) (4.3.2.1)

over Q, W, and X, subject to
0 < K S KO (uo30202)

where i is the cost of capital, a, b, and d are positive constants as
defined in subsection 2.2.2, Kg 1is the original setup cost and
F(Q,W,K) is given by equation (4.1.3). Again, we first solve the
unconstraint problem and then check to see whether the optimal setup
cost obtained satisfies restriction (4.3.2.2) or not. Using this
approach and working with equation (4.3.2.1), Wwe are able to prove
the following theorem.

THEOREM 4.3.2

If Kg, a, b, and d are strictly positive, then the following

hold.

(a) G(Q,W,K) is strictly convex if and only if

DKb+1

Q>
2iab(b+1) (4e3.2.2)

(b) The optimal setup cost, optimal production lot size, and

optimal backorder level are given by

K** = min{Ko, K*} (u-3-20b)
Q** = min{Qp, Q*} (4.3.2.b")
w** = min{Wg, W'} (4.3.2.b"")

where Kg, Qgp, and Wy are the same as those in part (b) of

theorem 4.3.1, and
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1/(2b+1)
K%< [___ 2(3ab)2(1/(HC)+1/p) ]
D(1-D/P)+D2Ceq(1/(HC)+1/)
1/(2b+1) - (b+1)/(2b+1)
Q¥= (_iab ) [ 2D(1/(HC)+1/p) ]
D (1-D/P)+DCrq{(1/(HC)+1/p)
b/{2b+1) (b+1)/(2b+1) 1/(2b+1)
w*= (1-d/P)[D(HC_ )] [ 2 ] (iab)
(HC+P) p(1-D/P)+DCrql (HC+P)/(HC)]
(c¢) The resulting optimal maximum inventory level is
Imax** = mln{Imaxo, Imax*} ()'I .3-200)

where Ip,40 is the same as the one in part (e¢) of theorem 4.3.1,

and

b/(2b+1

) (b+1)/(2b+1) 1/(2b+1)
Ipax =(1-D/P)[D(B_)] 2 * *1) iab) +
HC+P

HC(1-D/P)+DCrq((HC+P) /D)

(d) The resulting optimal setup cost per unit of time is equal to
the sum of the optimal holding cost per unit of time, optimal
shortage cost per unit of time, and optimal rework cost per unit of
time, and is given by

sc**= min{scy, sc*} (4.3.2.d)

where SCp is the same as the one in part (d) of Theorem 4.3.1, and

1/(2b+1) . b/(2b+1)
sc*=(iab) [_D(1-D/P)+D2Cpa(1/(HC)+1/p) ]
2(1/(HC)+1/p)

(e) The resulting optimal total (amortized investment, setup,

production, holding, shortage, and rework) cost per unit of time is

. -b -b
G(Q**, w**, k™) = min{Fy¥, CD+ial(1+2b)K* -Kpl} (4.3.2.e)
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PROOF OF THEOREM 4.3.2

The proof of this thoerem is similar to that of theorem 4.3.1.

In this case, our main objective is to minimize
G(Q,W,K)=1i(ak=P-d)+F(Q,W,K)
subject to O < K £ Kg, where F(Q,W,K) is given by equation (4.1.3).
Again, we carry out the minimization ignoring the 0 < K < Kjp
restriction with the understanding that if the optimal setup cost
obtained in this way is greater than or equal to Kp, then the
results of the basic model adjusted for quality (Theorem 4.1) when
=g hold.
(a) In this case, |H11| and |[Hpp| are the same as those in

theorem 4.3.1 and are strictly positive. |H33| is as follows

2KD+(HC+D)/(1-D/P)W2 _ (HC+D)W _D
Q3 Q2(1-D/P) Q?
IH33| = | ___(HC+DP)W (HC+D) 0
Q2(1-D/P) Q(1-D/P)
-2 0 iab(b+1)K-(D+2)
Q2

Using Laplace expansion along the third row, | H33 | is equal to
the sum of the product of the elements of the third row and their
corresponding cofactors. Using this procedure, we find

Q*(1-p/p) Q

which 1is, of course, strictly positive if and only if the convexity
condition (4.3.2.a) is satisfied. Hence, part (a) holds.
(b) The optimum values of the decision variables may be found by

solving the following three simultaneous equations:
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3G - . DK _ _(HC+p)W2 . HC (1.p/p) +_.DCRA =0

3Q Q? 2Q2(1-D/P) 2 2
3G = _HC + __(HC+p)W =0

oW Q(1-D/P)

3G - _iabx~®*1) L D -

3K Q

The solution to these equations yields (¥, w“, k®) of
part (b) of theorem. To prove that this s&lution is a relative
minimum, we show that it satisfies the convexity condition (4.3.2.a)
of part (al. Raising both sides of k® of part (b) of theorem to
the power of (b+1), multiplying the resulting equation by

D/[2iab(b+1)], and comparing it with the expression for o*, we find

(b+1)
DKk * - Q"
21ab(b+1) 2(b+1)
since b is a positive constant, therefore
g (b+1)
Q* < DK
2iab(b+1)
Hence, (Q*, w¥, k®) satisfies the convexity condition

(4.3.2.1), and is a relative minimum. Remember that if K* > Kg,
the results of section 4.1 hold. Hence, part (b) follows.

(¢) and (d) These parts are the direct results of substituting
(Q'*,W*’,K**) of part (b) into the appropriate formulas.

(e) Close examination of the results of part (c) and their
comparison with the results of part (b) shows that when k* < Ko»
the optimal setup cost per unit of time sc* (which is equal to the

sum of the optimal holding cost, shortage cost, and rework cost) is
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equal to iabk® . By substituting this expression into the total

cost formula, and noting that d=aKo'b, part (g) follows.

4,4 THE SIMULTANEOQUSLY OPTIMAL PROCESS QUALITY AND SETUP COST MODEL

In this section, we combine the options of investing in new
technology in order to improve the process quality and to reduce the
setup cost. Again, we assume that both cost of improving the process
quality and cost of reducing setup are logarithmic. The objective
is, then, to minimize the sum of the costs of changing q and K, plus
the sum of the setup, production, holding, shortage, and rework
costs. Thus, in this case, we seek to minimize
G(Q,¥,q,K)=i( ¢~Bln(q))+i(a-bln(K))+F(Q,W,q,K) (4o4.1)
over Q, W, q, and K, subject to
0<a<aq
0 <K <Kp

where F(Q,W,q,K) is given by equation (4.1.3). Here, our approach is
similar to that of section 3.3. That is, we first solve the problem
ignoring both constraints. If the minimizing point satisfies both
constraints, it is the optimai solution. If it does not satisfy both
constraints, we next minimize G subject to q=qp. If the solution
so obtained satisfies K < Kp, it is optimal and the results of
theorem 4.3.1 hold. If it does not, we next minimize G subject to
K=Kg. If the solution so obtained satisfies q < gqp, it is
optimal and the results of theorem 4.2 hold. When it does not, we

seek to minimize G subject to the two constraints q=qp and K=Kp

and the results of theorem 4.1 hold.
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The following theorem 1is the direet results of solving the

unconstraint problem.

THEOREM 4.4

If q9, B Ko, and Db are strictly positive, then the

following hold.

(a) G(Q,W,q,K) is strictly convex if and only if

DCR2Q3 bCe2QH

(b) If b > , then G(Q,W,q,K) has a unique minimum given by

Q* = 2i(b=g)(1/(HC)+1/p) (4.4.b)
(1-D/P)

w* - Zl(b"s) (u.u.bo‘l)
P

q* = g(1-D/P) (4.4.b.2)

DCR(b-8) (1/(HC)+1/p)
k* = 2i2b(b-B ) (1/(HC)+1/p) (4.4.b.3)
D(1-D/P)

if q* < qg and k* < Ky, then
(¢) The resulting optimal maximum inventory level is

Imax* = Zééb—s) (u.u-C)

(d) The resulting optimal setup cost per unit of time is equal to
the sum of the optimal holding cost per unit of time, optimal
shortage cost per unit of time, and optimal rework cost per unit of
time, and is given by ib.

(e) The resulting optimal total (amortized investments, setup,

production, shortage, and rework) cost per unit of time is given by

F(Q*,w*,q%,k*) =CD + i(2b + 1n[(D2CragKg)/(2i2b8)1 (U.h4.e)
RA0KQ
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PROOF OF THEOREM 4.4

(a) Let G(Q,W,q,K) = i(a-B81n(q)) + i(a-bln(K) + F(Q,W,q,K) for
0 < q £ gqp and 0 < K £ Kp, where F(Q,W,q,K) is given by equation
(4.1.3). G(Q,W,q,K) is strictly convex if all the principal minors
of its Hessian determinant are strictly positive. In order to find

the principal minors, we note that

326 - 932G =0
9gq3K 9Kaq

and that all the other necessary second-order partial derivatives are
the same as those given in the proof of part (a) of theorems 4.1.1

and 4.1.2. We proceed by computing the principal minors.

544 = | 22| - 2KD+[ (HC+D)/(1-D/P)IW2__ 5 g
Q2 | 3
32G 32G "
[Hyal = | Tag2 3QH - 2§D(HC+D) 5 0
26 26 Q3(1-D/P)
3 WaQ aw2
3G 326 326G
aW3Q W2 aQ3q
32G 32G 32G
| H33]= W Q W2 aWaq
326G _3%G 32G
393Q aq oW 9q2

_ D(HC+p) _(_2iBK _ DCg2 )
Q(1-D/P) Q3q2 4
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32G 32G 352G 52G
aQ2 QoW 9Qaq 9Q3K
392G 32G 326G 532G
AW3Q aw2 3W3Q aWyK
|Hyy|= 232G 526 322G 22G
3q3Q 3QaW 392 PRELS
326G 392G 532G 532G
K3 Q dKOW 2Ky q G

iD(HC+p) ( __DB , 2i8b _ bDCR? )
Q(1-D/P) Q¥e? k@32 uk2

It can easily be shown that when inequality (4.4.a) is satisfied

both IH33| and | Hyy| are > 0. Hence, part (a) follows.

80

(b) If QF, 0 < Q* < = , W%, 0 < W¥ ¢ ,

0 < q* = , then 1it 1is necessary that Q*, w', q*, and K*

satisfy
3G - 3G - 3G - 3G -po
3 Q oW 24 3K

and it is sufficient that QF, w*, g%, and K* satisfy the

convexity condition (4.4.a) of part (a). Here, we have
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8 . . DK _ _(HC+D)W2 . HC (1-p/p)+_DCRA = 0
3Q Q? 2Q2(1-D/P) 2 2

3 - _-HC+ _(HCsD)y =0
oW Q(1-D/P)

oG - . iB_ 4, Qpor =0
°q q 2

G - . dib . D -
oK K Q

The solution to these equations yields Q*, w*, q*, and K¥
given in part (b) of theorem. To show that the stationary point
(Q*, w*, q*, k¥) satisfies the convexity condition (4.%.a),
we substitute (4.4.b) and (4.4.b.3) into the right hand side of

(4.4,a) and compare the result with (4.4.b.2). This process, after

some simplification, yields

RHS of (U4.4.a) =(b/B )q*2
Thus, inequality (4.4.a) is satisfied if and only if b/g> 1 or
b >B . Hence, part (b) holds.

(e), (d), and (e) These parts are the direct results of
substituting the optimal values of Q, W, q and K into the appropriate

formulas and applying some laws concerning logarithms for part (e).
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NUMERICAL EXAMPLE

To demonstrate usage of the simultaneously optimal process
quality and setup cost model, consider the following case: p=1200,
D=900, H=.2, C=2, iz.12, D=1, Qqg=.0004,p8 =400, Kp=500, and b=500.
The results are given in table 4.4 below, along with those for the

other cases discussed earlier.

CHARACTERISTIC BASIC* BASIC  OPTIMAL oPTIMAL®  OPTIMAL  OPTIMAL
MODEL MODEL  PROCESS UNADJUSTED ADJUSTED QUALITY

ADJUSTED QUALITY SETUP SETUP AND
FOR COST COST SETUP
QUALITY COST
THEOREM - 5.1 502 3.201 5.3.1 5."
Q 3550 1213 2941 1680 196 336
W 254 200 210 120 14 24
q .0004 .0004 .0000242 0004 0004 0002116
K 500 500 500 112 13 22
4 defective 46.6 20.8 3.5 2742 3.8 3.5
per lot
cost 3012 2452 2241 2374 2139 1920
4 savings S 15.6 25.6 2142 29 36.2

# In these cases the effect of the process guality is ignored in

the optimization but not in the evaluation of total cost.

Table 4.4 The results of numerical example
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The results in Table 4.4 are self explanetory. For instance, the
column entitled "Optimal Process Quality" gives the results after
optimization over q only. Similarly, the column entitled "Optimal
Adjusted Setup Cost"™ gives the results after optimization over K
while assuming q is constant. The last column gives the results when

a simultaneous optimization is carried out over both q and K. 1In

this case, since q* .0002116 is 1less than qqg = .0004 and K* =

22 is 1less than Kg = 500, it is optimal to invest in both quality

improvement and in setup cost reduction.
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CHAPTER 5

3

SUMMARY AND TOPICS FOR FUTURE RESEARCH

5.1 SUMMARY

This paper has developed a methodology for understanding the
economic tradeoffs associated with new technology investment
decisions as they relate to setup cost reduction, production cost
reduction, and process quality improvement.

The paper first considered the sole option of investing in new
technology in order to reduce the setup cost parameter of a
deterministic  inventory model (called basic model) with finite
production rate and finite shortage cost. It introduced an
investment cost associated with changing the current setup cost and
added. a per unit of time amortization of this cost to the setup,
production, holding, and shortage costs identified in the basic
model. We then pursued the objective of minimizing the sum of the
investment cost and other costs. We viewed the setup cost as a
decision variable, rather than as a parameter, and in two special
cases (logarithmic investment cost and power -investment cost),
derived explicit solutions. It was shown that at the optimal, setup
cost per unit of time 1is equal to the sum of the holding cost per
unit of time and shortage cost per unit of time. We observed that
when some investment in reducing setup cost is optimal, it yields a
smaller lot size, fewer backorders, lower inventories, shorter cycle

times, and lower costs. It was also seen that when both the
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production rate and shortage cost approach infinity, the optimal
values of the decision variables in these cases become similar to
those given in Porteus (1985d) for the case of classical EOQ model.

The paper then did a similar thing with the production cost per
unit parameter of the basic model with no backorders. Again,
assuming a logarithmic investment function, the objective of
minimizing the sum of the investment cost and other relevant costs
was pursued and explicit solutions were derived. It was seen that
when such investment 1is made, it yields lower production costs, a
larger lot size, fewer setups, and lower holding costs. We also
combined the two 1investment options and carried out an analysis of
the simultaneous selection of the setup cost and production cost. We
identified four cases, depending on whether or not investment in new
technology is made for setup cost reduction and/or production cost
reduction.

Finally, we adjusted the basic model to account for a possible
relationship between 1lot size and quality. In his paper, porteus
(1985b) modelled this relationship in a rather simple way. He assumed
that while producing a single unit of a lot, the production process
can move "out of control® with a given probability. Once out of
control, the process produces defectivs units and continues to do so
until the entire 1lot is produced. Assuming that an extra cost, for
rework, etc., is incurred for each defective item, we first added the
reworil cost te the usual setup, production, holding, and shortage
costs of the basic model, and then specified the optimal lot size,

optimal backorder level, optimal maximum inventory level, optimal
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optimal production run time, optimal cycle time, and optimal total
coste. In this case, it was shown that at the optimal, setup cost per
unit of time is equal to the sum of the holding cost per unit of
time, shortage cost per unit of time, and rework cost per unit of
time. The paper also introduced the option of investing in new
technology in order to improve the process quality by means of
reducing the probability of process moving out of control. Again,
assuming that the investment cost function is of logarithmic form,
explicit results were obtained. We then considered the sole option
of investing in order to reduce the setup cost parameter of the basic
model adjusted for quality, and obtained explicit solutions for the

special cases of logarithmic investment cost and power investment

cost. We also allowed the two options of invesitng in setup
reduction and in process quality improvement simultaneously, and
derived explicit solutions, Throughout the paper, we demonstrated

the usage of the models with numerical examples. In some cases, we
also discussed the sensitivity of the solutions to changes in the

parameter values.

5.2, TOPICS FOR FUTURE RESEARCH

The basic framework of this research can be extended in a number
of directions although in each case the computational effort will

increase. We now suggest several topics for future research.

1. One of the most important restrictions of the models in this
paper is that they focus on single facility. Extending

these models to multi-facility situtions remains an open
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3.

6.

area for researche.

The optimal production cost model presented in section 4.2
and the simultneously optimal setup cost model of section
4.3 were both based oﬁ the assumption of no backlogging.
The possibility of allowing backlogging in these models is

also nice to be investigated.

Another research topic concerns undiscounted formulation of
the models in this paper. It may be promising to extend the

framework of this research to discounted models.

We may use the results of this research in multiple-item
inventory systems, so 1long as there are no interactions
among the items. In situtions where items compete for
limited resources such as floor space, production capacity,
etc., admitting constraints would provide another logical

extension of the models of this paper.

In the development of the models in this paper, we
considered only two specific forms of investment cost
functions., Consequently, it may be promising to investigate
the appropriateness of some other kinds of investment cost

functions.

A final research topic concerns the assumption of

deterministic models. Generalization of the models of this
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paper for systems with stochastic demand and/or lead time

can provide an interesting area for future research.
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