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Abstract

SPANNING TREES OF 3-POLYTOPAL GRAPHS
by
Susan Hom

Advisor: Professor Joseph Malkevitch

A 3-polytopal graph is an edge-vertex graph of a convex
3-dimensional polytope. Let G be a 3-valent 3-polytopal
graph with no homeomorphically irreducible spanning tree
(HIST), i.e, spanning tree without 2-valent vertices. It |Is

*
shown that an "extension graph® G , which is constructed

from G, has a HIST.

Theré is a 3-valent 3-polytopal graph G with (V(G)!
vertices having spanning tree T, whose complement realizes
(with some exceptions) any path vector P (cycle vector C;
cycle path vector C/P) with entries whose sum |is
m= IV(G)I/2 + 1,

For small number of vertices, there are 3-valent
3-polytopal graphs having spanning trees which realize all
possible cycle and cycle/path partitions of m in their
complements. However it can be shown that for large numbers
of vertices such graphs do not exist. Finally, the case of

path partitions is studied.
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Chapter |

INTRODUCTION

In this thesis, some properties of 3-polytopal graphs
are investigated. A 3-polytopal graph is the edge graph of
a 3-dimensiocnal convex polytope. Some examples of
3-dimensional convex polytopes are the regular polyhedra in
TJclidean 3-space. For every polytope, there is an
associated graph that consists of only its vertices and
edges called its i-skeleton. (See Figure 1.1; Figures for
Chapter 1 are grouped at the end of the Chapter.). Ernst
Steinitz provided the following characterization of

3-polytopal graphs, as reformulated by Branko Grunbaum:

A graph G (without multiple edges or loops) is
3-polytopal if and only if it is planar and
3-connected.

Steinitz’s Theorem will be a major tool in the study that

follows.

In Chapter 1, terms (and notations) are defined and

basic theorems are given.



Chapter 2 Investigates the following problem: Given G,
a 3-polytopal graph with no HIST (a spanning tree of G with

%
no 2-valent vertices), there exists an “extension graph" G

*
of G such that G has a HIST.

Chapter 3 investigates the following problem: Given a
vector P (or C) of path lengths (cycle lengths), does there
exist a 3-valent 3-polytopal graph G with spanning tree T

such that T’, the complement of T, realizes the vector?

Chapter 4 investigates the following problem: Given
tV: = n, does there exist a 3-polytopal graph G such that G

has a set of spanning trees, (T ,T ,...T }, whose
| r

complements realize all cycles, all paths and cycles, or all

paths partitions of the positive integer (V(G):i/2 + 1?



1.1 GENERAL DEFINITIONS

A graph G = (V,E) consists of a finite nonempty set,
V, of vertices (or points or nodes) and a prescribed set, E,
of edges (links, arcs or lines) joining unordered pairs of
distinct vertices of V, where at most one edge can join one
pair of vertices. We use (V(G)! and 'E(G)! to denote,

respectively, the number of vertices and the number of edges

in graph G.
For all e € E, e = uv, where u and v are vertices of
G. When needed, an edge e = uv s written as (uv). wu and v

are called end points of e, and they are said to be adjacent
vertices and e is jncjdent with u and v; two edges sharing a

common vertex are jncjdent_edges.

The number of edges incident to a vertex v is called
the valence or degree of v, denoted by val(v) or deg(v). An
isolated_vertex has valence 0. If val(v) = k, then v is
sald to be k-valent. If all vertices of G are k-valent,

then G is called a reqular_k-valent_daraph or a k-valent

graph.



Two graphs, G and G , are said to be jsomorphic
1 2

(G ~ G ) if there is a bijection lf: V(G ) -> V(G ) such
1 2 1 2

that whenever v and v are adjacent in G , (P(v ) and (,O(V )
i b| | i b}

are adjacent in G . Two graphs are djsjoint if they have no
2

common vertex or edge.

A walk in a graph G is an alternating sequence of

vertices and edges v e ve ... e v , beginning and ending
o112 K k

with vertices, where each e is incident with v and v
i i-1 i

The above walk joins v and v and is denoted by
0 K

vv ...vVv . A walk is glogsed if v = v . If all the edges
o1 k (0] k

of a walk are distinct, then the walk {s called a trajl. 1If
all the vertices and edges of a walk are distinct, then the
walk is called a path. A closed path Is called a ¢gjirgult if

It contains more then 3 vertices.
NOTE: Cycle and circuit are used interchangeably.

A u-y_path is a path that starts at vertex u and ends
at vertex v (u#v). Two u-v paths are yvertex disioipt if
they have no vertices, other then u and v, in common. A
graph is coppected if every pair of vertices is joined by a

path.



A graph with just one vertex is called a gtrivial
graph. G is a complete_araph if G is a graph with vertex
set V in which each pair of distinct vertices is joined by
an edge. Up to isomorphism, there is just one complete

graph on n vertices; it Is denoted by K . The complement_G’
n

of a graph G is a graph with vertex set V, such that two
vertices are adjacent in G’ if and only If they are not

adjacent Iin G. G U G’ is a complete graph.
1.2 SUBGRAPH DEFINITIONS

A graph H is a subaraph of G, written (H ¢ G), if

V(H) ¢ V(G) and E(H) ¢ E(G). Furthernmore,

a) H is a proper_subaraph of G, written (H c G), if
Hg Gand H # G. (See Figure 1.23a).

b) If H is a subgraph of G, then G Is a gupergararph of
H.

c) H is a gpanonina_subgraph of G if H is a subgraph

of G and V(H) = V(G). (See Figure 1.2b). G is a

seannlng_supergraph of H.



d) H Is an }jndugced subgqraph of G if for all

vertices v and v in H, u and v are adjacent in H
whenever they are adjacent in G. (See Figure 1.2c).
e) If V' is a nonempty subset of V, then H = G - V*,
is the subgraph obtained from G by deleting
the vertices in V’ together with their incident
edges. (See Figure 1.2d)
f) If E* = E(H) is a nonempty subset of E and
V(H) are the end points of E’, then H is an edge
loduced suybaraph of G. (See Figure 1.2e).
g) The graph obtained from G by adding or deleting a
set of edges E’ is denoted by G + E’ or (G - E’).
In particular, if E’ has only one edge, {.e.
E’ = e, then the graph is denoted by G + e or
(G - e). (See Figure 1.2f)

h) H is a paximal_connected subgraph of G if there is

no connected subgraph of G that contains H.

1.3 CONNECTIVITY DEFINITIONS (Assume that G is a

nontrivial graph.)

A maximal connected subgraph of G is called a component
of G. Let w(G) denote the number of components of G. If G

is a connected graph, then w(G) = 1. (See Figure 1.3)



A cut_edge C(or bridge) of G is an edge e such that

w(G - e) > w(G). (In Figure 1.3, G has 2 cut edges, e and
1

e .) A cut_vertex of G is a vertex v such that
2

w(G - v) > w(G). (In Figure 1.3, v , v , v and v are cut
i 2 3 4

vertices.)

The copnectivity K_=_K(G) of a graph G is the minimum

number of vertices in a set V’, V’c V, such that

w(G - V’) > w(G) or G - V’ |s a trivial graph. If G is not
connected, then k(G) = 0. If G is a complete graph and
tV(G)! = n, then k(G) = n - 1. Kk {s called the yertex

connectlivity (See Figure 1.4).

Similarly, the edge-copnectiyity Kk’ =_K €G) of a graph

G is the minimum number of edges in a set E’, E’c E, such
that w(G - E’) > w(G). Kk’(G) = 0 if G Is not a connected

graph. k’(G) = | {f G has a cut edge (or bridge).

A graph G is pr-coppected 1f kK(G) 2 r, and G |is
r-edge-connected If k’¢(G) 2 r. If G iIs r-connected, it is
also i-connected for | {( r, and similarly when G is
r-edge-connected. Note that if G is 3-connected, then it

may also be 4-connected.



The concept of r-connectedness was formulated in
another way by Whitney (1932) in the following theorem. A

proof of this theorem can be found on p. 48, (H1)

THEOREM 1.3.1: A graph is n-connected if and only if every
pair of vertices Is joined by at least n vertex~-disjoint

paths.

A graph G is gyclically-r-conpnected if one must delete

at least r of its edges in order to obtain a graph with 2
components so that each component contailns a circuit
(p.5, (J11). «(In Figure 1.4, G is cyclically-3-connected

since w(G - (e ,e ,e }) = 2 and each of the two components
1 2 3

contains a circuit.)

A graph {s said to be embedded in a surface S when it
is drawn on S so that its edges meet only at vertices. A
graph G Is called a plapne_garaph if it Is embedded in a
plane. A graph G is called plapar if it is isomorphic to a
plane graph. (See Figure 1.5) The bounded regions of a
plane graph are called faces, and the unbounded reglon is
called the jpfinite_face or the exterior face. The set of
faces of G is denoted by F(G). The set of edges of a face F

Is called the boupndary of F and is denoted by bF. A face



F iIs said to be incident with the vertices and edges in its
boundary. Two faces of G are adjacent {f their boundaries
share an edge. [f face F is plane 2-connected and the

boundary of F contains n edges, then F Is called an p-gon.,

NOTE: All the graphs in this thesis will be with a fixed

embedding in a plane.

REMARK: If G is drawn in a plane, then there {is precisely
one infinite face. All other faces must be bounded,
although the boundary of a face may not be a cycle. (See

Figure 1.5 or Figure 1.6).

The present work concentrates on 3-connected plane
graphs in which the boundary of each face is a cycle. The
relationship of the number of vertices, the number of faces
and the number edges in a plane connected graph was
determined by Euler. The following theorem is known as
Euler’s formula for plane connected graphs. The proof is in

[BM1].

THEOREM 1.3.2: If G Is a connected plane graph, then

V(G + IF(G): - 1EC(G)Y! = 2, (1.1



10

COROLLARY 1.3.3: If G is a 3-valent plane connected graph,

then

3IF | + 2F | + !F | = 12 + Z_(k - 6):IF 1, (1.2)
x26 K

The proof of Corollary 1.3.3 is in [Ml]), therefore, the
proof of Corollary 1.3.4 is presented here. Both proofs are

similar.

COROLLARY 1.3.4: 1If G is a 4-valent plane connected graph,

then IF | =8 +3°(k - 9F ., (1.3)
3 K4 k

where !F | = number of k-gons.
k

PROOF: The number of faces,

tFi = 32_IF 1. (1.4)
©3 Kk

G iIs 4-valent plane graph, hence:
4:V: = 2!Ei, {i.e. ivi = E!/2 (1.5
Count the number of faces and number of edges by

2:E: = H) S (1.6)
B,

Substitute (1.5) into (1.1) and multiply by 4, then
4:F: - 2/E! = 8 1.7
Substitute (1.4) and (1.6) into (1.1). With some elementary

algebraic manipulations, we obtain (1.3).



i1

COROLLARY 1.3.5: If G Is a 5-valent plane connected graph,

then I!F ! = 20 + 3 (3k - 10)IF , (1.8)
3 nz4 %

where 'F | = number of k-gons.
k

The proof of Corollary 1.3.5 is similar to the proof of

Corollary 1.3.4.

1.4 OPERATIONS ON PLANAR GRAPHS

The following operations are commonly used to construct

*
a new graph G from a given graph G:

1) Split a face by adding an edge on two distinct edges
across a face
a) add 2 3-valent vertices or
b) add 1 3-valent vertex or
c) add no vertices. (See Figure 1.7)

NOTE: These face splits preserve the 3-connectedness.

2) Delete an edge
First delete an edge e. If a 2-valent vertex is
formed, then suppress the 2-valent vertex.

(See Figure 1.8).



NOTE: Deleting an edge may not preserve 3-connectedness.

However, a form of Steinitz’s Theorem shows that if G # X ,
4

then G has an edge which can be deleted and the result |is
3-connected.
2a) Delete a vertex
First delete a vertex. If a 2-valent vertex is
formed, then suppress the 2-valent vertex.

NOTE: Deleting a vertex may not preserve 3-connectedness.

3) Contract an edge
First delete an edge e, then identify its ends.
NOTE: Contracting an edge may not preserve the

3-connectedness. (See Figure 1.9).

The graphs in the following chapters are at least

2-connected and embedded in the plane.
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K =

K’=

2 because w(G-{(v

3 because w(G-{e

4

1

Vv

,e

4 G has 2 cut edges: (e ,e )}

1///\\\ J/// & G has 4 cut vertices:
v é, \\\\ Vo {v ,v ,v .v}

1 2

1 2 3 4

Figure 1.3

This is also 3-cyclically
connected since

w(G-(e ,e ,e }) has 2
1 2 3

components and each one

contains at least one cycle.
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Filgure 1.4
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Chapter 2
EXTENSION GRAPHS OF 3-POLYTOPAL GRAPHS

2.1 INTRODUCTION

This chapter studies spanning trees of 3-polytopal
graphs. Section 2.2 provides general definitions of trees
and related theorems. Since the chapter emphasizes spanning
trees and homeomorphically irreducible spanning trees of
3-polytopal graphs, section 2.3 presents the basic
definitions and some theorems about spanning trees and
homeomorphically irreducible spanning trees of any graph.
Section 2.4 contains a discussion of homeomorphically
frreducible spanning trees of 3-polytopal graphs. Section
2.5 discusses the construction of the 3-valent 3-polytopal
extension graph which always contains a homeomorphically
irreducible spanning tree. Some necessary theorems are

given before the construction.

The theorems indicated with a (%) will not be proved in

this thesis since the proofs are given in the references.
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2.2 DEFINITIONS AND BASIC THEOREMS

A graph is acyclic if it contains no cycles. A tree is

a connected acyclic graph. A graph without cycles is a

forest, hence,

the components of a forest are trees.

The following theorem summarizes the properties of a tree,

and it iIs proved in [(H1; pg.32).

(x)THEOREM 2.2.1: The following statements are equivalent

for a graph G:

1:

2:

5:

G iIs

a tree.

Every two vertices of G are joined by a unique

path.
G is
G is
G is

of G

connected and (E(G)! = V(G)!: - 1.
acyclic and E(G): = 1V(G)! ~- 1.
acyclic, and {f any two non-adjacent vertices

are joined by an edge e, then G + e has

exactly one cycle.

Trees obey the Euler-type relation (Ml):

where t

tree.

t =24+ =C1 - Dt , (2.2.1)
1 32 i

denotes the number of vertices of valence i in any
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COROLLARY 2.2.2: Every nontrivial tree has at least two

vertices of degree one.

2.3 SPANNING TREES OF CONNECTED GRAPHS

A gpanning_tree of G is a spanning subgraph of G that

is a tree. A spannipng_forest is a subgraph of G whose

components are trees as jllustrated in Figure 2.3.1.

EXAMPLE: The darkened edges are edges of a spanning tree or

spanning forest.

G : G :
1 1

A spanning tree. A spanning forest which

consists of three trees.

Figure 2.3.1

If G 1s a plane graph with spanning tree T, then the
complement_of I, denoted by T’, is the edge induced subgraph
of G such that T’ contains exactly those edges of G which

are not in T. Note that T’ |s not necessarily connected.



2]

The relationships between !E(T’)! and 'E(G):! and
‘EC(T’”):! and (F(G)! can be determined in a manner similar to
the Euler relationship among vertices, faces and edges of G:

Vi + IF! - (E! = 2. The relationships are shown in Theorenm

2.3.1.

THEOREM 2.3.1: If G is a 3-valent 3-connected plane graph

and T Is a spanning tree of G, then

'E(G){/3 + 1 and

1. ECT’):

2. JEC(T’): ‘PG -

PROOF OF THEOREM 2.3.1:

1. 3:V(G)! = 2:E(G): since G is a 3-valent graph. (2.3.1)
{EC(TY) = V(G - 1 = 2]E(G):i/3 - 1 (2.3.2)
'EC(T)! + JE(T’): = 1ECG)! (2.3.3)

Substituting (2.3.2) into (2.3.3) and uslng algebraic

operations, results in

'ECT?) = E(G)I/3 + 1 (2.3.4)

2. tV(G)! + IF(G): - IE(G)! = 2 (2.3.5)
Substitute (2.3.1) into (2.3.5) and multiply by 3, then
3IF(G)! - IE(G)! =6 1i.e. IE(G)! = 3IF(G)! - 6
Therefore, !E(G)!1/3 + 1 = IF(G)! - 1| (2.3.6)
Substitute (2.3.4) into (2.3.6), then

‘EC(T?)! = IF(G)! - 1. Q.E.D.
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In general, if T is a spanning tree of G, then the
vertices of T do not have uniform valences. For example, {f
G is a 4-valent graph, then T could have 1, 2, 3, or
4-valent vertices. Therefore, if T contains only 1, 3,o0r
4-valent vertices, then T Is called a (1,3,4)-tree as in the

following definition.

DEFINITION: A tree T is called a (d ,d,...,d )-tree if it
1 2 r

has vertices only of valences d , d, ... , d .
1 2 r

EXAMPLE: The spanning tree T of G has only | and 3-valent
vertices. Thus, T is called a (1,3) spanning tree.

G:

Figure 2.3.2

DEFINITION: A spanning tree T of a graph G is called a
honeo-orphlcaily irreducible spanning tree (HIST), if T has

no 2-valent vertices.
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M.A. Albertson, D.M. Berman, J.P. Hutchinson and C.
Thomassen proved that it iIs an NP-complete problem to decide
whether an arbitrary graph contains a HIST (p. 250 (Al}l), as

stated in the following theorenm.

(x)THEOREM 2.3.2: Given a graph G, it is NP-complete to

decide whether G contains a HIST.

Section 2.4 investigates spanning trees of 3-polytopal

graphs.

2.4 SPANNING TREES OF 3-POLYTOPAL GRAPHS

If G Is a 3-valent 3-connected plane graph and T Is a

spanning tree of G, then

V@ =t +t +¢t, (2.4.1)

t (2.4.2)

i
N
+
(a4

-

1 3

where t = number of i-valent vertices in T. Equation
i

(2.4.2) is a consequence of (2.2.1).

P. Joffe made an extensive study of polytopal graphs
that have HISTs and graphs that do not have HISTs [(J1).

For examples, he showed that
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1) The square of a connected graph (with 2 4 vertices)
has a HIST.
2) I1f a graph G has n 2 6 vertices, each of the
valences 2 n/2, then G has a HIST.
3) From a cubic 3-polytopal graph G of n vertices, a
*

(non-cubic) 3-polytopal graph G with 12n - 8 vertices
can be constructed, such that if G contains a

*

Hamiltonian circuit H, the G contains a HIST, T, which
is "induced” by H.

4) 1£f G is a 3-valent connected plane bipartite graph
with n = O(mod 4) vertices, the G has no HIST. etc.

P.Joffe also established a necessary condition for a

3-polytopal graph to contain a HIST. (See p. 28 (J11.)

J. Malkevitch investlgated specific spanning trees of
4-valent and 5-valent 3-polytopal graphs. Theorem 2.4.!1 and
Theorem 2.4.2 are due to J. Malkevitch and their proofs are

in [M1].

(x)THEOREM 2.4.1: No spanning tree of a 4-valent 3-polytope
can consist of only l-valent and 4-valent vertices. No
spanning tree of a 5-valent 3-polytope can consist of only

1-valent and 5-valent vertices,.

The following example {llustrates Theorem 2.4.1.
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EXAMPLE: G has no (1,4) spanning tree and G has no (1,5)
1 2

spanning tree. G :

G :
|
There is no spanning tree There is no spanning tree of
of G without 2 or 3-valent G without 2, 3, or 4-valent
1 2
vertices. G has a (1,3) vertices. G has a (1,3)
1 2
spanning tree. spanning tree.

Figure 2.4.1

(x)THEOREM 2.4.2: Let G be a 3-valent 3-polytopal graph,

not X . If T i{s any spanning tree of G, then
4

t (T) 2 P (G) - 2(z+1), where z denotes the number of
2 3

vertices of G which are not incident with a triangle.

P (G) = number of triangles in G.
3
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The following example illustrates Theorem 2.4.2.

EXAMPLE: G:

v and v are not incident to
| 2

a triangle. P (G) = 10,
3

(-5}
n

t (T) 2 10 - 2¢2 + 1) = 4
2

Figure 2.4.2

P. Joffe [(J1) investigated the number of 2-valent
vertices in a spanning tree of G, {f G arises from a

* %
truncation of G where G is a 3-valent 2-connected plane

graph. The minimum number of 2-valent vertices of a
spanning tree T of G will be investigated in depth in
Section 4.8, where the number of paths iIn T’ are discussed.

(i.e. The number of paths in T’ = t (T)/2.)
2

Although there are no (1,4) spanning trees in a
4-valent 3-po}ytopa1 graph and no (1,5) spanning trees in a
5-valent 3-polytopal graph, each of them could have a HIST.
The existence of HISTs of a 4 or S5-valent polytopal graph is

not considered in this thesis.
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2.5 EXTENSION GRAPH OF 3-VALENT 3-POLYTOPAL GRAPHS

Let G be a 3-valent 3-polytopal graph with spanning
tree T. Theorem 2.4.2 showed an inequality for the number

of 2-valent vertices, t (T). The goal of this section is to
2
*
construct from G a 3-valent 3-connected plane graph G , with

* %
a spanning tree T , such that T has no 2-valent vertices,

%
where G {s an extension graph of G which has no HIST.

Before this can be done, some basic theorems are needed.

THEOREM 2.5.1: If G is a 3-valent 3-connected plane graph
and T iIs a spanning tree of G, then every two faces of G

must have at least two edges which are not in T.

The following example illustrates Theorem 2.5.1. The

proof of the theorem is shown after the example.
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EXAMPLE: G is a 3-valent 3-connected
plane graph. For all | and j, (i#)), G:

1 1,5 10, If F and F
| 3

are adjacent, then there are at

least 2 edges of (bF U bF )
i )

that are not in T, e.g. F s
1

adjacent to F . There are 2 edges
3

of (bF U bF ) that are not in T. Figure 2.5.1
2 3

PROOF OF THEOREM 2.5.1: (By contradiction).

Let F ,F ,...,F be faces of G,
1 2 n

CASE 1: Suppose F and F are adjacent faces, then let bF ,
i b i

bF be the boundaries of F and F . If there is only one
j i b]

edge e in (bF U bF ) which is not in T, then
i b)

i) if e Is the common edge of

F and F , then (bF U bF ) - e
i 3 i b)

is in T. This iIs a contradiction,

since (bF U SF ) - e is a cycle. .
i J

(See Figure 2.5.2)
Figure 2.5.2
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ii) If e Is not the common edge of F and F , then either e
i )

is on bF or e is on bF . If e is on bF , then T contains
i b i

all the edges of bF . This is a contradictlion, since bF |is
b) b

a cycle, because F Is a face. It follows simlilarly, If e
3

is on bF . Therefore, every two adjacent faces of G have
b]

two or more edges which are not in T.

CASE II: Suppose F and F are not adjacent faces, then at
i b

least one edge of each bF and bF , 1| { {,J { n, are not In
i )

T, otherwise T is not a spanning tree of G. Therefore, for

any two faces F and F , there are at least two edges which
i b}

are not Iin T. Q.E.D.

The following theorem is a generalization of Theorenm

THEOREM 2.5.2: If G is a 3-valent 3-connected plane graph
with a spanning tree T, then every n faces of G must have n

or more edges'whlch are not In T.
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PROOF: CASE I: n = (F(G): - 1
There are (IF(G): - 1) bounded faces In G. 1If
n = iF(G)! - 1, then there are n edges which are not In T,

since (E(T’): = IF(G): - 1. (Theorem 2.3.1)

CASE II: n < IF(G)! -1

1f none of the n faces of G are adjacent, where

n ¢ IF(G)! - 1, then the n faces must have at least n edges
which are not in T, since T is a spanning tree of G. Assume
there are no isolated faces of these n faces, and If there
are less than n edges which are not in T, then there exist 2

faces F and F such that only one edge of (bF U bF ) is
i b] i b

not in T. This contradicts Theorem 2.5.1. Therefore,
every n faces of G must have n or more edges which are not

in T. Q.E.D.

According to Theorem 2.5.2, it is
always possible to split a face by
adding an edge "e®, such that "e" |s
incident to an edge of T and an edge

of T’. Remark 3 shows the number of

paths in T’. ‘ Figure 2.5.3



THEOREM 2.5.3: Let G be a 3-valent 3-connected plane

graph. If T is a spanning tree of G, and t 1{s the number
i

of i-valent vertices of T, then t |s even.
2

PROOF OF THEOREM 2.5.3: IV(T)! = (V(G): Is even since G lIs

3-~valent, l.e. 3!V(G): = 2IE(G): implies 2 divides (V(G)..
V(G)! =t +t + t .
1 2 3
t =2 + Eg(l - 2t . (2.2.1)
‘2

1 i

G is a 3-valent graph. Therefore,

t =2+t Hence,
1 3
IV(G) ! = 2 4+t +t + ¢ is even
3 2 3
tV(GI! = 2¢1 + ¢t ) + ¢t is even
3 2

Therefore, t |{s even. Q.E.D.
2

REMARK 1: If T is a spanning tree of G where G is a
3-valent 3-connected plane graph, then T’ iIs a union of

disjoint cycles and disjoint paths.

REMARK 2: The 2-valent vertlces of T are the end points of

paths in T’.
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REMARK 3: For every pair of 2-valent vertices v and v of
i )

T, there exists a unique v -v path in T’. There are t /2
S 2

such paths.

The proof of Theorem 2.5.4 is based on Theorem 2.5.2

and Theorem 2.5.3.

THEOREM 2.5.4: 1If G is a 3-valent, 3-connected plane graph,
with spanning tree T, there exists a 3-valent 3-connected

* %
plane graph G , with spanning tree T such that

* * *
V(T) ¢ V(T ), V(G) ¢ V(G ) and T |Is a HIST.

PROOF OF THEOREM 2.5.4: By Remark 3, for every pair of

2-valent vertices v ,v of T, there exists a unique v =-v
| S LI |

path in T’.
CASE I: Let P be such a path where the length of
P = IPl = 2n. Relabel all the vertices of P as

v ,v, ... W except the end vertices v and v .
1 2 2n-1 i J

Note that all w are l-valent in T. Split all faces which
i

are incident tow {f i is an odd number, as in Figure
i

2.5.4. Label the new vertices u ,u, ... u . Let
1 2 2n

G =G U {new vertices and new edges). (See Figure 2.5.4)
1
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Figure 2.5.4

Let T = {vu, uw, wu,uw,k ..., u w R
1 i1 2 2 2 3 4 5 2n-2 2n-2

w u , U v }. Note that for | odd, all w ’s are
2n-2 2n-1 2n i

{-valent vertices of T . For | even, all w ’s are 3-valent
1 i

vertices of T and v , v are 3-valent vertices of T .
1 i ] i

Now, for every path P of even length of T’, construct a T
i i

by the same method as above. Therefore, {f T’ has k paths of
even length, then there will be k constructions to eliminate

2k of the 2-valent vertices of T’. Let V = the set of new
e

vertices, E = the set of new edges, and T = set of new
e . e

edges added to T. The number of edges In T 1is the sum of
e
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all new edges of T’ for every even length path P in T’.
i i

That is, T =TUT UT U ... UT , vhere s is the number
e 1 2 s

of paths of even length. T | ( = 3P 1/2).
e 2 i

CASE II: If (P} = 2n + 1, relabel all the vertices of P

with w ,w , ... ,w except the end vertices v ,v
1 2 2n I |

Note that all w ’s are l-valent vertices of T. Split all
i

faces which are incident to w , if | iIs odd as in Figure
i

2.5.5. Label the new vertices u ,u , ...u . (See Figure
1 2 2n

2.5.5).



Figure 2.5.5

Now split face F, (See Figure 2.5.6), by adding an edge,

u u , such that it is incident to w v and an edge of
2n+1 2n+2 2n J
T. Add another edge, u u , such that this new edge |is
2n+3 2n+4
incident to u u and u v .
2n+1 2n+2 2n+1 j

Figure 2.5.6

35




36
T =(vu, uw,k ..., w u , U W , w u ,
1 i1 2 2 2n-2 2n-1 2n 2n 2n 2n+1

u u , u v }. Note that all w ’s are either | or
2n+2 2n+3 2n+4 } i

3-valent vertices of T . For every path P in T’ such that
| i

tP ! iIs odd, construct a tree T by the above method. If T’
i i

has r paths of odd length, then there will be r
constructions to eliminate 2r 2-valent vertices of T’. Let

\ set of new vertices, E = the set of new edges and

0 0

set of new edges added to T. The number of edges in T
(o] 0

T

is the sum of all new edges In T for all odd length paths
i

P IinT’. That is, T =TUT UT U...UT where

i 0 1 2 t
¢
t = number of paths with odd length. T ¢ 3”3LCip 1+1)/2)
(4] ! i
* * *
et G =GUV UE UV UE, GecG . Since G |is
e e 0] o
%

constructed from G, G 1is an extension graph of G.

% * * *
T =TUT UT and Tc T . T 1is a HIST of G
e 0
*
ECT ) = E(T) U EC(T > U E(T ). Q.E.D.
e 0
* %

REMARK 4: The complement of T in G consists of only

cycles of length 3.



The following example

lllustrates the proof of Theorenm

= v ~v path, 1P | = 3
= 2
= 4
v -v path T = (vu , u v )
3 4 2 32,1 2,2 4
v -v path T =(vu , U W , W u , U v )
5 6 3 5 3,1 3,2 3,2 3,2 3,3 3,4 6

Figure 2.5.7

37
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Chapter 3
THE 3-VALENT 3-POLYTOPAL GRAPHS WITH SPANNING TREE T,

SUCH THAT T’ REALIZES A PRESCRIBED VECTOR

3.1 INTRODUCTION

Given a 3-valent 3-connected plane graph G, there may
be a spanning tree T whose conmplement T’ consists of elther
all paths, cycles and paths, or all cycles. Chapter 2
showed that, glven a 3-valent 3-connected plane graph G,

*
there is an extension graph G , which Is constructed from G,

*
which has a spanning tree T , whose complement consists of

only cycles. Chapter 3 will show that given a vector (with
some restrictions) of either paths, cycles, or paths and
cycles, there is a 3-valent 3-connected plane graph G with
spanning tree T, such that T’ reallzes the vector.

Section 3.2 will show that given a path vector

r=¢ ,t, ... , 1), where i = the number of paths of
1 2 r r

length r, there is a 3-valent 3-connected plane graph G with
spanning tree T, such that T’ realizes the vector 1. Note
that the path vector I cannot be the following vectors:
(»,0,...,0), fu,l,O,...,O) and (0,1,0,...,), where mn is a

positive integer.
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Section 3.3 will show that given a cycle vector

C=¢c,c, ... , c), where ¢ = the number of cycles of
3 4 n n

length n, there is a 3-valent 3-connected plane graph G with
a spanning tree T, such that T’ realizes the vector C.
Unlike the path vector I, there is no restriction on the
cycle vector C. The construction in Section 3.3 ylelds
graphs which are Hamiltonian. Section 3.3 will also show
that G can be constructed without triangles, or with many
triangles. Section 3.4 will show that there are two

3-valent 3-connected plane graphs G and G with spanning
1 2

trees T and T , respectively, such that,
| 2

1) G and G are not Isomorphic,
1 2

a) T and T are not i{somorphic,
1 2

1) T and T’ realize the same cycle vector,
1 2

2) T’ and T’ realize different cycle vectors.
1 2

b T and T are i{isomorphic,
1 2

1) T* and T’ realize the same cycle vector,
1 2

2) T’ and T’ realize different cycle vectors.
| 2



2) G and G are isomorphic,

1 2
a) T and T are
1 2
1> T and
1
2) T* and

1

b T and T are
1 2

1) T and
1

2) T’ and
1

Section 3.5 will show

not isomorphic,

T’ realize the same cycle vector,
2

T’ realize different cycle vectors.
2

isomorphic,

T’ realize the same cycle vector,
2

T’ realize different cycle vectors.
2

that there is a 3-valent 3-connected

plane graph G with spanning tree T, such that T’ realizes

both a path vector (with the exceptions as stated in page

38) and a cycle vector.

40



3.2: THE COMPLEMENT OF A SPANNING TREE

In this section, the following realizability question

is answered. Glven a vector of paths, ({ , 1 , ... 1)),
1 2 r

where r s a positive integer and I = the number of paths
r

of length r, is there a 3-valent 3-connected plane graph G
with spanning tree T, whose complement T’ consists of these

paths?

For example, given ¢1,1,0,2,1) f.e. I =1, { =1,
1 2

i =0, 1 =2, 1 =1, T of the graph G in Figure 3.2.1

realizes these path lengths.

G: V(G = 30
E(GY: = 45
‘ECTY! = 29
‘ECT’)>! = 16

The darkened edges

form the spanning tree T.

Figure 3.2.1

41
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If G is a tetrahedron and T Is the spanning tree of G,
then T’ consists of one path of length three. Lemma 3.2.1
will show that if G is not the tetrahedron, then
'V(G):! 2 6. Theorem 3.2.2 will show that there is a
3-valent 3-connected plane graph G with spanning tree T such

that T’ realizes the given vector (with some exceptions).

LEMMA 3.2.1: Let G be K and T is a spanning tree of G. 1If
q

T’ (the complement of T) consists of paths, then it must be

a path of length 3 (i.e. I = 1),
3
PROOF OF LEMMA 3.2.1: (by contradiction) If G = K , then
4
IV(G): = 4, E(G)) = 6, E(T): = 3, E(T’): = 3. If T’

consists of paths, then this implies that T’ satisfiles

either (I = 1) or (1 =1 and i = 1). The latter case |is
3 2 1

not possible because to realize I = 1, three vertices are
2

needed, and to realize I = 1, two vertlices are needed.
1

Hence, G would have to have 5 vertices. Therefore, T’

consists of only one path of length 3, i.e. I = 1.
3

REMARK 3.2.1: The smallest (in term of number of vertices)
3-valent 3-connected plane graph, with a spanning tree T
such that T’ consists of only 2 paths of length 2, must have

6 or more vertices.



The following graph is the smallest 3-valent 3-connected

plane graph whose T’ consists of I =2, I = 0 {f j # 2.
2 3

It will be used in the proof of Theorem 3.2.2.

G : 4 L
1
4 V(G ) =6
1
3
‘E(G )} = 9
-~ l
! 3
Figure 3.2.2
THEOREM 3.2.2: Given a path vector I = ¢f , § , ... , 1),
1 2 r
where | 1Is the number of paths of length r and r Is a

r
positive integer, there exists a 3-valent 3-connected plane
graph G with a spanning tree T such that T’ realizes the

vector (i , I , ... 1), with exceptions (m,0,...,0),
1 2 r

(m,1,0,...,0) and ¢0,1,0,...,0), where m is a positive

integer.

PROOF: CASE I (proves the exceptions):
I cannot be (m,0,...,0), i.e. T’ cannot
consist of paths of length one only.

This case is not possible because every
spanning tree of G must have at least 2
{-valent vertices. (See Figure 3.2.3.)

Let v be one of the l-valent vertices. Figure 3.2.3

43
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Then, there are 2 edges (e , e } not in T iucident to v,
1 2
which means there Is a path of length 2 or more not in T.
Therefore, case I Is not possible. Similarly, I cannot be

(m,1,0,...,0) nor (0,1,0,...,0).

CASE 1I: 1 =m, m 2 2; § = 0 for j # 2.
2 b]
(i.e. T’ conslists of paths G 2
1 v
of length two only.)
Start with G where T is
1 ? +

a spanning tree of G _

1 ’ J

Figure 3.2.4

V(G )! =6, IE(G ) =9, E(T)! =5, E(T’)! = 4, and G
1 i 1

realizes (0,2,0,...,0). Consider face F, which is bounded
by 2 edges of T. Add (m-2) vertices (v , v , ..., Vv } on
1 2 n-2
one edge and (m-2) vertices {(u , u, ... , u }) on the
1 2 n-2

other edge. (See flgure 3.2.6.) Both of these edges are
edges of T that are part of the boundary of F. Now join

vertices u , v , v by the construction,
i i f+1

VL‘I

U .
—
U

Vl

Lo

Figure 3.2.5
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creating m-2 paths of length 2 and new vertices

{(x , x, ... , x } and {y Yy cee o Y }. (See Flgure
1 2 n-3 1 2 n-3
% *
3.2.6.) Let G be the new graph. Then G consists of the
following:
(v, u, , 0 )
| 2 n-2 !
vV , Vv, ., Vv ,
1 2 n-2
%
VGG ) = V(G)IOU <{x, x, , X,
1 | 2 n-3
YIYD oY »
1 2 n-3
x - J
WG D! = V(G ) + 4m - B = 6 + 4m - B = 4m - 2
l
uu, uu, , W u u v, T
o | 1 n=-3 m~2 mn-2 n
VvV, vy, , V v v v,
o | 1 n~3 m-2 n-2 m
X Y , XY , cevssnscancas , X Y ,
1 1 2 m-3 a-3
%
ECG ) = E(G D U Y V , ¥V, coeecnasonnns , Y vV ,}
1 I 2 2 m-3 m-2
ux , XV, ux , XY, ...,
11 1 2 2 2 1
u x , X Y u Yy ’
L m=3 m=3 n-3 m-4 mn-2 n-3
* J
tE(G )! = IE(G )! + 6(m-2)

= 9 + 6m -

= 6m -

i

3

12
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uu, , U v,
o 1 n-2 m )
vuv, , V v,
o | R-2 m
*
T =TU Sxy,yv,xy,vyVv, , g
11 1 2 2 2 23
XYy .,yyv » e+ » X Y 4 v
Cl 11 i+l mn-2 m=-2 m-2 mn-2
J
* * * *

T 1is the spanning tree of G ,

—
n
 J
-
—
"

0 for §J # 2.

(See Figure 3.2.6 for the constructton of (m-2) paths of

length 2.)

REMARK 3.2.2: This construction also produces a spanning
*
tree T of G , such that T’ realizes the vector
l 1

(0,2,0,...0,1), f.e. I = 2 and | = |, See Figure
2 2(m=-2)

3.2.7¢b). CASE 1V shows a construction for the vector

I =¢t , 4, ... , 4 ) ifl # (moO,...,0), (m,1,0,...,0) or
1 2 r

(0,1,0,...,0).



There are m-2 paths of length 2.

Figure 3.2.6

47
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AN EXAMPLE OF CASE II: Find a 3-valent 3-connected plane

%
graph G with a spanning tree T such that the complement of

*

T consists of paths: i = 13, i = 0 for j # 2. See Figure
2 b)

3.2.7¢(a). (G also has a spanning tree T , such that T’
1 1

consists of paths: | = 2, | = 1. See Figure 3.2.7(b).)
2 22
(+:
T T
S §
- 2
s hes—
|__* hos——
Py ] i
| /
G z
(a) (b)

Figure 3.2.7

The darkened edges form the original spanning tree.
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CASE III: i = m, m a positive integer; I = O for all
r b}

j #r and r 2 3.

STEP 1: Start with a tetrahedron, and construct one path of
length r as in Figure 3.2.8.

STEP 2: Construct the rest of the (m-1) paths of length r
as in Figure 3.2.9.

%
STEP 3: Let G be this new graph. The counting of vertices

%
and edges of G Is similar to CASE 11, and, therefore, there

is no need to repeat the process here.



m-t
verti

4

Figure 3.2.8

PR <,

e verti s

‘r-'

WAL MY L«u',’f/'ud

W_,.\.,..44_0- - r_’

1%

vet 1 un

m-1paths

0/ {Jl%j[[l k yertiuo

Figure 3.2.9

50

path of length r.

ret
yerticed

‘s
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CASE IV: { =m , I =m oo
1 1 2 2 r r r r

integer; r is a positive integer.

Use the constructions of CASE I, II and IIl to construct G

for CASE 1V as in Figure 3.2.10.

Figure 3.2.10
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The following example illustrates the construction In
Theorem 3.2.2. Although often the construction can be done
on the tetrahedron, it is done here on the prism since the
path vector (0,2,0,...,0) cannot be constructed on the

tetrahedron. For the clarity of the dliagram, the paths are

constructed on 3 faces.

EXAMPLE: G is a 3-valent 3-connected plane graph G with a

spanning tree T such that the T’ consists of paths whose

lengths are as follows: { =3, 1 =4, 1 =5, | = 2.

1 2 5

L
L 29
&
-
e
& 2N

2

[ m&n ) |

N
S L0

Figure 3.2.11
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The construction in the proof of Theorem 3.2.2 produced
3-valent 3-connected plane graphs with triangles. 1Is there
a triangle-free 3-valent 3-connected plane graph G with
spanning tree T such that T’ consists of paths

t , 1t , ..., 1 ?2 Theorem 3.2.4 will show a construction
| 2 r

which produces triangle-free 3-valent 3-connected plane
graphs with spanning tree T such that T’ consists of paths

i, 1, ... , 1, (except for (m,0,...,0), (m,1,0,...,0) and
1 2 r

0,1,0,...,0)).
First we prove the following theorenm.

THEOREM 3.2.3: The smallest 3-valent 3-connected plane
graph without a triangle is a cube. (V(G): = 8 and

{ECGY! = 12.

PROOF: (By contradiction.) Suppose G is a 3-valent
3-connected plane graph such that (V(G): = 6, (E(G):! = 9,

Let P = the number of i-gons. 2IE(G): = %EIP .
i tz |

Therefore, 2(9) = 3P + 4P + 5P . Suppose P = 0, then
3 4 5 3

18 = 4P + 5P . Hence, the solution, P = 2 and P = 2,
4 5 4 S

(1.e. IF(G)! = 4), is the only solution for the equation.
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However, according to the Euler Equation:
V(G)! + IF(G): - E(G): = 2,
l.e. 6 + IF(G): - 9 = 2,
therefore, ‘F(GY!: = 5.

This Is a contradiction. Therefore, the cube which has

'V(G): = 8, 1E(G)! 12 is the smallest 3-valent 3-connected

plane graph without triangles.

NOTE: The following vectors are not realizable by a
3-valent 3-connected plane graph without triangles: (0,2),

(1,0,1) and (0,0,0,1), by Theorem 3.2.3.

THEOREM 3.2.4: There exists a 3-valent 3-connected plane

x *
graph G , {V(G )! 2 8, without triangles, with a spanning

tree T whose complement T’ realizes the path vector

I = ¢t ,1 ,...,1 ) where I cannot be (m,0,...,0),
1 2 r

(m,1,0,...,0) and (0,1,0,...,0.

PROOF: Step 1: Start with a cube.

Flgure 3.2.12
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Step 2: Then follow the same construction as in

Theorem 3.2.2. (See the following example.)

EXAMPLE: The graph in Figure 3.2.13 has no triangles.

T’ consists of paths I =2, { =2, 1 =2, 1 =1,

Figure 3.2.13

The smallest 3-valent 3-connected plane graph G without
triangles is the 3-cube. If T is a spanning tree of the
3-cube G, then T’ realizes one of the following vectors:
(0,0,0,0,1), ¢1,0,0,1>, €O0,1,1), (1,2), €2,0,1).

(c.C0,0,0.1, <I,0,0;1) (0//}!) \/llz) (2,J, 0

=z i \%@ T

)

Figure 3.2,13(a)
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Given a 3-valent 3-connected plane graph G and a path vector
I satisfying certaln conditions, is there a spanning tree of
G such that T’ realizes the vector I? This question lIs

investigated in Chapter 4.

So far, all the plane graphs are 3-connected. However,
Theorem 3.2.5 will show that the exceptional sequences in
Theorem 3.2.2 can be realized if plane 3-connectedness is
relaxed to plane 2-connected, and 3-valence s relaxed as
well. Theorem 3.2.6 will show that if G Is a k~valent graph
where K 2 4 and T is a spanning tree of G, then T’ must

contain a cycle.

THEOREM 3.2.5: There exists a plane graph G with spanning
tree T, whose complement T’ realizes the path vector

i ,4{ ,...,1 ), which Is plane 2-connected but not plane
1 2 r

3-connected.

PROOF: G 1is a circuit of length G : X
1 1

3. Any spanning tree T of G
1 1

is a path of length 2. G 1is a plane
1

s v

2-connected but not 3-connected graph.

The complement of T realizes |1 = 1.
1 1
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Construct G from G by splitting the interior face of G |in
2 1 1

the following manner:
1) Construct one path of length r by partitioning the

edge (v v } (r-1) times. This process also creates
1 2

additional (r-1) 4-gons. See Figure 3.2.14.

2) In one of the 4-gons, construct one path of length
r and the additional (r-1) 4-gons. See Figure
3.2.14 for the construction of the remaining (r-2)
paths of length r.

3) Follow the same method, in each 4-gon, construct a
path of length j, where 1| { j £ (r-1).

WG ) = V(G D) - 2 ¢+ ?:Zrl
21

r

IECG )>! = IE(G )>: - 3 + 2§3rl
rz

r

T 1is the spanning tree of G , and T’ realizes the path
2 2 2

vector (i ,i ,...,1 ).
1 2 r

NOTE: If r = 1, the edge (v v } is not partitioned. The |
1 2 1

paths are constructed by adding | edges in the interior of
1

G , such that each edge is incident to the edges (v v } and
1 1 3

{v v ).
2 3



Figure 3.2.14
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REMARK 3.2.3: There is no restriction on the path vector if
G is not 3-valent and G is a plane 2-connected but not

3-connected graph.

REMARK 3.2.4: The graph G can be 3-valent 2-connected but

not 3-connected as shown in the following example.

REMARK 3.2.5: 1If G is a 3-valent 2-connected but not
3-connected plane graph, then there Is no spanning tree T of
G such that T’ realizes one of the vectors (m,0,...,0),
(m,1,0,...,0), or ¢(0,1,0,...,)., It iIs not 3-connectedness
that matter. 3-valence is the issue. The proof is the sanme

as the proof of Theorem 3.2.2, Case [.

EXAMPLE: G 1is 2-connected. T is the spanning tree of G
1 1

T’ consists of paths | = 4, § =4, { = 2.

Figure 3.2.15
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NOTE: In the above example, the base graph G has a set of

spanning trees (T , T , T, T, T }, whose complement
1 2 3 4 5

realizes the vectors: (0,0,0,0,1>, (¢1,0,0,1>, (0,1,1),

(2,0,1) and (1,2). See Figure 3.2.16.

G.‘ T . (Q«.jJu_:) 7‘1\ (IJQ':)’;)

4 v/

L

@

T ;YJ(/\‘
‘,/( J —Tj_\(l/‘l)

AN D LN
NN N\ 2 \/

@

Figure 3.2.16

THEOREM 3.2.6: [f G Is a k-valent 3-connected graph, where
K is 4 or 5, and T |s a spanning tree of G, then T’ must

have cycles and the cycles may not be disjoint (as In the

3-valent case).

PROOF: Let G be a k-valent graph, where k 2 4.
tECG): 2 2i1V(G) !
‘EC(TY! = (V(G): - 1

tECT?) 2 1V(GY! + 1
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Suppose T’ has no cycles, 1) If T’ is connacted, then
‘E(T?)) € 1V(G):. This is a contradiction since
ECT?Y 2 V(G + 1, 2) If T’ |Is not connected, then T’

consists of components K , K, ... , K such that
1 2 n

n
‘E(T’): = = {E(K )!. Since T’ has no cycles,
{ECT’(C(K 3> ¢ (V(K ):, for each i. Therefore,
i i
Al n

ECT’)! = = IECK )>! ¢ ZZIV(K )! ¢ iV(G)!. This is a

o i = i
contradiction since IE(T’): 2 IV(G): + 1. Therefore, T’

must contains cycles.

The following example jllustrates that If G is a
4-valent 3-connected plane graph with spanning tree T, then
T’ must contain cycles.

EXAMPLE: In G , T’ has 3 cycles. In G, T’ has 7 cycles.
1 2

G : G :
1 2

‘EXT?): = 7 {ECT?) !

\
~

Figure 3.2.17
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SUMMARY: Section 3.2 showed that glven a vector of proposed
path lengths, there exists a 2-connected plane graph G with
a spanning tree T such that T’ realizes this vector. If G
is a 3-valent connected graph, then the path vector cannot
be any one of the following vectors: (m,0,...,0),
(m,1,0,...,0) and (0,1,0,...,0). If G is a k-connected
graph, where k 2> 4, then the complement of any spanning tree
of G must contain a cycle. The next section will show that
there exists a 3-valent 3-connected plane graph G with

spanning tree T such that T’ realizes a given cycle vector.



3.3 THE COMPLEMENT OF A HIST

In this section, another realizability question |is

answered. Given a cycle vector (¢ , ¢, ... c ), where
3 4 r

c = the number of cycles of length I, is there a 3-valent
i

3-connected plane graph G with spanning tree T, whose

complement T’ consists of these cycles?

For example, given (2,1,0,1) f.e. ¢ =2, ¢ =1,
¢ =0, ¢ =1, does the graph G iIn Flgure 3.3.1 realize
5 6
these cycles?
The darkened edges are the edges of the spanning tree

T. T’ realizes the given cycle vector.

Figure 3.3.1

63
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Theorem 3.3.4 will answer the above question, but
before this can be done, two lemmas and one theorem are
needed. Lemma 3.3.1 gives the number of l-valent vertices
of a spanning tree T, and Lemma 3.3.2 shows that the
complement of a (1,3) spanning tree contains no paths.
Theorem 3.3.3 shows that the complement of a (1,3) spanning

tree contains only cycles,.

LEMMA 3.3.1: If G is a 3-valent 3-connected plane graph and

T is a (1,3) spanning tree of G, that Is, T has no 2-valent

vertex, thent =t + 2. (t = number of {-valent vertices
1 3 i
of T.)
PROOF: t + t = (V(T): =iV(G)!
1 3
2!E(TY: = t + 3t
1 3
2E(T)! - 3t =t and (E(T): = (V(T)} -~ 1
3 1

A substitution will yield

LEMMA 3.3.2: If G |Is a 3-valent 3-connected plane graph and
T is a (1,3) spanning tree of G, then T’ (the complement of

T) has no path.
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PROOF: (By contradiction.) Suppose P = v v ... v 135 a
1 2 n

path of length (n-1) and P is in T’. Then P terminates at v
|

and v . This implies v and v are 2-valent vertices of T.
n 1 n

But T has no 2-valent vertex. This contradiction implies T’

can have no path.

REMARK 3.3.1: If G is a 3-valent 3-connected plane graph
and T is a (1,3) spanning tree of G, then the shortest
cycles of T’ are cycles of length 3. 1In fact, the
tetrahedron has a (1,3) spanning tree whose coaplement Is a

cycle of length 3.

THEOREM 3.3.3: 1If G is a 3-valent 3-connected plane graph
and T is a (1,3) spanning tree of G, then T’ consists of

either one cycle or a union of cycles.

EXAMPLES: In G , T’ consists of one cycle of length 8.
!

In G, T’ consists of one cycle of length 3 and one cycle of
2

length 5.

Figure 3.3.2
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PROOF OF THEOREM 3.3.3:

CASE I: 1f T’ is connected then T’ has only one component.
By lemma 3.3.2, T’ has no path and E(T’) is not empty since
G Is a 3-valent 3-connected graph. Hence, this one component
of T’ Is a cycle.

CASE I1: 1f T’ Is not connected, then T’ has many

components. Let K , K, ..., K be the components of T’
| 2 r

such that each K 1Is connected. Since by lemma 3.3.2, T’
i

has no path, each K 1is a cycle. Let T = KUK U ... UK.
i 1 2 r

Therefore, T’ is a union of cycles.

THEOREM 3.3.4: Gliven a cycle vector (¢ ,c ,...,c ), vWhere
3 4 k

¢ = the number of cycles of length k, there exists a
k

3-valent 3-connected plane graph G with a (1,3) spanning

tree T such that T’ realizes the cycle vector

(c ,c , ,C )
3 4 K
PROOF: (By construction) P
CASE I: ¢ = m, ¢ =0 {f k # 3, G :
3 Kk 1

STEP 1: Start with a tetrahedron,

G . G realizes the vector ¢ = 1. Y
1 1 3

2

Figure 3.3.3



STEP 2: To create G , split any
2

face of G that |s bounded by two edges
1

of T by adding 2 vertices and | edge,
1

and thereby creating two 2-valent

vertices of T . (See Figure 3.3.4.)
1

Call this new spanning tree, T
2

STEP 3: In the same manner as Step 2,

split face F of G to construct G such
2 3

that T , the spanning tree of G , has
3 3

no 2-valent vertex. (See Figure 3.3.5.)

T* has 2 cycles of length 3.

STEP 4: Choose any face of G ,
3

which is bounded by two edges of T .
3

Repeat the operations for G and G
2 3

(m-2) times. (See Figure 3.3.6.)

Hence, T’ , bhas cycles ¢ = n,
4 3

c =0 1if k # 3.
4

Figure 3.3.4

Figure 3.3.6

67
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For each cycle of length 3, 6 new vertices and 9 new edges

are created. Therefore,

V(G ) V(G ) + 6(m - 1) 4 + 6(m - 1),

4 1
‘E(G ): = IE(G )! + 9(m - 1) 6 + 9(m -~ 1).
q 1

CASE II : ¢ =m, ¢ =0 if J # k. (k24) G
3

K 1
Vo
STEP 1: Start with a tetrahedron, G .
1
V(G ) = 4,
i
{E(G )! = 6. 4
1 Fi
Uo Xo

Figure 3.3.7

STEP 2: Choose a bounded face, F, G
of G . Split F by adding 2

1
vertices and | edge. Repeat this
process (k - 3) times. Hence,

,

v, 0¢1 (k- 3))
i

V(G ) = , -
\ iuioglg(k 3y

X, Y Figure 3.3.8
\ 0 O )

VG )0 = V(G D! + 2¢k - 3) = 4 + 2(k - 3)
2 1
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vu,uu ,1¢1¢< (k=23
ol I 1+l ;’
!
E(G ) = uv , vy , 1 €1 £ (k - 3)&
2 ‘ ol I 1+1
uv, 1 1 k-3
A O |
uy,ux , Xy, VXx.
L0 o0 oo oo oo )
'E(G ) = JEC(G)! 4+ 3(k - 3) = 6 + 3(k - 3).
2
‘vv ,0¢1 € k- 3)
I 1+1
T = <uv,1<£1 < <k-3 >
2 b1
Uy, vVyXx .
L oo oo
J
T is a (1,3) spanning tree and T* consists of one cycle of
2 2
length k.
STEP 3: Construct the
flgure T 1 eon the face
F of G . Hence,
i 2

Figure 3.3.9
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VGG ) = V(G)U (x ,x , ¥ ,Yy., Y .Y , X , X )
3 2 1 2 1 2 1,1 2,1 1,1 2,2

EC(G) =EG ) -(uy, vyx)UA{yy , vyvyYy , yu, xx ,
3 2 oo o0 o1l 1 2 2 0 o1

XX ,xYy,VvY » X X » Y Y » X X

X X , XX , XYy ,x X , X X }
o1l 1 2 20 11,1 2 2,1

T 1is a (1,3) spanning tree of G
3 3

(Note that Step 3 and Fligure 3.3.9 only show a

construction for one type of cycles: ¢ = m, k # 3, ¢ =0
k 3

if 3 # k. CASE II]l shows a construction of all cycles.)

STEP 4: To construct G , choose any face of G which has
4 3

two edges of T on its boundary, and repeat the operations
3

of G on G . (See Figure 3.3.10.) Hence, T 1is a (1,3)
2 3 4

spanning tree and T’ consists of 2 cycles of length k.
4



9 + 2(k-3) + 2k

(2k - 2) + 2k

6 + 3(k-3) + 3k

(3k - 3) + 3k

Vo
2] v,
V‘
u v
k-3 k-3 2
ac
Ly d kA 1)«
, g
.
®
. "
A v,
al,l )(t,l

Figure 3.3.10
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To construct G , choose any face of G with two

STEP 5:
edges of T

4
on G

5 q

on its boundary, and repeat the operations of G

(m - 2) times for constructing the rest of (m - 2)

4

cycles of length k.

(See Figure 3.3.11) Hence, T is a
5

(1,3) spanning tree of G and T’ consists of m cycles of

5 5

length k.
V(G ) = (2K - 2) 4+ 2k(m - 1)
5
tE(G ) = (3K - 3) + 3k(m - 1)
5 v.
G :
5
:(.
®
/iy B

Ue

Figure 3.3.11

72

3



CASE III: ¢ =mw, c =m, ... , ¢ = mn , where k is a
3 3 4 4q K K

positive integer.

To construct G with spanning tree T, start with a
tetrahedron. Use the operations in case I to construct
cycles of length 3 of T”. Use the operations in case II to

construct all other cycles of T’., (See Figure 3.3.12.)

Hence
1)
tV(G), = 6m = 2 + T 2knm
3 s 4
(]
= 5 2Km - 2
>3 k
{ECG)! = 9m - 3 + = 3Kkm
3 ST
n
= = 3km - 3

73
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The following example illustrates the Theorem 3.3.4.

EXAMPLE: G is a 3-valent 3-connected plane graph G with a

(1,3) spanning tree T of G. T’ consists of cycles: ¢ = 4,
3

(€

3

%

Figure 3.3.13
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Theorem 3.3.4 showed a method of constructing a
3-valent 3-connected plane graph G and a spanning tree T
such that T’ realized the glven cycle vector. Can G be
chosen so that it will contain a Hamiltonian Circuit, it
will contain no triangles, or it will contain a Hamiltonlian
Circuit and no triangles?

Corollary 3.3.5 will show a construction of G so that
it will contain a Hamiltonian Circuit. Remark 3.3.2, Lemma
3.3.6 and Theorem 3.3.7 will provide the necessary
conditions for G to contain no triangles. Theorem 3.3.8
will provide a construction for G such that G contalns no
triangles. Corollary 3.3.9 will show that this construction

preserves the Hamiltonian Circuit.

COROLLARY 3.3.5: If c ,c ,...,c are constructed on one
3 4 k

face of the tetrahedron, then the constructlion can always be
chosen so that the realizing graph has a Hamiltonian Circuit
(HC).

PROOF: Let G be a tetrahedron.
1

G has a HC. See Figure 3.3.14(a)
1

—

Figure 3.3.14(a)
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CASE I: ¢ =m, where m>2 and ¢ =0 {f k#3. G :
3 4 2
B
STEP 1: Construct a cycle of length 3 f\\
in a bounded face of G as in Theorem 3.3.4. f

1

Extend HC of G to include all the vertices
{

of the cycle. Call this graph G . See
2

P e

Figure 3.3.14(b). Figure 3.3.14(b)

STEP 2: Construct the rest of the cycle G

of length 3 as in Step 1. Extend the HC

of G to Include all the vertices of
2

the cycles. Call this graph G . G
3

has a HC. See Figure 3.3.14(c). Figure 3.3.14(c)

CASE II: C=m , c=m, ... , c =m , where k24.
3 3 4 4 k k

STEP 1: Partition a bounded face of G (k-3) times to get a
1

cycle of length k, which is the boundary of the infinite

face. Extend HC of G as follows:
1

1) If kK is an even integer, then the HC is the HC of G
4

See Figure 3.3.14(d).

2) If kK is an odd integer, then the HC is the HC of G
5

See Figure 3.3.14(e).
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Figure 3.3.14(4d)

STEP 2: There are at least 3 edges

of each 4-gon which are in HC.

Construct the cycles (c ,¢ ,...,c )
3 4 K

in the 4-gons as in Figure 3.3.15.
STEP 3: Extend the HC edges of each
4-gon to include all the vertices of

the cycles as in Figure 3.3.16.

Call this new graph G
6 6

the spanning tree T and the HC of G
6

G has a HC.

Figure 3.3.14(e)

F ,
:—ﬂf"*,’[:[‘r.f i’ i v/ /;
i, T
| |

Figure 3.3.15

FI
g

Figure 3.3.16
See Figure 3.3.17 for
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T U N Ly

The darkened edges are the edges of the spanning tree.
/// These edges are edges in the Hamilton Cycle.

Figure 3.3.17
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The following example {llustrates Corollary 3.3.5.

EXAMPLE: G is a 3-valent 3-connected plane graph with a

(1,3) spanning tree T. T’ consists of cycles: ¢ = 2,
3

~

D, R | nI N 1 A, -~

S

2

Figure 3.3.18
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3.3.1 3-VALENT 3-POLYTOPAL GRAPHS WITHOUT TRIANGLES

By Corollary 3.2.3 of section 3.2, the smallest
3-valent 3-connected plane graph without a triangle Is a
cube, but the cube has no (1,3) spanning tree as noted in

Remark 3.3.2.

REMARK 3.3.2: If G is a cube and T is a spanning tree of G,
l.e. I1V(G): = 8, IE(G): = 12, E(T): = 7, E(T’)>! = 5, then
T’ consists of either only paths, or one path of length |

and one cycle of length 4.

ad b)

Figure 3.3.19

LEMMA 3.3.6: Let G be a 3-valent 3-connected graph, and
suppose T is a spanning tree of G. If T’ consists of only

cycles c , where k 2 4, then the smallest such G without
k

triangles has 14 vertices and 21 edges.
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PROOF: According to Corollary 3.2.3 of sectlion 3.2 and
Remark 3.3.2, T’ must consist of 2 cycles of length 4.

1ECT?*):

8,
V(G i/2 + 1

'EC(T? )
A simple substitution will show (V(G)! = 14.
tE(G)) = 31V(G)II/2

A simple calculation will show IE(G)! = 21,

THEOREM 3.3.7: If EZ'C = | and k 2 4, where ¢ = the
L 4 k

number of cycles of length k, then there Is no triangle-free
3~-valent 3-connected plane graph G with spanning tree T such

that T’ consists of cycle ¢ = 1.
k

PROOF (By contradiction): Suppose such a trliangle-free

graph G exjists. ‘ECT?’)) = 1V(G):/2 + 1. 1If T’ consists of
cycle ¢ =1, then IV(G)i/2 + 1| = k and (V(G)! = 2k - 2.
K
Let p be a face of G whose boundary
k
realizes ¢ = 1. Let

k

u,u, ... , u be the vertices
1 2 k

on the boundary of p and these
4

vertices are adjacent to vertices

v, Vv, ... , v . (See Figure 3.3.20.) Figure 3.3.20
1 2 n




Now show k = n.

If K > n, then there exists v which |is
i

adjacent to 2 vertices on the

boundary of p . Hence, a triangle

is formed and that contradicts .,

G is triangle free. Figure 3.3.21

If Kk < n, then G is not a 3-valent
graph and T is not a2 spanning tree of G.
Since T’ consists of only one cycle,

kK = n. Hence, 1V(G): = 2k which

contradicts 1V(G)! = 2k - 2.

Therefore, there is no such triangle
free 3-valent 3-connected plane graph R

G with spanning tree T such that T’ .

consists of cycle ;Z c = 1. Figure 3.3.22

ns k

X

THEOREM 3.3.8: Given a cycle vector (¢ ,c ,...,C ), such
4 5 k

that :%ﬁc 2 2, there exists a 3-valent 3-connected plane
224 j

graph G with a (1,3) spanning tree T such that T’ realizes

the cycle vector (¢ ,c ,...,c ) and G has no triangles.
4 5 K



PROOF OF THEOREM 3.3.8:

There are three cases to consider.

CASE I: If c¢c 2 2, then start

4
with G . V(G ): = 14
1 1
‘E(G ). = 21
1
c = 2 and G has no triangles.

q 1

Follow the construction of

Theorem 3.3.4, Case Il to construct

all cycles c ,...,c , and the rest
5 K

of c , i.e. choose any face of G ,
4 ]

say F, which has 2 edges in T , for
1

every cycle of length j, 4 ( J £ k,

p—
—~ jE——
construct figure [if - in G

See Figure 3.3.24.

m

Figure 3.3.23

Figure 3.3.24
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Let G =G and T =T , then G has no triangles. T’ consists

2 2

of cyclese , c, ... , Cc.
4 5 K



CASE II: If c = 1, then
4q

start with G which has one
1

cycle of length 4 and one
cycle of length k on the

infinite face.

Follow the construction of

Theorem 3.3.4, Case Il to
construct the cycles

c,C, ... , C , and the
5 6 k-1

rest of c¢ Each cycle is

K
constructed the same way

as in Case 1I.

T’ consists of cycles ¢ ,c
2 4

triangles.

5

»

14

85

Figure 3.3.25

€S}

2

fa/;r‘
(£-4)

|

c

k

’

Figure 3.3.26

and G has no
2



CASE III: 1If c then

4

=0'

start with G , which has 2

1
cycles of length | and
length j, where 5  1,J k.

Follow the construction of

Theorem 3.3.4, Case II to
construct the rest of the

cycles: ¢ ,c ,...,C

5 6 k

See Figure 3.3.28.

T consists of cycles ¢ ,c ,..
2 5 6

COROLLARY 3.3.8a: The graphs,

86

G :
{
Figure 3.3.27
G :
2 (‘]'3)11/.4.:
A~
(Z \"\“‘?[\
i

Figure 3.3.28

., , and G has no triangles.

k 2

which are constructed in the

Theorem 3.3.8, have a Hamilton Circuit (HC).



NOTE: For any 3-valent 3-connected plane graph G,

VEC(HCY ! = 2/E(G):/3 and (EC(T)! = 2;E(G)!/3 - 1, which

implies that 1E(T)! + IEC(HC)! = 4!E(G)!/3 - 1. Therefore,

there exists a face of G which has 2 edges in HC and in T.

PROOF OF COROLLARY 3.3.8a: G , in the proof of Theorem
1

3.3.8, has a HC. (See Figure 3.3.29(a).) There exists a

face F of G which has 2 edges, (e ,e }, in HC and in T
1 1 2 1

Construct all ¢ ,¢c ,...,c on F using e and e as in
4 5 k 1 2

Theorem 3.3.8. Extend the HC of G to include all the
|

vertices of cycles ¢ ,¢ ,...,c . (See Figure 3.3.29(b))
4 5 k

87

Hence, the new graph G has a (1,3) spanning tree T such that

T ’ realizes the cycle vector (¢ ,c ,...,c ), and G has a
4 5 k

HC.
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The darkened edges are the

2

edges of the spanning tree.

e

] :: s 111These edges are edges

.

of the Hamilton Circuit.

Figure 3.3.29(a)

A
i“N j
‘P
4-
A A
X
4 . 3
7 b
4 y 3 4
4’ A b
4
A
y 4 1 ; .
3
1 1
JP
r
r—v—7 e ra 77— r— 7 77 7

Pigure 3.3.29¢(b)
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3.3.2 3-VALENT 3-POLYTOPAL GRAPHS WITH MANY TRIANGLES

As shown in Theorem 3.3.7, the 3-valent 3-connected
graph G, with spanning tree T such that T’ realizes the

cycle vector (¢ ,c ,...,c ) and :i:c 2 2, can be
4 5 K . |

constructed triangle free. G can also be constructed with
triangles. Theorem 3.3.9 will show a construction of such a
G. The following remarks show the exceptions of the Theorenm

3.3.9.

REMARK 3.3.4: If c = m, then G has m or more triangles.
3

Figure 3.3.30

REMARK 3.3.5: If c =1 andc = O for all j # 4, then G

has 2 triangles.

Figure 3.3.31
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THEOREM 3.3.9: Given a cycle vector C = (¢c ,¢, ...,c ),
4 5 k

(23
where =— 2 2, there exists a 3-valent 3-connected plane
IR |

graph G with a (1,3) spanning tree T such that T’ realizes
the cycle vector C, and G contains t triangles where

K
t2c + = Li/2)c .
4 (24 i

Strategy of the proof: First construct one of the smallest
cycles on the infinite face, then construct the rest of the

cycles on the bounded faces.

PROOF OF THEOREM 3.3.9: Theorem 3.3.4 showed the existence
of a 3-valent 3-connected plane graph with spanning tree

whose complement consists of ¢ , ¢, ... , ¢ . What s left
4 5 K

”~
to be proved is: t 2 ¢ + = Li/2)Jc . There are 2 cases.
4 2 i

CASE I: If C # 0, then follow the construction of Theorenm
4

3.3.4 and split the faces of the tetrahedron as follows:
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STEP 1: Construct one cycle of length 4
on the infinite face. Construct the
remaining cycles of length 4 in one of
the bounded faces, hence, for each

cycle of length 4, we create one triangle.

Therefore there are c¢c triangles.
4

See Figure 3.3.32. Figure 3.3.32

STEP 2: For every cycle of length 5, construct Figure

hereby creating L5/2) triangles. Therefore, for c «cycles
5

of length 5, there are l5/2Jc triangles. For each cycle of
5

length 6, construct Figure '1::;:E::: , thereby creating

L6/2) triangles. Therefore, for ¢ cycles of length 6,
6

there are L6/2Jc triangles. Por each cycle of length |,
6

7 {1 £ k, construct Figure 3.3,33.

Figure 3.3.33.

This process creating Li/2) triangles. Therefore, for c

i

cycles of length I, 7 { 1  k, there are lLi/2Jc triangles.
|

Hence, there are c +vﬁELl/21c triangles. See Figure
4 4 i

3.3.34.
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Figure 3.3.34



CASE II: If ¢ = 0, follow the construction of Theorem
4

3.3.4 and split the faces of the tetrahedron as follow:

STEP 1: Construct the smallest cycle in the iInfinite face.
Let the cycle of length s be the smallest cycle. If s =5,
then use Figure 3.3.35a to construct the rest of the
cycles. There are |5/2) triangles in (a). If s > 5, then
use Figure 3.3.35b to construct the rest of the cycles.

There are ls/2] triangles in (b). See Figure 3.3.35.

/\
- Se—
E
' \
£ T 8 16 5
Figure 3.3.35a Figure 3.3.35b
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STEP 2: Similar to Case I, Step 2, construct all the cycles

in the face F. See Figure 3.3.36.






Therefore, if T is a spanning tree of G such that T’

realizes the cycle vector C = (¢ ,c ,...,c ), where
4 5 k

Zéfc 2 2, then G can be chosen so that it contains
(4 i

I3

t =c + = li/2)Jc triangles. Q.E.D.
4 g i

<+

EXAMPLE: G is a 3-valent 3-connected plane graph with a
(1,3) spanning tree T such that T’ consists of cycles:

c =2, c¢c =1, c =1 and G has 9 triangles.

Figure 3.3.37

95



96

3.3.3 3-VALENT 3-POLYTOPAL GRAPHS WITH NO LARGE FACES

The 3-valent 3-connected plane graph G with spanning
tree T such that T’ realizes the given cycle vector can be
chosen so that G contains no triangles. G also can be
chosen so that It contains relatively many triangles. Can G
be chosen so that it contains no large faces?

If c +c +c¢ § 2, then there is a 3-valent 3-connected
3 4 5

plane graph G with a spanning tree T, such that T’ realizes

the cycle vector (¢ , ¢, ¢ ), and G contains no faces
3 4 5

larger then a 6-gon. See Table 3.3.1. Theorem 3.3.10 shows

that for any given cycle vector (c ,c ,...,c ), there exists
3 4 k

a 3-valent 3-connected plane graph G, with spanning tree T
such that T’ realizes the cycle vector, and G contains no

faces, other than the cycles, larger than an 8-gon.



Table 3.3.1 shows graphs which contain no faces larger

than a 6-gon.
Cy C, Cs CORRESPONDING G AND ITS SPANNING TREE
1 o 0 G: T: !
)
o | o ) T [EE:EE;]
0 (o} 1 G T:
| 1 o G: T !
7
1 o 1 G: T
A
s /\ 6

97
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o 1 1 G: T:
2 0 0 G T
0 2 0 G T
o o 2 G: T:
Table 3.3.1

Theorem 3.3.10: Given a cycle vector (¢ ,c ,c ,...,C ),
3 4 5 K

there exists a 3-valent 3-connected plane graph G with
spanning tree T, such that T’ realizes the cycle vector, and
G contains no faces, other than the cycles, larger than an

8-gon.



The following example illustrates Theorem 3.3.10

EXAMPLE: G is a 3-valent 3-connected plane graph with
spanning tree T, such that T’ conslists of ¢c = 2, ¢c = |,
3 6
¢ =1, G contains no faces, other than the cycles, larger
11
than an 8-gon. G-
@
A
4
[
6
Lgi s
b 3 7
S
Z \
/ \
/ \

Figure 3.3.38
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Strategy for proving Theorem 3.3.10: First construct the
largest cycle on the infinite face of the tetrahedron, then
construct all other cycles, one at a time, by repeatedly
splitting a bounded face of the tetrahedron. This

construction has 5 steps and it is recursive.

PROOF OF THEOREM 3.3.10: (by construction) G

STEP 1: Start with the tetrahedron and the

spanning tree T , such that T’ realizes a cycle
1 1

of length 3. Let this cycle be the boundary

of the infinite face. See Figure 3.3.39. Figure 3.3.39

STEP 2: Construct the largest cycle on the

infinite face by splitting face F (k-3) times AEA S
by constructing Figure 3.3.40 in F, Figure 3.3.40
thereby adding 2(k-3) vertices and 3(k-3) edges.

Call this new graph G . V(G )! = 4 + 2(k-3) and
2 2

tE(G )! = 6 4+ 3(k-3). Now, extend the spanning tree T to
2

include all the new edges and the new vertices, and call

this new spanning tree T . This construction creates one
2

3-gon, one 4-gon, and (k-6) 5-gons. Note that all the faces

of G have only one edge In T’ . No faces of G , other
2 2 2

than the cycle, is larger than a 6-gon. See Figure 3.3.41.



3- 7‘7,\

Figure 3.3.41

NOTE: G has 2 triangles and each Is adjacent to a 4-gon.
2

STEP 3: Construct a cycle c , where 3 ¢ i ¢ k. Split the
i

4-gon (F ) by partitioning one edge of the triangle (F ) as
2 1

follows:
a) Construct a cycle of length 3 as in Theorem 3.3.4,

thereby creating a new 4-gon (F ) and adding 6 new
4

vertices and 9 new edges. See Filgure 3.3.42a.

101
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b) Split F (i1-3) times, 3 {( | { k, by constructing
4

Figure 3.3.40 in F . This process creates one
4

3-gon, one 4-gon and (i-6) 5-gons and adding new
2¢1-3) vertices and 3¢(i-3) new edges. Note that

F (Figure 3.3.41) -> F’ (Figure 3.4.42.a) -
1 1

F* (Figure 3.3.42b); and likewise for F . F" and
1 3 1

F* 1is a 6-gon. Now extend the spanning tree T to
3 2

include all the new vertices and the new edges. See

Figure 3.3.42b.

Figure 3.3.42a Figure 3.3.42b
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STEP 4: Repeat Step 3 to construct the rest of the cycles

of length i, 3 ¢ | ¢ k.

STEP 5: Construct first cycle of length 3 by following step
3a, thereby, again, creating a new 4-gon. Construct the
next cycle of length 3 in this new 4-gon. Each time step 3a
is repeated, a new 4-gon is created in which a cycle of

length 3 can be constructed. Repeat step 3a until all

cycles of length 3 are reallized. See Figure 3.,3.43,

Pigure 3.3.43
Let G be the resulting graph and T be the resulting spanning

tree. T’ realizes the cycle vector (¢ ,¢c ,...,c ) and G
3 4 K

contains no faces, other than the cycles, larger then a

8-gon. Q.E.D.
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NOTE: If ¢ = 0, then G contains no face, other than the
3

cycles, larger than 7.

REMARK 3.3.6: This construction can be done on faces other
than the ones which are prescribed in the proof, iIf they
satisfy the following conditions. Let these faces be

(F , F , F ):
i f+1 {42

1) all three faces are no larger than a 7-gon,

2) elither F or F is a 5-gon for realizing cycles
i i+2

i, 3¢ 1 <k, and

3) either F or F is a 6-gon for realizing cycles
i i+2

of length 3.

See Figure 3.3.44 of the following exanmple.

The following example lllustrates Remark 3.3.6.

EXAMPLE: G is a 3-valent 3-connected plane graph with a

spanning tree T, such that T’ consists of cycles: ¢ = 3,
3

¢c =1, ¢c =1, ¢ =2, and ¢ = 1. G contains no faces ,
4 5 6 11

other than the cycles, larger than an 8-gon. See Figure

3.3.44.
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Figure 3.3.44
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3.4 ISOMORPHIC SPANNING TREES FOR NON-ISOMORPHIC GRAPHS

In section 3.3, given a cycle vector (c ,c ,...c ), we
3 4 n

find a 3-valent 3-connected plane graph G with a (1,3)
spanning tree T, such that T’ realizes the cycle vector.

Can we find two 3-valent 3-connected plane graphs G and G
1 2

with spanning trees T and T , respectively, such that T’
1 2 1

and T’ realize the same cycle vector? Can a 3-valent
2

3-connected plane graph G have two (1,3) isomorphic spanning

trees T and T such that T* and T’ each realizes a
1 2 1 2

different cycle vector? Does every G have more than two
(1,3) spanning trees?

The last question will be investigated in Chapter 4.
Other questions will be answered in Remark 3.4.1, 3.4.2,
3.4.3. Lemma 3.4.1 and Lemma 3.4.2 will show a specific
type of isomorphic tree. Theorem 3.4.3 will show that there

are non-isomorphic graphs G and G with isomorphic spanning
1 2

trees T and T , respectively, such that T and T’ realize
1 2 1 2

different cycle vectors. Remark 3.4.4 will show that G and
1

G can also have non-isomorphic spanning trees, T and T ,
2 | 2

such that T* and T’ realize different cycle vectors.
| 2
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REMARK 3.4.1: There is a 3-valent 3-connected plane graph G

with two isomorphic (1,3) spanning trees T and T such that
1 2

T’ and T’ realize different cycle vectors. That is,
1 2

isomorphic spanning trees can have non-isomorphic

complements as shown in the following examples.

EXAMPLE: G is a 3-valent 3-connected plane graph. T and T
1 2

are isomorphic spanning trees of G. T’ consists of one
|

cycle of length 6. T’ consists of 2 cycles of length 3.
2

(See Filgure 3.4.1.)

G:

(e

Figure 3.4.1
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REMARK 3.4.2: If Z=—c =1 where k > 8, then there is no
x> 3 k
3-valent 3-connected plane graph G which has a set of

isomorphic (1,3) spanning trees (T , T, ... , T } such that
1 2 n

their complements realize all partitions of k with parts

greater than 3.

The following example illustrates Remark 3.4.2. Remark

3.4.2 will be investigated further in Chapter 4.

EXAMPLE: 1If ¢ = 1, then the cycle partitions of 9 are
9

a) 9 b)e6, 3 ¢c) 4, 5 d) 3, 3, 3. There is a 3-valent

3-connected plane graph G with a (1,3) spanning tree T such
i

that T’ realizes partition (d), (See Figure 3.4.2), and a
1

(1,3) spanning tree T such that T’ realizes partition
2 2

(a). T 1is isomorphic to T . However, there Is no spanning
1 2

tree of G which is isomorphic to T and T , such that its
1 2

complement realizes the partition (b). In fact, there is no
(1,3) spanning tree of G that can realize partition (b)
since G has 3 triangles, 2 of which would have to be
adjacent to the same 6-gon. There is no such 6-gon in G.
Therefore, there is no spanning tree whose complement

realizes (b). A similar argument rules out partition (c).
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Ts
S_ L) L
o e l n/"
zdl lS AT
5 '3
¥ ‘1
€% 3 T =T
G )

Cq:
Figure 3.4.2

NOTE: 1If :;Lc = 1, where 6 { r { 8, then there is a
r

3-valent 3-connected plane graph G, which has a set of
isomorphic (1,3) spanning trees whose complement realizes
all partitions of r with parts greater 3. This will be

shown in Chapter 4.

The above example showed that the same graph could have
2 isomorphic spanning trees, such that their complements
realize different cycle vectors. The following remark shows

that 2 graphs G and G , not necessarily isomorphic, have
1 2

non-isomorphic spanning trees T and T , respectively, such
1

that T’ and T’ realize the same cycle vector.
| 2
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REMARK 3.4.3: There exists two 3-valent 3-connected plane

graphs G and G, V(G )} = (VG )):i. T and T are
1 2 1 2 1 2

non-isomorphic spanning trees of G and G , respectively,
1 2

such that T° and T’ reallize the same cycle vector. The
1 2

complements of two non-isomorphic spanning trees of two
different graphs can reallize the same cycle vector.

The following example illustrates Remark 3.4.3.

EXAMPLE: G and G are non-isomorphic 3-valent 3-connected

1 2
plane graphs. T and T are non-isomorphic spanning trees
1 2
of G and G , respectively. Both T’ and T’ realize the
1 2 1 2
cycle vector (1,1) {. e. ¢ =1 andc = 1. See Figure
3 4




T.iT\

Figure 3.4.3
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NOTE: The tetrahedron is the 3-valent 3-connected plane
graph with 4 vertices, and has several (1,3) spanning

trees. The graph G of Figure 3.4.4 is the only 3-valent
3-connected plane graph with 6 vertices satisfying the Euler

equation, which has (1,3) G:

spanning trees. G contains
3 isomorphic spanning trees and

the complement of each spanning

tree is the boundary of a

different 4-gon. Figure 3.4.4

The example for Remark 3.4.1 showed that there Is a
3-valent 3-connected plane graph G with two isomorphic

spanning trees T and T , such that T’ and T’ realize
1 2 | 2

different cycle vectors. Examples for Remark 3.4.2 and
Remark 3.4.3 showed that two non-isomorphic 3-valent

3-connected plane graphs G and G can have two isomorphic
1 2

spanning trees T and T , respectively, such that 1) T’ and
1 2 1

T’ realize the same cycle vector, and 2) T’ and T’
2 1 2

realize different cycle vectors. Can G and G be chosen so
1 2

that If IV(G )! = V(G )! and T and T are (1,3) spanning
1 2 1 2

trees of G and G , respectively, then T’ and T’ realize
1 2 i 2
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different cycle vectors? Theorem 3.4.2 will show that this
is possible, but before proving this theorem, sonme

definitions and two lemmas are needed.

DEFINITION: T is a tree and e is an edge of T. e is a leaf

of T If e Is incident to a l-valent vertex of T.

DEFINITION: T is a (1,3) tree. T is called a comb if all
the l-valent vertices and thelr inclident edges are deleted,

and the resulting graph is a path.

Lemma 3.4.1 shows that all combs are Isomorphic if they
have the same number of vertices. This lemma will be used

in the proof of Theorem 3.4.2 to show that spanning trees T
1

and T are isomorphic.
2

1 2 1 2
LEMMA 3.4.1: If K and K are combs and V(K )>! = V(K ).,

i 2
then K and kK are isomorphic.

Strategy for proving Lemma 3.4.1: First, label the vertices

of the longest path of each comb, then find an isomorphism.
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1 2 1
PROOF: let !V(K )! = IV(K )! = n. Label the vertices of K
as follows: (See Figure 3.4.5.)
for 1 = 0,1,2,... K
vy Y5 Vo,
1) all v are 3-valent vertices, I | I |
24
v M Y% Y, v,
2) all v are j-valent vertices.
21 +1
X, oy,

3) v 1is adjacent to v , KU Y3 J

| 2 Yo i1

M [

4) v is adjacent to v if 140 Uy l‘ § o, u

21 21+1 T, ! "

)

5) v is not adjacent to v if i#1 Figure 3.4.5

21 i-1
6) v is adjacent to both v and v .

21 21-2 2142

2
Likewise, label the vertices of K with u , I = 0,1,2,...
i
Define a trivial map f as follows:
1 2
f: V(k ) => V(K ), such that f(v ) v, for all 1 ¢ J £ n.
b] J

f iIs a one to one function since if f(v ) = f(v ), where

1 { k ¢ n,

v
3

an onto function since

adjacency since {f v

v
K

Therefore,

then u = u ,

3 k

3

following cases hold:

3

which implies that

1

V(K ) =

and v
K

2

V(K ).

are adjacent,

f is a one to one function.

k

k. Hence,

It iIs also

It preserves the

then the
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1) If v =v , then either v = v , Vv or v .
b 21 [ 4 21-2 21+2 21+1
If v =v , then f(v ) = u and f(v ) = u .
k 2i-2 b/ 21 k 2i-2
By the labelling process, u and u are adjacent.
21 21-2
Similarly for the cases where v = v and v = v .
k 21+2 k 21+1
2) Ifv =v , then v = v |
3 21+1 k 21
f(v ) = and f(v ) = u ., By the labelllng
21+1 2i+1 21 21
process, u and u are adjacent.
2i+1 21

Hence, f is an isomorphism.

1 2
Therefore, K ~ K . @.E.D.

Given two cycle vectors, (¢ ,¢c ,...,c ) and
q r

2]

r
,®" ,...,c" ), such that —— ic = -=— jc", are there two

3 4 n 23 i ;23 j

(c

non-isomorphic graphs G and G with isomorphic spanning
1 2

trees, T and T , such that T and T’ realize the cycle
1 2 1 2

vectors, respectively? Theorem 3.4.2 answers this question.
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THEOREM 3.4.2: If (¢ ,¢c ,...,c ) and (c" ,c” ,...,c" )
3 4 r 3 4 n

r 2
are cycle vectors such that ST ic = :E%jc' = m, then there
23 { 42 ]

exist two 3-valent 3-connected plane graphs, G and G , with
1 2

isomorphic spanning trees, T and T , respectively, such
1 2

that T’ realizes the cycle vector (¢ , ¢, ... c ) and T’
1 3 4 r 2

realizes the cycle vector (¢ , c¢c" , ... , ¢c" ).
3 4 n

Strategy for proving Theorem 3.4.2: Follow the construction

of Theorem 3.3.4 to construct G , such that the resulting
1

spanning tree T 1is a comb. Similarly, construct G and its
1 2

spanning tree T . By Lemma 3.4.1 T 2~ T . The proof Is In
2 i 2

4 steps.

PROOF: STEP 1: Start with the
tetrahedron and its spanning tree T.
T’ realizes a cycle of length 3,

which Is the infinte face.

See Figure 3.4.6. Figure 3.4.6
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STEP 2: Construct the largest

cycle ¢ on the infinite face
r

of G by partitioning the edges

vv and v v (k-3) times as In
1 4 1 3

Figure 3.4.7. Figure 3.4.7

STEP 3: Follow the construction of the Theorem 3.3.4 and

construct the remaining cycles in F as in Figure 3.4.8.
1

The resulting graph G has a spanning tree T . T’ reallzes
| 1 1

the cycle vector (¢ ,c ,..,c ). Since all the cycles are
3 4 r

constructed in the same face of the tetrahedron, all Lhe

3-valent vertices of T are on the one path (which includes
1

vertices (v ,v ,v }). Therefore T 1Is a comb. See Figure
1 3 4 1
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Figure 3.4.8



119

STEP 4: To construct G and T , such that T’ reallzes the
2 2 2

cycle vector (c® ,c" ,...,c" ), follow Step | through Step

»

3 4 n

3. See Figure 3.4.9. T 1is a comb.

Figure 3.4.9
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Since T and T are combs and (V(TI1): = (V(T2):, T =T .
1 2 1 2

T’ reallzes the cycle vector (¢c ,¢c ,...,c ). T’ realizes
1 3 4 r 2

the cycle vector (¢® ,c” ,...,c" ). The cycle vectors for
3 4 n

both graphs are not the same, hence the face vectors of G
|

and G are not the same. G 2 G . Q.E.D.
2 1 2

The following example {llustrates the construction of

Theorem 3.4.2.

EXAMPLE: The two cycle vectors are (0,0,0,0,0,0,0,2) and

(2,2,0,1) l.e. ¢ =c =2=¢ =¢c =¢c =¢ =c¢ =0,
3 4 5 6 7 8 9

c = 2and ¢* =2, ¢c* =2,c¢c" =0,c" =1. G 716G,
10 3 4 5 6 1 2

and T 2 T . See Figure 3.4.10.
1 2
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The following Remark has simllar conditions to Theorenm
3.4.2. However, In the Remark, the (1,3) spanning trees are
not isomorphic, since one cycle vector can be constructed in
the same face of the tetrahedron, and the resulting spanning
tree is a comb. The other cycle vector can be constructed |in
more than one face of the tetrahedron, and the resulting

tree Is not a comb. Therefore, they are not lsomorphic.

REMARK 3.4.4: 1If (c ,c¢ ,...,c ) and (¢" ,c" ,...,c" ) are
3 4 r 3 4 n
two cycle vectors such that fiic = ﬁdc' = m, then there

% l 123 j

exist two 3-valent 3-connected plane graphs, G and G with
1 2

non-isomorphic (1,3) spanning trees, T and T ,
1 2

respectively, such that T* and T’ reallze the cycle vector
1 2

(c ,¢c ,...,c ) and (c" ,c* ,...,c" ).
3 4 r 3 4 n

The following example illustrates Remark 3.4.4. The

construction is the same as for Theorem 3.3.4.

EXAMPLE: Two cycle vectors are (2,2,1) and (3,0,2) 1|.e.

c =2, ¢c =2, ¢ =1;c¢ = 3, ¢c" =0, c" =2, and
3 4 5 3 4 5

m=19. G and G are the two 3-valent 3-connected plane
1 2

graphs with (1,3) spanning trees T and T, T 2 T. T
i 2 1 2 1

and T’ realize the above cycle vectors (See Figure 3.4.11.)
2
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3.5 THE COMPLEMENT OF A SPANNING TREE THAT CONSISTS OF

PATHS AND CYCLES

Section 3.2 showed that given a path vector

I = (I ,1 ,...,1 ), where I = the number of paths of length
1 2 r r

r, there exists a 3-valent 3-connected plane graph G with a
1

spanning tree T , such that T’ realizes I. Section 3.3
1 1

showed that given a cycle vector C = (¢ ,c ,...,Cc ), where
3 4 n

¢ = the number of cycles of length n, there exists a
n .

3-valent 3-connected plane graph G with a spanning tree T ,
2 2

such that T’ realizes C. This section will show that there
2

is a 3-valent 3-connected plane graph G with a spanning tree
T, such that T’ realizes both vectors I and C, as
fllustrated in the following example.

EXAMPLE: G is a 3-valent 3-connected plane graph, and T is

G:

a spanning tree of G. T’ realizes

both path vector [ and cycle
vector C; I = (1,2) and
C=(1,0,0,0,0,1)., Note this

implies § =1, 1 =2; ¢ =1,
i 2 3

¢ = 1. The T’,in Figure 3.5.1
8

& ™~

real izes these path and cycle vectors. 'Figure 3.5.1
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As proved in Section 3.2, the following path vectors

are not realizable:

(a): (m, O0,..., 0), f.e., 1 =m > O0Oand i = O when j§ # 1,
1 b}
and ¢ = 0, for all J.
b]
(b): (m,1,0,..., O, i.e. I =md>0andt =1andi =0
1 2 j
for all j > 2, and ¢ = O for all }Jj.
b]
(c): «¢0,1,0,...,0), i.e. i =0O0andi =1and i = O for
1 2 b

all j > 2, and ¢ = 0 for all J.
3

As proved In Section 3.3, every cycle vector |is
realizable by the complement of a spanning tree of a
3-valent 3-connected plane graph. Given a path vector

«¢1 ,1 ,...,1 ) and a cycle vector (¢ ,¢c ,...,c ), If the
1 2 r 3 4 n

cycle vector is not a 0 vector, then there is a 3-valent
3-connected plane graph with a spanning tree T, such that T’
realizes both path and cycle vectors. Hence, Theorem 3.5.1
only considers the cases where neither the path vector nor

the cycle vector Is a zero vector.
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n
~
-

-
—
-
-
-
o
-

THEOREM 3.5.1: Given a path vector I

(¢ ,¢ ,...,c ),
4 n

{(no exceptions), and a cycle vector C

where | {s the number of paths of length r and ¢ s the
r n

r 2]
number of cycles of length n and =1 +# O and Izgc ¢ 0,
22! j 2 i

there exists a 3-valent 3-connected plane graph G with

spanning tree T, such that T’ realizes 1 and C.

PROOF OF THEOREM 3.5.1: (By constructlion in 2 steps. First

realize all the cycles, then realize all the paths.)

Suppose | = m , | =m, ... , 1 = m and
1 1 2 2 r r

¢c = s ,c =8, ... ,¢c =38, Construct G and its
3 3 4 4 n n

spanning tree T by splitting the tetrahedron in the

following steps:

STEP 1: Follow the construction in the proof of Theorenm

3.3.4, Case 3, Section 3.3 to construct G and T , such that
1 1

T’ realizes the cycle vector. See Figure 3.5.2.
1
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Figure 3.5.2

NOTE: The cycles can be constructed in more than one

bounded faces.
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STEP 2: Follow the construction in the proof of Theorenm
3.2.2 Section 3.2 to construct all the paths. See Figure
3.5.3. Since the construction Is by splitting the faces of

a tetrahedron, the resulting graph G s 3-valent
2

3-connected plane graph and T is a spanning tree of G .
2 2

T* realizes the vector I and the vector C.
2

RN

Figure 3.5.3
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Now let G =G and T = T , then G has a spanning tree T such
2 2
that T’ realizes the path vector I and the cycle vector C.

Q.E.D.

NOTE: All the paths can be constructed in one bounded face
if the boundary of the face has 2 edges In T. For clarity

of the diagram, they are constructed in 2 faces of G .
1

The following example illustrates the construction of

Theorem 3.5.1.

EXAMPLE: G iIs a 3-valent 3-connected plane graph with a
spanning tree T, such that T’ reallzes the vector
I = (4,0,3,0,0,1) and the vector C = (0,4,0,1,1). Note this

implies I =4, 1 =3, | =2 1;¢c =4, ¢c =1, c =1,
1 3 6 4 6 7

See Flgure 3.5.4.
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As In the case of realizing the cycle vector, where the
construction can be chosen so that it preserves the Hamilton
Cilrcuit (Corollary 3.3.5), the construction of Theorem 4.5.1

can be chosen so that it preserves the Hamilton Circuit.

REMARK 3.5.1: If all the cycles and paths are constructed
in the same face of the tetrehedron, then the construction
of Theorem 4.5.! preserves the Hamlilton Circuit (HC). See

the following exanmple.

EXAMPLE: G Is a 3-valent 3-connected plane graph with a
spanning tree T, such that T’ reallzes the vector
I = (4,3,0,0,0,0,0,1) and the cycle vector C = (2,1,0,0,1).

Note this implies I =4, { =3, | =13 ¢ =2, ¢ =1,
1 2 8 3 4

c =], See Figure 3.5.5.
7
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Figure 3.5.5
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REMARK 3.5.2: The construction of Theorem 4.5.1 can also be

chosen so that it preserves the Hamilton Circuit when c =0.
3

See the following example.

EXAMPLE: G is a 3-valent 3-connected plane graph with a
spanning tree T, such that T’ realizes the vector
1 = (4,3,0,0,0,0,0,1) and the cycle vector C = (0,1,0,0,1).

Note this implies | =4, I =3, 1 =1; ¢ =1, ¢ =1,
1 2 8 4 7

See Figure 3.5.6.

Figure 3.5.6
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3.6 SUMMARY

| ]

2)

3)

1

5)

6)

Chapter 3 demonstrated the following:

Glven a path vector I (with indicated exceptions), there
is a 3-valent 3-connected plane graph G with a spanning
tree T, such that T’ realizes I.

Given a cycle vector C, there is a 3-valent 3-connected
plane graph G with a spanning tree T such that T’

real izes C.

Given a path vector I and a cycle vector C, there is a
3-valent 3-connected plane graph G with a spanning tree
T such that T’ realizes both I and C.

The constructions in section 3.3, 3.5 preserved the
Hamiltonian Circuit if all the cycles and paths were
constructed on the same face of the tetrahedron.
Non-isomorphic graphs can have isomorphic spanning trees
whose complements realize a) same cycle vector, b)
different cycle vectors.

Isomorphic graphs can have non-isomorphic spanning trees
whose complements realize a) same cycle vector, b)

different cycle vectors.
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Chapter 4 will demonstrate the following:

Given a fixed 3-valent 3-connected plane graph G, and the
partitions of (I1V(G):!/2 + 1) with fewer than (!V(G):!/2 - 1)

parts. We investigate when:

1) there is a set of spanning trees of G such that their
complements realize all cycle partitions, cycle/path
partitions and path partitions.

2) there is a set of spanning trees of G such that their
complements realize all cycle partitions only.

3) there is a set of spanning trees of G such that their

complements realize all cycle/path partitions only.

*
4) there is a 3-valent 3-connected plane graph G such that

*
G has a set of spanning trees whose complements realize

all path partitions only.



136

Chapter 4

DECOMPOSITION OF THE COMPLEMENT OF A SPANNING TREE

4.1 INTRODUCTION

This chapter investigates
I)> partitions of a positive Integer
II1) the necessary conditions for a partition to be
realized by T’, vhere T is a spanning tree of
a 3-valent 3-connected plane graph G
III) the necessary conditlions for a graph G to have

a set of spanning trees, (T, T, ..., T}, such
i 2 n

that (T , T , ... , T’ ) realize all
1 2 n

partitions of (V(G)i/2 + | into at most
tV(G)1/2 - | parts.
IV) universal graphs
V) universal graphs for cycles only
VI) universal graphs for cycles and paths

VII) universal graphs for paths only

Chapter 3 proved that given a path vector,

1 ,{ ,...,1 ), vhere § = the number of paths of length r
1 2 r r

and ‘?;jl = IECT’)! = !V(G)!/2 + 1 and satisfied certain
J/ j
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conditions, there exists a 3-valent 3-connected plane graph
G with spanning tree T, such that T’ realizes the path

vector. Sinmilarly, given a cycle vector (¢ ,c ,...,c ),
3 4 n

there exists a 3-valent 3-connected plane graph G with

spanning tree T, such that T’ reallzes the cycle vector.

Note that, In this case, ¢ = the number of cycles of length
n
n, where S’?‘;Jc = IECT’)! = IV(G)/2! + I.
Jz j

In this chapter, iIf g = (s , s, ..., s ) is a

partition of the positive integer !(E(T’):, i.e.,

[

s V(G):/2 + 1, then s 1{s the size of a part of the
S | k

partition q, and s represents the length of one path or
K

cycle. For example, if q = (2,5,7,7) is a partition of

tE(T’).!, then s = 2, s =5, 3 =7, s = 7, which
1 2 3 4

corresponds to 1 path of length 2, | path of length 5, and 2

paths of length 7.

Since (E(T’)! is a positive integer, partitioning
tE(T’)! is equivalent to partitioning a positive integer.
Definitions related to partitioning a positive integer will

be stated in section 4.2.
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4.2 PARTITIONS OF AN INTEGER

DEFINITION: A partition of a positive integer n is a
multiset (elements can be repeated) of positive numbers that

add up to n.

DEFINITION: A decreasing list representation of a partition
of n is a list in a decreasing order whose entries add up to

n.

DEFINITION: The number of parts in a partition of a

positive integer is the number of elements in the multiset.

EXAMPLE: The multiset ¢(5,4,4,2,1,1) is a partition of 17.
It is customary to write it in a vector form,

(5,4,4,2,1,1). This partition has 6 parts.

The theory of partitioning an integer n into k parts
and the number of partitions of an integer n are wvell
studied questions. There iIs a recursive formula to
calculate the numuber of partitons of an integer in
"lntreductory Combinatorics® by Kenneth P. Bogart, p. 57.

In this thesis, my Interest lies in the actual partitions of
an integer n, since each part of the partition can represent
the length of a path or cycle in T’, where T is a spanning

tree of G.
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EXAMPLE: Let G be a cube; l.e., (V(G)! = 8, E(G)! = 12,

E(TY: = 7, IECT’)) = 5.

T

PARTITIONS OF 5 SPANNING TREES T PATHS QF T’
i i

*
q = (5 T C(or T ) 1 path of length 5.
1 1 1

g = (4,1 T 1 path of length 4.

1 path of length 1.

q = (3,2 T ! path of length 3.

1 path of length 2.

q = (3,1, T 1 path of length 3.

2 paths of length |

q = (2,2,1) T 2T 2 paths of length 2

1 path of length 1

q = (2,1,1,1) None 1 path of length 2

3 paths of length 1|

q = (1,1,1,1,1) None 5 paths of length 1

Table 4.2.1

The graph G and its spanning trees, whose complements
reallize the partitions In Table 4.2.1, are shown in Flgure

4.2.1 through Figure 4.2.3.
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g = (5 qQ = (5
1 1
*l
T’ i =1 (<a) T i =1 (b)
1 5 1 5
@) 2
@T,
P1r

Figure 4.2.1

NOTE: Two non-isomorphic spanning trees can realize the

same partition as In Figure 4.2.1.

T3 :
A Figure 4.2.2
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Figure 4.2.3
NOTE: Two isomorphic spanning trees can reallze different

partitions of (E(T’)! as in Figure 4.2.3.

There Is no spanning tree T whose complement realizes the
6

partition q , since it would require | path of length 2,
6

which needs 3 vertices, and 3 paths of length | which need 6
vertices. This means G would have to have 9 vertices.

Since G has only 8 vertices, q 1is not realizable by any
6

spanning tree of G.

Similarly, there is no spanning tree T whose complenment
7

realizes the partition q , since it would require that G
7

have 10 vertices.
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As shown previously, some partitions of an Integer
tE(T’)! are not realizable as the complement of any spanning
tree of G. However, other partitions are realizable by
cycles only, cycles and paths, or paths only. The following
definttlon classifies the partitions. The necessary
conditions for a partition to be realizable by T’ will be

discussed in section 4.3.

DEFINITION: Let G be a 3-valent 3-connected plane graph

with spanning tree T. If g= (s , s, ..., s ) is a
1 2 k

partition of IE(T’): and k { (V(G):!/2 - 1, then
a) q is a cycle partition of (E(T’)! {f each s 2 3
i

for all 1 { | { k, and s 1is the length of a cycle in T’,
i

b) q is a cycle and path (cycle/path) partition of
+E(T’)>! If the vector can be written In two parts. The
first with entries greater than or equal to 3 that reallze
cycle lengths in T’, and the second part realizes path

lengths in T’.

c) q is a path partition of (E(T’)! if each 8 1is the
i

length of path in T’ for all 1 ¢ | ¢ k.




The following example

EXAMPLE:
spanning tree T.
tE(T’): = IV(G):/2 + |

V(G =

10, !E(G)! =

= 6. V(G)i/2 -1

G is a 3-valent 3-connected plane

15,

the number of parts in each partition Is no

Table 4.2.2 indicates the cycle partitions,

partitions, and path partitions.
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illustrates the definition.

graph with
E(TY: = 9,

4 implies that
more than 4.

cycle/path

(x) For path representations,

CYCLE_PARTITIONS {CYCLE/PATH_PARIITIIQNS {PAIH_-PARIIIIQNS
(6): c =1 (5/1): c=1,1 =1 (6) (x)
6 5 1
5,1)
(3,3): ¢ = 2 (4/1,1): c =1, | = 2 (4,2)
3 q 1
(4/2): c =1, 1 =1 (4,1,1)
4 2
(3,3)
(3/71,1,1): ¢ =1, | =3 3,2,1)
3 1
(3/4,2): ¢ =1, | =1, (3,1,1,1)
3 1
i =1 (2,2,2)
2
(3/3): c =1, { =1 (2,2,1,1)
3 3
Table 4.2.2

see Table 4.2.1.
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The graph in appendix A shows 3-valent 3-connected
plane graphs with less than 14 vertices which have a set of

spanning trees (T , T, ... , T } such that their
1 2 n

complements realize all cycle, cycle/path and path
partitions. 1In this case, G is called a universal graph, a
phenomenon, which Is discussed in section 4.5. Section 4.3

finvestigates the partitions of IE(T’)!.

4.3 THE NECESSARY CONDITION FOR A PARTITION TO BE
REALIZABLE BY T’

As illustrated in the previous example, the necessary
condition for a partition of !E(T’)! to be realizable |s
that the partition must have fewer parts than (V(G)i/2 - 1.

This condition is proved in Theorem 4.3.1.

THEOREM 4.3.1: Let G be a 3-valent 3-connected plane graph

with a spanning tree T. The partition q = (s ,..., s ) of
| k

the integer (E(T’)! is realizable by T’ if k £ {V(G)i/2 - 1.
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PROOF: (By contradiction)
CASE I: Kk 2 IE(T’)>! = IV(G)i/2 + 1.

Let g=¢(s , s, ... , 8 ) where k 2 E(T’)!. Each s ,
1 2 K i

1 {1 £ k, represents the length of a path In T’, and T’
contains a maximum number of paths when every path is a path
of length 1. Therefore, if k 2 IV(G):i/2 + |, then 'E(T’):
consists of IV(G)!/2 + | paths. Since each path of length |
requires 2 vertices, it follows that
WW(T?): = 2IE(T’)!
= 20iV(GYi/72 + 1)
= IV(G): + 2.

Contradiction. T’ can not have more vertices than G.

CASE II: Kk = 1E(T’)! = 1 = I1V(G)!/2

Let q=(s , s, ... , s ) vhere k = {E(T’)! - 1. If each
1 2 k

s , 1 <1 £ K, represents the length of a path in T’, then
i

there are K paths. Since k = IE(T’)! - 1 implies the number
of paths is one less than the number of edges in E(T’),
there must be | path of length 2 and (k-1) paths of length
1. Each path of length 1| needs 2 vertices and the path of
length 2 need 3 vertices. Therefore, the total number of

vertices needed is 2¢(k-1) + 3, {.e.
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VCT? ) = 2(k=-1) + 3
VCT? ) = 2C¢iV(GYi/2 - 1) + 3
VCT’) = V(G + 1

Contradiction. Again, there are more vertices in T’ than in

G. Therefore, k € 1V(G):/2 - 1. Q.E.D.

4.4 A PARTITION OF THE INTEGER (!V(G)! + 1) WHICH IS
REALIZABLE BY THE COMPLEMENT OF A SPANNING TREE OF G

Necessary conditions for the graph G to have a set of
spanning trees whose complement realize all partitions of

GVGY: + 1):
1) THE 3-CONNECTEDNESS

The following example illustrates the necessity of the

3-connectedness.

EXAMPLE: In Figure 4.4.1, G is a 3-valent but not

3-connected plane graph, since if e and e are deleted, G
| 4

separates {nto two components. V(G): = 14, E(T)! = 13,
+E(T’)! = 8. There is no spanning tree T such that T’
consists of | path of length 8, because T must contain 4 of

the 6 edges (e , e, ... , e ), otherwise, T is not a
1 2 6
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spanning tree of G. Therefore, T’ cannot have a path of
length 8, hence, T’ cannot realize all the partitions of

IVCEG) D + 1.

v)
Figure 4.4.1(¢a)

EXAMPLE: In Figure 4.4.1(b), G Is a 3-valent |-connected
plane graph, since if e is deleted, G separates into two
components. IV(G): = 10, (E(T)!: = 9, (E(T’)>! = 6. There |is
no spanning tree T such that T’ consists of | path of length
6, because T must contain edge e, otherwise, T Is not a
spanning tree of G. Therefore, T’ cannot have a path of
length 6, hence T’ cannot realize all the partitions of

V(G I/2 + 1.

Figure 4.4.1(b)
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2) GRAPH G MUST BE 3-VALENT

The following example fllustrates the necessity of G
being a 3-valent graph. If G is an m-valent 3-connected
plane graph, where m 2 4, then T’ must have a cycle. Hence

T’ cannot realize all path partitions of (V(G):i/2 + 1.

EXAMPLE: In Figure 4.4.2, G is a 4-valent 3-connected plane
graph. T is a spanning tree of G. T’ is a forest and one
of the components contains cycles. Hence, T’ cannot realize

only path partitions of (E(T’);:.

iVGY: = 12 G:
‘tE(G)! = 24
E(TY: = 11

{E(T’)) = 13

T’ has | more edge

than V(G), therefore,

T’ must contain 2 or

more cycles and these
cycles are not necessarily

disjoint. Figure 4.4.2

The graphs in the rest of this chapter are 3-valent

3-connected plane graphs and the cycles of T’ are disjoint.
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4.5 UNIVERSAL GRAPHS

Given a3 graph G with a spanning tree T, T’ consists of
either 1) all cycles, or 2) cycles and paths ,or 3) all
paths. If G is a tetrahedron, then T’ consists of either |
cycle of length 3 or 1 path of length 3. The graph G in

Figure 4.5.1 has a set of spanning trees (T , T , ...} such
1 2

that (T” , T* ...} reallzes all cycle partitions,
1 2

cycle/path partitions and path partitions. The graph G in
Figure 4.5.1 has IV(G)! = 6, 1E(T’)! = 4, IV(G)i/2 - 1 = 2,
and 2 is the maximum number of parts in a realizable
partition. The partitions are:

1) Cycle partition: (4) (See Figure 4.5.1 (1).)

II) Cycle/path partitions: (3/1) (See Figure 4.5.1 (2).)
III) Path partitions: (4), (3,1), (2,2) (See Figure 4.5.1.

(3), (4, (5).)

(1) (2) (3)

Figure 4.5.1

DEFINITION: A universal graph is a 3-valent 3-connected
plane graph G with a set of spanning trees whose complement
realizes all partitlions of C(IV(G)! + 1) with (IV(G): - 1)

parts.
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The graph in Figure 4.5.1 is a universal graph. The
smallest unliversal graph is the tetrahedron. There are
universal graphs for 12 or fewer vertices and they are shown
in the appendix A. Theorem 4.5.1 shows that there are no
unjversal graphs with more than 12 vertices. Before stating
and proving Theorem 4.5.1, let us look at the case where G

has 14 vertices as in the following example.

EXAMPLE: Suppose G is a universal graph, IV(G)! = 14,

“

EC(G)Y) = 21, TE(T)! 13, (E(T’>! = 8. Since
tV(G):/2 - 1 = 6, the number of parts in each partition is

no more than 6. The partitions of 8 are as follow:

I> Cycle partitions: (8), (5,3), (4,4).

11> Cycle/path partitions: (7/1), (6/2), (6/1,1), (5/3)
(5/2,1), (5/1,1,1), (4/4), (4/3,1), €4/2,2), (4/2,1,1),
(4/1,1,1,1>, ¢3,3/2), (3,3/1,1), €3/5), (3/4,1), (3/3,2),

(3/3,1,1), (3/2,2,1), (3/2,1,1,1>, (3/1,1,1,1,1)

I11> Path partitions: (8), (7,1), €(6,2>, (6,1,1), (5,3),
(5,2,1>, ¢5,1,1,1), (4,4), (4,3,1), (4,2,2), (4,2,1,1),
(4,1,1,1,1>, (3,3,2), (3,3,1,1), (3,2,2,1), (3,2,1,1,1),

(3,1,1,1,1,1), €2,2,2,2), €2,2,2,1,1), €2,2,1,1,1,1)
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In order to realize all the cycle partitions, ((8), (5,3),
(4,4)), and the cycle/path partitions of (7/1), (6/2),

(3,3/2), the universal graph G must contain 2-P , 2-P ,
3 4

i1-p, 1-P , 1-P and 1-P , where P = k-gon, in face vector
5 6 7 8 K

form: (2,2,1,1,1,1). The number of edges in G must satisfy
the following equation. (This equation counts the number of

edges by counting the number of faces.)

NOTATION: P" = the i-gons that are not counted in the
i

above face vector.

3IV(G): = 21E(G): = E: kP , (4.5.1)
X2 k

which in this example implies that,

2€21) = 3(2) + 4C2) + 5C1) + 6C1) + 7C1) + 8(C1) + Z%l?'
o2 i

where 3 ( i £ 8. Hence, 42 = 40 + 2%1?' , which inmplies
(2: i

iPp* = 2. Hence P* = 0. Therefore, the face vector
i i

(2,2,1,1,1,1) does not satisfy the equation (4.5.1). Hence,

there is no universal graph G with 14 vertices.
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THEOREM 4.5.1: There are no unlversal graphs with more than

12 vertices.

PROOF: Suppose G is a universal graph, (V(G)! = n > 12
‘E(G)? = 3n/2, E(T)! = n-1, IEC(T’)! = n/2 + | = n,
(or n = 2m=2). Since G is a universal graph, there exist

spanning trees (T , T, ... ,T } of G such that
1 2 n

{r* , T™ , ... , T” }) realize all cycle partitions,
1 2 n

cycle/path partitions and path partitions of (n/2 + 1), and
each partition has no more then (n/2 - 1) parts. As
previously shown, there is no universal graph with 14
vertices. Assume n ) 14 and m > 8. Then Im/3J) ) 2 and

Lm/4) > 2, which means ¢ 2 2 and ¢ 2 2. That is, there
3 4

are at least 2 cycles of length 3 and 2 cycles of length 4
in the cycle/path partitions. The following Is a partial
list of cycle partitions and cycle/path partitions. (For

this proof, the path partitions are not needed.)

Bartitiops: Corresponding _faces_in._G
Id)Cycle partition: (m) P =1
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II) Cycle/path partitions: ((m-1)/1) P = 1
n-1

((m-2)/2) P = ]
mn-2

((m=-3>/3) P = 1
-3

P = 2 when m 2 2Kk.
k

(4,4/m-8) P =2
(3,3/m-6) P = 2

Equation 4.5.1 counts the edges of G by counting the number
of faces, where the face vector satisfies equation 4.5.1.
Thus, we have

2:E(G): = Egk? , Which implies (4.5.1)
: k

3n

2(3) + 2¢4) + ... + (m=2) + (m=]) + (m) + ZZIP'
« 2 l

(m) + (m=1) + (m=2) + ... + 2C(4) + 2(3) + I%lP'
(%3 ‘

Since = 1iP* 2 0

3n 2 (m) + (n-1) + (m=-2) + ... + 4 + 3 + 4 + 3
7

m-3
3(2mr=2) > m + = (m-3) + 7

J2t

1i-3 ni-3
2 M+ =m- >=3§ +7

12 421

2+ m(m=3) - [(m-3)(m-2)/2]) + 7
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(This Is the sum of n positive integers, i.e.,

=1 =(nn+1>1/2.)

A
2
3(2m=-2) 2 (m + m + B)/2

2
1lm 2 m + 20

2
For m > 8, tim } m + 20. Therefore, equation (4.5.1) is

not satisfied. Hence, there are no universal graphs with

more than 12 vertices. @.E.D.

SUMMARY: 1If G Is a universal graph, then G has a set of

spanning trees (T , T, ... , T )}, such that
1 2 n

(T’ , T, ..., T'" ) realizes all three types of partitions
1 2 n

of !V(G)! 4 1. Theorem 4.5.1 showed that there are no
universal graphs with more than 12 vertices. [s there a
universal graph for cycles with more than 12 vertices?

Section 4.6 provides an answer.

4.6: UNIVERSAL GRAPHS FOR CYCLES

DEFINITION: G is a universal graph for cycles, denoted by
c-graph, If G has a set of spanning trees whose complement

realizes all cycle partitions.
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If G is a universal graph, then G is also a universal
graph for cycles (c-graph). However, if G is a c-graph,
then G Is not necessarily a universal graph. For example,
there is no universal graph with 14 vertices, but there is a

c-graph with 14 vertices. See Appendix A.

THEOREM 4.6.1: If G is a c-graph and T is a spanning tree
of G such that T’ realizes the cycle partition

q=¢ ,s8 ,...,8 ) of IV(G)i/2 + 1, then k ¢ IV(G):/2 - 1.
12 K

PROOF: E(T’)>: = !V(G)!{/2 + 1. The smallest cycle in T’ is
a cycle of length 3. Therefore, the maximum number of
cycles in T’ is LIE(T’)>!/3)J. Hence, the number of cycles in
T’ is less than or equal to LIECT?)>:/3) = LCIV(G)! + 2)/6].
Since the length of each cycle is represented by a part of
the partition g which has k terms, then k £ (I1V(G): + 2)/6.

Therefore, k < V(G)i/2 - 1, for all IV(G): 2 4. Q.E.D.

The following example shows a typical situation.
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EXAMPLE: In Figure 4.6.1, IV(G): = 14, E(G)!: = 21,

IECT)! = 13, IECT*): = 1V(G)!/2 + 1 = 8., Kk <€ 6.

Cycle_partitions: Corresponding_faces:

a) (8) P =1
8
b)Y  (5,3) P =1, P =1
5 3
c) (4,4 P = 2
4
(a) (b) (c)

N

< b5 D

Figure 4.6.1

There are universal graphs for less than 14 vertices.
The previous example showed that there is a c-graph for 14
vertices. Theorem 4.6.2 proves that there are no c-graphs
with 16, 18 and 20 vertices. Theorem 4.6.3 proves that
there are no c-graphs with more than 20 vertices. The

proofs are based on the face vectors of the graphs.



THEOREM 4.6.2 There are no c-graphs with 16, 18 and 20

vertices.

CASE I: Suppose there is a graph with (V(G): = 16,

{E(GY! = 24, E(T)! = 15, (E(T’)! = 9.
Cycles_partitions: Corresponding._faces
9) P =1
9
6,3) P =1, P =1
6 3
(5,4 P =1, P =1
5 4
(3,3,3) P =3
3
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G must contain 3-P , 1-P . I-P , 1-P , and 1-P and the face

3 4 5 6 9
vector of G must satisfy equations (4.5.1) and equation

(4.6.1). Thus,

(NOTATION: P*" = number of K-gonal faces that is not
k

corresponding to the cycle partitions.)

2:E(G) !

K>3 K

3(3)44C1)+ 5C1)+6(1)4+9C1)+ Z%iP‘
(37 i

and 48 33 + = {pP"

¢23 i

= kP (4.5.1)
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Therefore, Z%lP' = 15 (4.5.1a)
(4 i

3P +2P +P =12 + = (k-6)P (4.6.1)
3 a 5 nre K

(4.6.1) i{s the Euler eguation.

The maximum number of P In G is 3, since only 3-P are
3 3

needed for realizing C = 3. If there are more P , then any
3 3

extra P will be in the spanning tree. This is a
3

contradiction because spanning trees can not have a cycle.
Therefore, there are 3 possible solutions for both equations
(4.5.1a) and (4.6.1). Each solution plus the correépondlng
faces of the cycles form the face vector of G as in the

following:

*
NOTATION: P =P + P
K k k
a) SOLUTION: P* =1, P* =1 and P* = 1.
4 5 6
x * * * b
FACE VECTOR OF G: P =3, P =2, P =2,P =2,P =1
3 4 5 6 9
i.e ¢(3,2,2,2,0,0,1) (4.6.2)
b> SOLUTION: P* = 3.
5
* * * X *x
FACE VECTOROF G: P =3, P =1, P =4, P =1, P =1
3 4 5 6 9

f.e. ¢(3,1,4,1,0,0,1) (4.6.3)
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c) SOLUTION: P" = 2, P° = 1.
4 7
* * * 4 * *
FACE VECTOR OF G: P =3, P =3, P ={, P =1,P =1,P =1
3 4 5 6 7 9
i.e. (3,3,1,1,1,0,1) (4.6.4)

Now we will show that there are no c-graphs with face
vectors (4.6.2), (4.6.3) or (4.6.4), which implies there is
no c-graph with 16 vertices. i.e. There is no 3-valent
3-connected polytopal graph with 4 spanning trees,

{T : 1 ¢ i £ 4}, such that each T’ realizes a different
i i

cycle partition. The proof is as follows:

*
(a) To realize c =1, P must be adjacent to 3 triangles,
9 9

(There are 3 triangles in the face vector (4.6.2.).

Otherwise, there is no spanning tree T such that T’
i i

realizes ¢ = 1. (That is, a triangle would have been in
9
*
T .) Hence, P is incident to 3 of the 9 edges of the 3
i 9

triangles.

*

Similarly, to realize ¢ = 1 andc =1, P must be
6 3 6

adjacent to 2 triangles for the same reason as In (a).
*

Hence, P is fncident to 2 of the 9 edges of the 3
6

triangles.
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%
Similarly, to realize ¢ =] andc =1, either P is
5 4 5
%
adjacent to 2 trlangles and P is adjacent to 1 triangle,
4
% %
or P is adjacaent to | triangle and P is adjacent to 2
5 4
% *
triangles. In either case, P and P together are
5 4

incident to 3 of the 9 edges of the 3 triangles.

* * * *
Therefore, the 1-P , 1-P , 1-P and 1-P are incident
9 6 5 4

to 8 of the 9 edges of the 3 triangles. Since there are

* % %
2-p , 2-P , and 2-p in the face vector (4.6.2), there
4 5 6
* * X
must be a P , P , or P which is not adjacent to a
4 5 6

triangle. Therefore, I{f T 18 a spanning tree of G such
1

that T’ realizes ¢ = 3, then T must contain a cycle,
1 3 |

which is a contradiction. T can not have a cycle.
1

Therefore, there Is no universal graph for cycles with 16

vertices and the face vector (4.6.2).
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(b) The proof for (b)) is similar to the proof for (a).

To realize ¢ = 1; ¢ = 1 andc = 1; ¢c=1andc =1, the
9 3 6 4 5
* * % *
i1-p , 1-P , 1-P and 1-P together must be Incident to 8
9 6 5 4
*
of the 9 edges of the 3 triangles. Since there are 4-P in
5
*
the face vector (4.6.3), there must be a P which is not
5

adjacent to any triangle. If T 1Is a spanning tree of G
1

such that T’ realizes ¢ = 3, then T must contain a cycle,
1 3 1
*
namely the boundary of a P . That Is a contradiction
5

since T can not have a cycle. Therefore, there is no
]

universal graph for cycles with 16 vertices and the face

vector (4.6.3).

(c) The proof for (c) is also similar to the proof for (a).

To reazlize ¢ = 1; ¢ =1 andc¢c = 1; ¢c =1 and c = 1; the
9 3 6 q 5
* * % %
ti-p , 1-p , 1-P and 1-P together must be incident to 8
9 6 5 4
*
of the 9 edges of the 3 trlangles. Since there are 3-P in
4
*
the face vector (4.6.4), one of the P is not adjacent to
4

any triangle. Therefore, if T 1is a spanning tree of G such
1
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that T* realizes ¢ = 3, then T wmust contaln a cycle,
1 3 1
namely, the boundary of a P . That is a contradiction
4
since T can not have a cycle. Therefore, there is no

1
universal graph for cycles with 16 vertices and the face
vector (4.6.4).
Since none of the three face vectors of G are the face
vector of the c-graph with 16 vertices, there are no
c-graphs with 16 vertices. The proof for cases of 18 and 20

vertices are similar, and they are shown in pl62 - plé68.

CASE Il: Suppose there is a c-graph G with 18 vertices,

'V(G)! = 18, IEC(G): = 27, !E(TY! = 17, !E(T*): = 10.
Cycle_partitions: Corresponding_faces:
(10) P = 1
10
7,3 P =1, P =1
7 3
6,4 P =1, P =1
6 4
5,5) P =2
5
(3,3,4) P =2,P =1
3 4

G contains 2-P , 1-Pp , 2-P , 1-P , 1-P and 1-P , and the
3 4 5 6 7 10

face vector of G must satisfy equations (4.5.1) and (4.6.1):

= KP (4.5.1)
K3

2:E(G):

3(2)+44C1)+5(2)46 (1) +T7C1)+10C1)+ =|{P"
i
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54 = 43 + —— |P"
73 i

Therefore, E%ip‘ = 11 (4.5.1b)
€

i
+ 2P +P =12 + = (k-6)P (4.6.1)
3 4 5 Koo K

and 3P

There are two possible solutions for equations (4.5.1b) and

(4.6.1).

cycles form the face

Each solution plus the corresponding faces of the

vector of G as in the following:

a) SOLUTION: P" =2, P° = |
3 5
* X * * * *
FACE VECTOR OF G: P =4, P =1, P =3,P =1 P =1,P =1
3 4 5 6 7 10
i.e., (4,1,3,1,1,0,0,1) (4.6.5)
b)> SOLUTION: P° =1, P* = 2
3 4
* * * * * x
FACE VECTOR OF G: P =3, P =3, P =2,P =1,P =1,P =l
3 4 5 6 7 10
f.e., ¢3,3,2,1,1,0,0,1) (4.6.6)

Now we will show that there are no c-graphs with

and the face vector (4.6.5),

vector (4.6.6). i

polytopal graph with 5 spanning trees,

that each T’
i

proofs follow:

To realize ¢ =
10

a)

triangles.

the 4 triangles.

.e.

realizes a different cycle partition.

1, P

Hence, P

18 vertices
or 18 vertices and the face

is no 3-valent 3-connected

1 <1 £ 5),

There

(T : such

i
The

*
must be adjacent to all 4
10

is Iincident to 4 of the 12 edges of
10
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*
To realize ¢ =1 and ¢ =1, P must be adjacent to 3
7 3 7
%
triangles. Hence, P is Incident to 3 of the 12 edges of
7

the 4 triangles.

* *
{f andc =1, P and P together amust

6 4 6 4
* *

be adjacent to all 4 triangles. Hence, P and P are
6 4

To realize c

incident to 4 of the 12 edges of the 4 trliangles.

To realize ¢ = 2, both P together must be adjacent to
5 5

one edge of each triangle. Hence, they are incident to 4 of
the 12 edges of the 4 trlangles.
% * * * *
Therefore, the 1-P , 1-P , 1-Pp , =P and 2-P
10 7 6 4 5
are lncident to 15 of the 12 edges of the 4 triangles. This

is not possible. Hence, there are no c-graphs with 18

vertices and the face vector (4.6.5).

b) The proof for (b) is similar to the proof for (a).

*
To realize c =1, P must be adjacent to all 3
10 10
%
triangles. Hence, P is Incident to 3 of the 9 edges of
10

the 3 triangles.
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*
To realize ¢ =} and c =1, P must be adjacent to 2
7 3 7
*
triangles. Hence, P is Incident to 2 of the 9 edges of
7

the 3 triangles.

* %
To reallze ¢ =1 andc =1, P and P together must
6 4 6 4
% x

be adjacent to all 3 trlangles. Hence, P and P are
6 4
incident to 3 of the 9 edges of the 3 trlangles.

To realize ¢ = 2, both P together must be adjacent to
5 5

one edge of each triangle. Hence, they are incident to 3 of

the 9 edges of the 3 trlangles.
% * % % %
Therefore, the 1-P , 1-Pp , 1-P , 1-P and 2-P
10 7 6 4 5
are incident to 11 edges of 9 of the 3 triangles. This is

not possible. Hence, there are no c-graphs with 18 vertices

and the face vector (4.6.6).

Since both face vectors are not the face vectors of a
c-graph with 18 vertices, there are no c-graphs with 18

vertices.
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CASE Il1I: There are also no c-graphs with 20 vertices. The
proof is similar to cases where (V(G): = 16 and

V(G)! = 18,

Suppose there is a c-graph G with 20 vertices,

'V(G) ! = 20, 'EC(G)! = 30, (E(T)! = 19, IE(T*)! = 11.
Cycle partitions: Corresponding_faces.:
an P = 1
11
(8,3) P =1, P =1
8 3
7,4) P =1, P =1
7 4
€6,5) P =1, P =1
6 5
4,4,3) P =2,P =1
4 3
(3,3,5) P =2 P =1
3 5

G must contaln 2-Pp , 2-Pp , 1-P , |-P , 1-P , 1-P , 1-P ,
3 4 5 6 7 8 11

and the face vector of G must satisfy both equations (4.5.1)
and (4.6.1).

= kP (4.5.1)
K35 k

2:E(G):

302)44C2)45C1)+6(1)+7C1)+8C(1)+11(C1)+ ZilP‘
%4 {

60 = 51 + =I|P"
23 l

Therefore, — iP®" = 9 (4.5.1c)
02t i
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3P + 2P +P =12 + T (k=6)P (4.6.1)

There is only one possible solution for both equations
(4.5.1c) and (4.6.1). Each solution plus the corresponding

faces of the cycles from the face vector of G as in the

following:
a) SOLUTION: PpP- =3
3
% % * % * * *
FACE VECTOR OF G: P =5,P =2,P =1,P =1,P =},P =1,P =1
3 4 o] 6 7 8 11
f.e ¢5,2,1,1,1,1,0,0,1) (4.6.7)

There Is no universal graph for cycles with 20 vertices
having the face vector (4.6.7). 1{.e. There 18 no 3-valent
3-connected polytopal graph with 6 spanning trees,

{T : 1 ({ € 6}, such that each T’ realizes a different
i i

cycle partition. The proof s similar to the proofs for 16
and 18 vertices.

*
a) To realize c =1, P must be adjacent to all 5
11 11
*
triangles. Hence, P is incident to 5 of the 15 edges of
11

the 5 triangles.

%
To realize ¢ =1 andc =1, P must be adjacent to 4
8 3 8
*
triangles. Hence, P is incident to 4 of the 15 edges of
8

the 5 triangles.



168

* *
To realize ¢ =1 andec =1, P and P together must
7 4 7 4
* *

be adjacent to all 5 triangles. Hence, P and P are
7 4

incident to 5 of the 15 edges of the 5 triangles.
* *
To realize ¢ =1 andc =1, P and P together must

6 5 6 5
* *

be adjacent to all 5 triangles. Hence, P and P are
6 5

incident to 5 of the 15 edges of the 5 triangles.

* * * * *
Therefore, the 1-P , 1-p , 1-Pp , 1-P , 1-P and
11 8 7 6 5
X
1-P are incident to 19 of the 15 edges of the 5
4
triangles. This is not possible. Hence, there are no
c-graphs with 20 vertices and the face vector (4.6.7).

Therefore, there are no c-graphs with 20 vertices. Q.E.D.

Theorem 4.6.2 shows that there are no c-graphs with 16,
18 and 20 vertices. The proofs are based on the face
structure of the graphs themselves. The proof for the case
of more than 20 vertices is by contradiction based on the
fact that the face vector of every graph G must satisfy

equation (4.5.1).

THEOREM 4.6.3: There are no c-graphs with more than 20.

vertices.
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PROOF: As shown previously, there is no c-graph G If
IV(G)! = 16, 18 or 20. Assume V(G): = n 2 22,
‘E<G)! = 3n/2 2 33, E(T)! = n -1 2 2%,

'ECT’)! = n/2 +{ = m 2 12, ({,e., n = 2m=-2).

I1f G is a c-graph, then G has a set of spanning trees (T ,
1

T, ...T } such that (T” , T2, ... , T’ } realizes all the
2 n 1 2 n

cycle partitions of m. The following table is a partial

list of the cycle partitions and their corresponding faces.

Cycle _partitions: Corresponding._faces:
n) _ P =1
m
(n-3,3) P =1, P =1
n-3 3
(n-4,4) P =1, P =1
n-4 4

(P = 2 when m-2k # | or 2.) .

K

(6,6,m-12) P =2, P = 1
6 m-12

(5,5,m-5) P =2, P = 1
5 n=-5

(4,4,4,m-12) P =3, P = |
4 n-12

(3,3,3,3,m-12) P =4, P = |
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G must contain 4-p , 3-P , 2-P , 2-P, ..., 1-P , 1-P ,
3 4 5 6 m-4 n-3
and 1-P . Count the number of edges of G by counting the
m
number of faces. That |s,
2!E(G): = = kP Hence, (4.5.1)
K),3 k

40(3)+43(4)+42(5)42(6)+ ... +(m=-4)+(m-3)+(m)+ E%jP'

3
and 3n = m+(m=3)+(n=-4)+ ... +6(2)+5(2)+3(4)+4(3) + 2%5?'
42 j
Since = jP" 2 O,
_,;3 ’
3n 2 m 4 [(m=3)+(m=-4)+ ... +645+4443) + [645+2(4)+3(3)]

Y

-3
2 m o+ E%(n-l) + 28, since n = 2m-2,
2

Using n = 2m-2, we get

-3 731-3
3(2m=2) 2 m + = m - =T | + 28
23 t23

\,

2 m+ [(m(m-3) - 2m) - [((m=-3)(m=-2)/2 - 3) + 28

2 2
6m-6 2 m - 4m - {((m - 5m)/2) + 28

2
I2m=12 2> m - 3m + 56

2
15m 2 m  + 56

2
For all m 2 12, I5a 2 m + 56. Therefore, there are no

universal graphs for cycles with 22 or more vertices.
Heace, there are no universal graphs with more than 20

vertices. Q.E.D.
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SUMMARY: Section 4.6 proved that there are no c-graphs
(universal graphs for cycles) with more than 14 vertices.
Section 4.7 answers the questions: Are there c/p-graphs
(universal graphs for cycle/path) with more than 14

vertices? Moreover, is there a c/p-graph with 14 vertices?

4.7: UNIVERSAL GRAPHS FOR CYCLES/PATHS

This section defines a c/p-graph and proves that all
c/p-graphs satlisfy the condition k  I1V(G)i/2 - 1, and that

there is no c/p-graph with more than 14 vertices.

DEFINITION: G is a universal graph for cycle/path, denoted
by c/p-graph, if G is a 3-valent 3-connected plane graph
with a set of spanning trees such that its complement

realizes all cycle/path partitions of V(G):/2 + |.

NOTE: A cycle/path partition of iV(G)i/2 + | contalns at

least one cycle.

THEOREM 4.7.1: If G is a c/p-graph and T is a spanning tree
of G such that T’ realizes the cycle/path partition

q=¢, s, ... , s5), of {ECT’)!, then k § V(G)>:i/2 - 1.
1 2 k
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PROOF: The smallest cycle is of length 3. If there is only
one cycle in T’ and it is of length 3, then the maximum
number of paths in T’ is (IE(T’)! - 3), l.e. every path In
T’ Is a path of length 1. Since each part of the cycle/path
partition represents the length of a cycle or a path, the
number of parts in the partition q is less than or equal to
(1 + (ECT*)>! - 3). That is,

k 1 + IEXT?’): - 3

€1 + (IV(G)i/2 + 1) - 3
Therefore, k ¢ 1V(G):i/2 - 1. Q.E.D.

If G is any 3-valent 3-connected plane graph, then for
any cycle/path partition of (iV(G):i/2 + 1), the number of
parts in the partition Is always less than or equal to
(IV(GYi/2 - 1), If 1V(G): = 14, IECG)! = 21, !E(T’>: = 8,
then V(G):i/2 - 1 = 6. There is a c/p-graph with 14
vertices. The complete list of cycle/path partitions of 8
and the spanning trees of G, whose complements realize these

partitions, are in the Appendix A.

THEOREM 4.7.2: There are no c/p-graphs with 16 vertices.

The proof will be based on the structure of the graph.
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PROOF: If G Is a c/p-graph with IV(G): = 16, (E(G): = 24,

and (E(T’)! = 9, then G has a set of spanning trees

(T , T, ... , TY) such that (T , T” , ..., T" ) reallizes
1 2 n 1 2 n

all cycle/path partitions of 9. The following table

contains a partial list of cycle/path partitions.

Cycle/path _partitions: Corresponding_faces:
(8/1) P =1
8
€7/2), (7/1,1) P =1
7
(6/3), (6/2,1) ... P =1
6
(5/4), (5/3,1) ... P =1
5
(4,4/1) P =2
4
(4/5), (4/4,1) ... P =1
4
(4,3/2), €(4,3/1,1) P =1,P =1
4 3
(3,3/3), €¢3,3/2,1) ... P =2
3
(3/6), ¢3/5,1) ... P =1
3

The c/p-graph G must contains 2-p , 2-P , t-P , 1-P , 1-P ,
3 4 5 6 7

1-P , and the face vector of G must satisfy equations
8

(4.5.1d) and (4.6.1).



174

2:E(G) (4.5.1)

]
A
i/
x
e}

= 302)44(2)45C1)+46(C1)Y+7(1)+8(1)+ 'E%i?'
(%A i

48 = 40 + = ipP"
[53 i

Therefore, E%l?' = 8 (4.5.14)
(A i
3P + 2P + P =12 + > (k-6)P (4.6.1)
3 4 5 K26 k

There are two possible solutions for both equations (4.5.1d)

and (4.6.1). The face vector of G consists of these

solutions and the corresponding faces for the cycles. They

are:

a)

b)

SOLUTION: P" = | and P* =1

3 5
* * * * % x

FACE VECTOR OF G: P =3, P =2, P =2,P =1,P ={,P =i
3 4 5 6 7 8

l.e. ¢3,2,2,1,1,1) 4.7.1)

SOLUTION: P" = 2
4
* *x * x * x
FACE VECTOR OF G: P =2, P =4, P ={,P =]1,P =|,P =]
3 4 ] 6 7 8

f.e. (2,4,1,1,1,1) (4.7.2)
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There is no c/p-graph with 16 vertices and the face vector
(4.7.1) or 16 vertices and the face vector (4.7.2). |.e.
There iIs no 3-valent 3-connected polytopal graph with 9

spanning trees, (T : I {1  9), such that each T’ realizes
i

a different cycle/path partition. The proofs follow:

a) If G is a c/p-graph with 16 vertices and the face vector
(4.7.1), then the following must be in the face struture of
G. Otherwise, there i1s no spanning tree since there are

only 2-P and both are used to realize partition (4,4,/1):

4
*
1> The two P are not adjacent, Jﬁ
4
See Figure 4.7.1. Figure 4.7.1
%
2) The two P are not as in
4

Figure 4.7.2. (Otherwise,

c =2and |1 =1 is not
4 1

realizable.) See Figure 4.7.2. Figure 4.7.2

*
3) Each P is not incident to
4
two triangles. C
See Figure 4.7.3. Figure 4.7.3

4) G must contain three triangles.
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If G has 16 vertlices and satlsfles the conditions listed

above, then G must contain subgraph H:

>

Figure 4.7.4

H:

Since there are 14 vertices In H, the remaining 2 vertices

* *
are not sufficlent to construct the remaining 2-p , 1-P ,
5 6
*
and |-P . Therefore, there is no c/p-graph for 16 vertices
8

with face vector (4.7.1)

The proof for (b) is similar to the proof for (a).

b> SOLUTION: P" = 2
4
x * * x * *
FACE VECTOR OF G: P =2, P =4, P =],P =1,P =|,P =]
3 4 5 6 7 8

i.e. €(2,4,1,1,1,1) €4.7.2)

If G is a c/p~graph with 16 vertices and face vector
%

(4.7.2), then there must be at least 2-p in the face
4

struture of G satisfying the 4 conditions listed below.

Otherwise, there is no spanning tree.
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*
1) There are 2-P which are not adjacent.
4
*
2) There are 2-P which are not as in Figure 4.7.2.
4
*
3) One of the P which realizes a cycle of length 4
4

must be adjacent to one triangle. Otherwise, the
partition (4,3/2) is not realizable since there are

* *
4-P and 2-P in G.
4 3
*
4) The 2-P which realize
4

c = 2 cannot be as in
4

Figure 4.7.5. T is not connected.
Figure 4.7.5
If G satisfies the 4 conditions above, then G must contain
subgraph H:
H:

Note: F and F are not
1 2

vy
gl

incident to the same edges.
Figure 4.7.6
Since there are 14 vertices in H, the remaining 2 vertices
* *
are not sufficient to construct the remaining 1-P , 1-P ,

3 5

1-P , 1-P . Therefore, there is no c/p-graph with 16

vertices and face vector (4.7.2).
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Since neither face vector is the face vector of a
c/p-graph with 16 vertices, there are no c/p graphs with 16

vertices. Q.E.D.

Theorem 4.7.3 shows that there are no c/p-graphs with
more then 16 vertices. The proof is by contradiction
similar to the proof of the universal graph for more than 12

vertices.

THEOREM 4.7.3: There are no c/p-graphs with more than 16

vertices.

PROOF: As shown previously, there is no c/p-graph with 16
vertices. Assume (V(G)!: = n ) 18,IE(G)! = 3n/2,

‘ECTY)! = n =1, IECT’)! = n/2 +41 = m 2 10 (i.e., n = 2m =2),.
If G Is a c/p-graph, then G has set of spanning trees

(T , T, ... , T) such that (T* , T* , ... , T’ )} realizes
1 2 n 1 2 n

all the cycles in the cycle/path partitions of m. The
following table contains a partial list of the cycle/path

partitions and their corresponding faces of the cycles.

Cycle/path_partitions: Corresponding _faces:
(m) P =1
m
(m=1/1) P = 1
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(mn-2/2) P = 1

(P =2 when m22k.)

k
(5,5/m=-10) P = 2
5
(4,4/m-8) P = 2
4
(3,3,3/m-9) P =3
3
G must contain 3-P , 2-P , 2P, ... , 1-P , 1-P , 1-P .
3 4 5 m-2 m-1 n

Count the number of edges of G by counting the number of
face=. That is,

= kP (4.5.1)
n23 k

2:E(G)}

= 3(3)+44(2)+5(2)+ ... +(n=-2)4(m~1)+ ZSJP'
22 3

= (m-1)+(m=2)+ ... +5C2)44(2)+3(3)+ %JP'
J? 3

3n = ((m-1)+(m~-2)+ ... +544+3)14(54+4+3(2)1+ %JP'
J v j

Since = jP* 2 O,
J23 3

wm-3
3n 2 =(mn ~ ) + 15

(31

m-3 -3
3(2m=2) 2 = m - S>"1 4+ 15

ez il

6m -~ 6 2 m(m=-3) - ((m-3)(m-2)/2) + 15
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2
12m - 122 m - m + 24

2
13m 2 m + 36

2
For all m 2 10, 13m 2 m + 36. Therefore, there are no

c/p-graphs with more then 16 vertices. Hence, there are no

c/p-graphs with more than 14 vertices. Q.E.D.

In section 4.5 we saw that there is no universal graph
with more than 12 vertices. Section 4.6 showed that there
fs no universal graph for the cycle partitions (c-graph)
with more than 14 vertices. If G is a c-graph, then G is
not necessarily a unliversal graph. Section 4.7 showed that
there is no universal graph for cycle/path partition
(c/p-graph) with more than 14 vertices. If G is a
c/p-graph, then G is not necessarily a universal graph.
Section 4.8 shows the necessary conditions for a 3-valent
3-connected plane graph to be a unliversal graph for path

partitions (up-graph).

4.8 NECESSARY CONDITIONS FOR UP-GRAPHS

DEFINITION: G Is a universal graph for paths, called an

up-graph, if G has a set of spanning trees, (T ,T ,...,T ),
1 2 n

whose complement realizes all the path partitions of

(IV(GY1/72 + 1).
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NOTE: T is a spanning tree of an up-graph G if T’ realizes
a path partition of (IV(G)!/2 + 1), i.e. T’ contains no

cycles.

I1f T is any spanning tree of G, then T’ can contain
only paths, paths and cycles, or only cycles. If T’
contains paths and cycles or only cycles, then it can be

resolved into a spanning tree T , such that T’ contains
P P

only paths. Hence, every graph G contains a spanning tree

T , such that T’ consists of only paths. Theorem 4.8.1
p P

shows a construction of T
P

THEOREM 4.8.1: 1If T is any spanning tree of G, then T can

be modified to a spanning tree T of G such that T’
p p

realizes a path vector q = (s , s, ... , s ), where
i 2 k

k € 1V(G)!/2 - 1, and q is a partition of V(G)i/2 + 1.

PROOF: If T is any spanning tree of G, then
VETY: = IV(G) L, TEBC(TY) = IV(G)! - 1| and

tECT?)! = V(G)i/2 + 1. T’ consists of either
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I> only paths or
11> cycles and paths or

III>) only cycles.

CASE I: 1If T’ consists of only paths, and theilr lengths are

s , s, ... , 5 , then s = (V(G):/2 + |. Since
1 2 k L
‘ECT?)) = 1V(G):/2 + 1, the vector (s , s, ... , s ) ls a
1 2 k
partition of 1V(G):/2 + |. Let T = T. Thus, T’ realizes
P P

the vector q.

CASE I1: 1If T’ consists of paths and cycles, then change

the cycles into paths as follows:

Let s , s, ... ,s be the lengths of the paths and let c ,
1 2 m 1

c, ... , c be the lengths of the cycles. Then
2 n

= s + S c = IV(G)I/2 + 1.
T | _,23"

Let F be the face whose boundary is c ,
f f

for 1 ¢ f { n. Since ¢ 1is in T’, all
f

the vertices on the cycle ¢ are
f

l1-valent vertices of T, and every face

which is adjacent to F has at least 2 Figure 4.8.1
f

edges in T. (See Figure 4.8.1). Since G is a 3-valent
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graph, there are two adjacent faces, F and E;, which are
also adjacent to F such that the following Is true:
f

1Y F , 51 and F, are incident to a vertex u and

£ 73
2) u is adjacent to vertex v, where uv is a common
edge of b(F ) and b(gg).
Since u is on ¢ , the edge uv must be in T. Therefore, v
f
can not be a 1-valent vertex of T. <(Otherwise, T is not a
spanning tree, since uv would have been an isolated edge.)

Let e be the edge on c N b(F ) incident to u. Exchange an
f

edge of T with an edge of T’ by adding e to T and deleting

uv from T. Thus uv is now in T’. Hence, ¢ 1is no longer a
f

cycle. Since every face which is adjacent to F has at
f

least 2 edges in T which touch F , (otherwise T is not a
f

spanning tree of G), this process did not create new

cycles. Let T =T - {(uv) Ue. T 1is connected and
| 1

tVCT d1 = IV(T)! = 1V(G):. Since T 1is the tree resulting
1 1

from exchanging an edge of T and T’, Tl is a spanning tree

of G. This process can be repeated (m-1) times to remove
the rest of the (m-1) cycles. Call the resulting spanning

tree T , where T’ <consists of only paths, and let T = T
m n p m

Then T’ realizes the vector q.
P
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CASE IIl: T’ consists of only cycles.

Follow the proof of case II to remove all cycles. Let T be
P

the new spanning tree. T consists of paths only, and the
P

length is represented by the parts of a partition of

tE(T’):. @Q.E.D.
NOTE: In the process of destroying cycles one at a time, a
new path which Is created by destroying a cycle, may

coalesce with an existing path to form a longer path.

EXAMPLE: This example i{llustrates the proof of the Theorenm

4.8.1, Case 11I.

T’ has a cycle of length 7 T’ has a path of length 7,
i 2

and a cycle of length 3. a path of length 3, and
no cycles.

Figure 4.8.2
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Not all 3-valent 3-connected plane graphs are
up-graphs. Section 4.3 showed a necessary condition for G
to have a spanning tree T, such that T’ realizes a partition
of (iV(G)!{/2 4+ 1), namely the number of parts in the
partition can not exceed (iV(G):i/2 - 1). In order to
realize the partition with (iV(G):i/2 - 1) parts, G must have
a joinable hamilton path. Theorem 4.8.2 shows that If G has
a hamilton cycle, then G has a joinable hamilton path.

Since each path in T’ must end at a 2-valent vertex of T,
the number of paths in T’ depends on the number of 2-valent

vertices of T. Remark 4.8.1 shows the maximum number of t
2

and minimum number of ¢t
2

DEFINITION: A hamilton path (HP) of G is a path that

contains every vertex of G.

DEFINITION: A hamilton path of G is joinable {f the end

points of the hamilton path are incident to the same edge.

DEFINITION: A hamilton path of G is non-joinable if the end

points of the path are not incident to the same edge.

DEFINITION: A hamilton cycle (HC) of G is a cycle that

contains every vertex of G.
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THEOREM 4.8.2: Let G be a 3-valent 3-connected plane graph.

(G # K .) If G has a joinable hamilton path, then G has a
4

non-joinable hamilton path.

PROOF OF THEOREM 4.8.2: Assume that G has a joinable

hamilton path T which Is also a spanning tree G. Label the

vertices of Tby v , v , ... , v as in Figure 4.8.3.
1 2 n

Figure 4.8.3

There exists a vertex v adjacent to v such that the edge
i n

vv Isnot in T. Since v 1is adjacent to v and v , v
in i 2 n 1

cannot be adjacent to both v and v
i-1 i+1

a) If v 1is not adjacent to v , then add edges (v v ) to
| i+1 i n

T. Hence, T U (v v )} has a cycle, namely v v v cee V.,
in n i t+1 n

Let T =TU({(vvwvy})-(vy }. (See PFligure 4.8.4(a).)> T
1 in i 1+1 1

is a spanning tree of G, since T has no cycles and V(T )!
1 1

= IV(G)!. Therefore, T |s a non-joinable hamilton path.
1
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Figure 4.8.4(a)

b) If v 1is adjacent to v , then add edges (v v } to T.
1 i+1 I n

T U ({(vv ) has a cycle, namely v v ...v v . Delete edges
I n 1 2 n 1

{v v )} from the cycle. Let T =T U (v v } = (v v ).
i-1 1 2 1 n i-1 1

(See Figure 4.8.4(b).) T 1{is a spanning tree of G, since T

2 2
has no cycles and V(T )! = I1V(G)!. T 1is a new joinable
2 2
hamilton path.
T =vuv ce sV V. V L.V
2 I 1+1 nl 2 -1

Figure 4.8.4(b)

If v is adjacent to v , where 1 ¢ r ¢ i-2, (Since G |s a
i-1 r

plane graph, v cannot be adjacent to v , where
i-1 S

I+] ¢ 8 <(n. See the note following the proof.),
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add edge (v v}YytoT. T U (v v } has a cycle, nanmely
i-t r 2 i-1 r

v vV v Y . Let T =T 0 (v v ) = HAv v ). T
f-1 r r+l -1 3 2 i-1 r r r+i 3

is a non-joinable hamilton path. See Figure 4.8.4(c).

Figure 4.8.4(c)

Therefore, if G has a joinable hamilton path, then G also

has a non-joinable hamilton path. Q.E.D.

NOTE: In the above proof, since G ia a plane graph, v
i-1

cannot be adjacent to v , where i+l ¢( s <n. Otherwise, edge
s

{v v ) intersects elther edge (v v } or edge (v v ).
i-1 s 1 1+1 in

(See Figure 4.8.4¢(d).)

: A T v, Reimbed G

-

Figure 4.8.4(d)

NOTE: Theorem 4.8.2 is false for non-planar graph.
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REMARK 4.8.1: K has a hamilton cycle and a joinable
3,3
hamilton path, but it can be shown to have no non-joinable

hamilton path.

The converse of theorem 4.8.2 iIs false as seen in
Figure 4.8.5, which is obtained by G. B. Faulkner in 1971

(H2). It has 42 vertices.

Figure 4.8.5
This graph has a non~joinable hamilton path. There |s

no joinable hamilton path and no hamilton cycle.
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Let G be a 3-valent 3-connected plane graph and T be
any spanning tree of G. Since every path in T’ must end
with two 2-valent vertices of T, the number of paths in T’

is equal t /2. Let (T ,T ,...,T ) be the set of spanning

2 1 2 K
trees of G, and let min-t = the smallest value of t ,
2 2
max-t = the largest value of t for the tree in this set.
2 2

There is a T , 1 ¢ i { n, such that T contains a min-t ,
i i 2

and there is a spanning tree T , 1| ¢ §j { n, such that T
3 b}

contains a max-t . In general, the min-t may not be 2, and

2 2
the max-t may not be IV(G)! - 2. Remark 4.8.2 shows the
2
necessary condition for max-t = V(G)! - 2.

2

REMARK 4.8.2: Let G be a 3-valent 3-connected plane graph,
a) If G is a hamiltonian graph, then let T be a

hamilton path in G. Hence the max-t (T) = (V(G)! - 2,
2

Since the number of paths In T’ is (iIV(G):i/2 - 1), T’
realizes the partition of {E(T’): which has (IV(G)i/2 - 1)

parts.

It is an NP-complete problem to decide whether or not a
graph is a hamiltonian graph. If G does not have a jolnable

hamilton path, then one of the partitions with
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(IV(G)!/2 - 1) parts is not realizable. (See Lemma 4.9.4a.)
Therefore, it is probably difficult to decide whether or not

a general graph is a up-graph.

b> If G has a HIST, then t = 0; i.e., T’ contains

2
only cycles.
c) If G, (G # K ), has a spanning tree T with t = 2
4 2
and T’ contains only paths, then t = 2 is the min-t and T’
2 2
contains exactly one path.
Not every G has a spanning tree with min-t = 2. Peter

2
Joffe (J1] showed, (Theorem 4.8.3), that for a certain type

of graph, min-t = (V(G)!/3 - 2. This type of graph with
2

more than 12 vertices can not be an up-graph, since there is
no spanning tree whose complement realizes the partition

with one part.

*

THEOREM 4.8.3 (Joffe (J1)): If G 1is a plane 2-connected
3-valent graph with n vertices and if G is the plane

%
3-valent graph with 3n vertices which arises from G by
truncation of all its vertices, then G contains a spanning
tree T which has precisely IV(G)>!/3 - 2 vertices of
valence 2.
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By this result of Joffe, if G arises from a truncation
of a 3-valent 3-connected plane graph and T is any spanning
tree of G, then (IV(G)i/3 - 2) is the minimum number of
2-valent vertices of T. If G does not arise from a
truncation of all its vertices, then (IV(G):/3 - 2) may not

be the minimum. (See the following example).

EXAMPLE: In Figure 4.8.6, G |s 3-valent 3-connected plane
graph and T is a spanning tree of G, with (V(G)! = 24. G is
not obtained from a truncation of a G:

3-valent graph since not every

vertex is adjacent to a trlangle.

‘V(G):/3 - 2 = 6 is

not the min-t . Min-t = 2.
2 2

Figure 4.8.6

Joffe showed a type of graph which can not be an
up-graph. In fact, 1f G does not have a spanning tree T

with min-t = 2, then G can not be an up-graph. Theoren
2

4.8.4 shows that {f G contalns more then one Figure B, then

min-t > 2.
2




Let the configuration in

Figure 4.8.7 be called Figure B.

Figure 4.8.7

THEOREM 4.8.4: If G is a 3-valent 3-connected plane graph
and G has n distinct Figure B’s as subgraphs, then for any

spanning tree T, t 2 2a.
2

NOTE: In the previous example (Figure 4.8.6), n = 1 and
t =2n = 2. 1f the n Figure B’s are not distinct, then

t < 2n can occur. See example after the proof.
2

PROOF: For every Figure B, label the vertices incident to

the triangles v , v , ... , v , and label the edges
1 2 12

incident to these vertices e , e , ... , & . These edges
1 2 9

are not on the boundary of a triangle. (See Fligure 4.8.8.)

CASE I: Let T be a spanning tree. For every Filgure B, at

most one of the three vertices (v , v , v } is a 3-valent
1 2 3

vertex of T and the others are l-valent vertices of T or

193
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2-valent vertices of T. If v or v |Is a 2-valent vertex of
1 3

T, then the proof is done and t 2 2. Let v be a 3-valent
2 2

vertex of T and (v , v ) be 1-valent vertices of T, then at
1 3

most one of the {v , v , v } is a 3-valent vertex of T. Let
7 8 9

v be a 3-valent vertex of T, then either v or v must be a
9 7 8

2-valent vertex of T, otherwise T is not connected. Since

t 1is even, (This Is proved in Theorem 2.5.3), there are at
2

least 2 2-valent vertices of T, l.e. t 2 2 for each Figure
2

B. Since the number of Figure B’s Is n, t 2 2n for G.
2

CASE II: [f v , v and v are all l-valent vertices of T,
1 2 3

(as in Figure 4.8.9) then the edges e , e , and e are in
1 2 3

T. Thus, v , v and v are either 2-valent vertices of T
6 9 10

or 3-valent vertices of T. (Otherwise, T is not a spanning

tree.) If they are 2-valent vertices of T, then t 2 2.
2

If they are 3-valent vertices of T, then one from each pair

of vertices (v , v}, (v , v }and (v , v } must be a
4 5 7 8 11 12

2-valent vertex of T, otherwise, T is not connected.

Therefore, t ) 2 for each Figure B. Since there are n
2

number of Figure B’s, t ) 2n for G. (See Figure 4.8.9).
2

Q.E.D.
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Figure 4.8.9
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If G contains n Figure B’s and the Figure B’s are not

distinct, then min-t } 2n. See the following example.

2
EXAMPLE: tV(G)!: = 20. G contalns 3 Figure B’s and they
are not distinct. wmin-t = 4,

2

ist Figure B consists of

triangles: 1, 4, 5, 6.

2nd Figure B consists of

triangles: 2, 3, 4, 5.

3rd Figure B consists of

triangles: 2, 3,4, 6.

Figure 4.8.10
There are 3 non-distinct Figure B’s,

yet there are only 4 2-valent vertices.

In summary, since the number of paths in T’ is t /2,
2

not all partitions of !E(T’)! can be realized by T’ in every

3-valent 3-connected plane graph G. The partitions of
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‘E(T’): and G must satisfy the following necessary

conditions for G to be an up-graph:

1) The partition q = (s , s , ... , s ) has fewer then
1 2 k

{E(T*)! - 2 parts. f.e. k £ V(G):/2 - 1. (4.8.1)

2) G has a spanning tree T such that

with t = (V(G)! - 2 and T is a joinable (4.8.2)
2

hamilton path. (Section 4.9 will show T’ realizes

the partition (3,1,...,1) or €(2,2,1,...,1).)

3) G has a spanning tree T with t = 2. (Section 4.9.
2

will show T’ consists of one path of length (4.8.3)
‘V(G)! + 1, 1l.e. T’ realizes the partition

(VG /2 +1, 0,...,00.)

Section 4.9 will show a type of 3-valent 3-polytopal
graphs with 2g (g > 2) vertices each containing a spanning

tree with t = 2 and a spanning tree with t = (V(G): - 2,
2 2

that G is an up-graph.
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4.9 UNIVERSAL GRAPHS FOR PATHS (UP-GRAPHS)

This section will show that there is an universal graph

for paths (up-graph) G with n vertices, where n 2 4.
n

Lemmas 4.9.2 and 4.9.3 prove that if G, a 3-valent
3-connected plane graph, has a hamilton cycle, then there
exists a spanning tree T such that T’ realizes partitions of
'ECT’) ) with 1V(G)1/2 - | parts. Lemma 4.9.4 proves that

there is also a spanning tree T such that T’ reallizes a
1 1

partition with (V(G):/2 - 2 parts. Theorem 4.9.5 shows that
a spanning tree T can be chosen so that every l-valent

vertex of T is adjacent to a 3-valent vertex of T.

The process of exchanging an edge of T with an edge of
T’ is defined as Operations S1 and S2, and this process is
based on Theorem 4.9.1. Operation S| and S2 are used

throughout section 4.9 to partition a path into 2 paths.

THEOREM 4.9.1: Let T be a spanning tree of a connected
graph G, and let e be an edge of G not in T. Then T + e
contains a unique cycle (proved in (BM1, p29])).
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QOperations_on_the_complement of a_spapning_tree T of G:
Given G with spanning tree T such that T’ consists of a path

u ,u ,...,u . Let x be a vertex which is adjacent to u ,
1 2 n+l i I

1 1 £ mtl. (Note that the x’s may not be distinct.) There

are two operations on T’, denoted by Operations S1 and S2:

Operation SlI: If (u x , u x } € E(T) and (u u )} € E(T’),
11 1 2 1 2

then T U (u u )} contains a cycle C. If C contains
1 2

{fux, uu), then T = T U (uu) - (u x )} contains no
11 1 2 1 1 2 11

cycles. See Figure 4.9.1. V(T )i = IV(T)! and T 1is a
1 i

spanning tree of G. Similarly, if C contains (u x , v u },
1 2 1 2

then T = T U (uu ) - {u x ) contains no cycles, and T |Is
2 1 2 1 2 2

a spanning tree of G. Operation Sl divides one path into 2

paths when (x ,x )} are 3-valent vertices of T and u v ...u
1 2 1 2 n

is a path in T’. One of these paths has length 1. See

Figure 4.9.1. T:
>
/
u, ,.\
X,
B
¥y
Y /
U, Uy Uy “‘\

¥,
Figure 4.9.1.
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Operation S2: If (u x , u x ) € ECT), i # 1, and
i i+l 141

{u u } € E(T’), then T U (u u ) contains a cycle C.
i i+l i 1+l

C must include the edges {u x , u x ). If
i i+l i+1
T =TU (uwu } - {u x }, then T contains no cycles.
1 I i+l i+1 1+1 1
Since (E(T ): = (E(T):, T 1is a spanning tree of G.
1 1
Similarly,if T = T U (u u } - (ux), then T contains no
2 I i+ i 2

cycles. Since (E(T )i ‘E(T)!, T 1{is a spanning tree of G.
2 2

See Figure 4.9.2.
XY

u, .- w.l “ 9

YY-

et qL

Yoy

\ARVE

Operations S! and S2 divide one path into 2 paths when

{x ,x }) are 3-valent vertices of T and w u ...u 1{s a path
i+l 1 2 n

—

in T'. These two operations will be used to partition paths
in T’. If these operatlions are performed on | edges of a

path, P = v v ...u , in T, then T s the resulting
1 2 ntl i
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spanning tree, such that every edge of T’ 1is either an edge
i
of the path P, or adjacent to a vertex of P, because every

time these operations are applied, the edge u u is
I i+l

replaced by an edge which Is incident to u or u .
. i i+1

Lemmas 4.9.2 and 4.9.3 show that if a 3-valent
3-connected plane graph G has a hamilton cycle, then G has
spanning trees whose complements realize the partitions

(1,...,1,3) and (1,...,1,2,2)

LEMMA 4.9.2: If G has a hamilton cycle, then G has a

joinable hamilton path.

PROOF: Suppose iV(G)! = n. If G has a hamilton cycle, then
there is a cycle containing all vertices of G. Label this

cycle v, v, ... , v ,v. IfP=v v ...v |is a path
1 2 n 1 1 2 n

containing all the vertices of G, then P is a joinable

hamilton path since both v and v are incident to the sanme
1 n

edge, v v . Q.E.D.
in

Theorem 4.8.2 showed that if G has an joinable hamilton

path, then G has a non-joinable hamilton path.
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LEMMA 4.9.3: a) If G has a joinable hamilton path, then

there is a spanning tree T such that T’ realizes the

0 0
partition (s ,s ,...,s ) = (1,1 ... ,1,3); i.e., s = 3 and
1 2 14 [ 4
s =1 for all i, 1 (1 § k-1 and k £ :V(G)i/2 - 1.

i
b)) If G has a non-joinable hamilton path, then

there is a spanning tree T such that T’ realizes the
1 1

partition (s ,s ,...,s8 ) = (1, ... ,1,2,2); i.e.,
1 2 k

S = s = 2 and s 1 for all i, 1 £ i £ k-2 and

K ¢ tV(GYi/2 - 1.

PROOF OF LEMMA 4.9.3: a) Suppose (V(G)! = n, and P = v v
1 2

v 1is the joinable hamilton path of G. Then v and v
n 1 n

are adjacent. (See Figure 4.9.3.) Let T =P. T 1Is a
0 0

spanning tree with two l-valent vertices and (n-2) 2-valent

vertices. Since the number of paths {n T’ equals t (T )/2,
o 2 0

T’ contains (n- 2)/2 paths. Since there is one path of
o]

length 3, namely, v v v v , there are (!E(T” )! - 3) edges
il 1 nj 0

left in T’ for the remaining ((n-2)/2 - 1) paths. Since
o

‘E(T’” >!~3 = (n/2 + 1)=-3 = n/2 - 2 = the number of paths in
0
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T’ , the remalning paths must be paths of length 1. Hence,
(o]

T’ realizes the partition (1,...,1,3)=(s ,8 ,...,s8 ) where
o} 1 2 k

k {n/2 - 1. See Figure 4.9.3.

Figure 4.9.3

PROOF OF LEMMA 4.9.3: b) If G has a non-jolnable hamilton

path P = v v ...v, then v and v are not adjacent. (See
1 2 n 1 n

Figure 4.9.4.) Let T = P be a spanning tree of G. v and
1 1

v are l-valent vertices of T , which means that v and v
n 1 1 n

are each incident to 2 edges of T” . Thus, T has (n-2)
1 1

2-valent vertices, which implies that T’ contalins (n-2)/2
1

paths. There are 2 paths of length 2, v vv and v v v
i1 hns

(See Figure 4.9.4.) Therefore, there are (IE(T’ )i - 4)
1

edges of T’ 1left for the remaining ((n-2)/2 - 2) paths.
1

SECT? ) - 4 = (n/2 + 1) - 4 = n/2 - 3 = the number of
1
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paths. Therefore, each path must be a path of length 1.

Hence, T’ realizes the partition
1

¢1,...,1,2,2)=(s ,s ,...,s ) where k { n/2 - 1. Q.E.D.
1

Figure 4.9.4

EXAMPLE: Let G be a graph that
has a hamilton cycle. (V(G): = 20.

IfC=vv ... v v |is
1 2 20 |

the hamilton cycle, then

T=C- (v yv } is a joinable
I i+l

hamilton path, T is also a
spanning tree of G. (See
Figure 4.9.5.) There are | path

of length 3 and 9 paths of length 1

in T, 1.e., T’ realizes the partition

«(r,1,1,1,1,1,1,1,1,3). Figure 4.9.5

Lemma 4.9.4 shows that G has a set of spanning trees
whose complement realizes all partitions of (V(G)i/2 + |

with (V(G)i/2 - 2 parts. These partitions are called



205

l-compressions of the partitions with I1V(G):!/2 - | parts. A

i-compression, in general, is defined in the following way.

DEFINITION: Let q = (s ,s ,...,s8 ), where s (s £...{s , be
1 2 k 1 2 K

a partition of an integer n, then the partition q’ is a
1-compression of q If qQ° contains a part s’, such that s’ |s
the sum of any two parts of q, and the remaining parts of q°

is the same as the remaining parts of q.

EXAMPLE: q = (1,2,3,4) is a partition of 10. The following
are the l-compressions of q: (1,5,4), (1,3,6), (1,2,7),

(2,4,49, €¢2,3,5), (3,3,49.

DEFINITION: Let q = (s ,s ,...,s8 ), where s (s {...{s , be
1 2 k 1 2 k

a partition of an integer n, then the partition q’ is a
right hand 1-compression of q if q’ contains a part s’, such

that s’ = s + 8 , and the remaining parts of q’ is the
k-1 k

same as the remaining parts of q.

EXAMPLE: q = (1,2,3,4) is a partition of 10. The right

hand l-compression of q Is q = (1,2,7). The right hand
1

1-compression q Is q = (1,9). The right hand
1 2

1-compression of g Is q = (10).
3
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LEMMA 4.9.4: If T is a spanning tree of G, such that T’

real izes the partition q = (s ,s8 ,...,s8 ) of (E(T’)!, where
1 2 K

kK = 1V(G)i/2 -1, (j.e. gq=(1,1,...,1,2,2)), then there |is

a set of spanning trees (T ,T ,...,T } such that the
1 2 k-1

corresponding T’ realizes a l-compression of q, for each |,
i

1 €1 £ (k=1).

PROOF: 1If T’ realizes the partition q = (s ,s ,...,s ),
1 2 4

where k = IV(G)>:!/2 - 1, then the partition is elther
(1,...,1,3) or (1,...,1,2,2) and T is either a joinable
hamilton path or a non-jolnable hamilton path. See Lemnma
4.9.3(a) and 4.9.3(b). The l-compressions of q are
«¢1,...,1,4, ¢1,...,1,2,3), (1,...,1,2,2,2).

CASE I: If T=vwv ...v be the joinable hamilton path,
1 2 n

such that T’ realizes q = (1,...,1,3), the l1-compression of

q are (1,...,1,4) and (},...,1,2,3), then (v ,v )} are
I n

t-valent vertices of T, and each v is a 2-valent vertex of
i

T, for all i, 1 ¢ i1 ¢ n, since v 1s an end point of a path
i

of T’. See Figure 4.9.6a.
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Filgure 4.9.6a ¢/’ Figure 4.9.6b

Figure 4.9.6c

(a) If T’ realizes the partition q, then there is a path,

say P , of length 3. Let P = v vvyv . If

1 1 s 1 nt
v v € E(T’), (See Figure 4.9.6b.) then T U (v v )
t-1 t+i t-1 t+i
contains a cycle, C = v v v ees V. V . Thus,
t+l t-1 t-i+1 t t+l

C-(vyv } is not a cycle. (See Figure 4.9.6c.)
t t+l

Therefore, If T =T U (v v } = (v v }, then T
1 t+l t-i t t+l 1

contains no cycle; it is a spanning tree of G. T contains
1

a path of length 4, namely, v v v v v . The rest of the
S 1 nt t+l

paths in T are the same as iIn T’. Therefore, T’ reallizes
1 1

the partition (1,...,1,4), with k-1 parts.



208

(b) P =vvvv ., For every iI,j, If vv ¢ E(T’) and both
1 s 1 nt i3

iand § # 1 or n, then T U (v v )}
' /\
has a cycle C = v v ... \\\\_,///’
1 141 D

l T:=vVv
As in (a), C - (v v } is not

i 1+1 /—\
a cycle.Therefore, I1f ¢\<\24/// \\3\\ ...

T =TUA(vv)=(vy }, then 'l Tu{vy

i i3 I 1+1
T 1is a spanning tree of G. 4””’—__-~\\\

i \—// \KJ"'
T* contains a path, P = v v

i 2 i “’l r -TU{Vn } ’V (n

of length 2 and realizes the

partition (1,...,1,2,3), with k-1

parts. See Figure 4.9.7. Figure 4.9.7

CASE 1I: 1If T’ realizes the partition (1,...,1,2,2), then

T’ has two paths of length 2, namely, v vv and v v yv ,
h 1 k s nt

and with the exception of two vertices, every vertex ls a
2-valent vertex of T, i.e., they
are the end points of paths in T’.

See Figure 4.9.8a. Let v be a
|

2-valent vertex of T, such that

its neighbors, (v , Vv , V),
i-1 i+l b

are 2-valent vertices of T.

Suppose edges (v v , v vde T,
i 3 i+l a

Figure 4.9.8b
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then T U (v v } contalns a cycle C., If C = v v eV Vo,
i3 i+l i i

then C-(v v } is not a cycle. See Figure 4.9.8b. Let
i i+t

T =TUA(vv]} = (vy J. T 1is a spanning tree of G, and
3 i3 i i+l 3

T contains 3 paths of length 2, namely, vvyv,k vvuv,
3 h 1Kk snt

v v v . The remalning paths of length | are the same as
i I+1 a

in T*. Hence T’ realizes the partition (1,...,1,2,2,2).
3

Q.E.D.

If G and its spanning trees satisfy the conditions
(4.8.2) and (4.8.3), then there will always be a vertex v
and an edge of T such that the Operations S1 or S2 can be

applied. Remark 4.9.1 shows the existence of such an edge.

REMARK 4.9.1: Let T be a spanning tree of G. If v is a

vertex of G and x , x , x are the nelghbors of v, with
1 2 3

edge {vx )} ¢ E(T’) and edges {(vx , vx } € E(T), then
1 2 3

T U (vx ) contains a cycle C. Furthermore, if (vx } € E(C),
1 2

then {(vx } € E(C). That is, not all three edges incident to
3

v can be in a cycle containing v. The following example

fllustrates this remark.
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EXAMPLE:
G: 4 T U (vx } contains a cycle of length 4.
! 1
y If {vx ) is not an edge of the cycle,
3
then (vx } is an edge of the cycle.
2
x>
Therefore, T U (vx } - (vx ) is a

1 2

spanning tree.

Figure 4.9.9

Theorem 4.9.5 shows that if T Is a spanning tree of G
such that T’ conslists of only one path P, then T can be
modified so that the end points of P are adjacent to
3-valent vertices of T. Hence, every vertex of P lIs
adjacent to a 3-valent vertex of T, therefore, the
Operatlions S1 and S2 can be applied to the vertices of P and
their neighbors only. This is needed for the proof of the

up-graph.

LEMMA 4.9.5: Given G, (G#K ), and the partition of
4

tV(G):/2 + 1 iInto one part. If G has a spanning tree T such
that T’ realizes this partition, (T’ consists of only one
path), then T can be modified so that the end-points of the

path are adjacent to at least one 3-valent vertices of T.
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PROOF: T’ consists of only one path P = u u ...u . Label
1 2 m+l
the vertices which are adjacent tou , u , ..., u with
1 2 ntl
X , X, ... , X respectively. Note that x and x are
1 2 ntl i i+1

not necessarily distinct. Label all other 3-valent vertices

of Twithy , vy, ... , v7.
1 2 s

CASE I: x and x are not distinct.
1 ntl

See Figure 4.9.10. This case is not

possible since T’ consists of only .«

one u u -path, and its edges are
1 mtl

3

“
{u v }, where 1 i ( m. And Figure 4.9.10
i 1+1

(uxy ...yxu X u ) is a cycle, which contradicts that
1 21 t m atl m+l |

T cannot have cycles. Therefore, Case I {s not possible.

CASE II: u s adjacent to x , u and u , where | # m, and
1 1 2 i

u is adjacent to u , x and x .
ntl n ntl )

See Figure 4.9.11. This case is

not possible since T would

not be a spanning tree, , NG S

i.e T contains a cycle.

Figure 4.9.11
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CASE IIl: 1If u 1is adjacent to x , u , u , and u is
1 1 2 n n+tl

adjacent to u , x , U R
n m+] n-]

then both u and u are
1 ntl

already adjacent to 3-valent

vertices of T. See

Figure 4.9.12. Figure 4.9.12

CASE IV: If u 1is adjacent to u ,u , u and u is
1 2 n mntl | T

adjacent to u , x , U, then delete edge {(u x } from
n m+l 1 ntl m+]

T. T - (u X } has two components: (1) (uuwu , uu },
ntl m+l] 1 m 1 m+}

(2) T = (uu, uu ,u X }. Let
1 m 1 m+l nm+l m+l

T =T - (u X } U (uwu ). T 1is a spanning tree of G.
i ntl m+l 1 2 1

See Figure 4.9.13. u |{is a 3-valent vertex of T and u
| 1 m+l

is a l-valent vertex of T . The
1

path Iin T’ s uu ...u x .
1 2 3 ntl m+l

Therefore, the spanning tree T

of G can be chosen so that each

end point of the path is adjacent

to a 3-valent vertex of T . Figure 4.9.13
1
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Theorem 4.9.6 shows the partition of one path Into two

paths.

THEOREM 4.9.6: Suppose T is a spanning tree of G (G#K ) and
4

T’ contains a path P = (uu ...u ), n2 3. Ifu |s
1 2 n i

adjacent to x where x is a 3-valent vertex of T, then
i i

there exists a spanning tree T such that T’ has paths with
1 i

the lengths of those of T’ except that P has been split tato

2 paths, P and P , where P (+IP | = (PI.
| 2 i 2

PROOF: P = (uu ...u); l.e. u 1Iis a l-valent vertex of T
for 2 { 1 { n-1. u Iis adjacent to x , where x |is a

i i i
3-valent vertex of T, which impllies that the edge

ux € E(T). Furthermore, edge u x ¢ EC(T). By Theorem
11 i-1 1-1

4.9.1, T U (u u } has a cycle. Then,
I-1 1

CASE 1: 1If the cycle includes edges (x u , VU v,
i-1 §1-1 i-1 1

uxy), for 2 <1 <(n-1, as In Figure 4.9.14, then
I i

T U {u u}) - (ux )} has no cycle.
i-1 1 (I |

Let T =TU (u u}) - {(ux). Since V(T) = VW(T >, T 1is a
1 i-1 1 i | 1
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spanning tree of G, and T’ contains paths P = u u ...u
1 1 1 2 i-1

and P = x u u ... . Hence, P is partitioned into 2
2 i1 1i+1 n

paths. P ! + 1P ! = juwvw , uu,...,u u , X u ,
1 2 1 2 2 3 -2 i~1 i1

uu s sess U u = UuuUu, VU, ..., U u , U u o,
I 1+l n-1 n 1 2 23 i-2 i-1 i-1 1

U s see » W u ! = !Pi. See Figure 4.9.14.

Figure 4.9.14

CASE II:¢a) If the cycle includes edges {(u uw , u x , u x },
1 2 1 2 2 2

see Figure 4.9.15, then let T =T U (uu ) - (ux ). T
2 i 2 1 2 2

has no cycle and T s a spanning tree of G. T’ contains
2 2

paths P = ux and P = u uu ...u , where
1 1 2 2 2 3 4 n
‘P L+ P o= 1P
| 2
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Figure 4.9.15

(b) If the cycle includes edges {uu ,ux ,...,x u ), see

12 22 11

Figure 4.9.16, then let T =T U {(uwuw )} -~ (ux}. T has no
2 1 2 11 2

cycle and T 1is a spanning tree of G. T’ contalns paths P
2 2 1

=ux and P = uwu ...u .

Figure 4.9.16

Using Theorem 4.9.6, we prove that there is a universal

graph for paths with n vertices, vhere n 2 4.

THEOREM 4.9.7: There is a universal graph G for paths
n

(up-graph) with n vertices for every n 2 4.
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STRATEGY FOR THE PROOF: The proof is In 2 parts.

Part I: Construct G .
n

Part I1I: Show G 1Is an up-graph.
n

PROOF: The construction of G
n

STEP t: Start with a tetrahedron and a
spanning tree T, such that T’ consists of

one path of length 3. u and u are
1 4

2-valent vertices of T. v and u are
2 3

l-valent vertices of T. See Figure 4.9.17. Figure 4.9.17

STEP 2: Partition face F (n-4)/2 times G :T:

by adding (n~4)/2 new vertices on edges

uu and u u , and adding (n-4)/2 new Jy s
1 4 3 4 =~

edges. See Figure 4.9.18. Label the

new vertices on uu with y , and the
1 4 i

T

new vertices on u u with v , where Figure 4.9.18
3 4 i

1 {1 £ (n-4)/2. y v Is an edge of G .
| I | n
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STEP 3: Extend the spanning tree T to include all the new

vertices and all the v y edges, where | ( i { (n-4)/2.
i i

i.e., In T, u ,u are 2-valent vertices,
1 2

{v : 1 €1 ¢ (n-4)/2) and (u ,u )} are 1-valent vertices, and
i 2 3

{y : 1 {1 £ (n-4)/2) are 3-valent vertices. See Figure
i

4.9.18. Let P be the path of length n/2 + 1.

P=uuuvyvwv . ,..v u .
1 2312 (n-4)/2 4

PART Il: Show G 1Is an up-graph.
n

G satisfies the conditions (4.8.2) and (4.8.3) since T
n 1

consists of only one path, and has a joinable and

non-joinable Hamilton Path. See Figure 4.9.19.

T N7

(a) (b)
Reallizlng (1,...,1,3) Realizing (1,...,1,2,2)
Figure 4.9.19
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Now let m = n/2 + |, partition m Into k parts, where
k { n/2 - 1, thus the partitions of m satisfy the condition

(4.8.1). By Lemma 4.9.4, there are spanning trees T ,
n/2-2,1

T and T such that their complements reallze
n/2-2,2 n/2-2,3

the partitions with (n/2 - 2) parts, if.e., (1,...,1,4),
«(1,...1,2,3) and (1,...,1,2,2,2). Now construct a spanning

tree T , r { k, such that T” realizes q , for all
r r r

partitions q = (s ,s ,...,8 ), where 2 { r {( n/2 - 3.
r 1 2 r

NOTE: Path p has the length s . Due to the special
i i

structure of G which consists of a ladder of 4-gon, we can
n

cut a path into subpath as desire.

The spanning tree T , whose complement realizes q , Iis
r r

constructed by repeatedly partitioning path P (left to
right) as follows: first consider the partitions, then
construct spanning trees whose complements realize the

partitions.

For every partitionq = (s ,s ,...,8 ), r £ k, the parts
r 1 2 r

listed in an increasing order, there exists a sequence of

f-compressions, i.e.,
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q =(s ,s ,...,8 ),
r 1 2 r
q = (s ,8 ,...,8 oW ), where v = s + s
r-1 1 2 r=2 r-1 r=-1 r-1 r
q = (s ,8 ,...,8 oW ), where w = g + w .
r-2 1 2 r-3 r-2 r-2 r-2 r-1
q = (s ,8 ,w ), where w =5s + w .
3 1 2 3 3 3 4
g = (s ,w ), where w =38 + w .
2 1 2 2 2 3
q = (w ) =n, wvhere w =s + w .

1 1 | 1 2

T’ realizes the partition q . See Figure 4.9.19.
1 1

For clarity of the diagrams, G 1is reembedded and all the
n

vertices are relabelled. See Figure 4.9.20.

% Yo

T’ realizes the partition (m).
1

Figure 4.9.20



To realize the partition g = (s ,s ,.
r 1 2

construct a set of spanning trees (T ,..

2

«,S ),
r

T
r-

(T’ ,...,T’ } realize partitions q ,q ,...q

2 r-1 2
respectively.

CASE I: Let s =1 in the partition q
i

To construct T from T , partition path P.
i

2

—

o)

7]
"

add v* v* to T and delete edge v" y
o 1 o 3

=3
"
-3
(=
o—
<
[
<
St
[}
_—
<
[
<
]
'

'pt =1=38, ip & =w . See Fiqure

T : T :
| 2

r

3

= (s

for T.

4.9.21

fl

Y,
1

r-1

,8
2

T'

2

rst

such that

"‘..s ).
r

realizes q

1, then use Operation Sl to partition path P, i.e.

220

2

14

Figure 4.9.21
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To construct T from T , partition path p of T .

3 2 w2 2
ip ¢ =w , and T’ reallizes the partition g
w2 2 3 3
q =¢(s ,8 ,w), w =38 +w.
3 1 2 3 2 2 3
a) Let s =1 and ip : =W .
2 w3 3

If v* v* Is added to T and v® y* 1|Is deleted from T , then
2 3 2 3 3 2

the path p 1is extended. Therefore, use the Operation Sl on
1

the right, see Figure 4.9.22¢a), f.e. add v* v® to T and

n-1 m 2
delete v* y* from T .
n m-t| 2
T =T U (v* v® )} = (v® y" ).
3,1 2 a~1 n n m-l
P =viy" ,p =v°y* , P = v" v" L..v" .
1 0 3 2 n m-l w3 1 2 n-1

Figure 4.9.22(a)

b) Let s =1 +#1and ip ! = w .
2 w3 3

Use operation S2 to partition (left to right) path p of
w2

T . See Figure 4.9.22¢(b). Add v* v* to T and delete
2 1+41 1+2 2
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Vg v VI'. v : . v,
Filgure 4.9.22(b)
Continue this process, to construct T from T by
r-1 r=2
partitioning path p « P HEE = s + w .
w(r-2) w(r-2) r-2 r-2 r-1
T’ realizes the partition g .
r-1 r-1
a) If s = |1 and p i = v , then
r-2 w(r-1) r-1
s =8 = ... =8 =1 {w since the parts of the
1 2 r-2 r-1

partition are listed in an Increasing order. 1In fact

w > 4 since r { k { n/2 - 3. Use operation 52 on the
r-1

right to partition the path p . See Figure 4.9.23(a).
wi(r-2)

Figure 4.9.23(a)
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b) If s = | # 1, and !p P = v , then
r-2 wi(r-1) r-1
s (s ... €& £ w . Use operation S2 to partition
1 2 r-2 r-1
(left to right) path p . See Figure 4.9.23(b).
wir-2)
T : T :
r-z r-‘,z

o)

4]
=%

/
g

Figure 4.9.23(b)

To construct T froa T , partition path p .
r r-1 wir-1)
p HEE . T’ realizes the partition g
w(r-1) r-1 r r
w = s +s .
r-1 r-1 r

a) If w > 4, then s (s € ... s £ 2.

r-1 1 2 r-2
Use operation S2 to partition path p which has length
wi(r-1)
W . The resulting paths reallze parts s and s of the
r-1 r-1 r

partition q . Hence T’ realizes the partition q . See
r r r

Figure 4.9.24.
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Flgure 4.9.24

b) If w = 4, then 8 8 £ ... {8 = s = 2.
r-1 1 2 r-3 r-2
Hence, in T , the path p = y* v® v® v°® y"® ,
r-1 wir-1) i-1 i-1 1 i{+] 1i+]
where v*© , vV® and v* are l-valent vertices, y~ and
i-1 i i+1 i-1
y* are 2-valent vertices and y* 1Is 3-valent vertex of
i+l i
T . See Figure 4.9.25.
r-1
T ol

r-1 I

@"I

Figure 4.9.25

ok
-\n* =
G
(“\

If we use operation S2 (left to right) to partition the path

p , l.e., add v* v* to T , the cycle
wlr-1) I 1+ r-1

v*® ceey” y® y® v* s formed. 1If v* v
I i+l {42 i+2 1+¢1 1 |} I+1 142

is deleted from T , then it will extend one of the
r-1

existing paths. If v® y* s deleted, then it will not
I 1



T =TU {(v® v© } - (v*® y*® }). ipt =1 =38

225
partition the path p into 2 paths. However, y" y"
wir-1) i i+l

can be deleted since y* 1is a 3-valent vertex of T , and
i r-1

y is a 2-valent vertex of T . Hence the 2 paths are
i+1 r-1

y® v© v® and v*© y*© y" . See Figure 4.9.26. In T ,
i-1 i-1 i i+1 i+1 1 r

'p t = ip ! = 2. Thus, we have partitioned a path of
r-1 r

length 4 into two paths each of length 2.

. .
PIN

S

/\ ’\ *
I ) i O

——

)

Figure 4.9.26

CASE 1I: Let s =b # 1, 1 < b < n/2 + 1, be the first part
§

of the partitionq = (s ,s ,...,s8 ), where 1¢(s (s (...{s .
r 1 2 r 1 2 r

Use Operation S2 to partition path P, i.e., add edge

v® v to T, and delete edge v* y" from T. 1.e.
i i+t i+1  1+1

14

2 i i+1 i+1 141 1 i

ip ¢ = w . See Flgure 4.9.27.
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Figure 4.9.27

If s # 1 for all | where | {( I { n/2 - 3, then repeat this
i

process by using operation S2 to partition paths p , p ,
w2 w3

cee » P one at a time.
wir-1)

Therefore, for any partition of m with r parts, where
m =n/2 +1 and kK { n/2 - 1, there 1s a spanning tree whose
complement realizes the partition. Thus there is a

universal graph G with n vertices, where n 2 4. Q.E.D.
n

The following examples illustrate the proof of Theorem
10. Example 1 [llustrates Case [, and example 2 illustrates

Case II.
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EXAMPLE 1: Suppose V(G )i = 28, m = 15 and k { 13. There
n

are 174 partitions of 15 with k parts. One of the
partitions of 15 Is (1,1,1,2,2,2,2,2,2). Let

q = (1,1,1,2,2,2,2,2,2), thenq = (1,1,1,2,2,2,2,4),
9 8

g =¢1,1,1,2,2,2,6), q = (1,1,1,2,2,8), q = (1,1,1,2,10),
7 6 5

qQ =¢1,1,1,12), q = €1,1,13), q = ¢1,14), q = C(15). T’
4 3 2 | i

realizes the partition q . See Figure 4.9.28(a)-4.9.28(1{).

T
~
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Figure 4.9.28

EXAMPLE 2: Suppose V(G )! = 28, m = 15 and k { 13. One of
n

the partitions of 15 is (2,3,4,6). Let q = (2,3,4,6),
4

q =€2,3,100, g = (2,13), q = (15). T’ realizes the
3 2 1 i

partition q .
i

T :q°: T
1 1 2

: g

l”””llh;
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Figure 4.9.29

For example, see appendix B.

4.10: SUMMARY

G is a 3-valent 3-connected plane graph with spanning
tree T. Chapter 4 established the necessary conditions for

the existence of a set of spanning trees (T ,T ,...,T },
1 2 n

such that their complements realize all the partitions of
the positive integer m = (V(G):/2 + 1. Chapter 4 also
proved the following:
1> There are no universal graphs with more than 12
vertices.
2) There are no universal graphs for cycles with more
than 14 vertices. That is, there 1s no such set of

spanning trees (T ,T ,...,T } whose complements
1 2 n

realize all the cycle partitions of (V(G):i/2 + 1.
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4)
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There are no universal graphs for cycles and paths
with more than 14 vertices. That is, there is no

such set of spanning trees (T ,T ,...,T )} whose
12 n

complements realize all the cycle/path partitions
of IV(G)i/2 + 1.

There is a universal graph for paths with n
vertices, where n 2 4. That is, there is a set of

spanning trees (T ,T ,...,T } such that their
1 2 n

complements realize all the path partitions of

iV(G)i/72 + 1 with k § I1V(G)i/2 - | parts,
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Chapter 5
CONCLUSION AND FURTHER RESEARCH

5.1 CONCLUSION

Given a 3-valent 3-connected plane graph G without a

%
HIST, there is an “extension graph® G , which Is constructed

% *
from G by splitting its faces, such that G has a HIST T

%
The complement of T consists of cycles of length 3.

Given a vector of paths I = (1 ,1 ,...,1 ), where
1 2 r

I # (m,0,...,0), ¢(0,1,0,...,0), nor (m,1,0,...,0), m is a
positive integer, there is a 3-valent 3-connected plane
graph G with a spanning tree, such that T’ realizes the

vector 1.

Given a vector of cycles C = (¢ ,¢c ,...,c ), there is a
3 4 n

3-valent 3-connected plane graph G with a spanning tree T
such that T’ realizes the cycle vector. The construction of
G preserves the hamilton cycles. G can be chosen so that |t
has no triangles, or it has many triangles. G can also be
chosen so that It has no faces, other than the cycles,
larger than an 8-gon. We can find two 3-valent 3-connected

plane graphs G and G wlith spanning trees T and T ,
1 2 1 2
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respectively, such that T 1is isomorphic to T and T’ and
1 2 1

T? reallze different cycle vectors.
2

We can also find a 3-valent 3-connected plane graph
with two spanning trees, whose complements realize two
different cycle vectors. In fact, there are universal
graphs with no more than 12 vertices. There are universal
graphs for cycles with no more than 14 vertices. There are
universal graphs for cycles and paths with no more than 14
vertices. There are universal graphs for paths with n
vertices, where n 2 4. If G {s any 3-valent 3-connected
plane graph, which has a hamilton cycle and a spanning tree
whose complement consists of only one path, then G has a set

of spanning trees (T ,T ,...}, such that T’ ,T’ ,... realize
1 2 1 2

all partitions of (iV(G)>:/2 + 1) with 1, iV(G):/2 - 2, and

WV(G):i/2 - 1 parts.

5.2 SOME UNSOLVED PROBLEMS

This thesis has answered some problems, but there are

problems which are beyond the scope of this thesis.

1) Which 4-valent 3-connected plane graphs have a (1,3)

spanning tree? a HIST tree?
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2) Which 5-valent 3-connected plane graphs have a (1,3)

spanning tree? a HIST tree?

NOTE: There (s no (1,4) spanning tree for 3-valent
3-polytopal graphs, and there is no (1,5) spanning tree for
5-valent 3-polytopal graphs as proved by J. Malkevitch in

[M1).

3) If G is a 4-valent (or 5-valent) 3-connected plane graph

and has no (1,3) spanning trees (or HIST), is there an

* *
operation to obtaln an “extension graph® G , such that G

has a (1,3) spanning tree (or HIST)?

4) Can a structure theorem be formed for the complement of

a tree in a 4-valent (or 5-valent) 3-connected plane graph?

5) Are there infinitely many 3-valent polytopal graphs with
3 HISTs? 4 HISTs? Can such a graph have more than HISTs?

e.g., can it be a universal graph for paths?

NOTE: It appears to be difficult to find 3-valent

3-polytopal graphs with even 4 HISTs.

6) Does every 3-valent 3-polytopal graph which realizes the
path partitions (I1V(GY!/2 + 1>, ¢1,...,1,2,2) and

(1,...,1,3) also realize all other path partitions?
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APPENDIX A

Universal Graphs With Less Than 14 Vertices

APPENDIX B

UP-Graph with 20 Vertices
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APPENDIX A: UNIVERSAL GRAPHS WITH LESS THAN 14 VERTICES

'V(G)! = 4, IE(G)! = 6, E(T)! = 3, (E(T")>: = 3,

WG /2 -1t =1 =k | @/

ID)
I) Cycle partition: (3) A
11> Path partition: (3)
(2

(3)

IVCG)! = 6, IE(G): = 9, IE(T)! = 5, (E(T")! = 4

V(G)i/72 -1 = 2 = K

1) Cycle partition: (4) 1) y. I11){
11> Cycle/path partition: (3/1)
()

111> Path partitions: I11) S
(4), (3,1, (2,2) ’S ’ E I [ ]
(4) (3,1) (2, 1)
IV(G)! = 8, IE(G): = 12, i = 7, E(T*): = 5

V(G)i/2 -1 = 3 =Xk H

I)> Cycle partition: (5) I11)

II> Cycle/path partition:
(2/2) (3/1.1)
3/2), €371,1)

III> Path partitions: ITD)
(5), ¢4,1), (3,2, !
(3,1,1), ¢2,2,1) L 54

(3,3) ' [3,1,1) Ny
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WW(GY! = 10, IE(G)! = 15, IE(T)! = 9, (E(T')>! = 6

V(Gri/72 -1 = 4 = K

1) Cycle partitions: (6), (3,3)
II) Cycle/path partitions: (5/1), (4/2), (4/1,1), (3/3),
(3/1,2>, (3/1,1,1)
111> Path Partitions: (6), (5,1), (4,2), (4,1,1), (3,3),

(3,2,1>, 3,1,1,13, €2,2,2), (2,2,1,

(6) (3,3)
(¥/1.1)
11D (/20 (3 1.11) 57
¢ (+#,2)
("/,’//) (3,5) 13, 2,/)
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V(G = 12, !E(G): = 18, (E(T)! = 11, (E(T’)>: =7

V(G772 - 1 =5 =K

I) Cycle partitions: (7), (4,3)

II)> Cycle/partitions: (6/1), (5/2), (5/1,1), (4/3),
(4/1,2), €4/1,1,1), (3,3/1), (3/4), (3/1,3>, (3/2,2),
(3/2,1,1>, (3/1,1,1,1)

111> Path partitions: (7), (6,1), (5,2), ¢(5,1,1), (4,3),
(4,2,1), (4,1,1,1), ¢3,3,1), ¢3,2,2),¢3,2,1,1),

3,1,1,1,1), €2,2,2,1), €2,2,1,1,1).

Pl

BN

(1) (4, 3)
D] ] 2
__]-Q
(o71) (£/1,0) (5/2)
—= b
(</3) ) (#/1,2) (47 1.0,1)
P m I
(2,2/1) (3/4) (3/1,2)
~ S <] D 4

(2/2.2) (3/2,1,1) (2/1.0,11)
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UNIVERSAL GRAPH FOR CYCLES WITH 14 VERTICES

The universal graphs for cycles with less than 14

NOTE:
vertices are shown in the universal graphs for less than 14

vertices.
IV(G): = 14, E(G): = 21, E(T)! = 13, (E(T’): = 8
V(G)i1/2 - 1 = 6 = K

Cycle partitions: (8), (5,3), (4,4)

> B DA

(4.%)
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UNIVERSAL GRAPH FOR CYCLE/PATH WITH 14 VERTICES

NOTE: The universal graphs for cycle/path with less than 14

vertices are shown in the universal graphs for less than 14

vertices.

13, !E(T’)! = 8

o]
~
-3
~
It

iVCGY! = 14, (E(GY: = 21, !

tV(GY:/2 - 1 =6 = kK

Cycle/path partitions: (7/1), (6/2), €6/1,1), (5/3),
(5/2,1), ¢(5/1,1,1), C4/4), (4/3,1), €4/2,2>, (4/2,1,1),
(4/1,1,1,1)>, (4,3/1), ¢3,3/2), (3,3/1,1), €3/5), (3/4,1),

(3/3,2), (3/3,1,1), €3/2,2,1), €¢3/2,1,1,1), €(3/1,1,1,1,1)

N

IS

= N

/) (6/Y) &/ 1.0)

N L

(5]>3) (st

\ =

\
(4/%) (4/3.1) (4/2,3)

/2. 0.0) “/unr) (,4/1)

(5/4.1,1)

|

VI el Ve N




(/’l'/ 'V/Q/

(riefe)

JE

q

i

{

(117 (<) (279 (1'#/e)
(/%) (1'1/4¢) (/< s)

Ive
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APPENDIX B: UP-GRAPH WITH 20 VERTICES

G is an up-graph with 20 vertices. wm = (V(G):/2 + | = 11,

k = 9.

In the following table, all partitions are listed in levels
according to the number of parts in the partition.

The partitions with 9 parts are realized by T’ and T’ ,
1 2

where T and T are Jjoinable and non-joinable hamilton path.
1 2

| LEVELCNo, of Parts) PARTITIONS
1 (11)

2 €1,10), ¢2,9>, (3,8), (4,7) (5,6)

3 (1,1,9), ¢1,2,8), (1,3,7), (1,4,6)
(1,5,5), €2,2,7), (2,3,6), (2,4,5)

(3,4,4), (3,3,5)

4 «1,1,1,8), €¢1,1,2,7), €1,1,3,6)
(1,1,4,5), 1,2,2,6), (1,2,3,5)
(1,2,4,4), (1,3,3,4), (2,2,2,5)

(2,2,3,4), €2,3,3,3)
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1,1,1,1,7), ¢1,1,1,2,6),
1,1,1,4,4), ¢1,1,2,2,5),
€1,1,3,3,3), (1,2,2,2,4),

2,2,2,2,3)

<1,1,1,3,5)
€1,1,2,3,4)

1,2,2,3,3)

€1,1,1,1,1,6), (1,1,1,1,2,5)

(1,1,1,1,3,49>, (1,1,1,2,2,4)

«,1,1,2,3,3>, (1,1,2,2,2,3)

(1,2,2,2,2,2)

1,1,1,1,1,1,5), (1,1,1,1,

€1,1,1,1,1,3,3), C1,1,1,1,

€1,1,1,2,2,2,2)

1,2,9)

2,2,3)

€1,1,1,1,1,1,1,4), ¢1,1,1,

«a,1,1,1,1,2,2,2)

1,1,1,2,3)

€1,1,1,1,1,1,1,1,3), C1,1,1,1,1,1,1,2,2]
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T’ reallizes the partition (11)

T* realizes the partition T’ realizes the partition
1 2

(1,...,1,3 1,...,1,2,2)
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(1,1,2,7) =-> (1,1,2,3,49 (1,1,3,6) -> ¢1,1,3,3,3)
ﬂ’llllm I T
A
12260 > (L2.2.2.0 (L2260 o (2,280
ZLHHTIS, £ LT
~___
2225 > 12,223 T > G116
‘!’glﬂl'A . 1 3@@ o)
::::j::::;:-:) «¢1,1,1,1,2,5) €1,1,1,1,7) = (l,l::jl,3,4:--

LU, L
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«1,1,1,2,6) ->» (1,1,1,2,2,4) «(1,1,1,2,6) ~> (1,1,1,2,3,3)

(1,1,2,2,%) -> (1,1,2,2,2,3) «(1,2,2,2,49) =) (1,2,2,2,2,2)

< T < T~

(1,1,1,1,1,6) => 1,1,1,1,1,6) =

€1,4,1,1,1,1,5 (1,1,1,1,1,2,4)

L, & |
X

€1,1,1,1,1,6) 1,1,1,1,2,5) =>

(1,1,1,1,1,3,3) (1,1,1,1,2,2,3)
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1,1,1,2,2,4) => €1,1,1,1,1,1,5) =>

(1,1,1,2,2,2,2) (1,3,1,1,1,1,1,4)

€1,1,1,1,1,1,5) => €1,1,1,1,1,2,4) =>

(r,1,1,1,1,1,2,3) 1,1,1,1,1,2,2,2)
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