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Section I Introduction

There has been considerable interest in the theory
of high energy scattering, especially in view of the re-
cent construction of the National Accel erator and of+stor-
age rings for colliding beam experiments. The question
that has been posed is the limiting behavior of scatt-
ering cross sections as the energy of the incident particle
becomes infinite. There are two schools of thought on
this matter.

One is the Regge school of theught, in which
the behavior of infinite energy scattering cross-sections
is governed by a Regge pole and/or a Regge cut in the
crossed channel. In this way of thinking, there is
generally speaking a shrink@ng diffraction peak in the
forward direction, unless the Regge pole has an intercept
exactly equal to %ﬁ%,cggsggggh case the elastic diffrac-
tion peak will not shrink. Predictions for infinite
energy then depend on the parameters of the Regge pole
and cuts in the t-channel.

The other school of thought is the diffractive
approach to scattering at infinite energy. The physics
underlying this approach reflects the belief that at
infinite energy, all the scattering processes that sur-

vive are the result of fragmentation. In this picture,

the target as well as the projectile are looked upon



as fragmenting upon collision, with a definite limit

to the fragmentation probabilities as energy goes to in-
finity. Elastic scattering then takes place as a shadow
of the limiting fragmentation.

Yang and co-workers(1’2’3) have successfully
applied this picture to proton-proton (p-p) scattering:
and have predicted spectacular features of p-p scattering
based upon this philosophy. Their applications however
assume a zero spin for the nucleon, which they believe
a good approximation to the data at high energies. Ve
have attempted in this work to improve upon the work
of Chou and Yang(CY), by removing this approximation,

The basis of our extensién of the CY model is
the optical model, which is an extremely simple picture
of infinite energy scattering.

In this description, the incident beam, eikz”;
is attenuated by the hadronic matter that it goes through,
so that the emerging beam will be given by
(111) s(b) elik?
vhere % is the impact parameter. In particular, the
scattered wave would be
(1.2) (5(b)-1) elk?

By an application of Huyghens' principle, the resulting
scattering amplitude is given by

(1.3) i | a% o=iku B(g(3)-1)

In CY model, their explicit assumption is that the
ikz

"survival" amplitude S(b)e is to be represented by
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A -
S(b)=e ¥ (b), with X (b) defined as being proportional
to the hadronic matter of the interacting particles.
They assume, on the grounds of symmetry between projectile

and target, that

(1.4)  X(b) = 1 Jdrb' DG DE-b)
vhere 4 is a real parameter, and
(1.5) D(b) '-'-“-fd‘t f(ﬁwz) ,f(f,r}being the hadron density.

In terms of Feynman language, they assume an effective
contact interaction between the two hadrons at infinite
energy, which when iterated gives their transition
matrix element. The density f is chosen to be the
electromagnetic charge density. Thid givee the expre-

(1.6) Sr r(f, y-e % ﬁwocwv(z"—b)

Ignoring spin effects, this form of the effective S-matrix
element leads to the well-known relation between p-p
elastic scattering cross-sections and the electromag-
netic form factors of the proton.

It is at this point that we make the improvement
of including spin effects realistically and we are able
to show that the effects of spin do not speil the re-

markable fit of the CY model to p~p elastic scattering.



Section II Diffractive Picture of P-P Scattering

Consider the optical model of very high energy
scattering of a proton by a proton. Let us view this
scattering in the lab frame, where the target is at rest.
Let the incident beam be described by the wave function

%(i)ecq
where qu is the Pauli spinor describing the spin state
of the incident proton. Now in going through the target,
the projectile as well as the target are likely to
break up, so that the amplitude for finding the pro-
jectile and the target in the same state as before is
diminished by the fragmentation process. From the point
of view ofthe b—p channel, there is absorption into other
channels., Let us represent the state that emerges from
scattering as:

( ‘k2

@y §, B Xee”
where the matrix S(g) is the "survival" probability amp-
litude, and we should in general allow for a spin trans-
fer between the projectile and the target in the process of
scattering. Notice that we are already assuming a limit

for the transition amplitude at infinite energy, and

in general the amplitude will be a function of b, the

impact parameter. Parity invariance implies a restric-—

tion on the form of the amplitude as follows:

(2.2) (z or,,)“. (¢ oa)n,, S,,:;“, ([) eia',_);"_ (-eo;),w = S,gj " (l;‘)
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where if 'i:(bl,b,), §R=(bl,-b2). This follows from com-
bining the usual parity with a rotation of 180° around
the y axis. Time reversal invariance implies the re-
lation N
(2.3) ( go»v)ngC"L.),) = g"”’;!'{ (C)
vhere again we have combined the usual time reversal
operation with a rotation of 180% around the y axis.
The reason for having to do an extra rotation is due to
the following: under parity,'i-—b :ﬁ, so that whereas
particle 1 was coming in from the left, it would now come
in from the right. Our transition amplitudes however
have been defined with particle 1 coming in from the left,
so wé use an extra rotation of 180° around the y axis to
bring the scattering configuration back to essentially
the original configuration, with-the exception of having
been reflected in the xm plane. Scattering amplitudes
are invariant under rotation, so the restrictions (2.2)
and (2.3) are equivalent to the usual requirements of
parity and time reversal invariance.

The most general form of S(t) that satisfies P
and T invgriance can be represented in terms of 5 amp-

litudesié4 ). ¥e choose to represent it as

(2.4)  G)-e™XP
vhere
(2.5) 72@"-/’1(#‘) ']4. +elY eparg +£§[L‘)(51+§“)'Pf}(b))€

-3 - A

y;l.gaﬁ..i +h(é1) ou.": ot p



is the representation 6f the scattering amplitude in the
canonical Pauli spinoi representation. i.Here the basis
vectors consist of the direct product of the two single
particle state vector spaces. o (o) operate on the
state vectors of particle 1 (2) only, while 1 is the
unit operator. {; ’ é\ ’ * are an orthonormal set of basis
vectors in b space, while d(bz%,...,h(bz) are scalar fun-
ctions of b2, jf(?) is denoted the opacity, and is a
positive definite Hermitian matrix in spin space to
account for absorption.

The observation by CY however is that the opacity
functionszc) should be proportional to the hadron
"stuff" in the incident projectile as vell as 1o the
stuff in the target. Their suggestion is that
(2.6) %C‘E)ﬂzfd’-ub‘([f)pu(c-_z)
on the grounds that this form offl(é) satisfies the
criteria:

(i) it is proportional to the "stuff" the pro-

jectile sees in going through the target.

(ii) it is symmetrical under interchange of

projectile and target co-ordinates, so that
A{b) 1is the same if the projectile is at
rest and the target is in motion.

In their original application of these ideas,

CY assumed gero spin for the nucleons, so that the den-

sity distribution D y i8 a scalar. Our idea was to

s
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ask what extension should be made in the realistic case
where the particles have spin.
Clearly, the most reasonable assumption to make

is the natural one,viz., that (2.6) should be replaced

by A A A

@n KB =qleprD @ D )

where D “E) ist‘%%e%gl:tl}féfg?lgnsity, wvhich at infinite
energies has only two components, namely the z and t
components,

B.W.Lee (5 )and others have also conjectured gen-
eraligations of the CY model, except that they have put
in a propagator between the two currents, rather than
the contact interaction assumed by CY and by us here.

(6)

Cheng and Wu and others have also studied the
infinite energy limit of a field theory of neutral
vector mesons and find an effective S-matrix operator at

infinite energy. It is

(2.8) Sé’): &“'gfd*x T:'&)A(x—?) kg
oR (a) =% f ...'f’-(i-”(-x‘-ﬂ)z)t] o(Xs,%,%))
lxymt oz (Jalre,z,-2) <o (05259

vhere 1;: is the current for the right-moving hadron

in the center of momentum frame, and ZPjL is the curr-
ent for the left moving hadron. Their result is of
course model dependent, although as B.W.Lee (> ) has
shown, their result is equivalent to the CY model for
elastic scattering, except for the absence of a propa-

gator in the CY model.



At this point, it will be instructive to re-
vrite some of the preceeding results in the optical

potential formalism. We introduce our notation in Fig.l.

Fig.l

where: l?z = initial momentum of particle 1 in
the center of momentum (COM) system.
I?i = final momentum of particle 1 in COM.
ks\f = ‘transverse momentum transfer=|ii-k:l «
ba‘mi,g%‘:_magnitude of impact parameter in COM
As above, particle 1 is the incident particle in the lab
frame, The x-y plane is denoted the transverse plane,
For the spinless case, the expression for the

scattering amplitude in the eikonal approximation § high

energy forward scattering) is given by:( 7D

Joo - - 2h
(2.9) aw) =i#ﬂ,_ 6-:/_"_ V[b-!—é‘&z)lz)exk-b
where '?t-z‘t}{-i" , and V  is the pptical potential,
which is related to the Schrodinger potential through
the scaling VSC,M:—&V, 'ﬁ, =COM momentum. For the

case \| =0, 6“:"’:1, and @(k) =0, .



The elastic scattering in the optical picture
again appears as the "shadow" of the inelastic processes.
In this picture, to account for fragmentation into
other channels, the effective potential is complex, and
at infinite energies, totally negative imaginary. We
may défine the scattering operator S(b) in configuration

-t ..VIE‘-‘ZJT—
cf,_ (b+K:)

space as:
(2.10) S)=

and define:

> +o0 e ~
(2.11)  X(b)= v‘if_“ V(i +R:z)dz
For Vnegative imaginary,%(s) is positive and
real, so

(2.12) a(k)’:i&r (}- ve;-ZCL))_eclt oAb

Now \( negative and imaginary corresponds to the
presence of absorptive processes only, so the amplitude
of (2.9) di%plays the elastic scattering as the differ-

ence between no scattering and the "survival amplitude,
which is the diffraction picture described above.

The absorption constant?l of (2.6) is fixed by re-
quiring that the calculated cross section in the forward
direction agree with the value predicted from the optical
theorem from a total cross section of 40 mb, the value for
p-p scattering at current energies.’[ is the only free
parameter in the theory, and since this is fixed by exper-
iment, it may be called a no parameter theory.

A dramatic feature of the CY theory is the alter-
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nation of the signs of the contributions of the terms in
the expansion of the exponential to the scattering amp-
litude. Physically, the alternating sign comes from

the geometrical shadow corrections since the contri-
bution from the pieces of hadron stuff in the shadow
will have been overestimated in adding up theamplitudes
due to each part of the hadron.

The alternating signs result in the prediction of
two breaks in the differential cross section at present
energies, which should become more pronounced as the
energy gets higher.

Our intent here is not to find the most general
form of the scattering amplitude for p-p scattering,
but rather to find the simplest generalisation of the
simple and elegant idea of CY to the case of spin.

Off hand, it is not clear if this will improve or even
worse, destroy the prédictions of the CY model. VWhat
is gratifying therefore, is that the generalisation
that we have proposed has turned out not to destroy the

fit, but to improve it, as we shall show.
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Section III Extension of the Chou Yang Model

In accordance with our discussion in Section II,
the extension of the Chou-Yang model to include spin

amounts to the replacement of a scalar X(b) by a matrix

for Y (k) .

We introduce the notation:
¢ K o0 (" v n
(3.1) {$» Ei%_jg(g)e Egd"“=m»j: i 5“)6‘“';:14 bdb

where & is the angle between k and b , as shown in

Fig.l. Ve also define:the 2 dimensional convolution:

G2 G0 ()= (0.0D)
of two functioms Dp(i) and D,_(Q).

Then we have as a theorem:

(3.3) (D.@DD - <D,><D~>

We define the scattering amplitude @(&k) so that:

(3.4) %; = | Ao’

Then the scattering amplitude of (2.12) can be

written:

(3.5) aw)y=<( —e Yy o < f(t) ~L%@) 2208 +% L) KCE) f(r)—-;-?

From a practical point of view, the i&i) ve shall
use may be regarded as the two-dimensional Fourier trans-
form of the Born term in the perturbation expansion
as energy goes to infinity, except that the overall )c

is real, rather than as in an ordinary field theory
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imaginary. From the péint of view of field theory, of
course, this A(b) is not the Born term, but is the
result of all the inelastic channels; however its effect
is, crudely speaking, to change the Born term into an
imaginary eikbnal ( i.e. a real ’f(@) ).

It will now be necessary to introduce the most
general amplitude for nucleon-nucleon scattering com-
patible with P and T reversal invariance. We will take
as our basis of representation, the direct product
space of Pauli spinors for the two particles, 1In this
repregentation, the scattering amplitude can be written
as:( 4 ):

(3.6) &=tk L ¥peo Fet & 4 YW (Fre8s) Aot St P Frim+

P NE
where:

A4 A
(3.7)/&Elﬂt& ’7@1&;-_@\& ~fﬁ=|2:><l?

2o gy, Lsiney / Shte
and @ is the angle between K. and k‘,, (Fig.1). 2 (&)
operates only on the spinor of particle 1(2), respective-
ly. «W),K}...,6K ape scalar functions of Kk .

As energy goes to infinity, the vectors in (3.7)
assume limiting forms. We illustrate the situation in

Fig. 2.
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¥
%
#v kAL
z & ®
W
Fig. 2

A
The £, m , w shown in the diagram are the in-

finite energy limits of those defined in (3.7 ).

Explieitly, as the energy becomes infinite, we have:

A

A=K

= -y
(3.8 ) A==k
with MAxl=w

A
We henceforth use £, w ,x? to denote the infinite
- Al A , .
energy limit of £, M, w ; i.e. those vectors shown in
Fig. 2, and equations (3.8), and not those in (3.7 ).
Now allW,B(kly + + « y€) may be expressed in terms of

the spin dependent T matrix elements;

=¥ (?- T4-+,¢++T+- e 4—T—+;4)
R T AT AT )

(3.9) V=#("‘++,+- ot e +Taoyee #Te0)
. eS } =;“(T++,+++T++,-";f Cﬁ-ﬁ- -+T-+,—«—“T+-)-+“T—~,+$

Here the notation is: Tf i swhere f=final spin configur-
]
ation. + stands for spin along the direction of quanti-

zation and correspondingly for -,
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For completeness, the expansion of dw, k) yeeeyecr)
in terms of Singlet-Triplet amplitudes is given in Appen-—
aix F .

It remains to give a method for the evaluation of

£(L) » so as to be able to calculate the scattering
amplitude &(k). We will take:
(1n10) ZB=EE ha=< ERl> .

(3.11 ) & (“)lsﬁ o l.,-’}d' Blaa Ry S PR { P~ Fr SR T ﬁskﬁﬁ;\mﬂfIatj
is given by (3.9 ) with the infinite
Born
energyhapproximation used for the T matrix elements od:
the right hahd side. We denote these aslj;ﬁ,*.
2

To begin a systematic discussion of 30‘“}[,‘, we intro-

duce the following nctation:

' 1
4% P
P= =
Fig. 3

vhere pI(pI') stand for the initial and final four
momenta of the incident initial (scattered) particle I,
and similarly, pII(pII') are the corresponding quanti-
ties for the target particle II. The circles denote
the electromagnetic vertices for the particles involved,
while the dotted line joining them denotes the form of

the interaction to be given below., We define initial
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and final states for the two particle system as:

(3.12) 1iv= uf) SIwy) >
1S = JusS'() >l (ri) >

We take the Quaﬁtity‘T;;h,to be defined by:

2‘..4»9 1 “
omusirrey —pss ¥) <Pzr'lJﬁ(9§; [p,)n)'(ﬂ:'f'( dgsy. (s>

yy Y . e _ (Pe-pe)”
Lo g M B QP YA o Ry iz 5 ) (14 4 F )1
vhere U is the usual Dirac spinor, 'ﬁzz’u*f‘,o‘w-{,[x,)r,]:

and F, and F2 are form factors, later to be identified

1
with the electromagnetic form fgctors in the 1 photon

exchange approximation.
We take the infinite momentum limit of (3.13)

in Appendix B , and find:
(3.14 ) —T;-.nurmr‘ F
Teesa=-G) KRR
Trog= wh
Tezze =-eR
Here the subscript '"no spin flip" indicates that

all non spin flip amplitudes are equal in the infinite

momentum limit.

As a special case, we may now investigate the
limit in which spin is neglected. We may take this
limit by setting F2=0. Then we find:

(C-1) 2ry= p<r-R>1
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The function D is, in our treatment, the "hadron
density" effective in absorbtion. We may assume that
this quantity is proportional to the electric charge
density of the hadron; in other words, that mass density
is proportional to charge density, as in the QED of a
point electron. Then, speaking loosely, the mass-energy
associated with the mass distribution of the hadron is
due mainly to the prosence of strongly interactibng ha-
dron "stuff", Hence we are led to associate the "hadronic
density" with the charge density.

Now in the non-relativistic limit, the Fourier
transform of the form factor F1 may be associagted with
the electric charge distribution density in oonfigura-
tion space (8 ). Hence, we may define the charge dis-
tribution density of (1.3) by:

*§i§+ﬁz

: )
(3.16 ) f(x,‘j,,a=@‘;\sf.j‘£5"‘ R d g Jz;/gq.

The two-dimensional density distribution may be
defined as before (1.5), to give:
(3.17) D (%, a,) :y:;;(x)%z) sté-t-')'/xfjﬁ ®) cé."h Y dgx a(z%
The above discudsion gives us:
(3.18) 72(5)=1< Fropy = X005 = K< DioD>> =D @D,
which is what CI(2 )assumed. We see that our Bq.(3.15)

thus reproduces the CY result in the limit that spin

is neglected, in operator form.
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In terms of the infinite momentum T matrix ele-
ments of (3.14), the infinite momentum BA scattering
amplitude becomes:

(3.19)e
QU = Frod w KR Gvnas B ~ikF, Fo (Sr 46 R

We next discuss how to evaluate the products of
'X(E)which appear in the expansion of the exponential,
and how to take the Fourier transform in (3¢5 ) to find

the scattering amplitude,
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Section IV Fourier Transforms and Spin Algebra

We begin by re-writing (3.19) as:

(4.1) QAK)=F*.1 - & Fa*8-w5%% -~k FF, (&iv82)

We must now evaluate the two dimensional Fourier
transform. Because (4.1) contains the vector n, this
expression is dependent on angle. With the exception
of factors of ki or kikj’ the integrand of the Fourier
transform is invariant under rotations, so we may use
the requirement of covariance to evaluate the angular
integration., If the left hand side transforms as a
vector of tensor, then so must the right hand side, and
the result must thus be a linear combination of the
vectors or tensors available when the d2k integration
has been performed.

We therefore consider the integration for the
2

following forms: let f,g,h be scalar functions of k

where k will stand for k from now on. Then we may

write: ;:Tr ;‘@-—""b A%k =2 )

N
L1y £ S dutenarl,
2B A D
LK - Y .
#f%;‘\@@ Rbofag= w)S:j +1r(b'ib:§é
where ), y p »Tv are scalar functions of b"~,
oy Ae

(4.2)

We may evaluate these otherwise unknown functions
by taking the inner product with b and by taking the
trace as well in the case of the tensor term. This

gives:
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A0b) =;!‘-|'-F‘Yi'6-‘:£.tdzk'
(4.3) =k [q - Gok) e ¥o ok
A

Aoemw =k ““'b d,_

et (etyeFr ok

We may represent the last three integrals as:
(4.4)  ae= iR 3 Jotks) kdlk
24T =j; L Jeo ki) ki
Vtor = ~%fé_Jfocwkdx

vhere we have used the representation of the zeroth

order Bessel function.

(4.5) Jatke) = e“‘“"“‘f d¢

We may 51mplify the second and last equation in

(4.4) by using:

9‘3 (kb
ﬁgjpf—l "Cd;uu) J;(ug)

to give:

(4.7) A= *’-‘/} Jo(‘(b) kdk

V= if{, SAPSENIPY YA

We may now solve for ¥ and qr . Introducing the

notation for an arbitrary integrable function 1l:

(4.8)
j’((kx.) \JZ) (/(L) kdk = <,€@
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Then our equations become:

(4.9)  A=<K§5,
/¢=“<;h
Ay +r= <’€>o
» b = Y (<Ahye-<E)

We may now solve for v and T to get
(4.10)  » =t ({AY +CA0)
e =LA
Comparing (4.3) with (4.1), we see that:
(4.11) §=F&
= - iFF
-
Thus, in order to find ) %« , v , T, Wwe must
evaluate the Bessel transformations of FY,-~kig, and K'f.
As originally done by CY(3 ), we parametrise the
functions F12,F1F2,F22 as a linear combination of
Gaussians.

(4.12)
Fl"z .8“3 6-5-"-6H5|+_l8 e~ ‘3‘Hl+ 'aoss—e~-5'lﬂ +-°‘°l\$'6—'l‘3‘.6‘

Fife= .83006-5:3"'&‘_‘_" 14 e-‘l'u'e' +.0057 e-"‘?ka‘o“,o‘ge—-'l‘l‘,él

Fit= 7 g=¢S%Itl | 23 e~26SMhL oog o~ THBIE] 4 o000 82T IEL

We have taken F 2above as given by CY(3 ),and

1

have plotted Fle and F22 and constructed Gaussian fits

t0 the data ourselves. The details will be discussed

in Appendix E . We then perform the integration

01),

using the formula
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(4.13)

»
v n M (ls) (2 . Bl
fe‘“ K J;’(blc)alk.-r- -Q:ETE—)—‘—‘T.’-“,-&:E}“ M (‘/ ('«'“’))v“) e )

where M is the Confluent Hypergeometric Function.
For the special case of {(«+v) = v+i =m, we have:
(4.14) M (o, m, -Yhe)= e~ tha
In this way, 1 , 4 , ¥ ,and TU are explicitly
evaluated, Under the Fourier transformation, the vectors

A A A
l,ﬁ,n transform as follows. Since 1l is in the z direc-—

tion, it is unaffected by the d2k integration.bié‘/?is
rewritten &%n =5‘-(E,x£&)=kﬁ {&uxo) =,é‘—(lax F) .,

Under the Fourier transforma,tion,i:—)‘l;, as is obvious from
(4.2). The net result is that f transforms to a new
vector lﬁx‘!; =£. Thus we define a new orthonormal set

. A AA R
of vectors in b space,p,q,r, with:

(4.15) ':E_-Es

=

¥:6eq

In terms of these, the results of our Fourier
transformation may be written in terms of /Xlg‘ of (3.10)

ass

Y, A ~> 2 A - -— > A
(4.16) X(B)lg, =AY I+ wbIE 4643 + 0(b) 5132 1) F0f 2B

¥e will find it especially convenient to rewrite

-3 LS
the &¢.o* +term above as:

(4.17) oi.0ne S fop+ ?'-?E\i?

: . A - A A .
CaBEYT U], <2 T Grapev@d) B1§e5F + 00 355 fouumf
3 . A A -5 AL A %Y
CaBEYT U], <2 T Grapev@d) B175F + 00 355 fouum)f
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We may now evaluate the function 1, oy 3 and T by

using the formulas given above. We find:
(4.19)
A=-07n g™ HT B ol e 1838 5" +,0085" €~ ‘5006 b
+ .o0004¢ e"/"'3‘{‘b"‘
= 7k ~b iy & .2 ~
7“@%‘&?) e hix 6% & ,___,(E.wb" R
4 008 b* b
axCiet © = R gz
A‘a = O.
Az{ -,
..b" 2
As == W13 -
A0 7;«"2{.—_5' € ‘%?:TF‘
-2 ¢~ AR . 00006 _ o- b
Ux (948 Tecaag © PAT

- . 8% ] N
Ae= bx(me '1}5?32’4-_’_'_(,3;__65‘;;‘—,_—-

+ ;;_‘”75_1__.6“#;7‘7—4_ 000058 Cé—’)

7
xCan s

For details, see Appendix C.
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We henceforth drop the subscript BA onj(hh re-
garding it as understood in the following.

We next turn to the problem of calculating the
products of j&‘s, which involves the consider#tion of
the full complexity of the algebra of the spin matrices.

We see that we can demonstrate the correctness of
this approach with the aid of the two Lemmas proved
below, We introduce the definitions:

(4.20)
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where the first subscript refers to the component of
the sigma matrix operating in the subspace of particle
1, and the second subscript refers to the sigma matrix
operating in the subspace of particle 2,

We now introduce the quantities Ai,i=1,...,6 and
the expressions (4.20), and rewrite (4.19) as:
(4.21)

K)= AL + b S0 +hZn + A Erar)-p

In order to evaluate the scattering amplitude,
we must first be able to calculate the product of an
arbitrary number of factors of the form (4.21). First,

we tabulate the products of sigmas in the multiplication

table below.
Table 1
F S TSnE,,
Za u‘z;',sz:a= ~Z,

zu ;’3“2332h == Zz.'-
©401). P (o++0%).Panfl +54)

(o 400 X, =5, (o'eor)p = (3% o)
CARToS 2 FORYE A
Z;,\_(a-%o*) . ﬁ= -6'(23&"‘2;3)
Er0) 55y =~ (Fape i)

2;3 (o140Y).p =4¢ (S:Qq-in)
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Next, we consider the product of two factors of
the form of (4.21), i.e. of two factors of X . However,
ve will, for the sake of generality, allow the 2£'s to
have arbitrary coefficients. Introducing Bi,i=1,...,6
for this purpose, we have; using Table 1:

(4.22) (A, 1+ AT, +AsSas +hg Spy 4 Ag (55459 ) %

(B, 1482 T, +8,%0 +Bax,, 4 Bo(Fredn).p )

2ABI AT ¢ AR T HABZ, ¢ A8 ) P
* Atk v AB L A8, %, 48,5, +AB, (Suiny.p
+A;8.5.. . A B.Z;5 +As8, 4 <Az By ;. + A B, (- (Sursan))
+Ay B, 25, —A4B. 2o -M%Zwl:;&,f +hAy Ba(i(&ﬂ.};,))
+ AG& (o +:")-$+A5&_ G:";)'ﬁi-»“ g (‘5(223.',2-‘2}) p
the B#( ) "(E“*Su)) +AeB, (2 . %)

\
-

We see from the above that imaginary terms would
arise in general for arbitrary choices of Ai,Bi. However,
we will see that they will not arise when Ai and Bi are
generated as will be described below. Collecting these

terms for future reference, we have:
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(4.23) (Ab (B3-B4) +(Au-45) Be) « i (Z13+350)

The terms which do contribute are:
(A. '1, + Aa,t" 4"32;1. +ﬁu¢‘£,a + ‘66!;-’.;] } 4
(4.24) (B, 1 +B.3, +B3%12 4 B4Zay +Be (D)
= (4| B. *ALBL +A3 33 +A“ 8‘{ +2A¢ B&) 1

4+ CAGLtALB = ABu~AuB; +24.8,) S,
+ (A8, +A5B, - A8y -Ay) T

+ (ABy +Aeb, -8y~ A3B)S,,

A+ (AR YBo+ AclB, 4B (5%534)-f

Our next observation is that the algebra (4.24)
is closed. Hence, we may proceed as follows. We begin
by setting Al,Az,A3,A6 {0 their appropriate values,
those given in (4.19), and B =A,,B,=A,yBy=A,,B.=A¢ and
taking the product. The result is given by (4.24).
As can be seen, the coefficients of the sigma matrices
in the product are merely linear combinations of bilinear
products of A's and B's. This gives ‘xz. « To get X3 »
ve set B,= coefficient of 1, B,= coefficient of 2y etCe,
and re-apply (4.24). The result is now X3 =(X)x(')l") .
This process may be repeated any number of times to gen-
erate any arbitrary power of 76 .

The electronic computer is programmed to perform
the process described above, and thus is able to "do"

the sigma algebra.
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We now prove two lemmas which will be important
in establishing the validity of the above procedure.
Lemma I

We show that the terms of (4.23) always add to
zero.

Proof: Let us introduce the notation B? as the value
resulting for B, in (4.22) when n multiplications have
been done and the result stored in the Bi's. This means
that there are n+l factors of 4 in the product.

1) Consider the case of n=1, i.e. ¥ . To form
the coefficients of the sigmas for the result of the
product of % times x y ve take Ai=Bi,i=1,6, and find
that the coefficient of «(¥a3+¥a2)is:

(4.25) Ay (Ay-Ay) +CAy-Ahe mo

This cancellation occurs, of course, because Ai=Bi'
This condition will no longer be true for higher n.

For higher n, although Apseeesig retain their initial

values, We have nevertheless,e.g.

(4.26) B;: (" B;L-:'.A;B't-(_ Azg’r." A‘J 8:-!) +* “J

2) Hence, we assume that the coefficient of
vanishes for order n, and prove that this implies the
vanishing of the coefficient for order n+l. Thus our

assumption is:

(4.27) 146(83”‘ BJ‘).;,(A,,.‘S)BZV =6 for n.
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Then for n+l, we have:

(4.28) Ao (BB +{4-As) B

For the B's in (4.28), using our multiplication

table, we find:

(4.29) B (A& A3B"-Au By AB.")
Bz (MBS ABY - Aai3 - AsBa)
8.7 = ( (A+a)B+ A:.CB."+B?))

Substituting these in (4.28), we find:
(4.30)  Ae( A8 HABY A p - A8l B A8 4 A B 1,
+ Bu-AY(CAA) B 4 he (8 )

\v

= @a)[Ae (BB) 4 k) 8]

and the final term in square brackets vanishes by hy-
pothesis. Since the remaining factor is not infinite,
the entire expression, which is the coefficient of‘(&,{g,
vanishes for all n. Hence, this is a proof by mathe-

matical induction.
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Lemma II

The purpose of this Lemma is tb demonstrate that
the results of our algebraic manipulations above are
independent of the choice of sign in the exponential
of (2.12). This is not obvious, under i—$ ~i in the
exponential, the function 4 of (4.4) would change sign.
This would change the sign of 4« in (4.18), which is
Ag of (4.21). This change might affect other terms in
(4.24) to return a different final result. Of course,
this arbitrariness is allowed, since it just corresponds
10 our choice of phase in writing the Fourier transfor-
mation. Hence, we investigate the property of invar-
iance of our results under reversal of sign of A6,
Ag¥=Ago We proceed as in Lemma I, and give the proof
by mathematical induction. We use our previous notation.

1) For n=l:
(4.31) Ao=Be=8¢
Therefore, if A 7 =Ag,B,~>-B.

2) Assume that in order n, the contributions to
1 and th are invariant under A6—ﬁ7—A6. We need con-
sider these terms only, since these are the only places
vhere contributions from a factor of A appear.(4.24).
The condition 2) requires that A6B2 ke invariant under

KG——?-As » which implies:
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(4.32) B —>-B."

(4.32) therefore is our assumption about n.
To order n+l, the contribution to consider is A6Bg+1.

As above:

(4.33)  Bo™'= ((Ak)BE+he (B 0)

Under A6.q,-A6,B6-9-B6 by hypothesis, therefore:

L
(4.34) B LB

Hence in order n+l,

Wl

(4.35) A(. B:H_,,, ¢ Be under A ~>-A..

Thus, the contributions to terms other than (3we4)f
are independent of the sign of A6 y which proves the

Lemma.

In this way, we can instruct the computer to per-
form the sigma algebra. However, we may only consider
a finite number of terms in the expansion of the expo-
nential -G_ZJQ In order to decide how many terms are
needed. to insure convergence of the expansion, we con-
sider the series of Fourier transforms of powers of

;Z . Thus, we take the Fourier transform of each
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pover of% separately, and check that the series does
indeed converge. We aay write any term, of arbitrary

pover in 74 y &8s
(4.36) Cid+ CGE, + G+ Cyly + C6h4an) f-

vhere cl""’CG are the computed coefficients.

The angular integration now proceeds similarly
as in the case of the original Fourier transformation
from k space to b space at the beginning of this section,
the difference being that the roles of b and k are re-
versed. However, unlike the situation wvhich obtained
then, the integrand is no longer available as a sum of
gaussians times powers of k. Hence, we must do the
Bessel transformation numerically. Having done this,
wve add up all the coefficients of each sigma operator
separately, with alternating signs as indicated in the
expansion of the exponential, to get a convergent
answer for the amplitudes as a function of k. We then

compute the cross section.
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Section V Numerical Results and Discussion

We first summerize our procedures as given above,
Starting with expressions for d“‘ pL,*..., GL* in the most
genseral form of the emplitude for scattering of two
spin % particles in the infinite momentum Born approxi-
mation, we Fourier trandform to obtain the quantity%l“ .
as & linear combination of operators in the direet
product spin space of the two particles. Because the
algebra of these operators is closed, we are able to
write an algorithm for the calculatioun, numerically,
of all the powers of X that appear in the expansion
of the exponential é_x » We then Fourier transform
this expression back into k space. This last integra-
tion has two parts: integration over angles is done in
the same way as done in going from k space to b space in
the first part of the calculation. This is done merely
by taking appropriate linear combinations of Bessel
transforms. Howeveér, the Bessel transforms must be done
numerically.

We may check the correétness of our manipulations,
since the first term in our final angwer is merely
the double Fourier transform of ;u() gy for which we
have our Gaussian fits. Illence, we comp:.:'é this item
of our output, and test that they are in fact equal.

It was found that to obtain convergence of the series
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of Fourier tfansforms, fifteen terms or less were needed.

We fit by finding what value of‘?l is needed to
make the calculated value ofcﬂﬁééat t=0 equal to some
definite value. The value needed to achieve agreement
vith a forward amplitude calculated with the optical
theorem from a total cross section of 40 mb is vzé’ 11.5.
While this is in good agreement with the forward cross
section at current energies, it gives a cross section
which is too large for higher values of t. We find that
n;g 10.5 gives the best fit over all t, is not very
different from the 11.5 fit in the near forward direction,
and corresponds to a total cross section of 35.7 mb.

We note that a value of 35.7 mb has been predicted for
p-p scattering by Barger (13) using & Regge pole model.
ﬂ' =10.5 gives the result plotted in Fig. 6.

We also do the Chou-Yang calculaticn as a special
case by inserting a multiplicative parameter in our
calculation:

(5.1) f(k)lusxlwf-e (Paramcter) [pt?'vi?»ﬁ* SAPEY Yy

When this is set equal to O, all the spin flip
amplitudes are suppressed leaving onlye{ . Although the
results are not given here, we have also done the cal-
culation for various other values of this parameter
intermediate between O and 1, implying various degrees
of suppression of the spin flip amplitudes by a momentum
independent factor. Since, if a mechanism which suppresses

1) PFor this number of terms, we:have convergence to
Lo . » . s
g§ix significant figures,
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spin flip amplitudes exists, there is no reason to suppose
a priori that it is momentum independent, we must regard
this parametrization as a vroperty of our method of
calculation, rather than a property of physical reality,
We do not present the graphs here. We only report that,
in this way, we can achieve a continuous transition
between the Chou~Yang calculation and ours. This will

be discussed below in connection with "breaks" (abrupt
changes ) in the differential cross section.

As is well) known, the original paper of Chou and
Yang(3) predicted zeroes in the differential cross
section for p-p scattering at about the same values of
+ for which "breaks" of dips are observed at current
energies, We redo the CY calculation, as shown,in'Fig.T.

We find that, as expected, when spin effects
are taken into account, as in our calculation, that
breaks, which are observed, still appear, but that
zeroes, which are not observed, do not.(Fig.6).

The zeroes in the region of the experimentally
observed breaks are due, in theChou-Yang calculation,
to the well known cancellation of the terms in the
expansion of &%, In our calculation, the breaks are
due to the numerically smaller amplitudes having under
gone just such a cancellation some distance in t before
the break, giving a result of zero there. The break

itself is due to the amplitudes rising from that zero,
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with a reversal of sign, just as in the Chou-Yang calculas
tion, Their coﬁtribution to the cross section thus in-
cregses rapidly enough to decrease the mugnitude of the
negative slope, and forms "shoulders" in the differential
cross section, at about the same points that zeroes were
previously predicted in the Chou~Yang calculation.

By means of the parameter described above, we may re-
derive the Chou-Yang results for the parameter =0, and
watch them turn into our results.

Tc summarise, by increasing our parameter to 1 by
intervals, the irregularities are observed to stay in
about the same place, but the zeroes in thecross section
are "filled in" by the non- vanishing spin flip ampli-
tudes, and the "shoulders”™ are due to the rapid rise of
spin flip amplitudes after going through zeroes.(Fig.6).

We next discuss the case of pp scattering, and
assume that, although the electromagnetic current for a
P is opposite in sign to that for p, in the diffreetion
picture of scattering, only the absolute magnitudes of the
"hadronic density" are effective in the absorptive precess.
Hence, we consider that the amplitudes for pp have
the same mcmentum dependence as those for pp. The only
difference will be thath is larger in order to agree
with the experimentally observed larger forward cross
section for pp. This larger value of V] results in a

steeper slope for the pp cross section, so much so
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that it sinks below that for pp at t£.5 (Gev/c)z, as may
be seen in Fig. 7 . This phenomenon is actually observed
at current energies. However, pp cross sections have
not been measured at energies much above 5 Gev/c incident
Lab momentum, sc this experimental data is not presented
here. The curves in Fig.7 are presented only to illus~
trate the cross over at t2.5 (Gev/c)z, predicted under
the assumptions above,

As noted in Appendix G, we predict a zero value
for the polarization parameter P defined there,
This is a consequence of our model, which predicts + real
values for o, Bs coes€ The latest experiment of
which we are aware is that of Ref.(12). We note in
Appendix G, that the quantity P« measured there may
not be the Pw which we discuss in our theory. The
deviation would be of the same ofder of magnitude as
the difference between ‘PT( “P)\ and \ Pw(domq\, wvhich theser
Authors quote as being about 10%, would allow their
measured P, to. differ from ours by about 10%. Further,
many of their values are affected by large errors, so
that we may conclude that our prédiction is not definitely

ruled out by this experiment.
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¥e next consider the connection with the Regge
treatment of high energy scattering. Since the heli-
city amplitddos are the ones which are Reggeized, we
have derived them in Appendix..D, and find that they are
equal in magnitude to our spin flip amplitudes. To pro-
ceed further, we relate our assumptions to the Regge
formalism by referring to the work of Huang and Pinsky
(15), who present a Reggeization of the helicity flip
amplitudes for p-p scattering. We note that our heli-
city flip amplitudes are energy independent, while theirs
have & multiplicative factor of ‘S-n‘jd-‘ . Thus, our
assumptions correspond to a choice of d= 1, or a single
zero slope Pomerauchuk trajectory.

We have made several attempts tn extrapolate this
calculation to finite energies., We first attempted to
abandon the assumption PL= (=€ , and instead cal-
culate the transverse momentum from t and the energies

(9)

at which the Allaby experiment was performed,:

Pincident=19+20 and 21.12 Gev/c, and plotting the result
as a function of t. The effect of this modification

was to increase do/dt ® an unacceptable level for large

t. We tried in addition, calculating | |gp without tak-

ing the infinite momentum limit, but this also led to the

same trouble as above. However, we would expect that
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the assumption that the eikonal can be expressed as
%‘-“- (§‘u> would have to be essentially modified
at finite energies. Possibly we can no longer assume
that a current—current form of the interaction holds,

at finite energies.
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Appendix 4 Evaluation of Transition Amplitudes in

the Born Approximation in the Infinite

Momentum Limit

We evaluate the matrix element ( 3.13) for the
different possible spin transition amplitudes in the
infinite momentum limit. Our representation of‘x"s
and spinors is:

“D Y (38), V- G D) e ()
—E—%s

fatin

’ﬁi{’) ='Lf*(?) Xa‘-' (fx.t)—'x: %;% 3 XIE Cé)) X;z(?)

v g TN =~:’TD¢, Y;;]_v

We have, using the Dirac equation:

(K.2)

(0 ) Toml 7= REO(RY“+: 0 PF) sy

= %) (G V= (P4 R) 25

=P

vhere Gm-F1+2MF2 y M is the proton mass, and I denotes
the particle incident in the Lab frame, Using an obvious
netation for spin up and spin down (parallel or anti-

parallel to the direction of quantigation), wve have:
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(he3) <ptl I lea>=<eblnlpin-

(G 1+hh " _
( .‘?*.)(f “ 'LE(I é .-m) )

for particle I, same

for particle II.

(Aed) 4 In:(r#

L
. X — -I-Ea(P“f} ][ 1"{[
" + e
] o ¥m) Pet *p for particle I, same

for particle II.
(A.S) [J' ”1\>
= [(mp, R %D +Gom, (!g;_+%)]
for particle I, overall
change of sign for par-
ticle II.

(A.6)

QLTS ‘ P)*>'
=[-§fg—+ Fa £ (P43 ](‘N”‘)

@0 41 )(Potm
for particle I, overall

change of sign for par-
ticle II.
The following matrix elements will not survive
in the infinite momentum limit, but are included here

for completeness.
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(A.7) <rt1lJ-" l P)3>._.

LG ) e (]

or parzlcle I, over-

all change of sign for

particle II.
(A.8) . a, , 3 !
<O [ 4> = [ oo i epe R

[Ty

for particle I, overall
change of sign for par-

ticle II .

(A‘9)<P'I 1T ’,b:[—,,%-;—(fuwi)- P,'Fz(t-gﬁi_g?—h-)]
. o'+ n)(Portin)

for particle I, overall
change of sign for par-

ticle II.

< I”"l P, %‘) =E-'F)Gm (;P*; —.’9;';‘_).,_,,';; (‘-_&)gzd]
@:7£EnJTEU“""

for particle I, overall

(A10)

change of sign for par-
ticle II.
The-matrix elements given above are!'for the
transitions of particle I. The matrix elements for
the transitions of particle II, the target in the Lab
frame, are obtained from these by making the changes

noted in the statements to the right. The net result
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is to change the overall sign of the matrix elements in

(A.5) to (A.10) inclusive. Since we use the metric:

peoe (3339)

to give the product:

(4.12) j“J“= JJe- J’Jrgjaja-‘\jij.

Thus, this overall change of sign for the matrix

(A.11)

0
oloo
lo

*">

elements of J3 result in the minus signs in (4.12)
being changed to plus signs (matrix elements of J% and
J! vanish in the infinite momentum limit).

In taking the infinite momentum limit, we will

need the expansion:

(A.13)
NI A
ot P- = I3 Psf.m) ({ 4.3»' +(9[J?-))

The infinite momentum limit is characterized by

Po—»ed s Pq —p 00 Hence,
(A.14)
Po'= Pt Rt & 15
in this limit.
Hence, the tzansition amplitude ¢ 3.13) is
given by:
(4,15)

Ts.;sggss,s;‘u. Lu...' I{ flm B> <Pt | P> -

= <p2d | Jheo Ipsse><Petsa 1 42 | Fs&>]

minus similar terms for J2 and Jl.
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The extra minus sign due to the matrix elements for par-
ticle II changes the minus signs from the space compo-~
nehts of gupyto plus signs.

Inspecting (A.7) to (A.10), we see that these
amplitudes vanish as PgsPy —pesy 30 we concentrate our

0

attention on the J  and J3 terms.

(4.16)

! Tttt ‘Tu—-w '-‘-T—ne-u = Tireit =

Gy )
< i e N L }+((f%§é
-1)+Gw P‘.’,’w-éH)t

—> (26m - hﬁ(z,.)) ((M)Jr-;, )+zam)

— quvb_32meF¢_+3zF:____ gF-‘;

'ﬂu)

where (A.13) and the definition of Gy have been used.

We summarise our results below,

¢ .12) —r-:wsp‘w ;&P‘-‘- Fﬁ'

& .18) T(‘i:%) -.-.(;’.) 4‘;:*’:.5. - th? other partic¢le

"‘[“' unaffected.
(4\919) 1.1.*_&‘ - L“-ts
b1t e R
G «20)
' ‘T- tVelt = -p* F"
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Here we have dropped the factor of 8, since the
coefficientn will include this if it were kept, and'yL

will be determined later by comparison with experiment.
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AN A A

Appendix B Infinite Momentum Limit of Vectors l,m,n

In order to derive ( 3.8 ), we need the infinite

momentum limit of the following basis vectors:
«’V:\t' (tx(z
= i A A- A A “
SInd W-":_ EN-—(EL 5 ,e-: k+ (:&
2 Sin&fy 2 Cos &)

1) Case of n in the infinite momentum limitl
Define kz= z component of COM momentum of incident par-
cle, in the initial state.
k; = z component of COM momentum of the same
particle, in the final state.
k' = transverse momentum of the same particle.

Also by definition:

B.l A - “ .
(B.1) ko= k2 L KGe katls
\ez) @t

wvhere: Siw 6= H:ﬂ

Then:

(B.2) ,v’\\}__ \(Lk(KJ.'l-\‘rl) by

- e —— Ka

a J.l "l-'{' lk#.[ ’
(ad {fate e IRal ) e

Expanding the dencminator:

(B.3) Y *L-((‘i (C,z +>

(‘( Akl z_) " “(z(



This gives:

o4
§B.4) —;K_::. (/) >G~T‘FT;‘E\Z.
1kal u< [k | ra TE |r:‘,‘
Hence: = ke XKy
(B.5) A
2) Case of mx - Ky
la‘;we/:_,
¥We have:
(B.6)
a&=<@ ok vk > [
el Gemea)™/ a sz,
Since:
L SinOf £0= g2, 0 (K]
(/<3'I
(B.7)
W= (L (TC+E') ‘ ——<"€3' (¢, >(
T IR T ; IA
! Hﬂfl([+—5£f)/4 =0 Gl s )%Q]
g
| -
x\u >>-—~ K (m ){
A A S S - - K
P Tk3l \ e (R // e
Since &;_,g Al
(2t vy
becomes:

A

for high energies, (B.7)

A .
A s = I R ke Lk
| K2l
The second term is negligible as k=«
A [
Y = "'{(_L

. Hence:




RN
U]

f)
RS

3) Case of

A
§
R

Again using the definitions (B.l), we get:
(B.g) .:.

— (Q-+ <s /
- H;|+ ' >/+/ )

n s ((:er
ince:
o — .L
= [+ 1l
Then: 279 ( 2&1;«)
(B.10)
((<5+L3 J(1+ <9((z<3)) (“ Ki}))
Hence, as |i;|—= o ’
(B.11) A
€= 2l
Y Ks
Summarising,
(B.12) ~
7€t‘%
s T

as illustrated in Fig. 2,

47
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Appendix ¢ Integration.of Ggussign Fits to_the Eorm
Factors F, and F,

One of the apdwgntages of parametrizing the product
of the products of form factors as a sum of Gaussians is
that we con perform the k integration exactly. In this
Kppendix, we use (4.13) and (4.14) to explicitly derive
the general form of (4.19). We have fitfed the products
of form factors Fi,Fle, and Fg by sums of Gaussians in
Appendix E , and take the general term to be:

(Cel) A-@“M&

1) Case of ol y which corresponds to the integra-i
A

tion of -4 . Here the integrand is Fi. Using (4.13)
and (4.14), we get:

(C.2)

©d
j Azﬂaml““) kdik = Ah_g....: ra) M( 5 |>'b%a.> = —/—l* e_l"‘*‘*
(7] Ao

2ea-1(1)

This is called Al in our notation. The first
part of (4.19) is derived from (C.2) by substituting A
and & from the fits of (4.12).

2) Case of « term, which corresponds to the

integrand { Y(&wér)+iw . The integrand here is
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<kF, F, , with F1F2 lparametrized as a sum of Gaussians in

1
; 2
(4.12), the general termbeing defined as Ae-ak .

Then (4.13) and (4.14) imply:
(¢ +3)

A.J‘\_@“‘“LI(M) odic = AT 56 gy M (22,7 )
A (=Y M

A b -0y
—_— e Ya
bar

This gives the Ag term of (4.19).

3) Case of v and T +terms from the integrand

-~ A

gghﬁluxn, e ¥We recall the definition:

(C .4)
<§>g = f&m j:(kb)kc[k

and Eqgs.

(C.5) e ,/&(< £5.+ <5%.)

T == <&,

for some integrable function f.
2
Now our integrand is B --k2F§ here, so we need:

(C.6) i(b> (k Fa )IARHR(JI\* "IF:. Jolkt) s 3ddic

aramettizing F, by a Gaussian, we find:

(C.T) . — Ae“”“ oht) Kol = =A AL 0 (3,1, YR
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Using the recurrence relations for the Confluent

Hypergeometric Function,M, we have:

(C.8)

M8l (- ) MO, L ) (1 Bhe) e o
So:
(C.9)

L B= ‘%L (i- (’zﬁajﬁ— b e
We also need:
(c.10)
L po= [BJalet) de= - f B T (kL) k3cdk == A / f““l{/@kwk
= - AT s

2ar1'(3) e MG - ~b7a) = ﬁl, — e e
Thus:

(cell) o ¢ N o .
/L(QB>.,+QB> ) Zif- £ [/~ é/ ).;.L ) ”'é’/q.«c
= A/Z ‘2ar 6-—5/,,,6

)) = 'g.?._@bé?/qtl

and

(Cel2) o (pyy= 4B z‘%"'
Qa3
v appears in (4.16) as the coefficient of &' o> ,
denoted As, vhile T is the coefficient of 2. , de—
noted A,. Eq. (4.19) is written out in terms of AS,
even though A5 is immediately absorbed into A, and
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A3, because this corresponds to our procedure when actu-
ally doing the calculation by computer. We then absordb
Ay explicitly into A, and A, , i.e. go from ( 4.16) to
(4.18), during the calculation.
Summarizing, our expression for A2 in 4.19 is just
-+ in(C.12) above, while A, appears in (4.19) as

expression (C .11) above.




52

Appendix D Helicity Formalism

In this appendix, we derive amplitudes for
helicity flip transitions in the infinite momentum limit.

The diredtion‘ef :ine¢ident particle I is chosen as
the axis of quantization. We choose the canonical
representation of X matrices,

(D.1) P
~ 0(32
Yoo (03) . 7=(5%%)
which imply the canonical form for the Dirac spinors:

We rotate these about the y axis to the final

direction, and so get the helicity spinors:

(p.2)

Uy N[ f ' g
(Qflljk'\: ,) ?/C.\lr-,A/ 2'}“___)6-‘0'?8/2»/[(‘1’
%fm 5,7'*"" i

Usg = N (_l._ ))(
= 1?1‘3‘ = /7 : -< 9
e R U TR R 2 0
EPIH%

Lpd= 2%

wvhere . is an eigenstate of /4 0z with
A=z /. ~as eigenvalues (for either particle), and
vhere N is a normalization factor which will be dropped
for the same reasons as noted in footnote 1) of Appendix
A, Using thesrepresentation of JEM in terms of matrices
as in (A.2 ), we may write out the representation ex-

plicitly.
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We first treat the case of JF(;MI‘ We have:
H

(D.3) 9 ( 0 Em

r(o) (P>—
_ z (t) /2.
G L(Gw.- (™) 4 (G +Crtn ). 251, zpt ,}

A
CMQA( )((G”wm ), F e (o et Fo 4 pr oy

@,«w m)ff/, ’,,m)t}zflr

st
1): Léw% ((Gw -(P 1), F)i-(@m#—(;:i—? )F Hpeps! e 1,
CE,,f—w)(C;;am) Az

r_,.-%

Diagonal elements are: fl;)\r)z éﬁBOPéi%)

(D.4)
Cov 9 e
/L(Z@ 4—((’1-&} R (Pth: 1:1,:_‘))
Pohq}(?o f"'b)
for particle I
Off diagonal elements are:
(D.5)

iﬁume/z.éém (pe) //- Yppde JFO“MW
W Z<-IJ'I+>

for particle I



54

For particle II, we have:

(D.6)

Cog Gu (R G + (P +R) Fy ‘éf_tilziz__>
S C &) <({,OMJ(F ™ ’>

for diagonal ele—

ments.
(D.7)
2 . - q X lu: ' +17°~
(+>gm9/L (2 Gue + (D)o P (@‘iﬁﬁ'}—;‘—)——l»“:gi_“;hﬁ.

for off diagonal

elements.

We next consider J%MI « We have:
H

(D.8) — M
<HJng‘h7=

< (k.» O/L -@-H " O, e/; ) P.R; _—([ZJ'*‘ﬁ)J F-). G"LO’J )‘/1.‘:
e Ehdidies ey
y:

f .f.yu — G-m 0'3 _(I’I+E-}3 Pof”"

= V<% (- w2t e
P (Pr*% E+G .9+fa,{_1m_ +f_& m%+0+y3€(g§£ig))@

= i (D em st fmtfptog)reuafirte i
P .

7( & .-
+ (8. ¢ ’”‘”t@ﬁf,;\m) )+6w@f——+ﬂ-—)} e
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(De9) <o LTS dp=

(D = ;k ( ) 99 N
o 2 Zzﬂ;)]fé > l P { o - .
. G Jrle- GW?QQ”

jg ~Ax
/

el (i oo sl
P —
_}__‘k ( )Suw%'\_( PH’-+PR> F (L(-P-E l‘I >.’L <‘° _o') C—,«,{R?lm Il“))
Pothst

fof‘ )

We now enumerate the special cases,
1) No helicity flip:
The m::,erm and the ;J;’i“J:“%erm become:
T mW
(D.10)
Con8), LL{(M FY Gon B (ool (R0

?"*’""Po +<P +P F
oM){NM)
+(p )R ,r'r |
P )3 l'.\ (Eo#w)(fuww) ) + G\r\u 'é’;‘;’ ¢ L_ +1 CF 1«(’)3 Ev

(ol ) o w22

Using the approximate expansions for infinite

momentums:
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(D.11) F3=p.,(l—‘i“l.l+--->). P lem
Pobe 7 Toiem
1
___I_‘_,L__. | - 2m
(?°'+Mﬁ,+m§ Po

(D.10) becomes

(D.12) &Y oo by

We briefly summarise this by introducing the

b -4

183

symbol for the heliéity flip amplitude:

(.13) <N A g A

. P 2
Since, as momentum becomes infinite, cos“ & —» 1
ve have in this limit:

(D°l4)< ++\';#l++>= G-l l-=r=dumlglamys &+l l-ads BFF

2) Helicity 1 flip. The amplitude becomes:

(D.15) ¢t 0 [dle,3y- [<H[T, |;>(<+lJnl+7a*a & 1T4)

T F v cose, [(wxncmz Cprap) x(2) + (g Fa x
|~ l'tfz ) ' g

( R (T + (P e (I —&L":‘%(P_‘:‘—S)

G '('E::f - ﬁ#) (f +f> o (f.'«—%)(lh%:—‘)]



57

where we have used:

D . 1 6 L p>
(o.16) | _ ki SNV VRy G

Pa‘pn) (potwn™ po “Ps

to expand the cross terms. In the infinite momen—
tum limit,
D.1 . . '
(. 7) w8, = jg__) Cor &) 21
A3 t

giving:s
(p.18)

Cb—x sniaflip= iy 2 R R

3) Double helicity flip.
¥he calculation proceeds as in the above two

cases, and we quote only the result here:

(Dy19)
G Loy = e ldim == = Ber B

/\/1"‘ t d’ l*+> = <-+( c{)l+~>: + ?‘P-LV'FQ_L.
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Appendix E Porm Factor Fits

In this appendix, we discuss our fits to the form
factor data.

The most attractive possibility for deriving
Gaussian fits to Fi,Fle, and Fg vould bave been to
make use of the work of Chou and Yang.( 3 ). In their
article, four Gaussian fits to Fi p and (GMP/M,)2 are
given to four significant f gures. However, this poss=-
ibility proved to be unsatisfactory for the following
reason.

We can derive F2 from theCY fits as follows.

Using the definition of Gy and GM :
(B:1) oz B - it E

Gums Fotam F
we can take linear combinations of these equations to
find:
(E.2) Gt Gm = 2F, +(=Cy 2u)E

Ca-Gm> (~!pu- 2m)F,

Subtracting, vwe get:

(E.3) 2 Cu = AE, + (=1l w2+ [t fay +2m ) F s R4NME
or
(E‘4) g G«.«,— Fu

Fa=

am
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We now can tabulate the Fy implied by the two
CY fits for F% and (GMLM,)Z taken simultaneously and
fit the result with Gaussians. When we tabulate the re-
sults, however, we find that the two CY fits noted above
give an Fg with a distinct "shoulder" at about 10 (Gev/c)z,
and a less obvious shoulder in FiF*.

Since, except for the effects of the-multiplication,
our answer is similar to the form factor squared, the
presence of such a "shoulder”" where none appears in the
experimental data would make the apnearance of similar
"shoulders" in our answer, which we actually derive,

highly suspicious. We must thus conclude that the CY

2
1

consistent with experiment, and we must use another pro-

£its to F5 and (Gy/«)® have implications which are not
cedure,

We turn to the recent experiment of Coward et
al. (13 ), who derive GM/AQ for the proton from elec-

tron-proton scattering under the assumption:

E. |
) Ce t%l elela)”

which holds for low momentum trensfers. The reason for
referring to this experiment is that the authors tab-
ulate GM/”° for momentum transfers up to 25 (Gev/c)z.

We may use (£.1) to find:

(g-6) G’G“G‘vwf-;l;{(ltlf"tlm"),:x
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or
(E.T7)
F = AMm (GW*GE’)
£l + 4 m>
with

(E.S) F(T- G’M_;ZMFL.

Thus, we may extract Fl and F2 from the Coward
data.

In view of the above, we have decided on a compro-
mise procedure. We accept the fit of CY for Fi as
given iﬁ (3 ), but extract F, from the Coward data.

We do not use the F1 implied by this data, using it only
for the purpose of obtaining F2.

Alternatively, we could ignore the CY fits
entirely, and use only the Coward data. Since we are
reluctant to gbandon the CY fits, and since our results
are not too sensitive to the fine details of these fits,
ve: adopt the compromise above.

The fit achieved with this compromise is illus-
trated in Figs. 4 and 5. The errors shown there are
computed from the given statistical errors in Ref,1l3
and include an estimated 6% systematic error given
there, The fit could be impfoved by using an arbitrary
number of Gaussians, but we consider the accuracy
enough for the values of t at which we expect good

agreement.
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Appendix p Singlet-Triplet and Spin Transition Amplitudes

The Singlet-Triplet states for the, scattering of
two spin one-half particles are denoted (S,S3> ’
where S total spin, and S; is the projection of total
spin along the axis of quantization.|«> , |- denote
single particle spin states with spin along (opposite)
to the direction of quantization., We give the relations

between these hases for completeness:

(Fel)
R R Gad it ks ) s 1o

| =t =212

v+t = {427

=4 2+ =\
L1, 0% ﬁ(w?\? )

Using these, we find for the Singlet-Triplet
amplitudes defined below.an expansion in terms of spin
£1ip amplitudes T, ..

s 1
®.2)__ . .
Fow £ (et Toapm T =T ) = R 0B

Tl)\ = <|,!\T\ \)l> :‘F'H-;H. =‘F“?—
Ty = - Tly=>=0 - = =5

To= & LUTHLo» s B (The et Theme) = - TER

To, = IX KF,R

1l

R = '/a -T =yt +T—+’-f-+—l_l-->-+ +T—+)+_) == K‘E_"

6 -
°)
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In the above, the +(-) signs in the spin flip
amplitude are in the usual notation, and where we have
substituted the values of the spin flip amplitudes from
Appendix A .

The Singlet-Triplet amplitudes in (F.2) have the
same phase as the corresponding amplitudes calculated in
the infinite energy Born approximation, and given in
Appendix A . These factors cancel, and we obtain the .
Singlet-Triplet amplitudes of Ref. (4 ). VWe may easily
derive alternatively the information contained in (3.9),
by using the formulas of Ref., ( 4) and (F.2) above to
give:

(F.3) ,
x= ({\[—i,t*‘TO,o +(\s,s>= [

L

Lf
%T‘ J‘F ("lT],—t '*'To)o "'T.S,‘S) = klr"-"
¥

=E (T, -, )= -kFR

+

(2 } = é{-(‘r')l 1——7_;)_‘ “—I—;,s ) ¥ %ec © CtJ'—r,-u'To,a) =0

Finally, by substituting the expressions for the
Singlet-Triplet amplitudes of ( £ 2) into (F.3), we derive

the expressions given as (3.9).
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Appendix G Treatment of Polarization

In this appendix, we relate the usual treatment

(

of polarization

4) to the "polarization parameter" of

Borghini et al. (12), and show:

1) Thet the usual polarization parameter Py will

vanish in any model with real
2) That in the case of

dent on a polarized target, a

amplitudes, as in our case,
an unpolarized beam inci-

quahtity related to the

polarization of the target particle is non-vanishing

in our case, but is not obtainable from the polarigation

experiments on p-p scattering

For the problem of the
(4 )

particles, we have:

d&

— —

asuite, =

(G.1)

Here, %ﬁiwis the cross

22 {1+ P

to date.

scattering of two spin ¥

)

section summed over final

spins when the target and beam are unpolarized.

2

(G.2) P

is the polarization of the target in

the initial state.

S

Pe

is the polarization of either parti-

cle in the final state when both the

initial

state incident and target

beams are unpolarized.
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@ B, Ta(f% §)/m§+&)

A
vhere £ is the operator

A N . ~ A L
(G.4) 5’: o(’.'l‘.(—P Gk Brpp Y (Fud b e § ormonb e sl

We will show below that the quantity Py measured
by the authors of Ref. (12) is equal to the magnitude of
the quantity Pu defined above under certain conditions,
which, however, are not met in the experiment of Ref.(12),

We define the polarization of the original target,

now in the final state, as:

{G.5) ;(‘5:3 = Pu.+ (P P

N lf Pu ﬂ _>
P is a dyadlc, so that @ P: is a vector.
(G.6) j“): (5 %&5‘+)
ERCEN

The experiment of Ref. (12) is performed using
an unpolarized beam and a partially polarized target.
Defining the polarization we#ctor of the target as PT’
only particles scatiered in the plane perpencicular to
PT are counted. Then the direction of polarization
is reversed (but with a different magnitude, see below),
and particles are again counted in the plane perpendi-
cular to Pp. At each scattering angle in this plane,

the following quantity is measured:
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(Ge7)
L€

(WT.'(MP) ] "t ?—;-(doww) U" éf);;«z‘f)”‘ ) PT'[‘L’WV)DG

o

vhere N(up) is the number of events when the target
polarization is up, and correspondingly for N(down)’ in:

(G.8)
&= AkumJ"Akgggg,,_

N(mp) + N qdseon

PT(up) is the magnitude of the target polarization, when
it is polarized in the up direction and correspondingly
for down.

By using (G.1), we see that:
(G.9) .

Newepy = géi ( |+ ?20‘?;)
for a certain angle. Similarly for N(down)' We may
then substitute for € , and find for PO :

(G.10)

P, < 2 —‘;o’ ( qﬁ?/«f = Pralowon)
LB sy 115, o 1) 10 (P 1Prcdoan] thtonnd P

If the polarizations of the target in the initial
state were equal in magnitude and opposite in direction

before and after reverasal, we would have:
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RN

(G.11) PT mp = —fardaamu
tPTA*\/PIT*AiotMl

In this case, the second term in the denominator of (G.10)

would equal zero, and we would have:
(G.12) = 3 >
?T MP - PTO(O((M* = 2 PT MP

giving:
(G.13) P = 2P (2 Pr ) _ ? P;M,, |
24 lp;u&fl Tﬁi:;l

Since in this experiment, the scattering plane is

always perpendicular to PT,and since any non-zero polari-
zation is perpendicular to the scattering plane, it
follows that PO is parallel or antiparallel to PT(up)'

Then we would have:

@.24) 9 [P

However,\PTM¢t$.IPTCQQHVI in this experiment.
Although the authors take note of this fact, they do
not give the numerical differences in the magnitudes of
PT(up) and Pp(3own)*

The importance of the above discussion for our

work is that the experimentally measured parameter Po
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as defined above in (G.7), and which differs from zero
by about 10 %, may not be the quantity predicted to be
zero in our model, Ph in the usual terminology. Further-
more, the experiment above was done at (0.0 Gedlc wax.
wvhile our prediction is for infinite energy.

We now explicitly evaluate ?u in our model., Omit-
ting the details, we find:

(G.15)
5 V. § (T (wip?)¥) = 0

Since o, 3 , and ¥ are real in our calculation,

(Appendix A ), this quantity vanishes identically.l)
We next evaluate the quantity ?(ﬁ;), the polari~

zation, in the final state, of the target initially

polarized with polarization ’Ei in the initial state.

We again quote only the result:

(G.16)

T)@) = Il qpl e niyra gl lel
o™ g+ 20y (51 1 el

which we get by explicitly taking the traces implied in
(G.6) and substituting in (G.5). We are not aware of any
experimental measurement of this quantity.

1) It would, of course, vanish if our amplitudes were pure
imaginary, which is the usual phase conventién.
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Appendix H Angular Integration and Basis Vectors in
b Space.

In this appendix, we give an illustration of the
transformetion of the i;j's in the expansion of &f ’
under the Fourier transform:from k space into b space.

We choose the direction of the velocity vector of
the incident particle in the Lab frame as the positive
z direction. We first consider the term:

(H .1) ke le; oty o2,
where the indices i,j,l1,m,=1,2, or 3.

Using Eq.(4.2 ), this becomes:
(He2) o (b) op o Sy +w(er) o e o3 b b,
Next, we consider:

H3) s s o

4w &
in the infinite momentum limit(see Appendix B ) it is
understood that the infinite momentum form of A is used
below, Since k is parallel to the z component of kf

(denoted k, ),the cross product of k with k vanishes,

fe
and we have:
(B.4) Budsed On(Eed) S (Kik)
We may use the properties of the mixed product
to rewrite (R.4) as:
) - N A A
B35) 3.0 5% s = (Roxdm), (Ruxdo), < (oo 16 o) (i, ofion)

ors
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(H.6)
(&5}

A a0 A A A A A )
oL MO = ,Gt ik, o—l—x o + Kol O‘i‘)af”— (<) Iy, 60~ (K4 Ka O30,

A
where k1(2) denote the 1(2) components of the unit

vector ﬁJ_. Now each of the terms in (H.6) transforms

according to the last line of (4.2 ). We have
explicitly:
(Ho7) I —v'l?‘i; . A A

5—1} p K;K‘)-é ’\(\': ))Su\) - ‘“-’Ig:rol

n . B

vhere b1(2) denote the 1(2) components of b in the basis
in b space to be derived below.

Hence, (H.7) explicitly becomes:
(11'8) — PN A 1 _ -
v 3 &8y wmbib, Y oz

W~ L .
MY guq'ak «r[amelo"zr‘

When these terms are combined, we have:

H.9) (3"3*) 1-77‘(42 03_;1_4152))( E‘ cr%u.éxc‘.’")
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Re-arranging the mixed product E}(Gx&? as before,
ve have:

(H.19) R A Ay L A N
V(& o> ) d'-(b;xb) &"“-(bsxb).

Hence, we are led to define:

p

A

(H.11) é XE
- “3

i

which gives us:

(H-12),L - L A - > N I
2“_ ?}Ck’)o’“ﬁ@”-w :))(&‘-U")‘*“T"T'POJ'P
~A

This term is of the same form as } in

our original amplitude in k space. $ is a vector in the
transverse nlane., To have a complete orthonormal basis
in b space, we must choose a third vector perpendicu-
lar to both p and kz(kz " is left unaffected by
our Fourier transformation in the transverse plane),
The natural choice is ﬁérg, This is because the vector
T which appears in our representation of ‘g s equals
'ﬁxg which thus goes to -%, vhen, as seen above, ﬂ—»g.
Then, defining ﬁzz.fz we have:
(Hel3)
We now set up our convention: 1=§ direction, 2
= a'direction, and 3 = F’direction. This is the con-
vention used in the definitions of the E:U's, (4.20).

V¥hen, after doing: the sigma algebra in b space,



wve integrate over angles in b space, the situation is
as illustrated above, with the only difference being
that the roles of b and k are interchenged. Thus; in
this latter case we find:

(B14)
— A A - A A A
o\.P R_P\_:? S teowvy >N
F-g"’_{-‘ P —y Sy Slim
— ; A
FA S Tl ]
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