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Abstract

NON-LINEAR PROCESSING OF SIGNALS AND IMAGES
by

Takis Kasparis

Adviser: Professor George Eichmann

Lines and edges are probably the most important
characteristics of an image. Many 1image processing
techniques utilize lines and edges. The contributions of
this work are in three major areas of image processing and
they all involve lines or edges. The first area is that of
image filtering using non-linear edge preserving filters.
Among them, rank-filters with median filters as a special
case ~re the most important. Median filters (MF) are used
to remove impulsive noise from images while preserving
edges. In this thesis, an extension of the MF, the Vector
Median Filter (VMF) is introduced. As opposed to the MF,
the VMF outputs for each window position a number of data
elements. Just like the MF, the VMF filters impulses while
preserving edges. Its principal advantage 1is superior
computational speed, with performance similar to that of
the MF. Deterministic and statistical properties will be
examined, as well as two-dimensional extensions. A fast

VMF algorithm is also presented. In addition, a novel

iv
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filtering scheme using MF's and linear transforms is
introduced.

The second area of this work is in texture
analysis and classification. Texture 1is one of the
important image characteristics and is used to identify

_ objects or regions of interest. Texture classification
techniques are either statistical or structural. In this
work, a new structural approach based on line detection is
introduced. This classification is based on the relative
orientation and location of the lires within the texture.
With proper normalization, the classification , is
independent of geometrical  transformations such as
rotation, translation and/or scaling. Associative memory
encoding 1is used as post-processing decision maker.
Iiterative associative memory encoding is introduced for
additional accuracy.

The third area in which contributions are made is
image segmentation. Image segmentation is a highly scene
dependent and problem dependent decision making or pattern
recognition process. Based on edge and line detection, an
image segmentation technique for images containing
polygonal shapes is introduced. The method is based on the
fact that the sides of a polygon form a closed contour.

Stray lines and noise are effectively suppressed.
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1. INTRODUCTION

Lines, and more generally edges, play a very important
role in images. Primarily high frequency content is the key
factor that defines detail in images, as well as other
fundamental concepts such as shape, texture and regions.
Much work in different areas of image processing is based on
information extracted from edges and lines. Several image
enhancement methods increase image detail by enhancing edges
and lines. Many image segmentation and classification
problems are approached using edges and lines. The problem
of edge detection has been continuously under investigation
and many linear and non-linear edge detectors are available

with different advantages and disadvantages.

Noise removal from images is another very important
problem in image processing. A very desirable feature of
noise removing filters is to preserve edges. If a noise
smoothing filter also smooths the edges, then the filtered
image seems to be blurred, which is very undesirable.
Linear filters that operate mainly on the frequency domain
fail to perform well in this direction. Even though their
behavior is well understood, their performance on images is
unsatisfactory. For example, a low-pass averaging filter is

a good noise suppressor, but it also smooths edges and blurs
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the image. The basic reason for this poor performance is
that both noise and edges have high frequency components.
Since a low-pass filter cannot distinguish the signal and
noise components, it will suppress all the high frequencies,
including the signal. On the other hand, non-linear filters
that operate on the spatial domain have superior performance
over their linear counterparts. However, because of their
non-linear nature, they are very difficult to describe, and
their behavior is not well understood. Superposition does
not hold any more and the properties of the filter could
vary from signal to signal. Statistical analysis i; also

very difficult.

In the class of nonlinear filters, rank filters are of
particular interest. A one dimensional rank filter slides a
window along a data array. At each window position, the
window elements are sorted according to their numerical
value into a list. The rank filter output is that element
that falls at a predetermined position within the list. If
the filter selects an element at either end of the 1list,
then it corresponds to either a MIN or a MAX rank filter.
[1] Another popular rank filter, the median filter [2]
(MF), assumes an odd number of data window elements and

selects the 50th percentile element in the data window.

Median filters preserve an edge in a signal while they
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filter out impulses whose duration is less than (N-1)/2,
where N is the length of the window. This type of filtering
is not possible with a linear filter such as a low pass
filter which filters both signal and noise components. As a
result, MFs are useful in impulse noise elimination applica-
tions.

[31]

have applied median

[4]

Rabiner, Sambur and Schmidt
filtering to speech processing. Velleman has inves-
tigated the sinuscidal response of MFs., Median filtering
techniques can be extended to multi~dimensional signals.
Here, the window has both a size and shape. With the window
centered at a particular pixel in the multi-dimensional
image, the elements within the window are sorted and the
median value is used to replace the center element. Huang
(5] has developed a fast two dimensional MF that is based on
a histogram calculation. Pratt [6], and also Narenda (71
who also examined the real-time implementations of this
scheme, have used successive one dimensional MFs, filtering
first the horizontal and then the vertical lines, to smooth
a two dimensional image. Tukey [8], who is credited to be
the first to suggest median filtering as a signal processing

scheme, also suggested the following smoothing procedure: do

repeated median filtering on a signal until the original
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signal becomes a root signal. A root signal remains invari-
ant under median filtering. Root signals have been used in

(91

bandwidth compression coding

Along with the median filter, a number of median-type

[10_12]. The aim of these

filters have been suggested
filters is either to reduce the computational complexity
without too much performance degradation, or to be more
effective on certain types of noise. An analog version of
the discrete MF has also been recently introduced [13].
Recently, using VLSI technology, small window size MFs were

fabricated on a single chip (14, 15, 16]. A survey of the

[2]

MF properties is available . Additional references on MF

properties are [17_20].

In this work, a new median-type filter, a vector median
filter (VMF), is introduced. The advantage of the VMF is
that, with visual performance comparable to that of the MF,
it results in reduced processing time. Because it 1is a
multi-parameter filter, with the MF as its special case, it
offers a wider choice of filtering possibilities. After
introducing this new filter, its deterministic and statis-
tical properties are examined and compared to MF properties.

Results cf computer simulations will also be presented.
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As was mentioned earlier, edges and lines are very
important in shape definition ahd texture. Texture is one
of the most basic properties of the visible surface and it
is used to identify objects or regions of interest in
images. The visible image texture may be due to changes on
the surface of an object, may be segments of lines as on a
brick wall, or could simply be due to a collection of
objects as in an aerial photo. Texture features are useful
for both image analysis and classification, as well as in
scene segmentation and identification, such as in an image
understanding system applied to robot vision, industrial

inspection, photo analysis etc. [21, 22]

The problem of texture classification has been widely
studied. Texture classification techniques are basically

statistical, structural or both in a combined fashion.

In this work, a new structural line detection approach
is presented. The rationale for this approach is that
regular textures consist of an arrangement primarily of line
structures appearing periodically in the texture. Further-
more, it has been postulated that a human eye classifies
structures based on line detection, i.e. the human eye is

[23,24]

primarily a 1line detector. In our approach line

detection 1is accomplished wusing the Hough technique.
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The Hough transform (HT) maps line segments into a point in
the transform domain. In the HT domain, the line length can
also be obtained. The method consists of calculating the
texture HT and extracting features used for classification.
Texture features that can be obtained from the Hough domain
are principal directions of lines in the texture, periodici-
ty and line separation in each direction etc. With proper
normalization, classification is not affected by geometrical

transformations such as rotation, translation or scaling.

Lines and edges can be utilized for image segmen?ation
and shape recognition. The class of images containing
polygonal shapes is of particular interest. Since polygonal
shapes are formed by straight line segments, edge and line
detection is a primary preprocessing step. The HT is a good
line detector, but it fails to provide all the geometrical
information about a line segment, such as ending points.
Based on edge and line detection, a method is proposed for
polygonal shape image segmentation. The rationale of the
method is that since polygons are closed contours, line
segments on the contour of one polygon should have common
points. Grouping of all the common points reveals the
vertices of the polygon, and reconstruction is possible.
Masks can be generated that allow masking-off the polygon

from the original image, and effectively the 1image is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



segmented into regions containing only one polygonal shape.
Noise and stray lines which are also considered as noise are
successfully suppressed. Furthermore, since for each
polygon information about the contour and the vertices is
known, knowledge about its shape can be obtained. The
preprocessing steps are edge-detection followed by 1line
detection using the HT. Information extracted from the HT
domain is utilized in the edge image for vertex detection.
Mask generation and segmentation is then possible. The
method can be generalized for other shapes with different

preprocessing steps.

The organization of this thesis is as follows: In
sect. 2 background on previous work will be presented.
In sect. 3 the Hough transform is introduced. Since the HT
is not one of the commonly used transforms, a separate
section is devoted to the definition and its properties.
The remaining sections are contributions of this work to the
related areas. More specifically, sect. 4 includes
contributions in areas of median-type filtering. That
includes 1-D and 2-D vector median filters, a fast algorithm
for 2-D VMF filtering, and signal restoration using MF's and
linear transform. Section 5 includes contributions in areas
of texture classification. In that section an algorithm for

texture classification which is based on the HT is
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presented. In section 6 a new application of associative
memories as a post-processor of classification algorithms is
introduced. The new scheme of iterative associative memory
encoding is introduced as sect. 6.a. Sect. 7 is on a new
polygonal shape image segmentation algorithm which is HT
based. Finally, in sect. 8 all the experimental results
will be presented, and sect. 9 is an overall summary of the

work.
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2. BACKGROUND

In this section background on previous work will be
presented. This will cover background on median filters,
textures and texture classification and on image
segmentation, beginning with the median filter.

(2]

The median filter is defined as follows: let x be
an input sequence and y be the output sequence. Then, the

output MF at position i is

2n+1

y; = Medn [Xi—n' ceer Ko g0 Xiy Xigy ey xi+n]
where 2n+l is the filter window size. In this definition,
the filter output Y; depends on both the past and on the
future input sequence values. In order to be able to take
into account end effects, n elements are appended to both
ends of the original data sequence. The values of the
appended elements are the same as the first element value to
the left and last element value to the right of the original
data sequence, respectively. Under these conditions, the
first and last elements of the original data sequence will

not change under median filtering.
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For a window size of N=2n+l we define the following
regions: a constant neighborhood is a region of at least n+l
consecutive points having the same value. Monotonic regions
are regions where the signal 1is either increasing or
decreasing. An impulse, also called a spike, is at least
one but no more than n non-zero consecutive points of the
same value, superimposed on a constant neighborhood. TIf an
impulse is contained within a window, since it is narrower
than n, the median value of the window cannot be an impulse
element, and therefore the impulse will be eliminated from
the output. If a pulse is wider than n+l points, then this
pulse will be preserved. Since a step can be considered as
a wide pulse, it will also be preserved. Frequently, in
more general signals and especially images, "roof type"
edges are present. These type of edges are not preserved by
MFs. For example an MF would symmetrically clip the peaks

of a symmetric triangular wave.

In a similar fashion, the sinusoidal characteristics of
the output of an MF due to a sinusoidal input are not always

(2, 4] that the small window

preserved. It has been shown
size MF sinusoidal response has rather large sidelobes. To
reduce these undesirable sidelobes, the use of a cascade of

even window size MFs has been suggested. The output of an

even window size MF is the average of the two center
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[2]

elements in the window. However, this filter nc longer

preserves step inputs. Another way to decrease sidelobes is
to take the average of two different window size MFs.[2]
For example, the filter &(MF3 + MFS) has shallower nulls
than those of either MF3 or MFS' In the following
paragraphs background on textures and classification is

presented.

Texture may be considered either as a pattern of
different spatial intensity arrangements, or as a basic
pefiodically or quasi-periodically repeated local pattern.
This definition is applicable to line patterns, such as
ruled-line arrays, tiling patterns etc. Texture also
relates to the spatial size of the tonal primitives of an
image. A larger size tonal primitive shows a coarse
texture, while a smaller size tonal primitive indicates a
fine texture. The texture autocorrelation function,
basically its spatial frequency content, determines the size
of tonal primitives. An alternative approach is to view
texture not in terms of spatial frequency content but in its

[25]

edgeness per unit area. Coarse textures have a small

number while fine textures have large number of edgeness per

[26]

unit area. Rosenfeld and Thurston used the average

value of the texture gradient as a local image property.

[27]

Sutton and Hall extended this idea by considering the
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gradient. to be a function of the distance between the
pixels. This last gradient method is directly related to

the texture autocorrelation function.

The problem of texture classification has been studied
for many vears and a number of approaches have been
developed. Analysis and classification are based on texture
features which are derived using either statistical or
structural methods, or both in a combined manner.
Statistical approaches view texture regions as a sample of a
two-dimensional stochastic process. This process is
describable by its statistical parameters. This model-based
formulation is well suited for natural textures consisting
of segments of multigray level images such as grass, sand,
wool etc. Structural approaches are based on the view that
textures are made up of primitives which appear in nearly
regular repetitive spatial arrangements. To structurally
specify a texture, the primitives and the placement rules

[28] must be described.

Some of the statistical approaches include autocorrel-

[25] [26]

textural edgeness, spatial

[29]

ation functions,

gray level co-occurrence probabilities and gray level

[30] The Fourier power spectrum of a texture

[31]

run lengths,

gives essentially its statistical information, although
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it has been used to determine some structural descriptions,

such as its periodicity and its directionality. [32)

Structural approaches are based on the view that within
the texture there is a regular repetition cell. To describe
texture, one needs to prescribe the resolution cell and the
various placement rules with which the texture is formed.
This approach is especially suited for regular, periodic

[29 33]

textures. Zucker suggested that natural textures

be viewed as a distortion of an ideal regular structure.
Carlucci [34] described a texture model using line segments
and/or polygons as primitives in which the placement rules
are given syntactically in a graph-like language. Lu and Fu
[35] presented a tree grammar syntactic approach for
texture. The basic difference, in various structural
approaches, is the choice of primitives. These can be

[35] [36]

gray level peaks, line segments,

[37]

either pixels,

[34]

or tiles. Statistical methods, with their

primitives such as edgeness per unit area or run lengths,
can be combined with structural approach. In other
structural approaches, the primitives used are the average

[38]

edge separation in different orientations and the

repetition of edges in different orientations, by the

calculation of edge repetition arrays. [39]
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A survey of texture analysis methods can be found in
[28,40,41]1. Several examples of natural textures can be
found in Brodatz's photographic album of natural textures.
[42] The remaining paragraphs are a background on image

segmentation.

The image segmentation problem can be formulated as
follows: Given an image defined on a sampling lattice X,
find a partitioning of X into maximal regions such that a
certain property that defines the segmentation is true when
evaluated on each region. This segmented image is then used

as input for higher level image understanding tasks.

Segmentation of images into regions is an important
step in image analysis. A region is a group of pixels
sharing some consistent characteristics. Regions in the
image correspond to surfaces in a scene. Along with lines,
regions are the atomic elements from which descriptions of

the image are constructed.

Segmentation of the image into regions and subsequent
analysis can be done 1in several ways: from simple
'pixel~by-pixel' classification methods using gray levels
and local feature values, to more complex 'split and merge'

techniques using statistical homogeneity tests. The goals
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of region segmentation can widely differ. One may be
interested in all the distinct regions in the image or one
may be interested in extracting objects specified by a user.
Knowledge about the class of images to be processed and the
tasks to be performed plays an important role. Approaches
which try to incorporate such knowledge have been attempted

are either: structural, linguistic, or semantic.

Basic region segmentation techniques through the use of

signal level knowledge are divided into three classes:

1) Using local spatial criteria for region merging,
2) Using global spectral information for region
splitting,

3) Using both a combined manner.

Region growing historically 1is among the first of
region segmentation approaches. It basically consists of
first splitting the image into small homogeneous pieces, and
then merging them step by step to build up regions based on
local spatial analysis. Statistical measures are used
between the distributions of intensities in the regions.

[43]

Pavlidis defined region segmentation as a problem of

approximating the 2-D 1image by a set of predefined

[44]

functions. Also Pavlidis and Horowitz developed the
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'split and merge' principle, which is to merge adjacent
regions having similar approximations and to split those
regions that have large error norms. Region segmentation by
global spectral distributions is based on the wuse of
histograms or distributions as a tool for detecting the
possible existence of regions in the image. The third
approach tries to incorporate both spatial and spectral
information by adding postprocessing to the histogram based
segmentation. A generalization in this line is the use of

relaxation labeling [45].

Region segmentation by the use of signal 1level
knowledge is useful for describing 2-D image features in
term of regions. However, for the interpretation of images,
we must assign semantic names to regions. For this purpose,
semantic knowledge is needed. We can cascade a process of
region segmentation at the signal level and a process of
labeling semantic names to regions. Graphs were used to
represent relational description of objects, and constrained
tables on object-object and object-property relationship.
Physical-level knowledge is necessary to obtain the scene
domain cues either from the picture domain cues or from the
image. At present, little is known about the physical-level

of knowledge. What has been accomplished mainly concerns
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the image formation process under fairly limited and
idealized assumptions. Surveys on image segmentation are

[45,46,47]
[

available where additional references can also

be found.
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3. THE HOUGH TRANSFORM

[48]

The Hough transform (HT) is a method for detecting

curves that can be described by a number of parameters, such

[49] [50] (51, 52] etc. The HT

as lines, circles, parabolas
is used to compute the locus, in parameter space, of the set
of curves passing through a point in the image plane. In
the special case where line detection is desired, since two
parameters are sufficient to specify a straight 1line, the

(48] chose tco use

parameter space is two-dimensional. Hough
the slope and the intercept as the two parameters. Because
these parameters are unbounded, the application of the
technique is complicated. Through the so~called normal
parametrization, a bounded parameter set is obtained. As
illustrated in Fig. 1, a straight line (L) is specified by
: the angle formed by the x-axis and the normal to L, and its

distance p measured from the origin to the point where the

normal and L intercept. The equation of the line L is

p = xcosf+ysin® (3-1)

Restricting 6 to the interval [0, w ] leads to unique

normal parameters [p, 61, i.e. every 1line in the I[x,y]
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en

N X

Fig. 1 The normal parameters of a straight line.

plane corresponds to a unique point in the [p, 6] plane.
From Eq. (3-1), we note that a point in the [x,y] plane
corresponds to a sinusoidal curve in the [p, 6 1 plane.
Suppose now that we have a set of points [xi,yi] lying on a
straight line. For every one of these points there cor-
responds a sinusoidal curve in the [p, 61 plane, specified

by

= x.cos0 + y,sin0
p x;cos y;sin
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We can show that all these curves corresponding to

points of a straight line have a common point of inter-

section, say [po, eo] in the transform plane. This point

defines the

summary, we

Property 1.

Property 2:

Property 3:

Property 4:

line that passes through all these points. 1In

have the following HT properties:

A point in the image plane corresponds to a
sinusoidal curve in the [p, 61 transform

plane.

A point in the [p, 8] transform plane
corresponds to a straight line in the

image plane.

Points on the same curve in the [p, 6]
transform plane correspond to lines through

the same point in the image plane.

Points on the same line in the image plane
correspond to curves through the same point

in the [p, 6] transform plane.

We next apply these results to line detection. First,

both p and

respectively,

§ are quantized to Np and Ne levels,

with 1levels that depend on the desired
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resolution. The required computation increases 1linearly
with Ny or with an increasing number of image points, but
it does not depend on Np' A larger Np increases the storage
requirements, but not the amount of computation. For I%
levels in © and Np levels in p, there will be Ne X Np
quadruled grid points in the [p, 61 plane. In the case of
binary images, we assume that a zero corresponds to dark
background while unity corresponds to bright points in the
image. The quantized [p, 6] region is treated as a
two~dimensional (2D) array of accumulators, initially set to
zZero. The transform procedure is to scan all non-zero
pixels in the image. At every non-zero pixel, at position
(xi, yi), for every quantization value of 9, we compute p
and for every pair [p, 6] we increment the corresponding
accumulator. Thus, a given cell in the 2D accumulator array
eventually records the total number of curves passing
through it. When all image pixels are scanned, the value in
each [pi, ei] cell vyields the number of pixels (within
quantization error) which 1lie on the 1line [pi, ei].
Therefore, large peaks in the accumulator correspond to long
lines in the image. If there are n non-zero pixels in the
image, then for each pixel Ng calculations are required and
overall ane calculations are needed to complete the

transformation. Clearly when n is large, compared to -an

exhaustive search that requires considering the lines
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between all 3(n(n-1)) pairs of image pixels, this procedure

is more efficient.

There are limitations to this approach. First, the
final results are sensitive to both Ne and Np‘ While a
finer quantization increases resolution, it also exposes the
problem of clustering entries corresponding +to nearly
colinear points. Furthermore, as was mentioned earlier, a
finer quantization in Ne will also increase the computation
time. Secondly, this technique finds colinear points
without regard to their contiquity. Thus, a peak value in
the HT domain may represent either a continuous or a number
of smaller discontinuous segments on the same line. Fur-
thermore, an image line segment can be distorted by unrelat-
ed image pixels. Finally, in an image containing many lines
of different orientations, there will be "crosstalk" among
these lines in the HT plane. Consider, for example, the
case of an image where there are twenty lines parallel to
the y axis. Then, depending on the line to line separation
in the {[p, 6] domain, there will be twenty peak values in
the 6 = 0° axis for different p values. However, in
searching for lines parallel to the x axis, we will always
find twenty colinear points. Thus, in the [p, 6] domain, we
will find smaller peaks in the direction of § = 90°, and for

all values of p. This problem is even more exaggerated in
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the case of a natural scene where the lines are not just one

but many pixels wide.

In the previous discussion, we have considered binary,
i.e. only two, gray 1level images. A natural scene is
usually digitized to more than two gray levels and modifica-
tion is necessary in order to adopt the Hough technique.
There are two possible ways to accomplish it. The first
method is to threshold the image so that only two gray
levels will exist. However, information is 1lost during
thresholding. In the case of a regular texture, after
thresholding, while some detail is lost, the basic texture
structure is still present. The second method is to relate

®* the HT to the Radon transform (RT). [53,54]

The RT is a
well-known integral transform from the theory of computed

tomography. The forward RT is defined as

F(p, 8)= Jsf £(x,y) 8 (p~xcos 6 - ysin 0 )dydx (2)

- 00

where f(x,y) is the input, F(p,08) is the transform and § (.)
is the unit Dirac impulse function. F(p,06) is equivalent to
the integration of f(x,y) along a straight line whose normal

parameters are [p,6}. Recently, it has been pointed out
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that, for binary images, the forward RT is equivalent to the

HT. [55]

We extend this concept by applying the RT to the
non~binary image and by approximating the integral of the
image along a line. The simplest approximation is to add
along a given line all the pixel intensities. Thus, when we
calculate the transform by updating the 2D register, when we
get to the point to update a cell, we do not just increment
by one, but we add to it the intensity of the pixel under
consideration. In this sense, brighter lines correspond to
brighter peaks in the RT domain.

More advanced HT implementations are found in [56].
Optical implementation of the HT, both coherent and incoher-

[57,58]

ent versions, 1is also possible. Recently, an

optical HT that works at real-time video rates has been

reported.[59]
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4, VECTOR MEDIAN FILTERS

An MF uses an odd window size and thus a center
element can always be defined. For an even window size MF,
however, not one but two center elements can co-exist. For
an even number of window elements, then, there is a problem
in defining the output element. It has been suggested (2]
to use as the MF output the average of the two center
elements. An alternative is to define a vector rank filter
(VRF) as the filter that simultaneously outputs a number of
elements, i.e. an output data vector. As in the case of a
scalar rank filter (with single element output data), we can

[1]

define the MIN and the MAX vector rank filters as those
filters where the output vector is at either end of the
sorted data window. For the vector median filter (VMF), the

output values are at the center of the sorted data window.

Formally, the VMFNxM is defined as follows: let a
data window of size N slide along a data array. At any
position, the N window elements are sorted according to

their numerical value. At this position, the VMF output

NxM
is a set of M elements, where M is less than N, situated at
the center of the window, i.e. an equal number of sorted
elements exist on either side of the output window between

the output window ends and the data window ends. For such
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an output to exist, both N and M must be restricted to be
either both odd or even numbers of elements. The data
window then moves M units over and the procedure 1is

repeated.

We note that for an MF the median in the data window
does not depend on the sort order, i.e. the same value is
obtained if we sort in either an increasing or a decreasing
order. However, this is not true for the VMF. It is easy
to see that if we always sort, say, in an increasing order,
a monotonically increasing signal is not affected by the
filter, but a decreasing signal is distorted. Therefore,
the sorting direction cannot be left arbitrary. To preserve
both the increasing and the decreasing signals, the sort
direction is determined by examining the signal trend in the
data window. The rule we adopt is as follows: for each data
element we assign a tag +1, -1, or 0, depending on whether
the difference between neighboring sample amplitudes is
positive, negative, or zero, respectively. ©Now, for the
elements within the window, we compute the majority of the
assigned tags. This can be accomplished by simply adding
the element tags. If this result is positive (for a mostly
increasing signal), then we sort the elements in an increas-
ing order. Conversely, if the result is negative (for a

mostly decreasing signal), then we sort the elements in a
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decreasing order. Finally, if the sum is zero (for either a
constant or an oscillatory signal), the sort direction can

be left arbitrary.

Since the VMF has two design parameters N and M, as
compared to the MF which has only one design parameter N, as
well as a trend test, the VMF has a wider choice of filter-
ing possibilities. For example, we could adaptively adjust
M based on the results of the trend test. For a slowly
varying signal, we can increase M to improve speed. For a
constant signal for optimum speed, we can let N equal'M and
skip the sort. Also, fast MF sorting algorithms could be

adopted for the VMF as well.

Based on its definition, the following deterministic

VMF properties can be derived:

Property 1l: Any monotonically increasing or decreas-

ing signal will be preserved.

This can be seen from the fact that the elements
falling within the data window are already sorted in the
correct order and thus will not be disturbed. Since a step
(or edge) signal is monotonically increasing or decreasing

in a region around the edge, it will be preserved by a VMF.
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Property 2: Any impulse narrower than 3} (N-M) samples

will be eliminated.

This is so because if an impulse falls in the window,
after the sort it will be "pushed" to one end of that
window. If the impulse is narrower than 3% (N-M) samples,
then it will fill up the window at a point where none of its
elements will fall in the output vector. Since none of the
impulse elements falls in the output vector, the impulse
will be eliminated. By the same reasoning, any pulse wider
than 3 (N+M) will pass unaffected. Therefore, the VMF has
the same two fundamental properties of the MF, namely, it
preserves edges while it filters out sufficiently narrow
spikes. As was mentioned earlier the MF will not preserve
"roof type" edges such as peaks of triangulars. This is
also true for the VMF. Additionally, depending on the
starting point, the distortion introduced by a VMF could be
asymmetrical even for a symmetrical "roof type" edge.
However, for many classes of signals this could be a tolera-

ble distortion.

It is known that if a signal is repeatedly MF-ed it
will eventually convert the signal into a root signal [17].
An upper bound for the number of filter passes required to

reach a root signal is given as %[L-2], where L is the
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length of the signal. However, this is not a very tight
bound. It has been observed that for the same signal, the
minimum number of passes required to reach a root signal
decreases with increasing filter window size. Even though
it has not yet been proved, it has been experimentally
verified that the VMF has the same property, namely if a
signal is repeatedly VMF-ed, it will eventually convert into

a VMF root signal.

We also note that the VMF moves M~times faster along
the data array than its corresponding MF counterpart.
However, the VMF 1is slightly more complex to implement,
Despite this additional computational complexity, the VMF
results, especially for long data arravs, in a significantly
shorter processing time. As with the MF, to account for end
effects, 3}(N-M) elements are appended to the beginning of
the data array, each with a value equal to that of the first
element. The number of elements appended at the end of the
signal depends on L, where L is the 1length of the data
array. However, in all cases, appending % (N+M-2) elements
at the end will always be sufficient to generate an output
array. Also we note that if L is not a multiple of M, the
output array will be longer than L. In this case, we simply

keep the first L elements of the output.
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Figures 2 and 3 illustrate the deterministic proper-
ties of the VMF. Fig. 2a shows the result of filtering a
sinusoid of frequency of 6Hz with a VMF4x2 without the trend
test and with increasingly ordered elements. We note that
the increasing regions of the signal remain unaffected, but
all the decreasing regions are distorted by the filter.
Fig. 2b shows the same VMF, but with the trend test insert-
ed. We can observe that most of the distortion is correct-
ed. A small amount of distortion is still present at the
signal peaks, and it could be due to "roof type" edge

response using an unfavorable starting position.

Fig. 3a shows a square waveform where spikes of
duration 2, 3 and 6 sampling points were added. Fig. 3b

shows the result of a VMF Since N=6 and M=2 then

6x2°
3 (N-M)=2, and therefore all two point duration spikes were
removed. Fig. 3c shows a similar result with a VMF, gne
Now all four point duration spikes were removed. Finally,
Fig. 3d displays the result of filtering by a VMF14X2.
Here, all of the spikes were removed. The same result is

obtained when a VMF is used. It is worth noting that in

15x3

all cases the signal edges were preserved.
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Fig. 2a. Output of a VMF4X2 without a trend test.
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TIME
Fig. 2b. Output of a VMF 5 with a trend test.
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Time
Fig. 3a. Signal with added impulsive noise.
v
4 '
Time
Fig. 3b. Filtering Fig. 2a with a VMF

6x2°
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v
M Time )
Fig. 3c. Filtering Fig. 2a with a VMF10x2’
%
Time .
Fig. 3d. Filtering Fig. 2a with a VMF14X2.
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Next, the sinusoidal response of a VMF is inves-

tigated. The sinusoidal response of the MF has been inves-

(4]

tigated by Velleman. Here, the parameter of interest is
the gain, which is the ratio of the fundamental harmonic
power output to the fundamental harmonic power input. Fig.
4a shows the gain, on a logarithmic scale, of an MF3. The
sinusoidal input is sampled at a rate of 128 samples per
second. Fig. 4a shows that the MF, has a null of about -40
db at a frequency of about 43 Hz. Fig. 4b shows the gain of
an MFS‘ Here we note that there are three nulls., As a
comparison, Figs. 4c and 4d show the sinusoidal response of

a VMF4x2 and a VMF5X3.

note that, as the window size increases, the VMF has a

Comparing Fig. 4a with Fig. 44, we

smoother response, concluding that for larger windows the
VMF has, in general, a smoother sinusoidal response than the

corresponding MF.

4.a VECTOR MEDIAN FILTERS ~ STATISTICAL PROPERTIES

Most of the work done on the statistical properties
of the MF involves independent-identically distributed
(i.i.d.) input data. Some work was also done for non-i.i.d:

(18] Here, we will assume that the input data is

data.
i.i.d. with probability distribution and density functions
Fx(x) and fx(x), respectively. Let Y be the ith element of

the VMF output at some position, where 1 < i < M. Using a
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Fig. 4a. Gain with a MF3.
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Fig. 4b. Gain of a MFS.
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[19]

well-known order statistics result, the probability

density of Yy will be given by:

N P |
£,(v5)= 5T or [Fy(y;)17 11 = Py 1% o £ (v)) (4-1)

where P = }(N-M)+i-1 and Q@ = §(N-M)+M-i

In the special case where M=i=1, Eq.(4-1) reduces to
the output probability distribution of an MF with an output
that is also i.i.d. However, for the VMF, even though the
output elements are independent, they are not identically
distributed. Furthermore, the density function of each
output element is one of the M functions that appears
periodically with period M in the output array. Also, the
mean and the variance of each output element are not the
same, and thus we must define the M-dimensional mean and

variance vectors of means and variances, respectively.

As an example of such calculation, it is assumed that
the input has an exponential or Laplacian probability
density function (EPD). The EPD represents the noise due to
laser intensity speckle. The performance of an MF on a
laser speckle was examined by Frieden [20]. We will calcu-

late the output statistics of a VMF due to EPD inputs and

compare these results with those obtained with the MF. The
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details can be found in Appendix A. As is shown there, the
performance of the VMF on the laser speckle is slightly

superior of that of the MF,

4.,b TWO-DIMENSIONAL VECTOR MEDIAN FILTER

Median filtering can be extended to two dimensional
signals, like imagesf The 2-D window has both a size and a
shape. The 2-D MF operates as follows: with the window
centered at a particular pixel, all the elements that fall
within the 2-D window are transferred into a 1-D array, and
sorted according to their numerical wvalue. Then, the
element that falls at the center of the 1-D array replaces
the pixel at the center of the 2-D window. The window then
moves to another pixel and the procedure is repeated. For a
median value to exist, the total number of pixels in the 2-D
window has to be odd. Furthermore, it has been proved that
if the 2-D window is symmetric around the origin and also
includes the origin, then the filter will preserve edges.
various forms of windows can be used, e.g. line segments,
squares, circles, crosses, square frames, circle rings etc.
All these windows fulfill the above edge preserving
property, except for square frames and circle rings that do
not include the origin. However, -it has been observed that

square frames and circle rings will change the edges
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slightly. There is no theory to predict which window shape
will perform better on different types of signals, and the

best choice is an ad hoc process.

One disadvantage of 2-D MF's is that they are
computationally slower than 1-D MF's, Several fast
algorithms were developed to minimize this problem (see Sec.
4.c). Another approach is to use successive 1-D MF's,
filtering first the rows of a 2-D signal and then filtering
the columns of the result [6’7]. Such process was named a
separable filter. Experiments showed that a separable MF
behaves well enough so it can be used in place of a 2-D MF
[7], the advantage being that its speed and implementation,
both in hardware and software, make it more efficient.

Nevertheless, the 2-D MF is in general considered superior

to the separable filter.

The 1-D VMF can be used for 2-D filtering in the same
way as an 1-D MF can be used for 2-D filtering, i.e. the
separable VMF 1is a straight-forward extension of the
separable MF. Additionally, the separable VMF enjoys the
benefits of the VMF, i.e. multiparameter, superior speed,
etc. Furthermore, since two filter passes are required (one
for rows and one for columns), significant saving in

processing time is possible.
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However, even though the 2-D MF is a direct extension
of the 1-D MF, this is not true for the 2-D VMF. The
difficulty here is two-fold. One, how can a 2-D median
vector can be defined, and two, how will this median vector
be filled from 1-D ranking. The median vector could be
defined to be a 2-D sub-window at the center of the filter
window. For example, for a 5x5 square filter window, the
median vector could be a 3x3 square sub-window centered
within the 5x5 window. However, when the 25 elements in the
window are sorted and the 9 center elements are taken out,
still the problem of how these 9 elements will be ar;anged
in the 3x%3 median vector is not resolved. It is evident
that an incorrect placement rule will result in pixel
dispositioning within the image, and unacceptable
distortion. Additionally, the trend test must be very

carefully selected.

In a first attempt to circumvent the problem, a quasi-2D
VMF is defined to be that filter for which the filter window
is 2-D and the median vector is 1-D, 4i.e. one stripe
centered within the filter window. The orientation of the
stripe can be selected depending on the window shape. For
example, for a cross window the stripe could be horizontal
or vertical, where for a square window it could have any

orientation. In general, there is no way to predict which
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orientation will perform better, in the same way we cannot
predict which window shape performs better. Different types
of derivatives can be used as trend test. Directional
derivatives in the same direction or perpendicular to the
median vector, 2-D derivatives and gradients are possible

choices. Again, the best choice is an ad hoc process.

In computer experiments the quasi-2D VMF performed very
satisfactorily for the smaller median vector dimensions (up
to four). Details will be presented in the experimental
results section. Unfortunately, the performance of the 2-D
VMF was found to be unacceptable in noise removing
applications. For various placement rules and derivative
tests, the performance was not satisfactory. However, even
though the 2-D VMF has poor performance on noise removing
applications, through investigation it might be found useful

in other types of signal processing.

4.c FAST TWO-DIMENSIONAL VMF ALGORITHM

One major drawback of MF's is that computationally they
are very time consuming compared with linear filters, since
at every filter position, the elements within the window
have to be sorted. This problem is even more pronounced in

2-D filtering because more elements are present in the
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window. For example, even for the smallest 3x3 square
window, nine elements have to be sorted at every position.

For this reason, 2-D MF's tend to be very slow.

To minimize this problem, a number of fast MF

algorithms have been devised, both for off-line and on-line

[5, 60-67]

computation Some of the real time filtering

algorithms are based on the binary representation of the

samples and the median value at each position is calculated

bit-by-bit [60, 61]. Other on-line algorithms are based on

the availability of special dedicated hardware,[ezf 63]

where others are based on analog selection networks (64,

65]. As was mentioned earlier, single chip MF's were able

to be fabricated using VLSI technology [14-16]. These chips
utilize digital comparators in systolic algorithms and

[14]

structures where others are based on fast

algorithms (15, 16]. Very recently, manufacturers announced
a team of image processing chips, where one of them is

dedicated for median filtering [68].

Among the off-line fast algorithms, the most important
is based on histogram calculation. This algorithm utilizes
the fact that moving from one position to the next, some
elements leave and some new ones enter the window, where

many others remain the same. Thus, a histogram of all the
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gray-levels in the window is formed, and updated at every
new position. The median value is found by searching the
histogram. One fact that should be realized at this point
is that the only difference between the 1-D and 2-D MF is in
the way the elements to be sorted are collected, i.e. the
window shape. The 1-D MF can be considered as a special
case of the 2-D MF. The sorting process is identical for
both filters. Therefore, the histogram based algorithm can

be used for both 1-D and 2-D filtering.

A histogram based fast 2-D VMF algorithm is now
presented. Since the VMF is basically an off-line filter,
the histogram method was chosen to be the most appropriate.
The algorithm is a modification of the fast MF algorithm

adopted for VMF filtering.

Assume that N elements exist in the 1-D or 2-D window,
and that the median vector V(k) is of dimension M. We note
that if M=1 (MF), then the median value is of rank R=3}(N+1)
in the window. If now M#1 then the rank of the first
element in the median vector, i.e. V(1) will be of
R=3} (N-M+2). Subsequently, at every position we search the
histogram to find V(1). Once this element 1is found,
beginning from V(1) we take the next M non-zero positions of

the histogram to be the elements of V. Moving to the next
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position, the histogram is updated and the procedure is
repeated. The algorithm can be far more efficient if moving
from one position to the next we save information about the
position of the previous V(1) in the histogram. This
information can be updated when updating the histogram.
Therefore, at a new position instead of starting from the
beginning of the histogram, we start from the position of
the previous V(1) and we move up or down the histogram until
we find the new V(1). Since in natural scenes the pixels do
not change too much from position to position the new
element V(1) will most likely be close to the position of

the previous V(1),

The algorithm_is summarized in the following steps:

Let: h(i) = Gray-level histogram of elements in window.
P=V(l) = Histogram position of V(1)
R=} (N-M+2) = Rank of V(1)
P
Sp = iio h(i) Histogram sum up to position P
Step 1 : Set P=0, Sp=0. Form the first histogram h(i).

Form the first trend test.

Step 2 Start from histogram position P with Sp‘
If Sp > R (Sp<:R), move down (up) the histogram

so that S < R< S .
p-1 p
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Set V(1)=P, L=l

If Sp=R, then go to step 4.

et L =8 _ -R+ 1
P

If 1<L < M, then V(1) = V(2) = ...V(L)=P. Go to
step 4.
IfL 2 M, then V(1) = V(2) = ...V(M) = P. Go to

step 5.

Step 4 : Move up in the histogram and take the next (M-L)

Step 5

Step 6

Step 7

non-zero positions of h(i) to be subsequent
elements of V. If at any position h(k)=B, then

count position k, B times.
Check trend test and load V in output array.

Update histogram for incoming and leaving elements.
If any incoming (leaving) element xj is xjs P, then
increment (decrement) Sp' Update trend test.

Stop if the end of the line is reached. Otherwise

go to step 2.

Note that in steps 2 and 3 provision has been taken for

multiple values in the window. For example if all the
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elements in the window have the same wvalue (constant
region), then the histogram will be zero everywhere except
at the position of that gray level. In this case SP=N and
L>M (see step 3). 1In this case all M elements of V will
have the same value P. We also notice that the elements in
the median vector are sorted in an increasing order.
However, depending on the trend test the median vector could
be loaded in the output array in reverse order. The trend
test which is the sum of the sign tags of all the elements

in the window is updated at the same time as the histogram.

In the more general case where rank filtering is
desirable, the algorithm can be used by simply changing the
value of R. Thus, this algorithm can more generally be used

as a fast rank filtering algorithm.

The performance of the algorithm was tested on the same
images used for VMF performance evaluation. The figure of
merit was the computer run time of two identical filters,
one implemented with the standard quicksort method, and the
other using the fast algorithm. The performance will be

presented in the experimental results section.
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4.4 SIGNAL RESTORATION USING TRANSFORM AND MEDIAN FILTER

One interesting application of MF's is in signal
restoration. In this new filtering technique, advantage is
taken of the two fundamental properties of the MF, i.e. to
preserve monotonic signals while eliminating narrow spikes.
In this type of problem, a useful signal is corrupted by an
unwanted signal. The interference could be unintentional,
or it could be intentional jamming. To restore the desired
signal, a suitable linear, reversible transform converts the
wanted signal into a smooth transform, where the undesired
interference has the form of spikes superimposed on the
smooth transform of the useful signal. To recover the
signal, a MF is applied in the transform domain. The filter
window size is selected so that the spikes are removed, and
the remaining transform is not too much degraded. The
inverse transform will reveal a close approximation of the

desired signal.

Even though the proposed solution to this problem may
sound too fictitious because of the existence of such a
transform, a very practical application is in removing
unwanted sinusoids from signals. It is very well known that
the Fourier transform of a sinusoid 1is a spike.

Furthermore, the Fourier transform is linear and reversible
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and can be very efficiently computed via the FFT algorithm.
Additionally, a large class of one-dimensional signals, and
especially the band-limited signals, have a sufficiently
smooth spectrum. This suggests that the previously proposed
filtering scheme can be applied in these problems. The
problem is now formulated as follows: A signal is corrupted
by sinusoidal interference of unknown frequency (jamming).
Furthermore, the jamming frequency could change (frequency
hopping) . It 1is assumed that the wuseful signal has a
sufficiently smooth spectrum. To remove the jamming signal,
the Fourier transform of the noisy signal is median
filtered. Since the noisy transform has the appearance of a
smooth signal with superimposed spikes, the MF will remove
the spikes without degrading +too much the remaining
transform. It is worth noting that the location of the
spike (jamming frequency) is irrelevant. The inverse
Fourier transform of the MF'ed spectrum will recover the
desired signal. A block diagram of such a filter is shown

in Fig. 5.

Experiments showed excellent performance on many
commonly used signals, like squarewaves (digital signals).
Details will be presented in the experimental results
section. This filtering scheme has many practical

applications, especially in communications and signal
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transmission. Furthermore, hardware implementation is

[69, 70] and MF [14-16, 68]

possible since both FFT chips
exist, allowing real-time processing. Additionally, this
filtering scheme can be extended to other types of signals
as well, by finding a suitable transform. For example, it
is known that the Hough transform converts straight lines
into spikes in the transform domain. Therefore, the HT

along with the’ MF can be used to remove lines from images.

However, the inverse HT is not easily feasible.

MEDIAN INVERSE
—b T N > > OUTPUT
INPUT FF FILTER FET

Fig. 5 Block diagram of a sinusoid removing filter.
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5. TEXTURE CLASSIFICATION USING THE HT

Structural approaches to texture classification are
based on regularity. A resolution cell is periodically
repeated within the texture in accordance with some place-
ment rules. This approach is very well suited for regular,
periodic structures. A different point of view of periodic
structures is to consider them as a regular arrangement of
lines, or line segments, of different orientations. Consi-
der, for example, an image of a brick wall. Such a struc-
ture can be viewed as a repetition of horizontal lines, with
line segments regularly arranged in the vertical direction.
However, if a rotated view of the same image is considered
again, then horizontal and vertical lines might no longer
exist. In this case, we can still view this structure as a
regular repetition of solid lines of some orientation, with
line segments perpendicular to the solid lines. This last
view is independent of rotation, a very desirable property

of a classifier.

In some structural approaches, the primitives used for
classification are the average separation of edges at some
certain orientations and the arrangement of edges, again in

[38,39]

certain orientations. However, the number of

orientations to be considered is limited by the required
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computation, and. the classification is rotation sensitive.
A model based, rotation invariant texture classification

method is described in [71].

The classification method proposed in this paper does
not consider line (or edge) orientation, but instead- the
angle at which they intersect. This angular feature does
not depend on image <rotation. A second classification-
primitive is the normalized separation of lines for the same
orientation. This feature is independent of scale, since
the normalized separation does not change with ;cale.
Furthermore, this feature is also independent of linear
image translation. A third classification primitive is the
number of principal line orientations within a texture. 1In
a regular texture, the lines or edges will not appear along
random directions, but will be arranged regularly at some
orientations. For example, in a brick well image, the lines

appear along two principal directions spaced 90° apart.

These primitives are especially suited to describe
regular textures that consist mainly of straight 1line
elements. Lines, or more generally curves, are an important
characteristic of textures. The HT is a very efficient
technique to find desirable texture primitives, since all

the information can be extracted from the [p, 6] domain.
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Since the classification algorithm needs to be invariant
under geometrical transformation, such as rotation,
translation or scaling, therefore how the HT of an image is
affected by these transformations needs to be examined. 1In

this regard the following HT properties are of interest.

Assuming that an infinite periodic 1line structure

exists, then the following HT properties hold:

Property 1: If two lines intersect at angle ¢, where

0°<¢< 90°, then the corresponding points in the [p,§] domain

will be also located ¢ degrees apart.

Property 2: Linear translation of the image has the

effect of shifting the HT in the p direction. The shift of
the transform is not uniform, i.e. some peaks at some angles
may shift léss, or even not shift at all. This is evident
from the fact that the normal parameters of lines parallel
to the direction of the translation will not change, whereas
the parameters of the lines perpendicular to the direction

of the translation will be most affected.

Property 3: Linear translation does not affect the

spacing between peaks at a given angle. This is so because,

after the translation, while the location of lines with
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respect to the origin may change, the relative line-~to-line

spacing does not change.

Property 4: Image rotation, by some angle ¢, is

" equivalent to a circular shift of the HT by the same
angle ¢. This property is due to the fact that lines that
are located at angle eo, after rotation will be located at
angle Bt ¢ - The shift is circular because all points
crossing the 180° axis will again appear at the 0° axis,
i.e. the HT is "wrapped" around a cylinder, so that the 8 =

0° axis is identical to 0 = 180° axis.

Property 5: Scaling the texture in all directions

{(zooming) is equivalent to scaling the HT in the p-direc-
tion. This is so because, after the scaling, for all lines

the p-parameters will scale, but not the 6 -parameters.

These HT properties show the effects of geometrical
transformations on the HT and also indicate that with proper
normalization it is possible to compensate for all geometri-
cal image transformations.

[33] suggested that natural textures can be

Zucker
considered as distortion of ideal structures. What would

appear to be ideal are structures formed of thin straight
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lines, periodically arranged in different directions. It
was pointed out earlier that there is some "crosstalk"
between lines at different directions. This is more pro-
nounced in textures where there are wide lines present. In
this case, ﬁhe HT peaks corresponding to these lines will
not be single points but rather regional peaks. Also, all
these curves will have the effect of raising the values of
other accumulators in the 2D register, and therefore the HT
will have the appearance of wide peaks in a noisy back-
ground. However, in the ideal case, where the image 1lines
are one pixel wide, then the curves corresponding to 1line
pixels will pass through one point in the HT domain. 1In
this case, the HT will have the appearance of large sharp
peaks in some low~level noisy background. It is apparent
that line detection now is far more accurate. From this
discussion, it follows that classification accuracy can be
increased by preprocessing the natural texture so that it
will be as close as possible to an ideal one, or in other
words, by extracting the "skeleton" of the texture. This
can be accomplished by thinning the 1lines or by first
applying an edge detector and then applying a gap filling
operator to form solid 1lines. Different technigques are

available for this purpose. [41,72]
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In the following discussion, it will be assumed that
the texture is a reqgular, periodic structure formed by thin
straight lines. This image can be the result of preproces-
sing, or simply it is an ideal test pattern. The next
classification step is to calculate the HT to a desired
resolution. Texture HT primitives will then be extracted.
The HT texture primitives are: a) +the number of 1line
orientations, b) the relative orientation angles, and c) the
line spacing for each orientation. SeQeral normalization
procedures will be employed so that: a) classification will
not depend on geometrical transformations and b) the
dimensionality of the feature space is reduced. Further-
more, to reduce the space to 3-D, some statistical parame-

ters will also be used.

The classification algorithm is composed of the follow-
ing steps: First calculate the texture HT with the desired
resolution. As mentioned earlier, finer quantization of the
p-~axis does not increase the computation, but only the
storage requirements. Therefore the important decision is
to select the quantization levels of the 0 -axis, i.e. the
directions at which we will search for lines. Next, locate
and isolate peak values in the HT. Different approaches can
be used at this step. One approach is to simply threshold

the HT with a proper threshold parameter so that only the
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peak values remain. However, simple thresholding exposes
the problem that peaks below the threshold will not be
"seen", whereas in some regions of the transform the back-
ground noise may be larger than the peaks in a different
region. Therefore the proper threshold value is very
critical, and must be very carefully selected. A better
approach is to use a Median Filter (MF). The MF will
eliminate local peaks in the HT. Hence, subtracting the
output of an MF from the original transform will reveal the
local peaks. The window of the MF should be kept
sufficiently small so that the peaks could be eliminated
without  much affecting the  background. Some post
thresholding will eliminate any residual noise. Since the
HT peaks are usually regional, it is very possible that
neighboring angles will also have peak value. For example,
if a texture has lines oriented at 6 = 30° it is possible
that peak values will be also found at, say, 9 = 28° and® =
32°. Since these angles actually correspond to the same
lines, these peak values should be merged with the central
peaks. Then, for every value of © where peaks are present,
record that value of 6 and the distance between consecutive
peaks. The result of this step is a table listing those
angles where peaks were found, and the distance from peak to
peak. This is the information about line orientation and

separation of 1lines at each direction. However, this
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information depends on geometrical transformations and it
must be normalized. Therefore, normalize all the recorded
distances in the table to the maximum or the minimum one.
Usually the maximum is the better choice, since it is less
sensitive to distance errors. This normalization will take
into account texture scaling. Next, calculate at every
angle the average of the normalized distances. The average
normalized separation at every orientation was found to be a
good measure of the arrangement of the lines at that
orientation. After this step all the information is in a
table of two rows and as many columns as there are
orientations in the texture. The first row is the value of
angles where peaks were found, and the second row is the
average normalized separation at those angles. Now,
circularly shift +the columns of this table so that the
maximum value of the second row occurs at the first column.
This way we select the orientation with the largest average
separation as the reference orientation. Then, subtract the
first entry of the first row from all the entries at the
first row. Subtraction is modulo-180°, This will set the
reference orientation at 6= 0° and take rotation into
account. Next, divide all entries of the first row by 180°.
This will normalize the angles to 180°. Also, divide all
entries in the second row by the first entry of the same

row. This will set the maximum average separation to unity.
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After the previous steps, all texture information is
condensed into a normalized table of two rows and as many
columns as there are texture orientations. Note that the
first column of the normalized table contains no information
since it has the values of zero and one. We can consider
the two rows of‘ the table as two feature vectors, one
revealing information about 1line directionality and one
about line separation. For multi-directional textures, the
dimension of these feature vectors will be large. We can
reduce the dimension of the feature space by replacing the
two vectors by their corresponding variance. This step
reduces the accuracy of classification. Hence, calculate
the variance of each row of the table at the previous step

and form a feature vector §=[x1,x2,x3] where

Xy = number of orientations in the texture.
X, = variance of the normalized separations.
Xy = variance of the normalized orientations.

This last feature vector will be used for classification.

The classification process consists of finding the
feature vector of the texture to be classified using the
previous algorithm. Then a similarity measure, or any

clustering algorithm, can be used to classify the unknown
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vector to one of the known classes established during the
learning process. Note the importance of the Xy element of
the feature vector. Textures with different numbers of
orientations cannot be classified incorrectly in the same

class.
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6. ASSOCIATIVE MEMORY ENCODING

As was mentioned above, after the texture features have
been extracted by applying the proposed algorithm, and a
feature vector is formed, a similarity measure or a
clustering algorithm can be applied to classify the unknown
vector into one of the known reference classes established
during training. There are a large number of such
algorithms in the open literature with different levels of
complexity, and the choice of the one with the best
performance is an ad hoc process. One new alternative is to
use linear associative memory mapping (LAMM). This can be
noticed from the fact that classifying an unknown vector
into a known class is the equivalent of mapping that vector
into a point (or small region) in space. Additionally,
error tolerance properties of LAMM make this mapping least
square sense optimum and it can correct some errors
introduced by the feature extraction algorithm. The result
is a very elegant and compact decision maker which can be
incorporated as part of the feature extraction process.
Furthermore, this method can be applied to classification of

patterns other than regular textures.

Associative recall may in general be defined as a

mapping in which a finite number of input vectors are

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



61

transformed into a given set of output vectors. 1In the case
of incomplete or erroneous input vectors, it has been shown
[73] that this mapping is least square sense optimal. It is
this error tolerance that suggests its applicability to
pattern (vector) restoration and classification. There are
two kinds of associative recall: the autoassociative and the
heteroassociative. In the former an incomplete vector is
restored into a complete version of itself, while in the
latter, an output vector is produced in response to an input
vector. The mapping between the input-output pair of
vectors is arbitrary and depends on the application
requirements. Associative recall suggests the working
mechanism of an error-correcting content-addressable memory.
This means that, for all similar vectors, in the sense of

some appropriate measure, the recall will be similar to the

corresponding output vector.

The mapping process is described by the following

transfer relation:
Yy = Mxk k=1,...P (6-1)
where xk's and yk's are the input and output column vectors

and M is the unknown associative memory matrix. LAMM is a

problem of memorizing a set of responses to a set of input
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signals. It can be formulated as a problem of finding the
optimal solution, in the sense of 1least squares, for the
matrix M. Given M, recognition is achieved by linearly
transforming an wunknown input according to Eq.(6-1) and
therefore belongs to the scalar transform category. The
matrix M can be determined through an iterative procedure.

The mathematical details can be found in Appendix B.

The classification task with an associative memory is a
two stage process. In the first, a learning (or training)
phase, patterns representative of given classes are used to
induce the proper output responses. According to the
algorithm presented in Appendix B, first the matrices X and
Y need to be generated. This is done by concatenating the
feature vectors in a column-wise fashion, with the columns
of X representing the set of training features, and the
column of Y the desired response. In the second or
recognition state, an unknown or degraded feature vector is
applied to the input of an associative memory filter, and
the produced output is similar, in the least square sense,

to one of the trained responses.
For the purpose of texture classification, according to

the proposed HT based algorithm, the input vectors could be

the reference feature vectors of all the textures in a given

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

class. One realistic approach to generate the reference
features for each class is to run the algorithm on several
views of the same texture, where each new view is the result
of geometrical transformations. Since the algorithm is
invariant to such transformations, all the generated
features should be very similar to each other, with some
discrepancies to be expected. An average of all the
generated features could be a single reference
representative of that texture. However, more than one
representative for some texture pattern could be used. The
output vector due to this input is assigned to be a code
vector, where the code represents that texture whose
features are the input. Such code vectors could be
orthonormal vectors, i.e. vectors with all elements =zero,
except one. It is obvious that the dimension of these
vectors equals the total number of textures in a class.

Other code vectors could be used.

In summary, for the training stage, the training input
X is formed by combining all the reference feature vectors
of the textures in the class, where the training output Y is
their corresponding code vectors. Using these training
inputs and outputs, the associative memory matrix M is
generated. During classification, an unknown feature

vector, which is generated using the proposed algorithm, is
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passed through the LAMM filter. This is done by simply
multiplying the unknown vector by the M matrix and examining
the result. Assuming that orthonormal code vectors were
used, the identity of the unknown texture is determined by
finding the maximum element in the output and noting its
position, and the position of this maximum is the desired
information. In the event that more than one equal maximum

values exist, then unsuccessful classification is declared.

One very important aspect of LAMM 1is the linear
independence of +the input vectors. For LAMM to be
successfully used, the input vectors should have a high
degree of linear independence. If an input vector is
linearly dependent on the others, then its orthogonal
projection produced by the Gram-Schmidt orthogonalization
process will be zero, and this vector will not be included
in the iterations that generate the M matrix, and therefore
in the recall, when a degraded version of this vector is
inputed to the LAMM filter, the system will fail to
recognize it. The result will be an incorrect output with

possible incorrect classification.
In the proposed texture classification algorithm, the

output is a 3-dimensional feature vector. We recall that

the feature space was reduced to 3-D by introducing some
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statistical reduction. Since all the input feature vectors
X, are 3-dimensional, for m texture patterns, the input
matrix X will be of dimensions 3 x m. It is now obvious
that of the m columns of the X matrix, no more than three
can be linearly independent, and 'therefore, only three

texture patterns can be classified correctly, which is a

major drawback.

There are two ways to overcome this problem. For small
m, i.e. not too many textures in a class, we can increase
the dimensionality of the feature space, so that it wil} be
at least m. Even though this method does not guarantee the
linear independence, for very different texture patterns,
their feature vectors will be sufficiently independent
However, for many different textures in a class, not so many
features will be available and this method is not feasible.
Another alternative is to form an extended input matrix by
stacking the columns of the output below the columns of the

input. The extended input X' will be of the form

N

and the dimensions of X' will be of (n+m)xm, where n is the
number of features used for classification and m is the
total number of texture patterns in the class. Furthermore,

if orthonormal code vectors are used, i.e. the Y matrix is
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an identity matrix, then all the columns of X' will be
linearly independent. During recall, since the code part of
the input is unknown, all those elements are set to zero.
The associative memory filter is now called to reconstruct
the missing part of the input. 1In this sense, this is an

autoassociative recall.

There are two disadvantages to this scheme. One is
that since the input has larger dimensions, the M matrix
will also be of larger dimensions, i.e. more computation.
More specifically, the M matrix will now be of dimensions
mx (n+m) as compared to mxn, where m and n were specified
earlier. A second disadvantage is that since now the
associative memory filter is required to tolerate for two
sources of errors, namely classification algorithm errors
plus the error due to the missing code in the input vector,
the classification process will be less accurate, i.e. more
incorrect or unsuccessful classifications can be expected.
This second disadvantage can be corrected by using iterative
associative memory encoding. This new scheme is described

in the next section.
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6.2 ITERATIVE ASSOCIATIVE MEMORY ENCODING

Iterative associative memory is developed to improve
the performance of the overall encoding system, by taking
into account the deterministic error of the missing code, as
was discussed earlier. In this method, a number of
iterations are performed, and during each new iteration a
better mapping M matrix is constructed. During the first
iteration, the first matrix M0 is calculated based on the

training input X' and output Y, where again

X
X' = o and Y = I (6.a-1)
Y .

and X is the feature vector matrix and I is the identity
matrix (for orthonormal codes). The first matrix MO will be
of dimensions mx(n+m) where again n 1is the number of
features used, and m is the total number of textures in the
class. Without taking into account errors (perfect

algorithm), all the unknown inputs will be of the form:

X = b (6.a-2)
0 0

where the code part Y has been set to zero.

The recall will be of the form
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Y., = M.X (6.a-3)

where Y0 is expected to be a close approximation of the

desired output Y. It is now possible to use the output YO

as a new training input and with Y as training output (the

target output) form a new associative memory Ml’ so that
Y = MlY0 (6.a-4)
substituting (6.a-3) into (6.a-4) yields
Y = MlMOXO (6.a-5)

The matrix M=M1M0 is now a better mappiﬁg matrix that will
map the incomplete inout X0 closer to the target output Y.
We also note that the matrix M1 is of dimensions mxm so that
the matrix M=M1M0 is still of dimensions mx(n+m). Also,
since now the training input and output are close to each

other, the matrix M. will be close to the identity matrix.

1

The above procedure can be repeated. Using the new

matrix M we can find a new output Yl’ i.e.

(6.a-6)
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where now we expect that Y will be an even closer

1

approximation of the desired output Y. Using now Y., as a

1
training input and Y (the desired output) as the training

5 matrix can be generated. Since now Yl is

even closer to Y, then we expect that M2 will be even closer

output, a new M

to the identity matrix, and the new, improved mapping matrix
will be M=M2M1M0.

If this procedure is repeated several times, then the
training input and output will be so close to each other
that their associative memory matrix will converge to the
identity matrix. After k iterations the overall mapping
matrix will be

M. M (6.a-7)

Mgy coeee MM,
where matrices with higher index are closer to the identity
matrix. The M matrix in eq.(6.a-7) will map the unknown
input to the closest much better than an M matrix with only

one iteration.

Two possible variations of this scheme are the
following:- 1In eq.(6.a-2) we can add some noise in matrix X
so that algorithm imperfections can be taken into account.

A second variation is instead of using the approximate
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output as training input for the next iteration, we can use
the combination of feature matrix-approximate code, i.e. the

training input during iteration k will be of the form

X
[z" instead of Y (6.a-8)
k-1
Yy-1

The combined M matrix in this case could be the result of

h

the kt iteration, since the associative memory matrix will

not converge to the identity matrix.

One basic problem with this iterative associative
memory encoding scheme is again linear independence. If at
any iteration, one training input vector is linearly
dependent on the others, then that column of the M matrix
will not converge to the correct one, and the corresponding
output code will be incorrect. Current research is
undergoing on modifications of the associative memory
algorithm which behave well even in the presence of linear

dependence, and results are pending.
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7. POLYGONAL SHAPE IMAGE SEGMENTATION

Since each object contour is formed by straight 1line

[44] can be used for 1line

segments, the Hough technique
detection. First, from a full-tone image the object contour
is extracted by particular edge detection. A number of edge
detection methods are available [40]. The edge image will
be primarily of noisy straight line segments. Corresponding
to the line segments the HT of the edge image will have its
peak values at the appropriate normal parameters. These
peaks can be extracted either by thresholding, or other
techniques [74]. However, these peaks do not reveal
information on the segment end points. Furthermore, a HT
peak could correspond to many co-linear line segments.
While some information on the overall length of the segment
can be extracted from the value of the peak, this
information could be false because the magnitude of the peak
depends both on the line length and the thickness. To find
the end points of each line segment, we must return to the
edge image. On this image, based on the Hough transform
(HT) peak, a window is moved along every predetermined line
and the beginning and the end of each line is recorded. 1In
addition, the numbef of line segments in a given direction

is also determined. The result will be a list of all edge

image 1line segments, with their normal parameters and
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corresponding end points. An intelligent system can use
this information to determine the line segments that belong
to an object and the unrelated lines. For example, 1line
segments which have their end points close together may be
considered boundaries of the same object. Possible

mismatch will be due to inaccuracies and errors.

Using this information, it is possible to segment the
image into regions defined by the contour of each object.
This can be accomplished by building a mask having the same
shape as the object of interest. The mask is used to.block
off the remaining image. The result will be an image that
shows the region of interest. The mask 1is constructed by
drawing those line segments that match the edges of the
object. However, when drawing lines that match the edges,
because the edges do not represent clearly defined thin
lines, and there are errors in detecting the position of the
edge, there will be some positional inaccuracy. One
technique to correct for these errors is to draw the 1line
segment so that the distance between the line and the edge
pixels will be a least-square sense minimum [74]. However,
in this case, it 1is not essential +to match the edges
closely, but it would be sufficient if the object contour is

inscribed in the region defined by the drawn 1lines. For

this reason, and to account for errors, the mask is slightly
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enlarged so as to ensure that it will cover the entire
object of interest. To conétruct the mask starting with the
normal parameters of the object sides, the p-value of each
line is varied in order to produce an enlarged contour. To
form a solid mask, the entire region inside the closed
contour is painted white. To extract the object or its
edges, we then logically AND the mask with either the
original or the edge image. Similarly, for every object a

mask is produced.

Additional information about the shape of the object
can also be extracted. 1If, for example, the object is a
triangle, its type can be examined by consulting its normal
parameters. For an orthogonal triangle, two of the
8 - parameters should differ by 90°. Similarly for a
4-sided figure contour, a trapezoid, parallelogram,

rectangle, square, etc., its shape can be determined.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



74

8. EXPERIMENTAL RESULTS

In this section experimental results will be presented
in the same order as they appeared earlier. Therefore,
first all the results that are median filter related will be
presented, with results related to textures to follow, and

finally results on image segmentation.

The imaging equipment used to generate these results
consisted of a video camera connected to a high-speed A/D
converter. With this facility, almost an entire NTSC frame
(512 lines instead of 525) was able to be grabbed and stored
into a buffer which was capable to store two independent
frames. The content of the buffer was interfaced to a DEC
VAX 11/750 computer system, where all the processing was
performed. All the input and their results could be stored
on computer memory. The result of processing could be
viewed on a monitor by transferring the data from the
computer back to the same buffer and to a high-speed D/A
converter. Appropriate time correctors were also included
in the imaging system. Color images were entered as three
RGB color components, and the composite NTSC frame was
generated in the computer through appropriate software. We

proceed now by presenting median filter related results.
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Using 512x512 8 bits per pixel digital images as
input signals, the visual performance of the VMF as compared
to that of the MF is tested. The purpose of these
experiments is to demonstrate some of the visual properties
of the VMF using realistic images. Fig. 6.a shows an image
with computer generated additive uniform pseudo-random "salt
and pepper" noise (see Fig. 6.b). The noise consists of
uniformly distributed ten black or white spots per
horizontal line. This noisy image is then processed with
different median-type filters and their performance is

evaluated both visually and by their computer run-time.

As was mentioned earlier 1-D filters, like the MF,
were used to filter 2-D signals by first filtering the rows
of the signal, and later the columns of the result. (6,71
Since the VMF is basically a 1-D filter, a similar scheme
can be used for filtering images. However, since the
purpose of the experiments is to compare the performance of
the VMF to that of the MF, for simplicity only the

horizontal 1lines of the image were filtered. This is

equivalent to filtering the sampled video signal.
Figs. 6.c-6.e display the VMF of dimensions 3x1, 4x2,

and 5x3, outputs respectively. Each filter is able to

remove one sample wide impulses. Note that the VMF3x1 is a
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MF. While visually all three images seem identical, their
computer run-times, shown in Table 1, are guite different.
For example, as compared to the MF3, the VMF5X3 requires
much less processing time. Figs. 6.f and 6.g show the
respéctively. Because

output of a VMF (MFS) and VMF

5x1 6x2
now two samples wide impulses are removed, virtually all the
impulsive noise is removed. Again, inspecting Figs. 6f and
6g we note no significant visual differences, except that

the VMF is computationally faster than the MF. Fig. 7

6x2
summarizes the speed improvement of the VMF in comparison to
the speed of its counterpart MF. Fig. 8 presents a more
detailed image example. Here, some image degradation can be
observed. For example, by comparing Fig. 8.c with Fig. 8.e,
more degradation occurs as additional elements are included
in the VMF. By also filtering the vertical lines, some of

this degradation can be corrected. However, the difference

is not very noticeable.

Similar experiments were performed on color images.
Here, for each color image the same type of noise as for the
black and white images was added to the three RGB color
components. This noise has the appearance of different
color spots in the composite NTSC image. Rather than median,
filtering the composite NTSC signal, a better result is

obtained when the VMF-ing is performed on the RGB color
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components. The color VMF performance was similar to the
black and white VMF image processing performance. Compared

to the MF, again the VMF has the faster processing time.

The performance of the 2-D VMF was tested using the
same images as in the 1-D VMF. The window used was of
rectangular shape with the median vector being a stripe
(quasi-2D VMF) of horizontal or vertical orientation. The
performance obtained using the horizontal or vertical median
vector was found to be almost identical. This is expected
because using a vertical stripe is equivalent to using a
horizontal stripe, and transposing the image. Since the
performance was in both cases very similar, in the
subsequent discussion only horizontal stripes will bg
considered. The filter window size is denoted by N1 x N2 x
M where N1 is the vertical dimension, N2 is the horizontal
dimension, and M is the horizontal median vector dimension.
In addition, N1 is restricted to be odd, where N2 and M are
restricted to be both odd or even. Also note that a 2-D
filter of dimension N1=1 is actually a 1-D VMF. The trend
test originally used was the derivative in the horizontal
direction, i.e., the same one used for 1-D VMF. However,
the performance of +this test was acceptable only for
two-element median vectors, and gquite unacceptable for

larger ones. To improve the performance, the next trend
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test that was tested was the directional derivative in both
horizontal and vertical directions. In this test, each
pixel is assigned two tags depending on the difference of
that pixel and the adjacent ones in the horizontal and
vertical directions. If the difference 1is positive
(negative) then the value of each tag is +1 (-1) and =zero
for equal values. For the trend test the values of the tags
of all the elements within the filter window are added. If
the result is positive (negative) then the direction of
sorting is increasing (decreasing), and arbitrary for =zero
result. This trend test performed satisfactorily for median
vectors up to three elements wide. Since this is sufficient
for most practical applications, no further searching was

done.

Fig. 9 displays the result of different filters applied
on the noisy image of Fig. 6.b. Visually all the images of
similar window dimension appear to be similar. For example,
the result of a 3x3x1 VMF looks very similar to that of
3x4x2, wheré the result of 5x5x1 is very similar to that of
5x6x2. Fig. 10 summarizes the speed improvement of various
2-D MFs obtained by wusing their closest quasi-2D VMF
extensions. Table 1 displays computer run times for
different window dimensions. Also the same table displays

the RMS error between the original image and the filtered
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one for different window sizes. The results of table 1 are
also plotted in Fig. 11 for visual inspection. By
inspecting both table 1 and Fig. 11 it is apparent that with
a small penalty in RMS error, and with very few noticeable
differences, significant time saving is possible by using a
VMF in place of a MF, Additionally, as was also discussed
earlier, the VMF being a multiparameter filter, it offers a
wider choice of filtering choices. As an additional
illustration, Fig. 12 is another example of VMF filtering

where again similar comments can be made.

The performance of the fast algorithm was tested by
filtering an image with two identical VMF's. One VMF was
implemented using standard sort, where the second one was
implemented using the fast algorithm. The figure of merit
used was the computer run time. The results are summarized
in table 1 and also plotted on Fig. 11. By inspecting Fig.
11 (or table 1), two general comments can be made. One is
that with the fast algorithm, for larger windows there is a
tremendous improvement in computer time. In addition, by
observing Fig. 11 we can see that there is a drastic
increase in computer time when standard sort is used, while
when using the fast algorithm the computer time increases
very slowly with increasing window dimensions. The second

comment is that even when the fast algorithm is used, there
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is a further improvement when using a VMF in place of a MF.
It is estimated from table 1 that the percent improvement by
using a VMF in place of a MF is approximately the same for
both the standard or fast algorithm. Therefore, Fig. 10
applies for both standard and fast algorithms. The result
is that when the VMF is combined with the fast algorithm, it

becomes a very efficient processing tool.

Experimental results on signal restoration using median
filter and transform are now presented. In these experiments
a signal was corrupted by sinousoidal interferencg and
possibly by random noise, and the objective was to recover
as closely as possible the original signal from the noisy
one. The three signéls used in these experiments were a
decaying exponential, a pulse, and a square-wave. All
signals were sampled at a rate of 128 samples per second,
and also a 128 points DFT was used. Better results were
obtained by median filtering the real and the imaginary
components of the transform rather than filtering the

magnitude and the phase.
Fig. 13.a displays a decaying exponential where Fig.

13.b is the same signal with four sinousoids added. The

interfering signals are of frequencies 20Hz, 30Hz, 40Hz and
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60Hz with amplitudes 1lv, 2v, 2V, and 1V respéctively. Fig.
13.c displays the real and imaginary parts of the FFT of the
clean signal, where Fig. 13.d4 displays the same information
for the corrupted signal. Fig. 13.e is the result of
filtering Fig. 13.d4 using a MF11 and Fig. 13.f isr the
inverse FFT of Fig. 13.e, which is the recovered signal.
For the purpose of comparison, Fig. 13.g displays both the
original and the recovered signal, where a very close match
can be noticed. Some further improvement is possible by MF
post-filtering the recovered signal to remove residual
oscillations. Fig. 13.h displays a recovered exponential

where a MF_ was used in the frequency domain and the MF5 was

7
used for post-filtering.

Similar experiments were performed with a single pulse.
Fig. l4.a displays a two sample pulse, where Fig. 14.b shows
the pulse corrupted by the same interfering signals as in
the exponential signal experiments. The spectrum of the

noisy pulse was MF. filtered, and Fig. 1l4.c displays the

5
inverse FFT of the filtered spectrum. We can notice from
Fig. 14.c that the pulse is very satisfactorily recovered.
Post~filtering by a MF is not appropriate in this case,

since the MF will eliminate the pulse. Thresholding will be

a more appropriate type of post-processing.
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More experiments were performed using square-waves. A
square-wave could represent a binary signal which was
corrupted in the transmission path. Fig. 15.a displays a
square-wave, and Fig. 15.b is +the same signal with
interference added. The type of interference 1is the same
as the one used in earlier experiments. Fig. 15.c displays
the magnitude of the Fourier transform of the clean
square-wave, where a large DC component is noticed, followed
by the fundamental frequency pulse harmonics. Fig. 15.d
displays the spectrum of the noisy square-wave, where the
interference 1is evident by the additional peaks ip the
transform. Fig. 15.e displays the result of MF3 filtering
of the noisy transform. While it seems that the signal
information is lost, Fig. 15.f which is the inverse FFT of
Fig. 15.e shows that a very good approximation of the
square~wave 1is recovered. For the purpose of comparison
the same figure simultaneously displays the original
square-wave. Fig. 15.g displays a recovered vs. the
original signal when a MF7 was used. Further improvement is
possible by post-filtering with a MF. Fig. 15.h shows the

result of a MF applied on the recovered signal of Fig.

13
15.f where we notice that most of the residual noise is
removed, leaving an excellent approximation of the original

signal.
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In another set of experiments, random noise was
included in addition to the sinousoidal interference. Fig.
16.a shows a square-wave with uniform noise added. Fig.
16.b displays the noisy square-wave with the same
sinousoidal interference used in the earlier experiments.
Figs. 1l6.c and 16.d display the spectrum of the noisy
square-wave and the noisy one with the sinousoids added,
where Fig. l6.e shows th result of MF3 filtering. Fig. 16.f
is the inverse FFT of the Fig. 16.e and displays the
recovered square-wave. Fig. 16.g also displays a recovered
square-wave using a MFll' Comparing Fig. 16.@_ (the
recovered signal) with Fig. 16.a (the original noisy signal)
we observe that the recovered signal is less noisy than the
original. Figs. 16.h and 16.i display the recovered signals

of Figs. 16.f and 16.g with MF post-~filtering, where again

13
excellent performance can be observed.

Similarly experiments were performed in the case where
the interfering frequencies were very close to the
fundamental frequency of the square-wave. Fig. 17.a shows
the noisy square-wave used in earlier experiment, with four
sinousoids added. Their frequencies are 3, 6, 9, and 15
Hertz with amplitudes of 1, 2, 1, and 2 volts respectively.
Fig. 17.b is a recovered signal using a MF 4 in the frequency

domain, and a MF13 for post-processing. Figs. 18.a and 18.b
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is a second example where the interfering frequencies are 2,
4, 6, and 10 Hertz, with amplitudes 1, 2, 1, and 2 volts
respectively. In both experiments an excellent
reconstruction is possible, although by observing Fig. 17.a
and Fig. 18.a no clue is evident of the nature of the
original signal. Finally Fig. 19.a represents the noisy
square-wave with four sinousoidé of frequencies 4, 6, 12,
and 20 Hertz added. The amplitudes of all four sinousoids
are 900 volts. This experiment represents high-power
jammers, jamming a low-level noisy signal. Fig. 19.b is the
recovered square~wave using a MF11 in the frequency domain

followed by a MF for post-processing. Even though the

15
reconstruction performance in this case cannot be
considered as excellent, however, for many applications it

can be judged as very satisfactory.

In the following paragraphs we present and discuss
texture related computer simulation results. The first step
in these experiments was the computation of the Hough
transform of an input texture. The HT p-axis is quantized
uniformly to 361 levels while the 6-axis is quantized
uniformly to 90 levels. Since the 2D register has 32,490
accumulators, it would be impractical to print the value of
each accumulator, and instead, visual display on the screen

of a monitor was chosen. For this purpose, the entire HT is
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inserted in an NTSC frame with the proper display format.
The values of every row of the 2D register become pixel
values of one horizontal scan line. Interlaced scanning is
employed. Since the HT will not £fill up the entire frame,
the boundaries of the transform and the p-axis are drawn.
Furthermore, divisions on the 6-axis are displayed as bright
ticks. The texture to be transformed is entered into the
computer through a video camera and digitized in the form of
a 512x512 array quantized to 8 bits per pixel. The NTSC
sync information is also included in the array. The
computer used for these experiments was a DEC VAX 11/750

system.

Figure 20. shows the reference axes used in generating
the HT. Fig. 20.a represents the texture in the x-y plane.
The texture is assumed to be a rectangular of dimensions 2Xm
X 2Ym, with the origin located at its center. By locating
the origin at the center of the texture, a better
utilization of the p-96 plane 1is possible. Fig. 20.b
represnts the p-§ (HT) plane as it will appear 1in the

following illustrations.
Figure 21.,a shows the texture image of French canvas

(Brodatz's plate No. 20). Notice the line structure of this

texture. Figure 21.b is the HT of a scaled block of this
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texture. It is evident that a smaller bloeck of the texture

contains the same structural information as a larger one.

In Figure 21.b the leftmost part of the transform
corresponds to 6= 0° and the rightmost to ¢=178°., The p=0
axis is indicated by the horizontal solid line around the
center of the transform. The ‘bright spots around 6 =0°
and 6 = 90° correspond to peak values in the transform.
Note that the spacing of the peaks follows the arrangement
of the 1lines in the texture. Note also the background
noise, especially at the center of the transform, becauyse of

"crosstalk" between lines.

As was mentioned earlier, preprocessing the texture by
thinning the 1lines (skeletoning), will increase the
classification accuracy. Figure 2l.c is the HT of the same
texture block used for Figure 21.b, but having undergone a
process of line thinning. Comparing Figure 21.b with 2l.c,
we see that the peak values corresponding to texture lines
are located at the same position, but in Figure 2l.c they
are much sharper, and the background noise (crosstalk) is
significantly lower. It is obvious that even though both
Figures 21.b and 2l.c reveal the same information about the
structure of the texture, this information can be more

easily and accurately extracted from Figure 21l.c, Finally,
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Figdre 21.4 1is another block of the same texture under a
different scale, which has been preprocessed for 1line
thinning, and rotated by 45°. Here we note that the sharp
peaks are now located around 6=45° and 6=135°, where the
spacing of tﬁe peaks again it follows the spacing of the

lines in the texture.

Figure 22.a is another texture of Herringbone weave
(Brodatz's Plate 17), where Fig. 22.b 1is the HT of a
preprocessed block of this texture. Notice again that the
location of the peaks correspond to the locations of the
lines in the texture. We also note that since the lines
around € =45° and 6=135° are actually non-contiguous 1line
segments which are equivalent to a shorter line, that those
peaks appear to be smaller compared to the peaks at §=0°

which correspond to a long line.

It is interesting to examine what would be the effect
of noise on the HT. Figure 23.a is an idealized test
pattern and Fig. 23.b is the HT of Fig. 23.a. Figure 23.c
shows the texture of Figure 23.a with computer generated
psuedo~random uniform "salt and pepper" noise added. We can
predict that the additional noise pixels will add more
sinusoidal curves in the transform domain, and the result

will be that more background noise will be present in the
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transform. Figure 23.d4 shows the HT of the noisy texture of
Figure 23.a. Comparing Figure 23.d with Figure 23.b, i.e.
the HT of the texture without noise, we notice that indeed
the noisy transform has larger background noise. However,
the peak values can still be extracted from the noisy
background. The conclusion is that the HT technique is
immune to noise, since even for noisy textures we can still

isolate the HT peak values.

As an additional illustration, Fig. 24.a shows the
pattern of Fig. 23.a under severe scaling (and transla?ion).
From Fig. 24.a it 1is evident that there is still enough
information present for correct classification. Fig. 24.b
is the HT of Fig. 24.a. We observe that basically only two
lines were detected in each orientation. The feature
vectors of the textures of Fig. 23.a and Fig. 24.a were
calculated using the proposed classification algorithm and
were found to be:

For Fig. 23.a 2, 0.014, 0.290]

1%
1

For Fig. 24.a [2, 0.019, 0.283]

1%
I

We observe that the two views of the same -texture yield

very similar feature vectors.
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For classification, the feature vector of each texture
is computed following the steps of the classification
algorithm. The peak values in the transform were isolated
using both simple thresholding and median filtering. Both
approaches performed well, but the median filter was
slightly superior. The important result to examine 1is
whether different views of the same texture yield the same
feature vector, and if different textures yield different
feature vectors. Since the first element of the feature
vector is the number of orientations in the texture, then
textures with different numbers of orientations will

certainly yield dissimilar feature vectors.

Experiments performed showed that different views of
the same texture always yield almost the same feature
vector. The critical part was what would happen with
different textures with the same number of orientations.
Experiments showed that there was sufficient dissimilarity
in the feature vectors for cofrect classification. Figure
25 is a scattering diagram of three textures, all with two
orientations. Two of them have lines intersecting at 90°
and the third one has lines intersecting at 79°. We notice
that the first two cluster around the same value of x

3

(angle variance), at different values of X, (distance
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variance). From the scattering diagram we can see that the

clusters are well separated in the feature space.

Table 2 depicts the application of the classification
algorithm to two different views of the same texture. The
first entry in the table is the result of searching for
peaks in the transform and recording the angle at which they
occur and the distance between them. We notice that the
second view was rotated by 20° with respect to the first,
and also that the second was taken at a smaller scale, since
more peaks were found in each angle. The next two steps are
to normalize all the distances by dividing by the maximum
one, and to average the normalized distances in each angle.
Next we circularly shift so that the maximum average (one in
this case) will be at the leftmost position. Then we
subtract (modulo-180°) the first angle from all the others
and normalize all angles to 180°, BAfter these steps we note
that the entries in the table are almost identical. Then we
form the feature vectors by calculating the variance (here
the standard deviation was used) of the normalized distances
and angles. Note that the first element of the £feature
vector is x.,=3 since three directions were detected in the

1

texture.
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Two types of experiments were performed on associative
memory encoding.‘ In the first type, eight different
textures were described using nine-element feature vectors.
In the second type the same eight texture patterns were
described by three numbers. The nine-element feature
vectors were obtained by deleting the last step of the
classification algorithm which includes calculation of
variances (see table 2). Since the texture patterns used
had up to a maximum of four directions, a nine-element
feature vector is formed where the first element is the
number of directions detected, +the next four are the
normalized angles, and the 1last four are the average
normalized separation in each direction. 1In the case where
less than four directions are deteéted, the unused entries
are filled by zeroes. For example, for the pattern depicted

in table 2, the nine-element feature vector will be:
x= [3,0,0.21, 0.79, O, 1, 0.79, 0.78, 0]

The code vectors used were eight element orthonormal
vectors. The reference feature vectors were obtained by
running the algorithm four times on four different versions
of the same texture pattern, and averaging the resulting
feature vectors. Using these reference features as training

inputs and their corresponding code vectors as training
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outputs, an associative memory is <calculated. The
performance of this associative memory was tested by
submitting an unknown feature vector resulting from running
the algorithm on one of the texture patterns, or simply by
adding noise on one of the training inputs and using that as
test input. In both cases the test input is submitted to
the filter and the desired information is obtained by
locating the position of the maximum element in the output.
In the event of two equal peaks, then a "don't know" is

declared.

Extensive testing of this scheme found it to be very

successful, with an average percentage of 95% correct

" classification. Most of the unsuccessful attempts were

"don't knows" with some incorrect cases observed. As an

illustration, for one of the texture patterns used, the
reference feature vector was:

Training input:
x = [3,0,0.2,0.8, 0,1, 0.77, 0.79, 0]

The corresponding code vector was:

Training output:
y = [o,0,0,1, 0,0, 0, 0]

The testing input was:
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x = [3, 0, 0.26, 0.84, 0, 1, 0.70, 0.83, 0]

The resulting output was:

y = (0.4, -0.2, 0.3, 0.8, 0.1, -0.1, 0.6, 0.2]

Dufing the second type of experiments, only three
numbers were used to described the patterns (the calculation
of the variances was included). The training input was
formed by stacking the three classification numbers with the
code vector .into a single vector, where the training output
was again the code vector. The reason the code vector was
stacked with the feature vector was to increase the rank of
the training input, as was explained in detail earlier. The
calculation of the associative memory was done the same way
as was described in the previous experiments. For the
testing, the unknown feature vector was stacked to a =zero
vector and submitted to the filter, and again the desired
information was obtained by finding the position of the

maximum element in the output vector.

Again extensive testing found this scheme to be less
successful than the one described earlier; however, the
performance was very satisfactory. The average percentage
of success was estimated to 70% which could be increased to
about 80% by using iterative encoding. It should be noted

that the reported success of other far more elaborate
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algorithms is averaging values varying from 46% to 82%
maximum with a median value of around 60%. In addition,
compared to elaborate clustering algorithms, this method is
simpler and more formal. One additional comment is that in
this type of experiments more incorrect classification cases
were noted. About half of the failures were incorrect
classification and the other half were "don't knows".
Again, for the purpose of illustration, the training input

of a pattern was:
x = [3, 0.12, 0.4, 0, O, O, 1, O, O, O, O]

The training output was:

The testing input was:
x = [3, 0.11, 0.42, O, O, O, O, O, O, O, O}

The resulting output was:

y = [o0.2, 0.3, 0.1, 0.7, -0.2, 0.5, 0.4, 0.1]

When iterative encoding was used the resulting output

was:

y = [o0.1, 0.2, -0.1, 0.8, 0.1, -0.1, 0. -0.2]

Note that this case represents a successful

classification case.
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Computer experiments on polygonal shape image
segmentation consisted of segmenting an image with some
geometrical figures into a number of images containing only
one figure. Fig. 26.a displays a binary image of a triangle
and a 4-sided figure. Notice that the two figures do not
have any colinear sides. Fig. 26.b is the result of Sobel
edge detector with some threshold applied. Some
edge-thinning algorithm could be applied as further
post-processing, but in these experiments it was not. Fig.
26.c is the HT of Fig. 26.b where Fig. 26.4 is the
thresholded HT of Fig. 26.c. From the peaks in the HT the
vertices of each figure were found in the edge image, and
two masks were able to be constructed. Figs. 26.e and 26.f
represent the two generated masks which have the same shape
as the original figures, but they are slightly enlarged to
compensate for location inaccuracies. Using these two masks
it is easy to extract each figure by logically ANDing the

mask image with the original or edge images.

As an additional illustration of the above, Fig. 27.a
shows a similar binary images as in Fig. 26.a with some
noise added. The noise is computer generated pseudo-random
uniform 'salt and pepper' noise. Also some stray line
segments were added and are considered for this experiment

as noise. While most of the 'salt and pepper' noise could
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be removed by median filtering, we do not do so since we
wish to examine the performance of the algorithm under noisy
conditions. Figure 27.b is the result of the Sobel operator
with some threshold. We notice that the noise is now more
pronounced. Figure 27.c is the HT of Fig. 27.b. Here the
effect of the 'salt and pepper' noise is a noisier
background in the HT. However, because the peaks afe still
higher than the background and therefore even with simple
thresholding, it is possible to extract them. Figure 27.d
displays the threshold HT of Fig. 27.c. The process of
finding segment end points is now complicated by the
presence of the noise. However, when +tracing a 1line
searching for bright pixels, we ignore isolated pixels and
we look for sequences of bright pixels. A similar strategy
is followed when we look for dark pixels that mark the end
of a line. Following this scheme the effect of noise can be
minimized. To extract the two fiqures of interest Figs.
27.e and 27.f represent the two masks generated, where Figs.
27.g and 27.h represent the segmented images. Some residual
noise can be observed around the contour of each shape and

is the result of the enlarged masks.
Similar experiments were performed with images

containing 3-D objects. Fig. 28.a is a pseudo-binary image

of a cube and a triangle. Additionally, the two obijects
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have two colinear sides. Fig. 28.b is the thresholded Sobel
operator and Fig. 28.c is the thresholded HT of Fig. 28.b.
In Fig. 28.c eleven peaks can be detected, where ten of them
represent line segments in the edge image, and the small
peak in the center of HT image is an incorrect one to be
rejected later. The colinear line segments are represented
by the same peak. Here, the fact that more than two line
segments meet at a point does not complicate the algorithm;
however, the decision about the shape is more difficult. As
a result of application of the algorithm, Fig. 28.d
represents a reconstructed cube. The interior of this cube
can be painted white, and be used as segmenting mask.
However, in this case a simpler mask could be a rectangle
formed by parallel line segments passing through the four
extreme points of the cube. Such a mask is shown in Fig.
28.e where Figs. 28.f and 28.g display the segmented
original and edge images. The triangle can be extracted by

constructing a mask, as was described earlier,
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9. SUMMARY

The contributions of this work in the related areas are
summarized in this section. In the area of median filtering
a new median-type filter, the vector median filter, with MF
as its special case, has been introduced. The principal
advantage of the VMF over +the MF is that it 1is
computationally faster while maintaining comparable visual
performance. The speed improvement is due to faster window
movement along the data array. If the signal contains
extended constant regions, a further speed improvemept is
possible, because in this case we can eliminate the sort
procedure. The sinusoidal response of a VMF filter was
examined and found to have a smoother response than its MF
counterpart. The statistical performance of the VMF was
described and, using an example, the SNR performance of the
VMF and MF were compared. Experimental results on actual
images were presented. With visual performance comparable
to the MF, the computational speed improvement of the VMF
was demonstrated. Some image degradation was observed when
the output vector was increased. This is expected and is
due to the deposition of some samples in the filtered
signal. However, there are classes of signals like images

or speech signals where some distortion is tolerable, but
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there would be always a trade-off between speed and

degradation.

Vector median filtering was extended in two dimensions.
The quasi-2D VMF which uses a 2-D filter window and a 1-D
median vector was introduced and its performance was tested
using realistic images. Computer simulations showed that
again with performance comparable to that of the 2-D MF, the
2-D VMF was able to complete the filtering in 1less time.
Some slight degradation was within tolerable limits. A fast
algorithm for both 1-D and 2-D VMF's was developed. The
performance of the algorithm was evaluated by comparing
computer execution time, and it was found to result in
drastic decrease of processing time. Overall, the VMF when
implemented with the fast algorithm is a very effective tool

for different types of processing applications.

A novel filtering scheme wusing MF and a linear
transform was also introduced. A special case is when the
linear transform is the Fourier transform. In this case the
filter is able to remove sinusoids of unknown
characteristics from signal with a ©relatively smooth
spectrum. This is not very restrictive since a large class
of commonly used signals have a smooth spectrum,

Experiments on square-waves, pulses, and exponentials showed
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excellent performance even for high levels of interference
and in the presence of noise. Furthermore, this type of
filtering can be done in real time since both FFT and MF
integrated circuits are available., The result 1is an

effective filter with many practical applications.

In the area of pattern classification a new structural
approach for texture classification has been introduced.
The texture primitives used for classification are the
location and the relative orientation of 1lines in the
texture. The Hough transform is used for line detection.
This technique is computationally very efficient and can be
applied for shapes other than 1lines, such as circles,
parabolas, ellipses etc. If some preprocessing is applied
on the texture so that wide lines become thin, then the
method can be applied with excellent classification results.
The feature extraction algorithm proposed is independent of
geometrical transformations such as translation, rotation
and scaling. Several experimental results on idealized and
natural textures  were presented. Alsd, experiments
performed on noisy textures showed that correct

classification is possible even in noisy environments.

Linear associative memory mapping was used to encode

the output of the classification algorithm into classes. In
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this new application, LAMM replaces tedious classification
algorithms and time consuming similarity measures resulting
in a very compact decision maker. Extensive simulation
showed a high degree of accuracy which can be further
increased by wusing the also new scheme of iterative

encoding.

In the area of image segmentation, a new method of
segmentation formulated for the class of images containing
polygonal shapes was introduced. This method is based on
edge detection followed by line detection using the HT.
Noise and stray lines can be effectively suppressed. The
same information that is wused for segmentation can be
furthermore utilized for shape recognition. Additionally,
this approach can be generalized ‘to other shapes by

different preprocessing steps.
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ILLUSTRATIONS

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



104

Fig. 6c. Noisy image filtered with a MF3.

Noisy image filtered with a VMF ;o n-
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Fig. 6e. Noisy image filtered with a VMF5X3.

Fig. 6f. Noisy image filtered with a MF;.
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Fig. 6g. Noisy image filtered with a VMF6x2'
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Fig. 7. Speed comparison of MF and VMF.
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Fig. 8e. Output of a VMF5X3.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



111

Fig. 8g. Output of a VMF
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s

Fig. 9.a. Output of VMF applied on the noisy

3x3x1
image of Fig. 6.b.

Fig. xdx i on the noisy

image of Fig. 6.b.
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image of Fig. 6.b.

Fig. VMF5X3X1 on the noisy

image of Fig. 6.b.
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5x4x2 applied on the noisy

Fig. 9.f. utput of VMF applied on the noisy

image of Fig. 6.b.
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i

Fig. 9.qg. Output of VM 5x5x1 applied on the noisy

image of Fig. 6.b.

Fig. 9.h. Output of VMF applied on the noisy

5x6x2
image of Fig. 6.b.
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FILTER RUN TIME (SEC) RMS
(leNzxM) STANDARD FAST ERROR
SORT ALGORITHM

1x3x1 108 929 3.33
Ix4x2 86 81 3.40
1x5x3 76 69 3.95
1x5x1 132 112 3.01
1x6x2 93 86 3.38
3x3x1 282 120 3.12
3x4x2 212 99 3.25
3x5x3 198 90 3.98
5x3x1 732 122 3.31
5x4x2 580 107 3.52
5x5%3 520 95 4,13
5x5x1 1208 129 4.16
5x6x2 892 109 4.87
NOTES : N, = Vertical window dimension.

N, = Horizontal window dimension.

M = Median Vector dimeﬁsion.

RMS Error is between the original and filtered image.

Table 1. Computer run time and RMS error of different

VMF's,
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Fig, 11. Computer run time of different VMF's using

both standard and fast algorithms.
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Fig. 12.a. Output of VMF

3x3x1
image of Fig. 8.b.

Fig. 12.b. Output of i the noisy

image of Fig. 8.b.
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22 i

Fig. 12.c. Output of VMF applied on the noisy

3x5x3
image of Fig. 8.b.

5x3x1
image of Fig. 8.Db.

Fig. 12.d. Output of VMF applied on the noisy
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Fig. 12.e. Output of VMF

5x4x2
image of Fig. 8.b.

Fig. 12.f. Output of VMF applied on the noisy

5x5%3
image of Fig. 8.b.
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Fig. 12.g. Output of VMF applied on the noisy

5x5x1
image of Fig. 8.b.

Fig. 12.h. Output of VMF applied on the noisy

5x6x2
image of Fig. 8.b.
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of Fig. 13.a.
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Fig. 13.d. Real and Imaginary parts of the FFT

of Fig. 13.b.
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Fig. 13.f. Inverse FFT of Fig. 1l3.e.

(recovered signal).
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Fig. 13.h. Recovered exponential using a MF7 in frequency

domain and a MF5 for post-processing.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



127

.0

v
0.0

6.0

u.0 04.0 12:1.0

Fig. l4.a. Single pulse signal.

€0
3

~£8.0

6.0 6.0 1.0
T

Fig. 14.b. Single pulse corrupted by sinousoids.
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Fig. 14.c. Recovered pulse using a MF ¢ in the

frequency domain.
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Fig. 15.b. Square-wave corrupted by sinousoids.
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Fig. 15.f. Inverse FFT of Fig. 15.e. (recovered signal)

vs. original signal.
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Fig. 15.g. Original and recovered signals using

a MF5 in the frequency domain;

0.0 O 128.0
T

Fig. 15.h. The recovered signal of Fig. 15.f.

with M}E‘13 post-filtering.
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Fig. 16.b. Noisy square-wave corrupted by sinousoids.
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Fig. 16.h. The recovered signal of Fig. 16.f.

with MF13 post-filtering.
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Fig. 16.i. The recovered signal of Fig. 16.9g.

with MF13 post-filtering.
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Fig. 18.b. MF3 recovered signal with MF13 post-filtering.
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Fig. 2l1.c. HT of a block of Fig. 2l.a. with

preprocessing for line thinning.

Fig. 21.d. HT of a rotated and scaled block of Fig. 2l.a

with preprocessing for line thinning.
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Fig. 22.a. Texture of Herringbone weave.

Fig. 22.a.
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Fig. 23.a. Test texture pattern.

Fig. 23.b. HT of Fig. 23.a.
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Fig. 24.a. Fig. 23.a under scaling and translation.
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Fig. 25. Scattering diagram of three 2-directional

test patterns.
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g 52 90 128 8 72 110 148
d 71 90 7N d 49 66 55
0 0 69 51 66 54

0 0 72 51 0 53

0 0 53

0 0 57

Normalize distances

52 90 128 72 110 148
079 1 079 074 1 083
078 0 0.77 077 1 082
0 0 0.30 077 0 0.R0

0 0 0.0
0 0 0386

Average distances

52 90 128 72 110 148
079 1 0.78 076 1 0.82

Shift circularly

‘90 128 52 110 148 72
1 079 078 1 082 076

Normalize angles

0 3% 142 0 38 142

1 079 0.78 1‘“6‘5‘"2‘“ 076—

Normalize angles to 180°

0 021 0.79 0 021 0.79
1 079 0.78 1 082 0.76
Calculate variances Form feature vector
x = {3,0.12,0.41} x = {3.0.12.0.41}

Table 2. Classification algorithm applied on two views

of the same texture pattern.
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Fig. 26.a. A binary image.

Fig. 26.b. Sobel edge detector applied on Fig. 26.a.
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Fig. 26.d. Threshold HT of Fig. 26.c.
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Fig. 26.e. Generated mask for image segmentation.
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Fig. 27.a. Noisy binary image.

Fig. 27.b. Sobel operator applied on Fig. 27.a.
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Fig. 27.d. Threshold of Fig. 27.c.
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Fig. 27.e. Generated mask for image segmentation.
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Fig. 28.a. Original image.

Fig. 28.b. Sobel operator of Fig. 28.a.
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Fig. 28.e. Generated mask suitable for image segmentation.

Fig. 28.f. Segmented original image.
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Fig. 28.g. Segmented edge image.
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APPENDTICES
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APPENDIX A

The EPD is given as:

-x! (r.1)
fx(x)=Ae 0 £x <w !

. _ v X
with A = and x'= 57

1
p2

where p is a distribution parameter. The mean value of an
EPD is §=E[x]=p2, while its variance is x2= gi = p4. If we
define the signal to noise ratio (SNR) of a random variable x

as:

E[x] (A.2)

then for the EPD the SNR is unity. We now assume that the
random variables of Eg. (A.l) are passed once through a

VMF‘N xM°

Substituting Eq. (A.1) into Eq. (4-1) yields:
(A.3)

—y: P -y: Q+1
£ (y,)= _NI A% [1-e 1] . [e "1
y Pl QI

Y. , 0% Y; < , and i=1, 2 ...M

with y; =__%_
p

For the case when M=i=1, Eq. (A.3) reduces to the MF output

distribution.
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The mean value of Y; is given as

El = E[Yi] = f—m Yif .(yi)dyi (A.4)
substituting Eq. (A.3) into Eq. (A.4) we find, either by

direct integration or by using integration tables, that:
i=1,2...M (2.5)

where, again, P = }(N-M)+i-1. When M=i=1 (i.e. the MF),

then:

» (A.G)
E. = Elyl=p° s ( 1 ) where n = }(N-1)
k=0
This matches the result of Ref. [20]. We can rewrite Eq.

(A.5) as

E. =p X ( 1 ) where m=i-3% (M+1) (A.7)

Comparing Egs. (A.6) and (A.7) we can see that, depending on
the values of M and i, the summation in (A.7) can be extended
to a greater, equal, or fewer number of terms compared to the
sum in (A.6). Thus, the mean values of the elements in the

output data vector can be greater, equal, or less than the
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mean value of the true median. Equality occurs when the

median is included in the output vector.

Since the elements in the output vector do not have the
same mean, we define a vector mean, i.e. a vector of means.
Furthermore, we define a vector magnitude mean E as the

magnitude of the vector mean, i.e.
g2 1} (2.8)

The mean value Ei can be approximated, using the

Euler-Maclaurin summation formula,

(a.9)

2 (N+1)

E.= Ely.]l= p° {1in [
N+M~-21i+2

N-M+2i
V s ey )

] +

Asymptotically, when N »~ , then E, = p21n2, that is, all
output elements have approximately the same mean as the mean

of the MF [see Eg. (A.6)].
A similar calculation for the variance Si yields:
(A.10)

1 i=1,2...M
(N-k) 2

Mo

k=0

Since the summation in Eq. (A.10) is the same form as in Eq.
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(A.5), similar comments to those made for the mean apply.
Thus, we can define a vector variance and a magnitude

variance S given by:

S. | (A.11)

Eq. (A.10) can be approximated by

(A.12)
s = g2 - p4 { N-M+2i+2 _ 1 5 - 2 }
Yi (N+M-21) (N+1) 2 (N+1) (N+M-2i)
. . 41 .
Asymptotically when N -+ ’ Si g p° ~ for all elements,
N

which is also the variance of the true median.

From Egqs. (A.5) and (A.10), the SNR of the VMFNxM can be
calculated. As a figure of merit, Fig. A.l1 compares the
magnitude SNR of the VMF with that of the MF. As can be seen
from Fig. A.l1, by using the VMF, a slightly larger SNR can be
achieved. Asymptotically, for larger window sizes, when N-
o , the SNR is

SNR = p2 1P (A.13)

N+ N

The SNR of Eq. (A.13) represents both a large window MF, and

also a large data window and small output window size VMF.
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In this sense, asymptotically the MF and the VMF are statis-

tically similar in performance.

SNR

Fig. A.l SNR of VMF and MF.
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APPENDIX B

The associative memory mapping of an input vector x

k
into an output vector Yy can be described by the transfer
relation:

Yy = Mxk k=1,....P (B1)

where M is the unknown associative memory and P is the
total number of vector pairs. An iterative method for the

determination of the matrix M will now be presented.

Let {xk} ' {yk } , k=1,...P, be two sets of vectors.
Forming the two rectangular matrices, X and Y, with the

vectors X and Yy as their columns, as

X = [xll le---le] r ¥ = [er Y2I"'I YP]' (B2)

every pair‘of vectors from sets {xk} ’ {yk} , can be

related by the matrix equation

Y = MX (B3)

Using the so called "Moore-Penrose" method [75], the

least squares optimal solution of Egq. (B3) is found as
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M=YX (B4)

where X+ is the pseudo-inverse of matrix X. The iterative

solution of Eg. (B4) has the form of the difference equation
{73, 751

t

Mk = Mk—l + (yk - Mk—l Xk) [Ck] (B5)

where Mk and Mk-l are the new and previous optimal matrices,
Xy and Y are the new observation vectors, and [Ck]t

gain vector that defines the correction. The iterations may

is a

be initiated with M0=0 or M0=I, where I 1is the identity

matrix. The expression for the gain factor is:
(c,1% = h, 1% / Wn_ 2  for h, #0 (B6)
k k k k

where hk is the orthogonal projection of x, on the subspace

k

spanned by hl""h and the index denotes the transpose.

k=-1'

The orthogonal projection of the vector Xy to the set of

h2, e , can be
(761,

previous columns of the matrix H = hl’

obtained using the Gram-Schmidt orthogonalization
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(B7)
k-1
- - 2
s A 1 U AR IR TR PRI R
where (xk, hi) is the vector inner product, and |[ hi|| is

the Euclidean norm of the vector hi‘
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