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Abstract

The stability limits and dynamlcs of the well mixed
isothermal crystallizer, with both mixed product and
classified product have been studled.

It 1s shown that for both cases, the primary
variable controlling the stability and the dynamics of

the system 1s a sensitivity index called b/g where

b/?_ = dB/GaJ

evaluated at the calculated steady state. B is the volu-
metric rate of nucleation and G i1s the crystal growth rate.

For the mlixed product case with no sceds in the
feed the criticel value of this parameter above which the
system is unstable 1s 21. Analagously when the product is
classlified the stabllity limit 1s reduced to about 2.5.

Cperation in an unstable reglon results in limit
cycles, For the unmixed case the production rate is constant,
but the product size and distribution cycle. For the
classified case the product size is constant, but the
production rate cycles. Both types of behavior will lead
to plugging or maloperation of the associated fllters or
centrifuges.

Discussions of the 1nternal-feedback mechanlsm
causing thls behavior point out possibllities for damping

these 1limit cycles, which are not today used in industry.



Introduction

Industrial crystalllization operations are still
something of an art, and often depend to a considerable
degree on the skill of the operator. Thls paper attempts
to ald in the understanding of the dynanmic behavior and
stability of such systems.

The speclal feature which distingulshes continuous
crystallization processes from other continuous reactors is
the simultaneous occurence of nucleatlion and growth. Both
of these steps depend on supersaturation as a driving force,
with the rate dependence of nucleation on supersaturation
being highly non linear., In a well mixed crystallizer these
steps occur simultaneously and homogeneously throughout the
vessel.

It has been observed that continuous crystallization
processes are under some conditions inherently unstable and
of a cyclic nature (9,10). Randolph and Larson (1ll) speculated
that the instablility and long-term transients in the size
distribution observed 1n an ammonium sulfate crystallizer
were due to changes in operation over & three shift period
rather than inherent to the system. Saeman (9) found that
it was lmpossible to operate a completely classified
ammonium nitrate crystallizer continuously, but was forced
to perlodically discharge product in a cyclic manner.
Changlng the operation to a well mixed crystallizer alleviated,

but did not not completely remove the operating problems.



The author, during a plant start-up, found it impossible to
operate a well stlrred lsothermal fumaric acid crystallizer
in a continuous manner, but experienced considerable

cyceling of the product size., Much of this unsteady

behavior occurs desplte the fact that heat and material
inputs and other operating conditions are held constant,
Similar observatlions have been made in some continuous polye
merization and fermentatlion processes which also 1involve
nucleation and growth (5, 16).

Theoretical papers dealing with industrial crystallization
are very few in number and deal mainly with steady-state
behavior (2, 13). Experimental and theoretical studies
on nucleation or growth usually focus on Just one of these
Xinetlc steps, thereby avolding the problem of interactlon,
This study of the dynamics of the well stirred crystallizer
consliders these interactions and tries to analyze what effect
variation in operation will have on them. An explanation is
proposed for the observed difficulty of attalning continuous
stable operation In some cases and means of correcting this
behavior become apparent from the text..

Though consilderable effort has been spent on the
study of the dynamical behavior of both homogeneous and
heterogeneous reaction systems (1, 3, 19), very few studies
deal with the effect of nucleation, Part of this is due to

the extreme difficulty in the mathematical treatment of such



systems in all but the most simple cases.
Larson (11) has made a theoretical linearized
stabllity analysis of a completely mixed crystallizer,
and found that under most practical conditlons it should
be stable, But in an experimental step response study
of one typical crystalllization the same author also found
strong tendency toward long term cyclic transients.
Larson's analyslis contailns some very strong sim-
plifications, particularly in the neglect of a metastable
regzion of low nucleation rate, It 1s jJust this strong
non linear dependence of nucleatlion rate on supersaturation
that causes the observed cycllic changes in particle size,
Our linearized stability analysis allows for such effects,
and hence shows both regions of stable and unstable operation.
A linearized stabllity analysls will only indicate
1f the system is stable or not, and not give any indication
as to the magnitude of the fluctuatlons. Fortunately, for
a mixed vessel 1t 1s in many cases possible to follow the
behavior of a disturbance in the non linear region and to
compute the amplitude of the fluctuations,
The approach used in this work was presented in a
recent paper by Katz and Hulburt (7) which allowed a
reasonably realistic, theoretical treatment for quite

complex situations,



3. Non Classified Product

3.1 Derivation of the model

A dlagram of the type of operatlion discussed 1is

shown below:

Feed | ﬁg!u%; » Sturry
Wi Ty

w, §hy
Co m/gt? C w/et?

- ’

v . e 10

: Cryctelizer
o ¢ 9 V-ﬁ’

A feed material containing solute at concentration <,
1s fed to a crystallizer at a volumetric rate w, . The
crystallizer 1s well mixed and isothermal so that instant
cooling of the feed results in a supersaturation driving
force for subsequent nucleation and growth., A product
slurry is withdrawn at volumetric rate w, .

The equatlions describing the behavior of this
system are derived in the following section:

In order to describe the behaviour of the Isothermal
Mixed Suspension Mixed Product Removal Crystallizer, balances
must be written for the particles and the crystalllizing
material, In addition to these general balances, appropriate
kinetic relations must he added for the description to be
complete,

In writing these balances, the following assumptions



were made:

The crystal particles are assumed to be regular
solids which maintain thelr shape upon growth and can
therefore be characterized geometrically by a linear
dimension r.

For sollds which grow in three dimenslions, the volume
of any crystal is glven by kr3, where k is the appropriate
geometrical shape factor. (Thls paper will deal with the
case of a three dimensional crystal since it 1s the most
common, although the assumption of plate or needle shaped
crystals, which grow in two and one dimensions respectively,
could just as easily be substituted).

The crystal ﬁensity € 1s taken to be constant,

The particle size distribution is the number density
f, at slze r, such that

-f(r:)dr: the number ot crystals per unit volume o1
crystallizer having radii in the range r,
r + dr at time ¢t.

The fractional volume g , occupled by the solution is

a function of time and can be defined in terms of f
|-E = [ kripendr (1)

Similarly, wh;n a seeded feed 18 used,

W/ (rx)dr = the number of crystals per unit volume
of feed having radil in the range r,
r 4+ dr at time t,

and the fractional volume €, , occupied by the feed solution 1is



/=& = j‘ur’wcr.r)dr (2)
The growth rateoof an existing crystal JrAt is
assumed to be described by the product of a function of
crystal environment G (c¢) and a functlon of crystal size
gb(r) such that
f‘tr-—; G- Pcr) (3)
where ¢ 1s the solute concentration per volume of solution,
The nucleatlion rate for new crystals i1s mainly a
functlon of solute concentration in the crystallizer
according to the classical theories of Volmer (17) and
Mier (18), 1t is assumed that the size distribution of
new crystals appears as a Dirac delta function, or that
all new crystals are formed at a nomlnal size [,
B (e) = number of crystals born per volume of
solution pe} unit time at W
W, and (), are the volumetric feed and withdrawal
rates to and from the crystallizer working volume V,

3.11 Conservation Egquations

Now the appropriate balances over the crystallizer
can be written down. (A detalled derivation of the particle
balance can be found in reference 5.)

Particle Balance

j—',it\ﬁfl + eWVE] . EVBI(rR) — Wif +we p (&)
Solute and Crystal Balance

;&t [v{ec+-e)€}] = Wo[&,C, +(1-6.) 0] — wi [ec+Cr-€) €] (5)



When equation (4) 1s multiplied by xr3 and 1in-

tegrated over r, the following relation 1s obtalned:

d [0-6] = GVa + EVBKG + Wo (1~£.) —w, (=€) (6)
dt

where
G‘=3Krr"f-¢dr (7)
(]
If a balance were wrlitten for the solver: and thils
relation combined with (5) and (6), one could obtain an
expression for the variation of the working volume V, with

time. The resulting expression 1is:
%Y: (We-w) + (1 -~ @) (V6 +EVBKL) (8)

where Ar 1s the partial molar volume of the solute.
Available data indicate that taking n"i---é— is quite a
reasonable assumption, so that if we specify that W,=w,=Ww ,
the working volume remains constant.

It 1s desirable to have a relation expressing the
variation of solute concentration ¢ with time, since both G
and B are expressed in terms of this variable, Equatlons

(5) and (6) can be used along with the assumption of con-

stant volume to yleld the desired expression:

Ede_ w (-c)e,~ (e-c)(rs+EBARY) (9)
dt v

The working set of equations 1ls now:

f Lileprl_eBS(rr)+mp —w (10)

3t +§r b ) v ¥ v T



Eg_%.—_-%l(c,—-c)c, —@~C) T 6+EBKKY) (11)

There r=3h’fl"=-f¢dr

3.12 Moment Egquatlons

The above set of equatlons is difficult to solve,
even numerlcally, since it contalns a partial differential
equation for f{(r, t). If it is not necessary to determine
how the distribution f varies with time, but a knowledge of
the variation of its moments with time 1s satisfactory, the
set can be transformed to a group of ordlnary differential
equations, The 'nth' moment of f will be called Ay while
the expressions in pointed brackets are averarces over f 1in

the same sense; 1in general

r>= [Tvsde (12)

MnO= f” r¥mt dr (13)

The physical significance of the moments of f

1s shown helow:

Al = gnfzdr = total number of crystals per unit
volume of crystallizer
A ==f"r§dr = total 'radius'of crystals per unit
-

volume of crystallizer

R 2
3KMU2 = SKL Y -fdf total surface of crystals per unit

volume of crystallizer

volume fraction of solids

M= K[V4de-(1-0)
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In the same manner, the moments of thc seed crystal

distribvution can be written:
'?m‘t)=ff"wmnolr (14)
[}

and these moments retain the same physical significance as
the corresponding moments related to f per unit volume of
feed.

The welght distribution of the crystals W (r) can be

written:

W= @K 3£ (15)

so that the mean particle slze wlth respect to the weight

distribution 1is:

Mean Farticle Size =Y, = Sevodr _ ex Crtendy _ fa (16)
G wen dr e o3 fmdr M3

The Variance of the welght distribution is:

Variance = [:(.\r-f..)wmdr = Q‘zw\ml\r -2r.,nfwh;lr+ml‘£:mlr (17)
" Wedr S v dr

which, in terms of the number distribution, 1is:

>

Variance =%—6¢/ﬁ7’ (18)
3 3
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The Coefficlent of Variation Y of the welght

distribution is a measure of its uniformity.

Ms _ (L 2
1(z._. Varliance 2= Al A3 (19)
= Tlean 3ize)~ :ﬁ!)z
A

Clearly all these moments can be determined by a
microscople analysis or a sleve analysis of the crystallizer
product. It is also clear that a knowledge of these moments
is enough to characterize the performance of a crystallizer,

By multiplying equation (10) through by r"® and

integrating, the moment equations can be generated.

-1 (20)
j___f‘é‘" = NGt QD +EBOR L Yy — W Mo weona3-

h - © . (21
where <rm¢(">=frh|¢)(r)-§‘-dr )

Now the serles of equations (20) plus equation (11)
are the set of equations describing the system. These, how-
ever, do not necessarlly glve a self-contalined set of
equations because of the dependence of particle growth on r,
as manifested in the terms {y""@ > . If dv/it is independent
of r, then ¢ =1 and (Tﬂfb} is simply Af,., &nd the equations
close satisfactorily at n = 3. This is so even if dv/dt
depends linearly on r, but more awkward terms of dependence
(rz, r3, ete.,) can only be handled by making successive
approximations to £ (r, t) in the term of Laguerre seriles

as discussed in reference (7).
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Fortunately, a number of investigators (8, 12, 15)
have found that, in many cases, the growth rate does not
depend on r to any significant amount, so that in the
following sections 1t is assumed that §) = 1.

Later in the paper, growth models of the form

g—% = 6 [1+ar]

which Ilnclude a size dependent term will be studied to
11llustrate the effect of this dependence.

Remembering that /—fasfbKvﬁgdr we get the following

closed set of equations:

v

' i_(._%! = (1 - K 4l) Beoy —-%ﬂo +-&/‘a/°

%%L = G(Q/lo + (|"KM3)‘B(QT° - ’9'3' A+ %ﬁa’l

a (22)
;_‘fz’a=zao,u. + (1Kl B Ll + 7

%{J =366l2+ ( |-KMs) B Y, - "&-/Uz'f‘ 17 73

(1 -xuy ﬂl_ig = ¥.(6~C)E. — (f-O)(36w Ktz + (I-KMD Bk G’ )

In order to solve thls set of equatlons to trace
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the history of e¢(t) and the moments of f(r, t), the system
(22) must be supplemented by the initial conditions and the
feed rate and composition as a function of time. Also the
dependence of B(c) and G(c) on concentration c(t) must be
specifiled.
3.13 Steady State Equatlons

In order to get the steady state moments, the particle
distribution f must first be obtalned. This can be used to
generate the moment relations.

The steady state particle balance can be written

down from (10), remembering that we are now assuning ¢ = 1,0,
Go dT _Z 3, R+ W ' 2
G : =& Bo $0r-1p) L £ + 3 Vo (23)

where the superscript bars indicate steady state values,

This can be solved, glving:

w
Ve r -
fmt2e + B ) pme T (24)

[+

The moments can now be obtalned by straightforward

calculation from (24).
B--_
ﬂo %—(a—?)*"?'o

ﬁ

M, = TV‘,__.[(ﬁn +|] jna'.+’m

A= B8 () [(89'+2(F)r2 ]+ 24 e + () 0
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z V(R 3(@ S+ e (Be)+¢]

+ € (V) o + 6 (L&) +3(4E)ma + 2y,
- E8(48) [(R)a( @0 a(Gnfrau(Gn)e2v]

4 -3 _ (25)
+24(VE ) o + 24 (UE) o 412 (L&) oy, +4 (VE) 79 oy
s < EBUEY[(@nY's §( @ s no(@0)r 60 (Bt + 0 (B%)r1a0]
+120 (YE) ryo +120(LE), + 6o (L&), +20(LE ), + S(4E) 9y +4s

An additional relation which will be of use later 1is
derived from the last two relations in set (22)

E - 1okl ~(SS2)E

(26)
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3.2 Linearlization of the Model

In order to determine under what conditlons in-
stabllity in the system will occur, the set of equations
describing the system (22) must be linearized about the
steady state. Then the conditions under which a small dis-
placement from the steady state wlll grow may be determined
via the conventional use of the Routh-Horwitz criteria.

Frimed quantities indlcate the departure from the
steady state values (superscript bar).

The feed rate and concentration can vary in time

in the form:
W=D + W (27)
CO:= G +C®
The initial conditions are:

Ctoy=C (28)
Mad=Mn  vn:o133...

The performance variables are represented by:

A = fla +4n'®  n=01,2,3... (29)

CO~C+C®

The kinetic terms for small displacements can be

written:

Bleo= By + 48z . ¢’
¢ JE—CC') (30)

G, )= G @)+ ﬁ%@m. ¢’
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In addition, the following dimensionless variables

are defined:

y= S0D GE di

6 cé-o_a G‘ dc (31)
_ & (-8 (G-C) ._B( $32)
€(6&-8) R dc
where
E =1-KMl;
E;—!-K’%G
2 = 4’ neona. (33)
A
y'=E(6,-8) ¢’
o (-€) G-C
e = t(n)
= Wey/ o
(®=Co-E Gle
peo=Lfoxk oo

Now, substituting (27-33) into (22) and utilizing

the steady state relations results in the following set:

d2) [,z o _ o
e (ST TG SR Y- 5T B
=[~ %‘L%]  t[re"8 ’5-——]23 + By L34)

= —rolR]

n=o,1,2.3.. .
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de [( 3 Y Y+ (1= )b - (3/4; L) ]y ey
3m VGJZ ._[m B_V.]za Ma)-r[/—’%]fas)

There are three sets of dimensionless groups con-

taining steady state variables which arise in (34):

Ly=w Mot VE heol 23 (35)
My @

Fn =KL BY éf; n=0,123... (36)
W My

Sng.-.' @ n=o0,1,%3.. - (37)
An
besides the dimensionless kinetic parameters b and g which
have been defined in equations (31) and (32),

These sets of dimensionless groups Ln, Rn, and Sn
depend on a finite number of steady state parameters con-
tained in equation (25). The identification and dependence
of the model on these parameters will be discussed in

succeedlng sections.
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3.3 Kinetic Models

Some well known growth and nucleation models are
now briefly introduced and substituted intoc equations (31}
and (32) in order to relate these important dimensionless
kinetic parameters to the physical varlables of the system.

It should be mentioned here that the later sections
will show that the ratlec of these two groups, b/g, 1s of
primary importance in determining the stability and dynamic
behavior of the model.

3.31 Growth MNodel

Many investlgators have found the relation between

G and ¢ to be satisfied by
Gy= K, (C-C;) (38)

where ky 1s a constant for isothermal operation and cg is
the solubillity concentration of the solute., Substituting
this model into equation (31) yilelds

g = EE) Gt (39)
E(&H-T) C-c

Generally, the supersaturation (c-cg ) of cry-
stallizling systems ls qulte small when compared to the
difference between feed and outlet concentrations, so that

normally the wvalue of g should be of the order of magnitude

10%-to 107,
3.32 Nucleation Models

Volmer's model (15, 17) 1s based on thermodynamic
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considerations and glves rise to an Arrhenius type function.

Bo=k:i € D% T (40)
Substituting this model in equation (32) yields:

b,é(l-g) 2K:G-© = E.CI-E) 2K .
EE-T) L e 1 Fa-D) () (41)

the latter approximation being made since (éi-]) is very
1
small for crystallization systems.
Then using the kinetic models given by equations

(38) and (40), the term b/g can be approximated by:

b . 2K3(C(-CG) 2K3 ¢ _ 2Kz
= S e = F _\% = 7Y
¥ G e T EDT (et (42)

The term b/g represents the sensitivity ratlo of
the nucleation to growth functlons at steady state conditions
and it can be seen that,as the solute concentration approaches
1ts solubllity 1limit, this term rapidly increases in value,
This means that as one tries to grow larger crystals, a
critlical size should be reached where the stability limits
are exceeded,

Another nucleation model which is a simplified
representation of equation (40) is Mier's metastable model
(18) whiech can be written:

w
B =K4'(C"CH_) C>CH
(43)

B=0 c&C,
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where k), is a constant, Cum 1s the metastable concentration,
above which nucleatlon occurs and w 1s some power.

Combining this with equatlon (38 ) we get:

? C-Cn

Here it 1s evident that as the solute concentration
approaches the metastable 1limit Cs from above, the

sensitivity ratie b/g will increase in value.
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3.4 Stability Analysis

3.41 Clear Feed

The simplification of a clear feed, such that &£, = 1.0
imposed here. Many crystallizers operate in this manner
since 1t alleviates the problem of preparing and metering seed
nuclel into the system,

This assumption means the followlng:

¢ =o0.

D= 0. N:0,1,2,3...

€ =l0
which consliderably simplifies the relations previously
derived.

The dimensionless groups arising in the set of
linearized equations (34) reduce to two, Ln and Rn as
defined in equations (35) and (36) since the Sn are zero
for the clear feed case. Before substituting the steady

state relations (25) into (35) and (36) to determine Ln and

Bn, we define a new group:

O(--(;“éﬂ) (45)

This group is the ratio of the nuclei radius
divided by the steady state growth, per draw-down time .
Now substituting (25) and (45) into (35) and (36), we get:
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L, =0
L, = _L

ol +1
L, = 2 [t ]
¥ Txteax+a ] (46)
L3 =_‘§_La("1.1ol +a]

[a?+3¢*+ 6 t6 ]
Ro= (-E)

g
R;=(1_LE)L_

& X+ / (47)
ﬁg=(/"’f) o

E of*ras(+ 2

Ra=0-8)_a
£  o¥+3X*+6c(+¢

The groups Ln are functions of X only while Rn
are function of both & and E‘ + Values of Ln and Rn for
the fourth and fifth moments can also be found without
difficulty, when needed.

The closed set of linearilzed equations can now be

written as follows:
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dz; +£°l+ R,Z-;-Io y'-= -?@)
e

%'—L, 2, +2,'+R.23' ~[L 7+(I-h)£] y's - P®)
=]

dz
e

d2,_ 1.2, [11R ]2} ~[Lag+ (=t)b] y' = - O
H_J 3Za
2

'_.1_22,'+21'+ﬁ123'—[l_aqw(z-r.;)l.]y = -p®) 48)

3‘1',« 122 Ry 24 [ Lo+ (1-L2)b #1]Y = 202 1 §C)
5 _

The elgenvalues of thls set of equatlions can be found
directly or the set of linear differential equations can be
reduced to a set of algebraic equations by takineg the LaFPlace
transforms. In the latter case, the locatlion of the poles
of the transfer function would determine the stability of
the system,

o, &, band g are_the parameters of the system which

determine the location of the poles of the transfer function.

The results of applying the Routh-Horwitz criteria to this
set of equatlions are presented in Figures 1 and 2 {See
Appendix 6.1)., It is very surprising (Fig. 1) that €

has such & negligible effect on the limits of stable
operatlion.

It was found that for small values of % (which is
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most pertinent to crystallization), the ratlo of b/g reached
a limiting value with inecreasing values of g. For this
reason the attached Figures indicate g and b/g as the system
parameters, rather than g and b. For high values of T,
the stabllity depends on the single parameter b/g (critical)
which 1s a unique functlion of &X or the ratio of nuclel size
to the average llnear size lncrease of a crystal per draw-
down time (Fig. 3).

For most crystallization systems o« will have values
close to zero and in the past, investigators (2, 11, 13) have
taken o( equal to zero.

3,42 Effect of Seed Addition

For the speclal case when the seed size 1s identical
to the generated nucleil size (both distributions appearing
as delta functions) the results of the preceeding section
can be used to predict the effect of seed additlon on the
system's stabllity. The nucleation term B(c) is expanded

to include all nuclel entering the system as shown below:

& (49)
Bo Totar = B nucleated * g v

where J 1is defined to be the number of seeds per unit
volume of feed so that é%fg 1s the seed addition rate
rexr unit volume of crystallizer solution.
If we represent the steady state number of seeds
as eguals to g' time the generated nuclei (superscript bar

indicates steady state values):
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@W ) 0
%7 - cB"Jnucleated (50)

so that

= = ) (51
’BlgTotal-(gH)BUnucleated 51

the sensitivity parameter of the system b/g* for the seeded
case will be less than the sensitivity parameter for the

unseeded case at 1dentlical supersaturations.

* | b (52)

b -
Gt T e Y

Therefore, at ldentical supersaturation levels
seed addition willl increase the stability limits of a
crystallizer while at the same time 1t reduces the Weight
Mean Particle Size,

To determine the stabllity boundaries of the
seeded system, when the seed size is different from the
nuclel size, one can start with the linearized equations (34),
But the associated dimenslonless groups Ln, Bn and Sn given
in equations (35-37) must be recalculated, taking the seed
terms into account (See Appendix 6.2).

In order to evaluate these groups one can simplify
matters by making the assumption that the seed distribution

1s a delta function at seed size YS such that:
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-y
—— n _ v - n
VL S., Yo Str-r) rdy = v (53)
Then two new steady state dimensionless groups are
defined!
=28 (54)
F=wy (55)
VEB
The first of these, ¥, is similar to of defined
in equation (45) and 1s the ratio of the seed size to the
steady state size increase per draw-down time. The second
group & 1s the ratio of the seed addition rate per unit
volume of crystallizer to the nuclei generation rate per
unit volume of erystallizer, Substituting (45), (54) and
(55) into the steady state moment relations (25) simplifies
their representation as shown below:
A, =€8 .5— (1+ &)
A =ER Y (YE)[ (1) + £(R+N ] (56)
)
Haz €8 C—.,V‘ (L8 [ st +3) + ELG+248+3) ]
eTe.
so that
In=w -‘% G /_?._{.__ = funclion (a( R, &)
An
Ro= K 1, "¢ 8= ./;E K LG = funclion (£, £ §,E) (57)
n

\'
Sh"% _Z;__W funa':-ﬂ(df &)

»

The behaviour of the linearized equations describing the
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seeded case 1s determined by the paresmeters « , &, ,¢,
o and b, The two new groups &§ , and § being added to
characterize the seed size and quantity.

The stability boundaries for the seeded feed were
investizated for a number of cases and the results are
represented in Figure 4. These curves are for a nuclei
size of zero (o =0.), and a value of g = 500, The stability
boundaries, as 1n the unseeded case, are relatively insensitive
to variations in € and g (when g is greater than 100).

The stability limits increase with increasing seed number

and seed size, both of which contribute to increasing surface
area, However, large seed sizes (fgF~>/0 )} are not realistic
since for a fixed feed rate or draw-down time the net
throughput of product is diminished, Flgure L also shows

this relation by plotting the ratio of the crystal fraction

of the feed over that of the product stream, against seed

slze at two levels of seed additlion. The ordinate represent
the loss of production capacity due to seeding.

3.43 Effect of Size Dependent Growth Model

In the previous calculatlons 1t was assumed that the
linear growth rate 1s independent of size., Thls assumption
1s correct 1f the rate determining step is the kinetic
deposition rate at the surface. It has also been shown
experimentally that for large crystals ( d>>/oeoi ) the
overall mass transfer coefficlent at high agitation rates

1s independent of size. For very small crystals this
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assunption probably does not hold, As mentloned previously,.
if the growth rate 1= size dependent, the analytical treat-
ment becomes much more conplicated as the first four moments
equations plus the solute balance equation are no longer a
closed set of equations., However it is possible to estimate
the nature of the effect of size dependent growth rates on
stability by linearizing the growth function G(r, ¢ ).

If one can approximate G(r, c) by

GLro = g‘{= G fr =60 (1+ar) (58)

then the set of equations (11) and (20) will still give a
self-contained set,

When performing the calculations for thls case it
was assumed that the term aVé4AD was small, i.e, of the order

Y 0.1 or less. The group av6/w is the relative size increase
per draw-down time due to the size dependent term ar , and
the assumption that its value remains small 1s synonymous
with the assumption that we are investigating a first
order correction of the size independent ( ¢ =1l.) growth
model (See Appendix 6. 3).

Flgure 5 shows the effect of the size dependent term
on the stability contours for non seeded operation with the
nuclei size (X ) equal to zero. It is seen that a model
which predicts increasing growth rate with increasing silze

raiges the system's stability limits., Based on the previous
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results this is to be expected since it shovld lead to a
shorter time lag between the appearance of 1Increased nuclel
and increased surface area in the system.

3. 44 Effect of Operation with a Fines Trap

In order to lncrease crystal product size many
crystallizatlion systems utllize a nuclel trap. Thls usually
consists of withdrawing solution from some part of the vessel
in such a manner that only crystals below a certain size will
be elutriated with the solution. This stream is heated to
redissolve the solids and then returned to the crystallizer
body. Most often this operation is carried on continuously
rather than on the basis of some feedback signal. The
question we wanted to answer at present 1s whether this
continuous nucleil removal operation would increase or
decrease the system's stabllity,

In order to dissolve the nuclei it must be trapped
very early, before it has a chance to grow, say with 1/8 or
2 of a draw-down time'EKﬁﬁ. tigure 6 indicates that over this
time period, even for cycling behavior , the variation in
supersaturation or growth rate G(c) 1is relatively small,

We therefore assume a quasl steady state condition such

that the fraction of new nuclel being generated at a specific
time which survive the trap can be related to the instantaneous
growth rate. o

The residence time distribution function F(t) is the
fractlon of partlicles which reside in a vessel for a period

of time less than t. For a well stirred vessel this function
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is

F(t) = | =C

-

]+

(59)

where Z°'1s a draw-down time,and for this analysis 1s based
on the volumetric flow to the nuclel trap. If the critical
slze for removal 1s denoted as ¢ we can denote the fraction

of newly formed nuclei lost to the trap as
- X
Fraction Lost =/ — € &7 (60)

since we have made the quasi steady state assumption over
this small time perlod. Therefore the net nucleation rate

for the ecrystallizer and associated nuclel trap is:
-
6T’
Net nuecleation =BTy € (61)

To determine the stabllity of thls system we can
utilize the previously derived analysls presented in the
beginning of thls section. All we need do 1s use equation
(61) as the nucleation function in determining the system

sensitivity parameter b/g. We see then that for this case

¢ dc¥ r (62)

b/g = /g = ac (63)
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all the terms bheing evaluated at the steady state.

At a specifled solute conecentration the value of
equation (62) is always larger than equation (63).
Alternately from equation (42) we see that the critical
supersaturation level, beneath which c¢ycling occurs, 1is
higher when a nuclel trap 1s added to the system., Since
the steady state solute concentration ls slichtly increased
when a nuclel trap 1s added to the system, a specification
must be set for the two modes of operation before a comparison
can be made as to their relative stabllity.

A meaningful comparison between operation with and
without fines trap is to specify that with the same feed
composition, the same product should be produced (e.g. the
same Welght Mean Particle Size), Since the supersaturation
1s greater with the overation of a fines trap than without,
the production rate will also be greater for this case, It
1s shown in Appendix 6.4 that for this case, the addition
of a fines trap to a crystallizer to produce the same
product at a higher capaclty will not reduce the stability
of the system,
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3.5 lon Linear Solutions

3,51 Clear Feed

In the previous sectlion, the stabllity of the system
was analyzed by linearization of the equations, This allows
one to predict the general effect of the physical parameters
on the system and 1s especlially useful when investigating
the possibllity of stabllizing such a crystallizer by
changing the crystallizatlion conditions, seeding or some
feedback control. However,in order to understand the
complete behavior of the system 1t is 1lluminating to
solve the complete non llnear set of equations which can
only be done numerically {(or on an analog computer),

The starting point of the following analysis is

the system of equations (22), without the seed terms.

ﬁ-—f_—! = NG M- +(l'KM3)BY3" —h\'} Mn Mi0,1,2,3.. (64)

G—Kug%tg - %J,(c.-c) - €-0(3kMz +(1-kU)BKYT) (e3)

To simplify the study of dynamic behaviour of
this type of system, the variables are normelized about
the steady state variables correéponding to the feed
concentration C5, and rate (W . If the feed concentration
and rate vary perlodically, their mean values can be used
as reference points,.

Instead of defining the concentration variable as

belng the ratio of absolute concentration divided by the steady
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state value, which would be extremely close to 1. at all

times, the normalized superseturation will be followed

in time.

The following dimensionless groups are defined:

Z = Al_':h" ‘ﬂ-o,l.a,B..-
" (66)
Y = -G
C-Cg

where Cg 18 constant since the system is lsothermal,

Since the feed concentration and rate can vary with

time, we define:

A4©) = WO
w

Ao = Co®©) (67)
Co

e =trs

where G and (& are the average values of these inputs, 1If
the feed conditions are constent 4@ and fi are 1.
If these groups are substituted in (64) and (65),

along with the dimensionless steady state groups defined in
(35) and (36), we get:

dz"..l_ G\Z + (B K _B-fi - Zn 40 68
R— A4l n-! — &

W=0,1, 2,3
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(1-(1-6)23)% = 1o [ e g-_ié‘ =] + v [ he-1] EE-%C_

B -Cg_'-g. -Y][Lg (%)(!"E)Zz +(l-(l-Z)3:)R3(%)J( 69)

The two concentration groups in egquation (69)

Co - C -
: s and ':_e—-Eg
€ - ~cs

can be rearranged in terms of groups previously defined in
the stability study. Taking the kinetlic growth model to be

linear in supersaturation

G® = K, (¢-¢) (38)
then as before (39)
L 6-cC
ok E E—Cs
and _ _ (70)
CO-CS = Co ~C +1 = I*E%’

C-Cs C-Cs
and substituting equation (26) (with €., = 1.0) into the second

group
£-6 8T, = &-c A vr= € a4y
t-a -G -G 1-E T (71)
also (_f_’_) = K¢ =Y (72)
G
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Also, by assumling a Volmer nucleatlon model, and re-
membering we are assuming that S¢, i1s close to 1, the

hucleation rate can be written as:

-t * o~ #ﬂz
B:‘:ng [)"'_‘;f;] bl KZC (&-’) (40)

and in conjunction with the linear growth model:

2 K1
' (%;-')
so we can substitute for the followins rroups EC‘C and &

Ss _ﬁ’a*_]'li
c-cg 2K3

(73)
3B ==C3'%.%(H_”%1)
8 (74)

and substitutinz (70-74) back into (68.69)
% = 7L zw' ’ C*%(I—-;_‘) [-’_??'_ mk 2:3]—2“ ‘1’9)\’“0'1.:.3“.
O -cr-e)2yd7 = M[,g,@(g%,) —y]+{a[He)- ']["%r] (75)
- [ 7 ‘3’*1"7_][/.37(: €)Za+(1-0-E)Z3)R, e4¥(-9) ]

This set of equations describes the behavior of the
system relative to its steady state in terms of the parameters
used in the linear stability analysies (remembering L., is a
function of o and A, is a function of ¢ and £ ). There-
fore, with the linear growth model, the modlified Volmer nucleation
model, and the assumption of steady-state feed conditions (1'-{6)
and 44M9) equal 1.0), we see the relatlve dynamic behaviour 1is
determined exactly by the same variables which determine stability
(« ,%,€, b/g),while for time varying feed conditions, the

constant A3 must also be known.
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Alternately, if the metastable nucleatlion model were

used, the term ( 3—) could be arranged:

3
B o/ y-1+ ﬁi ) (76)
R

%

indicating that 1n comparison to the Volmer model, the
behavior of the system depends on an additional parameter m ,
which does not appear in the linear stability analysls.,

The advantage of using the Volmer model which, in most cases,
fits the data equally well is that the number of dimensionless
groups is reduced, We will later show that in this case the
behavior of most crystalllzers can be characterized by a
single dimensionless group b/g,

Equations (68) and (69), along with appropriate
nucleation models (72,74)& (76), were solved numerically
with the aid of the City College IBM 7040 Computer for
various initial perturbations (Appendix 6.5).

In all cases in which the system parameters indicated
linear stability, initial perturbations were indeed damped
out, Further, it was found that in all cases for which the
system parameters indicated linear instability, 1limit cycles
developed for any slze perturbation. This indicates that
the reglions mapped out by the linearized stabllity analysis
are representative of the behavior of the actual system,

Limit cycle behavior 1is caused by operation at a

point where the nucleatlion function is very sensitive
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(high b/g) which causes the system to give rise to a shower
of nuclel when the equilibrium concentration has been ex-
ceeded. These nuclel then grow supplying so much area for
growth that the solute concentration decreases bhelow its
equilibrium value. This in turn causes the generation of
much less than the equllibrium supply of nuclei. Continued
withdrawal of crystals from the system reduces the avallable
area for growth and thils causes the solute concentration to
rise, which agaln results in a shower of nuclel and
repetition of the cycle. Figure 6 demonstrates just this
behavior for a typical 1imit cycle.

The remainder of the work presented in this section
1s focussed on studylng the properties of these limit
cycles.

The majority of the numerical work done with the
non-linear system equations (68) and (69) was performed with
the modified Volmer nucleation model (74)., For this choice
of kinetic models (which includes a linear growth model (38)),
the non linear system 1s completely defined by the dimension-
less groups used 1n the linearized stabllity analysis ( « ,

&. g, b/g).

Other interesting propertlies were predicted by
Figures 1 and 2 which required corroboration by studying
the behavior of the non linear system. Specifically, for

values of g greater than about one hundred, the linearized
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stabllity study indicated:

a) that the critical value of b/¢ was independent
of g

b) that the critical value of b/g was independent
of §

Numerous results did indeed indicate that for
moderately high values of g, the normalized dynamic behavior
of the system is independent of g and £ .

Since the assumption of q,>l°a is realized for most
crystallization systems, the dynamic behavior of the system
relative to its predicted steady state becomes a function
of only two variables (b/g and « ). Then once &« has
been specified, the value of b/g is the only parameter of
importance in determining the system's limit cycle behavior .

It was mentioned previously that for a different
cholce of the nucleatlon model such as the metastable model,
an additional dimensionless group WM was introduced. One
would, however, expect from the results based on the modified
Volmer model that the effect of changing WM , while keeping
b/g constant, should be negligible. This is due to the fact
that both nucleating functions are similar near the so-called
metastable region it would be hard to differentiate between
them on the basis of experimental data,

The effect of MM on the 1imit cycle was evaluated by

determining numerically how the parameters of the 1imit cycle
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varied as a function of ww , For values of g and «

for which the critical value of b/g 1s independent of g and
€ , the effect of changing yaw on the parameters of the

limit cycle was negligible,

Curves describing the behavior of the limit cycles
are presented in Flgures 7, 8 and 9 for o values of 0.0
and 0.1. Actually, the nuclel formed in most systems are
so small that & can be taken to be approximately zero,
but the effect of this wvariable is so great that 1t was
pertinent to show the behavior of systems with values of

Kk up to at least 0.1.

Figure 7 shows the relation between Cycle Time and
b/g, and Flgure 8 is a graph of the cycle average Relative
Weight Mean Size vs. b/g (both for %)uf ). The cycle
average Relative Welght Mean Size 1s the average of =u/Z3
over a cycle and 1s indicative of a composite of continuously
sampled material.

As the sensitivity of the system increases (b/g gets
greater), a small excess value of Y (relative supersaturation)
causes a larger amount of new nuclel (the maximum value of
the zero moment increases), requiring a longer interval of
time to withdraw the crystals before another shower can take
place. This increase of b/g also raises the average surface
area present over a cycle, thereby lowering the Weight Mean

Product Size, Both these effects are show in Figures 7 and 8,
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The effect of increasing the slize of o 1s to damp
the amplitude of the zero moment, This is due to the increased
size of the nuclel which when formed rapidly reduce the
supersaturation, causing less nuclel to be formed during a
disturbance than would be for a system with an o of zero,
This, in turn, means the Cycle Time wlll be shorter and the
Helative Welght Mean Size larger than for a system with a
negligible & . Thils 1s also shown by Figures 7 and 8,

Figure 9 relates the local and c¢ycle average (composite)
Coefficlent of Variation of the weight distribution to b/g.
This indication of the "tlghtness" of the distribution is
equal to 0.5 for a cerystalllzation system operating in the
steady state (both for o = 0,0 and 0.1). It is shown in
Appendix 6.6 that the composite value of ¥ can never be
better than the steady state walue. The actual composite
value of ¥ , when X = 0.0, is only slightly greater than
0.5, while when & = 0,1 the difference from 0.5 could not
even be noticed., Therefore, on a time averaged basis the
non stable system glvesn nearly as good a product as a
stable system.

3.52 Stabllization by Seeding

There 1s much practical experience in industry which
indicates that adding seed to an oscillating crystallizer will
stabllize its operation. The results of the last section seem

to corrocborate thls.
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If one had an osclllating system at hand 1t would be
Interesting to learn Jjust how much seed of what slze would be
necessary to stop the oscillations and how the resulting
product distribution would change. We have performed thils
analyslis for one case where the initial steady state parameters

were

& = 0.
€ =0.8

' g = 500
b/g = 50

These parameters represent an unstable system as can
be seen from Figure 1, From Figure 8 it is seen that the
resulting product distribution has a Cycle Average Welght
Mean Size of only 85% of that predicted by the steady state
equations. Flgure 9 shows that substantial local fluctuations
In the coefflecient of variation willl ocecur while the resulting
average 1s only slightly higher than that of steady state
operation.

To perform the calculation we assumed a linear growth
model and modified Volmer nucleatlion model such that the group
b/g 13 equivalent to that glven in equation (42). The
volumetric feed rate remalined constant and for each seed
size a trial and error calculation was performed to determine

how much seed was necessary to stablillize the system (See

Appendix 6,7). When thls was found the Welght Mean Size
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relative to that predicted by the inltial, but unstable,
steady state could be calculated. Other properties such as
the coefficlient of variation and the feed voldage, the latter
being an indlication of lost productivity as it becomes less
than one, were also calculated.

The results of these calculations are shown in
Fizure 10, It can be seen that for values of 8 below 1
there 1s an lmperceptibly small difference 1n the resulting
Welght Mean Silze, Varlance or Productlvity as compared to the
initial, but unattainable, steady state wvalues. The reason
for this is that the final steady state has a lower super-
saturation than the original unseeded steady state had (final
b/g equals 54, original equalled 50) which results in a
lower nucleation rate, thus tending to offset the effect of

~seed addition,

It appears therefore that seed addition 1s an
excellent solution to end cycllng performance by both
stabllizing the operation and increasing the Weight Mean
Size of the product without any significant loss of production.

The results of this study can alsc be used to analyze
the performance ot an imperfectly mixed crystallizer. For
example, yoor mixing at the feed inlet would lead to local
high supersaturation levels and local high nucleation rates
while the rest of the crystalllzer is well mixed. This
sort of system 1s analagous to a seeded feed into a well mixed
crystallizer,indlicating why many commercial installations

are free of the problem of cycling.
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u, Classified Product

4,1 Derivation of the Modecl

A diagram of the type of operation to be dlscussed

is shown below:

_Swh Teode

1

fecd L Tndect gt
cuqq; ‘ L—zz

o ST N P dssifiey
. M %'-..: cryslallizer

® '."oa‘Vft‘
L]

A feed material contalning solute at concentration Co
ls fed to the crystallizer at a volumetrlic rate w , A
slurry 1s withdrawn from the crystallizer body at a volumetric
rate (S + 1) W and sent to a classifying device; the
deslign of which 1s usually based on centrifugal or elutriative
principles. Thils classifler is designed to produce two
separate streams; a product stream of volumetric rate @
which contalns all the crystals in the classifler feed which
were above a specifled critical size ¥ : and a recycle stream
swwhich contalns all the crystals in the classiflier feed
stream which were below size .

These classifliers are not so efficient that they per-
fectly separate all material above and below a specifilc size

Y, . However, the size range of material which is usually

dlispersed between the classifier product streams 1s narrow

enough to allow this simplification of our model.



The steady state crystal distribution of the
crystallizer body and product stream are qualitatively

shown below as a functlion of the classifler recycle ratio S:

o
Cryslal Viumber

dMslt.,

Y cwildsige

The distribution above size Y is exactly the same
as the product dlstribution. As the recycle S increases
the tall of material above size Y| narrows until at an infinite
value of S there 1s no material present in the crystalllzer
above size Y and the product siza:-dlstributlion can be
represented by a Dirac delta function at size Y| .

It has been shown (6) that the product distribution
resulting from a value of S equal to 10 1s in most cases
indistinguishable from the distribution of S equal to
infinity. We therefore also make the assumptlon in our
model that S equals infinity slnce this greatly simplifies
the mathematlcal treatment and normally the classifler
recycle ratio will not be far from 10.

The steady state behavior of thlis model has been

described by Saeman (13) and Bransom (2).

In order to descrlbe the behavicr of the Isothermal



Mixed Suspension Classiflied Product Crystallizer, balances
must be written for the particles and the crystallizing
material.

The same nomenclature and assumptions introduced
in section 3.1 are used here., 1In addition we are also
assumlng:

(1) that @ = 1,0, so that the kinetic growth

term given in equation (3) can

be written as:

dr_
pes Gl

and is only a function of supera
saturation;

(2) that the volumetric feed and product rates
are ldentical,so from equation (8) the
erystallizer working volume V is constant:

(3) that the feed 1s a clear solutiong

(&) that the nuclel size is so small it can be
taken as equal to zero. (This is not
necessary and was not done during the
original work. However, now possessing
hindsight,we state that,for the classified
product case, the nuclel size has little
to no effect on the stabllity or dynamtc
behavio r of the system. In addition,
the assumption Yo = 0 greatly simplifies
the following development.

55
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h,11 Conservation Equations

The appropriate balances can now be written down.
(A detalled derivatlion of the particle balance can be
found in reference 7).

Particle Balance

AN 1 Gy EMD _
ot or

(77)
B.c.

$Co) = €BO /6w

fr)y =0 ,r>%

These terms represent in order: the accumulation
of crystals at size r, and the net flux of crystals at size
r due. to growth., The boundary condition at size zero equates
the generation of particles €Bw to those growing away
from size zero, as indlcated by the term £(t)G® .
The conditlon for Y>Y; corresponds to the assumption of an

infinite recycle ratio.

Solute and Crystal Balance

Ji{[\’[“ *("06” = Weo -[(w—i«erf(n,f)e)c

~ (kP VECGD6)e | (79

These terms represent in order: the accumulation
of solute and crystal, the input of solute by the feed,
and the withdrawal of solute and crystal by the classifier
product stream., The term ( KK VFU, 860 ) represents

the volumetric rate of crystal produet reaching size ¥,
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We desire a specific differentlal equation for the
concentration C since the kinetic terms for nucleatlion
and growth depend solely on this varlable. By multiplying
equation (77) by Kr® and Integrating over ¥ we get the
followlng relation:

3
. =0 G + KEVFO,E) (79)

e

where, as before
E=/]- rh’r‘?_f a’r = ,_K,b{s (B0O)

o= 3K£"r‘+atr - 3KMz (81)

Substituting equation (79) into (78), we get the

following relation for C:
ede . L (c-c) -C-0) TG (82)
at v

which we recognize as being ldentical to equation (9) for
the non classified crystallizer,
The working set of equations are now summarized

below:

Q}%&\‘) + G{Qa €} = E£Bw — G5 05(r-1)
r

&t (83)

where ¢ = 3K S:r:-f'dr
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L,12 Moment Equations

In section 3, which treated the mixed product case,
the generation of moment equations resulted in a closed set
of ordinary differentlal equations which ylelded sufficient
information about the system and were simpler to solve than
the partial differential equation describing the particle
balance, In this case, however, the term f(xy, t), the
number denslity of particles at the cutoff size y, prevents the
formatlon of a closed set of equations.

Stlll, the moment equations provide a simple approach
to deriving the system's transfer function and subsequently
1ts stabillity limilts.

The definitlon of the moments of f(r, t) as given in
equation (13) and the physical significance of the moments
formerly described are unchanged. It should be noted that,
although the upper limit of integration of ¥ 1s written as oo
the term f(r, t) 1s zero above size ¥ .

Multiplying equation (77) by r“ and integrating over

the range of Y results in the general moments equation:
n
M = Nini 6+ EB §m) — TRl N=0,1,3,3... (84)
at

In terms of the moments of f(r, t), equation (82)

can be rewritten:

de _ o,y —fo—
&i_tc_,_lf}&, c) ~E-93KU; (85)

where &* /"’V’{S
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The leading four moments of (84) plus (85) do not
form a closed set because of the term f(n, t).

4.13 Steady State Equations

Since we will normalize both the system and linearized
equations about thelr steady states, a diversion to derive
the steady state moments is appropriate at this time.

As previously described, the steady state crystal
number density 1s a constant between the nuclel size and the
withdrawal size Y3 . The crystal number density can be

written, (superscript bar refers to steady state values):

Coy= LB <
£ 00 %? P alie (86)

fn=o 3N

The steady state moments can be directly calculated
from (86).
n+

f
= "tndr= EB 1 <
ya L ri{nd L eonaz (87)

Substituting (86) into the steady state form of (84),

we get a recursion formula for the moments.

i — n iy
Hn = ;:I_W,a.,_, ez (88)

It 1s relatively simple to derive a relation between

the product silze and solids residence time Ts .
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Tf - Crystal Holdup Volume (89)
s Crystal Volumetric Production Rate
K3 EFm 4&

so that the product 1s equal to four tlmes the growth per

gsolids! residence tipe.

[=4%6 (90)

which was derived by Saeman (13).
e must distinguish between
(1) feed residence time and solid&' residence time;
(2) voldage fraction in the crystalllizer and
voldage fraction 1n the product
which usually are not the same for the classified crystallizer,
We denote the voldage fraction of the product by &p
and from equation (26) 1t should be glven by

- e-c (91)

or by
(j -E‘;):-': h’ﬁzéév
w (92)

where AV 'ZBv 1s equal to the volumetric rate of production

of crystals of size f .
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From (89) we can also write the following

—
p——

G-E)W ~ (-€p) (93)

(& _(-aVv G-

from which we see that when the crystallizer body voldage
and product voildage are equal,the solids and feed residence
times are also equal. This 1s always true for the mixed

crystallizer with no classification.
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L,2 Linearization of the Model

As before, we willl first study the linearized
system to ultimately define the regions of stable and
unstable behaviour.

The feed concentration can vary in the form:
C.('t) = .C_u + Ce’fﬁ \

The performance variables are represented by

A = [, +40 ' neo,,2,3.. .

C& =T +c'®

£led= Fous £y

The initlal conditions are

Co =T

An@ = AL, N=0,1,2,3.. -

fHro=$m (94)
The kinetic terms for small displacements can be

written:

Be) =B + %f(f). ¢/

Gk = G 4-£ﬂ&z)(f
de
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The followlng dimensionless variables are defined:

7

i
Z.0 = 4@1 neo.,a3...

A
Ye = £’
G-C
S:'Er,e)a- £09
ra > (95)
e = 't/fc's
q.= Co’
=

?=€ G-c 1&{6)

b’C'Co Cﬁfﬁ(c -)

Substituting relations (91) and (92) into (84) and

(85) results in the following linearized equations:

%%u' - [("%?’. §)3+(§§T’C’s )b -(%__?ﬁ")‘r]f (96)

- nun-. "(-"6)2"_‘ (KBH; (& 50923 (eaz'sr)ﬁr 8 =0

N=0,1,2,3.

s e
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The groups contained within parenthesis in equations
(96) and (97) are composed solely of steady state values and
can easlly be calculated from equations (82) and (86) to
(90). Performing this exercise the linearized system

equations reduce to the following:

/

dZ. _ [(b- "y (=B 7 T -
do [—43)]), 4T 7 ¢

diz:,_ J-E,I 4-:2"3,2rnﬁ =0
de 2 (98)

A2 - 27 +F Fma=o

To 4

Az, _ 2, +F'.a=0

azf

TN (e GNP T A
46 z
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4.3 Stability Analysis

The set of equations (98) cannot yet be analyzed for
stability since an additional expression for 3'&,93 is
required. To develop this expression we return to the
Particle Balance Equation (77). Linearizing and normalizing
this expression with the aid of relations (94} and (95) we

get: , )
3Fme | 2Fwe _
T.EIE st

(99)

zc. Flooy= -9y ~(4%) 23

It is obvious that we cannot get an ordinary
differential expression for ‘361‘.,9) from {99). Therefore,
we turn to the transfer functlon to examine the system's
stabllity boundaries, The partial differentlial equation
indicates that the transfer function will contailn an
exponential function,

Taking the LaPlace transform of equation (99)
with respect to 6 and denoting *»e transform by the
superscript A~

Sé\?('f‘.s) - )3—2:;:; =0

Te G v
(100)

P W] ~ s - ”~ 7
BC @) = (b-g) Vs —(J.Ei )%
Solving (100), we get:

-Sr
Fersy = [ b-9) X —(‘?_)z.?(sfjc we (101)
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and usling equation (90) we finally get an expression for

F.9

§J A £__ A, C""fS‘

€)= [ PN - )2 ] (102)
Combining (102) with the LaPlace transforms of

(98), we get the following characteristic matrix:
Characteristic Matrix

Variable-» 3Z 2 F AN 2 | é};.‘) Disturbance

Equftion

O moment S 0 0 J.l-,f(&) -(b-g¥4 % 0

1 moment -% S 0 0 0 3 0

2 moment O -% S 0 0 3 0 (103)

3 moment 0 0 ol S 0 1 0

Solute Bal.0 0 | 0 s+7+t."‘_/__£§';“.‘_‘?_’] 0 g

P n 0 0 1-€ -(beg) ¥ 0

When multiplyling out this matrix, we find the

denominator of any transfer function wlll have the following

characteristic equation:

LY -HS a
ﬂsssfﬂqsq‘*ﬂs Slhqas +A.S 0, + € (Bq Sq+ 3351+8,,S 18, S'fBa) (1o4)

The coefficlents of this term are functions of the

steady state parameters b, g, € , and Ts4 , (If the nuclei
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size were left as a variable, an additional parameter of
the form %A& would alsc be present.)

The stabllity limits of thls transfer function were
investigated by use of Nyguist dlagrams, actual solution
for the roots, and the determination of crossover points
of the roots over the imaginary axis. These techniques are
described in detall in reference (4) and are further discussed
in Appendix 6.8.

As iIn the unclassifled case, 1t was found that the
term b/g was the crucial parameter which determined the
stability of the system. It was found that the stsbility
contour of b/g was insensitive to changes in g and TG/ T .
but did vary slightly with changes in & . These limits
are shown 1ln Figure 1ll., It 1s seen that the critical values
of b/g are about 1 to 3 for classified operation, whereas
for the unclassified operation, it was about 20. The
addition of a classifying device therefore drastically
reduces the system's stabllity.

4,31 Effect of Operating Variables on Stabllity

The lndependent variables that an operator has
at his contrecl for our model classified crystallizer are
temperature, feed rate; product size and fraction of nucletl
destroyed (Af a fines trap 1s included). The present paper
treats an isothermal case so that the temperature effect

has been disregarded. (It should be pointed out that, al-
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though some papers deal with the effect of temperature on
growth rate, there are none that do the same for nucleatlion
of solute from solution.)

Assuming that the flnes trap operation 1s held

constant, such that the same fractlion of nuclei survive
the trap, we would llke to investlgate:

(1) the effect of varying production rate with
constant product size;

(2) the effect of varylng product slze with
constant productlon rate on the system's
stablility.

(1) Varying Production Rate

Since the supersaturation iIs so small when compared
to the concentration change between feed and product, we
can assume that the volume fraction of solids in the product
stream will remain wunchanged. From equation (92) we see

that,assuming constant product size Y; , this means:

(105)

Also, constant product size denotes (from equation (30) and

(93)):

2 (106)
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Solving for (DiAJ, from (106) and substituting into (105)

glves:

_—:-é-—‘—_gl— - __-éé;ﬁ_-}_'_. = conctanml
(I'Ct) & ('-Ea) G5 (107)

Assuming a linear growth model as given in equation
(38) and a Volmer type nucleatlion model as glven in equation

(40), we can use the definition given for b/g in equation
In terms of b/g the ratio for growth and nucleation

(42).
rates take the following forms:
% = (b/?)zfj : (108)
b,
_ (109)
Q = cji[(%z-(%)']
-
Substituting (108) and (109) into (107)
E ok 5 = g 46y
—— = =& é’ o
iz (%I c Iz, (,l c conslanl (110)

Starting with a stable base point, say & = 0.70, (b/g),
1.50, we can solve (110) for other combinations of &z and
(b/g), and then from either (105) or (106) determine the
relative production rate gf- .
Figure 12 plots this curve of b/g versus £ for

= 0,70,

varying production rates through the base point &,

The stabillity b—oundary is shown on the same

(v/8)= 1.50.
It can be seen that if the original system 1s stable,

graph.
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decreasing the production rate while maintaining a constant
product size (and constant fines trap overation) will leéd
towards an unstable situation,

(2) Varying Product Size

By the same reasoning as before we expect the solids
content of the product stream to be essentially constant. And

from equation (92) with constant production rate, we see

(Y‘) )2 €,B: = const. (111)

From equation (90) it can also be shown that

(v), /o236 = /08D T, = const. (112)

And using equations (108-109) we can follow the same
method to determine the variation of £ and b/g and relative
slze, when starting with the same base point. Thls is
also shown in Figure 12.

It can be seen that lncreasing the product size while
maintaining a constant production rate (and constant fines
trap operation) will lead to an unstable situation,

IfT 1t 1s desired to maintain a constant growth rate
(constant b/g) when varying production rate or product size,
similar analysis to the above show:

(1) A smaller fraction of nuclel should be

dilssolved in the fines trap when increasing
production., {(constant product size):

(2) A larger fraction of nucleil should be
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dissolved in the fines trap when increasing
product size, (constant production rate)

L,32 Comparison of Mixed versus Classified Operation

The only valid way to compare these two modes of
operation 1s on the basis that they:

(1) operate on the same feed concentration and

rate (equal production);

(2) produce the same welght mean product slze,

In this section subscript ~» will indlicate mixed
operation and subscript ¢ classifled operation.

The weight mean particle size for mixed operation
is equal to ,ﬁ@/ﬁ% (see equation(16)), while for classified
operation it must be equal to the cutoff size y; . From
equation (25) we can evaluate /Z;ﬂé (with a clear feed and

Y, =0. )

/;73 {113)
The last part of {(113) is obtailned by substitution of
equation (90),

The number of surviving nuclel required is equal

to the production rate divided by average size per product

crystal,
(Net)Be = Production Volume (114)
Ky 3
(Net)Bm = Production Volume (115)

K43/
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By net Bc we mean the number of nuclel generated
multiplied by the percent survliving the fines trap., A fines
trap may or may not be used with mixed product removal, but,
as we shall see, under most conditions it is required for

classifled product removal.

Dividing (114) by (115) and substituting for
from {(25) we get:

%Net;Bc K M /Mo G, >
et)Bm = K13 = ——-ns) (116)

Substituting (113) into (116):

Net)Be _ 6 -
%m = =2 = 0.094 (117)

which was derived by Saeman (13) under somewhat more limiting
conditions.

To achleve thls reduced nucleation rate requires the
addition of,or the improved operation of,a fines trap for

the classgified case.

Rearranging equation (113) with the aid of equation
(93) and (108):

= G—c
=€ Gn (118)

Therefore, assuming that £, 1s known and no fines trap

1s used for mixed operation, for every £, we choose we can
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calculate the relative (b/g)c as compared to the sensitivity

coefficlent for mixed operation. Assuming £ = 0.8 we get

_zg_ (b/g)q/kb/g)m Required Nuclei Removal
0.7 2.25 < 90.6%
0.8 1.0 90.6%
0.9 0.25 ) 90.6%

Let us focus on the problem of stablility. From the
results of section 4,3 we see that the region of stable
operation for the classified case 1s much smaller than for
the mixed product case, It 1s therefore quite reasonable
to expect that a system which is stable for mixed product
operation (b/g < 21) may not be stable for classified
operation (’9@)2-5 Y.

Even If (b/g)m is lower than 2,0, switching to
classified operation such that conditions (1)} and (2)
of this section are met will require that (NetBe)/Bm = 0.094
or that a fines trap will be required. Utillzing the relations

derived in section 3.44 we see that for fines trap operation:

- B
(‘9/*= s dc“"u e (62)
q B d@(c) ’L"Z:
C

and for the case where the growth rates for mixed and
classified operation are held constant (as discussed by Saeman
(13)) the term %4 will equal 2.36. Therefore, the con-
tribution of this term is itself sufficient to lead to in-
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stabllity.

Therefore, although an ideally mixed system may be
stable during non classified operation, it most likely will
become unstable if it 1s converted to classified operation.

If the mixing 1s not ideal, but has localized high
supersaturations at the feed inlet, then this has the same
effect as seeding and has a strong stabllizing influence
ags wlll be shown in the following sectlon.

4,33 The Effect of Seed Addition

Using the same nomenclature introduced in equation
(55) we let Q’ represent the ratio of the seed nuclel fed
per volume of solutlion to generated nuclel per volume of

solution (at the calculated steady state).

B = Be *B_ = (1+¢)B0, e (119)

TeraL NULEATED Sexp

We saw 1n sections 3.42 and 3.52 that for the mixed
case, seeding increased the stabillity of the system with
little deleterious effect on product size, This was because
the seedling increased the crystal surface area which lowered
the supersaturatlion and hence the nucleation rate. The
total nuclel then were only slightly more than the sum of
the seed nuclel and the originally generated nuclel,

In the classifled crystallizer we have control over
the crystal surface area (or magms density) and can make this

trade of generated nuclel for seeded nuclel more easily.
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To 1llustrate, let us assume we are operating a
classifled crystallizer to produce the same weight mean
slze crystal as was realized in a non classified operation.
Then as was shown in the last section, a fines trap must be

added to the system., Then we saw:

*® — ) n
(k) = %;% + (62)

C

(b/ﬁ)*-——- 6/:5 + 1

Now if the system is seeded, the system sensltivity
parameter becomes:

# kyz+ _3—,%-
(b/%) Y (120)

Say the classified system was unstable (i.e., £ = 0.9,
b/g = 5,%%§ = 2.36 and (b/g)*' = 7,36), There is not much
we could do to stablillze the operation while still producing
the same volume and size product,(other than install a
feedback control system), With seeding, we could raise the
sollids fraction so that only a minor portion of the nuclel
are dependent on the supersaturation,

To produce the same slze and number of crystals as
was originally intended, the nuclel introduced must be the

same:
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EB = constant (W is the same) (105)
and from (106):

'C'sa = constant

(G-) ¢ = constant (106)
By lowering £ to 0.8 we can use equations (106),

(108) and (109) to calculate that now (b/z) = 20 and the
generated nuclei are almost nill ( &£ SU0}) times the
original number)., The nuclel are now almost exclusively
supplied by seed (calculated from (105)) and the fines trap

need only be operated 1f the amount of seed 1s excessive.

1r & = 198 'E’%' =0 and (b/g) = 0.1
1 & = 500 T.,—% = 0.91 and (b/g) = 0.0k

It 1s evident therefore that one might stabllize
the classified crystallizer by seeding and yet not suffer a

loss In product size.
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L.4 Non Linear Solutions

We wanted solutlons to the non linearized system
equations in time to firstly check the model's behavior
in the reglons outlined by the stabllity analysis and secondly
to study the characteristies of the limlt cycles in the une
stable region.

The starting point of thls work was the set of
equations (82) reproduced below:

Particle Balance

Jf(f,ﬂ + 6o ;_'E(:f,f) =0
ar

at
(121)
B.C
-E(o:t) = __6_.&" ) -f(f)r“ ,‘t) 20
G
Concentratlon Balance
ede - %?@5*9"«“9)3K6k»“1
£ (122)

We did not bother to work with the moment equations
for this study since we saw before that for this case they
do not lead to a closed set of ordinary differential equations.
Therefore, the solution of a partial differential equation will
be requlired to follow the dynamics of thils system,

To simplify the study of the dynamic behavior of the

system, the variables are normalized about the steady state
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variables corresponding to the feed concentration C and

rate W. .
The followling dimensionless groups are defined:

L e , £4.0
?Q.a T

EB/E
y=- &2
- (123)
6= /T
2oL e

Substituting (123) into (122) along with (87-90)
results in the following dimensionless equations:

Normalized Particle Balance

3T 4 L6 IFUE) o

30 ¢ 13

Nooye BB [1-(-E)2s] (124)
6/8) 3

FU>,)=0

Normallized Concentration Balance

(/—(z-f)z_,)g_/_z____fg[g:& _y]- _ff_‘zﬂ-y][é-a-é’)iz] (125)
de z &S ¢

c—Cs
where

i
Z,,‘(\nﬂ)J A Fusrdl N:0,42,3. .-
J (126)
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As 1n the non classified case, we now assume &
linear growth model (equation (38)) and a Volmer type
nucleation model {(equation (40)),s0 we can use expressions
(38) and (42) for g and b/g respectively, TFollowing the
same analyslis as in the previous section we can incorporate
equations (70«72) into (125) and use equation (74) for the
term B/E.

With the incorporation of these kinetle models our
working set of equations assumes the followlng form:

Normalized FPartlcle Balance

TG , L YITUe
So LAY
B.C

‘9"(-09)‘-’(523-)[ /:-(.L;Q?J] , F>,8)=0
Y 3

Normalized Concentration Balance (127)

[1-C1-E)23] g - Eg/+_’%a-7) - [ T—EE' a+i-y JL[YO-E)Z, ]

where |
z, <) M5we)dl oz
B.pt¥ll-5
[=1

The steady state parameters whilch determine the
normalized dynamic behaviour of the system are & , Tt
g, b/g; the same groups which determined the stability
reglons in the linearized analysis.

As in the linearized study, it was fouﬁd that

changing the values of W% and g had a very
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small effect on the normallized dynamic behavior and the
parameters € and b/g were of primary sirnificance,

The technique used for the solution of (127) is
discussed in Appendix 6.9,

Numerical solutlions corroborated the linearized
analysis in that for all systems where parameters indlicated
stable operation, initial perturbations damped out, regard-
less of the slze of the perturbation. As expected for all
systems whose parameters indicated linear instability, initial
perturbations from steady state grew into well defined
1imit cycles.

The characterlstics of a typlcal 1limit cycle are
shown in Figure 13, Figure 14 1llustrates the fluctuations
in the normalized particle densities over the limit cycle.

From Figure 13 we see that the same internal feedback
mechaenism 1s prevalent in the classifled operation as for
the non classified case, except that in this case the
crystal density distribution varies in the form of a
travelling wave, As the crystal area {(second moment) increases
above its steady state value (Z, = 1.0), the supersaturation
level is reduced below its steady state value resulting in
a reduced amount of generated nuclei. As the crystals grow
and product is removed from the crystallizer, the crystal
area will decrease to below its steady state value due to
the previous period of reduced nucleation. This willl then

lead to increasing supersaturation and an excessive amount
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of nucleation, As these nuclel grow to a dominant particle
size, the crystal area will increase to greater than steady
state values and the cycle will start again,

" The limit cycle which results for the classifled
case 1s somewhat different from that for non classifiled
operation.

(1) The product is of constant size but the rate of
production varies.

(2) The solid content is not constant; the third
moment 4, fluctuates throughout the cycle
and the size of 1ts normalized oscillation 1is
about the same as that for the second moment
M . Also, the second and third moments
are in phase wlth each other,

(3) The cycle time 1s longer for classified
operation than for mixed product removal.

The extent of the oscillations and the cycle time
are plotted as a function of b/g in Figure 15 for a particular
voldage ( € = 0.9). The similarity of the maximum and
minimum values of the normalized second and third moments
and of the normalized production rate should be noticed.
This appears because they are all governed by the particle

density near or at the product size V¥ .



FIGURE 15

CLASSIFIED LIMIT CYCLE CHARACTERISTICS
AS A FUNCTION OF b/g
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Conclusions

As mentioned in the introduction, it is well es-
tablished that continuous crystallizers exhibit cycling
behavior The occurence of such cyceling behavior 1is
probably much more frequent than most people realize, As
shown in the analysls the cycle period is very long, about
3 to 8 times the solids! draw.dowvm time. Such long cycles
might therefore involve several operator shifts and the
cycle ltself might be strongly perturbed or masked by changes
Introduced by the operator. Depending on the control
strategy used by the operator this might enhance lnstability
or Just cause an increcased varlablility in the size distributlon,

The data avallable in the literature from which one
can calculate values of b/g for a particular system are exe-
tremely sparse, However, the two sources which we found both
agree wlith the results of this study.

1. Robinson and Roberts (20) fitted a metastable
model to an ammonlum sulfate system they were operating in their
plant. The plant erystalllzer was well stirred and did not
classify the product. Utilizing equation (44) and their model,
we were able to determine that b/g for this system was greater
than 20, Instabllity and long term translents were reported
for this system and to calculate the steady state particle
distribution an average of 61 samples were taken over a
period of days. According to the results of this thesis, the
stability 1limit for this type of operation is a b/g of about
21 and in all 1likellihood the Instablility reported for this



system were the limit cycles predicted by this study., The
fact that they obtained a steady state particle halance whlch
fitted steady state theory only by averaging their results
over a perlod of days is also predicted by this thesis, as
shown in Figure 9,

2. The study of Bransom (21) with a well stirred
isothermal saltling out crystallizer provides the best data
avallable in the literature, He studled a cyclonife system
with the supersaturatlion provided by the addition of alcohol.
By fittlng a modifled Volmer model to hls data 1t was found
that b/g never exceeded a value of 4,0 for the conditions of
his study. Consequently, no cycling problem was reported and
a particle size distribution was sttalned which fit steady
state theory without averaging. Resldence times were very
low for this study (about 15 minutes) and the product crystal
was therefore very small. Calculations indicate that if the
residence time were increased to about one hour (which would
inerease the product size), the stability limits would be
reached and any attempt to grow still larger crystals would
result in cycling.

The analytical treatment gliven in thls paper provides

& basis of understanding the general nature of these
phenomena, It 1s seen that the dominating source of this
unstable behavior 1s the strongly non linear nature of the
dependence of nucleatlon rate on supersaturation which, in
an oversimplified form, 1s sometimes deseribed by assuming
the existence of a metastable region in which no nucleation
oceurs, The larger the particle size the lower must be the

nucleation rate and therefore for large crystals one has to

88



89
operate at supersaturations close to the so-called metastable

region. A small upset at these conditions will cause a
temporary increase in nucleation rate, Now as the

excess amount of nuclel grows the total area increases and
the supersaturatlon decreases, reducing the nucleation

rate. However, thils effect occurs with a considerable time
delay as the new nuclel have no appreciable surface for a
considerable time span. Therefore, before the stabilizing
action occurs a large number of nuclel might be formed
which later will reduce the supersaturation so much that the
solution becomes metastable and nucleation practically
ceases, At some later time the total surface starts to
decrease due to the removal of crystals from the crystallizer
In the outflow and the supersaturation starts to increase
again,

This leads therefore to the occurence of limit
cycles whose specific properties were described in the
analytical part and can be summarlzed as follows:

Both the tendency to instability and the relative
amplitude of the 1limit cycles increase with increasing b/g
and therefore with increasing particle size; at otherwise
constant conditions,

For the mixed product case:

(1) The free volume or the magma density have

little effect on stadblllty.

(2) The cycle perlod is comparatively long

(3 to 5 times the draw-down time).

(3) The instabilitles tend to decrease the

average particle slze and increase the total

varlance, However, 1f an individual sample



is withdrawn, chances are quite high that
its size distrlibution will be more uniform
than for a Polsson dlstribution.

{(4) Correct feeding of the seed will tend to
stabllize the system and increase particle
slze.

(5) The total crystal mass will in most cases
remain almost constant,

For the classified product case:

(1) The magma density can be independently
controlled and has a small effect on the
stability limits.

(2) The cycle period is longer than for the
mixed product case; 6 to 8 times the
solld draw-down time,

(3) The instabilities do not effect product
gizec, Tt do cause cycling in the rate of
proluc.ion.

‘L) Simultaneous seeding and increase of the
solid volume can stabllize the operation
over a wide range of product sizes,

(5) The normalized solld content, crystal area
and production rate vary in phase and
approximately in magnitude.

At least one remark on the model itself. 1In all the

analysis 1t was assumed that the crystallizer 1s an ideally
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stirred tank. It should be pointed cut 1in all fairness
that for many crystallizers this is not a good approximation.
In this model any incoming feed will become immediately
dispersed, In reality this takes a finite mixing time
varylng from a fraction of a second to several seconds,
depending on the size of the vessel {mixing time increases
with vessel size (14 )). Now when using such a model for a
regular first or second order chemical reaction with a
residence time large as compared to the mixing time the
error ilntroduced by neglecting this short initial mixing
peried is often negligible. In any phenomena involving
nucleation the increase in rate of nucleation during this
period might be so large that almost all of it will cccur
during that stage.

One has therefore to be very careful in using such a
model in crystallization. In particular it is doubtful
if one can calculate nucleation rates from the overall
performance of such crystalllizers, as has been suggested.

The deviation of an actual mixed crystallizer from
that of an 1deally mixed one will therefore depend both
on the nature of the crystallizing solution and the initial
mixing time and therefore the size of the vessel. The
latter factor explains some of the special difficulties
encountered in the scale-up of crystallizers.

This deviation from ideal mixing will have a similar
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effect as seeding and has some stabllizing action,

However, even in a case where there are considerable
deviations between the actual behaviour of the crystallizer
and the ideally mixed theoretical model, the present analysis
should still present the correct trends and provides an

understanding of the phenomena leadlng to cyelic behavior of

crystallizers.
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Appendix 6.1

Stability Analysis - Clear Feed

The characterlstic set of linearized equations
is given by the left side of (48) and the steady state
groups Ln and Rn by (46) and (47),

Taking the LaPlace transform of this set of

equations and defining:
—7-;)=[Ln@(-l‘) 1"6] W:0,1,2,3.

the denominator of any Transfer Function (the Characteristic

Matrix) can be written as:

-~ ”~ [ X4 P F)
Variable = z,' (3] E;is; 2,0 2, Y sy
equation
v
0 moment (S+1) 0 0 Ro -To
1 moment <17 (5+1) 0 R1 -T1
2 moment 0 -L2 (S+1) Rg2 -T2
3 moment 0 0 =L3 (5+1+R3) =T3
Conc. Balance 0 0 +L3 <Rj (S+1+4T3)

This can be expanded to give the characteristic

fifth order equation:
L'y ¥ 3 2
d58+aqS+a38 +a, S +4,S+43, =0

where

Qg =/

oL
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Qu= 5+ (Ry+T3)
A3 Z1044(Ra+T3) + [ L (R4 =R, 75 ]

Q2 =10+ 6(R3+T3) * 3[ L (RatTe) -RaTz ] + Lalal(R, +7)
Q; = S+ 4(RH) +3[ 13 (Ra¥R) -K3Ty ] #2Ly L3 (A+T,) +4Lly (Ro4T2)
Qo= 1+ (Ri+T)+ [L3(RatT) =BTy 1+ LLla(RAT)) 4y Laly (R, )

Using the form of Routh's criterion given in Wylile,
"Advanced lathematics for Engineers", a root will be in the
right hand S plane (hence unstable) whenever any one of the

determinants are not positive. (This assumes that all the

coefficlents &, are positive),

oyl > 0

,ans 6

a's Gq

Qy g O
A, A Qs | >°

Gqlis O O
asa'-l QSO >O

Ql a's a'-( qg
Qa, QL a'! a‘f I'




Gy s 0 o0 o0
Gy Gy ds 0 o
G, Ay Ay Qg 0
Qi Qv Ay Ay fls
G, 4 Qv a4y Oy

>0

The calculations were carried out with the ald of

a digital computer. It should be mentloned that the fourth

order determinant was the one which first became negative.

96



97

Appendix 6,2

Stability Analysis « Effect of Seed Addition
Substituting definitons (35), (36) and (37) into
(34) and defining:

Tn = [Ln(“x"a) "'("'Sn)b]

the linearized set of equations becomes:

i%-hl -—RY"‘/‘" znit +R'n 23, + Zy.’ = -9(6) (Sn"')

d@ wWeo 1,2,3.
%' +TaY +7'+L3 2,/-R32; = 56 1";1:&_@

To determine the effect of seed size and number,
we let the generated nuclel size equal zero (& = 0)
such that Ry, R, and 33 are zero.

Taking the LaFlace transform of the above set of
equations, the denominator of any Transfer Function (the

Characteristic Matrix) can be written:

Variable —» 2o 2 2w® £© Yo
equation

0 moment (s+1) o0 0 Ro -To
1 moment <Ly (s+1) o 0 -Tq
2 moment 0 =L (S+41) O -T»
3 moment 0 0 -Lj (S+1) -T3

Cone, Balance 0 0 +L3 0 (S+1+T3)



Comparing this Matrix with the clear feed case, 1t
1s apparent that the coefflcients of the expanded fifth
order characteristic equation can be calculated from the
results of the clear feed calculatlions (Jjust set Ry, Ry
and R3 equal to 0).

The procedure for determining stabllity is exactly
the same as was previously discussed,

The difference between the seeded and clear feed
case i1s in the determination of the steady state para-
meters Ln, Bn, Sn and in the definition of Tn.

For the assumptlion that the seed distribution is a

delta furction and using relations (53-56) we can calculate:

L= (1+S) 7 1+ &@6+1))
La= 2(1+ &) /[ ( a+ S8¥22+32) )

Ly = 3( 2+ $(G+28+2)) /(6 + CUEr3RY 64+ )

Ko = 1€ __I_
E /+8
S, =S$/(1+&)

S =ﬁ$°/(/+r66‘r/))
S, &/ (A+ (G2 8)
S 3= B &/ (6 +E(F% 3G +¢B+¢))
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Appendix 6.3

Stabllity Analysls - Effect of Size Dependent Growth Model

In order to estimate the effect of size dependent

growth rates, we approximate %tf by:
&t[= 6o I =60 (I+ar)

When this is done equations (20) and (11) glve the following

set of equations:

g_%' =G (Hns +O4n) * (,_M,)'g@c"+%&7n — %2 Un

"'-"o.,!'llg" t

(/-A‘ﬂa)%g = %(Q"O@*k%) ~C-Of3k6 (Ut apy)+ Cr-teady) gva® ]

By linearizing these equations and utilizing the
definltions given by equations (27-33) and (35-37) plus the

definition of a new steady state group:

=Y Ga
M w
we get the following linearized and normalized equations:
I /
A2y _[(LytnH)g +b-Subk ~(ntnh L ' Ly By 14y 25
46
+(i-nm) 2, =£© (Si1) <012, 3...

421 [y )b Sab ~aramb ] ¥ Y +La

+£3f7-f?3]22' = £(0) E.L'E'
-2



Let us now disregard the seed terms for this study.

(For a clear feed Sn = 0). Let us also take the nuclel size

equal to zero here ( = 0; Ry , R, and R 3= 0).
If we then define Tn such that

o= [ (L) (g0 +b ]

and take the LaPlace Transform of the linearized set, we

get the following Characteristic Matrix:

Ny My A, ~, A,

Variable -» Zo® 29 2O Zyo Yo
equation

0 moments (S+1) 0 0 Ro -To

1 moments -I; (s+1-M) o 0 -Tq

2 moments 0 -Lo (S+1-2M)0 -T2

3 moments 0 0 -L3 (S+1-3M) -T3
Conc. Bal. 0 0 +L3 3M (S+1+T3)

This can be expanded to glve the characteristic

fifth order equations:

asSSTaqS&fa3S3Talsl+alST‘am %

where: Qg =1
qq:: 5 +T3 -eM

A3 = 10.44T3 +Taly -M(3T3+a4) ¢+ /112
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G, *10+6T3 +3Talka + Tilalg

“MB6+T3 + Tal)tM* (314T3)- 6 1
& c S+uTy+ 3Taks +2T Lal3¢LLaly (RotTs)

MW +9 T3 +aToals) +hY(3+4TR ) -13M?
Qo = [+T3 Tal3 # 7 Laly + Lhala (RutTh)

-M (¢+3T34Tily) +HCN+2Ts)- ¢M°

To determine thé stabllity of the system we again
used Routh's criterion as outlined for the clear feed case,

The problem arising when studying this effect is
that the steady state distribution and moments differ from
the case where ¢ = 1,

From the steady state particle balance we find:
w2 1

o= EB (:+cm C L ER
& (rar)ee™) G

(+ ar;’“}/") when Y, =

-8 S" _day
"?(f\ _ E_B— € fo GLItan)
G (itan)

or

Integrating the moments from the above, and for
each moment n assuming the term M4 (which coincides with
the assumption of investigating a first order correction),

we get:

Mo = E?i?//&ldr
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M= B8/ w9y (£-)a]
Uaz2ER/L Y (£-0(E2)a]

M3 = 6E8/[ % (F-)NmNhD4]

These moments can then be substltuted into (35)

and (36) to calculate Ln, n =1, 2, 3 and R,,
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Appendix 6.4

Operation with and without a fines trap to produce

the same product; a comparlison of stability:

In the following, let all parameters related to
operation with a fines trap be denoted by a subseript f.

The nucleation rates for the two modes of operation
can be written as follows, using equations (40) and (61),

and assuming Q{s is close to 1.

- k3 _'?".'fa
<k, & ‘
6? a C (a)
. T
B=k €& (v)

Assuming a linear growth model (equation 38)
the sensitivity parameter b/g for the two modes of operation
can be evaluated as described in equations (62) and (63):.
@?h{t =_Ejﬁﬂ§: + Yo . f%j -r.EE
Tt

#4) = 25 7 % ()

Now in order for the product to be the same for the

two modes of operation we require the Weight Mean Size /szg

to be the same., From equations (25-unseeded) this yields::

TGee=T6 (e)
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The simllarity conditlion alsoc requires the nucleation
rate to be proportional to the feed rate or inversely

proportional to the residence time 30 that:

B . T

= ——

8 T (f)
and combining (e) and (rf):

By . &
Zf < (&)
Jow taking the ratio (b/g)f and (b/g) from (¢) and
(d) gives:

#* .
Y
(%)‘F - (C 'C9 3 2'7,—%' ()

by G Gy

From equation (38) it can be seen that:

(1)

so that substitution of (1) and then (g) into (h) yilelds:

_g2§2;==(léﬁf'f Eéé: (3)
bp \® By

Substitution of (a) and (b) into (J) results in:

# [ @ﬂf+:¥§ —114;
()t _ e ™ ™y . &

G?%) 2 (k)
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We now wish to know 1f, wlth reallstic values for “”%b;
and (b/g), the ratio (b/g)*f/(b/g) will depart greatly
from one, Values of this ratio greater than one indicate
a decreasing stabllity while values less than one indicate
the opposite,

Values for A's, of 1.0 and 2.38 refer to 67%
and 91% fines removal respectively., Assuming the initial
system is at the stability borderline (b/g near 20), the
term oaéﬂ&)/khﬁ) would have a value in the range of
.05 to 0.10 for the fines removal rates indicated above,
With these values equation (X) can be solved and it is
found that the ratio (b/g)#*f/(b/g) is slightly smaller
than one, 1lndicating the addition of a fines trap will not
1tself cause instability.
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Appendix 6.5

Non Linear Solutions to the Mixed Product Model

The normalized system equations used are given by
equations (73), (74) and (75). They are ordinary non linear
differential equations and were solved numerically by
use of the RBunga-Kutta-Gill technlque.¥*

When solving these egquations with (b/¢g) value of
15 and higher a time step size of 0.002 or smaller will
result in a convergent solution. It is probably possible to
take larger steps and just reduce the step size when the
relatlive supersaturation level starts to rise but this was

not done here.

*Mathematical Methods for Digital Computers by A. Ralston
and H, Wilf, Wiley, 1959 - pp. 110=-121.
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Appendix 6.6

Relation of the cycle average Coeffilclent of Variation
to the steady state value:

This relation is derived for the case when X = 0
and the feed is clear. For a crystallizer, the supersaturation
is so small that M3 or £ 1is taken as a constant.

Steady State

2—',46 (/ /55,5; —/

@
3

Substituting the relations of (15) for the steady

state moments glves:

Ve 5=

T,«-L (a)

S
y
0.5

¢><I

Calculation will show that even for values of &« = 0.1,
the steady state Coefficient of Variation will still be 0,5.

Limlt Cycle Average

The average of a moment taken over a limit cycle of

time © can be written:
/ +&
Mol == | andt
-r-

In order to get a composite value for the Coefficilent
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of Varlation over the limit cycle, the cycle average
Varlance should be evaluated with respect to the cycle

average welght mean size.

o M) _ )’
{¥}= % %{?j (b)

228
/‘(3‘

When Yo = 0 and the feed 1s clear, the moment

equations for 4y and Mg can be written from (12) as:

%té’:f_-: hoHz — W My (o)
%4_‘-_- 564y~ ps (d)

When a periodic solution is assvmed for 4, , 1in=

tegration of these equations over a cycle givesn for (d4):

+6 T+0
f i!tﬁfdtc ﬂsL=o= se{ci) -6 [/ (e)

[/usz = 5_3(6 {G-/ulf_{

Substituting this into (b):

= s {epy) ()

— -
/4]
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Multiplying (c¢) by My and integrating over the cycle:

dbte . L dMy"_
//?;gg 2;‘—%@— e MMy -2 4,2
'LJﬂ*adulz w
2 ) .R?"AT=O=‘fﬂ3{GﬂQ_("V[ﬂ9f

[#4]= % {7 ‘g’

4 s
and substituting (g) into (f):

[¥')= sy _; (h)
A

-2 2
Substracting the steady state ¥ from {b’}

[Y]-¥'= !ﬂf/ ]

The term in parenthesis is the Coefficient of
Variation of 4y and sincef//«y__} f/{?}l , 1t 1s apparent
that the accumulated product from a limit cycle will not
be tighter than the product from steady state operation.
Generally, /fv does not fluctuate very much and, therefore,
the cycle average {X} wlll be close to the steady state

value of 0.5 as shown in Figure 6,
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Appendix 6,7

Stabilizatlon by Seeding

Initial (unstable) conditlons are denoted here by a
subscript 1.
Assumptions: l. (=Y, = 0.

2. G=HK (¢ 'Cs)
- MK
3. B=k2 € -»* (Volmer Model)

(b’)‘;' 2K3Csl= LT :b/
¥ o kot ¥

80
b, T and Cg are conslant

Independent Varlables:
I

LF
1. Seed size,Q=,_;é (based on initial
¢¥¢  conditions)

=5 -g's:
T G (a)

24 S‘ : from which we can calculate
(See Appendix 6.2)

Sy=lt . KBS
1-€ ¢+ (8308 +664¢) (b)

Relations:
By equation ?° & from the two steady state mass

balances, we can show

& G e = GMa
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Substituting from (56) for Af, and 4. (§+ﬂ=o)

above and noting that:

6“&60 . o (C)
and using relations (108) and (109), we get:

e +(k);

LR
(%') = C (k' _Z " (a)
< 2+ S(8+ag+d)

Now using relations (a), (b), (¢), (d) and
(108) and (109) and our previously derived stability criterion,
we performed a trlal and error calculation to find the
combination of seed size and quantity which would

stablllize a given system.
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Appendix 6.8

Stability Analysls = Classified Product Case
The characteristic matrix for this case is given

by equation (1l03)and the denominator of any transfer function
will have the following form:

s S 1S AL S AL S A S 1A, +E (RSB, S8 S +BIS+B.)
If we let

N=(-E)7/E

C =(lo-3)

Pog+t [T;/T*Cl-f)]/f

these coefficients work out to be:

Ag < L.

A, =P B, = “N

A= 0 By = -rN - (N
A= 0 Ba= ~FWP-FW0)
A= & NtO) B, = WP 55 VO
Ao = NP Bo= ~NF

Nyquist Dilagrams

At first we attempted to work with only the denominator
of the transfer function. It was found that when this was
done the number of roots on the real side of the S plane
was always 2 more than an actual solution for the roots

Indlcated.

We found that this was due to the fact that a



factor of st should have been cancelled from the numerator
and denominator. Thls becomes apparent 1if C"Ms is
expanded 1in a power series:
e e -4S +lus) ~ s,
2 3]

and the coefflclients of a new polynomlal of the form

79=C;Sh+Ch45h1.---Cns*Cv
are evaluated. The first four terms C,, Cp. C2 and C3 are
ldentlcally zerc in both the numerator and denominator of
any transfer functlion (This was not true when YV,xo ).

When taking this into account the contribution
to the rotation of the argument when integrating over the
infinite semicircle will come out to be 77 instead of S$7
which results when S* is not cancelled,

The drawling of a Nyquist diagram for a transfer
function containing transcendental terms results in a curve
containing many loops, most of which do not contribute to
the angular varlation. An example of some typical results

are shown below for the following parameters:

113
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ml
i

|

b/g = 3 0.9 g = 500 G

it

1.0

Z=z y+iV
S::tw w-re

Angular rotation

along 4w axis +@te-ew 3T
" // along semicircle T

L §TT | Total 7y

wto

No roots in right
hand plane 2

The number of roots will always be multiples of two unless
there are roots which lie on the real axls of the S plane,

Crossover Polints

If in equation (104) we allow s=%u), expansion of
the terms results in an expression for which both the real

and complex terms equal zero:
A [,qsw‘-n;w:‘m.w— Lo (4@)] By w3 4 [ conltn) 18, w0

- [MCQW)JBQ Wt [amqu) 1B, W - {MU{&:)]B.Z <0

[ Ay w- AWt Po + [ canthwd] B, W - [ contqud]Baw'

t[con(qw)Bo —Lamldw)] B3 w4 [ an ['{‘”)]Kleg °

N

If we fix all the steady state parameters except
b/g, we can numerically investigate the b/g«W plane to

determine at what points the above equations hold, Only
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positive values for b/g and W need be considered. Solutions
to these equations wlll indlicate that at these specific steady
state values a root will 1lie on the imaginary axis at +4Ww for
the particular value of b/g. Then this root will either lie
to the left (stable) of the imaginary axis or to the right
of the imaginary axis (unstable) for lower or upper values
of b/g. In other words we know this 1s a crossover point
for the root but this treatment will not tell us in which
direction the root is travelling with changes in b/g.

This type of study results iIn a series of harmonic
solutions for b/g and W .,

For instance, at the steady state parameters

£ = 0.9 g = 100 Th= 1.0

the following crossover points were found:

b/g A

2.3 1.0
L,8 1.7
7.0 4.3

To determine the number of roots in right hand
plane in the regions of b/g
0 - 2,3
2,3 - 4.8
4,8 - 7.0
1t was necessary to specify the steady state parameters
including b/g and to let s = u + 1AM in equation (104%).

This agaln will lead to two equations, both equalling zero.
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Then the u-A~ plane 1s searched numerically to locate

the poles. For the above case 1t was there were no roots
in the right hand plane for values of b/g less than 2,3.
There were two roots in the right hand plane for values of
b/g between 2.3 and 4.8 and four roots for values between
4,8 and 7.0, From this study it became obvious that the
lowest crossover polnt was the stabllity 1limit for the

systemn,
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Appendix 6.9

Non Linear Solutions to the Classified Product Model

The normalized system model 1s given in the set of
equations (125).

The method of solution used was to decompose the
partial differential equation for F1,8) into a finite
number of ordlinary differential equations by approximating
the partialg%' by a finite difference %}:*1%:‘ . If the
spacing along the ! coordinate 1s broken into n spaces
equally, such that each portion covers a distance to/y equal
to 4 , the normalized particle balance over each portion
can be approximated by:

ds") + XL F -F -0
de 4 4

The moments were calculated from the values of & ,
by assuming 1t varies 1iﬂear1y between successive points.
A three point approximation, such as Sterling'!s formula
would have been better, but the f axis was divided into
enough sections so that the two point linear approximation

was satisfactory. The moment equation can be approximated by:

2. El [’}1 - [ vl (I:nnj‘“u) A Ut 20 ]}
+ Yy (L —j:fﬂ)l

Having reduced the partial differential for the
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normalixed particle balance to a number of ordinary differen-
tial equations, we combined it with the concentration balance
and used a Runga-Kutta-Glll routine to calculate the solutlons,
It was found that decomposing the A axis to twenty
subdivisions was sufficlent to get a convergent solution,
The tlme step used 1n the Runga-Kutta-Gill subroutine must
be kept below 0.01 to get a convergent solution., In
addition, whenever the relative supersaturation (Y)
exceeded 1.5 the time step should be reduced to 0.002
to insure convergence.
The decomposition of the position and time axes
cannot be done 1ndividually since stability problems
simllar to those described for the classical diffusion
equation willl arise., It 1s estimated from computational
experience that the term 7(6:- i should not exceed
0.10 to 0.15. A
It 1s also recommended to include a test in the
prngam to insure that values for ¥, are not less than zero.
Thls problem can arise when values for b/g are equal to §
or more, and supersaturation fluctuations are large enough
to reduce the nucleation rate to approximately zero at

times,



-F'(r,t) -
Feep) -

o) -

Fio -

G(e) -
he -

1@ -

Kn =
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Nomeneclature

constant 1s slze dependent growth model - equat, 39
dimensionless nucleation sensitivity group

system sensitivity parameter

nucleation rate per volume of solution

solute concentration in the crystallizer

solute concentratlon in the feed

metastable concentration

solubility concentration of the solute

nunber of crystals per unit volume having radii in
the range r, T + dr at time t

crystal density perturbation
nornalized crystal density £/F
normalized crystal density perturbation

fractlion of particles residing in a vessel for a period
of time less thant

dinensionless growth sensitivity group

crystal growth rate dependence on concentration
normallized feed concentration

normalized feed rate

crystal shape factor

constants

classifled case, normalized crystel size r7f,
csteady state dimensionless grours dependent on «
exponent 1n metastable nucleation function

dimensionless feed rate for stability analysis
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dimensionless feed concentration for stability
analysis

characteristic radius of the crystal
nuclel trap cutoff size

nuclel characteristic radius

seed slze

mean particle slize with regard to the weight
distribution

product size for the classified product crystallizer
steady state dimensionless groups dependent on € and «
time

partial molar volume of solute

crystallizer working volume

crystal welght per volume having radil in the range
r, r+ dr

normalized supersaturation

dimensionless concentration perturbation
normalized moments

dimensionless moment perturbations

nth moment of ¢

Greek Letters

o -
g -

dimension group defined in equation (25) Yo/ G
dimension group defined in equation (32) %/t%6
coefficient of variation

fractional volume of solution

fractional volume of soclutlon in the outlet of
a classifled product crystallizer

ratio of seed rate to nucleation
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e - dimensionless time

M, - nth moment of f(r)

Q€ - crystal density

T’ = crystallizer draw-down time v/iw

T - drawedown time based on flow to the nuclel trap
() - crystal growth rate dependence on r

qmndr- number of crystals per volume of feed having radil
in the range r, r + dr, 8t time t

W = volumetric feed and/or withdrawal rate

Subscripts

o = properties of feed

{ - properties of take off

¢ - classified operation

M - mixed production operation

Superscripts

- = steady state wvalues
/! - perturbation from steady state

A < LaPlace Transform
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