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Abstract

The Admissible Dual of SL(2) of the Dyadic Numbers
by

Terence Joseph Kivran-Swaine

Advisor: Professor Carlos Julio Moreno

The admissible dual of SLy(Q5) is constructed uniformly, based on a method

adapted from the the theory of cuspidal types of GLy(F).
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Chapter 1

Main Results

In order to perform harmonic analysis on a group, GG, one must have so-
lutions to two general problems. First is a parametrization of the dual of
G, that is, a sufficiently exhaustive! set of irreducible representations of G.
This dual set is the domain for a Fourier transform of a function on G.
Second is a Plancherel measure on that dual set. This allows the Fourier
tranform to be inverted. While for the case where GG is abelian these two
problems are solved in a very straightforward manner, things are more in-
volved when G is not abelian. Beyond the obstactle of parametrizing the
irreducible representations, not every parametrization of the dual of G lends
itself to the construction of the requisite measure.

Looking at the literature on G = SLy(Q,), the dual of G has been con-

IFor a set of representations to act as a dual, there must be an effective way to
invert the dual construction. This sometimes requires a restriction to a subset of all
irreducible representations. In the case of locally profinite groups such as SLs(Qs),
the appropriate restriction is the requirement of admissibility which is discussed in
Section 1.2 of this thesis. My reference on this matter is Bushnell and Henniart’s
The Local Langlands Conjecture for GL(2) which I cite as [3].
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structed in multiple ways. For most purposes it is necessary to distinguish
between two classes of representations. These are called the continuous and
the discrete series. The continuous series is conveniently parametrizible by
analysis of mulitplicative characters of Q,. The discrete series is less con-
venient, particularly in the case where p = 2. In the odd-p case, one may
exploit the Killing form on SLy(Z,) to help parametrize the membership of
the discrete series. Joseph Shalika does this in his Ph.D. Thesis [23]. By
comparing his count of the representations of the discrete series to those
which are constructed by André Weil [24], Shalika shows that when p # 2

every representation in the discrete series is produced by Weil’s construction.

The Killing form is degenerate in the case where p = 2 and cannot be
employed to construct a dual of SLy(Q2). Moreover, the structure of the
quadratic extensions of Qy leads to some identification between cuspidal
representations that come from Weil’s method. In his paper [6], William
Casselman provides an exhaustive account for reducibility of such represen-
tations as well as the relations that identify them to one another. In the
absence of a Killing form, such representations may be counted implicitly.
Such a count reveals that there is a finite number of representations that
are not produced by the method of Weil. Alexander Nobs used Casselman’s
work to count four such representations of SLy(Q2) in [16]. Then along

with Jurgen Wolfart [17], he produced a list of these exceptional® represen-

2The term exceptional is used nowadays to describe cuspidal representations that
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tations in an ad-hoc fashion. This resulted in a construction of the dual of

G - SLQ(@Q)

The parametrization by Nobs and Wolfart of the irreducible represen-
tations of G does not lend itself to the construction of a Plancherel mea-
sure. Specifically, the ad-hoc construction of the exceptional representations
makes an analytic comparison between these and the ordinary representa-
tion very awkward. In the pursuit of a Plancherel measure, it is preferable
to construct every representation of the discrete series using a unified ap-

proach.

Phillip Kutzko developed such a unified approach employing the Killing
form for GLo(F) with F a characteristic 0 field with residual characteristic p
for all p in [10] and [11]** . Kutzko’s approach for GLy(Q,) is well presented
in the thesis of Christina Hansen [9]. This approach has since been named
the theory of cuspidal types. In 1984, an adaptation of this approach was
employed by David Mandersheid in [15], [13] and [14] for SLy(F), p # 2.
Though in [14] Mandersheid made claims that his adaptation could readily
extend to the case of even residual characteristic, no extension to SLy(Q3)

was ever published. In 1993 and 1994 Bushnell and Kutzko showed how the

are not produced by means of Weil’s construction. Those constructed within the Weil
Representation are called ordinary.

3The Killing form is not degenerate on GLg(F).

4Kutzko actually first worked with parts of this technique to study representations
of SLy(Z/p™Z) for p > 3 in his Ph.D. Thesis [12].
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admissible representations for SLy(F'), for F' and arbitrary non-archimedian
local field can be transferred from those on GLy(F') by means of certain
Hecke algebras[4], [5]. In 2008 Kutzko with Lawrence Morris published a
method based on the technique developed with Bushnell for transferring
Plancherel Measure from GL2(Q,) to SLy(Q,), for all p, using the theory of

C*-Algebras.

In this thesis, I construct the admissible dual of G = SLy(Qs) in a way
that is condusive to constructing a Plancherel measure for that dual, inde-
pendent of the admissible dual of GLy(Q2). Working around the degenerate
Killing form, I construct an explicit, non-degenerate pairing that fills the
role the Killing form plays in the case where p is odd. From there I adapt
part a method of Kutzko to use this pairing to parametrize the discrete se-
ries of G. This is the content of Chapter 3 and is the heart of this thesis. For
completeness, I also provide the parametrization of the continuous series of
G though the work to this end is not new. This is located in section 1.4. 1
provide foundational material in Chapter 2 and summarize my results and

outline their proofs here in Chapter 1.
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1.1 Summary of Results

Henceforth G = SLy(Q3). The dual of G is the set of isomorphism classes
of irreducible, admissible® representations of G.

As mentioned above, there are two classes of such representations, the con-
tinuous series and the discrete series. The distinction between these two
classes is established by the Jacquet Module, which is non-trivial only on
the former. I will summarize the subclassification of both of these series.

I begin with the continous series. The continuous series consists entirely of
irreducible subrepresentations of representations induced from multiplica-
tive characters x of the mulitplicative group Q5. If x? = 1, then the result-
ing induced representation factors into two subrepresentations. Otherwise,
the resulting representation is irreducible. There is one relation which gen-
erates the identities among these representations. It is found in section 1.4.
I continue with the parametrization of the discrete series. As is stated above,
this parametrization represents the contribution of this thesis to the subject.
The discrete series is made up of cuspidal representations and the special
representation®. These representations are induced from representations on
a maximal compact subgroup U. U is a profinite group. An admissible

representation on U can be described by a natural number called its level”.

5 Admissible representations are a subset of the smooth representations. Restriction
to the admissible representations is necessary for duality. The condition of admissibility
is defined and its importance is elaborated in section 1.2.

6The cuspidal representations and the special representation are defined and dis-
cussed in Chapter 3

"The level of a representation is defined in section 1.5
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Restricting the representations of a fixed level strictly greater than zero to a
particular subgroup of U of finite index results in the trivial representation.
This means that a representation of a positive level can be considered as
a representation of a finite group. It is the parametrization of such rep-
resentations that requires working around the Killing form. The level-zero
representations of the discrete series are inflations of certain representations
of SLy(Z/27Z) the non-abelian group of order six. It is in this fashion that
the discrete series is parametrized. A detailed summary is found in Section

1.5.

1.2 Admissible representations

Before delving into this topic in earnest, it is necessary that preliminary
definitions and facts be etablished. For convenience to the reader I include
the requisite defintions and facts here. I use the language of locally profinite
groups. My reference for this section is Chapter 1 of Bushnell and Henniart’s

The Local Langlands Conjecture for GL(2), [3], where the developement of

the concepts and proofs of the claims can be found.
I will follow these definitions and constructions and illustrate how they

apply to the situation at hand, that is, the construction of the dual of

G - SLQ(QQ)
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Locally profinite groups and smooth representations

I begin with the definition that will apply to every group this dissertation

is concerned with.

Definition. A locally profinite group is a topological group G such that
every open neighborhood of the identity in G contains a compact open

subgroup of G.

In particular G is a locally profinite group. Looking at the action on the
Bruhat-Tits tree of G, T, (see Chapter 2 Section 2.2), for any fixed vertex
L € T, such that g£ = L the stabilizer of £ is a compact, open subgroup
of G as is shown in Serre’s Trees [22].

There are a few observations from [3, Paragraph 1.1] that I need to point

out:
1. Compact locally profinite groups are profinite.
2. Every open neighborhood about 1 contains a compact open subgroup.

3. Subgroups of locally profinite groups are themselves locally profinite un-

der the restricted topology.

My objective now is to understand what representations I need to consider
as a proper dual set. This dual set should be equipped with an idempotent
operator on representations. That is, the map that takes the dual of a dual

should be the identity. As in Bushnell and Henniart [3, Section 2], let G be
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a locally profinite group, and let (7, V') be a representation of G. Thus V'
is a complex vector space and 7 is a group homomorphism G — Autc(V),

where Autc (V) is the set of C-linear transformations from V' to itself.

Definition. The representation (7, V) is called smooth if, for every v € V|
there is a compact open subgroup K of G (depending on v) such that

m(x)v =, for all z € K.

Here is an equivalent definition of (m, V') being smooth. Let VX denote

the space of w(K)-fixed vectors in V', then

v=Jv¥ (1.1)

where K ranges over the compact open subgroups of G.
The smoothness condition is, in effect, a finiteness condition. This is demon-

strated in the proof of Theorem 2 in section 1.3.

Definition. A smooth representation (7, V') is called admissible if the space

VK is finite-dimensional, for each compact open subgroup K of G.

Definition. For smooth representations (m;, V;) of G, Homg (7, m3) is the

set of linear maps f : V; — V5 that commute with the respective G-actions:

fom(g) =m(g)o f,g€G.
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Definition. Two smooth representations (7, V1), (w2, Va) of G are isomor-

phic, or equivalent, if there is a C-isomorphism f : V} — Vj satisfying

fom(g) =ml(g)o f,Vg€q. (1.2)

Definition (Admissible Dual). For a locally profinite group A, I will denote
the set isomorphism classes of irreducible, admissible representations of A

by A. T will denote the trivial character on A by 14
Induction and compact induction

Definition. Let (7, V) be a smooth representation of H. Consider the

space X of functions f : G — V which satisfy

(1) f(hg) ==(h)f(g),Yh € H,¥g € G;

(2) there is a compact open subgroup K of G (depending on f) such that
flgz) = fg), for g€ G,z € K.

Define the homomorphism II : G — Autc(X):

(g)f :z+— f(xg),9,z € G. (1.3)

Finally consider the G subspace X, of X, of functions that are compactly
supported modulo H. With these definitions in place, there are two G rep-

resentations to consider.

Ind%7 := (II, X) (1.4a)

c—IndSr = (11, X.,) (1.4b)
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These functors are smooth induction and compact induction, respectively.

I will also define the following map :

ap: X >V
[ fQ),
and the map
a; V= X,
v fo,

f» € X, is supported in H and f,(h) = 7(h)v, h € H.

One should view smooth induction and compact induction as adjoints to
the restriction functor. Here is the standard result to this effect, the proof

of which can be found in Bushnell and Henniart [3].

(Frobenius Reciprocity). Let H be a closed subgroup of a locally profinite
group G. For a smooth representation (w,V') of H and a smooth represen-

tation (o, W) of G, the canonical map
Homg (o, Ind% ) ~ Homp (o, 7),
¢ a0,
is an isomorphism® that is functorial in both variables o, ©. Moreover
Homg (o, c—Ind% ) ~ Hompy (o, )

f=foag,

8The proof that this is an isomorphism is located in paragraph 2.4 of [3].
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is an isomophism®, and is similarly functorial.

Duality

Definition. Let (7, V') be a smooth representation of the locally profinite

group G. Write V* := Homc(V, C), and denote by

V*xV — C,

(v*,0) = (V" v),

the canonical evaluation pairing. Recall'® that V¥ is the K-fixed subspace

of V. The space V* carries a representation 7* of G defined by
(m*(g)v*,v) = (", w(g ), g € G,v* € Vv eV.
This is not, in general, smooth. I accordingly define

V=",

K

where K ranges over the compact open subgroups of G. V is a G-stable
subspace!! of VV*, and is equipped by restriction with a smooth representa-
tion,

T:G — Autc(V).

The representation (7, V') is called the smooth dual, of (7, V).

I can restrict the evaluation pairing to V x V — C, (9, v) + (,v). There-

9The proof of this isomorhpism is found near the end of paragraph 2.6 of [3]

10See the comment following the definition of smooth on page 8

"This construction of a smooth subspace of an arbitrary G-space is left as a set of
exercises at the end of paragraph 2.3 of [3]
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fore,

(#(g)0,v) = (0, 7(¢g" ), g€ G, o €V, veEV.

Let (m,V) be a smooth representation of the locally profinite group
G. There is a smooth dual (fr,‘:/) of (%, V). There is a canonical G-map

5:V—>f/givenby

for v € V. It is injective.

This brings me to the role of admissibility in this work.

(Duality). Let (m,V) be a smooth representation of G. The canonical map

V =V is an tsomorphism if and only if m is admissible.
This is established in Bushnell and Henniart [3, 2.9 Proposition].
Intertwining and Containment

Definition. For i = 1,2, let K; be a compact open subgroup of G and let

pi € K;. Let g € G. The element g intertwines p; with ps if:

HomKlgﬁKQ(p%/h) # O, (15)

where p? denotes the representation z — pi(gzg™!) of the group Ki{ =

g 'Kg.

Definition. Let K be a compact open subgroup of G, and let (7,V') be a
smooth representation of G. For a represntation (o, W), the representation

7 contains o, or the representation o occurs in m, if Homg (o, 7) # 0.
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1.3 The Jacquet Module

Here I divide the irreducible, admissible representations into two disjoint

classes, the continuous series and the discrete series.

Definition. Here is some notation I will depend on heavily.
i B will indicate the subgroup of G of upper-triangular matrices.
ii N will indicate the subgroup of B of unipotent matrices.

iii T" will denote the diagonal matrices in G. It is isomorphic to the multi-

plicative group of Q.
iv K will denote the compact subgroup of G, SLy(Z,).
v The matrix (9¢) is denoted w.

Note that conjugation by v € GLy(Qy) is a group action on G. For H < G

and v € GLy(Q2) I will denote
HY :=~"'Hy
Note the inclusion T < B induces an isomorphism:
T ~ B/N. (1.6)

A character of Q) can be inflated to B by applying it to the upper left

entry of of a matrix in B. This can be viewed as a pullback of a character
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on the quotient B/N.
Up to conjugacy, there are two maximal compact subgroups of G, K, and

K®. This is established in Chapter 2.

Definition. A cuspidal representation of a compact subgroup J < G is one

which does not contain the trivial character on J N N.
This is developed in Chapter 3.

Proposition 1. Every irreducible representation of G occurs in only one

of the following:
(a) Indgx, where x 1s an inflation of a multiplicative character of Qo,

(b) Ind?/\ where A is a cuspidal representation of a compact open subgroup

J < G or the trivial representation of a mazximal compact open subgroup

J < G.

Definition (Continuous/Discrete Series). In reference to this proposition,
those representations of class (a) are elements of the continuous series.

Those of classes (b) are elements of the discrete series.

This proposition is established through the use of the Jacquet Module.
The construction and the requisite result are presented here, in a fashion
very similar to that of Bushnell and Henniart in [3, Section 9]. Further

classification of these two classes of representations is the content of the
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remaining sections in this chapter. Section 1.4 deals with the continuous

series and section 1.5 deals with the discrete series.

Definition. For a representation (m, V') of G and a subgroup H < G, let
V(H) =Span{v —w(h)v:veV,h e H}

Let (m, V) be a smooth representation of G. V() denotes the subspace
of V' spanned by the vectors v — 7(z)v, for v € V and € N. Since V(N)
is G-stable, the space Vy = V/V (V) has a push forward representation 7y
of B/N =T, which is smooth. This representation, (7w, Vi), is called the
Jacquet module of (7, V') at N.

As in [3], T point out that the Jacquet functor
Rep(G) ——Rep(T),

(m, V) —— (7n, Vi),
is exact and additive. Let (o, W) be a smooth representation of 7". This can
be pulled back to a smooth representation of B which is trivial on N. By
a slight abuse of notation I can also call this representation (o, W). Then
I can form the smooth induced representation Ind§eo. If (7, V) is a smooth

representation of G, Frobenius Reciprocity gives an isomorphism

Homg (7, Ind$G0) ~ Homp(7, o).
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However, o is trivial on N so any B-homomorphism © — ¢ factors through

the quotient map 7 +— my. As a result,
Hompg(7, o) ~ Homy(7y, o). (1.7)
To proceed I rely on the theorem also found in [3, Section 9]:

Theorem 2. Let (m,V) be an irreducible smooth representation of G. The

following are equivalent:
(1) The Jaquet module Vy is non-zero.

(2) The representation 7 is isomorphic to a G-subspace of a representation

Ind$y, for some character x of T.

I prove this in a fashion nearly identical to that in [3], but with the
understanding that G = SLy(Q2) rather than GLy(Qs).
First I introduce the Iwasawa decomposition which is developed in Section
2.2.

G = BK (1.8)
Proof. Suppose (2) holds. By Frobenius Reciprocity and (1.7),
Homy(my, x) ~ Homg (7, IndSy).

So, my # 0.
Now to prove (1) implies (2). As in [3] I show that the Jacquet module Vi

admits an irreducible T- quotient and therefore contains a character of T’
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inflated to B. By Frobenius Reciprocity this will establish (2).

Choose v € V', with V' # 0. Since V is irreducible over G, any element of
V' is a finite linear combination of translates m(g)v of v, for various g € G.
Since 7 is smooth, the vector v is fixed by a compact open subgroup K’ of
K. As K is profinite, K’ is of finite index in K. Let {vy,vq, . ,v.} be the
distinct elements of the form m(k)v, k € K. Note that » < [K" : K]. Since
G = BK these elements {vy, v, ,v.} generate V over B. As a result, their
images in Vy generate Vy over T'.

The set of images can be restricted to a minimal generating set for Vy,
over T, {uy,us,. ,u;}. Since the set is minimal the set {uy,us,  ,ui 1}
generates W, a proper sub-T-representation of Vi which is maximal under
the property that u; £ W. As a result of this maximality Vy/W is an
irreducible T-representation. Since T is abelian Vy /W is a character of

T. [l

From here I need to show that those irreducible, admissible represen-
tations with trivial Jacquet modules are characterized by condition (b) in
Proposition 1. This characterization of the discrete series is accomplished
by the Exhaustion Theorem in section 1.5. Once Exhaustion is established
Proposition 1 will be proven.

Before addressing this and other matters concerning the discrete series, 1
will give a summary of the classification of the continuous series, supplying

the appropriate references.
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1.4 The Continuous Series

Here I present the classification of the irreducible admissible representations

of the continuous series of G = SLy(Q2).
Relations

First T want to introduce the multiplicative character z — ||z||”, where ||z |

is the 2-adic norm of z.

Theorem 3. The isomorphisms among representations Indgx are gener-
ated by the relation,

IndGy ~ IndGy ! (1.9)

1
This is induced by conjugation by ( 01 O).

Irreducibility

Theorem 4. A representation of the form Indgx, where x is an inflation
of multiplicative character of Qy, is irreducible unless x* = 1 in which case

it factors into two inequivalent subrepresentations.

This follows from the fact that g — ¢~ commutes with the representa-
tion, leading to two irreducible subrepresentations.
These factorizations come in two flavors. First are those where x # 1r, in

which case y is of order 2. By class field theory, this means that x = g
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for some quadratic extension E/Qy, where

(1.10)

wp(r) =

1 ifx e N(E)
—1 ifzg N(E)

in which case the factorization is into 7 and 7, which consist of functions
with support in the image of the norm map and its complement respectively,
when considered as functions on Py (Qy).

The remaining case is that of x = 17 where, Indng contains a one di-
mensional diagonal subspaces consisting of the constant functions. This
subspace clearly enjoys a trivial action by G and is thus isomorphic to 1¢.
The quotient of Ind%17 by this representation results in an irreducible rep-
resentation Stg, the Steinberg representation of G.

For representations induced by x with x*(x) # 1 for some x € QJ I use 7, .

1.5 The Discrete Series

I denote the intersection K N K%, by I. This compact subgroup of G is

discussed further in Section 2.4 of Chapter 2.
The level of a representation of K or K¥.

Here I point out that the compact open subgroups are stratified. That
stratification provides a structure by which the irreducible, admissible rep-
resentations of these subgroups may be indexed.

Denote by U™ the elements of Z5 which are conguent to 1 modulo 2.
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Definition. Define the following class of subgroups of K for n € N

K, = {g = (Z 2) € SLa(Zs) : g = 12(mod2n)} : (1.11)
and of K%, their conjugates K.

One should immediately notice that K = @K /K.
An irreducible, smooth representation of K is generated as a K-space by a
single vector, as there is an open subgroup which fixes that vector. Being

open, this subgroup contains some K,,. This leads to the following definition.

Definition. For an irreducible, smooth representation (7, V') of K, define
0(), the level of 7, to be the the smallest integer, n, such that 7 restricted
to K, 11 acts trivially on V. Likewise define the level of a represntation of
K=.

Compairing the representations of K and K¥ contained in a given repres-

ntation of G, one can extend the notion of level to G.

Definition (Level of a representation, ¢(m)). For an irreducible represen-
tation (m, V') of G define ¢(7), the level of m to be the least level among all

the representations of K and K% that occur in 7.
Characters of abelian subgroups

Let (m,V) be a level {(7) = n representation of G. Assume, without loss
of generality, that this level is realized by 7 being trivial on K,,,; but not

necessarily on K77 ;. By the definition of level 7 is non-trivial on K,.
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Observing that for n > 1, K,,/K,;; is a finite abelian 2-group'?, the ir-
reducible representations of K,,/K, 1 are a finite set of characters which
are parametrized by elements of the dyadic dual, K, /Ky ;. For a €
(K,,/K,;1)Y, T denote the associated character by 7.

I am now able to state the Exhaustion Theorem.
The Exhaustion Theorem

Here is the statement of the theorem.

Theorem 5 (Exhaustion). Let (m, V') be an irreducible smooth representa-

tion of G. The following are equivalent:

(1) The representation m is cuspidal.
(2) Either

(a) ¢(m) = 0 and 7 contains a representation of K inflated from an
irreducible cuspidal representation of SLa(Fy), or

(b) ¢(m) > 0 and 7 contains a character of the form YT

I defer the proof of this theorem to Section 3.1.
This reduces the classification of the discrete series to classifying the cus-
pidal representations of G which can contain a character . This is the
majority of the work that is present in this thesis. Chapter 3 is dedicated

to answering this question.

12This is established in Section 2.4 and elaborated upon.
13This is developed in Section 3.2.
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I will give a very brief summary of the procedure here. The character ]
is extended to an irreducible representation A of a compact open subgroup
J := JY < G containing all the elements that intertwine v, with itself. It is
shown that c—Ind§A is irreducible. It is through these extensions to A that
the irreducible cuspidal representations that contain v are parametrized.

Before moving on, I point out that the orthogonal complement to the trivial
representation in c—Ind$ 1 has a peculiar status in the Discrete series as
the only one which is not cuspidal. This representation is called the Special

Representation. 1 label it Spg.

Recap

Here is a digest of these results.

An irreducible admissible, representation of G is either a member of the con-
tinuous series or the discrete series. The continuous series are irreducible
subrepresentation of Indgx for y € @;X The discrete series are accounted
for by the cuspidal representations and the special representation.
Focusing on Indgx, it is reducible if and only if > = 1. If ¥ = 1 then
Indgx = Stg @ 1 where Sp denotes the Special representation of G. Oth-
erwise, if x2 = 1 then y is associated by class field theory to a quadratic
extenion E/Qq and Indgx factors into two inequivalent, irreducible repre-
sentations called 77 and 7. If x> # 1 then Ind$y = Ind$’ if and only if

1

X' =xorx =x" asin Theorem 3. In these cases I write m, := Indgx.
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The Exhaustion Theorem classifies cuspidal representations according to
level ¢ := ¢(m) > 0. If £ = 0 then representation 7 in the discrete series is
an inflation of some character A € Sm) and is denoted 7 ;. If £ > 0
then the representation is of the form c—Ind§A. Here .J := J® is a compact
open subgroup of G parametrized by o and n and where n = ¢+ 1. Further
A is an irreducible representation of J¢ which contains . These represen-
tations, C—IndS’A, are labelled 7y .

Here is a diagram that illustrates this classification and provides references.

G
VN#{V \{0} Jacquet
Module

(1.12)

G
Ind§ 1y c—Ind§A
Exhaustion
Theorem
G T G T T
IndgZsg X Indz1p Aa,n Al
+ —
T Tg lg Spa

Table 1.1: Irreducible representations of G for a fixed ¢ : Q3 — C*



Chapter 2

The Structure of G

2.1 @, Basics

Definitions and Notation
Here are some basic definitions.

Notation. F will denote a local field of characteristic 0 equipped with the

following structure:

(i) The order of the residue field of F' will be denoted gp or simply q.
(ii) Similarly the valuation of F will be denoted v, (e) or simply v(e).
(i) The norm of F will be denoted | e or ||e]|.

(iv) op or o will denote the ring of integers of F.
(v) The prime ideal of op will be denoted pg or simply p.

(vi) For n € Z, p" = p} denotes the fractional ideal of elements x € F
where v, (z) > n.

24
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(vii) The multiplicative group of F will be denoted F*.

(viii) The group of units of F, {z € F* : v, (z) = 0}, will be denoted Ur or

U.

(ix) The set of elements z with v, (x — 1) > n is denoted Ug or U". Note

that if n > 0, then U" is a subgroup of F*.

(x) For M, a subgroup of F*| the square elements of M are denoted (M)?.

(xi) Denote by s1y(F) the Lie algebra of 2 x 2 trace zero matrices with

coefficients in F.

Definition. The [evel of an additive character 1) : F — C* is the least
integer d such that pd C ker(¢)).

The level of a multiplicative character y : F* — C* is the least integer d

such that U C ker(¢)
Notation. The field of ¢ elements will be denoted F,,.
For the most part F' will be Qy. Here is some notation for this case.
Notation. Q, is the field of p-adic numbers. Here is its structure:
(i) Z, is the ring of p-adic integers.
(ii) The p-adic valuation will be denoted v,(e).

(iii) The p-adic norm will be denoted |[[e||,
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(iv) The units in Z, will be denoted Z; .
(v) The set of elements z € Q, with v,(x — 1) > n is denoted Uy

The structure of Q;
Let us € U?\ U3,
First I recall from Chapter 2 Section 3.3. of [19] the equalities:
Zy =U! (2.1a)
(z3)* =U? (2.1b)

As —1 € U'\ U? and v5(2) = 1 there are the following isomorphisms. First

I decompose U.

(~)7 TTZg us™i? === (e-1, 20 €042") (2.2a)

Z5 . Z)27. & Zs

Second I decompose the non-zero 2-adic numbers.

r = (va(x),  [|z]},) (2.2b)

" .y <~——(n,u)

Q; ~ Z@ZQX

I may now introduce a useful fact.

Lemma 1. Ifa,c € Zy and b € Z5 then if

ar’ +br+c=0 (2.3)



CHAPTER 2. THE STRUCTURE OF G 27

has no solution in Qy then
ar® +br+c=1 (2.4)
has a solution in Z,.

Proof. Suppose 2.3 has no solution. This implies that its discriminant is a
non square unit. By 2.1b this means that 8 { 4ac, thus a € Z5. Moreover,
b —4dac—4a = 1(mod 8), but this being the discriminant of 2.4 implies that
that equation has a solution. As the coeficients are integers and a is a unit,

the solution is an integer. O

2.2 Important decompositions of G

The Bruhat-Tits tree of (¢

Definition 2.1. 7 will denote the Bruhat-Tits tree of G = SLy(Q2) as
described in [22]. As a tree, it is isomorphic to the full, ternary tree with no
terminal vertices. Here are the preliminary definitions that give it structure

as a G-tree:
(i) V will denote a 2-dimensional vector space.

(ii) A lattice, denoted L, in V is a finitely generated Zsp-submodule of V'
which generates V as a Q; vector space. L is free of rank 2. There is

a natural group action on all such L by Q5 , with L = {x-v|v € L}.
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(iii)

(vii)

Denote by [L] the (Qj-homothety) class of lattices. That is L ~ L'
iff L = zL’ for some x € Q. Such [L] are the vertices of T. As is

pointed out in Serre [22].

The edge relation of T can be constructed through a discrete metric
on its set of vertices as in [22]. Here I use the definition found in
[8]: Two vertices [L] and [L'] are joined by an edge if and only if
representatives L and L' can be chosen such that pL C L' C L. Edges

in 7 are undirected.

The graph metric on 7 will be denoted d([L], [L']). This is the number
of edges that separate [L] and [L']. The distance between an edge and
a vertex will be the minimum of the distances between the vertex and

both elements of the edge.

A circle in T will refer to the set of vertices that are distance r from
either a vertex or an edge. This will be denoted S7(0O), where O is

the central vertex or edge.

An end of T is an equivalence class of non-repeating paths, v : N — T,
where v ~ ~' if there is an N € N such that for every n > N,

v(n) = +'(n). Serre illustrates that such ends correspond to points

in Py(Zs) = P1(Qy).
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Important Subgroups of G

Here I present a few classes of subgroups of G as characterized by Serre in

Trees, [22, I1.1.3]. As presented in Trees maximal compact subgroups of G

are precisely of the form Stabg(ﬁ), for some vertex £ € T.
There are two conjugacy classes of these subgroups. The Borel subgroups

of G are of the form Stabg(z) for some end of T, z € P1(Qy).
Some Decompositions of G

Here I present some standard decompositions of G, using the perspective of

the Bruhat-Tits Tree.

Theorem (Iwasawa Decomposition).

If x € P1(Qq) and L € T, then
G = Stabg(z)Stabg(L). (2.5)

An element ¢ € G has an unbounded action on 7T if for any n € N,

n > 0, ¢g" fixes no vertex in 7T .

Theorem (The Cartan Decomposition).
For v a geodesic connecting two ends of T and to € G with an unbounded
action on T, if A(L,t2L) = 2 for every vertex L € 7 then

G = | Stabg(L) - t4 - Stabg(L)

deN

for any L € 7.
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2.3 Labelling 7

Here I label the vertices and the edges of T in a way that is condusive to
navigating 7 and understanding the action of G on T.

Here is a summary of the process that allows this procedure to be gener-
alized. First I identify an element which generates a maximal free action
on 7. Second I identify the two ends of 7 which are stabilized by that
element. This will provide conjugate Borel groups. I select an element of
G which transposes them. Then I fix the vertex on the geodesic containing
these two ends which is stablized by the transposing element. The stabilizer
of this vertex will be identified with SLy(Z5) and contains the element that
transposes the two Borel groups. Finally I will fix one of the edges on the
geodesic that contains the stabilized vertex. This will provide a maximal
compact subgroup that is not conjugate to SLy(Zs).

For ease of reference I introduce this short hand for some commonly em-

ployed matrix forms:

Notation. Here x € Q,, u € Q5

003
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(v)

(vi)

()
()

Note that (ts) enjoys an unbounded action on 7. For [L] € T,

d([£], [t2L]) = 2. Also t, fixes two distinct ends of 7.

Definition 2.2. It will be useful to fix a basis {v1,v2} of V' so that one can

identify GLy(Qs) with GL(V).

(i)

(i)

(iii)

As is the convention I will denote the vector av; + bug by (a,b).

The Q;-homothety class of the lattice generated by {vi, v} will be

denoted [J 9], or simply [§],.

As is shown in [22], each homothety class [L] with d([§],,[L]) = n
has a representative L such that [L : (vy,vs)] = 2". This L intersects
exactly one point of P1(Z/2"Z) = (Z/2"7Z)*\ (v, va) /(2"v1, 2"vs). La-
belling that point (a,c), with 0 < a < 2" and 0 < ¢ < 2", with
a,c € Z, there is a vector (b,d), with 0 < b < 2" 0 < d < 2" such
that ((a,c),(b,d)) = L. It will be useful in this case to denote this
[L] by [25]  or simply [¢],. This latter notation is preferred since, by
the results cited here in [22], [¢], = [%] , if and only if n = n/ and

(a,c) = (¢, ) (in P1(Z/2"Z)). Further, the action of GLy(Z,) can be

x y\ |al _ |xa+yc
zZ w cn_ wc+zan

easily calculated.
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Here xa + yc denotes the residue of xa + yc modulo 2.

(iv) As T is a tree, for a vertex [L] = [¢] # [§], there is a unique edge

from [L] toward [3],. I label this edge [L]® or [2]F.

n

(v) For a,b € Zy 1 will denote by [§]__ the end of 7 which corresponds
to (a,b) € Py(Zy) in the sense of the paragraph on Projective lines
in I1.1.1 of [22]. Note that via this correspondence if Zlglog a; = a and
zliglo b; = b in Z, then }H&(&i’ b;) = (a,b) in Py(Zs).

I specify the element to. Note that it stabilizes the ends [{]_ and [{] ..
These ends are stabilized by lower triangular and upper trianular matrices
respectively. Further, these ends are transposed by w. w fixes the vertex

[8]o- The stabilizer of [§], is precisely SLa(Z,). The edge I fix is [{], which

clearly lies on the geodesic from [§], to [§]...

A fixed Borel group

With this labelling, let B denote the upper triangular Borel subgroup of G,
that is, the subgroup of upper triangular matices. Let N and T" denote the
subgroup of upper triangular unipotent matrices in G and the subgroup of

diagonal matrices in G, respectively.
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Definition 2.3. These can be chracterized by the following isomorphims.

N :~Q, n, — The upper triangular
unipotent subgroup.
T:~Q5 ty — U The diagonal subgroup.

B:~NxT <g 3_;1) — n,,t, The Borel subgroup.
u

A fixed lwahori subgroup

As is pointed out in I1.1.3 of Serre’s monograph [22], the Iwahori subgroups
are exactly the stabilizers of edges. Choosing [}],, the stabilizer can be seen
to be the preimage of the upper triangular matrices under reduction modulo
2, elsewhere, known as ['g(2). I will use the notation found in Bushnell and

Henniart and label it .

2.4 The Structure of K

Symmetries of K

I now will point out that the action of G on 7T factors through that of
PSLy(Qz). Comparing this to that of GLy(Q2) which factors through PGL2(Qs),
one should immediately notice that the action of GLy(F2) = SLy(Fs) =
PSLy(F2) is an action of a subgroup of K. Due to a non-trivial kernel of
this action, I want to examine this action as that of a subgroup of GLy(Qy),
for which the kernel is trivial. One should keep in mind that the action can

be realized as one of a subgroup of K.
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Definition 2.4. The following matrices are elements of GLy(Z2)
(i) v:=(Z11). Note that v? = 1,.
(i) w:=(9}). Note that w* = 15. Also note that wL = wL
(iii) r:= (7 Z}). Note that r® = 1, and w* = v. Also note that r € K.

All four of these matrices stabilize [{)], and together they generate a copy

of Dg, the dihedral group of order 6.

Proposition 6. SLy(Zs) is the only maximal compact subgroup that is nor-

mal under conjugation by this copy of Dg.

Proof. Since SLy(Zy) = Stabg([§],) and G < GL2(Qy), clearly SLy(Z,) is
normal under conjugation by matrices which stabilize [J],.

Any other maximal compact subgroup, say K’, would fix a unique vertex
(L] # [8],- There is a g € D¢ that acts non-trivially on that vertex. As a

result (K')? stabilizes only g[L] # [L]. Consequently (K")? £ K'. O

Looking at Stabg([§]7) it turns out that v¥ = (§ 71 ) stabilizes the edge
and therefore conjugates the group normally. Other elements of GLo(Qs)

stabilize this edge, namely (9 {), which transposes [{], and [{],. Similar to

SL(Zs),

Proposition 7. StabG([})]f) is the compact subgroup of G which is mazimal

among those normalized by (9¢).
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Proof. Since [§], and [}]; are not conjugate under G, this implies that

Stabg([§]7) stabilizes both [3], and [}],. As a consequence:

Staba([3],) N Staba([3],) = Stabe([45) (2.6)

This means that Stabg([ 5 }f) is maximal with respect to compact subgroups

normalized by (93). O

Recall the following matrices are elements of GL3(Q2) from Definition

2.3. Here x € Q, and u € Q5
e n, = (}%). Noten, € G.

o t, = (gugl). Note t, € G

Up until now I have maintained K as an arbitrary maximal compact sub-

group of G. I now specify K.
Definition 2.5. Here are two important compact subgroups of G,

(i) K = K denotes the maximal compact subgroup of G, that is stabilized

by the action of Dg, Stabg([§],) = SLa(Z,).

(ii) I = Iy = I; denotes the Iwahori subgroup of G, the maximal compact

subgroup of G which is normal under conjugation by w. Further:

I = Stabg([§9]F) = KNK®
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Here is a diagram of the action of Dg on the vertices within radius 2 of

(8] which lends itself to calculating the action:

1o ol (2.7
S
/.§
2, O _O[?h
0—1 W/O]O\ iO —1>
LTSRS i3
EE
O O
[o]. HE

Corresponding to this is the diagram labeled with stabilizers of vertices and

edges. This illustrates the other two Iwahori groups contained in K, I'" and

I
o 0 (2.8)
N
°
RS
v I
/ \
w / \
. <Kw>w
O O

Centering our perspective on [é]lf we want to understand the group

action of GLy(Qy) at this edge. To do this I consider instead the action of

PGL2(Qq).
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Proposition 8. Taking w and v¥ as elements PGLy(Qy) the following re-

lations hold:

w? =1, (2.9a)
(v¥)? = 1, (2.9b)
(wv)* = 1, (2.9¢)

Moreover these relations generate all of the relations for the group generated
by w and v in PGLy(Q2) in other words (w,v) = Dg < PGL2(Q2), where

Dg s the dihedral group of order 8.

Proof. The first two relations are clear. As for the third, a direct calculation

shows that the order of wv" is 4:

This establishes a surjection Dg — (w,v¥). To see that it is injective

it suffices to see the transitive action of this group on the set of vertices
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(2.10)

]

Here is a diagram similar to (2.7) with the edges labelled rather than

vertices:
O:, ,:O (2.11)
ARt
3]0

O O [O]E ,O

3 ./[51? \. [t
1303 3],
O O

Adjusting the perspective of this diagram to be centered on the edge [5]11':
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yields this diagram:

) O (2.12)
Al IRk
® O ® O
N E3> AR
\ [81; /
[ O
. mio/mz mf\.[?ﬁ -
41 B
] O

From here the action of Dg on these edges can be illustrated. The stabilizers
in SLy(Qy) of each edge can be included. The resulting diagrams can be

found in Appendix ?77.
Filtrations invariant under Dg and @

Recall that S7([§9]7) is the set of vertices distance n from the edge [§ 9]}

inT.

Definition 2.6. G will denote SLy(Q2). Here is a summary of some struc-

tures of G.

(i) Is, denotes the compact normal subgroup of I = Iy, Staby(S7([}9]}))-

(ii) I9,41 denotes a compact normal subgroup of I contained in Is,, nor-
malized by w. Specifically I5,.; consists of matrices g whose action

fixes a vertex distance n from both [}], and [}]] only if it fixes all
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such vertices. Note that due to the normal condition, conjugation by
w establishes that the group fixes a vertex distance n from both [§],

and [}]; only if it fixes all such vertices.
(111) Kn = [2n+1 M ]’2n+1w
Here is a description of these subgroups in terms of their coefficients:
o K, — U, 2"Zs
2"Zs U,
o I — U, 2"%Zs
T \etz, U,

Upt1 277,
o Ipi1 = <2"+1Z2 Ui

At this point I need to introduce a few isomorphisms.

Theorem 9. The following subgroups of K are equal:
[211 ﬂ [an - [271 ﬂ IQnV - IQnV ﬁ Ignw (213)

Proof. Looking at the coefficient descriptions of Iy, I,” and I5,", the equal-

ity is clear.

( Z”ZQ>
2n+1Z2 n

2717,
(nz o)

(¢5) €K, be 2™ Zy iff c € 27717, }
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Since the conjugates of I, under K are I,” and I5,", this leads to
the following consequence which does not hold in the corresponding setting

where p is odd.

Corollary. Iy, N Iy," is a compact normal subgroup of K and
[271 N Ian = StabG(SI([g]O))

Here is a diagram of this situation with the action by r illustrated so

that it may be compared to (2.8):

(2.14)

]2n N ]2nw

Kn+1

K./Kon, Io/ 14y, and Is,11/14, 11 are abelian.

In this section n > 1.
I begin by introducing notation for a filtrations of subalgebras of s15(Z>)

and gl,(Zz) corresponding to K,.

Definition 2.7. Define the following:
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(a) 81y(Zs) = (;2 %)

o) sz ={ (¢ ") e )

(c) My, = 2" - gly(Zo)

(d) MY := 2" - 51y(Zy)

n

I follow with the corresponding filtrations corresponding to I,
Definition 2.8. Define the following:

(a) Jo:={(L&Y) a,bc,de Zs}

(C) j?L = jn N Slg(Zg)

I now introduce a very important fact. Here the actions by K and I are

those of matrix conjugation.

Theorem 10. Forn > 1 The map 1y + A — A, induces isomorphisms of
K-groups, K, /Ky, ~ MO /MY . and isomorphisms of I-groups, I, /L, =~

2n’

~0 /70 ~ 70 /A0
Jon/Tan and Topiy/Tanir = Ty /T s

Proof. 1 start by pointing out that the function 15+ A — A maps K,, — 9,
and I, — J,. Considering the index 2n as well as n, this establishes

that this function induces maps K,, /Ko, — 9, /My, and lo,1 o, /LIinie, —

~ ~
J2n+£2 /J4n+82 .
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I now establish this induced map is a homomorphism. This can be illus-

trated by a simple calculation:

(15 +@"A) (1 + @"B) = 1y + @"A + @"B + w*"AB

=1, +w"A+w"B

Next I point out that the image of this homomorphism is contained in the
kernel of the trace map and that the induced homomorphism is invert-
ible. Here ¢; ranges over {0, 1}. Note that the trace map of M, 11 /Mo,10 <
g1,(Z/2*"*?) has codomain Z/2%"*? and that the trace map of 39, _ /739, <
gl,(Z/2*"2) has codomain Z /2" <2,

. 9E2 980}
I compute modulo 22"+¢0F¢2 the determinant of 1, + 27! ( “ >

2%¢c 2%2 —q

in either Iy, e, or K,41:

1= (1+2"22q)(1 — 2"=2q) — 2" Feoppmteac

— 1 4 2n+sga - 2n+52a o 22n+252a2 o 22n+50+sgbc

il
—_

This establishes that the trace of a matrix in the image of K,, or I5,,., is
congruent to 0 and that the determinant of a matrix in the preimage of 92
or 39 .., in GLs(Z,) is congruent to 1, modulo 22" +=0+e2,

Finally, one needs to observe the following equation, for g € K:
(12 + w”A)g = (12)9 + (w"A)g = 12 + (w"A)g

which establishes the fact that this is a K-group or I-group homomorhpism.

]
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This leads immediately to this section’s eponymous result.

Corollary. For n > 1, the quotients K,, /Ko, Io,/l4, and Ioni1/14myq are

abelian.

It also establishes the following index result:

Corollary. Forn > 1, [K, : K,11] = [lhs2 : In] = 8.

Finally as the isomorphisms in Theorem 10 are induced by a common

function the following indexes are established:

Corollary. Forn Z 1, [Kn—',-l . Ign+1] = []2n+1 . Ign} = [_[2n . Kn} = 2.

Inclusions of index 2
First I establish these indexes:
Corollary. Ifn > 1
L,NIy K, =4 (2.15a)

Proof. In light of Corollary 2.4, to establish the indexes, one
should note that first, I, # I," and second, that there is a matrix

12—}-2”(%%) € (]Qnﬂlgnw)\Kn+1. O

Looking at the indices which equal 2 in Corollary 2.4 it is clear that
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Corollary. [f Xg € (IQn N Ignw) \ Kn+1, X3 € I2n+1 \ Kn+1 and X1 € 12n+1w\

K, 11 then,
<X0, Kn+1> = ]Qn N ]an (216&)
(x3, Kng1) = Tanta (2.16Db)
<X1, Kn+1> = ]’2n+1w (216C)
(%3, %0, Knt1) = Jan (2.16d)
(%3, %0, %1, Kpy1) = K, (2.16e)
This diagram is helpful:
K, (2.17)
2
X1
I2n
2TX0
1271-1-1 IQn N Ian 12n+1w
N
2 [0
X3 X1
Kn+1

2.5 Quadratic Extensions of

Here I classify the quadratic extesions of @y and provide some basic facts

about each of them.
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The quadratic extensions of Q,

Definition. E will denote a quadratic extension of a local field, Q. Here

is its respective structure:

(a) The ramification index of E over Q, will be denoted eg or e.

(b) Conjugation of E over Q will be denoted = +— T.

(c) The relative trace map of E over Qq, © — x + T, will be denoted Tr,(e).

(d) The relative norm map of E over Qq, z +— x - T, will be denoted N_(e)

or N(e).

(e) The fiber above x of the relative norm map, N.(e), will be denoted N

or N%. In particular, N! is the kernel of this map.

Fixing us = 5, every 2-adic number is of the form 2% . 35-1 . 5% . 5. 227,
where s € (Z5)?, n € Z and ¢; € {0,1}. From this I conclude that there are
eight distinct quadratic extensions of Q,, each of the form Qs[y/7] where T

is a positive divisor of 30 = 2 -3 - 5. This of course includes the split case

Q[V1] = Q; & Q.

Henceforth E/Qy is a non-split quadratic extension and p = pg is the

maximal ideal of og.
The image of N (e)

I now present a result from [21]:
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Lemma 2.

47

1. If E/Qq is ramified, N* C (1 + p~'®g), and N'/N' N (1 + Dp) ~

Z1)2Z.

2. Also if E/Qy is ramified, for n > 1

N'N(1+Dep®™ ) =N (1 +Dpp®)

3. If E/Qq is unramified then
Npjg,(1+p") =1+ 2"Z,
while if E/Qy is ramified, and 2"Zy C Dg then

Ng/o,(1+D5'9*") = Ng/g, (1 + D5 p> ™)

From class field theory:

N,(E¥) : Q5] =2

No(Ug) : Z3] = e
From this, (2.1b) and Lemma 2, I observe that:

IN® B = [(Q3)? : Ny(E)] = 4

IN® N Ug : U] = [(Z5)? : N(Ug)] = 4e

(2.18)

= ug, (2.19)

(2.20a)

(2.20Db)

(2.21a)

-t (2.21b)
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In light of this, I proceed to characterize the seven non-split quadratic ex-
tensions by the image of their norms in Q5 /(QJ)%.

First observe that as 7 = 5 is the only unramified case, we see from 2.21b
that its image under the norm map consists of the odd divisors of 30.

For the remaining cases it will suffice to find one two-divisor each as the
norm map is a homomorphism and as a result it’s image forms a subgroup

of @Q,. Moreover we can exploit the following fact:

Lemma 3. Let E; = F[\/71] and E; = F[\/72] where 7; ¢(F)?.
If [TQ] € NEl/F<E1) /(NEl/F(El) N (FX)2)

then [11] € N (E2) /(N ,.(E2) N (F*)?)

Proof. This follows from the observation that if a? —b?*7; = 7 then a®> — 1 =

71 - b* which suffices modulo (F*)2. O

In light of this Lemma, the following equations accomplish the task at

hand:
22 -2 = (2.22a)
3?—-3= (2.22b)
52— 15 =10 (2.22¢)

6% — 6 = 30 (2.22d)
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The integers of E
Generators of oy over Z,

Here I will look at the ring on integers in E. I start by paraphrasing Theorem

5 from Chapter 4 of [2]:

Theorem 11. With E/F, a degree d algebraic extension of a p-adic field
and e its ramification index, if the residue field of ¥ has q elements then

that of E has qg.

For the situation of E/Qs this implies:

Lemma 4. If 7 € Z5 and E = Qy[\/7] is not split then 0 < vo(7 — 1) < 2.

Moreover, eg - vo(T — 1) = 2.

Proof. vo(T — 1) < 0 if and only if 7 & Z,.

vo(T — 1) =0 if and only if 7 & ZJ.

vo(T — 1) > 2 if and only if 7 € U3 which is exactly when the extension is
split.

If vo(r — 1) = 1, then either v, (/7 — 1) > 0 or v,(y/7 + 1) > 0 but by the
triangle inequality if one of them has positive valuation, then they both do,
50 V(7 — 1) > 2 which implies ¢, > 1. As E is quadratic ¢, = 2.

If vo(7 — 1) = 2 then by (2.1b) 7 = 52% so v/5 € E. Since \/Tf—om is a

solution to the polynomial X2 + X + 1, its image in the residue field of E
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is as well. This establishes that the residue field is F4 and by 11 that E is

unramified. O

Proposition 12. If E = Qq[\/7] with ramification index e = eg then

o = Zso|ar] where
e aisaroot of X?+ X +1ife=1 or
e « is aroot of X? — 1 ife =2.

Proof. Tt will suffice to show that Zs[a] covers F 2 In the case of e =1
coverage of the residue field is clear. Moreover v, (2) = 1, which proves the
claim.

In the case of e = 2 coverage of the residue field is trivial. If vo(7) = 1 then

Vi

(v/7) = 1. If on the other hand vo(7) = 0 then by Lemma 4 vo(7 — 1) =1
so v, ((v/7 + 1)(y/7 — 1)) = 2. Since both v,(y/7 + 1) > 0 if and only if
v, (/7 — 1) > 0 by the triangle inequality, v, (v/7 + 1) = v,(y/7 — 1) = L.
I have shown in the ramified case that Zs[a] covers N under the valuation

map. [

The different D and the discriminant Dy

As suggested in this subsection’s title Dy = D, /o, Will denote the different
of og over op. I refer to g as the different of E. To compute the different of
each non split quadratic extension E/Qy, I employ this result from Chapter

1 of [7, page 17]:
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Lemma 5. Let a € E be such that E = Flo]. With p(X) a minimal
polynomial of o over ¥ and p'(X) its derivative. D,y /0, = p'(x)og if and

only if og = op[a].

From here on F = Qq, and E = Qy[y/7] with 7 not square in Qs.

I begin again with 7 = 5. As the unramified quadratic extension E splits
p(X) = X% + X + 1. Being unramified, its maximum ideal is generated by
2, so as a result, this p will suffice.

In the ramified cases we will find that o = /7 will suffice by construct-
ing generators of the maximal ideal of each F by adding an integer to
the particular a. If vo7 = 0, then v,7—1 = v,2 = 2, as a result,
v /T —1 = v;o/T+1 = 1. In the case of 7 such that vo7 = 1 it is clear

that /7 generates the maximal ideal of E, and as a result, Zs[\/7] = og.

Thus the polynomial X? — 7 will suffice in every ramified case.

The Trace zero elements of E

Looking at = € E such that Tr(z) = 0 one can note that for 7 € (EX)® \

(Q5)®@ that  must equal b\/7 for b € Q5. Here is a result.

Lemma 6. If E = Qy[\/7] is a non-split extension, and if Tr(x) = 0 then

where b € Q.
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The Structure of Nj,

Retaining the filtration on the Iwahori subgroup mentioned in Section 2.4,
I will now allow E to be any non-split quadratic extension of Q; with the
maximal ideal of its ring of integers p. If E is ramified then there is an
injection of N! = N}, into SLy(Zy) which corresponds to the Iwahori filtra-
tion I have fixed. If E is unramified, there is a unique injection of N}, into
SLo(Zs).

Denote N! := Nt N Ug" .

Recall! that the different of E, D, is either p°, p2, or p>.

I take a moment to point out that Ug has an injection into K’ = GLo(Zs)
which extends the injection of NL to SLy(Zy). Looking at the Iwahori

filtration in K, I}, I point out that if F is ramified that:

Uy <1, (2.23a)
Up A1) (2.23b)
Uk £l (2.23c)

Combining these relations with Lemma 2, and the fact that the filtration

1See page 50



CHAPTER 2. THE STRUCTURE OF G 53

in K are simply those of K’ restricted to K, it is clear that if ® = p?:

N} < Ippyo (2.24a)

Ny, £ (Lons2)" (2.24b)

I\ (2.24c)
Also if ® = p:

N} < Iypia (2.25a)

N £(Lans1)" (2.25b)

Finally let Dy = p°. Let & = (i% _58) represent an element, 9 + 4v/5, of
Q:[V5]. Note that ¢ ¢ U and that det(¢) = 1. Moreover & € U so
¢ € N3\ Ni. Tt is known that every element of N3 can be written £" with
n € Zy and that if n € Z, £" € N.

This shows the following relations:

N! < K, (2.26a)
N! < I, N IL,° (2.26b)
N; ¢[2n+1 U [2n+1w (226C)

From these relations and my results from section one I construct Table 2.1.
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Dp | [Nploni INEE i1 i Nplopga] | [NEKngr 0 Np(Lan N 1o,"))
NL Iy,

p0 |1 2 1
p2 |1 2 2
pd |2 1 2

Table 2.1: Indexes relative to the norm-one multiplicative groups
T a vy wWE Dy N(E) N30 | N(tr% N*
2 2 143 V2 | 2v20g | {1,2,15,30} | {30} | po@®Zs
31 V3 +v3 | vax1 | 20g | {1,5,6,30} | {5}
5| Y/ 1 2 op | {1,3,5,15} | {3} | pus®Zs
6 | v6 | vrxvs | V6 | 2v60g | {1,3,10,30} | {10} | po® Z,
10 V10 | 3xvio | V10 | 2viooe | {1,6,10,15} | {6} | po®Zy
15| V15 | vestavis | vis+1 | 20p | {1,2,5,10t | {1} | mu®Z,
30 | V30 1+ /30 V30 | 2v3oes | {1,2,3,6} {2} | u2 @2

Table 2.2: List of quadratic extensions and some of their properties




Chapter 3

The Discrete Series of G

It is my objective to parametrize the characters of 9V /MY and those of
39 ..,/ 3%, 1., by contructing a non-degenerate pairing between s1,(Z;) and
it’s dual. I will need to observe the action of conjugation by K on these
characters, so this parametrization must be condusive to this pursuit.

To this end I construct a parametrization of the dual module of a 9 and
then compose its elements with a conductor 0 character of Q; to yield a

parametrization of the characters of 9MM° which are trivial modulo 90, .

3.1 Exhaustion

The following theorem is proven in Mandersheid [14, Theorem 2.1].

Theorem 13. Let (m, V') be an irreducible smooth representation of G, and
suppose that m contains the trivial character of Ki. Fxactly one of the

following holds:

95
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(1) 7 contains a representation A of K, inflated from an irreducible cuspidal

representation A of SLa(Fs);
(2) 7 contains the trivial character of 1.

In the first case, 7 is cuspidal, and
7~ c—IndGA. (3.1)

The proof of this theorem relies on a result of Borel, found in in [1,
Paragraph 5.10].
This establishes Exhaustion for ¢ = 0.
Before I prove Exhaustion for £ > 0, I will parametrize the characters of the

abelian quotients K,, /Ky, and Iy, /I4,.

3.2 The dual modules of 3" and 91°

Definition 3.1. For a Zy-module A denote by AY the dual module of A,
that is the set of all linear maps from A to Z,, with module operations

defined as follows:

(f +9)(x) = f(z) + g(z) (3.2a)
(rf)(x) = f(re) (3.2b)
Definition 3.2. A bilinar pairing of two Zy-modules, (e, e) : A x B — Z,

is said to be non-degenerate on the right if and only if given b, for every x,

vo((z,b)) > 1 then b = 2V’ for some ' € B. Non-degeneracy on the left is
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defined similarly.
A bilinear pairing is said to be non-degenerate if it is both non-degerate on

the right and non-degenerate on the left.

Theorem 14. If A is free Zy-module of finite rank, the existence of a non-
degenerate bilinear pairing (e, e) : A X B — Zo implies the existence of an

isomorphism B ~ AY.

Proof. The homomorhpism in question is the map b +— (e, b). It’s non-
degeneracy on the right implies that it is injective since (e,b) = 0 implies
b = 0. The non-degeneracy on the left implies that it is onto since if a # 2a’
for any o' € A there is a b such that (a,b) = uw € Zj;, in which case

(a, @b) = f(a). As A is of finite rank allows one to construct a by as a

linear combination of such b’s that will provide (e,bs) = f. O

I begin by pointing out an obstruction to classifying the characters of
s19(Zy) which is particular to Z,. I summarize the case of s15(Z,) for p

odd. One may construct the followoing pairing:
(A,B) := tr (AB) (3.3)

which upon inspection is non-degenerate modulo p. To construct the dual of
p"sls(Z,), one pairs it with p~"s1s(Z,), employing the pairing above. This

method and those similar can be found in [23], [15], [13] and elsewhere.
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Examining this pairing when p is even one finds the following:

b b —b
tr((a )(:c y)):tr((mH_ = z))chmc—i—bz—i—cy
c —a z —x cxr —az cy—+ax
(3.4)
When p is even, this pairing is clear degenerate modulo p. Note that this
degeneracy depends not only on the even-ness of p but also the fact that

the pairing is between trace zero matrices. In the case of gl,(Z,), this is

not a problem. This case is presented in [3].

The structure of the dual group

There is a natural K action on s1y(Zs)":
f(x) = flgzg™)
or in the notation of the pairing with f = (e, b).
(@,09) = (gzg™",b)

Theorem 15. (Duality) If A and B are free rank-r Zs-modules and A <
B then the rank of AY and BY is r and there is an injection BY < AY.

Moreover, [A : B] is finite and
[A: B]=[BY: AY] (3.5)

Proof. First it should be clear that any linear fuction A — Z, is a linear

combination of functions defined on some basis of A. This establishes that
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the rank of A equals that of AY.

As A is of maximal rank in B there is a basis {e;}/_y of B such that there
is a list of integers {n;},_y such that {2%e;}/_} is a basis of A. Setting
n = ini, the index is clear [A : B] = 2".

Looki;g at AV, if {f;};Zy is a basis of AV, defined on the A-basis, {2"¢;}/_;
as above, then {2 f;}/— is a basis of B defined on the B-basis {e;}/—;.

This establishes the injection and the equality of indices. O
Another view of the dyadic obstruction

Keeping the contravariant nature of this duality in mind I point out the

following diagram:

M (95)" My

4 4\L Q\L
39N 3" (39 N 3Y")V 3°,n3%,"

2 Q\L 4l

oy (9m9)" m?,

Since 79, N 39" is a Zy-module invariant under the conjugation of K, the
diagram above illustrates an obstacle of pairing MY with itself. Note that

this obstruction does not exist in the corresponding setting when p is odd.
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With a slight adjustment, a pair seems to be possible:

My (OM9)v 3°,Nn3%," (3.6)
4T 4\L 4\L
39N 3Y” (39 N 397V mo,
2 Q\L Q\L
omo (OMY)v 3°,n30,"

A non-degenerate pairing

Theorem 16. The pairing (A,B) = tr (AB) on MY x 3%, N3°," is bilinear

and non-degenerate, and commutes with the action of G on sly(Qs).
Proof. First the invariance under conjugation by G:
(AY,B) = tr (A'B)
=tr (gAng_l)

=tr (Ang_l)

= (A, gBg™")

Linearity and non-degeneracy follow from a direct calculation:

1 1 _ 1
or ((a b ) <2x yl )) Cer (<%ax+bz ay 2bx>)
c —a z —i sCr—az zar —cy

=ar+bz+cy

[y

This leads to the following parametrization.



CHAPTER 3. THE DISCRETE SERIES OF G 61

Corollary. The following isomporhisms are induced by the pairing (A,B) =

tr (AB):

(imo)v = 30—271—2 N 3(1271—; (3.7a)

(jgn)v = 30 2n—2 (37b)
3.3 Parametrizing Characaters

I now fix an additive character, ©» of Q2 of level 0. Looking at the iso-
morphisms of the corollary of the previous section and the isomorphisms of

Theorem 10, there is a clear pair of isomorphisms.

w

Ko /Kaop =324, 0 N34 0 /T 5, 5N Ty,

Lo/ Lun 23(1471—2/3(1271—2
Explicitely, I can construct a character for a € J9.

Definition.

wEJ;I x (f ?J) =1 (277 (ax + bz + cy))

2c —a 2z e

Notice that this function is a character on the group K(”TIW or 12(”711
and is trivial on the group K,. In this respect it is convenient to write
(41 =26+¢ where € € {0,1}. Using such notation the character is defined
up to Ksie or Ipsye).

Notice further that if « € 39NTY" or a € T then the kernel of this character

is in fact K, or Io. Conversely if o & 39 N 35" or v ¢ J9 then the kernel of
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this character is a proper subgroup of K, or I.
This allows for a convenient classification of such characters.

Definition. Let! U be a proper, normal subgroup of K, which properly
contains Ky,y1. A character of K, is said to be a primitive character of

K, /Ut if its kernel of that character equals UL,

Looking at the contragradient diagram (3.6) one can extend the notion

of primitiveness to matrices in J°.
Definition. For a matrix A € J°
(i) A is primitive in 3° if A ¢ 3O U 3072 U 39,

(i) A is primitive in Jo. N T3 if A € To. N T8 \ MY, and if no K-conjugate

of A is in MY,

(iii) A is primative in MY if A € MY\ 39 and if no K-conjugate of A is in J9

and

(iv) A is primitive in 39 if A € 39\ (99 U MI™).

!Note that U should not be confused with the group of units, U, of a quadratic
extension of Q5.
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3.4 Classification of primitive characters

In this section I will prove the following theorem:

Theorem (Classification). If (w, V) is an irreducible cuspidal representa-

£(m)+1

tion of G of level £ > 0 then m contains the character ¥ for an a of

one of the following forms:

1 2b
: : 7
(i) (20 1) with b, c € Z5,
(1 b .
(i1) (40 _1) with b, c € Z5,
(1 b : “
(11i) (20 _1) with b, c € Z5,
(0 b .
(iv) (20 O) forb,ceZ;.
Moreover, if £(m) > 5 the coset of the determinant in Q5 /(Q3)? of such an
a is an invariant (7, V).

I will need a few intermediate results to prove the Classification Theo-
rem. They will precede the overall proof. Key in proving the Classification

Theorem is the following fact.

Lemma 7. Fvery representation of G of level ¢ > 1 contains a character of
the form % which is primitive on a quotient K,/U*L for some Ut < K,
with U > Ky or is conjugate under w to one that does.

Moreover no representation of G of level £ > 1 contains a primitive charac-

ter of the form Y2 forn < {+1
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Proof. Let m be a representation of G of level ¢. Since I am free to con-
jugate by w, I may assume without loss of generality that = contains an
irreducible representation, p, of K which is trivial on Ky, ;. The group
K¢/Kyy1 is abelian by Corollary 2.4. As a result, ¢ when restricted to K,
factors into one-dimensional components. If one of these components is
non-trivial, then its kernel is properly contained in K,. There must be such
a component by the definition of the level of 7.
To establish the minimality of /41, one needs only recognize that Ind?{ I,(;/Kn vl
pulls back to a representation on K which is trivial on K,,, namely c—Indﬁn_lwg.
By Frobenius Reciprocity an irreducible representation of K that contains
', is mapped to non-trivially from C—Indﬁn,ﬁbg- This map is a surjection
by the hypothesis of irreducibility. Thus the original representation of K

must be trivial on K,, and must be of level no greater than n — 1. O

Proof of Exhaustion. This along with Theorem 13 establishes the Exhaus-

tion Theorem. O

Before I procede to prove the classification theorem, I list the action of
conjugation by certain elements of K on elements of 9°. These can be

referred back to to make calculations easier to follow. Here x € Zy, u € U,
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and n), = n_,)".
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I now present a result that is vital to the Classification Theorem.
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Proposition 17. Let (7, V') be an irreducible representation of G. If 1 <
0(), then if a conjugate of (w|Ky_1,Vy) under K orw contains a vector that

transforms according to ¢€(ﬂ

, where A is diagonalizable, then the Jacquet
module (mx,Vy) contains the character ¥ K, NT.

In particular, Vy # 0 and 7 is not cuspidal.

This proof is extremely similar to on found in section 14 of [3].

Proof. 1 will assume that V, contains the vector in question. The proof will
extend to conjugates of this case. It will suffice to show that V¥ has a

non-zero image in Vy.
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I will construct a vector with such an image. I can suppose without loss of
generality that ve' 0 V(N) is not empty. For every v € vatn V(N)

there is j such that

/N' m(u)vdu =0

J

0+1

As V% N V(N) is finite dimensional, there is a j such that for every

C+1

v eV

/N m(w)odu =0

J

I fix j to be maximal in this regard and select a v; € V%' N V(N) such

that

/N  ruuidu £ 0

Jj+1

t, intertwines the character 5+, specifically, ¥{™ and ¢§+1t2 agree on the
group:

K, N K@tQ = ([25 N [&)w
Lemma 8.

1. Any irreducible representation of K,, containing 5™ |(Iy N I%,)7, is

of dimension one.

2. Let € be a character of Ky such that &|(Io 0 I5,)T = it (I N 15,)7.

There exists n, € N NK such that £* = {3+,

Proof. For 2 (I, N 13,)° N K, = (lop—o N 15, 5)” so such a representation

would be trivial on (Io—o N I, 5)T but (I N 15,)7 /(Loe—2 N I3, )7 is abelian,
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which is sufficient.

For 2, we have ¢ = ¢{™, such that

B — b 2¢ 47 —
=0 —p) B9 N T2ygy)
for some ¢ € Z,. Finally looking at the conjugation by n,, to find a sufficient

n, we need only solve the equation

2c—2x =0

I set v = wt1v;. Now we have:
2

/ 7(u)vadu = / Tutivdu
Nj_1 Nj_1 2

J

= 7r(t1)/ m(tout1)vidu
27 Iy, 2

— cw(t;)/N. m(u)vidu # 0
for some ¢ > 0.
Let = be the set of characters € of K,_; which agree with £ on (Isp—o N 1§, 5)%.
By 2 of the lemma we can write vy = .= v¢ where each v € V&, There

is at least one v¢ such that

/ 7(u)vedu # 0

Jj—1

By 2 of the lemma, £* = wf’lA, for some z € Zy, so v3 = m(n_,)ve € Ve

and

AWW%M#O

J

so vg € V(N). O
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At this point the heavy lifting for the Classification Theorem is done. I

point out a couple more Lemmas that I will use in the proof.

Lemma 9. For invertible A = (a b
c —a

) cmY,
(i) if (—1) - det (A) € (ZS)?* then A is diagonalizable under K.

(1) if ||det (A)||, - det (A) = 1(mod4) then A is conjugate under the action

by K to an antidiagonal matrix.

Proof. Since I can factor out scalars from A, I can assume that v(det (A)) <
2.

Suppose v(det (A)) = 0. Either a € ZJ or be € Z; , but not both. Conjuga-
tion by r can ensure that the former holds.

Suppose that v(det (A)) = 1. In this case a € Z5 < be € Z;. If v(a) = 1,
then v(bc) = 1, otherwise v(a® — bc) > 2. In that case either v(b) or v(c)
is zero. This means that when v(det (A)) = 1, conjugation by r or r* can
ensure that v(a) = 0.

I can therefor assume v(a) = 0.

For (i), assume the determinant of the matrix, A, is negative one times a
square in Z5. In this case conjugation by r can ensure that v(b) = 0 as
well, but ve > 0 because of the constraint on the determinant. From then
it is clear that conjugation by n/ for some x € Zy will result in a matrix

0 —a
matrix. Note that 55 € Zo.

/
(a ¢ ,> with ¢’ a unit. Conjugating further by n_c, results in a diagonal
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For (ii), if a € ZJ, —a*> = —1(modR). Since det (A) # 3(modR), bc & 475 .
So either v(b) = 0 or v(c) = 0. Assume without loss of generality that the
latter holds. In that case, conjugation by ne will result in an antidiagonal

matrix and ¢ € Zy. O
I now sort the non-inverible case.

Lemma 10. If A = (a b ) is in MO\ MY and det (A) = 0 then A is
c —a
. 0 b . «
conjugate to 0 0) with b € Zs .

Proof. 1f v(a) = 0 then the same is true for both b and c.

If v(a) > 0 then either b or ¢ is a unit but not both since A ¢ 9MY. T can
assume b is a unit. Since the discriminant of the polynomial —bz? — 2az + ¢
is equal to 4a® + 4bc which is zero, conjugation by n,/ for some x € Z,
will result in an upper triangular matrix, with trace zero and determinant

Zero. [
Finally the case when det (A) = 3(mod38):

Lemma 11. IfA € MO\ MY, and det (A) = 3(mod 8), then A is K-conjugate

a matriz of one of the following forms:
0 b
o (c 0) forb,c e Z;

1 2b «
. (20 _1> for b, c € Z;

Moreover, when conjugating one of these forms by w the result is K-conjugate

the other form.
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Proof. Assume without loss of generality that if ¢ is a unit b is also. This
can be ensured by conjugation by w. Either b is a unit or it isn’t.
Assume it is. Conjugation by - results in an antidiagonal matrix. Since
the determinant is a unit and the entries are integers it is of the first form.
Assume now that b is not a unit. By the earlier assumption neither is
c. Since Since A ¢ MY, @ is a unit and —a*® = —1(mod8). Thusly, bc =
4(mod8). As a result v(b) = v(c) = 1 so the matrix can be conjugated to
one in the second form.
I now calculate:

(a 21)>w _ (—a c)

2c —a 4 a

Here ¢ € ZJ so by the argument above this matrix is conjugate to the first

form. Since conjugation by w is an order two action, this is sufficient. [
I now prove the Classification Theorem.

Proof of Classification. Assume (m,V) is an irreducible cuspidal represen-
tation of G of level £ > 0. By Lemma 7, 7 or 7 contains a character 1,
which is primitive on K,/U**! for U > K, ;. I address the case where 7
contains it.

Since conjugation by an element of K induces an isomorphism of m, I am
free to let U range over {Kyy 1, Ior, Topy11oe N In"}.

A quick calculation shows that if wfjl is primitive on K;/Is. 1, then o =
( @ 2 ) with a a unit. Computing the determinant of this matrix reveals

4c¢ —a

that by Lemma i this is diagnalizable under K and cannot be contained in



CHAPTER 3. THE DISCRETE SERIES OF G 71

7 by Proposition 17.

A similar calculation for /4" primitive on K, /K, results in a matrix of the
a 2b . . . . . .

form a = 5 with a again a unit. The determinant of this matrix is
C P—

either —1 or 3 modulo 8. By Proposition 17, o must not be diagonalizable

so its determinant must be congruent to 3 modulo 8.

20 2b

If £+1 . . .t. K I I w th fr
¢a 1S primitive on z/( PYARN DY) )? en a (20 —2a

) with ¢ and b

units. In this case o conjugate to an antidiagonal matrix. Conjugating

r2
0 2b B —2c —2c
2¢ 0)  \2b+2c 2 )’
it should be clear that v(2b + 2¢) > 2. The corresponding conjugate of the

character is trivial on Iy, contradicting the primitiveness of the original.

20  2b

Y& s primitive on K/ Iy then a is of the form o = (4c 9

) with b a
unit. Suppose a is a unit, then the determinant is 4 times a unit.

If a is not a unit, the determinant is 8 times an integer. If ¢ were divisible by
2, o would be trivial on K, , which would violate the definition of level,
the determinant must be 8 times a unit. Such a matrix is diagonalizable
under K.

Remaining on this case, if a is a unit and —a? — 2bc = 3(mod 8) then ¢ must

be divisible by 2. O

Looking at the determinant of « there is a natural correspondence with
Q2[a]. Looking at the determinants of trace zero elements of the quadratic

extensions of @, in section 2.5 the correspondence is clear. As a result we
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can describe the ramification of a cuspidal representation as follows.

2  otherwise

. :{1 if det (o) = 3(mod 8)

3.5 Stabilizers

In this section I prove the equivalent of the Intertwining Theorem from
Bushnell and Henniart.

Here n > 2. We consider a matrix « in s1lp(Z) with non-square determi-
nants. Since n > 2, there is a quadratic extension E of Qy which contains
the determinant of a. The units of this extension, Ug, enjoy an inclusion
which contains « in its image. This image clearly stabilizes a.

I will denote U]} = Up, as well as the following:

2"81y(Zs) if e, =1
@ = 3.8
o { (38)" 812(Zy) if e =2 (3.8)

Now I examine the stabilizer of a class of a modulo B'. Here I enunciate
a method extending an established stabilizer, say NLU%, step by step, to
a maximal stabilizer. One may pick a representative x, y and z of the
groups containing Uf as described in section 1 and test if that representative
stabilizes [a]. If so, the next group up the ladder in fact stabilizes the class.

I employ this method to calculate the stabilizer of the class of each of the
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following forms with the corresponding modulus, B7:

1 2 .
ap = (_26 _1) with b,c € Zy \ p

1 1 )
g = (_2C _1) with b,c € Zy \ p

0 1 .
063—(_26 O> Wlthb,CEZQ\p

73

(3.9a)
(3.9b)

(3.9¢)

Looking at my previous work (on the maximum abelian subgroup of U?

mod U2") it is clear that in each of these cases « is stabilized by UZ. 1

extend this to the stabilizer.

Take the following representatives:

I note that

(3.10a)
(3.10b)

(3.10c)

xlax=a— (x— L)a+alx—1) — (x — L)a(x — 1) + (x — 1)«
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which reduces our problem to computing the commutator of o and (x — 1).

I now compute:

(X3 — ].)O[Q — Oz0<X3 — ]_)

_ (2”:1: 2n—1y ) ( 1 2b> B ( 1 2b) (2”35 2n—1y >
2"z —2"rx +x) \—2c —1 —2c —1) \2"z —2"x + %
B ( 2"y — 2"yc 2ty — 2nly )
o\ — 2 ler 4 % 27T lbr 4 270 — &
B <2”x 42z gnely 4 onHpy 4 *)
2ntley —2nz  2Myc+ 2"x — %
_ ( 2ntlpy — 2nye  2nHlhy — 20y 4 27 by 4 >|<>

ontly —ontlex 4% 2mHpy — 2"ye — %

(X2 - 1)0[0 - Cto(XQ - 1)
e 2\ (1 2\ (1 2 (2 2y
2 o« —2¢ —1 —2¢ —1 My
2"ty — 2y 2o — 2"y (2" e+ 27Thz 27y + 20%
Mz — 2cx 2ty — Mex — 2"z %

Let v = %5 Since v2"2 € K, 1\ (I,_o U I¥ ) stabilizes a = oy as a
member of N K, ; also stabilizes . Further if I look at representatives

of the next larger subgroups, I compute:

2_1(X3 - ].)Oéo - 2_10[0(X3 - 1) =

n—lg_on—lyc 2nbr—27~2y \ [ 27" lg42nbz 27 2y4bx
21y —_cx * 2eg—2n—1y *

2_1(}(2 — 1)(1/0 — 2_10./0(X2 — 1) =

2n=2g—2"yc 27 lpg—2nly o 2" =22 49"bz 27 Ly4-bx
2" =1z —cx * on—leg_on—ly *

Neither of these are congruent to 0 modulo P" since b and c are units.

This establishes the stabilizer N} K,, ;.
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A similar computation can be performed for as and «a3. Here ¢ will vary

over {0, 1} for brevity:

+ + + +
(r0 = Dz = azlxo — 1) = (207, 277 ) (b 1) = (e 1) (20 0

*

2"+€zf2”+1+eyc 2n+éx72n+ey 2n+ex+2n71+éz 2n+ey+*
- on—lte, ek on—lte, 4 T\ gntldegg_on—lte, *

(Xg - 1)@2 - OéQ(Xg - 1)
o ( 2n—1+ex 2n—2+€y ) ( 1 1 ) o ( 1 1 ) < 2n—1+ex 2n—2+ey >
- 2n—1+ez * —2c —1 —2c —1 2n—1+ez %

(2n+€x72n—l+eyc 2n—1+5I72n—2+€y> . <2n—1+€x+2n—l+ez 2n—2+ey+* )

on—lte, ek on—lte, 4 ontecp_on—lte, *

So the stabilizer of a = ay is N Iy, 5. Likewise:

(XQ — ].)Oég — Oé3(X2 — ].)
_ gn-2 ¢ 2ltey 0 1 _gn-2 0 1 2 21FEy
n 2ty 252 ) \—=2¢ 0 —2¢ 0) \2'*t52z —2°z»
Cons [(—2%fye 2% no [ 2VFz  —2%x
=2 otecy  olte ) 2 2ecy  2ttey
(XO - 1)0&3 - Oég(Xo - 1)
_ gn-2 oltey  2ltey 0 1 _on-2 0 1 oltey  2ltey
B 26z —2Mex ) \—2¢ 0 —2¢ 0 2y —2ley

_ 2n_2 <_22+ayc 21+£$) _2n_2( € » —21+E.Z‘>

22+€C$ € » _22+scm _22+scy

Here we find that the stabilizer of a = ag is N} 1y,.

3.6 Induction

Here I may assume that the conductor of a conjugacy class of irreducible,
unramified cuspidal representations of G is realized by a sub-representation

of the restriction of one of its constituents to K. For those representations
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whose level is realized over K¥, the argument holds, after appropriate con-
jugation by w. Given m, 4, an irreducible, cuspidal representation of G of
level n > 3 which contains ¢}, whose level is realized by an irreducible

component of its restriction to K or 7, label this component g, 4.

Cuspidal types

Recall (see Sections 3.3 and 3.4) that as the level of g, , is n — 1, the kernel

of this representation contains the following compact subgroup
K, ife,=1 (3.11)

ker(gn,a) =
Ly, ife, =2 (3.12)

Now let n = 20 + € where € € {0,1} and § € N. Recall (see subsection 2.4)

that the following groups are abelian:

K5+6/Kn (313&)

L0/ Ion (3.13b)

which implies that g, 4 factors into a sum of characters when restriced to

its corresponding group:
Ksie ife,=1 (3.14a)
U6+6 —
I2(5+6) if € — 2 (314b)

Recall (see Section 3.4) that one of these characters is of the form 7

where « is of one of the forms listed below:

1 2 : -
<2c _1) with c € Z35 ife, =1 (3.15a)

(21 bl) with c € Z3 and b € {1,3} if e, =2 (3.15Db)
c
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Recall (see Section 3.5) that the stabilizer of this character under conjuga-
tion is

N!Ks ., ife,=1  (3.16a)
Jo = J, = Stabg(¢207) =

« [}

Nilp o ife,=2  (3.16b)

Let A be an irreducible component of the restriction of g, 4 to J, which

contains ¢”. By Frobenius reciprocity,
Imd% A =~ 0,4 (3.17)

So in order to parametrize a supercuspidal representations of K (or K¥) and
in turn the cuspidal representations of G one only needs to parametrize the

following datum:

Definition 3.3. A cuspidal type of G is a triple (U®,J,A). Here U® is
a filtration stabilized by Dg = (w,v), by Dg = (w,v¥) or by D¢%, J is a
subgroup of U°, and A is a irreducible smooth representation of .J, falling

into one of two cases:

(1) J = UY is either K or K¥ and A is the inflation of a representation on

Uo/US.

(2) J =J,, for an a of the sort listed in (3.15) and A contains 9},

From here, I work to construct all such cuspidal types.
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From U™ to J, ,

Here I will parametrize all A on J, , that contain 17, for some given a.
First I consider all characters, 6 of the norm one group N}, which agree with

Y on NL N U, For such a 6, I can construct a character on NLU*,

Definition. For n € N! and x € U2*¢, define

Vao(nT) == 0(n) - Yo ().

Now I can consider the characters of U2*~! which agree with Vh o and
similarly extend this character to a new character on NLUS*~!  denoted
Aug Or A for short.

If ¢ = 0 then A}, is defined on J, ,. If ¢ = 1 then [J, , : NLUS™7!] = 4.

n

First note that the commutator subgroup of J, , is precisely NLU20 and

the center of J, , is NLUs+e=1 To complete this extesion I construct a

«

pairing on J,, , /NLUST1,

Definition.

h)\<l’,y) = )\([l’,y])

A calculation similar to those of the stabilizers shows that this pairing
is non-degenerate on the Fy space Jma/Nl Ud+eL,

«

I now use this lemma from [3]:

Lemma 12. Let G be a finite group, with cyclic centre N, such that V =

G/N s an elementary abelian p-group. Let x be a faithful character of N.
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The pairing h, : V x V. — C* induced by

(z,y) = x[,yl,

is nondegenerate. There is a unique irreducible representation ¢ of G such

that C|N contains x. Moreover:
(1) C|N is a multiple of x;

(2) dim ¢ = |V['/?;

(3) Indfy = ¢V

(4) if H is a subgroup of G, containing N, such that (G : H) = |V |}/2,

and such that x is null on H/N, then ( = Indflgb, for any character ¢

of H such that ¢|N = x.

Having illustrated the construction of the representations A which con-
tain ¥ I have parametrized the cuspidal representations of level £ > 2. It

only remains to parametrize the cuspidal representations of low levels.

3.7 Low level representations

Here I count the irreducible representations of K/Kj ~ SLy(Z/8) which
induce cuspidal representations. I go about this by classifying the represen-
tations by their kernels.

I first recall that K/K; ~ SLy(Fs) ~ Dg. This means that the preimage of

the normal subgroup Z/37Z <1 Dg in K is itself normal.
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Definition.

K:={geK:¢ecK}

Here is the resulting filtration of normal subgroups of K which apply to

the very low level representations.
Ks<LNL <Ky < LNLY <K 9K 9K (3.18)

Starting with the quotient K /K which is of order 1 I will progress through
such quotient groups up to K/Kj3 which is of order 384. As the repre-
sentations of earlier quotients naturally inflate to representations of latter
quotients, I will gradually count up the irreducible representations of the
group K /K3 ~ SLy(Z/87Z), identifying which are cuspidal along the way.

I will be relying on this fact about representations of finite groups which is

proven in [20, Part I, Chapter 2.

Theorem. The sum of the squares of the degrees of the irreducible repre-

sentations of a finite group equals the order of the group.
As well as,

Theorem. The number of irreducible representations of a finite group equals

the number of conjugacy classes of the group.

As T progress through the filtration I will punctuate exhaustion of the
representations of a given kernel by taking the running sum of the squares

of the degrees of the irreducible representations of the quotient in question.
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Representations of SLy(IF5)

The trivial representation is necessarily the only irreducible representation
of the trivial group K/K. 12 = 1.

Moving on to K /K which is of order 2 there is only one non-trival irreducible
representation of this group. It is a character. 12 + 12 = 2.

Considering it as a representation of Dg, it is the signature representation
returning —1 on odd permutations and 1 on even permutations. I will la-
bel it sgn. When this represenation is restricted to [ it is nontrivial since,
modulo K; the elements of I are of order 2 and therefore odd permutations.
Since /K is the image of N in the quotient K/Kj, this character is cuspi-
dal.

Since K/K; ~ Dg has a natural action on three elements, which can be
realized as the cosets of K /I, there is an associated regular represenation
of dimension 2. This can be constructed as the quotient of the regular rep-
resenation on R?, Ind} 17, by the fixed, diagonal subspace. Through this
perspective it is clear that the regular representations contains a trivial char-
acter when restricted to I. This implies that it is not cuspidal. Alternatively
it can be viewed as the orthogonal complement of the signature represen-
tation in Ind¥sgn. One should note that sgn tensored with the regular

representation is isomorphic to the regular representation. 1%+ 12 + 22 = 6.
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Representations of level 1 and 2.

These representations have been studied and are understood. For the rep-
resentations of level 1 a reference is Hans Rohrbach’s Thesis, [18]. For those
of level 2 references on this matter is the paper by Nobs and Wolfart, [17].
I will enumerate those of level 1 and, employing the results from Sections
3.4, T will suggest how this method can produce those of level 2. T will give
an example of this for some of the unramified cuspidal representations of

level 2.

PSLy(Z/AZ)

Since the center of K/Kj is contained in he group I, N ", the quotient
K/(Ion157) is isomorphic to PSLy(Z/47Z) a group of order 24. This quotient
contains a group of order 6 which is generated by the matrices (% {) and
(% 1), which is isomorphic to Dg. Since the action on the four cosets
PSLy(Z/4AZ) /D¢ is primitive, the natural map from the symmetric group
on 4 elements is injective. Since the symmetric group on 4 elements is of
order 4! = 24 this map is surjective. Hence, the group K/(Iy N ") ~
PSLy(Z/AZ) is isomorhpic to the symmetric group on four elements. From
this perspective the normal subgroup K;/(I;N ") corresponds to the order
2, even permutations. The new representations of PSLy(Z/4Z) are non-

trivial on this group.

Recall that I = I;. The subgroup I/(ls N I,") < PSLy(Z/4Z) is of index
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3 and therefor of order 8. It is generated by the image of N N K, which is
cyclic and of order 4, and the subgroup I,"/(Io N 15") < K;/(la N ;") which
is of order two. In this fashion, I/(lo N [5¥) is a copy of Dy.

Here is a useful result:

Theorem. The number of conjugacy classes of a symmetric group of n

elements is equal to the number of partitions of n elements.

As a result PSLy(Z/4Z) has 5 irreducible representations. Therefore
there are two representations that are not inflated from SLy(Fs). Among the
new irreducible representations of PSLy(Z/47) is the regular representation
of the symmetric group on 4 elements. This is an irreducible representation
of degree 3. It can also be tensored with sgn producing another degree 3
representaion. 12 + 12 4+ 22 432 4 32 = 24,

These representations are irreducible when restricted to N N K since the
groups action in Dy is transitve. As a result it does not contain a trivial

character of N N K. Hence, they are cuspidal.

SL,(Z/AZ)

The group K /Ky ~ SLy(Z/47) is of order 48. It has 10 conjugacy classes.
Considering the injection Nf/ﬁ — I, there is a character, 6, of Nf/ﬁ which
maps (% 1) 4. Since (' °) — —1 under this character, it is compat-

ible with 2 for & = (3 % ). The resulting character 12 , is defined on

I/Ks, a group of order 16 and therefor a Sylow-2 subgroup of SLy(Z/4Z).
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Since elements of K \ (/U I" U I") intertwine this character (all of the con-

2

jugates agree that (_01 _01) — —1), the induced representation Ind? .04

is reducible. Since Ind{&bfw4 is dimension three there is a one dimensional
subrepresentation.

This character is called the Dedekind Character of of SLy(Z/4Z). 1t is cuspi-
dal. This character can be tensored with each of the representations inflated
from K/(I; N I,"). Each of these new representations are likewise cuspidal.

2412422432432 4+124+ 124224+ 324+ 32 =48.

K/I;N I* and SLy(Z/87)

The group K/(I, N I4") is of order 192.

Ky /(14 N 14") is abelian.

There are 20 conjugacy classes of K/(I, N 1,7).

The group SLy(Z/8Z) is of order 384.

There are 30 conjugacy classes of SLy(Z/8Z).

The representations of SLy(Z/8Z) Looking at the characters of Ky /(1,N1,"),
these are parametrized by matrices in %, /(3%, N 3%,) ~ MY /(39 N 3Y).

Looking at these there are the following primitive matrices that can be
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contained in cuspidal representations:

a:(_14 _11> det (a) = 3

, det(a)=1

)

a:(_12 j) det (a) = —3
)
)

, det(a)=2

Focussing on the matrix of determinant 3, labeling it a., its character is

intertwined only by elements of K; as is demonstrated by this calculation.
1 1\ (0 -5
-4 -1/ \-1 0
0 -5\" (-5 7
-1 0/ \-45
The dimension of the irreducible representation Indglwg* is 6. This repre-

sentation can be tensored with the Dedekind character to form a distinct

representation of dimension 6.
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Appendix A

Supplementary Diagrams

Looking at (2.10), I can draw the diagrams corresponding to (2.7) and (2.8)

for the action of Dg about [§]F.
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Table A.1: The action of Dg on a portion of 7.
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Table A.2: The structure of K with the action of Dg.
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