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CHAPTER I

INTRODUCTION 

I. HISTORY

In a meeting of the British Association for the 
Advancement of Science in 1844, J. Scott Russell issued 
what was in effect a challenge to mathemuticians to 
describe certain types of wave phenomena. In particular, 
in his "Report on Waves", Russell was jatorestod in ob­
taining a quantitative description of what he had 
personally observed as a "great wave of translation"
(now popularly called "solitary wave") moving in a 
shallow channel  ̂l"| . Until thac t  ime it was helievcl 
that all wnv^s moving in shallow1 rectangu1 ar canals 
would steepen along thtir forward side and slacken along 
their backward side (sec figure 1.1). The wave that 
Russell observed, however, did not change shape as it 
moved down the canal (see figure 1.2)  ̂2 | .

1



FIGURE 1.1

Direction of travel 

 >

JI
A. Jl

time t - 0 time t 0
1.1(a) 1.1(b)

Legend: \  is the height of the wave above the un­
disturbed medium, 

and J? is the depth of the medium.

FIGURE 1.2

x

Direction of travel 

 >

time t *= 0
1.2(a)

Legend: Same as Figure 1.1.

1
time t > 0 

1.2(b)
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In 1895 Korteweg and deVries met the challenge by 
discovering the equation bearing their name (and here­
after abbreviated "KdV"). They formulated the equation 
as

-oo< x<oo, t > 0

with
X = equilibrium level of the water,

= the surface elevation above 5 of a shallow 
valer wave in a channel of rectangul* r cros;? s ection 
moving towards increasing x,
V =" (smill) arbitrary constant I'elatcd to the uniform 
motion of the .liquid,
g « universal gravitational constant, and

^ ~ L 3 ~ TA where 3 pg
T = surface capillary tension and 
p  «= density of the water (see figures 1.1,1.2)

In studying their equation, Kortcweg and deVries 
discovered a class of solutions U in terms of the Jacobi, 
elliptic function, cn( 0) . Because of the symbolism, 
and because a class of intensively studied waves had 
previously been termed "sinusoidal", these solutions 
were termed "cnoidal" and the waves were designated

(1.1) 33, - 3
at 2
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"cnoidal waves", Under the assumption U —*■0 as (x't-*00 
a specific solution is the single solitary wave 
(originally mentioned by Russell) in terms of the 
function sech2 (see Chapter I, Section XI).

From the turn of the century until 1960, no new 
important application of KdV was discovered. In 1960 
Gardner and Morikawa realized that an important equation 
from plasma physics is, after a change of variables, KdV 

Since then, many other problems were found 
that gave rise to KdV and KdV-like equations (see 
Chapter I, Section III for a brief discuss ion of a few 
important papers) . This resulted in intensive activity 
in the study of KdV, artivitv that has continued until 
today. It is this activity that provided the impetus for 
this paper.

II. DISCUSSION OF THE EQUATION

Equation (1.1) can be simplified. First rewrite it 
in the form

-oocx< 00 , 0-tt.

Then set

(1.3a) u(x,t) » X  t V,
1 I

4



(1,3c) x* « -1 
£

and

ID
Finally substitute these equations into (?.2) and obtain, 
after dropping the primes from the t's and x's,

Equation (1,4) subject to the initial conditions 

(1.4a) u(x,0) ~ a*sech2 (bx) 

has {’O) ution

(1.5) u(x,t) - a-sech^(bx - et) 

pi'oviding

as is easily verifiable by direct substitution. This is, 
indeed, Russell's solitary wave moving to the right with 
velocity v *» c *» a. Our discussions throughout the re-

b* y
mainder of this paper will assume KdV is written in the 
form (1.4).

and

(1.7)
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KdV is one of the simplest examples of a nonlinear 
dispersive equation . To understand "nonlinear dis­
persion", we must first define "linear dispersion". For 
one dimensional plane waves, one way to define a linear 
dispersive equation is to start with any linear equation 
admitting elementary solutions of the form

(1.8) a-cos(kx-wt)

(where

a = wave amplitude, 

k - wave number, 

x - space coordinate,

w = w(k) - angular frequency (a function of k) and 

t = time coordinate)

for which the function w(k) has certain properties. The 
functional relationship w ~ v/(h) is called the "dis­
persion relation"; it is the relationship between w aid 
k that identically solves the equation. General solutions 
are combinations of elementary solutions. The most 
general solutions are given in terms of Fourier integrals,

when they exist. The "spectrum function" a(k) is



determined by initial or boundary conditions.
The "phase velocity" of a wave is defined to be

cp 55 w (M ? it is the velocity of each elementary wave 
"Tc

train and is the velocity an observer- must travel at to 
maintain observation of a particular "crest". The "group
velocity" of a wave is defined to be c„ = dw{k); it is

9 ~dk
the "local velocity" which an observer must travel at to 
observe a constant wave number. If c_ ~ w(k) is not

p i r -
constant, crests with different k will travel at 
different velocities; hence the term "dispersive".
Therefore we define a linear dispersive equation to be 
any equation with solutions of the form (1.8) for which 
Cp ic not constant.

The "linearized form" cf a nonlinear equation is 
arrived at by neglecting all but the first order powers 
of the dependent variable and its partial derivatives 
The linearization of KdV (1.4) is therefore

(1.9) ut + ux + $*uxxx ** 0.

The dispersion relation is w - k - 5*k3. the phase velocity
is Cp = w *= 1 - S^k^ and the group velocity is Ic j
dw - 1 - 3^ k . A nonlinear equation is called dispersive 
cOt
if its linearised form is dispersive. Since Cp for (I.9) 
is not constant, the linearized form of KdV is dispersive 
and, hence, KdV (1.4) is dispersive*

KdV will have a solitary wave solution provided that

7



the nonlinear tern (which tends to make a wave "break") 
is neutralised by the third degree ("dispersive") term, 
given appropriate initial conditions. If we ignore the 
third degree term (.1.4) becomes

(1.10) Uj. uux -= 0.

This is a nonlinear hyperbolic equation. Considering
(1.10) subject to (1.4a), we can use the method of 
characteristics to see the wave steepening in front 
until at t = tB = (2ab* sech2 (b>:fi)tanh (xB) ) ”  ̂ (where

- sech“  ̂((2b) ̂ lanh (bxB) )/)>) the wove breaks (the 
solution becomes non-sangular at x = xB). The larger 
the amplitude "a", the more unstable the wave and, there­
fore, the faster ihe wave breaks. The addition of the 
dispersive term has a dampening effect upon the nonlinear 
term. is often called the "coefficient of dispersion"; 
when £ is large enouch, the third degree term prevents 
the solution from becoming non-singular. As we have seen, 
for given "a" and *'£" in (1.4) and (1.4a) there exist 
values of "b1' and "c" that cause the initial profile to 
be preserved for all t. The result is the solitary wave.

We select the values a *= .9 in (1.4a) and $ ~ .022 
in (1.4) as did others who have done numerical work on 
KdV (see Chapter I, Section III for details). The amp­
litude "a" can he selected arbitrarily, but the 
coefficient of dispersion <£ cannot because it is a

8



physical constant dependent upon surface tension, rest 
depth and density of the medium (recall (1,3d)). In an 
early numerical paper on KdV, Xabusky and Kruskal 
(see also Chapter I, Section III) solved KdV using a 
finite differencing technique. To begin their method, 
they ignored the dispersive term for small values of t. 
To justify this, a small value of & was required; they 
selected S ~ .022. After inspecting the physical con­
stants in the definition of £ , this assumption does 
not appear to be unreasonable. Since then, other 
authors hc.ve chosen the same value for 5 (aB we *3°) to 
facilitate comparing their variouf- techniques ns applied 
to KdV.

III. RECENT WORK ON KDV

Since Gardner and Moriknwa demonstrated a 
relationship between KdV and plasma physics, many other 
problems have been found that give rise to KdV or KdV- 
like equations. Among the varied problems that yield KdV 
are ion-acoustic waves in a plasma, longitudinal waves 
propagating in a one-dimensional lattice of equal masses 
coupled by nonlinear springs, pressure waves in a 
liquid-gas mixture, and waves in elastic rods . As 
was mentioned in Chapter I, Section II, KdV has been 
studied extensively because it is a standard example of 
a nonlinear dispersive wave .

9



We have seen what fields have caused interest in 
the study of KdV. Conversely, KdV has stimulated a 
wealth of research in theoretical mathematics, 
especially in fields allied to geometry. In , Adler 
and MOser are interested in a simpler construction of 
a recently discovered family of rational solutions u 
to KdV (and higher dimensional KdV-like equations)

The emphasis of their investigation is on the 
algebraic properties of these solutions. It had pre­
viously been demonstrated that this family constitutes 
a manifold M moreover, M decomposes into count ably
many manifolds for d - 1,2, ... .By factoring
differential operators determined from KdV, the authors 
construct classes of polynomials of d variables, P^ .
They achieve their originally stated goal by demonstrat­
ing that each of the previously known manifolds lias 
a representation in terms of P^.

In Ciol. Tax is interested in cons Iracting a family 
of solutions to KdV which are periodic in x (in contra, t 
to the previously mentioned paper). He states (without 
proof) that constructing solutions to KdV which are 
periodic in x is more difficult than constructing 
solutions to KdV assuming non-periodicity. Jiabusky and 
Kruskal (op. cit.) suggested that with sinusoidal 
initial conditions the solution to KdV would break up 
into a complicated wave pattern and then rucombine into

10



shapes which were "similar" to the initial conditions. 
Lax cites this work as suggesting to him that he should 
seek solutions periodic in x and "almost periodic" in t. 
He constructr a family of solutions to KdV (possessing 
thor.e properties) variationally by minimizing conserved 
functionals arising from KdV. He shows that his 
solutions lie on N-dimonsional tort. In particular, the 
case N ~ 1 corresponds to the elliptic functional 
("cnoidal") solutions of Kortevjeg and deVries.

Since our interest is in numerical solutions to 
KdV, let us discuss some important rc suits from this 
area. In 1965, iinbusky and Xruskal (op. ci_t̂ -) were in-- 
terestcd in solving KdV numerically subject to periodic 
initial conditions. They hoped tt show thrt. a wave with 
sufficient amplitude would "break up" into a number of 
smeller v/aves. They .solved KdV (j.<) subject to the 
initial conditions

(1.11) u(x,0) --jos(ii x) , -Is A s 1

(their choice of $ ~ .022 has already been discussed). 
The method they used was a finite-differencing technique 
which gave them solutions discrete in space (x) and time 
(t). Their results showed the original wave steepen in 
front and then break up into 8 "wavelets". Since no 
known analytic solution exists for this initial-value 
problem, they compared their results with empirical data;

]1



the comparison was favorable. Their results served to 
stimulate researchers seeking to construct classes of 
solutions to KdV because it presented properties of 
sought-after solutions. In 1975 Greig find Morris I11] 
solved (1.4) subject to initial conditions that cause 
a solitary wave solution. They substituted a = .9 
into (1.4a); this makes b *= 12.44824 and c = 3.734472 
in (1.6) and (1.7), and (1.4a) becomes

(1.12) u(x,0) = .9sech2 (12.44824x).

They knew the analytic solution to KdV subject to (1.12) 
is

(1.13) u(x,t) = ,9scch2 (12.44824x--3.734472t) .

The nu-thod employed in their numerical work is a "hop- 
scotch" differencing technique giving solutions which 
are discrete in space and time. They compared their 
numerical results with the analytic solution (1.13) to 
demonstrate the validity of their technique. They 
claimed (without proof) that their "hopscotch" technique 
gave better results to (1.12) subject to (1.13) than did 
the method of Zabusky and Kruskal. To carry out the 
"hopscotch" technique they required more computer space 
because the method is dependent upon "hopping" from a 
partition of the spatial interval to points contained 
within subintervals of this partition. In 1978 Fornberg

12



solved KdV using the “Fast Fourier Transform" ̂ 12̂ J . His
solution is continuous in space, but the requirement of
an expansion in orthogonal functions can be rather

2severe. For u(x,0) *= .9seoh (12.4482'x) we found a set 
of non-orthogonal functions that converged much faster 
to these initial conditions than did other sets of 
orthogonal functions (see Chapter III). Fornberg also 
compared the known analytic solution to his numerical 
apprcxinuition to demonstrate that his technique worked.

Our paper presents a new technique for the 
numerical solution of KdV. Our technique has the ad­
vantage that it yields solutions which are continuous 
in the space variable (x) while not requiring ortho­
gonality conditions for its approximating functions.
As will be seen in the next Chapter, convergence of on 
approximation to a solution of KdV is dependent upon 
convergence of the approximation to the initial con­
ditions. The non-requirement of orthogonal functions 
v/J.ll enable us to nelect functions that converge more 
rapidly to the initial conditions.

We begin by outlining the technique that we will 
use to solve KdV. Since the main concern of this paper 
is the numerical solution to (1,4) subject to (1.12), 
we present numerical solutions to this initial value 
problem; ve follow thi3 with a detailed discussion of 
the results we obtain. We conclude with results ob-

13



tained from solving (1.4) subject to (1.11) and in­
dicate other techniques which may be used to solve KdV 
and similar nonlinear time dependent partial differ­
ential equations.

14



CHAPTER II

DEVELOPMENT OF THE ITERATIVE PROCEDURE

We present the iterative process that gives 
approximate numerical solutions to the Korteweg- 
deVrios equation in this Chapter. The process is a re­
finement of a procedure suggested by Rosen £l3̂ } . We 
write KdV as

ut B L[u] ,

where

M.u] " ~uux and

$ » .021.
V7c assume u-^0 as oo , so v/a approximate it by a
function which is 0 (for computing machine accuracy - 
see Chapter III for a complete di scv-scionj outside soma 
finite interval ta'bl . Our process employs linear pro­
gramming to minimize a measure of error £(t) over a set 
of points P ~ ^a-x^c •**<xm:=b̂  ; the solution is then 
interpolated to all [a,bj . We assume an initial con­
dition u(x,0) « f (x) and boundary conditions u(a,t) =» 
u(b,t) o 0.

We approximate u(x,t) in \a, bj by



Each a^(t) is an unknown real coefficient to be 
determined, the <P^(x)'s are preselected functions 
(not necessarily orthogonal) that are at least three- 
times differentiable, and n+1 is the number of 
functions used in the approximation. Also, initially 
we choose the set of points P fr £a,b"^ mentioned above.

Ke begin at time t = 0. The real unknowns a^(0) 
are determined by minimizing the maximum error £,(0) 
between v(x,0) and u(x,0) =* f (x) over P? that is, by 
solving

(2.3) max \ j (0) (0 . (x) - f(x)l = min. 
xfeP 1 oc

Raformula-ing (2.3) into standard linear programming
form ^14^ ̂15]} and then matching the boundary
conditions at x *= a and x = b requires a number of 
steps. (2.1) is equivalent to

(2.2) minimize £(0)-= 0 subject to (the constraints)

- t'(0) ^ £ a ± (0) Cfi(x0) - f(x0) 4 £(0>

9 •

« •

- e<0) S ^ ( o i d j i U  1 - n x j  = £<0>.
i.’©

Splitting the. inequalities and writing everything " £ M 
wo obtain

16



(2.3) minimize £(0)5 0 subject to
TV ,
X a i (0)Cpi (x0) - f(xQ)~ -£<0)

^.ai(O) $ (xj - f(xin)> - £(0) 

- iUi<0) c f i ( V + f(x0)3 -£<0)
i ~0

'tJ

L= o

Collecting variables ( i - j _ ( 0 )  nnd £(0> ) on the left cite 
and constants (f(x^)) cm the right side changes (2.3) to

(2.4) minimize £(0)50 subject to
S a i M X ^ i t K o )  + £(0) ? if C --0)
t-O

•  «

£«!<<>> + £(0) £ fix,.)
c -o

- ^Oi(0)(^ ± (x0) + £(0)=-f(x0)
i -ft

nj

06
17



Finally, we exactly match the boundary conditions of 0 
at a <= Xq and b = x̂ , by changing (2.4) at those points 
only;

(2.5) minimize £.(0)-= 0 subject to
"TV
21 a* (0) 0p.(x0)o > 0

Iks
«

+
•

£(0> > f (xx)

m

m

t'O

•

*

i) + 8<0) >

£ ai<o> Cpl(x„)I'O
> 0

- 2>i(°i c?i(yo)e»6 .2 0

- 21 ai (°) Q i (>:i- + E(o) > -fUx)

- >«1<0)<P !(**-!>+ £■<«» I -fOSn-i)
'W

“ (0)  ̂(x ^  -zt 0.
i'o

We put (2.5) into more convenient form by defining 
a (2m+2) X (n+2) matrix A:



A=

<Po<V
<pO<Xl>

Cpi (*o> 
<pl<xl>

(̂ >0 ̂xm-l^ 
Cfo (xm>
CPo <xo >

(?l<xra-l>

- (pi Ix q )
- cji.fX!)

~ ($ 0 tV - l ) -(Pl'Xm-l) 
- <?0 <*m> - tfl (Xn.)

<$n<X0>
Cfn^l)

<?n(xin>
n (xQ)

1
0
0
1

-<? n«*ra-l> 1

The column vectors a(0) and b each have n+2 elements,

a (0) =

— -

a0(0) 0
(0) 0

*

• , b -
•
*

•
an (0)

•

0
Uo) 1

and the column vector c(0) has 2m+2 elements,

10



0

f <xi7

c (0) =

0

We write (2.5) as

(2.6) ituniir.izc b^-a(0)-=0 subject to A*a(0)=c(0).

Nov/ we can solve (2.6) for a(0) using the simplex method 
of linear programming [14] b 5! •

Next, we extrapolate the approximate solution from 
t = 0 to t = h, 2h, Nh, where 0 < h < < l  is the time
difference length and N is the number of time differ­
encing steps. To do this, we need an approximation for 
vt . For N « 1 we set

20



(2.7) v*. v(x,t+h) - v(x,t)U ■ — ■ - ■ *1h

For N = 2, we set

(2.8) v*_ ti v(x,t+h) - v(x,t-h) .

The reason for this is that (2.7) is not very stable and 
causes unreasonably laige errors after a number of 
iterations. We use the leapfrog time differencing scheme
(2.8) after N = 1 to be able to iterate a large number of 
times with relatively small error.

We assume that the approximate solution is known at
t = (k-l)h, J: = 2, and s3iow how to extrapolate it to t =
kh, k ̂ 2 (for k = 1 the formula is similar and uses
(2.7)). Since u(x,(k-1)h) is v(x, (k-1)h) =
•tv

a ( ( k-1) h) C^^(x), I; \_u (x, (k-1) h)J will be approxi- 
mated by L £_v(x, (k-1)h)^ • We determine v(kh,x) by mini­
mizing the maximum difference £.(kh) between the appro <i- 
mation to (2.8) and L 
by solving

(2.9) max |v(xfkh) - v(x,(k-2)h) - L ^v(x, (k-1)h)l | = min. 
x6P I---------- 2K-----------  L |

Write instead of L ^v(xj, (k-l)h)^| and Vj~^ instead
of v(xj,(k-2)h), simplify and then exactly match 
boundary conditions as we did above ((2.1) - (2.5)). Now

£v(x,(k-l)hM over P; that is,

21



we have

(2.10) minimize £(kh)? 0  subject to
z:ai (kh)(§ iixQ) Z 0
l-o
X.Ai{hh)d>iix1) + £(kh) ? v ^ 2 + 2hL^~1
i

tv
^.'ai (kh) (pj (x) i t + £(kh)
tv
^ ai(kh) Cf. (:: )i=o ’ i m

- X a ± ():h) (x0)oo
JW ^

” 2,at(^h) yi(>:.i) + £(kh)l=o

^ vm"i + 2hIi im-1 m—1

Z 0

S-tvJ"2 + 2hb*~1)

to
- ^ « i (kh,C9i(xm-l> + f (k,,) " - (vm-? H

*■ X^a. (kh) £ 0.
e*0 A

V7rite li and b as above but modify a(kh) and t. (kh) to b?

22



a(kh)

aQ (kh)

an (kh)
E(kh)

, c(kh) «

Now rewrite (2.10) as

vk~2 + ZhL^"1

vk-2 + 2hLj5"j m-1 in-1

(v* 2 + 2hLj_1)

- (v*“2 + 2hLk_*) m-l m-i
0

(2.11) minimize bt.a(kh)^0 subject to A*a (kh) £: c (kh) .

This linear program is now solved in the same manner as 
(2.6) .

Linear programs (2.6) and (2.11) completely describe 
the iterative process. We remark that, from one iteration 
to the next, the only physical changes occur in vector c.

In the actual numerical solutions to our linear pro­
grams, we solve the maximum duals to (2.6) and (2.11).
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These can both be expressed by
fd^ 0

(2.12) maximize d .c(kh) subject to 1 , k — 0.
/ dt.A= bt

Here d is an unknown vector with 2m+2 entries ; A, b 
and c are as defined above. The simplex method that we 
employ is a standard algorithm which yields solutions 
simultaneously to the maximum program (2.12) and its 
minimum dual (2.11). In computer programming it is mo:-e 
efficient to use an internally stored program than one 
which must be entered and stored. The University 
Computer Center of the City University of hew York has 
available a subprogram which implements the simplex 
method in this form £l(Q , and we use this to solve our 
programs.
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CHAPTER III

THE SOLITARY WAVE

I, NUMERICAL DATA

In this section we use the methods of the previous 
chapter to derive approximate numerical solutions to KdV
(1.6). Recall that (1.6) with initial conditions u(x,0) = 
a*sech2(bx) will have the solution u(x,t) -

y va*sech^(bx - ct) if b = 1 / a\*and c - a / •A*’*
r _ r 5H6 V 3 ) ° » V 3/Following |_ H j  , we use £ = .022 and a = .9; this

implies b - 12.44024 and c = 3.734472.
We choose our parameters as follcvs. First, we take 

-1 and +1 as endpoints of the spatial interval. The re­
mainder of the points in P are chosen between the end­
points at intervals of .04; that is, P := -.9 6, ...
, .96, 1^ . Thus our parameter m in 50. Next we choose
the functions (T)̂ (x) by setting (p^tx) =■ (bx) , where 
Hĵ (y) is the i^h iiormite function. The Hermite functions 
are defined as follows:

H0 (y) - exp(-y2/2)
Hl(y> = 2y exp(-y2/2>
Hi+l<y> " 2yHi(y) (y), i=l,2, ... , n-1.

Below we present two approximate numerical solutions,
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one obtained by choosing 10 functions (n ■= 9) and one 
obtained by choosing 20 functions (n = 19), and compare 
them with the analytic solution to KdV. We label the 
approximate solutions and V2, respectively, and the 
analytic solution u. In each case a time differencing 
step of h = .001 is used.

For our solution with n = 9, Tables 3.1 - 3.3 give 
a sampling of computed values of the coefficients (t) 
(i = 0,1, . 9) for t = 0, t = .25 and t ~ .5. The
numbers are rounded to three significant figures and 
listed in the computer version of scientific notation 
(thus, .213 x 30”3 will be seen as .213D-03).

TABLE 3.1 

(0) i - 0, . . ., 9

1 
0 
1
2
3
4

«i<°> 
770D 00
239D-]6
390D-01
6580-17
258D-02

i ai*°)
5 .38ID-18
6 — .9 24D-04
7 -.645D-19
8 .3780-05
9 .163D-20
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i
0
X

2
3
4

i
0
1
2
3
4

TABLE 3,2

flj_ { ) — Of ***r 9

ajt.25) i ai (.25)
.582D 00 5 .479P-04
.335D 00 6 .11GD-03
.746D-01 7 -.776D-05
. 982D-03 8 - . 288D--05
.216D-02 9 -,12 5D-05

TABLE 3.3

&j(.5) 1 - 0 ,  9

ai (.5) 
279D 00 
294D 00 
156D 00 
505D-01 
997D-02

i a.(.5)
5 . 94 3D--03
6 -.152D-04
7 ~.776D-05
8 -.147D-05
9 .155D-05
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Tables 3.4 - 3.6 compare the analytic solution u(x,t) to 
the calculated solution v^(x,t) and show the absolute 
value of the difference between u and at selected 
points xGP for times t - 0, t = .25 and t - .5. At the 
end of each table we show the maximum error up to that 
time over all points xtP (v;e call that error £.(t) so 
not to confuse it with the iteration error £(t) -
thus £(t) = max ) max 

t£t JxtP
\u (xf t1 > ).
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TABLE 3.4
X Vl(x,0) u(x,0) |vi - ul
40 .5950-03 .1700-0 3 . 425D-03
36 .208D-02 .461D-03 .D62D-02
32 .4 49D-02 .125D-02 .325D-02
28 . 5 4 9 D- 0 2 .3370-02 .2120-02
24 .6010-02 .9100-02 .309D-02
20 .212D-01 .2420-01 .3250-02
1C .6790-01 . 646D-01 .325D-02
12 .163D 00 .1640 00 .130D-02
08 .377D 00 .3800 00 ,325D-02
04 . 7 ] 20 00 .709D 00 .3250-02

.C97D 00 .9000 00 .3250-02
04 .712D 00 .7090 00 .3250-02
08 .377D 00 .3800 00 .325D-02
ir. ,1630 00 .164D 00 .130D-0 2
16 .6790-01 .6460-01 .3250-02
20 «2120-01 .242D-01 .325D-02
24 .601D-02 .910D-02 .309D-02
28 .5490-02 .3370-02 .212D—02
32 .4490-02 .125D-02 .325D-02
36 ,208D-02 .4610-03 .162D-02
40 .5950-03 .170D-03 .425D-03

Maximum error ISO) m ,325D-02



TABLE 3.5
X v1 (x,.25) u(x,.25) - u\

-.40 .14 3D-02 .263D-04 .140D--0 2
-.30 . 424D-02 . 713D-0 *: .417D-02
-.32 .719D-02 .193D-03 .6990-02
-. 28 .4 41D-02 .522D-03 .389D-02
-.24 391D-02 .1410-02 .531D-02
-.20 — .356D-02 . 3 8 2 D- 0 2 .738D-02
-.16 .906D-02 .1030-01 .124D-0 2
.12 .296D-01 .276D-01 .201D-02
.08 .7850-01 .728D-01 .571D-0 2
.04 .181D 00 .1840 00 .269D--02
0 .4TOP 00 .4170 00 .7580-02
.04 .755P 00 .749D 00 .66ID-0 2
.08 .898D 00 .897D 00 .1510-02
.12 . G64D 00 .6G8D 00 .4 01D-02
.16 .34 3D 00 .3450 00 .257D-02

oCM. .159D 00 .14/D 00 .112D--01
.24 .620D-01 .573D-01 .543D-02
.28 •718D-02 .216D-01 .144D-01
.32 -.101D-01 .804D-0 2 .182D-01
.36 -.712D-02 .298D-02 .101D-01
.40 -.241D-02 .110D-02 .351D-02

Maximum error £(.25) = .188D-01
(occurred when t » .24)
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TABLE 3.6
X v1(x/.5) u(x,.5) \vi - u|

-.40 -.282D-02 .407D-05 . 282D-02.
-.36 -.897D-02 .1100-04 .8990-02
-.32 -.1690-01 .298D-04 .169D-01
-.20 -.135D-01 .8070-04 .136D-01
-.24 .654D-02 .218D-0 3 .6330-02
-.20 .131D-01 ,591D-0 3 .1250-01
-.16 -.528D-02 .1GOD-02 . 6880-02
-.12 -.144D-02 .4 32D-02 .579D-02
-.08 .207D-01 .1170-01 .9010-02
-.04 .353D-01 .3120-01 . 4 5 3 D- 0 2
0 .CG1D--01 .820J-01 . 409D-C2
.04 .200D 00 . 205D 00 .517D-02
.08 .452D 00 .4 560 00 .4 59D-02
.12 .789D 00 .785D 00 .3730-02
.16 .883D 00 .8860 00 . 341D-02
.20 .633D 00 .625D 00 .7800-02
.24 .313D 00 .3130 00 . 316D-04
.28 •120D 00 .131D 00 .107D-01
.32 .405D-01 .508D-01 .102D-01
.36 .121D-01 .1910-01 .698D-02
.40 .296D-02 .7100-02 .414D-02

Maximum error £(.5) » .2080-01
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Appendices 1 - 3  depict u(x,t) (solid line) and v^(x,t) 
(dashed line) for the three times given above, 
respectively. In some cases the solutions are 
indistinguishable on a graph.

Now we repeat the above procedure for n = 19 (20
functions). Tables 3.7 - 3.9 give a sampling of the
computed values of the coefficients a^(t) (i = 0, ...,
19) for t = 0, t = .5 and t = 1.0.

TABLE 3.7 

(0) i = 0, . . . , 19

i ai(0) i a^O)
0 . 771D 00 10 -.776D-07
i . 543D-17 11 -.505D-23
2 387D-01 12 .202D-08
3 -.907D-18 13 -.134D-24
4 .258D-02 14 -. 4 0 0 D-10
5 .112D-18 15 . 84 6D-27
6 -.855D-04 16 .855D-12
7 -.10SD-19 17 . 204D--27
8 .309D—05 18 -.16 5D-13
9 .193D-21 19 -.334D-29
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i
0
1
2
3
4
5
6
7
8
9

TAIlLE 3.8

a,(.5) i = 0, , 19

a±(-S)
. 278D 00 
.296D 00 
.156D 00 
. 498D-01 
.987D-02 
.105D-02 
. 1180—C4 
.123D-04 
.323D-05 
.130D-05

i ai(.5)
10 .1790-06
11 .308D-08
12 . 2 7 2 D- 0 C
13 .554D-11
14 .652D-10
15 .467D-11
16 .5160-1?
17 -.24GD-12
1U .3400-3 3
19 .9130-14
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TABLE 3.9

1 a± (1.0) i a^l.O)
0 .176D-01 i T .354D-05
1 .316D-01 ii . .514D-06
2 .306D-01 12 .597D-07
3 .206D-01 13 .57 7D-08
4 .106D-01 14 ,664D-09
5 .4360-02 15 .698D-10
6 .148D-02 16 .952D-11
7 .411D-03 17 .1560-11
8 .9760-04 18 •14ID-12
9 .201D-04 19 .304D-13

Tables 3.10 - 3.12 compare u(xft) to V2 (x,t) and show 
the absolute value of the difference between u and V2 
at selected points xfeP for times t = 0, t = .5 and 
t ** 1.0. Given at the end of each table is the max­
imum error up to that time, £(t).
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TABLE 3,10
X v2(x,0) u(x,0) 1 v2 “ u l
40 .363D-03 . 170D-03 . 193D-03
36 . 516 D- 0 3 . 461D-03 . 551D-04
32 .105D-02 . 125D-02 .193D-03
28 .357D-02 . 337 D—0 2 .193D-03
24 .891D-02 . 910D-02 .193D-0 3
20 .246D-01 .244D-01 .193D-0 3
16 .644D-01 .646D-01 .193D-03
12 .165D 00 .164D 00 .193D-03
08 .380D 00 .380D 00 . 19 3 D- 0 3
04 .709D 00 .709D 00 .193D-03
i .900D 00 .900D 00 .193D-03
04 .709D 00 .709D 00 . 19 3 D*- 0 3
08 .380D 00 .380D 00 .193D-03
12 .1650 00 .164D 00 . 193D--03
16 .644D-01 .646D-01 . 193D-03
20 .246D-01 .244D-01 .193D-03
24 .891D-02 . 910D-02 .193D-03
28 ,357D-02 .337D-02 . 193D- 03
32 .105D-02 .125D-02 . 193D-03
36 ,516D-03 .4610-03 .551D-04
40 .363D-03 ,170D-03 .193D-03

Maximum error *£(0) « ,19 3D-03
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TABLE 3.11
X v2 (x,.5) u(x,.5) lv2 " u|

-.40 .130D-02 .4070-05 .130D-02
-.36 -.177D-02 .110D-04 .177D-02
-.32 .161D-0 3 .298P-04 . 131D-03
-.28 .34 80-0 2 .807D-04 . 340D-02
-.24 -.183D-02 .218D-03 .205D-02
-.20 -.997D-03 .5910-03 .159D-02
-.16 .122D-0 2 .160D-02 . 379D-03
-.12 .819D-02 .432D-02 .387D-02
-.08 .112D-01 .117D-01 . 4 0 8 D- 0 3
-.04 .2 8ID-01 . 312D-01 .3070-02
0 .812D-01 .820D-01 .7390-03
.04 .210D 00 .2050 00 ,4 22D-02
.08 .453D 00 .456D 00 . 34 9D-02
.12 .786D 00 .785D 00 .342D-03
.16 .887D 00 .8860 00 .1080-02
.20 .625D 00 .625D 00 .445D-04
.24 .312D 00 .313D 00 .623D-03
.28 .130D 00 .131D 00 . 750D-03
.32 .529D-01 .508D-01 •212D-02
.36 .186D-01 .191D-01 .537D-03
.40 .537D-02 .710D-02 .173D-02

Maximum error £(.5) = . 542D-02
(occurred when t *= .39)
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X v2 (x,1.0) u (x,1.0) |v2 - u|
-.40 .44 3D-02 .972D-07 . 4 4 3 D- 0 2
-.36 .273D - 02 .263D-06 .2 73D-02
-.32 -.404D-02 .712D-06 .40 5D-02
-.28 .245D-02 .193D-05 .245D-02
-.24 .156D-02 .522D-05 . 15 6 D- 0 2
-.20 - .677D-03 .141D-04 .691D-03
-.16 -.365D-03 . 3 8 2 D- 0 4 .403D-03
-.12 -.909D-03 .103D-0 3 .101D-02
-.08 -.342D-03 .280D-03 .622D-03
-.04 . 5 7 6 D- 0 2 .758D-0 3 .500D-02
0 — .615D-0 2 ,205D-02 .820D-02
.04 .104D-01 .554D-02 .4 85D-02
.08 .195D-01 .149D-01 .4 56D-02
.12 . 27ID-01 .398D-01 .3 76D-01
.16 .106D 00 .104D 00 .254D-02
.20 .261D 00 .255D 00 .678D-02
.24 .540D 00 .539D 00 .131D-02
.28 .840D 00 .84CD 00 . 672D-02
.32 .842D 00 .846D 00 .443D-02
.36 .546D 00 .539D 00 .726D-02
.40 . 258D 00 .255D 00 .362D-02

Maximum error li(1.0) « .126D-01
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Appendices 4 - 6  depict u(x,t) (solid line) and v2(x,t) 
(dashed line) for t * 0, t = .5 and t*5 1.0. As before, 
in some cases the two solutions are indistinguishable 
when shown on a graph.

II. DISCUSSION

In the choice of the (p^(x)’s our first consider­
ation was the follov/ing. For our method a necessary 
condition for convergence of the approximating numerical 
solutions to the actual solution of second order 
equations is that the maximum of the error at t = 0,
£(0) , go to 0 1̂3|(l7̂  . Though our equation is not

second order, the convergence condition suggested we 
should choose functions which converge rapidly to the 
initial conditions. We tried various sets of functions. 
Since the use of orthogonal functions is an efficient 
way of spanning particular function spaces, and since 
much is Known about the properties of these functions, 
our first thought was to use a set of crthogonal 
functions. Over (-1,+1) the Chebyschev polynomials are 
orthogonal with weight (l-x^)"*5 but they converged very 
slowly to our initial conditions. The set ^1, cos(ktTx), 
filn{Jc*n x)| (k = 1, ...,n) did not converge much faster 
nor did even or odd expansions formed from this set. The 
speed of convergence of the approximating series to the
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initial conditions is necessary for the practical 
implementation of any algorithm on a digital computer.
As the number of functions in the approximation increases, 
so does required computer time and space (usually this is 
a nonlinear relationship). Since the obvious orthogonal 
sets converged so slowly to a*sech^(bx) that the com­
puter time and space needed would have been unreasonably 
large, we were forced to look elsewhere. An important 
characteristic of the linear programming technique 
enabled us to do this; nowhere does this approach use an 
orthogonality property of its approximating functions, as 
do many methods currently being used. Thus we were able 
to try jion-orthogonai sets of functions. Since the 
Hermite functions H^(x) have exponential factors, they 
looked like good candidates for approximating a*sech^(bx). 
They are orthogonal over but not over
The "almost orthogonal" behavior of this set, together 
with the fact that each function goes to 0 as \x\—?°° as 
do our initial conditions, suggested we try them. As 
expected, this set of functions converged much faster to 
a*sech (bx) than sets previously used. Finally, the "b" 
in the initial conditions suggested we try H^(bx)
(i^O, ..., n), and this set did indeed converge fastest 
of all sets that we considered to a*sech^(bx).

rrhe selection $ *= .022 was made so that we could 
compare our results with work done 3n the past using the
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same value for that parameter W i n -] . We tried 
various other values for 5 t and our work showed the 
maximum error varies very little (see Table 3.13; in it 
n = 9 and 0~t=.5).

TABLE 3.13

max lu(x,t) - v. (x,t)\ 
x 1 1____________ ______

.230D-01

.208D-01

.336D-01

This is not surprising since when both u and v are con­
sidered to be functions of St u(x,t,& ) and v(x,t,&' ), 
they depend continuously on £ for £>0. However/ since 
"b" depends inversely upon S t increasing the size of S 
decreases the size of "b" which has the effect of 
flattening the wave. If "a" is held constant, this in­
creases a*sech2(bx) at all x ^ 0. This means that if S 
is made so large that a*sech^(bx) can no longer be con­
sidered aproximately 0 at -1 and +1, the interval would 
have to be increased until the value at its endpoints was 
approximately 0 for us to be able to employ our method.

The maximum error £{t) is calculated over a finite 
number of points PS.\^-l,+lT\ but is a good estimate of 
the sup error over £*1,+1^ . Consider the solution found 
for n » 9 and estimate the sup error by

$_

,625D-03 
.220D-01 
.100D 00
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(3.1) £T (t)=max ^lu(xf H 6x lux (x,t)-viJC(x,t)\|#

with &x « .04 (the distance between adjacent points).
For each t, v^(x,t) is differentiable with respect to x 
since it is the finite sum of functions which are diff­
erentiable with respect to x. Since

d Hj (bx) =2biH. . (bx) - bzxHj (bx),
a s  1- 1  1

it follows that

vlx *“ 5_ ^  ai(t)Hi(bx)
5x i.*o

= ^ ai (t)^2iHi_i(bx) - b2xbi(bxrj
K~c

for all t. Substituting this result into (3.1), we 
calculated £T (t) for all values of t in the iterative 
procedure. Table 3.14 presents a sampling of these 
results, along with corresponding £'s for comparison.

TABI.E 3,14

t F(t) ~?T (t)
0 .523D-02 .118D-01
.25 .187D-01 .2960-01
.5 .208D-01 .329D-01

The.ratio of the number of functions n to the number 
of points m is important. First let us fix the number of 
points. The two solutions given earlier (v^ and V2) have
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number of functions n to number of points m ratios R of 
RJa 1 and R^;2, respectively. We observed that if we 
raised the ratio R to a number greater than 3 , the 
procedure became unstable after a small number of it­
erations. We can explain why this occurs by looking at 
the first iteration when t = 0. We note that at this 
time the analytic solution u(x,0) = a-sech (bx) has 
only one critical point (x = 0) and it changes direction 
there. The approximate solution v(x,0) is the product of 
an n**1 degree polynomial with exp(-(bx)2/2) which may 
have as many as n+1 critical points where it may change 
direction. Suppose ve have found (0) (i - 0, . .., n) 
and £(0) which satisfy

Sel ect n* such that n < n* < m and suppose a solution to 
the corresponding linear program when t = 0 is ap*(0)
(i * 0, . n*) and £*(0). Since the second solution
has morn functions, and therefore can nore easily 
approximate the conditions a*sech2 (bx), £*(0).^ £(0); 
practically, £*(0) < £(0). This is because the addition 
of higher degree polynomial terms (times exp(-(bx)2/2)) 
causes the maximum error measured at the grid points 
x$P to diminish. However, a polynomial of higher degree 
in general (times exp(-(bx)2/2)) has more critical

1 max 1 
(x<LP
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points and therefore so does v*(x,0). This means we can 
expect larger errors in the derivative ( \nK (x,0J-vx (x,0)) 
Clux (x,0)-v*x (x,0)| ) for some x€l (see figure 3.1).

lower deqree, /  
P

actual curve

(e»

/ ___  higher degree
polynomial 

(exactly matches at point)
FIGURE 3.1

If n* is allowed to become too large, the supremmti of

than the error for v(x,0).
This is precisely what was observed in our numerical 

v;ork. Increasing the number of functions while holding 
the number of grid points fixed causes the approximation 
V* to have a larger maximum error in its derivative for 
some xfcP and hence a .larger £*^j this means we have 
£*t (0) > £t (0) even though 6*(0)< £(0). As a specific 
example, let V3 (x,t) be an approximate solution to KdV 
using 5 Hermite functions and 21 equally spaced points in 

(call this grid selection P21^ anĉ  v*3 be 
the same except that it uses 10 functions. For v*^(x,0) 
we have £*(0) = .2400-07 while for V3(x,0) we have

the error over of v*(x,0) will he much greater
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0(0) = .143D-02 ( £*(0) < £(0)). However, for V3(x,0) we 
have £rp{0) *= .317D-01 while for v*3(x,0) we have £̂ »(0)
*= .125D 00 ( £ T (0) < £ *T (0) ) . Our observations confirm 
that the error in the derivative of v*3 (x,0) is greater 
than the error in the derivative of V3 (x,0) since

max \u (x,0) - v*3 (x,0)\ = 1.25
x €P21 *

while

max |ux (x,0) - V3x (x,0)\ = .303.
x C P 2 i
Finally, we note that at intermediate points (be­

tween the 21 points in P2i) size of the errors are
consistent with what we observed with the £ T 's. Using 
our original P we have £(0) - .264D-01 while £,*(0) = 
1.74 and

max \ux (x,0) - V3x (x,0)\ = .907
xfrP

while

max \u (x,0) - v*3v (x,0)\ = 2.67.
x€P x

We conclude that as R gets large (approaches 1),
0*T (0) and the iteration process may become

unstable after a few iterations. This is especially true 
for mathematical models describing spatial movement such 
as KdV. From the work we did, the results show that the 
best ratio R will in general depend upon the number of
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points in P, For m = 51, it appears best for R to
satisfy 1 i 1 .

5 “ 7
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CHAPTER IV

PERIODIC INITIAL CONDITIONS

In this chapiter we solve KdV over with
the periodic initial conditions (1.11) (f (x) - -cos(iTx)) 
using the technique developed in Chapter II. We select 
$  *» .022 and P = ^-1, -.96, -.92, +.96, +1^

with parameter m = 50 as we did in Chapter III. Because 
of the periodic initial conditions we choose periodic 
approximating functions. Specifically,

C cos(iTTx) 0 4 i S 4
(fcCx)

sin(iTfx) 5 ^ i

with parameter n =- 9. This set is orthogonal over 
^-1,+J^J in contrast with the set used in Chapter III. 

The time differencing step is h = .001. We label our 
approximate solution v(x,t) (we know of no analytic 
solution). Because of the periodic initial conditions
and because of our use of approximate ng functions with 
the same period, the artificial boundary conditions at 
x ■= -1 and x - +1 in Chapter III can be ignored. Thus 
we use system (2,4) in lieu of system '2.5) and matrix A 
becomes
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<Po (xo> <?l(xo’ ^ n ^ O *

A =

-<?0(xm> _c:Pl(xm>

cf (x ) 1nfn m'
“ (Pn<xO> 1

The vectors c become

f <xn>

c (0)
*<*»>

-f (*o)

-f (x ) in

, c(kh) =

V q **2 2 h L p ' 1

v*"2 + 2hLm“1
-(vj}-2 + ahL*;-1)

-<vj-2 + 2hL,*'1)

(the v's and L's are defined in Chapter II). Vectors "a" 
and "b" remain as in Chapter II.
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Tables 4.1 - 4.3 give a sampling of the computed 
values of the coefficients ai (t) (i = 0, 9) for
t ^ O ,  t = .25 and t ~ .5.

TARLE 4.1

aj. (0) i = 0, . . . , 9 

i ai<°> i a±(0)
0 .268D-16 5 .4850-16
1 -.100D 01 6 .143D-15
2 .1250-16 7 .9 54D-16
3 .600D-16 8 .806D-16
4 -.519D-16 9 .401D-16

TABLE 4.2

a± (.25) i - 0, 
i a^.25)
0 -.3840-03
1 983D 00
2 .395D-02
3 .157D 00
4 -.4360-02

i a± (.25)
5 .171D-02
6 .316D 00
7 -.8160-02
8 — .1620 00 
9 .783D-02
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TABLE 4.3

aA (.5) i = 0, . , ., 9
i a± (.5) i (.5)
0 .296D-01 5 i—i01aCMCMo•
1 - . 4 32D 00 6 .259D 00
2 .44 7D-02 7 -.713D-01
3 .132D 00 8 -.104D 01
4 - . 4 8 4 D- 01 9 .657D-01

Since a-̂ (O) = -1 and a^(O) = 0 (i ^ 1) (0 with respect
to the machine accuracy of the IBM 370 which is 
approximately 10“^5 £l8^ ) t v(x,0) exactly matches the 
initial conrl it.i.onr. Tables 4,4 - 4.C show the values of 
the approximate function v(x,t) aL all points xtP for 
tirr.es t = 0, t = .25 and t = .5.

49



TABLE 4.4
X v(x,0) X v(x,0) X v (x, 0)

-1.00 .100D 01 -.32 -.5361) 00 .36 426D 00
-.96 .992D 00 -.28 — .637D 00 .40 -.3090 00
-.92 .9C9D 00 -.24 729D 00 .44 — .187D 00
-.88 .930D 00 -.20 - .809D 00 .48 -. 6 2 8 D- 01
“ .84 .876D 00 -.16 — .876D 00 .52 .628D-01

t • 00 o .809D 00 -.12 - .930D 00 .56 .187D 00
-.76 .729D 00 -.08 -.9690 00 .60 .309D 00
-.72 .637D 00 -.04 — .992D 00 .64 .426D 00
-.68 .536D 00 0 -.100D 01 .68 .526D 00
-.64 . 426D 00 .04 -  .  992D 00 .72 .637D 00
-.60 . 309D 00 .08 -.969D 00 . 76 .729D 00
-.56 .107D 00 .12 -.930D 00 . 80 .809H 00
-.52 .628D-01 .16 -.876D 00 .84 .876D 00
-.48 - .628D-01 . 20 -.009D 00 . 88 .930D 00
-.44 - . 187D 00 .24 -.72&h 00 .92 .9691) 00

0
 *1

- . 309D 00 .28 - . 637D 00 .96 . 992D 00
-.36 -.426D 00 .32 - .536D 00 1 .00 .100D 01
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TABLE 4,5
X v(x,.25) v(x, . 25) X v(x, .25)
.00 .7661) 00 -.32 -.408D 00 .36 -.469D 00
.96 .84 8D 00 -.28 - . 352 1j 00 .40 - , 3 3 4 D-01
.92 . 9 50D 00 -.24 -.508D 00 .44 .185D 00
.88 .102D 01 -.20 -.7620 00 .48 .114D 00
.84 .971D 00 -.16 —.951D 00 . 52 -.100D 00
.80 .765D 00 -.12 -.1011) 01 .56 -.196D 00
.76 .49ID 00 -.00 -.948D 00 .60 -.100D 02
.72 .344D 00 -.04 -.852D 00 .64 .436D 00
. 68 .418D 00 0 -,7691) 00 .68 .8C4D 00
.64 .G50n 00 .04 -.6891) 00 .72 . H I D  01
.60 . 8501) 00 .08 -.611D 00 .76 .10 5D 01
.56 . 69 5D 00 .12 *-. 571D 00 .80 .835D 00
.52 .256D 00 .16 -.635D 00 .84 .635D 00
.48 -.306D 00 .20 -.82OD 00 .88 . 56 71) 00
.44 -.714D 00 .24 — .103D 01 .92 .612D 00
.40 -.8010 00 .28 — .109D 01 .96 .692D 00
.36 -.625D 00 . 32 -.892D 00 1.00 .7C6D 00
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TABLE 4.6
X v(x, .5) X v(x, .5) X v(x,.5)
00 . 323D 00 -.32 . 104 D 01 .36 -. 108D 00
9G — .581D 00 -.28 . 636P 00 .40 . 54 OD 00
92 -.549D 00 -.24 -.511D 00 .44 . 130D 01
88 . 419D 00 -.20 - .138D 01 .48 , 84 4D 00
84 . 139D 01 -.16 -.12 5D 01 .52 -.373D 00
80 . 141D 01 -.12 -.321D 00 .56 - . 120D 01
76 . 432D 00 -.08 . 514D 00 .60 -. 834D 00
72 -.627D 00 -.04 . 493D 00 .64 . 444D 00
6C -. 74 6D 00 0 -. 327D 00 . 6 8 . 151D 01
64 . 19SD 00 .04 - . 114 D 01 .72 .149D 01
60 . 130D 01 .08 -.1170 01 .76 . 465D 00
56 . 148D 01 . 12 - .3310 00 .80 -. 529D 00
52 . 449D 00 .16 . CO ID 00 .94 -. 556D 00
48 -.9 57D 00 .20 . 735D 00 .88 . 354 D 00
44 -.157D 00 .24 -. 123D 00 .92 . 126 D 01
40 -.9491') CO .28 - .125D 01 .96 . 124D 01
3G . 301D 00 .32 -.1C1D 01 1.00 . 3 2 3D 00
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Appendices 7 - 9 at the end of the paper depict the 
corresponding wave shapes. Since v matches the initial 
conditions exactly, v(x,0) " -cos(TTx) (-l^x^+1) and 
we observe a wave with two crests (at x = -1 and at x = 
+1) in Table 4.4 and Appendix 7. As t increases the two 
initial waves break up and form numerous wavelets. When 
t = .25, Table 4.5 and Appendix 8 show a wave pattern 
with € peaks. By the time t = .5 we see a wave pattern 
which has stabilized with 8 peaks (Table 4.6 and 
Appendix 9). We have no analytic solution with which to 
compare our results, but we can compare our work with 
the numerical work cf Zabusky and Krusknl mentioned in 
Chapter I, Section III. In Jt they show the original 
waves changing into a more complex pattern containing 
eight wavelets , agreeing with our results.
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CHAPTER V

CONCLUSION

I. FINAL COMMENTS ON TI1E LINEAR 

PROGRAMMING TECHNIQUE

The linear programming approach is an effective, 
efficient method for solving KdV and should also prove 
to be so for other equations of the form ut - (**
a not-necessarily linear differential operator, t not 
necessarily a time variable), it is superior to finite- 
differencing techniques in space and time with respect 
to the fact that it gives solutions which arc continuou 
in the space variable; it has an advantage over the 
Fast-Fourier Transform because it does not require its 
set of approximating functions to be orthogonal. In 
particular, the latter property allows us to calculate 
accurate approximate solutions to the solitary wave 
problem using a small number of approximating functions

Experiments where we used the linear programming
approach to other time-dependent partial differential 
equations have indicated that the method does not only 
perform well on KdV. A simple linear example

ut *= uxx (0<x<l, t > 0) 

subject to



u(x,0) “ sin(TTx) (0<x<l)

and

u (0,t) - u(l,t) >= 0 (0£ t)

(the heat equation) has as its Fourier Series solution

(we use &x = .01 and h = ,001 up to t = .5; the above 
results are therefore for when t = 0, .001, ..., .500). 
Thus the linear programming solution is an excellent 
approximation to the solution for this problem using 
separation of variables, namely

u(x,t) ** exp(“Tt ̂ t) sin (TT x) .

II. SUGGESTIONS FOR FURTHER RESEARCH

Aesthetically, we would prefer an approximate 
solution to KdV continuous in both space and time which

u(x,t) = exp (-TT 2t) sin (TT x) .

Using our technique with

we find that

(to within three significant 
figures) if n = 1
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has not been calculated by a device such as interpola­
tion. We will suggest two numerical techniques which 
may enable us to achieve this goal, and point out what 
we believe may be the main difficulties in attempting 
to apply the techniques. In both cases we consider the 
(possibly) nonlinear partial differential equation

(5.1) K\u(x,tf[ = 0  (a < x < b , 0 < t) 

subject to

(5.1a) u (a, t) = u (b , t) = 0 (t? 0) 

and

(5.1b) u(x,0) = f (x) (a<x<b)

(K is a partial differential operator).
For the first method we select an approximate 

solution of the form
M vl

(5.2) v (x, t) = 2' (x)Ti (t) .

Here wo have two sets of approximating functions,
K  <*>1 for the space variable and for the
time variable. These functions must have certain prop­
erties which at first may seem extreme, but in 
actuality are not. First, select the X^(x) so that 
Xi(a) = X^(b) « 0 (i ** 0, ..., M) i then the boundary
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conditions will be satisfied identically, v(a,t) « 
v(b,t) 53 0. Next, if we require Tj (0) * 1 (j » 0, . 
N) and the (x) to be orthonormal over (a,b) with 
weight function wfx) , we can approximate the initial 
conditions (5.1b):

t\ k)
v(x, 0) - 5 - 2 aijxi^x)Tj (0) 

v'o -4*0 
h >4
j " ^ a i  .Xi(x) “ f(x); 

i*6 J

multiplying both sides by Xk (x), integrating over 
(a,b) with as a factor the weight function wfx), and 
using the orthonorraality of the X^(x)'s yields

r(5.3) aj. - \w(> ) f (x)Xk (x) dx (k = 0, ..., M) .
i'o i

We can calculate the integral in (5.3) numerically, if 
necessary. This is a system of N+l linear algebraic 
equations in tho (M+l)(N+l) unknowns a.■. Next weJ
substitute (5.2) into (5.1) and have

(5.4) K\V\ * 0.

We further assume (5.4) can be rewritten as 

M *(5.5) “ 0 (k - 0# ..., M?
1 e 0, N)

where each ^ij^kl^ a function of the unknowns ak^. 
We therefore can describe (5.4) by

57



(5.6) F^j » 0 (i *= 0, ..., M; j « 0, ..., N) ,

a system of (M+l)(N+l) nonlinear equations in the 
(M+l) (N+l) unknov/ns j. Thus an approximate solution to
(5.1) subject to (5.1a) and (5.1b) is (5.2) where the 
aij*s are defined by the overdeterm!red system (5,3) and
(5.6) (with a total of (N+l)+ (M+l)(N+l) = (M+2)(N+l) 
equations in (M+l)(N+l) unknowns). In particular, if (5.1) 
subject to (5.1a) and (5.1b) is KdV, the system (5.6) is 
quadratic. Herein lies the difficulty. Not only is the 
total system overdetermined, but in general it is ex­
tremely large when enough functions are chosen to 
accurately approximate the initietl conditions; this is an 
obstacle in applying a Galerkin-type method, such as the 
one outlined above. However, the advent of new, large, 
high-speed computers and some recent results in the 
numerical solution of systems of nonlinear algebraic 
equations may make this a viable technique anyway.

Another approach that leads to solutions of KdV 
continuous in space and time combines the linear pro­
gramming technique with the method outlined above. This 
"nonlinear programming" approach minimizes a linear 
function, £ , subject to the constraints
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-f = FijIakJ -L (1 = 0, . . . , M; j = 0, . . ., N) .

The variables are again a^j (i = 0, M; j = 0, . ..,
M ) . This can be put in the standard form of a minimum 
nonlinear programming problem with (M+l)(N+l)+l var­
iables and 2(M+2)(N+l) constraints. This eliminates the 
problem of the overdetermined system. The new difficulty 
is that the constraints (5.7) can no longer be assumed 
to define a convex set, and therefore the technique 
discussed in Chapter II must be modified.
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