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CHAPTER T
INTRODUCTION

I. HISTGRY

e
&

In a meeting of thé British hssociation for the
hAdvancement of Science in 1844, J. Scott Russell issued
what was in effect a challengc to mathematicians to
describe certain types of wave phenomena. In particular,
in his "Report on Waves", Russell wvas jaterested iu ob-
taining a quantitative description of what he had
personually observed as a "orcat wave of {ranslation"
{(now popularly called "solitiry wave") moving in a
shalliow ¢hannel [11 . Until tha. time it was believcl
that all wav-~s movinrg in shallow rectangu’ar cunals
vould steepon along theix forward side and slacken clong
their backward side (sec figqurc 1.1). 7The wave thatl
Russell obrrexrved, howerer, did not change shape as it

moved down the canal (see figuve 1.2) (2-1.



FIGURE 1.1

Direction of travel

—p
“1‘1'“ N k)
3 ?
{ x _ ¥
time t = 0 time €% 0
1.1(a) 1.1(b)
Legend: T, is the height of the wave above the un-
disturbed mediun,
and f is the denth of the mediuvm.
FIGCURE 1.2
Direction of travel
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2 | %
v x ¥
time t = 0 time ¢t » 0
l.2(a) 1.2 (b)

Legend: Same as Fiqure 1.1.



In 1895 Koriteweg and deVrics met the challenge by
discovering the equation bearing their name (and here-

after abbreviated "Kdv"). They firmulated the equation

as
y
(1.1) 9N, = grg_)‘a 1+ 2¥n + g RN,
3t 2Z\7) Nz 3 3 3%2
-0 <O, t7 0
with

L = eguilibrium level of the water,

T\(x,t) = the surface elevation above { of a shallow

v.aier vave in a channcl of rectanqul: r cross suection

moving Lowairds increasing x,

Y = (smill) arbitrary counstant related to the vwniforn
motion of the liquizl,

g = universal gravitational constont, and

g = 53 ~ T% where

5 Py
T = surface capillary tension und
F = densi:y of the water (see figures 1.1,1.2) [2?1.

in studying their equation, Kortoweg znd deVrias
discovered a class of solutions U in terms of the Jacobi
elliptic function, cn(©). Because of the symbolisn,
and because a class of intensively studied waves had
previously been termed "sinusoidal"™, these solutions

were termed "cnoidal®™ and the waves vere descignated



"cnoidal waves", Under the assumption U—0 as (x\-=>o
a specific solution is the single solitary wave
{originally mentioned by Russell) in terms of the
functisn sech? (see Chaptexr I, Scction II).

From the turn of the century until 1960, no new
important application of KAV was discovered. In 1960
Gardner and Morikawa realized that an important cquation
from plasma physics is, after a change of variables, KdV
{}]‘;4] . Since then, many other problems were found
that gave rise to KAV and Kdv-like equations (see
Chapter I, Section III for a brief discussion of a few
important papers). This resulted in intcnsive activity
in the study of KAV, activity that has continued until
today. It is this activity thatl provided the jwpetus for

this paper.
IY. DISCUSSION OF TI'E EQUATION

Equation (1.1) can be simplified. First rewrite it

in the form
(1.2) M, -3 ™ +V Ny - € v"’f[ 0
. - + - < = ’
% 4 (%)(.2. i) ® 5 (i) | XK R,
"'m'<x<0° I OLt.
Then set

(1.3a) ui{x,t) =N + V¥,
2 3



(1.3b) t' = ¢t ,
2

Y
(1.3¢) x' = —1(2)‘x, and

6\g

3
(1.30) § = ¢ {9} = 1 {33 -7\ { g\ .
21€\q 216\ 3 g g
Finally substitute these equations into (1.2) and obtain,

after dropping the primes from the t's and x's,

2
(1.4) up + uy, + §u = 0,-a X0, .04t

AXX

Equation (1.4} subject to the initial conditions
(1.4a) u{x,0) = a- sech? (bx)

has solution

(1.5) u(x,t) = a.sech? (bx - ct)

providing

-

(1.6) b= 1 [~V2
25 \3

and

{(1L.7) c= a fa V”,
118
as is easily verifiable by direct substitution, This is,
indeed, Russell's solitary wave moving to the right with
velocity v = ¢ = a. Our discussions throughout the re-
mainder of this pz;er will assume KAV is written in the

form (1.4).



KdVv 18 one of the simplest examples of a nonlinear
dispersive equation [S]. To understand "nonlincar dis-
persion", we must first define “"linear dispersion". For
one dimensional planc waves, one way to define a linear
dispersive equation is to start with any linear equation

admitting clementary solutions of the form
(1.8) a-cos(kx-wt)
(where

a = wave amplitude,

e o
¥ == wave number,
¥ = space coordinate,
w = w(k) = angular frequency (a function of k} and

t = tine coordinate)

for vwhich the functio: w(k) has certain properties. The
functional relationship w = w(l.) is called the "dis-~-
persion relation”; it is the relutionship between w a: d

k that identically solves the egquation. General solutions
are combinations of elementary solutions. The most

general solutions are given in terms of i'ourier integrals,

D=y

ulx,t) = Sa(k)cos(kx—wt) ék,
[

when they exist. The "spectrum function" a(k) is



determined by initial or boundary conditions,

The “phase va2locity" of a wave is defined to be
cp = w(k); it is the velocity of each elemcntary wave
train énd is the velocity an observer must travel at to

maintain observation of a particular "crest". The "group

velocity" of a wave 1s defined to be Cqg = dw({k): it is
- “dak

the "local velocity" which an observer must travel at to

observe a constant wave number. If Cp = wi(k} is not

conistant, croests with different k will travel at

different velocities; hence the term "dispersive"”.

Therefore we define a lineer dispersive eguation to be

any equation with solutions of the form (1.8) for which

Cp is not constenrt.

The "lincaxrized form" cf a nonlinear equation is
arrived at by neglecting all but the first order powars

of the dependent variable and its partial derivatives LS].

The linecarization of KAV (l1.4) is therefore
(1.9) ug + uy + §fu,. = O.

The djispersion relation is w = k - 51k3; the phase velocity
is cp =w =1 - $*%2 ana the group velocity is

g; =1 - 353k2. A nonlinear equation is called dispersive
if 1its linearized form is dispersive. Since Cp for (1.9)

is not constant, the linearized form of KAV is dispersive

and, hence, KAV (1.4) is dispersive.

¥4V will have a solitary wave solution provided that



the nonlinear term (which tends to make a wave "break")
i3 neutrali-ed by the third degree ("dispersive")} term,
«aiven appropriate initial cenditions. If we ignore the

third dcgree term (l1.4) becomes

(1.10) up oy, @ 0.

-

This is a nonlinear hyperbolic equation. Considering
(1.10) sgubject to (l.4a}), we can use the method of
charactexristics to see the wave steepening in front
until at t = tg = (2abcsech2(be}vtanh(xB))‘1 (where
xp = sech™ 1 ((2b)¥(anh (bxg))/b) the wave breaks (the
solution tecomes non-singular at % = Xy} - The larger
the amplitude "a", the more unsteble the wave and, there-
fore, the faster (he wave brecaks. 7The addition of the
dispersive teim has a dampzning effect upon the nonlineay
term. § is often called the "cocfficient of dispersion”;
vhen 4 is large enouch, the third dcgrec term prevents
the solution frowm becoming non-csinjular. As we have seen,
for given “a" and "§" in (1.4) and {(].4a) therc exist
values of "b" and "c¢" that cause the initial preofile to
be preserved for all t. The result is the solitary wave.
We select the values a = .9 in (l.4a) and § = .022
in (1.4) as did others who have done numerical work on
KdVv (see Chapter I, Scction III for details). The amp-
litude "a®™ can he selected arbiltrarily, but the

coefficient of dispersion § cannot because it is a



physical constant dependent upon surface tension, rest
depth and density of the medium (recall (1.34)). In an
early numerical paper on KdV, Zabusky and Kruskal ‘51
(see also Chapter I, Section IIY) soclved 11dV uvsing a
finite differencing technique. To begin their method,
they ignored the dispersive torm for small values of t.
To justify this, a small value of § was required; they
sclected § = 022, After inspecting the physical con-
stants in the definition of § , this assumption does
not appear to be unreasonable. Since then, other
authors hive chosen thie same value for § (as we do) to
facilitate conmpaving thelr variousr technigues as applied

to Kdadv,
TIXI. RECENT WORK ON KbV

Since Gardncr and Morikawa demonstratoed a
relationship betvieen KAV and plasma physics, many other
problens have been fourd that give rise Lo KAV or Kav-
like equations. Among the varied problems ihat yield Kdv
are lion-~acoustic waves in a plasma, longitudinal waves
propagating in a one-dimensional lattice of equal masses
coupled by nonlinear springs, pressure waves in a
liquid~gas mixture, and waves in elastic rods [i]. As
was mentioned in Chapter I, Section IX, K&V has been
studied crtensively because it is a standard example of

a nonlinear dispersive wave{7] .



We have seen what flelds have caused interest in
the study of XaV. Conversely, KdV has stimulated a
wealth of resecarch in theoretical wmathematics,
especially in fields allied to geonetry. In 18}, Adlcr
and Moser are interested in a simpler construction of
a recently discovered family of raticonal solutiens u
to KAV (and higher dimensional Kdv-like equations)

[9]. The emphasig of their investigation is on the
algebraic properties of these solutions., It had pre-
viously been demonstrated that this family constitutes
a manifold.ﬂl{Q]; morenver, M decomposes into countakly
many .nanifolds Ma for d = 1,2, ... . By factoring
differential operators determined from KdV, the authors
coastruct claswes of polynomials of d variables, Pd‘
They achieve their originally stated goal by demonstrat-
ing that each of the previously known manifolds Md Las

a representation in terms of Pg-

In [10], Fax 1s interested in consiructing a fauily
of solutions to KdV which are periodic in z (ir contra:t
to the previously mentioned paper). He stotes (without
proof) that constructing solutions to KdV which are
periodic in x is more difficult than constructing
solutions to KAV assuming non-periodicity. Zabusky anda
Kruskal {(op. cit.) suggested that with sinusoidal
initial conditions the solution to KAV would break up

into a complicated wave pattern and then ruvcombine into

10



shapes which were "similar" to the initial conditicons.
Lax cltes this work as suggesting to him that he should
seck solutions periodic in x and "almost periodic”" in t.
He constructs a family of solutions to KAV (possessing
those properties) variationally by wminimizing conserved
functionals arising firom KdV. He shows that his
solutions lie on N-dimensional tori. Tn particular, the
case N = 1 corrxesponds to the elliptic functional
("croidal") solutions of Korteweg and deVries.

Since our interest is in numerical solutions to
KdV, let us discuss somnce important rcsults froim this
area. In 1905, 4abusky and Krusial {op. ecit.) were in-
terested in selving AV nunerically subject Lo periodic
initial conditions. Thev hoped t¢ show thet a wave with
sufficient amplitude would "break up" into a number of
sm:ller waves. They solved Kdv (5.4) subject to thce

initial conditions
(1.12) u(x,0) =~zcos(1l x), ~12 211

(theix choice of § = .022 has already been discussed).
The method they used was a finite-differencing technique
which gave them solutions discrete in space (x) and time
{t). Thelr results showed the originul wave steepen in
front and then break up into 8 "wavelets"™. Since no
known analytic solution exists for this initial-value

problem, they compared their results with empirical data;

11



the comparison was favorable. Their results served to
stimulate rcscarchers seeking to construct classes of
solutlions to KAV because it presented properties of
sought~after solutions. In 1975 Greig and Morris [li]
solved (1.4) subject to initial conditions that cause
a solitary wave solution. They substituted a = .9
into (1.4a); this makes b = 12.44824 and ¢ = 3.734472

in (1.6) and (1.7), and (l1.4a) recomes
(1.12) u(x,0) = .9sech2(12.44824x).

They knew the analytic solution to KaV subject to (2.12)

is
(1.13) u(x,t) = .9ucch?(12.44824x--3.734472¢).

The m:thod emp:'loyed in thelr numnerical work is a "hoo-
scotch" differencing technigue giving solutions which
are discrete in space and tine., They comparcd their
numerical results with the analytic solution (1.13) to
demonstrate the validity of their techniane. They
claimed (without proof} that their "hopscotch" technique
gave better results to (1.12) subject to (1.13) than did
the method of Zabusky and Kruskal. To carry out the
"hopscotch” technique they required more computer space
because the method is dependent upon "hopping” from a
partition of the spatial interval to points contained

vithin subintervals of this partition. In 1978 Fornbery

)2



solved KAV using the "Fast Fourlier Transform"[12] . His
solution is continuous in space, hut the requirement of
an expansion in orthogonal functions can be rather
severe. Forr u(x,0) = .95ech2(12.4482ﬁx) we found a set
of non-orthogonal functions that converged much faster
to thesce initial conditions than did other sets of
orthogonal functions (see Chapter IIX). Fornberg also
compared the knovn analytic solution to his numerical
approxinotion to demonstrate that his techn’oue worked.

Our paper presents a new technjque for the
nwierical solution of KAv. Our tochnique has the ad-
vantaye that it yieclds solutions which are continuous
in the space varisble {x) while not reguiring ortho~
gonality conditions f£or its approximating functions.

As will be seen in the next Chapter, convergence of an
approximation to a solution of KdV is depundent upon
conwergence of the approximation to the initial con-—-
ditions. The non-reguirement of orthogonal functions
vwill enanl:> us to snelect functions that cunverge meore
rapidly to the initial conditions.

We begin by outlining the tecﬁnique that we will
use to solve KdV. Since the main concern of this paper
is the nunerical solution to (1.4) subject to (1.12),
we present numerical solutions to this initial value
problem; we follow thisz with a detailecd discussion of

the results we obtain. We conclude with results ob~

13



tailned from solving (1.4) subject to (1l.11l) and in-
dicate other techniques which may be used to solve K4v
and similar nounlinear time dependent partiai differ-

ential equations.

14



CHAPTER II
DEVELOPMENT OF THE ITERATIVE PROCEDURE

We prescent the iterative process that gives
approximate numerical solutions to the Korteweg-
deVrics equation in this Chapter. The process is a re-
finement of a procedure suqggesied by Rosen [151 . We

write KAV as

u. = Liu]l ,

where

L"_u] = o-ua “gl“xxx and
§ = .02,

We assume u—»0 as \x{->» ¢, so we appiroximate it by a
funciion whiclk is 0 (for computing machine accuracy -
sce Chapter III for a complete disciuscion) outside som:z
finite interval [a,ﬁ] . Our process employs lincal pro-
gramming to 1minimize a measure of error ¢€(t) over a set
of points P = {a=x0<x1 ...<xm=b3 rthe solution is then
interpolated to all [a,é] . We aséume an initial con-
dition u({x,0) = f(x) and boundary conditiocns u(a,t) =
u{b,t) = 0.

We aprroximate u{x,t) in [a,ﬁ] by

vix,t) = g;ai(t)@i(x) .

tro

15



Each a4 (t) is an unknown real coefficient to be
determined, the qui(x)'s are preselected functions
(not necessarily orthogonal) that are at least three-
times differentiable, and n+4l 1s the numhor of
functions usied in the approeximation., Also, initially
we choose the set of points PFE‘;a,B] mentioned above.
Ve begin at time t‘= 8. The real unknowns aj (0)
are leterminzd by minimizing the maximum errsor €(0)

betwcen v (x,0) and u({x,0) = £(x}) over P; that is, by

solving
By
(2.1) max \ﬁiaiIO)(Qj}x) - f(x)\ = min.
XePp {to

Rofoermulating (2.1) into standard lircar pregramming
form Eﬁi] E}S]_ and then matching the bouudary
conditions at x = a and ¥ = b reguires a number of

steps. (2.1) is equivalent to
(2.2) minimize §(0)Z 0 subject to (the constraints)

.
- £(0) % E;ai(OJCQi(xO) - fixg) £ E(0)

™
- €(0) & Sa;(0)0Q;(x ) - £(x) £ E(0).
€ 224 Qitx Xm) = E
Splitting the inequalities and writing everything "2 *

woe obtoin

16



(2.3) minimize ‘E(O)Z- 0 subject to
v
Zay (0)(P  (xg) - £(xg)Z - € (0)
L0

- -

Fag(0) Q) - Eixg)Z - £40)

1:e

W >
~ Saj(0) @4 (xg) + £(xg)Z - €(0)
(=0

- -

- [ ]

N
- > ag(0) @;0:) + flxg) 2 -E(0).
L= o

Colleciing variables (i;(0) ard £(0Y) on t+hz2 left gice

and corstante (f(xi)) on the right side changes (2.3) to

(2.4) minimize 6(0)30 subject to
l‘%ai(OJLQ 5 (xp) + T (0) Z J:'(-'O)
L=0

Y
éfifo“ﬁi“&u’ + € Z £05,)

W
- }_'ai(O)CQi(xO) + f(O) g-f(xo)
(=0

& >
- 2a 0@ x ) + E(0)F -£(x ).
co

17



Finally, we exactly match the boundary conditions of 0

at a = x5 and b = x, by changing (2.4) at those points
only;

{(2.5) mwinimize E—‘_(O)-::’o subject to

v
Z.ag (0) @, (xq) 2 0

k3 -

~
Za, 0 @;ix3) + TO)Y 2 £(xy)

(=6

™~
> ai(0) @, 0y )+ EO) 2 Flxg_g)

(*o

™2

<

{0

114
o

ag (0y @ (xy)

¥

4

I

v
[on ]

- Za; (0) @ (xg)

LSy
ATy

- Ta 0 ®yxy) + o) 2 -£(x)
L0

Ny )
- 2&1(0)(0 i(xm_13+ () 3 ~f(x,-1)

20

> >
- goai(O)Qi(xm) = 0.

We put (z.5) into more convenicnt foim by defining

a {(2m+2) X (n+2) wmatrix A:

18



Qo (%) @1(x0) .o Ppixgd O
QO(Xll ® 3 (x1) oo @pGxy) 1

Qotm-1)  @10-1) +++ Pnlm-1) 1
C?O(km) (Q]_(X.m) oo Qn(xm) 0
-q}o(XO) "Qlt}{o) ...‘(Pn(XO) 0
“Qotxy ~Byxp R 1

Hcpotxm-l) -(Ql(xm—l) "'—Qn(xm—l) 1
Qo) - Qe O ) 0|

The column vectors a{0) and b ecach have n+?2 elements,

ap (0} 0
61(0) 0
a(0) = . , b = . '
a, (0) 0
€(0) 1

and the colunrn vector c(0) has 2m+2 clements,

19



H

c(0)

. _

We write (2.5) as
{(2.6) minimizce bt.a0)Z o subject to A.a(0) 2 c(0).

Now we can solve (2.6) for a(0) using the simplex method
of linear programming [14] 115] .

Next, we extrapolate the approximate solution {ioum
t=0¢tot="h, 2h, ..., Nh, vhere 0<h<<1l is the time
difference length and N is the number of time differ-
encing steps. To 4o this, we need an approximation for

Vo Forr N = 1 we set
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{(2.7) Vi vix,t+h) - v(x,t) .
h

For N 22, we set

(2.8) Ve & vi{x,t+h) - wv(x,t~-h).
h

The reason for this is that (2.7) is not very stable and
causes unreasonably laige errors after a number of
iterations. We use the leapfrog time differencing scheme
(2.8) after N = 1 to be able to itcrate a large number of
times with relatively small error.

We assume that the approximate solution is kuown at
t = (k~1)h, %22, and show hov to extrapolate it to t =
kh, k22 (for k = 1 the forimula isn similer und uses
(2.7}). Since u({x,{k=1)h)=2 vy, (k-1)h) =

b a4

S al(k-1h) Q;(x), L Lulx, (x-1)1)] will be approxi-

L

mated by L [ v(x, (k-1)h) | . We determine v (kh,x) by mini-
mizing the maximum Adifference Ejkh) between the approx<i-

mation to v, (2.8) and L [v(x,(k—l)hf] over P; that is,

t
by solving

(2.9) max | vi{x,kh) - v{x,(k=2)h) - L {vix, (k-1)n}}| = min.
xXEP 2h

Write L§'1 instead of L {#(xj,(k-l)hf] and v%’z instead
of v(xj,(k—2)h), simplify and then exactly match
boundary conditions as we did above ((2.1) - (2.5)). Now

2]



we have

(2.10) minimizo

Wirite »

faxny Zo
™
Zai (kh) @ 3 (xq)

r o

'?'_a L (k) @ ()

i2s

-

™

2.a; (xh) @ (%, )

L¥o
g'oai (kh) @, ()

w
Zoay (kh) @ (%)

12.--

2.ag (k) P (0)

L*0

-

?’ ay (kh) (Ql(xm

)
e -1

: Z_a (kh) @4 ()

Lo

subject to

+  Leny =
+ Eny 2
2
P4
+ gny 2
+ Sy 2
2

k-1
7hLm Y

and b as ahove but modify -a(kh) anl ¢ {kh) to b2
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- ] [~ .

ag (kh) 0

k-2 k~1

. vl + 2hL1.
a(kh)= . , c(kh) = . .

a,, (kh) .

- - k=2 k-1

| E0n) V-1 ¥ 2PIp3
0
0

--(vk"2 + 2th 1

m-1 m—l)

Now rewrite (2.10) as
(2.11) minimize b%.a(kxh)Z 0 subject to A-a(kh)Z c(kh).

This linear program is now solved in the same manner as
(2.6).

Linear programs (2.6) and (2.1l) completely describe
the iterative process. We remark that, from one iteration
to the next, the only physical changes occur in vector c.

In the actual numerical solutions to our linear pro-

grams, we solve the maximum duals to (2.6) and (2.11).
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These can both be expressed by

>
azo0
(2.12) maximize at.c (xh) subject to D
at.A=bt

thy

0.

Here d is an unknown vector with 2m+2 entries ; A, b
and ¢ are as defined above. The simplex method that we
employ is a standard algorithm which yields solutions
simultaneously to the maximum program (2.12) and its
minimum dual (2.11). In computer programming it is more
efficient to use an internally stored program than one
wvhich must be entered and stored. The University
Computer Center of the City University of New York has
available a subproqram which implements the simplex
method in this form [161 , and we use this Lo solve our

programs.
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CHAPTER IIX
THE SOLITARY WAVE
I. NRUMERICAL DATA

In this section we use the methods of the previous
chapter to derive approximate numerical solutions to KdV

(1.6). Recall that (l1l.6) with initial co:ditions u(x,0) =

.9; this

a-sechztbx) will have the sclution u{x,t) =
i

%

_18(9_) and ¢ = _g_(
2 3 03
Following [6] tli] . We use § = ,022 and a

a-sechztbx - ¢ct) if b =

wip

It

implies k = 12,44824 and ¢ = 3,734472.

We choose our parameters as follcws. First, we take
-1 and +1 as endpoints of the spatial inierval. The re-
mainder of the points in P are chocen between the end-
1-1, -.96, ...

, 96, ].3 . Thus ouvr parameter m is 50. Next we chocose

.
H

points at intervals of .04; that is, P

the functions (pi(x) by setting (@;(x) = H{(bx), where
H; {y) is the ith pormite function. The Hermite functions

are defincd as follows:

Hy(y) = exp(-y2/2)
Hy(y) = 2y-exp(-y2/2)

Hi....l(Y) = 2YH1‘Y) ‘21Hi_1(Y)f i=1,2, ... , n-1,

N

Below we present two approximate numerical solutions,
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one obtained by choosing 10 functions (n = 9) and oune
obtained by choosing 20 functions (n = 19), and compare
them with the analytic solution to KdV. We label the
approximate solutions vy and v,, respectively, and the
analytic solution u. In each case a time differencing
step of h = .001 is used. |

For our solution with n = 9, Tables 3.1 - 3.3 give
a sampling of computed values of the coefficients ai(t)
(i =0,1, ..., 9) for ¢t = 0, £t = .25 and t = .5, The
numbers are rounded to three significant figures and

listed in the computer version of scientific notation

(thus, .213 x 1073 will be seen as .213D-03).

TABLE 3.1

aito) i:‘ 0' LI SN 9

i a; (0) i a; (0)

0 .770D 00 5 .381D-18
1 .239D-1¢ 6 -.924D-04
2 -.390D-01 7 -.64LD-19
3 ~.658D-17 8 .378D-05
4 .258D-02 9 .163D-20



"3 () N o Lo e

TABLE 3.2
ﬂi(oZS) j = ol' RN

ay {.25)
.582D 00
.335D 00
.746D-01
.982D-03

-.216D-02

TADBLE 3,3
51(.5) i=0' LI N ] 9

a,(.5)
i
.278D 00
.294D 00
156D 00
.505D-01

27
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L-BEEN. - RS

a; (.25)
.479D-04
.116D-03
-.776D-05
~-.288D--05

-.125D-05

a; (.5)

.943D--03
-.152D-04
-.776D-05
-.147D=-05

.155D~05



Tablcs 3.4 - 3.6 compare the analytic solution u(x,t} to
the calculated solution v;(x,t) and show the absolute
value of the diftference between u and v, at sclected
points xeP for times t = 0, t = ,25 and t = .,5. At the
end of cach table we show the maximum error up to that
time over all points x¢P {(we call that error .‘E(t) SO

not to confuse it with the iteration error E(t) -

thus -E(t) = max }max \u(x,t‘) - v(x,t')\} ).
€3t [ xcPp
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-.40
-.36
-.32
-.28
-.24
~.20
-.16
-.12

TABLE 3.4

vy (x,0)
.595D-03
.208D-02
.449D-02
.549D~02
.601D-02
.212b-01
.679D-01
.163D 00
.377D 00
.712D 00
.£97D 00
.712D 0C
.377D 00
.163D 00
.679L-01
«212D~01
.601D-02
.549D-02
.449D~-02
.208D-02
.595D-03

Maximum crror

u{x,0)
.1700-03
.461D-03
.125D0-02
.337D-02
.910p-02
.242D-01
.646D-01
.164D 00
. 380D 00
.709D 00
.900D 00
.709D 00
.380D 00
. 164D Ob
.646D-01
.242D-01
.910D-02
.337D~-02
.125D-02
.461D-03
.170D-03

t(0) = ,325D-02

vy - ul
.425D~03
.162D-02
.325D-02
.212D-02
.309D-02
.325D-02
.325D-02
.130D-02
.325D-02
.325D-02
.3250-02
.325D-02
.325D-02
.130D-02
.325D-02
.325D~02
.309D-02
.212D-02
. 325D-02
.162D-02

.425D-03



-.12

-.08

.04
.08
.12
.16
.20
.24
.28
«32
.36
<40

TABLE 3.5

vl(x,.25)
.143D-02
.424D-02
.719D-02

.441D--02

-.39]1D-02
-.356D=-02¢

.906D-02
.2%36D-01
.785H-01
.181D 00
L410D 00
755D 00
. 898D 00
.664b 00
.343D 00
.159D 060
.628D~01
.718D-02

-.101b-01
~-.241D-02

Maximum error

u(x, .25}
.263D-04
. 713D~-04
.193n-03
.522D-03
.141D-02
.382D-02
.103D-01
.276D-01
.728D-01
.184D GO
.417h 00
.749D 00
.897D 00
.668D 00
.345D 00
.14/D 00
.573Dp-01
.216D-01
.804D-02
.298D~02
.110D=-02

{occurred when t = ,24)

30

lvy -
«140D--02
.417D-02
.699D~-02
.389D-02
.531p~02
.738D~02
«124D-02
.201D-02
.571D-07?
.269D--02
.758rC-02
.661D-02
.151Dh-C2
.A01D~-02
.257D~02
.112D--0)
.543D-02
.144p-01
.182D-01
.101D-01
+351D-02



_.40
-.36
-.32

_.28

-.16

.04
.08
.12
.16
.20
» 24
.28
32
«36
.40

TABLE 3.6

vy (x,.5)
-.282D-02
-.897D~02
~.1o9D-01
-.135Db~-01

.654D-02

.131D-01
~.528D~02
~.144D-02

.207D-01

.353D-01

.SC1D--01

. 200D 00

.452D 00

789D 00

.8383D 00D

.633D 00

.313D 00

120D Q0

.405D-01

.121Dp-01

.296D~-02

Maximum error

€(.5) = .208p-01

ul{x, .5)

.407D-05

,110D~04

.298D-04

04

.218D-03

.591D-03

- 160[)"'

02

L117b-01

.312p-01

. 8200~

« 205D
L4560
- 785D
. 886D
. 625D
<313

.131p

01
00
00
0o
oe
00
00

00

.508D-01

.191D-01

.710D-02

{occurred vhen t = ,47)

3]

vy = vl
.282D~02
.899D-02
.169D-01
.136D-01,
.633D-02
.125D-01
.688D~-02
.579D~02
.9011-02
.453D-02
.409D-C2
.517D~02
-459D-02
.373Dp--02
.341D~-02
.780D~02
.316D~04
.107D-01
.102p-01
.698D~02
.414D-02



Appendices 1 - 3 depict u(x,t) (solid line) and v, (x,t)
(dashed line) for the three times given above,
respectively. In some cases the solutions are
indistinguishable on a graph.

Now we repeat the above procedure for n = 19 (20
functions). Tables 3.7 - 3.9 give a sampling of the
computed values of the coefficients aj{t}) (1 = 0, ...,

19) for t = 0, t = .5 and t = 1.0.
TABLE 3.7

ai(O) i=20, ..., 19

1 a; (0) i a; (0)

0 .771D 00 10 -.776D-07
i .542D-17 11 -.505D-23
2 -.387p-01 12 .202D-08
3  -.907D-18 13 -.134D-24
4 .258D-02 14 ~.400D-10
5 .112D-18 15 .846D~-27
6 ~.855D-04 16 .855D-12
7  ~.105D-19 17 .204D-27
8 .309D-05 18 ~.165D-13
9 .193D-21 19  -.334D-29
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[y}

ai(.5) i=20, ..., 19

a;(.5)
.278D 00
.296D 00
.156D 00
.498D~-01
.987D-02
.105D-02
- .118)-C4
~.123D-04
.323D-05
.130D-05

TANLE 3.8

33

ic
11
12
13
14
15
16
17
luy
19

aj (.5)
.179D-06
.308D-08
~.272D~-0¢
.554p-11
.652D~10
.467D~11
.516D-12
-.24GD-12
.340D-13
.9130-14



T e

TABLE 3.9

81(1-0) -i-:' 0' " s 0y 19

1 a, (1.0) 1 a; (1.0)

0 .176D-01 10 .354D-05

"1 .316D-01 1 .514D-06
T, .306D~01 12 .597D-07
T3 .206D-01 13 .577D-08
. 4 . .106D-01 14 .664D-09
s .436D-02 15 .698D-10
- 6 .148D-02 16 .952p-11
7 .411D-03 17 .156D-11

8 .976D-04 18 .141D-12
g .201D-04 19  .304D-13

Tables 3.10 - 3.12 compare u{x,t) to v, (x,t} and show
the absolute value of the difference between u and vy
at selected points x¢P for times t = 0, t = .5 and
t = 1,0. Given at the end of eéach table is the max-

imum error up to that time, €(t).
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-.40
-.36
-.32
-.28
-.24
-.20
-.16
-.12
-.08

—.04

.04
.08
12
«16
.20
.24
« 28
« 32
«36

TABLE 3.10

vy (x,0)
.363D-03
.516D-03
.105D-02
.357D-02
.891D-02
.246D~01
.644D-01
.165D 00
.380D 0O
.709D 00
.900D 00
.709D 00
.380D 00
.165D 00
.644D-01
.24€D-01
.891Dp-02
+357D~02
.105D~-02
.516D-03
.363D-03

35

ul{x,0)
.1701-03
.461D~03
.125D-02
.3370-02
.910D-02
.244D-01
.646D--01
.164D 00
.380D 00
.709D 00
.900D 00
.709D 00
.380Db 00
.164D 00
.646D-01
.244D-01
.910D-02
.337D-02
«125D-02
.461D-03
«170D-03

Maximum error <T(0) = .193D-03

|va =~ ul
.193D-03
.551D-04
.193D-03
.193D-03
.193D-03
.193D-03
.193D-03
.193D-03
.193D-03
.193D~03
.193D~03
.293D~-03
.193p-03
.193D--03
.193D-03
.193D-03
.193D-03
.193D-03
.193p-03
.551D-04
.193D-03



-.40
-.36
~.32
-.28
-.24
-.20
-.16
-.12
-.08

~.04

.04
.08
12
« 16
«20
.24
28
«J2
+36
.40

TABLE 3.11

vy{x,.5)
.130D-02
.177D-02
.161D-03
.348D-02
.183D-02
.997D-03
.122D-02
.819D-02
»112D-01
.281D-01
.812D-01
.210D 00
.453D 00
. 786D 00
.887D 0O
. 625D 00
.312D 00
.130D 00
«529p-01
.186D-01
+537D~02

Maximum error

€e.5)

u(x,.5)
.407D-05
.110D-04
.298D-04
.807D-04
.218D-03
.5831D-03
.160D-02
.432D-02
.117Db-01
«312D-01
.820D-01
.205n 00
.456D 00
.785D 00
.886D 00
625D €O
.313D 00
.131D 60
.508D~-01
.191D-01

.710D~02

"

= ,542D-02

{occurred when t = ,39)

vy, = ul
.130D-02
.177D-02
.131D--03
.340D-02
.205D-02
.159D-0%
.379D-03
.387D-02
.408D~03
.307D-02
.739D-03
.422D~02
.349D-02
.342D-03
.108D~02
.445D-04
.623D-03
.750D~03
.212D~02
.537D-03
.173D-02



~-.40
~.36
-.32
-.28
-.24
-.20
-.16
-.12
-.08
-.04

04
.08
.12
+16
.20
.24
.28
.32
<36
40

vz(x,l.
.443D~
. 273D~
~.404D~

TABLE

0)
02
02
02

02

.156D-02

~.677D-03

~.365D-03

~.909D-

03

~.342D-013

.576D~-07?

-.615b~

0?2

.104D-01

.195D-01

.271D-01

.106D
.261D
.540D
.840D
.842D
. 546D
.258D

Mayimum error §£(1.0) = .126D-01

00
00
00
0o
00
oo
00

37
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u(x,1.0)
.972D-07
.263D-06
.712D-06
.193D~05
.522D-05
.141D~-04
.382D~-04
.103D-03
.2800~03
.7580~03
.205D-02
.554D-02
.149p-01
.398D-01
.104Dp 00
.255D 00
.539D 00
.846D 00
.846D 00
.539n 00
.255D 00

‘Vz - “‘
.443D-02
.273D-02
.405D-02
.245D-02
.156D-02
.691D-03
.403D~-03
.101D-02
.622D-03
.500D~02
.820D-02
.485D~02
.456D-02
.126D-01
.254D-02
.678D-02
.131D-02
.672D-02
.443D-02
.726D~02
.362D-02



Appendices 4 - 6 depict u(x,t) (solid line} and vz(x,t)
{dashed line) for ¢t = 0, t = .5 and +.= 1.0. As before,
in somc cases the two solutions are indistinguishable

when shown on a graph.
II. DISCUSSION

In the choice of the @, (x)'s our first consider-
ation was the following. For our method a necessary
condition for convergence of the approximating numerical
solutions to the actual solution of second order
equations is that the maximum of the error at t = 0,

£(0), go to 0 ‘}jﬁ;i} . Though our eguation is not
second order, the convergence condition suggested we
should choose functions which converge rapidly to the
initial conditions. We tried various sets of functions.
Since the use of orthogonal functicns is an eff{icient
way of spanning particular function spaces, and since
much is known about the properties of these functions,
our first thought was to use a set of c.thogonal
functions. Over (-1,+1l) the Chebyschev polynoirials arc
orthogonal with weight (1-x2)~% but they converged very
slowly to our initial conditions. The set {1, cos (kK rx),
sin(thxfI (k =1, ...,n) did not converge much faster
noxr did cven or odd expansions formed from this set. The

spzed of convergence of the approximating scries to the
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initial conditions is necessary for the practical
implementation of any algorithm on a digital computer.
As the number of functions in the approximaﬁion increases,
so does required computer time and space (usually this is
a nonlinear relationship). Since the obvious orthogonal
sets converged so slowly to a-sech?(bx) that the com-
puter time and space needed would have been unreasonably
large, we were forced to look elsewhere. An important
characteristic of the linear programming technique
enabled us to do this; nowhere does this approach use an
orthogonality property of its approximating functions, as
do many methods currently being used. Thus we were able
to try non-orthogonal sets of functions. Since the
Hermite functions Hy(x) heve exponeatial factors, they
looked like good candidates for approximating a-sech? (bx) .
They are orthogonal over (—00,+0°)} but not over [}1,+il
The "alimost orthoconal® behavior of this set, together
with the fact that each functicn goes to 0 as |x|-%90 as
do our initial conditions, suggested we try themn. 2As
expected, this set of functions converged much faster to
a-sechz(bx) than sets previously used. Finally, the "b"
in the initial conditions suggested we try H; (bx)
(1=0, ..., n), and this set did indeed converge fastest
of all sets that we considered to a-sechztbx).

mne selection § = .022 was made so that we could

compare our results with work done in the past using the
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same value for that parameter [6] tll] . We tried
various other values for S . and our work showcd the
maximum error varies very little (sece Table 3.13; in it

n=29and 05¢t3.5),

TABLE 3.13

max julx,t) - vltx,t)\

S X, t
.625D-03 .230D-01
.220D-01 .208D-01
.100D 00 .336D-01

This is not surprising since when both u and v are con-
sidered to be functions of &, u(x,t,§ ) and v(x,t,&§ ),
they Jdepend continuously on § for §2 0. However, since
"b" depends inversely upon § , increasing the size of 3
decreascs the size of "b" which has the effect of
flattening the wave. If "a" is held constant, this in-
creases assech2(bx) at all x # 0. This means that if &
is made so large that arsech?(bx) can no longer be con-
sidered aproximately 0 at -1 and +i, the interval would
have to be increased until the value 2t its endpoints was
approximately 0 for us to be able to employ our method.
The maximum error ‘E(t] is calculated over a finite
number of points PE\-1,+41] but is a good estimate of
the sup errxor over [:1,+fl . Consider the solution found

for n = 9 and estimate the sup error by
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(3.1) ET(t)=max i‘u(x,t)—vltx,tﬂ +¢>x‘ux(x,t)—le(x,tﬂ},
x&P

with pAx = .04 (the distance between adjacent points).

For each t, vy(x,t) is differentiablc with respect to x

since it is the finite sum of functions which are gif{f-

erentiable with respect to x. Since
g M (bx) =2billy_; (bx) - b2xHj (bx) ,

it follows that

V1

IQJ

3
¥ Si ai(t)Hi(bX)
L

QO

i

x
é% (L){Zlﬂi  (bx) - bszi(bxfl

for all t, Substituting this result into (3.1), we

calculated ET(t) for all values of ¢ in the iterative

procedure, Table 3.14 presents a sampling of these

—

results, along with corresponding £'s for comparison,

TABILE 3,14

t _Ew Er(r)
0 .523p-02 .118D-01
.25 .187D-01 .296D~01
.5 .208D-01 .329D-01

The,ratio of the number of functions n to the number
of points m is important. First let us fix the number of

points, The two solutions given earlier (vi and v,) have
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number of functions n to number of points m ratios R of
R221 and Ru: 2, rospectively. We observed that if we
raiggd the rztio R to a number greater than 3 , the
procedure became unstable after a small number of it~
erations. We can explain why this occurs bv looking at
the first iteration wvhen t = 0. We note that at this
time the analytic solution u(x,0) = a-sechztbx) has

only one critical point (x = 0) and it changes direction
therc. The approximate solution v(x,0) is the product of
an nth degree polynomial with exp(-(bx)2/2) which may
have as many as n+l critical points where it may change

direction. Supposc we have found a; {0} (i =10, ..., n)

and £(0) which satisfy

£(0).

)
min Yymax ju({x,0) - a; (0) .(x)'g
a; (0) xep \ G (0 \

Selcct n* such that n<n*4{m and supruse a solution to
the corresponding linear program when t = 0 is a;*(0)

(L =0, ..., n*) and@ §£*(0). Sincc the second solution
has more functions, and thercfore cen nore casily
approximate the conditions assech?(bx), E*(0)E E(0);
practically, E£*(0) £ £(0). This is because the add‘tion
of higher degree polynomial terms (times exp(—(bx)2/2))
causes the maximum error measured at the grid points

X&P to diminish. However, a polynomial of higher degree

in gencral (times exp(-{(bx)2/2)) has moxe critical
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points and therefore so does v*({x,0). This means we can
expect larger errors in the derivative (\ux(x,OJ-vx(x,O)\

(\ux(x,O)—v*x(x,U)l) for some x&€I (sece figufe 3.1).

lower dearee. e _ actual curve
polynomial S

‘ g\\u//// higher degree

polynomial

(exactly matches at peoint)

FIGURE 3.1

If n* is allowed to become too large, tbe supremam of
the error over {n],+f] of v*(»,0) will be much greater
than the error for v(x,0).

This is preciscly what was observed in our numerical
vork. Incrcasing the number of functions while holding
the number of grid points fixed causes the approximation
v* to have a larger maximum error in its derivative for
gomre xEP and hence a larger §£*q; this means we have

E*T(O)) ET(O) even though E*(0)< £(0). As a specific
example, let v3(x,t) be an approximate solution to Kav
using 5 Hermite functions and 21 equally spaced points in

E}1,+i1 (call this grid selection P3;) and let v*; be
the same except that it uses 10 functions. For v*3(x,0)

ve have §*(0) = ,240D-07 while for v3(x,0) we have
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€(0) = .143p-02 ( £*(0) < £(0)). However, for vi(x,0) we
have &,(0) = .317p-01 while for v*;(x,0) we have E;(O)
= .125D 00 (E,(0)< E *p(0)). Oux observations confirm
that the error in the derivative of v*3{x,0) Is greater

than the error in the derivative of vs(x,O) since

max \ux(x,O) - v*3 (x,O)\ = 1,25
x€P3) X

while
max lux(x,O) - V3x(x,0)\ = .303.
xGP21

Finally, we note that at intermediate points (be-
tween the 21 points in P,3) the size of the errors are

consistent with what we obsecivad with the £4's. Using

our original P we have £(0) = .264D~01 while ¢*(0) =
1.74 and

max {u,(x,0) - V3x(X,0)\ = ,907

XeP )
while

i

max ju (x,0) - vrg (x,0)) 2.67.

xcP

We conclude that as R gets large {(approaches 1),
E*T(0)>>' ET(OJ and the iteration process may become
unstable after a few iterations. This is especially true
for mathematical models descrihing spatial movement such
as KdV., From the work we did, the results show that the

best ratio R will 1n general depend upon the number of
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points in P, For m = 51, it appears best for R to

satisfy 1 SRS .
5 z
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CHAPTER IV
PERIODIC INITIAL CONDITIONS

In this chapter we solve KdV over [—1,+£} with
the periodic initial conditions (1.11) (f(x) = -cos{iTx))
using the technique devcloped in Chapter II. We selcct

d = .022 and P = {-1, -.96, -.92, ..., +.96, +1%
with parameter m = 50 as we did in Chapter III. Because
of the periodic initial conditions we choose periodic
approximating functions. Specifically,

cos(ifTx) 0%i%4

(pi(XJ =

sin(iwwx) 5%i%9,

with parameter n = 9, This set is orthogonal over
[71,+]] in contrast with the set uscd in Chapter III.

The time differencing step is h = .001. We label our

approximate solution vix,t) {we know of no analytic

solution). Because of the periodic¢ initial conditions

and because of our use of eppraximating functions with

the same period, the artificial boundary conditions at

x = =1 and x = +1 in Chapter IXII can be ignored. Thus

we use system (2.4) in licu of system ¢2.5) and matrix A

becomes
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i

-

@o X0} @ (xp)

- Qo ) - Qu0¢y)

The voctors c become

c(0) =

(the v's and L's are defined in Chapter ITI). Vectors

—

o

-f(xm)

f(Xo)

£ ('Am)

-£f (x0)

i

» c{kh)

o @ (xq) 1]

* (?n (xm) 1
< @n (xg) 1
. - Qn (x,) 1
[

k--2 -]
vm + 2hLm

- (vk-2 -1
(v~2 + 2hLg$™4)

k=2 k--1
(Vh + 2hLln )
- -

and "b" remain as in Chapter IT.
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Tables 4.1 - 4.3 give a sampling off the computed
values of the coefficients ai(t) (i =0, .co., 9) for

t’:’O‘ t= u25 andt= 050
TARLE 4.1

ai(o) i=0' L I ] 9

i aj (0) i a; (0)

0 .268D-16 5 .485D-16
1 -.100D 01 6 .143p~15
2 .125D~16 7 .954D-16
3 . 600D-16 8 .806D~16
4 -.519D-16 9 .401Db~16

TABLE 4.2
ai(.ZS) 1=0, ¢iee, 9

i aj (.25) i a; (.25)
0 ~.384D-03 5 .171D-02
1 -.983D 00 6 .316D 00
2 .395D~-02 7 -.816ND~02
3 .157D Q0 8 -.162D 00
4 -.436D-02 9 .783D-02
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TABLE 4.3

ai(.S) 1=0, ..., 9

i a; (.3) i ay (.5)

0 .296D~-01 5 622D-01
1l -.432D 00 6 .259n 00
2 .447D-02 7 -.713p-01
3 .132D 00 8 -.104D 01
4 -.484D-01 S .657D-01

Since al(O) = -1 and ai(O) =0 (i # 1) (0 with respect
to the machine accuracy of the IBM 370 which is
approximately 1015 [13] ), v(x,0) exactly ratches the
initinl conditions. Tobles 4.4 - 4.6 show the valueco of
the spproximate function vi(x,t) at all points x€P for

timess £t = 0, t = .25 and t = .5.
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X

-1.00

-.72
-.68
-.64
-.60
-.56
~.52

~-.48
.44
-.40

-.36

vi(x,0)
.100D 01
.992D 00
.969D 00
.930D 00
.876D 00
.809D 00
.729D QO
.637D 00
.536D 00
.426D 0O
.308N Q0
.187D Q¢
.628D~-01
-.628D-01
-.187D 00
-.309D 00
-.426D 00

TABLE 4.4

X
~.32
~-.28
-.24
-.20
-.16
-.12
~-.08
-.04

.04
.08
.12
.16
.20
.24
.28
.32

50

vi{x,0)

~. 536D
-.6370
~-. 729D
-.809D
-.876D
-.930D
-.9690
~.992D
-.100D

.9920D

.930n

.876D

¢

. 809D
-.72%D
~-.637D

~.535D

00
00
00
00
00
00
00
Go
01
0a

o0

00
00
0o
00

00

X v(x,0)

.36 ~.,426D 00
.40 =.,309nD 00
.44 -,187D 00

.48 -.628L-01

.52 .628D-01

.56 .187D
.60 .309D
.64 426D
.G8 . 526D
12 .637D
.76 729D

.80 LB09D

.84 .876D
.88 .930D
.92 .96°D
.96 .992D

1.00 .100D

00
6o
00
00
00
ALY
00
00
0o
6C
00
cl



-.76
-.72
~-. 68
- .64
-.60
~.56
-.52
-.48
-.44
-.40
-.36

TABLE 4.5

vi{x,.25) X vi{x,.25) x vix,.25)
L7661 0O -.32 -.408Dp 00 .36 -.469D 00
.848D 00 -.28 -.352L 00 .40 -.334D-01
.950D 00 -.24 -.508D 00 .44 185D 00
.102D 01 ~-.20 -.762D 00 .48 .1140 00
.971D 00 -.16 -.951D 00 .52 ~-.100D 00
.765D 00 -.12 -.101D 01 .56 -.196D 00
.491D 00 ~-.08 -.948D 00 .60 -,100D-02
.344D 00 -.04 -.852D 00 .64 .436D 00
.418D 00 0 -,.768D 00 .68 .BE4D 00
.650D 00 .04 -.689D 00 .72 111D 01
.850D 00 .08 -.611D 00 .76 .105D 01
.6250 00 .12 -.571D 0O .80 .835D 00
256D 00 .16 ~-.635D 00 .84 .635D 00
~-.306D 00 .20 ~-.820D 006 .88 L5671 00
-.714D 00 .24 -.103D 01 .92 .61z2D 00
-.801D 00 .28 -.109Dp 01 .96 . 692D 00
-.625D 00 .32 -.892D 00 1.00 .766D 00

51



b 4
~-1.00
-.96
-.92
-.88
-.84
-.80
-.76
~.72

-068

".44
-.40
-.36

vix,.5)

«323D
-.581D
-.549D

L4190

.139D

.141D

432D
-.627D
~.74€D

L196D

.130D

.148D

.449D
~-.957D
-.157D
-.949b

.301D

00
00
00
00
01
01
00
co0
00
00
01l
0l
00
00
00
Go
00

TABLE 4.6

X
~.32
~.28
-.24
-.20
~.16
~-.12

—.08

.04
.08
.12
.16
.20
24
.28
32

52

v(xl' n5)

.104D
.636D
-.511D
-.1380
-.125D
-.321D
.514D
.493D
-.327D
-.114D
-.117n
-.331p
.601D
. 735D
-.123D
-.125D

~.1¢1D

01
00
00
01
01
oo
00
00
00
01
01
00

00

00
00
01
01

X

.36
.40
.44
.48
.52
.56
.60
.64
.68
.72

.76

vix,.5)

-.108D
.540D
.130D
.844D

-.373D

-.120D

-.834D
.444D
.151D
.349D
465D

-.529D

~.556ND
. 354D
L1260
124D

.323D

00
00
01
00
00
01
00
00
01
01
00
00
00
00
01
01

00



Appendices 7 - 9 at the end of the paper depict the
corresponding wave shapes. Since v matches the initial
conditions exactly, v(x,0} = -cos{(Wx) (-1%x%+1) and
we observe a wave with two crests (at x = -1 and at x =
+1) in Table 4.4 and Appendix 7. As t increcases the two
initial waves break up and form numerous wavelets. VWhen
t = .25, Table 4.5 and Appendix 8 show a wave pattern
with € peaks. By the time t = .5 we see a wave pattern
which has stabilized with 8 peaks (Table 4.6 and
Appendix 9). We have no analytic solution with which 1o
compare our results, but we can compare our work with
the nuvmerical work of Zabusky and Kruskal mentioned in
Chapter I, Section II1. In it they show the original
waves changing into a more complex pattern containing

eight wavelets , agreeing with our results.
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CHAPTER V
CONCLUSION
I. FINAL COMMENTS ON THE LINEAK
PROGRAMMING TECHNIQUE

The linear programming approach is an effective,
efficient method for solving KAV and should also prove
to be so for other equations of the form ug = Flu] (F
a not-necessarily linear differential operator, t not
necessarily a time variable). It is superior to finite-
differencing techniques in space and time with respect
to the fact thet it gives eolutions vhich arc continuous
in the space variable; it has #n advantace over the
Fast-Fourier Transform because it does not require its
set of approximating functions to be orthogonul. In
particular, the latter property allows us Lo calculate
accurate approximate solutions to the solitary wave
problem using a small number of approximating functions.

Experiments where we used the linear programming
approach to other time-dependent partial differential
equations have indicated that the method does not only

perform well on KAdV. A simple linear example

ug = u,, (0<x<1, t>0)

subject to



u({x,0) = sin(wx) (0<x<1)

and
u(0,t) = u(l,t) = 0 (0& ¢)

(the heat equation) has as its Fourier Serics solution
uf{x,t) = exp(—Tth)sin(fo).

Using our technique with

vix,t) = %_ an (t)sin(nW x)
=l

we find that

exp (~TW2t) (to within three significant
a,(t) = figures) if n =1
0 if n> 1

(we use fjx = ,01 and h = ,001 up to ¢t = .5; the above
results are therefore for when t = 0, .00, ..., .500).
Thus the linear programming solution is an excellent
approximation to the solution for this problem using

separation of variables, namely
uf{x,t) = exp(—Tth)sin(TTx).
IT. SUGGESTIONS FOR FURTHER RESEARCH

Aesthetically, we would prefer an approximate

eolution to KdV continuous in both space and time which
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has not been calculated by a device such as intexpola-
tion. We will suggest two numerical techniques which

may enable us to achicve this goal, and point out what
we believe may be the main difficulties in attempting
to apply the techniques. In both cases we consider the

(possibly) nonlinear partial differential equation
(5.1) Kfu(x,t)] = 0 (a<x<b, 0<t)
subject to

(5.1a) ufa,t) ul(b,t) = 0 (tZ 0)

and
{5.1b) u(xs,0) = £(x) (a€ x<Db)

(K is & partial differential opcerator).
For the first mcthod we select an approximate

solution of the form

N W
(5.2) vix,t) = Z 2aysX;{x)T4(L).

W0 3’0o
Here we have two sets of approximating functions,
ixi(x)-g for the space variable and S.Tj (t;S for the
time variable. These functions must have certain prop-
exrties which at first may seem extreme, but in
actuality are not. First, select the ¥;(x) so that

X4{(a) = ¥;(b) = 0 (i =0, ..., M3 then the boundary
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conditions will be satisfied identically, v{a,t) =
vih,t) = 0. Next, if we requirec Tj(O) =1 (4 =0, ...,
N) and the X; (x) to be orthonorm.l over («,b) with
weight function w(x), we can approxinate the initial

conditions (5.1b):

it

M N
2 2.213%4 (x)T4(0)
\*o 40

M o
= zzaijxi(x) = £(x);

i.‘t% slﬂ

v{x,0)

multiplying both sides by Xy (x), integrating over
(a,b) with as a factor the weight function w{x), and

using the orthonormality of the X;(x)'s yields

b
“ \

(5.3) a4 - Sw(x)f(x)xk(x) ax (k= 0, ..., M).
3o a

We can calculate the integral in (5.3) numerically, if
necessary. This is a system of N41 linear algebraic

equations in the (M+1l) (N+1l) unknowns aj4- Next we

substitute (5.2) into (5.1) and have
(5.4) klv) = o.
tve further assume (5.4) can be rewritten as

Mo
(5.5) Z ZFislaglxsearge) =0 k=0, ..., W
10 470
3 1=0, ..., N)

where each Fin§k£3 is a function of the unknowns ayy-»

We therefore can describe (5.4) by
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(5.6) Fijﬂo (i'=0, *+ 50 p M: j=0' LI L I N),

a system of (M+1l) (N+1l) nonlinear equations in the

(M+1) (N+1) unknowns aj - Thus an approximate solution to
(5.1) subject to (5.1la) and (5.1b) is (5.2) where the
aij's are defined by the overdetermired system (5.3) and
(5.6) (with a total of (N+1)+(M+1l) (N+1l) = (M+2) (N+1)
equations in (M+1) (N+1l) unknowns)}. In particular, if (5.1)
subject to (5.1a) and (5.1b) is KdV, the system (5.6) is
quadratic. Herein lies the difficulty. Not only is the
total system overdetermined, but in general it is ex-
tremely large when enough functions are chosen to
accurately approximate the initial conditions; this is an
chstacle in applying a Galerkin-type method, such as the
one outlined above. However, the advent of new, large,
high-speed computers and some recent results in the
numerical solution of systems of nonlinear algubraic
equations may make this a viable technigque anyway.

| hnother approach that leads to éolutions of Kav
continuous in space and time combines the linear pro-
gramming technique with the method outlined above. This
"nonlinear programming®™ approach minimizes a linear

function, € , subject to the constraints
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J b
-Eéiaij - Sw(x)f(x)xi(x) AxiCi =0, ..., M)
20 O
(5.7)
~E¢risfaglie d=0, i, 3 =0, Lol W,

The variables are again aj 4 (i =0, ..., M; j =0, ...,
M). This can be put in the standard form of a minimum
nonlinear programming problem with (M+1) (N+1)+1l var-
iables and 2(M+2) (N+1} constraints. This eliminates the
prcblem of the overdetermined system. The new difficulty
is that the constraints (5.7) can no longer be assumed
to define a convex set, and therefore the technique

discussed in Chapter II must be modified.
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